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Abstract
Convex optimisation is used to solve many problems of interest in optimal control,
signal processing, finance, operations research, and machine learning. While
medium-size problems can be solved efficiently by interior-point methods, modern
applications often yield problems with very large dimensions. Compared to
interior-point methods, operator splitting methods are computationally inexpen-
sive, which allows them to solve much larger problems. However, they tend to
converge slowly to high accuracy solutions and their performance is sensitive to
algorithm parameters and problem scaling.
This thesis investigates different acceleration and scaling techniques to both
improve the convergence of operator splitting methods to achieve higher accuracy
solutions and to reduce the per-iteration computation time of the methods.
We consider general convex conic problems and focus especially on the subset
of semidefinite programs (SDPs), for which finding a solution is particularly
challenging at large dimensions. The first part of the thesis introduces COSMO, a
novel general purpose solver for convex conic programs based on the alternating
direction method of multipliers (ADMM). We demonstrate that our splitting,
which combines a quadratic objective function with convex conic constraints,
leads to competitive performance both for problems in the conventional conic
problem form but also for quadratic programs and SDPs with norm constraints.
We further show how the user can use custom convex constraints to allow more
natural problem formulations.
The complexity of solving SDPs can be greatly reduced if the coefficient matrices
that constrain the matrix variable are sparse. Chordal decomposition techniques
then allow an equivalent problem formulation with multiple constraints only on
the nonzero blocks of the matrix variable which often leads to orders of magnitude
speed-up. In the second part of the thesis we develop a novel clique merging
algorithm that combines some of the blocks after the initial decomposition to
speed up the projection step of ADMM. We demonstrate that the method leads to
significant performance improvements and avoids disadvantageous decompositions.
In the third part we demonstrate how to use repeated restarts and safeguarding
checks to globalize Anderson acceleration for an ADMM solver. Comprehensive
benchmark results show a significant reduction in both iterations and solve time
to higher accuracy solution and a more robust algorithm.
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Abstract

Convex optimisation is used to solve many problems of interest in optimal control,
signal processing, finance, operations research, and machine learning. While medium-
size problems can be solved efficiently by interior-point methods, modern applications
often yield problems with very large dimensions. Compared to interior-point
methods, operator splitting methods are computationally inexpensive, which allows
them to solve much larger problems. However, they tend to converge slowly to high
accuracy solutions and their performance is sensitive to algorithm parameters and
problem scaling.

This thesis investigates different acceleration and scaling techniques to both improve
the convergence of operator splitting methods to achieve higher accuracy solutions
and to reduce the per-iteration computation time of the methods. We consider
general convex conic problems and focus especially on the subset of semidefinite
programs (SDPs), for which finding a solution is particularly challenging at large
dimensions. The first part of the thesis introduces COSMO, a novel general purpose
solver for convex conic programs based on the alternating direction method of
multipliers (ADMM). We demonstrate that our splitting, which combines a quadratic
objective function with convex conic constraints, leads to competitive performance
both for problems in the conventional conic problem form but also for quadratic
programs and SDPs with norm constraints. We further show how the user can use
custom convex constraints to allow more natural problem formulations.

The complexity of solving SDPs can be greatly reduced if the coefficient matrices
that constrain the matrix variable are sparse. Chordal decomposition techniques
then allow an equivalent problem formulation with multiple constraints only on the
nonzero blocks of the matrix variable which often leads to orders of magnitude speed-
up. In the second part of the thesis we develop a novel clique merging algorithm
that combines some of the blocks after the initial decomposition to speed up the
projection step of ADMM. We demonstrate that the method leads to significant
performance improvements and avoids disadvantageous decompositions.

In the third part we demonstrate how to use repeated restarts and safeguarding
checks to globalize Anderson acceleration for an ADMM solver. Comprehensive
benchmark results show a significant reduction in both iterations and solve time to
higher accuracy solution and a more robust algorithm.
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Notation

Sets
∅ Empty set
R Real numbers
R+ Nonnegative real numbers
Rn Set of n-dimensional real vectors
Rm×n Set of m-by-n real matrices
Sn Set of n-by-n real symmetric matrices
Sn

++ (Sn
+) Set of n-by-n real symmetric positive (semi)definite matrices

Sn
+ Set of vectorized n-by-n real symmetric positive semidefinite matrices
H Real Hilbert space

Vectors and Matrices
0 Vector/Matrix of zeros in appropriate dimension
1 Vector/Matrix of ones in appropriate dimension
〈x, y〉 Inner product of vectors 〈x, y〉 = x>y
[x1, x2] Horizontal concatenation of vectors x1 and x2
(x1, x2) Vertical concatenation of vectors x1 and x2
Vi i-th column vector vi ∈ Rn inside a matrix V ∈ Rm×n

vec(X) Vectorisation of matrix X ∈ Sn by stacking the columns
mat(x) Inverse operator of vec
diag(x) Operator that maps the vector x ∈ Rn to a diagonal matrix X ∈ Rn×n

x ⊥ y Orthogonality of vectors x and y: x>y = 0

I Identity matrix of appropriate dimension
A> Transpose of matrix A
A−1 Inverse of matrix A
A† Moore-Penrose inverse of matrix A
tr(A) Trace of matrix A
N(A) Nullspace of matrix A
X ⊗ Y Kronecker product of matrices X and Y

〈X,Y 〉 Inner product of matrices 〈X,Y 〉 = tr
(
X>Y

)
Aα,β Matrix created by slicing A ∈ Rm×n according to a list of

row indices α and a list of column indices β
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|x| Component-wise absolute value of vector x
‖·‖ Vector norm
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‖x‖1 1-norm of vector x
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Definitions and inequalities
X � Y X − Y is positive semidefinite
X � Y X − Y is negative semidefinite
X := Y X is defined by Y
X =: Y Y is defined by X
X ≥ Y Element-wise inequality between X and Y
X ≥K Y Conic inequality: X − Y ∈ K

Set operations
A ∩B Intersection of sets A and B
A ∪B Union of sets A and B
A \B Relative complement of sets A and B
A×B Cartesian product of sets A and B: A×B = {(a, b) | a ∈ A, b ∈ B}
sup A Supremum of set A
inf A Infimum of set A

Convex sets and functions
argmin f Set of minimizers of a function f
∇f Gradient of a function f
∂f Subdifferential of a function f
dom f Effective domain of the function f
intC Interior of the set C
rintC Relative interior of the set C
IC Indicator function of a set C
K◦ Polar cone of set K
K∗ Dual cone of set K
K∞ Recession cone of set K
NC Normal cone of set C

Operators
Id Identity operator
FixT Set of fixed-points of operator T
ΠC Projection onto a set C
prox f Proximal operator of a function f
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Other notation

O(·) Bachmann-Landau notation describing limiting behaviour of a function

Acronyms
AA Anderson acceleration
AMD Approximate minimum degree
ADMM Alternating direction method of multipliers
CPU Central processing unit
FOM First-order method
GPU Graphics processing unit
IPM Interior-point method
KKT Karush-Kuhn-Tucker (conditions)
LMI Linear matrix inequality
LP Linear program
MCS Maximum cardinality search
MPC Model predictive control
NP Nondeterministic polynomial time
PSD Positive semidefinite
QP Quadratic program
SDP Semidefinite program
SOCP Second-order cone program
SVM Support vector machine
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1
Introduction

Mathematical optimisation or mathematical programming is a general framework to

describe the problem

minimize f(x)
subject to gi(x) ≤ 0, i = 1, . . . ,m, (1.1)

where one attempts to find an optimal solution x∗ ∈ Rn that minimizes an objective

function f : Rn → R under a set of constraints gi : Rn → R. In practice the

general non-convex mathematical program (1.1) is hard to solve efficiently and

likely no polynomial-time algorithm exists, e.g. for programs with general quadratic

objective and constraints unless it holds P=NP [117]. This is why the class of convex

optimisation problems with convex objective and convex constraints has been the

focus of development for solver algorithm design since at least the 1980s. Indeed,

under mild assumptions convex programs are solvable in polynomial time [14]

and interior-point methods (IPMs) for convex conic problems have shown robust

practical performance for small and medium-sized problems (n < 10 000). This has

made convex optimisation a successful framework to solve problems in a wide range

of domains, e.g. operations research, economics, control theory, machine learning,

structural design, signal processing, and communications and networks [14, 25, 169].

1
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A recent trend in many of these domains is to consider problems with a steadily

increasing number of variables, e.g. by considering larger data sets with more

features, larger networks, or more agents. However, the limiting factor of IPMs in

practice is solving a Newton system at each iteration, which grows with the problem

dimension n and has a computational cost of O(n3). A particularly challenging

convex problem class is semidefinite programming, which optimises a linear objective

function over the intersection of the positive semidefinite (PSD) matrix cone and an

affine space. Semidefinite programming is used to solve problems in combinatorial

optimisation [65], robust control [26], stochastic optimisation [17, 18], polynomial

optimisation [126], and attracts a growing interest in machine learning, e.g. in neural

network verification [134], graph clustering [40], kernel matrix learning [91] and

sparse principal component analysis [35]. The PSD condition on the matrix variable

requires iterative solver algorithms to repeatedly compute either the eigenvalue

decomposition of the iterate or perform a Cholesky decomposition. Both methods

have an expensive computational cost of O(n3) for a n× n matrix.

Two common approaches to solve large convex problems, and in particular semidefi-

nite programs (SDPs), are the use of first-order methods (FOMs) and exploitation

of sparsity in the problem. Compared to IPMs, FOMs such as the alternating

direction method of multipliers (ADMM) have considerably lower per-iteration

computation cost and can therefore handle much larger problems. For certain

separable problems ADMM also decomposes into a decentralized and parallelizable

algorithm. Unfortunately, FOMs typically converge slowly to high accuracy solutions

and are therefore used in applications where solutions of only moderate accuracy are

acceptable. Many FOMs are also called operator splitting methods as they arise from

the more general problem of finding zeros of the sum of two monotone operators.

Exploiting sparsity is particularly effective for SDPs as it allows the problem to

be decomposed into an equivalent problem with typically more PSD constraints of

much smaller dimension. However, the decomposition is usually not unique and

it remains a difficult question how to choose it for a given solver algorithm and

computing hardware in order to achieve the best performance.
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This thesis considers both of these approaches for improving scalability and as a

result develops a user-friendly, customisable, and fast implementation of an ADMM-

based solver for large convex conic programs with automatic decomposition of

sparse SDPs. We further develop ways to address the challenges of FOMs and

SDP decompositions. To achieve higher accuracy solutions we explore different

acceleration schemes for FOMs. In particular we show how to apply a variant of

Anderson acceleration (AA), a well-known extrapolation method, to our particular

problem splitting. We show that repeated restarts and a simple nonexpansiveness

condition on the residual norms can be used to globalize the method.

Moreover, we develop a novel clique merging method to generate SDP decompositions

that reduce the per-iteration time of our ADMM algorithm compared to other

commonly used techniques, avoiding unfavourable decompositions. Additionally,

we exploit the parallelizability of ADMM to process PSD constraints in parallel on

multiple CPU threads.

Outline

The main contributions of the thesis are organised into the following chapters:

Chapter 2 The development of the algorithms in this thesis relies on concepts

from convex analysis and monotone operator theory. This chapter introduces the

required definitions and properties of convex optimisation, convex sets, and convex

functions. We further define a number of specific convex cones, their projection

functions, and discuss cone-representable constraints. The chapter ends with a

description of concepts from monotone operator theory that are used as building

blocks for FOMs.

Chapter 3 We develop the Conic Operator Splitting Method (COSMO), a solver

obtained by generalising the splitting used in the QP-solver OSQP [148] to general

convex cones. The solver package solves problems with a convex quadratic objective

function and any combination of proper convex cones such as the nonnegative
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orthant, the second-order cone, the PSD cone, the exponential cone, and the power

cone. We show that the splitting results in performance competitive with state-of-

the-art commercial and open-source solvers on problems in standard “conic-LP”

form, on quadratic problems (QPs), and SDPs with norm-constraints. This is in

part due to not having to transform any quadratic objective terms into second-order

cone constraints, which typically slows convergence for FOMs and does not preserve

problem sparsity. We further show the advantages of the solver’s model updates

and warm starting features on parametric problems.

We implement the solver package in Julia, an expressive and fast compiled pro-

gramming language. This allows us to combine the performance of a compiled

language with the ability for the user to customise the solver. We show how to use

a custom convex constraint to solve the closest doubly stochastic matrix problem

orders of magnitude faster than with standard constraints. Our implementation

further integrates many of Julia’s features, such as support of arbitrary floating

point precision and multithreading. This chapter is based on:

• M. Garstka et al. “COSMO: A conic operator splitting method for large

convex problems”. In: 18th European Control Conference (ECC). Naples,

Italy, 2019, pp. 1951–1956

• M. Garstka et al. “COSMO: A Conic Operator Splitting Method for Convex

Conic Problems (to appear)”. In: Journal of Optimization Theory and

Applications (2021)

Chapter 4 If an SDP has structured positive semidefinite constraints, one can

use chordal decomposition techniques to decompose the problem into an equivalent

problem with a number of PSD constraints involving smaller matrix variables.

However, the initial decomposition into a large number of low-dimensional PSD

constraints is not necessarily optimal and can in some cases even be disadvantageous.

In this chapter we analyse and compare existing methods to merge the cliques of

the sparsity pattern after an initial decomposition to reduce the per-iteration time

of the solver algorithm. Existing methods were designed for IPMs and rely heavily
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on heuristics. We present a novel clique merging algorithm that utilizes the reduced

clique graph of the sparsity structure to make effective merge decisions, considering

a large number of merge possibilities. We subsequently show that this algorithm

can be used effectively in combination with FOMs due to their simple relationship

between per-iteration computation time and clique dimension. We show that the

approach speeds up the per-iteration projection time of COSMO for most real-world

sparsity patterns in benchmark sets by a factor of up to 2 or 3. Moreover, it helps

to avoid disadvantageous decompositions.

We further discuss how automatic decomposition affects the parallelization of a

problem and implement multithreaded projections. Benchmark test comparisons

with state-of-the art SDP solvers show that our approach yields orders of magnitude

improvements for very large SDPs.

This chapter is based on:

• M. Garstka et al. “A clique graph based merging strategy for decomposable

SDPs”. In: IFAC-PapersOnLine 53.2 (2020). 21th IFAC World Congress,

pp. 7355–7361

• M. Garstka et al. “COSMO: A Conic Operator Splitting Method for Convex

Conic Problems (to appear)”. In: Journal of Optimization Theory and

Applications (2021)

Chapter 5 A drawback of first-order optimisation methods is their slow conver-

gence to high accuracy solutions as well as their low robustness to varying algorithm

parameters and problem scaling. In this chapter we first discuss FOMs from the

perspective of nonexpansive operators. We then introduce AA as a particular type

of generalized Broyden’s method. We develop a safeguarded version of AA that

allows the underlying ADMM algorithm to achieve higher accuracy solutions with

significantly fewer iterations. We improve the robustness of AA through repeated

restarts and a nonexpansiveness condition on the residual operator norm. Our

numerical results on more than 500 problems show that, for large QPs and SDPs, the

additional computational work of computing the accelerated point is typically less
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than 15 % of the solve time while reductions in both mean iterations (between 42 %

to 88 %) and mean solve time (between 25 % to 82 %) are achieved in comparison

with the algorithm without acceleration.

Chapter 6 In this chapter we summarize the computational impact of the different

techniques proposed in this thesis. We analyse the performance contributions of

chordal decomposition, clique merging, multithreading, and acceleration for COSMO

against SCS and MOSEK on large SDPs. In particular we demonstrate that the

acceleration scheme used in COSMO integrates well with chordal decomposition. The

chapter concludes with a discussion of the major contributions of this thesis and

suggests directions for future research.
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This chapter introduces general definitions and concepts that are used throughout the

thesis and are necessary to understand for the contents of Chapter 3, Chapter 4, and

Chapter 5. Furthermore, each of these chapters begins with a separate background
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section that introduces chapter-specific concepts.

This thesis is concerned with the design of algorithms to solve convex conic

optimisation problems. Therefore, we start by defining the building blocks of

convex optimisation problems: convex functions and convex sets. This allows us to

introduce the general form of convex optimisation problems, Lagrangian duality,

and optimality conditions. Then we define convex cones which allow us to elegantly

introduce nonlinearities into a linear programming framework. For a number of

common cones we show how to represent a wide range of nonlinear constraints and

how to formulate common subclasses of convex optimisation problems such as linear

programs, quadratic programs, and semidefinite programs.

The chapter closes with the definition of nonexpansive operators that are used as

building blocks for many first-order optimisation methods. The concepts introduced

are extensively covered in the standard literature [14, 16, 25, 137, 144].

2.1 Convex sets and cones

Convexity is an important property of sets and functions in the domain of optimisa-

tion. Many optimisation problems in real-world applications can be described with

the help of convex sets and convex functions and are consequently easier to solve

than non-convex problems.

Definition 2.1.1 (Convex set). A set C ⊆ Rn is convex if the line segment between

any two points in C is contained in C, i.e. ∀x, y ∈ C and 0 ≤ α ≤ 1 it holds that

αx+ (1− α)y ∈ C.

Example 2.1.1. C is a convex set in Rn if

• C is an affine subspace

• C is a half-space

• C is a polyhedron {x | Ax ≤ b, Fx = g}

• C is a sublevel set {x | f(x) ≤ t} of a convex function f : Rn → R,

c.f. Section 2.2
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• C is the the Cartesian product of two convex sets C1, C2, i.e. C = C1 × C2 =

{(c1, c2) | c1 ∈ C1, c2 ∈ C2}

• C = ⋂m
i=1 Ci where Ci are convex subsets in Rn.

Other examples of convex and non-convex sets are shown in Figure 2.1. An important

subclass of convex sets are convex cones.

Definition 2.1.2 (Convex cone). A set K ⊆ Rn is a convex cone if it is convex and

closed under nonnegative scaling with scalars α1, α2 ≥ 0, i.e.

α1x+ α2y ∈ K ∀x, y ∈ K.

A convex cone in R2 is shown in Figure 2.1(c).

(a) A pentagon is a convex
set.

(b) Non-convex set.

0

x

y

(c) Convex cone in R2.

Figure 2.1

Example 2.1.2. The following sets in Rn are examples of convex cones:

• the empty set ∅

• the norm cone {(x, t) ∈ Rn+1 | ‖x‖ ≤ t}

• the set of real symmetric positive semidefinite matrices, i.e. the positive

semidefinite cone Sn
+

For multiple convex cones it holds that:

Theorem 1 ([137, Theorem 2.5]). The intersection of convex cones is a convex

cone.

In Section 2.5 we will use convex cones to describe nonlinear variable constraints.

To achieve this we extend the typical coordinate-wise partial ordering of vectors
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in Rm x ≥ y ⇔ {xi ≥ yi, i = 1, . . . ,m} to generalized vector/matrix inequalities.

Specifically, we can write any inequality as:

x ≥ y ⇔ x− y ≥ 0⇔ x− y ∈ Rm
+ ,

in which case the vector inequality is defined by the nonnegative orthant Rm
+ .

However, we can replace Rm
+ by another cone K and write

x �K y ⇔ x− y �K 0⇔ x− y ∈ K, (2.1)

as long as the following axioms of a partial ordering for vectors x, y, u, v ∈ Rm are

obeyed [14], namely:

• reflexivity: x �K x,

• antisymmetry: if x �K y and y �K x, then x = y,

• transitivity: if x �K y and y �K z, then x �K z,

• compatibility with linear operations:

– homogeneity: if x �K y and a ∈ R+, then ax �K ay,

– additivity: if x �K y and u �K v, then x+ u �K y + v.

These axioms are satisfied if we require the cones used in generalized inequalities to

be proper [14].

Definition 2.1.3 (Proper cone). A (convex) cone K in Rm is proper if it

• is closed,

• is pointed: K ∩ (−K) = {0},

• has nonempty interior.

Given a convex set C we might want to group vectors y that satisfy certain conditions

with all vectors in C. For that we define a number of special cones derived from C.

Definition 2.1.4 (Dual cone K∗). The dual cone K∗ of the convex set C ⊆ Rn is

defined as

K∗ :=
{
y ∈ Rn | inf

x∈C
〈x, y〉 ≥ 0

}
.

The dual cone is always closed and convex, even if C is not.
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If a cone K is its own dual cone, i.e. K = K∗, the cone is called self-dual. Some

example cones that possess this property are discussed in Section 2.4.

Definition 2.1.5 (Polar cone K◦). The polar cone K◦ of a convex set C ⊆ Rn is

defined as

K◦ :=
{
y ∈ Rn | sup

x∈C
〈x, y〉 ≤ 0

}
.

Notice that the polar cone is equal to the negative dual cone, i.e. it satisfies

K◦ = −K∗. Examples of both dual and polar cones are shown in Figure 2.2(a).

Definition 2.1.6 (Recession cone K∞). The recession cone K∞ of a convex set

C ⊆ Rn is defined as

K∞ := {y ∈ Rn | x+ αy ∈ C, ∀x ∈ C, α ≥ 0} .

In other words, the recession cone contains all directions y of half-lines that start in

x ∈ C and remain inside C. An example of a recession cone is shown in Figure 2.2(b).

It follows that the recession cone of a bounded set is the set that only contains the

origin.

Definition 2.1.7 (Normal cone NC(x)). The normal cone NC(x) of a convex set

C ⊆ Rn at a point x ∈ C is defined as

NC(x) :=
{
y ∈ Rn | sup

x̄∈C
〈x̄− x, y〉 ≤ 0

}
.

In other words the normal cone is the set of vectors that do not make an acute

angle with any line segment in C with x as an endpoint. Examples of normal cones

are shown in Figure 2.2(c)–2.2(d). The normal cone is always convex.

If the set C is itself a cone, then it is related to the polar cone by NK(x) = K◦∩{x}⊥

where {x}⊥ = {y ∈ Rn : y ⊥ x}.

Proof. To prove this relationship, assume v ∈ K◦ ∩ {x}⊥, then for any x̄ ∈ K, we

have 〈v, x̄− x〉 = 〈v, x̄〉 − 〈v, x〉 = 〈v, x̄〉 ≤ 0, which is the same as v ∈ NK(x).



12 2.2. Convex functions

Conversely, assume v ∈ NK(x), then we can choose x̄ = x/2 ∈ K and x̄ = 2x ∈ K

and get 〈v, x〉 ≤ 0 ≤ 〈v, x〉, which requires v ⊥ x. Thus, for any x̄ ∈ K, 〈v, x̄− x〉 =

〈v, x̄〉 ≤ 0, hence v ∈ K◦.

C
K∗

0
K◦

(a) Dual cone K∗ and polar cone K◦ of
a set C.

C

0

K∞

(b) Recession cone K∞ of a set C.

x C

NC(x)

(c) Normal cone NC(x) of
convex set C at x.

x2

CNC(x2)

(d) Normal cone
NC(x2) of convex set
C at x2.

Figure 2.2

2.2 Convex functions

A function f is convex if, for two points x1 and x2, the line connecting the coordinates

(x1, f(x1)) and (x2, f(x2)) lies above the graph of f .

Definition 2.2.1 (Convex function). A function f : Rn → R is convex if the domain

of f is a convex set and for all pairs of points x1, x2 and α with 0 ≤ α ≤ 1 it holds

that

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2). (2.2)

A function is strictly convex if the the inequality in (2.2) is strict. A function f is
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strongly convex with parameter m > 0 if the augmented function

fa(x) := f(x)− m

2 ‖x‖
2
2

is convex. Clearly strong convexity ⇒ strict convexity ⇒ convexity.

A function is concave if −f is convex. The convexity of a function f : Rn → R

can also be established by looking at the epigraph of the function, which is the set

defined as:

epi f := {(x, t) | x ∈ dom f, f(x) ≤ t}

and can be thought of as the region above the graph. It holds that a function

is convex if and only if its epigraph is a convex set. Example epigraphs for two

functions are shown in Figure 2.3.

−3 0 3
0

1

2

3

f(x)

epi f

(a) Epigraph of f(x) = 1
2 x2

forming a convex set.

0 1 2 3
−1

0
1
2
3

f(x)

epi f

(b) Epigraph of f(x) = sin(3x)
forming a non-convex set.

Figure 2.3

Example 2.2.1. Important convex functions are:

• affine functions: f(x) = Ax+ b

• quadratic functions: f(x) = x>Px+ q>x with P ∈ Sn
+

• norms

• max-function: f(x) = max{x1, . . . , xm}

• exponentials: f(x) = exp(αx) for α ∈ R

• functions involving powers: f(x) = xα on R++ for α /∈ (0, 1)
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Another important convex function that will be used extensively throughout later

chapters is the indicator function. It associates the function

IC(x) :=
0 x ∈ C

+∞ otherwise
(2.3)

to a convex set C. It can be used to convert an expression including a convex set

into a convex function. Another function based on a set C is the support function

at x

σC(x) := sup
y∈C
〈x, y〉,

which is always convex.

Given a closed nonempty convex set C ⊆ Rn we denote the Euclidean projection

onto C

ΠC(y) = argmin
x∈C

‖x− y‖2 . (2.4)

2.3 Convex optimisation

The general form of an optimisation problem is:

minimize
x

f(x)
subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p
(2.5)

where the goal is to find x ∈ Rn that minimizes the objective function f(x) : Rn → R

while satisfying the inequality constraints gi(x) ≤ 0 with fi : Rn → R and the

equality constraints hi(x) with hi : Rn → R. A point x is feasible if it satisfies all

the constraints of the problem, i.e. it is in the domain of the optimisation problem:

D = dom f ∩
m⋂

i=1
dom gi ∩

p⋂
i=1

dom hi.

The problem is feasible if at least one such point exists and infeasible otherwise.

We denote the optimal objective value p∗ as

p∗ = inf {f(x) | gi(x) ≤ 0, i = 1, . . . ,m, hi(x) = 0, i = 1, . . . , p} .

An optimal point, or optimal solution, x∗ is feasible and achieves f(x∗) = p∗.
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Solving a general mathematical optimisation problem is NP-hard [115]. There-

fore, for most applications the subclass of convex optimisation is preferred since

polynomial-time algorithms to solve them generally exist [120]. The general problem

form (2.5) describes a convex optimisation problem, if the objective function f is

convex, the inequality constraints gi(x) ≤ 0 are convex, and the equality constraints

hi(x) = a>x− bi are affine [25].

With these restrictions the feasible domain of the problem becomes convex, since

it is the intersection of p hyperplanes {x | Ax = b} and the intersection of m

convex sublevel sets {x | gi(x) ≤ 0}. An important property of convex optimisation

problems is that locally optimal points are also globally optimal.

2.3.1 Lagrangian duality

Lagrangian duality allows the optimisation problem (2.5) to be studied from a

different angle by moving the constraints into the objective. By introducing extra

variables λ ∈ Rm, ν ∈ Rp that penalize constraint violations, we can define the

Lagrangian L : Rn × Rm × Rp → R:

L(x, λ, ν) := f(x) +
m∑

i=1
λigi(x) +

p∑
i=1

νihi(x).

The newly-introduced variables λ ≥ 0 and ν are called Lagrange multipliers or dual

variables.

We further define the Lagrange dual function d : Rm × Rp → R as the minimum of

the Lagrangian w.r.t. x:

d(λ, ν) := inf
x∈D

(
f(x) +

m∑
i=1

λigi(x) +
p∑

i=1
νihi(x)

)
.

d(λ, ν) is a pointwise infimum of a family of affine functions and therefore always

concave. Moreover, the function bounds the optimal value p∗ of the problem from
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below:

d(λ, ν) = inf
x∈D

L(x, λ, ν) ≤ L(x∗, λ, ν) (2.6)

= f(x∗) +
m∑

i=1
λigi(x∗)︸ ︷︷ ︸

≤0

+
p∑

i=1
νihi(x∗)︸ ︷︷ ︸

≤0

≤ f(x∗) = p∗,

if λi ≥ 0. However, this bound is only meaningful if d(λ, ν) > −∞ which defines

the domain dom d. All pairs (λ, ν) ∈ dom d with λ ≥ 0 are called dual feasible.

We can now look for the best lower bound for p∗ by maximizing the dual function:

maximize d(λ, ν)
subject to λ ≥ 0 (2.7)

which is called the dual problem corresponding to (2.5). We denote the optimal

value of the problem d∗ and call the optimal pair (λ∗, ν∗) the dual solution. Notice,

that since we are maximizing a concave objective function with a convex constraint,

(2.7) is always convex. In practice the domain of the dual problem dom d = {(λ, ν) |

d(λ, ν) > −∞} is often made explicit by finding a number of linear constraints that

describe the affine hull of dom d. This will be shown for example in the derivation

of the dual SDP in (2.20)–(2.21).

The lower-bound property d∗ ≤ p∗ of optimisation problems is called weak duality.

If the primal problem is unbounded, i.e. p∗ = −∞, then we have d∗ = −∞ and we

say the problem is dual infeasible. The opposite case, where the dual problem is

unbounded, i.e. d∗ =∞, forces p∗ =∞ and the problem is called primal infeasible.

The difference in objective values (p∗− d∗) is called the duality gap. If the objective

values coincide p∗ = d∗ we speak of strong duality. Strong duality does not hold in

general, but convex problems usually have this property1. A sufficient condition to

test for strong duality of a convex optimisation problem is Slater’s condition, which
1For the remainder of the thesis we assume that strong duality holds for convex optimisation

problems unless explicitly stated otherwise.
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requires that a strictly feasible point x̃ ∈ rint(D) exists:

gi(x̃) < 0 i = 1, . . . ,m (2.8)

Ax̃ = b.

2.3.2 KKT-optimality conditions

The necessary and sufficient optimality conditions for a convex optimisation problem

with zero duality gap are derived by setting the gradient of the Lagrange function

w.r.t. to x and evaluated at the optimal point (x∗, λ∗, ν∗) to zero:

∇f(x∗) +
m∑

i=1
λ∗

i∇gi(x∗) +
p∑

i=1
ν∗

i∇hi(x∗) = 0. (2.9)

Strong duality, p∗ = d∗, which can be ensured through a variety of constraint

qualifications such as Slater’s constraint qualification (2.8), implies that at the

optimal solution the complementary slackness condition

m∑
i=1

λ∗
i gi(x∗) = 0, ⇒ λ∗

i gi(x∗) = 0, i = 1, . . . ,m. (2.10)

holds; see (2.6). Adding the primal and dual domain conditions and the com-

plementary slackness condition (2.10) to the optimality condition (2.9) yields the

Karush-Kuhn-Tucker (KKT) conditions for an optimal triplet (x∗, λ∗, ν∗), which

are shown in Table 2.1.

Table 2.1: Karush-Kuhn-Tucker (KKT) conditions for optimal solution (x∗, λ∗, ν∗).

Stationarity ∇f(x∗) +∑m
i=1 λ

∗
i∇gi(x∗) +∑p

i=1 ν
∗
i∇hi(x∗) = 0

Primal feasibility gi(x∗) ≤ 0, i = 1, . . . ,m
hi(x∗) = 0, i = 1, . . . , p

Dual feasibility λ∗
i ≥ 0, i = 1, . . . ,m

Complementary slackness λ∗
i gi(x∗) = 0, i = 1, . . . ,m
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2.4 Specific convex cones and projections

A small number of proper convex cones are used in practice to model a large variety

of convex optimisation problems arising from numerous applications. For example,

Vielma et al. [164] showed that all 333 convex problem instances in the MINLPLIB2

benchmark library [165] are representable by four standard cones.

This section concentrates on the zero cone, the nonnegative orthant, the second-

order cone and the semidefinite cone, the exponential cone and its dual, and the

power cone and its dual. For each cone we define the projection function which is

used in Chapter 3 as an important component to design first-order algorithms. We

also highlight some of the convex functions that are representable by each cone.

In some of the following chapters matrix data is considered in vectorized form. We

denote the vectorization of a matrix X by stacking its columns as x := vec(X)

and the inverse operation as vec−1(X) = mat(x). For symmetric matrices it is

often computationally beneficial to work only with the upper-triangular elements of

the matrix. Denote the transformation of a symmetric matrix V ∈ Sn with i, j-th

element Vij into a vector of upper-triangular elements as

svec(V ) :=
[
V11,
√

2V12, V22,
√

2V13,
√

2V23, V33,
√

2V14, . . . , Vnn

]>
.

Here the scaling factor of
√

2 preserves the matrix inner product, i.e. tr(AB) =

svec(A)>svec(B) for symmetric matrices A,B ∈ Sn. The inverse operation is

denoted by svec−1(s) =: smat(s).

2.4.1 Zero cone

The zero cone of dimension n is denoted as {0}n and defined as the set of vectors

with all elements equal to zero:

{0}n := {x ∈ Rn | xi = 0, ∀i = 1, . . . , n}.

The dual cone of the zero cone is the whole vector space ({0}n)∗ = Rn. Given a

vector x ∈ Rn the projection function (2.4) sets all the elements of the vector to
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zero:

Π{0}n(x) = 0n.

The zero cone is used to model convex equality constraints, e.g.

h(x) = b⇔ h(x)− b ∈ {0}n,

where x, b ∈ Rn and h is affine.

2.4.2 Nonnegative orthant

The nonnegative orthant Rn
+ is defined as the set of vectors with all elements greater

or equal zero:

Rn
+ := {x ∈ Rn | xi ≥ 0, ∀i = 1, . . . , n} .

The nonnegative orthant is a self-dual convex cone, i.e. Rn
+

∗ = Rn
+ with the following

projection function: (
ΠRn

+
(x)
)

i
=
xi xi > 0

0 otherwise.
The projection sets each nonpositive element of the input vector to zero. The

nonnegative orthant can be used to model inequality constraints, e.g.

g(x) ≤ 0⇔ −g(x) ∈ Rn
+,

where x ∈ Rn and g is convex.

2.4.3 Second-order cone

The second-order cone, also sometimes called the quadratic or Lorentz cone, denoted

as Kn
soc (or simply Ksoc if dimension is obvious from context), is defined as:

Kn
soc :=

{
(t, x) | x ∈ Rn−1, t ∈ R+, ‖x‖2 ≤ t

}
.

The second-order cone is self-dual, i.e. Ksoc = K∗
soc and a vector (t, x) is projected

onto it as follows:

ΠKsoc ((t, x)) =


0 ‖x‖2 ≤ −t
(t, x) ‖x‖2 ≤ t(

1
2 + 1+t

2‖x‖2

)
(t, x) ‖x‖2 ≥ |t| .

(2.11)
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The second-order cone can be used to model convex constraints such as

‖Ax̂+ b‖2 ≤ c>x̂+ d⇔
[
c>x̂+ d
Ax̂+ b

]
∈ Ksoc, (2.12)

where x̂, c ∈ Rr, A ∈ Rn−1×r, b ∈ Rn−1, d ∈ R.

The rotated second-order cone Kn
rsoc is obtained by applying a transformation

T =


1√
2

1√
2 0

1√
2 −

1√
2 0

0 0 In−2


that rotates the vector (u, v, x) ∈ Kn

soc by 45° in the (u, v)-plane. Thus, it is defined

as

Kn
rsoc :=

{
(u, v, x) | x ∈ Rn−2, u, v ≥ 0, ‖x‖2

2 ≤ 2uv
}
.

To project onto Krsoc one first undoes the rotation of the input vector, projects

using (2.11), and then applies the rotation again. Both the second-order cone and

the rotated second-order cone are shown in Figure 2.4.

−1 0 1 −1
0

10

0.5

1

x1
x2

t

(a) Second-order cone K3
soc.

0 1 −1
0

10

1

v
x

u

(b) Rotated second-order cone K3
rsoc.

