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Abstract

The Muskat, or Muskat-Leibenzon, problem describes the evolutioneointh
terface between two immiscible fluids in a porous medium or Hele-Shaw cell
under applied pressure gradients or fluid injection/extraction. In cdritrake
Hele-Shaw problem (the one-phase version of the Muskat problesrg tre
few nontrivial exact solutions or analytic results for the Muskat problé&ior

the stable, forward Muskat problem, in which the higher-viscosity flughexls
into the lower-viscosity fluid, we show global-in-time existence for initial data
that is a small perturbation of a flat interface. The initial data in this resut ma
contain weak (e.qg., curvature) singularities. For the unstable, badkwablem,

in which the higher-viscosity fluid contracts, we construct singular solstioat
start off with smooth initial data but develop a point of infinite curvaturerstfi
time. © 2004 Wiley Periodicals, Inc.

1 Introduction

The Muskat, or Muskat-Leibenzon, problem describes the evolutiorneahth
terface between two immiscible fluids in a porous medium or Hele-Shaw celt unde
applied pressure gradients or fluid injection/extraction. Originally prapfisH as
a simple model for displacement of oil by water in a porous medium, it has since
emerged as a challenging free boundary problem in its own right. Theluase
version of the problem, in which one of the fluids has zero viscosity (orifafin
mobility) so that it is purely passive, is commonly known as the Hele-Shaw prob
lem (it is also the zero-specific heat version of the one-phase Stefatepr) and
has been intensively studied for half a century. Significant progesbden made,
largely exploiting the convenient fact that, when surface tension is rteglethe
pressure, which is a potential for the flow, is harmonic and vanishes dituttie

Communications on Pure and Applied Mathematics, Vol. LVII, 0001-00B804)
© 2004 Wiley Periodicals, Inc.



2 M. SIEGEL, R. E. CAFLISCH, AND S. HOWISON

interface. Many explicit solutions can be constructed using complex Vauradth-
ods [7], and based on these and on more theoretical analyses, therfglkiwlized
(because subject to qualifications and exceptions) facts are known.

The problem is time-reversible if injection is replaced by the equivalent@xtra
tion, and following on from this, there is a diametric difference betweerwédod”
problems, in which the “active” fluid region expands, and ‘backwamés) in
which it contracts. The former are linearly stable with an exponential dextay
of small perturbations proportional to wave number, while the latter are, by time
reversibility, correspondingly unstable. Indeed, finite-time blowup of tterface
via a cusp or other singularity is generic for backward problems; cealygrfor-
ward problems have interfaces that are eventually smooth even if thegstarith
singularities. We say “eventually” because, as shown in [10], if the initteliace
has a finite-angle corner there may be a “waiting time” during which the corner
persists before the interface eventually becomes smooth.

Like the Hele-Shaw problem, the Muskat problem, in which the second fluid
has finite mobility, is time-reversible, and there is still a distinction on grounds
of linear stability between stable “forward” problems, in which the fluid with the
greater viscosity (lower mobility) expands, and unstable “backwardblpros,
in which it contracts; the growth rate is again proportional to the wave number
However, the crucial step from linear stability to nonlinear behavior is muate mo
difficult to make in this case, largely because the interface pressure mownk
For this reason, very little is known either about explicit solutions (seedi8pn
general issues such as existence/uniqueness of classical solutiesis swlutions
are defined in [9, 12], and a regularized model, in which the mobility is a smooth
function of saturation is discussed in [15], but neither of these appesatas led
to progress on the question of classical solutions to sharp-interfacdsnode

In this paper, we prove a global existence theorem (Theorem 4.2)ddoth
ward case with small initial data satisfying certain smoothness conditions, @nd w
address the issues of whether a finite-time interface singularity can octiue in
backward case. Specifically, we are able to show the following regasitigglar-
ity formation (a precise statement is given below, in Corollary 8.1): it is ptessib
to construct solutions to the backward problems that start with a smooth jghaly
interface, evolve for a finite time, and then develop a curvature singularityein
interface. This therefore is a step in the direction of showing that the Mps&b-
lem can exhibit the full range of singular behavior of its one-phaseorgrghe
Hele-Shaw problem. Using these singularities, one can show (Corollgryh@ar
the backward Muskat problem is ill-posed in the sense that singularitidsicatin
an arbitrarily short time for arbitrarily small initial data, as measured in a Sebole
norm.

It should be noted that this result, of finite-time blowup, is not a foregone co
clusion. Arguments for and against finite-time blowup by a cusp are redi@we
[8]; briefly, the main arguments in favor are the linear stability result and ¢he d
tailed numerical studies of [5], which indicate that cusps can form. Agairmsh
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formation, one can note that the traveling-wave “finger” solution of [ihfich for
the one-fluid case has infinite velocity as its width tends to 0, always hasledun
velocity in the two-fluid case, and insofar as this solution is relevant to thébeea
havior near a cusp tip, it suggests that infinite cusp velocity is not possitiiénvo
fluids. Loosely speaking, one may say that the second fluid can transmpitathie
sure gradient, allowing the interface pressure to drop below 0 and thalsswiag
the “runaway” that leads to cusp formation. Finally, we may mention the results
of [12, 13], in which a weak formulation of the fingering problem is usechitmas
that the “mixing zone” can only grow at finite speed. We have only shownugo
via a curvature singularity, and indeed, in view of the waiting-time behavidhfo
one-phase problem referred to above, it is likely that different teciasiquill be
required to show whether the Muskat problem can develop cusp®rspor other
singularities of higher order than ours.

The first result of our analysis, Theorem 4.2, is a global (in time) existéne:
orem for initial data that is a small perturbation of a flat interface, in whiclsithe
of the perturbation is measured in A Fourier norm. The initial data is allowed
to have a curvature singularity, but the solution is shown to be smooth (apalytic
for all subsequent times, and in the corollary, we appeal to time-reversiifilitys
solution to show existence of a solution that blows up in finite time. The problem
is first reformulated as an integrodifferential equation for the interfate[J]),
and the core of the proof lies in showing that this has a solution with the relquire
properties. The estimates derived in order to do this require restrictiotiseon
singular behavior of the initial interface, specifically that its first denxakie con-
tinuous but its second derivative be singular, and hence confineshes tase of a
curvature singularity.

This approach is similar to the analysis developed in [3] for constructingising
lar solutions to the Kelvin-Helmholtz problem. New challenges presented by the
Muskat problem are that the nonlinear term is considerably more compliaated
that there is no natural parametrization of the interface. The additionéihean
ity of the equation required considerably more care in the inequalities th#tare
essence of the existence proof, but this was aided considerably loy as@urier
norm rather than the Holder norms used in [3]. Lack of a natural pareadn
results in the presence of a nonphysical “reparametrization” mode. Thig,mod
which is neutrally stable, is in addition to the unstable physical mode of the back-
ward Muskat problem. For the Kelvin-Helmholtz problem, in contrast, there is
always a single stable and a single unstable mode. We are able to modify the ana
ysis to accommodate this neutrally stable mode by prescribing its data e¢.,
by requiring it to go to 0 a$ goes toco. This results in an existence theorem,
Lemma 4.1, for what appears to be a restricted set of data. Finally, introduc
of a reparametrization allows this result to be converted to existence foniaay
data, as in Theorem 4.2. To the best of our knowledge, this global exéstesult
is the first that relies on a stable decay rate that is proportiotahtorder to show
that solutions become analytic immediately after the initial time.
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After the basic formulation of the Muskat problem is detailed in Section 2,
in Section 3 we briefly present the linear theory in a form that shall beezonv
nient for the subsequent analysis. Statements of the main global existsutts,r
Lemma 4.1 and Theorem 4.2, are given in Section 4. As a preliminary to pragentin
proofs for the existence results, Section 5 derives equations for tiimear cor-
rections to the solution of linear perturbation theory. Proof of Lemma 4.1 gifrou
an iteration method is described in Section 6, with some inequalities deferred to
the appendix. Using Lemma 4.1, Theorem 4.2 is proven in Section 7 and the sin-
gularity formation and ill-posedness results of Corollaries 8.1 and 8.2 avepr
in Section 8. Conclusions are discussed in Section 9.

2 Governing Equations

Consider the flow of two immiscible, incompressible fluids in a Hele-Shaw cell
or porous medium. The fluids are assumed to be separated by a shamgcterf
that is 2r-periodic in thex-direction. The fluid motion is driven by a prescribed
far-field pressure gradient, leading to a constant fluid velogityasy — +oo,
wherej is a unit vector in the/-direction. We denote the domain of the upper fluid
by D; and the lower fluid byD,, while the interface is denoted \D. Physical
guantities associated with the upper or lower domain are indicated by aigptiscr
or 2, respectively.

