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Abstract

Firstly, we prove that the solvable Baumslag—Solitar groups are rigid under
quasiisometric embeddings, strengthening a classic result of Farb and Mosher
[FMO98]. These same ideas allow us to give a quasiisometric classification of
treebolic spaces, confirming a conjecture of Woess [Woel3|. Both of these
results are proved by relating the boundedness of a novel integer sequence

X(p,q,p’,q") to a pair of treebolic spaces.

In the second chapter, which is joint with Sam Hughes and Davide Spriano,
we prove that the language of (XN, 0)-quasigeodesics in a non-hyperbolic group
is not regular for N’ > 54. This is a strong converse to a result of Holt
and Rees [HRO03| in which they prove that in a hyperbolic group the (A, ¢)-
quasigeodesics are regular whenever \ is rational. So we have provided a new
characterisation of hyperbolic groups in terms of whether their quasigeodesics

form regular languages.

In the next chapter, inspired by Buyalo, Dranishnikov and Schroeder’s Alice’s
Diary [BDSO07|, we develop a general theory of diaries and linear statistics.
These notions provide a powerful framework by which one can take a quasi-
isometric embedding of a metric space into a product of infinite-valence trees

and upgrade it to a quasiisometric embedding into a product of binary trees.

Consequently, in the final chapter, we use diaries and linear statistics to prove
that if a group G is relatively hyperbolic with respect to virtually abelian
peripheral subgroups then GG quasiisometrically embeds into a product of bi-
nary trees. This extends the result of Buyalo, Dranishnikov and Schroeder
in which they prove that a hyperbolic group quasiisometrically embeds into
a product of binary trees. To prove this result, we rely on the machinery
of projection complexes and quasi-trees of metric spaces developed by Bestv-
ina, Bromberg, Fujiwara and Sisto [Sis13| [BBF15] [BBFS19] [BBF21|. We
build on this theory by proving that one can remove certain edges from the
quasi-tree of metric spaces, and be left with a tree of metric spaces which is
quasiisometric to the quasi-tree of metric spaces. In particular, this reproves

a result of Hume [Hum17].



Introduction

This thesis consists of four pieces of research, which are covered in Chapter 1, Chapter 2,
Chapter 3 and Chapter 4. In the first chapter we prove that the solvable Baumslag—
Solitar groups are rigid under quasiisometric embeddings, in the second chapter we provide
a characterisation of hyperbolic groups in terms of regular languages of quasigeodesics,
the third chapter outlines a theory of diaries and statistics which is used in the fourth
chapter to construct quasiisometric embeddings from certain relatively hyperbolic groups
into products of binary trees. Since the research contained in Chapter 1 is published
[Nai23], I have chosen not to present the detailed arguments but rather to refer the reader
to the proofs in the published paper. This allows us to focus primarily on the ideas
involved instead. At the time of submission, the research in Chapter 3 and Chapter 4 is
being put together into a preprint that will be uploaded to arXiv.

The research on solvable Baumslag—Solitar groups and regular languages of quasi-
geodesics was completed in 2021. The research on diaries and relatively hyperbolic groups
was completed in 2022, 2023 and 2024.

There is also Chapter 0 which contains certain basic definitions so that the later
chapters of the thesis can focus more on proofs and ideas. Finally, there are Appendices A,
B and C, in which a few results, definitions and examples have been placed if they are
not entirely necessary for the comprehension of the previous chapters.

The topics of this thesis are quite varied; the research on solvable Baumslag—Solitar
groups sits most naturally within research on quasiisometric rigidity (for example, Eskin,
Fisher and Whyte’s quasiisometric classification of the Sol groups [EFW12]), the research
on regular languages of quasigeodesics sits within the intersection of computer science and
group theory (as outlined in [ECH"92|) and the research on relatively hyperbolic groups
is at home among the mathematics of metric embeddings and their obstructions (for
example [BS00| or [HMT22|). However, maybe all mathematicians are drawn to certain
ideas, perhaps to the ones with which they have the natural ability to manipulate and
experiment, and with no conscious intention I seem to have been drawn to trees, words
and quasiisometric embeddings. So the reader should hopefully appreciate thematic links

between the different chapters.



A defence of coarse geometry

On the topic of Cayley graphs, Gromov [Gro93| famously wrote the following paragraph.

This space may appear boring and uneventful to the geometer’s eye since it is
discrete and the traditional local (e.g. topological and infinitesimal) machinery
does not run in I'. To regain the geometric perspective one has to change
his/her position and move the observation point far away from I'. Then the
metric in I seen from the distance d becomes the original distance divided by
d and for d — oo the points in I' coalesce into a connected continuous solid
unity which occupies the visual horizon without any gaps or holes and fills our
geometer’s heart with joy.

Mikhael Gromov, Asymptotic Invariants of Infinite Groups

Gromov is implicitly referring to the asymptotic cone in these sentences, a formali-
sation of the idea of looking at a metric space from infinitely far away. The asymptotic
cone is, without a doubt, the mathematical idea discovered during my DPhil that I think
most special. I think it perfectly captures the playful spirit that coarse geometry can
possess. We begin with a fanciful idea—that if we look at a jaggedy shape filled with
holes from really far away it should begin to appear smooth and the holes will disappear—
and then we find the correct mathematical formalisation of this idea via ultralimits. But
the formalisation is secondary; once the geometric idea has been sparked, everything else
follows.

I do not know if the same can be said of many other mathematical disciplines. The
very fact that our metric spaces are coarse, meaning they are to some extent fuzzy and
only meaningful up to quasiisometry or some other coarse equivalence, allows us the flexi-
bility to apply to them any geometric construction that comes to mind. The disadvantage
of this fuzziness is that many constructions or ideas are immediately dismissed as utterly
meaningless. Any finite alteration is equivalent to simply doing nothing, and there is often
no distinction between constructing a metric space one way as opposed to another. The
silver lining to this slightly dismissive attitude of coarse geometry is that the concepts
which remain, and which are meaningful in this context, seem to capture the most funda-
mental aspects of a given infinite shape. A coarse invariant is a property so fundamental
that vast amounts of distortion and destruction will fail to diminish it. A coarse geometric
property reflects the large-scale essence of an object and so, to me, never fails to have a
sort of grandeur.

Hence the interest in quasiisometries and quasiisometric embeddings. If one wishes
to obstruct the existence of a quasiisometric embedding X — Y between metric spaces,

then one needs to prove that X possesses a property so utterly incompatible with the

i



geometry of Y that it cannot be placed inside Y even with vast amounts of distortion. If
one wishes to construct a quasiisometric embedding X — Y, then the coarse nature of
the question gives us the flexibility to be experimental and bold in our choice of function
X =Y.

A note on the writing style

It is typical in mathematical writing to avoid using the words I and me in single author
papers and instead to use the royal we. This is now so commonplace within mathematics
that one forgets how strange it seems to outsiders. From my experience of reading a few
academic books in other fields, I don’t believe this is a common writing style outside of
the sciences. 1 appreciate we when it is used to lead the reader through a proof; it makes
the reading experience feel like a journey through which you are being led by the author.
However I am sceptical when we is used in the introduction or conclusion of a paper to
refer to results or ideas of the single author. I think this would often be justified on the
grounds of formality. But sometimes I think it is instead used to evoke authority.

I think the apt use of I, instead of being in some way egoistic, announces to the reader
that the author is a human (who you can therefore email freely!), who is necessarily
fallible and who produced this research as a result of hours of hard work in libraries and
offices, as opposed to some sort of equation-fabricating machine. I think it is good to
reflect, even slightly, the human and community effort that the mathematics required. If
Gauss believed (referring to mathematical proof) that "no self-respecting architect leaves
the scaffolding in place after completing the building" then I am suggesting that on the
contrary one ought to leave some of this authorial and historical scaffolding in place. So

I use the first-person periodically throughout this thesis.
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Chapter O

Definitions and conventions

0.1 Numbers

Notation 0.1. We use Nj to denote the non-negative integers and N to denote the positive

integers. Notation such as R.g means the set {x € R: x > 0}.

0.2 Coarse geometry

Throughout this section, let X and Y be a pair of metric spaces and let A > 1, 4 > 0 be

a pair of constants.

Definition 0.2. We say that f : X — Y is (A, p)-coarsely Lipschitz if

d(f(z), f(2')) < Ad(z,2") + p

A (X, 0)-coarsely Lipschitz function f: X — Y is A-Lipschitz.

Definition 0.3. A (), u)-quasiisometric embedding f : X — Y is a function which

satisfies

Sl ) = < d(f (), F()) < M) +
forall z, 2’ € X. It is a (A, u)-quasiisometry if in addition, for all y € Y there exists © € X
such that d(y, f(x)) < p. A (X, 0)-quasiisometric embedding f : X — Y is a A-bilipschitz
embedding. A (\,0)-quasiisometry f : X — Y is a A-bilipschitz homeomorphism. A
(1, p)-quasiisometric embedding f : X — Y is a pu-rough isometric embedding. A (1, p)-

quasiisometry f : X — Y is a u-rough isometry.

Definition 0.4. A metric space X has bounded growth at some scale if there are constants
0 <r < Rand N € N such that all open balls of radius R can be covered by N open

balls of radius r.



The following proposition will be used, briefly, in Chapter 4.

Proposition 0.5. If a metric space X admits a quasiisometric embedding into a uniformly

bounded degree connected graph I' then X has bounded growth on some scale.

Proof. Suppose we have some (A, p1)-quasiisometric embedding ¢ : X — I'. Suppose that
D is a uniform bound on the degree of vertices of I'. We may assume that ¢ takes elements
of X to vertices of I". Consider an open ball B of radius R in X. Then ¢(B) is contained
with an open ball B’ of radius AR+ in I'. B’ contains at most D**+# vertices. For each
vertex v € B’ with ¢! (v) N B non-empty, choose an element z, € B with ¢(z,) = v. If
we consider balls of radius p around all of the x,, we can see that we have covered B by
DME balls of radius p. O

Convention 0.6. Let X be a metric space. Sometimes, but not always, we will denote
the metric on X by dx, with a subscript to indicate the metric space. Other times, when

the metric space is clear, we will just write d.

0.3 Groups

Let G be a group and let S be a finite generating set (meaning that S is finite and every
element of g can be written as a finite product of elements of S and S™!). We use the
notation I'(G, S) to indicate the Cayley graph of G with respect to S, which is the graph
with vertex set G and an edge {g,¢gs} for all g € G and s € S.

Notation 0.7. Let ['(G, S) be a Cayley graph and suppose a subgroup H < G is gener-
ated by some finite set Sy C S. We may think of the Cayley graph I'(H, Sy ) as being a
connected subgraph of ['(G, S). Given g € G, we use the notation

to refer to the image of the subgraph I'(H,Sy) under the isometric action of g. So
gT'(H, Sy) has vertex set gH and the edges correspond to the generators Sy.

0.4 Trees

Definition 0.8. Let T be a simplicial rooted tree with root vertex vy.

e Say that two vertices of T' are adjacent if they are distinct and connected by an

edge.



e The children of a vertex v € T are precisely the vertices v" € T which are adjacent

to v and for which dr(vg,v") > dr(vg,v).

e We say that a vertex v € T descends from a vertex v € T if the unique geodesic

from vy to v’ passes through v. If v" descends from v then v is an ancestor of v'.

e Given two vertices u,v € T, the lowest common ancestor of u and v, denoted
LCA(u,v), is the common ancestor of u and v with the greatest distance from the

basepoint vg.

e We say that T has uniformly bounded valence or uniformly bounded degree or that
it is uniformly locally finite if there is a constant M € N such that every vertex of

T has degree at most M.
Now suppose 7" and 7" are simplicial rooted trees with root vertices vy and vj, respectively.

e We say that a map f : T — T’ is height-preserving if for all vertices v € T" we have
d(vo,v) = d(vg, f(v)).

e We say that f: T — T" is order-preserving if the following implication holds: if v’

descends from v in T then f(v") descends from f(v) in 7",

0.5 Words and sentences

Words

Definition 0.9. An alphabet is just a set of letters. We will often denote alphabets by
A, B or C and we will often denote letters by a and b. We say that the alphabet is finite

if there are finitely many letters.

Definition 0.10. A word is an empty, finite, or infinite string of letters from an alphabet
A. The length of a word u is the number of letters in it. We denote this by length(u).

For example, if A = {a,b} then u = abab is a word of length 4 on the alphabet A. We
will often denote by W the set of all finite words on an alphabet A. We will often denote
words themselves by the letters u, v or w. To indicate the concatenation of a pair of words
into a longer word, we simply write the two words next to each other. For example, if
u = abab and v = aaa then

uv = ababaaa

%
Notation 0.11. We write % to denote the word w written backwards. So abed = dcba

and so on.



Further, we sometimes need to refer to the position of a letter a within a word u. To
do this, we might refer to the distance of a from the start or end of u. If we say a has
distance d from the start of u that means a is the d’th letter in the word u. If we say that
a has distance d from the end of u that means a is the (length(u) — d + 1)’th letter of u,
or, equivalently, the d’th letter of %. For example, in the word u = abaca, the letter ¢

has distance 2 from the end of v and distance 4 from the start of w.

Sentences

Definition 0.12. A sentence is a string of words. We will often denote sentences by the
Greek letters o and 3. In order to describe the words which make up a sentence, we
will use overlines to indicate where one word ends and another begins. For example, if
A = {a,b} then

« = ababaaaba

is a sentence that consists of the three words abab, aaa and ba. If u = abab, v = aaa and
w = ba we can also write

a=uvw
The purpose of the overlines is so that we can distinguish between the single word uvw

and the three word sentence w v w. The length of a sentence is the number of words in
it. We denote this by length(a).

Sentences are, of course, just words on an alphabet of words. To indicate the concate-
nation of a pair of sentences into a longer sentence, we simply write the two sentences

next to each other. For example, if o = ababaaaba and B = aba then
aff = abab @aa ba ab @
Notation 0.13. Given a sentence v and m € N, we can write o' to indicate the sentence
o written m times. For example, (ab)® = ababab.
The following notation will be convenient in Chapter 4.

Notation 0.14. Suppose we have a group G generated by a finite set S and suppose
A = SUS!is our alphabet. If ¢ € Z and ¢ < 0, and if s € S, then (3)7 indicates the

sentence (s—1)79. For example, (5)7% = s—1 571 51,

Word-trees and sentence-trees

Word-trees and sentence-trees (both of these are my own terminology) are used frequently
in Chapter 3 and Chapter 4.



Definition 0.15. Given an alphabet A, we will use the notation T4 to indicate the word-
tree on A. The tree Ty is defined precisely so that its vertices are in bijection with finite
words on the alphabet A. Every edge of T4 will be labelled by an element of A. The word-
tree T)y is defined as follows. As a set, T4 is precisely the rooted tree where every vertex
has |A| children. Further, given a vertex v € T}y, the |A| edges which go between v and
its children are labelled by the elements of A, with every such edge having a label in A,
and no two such edges having the same label. We will now describe the natural bijection
between the vertices of T4 and finite words on the alphabet A. First, we associate the
empty word () to the root vertex of T4. Now let v be a vertex in T)y. The geodesic from
() to v in T4 travels along a series of labelled edges. These labels, read in order, make up
the word that we associate to v. Thus every vertex in 74 has a corresponding word on
A. Indeed, we will often identify them. The vertices at distance n from the root of T4

correspond to words of length n on the alphabet A.

The following notation for the rooted binary tree will be used frequently in Chapter 3
and Chapter 4.

Example 0.16. If A = {0,1} then T4 = T{o1) is a rooted binary tree whose vertices

correspond to finite strings of zeros and ones.

Definition 0.17. Let A be a finite alphabet and let W be the set of non-empty finite
words on A. Analogous to the word-tree on A, we have a sentence-tree on A which is
exactly the tree Ty, i.e. the word-tree on W. So the vertices of Ty, are in bijection with
sentences on A, and the edges of Ty, are labelled by finite words on A. The vertices at

distance n from the root vertex of Ty correspond to sentences with n words.

Note that if A is a finite alphabet then T4 is a uniformly bounded valence tree, whereas

Tw is a tree with countable valence at every vertex.

Notation for pairs of sentences

Let Ty be a sentence-tree and suppose we have a pair of sentences o, 5 € Ty. In
Chapter 3 and Chapter 4, this situation will occur so frequently that it is useful to have

some standard notation for the words that make up these sentences.

Notation 0.18. Given sentences «, 3 € Ty, we can always write

and




/
where up 1 # up,y and m,n > 0. In (1), ug, Uz, .oy Up, Upp1s -5 Uppm—1, Upsm are the
!/ !/ /
words that make up the sentence a. In (2), uy, ug, ..., up, Upigy ooy Upip 1, Upy, aTe
the words that make up the sentence 3. Therefore, the sentence u; uy ... w, is the lowest

common ancestor of the sentences o and f in the tree Ty and dr, (o, 5) = m + n.



Chapter 1

Quasiisometric embeddings of solvable

Baumslag—Solitar groups

To what extent can some algebraic property of finitely generated groups be characterised
by a geometric property? Suppose we have a group G satisfying some algebraic property
P and we have another group H that is quasiisometric to G. Does H also satisfy P? If
this holds for all such groups GG, H then we say that the class of groups satisfying P is
quasiisometrically rigid. Tt suggests that the algebraic property P in fact corresponds to
some geometric feature of the groups. For example, Gromov |Gro81| proved that virtual
nilpotency is invariant under quasiisometries and corresponds to the geometric property
of polynomial growth. In contrast, Erschler [Dyu00] proved that virtual solvability is
not geometric; there exist groups G and H, where G is solvable and H is not virtually
solvable, such that G and H have a common Cayley graph. All is not lost - we can
limit our focus to subclasses of solvable groups. Farb and Mosher [FM98| proved that
the solvable Baumslag—Solitar groups BS(1,m) exhibit a fascinating rigidity; BS(1,m)
is quasiisometric to BS(1,n) if and only if m,n are powers of a common integer (which
holds if and only if they are commensurable). This chapter concerns a stronger notion
of rigidity. We will characterise when you can quasiisometrically embed BS(1,m) into
BS(1,n).

1.1 Baumslag—Solitar groups

Let m and n be non-zero integers with |m| < |n|. The Baumslag-Solitar group BS(m,n)

is defined by the group presentation

BS(m,n) = {a,t | ta™t' = a")



It is known that BS(m,n) is solvable if and only if |m| = 1; if |m| = 1 then BS(m,n) =
Z[X] x Z and if |m| > 1 then BS(m,n) has a rank 2 free abelian subgroup. If n is a

non-zero integer, we thus refer to the groups
BS(1,n) = (a,t | tat™" = a™)

as the solvable Baumslag—Solitar groups. The group BS(1,n) is quasiisometric to the
group BS(1,—n) and BS(1,1) = Z* so we focus on the case when n > 2. Farb and
Mosher [FM98| proved the following rigidity result for these groups.

Theorem 1.1 (Farb—Mosher). If m,n are integers and m,n > 2 then BS(1,m) is quasi-
isometric to BS(1,n) if and only if they are commensurable which occurs if and only m,n

are powers of a common integer.

In other words, if BS(1,m) and BS(1,n) are geometrically alike—i.e. they are
quasiisometric—then they are algebraically similar by being commensurable. The
full quasiisometric classification of (not necessarily solvable) Baumslag—Solitar groups
BS(m,n) was provided afterwards by Whyte [WhyO01].

I was was able to strengthen Farb and Mosher’s rigidity theorem even further [Nai23|.

Theorem 1.2. If m,n are integers and m,n > 2 then BS(1,m) admits a quasiisometric
embedding into BS(1,n) if and only if they are commensurable which occurs if and only

m,n are powers of a common integer.

In this chapter we will discuss the ideas behind the proof of this result.

1.2 Treebolic spaces

Instead of considering the geometry of a Cayley graph of BS(1, m) directly, it is convenient
to define a model space that is quasiisometric to BS(1,m) and to work with that instead.
This model space will be the treebolic space HT(m,m); one can show [FM98, Section 3|
that BS(1,m) acts isometrically and cocompactly on HT'(m,m). However, the model
spaces HT'(m,m) are only very specific examples of treebolic spaces: indeed, one can
define a treebolic space HT'(p,q) for every integer p > 2 and every real number ¢ > 1.
These spaces were introduced by Bendikov, Saloff-Coste, Salvatori and Woess [BSCSW11]|

and they are natural geometric generalisations of the solvable Baumslag—Solitar groups.

Definition 1.3. Let T'(p, ¢) be the infinite metric tree with all edges of length log(q) and
with valency p + 1 at every vertex. Let v : [0,00) — T(p,q) be some geodesic ray based



Figure 1.1: The height function induced by the geodesic ray . Drawn for p = 2. Made using
TikZiT.

at a vertex b of T'(p,q). The ray ~ induces a height function h : T(p,q) — R on T'(p, q)
via
h(z) = d(b,z) — 2 - length(y, N7y)

where 7, is the geodesic segment from b to x. See Figure 1.1. Now consider the upper

half plane model of the hyperbolic plane: H? = {(x,y) € R X Ryo} with the metric
ds? = —dmgtdyz

T We can put a height function on this model of H? via

h(x,y) = log(y)

Both of these height functions coincide with the classical notion of a Busemann function
(see [BH99, Definition 11.8.17]). By a horostrip in H? we mean a subset of the form
{(x,y) € H? : h(z,y) € [a,b]} for some real interval [a,b]. The treebolic space HT (p,q)
is formed by gluing horostrips onto every edge of T'(p,q) in a height-preserving manner.
More precisely, let HT(p,q) = T'(p,q) X R as a set. Let e = [v, w] be some edge of T'(p, q)
such that h(v) < h(w). We can put a metric on e x R by identifying it with the horostrip

{(z,y) € M : h(w,y) € [h(v), h(w)]}

If we do this for every edge of T'(p, q) then we will have produced a metric on the whole
of HT (p,q) by taking the shortest path metric.
Informally, HT (p, q) is the metric space formed by branching the hyperbolic plane H?
along a horocycle in p directions every time you walk upwards by a distance of log(q).
The key to understanding the geometry of HT(p,q) is the following fact. Let 7 :
HT(p,q) — T(p,q) be the projection. Let L : (—00,00) — T(p,q) be a height-increasing



bi-infinite geodesic in T'(p, q). Then 7' (L) C HT(p, q) is an isometrically embedded copy
of H2.

For more details on treebolic spaces see [Woel3, Section 2B].

Wolfgang Woess conjectured [Woel3, Question 2.15| the following quasiisometric clas-
sification of treebolic spaces. Since HT'(m,m) is quasiisometric to BS(1, m), Woess’ con-
jecture generalises the quasiisometric classification of solvable Baumslag—Solitar groups
provided by Farb and Mosher.

Conjecture 1.4 (Woess). Suppose p,p’ > 2 are integers and q,q > 1 are real numbers.

Then HT (p, q) is quasiisometric with HT(p', q') if and only if p, p’ are powers of a common
integer and log(p)/log(q) = log(p')/log(¢).

The treebolic space HT'(p, q) is an example of a horocyclic product (for a definition see
[Woel3, Section 2|). Indeed, HT (p, q) is the horocyclic product of the hyperbolic plane H?
and the regular tree T'(p, q). Other examples include the Diestel-Lieder graphs DL(p, q)
(these are horocyclic products of pairs of regular trees and were introduced in [DLO01]|)
and the Lie groups Sol(p, ¢) (which are horocyclic products of pairs of hyperbolic spaces).
The quasiisometric classifications of the Diestel-Lieder graphs and the Sol groups were
provided by Eskin, Fisher and Whyte [EFW12] [EFW13].

Theorem 1.26 below confirms Conjecture 1.4 to be correct. We would like to kill two
birds with one stone by proving Woess’ conjecture and Theorem 1.2 at the same time. So
from this point onwards we will discuss quasiisometries and quasiisometric embeddings

between treebolic spaces.

1.3 Trees and Cantor sets

We will understand quasiisometric embeddings and quasiisometries between treebolic

spaces by relating them to morphisms in distinct, but related categories.
Definition 1.5. Let p > 2 be an integer and let ¢ > 1 be a real number.

e The regular tree T(p,q) is the metric tree with all edges of length log(q) and with

valency p + 1 at every vertex.

e The reqular rooted tree R(p,q) is the rooted metric tree with all edges of length
log(¢q) and with valency p + 1 at every vertex apart from the basepoint which has

valency p.
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e The symbolic Cantor set Z(p,q) = {0,1,...,p—1}Vis the space of infinite sequences
on p letters. We can put a metric p on Z(p, q) as follows. Given sequences (a,), (b,) €
Z(p,q), set p((ay), (b,)) = ¢~ where a,, = b, for n < N and ay;1 # bny1.

I was able to prove the following two propositions.

Proposition 1.6. Suppose p,p’ > 2 are integers and suppose q,q > 1 are real numbers.

The following are equivalent.
1. There exists a quasiisometric embedding HT (p,q) — HT(p',q);
2. There exists a rough isometric embedding T'(p,q) — T(p',q');
3. There exists a rough isometric embedding R(p,q) — R(p',q');
4. There exists a bilipschitz embedding Z(p,q) — Z(p',q’).
Proof. See |Nai23, Theorem 1 and Propositions 18,19,20]. ]

Proposition 1.7. Suppose p,p’ > 2 are integers and suppose q,q > 1 are real numbers.

The following are equivalent.
1. HT(p,q) is quasiisometric to HT(p',q);
2. T(p,q) is rough isometric to T(p',q');
3. R(p,q) is rough isometric to R(p',q);
4. Z(p,q) 1s bilipschitz homeomorphic to Z(p',q’).
Proof. See |Nai23, Theorem 2 and Propositions 18,19,20]. ]

Rough isometries of trees notably appeared in a recent work of Kerr |[Ker23| in which
it is proved that any geodesic metric space which is quasitsometric to a simplicial tree is

in fact rough isometric to a simplicial tree.

A remark on the proofs of the two propositions above. Most of the implications
required to prove the two propositions above are relatively simple. For Proposition 1.6
and Proposition 1.7, the equivalence of (2) and (3) follows, as you might imagine, from
elementary arguments involving trees. For both Proposition 1.6 and Proposition 1.7, the
equivalence of (3) and (4) follows from the work of Bonk and Schramm [BS00] and the
fact that Z(p, q) is essentially the boundary of R(p,q). Proving that (2) implies (1) for
Proposition 1.6 and Proposition 1.7 is more interesting: given a map f : T(p,q) —
T, q'), you can define an associated map f HT(p,q) — HT(p',q') called the horocyclic

extension which will be a quasiisometric embedding (resp. quasiisometry) if f was a

11



coarsely height-preserving rough isometric embedding (resp. coarsely height-preserving
rough isometry).

But of all the implications required to prove the two propositions above, the most sig-
nificant is proving that (1) of Proposition 1.6 implies (4) of Proposition 1.6. In [FM98],
Farb and Mosher prove that a quasiisometry HT(m,m) — HT(n,n) induces a bilips-
chitz embedding Z(m, m) — Z(n,n) onto a clopen. Then, in the appendiz, they enlist
Daryl Cooper to prove that a bilipschitz embedding Z(m,m) — Z(n,n) onto a clopen
implies that the number theoretic condition of Theorem 1.1 holds. I was able to prove
that a quasiisometric embedding HT (p,q) — HT(p',q') induces a bilipschitz embedding
Z(p,q) — Z(p',q") which may or may not be onto a clopen. The key step was to show
that [FM98, Lemma 5.1] does not actually require the map to be a quasiisometry, and that
a quasiisometric embedding suffices. This improvement appears as [Nai23, Lemma 12].
Once this key step is proven, the remainder of Farb and Mosher’s argument goes through
verbatim.

However, since the map Z(p,q) — Z(p',q') is no longer onto a clopen, Cooper’s argu-
ment no longer works. For this reason, it is necessary to search for an alternate argument.

Finally, the reason why (1) of Proposition 1.7 implies (4) of Proposition 1.7 is rather
unsatisfactory; indeed, I don’t know how to prove it directly, and it instead follows from
the implication (1) = (4) of Proposition 1.6 and the fact that if you have bilipschitz em-
beddings Z(p,q) — Z(p',q') and Z(p',q') — Z(p,q) then Z(p,q) and Z(p', q’") are bilipschitz
homeomorphic. See the proof of Theorem 1.26.

It follows from Proposition 1.6 and Proposition 1.7 that if we are interested in the exis-
tence or non-existence of quasiisometries and quasiisometric embeddings between treebolic
spaces, it suffices to consider rough isometries and rough isometric embeddings between
regular rooted trees R(p,q). This will now be our focus. The big idea is to associate
an integer sequence X (p, q,p’,q’) to every (ordered) pair of regular rooted trees R(p,q)
and R(p',q') so that the boundedness of X captures the existence of rough isometric

embeddings between the rooted trees.

1.4 Rough isometric embeddings between regular

rooted trees

Definitions

Definition 1.8. Given a regular rooted tree R(p, q) with basepoint b, we define a height
function h : R(p,q) — Rso on R(p,q) via h(z) = d(b, x).

12
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Figure 1.2: A rough isometry R(4,4) — R(2,2). Made using TikZiT.
So amap f: R(p,q) — R(p,q) is height-preserving if h(f(z)) = h(z) for all z €
R(p,q).

Definition 1.9. Given a regular rooted tree R(p,q) and some height A > 0 we use the
notation R(p,q) ‘h to denote the set of all points in R(p, q) of height h; this is always a

finite set.

Definition 1.10. Given z € R(p,q), let 7(x) C R(p, q) denote the subtree based at x, in
other words, the set of all points ' € R(p, q) which descend from z.

Definition 1.11. Given a vertex v of R(p,q), we denote by C(v) the set of children of
v. That is, C(v) = {wy, ..., w,} where wy, ..., w, are the vertices adjacent to v such that
h(wl) > h(U)

Let R(p,q) and R(p,¢') be regular rooted trees with basepoints b and b’ respectively.
We are interested in the following question: when does there exist a rough isometric
embedding R(p,q) — R(p',q')?

Existence

Consider the following two number theoretic conditions on p,p’, q, ¢ .

(C1) log(p)/log(q) < log(p')/log(q);

(C2) log(p)/log(q) =log(p')/log(q") and p,p" are powers of a common integer.

Proposition 1.12. If (C2) holds then R(p,q) is rough isometric to R(p',q).

Proof. See |Nai23, Proposition 10]. As an illustrative example of why this holds consider
the rough isometry R(4,4) — R(2,2) depicted in Figure 1.2. O
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Proposition 1.13. If (C1) or (C2) holds then there exists a rough isometric embedding
R(p,q) = R(p',¢).

Proof. See [Nai23, Propositions 10 and 11]. Of course, if (C2) holds then there exists a
rough isometric embedding due to Proposition 1.12. If (C1) holds, then one might justi-
fiably say that R(p,q) is smaller than R(p’,¢')—indeed one can show that the Hausdorff
dimension of Z(p, q) is exactly log(p)/log(q). O

Obstructions

We are interested in whether the rough isometric embeddings and rough isometries that
arise from Proposition 1.12 and Proposition 1.13 are the only possibilities. Throughout
this subsection, I recommend that you consider in particular whether there exists a rough
isometric embedding R(2,2) — R(3,3).

I believe there are two natural candidates of map R(p,q) — R(p',q’) which might
coarsely preserve the metric.

The first, which is perhaps the most obvious, is an order-preserving map R(p,q) —
R(p', q") which sends basepoints to basepoints, vertices to vertices, edges to edges, stretch-
ing or squishing the the edges of R(p, q) slightly (which have length log(q)) so that they
now have length log(q’) (the length of edges in R(p',q¢')). If p < p/, this map may be
chosen to be injective. However, of course, this sort of function is never a rough isometric
embedding when ¢ # ¢’ because it stretches edges by a factor of log(q’)/log(g) and so the
quasiisometric inequality would require a multiplicative constant.

