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We are now entering into an era of huge cosmological data sets, with observations

testing the current paradigm to high accuracy. By combining different probes of

cosmology, we can access new information about our Universe and investigate the

systematic effects that plague our ability to measure cosmology accurately. In this

thesis we use weak gravitational lensing as a tool to measure the large scale structure

in the Universe.

First, we present the theoretical framework in which this thesis is set. We then de-

tail the methodology required to measure the cross-correlation between galaxy weak

lensing and cosmic microwave background (CMB) weak lensing data sets. In particu-

lar we highlight the impact of the complicated nature of galaxy weak lensing data and

investigate ways to improve the signal-to-noise of the cross-correlation measurement

using simulations.

We measure the CMB lensing/galaxy weak lensing power spectrum using the lat-

est CMB lensing data from the Atacama Cosmology Telescope (ACT) and galaxy

weak lensing data from the Kilo Degree Survey (KiDS), making a detection at 5σ sig-

nificance. We compare our measured cross-spectrum to the cosmological parameters

inferred from the Planck and KiDS experiments. We then present fits for the mat-

ter density and the amplitude of matter fluctuations, marginalising over the galaxy

weak lensing systematic biases. We forecast the expected signal-to-noise using the

next data release from ACT and use simulated fields to investigate the impact on

estimating cosmological parameters with that data set.

Finally, we measure the masses of clusters selected from ACT CMB data via the

Sunyaev-Zel’dovich effect using weak gravitational lensing data from KiDS, making

a 20σ detection of the lensing signal. We present an estimate of the mass bias for a

set of stacked clusters as well as the highest signal-to-noise individual clusters. We

also describe tests of systematic effects and analysis choices.
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Chapter 1

Introduction

In this thesis we are mainly concerned with the large scale properties of the Universe

and its evolution. Here, we briefly review the current understanding of the evolution

of the Universe – from the Big Bang through to the structure we see today. We then

present an overview of weak gravitational lensing, the results of which will be used in

this thesis. Finally we report the current status of observational cosmology including

experiments and results.

1.1 The Cosmological Model

In the currently favoured cosmological model, the Universe began in a Hot Big Bang,

13.8 billion years ago (Planck Collaboration, 2018). It is thought that this was fol-

lowed by a period of exponential expansion – referred to as inflation (Guth, 1981;

Starobinskǐi, 1979) – making the Universe isotropic, such that the Universe looks the

same in all directions, when seen by the late-time observer, at separations which would

not have been causally connected in a standard Big Bang model. Within this model,

very small irregularities produced by quantum fluctuations were present in the mass

distribution. These fluctuations are thought to have been amplified during inflation

and became classical perturbations that seeded the Large Scale Structure (LSS) we
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see in the Universe today (Peebles, 1980; Springel et al., 2005), discussed in section

1.1.2. It is predicted that after inflation, there was a period of reheating followed by

the formation of light nuclei which were formed via a process of nucleosynthesis – it is

expected that most of the helium-4 in the Universe was produced at this time along

with small amounts of deuterium, helium-3 and lithium-7 (Peebles, 1966; Wagoner

et al., 1967). After this radiation dominated period, matter became the dominant

component. For some time, baryons are expected to still be coupled to photons. It

is only once the Universe had expanded sufficiently such that the scattering rate was

lower than the expansion rate that ions and electrons combined to produce neutral

atoms and the Universe became transparent – we refer to this period as recombi-

nation (Peebles, 1968). The photons from this last scattering surface, we see today

as the Cosmic Microwave Background (CMB) - an isotropic black-body spectrum of

radiation (Dicke et al., 1965; Penzias & Wilson, 1965). After recombination, baryonic

matter falls into the gravitational potential wells created by dark matter and the

process of hierarchical merging and collapse follows, which ignites the first stars and

galaxies and eventually produces the LSS we observe today (Lyth & Liddle, 2009).

Throughout this section we follow the derivations presented in Peacock (1999)

and Dodelson (2003).

1.1.1 Concordance Model of Cosmology

The concordance model of cosmology is the currently accepted and most commonly

used cosmological model. We begin with the Friedmann-Lemâıtre-Robertson-Walker

(FLRW) metric (Friedmann, 1924; Lemâıtre, 1933; Robertson, 1935; Walker, 1937),

which can be used to describe an expanding universe which is both isotropic and

homogeneous (the same everywhere) (Liddle, 2003), represented by the line element

ds2 = −c2dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ + sin2 θdφ2)

]
, (1.1)

2



where {r, θ, φ} are the spherical polar coordinates such that r is the comoving radial

distance. The expansion of the Universe means that in the past the distances between

galaxies was smaller than it is now, this is described by the scale factor a(t), and its

present day value is set to one such that at earlier times a < 1. The curvature of

space is described by constant k which is equal to/greater-than/less-than zero for a

flat/closed/open geometry of the Universe.

To understand the history of the Universe we need to explain how the scale fac-

tor evolves with time. This dependence is determined by the energy density in the

Universe. The Hubble rate defines how the scale factor changes and is given by

H(t) ≡ ȧ(t)

a(t)
. (1.2)

The present value of H(tnow) = H0 is referred to as the Hubble constant. More

generally, the evolution of the expansion of the Universe is derived from Einstein’s

gravitational field equations and described by the Friedmann equation,

(
ȧ

a

)2

=
8πG

3
ρ− kc2

a2
+

Λ

3
, (1.3)

fluid equation,

ρ̇c2 + 3H(ρc2 + p) = 0 , (1.4)

and acceleration equation

ä

a
= −4πG

3

(
ρ+

3p

c2

)
+

Λ

3
, (1.5)

where ρ is the density, p is the pressure of the fluid content of the Universe and Λ

is the cosmological constant, which is the energy density of space. The discovery of

the accelerated expansion of the Universe (Schmidt et al., 1998; Perlmutter et al.,

1999) implied the need for a positive non-zero value of Λ. Studies have since shown
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that nearly 70% of the Universe can be accounted for by a supposed ‘dark energy’ –

the cosmological constant is the simplest example of dark energy (Peebles & Ratra,

2003). Here we assume it to be constant, although there are a variety of other dark

energy models in which this is not the case (Copeland et al., 2006).

The Friedmann equation can be re-expressed in terms of the Hubble rate as

H2(a) =
8πG

3
(ρm + ργ + ρk + ρΛ) . (1.6)

Here the density ρ is conveyed as the sum of the energy components in matter (m)

and radiation (γ), the density of curvature can be written as ρk = −kc2/8πGa2 and

the density of dark energy is given by ρΛ = Λ/8πG.

Accepting the Friedmann equation, there is therefore always a critical density that

will generate k = 0 making the spatial part of the metric look Euclidean,

ρc =
3H2

8πG
. (1.7)

A Universe with a density larger than ρc will be spatially closed, and a Universe with

a density less than ρc will be spatially open. The density parameter can then be used

to express each component of the energy density in terms of the critical density as

Ωi(a) =
ρi(a)

ρc
. (1.8)

If the dependence of the density parameter on the scale factor, and therefore time, is

not specified then it is taken to be the present value when a = 1. The sum of these

components,

Ω ≡ Ωm + Ωγ + ΩΛ , (1.9)

is a crucial cosmological parameter since its value establishes the future of the Uni-

verse.
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For matter only interacts gravitational p = 0, whereas a relativistic gas (for ex-

ample a photon gas) has p ∝ ρ/3. In the case of cosmological constant, p = −ρ – if a

vacuum has non-zero energy density, it must also have a non-zero pressure. The proof

for this comes from conservation of energy: while the Universe expands, there must

be just enough work done to keep the energy density constant. Using the equation of

state parameter w, we can define the relationship between the pressure and density

of each component of the Universe, as

p = wρc2 . (1.10)

For constant values of w, the fluid equation can be integrated to get the evolution

of the fluid density which is dependent on time. The equation of state for each fluid

component, as described above, is unique with

wm ≈ 0 (matter) ,

wr = 1/3 (radiation) ,

wΛ = −1 (cosmological constant) .

(1.11)

The matter density term is predominantly dark matter (which we expect to only

interact gravitationally, see section 1.1.5 for more detail), but also includes baryons

and neutrinos which do not have zero pressure. Therefore the equation of state

parameter for matter is only approximately zero. We find that the density depends

on the scale factor as

ρm ∝ a−3 ,

ργ ∝ a−4 ,

ρΛ = constant .

(1.12)

From the relationships given above we can see which components dominate at differ-
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ent times. In the early Universe after a period of inflation, the Universe was radiation

dominated until the epoch of matter-radiation equality. This is the period when the

energy density in matter equals the energy density in radiation, after which matter

became the dominant component. We expect photons to decouple when the Universe

was already well into the matter dominated era, since the formation of neutral hy-

drogen is only energetically favoured once the Universe had sufficiently expanded and

cooled. At current times the Universe is thought to be dominated by dark energy. It

is still being explored in alternative models whether dark energy acts as a cosmologi-

cal constant or has some dependence on time. The dependence of each component on

the scale factor, given above, will affect the production of LSS and the development

of CMB anisotropies, since perturbations grow at different rates during different eras.

In an expanding Universe, galaxies are moving away from each other, so we should

find that galaxies are seen to be moving away from us and their emitted light should

be observed at a longer wavelength. Using the FLRW metric we can derive the

cosmological redshift due to the expansion of the Universe. Since light travels along

null geodesics and considering a radial emission, the metric becomes

dr = −c dt
a(t)

. (1.13)

Considering light emitted from a galaxy at a time te which is then observed at to, the

comoving distance is

r =

∫ to

te

cdt

a(t)
. (1.14)

A similar equation can be written for light emitted at a later time te + ∆te and

observed at to + ∆to. Since r is comoving and therefore does not change as the

Universe expands we can equate the two cases. For a small to and a small expansion
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rate compared to the speed of light it follows that

λ(te)

a(te)
=
λ(to)

a(to)
, (1.15)

where we have used λ = c∆t, for the wavelength of light emitted or observed from

the galaxy and ∆t is the time lapsed between two crests of the light waves being. The

redshift is defined as

z =
λ(to)− λ(te)

λ(te)
(1.16)

and since a(to) = 1 for the present, we find

a =
1

1 + z
. (1.17)

Spectral features produced by distant galaxies are observed to be shifted towards the

red part of the spectrum as a product of the Universe expanding. Thus a shift in

spectral lines tells us the redshift of a galaxy, which is a measure of the scale factor

at the time of emission.

The FLRW metric implies that physical distance are related to comoving distances

with the time dependent scale factor. The comoving distance between Earth and a

source at redshift z is

χ(z) =

∫ z

0

dz′

H(z′)
. (1.18)

We also define conformal time

η =

∫ t

0

dt′

a(t′)
=

∫ ∞
z

dz′

H(z′)
, (1.19)

which is a coordinate-independent measure of time.
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1.1.2 Structure Formation

In this section we describe the process that produces the structure we observe in the

Universe, which in general terms refers to any departures from homogeneity. This

process of structure formation depends on the background cosmology and thus by

examining structure we can constrain cosmological models.

The inhomogeneities that seeded the structure we see today are believed to have

arisen from quantum fluctuations during an era of inflation. This idea predicts that

structure evolved from adiabatic Gaussian fluctuations. The perturbations have ran-

domly distributed locations and therefore it is most useful to understand the stochas-

tic properties of the distribution. To quantify the patterns we see in the LSS we use

the dimensionless density perturbation field

δ(xxx) =
ρ(xxx)− ρ̄

ρ̄
. (1.20)

Newtonian physics is sufficient for describing the evolution of non-relativistic pertur-

bations in the matter dominated era, which are at scales that have already entered

the horizon (Lyth & Liddle, 2009). For an ideal fluid of zero pressure, perturbation

δ is related to the gravitational potential, Φ via the Poisson equation,

∇2Φ = 4πGa2ρ̄δ . (1.21)

From relativistic perturbation theory and assuming δ � 1, the density fluctuations

grow as

δ(t) ∝ a2(t) , (1.22)

during the radiation dominated era, and after matter-radiation equality as

δ(t) ∝ a(t) . (1.23)
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Figure 1.1: A schematic showing the suppression of fluctuation growth that occurs
when a density perturbation enters the horizon during the radiation dominated era,
prior to matter-radiation equality.

These relations are valid for a flat Universe and at early times when ΩΛ = 0. The

results given above for the matter and radiation dominated eras can be combined to

state that while Ω = 1 the gravitational potential perturbations are independent of

time. From the Poisson equation −k2Φ/a2 ∝ ρ̄δ, recall that during radiation and

matter domination ρ ∝ a−4 and ρ ∝ a−3 respectively, so that in both cases ρδ ∝ a−2

implying

Φ = constant . (1.24)

That is, the metric fluctuations arising from potential perturbations are fixed for

perturbations that have wavelengths larger than that of the horizon size, dH defined

as the region over which radiation can travel.

At late times, density perturbations grow by means of the growth function g(a),
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as

δ(a) = δ0a
g(a)

g(a0)
, (1.25)

which is found by computing the linear growth factor of matter perturbations, D(a),

by solving the differential equation,

d

da

(
a3H(a)

dD

da

)
=

3

2
Ωm(a)aH(a)D , (1.26)

numerically (e.g., Chisari et al., 2019). The growth function is then defined as g(a) ≡

D(a)/a.

Figure 1.1 displays a schematic of the growth history for matter density fluc-

tuations. For scales larger than the horizon, ϕ > dH , perturbations in matter and

radiation evolved together, such that at early times fluctuations grew at the same rate

regardless of wavenumber. This growth terminated once the horizon had grown larger

than the wavelength of the perturbation. In the case of baryons, this was due to radia-

tion pressure and for collisionless matter (i.e. dark matter), the fast expansion driven

by radiation halted any further collapse until matter-radiation equality. This is re-

ferred to as the Mészáros effect (Meszaros, 1974). The result is a complete suppression

of the amplitude of fluctuations that were inside the horizon prior to matter-radiation

equality. Collisionless matter collapsed under gravity once matter dominated, how-

ever, ionised baryons remained bound to photons and thus continued to oscillate.

These oscillations were set up by opposing forces in the primordial plasma, where an

overdense region would gravitationally pull matter towards it, which would then be

counteracted by pressure created from photon-matter interactions (Zel’dovich, 1970;

Peebles & Yu, 1970; Eisenstein et al., 2005).

At recombination, baryons dropped into the gravitational potential wells formed

by cold dark matter. This presents the basic process of galaxy formation in which

the baryonic component of a galaxy inhabits a larger dark matter halo. The super-
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structure that we observe today was created when the larger scale fluctuations be-

came causally connected as the horizon grew. This is referred to as the ‘bottom-up’

model where structure forms from a hierarchical process of collapsing and merging.

It should be noted that if dark matter is relativistic (or ‘hot’), diffusion would remove

any small scale fluctuations so that only the largest scale fluctuations remain. This

would require a ‘top-down’ model of structure formation which does not agree with

observational evidence (Schmitz, 2009).

1.1.2.1 The Matter Power Spectrum

The most important statistic when considering the LSS (and the cosmic microwave

background 1.1.3 ) is the 2-point correlation function in configurational space and

the power spectrum in Fourier space. Working in Fourier space is more convenient

for statistics of translation-invariant fields as it is simpler to separate linear and non-

linear scales. Non-linear scales are problematic to model, particularly because of the

presence of baryons that affect the evolution of structure. Also, individual band-power

measurements are usually much less correlated in comparison to a configuration-space

analysis which makes covariance matrix estimation easier. This is discussed further

in section 2.1. The power spectrum of the density perturbation field, P (k), is given

by 〈
δ̃(kkk)δ̃(kkk′)

〉
= (2π)3P (k)δ3

D(kkk − kkk′) , (1.27)

where the angled brackets average over the whole distribution, δD is a Dirac delta

function and δ̃(kkk) is the Fourier transform of δ(xxx) defined by

δ̃(kkk) =

∫
d3xxxδ(xxx)e−ix·kx·kx·k . (1.28)

The wavenumber kkk is connected to the fluctuation wavelength ϕ by k = 2π/ϕ. The

power spectrum describes the spread, or variance, in a distribution.
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For a density fluctuation with wavelength ϕ, it enters the horizon when

ϕ =
c

aeH(ae)
, (1.29)

where ae is the scale factor at that time and H is the Hubble factor. This comes

from the definition of the proper size of the particle horizon ∼ ct, where we have used

H ∝ t−1. This is true for both the radiation and matter dominated eras, in which

a ∝ t2/3 and a ∝ t1/2 respectively. The extra factor of a is needed to convert from

proper to comoving units. The Hubble factor can also be written as

H2(t) = H2
0

[
a−4(t)Ωr,0 + a−3(t)Ωm,0 − a−2(t)

kc2

H2
0

+ ΩΛ

]
(1.30)

where the zero subscript denotes the current values of cosmological parameters. Con-

sidering the radiation dominated era, H(a) ∝ a−2 so that from equation 1.29

ϕ ∝ ae(te � teq) , (1.31)

where te corresponds to the time of entering the horizon such that ae ≡ a(te). During

matter dominated times H(a) ∝ a−3/2 which gives

ϕ ∝ a1/2
e (teq � te � t0) . (1.32)

These relationships can be used to inform us about the shape and evolution of the

power spectrum. Using the dependence of the density perturbations on the scale

factor, shown in equations 1.22 and 1.23, with the definition of the power spectrum

from equation 1.27, the initial power spectrum Pi has changed by the time of entering
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Figure 1.2: The above figure illustrates how the Mészáros effect alters the initial
power spectrum. The solid line corresponds to the Harrison-Zel’dovich spectrum.

the horizon as

Pe(k) ∝ a4
ePi(k) ∝ 1

k4
Pi(k) (te � teq) ,

Pe(k) ∝ a2
ePi(k) ∝ 1

k4
Pi(k) (teq � te � t0) .

(1.33)

At the time of entering the horizon, the total power of the density fluctuations is as-

sumed to be scale invariant, k3Pe = constant. Substituting in that Pe(k) ∝ k−4Pi(k),

the power spectrum must therefore scale as Pi(k) ∝ kns , for a spectral index of ns = 1.

This is shown as the solid line in Fig. 1.2, referred to as the Harrison-Zel’dovich spec-

trum (Harrison, 1970; Zel’dovich, 1972).

For a fluctuation which entered the horizon prior to matter-radiation equality, the

growth is suppressed by

f =

(
ae

aeq

)2

. (1.34)

Using equation 1.29 and that H(a) ∝ a−2 during the radiation dominated era, a
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fluctuation that entered the horizon during this period would be suppressed by a

factor f ∝ k−2. From our earlier discussion of the Mészáros effect, we expect that

the smallest scales (large k) are the first to impacted and their amplitude suffers the

strongest suppression. Conversely the largest physical scales (small k) that enter the

horizon post matter-radiation equality evolve unimpaired. Hence there is a turnover

in the power spectrum at a characteristic scale, k0, which is determined by the size

of horizon at matter-radiation equality. The is illustrated in Fig. 1.2. The small k

scales will be unimpeded and continue to evolve as

P (k) ∝ k (k � k0) . (1.35)

The power spectrum at large k scales are suppressed by a factor of f 2 such that

P (k) ∝ k−3 (k � k0) . (1.36)

This is shown as the dashed curve in Fig. 1.2.

The scale dependence of the density perturbation power spectrum can be encapsu-

lated in the linear transfer function Tk. The transfer function describes the evolution

of perturbations through the epochs of horizon crossing and the radiation-matter

transition. In principle there is a different transfer function for each component of

the Universe, however at late time the transfer function for the different types of mat-

ter converges to the same value, which does not vary with time at low redshift. The

late-time transfer function is important for making predictions about the observed

density field.

Some key aspects of the transfer function are shown in Fig. 1.3. In all adiabatic

cases, the transfer function tends towards unity for large scales, this corresponds

to a universal growth rate meaning that the amplitude of potential perturbations

is constant. The main down-turn in the Transfer function is due to the Mészáros
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Figure 1.3: The transfer function for a variety of adiabatic models, where Tk 7→ 1
at small k. Possible matter contents are displayed for pure baryons, pure cold dark
matter and pure hot dark matter. (Peacock, 1999)

effect occurring because the Universe is dominated by radiation at early times. The

different gradients for hot, warm and cold dark matter are due to different free-

streaming lengths. Random particle velocities can erase perturbations, so for hot

dark matter – which is relativistic – more small scale modes are removed.

The horizon size at matter-radiation equality also impacts the baryon component

of the transfer function. The largest scales will experience a single acoustic oscilla-

tion of order the size of the horizon at equality because the sound speed is around

the size of c. For a baryon only Universe, there would be large fluctuations in the

transfer function. These fluctuations correspond to the number of oscillations com-

pleted prior to matter domination, when the pressure due to radiation declines. These

features have not been seen in data, which is a reason for concluding that a consider-

able portion of the Universe’s matter budget is collisionless dark matter. Some level

of oscillations still occur even for the case of baryons being only a sub-component.
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Figure 1.4: The ΛCDM power spectrum. Non-linear growth of perturbations adds
power at small scales (large k). (Peacock, 1999)

Dark matter has a smoothly decreasing transfer function at matter-radiation equality,

however baryons have an oscillating transfer function. The result is that the spatial

distribution of each component is different at this time. After the sound speed re-

duces, gravity pulls both of them together and their transfer functions are the same.

Considering baryons are expected to be 5% of the total content, the transfer function

has oscillations of order a few percent imposed onto it.

At large enough scales, the matter power spectrum is found by solving the equa-

tion of linear perturbation theory. However, at small scales, perturbation theory no

longer holds and thus the linear power spectrum must be modified. Essentially this

correction is required because the collapse of structure eventually stabilises, which

in effect increases the amplitude of the linear power spectrum at small scales (large

k). We refer to this as the ‘non-linear’ matter power spectrum, shown in Fig. 1.4

in comparison to the linear power spectrum. The non-linear evolution of the density

fluctuations is essential for modelling weak gravitational lensing by the LSS

16



There are a variety of approaches that can be implemented to predict the matter

power spectrum, including approximate analytical expressions for the transfer func-

tion (Bardeen et al., 1986; Eisenstein & Hu, 1998), which dictates the form of the

power spectrum. Alternatively and more accurately, fitting functions from numerical

simulations (Smith et al., 2003; Takahashi et al., 2012) are more often used to describe

the non-linear matter power spectrum.

1.1.3 The Cosmic Microwave Background

Prior to recombination, when the Universe was still in a radiation dominated phase,

oscillations that were smaller than the Jeans’ length (MJ ≡ ct/
√

3), were in a bound

plasma of photons and baryons where the attraction due to gravity is then counterbal-

anced by radiation pressure. These oscillations cease at recombination and produce

temperature fluctuations which we see as the Cosmic Microwave Background (CMB).

The CMB presents a snapshot of the Universe when it was only about 300,000

years old. At a redshift of 1100, the photons of the CMB stopped scattering off

electrons and could then travel freely through space. The collisions with electrons

guarantee that the photons were in equilibrium and will thus have a blackbody spec-

trum.

Early observations of the CMB presented a very smooth early Universe, corrobo-

rating the idea of a smooth big bang (Mather et al., 1990). Subsequent observations

revealed anisotropies which were the small perturbations in the cosmic plasma (Smoot

et al., 1992). Measuring the locations of peaks in the CMB power spectrum informs

us about the characteristic angular scale of the fluctuations which directly relates to

the geometry of the Universe. Taking the ratio of the amplitude of peaks at different

oscillation modes contains information about the baryon fraction (Planck Collabora-

tion, 2018).

Fluctuations in the 2D temperature field can be treated in an analogous way to
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the fluctuations in the density field. The fluctuations can be imagined as existing on

the inside of a sphere and so the observed temperature T varies with angle. Since the

temperature perturbation field is created from the density perturbations, it retains

the property of being a Gaussian random field. Thus, the temperature is expanded

in spherical harmonics as

δT

T
(q̂̂q̂q) =

∑
am` Y`m(q̂̂q̂q) , (1.37)

where (q̂̂q̂q) is the unit vector which determines the direction on the sky. From the

orthonormality relation
∫
Y`mY

∗
`′m′d2q = δ``′δmm′ , the variance in the temperature,

averaging across the sky is

〈(
δT

T

)2
〉

=
1

4π

∑
`,m

〈|am` |2〉 ≡
1

4π

∑
`

(2`+ 1)C` . (1.38)

In practice the observed sky is only one realisation of the random field, and each am`

is drawn from its associated Gaussian. The power spectrum can still be accurately

measured at small scales (large `), but at small ` (large scales) there is a considerable

and inescapable modelling uncertainty that arises from only being able to observe one

CMB. This is also true for density perturbations and is referred to as cosmic variance.

In addition to measuring the temperature field, the polarisation of photons also

contains cosmological information. The three so-called Stokes’ parameters are usually

used to describe the polarisation, but assuming circular polarisation is not present,

only Q and U parameters remain. Polarisation has direction on the sky, such that a

more complicated set of basis function, referred to as spin-weighted spherical harmon-

ics, are required to expand Q and U . The polarisation field is more often described

in the E and B basis, where E corresponds to the curl-free part of the field and B

to the gradient-free part. Therefore, overall there are four power spectra that can be

measured, the auto spectra CTT
` , CEE

` , CBB
` and cross-correlation between the tem-

perature and E polarisation CTE
` . The B polarisation is uncorrelated with the other
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fields since it has opposite parity.

There are three processes which create the primary CMB anisotropies. This in-

cludes gravitational (Sachs-Wolfe) perturbations, when a photon from a overdense

region must escape a potential well and is therefore redshifted. The second being in-

trinsic (adiabatic) perturbations produced from high-density regions, where the cou-

pling between matter and radiation compresses the radiation and produces a higher

temperature. Finally the velocity (Doppler) perturbations which cause a Doppler

shift in frequency because the plasma has a velocity greater than zero at the time of

recombination. There may also be a fourth mechanism which is from a background

of primordial gravitational waves produced during inflation (Polnarev, 1985) – these

are yet to be observed.

