PHILOSOPHICAL
TRANSACTIONS A

royalsocietypublishing.org/journal/rsta

[CO
Research Gheck for

Cite this article: Bartlett D, Pandey S. 2026
Symbolic emulators for cosmology:
accelerating cosmological analyses without
sacrificing precision. Phil. Trans. R. Soc. A 384:
20240585.
https://doi.org/10.1098/rsta.2024.0585

Received: 30 May 2025
Accepted: 17 November 2025

One contribution of 15 to a discussion meeting
issue ‘Symbolic regression in the physical
sciences.

Subject Areas:
cosmology, astrophysics, artificial intelligence

Keywords:

symbolic regression, large-scale structure,
cosmological parameters, machine learning,
power spectrum, weak lensing

Author for correspondence:
Deaglan Bartlett
e-mail: deaglanbartlett@gmail.com

THE ROYAL SOCIETY

PUBLISHING

Symbolic emulators for
cosmology: accelerating
cosmological analyses without
sacrificing precision

t1,2

Deaglan Bartlett"? and Shivam Pandey?

TDepartment of Astrophysics, University of Oxford, Oxford, UK

ZInstitut d'Astrophysique de Paris, Paris, France

3Department of Physics and Astronomy, Johns Hopkins University, Baltimore, MD,
USA

DB, 0000-0001-9426-7723

In cosmology, emulators play a crucial role by
providing fast and accurate predictions of complex
physical models, enabling efficient exploration of
high-dimensional parameter spaces that would be
computationally prohibitive with direct numerical
simulations. Symbolic emulators have emerged as
promising alternatives to numerical approaches, de-
livering comparable accuracy with significantly faster
evaluation times. While previous symbolic emulators
were limited to relatively narrow prior ranges, we
expand these to cover the parameter space relevant
for current cosmological analyses. We introduce
approximations to hypergeometric functions used for
the A cold dark matter (ACDM) comoving distance
and linear growth factor which are accurate to better
than 0.001% and 0.05%, respectively, for all redshifts
and for Q. €[0.1,0.5]. We show that integrating
symbolic emulators into a Dark Energy Survey Year 1
(DES-Y1)-like 3 X 2 pt analysis produces cosmological
constraints consistent with those obtained using
standard numerical methods. Our symbolic emulators
offer substantial improvements in speed and memory
usage, demonstrating their practical potential for
scalable, likelihood-based inference.

This article is part of the discussion meeting issue
‘Symbolic regression in the physical sciences’.

© 2026 The Authors. Published by the Royal Society under the terms of
the Creative Commons Attribution License http://creativecommons.org/licenses/
by/4.0/, which permits unrestricted use, provided the original author and source
are credited.


https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1098/rsta.2024.0585&domain=pdf&date_stamp=
https://doi.org/10.1098/rsta.2024.0585
mailto:deaglanbartlett@gmail.com
https://orcid.org/
http://orcid.org/0000-0001-9426-7723
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

1. Introduction

The aim of any cosmological analysis is to infer parameters which describe our Universe given
observed data. This involves computing a prediction for an observable quantity given some set of
cosmological parameters and then comparing these to the observed values. One must repeat this
procedure typically thousands of times as one searches through cosmological parameters which
could reasonably explain the observations.

These predictions can be prohibitively slow, and thus it has become increasingly common
to replace exact simulations with surrogate models which are much faster yet are sufficiently
accurate to not bias our predictions. These have conventionally taken the form of numerical
machine learning emulators, such as AemuLus [1], Bacco [2-4], cosra [5], CosmicEmu [6], cos-
MOPOWER [7,8], Dark Emurator [9], EMUPK [10], EucLIDEMULATOR:1 [11], EUCLIDEMULATOR: [12],
ForrFrrTingFuncriON [13], FRANKENEMU [14,15], NGENHALoFIT [16] and pico [17,18].

Although much faster than solving the full simulation, it is hard to interpret what the emula-
tors are doing “under the hood” and, to continue using these into the future, one must rely on the
programming languages and packages which they are written with being maintained and com-
monly used. As an alternative, one can often approximate the output of these simulations with
symbolic models. Such methods were common long before their numerical counterparts, of which
the BBKS [19] and Eisenstein & Hu (E&H) [20,21] approximations for the matter power spectrum
are particularly popular. Historically, these expressions were obtained through careful, manual,
analytic considerations of the outputs of simulations and were able to achieve accuracies of the
order of a few to tens of per cent. More recently, the supervised machine learning technique of
symbolic regression [22] has been utilized to extract symbolic approximations for cosmological
quantities of interest in an automated fashion [23-28]. Not only are these more interpretable than
the numerical emulators, but they can be made just as accurate yet orders of magnitude faster
[23-25]. Moreover, the output is a symbolic equation using common mathematical expressions;
these formulae are easily portable and implemented in any language of choice and do not de-
pend on any particular package. It is possible to analytically differentiate such expressions, which
improves efficiency for high-dimensional sampling algorithms. Alternatively, they can be easily
imported into programming languages which have automatic differentiation (e.g. jax) to achieve
the same goal.

The goals of this work are threefold. First, we aim to extend the prior range of symbolic em-
ulators to match the broader parameter ranges currently used in cosmological analyses, while
maintaining the same level of accuracy. It is crucial that these emulators are accurate to at least
the per cent level to be useful for current and upcoming surveys [29]. These are developed in §2.
Second, we demonstrate that these extended emulators yield consistent cosmological constraints
when embedded within a Dark Energy Survey Year 1 (DES-Y1)-like 3 X 2 pt analysis. This is the
first demonstration that solely symbolic emulators can be used in Stage-III survey applications
without causing biases; we leave the study of their ability to be applied to Stage-IV surveys to fu-
ture work. Finally, we quantify the practical advantages of the symbolic approach by highlighting
improvements in computational speed and memory efficiency. This analysis is performed in §3.
For simplicity, we focus on A cold dark matter (ACDM) cosmologies in this work. It is possible to
extend this to other cosmological models, such as with massive neutrinos and wyw,— with existing
tools, as done in previous studies [25]. We conclude in §4.