The equations governing flow in the cell are Darcy’s law

(2.1) ui=Vj—-kvp
together with the incompressibility condition
V.u = 0

fori = 1, 2. Here we have introduced the velocitigéx, y) = (Ui (X, y), vi (X, ¥)),
pressures; (X, y), and fluid mobilitiesk;, which in a Hele-Shaw cell are equal to
= h?/(12u;), whereh is the gap width angk; are the viscosities. The velocity at
oo has been explicitly represented in (2.1), so that the far-field boundaditton
isui — 0 asy — doo. This is equivalent to performing a Galilean transforma-
tion to a frame moving with velocity/j with respect to the laboratory frame. In
the following, all velocities (e.g., fluid and interface velocities) are measwitd
respect to the moving frame. The boundary conditions at the intedfacare

(2.2) p1 = P2, Up-N=uz-n=V,,

whereV, is the normal velocity obD. Note that in (2.2) we have assumed that
there is no surface tension.

The interface between the fluids is a “vortex sheet” since the tangentiaityelo
may be discontinuous there. An integrodifferential equation governingwbie-
tion of the sheet is derived from the governing differential equatiodsaandary
conditions in [4, 16]. We use here a form of the equation that employs cample
variable notation, following the presentation of [4]. £, t) = x(&,t) +iy(&, t)
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denote the location of the interface in the complex iy plane as a function of
the parametef and timet. Define also the complex interface velocity, t) =
u — iv. The evolution equation takes the form

*

(2.3) azt =w*¢, 1),

A > (w(&)Zi (&) —ize(&))
2.4 *E,1) = =— PV dg’,
ey wev=grev] o

where the operators and (f) are defined as follows: Far real, the operator
x denotes the complex conjugate. However, as discussed in [4], it isl ueefu
analytically extend the governing equations to complex valugshnf extending
the complex conjugate via Schwarz reflection. More precisely, we define

f & 1) = fE )

where the overbar denotes the usual complex conjugate. The opgfraisrthen
given by

(fy="f + f*.
The parameteA that appears in (2.4) is tiigwood numbeand is defined by
H2 — K1 ki — ko
ur+p2  kit+ke
Note thatA is positive when the displacing fluid 2 is more viscous (the stable case).
The integral in (2.4) is in the Cauchy principal value sense. In deri2m) (we
have chosen the interface velocity to be the average of the upper andliodee-
locities adjacent to the interface, which is permissible since it provides theeeq
normal velocity. The assumptiovi = 1 has also been made, which is equivalent
to nondimensionalization of the velocity using the far-field value (the far-fietd
locity is assumed to be in the positiyedirection fort increasing). Equations (2.3)
and (2.4) are the main results of this section.

A=

3 Linearized Theory

The flat interface described ly= &, w = 0, is an exact steady solution to
(2.3)—(2.4) that describes a planar interface propagating with velocithe labo-
ratory frame. Consider a small perturbation to this solution; the perturbest &h
denoted by = £ +s(&, 1), w = wS(&, t). Linearization of the governing equations
about the flat interface gives

(31) aast =w’* s ws = AH(('LUS — ng)) s
whereH is the Hilbert transform, defined by

1 o0 f / f . f_
(3.2) = —py [ &) g BEOZEE

27l C & —E 2
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the last equality being one of the Plemel] formulae. Here we denoté, by
Yo f (K)EXE the projection onto positive wave number Fourier modes, i.e., the
part of f that is analytic in the upper half-plane. Similarl, = 3", _, f (k)&

is the projection onto negative wave number modes, i.e., the part that is aimalytic
the lower half-plane. The zero wave number mode is denotef}.bBubstituting

the representation of the Hilbert transform in terms-aind— functions into (3.1)
leads to the equivalent linear system

0Sy 1A .
(3.3) e wi = 7(S+s — %),
as’ . 1A .
(3.4 el w* = —7(S+é —sly),
where we employ the notatioh* = (f_)* and f; = (f,)*. In deriving (3.3)
and (3.4) we have used the identit( f*) = —H(f)*. Also, for convenience

the equations are presented in terms of upper analytic functions, whichendll b
convention used throughout this paper. Note that there is Bo0 mode fors,
which follows from the equality in flux magnitudesat—> +oo together with the
incompressibility assumption.

It is easily seen that the linearized equation has normal mode solutions that
are constant multiples ofs,, s*, wS, wS*) = (1, —1, —Ak, Ak)e~AKtHké and
(1,1,0,0)€* for k > 0. The first set of modes are linearly stable (unstable) for
A > 0 (< 0) and correspond to a purely imaginary perturbation of the interface,
while the second set of modes are neutrally stable and represent a‘ppeadiyle-
formation of the interface along itself. This stability result is in agreement with the
analysis of Saffman and Taylor [14], and the switch in stability wihechanges
sign is equivalent to a switch in stability under time reversal.

4 Existence Theory

In order to specify the analytic properties of functions and quantify theg-ma
nitudes, we introduce the Fourier norm
(4.1) GOl = Y eMfk bl

k=—00

where f (k, t) are the Fourier coefficients df. If this norm is finite forp > 0,
the Fourier inversion formula can be used to show thas an analytic function
in [Im&| < p and that sup,,_,1f| < [ fl,. Other useful properties are (i)
I fall, < IIfl,lgll, for p > 0 and (i) || f||, = | f*||,. Although it is usual
to restrictp > 0, we will usep < 0 in conditions on the initial data and for
simplifying some derivations.

From now on, we assume the stable cAse 0 unless otherwise noted. For the
existence theory we shall construct solutions for initial data of the fagm0) =
£ 4+ S(&) where the functior§(£) is assumed to satisfy the following:
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(1) S(&) is small (of sizec) and purely imaginary, i.e$ gives initial data
only for the stable (linearized) problem.

(2) S has at most a singularity in the-f p derivative forO< p < 1. A
convenient (for the subsequent analysis) way of stating this is

(4.2) 1Soll—p + IS0 ll—, < Ce€™”,
(4.3) | Soeell—, < cee (14 pPhy,

for any p > 0. Note that we do not require analyticity &, since the
bounds hold for any function in a Sobolev space of high enough order.

Our general strategy to show existence for the stable proBlesD is to begin
by deriving a preliminary existence result. This involves constructipgréicular
class of solutions to (2.3)—(2.4) of the form

(4.4) z(§, ) =& +8(5. 1) +r(E. 1),
(4.5) wE, ) =wEH+wE,

where the dominant termsand w® constitute an exact decaying solution of the
linearized system (3.3) and (3.4), and the remainder teramslw" are negligible

in a sense that will be explained shortly. The part of the initial data given by
S = s(&, 0) is assumed to satisfy assumptions (1) and (2)rbput r(&,0) is a
function ofsy and in general is nonzero. The linearized solutisasdw*® satisfy

(4.6) Isll, + lIsell, + lw|l, < cee”™A,
(4.7) Iseell, + lwgll, < ce€® AL+ (At —p)PY),

for p < At and (different) constants These inequalities follow from (4.2) and
(4.3) (with § replaced bysy) upon noting that|d;s||,(t) = [|8}Soll,—ac for i =
0.1,2, and using|d; w®|l, < |9/, for j = 0,1. The termss and w® are
therefore allowed to be singular at= 0, are analytic in the time-dependent strip
Im&| < Atfort > 0, and decay to zero &s—> oo. The general existence theorem
is proven from the preliminary existence result by showing, via a repdramation,
that there exists as such that(&, 0) = & +sp+ro, Wwherez(§, 0) is general initial
data specified as above anddepends ony.

An explicit example of functions and w* satisfying the requirements above
can be given in terms of thdecaying(linearized) normal mode solutions as

o
S(E,t) = Ce Z k(P2 g-Atk gk _ goikéy
k=1

wS(S’ t) = —cAe Z k—(p-l—l)e—Atk(eikS _ e—ikéj) ,
k=1
for which the perturbed interface is given y= 2ce Y o2 k= (PT2e~Atksinkx.
The exponential decay within this solution guarantees analyticity in a strip of
width p < At fort > 0. The algebraic decay ensures thainds: are bounded at
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I ch(;xracterislic

t

&i=At/K
& =—Atk

& =—At , =At

« (&0

I

&

FIGURE4.1. Sketch of the; andr; characteristics emanating from the
point ¢, t), shown in thet vs. & plane (wher& = &g + i& andér

is fixed). The wide-angle wedge depicts the domain of aratytof
s(&, 1), ws(&, t), while the narrower wedge shows the domain of analyt-
icity of r (€, 1), w' (£, 1).

t = 0, but is not strong enough to give finitenesssgf Indeed, it is easy to see
that (4.6) and (4.7) are satisfied, and that~ O(£P~1) att = 0 and for& near 0.

