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Abstract

We consider a number of Diophantine problems for (mixed) Shimura
varieties. Specifically, we look at the multiplicative relations satisfied by
special points of modular and Shimura curves. These problems are closely
related to the André-Oort and Zilber—Pink conjectures, and we will resolve
some special cases of these conjectures.

Let Y be a modular or Shimura curve. Let V' C Y x G, be an algebraic
correspondence defined over Q. For each n > 1, we prove that all multi-
plicative dependencies among n V-images of special points of Y belong to
one of finitely many components of V™ of a particular special kind.

We then strengthen this result in the case that Y is the modular curve
Y (1) = SLy(Z)\H and V is the graph of a (suitably generic) rational func-
tion. In this case, we prove that, for each n > 1, there are only finitely
many n-tuples of distinct V-images of special points which are multiplica-
tively dependent and minimal for this property. The key ingredient in
this strengthening is a functional multiplicative independence statement
for modular functions, which we prove.

Finally, we give a complete classification of the triples of singular moduli
which have rational product. We show that all such triples are “trivial”
in a suitable sense. This establishes a completely explicit André-Oort
statement for the family of cubic surfaces defined (in C?) by an equation

T1x9w3 = a0 € Q.
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CHAPTER 0

Conventions

We collect here some of the notation and conventions which we will
adopt throughout this thesis.

Set inclusions written A C B are not necessarily proper. We write |A]
for the cardinality of a set A. Given a map f: A — B, we will also denote
by f arbitrary Cartesian products f": A" — B". Which map is meant
should always be clear from context.

All the fields considered in this thesis will be subfields of the field C of
complex numbers. In particular, a field is always of characteristic 0. We let
Q denote the field of rational numbers and Q denote the field of algebraic
numbers.

We identify varieties with their sets of complex points. They are not
necessarily irreducible. We denote by Gy, the multiplicative group of com-
plex numbers C \ {0}. Given a field K, we will sometimes write G, (K)
for the multiplicative group K \ {0}.

We let H denote the complex upper half plane. The group GLJ (R)
of 2 x 2 matrices with real entries and positive determinant will always
act on H by Mobius transformations. Any subgroup of GL3 (R) will be
understood to act on H in the same way.

Given o € Q, we write h(a) for the absolute logarithmic Weil height
of @ and H(a) = exp h(«a) for the multiplicative height. We refer to H(«)
as the height of @ and h(«) as the logarithmic height of . Note that for

11



12 0. CONVENTIONS
a € Q such that a = a/b for a,b € Z with ged(a,b) = 1 we have that
H(a) = max{|al,|b]}. For o = (v1,..., ) € (@), we let

H(a) =max{H(a;) :i=1,...,n}

and

h(a) = max{h(a;) :i=1,...,n}.

We again call these respectively the height of o and the logarithmic height
of a. For basic properties of the height, see e.g. [14].

We use some results from model theory, in particular o-minimality. The
necessary material is contained in Appendix A. By “definable”, we will
always mean definable (with parameters) in the structure Rapexp. This
structure is defined in Section A.4. In particular, note that R, exp is an
o-minimal structure. We use real and imaginary parts to identify subsets of
C™ with the corresponding subsets of R?" in the natural way. Given z € C,

we write respectively Re z and Im z for the real and imaginary parts of z.



CHAPTER 1

Introduction

In this introduction, we recall some of the classical material which forms
the setting for our work. We then introduce the main question of this thesis

and outline the plan for the rest of the document.

1.1. Elliptic curves

Definition 1.1. Let K be a field. An elliptic curve over K is a smooth
projective curve over K which is of genus 1 and has a distinguished K-

rational point.

For an elliptic curve E/K, the K-rational points of F form an abelian
group E(K). We will write the corresponding group law additively. In
particular, the elliptic curves over K are precisely the one-dimensional
abelian varieties over K.

Every equation

v’ =2+ Az + B

with A, B € K such that 443 4 27B% # 0 defines an elliptic curve over
K. Conversely, every elliptic curve over K is isomorphic to one defined by
such an equation (here we use the fact that the characteristic of K is 0).
An equation y? = 2% + Az + B is called a Weierstrass equation.

Elliptic curves over C may be thought of in a particularly nice way. An

elliptic curve over C is a one-dimensional abelian variety over C. There

13



14 1. INTRODUCTION

is an equivalence of categories between the category of abelian varieties
over C and the category of polarisable complex tori [51, Theorem 2.9]. In
particular, there is a one-to-one correspondence between the elliptic curves
over C and the one-dimensional complex tori. A one-dimensional complex
torus is a quotient C/A, where A C C is a lattice. A lattice in C is an
additive subgroup (7, 7) C C, where 71,75 € C are linearly independent

over R.

Definition 1.2. Let A C C be a lattice. An elliptic function (for A) is
a meromorphic function f: C — C such that f(z +w) = f(z) for every

z€ C and w € A.

Let A C C be a lattice. The prototypical example of an elliptic function
for A is the corresponding Weierstrass p-function
1 1 1
D=5+ (—m— =)
pa(2) 22 Z G-w?
weA
w#0
It is straightforward to see that @, is an elliptic function for A, which is
holomorphic away from its double poles at the points of A. Differentiating,

we obtain that

Pp(2) = Z ﬁ,

wEA

which is again an elliptic function for A, this time with triple poles at the
points of A and holomorphic elsewhere.

Comparing terms, one may verify that o, satisfies the equation

(©))? = 4(pa(2))* — g2(A)pa(z) — gs(A),
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where
1
g2(A) =60 —
weA
w#0
and

1
gs(A) =140~ —.
wEA w
w#0
This differential equation makes explicit the link between lattices and el-
liptic curves, as we will now explain.

Consider the map C — C? given by z + (pa(2), 9\ (2)). Write (x,y) =

(pa(2), 9\ (2)). Then the differential equation satisfied by g, implies that
y' =427 — gp(A)z — gs(A).

This equation defines a curve, isomorphic to one given by an equation
y? = 23 4+ Ax + B for some A, B € C. To show that the equation defines
an elliptic curve, it is thus enough to show that the curve is non-singular.
If the curve were singular, then one would have that go(A)? — 27g3(A)? =
0. For every lattice A, it may be verified that this is not the case [79,
Proposition VI1.3.6]. Every lattice A C C thus gives rise to an elliptic curve

over C in the following way.

Theorem 1.3 ([79, Proposition VI1.3.6]). Let A C C be a lattice. Write

E\ for the corresponding elliptic curve defined by the equation
y® = 4a® — go(N)x — g3(A).

The map ®: C/A — EA(C) C P*(C) induced by z — [pa(2) : @\ (2) : 1] is
an isomorphism of Riemann surfaces which is also a group homomorphism

from the additive group C/A to the elliptic curve Ex(C).
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Every elliptic curve E/C arises from a lattice in this way.

Theorem 1.4 (|79, Theorem VI.5.1]). Let E/C be an elliptic curve. Then,

with the above notation, there exists a lattice A C C such that E = E,.

The question then arises of for which lattices A, Ay C C are the asso-

ciated elliptic curves Ej,, Ey, isomorphic.

Proposition 1.5 (|79, Corollary VI.4.1.1]). Let Ay, Ay C C be lattices and
En,, Ep, the associated elliptic curves. Then Ey, = Ey, over C if and only
if Av, Ay are homethetic, i.e. if and only if there exists some a € C* such

that a1 = As.

To classify elliptic curves up to isomorphism, we therefore need only
classify lattices up to homothety. Clearly, every lattice (i, 72) is homo-
thetic to a lattice (1, 7) for some 7 € H. So we may reduce to considering
when lattices (1,7) and (1,7') with 7,7/ € H are homothetic. They are
homothetic if and only if there are a,b,c,d € Z and o € C* such that
ad — be # 0 and

at’ =ar + b and a = 1 + d.
We thus see that (1,7) and (1,7’) are homothetic if and only if

, ar+b

cT +d

for some a, b, c,d € Z with ad — bc = 1.
The group SLy(Z) acts on H by Mobius transformations. The previ-
ous paragraph shows that there is a bijection between the corresponding

quotient SLy(Z)\H and the isomorphism classes of elliptic curves over C.
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This bijection sends (the orbit of) 7 € H to (the isomorphism class of) the

elliptic curve E( »y. For 7 € H, we write I, for the elliptic curve E(; ;.

Corollary 1.6. Every elliptic curve E/C is isomorphic to an elliptic curve

E. for some 7 € H (and T is unique up to the action of SLy(Z) on H).

1.2. The j-invariant

Definition 1.7. Let E/K be an elliptic curve, which we may take to be

isomorphic to an elliptic curve defined by a Weierstrass equation
y? =23 + Az + B,

where A, B € K with 443+ 27B? # 0. The j-invariant of the elliptic curve

E is defined
4A3
(F) = 1728————.
JE) 443 1 27B?
The quantity
4A3
4A3 +27B?%

is independent of the choice of a Weierstrass equation y? = x® + Az + B
for E. The j-invariant is thus well-defined. The j-invariant of an elliptic
curve is an isomorphism invariant of elliptic curves. If the field K is alge-
braically closed, then the j-invariant classifies elliptic curves over K up to

isomorphism.

Theorem 1.8 ([79, Proposition 111.1.4]). Let K be a field and let K be an
algebraic closure of K. Then elliptic curves E, E'/K are isomorphic over

K if and only if j(E) = j(E").

The j-invariant gives a field of definition for an elliptic curve.
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Theorem 1.9. Let j, € C. Then there exists an elliptic curve E/Q(jo)
such that j(E) = jo.

PROOF. Let jo € C. Then ([22, p. 378]) an example of an elliptic curve
E/Q(jo) with j(E) = jo is the curve with Weierstrass equation:
(1) y* = 2% — 3ax + 2, where a = jo/(jo — 1728), if jo ¢ {0, 1728};
(2) y? =2® — 1if jo=0;
(3) y? = 2% — x if jo = 1728. O

We now define the j-invariant of a lattice A C C. To do this, we use

the uniformisation theorem for elliptic curves.

Definition 1.10. Let A C C be a lattice. The j-invariant of the lattice
A is defined by j(A) = j(Ey), where E, is the elliptic curve associated to

the lattice A as in Theorem 1.3.

Since the field C is algebraically closed, the combination of Theo-
rems 1.4 and 1.8 shows that lattices Ay, Ay have j(A;) = j(A) if and
only if Ay, Ay are homothetic.

We may now define the modular j-function. The j-function will be

central to much of this thesis.

Definition 1.11. The modular j-function j: H — C is defined by setting
j(1) = 7((1,7)), the j-invariant of the lattice (1, 7). Equivalently, for each

T € H, set j(1) = j(E;), the j-invariant of the elliptic curve E..
Theorem 1.8 and Proposition 1.5 together imply the following fact.

Theorem 1.12. Let 7,7 € H. Then j(1) = j(7') if and only if there exists

v € SLy(Z) such that 7/ = .
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The j-function has many other nice properties with which we will be-

come familiar; we state two of them now.

Theorem 1.13 ([23, Theorem 11.2]). The function j: H — C is holomor-

phic and surjective.
The j-function thus induces a bijection from SLy(Z)\H to C.

1.3. Modular functions

Suppose that a function f: H — C is meromorphic and satisfies the
identity f(7) = f(7+1) for all 7 € H. The function f may then be viewed
as a function of the nome ¢ = exp(27i7) which is holomorphic on the region

0 < |g| < 1. The function f thus has a Laurent expansion

f(T) = Z cnq"

for some (unique) ¢, € C. We call this the g-expansion of f. We say that
the function f is meromorphic at the cusp if ¢, = 0 for all but finitely

many n < 0.

Definition 1.14. A modular function f: H — C is a meromorphic func-
tion which is invariant under the action of SLy(Z) on H and also meromor-

phic at the cusp.

Since
11
€ SLy(Z),
01
observe that every SLy(Z)-invariant function f: H — C satisfies the iden-

tity f(7) = f(r+1) for all 7 € H. We know that the j-function j: H — C
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from Section 1.2 is holomorphic and SlLg(Z)-invariant; it thus has a g¢-

expansion.
Proposition 1.15 ([23, Theorem 11.8]). There exist ¢, € Z~q such that

1 o0
j(r) = p + 744 + chq”.

n=1
Remark 1.16. Proposition 1.15 explains why the factor of 1728 appears
in the definition of the j-invariant in Definition 1.7. The factor is chosen
so that the leading coefficient in the g-expansion of the j-function is equal
to 1 [23, p. 225]. Petersson [58] and Rademacher [71] independently (see
[72]) derived an explicit formula for the coefficients ¢,,, when n > 1. Their
formula is given by an infinite series. Since this series converges relatively
rapidly and every ¢, € Z, one only needs to calculate the first few terms

of the series in each case in order to compute c,.

We can see from the g-expansion in Proposition 1.15 that the j-function
is meromorphic at the cusp. Combined with Theorems 1.12 and 1.13, this
implies that the j-function is a modular function. It is clear that the
modular functions form a field. It turns out that this field is generated by

the j-function.

Theorem 1.17 ([23, Theorem 11.9]). The field of modular functions is
C(j). FEvery modular function may thus be written as a rational function

(with coefficients in C) of j.

The only holomorphic modular functions are thus the elements of the

ring C[j]. Of these, only the linear polynomials aj + b with a # 0 induce
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injective maps on the quotient SLy(Z)\H. To maintain the property men-
tioned in Remark 1.16, of having a g-expansion with integer coefficients
and leading coefficient 1, one must take a = 1 and b € Z. Given these
constraints, the construction of j is thus canonical, up to modification by
adding a factor k € Z.

It is sometimes convenient to make such a modification. For example,
n [82], Zagier worked with the function J(z) = j(z) — 744, which has
constant term 0O in its Fourier expansion. The aforementioned Petersson—
Rademacher infinite series for the Fourier coefficients of j converges to 24
for n = 0. Therefore, one may prefer (see e.g. [22, p. 372] and [18, p. 675])
to work with the function Jy(z) = j(z) — 720, for which all the Fourier
coefficients (except the leading coefficient, which we always normalise to
1) may be found from the Petersson-Rademacher series. In this thesis
though, we will stick with convention, and so ¢y = 744 always.

We have seen already that the j-function is invariant under the action
of SLy(Z) on Hj in fact, the j-function also behaves nicely under the action
of the larger group GL; (Q) on H. For g € GLJ (Q), write N(g) for the
determinant of the matrix ¢’ = A\g, where A € Q* is chosen such that the

matrix ¢’ has coprime integer entries.

Proposition 1.18 ([23, Theorem 11.18]). For N > 1, there exists a poly-
nomial ®n(z,y) € Zlx,y] such that ®n(j(2),7(gz)) = 0 identically in
z € H, whenever g € GL5 (Q) with N(g) = N. Further, ®,(z,y) = x — v,
and @y is symmetric for all N > 1. We call 5 the Nth modular polyno-

maial.
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Let Ey, Ey be elliptic curves. Then @y (j(F1), j(E2)) = 0 if and only if

there is a cyclic N-isogeny between E; and Fs, by [23, Theorem 11.23].

1.4. Modular curves

The group SLy(Z) acts on H by Mobius transformations. We may thus
construct the corresponding quotient SLo(Z)\H. We have seen that each
point of the quotient SLy(Z)\H corresponds to an isomorphism class of
elliptic curves over C and every such class corresponds to a point on this
quotient. Thus, SLy(Z)\H is a moduli space for elliptic curves over C. This
quotient SLo(Z)\H is the simplest example of a modular curve.

The quotient SLo(Z)\H can be endowed (see e.g. [52, §2]) with the
structure of a complex manifold; one thus obtains a non-compact Riemann
surface, which we denote Y (1). We may compactify it in the following way.
Let H* = HUP!(Q). Observe that SLy(Z) acts on H* in the same way
as it does on H, and so we may consider the quotient SLy(Z)\H*. This is
equal to (SLy(Z)\H) U {oc}, since all points of P'(Q) belong to the same
SLy(Z) orbit. Thus, SLo(Z)\H* may be endowed with a complex structure
in the same way as for SLo(Z)\H. The resulting Riemann surface, denoted
X (1), is compact and has genus 0. Therefore, X (1) = P!(C).

The function j: H — C induces a complex analytic isomorphism of
the Riemann surfaces SLo(Z)\H and C. We will thus always identify the
modular curve Y(1) with the affine line C by means of the j-function,
giving us the slogan “the affine line is the j-line”. If we extend j by setting
j(00) = oo, then j: X (1) = PY(C).

The field of modular functions is the function field of the compactified

modular curve X (1). The isomorphism j: X (1) = P!(C) implies that the
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j-function is a generator for this field, since the only meromorphic functions
on P!(C) are the rational functions.

In general, a modular curve is a quotient I'\H, where I' < SLy(Z) is a
congruence subgroup. A congruence subgroup of SLy(Z) is a subgroup of

SLo(Z) which contains, for some N > 1, the group

I'(N)=H{ o €SLy(Z):a=d=1mod N, b=c=0mod N}.
c d

Let I" be a congruence subgroup of SLy(Z). Then I' acts on H, and
so one may consider the quotient I'\H. This quotient may also (see e.g.
[52, §2]) be given the structure of a (non-compact) Riemann surface in a
natural way; we denote this as the modular curve Y (I'). Once again, we
can compactify this by considering instead the quotient I'\H*. This may be
endowed with the structure of a compact Riemann surface, denoted X (I),
and thus also has the structure of an algebraic curve.

We saw above that the modular curve Y (1) was the moduli space for
elliptic curves over C; points of Y (1) correspond to isomorphism classes of
elliptic curves. When I' is a general congruence subgroup, the associated
modular curve Y (I') also has a moduli interpretation. Its points represent
isomorphism classes of elliptic curves together with some extra data.

For example, consider the congruence subgroups of the form

a b
I'(N)=H{ € SLy(Z):a=d=1mod N, ¢ =0 mod N}.
c d

Since I'1(N) C SLy(Z), if 7,7 € H belong to the same I'y(/V) orbit, then

the elliptic curves F,. and E,. are isomorphic. Observe also that the point
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1/N € E. has order precisely N and is invariant under the action of I'y (V).
Points of I'; (N)\H thus correspond to equivalence classes of pairs (F, P),
where F is an elliptic curve over C and P € E has exact order N. Two
such pairs (F, P), (E', P') are equivalent if there is an isomorphism from
E to E' taking P to P’. The modular curve Y;(N) = I'1(N)\H is thus the

moduli space for such pairs. See [79, Appendix C, §13] for further details.

1.5. Imaginary quadratic fields

The material in this section is based on [23, §7]. Let K be an imaginary
quadratic field, so that K = Q(y/—n) for some unique square-free integer
n > 1. The discriminant D of the imaginary quadratic field K is defined

—n  ifn=3mod4
D:

—4n  otherwise.

In particular, there is a unique imaginary quadratic field of a given dis-

criminant. Note that K = Q(\/E)

Definition 1.19. An order O in K is a subring O C K such that O is a

free Z-module of rank 2 which contains 1.

The ring of integers Ok of K is an order in K; every other order O of
K is contained in Og. We thus call Ok the maximal order. The order Ok
is equal to Z + Z - w, where w = (D ++/D)/2. Any order O in K is equal
to Z+7Z - (f -w) for some unique integer f > 1. Call f the conductor of
the order O. One has that f =[Ok : O].
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The discriminant A of an order O in an imaginary quadratic field K is
defined

A= (det o« 0 )2,
o p
where «, 5 are generators of O and x — 2’ denotes the non-trivial auto-
morphism of K. (This is independent of the choice of «, 5.) By taking the
generators 1, f - w for O, one obtains that A = f2D. (The discriminant of
the maximal order Ok is thus equal to the discriminant of the imaginary
quadratic field K.) Observe that K = Q(v/A) = Q(v/D).

