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Abstract

Inspired by recent developments in multilevel Monte Carlo (MLMC)
methods and randomised sketching for linear algebra problems we propose
a MLMC estimator for real-time processing of matrix structured random
data. Our algorithm is particularly effective in handling high-dimensional
inner products and matrix multiplication, and finds applications in com-
puter vision and large-scale supervised learning.

1 Introduction

Randomised algorithms for matrix operations are in general ‘pass-efficient’, and
are primarily aimed at problems involving massive data sets that are otherwise
cumbersome to process with deterministic algorithms. Pass-efficient implies that
the algorithm necessitates only a very small number of passes through the com-
plete data set, but for the cases we consider here such a pass maybe turn out to
be impractical due to memory or time restrictions. In matrix multiplication for
example, the BASICMATRIXMULTIPLICATION algorithm [3] is considered to be
the gold standard. Based on a probability assigned to the columns of a matrix
A, and respectively the rows of a matrix B, it approximates the product AB
through re-scaling the outer products of some sampled columns of A with the
corresponding rows of B via a sampling-and-rescaling matrix operator. Vari-
ants of the BASICMATRIXMULTIPLICATION algorithm were published in [4], [8],
[13], exploiting different types of information available on the elements of the
matrices involved. In particular, the algorithm in [4] addresses the case where

*NP and YW are grateful to EPSRC for funding this work through the project
EP/R041431/1: ‘Randomness: a resource for real-time analytics’; YW is also funded by
The Alan Turing Institute under the EPSRC grant EP/N510129/1 and by EPSRC through
the project EP/S026347/1:’ Unparameterised multi-modal data, high order signatures, and
the mathematics of data science’.

�Mathematical Institute, University of Oxford, Oxford, UK; The Alan Turing Institute,
London, UK;

�School of Engineering, University of Edinburgh, Edinburgh, UK; The Alan Turing Insti-
tute, London, UK.

1



the probability distributions of the elements are known a priori to devise an
importance sampling strategy based on BASICMATRIXMULTIPLICATION that
minimizes the expected value of the variance. The algorithm was shown to be
effective when implemented with the optimized sampling probabilities, particu-
larly so in comparison to the estimators resulting from uniform sampling. This
result indeed extends BASICMATRIXMULTIPLICATION to a random variable set-
ting and can be applied to many query matching with information retrieval
applications [4]. However, designing the optimized probabilities relies exclu-
sively on the knowledge of the probability distributions of the matrix elements,
which limits its applicability to the cases where such information is a priori
available. Conversely, it can be argued that BASICMATRIXMULTIPLICATION

with uniform probabilities becomes more appealing when dealing with real-time
random matrix multiplication tasks, where distributions change dynamically.
In batch processing for instance, the task at hand is to evaluate the expecta-
tion of the multiplication or indeed a functional of a matrix product at any
given time, a formidable task in terms of the required speed and accuracy. To
accelerate the time-dependent training of large-scale kernel machines for ex-
ample, the evaluation of a kernel function is identified as and approximated
through the expectation of a random inner product via some randomised fea-
ture map [10], [11]. In this case, coupling a standard Monte Carlo method (MC)
and BASICMATRIXMULTIPLICATION with uniform probabilities may satisfy the
speed specifications but compromise the accuracy of the result. A more prudent
alternative is to employ a multilevel Monte Carlo method, similar to the one
developed in [5] instead of MC.

MLMC was initially conceived for reducing the cost of computing the ex-
pected value of a financial derivative whose payoff depends upon the solution of
a stochastic differential equation (SDE). The framework in [5] generalizes Ke-
baier’s approach in [9] to multiple levels, using a geometric sequence of different
time step sizes. In doing so it reduces substantially the computational cost of
MC by taking most of the samples on coarse grids at low cost and accuracy,
and only a few samples on finer computationally expensive grids that lead to
solutions of high accuracy. Over time, MLMC has grown in scope and found
a wide range of applications in the broad area of SDEs, SPDEs, for stochastic
reaction networks and inverse problems [12], while further variants have been
developed in the form of multilevel quasi-Monte Carlo estimators [6] and multi-
level sequential Monte Carlo samplers [1]. For an overview on MLMC we refer
the reader to the excellent survey [7]. Therein the author emphasizes that the
multilevel theorem allows to use other estimators as long as they satisfy some
specific conditions. This theorem lays the foundation for the algorithm pro-
posed in this paper. A closely related work [2] considers the MLMC estimate
for approximating the mean field of a nonlinear PDE, providing a theoretical
framework in separable Hilbert spaces. Although there is clearly no actual time
stepsize in the matrix multiplication context, we can draw an analogy between
the term time stepsize in numerical analysis for differential equations and the
term the size of the sampled index set in randomised linear algebra. As antic-
ipated in a convergent MLMC scheme, the numerical estimation error shrinks
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with decreasing time stepsize. Similarly, due to the law of large numbers, in-
creasing the size of index samples will decrease the expected squared Frobenius
approximation error as shown in Lemma 4 of the seminal work [3]. Therefore we
claim that a random strategy for matrix multiplication with fewer index samples
is analogous to using a “coarser grid” in the PDE setting. This observation is
crucial to our construction of MLMC estimators for matrix multiplication.

In Section 2 below we begin by discussing the simpler case of calculating
‘on the fly’ the expectation of the inner product between large random vectors.
We first consider the BASICMATRIXMULTIPLICATION algorithm with uniform
probability and proceed to review the main results for the inner product from [4].
We then introduce the important quantities base number M ∈ N and level size
L ∈ N based on which the MLMC estimator (c.f. (9) and (10)) is constructed
via inner product approximations with index sample sizes M0,M1, . . . ,ML. In
this context, the approximation on the ‘finest grid’ corresponds to the inner
product realization with ML samples. Here we note the distinction between
samples and indices, in that since we are sampling with replacement, taking
ML > n samples does not imply sampling all n indices. Given that the variance
of the approximated inner product is proportional to M−l for l ∈ {1, . . . , L}
(c.f. Theorems 2.1 and Theorem 2.2), the complexity of the proposed MLMC
estimator for a functional of the inner product conditioned on certain features
of the underlying approximation can be treated similarly as the case β = 1 of
Theorem 3.1 in [5]. This result is revisited in Theorem 2.2 where a comparison
with standard MC is attempted. Corollary 2.4 discusses the computational
complexity of our MLMC estimator using Theorem 2.2. At the end of Section
2, we comment on the optimal choice of base number M following the reasoning
in [5].