Throughout, we use ‘log’ to denote the natural logarithm. Whenever the wavenumber, k,
appears in a mathematical expression, it is assumed to have units of i Mpc_l.

2. Symbolic emulators for ACDM

The aim of this section is to extend some of the SYmbolic Regression ENhanced (sYREN) [23-25]
emulators so that they are valid over a wider parameter range than in the original papers. For
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Table 1. Prior range used to generate symbolic emulators in this work.

parameter  description min value max value

Qn present-day matter density parameter 0.1 0.5

.Qb ........ 'préséht:déybaryoﬁd‘én'sbitybpéira'méte“r S
h hubble constant ( Hy = 100 hkm s~ Mpc_1 ) 0.5 0.9

ns ........... "sce'a'la'rvsg')vecﬂtréi e
..68... ...... ‘rbn‘abttébrﬂbuc‘tbuation‘anlwbpllibtu‘de‘» S

z redshift 0.0 3.0

* v wavenumber(hMpf_i) - - 10‘4‘ v 102

simplicity, we focus on the concordance cosmological model (ACDM) which is governed by six
key parameters: the present-day baryon and total matter densities (€2, and Q,,,, respectively), the
Hubble constant (Hy = 100 & km/s/Mpc), the reionization optical depth, 7 and two parameters de-
scribing the amplitude, Ag, and spectral tilt, 1, of the primordial power spectrum. In this work, we
ignore the small effect of 7 on the quantities of interest and often use an alternative parametriza-
tion where we replace Ay with og, which is the root mean squared fluctuation of the linearly
evolved density field when smoothed with a top-hat filter of radius 8 h1 Mpc (although we pro-
vide an emulator for converting between the two parametrizations). For these parameters, we use
the prior range listed in table 1, since this is more appropriate for current cosmological analyses.
Given that we are particularly focusing on weak-lensing analyses, we fit our models for redshifts
z <3, although we demonstrate below that our models have excellent extrapolation behaviour
beyond this range. We also produce some new emulators for quantities which are required for
a weak lensing analysis and whose evaluation can be slow, namely, the comoving distance and
linear growth factor.

In the remainder of this section, we begin by describing the symbolic regression code used
(§2a) before outlining the quantities we wish to emulate and our found symbolic approximations
(§2b). We assess the performance of our emulators at the level of the nonlinear matter power spec-
trum in §2c. We note that, owing to factorizing out their dependence, all the emulators developed
in this section can be applied to an arbitrary og or A5 except for the HALOFIT ones, provided the
other parameters do not go outside of the ranges listed in table 1.

(a) Symbolic regression

Our symbolic emulators are obtained using the genetic programming-based symbolic regression
code oPERON [30]. Genetic programming is an evolutionary algorithm that operates on symbolic
expressions represented as trees. In each generation, a population of candidate expressions is
evaluated using a fitness function, and less effective expressions are removed. New candidates
are generated through crossover —recombining parts of existing expression trees—and mutation,
which involves randomly altering tree structures by inserting, deleting or replacing subtrees.
Through successive generations, the expression population is expected to improve, yielding in-
creasingly accurate analytic models. In an operoN, the leaf nodes of expressions (a variable or a
parameter) are paired with associated scaling factors. These scaling coefficients are subsequently
optimized using the Levenberg-Marquardt algorithm [31,32], as described in [33].

Our Pareto-optimization problem attempts to find an accurate fitting function while remaining
relatively simple. During the search, we measure simplicity as the model ‘length’, which is equal
to the number of nodes in the tree representation of the function, and accuracy with the root mean
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squared error (RMSE). Unless otherwise specified, we seek equations which can be formed from
the following symbols: +, —, X, =+, \/7, pow and —, as well as constants and variables. OPErRON incor-
porates e-dominance during the non-dominated sorting stage [34], where two candidate solutions
are considered equivalent if their objective values—accuracy and simplicity —differ by less than
a specified threshold €. This approach limits the number of near-identical individuals in the pop-
ulation and supports convergence towards a diverse approximation of the Pareto front: the set of
solutions for which no improvement in accuracy is possible without increasing complexity.

To balance predictive performance with model compactness, we tested several ¢ values and
reported the selected settings in the relevant sections for each emulator. Genetic programming-
based symbolic regression is a non-deterministic method, and thus identical set-ups but with
different initial populations can lead to very different expressions and loss functions. As such,
the variation in our results with different values of € could also be due to different initial popu-
lations. Nonetheless, our final chosen settings and initial populations yield sufficiently accurate
expressions for our purpose, although the reader could obtain different expressions (of better or
worse accuracy) by rerunning our analysis with a different initial random seed, and even using
the same training data.

To select our models, we manually inspect all equations returned on the Pareto front after a
specified run time. We reject all equations which we deem insufficiently accurate for our purpose
or whose losses on the training and validation sets are significantly different; an indication of
overfitting. The selection of our preferred model is then somewhat qualitative based on the over-
all structure of the model (although note that this can be quantified using language models [35]),
but we also only select models which have (or can be forced to have) the correct analytic limits in
known cases.

(b) Emulators
(i) Radial comoving distance

In ACDM, the radial comoving distance to an object at scale factora=1/(1 + z) is

1

1 / /
2= da - < ZizFl(2,1,Z;x'>\/ama"3+1—am , (2.1)
Ho R = Ho |l om2 '\3 756
TN QT+ 1 -0

3 . . . . .
where x' =4a'"(Qy, — 1)/Qy, and o F; is the Gaussian hypergeometric function. We can interpret —x’
as the ratio of the energy density of dark energy to that of matter at the scale factor a’. Although
this has a closed-form solution, this is not always practical for modern computational workflows.

a'=a

In particular, libraries such as jax.scipy (at the time of writing) do not provide built-in support for
the hypergeometric function in equation (2.1), and its direct evaluation can be computationally
inefficient. This presents a challenge for applications that rely on automatic differentiation, such
as those using jax, where efficient and differentiable expressions are preferred. We therefore wish
to find a simpler analytic approximation for y(a).