The discriminant A of an imaginary quadratic order must satisfy A <
0 and A = 0,1 mod 4. Conversely, for every integer A < 0 such that
A = 0,1 mod 4, there is a unique pair (K, Q) such that O is an order of
discriminant A in the imaginary quadratic field K.

Now let O be an order of an imaginary quadratic field K. Denote by
I(O) the set of proper fractional ideals of O. This is a multiplicative group.
Let P(O) C I(O) be the subset of principal ideals. This forms a normal
subgroup of I(Q). The ideal class group of the order O is defined to be
the quotient group cl(O) = I(O)/P(O). The class number h(QO) of the
order O is defined by h(O) = |cl(O)|. Since the discriminant A uniquely
determines the corresponding order O, we will often write cl(A) and h(A)

in place of cl(O) and h(O).

1.6. Complex multiplication of elliptic curves

Recall that modular curves parametrise isomorphism classes of elliptic
curves (plus possibly some extra data). Additional structure on modular

curves comes from the endomorphism type of the parametrised elliptic
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curves. In particular, those elliptic curves with “extra” endomorphisms

correspond to points on the modular curve with arithmetic significance.

Definition 1.20. Let Eq, E5 be elliptic curves. An isogeny E; — FEs is a

morphism ¢: F; — F5 satisfying ¢(0) = 0.

Denote

Hom(E), Ey) = {isogenies ¢: Ey — E»}.

For ¢1, ¢2 € Hom(E4, Es), we can define ¢1 + ¢o € Hom(FE4, E5) by setting

(61 + 92)(P) = ¢1(P) + ¢a(P),

where the addition on the right hand side is in the group law of Es. Since
the points of an elliptic curve form an abelian group, doing this makes
Hom(E;, E) into an additive group.

Now consider the isogenies from an elliptic curve E to itself. We denote
End(E) = Hom(E, E). For ¢, ¢2 € End(F), we may define their product
01 - P2 by setting

(¢1 : ¢2)(P> = ¢1(¢2(P))-

Then End(FE) forms a ring under these definitions for addition and multi-
plication of isogenies E' — F [79, Proposition 111.4.2].
The ring End(E) always contains Z, where the element n € Z represents

the multiplication-by-n map

n]: E—-FE P—P+...+P.
———

n times

For most elliptic curves E, End(E) = Z. However, some elliptic curves

have a strictly larger endomorphism ring.
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Definition 1.21. Let E be an elliptic curve. We say that £ has complex
multiplication (CM) if End(F) D Z.

Section 1.1 established a correspondence between elliptic curves E/C

and lattices A C C. We may use this to establish the following.

Theorem 1.22 ([79, Theorem VI1.4.1]). Let Ay, Ay C C be lattices, and let

E4, Ey be the associated elliptic curves. Then the map

{a € C:al; C Ay} — {holomorphic maps ¢: C/A; — C/Ay with ¢(0) = 0}

given by a — ¢, where ¢, (z) = az (mod Ag), is a bijection. Further, the

natural map

Hom(FE4, Ey) — {holomorphic maps ¢: C/A; — C/Ay with ¢p(0) =0}

18 also bijective.

Let E/C be an elliptic curve. So E = E, for some 7 € H. By the

above, we have that

End(F) =Z{aecC:al,7) C (1,7)}.

Clearly Z C {a € C: a(l,7) C (1,7)} and, in the generic case,

Z={aecC:a(l,7) C(1,7)}.

However, if 7 € H is an imaginary quadratic number (i.e. [Q(7) : Q] = 2),
then the ring End(FE) is strictly larger than Z. In such a case, End(F) is
an order in the imaginary quadratic field Q(7). (If End(E) # Z, then one
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sees that for & € End(F) \ Z one has that &« € C\ R. This explains the

terminology “complex multiplication”.)

Proposition 1.23. Let 7 € H. The elliptic curve E. has CM if and
only if T is imaginary quadratic. In this case, End(FE.) is an order in the

imaginary quadratic field Q(7).

The points on a modular curve I'\H corresponding to 7 € H with
[Q(7) : Q] = 2 therefore correspond to the CM elliptic curves (together
with the relevant extra structure parametrised by the modular curve). We
call these points the special points of the modular curve. The Diophantine

properties of these special points will be the major focus of this thesis.

Definition 1.24. Let Y = I'\H be a modular curve. A special point of
Y is a point of Y which corresponds to some 7 € H with [Q(7) : Q] = 2.
Equivalently, a special point of Y is a point of Y corresponding to a 7 € H

such that the elliptic curve E; has CM.

1.7. Singular moduli

Definition 1.25. A singular modulus is the j-invariant of a CM elliptic

curve. Equivalently, a number of the form j(7) for some 7 € H with

[Q(7) : Q] =2.

Since we have identified the modular curve Y'(1) with C by means of

the j-function, the special points of Y (1) are precisely the singular moduli.

Definition 1.26. Let o = j(7) be a singular modulus. The discriminant
A of the singular modulus ¢ is defined to be equal to the discriminant of

the imaginary quadratic order End(E;).
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Proposition 1.27 ([23, Theorem 7.7]). Let 0 = j(7) be a singular modulus

of discriminant /. Suppose a,b,c € Z are such that at® + bt +c =0 and
ged(a,b,c) = 1. Then A = b* — 4ac.

Denote by F} the standard fundamental domain for the action of SLy(Z)

on H, given by (see e.g. [83, Proposition 1])
1 1 1
F; = {zGH: —3 < Re(z) <§,|z| > 1, and |z| > 1 for 0 < Re(z) <§}

The map j restricts to a bijection j|p, : F; — C. Thus, for each singular
modulus o, there is a unique 7 € Fj such that j(7) = 0. We may thereby
give an explicit description of the singular moduli of a given discriminant.
Let Ta be the set of triples (a,b, c) € Z? such that:

(1) A =b* — 4ac,

(2) ged(a,b,c) =1, and

(3) either —a<b<a<cor0<b<a=c
The set of singular moduli of discriminant A is then equal to

(e

2a

) : (a,b,c) € TA}.

Since #Z € Fj for every (a,b,c) € Ta, the numbers j(=2YA

: sr=) are all

distinct. In particular, the number of singular moduli of discriminant A is
equal to |Ta|. In fact, we have [83, pp. 71-72] that |Ta| = h(A).

Now let A < 0 satisfy A = 0,1 mod 4. Enumerate as oy,...,0, the
singular moduli of discriminant A. The Hilbert class polynomial of dis-

criminant A is then defined

Ha(X) = H(X — ;).
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One has the following remarkable theorem. In particular, it implies that
the singular moduli of discriminant A form a full Galois orbit over K and

over Q.

Theorem 1.28 ([83, Proposition 25]). Let A < 0 satisfy A = 0,1 mod 4.
The polynomial Ha(X) is irreducible over K and has integer coefficients.

Therefore, a singular modulus of discriminant A is an algebraic integer of

degree h(A) over K (and over Q also).

Let O be an order in an imaginary quadratic field K. The ring class
field L of the order O is the abelian extension of K which has Galois group
Gal(L/K) = cl(0). If O = Ok, then the ring class field of O is the Hilbert
class field of K, i.e. the maximal abelian unramified extension of K. The
ring class field of O is generated by the j-invariant of any one of the elliptic

curves with CM by O.

Theorem 1.29 ([23, Theorem 11.1]). Let O be an order in an imaginary
quadratic field K. Let E be an elliptic curve with CM by O. Then K(j(F))
is the ring class field of the order O

The Kronecker—Weber theorem implies that the maximal abelian ex-
tension of Q is obtained by adjoining all roots of unity. The theory of
complex multiplication implies that, for imaginary quadratic fields, the
singular moduli play a roughly analogous role. This illustrates the great

arithmetic significance of the special points which we investigate.

1.8. Shimura curves

The group SLy(R) acts on H by Mobius transformations. We have

seen that the congruence subgroups of SLy(Z) are of significant arithmetic
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interest, because they give rise to the modular curves. There are other
arithmetically interesting subgroups of SLs(R) though, beyond these con-
gruence subgroups. Of particular interest to us are those which give rise
to Shimura curves.

Shimura curves are examples of Shimura varieties. We will not give an
introduction to the theory of these here, but instead refer to [50]. The
prototypical examples of Shimura varieties are the Siegel moduli varieties
(see e.g. [35]). For g > 1, denote by A, the Siegel moduli variety of
dimension g. We note that A, is the moduli space for principally polarised

abelian varieties of dimension g. In particular, A; = Y'(1).

Definition 1.30. Let S be a Shimura variety. Then S is said to be of
Hodge type if S admits a monomorphism into some A,. If S admits an
isogeny to some Shimura variety S’ of Hodge type, then S is said to be of

abelian type.

Definition 1.31. A Shimura curve is a connected Shimura variety of di-

mension one which is of abelian type.

A connected component of a Shimura variety arises as the quotient
of a Hermitian symmetric domain D by a subgroup I' < Hol(D) satis-
fying certain conditions. Here Hol(D) denotes the group of holomorphic
automorphisms of D. The only one-dimensional Hermitian symmetric do-
main is the complex upper half plane H. We have that Hol(H) = SLs(R).
Thus, every Shimura curve arises as a quotient I'\H for some subgroup

I' < SLy(R).

IThis definition is not completely standard, but is convenient for our purposes.
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Let Y be a Shimura curve. Then Y is isogenous to some Shimura
variety Y’ of Hodge type, since Y is a Shimura variety of abelian type. Fix
an isogeny ¥ — Y’. Now Y’ admits a monomorphism into A, for some
g > 1. Fix such a map. We may thereby associate to each point of Y a
point of A,. So we may associate (the isomorphism class of) a principally
polarised abelian variety of dimension g to each point of Y, since A, is the
moduli space for principally polarised abelian varieties of dimension g.

Elliptic curves are one-dimensional principally polarised abelian vari-
eties. Just as for elliptic curves, there is a corresponding (though more
complicated) theory of complex multiplication for general abelian varieties.

For details of this, see [56].

Definition 1.32. For a Shimura curve Y, the special points of Y are those
points which correspond to CM abelian varieties under the relevant map

from Y to some A, described above.

We note the analogy with Definition 1.24, which defines special points
of modular curves. The Diophantine properties of special points of modular

and Shimura curves are the focus of this thesis.

Proposition 1.33. Let Y be a Shimura curve with uniformising map
m: H — Y. There exists d > 1 such that: for all 7 € H, if n(7) is a
special point of Y, then [Q(7) : Q] < d.

PROOF. See [24, §1.2]. O

The discriminant of a special point of a Shimura curve Y is defined
to be the discriminant of the corresponding CM abelian variety (i.e. the

discriminant of the centre of the endomorphism ring of the abelian variety).
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1.9. Plan of this thesis

Let Y be a modular or Shimura curve. Then we have seen that Y
comes with a collection of special points, which are distinguished by their
close connection to CM abelian varieties. The algebraic properties of these
special points are thus an area of interest. In particular, a natural question
to consider is, given an algebraic group GG and a map ¢: Y — G, when are
images of special points of Y dependent in the group law of G.

Versions of this question have been considered for various such choices
of G,¢. For example, one area of particular interest has been the case
of modular parametrisations of elliptic curves. The Modularity Theorem
implies that, for each elliptic curve E/Q, there exists a modular curve
Y and a non-constant morphism ¢: Y — E. Rosen and Silverman [75],
followed by e.g. [5, 77], considered the question of when the corresponding
¢-images of special points are dependent in the group law of E. More
widely, the case of more general maps from a modular or Shimura curve
to an elliptic curve was studied by Buium and Poonen [20] and Pila and
Tsimerman [63]. See also the related work of Baldi [7] and Kiihne [44].

In this thesis, we consider the case where G = G,,, the multiplicative
group of complex numbers. Dependence in the group law of G, is thus mul-
tiplicative dependence: a set {x1,...,x,} is called multiplicatively depen-

a

dent if there are some a4, ..., a, € Z, not all zero, such that z{* - - - 2% = 1.

Definition 1.34. A correspondence V C Y x Gy, is an irreducible closed
subvariety of Y x G, which has dimension 1 and projects dominantly to

both Y and Gy,.



34 1. INTRODUCTION

Fix a correspondence V- C Y X Gy,. Given (s,z) € Y X Gy, call z a
V-image of s if (s,z) € V. Our main aim in this thesis is to investigate
the question of when V-images of special points of Y are multiplicatively
dependent.

One expects that this happens relatively rarely. Indeed, ultimately one
would like to show that it only happens in “trivial” cases. In Chapter 5,
we prove such a result for one very special case of this problem. In greater
generality though, we are not able to do this.

In Chapter 2, we will prove instead that, for each n > 1, if n V-images
x1,...,T, of special points sq,...,s, are multiplicatively dependent, then
the point (s,2) must belong to one of finitely many components of V" of
a particular kind. This result is a finiteness result on the different possi-
ble “shapes” of multiplicative dependences among n V-images of special
points.

In Chapter 3, we will show that, in a more restricted setting, one can
in fact prove, for each n > 1, the finiteness of n-tuples of distinct V-images
of special points which are multiplicatively dependent and minimal for this
property.

The results of Chapters 2 and 3 and, more generally, the question of
multiplicatively dependent V-images of special points are intimately re-
lated to the concept of so-called “atypical intersections” and, in particular,
the Zilber—Pink conjecture. The Zilber—Pink conjecture is a major conjec-
ture in Diophantine geometry. In Chapter 4, we discuss this connection and
prove some special cases of the Zilber—Pink conjecture in low dimensions.

Our proofs in Chapters 2—4 will make use of techniques from model

theory, in particular the o-minimal Counting Theorem of Pila and Wilkie
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[66]. We include in Appendix A an introduction to the results from model
theory which we use, intended for those readers who are unfamiliar with
such techniques.

Our uses of o-minimality to prove Diophantine results in Chapters 2-4
will follow the so-called Pila—Zannier strategy. This strategy, using the
o-minimal Counting Theorem, was suggested by Zannier and first used by
Pila and Zannier [67] to re-prove the Manin-Mumford conjecture. Sub-
sequently, this approach has been widely applied to prove Diophantine
results, see e.g. [78] for a survey of some of these results. In common with
most Diophantine results proved using o-minimality, the finiteness results
of Chapters 24 are all ineffective.

In Chapter 5, we prove an effective result on triples of singular moduli
with rational product. The proof of this result is based on only arithmetic
ingredients and makes use of extensive computations in the package PARI
[57]. We deduce from this result a completely explicit André-Oort state-
ment for the family of cubic surfaces in Y'(1)? defined by equations of the
form z12923 = @ € Q. The André-Oort conjecture, which was proved (in-
effectively) for subvarieties of products of modular curves by Pila [60], is
a special case of the Zilber—Pink conjecture. We describe the André—Oort

conjecture in Chapter 5.






CHAPTER 2

Images of special points in G,

2.1. The mixed Shimura variety setting

Let Y be a modular or Shimura curve. Then Y has a uniformisation
q: H — Y. Recall that G,, denotes the multiplicative group of complex
numbers. For m,n > 1, let X = X,,,,, = Y™ x GJ;. Then X is an example
of a mixed Shimura variety. We will not discuss these in general, but
instead refer the reader to [49] for background.

Let e: C — G, be given by e(u) = exp(2miu). Let U = U,,, =
H™ x C™. Then the mixed Shimura variety X has a uniformisation = =

Tmn: U — X given by

(21, ooy Zmy Uty oy Un) = (q(21)s -0 q(2m), e(u), . .. e(uy)).

Let Fy denote a fundamental domain for the uniformisation ¢: H — Y.
(When Y = Y(1), we will always take Fy = Fj, where F} is as defined in
Section 1.7.) Let F, = {z € C: 0 < Rez < 1}, which is a fundamen-
tal domain for the map e: C = G,,. Then F' = F,,,, = F{" x ' is a
fundamental domain for the uniformisation 7: U — X. We note here the
fact, which we will rely on repeatedly, that the map 7, restricted to the
fundamental domain F, is definable in the o-minimal structure R,y exp. See

Appendix A for details.

37
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Since X is a mixed Shimura variety, it comes with a collection of
“weakly special” subvarieties, included among which are the “special” sub-
varieties. We now describe these. To do so, we first need to describe the
(weakly) special subvarieties of G and Y™. We begin with the case of

G; our description is based on [84, p. 15].

2.1.1. The case of G]. There is a one-to-one correspondence be-
tween the set of lattices A C Z" and the set of algebraic subgroups of GJ!..

This correspondence may be given explicitly by the map

A= A{(xy,...,2,) € Gl 2]t - xi =1 for every (ay,...,a,) € A}

Write G for the algebraic subgroup which corresponds to the lattice A in
this manner. Then GG is irreducible if and only if the lattice A is primitive.

A weakly special subvariety of G} is a coset of an irreducible algebraic
subgroup of GJ;. We note that, for A C Z" a lattice, any coset of G is of

the form

{(z1,...,2,) € G s x]' - x0m = ¢, for every (aq,...,a,) € A}

for some suitable constants ¢, € Gy,.

A special point of G}, is a torsion point. A special subvariety of G}, is
a weakly special subvariety which contains a special point. Equivalently,
a weakly special subvariety is special if and only if the constants ¢, in the
above description are all roots of unity. In particular, a special subvariety
of dimension 0 is a special point. A special subvariety of G} is always a

component of an algebraic subgroup of G}, of the same dimension.
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2.1.2. The case of Y. We begin with a definition from group theory.

Let I' be a subgroup of a group G. The commensurator of I' in G is defined
Commg(T') = {g € G :T'Nglg ! has finite index in both I'" and gI'g~'}.

It is straightforward to verify that Commey, @) (I') = R* - GLy(Q) for every
congruence subgroup I' of SLy(Z).

Recall that the modular or Shimura curve Y arises as a quotient I'\H
for some subgroup I' < GLy(R). Let G denote the neutral component® of
Commgr, k) (T). (So, if Y is a modular curve, then G = R* - GL3 (Q).)

Let Sp, ..., Sk be pairwise disjoint subsets of {1,...,m} such that k > 0,

and, for every i > 0, S; # (). For each i € Sy, fix some h; € H. For each
i=1,...,k, fix some s; € S; and, for every j € S;\ {s;}, fix some ¢, ; € G.
Let

W ={(uy,...,up) e " :Vie Sy u;=h;

Vi = 1,...,]{ VJ S Sl\{Sz} Uj :gmusi}.

A weakly special subvariety of H™ is a set W of this kind for some choice
of the associated data k, S, ..., Sk, hi,si,g;;. Note that this definition
depends on Y (insofar as Y determines G).

A weakly special subvariety of Y™ is the image of a weakly special
subvariety of H™ under (the Cartesian product of) the map ¢: H — Y. The
special points of Y were described in Chapter 1. A special point of Y is a

lie. the connected component containing the identity element
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point (s1,...,8,) € Y™ such that each s; is a special point of Y. A special
subvariety of Y is a weakly special subvariety which contains a special
point. A strongly special subvariety of Y™ is a special subvariety which
has no constant coordinates (equivalently, a strongly special subvariety is
a special subvariety which projects dominantly to every coordinate).