In Section 3 we extend our approach to matrix multiplication, adapting
Theorems 2.1 and 2.2 accordingly. It is worth mentioning that, because the
approximation error (c.f. Theorems 3.1 and 3.2) is measured in expectation as
a Frobenius norm, for the analysis the matrices are considered transformed in
vector form prompting a new definition of ‘variance’ for the vectorized matrices
denoted as V‖. Further, Theorem 3.3 discusses the complexity and Corollary
3.4 validates the complexity of the MLMC estimator for matrix multiplication.
The implementation of our method is presented as Algorithm 2. Finally, in
Section 4 we present two simple numerical experiments to illustrate the per-
formance of the MLMC estimator in comparison with the standard MC one.
By making appropriate choices for M and L parameters, the proposed MLMC
estimator outperforms the MC estimator in terms of accuracy as well as speed
and computational efficiency.

2 Inner product

We define T as a countable collection of discrete time points and set t ∈ T. Let
a(t) and b(t) be two random vectors of length n, whose elements are drawn from
some unknown, perhaps different, probability distributions, say a(t) ∼ La(t) and
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b(t) ∼ Lb(t). Here and throughout this paper, n is assumed to be extremely
large such that evaluating the inner product of a(t)Tb(t) is deemed impractical if
at all possible. Consider that there is a need to compute Ea(t),b(t)[f(a(t)Tb(t))]
on demand, at different times, where f is a Lipchitz function with Lipchitz
constant Cf and Ea(t),b(t) is the expectation under La(t) and Lb(t). For the
sake of notational simplicity, the argument (t) is suppressed in the notation but
assumed implicitly in all of the quantities introduced above.

Indeed the task at hand consists of two main parts: approximating aTb in
an efficient and accurate manner and approximating its expected value in the
spirit of Monte Carlo methods. To tackle the first issue, the random sampling
method for inner product estimation presents a viable option. Suppose there
is a sampling distribution ξ := {ξj}nj=1 with

∑n
j=1 ξj = 1 such that each in-

dex j ∈ [n], where [n] := {1, 2, . . . , n}, can be drawn with an assigned positive
probability ξj . Further suppose we fix a ‘base’ number M ∈ N and collect
ML, L ∈ N, independent and identically distributed index samples as an index
sequence (r1, . . . , rML) according to ξ. We shall refer to these collected ML in-
dices,or equivalently, the sequence (r1, . . . , rML), as a sample realisation. Then
denote by SL the sampling-and-rescaling matrix of size n ×ML such that ele-
ments of a and b at the ML index samples will be used for approximating the
inner product of aTb. That is,

âTb = aTSLS
T
Lb =

1

ML

ML∑
i=1

1

ξri
aribri := XL(ξ), (1)

where XL(ξ) denotes a scalar random variable that approximates the target
aTb using ML samples from ξ, emphasizing its dependence on ξ. Previous
research have shown that XL(ξ) is an unbiased estimator of aTb under the
sampling distribution ξ. The performance of the approximation when the vector
elements a and b are known only up to their distributions can be assessed
through quantifying the variance of the estimator. The minimum variance is
attained when sampling according to the distribution given by the following
theorem from [4].

Theorem 2.1. If the vector elements aj and bj are independent random vari-
ables, j ∈ [n], with finite and nonzero moments Ea,b[a2

jb
2
j ], then the probability

ξ∗ with elements

ξ∗j =

√
Ea,b[a2

jb
2
j ]∑n

i=1

√
Ea,b[a2

ib
2
i ]
, (2)

minimizes the expected value of the variance in (1), that is,

min
ξ

Ea,b[Var[XL(ξ)]] = Ea,b[Var[XL(ξ∗)]] :=
µ

ML
, (3)

where Var is the variance under ξ and µ = Ea,b

[∑n
i=1

a2
ib

2
i

ξ∗i
− (aTb)2

]
.

4



Sampling with ξ∗ is clearly not practical when we have no knowledge about
the distributions of a and b in advance, hence a plausible convenient alternative
is to use a uniform probability over the index set

ξuj =
1

n
, j ∈ [n], (4)

with variance as follows.

Theorem 2.2. [4] Assume the same setting as in Theorem 2.1 but with proba-
bility ξu defined in (4), then the variance is

Ea,b[Var[XL(ξu)]] = Ea,b[Var[XL(ξ∗)]] +
nν

ML
=
nν + µ

ML
, (5)

where

ν =

n∑
i=1

(√
Ea,b[a2

ib
2
i ]−

1

n

n∑
j=1

√
Ea,b[a2

jb
2
j ]
)2
.

Typically one may consider approximating the expectation using a standard
MC method that simulates Ea,b[f(aTb)]. In this instance, the quantity of in-
terest, say P , can then be estimated by (1) with a uniform probability (4) and
MC as

Ea,b[P ] := Ea,b[f(aTb)] ≈ 1

N

N∑
k=1

f
(
(a(k))Tb(k)

)
=

1

N

N∑
k=1

f
(
X

(k)
L (ξu)

)
:= P̂ ,

(6)

where N is the number of realisations for ML many index samples or equiv-
alently, an index sequence of length ML. In this case the mean square error
(MSE) for the estimate P̂ turns out to be

E
[(
P̂ − E[P ]

)2]
= E

[(
P̂ − E[P̂ ]

)2]
+
(
E[P ]− E[P̂ ]

)2
= E

[(
P̂ − E[P̂ ]

)2]
+
(
E[f(aTb)− f(XL(ξu))]

)2
,

(7)

where E, and also V that appears in the sequel, (without subscripts) denote
respectively the expectation and the variance under La, Lb and ξu. The last
term in (7), for a fixed L, characterizes the bias and can be bounded by(

E[f(aTb)− f(XL(ξu))]
)2 ≤ E

[(
f(aTb)− f(XL(ξu))

)2]
= E

[(
f(aTb)− f(aTSLS

T
Lb)

)2] ≤ C2
fE[|aT (I − SLSTL )b|2] ∼ O(M−L),

where the first inequality comes from Jensen’s inequality, that is E[X]2 ≤ E[X2]
for arbitrary random variable X, the second inequality is due to the Lipchitz
continuity of f and the last one due to (5). The first term in (7) is simply the
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variance from the MC simulation and can be bounded in terms of N as

E
[(
P̂ − E[P̂ ]

)2]
= V[P̂ ] =

1

N
V[f(XL(ξu))]

≤ 1

N

(
V[f(XL(ξu))− f(aTb)]

1
2 + V[f(aTb)]

1
2

)2
≤ 1

N

( Cf

M
L
2

(nν + µ)
1
2 + Va,b[f(aTb)]

1
2

)2
∼ O(N−1).