The second candidate map seeks to address the issues with the first candidate by
ensuring that there is no stretching of edges at all. We call these functions waterfall

maps.

Definition 1.14. A waterfall map is a height-preserving and continuous map
[ R(p,q) = RV, q).

The following proposition is more of an observation.

Proposition 1.15. Let f : R(p,q) — R(p',q') be a function. The following are equivalent.
1. f is a waterfall map;
2. f is height-preserving and order-preserving;

3. f(b)="0 and f ‘w is an isometry for all geodesic rays v based at b.
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So a waterfall map R(p,q) — R(p/, ¢') is one that places R(p, q) inside R(p/, ¢') without
stretching anything. They are called waterfall maps because it’s as if we are letting R(p, q)
fall through R(p/, ¢') like water.

There is no chance of a waterfall map being injective unless p < p’ and log(q) is
a multiple of log(¢’). Indeed, a waterfall map R(p,q) — R(p’,q’) might be metrically
terrible. For example, it could hypothetically map every geodesic ray based at b onto
a single geodesic ray based at o'. But this is clearly a bad choice of waterfall map if
our aim is to preserve the metric on R(p,q) as much as possible. There is a natural
subclass of waterfall maps called distributive waterfall maps which attempt to preserve
the metric on R(p,q) as much as possible. A distributive waterfall map attempts (but
generally fails) to be injective by dividing itself evenly at the vertices of R(p,¢"). We
shall see that the failure of a distributive waterfall map R(p,q) — R(p',¢’) to be a rough
isometric embedding will actually imply that there are no rough isometric embeddings
R(p,q) — R(P',q) at all. This is because, in a sense, a distributive waterfall map is the
best map R(p,q) — R(p,q') possible.

Definition 1.16. Suppose f : R(p,q) — R(p',q¢) is a waterfall map and suppose w is a
vertex of R(p/,¢') such that f~!(w) is non-empty. Write f~'(w) = {z1,...,z,,}. Consider
the subsets

B(w) =71(w)N{z € R, q) : dlw,z) < €}

Be(x;) = 7(z;) N {z € R(p,q) : d(z;,x) < €} (1<i<m)
and choose € small enough that B.(w) is isometric to a star with p’ arms and B(z;) is
isometric to a star with p arms (if the z; are vertices) or a star with one arm (if the x;
are not vertices). If the x; are all vertices then set P = mp, if the z; are not vertices
then set P = m. Since f is a waterfall map, an arm of B,(x;) emanating from some z; is
mapped isometrically onto one of the p’ arms of B.(w) emanating from w. Thus, we get
a map from a set of cardinality P (the set of arms emanating from all the x;) to a set
of cardinality p’ (the set of arms emanating from w). We say that f is distributive if at
most (51 arms emanating from the x; can be mapped to the same arm emanating from

w. See Figure 1.3.

The point is this: a waterfall map f : R(p,q) — R(p',¢’) is completely determined by
how it chooses to divide its image at the vertices of R(p/,¢'). At a vertex w € R(p/,¢'),
it might choose to send the image down a single arm emanating from w, which would be
a bad choice metrically. But if f is distributive, then it chooses to divide the image as

evenly as possible among the arms emanating from w.
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Figure 1.3: A distributive waterfall map R(2,2) — R(3,3). The dashed lines indicate multiples
of log(2) and log(3) where there is branching. If you look at the vertex on the far left at height
21og(3), you can see that the preimage has cardinality 4 and so the blue lines are divided as
2,1,1 between the edges beneath the vertex. Made using TikZiT.

Example 1.17. Let P and p’ be as in Definition 1.16 and suppose P =8 and p’ = 3. In
this case, the only ways to divide the 8 arms of the B.(x;) evenly between the 3 arms of
B(w) is as 3,3,2 or 3,2,3 or as 2,3, 3.

If a waterfall map f: R(p,q) — R(p',q’) is map which lets R(p, q) fall within R(p’, ¢')
like water, then a distributive waterfall map is one which lets R(p,q) expand within
R(p',q') like a gas.

Now, let f : R(p,q) — R(p',q') be a distributive waterfall map. Let us consider
whether f is a rough isometric embedding. Consider the following function X : Ry — N

h— max{|f ()| : z € R(Y,q) h}

where | f~!(x)| indicates the cardinality of f~!(z) C R(p, q) |h. So X' captures the maximal
cardinality of point preimages at a given height. Here are five key observations we can

make about the function X.

(O1) X does not depend on the choice of distributive waterfall map. In other words, the
function X only depends on the pair of trees R(p, q) and R(p',q');

(0O2) X is a piecewise constant map which changes value exclusively at multiples of log(q)

and log(¢');

(O3) when h is a multiple of log(q), the function X multiplies by p’;
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(O4) when h is a multiple of log(¢'), the function X divides itself by p" and then applies

the ceiling function;

(O5) when h is a multiple of log(q) and log(q'), X multiplies itself by p, then divides itself
by p' and applies the ceiling function.

To see the truth of the first observation, recall that a waterfall map f is determined
by how it divides its image at vertices w € R(p/,q'). But if f is distributive, then
the way in which it divides its image between the edges emanating downwards from w is
essentially predetermined. For example, in the case of Example 1.17, from the perspective
of the function X : R>g — N each of the three possibilities 3,3,2 or 3,2,3 or 2, 3,3 are
equivalent. Indeed, given two distributive waterfall maps f, ¢ : R(p,q) — R(p',q'), there
exists a graph automorphism ¢ € Aut(R(p',q’)) such that f(x) = ¥ (g(z)). Since the
function X is piecewise constant and only changes value at multiples of log(q) and log(q’)
we may associate to it an integer sequence &X' : N5y — N which simply captures all the
different integer values that the function X : R>g — N takes in order. It follows from
observations (03), (O4) and (O5) that the sequence X : Ry — N is ezactly the following

inductively defined sequence.

Definition 1.18. We have the sets of vertex heights

H(R(p,q)) = {alog(q) : a € Ng} and H(R(p',q')) = {blog(¢') : b € Ny}

Now let H = H(R(p, q))UH(R(p,¢)) and write H = {hg, h1, ha, ... } such that h,, < hy41
for n € Ny. We can now define the infinite integral sequence X = X (p, ¢,p’,¢') : N>g — N.
Set Xy = 1. If X, has already been defined then we set

P, if h, € H(R(p,q)) \ H(R(p',¢'))
X1 = [2], if h, € H(R(P',¢')) \ H(R(p,q))
(2227, if hy € H(R(p,q)) NH(R(Y, "))

p

Remark 1.19. Another definition of the sequence X,, can be found by observing that the
progression of the sequence X, depends only on the order of the multiples of log(q) and
log(q') within the sequence (h,) rather than on the values themselves. Hence, we could

replace H with the set

S=8(Rp,q)USRY,q)) ={¢" :a € Ng} U{(¢)":be Ny} = {s0,51,50,...}

where h, = log(s,) and X,, would not change.
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Figure 1.4: The sequence X(2,2,3,3). Plotted up to n = 1000. Made with MATLAB.

Example 1.20. Consider the following description of the sequence X(2,2,3,3). We
imagine that we are about to go for a walk along R>; (which we think of as being a
long pebbly beach) beginning at 1. We suppose that we begin with a single pebble in
our possession. We then imagine that we walk forwards along R>; obeying the following
rule as we go: each time we pass a power of 2, we multiply the amount of pebbles in our
possession by 2; each time we pass a power of 3, we divide our pebbles evenly into 3 groups
and keep only one of the larger groups (e.g. we divide 8 pebbles into 3,3,2 and then keep
only 3 pebbles). The changing quantity of pebbles in our possession as we walk along the
number line forms the integral sequence X' (2,2, 3,3). So the sequence X (2,2,3,3) begins

1,1,2,1,2,4,2,4,2,4,8,3,6,2,4,8,3,6,12,4, . ..

See Figure 1.4.

Observation 1.21. If the sequence X (p, q, 7', q') is unbounded then a distributive waterfall
map f: R(p,q) — R(p',q') is not a rough isometric embedding.

The observation follows from the fact that if X(p, ¢,p’,¢’) is unbounded then we have
preimages whose cardinalities are arbitrarily large. Since distributive waterfall maps are
height-preserving, this means points (with the same height) in R(p, ¢) which are arbitrarily
far apart are being mapped to the same point in R(p/, ¢’).

Now for the punchline.
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Theorem 1.22. If X (p,q,7p,q') is unbounded then there does not exists a rough isometric
embedding f : R(p,q) — R(pP',q¢).

Proof. See |Nai23, Theorem 5|. But the idea is this: we suppose there exists a rough
isometric embedding f : R(p,q) — R(p',¢'). One can then budge f by a bounded distance
to create a height-preserving rough isometric embedding g : R(p,q) — R(p,q'). Further,
g will be coarsely order-preserving. In other words, ¢ is almost a waterfall map. If
we cleverly analyse the cardinalities of preimages (we will actually have to consider the
preimages of certain uniformly bounded subsets of R(p’, ¢') as opposed to single points) of
g, we will find the sequence X(p,q,p’,q’) appear as a lower bound on these cardinalities.
It follows that X' (p,q,p’,¢') is bounded. ]

We need the following lemma in order to analyse when X" is unbounded.

Lemma 1.23. Suppose thatlog(q’)/log(q) is irrational. Let alog(q) be a multiple of log(q)
and let blog(q') be the least multiple of log(q') that is greater than alog(q). Then there
exists a' > a such that, if b'log(q’) is the least multiple of log(q’) greater than a'log(q),

we have

v'log(q') — a'log(q) < blog(q') — alog(q)

Proof. See [Nai23, Lemma 8|. The lemma follows from the fact that the rotation of the
circle S = R/Z by the irrational angle of log(¢')/log(q) has dense orbits. O

Theorem 1.24. If X (p,q,p,q) is bounded then (C1) or (C2) holds.

Proof. See [Nai23, Theorem 9].

The proof has two steps. The first step is to show that if log(p)/log(q) >
log(p’)/log(q’) then X is unbounded. The second step is to show that if log(p)/log(q) =
log(p')/log(q’) and p,p’ are not powers of a common integer then X" is unbounded.

I will provide a heuristic argument for the first step. Consider the function X : R>¢ —
N. At height h € R>, we might expect the sequence to have multiplied by p on i/ log(q)
occasions. Similarly, we might expect the sequence to have divided by p’ (and taken the
ceiling) h/log(q’) times. Thus we might estimate

1\ "/ los(d) )
X(h) ~ ph/ log(q) (17) — h(log(p)/ log(q)—~log(p')/ log(d"))

The second step has an elegant argument, that I will provide in full. So suppose that
log(p)/log(q) = log(p’)/log(q’) and p, p’ are not powers of a common integer. This implies
that log(q’)/ log(q) is irrational. Let h; = alog(q) be some arbitrary element of H(R(p, q)).
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Let blog(q') be the least multiple of log(q’) greater than alog(q). By Lemma 1.23 we can
find some a’ > a such that if ¥’ log(q’) is the least multiple of log(q’) greater a’log(q) then

b'log(q') — a'log(q) < blog(q') — alog(q)

which rearranges to
log(q)

V—b<(d— a>log(q’)

If hyy = a’log(q) € H(R(p,q)) then

log(q)

b'—b (a’'—a) ,
'_q ]_ a' —a 1 IOg(q)
X > p* <—,) X >p <—,) X =X
p p

So &, > A;. But both &}, and A} are integral and so in fact &,,, > A;+1. We have shown
that given [ € Ny such that b, € H(R(p, q)) we can find m > [ such that h,, € H(R(p,q))
and X, > X, + 1. Repeating this process gives arbitrarily large values of &), and so the

sequence is unbounded. O

1.5 Conclusions

Combining our work in previous sections gives us the following theorems.

Theorem 1.25. Suppose p,p’ > 2 are integers and suppose q,q" > 1 are real numbers.

The following are equivalent.
1. There exists a quasiisometric embedding HT (p,q) — HT (', q);
2. There exists a rough isometric embedding T (p,q) — T(p',q');
3. There exists a rough isometric embedding R(p,q) — R(p',q');
4. There exists a bilipschitz embedding Z(p,q) — Z(p',q');

5. X(p,q,p,q) is bounded;

D

. Fither (C1) or (C2) hold.

Proof. The first four equivalences are given by Proposition 1.6. Theorem 1.22 gives that
(3) implies (5). Theorem 1.24 gives that (5) implies (6). Proposition 1.13 gives that (6)
implies (3). O

Theorem 1.26. Suppose p,p’ > 2 are integers and suppose q,q > 1 are real numbers.

The following are equivalent.
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1. HT(p,q) is quasiisometric to HT(p',q');

2. T(p,q) is rough isometric to T(p',q');

3. R(p,q) is rough isometric to R(p',q');

4. Z(p,q) is bilipschitz homeomorphic to Z(p',q');

5. (C2) holds.

Proof. The first four equivalences are given by Proposition 1.7. If R(p,q) is rough iso-
metric to R(p/,q’) then there exist rough isometric embeddings R(p,q) — R(p’,q’) and
R(p',q¢'") — R(p,q). It then follows from Theorem 1.25 that (C2) holds. Then Proposi-
tion 1.12 gives that (C2) implies (3). O

Theorem 1.25 implies that there exists a quasiisometric embedding HT (m,m) —
HT(n,n) if and only if (C2) holds. Since HT(m,m) is quasiisometric to BS(1,m), we
have proved Theorem 1.2.

Further, the equivalence of (1) and (5) in Theorem 1.26 provides the quasiisometric

classification of treebolic spaces conjectured by Woess [Woel3, Question 2.15].

1.6 Discussion

The integer sequence X (p,q,p',q')

Interestingly enough, despite the relative simplicity of its definition, the integer sequence
X(p,q,p,q") does not seem to have been defined previously. In particular, the sequences
X(2,2,3,3) and X (3,3,2,2) do not appear in the On-Line Encyclopedia of Integer Se-
quences (https://oeis.org).

Theorem 1.25 characterises when the sequence X, is bounded. In the case when the
sequence is unbounded, if we plot X,,(p, ¢, p’, ¢’) up to large values of n € N, it looks as if

it is bounded above and below by linear functions (see Figure 1.4).
Question 1.27. Is the limit inferior of the sequence X,, finite or infinite? Are the limit

inferior and limit superior of the sequence X, /n finite? If so, what are they?

Generalisation

Theorem 1.22 can be generalised to a broader class of trees than just the regular rooted

trees.
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Definition 1.28. Suppose we have an integer sequence (p;,)neny Where p, > 2 and a real
sequence (g )nen Where g, € R.;. Suppose also that p, and ¢, are bounded sequences
and that inf, ¢, > 1. We can construct a rooted metric tree R((pn),(¢n)) as follows.
We start with a basepoint b. The basepoint b has p; edges emanating from it of length
log(q1). The terminal vertices of these edges have p, edges emanating from them of length
log(g2). Then the terminal vertices of those edges have ps edges emanating from them
of length log(gs). Continuing in this way we will have constructed an infinite rooted tree
R((pn), (¢n)). We call a rooted tree constructed in this manner spherically homogeneous.
The regular rooted tree R(p,q) is precisely the spherically homogeneous tree associated

to the constant sequences p, = p, ¢, = q.

Given two spherically homogeneous trees R = R((p,), (¢,)) and R = R((p),), (q.)),
one can define a distributive waterfall map f : R — R’ analogously to Definition 1.16.
Hence, we can also define an integer sequence X ((pn), (¢n), (),); (¢,,)) analogously to Def-
inition 1.18. T was able [Nai23, Theorem 5| to prove the following generalisation of The-

orem 1.22.

Theorem 1.29. Suppose we have a pair of spherically homogeneous trees R((py), (qn)),
R((pl), (q))) such that (pl,) is a constant sequence. If X ((pn), (qn), (P),), (q),)) is unbounded
then there does not exist a rough isometric embedding R((pn), (qn)) = R((p),), (d),))-

The requirement that (p/,) is constant is frustrating, and one wonders whether. . .

Question 1.30. Can the condition that (p)) is constant be removed from The-
orem 1.299  This would follow from a proof that a rough isometric embedding

R((pn), (gn)) — R((p)), (q),)) is at bounded distance from a waterfall map.

Remark 1.31. Given sequences (pn)nen and (¢n)nen as above, one can define a symbolic
Cantor set Z((pn), (¢n)) in a natural way. It is highly likely that a bilipschitz embedding
Z((pn), (qn)) = Z((p,), (q),)) is equivalent to a rough isometric embedding R((p,), (¢.)) —
R((pl),(d)). By attaching horocycles to the trees R((pn), (gn)), it is possible one could

also deduce statements about generalisations of treebolic spaces.

Relationship with the work of other mathematicians

The category of metric trees and rough isometric embeddings is evidently very similar
to the category of Cantor sets and bilipschitz embeddings. For this reason, the results
stated above no doubt intersect with the wealth of research on bilipschitz embeddings and
bilipschitz homeomorphism between Cantor sets. As a geometric group theorist, I cannot

fully grasp how my work on trees sits within the existing research on Cantor sets, however
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[ am aware of a few results which intersect with it. I discovered these results after having
already completed most of the work in this section.

Firstly, Falconer and Marsh [FM92| describe some necessary conditions for two self-
similar Cantor sets to be bilipschitz homeomorphic. Indeed, it follows from [FM92, Theo-
rem 3.3| that (4) implies (5) of Theorem 1.26. This is because the Falconer—Marsh result
implies that we have the following equality of fields:

N1\
og(q log q’
( . ) = Q( 7 )

Secondly, Deng, Wen, Xiong and Xi [DWXX11] consider bilipschitz embeddings of self-

similar sets satisfying a "strong separation condition"; the symbolic Cantor sets Z(p, q)

discussed in this thesis fall within this category. [DWXX11, Theorem 1] immediately gives
us that (C1) implies (4) in Theorem 1.25. Further, [DWXX11, Theorem 2| tells us that
there exists a bilipschitz embedding Z(p, q) — Z(p', ¢') if and only if Z(p, q) and Z(p', ')
are bilipschitz homeomorphic. Hence Theorem 1.2 follows from a combination of [FM92,
Theorem 3.3], [DWXX11, Theorem 2| and the implication (1) = (4) of Proposition 1.6.

Both the Falconer-Marsh and Deng—Wen—Xiong—Xi papers concern self-similar sets.
However, Theorem 1.29 concerns spherically homogeneous trees which generally have no
self-similarity whatsoever. By passing to the boundary Cantor set Z((p,), (¢.)) (see Re-
mark 1.31), we will find a necessary condition for there to exist a bilipschitz embedding
between the non-self-similar Cantor sets Z((pn), (qn)) and Z((p),), (¢,,)). Thus the se-
quences X ((pn), (qn), (7)), (¢,,) ought to nonetheless provide novel obstructions to various

metric embeddings.
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Chapter 2

Regular languages of quasigeodesics in
groups

goint with Sam Hughes and Davide Spriano

If I make no mistake, I have heard some people say this: there is no definition
of the primary elements—so to speak—out of which we and everything else are
composed; for everything that exists in its own right can only be named, no
other determination is possible, neither that it is nor that it is not ... But what
exists in its own right has to be ...named without any other determination.
In consequence it is impossible to give an account of any primary element; for
it, nothing is possible but the bare name; its name is all it has. But just as
what consists of these primary elements is itself complex, so the names of the
elements become descriptive language by being compounded together. For the
essence of speech is the composition of names.

Socrates, from Plato’s Theaetetus

And so from the complexity of the world, built out of primary elements that cannot be
described with anything but a name, arises the complexity of language built from those
names.

In this section, we characterise hyperbolic groups in terms of whether the languages
formed out of their quasigeodesics are regular or not. One direction of this characterisation
is due to Holt and Rees [HRO3]; myself, Sam Hughes and Davide Spriano prove a strong

converse to their result.
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2.1 Geodesic and quasigeodesic words in a Cayley
graph

Let G be a group with finite generating set S. Let I'(G,.S) denote the Cayley graph of G
with respect to S. Let d denote the path metric on the Cayley graph. Let W be the set
of finite or infinite words on the alphabet S U S~!. We may identify elements of W with
paths in I'(G, S) based at the identity e € G. The length of a word w € W is the number
of letters in w. If w € W has finite length then we say it is a finite word. Finite words
in W also correspond to group elements, the group element being the terminal vertex
of the path based at e corresponding to w. We denote by wg € G the group element
corresponding to a finite word w € W.

Given two words u,v € W, we denote their concatenation, which is also an element
of W, by uv. We say that y € W is a subword of a word w € W if w can be written as

w = xyz for words x,z € W.

Definition 2.1. Let A > 1 and € > 0. We say that a word w € W is a (A, €)-quasigeodesic
if
length(u) < Ad(e,ug) + ¢

for all subwords u of w. A (1,0)-quasigeodesic word is known as a geodesic word.

Remark 2.2. We might also define a (A, €)-quasigeodesic word w € W as follows. Let
w : [0, length(w)] — T'(G, S) be the natural arclength parametrisation of the path w in the
Cayley graph. We say that w is a (A, €)-quasigeodesic if

[t —s] < Md(w(s),w(t)) + €

for all s, t € [0, length(w)]. This definition is equivalent to Definition 2.1.

Definition 2.3. A finite word w € W is a loop if w =g e. A loop corresponds to a graph
homomorphism ¢ : C,, — I'(G, S) of the circular graph C,, into the Cayley graph I'(G, S).

Definition 2.4. Suppose we have a loop w € W of length n and suppose ¢ : C,, — X is
the corresponding graph homomorphism. Let L be a natural number with L < n, and let
A > 1and € > 0 be real. We say that w is a L-locally (), €)-quasigeodesic if the restriction
of ¢ to any subpath of C,, of length L corresponds to a (, €)-quasigeodesic in I'(G, S).

2.2 Regular languages of geodesics

Regular languages of geodesics are usually defined via finite state automaton. Personally,

I find this definition unwieldy, and believe it is preferable to give a definition in terms
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of cone types in the Cayley graph. The equivalence of these two perspectives is perhaps
more of an observation: a cone type is nothing more than a state of the automata.

Let G be a group with finite generating set S. Let I'(G, S) denote the Cayley graph of
G with respect to S. Let W be the set of finite or infinite words on the alphabet SU S

Definition 2.5. Let w be a finite geodesic word on the alphabet S U S~!. We define the
geodesic cone of w in I'(G, S) to be

Cone(w) = {w'" € W : ww' is a geodesic word in I'(G, S)}
Example 2.6. If G = Z? = (a,b | [a,b]) and S = {a, b} then
Cone(ab) = Cone(a®b*) = {finite or infinite words on the letters a,b}

and
Cone(a™?) = Cone(a*b*) U Cone(a b ")

Definition 2.7. We define
Cones(G, S) = {Cone(w) : w is a finite geodesic word in W}

to be the set of geodesic cone types in I'(G, S). If Cones(G, S) is a finite set, then we say
that I'(G, S) has a regular language of geodesics.

Example 2.8. If G = Z? = (a,b | [a,b]) and S = {a,b} then I'(G,S) has a regular

language of geodesics. Indeed, it has exactly 9 geodesic cone types. These are

Cone(ab) = {finite or infinite words on the letters a, b}
Cone(ab™!) = {finite or infinite words on the letters a,b~'}
Cone(a™" ) {finite or infinite words on the letters a™*, b}
Cone(a*b~1) = {finite or infinite words on the letters =, b~}
Cone(a) = Cone(ab) U Cone(ab™)

Cone(a™') = Cone(a'b) U Cone(a b 1)

Cone(b) = Cone(ab) U Cone(a™'b)

Cone(b!) = Cone(ab™') U Cone(a b~ 1)

Cone()) = Cone(ab) U Cone(ab™*) U Cone(a'b) U Cone(a "0 ")

In 1984, Cannon [Can84| proved the following theorem.
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Theorem 2.9 (Cannon). If G is a hyperbolic group and S is any finite generating set
then I'(G, S) has a regular language of geodesics.

Similarly, Neumann and Shapiro [NS95] were able to prove that it does not matter

which finite generating set we choose for the free abelian groups Z".

Theorem 2.10 (Neumann—Shapiro). If S is any finite generating set for " then I'(Z", S)

has a regular language of geodesics.

Having a regular language of geodesics is a rather flimsy concept, as the following
example shows [NS95, Remark after Theorem 4.3].

Theorem 2.11 (Cannon). There ezists a finite generating set S for a semidirect product

72 x Ty such that T'(G,S) does not have a regular language of geodesics.

It is currently unknown whether hyperbolic groups and the free abelian groups Z"
are the only examples of groups which have regular languages of geodesics for all their
finite generating sets. However there are several examples of groups for which there exists
a finite generating set S which gives a regular language of geodesics: virtually abelian
groups [NS95|, Garside groups [CMO04]|, groups hyperbolic relative to virtually abelian
peripheral subgroups [AC16].

2.3 Regular languages of quasigeodesics

Definition 2.12. Let A > 1 and € > 0. Let w be a finite (A, €)-quasigeodesic word on the
alphabet S U S™!. We define the (), €)-quasigeodesic cone of w in T'(G, S) to be

Coney (w) = {w' € W : ww' is a (), €)-quasigeodesic word in I'(G, S)}
Definition 2.13. We define
Cones, (G, S) = {Cone, (w) : w is a finite (A, €)-quasigeodesic word in W'}

to be the set of (A, €)-quasigeodesic cone types in I'(G, S). If Cones, (G, S) is a finite set,
then we say that I'(G, S) has a reqular language of (X, €)-quasigeodesics.

Definition 2.14. We say that a finitely generated group G is QREG if it has a regular
language of (A, €)-quasigeodesics for all finite generating sets S, for all rational A > 1 and

for all real € > 0. In other words, Cones, (G, S) is finite whenever A is rational.

Holt and Rees [HRO03] were able to prove the following remarkable theorem.
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Theorem 2.15 (Holt-Rees). If G is a hyperbolic group then G is QREG.

In the same paper, Holt and Rees also prove that if GG is hyperbolic, then for all finite
generating sets S, all irrational A > 1 and all real € > 2\, the set of (), €)-quasigeodesics
do not form a regular language.

Now, although Theorem 2.9 tells us that hyperbolic groups have regular languages of
geodesics, it follows from Theorem 2.10 that this is not a sufficient condition. It is rea-
sonable to ask whether the stronger condition QREG suffices to guarantee hyperbolicity.
Indeed, it does.

Theorem 2.16 (Hughes—Nairne-Spriano). A finitely generated group G is hyperbolic if
and only if it is QREG.

The forward implication of Theorem 2.16 is exactly Theorem 2.15 of Holt and Rees.
Sam Hughes, Davide Spriano and I proved that all non-hyperbolic groups fail to be
QREG. In other words, given a non-hyperbolic group G, there exists a choice of gener-
ating set S, a choice of rational number A\ > 1, and a choice of real ¢ > 0, such that the
(A, €)-quasigeodesics are not regular in I'(G, S).

Characterisations of groups in terms of their language theoretic properties are limited.
A classical example is the result of Muller and Schupp [MS83| in which they prove that
virtually free groups are exactly those for which the language of words representing the

identity is context-free. Theorem 2.16 provides another such characterisation.

2.4 Why Z? is not QREG

The inspiration for the general case comes from the following sketch proof of the fact that
Z? is not QREG.

Example 2.17. Let G = Z? = (a,b | [a,b]) and S = {a,b}. We claim that ['(G, S) does
not have a regular language of (X', 0)-quasigeodesics for any \' > 3.
Consider for each n € N, the increasing sequence of loops based at e in the Cayley

graph v, = a™b"a~"b~". We may parametrise these loops as 7, : [0,4n] — ['(G, S).

e Let ¢, be the maximal natural number such that -, is a geodesic (so t, = 2n

— anbn)’

! [0,t]
and v, ‘ 0.4n]

e let 7, be the minimal natural number such that -, is not a (XN,0)-

‘ [0,T}:]
quasigeodesic.
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Suppose we have two natural numbers m,n € N where n > 1000m. Now, by definition,

¢ Coney (a™b")

[t Tn]

Tn

By contrast, we claim that

€ Coney o(a™b™)
[tann]

Tn
We may write 7n|[tan] = a"b* for some 1 < k < n. We claim that the path n =
a™bma " is a (N, 0)-quasigeodesic. It holds for this reason: we have chosen n so much
larger than m that the end of 7, where plausibly the quasiisometric inequality could
break, is forced to be far away from its start. Assuming this to be true, it follows that
Coney o(a™b™) # Coney o(a™b™) whenever n > 1000m. So we have proved that all the
words in the set {a'000"p1900" .k e N} have distinct (X, 0)-cone types.

See Example 2.27 for a formal proof that the ()X, 0)-quasigeodesics in Z? with the

standard generating set are not regular for all A" > 1.

2.5 Why non-hyperbolic groups are not QREG

If we would like to mimic the argument in Example 2.17 for an arbitrary non-hyperbolic
group G, then as a first step we would like to find a sequence of locally quasigeodesic
loops 7, in the Cayley graph. Consider the following proposition of Hume and Mackay
[HM20, Proposition 5.1].

Proposition 2.18 (Hume-Mackay). Let X be a connected graph. X is hyperbolic if and
only if there 1s some N such that every 18-bilipschitz embedded cyclic subgraph in X has
length at most N.

By an "18-bilipschitz embedded cyclic subgraph in X", Hume and Mackay mean an
injective graph homomorphism ¢ : C,, — X of the circular graph C}, into the graph X such
that do, (z,y) < 18dx(o(z), ¢(y)) for all vertices x,y € C,. The construction of simple
locally (100, 1)-quasigeodesics loops in non-hyperbolic groups had appeared previously in
the work of Papasoglu [Pap05, Lemma 3.8].

Corollary 2.19. Let K > 2 be some constant. If G is a non-hyperbolic group, then for
any finite generating set S, there exists an increasing sequence of natural numbers [, — oo
and a sequence of Ly-locally (18,0)-quasigeodesic loops v, (in the Cayley graph T'(G,S))
of length l,, where I, < KL,.

29



Proof. Proposition 2.18 tells us that there exists an increasing sequence of natural numbers
l, — oo and a sequence of 18-bilipschitz embedded cyclic subgraphs in I'(G, S) of length
l,. We may write these cyclic subgraphs as injective graph homomorphisms ¢, : C; —
IG,S). If L, = |l,/2] then any subpath in C), of length L, is a geodesic. So Cj,
is L,-locally (1,0)-quasigeodesic, from which it follows that its image in I'(G, S) is L,-
locally (18, 0)-quasigeodesic. For [, sufficiently large we have [, < KL, and the result
follows. O

Definition 2.20. Let ['(G, S) be a Cayley graph and consider the following condition:

There exists an increasing sequence of positive numbers [,, — oo and a
pair of constants K, A\ > 1 such that for every n there exists an L,-locally (%)
(A, 0)—quasigeodesic loop v, of length [, in I'(G, S) with [,, < KL,.

At times, it is convenient to specify the values of the constants K, A\. In that case we say

that T'(G, S) satisfies (x) with constants (K, \).

Remark 2.21. Without the insistence that the local constant L, is linearly comparable
to l, (i.e. thatl, < KL, for all n), the condition would be almost vacuous since every

simple loop is 1-locally geodesic.

The statement of Corollary 2.19 is exactly that for any non-hyperbolic group G, and
for any finite generating set S, the Cayley graph I'(G,S) satisfies (x) with constants
(K, 18) where K is any constant greater than 2.

Remark 2.22. In our preprint [HNS22/, we prove a version of Proposition 2.18 for non-
hyperbolic geodesic metric spaces. We prove that a geodesic metric space is non-hyperbolic
if and only if there exists a constant K > 1 and a sequence of L,,-locally (3,0)-quasigeodesic
loops 7y, of length 1, where |, — oo and l,, < KL,. We proved this prior to discovering
Proposition 2.18. Qur theorem applies to all geodesic metric spaces as opposed to the
Hume—Mackay result which applies only to graphs. However, in our result, the constant
K is not explicitly defined and, a priori, it depends on the choice of non-hyperbolic metric
space.