We have the following technical fact.

Lemma 2.1 ([63, Lemma 2.1)). Let M C Y™ be a weakly special subvari-
ety. Then there are pairwise disjoint sets A, B; C {1,...,n}, where i runs

over an index set I, such that

Aul B ={1,....,n}

el

and also:

(1) for every i € I, the set B; is non-empty;

(2) for every a € A, the image of the projection m,: M — Y1 s g
point,

(8) for every i € I and a,b € B; distinct, the image of the projection

Tap: M — Yiebt is  strongly special subvariety of Y1t}

(Note that we do not require A or I to be non-empty.) Further, M is a
special subvariety if and only if, for every a € A, the image of the projection

7a: M — Y14 s a special point of Y.

For a weakly special subvariety M C Y™, we thus have that M is a
special subvariety of Y™ if and only if every constant coordinate of M is a

special point of Y.
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2.1.3. The case of X. A (weakly) special subvariety of X,,,, is the
product of a (weakly) special subvariety of Y™ with a (weakly) special
subvariety of GI'. A special point of X is a point (s,x) such that s is a
special point of Y™ and x is a special point of G',. We thus see that the
special subvarieties of X are precisely the weakly special subvarieties which

contain a special point.

2.2. Exemplary components

In this chapter, for each n > 1, we denote by m; and 7y the projections
of Y™ x G onto the Y™ and G} coordinates respectively. (Note that we
will always use the same notation for these projections, even as n varies.
It should always be clear from context which map is meant.)

For the remainder of this chapter, fix V C Y x Gy, an irreducible
correspondence defined over Q. To state the main result of this chapter,
we need the notion of an exemplary component, which was first formulated

(in a different setting) by Pila and Tsimerman [63].

Definition 2.2. Let n > 1, so that V™ is a subvariety of the mixed Shimura

variety Y x GJ1.

(1) A distinguished component of V" is a (geometrically-) irreducible
component W C V"N (S x B), where S C Y" and B C G], are
special subvarieties, such that m (W) = S.

(2) A distinguished component W of V™ is said to be dependent if, in
the definition of a distinguished component in (1), the special sub-
variety B (may be taken such that it) is a proper special subvariety

of GV
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(3) A distinguished component W of V" is called an exemplary com-
ponent of V™ if setting B to be the smallest special subvariety

of G, containing mo(W), there is no distinguished component

W' D> W with me(W') C B.

Note that a dependent distinguished component is always contained in
some (not necessarily unique) dependent exemplary component. Observe
also that the unique non-dependent exemplary component of V™ is V"
itself.

Suppose that (s,z) € V", where s is a special point of Y. If (s,2) € W
for some dependent distinguished component W, then the coordinates
x1,...,x, of x are multiplicatively dependent, since they lie in some proper

special subvariety of GJ.. Conversely, if x4, ..., z, are multiplicatively de-

n
m?

pendent, then x lies in some proper special subvariety of G, and hence
(s, ) is contained in some dependent distinguished component.

The main theorem of this chapter is the following finiteness result for
exemplary components. The analogous result when G, is replaced by
an elliptic curve was proved by Pila and Tsimerman [63]. Our proof of

Theorem 2.3 is based on their approach. In particular, the proof will

proceed by an o-minimal counting argument.

Theorem 2.3. Let n > 1. Then there are only finitely many exemplary

components of V".

Fix some n > 1. For A C G}, denote by (A) the smallest special
subvariety of G containing A. By Theorem 2.3, there are only finitely
many exemplary components of V", which may thus be enumerated as

W k. Here W ;. is an irreducible component of V"N (.S; ; x B;) such that
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Sij = m(Wijx) and B; = (ma(W, ;1)) are special subvarieties of Y and

Gy, respectively and

(1) i=1,...,r for some r > 1;
(2) j=1,...,s; for some s; > 1; and
(3) k=1,...,t;; for some t;; > 1.

Suppose then that (s,z) € V™ is such that s is a special point of Y™.
Let B = ({x}). By the definition of an exemplary component, there is then
some index (4, j, k) such that (s,x) € W, ;, and B; = B. If (s, 2") € W, 1,
then:

Va € 2" (@t ol = 1 = (&))" - (a)™ = 1),

since 2’ € B; = ({z}).
For (s,x) € V™ such that s is a special point of Y, the possible multi-
plicative relations

xteeeam =1,

where a € 7", satisfied by the coordinates of x are therefore completely
characterised by the list of exemplary components of V" that contain (s, x).
Theorem 2.3 therefore implies the finiteness of the possible “shapes” of
multiplicative dependencies amongst V-images of special points of Y. It
is thus a first step towards answering the question, posed in Section 1.9, of

when V-images of special points are multiplicatively dependent.

2.3. Ax—Schanuel

Recall the setting of Section 2.1. So, for m,n > 1, we let U = H™ x C"

and X =Y x G, and then take the uniformisation 7: U — X given by

(21, ooy Zmy Uty ey Un) = (q(21)s -5 q(20), e(uq), . .. e(uy)).
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In this section, we formulate a functional transcendence result of “Ax-—
Schanuel”-type for the uniformisation 7: U — X. We will need this both

for the proof of Theorem 2.3 and also in subsequent chapters.

Definition 2.4. An algebraic subvariety of U is a complex-analytically
irreducible component of Y N U, for some algebraic subvariety (in the usual

sense) Y C C™ x C".
This definition is required since H™ has no algebraic subvarieties.

Definition 2.5. A (weakly) special subvariety of U is an irreducible com-

ponent of 7= (W), where W is a (weakly) special subvariety of X.

Observe that a weakly special subvariety of U is a special subvariety of
U if it contains the preimage of a special point of X. Note also that the
definition of a (weakly) special subvariety of U depends on the choice of
Y, although U itself does not.

Our first Ax—Schanuel result is the following statement.

Theorem 2.6. Let W C X and T C U be algebraic subvarieties. Suppose

that A C TN~ Y (W) is a complex-analytically irreducible component. Then
dim A =dim W + dim 7T — dim X,
unless A is contained in a proper weakly special subvariety of U.

PROOF. When Y = Y (1), this is [65, Theorem 3.2]. The general state-
ment here may be proved by exactly the same argument. In this way, the
result follows from the corresponding Ax—Schanuel statements for Y and

G”.. The former is encompassed by [64, Theorem 1.1] in the modular case
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and by [53, Theorem 1.1] in the Shimura setting. The latter is included in

Ax’s theorem for the exponential function [6]. O

From an Ax—Schanuel statement of the form of Theorem 2.6, one may

deduce the following version (see [62, paragraph above 5.7]).

Theorem 2.7. Let U' C U be a weakly special subvariety. Let X' = w(U’).
Let W € X" and T C U’ be algebraic subvarieties. Suppose that A is a

complex-analytically irreducible component of T N7~ (V). Then
dim A =dimW + dim T — dim X’,
unless A is contained in a proper weakly special subvariety of U’.

To state a third version of Ax—Schanuel, we need the following defini-

tions from [39].

Definition 2.8. Fix a subvariety W C X.

(1) A component A with respect to W is a complex-analytically irre-
ducible component A C T' N7~ ! (W) for some algebraic subvariety
TcUuU.

(2) The Zariski-defect with respect to W of a component A with re-
spect to W is defined

6Zar<A> = dim<A>Zar — dim A7

where (A)z., denotes the Zariski-closure of A.
(3) A component A with respect to W is called Zariski-optimal with
respect to W if there is no component B with respect to W such

that B 2 A and 67..(B) < 0za:(A).
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(4) A component A with respect to W is called geodesic with re-
spect to W if it is a complex-analytically irreducible component

of (A)z.: N~ (W) and (A)z,, is a weakly special subvariety of U.

Theorem 2.7 is then equivalent to the following statement, as shown in

39, §5].

Theorem 2.9. Let W C X be a subvariety. A Zariski-optimal component

with respect to W is geodesic.

2.4. A finiteness result for strongly special subvarieties

In this section, we prove the following result, which we need for the
proof of Theorem 2.3. The Ax—Schanuel results of the previous section are

used in this proof.

Proposition 2.10. Let k > 1. Define S;, to be the set of S C Y* such
that:

(1) S is a strongly special subvariety of Y*,
(2) there exists a proper weakly special subvariety Ts C GF such that
the V-image of S is contained in Ty, and

(3) there is no strongly special subvariety S’ 2 S of Y* such that the

V-image of S’ is contained in Ts.

Then the set S is finite.

Before coming to the proof of Proposition 2.10, we need to introduce

the strongly Mobius subvarieties.
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Definition 2.11. Let n > 1. A strongly Mébius subvariety of H” is (the
intersection with H" of) a subvariety defined by equations of the form

gz = z, for g € GL3 (R).

We define the slope g of a strongly Mobius subvariety M to be the
vector of elements g; € SLy(R) which appear in the defining equations of
M, as explained in [39, §6.2]. A strongly Mébius subvariety is determined
uniquely by its slope, so we will write M, for the strongly Mobius subvariety
of H™ with slope g. The collection of all strongly Mobius subvarieties,
parametrised by their slopes, is a definable set.

Note that a weakly special subvariety of H™ without constant coordi-
nates is a strongly Mdbius subvariety of H". The collection of slopes of
all the weakly special subvarieties of H" without constant coordinates is a
countable set.

For the remainder of this section, fix £ > 1. We take the mixed Shimura
variety X = Y* x G*. As described in Section 2.1, this comes with a
uniformisation 7: U — X, which has a fundamental domain F. Here
U = H* x C*. We consider the subvariety V¥ C X, where V C Y x G, is

the irreducible correspondence defined over Q from Section 2.2.

Definition 2.12. Let A be a component with respect to V*. There is a
smallest strongly Mobius subvariety M C H* and a smallest linear sub-
variety L C CF such that A ¢ M x L. Write (A)yy = M x L. The

Mobius-defect of A with respect to V* is defined
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We say that A is Mobius-optimal with respect to V¥ if there is no compo-

nent B with respect to V¥ such that B 2 A and dy(B) < du(A).

Proposition 2.13. Let A be a component with respect to V*. Suppose that
A is Mébius-optimal with respect to V*. Then A is Zariski-optimal with

respect to V*.

PROOF. The approach is the same as [25, Lemma 6.7]. Suppose that
B is a component with respect to V¥ such that B D A and z.,(B) <
dzar(A). Without loss of generality, we may assume that B is Zariski-
optimal with respect to V*. So B is geodesic with respect to V¥, thanks to
Ax—-Schanuel in the form of Theorem 2.9. In particular, (B)z,, is a weakly

special subvariety of U, and so (B)z., = (B)u. Hence,
6M(B) - 5Zar(B) S 5Zar(A> S 51\/[(14)7

since clearly dim(A)z,, < dim(A)y;. But A is Mébius-optimal with respect
to V¥, so we must have that A = B, and thus A is Zariski-optimal with

respect to V* as required. O
Now we come to the proof of Proposition 2.10.

PRrROOF OF PROPOSITION 2.10. Let Mob be the definable set of all
(slopes of ) strongly Mobius subvarieties of H. Let Lin be the collection of
all proper linear subvarieties of C*. Note that Lin is also a definable set.

Consider the subset Mobg of Mob comprising those g € Mob with the
property that there exists L € Lin such that (M, x L)N7~Y(V")N F has a
component A of dimension equal to dim M, which is Mobius-optimal with

respect to V¥ and such that L is the smallest linear subvariety containing
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the projection of A. All these conditions may be checked definably, see e.g.
[39, Proposition 6.5] and [25, §6].
So Moby is a definable set. By Proposition 2.13, we see that any such
A is Zariski-optimal and (A)z,, = (A)m is weakly special. In particular,
if g € Moby, then M, is a weakly special subvariety of H*. In particular,
the set Mobg, must be countable, since it is a subset of the set of slopes of
weakly special subvarieties, which is itself a countable set. Therefore, Moby
is a countable and definable set, and thus must be finite by o-minimality.
Now suppose that S € S;. Then, by the definition of Moby, there is
some g € Moby such that ¢(M,) = S. In particular, the set Sy must be

finite as desired. U

2.5. Arithmetic ingredients

We collect in this section the arithmetic ingredients we need for the
proof of Theorem 2.3. Fix n > 1. In this section, constants may depend
implicitly on Y,V,n, and the choice of fundamental domain Fy for the
uniformisation ¢: H — Y of Y. The dependence of a constant on any
other parameters will be explicitly indicated.

Given a special point s € Y, we write A(s) for the discriminant of s. If
Y is a Shimura curve, then A(s) is defined to be the discriminant of the CM
abelian variety associated to s by the approach described in Section 1.8.
If Y is a modular curve, then A(s) is defined, as in Section 1.7, to be the
discriminant of the quadratic order corresponding to the endomorphism

ring of the CM elliptic curve associated to s.

Proposition 2.14 ([63, Proposition 5.1]). Let s € Y be a special point

and 7 € Fy a preimage of s for the uniformisation q: H — Y. Then:
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(1) h(s) < c(e)|A(s)|¢ for every e > 0;

(2) H(t) < C|A(s)|*;
(3) 1Q(s) : Q] < C(E)|A(S)|%Jre for every e > 0;
(4) [Q(s) : Q] > c(€)|A(s)|2¢ for every e > 0.

(The constants here are all independent of s.)

For bounds on the multiplicative relations satisfied by V-images of spe-
cial points in Y, we use a result of Masser [48]. For K a number field, we

denote:
n=n(K)=inf{h(P): P € G,(K) is non-torsion},

the infimum of the logarithmic heights of the non-torsion points of G, (K),

and

the cardinality of the torsion subgroup of G, (K).

Theorem 2.15 ([48, Theorem G,]). Let K be a number field. Suppose

that x1,...,x, € Gu(K) have logarithmic heights at most h > n. The set

{<m1""7mn) EZn:J,‘TI...xmn :1}

n

forms an additive subgroup of Z". There is a basis {m\) : j € I} for this

group with,
. hy\n—1
’mZ(J)‘ < nn—lw(_)
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foreveryi € {1,...,n} andj € I. Further, we have the following estimates

on the parameters n,w:

and

w < cDloglL,

where we write D = [K : Q| and L =log(D + 2) for convenience.

Note, in particular, that both %,w can therefore be bounded above

polynomially in D. We may then deduce the following.

Proposition 2.16. There are constants C,c with the following property.
Let x1,...,x, € Gy be V-images of special points s1,...,s, € Y. Write
A(s;) for the discriminant of s; and set A = A(s) = max{|A(s;)|}. Then
there is a basis {m\) : j € I} for the additive group of (my,...,m,) € Z"
such that z{"* -+ - 2" =1 with |m§j)| < CA° for every i € {1,...,n} and

jel.

ProoF. Let Kj be a number field over which Y,V are defined. Suppose
r=(x1,...,2,) € G" and s = (s1,...,8,) € Y™ are such that (s;,z;) € V
for all i. Let K = Ko(z1,...,2,) and D = [K : Q]. Since each z; is a

V-image of s; and V is defined over K|, we have that
[Ko(z:) : Ko] < 1[Q(s;) : Q)

for some constant C. Thus, D < ¢, A% by Proposition 2.14 (3).
Let h = max{h(z1),...,h(z,)}. Suppose for now that some z; is non-

torsion. Then h > 71, and so by Theorem 2.15 there is a basis m) for the
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multiplicative relations satisfied by the z;, with every ml(j ) having
. h n—1
(2.1) m? < () (=)
n(K)

where w(K),n(K) are as defined above.

Note that H(x;) < cyH(s;)® for every i, and so h < ¢gA“” by Propo-
sition 2.14 (1). If we combine these facts with the bounds for w(K), n(K)
in terms of D, then we see that the right hand side of equation (2.1) is
bounded polynomially in terms of A as required.

If every x; is torsion, then the degrees m; of the x; form a generating set
for the multiplicative relations satisfied by the x;, and so the result follows
from the fact that D is polynomially bounded in terms of A. The proof is

thus complete. [l

2.6. Finiteness of exemplary components

Now we give the proof of Theorem 2.3. Recall that Y is a modular or
Shimura curve and V C Y x Gy, is an irreducible correspondence defined

over Q. Fix n > 1. Let K be a number field over which V,Y are defined.

PrOOF OF THEOREM 2.3. Recall that a special subvariety S C Y"
may be written as S = S; x {S,} for S; C Y7 a strongly special subvariety
and Sy € Y2 a special point. Here I}, I, C {1,...,n} are disjoint, possibly
empty, sets of coordinates such that Iy Ul = {1,...,n}.

Fix a strongly special subvariety S; C Y. We may and do assume
that S; is defined over K. Let W, = {(z,t) € V' : x € S;}. Then my(W))

is contained in a proper weakly special subvariety of G! if and only if some
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equations

[T =»

i€l

hold for all £ € mo(W;), where p € Gy, and the a; € Z are not all zero. Let
p1,-. ., Pk € G be the points corresponding to a generating set of such
relations. The span of the p; is Gal(Q/K) invariant, so we may assume
that the p; are defined over K.

Fix a preimage v = (vq,...,v) € FF of (p1,...,px). Let

Z ={(z,w,a,p) € F{f X Fef2 x RUEHRDx (k+HE]) o RE+ED .

m(z,w) € V2, a-(vw) =B

Here A! denotes the transpose of a matrix A. Note that Z is definable.

Suppose that Sy € Y2 is a special point. Write A for the complexity
A(Sy) of Sy, which is defined as in Proposition 2.16. We will show that if A
is larger than some constant (depending on S;), then there is no exemplary
component W C V" with m (W) = Sy x {S2}. In what follows, constants
¢; are positive and depend possibly on Y, V,n, K, Sy, but are independent
of S,.

Let n € G2 be such that (Sy,n) € V2. Then (S,,7n) has a preimage
(z,w) € FéQ x F!2 such that the z coordinates are algebraic, of bounded
degree (cf. Proposition 1.33), and have height bounded by ¢; A® by Propo-
sition 2.14 (2).

Any equation

L& I =1,

i€l j€l2
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where a;,b; € Z, which holds for all £ € (W) implies that
1<
i€l

is constant on mo(W7). It is thus equivalent to an equation of the form

k
[Te IIw =1
=1

J€l2
where a;, b; € Z. Conversely, any equation of the second form is equivalent
to an equation of the first form.
Consider then the system of equations
koo y

]i[p?1 H 77]] = ]-7

i=1  jel
where a},b. € Z, which is equivalent to the system of all the equations

(2]
[T IIn =1

iclqy VISP

where a;,b; € Z, which hold for all £ € ma(W;). Let H C Z* x Z'2 be the
corresponding set of (a/, V) € Z* x Z'™. Then H is an additive subgroup of
7k x 7%,

Proposition 2.16 then gives a basis B for the group H such that the
< k+|1,| elements of B are vectors in Z#+12l with all their entries < c3 A% in
absolute value. Let o € RFFHI2Dx(k+E) he the matrix whose rows comprise
the elements of B, followed by some zero rows as necessary. Then « has
integral entries and height (viewed as the vector of its entries) bounded by

c5 A%, since the height of a non-zero integer is equal to its absolute value.
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Let B € R*+2D be defined by 5t = a-(vw)?. Observe that g € Zk+12D,
Since all the v;, w; have real part in [0, 1), the absolute value (and hence
height) of an entry of 3 is bounded by ¢;A®. The special point Sy thus
gives rise to the point (z,w, «, ) € Z, which is algebraic of bounded degree
in its z coordinates, integral in its a and [ coordinates, and has height in
its z, o, B coordinates < cg A0,

Now consider a K-conjugate (S5,7') of (Se,n). Since Y, V, S1,p1, ..., bk
are all defined over K, the conjugate (S5,n) also gives rise (as above)
to a point (2,w’,«, ') € Z, where the 2’ coordinates are algebraic of
bounded degree, the entries of «, 5 are integral, and the height of the
2/, a, B coordinates is < ¢gA“°. Distinct conjugates must give rise to
distinct points of Z, but note that the o coordinate is the same for all the
resulting points. By Proposition 2.14, there are at least ¢;; A2 distinct
K-conjugates of (Sg,n). We are thus in a position to apply the o-minimal
Counting Theorem, in the form of [39, Corollary 7.2] (Theorem A.21), to
the set Z.