(8)

Overall, as in [5], the MSE varies in terms of 1
ML and 1

N . This is still true even
if we sample based on the optimal sampling probability (2). Meanwhile, the
complexity is in terms of NML, for an integer N to be determined.

Alternatively, it may be possible to obtain the same accuracy at a reduced
computational cost, by considering a multilevel MC simulation [5]. For l ∈
[L]
⋃
{0} define as P̂l the approximation to f(aTb) from M l sampled indices.

Further define Ŷl as an estimator of E[P̂l− P̂l−1] using Nl realizations with l > 0
and similarly Ŷ0 the estimator of E[P̂0] using N0 samples, that is

Ŷl :=
1

Nl

Nl∑
k=1

(P̂
(k)
l − P̂ (k)

l−1). (9)

A key point to note is that both P̂
(k)
l and P̂

(k)
l−1 emerge from the same realization,

as we discuss in more detail when we describe our Algorithm 1. By the linear
property of the expectation it follows immediately that

E[P̂L] = E[P̂0] +

L∑
l=1

E[P̂l − P̂l−1] ≈ Ŷ0 +

L∑
l=1

Ŷl := Ŷ , (10)

where clearly E[P̂L] = E[Ŷ ]. To investigate the performance of the proposed
MLMC estimator Ŷ in (10) we compare the complexity of two estimators Ŷ and
P̂ at the same accuracy level.

Theorem 2.3. Let a and b be two random vectors with length n drawn from
different unknown distributions, that is a ∼ La and b ∼ Lb, and let f : R→ R
be a Lipschitz function with Lipschitz number Cf . Denote by P the term of in-

terest as in (6), and define P̂l the corresponding approximation to f(aTb) based
on the sketched version of matrix multiplication via M l many index samples like
in (1).

1. If there exist independent estimators Ŷl as in (9) based on Nl Monte Carlo
samples, and positive constants c1, c2, c3 such that

(a) E[P̂l − P ] ≤ c1M−
l
2 ,

(b) V[Ŷl] ≤ c2N−1l M−l,

(c) the complexity of Ŷl, denoted by Cl, is bounded by Cl ≤ c3NlM l,
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then there exists a positive constant c4 such that for ε < e−1, there are
values L and Nl for which the multilevel estimator Ŷ =

∑L
l=0 Ŷl has an

MSE E[(Ŷ − P )2] with bound ε2, and computational complexity

C(Ŷ ) :=

L∑
l=0

Cl ≤ c4ε−2(log ε)2.

2. Furthermore, define the estimator based on the finest level L and N re-
alisations as in (6) with either the optimal sampling probability (2) (if
tractable) or the uniform probability (4), and suppose

(a) the variance for P̂ is bounded by the same constant c2, i.e., V[P̂ ] ≤
c2N

−1,

(b) the complexity for P̂ is bounded by the same constant c3, i.e., C(P̂ ) ≤
c3NM

L,

then at the same accuracy ε2, C(P̂ ) ≤ c6ε
−4, which is much larger than

the upper bound of C(Ŷ ) when ε is sufficiently small.

Proof. 1. The proof is based on [5]. Accordingly, the MSE for Ŷ is

E
[
(E[P ]− Ŷ )2

]
= (E[P ]− E[Ŷ ])2 + E

[(
Ŷ − E

[
Ŷ ]
)2]

= (E[P ]− E[P̂L])2 + V[Ŷ ],

where L is to be determined. If choosing the ceiling

L =
⌈ log(2c21ε

−2)

logM

⌉
, (11)

then its bias component can be bounded via condition 1.(a)-(b) as(
E[P ]− E[P̂L]

)2 ≤ c21M−L ≤ 1

2
ε2.

On the other hand, choosing

Nl = d2(L+ 1)c2ε
−2M−l

⌉
(12)

together with condition 1.(b) gives that

V[Ŷ ] ≤
L∑
l=0

V[Ŷl] ≤ c2
L∑
l=0

N−1l M−l

≤ c2
L∑
l=0

(
2(L+ 1)c2ε

−2M−l
)−1

M−l

= c2

L∑
l=0

ε2

2(L+ 1)c2
=

1

2
ε2.
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To bound the complexity C, let us first find the bound for L in terms of
log ε−1. Indeed, L+ 1, defined in (11) is bounded by

L+ 1 ≤ 2 log(ε−1)

logM
+

log(2c21)

logM
+ 2 ≤ c5 log ε−1, (13)

where c5 =
1+
(
0∨log(2c21)

)
logM + 2 given that log ε−1 > 1 (ε ≤ e−1). Besides,

from (11) we can get an upper bound for ML−1 as

ML−1 ≤M
log(2c21ε

−2)

logM = elogM
log(2c21ε

−2)

logM = 2c21ε
−2. (14)

Therefore the computational complexity C is bounded through

C ≤ c3
L∑
l=0

NlM
l ≤ c3

L∑
l=0

(
2(L+ 1)c2ε

−2M−l + 1
)
M l

= c3

(
2(L+ 1)2c2ε

−2 +
M2ML−1 − 1

M − 1

)
≤ c4ε−2(log ε)2,

where c4 = 2c2c3c
2
5 +

2c3c
2
1M

2

M−1 .