Given equation (2.1), we only need to find an approximation for the hypergeometric function
part, since the other terms are trivial to evaluate. To obtain an approximation for the prior range of
interest (table 1), we need to have an approximation which is valid for the range —9.0 < x’ < —0.016.
We therefore generated 200 x points randomly from a uniform distribution in this range for train-
ing, and another 200 for validation, and evaluated the hypergeometric function using sciey. We
search for expressions with a maximum length of 25 and terminate oPERON’s search after 2 min-

utes on 40 cores. We choose ¢ = 102 and add the analytic quotient operator (aq(x, y) =x/4/1 + y2)
to the default basis set outlined in §2a.
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Figure 1. Fractional errors on our approximations to the hypergeometric functions required to evaluate the radial comov-
ing distance (left, equation (2.2)) and linear growth factor (right, equation (2.4)) for a ACDM cosmology. In both cases,
Xx=a*(Q, — 1)/, for scale factor a and present-day matter density parameter €2,,. The approximations were obtained
for x in the grey shaded region (corresponding to the prior range in table 1), and they thus show very good extrapolation be-
haviour, particularly for values of x relevant for cosmology (red hatched region).

The longest model which opEroN returns with these settings is at length 15, where our ap-
proximation to 2F1(§, 1, g;x) is proportional to (cy + (¢ — x)2 — c3x)~%, where {c;} are optimized
parameters. Given its relative simplicity and that it is the most accurate model found, we choose
this expression. OPERON returns a constant of proportionality; however, we choose not to use this

value but instead explicitly enforce that 2F1(§, 1, 2; 0) =1. This gives

Cy

C2
2 7 (o)) -i-C1
>Fq (g,l,g;x)z , (2.2)

o+ (c1 —x)? —c3x
for {¢;} = {0.9207,0.98617,1.42499,0.91875, 0.46516}.

We see that this is an exceptionally good approximation in figure 1, where we plot the fractional
error on this approximation as a function of —x. When considering the range of the training data,
the fractional error monotonically increases with |x|, from approximately 10~7 for small |x| to 1073
at the largest value of x, and thus the error is negligible. In figure 1, we also show the extrapolation
behaviour of this function. Given that we only consider positive redshifts in cosmology, we are
only concerned with the extrapolation to smaller values of |x|. Remarkably, the error continues to
decrease as we consider higher redshifts, and thus for all 0.1 <2, < 0.5 and for any redshift, we
always have errors smaller than 0.001% with this approximation. The error slightly increases if
we consider the other (irrelevant) limit for extrapolation, but still remains sub(per cent) until we
consider values of x which are 10* times larger than the maximum value in our training range.

(ii) Growth factor

We now turn to the linear growth factor. This function gives the time dependence of perturba-
tions at linear order in cosmology and is thus of fundamental importance. The growth factor in a
ACDM universe is given by [36,37]

D@ =oFi (3.1, 55x)a 23)
where x = a*(Qp, — 1)/Qp,. We search for an analytic approximation to this, again using 200 train-
ing and validation points in the range used for the emulator of y(a) and with the same basis

functions as in the preceding section. After only 10 s of searching, operon finds a model at length
11 which is proportional to ((bg — x)b2 +b1)~1/2, for some constants {b;}. Although oPErON gives
the constant of proportionality, we choose to explicitly enforce that , F; (%, 1, %; 0) =1, which cor-
responds to ensuring D(a) % a at early times. We also know that, for large but negative |x]|, the

hypergeometric function is proportional to (—x)~'/3, which sets the value of b, to be 2/3.
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After making these adjustments, we re-optimize the parameters by minimizing the RMSE
across our training set, yielding the final expression,

1.1 b + by

(L a)e Yt
(bo — )" + by
where {b;} = {0.723,1.204}.

We plot the fractional error on this approximation as a function of |x| in figure 1, where we
again see excellent results. For the range of the training data (i.e. for the range of parameters in
table 1), the fractional error on this expression is always below 5 x 107#, so is once again neg-
ligible. The extrapolation behaviour is the same as before: this approximation improves as one
extrapolates to higher redshift, and thus the error is negligible for all values of x relevant to cos-
mology. For the other limit, the error increases, but stays at approximately per cent level even for
much larger values of x than equation (2.2).

, (2.4)

(iii) Conversion between A, and o,

Our remaining emulators are for functions and variables which describe the clustering of matter
in the Universe. The matter density of the Universe, p(x), can be factorized into a spatially constant
background density, g, and a density contrast §(x), such that p(x) = 5(1 + 6(x)). We then define the
Fourier transform of 8(x) to be (k) and assume that the distribution of matter is statistically ho-
mogeneous and isotropic. Defining (:--) to be an ensemble average, the matter power spectrum,
P(k), is defined to be

r)3P(k, )P (k - k’) =(5(k)&*(K)), (2.5)

where 8P is the Dirac delta function. If the density contrast is predicted according to linear
perturbation theory, then we call this the linear matter power spectrum, Py;, (k, 6).

An important quantity is the root mean squared fluctuations of these linearly evolved fluctu-
ations within spheres of radius R. This is given by

o0
K2 2
o2(z,6) = f dk Pyl 2,0) Wk R 2.6)
0

where W(k, R) is the Fourier transform of the top-hat window function and is given by

3 .
W(k,R) = W (sin(kR) — kR cos(kR)). (2.7)

Itis common in cosmology to replace the parameter A by g, which is simply o for R =8 h~! Mpc
at z=0. However, if we want to change from one parametrization to another, it is convenient
to have a simple parametric expression for this conversion rather than having to evaluate and
integrate the linear power spectrum.