If A is suitably large, then we thereby obtain a continuous definable
function ~: [0,1] — Z,, where Z, denotes the fibre of Z over the point

a € REHERDx(k+ED with the following properties:

(1) The composition 7, 0 y: [0,1] — Fy? x R*¥I2l is semialgebraic.

(2) The composition 7, 0 y: [0,1] — F’ is non-constant.

(3) There is some conjugate (S5, 7') of (Sg,7n) such that 3(0) is the
point of Z, arising from (S5, 7).

(4) The restriction of 7 to (0, 1) is real analytic.
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Here m,,m, are the projection maps Fy? x Flz x RFtI2l — Fl2 x RF+IEI
and F)? x FI2 x RFHI2l 5 FI2 respectively. The property we state here
as (3) is established in the proof of [39, Corollary 7.2], although it is not
stated there in this form. Note that (4) holds since Ry, exp, admits analytic
cell decomposition [30]. By (2) and the definition of Z, we see that the
projection of v([0, 1]) to F}? is positive-dimensional.

We now show that the projection of ([0, 1]) to R¥+2D is constant.
Fix r € {1,...,k + |I|}. If the rth row of « is a zero row, then (][0, 1])
must just project to 0 in the rth coordinate of R¥+2D - So we assume that
= (1, .., Qppi|p)) 18 nOt & zero row. Let @: Fy? x RFHEI — H2 % C be
given by (z, ) — (z,B,). Then (® om,0v)([0,1]) is a positive-dimensional

semialgebraic set which is contained in the set

A={(u,t) eH2 x C: IN€ G2 (q(2),\) e V2,

k |I2]

|1 R )
j=1

i=1
The set A is in fact a complex analytic set; this follows from the implicit

function theorem. We may thus find an open neighbourhood Q C H'2 x C
of ®(m,(7(0))) and a set P such that:

(1) Q@A A(0, 1) C P C A,
(2) P may be written as a finite union of irreducible Nash subsets of

Q2 which each contain ®(m,(v(0))).

This uses [1, Proposition 1] as well as the characterisation of Nash sets

given in [1, p. 989].
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If every complex-analytically irreducible component of P had constant
projection to its H'? coordinates, then ([0, 1]) would have constant pro-
jection to its H'2 coordinates by real analytic continuation. Since ([0, 1])
does not have constant projection to its H2 coordinates, there must ex-
ist some complex-analytically irreducible component of P which has non-
constant projection to its H'2 coordinates. Every complex-analytically ir-
reducible component of P contains ®(m,(7(0))). Thus, by complex ana-
lytic continuation, there exists an algebraic subvariety T'C C2 x C and a
complex-analytically irreducible component D C (H!2 x C) NT such that
®(m,((0))) € D C A and D has non-constant projection to its H2 coordi-
nates. We now apply Ax—Schanuel. There must then exist weakly special
subvarieties M; C H’ and M, C C such that D € M; x M, C A. Since
the projection A — H'2 has discrete fibres, the weakly special subvariety
M, must just be a point. Since ®(m,(7(0))) € D, we see that My must in
fact be equal to the projection of ®(m,(7(0))) and so, in particular, be an
integer, which we denote b,. Repeating for each r in turn, we thus show
that the projection of ([0, 1]) to R#*I2D) is constant and integer-valued.

Let L be the linear subvariety of C**%2 defined by the equations

k
E Qi T -+ E Oy jTj = br
=1

Jelz
forr=1,...,k+|L|. Let L, C C be the fibre of L over (vy,...,1;,). By
the above argument, there is a positive-dimensional weakly special sub-
variety of M C H'2 such that (M x L,) N7~ *(V) has a component U

which projects onto M and contains the preimage of a conjugate (S5, 1)

of (327 77)
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Let S* = q(M). Then S* is a positive-dimensional weakly special sub-
variety of Y2, In fact, S* is a special subvariety since it contains a special
point. An appropriate K-conjugate S** of S* is then a positive-dimensional
special subvariety of Y2 which contains 95 itself. By construction, the V-
image of S; x S** is contained in the same special subvariety of G}, as the
V-image of S7 x {S3}. In particular, there can be no exemplary component
W of V™ with m (W) = 57 x {S2}.

Thus, there is some constant C(S) such that, if A(Sy) > C(Sy), then
there is no exemplary component W C V" with m (W) = S; x {S2}. So
there are only finitely many exemplary components W such that m (W) =
S; x {8y} for some special point Sy € Y2, If there exists an exemplary
component W such that 71 (W) = S; x {Sy}, then either S; = Y™ or the
V-image of S is contained in a proper weakly special subvariety of GI1.
By Proposition 2.10, applied with £ =1, ..., n, there are thus only finitely
many possibilities for S; too. Consequently, there are only finitely many

exemplary components of V", as desired. 0

2.6.1. The one-dimensional case. We finish this chapter by show-
ing that, in the case n = 1, we may drop the condition that V is defined

over Q.

Proposition 2.17. Let V C Y x Gy, be a correspondence (not necessarily

defined over Q). Then there are only finitely many exzemplary components

of V.

ProoOF. The only special subvarieties of G,, are G, itself and those
of the form {(}, where ( is a root of unity. Since V' dominates G,,, the

only exemplary components of V' are therefore V' itself and all the special
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points (s, () € V. It therefore suffices to show the finiteness of such special
points.

Since special points of Y are algebraic, if V' contains infinitely many
special points (s, (), then we may assume that V is defined over Q. But
then the finiteness of exemplary components (and hence also of special

points) of V' follows already from Theorem 2.3. O

Remark 2.18. Since V' does not contain any positive-dimensional special
subvarieties, what we have really established in Proposition 2.17 is the

André-Oort statement (see Section 5.1) for V.

Pila and Tsimerman [63] are able to extend their version of Theorem 2.3
to correspondences defined over C for all n > 1. They do this via a
specialisation argument. A similar approach should work in our setting,

but we have not yet been able to carry it out.






CHAPTER 3

Multiplicative independence of modular functions

3.1. Special points of modular functions

Let R € C(t) be a rational function (of one variable). Let V be the
intersection with Y (1) x Gy, of the graph of R (viewed as a subset of
P! x P'). The results of Chapter 2 imply that if R is defined over Q, then,
for each n > 1, multiplicatively dependent n-tuples of R-images of special
points of Y (1) belong to one of finitely many exemplary components of
VrcY(1)" x GL.

The results of Chapter 2 do not though imply that, for each n, there
are only finitely many such n-tuples. In this chapter, we prove, for every
n > 1, a finiteness result for these n-tuples, which holds for all suitably
generic rational functions R. Our starting point is the following result of

Pila and Tsimerman [65].

Theorem 3.1. [65, Theorem 1.2] Letn > 1. There exist only finitely many
n-tuples (o1, ...,0,) of distinct singular moduli such that {oy,...,0,} is
multiplicatively dependent, but no proper subset of {oy1,...,0,} is multi-

plicatively dependent.

Observe that the multiplicative independence of proper subsets and the
distinctness of the o; are required to avoid trivialities. Pila and Tsimer-
man proved Theorem 3.1 by an o-minimal counting argument; in partic-

ular, the result is ineffective. The critical new ingredient in their proof

61
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was a functional multiplicative independence result for pairwise distinct
GLj (Q)-translates of the j-function. Here and throughout GLj (Q) and
its subgroups act on H by Mobius transformations.

Functions fi,..., f,: H — C are called multiplicatively dependent
modulo constants if some relation [] fi* = ¢ holds for a; € Z, not all
zero, and ¢ € C; if no such relation holds, then fi,..., f, are called mul-
tiplicatively independent modulo constants. The functional independence

result of Pila and Tsimerman was the following.

Theorem 3.2. [65, Theorem 1.3] Let g, ..., 9, € GLI(Q). If the func-
tions j(g12),...,7(gnz) are pairwise distinct, then j(g12),...,j(gnz) are

multiplicatively independent modulo constants.

The proof of Theorem 3.2 in [65] is via an elaborate tree argument. In
particular, the method there does not readily generalise to other modular
functions. In Section 3.2, we provide a new proof of Theorem 3.2. This
uses just elementary properties of j. Notably, the proof generalises in a
straightforward way to a wide class of modular functions, and so we are
able to prove Theorem 3.5, a generalisation of Theorem 3.2.

Recall that the map j restricts to a bijection j|r,: F; — C. Therefore,
any non-zero modular function f: H — C has only finitely many zeros and
poles in F}, and further if f is also non-constant, then f has at least one

zero or pole in F;. We may therefore make the following definition.

Definition 3.3. Let f: H — C be a non-constant modular function.
Enumerate the zeros and poles of f contained in F}; as wy,...,w,, where
Im(w;) < Im(w;;1). We say that f satisfies the divisor condition if w, + s

is neither a zero nor a pole of f for all 0 < s < 1.
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Remark 3.4. If Im(w,) > 1, then the divisor condition holds if Im(w,) >

Im(w,_1).

Our generalisation of Theorem 3.2 is the following result.

Theorem 3.5. Let f: H — C be a non-constant modular function sat-
isfying the divisor condition. Let gy,...,9, € GL3(Q). If the functions
f(g12), ..., f(gnz) are pairwise distinct, then they are multiplicatively in-

dependent modulo constants.

The divisor condition is satisfied generically by modular functions (but
not by all modular functions). In Section 3.3, we show that the divisor con-
dition is in particular satisfied by all of the (infinitely many) non-constant
functions belonging to a certain multiplicative group of modular functions
with product formulae which arise as Borcherds lifts of some weakly holo-
morphic modular forms. This gives us a natural set of examples of modular

functions satisfying the divisor condition.

Definition 3.6. Let f be a modular function. An f-special point is a

complex number o such that o = f(7) for some 7 € H with [Q(7) : Q] = 2.

The j-special points are thus precisely the singular moduli (i.e. the
special points of Y'(1)). If f is a modular function, then there exists a
rational function R € C(t) such that f(z) = R(j(z)). The f-special points
are then exactly the images under R of the singular moduli. For clarity,
we will use the term j-special point in place of singular moduli for the

remainder of this chapter.
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If f satisfies the divisor condition, then we are able to establish a finite-
ness result on multiplicatively dependent tuples of f-special points, analo-
gous to Theorem 3.1. The proof is via a modification of Pila and Tsimer-

man’s o-minimal counting argument and is ineffective.

Theorem 3.7. Suppose f is a non-constant modular function satisfying
the divisor condition. Let n > 1. There exist only finitely many n-tuples
(01,...,0,) of distinct f-special points such that the set {oy,...,0,} is
multiplicatively dependent, but no proper subset of {o1,...,0,} is multi-

plicatively dependent.

An n-tuple (04, ..., 0,) of f-special points is multiplicatively dependent
if some product [] o7, with the a; € Z not all zero, lies in the trivial sub-
group {1} < G,,. A natural extension of Theorem 3.7 is then to consider,
given a fixed subgroup I' < Gy, those n-tuples (oy,...,0,) of f-special
points such that, for some a; € Z not all zero, one has [[o;" € T

When I' < G, is of finite rank and f € Q(j), we are able to extend
Theorem 3.7 to this setting. Recall that a subgroup I' < Gy, is said to
be of finite rank if there exists ['y C I" such that Iy is a finitely generated
subgroup of G, and, for every v € I, there exists m > 1 such that v € I',.
We thereby establish the following result. Here a set {z1,...,x,} is called
I'-dependent, for I' < Gy, if there exist aq,...,a, € Z, not all zero, such
that [[z}" €I

Theorem 3.8. Suppose f is a non-constant modular function satisfying
the divisor condition and also f € Q(j). Let I' < Gy, be of finite rank

and n > 1. Then there ezist only finitely many n-tuples (o1,...,0,) of
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distinct f-special points such that the set {oy,...,0,} is I'-dependent, but

no proper subset of {o1,...,0,} is I'-dependent.

The plan of the rest of this chapter is as follows. In Section 3.2, we give
a new proof of Theorem 3.2 and then generalise it to prove Theorem 3.5.
Section 3.3 establishes a natural class of modular functions, arising via
Borcherds lifts, to which this theorem applies. The proof of Theorem 3.7
is contained in Section 3.4. In Section 3.5, we explore the link between
the results of this chapter and those of Chapter 2. Finally, the proof of
Theorem 3.8 then takes place in Section 3.6. Many of the results of this

chapter first appeared in the author’s article [32].

3.2. Functional multiplicative independence

In this section, we give a new proof of Theorem 3.2, and then show how

this method may be extended to prove the more general Theorem 3.5.

PROOF OF THEOREM 3.2. Let gy, ..., 9, € GLj (Q), and suppose that

the functions j(g12),...,7(gnz) are pairwise distinct. Then the cosets

[91], - .. [9n] € PSLy(Z)\PGL; (Q)

are pairwise distinct. For ¢ € GL5(Q), we may, as in the proof of [61,
Proposition 7.1], write g = ~vh, where v € SLy(Z) and hz = rz + s for
r,s € Q with 0 < r and 0 < s < 1. The cosets [g;] € PSLy(Z)\PGL; (Q)
are pairwise distinct if and only if the corresponding linear functionals
r;z + s; are pairwise distinct. Different g; may have associated the same
7i, so reindex them as g, ;, associated with the functional 7;z + s; 5, where

<71y <...<mand s < s for k <k
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To prove Theorem 3.2, it is enough to find z € H such that j(r;z+s;x) =
0 if and only if (i, k) = (1,1). Recall that j((s) = 0, where (s = exp(mi/3).

Therefore, setting

1.1 13
= (= — Yo eH
2 r1(2 81,1)—1—7“1 5 € H,

so that 71z 4 s11 = (g, gives that j(r1z 4+ s11) = 0.

It remains to show that j(r;z + s;x) # 0 for (i, k) # (1,1). To do this
we use two elementary facts about j. First, that for w with 1/2 < Re(w) <
3/2, if j(w) = 0, then Im(w) < v/3/2. Second, that j(w) # 0 whenever
Im(w) > +/3/2. Either of these is clear by considering the tessellation of H
by translates of the fundamental domain F} for the action of SLy(Z), since
the only zero of j in Fj is at (.

For k > 1, note that
1
Re(riz+ s1) = Re(riz+ s11) + Re(s16 — s11) = 3 + (1.6 — S1.1)-

Since 0 < s11 < s1x < 1, we have that 1/2 < Re(riz + s1x) < 3/2.
Therefore, j(r1z + s11) # 0 by the first fact, since Im(r12 + s14) = V/3/2.
Now for ¢ > 1,

1
1

>

<[
SES

Im(riz + sip) =riIm(z) =1,

since r; > 7 for i > 1. Therefore, by the second fact, j(r;z + s;) # 0 for

i > 1. Hence, j(r;z + s;x) # 0 for (i, k) # (1,1). O

Now we show how this method may be generalised to prove Theo-

rem 3.5.
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Proor OoF THEOREM 3.5. Let f: H — C be a non-constant modular
function. So f is a rational function of j. Let g1,...,9, € GLJ(Q), and
suppose that f(g1z),..., f(gnz) are pairwise distinct. In particular, the
associated cosets [g;] € PSLy(Z)\PGL; (Q) are pairwise distinct, and so,
as above, we may rewrite the f(g;2) as f(r;z + s;x) for r;, s, € Q with
r; > 0 and 0 < s, < 1. These linear functionals r;z + s;; are again
pairwise distinct and we may assume r; <17y < ... <71y and s;; < s;x for
k<kK.

The function f is meromorphic on H. To prove the multiplicative inde-
pendence modulo constants of the functions f(r;z + s; ), it will be enough
to find z € H such that r;z + s, is either a zero or a pole of f if and
only if (i, k) = (1,1). Since f is a rational function of j, and j|g,: F; — C
is bijective, the function f has only finitely many zeros and poles in Fj.
Further, f has at least one zero or pole in F} since f is non-constant.

Enumerate the zeros and poles of f in F} as wy, . .., w,, where Im(w;) <
Im(w;;1). We may then proceed for f as we did in the above proof for 7,

replacing (g by w,, provided that

(1) w, + s is neither a zero nor a pole of f for all 0 < s < 1, and

(2) f has no zero or pole with imaginary part > Im(w,).

The first of these is just the divisor condition. For the second, note that
if f has a zero or pole in H with imaginary part > Im(w,), then f must
have a zero or pole in F; with imaginary part > Im(w, ), as may be seen by
considering the tessellation of H by SLy(Z)-translates of Fj. This cannot

happen by the definition of w,, and so we are done. O
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Remark 3.9. Suppose f is a non-constant modular function which does
not satisfy the divisor condition. Let gi,...,¢, € GL3(Q) be such that
the functions f(g12),..., f(gnz) are pairwise distinct. For such g; suitably
generic, there will still exist some z € H such that g;z is either a zero
or a pole of f for exactly one i. Thus the translates f(g12),..., f(gn2)
would still be multiplicatively independent modulo constants. The divisor
condition is sufficient for this to be true for all possible choices of the
gi, and hence sufficient to establish Theorem 3.5, but is not obviously
necessary. Indeed, there does not appear to be an obvious obstruction to a
corresponding functional independence result holding for an arbitrary non-
constant modular function. It seems likely that there is a weaker condition

which would still suffice to prove Theorem 3.5.

3.3. Borcherds products for modular functions

In this section, we show that the divisor condition is satisfied by the
non-constant elements of a natural class of modular functions, which arises
as the set of Borcherds lifts of certain weakly holomorphic modular forms.
We thereby establish multiplicative independence for non-constant func-
tions belonging to this set. We introduce the following notation, after [16].
Here ¢ = exp(2miz) is the usual nome.

Let A be the set of weakly holomorphic modular forms f of weight
1/2 on T'y(4) which have a Fourier series of the form f(z) = > ¢(n)q™,
where ¢(n) € Z are such that ¢(n) = 0 unless n = 0,1 mod 4. (Weakly
holomorphic means that we allow f possibly to have poles at the cusps.)

It is clear that the elements of the set A form an additive group.
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Let B be the set of integer weight meromorphic modular forms for some
character of SLy(Z), all of whose zeros and poles are located at either cusps
or imaginary quadratic numbers, and that have Fourier expansions with
integer coefficients and leading coefficient 1. The elements of B form a
multiplicative group.
Denote by H(n) the Hurwitz class number of discriminant —n when
n > 0 and set H(0) = —1/12. Then let the function H be defined by
1 ¢ ¢
Z H(n)g" = -5 + 5 + 5 +q +.
Definition 3.10. The discriminant A of an imaginary quadratic number
7 is defined as A = b? — 4ac, where a, b, c € Z satisfy ar? + br +c = 0 and
ged(a, b, ) = 1. Equivalently, the discriminant of an imaginary quadratic
number 7 is equal to the discriminant (in the sense of Definition 1.26) of

the j-special point j(7).
Borcherds established the following isomorphism.