2. For both estimators Ŷ and P̂ , the bias is fixed for the same choice of L
in (11). Now let us choose an appropriate N such that V[P̂ ] ≤ 1

2ε
2. Let

N = d2c2ε−2e to meet the accuracy specification, and recall the upper
bound for ML−1 in (14). Then the complexity C(P̂ ) is

C(P̂ ) ≤ c3NML ≤ c3(2c2ε
−2 + 1)M22c21ε

−2 ≤ c6ε−4,

where c6 = 2c21c3M
2(2c2 + e−2).

The application of Theorem 2.3 relies on its conditions being verified. This
is explored in the form of the following corollary.

Corollary 2.4. Assume the setting in Theorem 2.3 and choose a uniform sam-
pling distribution ξu as in (4). Then we have

1. c1 = C2
f (nν + µ),

2. c2 = 2C2
f (M + 1)(nν + µ) + 2Va,b[P ],

3. c3 = 1 +M−1.

Proof. 1. For any l ∈ N
⋃
{0} we have that(

E[f(aTb)]− E[f(Xl(ξ
u))]
)2 ≤ E[

(
f(aTb)− f(Xl(ξ

u))
)2]

≤ C2
fE[|aT (I − SlSTl )b|2] ≤ C2

fM
−l(nν + µ),

where the last inequality holds because of (5).
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2. For any l > 0 we have that

V[P̂l − P̂l−1] ≤
(
V[P̂l − P ]

1
2 + V[P − P̂l−1]

1
2

)2
≤
(
E[(P̂l − P )2]

1
2 + E[(P̂l−1 − P )2]

1
2

)2
≤ C2

f

(
E[|aT (I − SlSTl )b|2]

1
2 + E[|aT (I − Sl−1STl−1)b|2]

1
2

)2
≤ 2C2

f (M−l +M−l+1)(nν + µ) ≤ 2C2
f (M + 1)(nν + µ)M−l.

For l = 0 we have that

V[P̂0] = V[f(X0(ξ))] ≤
(
V[f(X0(ξ))− P ]

1
2 + V[P ]

1
2

)2
≤
(
CfE[|aT (I − S0S

T
0 )b|2]

1
2 + Va,b[P ]

1
2

)2
≤
(
Cf (nν + µ)

1
2 + Va,b[P ]

1
2

)2
≤ 2C2

f (nν + µ) + 2Va,b[P ].

Besides, from (8) we can see that V[P̂ ] is bounded by the same c2.

3. For any l > 0 we can see easily the complexity is roughly

Cl ≤ N l(M l +M l−1) = (1 +M−1)N1M l,

while

C0 ≤ N0M0 ≤ (1 +M−1)N0M0.

Besides, we have for the complexity of P̂ that

C(P̂ ) ≤ NML ≤ (1 +M−1)NML.

Thus c3 can be set as 1 +M−1.

Remark 2.5. Asymptotically as l→∞, we have that E[P − P̂l] ≈ c1M−
l
2 , and

hence
E[P̂l − P̂l−1] ≈ (

√
M − 1)c1M

− l
2 ≈ (

√
M − 1)E[P − P̂l].

Similarly to the analysis in Section 4.2 of [5], this information can be used as
an approximate bound: L can be set as the smallest integer such that

|ŶL| <
1√
2

(
√
M − 1)ε. (15)

By doing this, we might achieve a bias bounded by ε2

2 without evaluating c1.

Remark 2.6 (Optimal Nl). To achieve a fixed variance, i.e., V[Ŷ ] < 1
2ε, the

optimal Nl can be chosen as

Nl ≈
⌈
2ε−2

√
VlM−l

( L∑
j=0

√
VlM l

)⌉
, (16)
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where Vl denotes the variance of a single sample P̂l− P̂l−1. This result is simply
an application of Section 1.3 of [7] or Eqn. (12) in [5] to the ‘stepsize’ M−l.
The estimation for Nl in (16) is conservative and may induce oversampling.
In practice, some scaling factor might be introduced to avoid oversampling (see
Section 4.1).

2.1 Optimal M

This part explores the methods in [5] in order to find an optimal M that reduces
the computational complexity of the estimator even further. With c2 given by
Corollary 2.4, L and Nl given in the proof of Theorem 2.3, we can express the
complexity of Ŷ in terms of M as

C(Ŷ ) ≤
L∑
l=0

Cl ≈
L∑
l=0

Nl(M
l +M l−1)

(12)
≈

L∑
l=0

c2(L+ 1)(M l +M l−1)ε−2M−l

c2≈
L∑
l=0

(L+ 1)(M + 1)2M−1ε−2 = (L+ 1)2(M + 1)2M−1ε−2

(11)
≈ M−1(M + 1)2 log(M)−2 log(ε)2ε−2 = g(M) log(ε)2ε−2,

where
g(M) := M−1(M + 1)2 log(M)−2. (17)

As illustrated in figure 1 where we plot g(M) against M , g(M) drops sharply
for M < 6 and then starts growing slightly again after M going beyond 12. The
minimum (optimum) is attained at M = 11, however from our experience using
either M = 10 or M = 12 does not make a significant difference. We remark that
our definition of g(M) in (17) differs somewhat from that used in [5], i.e. in the
term (M + 1)2, but this does not affect the general trend of g(M) as described
above. In the numerical experiments of Section 4.1, a choice of M = 10 is used
as it was deemed appealing in terms of both the performance and time cost.

3 Matrix multiplication

We now extend our approach to matrix multiplication and thus we consider
A(t) and B(t) to be two random matrices of size m× n and n× d respectively,
m,n, d ∈ N, drawn from different distributions, elementwise, in the sense A(t) ∼
LA(t) and B(t) ∼ LB(t), and again we suppress t in the notation as in Section
2 and assume that n is extremely large such that computing directly AB is
prohibitively expensive. Recall that f is a Lipchitz function with Lipschitz
constant Cf , and define f�(AB) the elementwise operator on AB, that is,(

f�(AB)
)
ik

= f
(
(AB)ik

)
, for i ∈ [m], and k ∈ [d].

Once again consider that there is a need to compute EA,B [f�(AB)] where EA,B
is the expectation under LA and LB .
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Figure 1: The plot of the dominant complexity term g(M) against the base
number M , indicating the existence of an optimal M at the minimum point.