The aforementioned preliminary existence result, on which the main existence
theorem of this paper is based, is the following:

LEMMA 4.1 Let A> Oand0 < p < 1, and lete > 0 be a sufficiently small
real number. Let s and® solve the linearized equatior3.3)3.4), with purely
imaginary periodic initial data g satisfying the boundgl.2)and (4.3). Then there
are functions (£, t) andw' (¢, t) and a constant > 1 such that(4.4)+(4.5)is an
analytic solution of systeif2.3)(2.4)fort > Oand|Im&| < At/«. The decaying
mode | = r, —r* can be initially chosen a8, and the neutral moder=r, +r*
satisfiedim_, o, r, = 0, although k(t = 0) is generally nonzero. Moreover, there
exists a constantydindependent of) such thatr andy" satisfy

2

r Coe _ At
Irflo+lirello+ llw o < - 1)e 7
2
€ t
(4.8) Ireclo+ o < e ¥+ (AYP:

i.e., r andw" are negligible compared to s ancF.
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We note that the rate of exponential degay inequalities (4.8) can be demon-
strated to be any number > —A; —iz* is merely used for convenience. The
characteristic directions and wedge of analyticity for the solution are delpicte
Figure 4.1. Note that initial data for the decaying mogdén the forward (stable)
problem is chosen to be 0 at the singularity time, i.et,at0. This means that in
the backward problenry (which is now the growing component of is 0 at the
singularity time, guaranteeing that growth in the “nonlinear” remainder tetoes
not overtake that due to the “linear” tersn The limited order of the singularity is

also important for showing that the remainder teria negligible compared ts.

The preliminary existence result is converted into a general existencetheo
in Section 7. This requires an additional assumption on the initial data, namely,
that

(4.9) 1906 () lLip,,, < 00

for some 0 < v. Here, Lip, refers to the subspace of continuous-geriodic
functions for which

[fE+h— @)l
<
I

I lltip, = Sup
hio

Inequality (4.9) implies thattd*t” S(£)/9£7 ||o is bounded foy = p, but may
be infinite fory > p. (The fractional derivative is defined in Section 7.) The
general existence theorem is the following:

THEOREM4.2 Let A > 0 and lete > 0 be a sufficiently small real number. Let
Z(&,0) = £ + (&) be initial data satisfying conditiond) and(2) and assumption
(4.9). Then there are functiongs, t), w3(&, t), r(&, t), andw' (&, t) satisfying the
conditions of Lemmd.1and a constant > 1 such that(4.4)-(4.5)is a solution
of the systenf2.3){2.4) with the given initial data the solution is analytic in
Im&| < At/k fort > 0. Moreover, r satisfies the boun¢4.8);i.e., r andw" are
negligible compared to s ang®. This solution is unique.

Additionally, time reversal of an initially singular solution leads to a solution
of the Muskat problem that develops a finite time singularity from smooth initial
data, as shown in Section 8.

In the next section we derive equations for the remainder terardw', and
write these equations in a convenient form. The proof of Lemma 4.1 then ®llow
in Section 6.
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5 Equationsfor Remainder Termsr and w'

5.1 Characteristic Form

We substitute the decomposition (4.4)—(4.5) in the governing equations (2.3)—
(2.4) and use the fact thatandw® solve the linear system (3.1) exactly to obtain

ar*

(5.2) " =w'",
e A ° ((w' —irg)  (wY(s{ +r7))
G2 v _ﬁpvf_ooi N T
r+s—r' —s\ (w’z' —iz))
+< ey ) 27 }O'g
(5.3) — B! + B}

whereB; denotes the purely linear (first) integral term in (5.2) @jdrepresents
the remaining terms. Here the primes denote evaluation of a functi®h dhe

above expression is further simplified by noting that the linear tBintan be
evaluated using the Hilbert transform relation (3.2). Doing so yields

A . .
(5.5) =—B; .

The functionsw!, andw" * may be eliminated from (5.4) using, = By, + By,
andw" * = B} + Bj_(see (5.3)) to give

A . « *
(5.6) B = ) [Bay + By —i(rye —r*)] =—B;,

where we have used (5.5) to simplify the resulting expression. Hence(&dm
(5.3), and (5.6)

(5.7) e iA(r re )+AB (14 2)B;

. at == 2 +& —& 2 2+ 2 2
ary iA A A

5.8 —_— = —rr 1—-—-)By — =B .

(5.8) ot 5 (r+s r—g)+< 2) 2+~ 5 Ba-

The relation (5.6) may also be applied to replace the #®ynm (5.3), yielding
r iA * * r
(5.9) w' = 7(r+g — g +r5, —r5) + ol wlE )

where

A A A A
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It is convenient to implement a change of variable so that (5.7) and (=8 ar
characteristic form. Defing =r, —r* andr, =r, +r* asin Lemma4.1. Then

9 9

(5.11) %— Aale (1= A)Bss — (1+ ABS = a(&, 1),
9

(5.12) SE=Ba B =BG

Note thatry, r,, @, and 8 are upper analytic; that is, their Fourier series contain
only positivek wave numbers.

Equations (5.9)—(5.12) give the desired relations for the remainder teamd
w" and are the main result of this section. We shall prove existence of analytic
solutions fort > 0 by transforming this system into a set of integral equations
and then solving by iteration. In the next section we first rewrite the difteak
equation forr; as an integral equation by employing a Green’s function. This
provides a representation of the solution for reaand hence for complek via
analytic continuation. An integral equation representation of the equation i®
obtained by integrating i using data posed for compléxast — oo. Equation
(5.9) forw' is already in the form of an integral equation. The decay of the Fourier
coefficients in the solutions to these equations will be analyzed to show; fhat
andw" are analytic in a time-dependent strip containing the Feakis.

5.2 Integral Equation Formulation

We first seek a Green’s function solution far&, t) for £ real. The require-
ments are that the solutian be 2r-periodic, have only positive wave number
components, and vanish as> oco. For convenience we also specify thatt =
0) = 0. The solution is easily computed by taking the Fourier transform of (5.11)
and solving the resulting ODE for the Fourier coefficieft, t) using a Green’s
function, which yields

t
(5.13) Fr(k, 1) = / e A4k, t)dt
0
fork = 1,2, .... Although this expression fdai will prove to be of more use to

us (in view of the choice of Fourier norm), we note in passing that a fornaula f
ri(&,t) is easily found from (5.13) as

21 @ At-t)+ig
(14  nEh=, / / (€ — & dg

which holds for¢ real but may be extended off the real line through analytic con-
tinuation. Equivalently, values af (¢, t) for complexé can be found by direct
integration of (5.12) along complex characteristics. An integral equationuo
lation for r, is obtained by assuming — 0 ast — oo and then integrating,
ie.,

t
(5.15) Fa(E. 1) = / B(e. 1t
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which holds foré complex. The Fourier coefficients of are

t
(5.16) Fa(k, t) = / Bk, tdt’
for k > 1. The functiomr =r +r_ is recovered fromy andr; via the relation
1
(5.17) r= é(rl—i-rz—rf-i—r;).

Let I[r, w"] denote the combination of the right-hand sides of (5.14) and (5.15)
corresponding to the right-hand side of (5.17), aHd ¢[r, w']] the right-hand
side of (5.9). Then the original governing equations (2.3)—(2.4xfer¢ +s+r,

w = ws + w", can be rewritten as

(5.18) r=1I[r,wl,
(5.19) w' = J[r, ¢[r, w']

which hold for compleX via analytic continuation. In the next section we demon-
strate the convergence of an iteration method for solving this system, thid-pro
ing a proof of Lemma 4.1.

6 Proof of Lemma4.1

6.1 Iteration Method

We solve system (5.18)—(5.19) by iteration. Defife= 0 andw"° = 0. For
n > 0 we letr"*! andw""*! satisfy

(6.1) r =1 W,
(6.2) wr,n+l — J[r n+1’ d)[rn, wr,n]] .