Theorem 3.11. [17, Theorem 14.1] Let ¥: A — B be given by

) =S aln)g" — w(f(2) = " ] - "),

n>0

where h is the constant coefficient in the Fourier series of f(z)H(z). Then
U is an isomorphism from the additive group A to the multiplicative group
B. Further, the weight of the meromorphic modular form V(f) is equal to

a(0), and the multiplicity of the zero of V(f) at an imaginary quadratic
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number T € H of discriminant A is equal to

Z a(n®A).

n>0

A modular function is a weight 0 meromorphic modular form for the

trivial character of SLg(Z). The modular functions in B clearly form a
subgroup of the group B, which we denote By. Applying Borcherds’s
isomorphism, we have that By C W(Ag), where Ay is the subgroup of A
comprising those functions f € A which have a Fourier expansion f(z) =
> ag(n)g™ with ar(0) = 0.

In this section, we prove the following theorem.

Theorem 3.12. Let f € By be non-constant and gi,...,g, € GL3 (Q).
Suppose that the functions f(g1z),..., f(gnz) are pairwise distinct. Then
the functions f(g12),..., f(gnz) are multiplicatively independent modulo

constants.

This theorem will follow from Theorem 3.5 once we show that non-
constant functions f € B, satisfy the divisor condition. To do this, we

consider a basis for the (free abelian) group A. The group A has a basis
{fa(z) :d>0and d =0,3 mod 4},
where f; is the unique element of A with a Fourier expansion of the form

fa(z) =q "+ > A(d,D)g".

D>0

See, for example, [54, Chapter 4], where the first few such functions are

listed. The isomorphism of Theorem 3.11 then tells us that the functions
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U(fq) form a basis for the group B. Recall that the weight of an element
U(f) € Bis equal to the constant coefficient a;(0) in the Fourier expansion
of f = > af(n)g" € A. The subgroup By of modular functions in B is

therefore contained in W(Ay), which has a basis given by
{U(f4) :d>0and d=0,3 mod 4}.

Lemma 3.13. Let d > 0 satisfy d = 0,3 mod 4. Then there exists a
simple zero 7 € F of Y(fy) with the property that, for every T € F;\{7*}
which is either a zero or a pole of U(fy), one has that Im(7) < Im(7%).
Let g = Im(7%). The resulting sequence {ag : d > 0, d = 0,3 mod 4} is

strictly increasing in d.

PROOF. Write A(d,n) for the Fourier coefficients of f;, so that
fa(z) = Ald,n)q"
nez
Then, in particular, A(d, —d) = 1 and A(d,n) = 0 for all n < 0,n # —d.
By Theorem 3.11 all the zeros and poles of W(fy) in F; are located at
imaginary quadratic numbers in F};. Further, the multiplicity of the zero
or pole of ¥(f;) at an imaginary quadratic number 7 € F; of discriminant

A is equal to

> A(d,n’A).

n>0

In particular, this is equal to zero if A < —d and equal to 1 if A = —d.
Hence, ¥( fy) has a simple zero at each imaginary quadratic number in F; of

discriminant —d. Further, all zeros and poles of ¥(f;) in F; are contained
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in the set
{T € F; : 7 is imaginary quadratic of discriminant A with |A| < d}.

Recall, from Section 1.7, that the quadratic imaginary numbers in Fj
of a given discriminant A can be explicitly described. Each corresponds
to the unique (in H) solution to an equation az? + bz + ¢ = 0, where
a,b,c € Z satisfy A = b* — 4ac, ged(a,b,c) =1, and either —a <b<a <c
or 0 < b < a = c. The imaginary quadratic 7 corresponding to such a
triple (a,b,c) is

—b+ VA

2a
which has Im(7) = |A|*/2/2a.

For each discriminant A < 0, there exists a unique such triple (a, b, ¢)
with @ = 1. See [10, Proposition 2.6]. Write 7o for the element of Fj
corresponding to this triple. Then 74 is a simple zero of W(f_A). Now let
7 € F; \ {7a} be either a zero or a pole of f_5. Then 7 is an imaginary
quadratic number of discriminant A’, where |A’| < |A|. Then clearly
Im(7a) > Im(7). So for d > 0 satisfying d = 0,3 mod 4, let A = —d and
take 7* = 7A. This proves the first part of the lemma, and the second part

then follows immediately. 0J
Now we come to the proof of Theorem 3.12.

PrROOF OF THEOREM 3.12. Let f € By be non-constant. By Theo-
rem 3.5, it suffices to show that f satisfies the divisor condition. Since f

is not the identity element of By, there are 0 < d; < ... < d;, satisfying
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d; =0,3mod 4, and aq,...,a; € Z\ {0} such that

f=9(fa)™ W (fa)™

Therefore,

k
{zeros and poles of f} C U{zeros and poles of U(f;.)}.

i=1

By Lemma 3.13, there is a simple zero 7% of W( f,, ) which is the unique
zero/pole in F; of maximum imaginary part for W(f ). Further 7* has
imaginary part greater than that of every zero or pole in F} of a function
U(fa,), for i < k. Since ar # 0, the function f therefore has a unique
zero/pole (depending on the sign of a;) in F; of maximum imaginary part.

Enumerate the zeros and poles of f in F} as wy, . .., w,, where Im(w;) <
Im(w;;1). We then have that w, = 7*. By the previous paragraph and
Remark 3.4, f satisfies the divisor condition if Im(7*) > 1, which is true
whenever d, > 4.

If d), = 3, then f = U(f3)® for some a € Z \ {0}. Thus f = j*? since
J = ¥(f3)? by [17, §14, Example 2|. Hence the divisor condition holds for
f since it holds for j, as was shown already in the proof of Theorem 3.2 in
Section 3.2. Hence, for all dj, the divisor condition holds for f, and so we

are done. 0

Remark 3.14. If f is a modular function with rational Fourier coefficients,
then f € Q(j), see e.g. [23, Proposition 12.7]. So in particular f € Q(j)
for all those functions covered by Theorem 3.12. Therefore the additional
hypothesis in Theorem 3.8 that f € Q(j) is not in fact a further restriction

in this case. (On the other hand, the divisor condition alone does not imply
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that f € @( J), so in the fully general case Theorem 3.8 does impose an

additional restriction on f.)

3.4. Finiteness of multiplicatively dependent tuples

We now prove Theorem 3.7. Our proof will be in two stages. First
we will prove the theorem for the case of modular functions f € Q(5) via
an o-minimal counting argument. We then extend the result to modular
functions f € C(j).

For the first step, we prove the conditional result Proposition 3.16,
which covers multiplicatively dependent f-special points for a modular
function f € Q(j) (which does not necessarily satisfy the divisor condi-
tion). This result is conditional on a functional independence statement
for distinct GLJ (Q)-translates of f, which we formulate below as Condi-
tion 3.15. Theorem 3.5 establishes this statement for modular functions
satisfying the divisor condition. We may therefore deduce Proposition 3.17,
which is Theorem 3.7 for functions f € Q(j).

We adopt this approach in order to emphasise that, for the case of
f € Q(j), our proof of Theorem 3.7 does not depend on any particular
facts about the divisor condition. As we mentioned in Remark 3.9, it may
be possible to establish Condition 3.15 under a weaker hypothesis than the
divisor condition. If one could do this, then Proposition 3.16 shows that,

for f € Q(j), Theorem 3.7 would hold under this weaker hypothesis.

Condition 3.15. Let f: H — C be a non-constant modular function.
If the functions f(g12),..., f(gnz) are pairwise distinct for gi,...,gn €

GL3 (Q), then they are multiplicatively independent modulo constants.
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Proposition 3.16. Let f: H — C be a non-constant modular function
such that f € Q(j). Suppose that f satisfies Condition 3.15. Let n >
1. Then there exist only finitely many n-tuples (o1, ...,0,) of distinct f-
special points such that the set {oq,...,0,} is multiplicatively dependent,

but no proper subset of {o1,...,0,} is multiplicatively dependent.

Proposition 3.17. Let f: H — C be a non-constant modular function
such that f € Q(j). Suppose that f satisfies the divisor condition. Let
n > 1. Then there exist only finitely many n-tuples (o1, ...,0,) of distinct
f-special points such that the set {oy,...,0,} is multiplicatively dependent,

but no proper subset of {o1,...,0,} is multiplicatively dependent.

PROOF OF PROPOSITION 3.17. Let f be a non-constant modular func-
tion satisfying the divisor condition. Then Condition 3.15 holds for f by

Theorem 3.5. Proposition 3.17 thus follows from Proposition 3.16. ([l

Now we come to the proof of Proposition 3.16. We collect first those

arithmetic estimates on f-special points which we will require.

3.4.1. Arithmetic estimates. Let f: H — C be a non-constant
modular function such that f € Q(j). Then f(z) = R(j(z)) for some
rational function R with algebraic coefficients. Suppose that o is an f-
special point. So ¢ = f(7) for some 7 € H with [Q(7) : Q] = 2. The
function f is SLy(Z)-invariant, the restricted function j|r,: F; — C is in-
jective, and the (non-constant) rational map R: C — C is finite-to-one on
its domain of definition. Thus there exist 7,...,7, € F}, with £ > 1 and

[Q(7;) : Q] = 2 for every i, with the property that, for every 7 € F; with
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[Q(7) : Q] = 2, one has f(r) = o if and only if 7 € {7,...,7:}. We may

thus make the following definition.

Definition 3.18. Let o be an f-special point. Let 7,..., 7, € Fj be such
that, for every 7 € F; with [Q(7) : Q] = 2, we have that f(7) = o if and
only if 7 € {m,...,7}. Then the discriminant A(o) of the f-special point
o is defined

A(o) = min{A(ry),...,A(m)},

where A(7;) is the discriminant of the imaginary quadratic number 7; (as

defined in Definition 3.10).

Observe that, for the j-function, this definition agrees with Defini-
tion 1.26.

In this subsection, constants will be positive and with only the indi-
cated dependencies, but in general not effective. Let K be a number field
containing the coefficients of R. The arithmetic estimates on f-special

points we need are the following.

Lemma 3.19. For all € > 0, there exists a constant c(e, f) such that

h(o) < c(e, )A€ for every f-special point o of discriminant A.

PROOF. Fix € > 0. Let 79 € F} be such that o = f(79) and [Q(7) :
Q] = 2. Note that |A(7y)| < |A|. There exists [65, (5.4)] a constant c(e)

such that
h(j(10)) < c(e)|A(To)]".

Recall that ¢ = R(j(70)), where R is a rational function defined over K.

The result then follows thanks to elementary properties of the logarithmic
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height:
hzy) < h(x) + h(y) for 2,y € Q,

h(xy + ...+ x,) < h(zy) + ...+ h(z,) +logr for 1 ... 2, € Q,
h(z") = |r|h(z) for r € Q,z € Q"

see e.g. [14, Chapter 1]. O

Lemma 3.20. Let o be an f-special point of discriminant A and suppose

o = f(m) for 1o € F; such that [Q(70) : Q] = 2. Then H(m) < 2|A|.
ProoF. This follows immediately from [65, (5.5)]. O

Lemma 3.21. For any € > 0 there exist constants ci(e, f), ca(€, f) such

that
cr(e, FIA]F™ < [Q(0) : Q) < eale, f)|A[FF

for all f-special points o of discriminant A. Hence, there are also constants

(e, f), cyle, f) such that
(e, HIAT < [K(0) : K] < dye, flAJ7H.
PROOF. Fix € > 0. There exists c(¢) such that
(OIA@E < QM) : Q] < c()|A(r)2*,

for every 7 € H with [Q(7) : Q] = 2, see [65, (5.6), (5.7)]. We will show

that there exists a constant M (f) > 0 such that

(3.1) a7 QUM) = Q= [Q(f(r)) - Q = M(£)Q(i(7) - Q
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holds for all 7 € H with [Q(7) : Q] = 2. The first part of the lemma then
follows by combining these two inequalities, each applied to some 7, € Fj
with the property that o = f(7), [Q(71) : Q] =2, and A(1y) = A.

For f € Q(j) non-constant, the necessary inequality (3.1) was proved by
Spence in [80] (which treats actually the broader case f € Q(j, x*), where
X" is a certain almost holomorphic modular function). The extension to
f € Q(j) was given by Spence in private communication with the author;
we include a proof below.

Let d = [K : Q] and take 7 € H with [Q(7) : Q] = 2. For the upper

bound, observe that

Now for the lower bound. Suppose that [Q(j(7), f(7)) : Q(f(7))] > M

for some M. Then

(K@), f(7)) : K(FOIE (7)) - Q(F(7))]
=[K((7), £(r) - Q(f ()]
=[K((7), f(7)) - QG(), FEDQU(7), f(7)) = Q(f(7))]
>[K(i(r), f(7) : QU(7), f(7))] - M.
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Hence, using that K (j(7)) = K(j(7), f(7)) since f(7) is K-rational in j(7),

we have that

[K(5(r) - K(f(n))] >

(K((r), f(1) : QU(r), f(D)] o M
] d

J
[K(f(7)) : Q(f(7))

Taking Galois conjugates of j(7) over K(f(7)), we then obtain at least
M/d distinct quadratic points 7’ in the standard fundamental domain F
with f(7') = f(7). For suitably large M though, this is impossible since f
is meromorphic and, restricted to Fj, definable in the o-minimal structure
Ran exps S0 uniform finiteness applies (Theorem A.4).

For M large enough (depending on f), we therefore have that

[Q(7), (7)) - Q(f(7))] < M.

Fix such an M. Then

[QG(7), f(7)) : Q] < M - [Q(f(7)) : Q),

and so

1 . . 1

QU() @ > |

Therefore, taking M(f) = max{M,d} completes the proof of (3.1).

For the second part of the lemma, the upper bound follows since

while the lower bound comes from the fact that

(K (o) : K][K - Q] = [K(0) : Q] = [Q(0) : Q)
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and thus

[K(0) : K] = - -[Q(0) : QJ. O

SN

We will also require the following result, which allows us to bound the

“complexity” of a multiplicative dependence.

Lemma 3.22. Let ay,...,qa, be multiplicatively dependent non-zero ele-
ments of a number field L of degree d > 2. Suppose that any proper subset
of the a; is multiplicatively independent. Then there exists a constant c(n)

and by, ..., b, € Z, not all zero, such that 0/{1 coealr =1 and
bi| < c(n)dlogd [ [ h(ey), i=1,....n.
=1
i
PROOF. See [45, Corollary 3.2] for the case n > 2. If n = 1, then oy

is a root of unity of degree < d, and hence the desired result follows from

elementary bounds for the Euler ¢-function. O

3.4.2. Conjugates of f-special points. As in Section 1.7, we write
Tx for the set of integer triples (a, b, c) such that: ged(a,b,c) = 1, A =
b? — 4ac, and either —a <b<a <cor 0 <b < a=c. Recall that there is
a bijection between Tx and the j-special points of discriminant A given by
(a,b,c) — j((b++v/A)/2a). Further, the j-special points of discriminant A

form a full Galois orbit over Q.

Lemma 3.23. Let K be a number field, R € K(t) a non-constant rational
function, and f: H — C the modular function defined by f(z) = R(j(2)).

Let o be an f-special point of discriminant A. Then the set

{f<b+\/3

5 ): (a,b,c) € TA}
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contains all K-conjugates of o, which are also f-special points of discrim-

mant A.

PROOF. We may write 0 = R(j), where j is a j-special point of dis-
criminant A. Let o’ be a K-conjugate of o. Since R is a rational function
over K, one has that o’ = R(j") where j' is a K-conjugate of j. But we have
a complete description of the conjugates of j, they arise as the j-special
points j((b+ v/A)/2a) for (a,b,c) € Ta. So ¢’ is f-special and belongs to
the set in the lemma.

It remains to show that the discriminant of the f-special point o’ is
equal to A. Since o/ = R(j') and j' is a j-special point of discriminant A,
this will be true unless 0’ = R(jy) for some j-special point jg of discriminant
Ay < A. If this were to happen, then one would have that o = R(j;) for
some K-conjugate j of jy since o,0” are K-conjugate. But j would be
a j-special point of discriminant A,, and so the discriminant of o would

have to be < Ag, implying that A < Ay < A, a contradiction. O

The proof of Proposition 3.16 will be by an o-minimal counting argu-
ment. We first establish a lower bound for the number of multiplicatively
dependent tuples of f-special points of a given discriminant. We will then
apply the Pila-Wilkie o-minimal Counting Theorem [66] (and in particular
its extensions to algebraic points [59, 39]) to count the preimages of such
tuples. The lower bound we use comes from a lower bound for the size
of the Galois orbit of an f-special point. We will thus require that con-
jugates of f-special points are again f-special. This is why the o-minimal

argument in Subsection 3.4.3 treats only the case of f € Q(j).
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3.4.3. Proof of Proposition 3.16. Let f: H — C be a non-constant
modular function such that Condition 3.15 holds for f. Suppose also that
f € Q(j), so that f(z) = R(j(z)) for some rational function R € Q(t).
Let K be a number field containing the coefficients of R. Let V be the
intersection with Y (1) x G, of the graph of R (viewed as a subset of
P! xP'). Fixn > 1. Let X = X,,,, = Y(1)" x G?, so that

Vr={(x1,...,xn,t1,...,ty) € X 1 t; = R(z;) fori =1,...,n} C X.

Recall the definition of a (weakly) special subvariety of X from Section 2.1.
The proof of Proposition 3.16 is similar to the proof of [65, Theo-

rem 1.2].

PROOF OF PROPOSITION 3.16. In the following, constants ¢, ¢’ are pos-
itive and depend only on our choice of f and n, but will vary between
occurrences.

The complexity A(o) of an n-tuple o = (071, ..., 0,) of f-special points
is defined to be max{|A(c1)|,...,|A(0,)|}. We define an f-dependent
tuple to be an n-tuple 0 = (074, ..., 0,) of distinct f-special points satisfying
a non-trivial multiplicative relation and minimal for this property.

Let
Y = {(z,u,r,s) €I X F!'xR"xR: R(j(2)) = e(u),r - u= s}

and

7 = {(z,r,s) € F' x R" x R: Ju(z,u,r,s) €Y}

Then (j(z),exp(u)) € V™ for (z,u,r,s) € Y, and Y, Z are definable in the

o-minimal structure Rap exp-
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An f-dependent tuple o = (0y,...,0,) of complexity A gives rise to
a point (x1,...,Z,,01,...,0,) € V" where each z; is a j-special point of

discriminant A(o;) satisfying R(z;) = o;. This point in V" has a preimage

J— n n
T= (21,0 s 20, U1, Uy) € F}' X FL

Now 7 gives rise to the point
(21, ooy Zny Uty e ooy U, b1y oot by ) €Y

where the b;, b are rational integers recording the multiplicative dependence

of o1,...,0p, i.e. such that

i=1

Since x; is a j-special point of discriminant A(o;), so z; is a quadratic
point with height bounded by 2|A(0;)| by Lemma 3.20. The o; are f-special
points of discriminants A(o;) such that the set {o1,...,0,} is multiplica-
tively dependent and minimal for this property. We may therefore use the
bounds on the logarithmic height (Lemma 3.19) and degree (Lemma 3.21)
of the o;, together with the result in Lemma 3.22, to see that the integers

b; may be chosen to have absolute value bounded by cA™ . Since

=1

and 0 < Re(u;) < 1, we obtain also a bound on |b|. Thus, the height of
the point
(Zl,...,Zn,bl,...,bn,b) ez
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is bounded by ¢A™ since H(k) = |k| for k € Z\ {0}. Further, this point
is quadratic in the z; coordinates and rational (even integral) in the b;,b
coordinates.