Since the linear power spectrum is proportional to Ay, we know that \/Ag/gg can only de-
pend on the other cosmological parameters: Qy,, Oy, k1, 115. We therefore find an approximation for
log (\/ 1094/ 08) as a function of these parameters, where we multiply Ag by 10° to obtain a target
of order 1, and take the logarithm so that we always predict a positive og for a given Ag. To find
this function, we generate 200 training cosmologies using a Latin hypercube and the parameter
prior in table 1. For a given Ay, we then find the corresponding og using cams [38] and compute
log (\/ 1094,/ 08). We repeat this process for a further 200 cosmologies from a different Latin hy-
percube, which we use as our validation set. We search for expressions with oPEroN using the
default function set from §2a with ¢ = 107® and with a maximum allowed model length of 50.
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Table 2. Best-fit parameters for the emulator converting A, to o (equation (2.8)).

name value name value name value name value name value
dy 0.95534 d 68.8078 d, 0.5159 d; 1.18861 dy 0.197
ds 0.53884 dg 0.01983 4 0.76405 dg 0.29247 dy 10.8834

ds 471485 di, 546729  dy 09624

After 5 min of searching on a single node of 40 cores, we find that the loss for the Pareto front
plateaus at a model length of 42, and thus choose this model, which is
) V10244
og o

. Q—d
~dons (d1 Q)" + (dVh + dyn) (—d5ns b6 )

+ —_—
d7Qm — dgy

dioh —d
(d112m) ™" <d13-Qb + (d14h) 150’“)
d16Qm + d17y

, 2.8)

where the parameters {d;} are listed in table 2. This model is very accurate, with an RMSE of
1.3 x 1073 and 1.6 x 1073 on the training and validation sets, respectively. Given that we often
seek per cent level accurate predictions for the power spectrum, this is far within the required
accuracy, since the fractional error on the power spectrum is approximately twice the error on
the fit in equation (2.8) (since we have /A on the left-hand side of equation (2.8)). This error is
comparable to the result of [23] despite the larger prior range considered here.

(iv) Linear matter power spectrum

One of the most costly parts of the analysis that we perform in §3 is evaluating the linear matter
power spectrum, and thus an emulator for this is the most effective for speeding up the analysis.
This acceleration is not limited to weak lensing analyses; for example, an effective field theory-
based analysis of galaxy clustering also requires the linear matter power spectrum, so this could
be easily incorporated into such an analysis.

As in previous work [25,39], to obtain an approximation for this, we begin with the approxima-
tion from E&H [20] without the baryonic acoustic oscillations (BAOSs) (Pno wiggle(k, 8)), and learn
the ratio of the true linear power spectrum (evaluated using cams) to this,

Plin(k’ 2, 9) = D2(Z’ e)Pno wiggle(k7 Q)F(k7 6)- (2-9)

As such, F(k, 0) fully captures the BAOs, but also provides a correction to the no-wiggle part of
the E&H prediction. We choose to learn log F to enable us to optimize the fractional error and to
ensure that our result for F is always positive. Since we are dealing with ACDM, F is independent
of redshift [40]. We also know that it is independent of A, since its dependence is fully captured
by Pro wiggles and thus only fit this ratio as a function of Qp,, Qy, h, ns and k.

To perform this fit, we sample 200 cosmologies using a Latin hypercube in the range listed in
table 1. We use a further 200 for validation. For each cosmology, we evaluate the matter power
spectrum at 200 k values, although these are not evenly spaced in k or log k. We wish to have high
resolution near the oscillatory features of the power spectrum (BAOs) and thus use 150 values
of k logarithmically spaced between 1072 1 Mpc_1 and 11 Mpc_l. The remaining 50 are used in
the rest of the k range listed in table 1 such that the logarithmic spacing is constant for those two
regions. Outside the high-resolution region, log F varies slowly; hence, we are able to use fewer
points.

H
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Figure 2. Left: Fractional error on symbolic fits to the redshift-zero linear matter power spectrum when compared against
AmB. We plot the 68% error distributions when the cosmological parameters are varied across the range listed in table 1. Right:
The various contributions to the prediction for log F at the Planck 2018 cosmology. The high-frequency oscillations of cos(f;)
are a plotting artefact from using a logarithmic x scale: for large &, f; is linear in £.
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This is our most challenging emulator to fit, and thus we choose a significantly longer run
time for the orErRON of 47 h on 128 cores (after 24 h our results were slightly too inaccurate for our
purposes). For numerical stability, we replace division in our function set with ag (again defined
to be ag(x,y) =x/4/ 1+ y2), and we also include cosine since we know that we shall have to fit

oscillatory features. We set € = 10~* and allow a maximum model length of 200.
We find that the oPERON produces a particularly compact result at a model length of 167, which
takes the form

log F(k, ) ~ f1 (f cos(fz) + f1) + fs, (2.10)

$850%C0T *#8E V 20§ Y "Subi| 1iYyd

where each {f;} are functions of k and 6, except f5 which only depends on 6. These are given in
appendix A. We note that the form of each of {f;} are non-trivial functions of k and the cosmologi-
cal parameters. As such, although we are able to interpret equation (2.10) in various limits below,
this is not generally true for arbitrary k from just looking at the equations. Nonetheless, this fit is
accurate and, once the results are plotted, we can begin to see how each of the terms in equation
(2.10) corrects the E&H formula.

OPERON returns a constant for fs5; however, we choose not to use this since we must obey a phys-
ical constraint. Since the E&H transfer function is unity on large scales, we require thatlog F — 0 as
k — 0. We therefore analytically compute f; = limj_, f; and, to obey the physical constraint, enforce
that

fs=—fi (fa cos(f3) + fs) - (2.11)

It is not guaranteed a priori nor forced in the search that the limits of these expressions as k — 0
are well behaved; however, for our chosen model, each f; is finite in this limit. We find that]‘z =1
whereas the other f; depend on the cosmological parameters.

We compute the error on this fit compared to cams as a function of k and averaged across the
prior range of table 1, and plot the results in figure 2. We compare the results to the errors on
the E&H formula which includes the wiggles [21] as implemented in yax-cosmo [41]. For both
cases, we only use the transfer function with the true A, rather than integrating and changing the
normalization so that og matches. One immediately sees that the approximation obtained here is
much more accurate than that of E&H; when averaged across all cosmologies and wavenumbers
of table 1, we obtain an RMSE of 0.6% error, compared to 3% for E&H. Moreover, from figure 2
we see that the error on our fit is relatively constant with wavenumber, but is a strong function
of k for E&H; our approximation’s error band stays within 1% for all k, whereas the E&H result
grows to up to 10% error on the smallest scales.