Figure 2.4

The main advantage of Krsoc is that certain constraints are more naturally rep-

resented with Krsoc than with Ksoc. Some examples of constraints that can be

represented using a (rotated) second-order cone are listed in Table 2.2.
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Table 2.2: (Rotated) second-order cone representable constraints.

constraint conic representation

|x| ≤ t (t, x) ∈ K2
soc (absolute value)

‖x‖1 = ∑ |xi| ≤ t (ξi, xi) ∈ K2
soc ∀i, t = ∑

ξi (1-norm)
√
x ≥ |t| (0.5, x, t) ∈ K3

rsoc

t ≥ 1
x
, x > 0 (x, t,

√
2) ∈ K3

rsoc√
xy ≥ |t| , x, y ≥ 0 (x, y,

√
2t) ∈ K3

rsoc

t ≥ (x>x)/y, y ≥ 0 (0.5t, y, x) ∈ Kn+2
rsoc

0 ≤ t ≤ n
(∑ 1

xi

)−1
, xi ≥ 0 (ξi, xi, t) ∈ K3

rsoc ∀i,
∑
ξi = nt/2 (harmonic mean)

2.4.4 Positive semidefinite matrix cone

The positive semidefinite (matrix) cone is denoted as Sn
+ and defined as:

Sn
+ :=

{
X ∈ Sn | v>Xv ≥ 0 ∀v ∈ Rn

}
.

Figure 2.5 shows the PSD cone with coordinates (x, y, z) such that[
x y
y z

]
∈ S2

+.

−1 0 1 2 3
−2

0

2

0

1

2

x

y

z

Figure 2.5: Positive semidefinite cone S2
+.

The positive semidefinite cone is self-dual, i.e. Sn
+

∗ = Sn
+. The projection of a matrix

X ∈ Sn onto Sn
+ makes use of the eigendecomposition, i.e. X = V ΛV >, where V ’s

columns are formed by the eigenvectors v1, . . . , vn of X and Λ is a diagonal matrix
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where the diagonal entries correspond to the eigenvalues λ1, . . . , λn. The projection

is then given by removing the contribution of negative eigenvalues:

ΠSn
+
(X) =

n∑
i=1

max(λi, 0)viv
>
i . (2.13)

The positive semidefinite cone is used to model matrix constraints, i.e.

X � 0⇔ X ∈ Sn
+

as well as linear matrix inequalities (LMIs) involving a variable vector x ∈ Rm and

known data matrices A0, . . . , Am ∈ Sn of the form

A0 + A1x1 + A2x2 + · · ·+ Amxm � 0.

Moreover, we can upper-bound the largest eigenvalue λmax(X) ≤ t of X using

tI −X � 0

and the largest singular value σ1(X) ≤ t (the spectral norm ‖X‖2) using

t2I −X>X � 0.

The nuclear norm ‖X‖∗ = ∑n
i=1 σi(X) can be found by solving

maximize tr(X>Y )

subject to
[
I Y >

Y I

]
� 0.

Other PSD cone representable functions, such as quadratic-over-linear LMIs, arise

from Schur’s complement [75]. Given a block matrix M =
[
A B
B> C

]
with matrices

A ∈ Sp, B ∈ Rp×m, and C ∈ Sm the Schur complement S of block A given M is

defined as S := C −B>A−1B. Assuming A is invertible it holds that

• M � 0 if and only if A � 0 and C −B>A−1B � 0

• if A � 0, then M � 0 if and only if C −B>A−1B � 0.

Additionally, PSD cones are used to represent polynomial nonnegativity constraints

in the context of sum-of-squares problems [126].
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2.4.5 Exponential cone

The non-symmetric exponential cone Kexp ⊂ R3 is defined as

Kexp :=
{

(x, y, z) | y > 0, y exp
(
x

y

)
≤ z

}
∪ {(x, 0, z) | x ≤ 0, z ≥ 0}

with its dual given by

K∗
exp =

{
(u, v, w) | u < 0,−u exp

(
v

u

)
≤ exp(1)w

}
∪ {(0, v, w) | v ≥ 0, w ≥ 0} .

Here the second term in both unions makes the respective cone proper. The

exponential cone is shown in Figure 2.6(a). The projection of a vector v = (x, y, z)

onto the exponential cone is described in [125] and given by

ΠKexp(v) =


v v ∈ Kexp

03 −v ∈ K∗
exp

(x,max(y, 0),max(z, 0)) x < 0, y < 0
v̂∗ from (2.14) otherwise,

where in the last case v̂∗ denotes the optimal solution of the subproblem

minimize 1
2 ‖v̂ − v‖

2
2

subject to y exp
(

x
y

)
= z, y > 0. (2.14)

The subproblem can be solved efficiently for example by applying Newton’s method

to the dual problem. The exponential cone is mainly used to model constraints

involving the exponential function, logarithm function, or negative entropy function

f(x) = x log(x). Moreover, the “log-sum-exp trick” is a logarithmic change of

variables to convert non-convex geometric programs into convex optimisation

problems [27]. A non-exhaustive list of constraints that can be modelled using the

exponential cone is shown in Table 2.3.

2.4.6 Power cone

The three-dimensional power cone with exponent 0 < α < 1 is denoted as Kpow,α ⊂

R3 and defined as

Kpow,α :=
{
(x, y, z) | xαy1−α ≥ |z| , x ≥ 0, y ≥ 0

}
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Table 2.3: Exponential cone representable constraints.

constraint Kexp representation

t ≥ exp(x) (x, 1, t) ∈ Kexp

t ≤ log(x) (t, 1, x) ∈ Kexp

t ≤ −x log(x) (t, x, 1) ∈ Kexp (entropy)
t ≥ x log(x/y) (−t, x, y) ∈ Kexp

t ≥ 1/ log(x), x > 1 (ξ, t,
√

2) ∈ K3
rsoc, (ξ, 1, x) ∈ Kexp

t ≥ x exp(x), x ≥ 0 (1/2, ξ, x) ∈ K3
rsoc, (ξ, x, t) ∈ Kexp

t ≥ log(1 + exp(x)) ξ + ν ≤ 1,
(x− t, 1, ξ) ∈ Kexp, (−t, 1, ν) ∈ Kexp

t ≥ log(∑ exp(xi)) (xi − t, 1, ξi) ∈ Kexp ∀i,
∑
ξi ≤ 1 (log-sum-exp)

t ≥ − log( 1
1+exp(−w>x)) ξ + ν ≤ 1, (logistic cost)

(−w>x− t, 1, ξ) ∈ Kexp, (−t, 1, ν) ∈ Kexp

and its dual is given by

K∗
pow,α =

{
(u, v, w) |

(
u

α

)α ( v

1− α

)1−α

≥ |w| , u ≥ 0, v ≥ 0
}
.

The power cone Kpow, 1
3

is shown in Figure 2.6(b). The projection of a vector
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3
.

Figure 2.6

v = (x, y, z) onto Kpow,α is described by Hien [80] as

ΠKpow,α(v) =


v v ∈ Kpow,α

0 −v ∈ K∗
pow,α

(max(x, 0),max(y, 0), z) v /∈ Kpow,α,−v /∈ K∗
pow,α, z = 0

v̂∗ from (2.15) otherwise,
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where in the last case v̂∗ = (x̂, ŷ, ẑ) is determined by solving the subproblem

find r

subject to 1
2

(
x+

√
x2 + 4αr(|z| − r)

)α (
y +

√
y2 + 4(1− α)r(|z| − r)

)1−α
− r = 0

0 < r < |z| .
(2.15)

Once the unique solution r is found the components of the projected vector v̂ are

given by

x̂ = 1
2

(
x+

√
x2 + 4αr(|z| − r)

)
ŷ = 1

2

(
y +

√
y2 + 4(1− α)r(|z| − r)

)
ẑ = r

z

|z|
.

The power cone can be used to bound functions with powers and the p-norm of a

vector x ∈ Rn, i.e. ‖x‖p ≤ t, see Table 2.4.

Table 2.4: Power cone representable constraints.

constraint Kpow,α representation

t ≥ |x|p , p > 1 (t, 1, x) ∈ Kpow,1/p (powers)
|t| ≤ xp, x > 0, p ∈ (0, 1) (x, 1, t) ∈ Kpow,p

t ≥ 1/xp, x > 0, p > 0 (t, x, 1) ∈ Kpow,1/(1+p)

t ≥ ‖x‖p , x ∈ Rn, p > 1 (ξi, t, xi) ∈ Kpow,1/p ∀i,
∑n

i ξi = t (p-norm)
|t| ≤ n

√
x1 · · ·xn, xi > 0 (ξi, xi, ξi+1) ∈ Kpow,1−1/i i = 2, . . . , n (geometric mean)

ξ2 = x1, ξn+1 = t

2.4.7 Conic constraints from convex sets and functions

The cones introduced in Section 2.4.1–Section 2.4.6 can be used to represent a wide

variety of nonlinear convex constraints. More generally, conic constraints can be

constructed from constraints involving convex sets and convex functions with the

help of the perspective function; see Boyd and Vandenberghe [25]. The perspective

function p : Rn+1 → Rn, for a vector (x, y) with x ∈ Rn and y > 0 is defined as

p(x, y) := 1
y
x. (2.16)
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The perspective function normalizes the first n components of the vector with

respect to the last component and then discards the last component. We can use

the fact that the pre-image of any nonempty convex set C as viewed through the

perspective function is a convex cone:

K = {(x, y) ∈ Rn × R | 1
y
x ∈ C, y > 0} ∪ {(0, 0)}.

Notice that the union with the origin makes the cone proper. This identity allows

us to turn any convex set constraint into a convex conic constraint, i.e.

x ∈ C ⇔ (x, 1) ∈ K.

Similar to (2.16) the perspective of a function f : Rn → R is defined as the function

pf : Rn+1 → R:

pf (x, y) := yf

(
x

y

)
with dom pf = {(x, y) | 1

y
x ∈ dom f, y > 0} which preserves the convexity of f .

Moreover, the epigraphs of pf and f are related:

(x, y, t) ∈ epi pf ⇔ f(x/y) ≤ t/y ⇔ (x/y, t/y) ∈ epi f.

Therefore, the set given by the epigraph of the perspective of a convex function f

is a convex cone

epi pf = {(x, y, t) ∈ Rn × R× R | yf(x/y) ≤ t, y > 0},

which we can turn into a proper cone by adding the origin

K = epi pf ∪ {(0, 0, 0)}.

This identity can be used to turn a convex epigraph-type constraint f(x) ≤ t into a

conic constraint, i.e.

f(x) ≤ t⇔ (x, 1, t) ∈ K.

An example for this is the exponential cone discussed in Section 2.4.5, which is

the epigraph of the perspective applied to f(x) = exp(x), made proper by the

application of the closure operator.
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2.4.8 Box

Although not a cone, the box B defined as

B := {x | l ≤ x ≤ u}

with x, l and u ≥ l ∈ Rn is a convex compact set and can be used to model two-sided

constraints. The projection onto B, also called the saturation-operator, is applied

element-wise

ΠB(xi) = max(min(xi, ui), li).

Notice that any constraints involving B are representable by an intersection of

one-sided conic constraints using the nonnegative orthant Rn
+. The support function

of the box with boundaries l and u is given by

σB(x) = 〈l,min(x, 0)〉+ 〈u,max(x, 0)〉.

2.5 Conic optimisation

A subset of convex optimisation problems are (convex) conic problems or cone

programs. In standard form, they have a linear objective function in x ∈ Rn, some

affine equality constraints and a constraint that requires x to be inside a proper

convex cone K:
minimize q>x
subject to Ax = b

x ∈ K,
(2.17)

where q ∈ Rn, A ∈ Rm×n and b ∈ Rm. Alternatively, cone programs can be

expressed in inequality form:

minimize q>x
subject to Fx+ g �K 0,

where F ∈ Rm×n, g ∈ Rm and we make use of the generalized vector inequality

notation introduced in (2.1). The advantage of the conic problem format is that a

large number of convex optimisation problem classes can be expressed in this form

by choosing a small number of proper convex cones. Moreover, this format allowed

IPMs for linear programs to be extended to convex conic programs. In the following
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sections we introduce some of the most common conic classes; linear programs,

quadratic programs, second-order-cone programs, and semidefinite programs.

2.5.1 Linear and quadratic programs

A QP consists of a quadratic objective function with equality and inequality

constraints:
minimize 1

2x
>Px+ q>x

subject to Ax ≤ b
Cx = d,

(2.18)

where P ∈ Sn
+, A ∈ Rm×n, b ∈ Rm, C ∈ Rp×n, d ∈ Rp. The equality and inequality

constraints form a polytope and for a feasible problem with some active constraint(s)

the solution will be on the boundary of the polytope P, see Figure 2.7(a). The

constraints can be modelled using the zero cone {0}p and the nonnegative orthant

Rm
+ . It is possible to transform (2.18) into the conic standard form (2.17) by

modelling the quadratic part of the objective function using an additional second-

order cone constraint. If P = 0 the objective function becomes linear and the

problem is called a linear program (LP). If the optimal solution for an LP is unique

it is found on one of the vertices of the constraint polytope P , see Figure 2.7(b).

P

x∗

(a) Optimal point x∗ on the boundary
of the constraint set (QP).

P x∗

(b) Optimal point x∗ on the vertex of the
constraint set (LP).

Figure 2.7
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2.5.2 Second-order cone programs

A second-order cone program (SOCP) has a linear cost function and second-order

cone constraints:

minimize q>x
subject to ‖Aix+ bi‖2 ≤ c>

i x+ di, i = 1, . . . , p

where Ai ∈ Rm×n, bi ∈ Rm, ci ∈ Rn and d ∈ R. Using the transformation of (2.12)

the constraint can be written as:[
c>x+ d
Ax+ b

]
∈ Km+1

soc .

Furthermore, notice that any strictly convex quadratic constraint:

x̂P x̂+ 2q>x̂+ r ≤ 0

with P ∈ Sn
++, x̂, q ∈ Rn−1, r ∈ R and Cholesky factorisation P = LL> can be

written in the form of (2.12):

xPx+ 2q>x̂+ r ≤ 0⇔
∥∥∥Lx+ L−1q

∥∥∥
2
≤
√
−r + q>P−1q.

This shows how QPs and quadratically constrained QPs can be solved with the

help of second-order cones. More examples of applications involving using second-

order-cones are described in [99].

2.5.3 Semidefinite programs

The optimized variable in a standard form SDP is a symmetric matrix X ∈ Sn. The

objective is linear in X and X is constrained to be positive semidefinite:

minimize 〈C,X〉
subject to 〈Ai, X〉 = bi i = 1, . . . ,m

X ∈ Sn
+,

where Ai, C ∈ Sn and bi ∈ R. The inequality form of an SDP is written in form of

a variable x ∈ Rm and has LMI constraints:

minimize q>x
subject to A0 + A1x1 + A2x2 + · · ·+ Amxm ∈ Sn

+,
(2.19)
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with problem matrices A0, A1, . . . , Am ∈ Sn.

It can be useful to consider the dual of an SDP, as in some cases it might be easier

to solve or may possess a certain favourable structure. The dual can be derived by

following the steps discussed in Section 2.3.1 and then making the constraints that

describe the domain of the dual function explicit. The Lagrangian of a standard

form SDP is given by

L(X,Y, ν) = 〈C,X〉+
m∑

i=1
νi (〈Ai, X〉 − bi)− 〈X,Y 〉,

where we introduce the dual variables ν ∈ Rm for the equality constraints and a

positive semidefinite dual matrix variable Y ∈ Sn
+ for the conic inequality constraint.2

The dual function is given by:

d(Y, ν) = inf
X
L(X,Y, ν)

= inf
X

(
〈C,X〉+

m∑
i=1

νi (bi − 〈Ai, X〉)− 〈X,Y 〉
)
.

Next, we use the derivative of the terms w.r.t. to X to express the condition that

we want d(Y, ν) > −∞:

d(Y, ν) = b>ν + inf
X

(
〈C,X〉 −

m∑
i=1

(νi〈Ai, X〉)− 〈X,Y 〉
)

=
b>ν if C − A>ν − Y = 0,
−∞ otherwise,

(2.20)

where A = [vec(A1), . . . , vec(Am)] contains the vectorised coefficient matrices as

columns. Next, we maximize the dual function to find the best lower-bound on p∗

to obtain the dual form SDP:

maximize b>ν
subject to A>ν + Y = C

Y ∈ Sn
+.

(2.21)

Notice that this form is essentially the inequality form SDP in (2.19).

2The positive semidefiniteness of Y follows from the dual feasibility condition, see Table 2.1.
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2.6 Nonexpansive operators

There exist many approaches to solve convex optimisation problems. Monotone

operator theory offers a unified framework to derive and analyse properties, such

as convergence, of many first-order algorithms. The general idea is to transform

the original problem of finding the zero of a monotone operator into a problem

of finding a fixed-point of a related nonexpansive operator and then performing a

fixed-point iteration. While initially developed for functional analysis and partial

differential equations, the theory was applied to design iterative algorithms for

convex optimisation problems in the 1970s [94, 144]. The literature on this topic

is extensive, and we focus here on the tools necessary to provide a link to the

ADMM algorithm in Chapter 3 and the acceleration techniques in Chapter 5.

Good overviews on monotone operator theory and its relationship with convex

optimisation are provided by Bauschke and Combettes [12] and Ryu and Boyd

[144].

We consider in the following multivalued operators or relations, i.e. A : H → 2H on

a Hilbert space H. This means that for x ∈ H, A(x) is a (possibly empty) subset

of H, notated as A(x) = {y | (x, y) ∈ A}. The identity operator is denoted as

Id = {(x, x) | x ∈ H} and the inverse operator as A−1 = {(y, x) | (x, y) ∈ A}.

In this section we will discuss operators which are monotone.

Definition 2.6.1 (Monotone operator). Let A : H → 2H. Then A is called

monotone if

(v − w)>(x− y) ≥ 0

for all (x, v) ∈ A, (y, w) ∈ A. A(x) is maximally monotone if there exists no

monotone operator B(y) that properly contains it, i.e. for every (x, v) ∈ A

(x, v) ∈ A⇔ (∀(y, w) ∈ A) 〈x− y, v − w〉 ≥ 0.

Important properties of monotone operators are:

• If F and G are monotone, F +G is monotone.
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• If F is (maximally) monotone, then F−1 is (maximally) monotone.

If F (x) is a singleton, F is a function. For operators (or mappings) that map onto

Rn we define the following useful properties.

Definition 2.6.2 (Nonexpansive operator). An operator F : D ⊆ Rn → Rn has a

Lipschitz constant L if it satisfies

‖Fx− Fy‖ ≤ L ‖x− y‖ ∀x, y ∈ D.

When L = 1, F is called nonexpansive and when L < 1, F is called contractive.

Examples of contractive and nonexpansive operators are shown in Figure 2.8.

x

y

Fx

Fy

(a) Contractive operator.

x

y Fx

Fy

(b) Nonexpansive operator.

Figure 2.8

An important property of operators for the design of converging algorithms is firmly

nonexpansiveness.

Definition 2.6.3 (Firmly nonexpansive operator). An operator F : D → Rn is said

to be firmly nonexpansive if, for all x, y ∈ D it holds:

〈Fx− Fy, x− y〉 ≥ ‖Fx− Fy‖2 .

Note that firmly nonexpansive ⇒ nonexpansive.

For nonexpansive operators we are often interested in finding the fixed-points.

Definition 2.6.4 (Set of fixed-points). For an operator F : Rn → Rn the set of

fixed-points is defined as:

FixF := {x ∈ domF | x = Fx} .
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If F is nonexpansive and domF = Rn, then FixF is closed and convex [144].

Given a nonexpansive operator F we can define modified operators that allow

algorithms with more favourable convergence properties, such as the α-averaged

operator.

Definition 2.6.5 (α-averaged operator). Consider the operator F : D → Rn and

let α ∈ (0, 1). Then F is called α-averaged if there exists a nonexpansive operator

R : D → Rn such that

F = (1− α)Id + αR.

If R is nonexpansive, then F is nonexpansive and for α ∈]0, 1/2] firmly nonexpan-

sive [12, Remark 4.37]. α-averaged operators have the property that the fixed-point

iteration xk+1 = Fxk converges to a fixed point if one exists [144]. This is not

generally the case for merely nonexpansive operators.

An important class of algorithms to solve constrained, non-smooth and large-scale

optimisation problems are called proximal algorithms. A comprehensive overview

of the topic is given by Parikh and Boyd [125]. The main building block for this

family of algorithms is the proximal operator of a function.

Definition 2.6.6 (Proximal operator of f). The proximal operator proxf : Rn →

Rn of a closed proper convex function f : Rn → R ∪ {+∞} is defined as

proxf (y) := argmin
x

(
f(x) + 1

2 ‖x− y‖
2
)
. (2.22)

Sometimes the scaled version of the operator is considered and denoted as

proxρf (y) := argmin
x

(
f(x) + 1

2ρ ‖x− y‖
2
)
, (2.23)

with parameter ρ > 0.

Evaluating the proximal operator requires itself solving a small convex optimisation

problem. Since the function is strongly convex, a unique minimizer exists for every

y ∈ Rn. In the context of convex optimisation algorithms the proximal operator is

often evaluated for the indicator function (2.3) of a closed nonempty convex set C.
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In such cases the operator becomes the (Euclidean) projection onto C (2.4), which

is firmly nonexpansive.

We introduce three more operators that appear as building blocks in many proximal

point algorithms and in Chapter 3 for ADMM.

Definition 2.6.7 (Resolvent operator). The resolvent operator of an operator F is

defined as

RF := (Id + αF )−1,

where α > 0. The resolvent operator is firmly nonexpansive for maximally monotone

F [12, Corollary 23.11].

Definition 2.6.8 (Cayley operator). The Cayley operator of an operator F is

defined in terms of the resolvent operator

CF := 2RF − Id.

It is also called reflected resolvent operator of F .

For a maximal monotone operator F , CF is nonexpansive [12, Corollary 23.11].

Both RF and CF are used to transform the problem of finding a zero of the operator

0 ∈ F (x) into the problem of finding the fixed points of RF or CF . We further

define the subdifferential ∂f(x).

Definition 2.6.9 (Subdifferential). The subdifferential ∂f(x) of f : Rn → R∪{∞}

at x is given by

∂f(x) = {g | g>(y − x) ≤ f(y)− f(x), ∀y ∈ dom f},

i.e. a closed convex set of all subgradients. If f is convex, closed, and proper, then

∂f is a maximal monotone operator [144].

We note the following relationship: The resolvent of the subdifferential operator ∂f

equals the proximal operator associated with f , i.e.

x = R∂f (y) = (Id + α∂f)−1(y)⇔ x+ α∂f(x) 3 y (2.24)

⇔ 0 ∈ ∂x

(
αf(x) + 1

2 ‖x− y‖
2
2

)
⇔ x = argmin

x

(
f(x) + 1

2α ‖x− y‖
2
2

)
.
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3.1 Introduction

In this chapter we develop a first-order algorithm for large convex conic opti-

misation problems. The algorithm extends the standard conic form (2.17) to

support quadratic objective functions. As shown in Section 2.5 the conic problem

format provides a unifying framework to model the standard problem classes

encountered in convex optimisation: linear programs, quadratic programs, second-

order cone programs and semidefinite programs. Moreover, many non-standard

convex optimisation problems can be represented using some combination of the

cones introduced in Section 2.4. We will demonstrate the flexibility of the format

in modelling a variety of problems involving standard and non-standard cones

in Section 3.9.

Methods to solve each of the above mentioned standard problem classes in polynomial

time are well known and a number of open- and closed-source solvers are widely

available. However, the trend for data and training sets of increasing size in control

and decision making problems as well as machine learning poses a challenge for

state-of-the-art software. Algorithms for LPs were first used to solve military

planning and allocation problems in the 1940s [36]. In 1947 Dantzig developed the

simplex method that solves LPs by searching for the optimal solution among the

vertices of the feasible set defined by the linear inequality constraints. Extensions

to the method led to the general field of active-set methods [168] that are able

to solve both LPs and QPs, and which search for an optimal point by iteratively

constructing a set of active constraints. Although often efficient in practice, a major

theoretical drawback is that the worst-case complexity increases exponentially with

the problem size [173].

The most common approach taken by modern convex solvers is the interior-point

method [173], which stems from Karmarkar’s original projective algorithm [87],
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and is able to solve both LPs and QPs in polynomial time. IPMs have since been

extended to problems with PSD constraints in [4] and [120]. The primal-dual

interior point methods apply variants of Newton’s method to iteratively find a

solution to a set of optimality KKT conditions [76]. At each iteration the algorithm

alternates between a Newton step that involves factoring a Jacobian matrix and

a line search to determine the magnitude of the step to ensure a feasible iterate.

Most notably, the Mehrotra predictor-corrector method in [107] forms the basis of

several implementations because of its strong practical performance [172]. However,

interior-point methods typically do not scale well for very large problems since the

Jacobian matrix must be calculated and factored at each step.

Different approaches to overcome this limitation are active research areas. Firstly,

a renewed focus on first-order methods with computationally cheaper per-iteration-

cost. First-order methods are known to handle larger problems well at the

expense of reduced accuracy compared to interior-point methods. In the 1960s

Everett [45] proposed a dual decomposition method that allows one to decompose a

separable objective function, making each iteration cheaper to compute. Augmented

Lagrangian methods by Miele ([108–110]), Hestenes [78], and Powell [130] are

more robust and helped to remove the strict convexity conditions on problems,

while losing the decomposition property. By splitting the objective function, the

alternating direction method of multipliers, first described in [55, 64], allowed the

advantages of dual decomposition to be combined with the superior convergence

and robustness of augmented Lagrangian methods. Subsequently, it was shown that

ADMM can be analysed from the perspective of monotone operators and that it is

a special case of Douglas-Rachford splitting [44] as well as of the proximal point

algorithm in [138], which allowed further insight into the method.

ADMM methods are simple to implement and computationally cheap, even for large

problems. However, they tend to converge slowly to a high accuracy solution and

the detection of infeasibility is more involved compared to interior-point methods.

They are therefore most often used in applications where a modestly accurate

solution is sufficient [125]. Most of the early advances in first-order methods such
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as ADMM happened in the 1970s/80s long before the demand for large scale

optimisation, which may explain why they stayed less well-known and have only

recently resurfaced.

Another approach to improve the solution times for very large problems is to

exploit sparsity in the problem data. This approach will be discussed in more detail

in Chapter 4.

3.1.1 Related Work

Widely used solvers for conic problems, especially SDPs, include SeDuMi [149],

SDPT3 [154] (both open source, MATLAB), and MOSEK [114] (commercial, C) among

others. All of these solvers implement primal-dual interior-point methods.

The SDP-solver SDPNAL [178] (open source, MATLAB) is based on the augmented

Lagrangian method. Since the augmented Lagrangian resulting from their problem

definition contains a projection operator, SDPNAL is using an inexact semismooth

Newton method to solve the inner minimization problem. They further use the

conjugate gradient method to solve the linear system at each Newton step.

Several other first-order solvers, based on ADMM, have been released recently.

The solver OSQP [148] is implemented in C and detects infeasibility based on the

differences of the iterates [10] but only solves LPs and QPs. The C-based SCS [122]

implements an operator splitting method that solves the primal-dual pair of conic

programs in order to provide infeasibility certificates. The underlying homogeneous

self-dual embedding method has been extended by [181] to exploit sparsity and

implemented in the MATLAB solver CDCS. The conic solvers SCS and CDCS are

unable to handle quadratic cost functions directly. Instead they are forced to

reformulate problem with quadratic objective functions by adding a second-order

cone constraint, which increases the problem size. Moreover, they rely on primal-dual

formulations to detect infeasibility.
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3.1.2 Outline

Section 3.2 introduces the ADMM algorithm as an extension of two precursors, the

dual ascent method and the Augmented Lagrangian method of multipliers. We show

how ADMM can also be viewed as a proximal point algorithm. In Section 3.3 we

define the general conic problem format, its dual problem, as well as optimality and

infeasibility conditions. Section 3.4 gives the details of the ADMM algorithm that

is used by COSMO. Problem scaling to improve the convergence and the termination

criteria of the algorithm are described in Section 3.5 and Section 3.6. Details

on the implementation of the algorithm in the programming language Julia are

discussed in Section 3.8. Section 3.9 demonstrates the performance of COSMO vs.

other state-of-the art solvers on a number of benchmark problems. Section 3.10

concludes the chapter.

3.1.3 Contributions

With the solver package described in this chapter we make the following contribu-

tions:

1. We implement a first-order method for large conic problems that is able to

detect infeasibility without the need of a homogeneous self-dual embedding.

2. COSMO supports any combination of conic constraints with a quadratic objective

function, thus reducing the overhead for applications with both quadratic

objective function and PSD constraints. This also avoids a major disadvantage

of existing conic solvers compared to native QP solvers, i.e. no additional

matrix factorisation for the conversion into a second-order cone constraint is

needed and favourable sparsity in the objective can be maintained.

3. The open-source solver is written in a modular way in the fast and flexible

programming language Julia. The design allows users to extend the solver

by specifying a specific linear system solver and by defining their own convex

cones or custom projection methods. We show how this allows more natural

problem formulations and that it can lead to significant performance gains.
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4. The core solver serves as a platform to integrate more advanced features

such as chordal decomposition and clique merging (Chapter 4) as well as

acceleration techniques (Chapter 5).

3.2 Background

In this chapter we develop an ADMM based algorithm to solve general convex conic

problems. Before describing the specific algorithm and design decisions we derive

the general form of ADMM and discuss method properties such as convergence,

decomposability, and the range of problems that can be modelled. ADMM can

be discussed (and derived) from at least two different view points. In the 1970s

Gabay and Mercier [55] developed ADMM to solve nonlinear variational problems.

It combined the advantages of two methods that were previously developed, the

decomposability of dual ascent method and the robustness of Augmented Lagrangian

methods.

In the early 1980s Gabay [54] showed that ADMM is equivalent to the Douglas-

Rachford splitting. The Douglas-Rachford splitting in turn was shown to be a

specific case of the proximal point algorithm [43], which completed the link between

ADMM and proximal point algorithms. This means that ADMM can be expressed

using the proximal operator (2.22) and many powerful convergence results from

monotone operator theory can be applied. In this section we will briefly show how

to derive the general form of the ADMM algorithm and how it can be interpreted

from these two different viewpoints. A good overview on ADMM is provided in the

survey paper by Boyd et al. [28]

We now turn to the general form of an equality-constrained convex optimisation

problem:
minimize f(x)
subject to Ax = b,

(3.1)

with convex objective f : Rn → R, decision variable x ∈ Rn and constraint matrix

A ∈ Rm×n. While the constraint of (3.1) looks like it would restrict the type

of problems that can be represented, one has to remember that other convex
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constraints, e.g. conic constraints, can be modelled by adding them to the objective

function f using the indicator function (2.3).

3.2.1 Dual ascent method

A natural way to solve (3.1) is to transform it into an unconstrained problem and

use a (sub)gradient method to find a solution. To achieve this we follow the steps

discussed in Section 2.3.1 to derive the dual problem. The Lagrangian for (3.1) is

given by

L(x, y) = f(x) + y>(Ax− b),

with dual variable y. Consequently, the dual problem is derived by maximizing

the dual function g(y) = infx L(x, y). We can find the optimal solution y∗ by using

gradient ascent:

yk+1 := yk + ηk∇g

with step size (or learning rate) ηk > 0 and where ∇g is the gradient of g(y) =

Axk+1− b which we iteratively evaluate at xk+1. This yields the dual ascent method

xk+1 := argmin
x

L(x, yk)

yk+1 := yk + ηk(Axk+1 − b).

Assuming strong duality, an appropriate choice for ηk, and a strongly convex f , the

method converges linearly to the optimal solution. The strong convexity requirement

rules out a lot of potential problems, e.g. with affine objectives. One advantage of

the dual ascent method is that it leads to decentralised algorithms if f is separable

w.r.t. x, i.e.

f(x) =
N∑

i=1
fi(xi)

where the decision variable x = (x1, . . . , xN) has been partitioned into subvectors

xi. Assuming we partition the constraint matrix along the appropriate dimensions

A = [A1 · · ·AN ] the Lagrangian will also be separable in x

L(x, y) =
N∑

i=1
Li(xi, y)
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which means that the first step in (3.2) can be carried out in parallel in N separate

steps

xk+1
i := argmin

xi

Li(xi, y
k)

yk+1 := yk + ηk(Axk+1 − b).

This decomposition property has been discussed in the 1960s by Everett [45] and

actively researched in the 1980s [156, 157] and in the 1990s [32]. The algorithm

design can be viewed as N individual agents receiving the latest global variable

yk from a coordinator, then calculating their individual contribution xk+1
i to xk+1,

which is then send back to the coordinator.

3.2.2 Augmented Lagrangian methods

Augmented Lagrangian methods were first discussed in the late 1960s by Hestenes

[78] and Powell [130]. Their idea is to relax the restrictions on f in the dual ascent

method to handle more general problems. Similarly to penalty methods, a penalty

term with penalty parameter ρ > 0 is added to the Lagrangian

Lρ(x, y) = f(x) + y>(Ax− b) + ρ

2 ‖Ax− b‖
2
2 .

While this does not change the optimal solution of the problem, it makes the new

objective strongly convex, provided A has full rank. Applying dual ascent yields

the method of multipliers

xk+1 := argmin
x

Lρ(x, yk)

yk+1 := yk + ηk(Axk+1 − b).

This method converges for convex f and can also handle cases where f becomes

+∞, e.g. through the application of the indicator function. The disadvantage of

this method is that the penalty term removes the separability of the Lagrangian

when f is separable, removing an important computational advantage of the dual

ascent approach, and making this method unusable for decentralised architectures.
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3.2.3 Alternating direction method of multipliers

The alternating direction method of multipliers was developed by Gabay and Mercier

[55] by combining a decomposition of the augmented Lagrangian functional with a

dual ascent algorithm. It turns out that ADMM inherits the robustness properties

of the augmented Lagrangian method and the decomposability of the dual ascent

method. A general problem format for ADMM is obtained by splitting the objective

into two separable parts, f(x) and g(z), and then linking the variables x ∈ Rn and

z ∈ Rm by a set of equality constraints

minimize f(x) + g(z)
subject to Ax+Bz = c,

(3.5)

with A ∈ Rp×n and B ∈ Rp×m. The ADMM algorithm is obtained by first

constructing the augmented Lagrangian for the problem

Lρ(x, z) = f(x) + g(z) + y>(Ax+Bz − c) + ρ

2 ‖Ax+Bz − c‖2
2

and then minimizing with respect to the two variables followed by a dual variable

update:

xk+1 := argmin
x

Lρ(x, zk, yk) = argmin
x

f(x) + ρ

2

∥∥∥∥∥Ax+Bzk − c+ 1
ρ
yk

∥∥∥∥∥
2

2

 (3.6)

zk+1 := argmin
z

Lρ(xk, z, yk) = argmin
z

g(x) + ρ

2

∥∥∥∥∥Axk+1 +Bz − c+ 1
ρ
yk

∥∥∥∥∥
2

2


yk+1 := yk + ρ(Axk+1 +Bzk+1 − c).

This leads to an alternating minimization scheme that gives the method its name.

From the algorithm one can see that the splitting of the function allows us to handle

problems with separable cost functions f or g. It was shown that ADMM converges

for proper closed convex functions f : Rn → R ∪ {+∞} and g : Rm → R ∪ {+∞}

if primal and dual optimal points (x∗, z∗, y∗) exist and strong duality holds [28].

Moreover, both functions are allowed to be non-smooth. Notice that the extended

domains of f and g allow us to use indicator functions of nonempty convex sets to

model problems with conic constraints.
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As noted at the beginning of Section 3.2, ADMM can also be derived as a proximal

point algorithm and is identical to Douglas-Rachford splitting [94]. We will briefly

demonstrate this as it can be helpful to interpret ADMM from the angle of an

averaged nonexpansive fixed-point operator. The idea is to represent the problem

form (3.5) as a stationary problem, i.e. the problem of finding the zero of the split

operator

0 ∈ F (z) +G(z) (3.7)

with maximal monotone operators F and G.