Suppose then that there are infinitely many f-dependent tuples. Then,
in particular, there are f-dependent tuples of arbitrarily large complexity
A. By Lemma 3.21 such a tuple o has at least cAY* conjugates over K,
and by Lemma 3.23 each of these conjugates o’ is itself an f-dependent
tuple of complexity A. Further, all these conjugate tuples satisfy the same

multiplicative relation. Consequently, each of these o’ gives rise to a point
(205 oy ziy sy ul, by, by b)) €Y

which is quadratic in the z/ coordinates and rational (even integral) in
the b;, 0’ coordinates. Further, the height of the corresponding Z-point is
bounded by ¢A™. Note that the (b1, ...,b,) coordinates are the same for
all these conjugates, but the (z1,...,2,) and (u},...,u)) coordinates must
vary between distinct conjugates.

View Y as a definable family parametrised by R". Let Y, . ;,) denote
the fibre of Y over the point (by,...,b,) € R". Let ¥ C Y, s,) denote
the set of points of Y, . 4,) arising from the conjugates of 0. Let m,
denote the projections of Y, s,) to F}' X R and F7, respectively.

We are now in a position to apply the o-minimal Counting Theorem
in the form of [39, Corollary 7.2] (see Theorem A.21). Provided that

A is suitably large (which we may always assume), we thereby obtain a

continuous, definable function 3: [0,1] = Y, s,) such that:
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(1) The composition 7, 0 B: [0,1] — F}' x R is semialgebraic and its
restriction to (0, 1) is real analytic.
(2) The composition w5 0 B: [0,1] — F is non-constant.

(3) B(0) € &.

(In [39, Corollary 7.2], it is only stated that m5(3(0)) € me(X), but in
fact the authors prove there that 5(0) € 3.) Note also that (2) implies
that the composition of 3 with projection to the F}' coordinates is non-

-----

constant. Denote by Z,,..s,) the fibre of Z over the point (by,...,by).

Note that (m; 0 £)([0,1]) C Z,

which projects non-constantly to the F}' coordinates, maps 0 to a point of
Z(b,,..by) corresponding to a conjugate of o, and whose restriction to (0,1)
is real analytic.

Observe that the set ([0, 1]) is contained in the set

V={(z) e x C: [T F(=)" = e(t)}.

There then exists an open neighbourhood 2 C H" x C of v(0) and a set P

such that:

(1) QN0 1) c PCV.
(2) P may be written as a finite union of irreducible Nash subsets of

2 which each contain v(0).

This follows from [1, Proposition 1] and the characterisation of Nash sets

given in [1, p. 989].
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If every complex-analytically irreducible component of P had constant
projection to its H" coordinates, then ([0, 1]) would have constant pro-
jection to its H™ coordinates by real analytic continuation. But ([0, 1])
does not have constant projection to its H" coordinates. Hence, there
must exist some complex-analytically irreducible component of P which
has non-constant projection to its H" coordinates. Observe that every
complex-analytically irreducible component of P contains «(0). Hence,
by complex analytic continuation, there exists a complex algebraic subva-
riety W C C"! and a complex-analytically irreducible component A C
(H" x C) NW such that v(0) € A C V and A has non-constant projection
to its H" coordinates.

By the Ax—Schanuel results of Section 2.3, there exist weakly special
subvarieties W, € H™ and W, C C such that A € W, x Wy C V. The
projection V' — H™ has discrete fibres, and hence W, must just be a point,
which therefore has to be equal to the projection of v(0). So Wy = {¥'} for
some ' € Z.

Therefore, W is a positive-dimensional weakly special subvariety of H"

which is contained in the set
{zeH": [[flz) = 1}.
i=1

In addition, W; contains a preimage (71, ..., 7,) € H" of some f-dependent
tuple (f(71),..., f(m)). In particular, f(7¥;) has no two identically equal

coordinates, since the f(7;) are pairwise distinct. Note that all the b; are
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non-zero, since the set {f(7),..., f(7,)} is minimally multiplicatively de-
pendent. Taking the image of W; under f, we therefore obtain a multiplica-
tive dependence modulo constants among some pairwise distinct GL3 (Q)-

translates of f. This contradicts Condition 3.15, and so we are done. [J

3.4.4. Proof of Theorem 3.7. Theorem 3.7 follows from Proposi-
tion 3.17 by a specialisation argument. Before coming to this proof, we

give the following elementary lemma.

Lemma 3.24. Let x1,...,x, € Gy, be pairwise distinct. Suppose that
xteeeain =1

for some a; € Z with a; # 0. Then there exists a set S C {x1,...,x,} such

that x1 € S and S is munimally multiplicatively dependent.

Proor. We proceed by induction on n. If n = 1, then the result is
trivial. Now let n > 1. Suppose that z1,...,x, € G,, are pairwise distinct
and such that

x‘lj’l...x'a”:l

for some a; € Z with a; # 0. Suppose for contradiction that there is
no minimally multiplicatively dependent subset of {z1, ..., x,} which con-
tains z1. Then, in particular, the set {zs, ..., z,} must be multiplicatively
dependent. So

by by
Ty orxyt =1

for some by, ..., b, € Z not all zero. Without loss of generality, we assume

that by # 0. We may then eliminate x5 from the first equality, to obtain
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that

aibz,.azba—azbs anbz—azby __
T X RRY/ = 1.

Note that a;by # 0. By induction, there exists a set S C {xy,23,...,2,}
such that z; € S and S is minimally multiplicatively dependent, and so

we are done. O

Now we may proceed with the proof of Theorem 3.7. Fix f € C(j) to
be a non-constant modular function satisfying the divisor condition. Write
f(2) = R(j(2)) for some rational function R(t) € C(t). We may assume
that R(t) ¢ Q(t), else we would be in the case of Proposition 3.17. We

may write
t
R(t) = pla,t)
q(a,t)

where the polynomials p, ¢ have integral coefficients and a € CV for some

N > 1. We let a = (ag, ...,ay_1) such that

k

pla,t) = aop H(t —a;)

i=1
and
N—1

gla,t) = ] (t —a).

i=r+1

Note that some coordinate a; must be transcendental since we have as-
sumed that R(t) ¢ Q(¢). We may also assume that the polynomials
p(a,t),q(a,t) € Clt] are relatively prime in C[t].

We need the following fact about the divisor condition.

Lemma 3.25. Let W C CN be the smallest affine variety over Q such
that a € W. Suppose the divisor condition holds for f. Then there exists

an open neighbourhood U of a such that the divisor condition holds for the
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modular function
fulz) = BT

for every a' € WNU.

PROOF. Let U be an open neighbourhood of a. Take o’ € U and write

a = (ay,...,a,). Provided that U is chosen suitably small, the divisor

condition will hold for the modular function f,/(z), unless possibly one of
the following happens:

(1) a; = ay, but a, # aj, for some 1, k;

(2) a; € {0,1728} and a} # a; for some i.
Both these possibilities are ruled out though if ' € W. O

We now complete the proof of Theorem 3.7. The approach taken is

based on a suggestion of Ehud Hrushovski.

PrROOF OF THEOREM 3.7. Fix n > 1. Let Y be the set of j-special
points. Let Z be the set of y = (y1,...,y,) € Y™ such that the f-special
points R(y1), ..., R(y,) are pairwise distinct and the set { R(y1), ..., R(yn)}
is minimally multiplicatively dependent. We need to show that the set Z
is finite. Suppose then, for contradiction, that Z is infinite. Then, in

particular, the set
Z ={o €Y :3y € Z such that ¢ = 7;(y) for some i = 1,...,n}

is infinite, where 7;: Y™ — Y denotes the projection map to the ith coor-
dinate.

If y = (y1,...,yn) € Z, then there are my,...,m, € Z\ {0} such that

pla,y1)™ - pla, yn)™ = qla, y1)™ - - q(a, yn)™".
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Multiplying by those factors with m; < 0, we get a corresponding polyno-
mial equality, which we denote (x). (Note that the equality (x) depends

on y, but is always of the same form.) In addition, one has that

() pla,y;) # 0 and q(a,y;) #0fori=1,...,n

for all y € Z. Since R(y1),..., R(y,) are pairwise distinct, one also has
that

(% %) pla,yi)q(a, yx) — pla, ye)q(a, y;) # 0

foralll1<i<k<nandye Z.

Let W C C" be the smallest affine variety over Q such that a € W.
Let K C C be a number field over which W is defined. If dimW = 0,
then we immediately contradict Proposition 3.17. So we may assume that
dim W > 1. Note that, by Lemma 3.25, there is some open neighbourhood
U c C¥ such that a € U and, for every ¢’ € U N W, the divisor condition
holds for the modular function f,.

Suppose now that dimW = 1. Given some y = (y1,...,yn) € Z, a
condition p(x,y;) = 0 then defines a finite subset of W, of size at most
d say. Now y; is a j-special point, so is contained in a finite extension
of Q which is “dihedral” (see e.g. [36, p. 191]) and hence, in particular,
solvable. So any a’ satisfying the equation p(a’,y;) = 0 lies in an extension
of K which has an index < d solvable subextension (and similarly for an
equation g(a',y;) = 0 or an equation p(d’, y;)q(a’, yr) —p(a’, yr)g(d’,y;) = 0
where i # k).
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Recall that a has at least one transcendental coordinate, say the first
coordinate. Let m;: W — C be the projection map to the first coordinate.
Then 7 is an open mapping at a, so w1 (W N U) contains an open neigh-
bourhood U’ C C such that m(a) € U'. If we find a € U’ with Galois
group G (over K), then any ¢’ € W N U with m(a’) = a will be algebraic
and have a Galois group which contains G as a subgroup.

Fix some b € U’ N K (7). Let ¢ be any algebraic number whose Galois
group over K (i) is isomorphic to the alternating group A,, (for some suit-
ably large m); such a ¢ exists by [19, Corollary 12]. Fix some r € Q with
r > 0 and set @« = b+rc. Provided r is chosen suitably small, we have that
a € U'. The Galois group of o over K (7) is isomorphic to A,,, and hence
the Galois group of a over K contains a subgroup isomorphic to A,,.

Now fix an algebraic ¢’ € W N U with m(a’) = «. Then the Galois
group of a’ over K contains a subgroup isomorphic to A,,. In particular,

for every y = (y1,...,yn) € Z, one has that

p(d’,yi)q(d’,y:) #0

forall 1 <7 <n and

pla’,yi)q(a, ye) — p(a’, ye)a(a’, y) # 0

for all 1 < i < k < n. Note also that, for each y = (y1,...,y,) € Z, the
respective dependence () holds with o’ in place of a, since a’ € W.

Define the rational function R, € Q(t) by
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so that fu(2) = Re(j(z)). For each 1 < k < n, let Ay be the set of
v = (y1,...,yx) € Y¥ such that the f,-special points Ruy (y1), ..., Ra(yr)
are pairwise distinct and the set { Ry (y1), ..., Ro(yx)} is minimally multi-

plicatively dependent. Then let
Ay ={o €Y :3y € A such that o = m;(y) for some i = 1,... k},

where 7;: Y* — Y is the projection map to the ith coordinate as usual.
Let y = (y1,-..,Yn) € Z. Then the above argument shows that

Ry (y1), ..., Ra(yn) are pairwise distinct fy-special points and
Ra/(yl)m1 T Ra’ (yn)mn - 17

for some my,...,m, € Z\{0}. The set { Ry (y1), ..., Ras(yn)} is not neces-
sarily minimally multiplicatively dependent, but we may apply Lemma 3.24
since Ry (1), ..., Ra(yn) are pairwise distinct and my,...,m, # 0. We
thereby obtain that, for each i = 1,...,n, there exists a minimally multi-
plicatively dependent subset of { Ry (1), - . . , Rar(yn)} which contains Ry (y;).

In particular, we see that
n
Y1,-- -, Yn € UAIC
k=1

Consequently, Z C [J;_, Ax, and so the set | J;_, A, must be infinite.
This though cannot happen. Since a’ € U N W, the divisor condition

holds for the modular function f, by Lemma 3.25. Also, f € Q(j) since

a’ is algebraic. Therefore, by Proposition 3.17, for each 1 < k < n, there

are only finitely many k-tuples (o1, ...,0%) of pairwise distinct f,-special
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points such that the set {oy,..., 0%} is minimally multiplicatively depen-
dent. Consequently, the sets Ay, ..., A, must all be finite, since the rational
function R is finite-to-one. So the sets Ay, ..., A, are all finite too. Thus,

the set J;_, Ay, is also finite, and this gives us the desired contradiction.

So we are left with the case where dim W > 1. For y € Z, define

Wy, ={w e W : either p(w,y;)q(w,y;) = 0 for some i =1,...,n, or

p(w, yi)q(w, yx) — p(w, yg)g(w, y;) = 0 for some 1 <i < k < n}.

Then a ¢ W, by (xx) and (% * ), and so each W), is a proper subvariety
of W. The polynomials p,q are of bounded degree, so all the W, have
bounded degree.

Let W' be an irreducible subvariety of W of codimension 1, defined over
Q, and of degree higher than any of the W,. By the theorem of Bertini, such
a W’ arises as the intersection of W with a sufficiently general hypersurface
H in CV of large enough degree, defined over Q. The subvariety W' is not
contained in any W,. Given y € Z, the corresponding equation (*) holds
with any o’ € W’ in place of a. For a generic ' € W', the inequalities
(%) and (* % *) hold for every y € Z. The union of all H N W for H
as in Bertini’s theorem is a constructible, Zariski dense subset of W, and
therefore contains a Zariski open subset of W. We may thus assume that
H is such that H N W N U is non-empty and of codimension 1 in W NU.

We now continue this process inductively. Eventually, we thereby ob-
tain a variety W* which is defined over Q, has dimension 1, and also satis-
fies the following two conditions. First, for every y € Z, the corresponding

equation (x) holds with any a’ € W* in place of a. Second, for a generic
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a’ € W*, the inequalities (%) and (x * x) hold for every y € Z. One thereby

reduces to the above dimension 1 case, and the proof is complete. [l

Remark 3.26. Observe that the above proof depends crucially on the
specific properties of the divisor condition used in Lemma 3.25. In par-
ticular, one could not use the argument in this section to prove a result
corresponding to Proposition 3.16 for arbitrary non-constant modular func-
tions f € C(j) satisfying Condition 3.15 (but not necessarily the divisor

condition).

We end this section by showing that the divisor condition is not nec-
essary for the n = 1 case of Theorem 3.7, i.e. the case of f-special points
which are also roots of unity. (Note it is well-known that no j-special point

is a root of unity, see e.g. [65, p. 1365].)

Proposition 3.27. Let f € C(j) be non-constant. Then there are only

finitely many f-special points o such that o is also a root of unity.

PROOF. We treat first the algebraic case. Let f € Q(j) be non-
constant. Then we may write f(z) = R(j(z)) for some rational function R
with algebraic coefficients. Suppose z is a j-special point such that R(z) is
a root of unity. By Kronecker’s theorem we have that h(R(z)) = 0. View-
ing the rational function R as a morphism P! — P! defined over Q, one
may use [40, Theorem B.2.5] to obtain that h(x) < ¢, where ¢ is a constant
depending only on R. Write A for the discriminant of the j-special point
z. Then [37, Lemma 3] gives that

h(z) > ¢y log|A| — ¢,
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for some absolute constants ci,co > 0. Putting these two inequalities to-
gether, we obtain that |A| must be bounded above by a constant depending
only on R. There are thus only finitely many j-special points x such that
R(z) is a root of unity. Hence, there are only finitely many f-special points
which are also roots of unity.

Now let f(z) = R(j(z)) for an arbitrary non-constant rational function
R. Suppose that there are infinitely many f-special points which are also
roots of unity. Since j-special points are algebraic, there are then infinitely
many = € Q such that R(z) € Q. Hence R must be defined over Q, and

so we contradict the above algebraic case of the proposition. U

Remark 3.28. Proposition 5.5 is included within Proposition 2.17. The
alternative proof of Proposition 5.5 we give here uses the lower bound for
the height of a j-special point due to Habegger [37], in place of the appeal
to Theorem 2.3 used to prove Proposition 2.17. It thus gives a proof of the
result which uses only intrinsic properties of j-special points, rather than
appealing to the very general Theorem 2.3 (as we had to do in the proof

of Proposition 2.17).

3.5. Describing the exemplary components

Let f € C(j) be a non-constant modular function. Write f(z) =
R(j(z)) for some rational function R. Let V be the intersection with
Y (1) X Gy, of the graph of R (viewed as a subset of P! x P!). We ex-
plain in this section how the results of Section 3.4 strengthen those of
Chapter 2 in this case.

Let n > 1. Recall from Chapter 2 the definition of an exemplary com-

ponent of V™. In particular, if (oy,...,0,) is an n-tuple of f-special points
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such that the set {oy,...,0,} is multiplicatively dependent, then there
are j-special points z1, ..., x, such that the point (xy,...,Z,,01,...,0,)

belongs to a dependent exemplary component of V™.

Theorem 3.29. Suppose that f satisfies Condition 3.15. Let n > 1. Sup-
pose that W C V™ is an exemplary component. Then there exist disjoint
(possibly empty) sets I,J C {1,...,n} such that I UJ ={1,...,n} and:
(1) For each i € I, there exists a j-special point z; and some a; €
Z\ {0} such that [[,c; R(x;)™ =1 and the x; are all distinct.
(2) If J # 0, then there exists k > 1, a partition Jy,...,J, of J, and,
for each i =1,... k, a distinquished element j; € J;.
(8) W is a geometrically-irreducible component of V" N (M x R(M))

which projects onto M, where

M=A{(t,....t,) eY()": Viel t;=ux; and

VZ:L,]{ VJEJZ t]:th}

Conversely, for every special subvariety M C Y (1) of this form there

exists an exemplary component W of V™ such that W projects onto M.

Proor. This description follows immediately from Condition 3.15, the
definition of an exemplary component, and the description of the special

subvarieties of G} in Section 2.1. O

Condition 3.15 thus imposes a very strong restriction on the form of
the positive-dimensional exemplary components of V™. It is essentially this
restriction which explains why, in this chapter, we can obtain finiteness

results on n-tuples of multiplicatively dependent images of special points;
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results which we are not able to obtain in the more general setting of

Chapter 2.

Remark 3.30. Suppose that f satisfies Condition 3.15. Let n > 1. If, for
each k < n, there are only finitely many k-tuples (x1,...,z) of distinct
j-special points such that the set {R(x1),..., R(x,)} is multiplicatively
dependent, then there are only finitely many exemplary components of

v,

Proposition 3.31. Suppose that f satisfies Condition 3.15. Let n >
1. Suppose that, for each k < n, there are only finitely many k-tuples
(01,...,0k) of distinct f-special points such that the set {o1,... 01} is
multiplicatively dependent and minimal for this property. Then there are

only finitely many exemplary components of V™.