In addition to the primary mechanisms listed above, there are also secondary ef-

fects which are interactions that occur along the line of site, i.e. redshifts less than

1100. The integrated Sachs-Wolfe effect results from potential perturbations evolving

(Sachs & Wolfe, 1967; Rees & Sciama, 1968). This is only important just after recom-

bination when radiation is still influential and at late times when Λ is dominant, since

the potential stays constant in the linear regime during matter domination (Dodelson,

2003). On small scales, non-linear structure leaves imprints on the CMB through the

Sunyaev-Zel’dovich effect (Sunyaev & Zeldovich, 1970; Rephaeli, 1995) – where the

CMB photons are scattered off hot gas – and also couples modes together through

gravitational lensing (Stompor & Efstathiou, 1999) (explained in full in section 1.2).

1.1.4 Galaxy Clusters

Density perturbations have larger amplitudes at smaller scales. Any region which

is denser than the average density will be gravitationally bound, decouple from the

expansion of the Universe and virialise. This process produces sub-galaxy size objects

which then group together to make galaxies which further group together to create

19



clusters. Galaxy clusters pinpoint the positions of peaks in the large-scale cosmic

web. They consist of hundreds to thousands of galaxies, a diffuse ionised intra-cluster

medium (ICM) and dark matter – which correspond to 3%, 13% and 85% of the

total mass respectively (Allen et al., 2011). The dynamical time-scales of clusters are

almost as long as the age of the universe, so they therefore contain information about

their formation. Also, high redshift observations can be made because clusters are

so bright at optical wavelengths and the detection method applied in the millimetre

regime has a weak dependence on redshift, and thus we can view them at an earlier

stage in their evolution. Thus, the growth and development of clusters can be used

to trace structure formation in the Universe.

For a given cluster sample, the expected number of clusters in a mass bin a,

redshift bin zi and solid angle ∆Ω is given by

N̄(Ma, zi) =
∆Ω

4π

∫ zi+1

zi

dz
dV

dz

∫ lnMa+1

lnMa

d lnM
dn(M, z)

d lnM
, (1.39)

where cosmology enters via the halo mass function and the comoving volume element

dV/dz which depends on Ωm, h and w(z) (Allen et al., 2011). The halo mass function

is sensitive to the growth of perturbations in the matter density field through σ8 and

the growth function g(z). The amplitude of mass fluctuations is described by the

parameter σ8, which is defined as the standard deviation of the (linear) density field

smoothed on a comoving scale of 8Mpc/h,

σ2
8(z) ≡ σ2(R = 8Mpc/h, z) =

∫ ∞
0

dk

k
∆2(k, z)W2(k,R = 8Mpc/h) , (1.40)

where W is the Fourier transform of a top-hat function with a width of 8Mpc/h and

∆(k) is the dimensionless matter power spectrum. This was originally parameterised

this way as a convenient way to normalise the matter power spectrum.
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1.1.5 Cosmic Inventory

The Universe is made up of numerous constituents. In the early Universe, radiation

was the dominant component until matter-radiation equality at z ∼ 3200. In the

common picture the Universe remained matter dominated until z ∼ 0.7 – after this

vacuum energy takes over as the dominant part (Peacock, 1999).

The matter component can be split further into baryons and dark matter. Baryons

constitute all the visible parts of the Universe and yet they only make up 5% of

the total energy budget. We expect baryons to trace the underlying dark matter

distribution. They have little impact on the matter power spectrum, although they

do produce two signature effects in that the power spectrum is suppressed at small

scales and they will introduce small oscillations in the transfer function at around

k ∼ 0.1hMpc−1 (Dodelson, 2003).

In 1933, Zwicky studied the Coma cluster and found that the cluster would break

up if only luminous matter was present (Zwicky, 1933). Many studies of galaxies

followed, finding that the rotation velocity of stars in a given galaxy was constant at

all radii, even though the density of light emitting matter decreased as a function of

radius (Rubin et al., 1980). By the 1980’s there was a wealth of evidence concluding

that some extra non-luminous matter – later coined ‘dark matter ’ – in an outer halo

was required to explain the rotation curves of galaxies. These dark halos had to be

5-10 times the mass of the luminous component of the galaxy.

Since dark matter is expected to only interact gravitationally, this does leave open

the possibility for a modification to gravity rather than a new particle being required

to explain the missing mass problem described above. Dark matter is expected to

have nearly zero pressure and temperature and hence is usually referred to as ‘cold’.

If dark matter is ‘hot’ then the thermal velocities would be high enough to smear

out galaxy clusters and so hot dark matter has been ruled out. ‘Warm’ dark matter

on the other hand would only remove dwarf galaxies and larger halos, like our own

21



Milky Way, would be unaffected (Blumenthal et al., 1984).

Potential baryonic candidates have been suggested in the form of brown and white

dwarf stars. However, if this was the case they would have been seen in micro-lensing

events within our own galaxy and the nearby Andromeda galaxy M31 (for exam-

ple Bahcall et al., 1994; Graff & Freese, 1996; Alcock et al., 1997). The currently

favoured view is that they are a fundamental particle which hold no charge since they

are expected to pass through matter without experiencing any interaction. Weakly

Interacting Massive Particles (WIMPs) are well motivated and commonly occur in

many extensions to the standard model of particle physics. They have therefore been

the most promising candidate. However, terrestrial searches for their signatures have

yet produce any detection. An alternative candidate is an axion-like particle which

also appears in extensions to the standard model and its presence has been shown to

solve various problems in particle physics. Other dark matter model options include

warm dark matter, self-interacting dark matter, baryon-scattering dark matter, fuzzy

dark matter, primordial black holes and light relics. These models can be distin-

guished by their impact of structure formation. For further details on potential dark

matter candidates see the review Bertone et al. (2005).

As well as cold dark matter we also include neutrinos in our cosmic inventory.

In the standard picture, there are three species of neutrinos which are weakly inter-

acting. From the standard model of particle physics, neutrinos are predicted to be

massless. However from observations of flavor oscillations in solar and atmospheric

neutrinos, they must contain mass. Neutrinos impact cosmology by contributing to

the expansion history of the Universe through their energy density and by altering

the evolution of matter perturbations (Lesgourgues & Pastor, 2006).

The final component of our Universe, dark energy, dominates our Universe at late

times. Evidence for the accelerated expansion of the Universe was first seen in obser-

vations of type Ia supernovae that were found to be fainter than anticipated (Schmidt
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et al., 1998; Perlmutter et al., 1999). This has since been cemented independently

through measurements of the CMB (Spergel et al., 2003), inhomogeneities in the

matter distribution (Cole et al., 2005), the integrated Sachs-Wolfe effect (Boughn &

Crittenden, 2004), baryon acoustic oscillations (Eisenstein et al., 2005), weak lensing

(Contaldi et al., 2003) and gamma-ray bursts (Kodama et al., 2008). Within the

structure of General Relativity this accelerated expansion must be driven by a new

form of energy density component with a negative pressure. From measurements of

the CMB and theoretical predictions we anticipate the density of the Universe to be

very close to the critical density. However we actually observe it to be about 1/3ρc, so

the remaining 2/3 must be in some smooth non-clustered form. This elusive compo-

nent of the Universe has been coined dark energy. Dark energy produces a turnover

in the matter power spectrum on scales much larger than that predicted by CDM

alone. The amplitude of the power spectrum increases as the dark energy content

goes up. The growth factor also depends on the dark energy model (Dodelson, 2003).

Observational evidence to date has been inline with a cosmological constant Λ

(for example Planck Collaboration, 2018). However, from a theoretical perspective the

value of Λ is orders of magnitudes less than the values predicted from Particle Physics

(Weinberg, 1989). Other models include an evolving dark energy or a deviation from

General Relativity (for example Caldwell et al., 1998; Liddle & Scherrer, 1999; Peebles

& Ratra, 2003).

1.2 Gravitational Lensing

1.2.1 Overview

In 1937 when Zwicky noted that observations of the Coma cluster indicated the

existence of dark matter, he also went on to predict that the mass of the cluster could

be measured via the lensing effect the cluster has on background galaxies (Zwicky,
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Figure 1.5: Here are two examples where gravitational lensing is visible. Left: a
combined optical and X-ray (shown in pink) image of quasar RX J1131-1231. Due to
the presence of a foreground elliptical galaxy, four images of the quasar are seen in
the X-ray data from the Chandra satellite, with an Eisten ring clearly visible in the
optical data from the Hubble Space Telescope. Right: Hubble Space Telescope image
of galaxy cluster RX J1347.5-1145. The massive cluster acts as a lens, resulting in
background galaxies appearing as giant arcs around the cluster. Image credit: NASA

1937). Gravitational lensing arises from variations in the distribution of matter,

which disturbs the path followed by light from distant sources. Large scale density

fluctuations create a tidal gravitational field that results in photons being deflected

differentially. As a consequence, the images of distant galaxies we observe appear

distorted. This effect is the same as looking at these galaxies through a magnifying

glass where the refractive index varies across space, such that images are distorted and

magnified. The amount of distortion is determined by the size and shape of the matter

distribution along the line-of-sight – such that the more massive the lens the stronger

the lensing distortion. From our concordance model of cosmology, the majority of

mass along the line-of-sight is dark matter. Therefore gravitational lensing is a way

in which dark matter in the Universe can effectively be mapped. Investigating the

lensing effect at different epochs therefore contains information about the effect of

dark energy on the evolution of structure.

Gravitational lensing can create visibly striking phenomena in the form of giant
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arcs around massive galaxy clusters, and multiple images of distant quasars due to

lensing by elliptical galaxies. These very noticeable deflection effects, shown in Fig.

1.5 are referred to as ‘strong’ lensing and only occur for the most massive lenses.

However, all structure in the Universe will cause the properties of distant sources to

be only slightly modified by the deflection – we refer to this as the ‘weak’ lensing

regime (for a recent review, see Kilbinger, 2015). Although this effect is not visible

by eye, we can detect it statistically. The distant light sources we refer to could be a

variety of objects, however in this thesis we are concerned with the weak gravitational

lensing of light from galaxies and the CMB due to the LSS, described in section 1.1.2.

In the case of the CMB, the most distant source, lensing modifies the statistical

properties of CMB anisotropies, by introducing correlations between CMB modes

that would otherwise be independent. Therefore both distant galaxies and the CMB

provide a tool for inferring properties of the LSS.

We start with a brief qualitative discussion of the two types of galaxy weak lens-

ing utilised in this thesis. This is then following by a mathematical description of

gravitational lensing, deriving the deflection angle and observables. Although this

prescription is specific to galaxy lensing it is largely transferable to the case of CMB

lensing. Finally, we include an introduction to CMB lensing, outlining methods used

to recover the lensing information from CMB data. In this section we follow the more

detailed derivations of Bartelmann & Schneider (2001) and Lewis & Challinor (2006).

1.2.2 Cosmic Shear

As light from distant galaxies travels through the LSS, it experiences tiny deflections.

When projected onto a 2D plane, these galaxy distortions will be coherent, towards a

given direction that depends on the intervening matter along the line-of-sight. Since

this is an incredibly weak effect, we require measurements of many galaxies over large

areas of sky, to make a statistically significant measurement. This is achieved by
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measuring the correlation between galaxy shapes – referred to as ‘cosmic shear’.

Cosmic shear measures the clustering of the LSS from the highly non-linear, non-

Gaussian sub-Mpc regime, out to very large, linear scales of more than 100Mpc. By

measuring the correlation of galaxy shapes at and between different redshifts, the

evolution of the LSS can be traced, enabling us to detect the effect of dark energy on

the growth of structure. Since gravitational lensing is not sensitive to the dynamical

state of the intervening masses, it yields a direct measure of the total mass.

Cosmic shear is now a well established cosmological tool, providing constraints

on the matter density parameter Ωm and the amplitude of matter fluctuations σ8

(e.g Hildebrandt et al., 2018; Hikage et al., 2019; Troxel et al., 2018; Heymans et al.,

2013). The methodology has evolved significantly over time since the first detection

(Bacon et al., 2000; Van Waerbeke et al., 2000; Wittman et al., 2000). To be able

to produce these constraints on cosmology requires measuring the shapes of galaxies

to infer the distortion (or ‘shear’) due to lensing, estimating the distance to galaxies

and using a series of other data and simulations to calibrate the shape and redshift

values. A rigorous procedure is required to mitigate systematic effects which can bias

results. For example, the telescope itself produces complicated patterns which can

imitate the lensing signal. This is referred to as the Point Spread Function (PSF)

which for ground based observations also includes the effect of the atmosphere, which

blurs the images of galaxies. The PSF is corrected for by making observations of stars

and using this information to model the distortion induced during the observation

process (Kaiser et al., 1995; Hirata & Seljak, 2003).

Additional difficulties which are consequential for cosmic shear include the intrin-

sic alignment between galaxies due to the tidal fields they inhabit (Hirata & Seljak,

2004; Chisari et al., 2015). This effect breaks our assumption that in the absence

of lensing all galaxies are randomly orientated, and therefore needs to be included

in the modelling procedure. Recently, the impact of photometric redshift estimation
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has been shown to be substantial for current cosmic shear analyses (Joudaki et al.,

2019). This is partially due to the fact that as surveys become larger and deeper,

the community has fewer suitable spectroscopic galaxy catalogues available to use for

calibration (Bolzonella et al., 2000; Beńıtez, 2000; Ilbert et al., 2006; Brammer et al.,

2008; Choi et al., 2016; Wright et al., 2018). A final limiting factor is the software

used to estimate the shapes of galaxies. Although this is deemed a minor issue for

current surveys, as the number density of sources increases in future, effects such

as the blending of galaxy images will require novel techniques (Mandelbaum et al.,

2018).

1.2.3 Galaxy-galaxy Lensing

Galaxy-galaxy lensing measures the correlation between the position of a foreground

lensing galaxy and the shape of a more distant galaxy (for example Leauthaud et al.,

2017; Prat et al., 2018; Amon et al., 2018). The methodology is also applicable when

considering any other foreground lensing halo, like a galaxy cluster. Considering a

single halo, more distant galaxies will appear to be aligned tangentially around the

halo, with the strength of alignment decreasing with increasing distance from the

lens. The level of tangential alignment is determined by the lensing halo, thus we

can use this method to infer properties of the halo and the relationship between

galaxies or clusters and the halos they inhabit (Velander et al., 2014). By measuring

the average tangential shear in annuli around the lens we can build a density profile

which contains information about how the mass is distributed inside the lensing halo.

The distortions are weak and therefore we are required to average over many similar

lens systems so that the shape noise decreases. Therefore in practice we investigate

the population of lensing halos in a statistical manner. An example of this is shown

in Fig. 1.6, which shows the average galaxy-galaxy lensing signal measured around

BOSS-LOWZ luminous red galaxies (LRGs), using weak lensing data from the Canada
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France Hawaii Telescope Lensing Survey (Heymans et al., 2012).

Figure 1.6: Galaxy-galaxy lensing signal measured around BOSS-CMASS luminous
red galaxies (LRGs), using weak lensing data from the Canada France Hawaii Tele-
scope Lensing Survey (Heymans et al., 2012). Here we present the lensing signal
in terms of the excess surface density ∆Σt, which is the average tangential shear
weighted by the lensing efficiency, as a function of radius R. We define and use this
quantity in chapter 4.

Since in galaxy-galaxy lensing we take the average tangential shear value in annuli

around a lens, this measurement is less affected by systematics such as the PSF which

introduce correlations between shapes across an entire observed field. However, this

method can be impacted by the poor photometric redshift information for the source

galaxies. If the galaxies are estimated to be behind the lens but this is not the case,

this will act to dilute the signal (Sheldon et al., 2004; Mandelbaum et al., 2005; Singh

et al., 2017). To interpret the galaxy-galaxy lensing signal, we require a theoretical

description of the density profile. To date, the main density profile being used in

28



weak lensing is the Navarro-Frenk-White (NFW) profile (Navarro et al., 1997), whose

tangential shear profile has been derived analytically in Wright & Brainerd (2000).

This profile description is sufficient in the context of isolated lenses. However we

know that lensing halos are part of the cosmic web, which will in-turn impact weak

lensing observables. An established approach is to implement a halo model (Mo &

White, 1996; Cooray & Sheth, 2002; Cacciato et al., 2014), which can account for the

impact of satellite halos (Sifón et al., 2018). Alternatively, simulations can also be

used to model the lensing signals of halos (Battaglia et al., 2010).

1.2.4 The Deflection Angle

A gravitational lensing system can be described by the configuration shown in Fig.

1.7, where βββ is the true position angle of the source, θθθ is the angle at which it

is observed and Dd and Ds are the distances between the observer and the lens

and the observer and the source respectively. The first assumption we make is the

thin lens approximation which says that the light ray is instantaneously deflected

at the lens plane. This is a reasonable assumption to make and holds provided the

spread of the lensing mass along the line-of-sight is much smaller than the angular

diameter distances involved. Considering the deflection due to a point mass, provided

the light passes sufficiently far away from the strong gravitational field such that

the impact parameter |ξξξ| is much bigger than the Schwarzschild radius of the lens

(|ξξξ| � Rs = 2GM/c2), then from General Relativity the deflection angle α̂αα is related

to the impact parameter ξξξ by

|α̂αα| = 4GM

c2|ξξξ| , (1.41)

where G is the gravitational constant and M is the mass causing the deflection. From

the condition that |ξξξ‖ � Rs, we see that the deflection angle must be small, |α̂αα| � 1.
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Figure 1.7: A standard lensing configuration between the source, lens and observer.
βββ is the true position angle of the source, θθθ is the angle at which it is observed and
Dd and Ds are the angular diameter distances between the observer and the lens and
the observer and the source respectively.

This implies that the strength of the Newtonian gravitational field, Φ, is small,

Φ

c2
� 1 . (1.42)

This is the weak field limit. In this limit the General Relativity field equations can

be linearised. The deflection angle due to a collection of point masses is then the

vectorial sum of the individual deflection angles resulting from each point mass.
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A 3D mass distribution with a volume density ρ(rrr) is composed of cells of size

dV which contain mass dm = ρ(rrr)dV . The spatial trajectory of a light ray passing

the mass distribution, is described by (ξ1(λ), ξ2(λ), r3(λ)), where the coordinates are

chosen such that the light ray travels in the direction r3. The path of the light is

bent due to the presence of the mass distribution, but for a small deflection, we can

approximate to a straight line in the vicinity of the deflecting mass – this corresponds

to a ‘thin’ lens. Near the lens ξξξ(λ) ≈ ξξξ, where ξξξ = (ξ1, ξ2). For a lensing mass

element, dm, at rrr′ = (ξ′1, ξ
′
2, r
′
3), the total deflection angle is then

α̂αα(ξ) =
4G

c2

∑
dm(ξ′1, ξ

′
2, r
′
3)

ξξξ − ξξξ′
|ξξξ − ξξξ′|2

=
4G

c2

∫
d2ξ′

∫
dr′3ρ(ξ′1, ξ

′
2, r
′
3)

ξξξ − ξξξ′
|ξξξ − ξξξ′|2 ,

(1.43)

where α̂αα is a 2D vector. For a two-dimensional mass element dm = Σ(ξ′)d2ξ′ we can

define the surface mass density

Σ(ξξξ) ≡
∫
dr3ρ(ξ1, ξ2, r3) , (1.44)

which is the mass density projected on to a plane perpendicular to the approaching

light ray. This leads to a deflection angle

α̂αα =
4G

c2

∫
d2ξ′Σ(ξξξ′)

ξξξ − ξξξ′
|ξξξ − ξξξ′|2 . (1.45)

This equation is legitimate provided that the deflection of a light ray is small relative

to the scale on which the mass distribution changes significantly, which is true for

gravitational lensing by galaxies and galaxy clusters.

Using the set-up in Fig. 1.7 we can relate the true position of the source to its

observed position on the sky. In the small angle approximation, the two-dimensional
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position of the source on the source plane is given by

ηηη ≈ Ds

Dd

ξξξ −Ddsα̂αα . (1.46)

Since ηηη = Dsβββ and θθθ = ξξξ/Dd we can re-write the above equation as

βββ = θθθ −ααα , (1.47)

which gives us the lens equation, where ααα = Dds

Ds
α̂αα is the scaled deflection angle. If

the lens equation has multiple solutions there are multiple images and the lens can

be described as ‘strong’.

We can express a quantity called the convergence to quantify this condition, which

is defined as

κ(θθθ) =
Σ(Ddθθθ)

Σc

, (1.48)

where Σc is the critical surface density defined as

Σc =
c2

4πG

Ds

DdDds

· (1.49)

The convergence is measured via the stretching of solid angle on the sky, and since

surface brightness is conserved, the result is an amplification of the source flux. If the

surface mass density is greater than this critical value, which is equivalent to κ ≥ 1,

this corresponds to the strong lens regime. Therefore Σc essentially distinguishes

between ‘strong’ and ‘weak’ lensing systems. From our definition of convergence the

scaled deflection angle can be written as

ααα(θθθ) =
1

π

∫
d2θ′κ(θθθ′)

θθθ − θθθ′
|θθθ − θθθ′|2 . (1.50)

Considering the identity ∇θ ln |θθθ| = θθθ/|θθθ|2, we can show that the scaled deflection
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angle is given by

ααα(θθθ) =
1

π

∫
d2θ′κ(θθθ′)∇θ ln |θθθ − θθθ′| . (1.51)

Defining the lensing potential as

ψ(θθθ) =
1

π

∫
d2θ′κ(θθθ′) ln |θθθ − θθθ′| , (1.52)

the scaled deflection angle is then the gradient of the lensing potential

ααα(θθθ) = ∇θψ(θθθ) (1.53)

such that the mapping from θθθ to βββ is a gradient mapping. Additionally, using the

identity ∇2
θ ln |θθθ| = 2πδD(θθθ), where δD is the two-dimensional Dirac delta function,

we have

∇2
θψ = 2κ(θθθ) . (1.54)

The deflection angle can also be considered in terms of the gravitational potential

itself. Considering the line integral of the gravitational acceleration perpendicular to

the direction of light propagation, a⊥,

α̂αα =
2

c2

∫
a⊥dz , (1.55)

where the acceleration is due the gravitational potential of the lens Φ such that

a⊥ = ∇⊥Φ so that

α̂αα =
2

c2

∫
∇⊥Φdz . (1.56)

Since ξξξ = Ddθθθ and from equation 1.53

ααα = dd∇ξψ , (1.57)
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which leads to

ψ =
Dds

DdDs

2

c2

∫
Φ(ξ, z)dz , (1.58)

where the gravitational potential is related to the density via the Poisson equation

∇2
ξΦ = 4πGρ(ξξξ, z).

1.2.5 Magnification, Shear and Image Distortion

The flux of source images is affected by the gravitational deflection because the cross-

sectional area of a package of light is distorted by differential deflection. Photon

number is conserved, so the flux of an image is established from this cross-sectional

distortion. The shapes of the source images are also adapted as a result of this.

Liouville’s theorem – which says that the phase space density is unchanged during

the photon propagation provided no absorption or emission of photons takes place –

implies that surface brightness must be conserved. Therefore, if the surface brightness

in the source plane is given by I
(s)
ν (βββ) (which is what we would observe in the absence

of light deflection), then the surface brightness in the lens plane is

Iν(θθθ) = I(s)
ν [βββ(θθθ)] , (1.59)

for an observed frequency ν. For an infinitesimal source with a surface brightness, Iν ,

which is not gravitationally lensed, it subtends a solid angle dω∗. The monochromatic

flux from the source is

S∗ν = Iνdω
∗ . (1.60)

If the source is gravitationally lensed, the observed flux is then

Sν = Iνdω , (1.61)
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and so the deflection modifies the flux of the observed image by a factor

|µ| = Sν
S∗ν

=
dω

dω∗
, (1.62)

which does not depend on the frequency of the deflected light. The ratio of the solid

angles is given by

dω

dω∗
=
d2θθθ

d2βββ
, (1.63)

for an element of source d2θθθ mapped on to an area of image d2βββ. Therefore lensing

effectively focuses the light towards our telescopes, so that we measure the light that

would propagate towards us in the absence of lensing plus the extra photons that are

deflected towards us as a result of lensing.

For a source which is much smaller than the angular size on which the properties

of the lens vary, the lens mapping can locally be linearised and therefore we can define

the Jacobian matrix of the lens equation as

A(θθθ) =
∂βββ

∂θθθ
,with components ,Aij =

∂βi
∂θj

. (1.64)

Thus the magnification factor is given by

|µ| = 1

detA , (1.65)

for a small source. The magnification factor can be positive or negative which cor-

responds to positive or negative parity images. From the lens equation the Jacobian
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matrix can be written in the form

Aij =
∂

∂θj
(θi − αi(θθθ)

= δij −
∂αi(θθθ)

∂θj

= δij −
∂2ψ(θθθ)

∂θi∂θj

(1.66)

A(θθθ) =

1− κ− γ1 γ2

γ2 1− κ+ γ1

 , (1.67)

where we have introduced complex shear which has a magnitude γ and orientation φ,

γ = γ1 + iγ2 = |γ|e2iφ , (1.68)

which can be decomposed into two components, given by

γ1 =
1

2

(
∂2ψ

∂θ2
1

− 1

2

∂2ψ

∂θ2
2

)
= γ cos 2φ , (1.69)

and

γ2 =
∂2ψ

∂θ1∂θ2

= γ sin 2φ . (1.70)

The magnification factor is therefore given by

µ =
1

(1− κ)2 − |γ|2 . (1.71)

Fig. 1.8 shows the outcome of applying convergence and shear to a circular source.