In order to prove that a non-hyperbolic geodesic metric space X admits an increasing
sequence of locally quasigeodesic loops 7, as above, we used the fact that X has an asymp-
totic cone which is not a real tree, and this asymptotic cone therefore contains a simple
triangle. If we have a simple triangle "at infinity", one might expect that X itself admits
an expanding sequence of simple polygons whose limit is the triangle. This is the content
of [DS05, Proposition 3.29(c)]. By "smoothing out” the corners of these polygons we will

get the sequence of locally quasigeodesic loops 7, that we desire.
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Theorem 2.23. Suppose I'(G,S) is a Cayley graph that satisfies (x) with constants
(K,\). Then for all N > (2K — 1)\ the set of (N,0)-quasigeodesics do not form a

reqular language.

Proof. Suppose we have a Cayley graph ['(G, S) satisfying (x) with constants K, \. Let
N > (2K — 1)\. We need to choose the parametrisations of our loops 7, thoughtfully.

Claim. There exists an arclength parametrisation v, : [0,l,] — I'(G,S) of the loop ~,

such that if 7,, € N is the minimal natural number such that 7n| is not a (XN, 0)-

(0,%]

quasigeodesic, then =, is a (X, 0)-quasigeodesic.

[LTTL}

Proof of claim. To begin with, suppose 7/, : [0,1,] — T'(G, S) is some arbitrary parametri-
sation by arclength of the loop 7,. Let 7 € N be the minimal natural number such that
i }[OvTM is not a (XN, 0)-quasigeodesic. It follows that there exists a non-empty collection
of non-negative integers

T, ={T €No: T < T, and N|y,(T) "7, (T})| < T, - T}

Let S/ = max7,. Consider now the alternate parametrisation v, : [0,1,] — T'(G,S) of
our loop defined by v, () = 7, (t 4+ S/,). It follows that +,,(0) = ~.(S},) and v, (T}, — S.,) =
v (T"). If we define T,, = T} — S! then

v, ‘[O%_l] is a (XN, 0)-quasigeodesic by the minimality of T} ;

® M }[O’Tn} is not a (X', 0)-quasigeodesic since S/, € T
® Vn }[LTn} is a (X, 0)-quasigeodesic by the maximality of S/ ;
and the claim follows. O

You might think of the claim above in terms of rotation of our loops. We may also
assume that v, (0) = e for all n by considering translation. For each n, we fix the following

notation:

e Let t, be the maximal natural number such that fyn‘ } is a (A, 0)—quasigeodesic;

[Ovtn

e let 7, be the minimal natural number such that -, is not a (XN,0)—

‘ 0,]
quasigeodesic;

o let g, = Yu(tn);

o let hy, = /yn(tn)ilfyn(Tn)- So rYn(Tn) = gnhn
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Now, let m € N be arbitrary. Since I, — oo and L,, > [,,/K, we may choose n such
that

2K L,,
L, > : (2.1)
K
where k is the positive constant
1 2K -1
= - — . 2.2
K= " (2.2)

We will show that the (X, 0)-cone types of the (N, 0)—quasigeodesics 7y, ‘[0 ] and

Yn } 0., AT€ distinct.

Let n : [0,t,, + T,, — t,,] denote the concatenation of ~,, |[Ot | with the path v, ‘[t )

Suppose first that 77{[075 T is not a (N, 0)-quasigeodesic. Then we are done

—tp—1]

since we know that -, concatenated with -, is a (N, 0)-quasigeodesic (by

|[tn,Tn—1]
concatenated with the same path is not a (X, 0)-

‘ [0,t5]

the minimality of 7},) whereas ~,, |[0 ]

quasigeodesic. So we may assume that 7 ‘[Ot T is a (', 0)-quasigeodesic.

—1]

Suppose we have proven that 77{[075 Tt is a (XN, 0)-quasigeodesic. Then 7, |[0t |

concatenated with the path -, | is not a (N, 0)—quasigeodesic (by the definition of

[tn,Th]
T,), but v, ‘[0 il concatenated with the same path is a (XN, 0)—quasigeodesic. It would

follow that the (), 0)—quasigeodesics 7, }[ and 7, ‘ have distinct (X', 0)-cone types.

07t'm] [Ovt’”]
So we would like to prove that nho bt T tn] 18 (N, 0)-quasigeodesic. Looking for a
contradiction, suppose this is false. Then there exists some integer ¢ with 0 < t <

tm + 1, — t,, such that
NInt) ™ ntm + T —to)| < tm +Tp —ty —t

Ift > t,, then %}[t,Tn]
the parametrisations of the loops, we know this is not the case. So we may assume that
t <t,,. Hence,

is not a (X, 0)-quasigeodesic. However, by our assumption on
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The following six inequalities are easily verified

Ly <tm < KLy; (2.4)
Ly <ty (2.5)
T, < KL, < Kty; (2.6)
Y (8) ™ gon] <t — 15 (2.7)
t

o Wl 2.8
“ < g, 2.9

1,
()] < 32 (29)
where the final inequality follows from the fact that %‘[OT 1 and v, th] are both

(N, 0)-quasigeodesics yet 7, |[0 T is not a (X, 0)-quasigeodesic.
n Tn
We have |h,| > |ga| — |70 ()|, so by (2.8) and (2.9) we see that |h,| > & — 2. It
then follows from (2.6) that

1 K
hol > | —— = ) tn- 2.1
il 2 (5 - 3) (2.10)
Now, [Ym(t) " gmhn| = |hn| = [7m(t) " gm|, so by (2.10) and (2.7) we obtain
1 K
() gmhal > [~ = = ) ta — (tm — 1). 2.11
in®) gt = (5= 5 ) tn = (b =1 (2.11)

Combining our assumption (2.3) with (2.6) we obtain
N[ (8) gimhin| <ty — t 4 (K — 1)t (2.12)

Next, combining (2.11) and (2.12) yields

tm—t+ (K =Dty _ (1 K
> (= — =)ty — (tm — ).
N = ()\ )\’)t" (tm = %)

This rearranges to
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and so by (2.4) and (2.5) we have

which contradicts (2.1). So n|[0t 1] S 8 (N, 0)-quasigeodesic and so the (X, 0)—

0,1, Dave distinct (X, 0)-cone types.

Let £ : N — N be the function

quasigeodesics ¥, |[0 ] and %‘

2K L,,
f(m):min{nEN:Ln> - }

Let (n;)ien be the integer sequence defined inductively by n; = 1, n;yy = &£(n;). By

the above, we know that ,, and v, have distinct (X', 0)-cone types whenever

[0,tn,] | [0,tn;]
i # j. It follows that there are infinitely many different (X', 0)-cone types. Hence, the

(XN, 0)—quasigeodesics in ['(G, S) cannot form a regular language. O

2.6 Conclusion and discussion

Corollary 2.24. Let G be a non-hyperbolic group and let S be any finite generating set.
Then for all X' > 54, the set of (N,0)-quasigeodesics in I'(G,S) do not form a regular
language. In particular, G is not QREG.

Proof. This is Corollary 2.19 combined with Theorem 2.23. ]

Theorem 2.16 follows from Theorem 2.15 and Corollary 2.24. As you can see, there is
quite dramatic behaviour among groups. Indeed, for any finitely generated group G, one

of two things can occur:

1. for all finite generating sets S and for all rational A" > 1, the (X, 0)-quasigeodesics

in I'(G, S) form a regular language;

2. for all finite generating sets S and for all ' > 54, the ()X, 0)-quasigeodesics in
['(G, S) do not form a regular language.

Corollary 2.24 suggests that we ask the following question.

Question 2.25. Given a non-hyperbolic group G, what is the infimal value of A > 1 such
that for all N > X\ we have that the (N,0)-quasigeodesics are not reqular?

I would conjecture the following.
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Conjecture 2.26. If G is a non-hyperbolic finitely generated group, then for all generating
sets S, and for all N > 1, the (XN,0)-quasigeodesics in ['(G,S) do not form a regular

language.

Indeed, for Z? with the standard generating set, one can show that the ()\,0)-
quasigeodesics are not regular for A’ > 1. This is clearly an improvement over what is
proved in Example 2.17, however it is not obvious how the argument would generalise to

an arbitrary non-hyperbolic group.

Example 2.27. Let G = Z? = (a,b | [a,b]) and S = {a,b}. Let ' > 1. We will prove
that I'(G, S) does not have a regular language of (), 0)-quasigeodesics.

Suppose, for a contradiction, that the (X, 0)-quasigeodesics do form a regular language.
Then there are M < oo possible (X, 0)-cone types.

Let k,m,t be natural numbers and suppose Vi m: : [0,k +m +t] — ['(G,S) is the
path in the Cayley graph given by a*b™a~".

Claim. If vy is a (N,0)-quasigeodesic and if k > M then there exists some k' > k

such that Y my is a (N, 0)-quasigeodesic.

Proof of claim. Since k > M, we know that there exist 0 < s; < s9 < k such that a** and
a® have the same (X', 0)-cone type. Since Y, is a (N, 0)-quasigeodesic, we know that
a*=s1pma~t € Coney o(a®). Hence a**1ma~t € Coney o(a®?) and so a*2a*~*1hma~! =
abtsz=sipma=t =~y o o ome 18 a (X, 0)-quasigeodesic. By setting k' = k + sy — s1, we are
done. O

A similar argument proves the following claim.

Claim. If Y m: is a (N, 0)-quasigeodesic and if t > M then there exists some t' >t such
that Yimy ts a (N, 0)-quasigeodesic.

Now, let m € N be large enough that the path v, s is a (X, 0)-quasigeodesic (choos-
ing m > 2M /(N —1) will suffice). By repeatedly applying the first claim above, we see that
there exist arbitrarily large values of k such that vy, as is a (X, 0)-quasigeodesic. In partic-
ular, there exists k& > X'm such that v, ar is a (X, 0)-quasigeodesic. Then, by repeatedly
applying the second claim, we can find ¢t > k such that 74, is a (X, 0)-quasigeodesic.
Consider the subpath a*0™a™* of i, Since 2k +m > Nm = Nd(e, a"v™a™*) we see
that this subpath is not a (X', 0)-quasigeodesic. S0 Vg .+ is not a (X, 0)-quasigeodesic and

we have a contradiction.
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Chapter 3
Diaries

In 100 Years of Solitude a plague of insomnia afflicts the town of Macondo. The most

troubling effect of the insomnia plague is that it ultimately leads to memory loss.

One day he was looking for the small anvil that he used for laminating metals
and he could not remember its name. His father told him: “Stake.” Aureliano
wrote the name on a piece of paper that he pasted to the base of the small
anvil: stake. In that way he was sure of not forgetting it in the future. It
did not occur to him that this was the first manifestation of a loss of memory,
because the object had a difficult name to remember. But a few days later
he discovered that he had trouble remembering almost every object in the
laboratory. Then he marked them with their respective names so that all
he had to do was read the inscription in order to identify them. When his
father told him about his alarm at having forgotten even the most impressive
happenings of his childhood, Aureliano explained his method to him, and
José Arcadio Buendia put it into practice all through the house and later on
imposed it on the whole village. With an inked brush he marked everything
with its name: table, chair, clock, door, wall, bed, pan. He went to the corral
and marked the animals and plants: cow, goat, pig, hen, cassava, caladium,
banana. Little by little, studying the infinite possibilities of a loss of memory,
he realized that the day might come when things would be recognized by their
inscriptions but that no one would remember their use. Then he was more
explicit. The sign that he hung on the neck of the cow was an exemplary
proof of the way in which the inhabitants of Macondo were prepared to fight
against loss of memory: This is the cow. She must be milked every morning
so that she will produce milk, and the milk must be boiled in order to be mized
with coffee to make coffee and milk. Thus they went on living in a reality that

was slipping away, momentarily captured by words, but which would escape
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irremediably when they forgot the values of the written letters.
100 Years of Solitude, Gabriel Garcia Mdrquez

The human effort to record daily events in journals, databases and diaries is an attempt
to record as effectively as possible the infinite detail of day-to-day life in finite packets of
information. To record everything is a lost cause: you can only hope to record the key
features of an event. For example, it is a waste of time to write in your diary The sun rose
today. because this always happens. Far better to take note of the events that distinguish

the day from every other.

3.1 Diaries

A diary, as defined in this chapter, and perhaps in its normal sense as well, is some system
of converting infinite quantities of data that occur on days 1,2,3,...,7 into finite diary

entries at the end of each day.

Definition 3.1. A diary is a height-preserving and order-preserving map (with respect

to some chosen basepoints) from an infinite-valence tree to a uniformly locally finite tree.
Remark 3.2. Since a diary is a graph homomorphism, it is always 1-Lipschitz.

Throughout this chapter, we will assume that the infinite-valence trees have some
extra structure; we will assume that they are sentence-trees as defined in Definition 0.17.
So, for the remainder of this chapter, we suppose that A is a finite alphabet of letters,
we suppose that W is the set of finite but non-empty words on A and we suppose that
Ty is the associated sentence-tree. We will also assume that the codomain of a diary is

a word-tree Tq, for some finite set ().

Example 3.3. Let Last : W — A be the function which outputs the last letter of a word
w € W. Then there exists a diary LD : Ty, — T4 which just outputs the last letter of

every word in a € Ty,. More precisely,
LD(wy ... w;) = Last(wy) . .. Last(w;)

For example, LD(abc bc @a) = cca.

The term diary comes from the following metaphor. Every day, our protagonist Alice
receives some sort of input data (it could be an image, or a voice note, or a text message)
which may be very long, in the form of a finite word in W. Every day, she has only a finite

amount of time to record the data in her diary, and there are only finite many letters in
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the English alphabet, and she can only write at a certain pace, and therefore the daily
entry in her diary may be summed up as an element of some finite set {2. Suppose that
on days 1,2,...,7 Alice receives the input data wy, ws, ..., w; € W respectively and in
response to this data Alice records vy, v, ..., v; €  in her diary. We have thus defined
amap D : Ty — To by D(wy...w;) = v7...7; and it is a diary: it is height-preserving
because Alice writes exactly one diary entry per day and it is order-preserving because
Alice does not "re-write" diary entries.

We will be interested in understanding whether a given diary D : Ty, — T can suc-
cessfully distinguish between two sentences «, f € Ty (meaning that D(«) # D(f5)). As
the following example demonstrates, this theory can be applied to understanding when we
can upgrade quasiisometric embeddings into products of infinite-valence trees to quasiiso-
metric embeddings into products of binary trees. The following example explains how the
theorems in this chapter are used to prove Theorem 4.1 in Chapter 4 and Theorem C.4

in Appendix C.

Example 3.4. Suppose X is a metric space and suppose we have a (A, )-quasiisometric
embedding F': X — H(?:l Tw. Let P be a property of pairs of sentences in Ty, (or, what
is the same thing, P is a subset of the product Ty x Ty ) and suppose we have a diary
D : Ty — Tq for which there exists a constant M > 1 such that

1

dr,(D(@), D(B)) 2 7rdry (e, B) (3.1)

for all pairs o and f satisfying P. We are interested in whether the composition

DxDx---xD

Q Q
X 5] mw 222 ] 32)
q=1 q=1

is a quasiisometric embedding. Suppose products are given the L! metric.

Let z,z € X and write F(x) = (o, a9,...,a9) and F(z) = (01, 52,...,0¢g). Then
d(F(x), F(2)) = Zqul dry, (0, By). Suppose q € {1,2,...,Q} is such that dp, (aq, 5;) =
max, dry, (aq, By). Then dpy, (ay, Bq) > %d(F(:p), F(2)).

Suppose we manage to prove that the pair oy, 3, € Ty arising in this manner satisfy
the property P. Then I claim that (3.2) would be a quasiisometric embedding. The diary
D is 1-Lipschitz and the map F is a quasiisometric embedding so the composition (3.2)

is coarsely Lipschitz. For the lower bound of the quasiisometric inequality we have

1

dr, (D{ag), D) 2 7 (0, o) 2 Gd(Plo), FI:) 2

AQA{dXC&Z)_lL
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where the first lower bound follows from the fact that ag and 3, satisfy P. As € is finite,

T is quasiisometric to a binary tree (assuming || > 1).

In the remainder of this chapter, we will provide four criteria (7°), (§2), (D) and (3)
on pairs of sentences, analogous to the property P in Example 3.4, which imply that a
certain diary D coarsely preserves the metric on those sentences as in (3.1). The ideas
and definitions in this chapter were created in order to quasiisometrically embed relatively
hyperbolic groups into products of binary trees as described in Theorem 4.1. However,
since all the definitions in this chapter are independent of the work in Chapter 4 and
since they have a different mathematical flavour, I thought it would help the clarity of
this thesis by placing them in a separate chapter. Possibly, it also makes this work more

accessible to anyone who might want to use it in the future.

Remark 3.5. [ do not know how to approach the situation described in Example 3./
without assuming that the infinite-valence tree is a sentence-tree. It is for this reason that
it is mecessary in the proof of Theorem 4.1 to find a quasiisometric embedding of G into a
product of sentence-trees, as opposed to some abstract infinite-valence trees. This is why

the quasitsometric embedding in Theorem .70 needs to be chosen very carefully.

The ideas behind these criteria stem from the work of Buyalo, Dranishnikov and
Schroeder [BDS07| on Alice’s Diary. Alice’s Diary allows one to quasiisometrically em-
bed subsets of products of infinite-valence trees into products of uniformly bounded va-
lence trees in certain circumstances. However, the results that Buyalo, Dranishikov and
Schroeder prove on Alice’s Diary (in particular [BDS07, Proposition 5.5]) are phrased in a
rather ad hoc manner. It was my aim to unravel the ideas and theorems which are latent
in their work, and to provide easy to use and flexible criteria so that one may find quasi-
isometric embeddings into products of binary trees in many contexts. The definitions that
are created to achieve this aim, i.e. diaries, finite statistics and linear statistics, are quite
abstract. Indeed, a reader solely interested in the proof of the main result of Chapter 4
might reasonably ask whether so many abstract definitions were needed for the proof of
this one theorem. However I can guarantee a concerned reader that although an ad hoc
proof, forged by bending Alice’s Diary to the specific case of relatively hyperbolic groups,
might have made for a marginally shorter proof, it would have been less coherent and
the ideas involved would have been buried. Earlier drafts of this work can attest to this.
An ad hoc proof could only be understood on a line-by-line basis, as if we were staring
at a painting with the tip of our nose a centimetre from the canvas. A more theoretical
approach allows for the broader strokes of the proof to be seen.

I would also like to express my appreciation of Buyalo, Dranishnikov and Schroeder’s

paper. They chose to use metaphor to help the reader understand the Alice’s Diary
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function, and it was this metaphor and the questions it raised that sparked my curiosity

on the topic.

3.2 Finite statistics

Definition 3.6. A finite statistic is a function stat : Ty — Q where 2 is some finite set.

If we wish to specify the domain of stat we say that it is a finite statistic on Ty .

You might think of stat(a) as being a fact about « that contains a uniformly bounded
amount of information. It is a statistic in the sense that it is a value which can be
calculated from some input data a. We can use finite statistics to create diaries as

follows.

Definition 3.7. Suppose we have a finite statistic stat : Ty, — € and suppose Tg is the
word-tree on 2. Then the diary D : Ty — T defined by

D(wy W3 ... w;) = stat(wy)stat(wy ;) . . . stat(wy Wy . .. W;)

is the diary associated to stat: Ty — €.

Example 3.8. Let x € N be a constant and let €2, denote the set of all words in
W of length at most k. Consider the map trunc, : Ty — (), which is such that
trunc, (w7 Wy ...w;) is equal to the final k letters of the word w;. Then trunc, is a
finite statistic on Ty,. The associated diary simply returns the final s letters of each
word in the sentence. If the letters in A are thought of as events, and the words in W as
sequences of events that occur on a given day, then this diary is the one in which Alice

records at the end of the day the x most recent events.
Hypothetically, Alice could be more imaginative in her choice of diary.

Example 3.9. Suppose A = {0,1} and let Q be the set {n/10° : 0 < n < 105}. Let
avs : Ty — Q be defined so that avs(wy...w;) is the element of €2 closest to the the
average value of the string wjws ... w;, rounding up if necessary. Let D : Ty, — T be
the associated diary. In other words, on day ¢ Alice records the average of wiws . ..w; up

to 5 decimal places.

We may now provide our first criterion for when there exists a diary that coarsely
preserves a pair of sentences.

Let Sgnite be a finite collection of finite statistics on the same sentence-tree Ty, (but
the finite statistics are allowed to have different codomains). Let 0 < § < 1, J € N be
constants. Consider the following property, pronounced Aries, that a pair of sentences «

and [ in the forms described by Notation 0.18 might possess.
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Definition 3.10. We say that «, § satisfy 7' (Sgnite, 0, J) if there exists some 1 < j <
dmin(m,n) + J and stat € Sgpite such that

stat (Ur ... Up Upy1 - Upyy) 7 stat(Un ... Uy upyy - Uy )

Property (7) is saying that there exists a fact about « and § which distinguishes
them and which only requires a finite amount of information to state. The purpose of the
constants 0 and J is to ensure that this distinguishing fact separates o and g sufficiently

close to their lowest common ancestor uy ... u,.

Theorem 3.11. There exists a finite set Q = Q(Spnite), @ diary D = D(Spnite) which is
a function D : Ty — Tq, and a constant M = M (9, J) > 1, such that

1

7m0 (@ B) < dry (Do, DB) < drs, (o, )

for all o, B satisfying T(Spnite, 0, J).

Proof. Write Sgnite = {stat? : Ty — QF : 1 < k < K}. We begin by combining all the
finite statistics in Sgpite into a single finite statistic STAT : Ty, — €. Set 2 = Hszl QOF.
We define STAT : Ty, — Q by

stat!(wy ... w;)
stat?(wy ... w;)
STAT (wy ... w;) =
stat® (wy . .. w;)
Let D : Ty — Tg be the diary associated to STAT. More explicitly

D(@r ... @) = STAT(w)STAT(@7 @3) . .. STAT (@ @5 .. . @7)

Suppose «, 5 satisfy T(Shnite, 9, J). Then there exists 1 < j < dmin(m,n) + J and
1 < k < K such that stat’(uy...w,.. . T;) # stat’ (..., .. ul,;). It follows that
STAT (uy ...y - . . Upyy) # STAT(ur ... %, . . . uy,, ;) and so

dro(Da, DB) > (p+m) —(p+j—1)+(p+n)—(p+j—1)=m+n—2j+2

We have two cases: either m +n < 4J/(1 —§) or m +n > 4J/(1 — 6). In the first case,
we have

1—9 4J 1-9
>

> — 29 > 2 =
dr,(Da, DB) >m+n—2j+2>2 57 152 37

(m +mn)
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In the second case, we have
. 1-9
dr,(Da,DB) >m+n—2j+2>m+n—06(m+n)—2J > T(m—i—n)

So if we set M = 2J/(1 — §) then we are done. O

So we may now address the situation described in Example 3.4: if the sentences
aq, Bq € Tw satisfy T(Sgnite, 0, J) for some uniform choices of Sgpite, d and J, then the
diary D = D(Sgnite) given by Theorem 3.11 will be such that (3.2) is a quasiisometric
embedding.

Definition 3.12. We say that a, § € Ty satisty §(Shnite, /) if they satisfy T (Sgnite, 0, J).

This property is pronounced Leo.

In the next section, we are going to introduce Buyalo, Dranishnikov and Schroeder’s
Alice’s Diary. Afterwards, in Section 3.4, Alice’s Diary will be used to create diaries that

are more powerful than the ones which are made via finite statistics.

3.3 Alice’s Diary

Let us add some more texture to our diary metaphor. We refer to a letter chosen from the
finite alphabet A as an event. On each day, several events occur in some order (thereby
forming a word in W), and at the end of each day Alice dedicates k € N minutes to diary
writing. Alice can write down one letter per minute and so records at most x letters in
her diary each day. On each page she writes down only one letter, and so on each day she
fills in at most x pages of her diary. The pages of her diary corresponding to a single day
form a chapter. Alice wants to record the events on days 1,2,3,4,5,6,7,... to the best
of her ability. She has perfect memory of past events but seems to always be paranoid
that one day she might forget everything and only her diary will be left behind to remind
her of what occurred.

If Q. is the set of all words of length at most x on the alphabet A, then Alice’s diary
writing process defines a diary D : Ty — T, (assuming she responds deterministically
to possible sequences of events). A vertex in Ty corresponds to some possible sequence
of events over the course of several days, and a vertex in T, corresponds to a possible
sequence of chapters in the diary.

The diary described in Example 3.8, in which Alice simply records the final x events
of the day provides an example of this sort of diary. However, this truncation diary might

be very inefficient.
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Example 3.13. Let trunc, : Ty — €2, be the truncation statistic from Example 3.8 and
suppose kK = 4. Let D : Ty — Tg, denote the associated truncation diary. Suppose we
have some sentence o« = wy ws ... w; € Ty such that half of the words in « have length
2, and the other half of the words in a have length 8. Then the diary D : Ty, — Tq,
described above is very wasteful: on the days when only two events occur Alice records
only two letters in her diary as opposed to her maximum of 4 - she could have used that
spare time to write about previous days on which eight events occurred! And indeed, the
total amount of wastefulness (or viewed another way, the potential for gains in efficiency)

is in the order of ¢ where 7 is the length of the word «a.

The inefficiency of the truncation diary motivates the definition of Alice’s Diary. Al-

ice’s Diary was invented by Buyalo, Dranishnikov and Schroeder [BDS07].

Definition 3.14. Alice’s Diary AD, : Ty — Tq,, is characterised by the following rule:

Alice always records the most recent unrecorded event first.

It is easiest to understand Alice’s Diary through an example. I have also provided a

formal and non-metaphorical definition in the appendix, see Definition A.1.

Example 3.15. Let A = {a,b,c} and k = 3. Suppose that on day one, at first event
a occurs, then event b, then event a again and then event c¢. So the associated word is
abac. Since k = 3, Alice only has time to write down 3 letters at the end of the day,
and so she records cab. That’s because event ¢ occured most recently, then event a, then
event b. Suppose that on day two, the associated word is ¢b. Then Alice writes down in
her diary bca. The final a she writes down was the first event of day one. Now suppose
that on days three, four and five, the associated events are acce, bebe and a respectively.
Then the chapters that Alice records in her diary at the end of days three, four and
five are ccc, cbe, aba. In the chapter corresponding to day five, the first page records
an event from day five, the second page records an event from day four, and the third
page records an event from day three. So we have shown that ADs : Ty, — T\, satisfies

AD;(abac cb acce bebe @) = cab bea cce che aba.

So Alice’s Diary is a greedy algorithm for creating diaries.

We would now like to understand how much information AD, captures about the
original sentence. What does this mean? One interpretation is that we would like to
understand when o # § = AD,(«a) # AD.(5). The statement that a # f roughly
amounts to saying that the two sentences have letters which are in the same position yet
correspond to a different element of A. You might call these "clashing" letters. So we
would like to understand when the existence of clashing letters implies that AD,(a) #

AD,(B). If we take the contrapositive of this statement, we find ourselves studying
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whether AD, (o) = AD,(5) implies that two letters in the same position in «,  must be
the same element of A. Hopefully this justifies why the conclusion of Theorem 3.20 below
is significant.

But first, we want to assume that our sentences o have some further structure.

Definition 3.16. Suppose that our alphabet A contains a special character x. We say
that a word u € W is starred if u = xw for some word w € W that does not contain the
letter x. We say that a sentence a € Ty is starred if all the constituent words of o are

starred. Maybe x corresponds to the event of sunrise.

The primary reason to work with starred words is so that you can say the following:
if u and ' are distinct starred words then there exist distinct letters a € v and a’ € o/
with the same distance to the end of their words.

In Lemma 3.17, Lemma 3.18, Lemma 3.19 and Theorem 3.20 that follow, we will always
assume that we have two starred sentences a = ¥y *s . . . Xty and 8 = xu} *ul ... xu!,

in Ty and that AD,(a) =77 T3. .. Ty, and AD.(8) = v} v},... V..

n

Lemma 3.17. Suppose the diary chapter v; has the form v; = u v where u does not
contain the letter x. Then u; = .

Proof. At the end of day ¢, Alice sets out writing her diary. She starts by recording the
events of day ¢. If she does not fully record the events of day ¢, then there can be no *
in that day’s chapter. Since v; = u % v, it follows that Alice records day i in its entirety.
Since Alice always records the most recent events first, her recording of day ¢ must come
at the start of the word v; and the x in xu; must be the first x of chapter 7. It follows that
u; = AT ]

Lemma 3.18. Suppose that AD,(a)) = AD.(B). If a word *u; has length at most r then

u; = ;. Similarly, if a word xu’; has length at most k then u; = u’.

Proof. Suppose xu; has length at most . It follows that v; is of the form ﬁ_l * v for some
word v. Since v; = v;, by Lemma 3.17 we deduce that u; = u;. The case when *u; has

length at most x follows similarly. O
Lemma 3.19. Let i < min(m,n) and suppose a € *u; and o’ € xu, are letters such that
1. a,d’ have the same distance from the end of their words;

2. there ezists i < j < min(m,n) and 1 < k < k such that event a is recorded on page

k of diary chapter v;;

3. w; has the same length as uy fori+1 <1 <j.

44



Then a' is recorded on page k of diary chapter v;

Proof. Write xu; = vaw and xu; = v'a’w’. The content of the first condition is that w has

the same length as w’. The position of @ within the diary words v; T;57 . . . 7; depends only

on the lengths of the words w, u;41, ..., u;. Similarly, the position of ¢’ within the diary
words v_; (/A v_; depends only on the lengths of the words w',u;,,...,u}. It follows
that a and a’ appear on the same page of v; and v’ respectively. O

Theorem 3.20. Suppose that AD,(a) = AD.(5). Let a be a letter in the word *u; and

let a' be a letter in the word xu) and suppose
1. a,a’ have the same distance from the end of their words;
2. The events a and a' are recorded in the diaries of o and 3.

Then there exists 1 < j < m and 1 < k < Kk such that a,a’ appear on page k of chapters

v; and 11; respectively. Consequently, a,a’ correspond to the same element of A.

Proof. Write xu; = vaw and xu; = v'a’w’. The content of the first condition on a,d’ is
that w has the same length as w’. If a is recorded within v; then it follows that aw and
a’w’ both have length at most x and the conclusion clearly holds. So assume that a is
recorded within v; for some ¢ +1 < j < m. Then clearly xu; has length at most x and so
Lemma 3.18 implies that u; = ;. We will prove by induction that u; = u; for i+1 <1 < j.
So fix i +1 < I < j and suppose w1 = Uy, Ups = Upyy, ..., u; = uj. Looking for a
contradiction, suppose that u; # u;. Then we can find distinct letters b € xu; and V' € xu;
with the same distance to the end of their words. We also know that b must appear in
one of the diary words v;, vi41,...,v; because for Alice to record event a in chapter v;,
she must already have recorded event b on some earlier page of the diary. It then follows
from Lemma 3.19, and the fact that the diaries are equal, that b and o' correspond to the
same element of A, which is a contradiction. Thus w; = uj.

So we have shown that u; = uj for all i +1 <[ < j. We can now apply Lemma 3.19

again to conclude that a and a’ appear on the same page of v; = v} and thus are equal. [

In my view, the above theorem is the fundamental observation on Alice’s Diary. To

paraphrase it: if you know two diaries are equal, and if you have two events that are
e recorded in the diary;
e occur on the same day;

e are in the same position (with respect to the ends of their words);
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then those two events correspond to the same element of A.
It leads us naturally to trying to understand when we can guarantee that an event is

recorded in the diary. We need some further definitions.