In figure 2, we also illustrate the various components contributing to the symbolic fit, using the
Planck 2018 cosmological parameters. Each term in the model has a distinct interpretative role. The
function f; accounts for the large-k inaccuracies of the E&H fitting formula, which arise owing to it



neglecting baryon pressure effects [20] on small scales. The terms f, and f; act as approximate step
functions that effectively localize the oscillatory features to a finite range in k, suppressing them
outside this window. The oscillatory component cos(f3) behaves approximately as cos(wk + ¢),
where w and ¢ are asymptotically constant in the small- and large-k limits, with smooth correc-
tions in the intermediate regime. Finally, f5 enters the expression as a constant offset to ensure the
correct limit as k — 0.

(v) Halofit variables

Up until now, we have only considered the linear evolution of matter in the Universe. Although
a good approximation on large scales, for smaller scales, one cannot neglect the nonlinear effects
of gravity, and thus one must correct the matter power spectrum. This has the effect of distorting
the BAOs and introducing a non-trivial time dependence, such that P(k) is larger on small scales
and the ratio of the nonlinear to linear power spectrum on these scales grows with time.

The most accurate way to capture this behaviour is through running N-body simulations; how-
ever, these are far too computationally expensive to be used within an inference pipeline, and thus
surrogate models are required to estimate the effects of nonlinearity on P(k). Many numerical em-
ulators based on these have been created [2,4,11,12], and the syREN-HALOFIT [24] and SYREN-NEW
[25] symbolic emulators have been shown to demonstrate similar accuracy to these methods but at
a fraction of the computational cost per evaluation. Unfortunately, these emulators were trained
on N-body simulations with prior ranges smaller than that of table 1, and thus in this work, we
shall not consider these emulators further.

Instead, we wish to emulate a semi-analytic prescription of nonlinear physics, namely, HALOFIT
[42—44]. In this work, we use the commonly used parameters of [44], which are optimized to
match the results of 16 N-body simulations around the Wilkinson Microwave Anisotropy Probe
cosmologies [45], although we note an updated set of parameters is presented in [24].

HALOFIT gives the nonlinear matter power spectrum as a function of the linear spectrum, the
cosmological parameters, as well as three derived variables computed from the linear spectrum.
The first of these is the nonlinear scale, k., which is defined to be the wavenumber at which

ozlzh=1, oZ(R)= / A2 (k)exp (—k?R?) dlogk, (2.12)

lin
for

A% (k) =Py (k)ﬁ (2.13)
= Ilin 27[2’ .

lin

and Py, (k) is the linear matter power spectrum at the given redshift. Once we have k,, we also
define

dlogoZ(R)
dlogR

_ d’log gl (R)
B dlogR?

9G= og=1

Neff +3=— , (2.14)

where the derivatives can be computed by fitting splines to O'é(R).

Obtaining these variables can be slow to evaluate since one needs to perform integrals of the
linear power spectrum, run a root-finding algorithm, fit splines and then take derivatives of these.
As such, the syREN-HALOFIT emulators [24] find simple analytic expressions for kg, #e¢ and C as
a function of cosmological parameters and redshift. In this section, we extend these emulators to
the prior of table 1. Given the wider prior range than sYREN-HALOFIT, we require more training
samples than in that work; we use 1000 for each variable rather than 200, with parameters sam-
pled uniformly on a Latin hypercube given the prior range of table 1. We compute k, by running a
root-finding algorithm to find the value of R which obeys equation (2.12), where we compute the
linear power spectrum with cams. Once this is obtained, we find Gé(R) with a fifth-order smooth-
ing spline and take derivatives of this to compute 1.5 and C. To approximate these variables, we
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Figure 3. Comparison between the true and symbolic fits for the HALOFIT variables: the nonlinear scale (k; left), the effective
slope (n.¢; centre) and curvature (C; right). We plot the predicted versus true values in the upper panels and the distribution of
their fractional errors in the lower panels.

seek expressions with a maximum length of 100 and comprising the symbols +, —, X, +, \/—', pow,
log as well as constants and variables.

Beginning with k,, we find that, given the large dynamical range of values, it is preferable to
fit log k, rather than k. This has the additional benefit that k, is guaranteed to be positive. We
optimize jointly the model length and mean absolute error (MAE) on logk, (corresponding to a
fractional error on k,), and choose € = 105, After searching for 24 h with orErRoON using a single
node with 128 cores, we choose the model at length 95, which is given in equation (A 1). We plot
the distribution of fractional errors on this fit in figure 3. We find that this has mean absolute
values of 2.0 x 1073 and 2.3 x 1072 for the training and validation sets, respectively, and is thus
accurate to much greater than per cent level accuracy.

We find that 1 is the easiest of the HALOFIT variables to fit, requiring a model of length only
44. This model was found after 24 h of searching with orEroN on 128 cores, again with ¢ =1072.
However, on this occasion, we fit for n.¢ directly and choose to optimize the RMSE instead of
MAE. This model is given in equation (A 2) and the distribution of errors is plotted in figure 3.
This model is not only the shortest of the HALOFIT variables, but is also the most accurate, with
mean absolute fractional errors of 8.9 x 10~% and 9.9 x 10~# over the training and validation sets,
respectively.

For our final HALOFIT variable, C, we find that we only need 12 h of run time with the same
resources to find an appropriate model with orEroN, which was found by jointly minimizing the
MAE on C and the model length. We again choose € = 107°. The chosen model has a length of 71
and is given in equation (A 3). We find that this is the least accurate of the three HALOFIT variables,
with mean absolute fractional errors on 4.9 X 107 and 4.7 x 1073 on the training and validation
sets, respectively. Nonetheless, this is still within per cent level accuracy for the vast majority of
the training and validation set, as can be seen in figure 3.

(c) Nonlinear matter power spectrum prediction

Given the non-trivial dependence of the final HaLoFIT variables on the prediction for the nonlinear
matter power spectrum, we now investigate how these emulators perform when predicting the
full P(k). We consider the Takahashi ef al. [44] implementation of HALOFIT and compare the results
of using our approximations for the growth factor, linear power spectrum and HALOFIT variables
within this framework to that obtained using cams.