The Jacobian lensing matrix can be re-written in a different form

A(θθθ) = (1− κ)

1− g1 −g2

−g2 1 + g1

 , (1.72)
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Figure 1.8: Gravitational lensing has the effect of magnifying and distorting the
image of galaxy. The convergence term in equation 1.72, corresponds to an isotropic
stretching, but does not change the shape of the galaxy image. The shear term
corresponds to change in shape.

where we have used the reduced shear, g = g1 + ig2, which is defined as

g =
γ

1− κ =
|γ|

1− κe
2iφ . (1.73)

From equation 1.72 it can be seen that the (1− κ) factor corresponds to an isotropic

stretching of the image but does not change the shape. The reduced shear contains

information about the change in shape between the source image and the observed

image. Showing results from Bartelmann & Schneider (2001), a circular source with

unit radius is mapped onto an ellipse, with axes |(1− κ)(1 + |g|)|−1 and |(1− κ)(1−

|g|)|−1, and the orientation of the ellipse comes from the phase φ of g.

From our definition of the lensing potential, we can write the complex shear in

terms of κ as

γ(θθθ) =
1

π

∫
d2θ′D(θθθ − θθθ′)κ(θθθ′) , (1.74)

with

D(θθθ) =
θ2

2 − θ2
1 − 2iθ1θ2

|θθθ|4 =
−1

(θ1 − iθ2)2
. (1.75)
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Figure 1.9: How the value of each shear component corresponds to galaxy shape.

1.2.6 Observing Weak Lensing

Having determined the relationships between the lensing potential ψ, convergence κ

and shear γ, we now aim to connect these quantities to properties we can measure

from observations.

The quadrupole moment Qij of a galaxy with a surface brightness I(θθθ) is given by

Qij =

∫
d2θw[I(θθθ)]I(θθθ)θiθj∫
d2θw[I(θθθ)]I(θθθ)

, (1.76)

where w[I(θθθ)] is a weighting function. The complex ellipticity is defined as e = e1+ie2

where e1

e2

 =
1

Q11 +Q22

Q11 −Q22

2Q12

 . (1.77)

For a perfect ellipse, we can relate the ellipticity to the axial ratio τ at position angle

φ as e1

e2

 =
τ 2 − 1

τ 2 + 1

cos 2φ

sin 2φ

 , (1.78)

where φ is measure anti-clockwise from the positive x-axis. By transforming the image
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quadrupole moment using the lensing Jacobian, as

Qs
ij = AilQlmAmj , (1.79)

we can relate the ellipticity of the image to the ellipticity of the source, which we

require to be able to measure the lensing induced distortion. The complex ellipticity

of the source es can then be written as

es =
e− 2g + g2e∗

1 + |g|2 − 2R(ge∗)
, (1.80)

where e∗ is the complex conjugate of e. For a weak lensing system κ� 1 and |γ| � 1,

so that the reduced shear is approximately equal to the shear, |g| ∼ |γ| and g2 ≈ 0.

In this regime the above equation can be reduced to

ei = esi + 2(δij − esiej)γj . (1.81)

This linear approximation has been shown to be suitable for z < 1 and θ > 5′.

However, the full non-linear equation should be used in practice since current surveys

are reaching these limits. We continue with this result for ease of demonstration.

It is a fairly good approximation, neglecting intrinsic alignments (introduced in

section 1.2.2), to assume that over a large region of sky, the intrinsic ellipticity of

galaxies will be random so that when averaging over many galaxies 〈es〉 = 0. In a left

handed coordinate system (x→ −x, y → y), e1 does not change but e2 flips its sign.

As a result any correlation between e1 and e2 will produce a null result 〈e1e2〉 = 0.

Noting this property of parity, when averaging over many source galaxies where the

shear is constant, we find

〈ei〉 = 2(1− 〈esiei〉)γ . (1.82)

In the case of weak lensing 〈esiei〉 ≈ 〈e2
i 〉, which can be estimated from the ellipticity
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dispersion of a large source galaxy sample as 〈e2
1〉 ≈ 〈e2

2〉 = σ2
e . For a sample of

sources which are circular prior to being lensed es = 0, 〈eiesi 〉 = 0 the relationship

between shear and ellipticity is given by

γ ' 1

2
〈e〉 ≡ 1

2
〈e1 + ie2〉 . (1.83)

In this thesis the shapes of the galaxies are estimated using a Bayesian likelihood-

based method (Miller et al., 2013), in which a model of a galaxys surface brightness

distribution is fitted to the data. These galaxy profiles are convolved with a model

for the PSF which is based on fitting to images of stars. Galaxies are modelled as an

exponential disk plus a bulge component. From the fitting procedure an estimate of

the ellipticity and a weight which accounts for the uncertainty in the ellipticity are

produced for each galaxy – together they form an estimate of the shear.

1.2.7 Weak Lensing by the Large Scale Structure

In the case of weak lensing by LSS, the mass in the LSS structure is located along

the entire line-of-sight from the source to the observer. Thus our assumption that the

lens is small compared the distance between the source and observer is not the case.

The propagation equation for a set of light rays, where one is a fiducial light ray,

in Minkowski space with no perturbing mass present, is given by

d2xxx

dχ2
+ kxxx = 0 (1.84)

where xxx is the comoving separation between the two light rays, χ is the radial distance

from the observer and k is the space-time curvature of the Universe. The boundary

condition requires the fiducial ray, which starts at the observer χ = 0, has zero

separation from the other light ray xxx = 0, which propagates at an angle θθθ meaning

dxxx
dχ

= θ. The solution for the comoving separation vector in the unperturbed case is
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then

xxx(θθθ, χ) = fk(χ)θθθ , (1.85)

where fk(χ) is the angular distance, which for a flat Universe fk(χ) = χ.

When there are overdensities present, light is deflected following

d2xxx

dχ2
=
−2

c2
∇⊥Φ , (1.86)

where Φ is the Newtonian potential of a localised density perturbation. The solution

for the case of weakly perturbed Minkowski space is given by

xxx(θθθ, χ) = fk(χ)θθθ − 2

c2

∫ χ

0

dχ fk(χ− χ′)∇⊥Φ[xxx(θθθ, χ′), χ′] . (1.87)

The overall deflection is then found by subtracting the unperturbed from the per-

turbed solution as

fk(χ)α(θθθ, χ) = fk(χ)θθθ − xxx(θθθ, χ) , (1.88)

to get the deflection angle

α(θθθ, χ) =
2

c2

∫ χ

0

dχ′
fk(χ− χ′)
fk(χ)

∇⊥Φ[fk(χ
′)θθθ, χ′] . (1.89)

Using our previously derived equation relating the deflection angle α to the con-

vergence κ we define an analogous effective convergence

κe(θθθ, χ) =
1

2
∇θ ·ααα(θθθ, χ)

=
1

c2

∫ χ

0

fk(χ− χ′)fk(χ′)
fk(χ)

∂2

∂xi∂xi
Φ[fk(χ

′)θθθ, χ′] ,
(1.90)

where we have used the fact that xxx(χ′) = fk(χ
′)θθθ and ∂

∂θ
= fk(χ

′) ∂
∂x

.

The Newtonian potential Φ′ is connected to the total matter density field, ρ via
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Poisson’s equation

∇2
ξΦ
′ = 4πGρ , (1.91)

where ρ = (1 + δ)ρ̄ and δ is the density fluctuation field. This is a linear equation so

we can subtract the potential for the smooth background density field

∇2
ξΦ̄ = 4πGρ̄ , (1.92)

to find the perturbation potential. This is given by

∇2
xΦ = 4πGa2ρ̄δ , (1.93)

where we have implemented the gradient with respect to comoving coordinates ∇x =

a∇ξ using the scale factor a. As previously shown, during matter domination ρ̄ =

a−3ρ̄0 such that

∇2
xΦ =

3ΩmH
3
0

2a
δ , (1.94)

where we have used the parameter Ωm = ρ
ρc

. From this form of the Poisson equation

the effective convergence becomes

κe(θθθ, χ) =
3ΩmH

2
0

2c2

∫ χ

0

dχ′
fk(χ− χ′)fk(χ′)

fk(χ)

δ[fk(χ
′)θθθ, χ′]

a(χ′)
, (1.95)

which is simply a weighted integral over the density fluctuations along the trajectory

of the unperturbed light. By averaging the three-dimensional convergence, given

above, over the normalised redshift distribution of the sources p(χ) we find the two-

dimensional convergence projected along the line-of-sight as

κ̄e(θθθ) =

∫ χH

0

dχ′p(χ′)κe(θθθ, χ
′)

=
3ΩmH

2
0

2c2

∫ χH

0

dχ′p(χ′)

∫ χ′

0

dχ
fk(χ

′ − χ)fk(χ)

fk(χ′)

δ[fk(χ)θθθ, χ]

a(χ)
,

(1.96)
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In this thesis we measure the convergence power spectrum, Cκκ(`). The power

spectrum is the Fourier transform of the correlation function ζ(θ), which is given

by ζ(θ) = 〈κ̄ie(θθθ)κ̄je(θ′θ′θ′)〉. Therefore from equation 1.96, the convergence correlation

function is given by

ζ(θ) =

∫
dχWi(χ)

∫
dχ′Wj(χ)〈δ[fk(χ)θθθ, χ]δ[fk(χ

′)θθθ′, χ′]〉 , (1.97)

where we have introduced the weighting function

Wi(χ) =
3ΩmH

2
0

2c2

fk(χ)

a(χ)

∫ χH

χ

dχ′pi(χ
′)
fk(χ

′ − χ)

fk(χ′)
. (1.98)

The power spectrum of the matter fluctuations P is defined as

〈δ̂(kkk, χ)δ̂∗(kkk, χ′)〉 = 2π2δD(kkk − kkk′)P (|kkk|, χ) . (1.99)

We can use equation 1.97 to write the correlation function of the convergence in terms

of the matter fluctuation power spectrum

ζ(θ) =

∫
dχWi(χ)

∫
dχ′Wj(χ

′)

∫
d3k

(2π)3

∫
d3k′

(2π)3

〈δ̂(kkk, χ)δ̂∗(kkk, χ′)〉e−ifk(χ)kkk⊥·θθθeifk(χ′)kkk′⊥·θθθ
′
e−ik3χeik

′
3χ

′

=

∫
dχWi(χ)

∫
dχ′Wj(χ

′)

∫
d3k

(2π)3

∫
d3k′δD(kkk − kkk′)

P (|kkk|, χ)e−ifk(χ)kkk⊥·θθθeifk(χ′)kkk′⊥·θθθ
′
e−ik3χeik

′
3χ

′
.

(1.100)

Assuming small scale power in the density fluctuations that produce correlation when

χ ≈ χ′, we have

ζ(θ) =

∫
dχWi(χ)Wj(χ)

∫
d3k

(2π)3
P (|kkk|, χ)e−ifk(χ)kkk⊥·(θθθ−θθθ′)e−ik3χ

∫
dχ′eik3χ′

. (1.101)
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Since
∫
dχ′eik3χ′

= 2πδD(k3), and setting φφφ = θθθ′ − θθθ,

ζ(φ) =

∫
dχWi(χ)Wj(χ)

∫
d2k⊥
(2π)2

P (|kkk|, χ)eifk(χ)kkk⊥·φφφ . (1.102)

The power spectrum Cκκ(`) is then given by

Cκκ(`) =

∫
d2φe−i`̀̀·φφφζ(φ)

=

∫
dχWi(χ)Wj(χ)

∫
d2k⊥
(2π)2

P (|kkk|, χ)

∫
d2φeifk(χ)(kkk⊥−`̀̀)·φφφ

=

∫
dχWi(χ)Wj(χ)

∫
d2k⊥
(2π)2

P (|kkk|, χ)(2π)2δD(fk(χ)kkk⊥ − `̀̀)

=

∫
dχ
Wi(χ)Wj(χ)

fk(χ)2
P

(
`

fk(χ)
, χ

)
.

(1.103)

This shows that the power spectrum of convergence is essentially the matter power

spectrum integrated along the line-of-sight weighted by the redshift distribution of

sources.

1.2.8 Weak Lensing of the Cosmic Microwave Background

The CMB has travelled from the surface of last scattering, a distance of 14000Mpc

away, to present times and therefore has been deflected by the many under and over-

densities in the LSS it encounters. Therefore much of our discussion in the previous

section, though specified for galaxies, is applicable here. In particular the relation-

ship between convergence, the deflection angle, lensing potential and gravitational

potential are all transferable since it is the same underlying physics. For a detailed

review of CMB lensing see Lewis & Challinor (2006).

The CMB lensing signal is dominated by LSS between a redshift of 0.5 and 3.

Gravitational lensing produces an apparent shift in the angular position of CMB

photons. This effectively remaps both the temperature field Θ(nnn) = ∆T (nnn)/T and

polarisation defined through the dimensionless Stokes parameters Q(nnn) and U(nnn)
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(Blanchard & Schneider, 1987). Thus, the deflection changes the statistical properties

of the CMB anisotropies by inducing correlations between modes.

The CMB lensing field can be mapped using quadratic estimators, as described

by Hu & Okamoto (2002), from measurements of the temperature and polarisation

fields of the CMB. We outline this procedure here. For simplicity we focus on the

temperature field, but a similar procedure can be performed for the polarisation fields.

The remapping of the unlensed temperature field Θ̃, is given by

Θ(nnn) = Θ̃(nnn+ ddd(nnn)) , (1.104)

where nnn is the direction on the sky and the deflection ddd is analogous to the deflection

angle ααα. The Fourier transform of the temperature is given by

Θ(nnn) =

∫
d2`̀̀

(2π)2
Θ(`̀̀)ei`̀̀·nnn . (1.105)

such that the change in the temperature field due to lensing potential φ is described

by

δΘ(`̀̀) = Θ(`̀̀)− Θ̃(`̀̀) = −
∫
d2`̀̀

2π
`̀̀′ · (`̀̀ − `̀̀′)φ(`̀̀ − `̀̀′)Θ̃`̀̀′ + ... , (1.106)

plus higher order terms. Assuming that the unlensed temperature field and the

potential perturbation field is Gaussian and exhibits statistical isotropy, the unlensed

covariance between modes is then

〈Θ̃(`̀̀)Θ̃(`̀̀′)〉 = C̃ΘΘ
` δ(`̀̀ + `′`′`′) , (1.107)

i.e., there is no coupling between modes. We can also define the observed temperature

power spectrum

〈Θ(`̀̀)Θ(`̀̀′)〉 ≡ CΘΘ
` δ(`̀̀ + `′`′`′) , (1.108)
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where the power spectrum includes all components of noise too. The effect of the

lensing is to mix and correlate Fourier modes of the CMB. For a fixed lensing field,

we can consider averaging over an ensemble of realisations as

〈Θ(`̀̀)Θ(`̀̀′)〉 = fΘΘ(`̀̀, `̀̀′)φ(LLL) , (1.109)

where LLL = `̀̀ + `̀̀′ 6= 0, and fTT ′ is the pair response function which measures the

correlation between CMB modes as a result of lensing mode φ(LLL). Since φ is also

statistically isotropic, such that 〈φ(LLL)〉 = 0, we cannot simply reconstruct lensing

from the expectation value of the CMB modes. However, the above equation does

suggest that there is a suitable way to average over pairs of multipoles to estimate

the lensing deflection field. We now step through this procedure.

From equation 1.105

Θ(`̀̀)Θ(`̀̀′) = Θ̃(`̀̀)Θ̃(`̀̀′′)

−
∫
d2`′′

2π
[̀`̀′′ · (`̀̀ − `̀̀′′)φ(`̀̀ − `̀̀′′)Θ(`̀̀′)Θ̃(`̀̀′′) + `̀̀′′ · (`̀̀′ − `̀̀′′)φ(`̀̀′ − `̀̀′′)Θ̃(`̀̀)Θ̃(`̀̀′′)] + ... .

(1.110)

Taking the expectation value as in equation 1.109

〈Θ(`̀̀)Θ(`̀̀′)〉 = δ(`̀̀ + `̀̀′)C̃ΘΘ
`

−
∫
d2`̀̀′′

2π
[̀`̀′′ · (`̀̀ − `̀̀′′)φ(`̀̀ − `̀̀′′)δ(`̀̀′ + `̀̀′′C̃ΘΘ

`′ + `̀̀′′ · (`̀̀′ − `̀̀′′)φ(`̀̀′ − `̀̀′′)δ(`̀̀ + `̀̀′′C̃ΘΘ
` ] + ... ,

(1.111)

which becomes

〈Θ(`̀̀)Θ(`̀̀′)〉 =
1

2π
[C̃ΘΘ

` (LLL · `̀̀) + C̃ΘΘ
`′ (LLL · `̀̀′)]φ(LLL) +O(φ2) . (1.112)

Thus for a fixed lensing realisation, statistical isotropy is no longer true, and the
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temperature power spectrum is distorted. We can define a lensing estimator which,

since the effect of lensing is to couple CMB modes, is quadratic in the observed CMB

fields

φ̂ΘΘ(LLL) = AΘΘ(LLL)

∫
d2`̀̀FΘΘ(`̀̀,LLL− `̀̀)Θ(`̀̀)Θ′(LLL− `̀̀) , (1.113)

where AΘΘ is the normalisation and FΘΘ is a filter which weights pairs of CMB nodes.

In deriving the lensing estimator, φ̂, we require an estimator which is unbiased

to first order in the lensing potential, 〈φ̂ΘΘ′(LLL)〉 = φ(LLL), and that φ̂ is a minimum

variance estimator. The second condition means that 〈φ̂ΘΘ(LLL)φ̂ΘΘ(LLL′)〉 is minimised

with respect to filter FΘΘ, which determines the exact form of the filter.

By combining the normalisation and filter terms, we have the generic quadratic

estimator

φ̂ΘΘ(LLL) =

∫
d2`̀̀GΘΘ(`̀̀,LLL− `̀̀)Θ(`̀̀)Θ′(LLL− `̀̀) . (1.114)

Here we quote the results from Hu & Okamoto (2002) as

AΘΘ(LLL) =

[∫
d2`̀̀FΘΘ(`̀̀,LLL− `̀̀)fΘΘ(`̀̀,LLL− `̀̀)

]−1

, (1.115)

and

FΘΘ(`̀̀,LLL− `̀̀) =
fΘΘ(`̀̀,LLL− `̀̀)
2CΘΘ

` CΘΘ
|LLL−`̀̀|

, (1.116)

which is essentially a signal-to-noise weighting for each pair of modes. Filters for

polarisation and cross-terms can be found in a similar manner, which are detailed in

Hu & Okamoto (2002).

Now substituting into the equation for the lensing estimator

φ̂ΘΘ(LLL)

AΘΘ(LLL)
=

∫
d2`̀̀

[
C̃ΘΘ
` (LLL · `̀̀)
CΘΘ
`

Θ(`̀̀)

][
1

CΘΘ
|LLL−`̀̀|

Θ(LLL− `̀̀)
]
, (1.117)

which we can evaluate by first noting that this is a convolution in Fourier space and
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therefore a multiplication in real space.

Here we have demonstrated a standard method for estimating lensing from CMB

data, this estimator has been commonly used in CMB lensing analyses (for example

Sherwin et al., 2017). However, new techniques which are robust against foreground

biases are now feasible and producing results with competitive signal-to-noise (Mad-

havacheril & Hill, 2018).

1.3 Observational Probes of Cosmology

In this section we review the current status of cosmological observations and the next

generation of experiments.

1.3.1 The Cosmic Microwave Background

The CMB was first discovered in 1965 (Penzias & Wilson, 1965; Dicke et al., 1965),

with CMB anisotropies first being revealed by the COBE satellite (Smoot et al.,

1992) which solidly rooted the CDM model of the Universe, followed by WMAP

(Spergel et al., 2003; Dunkley et al., 2009) which established that fluctuations are

largely adiabatic. To date, observations of the CMB have been made from ground

based telescopes (mainly in Chile and the South Pole), balloons and space, covering

a variety of frequencies, depths, sky coverage and therefore science goals.

The current and next generation of CMB experiments are now considering ex-

tensions to the ΛCDM model and open questions including inflation, dark matter,

neutrinos, the dark energy equation of state and modifications to General Relativity.

These observations also offer the opportunity to investigate the late-time Universe

through secondary effects such as weak gravitational lensing of the CMB and galaxy

clusters detected via the thermal Sunyaev-Zel’dovich effect. Here we summarise the

status of current and future CMB experiments.
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Figure 1.10: The temperature auto-spectrum from Planck Collaboration (2018).

Planck is a European Space Agency mission which observed the full sky in a wide

range of frequencies (30GHz–857GHz). It was launched in 2009 and observed until

2013 and to date provides the tightest constraints on cosmological parameters. The

temperature auto-spectrum is shown in Fig. 1.10. The Planck satellite has produced

the best measurements of the anisotropy spectra and therefore the tightest constraints

(Planck Collaboration, 2018).

The Atacama Cosmology Telescope (ACT) is a six metre microwave telescope lo-

cated in Northern Chile at an altitude of 5190m. Observations began in 2008 using

the MBAC camera, making temperature measurements covering ∼ 100 deg2 (Louis

et al., 2017). This was upgraded to ACTPol in 2013 so that both temperature and

polarisation measurements could be made. ACT observes in two frequency channels,

90GHz and 150GHz. Its design means it benefits from high resolution which is im-
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portant for measuring the large-` CMB and makes it an ideal tool for CMB lensing

and SZ cluster detections. ACT has undergone a further upgrade to AdvancedACT

which is currently mapping a huge area of ∼ 20, 000 square degrees in the south.

The South Pole Telescope (SPT, Hanson et al., 2013; Keisler et al., 2015) is a

ten metre telescope located in Antarctica at the Amundson-Scott station. The aim

of the project was to measure high resolution CMB fluctuations and detect galaxy

clusters through the SZ effect over large areas of sky. Similar to ACT the telescope has

undergone various upgrades which include three different cameras, SPT-SZ, SPTpol

and SPT-3G, over ten years of observing. SPT benefits from overlapping area with

the Dark Energy Survey and has been used in combined cosmology analyses as a result

Baxter et al. (2016); Kirk et al. (2016); Omori et al. (2019a,b) and for investigations

into the SZ and X-ray cluster mass scaling relations (Dietrich et al., 2019).

PolarBear and Simons Array are a series of dishes in the Atacama desert in Chile

(Polarbear Collaboration et al., 2014). PolarBear has a 2.5m telescope and observes

a small area of sky in the 95GHz and 150GHz frequency channels. It observes purely

polarisation and so has been used primarily in the search for B-modes and under-

standing gravitational lensing. The cross-correlation between CMB lensing purely

from polarisation and galaxy weak lensing with Hyper Suprime Cam was reported

in Namikawa et al. (2019) for the first time. Although this was a low signal-to-noise

detection, this detection paves the way for future experiments and is important since

CMB lensing reconstructed from polarisation should contain fewer systematic effects

compared to those reconstructed from temperature measurements.

There are several other experiments that are also focused on detecting primordial

gravitational waves using ground based telescopes, including the Background Imaging

of Cosmic Extragalactic Polarisation (BICEP, Ade et al., 2018) and Keck array, the

Cosmology Large Angular Scale Surveyor (CLASS, Marriage et al., 2014) and the Q-

U-I Joint Tenerife Experiment (QUIJOTE, López-Caniego et al., 2014) and balloon
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experiments SPIDER (Crill et al., 2008) and the E and B Experiment (EBEX, EBEX

Collaboration et al., 2018).

Simons Observatory will be the next advancement in CMB ground based experi-

ments, due to see first light in 2020, located at the same site at ACT and the Simons

Array in the Atacama desert, Chile (Ade et al., 2019). It will consist of an ACT like

6m telescope, plus three 0.5m telescopes, with the large aperture telescope observing

40% of the sky. It will therefore benefit from large overlap with LSS surveys (see

below). Simons Observatory will also cover a wider frequency range over six chan-

nels with a total of 60,000 detectors, an order of magnitude greater than any current

experiment.

1.3.2 Local H0 Estimates

There are two primary approaches for determining the Hubble constant, H0, using

data from the local Universe. The first is calibrating stellar luminosities and distances

to nearby galaxies, which has mainly been achieved using Cepheid variable stars. The

second is calibrating more luminous objects – usually Type Ia supernovae – which

extends measurements much further, well into the smooth Hubble flow. The method

for measuring distances from Cepheids has been well checked – Cepheids are found

in optical data and then observed at longer wavelengths to minimise corrections due

to dust extinction. Geometric parallax measurements of Milky Way stars are used to

secure the Cepheid distance scale. At larger distances, out to cosmological redshifts of

z ∼ 0.1 , the peak brightness of Type Ia supernovae is measured. These measurements

are then calibrated with Cepheid variable stars located in local galaxies that have good

observations of Type Ia supernovae (Freedman, 2017).

These local measurements (Benedict et al., 2007; Freedman et al., 2012; Humphreys

et al., 2013; Riess et al., 2016) have produced a value ofH0 consistent with 73kms−1Mpc−1,

with a few percent error budget. The H0LiCoW data set, which uses time delay mea-
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surements from gravitational lensing systems has also yielded results consistent with

other local Universe H0 measurements (Bonvin et al., 2017). These are currently in

tension with the value of H0 inferred from Planck primary CMB data, which imply

a lower H0 value of 67kms−1Mpc−1 (Planck Collaboration, 2018).

1.3.3 Weak Gravitational Lensing

The first measurements of weak gravitational lensing by LSS were made in 2000

(Bacon et al., 2000; Van Waerbeke et al., 2000; Wittman et al., 2000). We have

already thoroughly introduced this topic in section 1.2, so here we summarise the

current status of experiments. Currently there are three collaborations all striving to

obtain the tightest constraints on late-time cosmology from weak lensing.