Definition 3.21. Suppose we have a sentence o = Uy Us...u,, € Ty and suppose a is
some letter in u;. We can write u; = vaw where v and w are some words on the alphabet
A. Then the sentence

aw Uiy - - - Um

is the tail-sentence of a. Similarly, the sentence

is the head-sentence of a.

In terms of our analogy, the tail-sentence of a consists of a and every event that
happens after a. The head-sentence of a consists of a and every event that happens

before a.

Definition 3.22. The average word length (AWL) of a sentence o = Uy Uy . . . Uy, € Ty is
the amount of letters in ujus . . . u,, divided by m. We will often write AWL(«) to denote

the average word length of a.

Proposition 3.23. Suppose a = uy Us . ..U, € Tw and let a be some letter in u;. Suppose
that the tail-sentence of a has average word length N > 1. If K > N then a is recorded in
AD, ().

Proof. We will prove the contrapositive. Suppose that a is not recorded in AD,(«). Write
AD, (o) =71 U3 ... Tp. A chapter only has fewer than x pages when Alice has successfully
recorded all past events already. It follows that v;, v;11, ..., v, all have k pages. Since
Alice would only record an event that happened prior to a if a had already been recorded,
we know that every page of the chapters v;, v;11, ..., v, corresponds to an event that
happened after a. It follows that the tail-sentence of a has at least k(m —i+1)+1 letters.
It consists of m — ¢ + 1 words and hence the average word length of the tail-sentence is

greater than k. O

Corollary 3.24. Suppose «, [ are starred sentences in Ty . Write

Q=Ul Ug...Up Ups] - Uptm

and

o = 7 /
B=u1 Uy... U Upyy - Upiy
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where upy1 # uy, . Write ADg(a) = U1 D3 ... Uppm and ADi(B) = v v (AT

Suppose we have letters a € upy; and a’ € u,, ; which satisfy the following
e a and a’' correspond to different elements of the alphabet A;
e a and a’' are at equal distance from the ends of their words;

e the AWL of the tail-sentence of a is N and the AWL of the tail-sentence of a’ is N';

Let i € Ny be such that p+ j+i < p+min(m,n). If Kk > Nm;f;rl and Kk > N’%;rl then
d<ADK(Oé)7ADH(ﬁ)) > d(Oé,ﬁ) - 2] -2

Proof. Suppose the amount of letters in the tail—sentence of a is [ and the amount of letters
in the tail-sentence of @ is I'. Then N = ——~ and N' = +1
sentences a1 = Ug .. upﬂ-ﬂ- and Bpﬂﬂ = u1 Uy jyie The AWL of the tail-sentence
+1 = N=-1= ]H So, by Prop051t10n 3.23, if k > Nm_—]Jrl then a
is recorded in AD, (ap4j1i)- S1m11ar1y, if K > N'Z JJFIH then a’ is recorded in AD w(Bptjti)-
It then follows from Theorem 3.20 that AD,(aptj4i) # ADk(Bptj+i) and the corollary

follows. L

Consider the truncated

of a € apyj4i is at most

3.4 Linear statistics

Theorem 3.11 provides a way of roughly preserving the metric on pairs of sentences
a, € Ty (of the forms described in Notation 0.18) when there is a uniform bound
When this is

the case, we may choose the finite statistic truncy, : Ty — €27, and the constants § = 0,

L on the length of the words w1, Uupia, ... Uprm and Uy, U 0,5 UL
J = 1. With these choices, the sentences «, 5 will satisfy T'(truncy,0,1). However, in
the "real-life" situations that arise from attempting to quasiisometrically embed groups
into products of binary trees, we will need to deal with situations in which there is no

uniform bound on the words w41, Upia, - - s Upm, Upy s Uy gy - - - However, we will

Ui
often find that these words are short on average. It is for these situations that we will
need linear statistics and their associated diaries.

Intuitively, where a finite statistic is some uniformly bounded quantity that can be
calculated from a sentence w7 ws ... w;, a linear statistic is a quantity that can be calcu-
lated from w7 w5 . . . w; that contains a linear amount of information with respect to some

variable ¢ € Nj.

Definition 3.25. Suppose, as ever, we have a finite alphabet A and an associated

sentence-tree Ty,. Suppose we have another, potentially distinct, finite alphabet B and
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let Ts be the word-tree on B. Given a number ¢ € [0, 00| let 2. denote all words on
the alphabet B of length at most c. So we can identify the sets (). with subsets of the
vertices of Tg. A linear statistic on Ty consists of a constant 7 > 1 and a collection
of finite statistics {stat. : Tw — Q.. : ¢ € Ny} such that if ¢ < ¢ then staty (wy ... w;)
descends from stat.(wy...w;) in Tg. We will typically denote a linear statistic just by
stat. : Tw — Q.. as opposed to {stat. : Ty — Q. : ¢ € Ng}. Associated to every
linear statistic stat. : Ty — .. is an infinite statistic staty, : Ty — (o defined by

stateo (W7 . .. W;) = lim, o stat. (w7 ... ;).

So stat.(wy ... w;) is a collection of facts about the sentence wy ... w; that contain
steadily more information as c¢ increases. Since the image of stat. is in €2,., the amount
of information contained in the word stat.(w;y...w;) is comparable in size to c¢. If
state (w7 ... w;) descends from stat.(wy...w;) that means that the former contains at
least as much information as the latter. This happens when when ¢ < (.

Let’s now consider some examples of linear statistics.

Example 3.26. Let B = A. If we define trunc.(wy . .. w;) to be the final 7¢ letters of the
word u; written backwards (i.e. starting from the final letter) then trunc. : Ty — €. is

a linear statistic.

Example 3.27. Let B = A. Let [ = length(wjws ... w;). Let ay,as, ..., a; denote all the
letters in the word wyws ... w;. Let ¢ € S; be a permutation which we call the order of
priority. We can define oop(c). : Tw — . by letting oop(o).(wy ... w;) be the first 7¢

letters of the word ag(1)as(2) - - - ). Then oop(o) is a linear statistic.

Example 3.28. Let B = {0}. We can define howmany, : Ty — €. by setting

0 if length(w;) > ¢

howmany (w7 ... w;) =

0 if length(w;) < ¢

Then howmany, is a linear statistic. You might even just identify howmany, with the

question "does w; have at most ¢ letters?".

Non-example 3.29. Let B = A. Let wy...w; € Ty and let aq,as,...,a; denote all
the letters in the word wyws ... w;. Suppose we define periodic, : Ty — (2. by setting
periodic (W7 ... W;) = a1G1/¢)G2(1/c|@3|1/c] - - - Acli/c)- SO periodic,(wy ... w;) outputs the
word formed by taking every |[/c]’th letter of the word wjws . .. w;. One might reasonably
think that this is a linear statistic on Ty since periodic,(wy . .. w;) is a word that contains ¢
letters. But it fails to satisfy the defining condition of a linear statistic: there is no reason

to think that periodic, (w7 ... w;) will descend from periodic, (wy . .. w;) when ¢ > c.
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We now come to our second criterion. Let Sjear be a finite collection of linear statistics
on the same tree Ty (but the linear statistics are allowed to have different codomains).
Let 0 <0 <1, J€N, N >0, e >0 be constants. Consider the property, pronounced
Virgo, that a pair of vertices a, 8 € Ty of the form described in Notation 0.18 might

possess. It is somewhat analogous to (T°).

Definition 3.30. We say that «, § satisfy D(Synear, 0, J, N, €) if there exists some 1 <
Jj < dmin(m,n) + J and stat, € Sjpear Such that

(V1) AWL(, 5771 - - Uprm) and AWL(uy, vy ... uj,,) are both at most N;

(M2) length(up;) > e(m +n) or length(uyy ;) > €(m +n) or uyyj # uy,,;

(MP3) staty,n(Un - - Up Upy1 - Upyj) F Statpn (U Uy vy - .u;Jrj).

(TP) is saying that there exists some fact about a and § which distinguishes them.
However, unlike in the case of (T) and (§2), this fact can now contain an unbounded
amount of information, as long as the amount of information is at most linear with
respect to m +n = dp, (o, ). The cost of this upgrade is that you very much need the
AWL of the tail-sentences to be uniformly bounded.

Theorem 3.31. There exists a finite set Q@ = QUSunear, 0, J, N,€), a diary D =
D(Siinear, 9, J, N, €) which is a function D : Tyy — Tq, and a constant M = M (0, J) > 1,
such that

S5 (@ 8) < dr (Da, DB) < dr, (0 )

for all o, B satisfying T Sinears 9, J, N, €).

The theorem is powerful for this reason: when m + n = dp, (o, 3) is very large,
— e — T T .
Stat yn (U1 - . Up Upy1 - Upyy) and staty, ., (U .. U, upy - .upﬂ-) contain vast amounts

of information about our sentences and so (11])3) is more likely to hold.
Proof of Theorem 3.31. Now,
o write Sjpear = {stat? : 1 <k < K};

let 7 > 1 be the constant associated to the linear statistic stat?;

k.
co

let B* denote the finite alphabet associated to the linear statistic stat

let stat®  denote the infinite statistic associated to stat;

k.
)

let 7 = maxy 7

let w be the smallest natural number which is at least 7/¢;
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e let x and v be two special letters.

Let u = bybobs... be a word on some alphabet, and let [ = length(u). For r € N, we
define
b1b2 ce br r S l

bib,y . .. bl(*)r—l r >l

norm, (u) =

So norm, (u) is the same as u except it has been either truncated or otherwise extended
by *’s so that it has exactly r letters (the word has been "normalised"). Recall that U is

the word u written backwards.

—

If wy ... w; is an element of Ty then we define a function stat®_ with domain Ty by

Vi
— <

statt, (Wr ... W;) = NOTMlength(w;) (Statl (W1 . .. 7))

—

So stat® (wy ... w;) is a word on the alphabet B U % of length exactly wlength(w;). Let
W' denote the set of finite words on the finite alphabet

A= U <A>< H(BkU*))

k=1

Then we have a map I : Ty — Ty given by

(w1)* (w2)* (w;)*
statl (wr) stat! (w7 ws) statl (wy ws ... w;)
I(wy ... w;) = % | stat? (wr) | % | stat? (wy wy) * | stat? (w; wy ... w;)
stat’ (wy) stat’ (wy wy) statX (wy wy . .. w;)

It can be checked that I is an isometric embedding: evidently it is height-preserving and
order-preserving, and it is injective since if I(wy...w;) = I(w} ... w]) then (w)* = (w})¥
forall 1 <[ <iandsow =w,forall<I[<i.

Let
127J 12 J
=2 N1 ana v 2UET L N
1-96 1—-6
and let xk be the smallest natural number that is larger than % and % and % and
%Tge). Let AD, : Ty — Tq, be Alice’s Diary for the value of x given above. Let

D = AD,oI. The map D : Ty — Tg, is a diary since it is height-preserving and order-
preserving. Suppose «, 5 € Ty satisfy TD(Sinear, 0, J, IV, €), and suppose, as ever, that
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they have the form given by Notation 0.18. We can assume that
m < 2min(m,n) and n < 2min(m,n) (3.3)

otherwise, we would have |m — n| > (m + n)/3 and so d(Da,DB) > (m + n)/3
and we would be done by choosing M(d,J) > 3. Let 1 < j < dmin(m,n) + J and
stat? € Synear be those given by condition D(Synear, 0, J, N,€). We have three cases:

length(u,y ;) > €(m +n) or length(uy,, ;) > e(m +n) or wpy; # uy, ;.

Case 1: We suppose first that length(u,:;) > e(m +n).

Claim. FEither (1) or (2) below occurs.

1. There exist letters

—

b e stath (ur... 7w, ... up;)

and

—

Ve stath (ur... ... ul, ;)

which are distinct and at the same distance d < T(m-+n) from the end of their words;

—

2. length(@(u_l. LTy Tpyg)) > T(m o+ n) but length(statt (Tr. .., ... ul, ;) <
T(m +n).

—

Proof of claim. First, note that length(stat? (ur...w,...w,1;)) > 7(m + n) since
length((uy4;)*) = wlength(u,+;) > we(m +n) > 7(m + n).
Now suppose that (2) doesen’t occur, i.e. length(stat’, (71...,...ul, ;) > T(m+n).

So 7(m + n) < wlength(u;,, ;). For a contradiction, suppose that (1) also doe-

—

sen’t occur.  Then the final 7(m + n) letters of statf (u;...w,...w,;;) and

—

statf (@1... 7, ... u), ;) must be the same. It follows that the first 7(m + n) letters of

NOTMlength(uy,) (Stath, (71 . .. Tpr;)) and NOrMyiengin(u , y(stath, (@1. .. w),, ;) must be the

Up+j
same. But normength(u, +j)(stat’;0(u_1. .. Upy;)) contains statl, (W1 .. Wpy;)) as an initial
subword since 7(m + n) < wlength(u,;;). Similarly, normwlength(%ﬂ)(stat’cfo(u_l. U )
contains statf, ., (@1 ... ul, ;) as an initial subword since 7(m + n) < wlength(uj,, ;). We

have a contradiction since statf, ., (71 ... Upr;)) 7 staty, (1. .. ul, ;). O
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It follows from the claim that there exist letters

- (up+)” - (4 5)”

statl (ur... @, ... Upry) statl, (U1 ... Ty ... ul,, ;)
be k| stat? (wr...T,.. . Upy;) | and 0 € K [ stat? (@r... @, .. u,, )

statX (ur...w, ... upy) statl (wr. .. Uy ... u, ;)

which are distinct and both at distance d < 7(m + n) from the end of their words (in
case (2) you choose ' to be the % at the beginning of the word). Now, suppose that the

sentence Upi 41 - - - Up+m has exactly [ letters. This implies that the tail-sentence of
bel(a)

has at most 7(m + n) +wl + (m — j) letters. So it has average word length at most

T(m+n)+wl+ (m—j) <7_m+n+wN+1<T 3m

- < +wN +1
m—7+1 m—j m—J

where we have used that AWL(T,1 557 ... Uprm) = I/(m — j) < N together with (3.3).

1-9

We now need to divide into two subcases: either J < =2 min(m, n) or J > =2 min(m, n).

Case 1a: We suppose J < 11;6‘5 min(m,n). In particular, we have J < 12;5 min(m,n) and
2 < 18;5(m +n). Then the average word length of b € I(a) is at most

3m

3 6
T ,—I—wN+1§T—m+wN+1§Tl 5—|—wN+1§U

m—j m—om —J —

By similar arguments, the average word length of the tail-sentence of &' € () is also

at most U. In order to apply Corollary 3.24 to the starred sentences I(«) and I(3), we

. [min(mén) - j"

choose

from which it follows that

m—j—|—1< m—j 2min(m, n) < 16U

- J <
i+1 — min(m,n)—j =  min(m,n) —dmin(m,n) —J — 1 -0 "
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and similarly U™= ]H < k. Hence, Corollary 3.24 tells us that

d(AD, o I(a),AD,, o I(a)) > dr,,, (I(0), I(B)) — 25 — 2i
—(m—j—i)+(n—j—i)

((m=)/2= 1)+ ((n = )/2— 1)
(m—=0dm—J)/2)+ ((n —on—J)/2) —2
(- (=

4 I
- (1=0)(m+n) (A=205)(m+n)

Vv

v

v

1—-9
8

dTW (a7 B)

If we choose M (4, J) > 8/(1 — §) then we are done in this case.
Case 1b: We suppose J > =2 mm(m n). Then, using (3.3), we have m,n
m+n < 8L Recall that b € I( ) and O’ € I(f) are both at distance d < T(m + n) from

the ends of their words. So, since k > % > 7(m +n) > d, they are distance at most x

< 32‘] and so

from the ends of their words. It follows that Alice records the events b and b’ on page d
of chapter p + j of the diary. It follows that chapter p + j of AD, o I(«) is distinct from
chapter p 4+ j of AD, o I(8). Hence,

d(ADs o I(a), ADso I(a)) = (p+m) —(p+j -1+ (p+n) —(p+j—1)

=m+n—25+2
>2
_1-664J
32719
>1—_5(m+n)
- 32J

So if we choose M (4, J) > % then we are done in this case too.
Case 2: We are done for symmetrical reasons in the case when length(u;,, ;) > e¢(m +n).

Case 3: Finally, we suppose that length(u,,;) < e(m + n), length(u,,;) < e(m + n)

and w1 # U, ;-

»14)” which are at the same distance from the end of their words and this
distance is at most ew(m +n) < (7 +¢€)(m +n) or (2) length((u,y;)*) # length((uy,,;)*).
In either case, it follows that there exist distinct letters b € I(«) and ' € I(f) which

occur on the (p + 7)'th day and which have equal distance d < (7 4 €)(m + n) from the

Two possibilities can occur: (1) there exist distinct letters a € (upy;)”

and a’ € (u
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ends of their words. The proof now proceeds along the same lines as Case 1 and Case 2; a

similar argument, splitting into cases depending on the magnitude of J, will give us that

d(AD, o I(a),AD, o I(a)) > 2dp (a, B). O

32J

We will now define another useful criterion, pronounced Taurus, which makes use of
the fact that we always know that wu,,1 # w,,; when o and 8 have the form given by
Notation 0.18. It is somewhat analogous to condition $3(Shnite, /). As before, suppose
that Sppear 18 some finite collection of linear statistics on Ty (with possibly different
codomains) and that J € N, N > 0 and € > 0 are constants.

Definition 3.32. We say that «, § satisfy 3 (Sinear, J, IV, €) if there exists some 1 < j < J
such that

(81) AWL(w, 511+ Upym) and AWL(ug,, .y ... up,) are both at most IV;

(82) if 1 < j' < j is such that we have length(u,, ;) < e(m + n) and length(u,,, ;) <
e(m + n) for all j/ < j” < j then there exists stat. € Sppear such that

Statn (U1 - Uy Upy1 -+ Upyjr) 7 Stabypn(Ur ... Ty up, - '%H’)'

There is no denying that (82) is ugly. But you can observe that if we replaced (52)

with the following more friendly condition

(82') foralll < j" < jthere exists stat. € Synear Such that stat,, ., (... 0, Upr1 .. Upyy7) #
Statm_l,_n(u_l. . .U_p u;+1 .. /U//erJ/).

then we would have created a new property, called (3'), which implies (8). So (&)
is a weaker (and thus easier to prove) condition. And indeed the weaker form will be
needed in the proof of Theorem 4.1. It is also worth noting that (52) implies that
there exists a linear statistic stat, € Spnear Such that stat,, ., (a1 ...T, Upi1 ... Upry) #
Staty, yn (U1 .. Up Uy, - .u;ﬂ.).

Theorem 3.33. There exists a finite set Q@ = QSunear, J, N,€), a diary D =
D(Siinears J, N, €) which is a function D : Ty, — Tq, and a constant M = M(J) > 1, such

that 1
MdTW (Oé, /8) S dTQ(DO{, Dﬁ) S dTW (CM, 5)

for all a, B satisfying 5(Sinear, J, N, €).

Proof. Suppose that «, 8 satisfy 8 (Sinear; J, IV, €). We let the map D : Ty — Tq be the
diary D(Snear, 0, J, N + 6.J%€, €) given by Theorem 3.31.

Note that if m < (m +n)/3 then n > 2(m +n)/3 and so |m —n| > (m +n)/3, which
implies dr,(Da, DS) > (m +n)/3. So we are done when m < (m + n)/3 by choosing
M = M(J) > 3. Similarly we are done if n < (m + n)/3. So we can assume that
m,n > (m+n)/3.
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Claim. «a and 3 satisfy T Suncar; 0, J, N + 6J%€, €)

Proof. Since «, 8 satisfy 8 (Sinear, J, N, €), we know that there exists 1 < j < J such
that (1) and (82) hold. In particular, AWL(Tyij11.. - Uprm) < N < N + 6J%,
AWL(W), - tupy,) < N < N + 6J% and there exists stat. € S such that
statmin (U .. Uy . Uptj) # statpyn(Un .. .. uy, ;). Hence, if length(u,, ;) > €(m +n)
or length(uy,, ;) > €(m + n) then «, 8 satisfy M)(Sinear, 0, J, N 4 6J%€, €) and the claim is

proved. So we can assume both lengths are at most ¢(m + n). But this implies that

length(upyji1 - - Uprm) + length(up, ;)

AWL(Tyr5 .. tpim) =

m—j+1
e(m+n
S AWL(Up+j+1...Up+m) _’_m——j—}—)]_
3em
<NA4 —mF
- +m—J—|—1

N + 6e when m > 2J
N +6Je whenm <2J

< N +6J%

and similarly AWL(%. ) %) < N + 6J2. It also implies, since a and 3 satisfy
8 (Slinear; J, IV, €), that there exists stat, € Sinear such that stat,, 1, (@1 ... 3, ... Uprj—1) #
statyyn (U1 ... 0y - . m) So if length(uy,, ;1) > e(m+n) or length(u,,; ;) > e(m+n)
then the claim is proved. So we can assume that they are both at most e(m + n).
Continuing in this way, we can assume that length(u,;2), length(u,is), ..., length(u,: ;)
and length(uy,,,), length(u,,3), ..., length(u,, ;) are all at most e(m + n). It follows
that AWL(Tpy2 ... Uprm) and AWL(u),,...u},,) are both at most N + 6J%. Since
Upi1 # Uy, o and (3 satisfy TTD(Sinear, 0, J, N + 6J%€, €) and the claim is proved. m

It follows that if M = M (0, J) is the constant given by Theorem 3.31 then we have

1

Md:f’w(aﬂﬁ) < dg,(Da, DB) < dr, (a, B)

and we are done. O

Remark 3.34. A reader might have noticed that in the proof of Theorem 3.20 we actually
only needed one of the events a and a’ to be recorded in the diary since that is all that is

asked for in Lemma 5.19. I believe this means that Corollary 3.2/ only requires k to be

larger than one of N m;ff L and N’ ”;ﬁrl, and, carrying this logic forward, I believe this

means there are versions of (D) and (&) which only require one, and not both, of the

average word lengths to be bounded by N. That would imply we would be able to deduce the
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conclusions of Theorem 5.51 and Theorem 3.33 with weaker assumptions. However I have
not pursued this line of reasoning as it does not greatly affect the proof of Theorem 4.1

and because it would marginally complicate the proofs of Theorem 3.51 and Theorem 3.335.

Recall the definition of $3(Shnite, /) from Definition 3.12. The following corollary com-
bines conditions §(Sknite, J) and conditions 8 (Synear, J, IV, €) so that we can use them

simultaneously.

Corollary 3.35. Let Sgnite be a finite collection of finite statistics, let Sjnear be a finite
collection of linear statistics, let Jgpite € N, let Jiinear € N, let N > 1, and finally let € > 0.

Then there exists a finite set Q = QShnite, Stinear Jlinears N, €), a diary D =
D(Sfinite, Stinears Jiinears N, €) which is a function D : Ty — Tq, and a constant
M = M(Jfnite, Jiinear), such that

1

~7dny (@, ) < dr, (Da, DB) < dn, (o, B)

for all a, 5 satisfying §2(Senite, Jhnite) 07 S(Stinears Jiinears N, €).

Proof. Let Dgnite : Tw — Ty, be the diary D(Sanite) given by Theorem 3.11, and let
Menite = Menite(0, Janite) be the associated constant. Let Dypear : Tw — Tay..., be the
diary D(Siinear; Jlinear, IV, €) given by Theorem 3.33, and let Miinear = Miinear (Jinear) be the
associated constant. Let Q = Qgnite X Qinear; We think of  as being a finite alphabet.
Define M = max(Mspite, Miinear). We define the diary D : Ty — Tq by

D(wy ... w;) = Dﬁnite<w__1) Dﬁnite(w__1 w__g) N Dﬁnite(w__lw__g. _ §>
Dlinear (wl) Dlinear (wl 'LU2) D]inear(’wl Wsy . .. wz)
Suppose that «, f € Ty satisty §2(Shnite, Sanite) OF O (Shinears Jlinears N, €). Since D is a
diary, we have dr,(Da, DB) < dry, (o, 8). If a, 8 satisty 2(Shnite; Janite) then

1
dTQ (.DCY, D/B) Z dTQﬁnite (Dﬁniteau Dﬁniteﬁ) Z dTw (CY, 6)
finite
If o, B satisty 8 (Siinear, Jlinear, IV, €) then
dTQ (DO[, D/B) Z dTQlinear (Dlineara7 Dlinearﬁ) 2 dTW (Oé, ﬁ)
linear
In either case,
1
dry(Da, DB) > —dry, (a, B)
and so we are done. O
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Remark 3.36. It should hopefully be clear that the above argument can be repeated in
order to combine any of the criteria (T), (£2), (1), ().

Corollary 3.35 is used repeatedly in the proof of Theorem 4.1. Example 3.4 gives an
idea as to how Corollary 3.35 is used in the proof of Theorem 4.1. First, we need to
thoughtfully choose the data Sgpite, Stinears Jinear, IV, € at the start of the proof in order to
define the map D(Shnite, Stinears Jlinears IV, €) given by Corollary 3.35 which is a function
D : Ty — Tg. We then analyse all the possible pairs oy, 8, to ensure that they satisfy
$U(Stinites Jhinite) OF 3 (Shinears Jlinear, IV, €).  You might think of this as finding a finite or
linear (with respect to m +n = dpy, (aq, By)) fact which distinguishes o from ;. Once
this is done, we have proved that there exists a quasiisometric embedding X — Hle Ta.

If a reader would like to the see the criteria () and (1) in action in a relatively
simple setting then they should read Appendix C in which these ideas are applied in
order to quasiisometrically embed the hyperbolic plane into a product of binary trees.
The theorems in this current chapter and also Section 4.2 (which is short) in the next

chapter suffice for the understanding of this example.

3.5 Discussion

The theory in this chapter, and the proof structure outlined in Example 3.4, can only
be applied if we have a quasiisometric embedding of a metric space into a product of
sentence-trees. This feels very strange to me—if we are doing coarse geometry, why is it
necessary to insist that our quasiisometric embeddings are into products of sentence-trees
as opposed to products of abstract infinite-valence trees (which are quasiisometric to the
sentence-trees)? Further, the application of the criteria (7), (§2), (M) and (&) requires
that we have a very precise understanding of the sentences o and f—it generally does not
suffice to imagine that « or 8 are just vertices near a certain a vertex or roughly in some
area, as is the case in most coarse geometry proofs. The result of this is that Theorem 4.1
requires a great deal of preciseness in the definition of the sentences a and 3 which again
clashes with the typical flavour of coarse geometry. For example, if you consider the
proof given in Appendix C that the hyperbolic plane H? quasiisometrically embeds into
a product of two binary trees, it is necessary to first pass to a specific Cayley graph that
is quasiisometric to H2. Indeed, it is the exact opposite of the philosophy of geometric
group theory—we are passing from the geometry of H? to the discrete combinatorics of a

Cayley graph.

Question 3.37. Can the theory given above be given a more geometric basis? Is that

even desirable?
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Chapter 4

Quasiisometric embeddings of
(relatively) hyperbolic groups into

products of binary trees

4.1 Introduction

Il
=

R M o]
R 90 R e
T Ty
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3.03.24

Figure 4.1: Margate where some of this chapter was written.

Results

In this section, we prove the following result.

Theorem 4.1 (Main theorem). Let G be a finitely generated group that is relatively hyper-
bolic with respect to virtually abelian peripheral subgroups Hy, Ho, ..., Hp. Let R; denote
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the rank of a finite index abelian subgroup of Hy, and define R = max(Ry, Rs, ..., Rr).
Then G quasiisometrically embeds into a product of R+ max(asdim(G), R+ 1)+ 1 binary
trees. Since asdim(G) is finite [Osi05], this is a finite product of binary trees.

In particular, the fundamental group of a finite volume real hyperbolic manifold quasi-
isometrically embeds into a finite product of binary trees.
Theorem 4.1 should be compared with the result of Mackay and Sisto below [MS13].

Theorem 4.2 (Mackay-Sisto). Let G be a finitely generated group. Suppose G is
relatively hyperbolic with respect to peripheral subgroups Hy, Hs,...,Hp.  Suppose
also that each H; quasiisometrically embeds into a product of my trees, and define
m = max(my,ma,...,mr). Then G quasiisometrically embeds into a product of
m + max(asdim(G), m + 1) + 1 trees. Since asdim(G) is finite [Osi05], this is a finite

product of trees.

If a metric space X quasiisometrically embeds into a finite product of trees then X
has finite asymptotic dimension. Hence the Mackay—Sisto result is itself a refinement of a
result of Osin [Osi05]: if a finitely generated group G is relatively hyperbolic with respect
to peripheral subgroups with finite asymptotic dimension, then G has finite asymptotic
dimension.

It is unclear to me whether the virtually abelian condition on the peripheral subgroups
in Theorem 4.1 can be weakened. The obvious conjecture is that G quasiisometrically
embeds into a product of binary trees if and only if the peripheral subgroups do as
well. In this paper, the virtual nilpotence of the peripheral subgroups is used in order to
quasiisometrically embed the Bowditch space X(G) into a product of binary trees (see
Corollary 4.44).

Question 4.3. Can the virtually abelian condition be removed? If the peripherals quasi-

isometrically embed into products of binary trees, does G do the same?

It follows from |[PauOl] that a virtually nilpotent but not virtually abelian finitely
generated group cannot quasiisometrically embed into a product of trees. Hence, since
peripheral subgroups are undistorted in a relatively hyperbolic group, if a single peripheral
subgroup H of a relatively hyperbolic group is virtually nilpotent but not virtually abelian,
then G cannot quasiisometrically embed into a product of trees. So, thanks to [Pau01] and
Theorem 4.1, the picture is fully understood when the peripheral subgroups are virtually

nilpotent.

Corollary 4.4. Let G be finitely generated and relatively hyperbolic with respect to virtu-
ally nilpotent peripheral subgroups. Then G quasiisometrically embeds into a product of

binary trees if and only if all the peripheral subgroups are virtually abelian.
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Theorem 4.1 and Theorem 4.2 should themselves be compared with the two results
below [BLO7] [BDSO07].

Theorem 4.5 (Buyalo—Lebedeva). A hyperbolic group G admits a quasiisometric embed-

ding into a product of n + 1 trees where n is the topological dimension of the boundary.

Theorem 4.6 (Buyalo-Dranishnikov—Schroeder). A hyperbolic group admits a quasiiso-
metric embedding into a product of n+1 binary trees where n is the topological dimension

of the boundary.

Buyalo and Lebedeva [BLO7| also prove that for a hyperbolic group G we have
asdim(G) = n + 1 where n is the topological dimension of the boundary.

Theorem 4.1 sits within the circle of ideas in coarse geometry and geometric group
theory that involve constructing and obstructing metric embeddings between groups and
spaces. Sometimes this is justified via Guoliang Yu’s proof [Yu98| that finitely generated
groups with finite asymptotic dimension satisfy Novikov’s conjecture. Indeed, a group that
admits a coarse embedding into a finite product of trees has finite asymptotic dimension.
Yu’s result proves that, in principle, one can draw algebraic conclusions from metric
embedding results for groups. However I am currently unaware of any algebraic deductions
that stem specifically from a quasiisometric embedding into a product of binary trees. As
an aside, it would be interesting to know whether there existed a quasiisometry invariant,
analogous to the asymptotic dimension or linearly controlled asymptotic dimension (which
is also known as the asymptotic Assouad-Nagata dimension), which could distinguish
between a product of infinite-valence trees and a product of binary trees.