If the problem has a solution, the Douglas-Rachford method was shown to find the

zeros for this problem by applying the iteration

vk+1 := (1
2Id + 1

2CFCG)(vk), zk+1 := RG(vk+1) (3.8)

where CF and CG are the Cayley operators of F and G, and RG is the resolvent

operator of G. To transform ADMM into the problem form (3.7) notice that for an

unconstrained split problem it holds:

minimize d1(u) + d2(u)⇔ 0 ∈ ∂d1(u) + ∂d2(u).

This problem form can be achieved by writing down the Fenchel dual of (3.5) which

we will do using image functions as outlined in [63]:

(D . ψ)(y) := inf{ψ(x) | Dx = y}, (3.9)

where D ∈ Rn×m and ψ : Rn → R ∪ {+∞}. Using (3.9) the ADMM problem

format (3.5) can be written in the unconstrained Douglas-Rachford compatible form

minimize (−A . f)(−u− c)︸ ︷︷ ︸
d1(u)

+ (−B . g)(u)︸ ︷︷ ︸
d2(u)

.
(3.10)

To write down the Douglas-Rachford algorithm for (3.10) we have to evaluate the

Cayley operators CF , CG applied to F (u) = ∂d1(u) and G(u) = ∂d2(u). The link

to proximal point algorithms is established by the fact that the Cayley operator is
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the reflected resolvent operator: CF = 2RF − Id, and the resolvent operator of the

subdifferential mapping ∂d is precisely the proximal operator (2.22) applied to d, i.e

x = R∂d(y)⇔ x = proxαd(y),

which we established in (2.24). Consequently, the Douglas-Rachford splitting (3.8)

can then be written in terms of proximal operators whose outcomes are stored in

intermediate variables x, z:

zk := proxγd2(vk) (3.11a)

xk := proxγd1(2zk − vk) (3.11b)

vk+1 := vk + (xk − zk). (3.11c)

The relaxed or averaged form of Douglas-Rachford splitting is written as

vk+1 := vk + 2α(xk − zk), with α ∈ (0, 1).

For Douglas-Rachford splitting we consider the following convergence result:

Theorem 2 ([12, Theorem 26.11]). Assume F (z) and G(z) are maximal monotone

operators and a solution to the stationary problem

find z s.t. 0 ∈ F (z) +G(z) (3.12)

exists. Then there exists a fixed point v∗ ∈ FixCFCG and the Douglas-Rachford

iteration (3.11a)–(3.11c) produces converging iterates vk → v∗. Moreover, zk =

RG(vk) converges to the solution z∗ of (3.12).

Proof. To prove convergence of vk we define the Douglas-Rachford operator D =

RFCG +Id−RG. Since RF , RG and Id−RG are firmly nonexpansive, it holds that D

is firmly nonexpansive with fixed points FixD = FixCFCG [12, Proposition 4.31].

By substituting D(vk) = vk + xk − zk into (3.11c) we get vk+1 = vk + (Dvk − vk).

Together with the assumption that FixD 6= ∅ and the firm nonexpansiveness

of D it follows that the sequence (vk)k∈N is bounded and converges to a point

v ∈ FixD. [12, Corollary 5.17]. The convergence of zk follows from the continuity

of RG.
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Evaluating the proximal operators of the Douglas-Rachford iteration (3.11a) – (3.11c)

yields ADMM in α-averaged operator form, i.e. the algorithm is written as an

operator acting on a single vector vk:

zk := argmin
z

{
g(z) + ρ

2
∥∥∥Bz + vk

∥∥∥2

2

}
xk := argmin

x

{
f(x) + ρ

2
∥∥∥Ax+ 2Bzk + vk − c

∥∥∥2

2

}
vk+1 := vk + 2α(Axk +Bzk − c),

with α > 0 and ρ = 1
γ
. This alternative form of ADMM differs from the standard

algorithm form in (3.6) in the order of the minimization steps and the operator

variable v. Giselsson et al. [63] show how each form can be transformed into the

other.

3.3 Conic problem format

In the following we develop the ADMM-based algorithm from Section 3.2.3 for a

more specific problem format and problem splitting. In particular, we will address

the convex optimisation problem with quadratic objective function and a number

of conic constraints
minimize 1

2x
>Px+ q>x

subject to Ax+ s = b
s ∈ K,

(3.14)

where x ∈ Rn is the primal decision variable and s ∈ Rm is the primal slack variable.

The objective function is defined by positive semidefinite matrix P ∈ Sn
+ and vector

q ∈ Rn. The constraints are defined by matrix A ∈ Rm×n, vector b ∈ Rm and a

proper convex cone K which itself can be a Cartesian product of cones

K = Km1
1 ×Km2

2 × · · · × K
mN
N , (3.15)

with cone dimensions ∑N
i=1 mi = m. As shown in Section 2.4 any LP, QP,

SOCP, SDP, and generally problems with convex constraints can be written in the

form (3.14) using an appropriate choice of cones.
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3.3.1 Dual problem and optimality conditions

Before stating the optimality conditions for the quadratic conic problem for-

mat (3.14) we derive the corresponding dual problem. The Lagrangian for (3.14) is

given by

L(x, s, y) = 1
2x

>Px+ q>x+ y>(b− Ax− s),

with dual variable y and with the domain of L domL = Rn ×K × Rm. The dual

function is derived as follows

d(y) := inf
x,s
L(x, s, y)

= inf
x

{
1
2x

>Px+ (−A>y + q)>x
}

+ b>y + inf
s∈K

{
−y>s

}
= inf

x

{
1
2x

>Px+ (−A>y + q)>x
}

+ b>y − sup
s∈K

{
y>s

}
.

The infimum of the terms that depend on x is obtained at Px − A>y + q = 0.

Notice that the last term in the sum is simply the indicator function of the polar

cone K◦. The dual problem associated with (3.14) is then given by maximizing the

dual function

maximize − 1
2x

>Px+ b>y

subject to Px− A>y = −q (3.16)

y ∈ K◦.

The first-order conditions for optimality (assuming linear independence constraint

qualification) follow from the KKT conditions (Table 2.1):

Ax+ s = b, (3.17a)

Px+ q − A>y = 0, (3.17b)

s ∈ K, y ∈ NK(s), (3.17c)

where the normal cone ensures the complementary slackness condition. Assum-

ing strong duality, if there exists a x∗ ∈ Rn, s∗ ∈ Rm, and y∗ ∈ Rm that

fulfil (3.17a)–(3.17c) then the pair (x∗, s∗) is called the primal solution and y∗

is called the dual solution of problem (3.14).
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If instead of a Cartesian product of cones K we allow a product KB = K × B of

cones and a compact set B in the constraints, we have to use the modified dual

problem definition

maximize − 1
2x

>Px+ b>y − σKB(y)

subject to Px− A>y = −q

y ∈ (K∞
B )◦.

This allows for example a constraint involving the box discussed in Section 2.4.8.

3.3.2 Infeasibility certificates

Primal and dual infeasibility conditions based on successive iterates were developed

for Douglas-Rachford splitting / ADMM by [10, 98]. We are applying the results

of Banjac et al. [10] to the problem form (3.14). These conditions are based on

separating hyperplanes that separate the constraints in the primal problem (3.14)

and dual problem (3.16) respectively. To simplify the notation of the conditions,

define the cone K̄ := −K + {b}. Then, the sets

P =
{
x ∈ Rn | Px = 0, Ax ∈ K̄∞, 〈q, x〉 < 0

}
, (3.18a)

D =
{
y ∈ Rm | A>y = 0, σK̄(y) < 0

}
(3.18b)

provide certificates for primal and dual infeasibility. The existence of some y ∈ D

certifies that problem (3.14) is primal infeasible, while the existence of some x ∈ P

certifies dual infeasibility.

3.4 ADMM algorithm

We use the same splitting as in [148] to transform problem (3.14) into the standard

ADMM format (3.5). First we introduce the dummy variables x̃ = x and s̃ = s and

then stack them appropriately as the ADMM variables x = (x̃, s̃) and z = (x, s).

We then choose the objective splitting f(x) = f(x̃, s̃) = 1
2 x̃

>Px̃+q>x̃+IAx+s=b(x̃, s̃)
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and g(z) = g(x, s) = IRn(x)×IK(s) which leads to the optimisation problem

minimize 1
2 x̃

>Px̃+ q>x̃+ IAx+s=b(x̃, s̃) + IK(s) (3.19)

subject to (x̃, s̃) = (x, s),

where the indicator functions of the sets {(x, s) ∈ Rn×Rm | Ax+s = b} and K were

used to move the constraints of (3.14) into the objective function. To simplify the

notation we have omitted the indicator function IRn(x) in (3.19). The augmented

Lagrangian of the split optimisation problem (3.19) is given by

L(x, s, x̃,s̃, λ, y) = 1
2 x̃

>Px̃+ q>x̃+ IAx+s=b(x̃, s̃) + IK(s)

+ σ

2
∥∥∥x̃− x+ 1

σ
λ
∥∥∥2

2
+ ρ

2
∥∥∥s̃− s+ 1

ρ
y
∥∥∥2

2
,

with step size parameters ρ > 0 and σ > 0 and dual variables λ ∈ Rn and y ∈ Rm.

Applying the alternating minimization scheme (3.6) on x and z yields the ADMM

iteration

(x̃k+1,s̃k+1) = argmin
x̃,s̃

L
(
x̃, s̃, xk, sk, λk, yk

)
, (3.20a)

xk+1 = αx̃k+1 + (1− α)xk + 1
σ
λk, (3.20b)

sk+1 = argmin
s

ρ

2
∥∥∥αs̃k+1 + (1− α)sk − s+ 1

ρ
yk
∥∥∥2

2
+ IK(s), (3.20c)

λk+1 = λk + σ
(
αx̃k+1 + (1− α)xk − xk+1

)
, (3.20d)

yk+1 = yk + ρ
(
αs̃k+1 + (1− α)sk − sk+1

)
, (3.20e)

where we relaxed the z-update and the dual variable update with relaxation

parameter α ∈ (0, 2) according to [43]. Notice from (3.20b) and (3.20d) that

the dual variable corresponding to the constraint x = x̃ satisfies λk = 0 for all k.

Alternative splittings for (3.14) are discussed by Parikh and Boyd [125]. The

advantage of our splitting is that the constraint x = x̃ leads to an advantageously

structured KKT coefficient matrix when (3.20a) is evaluated. This is discussed in

more detail in Section 3.4.1.
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Alternatively one could also apply ADMM to the dual problem. However, eliminating

x from (3.16) leads to the problem

maximize − 1
2(A>y − q)>P †(A>y − q) + b>y

subject to A>y − q ⊥ N(P ) (3.21)

y ∈ K◦,

where N(P ) denotes the nullspace and P † the generalized inverse of P . Applying

ADMM to (3.21) for problems with general quadratic objective matrices P ∈ Sn
+

would therefore require an additional step to compute P †.

In the following two sections we describe how to evaluate the proximal operators

in (3.20a) and (3.20c).

3.4.1 Solution of the equality-constrained LS problem

The minimization problem in (3.20a) has the form of an equality-constrained least

squares problem:

minimize 1
2 x̃

>Px̃+ q>x̃+ σ
2

∥∥∥x̃− xk
∥∥∥2

2
+ ρ

2

∥∥∥s̃− sk + 1
ρ
yk
∥∥∥2

2
(3.22)

subject to Ax̃+ s̃ = b.

The solution of (3.22) can be obtained by solving a single linear system. The

corresponding Lagrangian is given by:

L(x̃, s̃, ν) = 1
2 x̃

>Px̃+ q>x̃+ σ
2

∥∥∥x̃− xk
∥∥∥2

2
+ ρ

2

∥∥∥s̃− sk + 1
ρ
yk
∥∥∥2

2
+ ν> (Ax̃+ s̃− b) ,

where the Lagrangian multiplier ν ∈ Rm corresponds to the equality-constraint

Ax+ s = b. Thus, the KKT optimality conditions for this equality constrained QP

are given by

∂L
∂x̃

= Px̃k+1 + q + σ
(
x̃k+1 − xk

)
+ A>νk+1 = 0,

∂L
∂s̃

= ρ

(
s̃k+1 − sk + 1

ρ
yk

)
+ νk+1 = 0,

Ax̃k+1 + s̃k+1 − b = 0.
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Elimination of s̃k+1 from these equations leads to the linear system

[
P + σI A>

A −1
ρ
I

] [
x̃k+1

νk+1

]
=
[
−q + σxk

b− sk + 1
ρ
yk

]
(3.23)

with

s̃k+1 = sk − 1
ρ

(
νk+1 + yk

)
.

The linear system in (3.23) can be solved using direct or indirect methods.

Direct solution method

Note that the introduction of the dummy variable x̃ led to the term σI in the

upper-left corner of the coefficient matrix in (3.23). Consequently, the coefficient

matrix is always quasi-definite [162], i.e. it always has a positive definite upper-left

block and a negative definite lower-right block, and is therefore full rank even

when P = 0 or A is rank deficient. This allows the solution of problems without

strong convexity in the objective function or with linearly dependent constraints.

Following Vanderbei [162] the left hand side of (3.23) always has a well-defined

LDL> factorization with lower triangular matrix L and diagonal matrix D. Since

P and A represent constant problem data, this means that we can factor the

linear system once at the beginning of the algorithm and then use forward- and

back-substitution to compute x̃, ν at each ADMM iteration. If the step sizes ρ

or σ are changed during an iteration the KKT system has to be factored again.

Assuming a problem with variable dimension n and constraint dimension m, i.e.

A ∈ Rm×n, the factorisation can be computed using at most 1
3N

3 flops and 2N2

flops for the forward- and back-substitution where N = m+n. However, in practice

the coefficient matrix is very sparse so a permutation allows us to achieve much

sparser factors and therefore cheaper substitution steps. Computation of s̃k+1 can

be done in O(m) steps.
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Indirect solution method

When the number of variables and constraints is large and the number of nonzeros

in the KKT matrix reaches the range 105–106 indirect solution methods, like the

conjugate gradient method or the minimum residual method tend to become more

efficient at solving the linear system. Instead of a single factorisation step these

methods use an iterative procedure to find a solution of (3.23). In order to apply

the conjugate gradient method [79] we need a positive definite coefficient matrix.

This can be done by eliminating νk+1 from the equations, i.e.

(
P + σI + ρA>A

)
x̃k+1 = −q + σxk − ρA>(b− sk + 1

ρ
yk) (3.24)

and then recovering s̃k+1 = b − Ax̃k+1. The left-hand side of (3.24) is always

positive definite. At each ADMM-iteration this reduced system, with some optional

preconditioning, will be solved up to a specified accuracy. Notice that changing the

algorithm parameters σ and ρ does not lead to any extra computational work.

3.4.2 Projection step

The minimization problem in (3.20c) can be interpreted as the ρ-weighted proximal

operator (2.23) of the indicator function IK. It is therefore equivalent to the

Euclidean projection ΠK onto the cone K, i.e.

sk+1 = ΠK

(
αs̃k+1 + (1− α)sk + 1

ρ
yk

)
. (3.25)

If K is a Cartesian product of cones as in (3.15) this projection is separable and

given by the projection of the relevant components of the argument of ΠK onto each

cone Ki. For example, a problem with N SDP constraints requires N projections,

but, since each of these operates on an independent segment of the input vector,

they can be performed in parallel. A number of projection functions for common

cones were discussed in Section 2.4.
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Algorithm 1: ADMM iteration
Input : initial values x0, s0, y0, problem data P , q, A, b, and parameters

σ > 0, ρ > 0, α ∈ (0, 2)
1 Do
2 (x̃k+1, νk+1) ← solve linear system (3.23);
3 s̃k+1 ← sk − 1

ρ
(νk+1 + yk);

4 xk+1 ← αx̃k+1 + (1− α)xk;
5 sk+1 ← ΠK

(
αs̃k+1 + (1− α)sk + 1

ρ
yk
)
;

6 yk+1 ← yk + ρ(αs̃k+1 + (1− α)sk − sk+1);
7 while termination criteria not satisfied;

3.4.3 Algorithm steps

The calculations performed at each iteration are summarized in Algorithm 1. Line 2

involves solving the linear system, as discussed in the previous section, by a direct

or indirect method. This requires one factorisation bounded by, but due to sparsity

usually much cheaper than, 1
3N

3 flops. In all subsequent iterations the substitution

step is bounded by, but usually much cheaper than, 2N2 flops. Lines 3, 4, and 6

are computationally inexpensive (requiring O(m), O(n), and O(m) respectively)

since they involve only vector addition and scalar-vector multiplication.

The projection in line 5 is crucial to the performance of the algorithm depending

on the particular cones employed in the model: assuming a cone dimension of m,

projections onto the zero-cone or the nonnegative orthant are inexpensive at O(m)

compared to the factorisation step, while a projection onto the positive-semidefinite

cone with side dimension m involves an eigenvalue decomposition. Since direct

methods for eigendecompositions have a complexity of approximately O(m3) with

generally high constant terms, this turns line 5 into the most computationally

expensive operation of the algorithm for large SDPs, and improving the efficiency

of this step will be the objective of much of Chapter 4.

3.4.4 Algorithm convergence

For feasible problems, Algorithm 1 produces a sequence of iterates (xk, sk, yk) that

converges to a limit satisfying the optimality conditions in (3.17) as k →∞. This
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also means that the primal and dual residuals converge to zero. Similarly to Stellato

et al. [148] we can demonstrate the convergence of Algorithm 1 by reformulating it

in Douglas-Rachford form and applying the convergence results from Theorem 2.

Using the Douglas-Rachford iterates from (3.13) and choosing z = (x, s), x = (x̃, s̃),

v = (vx, vs) as well as

g(z) = IRn×K,

f(x) = 1
2 x̃

>Px̃+ q>x̃+ IAx̃+s̃=b

we get the equivalent algorithm

xk := ΠRn(vk
x), sk := ΠK(vk

s ), yk := ρ(ΠK(vk
s )− vk

s ), (3.26a)

(x̃, s̃) := argmin
Ax̃+s̃=b

1
2 x̃

>Px̃+ q>x̃+ σ

2
∥∥∥x̃− xk

∥∥∥2

2
+ ρ

2
∥∥∥s̃− (2sk − vk

s )
∥∥∥2

2
,(3.26b)

vk+1
x := vk

x + α(x̃k − ΠRn(vk
x)), vk+1

s := vk
s + α(s̃k − ΠK(vk

s )), (3.26c)

with state-carrying vector v. Note that vk
x = xk for all k from (3.26a). From (3.26a)

we also see that sk and yk fulfil the conic optimality conditions (3.17c) by construc-

tion.

Furthermore, convergence of the residual iterates in (3.17a)–(3.17b) can be concluded

from the convergence of the splitting variables

xk − x̃k → 0, sk − s̃k → 0, (3.27)

which holds for the Douglas-Rachford iterates [12, Theorem 26.11(ii)]. The optimal-

ity conditions for the subproblem (3.26b) are

(P + σI) x̃+ q − σxk + ρA>
(
s̃− 2sk + vk

s

)
= 0

Ax̃+ s̃ = b. (3.28)

Using (3.28) and (3.27), we can show that the primal residual

Axk + sk − b = Ax̃k + s̃k − b︸ ︷︷ ︸
→0

+A (xk − x̃k)︸ ︷︷ ︸
→0

+ sk − s̃k︸ ︷︷ ︸
→0

+(b− b)→ 0
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converges to zero. The same can be shown for the dual residual

Pxk + q − A>yk = (P + σI)x̃k + q − σxk + ρA>(s̃k − 2sk + vk
s )︸ ︷︷ ︸

→0

+ (P + σI) (xk − x̃k)︸ ︷︷ ︸
→0

−ρA> (sk − s̃k)︸ ︷︷ ︸
→0

→ 0.

For infeasible problems, Banjac et al. [10] showed that Algorithm 1 leads to

convergence of the successive differences between iterates

δxk = xk − xk−1, δsk = sk − sk−1, δyk = yk − yk−1.

For primal infeasible problems δy = limk→∞ δyk will satisfy condition (3.18b),

whereas for dual infeasible problems δx = limk→∞ δxk is a certificate of (3.18a).

3.5 Problem scaling

The rate of convergence of ADMM and other first-order methods depends in practice

on the scaling of the problem data; see [61]. Particularly for badly conditioned

problems, this suggests a preprocessing step where the problem data is scaled in

order to improve convergence. For certain problem classes an optimal scaling has

been found, see [61, 62, 68]. However, the computation of the optimal scaling is

often more complicated than solving the original problem. Consequently, most

algorithms rely on heuristic methods such as matrix equilibration.

We scale the equality constraints by diagonal positive definite matrices D and U .

The scaled form of (3.14) is given by:

minimize 1
2 x̂

>P̂ x̂+ q̂>x̂ (3.29)

subject to Âx̂+ ŝ = b̂,

ŝ ∈ UK,

with scaled problem data

P̂ = DPD, q̂ = Dq, Â = UAD, b̂ = Ub, (3.30)
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and the scaled convex cone UK := {Uv ∈ Rm | v ∈ K}. After solving (3.29) the

original solution is obtained by reversing the scaling:

x = Dx̂, s = U−1ŝ, y = Uŷ. (3.31)

One heuristic strategy that has been shown to work well in practice is to choose the

scaling matrices D and U to equilibrate, i.e. reduce the condition number of, the

problem data. The Ruiz equilibration technique described in Ruiz [143] iteratively

scales the rows and columns of a matrix to have an infinity-norm of 1 and converges

linearly. We apply the modified Ruiz algorithm shown in Algorithm 2 to reduce the

condition number of the symmetric matrix

R =
[
P A>

A 0

]

which represents the problem data. Since R is symmetric it suffices to consider the

Algorithm 2: Modified Ruiz equilibration
1 set D = In, U = Im, c = 1m+n;
2 Do
3 for i = 1, . . . , n+m do
4 if ‖Rc,i‖∞ > τ then
5 ci ← ‖Rc,i‖− 1

2
∞ ;

6 D̂ = diag(c1:n), Û = diag(cn+1:n+m);
7 D = D̂ ·D, U = Û · U ;
8 P = D̂PD̂, A = ÛAD̂;
9 assemble R;

10 while ‖1− c‖∞ > tol;
11 return D, U ;

columns Rc,i of R. At each iteration the scaling routine calculates the norm of each

column. For the columns with norms higher than the tolerance τ the scaling vector

c is updated with the inverse square root of the norm1. If the norm is below the

tolerance, the corresponding column will be scaled by 1.
1For the presented results a value of τ = 10−6 was chosen.
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Since the matrix U scales the (possibly composite) cone constraint, the scaling must

ensure that if s ∈ K then U−1s ∈ K. Let K be a Cartesian product of N cones as

in (3.15) and partition U into blocks

U = diag (U1, . . . , UN) ,

with block Ui ∈ Rmi×mi which scales the constraint corresponding to Ki. For each

cone Ki ∈ Rmi that requires a scalar or symmetric scaling, e.g. a second-order cone

or positive semidefinite cone, the corresponding block Ui is replaced with

U∗
i := uiImi

, for i = 1, . . . , N

where the mean value of the diagonal entries of the original block in U , ui =

tr(Ui)/mi, was chosen as a heuristic scaling factor.

3.6 Termination criteria

The termination criteria discussed in this section are based on the unscaled problem

data and iterates. Thus, before checking for termination the solver first reverses

the scaling according to equations (3.30)–(3.31). To measure the progress of the

algorithm, we define the primal and dual residuals

rp := Ax+ s− b, (3.32a)

rd := Px+ q − A>y (3.32b)

of the problem. According to [28, Section 3.3] a valid termination criterion is that

the size of the norms of the residual iterates in (3.32) are small. Our algorithm

terminates if the residual norms are below the sum of an absolute and a relative

tolerance term:

∥∥∥rk
p

∥∥∥
∞
≤ εabs + εrel max

{∥∥∥Axk
∥∥∥

∞
,
∥∥∥sk

∥∥∥
∞
, ‖b‖∞

}
, (3.33a)∥∥∥rk

d

∥∥∥
∞
≤ εabs + εrel max

{∥∥∥Pxk
∥∥∥

∞
, ‖q‖∞ ,

∥∥∥A>yk
∥∥∥

∞

}
, (3.33b)

where εabs and εrel are user defined tolerances.
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Following the infeasibility detection scheme in [10], the algorithm periodically checks

if the one-step differences δxk and δyk of the primal and dual variable fulfil the

normalized infeasibility conditions (3.18a)–(3.18b) up to certain tolerances εp,inf and

εd,inf . The solver returns a primal infeasibility certificate if

∥∥∥A>δyk
∥∥∥

∞
/
∥∥∥δyk

∥∥∥
∞
≤ εp,inf ,

σK̄

(
δyk

)
≤ εp,inf ,

holds and a dual infeasibility certificate if

∥∥∥Pδxk
∥∥∥

∞
/
∥∥∥δxk

∥∥∥
∞
≤ εd,inf ,

q>δxk/
∥∥∥δxk

∥∥∥
∞
≤ εd,inf ,

Aδxk + v ∈ K̄∞,

with ‖v‖∞ ≤ εd,inf

∥∥∥δxk
∥∥∥

∞

holds.

3.7 Step size adaptation

Another measure to reduce the dependence of the problem scaling on the convergence

of ADMM is an update procedure for the step size, or penalty parameter, ρ

in Algorithm 1. Looking at the ADMM update equations (3.6) one can see that

the parameter penalizes violation of primal feasibility. This suggests that large

values of ρ tend to proportionally reduce the primal residual whereas smaller values

tend to reduce the dual residual. In practice a good step size adaptation strategy

would update ρk to drive down the primal and dual residual norms (3.32a)–(3.32b)

simultaneously to achieve the convergence criteria (3.33a)–(3.33b). A popular

approach aims to keep the residual norms within a certain factor µ of each other.

Whenever
∥∥∥rk

p

∥∥∥
2
> µ

∥∥∥rk
d

∥∥∥
2

or
∥∥∥rk

d

∥∥∥
2
> µ

∥∥∥rk
p

∥∥∥
2

occurs, the scheme multiplies or

divides ρk by preselected factors to prevent the residual norms from diverging too

far [28].
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Using the same reasoning, we adopt the slightly different scheme proposed in [148].

We initialise ρ = 0.1. The step size is then adapted in certain intervals, e.g. every

25 iterations of Algorithm 1. The next ρ is chosen by scaling the previous value by

the normalized ratio of residual norms

ρ← ρ

√√√√√
∥∥∥rk

p

∥∥∥
∞
/max {‖Axk‖∞ , ‖sk‖∞ , ‖b‖∞}∥∥∥rk

d

∥∥∥
∞
/max {‖Pxk‖∞ , ‖q‖∞ , ‖A>yk‖∞}

(3.36)

Similar to the previous scheme ρ is increased if the normalized dual residual norm

is smaller than the normalized primal residual norm and vice versa.

Since ρ appears in the lower-right block of the KKT system (3.23), any update of

it requires a new numerical factorization. However, the symbolic factorisation can

be reused as the locations of the nonzeros in the coefficient matrix do not change.

Especially for problems where the factorisation step dominates the algorithm in

terms of solve time, it is important not to update ρ too frequently. Otherwise,

the time spent on refactoring the KKT matrix will exceed the time saved by the

reduction in iterations. If instead of a direct factorisation an indirect method, e.g.

conjugate gradient method, is used to evaluate line 2 in Algorithm 1, then the

ρ-updates can be done without extra cost. Notice that updating ρ does not change

the convergence guarantees of the method if one assumes that after an initial period

ρ remains fixed for all subsequent iterations [28].

3.8 Implementation in COSMO

We have implemented our algorithm in the Conic Operator Splitting Method

(COSMO), an open-source package written in Julia [19]. Julia allows the solver to be

written in a flexible, modular and extensible way, while still maintaining the benefits

of a fast compiled language. The source code and documentation are available at

https://github.com/oxfordcontrol/COSMO.jl.

COSMO offers the user two interfaces to describe the constraints of the optimisation

problem: a direct interface, and an interface to the modelling languages JuMP [42]

and Convex.jl [158]. These interfaces connect the solver to the Julia optimisation

https://github.com/oxfordcontrol/COSMO.jl
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ecosystem, which provide flexible problem description and automatic problem

reformulation. We further provide an interface to the Python language.

A high-level overview of the order and interaction of problem scaling, ρ-adaptation,

termination conditions, and the ADMM steps is given in Algorithm 3. The algorithm

Algorithm 3: High-level solver algorithm (direct approach).
Input : initial values x0, s0, y0, problem data P , q, A, b, σ > 0, ρ > 0,

α ∈ (0, 2) and solver settings nadapt, nterm, ninfeas, kmax
1 status ← unsolved;
2 (P̂ , q̂, Â, b̂, x̂0, ŝ0, ŷ0)← Ruiz scaling of problem data and initial values,

see Section 3.5;
3 F ← factor and cache coefficient matrix (3.23);
4 for k = 1, . . . , kmax do
5 (x̂k, ŝk, ŷk)← Algorithm 1(F, x̂k−1, ŝk−1, ŷk−1, P̂ , q̂, Â, b̂, σ, ρ, α);

// check termination
6 if k mod nterm = 0 and conditions (3.33a)(3.33b) hold then
7 status ← solved;
8 break;

// check infeasibility
9 if k mod ninfeas = 0 then

10 δxk = x̂k − x̂k−1, δyk = ŷk − ŷk−1;
11 if condition (3.34) holds for δyk then
12 status ← primal_infeasible;
13 break;
14 if condition (3.35) holds for δxk then
15 status ← dual_infeasible;
16 break;

// ρ-adaptation
17 if k mod nadapt = 0 then
18 update ρ← (3.36);
19 F ← refactor coefficient matrix (3.23);

20 if status = primal_infeasible or status = dual_infeasible then
21 return status, (δxk, δyk);
22 else
23 (x, s, y)← reverse scaling of (x̂, ŝ, ŷ);
24 return status, (x, s, y);

starts by scaling the problem data and any provided solution estimates. If a direct

method to solve the linear system is chosen, the solver will factor the coefficient
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matrix and store the factors to allow a fast back-substitution step in subsequent

iterations. In most iterations we simply perform the ADMM steps in Algorithm 1.

To save unnecessary calculations at each iteration, checking the termination and

infeasibility conditions and updating the ρ-parameter is done at user-specified

intervals, e.g. every 25 iterations. Moreover, every ρ-adaptation leads to another

factorisation of the coefficient matrix. Especially for LPs and QPs, this can slow

the solver down if it happens more than 2-3 times. Thus, after a new ρ parameter

is determined we can add additional conditions, e.g. requiring the new ρ to be at

least one order of magnitude different than the previous value.

As shown in Algorithm 1 the two main steps of the ADMM iteration require solving a

linear system and projecting onto a Cartesian product of cones. The implementation

of these two parts allows customisation by the user. For the solution of the linear

system in (3.23) the user can either use the QDLDL [148] solver provided with COSMO,

or the standard sparse solver from SuiteSparse [38], or choose one of the provided

interfaces to direct and indirect solvers, e.g. PARDISO [86, 145], conjugate gradient,

minimal residual method, or else link their own implementation.

The second important part of the algorithm is the projection step onto a Cartesian

product of convex sets. By default COSMO supports the zero cone, the nonnegative

orthant, the hyperbox, the second-order cone, the PSD cone, the exponential cone

and its dual, and the power cone and its dual. Our Julia implementation also allows

the user to define their own convex cones2 and custom projection functions. To

implement a custom cone Kc the user has to provide:

• a projection function that projects an input vector onto the cone,

• a function that determines if a vector is inside the dual cone K∗
c ,

• a function that determines if a vector is inside the recession cone of −Kc.

The latter two functions are required for our solver to implement checks for

infeasibility as described in Section 3.3.2 and Section 3.4.4. An example that

shows the advantages of defining a custom cone is provided in Section 3.9.2.
2To allow infeasibility detection the user has to either define a convex cone, a convex compact

set or a composition of the two.
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Rontsis et al. [141] used COSMO’s algorithm with a specialized implementation of the

projection function for positive semidefinite constraints. The projection method used

approximate matrix eigendecompositions to significantly reduce the projection time,

while maintaining all the features of COSMO such as scaling, infeasibility detection

and interfaces to linear system solvers. It was demonstrated that this can provide a

significant (up to 20x) reduction in solve time.

Moreover, Julia’s type abstraction features are used to enable the solver to solve

problems of arbitrary floating-point precision. This allows for example the memory

usage of the solver for very large problems to be reduced by switching to 32-bit

single-precision floating-point format.

We further allow efficient warm starting of the variables x, s, y, which can significantly

improve the convergence if good initial guesses are provided. This is often the case

in applications where x carries the state of some system that gets optimized in

rapid succession, e.g. model predictive control [24].

For large LPs and QPs, the factorisation step in Algorithm 1 is the computational

bottleneck. In some applications we are interested in solving very similar versions of

the same problem, e.g. a model where just a hyperparameter changes. As one can

see in (3.23), the KKT matrix is only dependent on A and P . Consequently, if only

the problem vectors b or q change we can reuse the factorisation for the following

optimisation attempt to significantly speed up the algorithm for a range of similar

problems. The following example illustrates this.

Example 3.8.1 (Pareto-optimal front in portfolio optimisation). We want to

rebalance a Markowitz portfolio of n assets with asset allocation vector x ∈ Rn to

achieve a good balance between expected returns µ>x and expected risk (variance)

x>Σx. Here µ ∈ Rn are the forecasted returns and Σ ∈ Sn
+ represents the covariance

matrix of the risk model. The covariance matrix is commonly given in factor risk

form, i.e. it can be written as Σ = D + FF>, where D is diagonal and F ∈ Rn×k is

the factor matrix with k � n. The initial asset allocation is denoted as x0. To find
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an optimal rebalancing for a provided risk-return parameter γ without short-selling,

one can solve the quadratic program

minimize x>Dx+ y>y − γ−1µ>x
subject to y = F>x

1>
nx = 1>

nx0
x ≥ 0.

(3.37)

To find a good risk-return balance this problem is typically solved for many different

values of γ. By comparing problem (3.37) to our conic problem format (3.14) one

can see that µ, the parameter that is varied, only changes the linear cost term, i.e.

the problem data vector q. Consequently, if this problem is solved many times the

factorisation can be reused each time.

3.9 Benchmark results

This section presents benchmark results of COSMO against the interior-point solver

MOSEK v9.0 and the accelerated first-order ADMM solver SCS v2.1.1. When applied

to a quadratic program, COSMO’s main algorithm becomes very similar to the

first-order QP solver OSQP. To test the performance penalty of using a pure Julia

implementation against a similar C implementation we also compare our solver

against OSQP v0.6.0 on QP problems.

We consider a number of problem sets to test different aspects of COSMO. The

advantage of supporting a quadratic cost function in a conic solver is shown by

solving QPs from the Maros and Mészáros QP repository [105] in Section 3.9.1 and

SDPs with quadratic objectives in the form of nearest correlation matrix problems

in Section 3.9.3. To highlight the advantages of implementing custom constraints,

we consider a problem set with doubly-stochastic matrices in Section 3.9.2. The

impact of warm starting and factorisation caching in a portfolio backtest scenario

is shown in Section 3.9.4.

All the experiments were carried out on a computing node of the University of

Oxford ARC-HTC cluster with 16 logical Intel Xeon E5-2560 cores and 64 GB of
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DDR3 RAM. All the problems were run using Julia v1.3 and the problems were

passed to the solvers via MathOptInterface [92].