As in the inner product case, in order to simulate EA,B [f�(AB)] we first
approximate AB by random sampling (sketching) for matrix multiplication and
then approximate the expectation through a Monte Carlo method. Recall that
ξ := {ξj}nj=1 with

∑n
j=1 ξj = 1 is a sampling probability such that an index

j ∈ [n] can be drawn with positive probability ξj and SL a sampling-and-
rescaling matrix of size n×ML such that

ÂB = ASLS
T
LB =

1

ML

ML∑
i=1

1

ξri
A:,riBri,::= ZL(ξ), (18)

where A:,j indicates the jth column of A and Bj,: indicates the jth row of
B, and ZL(ξ) denotes the matrix-valued random variable that appproximates
AB based on ML indices sampled from ξ. It is easy to verify that ZL(ξ) is
an unbiased estimator under the sampling distribution ξ. Besides, following
arguments similar to those of the proof of Theorem 2.1 in [4] and Lemma 4 in
[3], we can conclude that the minimum of the expected squared Frobenius error
can be achieved by the following result.

Theorem 3.1. If the matrix elements Aij and Bjk are independent random
variables, i ∈ [m], j ∈ [n] and k ∈ [d], with finite and nonzero moments
EA[‖A:,j‖22] and EB [‖Bj,:‖22]. Then the probability ξ∗∗, which is defined as

ξ∗∗j =

√
EA[‖A:,j‖22]EB [‖Bj,:‖22]∑n

i=1

√
EA[‖A:,i‖22]EB [‖Bi,:‖22]

, (19)
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minimizes the expected value of the variance in (1), that is,

min
ξ

EA,B
[
E[‖AB − ZL(ξ)‖2F ]

]
= EA,B

[
E[‖AB − ZL(ξ∗∗)‖2F ]

]
=

1

ML

(( n∑
j=1

√
EA[‖A:,j‖22]EB [‖Bj,:‖22]

)2
− EA.B [‖AB‖2F ]

)
:=

µ̄

ML
,

(20)

where µ̄ =
(∑n

j=1

√
EA[‖A:,j‖22]EB [‖Bj,:‖22]

)2
−EA,B [‖AB‖2F ], E[·] denotes the

expectation under the distribution ξ, and EA,B [·] is the expectation with respect
to the (element-wise) probabilities of A and B.

The proof is omitted here as it is quite similar to the proof of Theorem 2.1
in [4]. Besides, as discussed in Section 2, it is impractical to use ξ∗ for random
sampling. A simpler option would be to use a uniform probability ξu as defined
in (4).

Theorem 3.2. Assume the same setting as in Theorem 3.1 but with probability
ξu as defined in (4), then the expected squared Frobenius error is

EA,B
[
E[‖ZL(ξu)−AB‖2F ]

]
= EA,B

[
E[‖ZL(ξ∗∗)−AB‖2F ]

]
+
nν̄

M l
=
nν̄ + µ̄

M l
,

(21)

where

ν̄ =

n∑
i=1

(√
EA[‖A:,i‖22]EB [‖Bi,:‖22]− 1

n

n∑
j=1

√
EA[‖A:,j‖22]EB [‖Bj,:‖22]

)2
.

The proof is omitted here as it is very similar to that of Theorem 2.3.
In this context, a quantity of interest P can be approximated with standard

MC coupled to a random sampling method for matrix multiplication via either
uniform probability (4) or the optimal probability (19) (if tractable)

EA,B [P ] := EA,B [f�(AB)] ≈ 1

N

N∑
j=1

f(AS
(j)
L (S

(j)
L )TB)=

1

N

N∑
j=1

f
(
Z

(j)
L (ξ)

)
:= P̂ ,

(22)

where N is the number of realisations for ML many index samples. To consider
the MSE for the estimate P̂ , we apply a matrix vectorization: for instance, if
A ∈ Rm×n,

vec(A) = vec([A:,1 · · · A:,n]) =

A:,1

...
A:,n

 ∈ Rmn, (23)
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is the column concatenation of A into a vector. Then the MSE would be

E
[
‖vec(P̂ − E[P ])‖22

]
= E

[
‖vec(E[P̂ ]− E[P ])‖22

]
+ E

[
‖vec(P̂ − E[P̂ ])‖22

]
= ‖vec

(
E[A(I − SLSTL )B]

)
‖22 + E

[
‖vec

(
P̂ − E[P̂ ]

)
‖22
]

= ‖vec
(
E[A(I − SLSTL )B]

)
‖22 + V‖

[
vec(P̂ )

]
,

(24)

where E is short for EA,B,ξ and V‖
[
vec(X)

]
:= E

[
‖vec

(
X − E[X]

)
‖22
]

for any
random matrix X. Besides, it is easy to verify that

V‖[X + Y ]
1
2 ≤ V‖[X]

1
2 + V‖[Y ]

1
2 , (25)

for any random vectors X and Y . Note that the variance of a vectorized random
matrix is indeed the variance of the random matrix in Frobenius norm. For
example,

V‖
[
vec(P̂ )

]
= E

[
‖vec

(
P̂ − E[P̂ ]

)
‖22
]

= E
[ md∑
h=1

vec
(
P̂ − E[P̂ ]

)2
h

]
= E

[ m∑
i=1

d∑
k=1

(
P̂ − E[P̂ ]

)2
ik

]
= E[

∥∥P̂ − E[P̂ ]
∥∥2
F

].

With these preliminaries let us now extend the approach of Section 3.1 to
matrix multiplication. For l ∈ [L]

⋃
{0}, define P̂l as the approximation to

f�(AB) with M l many index samples. Recall that Ŷl is an estimator of E[P̂l −
P̂l−1] using Nl realizations with l > 0 and Ŷ0 the respective estimator of E[P̂0]
using N0 samples, as defined in (9). Eqn. (10) remains unchanged, from where
we have that E[P̂L] = E[Ŷ ].

Theorem 3.3. Let A and B be two random matrices with sizes m×n and n×d
respectively, drawn from different distributions, namely A ∼ LA and B ∼ LB.
Let f : R → R be a Lipchitz function with Lipchitz number Cf . Denote by P

the term of interest as in (22). Define P̂` the corresponding approximation to
f�(AB) based on the sketched version of matrix multiplication via M ` many
index samples like in (18).