Perhaps the best justification for Theorem 4.1 is that it sits at the top of a collection of
results which attempt to bound the size and dimension of hyperbolic and relatively hyper-
bolic groups. For Theorem 4.1 implies that hyperbolic groups quasiisometrically embed
into products of binary trees [BDS07| which implies that hyperbolic groups quasiisomet-
rically embed into products of infinite-valence trees [BLO7| which implies that hyperbolic
groups have finite asymptotic dimension [Gro93]. With that said, it would not be accurate
to call Theorem 4.1 a generalisation of these results since it relies on [BDS07, Theorem
1.2] in an essential way. As far as I'm aware, Theorem 4.1, the results of [BDS07] and the
thesis of Alina Rull [Rul08], in which Rull proves that an n-coloured right-angled Artin
group or n-coloured right-angled Coxeter group admits a quasiisometric embedding into a
product of n binary trees, are the only results on the topic of quasiisometric embeddings

into products of binary trees.
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Ideas

The initial stages of the proof of Theorem 4.1 mimic the proof of Mackay and Sisto’s
Theorem 4.2. Using the projection complex machinery of [BBF15] [BBFS19] [BBF21],
and the distance formula for relatively hyperbolic groups of [Sis13], one can prove that

there exists a quasiisometric embedding
G — Ck(G) x X(G)

where Cx (G) is a quasi-tree of peripheral subgroups and X (G) is a hyperbolic metric space
called the Bowditch space. Using Theorem 4.6 and a theorem of Dahmani and Yaman
[DY05], one can show that X (G) quasiisometrically embeds into a product of binary trees
when the peripherals are virtually abelian (see Corollary 4.44). Hence, it only remains
to consider the structure of the quasi-tree of peripheral subgroups Cx(G). There are two
significant novel ideas that I develop in order to complete the proof of Theorem 4.1.

The first new idea is to prove that by simply removing some edges from the quasi-tree
of peripheral subgroups Cx(G) we can form a tree of peripheral subgroups C%(G) which
is quasiisometric to Cx(G). This upgrade simplifes the metric structure of Cx(G) greatly.
This will be covered in Section 4.4. Indeed, this reproves a result of Hume (see [Hum17,
Proposition 2.8 and Theorem 1|) who proved that the quasi-tree of metric spaces Cx (Y),
as defined by Bestvina, Bromberg and Fujiwara, is quasiisometric to a tree-graded space.
However, in Hume’s work this quasiisometry is defined abstractly, following from the fact
that Cx (Y) satisfies a relative bottleneck property. In contrast, the quasiisometry given in
Section 4.4 is a very explicit inclusion map.

The second new idea is to use the theory of diaries and statistics described in Chapter 3.

We will use in particular the criteria (§) and (8).

Outline of this chapter

e In Section 4.2 and Section 4.3, we provide some preliminary results on the Morse—
Thue sequence and regular maps into products of binary trees. The reader might
want to skip these at first and then come back to them when the ideas become

relevant in the proof of Theorem 4.1.

e In Section 4.4, the background on projection complexes and quasi-trees of metric
spaces is provided. We also prove in particular that a quasi-tree of metric spaces

Cx(Y) is quasiisometric to a tree of metric spaces C%(Y).

e In Section 4.5, we cover the relevant background on relatively hyperbolic groups.
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e In Section 4.6, we define standard paths in a group that is relatively hyperbolic with
respect to virtually abelian peripheral subgroups. We prove that these standard

paths are quasigeodesics.

e In Section 4.7, we give the first stage of the proof of Theorem 4.1 by finding a

quasiisometric embedding of GG into a product of infinite-valence sentence-trees.

e In Section 4.8, using the theory developed in Chapter 3, we upgrade this quasiiso-

metric embedding so that it is into a product of uniformly bounded valence trees.

Outline of the proof

Let G be relatively hyperbolic with respect to virtually abelian peripheral subgroups
Hy, ... Hp. Let R be the maximal rank of finite index abelian subgroups of the peripheral
subgroups. Let S be a finite generating set of G. Let A be the finite alphabet SUS™!, let
W be the set of finite words on A and let Ty, be the sentence-tree. Using work of Dahmani
and Yaman [DYO05| and work of Buyalo, Dranishnikov and Schroeder [BDS07|, we can
prove there exists a regular map ¢ : G — H?Zl Tyo,1y where Q < max(asdim(G), R+1)+1
(see Definition 4.12 and Corollary 4.46). Recall from Example 0.16 that 7oy denotes

the rooted binary tree.

(Step 1) For each 1 < r < R and z,z € G, we define a canonical standard path (which is
a quasigeodesic) from z to z called the r’th ordered standard path. This is Defini-
tion 4.64.

(Step 2) By partitioning the r’th ordered standard path from e € G to # € G (which corre-

sponds to an element of W) into several words, we may define a map F, : G — Ty .

(Step 3) We prove that Fy; X --- X FR x ¢ : G — Hle Tw x Hqul To.} is a quasiisometric
embedding. The proof of this step uses the fact that the quasi-tree of metric spaces

is quasiisometric to a tree of metric spaces (which is proved in Section 4.4).

(Step 4) We choose several finite statistics and linear statistics, and constants Jgpite, Jlinears

N and € so that Corollary 3.35 induces a diary D : Ty — Tq.

(Step 5) We prove that

P Q R Q
G 2B T Ty x [ Ty 2225 T] %o x [ Tiony
r=1 q=1 r=1 g=1
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is a quasiisometric embedding. We follow the proof structure described in Exam-
ple 3.4; in other words, we reduce the problem to proving that a pair of sentences
«, 6 € TW SatiSfY either Q(Sﬁnitm Jﬁnite) or 5 (Slinear7 Jlineara Na 6)‘

Since the uniformly bounded valence tree Ty is quasiisometric to T 1y, we are done.

4.2 The Morse—Thue sequence

A remarkable feature of the Buyalo, Dranishnikov and Schroeder paper is their use of
the Morse—Thue sequence in the proof of their result. We will also use the Morse—Thue

sequence when proving Theorem 4.1.

Definition 4.7 (Quoted from [BDS07|). Consider the substitution rule 0 +— 01 and
1 — 10. Then start from 0 and perform the substitutions

0~ 01 — 0110 —~ 01101001 — ...

to obtain a nested family of sequences t;, of length 2* in the alphabet {0, 1}. The resulting

limit sequence is called the Morse—Thue sequence.

Notation 4.8. We will use the notation MT(n) to refer to the nth term of the Morse-Thue
sequence. We will use the notation MT|a, b] to refer to the substring of the Morse-Thue

sequence between the ath term and the bth term (inclusive). Given a finite word u =
aias . ..q; on some alphabet A, we define MT(u) := MT(1)MT(2)... MT(l) = MT[1,].

An amazing property of the sequence is the following.

Theorem 4.9 (See, for example, |Hed67|). The Morse-Thue sequence is cube-free: it

contains no string of the form www where w is any word on the alphabet {0, 1}.
Theorem 4.9 has the following corollary.

Corollary 4.10 (Rigidity of the Morse-Thue sequence). Suppose we have two identical
substrings of the Morse—Thue sequence of length 3k. Denote these substrings by MTla —
3k +1,a] and MT[b— 3k + 1,b]. Then

la—bl <k = a=0b

The above corollary says that if you take a substring w of the Morse-Thue sequence,

then you cannot shift w a small amount and land on an identical substring.
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Proof of Corollary /.10. Suppose |a—b| < k and a # b. Suppose, without loss of general-
ity, that a > b. The key observation is that MT(n) = MT(n+a—»b) for b—3k+1 < n <b.
Hence,

w=MTb—-3k+1,0—3k+1+ (a—b—1)]

is the same string as
w=MTb—-3k+1+(a—b),b—3k+1+(a—b—1)+ (a—b)]
which in turn is the same string as
w' =MTh—-3k+1+2(a—0),b—3k+1+(a—b—1)+2(a—0)]

The substrings w, w’, w” are adjacent and equal in the Morse-Thue sequence and so we

have a contradiction. O
The following corollary describes how we will apply the Morse-Thue sequence.

Corollary 4.11. Let A be a finite alphabet and let Ty be the word-tree on A (whose
vertices are in bijection with the free monoid A*). Suppose w,w’ € A* are distinct words
on A that satisfy dr,(w,w") < k. Then either the final 3k letters of w and w' are distinct
or the final 3k letters of MT(w) and MT(w") are distinct.

Proof. If length(w) < 3k or length(w’) < 3k then obviously the final 3k letters of w
and the final 3k letters of w’ are distinct. So we may assume that length(w) > 3k and
length(w’) > 3k. Suppose that the final 3k letters of MT(w) are the same as the final 3k
letters of MT(w'). Since |length(w) — length(w’)| < k, it follows from Corollary 4.10 that
length(w) = length(w’). Since dr,(w,w") < k, it follows that there exists letters a € w
and o' € w’ which are distinct and at the same distance d < k/2 from the end of their
words. It follows that the final 3k letters of w and w’ are distinct. O

4.3 Regular maps and binary trees

The notion of a reqular map notably appears in the work of Benjamini, Schramm and
Timér [BST12] on separation profiles since separation profiles are monotone under regular

maps.

Definition 4.12. Let ¢ : V(I') — V(I) be a map between the vertex sets of connected
bounded degree graphs I', IV. We say that ¢ is reqular if ¢ is Lipschitz and if there is a

uniform bound on the cardinality of ¢—*(v).
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Two important examples of regular maps are coarse embeddings and subgroup inclu-
sion. It is possible to define a regular map between arbitrary metric spaces, but we will
not do so here. In the lemma below, the maps ¢ and ® should be interpreted as having

vertex sets as domain and codomain, although this is dropped from the notation.

Lemma 4.13. Suppose ¢ : I' — H§:1 T(0,1y 18 a reqular map of a bounded degree graph
(with base vertex vy € T') into the product of Q binary trees. Then there exists a finite
alphabet C', with associated word-tree Te, and a Lipschitz embedding ® : ' — Hqul Te
such that

o O(v) is a vertex for all vertices v € T';
o & is injective on the vertices of I';
e the basepoint vy € T is mapped by ® to the product of the roots ) = (0,0, ...,0).

Proof. Let m € N be a uniform upper bound on the amount of vertices in ¢~*(v). Let
n € N and let T" denote the n-ary rooted tree. That is, T is the rooted tree such that
every vertex has n children. I think it is clear that if n € N is much larger than m then
by adjusting ¢ by a uniformly bounded amount, we can define an injective and coarsely
Lipschitz map ® : I' — Hqul T which takes vy € I to the basepoint of Hqul T. Further,
a coarsely Lipschitz map whose domain is the vertex set of a graph is in fact Lipschitz.
So @ is Lipschitz on the vertices of T'.

Finally, by setting C' = {1,2,3,...,n}, we can identify T" with the word-tree T. This

completes the proof of the lemma. n

4.4 Projection complexes

Background

Various metric spaces can be understood by considering projections of subspaces onto
other subspaces. As we shall see in Section 4.5, due to work of Sisto, the metric of a
relatively hyperbolic group can be understood by considering projections of peripheral
cosets onto other peripheral cosets [Sis13|. Similarly, the metric on the mapping class
group MCG(X) can be understood by considering the projection of curves in ¥ onto
curve complexes of subsurfaces of ¥ [MM99] [MMO0O0]. Bestvina, Bromberg and Fujiwara
[BBF15] innovated two structures that you can associate to such metric spaces: the
projection complex Py (Y) and the quasi-tree of metric spaces Cx(Y). Bestvina, Bromberg

and Fujiwara also found a general set of conditions that a set of projections must satisfy
such that Pr(Y) and Cx(Y) exist.
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Definition 4.14. Let Y be an indexing set such that for each Y € Y we have an associated

geodesic metric space C(Y'). Suppose also that for each Y € Y we have a function
7y : Y \ {Y'} — non-empty subsets of C(Y)
We call these functions projections. We then define df, : Y\ {Y} x Y\ {Y} — [0, 0] by
dy (X, Z) = diam(my (X) Uy (2))

We call these functions the projection distances. The collection of maps {7y} satisfy the
projection axtoms if there exists a constant & < oo, known as the projection constant, such
that

(P3) diam(my (X)) < ¢ for all distinct X, Y € VY;
(P4) if X|Y,Z €Y are distinct and such that df (X, Z) > £ then d% (Y, Z) < &;
(P5) {Y : d}(X,Z) > £} is finite for each pair X, Z € Y\ {YV}.

Example 4.15. Due to [Sis13], if Y is the set of cosets of peripheral subgroups in a
relatively hyperbolic group, if C(Y) is the coset Y = gH with the word metric arising
from some finite set of generators of H, and if my (X) is the nearest point projection of the
coset X onto the coset Y in the Cayley graph, then the collection of maps {7y} satisfy

axioms (P3) - (P5) for some choice of .

The axioms (P3) - (P5) are those that appear in "real-life", however we need them
to satisfy an extra axiom in order to conduct the theory of projection complexes. The
collection of maps {7y } satisfy the strong projection azioms if, in addition to (P3) - (P5),

the following condition also holds
(P4’) if XY, Z €Y are distinct and such that d§ (X, Z) > £ then mx(Y) = nx(2).

Example 4.16. Let G = F(a,b) be the free group on two generators, and consider the
standard Cayley graph T' = T'(G,{a, b}). We let Y be the set of cosets of the subgroup
(a). Given a coset Y € Y, let C(Y') be the associated "horizontal" line (which is isometric
toR) in I'. Let my(X) C C(Y') be the nearest point projection in the Cayley graph. Then
one can check that the collection {7y} satisfy the strong projection axioms (P3) - (P5)

and (P47) with respect to the projection constant & = 0.

Bestvina, Bromberg and Fujiwara prove that, given projections {my} satisfying the
projection axioms, we can adjust the projections my (X) by a uniformly bounded amount

so that the projections {my} now satisfy the strong projection axioms with respect to
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some possibly larger projection constant 6. This is the content of the following theorem
(see [BBFS19, Theorem 4.1]).

Theorem 4.17 (Bestvina-Bromberg—Fujiwara). Suppose we have a collection of maps
{my} satisfying the projection axioms with projection constant £&. Then there exists a new

collection of projections
{my : Y\ {Y'} = non-empty subsets of C(Y)}

such that if dy (X, Z) := diam(m%,(X) U nl(Z)) then
o my(X) C Ne(my (X));

o {7} } now satisfy the strong projection axioms (P3) - (P5) and (P}’) with respect to
the projection constant 0 = 11&;

o df —2¢ <dy <df +2.

Further, if all the metric spaces C(Y') are graphs, and all the projections my(X) C C(Y)

are collections of vertices, then my,(X) C C(Y') is also a collection of vertices.

The Further part of the above theorem may be deduced from the definition of 7, (X)
in [BBFS19, Definition 4.11|. Indeed, one may write 74, (X) as a union |Jy;, 7y (W) where
the union is over a non-empty set.

Given a collection of projections {my : Y € Y} with projection distances dy : Y\{Y} x
Y\ {Y} — [0,00) and projection constant 6 satisfying the strong projection axioms, we

can now define standard paths, the projection complex and the quasi-tree of metric spaces.

Definition 4.18. For a constant K > 0, define
Y(X,Z2)={Y eY:dy(X,2) > K}

and
Yx[X,Z] =Yg(X,2)U{X, Z}

In what follows, we will also use the notation

and

LIX, Z] = Yk[X, Z]|
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One should interpret the statement Y € Y (X, Z) as saying that Y is between X and
Z.

Definition 4.19. The projection complez is the graph Pk (Y) with vertex set Y and an
edge between two vertices if Y (X, Z) = 0.

We now state three results which describe the structure of the sets Yx[X, Z]. These
are Lemma 2.3, Proposition 2.4 and Corollary 2.6 of [BBFS19] respectively.

Lemma 4.20 (Bestvina-Bromberg-Fujiwara). For K > 20, and Y,Y' € Yk (X, Z), the

following conditions are equivalent
1. dy(X,Y") > 0;
2. dy (Y, Z) > 0;
3. dy (Y, Z)<0;
4. dy(X,Y) <6;
5. dy(Y'\W) =dy(Z,W) for all W £Y;
6. dy (Y, W) =dy/(X,W) for all W #£Y"'.

Given K > 20 and two distinct elements Y)Y’ € Y (X, Z), we write Y < Y’ if any
of the above equivalent conditions hold. Write X <Y and Y < Z for all Y € Yg (X, Z)
and write X < Z.

Proposition 4.21 (Bestvina—Bromberg-Fujiwara). Suppose K > 20. The relation < on
Yx[X, Z] defines a total order with least element X and greatest element Z. Further, if
Y <Y’ <Y" inYk|X, Z] then dy:(Y,Y") = dy/(X, Z).

Corollary 4.22 (Bestvina—Bromberg—Fujiwara). Let K > 26. Suppose YY" € Yg[X, Z]
and for some Y' € Y we have dy(Y,Y") > K. Then Y’ € Yg(X, Z).

We now state some important facts about the graph Pk (Y). These are Lemma 3.1,
Theorem 3.5, Lemma 3.6 and Corollary 3.7 from [BBFS19] respectively.

Lemma 4.23 (Bestvina-Bromberg-Fujiwara). Let K > 26. Suppose Yi[X,Z] = {X <
Xy << Xp<Z}. Then

X—->X1—=> =X, =7
is a path in Pr(Y).

68



We refer to the sets Y [X, Z] as standard paths in Pi(Y). Note that for any X, 7 € Y
we have Yg[X,Z] = Yg[Z, X] as a set, and Yg[Z, X] is the path Yg[X, Z] walked in

reverse.
Theorem 4.24 (Bestvina—Bromberg—Fujiwara). For K > 30, Pk (Y) is a quasi-tree.

Lemma 4.25 (Bestvina—Bromberg—Fujiwara). Suppose K > 20. Let X,Y,Z be distinct
elements of Y. Write Yg[X,)Y] = {X =Y, < Y] < -+ <Y, < Vi1 < Y} and
Y[V, Z|={Y =2y < Z1 <--- < Z; < Zjy1 < Z}. Then the standard path Y [X, Z] is

the concatenation of three disjoint segments:

e it begins with an initial segment X — Y, — -+ = Y; in Yg[X, Y] for some 0 < i <
ke

e it then has a (possibly empty) middle segment with at most 2 vertices which are in
neither Y[ X, Y] or Y|V, Z];

o finally, it ends with a terminal segment Z; — Zj1 — -+ — Z; — Z for some
1< <I+1.

The above lemma is the key to understanding the geometry of the projection complex.
It says that the standard paths Yg[X, Z], Yg[X,Y], Yg[Y, Z] almost form a tripod.
Instead, the three standard paths have a cycle of length at most 9 in their centre. See
Figure 4.2.

Figure 4.2: A triangle of standard paths. Taken from [BBFS19|.

Corollary 4.26 (Bestvina-Bromberg-Fujiwara). For K > 360, standard paths are quasi-
geodesics; for all X, Z € Y we have

(LIX, Z] = 1)/2 < dp (X, Z) < L[X, 7] = 1
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Quasi-trees of metric spaces

Suppose again that {my : Y € Y} satisfies (P3) - (P5) and (P4’) with respect to the
projection constant #. Suppose also that K > 36.

Definition 4.27. The quasi-tree of metric spaces Cx(Y) is built by taking the disjoint
union of the metric spaces C(Y') and then adding an edge of length K between every
element of mx(Y) and every element of 7y (X) whenever there is an edge between X and
Y in Pg(Y). We will often refer to one of the edges between mx(Y) and 7y (X) as a

transverse edge.

The name of Cx(Y) comes from the fact that crushing all the disjoint metric spaces
C(Y) that make up Cx(Y) to points leaves us with the quasi-tree Pg(Y).

It is useful to extend the definitions of 7y, dy and Yk (-, -) over to elements z € C(X) C
Ck(Y).

Definition 4.28. For z € C(X) C Cx(Y) and 2 € C(Z) CCx(Y) and Y € Y

my(X) Y #£X
{z} #Y=X

e we define 7y () =

e we define dy(z, z) = diam(my (z) Uy (2)) where the diameter is taken with respect

to the metric on C(Y);
e we define Yg(z,2) ={Y € Y :dy(z,2) > K}.

We then have the following distance formula for Cx(Y) [BBFS19, Theorem 6.4]. It

says that we can approximate distances in Cx(Y) by just looking at the projections.

Theorem 4.29 (Bestvina-Bromberg-Fujiwara). If K > 46, then for all x € C(X) C
Ck(Y) and z € C(Z) C Cx(Y) we have
1
- Z dy(x,2) < deyvy(z,2) <2 Z dy (z,z) + 3K

YeYk(x,z) YeYg(x,z)

Constructing a tree of metric spaces

Suppose we have a collection of projections {my : Y € Y} with projection distances
dy : Y\ {Y} x Y\ {Y} — [0,00) and projection constant ¢ that satisfy axioms (P3) -
(P5) and (P4"). Let K > 46.
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Definition 4.30. Let B € Y be a fixed basepoint. This corresponds to a vertex of Pg (Y).
We can define the following subgraph of Pk (Y).

Te(Y,B) := | Y«[B, X]
Xey
We will generally write 7 = Tk (Y, B) for simplicity. In the above, Yg[B, X] should be

interpreted as a path that includes the relevant edges as described in Lemma 4.23.

By definition 7 is a connected subgraph of Pg(Y) that must contain all the vertices
of PK (Y)

Theorem 4.31. The subgraph T C Pk (Y) is a tree.
First we need a preliminary lemma.

Lemma 4.32. Let Y[X, Z] ={X = Xy < Xi < -+ < Xy < Xpy1 = Z} be the standard
path from X to Z. Let 0 <1< j<k+1. Then {X; < Xi41 <--- <X} is the standard
path from X; to X;.

Proof. Let P denote the path {X; < X;;; < --- < X;}. Consider [ such that i < < j.
Then, since X; < X; < X; in Yg[X, Z], Proposition 4.21 implies that dx,(X;, X;) =
dx,(X,Z) > K. Hence, X; € Yg[X;, X;]. So P C Yg[X;, Xj].

Now suppose that Y € Yx(X;, X;). Then dy(X;, X;) > K which, by Corollary 4.22,
implies that Y € Yg (X, Z). It also implies that X; <Y < X in Yg[X, Z] and hence
Y € P. Hence Yg[X;, X;] € P. So P and Yg[X;, X;] share the same vertex set.

We therefore just need to check that the order in which the vertices are traversed
in Yg[X;, X;] is consistent with the order X; < X;1; < --- < Xj in P. Suppose that
i <l <m < j. Then dx,(X;, X)) > K since X; < X; < X,;, in Yg[X, Z]. But this
implies that X; < X, in Yx[X;, X;] as well. O

Proof of Theorem 4.31. We begin by proving the following claim.

Claim. Suppose we have a standard path Y[B,X]| = {B = Xo < X3 < -+ < X} <
Xi+1 = X} and suppose there exists another vertex Z connected by an edge (in T ) to X
such that Z # Xy. Then {B < X1 < --- < X}, < X < Z} is the standard path from B to
Z.

Proof of claim. Since the edge from X to Z is in T, we know that there exists some
vertex U € Y such that Yg[B,U|] = {B = X; < X| < --- < X] < X],; = U} and
{X,Z} ={X], X}, }. Suppose for a contradiction that X = X}, and Z = X}. Then, by
Lemma 4.32, B < X] < Xy <--- < X | < Z < X is the standard path from B to X. It
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follows that Z = X, which contradicts our assumption on Z. So X = X} and Z = X7 ,.
By Lemma 4.32, we know that B < X < .-+ < X} is the standard path from B to X.
Lemma 4.32 also implies that B < X| < --- < X[, is the standard path from B to Z.

Hence B < X; < -+ < X}, < X < Z is the standard path from B to Z. O

Suppose in 7 we have a cycle C' = {Y;, Y1, ..., Y1} where there is an edge between Y;
and Y;;; (taken modulo [). Let Y € C and suppose that the path Yx[B, Y] first intersects
C' at the vertex Y’ € C. Tt follows that the standard path Yg[B,Y'|={B < X; <--- <
Xr < Y'} only intersects C' at Y. Suppose, for simplicity, that Y’ = Y. By the claim, we
know that B < X; < --- < X}, < Yy < Y] is the standard path from B to Y;. Similarly,
we know that B < X7 < -+ < X < Yy < Y] <Y is the standard path from B to Y5.
Continuing in this way, we find that B< X; <--- < X, <Yy <V <Y <--- <Y, <Y}

is the standard path from B to Y; which is of course nonsense. O
Theorem 4.33. The inclusion map T — Pr(Y) is a quasiisometry.

Proof. Evidently the inclusion map is Lipschitz; it remains to prove the lower bound of
the quasiisometric inequality.

Consider the triple B, X, Z. By Lemma 4.25, the path Yg[X, Z] can be described
as follows: an initial segment that is also initial within Yx[X, B], a middle segment of
length at most 2, and a terminal segment that is also terminal in Yx[B, Z]. Let Y’ be
the vertex at which Y [X, Z] diverges from Y [X, B] and let Y be the vertex at which
Yx|[X, Z] joins Yk [B, Z]. Let Y be the vertex at which Yx[B, X| and Yg[B, Z] diverge.
By Lemma 4.25 we have

LX) Y| <LIX,Y]|+3 (4.1)

and

LY, Z) < LIY", Z) +3 (4.2)

Now, by the definition of 7, we have that
dr(X,Z) = dr(X,Y) + dr(Y, Z) = L[X,Y] = 1 + L[Y, Z] — 1 (4.3)

We also know that
LIX, 7] > LIX, Y/] + L[Y”, Zl—1 (4.4)

72



Hence

Aoy ) (X, Z) > %(L[X, 21— 1) by Corollary 4.26
> %(L[X, Y|+ LY" Z] —1) by (4.4)
> %(L[X, Y] =3+ LY, Z] —3—1) by (4.1) and (4.2)
_ %(dT(X, Z) - 5) by (4.3)
and so we are done. O

A key fact about the projection complex Px(Y) is that it is a quasi-tree (see Theo-
rem 4.24). Theorem 4.33 above provides a very explicit quasiisometry from Pk (Y) to a

tree. We can use T = T (Y, B) to define a tree of metric spaces C%(Y) as follows.

Definition 4.34. For each pair X,Y € Y which are connected by an edge in Pk (Y),
fix an arbitrary element p(X,Y) € mx(Y) C C(X) and an arbitrary element p(Y, X) €
7y (X) C C(Y). In order to define CZ(Y), we take the disjoint union of the metric spaces
C(X) and draw an edge of length K between p(X,Y) and p(Y, X) whenever there is an
edge between X and Y in T.

Remark 4.35. By all rights, we should be using the notation px(Y') instead of p(X,Y)
in order to properly mimic the existing notation wx(Y'). However, in the proof of Theo-
rem 4.1 we will need to consider elements of Y with subscripts in their notation—having

the additional subscript in px(Y') would be painful to read.
Evidently, there exists a natural inclusion map CZ(Y) < Cx(Y).
Theorem 4.36. The inclusion CJ(Y) < Cx(Y) is a quasiisometry.
We first need a lemma about the projection complex.
Lemma 4.37. Let X, Y, Z be distinct vertices of Pr(Y).
1. If Wis an element of Y[ X, Y] and Yi[X, Z] but not Yk[Y, Z] then dw (Y, Z) < K.

2. If W is an element of Y[ X, Y] but not Yi [ X, Z] and not Y[Y, Z] then dw (X,Y) <

2K.
Proof. The first statement is immediate. For the second, note that dy (X,Y) <
dw (X, Z)+dw(Z,Y) < 2K. O
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Proof of Theorem /.36. Coarse surjectivity is almost immediate: every element
z € Ck(Y) is at distance at most K/2 from a metric space C(Y) C CL(Y). Further, it
is clear that the inclusion map is Lipschitz. It remains to prove the lower bound of the
quasiisometric inequality.

Let x € C(X) and z € C(Z). To produce a lower bound on de, (v)(z, 2), it is sufficient
to find a nice path from z to z in C(Y) whose length is comparable to the distance from
z to z in Ck(Y).

We begin by finding a quasigeodesic from z to z in Cx(Y) (we will then find a path
from x to z in CL(Y) of a comparable length). Suppose that Yg[X, Z] = {X = X, <
Xy << X, 1 <X, =Z}. We have the following path ~ from z to z in Cx(Y)

xr— p(XQ, Xl)

|

(X1, Xo) — p(X1, X2)

|

P(Xo, Xi) — ... —— p(Xp0, Xi1)

|

p(anla Xn72) E— p(anla Xn)

I

p(Xm Xn—l) — 2z

where each arrow either corresponds to a geodesic in C(X;) or to a transverse edge between
pairs of disjoint metric spaces. A segment p(X;, X;11) = p(Xii1, X;) has length K. Each
segment p(X;, X;—1) — p(X;, Xiy1) has length at most dx;, (z, z). Similarly, x — p(Xo, X1)
has length at most dx,(z,2) and p(X,, X,,—1) — z has length at most dx, (z, z). Thus
the length of v is at most

dei(x, z) +nk

It is shown in the proof of [BBFS19, Theorem 6.3] that

dei(a:,z)+nK§2 Z dy(z,z) + 3K

YeYk(x,z)

Applying Theorem 4.29 we see that

2 ) dy(x,2) + 3K < 8de, v (x,2) + 3K

YeYk(z,2)

and so 7 has length at most 8dc, (v)(z, z) +3K. So 7 is an (8, 3K )-quasigeodesic in Cx (Y).
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We will now find a path in CZ(Y) that is very close to 7. Let X; be the vertex of P (Y)
at which Yx[X, Z] and Yg[X, B| diverge (if they never diverge, then we are done, as ~y
will lie inside C(Y)). Let X; be the vertex of Pg(Y) at which Yx[Z, X] and Yg|[Z, B]
diverge (if they never diverge, then we are done, as v will lie inside C%(Y)). Finally, let Y
be the vertex of Px(Y) at which Yg[B, X] and Yg[B, Z] diverge (if they never diverge,
then we are done, as v will lie inside C%(Y)). We can also assume that X;, X; and YV
are distinct: if any of them are equal then v lies inside C%(Y). By Lemma 4.25, we have
a geodesic of length at most 6 from X; to X, in 7. This geodesic in 7 has the form
X, =+ =Y = - = X;. Now let n be a geodesic in CL(Y) from p(X;, X;11) to
p(X;,X;-1). The path n is a "diversion" from 7 between p(X;, X;+1) and p(X;, X;_1).
If we can show that n has uniformly bounded length then we will be done, as the path
which travels along 7 but takes the diversion 1 will be a path in CL(Y) of comparable
length to ~.

The only metric spaces C(W) that n travels through are those corresponding to the
geodesic X; — -+ =+ Y — ... — X, in T described previously. The intersection of
n with C(X;) corresponds to case (1) of Lemma 4.37 and hence has length at most K.
Similarly, the intersection of 7 with C(Y’) or C(X;) has length K. The intersection of 7
with a metric space other than C(X;),C(Y),C(X;) corresponds to case (2) of Lemma 4.37
and hence has length at most 2K. We conclude, by also taking into account the length
of the transverse edges that n travels along, that n has length at most 17K. [

4.5 Relatively hyperbolic groups

Background

Let G be a group with finite generating set S and let I'(G, S) denote the Cayley graph
of G with respect to S. When we speak of the metric on GG, we are actually referring
to the metric induced by T'(G,S), but we will generally denote it by dg nonetheless.
Suppose that H is some collection of subgroups of G. Elements of H are called peripheral
subgroups. Let G be the collection of all cosets of peripheral subgroups. In other words,
G = {gH : H € H}. Elements of G are called peripheral cosets. Let us suppose as well
that for each H € H, S N H generates the subgroup H.

Definition 4.38. The coned-off graph of G with respect to H is the graph formed by
taking the Cayley graph I'(G, S) and then adding an edge between g and ¢ (if it’s not
already there) whenever g and ¢’ are contained in the same peripheral coset. Although
the coned-off graph depends on H, this is omitted from the notation and the coned-off
graph is simply denoted by G.
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The coned-off graph is (coarsely) what you get if you crush every peripheral coset to

a point. We will now define the Bowditch space X (G), a metric space closely related to
G.