The Kilo Degree Survey (KiDS) is an optical imaging survey, which in its final

state will have imaged ∼ 1350deg2 over two regions in four filters (u, g, r, i) (Kuijken

et al., 2019; Hildebrandt et al., 2018). KiDS uses the VLT Survey Telescope located

in Northen Chile at the Paranal observatory. In parallel, the VISTA Kilo-Degree

Infrared Galaxy survey (VIKING) project covers the same area in five near-infrared

bands: Z, Y, J,H,K, so that the two data sets form a 9-band survey. The number

density of galaxies is ∼ 7 arcmin−2 and the redshift range is 0.1 < z < 1.2. The final

data set from KiDS will extend out to a redshift of 2.

The Dark Energy Survey (DES) observed around 5000deg2 of the Southern sky

using the four metre Victor M. Blanco Telescope, in Chile, outfitted with the Dark

Energy Camera (Troxel et al., 2018). DES observes in five bands – g, r, i, z, and Y .

The number density of galaxies is∼ 6 arcmin−2 and the redshift range is 0.2 < z < 1.3.

The Hyper Suprime Cam (HSC) survey is an ongoing five band (g, r, i, z, y) imag-

ing survey using the eight metre Subaru telescope on Mauna Kea in Hawaii (Aihara

et al., 2018; Hikage et al., 2019). Once complete it will have covered 1400 square

degrees of sky. The number density of galaxies is ∼ 22 arcmin−2 and the redshift
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Figure 1.11: Constraints on Ωm and σ8 from the three current state of the art weak
lensing surveys (Hikage et al., 2019). These three surveys show relatively good agree-
ment, with a mild tension with primary CMB measurements from Planck (Planck
Collaboration, 2018).

range is 0.3 < z < 1.5.

The current constraints – on σ8 and Ωm – from the three surveys described above

is shown in Fig. 1.11. It is clear that there is a relatively good agreement between

these surveys, and a mild tension between weak lensing constraints and primary CMB

measurements from Planck (Planck Collaboration, 2018).

Soon the next generation of weak lensing experiments will come online covering a

huge area of sky. The Large Synoptic Survey Telescope (LSST), located in Chile, will

observe 30,000 deg2 of sky in six bands u, g, r, i, z, y and have a number density of 26

arcmin−2 (Ivezić et al., 2019). The Euclid space telescope is currently being developed

by the European Space Agency (Amendola et al., 2013). It is due to be launched in

2022, and over a six year period will observe about a third of the extragalactic sky

– avoiding the Milky Way. To obtain accurate photometric redshifts, observations in

four other bands will be made from ground based telescopes, so that each galaxy is

observed in 7 filters. The predicted number density of galaxies used for weak lensing
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measurements is 30 arcmin−2.

1.3.4 The Large Scale Structure

Large Scale Structure (LSS) surveys aim to probe the distribution of galaxies. This

is most commonly done by quantifying the degree of clustering observed by measur-

ing correlation functions or power spectra. To measure the clustering signal requires

knowing the locations of galaxies in three-dimensions. When measuring the correla-

tion functions of galaxies, baryons imprint a signature feature. In the early Universe

ionised gas cannot cluster due to radiation pressure. This pressure generates rela-

tivistic sound waves which transmit up to z ∼ 1000, when the Universe becomes

neutral. As a result of the sounds waves, acoustic oscillations can be seen in the

CMB anisotropy observations and also imprint faint signature ‘bump’ on the cluster-

ing of galaxies. These features are referred to as Baryon Acoustic Oscillations (BAOs)

(Eisenstein et al., 2005).

Measurements of BAOs have so far provided substantial support for the ΛCDM

paradigm. Important measurements include the Sloan Digital Sky Survey (SDSS,

Eisenstein et al., 2005), 2-degree Field Galaxy Redshift Survey (2dFRGS, Colless

et al., 2001), WiggleZ (Blake et al., 2012), 6-degree Field Galaxy Survey (6dFGS,

Beutler et al., 2011), the Baryon Oscillation Spectroscopic Survey (BOSS, Anderson

et al., 2014) – which produced the first BAO measurements with precision better than

1% – and finally extended BOSS (eBOSS, Zhai et al., 2017). eBOSS is the largest

spectroscopic survey to date and uses data from SDSS-IV. It contains around 80,000

galaxies with an effective sample redshift of z = 0.72. Upcoming surveys will include

the Taipan survey which will observe around 2 million galaxies across 50% of the

sky at low redshift. At higher redshifts, the Dark Energy Spectroscopic Instrument

(DESI, DESI Collaboration et al., 2016), the 4MOST Cosmology Redshift Survey (de

Jong et al., 2012), Euclid (Amendola et al., 2013) will observe many more galaxies.
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Photometric surveys can also be used to measure galaxy clustering in tomographic

redshift bins – for example, this is already being done for DES and is planned for

LSST.

1.3.5 Galaxy Clusters

Since clusters have multiple components they can be seen across the electromagnetic

spectrum. Clusters can be observed primarily in three wavebands optical, X-ray

and millimetre, which provides the opportunity to observe the same objects with in-

dependent measurement procedures (Allen et al., 2011). In the optical part of the

spectrum, the cluster galaxies, and the gravitational lensing effect of the cluster on

the background galaxies can be measured. Radial velocities of cluster galaxies can be

gained from accurate measurements of the redshift of constituent galaxies. X-rays are

emitted by clusters because a cluster is essentially a massive gravitational potential

well that compresses and as a result heats the trapped gas to X-ray temperatures.

Thus the X-ray luminosity, the temperature of the X-ray spectrum and element abun-

dances seen in the X-ray spectra can be inferred. Due to the huge amounts of gas

found in clusters, which makes up ICM, Comic Microwave Background (CMB) pho-

tons are inverse Compton scattered off the ICM causing the Sunyaev-Zeldovich Effect

(Sunyaev & Zel’dovich, 1972). Thus we can find clusters with CMB data sets.

Using these methods galaxy cluster samples have been compiled, with the Planck

satellite producing a catalogue of 1200 clusters through the SZ effect (Planck Collabo-

ration, 2016). Advanced ACT will yield a sample more than twice as large and looking

into the future, SO is expected to observe 20,000 clusters (Ade et al., 2019). Opti-

cal imaging surveys have also created large catalogues and can probe lower masses,

using the cluster red sequence – the DES redmapper catalogue contains 786 clusters

(Zhang et al., 2019). Upcoming surveys like LSST and Euclid will produce much

larger cluster samples (Amendola et al., 2013). Finally in the X-ray, of order a few
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hundred clusters have been found using the XMM-Newton telescope (Mehrtens et al.,

2012) and ROSAT All-Sky Survey (Böhringer et al., 2017). The latest X-ray telescope

eROSITA, launched in July 2019, is anticipated to observe 100,000 clusters (Hofmann

et al., 2017).

Clusters have been used to infer cosmological parameters from previous samples

(e.g., Kaiser, 1986; Peebles et al., 1989; Kaiser, 1991; Barbosa et al., 1996; Komatsu

& Kitayama, 1999; Holder et al., 2001; Komatsu & Seljak, 2002; Battye & Weller,

2003; Voit, 2005). From the Planck cluster sample, parameter constraints on the

Ωm − σ8 plane have been found to be very mildly in tension with Planck primary

CMB measurements (Planck Collaboration, 2018). Measuring cluster masses has been

shown to be the largest source of uncertainty in cluster cosmology and may explain

this small discrepancy (see e.g Vikhlinin et al., 2009; Rozo et al., 2010; Vanderlinde

et al., 2010; Sehgal et al., 2011; Benson et al., 2013; Hasselfield et al., 2013; Mantz

et al., 2014, 2015; Planck Collaboration, 2016; de Haan et al., 2016). This is the topic

of chapter 4.

1.3.6 The Big Picture

The cosmological probes described above provide huge support for the ΛCDM paradigm,

and it is quite incredible that such agreement has been shown amongst such a diverse

array of observations. However, we have seen some discrepancies in parameter con-

straints between high and low redshift probes. Although at this stage these tensions

are only mild, the next generation of surveys will improve the measurement accuracy

such that it may become significant.

If the tension remains new physics may be required which would need to reduce

the rate of clustering between recombination and the present. There have been sev-

eral studies into understanding this tension. Considering the tension between weak

lensing and the primary CMB, studies so far (Joudaki et al., 2017; MacCrann et al.,
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2015) have shown that known systematic effects do not lead to a large enough shift in

parameter constraints, to produce consistent results from both data sets. When con-

sidering departures from ΛCDM, including massive neutrinos, non-zero curvature,

modified gravity and running of the scalar spectral index have been found not to

remedy this tension and in the case of massive neutrinos actually increase the ten-

sion between the CMB and type-Ia supernovae H0 measurements. The tension has

been shown to be somewhat alleviated with an evolving dark energy, with a time

dependent equation of state (Joudaki et al., 2017). This is certainly an open ques-

tion in cosmology and one that we would like to answer with the next generation of

telescopes.

In this thesis we use CMB and weak gravitational lensing data sets together with

aim of improving our understanding of cosmology. In Chapter 2 we outline the the-

oretical framework for the analyses presented in the following chapters. In Chapter

3 we develop the methodology used to measure the cross-correlation power spectrum

between CMB lensing and galaxy weak lensing data, and detail analysis choices which

can impact the measured signal. In Chapter 3 we present the cross-correlation be-

tween CMB lensing from the Atacama Cosmology Telescope and galaxy weak lensing

from the Kilo Degree Survey plus expectations for the next data sets from these two

experiments. Finally in Chapter 4 we investigate the hydrostatic mass bias – cur-

rently the limiting factor in cluster cosmology. To do this, we measure the masses

of galaxy clusters, selected via the thermal Sunyaev-Zel’dovich effect, using gravita-

tional lensing. Our conclusions and a discussion of future work is included in Chapter

5.
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Chapter 2

Pseudo-C` Estimation for Weak

Lensing Cross-correlations

2.1 Introduction

Interpreting observations of the Universe to extract cosmology requires the use of

summary statistics to compress the data. These statistics need to be constructed

such that the maximal information is retained and a range of cosmological models

can be compared. Gaussian distributed data is fully described by 2-point statistics,

making them a natural choice for CMB analyses (Górski, 1994; Bond, 1995; Tegmark,

1997; Tegmark & de Oliveira-Costa, 2001). When considering the late-time density

field, non-linear evolution produces higher order correlations, meaning that some in-

formation will not be retained in 2-point statistics. However, most of the information

in the density field is captured, and as a result this has become the common approach

to understanding observations in the context of cosmological models. Consequently,

there has been a drive towards optimally measuring 2-point statistics (Bond et al.,

1998; Wandelt & Hansen, 2003; Eriksen et al., 2004; Taylor et al., 2008; Bonvin &

Durrer, 2011; Asorey et al., 2012; Alsing et al., 2016; Vanneste et al., 2018).
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In this chapter we develop a pipeline to measure the cross-correlation power spec-

trum between CMB lensing and GWL data sets. The power spectrum statistic is a

natural choice for CMB analyses since CMB data consists of large smooth maps with

simple masks. The covariance on the full-sky is diagonal for Gaussian perturbations

with no masking, and decomposing the polarisation signal into divergence-like E and

curl-like B modes is somewhat simpler in Fourier1 space – but still problematic on

a cut sky. Galaxy surveys, however, usually cover a much smaller area of sky and

suffer from around 10% of an observed region being masked due to bright stars or

galaxies, image ghosts, bad CCD pixels or columns and cosmic rays. This produces

a complicated mask causing many issues for Fourier space analyses, including a de-

crease in power since there are a large number of zeros in the masked map. The sharp

boundaries of the map also result in mode leakage and independent modes become

coupled – this produces a biased estimate of the power spectrum and covariance. As

a consequence, most GWL studies have used the real space 2-point correlation func-

tion, ξ±(θ) (e.g Heymans et al., 2012; Hildebrandt et al., 2017; Troxel et al., 2018).

There are, however, arguments to be made for a Fourier analysis (Hikage et al., 2019),

since in the real space 2-point correlation function, linear and non-linear scales of the

galaxy shear field are mixed. This is an issue since the baryonic effects that dominate

the non-linear scales are poorly understood and therefore difficult to model. Another

argument for Fourier space is that the covariance matrix becomes diagonal and is

much faster and easier to estimate exactly.

With a power spectrum analysis it is useful to interpolate the shear field, which

is sampled by lensed galaxies, into a two-dimensional pixelised map, covering one or

more redshift bins. In this case, a mask must be defined by the location of the lensed

galaxies in our catalogue. Stars which are located close to galaxies on an image can

interfere with the shape measurement of the galaxy and must therefore be masked

1In this chapter, the term ‘Fourier space’ can be interchanged with ‘harmonic space’ unless
specified.
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along with any contaminated galaxies – this produces a complicated mask with many

features. This masking means that we cannot measure the true power spectrum

C`. Instead we can measure the pseudo-power spectrum, which is a technique based

around estimating an analytical prediction for what this bias is and then correcting

for it (e.g., Peebles, 1973; Wandelt et al., 2001; Szapudi et al., 2001; Hivon et al., 2002;

Hansen et al., 2002; Chon et al., 2004; Tristram et al., 2005; Asgari et al., 2018). This

method relates the observed power spectrum, C̃`, to the true power spectrum, C`,

which is predicted from theory, via a mode coupling matrix which describes the effect

of a mask applied to data. This estimator is one of a variety of quadratic minimum

variance estimators (see Efstathiou, 2004, for a full discussion), which has a large

reduction in computational time from analytical and numerical simplifications based

on the assumption that the covariance matrix of the data is diagonal in real space.

In practice this means that a pseudo-power spectra analysis is appropriate when the

power spectra do not vary steeply and the correlation length is smaller than the mask

structures. These assumptions are true for the data sets we are interested in.

Several public codes exist which measure pseudo-spectra, including LensCross

(Hand et al., 2015), PolSpice (Challinor et al., 2011) and NaMaster (Alonso et al.,

2019). LensCross and PolSpice were originally built for CMB analyses, but have also

been applied to LSS data sets.

LensCross was used in the first lensing-lensing cross-correlation between ACT

CMB lensing and CS82 GWL (Hand et al., 2015) and uses flat-sky approximations.

It is built on the CMB power spectrum code described in Louis et al. (2014). This

pipeline first converts the smoothed galaxy shear maps into a convergence map, as

described in more detail in Sec 2.2. The outer boundary of the binary galaxy mask is

then apodised with a Gaussian and the resulting mask is applied to both convergence

maps. From the two masked convergence fields, a 2D pseudo-power spectrum is

calculated which is then converted into a 1D spectrum by averaging in annuli. The
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inverse of the binned mode coupling matrix is applied to the estimated 1D spectrum

to recover an unbiased estimate of the cross-correlation power spectrum. LensCross

is a flat-sky code, so when looking to the next generation of surveys it will no longer

be applicable. It also does not allow for different masks for each data set and can only

be used with spin-0 fields. It should also be noted that the method for transforming

shear into convergence is inaccurate in the presence of a mask.

PolSpice was built to be applied to polarisation fields and thus can be used di-

rectly with the spin-2 shear field, bypassing the need for convergence reconstruction.

PolSpice is a curved sky code which works with HEALPix (Górski et al., 2005) maps

– therefore projection effects must be considered if the data is in another pixelisation

format. The code first computes the pseudo-power spectra of the maps and mask,

then transforms the results into configuration space. The correlation functions are

then premultiplied by an apodisation function in order to reduce correlations between

`−modes which result from partial sky coverage, which is then transformed back into

Fourier space. The resulting power spectrum can then be binned appropriately. It

was used in the cross-correlation between DES GWL and SPT lensing (Kirk et al.,

2016).

Finally, the NaMaster code2 is more similar to LensCross, handling the effects of

the mask through a mode coupling matrix. It is, however, a more flexible software

package, since it can applied to a spin-2 field, a different mask and weight map can

be used for each field and it has both flat and curved sky options without the need to

use a HEALPix pixelisation. This makes it a more natural choice for cross-correlation

measurements since the properties of the different data sets can be included in the

analysis and will still be relevant to the next generation of surveys. Therefore we

choose NaMaster as the basis for our new cross-correlation pipeline.

In this chapter we develop this new pipeline, using NaMaster, and reproduce

2https://github.com/LSSTDESC/NaMaster
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existing results using public data from the ACT and CS82 surveys (Hand et al., 2015).

We then test it further using simulations appropriate for upcoming CMB lensing and

GWL data. We test the robustness of the pipeline to the complicated nature of GWL

data sets and investigate ways to improve the signal-to-noise of the cross-correlation

measurement. The procedure for measuring the cross-correlation power spectra is

outlined in section 2.2, including how we theoretically predict the power spectrum

and estimate error bars. The simulations and data used in this chapter are explained

in section 2.3 and our results presented in section 2.4. We conclude with a discussion

of our findings in section 2.5.

2.2 Formalism and Methods

In this section we outline the basic formalism for estimating the power spectrum for

the CMB lensing/GWL cross-correlation, starting with a GWL data catalogue and

a map of CMB lensing convergence. We do this for a flat-sky approximation as the

formalism is simpler than the full-sky case. In the flat-sky case, the expansion in

spherical harmonics is replaced by an expansion in Fourier modes – this is a small

angle approximation which can be used at large `. This follows the more detailed

formalism and results shown in Alonso et al. (2019) and Asgari et al. (2018).

2.2.1 Galaxy Weak Lensing Maps

We start from a catalogue of source galaxies which trace the shear field – a galaxy, i,

has a position on the sky, [αi, δi], an estimate of two components of shear, [γi,1, γi,2]

and a weight, wi. We make a map of the shear field by finding the average value of

62



[γ1, γ2] from the galaxies located in a pixel centred on θθθ, as

γn(θθθ) =

∑
i Θi(θθθ)wiγi,n∑
i Θi(θθθ)wi

, Θi(θθθ) =


1, if galaxy i is in the pixel centred on θθθ

0, otherwise

(2.1)

where n ∈ {1, 2}. In the flat sky, the shear field is described as,

γ±(θθθ) = γ1(θθθ)± iγ2(θθθ) , (2.2)

which in Fourier space is given by

γ±(`̀̀) = γ1(`̀̀)± iγ2(`̀̀) , (2.3)

where γ1,2(`̀̀) are the Fourier transforms of γ1,2(θθθ) respectively. The two components

of shear are related to the convergence, κ±, since both are functions of the lensing

potential ψ±,

κ+ = ∂∗∂∗∂−2γ+ , κ− = ∂∂∂−2γ− , (2.4)

where

∂ ≡ ∂1 + i∂2 , ∂∗ ≡ ∂1 − i∂2 and ∂2 ≡ ∂∂∗ , (2.5)

∂1,2 are partial derivatives with respect to θ1, θ2, and the inverse Laplacian operator

is given by

∂−2 =

∫
d2θ

2π
ln |θθθ − θ′θ′θ′| . (2.6)

In Fourier space, the GWL convergence can be decomposed into the Fourier trans-

forms of its E-mode and B-mode components, κE,B(θθθ), as

κ±(`̀̀) = κE(`̀̀)± iκB(`̀̀) . (2.7)
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These take the standard definition where the E-mode field is curl-free and the B-

mode field is divergence-free; originally introduced for CMB polarisation analyses

(Zaldarriaga & Seljak, 1997). Qualitatively this corresponds to galaxy images aligning

tangentially around overdensities due to lensing, which produces an E-mode signal

but no B-mode, thus we expect it to be zero. We show the relationship between the

convergence and shear fields since the theoretical expression for the power spectrum

is given in terms of the convergence E and B fields. In Fourier space the relationship

between GWL convergence and shear is much simpler, since the Fourier counterparts

of the partial derivatives are given by

FT[∂] = iˆ̀ , FT[∂∗] = iˆ̀∗ , (2.8)

and

ˆ̀= `x + i`y , ˆ̀∗ = `x − i`y , (2.9)

such that in Fourier space

κ+(`̀̀) = ˆ̀∗ ˆ̀∗|ˆ̀|−2γ+(`̀̀) , κ−(`̀̀) = ˆ̀̀̂ |ˆ̀|−2γ−(`̀̀) . (2.10)

These equations above can be simplified by replacing ˆ̀ with

ˆ̀= `e−iϕ` , ` = |ˆ̀| , (2.11)

where ϕ` is the polar angle of both `̀̀ and ˆ̀, which gives

κ±(`̀̀) = e∓2iϕ`γ±(`̀̀) . (2.12)

In practice, the shear field, described by [γ1, γ2], is not sampled uniformly across

the sky. Instead, we use galaxies as tracers and some parts of the sky contain fewer
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galaxies or are completely masked due to the effects described in the previous section.

We therefore consider a binary mask, W (θθθ), where a pixel takes the value of 0 if it

contains no galaxies and 1 if it contains 1 or more galaxies. This mask multiplies the

two-components of shear in real-space as

γ̃1,2(θθθ) = W (θθθ)γ1,2(θθθ) , (2.13)

which is a convolution in Fourier space

γ̃±(`̀̀) =

∫
d2`′

(2π)2
W (`− `′`− `′`− `′)γ±(`′`′`′) . (2.14)

Using the relationship between γ± and κ±, we get the following equation for the

masked convergence in Fourier space,

κ̃±(`̀̀) =

∫
d2`′

(2π)2
W (`̀̀ − `′`′`′)κ±(`̀̀′)e∓2iϕ``′ , (2.15)

where ϕ``′ = ϕ`−ϕ`′ . To get a relationship between the masked and unmasked E and

B components of convergence we add and subtract the above expressions for κ±(`̀̀) to

get,

κ̃E(`̀̀) =

∫
d2`′

(2π)2
[κE(`′`′`′) cos 2ϕ``′ + κB(`′`′`′) sin 2ϕ``′ ] (2.16)

κ̃B(`̀̀) =

∫
d2`′

(2π)2
[−κE(`′`′`′) sin 2ϕ``′ + κB(`′`′`′) cos 2ϕ``′ ] . (2.17)

These equations show that in Fourier space, masking the data leads to the mixing

of E and B-mode components. These masking effects must be accounted for if an

estimator is to produced unbiased results. This is discussed in section 2.2.2.

The pseudo-C` code, NaMaster, used in this work was built to analyse CMB

data sets, which consist of a temperature (scalar field) and polarisation (spin-2 field)

65



measurements. From equation 2.12, the E and B-modes of convergence can be written

in terms of the two components of the shear field [γ1, γ2], i.e. for flat-sky:

κE(`̀̀) ≡ γE(`̀̀) = γ1(`̀̀) cos 2ϕ+ γ2(`̀̀) sin 2ϕ (2.18)

κB(`̀̀) ≡ γB(`̀̀) = −γ1(`̀̀) sin 2ϕ+ γ2(`̀̀) sin 2ϕ . (2.19)

Hence, in the context of GWL analyses, {γ1, γ2} are analogous to the Stokes param-

eters {Q,U} (Zaldarriaga & Seljak, 1997). Although mathematically equivalent, we

distinguish between κE and γE. Using κE corresponds to reconstructing the conver-

gence field from shear first – this requires inverse Fourier transforming into real-space

before then measuring the cross-correlation and throwing away the B-mode informa-

tion. Alternatively, γE corresponds to using [γ1, γ2] directly in the cross-correlation

measurement.

2.2.2 The Pseudo-Power Spectrum Estimator

In this chapter we are interested in the cross-correlation between the convergence mea-

sured from CMB lensing which we will refer to as κC , and the shear field from GWL

which we will refer to as [γE, γB]. The cross-correlation power spectrum, C(l)κCγE , is

defined as the normalised angular average, given by

〈|κC(`̀̀)γ∗E(`̀̀)|〉 = (2π)2δD(`̀̀ − `′`′`′)C(l)κCγE , (2.20)

such that the expected average C(l)κCγE is

〈C(l)κCγE〉 =
1

A

∫ 2π

0

dϕl
2π
〈|κC(`̀̀)γ∗E(`̀̀)|〉 , (2.21)
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where the integral is an averaging over a finite area, A and the Dirac delta function

is substituted for,

δD(0) ≈ A

(2π)2
. (2.22)

The full Dirac delta function is recovered in the full-sky limit.