PROOF. Let n > 1. Let Y be the set of j-special points x such that
there exists a j-special point y # x such that R(z) = R(y). By André’s
theorem [4], the set Y is finite. Let Z be the set of j-special points x such
that the f-special point R(z) appears as some coordinate o; of a k-tuple
(01,...,0%) of distinct f-special points such that the set {oy,...,04} is
minimally multiplicatively dependent, for some k£ < n. Then Z is finite by
assumption, since the rational function R is finite-to-one.

Now let & < n and suppose that (xy,...,zx) is a k-tuple of distinct
j-special points such that there are a; € Z\ {0} with []\_, R(z;)% = 1.
For m = 1,... )k, if z,,, ¢ Y, then by Lemma 3.24 there exists a subset
I C {1,...,k} such that: z,, € {x; : i € I}, the f-special points R(z;)
for i € I are pairwise distinct, and the set {R(x;) : ¢ € I} is minimally

multiplicatively dependent. So, for every m = 1,..., k, we have that x,, €
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Y U Z. But the set Y U Z is finite. So there are only finitely many
possibilities for the tuple (x1,...,z;). Hence, by Remark 3.30, there are

only finitely many exemplary components of V". U

Hence, if f € Q(j) satisfies Condition 3.15, then Theorem 2.3 in this
case follows from Proposition 3.16. Indeed, Theorem 3.7 implies that if
f € C(j) satisfies the divisor condition, then there are only finitely many
exemplary components of V" (something which does not follow from The-

orem 2.3, where it was required that V be defined over Q).

3.6. An extension to finite rank

In this section we prove Theorem 3.8. As in Section 3.4, we will prove a
stronger conditional result under the assumption of Condition 3.15. Theo-
rem 3.8 then follows from Proposition 3.32 as it corresponds to those cases
where the divisor condition holds and Condition 3.15 is thus known via

Theorem 3.5.

Proposition 3.32. Let f: H — C be a non-constant modular function
such that [ € Q(j). Assume Condition .15 holds for f. Let n > 1 and
I' < Gy, be of finite rank. Then there exist only finitely many n-tuples
(01,...,0,) of distinct f-special points such that the set {oy,...,0,} is

[-dependent, but no proper subset of {o1,...,0,} is I'-dependent.

For the remainder of this section, fix such a function f and such a
group I'. If I' has rank 0, then the result follows immediately from Propo-
sition 3.16. So we may assume that I' has positive rank. As usual, we write
f(2) = R(j(2)) for R some rational function with algebraic coefficients. Let

K be a number field containing the coefficients of R.
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The group I' is of finite rank, so there exists I'g < I' finitely generated
such that for every v € I' there exists m > 1 such that v € I'y. Thus
every I'-dependent tuple is also I'p-dependent. Therefore, we may and do
assume that I is finitely generated.

Further, f-special points are algebraic. So if [[of* = v € T" for some
f-special points o; and a; € Z, then v € ' N Q. Now I' N Q is a subgroup
of the finitely generated abelian group I', so is itself finitely generated.
Replacing T’ with I' N Q as necessary we may and do assume as well that
I' is generated by algebraic elements.

We thus consider I' = (by,...,b;), where k > 1 and every b; € Q. A

tuple of f-special points (o1,...,0,) is then I'-dependent if some relation
n k
[[o = IT#
i=1 i=1

holds with a;,a; € Z and the a; not all zero. We may also assume that
the set {by, ..., b} is multiplicatively independent; in particular, no b; is a
root of unity. We let Ky = K(by,...,bg).

Now fix n > 1. Let X = X, .4 = Y(1)" x G and

VFI{(Il,...,In,tl,...,tn,bl,...,bk) € X: tlzR(I,L) fOI‘?;Zl,...,n}.

We refer to Section 2.1 for the definition of a (weakly) special subvariety
of X.

Now for the proof of Proposition 3.32. Constants ¢, ¢ will be positive
and depend only on f, n, and I', but will vary between occurrences. We
note that the proofs of Lemmas 3.21 and 3.23 both generalise straightfor-

wardly when we replace K with K| in their statements.
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PROOF OF PROPOSITION 3.32. For an n-tuple o = (04,...,0,) of f-
special points, define, as in the proof of Proposition 3.16, the complex-
ity A(o) of o to be A(o) = max{|A(c1)|,...,|A(r,)]}. Call an n-tuple
(01,...,0,) of distinct f-special points such that the set {o1,...,0,} is I'-
dependent, but no proper subset of {0y, ...,0,} is [-dependent, a I-tuple.
We show that there are only finitely many I'-tuples.

Suppose not. Then there are ['-tuples o of arbitrarily large complexity

A(o). Fix v = (v1,...,1) € F¥ a preimage of (by,...,b;). We let
Y ={(z,uv,r,s) € F % Frk x R x R: R(j(2)) = e(u),r - (uv) = s}.

Then let Z be the projection of Y to F}' x R"* x R. Note that Y, Z are
definable in the o-minimal structure Ry exp-

Fix a I'-tuple ¢ = (01,...,0,) of complexity A = A(c). We may
write o; = R(x;) for some j-special point z;. The tuple o satisfies some

multiplicative relation
k

n

a; (07 N
||O’i ||bZ =
i=1

i=1

for a;, o; € Z, with the a; not all zero. The point
0=(x1,. ., Tp, 01y, 0n,b1,...,b) € Vpr

has a preimage (z,uv) € F}' x F74F. This preimage gives rise to a point
(z,uv,Bp',0) € Y. Here the 3, ', § coordinates are rational integers, with
the (; not all zero, which record the multiplicative dependence of the o, b;;

that is,

n k
Z Biw; + Z 5{’/1 =0.
i=1 i=1
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We may apply Lemma 3.22 to some minimally multiplicatively depen-
dent set S, where {o1,...,0,} €S C{o1,...,04,b1,...,bx}. The integers

Bi, B may thus be chosen such that

16i] < ed™*(logd) ] [ h(oy)
=1
7
and
18] < ed™*(logd) [ ] n(oy).
j=1
Here d > 2 is the degree of a number field containing oq,...,0,,b1,...,b.

(We absorb the dependency on the logarithmic heights of the b; into our
constant.) Using Lemmas 3.19 and 3.21, we may thus bound |3;| and |5}
by cA™M™ ) - Observe that for u;, v; € F,, the real part of u;, v; is bounded

by 1 in absolute value. Then, using the relation

n k
Z Biw; + Z 527/@' =0,
i=1 i=1

n+k) - Since f3;, 8!, 6 are rational integers,

we may also bound |6 by cA™
their heights are also bounded by cA™™ %) since H(l) = |I| for I € Z\ {0}.

The point (z,uv,f',0) projects to a point (z,55,9) € Z, which is
quadratic in the F}; coordinates and integral in the R coordinates. The
height of the 2z coordinates may be bounded by cA thanks to Lemma 3.20.
Combining this with the height bounds from the previous paragraph, we
see that the height of the point (2,33, §) is thus bounded by cA™"+k),
The I'-tuple o thus gives rise to a quadratic point of Z with height bounded

by cAMnTE)
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By the aforementioned generalisation of Lemma 3.21 with e = 1/4, a I'-
tuple o of complexity A has > ¢A'/* distinct conjugates over K, provided
A is large enough. By the similar generalisation of Lemma 3.23 and the
fact that by,...,b, € Ky, any Ky-conjugate of such a I'-tuple is again a
[-tuple and is also of complexity A. In particular, the Ky-conjugates all
satisfy the same I'-dependence.

Therefore, each Ky-conjugate & of ¢ also gives rise, in the same way as
o, to a quadratic point (2, 8 ,6) of Z with height bounded by cA™"+5).
Note that that the 3, 3’ coordinates are the same for each conjugate. There-
fore, a I'-tuple o of sufficiently large complexity A gives rise to at least
dTY4+k) quadratic points on Z with height at most T' = cA™" k) each
corresponding to a distinct I'-tuple.

The proof now proceeds as for Proposition 3.16. We will only sketch
the remainder of the proof, and refer to the proof of Proposition 3.16 for
details. Denote by Y{g, .. g, 5.4, the fibre of Y over (B,..., 8., 81 ..., By).
We will apply the Counting Theorem in the form of [39, Corollary 7.2
(Theorem A.21) to Yi1,..5n.55.5,)

Arguing as in the proof of of Proposition 3.16, if the complexity A of o
is suitably large, then we obtain a complex algebraic subvariety W c C**!
and a complex-analytically irreducible component A C (H" x C) N W such
that A has non-constant projection to its H" coordinates, A contains a
point of Zy, . p,) which corresponds to a Ky-conjugate of o, and A C Vi

where
k

Ve ={(zt) e B x C: [ £(z)" [ 6" = e(t)}.

=1
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By Ax—Schanuel, we thus obtain that there are weakly special subvarieties

W, Cc H"™ and Wy C C such that A is contained in W x Wy and Wy x Wy C

V. As in the proof of Proposition 3.16, one must have that W, = {¢'} for
some ¢’ € Z.

Therefore, W is a positive-dimensional weakly special subvariety of H™

which is contained in the set

k

{zeH": ﬁf(zi)ﬁi Hbf; =1}.

i=1
The weakly special subvariety W contains a preimage (7y,...,7,) of some
C-tuple (f(71), ..., f(7n)). In particular, f(W;) has no two identically equal
coordinates, since the f(7;) are pairwise distinct. In addition, all the ; are
non-zero, since the set { f(71), ..., f(7,)} is minimally I'-dependent. Taking
the image of W under f, we therefore obtain a multiplicative dependence
modulo constants among some pairwise distinct GLJ (Q)-translates of f.

This contradicts Condition 3.15, and so we are done. 0

We now establish the analogue of Proposition 3.27, which shows that
we do not need to assume that f satisfies Condition 3.15 for the n = 1

case.

Proposition 3.33. Let f € Q(j) be a non-constant modular function.
Let I' < Gy, be a finite rank subgroup. Then there are only finitely many

f-special points which are I'-dependent.

PROOF. In contrast to roots of unity, elements of I" are not necessarily
of bounded height. We therefore cannot argue as in the proof of Proposi-

tion 3.27. Instead, we adapt the proof of Proposition 3.32.
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The only point in this proof where Condition 3.15 is used is at the end,
where it is used to exclude the possibility of a multiplicative dependence
modulo constants among some pairwise distinct GLJ (Q)-translates of f.
In the n = 1 case though, this multiplicative dependence modulo constants
involves only a single GLj (Q)-translate of f. Such a dependence contra-
dicts already the fact that the function f is non-constant, and so we are

done. O

One would like to extend the results of this section to cover the case
where the rational function R is not defined over Q. We can do this,
following the same approach as in Subsection 3.4.4, provided that the finite

rank subgroup I' < G,, is contained in Q.

Theorem 3.34. Let f € C(j) be a non-constant modular function. Sup-
pose that [ satisfies the divisor condition. Let I' < Gy, be a finite rank
subgroup such that T' C Q. Then, for each n > 1, there are only finitely
many n-tuples (o1,...,0,) of distinct f-special points such that the set

{o1,...,0,} is I'-dependent and minimal for this property.

Proor. Clearly, we may assume without loss of generality that I' is
finitely generated. Suppose then that I' = (b, ..., bg) for some by, ..., b, €
Q. The approach is then almost exactly as for the proof of Theorem 3.7 in
Subsection 3.4.4. In Subsection 3.4.4, replace everywhere the words “mul-
tiplicatively dependent” by “I’-dependent”, and appeal to Theorem 3.8
rather than Theorem 3.7. One must also take the number field K (over
which the variety W is defined) to contain by, ..., b, as well. Everything is
then the same as in the previous proof, except that the polynomial equal-

ities (%) will now contain the elements by, ..., b, as well. O
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Finally, we observe that the divisor condition is not necessary in the

case that n = 1.

Proposition 3.35. Let f € C(j) be a non-constant modular function. Let
I' < Gy, be a finite rank subgroup such that T C Q. Then there are only

finitely many f-special points which are I'-dependent.

PrROOF. The same as for Theorem 3.34, but using Proposition 3.33

(which does not require the divisor condition), in place of Theorem 3.8. [J

Remark 3.36. We could have proved Proposition 3.27 in an analogous way
to how we proved Propositions 3.33 and 3.35. That is, one may show that
Condition 3.15 is not required for the proof of Proposition 3.16 when n = 1,
and then argue that the specialisation argument to deduce Theorem 3.7
from Proposition 3.16 does not require the divisor condition for the n =1
case either. We however prefer the direct approach of Proposition 3.27,

which avoids all o-minimal machinery.

Remark 3.37. The assumption that I' C Q in Theorem 3.34 and Propo-
sition 3.35 is restrictive. The difficulty arises due to the fact that if I’
contained a transcendental element ~, then a I'-dependency of f-special
points involving v would not necessarily be preserved under specialisation

of the coefficients of R.






CHAPTER 4

Atypical intersections and multiplicative dependence

4.1. The Zilber—Pink conjecture

In this chapter, we relate the results of the previous two chapters to the
Zilber—Pink conjecture. This is a major conjecture about the Diophantine
properties of mixed Shimura varieties. Recall that each mixed Shimura
variety comes with a distinguished collection of subvarieties, called the

special subvarieties.

Definition 4.1. Let X be a mixed Shimura variety and denote by Sx its
collection of special subvarieties. Let V' C X be an algebraic subvariety. A
subvariety A C W is called an atypical component (of V' in X) if there is

a special subvariety T' € Sx such that A C V NT and
dimA > dimV +dim 7T — dim X.

Given such X, V, T, one would expect, by “counting conditions”, that
a component of the intersection V NT would have dimension equal to
dim V+dim T'—dim X. An atypical component is therefore a component of
such an intersection which has dimension strictly larger than this expected
dimension.

The Zilber—Pink conjecture is the following statement. Versions of this
conjecture were proposed separately by Zilber [85], by Pink [70], and by

Bombieri, Masser, and Zannier [15].

107
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Conjecture 4.2 (Zilber—Pink conjecture, version 1). Let X be a mized
Shimura variety and V' C X an algebraic subvariety. Then there are only

finitely many maximal atypical components of V.

If X is a mixed Shimura variety and Sy its collection of special subva-
rieties, then X € Sx and Sy is closed under taking irreducible components

of intersections. We may therefore make the following definition.

Definition 4.3. Let X be a mixed Shimura variety and A C X be a
subvariety. Denote by (A) the smallest special subvariety of X which
contains A. The defect of A is defined

d(A) = dim(A) — dim A.

Fix a mixed Shimura variety X and a subvariety IV C X. Observe that
V' is a special subvariety if and only if §(V) = 0. A subvariety A C V is
an atypical component (of V' in X) if and only if 6(A) < dim X — dim V.

In particular, V itself is an atypical component if and only if (V') C X.

Definition 4.4. Let X be a mixed Shimura variety and V C X a subva-
riety. A subvariety A C V is an optimal subvariety (of V' in X) if A is
maximal for its defect, i.e. there is no subvariety A" C V such that A C A’
and §(A") < I(A).

Remark 4.5. Observe that V' is always an optimal subvariety of itself.

Proposition 4.6. Let X be a mized Shimura variety and V C X a subva-
riety.
(1) If A C V is a proper optimal subvariety of V in X, then A is an

atypical component of V' in X.
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(2) If A CV is a mazimal atypical component of V in X, then A is

an optimal subvariety of V in X.

PROOF. Let X be a mixed Shimura variety and V' C X a subvariety.
Suppose first that A C V is a proper optimal subvariety. Then §(A) <
d(V). Hence,

dim(A) — dim A < dim(V') —dim V,

and so

dim A > dim V + dim(A) — dim(V')

> dimV + dim(A) — dim X.

Since certainly A C V N (A4) and (A) is a special subvariety, it follows
immediately that A is atypical.
Now let A C V be a maximal atypical component. Since A is atypical,

we have that

d(A) < dim X —dim V.

Suppose that B D A is such that 6(B) < 6(A). Then
(B) <i(A) <dim X —dimV,

and so B is atypical. Hence, we must have that A = B, because A is a
maximal atypical component. But then A is maximal for its defect, and

therefore optimal. [l

The Zilber—Pink conjecture may be reformulated in terms of optimal

subvarieties.
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Conjecture 4.7 (Zilber—Pink conjecture, version 2). Let X be a mized
Shimura variety and V' C X an algebraic subvariety. Then there are only

finitely many optimal subvarieties of V in X.
These two versions of the conjecture are in fact equivalent.

Proposition 4.8 ([39, Lemma 2.7]). Conjectures 4.2 and 4.7 are equiva-

lent.

Let X be a mixed Shimura variety. It is clear from Proposition 4.6 (2)
that Conjecture 4.7 implies Conjecture 4.2. For the converse, one needs to
argue by induction on dim V. In particular, for a fixed subvariety V C X,
the finiteness of the optimal subvarieties of V' implies the finiteness of the
maximal atypical components of V| but the converse does not hold in

general.

4.2. Multiplicatively dependent images of special points

Let Y be a modular or Shimura curve and V C Y x G, a correspon-
dence (not necessarily defined over Q). For n > 1, set X,, = Y™ x G"..
Then X, is a mixed Shimura variety and V" C X,, a subvariety. The spe-
cial subvarieties of X,, were described in Chapter 2. In the remainder of
this chapter, we show that the Zilber-Pink conjecture for V" is intimately
related to the results on multiplicatively dependent V-images of special
points contained in the previous two chapters. Some of the results in this
chapter appeared previously in the author’s paper [32].

Suppose that (s,z) € V" is such that si,...,s, € Y are special points

and 1, ...,z, € G,, are multiplicatively dependent. So z{*---x% =1 for
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some a; € Z, not all 0. Then
(s,x) e V"NT,
where T' C X, is the special subvariety of X

T ={(ur, .., Up,t1,...,tp) 1u;=s; fori=1,... ,nand t]*---t;" = 1}.

Observe that dimT = n — 1. Hence,
dimV"+dim7T —dimX,, =n+ (n—1) — 2n = —1,

and thus {(s,x)} is an atypical component of V" in X.

Multiplicatively dependent images of special points thus give rise to
atypical components of V™. The resulting components are not necessarily
maximal atypical or optimal though, and so the finiteness of multiplica-
tively dependent n-tuples of images of special points for a given n > 1
would not follow from the Zilber—Pink conjecture alone.

Now recall from Chapter 2 the notion of an exemplary component of V™.
In particular, we saw there that every multiplicative dependence among V-
images of special points was contained in an exemplary component of V.

We have the following result.

Proposition 4.9. An ezemplary component of V" is an optimal subvari-

ety.

PROOF. The proof is identical to [63, Proposition 3.2], which treats
the elliptic curve case. We denote by 7, ms the projections of X,, to Y™
and G} respectively. Suppose that W is an exemplary component of V™.

Then there are special subvarieties S C Y™ and B C Gj, such that W C
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VPN (S x B) and m (W) = S and (my(W)) = B. Observe that
(W) =S xB.
Since V' is a correspondence, we have that dim W = dim S. Therefore,
(W) = dim(W) — dim W = dim B.

Suppose now that W/ C V"™ is a subvariety such that W C W’ and
(W) < §(W). We may write

(W' =5 x B,

for some special subvarieties S” C Y™ and B’ C G},. Note that dim W’ <

dim S’ since V' is a correspondence. Hence,

dim B’ < dim S’ + dim B’ — dim W’
= dim(W’) — dim W’
= o(W")
< H(W) =dim B < dim B’,
where the last inequality follows since B C B’. Hence, equality holds
throughout. In particular, B = B’ and dim S’ = dim W’. Therefore, W’ is
a distinguished component of V" which contains W and projects into B.