Definition 4.39. Suppose that I' is a connected graph with vertex set Vi and edge set
Er. Suppose also that every edge has length 1. The horoball H(T') is the graph with
vertex set

VH(F) = VF X NO

and edge set
Eunry = {{(v,n), (@' ,n)}: {v,v'} € Er,n € N} U{{(v,n), (v,n+1)} :v € Vp,n € No}

We insist that edges of the form {(v,n), (v',n)} have length e™™ and edges of the form
{(v,n), (v,n + 1)} have length 1.

So the horoball H(I") consists of countably many copies of I' stacked on top of each

other, getting smaller and smaller as one travels higher.

Definition 4.40. The Bowditch space of G with respect to H is formed by taking I'(G, S)
and then, for every gH € G, attaching a copy of H(I'(H, SNH)) to the subgraph gI'(H, SN
H). The Bowditch space is denoted by X (G).

The Bowditch space, like the coned-off graph, also involves contracting the peripheral
cosets. However it does so less brutally; where the coned-off graph created a path of length
1 between any two vertices in the same peripheral coset, the Bowditch space creates a path
between the vertices whose length is the log of their distance as elements of gI'(H, SN H).

There are now several definitions of a relatively hyperbolic group:

e the Farb definition [Far98| where G is relatively hyperbolic if it is weakly relatively

hyperbolic and satisfies the bounded coset penetration property;

e the Bowditch definition [Bow12| where G is relatively hyperbolic if it is weakly
relatively hyperbolic and if the coned-off graph is fine;

e the Osin definition [Osi06b| where G is relatively hyperbolic if it has a finite relative

presentation and if the relative Dehn function is linear.

The definition we use below is equivalent to all the other definitions of relative hyperbol-
icity. It is due to Groves and Manning [GMOS].

Definition 4.41. We say that G is relatively hyperbolic with respect to H if X(G) is
hyperbolic.

76



Remark 4.42. Due to [Osi06b, Theorem 1.1/, if G is relatively hyperbolic we may always
assume that H is finite and that every H € H is finitely generated.

Strangely, I cannot find it recorded in the literature that [BDS07, Theorem 1.2] is

really an if and only if. T'll record it here, since we have it almost for free.

Corollary 4.43 (Buyalo-Dranishnikov—Schroeder, Bonk—Schramm). If X is a visual hy-
perbolic metric space then X admits a quasiisometric embedding into a finite product of
binary trees if and only if the boundary of X is a doubling metric space. Further, if the
boundary of X is a doubling metric space, then X admits a quasiisometric embedding into
a finite product of n + 1 binary trees, where n is the linearly controlled metric dimension

of the boundary.

Proof. The backwards implication of the if and only if, and the Further part of the
corollary, are exactly [BDS07, Theorem 1.2].

So suppose X is a visual hyperbolic metric space that admits a quasiisometric em-
bedding into a finite product of binary trees. Then obviously X admits a quasiisometric
embedding into a uniformly bounded degree graph. So Proposition 0.5 tells us that X has
bounded growth on some scale. Hence, [BS00, Theorem 9.2| tells us that the boundary
of X is doubling. m

Corollary 4.44 (Buyalo—Dranishnikov—Schroeder, Dahmani—Yaman, Bonk—Schramm).
Suppose H is relatively hyperbolic with respect to H. Then X(G) quasiisometrically em-
beds into a finite product of binary trees if and only if all the subgroups in H are virtually
nilpotent. Further, if all the subgroups in H are virtually nilpotent then X (G) quasiiso-
metrically embeds into a product of n + 1 binary trees where n is the linearly controlled

metric dimension of the boundary of X (G).

Proof. Mackay and Sisto [MS20, Proposition 4.5] use the main result of Dahmani and
Yaman’s paper [DY05] to prove that all the peripheral subgroups are virtually nilpotent
if and only if the boundary of X (G) is doubling. It then follows from Corollary 4.43 that
all the peripheral subgroups are virtually nilpotent if and only if X (G) quasiisometrically
embeds into a finite product of binary trees.

The Further part of the corollary follows from Corollary 4.43. O]
Recall from Example 0.16 that T{o 1y denotes the rooted binary tree.

Corollary 4.45. Suppose H = {H,, Hs, ..., Hr}, suppose each peripheral subgroup Hy is
virtually abelian, and define R = max; R; where Ry is the rank of a finite index abelian
subgroup of Hy. Then there exists a quasiisometric embedding ¢’ : X(G) — Hqul Ti01}
where Q) is at most max(asdim(G), R+ 1) + 1. We may assume that the image of ¢’ is
contained in the vertex set of H§:1 Tio,1y-
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Proof. Corollary 4.44 implies that X(G) quasiisometrically embeds into a product of
n + 1 binary trees where n is the linearly controlled metric dimension of the boundary
of X(G). Proposition 3.6 and Proposition 3.4 of [MS13]| combine to prove that n <
max(asdim(G), R + 1) as desired. O

Corollary 4.46. Let G be as in Corollary 4.45. Then there exists a reqular map ¢ : G —
Hqul Ty where @ < max(asdim(G), R+ 1) + 1.

Proof. Let ¢ be the composition G — X(G) — HqQ:I T{0,1} where the second map is ¢’
from Corollary 4.45. By the assumption on ¢, the image of ¢ is in the vertex set of
Hqul Tio,3-

Since G — X(G) is Lipschitz and ¢’ : X(G) — Hqul Ti0,1} is coarsely Lipschitz we
conclude that ¢ is Lipschitz.

Let v be a vertex of H?:l T(o,3- Since ¢’ : X(G) — Hqul T(0.} is coarsely Lipschitz,
the preimage of v in X (G) is contained in a ball of uniformly bounded radius in X (G). But
a ball of uniformly bounded radius in X (G) can contain only a uniformly bounded amount
of elements of G C X(G). So ¢~!(v) C G has a uniformly bounded cardinality. ]

We now state some results on the metric structure of relatively hyperbolic groups.
These are [DS05, Lemma 4.15] and [Sis13, Lemma 1.13, Proposition 1.14 and Lemma
1.15].

Proposition 4.47 (Drutu—Sapir). Peripheral cosets are undistorted in G. That is, the
natural map gH C G — gI'(H, SN H) is a quasiisometry.

Given gH € G and = € G, we define m 5 (x) C gH to be the nearest point projection
of x onto gH C I'(G, S), i.e.

e (z) ={y € gH : dg(x,y) = zrg;% de(z,2)}

Lemma 4.48 (Sisto). There exists M such that if 7 is a geodesic in the coned-off graph
G connecting x € G toy € gH then the first point in 4 N gH is at distance (taken with
respect to the metric on I'(G, S)) at most M from myn(x).

The lift of a geodesic 4 in G is a path v in G obtained by substituting edges of 4 that
go between ¢, ¢’ € kH with a geodesic in the subgraph kI'(H,S N H) from g to ¢'.

Proposition 4.49 (Sisto). There exist A > 1, > 0 so that if 4 is a geodesic in G then
its lifts are (\, p)-quasigeodesics.

Let B,.(x) denote the closed 7-ball around some point = € G.
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Lemma 4.50 (Sisto). There exists L so that if de(myu(z), 7y (2)) > L for some gH € G
and x,z € G then

1. all (\, p)-quasigeodesics in T(G,S) connecting x to z intersect Br(m,u(x)) and
Br(m,m(2)) where R = R(\, p);

2. all geodesics in G connecting x to z contain an edge between two elements of gH .

Relatively hyperbolic groups as projection complexes

As before, let G be finitely generated with respect to a finite generating set S and relatively
hyperbolic with respect to a set of peripheral subgroups H (where S N H generates each
H € H) and let G be the set of peripheral cosets.

The set of peripheral cosets G will be our indexing set, taking the place of Y in
Section 4.4. T have chosen to use the notation G in this context so that there is a clear
demarcation between the general theory of projection complexes given in Section 4.4 and
the specific case of relatively hyperbolic groups given here. However, for ease of notation,
we will frequently refer to cosets by the notation XY, Z W as in Section 4.4.

We associate to each gH € G the metric space C(¢9H) = gI'(H,S N H). Given
Y =gH € G and = € C(X), we define, as in the previous subsection, my (z) C C(Y') to be
the nearest point projection of = onto gH C I'(G, S). Then we have the projection data
given by

y(X) ={ny(z) : 2z € C(X)}

There is a slight subtlety in the above definitions; the nearest-point projections my are
determined by the metric in I'(G, §), but we think of them as being subsets of C(Y) =
gD(H, SN H).

Mackay and Sisto [MS13] notice that, by applying the work of Sisto [Sis13|, the fol-

lowing result holds.

Theorem 4.51 (Mackay-Sisto). The metric spaces C(Y) = gI'(H,S N H) together with
the projection data
my : G\'Y — non-empty subsets of C(Y)

satisfy axioms (P3) - (P5) for some projection constant .

It follows that we can apply all the theory developed in Section 4.4 on the projection
complex P (Y), the quasi-tree of metric spaces Cx (Y) and the tree of metric spaces C%(Y)
to relatively hyperbolic groups. So let us use Theorem 4.17 to upgrade our projections

{my } so that they now satisfy the strong projection axioms with respect to a constant 6,
and let us define Py (G), Cx(G) and C(G) for some K > 46 accordingly.
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Suppose H = {H;, Hy, ..., Hr}. A group element g € G has T possible images in the
quasi-tree of metric spaces Cx(G). Therefore, to properly specify a vertex of Cx(G) we
need specify the group element and the coset. We write g € gH; to mean the copy of g
that sits within the coset gH; C Cx(G). Let’s define ¢, : G — Cx(G) by «(g) = g € gH;.
It is not difficult to prove that the embeddings ¢; : G — Cx(G) are the same up to
bounded distance; for lack of a better choice, we will always consider the embedding

1 : G — Ck(G).

Notation 4.52. A group element g € G has a natural image in G and X (G). We will
denote both of these images in G and X (G) by g.

Sisto [Sis13] proves that the distance in a relatively hyperbolic group can be understood
in terms of projections onto peripheral cosets and the distance in the coned-off graph. In

order to state Sisto’s theorem, we need some notation.
Notation 4.53. Let A, B, L € R, let A > 1 and let u > 0.

o We write A =), B if A/JA—pu < B < AA+pu. If Aand B are quantities which
depend on a pair of group elements g and h (for example if A = dg(g,h) and
B =dx(f(x),g(x)) for some f: G — X and metric space X) then we might write
A~ Bif A=), B for some A > 1 and p > 0 which don’t depend on ¢ and A (in

other words, A, u are uniform constants).
e We define {{A}}, tobe 0if A < L and to be Aif A > L.
Let Y = gH and let py : G — Y be some choice of nearest-point projection onto Y.

Theorem 4.54 (Sisto). There exists Ly € R such that for each L > Ly there exist A, u
such that the following holds. If g,h € G then

da(g:h) = Y Hdalpy(9), py (M)} + dglg, )

YeG

It follows from Theorem 4.54 and Theorem 4.29 that you may approximate distances
in G via the images of group elements in Cx (G), G and X (G). I have relegated the proofs
of the following two corollaries to the appendix because, though intuitive, they are slightly
technical. Further, they appear as [MS13, Theorem 4.1]. Mackay and Sisto [MS13| prove
this result by simply comparing the distance formula for relatively hyperbolic groups
(Theorem 4.54) directly with the distance formula for Cx(Y) (Theorem 4.29). However,
I believe that if one is to be completely rigorous then some further checks have to be
made since Theorem 4.54 and Theorem 4.29 are not automatically directly comparable

(for example, Theorem 4.54 concerns the nearest point projection, whereas Theorem 4.29
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concerns the modified projections given by Theorem 4.17). See Appendix B for the proofs

of these corollaries.

Corollary 4.55. For sufficiently large K, the map G — Cx(G) x G given by

g~ (u(g),9)

18 a quasitsometric embedding.

Corollary 4.56. For sufficiently large K, the map G — Cx(G) x X(G) given by

g~ (1(9),9)

15 a quasiisometric embedding.

4.6 Standard paths in groups that are relatively hyper-
bolic with respect to virtually abelian peripheral

subgroups

In this section, we will use the theory developed in Section 4.5 to define a collection of
canonical quasigeodesic paths between two group elements z,z € G when G is relatively
hyperbolic with respect to virtually abelian peripheral subgroups.

So suppose G is relatively hyperbolic with respect to virtually abelian peripheral sub-
groups Hy, Hy, ..., Hr. Let R; denote the rank of a finite index abelian subgroup of Hy,
and define R = max(R,, Ry, ..., Ry). Let A, = Z% be a finite index subgroup of H,. A
virtually abelian group always contains a normal, finite index abelian subgroup. There-
fore without loss of generality we may assume that A; is normal in H;. Suppose G is
generated by a finite set S. We may assume that Sy, := S N H; generates H; and that
Sa, = Su, N Ay generates A;. We write Sy, = Sa, U{bi1,b2, ..., b r } Where by, & A,
for 1 < r < Rj. Further, we may assume the following: that S4, = {a:1,at2,...,a1R,}
and that identifying

atiagy . ay, € T(A, Sa,)
with
(q1,42, - qr,) € T(Z",{(1,0,...,0),(0,1,...,0),...,(0,0,...,1)})

gives a graph isomorphism. In other words, we assume that the subgraph gI'(A;, S4,) is
a grid for all g € G. Let I, denote the cardinality of the quotient group H;/A; and write

I = max; I;.
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As in Section 4.5, let G = {gH; : g € G,1 <t < T} and define the projections
{my } using the nearest point projections. We then modify {my } by a uniformly bounded
amount using Theorem 4.17 so that they now satisfy axioms (P3)-(P5) and (P4’) with
respect to the projection constant 6. Since the original projections are collections of
vertices, the modified projections will be too, as described in Theorem 4.17. The new
projection distances will be denoted by dy. We choose K to be at least 460 + 21, and
large enough that Corollary 4.56 holds. In particular, since K > 46, all the results in
Section 4.4 hold and we can define Pk (G) and Cx(G). By setting B = H;, we can also
define T = Tk (G, B) as in Definition 4.30. In order to define C}(G) as in Definition 4.34,
we arbitrarily choose vertices p(X,Y) € nx(Y) and p(Y, X) € my(X) for every distinct
pair X, Y € G that are connected by an edge in Pg(G).

Standard non-abelian paths between cosets of A; in H;
Write Ht/At = {ht,lAt7 thAt, ce ht,ItAt}-

Definition 4.57. For 1 <i < I, let 1;; be some fixed path in I'(G, S) of length at most
I, which is a word on the generators {b;1,b:2, ..., b, R;} C H; and their inverses, and that
travels from e to the coset h;;A;. This is possible since H;/A; is a group of cardinality I;
that is generated by the set {b;, A4, : 1 <r < R}}.

Given two group elements k, £’ in the same coset of Hy, say k, k' € gH;, there exists a
unique 1 <14 < [, such that for all group elements | € kA, we have that l¢,; € K'A;. We

refer to ¢y, as the standard non-abelian path from the coset kA; to the coset k'A,.

Standard paths in gI'(H;, Sy,)

Definition 4.58. Given a coset Y € G, write
GK[H:[,Y] :{Hl =Y <Y< - <Y <YL:Y}

The basepoint of Y, which we denote by po(Y'), is defined to be p(Y,Y;_1) if Y # H; and
defined to be the identity e if Y = Hj.

Definition 4.59. Suppose k and k' are vertices of C(Y') = ¢gI'(Hy, Su,). Let ¢y; be the
standard non-abelian path from the coset kA; to the coset po(Y)A;. Let 1, be the
standard non-abelian path from the coset po(Y)A; to the coset k'A;. A standard path
from k to k' in C(Y) is any path which is formed by concatenating the following three
paths

e The standard non-abelian path 1 ;;
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gH, //k/

Ve i

po(Y)A:
Figure 4.3: An ordered standard path from k to k" in the coset gH;. Made using TikZiT.

e A geodesic in po(Y)I'(A¢, Sa,) formed of the abelian generators {a;1, ..., a. g, } that
takes us from ki), ; to k4, jl;

e The standard non-abelian path ) ;.

So the standard path from k to &’ in C(Y') has the label v ;v1); ; where v is a geodesic
in the generators {at1,...,a: g} from ki, to k:'v,bgjl. So we have forced the standard
path from & to k' to go via the coset of A; that contains py(Y).

Sometimes, we would like to make choices of standard path which reflect the ordering
of the abelian generators {a;, : 1 < r < R;}. We will refer to these special choices of

standard path as ordered standard paths. See Figure 4.3.

Definition 4.60. Recall that R = max; R; and suppose 1 < r < R. As before, suppose
k, k" are vertices of C(Y') = gI'(Hy, Sg,). The r’th ordered standard path from k to k' in
C(Y) is the unique standard path from k to & which travels the abelian generators of A;

in the cyclic order

A < Qppy1 < o0 < @R, < Op1 < Qo < -+ < agpq it r <Ry

Q.1 <(lt72 < - <at7Rt 1fT>Rt
So the r’th ordered standard path from k to £’ has a label of the form

. q — .
Uraafialyty g afialy o af g ifr <R
q .
@/Jt,iagvlla% Ce at%td}t,j if r > Rt
Proposition 4.61. There exist \; > 1 and p1 > 0 such that for all1 <t <T and g € G,

every standard path in gT'(Hy, Sg,) is a (A1, p1)-quasigeodesic with respect to the metric
on gI'(Hy, Sy,).
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Proof. This follows from the fact that A; < H; is a quasiisometry (since A; has finite
index in H;) and the fact that length(¢;;) < I for all ¢ and 1. O

Lemma 4.62. Suppose Y, Y'Y are distinct cosets in G and that {Y,Y'} and {Y',Y"}

are edges in Pr(G). Suppose also that dy/(Y,Y") > K. Then a standard path from

p(Y',Y) to p(Y',Y") contains at least one abelian generator a, .

Proof. Let ¢ = ;v ; denote a standard path from p(Y",Y") to p(Y’,Y"). We have that

length(¢) > d(p(Y',Y),p(Y',Y"))
> diam(my: (Y) Uy (V")) — 26

=dy(Y,Y") — 26
> K — 20
> 21

where we have used K > 46 + 2I in the final inequality. Since length(¢,;) < I and
length(v), ;) < I we deduce that length(v) > 1. O

Quasigeodesics between cosets of H;

Let Ay > 1 and us > 0 be constants of our choosing.

Definition 4.63. Given X,Y € G that are connected by an edge in Pk (G), let 7(X,Y)
be a fixed choice of (Mg, p2)-quasigeodesic in I'(G, S) from p(X,Y) € G to p(Y, X) € G.

We sometimes refer to 7(X,Y) as a transverse quasigeodesic.

It does not exactly matter what Ay and ps are as long as they are uniform over
all the choices of quasigeodesic. For example, you could always choose the transverse

quasigeodesics to simply be geodesics from p(X,Y) € G to p(Y, X) € G.

Standard paths in I'(G, S)

Let x,z € G and write X = zH, and Z = zH,. Let L = L[X, Z] and suppose
GrlX,Z] = {X =Yi<Ya< <Y<Y, =2}

Definition 4.64. A standard path from x to z is formed by concatenating standard paths

within cosets Y] (as defined in Definition 4.59) together with the transverse quasigeodesics
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Figure 4.4: An ordered standard path from x to z in I'(G, S). It is drawn as if
Gk[X,Z] ={X <Y < Z} and as if A, = H; = Z? for all 1 <t < T. Made using TikZiT.

(Y1, Yii1) between these cosets (as defined in Definition 4.63). More formally, a standard

path ¢ from x to z is defined to be any concatenation

C=C¢ (Y1, Ys) G v(Ya,Y3) G oo Coon v(Yoo1,Y2) L

where

e (; is a standard path from z € Y to p(Y1,Ys) € Yi;
o for 2 <[ < L —1,( is astandard path from p(Y;,Y,_1) to p(Y, Yii1);

e (; is a standard path from p(Y7,Yr_1) to z.

Given 1 < r < R, the r’th ordered standard path from x to z is the unique standard
path such that for 1 <[ < L, we have that (; is the r’th ordered standard path between

its initial and terminal vertices. See Figure 4.4.

Proposition 4.65. For sufficiently large K, there exist constants A3 > 1 and pusz > 0,
neither of which depend on x or z, such that a standard path from x to z is a (A3, u3)-

quasigeodesic in G.

Proof. We use the notation for a standard path from z to z that is given in Definition 4.64.
Let 4 denote a geodesic from x to z in the coned-off graph G. By Lemma 4.50 (2),
the geodesic 4 must pass through the cosets Y7, Y5, ..., Y7 and the intersection of 4 with
one of these cosets is either an edge or possibly a single vertex (in the case of Y] and
Y7). For 1 <1 < L, let p; be the vertex where 4 enters Y; (or let p; = z if [ = 1). For
1 <1< L, let g be the vertex where 4 leaves Y] (or let ¢; = z if [ = L). Now the vertices
Vi={p:1<I<L}U{q:1<1< L} admit a natural ordering of the following form:

MG S<p<q@p<p3<---<p,<z
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and given v,v" € V we say that v < v' if v < v and v # v'. Another possible ordering
on V', which we denote by <<, is to say that v << v’ if 4 hits v before v’ on its journey

from z to 2. We write v << v if v << v orv="1".

Claim. The total orders < and << are the same.

Proof. First, note that by definition p; << ¢;. Second, recall that the intersection of 4
with a coset Y] is either an edge or a vertex. It follows that there cannot exist a v € V
satisfying p; << v << ¢;. Third, note that we clearly have p; << p; for all 2 <[ < L and
q << qr, for all 1 <[ < L—1. Fourth, suppose for a contradiction that 2 <[ <[l' < L—1
and yet py << p;. This implies that 4 enters the coset Y; before it enters the coset Y.
Lemma 4.48 implies that 4 first enters Y] close to my,(X). But it also implies that 4 enters
Y; close to my,(Yy), since 4 passes through Y, beforehand. This implies that 7y, (X) and
Ty, (Yy) are close. But dy,(X,Yr) > K since X <Y, <Yy in Gg[X, Z], and so by choosing
K sufficiently large (i.e. much larger than the constant M given by Lemma 4.48) we have
a contradiction. So if [ < I’ then p; << py.

The claim follows from the four statements above. O]

So 4 moves through the cosets Y7, Ys, ..., Y, in the natural order. Proposition 4.49
tells us that a lift of 4 in G is a (), p)-quasigeodesic for some constants A > 1 and p > 0.
We denote some chosen lift by 7. The claim implies that

L-1

L
length(y) = Z de(p, qi) + Z de(qr, ps1)
I=1

=1

Further, Lemma 4.48 implies that there exists some uniform constant M such that for
1 <1 < L we have de(pi, p(Y,Yi1)) < M and de(q, p(Yi, Yigr)) < M.

Since peripheral cosets are undistorted in G (see Proposition 4.47), and since standard
paths within cosets are quasigeodesics (see Proposition 4.61), there exist constants X' > 1
and g/ > 0 such that for 1 <[ < L we have

length(G) < Nda(p(Yi, Yio1), p(Yi, Yigr)) + 1
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We may assume for simplicity that ' > Ay and g/ > us. It follows that

L L-1
length(¢) = ) _length(¢) + Y _ length(y(V;, Yii1))
=1 =1
L L—1
S )\, Z dG’(p(nv Yi—l)ap(Yl, Yl-i—l)) + )\2 Z dG(p(}/E, }/2+1)’p(}/2+1’ }/})) + L/J/ + (L . 1)#2
=1 =1
L L—1
< XZWG(% @) +2M) + X Z(dG(QZalerl) +2M) + Ly + (L — 1) s
=1 I=1

< Nlength(y) + 2MNL +2MN(L — 1)+ Ly’ + (L — 1)4/
= XNlength(y) + (2L — 1) 2MN + 1)

Since 4 contains an edge in Y] for each 2 < [ < L — 1, we have length(¥) > L — 2. So
certainly length(y) > L — 2. Hence,

length(¢) < Nlength(v) + (2length(y) + 3)(2M N + 1)

and so we are done since length(y) < Adg(z, 2) + p. O

4.7 Proof of the main theorem part one

Let G be relatively hyperbolic with respect to virtually abelian peripheral subgroups as in
Theorem 4.1. Let us retain all the notation and assumptions described at the beginning
of Section 4.6.

However, in contrast to Section 4.6 where the transverse quasigeodesics v(X,Y') were
chosen arbitrarily, for this proof, we want to choose them so that the following two con-
ditions hold. Let X,Y € G and suppose {X,Y} is an edge in Pk (G).

(£1) We choose v(X,Y) from p(X,Y) € G to p(Y,X) € G to be such that v(X,Y) is
non-empty and not entirely contained in any coset subgraph C(W) C I'(G, 5).

(£2) We choose 7(X,Y) in such a way that we can deduce from the final x letters of
~v(X,Y) which peripheral subgroup Hi, Hs, ..., Hr is such that Y = gH,, where y

is a constant that only depends on 7.

It is always possible to choose v(X,Y’) such that (71) holds (for uniform choices of
Ao > 1, us > 0) since we can force v(X,Y) to take a small diversion out of any coset
subgraph C(W). It is possible to choose v(X,Y’) such that (§2) holds since there are only
T peripheral subgroups. One solution would be this: if YV is a coset of H;, then you could
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insist that y(X,Y’) consists of a geodesic from p(X,Y) to p(Y, X) followed by the word

(az1a;1)" - in this case you could choose x = 2T

Remark 4.66. The necessity of (11) and (12) is an artifact of the fact that distinct
peripheral cosets X,Y can have non-empty intersection. If we have a single peripheral
subgroup H this cannot happen and we may choose the transverse quasigeodesics v(X,Y)
to simply be geodesics.

The purpose of (11) is so that we can recognise, just by looking at the letters of v(X,Y)
whether it is a transverse quasigeodesic or contained in a peripheral coset.

The purpose of (12) is so that we can recognise, just by looking at the final letters of
Y(X,Y), which peripheral subgroup Y corresponds to.

Other solutions could have been chosen: I could have added a special character to
the alphabet to indicate when you are travelling along a transverse geodesic and T more
special characters to indicate which peripheral subgroups {Hy, H, ..., Hr} are relevant to

the transverse quasigeodesic.

The map F: G — Tyw X Tyw x -« x Ty

Recall that S is the finite generating set of G. Let A = S U S~! be our finite alphabet,
let W be the set of all finite (but non-empty) words on A and let Ty, be the associated
sentence-tree. Given x € G, we will now define a sentence F,(z) € Ty by partitioning

the standard path from e to x into multiple words.

Definition 4.67. We aim to define a function F,. : G — Ty. Let x € G. Write X = 2z H;.
Let L = L[H,, X] and suppose

GK[Hl,X]:{H1:X1<X2<"'<XL_1<XL:X}

Let 1 < r < R. Let ¢ denote the r’th ordered standard path from e to x in I'(G, S).
Recall from Definition 4.64 that we can write ( as a concatenation of paths in the follow

manner
C=C v(X1, X2) G (X, X3) @3- (o1 v( X1, X1) (o
Let 1 <1 < L and suppose that X; = gH;. We would like to define a sentence «; € Tyy.

It has a different form depending on whether » < R; or r > R;. Note that (; has the form

qr . Qr+1 4Ry q1 Q2 gr—1 o
(= U@ty o Gy g, Qe Ay - Qg Py A < By
=

q1 92 dRy .
ap1 Qg -y g PVt itr > R,
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Then we define

—\q qr+1 9R, “qr—1 .
o (@) ay e <y g, atl at2 N} Uy ifr <R
l pr—

q1 q2 :
Qpq Qo - at R l/ft,g if r> R,

where the meaning of (G, ) when ¢, < 0 is described in Notation 0.14. Further, for

1 <1< L -1, we define a sentence oy 41 by

a1 =YXy, Xis)

Finally, we define

Fr(l’) = 0 202023 . .. O, 1 O,

Intuitively, F,.(z) "crushes" everything in the r’th ordered standard path from e to x

other than the directions corresponding to generators of the form a,.

Remark 4.68. We don’t allow empty words to appear in sentences. For example, if 1 ;
1s empty, then it simply doesen’t appear in the sentence oy and we don’t write something

like 0. So the vertices of Ty are in bijection with the free monoid over non-empty words
on SUSL

Recall that R = max; R;.
Definition 4.69. We define F' : G — Ty xTw x- - -xTw by F(z) = (Fi(x), Fo(x), ..., Fr(z)).

A quasiisometric embedding into a product of trees

By Corollary 4.46, there exists a regular map ¢ : G — HqQ:I Ti0,1y where @ <
max(asdim(G), R + 1) + 1. Recall as well that ¢ is the composition G — X(G) —

Hqul T}o,1y where the second map comes from Corollary 4.45.

Theorem 4.70. There exist \y > 1 and py > 0 such that

Q
Fx¢:G— Ty x Ty x - xTw x [[ Ty

q=1
is a (Mg, f4)-quasiisometric embedding.

Remark 4.71. If all we needed was a quasiisometric embedding of G into a product of
trees then we would have an easier time. It follows from Corollary /.56, Corollary /.45,

Theorem /.36 that we have a quasiisometric embedding
G—)CK(G)XX(G —>CK XHT{Ol}
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The tree of cosets C-(G) is then simply a tree of virtually abelian cosets. So CL(G) is
quasiisometric to a tree of flats. It is not difficult to see that there is a quasiisometric
embedding of a tree of flats into a product of trees.

However, the problem with the quasiisometric embedding above is twofold. Firstly,
the quasiisometric embedding of the tree of flats is into a product of arbitrary infinite-
valence trees as opposed to a product of sentence-trees. We need our image to be inside
sentence-trees so that we can apply the theory described in Chapter 3. Secondly, and more
importantly, the quasiisometry between the tree of virtually abelian cosets and the tree of
flats loses lots of structure. The special aspect of the functions F,. : G — Ty is that we
can recover from F,.(x) exactly what x € G is, and F.(x) has a very specific structure
coming from the structure of ordered standard paths. This would all be lost if we used a
messy quasitsometry between the tree of virtually abelian cosets and the tree of flats.

Let me describe why there is a quasitsometric embedding of a tree of two-dimensional
flats into a product of two trees. Let us say that each flat has two azxes: horizontal and
vertical. You may indeed choose these axes arbitarily for each flat. There is a map from
the tree of flats onto a tree given by crushing each flat onto the horizontal axis. Similarly,
there is a map from the tree of flats onto a tree given by crushing each flat onto the
vertical axis. It is not difficult to show that the product of these two maps provides a
quasiisometric embedding into the product of two trees.

The map F, : G — Ty is meant to imitate one of these horizontal/vertical crushing
maps. By fixing a basepoint po(gH,) € gH,, we are essentially providing a set of Ry canon-
ical azes within gHy (the first axis being po(gH){ar 1), the second axis being po(gH;)(as2)
and so on.) The map F, then crushes every axis within gH; other than the r’th axis.

So the idea 1s simple, but the particular nature of the map F, : G — Ty makes the
proof lengthy.