To evaluate the accuracy of the returned solution we compute three errors adapted

from the DIMACS error measures for SDPs [84]:

ε1 = ‖Aax− ba‖2
1 + ‖ba‖2

, ε2 =

∥∥∥Px+ q − A>
a ya

∥∥∥
2

1 + ‖q‖2
, ε3 =

∣∣∣x>Px+ q>x− b>
a ya

∣∣∣
1 + |q>x|+ |b>

a ya|
,

where Aa, ba and ya correspond to the rows of A, b and y that represent active

constraints. This is to ensure meaningful values even if the problem contains inactive

constraints with very large, or possibly infinite, values bi. The maximum of the

three errors for each problem and solver is reported in the results below.

We configured COSMO, MOSEK, SCS and OSQP to achieve an accuracy of ε = 10−3. We

remark that higher accuracies ε ≤ 10−5 would benefit MOSEK, the only interior-point

solver, more than the other solvers as it typically requires only a few additional

iterations to improve the accuracy from ε = 10−3. We set the maximum allowable

solve time for the Maros and Mészáros problems to 5 min and to 30 min for the

other problem sets. All other solver parameters were set to the solvers’ standard

configurations. COSMO uses a Julia implementation of the QDLDL solver to factor the

quasi-definite linear system. Similarly, we configured SCS to use its default direct

solver QDLDL for the linear system.

3.9.1 Maros and Mészáros QP test set

The Maros and Mészáros test problem set [105] is a repository of challenging convex

QP problems that is widely used to compare the performance of QP solvers. Table 5.2

shows the ranges of values for the number of variables, number of constraints, and

nonzeros in the constraint matrix among the problems. As comparison metrics

we compute the failure rate, the number of fastest solve times and the normalized

shifted geometric mean for each solver. The shifted geometric mean is more

robust against large outliers (compared to the arithmetic mean) and against small
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outliers (compared to the geometric mean) and is commonly used in optimisation

benchmarks; see [112, 148]. The shifted geometric mean µg,s is defined as:

µg,s := n

√∏
p

(tp,s + sh)− sh (3.38)

with total solver time tp,s of solver s and problem p, shifting factor sh and size of

the problem set n. In the reported results a shifting factor of sh = 10 was chosen

and the maximum allowable time tp,s = 300 s was used, after which solver s was

deemed to have failed on problem p. Lastly, we normalize the shifted geometric

mean for solver s by dividing by the geometric mean of the fastest solver. The

failure rate fr,s is given by the number of unsolved problems compared to the total

number of problems in the problem set. As unsolved problems we count instances

where the algorithm does not converge within the allowable time or fails during the

setup or solve phase. Table 3.1 shows the normalized shifted geometric mean and

the failure rate for each solver. Also shown is the number of cases where solver s

was the fastest solver.

Table 3.1: Normalized shifted geometric mean, number of fastest solve time, and failure
rates for solvers tested on the Maros and Mészáros QP test set.

OSQP COSMO MOSEK SCS

Normalized shifted geometric mean 1.000 1.169 1.897 75.015
Number of fastest solve times 75 27 33 0

Failure rates fr,s [%] 4.444 5.185 10.370 83.704

OSQP shows the best performance in terms of lowest failure rates, number of fastest

solves and in the shifted geometric mean of solve times. COSMO follows very closely.

The shifted geometric mean of MOSEK seems to suffer from a higher failure rate

compared to OSQP/COSMO, and SCS fails on a large number of problems. The higher

failure rate could be due to the necessary transformation into a second-order-cone

problem.

For this problem set of QPs COSMO’s algorithm reduces, with some minor differences,

to the algorithm of OSQP. Consequently, this benchmark is useful to evaluate the
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performance penalty that COSMO pays due to its implementation in the higher-order

language Julia. The results in Table 3.1 show that the performance difference is

very small. This can also be seen by looking at the solve times of each solver for

increasing problem dimension, as shown in Figure 3.1.
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Figure 3.1: Solve time of benchmarked solvers for problems of the Maros and Mészáros
QP problem set. Only problem results classified as solved are shown. The problems are
ordered by increasing number of non-zeros in the constraint matrix.

COSMO and OSQP have very similar solve times, aside from very small problems that

are solved in under 10−5 s to 10−4 s. This difference is primarily due to overheads

incurred from features in our Julia implementation that support more than one

constraint type during problem setup. The marginally better resulting performance

of OSQP for the smallest problems in the test set is the reason that OSQP is the

fastest solver in a larger number of cases in Table 3.1.

3.9.2 Custom convex cones

In many cases writing a custom solver algorithm for a particular problem can be

faster than using available solver packages if a particular aspect of the problem

structure can be exploited to speed up parts of the computations. As mentioned

earlier, COSMO supports user customisation by allowing the definition of new convex

cones. This is useful if constraints of the problem can be more naturally expressed

using this new cone and a fast projection method for the cone exists. A fast
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specialized projection method in an ADMM framework has for example been used

by Barman et al. [11] to solve the error-correcting code decoding problem.

To demonstrate the advantage of custom convex cones, consider the problem of

finding the doubly stochastic matrix that is nearest, in the Frobenius norm, to a

given symmetric matrix C ∈ Sn. Doubly stochastic matrices are used for instance

in spectral clustering [176] and matrix balancing [135]. A specialized algorithm for

this problem type has been recently discussed by [140]. Doubly stochastic matrices

have the property that all rows and columns each sum to one and all entries are

nonnegative. The nearest doubly stochastic matrix X can be found by solving the

optimisation problem
minimize 1

2 ‖X − C‖
2
F

subject to Xij ≥ 0
X1 = 1
X>1 = 1,

(3.39)

with symmetric real matrix C ∈ Sn and decision variable X ∈ Rn×n. This problem

can be solved as a QP in the following form using equality and inequality constraints:

minimize 1
2(x>x− 2c>x+ c>c)

subject to

1>
n ⊗ In

In ⊗ 1>
n

−In2

x+ s =

12n

12n

0n2


s ∈ {0}4n × Rn2

+ ,

with x = vec(X) and c = vec(C) However, the problem can be written in a more

compact form by using a custom projection function to project the matrix iterate

onto the affine set of matrices C∑, whose rows and columns each sum to one. In

general the projection of vector s ∈ Rn onto the affine set Ca = {s ∈ Rn | As = b}

is given by

ΠCa(s) = s− A>
(
AA>

)−1
(As− b),

where A is assumed to have full rank. In the case of Ca = C∑ we can exploit the

fact that the inverse of AA> can be efficiently computed.

The projection of a symmetric matrix S ∈ Sn onto the set of matrices where the

sum of rows and columns each equal to one can be written as the optimisation
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problem
minimize 1

2 ‖sp − s‖2
F

subject to Asp = 12n−1,
(3.40)

where s = vec(S) is the vectorized matrix, sp is the projected vector and A is

partitioned such that

A =
[
Ar Ac

]>
,

where Ar is used to constrain the rows of S and Ac is used to constrain the columns

of S:

Ar = 1>
n ⊗ In Ac =

[
In−1 ⊗ 1>

n 0n−1×n

]
.

Notice that Ac is a (n− 1)× n matrix because the redundant constraint on the last

column was removed. The KKT optimality conditions for problem (3.40) are

Asp = 12n−1,

sp − s+ A>η = 0, (3.41)

with dual variable η. Eliminating sp and solving for η yields

η = (AA>)−1(As− 12n−1). (3.42)

The projected vector sp can be recovered from (3.41):

sp = s− A>η. (3.43)

It turns out that the inverse of AA> in (3.42) can be efficiently computed without

a factorisation. To see this, form AA> and write (3.42) as:[
nIn 1n1>

n−1
1n−11>

n nIn−1

] [
η1
η2

]
=
[
r1
r2

]
with

[
r1
r2

]
= As− 12n−1, (3.44)

where η and the right-hand side were partitioned in such a way that η1, r1 ∈ Rn

and η2, r2 ∈ Rn−1. Eliminating η1 from (3.44), yields
(
In−1 − 1

n
1n−11>

n−1

)
η2 = 1

n

(
r2 − 1

n
1n−11>

n r1
)
.

The vector η2 is determined by applying the Sherman-Morrison formula to compute

the inverse of the matrix on the left:

η2 = 1
n

(
In−1 + 1n−11>

n−1

) (
r2 − 1

n
1n−11>

n r1
)
.
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The vector η1 is then computed by substituting η2 into the upper equation in (3.44):

η1 = 1
n

(
r1 − 1n1>

n−1η2
)
.

Having computed the elements of the dual variable η, the projected vector sp is

obtained by solving (3.43).

The necessary steps to carry out the projection are summarized in Algorithm 4.

Algorithm 4: Projection of s ∈ Rn onto C∑
1 Ar = 1>

n ⊗ In Ac =
[
In−1 ⊗ 1>

n 0n−1×n

]
;

2 A =
[
Ar Ac

]>
;

3 r = [r1, r2]> = As− 12n−1;
4 η2 = 1

n

(
In−1 + 1n−11>

n−1

)
·
(
r2 − 1

n
1n−11>

n r1
)
;

5 η1 = 1
n

(
r1 − 1n1>

n−1η2
)
;

6 η = [η1, η2]>;
7 ΠC∑(s) = s− A>η;

Notice that Algorithm 4 can be implemented efficiently without ever assembling

and storing A and 11>. By using the custom convex set C∑ and the corresponding

projection function, problem (3.39) can now be rewritten as

minimize (1/2)(x>x− 2c>x+ c>c)

subject to
[
−In2

−In2

]
x+ s = 02n2

s ∈ C∑ × Rn2
+ .

(3.45)

The sparsity pattern of the new constraint matrix A consists of two diagonals and

the number of non-zeros reduces from 3n2 to 2n2. We expect this to reduce the

initial factorisation time of the linear system in (3.23) as well as the forward- and

back-substitution steps.

Figure 3.2 shows the total solve time of all the solvers for problem (3.39) with

randomly generated dense matrix C with Cij uniformly distributed on the interval

[0, 1], i.e. Cij ∼ U(0, 1), and increasing matrix dimension. Additionally, we show

the solve time for COSMO in the problem form (3.39) and with a specialized custom

set and projection function as in (3.45). It is not surprising that COSMO and OSQP
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Figure 3.2: Solve time of benchmarked solvers for increasing problem size of doubly
stochastic matrix problems. The orange line shows the solve time of COSMO(CS) with a
custom convex set and projection function.

scale in the same way for this problem type. MOSEK is slightly slower for smaller

problem dimensions and overtakes COSMO/OSQP for problems of dimensions n ≥ 500.

This might be due to fact that MOSEK uses a faster multithreaded linear system

solver while OSQP/COSMO relied in these tests on the single-threaded solver QDLDL.

The longer solve time of SCS is due to slow convergence of the algorithm for this

problem type. Furthermore, when the problem is solved with a custom convex set

as in (3.45) COSMO(CS) is able to outperform all other solvers. Table 3.2 shows

the total solve time and the factorisation time of the two versions of COSMO for

small, medium and large problems. As predicted the lower solve time can be mainly

attributed to the faster factorisation time.

Table 3.2: Solve times and factorisation times of COSMO and COSMO(CS) for small,
medium and large doubly stochastic matrix problems.

Factorisation time (s) Solve time (s)

n COSMO COSMO(CS)1 COSMO COSMO(CS)1

100 0.018 0.006 0.058 0.061
400 0.995 0.138 2.329 1.596
800 13.551 0.552 26.932 7.163
1200 52.717 1.322 91.278 17.032
1 solving (3.45) with a custom convex set C∑ and projection function
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3.9.3 Nearest correlation matrix

Consider the problem of projecting a matrix C onto the set of correlation matrices,

i.e. real symmetric positive semidefinite matrices with diagonal elements equal to 1.

This problem is for example relevant in portfolio optimisation [81]. The correlation

matrix of a stock portfolio might lose its positive semidefiniteness due to noise

and rounding errors of previous data manipulations. Consequently, it is of interest

to find the nearest correlation matrix X to a given data matrix C ∈ Rn×n. The

problem is given by:

minimize 1
2 ‖X − C‖

2
F

subject to Xii = 1, i = 1, . . . , n
X ∈ Sn

+.

In order to transform the problem into the standard form (3.14) used by COSMO, C

and X are vectorized and the objective function is expanded:

minimize (1/2)(x>x− 2c>x+ c>c)

subject to
[
E
−I

]
x+ s =

[
1n

0n2

]
s ∈ {0}n × Sn

+,

with c = vec(C) ∈ Rn2 and x = vec(X) ∈ Rn2 . Here E ∈ Rn×n2 is a matrix that

extracts the n diagonal entries Xii from its vectorized form x.

For the benchmark problems we randomly sample the data matrix C with entries

Ci,j ∼ U(−1, 1) from a uniform distribution. Figure 3.3 and Table 3.3 show the

benchmark results for increasing matrix dimension n. Unsurprisingly, the first-order

methods SCS and COSMO outperform the interior-point solver MOSEK for these large

SDPs. Furthermore, for larger problems the solve times of COSMO and SCS scale in a

similar way. COSMO seems to benefit from directly supporting the quadratic objective

term in the problem while SCS has to transform it into an additional second-order

cone constraint. This increases the factorisation time and the projection time.

3.9.4 Portfolio backtest

An advantage of ADMM is that it can be easily warm started. Moreover, if

many similar parametric problems are solved and the changing parameters do not
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Figure 3.3: Solve time of benchmarked solvers for increasing problem size of nearest
correlation matrix problems. The results for MOSEK are shown until they exceeded the
time limit of 30 min.

Table 3.3: Benchmark results for nearest correlation matrix problems.

Solve time (s) Iterations Max error2

n COSMO MOSEK SCS COSMO MOSEK SCS COSMO MOSEK SCS
50 0.5 1.89 0.07 25 4 20 2.05× 10−5 1.35× 10−3 6.18× 10−7

100 0.45 35.68 0.18 25 4 20 2.02× 10−5 6.26× 10−3 4.24× 10−6

150 0.39 244.35 0.46 25 4 20 5.15× 10−5 8.61× 10−3 9.00× 10−6

200 0.94 1032.25 0.74 25 4 20 7.59× 10−5 3.64× 10−3 8.41× 10−5

400 1.14 ∗ ∗ ∗† 3.07 25 *** 20 2.62× 10−4 ∗ ∗ ∗ 8.52× 10−5

600 3.05 ∗ ∗ ∗† 7.38 25 *** 20 1.53× 10−4 ∗ ∗ ∗ 1.01× 10−4

800 5.08 ∗ ∗ ∗† 13.85 25 *** 20 4.03× 10−4 ∗ ∗ ∗ 1.07× 10−4

1000 8.43 ∗ ∗ ∗† 21.94 25 *** 20 8.11× 10−4 ∗ ∗ ∗ 1.40× 10−4

1200 12.1 ∗ ∗ ∗† 34.58 25 *** 20 1.02× 10−3 ∗ ∗ ∗ 1.73× 10−4

1400 17.19 ∗ ∗ ∗† 49.23 25 *** 20 1.02× 10−3 ∗ ∗ ∗ 1.93× 10−4

1600 22.69 ∗ ∗ ∗† 61.07 25 *** 20 8.00× 10−4 ∗ ∗ ∗ 2.21× 10−4

1800 29.41 ∗ ∗ ∗† 74.0 25 *** 20 5.14× 10−4 ∗ ∗ ∗ 2.43× 10−4

2000 37.74 ∗ ∗ ∗† 101.18 25 *** 20 3.31× 10−4 ∗ ∗ ∗ 2.57× 10−4

2 max{ε1, ε2, ε3}; † time limit reached

affect the matrices A or P in problem format (3.14), the factorisation of the KKT

matrix (3.23) can be reused. To demonstrate the computational benefits of these

two properties we simulate a portfolio backtest. We use the Markowitz portfolio

model described in (3.37) to model the allocation of assets over a number of trading

days. We further model transaction costs incurred through buying and selling of

the assets, see the survey paper [30]. The following model for the transaction costs

ci(xi − x0
i ) is used:

ci(xi − x0
i ) = ai

∣∣∣xi − x0
i

∣∣∣+ bi

∣∣∣xi − x0
i

∣∣∣ 3
2 ,
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where the cost parameters ai, bi > 0 are set by the trader. For each asset i the first

term represents the bid-ask spread and broker fees and the second term models the

impact that the trade has on the market. To represent the function we define slack

variables si = |xi − x0
i | to model the volume change and ti to represent the market

impact cost. Assuming that one of the assets is risk-free, we can use a power cone

to represent the market impact cost term for each asset:

t
2
3
i 1 1

3 ≥
∣∣∣xi − x0

i

∣∣∣⇔ (ti, 1, xi − x0
i ) ∈ Kpow, 2

3
.

The final problem is given by

minimize x>Dx+ y>y − γ−1µ>x
subject to y = F>x

1>
nx+ a1>

n s+ b1>
n t = 1>

nx0
x ≥ 0, s ≥ x0 − x, s ≥ x− x0
(ti, 1, xi − x0

i ) ∈ Kpow, 2
3
, i = 1, . . . , n.

For the backtest we generate problems using k = 100, 200, . . . , 500 factors and

n = 100k assets. The risk matrices F ∈ Rn×k and D ∈ Rn×n are randomly

generated with F ∼ N (0, 1) and 50 % nonzero elements as well as D with diagonal

elements Dii ∼ U [0,
√
k]. The initial mean return vector was generated with

µi ∼ N (0, 1). We choose γ = 1 for the risk-return parameter and a = 10−3 and

b = 0.05 for the transaction cost parameters of each asset. For the backtest we

consider 60 consecutive trading days where we assume a constant risk model but

daily changing expected returns according to

µk
i ∼ 0.9µk−1

i +N (0, 0.1).

Table 3.4 shows the total solve time, the total factorisation time for the KKT matrix,

and the mean number of iterations for all 60 problems for both the solver with and

without warm starting and factorisation caching.

The warm started method with factorisation caching achieves an increasing im-

provement factor of 5 to 8. The mean number of the iterations for each problem is

4 to 5x lower than for the method without warm starting.
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Table 3.4: Accumulated solve and factorisation time (s), and mean iterations of COSMO
with and without warm starting and factorisation caching for Portfolio backtests.

solve
time1

solve
time (ws)2

improve-
ment

factor
time3

factor
time (ws)

mean
iter

mean
iter (ws)factors k

100 240.20 45.90 5.23 18.50 0.31 110.00 27.08
200 777.02 128.78 6.03 111.63 1.74 120.00 30.00
300 1517.90 231.14 6.57 259.90 5.16 127.92 27.92
400 2749.47 351.60 7.82 614.33 8.67 123.75 28.75
500 4236.87 490.54 8.64 1029.78 17.52 132.08 27.92

1 total solve time (s);
2 (ws): COSMO with solution warm starting and factorisation caching;
3 total factorisation time (s);

3.10 Conclusions

In this chapter we described the first-order solver COSMO and the ADMM algorithm

on which it is based. The solver combines direct support of quadratic objectives

with the ability to handle a large number of conic constraints. This allows the

algorithm to perform well on large standard quadratic programs as well as large

conic problems such as semidefinite programs. Moreover, we showed the advantage

of the modularity of the ADMM-algorithm and our implementation by solving

a problem that benefitted from custom convex constraints and projections. The

performance of the solver was illustrated on a number of benchmark problems that

challenge different aspects of modern solvers. Our implementation in the Julia

programming language allows us rapid development and testing of ideas. Further

performance gains are achievable for example by using Julia’s first-class support for

GPU programming to allow the solver to run on GPUs.
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4.1 Introduction

In this chapter we revisit and further explore the solution of large semidefinite

programs that were introduced in Section 2.5.3. For the rest of the chapter we refer

to the primal form SDP

minimize 〈C,X〉
subject to 〈Ak, X〉 = bk, k = 1, . . . ,m

X ∈ Sn
+,

(4.1)

with variable X and coefficient matrices Ai, C ∈ Sn. The corresponding dual form

SDP is given by
maximize b>y

subject to
m∑

k=1
Akyk + S = C

S ∈ Sn
+,

(4.2)

with dual variable y ∈ Rm and slack variable S. After it was shown at the end of

the 1980s that polynomial time algorithms for SDPs exist [4, 76, 83, 119], SDPs

became an active research topic in the 1990s. A good overview on the recent

history and applications is provided by Wolkowicz et al. [169]. SDPs are often used

in combinatorial optimisation to derive convex relaxations of NP-hard problems.

This is due to the existence of useful results that provide bounds on the quality of

the relaxation [65]. SDPs especially in linear matrix inequality form also play an

important role in control theory [26, 161], and they are used for robust controller

synthesis and to analyse nonlinear and time-varying systems. Moreover, SDPs are

used to derive bounds for stochastic optimisation problems with applications in

finance, economics, and operations research [17, 18]. The recently growing interest

in machine learning has also led to a new range of applications for SDPs, e.g. neural

network verification against adversarial attacks [134], kernel matrix learning [91],

sparse PCA [35], and graph clustering [40].

IPMs for SDPs have existed since the end of the 1980s and have been shown to

provide robust and accurate solutions for small to medium size problems [171].

However, the recent trend to use models based on large quantities of data leads to

SDPs whose dimensions challenge established solver algorithms. There are many
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actively researched approaches to deal with this challenge. The first approach is

to use first-order methods (FOMs). FOMs typically trade-off moderate accuracy

solutions for a lower per-iteration computational cost and can therefore handle large

problems more easily. The lower accuracy is not a concern in many applications

where the input data is noisy or the SDP is itself a relaxation of a computationally

intractable non-convex problem.

Another approach is to replace the positive semidefinite variable X in the SDP

with a rectangular matrix R according to the factorisation X = RR>. Ideally the

rank of R is chosen to be low to increase the computational benefit while at the

same time maintaining a good approximation to the optimal solution of the original

problem. The resulting problem has nonconvex objective and constraints. Burer

and Monteiro [31] present an algorithm that solves the transformed nonconvex

problem using the augmented Lagrangian method. For the minimization of the

inner problem they use a limited memory BFGS-method [96] to avoid expensive

factorisations of the Hessian. Yurtsever et al. [175] recently developed a similar

approximate algorithm which is designed for very large and weakly constrained

SDPs whose solutions are assumed to be low-rank. The algorithm is designed to

keep the storage cost at a minimum. They approximate the solution of the inner

problem in the augmented Lagrangian which requires only the computation and

storage of the minimum eigenvector at each step. At each step this eigenvector is

used to update the approximate PSD variable Xk ∈ Sn. To further reduce storage

cost they only store a sketch S ∈ Rn×R of Xk with R � n and reconstruct the

solution X∗ at the end. The total storage cost for this method is O(d+ nR) where

d is the number of equality constraints.

Another approach that is further discussed in this chapter is to exploit sparsity in

the problem data. If the coefficient matrices A, C exhibit an aggregate sparsity

structure represented by a chordal graph, then the original primal and dual forms

in (4.1) and (4.2) can be decomposed into equivalent problems with a number of

smaller positive semidefinite constraints. These equivalent problems involve only

positive semidefinite constraints on the nonzero blocks of the sparsity pattern, which
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can lead to a significant reduction in the dimension of each constraint, thereby

reducing solve time. The decomposition comes at the expense of additional equality

constraints.

The complete subgraphs, called cliques, in the sparsity graph determine the

computational benefit of the decomposition. One has the choice to combine certain

cliques to improve the decomposition and speed up the overall algorithm. Finding

the optimal clique merging strategy is a difficult problem and depends on the solver

algorithm and the hardware.

4.1.1 Related Work

First-order methods that can handle semidefinite programs have been developed

by O’Donoghue et al. [122] and Sun et al. [150]. The ability to exploit chordal

sparsity in SDPs was recognized by Fukuda et al. [53] and integrated into an IPM

by Andersen et al. [5] and Nakata et al. [116]. This demonstrated substantial

computational improvement in finding the solution of formerly intractable SDPs.

The same decomposition technique can also be applied to solve structured SDPs

with FOMs. Kalbat and Lavaei [85] developed a parallelizable algorithm for

arbitrary decomposable SDPs. Moreover, ADMM was used to solve the decomposed

formulation of the relaxed optimal power flow problem [102]. Recently, Zheng et al.

[181] developed the ADMM-based solver CDCS, written in MATLAB. This work

uses a homogeneous self-dual embedding of a primal-dual pair to detect infeasibility

and can automatically exploit sparsity in PSD constraints.

A trade-off has to be made between the sizes of the blocks and the number of

additional equality constraints. This becomes especially important when chordal

decomposition is used with IPMs because, compared to FOMs, their performance

is more strongly reliant on the number of additional equality constraints. Some

methods to systematize clique merging step for IPMs have been proposed. However,

as the relationship of the clique sizes and the number of equality constraints on

the core linear algebra operations of IPM algorithms is complex, they mostly rely
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on heuristics and intuition from supernode partitioning in multifrontal methods [9,

136].

Nakata et al. [116] suggest traversing the clique tree, the edge set of which is a

subset of all clique pairs that have overlapping entries. For each edge in the tree

Nakata et al. merge the corresponding cliques if the size of the overlapping entries

relative to the cardinality of the individual cliques is higher than some predefined

threshold. The threshold is chosen heuristically to balance the block sizes and the

number of additional equality constraints. The methods are implemented in the

SparseCoLO package [52]. Similarly, Sun et al. [150] suggest traversing the clique

tree and merging cliques if the number of additional fill-in, additional elements that

must be treated as numerical (rather than structural) zeros, and the cardinality of

the supernodes are below certain thresholds. This approach is implemented in the

CHOMPACK package [6]. A limitation of existing methods is that they rely on heuristic

parameters designed for a specific interior point implementation. Furthermore, they

consider only pairs of cliques that are adjacent in the clique tree.

4.1.2 Outline

Section 4.2 introduces the necessary graph concepts for this chapter. Section 4.3

shows the application of two decomposition theorems to the primal and dual SDP

forms (4.1) and (4.2). A new clique graph-based merging strategy is introduced

and compared with existing clique merging strategies in Section 4.4. In Section 4.5

we discuss how the merging strategy is implemented and calibrated for a first-order

method. Numerical results that demonstrate the large computational advantages

of chordal decomposition are shown in Section 4.6. We further compare the

performance of different clique merging strategies for the same solver algorithm.

Section 4.7 concludes this chapter.

4.1.3 Contributions

1. We analyse and compare existing methods to merge the cliques of the sparsity

pattern after an initial decomposition to reduce the per-iteration time of the
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solver algorithm. Existing methods were designed for interior-point methods

and rely heavily on heuristics. We present a novel clique merging algorithm

that utilizes the reduced clique graph of the sparsity structure to make

effective merge decisions, considering a large number of merge possibilities. We

subsequently show that this algorithm can be used effectively in combination

with FOMs due to their simple relationship between per-iteration computation

time and clique dimension.

2. We incorporate chordal decomposition and clique merging into the first-order

solver COSMO. We demonstrate that our approach can speed up the per-iteration

projection time for most real-world sparsity patterns in our benchmark sets

by a factor of up to 2 or 3.

3. Benchmarks on very large sparse SDPs against MOSEK and SCS show orders of

magnitude improvement in solve time.

4.2 Background

In this section we define some graph-related concepts that are used throughout this

chapter. In particular we show how the sparsity of a matrix can be described by a

graph and then analyzed using concepts from graph theory. As we will see later

this relationship is the basis for the decomposition results in Section 4.3. A good

overview on this topic is given in the survey paper by Vandenberghe and Andersen

[159], from which we will adopt the graph-related notation. Another good overview

is given by Blair and Peyton [21]. When illustrating graphs in this chapter we will

display a vertex vk simply with a circled number k in the figure.

4.2.1 Chordal Graphs

We define an undirected graph G(V,E) as a pair of a finite vertex set V and

an edge set of unordered pairs E = {{v, u} | v, u ∈ V, v 6= u} ⊆ V × V .

Elements of vi ∈ V are called graph vertices and elements {v, u} ∈ E are
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called graph edges. Notice that the definition of the edge set excludes self-

loops and does not distinguish between {v, u} and {u, v}. Consider the example

graph shown in Figure 4.1(a). It has vertex set V = {1, 2, 3, 4, 5} and edge set

E = {{1, 2}, {1, 3}, {1, 6}, {2, 3}, {3, 4}, {3, 5}, {4, 5}, {5, 6}}. By taking a subset of

the vertices V ′ ⊆ V of an undirected graph we can induce a subgraph G(V ′
, E(V ′))

where the edge set E(V ′) only contains the edges of E that link vertices in V
′ , i.e.

E(V ′) = {{v, u} ∈ E | v, u ∈ V ′}.

Two vertices u, v are called adjacent if there exists an edge between them, i.e.

{u, v} ∈ E. The set of adjacent vertices of a vertex v is called the neighbourhood

adj(v) = {u | {v, u} ∈ E} and its cardinality is called vertex degree deg(v) = |adj(v)|.

Vertex 1 in Figure 4.1(b) has a neighbourhood of degree deg(1) = |{1, 2, 6}| = 3.

We further define a path between two vertices v and w 6= v as a sequence of vertices

v = v0, v1, . . . , vn = w with {vi, vi+1} ∈ E. Consequently, two vertices are connected

if one can construct at least one path between them. If all vertices of a graph are

pairwise adjacent, i.e. E = {{v, u} | v, u ∈ V, v 6= u}, the graph is called complete.

When algorithms operate on graphs it is useful to have a notion of order among

the graph vertices. An undirected graph G(V,E) with n vertices can be ordered

by assigning consecutive numbers 1, . . . , n to the vertices. Using the ordering

σ : {1, 2, . . . , n} → V , we define an ordered graph Gσ(V,E, σ) as an undirected

graph with an associated ordering. The inverse of the ordering σ−1(v) returns the

index of the vertex within the ordering. An important ordering that is used in

many numerical algebra routines and that can be found for some graphs is the

perfect elimination ordering. To define this ordering we make use of the concept of

a simplicial vertex, which is a vertex v whose neighbourhood adj(v) is complete.

Definition 4.2.1 (Perfect elimination ordering). An ordering σ of an undirected

graph G(V,E) is a perfect elimination ordering if each vertex vi = σ(i) is a simplicial

vertex in the subgraph induced by the vertices {vi, vi+1, . . . , vn}.

A perfect elimination ordering for a graph is shown in Figure 4.1(c). From the

definition one can construct a simple recursive algorithm to compute a perfect
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elimination ordering when one exists: For each order i = 1, . . . , n, assign σ(i) to

any simplicial vertex in the unvisited graph G(V \ {σ(1), . . . , σ(i− 1)}). Given a
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(a) Undirected graph.
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(b) Neighbourhood of ver-
tex 1.
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(1)(2)

(3)

(4)

(5)

(6)

(c) A graph with a perfect
elimination ordering (shown
in brackets).

Figure 4.1

valid ordering we extend the definition of vertex degree and vertex neighbourhood.

Definition 4.2.2 (Higher degree of a vertex). The higher degree of a vertex deg+(v)

is the cardinality of the set of neighbours with a higher ordering than v, the higher

neighbourhood, i.e. deg+(v) =
∣∣∣adj+(v)

∣∣∣, where adj+(v) = {u ∈ V | σ−1(u) > σ−1(v)}.

In Figure 4.1(c) the higher neighbourhood of vertex 4 is adj+(4) = {2, 3} so

deg+(4) = 2.

The concept of perfect elimination ordering is closely related to a particular class

of graphs known as chordal graphs that we will introduce in the following. First,

we define a cycle inside a graph of length k as a path of k distinct edges joining

a sequence of vertices {v1, v2, . . . , vk} such that {v1, vk} ∈ E and {vi, vi+1} ∈ E

for i = 1, . . . , k − 1. A chord, or “one-edge-shortcut”, is an edge that joins two

non-adjacent vertices in a cycle. Using the concepts of cycles and chords we define

the following important class of graphs.

Definition 4.2.3 (Chordal graph). An undirected graph G(V,E) is called chordal

if every cycle in the graph of length greater than three has at least one chord.

Examples of chordal graphs are shown in Figure 4.2. The graph shown in Fig-

ure 4.1(a) is not chordal since it has a chordless cycle (1− 3− 5− 6).
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Figure 4.2: Examples of chordal graphs.

Notice that this definition allows only triangular cycles in the graph, which led to the

alternative term triangulated graph. Chordal graphs have the following important

property.

Theorem 3 ([159, Theorem 4.1]). A graph G(V,E) is chordal if and only if G has

a perfect elimination ordering.

This property allows efficient traversal of chordal graphs and is one of the reasons

chordal graphs are popular and have been studied since the 1950s. Some advantages

of chordal graphs are:

• Many difficult combinatorial problems that are NP-hard for general graphs

can easily be solved in polynomial time for chordal graphs, e.g. finding all

maximal cliques in the graph [142]. Another example is the problem of finding

an optimal vertex colouring, i.e. checking whether a graph can be coloured

with k colours such that no adjacent vertices have the same colour. For

chordal graphs this can be done using a simple greedy algorithm [59].

• Chordal graphs can be efficiently recognized by trying to determine a perfect

elimination ordering. Two important graph-ordering algorithms are lexico-

graphical breadth-first search [142] and the simpler maximum cardinality

search (MCS) [151], both of which find a perfect elimination ordering for a

chordal graph in linear time O(|V |+ |E|).

• They can be recursively decomposed into smaller chordal subgraphs, which

explains the alternative name decomposable graphs. We will later see how this

property can be used to decompose SDPs.
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To test for chordality we can use a maximum cardinality search as shown in

Algorithm 5 to find an elimination ordering. If the ordering returned by the

Algorithm 5: Maximum Cardinality Search [15].
Input : A graph G(V,E) with n vertices.
Output : An elimination ordering σ(i)→ v.

1 Initialise vector of cardinality of visited neighbours c(v) = 0;
2 for i = n to 1 do
3 Find unnumbered vertex with highest cardinality vi ← findmax c;
4 Set σ−1(vi) = i;
5 for all unnumbered vj adjacent to vi do
6 c(vj) = c(vj) + 1;

7 Find inverse permutation of σ−1(v): σ(i).

algorithm is a perfect elimination ordering, then the graph is chordal.

Notice that we can make any graph chordal by adding suitable edges to E. This is

called a chordal extension, chordal embedding or triangulation.

Definition 4.2.4 (Chordal extension). Given a graph G(V,E), a chordal extension

is a chordal graph Ḡ(V, Ē) where E ⊆ Ē.

Finding a chordal extension with the minimum number of extra edges, or fill-in, is

an NP-hard problem [174]. However, good heuristic methods to reduce the number

of extra edges are available from matrix factorisation routines, e.g. the approximate

minimum degree method (AMD) or the nested disection method [37]. An example

for a chordal extension is shown in Figure 4.3.

6 5 4

2 31

(a)

6 5 4

2 31

(b)

6 5 4

2 31

(c)

Figure 4.3: a) Nonchordal graph which has b) a cycle (2− 3− 4− 5− 6) of length 5. c)
The graph can be chordally extended by adding two edges Ē = {{2, 5}, {3, 5}} ∪ E.

Another important concept that conveys information about how different parts of

the graph are connected are minimal vertex separators.
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Definition 4.2.5 (Minimal vertex separator). A subset of vertices S ⊂ V of an

undirected graph G(V,E) is a (v, u)-vertex separator for two vertices (v, u) if the

subgraph G(V \ S) does not contain a path that connects the vertices v, u. A

(v, u)-vertex separator is a minimal vertex separator for the graph G if no proper

subset of S is also a (v, u)-vertex separator.

The four minimal vertex separators for an example graph are shown in Figure 4.4.

The chordality of a graph can be tested by considering its minimal vertex separators.
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Figure 4.4: The four minimal vertex separators {{8}, {3}, {6, 7, 8}, {3, 6}} of a chordal
graph (highlighted in red). For example {3} is a (1, 2)-separator.

Theorem 4 ([159, Theorem 3.1]). A graph G(V,E) is chordal if and only if all

minimal vertex separators are complete subgraphs.

We can confirm that this is the case for the chordal graph in Figure 4.4.