Utilizing a Latin hypercube of parameters and redshifts in the range listed in table 1, in figure
4, we plot the distributions of fractional errors on the HaLoFIT P(k) as a function of k, and split into
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Figure 4. Fractional error on symbolic fits to the HALOFIT approximation to the nonlinear matter power spectrum when com-
pared against CAMB's implementation of HALOFIT. We plot the 68% and 95% error distributions when the cosmological parame-
ters are varied across the range listed in table 1, and in each panel, we choose randomly sampled redshifts in the ranges given
by the titles. Our approximation utilizes the symbolic approximation for the linear matter power spectrum (equation (2.10)),
the growth factor (equation (2.4)) and the HALOFIT variables (equations (A 1)—(A 3)).

three equal redshift ranges. We see that the errors on our predictions are relatively independent
of z, with all three panels of figure 4 appearing very similar. We observe that the 68% error band
is always within 1% for all k and z, and that the 95% band is often at or within this level. As such,
we see that our emulators are able to produce per cent level accurate predictions for this quantity,
even when combined in this way.

3. Mock cosmological analysis

Until now, we have focused on the performance of the individual symbolic emulators at the level
of the quantities which they are emulating. Although we have seen good performance, it is es-
sential to assess how well they perform in a cosmological inference; even if the accuracy levels
appeared high in previous sections, if they lead to biased cosmological inferences, then they
would be unusable. In this section, we perform this test, where we perform a mock analysis of
a DES-Y1 lensing and clustering cosmological analysis [46,47]. We describe the set-up of our test
in §3a, and the results are presented in §3b.

(a) Analysis set-up

To evaluate the performance of our emulator in a realistic setting, we embed it in a synthetic
version of the DES-Y1 3 X 2 pt analysis. This framework combines three two-point correlation
functions: cosmic shear (the auto-correlation of galaxy shapes), galaxy—galaxy lensing (the cross-
correlation between galaxy positions and shapes) and galaxy clustering (the auto-correlation of
galaxy positions). Together, these observables jointly constrain the underlying matter distribution
and the galaxy-matter connection. We adopt the DES-Y1 set-up as a representative case study
owing to its well-documented likelihood pipeline, realistic survey characteristics and relevance
to current and future cosmological experiments.

If we consider two probes (either clustering or shear), labelled by (i,j), the angular power

spectrum Cg is given under the Limber approximation as [48]

i 1\ da dy
l]N —_— — — . . —_—
ce(ers) [ S gmoowco k=

i

t +1/2’Z>, 51

where y; =0 for galaxy clustering and u; = —2 for weak lensing, and the integration range (speci-
fied by a;j) is determined by the maximum redshift considered. The number density of tracers in
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a given tomographic redshift bin is given by W;(z) which, for galaxy number counts, is assumed
to be

WE(z) = ni(2)b(2)H(2), (3.2)

where 1;(z) is the distribution of redshifts for the sample and b(z) is the bias function. For weak
lensing, the form of Wj(z) is

3H2Qp, 1/2 o "n_
wio=—5t (g) aroe [ pe@ e ewae, 09

where p;(z) = n;(z)/7; for 71; = OZ””” ni(z) dz. We model the intrinsic alignment term, K;4(z), as [49]
1/2

€+ 2)!) Qn
={— i H(z)——A 4
Win@=(F5)  PEOIOHE S A, (3.4)

where
142\

an@=an (1) (35)

gives the intrinsic alignment amplitude, and is parametrized by the free parameters Aja and 5.

Our approach in this section broadly follows the analyses of [41,46,47]. We use the 1;(z) rele-
vant for the four source and five lens samples of DES-Y1. We assume that these may be slightly
miscalibrated, and thus add in one free parameter for each sample, such that

ni(z) = nfz (z - A7), (3.6)

fz is the initial estimate of #;(z). We consider a linear galaxy bias b;(z) = b;, which is also

a free parameter, and a multiplicative bias for the weak lensing measurements, {m;}. We list the
priors for each of these parameters used in the inference, as well as for the cosmological param-
eters, in table 3. This corresponds to 25 parameters to infer (5 cosmological and 20 ‘nuisance’
parameters), representing a moderately high-dimensional inference problem.

For our ‘true’ inference which we compare against, we use the DES-Y1 likelihood implemented
in cosmoSIS' [50]. For both our mock data and inference, we choose to generate data according
to the Takahashi et al. [44] implementation of HAaLOFIT, which is computed using cams. We use
the muLTINEST [51-53] sampler with 500 live points and allowing a maximum number of 50 000
iterations. We terminate the sampling when our evidence estimate reaches an error of 0.1, and we
do not use the constant efficiency mode. The target efficiency for the importance nested sampling
is 0.3. Otherwise, we use the default settings of cosmoSIS. We use a single node with 128 CPU
cores to perform our inference.

We compare the inference results from cosmoSIS with an implementation of this likelihood
written in jax, for which we use many of the functionalities of jax-cosmo [41]. To enable a fair
comparison, we modify yax-cosmo’s photometric redshift implementation from a kernel density
estimator to a cubic spline, which is what is used by cosmosis. We found that the difference be-
tween these two interpolation methods was much greater (up to a few per cent) than the difference
between the spectra produced by the symbolic emulators and that from using cams.

Utilizing gradients to improve efficiency, we choose to sample with a No-U-Turn Sampler [54],
as implemented in numpyro NuMPYRo [55,56]. We run 16 parallel chains, each with 1000 warm-up
steps and 10 000 samples, using a single Nvidia RTX 2080 GPU. For the syrReN runs, we are able to
use a single node of 8 CPU cores with a combined memory of 30.3 GB. This is insufficient mem-
ory when we do not use the symbolic emulators, so we use two nodes for those cases (but with a
single GPU still).

To compare our run time against that using a numerical emulator, we also run our inference
using cosMoPOWER-JAX [8]. This emulator predicts a different approximation from saLOFIT, and

where n

'https://cosmosis.readthedocs.io/en/latest;/.
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Table 3. Priors used for the mock cosmological analysis. For ‘uniform’ priors, the arguments give the minimum and maximum
allowed values. For ‘normal’ priors, the prior is a Gaussian distribution with a mean and standard deviation given by the first

and second arguments, respectively.

parameter prior parameter prior

cosmology lens photo-z shift

Q, uniform (0.1, 0.5) AZ, normal (0, 0.007)
vTO“"AS” R un|f0rm(550) - . Az’z B normaI(00007) -
bns uniform (0.8, 1.2) AZ normal (0, 0.006)
0, uniform (003,007 AZ, normal (0,0.010)
b Cuniform (05,090 AZ normal (0,0010)
lens galaxy bias shear calibration

. b,(1 5155) A umform(0830) S m, (1 5/54) B — (00023)
sourcephotozshlft B mtrmslcallgnment B
Az, normal (0, 0.016) An uniform (=5,5)
Az normal (0, 0.013) i uniform (=5,5)
Az§ e normaI(OOOH) e
Azi e >hbrmé>ll(0,(>).‘022)m

thus, we do not compare its results at the level of posteriors to that obtained with cosmoSIS, but
we use it as a useful timing comparison.