1. If there exist independent estimators Ŷl as in (9) based on Nl Monte Carlo
samples, and positive constants c1, c2, c3 such that

(a)
∥∥vec(E[P̂l − P ])

∥∥2
2
≤ c21M−l,

(b) V‖[vec(Ŷl)] ≤ c2N−1l M−l,

(c) the complexity of Ŷl, denoted by Cl, is bounded by Cl ≤ c3NlM l,

then there exists a positive constant c4 such that for ε < e−1, there are
values L and Nl for which the multilevel estimator Ŷ =

∑L
l=0 Ŷl has an

MSE E[‖vec(Ŷ − E[P ])‖22] with bound ε2, with computational complexity

C(Ŷ ) :=

L∑
l=0

Cl ≤ c4ε−2(log ε)2.

13



2. Furthermore, define the estimator based on the finest level L and N re-
alizations as in (6) with either the uniform probability (4) or the optimal
probability (19) (if approachable). Suppose

(a) the variance for P̂ is bounded by the same constant c2, i.e., V‖[P̂ ] ≤
c2N

−1,

(b) the complexity for P̂ is bounded by the same constant c3, i.e., C(P̂ ) ≤
c3NM

L,

then with the same accuracy ε2, C(P̂ ) ≤ c6ε−4 which is much larger than
the bound of C(Ŷ ).

The proof is similar to that of Theorem 2.3, expect from the decomposition
of MSE,

E
[
‖vec(Ŷ − E[P ])‖22

]
= E

[
‖vec(E[Ŷ − P ])‖22

]
+ V‖

[
vec(Ŷ )

]
, (26)

so we omit the proof. A more important issue is to verify our proposed MLMC
estimator satisfies the conditions of Theorem 3.3.

Corollary 3.4. Assume the same setting in Theorem 3.3 via the sampling dis-
tribution ξu in (4). Then we have

1. c1 = C2
f (nν̄ + µ),

2. c2 = 2C2
f (M + 1)(nν̄ + µ) + 2V‖[f�(AB)],

3. c3 = md(1 +M−1).

Proof. 1. For any l ∈ N we have that∥∥vec
(
E[f�(AB)− f�(Zl(ξ

u))]
)∥∥2

2
≤ E

[∥∥vec
(
f�(AB)− f�(Zl(ξ

u))
)∥∥2

2

]
= E

[∥∥f�(AB)− f�(Zl(ξ
u))
∥∥2
F

]
≤ C2

fE[‖AB − Zl(ξu)‖2F ]

≤ C2
fM

−l(nν̄ + µ),

where the last inequality comes from Theorem 3.2.

2. For any l > 0 we have that

V‖[vec(P̂l − P̂l−1)]

≤
(
V‖
[
vec
(
P̂l − f�(AB)

)] 1
2 + V‖

[
vec
(
P̂l−1 − f�(AB)

)] 1
2

)2
≤
(
E
[∥∥vec

(
f�(AB)− f�(Zl(ξ

u))
)∥∥2

2

] 1
2

+ E
[∥∥vec

(
f�(AB)− f�(Zl−1(ξu))

)∥∥2
2

] 1
2

)2
≤ 2C2

f

(
E[‖AB − Zl(ξu)‖2F ]

1
2 + E[‖AB − Zl−1(ξu)‖2F ]

1
2

)2
≤ 2C2

f (M−l +M−l+1)(nν̄ + µ)

≤ 2C2
f (M + 1)(nν̄ + µ)M−l.

14



For l = 0 we have that

V‖[vec(P̂0)] = V‖
[
vec
(
f�(Z0(ξu))

)]
≤
(
V‖
[
vec
(
f�(Z0(ξu))− f�(AB)

)] 1
2 + V‖

[
vec
(
f�(AB)

)] 1
2

)2
≤ 2C2

fE[‖A(I − S0S
T
0 )B‖2F ] + 2V‖

[
vec
(
f�(AB)

)]
≤ 2C2

f (nν̄ + µ) + 2V‖
[
vec
(
f�(AB)

)]
.

Besides, it is easy to see that V‖[vec(P̂ )] can be bounded by the same c2
together with N−1.

3. For any l > 0 we can see easily the complexity is roughly

Cl ≤ mdN l(M l +M l−1) = md(1 +M−1)N1M l,

while

C0 ≤ mdN0M0 ≤ md(1 +M−1)N0M0.

Besides, we have for the complexity of P̂ that

C(P̂ ) ≤ mdNML ≤ md(1 +M−1)NML.

Thus c3 can be set as md(1 +M−1).

Remark 3.5. Asymptotically as l → ∞, we have that ‖vec(E[P − P̂l])‖2 ≈
c1M

− l
2 , and hence

‖vec(E[P̂l − P̂l−1])‖2 ≈ (
√
M + 1)c1M

− l
2 ≈ (

√
M + 1)‖vec(E[P − P̂l])‖2.

Similarly as in Section 4.2 of [5], this information can be used as an approximate
bound: L can be set as the smallest integer such that

‖vec(ŶL)‖2 <
1√
2

(
√
M + 1)ε. (27)

By doing this, we might achieve a bias bounded by ε2

2 without evaluating c1.

Remark 3.6 (Optimal Nl). To achieve a fixed variance, i.e., V‖[vec(Ŷ )] < 1
2ε,

the optimal Nl can be chosen as

Nl ≈
⌈
2ε−2

√
VlM−l

( L∑
j=0

√
VlM l

)⌉
, (28)

where Vl is the variance of the vectorized form of a single sample P̂l − P̂l−1
(recall the definition of the vectorized matrix variance right before (25)). This
result is simply an application of Section 1.3 of [7] or Eqn. (12) in [5] to the
‘stepsize’ M−l.