Proof of Theorem 4.70. Let x,z € G. By Corollary 4.56, Theorem 4.36 and Corol-
lary 4.44, we have

dg(z,2) = deg @) (n (@), u(2)) + dpa (0(x), ¢(2))

g=1 T{O71}

It follows that, in order to prove Theorem 4.70, we simply need to show that

deg (@) (n(2),u(2)) = d(F(z), F(2))

First, we develop some notation. Write X := zH,, Z := zH;, Lx := L[H;, X],
LZ = L[Hl,Z], GK[Hl,X] = {H1 = X1 < X2 < e K XLX = X}, GK[Hl,Z] = {Hl =
Iy < Ly < ---< Zp,=Z}and Iy = max{l : X; = Z;}. So l; is the index at which the
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X=X, =Y Z=2,,=Y,

Xiy-1=Yo Zry,—1 =Y
XlTJrl = 3/2*,1 ZZTJFI = }/lle
X, =Yi. = 2,

X1 = 2y
H =X,=2

Figure 4.5: The paths Gx[H1, X| and Gg[H, Z]. Made using https://q.uiver.app.

paths Gg[H1, X] and Gk |[H,, Z] diverge in Pk (G). Further, let
X=Y Y5> - =Y _ 1—-Y =7

denote the unique geodesic from X to Z in 7 = Tx(G, Hy). Suppose 1 < [, < L is the
index such that Y;, = XZT = ZZT. See Figure 4.5.
Let ¢ be the composition of the following paths in C/(G):

a standard path from x € C(Y1) to p(Y1,Ys) € C(Y1) (in the sense of Definition 4.59)
the transverse edge between p(Y;,Ys) and p(Ys,
a standard path from p(Ys, Y1) € C(Y3) to p(Y2, Ys) € C(Y2) (in the sense of Definition 4.59)

a standard path from p(Y3,Y3) € C(Y3) to p

&
I\
m
Q

(Y2, Y1)
(Y2, Ys)
the transverse edge between p(Yz, Ys) and p(Y3, Ys)
( ) Y3) (in the sense of Definition 4.59)
(Ys,Y5)

the transverse edge between p(Y3,Y)) and p(Yy, Y3

the transverse edge between p(Yy,_1,Y7) and p(Yy, Yy 1)
a standard path from p(Y7,Y7 1) € C(Y) to z € C(Y7) (in the sense of Definition 4.59)
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Let ¢ indicate the intersection of ¢ with the coset C(Y]), in other words, the standard
path from p(Y;, ¥i_1) € C(¥i) to p(Vi, Yis1) € C(YD).

Claim 1. There exists A > 1 and p > 0, not depending on x or z, such that ¢ is a
(A, t)-quasigeodesic in CJ(G).

Proof of claim 1. Let v denote a geodesic from x to z in CL(G). For 1 <1 < L, let
indicate the intersection of « with the coset Y;. We have that

L
der (@) (2, 2) = length(y) = Z length(y;) + K(L —1)
1=1
Now, by Proposition 4.61, since 7; and (; have the same initial and terminal vertices, we
have that length(¢;) < Ajlength(v;) + u1. Hence,

L
length(¢) = > length((;) + K(L — 1)
=1
L

<\ Z length(v;) + Lyy + K(L — 1)
=1

< Mder ¢y (@, 2) + L
If we note that L < dey(gy(2, 2) + 1 then we are done. O

Given a coset Y;, where 1 <[ < L, let s,(Y;) denote the amount of times that the path

¢ crosses a generator of the form a;; in the coset subgraph C(Y;) C CJ(G). Further, let
us define s, = 3.1, 5,(V}) and s = % s,

Claim 2. There exist X' > 1 and i/ > 0, not depending on x or z, such that
s < length(¢) < N's+ 1/

Proof of claim 2. The lower bound of the inequality follows from the definition of s.
Write (; = ¥y17); where v, indicates the segment of (; that consists entirely of the

abelian generators a,, and v, ¢; indicate the standard non-abelian paths between cosets.
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For the upper bound of the inequality, note that we have

L
length(¢) = ) _length((;) + K (L — 1)
=1
L

= s+ Y _(length(ty) + length(¢y)) + K (L — 1)

=1
<s+2L1+ K(L-1)

If1 <1 <l,, it follows from Lemma 4.62 that the intersection of { with the coset
Y, contains at least one abelian generator aifrl since dy,(Y;—1,Y41) > K. For the same
reason, if [, < [ < L then the intersection of ( with the coset Y; also contains at least one

abelian generator aﬁ. It follows that s > L — 3. Hence,
length(¢) < s+2(s+3)[+K(s+2)=(1+2[+ K)s+ 6] +2K

and we are done. O

As described in Definition 4.67, we can write F,.(x) and F,.(z) as concatenations of
sentences. Let us write
Fr(,I) = 101 2002093 .. . OV
and

F.(2) = p1Br12B2823 - - - Br,
Claim 3. We have

dTW (FT((L’), F,«(Z)) = dTW (06106172 e OélT, 5161’2 Ce BlT)

Lx Lz
+ Z length(oy) + Z length(B)) + L — 1
l:lt-l-l l:lT-i-l

Proof of claim 3. Write

Uy = 11 9. .. OélT

Uz = 010 2. . OOy 1441

Uz = Q112 . QO 11

U = Q1O -+ QO 14100, - - - Oy = Fr()

93



Similarly, we choose

U1 = 5151,2 - 5lT
Vo = /81/61,2 cee /BlT/BlT,lT—‘rl
v3 = P1Pra - BBy i+18

Up = 5151,2 .- -51T511,1T+151H1 .- -BLZ = FT(Z)

Suppose, for a contradiction, that v; descends from us. If v; were to descend from wus,

then ajay g ... oy 1,41 would be a subsentence at the start of f1512.. 'Blr Noting that

;

QI .. Q11 = BiBiga .- 'BZT_l/BlT_lylt’ it follows that Qi 1,+1 18 a subsentence

of B,. However, due to our choice of transverse quasigeodesics described in (71), the

path corresponding to ay,ay, 1,41 leaves the coset C(X;,) = C(Z;,). In contrast, the path

corresponding to 3, remains entirely within C(X;,) = C(Z),). So we have a contradiction.
For similar reasons, u; cannot descend from vs.

We claim that the path
Um —> Up—1 —7 = —> Uy —> UL —> V] —> Vg —> =+ —> Up_1 — Up

is a geodesic in Ty . If v; does not descend from wu; and u; does not descend from v,
then it is clearly a geodesic. If v; descends from u; then, since dry, (uy, ug) = 1 and since
vy does not descend from wuy, we can also deduce that it is a geodesic. Similarly, if

descends from v, it is a geodesic. Hence,

dny, (Fr(x), Fi(2)) = dpy, (112 ..oy, f1Br2- - Bry)

= dTW(alal,Q - Oy PPz - 5lf)

Lx
+ g dry, (arg ..., 0qa1 0. .. oqoy_1y) +dry, (o ...y, 1o ...y 10y)
l:lT-‘rl

Lz
+ Z dry, (B1Br2- - Bie1, BBz Bicificiy) +dry (BiBiz - Biciy, BiBig - - Bim151)

l:lf+1

By noting that

dTW(Oé1Oé1,2 Q1,10 2. . 0417104171,1) = dTW (5151,2 o B, 5151,2 .- -51715171,1) =1

and

dry (g ... oq_1 g, 0000 ... oq_130q) = length(ay)
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and

dry, (B1B12---Biz1g, BBz - - Bi—1,6) = length(5)

the claim follows. O

Claim 4. Ifl; <1 < Lx then s,.(X;) < length(oq) < 5,(X;) + R and if s <1 < Ly then
sr(Z1) < length(B1) < s.(Z1) + R.

Proof of clarm 4. Let Iy < < Lx and suppose X; is a coset of H;. We have two cases:
either r < R; or r > R;. If r < R;, then «; has the form

(m)‘” agrrtrll at r— 1¢t J

where
(age)™ atthrill a’t e J

is the r’th ordered standard path from p(X;, X; 1) to p(X;, X;41). Hence,
sp(X1) <length(ay) < 5,.(X)) + Ry < 5.(X)) + R

where we have used the fact that s,.(X;) = |¢|. If, > R;, then s.(X;) = 0 and
length(oy) < R, + 1 < R. So, in either case, we have s,(X;) < length(«;) < s.(X;) + R.
For similar reasons, for l; <1 < Lz, we have s,(Z;) < length(5;) < s,(Z;) + R and we

are done. O
Claim 5. We have s,.(Y,) <drg, (a1 ..o, Bifra- - By) < s.(Y) +2(R+1).

Proof of claim 5. Recall that Y}, = X;, = Z,. Suppose that Y}, is a coset of H;. We have
two cases: r < R; and r > R;.

Suppose first that » > R;. Then s,(Y;,) = 0. Further, length(ay,) < Ry +1 < R+ 1
and length(3,) < R, +1 < R+ 1. Since ajaa... a1, = Sifr2- - By-1y, it follows
that

dTW(a1a1,2 - Ay, B161,2 .- ‘BZT) = dTW (Oélfa BIT) < 2(R + 1)

SO ST(Y ) < dTW(a1a1 2. O‘lw 6151’2 e /Blf) S ST(YZ*) —I— 2(R —I— 1)
Now suppose that r < R;. Then «;, has the form

_ qr+1 dRy “Gr—1
ay = (am,) Apryr -+ AR, at 1 atQ cQy ww

and [, has the form

g 4 a4
ﬁlf = ()" at:::rll -y Rtt at 1 at2 atr 1 ?/th
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po(Y2.) ” T

Figure 4.6: The green line is the path (;,. The red line is a section of the r’th ordered standard
path from e to x. Similarly, the blue line is a section of the r’th ordered standard path from e
to z. Made using TikZiT.

It follows that
@ — q;| < dry(au,, Bry) < lgr — q,] + 2R, (4.5)

Now consider the coset po(Y;,)A: C Y. We identify po(Y,) € po(Yi,)A: with
(0,0,...,0) € ZR. More precisely, we identify po(Yi,)af}af . ..aff}ft € po(Y;,)A; with
(q1,G2, .- .,qr,) € Z%. Under this identification, let m, : Z® — Z be the projection
onto the r’th factor. Let us also write p := p(V;,, Y, 1) and p' := p(V},, Y, +1). The
intersection of ¢ with Y, , which we have denoted by (;, , is precisely a standard path
from p to p’ in the coset Y;,. Now (;, has the form ¢, ]?uw;j where v corresponds to a
geodesic in Zf* from ;. ]-1 to p’ (1/)273-)*1 and v, ; and 1)y j; are the standard non-abelian

paths arising from our description of a;, and .. It should be clear that

se(Vi,) = dz(m(p ). o (0 (Y),;) 7)) = length(r,(v)) (4.6)

Finally, observe that m,(py, ) = ¢, and m(p' (¢} ;)™") = q... See Figure 4.6.
So we conclude from (4.5) and (4.6) that

sp(V1,) <dpy (quy, Br,) < 5:(V1,) + 2Ry < 5,(Y1,) + 2R
As before, since aja; s .. NOTREERES BiPia - 'Bl’r*u’r’ we know that

dry, (a1 p .. -y, Bifra- - ﬂlf) = dTW(alpBlT)

and so we are done. OJ
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Claim 3, Claim 4 and Claim 5 combine to give us the following claim.

Claim 6. We have
sp+(L—1) <dp, (F.(z), F.(2)) < s+ (R+1)(L+1)
Proof of claim 6. We have the following chain of inequalities.

dTW(Fr(SC), Fr(z)) = dTW(Oé1041,2 e Oy 5151,2 e 51T)

Ly Lz
+ Z length(oy) + Z length(5,) + L — 1
I=l;+1 I=l;+1
Lx Ly
<s (V) +2R+1)+ > (s:(X)+R)+ > (s(Z)+R)+L—1
I=l;+1 I=l;+1

— 5, +2(R+1)+(L—1)R+L—1
— 5, +(R+1)(L+1)

Similarly,
dTW (Fr(ﬂf), Fr(Z)) = dTW(Oé1Oé1,2 ce OélTyﬁlﬁl,Q .. ﬂlT)
Lx Ly
+ Z length(oy) + Z length(g) + L — 1
I=li+1 I=l;+1
Lx Ly
> 5 (YL)+ Y s(X)+ > si(Z)+L—1
l:l-r‘i'l l:l-r-i-l

=s,+L—1

and so we have proved the claim. O

We will now combine Claim 1, Claim 2 and Claim 6 above in order to prove that

deg (@) (n(2),u(2)) = d(F(z), F(2))
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Recalling that L — 3 < s (by the argument given in the proof of Claim 2), we have

R
< (sr+ (R+1)(L+1)) (by Claim 6)
r=1
=s+ R(R+1)(L+1)
<s+R(R+1)(s+4)
=(R°+R+1)s+4R(R+1)
< (R?®+ R+ Dlength(¢) + 4R(R + 1) (by Claim 2)
< (R’ + R+ 1)(Mdeg(g)(x,2) + p) + 4R(R + 1) (by Claim 1)
Similarly,
der () (2, 2) < length(() (by Claim 1)
< Ns+ (by Claim 2)
R
=\ Z Sp 4 1
r=1
R
<\ Z dry, (Fo(x), F.(2)) + 1/ (by Claim 6)
— Nd(F(x), F(2)) + i
and so we have proved the theorem. O

4.8 Proof of the main theorem part two

A reader may find it helpful at this point to read the proof in Appendix C that the
hyperbolic plane quasiisometrically embeds into a product of two binary trees. Several of
the ideas in the proof of Theorem 4.1 also appear in this simpler case, however it does
nonetheless have its own quirks.

We continue with our proof of Theorem 4.1 and we use all the notation developed in
Section 4.6 and Section 4.7.

Let ¢ : G — Hqul Tio,1y be the regular map given by Corollary 4.46. Let ® : G —
Hqul T be the injective and Lipschitz map given by Lemma 4.13. Let us say that & is
As-Lipschitz.
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Notation 4.72. A vertex of Ty is naturally identified with a word on the alphabet C'.
Hence, every vertex of H§:1 Te naturally corresponds to a vector (vy,...,vg) where v, is

a word on the alphabet C. Let g € G. Then ®(g) € HqQ:I Te corresponds to a vector

(%1

V2

vQ

For 1 < ¢ < @Q, we let ®,(g) denote the word v, € T¢.

Choosing our statistics

We would like to apply Corollary 3.35 to the sentence-tree Ty, where W is the set of finite
words on S U S~ In order to do so, we need to make choices for Sgnite; Stinear, Jfinites
Jlinear, IN and €. We make the following choices.

Let Jinear = 4MK + 211 + 3, Jinite = max(finear, B), N = 12(R + 1)A (A2 + Azps +
A3K + u3) and let € = 1. Here, A\; and p; are constants arising from Proposition 4.61,
A3 and pg are the constants arising from Proposition 4.65, and )4 is the constant arising
from Theorem 4.70.

Let Shnite be the following collection of finite statistics on Ty, (defined with respect to

an arbitrary sentence wy ws ... w; € Ty).

e is the path w; entirely contained in one of the coset subgraphs

C(H,),C(H3),...,C(Hr)?
e the final [ + 3K letters of w;;
e length(w;) modulo (A K + py + 1);

o if w; is the last word of w; ws;...w; that is not entirely contained in one of the
subgraphs C(H,),...,C(Hr), then what are the final y letters of w;?

So, in total, we have chosen four finite statistics. Note that a question like "is the path
w; entirely contained in one of the coset subgraphs C(H,),C(Hs),...,C(Hy)?" is indeed a
finite statistic as it has a yes or no answer. Recall that y is the constant defined in (£2).

Let w be the smallest natural number that is greater than both

A5 (Srinear (Mg + pia) + K + A3 + 13 + Jinear(Aa + p1a) + K)
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and
A5 (Stinear (Mg + poa) + K + Ag + s + As(Ag + ps + K) + ps + K)

Let Sinear be the following collection of linear statistics on Ty, where we again let
wy, Ws...w; denote an arbitrary sentence in Ty. In the linear statistics below, note
that ¢ is the variable required in the definition of a linear statistic (see Definition 3.25)

and not a constant like R, A4 and w.
e the final 6(R + 1)\we letters of w;_,.; (for 1 <r < R);
e the final 6(R + 1) \wc letters of MT (w;_,41) (for 1 <r < R);
e the final 6(R+1)\ywe letters of @, (w;_jy1 ... w;) (for 1 < j < Jipear and 1 < ¢ < Q);

e the final 6(R + 1) \we letters of MT(®,(w;—jt1...w;)) (for 1 < j < Jipear and
1<¢<Q).

So, in total, we have chosen 2R + 2.Jjnear@ linear statistics. To be clear: when we refer to

D, (w;—jt1 ... w;), we mean the image of w;_j11w;_jio...w; € G under &, : G — Te.

The associated diary
Let D = D(Shnites Stinears Jlinear, IV, €) be the diary given by Corollary 3.35. We claim that
the composition

Q Q
GMTWXTWX---XTWXHT{OJ} TQXTQX“'XTQXHT{OJ}

q=1 q=1

DxDx---xDxid

is a quasiisometric embedding. Once this is shown, the proof of the main theorem (The-

orem 4.1) is complete since T, is quasiisometric to the rooted binary tree T{o ;.

Notation 4.73. Let us refer to the composition (D x D X -+ x D x id) o (F' X ¢) as
F:G—>TogxTgx---xTqg XH§:1T{0,1}-

Note that F is coarsely Lipschitz since F' X ¢ is a quasiisometric embedding and
D x D x---x D xid is 1-Lipschitz. It follows that we only need to prove the lower bound

of the quasiisometric inequality for F.

Reductions

Let x,z € G. We may assume that

dg(l’, Z) Z 2/\4/ub4 + 12R(R + 1)>\4Jlinear (47)
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since we are only interested in the coarse geometry of G. Now,
o define d := dg(x, 2);
o define &' := d((F x ¢)(z), (F x ¢)(2));
o define d" := d(F(x), F(2));

e let d. be the distance between (F' x ¢)(z) and (F x ¢)(z) in the r’'th factor for
r=12....,R+1;

e let d! be the distance between F(z) and F(z) in the r’th factor for r = 1,2,..., R+1.

In the above, by the (R + 1)’st factor, we mean the entirety of H?Zl Ty So d =
dy +dy+ -+ dy +dp and d' = df +dy + - + dj + di,,. Further, note that
dpyy = dfq. Since d > 2M\4pq by (4.7), and since F' X ¢ is a (A4, pa)-quasiisometric
embedding, we have d' > d/2)\,.

Claim. We are done if dp,, > d'/(R+1).

Proof of claim. If d,, > d'/(R + 1) then

d
d// >d” :dl >d/ R 1 > -
> dpy =dpy 2 d/(R+ )_2(R+1)>\4
In other words,
d
d(F >
Since, as mentioned above, F is coarsely Lipschitz, we are done. O

So we can assume that df , < d'/(R + 1). This implies that d} +dy + --- + d >
Rd'/(R+1). Suppose 1 <t < R is such that d, = max(d}, d,,...,d%). It follows that
d

BE>d/(R+1)> RSN (4.8)

dy+dy+--+d
R

d >

Let a € Tw be the t’th factor of (F' x ¢)(z) and let 8 € Ty be the v’'th factor of
(F x ¢)(z). We can write

QO =TUL...Up Upy1 - Upim

- a7 o,/ /!
B=1r. . Uy Uy Uy,

Upt1 7 Uy
So dpy, (o, B) =m +n =d..
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Claim. We are done if m < (m+n)/3 orn < (m+n)/3.

Proof of claim. 1If either of these hold, we have |m — n| > d./3 and hence

d

d'>d!>|m—n|>d,/3> ST D

where the second inequality follows from the fact that D is height-preserving. O
So we can assume that

m,n > (m+n)/3:di/32L (4.9)

6(R+ 1)\

In particular, it follows that

m > max(R, Jinear) and n > max(R, Jinear) (4.10)

since d > 6R(R + 1)\y and d > 6(R + 1) Ay Jiinear by (4.7).

Claim. We are done if we manage to prove that «, B € Tw satisfy either §2(Spnites Jfinite)
or bJ(Slmeara Jlineara Na 6) :

Proof. If o, 5 € Ty satisfy either §(Stnites Janite) OF O (Shinear Jinear; N, €) then Corol-
lary 3.35 would imply that

d{ = dr,(Da, D) = dry, (a, B)/M = di/M

where M = M (Jgnite, Jiinear) is the constant given by Corollary 3.35. But then, using

(4.8), we would have
1 d

> 00
T2R+1)MN
and the proof of the theorem would be complete. n

So we have reduced the problem to proving that

a=F(z)=u1... U Ups1 .. - Uprm € Tw

B=F(2)=u1.. .Uy upyy - Upy, € Ty

satisfy either $3(Sgnite, Jhnite) OF S (Shinears Jlinear, IV, €). This will now be our only goal.
Recall the definition of F, : G — Ty given in Definition 4.67. We have several cases

depending on the forms of the words wu,y; and u,,,: they can be a single letter of the

form afftl, they can be a word of the form af, for some r # v and ¢ # 0, they can have

the form 1), or they can correspond to a transverse quasigeodesic v(X,Y).
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Simple cases

If length(u,y1) < I+ 3K or length(u,, ) < I+ 3K then since u,,1 # u;,,, we know that
the finite statistic "the final I + 3K letters of w;" in Sgpite distinguishes u,4; from u;, 1
So o and § would satisfy §2(Snite; Jainite) (With a choice of j = 1). Thus u,y1 and u,,
can’t have the forms a;, or ay, tl or Py ;.

Recall (1) which implies that the transverse quasigeodesics (X, Y') cannot be entirely
contained in a single coset subgraph C(X). Thus if u,., has the form af, (for r # t) and
u,, ., has the form (X, Y’) then the the finite statistic "is the path w; entirely contained
in one of the coset subgraphs C(H,),C(Hz),...,C(Hr)?" distinguishes u,; from w . Tt
follows that «, § satisfy $2(Shnite, Jhinite)- Similarly, if u; 1 has the form af, (r # t) and
up+1 has the form (X, Y’) then we are done.

Two cases remain:
!
(C1) upy1 = af, and uy,; = af, where r # t;

(C2) upyr = v(X,Y) and uy,, = (X', Y’) for some transverse quasigeodesics v(X,Y’)
and v(X',Y").

Some more notation
We need some more notation. Write X = xH; € Gand Z = zH; € G. Set Lx = L[Hy, X|
and Ly = L[Hy, Z] and L = L[X, Z]. Write
GK[Hl,X] :{Hl =X < Xg <+ <XLX :X}
and
GK[Hl,Z] :{H1:Z1 <Ay < ve- <ZLZ :Z}

and
G X, Z|={X=Y1<Yo<--- <Y, =7}

Let ¢ denote the t’th ordered standard path from e to x and write ( as the concatenation

of paths
C=0C v(X1,X2) G y(Xe, X3) oo Y(Xpy—1,XLy) Coy

as described in Definition 4.64. Similarly, Let ¢’ denote the t’th ordered standard path

from e to z and write (' as the concatenation of paths

("= Y21, Z) G (2o, Zs) ... V(Z1py-1.Z1,) C;;Z
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Degenerate cases

Claim 1. If Gx[Hy, X]| and Gk [H,, Z] never diverge, equivalently, if one is contained in

the other, then we are done.

Proof of Claim 1. If, say, Gg[Hy, X] is contained in Gg[Hy, Z], then that would imply

that the ¢ and ¢’ diverge in the coset subgraph C(X). This implies, since x € X, that

Up+1 has the form afftl or ¢y; or af, (for some r # v). As described above, we are done

unless w41 has the form af, (r # v). If that occurs, by considering the structure of Fy(z),
there must exist 2 < j < R such that u,,; has the form (X,Y") for some Y € G (note
that m > R by (4.10)). But this can’t happen because z € X.

We are done for similar reasons if Gx[H, Z] is contained in Gg[H, X]. O

So we can assume there exists some I+ < min(Ly, L) for which X; = Z; when [ < [;
and X, 11 +# Z;41- In other words Xy, = 27y, 18 the divergence point of the two paths
GK[Hl,X] and GK[Hl, Z] in PK(G)

Claim 2. We may assume that one of the two following situations occur:
1. le 7& CZ/T ;
2' Cl-r = CZ/T and fy(XlJraXlT-l-l) # V(Zl“ Zl-r-l—l)'

Proof of Claim 2. If ¢, = CZ’T and y(Xy,, X1, 41) = (21, Zi,41) then

Cl 7<X17 XQ) CQ P)/(X2> XS) soe CZT7<XlT7 XZT+1) = C{ V(Zla ZQ) Cé 7(227 Z3) oo C{T7<Zlfa ZITJrl)

and so p(Xj, 11, Xy,) =a (21,41, Zi;). 1t follows that X,y N Z), 11 # () and so they are
cosets of different peripheral subgroups Hy, Ha, ... Hr. But then, due to (72), it is possible
to distinguish v(X;,, Xy;41) from v(Z;,, Z), 41) just by looking at the final y letters. In
particular, v(Xj,, X, y1) # V(Z;, Zi,41) which is a contradiction. O

So, since either (C1) or (C2) occurs, and since one of the two cases from Claim 2

occurs, we have reduced the problem to the following two possibilities:
(D1) G, # ¢, and upyy = af, and ) = afjr where r # t;

(D2) G, = ¢, and upyr = y(Xyp, Xiyy41) and wyy = (2, Ziy+1) and p(Xip, Xpp41) =
p(leZlH-l)'

Claim 3. When (D1) holds, we have
g — 4| < length(n) < Mdecx,,) (P(Xi, Xi41), (215 Ziy4a)) + i
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where n is a standard path from p(X,,, X, 11) to p(Z,, Zy,41) in the coset C(X;,) = C(Z),)
in the sense of Definition /.59.

Proof of Claim 3. If (D1) holds then u,; = af, and u,,, = ag; correspond to subpaths
of ¢;, and ClIT respectively.

We know that ¢, travels from po(X;,) to p(Xi,, Xi.41) and has the form v1) where v
is a geodesic in po(X;,)A, = 71 from po(Xy,) to p(XzT,XlTH)w_l and 1 is one of the
non-abelian paths v, ;. Analogously, we can write C{T = /1'. Now, identifying the abelian
coset po(Xy,)Ar = po(Zy,) A with Zt by identifying po(Xi,) = po(Zi,) with (0,0,...,0),
we know that the r’th coordinate of p(XlT,XlTH)w_l is ¢ and the r’th coordinate of
p(Zis Zi,41) (')~ is ¢ Hence,

|q - q/| S dZRt (p(Xl]La le+1)¢_lap(zlf7 ZZT+1)(77Z)/)_1)

But we also know that a standard path 7 from p(X;,,X;, 1) to p(Zy, Zi;41) in the
coset X;, = Z;, contains a geodesic in po(X;)A; = ZE from p(XlT,XlTH)gb*l to
p(Zi, Zi.+1)(¢') 7", Tt follows that

g = ¢| < length(n) < Midecx,) (P(Xiy, Xiyy11), p(Z1y5 Ziy41)) + 1
where the second inequality follows from Proposition 4.61. O
Claim 4. We are done if X;, = Zy, is an element of Gg[X, Z].
Proof of Claim /. Suppose this is true. It follows from Lemma 4.32 that

GK[Z,X] = {ZLZ <0 < Zl1-+1 < Zl‘r = XZT < le-i-l < e < XLX} (411)

Now, if (D1) occurs, then, by considering the structure of Fy(x) and F,(z), there exists
2 < j < R such that u,; = y(Xj,, Xi,41) and there exists 2 < j° < R be such that

w,, i = (2, Z,.,). So if either (D1) or (D2) occurs, there exists 1 < j < R such that
Upyj = v(Xi;, Xi;41) and there exists 1 < j' < R be such that u, , . = (2, Z,,,)-

/ .
p+j

Recalling that Jgnite > R, it follows that o and (5 satisfy §2(Snite, Jhinite). Similarly, we
are done if 7/ < j. So we may assume that j = j'.
Now, we can see from (4.11) that X;, < Xj,1; < --- < X is a subpath of Gx[Z, X] and

hence up4j41 - . . Uptm is a subpath of the v'th ordered standard path from z to x. It follows

Suppose that j < j'. Then u,y; = y(Xi, Xij;11) yet g, ; has the form af, or 9.

that length(upiji1 ... Uprm) < Asd + ps by Proposition 4.65. Hence @,1;57 - . . Uprm has

at most (A3 + p3)d letters. Recall from (4.9) that m,n > m and SO Upij41 - - - Uptm

105



has at least
R<

— R words. Now, thanks to (4.7), we have d > 12R(R + 1)\, and so
—R> It follows that

(R+1)
d
Tl) Therefore Tl) W

(A3 + p3)d
d/12(R+ 1))\y)

AWL(Up+j+1 c. ’U,erm) S ( S 12<R + 1))\4(}\3 -+ /,Lg) S N

For similar reasons,

AWL( oy ) < N

p+]+1

In other words, we have proved that (5 1) holds for o and . We now turn to proving that
(82) holds for a and S (with respect to the choices for Sinears Jiinear, IV, € given above).

q/

Suppose first that (D1) holds, i.e. upy; has the form af, and u;,, has the form af,

where r # v. We want to bound |¢ — ¢| in terms of d = dg(z, z). Let ¢ denote a standard
path from z to z in G. Then the intersection of ( with C(X;,) = C(Z),), which we denote
by 7, is a standard path from p(Xj., X, 41) to p(Z,, Zi,41) in the coset X;, = Z;,. Hence,

using Claim 3 and Proposition 4.65, we have
lg — ¢| <length(n) <length(¢) < A3d + p3 < wd (4.12)

So we can deduce, from Corollary 4.11, that either the final 3wd letters of af, and a;f’:r are
distinct or the final 3wd letters of MT(a{,) and MT(CL?:T) are distinct.

Now let 1 < j < j. Consider the linear statistic "the final 6(R + 1) M\we letters of
w;—j+1". When applied to the sentences uy ... %, and uy .. pﬂ, with ¢ = m + n this
becomes "the final 6(R + 1) A\yw(m +n) letters of af " and "the final 6(R + 1) Ayw(m +n)
letters of a;{;" respectively. Note that 6(R+ 1) \w(m+n) > 3wd by (4.8). Hence a and
satisfy O (Siinear, Jinear, IV, €) if the final 3wd letters of agﬂ. and a?jr are distinct. For similar
reasons, by considering the linear statistic "the final 6(R+1)\qwc letters of MT (w;_;r41)",
we are done when the final 3wd letters of MT(a{,) and MT(a,’f:T) are distinct. So we are
done when (D1) holds.

Now suppose that (D2) holds. In particular this implies that p(X;.,X; 1) =
p(Zy, Zi,41). By considering (4.11), we see that u,,; is a subpath of a standard path
from z to  and so u,q has length at most A\sd + p13 < wd by Proposition 4.65. Similarly
length(u;,, ;) < wd. Since u,11 # w4, it follows that they are distinguished by the
linear statistic "the final 6(R + 1) \wce letters of w;" in Sjpear and so o and f satisfy
8 (Stinear; Jtinear, N, €). L

So we can assume that X;, = 7;, & Gg[X, Z].

Claim 5. We are done when (D1) holds.
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Proof of Claim 5. Suppose (D1) holds. If ¢ > 0 and ¢’ < 0 then of course «, [ satisfy
$U(Shnites Jhnite) 8S Uy ... Up Uprq and Uy ... T, m are distinguished by the finite statistic
"the final I + 3K letters of w;". Similarly we are done if ¢ < 0 and ¢’ > 0. So ¢,¢' > 0 or
¢,q < 0 and so length(u,,1) # length(u,, ).

Since X, = Z;, ¢ Gk[X, Z], we know that XmT (X, Z) < K. Recall that XmT (X,7) is
by definition the diameter of 7x, (X)U X, (Z) in C(X;,). Hence, using Claim 3 we have

lg—q| < Mdeix,) (P(Xiy, Xiy11), P(Z1y5 Zig 1)) + iy < Md (X5 Z) + pn S MK+ i

So the sentences Uy ... %, Upr1 and Uy ... %, % 41 are distinguished by the finite statistic
"length(w;) modulo (M K + py + 1)". O

By Claim 5 we can assume that (D2) holds.

Claim 6. We may assume that for all 1 < k < Jgnie the group elements

Uy oo UpUpy - Uprg and Uy UpU, .y Uy are distinct (as elements of G).

Proof of Claim 6. Suppose 1 < k < Janite is such that wy...upupir...uppr =¢
Up oo Upllyyy v U

Firstly, note that u; ... upupt1 ... upty is an element of the coset X; for some I > [ +1
and similarly wu, .. .upu;Jrl .. .u;Jrk is an element of the coset Z for some ' > I; + 1. We
know that X; # Zy since X; € Gg[Xj, 11, X] and Z; € Gk[ 2,41, Z].