4.2.2 Cliques, clique trees

We follow the convention of Vandenberghe and Andersen [159] by defining a clique

as a subset of vertices C ⊆ V that induces a maximal complete subgraph of G.1

1The term clique in a graph context was first used by Luce and Perry [101] who analysed
complete subgraphs in social networks, i.e. people who all knew each other.
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The maximality condition means that the clique can not be extended by adding one

more adjacent vertex. The number of vertices in a clique is given by the cardinality

|C|. If the graph is chordal and ordered Gσ(V,E, σ) a clique can be identified by

the representative vertex vr, which is the vertex of lowest order in the clique. The

other vertices of the clique are found in the higher neighbourhood of the vr. We

denote this as C(vr) = {vr} ∪ adj+(vr). The example graph of Figure 4.4 is shown

again in Figure 4.5 alongside its five cliques. Cliques convey significant information

3

2

6

1

9

7

4 5

8

(a) Chordal graph.
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(b) Cliques of the graph.

Figure 4.5

about the structure of the graph.

For a connected graph G let B = {C1, . . . , Cp} be the set of cliques. A clique tree

T (B, E) is formed by taking the cliques as vertices and by choosing edges from

E ⊆ B × B such that the tree satisfies the running-intersection property.

Definition 4.2.6 (Running intersection property).

For each pair of cliques Ci, Cj ∈ B, the intersection Ci ∩ Cj is contained in all the

cliques on the path in the clique tree connecting Ci and Cj.

This property is also referred to as the clique-intersection property in [116] and

the induced subtree property in [159]. A close relationship between clique trees and

chordal graphs is established via the following theorem.

Theorem 5 ([159, Theorem 3.5]). For every chordal graph G(V,E) one can

construct a clique tree T (B, E) that satisfies the running intersection property.



4. Chordal decomposition of sparse semidefinite programs 87

1, 3, 6

3, 6, 7, 8

2, 3

6, 7, 8, 9

4, 5, 8

(a) Clique tree with running in-
tersection property for the graph
in Figure 4.5(a).

6, 7, 8, 9

6, 7, 8
3

3, 6
1

3
2

8
4, 5

η`

ν`

(b) Clique tree partitioned
into clique separators η` and
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Figure 4.6

The clique tree for the example graph from Figure 4.5(a) is shown in Figure 4.6(a).

For a clique C` we refer to the first clique encountered on the path to the root as

its parent clique Cpar. Conversely C` is called a child of Cpar. If two cliques have

the same parent clique we refer to them as siblings. We further define the function

par : 2V → 2V and the multivalued function ch : 2V ⇒ 2V such that par(C`) and

ch(C`) return the parent clique and set of child cliques of C`, respectively, where 2V

is the power set (set of all subsets) of V .

To analyse the clique tree it is helpful to partition the vertices in each clique into two

sets: the separator η` = C` ∩ par(C`), i.e. all clique elements that are also contained

in the parent clique, and the set formed by the remaining vertices which is called the

clique residual or supernode ν` = C` \ η`. The partitioning for the example clique

tree is shown in Figure 4.6(b), with the separators listed in the upper rows and the

supernodes in the lower rows of the nodes. Notice that the separators are exactly

the minimal vertex separators of the graph; cf. Figure 4.4. Keeping track of which

vertices in a clique belong to the supernode and the separator is useful because

it shows how different cliques overlap. We will use this information later in the

chapter for PSD matrix completion and for clique merging strategies.

An efficient algorithm to compute the clique tree in O(n) was proposed by Pothen

and Sun [128]. The algorithm takes as input the elimination tree and the higher

degrees of every vertex and computes the representative vertex of every clique
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and the parent-child relationships between the cliques. The pseudocode is shown

in Algorithm 6. For the pseudocode notation we define the following functions,

snd(v)→ ν returns the supernode that contains vertex v, rep(ν)→ vr returns the

representative vertex of supernode ν, ch(v) → C returns the children of v in the

elimination tree.

Algorithm 6: Clique tree algorithm by Pothen and Sun [128].
Input : Postordered elimination tree for an ordered chordal graph

Gσ(V,E), higher degrees deg+(v) for all vertices.
Output : Representative vertices vr

1, . . . , v
r
p, supernodes V s, parent

structure par(vr
i ).

1 Initialise empty set of supernodes V s = {};
2 for v ∈ V do
3 Find children: C ← ch(v);
4 if deg+(v) + 1 > deg+(u) for any u ∈ ch(v) then
5 v is a representative vertex vr ← v;
6 Create a new supernode ν` = {v}, V s ← ν` ;
7 else
8 Pick one û ∈ C such that deg+(v) + 1 = deg+(û);
9 Find representative vertex vr ← rep(snd(û));

10 snd(û) = snd(û) ∪ {v};
11 C = C \ {û};
12 for u ∈ C do
13 Find representative vertex of u: w ← rep(snd(u));
14 Assign parent to w: par(w)← vr;

We illustrate the algorithm in the following example.

Example 4.2.1 (Computing a clique tree). In this example we demonstrate how

to compute a clique tree for the graph G(V, e) in Figure 4.5(a). This requires four

steps:

1. Compute the higher degrees of every vertex.

2. Compute the elimination tree.

3. Determine the representative vertices / clique supernodes and parent structure

using Algorithm 6.

4. Find the clique separators.
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We start by determining a perfect elimination ordering for the graph in Figure 4.5(a).

For this particular graph one perfect elimination ordering is given by the natural

ordering of the vertices, i.e. σ(i) = i. This defines the ordered graph Gσ(V,E). The

ordering allows us to determine the higher degree deg+(v) for every v ∈ V . The

higher degrees are shown in Figure 4.7(a).
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Figure 4.7

For an ordered graph, the elimination tree is rooted in the vertex with the highest

order σ(n). The parent for each vertex vi ∈ V is defined as the vertex vj in vi’s

higher neighbourhood with the lowest ordering index, i.e.

par(vi) := argmin{σ−1(vj) | vj ∈ adj+(vi)}.

The elimination tree for the ordering in Figure 4.7(a) is shown in Figure 4.7(b). The

elimination tree can be computed in O(n) [97]. Again we show the higher degrees

for each vertex. Notice that by construction this tree is topologically ordered, i.e.

every vertex in the tree has a lower ordering than its parent. The elimination tree

and the higher degrees allow us to apply Algorithm 6 to find the supernodes and

the supernode parent structure. The supernodes are given by:

ν1 = {1}, ν2 = {2}, ν3 = {3}, ν4 = {4, 5}, ν5 = {6, 7, 8, 9}.

The representative vertex vr
i for each supernode νi is the first element in the node.

The supernode parent structure is defined in terms of the representative vertex of

each supernode, i.e. if par(vr
j ) = vr

i , then par(snd(vr
j )) = snd(vr

i ):
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par(1) = 3, par(2) = 3, par(3) = 6, par(4) = 6.

The representative vertices and supernode partition are highlighted in Figure 4.7(b).

Using the parent structure we define a supernodal elimination tree, with the

supernodes νi as the vertices. In Figure 4.7(c) the supernodes are shown in the

lower row of the vertices. The upper row, the clique residuals, are determined by

the vertices in the higher neighbourhood of the representative vertex adj+(vr
i ) minus

the elements in the lower row:

ηi := sep(vr
i ) = adj+(vr

i ) \ νi.

Consequently, the tree in Figure 4.7(c) forms a valid clique tree with each node

representing one clique.

The example started by determining a valid elimination tree based on a particular

elimination ordering. Notice that for the tree in Figure 4.7(b) it holds that the

order of every vertex is smaller than of its parent, i.e. v ≺σ par(v). This is called a

topological ordering. After the elimination tree is computed we are allowed to reorder

the vertices using any topological reordering and still get the same elimination tree

and clique tree structure. A postordering of the elimination tree is particularly

helpful in a number of algorithms that are presented in the next section. In a

postordered tree, descendants of vertices are given consecutive orders. Consequently,

a postordering can be generated by assigning the highest order to the root and then

performing a depth-first traversal of the elimination tree.

4.2.3 Sparse matrices and graphs

In this section we will establish the connection between the graph concepts from Sec-

tion 4.2.1, Section 4.2.2 and the sparsity pattern of a symmetric matrix. An

undirected graph with n vertices can be used to represent the sparsity pattern of

a symmetric matrix S ∈ Sn. Every nonzero entry Sij 6= 0 in the lower triangular

part of the matrix introduces an edge (i, j) ∈ E. In Figure 4.8 we show the lower

triangular nonzeros of a sparsity pattern that corresponds to the graph from the

previous section. Furthermore, notice that we coloured the vertices / nonzero
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Figure 4.8: Sparsity pattern with corresponding graph and clique tree. The elements of
the cliques C4 and C5 are shown highlighted.

elements of cliques C4 and C5. This shows how the cliques of the graph constitute

complete subblocks in the matrix sparsity pattern. Moreover, the clique separator

η4 = {8} of C4 tells us which matrix elements overlap with the parent clique. In this

case only in the element S8,8. Another example would be the overlapping elements

between C1 and C3, which are given by the matrix elements S3,3, S3,6, S6,6.

With this relationship between graphs and sparsity in mind, one can formally define

the building blocks to constrain matrices to have a sparsity pattern that is specified

by the edge set of an undirected graph G(V,E). We define the following spaces of

sparse symmetric matrices.

Definition 4.2.7 (Space of sparse symmetric matrices). Given an undirected graph

G(V,E) we define the space of sparse symmetric matrices as

Sn (E, 0) := {S ∈ Sn | Sij = Sji = 0 if i 6= j and (i, j) /∈ E} . (4.3)

Note that the numerical value of diagonal entries Sii and the off-diagonal entries

Sij with (i, j) ∈ E may be zero or nonzero.

For the rest of the chapter we will assume that the graph G(V,E) that defines the

sparsity pattern is connected. If the graph had k disconnected components, one could

analyse the sparsity pattern induced by each subgraph G1(V1, E1), . . . , Gk(Vk, Ek)

with partitioned vertex set ⋃k
i=1 Vi = V, Vi ∩ Vj = ∅ and edge set ⋃k

i=1 Ei =

E, Ei ∩ Ej = ∅ separately.
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We extend the terminology established in the previous section to matrices in Sn (E, 0).

A sparse chordal matrix is a matrix in Sn (E, 0) where E specifies a chordal graph.

Furthermore, we can perform a chordal extension of a sparsity pattern, by extending

the corresponding graph. The lower-triangular sparsity patterns corresponding to

the chordal extension example in Figure 4.3 are shown in Figure 4.9.




1
2
3
4
5
6

1 2 3 4 5 6

(a) Sparsity pattern cor-
responding to nonchordal
graph in Figure 4.3(a).




1
2
3
4
5
6

1 2 3 4 5 6

(b) Chordal extension of
the sparsity pattern ac-
cording to graph in Fig-
ure 4.3(c).

Figure 4.9

Next, we define another sparse matrix space by extending the definition (4.3) with

a positive semidefiniteness condition.

Definition 4.2.8 (Space of sparse positive semidefinite matrices). Given an undi-

rected graph G(V,E) we define the space of sparse positive semidefinite matrices

as

Sn
+ (E, 0) := {S ∈ Sn(E, 0) | S � 0} .

Since Sn
+ (E, 0) is the intersection of a subspace and a convex cone Sn

+ (E, 0) =

Sn
+ ∩ Sn (E, 0) it is itself a closed convex cone.

The conditions for a proper cone were listed in Definition 2.1.3, i.e. closed, pointed,

and nonempty interior. Clearly, Sn
+ (E, 0) is pointed as S and−S can only be positive

semidefinite if S = 0n×n. Moreover, its interior is int(Sn
+ (E, 0)) := Sn

++(E, 0), the

set of strictly positive semidefinite matrices with sparsity pattern E

Sn
++(E, 0) := {S ∈ Sn(E, 0) | S � 0} .

Consequently, Sn
+ (E, 0) is proper in Sn (E, 0) (whenever E is nonempty). An

example of a matrix in the cone of sparse positive semidefinite matrices for a specific
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graph is shown in Figure 4.10. We emphasize that matrix elements that correspond

4

5

3

21

(a)

S =


1 0 0 2 −1
0 2 0 0 3
0 0 3 1 −2
2 0 1 7 −5
−1 3 −2 −5 12

 � 0

(b)

Figure 4.10: Sparsity graph G(V, E) and example matrix S ∈ Sn
+(E, 0) with eigenvalues

λ(S) = {0.31, 0.72, 2.77, 5.03, 16.17}.

to edges in E are allowed to have a numerical value of zero, e.g. for the matrix

in Figure 4.10(b) we could set S45 = S54 = 0 and obtain another valid example.

The dual cone of Sn
+ (E, 0) is the positive semidefinite completable matrix cone,

which is also a proper cone [159, Chapter 10].

Definition 4.2.9 (Space of positive semidefinite completable matrices). Given an

undirected graph G(V,E) we define the space of positive semidefinite completable

matrices as

Sn
+(E, ?) :=

{
Y | ∃ Ŷ ∈ Sn

+, Yij = Ŷij, if i = j or (i, j) ∈ E
}
.

For a matrix Y ∈ Sn
+(E, ?) we can find a positive semidefinite completion Ŷ by

choosing appropriate values for all entries (i, j) /∈ E.

For the example graph in Figure 4.11(a), a suitable PSD-completable matrix Y is

shown in Figure 4.11(b) with completion Ŷ in Figure 4.11(c). The cones Sn
+(E, ?)

4

2

1

5 3

(a)


27 −2 ? 4 ?
−2 11 ? −9 ?
? ? 18 5 21
4 −9 5 31 ?
? ? 21 ? 48


(b)


27 −2 12 4 31
−2 11 −11 −9 −11
12 −11 18 5 21
4 −9 5 31 22
31 −11 21 22 48


(c)

Figure 4.11: a) Sparsity graph G(V, E), b) example matrix Y ∈ Sn
+(E, ?) and c) positive

semidefinite completion Ŷ with eigenvalues λ(Ŷ ) = {0.02, 0.92, 15.49, 27.94, 90.63}.
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and Sn
+(E, 0) are well known to be duals of each other [159, Chapter 10]. Their

duality has important consequences when these cones are used in the context of

primal-dual algorithms for SDPs. If the primal matrix variable is constrained to

be positive semidefinite with a given sparsity pattern, then the corresponding dual

matrix variable will be positive semidefinite completable with the same sparsity

pattern.

The positive semidefinite completion Ŷ for a given matrix Y ∈ Sn
+(E, ?) is in general

not unique. An algorithm to find a completion that maximizes the determinant

of Ŷ is described in [159, Sec. 10.3] and shown in Algorithm 7. The algorithm

Algorithm 7: Positive semidefinite completion.
Input : Completable matrix Y ∈ Sn

+(E, ?), chordal sparsity graph G(V,E)
and a postordered supernodal elimination tree with n
representative vertices vr

i ∈ V r.
Output : Positive semidefinite completion Ŷ .

1 Initialise Ŷ = Y ;
2 for vr

i ∈ V in descending order do
3 ν ← snd(vr

i ), η ← sep(vr
i );

4 C = ν ∪ η;
5 ω = {j | vr

i < j ≤ n} \ C;
6 Ŷω,ν = Ŷω,ηŶ

†
η,ηŶη,ν ;

7 Ŷν,ω = Ŷ >
ω,ν ;

processes the representative vertices of the postordered supernode elimination

tree in descending order i. At each step the algorithm gathers the indices of the

supernode ν = snd(vr
i ) and of the separator η = sep(vr

i ). The important index set

for the completion is ω that collects all the unknown elements in the row below

the representative vertex. These are the entries that are to be completed. Using

this information we complete the unknown submatrix block Ŷω,ν for the columns

given by the supernode. Using symmetry of Ŷ we can also complete the transposed

submatrix block.

The steps of the completion algorithm are shown for the example graph in the

following example.
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Example 4.2.2 (Positive semidefinite completion). In this example we compute

the positive semidefinite completion Ŷ for a matrix Y ∈ Sn
+(E, ?) with the chordal

sparsity pattern and supernodal elimination tree discussed in Figure 4.8. Notice that

the cliques in Figure 4.8(c) are postordered. Following this ordering we determine

ν (lower row), η (upper row) and ω for each clique and then fill in the submatrix

according to:

Ŷω,ν = Ŷω,η Ŷ †
η,η Ŷη,ν (4.4)

Ŷν,ω = Ŷ >
ω,ν

The matrix Y is gradually completed. The steps for each clique are shown

in Figure 4.12. The matrix blocks corresponding to the terms in (4.4) are highlighted.

No completion steps are necessary for the root of the supernode tree, clique C5, as

it always represents a dense block in the bottom right corner. The completion for

C4 with vr
4 = 4 is shown in Figure 4.12(a). The following blocks are completed:

Ŷ(6,7,9),(4,5) = Ŷ(6,7,9),(8)Ŷ
†

(8),(8)Ŷ(8),(4,5)

Ŷ(4,5),(6,7,9) = Ŷ >
(6,7,9),(4,5).

Notice that the processing order of the cliques matters, e.g. the completed en-

tries in Figure 4.12(b) are used to complete the entries in the next step shown

in Figure 4.12(c).

4.3 Chordal Decomposition

As noted in Section 3.4.3, for large SDPs the eigendecomposition in the projection

step (3.25) is the principal performance bottleneck for a first- or second-order

algorithm. However, since large-scale SDPs often exhibit a certain structure or

sparsity pattern, a sensible strategy is to exploit any such structure to alleviate this

bottleneck. If the aggregated sparsity pattern is chordal, Agler’s [1] and Grone’s [70]

theorems can be used to decompose a large PSD constraint into a collection of

smaller PSD constraints and additional coupling constraints. The projection step
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



1
2
3
4
5
6
7
8
9

1 2 3 4 5 6 7 8 9

(a) Complete Ŷ(6,7,9),(4,5).





1
2
3
4
5
6
7
8
9

1 2 3 4 5 6 7 8 9

(b) Complete Ŷ(4,5,9),(3).



1
2
3
4
5
6
7
8
9

1 2 3 4 5 6 7 8 9

(c) Complete Ŷ(4,5,6,7,8,9),(2).





1
2
3
4
5
6
7
8
9

1 2 3 4 5 6 7 8 9

(d) Complete Ŷ(2,4,5,7,8,9),(1).

Figure 4.12: Steps of positive semidefinite completion Algorithm 7 applied to the example
sparsity pattern in Figure 4.8(a). The blue and orange entries are being completed.

applied to the set of smaller PSD constraints is usually significantly faster than

when applied to the original constraint. Since the projections are independent of

each other, further performance improvement can be achieved by carrying them out

in parallel. Our approach is to apply chordal decomposition to a standard form SDP

in the form (3.14) to produce a decomposed problem. The decomposed problem

is then transformed back to a problem in the form (3.14) but with a collection of

smaller PSD cone constraints and coupling constraints. This process allows us to

apply chordal decomposition as a preprocessing step before the problem is handed

to the solver. As we will see in Section 4.3.1, a chordal sparsity pattern can be

imposed on any PSD constraint.

4.3.1 Decomposition theorems

In Section 4.2.3 we established a connection between graphs and matrix sparsity. In

particular we highlighted some of the advantageous properties of chordal graphs, such

as the ability to calculate a supernodal elimination tree, which encodes information

about all the graph cliques and how they overlap. In this section we establish a

link between the sparsity pattern imposed on a positive semidefinite optimisation
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variable by a set of constraints and chordal graphs. The decomposability property

of a chordal graph which allows us to split it into cliques can also be applied to split

a positive semidefinite matrix into a number of nonzero subblocks. The connection

is formalized in the following two important matrix decomposition theorems. We

first consider an SDP in standard primal form:

minimize 〈C,X〉
subject to 〈Ak, X〉 = bk, k = 1, . . . ,m

X ∈ Sn
+,

(4.5)

with variable X, coefficient matrices Ak, C ∈ Sn and vector b ∈ Rm. The

corresponding dual problem is

maximize b>y

subject to
m∑

k=1
Akyk + S = C

S ∈ Sn
+,

(4.6)

with dual variable y ∈ Rm and slack variable S. Let us assume that the problem

matrices in (4.5) and (4.6) each have their own sparsity pattern

Ak ∈ Sn(EAk
, 0) and C ∈ Sn(EC , 0).

The aggregate sparsity of the problem is given by the graph G(V,E) with edge set

E = EA1 ∪ EA2 ∪ · · · ∪ EAm ∪ EC .

In general G(V,E) will not be chordal, but a chordal extension can be found by

adding edges to the graph. We denote the extended graph as G(V, Ē), where

E ⊆ Ē. Finding the minimum number of additional edges required to make the

graph chordal is an NP-complete problem [174]. Consider a 0–1 matrix M with

edge set E. A commonly used heuristic method to compute a chordal extension is

to perform a symbolic Cholesky factorisation of M [53], with the edge set of the

Cholesky factor then providing the chordal extension Ē. To simplify the notation in

the remainder of the chapter, we henceforward assume that E represents a chordal

graph or has been appropriately extended.
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Using the aggregate sparsity of the problem we can modify the constraints on the

matrix variables in (4.5) and (4.6) to be in the respective sparse positive semidefinite

matrix spaces:

X ∈ Sn
+(E, ?) and S ∈ Sn

+(E, 0). (4.7)

We further define the entry-selector matrices T` ∈ R|C`|×n for a clique C` as

(T`)ij :=
1, if C`(i) = j

0, otherwise,

where C`(i) is the ith vertex of C`. We can express the constraints in (4.7) in terms

of multiple smaller coupled constraints using Grone’s and Agler’s theorems.

Theorem 6 (Grone’s theorem [70]). Let G(V,E) be a chordal graph with a set of

maximal cliques {C1, . . . , Cp}. Then X ∈ Sn
+(E, ?) if and only if

X` = T`XT
>
` ∈ S|C`|

+ ,

for all ` = 1, . . . , p.

Applying this theorem to (4.5) while restricting X to the positive semidefinite

completable matrix cone as in (4.7) yields the decomposed problem:

minimize 〈C,X〉
subject to 〈Ak, X〉 = bk, k = 1, . . . ,m

X` = T`XT
>
` , ` = 1, . . . , p

X` ∈ S|C`|
+ , ` = 1, . . . , p,

(4.8)

An application of Theorem 6 to a small SDP is shown in the following example.

Example 4.3.1 (Grone’s theorem). Consider the following 4× 4 LMI-constraint

based on a variable x ∈ R3:

X(x) =


x1 x2 + 1 ? ?

x2 + 1 x3 −1 ?
? −1 x1 + x2 + 5 −x1 + 3
? ? −x1 + 3 x1 − x3

 ∈ S4
+(E, ?). (4.9)

The corresponding sparsity graph has three cliques, C1 = {1, 2}, C2 = {2, 3},and

C3 = {3, 4}. Following Grone’s theorem the LMI in (4.9) can be equivalently
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represented by the following three LMI constraints

X1(x) =
[

x1 x2 + 1
x2 + 1 x3

]
� 0, X2(x) =

[
x3 −1
−1 x1 + x2 + 5

]
� 0,

X3(x) =
[
x1 + x2 + 5 −x1 + 3
−x1 + 3 x1 − x3

]
� 0.

For the dual problem we utilise Agler’s theorem, which is the dual to Theorem 6.

Theorem 7 (Agler’s theorem [1]). Let G(V,E) be a chordal graph with a set of

maximal cliques {C1, . . . , Cp}. Then S ∈ Sn
+(E, 0) if and only if there exist matrices

S` ∈ S|C`|
+ for ` = 1, . . . , p such that

S =
p∑

`=1
T>

` S`T`.

Note that the matrices T` serve to extract the submatrix S` such that S` = T`ST
>
`

has rows and columns corresponding to the vertices of the clique C`. With this

theorem, we transform the dual form SDP in (4.6) with the restriction on S in (4.7)

to arrive at:
maximize b>y

subject to
m∑

k=1
Akyk +

p∑
`=1

T>
` S`T` = C

S` ∈ S|C`|
+ , ` = 1, . . . , p.

(4.10)

An application of Theorem 7 to a small SDP is shown in the following example.

Example 4.3.2 (Agler’s theorem). Consider the following 5× 5 LMI-constraint

based on a variable y ∈ R4:

S(y) =


y1 −y2 0 y4 0
−y2 y3 + y4 0 0 0

0 0 y3 2 + y1 −y1
y4 0 2 + y1 4− y2 y3
0 0 −y1 y3 5 + y2

 ∈ S5
+ (4.11)

The three cliques of the sparsity graph of the matrix in (4.11) are C1 = {1, 2}, C2 =

{1, 4}, C3 = {3, 4, 5}. Using Agler’s theorem the LMI can be equivalently represented
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by the three smaller LMIs

S1(y, θ) =
[
y1 − θ1 −y2
−y2 y3 + y4

]
� 0, S2(y, θ) =

[
θ1 y4
y4 4− y2 − θ2

]
� 0,

S3(y, θ) =

 y3 2 + y1 −y1
2 + y1 θ2 y3
−y1 y3 5 + y2

 � 0,

which use two additional variables θ1, θ2 to account for the overlapping entries in

(1, 1) and (4, 4). It is easy to see that the entry-wise sum of the three matrix blocks

yields S. Notice that the decomposition into three cliques is somewhat arbitrary. We

are free to treat any structural zero in (4.11) as a numerical zero which consequently

introduces an edge into the sparsity graph. For example, treating the zeros in

position (2, 4) and (4, 2) as numerical zeros would effectively merge C1 and C2 and

the decomposition would have just two blocks. The idea of effective clique merging

is discussed in more detail in Section 4.4.

4.3.2 Backtransformation

If the decomposition of the problem is handled as a preprocessing step before it is

handed to the solver algorithm, it might be necessary to transform the decomposed

problem back into a compatible problem form. In this section we consider the

decomposed dual SDP problem in (4.10) and show how to transform it back into

the standard solver form (3.14), defined in the previous chapter and shown again

here:
minimize 1

2x
>Px+ q>x

subject to Ax+ s = b
s ∈ K.

For the undecomposed problem in (4.6), this is achieved by first relabelling y

as x. We then choose P = 0n×n, q = −b, define A = [svec(A1), . . . , svec(Am)],

b = svec(C), s = svec(S), and K = Sn
+.

To transform the decomposed dual problem (4.10), we will make use of the fact that

the decision variable S ∈ Sn and all the submatrices S` are symmetric and consider

instead s` = svec(S`). The main challenge is to keep track of the overlapping entries
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in the individual blocks and ensure they sum to the original entry in S. Different

possible transformations achieving this are described in [88].

All the necessary information about the overlapping entries is stored in the clique

tree T (B, E) that represents the sparsity pattern of S. We assume that the clique

tree is post-ordered with cliques C1, . . . , Cp. Define a vector to represent slack

variables for overlapping entries θ := [θ1, . . . , θno ]>, where no := ∑p
`=1

|η`|(|η`|+1)
2 is

the total number of overlapping entries in the upper triangle of the sparsity pattern.

The s vector of the decomposed problem is created by stacking the vectorized

subblocks s` according to the postordering of the clique tree. Define ω(i, j, `) as the

index of s corresponding to the (i, j)th element of block S`. The equality constraint

in problem (4.10) can be represented in the equivalent standard form (3.14) as:


svec(Ã1

1) · · · svec(Ã1
m)

... . . . ... L
svec(Ãp

1) · · · svec(Ãp
m)


[
x
θ

]
+


s1
s2
...
sp

 =


svec(B̃1)

...
svec(B̃p)

 , (4.12)

with

Ã`
k,ij :=

A`
k,ij if (i, j) /∈ sep(C`)

0 otherwise,
B̃`

ij :=
B`

ij if (i, j) /∈ sep(C`)
0 otherwise.

The matrices Ã`
k and B̃` take on the values ofAk andB in the locations corresponding

to the elements in the submatrix S`. If a matrix entry of clique Cl in A`
k,ij and

B`
ij is overlapped by an entry of the parent clique, i.e. both (i, j) are included in

sep(Cl), it is set to zero. Each column of the linking matrix L ∈ Rmd×no links one

overlapping entry in the clique tree. L is generated by first collecting all the matrix

indices (i, j)` of the separators sep(C`) in the clique tree:

O :=
p⋃

`=1
{(i, j)` ∈ sep(C`) | i ≤ j} .

Then L is constructed column-by-column, each representing one overlapping entry.

The column vector lc is equal to 1 in the row r corresponding to the (i, j)`-th entry

of S` and −1 in the row corresponding to the same entry of the parent block Sk,
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where C` = ch(Ck). Thus, each element in lc is defined by:

lrc :=


1 if r = ω(i, j, `)
−1 if r = ω(i, j, par(`))

0 otherwise,
for each (i, j)` ∈ O.

As an example consider a problem with m = 1 and p = 3 and the simple sparsity

pattern and clique tree given by:

B11−A11x B12−A12x B13−A13x 0 0
B22−A22x B23−A23x B24−A24x 0

B33−A33x B34−A34x B35−A35x

B44−A44x B45−A45x

B55−A55x




C1

C2

C3

3, 4, 5

3, 4

2

2, 3

1

C3

C2

C1

Using the transformation in (4.12) this constraint can be represented by three

constraints on the submatrices S1, S2 and S3 and six overlap variables θ1, . . . , θ6:

S3 =

B33 − A33x− θ1 B34 − A34x− θ2 B35 − A35x
B44 − A44x− θ3 B45 − A45x

B55 − A55x

 ∈ S3
+

S2 =

B22 − A22x− θ4 B23 − A23x− θ5 B24 − A24x
θ1 − θ6 θ2

θ3

 ∈ S3
+

S1 =

B11 − A11x B12 − A12x B13 − A13x
θ4 θ5

θ6

 ∈ S3
+

Notice how the overlap variables drop out if the original matrix S is reassembled

according to Theorem 7 by adding the entries of each subblock.

4.4 Clique Merging

In Section 4.3 we showed how conic problems with structured PSD constraints can

be decomposed to obtain an equivalent problem with many, usually significantly

smaller, PSD constraints and how this can reduce the number of operations to

project the respective matrix blocks onto the positive semidefinite cone. In this

section we introduce a merging procedure that allows us to improve the matrix

decomposition in order to further speed up the projection step.
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Given an initial decomposition with (chordally extended) edge set E and a set of

cliques {C1, . . . , Cp}, we are free to re-merge cliques back into larger blocks. This is

equivalent to treating structural zeros in the problem as numerical zeros, leading

to additional edges in the graph. Looking at the decomposed problem in (4.8)

and (4.10), the effects of merging two cliques Ci and Cj are twofold:

1. We replace two positive semidefinite matrix constraints of dimensions |Ci| and

|Cj| with one constraint on a larger clique with dimension |Ci ∪ Cj|, where the

increase in dimension depends on the size of the overlap.

2. We remove consistency constraints for the overlapping entries between Ci and

Cj, thus reducing the size of the linear system of equality constraints.

When merging cliques these two factors have to be balanced, and the optimal

merging strategy depends on the particular SDP solution algorithm employed. To

search for favourable merge candidates Nakata et al. [116] and Sun et al. [150] use a

clique tree; we will refer to their two approaches as SparseCoLO and the parent-child

strategy, respectively, in the following sections. We will then propose a new merging

method in Section 4.4.2 whose performance is superior to both methods when used

with a first-order method such as ADMM. Following Section 4.2.2 we denote the

set of cliques B which act as the nodes of an undirected clique graph (or clique

tree) with edge set E ⊆ B × B. Given a clique merging strategy, Algorithm 8

describes how to merge a subset of cliques Bm and update B and E accordingly.

The algorithm first creates a merged clique Cm = ⋃
C∈Bm

C by computing the set

Algorithm 8: Function mergeCliques(B, E ,Bm).
Input : A set of cliques B with edge set E , a subset of cliques

Bm = {Cm,1, Cm,2, . . . , Cm,r} ⊆ B to be merged.
Output : A reduced set of cliques B̂ with edge set Ê and the merged clique

Cm.
1 Ê ← E ;
2 Cm ← Cm,1 ∪ Cm,2 ∪ · · · ∪ Cm,r;
3 B̂ ← (B \ Bm) ∪ {Cm};
4 Remove edges {(Ci, Cj) | i 6= j, Ci, Cj ∈ Bm} in Ê ;
5 Replace edges {(Ci, Cj) | Ci ∈ Bm, Cj /∈ Bm} with (Cm, Cj) in Ê ;
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union of the individual cliques in Bm. It then replaces the individual cliques of Bm

in B with Cm. The last step replaces all edges to merged cliques in Bm with an edge

to Cm.

4.4.1 Existing clique tree-based strategies

The parent-child strategy described by Sun et al. [150] traverses the clique tree in a

depth-first order and merges a clique C` with its parent clique Cpar(`) := par(C`) if

at least one of the two following conditions are met:

(∣∣∣Cpar(`)

∣∣∣− |η`|
)

(|C`| − |η`|) ≤ tfill,

max
{
|ν`| ,

∣∣∣νpar(`)

∣∣∣} ≤ tsize,

with heuristic parameters tfill and tsize. These conditions keep the amount of extra

fill-in generated by the merge and the supernode cardinalities below the specified

thresholds. The SparseCoLO strategy described by Nakata et al. [116] and Fujisawa

et al. [51] considers parent-child as well as sibling relationships. Given a parameter

σ > 0, two cliques Ci, Cj are merged if the following merge criterion holds

min
{
|Ci ∩ Cj|
|Ci|

,
|Ci ∩ Cj|
|Cj|

}
≥ σ. (4.13)

This approach traverses the clique tree depth-first, performing the following steps

for each clique C`:

1. For each clique pair {(Ci, Cj) | Ci, Cj ∈ ch (C`)}, check if (4.13) holds, then:

• Ci and Cj are merged, or

• if (Ci ∪ Cj) ⊇ C`, then Ci, Cj, and C` are merged.

2. For each clique pair {(Ci, C`) | Ci ∈ ch (C`)}, merge Ci and C` if (4.13) is

satisfied.

We note that the open-source implementation of the SparseCoLO algorithm described

in [116] follows the algorithm outlined here but also employs a few additional

heuristics, e.g. a final consolidation step where very small cliques are merged until

a predefined minimum clique size is reached.
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An advantage of these two approaches is that the clique tree can be computed easily

and the conditions are inexpensive to evaluate. However, a disadvantage is that

choosing parameters that work well on a variety of problems and solver algorithms

is difficult. Secondly, clique trees are not unique and in some cases it is beneficial to

merge cliques that are not directly related via parent-child or sibling relationships

on the particular clique tree that was computed. This is shown in the following

example.

Example 4.4.1 (Nephew-uncle merge). Consider the chordal graph G(V,E) con-

sisting of three connected subgraphs:

Ga(Va, Ea), with Va = {3, 4, . . . ,ma},

Gb(Vb, Eb), with Vb = {ma + 2,ma + 3, . . . ,mb},

Gc(Vc, Ec), with Vc = {mb + 1,mb + 2, . . . ,mc},

and some additional vertices {1, 2,ma + 1}. The graph is connected as shown

in Figure 4.13(a), where the complete subgraphs are represented as nodes Va, Vb, Vc.

A corresponding clique tree is shown in Figure 4.13(b). By choosing the cardinality

Vc Vb

ma+1

1

2
Va

(a)

2, Vb, Vc

2, Vc

Va

Vc

1

Vc

ma+1

C1

C2 C3

C4

(b)

Figure 4.13: Sparsity graph (a) that can lead to clique tree (b) with an advantageous
“nephew-uncle” merge between C1 and C3.

|Vc|, the overlap between cliques C1 = {1, 2} ∪ Vc and C3 = {ma + 1} ∪ Vc can be

made arbitrarily large while |Va|, |Vb| can be chosen so that any other merge is

disadvantageous. However, neither the parent-child strategy nor SparseCoLO would

consider merging C1 and C3 since they are in a “nephew-uncle” relationship. In fact
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for the particular sparsity graph in Figure 4.13(a) eight different clique trees can

be computed. Only in half of them do the cliques C1 and C3 appear in a parent-

child relationship. Therefore, a merge strategy that only considers parent-child

relationships would miss this favourable merge in half the cases.