(b) Results

The primary goal of an emulator (whether numerical or symbolic) is for increased computational
speed. In our inference, there are two primary ways in which our symbolic emulators help in this
regard. First, a single likelihood evaluation is much faster since evaluating P(k) is much slower
when using cams than our emulator. Second, given the differentiable nature of our emulators,
we can gain sampling efficiency through the use of gradients. As such, we find that our inference
takes far less time than using cosmoSIS. Using the settings outlined in the preceding section, the
‘exact’ inference required approximately 72 h of run time on 128 CPU cores, whereas our inference
only took 1.2 h on a single GPU: approximately 60 times faster.

It is unsurprising that using our emulator is much faster than the cosmoSIS inference. How-
ever, an interesting result can be seen by comparing our emulator to jax-cosmo and COSMOPOWER.
For jax-cosmo, we adapt the analysis of [41] for a ACDM cosmology, which notably involves ap-
plying HALOFIT to the E&H approximation. For the cosmorPoweR result, we replace E&H + HALOFIT
with the cosmoroweR emulator. Upon doing this, we find that cosmorower requires 3.5 h of run-
time, whereas jax-cosmo requires 9.3 h. We therefore find that using all our emulators results in
a speed-up of at least a factor of 3. We find that this increase in speed is dominated by the ap-
proximations for the comoving distance and growth factor, since we find more modest increases
in speed of around 20% if we only replaced cosmoPoweR by our power spectrum emulator. Since
these are our most accurate emulators (they are better than 0.001% and 0.05% accurate, respec-
tively), even if one wished to use a neural network for estimating P(k), using our approximations
for these quantities would still result in a significant increase in speed since one no longer must
numerically solve an integral or differential equation. We note that neither the neural network ap-
proach nor our symbolic emulators has been optimized for speed. As such, either or both of these
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Figure 5. One- and two-dimensional posterior distributions of the cosmological parameters for our mock cosmological DES-
Y1-like analysis. The red contours are obtained using an ‘exact’ model (cAMB) and are compared to those obtained using the
symbolic approximations produced in this work (blue contours), and to the combination of E&H and HALOFIT, as implemented in
JAX-COSMO (green contours). The grey dashed lines indicate the true parameters. In the left-hand panel, we consider the sampled
cosmological parameters (which all have uniform priors), whereas in the right-hand panel, we also consider a derived param-
eter, Sg. The high level of consistency between our contours and the exact model indicates that the emulators are sufficiently
accurate for such an analysis. This is not true for the E&H-+HALOFIT model.

emulation strategies could be made faster. Nonetheless, for currently available symbolic models
and neural networks, we find the former to be faster.

One of the motivations for producing symbolic emulators for various parts of the pipeline,
rather than just the linear power spectrum, is to reduce memory usage. In particular, obtaining
the HALOFIT variables involves computing integrals, and calculating the growth factor requires
solving a differentiable equation. To demonstrate the advantage of these emulators, we compare
the memory requirements for computing the mean of the likelihood at the true parameters us-
ing a jax-cosmo approach, compared to relying solely on our symbolic emulators. We find that
the memory needed to evaluate the mean is comparable; however, evaluating the gradient of the
jax-cosMo pipeline with respect to the input parameters requires 50% more memory than for our
symbolic emulators. This additional saving in memory could be exploited in a computational
analysis by running more Markov chain Monte Carlo simulations in parallel per GPU.

Of course, accelerating an inference is only worth doing if the results do not change after doing
so. To assess this, in figure 5, we plot the one- and two-dimensional posterior distributions for in-
ferred cosmological parameters, plotted using Gerpist [57]. We see that the distributions inferred
using cosmoSIS and our symbolic emulators are very similar, in particular, for the parameters
that are well-constrained in these analyses: Q,, 1y and Ag. There is a small difference between the
posteriors of 1 and Q},; however, these are relatively unconstrained by such an analysis, and thus,
this is not problematic. These results are in contrast to the combination of E&H and HALoFIT, with
significant shifts in the peaks of the posterior of 2, and ng, and an overly confident inference of
As.
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It is common to not only consider the cosmological parameters as listed in table 1, but also
consider the derived parameter Sg, defined to be

Sg=0g %, (3.7)
since Sg and Q,, represent two approximately independent parameters which are constrained in
such an analysis. Hence, in figure 5, we also show the posteriors in the 2,,—Sg plane, as is conven-
tional. Again, we see that the differences from the truth for the emulators developed in this work
are negligible, and thus, the symbolic emulators are sufficiently accurate to be used to infer these
parameters in such an analysis. Again, this is not true for E&H+naLor1T, with an underestimation
of both Q,;, and Sg.

During our inference, as well as cosmological parameters, we also sampled parameters de-
scribing intrinsic alignments, bias, shear calibration errors and errors in the photometric redshift
distributions. To determine whether there are any biases in these parameters, in figure 6, we plot
the two-dimensional marginalized posterior distribution of all parameters sampled in the Markov
chain Monte Carlo simulation. As with the cosmological parameters, we find that the two sets of
contours agree well, further demonstrating that the inference with symbolic emulators is accu-
rate. Once again, we see that this is not the case if one uses the HaLOFIT formalism but with the
linear matter power spectrum from E&H. Hence, the corrections to E&H obtained in this work
are necessary to achieve accurate posteriors.

Therefore, we conclude that the symbolic emulators developed in this work are sufficiently
accurate to lead to accurate cosmological inference, but this is not true if one uses E&H for the
linear part of the power spectrum.