For the masked fields discussed above, we can only measure a pseudo-power spec-

trum, C̃κCγE(`). This is given by the same equation, but the κC and γE fields are

replaced by their corresponding masked fields to give

〈C̃κCγE(`)〉 =
1

A

∫
dϕ`
2π

∫
d2`′

(2π)2
WCMB(`̀̀ − `′`′`′)

∫
d2`′′

(2π)2
W ∗

GAL(`̀̀ − `′′`′′`′′)

× 〈|κC(`′`′`′)× [γ∗E(`′′`′′`′′) cos 2ϕ``′′ + γ∗B(`′′`′′`′′) sin 2ϕ``′′ ]|〉 .
(2.23)

Here WCMB corresponds to the CMB survey window and WGAL can be either a binary

mask or galaxy weight map, which is constructed by summing the weight associated

with galaxies in each pixel. Using the definition for the power spectrum, the pseudo-

power spectrum can be given in terms of the true power spectrum,

〈C̃κCγE(`)〉 =
1

A

∫
dϕ`
2π

∫
d2`′

(2π)2
WCMB(`̀̀ − `′`′`′)W ∗

GAL(`̀̀ − `′`′`′)

× [CκCγE(`′) cos 2ϕ``′ + CκCγB(`′) sin 2ϕ``′ ] ,

(2.24)

for the E-mode of the cross-correlation and a similar equation can be written for

the cross-correlation with the GWL B-mode shear field. The power spectrum in the

above equation only depends on |̀ ′`′`′| and the masks and trigonometric functions only

depends on the polar angles ϕ` and ϕ`′ . Thus the integral over ϕ` can be taken to

be independent of cosmology. Thus the masking effect can be modelled using a mode

mixing matrix, M``′ . This can be computed in terms of the Fourier coefficients of

the mask,

M(`, `′) =
1

(2π)2A

∫ π

0

dνWκCγE(L(`, `′, ν))Mν(ν) , (2.25)
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where ν is the angle between `̀̀ and `′`′`′, and WκCγE corresponds to the power spectrum

of the mask,

WκCγE(L) =

∫ 2π

0

dϕ`
2π

WCMB(LLL)W ∗
GAL(LLL) , (2.26)

and

L(`, `′, ν) = |`− `′| =
√
`2 + `′2 − 2``′ cos ν , (2.27)

and finally

M =

cos 2ν − sin 2ν

sin 2ν cos 2ν

 . (2.28)

In a realistic scenario, where the flat-sky pixels use a Cartesian coordinate system and

have a finite size, coordinates (`, ν) cannot be easily used without losing significant

accuracy. In practice, in NaMaster, these integrals are in two dimensions (`x, `y)

where the effect of binning into annuli of these Cartesian pixels is fully taken into

account. From this we get the result,

C̃CC(`) =

∫ ∞
0

d`′`′M(`, `′)CCC(`′) , (2.29)

where

CCC ≡ (C(`)κCγE , C(`)κCγB)T . (2.30)

In reality we evaluate these integrals as discrete sums, so that the above equation is

re-written as

C̃(`i) =
∑
j

∆`j`jM(`i, `j)C(`j) , (2.31)

where the value of `i is dependent on the size of the field in real-space and the choice

of pixel size when binning the data. The approximation of integral to sum must

also be applied when evaluating the mode coupling matrix and the masked power
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spectrum. A new mixing matrix can be defined as

M`i`j = ∆`j`jM(`i`j) , (2.32)

to give the following matrix relation

C̃(`) = M``′C`′ , (2.33)

where the [i, j] sub-scripts have been dropped and replaced with [`, `′]. By inverting

the above equation we can recover the power spectrum,

Cr
` = (M−1)``′C̃`′ . (2.34)

Since information is lost across the field due to masking, it is in general not possible to

invert the mode coupling matrix, defined above, directly. A solution to this involves

binning the coupled pseudo-power spectrum in a set of bandpowers,

Cr
b = (Mb)

−1C̃obs
b (2.35)

where the subscript b corresponds to a given bandpower. This assumes that the true

power spectrum is a stepwise function which takes constant values over the multipoles

contributing to each band power. In general, this is not the case and so the theoretical

power spectrum, Ct
`, must have a bandpower binning correction applied to it, so that

it can be compared to the measured spectrum in a consistent way. Mathematically,

the process is described as

Ct
b = (Mb)

−1C̃t
b = (Mb)

−1B{MCt
`} , (2.36)

where B is the binning matrix. This method is the most computationally efficient
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way to compare the pseudo-power spectra to a cosmological model.

An analogous description can be presented for the curved sky case. A Spheri-

cal Harmonic Transform can be applied to a given field a(θθθ) rather than a Fourier

Transform, to measure the spherical harmonic coefficients, a`m from which the power

spectrum can estimated. We refer to Alonso et al. (2019) in which this is fully derived.

2.2.3 Theoretical Power Spectrum

The predicted 2D power spectrum, introduced in equation 2.36, can be related to the

3D matter power spectrum, under the Limber approximation3, which is given by:

Cij
` =

∫ χH

0

dχ
Wi(χ)Wj(χ)

fk(χ)2
P (k, χ), (2.37)

where i and j denote κC and γE, Wi(χ) is a window function, χ is the comoving

distance, fk(χ) is the angular diameter distance and P (k, χ) is the 3D matter power

spectrum at a given comoving distance. Although in cosmology we aim to measure

the 3D matter power spectrum, this is complicated by our observational limitations.

In practice, we observe a wedge of Universe and thus instead of being able to calculate

P (k, χ), we calculate the average value over this region. The area of sky observed

increases for increasing distances, which can be accounted for by including a factor of

the inverse of the distance squared, fk(χ)2. The general form for the window function

for lensing is

Wi(χ) =
3ΩmH

2
0

2c2

fk(χ)

a(χ)

∫ χH

χ

dχ′pi(χ
′)
fk(χ

′ − χ)

fk(χ′)
, (2.38)

where p(χ) is the probability distribution function. For CMB lensing, this is given by

pCMB(χ) = δ(χ− χ∗) , (2.39)

3In the Limber approximation, effectively spherical bessel functions are replaced with a delta
function. This approximation has been shown to hold at ` > 10 and makes the power spectrum
easier to compute.
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since the CMB is on a single source plane and χ∗ is the comoving distance to the

surface of last scattering. For GWL, this is given by

pGAL(χ) = n(z)
dz

dχ
, (2.40)

and n(z) is the number of galaxies as a function of redshift. The window func-

tions determine at which redshifts structure in the Universe contributes to the cross-

correlation power spectrum. The overlap of the GWL and CMB lensing window

functions, weighted by the matter power spectrum, determines the degree of cross-

correlation between the two data sets. Thus the cross–correlation power spectrum,

defined in equation 2.37, is sensitive to structure at intermediate redshifts. It is

the fact that these two window functions overlap that means we can measure the

cross–correlation.

2.2.4 Estimating Errors

We estimate the error associated with a cross-correlation measurement analytically

using the Knox equation

σ2(ĈκCγE
l ) =

1

(2`+ 1)fsky∆`
[(CκCκC

` +NκCκC
` )(CγEγE

` +NγEγE
` ) + (CκCγE

` )2] , (2.41)

which uses theoretical models of the auto and cross-spectra of the CMB lensing con-

vergence and GWL shear fields, given by equation 2.37. Only the noise spectra from

the auto-correlations are required — accounting for the contributions from cosmic

variance and the noise in the both lensing maps — since the noise in the two fields

should not be correlated with each other. The factor of (2` + 1) accounts for the

number of modes and fsky accounts for the partial sky coverage and any loss of modes

due to apodisation. Equation 2.41 does not account for the mode coupling introduced

by partial sky coverage which would produce larger errors in the case of complicated
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GWL masks (Garćıa-Garćıa et al., 2019).

The CMB lensing noise is estimated from CMB lensing maps, which in turn can

be derived from the noise properties of the CMB intensity and polarisation maps. In

the case of this project we measure the CMB lensing auto-power spectrum from ACT

CMB lensing maps and subtract a theoretical auto spectrum computed for a fiducial

cosmology. The GWL noise is estimated as

NγEγE
` =

σ2
e

neff

, (2.42)

where σe is the variance on the galaxy ellipticity and neff is the effective number of

galaxies per square arcminute using the Chang et al. (2013) definition. The noise

components and corresponding theoretical auto and cross spectra are shown in Fig.

2.1, for the example of ACT CMB lensing data, and KiDS GWL, described in the

next section. We can use equation 2.42 to predict the expected signal-to-noise of a

cross-correlation measurement as

S

N
=

√√√√∑
`

(
CκCγE
l

σ(ĈκCγE
l )

)2

. (2.43)

A more accurate way to capture the noise in the cross-correlation measurement is

to use simulations, which contain the noise representative of the data.

2.3 Simulations and Data

The goal of this work is to develop the tools required to perform a measurement of the

cross-correlation power spectrum between any future CMB lensing and GWL data.

This pipeline can then be applied to current data sets including ACT CMB lensing

correlated with KiDS, DES or HSC GWL, and will be appropriate for future data

with SO CMB lensing and LSST GWL(Ade et al., 2019; Ivezić et al., 2019). In the
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Figure 2.1: Theoretical values for the auto and cross-power spectra, and their corre-
sponding noise spectra which all contribute to the cross-correlation noise as given by
equation 2.41. Here the CMB lensing noise is the real noise spectrum for ACTPol
S13-15 and GWL noise is estimated for the K-1000 data set from equation 2.42. It
can be seen that the biggest contribution is from CMB lensing noise.
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Figure 2.2: This is the area used in the ACT×CS82 analysis, with the CS82 mask
shown in white. The two maps correspond to the map being split into two regions
either side of zero in right ascension. The overlapping region of ACT and CS82 has
an area of 129.2 deg2 after the CS82 mask has been applied.

short-term, we will use it in chapter 3 to cross-correlate the latest KiDS GWL data

set, K-1000, with ACT CMB lensing, and thus we create simulations which reflect

the properties of these surveys. We also confirm that our new pipeline can reproduce

existing results.

2.3.1 CS82×ACT data

We use the maps from the first CMB lensing/GWL cross-correlation (Hand et al.,

2015) to test our pipeline. A detailed explanation of the data sets can be found in

the original paper which we summarise here. The CMB lensing data comes from the

ACT observations made of Stripe-82 from 2008-2010, using the 148 GHz frequency

channel. The ACT data is centred on the celestial equator and extends 108 degrees

in right ascension and 3 degrees in declination. The convergence was reconstructed

using the minimum variance quadratic estimator described in Das et al. (2011) from

CMB temperature maps. GWL data came from the Canada-France-Hawaii Telescope

Stripe 82 Survey (CS82). This was an i-band survey designed for GWL measurements,

covering an area of 160 deg2 (129.2 deg2 post-masking) on the celestial equator, shown

in Fig. 2.2. The measured source galaxy number density is 15.8 galaxies arcmin−2.

Both CMB lensing and GWL maps have a resolution of 1 arcminute. The redshift

distribution for CS82 galaxies was estimated from the 30-band COSMOS photometric

redshift catalogue (Ilbert et al., 2009). The functional form of the weighted redshift
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distribution from (Fu et al., 2008) is well approximated by

dn

dz
= A

za + zab

zb + c
, (2.44)

with a = 0.531, b = 7.810, c = 0.517, and A = 0.688. Uncertainties in this redshift

distribution are due to the sample variance in the COSMOS data, the uncertainties

in the photometric redshift for COSMOS and the assumed form of dn/dz. The Hand

et al. (2015) analysis used a combined mask, i.e., only the exact overlapping area was

used, so the patchy CS82 mask was applied to the ACT data. Due to limitations

in the LensCross pipeline, the maps were split into two regions either side of zero

in right ascension. A Gaussian apodisation was applied to the outer edge of the

mask. The convergence was reconstructed from the two shear maps, using a standard

Kaiser-Squires (Kaiser & Squires, 1993) approach as described and used in the (Hand

et al., 2015) analysis. The cross-correlation measurement was then made starting

from GWL lensing convergence in real-space. The cross-correlation was measured

for the two sets of maps and then the average of the two cross-spectra was taken.

No galaxy weights were applied during the measurement. Finally, the errors were

estimated from uncorrelated simulations. In our analysis we take the same CMB

lensing convergence, GWL shear and GWL mask as our input maps. We use these

data sets to check the consistency of the Hand et al. (2015) result with our new

cross-correlation pipeline based on the NaMaster pseudo-C` code.

2.3.2 Simulations

We create a simple set of simulations on which to test a variety of analysis choices.

Theoretical CMB lensing and GWL auto and cross-power spectra are computed us-

ing the Core Cosmology Library from the LSST DESC project (Chisari et al., 2019)4.

4https://github.com/LSSTDESC/CCL
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This uses the code CLASS (Lesgourgues, 2011) to calculate the matter power spec-

trum at many redshifts which are then used to evaluate equation 2.37. Since the aim

of the study is to eventually apply it to KiDS and ACT data, we use the real KiDS

redshift distribution in equation 2.38. This is estimated using the methods described

in Hildebrandt et al. (2018) for a single redshift bin from 0.1 to 1.2. We generate

Gaussian random field realisations from these spectra for [κc(θθθ), γ1(θθθ), γ2(θθθ)]. These

simulations contain super-sample covariance, which is the sampling error caused by

coupling to modes that are larger than the survey scale. To make these simulations

as realistic as possible, we sample the shear maps at the location of the KiDS galaxies

to produce a galaxy catalogue in the form of real KiDS data. Noise is then added by

randomly sampling a Gaussian centred on zero with a width σi = 1√
wi

, where wi is

the weight associated with a KiDS galaxy which comes from the shape measurement

process (Miller et al., 2013). Although this is not exactly what the galaxy weights

correspond to, it should only lead to a slight over estimation of the noise5. The KiDS

galaxy ellipticity distribution can be approximately described by a Gaussian centered

on zero with σe = 0.28 – we check that this form is reproduced by the simulated

galaxy ellipticities. Maps of the shear field are then made from this galaxy catalogue,

such that the maps are masked in exactly the same way as the KiDS data. We use

the real noise curves from ACTPol, appropriate for the data taken in 2013-15 and de-

scribed in detail in Chapter 4, to add noise to the simulated CMB lensing convergence

map and also apply the ACT sky window. We create these maps with half arcminute

resolution to match the ACT flat-sky maps and the real number of galaxies per pixel.

We can also use these simulations to estimate the error bars. By measuring the

cross-correlation for a suite of 100 simulations we can then take the sample variance

of the resulting power spectrum. We check that these errors are comparable to the

predicted variance from equation 2.42 using σe = 0.28, neff = 7.2 (Chang et al., 2013)

5Another valid option would be to add a randomly rotated version of a given galaxy to that
galaxy’s ellipticity
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and common masked sky area of 275 deg2. Estimating the errors by this method will

more accurately capture the impact of choices in our method on the signal-to-noise.

2.4 Results

2.4.1 Reproducing Hand et al. (2015)

We check that our new pipeline can reproduce the CS82×ACT result, using the same

analysis choices as in Hand et al. (2015). This corresponds to reconstructing GWL

convergence from smoothed shear maps, applying the same binary GWL mask –

which has been apodised on the outer edge – to both convergence maps. The result is

shown in Fig. 2.3, with the E-mode measurement on top and the B-mode component

in the lower panel. The B-mode in this case is estimated by switching γ1 → γ2 and

γ2 → −γ1, which is equivalent to a 45 degree rotation of the galaxies.

We then consider more optimal choices in our pipeline. In this case we do not

use a combined mask and use the galaxy weights instead of a binary mask for the

GWL shear fields and no mask for the CMB lensing field, since both data sets cover

the same area of sky by design. We also measure the cross-correlation directly with

the shear maps rather than converting to convergence first. Figure 2.4 shows the

new result, with the B-mode null test being produced as a by-product of computing

spectra for a {T,Q, U} → {κC , γ1, γ2} analysis.

It is clear that in both cases the published result is recovered with the NaMaster

pipeline closely. The errorbars in both cases discussed above come from the Hand

et al. (2015) result as we do not have access to the simulations used in the original

analysis. Most of the changes we make in the second case either produce a quicker

measurement pipeline or lead to a reduction in the errorbars which cannot be seen

here, however none of these changes significantly alter the cross-spectra measured.
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Figure 2.3: Comparison of the CS82×ACT cross-spectrum from the published Hand
et al. (2015) analysis, and our new pipeline. Here we use NaMaster with settings
equivalent to the Hand et al. (2015) analysis.
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Figure 2.4: As in Fig 2.3, but modifying our new pipeline to use the two components
of shear directly, and using galaxy weights and separate masks for the ACT and CS82
data.
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2.4.2 Simulation Tests

Given this good agreement, we next apply our pipeline to the simulations appropriate

for the correlation between KiDS×ACTPol. The baseline result is shown in Figure

2.5 for E and B-modes. The simulated CκCγE
` signal is recovered as expected, with a

8σ detection of the cross-correlation. The CκCγB
` is consistent with null, as expected.

In the following, we investigate the impact of various analysis choices on the

recovered signal. In each case we plot the recovered pseudo-power spectrum from a

single simulation. The corresponding error bars are then estimated as the variance of

the power spectrum measured for all 100 simulations.

2.4.2.1 Convergence vs. Shear

The first CMB lensing×GWL measurements were made with GWL convergence maps,

which involves performing a reconstruction from the spin-2 shear field as described

in section 2.2. The alternative is to measure the cross-correlation from the two com-

ponents of shear directly. Using GWL convergence, rather than shear, was initially

favoured, since the first pseudo-power spectrum codes were written for measuring the

power spectrum of temperature maps (spin-0) and not polarisation (spin-2 fields).

However, since there is both an E and B mode component of convergence and this

method only includes the E mode, not all of the information is being used in the cross-

correlation measurement. Also, performing a convergence reconstruction is somewhat

cumbersome, as it requires transforming into Fourier space and then back into real-

space only to apply the transformation once again for the purpose of power spectrum

estimation. By estimating cross-spectra from the shear fields directly avoids system-

atic biases and minimises errors introduced during convergence reconstruction (Van

Waerbeke et al., 2013). This motivates using the NaMaster code in our pipeline as it

has the flexibility to use spin-2 fields as well as spin-0 fields. We use simulations to

test this and find that both methods give consistent results, agreeing within 0.7σ, for
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Figure 2.5: Comparison of cross-correlating with a GWL convergence map or with
the GWL shear maps directly. These two measurements are consistent with each
other.

a single simulation, as shown in Fig. 2.5.

2.4.2.2 Flat Sky vs. Curved Sky

For current data sets flat-sky approximations have been appropriate. However as we

move into the LSST and SO era of cosmological surveys, this will no longer be the

case, as the coverage will approach half the sky. It is essential that these curved sky

codes are quick enough to deal with these larger data sets.

NaMaster is unique in its flexibility to measure power spectra on both the flat and

curved sky, and not requiring a HEALPix map for a curved sky analysis. Currently
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for ACTPol, maps are produced using a Plate Carree pixelisation – this is a special

case of equirectangular projection, which means that the pixels are rectangular and

will have a varying area – and reprojecting into HEALPix can introduce errors into

the maps.

In the case of NaMaster, calculating the mode coupling matrix is faster using the

curved sky code for an ACT×KiDS size analysis – the time taken to calculate the

mode coupling matrix for flat sky goes like `4
max compared to `3

max for curved sky, since

we cannot use the azimuthal symmetry due to the cartesian pixelisation. However

the next stage of measuring the coupled power spectra is slower for calculating on

the curved sky as Spherical Harmonic Transformations go like N
3/2
pix in contrast to

Npix × logNpix for Fast Fourier Transforms used in flat sky. Thus there is a trade off

which depends on the size and number of pixels in a given data set and the number

of simulations required to calculate the covariance matrix.

We compute the spectra using both the flat and curved-sky approach. For both

cases we make pixelised shear maps directly from the simulated catalogues. Both

approaches give binned power spectra that agree to within a standard deviation, for

a single simulation, as shown in Fig. 2.6.

2.4.2.3 Apodisation

As previously discussed, binary masks lead to complications in Fourier space. One

method which has been used to mitigate this effect is apodisation. Apodisation is

the smoothing of mask edges, such that the mask gradually transitions between zero

and one between a masked and an unmasked region. When applying apodisation,

the information present in the edges of the map is lost. This in turn suppresses

the amplitude of the measured power spectrum and therefore must be corrected for.

Apodisation is widely used in CMB experiments that have simple masks – this is

mostly because the temperature auto-spectrum is quite steep. However, since GWL
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Figure 2.6: Flat sky and curved sky codes give consistent results for current data
sets.
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shear maps contain many small holes within a large cut-sky mask, even a small level

of apodisation can lead to a large reduction in area and loss of information as shown

in Fig. 2.7.

In this section we consider different levels of apodisation applied to a binary mask,

using the following procedure of Alonso et al. (2019) — all pixels inside a radius of

2.5θA of a masked pixel are set to zero, the mask is then smoothed with a Gaussian

window function with σ = θA, finally pixels which were zero in the original mask are

set to zero to confirm that masked pixels are still masked. The different apodisation

scales, θA, are [0, 0.25′, 0.375′, 0.5′]. The effect of these different levels of apodisation

are shown in Fig. 2.7. This loss of area increases the noise in the measurement as

expected from equation 2.41. Figure 2.8 shows that increasing levels of apodisation

raises the noise in each measurement, particular in the second bin which is at the scale

of the holes in the GWL mask. Therefore in this case, apodisation is not required or

beneficial.

2.4.2.4 Zero-padding

Considering the most recent data sets, CMB experiments observe larger patches of

sky than the GWL surveys. One possibility is to cut the maps down to the area which

they have in common, creating a combined mask. However, this does not optimally

use all the information available in the maps. The convergence in one pixel will be

correlated with pixels outside of the map because the correlation length is greater

than zero and predicted to be at least 1 degree. Therefore, using a combined mask

means information is being wasted, particular if the holes in the GWL mask are

applied to the CMB lensing map. A better solution is to have two different masks

and zero-pad the smaller map to match the size of the larger maps. This requires

an estimator that can include the two different masks and account for them fully in

the mode coupling matrix. The main effect is an improvement on the noise of the
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Figure 2.7: A small cut out of the GWL binary mask apodised with 3 differ-
ent apodisation scales. The top-left panel has no apodisation applied and then
the top-right, bottom-left and bottom-right panels have an apodisation scale of
θA = 0.25′, 0.375′, 0.50′ applied respectively. The largest apodisation scale corre-
sponds to the size of one pixel in this map. In can be seen that for a GWL mask with
many holes in the mask, the area of the mask is reduced significantly when apodised.
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Figure 2.8: Comparing a binary mask with three different levels of apodisation ap-
plied. Increasing apodisation reduces the area used and therefore increases the noise.
This is particularly notable in the second bin which is at the scale of the size of the
holes in the GWL mask.
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Figure 2.9: Comparison of the smaller GWL binary mask applied to both data sets
and using two different maps zeropadding the GWL mask to match the CMB lensing
mask.

measurement, which can be seen in Fig. 2.9. The error bars reduce in size by up to

a factor of 1.6.

2.4.2.5 Masking vs. Galaxy Weight Map

When measuring the pseudo-power spectrum, the data is analysed in a pixelated map

form since Fast Fourier/Spherical Harmonic Transforms (for flat/curved-sky) can be

used, and this significantly speeds up computation. However, making these maps

depends on the distribution of source galaxies, which is not uniform. Maps of the

shear field are created from galaxy catalogues by taking the weighted average shear
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of the galaxies within a pixel. These are inverse variance weights which come from

estimating the ellipticity of the galaxies (Miller et al., 2013).

A binary mask can then be created which has a value zero if no galaxies are in

a given pixel and a value of one if the pixel contains one or more galaxies that have

a valid ellipticity value. Using a binary mask and no weight information means that

each pixel contributes the same even if it contains only a single galaxy or the shape

noise in a given region is larger due to variation in seeing conditions for different sky

pointings.

To account for this, using a weight map instead of a binary mask is more appro-

priate. A weight map can be created by summing the weights of the galaxies in a

given pixel. This way the quality of the shape estimates can be included, and regions

with poor shape measurements do not contribute to the measurement as much, which

leads to reduction in the noise. Also, by using a weight map rather than a binary

mask, the mask is effectively smoother and contains less significant features. In the

Hand et al. (2015) analysis they found that by including the weights, power at large

` values was suppressed, which is counter-intuitive to what is expected. We do not

find this to be the case with our new pipeline and the input theory power spectrum

is correctly recovered, as shown in Fig. 2.10. It can also be seen that the error bars

are smaller in the case where the weight mask is applied. The error bars reduce in

size by up to a factor of 1.7.

2.5 Discussion

In this chapter we have presented a new pipeline for measuring the CMB lensing GWL

cross-correlation power spectra, and explored a set of different analysis options. We

have shown that our pipeline, based on the psuedo-C` NaMaster code, is robust to

variations in these choices.
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Figure 2.10: Instead of using a binary mask we use a ‘weight map’ which is the sum
of the galaxy weights in each pixel. These two methods give consistent power spectra,
with the weights producing a reduction in the noise as expected.
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We have also highlighted that for analyses requiring such complicated masks, ap-

plying apodisation requires tuning and is not essential to making an unbiased estimate

of the cross-correlation power spectra, for the signal under consideration here. Noise

in the cross-correlation measurement can also be reduced by using the galaxy weights

rather than a binary GWL mask and zero-padding the GWL mask to match a larger

CMB mask. We have shown that using the galaxy shear information directly produces

results which are consistent with measuring the cross-correlation from a GWL con-

vergence map – with the former method benefiting from fewer additional processing

steps and a better estimate of the B-mode null test.

We have also validated our approach by applying it to a previous analysis (Hand

et al., 2015) and recovering the published result. This pipeline will be applied to new

data from KiDS and ACTPol in chapter 3, and to future CMB lensing and GWL

data.
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Chapter 3

The Kilo Degree Survey

Cross-correlation with Lensing

from the Atacama Cosmology

Telescope

3.1 Introduction

Observations of the CMB at high redshift and of galaxy weak lensing (GWL) at lower

redshifts are capable of constraining the cosmological model describing our Universe

to high precision (e.g Planck Collaboration, 2018; Hildebrandt et al., 2018; Abbott

et al., 2018; Hikage et al., 2019). However, there is currently a mild tension between

the cosmological parameters inferred from Planck measurements of the CMB and

from low redshift probes of cosmology such as galaxy redshift surveys (e.g Alam

et al., 2017), the galaxy cluster mass function (e.g Bocquet et al., 2019) and GWL

(e.g Hildebrandt et al., 2018). It is therefore interesting to investigate how robust

the results are and to understand whether this disagreement can be understood in
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terms of systematic effects or whether new physics is required. Looking ahead, the

combination of high and low redshift probes will play an important role in determining

the nature of dark energy and the mass of neutrino particles.