4.4.2 A new clique graph-based strategy

To overcome the limitations of existing strategies we propose a merging strategy

based on the reduced clique graph G(B, ξ), which is given by the union of all possible

clique trees of G; see [72] for a detailed discussion. To formally define the edge set

of a reduced clique tree we first define the concept of a separating pair.

Definition 4.4.1 (Separating pair). Following Habib and Stacho [72], we say that

two cliques Ci, Cj form a separating pair Pij = {Ci, Cj} if their intersection is

nonempty and if every path in the underlying graph G from a vertex in Ci \ Cj to a

vertex in Cj \ Ci contains a vertex of the intersection Ci ∩ Cj.

Similar to the clique tree, the vertices of the reduced clique graph are given by

the maximal cliques B of the underlying sparsity graph. The edge set ξ is formed

by introducing edges between any two cliques (Ci, Cj) that form a separating pair

Pij. Figure 4.14 shows the reduced clique graph G(B, ξ) for an example graph. We

9 5
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1, 3, 41, 4, 5 3, 4, 6
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1, 2, 3

2, 8 2, 7

{5}

{1, 4} {3, 4}

{6}

{1, 3}

{2}

{2}

{2}

(b)

Figure 4.14: (a) Example graph and (b) corresponding reduced clique graph G(B, ξ).
Every edge between Ci and Cj is labelled with the intersection Ci ∩ Cj .

note that ξ is a subset of the edges present in the clique intersection graph which is

obtained by introducing edges for every two cliques that intersect. For example,
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notice that in Figure 4.14(b) there is no edge between the cliques {1, 4, 5} and

{3, 4, 6} even though they intersect with vertex 4. The reason is that these two

cliques do not form a separating pair, e.g. in Figure 4.14(a) you can draw a path

from vertex 5 to vertex 6 without passing vertex 4, e.g. 5− 1− 3− 6.

We are using the reduced clique graph instead of the clique intersection graph,

because the reduced clique graph has the property that it remains a valid reduced

clique graph of the altered sparsity pattern after performing a permissible merge

between two cliques. This is not always the case for the clique intersection graph.

Some merges can even break the chordality of the underlying sparsity graph; see

Figure 4.15.

71

2 3

4

56

(a)

1, 2, 7

2, 3, 7

3, 4, 7

4, 5, 7 5, 6, 7

(b)

71

2 3

4

56

(c)

Figure 4.15: Merging of cliques {1, 2, 7} and {5, 6, 7} in the clique intersection graph
(b) leads to non-chordal sparsity graph in (c) with a 4-cycle 2− 3− 4− 5.

Algorithm 9 shows how to compute the reduced clique graph-based on the set of

cliques B and the set of minimum vertex separators S [71].

Algorithm 9: Computing the reduced clique graph.
Input : Set of cliques B and sortable list of separators S.
Output : Reduced clique graph G(B, ξ).

1 Sort S ∈ S from highest cardinality to lowest;
2 Initialise ξ = ∅;
3 for S ∈ S do
4 for Ci 6= Cj ∈ B and (Ci, Cj) 6∈ ξ do
5 if Ci ∩ Cj ⊇ S and {Ci, Cj} is separating pair then
6 ξ ← ξ ∪ (Ci, Cj);
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For convenience, we will refer to the reduced clique graph simply as the clique graph

in the following sections. Based on the permissibility condition for edge reduction

in [72], we define a permissibility condition for clique merges.

Definition 4.4.2 (Permissible merge).

Given a reduced clique graph G(B, ξ), a merge between two cliques (Ci, Cj) ∈ ξ is

permissible if for every common neighbour Ck it holds that Ci ∩ Ck = Cj ∩ Ck.

The clique graph and the permissible merge condition gives us a pool of candidate

merge pairs. Next, we need a way to evaluate the impact of a potential merge on

the solve time of the algorithm. To do this we define an edge weighting function

e : 2V × 2V → R

e (Ci, Cj) = wij.

that assigns a weight wij to each edge (Ci, Cj) ∈ ξ. This function is used to estimate

the per-iteration computational savings of merging a pair of cliques depending on

the targeted algorithm and hardware. It evaluates to a positive number if a merge

reduces the per-iteration time and to a negative number otherwise. For a first-order

method, whose per-iteration cost is dominated by an eigenvalue factorisation with

complexity O
(
|C|3

)
, a simple choice would be:

e(Ci, Cj) = |Ci|3 + |Cj|3 − |Ci ∪ Cj|3 . (4.14)

More sophisticated weighting functions can be determined empirically; see Sec-

tion 4.6.2. After a weight has been computed for each edge (Ci, Cj) in the clique

graph, we merge cliques as outlined in Algorithm 10. This strategy considers the

edges in terms of their weights, starting with the permissible clique pair (Ci, Cj)

with the highest weight wij. If the weight is positive, the two cliques are merged

and the edge weights for all edges connected to the merged clique Cm = Ci ∪ Cj are

updated. This process continues until no edges with positive weights remain.

The clique graph for the clique tree in Figure 4.8(c) is shown in Figure 4.16(a)

with the edge weighting function in (4.14). Following Algorithm 10 the edge with

the largest weight is considered first and the corresponding cliques are merged, i.e.
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Algorithm 10: Clique graph-based merging strategy.
Input : A weighted clique graph G(B, ξ).
Output : A merged clique graph G(B̂, ξ̂).

1 B̂ ← B and ξ̂ ← ξ;
2 STOP ← false;
3 while !STOP do
4 choose permissible edge (Ci, Cj) with maximum wij;
5 if wij > 0 then
6 Bm ← {Ci, Cj};
7 B̂, ξ̂, Cm ← mergeCliques

(
B̂, ξ̂,Bm

)
;

8 for each edge (Cm, C`) ∈ ξ̂ do
9 update wm` ← e(Cm, C`);

10 else
11 STOP ← true;

{3, 6, 7, 8} and {6, 7, 8, 9}. Note that the merge is permissible because both cliques

intersect with the only common neighbour {4, 5, 8} in the same way. The revised

clique graph G(B̂, ξ̂) is shown in Figure 4.16(b). Since no edges with positive weights

remain, the algorithm stops.

3, 6, 7, 8

6, 7, 8, 9 4, 5, 8

1, 3, 6 2, 3

3 -125

−125

-34

-29

-53

(a)

3, 6, 7, 8, 9 4, 5, 8

1, 3, 6 2, 3

-191

-29

-83-64

(b)

Figure 4.16: (a) Reduced clique graph G(B, ξ) of the clique tree in Figure 4.8(c) with
edge weighting function e(Ci, Cj) = |Ci|3 + |Cj |3 − |Ci ∪ Cj |3 and (b) clique graph G(B̂, ξ̂)
after merging the cliques {3, 6, 7, 8} and {6, 7, 8, 9} and updating edge weights.

After Algorithm 10 has terminated, it is possible to recompute a valid clique tree

from the revised clique graph. This can be done in two steps. First, the edge

weights in G(B̂, ξ̂) are replaced with the cardinality of their intersection:

w̃ij = |Ci ∩ Cj| , for all (Ci, Cj) ∈ ξ̂.
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Second, a clique tree is then given by any maximum weight spanning tree of the

newly weighted clique graph and can be calculated e.g. using Kruskal’s algorithm

described in [90].

Our merging strategy has some clear advantages over competing approaches. Since

the clique graph covers a wider range of merge candidates, it will consider edges

that do not appear in clique tree-based approaches such as the “nephew-uncle”

example in Figure 4.13. Moreover, the edge weighting function allows one to make

a merge decision based on the particular solver algorithm and hardware used. One

downside is that this approach is more computationally expensive than the other

methods. However, numerical experiments show that the time spent on finding the

clique graph, merging the cliques, and recomputing the clique tree typically only

represents a very small fraction of the total computational savings relative to other

merging methods when solving SDPs.

We emphasize that our clique graph-based merging strategy is independent of

the solver algorithm. Thus, it can be adapted to work with other solvers, e.g.

MOSEK, by specifying a different edge weighting function (4.14). The edge weighting

function has to reflect how the change in both clique sizes and number of equality

constraints affect the computation time of the main algorithm steps, which could

be approximated analytically or experimentally.

4.5 Implementation

Chordal decomposition and clique merging is automatically applied as a prepro-

cessing step in COSMO if a problem with decomposable PSD constraints is passed.

The user can choose between three merge strategies: no merging, parent-child

merging, or clique graph merging. If clique graph merging is chosen, they have the

option to provide an edge-weighting function e(Ci, Cj) to customise the merging

strategy to their hardware. The solver algorithm performs the high-level steps

shown in Algorithm 11. In a first step, the solver checks each PSD constraint

for sparsity. Assuming the constraint is decomposable and representable by a
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Algorithm 11: High-level solver steps with decomposition and clique
merging.

Input : Problem data in solver format (3.14), merge strategy,
edge-weighting function.

Output : Optimal solution (x∗, s∗, y∗), certificates of infeasibility (δx, δy).
1 for each PSD constraint do
2 if constraint decomposable then
3 G(V,E)← compute sparsity graph;
4 G(V, Ē)← compute chordal extension;
5 G(B, ξ)← compute reduced clique graph with Algorithm 9;
6 merge cliques according to merge strategy, e.g. Algorithm 10;
7 recompute a valid clique tree;

8 transform decomposed cones back into solver format (3.14),
see Section 4.3.2;

9 (x∗
d, s

∗
d, y

∗
d)← solve decomposed problem with ADMM, see Algorithm 3;

10 if optimal solution found then
11 (x∗, s∗, y∗)← undo the decomposition;
12 for each PSD constraint do
13 positive semidefinite completion of the dual variable y∗;
14 return (x∗, s∗, y∗)
15 else
16 return infeasibility certificates (δx, δy) ;

graph with n vertices and m edges, the solver computes the sparsity graph and

then uses a symbolic Cholesky factorisation, with complexity O(n3/2) [95] to find

a chordal extension. Then the cliques and separators of the chordal graph are

determined, e.g. using MCS at a cost of O(n+m) [159]. If clique graph merging

is chosen as the merging strategy, the algorithm computes the reduced clique

graph using Algorithm 9 with complexity O(mn) [71] and iteratively merges cliques

according to Algorithm 10. Once all useful merges are processed a valid clique tree

is computed from the reduced clique graph using Kruskal’s algorithm at a cost of

O(|ξ| log(|B|)) [90]. Each merge step is upper bounded by O(|ξ| log(|ξ|)) for finding

the highest weighted edge in G(B, ξ). Consequently, assuming that the constraint is

fairly sparse, i.e. m� n2, the chordal decomposition and merge operations will be

cheaper than the computationally expensive eigendecomposition of the projection

step.
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After the final decomposition is found for each decomposable PSD constraint, the

solver transforms the decomposed constraints into the standard constraint problem

format Ax + s = b, s ∈ K. Non-decomposable PSD constraints and other cone

constraints are left untouched as can be seen in the following example.

Example 4.5.1. The considered problem has three inequality constraints, one

second-order cone constraint of dimension 5, and three PSD constraints of dimensions

4, 5, and 4. The slack variable s ∈ K is partitioned in the following way:

s = (sl, sq, spsd,1, spsd,2, spsd,3) ∈ R3
+ ×K5

soc × S4
+ × S5

+ × S4
+ .

The decomposition step decomposes the first PSD constraint into three constraints

each of dimension 2. The second PSD constraint does not exhibit any structure.

The third PSD constraint is decomposed into two constraints of dimension 3. After

transformation into a solver compatible format the transformed slack variable st is

partitioned as

st = (sl, sq, s
1
psd,1, s

2
psd,1, s

3
psd,1, spsd,2, s

1
psd,3, s

2
psd,3)

∈ R3
+ ×K5

soc × S2
+ × S2

+ × S2
+ × S5

+ × S3
+ × S3

+ .

After the decomposition and backtransformation step, the solver attempts to

compute an optimal solution (x∗
d, s

∗
d, y

∗
d) of the decomposed problem. If an optimal

solution is found, the decomposition is undone and the solution of the original

problem (x∗, y∗, s∗) is returned. If the problem is infeasible, the solver returns the

appropriate certificates as discussed in Section 3.6.

When an ADMM algorithm is used to solve the decomposed problem most of the

per-iteration computations are done in the function that projects the iterate sk onto

the constraint cone K. It was mentioned before that if the problem’s constraint

cone K is a Cartesian product of multiple smaller cones, then the projection step

in (3.25) decomposes into multiple independent projections of parts of sk onto the

respective cones. Thus, the projections can be carried out in parallel. This property

is especially useful if the problem naturally has many PSD constraints or if one (or
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several) PSD constraints are decomposed into multiple smaller ones, see Figure 4.17.

One can see that the advantages of decomposing a large PSD constraint into a

1

ΠS+(·)

1

ΠS+(·)

2

ΠS+(·)

3

ΠS+(·)

4

ΠS+(·)

Figure 4.17: Sparsity pattern (left), projection using a single thread (middle), chordal
decomposition and multithreaded projections (right). The volume represents the amount
of computation for one projection.

number of smaller PSD constraints are two-fold. First, the amount of time to

project all the individual matrix blocks will typically be lower than projecting the

original matrix. Second, the decomposition enables the parallel execution of the

projections on multiple CPU threads.

For the eigendecomposition involved in the projection step of a PSD constraint,

the LAPACK [8] function sveyr is used, which can also utilise multiple threads.

Consequently, this leads to two-level parallelism in the computation, i.e. on the

higher level the projection functions are carried out in parallel and each projection

function independently calls sveyr. Determining the optimal allocation of the CPU

cores to each of these tasks depends on the number of PSD constraints and their

dimensions and is a difficult problem. The impact of using different number of Julia

threads and different BLAS settings on the accumulated projection time is shown

in Table 4.1. The algorithm variables are stored in vector form. The implemented

projection function includes the de-vectorisation of the input data to reshape it

into matrix form. It also includes the vectorisation of the matrix after it has been

projected using (2.13).

For the BLAS settings we compare the cases that each call to sveyr is restricted to

one single thread or that it gets automatically chosen by BLAS. The impact of the
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Table 4.1: Impact of multithreading and BLAS settings on projection times.

BLAS single-threaded2 BLAS multi-threaded3

threads1 solve time (s) proj. time (s) solve time (s) proj. time (s)

Sa
m

e
si

ze
bl

oc
ks 1 56.29 30.72 58.33 32.06

2 42.04 16.16 43.05 16.41
4 34.10 8.51 37.08 8.87
8 30.39 4.77 36.41 8.54
16 31.12 4.47 37.64 9.72

D
om

in
an

t
bl

oc
k 1 27.58 8.48 26.63 6.53

2 28.08 7.46 28.48 8.30
4 26.03 6.92 26.70 6.60
8 27.81 7.04 28.96 7.89
16 26.44 6.92 34.44 12.45

m
ax

G
32

1 17.00 13.82 19.74 16.24
2 11.95 8.80 33.85 30.30
4 8.04 4.87 44.66 37.41
8 6.27 3.02 53.05 44.37
16 5.76 2.44 77.23 67.90

m
cp

50
0-

4 1 9.34 8.10 7.64 6.24
2 8.59 7.35 9.25 7.87
4 8.39 7.16 8.42 7.03
8 8.23 6.97 8.82 7.42
16 8.17 6.91 11.60 10.09

1 number of Julia threads with MKL BLAS on 8 physical (16 logical) Intel Xeon E5-2560 cores;
2 BLAS calls are restricted to one CPU thread;
3 BLAS calls can request number of threads automatically (independent of Julia threads)

settings is shown for four different problems. We generate a best case SDP problem

with block-arrow sparsity pattern, that can be decomposed into an equivalent

problem with 120 10× 10 PSD constraints. Next, we generate a similar problem,

that decomposes into a problem with one dominant 400× 400 block and 80 10× 10

blocks. We further benchmarked the set of decomposable SDPLib problems and

selected one example where the impact of multithreading on the projection time

was large (maxG32) and one where it was small (mcp500-4).

The results show that if the BLAS calls are restricted to a single thread, adding

more physical Julia threads generally improves the projection time and the overall

solve time. As expected, this is especially the case for the SDP with blocks of similar

size. It also works well for maxG32, which after decomposition and clique merging
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has eight large blocks with a dimension between 82 and 102 and 656 smaller blocks

of much smaller size. For these two problems multithreaded BLAS seems to cause

a slowdown, likely due to an oversubscription of CPU threads. For the SDP with a

dominant block and mcp500-4, the benefit of adding more Julia threads is much

less significant. Indeed, after decomposition and merging mcp500-4 ends up with

one block of dimension 393 and 86 smaller blocks with dimensions less than 44. For

the problems with a dominant block, it seems to be beneficial to use multiple BLAS

threads to speed up the projection of any large blocks and then to serially project

the smaller blocks afterwards.

Overall it seems that a good configuration, that can handle various problems, is to

run sveyr single-threaded and to perform the projection in parallel on all available

physical cores.

4.6 Benchmark results

This section presents numerical results that showcase the computational benefits of

chordal decomposition and clique merging. We benchmark our solver COSMO against

the interior-point solver MOSEK v9.0 and the accelerated first-order ADMM solver

SCS v2.1.1. The same hardware, error measures and solver configurations were used

as in Section 3.9.

In Section 4.6.1 we show how chordal decomposition can speed up the solver for

SDPs that exhibit a block-arrow sparsity pattern. The problem structure is chordal

by default and well-suited for chordal decomposition. Moreover, for this problem

type no clique merging was used as the structure decomposes with minimal overlap.

In Section 4.6.2 we consider different non-chordal sparsity patterns from various

applications. In particular we solve large structured problems from the SDPLib

benchmark set [23] and generate very large non-chordal SDPs with sparsity patterns

from the SuiteSparse Matrix Collections [39]. For these two problem sets we first

compare our clique graph-based merging strategy to the other strategies discussed
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in Section 4.4. Afterwards, we benchmark COSMO with clique graph merging against

other conic solvers.

4.6.1 Block-arrow sparse SDPs

To demonstrate the benefits of the chordal decomposition discussed in Section 4.3,

we consider randomly generated SDPs of the form (4.6) with a block-arrow aggregate

sparsity pattern similar to test problems in [5, 181]. Figure 4.18 shows the sparsity

pattern of the PSD constraint. The sparsity pattern is generated based on the

following parameters: block size d, number of blocks Nb and width of the arrow

head w. Note that the graph corresponding to the sparsity pattern is always chordal

and that, for this sparsity pattern, clique merging yields no benefit. In the following

d

Nb blocks
d

w

w

Figure 4.18: Parameters of block-arrow sparsity pattern. The shaded area represents
the non-zeros of the sparsity pattern.

we study the effects of independently increasing the block size d and the number of

blocks Nb. The parameters for the two test cases are:

• Varying the number of blocks: Nb = 50, 60, . . . , 140, d = 10, w = 20, and

m = 100. This leads to PSD cone sizes between 520–1420 and number of

nonzeros in the constraint matrix A between 6.5× 105–1.8× 106.

• Varying the block size: d = 10, 12, . . . , 28, Nb = 50, w = 10, and m = 100.

This leads to PSD cone sizes between 510–1410 and number of nonzeros in

the constraint matrix A between 3.9× 105–1.7× 106.

The solve times, the iterations and maximum errors for all solvers are shown

in Table 4.2. The solve times for all solvers are also shown in Figure 4.19
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Table 4.2: Benchmark results for block arrow sparse SDPs with varying number of
blocks Nb and block size d.

Solve time (s) Iterations Max error2

d COSMO COSMOcd MOSEK SCS COSMO COSMOcd MOSEK SCS COSMO COSMOcd MOSEK SCS
10 12.71 1.22 16.5 56.99 125 175 9 1340 1.50× 10−4 5.60× 10−4 1.16× 10−3 9.01× 10−4

12 23.95 2.3 28.72 68.72 125 225 10 1120 2.29× 10−4 7.52× 10−4 3.65× 10−5 5.38× 10−4

14 27.4 2.39 41.66 147.72 150 175 10 1780 7.92× 10−5 8.60× 10−4 6.84× 10−4 5.46× 10−4

16 36.4 3.6 58.04 254.93 150 275 10 2360 4.76× 10−5 5.34× 10−4 2.64× 10−4 6.91× 10−4

18 42.96 4.42 85.81 472.77 150 275 11 3440 2.66× 10−4 5.77× 10−4 2.55× 10−4 3.25× 10−4

20 41.13 5.08 112.56 251.39 125 275 11 1460 2.61× 10−4 5.35× 10−4 6.33× 10−5 7.26× 10−4

22 50.7 11.47 142.14 520.81 125 700 11 2460 2.87× 10−4 5.85× 10−4 3.31× 10−4 4.86× 10−4

24 125.12 10.52 178.75 445.37 275 500 11 1780 7.46× 10−5 7.23× 10−4 3.57× 10−4 5.10× 10−4

26 88.74 6.84 220.26 623.46 150 200 11 2060 8.17× 10−5 3.27× 10−4 2.89× 10−6 1.39× 10−4

28 98.83 7.47 263.52 1626.82 150 200 11 4660 3.73× 10−5 8.93× 10−4 2.62× 10−5 4.59× 10−4

Nb COSMO COSMOcd MOSEK SCS COSMO COSMOcd MOSEK SCS COSMO COSMOcd MOSEK SCS
50 17.31 3.73 28.69 115.36 150 300 10 2540 1.33× 10−4 6.28× 10−4 2.21× 10−4 9.12× 10−4

60 21.66 6.4 46.38 217.75 150 475 11 3380 1.42× 10−4 8.74× 10−4 7.27× 10−5 8.81× 10−4

70 34.51 9.89 64.8 177.24 175 700 11 2060 4.12× 10−5 6.14× 10−4 1.72× 10−5 8.99× 10−4

80 37.22 5.78 85.29 175.38 175 275 11 1540 5.15× 10−5 7.13× 10−4 2.08× 10−4 4.57× 10−4

90 63.32 12.85 113.24 234.56 225 550 11 1580 4.80× 10−5 1.12× 10−3 4.79× 10−5 6.40× 10−4

100 67.3 25.16 140.81 328.2 200 1100 11 1800 6.38× 10−5 9.54× 10−4 3.28× 10−5 8.59× 10−4

110 117.7 39.86 172.99 761.22 275 1650 11 3140 3.78× 10−5 6.80× 10−4 1.35× 10−4 3.53× 10−4

120 81.31 29.06 209.96 1191.64 150 1050 11 4620 3.59× 10−4 1.07× 10−3 3.66× 10−4 2.71× 10−4

130 115.21 26.61 269.06 1094.53 175 925 12 3580 8.48× 10−5 1.31× 10−3 8.59× 10−5 9.67× 10−4

140 114.95 26.87 290.23 ∗ ∗ ∗† 150 800 11 *** 1.20× 10−4 1.92× 10−3 4.99× 10−4 ∗ ∗ ∗
cd with chordal decomposition; 2 max{ε1, ε2, ε3}; † time limit reached

and Figure 4.20. The line COSMO(CD) corresponds to the solver with chordal

decomposition enabled.
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Figure 4.19: Solve time for increasing number of blocks Nb of block-arrow sparsity
pattern.

The figures show that COSMO with and without chordal decomposition solves this

problem type consistently faster than MOSEK and SCS. The reason why COSMO

performs better than the other first-order solver SCS can be explained by the

significantly lower number of iterations (Table 4.2). Furthermore, one can see that

in both cases the solver time for each solver rises when the number of blocks and

the block sizes are increased. The increase is smaller for COSMO(CD) which is more
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Figure 4.20: Solve time for increasing block size d of block-arrow sparsity pattern.

affected by the number of iterations than the problem dimension.

4.6.2 Non-chordal problems with clique merging

To compare our proposed clique graph-based merge approach with the clique tree-

based strategies of [116] and [150], all three methods discussed in Section 4.4 were

used to preprocess large sparse SDPs from SDPLib, a collection of SDP benchmark

problems [23]. This problem set contains maximum cut problems, SDP relaxations

of quadratic programs and Lovász theta problems. Moreover, we consider a set

of test SDPs generated from (non-chordal) sparsity patterns of matrices from the

SuiteSparse Matrix Collections [39]. The sparsity patterns for these problems are

shown in Figure 4.21. Details on the problem dimensions are shown in Table 4.3.

Table 4.3: PSD cone size, number of affine constraints, number of nonzeros in A for
sparse SDPs.

problem cone size aff. constr. nnz in A problem cone size aff. constr. nnz in A

maxG11 800 800 8.00× 102 maxG32 2000 2000 2.00× 103

maxG51 1000 1000 1.00× 103 mcp500-1 500 500 5.00× 102

mcp500-2 500 500 5.00× 102 mcp500-3 500 500 5.00× 102

mcp500-4 500 500 5.00× 102 qpG11 1600 800 1.60× 103

qpG51 2000 1000 2.00× 103 thetaG11 801 2401 1.04× 104

thetaG51 1001 6910 3.65× 104

rs1184 14 822 5 1.83× 106 rs1555 7479 200 7.34× 106

rs1907 5357 200 2.13× 107 rs200 3025 200 2.39× 106

rs228 1919 200 3.43× 106 rs35 2003 200 8.59× 106

rs365 4704 200 1.09× 107 rs828 3169 200 2.40× 106
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(a) rs35 (b) rs200 (c) rs228

(d) rs365 (e) rs828 (f) rs1184

(g) rs1555 (h) rs1907

Figure 4.21: Aggregate sparsity pattern of non-chordal SDPs created from matrices of
the SuiteSparse Matrix Collection. The patterns are labeled with their ID number.

Both problem sets were used in the past to benchmark structured SDPs [5, 181].

This section discusses how the different decompositions affect the per-iteration

computation times of the solver. In a second step we compare the solver time of

COSMO with our clique graph merging strategy to those of MOSEK and SCS.

For the strategy described in [116] we used the SparseCoLO package to decompose

the problem. The parent-child method discussed in [150] and the clique graph-

based method described in Section 4.4.2 are available as options in COSMO. We

further investigate the effect of using different edge weighting functions. The major
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operation affecting the per-iteration time is the projection step. This step involves

an eigenvalue decomposition of the matrices corresponding to the cliques. Since the

eigenvalue decomposition of a symmetric matrix of dimension N has a complexity

of O (N3), we define a nominal edge weighting function as in (4.14). However, the

exact relationship will be different because the projection function involves copying

of data and is affected by hardware properties such as cache size. We therefore

also consider an empirically estimated edge weighting function. To determine the

relationship between matrix size and projection time, the execution time of the

relevant function inside COSMO was measured for different matrix sizes. We then

approximated the relationship between projection time, tproj, and matrix size, N ,

as a polynomial:

tproj(N) = aN3 + bN2,

where a, b were estimated using least-squares (Figure 4.22). The estimated weighting

function is then defined as

e(Ci, Cj) = tproj (|Ci|) + tproj (|Cj|)− tproj (|Ci ∪ Cj|) . (4.15)
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Figure 4.22: Measured and estimated relationship between matrix size and execution
time of the projection function in COSMO.

Six different cases were considered: no decomposition (NoDe), no clique merging

(NoMer), decomposition using SparseCoLO (SpCo), parent-child merging (ParCh),

and the clique graph-based method with nominal edge weighting (CG1) and estimated

edge weighting (CG2). SparseCoLO was used with default parameters. All cases were
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run single-threaded. Since the per-iteration projection times for some problems lie

in the millisecond range every problem was benchmarked ten times and the median

values are reported. Table 4.4 shows the solve time, the mean projection time, the

number of iterations, the number of cliques after merging, and the maximum clique

size of the sparsity pattern for each problem and strategy. The solve time includes

the time spent on decomposition and clique merging. We do not report the total

solver time when SparseCoLO was used for the decomposition because this has to

be done in a separate preprocessing step in MATLAB, which was orders of magnitude

slower than the other methods.

The results show that our clique graph-based methods lead to a reduction in overall

solver time. The method with estimated edge weighting function CG2 achieves the

lowest average projection times for the majority of problems. In four cases ParCh

has a narrow advantage. The geometric mean of the ratios of projection time of

CG2 compared to the best non-graph method is 0.701, with a minimum ratio of

0.407 for problem mcp500-2. There does not seem to be a clear pattern that relates

the projection time to the number of cliques or the maximum clique size of the

decomposition. This is expected as the optimal merging strategy depends on the

properties of the initial decomposition such as the overlap between the cliques. The

merging strategies ParCh, CG1 and CG2 generally result in similar maximum clique

sizes compared to SparseCoLO, with CG1 being the most conservative in the number

of merges.

Next, we benchmarked COSMO with merging strategy CG2 against two other solvers,

MOSEK, and SCS. Table 4.5 shows the solve time, number of iterations and maximum

error.

The decomposition helps COSMO to solve the majority of problems faster than MOSEK

and SCS. This is even more significant for the larger problems that were generated

from the SuiteSparse Matrix Collection. The decomposition does not seem to

provide a major benefit for the slightly denser problems mcp500-3 and mcp500-4.

Furthermore, COSMO seems to converge slowly for qpG51 and thetaG51. Similar
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Table 4.4: Benchmark results for non-chordal sparse SDPs from SDPLib and SDPs
generated with sparsity patterns from the SuiteSparse Matrix Collection for different
merging strategies.

problem Median Solve time (s) Median Projection time (ms)
NoDe1 NoMer2 SpCo3 ParCh4 CG15 CG26 NoDe NoMer SpCo ParCh CG1 CG2

maxG11 35.85 4.69 ∗ ∗ ∗ 3.33 3.09 2.93 143.3 18.4 12.7 10.5 13.4 11.2
maxG32 407.82 25.95 ∗ ∗ ∗ 15.62 14.38 19.56 1257.7 73.2 73.1 49.9 51.6 43.1
maxG51 40.61 32.8 ∗ ∗ ∗ 9.56 6.93 9.62 245.8 230.4 219.3 122.2 65.5 58.5
mcp500-1 21.46 1.33 ∗ ∗ ∗ 0.7 0.89 0.6 56.0 7.7 7.4 4.6 6.1 4.9
mcp500-2 13.55 12.28 ∗ ∗ ∗ 8.37 2.6 2.42 54.9 45.4 32.1 28.0 14.3 11.4
mcp500-3 11.28 32.45 ∗ ∗ ∗ 30.13 7.01 5.14 51.1 104.9 105.0 83.4 28.2 21.2
mcp500-4 14.57 72.27 ∗ ∗ ∗ 13.87 5.84 7.67 59.2 253.8 193.8 141.2 44.1 35.8
qpG11 142.31 7.3 ∗ ∗ ∗ 4.79 4.62 4.7 305.1 20.0 12.3 10.9 15.6 13.2
qpG51 450.74 186.49 ∗ ∗ ∗ 89.81 150.86 132.68 523.6 247.2 246.9 134.1 73.9 65.2
thetaG11 332.06 9.43 ∗ ∗ ∗ 9.43 9.46 6.81 477.5 21.9 18.9 12.5 16.3 14.5
thetaG51 1062.91 110.64 ∗ ∗ ∗ 107.02 37.22 85.92 252.8 230.8 ∗ ∗ ∗† 131.7 66.5 53.7

rs1184 ∗ ∗ ∗m 1227.48 ∗ ∗ ∗ 882.27 632.96 569.29 ∗ ∗ ∗m 4192.8 3495.8 3424.1 2483.9 2301.3
rs1555 ∗ ∗ ∗† 79.83 ∗ ∗ ∗ 65.93 80.72 83.84 ∗ ∗ ∗† 316.7 242.7 268.8 160.7 132.1
rs1907 ∗ ∗ ∗† 233.86 ∗ ∗ ∗ 197.99 178.79 166.23 ∗ ∗ ∗† 483.8 490.3 455.3 382.7 352.1
rs200 640.0 31.33 ∗ ∗ ∗ 21.09 24.78 19.29 3366.2 121.6 93.0 82.9 93.2 71.7
rs228 206.2 40.88 ∗ ∗ ∗ 27.79 25.29 18.6 1220.2 116.0 59.4 76.2 67.1 50.9
rs35 296.52 196.93 ∗ ∗ ∗ 146.56 88.86 71.25 1269.8 548.1 358.2 404.6 272.5 223.2
rs365 ∗ ∗ ∗† 159.75 ∗ ∗ ∗ 127.77 110.48 92.5 ∗ ∗ ∗† 433.1 364.6 351.1 289.9 262.0
rs828 603.55 29.86 ∗ ∗ ∗ 19.24 23.25 17.81 3716.7 113.2 80.0 71.1 87.5 64.2

problem Iterations Number of cliques / Maximum clique size
NoDe NoMer SpCo ParCh CG1 CG2 NoDe NoMer SpCo ParCh CG1 CG2

maxG11 225 225 500 275 200 225 1/800 598/24 13/80 198/32 473/28 407/36
maxG32 300 300 425 250 225 375 1/2000 1498/76 21/210 481/76 1164/92 664/102
maxG51 150 100 75 50 75 125 1/1000 674/326 181/322 163/326 448/362 313/395
mcp500-1 350 150 150 125 125 100 1/500 457/39 451/44 105/43 437/54 361/65
mcp500-2 225 225 200 250 150 175 1/500 363/138 144/138 96/140 316/156 226/171
mcp500-3 200 250 250 300 200 200 1/500 259/242 101/242 71/242 211/263 135/285
mcp500-4 225 225 375 75 100 175 1/500 161/340 63/346 46/341 105/368 87/393
qpG11 400 325 525 375 250 300 1/1600 1398/24 813/80 287/32 1273/28 1207/36
qpG51 750 600 800 550 1800 1825 1/2000 1674/326 1182/304 275/326 1448/362 1313/395
thetaG11 675 375 2275 650 500 400 1/801 598/25 13/81 198/33 494/29 423/41
thetaG51 3825 325 ∗ ∗ ∗† 575 375 1250 1/1001 676/324 150/323 157/324 424/358 267/396
rs1184 ∗ ∗ ∗m 225 200 200 200 200 1/14822 2236/500 78/1330 1043/500 664/608 258/632
rs1555 ∗ ∗ ∗† 150 150 150 150 175 1/7479 6891/184 3350/187 2556/184 5529/236 4858/276
rs1907 ∗ ∗ ∗† 200 200 175 175 200 1/5357 577/261 47/585 419/261 441/324 219/405
rs200 175 125 125 125 125 125 1/3025 1632/95 94/216 444/95 1123/112 583/119
rs228 150 125 125 125 125 125 1/1919 790/88 48/180 255/88 369/95 129/127
rs35 200 175 200 175 150 150 1/2003 589/343 53/735 189/343 214/457 106/520
rs365 ∗ ∗ ∗† 175 175 175 175 175 1/4704 1230/296 110/350 539/296 688/349 346/474
rs828 150 125 150 125 125 125 1/3169 1875/86 112/174 501/86 1378/102 708/126

† time limit reached; m out of memory error; 1 no decomposition; 2 no merging; 3 SparseCoLO merging;
4 parent-child merging; 5 clique graph with nominal edge weighting (4.14);
6 clique graph with estimated edge weighting (4.15);

observations for mcp500-3, mcp500-4 and thetaG51 have been made by Andersen

et al. [5]. Finally, many of the larger problems were not solvable within the time

limit or caused out-of-memory problems if no decomposition was used in MOSEK

and SCS.
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Table 4.5: Benchmark results for non-chordal sparse SDPs from SDPLib and SDPs
generated with sparsity patterns from the SuiteSparse Matrix Collection.