To choose the optimal value of M we argue as in Section 2.1, that is, M = 11
leads to the least computational complexity among between all choices of M . In
the numerical experiments of Section 4.2, it turns out that M = 10 and M = 6
both yield acceptable approximations.
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3.1 MLMC sketching algorithm

Based on the general discussion in the beginning of Section 2, Remark 3.5 and
Remark 3.6, we propose an algorithm for estimating the matrix product based
on MLMC method in Algorithm 2. The inner product case discussed in Section 2
can be treated as a special case. Algorithm 2 approximates E[f�(AB)] through
(10) under uniform probability (4), where the evaluation for each Ŷl in (10)
is performed through function level estimation described in Algorithm 1. To
ensure the convergence, the choices of L andNl with l ∈ [L]

⋃
{0} are determined

within Algorithm 2 using a while loop with one of the conditions given by Eqn.
(27) in Remark 3.51. It is worth noticing that, while the value L and therefore
Nl for l ∈ [L]

⋃
{0} are updated in the while loop (see Line 16 and Line 9),

previous evaluations for Ŷl are reused in Line 13 for efficiency.
Although the outline in Algorithm 1 is simple to follow we draw the reader’s

attention to Line 17 describing how P̂
(k)
l and P̂

(k)
l−1 are computed through the

common realization of M l indices. Indeed, the procedure for getting P̂
(k)
l is

by random sampling as in (18) via the indices of a sample realization of size

M l under uniform probability, and likewise P̂
(k)
l−1 via M l−1 of those M l indices.

That is, taking (r1, . . . , rM l) as a realization, then

P̂
(k)
l = f�

( n

M l

M l∑
j=1

A(k)
:,rjB

(k)
rj ,:

)
, and P̂

(k)
l−1 = f�

( n

M l−1

M l−1∑
j=1

A(k)
:,rjMB

(k)
rjM ,:

)
.

Note that in practice the above computation can be further simplified by map-
ping (r1, . . . , rM l) into a set with non-repeated elements.

4 Numerical experiments

In this part, we present some numerical experiments designed to test the per-
formance of the Algorithm 2 in comparison with a standard MC method em-
bedded with the optimal sampling distribution (see Theorem 2.1 and Theorem
3.1). Our experiments are implemented in Python (version 3.6.9) with Numpy-
based calculations being optimized under openBLAS [14] and executed on a
Linux cluster with two 14-core E5-2690 v4 Intel Xeon CPUs at 2.60GHz and
non-uniform memory allocation.

4.1 Example for the inner product

Set n = 104 with aj ∼ j
50 (0.4−N(0, 1)) and bj ∼ cos

(
Poi(10)+2Exp(1)

)
Bern(0.05),

j ∈ [n], where Poi(λ) is a Poisson random variable with parameter λ, Exp(α) is
an exponential random variable with parameter α, and Bern(β) is a Bernoulli
random variable with success rate β. As the Bernoulli random variable has low

1The condition for inner product is slightly different, see Eqn. (15) in Remark 2.5.
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Algorithm 1 function level estimation.

1: Pre-defined: LA and LB, the distributions of the targeted random matri-
ces.

2: f , the targeted function; ξu, the uniform sampling distribution de-
fined in (4).

3: input: l, the level size;
4: M , the base number;
5: Nl, the number of iterations.
6: output: Ŷl, the approximated version of E[P̂l − P̂l−1] for l 6= 0 or E[P̂l] for
l = 0.

7: initialization: Ŷl = 0.
8: if l = 0 then
9: for ` = 1 · · ·Nl do

10: get a pair of samples A(`) and B(`) from LA and LB;
11: sample one index r from 1 to n according to ξu;

12: set Ŷl = Ŷl + 1
N0
f�
(
nA

(`)
:,rB

(`)
r,:

)
;

13: else
14: for k = 1 · · ·Nl do
15: get a pair of samples A(k) and B(k) from LA and LB;

16: sample M l many indices (rj)
M l

j=1 from 1 to n according to ξu;
17: set

Ŷl = Ŷl +
1

Nl

(
f�
( n

M l

M l∑
j=1

A(k)
:,rjB

(k)
rj ,:

)
− f�

( n

M l−1

M l−1∑
j=1

A(k)
:,rjMB

(k)
rjM ,:

))
;

18: return: Ŷl.
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Algorithm 2 The MLMC estimator for E[f�(AB)].

1: Pre-defined: LA and LB, the distributions of the targeted random vectors.
2: f : the targeted function; ξu: the uniform distribution in (4).
3: input: M , the base number;
4: ε, the error tolerance.
5: output: Ŷ , the approximated version of E[f�(AB)].
6: initialization: set L = 0, t = 0.

7: while L < 3 or ‖ŶL−1‖F
N

(t−1)
L−1

≥ 1√
2
(
√
M + 1)ε do

8: initialize ŶL = 0;
9: update Vl (defined in Remark 3.6) for all l ∈ [L]

⋃
{0};

10: calculate the optimal N
(t)
l for all l ∈ [L]

⋃
{0} through Eqn.(28);

11: update ŶL = ŶL +N
(t)
L level estimation(L,M,N

(t)
L );

12: if L > 0 then
13: for l = 0 · · ·L− 1 do
14: update Ŷl = Ŷl + (N

(t)
L − N

(t−1)
L )level estimation(L,M,N

(t)
L −

N
(t−1)
L );

15: set L = L+ 1 and t = t+ 1;

16: update Ŷl = Ŷl/N
(t−1)
l for all l ∈ [L− 1]

⋃
{0};

17: return:
∑L−1
l=0 Ŷl.

success rate we expect b to be a sparse vector. In this example we targeted func-
tion is set to f(x) := 1

|x|H(x+0.4)+0.01 , where H(·) is an Heaviside step function.