For convenience the local term in (6.2) is evaluated at iteratel, whereas the
nonlocal termy is taken at iterat@. In terms of equations (5.14) and (5.15), the
iteration scheme takes the form

1 efA(t —t)+ig’
6.3) rME ) = zﬂ/ / — i & — & thdg' dt

l1-—e
for &€ real (and hence compléxthrough analytic continuation) and
t
(6.4) 50 = [ e o

for complexé, wherea" andg" are defined as in (5.11) and (5.12) but withand
w"" replacingr andw". The Fourier coefficients satisfy

t
(6.5) n+1(k t) = f e AKE-Dgh (K, t)dt’,
0

(6.6) n+1(k t) _f B (k, t)dt',
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for k > 1. The iteration scheme for equation (6.2) takes the form

iA
(6.7) wr,n+1 > ( Qg_l'*‘rikgn—i_l) +¢n

whereg¢" is defined as in (5.10) but witt' andw"" replacingr andw".
To show convergence of the iterates we obtain estimates on the differences

Rn+l n+1 n Wn+1 — r,n+1 r,n

n+1 n n+1
Ry =r,""—r5, w —w

=ry " =TIy,

We shall also use the following differentiated equations for (6.3) and:(6.4)

L 27 —A(t t)+ig’ 1

n+ n_ ,n—1de’ dt’
IRIIE ) = zn/ / T e dila” — " de dt
R = [ o1

fori = 1,2 andn > 0 (witha~! = g~ = 0), or equivalently in terms of the
Fourier coefficients

— t —
ARITIK,t) = f e A glan — glan-1]dt’,
(6.8) 0

—

t —_— _
ARk, 1) =/ [9ip" — oL pn—t]dt,

fori = 1,2 andk > 1. We shall repeatedly use the fact that, for the Fourier norm
defined in (4.1), the Cauchy estimate for the derivative of a functids

AL S||ff.,t)||p,
p (0 =p)

124
wherep < p’ and O< y < 1. Although this estimate is mainly applied fpr= 1
we will also use it fory = p in Section 7. Note that analyticity df is not needed
forp < p’ <O.

Crucial estimates on the nonlocal teBa are derived in the appendix. These
estimates are repeatedly used in the subsequent sections. The estimaiesaae
rized below, where we introduce the notatiBp = By[S, &S, f, w'], |Ir, w' l, =
IFll, + llw"ll,, andllr, w' I, = lirll, + lw"ll, + IIFll, + lw"[l,, with the obvious
extension for more functions:

(6.9) ‘

(6.10) |IBa[s, w®, r, w'lll, < Ca|Alllse, ws, e, w' [ llse, rell,
(6.11) ||Bx[s, w®, r, w']ll, <

ol Al{llse. rellpllwg, will, + llse, w® e, w' [l l1See, Feell, ) -
(6.12) ||B, — Byll, <

CulAlllse, wS, re, whll {lIse — S llp + lIre — Fell, + w" — @'},
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(6.13) | Ba: — Bxll, <
crl Al{llse, w, e, wh L[ lsee — Seellp + Iree — Feello + llwp — Wi, ]
+llsee, i Tee, wEll[llse — Sllp + lIre — Fell, + lw" — @ ,]} -
In deriving these estimates we have assumedktismsmall enough so that

1
(6.14) Irelly, < lisell, =C =< 5.

This condition will be checked at every stage of the iteration. The constast
independent of, p, andt, although it may tend to infinity as: ||, and||r¢ ||, (and
henceC) tend to%. Note that we have used (3.3) and (3.4) to eliminjaté — w°|| ,
and|wg — wg|, in favor of s — §||, and||s; — %|l,,- In Sections 6.4 and 6.5 these
estimates are applied far = § andw® = @%, in which case several terms are
eliminated. The full estimates are utilized in Section 7.

6.2 First Approximation

Setr® = 0 andw"? = 0. The bounds (4.6), (4.7), and (6.11) and the definition
of « andg imply that

(6.15)  llefll, + 182l < 3lIBIl, < d Ac?e?*~AI[1 4 (At — p)P],

whered = 3c;c? and it is assumed that @ p < At. It then follows from (6.5)
that forp < At

|r1§||p = Zepk/

(/ B ft__ )Ilagnpl dt’

= l1(t) + 2(D),

where we have introduced the quantity
(6.16) pp=p—At—-t)<p< At fort' <t.

Note thatp; < 0 over the interval0, t — £]. Hence we estimath as

-k
l1(t) < / e oo dt
0

P

<dAZe " [ e A1 (AP Udt by (6.15), (6.16)
0

2
(6.17) < mTeeﬂ—A‘,



ILL-POSEDNESS FOR THE MUSKAT PROBLEM 15

where the integral is bounded using (A.21) (after setting 1 andAt —xp =0
in (A.19)). We use (6.15) to estimate the integkglwhich is allowed in view of
the fact that O< p; < At’ on the integration interval. Then

t
[5(t) < dAe? / 2P =AO1 + (At — py) P 1dY

p
t—z

(6.18) = de?ePAVp[1+ (At — p)P1] usingAt' —py = At—p.

In order to bound, for large p, it is necessary to shrink the wedge of exis-
tence, thereby obtaining stricter control O\Hefsup. This is effectively achieved
by replacing the requiremept< At with

(6.19) kp < At,

wherex = 1+ 8 with 0 < § < 1. This reduction in size of the domain of existence
forces the boundaries of the wedge to be transverse to the charactérestitons

of the PDE (5.11). Thus integration along characteristics effectivelyaesithe
order of the singularity. The reduction in wedge size only need be peeidonce;
i.e., the domain of existence does not need to shrink at each step of the itastio
in a Nash-Moser type of proof.

With the aforementioned reduction, (6.18) is bounded as

2de?

(6.20) I, < de?e” Mpe ™ (14 (Bp)P ) < ——e M,

using the the fact that syp,e *x% < 1 forq = 1 orq = p. Combining estimates
(6.17) and (6.20) leads to

6de?
pé

e A

(6.21) Irsell, <

Next we estimat(iﬁrllSS l,. We have, from (6.5),

o0 t e
Irisell, < ) e fo & A=0| g8 (k. t)|dt
(6.22) s

t
=/O ol At = I,

where p; is defined in (6.16). The integral is approximated using the Cauchy
estimate (6.9). Let

AU —p1  pr+ A

6.23 —
(6.23) p2=p1t—> 5



16 M. SIEGEL, R. E. CAFLISCH, AND S. HOWISON

Then

t o9
J(I)S/ Itz 40
0 P2—pP1

14 p
C N
- 2(/ +/ ) £ dt
0 ta-5) ) AU — p1

2

= Ji(D) + J(1).

Note thatp, < 0 fort’ in the interval[O, %(t — 2)1. Hence we estimaté, as

2% efllo
Ji(t) <2 e”?———dt
0 At — p1

—At)/2
Ze(P )/

At—p

LG
<2dAe f e A1+ (At)PHdt’  using (6.15)
0

—At

2de? ,
(6.24) < %ez [1+ (At— p)P71],

after estimating the integral by neglecting the factof. J, is estimated by
applying (6.15), which is allowed in view of the fact that©® p, < At for
2(t— &) <t <t. This gives

t . o1
L) < 2d A / - 1 (AU =P
3t—%) At — p1
t 14 21-P(At — p)P-2
= ZdAEZ/ -al T 2ZTPAL— )P
3% At —p
(6.25) = de?(Jy(t) + (1))
where
Jj(t) = e M1 421 P(At — p)PY]
and

14+ 27P(At — p)P?
At—p

Now apply the reduced domain i (t), which leads to the boun@At — p)~! <
1/(8p). It easily follows that

(1) =2 Mp

(6.27) J(t) < ge‘)_At[l—i- (At — p)P1]
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for p < At. Combining estimates (6.24)—(6.27) leads to

—At

1 8d€2 p—At p—1
(6.28) Irell, = =50-eF L+ (A= k)P

forkp < At.
Next we consider estimates anzlénp and||r21§§||p for p < At. We have from
(6.6) and (6.15)

Irii, < / 121, dt
t
< dAeZ/ A1 4 (At — p)P1dt
t
3de?
S _
p
using (A.21) (set. = 2 andx = 1 in the formula there). The norﬂrrzlgsnp is
bounded using the Cauchy estimate (6.9). From (6.6) we have

S % 118%0s
(6.30) Ikl 5/ 18% 1 dt’s/ dt’,
28 t s t P3P

(6.29) e?P=AY

where we have defined
o At —p
p3=p 5

Note thatps; < At' for p/A < t' < oo, so that (6.15) may be applied to (6.30),
with the result

* 14 (AU — pg)P1T
||r%§§”p < dAEZ/ ez(/)S*At)[ +( 103) ] dt’
t p3— P

o0 (L4 (At — p)Pt
§4dA52/ ep_At[ +( Q) ]dt’
t At —p

2
(6.31) - 16de

e M1+ (At— p)P1].

using the estimate (A.24) (with=« = 1).