Solve time (s) Iterations Max error2

problem COSMO1 MOSEK SCS COSMO1 Mosek SCS COSMO1 MOSEK SCS
maxG11 1.47 4.45 131.8 225 5 1220 7.84× 10−4 1.98× 10−3 8.74× 10−4

maxG32 6.25 50.84 840.79 375 5 1220 9.74× 10−4 2.76× 10−3 6.87× 10−4

maxG51 8.09 9.92 36.56 125 8 180 2.31× 10−3 2.83× 10−4 8.85× 10−4

mcp500-1 0.24 1.7 29.28 100 7 580 1.02× 10−3 1.52× 10−3 6.31× 10−4

mcp500-2 1.68 1.75 17.36 175 7 380 6.82× 10−4 7.37× 10−4 3.30× 10−4

mcp500-3 4.41 1.68 8.36 200 6 180 2.23× 10−3 4.18× 10−4 6.86× 10−4

mcp500-4 8.2 1.76 7.4 175 7 160 1.65× 10−3 2.79× 10−4 3.43× 10−4

qpG11 2.36 26.23 734.7 300 7 1820 4.57× 10−4 1.28× 10−3 9.77× 10−4

qpG51 121.6 96.42 527.55 1825 14 800 7.56× 10−3 4.80× 10−4 9.83× 10−4

thetaG11 2.32 8.53 142.53 400 9 1380 1.43× 10−3 1.11× 10−3 8.31× 10−5

thetaG51 71.21 50.08 967.43 1250 11 3240 1.38× 10−1 4.03× 10−4 9.94× 10−4

rs1184 224.86 ∗ ∗ ∗m ∗ ∗ ∗m 200 *** *** 5.65× 10−4 ∗ ∗ ∗ ∗ ∗ ∗
rs1555 66.6 ∗ ∗ ∗† ∗ ∗ ∗m 175 *** *** 5.32× 10−4 ∗ ∗ ∗ ∗ ∗ ∗
rs1907 104.61 ∗ ∗ ∗† ∗ ∗ ∗m 200 *** *** 2.66× 10−4 ∗ ∗ ∗ ∗ ∗ ∗
rs200 12.47 752.27 ∗ ∗ ∗† 125 11 *** 1.87× 10−4 6.11× 10−4 ∗ ∗ ∗
rs228 12.86 395.24 982.5 125 11 1620 2.15× 10−4 6.34× 10−4 8.27× 10−4

rs35 54.88 919.19 ∗ ∗ ∗† 150 12 *** 2.48× 10−4 3.26× 10−4 ∗ ∗ ∗
rs365 62.65 ∗ ∗ ∗† ∗ ∗ ∗† 175 *** *** 3.08× 10−4 ∗ ∗ ∗ ∗ ∗ ∗
rs828 10.84 825.03 ∗ ∗ ∗† 125 11 *** 1.98× 10−4 8.48× 10−4 ∗ ∗ ∗

1 with chordal decomposition and clique merging strategy CG2; 2 max{ε1, ε2, ε3}; † time limit reached;
m out of memory error;

4.7 Conclusions

In this chapter we gave a brief description of how graph theory concepts link to

the sparsity of a matrix. We further examined how the concept of cliques and

decomposition theorems can be used to chordally decompose large structured SDPs

into equivalent problems that can be easier to solve by orders of magnitude. After

introducing existing clique tree-based merging strategies, we described a novel

clique graph merging strategy. The method is clique tree agnostic, considers a wider

range of potential merges and is customisable to the solver algorithm and hardware

used. Benchmark tests show that our approach is able to reduce the projection

time and the solve time of our first-order solver significantly compared to existing

clique merging methods, achieving savings of up to 60%. We further show how

multithreading and chordal decomposition can be utilized to solve very large SDPs

arising from real applications within minutes where other solvers run out of memory

or need hours to find a solution.
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An extension to our method would include information about the number of available

CPU threads in the edge weighting function. This would allow us to optimise the

strategy for the parallel execution of the block-specific projection steps.
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5.1 Introduction

First-order optimisation methods such as Bregman methods, proximal gradient

method and ADMM / Douglas-Rachford splitting, have been a competitive alterna-

tive to interior-point methods, especially for large convex optimisation problems [58,

125
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122, 148]. They are therefore a good option for many (recent) applications of

convex optimisation that lead to large optimisation problems. These include image

processing [66, 121], SDPs in neural network safety verification [48], robust controller

synthesis [124] or large QPs, SOCPs, or SDPs in multi-period portfolio optimisa-

tion [29]. However, two drawbacks of first-order methods are their slow convergence

to high accuracy solutions and their dependence on algorithm parameters and

problem scaling. While modest accuracy solutions are sufficient in many real world

applications there are still cases where higher accuracies are desirable.

To improve convergence it helps to look at the wider class of fixed-point iterations

applied in the context of monotone non-expansive operators; see Ryu and Boyd [144]

for an overview. Indeed, many FOMs can be represented as a variant of a fixed-point

iteration applied to a suitable operator. For example Eckstein [44] showed that the

Douglas-Rachford splitting method is a special case of the proximal point algorithm

applied to an operator splitting. The proximal point algorithm itself is a fixed-point

iteration of the resolvent operator of a subdifferential mapping. The same is true for

ADMM, which can be derived from the application of Douglas-Rachford splitting

to the dual problem [54].

Recent research has focused on speeding up the convergence of these fixed-point

iterations and with it the underlying FOMs. One approach is to interpret the

search for fixed points of an operator F (v) : Rn → Rn as finding the zeros of the

corresponding residual operator r(v) = (Id− F )(v) and then applying Newton-type

methods that have fast asymptotic convergence rates in practice:

vk+1 := vk + dk, with direction dk from Jkdk = r(vk),

where Jk is the (possibly approximate) Jacobian of r at vk. Each iteration of the

quasi-Newton method then requires at least one evaluation of the operator F , i.e.

one iteration of the underlying FOM.

However, using a quasi-Newton method, e.g. Broyden’s method, introduces two new

difficulties that were already discussed by Powell [131] in 1970.
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The first shortcoming is that (quasi-) Newton methods can diverge, if the initial

estimate v0 is too far from the solution. There are two main approaches to avoid

divergence and globalize Newton’s method. The first is to use a line search method,

as described by Haselgrove [73], that replaces the update rule for v with:

vk+1 = vk + λkdk,

where the step size λk is determined in a search process to ensure the new estimate

is better by some merit function, e.g. the residual norm, than the current one, e.g.

‖r(vk + λkdk)‖2
2 < ‖r(vk)‖2

2 .

The second approach is to interleave the pure Newton step with pure gradient steps

whenever the candidate direction seems to be disadvantageous. This approach

was proposed by Levenberg/Marquardt [93, 106] in the context of solving non-

linear least-squares problems and subsequently used in the hybrid algorithm by

Powell [131].

The second shortcoming of quasi-Newton methods is that when the Jacobian of the

function, here the residual operator, is numerically approximated, it can become

singular or near-singular. This prohibits the computation of further meaningful

descent directions. A way to combat this is by using regularisation techniques. Either

by regularising the iterates before storing them, like in Powell regularisation [131],

or in certain cases by regularising a least-squares subproblem [50].

Many recent publications on acceleration methods for non-smooth operators can

be seen as offering solutions designed to mitigate the two challenges discussed by

Powell.

5.1.1 Related Work

There have been a number of recent publications on the topic of acceleration

methods for FOMs, mostly using (multi-)secant methods, such as Broyden’s method

or Anderson Acceleration (AA). The recent survey paper by d’Aspremont et al. [34]
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discusses a range of acceleration techniques for convex optimisation algorithms. Well-

known acceleration methods based on the gradient descent method are the Heavy

ball method [127], Nesterov’s accelerated gradient method [118], as well as accelerated

proximal gradient method [13] . All of these methods require differentiability of at

least one part of the objective of the underlying optimisation problem.

Giselsson et al. [63] propose a line search method for FOMs that can be written in

terms of non-expansive operators. Their approach is to search along the last residual

direction and take a larger step than the classic method would permit, allowing

their algorithm to skip many iterations. The main computational bottleneck of their

approach is the fact that the evaluation of each candidate point along the search

ray triggers one evaluation of the underlying algorithm. Consequently, they suggest

only using a line search if the operator can be split into two parts F (v) = F2F1(v),

where F2 is cheap to evaluate and F1 is affine. In that case it is possible to check

many points on the ray cheaply.

Themelis and Patrinos [152] propose a Newton-type algorithm called SuperMann that

globalizes fixed-point iterations of non-expansive operators and enjoys superlinear

convergence under certain conditions. They use a restarted limited memory

Broyden’s method to approximate the Jacobian and Powell regularisation to keep

their approximation non-singular. They further introduce a number of conditions

that they check to allow unsupervised (or blind) updates, which prevents too many

additional evaluations of the residual operator. Similar to Powell’s hybrid algorithm,

they fall back onto the original fixed-point iteration if the new accelerated point

seems to diverge from the solution.

Ali et al. [3] apply a semismooth Newton method to the fixed point operator that is

used in the SCS solver. The Newton direction is computed using Clarke’s generalized

Jacobian of the operator which involves finding the generalized Jacobian of the

projection operator. Therefore, the method assumes a semismooth operator and

relies on expensive line search steps. They show performance improvements over

the original SCS algorithm for QPs and SOCPs, but not for SDPs.



5. Acceleration methods for fixed-point operators 129

A number of recent publications suggest a similar algorithm, but instead of using

Newton’s or Broyden’s method they derive their update equation for the approximate

Jacobian based on the Acceleration method by Anderson [7] from 1965 which does

not require a line search. While the method was successfully applied in electronic

structure computation, known as Pulay mixing [133], direct inversion in the iterative

subspace (DIIS) [132], or Anderson mixing, it only recently gained attention in

the optimisation community. Most notably by the papers of Walker and Ni [167]

and Fang and Saad [47].

The Anderson acceleration algorithm updates the next iterate using an affine

combination of past iterates, where the weights are determined by minimizing the

weighted sum of past residuals. It turns out that this can be interpreted as a

(type-II) Broyden update [47]. Anderson acceleration methods have been proposed

to speed up the Douglas-Rachford method that is used in SCS [177]. The authors

combine (type-I) AA steps with the execution of the original algorithm whenever

the current residual decreases sufficiently. To ensure a non-singular Jacobian they

use a Gram-Schmidt orthogonalization strategy. While the authors prove global

convergence of their algorithm, their current implementation in SCS v2.0 lacks

the safeguarding steps outlined in [177]. Aside from ADMM / Douglas-Rachford

splitting, AA has also been used in combination with other FOMs. Mai and

Johansson [103] applied it to the classical and the Bregman proximal gradient

method, Higham [81] to the alternating projection method, and Henderson and

Varadhan [77] to the expectation-minimization algorithm for maximum likelihood

estimation.

5.1.2 Outline

In Section 5.2 we introduce the AA method and its relationship with Broyden’s

method. In Section 5.3 we present a safeguarded and restarted acceleration method

to deal with the two typical shortcomings of quasi-Newton methods and provide

details on the implementation. In Section 5.4 we demonstrate the benefits of our
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safeguarded and accelerated version of ADMM applied to the problem format (3.14)

on a number of benchmark sets. Section 5.5 concludes the chapter.

5.1.3 Contributions

With the work in this chapter we make the following contributions:

• We develop a safeguarded AA wrapper around the ADMM algorithm used in

COSMO.

• We show how a restarted limited-memory acceleration scheme integrates

well with the ρ-adaptation and infeasibility detection techniques used in our

variant of ADMM.

• We provide numerical evidence on more than 500 test problems on how AA

reduces the mean number of iterations for each problem set by a factor 1.7 to

8.5 and the mean total solve time by a factor of up to 6 for higher accuracy

solutions. Meanwhile, we show that the additional time spent to calculate

the Anderson directions can be kept between 3 % to 15 % for large QPs and

SDPs. Thus, the results make a particularly strong case for using AA to solve

SDPs and large QPs.

5.2 Background

This section describes different acceleration methods for fixed-point operators. First,

we connect fixed points and fixed-point iterations to FOMs. Then we establish the

connection between the residual operator and the application of (quasi-)Newton

methods to accelerate convergence. We introduce classical and multisecant Broyden’s

method and show how AA can be viewed as a particular variant of Broyden’s method.

5.2.1 Fixed-point iterations

We are interested in finding the fixed point of a mapping F : D → Rn. From Defini-

tion 2.6.4, we have the set of fixed-points:

FixF := {v ∈ domF | v = Fv} .
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The following theorem provides conditions for the existence of a unique fixed point

and a way to find it.

Theorem 8 (Banach-Picard fixed point theorem [12, Theorem 1.50]). Let (X , d) be

a complete metric space with metric d and let F : X → X be Lipschitz continuous

with constant L ∈ [0, 1[. Given v0 ∈ X , set

vk+1 = Fvk.

Then there exists v ∈ X such that the following hold:

• v is the unique fixed point of F .

• (∀v ∈ N) d(vk+1, v) ≤ Ld(vk, v), i.e. the mapping is contractive.

• the sequence (vk)k∈N converges linearly to v.

Thus, if finding an optimal solution using a FOM can be expressed as a fixed

point problem with a contractive operator F , the Picard iteration vk+1 = Fvk will

converge linearly to the fixed-point. However, many first-order methods translate

merely into nonexpansive operators. A fixed-point iteration of a nonexpansive

operator, see Definition 2.6.2, does not necessarily converge to a fixed point, e.g.

consider the nonexpansive operator F = −Id and v0 6= 0. However, it was shown

that the damped, averaged, or Krasnoselskii-Mann iteration [89, 104]

vk+1 = (1− αk)vk + αkFvk,

with αk ∈ (0, 1) converges to a unique fixed point for nonexpansive operators.

A number of common FOMs can be written as Picard iterations of contractive

operators or averaged fixed-point iterations of nonexpansive operators. The proximal

gradient method solves the optimisation problem

minimize f(v) + g(v), (5.1)

with v ∈ Rn and convex, closed, proper functions f ∈ Rn → R and g ∈ Rn →

R∪ {∞}. We further assume that f is differentiable with Lipschitz constant L. We
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can derive an operator form of the method by rewriting the problem of finding the

zeros of the subdifferential of the composite function as a fixed-point problem

0 ∈ (∇f + ∂g)(v)⇔ 0 ∈ (Id + α∂g)(v)− (Id− α∇f)(v)

⇔ (Id + α∂g)(v) 3 (Id− α∇f)(v)

v = (Id + α∂g)−1(Id− α∇f)(v)

v = R∂g(Id− α∇f)(v) = proxg(v − α∇f(v)).

The gradient step inside the proximal operator is contractive for α ∈ (0, 2/L) and

the proximal operator is the resolvent operator applied to ∂g, which is nonexpansive.

Thus, the composition is contractive and the Banach-Picard iteration can be applied

to find a fixed point.

Similarly, in Section 3.2.3 we described the Douglas-Rachford splitting for an

optimisation problem of the form (5.1) but with f not necessarily differentiable and

possibly valued on the extended real number line. The fixed-point form

0 ∈ (∂f + ∂g)(v)⇔ z = (1
2Id + 1

2C∂fC∂g)(z), v = R∂g(z)

is an averaged iteration of two nonexpansive Cayley operators applied to the

subdifferentials ∂f and ∂g. An overview of common FOMs in operator problem

form and the corresponding fixed-point iteration are shown in Table 5.1. A more

extensive overview of monotone operators and associated algorithms can be found

in Ryu and Boyd [144]. This shows that the Krasnoselskii-Mann iteration can be

viewed as a meta-algorithm that generalizes the methods in Table 5.1. Common

ideas to improve the linear convergence were discussed in Chapter 3, i.e. problem

scaling and step size adaptation.

When the fixed-point iteration is a minimization problem of a smooth convex

function f , then pure and quasi-Newton methods with line search, and accelerated

gradient descent methods, or momentum methods can be applied to improve the

convergence [34]. However, the convergence properties of these methods do not

generalize easily to the nonsmooth case. A different approach is to view the
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Table 5.1: Common first-order methods as fixed point iterations of monotone operators.

Method Operator form∗ Fixed point iteration

Gradient method† 0 ∈ ∇f(v) vk+1 = (Id− α∇f)(vk)
↪→ Dual ascent
Proximal point method 0 ∈ A(v) vk+1 = RA(vk) = (Id+ αA)−1

↪→ Method of multipliers
↪→ Iterative refinement

Forward-backward splitting 0 ∈ (A+B)(v) vk+1 = RB(vk − αAvk)
↪→ Proximal gradient method∗∗ 0 ∈ (∂f + ∂g)(v)

↪→ Alternating projection method
↪→ Projected gradient method
↪→ Iterative shrinkage-thresholding algorithm (ISTA)

Peaceman-Rachford splitting 0 ∈ (A+B)(x) zk+1 = CACB(zk)
vk+1 = RB(zk+1)

Douglas-Rachford splitting 0 ∈ (A+B)(x) zk+1 = 1/2Id + 1/2CACB(zk)
vk+1 = RB(zk+1)

↪→ ADMM
↪→ Consensus
* A, B maximal monotone operators, RA, CA Resolvent and Cayley operator of A, see Section 2.6
† f strongly convex and strongly smooth with parameter L, α ∈ (0, 2/L)
** f, g convex, closed, and proper

problem of finding the fixed points of F as the problem of finding the roots of

the residual operator r(v) = (Id − F )(v). A quasi-Newton method can then be

used to approximate the Jacobian of r at vk and local superlinear convergence

can be achieved near the solution. In the spirit of Fang and Saad [47], we present

the Anderson Acceleration method as one candidate method among a family of

multisecant methods that can be used to economically approximate the Jacobian.

We further discuss approaches to stabilize the method when used in a global

optimisation setting.
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5.2.2 Quasi-Newton methods

Newton’s method can be used to find the roots of a differentiable function f : Rn →

Rn using the iteration

vk+1 = vk − Jf (vk)−1f(vk), (5.2)

where Jf (vk) is the Jacobian matrix at vk. However, in the general nonsmooth case

the Jacobian of the residual operator is unavailable or expensive to compute. More-

over, for high-dimensional problems solving (5.2) can quickly become prohibitive as

it requires an LU factorisation with complexity O(2
3n

3). Quasi-Newton methods

mitigate these issues by approximating the Jacobian. This is done using a series

of computationally cheap low-rank updates to keep an updated approximation

Bk ≈ Jf (vk) of the Jacobian or its inverse Hk ≈ Jf (vk)−1:

vk+1 = vk −B−1
k f(vk), (5.3)

Bk+1 = u(Bk, vk+1, vk, f(vk+1), f(vk)),

where u : Rn×n → Rn×n is the update rule for the approximation.

5.2.3 Broyden’s methods

Broyden’s method defines an update rule for the Jacobian approximation update

Bk+1 based on two conditions. First, the secant condition of finite differences

Bk+1∆vk = ∆fk, (5.4)

where ∆vk := vk+1 − vk and ∆fk := f(vk+1)− f(vk). Second, a condition requiring

that no new information is inserted along any directions orthogonal to ∆vk:

Bk+1w = Bk, for all w>∆vk = 0. (5.5)

The second condition is equivalent to requiring that the update does not change

too much in one step. Bk+1 is chosen as the matrix satisfying (5.4) and minimizing

‖Bk+1 −Bk‖2
F [41]. This yields the following analytical solution:

Bk+1 = Bk + (∆fk −Bk∆vk) ∆v>
k

∆v>
k ∆vk

. (5.6)
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Adding the update rule to (5.3) yields Broyden’s first method [47]

vk+1 = vk −B−1
k f(vk), (5.7)

Bk+1 = Bk + (∆fk −Bk∆vk) ∆v>
k

∆v>
k ∆vk

.

The update in (5.7) still requires solution of a linear system, but Bk is likely a

low-rank modification of a diagonal matrix, and therefore has a complexity of O(n2).

By using the Sherman-Morrison formula, (5.6) can be expressed in terms of the

inverse Hk:

Hk+1 = Hk + (∆vk −Hk∆fk) ∆v>
k Hk

∆v>
k Hk∆fk

.

To avoid these transformations, Broyden devised a second method that directly

approximates and updates the inverse. Minimizing instead a least change objective

of the inverses ‖Hk+1 −Hk‖2
F under the secant condition

Hk+1∆fk = ∆vk

yields the update rule

vk+1 = vk −Hkf(vk), (5.8)

Hk+1 = Hk + (∆vk −Hk∆fk) ∆f>
k

∆f>
k ∆fk

.

The update rule for both the first and second method are based on the secant

condition at the current step. Vanderbilt and Louie [163] argue that this approach

loses information from previous iterations and suggest that the secant condition for

Bk+1 should also hold for older iterates. Eyert [46] followed this idea and developed

a generalized Broyden’s method which allows higher-rank updates. We assume that

the update should preserve m previous secant conditions

BkVk = Fk (5.9)

where the past differences are stacked as column vectors to form the matrices

Fk :=
[
∆fk−m · · · ∆fk−1

]
, Vk :=

[
∆vk−m · · · ∆vk−1

]
. (5.10)
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We formulate the same no-change condition as (5.5) but orthogonal to all m previous

differences:

(Bk −Bk−m)w = 0 for all w ∈ V⊥
k . (5.11)

Much like the classical Broyden’s method, the matrix Bk satisfying both (5.9)

and (5.11) can be found by a rank-m update from Bk−m [47]:

Bk = Bk−m + (Fk −Bk−mVk)
(
V>

k Vk

)−1
V>

k .

This is also the solution that minimizes ‖Bk −Bk−m‖F subject to (5.9). To avoid

inversion we can use the Woodbury formula to update the inverse:

Hk = Hk−m + (Vk −Hk−mFk)
(
V>

k Hk−mFk

)−1
V>

k Hk−m. (5.12)

Similar to the classical Broyden method, the counterpart for the generalized type-I

method is obtained by directly minimizing ‖Hk −Hk−m‖F under the condition

HkFk = Vk and has the update rule

Hk = Hk−m + (Vk −Hk−mFk)
(
F>

k Fk

)−1
F>

k . (5.13)

We can write the full update rule for the generalized type-II Broyden’s method by

substituting (5.13) into (5.8):

vk+1 = vk −Hkf(vk)

= vk −Hk−mf(vk)− (Vk −Hk−mFk)
(
F>

k Fk

)−1
F>

k f(vk) (5.14)

= vk −Hk−mf(vk)− (Vk −Hk−mFk) ηk.

Notice that unlike the type-I method, the type-II counterpart involves solving a

least-squares problem for ηk, i.e.
(
F>

k Fk

)
ηk = F>

k f(vk). This can be done efficiently

using an updated QR decomposition. In the next section we show how classical

Anderson Acceleration can be interpreted as a generalized type-II Broyden’s method

with a specific estimate for H0. Based on this relationship it is also possible to

derive a type-I Anderson method.
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5.2.4 Anderson acceleration

AA is an extrapolation method proposed by Anderson [7] in 1965, originally to

improve the convergence of iterative procedures to solve nonlinear integral equations.

Since then it has been used in many different fields, such as material sciences

computational quantum chemistry and physics [132]. Closely related methods to

AA are the Eddy-Mesina algorithm, Minimal Polynomial Extrapolation, or Reduced

Rank Extrapolation [34]. Despite the success in specific domains, such as material

science, physics [46], and computational chemistry [133] it remained largely unknown

in the optimisation community. In 2009 Fang and Saad [47] showed that AA can

be viewed as part of the family of generalized Broyden’s methods.

Before we define AA, we consider again the fixed-point iteration problem:

vk+1 = F (vk)

with possibly nonsmooth, nonexpansive operator F : Rn → Rn. Furthermore, we

denote the residual operator as rk := r(vk) = vk − F (vk) and treat the fixed-point

problem as a root-finding problem of the residual operator. The main idea of AA is

to choose the accelerated candidate point vacc
k+1 as an affine combination of mk + 1

previous iterates

vk+1 =
mk∑
i=0

αi
kF (vk−mk+i).

The weights αk =
[
α0

k, . . . , α
mk
k

]
are determined by minimizing the norm of the affine

combination of past residuals. This yields the constrained minimization problem

minimize ‖Rkαk‖2
2

subject to 1>
mk+1αk = 1, (5.15)

where Rk =
[
rk−mk

· · · rk

]
is the matrix of past residual vectors. The classic AA

iteration is show in Algorithm 12. Notice that each iteration of the acceleration

scheme requires one evaluation of the operator to obtain the next residual vector

rk+1.

There are many variations to this algorithm. The full-memory version takes the

whole history into consideration. Walker and Ni [167] showed that the full-memory
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Algorithm 12: Anderson acceleration applied to a fixed-point iteration.
Input : Nonexpansive operator F : Rn → Rn, initial estimate v0 ∈ Rn.

1 for k = 0,1,... do
2 Set mk = min{m, k};
3 Update Rk ← [rk−mk

· · · rk];
4 Solve for mk + 1 weights αk: min1>αk

‖Rkαk‖2
2;

5 Update vk+1 = ∑mk
i=0 α

i
kF (vk−mk+i);

version for an affine operator F (vk) = Avk +b is identical to the generalized minimal

residual method (GMRES). In practice, and especially for large dimensions n, a

limited-memory variant with a fixed memory length is used. Limited-memory

approaches can be distinguished by the way past iterates are retained. Once the

memory buffer is full, rolling memory approaches overwrite the oldest iterate with

the current one. Restarted memory approaches instead clear the whole history

when the memory size is reached and then begin to fill it up with new iterates.

The connection between AA and Broyden’s method was first shown by Eyert [46].

The relationship becomes clear if one uses a change of variables to avoid the explicit

affine combination constraint on αi. Define a vector η = (η0, . . . ηmk−1) ∈ Rmk such

that

α0 = η0, αi = ηi − ηi−1, . . . , αmk = 1− ηmk−1

to implicitly encode the constraint. The norm minimization problem in (5.15) can

be written in terms of η

∥∥∥α0rk−mk
+ α1rk−mk−1 + · · ·+ αmkrk

∥∥∥2

2
=∥∥∥rk −

(
η0∆rk−mk

+ η1∆rk−mk−1 + · · ·+ ηmk−1∆rk−1
)∥∥∥2

2
= ‖rk −Rkη‖2

2 ,(5.16)

where ∆rk = r(vk+1) − r(vk) and Rk =
[
∆rk−mk

. . . ∆rk−1
]
. Next, the AA

update rule is expressed using η and the sum is written in matrix-vector form

vk+1 =
mk∑
i=0

αi
kF (vk−mk+i) = F (vk)−

mk−1∑
i=0

ηi
k (F (vk−mk+i+1)− F (vk−mk+i))

= vk − rk − (Vk −Rk)ηk.
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where Vk is defined as before in (5.10). Assuming thatRk has full rank, we substitute

ηk for the solution of the least-squares problem (5.16)

vk+1 = vk − rk − (Vk −Rk)(R>
kRk)−1R>

k rk (5.17)

= vk −
(
I + (Vk −Rk)(R>

kRk)−1R>
k

)
rk. (5.18)

Comparing (5.18) and (5.14) shows that at each step classical AA performs a

generalized rank-m Broyden type-II update of the identity matrix, i.e. it minimizes

‖Hk − I‖2
F . In other words, AA approximates the inverse Jacobian of the residual

operator. We can write this in quasi-Newton form:

vk+1 = vk −Hkrk

with Hk = −I + (Vk +Rk)(R>
kRk)−1R>

k .

Using this relationship one can derive a Broyden type-I equivalent update rule of

AA, which minimizes ‖Bk − I‖2
F [47], compare (5.12)

Hk = −I + (Vk +Rk)(V>
k Rk)−1V>

k . (5.19)

Note however, that this form does not allow the use of QR decomposition to evaluate

the inverse term. Anderson Acceleration type-I has for example been used to speed

up Douglas Rachford splitting in [177].

Convergence results

When discussing existing convergence results for AA one has to distinguish between

type-I and type-II, as well as full-memory and limited-memory variants. Recently

published convergence results on AA rely on additional assumptions on the opera-

tor F . Toth and Kelley [155] prove convergence of AA type-II with memory storage

length m, notated Anderson(m). The method is locally R-linearly convergent if the

fixed-point map is a contraction and the coefficients η remain bounded. Removing

the condition on boundedness of η, they show Q-linear convergence for Anderson(m)

only for linear operators.
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Under the assumption of continuous differentiability of F around the solution, Gay

and Schnabel [60] show local Q-superlinear convergence of full-memory AA type-I

and Rohwedder and Schneider [139] show Q-linear convergence of Anderson(m).

By noting the equivalence to GMRES for affine operators, Potra and Engler

[129] show convergence of full-memory AA type-II in a finite number of steps.

However, for our design of Anderson(m) around a general conic ADMM algorithm

we do not have a contractive operator and cannot make further differentiability

assumptions on F . Unfortunately, Mai and Johansson [103] show that a naive

application of Anderson(m) cannot guarantee global convergence results. Therefore,

the acceleration method has to be embedded into a stabilisation scheme to ensure

global convergence, which is discussed in Section 5.3.

5.3 Safeguarded acceleration

In this section we discuss our particular variant of AA and the necessary modi-

fications to use it with the particular operator splitting discussed in Chapter 3.

In particular, we discuss the steps necessary to handle the two main issues of

quasi-Newton methods:

• lack of global convergence guarantees

• tendency of the Jacobian approximation to become singular or near-singular.

In the following we discuss our choice of the Anderson type and introduce a

safeguarding condition to ensure nonexpansiveness of the accelerated iteration.

Moreover, we discuss measures to prevent singularity of the Jacobian approximation,

and how to schedule infeasibility checks and step size adaptation.

Anderson acceleration variant

We implemented both the type-I and the type-II variant of AA in generalized

Broyden form; compare (5.19) and (5.17). Neither variant was reliably superior in

terms of convergence over the problem sets considered. Thus, by default we use
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the type-II variant as it has the advantage that the equations to determine the

coefficients

ηk = (R>
kRk)−1R>

k rk (5.20)

can be written as a least-squares problem and therefore solved efficiently using

a continuously updated QR decomposition. We assume an overdetermined least-

squares matrix Rk ∈ Rn×mk , where n ≥ mk. The QR decomposition and solve steps

are given by

Rk = QkRk and Rkηk = Q>
k rk, (5.21)

with orthonormal Qk ∈ Rn×mk and upper triangular Rk ∈ Rmk×mk . The shape of

Rk allows a fast back-substitution step to solve for ηk in (5.21). We use the modified

Gram-Schmidt process to compute the factorisation, which requires 2nm2
k flops [67].

At each step of AA we only need to incorporate the latest ∆rk into Rk. We are using

a restarted memory approach, where starting from an empty memory we accumulate

up to mmax column vectors in Rk. In Section 5.4 we discuss experimental results

for different choices of mmax. Once that amount is reached the whole memory is

deleted and the method is restarted. Consequently, at each iteration the matrix

Rk changes only by one column or gets deleted completely. This property can

be used to efficiently maintain updated QR-factors. We allocate the memory for

an n × mmax matrix Q, and an mmax × mmax matrix R which are to be reused

throughout the acceleration scheme. Aside from the iteration counter k of the

outer fixed-point algorithm, we also maintain a counter j that points at the next

empty column of R, Q and R which is to be filled by the acceleration scheme at

that iteration. Moreover, when using the matrices at a certain iteration we only

consider the block of the matrix filled with valid data, i.e. columns 1 to j for Q

and rows and columns 1 to j for R. To maintain Q and R we simply perform one

Gram-Schmidt step to orthonormalize the latest ∆r, as shown in Algorithm 13.

One step of AA then costs at most an additional 3
2m

2
k +12mkn+3n flops [82]. Since

for large conic problems we usually have mk � n and an ADMM operator generally

has a complexity between O(n2) and O(n3), the acceleration has a comparably low
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Algorithm 13: Modified Gram-Schmidt step to update Q and R

Input : Memory size mmax, column pointer 1 ≤ j ≤ mmax, ∆r, Q, R
Output : Updated matrices Q and R

1 if j = 1 then
2 R← ‖∆r‖2;
3 Q← ∆r/ ‖∆r‖2;
4 else
5 ∆r ← ∆r;
6 for i = 1 to j − 1 do
7 Rij ← 〈Qi,∆r〉;
8 ∆r ← ∆r − 〈Qi,∆r〉Qi;
9 Rjj ← ‖∆r‖2;

10 Qj ← ∆r/ ‖∆r‖2;

extra cost. We use Qi to denote the i-th column vector of Q. Note that ∆r gets

overwritten in the process, but is not needed afterwards. If at iteration k of the

outer loop the acceleration method considers the past j previous ∆r, we solve the

following system for ηk

R(i,...,j),(i,...,j)ηk = Q>
(:),(i,...,j)rk,

and on the next iteration ηk+1

R(i,...,j+1),(i,...,j+1)ηk+1 = Q>
(:),(i,...,j+1)rk+1,

where we found the j + 1-th columns of R and Q using Algorithm 13. In the case

of a rolling memory scheme, a slightly more complex implementation to maintain

Q and R is required. The reason is that one has to correct the orthonormal basis

vectors for the fact that the oldest iterate is deleted before ∆r can be processed;

see Walker [166] for an implementation using Givens rotations.

Globalisation strategy

As discussed in Section 5.2.4, AA applied to an operator based on a non-smooth

optimisation problem does not guarantee global convergence. The two sources of

instability are accelerated candidate points that diverge from the solution compared

to the previous iterate and badly conditioned Jacobian approximations.
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We mitigate the first issue by performing a safeguarding step at each iteration.

Assume that at iteration k AA produced an accelerated candidate point vacc
k

using (5.18). We check the quality of that point by comparing the norm of the

residual operator with the last available residual norm of an accepted step

‖r(vacc
k )‖2 = ‖vacc

k − F (vacc
k )‖2 ≤ τ ‖r(vk)‖2 (5.22)

with expansiveness tolerance τ ∈ (0, 1). If the test succeeds the candidate point

is accepted as the next iterate vk+1 = vacc
k . Otherwise, a normal fixed point

step is performed such that vk+1 = F (vk). Note that checking condition (5.22)

is computationally expensive since it involves evaluating F (vacc
k ) and F (vk), i.e.

two iterations of the operator for each iteration of the algorithm. This makes the

condition unusable in practice as even a 50 % decrease in the number of iterations

would not result in any reduction in solve time. To avoid checking condition (5.22)

the authors in [50, 177] replace the term τ ‖r(vk)‖2 by a summable and exponentially

decaying series based on ‖r(v0)‖2. The authors in [152] add a linearly decreasing

error term qk to τ ‖r(vk)‖2 and only check the condition periodically or if past

progress stalled.

We use a different approach and check at every step the relaxed safeguarding

condition

‖vacc
k − F (vacc

k )‖2 ≤ τ ‖r(vk−1)‖2 (5.23)

using the previous residual norm ‖r(vk−1)‖2 and τ ∈ (0, 2). While τ > 1 does not

guarantee convergence we observed improved convergence in practice. Note that

every check of (5.23) only requires evaluation of F (vacc
k ). We see in Section 5.4 that

in practice most candidate points pass the safeguarding check, in which case F (vacc
k )

can be used for the next evaluation of AA and is essentially free. Consequently, this

safeguarding step only results in extra operator evaluations if candidate points are

rejected. The idea of using not only the last iterate r(vk) in the safeguarding check

is also common in non-monotone line search techniques for Newton’s method. It is

based on the observation that in practice enforcing monotonicity of the objective

function can slow the rate of convergence in the intermediate stages of Newton’s
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method. The authors in [69] replace the standard line search condition based on the

function value of the last iterate by a modified condition based on the maximum

function value of a set of m previous iterates.

Singularity of the Jacobian approximation

Another source of instability of AA is the tendency of the iterates r(vk) to become

closely aligned. This happens especially in regions when the algorithm does not

make much progress, e.g. when the algorithm repeatedly projects on the same active

constraint set. One consequence is that the column vectors that make up the history

of residual differences, Rk =
[
∆rk−mk

. . . ∆rk−1
]

lead to bad conditioning of Rk

and its factorisation.