It is easy to see in this case f is highly nonlinear.
We test the Algorithm 2 for the inner product case with a parameter M = 10

and error tolerance ε = 0.1, where the reference solution is obtained through
direct MC computation:

E[aTb] ≈ 1

N1

N1∑
j=1

(a(j))Tb(j), with N1 = 105. (29)

The value of L and the number of realizations at each level l ≤ L, i.e., Nl
with l ∈ [L]

⋃
{0} are tuned automatically by the algorithm itself. In our case

L = 3 and Nl is obtained through scaling (16) by 1
20 . This scaling factor 1

20 is
introduced to prevent oversampling. Note that the scaling factor does not affect
the trend of Nl. Figure 2 illustrates the trend of the variance of each single path
sample P̂l − P̂l−1 together with its corresponding Nl. From there it is easy to
see that there is a clear decay in variance with respect to l from l = 1, which
results in the nearly polynomial decay in the number of realizations Nl. For
comparison we also perform a standard MC simulation of the same M and L
under optimal sampling (Theorem 2.1) with a number of repetitions chosen to
maintain roughly the same accuracy level (convergence). The results obtained
are tabulated in Table 1.
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Figure 2: Inner product case: plot of the variance of a single realization P̂l−P̂l−1
up to l = L (red solid line), and its corresponding number of realizations for each
l up to l = L (blue dashed line): for l = 0, the variance of a single realization
P̂l − P̂l−1 is indeed the variance of a single realization P̂0.

MLMC using ξu MC using ξ∗ directMC
(M ,L) AE RE time cost AE RE time cost time cost
(10, 3) 0.002 0.079 0.047 s 0.001 0.041 0.274 s 0.423 s

Table 1: Numerical results from the implementation of our method on approx-
imating the inner product. These include records of the relative errors (RE),
absolute errors (AE) and computational times for Algorithm 2 under M = 10
and its corresponding L. For comparison we provide also the results from stan-
dard MC (6) with optimal sampling distribution ξ∗ (2) based on the finest level
L, and time cost for getting reference solution through direct MC (29).
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Figure 3: Matrix multiplication case: Plot of the variance of a single realization
P̂l − P̂l−1 up to l = L (red solid line), and its corresponding number of realiza-
tions for each l up to l = L (blue dashed line): for l = 0, the variance of a single
realization P̂l − P̂l−1 is indeed the variance of a single realization P̂0.

From Table 1, the MLMC estimator using ξu in general outperforms the
MC one using ξ∗ in terms of the elapsed time. Though MC using ξu provides
an approximation that doubles the accuracy of MLMC, its computational time
is about six times longer. The computation times of both estimators are less
than that of the directMC for getting the reference solution, which illustrates
the advantage of our proposed estimator in practice.

4.2 Example for the matrix multiplication

In the matrix multiplication case we consider a setup with n = 104, m = d = 103

using Aij ∼ g1
(
j

104 (0.5−N(0, 1))
)
, where g1(x) := sin(x)+N(0, 1)x, and Bjk ∼

g2(Poi(2))Bern(0.2), where g2(x) := cos(x)H(5 − x) for i ∈ [m], j ∈ [n] and
k ∈ [d]. Like before, Poi(λ) denotes a Poisson random variable with parameter
λ and Bern(β) is a Bernoulli random variable with success rate β. The targeted
function is chosen to be f(x) := |x|H(2 − x), where H(·) is an Heaviside step
function.

Similar to the inner product example, we run Algorithm 2 for the matrix
product with base number M = 10 and the error tolerance ε = 0.1. The
reference solution is computed as

E[ATB] ≈ 1

N2

N2∑
j=1

A(j)B(j), with N2 = 105. (30)

Algorithm 2 automatically chooses L = 5. Though ML is now larger than
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MLMC using ξu MC using ξ∗∗ directMC
(M ,L) AE RE time cost AE RE time cost time cost
(10, 5) 0.088 0.006 2.240s 0.069 0.005 75.173 s 25.561 s

Table 2: Numerical results from the implementation of our method on approx-
imating the matrix product. These include records of the absolute errors in
Frobenius norm (AE), the relative errors (RE) and computational times for Al-
gorithm 2 under M = 10 and its corresponding L. For the sake of comparison
we provide also the results from a standard MC simulation (22) based on the
finest level L and sampling distribution ξ∗∗ (19), and the timecost for getting
the reference solution through direct MC (30).

n, this does not imply sampling all the columns of A. Besides, the number of
realizations generated at the finest level L is very small, which does not affect the
total performance. Meanwhile the variance of each single path sample P̂l− P̂l−1
together with its corresponding Nl is directly obtained through (28). Figure 3
illustrates the trend of the variance of P̂l − P̂l−1 and Nl up to l = L. It can
be noted from Figure 3 that from l = 3 the variance curve begins to decay,
while the apparent low values in variance from l = 0 to l = 2 are due to the
nature of randomised sketching of matrix multiplication. For example, to get
an approximation Zl(ξ

u) of AB through (18) with l = 0, only one column of A
and the corresponding row of B are selected and multiplied. This is guaranteed
to decrease the variance of Z0(ξu). We can also observe this phenomenon from
the inner product case as depicted in Figure 2, where the variance of l = 0 is
only slightly bigger than the one of l = 1. The curve in Figure 3 also indicates
that our proposed estimator will be more efficient in super-large-scale matrix
application, where the variance decay speeds up for higher level l >> 5.

To compare performance, a standard MC simulation of the same M and
L, formulated in (22), is implemented with optimal sampling distribution ξ∗∗

(Theorem 3.1) with the number of repetitions chosen to maintain roughly the
same accuracy level. As matrix B is a very sparse matrix, optimal probability
defined in Eqn. 20 might have sparse or very small entries. Therefore even ML

is now larger than n, the probability that all the columns of A are sampled
to obtain an approximation is pretty small. The results obtained are recorded
in Table 2. The MLMC estimator using ξu in general outperforms the MC
one using ξ∗∗ in terms of the elapsed time. Meanwhile, the computational
times for MC using ξ∗∗ are admittedly very large, taking three times longer
than the directMC. This is mainly due to the choice of the high level L = 5
compared to the matrix size. On the other hand, it is reasonable to anticipate
that the MLMC method under the approximated optimal probability instead
of the uniform one, would lead to a drastic improvement of the efficiency of the
approximation beyond what has been demonstrated in this work.
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5 Conclusions

We presented a new approach for computing arbitrary vector and matrix prod-
ucts ‘on-the-fly’ that combines ideas from sketching in randomized linear algebra
and multilevel Monte Carlo approaches for estimating high-dimensional inte-
grals. Our approach is simple to implement and, subject to optimizing some
algorithmic parameters, it outperforms the standard Monte Carlo in both in
terms of the accuracy and the time required for computing the estimator.
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