Finally, from (5.17) it follows thatd;r (|, < [[oirill, + l|9}r3ll, fori = 1,2
so that combining the estimates (6.21) and (6.29) and estimates (6.28) and (6.31
leads to

9de?
1 —At
(6.32) I, < 5 gr—At
24d€2 kp— Al
(6.33) Irgell, < me 21+ (At —kp)PY,

where for convenience we have replacktd— p with At — «p. This change an-
ticipates the form of the singularity in the subsequent iterates due to the thse of
Cauchy estimate in the induction step.
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We turn now to the first approximation”™*, which is easily bounded. From

equation (6.7)

lw" o < lIrdll, + 21 Balw"®, rO1]l,
so that by (4.6), (4.7), (6.10), and (6.32),

od

(6.34) Jw", < <$ + 2c1c2) e2g At
where we have also usedl< 1. Similarly,

1 1 ,0 .0
lwg "I, < lIrgelly + 20 Bae[w"®, rO1ll,

24d kp—At
6.35 <|———+2 c2) e®e z [1+ (At—«p)P1],
(639 (6p<1 -p g
where we have used (6.11) and (6.33).

A compact representation of these estimates may be obtained by introducing
the norm]| - ||, defined by

llUgll, At—ip
6.36 ull= su u ez |.
(6.36) lull OSKIZO [(II I, + 15 (Al kp)p2
t>0, kp<At

In terms of the above norm, (6.32) and (6.33) become

33de?
6.37 IR = lIrdl < ———,
(6.37) i 1= 5pl— p)
whereas (6.34) and (6.35) take the form
2
6.38 W = lw"Y) < ——— + 4c1c%€2.
(6.38) W= = flw™ |l < 5P D) 1

Estimates (6.37) and (6.38) are the main result of this section.

6.3 Induction Hypothesis

The induction argument is related to that used in the proof of the abstract
Cauchy-Kowalewski theorem given in [2], but with changes necdedithy the
particular application here. To begin, define

33d
6.39 a=2|—— +4c,c? |’ = 2
(659 [6p<1—|o>+ ' }6 e
so that from (6.37) and (6.38)
a a
(6.40) IR =lrell =< 5, WA= lw" 4 < 5.

By way of induction, assume that

(6.41) Irfl<a, Jw™*<a, for2<k=<n,
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and estimatd Rg‘+1||| and||W"2). It will frequently be necessary to use the bound

(6.42) lof — oL, + 188 — B2,
< 3|B% — By,

kp—At

< bAce™" [|RLIl, + W/,

+ [1+ (At —kp)P IR, + IW10) )

whereb = 3c;(2¢c + 4ape) with ag defined in (6.39). This estimate readily follows
from (4.6), (4.7), (6.13) (witls = 8), and the induction hypothesis. Note in partic-
ular that the expressiof2c + 4age)ee*~AY/2 arises in bounding the first primed
norm on the right-hand side of (6.13); this same expression when multiplied by
[1+ (At — kp)P~1] bounds the second primed norm there.

6.4 Estimate of || RQ+1|||
First we bound| R’f;lnp for p < At/k. We have, from (6.8),

00 t -
IRE ™, < Zeﬂk/ e A Nk, t) — (k. t)]dt

k=1

0
t—4 t
(6.43) = (/ +/ )”a? _“Q_lllpldt’
0 -

= Ky(t) + Ka(t),

where we have used the definition of given in (6.16). Introduce the notation
llu, vil = flull + llvll. Sinceps < Ofort’ € [0, t — ], we estimateK; as

4
Ky < f et llaf — af odt
0

L
A

t /
<bace A [ " eF [IRL]lo+ IW!llo
0
+ [1+ (ADPHIR o + W[lo) }dt!
using (6.16), (6.4
4
<bhace MIRL WYL [ 1+ (AP ide
0

(At—p)p}

= bee” MR, W"| [At ot

2be -
(6.44) iTEeTAtIIIRQ,W”III,
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where we have used the comment following equation (6.20) to obtain the latter
bound.

The termK, is estimated using (6.42), which is allowed in view of the fact that
0<p1<At'fort’ e[t — 4%, t]. Then

K2<bAE/

Cellpy + WGy

+ [1+ (A — kp) P ARy + IW" ) Jdi
t
< bAe||RI, W"| f eP1=AY 1 4 (AU — kpy)P7H1dY
0
4be
(6.45) < Ee“‘ﬂ—“) IRE, WM,

where an estimate for the integral term is provided in the appendix (se€) (#ith3
A =1). Itimmediately follows from (6.44) and (6.45) that

6be .
(6.46) IRE ™M, < 5 — e AR, W)

forp < 7.

Next we estimate R”+1||p for p < 7 Employing the first equation of (6.8),
we have

0l (k, 1) — ol 1k, t)dt

00 t
1 k
IR, <Y e / e
0
k=1

t
(6.47) = /O lofe — eefs Hlpp At
Define
At — kp
(6.48) 4= p1+ Tl .

Then from the Cauchy estimate

laf — 7
IR, < / 1% 7% T gy
P4 — P1

tet-% ot llof — o7
= (/ +/ )—E £t
0 e t—%) P4 — pP1

I

= Lq(t) + La(t).
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Sinceps < 0 fort’ in the interval[O t— —)] we estimatd._,(t) by

’ 1+K(
L(t,ﬁ) ” _ N 1”
T+« A Ol o
Ly < Qo4 & 5 0

0 P4 — P1

—At T (= %) At/
< 22bAceT / e% (At — ko) IR lo + W0
0

+ [1+ (A)PHIR o + W) }dt’
using (6.16), (6.42)

2KbAE (t ) SAY
< e IR W”mf e 14 (AP
sinceAt' — kp; > At — p fort’ € | 0, F (t=£
1+« A
2Kb€ P

(6.49) < "7 IR), WL+ (At — p)P 7,

where the integral is estimated by neglecting the exponentially decaying.factor

To boundL note that 0< ps < ATV fort’ in the interval[li—K(t — %), t] so that
(6.42) may be applied. Then

L, < bAE/ P2 (0 — 1) IRy + WDl
J:H(

+ [14 (A — 10a) P TUIRE | g + IW )}

A1 4 (AU — p-1
[1+( K4) ]dt

<BAIRLWI [ e
l+/c (t P4 — p1
K/J —At 1 21_P At/ _ p—l
— 2D Ace| R, W' LT 27 AT )P T
1+K (t- At —kp1
: At — At —
usingAt’ — kps = %Pl andps — p1 = TKM
o 1+ (At — p-1
< db Acel|RY, WP st L (AU ko) T
1+K (t- At/ —Kp1
24dbk e
< mng,W“nw z [1+(At—/c,o)p_1].

where the integral is estimated in the appendix (see (A.25))\N¥th%). It follows
that

6b
(6.50) R e

[ _ p-1
e T I[L+ (At — kp)P~H]

forp < AL,

K
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We next estimat¢ R;‘;lnp for p < 7 From (6.8) it follows that

o0
IR, < / ||ﬂ§—ﬁ§*1||pdt’
t

<bAe/

rello + I

+ [1+ (A —kp) PR, + W) it

< DACIRE WM [ e AL+ (A ko) lat
t

4b.
651) < feﬂp—’“ IRD, W
using estimate (A.21) in the appendix with= 1.

The bound orj| R”+1||p forp < K‘ is obtained using the Cauchy estimate (6.9).
We have

IR, < /w I8 — B Hll, dt’ < foo 162 = A"l dt’
"=k R P5— P ’
where
At — kp
2%
Note thatcps < At' for 22 <t <t < oo. Thus using (6.42)

IR, < bAe/ 52 (o5 — p)

{IIRE N5+ IWE o5 + [1 4 (A = k05) P 1(IRY [l o5 4 Wl 55) }dit

1+ (At —kps)P~t
[1+( kps)P7] dt
Ps — P

ar [14 (AU —kp)P~ 1
< 4bAce||RD, W”|||/ e Y

At —kp At —kp
2 Ps — P 2

1+ (At —xp)PY

< bAe||RD, W] / ghrs Al

dt’

usingAt’ — kps =
24b/<

(6.53) ||| Ry, W lle™?
using estimate (A.24) in the appendix with= %
In summary, estimates (6.45) and (6.50) imply that

IR IRE, WOl

||I_T
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whereas (6.51) and (6.53) show that

28bke
(= L RE, W7

Therefore, from (5.17)

6.54 RM+1 wn
(6.54) IR '"-a (1 III@ [

for n > 1, which is the main result of this sectlon. The following estimates, which
result from (6.45, 6.51) and (6.50, 6.53), will also be useful in the segtion:

1(1)6 kp—At
(6.55) IR, < 5 e’z IR, W[,
S50bke  «o-at
6.56 IR, < ———e 2z IR, WI[L+ (At —xp)P1,
(6:59) T spd-p)
forn > 1.