By combining data from independent cosmological probes, we can access informa-

tion about our Universe at multiple epochs while also investigating systematic effects

that plague our ability to measure cosmology accurately. In recent years there have

been many studies combining a wide array of observations which not only give an

alternative insight into cosmological models, but also the astrophysical and instru-

mental systematic effects. For example, cross-correlating the lensing of the CMB with

populations of galaxies (Smith et al., 2007; Hirata et al., 2008; Bleem et al., 2012;

Omori & Holder, 2015; Allison et al., 2015; Bianchini et al., 2015; Baxter et al., 2016;

Giannantonio et al., 2016; Omori et al., 2019b), quasars (Sherwin et al., 2012; Geach

et al., 2013) and clusters (Baxter et al., 2018) can be used to measure the bias of

these objects and the growth factor, and cross-correlating lensing of the CMB with

the Cosmic Infrared Background (Holder et al., 2013; van Engelen et al., 2015, CIB,)

or the thermal Sunyaev-Zel’dovich effect (Van Waerbeke et al., 2014; Hill & Spergel,

2014; Hojjati et al., 2017) tells us about the poorly understood relationship between

dark matter and baryons. Forecasts also show how correlating future data sets – for

example SO, LSST or Euclid – will improve constraints on the evolution and nature

of dark energy, the amplitude of matter fluctuations σ8, the matter density Ωm and

the sum of neutrino masses, by better understanding the systematic effects, and by

adding information as a function of redshift.

In this study we measure the cross-correlation between GWL and CMB lensing

(CMB lensing×GWL), which has been previously studied in Hand et al. (2015); Liu

& Hill (2015); Kirk et al. (2016); Harnois-Déraps et al. (2016, 2017); Omori et al.

(2019a). CMB lensing and GWL both probe the same underlying matter density

field and therefore will be correlated. The GWL kernel peaks at around a redshift

92



Figure 3.1: The GWL and CMB lensing kernals are shown in blue and orange re-
spectively. The cross-correlation between these two probes selects an intermediate
redshift range (shown in grey) over which the matter power spectrum is integrated.

of 0.5 for current data sets and the CMB lensing kernel peaks at a redshift of 2 (as

shown in Fig. 3.1 – thus by measuring the CMB lensing×GWL power spectrum we

can directly measure the mass distribution at an intermediate redshift, purely from

gravitational lensing.

In parallel with constraining cosmology, the CMB lensing×GWL measurement

helps constrain information about the biases present in GWL (Hu, 2002; Vallinotto,

2013). These include the shear multiplicative bias, m, which is a result of correcting

for atmospheric and instrumental distortions which affect the galaxy shape measure-

ment process. It is degenerate with the normalisation of the matter power spectrum

and thus impacts the estimation of cosmological parameters. Photometric redshift

bias can also be investigated: since the redshifts of galaxies used in GWL surveys are

estimated through photometry. they have a large uncertainty associated with them.

The CMB lensing kernel is well defined and therefore can be used as a cross-check

on the photometric redshift calibration of GWL surveys (Schaan et al., 2017). This
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measurement can also potentially be used to study other effects which can impact the

measurement including baryon feedback mechanisms and intrinsic alignment (Chisari

et al., 2015).

In this chapter we measure the CMB lensing×GWL power spectrum using the

latest CMB lensing data from the Atacama Cosmology Telescope (ACT) and GWL

data from the Kilo Degree Survey (KiDS). These data sets are detailed in section 3.3.

Our method for measuring and modelling the cross-correlation is described in section

3.4. We present our results and cosmological parameter fits in 3.5. Here we compare

our measured cross-spectrum to a Planck and KiDS best fit cosmology. We then

perform an MCMC fitting for Ωm and σ8, marginalising over the GWL systematic

biases using informative priors from previous KiDS analyses. Finally we forecast the

expected signal-to-noise using the next data release from ACT and use simulated

fields to investigate the impact on estimating cosmological parameters with that data

set. Finally, a discussion of our conclusions is given in section 3.6.

3.2 Previous Results

The first measurement of CMB lensing×GWL used CMB lensing data from ACT

combined with GWL data from CS82 (as discussed in chapter 2). There have been

five subsequent measurements using the CFHTLenS, RCSLenS, KiDS or DES GWL

surveys combined with the Planck, ACT or SPT CMB lensing data (Liu & Hill, 2015;

Kirk et al., 2016; Harnois-Déraps et al., 2016, 2017; Omori et al., 2019a). Little

improvement in the signal-to-noise of this measurement has been made – this is

because the overlapping area of the two surveys and noise in the CMB lensing maps

are the main aspects driving the signal-to-noise of the measurement. Ground based

CMB experiments that have lower noise and better resolution than Planck, such as

ACT and SPT, have only very recently started to cover large areas, and therefore

94



Data Sets Area (deg2) S/N A
Hand et al. (2015) ACT×CS82 129 4.2 0.78± 0.18
Liu & Hill (2015) Planck×CFHT 130 2.0 0.44± 0.22
Kirk et al. (2016) SPT×DES-SV 139 2.9 0.88± 0.30

Planck×DES-SV 139 2.2 0.86± 0.39
Harnois-Déraps et al. (2016) Planck×CFHT 130 2.2 0.68± 0.31

Planck×RCSLenS 395 4.0 1.31± 0.33
Harnois-Déraps et al. (2017) Planck×KiDS-450 449 3.9 0.68± 0.15

Omori et al. (2019a) SPT/Planck 1289 6.8 0.99± 0.17
×DES-Y1

Table 3.1: Previous measurements of the CMB lensing/GWL cross–correlation. The
second column denotes which data sets were used, the third column states the over-
lapping area of the two surveys used, the fourth column indicates the significance of
the detection and the final column displays the amplitude, A, which is unity if the
results are consistent with a Planck ΛCDM cosmology.

cross-correlation measurements should rapidly improve in the near future.

Most CMB lensing×GWL measurements have measured the power spectrum,

however the most recent studies (Harnois-Déraps et al., 2016, 2017; Omori et al.,

2019a) have applied configurational space estimators. This choice is largely arbitrary

and is often driven by the goal to combine cross-correlation analyses with a corre-

sponding auto-analysis. In table 3.1 we summarise all of the CMB lensing×GWL

measurements to date, including sky area, significance and estimate of A, which is

a scaling of the amplitude of the cross-correlation that equals 1 if the measurement

agrees with the Planck best fit cosmological model (Planck Collaboration, 2018).

Table 3.1 shows that for some of the measurements the amplitude A is lower than

expected. There has been some discussion about whether this could be accounted

for by a phenomenon known as intrinsic alignment. The morphology of a galaxy is

expected to be closely linked to its evolution and therefore environment, for example

most elliptical galaxies are thought to be the consequence of major merging events

and there have been claims that cluster galaxies are preferentially orientated towards

the central galaxy (van Uitert & Joachimi, 2017). The coherent distortions of galaxy

shapes resulting from gravitational lensing can be imitated or concealed by this in-
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trinsic alignment of galaxy shapes caused by galaxy formation and evolution (see Kirk

et al., 2015, and references therein). Intrinsic alignment has two forms, the first being

II which is a correlation between the shapes of pairs of galaxies that have been tidally

aligned since they inhabit the same dark matter halo – this results in a positive cor-

relation. The second, GI, occurs since distant galaxies are aligned due to lensing by

foregrounds structure, and the galaxies within this foreground structure are aligned in

the opposite direction due to tidal forces. What is most troubling for cross-correlation

measurements is that the intrinsic alignment of galaxies will be anti-correlated with

CMB lensing convergence – analogous to the GI term – and result in a reduction in the

cross-correlation amplitude (Hirata & Seljak, 2004). Hall & Taylor (2014) found that

for a sample with a redshift distribution similar to that of CS82, intrinsic alignment

leads to a 15-20% decrease in the amplitude of the cross-correlation signal. However

it should be noted that this is dependent on the shape of the redshift distribution

and the type of source galaxies sampled in the GWL survey. Furthermore, Chisari

et al. (2015) showed this was dependent on type of galaxy with red galaxies leading

to around a 10% shift in the amplitude and blue galaxies showing no alignment. Both

of these investigations displayed that deeper surveys would have less contamination

although intrinsic alignments are poorly understood at higher redshifts.

Previous studies have also shown that the cross-correlation signal is greatly im-

pacted by the uncertainty in the redshift distribution of the source galaxies. Changes

to the peak of the redshift distribution and its high-redshift tail could potentially lead

to changes of order 10-20% (Hand et al., 2015). However this is dependent on the

depth of the data set and whether there is a suitable spectroscopic survey overlapping

which can be used for calibration.

Finally, Harnois-Déraps et al. (2017) show that baryonic feedback suppresses the

cross-correlation power spectrum at large `-bins, and it is also a well-known effect

that massive neutrinos reduce the amplitude of the power spectrum. To date, these
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Figure 3.2: The KiDS K-1000 data shares a masked area of 275 deg2 with the ACT
BOSS-North lensing area, shown here as the larger area in light orange. The K-1000
mask is the smaller darker region.

two effects are sub-dominant given the signal-to-noise of the measurements.

3.3 Data

3.3.1 CMB Lensing

The CMB lensing convergence map used in this analysis is reconstructed from arcminute-

resolution maps of the temperature and polarisation anisotropy observed by the Ata-

cama Cosmology Telescope Polarimeter (ACTPol), described in Aiola et al. (in prep.).

The data set used for the lensing reconstruction includes observations taking during

2014 and 2015 in the 90GHz and 150 GHz frequency bands, and consists of two

patches of sky on the celestial equator of which we use the ‘BOSS-N’ region which

overlaps with the area covered by KiDS. The entire BOSS-N region covers approxi-

mately 1500 deg2 as shown in Fig. 3.2 as the larger area in light orange; the overlap

region that we use is 275 deg2. The effective white noise level of the ACT maps is

∆T = 21µK-arcmin for temperature and ∆P =
√

2∆T for polarisation; at large scales

atmospheric noise dominates. The estimation of the convergence map and associated

simulations used in this work is described in Darwish et al. (in prep.).
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Figure 3.3: The redshift distribution of galaxies in the K-1000 catalogue. This is
derived from the methods presented in Hildebrandt et al. (2018) which uses infra-red
data from VIKING.

3.3.2 Galaxy Weak Lensing

KiDS is on ongoing optical wide-field imaging survey with the OmegaCAM camera on

the VLT Survey Telescope. It measures the weak gravitational lensing of galaxies out

to a redshift of around 1. In its complete state it will consist of 1350 square degrees

split across two patches of sky – one along the equator and the other in the south

– so that observations can be taken throughout the year. The KiDS North region

benefits from overlapping with the GAMA spectroscopic survey as well as a single

pointing in the COSMOS field which has 30-band photometry. KiDS observes the

sky in four bands {u, g, r, i}. The r-band data is taken during dark time and has the

best conditions for seeing, so these images are used for estimating the shapes of the

galaxies. By design the same area of sky has also been observed by the VISTA Kilo-

degree Infared Galaxy survey (VIKING) using the VISTA telescope in the Z, Y, J,H

and Ks bands. Thus combining the KiDS and VIKING data sets produces a 9-band

imaging survey.
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The latest KiDS data release (DR4) (Kuijken et al., 2019) covers 1000 square

degrees of sky (K-1000), of which we use the more northern patch that overlaps with

the CMB lensing data from ACTPol, described in the previous section. The addition

of VIKING photometry in this data release has led to the inclusion of source galaxies

up to a redshift of 1.2, which improves the overlap of the GWL and CMB lensing

window functions. The redshift distribution of the KiDS galaxies is shown in Fig.

3.3. The improved homogeneity in K-1000 makes it ideal for cross-correlation mea-

surements as the mask contains fewer sharp features (discussed in chapter 2). There

are ∼ 9 million galaxies with shape measurements in this overlapping region. The

lensing shape catalogues used in this analysis have been blinded such that estimated

cosmological parameters should be displaced by of order 1σ from their true values.

The blinding process, detailed in (Hildebrandt et al., 2017), involves perturbing the

shear and weight values that are derived from the real measurements through param-

eterised smooth functions designed to prevent easy identification of the true data set.

The amplitude of these changes to the catalogue is adjusted to guarantee that the

best-fit S8 values from the primary KiDS cosmic shear analysis differs by at least the

1σ error on the Planck measurement (Planck Collaboration, 2018).

3.4 Methods

In this section we describe the methods we use to measure the cross-correlation be-

tween the two lensing maps – plus its associated uncertainty – and to model the

resulting signal.

3.4.1 Power Spectrum Estimation

Starting from the shape catalogue we construct shear maps by taking the weighted

average of the galaxy ellipticities in pixels with 0.5 arcminute resolution, which map
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onto the ACT CMB lensing convergence maps. A galaxy weight map is also created by

taking the sum of the galaxy weights in the corresponding pixel. The galaxy weights,

defined in Miller et al. (2013), are derived from the shape measurement process, such

that a galaxy with a larger weight has a more precisely known ellipticity. We apply

the same source galaxy selection (photometric redshift and shape measurement flags)

in our analysis as the corresponding KiDS cosmic shear study (Hildebrandt et al.,

2018).

From these maps, we measure the CMB lensing/GWL cross-correlation power

spectrum with the pipeline discussed in the previous chapter, which uses the NaMas-

ter (Alonso et al., 2019) pseudo-C` estimator. Here we briefly review the pipeline,

highlighting aspects which differ from some previous analyses. We zero-pad both maps

to use all the data available in the ACT BOSS-North and K-1000 regions. Rather

than applying the GWL binary mask we use the KiDS galaxy weights to maximise

the signal-to-noise of the measurement and we do not apply any apodisation so that

the available area is not reduced. Instead of reconstructing GWL convergence, we

work directly with the two components of shear (γ1, γ2), equivalent to using Stokes

Q and U vectors for a CMB polarisation analysis.

From the three fields, κC , γ1, γ2, we estimate the correlation of the GWL E-mode

with the CMB lensing convergence (κCγE). The NaMaster code first calculates the 2D

pseudo-power spectrum which is then averaged in annuli to estimate the 1D spectrum.

A mode coupling matrix is calculated from the masks applied to their respective fields.

The inverse of the binned mode coupling matrix, is then applied to the 1D spectrum

to recover an unbiased estimate of the cross-correlation. This method also produces

an estimate of the correlation with the GWL B-mode as a by-product (κCγB). This is

expected to be null. For faster computation of the mode coupling matrix, we perform

a curved sky analysis.
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3.4.2 Covariance

The covariance of the cross-correlation power spectrum is estimated using a suite of

ACT CMB lensing simulations as described in Aiola et al. (in prep.) and Darwish

et al. (in prep.). These each have a different signal and noise realisation, with noise re-

alisations that approximate the noise in the CMB lensing maps. Simulations like this

that do not correlate the CMB lensing and GWL signals are adequate for estimating

the covariance matrix provided that

(CκCκC
` +NκCκC

` )(CγEγE
` +NγEγE

` )� CκCγE
` . (3.1)

This is satisfied for this analysis where the CMB lensing auto-spectrum and noise

spectrum are the dominant components.

To construct the covariance matrix we measure the cross-power spectrum between

500 simulated CMB lensing maps and the KiDS GWL data maps, CκCγE
` , and then

estimate the covariance matrix from these measurements, as

QκCγE
`,`′ = 〈∆CκCγE

` ∆CκCγE
`′ 〉 . (3.2)

With future experiments the noise will be lower such that correlated simulations will

be required to estimate the covariance.

3.4.3 Modelling

3.4.3.1 Theoretical Cross-correlation Power Spectrum

Our theoretical model for the unbinned cross-correlation power spectrum is given by

Cij
` =

∫ χH

0

dχ
Wi(χ)Wj(χ)

fk(χ)2
P (k, χ) , (3.3)
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where i and j denote κC and γE,B, Wi(χ) is the window function, χ is the comoving

distance, fk(χ) is the angular diameter distance and P (k, χ) is the 3D matter power

spectrum at a given comoving distance. The general form for the window function

for lensing is

Wi(χ) =
3ΩmH

2
0

2c2

fk(χ)

a(χ)

∫ χH

χ

dχ′pi(χ
′)
fk(χ

′ − χ)

fk(χ′)
, (3.4)

where p(χ) is the probability distribution function. For CMB lensing, this is given by

pCMB(χ) = δ(χ− χ∗) , (3.5)

since the CMB is on a single source plane and χ∗ is the comoving distance to the

surface of last scattering. For GWL, this is given by

pGAL(χ) = n(z)
dz

dχ
, (3.6)

and n(z) is the number of galaxies as a function of redshift.

The theoretical cross-correlation power spectrum is calculated using the Core Cos-

mology Library (CCL)1 (Chisari et al., 2019). We extend this framework to include

systematic effects present in the GWL data, for a more complete model, which we

describe in the following subsections.

The model binned power spectrum, which accounts for the mode coupling matrix

as described in the previous chapter, is given by

m = Cb = (Mb)
−1B{MC`} , (3.7)

where M is the mode coupling matrix, with the subscript b denoting the binned

version and B is the binning matrix.

1https://github.com/LSSTDESC/CCL
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3.4.3.2 Photometric Redshift Bias

Biases resulting from photometric redshifts has been shown to effect the cross-correlation

by up to 10% in previous analyses (Hand et al., 2015). This is due to the fact that pho-

tometric redshift estimation becomes most uncertain in the high redshift tail because

of a lack of spectroscopic data covering this redshift range. Errors in the photometric

redshift distribution can be accounted for by modelling this bias as a shift in the

redshift distribution, as

n(z)biased = n(z + ∆z) , (3.8)

where n(z)biased is the observed redshift distribution. The photometric redshift bias,

∆z is expected to be dependent on redshift also, but given the expected signal-to-

noise of our measurement this parameterisation is sufficient. Shifting the redshift

distribution by ∆z changes the GWL window function which impacts the amplitude

of the cross-correlation power spectrum. We assign a Gaussian prior to ∆z which

comes from Hildebrandt et al. (2018) and is shown in table 3.2. This prior corresponds

to the uncertainty in the redshift distribution, which is the 68% confidence interval

estimated from a spatial bootstrap resampling of the spectroscopic redshift calibration

sample.

3.4.3.3 Multiplicative Bias

The multiplicative bias, m, accounts for the uncertainty in calibrating the shapes of

galaxies, which is the remaining bias left in the shear estimation post calibration.

This can account for selection bias, false object detection, star contamination and

shape measurement failures. We therefore include the standard calibration bias as

CκγE
`,obs = (1 +m)CκγE

` . (3.9)

103



We assign a Gaussian prior to this based on the analysis presented in Hildebrandt

et al. (2018), detailed in table 3.2. A non-zero multiplicative bias will result in a shift

in the amplitude of the cross-correlation power spectrum.

3.4.3.4 Intrinsic Alignment

As discussed in section 3.1, galaxies do not only appear aligned due to the effect of

lensing but can also be intrinsically aligned due to interactions with the local tidal

field from the LSS which galaxies inhabit. This effect is captured in CCL, which

employs a standard non-linear alignment model (Hirata & Seljak, 2004) which states

that the intrinsic galaxy inertia tensor is proportional to the local tidal tensor. This

enters our model as

CκCγE
obs (`) = CκCγE(`) + CκCγIA(`) (3.10)

where CκCγIA(`) accounts for the cross-correlation between the intrinsic alignments

of galaxies and the CMB lensing convergence. This essentially requires changing the

window function in equation 3.4 to

WIA(χ) = F (z)n(z)
dz

dχ
. (3.11)

Here, F (z) is equivalent to the product of the so-called alignment bias, bIA, and the

fraction of aligned galaxies in the sample, fIA, which we model as

F (z) = A(z)
−C1ρcΩm

D(z)
, A(z) = AIA

[
1 + z

1 + z0

]ηIA [
L

L0

]βIA

, (3.12)

where AIA is a constant which describes the amplitude of the cross-correlation. Any

redshift and luminosity dependence is captured by ηIA and βIA, but given the signal-

to-noise of the measurement we fix these both to zero and simply fit for the amplitude

AIA. We apply a Gaussian prior from Johnston et al. (2019); this intrinsic alignment
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study was performed on the same galaxy sample used in our analysis.

3.4.4 Estimating Parameters

3.4.4.1 Likelihood and Sampling

We construct a simple Gaussian likelihood for the data vector of the measured cross-

correlation power spectrum ddd, given a model mmm, produced from a set of parameters

ppp,

lnL(ddd|mmm(ppp)) = −1

2
(ddd−mmm(ppp))TQ−1

b,b′(ddd−mmm(ppp)) , (3.13)

to within an overall additive normalisation factor.

The parameters of our cosmological model are shown in table 3.2. The model has

two free cosmological parameters (Ωm and σ8) and three systematics parameters (m,

∆z and AIA). The other cosmological parameters are fixed to fiducial values for which

we take the Planck values as nominal (Planck Collaboration, 2018). The priors are

also shown in table 3.2. Here, square brackets refer to a uniform prior and curved

brackets correspond to a Gaussian prior.

We also consider a simpler case where no cosmological parameters are varied, and

instead the theoretical spectrum for the fiducial cosmological model is scaled by a

free amplitude, A, as in Hand et al. (2015). Here we compare to both a Planck and

KV-450 best fit cosmology.

To estimate the five free parameters, we use the affine-invariant MCMC sampling

code emcee2 (Foreman-Mackey et al., 2013). The posterior distribution of the model

parameters is given by

P (mmm(ppp)|ddd) ∝ L(ddd|mmm(ppp))Pprior(ppp) , (3.14)

where the model parameters have a prior given by Pprior(ppp).

2http://dfm.io/emcee/current/
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Parameter Planck KV-450 Prior

Ωm 0.31 0.26 [0.1,0.9]
σ8 0.81 0.84 [0.5,1.5]
Ωb 0.04 0.04 fixed
h 0.67 0.75 fixed
ns 0.97 1.02 fixed
m 0.0 0.0 (0.0,0.02)
∆z 0.0 0.0 (0.0,0.027)
AIA 0.0 0.0 (1.06,0.47)

Table 3.2: In this analysis we evaluate the amplitude of the cross-correlation in the
context of both a Planck and KV-450 best-fit cosmology, the key parameters of which
are specified in the respective columns. We use the Planck values as our fiducial
model. The final column contains the prior – square brackets correspond to a uniform
prior, curved brackets correspond to a Gaussian prior centred on the first number with
the width given by the second value.

3.4.4.2 Degeneracies

We show how the power spectrum changes when each of these parameters is individ-

ually varied in Fig. 3.4. It is clear that since the cross-correlation power spectrum is

featureless across the range of scales we can measure, these parameters are all essen-

tially variations on the amplitude and therefore highly degenerate with each other.

For the multiplicative bias and photometric redshift bias (m and ∆z) we show a

level of variation spanning twice the width of the prior. Since this appears as only a

small variation in the power spectrum given the expected signal-to-noise of the mea-

surement, we anticipate being prior dominated for these parameters. Nevertheless,

we are using informative priors and investigate the impact of these choices on our

cosmological modelling of the measured signal.

3.5 Results

In this section we present results based on the blinded KiDS data. When unblinded,

we can expect cosmological parameter estimates to shift by order 1σ. Our results and

interpretation will be updated when the KiDS data are unblinded.
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Figure 3.4: The effect on the cross-correlation power spectrum as a result of varying
cosmological and systematic parameters individually while fixing the others to their
fiducial Planck values, given in table 3.2. Light colours correspond to high values and
dark colours correspond to low values of a given parameter.
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3.5.1 KiDS×ACT Power Spectrum

We measure the cross-correlation power spectrum, CκCγE
` in 5 logarithmically spaced

bins between ` = 50 and ` = 3000. This is shown in Fig. 3.5 where the dashed black

line corresponds to our fiducial Planck cosmology model and its binned counterpart

are the open circles. The cross-correlation is detected with a 4.7σ significance, com-

pared to a model with zero signal. This indicates that, as expected, the cosmic shear

and CMB lensing are tracing the same dark matter fluctuations. In comparison to

previous measurements this has a similar signal-to-noise to Hand et al. (2015). The

area considered here is larger (275 deg2 compared to 129 deg2), but the CMB lensing

noise is higher across the wider field3 and the number density of KiDS is lower than

that of CS82 (7.2 arcmin−2 compared to 15.8 arcmin−2).

3.5.2 Testing the Measurement

We use the B-mode cross-correlation to assess whether there has been any E to B

mode leakage due to masking, or any B-mode component produced from systematic

effects in the shape measurement process.

The B-mode cross-correlation power spectrum is shown in Fig. 3.5. There is

excess power in the bin at ` ∼ 1000, at the 2 − 3σ level. The χ2 for the five data

points, compared to null, is 15.6, which has a probability of 0.8% to exceed. This is

unlikely to be explained as a statistical fluctuation. The power spectrum estimator

pipeline has been tested on simulations, particularly the impact of masking as shown

in the previous chapter. Using the data we test the impact of not using galaxy weights,

cutting out a smaller region away from the apodised ACT mask and splitting the area

into smaller sections. In all cases we find a consistent CκCγB
` spectrum4. We therefore

3This analyses uses just the ACT 2014-15 night-time data; additional data has since been col-
lected.

4This analysis uses lensing maps from ACT that are almost finalized for public release, but could
contain some residual SZ contamination. Our analysis will be updated with the publication-quality
lensing maps.
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Figure 3.5: Top: the E-mode component of the ACT×K-1000 power spectrum, CγE
` .

The Planck best-fit model is plotted (dashed black line) and the open circles corre-
spond to the binned spectrum. We detect non-zero correlation power at 4.7σ signifi-
cance. Bottom: The B-mode null test, CγB

` , which is consistent with zero with a PTE
of 0.8%.
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Figure 3.6: We test for systematic effects in the GWL data by measuring the cross-
correlation with a set of 50 GWL shear maps where the galaxies have been randomly
rotated. We find that this cross-spectrum is consistent with zero as expected.

leave additional exploration to further analysis when more data are available.

We also perform a randoms test, which involves randomly rotating the galaxies and

remeasuring the cross-correlation on the random map. This checks for any residual

linear bias c-term correction in the GWL data. Figure 3.6 shows the result of this

randoms test, for CκCγE
` . With χ2 = 11.0 compared to null, the test passes with a

probability to exceed of 4%.