Due to (41), we know that the last word of w7 ... W, Upt1 . . . Uptr DOt contained in one of

/

the cosets C(H;) has the form 7(X; 1, Xj). Similarly, the last word of wy ... 0w, wp g - uy

not contained in one of the cosets C(H;) has the form v(Zy_1, Z)).

But since uy ... uplpy1 - Upip =@ Un - - Upllyy,y - - Uy We know that Xy N Zy # 0 and
so, since X; # Zy, we deduce that X; and Z; are cosets of different peripheral subgroups
Hy, ..., Hp. It follows from (52) that the final x letters of v(X;_1, X)) are distinct from
the final x letters of v(Zy_1,Z]). By considering the fourth finite statistic in Sgpite, We
deduce that o and f satisfy $2(Shnite, Jhinite)- O

The non-degenerate case

We have now reached the heart of the proof.

Consider the path Gg[X, Z]. By Lemma 4.25, we know that Gx|[X, Z] diverges from
G [X, Hy] at some vertex X; ;;, where 1 <[, <3 and that it joins Gx[H,, Z] at a vertex
Zy,1a. for some 1 <[, < 3. See Figure 4.7 for a visual depiction of the situation at which
we have arrived.

Suppose that j, € N is such that u,,;, = v(Xi, 41,1, Xi;,44,). Suppose that j. € N is
such that ), . = Y(Zi, 1.1, Zi,11.)-
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Figure 4.7: This diagram is drawn as if H; = A; = Z? for all 1 <t < T. It is also drawn for
I =2 and [, = 3. The blue line indicates where the t’th ordered standard path from e to x
(i.e. ¢) and the t’th ordered standard path from e to z (i.e. (') agree. The pink line is the rest
of ¢ from p(XlTaXlT—H) = p(ZlT, ZZT—H) to x. The green line is the rest of ¢’ from
p(Xyy, Xi,41) = p(Z1y, Zi,+1) to x. The dashed squares are those which are in Gx [X, Z] but not
in Gx[Hy, X] or Gy [H1, Z]. Made using TikZiT.
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Claim 7. We have ];1; < Jlmear and jz < Jlinear'

Proof of Claim 7. We begin by proving that j, < Jinear- NOW, Upi1 Upra - . . Upy,, has the

form
’Y(Xlw le-‘rl)

or the form

V(X5 Xig1) o417 (X1, Xig12)

or the form

7<le7 XZT—&—I)OZZT—H’Y(XIT-H; le-&-?)alf-f—?’)/(XlT-I-?a le+3)

depending on whether [, = 1, 2 or 3. In the above, we are using the notation from
Definition 4.67.

We will prove that (in the second and third cases above) we have length(ay, ;1) <
20\ K + py. First, note that length(ay, +1) < length(¢;,11). But we have

length(Q, 1) < Mdex ) (P(Xy11, Xiy), P(Xy 41, Xipg2)) + a0 < Madxy , (Hy, X)) +

where the first inequality follows from Proposition 4.61. However, and this is really the
crucial observation, since X;, 11 € Gg[H:1,Z] and X, 11 € Gg[X, Z] we have

dXzTH(Hle) < XmTH(Hlv Z) + dXzTH(Zv X) <2K

and so
length(a, 1) < length(¢y,41) < 2M K +

For identical reasons, in the third case above, we have length(alTH) < 20K 4 pp. Tt
follows that, in all three cases, we have j, < 2(2A\ K + 1) + 3 = Jiinear-

We have 7. < Jijnear for analogous reasons. O
We define j = max(j;,j.). Without loss of generality we can assume that in
fact j = j,. Let p, denote the group element w; ... uptpi1... upyj, = po(Xiq1,) =

p(Xt+1., Xiy1,-1) and let p. denote the group element wy...upus,,...u, ; =
Po(Zi,11.) = P( 214125 Z141.-1)- Then upyj, 1ty g, 42 - . Upiom is a path in T'(G, S) from p,
tox and u,,; U o U, is @ path in ['(G, S) from p, to z.

Recall that Gx[X,Z] = {X =Y, <Yy < --- <Y, =Z}. Let 1 <[ < L be
such that ¥; = X4y, Let p = p(Y;,Yi41) € Xjqq,. Sop € WXl]Hrlz(Z)' Now, since
X1, & Gi[Hy, Z], we have Xmﬁlz (Hy,7) < K and so

da(pz,p) < K (4.13)
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Similarly, let 1 < I' < L be such that Yy = Z;, ;. and let p’ be the vertex p' =
p(Yr,Yy_1). Sop € L (X). Since Z;, 11, ¢ Gg[H1, X], we have dz, .. (H,X) < K
and so

de(ps,p) < K (4.14)

Claim 8. AWL(T, 551 Upijiz - - Upym) and AWL(uy, iy W ivo - Uy y) are both at most
N.

Proof of Claim 8. We begin by counting the number of letters in i j, 1Uptj,+2 - - - Uptm-
Now, tpyj, +1Uptj,+2 - - - Uptm 1S @ subpath of the t’'th ordered standard path from e to x.

By Proposition 4.65, this is (A3, p3)-quasigeodesic and hence

length(uptj, +1Uptjet2 - - Upym) < Asda(Pe, ) + p3 < A3(da(p, ) + K) + 13

where we have used (4.13). Now, consider a standard path in G from z to x. By definition,
this standard path must go through the coset Xj ,;, since X; 1y, € Gg[Z, X]| and also
through the point p € Xj, ;.. By Proposition 4.65, we know that this standard path has
length at most Asd + ps. Hence,

dg(p, JI) S )\3d + U3

So we have
length(wy 4 j, 11Upsjos2 - - Uprm) < A3d + A3z + A3 K + 3
For similar reasons, we have length(u, ; \up, . o. .. u,,,) < A2d + A3pz + A3 K + ps.

Since j = j,, we therefore have

length(up+j+1up+j+2 ce uerm) S )\%d -+ )\3,LL3 + )\3K + M3

Further, we know that w, ;.  u,, :\o...u,,, is a subword of uy, ; \uj . o...u,,, and
SO
length(u, ;1 5oty ,) < A3d 4 Aspiz 4+ As K + pug
By (4.7) we have d > 12(R 4 1) Ay Jiinear and hence Jjipear < ﬁ Therefore, using
Claim 7 and (4.9), we have
d d

- ] > m — Jhnear - Jlinear

- - >_ -
= 6(R+ 1)\ = 12(R+ 1)\
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Therefore
A3d + Aapiz + A K + i
d/12(R + 1)\
<12(R+ D)A(A; + stz + MK + 3)
=N

AWL(Uy i1 Uprjr2 - - - Uprm)) <

For similar reasons, we also have

AWL(U;H—j—&-l U;+j+2 s u;-&-n)) <N

and we have proved the claim. O

So (1) of B(Sinear, J, IV, €) holds. We now turn to proving (32). With this in mind,
and recalling that e = 1, let us suppose that 1 < j' < j is such that length(u,;») < m+n
and length(u,,, ;) < m +n for all j" < j” < j.

Claim 9. The distance between ®(upy1 ... Upyj) and S(up ... u,, ;) in H§:1 Te is at

most wd.

Proof of Claim 9. Since length(u,.;7) < m+n for all 7 < j” < j, we have

de(uy .. UpUpir . . Upyjr, Pr) = da(Un o Uplpg - o Upyjr, U - Uplpg] - .- Upsj)

< Jiinear(m + n)
So, using (4.13), we have
de(uy .. uptpiy .. Upyjr, D) < Jtinear(m +n) + K
Recall that we have m +n = d, < d' < A\yd + p4. Hence,
de(ur .. Uplipir - Upijr, D) < Jtinear(Aad + pa) + K (4.15)

Consider a standard path from z to z to I'(G, S). By Proposition 4.65, the length of
this path is at most A3d + p3. Further, note that this standard path goes through the

vertices p and p’. Therefore,
da(p,p') < Asd + ps (4.16)

We must now divide into two cases: we can have j' < j, or j' > j.,.
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In the first case, since length(u,, ;) < m +n for all j* < j” < j, and since j, < j, we

have

/ / . / / / /
da(ur . uptyyy - Uy, p2) = da(Un o Uply, g o Uy gy U Uy Uy )

< Z length(uj,, )

J'<3"<j=

S Jlinear(m + n)

and so, using (4.14), we have
dg(uy .. .upul’DJrl . .u;,+j,,p') < Jtinear(m + 1) + K < Jinear(Mad + p14) + K (4.17)

Therefore, combining (4.15), (4.16) and (4.17), and recalling that ® : G — H(?:l Tc is

As-Lipschitz, we have

A(P(Upsr - Upyjr), Plupyy -ty ) < Asda(Upy - o Uppjr, Uy Uy )
= Asda(Un - o Uplp gy o Uy, Uy Uplly g - Uy i)

< As(Jtinear (Aad + pig) + K+ Aad + i3 + Jiinear (Aad + p14) + K)

< wd

as desired.
In the second case, when j" > j., we know that w,,; .u,, . »... u,,, is a subpath
of the v'th ordered standard path from e to z. By Proposition 4.65, this is a (A3, p3)-

quasigeodesic, hence

length(uy,, ;U gy Uy ) < length(u,, w5 o uy,,)
< Nadg(pss 2) + 3
< As(de(p',2) + K) + pis

< )\3()\3d+M3+K) + 3

where we have used (4.14) and the fact that a standard path in T'(G, S) from z to z must
pass through p’. Therefore

/ / / / /
da(uy . uptyyy ooy, ') <da(un . upt g ooy, p2) + K

where we have again used (4.14). Hence, combining (4.15), (4.16) and (4.18), and using
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the fact that ® is A5-Lipschitz, we have

A(D(Upyr - Upyjr), Plupyy -ty ) < Asda(Upy - Uppjr, Uy Uy )
= Asdg(Un - o Uplp 1 - o Uy, Up o Ul - Uiy i)

< As(Jrinear (Mg + pa) + K+ Azd + pa + Ag(Asd + p3 + K) + piz + K)

< wd

and we are done. O

Since j' < Janite, it follows from Claim 6 that w4y ... upyj # %4—1 .. .u;ﬂ-,. Then,
since ® is injective by Lemma 4.13, we have ®(upy1...upij) # ®(upiy ... uy,, 5), and
so there exists some 1 < g < @ such that @, (up1 .. upry) # Pglupyy .. u, ). For
simplicity of notation, let us write v, = ®y(upi1 ... upyy) and vy = Oy (up,y ... u, ). We
have dr,, (vg,v;) < wd by Claim 9. So we deduce from Corollary 4.11 that either the final
3wd letters of v, and v are distinct or the final 3wd letters of MT(v,) and MT(v;) are
distinct.

Consider the linear statistic "the final 6(R + 1)A\wc letters of @ (wj;_jrsq ... w;)".
When applied to the sentences ;... u,1; and uy .. .m with ¢ = m + n this becomes
"the final 6(R + 1)\w(m + n) letters of v," and "the final 6(R + 1) \w(m + n) let-
ters of v," respectively. Note that 6(R + 1)A\w(m + n) > 3wd by (4.8). Hence a
and [ satisfy O (Sinear, Jlinears IV, €) if the final 3wd letters of v, and v, are distinct.
For similar reasons, by considering the linear statistic "the final 6(R + 1) \wc letters
of MT(®(w;—jr41 ... w;))", we are done when the final 3wd letters of MT(v,) and MT (vy)

are distinct. So a and (5 satisty 8 (Shnear; Jlinears N, €)- O

4.9 Discussion and questions

It would be interesting to know whether Theorem 4.1 is truly distinct from Theorem 4.2,
i.e. whether there exists a relatively hyperbolic group which quasiisometrically embeds
into a finite product of trees but does not quasiisometrically embed into a finite product

of binary trees.

Question 4.74. Does there exist a finitely generated relatively hyperbolic group which
quasiisometrically embeds into a finite product of trees but which does not quasiisometri-

cally embed into a finite product of binary trees?

Question 4.74 is highly related to the following question.
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Question 4.75. Does there exist a finitely generated group which quasiisometrically em-
beds into a finite product of trees but which does not quasiisometrically embed into a finite

product of binary trees?
Indeed, they are equivalent.
Proposition 4.76. Question /.7/ and Question 4.75 are equivalent.

Proof. Obviously an affirmative answer to Question 4.74 would give an affirmative answer
to Question 4.75. For the reverse implication, suppose we have a finitely generated group
H which answers Question 4.75 in the affirmative. Then G = H*Z is relatively hyperbolic
with respect to H [Osi06a, Corollary 1.5|. G quasiisometrically embeds into a finite
product of trees by Theorem 4.2, but G does not admit a quasiisometric embedding into

a finite product of binary trees since H is undistorted in G by Proposition 4.47. O]

If a group G satisfying Question 4.75 was found, then Theorem 4.1 would obstruct
G from quasiisometrically embedding into a toral relatively hyperbolic group (whereas
Theorem 4.2 alone would fail to provide such an obstruction).

Le Coz [Coz21| proves, using the coarse invariant of separation profiles, (introduced
by Benjamini, Schramm and Timéar [BST12|) that there exist finitely generated groups
which have asymptotic dimension one and yet which do not coarsely embed into any finite
product of binary trees. It follows that these groups do not quasiisometrically embed into
finite products of binary trees (since any quasiisometric embedding is in particular also a
coarse embedding) but they do coarsely embed into a finite product of trees (since this
condition is equivalent to having finite asymptotic dimension, see [Kas22] and [Dra03]).
So one naturally asks whether one can prove that the groups provided by Le Coz also

quasiisometrically embed into finite products of trees.

Question 4.77. Do the groups described by Le Coz admit a quasiisometric embedding

into a finite product of trees?

I spent a fair amount of time attempting to apply the methods of Chapter 3 and the
proof structure of Theorem 4.1 to the case of mapping class groups. The hope would be
to prove that a mapping class group quasiisometrically embeds into a product of binary
trees, as opposed to the infinite-valence trees described in [Huml17] and [BBF21]. One
might even hope to use this to imitate [Pet22] and prove that the mapping class group is
quasiisometric to a uniformly locally finite CAT(0) cube complex. The attempted proof
structure was as follows. By applying the results of [BBF21|, one can find a quasiisometric
embedding of the mapping class group into a product of quasi-trees of pseudo-Anosov axes.

Thanks to Theorem 4.36, this can be upgraded to a product of trees of pseudo-Anosov

114



axes. A tree of axes is itself a tree and so we would have a quasiisometric embedding into
a product of trees. If the directed edges of these trees are labelled thoughtfully, then, by
associating a vertex of each tree with the label of the unique geodesic from a basepoint
to that vertex, we have defined an isometric embedding of the tree into a sentence-tree.
So we have a quasiisometric embedding of the mapping class group into a product of
sentence-trees. Surely we can now apply the theory of Chapter 3 to prove that this can
be upgraded to a product of binary trees? However, and this is the major problem, we
have no equivalent of Corollary 4.46 for the mapping class group. This regular map of
the relatively hyperbolic group G into a product of binary trees was used in an essential

way as a linear statistic in the proof of Theorem 4.1. So I ask the following question.

Question 4.78. Does there ezist a reqular map of the mapping class group (of, say, some

compact hyperbolic surface) into a finite product of binary trees?

Mackay and Sisto apply Theorem 4.2 in order to fully characterise when a 3-manifold
group quasiisometrically embeds into a product of trees (see [MS13, Theorem 5.1]). Since
Theorem 4.1 covers all compact hyperbolic manifolds, it takes us closer to providing a
similar characterisation for quasiisometric embeddings of 3-manifold groups into product

of binary trees.

Question 4.79. Let G = m (M), where M is a compact orientable 3-manifold whose
(possibly empty) boundary is a union of tori. Is it true that G quasiisometrically embeds
to a finite product of binary trees if and only if no manifold in the prime decomposition
of M has Nil geometry?

To prove Question 4.79 in the affirmative, by following the proof structure of [MS13,
Theorem 5.1| I believe two steps remain: firstly, to prove that a graph manifold quasiiso-
metrically embeds into a finite product of binary trees (see [HS13| for the proof that a
graph manifold quasiisometrically embeds into a finite product of infinite-valence trees)
and secondly, to prove that a group which is relatively hyperbolic with respect to graph
manifold groups and virtually abelian groups admits a quasiisometric embedding into a

finite product of binary trees. So, as a first step, I ask the following.

Question 4.80. Can you quasiisometrically embed graph manifold groups into finite prod-

ucts of binary trees?
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Appendix A
A formal definition of Alice’s Diary

Definition A.1. Let x € N and let 2, be the set of all words on A of length at most .
We will now define the Alice’s Diary map AD, : Tw — Tq,.. Let

be a vertex of Ty,. The image of o under AD, will be a sentence
AD.(a) =771 73...7;

We will define the v; for 1 < j < ¢ inductively. Let [, be the empty word. Now, let
r1 = lpwy, let v; be the first x letters of ‘r_l and let [; be the (possibly empty) string of
letters at the start of ry that is leftover. Now let ry = lyws, let vy be the first x letters of
3 and let I, be the (possibly empty) string of letters at the start of o that is leftover.
Now let r3 = lows, let vs be the first k letters of E and let [3 be the (possibly empty)
string of letters at the start of r3 that is leftover. Continuing in this way, we will have
defined vy, ..., v; and hence AD,.
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Appendix B

Two quasiisometric embeddings of

relatively hyperbolic groups

Corollary B.1. For sufficiently large K, the map G — Cx(G) X G given by

g~ (u(g),9)

18 a quasitsometric embedding.
Before we can prove the corollary, we need the following technical lemma.

Lemma B.2. Suppose that Ay and By are collections of numbers indexed by a set Y.
Suppose also that Ay ~y, By for allY €Y. Let L > 2\p. Then

O i 0 > HUBvhwiw <) {Av <O+ 1)) {Br}ms

Yey Yevy Yevy

Proof. We prove the upper bound. We have that

A=) A< ) (ABy+mw< > (ABy+pm< > (A+1)By

Yey Ay>L Ay>L By>L/A—p By>L/A—p

= +1) ) {Bripn

YeY

By symmetry, and the fact that A\(L + p) > 2A\u, we have that

S UBy e <A+ 1) {{Avih

Yey YeyY

and we are done. O
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Proof of Corollary /.55. Let g,h € G. The distance formula for relatively hyperbolic

groups tells us that for sufficiently large L we have

de(g.h) = Y {{dalpy(9), py(h)}}e + de(g. h)

The distance formula for Cx(G) tells us that for sufficiently large K we have
dey ) (11(9), ti(h)) = > dy (u1(g), t1(h))
YeGk (11(g),e1(h))

Suppose Y € G and suppose first that gH; # Y and hH; # Y. Write Y = gH and let
Fy :gH — C(Y) = gI'(H,S N H) be the obvious map. Then

da(py(9), py(h)) = diame(py (9H1) U py (hH1)) (by Theorem 4.51 and (P3))
~ diameyy (Fy o py (9H1) U Fy o py (hHy)) (by Proposition 4.47)
~ diamey)(my (9H1) U my (hH;y)) (by Theorem 4.17)

= dy(11(9), 1 (h))

If instead gH; =Y but hH; # Y, then

de(py(9), py (h)) = de(g, py (h))
~ diamg(g, py (hH1))
~ diame(yy (Fy (g) U Fy o py (hHy))
~ diame(y) (Fy (9) U my (hHy))
= dy (u(g), my (hH1))

we are done for similar reasons when gH; # Y and hH; = Y, and when gH; = Y and
hH, =Y.

Let Ay denote the quantity dg(py(g),py(h)) and let By denote the quantity
dy (t1(g), t1(h)). We have shown that there exist A, 4 such that Ay ~,, By forall Y € G.
Lemma B.2 then implies that (for sufficiently large L and K = A\(L + p))

S A > o LB = L By~ dee(nle).n()

YeG €Y YeGx (¢1(g),e1(h))

It also implies that for L' = A\(K + p)

DAy <A+ Y {{Brhk=0+1) > By ~ dey () (11 (9), u(h))

YeG Yey YeGk (t1(g),e1(h))

118



But Sisto’s formula (Theorem 4.54) tells us that

Y AN ~dalg, h) —dglg.h) = Y {H{Av} e

YeG YeG

and s0 )y o {{Av}}L = de(©)(41(9), t1(h)). Combining this with Theorem 4.54 gives us

our desired approximation. O]

Corollary B.3. For sufficiently large K, the map G — Cx(G) x X(G) given by

g~ (u(g),9)

1S a quasiisometric embedding.

~

Proof. The inclusion map G — G factors as the pair of 1-Lipschitz maps G — X(G) — G

and so

Hence,

de(g, h) + dee)(t1(9), 1 (h)) < dx)(9, h) + dew ) (t1(9), i (h))
< dg(g,h) + dey@)(ti(g), ti(h))
<dg(g,h) +da(g, h) + deye () (e1(g), ti(h))

Corollary 4.55 tells us that di(g, h) + de@)(t1(9), ti(h)) = da(g, h) and so dx ) (g, h) +
deye)(1(g), 1 (h)) = da(g, ). O
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Appendix C

A quasiisometric embedding of H? into

a product of two binary trees

In this section we will prove that there is a quasiisometric embedding of the hyperbolic
plane into a product of two binary trees. The proof roughly follows the outline of the
proof of the same result given in [BDS07, Section 6], however I use the terminology of
diaries and statistics in order to prove it. I hope this section helps clarify the usage of
diaries and statistics in a simple case.

One can prove that the hyperbolic plane H? is quasiisometric to the hexagonal hyper-

bolic Coxeter group
G = {(ay,ay,as,by, by, by | af = b7 = e for i € {1,2,3} and [ax, b)) = e for k # 1)

To see this, one considers the cocompact action of G on H?, where the generators
of G correspond to reflections in the sides of a regular hexagon in HZ2. Write S =
{a1,as,a3,b1,bs,b3}. We consider the word metric on G arising from this generating
set.

Let A= SUSt =5 and let W be the set of finite words on A. We write A =
{a1,as,a3} and B = {by, bs, b3}.

Definition C.1. Let g € G. The a-left representation of g is the unique geodesic word
w € W which represents g such that all the A-letters in w have been commuted as far to
the left as possible. For example, if g = bjasasboa by then the a-left representation of g is

w = asasbiaibsby. The b-left representation of ¢ is defined analogously.

We can map G into Ty, via a map F 4 : G — Ty as follows. Let g € G and let w € W

be the a-left representation of g. We may write

W = U1A1U202U3A3 . . . Uy A Um 41
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where a; € A and u; is a word on the alphabet B. Then we define

F4(g9) = uiay Uzas U3as . . . Uy,

So, for example F4(bjasasbyaiby) = a3 az bya;.
We define Fg : G — Ty analogously. Let F': G — Ty x Ty be F'= F; X F3.

Lemma C.2. Suppose g,¢" € G and suppose they have a-left representations (respectively)

W = U1A1U20A2 . . . UpQpUp4+1Ap41 - - - UpmAprmUprm+1

and
I / / / / /
W= UparUnQy - UpAplly Qg - Uy Gy Uy g
!/ /
where Uy 101 # Uyyiay,, 4. Then one can prove that the letters api1, apya, - - -, Gpym and
, , , ‘ ‘ .
Uity Apigs - - - Uy GTE €actly the letters in A which survive when you fully cancel the

word w™tw'. A similar statement can be said for the b-left representations.
Proof. This is is left to the reader. O
Corollary C.3. F : G — Ty X Tw is an isometric embedding.

Proof. Let g,¢" € G. Lemma C.2 tells us that F4 counts the numbers of letters in A that
are in a reduced word representing ¢~ !¢’ and Fi counts the numbers of letters in B that

are in a reduced word representing g~ 1¢’. O]

Now, as discussed in Remark 3.36, we can combine (§3) and (7)), analogously to how
(©2) and (8) are combined in Corollary 3.35, to create a D : Ty, — Tq associated to the
data

¢ Shnite = {the final letter of w;};

Jﬁnite = 27

B the final 36¢ letters of w; '
finear the final 36¢ letters of MT(w;) |

e 0=0;

® Jinear = 2;
e N =18;
e c=1
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We imagine the single finite statistic and the two linear statistics as being applied
to an arbitrary sentence wy; ws...w; € Tw. Let M > 1 be the associated con-
stant so that dr,(Da, DB)) > drp, (o, B)/M for all o, satisfying §2(Shnite, Janite) OF
W(Slinear, 9, Jiinears N, 6)-

Theorem C.4. The composition
G5 Ty x Ty 222 Ty x Ty

18 a quasitsometric embedding.

Proof. Since D is 1-Lipschitz, the composition is coarsely Lipschitz. So we only need to
worry about the lower bound of the quasiisometric inequality.

Let g,g € G. Since we only care about the coarse geometry of GG, we may as-
sume that dg(g,¢') > 12. We may write F'(g) = (a1,a2) and F(g') = (B1, 52) so that
d(F(g), F(q')) = dry, (a1, £1) + dry, (a2, B2). Without loss of generality, we may assume
that dr, (a1, 61) > dry, (@2, B2). So dry, (an, Br) > 3d(F(g), F(g')). We may write

Q1 = U1a1 U202 ... UpQp Up41Qp41 - - - Up4mAptm

and

_ / / / /
B1 = uiay U0y . . . Upay Uy 1Ay - UGy,

where u,y 10,11 # 1, , and where the a; and a are letters in A and the u; and u; are
words on B. Note that drp, (a1, 51) = m + n.

Claim 1. We may assume that m,n > (m +n)/3.
Proof of Claim 1. Otherwise, we have |m —n| > (m +n)/3 and so

1

dTQ(DalvDﬂl) = (m_'_n)/?’ = dTw(alvﬂl)/g > %d(F(g),F(g/)) = édG(g,gl)

where the first inequality follows from the fact that D is height-preserving. So we are

done in this case. OJ

It follows that
1 / 1 !
m,n > (m+n)/3 > gd(F(g), F(g')) = gdc(g,g) (C.1)

In particular, since dg (g, g’') > 12, we know that m,n > 2.

Claim 2. We are done if the sentences oy, B1 € Tw satisfy §(Shnite, Jfinite) OF
W(Slineam 67 Jlineary N, 6) .
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Proof of Claim 2. If this occurs then we have

dr,(Day, DB1) > dry, (ou, f1)/M > —d(F(g),F(g’)) = —dg(g,g/)

and we are done. ]

If apy1 # ay,y o apio # a5 then ay and By satisty $(Shnite, Janite) and we are done.
So we may assume that a,1 = a;, ., and ap2 = a;, .

A crucial observation is that when we reduce (i.e. cancel as much as possible by
commuting elements and deleting pairs of the form a? or b?)

-1 1

_ —1 =1 / / /
Uy Uy gy -+ Gy 1 Uy Uy Gy e e Uy G (C.2)

we are left with a geodesic from ¢ to ¢’. So any collection of letters in (C.2) which do not
cancel have cardinality bounded above by dg (g, ¢').

Claim 3. At most one B-letter in u,y3ap+3 ... UptmGprm, and alt most one B-letter in

!/ / /! /
Uy, 30, 3. Uy @y, can cancel when we reduce (C.2).

Proof of Claim 3. This is left to the reader but the idea is that it is difficult for a B-letter

In Upy3Gp13 ... UprmGprm to commute with both a,1 and a,io (yet it needs to). O

Claim 4. When we reduce (C.2), there can only be cancellation in at most one of the

/
words Upyo and U, 5.

Proof of Claim 4. For there to be cancellation in u,2, we must have that wu,; is a sub-
word of w9ty 5. . Uy, . If the final letter of w,y is within w, yuj, 5. w,,, then,
for there to be any cancellation within u,,,, this final letter must commute with a; .
But then the final letter of u,,; would commute with a,; = a;,; which contradicts the
a-left representation. Thus wu,,; is actually a subword of u,,,. In exactly the same way
for there to be any cancellation in u,,,, we must have that w;,,, is a subword of w,,;.
Both these conditions cannot happen, and hence there can only be cancellation in at most

/
one of u,2 and uy, . O
s / !/
Claim 5. We are done when uyy2ap19 # Uy, 005, o

Proof of Claim 5. We claim that TD(Syinear, 0, Jlinear, IV, €) holds with j = 2 as the choice
of index. Obviously (T77)2) holds.
Let us prove that (1TP1) holds. Since, by Claim 3, at most one B-letter in

Upt3Qp13 - - - UptmUprm can reduce when we cancel (C.2), it follows that
length(up3ap43 - - - Uprmpim) — 1 < dg(g,9")
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In particular, length(u,+3ap+3 . - . UprmGprm) < 2dc(g,g'). Hence, by (C.1), we have

2da(g, ¢
AWL(UP+3GP+3 s up-i—map-‘rm) < M

=12<N
o dG(gagl)/6 N

Similarly, we have AWL(uy,, 307, 5. .. Uy, 0pp) < N.

Finally, we need to prove that (11)3) holds. It follows from Claim 4 and
Lemma C.2 that length(upi2a,42) < da(g,g’) or length(u;,,,a;,, ) < da(g,g'). Since
dg(g,9") < 2(m + n), it follows that the linear statistic "the final 36¢ letters of w;" with

¢ = m + n can distinguish between the sentences wuiay ... u,a, Upr1Gpr1 Upialpiz and

T A o, / !/ !/
ULay - . Uyl U Gyyq Up ol . O

So we may assume that u, 20,12 = U, 5a, 5. It follows from Claim 4 and Lemma C.2

that length(u,,20,42) < dg(g,¢') and length(u;,, a5, ) < da(g,d').

: R /
Claim 6. We are done when u, 2,19 = U, 005, 5.

Proof of Claim 6. We claim that TD(Syinear, 0, Jlinear, IV, €) holds with j = 1 as the choice
of index. Obviously (T77)2) holds.
Let us prove that (1D1) holds. As in the proof of Claim 5, we have

length(uy 3ap+3 - - - Uprmapim) < 2dG(9, )

Further, we have length(u, 2a,12) < da(g,9') and length(u;,,,a,,,) < da(g,g'). Hence,
by (C.1), we have

3da(9, 9')
AWL e TprmOpim) < ———=— =18=N
(Upr2Gps2 - - - UpsmOprm) < dc(g.9')/6

Similarly, we have AWL(uy, 007, o - - - Uy Gpi) < N.

Finally, we need to prove that (170)3) holds. Let u be the largest common initial part
of upy1ap11 and wy, ay,  and write u,y 10,41 = uv and uy,,qa;,, = uv'.

We claim that length(v) < 3dg(g,¢’) and length(v') < 3dg(g,9’). We have three
cases: v,v" can both be non-empty, v can be non-empty and v’ can be empty, or v’ can be
non-empty and v can be empty. In the first case, it is not hard to see that both v and v’
survive in the cancellation of (C.2). So length(v) < dg(g, ') and length(v') < da(g,d).
In the second case, when we reduce (C.2), we know that v can only cancel with letters
in w00, 0 and u, 30, 5. .. u,, a,, . So at most dg(g,g’) + 1 letters in v can cancel
in (C.2). So length(v) < 2dg(g,9') + 1 < 3dg(g,9’). We are done in the third case for

similar reasons.
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Hence dr, (upt1ap+1, Upr1ap+1) < 6de(g, ¢'). It follows from Corollary 4.11 that either
the final 18dg(g, g') letters of w,y1a,41 and wj,, a;,,, are distinct or the final 18da(g, 9')

letters of MT(upi1ap41) and MT(u,,a;, ) are distinct. So the two linear statistics

in Sjpear (choosing ¢ = m + n) successfully distinguish wya; ... u,a, Upria,41 from
Uray - . . Uply Uy, 10y, since 36(m +n) > 18da(g, g'). O
The proof of Theorem C.4 is complete. m
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