6.5 Estimate of [|W" 1|

It is easily seen from the integral equation for given by (5.9) and (5.10) and
the iteration scheme specified by (6.7) that

W™, < IREFY|, +2(1BF — B Y,
Hence from (6.12)

kp—At
W™, < IRFFH, + bee 2 (IRP, + IW",)
kp—At
< IR, + bee 2 IRY, W1,

where the constart arises in the bound ofhBj — B) ||, as noted in the discus-

sion following equation (6.42). Note thhtincorporates the induction hypothesis
through the presence of the teag defined in (6.39). Substitution of (6.55) then
leads to

1 o
(6.57) W, < (%b + b) ce 2

Similarly, we have
IWEHH, < IRE, + 211Bg, — BY i,
so that from (6.13) and (6.56)

1 1
WP, < IR,

Kkp— At
+bee™z IR, + IWPIl,
+ [L+ (At— k)P AR, + IW",0)}

5a)K 0
(6.58) < (m . b) ce

WL

— o) PHIRE, W1
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Therefore, we can write
(6.59) W < agel| R, W|,

wherea; = 60bk/(Sp(1 — p)) + 2b. Equation (6.59) is the main result in this
section.

6.6 Completion of Induction Proof
Choosesp small enough so thateg < ‘—11, which also implies that

( 60bx ) 1
— |0 < -.
sp(l—p 4
Then (6.54) and (6.59) imply that

1
IR < i R, WYL,

1
W™ < 2l RE, WL,

for 0 < € < €. The above inequalities combined with (6.40) therefore show that
Il Rg||| <a/2" and||W"|| < a/2" for n > 1, which in turn implies that

a a a
I < IR+ IR < 5+ 7+ + 55 <@

and similarly
lw"™H < a.

This completes the induction step. SirRgandW" are geometrically decreasing
in size, it follows thatr" — r andw"" — w" in the norm|| - ||, with the pair
(r, w") solving (2.3)—(2.4) and witlr || < [Ir¢ll < a, lw"|l < a. Here we recall
that|| - || is defined in (6.36) and = age? is given by (6.39), withs = « — 1. This
completes the proof of Lemma 4.1.

7 Existencefor General Initial Data

The analysis above produces a solution with initial data from a special thass
particular at = 0,5 = s(&, 0) is purely imaginary and, (¢, 0) = 0, which in turn
implies (via (5.17)) thaty = r (£, 0) is real. In order to produce a general solution
from the special initial data, a reparametrization is required. The repaiaaten
is introduced for technical reasons and does not have a physicHicsigne.

Consider initial date, that satisfies conditions (1) and (2) of Section 4. We
find functionssy which is of sizee, ¢ which is real andD(1), andr[] of sizee?
so that

(7.1) &)+ S () =& +5(8) +ro[s0l(¢) ,
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where we use the notatiop[s] to signify the initial value (i.e., @ = 0) produced
by the above iteration. Singe ¢, andrg[s] are real, whilesy ands, are imaginary,
then

(7.2) (&) = S(¢(E)),
(7.3) C(E) =& +ro[SCC-NIE).
Equations (7.2) and (7.3) are solved by an iteration method of the form
(7.4) ) = SE"E),
(7.5) {MHE) = £+ r1o[SE" (D] @),
with ¢°(¢) = £. To show convergence of the iteration scheme, introduce the norm
B l[ug | Atip
(7.6)  llullo = 2P [(IIUIIP Ul + T A _Kp)p1>e—2—],
t>0, kp<At

whereu, = 3Pu/d&P (0 < p < 1) refers to the fractional") derivative ofu,
defined by

Tp(k) = (ik)Pa(k) .

The fractional derivative term in (7.6) balances the third term within leegkand
allows a bound orjs||y in terms of||s|lo and||sppllo- Note that we need to go to
t > 0 to show convergence of (7.4) and (7.5), since parydé determined by
integrating in time (see (5.15)), and this is reflected in the norm (7.6). Thim nor
will be applied to functions even with a boundgehorm as a way of controlling
singular terms that are generated through use of the Cauchy estimate.

The main result used to show convergence of the iteration scheme (754)—(7
is the following:

LEMMA 7.1 Let s w® and §, w® be any two sets of functions satisfying the con-
ditions of Lemmat.1, and letr, w" andf, w" be the corresponding solutions to
(5.1)«(5.2). Also, let p andry denote the value of r andat t = O for prescribed
data $ and%. Then under the assumptions of Lenvh

. Coe -
(7.7) Ir —Fllp < lIs—Sllo -
= pd-px -1 0
ProOF Introduce the notation
R=r-T, Rj:f'j—fj forj:1,2, szr—ﬁ)r, S=s-38.

We make frequent use of the foIIovying inequality, which is easily derivechfthe
definitions ofw, @ = «[§, F], B, andg = B[§,F]in (5.11) and (5.12) as well as the
inequality (6.12):

kp—At

Z {1, + IRello}

(7.8) loe —all, + 18— Bll, < diAce
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whered; is a constant independent of Note that the term|W||, that would
normally appear in (7.8) has been eliminated in favol{ &f|l, + [|R:|l,. This is
done by following the analysis of Section 6.5 to derive the bound

Kkp—

At
IWIl, < IRell, + doee 2 (IS, + IRl + W),

from which a bound otfiW||, in terms of||& ||, + ||Rell,, is easily obtained.

We provide details for the bound diR;l|, (the pt" derivative ofR); bounds
on ||R|l, and| Rg||, follow similarly. Following the analysis just below equation
(6.48), we have

t
I Ripll, < /O llap — @pll,, dt”  wherep; is defined in (6.16)

t _ ~
< / Nl = &lloa 4 sing (6.9) withps defined in (6.48)
o (p4a—p1)P
L(tfﬂ) ~ t ~
S/HK ~ s llo —allo dt/+/ la —all,, qv
0 (o4 — p1)P -4 (P4 — pD)P

= M1(t) + Ma(1) .

Next, introduce the notatioftS, R|l, = [ISllp + I Rll, and use (6.48) and (7.8) to
estimate

_ %(tfﬂ) ’
M; < (2/<)F’<3|1Aee”2m/l+ Vet US ot 1Rl g
0 (At — kp1)P

e %) @ dAt/(20)
—dt
(At)P
sincep; < 0 on the integration interval

62 d -
< X 1€ &S, R,
51— p)

after bounding the integral. Following the analysis just below equation (&H46)
integral termM,, is estimated using (7.8) as

M, < /t e {I1Slps + IR Nl o} qv
- 2o t—4) (At —kp1)P

T+«

/

< (2)P dy Ac||S, Rlle" 7" /
0

(7.9)

t lko1—At) /2

< (2)PdiA¢||S, R / ———d
1 ||| |||0 £ t—b) (At/ _ IC,Ol)p

I+k
6k d]_E kp—At

7.10 <€ 7 lISRIp-
(7.10) 5A—p) 0
Combining estimates (7.9) and (7.10) gives
122 die wo-
(7.11) IS, Rllo.

R - -
IRspllo < 57—
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Similarly, following the arguments just below equation (6.51), we have

IReallo < [ 185 = Boll it
t

5/ Mdt/ using (6.9), wheres is defined in (6.52)
t

(05 — p)P
< (26)P dy Ace /ooewszm/ {1115 + IR ll s } dt’
= 1 ) (At/ _ K',O)p

; 00 Alkp—At)/2

< (20)P diAellS, R A dt

< (2)" diAce]| I“O/; (At — kp)P
6Kd16 kp—

At
(7.12) =752 7 ISRl

after bounding the integral.
Combining (7.11) amd (7.12) gives the estimate

Coe kp—At
(7.13) IRoll, = ————=€ Z IS RI|
for constant,. The following estimates are similarly derived:
CZE kp—At
(7.14) IR, = ge Z IS, Rilo,
Coe kp—At _1
(7.15) IRell, < ————=€ 2 [IS Rllo[1+ (At —kp)P ],
Rl = S p) °

wherec; is taken large enough so that (7.13)—(7.15) hold. Equation (7.14) follows
from arguments similar to those used to derive equation (6.55) (the Castihy e
mate is not used), while the derivation of (7.15) is similar to that of (6.56)idDiy
(7.15) by[1+ (At —kp)P~1], adding to (7.13) and (7.14), and taking the sup leads,
after a redefinition of the constant, to equation (7.7). This completes thé gfroo
the lemma. O

An additional estimate is needed to show convergence of the iteration scheme
(7.4)—(7.5). As discussed, this estimate requires the further assumpt®miven
in (4.9), which in the notation of this section takes the fay&; ( Iltip,,, < 0
for somev > 0. The desired estimate is given by the following:

LEMMA 7.2 Lete > Oand let $(¢) satisfy condition¢1) and(2) of Sectiord, as
well as assumptiod.9). Furthermore, let (§) = & +rg(§) and¢ (&) = & +To(€),
with ro andfp defined as in Lemma L Then there exists a constant ¢ independent
of € such that