3.5.3 Amplitude Fit

We first perform the single-parameter fit, constraining the amplitude A of the cross-

correlation power spectrum, relative to the fiducial Planck (Planck Collaboration,
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Figure 3.7: The theoretical cross correlation power spectrum assuming a Planck and
KV-450 cosmology. The single points are the binned power spectrum.

2018) cosmology detailed in the second column of table 3.2. If the data is consistent

with a Planck cosmology we would expect to find APlanck = 1 to within the uncertain-

ties. We find APlanck = 0.78±0.14, consistent with unity at the 1-2σ level and a > 5σ

detection significance. This amplitude is consistent with previous cross-correlation

analyses.

Given the current mild state of tension between GWL and CMB experiments it

is interesting to examine whether our measurement of the cross-correlation is more

consistent with a Planck or a KV-450 cosmology (Hildebrandt et al., 2018). Figure

3.7 shows the cross-correlation for the two different cases when we assume a Planck

cosmology (in red) or a KV-450 cosmology (in orange). It is clear that given our error

budget we are unable to robustly distinguish between the two cases. Nevertheless,

comparing to a KV-450 cosmology – specified in the third column of table 3.2 – we

find AKV−450 = 0.87± 0.16. The cross-spectrum is consistent with both models.

It should be noted that in both cases here we have assumed zero intrinsic align-

ment contribution, so that we can compare our results to previous cross-correlation
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studies. Re-performing the fit, but assuming the intrinsic alignment amplitude is

AIA = 1.06 (Johnston et al., 2019), we find APlanck,IA = 0.90± 0.15 and AKV−450,IA =

1.00 ± 0.17. As expected the inclusion of a non-zero intrinsic alignment amplitude

improves the consistency between our measurement and both models.

3.5.4 Cosmological Parameter Fits

Here we perform the 5-parameter fit, with resulting parameter distributions for the

cosmological and systematics parameters shown in Fig. 3.8. Our constraints on

the GWL systematic parameters (m, ∆z and AIA) are dominated by the imposed

priors, and given the relatively low signal-to-noise of our measurement we would not

expect to be able to constrain both cosmological and GWL systematics parameters

simultaneously.

The cosmological parameters σ8 and Ωm are strongly correlated, as seen in previous

similar analyses. They are also highlighted in Fig. 3.9, which shows the comparison

to the same parameters estimated using the KV-450 shear auto-signal (Hildebrandt

et al., 2018). The errors from the cross-spectrum (this result) are larger but the model

is consistent.

Weak gravitational lensing is mainly sensitive to the parameter combination S8 =

σ8

√
Ωm/0.3, which we also show in Fig. 3.9. We find S8 = 0.75 ± 0.08 at 68%

confidence. This is consistent with the analysis of KV-450 which found S8 = 0.74+0.04
−0.03

(Hildebrandt et al., 2018).

3.5.5 AdvancedACT×K-1000 Forecast

Finally we consider prospects for improving this result from the next data release

from ACT, which will have a reduced noise level across the area overlapping with

KiDS. Using the expected noise level of 10 µK-arcmin, we forecast the signal-to-noise

of that measurement to be ∼ 10σ using the current K-1000 GWL data.
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Figure 3.8: Posterior distributions for the five parameters estimated from the ACT-
KiDS lensing cross-spectrum, using prior distributions detailed in table 3.2. The two
cosmological parameters, σ8 and Ωm, have a well-known degeneracy.
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Figure 3.9: Left: the posterior distributions for the amplitude of matter fluctuations,
σ8, and the matter density, Ωm shown in orange, compared to results from the KV-
450 auto-spectrum, shown in blue. Right: Alternative parameterisation of these two
parameters, with S8 = σ8

√
Ωm/0.3.

We investigate the impact of the improved data set on our ability to constrain

cosmology, using a simulated cross-correlation power spectrum shown in Fig. 3.10.

This simulation assumes a Planck cosmology and GWL systematics; m = −0.003,

∆z = 0.01 and AIA = 0.9. The noise reflects our expectations for the next ACT data

release. The error bars are estimated using the Knox equation using noise spectra

measured from real ACT data maps. We fit this simulated data with our model

described in section 3.4, using the priors described in table 3.2. We find our error on

S8 would reduce from 0.08 to 0.05, with the predicted parameter contours shown in

Figure 3.11.

We examine the consequences of loosening the priors on the GWL systematics

parameters, since we found in the previous section that our results are dominated

by the priors we applied. In the first case we choose the priors to be Gaussian with

the same mean but double the width, and in the second case we set the priors to

be uniform – these are both detailed in table 3.3. In all three cases we recover the
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Figure 3.10: Simulated ACT-KiDS cross-spectrum using upcoming ACT data with
error bars estimated using the Knox equation and realistic non-white noise spectra.
The theoretical cross-correlation power spectrum assumes a Planck cosmology with
realistic GWL systematics.

Parameter Prior 0 Prior 1 Prior 2
m (0.0,0.02) (0.0,0.04) [-0.08,0.08]
∆z (0.0,0.027) (0.0,0.054) [-0.108,0.108]
AIA (1.06,0.47) (1.06,0.94) [-1.18,2.94]]
∆S8 0.05 0.07 0.1

Table 3.3: For simulated ACT data: we investigate the effect of varying systematic
priors on the S8 error budget. Here, curved brackets correspond to a Gaussian prior,
(µ, σ), of mean µ and width σ and square brackets correspond to a flat prior, [a, b],
between a and b.
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Figure 3.11: Effect of widening priors on GWL systematic parameters. Parameters
using the wide flat priors (prior 2) are shown in the grey contours, with the double
width Gaussian prior (prior 1) in orange, and the original narrow priors shown in red.
For comparison the current measurement for the KV-450 shear signal (Hildebrandt
et al., 2018) is over-plotted as the thick black line.

input model parameters. We find that widening our priors to flat priors doubles the

uncertainty on the S8 parameter, as shown in Fig. 3.11.

3.6 Discussion

In this chapter we have measured the cross-correlation power spectrum between the

ACT CMB lensing and KiDS GWL data sets. The GWL shear maps are created

from shape measurements of galaxies in the redshift range of 0.1 to 1.2. The cross-

correlation is detected with a significance of 4.7σ. We perform two null tests on the

measurement, by measuring the B-mode component of the cross-correlation and by

randomly rotating the KiDS galaxies and re-measuring the power spectrum.

From the measured power spectrum we perform amplitude fits to a Planck and a

KiDS best fit cosmology and find APlanck = 0.78 ± 0.14 and AKV−450 = 0.87 ± 0.16

respectively. The amplitude inferred against a Planck cosmology is consistent with
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previous cross-correlation analyses using other data sets. From these fits we find the

data favours a KiDS cosmology, although at low significance. We also show that

including a non-zero intrinsic alignment amplitude makes the data agree more with

both models. We extend this by performing a five parameter fit to the data, fitting

for the cosmological parameters Ωm and σ8 and the GWL systematic bias parameters

m, ∆z and AIA. We find that our constraints on the GWL systematic parameters

are dominated by priors we impose, given the signal-to-noise of our measurement of

the cross-correlation. We find S8 = 0.75 ± 0.08, which is consistent with the value

reported in the KV-450 shear analysis (Hildebrandt et al., 2018). Note: these results

and conclusions will be updated when the KiDS data are unblinded: parameters can

be expected to shift by order 1σ.

Finally we show that with the next data set from ACT – which has improved

CMB noise levels – we will be able to improve our constraints on the S8 parameter,

while investigating GWL systematics parameters.

Moving into the era of SO and LSST we will be able to use the cross-correlation

to investigate the nature of dark energy and the mass of neutrino particles. These

multi-probe analyses will also produce a robust test of systematic biases present in

the data.

117



Chapter 4

Mass Calibration of

Sunyaev-Zel’dovich Selected

Clusters from the Atacama

Cosmology Telescope with the Kilo

Degree Survey

4.1 Introduction

The locations of galaxy clusters trace the position of peaks in the large scale matter

distribution. As a result, their properties – including number density, masses, baryon

content and evolution – contain information about the growth of structure in the

Universe and can constrain quantities such as the amplitude of matter fluctuations,

σ8, the matter density, Ωm, the sum of neutrino masses and the dark energy equation

of state (e.g., Kaiser, 1986; Peebles et al., 1989; Kaiser, 1991; Barbosa et al., 1996;

Komatsu & Kitayama, 1999; Holder et al., 2001; Komatsu & Seljak, 2002; Battye
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& Weller, 2003; Voit, 2005). The key statistic is their number density as a function

of mass and redshift, N(M, z). However, in practice we cannot measure the mass

directly and instead infer it from some observable quantity that correlates with mass

(see e.g., Allen et al., 2011, for a review).

Clusters can be observed in the X-ray, optical, infrared and millimetre regimes.

They emit X-rays from the hot intra-cluster gas, with the luminosity scaling with

mass. In the optical and infrared, the cluster richness and stellar luminosity of the

galaxies within the cluster also correlate with mass. At millimeter wavelengths clus-

ters produce the thermal Sunyaev-Zeldovich effect (SZ) (Zel’dovich et al., 1969; Sun-

yaev & Zel’dovich, 1972; Birkinshaw et al., 1984), where CMB photons are inverse

Compton scattered off electrons in the hot cluster gas. In this case, the mass observ-

able is the volume integrated intra-cluster medium (ICM) pressure, measured with

the Compton–y parameter. The low dependence of the SZ effect on redshift allows

clusters to be detected at larger distances than with other observations.

For all of these detection methods, the ability to use clusters for cosmology is

currently limited by the uncertainty in the mass-observable scaling relations, which

need to be calibrated (see e.g Vikhlinin et al., 2009; Rozo et al., 2010; Vanderlinde

et al., 2010; Sehgal et al., 2011; Benson et al., 2013; Hasselfield et al., 2013; Mantz

et al., 2014, 2015; Hoekstra et al., 2015; Planck Collaboration, 2016; de Haan et al.,

2016). Weak gravitational lensing provides a tool for this, as it is sensitive to the entire

mass of the cluster, both dark and baryonic, and does not depend on its dynamical

state. Previous estimates of weak-lensing masses have been made for SZ-selected

clusters from the South Pole Telescope (SPT) (McInnes et al., 2009; High et al.,

2012; Schrabback et al., 2018; Dietrich et al., 2019; Stern et al., 2019), the Atacama

Cosmology Telescope (ACT) (Miyatake et al., 2013; Jee et al., 2014; Battaglia et al.,

2016; Miyatake et al., 2019) and the Planck satellite (von der Linden et al., 2014;

Hoekstra et al., 2015; Penna-Lima et al., 2017; Sereno et al., 2017; Medezinski et al.,
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2018).

Many of these studies have focused on measuring the hydrostatic mass bias, which

quantifies the cluster mass fraction left unaccounted for in the y−M scaling relation.

This scaling relation uses models for the gas and density profiles calibrated on X-ray

data, which assumes that clusters are in hydrostatic equilibrium. This bias is defined

as

(1− b) =
MSZ

MWL

, (4.1)

where MSZ is the mass derived from the SZ Compton-y observable, assuming the

X-ray calibrated models, and MWL is the mass measured using weak gravitational

lensing which we take to be the ‘true’ mass. This bias can also capture other sources of

systematics, bias and physical processes which are not yet fully understood within the

framework used to model clusters (Pratt et al., 2019). There have been investigations

into whether (1−b) may depend on mass or redshift (Henson et al., 2017; Remazeilles

et al., 2019); current data are not yet conclusive given the uncertainties.

Recent estimates of this bias from SZ clusters detected using Planck and ACT

are reported in Medezinski et al. (2018) and Miyatake et al. (2019), with alternative

parameterisations of the mass scaling reported from SPT in Bocquet et al. (2019).

These latest estimates are consistent with the prediction from Planck CMB anisotropy

measurements that (1−b) should be of order 0.6 if the ΛCDM model is correct (Planck

Collaboration, 2018), given the SZ clusters observed by Planck. In this chapter we

estimate this bias parameter for a new cluster sample from ACT using weak lensing

data from the Kilo Degree Survey (KiDS). The ACT experiment has been used to

construct a sample of more than 1400 confirmed clusters over a 14,000 deg2 region,

measured during the 2013-16 observing seasons (Hilton & ACT Collaboration, in

prep.). This catalogue will be extended using deeper observations over the same

region until 2021. KiDS provides 1000 deg2 of weak lensing data in the area covered

by ACT; we find 57 SZ-confirmed clusters in this region. In this chapter we estimate
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the stacked masses of these clusters, and the bias parameter. This allows us to

probe the lower end of the SZ cluster mass range with a larger sample size than was

previously available. This study also provides a means to cross-check consistency of

data from different weak lensing surveys which also have survey area in common with

ACT.

The outline of this chapter is as follows. We summarise the data and observable

quantities in section 4.2, then show the mass and bias estimates in sections 4.3 and 4.4

for the stacked clusters as well as the highest signal-to-noise individual clusters. We

also describe tests of systematic effects and analysis choices. We conclude in section

4.5.

4.2 Data and Observables

4.2.1 The Atacama Cosmology Telescope SZ-selected Clus-

ter Sample

We use the ACT cluster catalogue described in Hilton & ACT Collaboration (in

prep.), based on the maps described in Aiola et al. (in prep.) and Naess & ACT

Collaboration (in prep.), which we summarise briefly here. The Atacama Cosmology

Telescope Polarimeter (ACTPol) observed four deep regions of the sky with a single

detector array (PA1) at 150 GHz for its first season in 2013 (S13) (Naess et al., 2014),

and two wider fields with an additional detector array (PA2) for its second season in

2014 (S14), and with a third array (PA3) with dichroic detectors measuring at 90 GHz

and 150 GHz for its third season (S15). In 2016 (S16) a wider field was observed with

PA1, PA2 and PA3. Observations have continued since then, but this cluster sample

is based on the 2013-16 data.

The cluster catalogue is constructed from coadded S13-16 maps at 90 and 150 GHz

formed by combining ACT and Planck data, described in Naess & ACT Collaboration
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Figure 4.1: KiDS North and South patches, shown in light grey with the 57 ACT
cluster positions indicated by each circle. The colour bar corresponds to redshift and
the size of each circle scales with the cluster mass estimated from SZ observables.

(in prep.). Clusters are identified using a suite of multi-frequency matched filters (see

Hilton & ACT Collaboration, in prep., for details), and confirmed using imaging from

the large public surveys SDSS, DECaLS, PS1, PS1IR, KiDS, CS82, HSC, DES and

2dFLenS, from which the cluster redshifts are also determined. In our overlapping

region with KiDS data, we find 57 clusters, of which 26 are detected with a signal-

to-noise ratio greater than 5. The signal-to-noise of the cluster signal is determined

from a single fixed filter scale which simplifies the survey selection function. Their

locations are shown in Fig. 4.1, and their redshift distribution in the left panel of

Fig. 4.2.
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Figure 4.2: Left: The redshift distribution of 57 ACT clusters found in the K-1000
region – the 27 clusters with a signal-to-noise greater than 5 are shown in orange.
Right: SZ-derived mass distribution of these clusters, estimated from the SZ observ-
able Compton-y values.

4.2.1.1 SZ-estimated masses

Hilton & ACT Collaboration (in prep.) estimate the Compton-y parameter and

associated SZ mass, MSZ, for each cluster. We summarise that method here. The

Compton-y signal is modelled using the Universal Pressure Profile (Arnaud et al.,

2010) which describes the intra-cluster gas pressure, p, as a function of radius, x,

modelled with a generalised NFW profile from Nagai (2006)

p(x) =
p0

(cx)γ[1 + (cx)α](β−γ)/α
(4.2)

where c is the concentration parameter and {γ, α, β} describe the slope at different

radii. This includes any mass dependence in the profile shape and has been calibrated

to X-ray observations of nearby clusters. From these assumptions, following Arnaud

et al. (2010), the cluster central Compton parameter, y, can be related to the SZ mass

via

y = 10A0E(z)2
(MSZ,500

Mpiv

)1+B0

Q(MSZ,500, z)frel(MSZ,500, z) , (4.3)

where 10A0 = 4.95×10−5 is the normalisation, E(z) is the ratio of the Hubble constant
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at a redshift z to the present value, B0 = 0.08 is a scaling parameter and Mpiv =

3 × 1014M� is a mass normalisation parameter. The cluster-filter scale mismatch

function Q accounts for the discrepancy between the size of a cluster with a different

mass and redshift to the reference model used to define the matched filter, which

includes the effects of the beam.

The signal we observe due to the SZ effect is a change in radiation intensity which

can be expressed in terms of CMB temperature by

∆T (θ)

TCMB

= fSZ y(θ) . (4.4)

In the non-relativistic limit, fSZ only depends on the observed radiation frequency, but

here a correction factor frel is applied to include relativistic effects for gas temperature,

as determined in Itoh et al. (1998).

To obtain the cluster mass, the intrinsic scatter σc in the y −M scaling relation

must be accounted for. Hilton & ACT Collaboration (in prep.) assume a log nor-

mal scatter of σc = 0.2, since this level of scatter is consistent with both numerical

simulations (Bode et al., 2012) and dynamical mass measurements of clusters (Sifón

et al., 2013). The distribution of SZ derived cluster masses (MSZ) for our sample is

shown in the right panel of Fig. 4.2.

4.2.2 Weak Gravitational Lensing from the Kilo Degree Sur-

vey

KiDS is an ongoing optical survey utilising the OmegaCAM CCD mosaic camera on

the VLT Survey Telescope in Chile (de Jong et al., 2015, 2017). For this analysis we

are using the K-1000 data set, first presented in Kuijken et al. (2019), which includes

30 million galaxies across 2 patches of sky based around the GAMA spectroscopic

survey. K-1000 was observed in 4 bands, {u, g, r, i}, and has an effective number
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density of 7.2 arcminutes−2. The seeing conditions are best in the r-band, which has

a magnitude limit of 24.9, thus galaxy shape measurements were made from r-band

images using lensfit (Miller et al., 2013) as described in Fenech Conti et al. (2017).

The variance of the ellipticities is 0.28. The source redshift distribution is determined

from direct calibration of the KiDS photometric redshifts using deep spectroscopic

data and overlapping infrared data from VIKING which is detailed in section 3.2 of

Hildebrandt et al. (2018). The weak lensing data from KiDS can be used up to a

redshift of 1.2. For more technical details on the survey see Kuijken et al. (2019).

4.2.2.1 The Excess Surface Density

We summarise the formalism for estimating the weak gravitational lensing signal

around either a single cluster or a stack of clusters, following Bartelmann & Schnei-

der (2001). Considering an isolated cluster, weak lensing introduces a systematic

tangential alignment of the images of the source galaxies relative to the lens. We use

the average tangential distortion, γt, to quantify the lensing signal. This is calculated

from the two components of shear, [γ1, γ2],

γt

γ×

 =

− cos 2φ − sin 2φ

sin 2φ − cos 2φ


γ1

γ2

 , (4.5)

where φ is the angle measured from the positive x–axis to a given source galaxy

relative the centre of the lens. The 45◦–rotational shear, γ×, is a useful control

statistic that should be consistent with zero if the data has produced a signal solely

caused by gravitational lensing.

Since the tangential distortion we observe is due to intervening matter along the

line of sight, the average γt of source galaxies at a projected separation R from the

cluster lens can be expressed in terms of the differential projected surface mass density,
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∆Σt,

〈γt〉(R) =
∆Σ(R)

Σc

, (4.6)

where Σc is the comoving critical surface density given by

Σc =
c2

4πG

χs
(χs − χl)χl(1 + zl)

. (4.7)

Here χ is the comoving distance to the lens l and the source s and zl is the lens

redshift. The differential projected surface mass density, (which from now on we will

refer to as excess surface density or ESD) is defined as

∆Σt(R) ≡ Σ(< R)− Σ(R) , (4.8)

with the average mass density within a radius R given by

Σ(< R) ≡ 2

R2

∫ R

0

R′Σ(R′)dR′ . (4.9)

Equation 4.6 can be generalised for broad lens and source redshift distributions, pl

and ps to give

〈γt〉(R) =

∫ ∞
0

dz pl(z)∆Σ(R, z)

∫ ∞
0

dz′ ps(z
′)

1

Σc(z, z′)
. (4.10)

For a narrow lens and source redshift distribution, pl = δD(z − zl) and ps(z
′) =

δD(z′− zs), so that the above equation reduces to equation 4.6. ∆Σ(R, zl) cannot be

solved for in closed form, but for a narrow lens redshift distribution, averaging over

a background source redshift distribution, ps(z), we find

∆Σ(R, zl) ≈ 〈γt〉(R)
[ ∫ ∞

0

dz′ps(z
′)

1

Σc(zl, z′)

]−1

. (4.11)
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This can be written as

∆Σt(R, zl) =
γt(θ)

Σ−1
c

, (4.12)

where, for a given data set, the average inverse critical surface density, Σ−1
c , is defined

as

Σ−1
c ≡

∫ ∞
zl

dzsps(zs)Σ
−1
c (zl, zs)

=
4πG(1 + zl)χl

c2

∫ ∞
0

dzs ps(zs)
[
1− χl

χs

]
.

(4.13)

The above equation leads to the following estimator for a stack of clusters:

∆Σt(R) =
1

(1 +m(R))

∑
i

∑
j wiΣ

−1
c,j γt,ij(R)∑

i

∑
j wi

[
Σ−1
c,j

]2 , (4.14)

where the sum is over sources, i, in radial bin R around cluster j. Each source is

inverse variance weighted by, wi, derived from the shape measurement. The excess

surface density can be estimated for a single cluster by removing the sum over clusters

in equation 4.14. An additional calibration prefactor is also included which corrects

for the multiplicative bias, mi, in the shape measurement,

m(R) =

∑
iw
′
imi∑

iw
′
i

, (4.15)

where

w′i = ws
(χl − χs)

χs
. (4.16)

We estimate the ESD signal for individual clusters and for the stacked signal of

all clusters. For the stacked ESD measurement we estimate the covariance matrix

by bootstrapping over KiDS tiles used in the measurement. There are limitations

with this method since we do not have a very large number of clusters and therefore

a limited number of KiDS tiles – this could lead to an underestimate of the errors

at larger scales. A more sophisticated approach for future analyses would be to use
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an analytic covariance which accounts for more than the Gaussian component (for

example, Dvornik et al., 2018).

When considering measurements around individual clusters, we compute the vari-

ance analytically which includes shape noise only. To correctly estimate our error

budget we should also include terms that account for intrinsic variations in the cluster

mass profiles – such as halo triaxiality and the intrinsic scatter of the concentration-

mass relation – as well as uncorrelated large scale structure along the line-of-sight.

However, shape noise is expected to be the dominant component and since the indi-

vidual cluster analysis is an exploratory study, we defer the development of a more

complete estimate of the variance to a future study.

4.3 Results: Individual Clusters

4.3.1 Excess Surface Density

We initially measure the ESD, ∆Σt, for each of the 26 clusters in our sample with

S/N > 5, detailed in table 4.1. The highest signal-to-noise SZ detected clusters are

shown in Figure 4.3 together with their corresponding optical images from KiDS.

We consider two different cluster centre definitions: the peak of the SZ emission

and the Brightest Cluster Galaxy (BCG), which has been shown to be the best tracer

of the cluster centre (George et al., 2012). The SZ centre is not expected to trace the

centre particularly well since it is limited by the size of the beam which is 1.4 arcmin

for ACT. We also anticipate that most clusters are not relaxed and therefore the gas

is not predicted to trace the centre of the dark matter halo particularly well.

We find the BCG for each cluster by selecting KiDS galaxies found inside a cylin-

der, centred on the SZ centre, with a length ∆z = 2 × 0.04(1 + zl) and a diameter

D = 2 × 1.4 arcmin. The length of the cylinder is defined to be twice the length of

the uncertainty on the photometric redshift of the KiDS galaxies, and the diameter
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is defined based on the size of the ACT beam. From these galaxies the brightest one

is chosen. We then confirm the BCG locations by eye, using public imaging from

KiDS, DECALS and HSC. The BCG and SZ centres are listed for a subset of clusters

in table 4.1. We use the BCG definition of the centre to measure the ESD around

individual clusters.

4.3.2 Estimated Masses

We estimate the mass of each cluster, MWL, by assuming an NFW density profile

(Navarro et al., 1997) and calculating the expected ESD using Wright & Brainerd

(2000), summarised here. The NFW profile is given by

ρ(r) =
δcρc

(r/rs)(1 + r/rs)2
, (4.17)

where the characteristic overdensity, δc, is related to the NFW concentration param-

eter, c via

δc =
500

c

c3

[ln(1 + c)− c/(1 + c)]
. (4.18)

In equation 4.17, the scale radius, rs = r500/c, is the cluster’s characteristic radius

and r500 is the radius within which the density is 500 times the critical density, ρc.

We use the r500 radius to be consistent with the SZ measurements which also use this

definition. The mass within a radius of r500, is given by

M500 ≡M(r500) =
800π

3
ρcr

3
500 . (4.19)

The surface mass density, Σ(R), as a function of radius for a spherically symmetric

lens with mass density ρ(R, z), such as an NFW halo, is given by

Σ(R) = 2

∫ ∞
0

ρ(R, z)dz . (4.20)
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Figure 4.3: The 6 clusters detected with the highest S/N in SZ from ACT: the
measured ESDs from KiDS galaxy lensing are shown in the upper panels with fitted
NFW profiles, with estimated masses given in table 4.1. The cluster images from
KiDS are shown in the lower panels. The red and blue crosses correspond to the
BCG and SZ centres respectively.
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By integrating equation 4.17 along the line-of-sight, following equation 4.20, we can

therefore obtain an equation for the surface density from an NFW halo,

ΣNFW(x) =



2rsδcρc
x2−1

[
1− 2√

1−x2 arctanh(
√

1−x
1+x

)
]
, (x < 1)

2rsδcρc
3

, (x = 1)

2rsδcρc
x2−1

[
1− 2√

x2−1
arctan

√
x−1
1+x

]
, (x > 1)

(4.21)

which has been defined in terms of x = R
rs

for convenience. Therefore the average

mass density, defined in equation 4.9 is then given by

ΣNFW(x) =



4
x2 rsδcρc

[
2√

1−x2 arctanh
√

1−x
1+x

+ ln(x
2
)
]
, (x < 1)

4rsδxρc
[
1 + ln(1

2
)
]
, (x = 1)

4
x2 rsδcρc

[
2√
x2−1

arctan
√

x−1
1+x

+ ln(x
2
)
]
, (x > 1)

(4.22)

such that the above two equations can be combined to produce an expression for

∆ΣNFW using equation 4.8.