4. Conclusion

Symbolic emulators offer a powerful alternative to traditional numerical surrogates for cosmo-
logical inference. By learning fast, interpretable approximations to expensive forward models,
they enable efficient and transparent exploration of cosmological parameter space. In this work,
we have extended the validity of symbolic emulators to broader parameter ranges relevant for
current analyses, demonstrating that these models retain the accuracy needed for unbiased cos-
mological inference. We also introduced a new emulator for the hypergeometric function needed
to compute the comoving distance in a ACDM cosmology, which was accurate to better than one
part in 10 for all cosmological applications. The extrapolation behaviour of this emulator is par-
ticularly notable, as it becomes more accurate as one extrapolates beyond the range of the training
data (in the direction relevant for cosmology).

We embedded these extended symbolic emulators within a DES Y1-like 3 x 2 pt likelihood
pipeline and found that the resulting parameter constraints are consistent with those obtained
using cams. Crucially, the symbolic models enable over an order-of-magnitude improvement
in evaluation speed, making them especially attractive for applications where computational re-
sources are a limiting factor. We find that our pipeline with all symbolic emulators is both faster
and more memory efficient than if using a combination of numerical emulators for the power
spectrum and solving for the growth factor numerically.

In this work, we focused on a Stage-III cosmological analysis as a first step towards deploy-
ing symbolic emulators in Stage-IV surveys. The errors on the emulators produced in this work
are sub-dominant compared to the errors on the quantities they are emulating (HALOFIT is insuf-
ficiently accurate for Stage-IV surveys). Other symbolic emulators in the sYREN family overcome
this problem by fitting more accurate power spectra [24,25] but with narrower prior ranges than
considered here. We leave the extension of their predictions to wider priors and testing their use
within Stage-IV likelihoods to future work.
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As cosmological datasets continue to grow in precision and volume, the ability to perform fast
and accurate inference will only become more essential. The results of this work show that sym-
bolic emulators are not only a viable replacement for numerical ones, but may in fact be preferable
in scenarios demanding interpretability, efficiency and portability. We expect symbolic techniques
to play an increasingly central role in the future of cosmological data analysis.
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Appendix A. Symbolic approximations for the linear matter power spectrum

In this section, we give the symbolic expressions for the various terms given in equation (2.10).
After some manipulations to merge superfluous constants and rounding some which are close to
0 or 1, we obtain the following expressions (see figure 6):
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Figure 6. Marginalized posterior distributions of all parameters considered in our mock DES-Y1 analysis. The ‘exact’ model is
computed using CAMB, and we see that its contours (red) are very similar to those obtained using our symbolic emulators (blue),
demonstrating that the emulators are sufficiently accurate for such an analysis. This is in contrast to applying HALOFIT to the E&H
approximation (green contours), for which significant discrepancies are seen.
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where the parameters {e;} are listed in table 4.
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Table 4. Best-fit parameters for the linear matter power spectrum emulator (equation (2.10)).

name

€

value
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Appendix B. Symbolic approximations for HALOFIT variables

In this section, we give our chosen analytic approximations to the HALoFIT variables defined in

equations (2.12) and (2.14). For the nonlinear scale, k,, we choose

log ky = =g — (P1h)** ¥ +

n yHass s V= g
h

+ [ - P11z (—¢12~Qb + (132 + log(W14ns))
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value
0.49092
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where the parameters {1);} are listed in table 5.
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Table 5. Best-fit parameters for the emulator of the HALOFIT variable k,, equation (A 1).

name value name value name value name value name value
[N 0.3458 (/N 0.01477 P, 0.0825 )3 4.642 ' 0.4738
s 0.3847 Y 2.005 P, 0.02206 g 0.2958 g 0.4962

B 003355y, 0.6467 P 1139, 8498 g, 457

b 0.6448 ¥ 01022 b 03782 e 1239 B, 1827
b 01043 by 03435 Uy 02178 gy 0164 gy, 02413
b 00382 gy 05142 ¥y 04983 b 1] b 0.8871

by 0725 ¥y 01405 by 0614 gy 1027 gy 3036

b 09132 By 04545 by 02444 P 135 Py 9735

Wy 01534 Wy 09639 by 1309 by 1616 Wy 03708

name value name value name value

Xo 3.3208 X 6.3738 X 0.2304 X 0.1642 Xa 0.064
. o )(6 o )(7 ............. I 4 o 4 s
. o )(11 ............ oo )(12 s . T s e

Y 0.8784 Y 0.6466 xo 512827y 0.08%

Table 7. Best-fit parameters for the emulator of the HALOFIT variable C equation (A 3).

name value name value name value name value

@0 4917 ol 0.04262 ®, 1461 3 2181
% ............... n % vvvvvvvvvvvvvvv o ¢6 ............ oo % vvvvvvvvvvvvvvv s
go o s % ............ wn qow ......... oo % ........... i
. gon e .¢B.. T ‘goFMI o gbo‘w» o

(2 0.1805 P17 0.1707 @1 0.2315 P19 0.4075
gozo ........... e % ............. T ¢22 ............ s ch ........... ot
go 24 ........... e g025 ............. o (pm ........... T %7 ............ Do

[ 556X 107" @y 851X 107" oy 177107 ¢y 0.03328

. o - 004131 . %3 I 006002 e

Our approximation to the effective slope, 7, is

nes & (X0 11s — x1) (X2ns + X308 + xaz — x5)"°

X9 —X12Z—x13\ —X14Cm
X ()(7\/ X8Qm — 2 — i (x10y1s + Or11Qm) F2748) )
X (x15h + x1608 + (x172) %), (B2)

where the optimized values of {y;} are listed in table 6.
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Finally, our approximation to the curvature variable, C, is

C~(ppz)

—@7h+egns—pgog ~#122m—p13h-91498 9152
+HP62m) ’ —(P10z+@1175)

X (@20 — 932 + 942)”

—noh
X <_§016h — 91708 + (¢1808)(¢199m—¢209b+§021) P2 (033 +Pauh+ P51+ P2605—P277)

— (—92802m + Pogns + ¢302)¢31h+¢32n5+¢3308) , (B3)

with the optimized coefficients {p;} listed in table 7.
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