(7.16) 1S9(2(+)) = S - Nllo+ 1Sop(E (+)) = SopC (- Nllo <

ce(llz = Zllo+ lIZo — Zpllo)
where the subscript p denotes the fractional derivative with respégct to
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ProoFr Define

1
(7.17) hee) = fo S (F6) + X(C(E) — £(€)))dx.
Then

1Sop (¢ () — Sop(C (- Do

H gp  (eC)
~lasP Ji

aP ~
=H@[h(-)(§(-)—§(-))]

S (D) dg

0

after a change of variable
0

< Ihp( Moz ) =2 (D llo+ IhCH o 1Ep(-) — p(llo

< Ih()llLip,,, 12C) =2 llo + 1) IILip, 12pC-) = Zp(llo,

where in the last line above we have used the inequalitigs)|lo < C, || f (- )IlLip,
(see [17, p. 136]) andl fo()llo < Cll fp()llLp, < €Il f ()llLip,,, [17, p 225],
which holds for functions withf and f, of bounded variation and satisfying con-
dition (4.9) for somev > 0. The constants, andc depend only on the Lipschitz
exponents. The functioh clearly satisfies the bounded variation requirements.
Furthermore, it is easy to show that the finitenesghgf: )Lip,,, (which is of size

¢) follows from the boundedness assumption (4.9). The result (7.16) imtadia
follows. O

We use (7.7) and (7.16) to show that the iteration (7.4)—(7.5) convergas to
solutionsy, ¢ solving the original equations. Introduce the notatin= r[s]].
We estimate

n+1

IS5+ — 5 llo + lIshe ™ — Shpllo

= 19" = SE"Hlo+ 1™ = Sp&" Mo

<ce(llg" = ¢" Mo+ ) — &5 llo)  using (7.16)

<celr" —r"1), by (7.5) and (7.6)

< cells" —s"Mlp by (7.7)
(7.18) < ce(lIsh — 5 llo + NI, — S5, llo)
where the constamtdepends only op. The last inequality in (7.18) easily follows
from the definition off| - ||,, along with the known properties sf(in particular,

8(k, t) = 8(k, 0)e~ Akt Inequality (7.18) shows that for sufficiently smalthe
iteration is contracting and therefore converges.
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The uniqueness of the solution easily follows from the uniqueness of e fix
point (which implies that representation (7.1) is unique), combined with idiégua
(7.7). This finishes the proof of Theorem 4.2.

8 Demonstration of |11-Posedness

Theorem 4.2 is used to derive solutions to the Hele-Shaw equations 43)—(
that develop singularities in finite time during unstable evolution (i.e., With 0)
starting from analytic initial data. This is then used to show that the initial value
problem for these equations is ill-posed in the Sobolev spHcor k > g

Following the related analysis for the Birkhoff-Rott equation [3] we useghr
symmetry properties to obtain the desired results.z(gtt), w(§, t, A) be a solu-
tion of (2.3)—(2.4). Then it is easily seen that the following are also solutions

(I) Zl(%-a t) = Z*(S, _t)a wl(ga t) = _w*(év _t’ _A)!
(”) ZZ(S» t) = Z(S’t - tO)s wZ(S’ t) = lU(rg:,t - tO’ A),
(i) z3(&,t) = N~1z(N&, Nb), wa(€,t) = w(NE, Nt, A).

Properties (i) and (ii) imply that, = z*(&,tg — t), wp = —w*(&, 1o —t, —A), is a
solution to (2.3)—(2.4) which is analytic at time 0 but which develops a (cupatu
singularity at timetyg. Thus we have the following:

COROLLARY 8.1 There exists initial dataZé, 0) = z*(&, tg) which is analytic in
a neighborhood of real such that the solutiony#£, t), wy(&, t) of systen(2.3)-
(2.4) in the unstable caseA < 0) develops an infinitgél + p)™ derivative at a
finite time §.

Note that settingy = 0 in Corollary 8.1 gives a solutiom, (&, t) that is de-
fined fort < 0, decays to 0 as — —oo, and has a singularity in the + p)™"
derivative att = 0. This fact is combined with the rescaling ofo zy to show
ill-posedness of the initial value problem in the unstable case. Specificdlly, le
Zn(E, 1) = N2z, (N2E, N?t—2N) so thatSy = zy—¢ = N72S,(N2%E, N2t—2N).
Then att = 0 theH* norm of Sy satisfies the bound

ISuC-ot = Ol < N*3S(-, —2N) [k < KNZ—3e?
(8.1) — 0 asN — oo,

whereK is a constant independent 8f and A < 0. However, the timély of
singularity formation satisfie3y = 2/N — 0 asN — oo. This proves the
following:

COROLLARY 8.2 Let A < 0. For any positives there is initial data z= ¢ + &
with || S|y < € such that||S||yxk — oo fort = tg, where § > 0 and k > g

In other words, the initial value problem f@2.3)-(2.4)is ill-posed in the Sobolev
spaces M fork > 3.
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9 Conclusion

The analysis presented above establishes global existence for the\tislkiet
problem with small initial data that may contain singularities, showing that the
solutions are analytic immediately after the initial time. It also shows existence
of singular solutions for the unstable case of the Muskat problem. Thelaimg
solutions start with smooth initial data and develop singularities of orderpl
with p < 1 at a finite time. Since the singularity time can be made arbitrarily
small by adjusting the choice of initial data, this shows that the unstable ctse of
Muskat problem is ill-posed. The construction of singular solutions foutts¢able
problem is effected by applying time reversal to solutions of the stable Muska
problem with singular initial data. This construction uses analyticity and &overs
of the abstract Cauchy-Kowalewski theorem, but it does not requabycity of
the initial data to show global existence for the stable Muskat problem. Assdijn
the first analytic results on the Muskat problem, this construction delineanes s
of the boundaries for possible further existence results.

The construction of singular solutions presented here is made possible by a
unstable growth rate that is proportionalkqthe wave number), as in [3]. The
global existence result is (to the best of our knowledge) the first rismtltelies on
a stable decay rate that is proportionaktim order to show that solutions become
analytic immediately after the initial time.

The singularities found here are important for applications because tley in
cate the onset of complex geometry and evolution for two-phase frontsla He
Shaw systems. The present analysis does not include corners er busjt does
not rule them out either. Further work is required to assess the possibhitligse
stronger singularities and to determine the typical, or generic, singularitg.type

Appendix

A.1 Lemmaon the Fourier Norm

In the appendix we derive important estimates on the nonlocal BxmM\e
begin with a lemma that proves useful in constructing the estimates.

LEMMA Al Let fi,..., fy and g be any functions satisfyind;i || ,, < oo and
llgll ,, < oo for somepy > 0. Define

F(n)(é):PV/oo( fi(§+)/];)/— fl(g))g(éfy/) d)//.
T N=1

Then

n
(A1) FPWl<z > |8ke)] [T 1k fitkol
kg, Knt1 i=1
Ki+--+Knr1=k
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and

n
(A.2) IF™1, <zlgl, [T el

i=1
for 0 < p < po, WwhereF ™ (k) denotes the'k Fourier coefficient of EV.

PROOF. The proof is a straightforward extension of a result in [1]. Define

n

fic+y)—fi¥)\9E +v)
[1 y’ ) v
i=1

h.y) = <

Taking a Fourier transform ié gives

~ N @MY 1Y\ [ G(Kyyq) K+
k)= ¥ (1000 )T ).
i=1

/ /
Ki,....kny1 Y Y
Ki+--+knr1=k

Therefore,

A3)  FPk= 1‘[ﬂ(kn)@(kmm(kl,...,km),
i=1

K1,....Kn41
ki+--+Knp1=K
where
00 n eikiy’_l eikn+1)//
J(kl,...,kn+1):PV/ <]_[ / > —dy’,

with the interchange of sum and integral allowed in view of the analyticity; of
andg. Now,

00 aiky’/2gikni1v'/2 /1 N cinck 1)/
Ik, .. Kny2) = (—)"PV / e /ve ( sm(k.y/2>> oy

oo Y’ 1 v/2
e °°sin<<k+kn+1>y’/2>( : sin(lw’/@)d :
(—i) /O o 11 )%
(A.4) = —(=)"p.

An exact formula [6, formula 3.746] for the integrg] in the casek + ky11 >
S lkilis 1y =7 [TL, ki (i.e., the result is independent of ky1) So that

n
(A.5) NEEIBILE
i=1

although estimate (A.5) holds in the general case (see [1]). EquationsdAd3
(A.5) then imply (A.1), while (A.2) readily follows from (A.1). g
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A.2 Estimateson By[s, wS, r, w']
Employing the change of variabjé = &’ — &, we write B, as (see (5.2))
o= Loy [~ [ )
(A.6) I i
_(s“—i—r’—s—r) (w*z; —izg) }dy’,
Y (Y +s+r —s—r)
where we use the notatioli = f (¢ 4+ y’). Assume

1
(A7) Irell, < lisell, =€ < 5.