The two main ideas to mitigate the effects of bad conditioning ofRk are regularisation

and safeguarding. Instead of solving the least-squares problem in (5.16), one can

apply a Tikonov regularisation step to solve the regularised problem:

minimize ‖Rkηk − rk‖2
2 + λ ‖η‖2

2 , (5.24)

with regularisation parameter λ, which biases the solution ηk to have smaller norm,

which can be solved as:

ηk = (R>
kRk + λImk

)−1R>
k rk (5.25)

using normal equations. Another option is to simply monitor the condition number

of Rk, e.g. using incremental condition estimation [20], or the norm of the solution

ηk. If cond(Rk) > tolcond or ‖ηk‖2 > ηmax, we do not attempt to compute a new

accelerated candidate point and instead perform an ordinary fixed-point iteration.

This approach can also be used to trigger a restart of the method, i.e. resetting the

column pointer j = 1. In numerical tests there do not appear to be substantial

differences between these techniques in terms of their safeguarding quality. We thus

use the bound ‖ηk‖2 ≤ 104 as a safeguarding mechanism, because the check can

be performed cheaply, and because the regularised problem (5.24) has to be solved

using the normal equations, which is slower than solving (5.20) in practice.
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Scheduling of step size adaptation and infeasibility detection

The FOM represented by the operator that is wrapped in AA might rely on successive

iterates produced by the operator rather than the acceleration scheme to perform

step size adaptation or infeasibility detection [10]; see Section 3.6 and Section 3.7.

Most FOMs adapt the step size parameter of the underlying operator as a measure to

improve the rate of convergence in practice [58, 122, 148]. The step size adaptation

discussed in Section 3.7 uses the ratio of scaled primal and dual residual norms to

update the step size parameter ρ at fixed intervals, e.g. every 25 iterations. For

most FOMs in operator-form, such as the Douglas-Rachford splitting, the step

size parameter of the algorithm arises from the scaling parameter of the resolvent

operator RF = (Id + ρF )−1, see Section 3.2.3. Thus, changing the step size also

changes the operator representing the algorithm. As AA tries to approximate the

Jacobian of the residual operator, this operator change will invalidate previously

collected iterates.

If the FOM uses successive differences in iterates and separating hyperplane

conditions to derive infeasibility certificates, then it needs access to successive

differences in iterates that are unaltered by acceleration. Similar to the step size

adaptation, the infeasibility conditions are checked at fixed intervals.

To integrate these two measures into the accelerated algorithm, we schedule step

size adaptation and infeasibility detection to be performed when the acceleration

scheme is restarted. This can be done since every restart involves at least two non-

accelerated iterations. For example consider a configuration where AA is restarted

every 10 iterations, and step size adaptation is performed every 25 iterations. After

25 iterations the algorithm would schedule a step size adaptation at the next

available non-accelerated iteration. This would then happen after the second restart

at iteration 30. Note this could also happen at any other iteration between 25 and

30 if the scheme is restarted for another reason. The same scheduling approach can

be used for infeasibility detection. All considerations of this section are summarized

in Algorithm 14.
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Algorithm 14: Safeguarded AA with memory restarts and scheduling.
Input : v0, f0, fixed-point iteration Fρ : Rn → Rn with vk+1 = fk = Fρ(vk),

allocated memory for V0, R0, Q, and R, column pointer j = 1,
parameters: tolcond, ηmax, τ, kmax

1 acc_success = false;
2 for k = 1, . . . , kmax do
3 Update history: Vj ← [Vj−1,∆vk−1], Rj ← [Rj−1,∆rk−1], j ← j + 1;
4 if j > 2 then
5 Update QR factors: Qk, Rk using Algorithm 13;
6 Compute ηk from Rkηk = Q>

k rk;
7 if cond(Rk) > tolcond or ‖ηk‖2 > ηmax then
8 acc_success ← false;
9 else

10 Accelerate: vacc
k = fk − (Vj −Rj)ηk;

11 acc_success ← true;
12 if acc_success then
13 Fixed point iteration: facc

k = Fρ(vacc
k ) using (3.10);

14 Compute residual: racc
k = vacc

k − facc
k ;

15 if ‖racc
k ‖2 ≤ τ ‖r(vk−1)‖2 then

16 vk+1 ← vacc
k , fk+1 ← facc

k , and rk+1 ← racc
k ;

17 else
18 acc_success ← false;

19 if not acc_success or j ≤ 2 then
20 if ρ-adaptation scheduled then
21 adapt step size ρ;
22 j ← 1;
23 Safeguarding: vk+1 ← fk, fk+1 = Fρ(vk+1), rk+1 = vk+1 − fk+1;
24 if infeasibility detection scheduled and j = 2 then
25 perform infeasibility checks;
26 if j > mmax then
27 j ← 1 ;

The for-loop in Algorithm 14 can be terminated if the residual norm of the iterate

‖r(vk)‖2 ≤ ε is below a certain treshold ε or one can use termination conditions

based on the primal and dual residuals of the underlying optimisation algorithm,

see Section 3.6.
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5.4 Benchmark results

To evaluate the impact of acceleration on the convergence of a first-order solver to

higher solution accuracies, we implemented the safeguarding mechanism of Algo-

rithm 14 in COSMO v0.8. Different variants of AA are implemented as the standalone

package COSMOAccelerators, which is available at

https://github.com/oxfordcontrol/COSMOAccelerators.jl

and which is used as a dependency of the COSMO package. The following benchmarks

compare COSMO without acceleration, with acceleration but without safeguarding

condition (5.22), and acceleration with active safeguarding as specified in Section 5.3.

The experiments were run using Julia v1.5 on computing nodes of the University

of Oxford ARC-HTC cluster with 16 logical Intel Xeon E5-2560 cores and 64GB

of DDR3 RAM. We configured COSMO with the same algorithm parameters as

in Section 3.9, but increased the accuracy to ε = 10−6 for QPs and ε = 10−5 for

SDPs, checking for convergence every 25 iterations.

The acceleration method was configured with maximum memory length mmax = 15.

We used the safeguarding parameter τ = 2, and maximum norm ηmax = 104 for the

Anderson parameters, as they worked reasonably well on many different problem

types.

A number of different QP and SDP problem sets are tested to evaluate the impact

of AA on the number of iterations to achieve the desired accuracy. Moreover, we

are interested to see if any reduction in iterations of the pure ADMM algorithm

translates into a reduction in total solve time, i.e. to verify that the extra time spent

to compute Anderson candidate points is small compared to the overall time saved.

The section closes with an analysis of the impact of different acceleration memory

length parameters mmax on the convergence and overall solve time of the solver.

5.4.1 Quadratic programs

We compare three different problem sets. The Maros and Mészáros problem set [105],

see Section 3.9.1, which includes convex QPs from a variety of application, model

https://github.com/oxfordcontrol/COSMOAccelerators.jl
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predictive control problems based on the MPC Benchmarking Collection [49], and

Markowitz portfolio optimisation problems of the form described in (3.37). Since

these problem sets contain problems of varying sizes we report some statistics of

the constraint matrices A in Table 5.2.

Table 5.2: Problem statistics of constraint matrix A for SDP and QP problem sets.

nonzeros in A num variables num constraints

# min µ max min µ max min µ max

Maros 135 4 1.6× 104 2.4× 105 2 3.7× 103 4.0× 104 3 6.4× 103 8.1× 104

MPC 308 2.9× 101 7.1× 102 8.4× 103 1.1× 101 1.3× 102 8.1× 102 1.1× 101 1.9× 102 1.4× 103

Portfolio 10 1.4× 105 4.9× 106 1.3× 107 5.1× 103 2.8× 104 5.1× 104 5.1× 103 2.8× 104 5.1× 104

SPCA 10 2.5× 104 2.3× 105 5.3× 105 1.0× 104 9.2× 104 2.1× 105 1.5× 104 1.4× 105 3.2× 105

Block 20 7.8× 105 2.2× 106 3.6× 106 5.1× 102 9.7× 102 1.4× 103 1.0× 102 1.0× 102 1.0× 102

Lovasz 15 1.3× 103 1.8× 104 1.1× 105 1.1× 103 1.7× 104 1.0× 105 1.3× 103 1.8× 104 1.0× 105

Mittelmann 62 2.0× 103 2.0× 105 4.5× 106 4.2× 102 9.6× 103 10.0× 104 5.6× 103 1.5× 106 1.4× 107

* with arithmetic mean µ

Markowitz portfolio optimisation We generate Markowitz portfolio optimi-

sation problems of the form (3.37) with k = 50, 100, . . . , 600 factors and n = 100k

assets. The covariance matrix Σ = D + FF> is formed based on a diagonal matrix

D ∈ Rn×n with diagonal elements Dii ∼ U(0,
√
k) and F ∈ Rn×k ∼ N (0, 1) with

50 % nonzero elements. The expected return vector µ ∈ Rn ∼ N (0, 1) is randomly

generated and the risk-return parameter is chosen as γ = 1.0. Consequently, the

nonzeros in the constraint matrix A of the transformed problem range between

1× 105 to 2× 107 which is considerably larger than for the other two QP problem

sets.

5.4.2 Semidefinite programs

To measure the impact of acceleration on the solver convergence for SDPs, we

generate problems based on sparse principal component analysis and compute the

Lovász theta function for a number of publicly available graphs. We also test

the effect of acceleration on the chordally decomposed block arrow sparse SDPs

from Section 4.6.1. We further form a testset based on the smaller non-decomposable

problems used in Hans Mittelmann’s SDP benchmarks [111]. Problem statistics of

the constraint matrix A for each problem set are shown in Table 5.2.
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Sparse principal component analysis We generate SDPs based on the sparse

principal component analysis problem which determines sparse directions vi ∈ Rp

that maximize the variance of the (normalized) data set X ∈ RN×p. The first sparse

eigenvector with constrained cardinality is found by solving

maximize v>Σv
subject to ‖v‖2 = 1

‖v‖0 ≤ k,
(5.26)

where Σ = X>X is the empirical covariance matrix of X. Further directions can be

found by solving the problem with an updated matrix Σ1 = Σ−
(
v∗>Σv∗

)
v∗v∗>.

Due to the cardinality constraint, problem (5.26) is NP-hard [153]. Thus, we focus

instead on solving a relaxed version, that uses the lifting procedure [35],

maximize tr(ΣV )
subject to tr(ΣV ) = 1

1>
p |V |1p ≤ k
V � 0,

where we chose V = vv>, V � 0, then ignored the constraint that rank(V ) = 1 and

approximated the cardinality constraint by a convex 1-norm constraint. Moreover,

instead of choosing k a priori we follow the approach in [35] and use a robustness

formulation by moving the 1-norm constraint into the objective

maximize tr(ΣV )− θ1>
p |V |1p

subject to tr(ΣV ) = 1
V � 0,

(5.27)

with penalty parameter θ > 0. We solve (5.27) for the first sparse eigenvector for

randomly generated data matrices X ∈ RN×p ∼ N (0, 1) with p = 5, 7, 9, . . . , 23

features, N = 20p samples, 30 % nonzero elements, and penalty parameter θ = 2.

Lovász theta function The Lovász theta function is an important concept in

graph theory. Consider an undirected graph G = (V,E) with vertex set V =

{1, . . . , n} and edge set E. A stable set is a subset of S ⊆ V such that the induced

subgraph does not contain edges. The stability number α(G) of the graph is equal to

the cardinality of the largest stable set. It is closely related to the Shannon capacity

Θ(G) that models the amount of information that a noisy communication channel
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can carry if certain signal values can be confused with each other. Unfortunately, the

determination of α(G) is an NP-hard problem [74] and the complexity of computing

Θ(G) remains unknown. The Lovász theta function ϑ(G) was introduced by Lovász

[100], can be computed in polynomial time, and represents an upper bound on both

the stability number and the Shannon capacity:

α(G) ≤ Θ(G) ≤ ϑ(G).

The value of ϑ(G) is equal to the optimal value p∗ of the following SDP:

maximize tr(1n×nX)
subject to tr(X) = 1

Xij = 0 for (i, j) ∈ E,
X � 0,

(5.28)

with matrix variable X and edge set E. For this benchmark we compute ϑ(G)

by solving (5.28) for a set of undirected graphs from the SuiteSparse Matrix

Collection [39]; see Section A.1. For these benchmarks we did not exploit the

inherent sparsity of the problem, for example using techniques from Chapter 4.

Figure 5.1 gives an overview of the impact of acceleration with memory length

mmax = 15 on the mean number of iterations for every problem set. We note that
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Figure 5.1: Mean iterations of non-accelerated and accelerated ADMM solver for
the subsets of solved problems in different problem sets. The bars show the relative
improvement of acceleration for a solution accuracy of 10−6 (QPs) and 10−5 (SDPs).
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the mean is calculated based on the subset of problems in each set that was solved

by both algorithms. Otherwise, the mean would be skewed in favour of the method

that solved more problems. As we will see, this actually favours the non-accelerated

method as it tends to solve fewer problems in each set. The bar chart shows that

the acceleration helped to reduce the mean number of iterations for each problem

set substantially. The smallest reduction of 42 % is observed for the Lovász theta

function problems, while the biggest reduction (88 %) is achieved for sparse PCA

problems.

To investigate if the reduction in iterations translates into lower solve times we

calculate the mean and median of the total solve time, the number of problems

solved, and the mean time used to calculate the Anderson directions as a fraction of

the solve time. Since all solver configurations solved a different number of problems,

we calculated the mean for the number of iterations and the solve time based on the

subset of problems that was solved by every solver configuration. This skews the

results slightly in favour of solver configurations that solved fewer problems. For

the safeguarded method we also show the number of declined candidate points due

to failing the safeguarding check (5.22), as this leads to one additional evaluation

of the operator.

We further compute the normalized shifted geometric mean of the solve times as

defined in (3.38), with a maximum allowable time of of 5 min for QPs and 60 min

for SDPs. The results for each problem set are reported in Table 5.3.

The results show that the reduction in iterations leads to a reduction in mean solve

time. For some problem sets, like Maros and MPC, the median of the solve time

is fairly similar to the vanilla method. This is likely due to the presence of easier

problems that are solved in only a few iterations by each method.

The extra work due to AA with a memory size of 15 varies from 2 % to 15 % for

the portfolio problems and SDPs and thus has little impact on the overall solve

time. For the QP problem sets that include small problems, the time spent in

acceleration related function is of the order of 25 %. This means that for smaller
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Table 5.3: Benchmark results for vanilla, non-safeguarded accelerated, and safeguarded
accelerated ADMM for various QP and SDP problem sets.

algorithm solved iter1 solve time2 % acc time3 gmean4

M
ar

os vanilla 75 1046.0 2.10 (0.02) 2.33
accelerated 98 676.8 1.27 (0.02) 24.7 1.08
safeguarded 100 505.8 (22.9) 1.16 (0.02) 25.0 1.00

M
PC

vanilla 255 820.3 0.020 (0.0026) 2.74
accelerated 230 296.9 0.012 (0.0025) 27.5 4.72
safeguarded 285 272.0 (115.3) 0.015 (0.0029) 26.5 1.00

Po
rt

fo
lio vanilla 10 3460.0 171.51 (134.16) 3.04

accelerated 10 1042.5 69.85 (48.96) 4.8 1.31
safeguarded 10 725.0 (30.7) 49.67 (32.29) 3.6 1.00

SP
C

A vanilla 9 5586.1 132.81 (95.69) 6.72
accelerated 10 1013.9 46.92 (15.60) 14.6 1.57
safeguarded 10 652.8 (32.3) 23.67 (12.20) 13.5 1.00

Bl
oc

k vanilla 20 3136.3 99.31 (42.11) 5.40
accelerated 20 308.8 11.49 (8.47) 2.9 1.00
safeguarded 20 396.3 (66.9) 18.85 (8.97) 2.3 1.27

Lo
vá

sz vanilla 12 2220.8 17.01 (7.21) 5.72
accelerated 15 1360.4 5.79 (3.01) 8.7 1.09
safeguarded 15 1283.3 (15.0) 4.92 (2.82) 8.5 1.00

M
it

te
lm

an
n vanilla 22 1853.4 179.50 (34.81) 1.72

accelerated 29 744.3 79.57 (31.84) 3.7 1.00
safeguarded 31 792.0 (5.9) 88.68 (22.51) 3.4 1.01

1 mean iteration and (extra safeguarding iterations);
2 mean and median (based on subset of problems where all solver configurations solved the problem);
3 geometric mean of fraction of total solve time spent in acceleration-related functions;
4 normalized shifted geometric mean of solve time, see (3.38) (based on all problems in the problem set);

problems the number of iterations has to be reduced by at least that amount to

make the acceleration worthwhile. On average this seems to be the case, but for

some individual problems the acceleration might slow down the solver.

The results also show that the safeguarded acceleration leads to a higher number of

problems solved. The impact of the safeguarding vs. the non-safeguarded accelerated

solver in terms of preventing instability seems to be small for most problem sets.

However, for the set of MPC problems, the safeguarded method solved 55 more

problems than the non-safeguarded version. The geometric mean of the solve

times takes into account the different number of problems solved. The impact of
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safeguarded acceleration vs. the vanilla method ranges between a factor 1.72 for

the Mittelmann SDPs and 6.72 for the sparse PCA problems.

Figure 5.2 shows the residual norms of the vanilla and the safeguarded method for

the Mittelmann SDP problem ros_500. This particular problem is chosen as an

example as the residual norms show a typical behaviour for problems where AA

works successfully. Initially the primal and dual residual norms of both methods
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decrease in a similar fashion until an accuracy of 10−2 to 10−4. However, the residuals

of the accelerated method then drop sharply and avoid the vanilla method’s period

of slow convergence from iteration 400 onwards. The sharp decrease in the residual

norm is likely due to the iterates reaching the region where the quasi-Newton steps

approximate the Jacobian well and the method achieves superlinear convergence.

The figure also indicates that the relative impact of AA will be fairly low when the

solver method terminates already at a low accuracy solution of e.g. 10−3. For the

problems in our test sets where AA does not improve the convergence, we commonly

see a badly conditioned matrix Rk and even method restarts do not improve the

conditioning. Consequently, this leads to a lot of accelerated steps being discarded
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by one of the safeguarding checks. As discussed earlier this bad conditioning can

happen when successive iterates are closely aligned. When solving a QP this usually

happens in regions of slow progress when the algorithm repeatedly projects onto

the same incorrect set of constraints.

One of the most influential parameters of AA is the memory length mmax, i.e. the

maximum number of previous iterates that are used to find the next Anderson

candidate vector. A higher number of past vectors would suggest a more accurate

choice for the accelerated vector. However, more vectors, or even just two almost

collinear vectors, can affect the numerical stability of the inner least-squares problem

dramatically. Moreover, a higher memory length requires more time to compute

the Anderson acceleration parameters ηk. To choose a sensible memory length

we benchmarked our accelerated ADMM solver with memory length mmax =

5, 10, . . . , 30 on the discussed problem sets. The results are shown in Table 5.4.

As predicted, a higher memory length increases the time spent in acceleration related

function and therefore has to be balanced against improvements in convergence. The

results also show that a higher memory length does not automatically improve the

convergence. Using the geometric mean column as a metric for overall performance

of each solver configuration we can conclude that a memory length of mmax = 15 is

a reasonable choice across all problem sets.

5.5 Conclusions

In this chapter we propose a strategy to safeguard AA using periodic restarts, least-

squares condition checking, and a safeguarding rule based on the residual operator

norm. We show how these design choices integrate well with an ADMM solver that

requires occasional pure operator steps for step-size adaptation and infeasibility

checks. We provide an efficient implementation of Anderson acceleration with QR

decomposition in the latest version of COSMO which combines the advantages of

acceleration with already existing features, e.g. custom cones and linear solvers, as

well as chordal decomposition and clique merging techniques. The effectiveness of
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our approach in reducing both the mean number of iterations and solve time and

increasing the number of solved problems is shown for a number of different QP

and SDP problem sets.
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Table 5.4: Impact of acceleration memory length on iterations and solve times.

mmax solved iter1 solve time1 % acc time2 gmean3

M
ar

os

5 95 1204.0 (223.5) 1.17 (0.06) 19.7 1.21
10 97 1029.9 (202.0) 1.26 (0.05) 23.3 1.13
15 100 873.8 (205.5) 1.22 (0.05) 26.0 1.00
20 98 976.2 (180.0) 1.32 (0.06) 27.8 1.09
25 95 1006.6 (194.5) 1.27 (0.07) 28.8 1.18
30 98 1002.3 (186.5) 1.29 (0.07) 30.1 1.08

M
PC

5 284 546.4 (100.5) 0.016 (0.0024) 21.3 1.05
10 278 410.3 (106.5) 0.014 (0.0023) 22.9 1.36
15 285 434.6 (115.0) 0.015 (0.0025) 25.7 1.00
20 285 442.9 (103.0) 0.018 (0.0027) 27.1 1.00
25 285 438.3 (100.0) 0.017 (0.0026) 30.0 1.00
30 285 471.1 (100.5) 0.020 (0.0027) 30.4 1.00

Po
rt

fo
lio

5 10 1094.1 (853.0) 76.80 (41.73) 3.1 1.43
10 10 1020.1 (906.0) 72.00 (40.25) 2.9 1.39
15 10 764.3 (823.5) 53.31 (31.49) 3.5 1.16
20 10 646.5 (716.5) 46.07 (31.75) 3.5 1.00
25 10 723.1 (700.0) 50.40 (36.40) 3.5 1.08
30 10 752.7 (727.5) 47.11 (51.75) 3.8 1.11

SP
C

A

5 10 1311.3 (1078.5) 54.76 (30.19) 12.2 1.56
10 10 1002.5 (874.0) 40.78 (22.60) 12.9 1.27
15 10 718.2 (739.5) 27.86 (17.53) 14.0 1.00
20 10 1029.0 (756.5) 49.02 (23.12) 14.7 1.31
25 10 1283.5 (1172.0) 60.91 (27.93) 14.9 1.61
30 10 1157.8 (1203.5) 46.84 (31.43) 15.6 1.58

Bl
oc

k

5 19 471.3 (313.0) 18.53 (9.53) 2.3 1.73
10 20 324.8 (279.0) 11.88 (6.98) 2.5 1.00
15 20 451.9 (300.0) 18.06 (7.74) 2.5 1.13
20 20 705.9 (264.0) 30.90 (7.36) 3.2 1.41
25 20 771.2 (256.0) 32.30 (7.39) 2.8 1.36
30 20 555.1 (279.0) 19.38 (8.89) 3.0 1.26

Lo
vá

sz

5 12 2020.9 (881.0) 15.92 (3.16) 6.2 6.84
10 14 1752.6 (1385.0) 9.52 (3.90) 8.5 2.20
15 15 1796.3 (1117.0) 8.46 (3.06) 8.5 1.00
20 13 1502.6 (748.0) 8.38 (1.79) 9.0 2.48
25 14 1275.2 (723.0) 5.99 (1.93) 9.9 2.10
30 14 1472.3 (663.0) 8.37 (1.74) 10.6 1.85

M
itt

el
m

an
n

5 30 1746.6 (838.0) 208.90 (89.87) 2.7 1.36
10 31 1463.7 (703.5) 183.14 (68.08) 3.0 1.25
15 31 1400.9 (638.5) 174.79 (61.94) 3.7 1.14
20 29 1386.7 (713.5) 170.97 (50.64) 3.8 1.28
25 31 1342.7 (627.5) 173.63 (47.68) 3.9 1.00
30 30 1302.2 (689.5) 170.04 (41.17) 4.0 1.10

1 mean and median (based on subset of problems where all solver configurations solved the problem);
2 geometric mean of fraction of total solve time spent in acceleration-related functions;
3 normalized shifted geometric mean of solve time, see (3.38) (based on all problems in the problem set);
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In chapters 3, 4, and 5 we outlined a range of techniques to scale first-order

optimisation methods, both to handle larger problem dimensions and to achieve

more accurate solutions. Before we discuss the main contributions of this thesis

in Section 6.2 and future research directions in Section 6.3 we demonstrate the

effects of incrementally adding some of these techniques to a classic ADMM solver.

6.1 Conclusion benchmarks

For these benchmarks we revisit the three problem sets of decomposable SDPs that

were discussed in Section 4.6: block arrow sparse SDPs, large SDPs from SDPLib,

and SDPs with nonchordal sparsity pattern from the SuiteSparse matrix collection.

The benchmark compares the accelerated Douglas-Rachford splitting solver SCS

and the interior-point solver MOSEK to COSMO with none of the techniques enabled.

We then incrementally add chordal decomposition, clique merging, multithreading,

157
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and AA to COSMO. The solvers were configured with a time limit of 30 min and to

achieve accuracies of 10−3 and 10−5 respectively.

Figure 6.1 shows the solve times of each solver for the block arrow sparse SDPs

with increasing number of blocks for low and higher accuracies. These SDPs have

a cone size between 520–1420, 100 affine constraints, and number of nonzeros in

the constraint matrix A between 6.5× 105–1.8× 106; see Section 4.6.1. At low
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accuracy we observe the expected behaviour that each additional technique seems to

improve the solve time, with the biggest improvement achieved by enabling chordal

decomposition. Moreover, the effect of acceleration seems to be inconsistent which

is in line with the observed behaviour in Figure 5.2 of similar convergence between

the non-accelerated and the accelerated case in the low accuracy region. Since the

activation of multithreading does not influence the convergence of the solver, it is

not surprising that it gives the most consistent improvement across all problems.

For the higher accuracy case we see a large effect of the acceleration. Compared

to MOSEK, an improvement of up to 20x is achieved for both the low and higher

accuracy case. SCS does not converge within the time limit for higher dimensions.

The combined results for the SDPLib problems and the SDPs with nonchordal

sparsity pattern from the SuiteSparse matrix collection are shown in Figure 6.2.

The problem dimensions for these problems are shown in Table 4.3.

In terms of the impact of each individual technique on the solve time, similar

conclusions as in the previous problem set can be drawn. For the high accuracy case

we see that the acceleration generally improves the solve time, but there are some

cases where this is not the case, e.g. rs200. The accelerated solver is the fastest

method for most problems in the low accuracy case, e.g. for problem rs828 the

solve time is 88x lower than for MOSEK. However, in the higher accuracy case MOSEK

benefits from the fact that the solver generally only needs 2-3 additional iterations

to achieve the desired accuracy, whereas the first-order solvers need substantially

more iterations. Therefore, MOSEK is faster than the first-order methods for the set of

problems where the number of nonzeros is below 50 000. For the very large problems

with more than 1 500 000 nonzeros the accelerated version of COSMO achieves the best

solve times, aided by the chordal decomposition and comparably good convergence.

6.2 Conclusions and contributions

Many applications in control, machine learning, process engineering, operations

research, statistics, and finance involve the solution of convex conic optimisation
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problems. As the underlying data, network structures, or number of agents increase,

modern solver algorithms must be able to solve the resulting very large problems

in an appropriate amount of time. Although recent advancements in computing

hardware can help reduce the solution time of solvers, further improvements in the

underlying algorithms are still needed. This thesis discusses and investigates different

techniques to either improve the convergence or reduce the per-iteration computation
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cost of FOMs for large conic optimisation problems. Specific contributions are as

follows:

COSMO: A solver package for large convex optimisation problems

We developed the conic operator splitting method (COSMO), an ADMM-based solver

written in Julia which allows flexible problem formulation by combining a quadratic

objective function with a combination of conic constraints. By supporting the zero

cone, the nonnegative orthant, the second-order cone, the positive semidefinite cone,

the exponential cone and its dual, the power cone and its dual, and the hyperbox,

the solver is equipped to handle a vast range of convex problems that appear in

applications. Moreover, we demonstrated that the solver design allows the user to

define custom convex cones that allow faster projections [141] and / or more natural

problem formulations. More customisation through the user is possible by choosing

from a range of direct or indirect linear system solvers and by using Julia’s type

abstraction system to solve problems with arbitrary floating point precision.

We demonstrate the performance of COSMO against other state-of-the-art algorithms,

especially on large SDPs and parametric problems that benefit from warm starting

and factorisation caching. Moreover, we show that the ability to handle quadratic

objective functions allows COSMO to efficiently solve QPs and SDPs with quadratic

objective terms. This avoids the expensive, and in many cases sparsity-destroying,

transformation using a second-order cone that other conic solvers rely on. Comparing

our solver against the C-solver OSQP, which uses the same splitting for QPs, shows

that the performance penalty due to the Julia implementation is small (<10 %). On

the other hand, the Julia implementation allows us to implement and test advanced

algorithmic techniques efficiently. Thus, the other contributions of this thesis, such

as clique merging and acceleration techniques, have been fully integrated in the

solver package and can be used selectively or in combination.
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Scaling conic solvers for large structured semidefinite programs

Chordal decomposition techniques can be used to transform structured SDPs into

equivalent problems involving more but smaller positive semidefinite constraints. It

is therefore one of the main methods of adapting solver algorithms for very large

SDPs if they inherently possess a structure or if the structure is imposed. We

discuss chordal decomposition in the context of a first-order solver, building on

the work of Zheng et al. [181], where the main computational bottleneck is the

projection step onto the positive semidefinite cone. The initial decomposition of

the positive semidefinite matrix variable into smaller blocks, represented by cliques,

is not necessarily optimal and can in some cases even be detrimental to the solver

performance. We develop a novel algorithm that uses the reduced clique graph to

merge cliques to reduce the projection time of the solver algorithm. Comparing

this method with existing heuristics, we show that our approach can speed up the

per-iteration projection time by a factor of up to 3.

Our implementation in COSMO combines the clique merging approach with the

benefits of executing projections for the individual blocks in parallel on multiple

CPU threads. We show that, for nicely decomposable problems, doubling the

number of available CPU threads halves the projection time as expected and that

for more realistic sparsity structures multithreading still provides a significant

speed-up.

Safeguarded acceleration methods for ADMM

Optimisation methods based on first-order information are often the preferred choice

for very large optimisation problems outside the range that interior-point methods

can handle. While they perform well for low to medium accuracies, they suffer

from slow convergence if a higher accuracy is required. We show how to wrap an

ADMM-based solver into an Anderson acceleration scheme, that enforces constraints

on the norm of the residual operator and uses repeated restarts to globalize the

method. The restarts integrate well with the requirement of the ADMM method

to access pure operator steps for step size adaptation and infeasibility detection.
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Benchmarks on a range of different problem sets show significant reductions in

both mean iterations up to a factor of 8, and mean solve time up to a factor

of 6. Profiling results show that the acceleration can be carried out with fairly

insignificant computational cost for SDPs and large QPs. We further showed that it

integrates well with the chordal decomposition, clique merging, and multithreading

features of COSMO.

6.3 Future research directions

In the following we outline some possible directions for future research:

Extensions to the solver

Many convex optimisation problems of interest can be represented using extended

formulations based on the standard cones discussed in this thesis. However, these

formulations often add a number of auxiliary variables to the problem which lead to

more nonzeros in the constraint matrix. In many cases constraints can be represented

more naturally through non-standard cones, e.g. using the log-determinant cone

directly instead of representing it using a PSD cone and an exponential cone.

Recently, Coey et al. [33] defined the gradients and Hessians of logarithmically

homogeneous self-concordant barrier functions for a number of exotic cones to

allow more natural problem formulations for their interior-point solver. It would

be interesting to investigate if projection functions for some of these cones can be

implemented efficiently and how these formulations compare to formulations that

use classical cones.

We noticed differences in the convergence of the operator splitting used in this

thesis and the homogeneous self-dual embedding approach [122], where the former

seems to benefit from quadratic terms in the objective and the latter often seems

faster to converge on problems with linear objectives. The author of [123] recently

developed an embedding that allows the original homogeneous self-dual embedding

to handle quadratic objectives. A thorough comparison of the convergence of these
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different available operator splittings on a wide range of problems with and without

quadratic objective would be desirable.

Schubiger et al. [146] implemented a GPU version of the OSQP solver for QPs

and demonstrated up to two orders of magnitude improvements over the CPU

implementation. They used a conjugate gradient method to solve the linear system

step on a GPU. Moreover, the matrix-vector operations in the projection steps

were also handled by the GPU. The Julia programming language offers a fairly

flexible integration of GPU operations via multiple dispatch based on the array

type that contains the problem data. Aside from the positive semidefinite cone

projection, all cone projections in COSMO are written in native Julia and mostly

consist of matrix-vector multiplications and vector operations. This should allow

the solver to perform all operations on the GPU, which avoids slow data transfer

between CPU and GPU. This should be leveraged to support both platforms. It

would be interesting to investigate the computational advantages of an Anderson

accelerated first-order GPU solver for general conic problems.

Optimising clique merging for multiple threads and/or interior-point

methods

In Chapter 4 we demonstrated that clique merging can be successfully used to shape

the sparsity pattern of a structured SDP and customised to specific hardware. This

allowed us to achieve faster projection times at every iteration. However, our current

clique merging algorithm is designed for single-threaded execution. Independently

of the clique merging, we showed that decomposable SDPs with similar clique sizes

benefit significantly from multithreading. A future research direction would be to

adapt our clique merging algorithm for multithreading, e.g. by trying to achieve

similar block sizes. For problems that have one large and many smaller cliques

an interesting approach could be to use all available threads to project the block

corresponding to the large clique and then switch to parallel projection for the small

blocks.
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Moreover, our clique graph-based merging approach currently assumes that the

solver algorithm is based on a first-order method. However, the edge-weighting

function that scores merge candidates can easily be changed to customise the

method for interior-point solvers.

In the benchmarks of Section 4.6 we noticed that in some cases the solver needs more

iterations for the decomposed SDP compared to the undecomposed problem. This

is likely due to the additional auxiliary variables in the decomposed problem (4.12)

which link overlapping entries and introduce more slack into the problem. It might

be possible to improve the convergence by spreading out the auxiliary variables

more evenly among overlapping entries.

Applications with decomposable SDPs

We demonstrated the solver performance gains that are achievable for large SDPs

using a FOM and chordal decomposition. A classic example of a real-world problem

that involves solving a decomposable SDP is the optimal power flow problem [113].

Other examples are the Lovász theta function problem, the approximate Euclidean

distance matrix completion [150], and the relaxed boolean optimisation problem [25]

which appears in the maximum cut SDP relaxation [65], the graph partitioning

problem [170] and in LQR control with binary inputs. Zheng [180] has applied

chordal decomposition to sparse Lyapunov-type LMIs in the context of decentralized

control of networked systems and to scale large sum-of-squares programs. A further

research direction is to consider new applications that naturally have an imposed

sparsity pattern. Moreover, for very large dimensions it can be a reasonable approach

to impose a specific sparsity pattern to make computing a solution approximation

feasible. Recent results explored the inner approximation of the PSD cone using

diagonally dominant matrices [2], factor-width k matrices [147], or Grassmannian

packing [179]. Many interesting research questions arise around comparing the

quality of these approximations, quantifying conservatism, and applying these

approximations to real-world SDPs.
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Robust acceleration for first-order methods

There are still many open questions around quasi-Newton method based acceleration

for FOMs. From a theoretical viewpoint it would be important to establish a

formal convergence rate for a safeguarded AA method applied to a nonsmooth

and nonexpansive operator. From a practical viewpoint more experiments are

necessary to determine better heuristics for choosing acceleration parameters such

as the memory size. It would also be interesting to compare the effectiveness of our

safeguarding condition with the ones used in [50, 152, 177]. In particular it seems

that practical performance declines slightly if these conditions are strictly enforced

and the acceleration scheme is not allowed to temporarily choose “slightly worse”

iterates.

We looked into ways of improving the numerical conditioning of the Jacobian

approximation (5.25) which relies on a history of past residual differences. The

bad conditioning often stems from the FOM reaching a region of slow progress, e.g.

getting stuck on a wrong active set when a QP is solved. An interesting approach

would be to inject older residual iterates or iterates orthogonal to the space spanned

by the recent iterates to improve the conditioning. Another interesting approach

would be to establish a connection between inferior acceleration performance and

the recent work of [22], in which the author analyses four different convergence

regimes for ADMM.
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