Within this model we fit the mass, MWL
500 , and the concentration, c, using the

MCMC sampling code emcee (Foreman-Mackey et al., 2013), using wide flat priors.

Due to noise and LSS projection the signal can become negative. We address this

by allowing for negative masses so that we do not bias the mass high. The resulting

NFW models for the clusters detected with the highest SZ signal-to-noise are shown

in Fig. 4.3 and detailed in table 4.1. In Fig. 4.4 we show these weak lensing mass

estimates together with their SZ inferred masses. We fit a straight line to this relation

fixing the y-intercept to zero so that the gradient is equivalent to (1− b)−1. We find

(1− b) = 0.60± 0.15 at 68% confidence level.
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Figure 4.4: Individual cluster masses estimated from the ACT SZ Compton-y param-
eter (MSZ) and from KiDS weak lensing (MWL). The black dashed line is the best
fitting slope, with y-intercept fixed to zero. The gradient of this line corresponds to
the (1− b)−1 bias parameter.
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Figure 4.5: The excess surface density profile (ESD, ∆Σt) as a function of radius R for
the complete stack of SZ-detected clusters. The signal is detected at 20σ significance.
The best-fitting model is shown.

4.4 Results: Stacked Clusters

We combine all 57 ACT-detected clusters in a single stack, and detect the excess

surface density from the KiDS lensing data at 20σ significance. The stacking process

involves averaging over all source galaxies in all clusters in a series of annuli around

the clusters, oppose to averaging over source galaxies around each cluster and then

taking the average of all clusters. The density profile is shown in Fig. 4.5. The

lensing signal is measured at high significance in the range 0.3 Mpc to 10 Mpc from

the cluster centres. To test the robustness of this result we investigate the impact

of a set of systematic effects, detailed below. These tests are also applicable to the

individual cluster ESD measurements.
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4.4.1 Testing the Measurement

4.4.1.1 Mis-centering of Clusters

The mis-centering of clusters has been reported as one of the largest biases when

estimating the cluster mass from weak gravitational lensing (George et al., 2012). If

the true cluster centre has not been identified then the amplitude of ESD will be

reduced at small radii, corresponding to a lower mass estimate for the cluster.

In our nominal analysis we consider the cluster centre to be defined by the Bright-

est Cluster Galaxy (BCG), but we also consider the peak of the SZ emission. Measur-

ing the ESD around both these centre candidates, we find at small radii the ESD mea-

sured around the BCG has a higher amplitude compared to when measured around

the SZ centre, which agrees with our expectation – this is shown in Fig. 4.6.

For this analysis we only use scales greater than 0.3Mpc to infer cluster mass.

Both measurements are consistent with each other at the scales larger than this and

so we conclude that at the current signal-to-noise of the measurement there is no

requirement for further investigation into the effect of miscentering. From here on,

we use the BCG as the cluster centre in this study.

4.4.1.2 Source Photometric Redshift Cuts

When measuring the lensing from clusters, it is important not to include any shape

measurement values from the cluster members themselves as they will not be lensed

by the cluster they inhabit. Due to the uncertainty associated with the photometric

redshifts of the source galaxies, there will be some source galaxies that are a cluster

member or a foreground galaxy. This leads to a dilution of the lensing signal and

therefore a mass estimate which is biased low. To ensure that only sources behind

the clusters are being used in the lensing analysis, we test a range of strict cuts on

the photometric redshifts of the source galaxies, zB.
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Figure 4.6: Tests of mis-centering: comparison of the ESD measured around the peak
in the SZ emission and the BCG. Both measurements are consistent across the scales
we use in this analysis, so we conclude that miscentering does not significantly effect
our mass estimates.
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Figure 4.7: Top: The ESD density measured applying different cuts on which source
galaxies are included in the lensing measurement based on their photometric redshift.
The amplitude of ESD profile is greater for larger cuts on the photometric redshift
particularly impacting small radii. Bottom: The average number density of source
galaxies around the clusters divided by the the average number density around ran-
domly chosen positions in the KiDS fields. It is clear that when smaller cuts to the
photometric redshifts are made more cluster members are included. We conclude a
cut of zB > zl + 0.2 reduces contamination due to cluster members without strongly
decreasing the number of source galaxies which are lensed by foreground clusters.
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The lensing signal is measured on the stack with each of these cuts applied, as

shown in the top panel of Fig. 4.7. This effect is very evident when measuring the

number density of source galaxies around clusters compared to random positions,

which is shown in the lower panel of Fig. 4.7. We randomly choose 570 positions

within the KiDS field and assign redshifts selected from the cluster redshift distribu-

tion shown in Fig. 4.2. The average number density in annuli around these random

points, n̄, is on average the same at all radii for a given photometric redshift cut. It

is clear that for a cut of zB > zl + 0.15 or less, some cluster members are still being

included. However, for a cut of zB > zl+0.2 and above, the number density of source

galaxies is consistent with the number density measured around random points. We

therefore select a source galaxy cut of zB > zl + 0.2 since most cluster galaxies are

removed without considerably reducing the number of source galaxies.

4.4.1.3 Null Tests: B-modes and Random Points

To test for systematics in the weak lensing data, we perform two null tests. The

cross-component of the ESD, ∆Σ×, is calculated using equation 4.14 where the cross–

component of shear is defined in equation 4.10. This is equivalent to rotating the

galaxies by 45 degrees which we expect to remove any tangential alignment. Fig. 4.8

shows that ∆Σ× is consistent with zero. We are therefore confident that no significant

systematic effects are present in the GWL data at the scales used in this analysis.

We also expect no signal if we measure the ESD at random points across the

K-1000 field, unless there is some residual linear bias in the weak lensing data. This

null test is also shown in Fig. 4.8. Both these measurements are consistent with zero

and thus we infer that the signal measured around the ACT cluster positions is due

to the over-density of mass.
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Figure 4.8: Null tests: the cross-component of the ESD, and the ESD measured
around random positions in the K-1000 field. Both tests are consistent with zero as
expected.
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Figure 4.9: Splitting the data: we find consistent ESD measurements when splitting
by redshift or mass, indicating that the conclusions are not driven by a subset of the
clusters.

4.4.1.4 Consistency Checks

Our cluster sample contains a range of cluster masses which can make modelling the

stacked ESD signal more difficult. We therefore test how the ESD changes for different

splits in the data. Considering the distribution of SZ estimated masses shown in Fig.

4.2, the majority of clusters are found within the range 1.26−6.9×1014M�. However,

there are two much more massive clusters present in our data set. We remove these

two clusters to test if the stacked ESD profile is being dominated by them, shown in

Fig. 4.9, and find that ESD profile is not significantly affected. We do not split the

remaining 55 clusters into different mass bins since the uncertainty in the SZ mass

estimate is relatively large.
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We also split the clusters in terms of redshift into two bins about a redshift of 0.4,

and find that both splits are consistent. From these checks we conclude that our ESD

measurement is not being dominated by a subset of clusters. This is important in the

case of a small sample of lenses when only a limited number of bootstrap patches are

available.

4.4.2 Modelling the Stacked Excess Surface Density

We estimate the weak lensing mass, MWL, of the stacked clusters using two methods:

a single NFW model and a halo model. The halo model method is superior for

modelling the ESD signal, since the single bin NFW model is restricted by the fact

that the amplitude of the ESD does not vary linearly with cluster mass. We include

the NFW fit to compare our results with previous analyses which have utilised a

similar modelling approach.

4.4.2.1 Single NFW

We use the NFW fitting method described in Section 4.3.2, evaluated at the average

cluster redshift of z = 0.273, which is calculated by weighting the clusters in the

same way as the shear is weighted when estimating the ESD using equation 4.14. We

estimate the weak lensing mass to be MNFW
500 = (5.2±0.4)×1014M� and concentration

of c = 1.7± 0.2. The best fitting NFW model is shown in Fig. 4.5. We only use the

range (0.4 < R < 4) Mpc to avoid any miscentering biases at small scales, and to

avoid including the ‘2-halo’ term at large scales.

4.4.2.2 Halo Model Method

Cluster lensing can be understood within the framework of the halo model (Seljak,

2000; Cooray & Sheth, 2002). The projected surface density is completely specified

by the cluster–dark matter cross correlation, ξc,dm, which can be computed from a
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given halo occupation model,

Σ(R) = 2ρ̄

∫ ∞
R

[1 + ξc,dm(r)]
rdr√
r2 −R2

, (4.23)

where r is the 3D comoving distance r2 = R2 + (χ − χl)2. The cluster–dark matter

cross correlation power spectrum is given in terms of ξc,dm as

Pc,dm(k) = 4π

∫ ∞
0

ξc,dm(r)
sin(kr)

kr
r2dr . (4.24)

The power spectrum of the cluster–dark matter cross correlation can be split into two

parts:

Pc,dm(k) = P 1h
c,dm(k) + P 2h

c,dm(k) , (4.25)

with the ‘1–halo term’, which describes the non–linear regime at small scales, and the

‘2–halo term’ which describes the linear clustering regime, where galaxy clustering is

dominant on large scales.

The ‘1–halo’ term, P 1h
c,dm(k), describes the dark matter distribution inside halos

hosting clusters. For a single cluster, this is

P 1h
c,dm(k) =

M

ρ̄
uc(k|M) , (4.26)

were uc(k|M) is the normalised Fourier transform of the cluster density profile ρ(r|M)

squared, which we assume to be described by an NFW profile. Within the NFW

description we also assume the mass concentration relation from Duffy et al. (2008),

with normalisation specified by fc.

Since we are measuring a stack of clusters, with masses in the range (MSZ,1 ≤

MSZ ≤MSZ,2), where MSZ is the mass determined from SZ observations, the ‘1–halo’
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term becomes

P 1h
c,dm(k) =

1

ρ̄

∫ ∞
0

P(M |MSZ,1,MSZ,2)Muc(k|M)dM , (4.27)

where P(M |MSZ,1,MSZ,2) is the probability that a cluster in the given MSZ range

resides in a halo of mass M . From Bayes’ theorem,

P(M |MSZ,1,MSZ,2)dM =
〈Nc|M〉 dn(M)

dM

n̄c
dM , (4.28)

where 〈Nc|M〉 is the average number of clusters in the SZ derived mass range [MSZ,1,MSZ,2]

in a halo of mass M , dn(M)
dM

is the halo mass function and n̄c =
∫
〈Nc|M〉dn(M)

d lnM
dM
M

is

the comoving number density of clusters in the MSZ range. Therefore equation 4.27

can be re–written as:

P 1h
c,dm(k) =

1

ρ̄n̄c

∫ ∞
0

dM
dn(M)

d lnM
uc(k|M)〈Nc|M〉 . (4.29)

This ‘1–halo’ term is constructed so that mis-centering of clusters can be accounted

for in the cluster density profile, via the uc(k|M) term, defined as

uc(k|M) = udm(k|M)(1− poff + poffe
−0.5k2(rsRoff)2

) , (4.30)

where, poff and Roff is the probability of mis-centering and the size of the offset

respectively.

The ‘2–halo’ term, denoted by P 2h
c,dm(k), describes the correlation between clusters

and dark matter particles belonging to separate haloes, and is given by

P 2h
c,dm(k) =

Pdm(k)

ρ̄

∫ ∞
0

P(M |MSZ,1,MSZ,2)bh(M)dM∫ ∞
0

udm(k|M ′)bh(M
′)

dn(M ′)

d lnM ′ dM
′ ,

(4.31)
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where Pdm is the linear matter power spectrum and bh(M) is the halo bias function.

The halo bias function describes how halos of mass M are biased with respect to the

overall dark matter distribution. Using equation 4.28, we can re–write equation 4.31

as

P 2h
c,dm(k) =

Pdm(k)

ρ̄n̄c

∫ ∞
0

〈Nc|M〉b(M)
dn(M)

d lnM

dM

M∫ ∞
0

udm(k|M ′)b(M ′)
dn(M ′)

d lnM ′ dM
′ .

(4.32)

For the halo occupation statistics that are required to calculate the galaxy–matter

power spectrum, we assume a simple power law dependence between halo mass M

and MSZ

log(MSZ) = α + β log(M) , (4.33)

to calculate the the average number of clusters. Given the signal-to-noise of the data

we fix the mass dependent exponent, β, equal to 1, so that we can focus on α, which

quantifies the constant mass bias between SZ mass and the true mass. For our sample

of clusters in the range [MSZ,1,MSZ,2], the average number of clusters is then given

by,

〈Nc|M〉 =
1√

2πσc

∫ MSZ,2

MSZ,1

S exp

[−(logM − logMSZ)2

2σ2
c

]
dM , (4.34)

where we have assumed a lognormal scatter, σc, and S = S(MSZ, z) is the SZ-

experiment selection function. We fix the SZ mass scatter to σc = 0.2, firstly because

lensing does not constrain this well and secondly because this is the same scatter as-

sumed to correct the Eddington bias for the SZ masses derived for the ACT clusters

(Hilton & ACT Collaboration, in prep.). Finally the average number density of the

clusters in our sample is given by

n̄c =

∫
〈Nc|M〉)

dn(M)

d lnM

dM

M
. (4.35)
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In this model we fit for the following set of parameters: {fc, α, bh}. Since we are

not using large scales we do not expect to be able to constrain the halo bias term

particularly well, but we include it for completeness. The average halo mass, which

is the main parameter we are interested in, is a derived parameter, given by

MWL
500 ≡Mh =

1

n̄c

∫
〈Nc|M〉

dn(M)

d lnM
dM . (4.36)

We use Bayesian inference to recover the posterior probability distribution of these

three parameters using emcee, the MCMC Python package (Foreman-Mackey et al.,

2013). We use wide flat priors for all parameters (fc = [0, 10], α = [−5, 5], bh = [0, 10])

and assume a Gaussian likelihood. The halo model is evaluated at a median redshift

of z = 0.273 – calculated using the same weighting as equation 4.14. Fig. 4.11 shows

the estimated distributions of the halo model parameters. From our MCMC sampling

analysis, we infer the weak lensing mass estimate to be MWL
500 = (4.7± 0.9)× 1014M�.

Our best fitting halo model is shown in Fig. 4.5; it is a good fit to the data. The

estimated mass is consistent with the NFW model but has larger uncertainty due to

marginalising over more model parameters.

4.4.3 Calibration Bias: (1− b)

To estimate the hydrostatic mass bias (1−b) we combine estimates of the SZ inferred

cluster masses by taking the weighted average. Here clusters are weighted in the same

way as in the stacked ESD measurement described in equation 4.14. We estimate the

average SZ inferred mass to be MSZ
500 = 3.6+1.0

−0.8 × 1014M�.

From our halo model estimate of the weak lensing mass, we estimate (1 − b) =

0.76+0.25
−0.21. This is consistent with our estimate using a single NFW profile of (1− b) =

0.68+0.20
−0.16. In Figure 4.11 we show our new estimate together with a compilation of

measurements from other data combinations. Our results are consistent with analyses
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Figure 4.10: Marginalized posterior distributions (68 and 95% CL) for the three halo
model parameters.
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of ACT and Planck clusters in a similar mass range using HSC (Miyatake et al., 2019;

Medezinski et al., 2018) and CS82 (Battaglia et al., 2016). A similar bias is estimated

from the CLASH (Penna-Lima et al., 2017), WtG (von der Linden et al., 2014) and

CCCP (Hoekstra et al., 2015) analyses, for higher mass clusters. ACT and Planck

cluster mass estimates can be directly compared since they are derived from the same

SZ-mass scaling relations and pressure profiles.

4.5 Conclusions

We have estimated the masses of a new sample of galaxy clusters detected using the

Atacama Cosmology Telescope. Stacking the signal from 57 high signal-to-noise clus-

ters, we detect the weak lensing signal at 20σ significance. We estimate the stacked

mass to be MWL
500 = (4.7 ± 0.9) × 1014M�, using an analytical halo model formalism

which accounts for the ACT SZ cluster selection. By comparing this gravitational

lensing estimate of mass to the mass inferred from the SZ signal itself, we provide a

new estimate of the calibration of the SZ Compton-y parameter mass scaling relation.

We find our estimate of the mass calibration bias to be consistent with estimates

made using other contemporary weak lensing surveys including HSC. This measure-

ment does not indicate a significant departure from the predicted value of the mass

bias from Planck primary CMB measurements if the ΛCDM model is correct (Planck

Collaboration, 2018), given the SZ clusters observed by Planck. The aim is to eventu-

ally constrain cosmology with these clusters, but we defer that analysis to future work

with a larger sample. Nevertheless applied as a prior, this will be useful for extracting

cosmological information from the ACT cluster sample, to estimate the amplitude of

structure formation and possible extensions to ΛCDM including non-zero neutrino

mass and deviations from a cosmological constant.

In comparing (1 − b) estimates, shown in Fig. 4.11, the clusters that are in
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Figure 4.11: The estimated (1−b) bias parameter from this analysis (ACT SZ-detected
clsuters calibrated with KiDS weak lensing), compared to other recent results. At the
lower mass range, our results are consistent with analyses of ACT and Planck clusters
using HSC (Miyatake et al., 2019; Medezinski et al., 2018) and CS82 (Battaglia et al.,
2016). A similar bias is estimated from the CLASH (Penna-Lima et al., 2017), WtG
(von der Linden et al., 2014) and CCCP (Hoekstra et al., 2015) analyses, for higher
mass clusters. The blue band indicates the prediction from Planck primary CMB
measurements if the ΛCDM model is correct (Planck Collaboration, 2018), given the
SZ clusters observed by Planck.
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ACT/HSC and ACT/CS82 analyses will be different to ours. However, the high

mass clusters present in our sample will be detected by Planck too. Planck and ACT

use the same mass scaling relations so they can be compared – this is not the case

for example SPT clusters. To be able to combine all the measurements shown in

Fig. 4.11, we would need to account for covariances between different data sets since

some clusters appear in more than one sample and the fact that the ACT and Planck

selection functions are different.

The measurement is currently limited by the number of clusters in the sample.

With the next data release from ACT we would expect to double the number in the

KiDS footprint. Using a weak lensing survey like HSC, the increased depth would also

improve the significance of the measurement since clusters can be detected at higher

redshifts in CMB data. Looking to the future of these mass calibration bias studies,

the next development that needs to be made is moving away from assuming the X-ray

calibrated scaling relation and instead considering the relation between the measured

Compton-y parameter and the weak lensing mass directly. This is not the data set

to do that with, but by SO and LSST the step-up in the number of clusters is huge.

Also with a larger sample, as the error bars shrinks, when modelling the lensing signal

we would be dependent on cosmological parameters – currently assuming a KiDS or

Planck best fit cosmology has no implication on the masses we infer. We will need

to estimate the relationship, and scatter, between the SZ signal and the underlying

mass, and include these in a joint likelihood.

The comparison and combination of these calibrations using KiDS, HSC and DES

data will be valuable in laying the ground work for these future efforts with LSST

and SO.
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Chapter 5

Conclusions and Future Work

Evidence for the presence of dark matter and dark energy has been well established,

yet understanding them physically poses a huge challenge to modern cosmology.

These two components form part of the ΛCDM model that has been very successful

observationally. The Planck satellite, as well as ground based CMB, LSS and GWL

experiments has brought us into an era of precision cosmology, with present data sets

testing the current paradigm to high accuracy. Next generation surveys including

Euclid, LSST and SO, will build on these successes, moving towards complete sky

coverage and increased sensitivity, with the ability to probe cosmology in a variety

of ways. Collaborations have only just begun to explore the benefits that can be

achieved by bringing together data from different surveys. There are many synergies

between CMB and GWL data sets, of which in this thesis we have focused on the

CMB lensing/GWL cross correlation and the use of GWL to calibrate the masses of

galaxy clusters selected using the SZ effect seen in CMB maps.

In this thesis we investigated optimal ways to estimate the GWL-CMB lensing

cross-correlation power spectrum with pseudo-C` estimators. We considered the ef-

fects of convergence reconstruction, masking, zero-padding, weight maps, apodisation

and curved-sky projection with the public code NaMaster using realistic simulations.
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We found that in each case the input theoretical power spectrum was recovered within

our error budget and the B-mode null test was always consistent with zero. We estab-

lished the impact of these analysis choices on the signal-to-noise of the measurement

and concluded that for a GWL mask apodisation reduces the area of the mask sig-

nificantly and therefore increases the noise in the measurement. We showed that the

optimal procedure was to use a weight mask constructed from the inverse variance

weights of the galaxy sample derived from the shape measurement process. We also

noted that in the common case of different survey areas, zero-padding each survey to

utilise all the data available reduces the size of the error bars.

In chapter 3, we created GWL shear maps from shape measurements of galaxies in

the redshift range of 0.1 to 1.2. Using the pipeline described above we measured the

GWL-CMB lensing cross-correlation power spectrum with the latest data from ACT

and KiDS. The cross-correlation was detected with a significance of 4.7σ. We tested

the data by performing a B-mode null test and re-measuring the cross-correlation

power spectrum with galaxy shear maps where the KiDS galaxies have been randomly

rotated. From our measurement of the power spectrum we presented amplitude fits

to a Planck and a KiDS best fit cosmology. Using blinded KiDS data we found that

the amplitude inferred against a Planck cosmology is consistent with previous cross-

correlation analyses using other data sets. From this analysis we also found the data

favours a KiDS cosmology, although at low significance. We also showed that when

accounting for a realistic estimate of the intrinsic alignment amplitude the consistency

between the data and both a Planck and KiDS best fit cosmology improved. We

presented fits for Ωm and σ8 with informed priors and found constraints on the S8

parameter which were consistent with the KV-450 results. These conclusions will

soon be refined with unblinded shear catalogues. When considering the next data

set from ACT, we showed that constraints on the S8 parameter will improve, whilst

loosening the priors we applied to GWL systematic parameters.
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From the latest ACT SZ selected cluster sample we found 57 high signal-to-noise

clusters in the KiDS survey area. We measured the lensing signal in the form of

the excess surface density around 27 individual clusters which had a S/N > 5 and

estimated their individual masses by fitting a simple NFW profile to each lensing

measurement. We then performed the same lensing measurement on the stack of

57 clusters and fitted a single NFW profile to the stacked excess surface density in

accordance with previously published studies. We modelled the stacked lensing signal

with a second method that used an analytical halo model formalism. This approach

accounted for the ‘2-halo’ term and included selection effects from the ACT SZ cluster

detection process. From these estimates of the ‘true’ cluster mass, we presented a

new measurement of the SZ-mass calibration bias, which we found to be consistent

with previous estimates and the value of the bias needed for cosmology from Planck

clusters to be consistent with cosmology from Planck primary CMB. We checked

our measurement against the effects of cluster mis-centering, dilution due to large

photometric redshift uncertainty and B-modes in the KiDS data.

A natural extension to the work presented in this thesis would be to apply these

tools to data from SO and LSST, which will be available in the early 2020s. For

these measurements the additional area, shown in Fig. 5.1 is the main factor in

increasing the signal-to-noise. With this improvement, we will be able to use the

cross-correlation power spectrum to constrain σ8 and Ωm, as well as investigating the

total neutrino mass and baryon feedback parameters on small scales. These future

studies will have to include improved modelling of intrinsic alignments and a wider

variety of baryon feedback models. With the increase in signal-to-noise and greater

depth, a tomographic analysis will be possible so that the growth of structure can be

measured free of galaxy bias. This measurement will be complimentary to the LSS

surveys, including the upcoming wide field survey DESI, which will probe the growth

factor too.
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Figure 5.1: Coverage of upcoming ground based cosmology experiments. This huge
overlapping area makes combined probe analyses a natural progression. Image credit:
(Ade et al., 2019)

ACT is in the unique and exciting position of overlapping with all three of the

current GWL surveys (DES, HSC and KiDS). Using the cross-correlation measure-

ment between each of these GWL surveys with CMB lensing from ACT, we can

test and compare multiplicative bias and photometric redshift bias. These analyses

are already planned independently for cosmological parameter estimation, therefore

a logical development would be to consider them together as a test of consistency

between lensing data sets.

We are already seeing a huge increase in number of clusters found when including

the wider field seasons of Advanced ACT. This will require the community to build on

the current mass calibration studies and develop more complex modelling of cluster

samples. This mass calibration is essential for cosmology from clusters. With SO and

LSST on the horizon we would like to take the opportunity to combine cluster mass

information from GWL, CMB lensing and Compton-y information.

To fully exploit these future data sets, we need to move towards a complete com-
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bined probe analysis that includes cluster measurements on the same footing as CMB

and clustering data. So far, most core cosmological analyses have not included clus-

ters or fully accounted for the covariances between clusters and other probes. To

maximise the data from LSST and SO, the necessary next step will be to include

weak lensing, galaxy clustering and cluster counts together with the primary CMB.

This will require implementing new statistical techniques which include systematic

uncertainties in the initial part of the modelling. These measurements can be used

to unravel any tensions – should they remain – between low and high redshift probes

and investigate models beyond the ΛCDM paradigm.
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Friedmann, A. Über die Möglichkeit einer Welt mit konstanter negativer Krümmung
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