Then we can expanB, as

B, = Z Bon ,
n=0

whereB;, is the first term in (A.6) and
A *© S+r —s—r\"¢g
B = _— PV —pn(I—= ) = dy’
N 2mi /_oo( ) ( y' ) y Y
forn > 1. Here we have defined
(A.8) g =0¢+y)=(wE+y)zE+y)—izeE+v)).
Now, from Lemma A.1,
[Al

(A.9) IBanll, = -l9lolls: + relly

forn > 1. FurthermoreB;, = (A/2)(h; —h_) whereh = (w*(s: +r¢)). Thisin
turn implies that

Al o= i |Al
I Bzoll, = 72 e’Mihdk, b1 = ==l
(A.10) < |Alwl,lis +rell,

where in the last inequality we have used the definitiorhaind the fact that
I £, =1 fll,. Summing (A.9) oven and adding the result to (A.10) yields

9l
21— lisellp — lirello)
Finally, substituting the inequality
(A.12) Igll, < 2[llwll, X+ lIsell, + Irell,) + lsell, + lirell, ]
and using (A.7), we may write (A.11) in simplified form as

IBall, < CalAlUIw®ll, + lw'llp + Isellp + lIrellp) (lsell,, + lrello)

(A1l) Bl = [|Al |:||w||p + ] (Isellp +Nrello) -
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which is the desired estimate. The constgnis independent o, p, andt. A
similar calculation leads to estimate (6.11). (The constaistchosen large enough
so that each of the estimates in this and the next subsection apply.)

A.3 Estimateson || Bo[s, wS, r, w'] — B[S, wS, T, w']|

We also need to estimaldB, — By||, whereB, = By[§, S, T, w']. We write

” BZ - B2”,0 S || BZ[Sv wSa ra wr] - BZ[Sv Ws, r’ i[)r]”,o
(A.13) + | Bals, w®, F, w'] — Ba[§, w®, F, @']|l,

and first estimaté By[s, w®, r, w'] — Ba[s, ws, F, w"]||,. (To simplify the notation,
we temporarily suppress writing tleeand w® in the argument list 0B,.) It is a
simple matter to bound

(A.14) |IBaolr, w'] — Baolf, @', <
|A{lIsellpllw — @1, + llwllplire — Fell, + [IFellolw" — @, }

where we have used the identityw* — fzw* = (r; — fp)w* + fe(w* — w¥).
Note that estimate (A.14) is not symmetricrimndf or w" andw" in view of this
choice of identity. Nevertheless, we shall later add terms to make the fin@bnrela
symmetric.

More work is necessary to estimaff@®y[r, w'] — Bp[f, w']||, for n > 1.
Denote by§' the quantity in (A.8), but withb = w® + w" andZz replacingw and
z, respectively. Also introduce

S+r' —s—r
p=s+r, qQ=——,
14
S+ —(s+T)
y/

p:S—‘,—r, q:
Then
| Banlr, w'] — Banlf, @1,
|Al © nan AV
-t PV n /_ ng/ s
<o /’(qg qg)y/

o]

0

= > N /
Al
27

A * ~Nn / ~N / ~/ d '
—'WW[[@uqm+q@—whf

p

PV [ [@- e g a4 g g

o0

’

P

~/~/d/
+q%g—gﬂ3§
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so that upon applying Lemma A.1,
[ Banlr, w'] — Ban[f, @'1]l,

A . _ e - -
< 7'{||rs = Tellp (1Pellp ™ + -+ I Bell; ™) g, + e 3l — Gl }

A I - A - = ~
= |—2|{”fs —Fellon (1P D™ + 1 Bell2 ) N, + 11 Pel g — Gl ) -

Summing ovemn, substituting forp and p, and using the triangle inequality then
gives

(A15) || BZ[rv wr] - BZ[F’ ibr]”p =

|A|{(”SE”,0 + Il lw" — Dl + llwll,lire — Fell,

1 1
+ 9l [ + p
LA—lsell, = lrell)? - A= lIsell, — [IFell)?
(sl + el ) -
X T g - gnp} ,
1—lIsll, — lIFell,
where the first line above comes from the estimateBgy in (A.14). We next
substitute (A.12) and the easily derived inequality
Ig—all, <2{@+lIsll, + Irel ) lw" — @[, + Wl lre — Fell,o}
into (A.15). The result may be written in simplified form as

]Hrs —Tellp

+

(A.16) |IBalr, w'] — Bolf, @']ll, <
ClAIfllse, rell) lw" — @ ll, + lIse, ws, re, whll}lIre —Fell, ),

where we have used the notation of Section 6.1. In going from (A.15) tGjAvé
have added terms so that the estimate is symmetricfietc., and used (6.14) to
simplify the resulting estimate.

We next estimatéBy[s, w®, 7, w" ] — By[S, w®, I, w']||,. Note thatB; is invari-
ant under the interchange< r andw® < w', so it immediately follows from
(A.16) that

(A.17) |IBy[s, w®, f, w'] — By[8, w®, F, w']|l, <

cal Al{lIse, ell) lw® — 0%, + lIse, w, e, whllllse — &I} -
The term||w® — w®||, may be replaced using the identity
(A.18) lws — %[, < lIs— 3l

which is easily derived from (3.3), (3.4). Together, (A.13) and (A.@&)L8) im-

ply the final estimate (6.12). Note that some terms have been added to the final
inequality in order to give the estimate a compact form. A similar calculation is
used to derive (6.13).
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A.4 Boundson Timelntegrals

We derive estimates on the time integrals that arise in the proof of Lemma 4.1.
1. (&) We first estimate

Ft) = / ™A (L4 (AL — kp)PHdt
t
wherei > 0. After the substitutiom = At’ — «xp, the integral becomes

1 oo
(A.19) F) = —/ e ™ [1+ uP1du.

A At—kp
The integrand is bounded above dy-At=<?)(1 4- uP~1), and this estimate is used
to simplify the integrand wheit — xp < 1 andu € [At — kp, 1]. Foru > 1 the
integrand is simplified by using£uP~! < 2. These remarks justify the inequality

H[1— (At— !
Fty < AT A= iaiwn) / (1+uPHdu
A At—kp
2 o0
+ = e *du
A At—kp

= F1(t) + Fa(t)

whereH [x] is the Heaviside function, arié, and.F, refer to the two integral terms
above. Now, by direct calculation

H[1- (At — 1-— (At — p
Fut) = [1—( Kp)]e—A(At—Kp) |:1 _ (At—xp) + ( Kp) ]
A p
2
A20) < -—e A
(A20) =4
and
2e—A(At—Kp)
)= ———
Fo(t) A
It follows that
24+ 2271
A.21 ) < ———e HA)
(A.21) F(t) < Ap e ,

which is the desired result.
(b) A related integral that we estimate is
t
G(t) = / g A1+ (AL — kpy) Pt dt,
0

wherep; is defined in (6.16). After the substitutian= At’ — kp1, the integral is
written as

1 K(A=) AU p—1
g:_/ e (14 uP Hdu
AS At—kp



36 M. SIEGEL, R. E. CAFLISCH, AND S. HOWISON
1 oo
S _
As At—kp
Noting the similarity with (A.19), we can immediately write

-1
(A.23) G < ﬂe—um—m) _
- Adp

(A.22) e (14 uPhHdu.

2. (a) We similarly estimate

It = / R
t

Changing variables, we have
1 [ 1+uP?
I(t):—f e"“‘ydu.
A At—kp u
Following the arguments in 1, we have
_ _ 1 p—1 )
7@ty < - (A Kp)]e—““—Kﬂ)/ irur du+3/ e du
A At-xp U A Jat-co
=T1() + Io(V) .
By direct calculation

UL+ (AU —kp)P~1]

dt’.
At — kp

H[1l- (At —« 1— (At —«xp)P?t
Tyt = [1—( P (A=) (At — kp) + ( )
A p—1
< ———e AT+ (At —kp)P T,
A(l-p)
since|ln x| < f%; forO0 < x <landO< p < 1. Also,
ze—A(At—Kp)
Lt)y=——
2(D) A
It follows that
2+ 271

(A.24) e MATOIL 4 (At — kp)PH,

M) < ————
Al-p)

which is the desired estimate.

(b) We also give an estimate for
0 At — kp1

The estimate is obtained by following the steps leading to (A.23), with the result
2+ 2071
H<——
TO=ma-p

(A.25) e MATK 1 4 (At — kp)PY].
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