Since W is exemplary, we must then have that W = W'’. Therefore, W is

maximal for its defect, and thus optimal. OJ
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Consequently, for each n > 1, the finiteness of exemplary components of
V™ would follow from the finiteness of optimal components of V". In partic-
ular, Theorem 2.3 would follow from the Zilber—Pink conjecture. (Indeed,
by assuming the full conjecture, one could also remove the assumption that
V is defined over Q from the statement of Theorem 2.3.)
In general though, the Zilber-Pink conjecture remains open. Indeed,
we can prove the finiteness of optimal components of V" only when n = 1.

In the remainder of this section, we describe the situation when n < 2.

Proposition 4.10. There are only finitely many optimal components of

V.

PRrOOF. V itself is always optimal. Since V' dominates both Y and
G, we have that (V) = X;. Hence, 6(V) =1 and V is not atypical. Any
proper optimal component of IV must therefore have defect 0, and thus be a
special subvariety contained in V. So the only proper optimal components
of V' come from the special points (s,z) € V. The finiteness of these was

established by Proposition 2.17. U

Definition 4.11. A point (1,79, (1, () € V2 is called a modular—torsion
tuple of V2 if (i, (, are roots of unity and there exists a proper strongly

special subvariety M C Y2 such that (xq,25) € M.

Proposition 4.12. Suppose that:

(1) there are only finitely many exemplary components of V?;
(2) there are only finitely many modular—torsion tuples of V? which

are not contained in a dependent exemplary component of V2.

Then there are only finitely many optimal components of V2.
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The restriction in (2) to dependent exemplary components is needed to
avoid triviality, since V? itself is a (non-dependent) exemplary component

which contains every modular—torsion tuple of V2.

PROOF. Note that V2 is an optimal component with §(V?) = 2. Recall
that any proper optimal component of V2 is atypical. An optimal compo-
nent of V2 of dimension 1 must therefore be contained in the intersection
of V2 with a special subvariety of codimension 2.

Suppose T C X, is a special subvariety of codimension 2. If both
conditions defining T' apply to the Y? (respectively, G2 ) factor, then V?
cannot intersect 1" atypically. So we may suppose that 7' = T7 x Ty, where
Ty C Y? and T, C G2, are each special subvarieties of codimension 1.

If T}, Ty are both defined by constant conditions, then V2NT is atypical
in dimension only if either T' = {s} xY x{z} XG,, or T = Y x{s} x G, x{z}
for some special point (s,z) € V. By the proof of Proposition 4.10, there
are only finitely many such special points. Hence, there are only finitely
many optimal components of this form, and these all have defect 1.

If one of T3, T5 is defined by a constant coordinate and the other by a
relation, then V2N T will have dimension 0, and hence not be atypical. So
we are left with the case that T;, T are both defined by relations. In this
case, a component of V N'T is atypical if it has dimension 1, in which case
it is an exemplary component of V2. So all the optimal components of this
form are exemplary components and they all have defect 1.

So we are left with the optimal components of dimension 0, i.e. the

optimal points. These must have defect either 0 or 1. If they have defect
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0, then they are special points of V2, and so finiteness follows from the
proof of Proposition 4.10 again.

So we just need to identify the optimal points of V2 which have de-
fect 1 (and so are not special). Let (x1,x9,%1,%2) be such a point. Then
(71, T2, 11, t2) must be contained in the intersection of V2 with a special sub-
variety of codimension 3. Suppose then that 7' C X, is a special subvariety
of codimension 3 such that (z1,zo,t1,t2) € VZNT.

Either T is defined by two Y? conditions and one G2 condition, or T
is defined by one Y? condition and two G2 conditions. We may assume
that the two conditions of the same type are both fixed coordinates. If
the third condition is also a fixed coordinate, then (z1,xs,t,t2) cannot
be optimal, since it is contained in one of the above-identified positive-
dimensional optimal components of defect 1. So we may suppose that the
third condition is a relation.

If the relation applies to the G2, coordinates, then neither of ¢,, is a
root of unity (since the relation implies that one is a root of unity if and
only if the other is). So either (z1,x9,t1,1s) is an exemplary component
of V2, or there is a strongly special subvariety M C Y? which contains
(x1,x2) and whose V-image satisfies the same multiplicative relation as
t1,to. In the latter case, there is thus an exemplary component of defect 1
containing the point (x1, z9,t1,t2), and so (21, xe,t1,t2) is not optimal. So
we may assume that (zy,xs,%1,t2) is an exemplary component of V2. So
every optimal point of this form gives rise to an exemplary component of

V2,
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So we reduce to the case that the relation applies to the Y2 coordinates
(and so ty1,ty are roots of unity). In this case, (21, x9,t1,t2) is a modular—
torsion tuple of V2. If (xy, 9, t1, t5) is contained in a dependent exemplary
component, then this must be one of the exemplary components coming
from a relation on each side. Such a component has defect 1, and so the
point (x1,z2,t1,12) is not optimal in this case. So any optimal point of
this form is a modular-torsion tuple of V2 which is not contained in a
dependent exemplary component of V2.

We have thus seen that the optimal components V2 are the exemplary
components of V2 (which include V2 itself) and the modular—torsion tuples
of V2 which are not contained in a dependent exemplary component of V2.

The proposition thus follows. O

Observe that (1) of Proposition 4.12 holds if V' is defined over Q, thanks
to Theorem 2.3. In this case, establishing the finiteness of optimal com-
ponents of V2 therefore reduces to showing that (2) holds. In general, we
cannot prove (2) though. For some special cases, we can prove (2). Thus,
we are able to establish the Zilber—Pink conjecture in these cases. This we

do in the next section.

4.3. Multiplicatively dependent f-special points

We now restrict to the setting of Chapter 3. So, throughout this section
V C Y(1) x Gy, is the graph of a non-constant rational function R and, for

n > 1, we set X,, = Y(1)" x G. Define the modular function f: H — C
by f(z) = R(j(2))-
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Lemma 4.13. Suppose that f satisfies Condition 3.15. Let n > 1. An
n-tuple 0 = (01, ...,0,) of distinct f-special points such that {o1,...,0,}
15 a minimally multiplicatively dependent set gives rise to an atypical point
o € V™ which is not contained in any atypical component of V™ of positive

dimension.

PROOF. As we saw in the previous section, the tuple o gives rise to an
atypical point ¢ of V™. We now show that & cannot be contained in an
atypical component of V" of positive dimension. The proof is similar to
(65, Lemma 6.1].

If 6 were contained in a special subvariety of X,, defined by two inde-
pendent multiplicative conditions on the o; coordinates, then we could
eliminate one of these coordinates, contradicting the fact that the set
{o1,...,0,} is minimally multiplicatively dependent.

A special subvariety M x G, where M is a special subvariety of Y (1),
never intersects V" atypically. Similarly, no special subvariety of the form
Y (1)" x T, where T is a special subvariety of G , intersects V" atypically.

It thus remains to consider special subvarieties of the form M xT', where
M is a proper special subvariety of Y(1)" and T is a special subvariety of
G2 defined by one multiplicative condition. Then V" N (M x T') is equal

to the set

{(uyy ooyt R(uq)y ooy Rug)) « (ug, ..o uy,) € M, (R(uy), ..., R(uy,)) € T}.

This would typically have dimension dim M — 1. To be atypical, we would
thus require that R(M)NG}, C T'. Hence, if V*N(M xT') were also positive-

dimensional, then Condition 3.15 and the fact that no proper subset of
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{o1,...,0,} is multiplicatively dependent implies that R(M) must have
two identically equal coordinates. But then the o; cannot be pairwise

distinct, a contradiction. O

Therefore, provided f satisfies Condition 3.15, the finiteness of n-tuples
of distinct f-special points that are multiplicatively dependent and minimal
for this property would follow from the Zilber—Pink conjecture.

We now consider the Zilber—Pink conjecture for V" when n < 2.

Proposition 4.14. There are only finitely many optimal components of

V.
Proor. This is just Proposition 4.10 in this setting. 0

Now for the n = 2 case. Recall that Proposition 4.12 showed that the
optimal components of V2 comprised the exemplary components of V2 and
the modular-torsion tuples of V2 not contained in dependent exemplary

components of V2.

Definition 4.15. We say that f satisfies the finiteness condition for pairs
if there are only finitely many 2-tuples (o1, 05) of distinct f-special points
o; such that the set {01, 02} is multiplicatively dependent and minimal for

this property.

Note that the finiteness condition for pairs holds by Theorem 3.7 if f
satisfies the divisor condition and by Proposition 3.16 if f € Q(j) satisfies
Condition 3.15.

Proposition 4.16. Suppose that f satisfies Condition 3.15 and the finite-
ness condition for pairs. Then there are only finitely many exemplary com-

ponents of V2.
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Remark 4.17. If V is defined over Q, then the conclusion of Proposi-
tion 4.16 holds (unconditionally) by Theorem 2.3.

Proor. This follows from Proposition 3.31, thanks to the finiteness

condition for pairs and Proposition 3.27. ([l

Proposition 4.12 and Theorem 3.29 together imply the following.

Proposition 4.18. Suppose that f satisfies Condition 3.15 and the finite-
ness condition for pairs. Suppose also that there are only finitely many
modular—torsion tuples (xq, 2, (1, () of V2 such that xy # xo and neither

of x1, o is j-special. Then there are only finitely many optimal components

of V2.

In the remainder of this section, we prove the necessary finiteness state-
ment for modular—torsion tuples in the case that f satisfies Condition 3.15
and also f € Q(j).

We say that (x1,z2) € Y (1)? satisfies a modular relation if @y (xy, 15) =
0 for some N > 1. Recall from Section 1.3 that ®5 denotes the Nth
classical modular polynomial. We note that (z,z2) satisfies a modular
relation if and only if (z1,22) = (j(2),7(g2)) for some z € H, g € GL; (Q).
In particular, (x1,z9) € M for a proper strongly special subvariety M C

Y (1)? if and only if (1, z9) satisfies a modular relation. See [9, §2].

Proposition 4.19. Suppose that f satisfies Condition 3.15 and f € Q(5).
Then there are only finitely many modular—torsion tuples (x1, 22, (1, () €

V2 such that x1 # xo and neither x; nor xo is j-special.

We need the following lemma.
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Lemma 4.20. For every a > 1, there exists a constant ¢ = c¢(a) > 0

such that, for each modular—torsion tuple (x1,xs, (1, () € V2, one has that

deg (1 < c(deg(2)* and deg (; < c(deg (1)”.

ProoF. Let K be a number field over which the rational function R is
defined. Since R is a rational function, there is some integer n such that
R is at most n-to-1. In this proof, all constants are positive and depend
on f, R, K,n; any other dependencies will be explicitly indicated.

Let
Y ={(v,9,u) € Fj x GLy (R) x F. : gv € F}, R(j(gv)) = e(u)}.
The set Y is definable. We view Y as a definable family of fibres
Y, ={(g,u) € GL; (R) x F.: gv € F}, R(j(gv)) = e(u)},

where v € Fj. In particular, since the Counting Theorem of [66] is uniform
in definable families (Theorem A.16), for every € > 0, there exists a con-
stant c(e) > 0 such that, for every v € F}, either Ny(Y,,T) < c(e)T for all
T > 1, or else Y, contains a positive-dimensional, connected semialgebraic
set. As usual, N;(Y,,T) denotes the number of rational points in the set
Y, which have height < T

Suppose then that the lemma is false. Fix some a > 1 for which it fails.
Then, for every M > 1, there is some modular—torsion tuple (z1, x2, (1, (3)
with either deg (o > M (deg (1) or deg (; > M (deg (3)®. Fix some suitably
large M and such a modular—torsion tuple (x1, xs, (1, (). Write d; = deg ;.
Without loss of generality, we may assume that d; < dsy, and so we must

have that dy > Md{. Write m; for the order of (;. So d; = ¢(m;). Let
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v € Fj be such that j(v) = 1. We show that (z1, z2, (1, (2) gives rise to a
rational point of the set Y, in the following way.

We have that (, = e(q), where ¢ = a/ms for some a € Z with 0 < a <
ms and ged(a,me) = 1. In particular, H(q) = my. Let E; be an elliptic
curve with j-invariant x;. The modular relation satisfied by x1, zo implies
that the elliptic curves Fy, F5 are isogenous. We will bound the degree of
this isogeny.

First, we bound the degrees of x1, x5. Write

where p(t),q(t) € K[t]. Let d = [K: Q] and | = max{degp,degq}. Note
that z; is a root of the non-zero polynomial f;(t) = p(t)"™ — q(t)™. The

polynomial f; has degree < Im; and coefficients in K. Hence

[Q(z;): Q] < [K(2:): Q] = [K(2;): K][K: Q] < Imyd.

So x; has degree bounded by c¢;m;.

Next, we bound the logarithmic heights of x1, 5. Viewing the rational
function R as a morphism P! — P! one may use [40, Theorem B.2.5] and
the fact that R(z;) = (; is a root of unity to obtain that h(z), h(zs) < cs.

We then use [65, (5.8)] to bound the semistable Faltings height hg(E})

of the elliptic curve E;. We obtain that
hp(FE1) < czmax{1, h(x)}.

In particular, the above bound on h(z;) thus implies that hp(E;) < c4.

Combining this bound on the Faltings height with the above degree bounds
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on zy, Ty, we may use [65, (5.10)] to deduce that there is an isogeny be-
tween E; and Ej of degree N < ¢y max{my, my}°. Consequently, by [38
Lemma 5.2], there exists ¢ € GL3 (Q) such that gv € Fj, j(gv) = o,
and the height of g (regarded as the vector of its entries) is bounded by
ce max{my, my}*.

The modular—torsion tuple (x1, z2, (1, (2) thus gives rise to the rational
point (g,q) € Y,, and this point has height < c; max{m;, m»}*°. Since
®(m;) = d;, we may use the elementary lower bound ¢(m;) \/— to
obtain that the height of this rational point is < cgds®.

Now consider the conjugates of (z1, z9, (1, () over the field K(¢;). Ob-

serve that

[K (1, C2) + K(Q)I[K(Cr) = Q] = [K(C1,¢2) : Q] > [Q(¢2) : Q] = do,

SO

K (G ) s K(Q) 2 e

do
T IK(G) : QG)QG) - Q)

Recall that do > Md{. Hence, there are at least

(K (G, G) : K(G)] > coMVedl1/e

conjugates of (x1,xs, (1, (2) over the field K((;).
We may enumerate the conjugates as (xl ,3:2 ,Cl (2 ) Note that

R(xgi)) = (4 for all of these conjugates. Hence, there are at most n distinct
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coordinates xgi) among these conjugates since R is at most n-to-1. Let
V1, ...,V € Fj be such that j(1),...,j(v) are all distinct and give all the
possible xgi) coordinates. Note that £ < n.

Now each distinct conjugate (:Egi),xg),g,éi)) gives rise, in the same
way as above, to a distinct rational point which lies on one of the definable
sets Y,,,...,Y,, . Further, these rational points all have height bounded by
csdl% since every (3 is again a root of unity of order m,. Thus, there must
be at least one r € {1,...,k} such that Y,, has at least cioM/ody D/
rational points of height < cgd3®.

We now apply the above-stated form of the Counting Theorem with
e = (a—1)/(100a) and T = cgdi®. Provided M is suitably large (which
we may always assume), there must then exist some r € {1,...,k} such
that Y, contains a positive-dimensional, connected, semialgebraic set. Fix
such an r and let S be the corresponding semialgebraic set.

Define the map ©: GL; (R) x C — H x C by (g,u) — (gvy,u). In
particular, the map © is semialgebraic. The set ©(S) C H x C is positive-
dimensional and semialgebraic. Observe that ©(S) C 7#~!(V) since S C
Y, . Arguing as in the proof of Proposition 3.16, we may find a com-
plex algebraic subvariety W C C? and a positive-dimensional complex-
analytically irreducible component A C (HxC)NW such that A C 7~(V}).
Ax—Schanuel then implies that Vi must contain a positive-dimensional
weakly special subvariety. The only weakly special subvarieties of V; are
points though, because V; = {(x,t) € X; : R(x) = t} and the map R is

non-constant. We thus obtain a contradiction, and the result is proved. [l

We may now prove our finiteness result.
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PROOF OF PROPOSITION 4.19. Once again, let K be a number field
over which R is defined. In this proof, all constants are positive and may
depend possibly on f, R, K; any other dependencies will be explicitly indi-
cated.

Observe that the proofs of Propositions 4.12 and 4.18 imply that every
modular—torsion tuple (x1, z2, (1, () with z1 # x5 both not j-special gives
rise to a maximal atypical component {(x1, 2, (1, ()} of V2. In particu-
lar, no such modular—torsion tuple is contained in a positive-dimensional
atypical component of V2.

We define the complexity A of a modular—torsion tuple (x1, z2, (1, (2)
by A = min{deg (;,deg (>}. The degree bound in Lemma 4.20 and the fact
that R is finite-to-one together imply that, for any C' > 0, there are only
finitely many modular—torsion tuples with complexity < C. Suppose then,
for contradiction, that there are infinitely many modular—torsion tuples. In
particular, there are modular-torsion tuples of arbitrarily large complexity.

Now let

Y = {(g’ Zl7z2yu17u2) S GL;(R) X F]2 X Fje2 :

921 = 2, B(j(21)) = e(w), R(j(22)) = e(ua)},

and let

Z ={(g,u1,uz) : 321,22 (g, 21, 22, w1, u2) € Y}

be its projection. Both sets are definable.
Suppose (1, x2, (1, (2) is a modular—torsion tuple of complexity A. We
show that this tuple leads to a rational point on Z of bounded height. Say

(1 is a primitive m;th root of unity and (5 is a primitive myth root of unity.
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So deg (1 = ¢(my) and deg (o = ¢(ms). Write d; = deg ;. Without loss of
generality, we assume that dy > d;.

We have that ¢, = e(k/m;) for some 0 < k < my with ged(k,my) =1
and (o = e(l/my) for some 0 < [ < my with ged(l, my) = 1. In particular,
H(k/my) = my and H(l/mg) = ma.

Let E4, Es be elliptic curves with j-invariants x, zo respectively. As in
the proof of Lemma 4.20, we may then bound the degrees and logarithmic
heights of x1,72. Once again, we obtain that the degree of an isogeny
between Ey, E, is bounded by c¢;(max{m;, ms}). Let 7,7 € F; such
that z; = j(7;). By [38, Lemma 5.2], there then exists g € GLj (Q) such
that g1 = 7o and the height of g (viewed as a vector of its entries) is
bounded by c3(max{my,mo}).

The modular—torsion tuple (x1, z2, (1, (2) thus gives rise to the rational
point o = (g, k/my,l/my) € Z. The height bound on g, Lemma 4.20, and
the elementary estimate that ¢(m;) \/— together imply that this
point ¢ has height bounded by c;A%.

Observe that
[K(G) « K][K : Q] = [K(G) : Q] > d; > A
since A = min{d;, dy}, and so
[K(G) : K] > e

The modular—torsion tuple (x1, z, Cl, @) thus has > ¢;A conjugates over

K. Each of these conjugates (a:g ), :EQ ) 1 , CQ ) is again a modular—torsion

tuple. In particular, note that each CZ-T is again a root of unity of order



126 4. ATYPICAL INTERSECTIONS AND MULTIPLICATIVE DEPENDENCE

m;. Each distinct conjugate (2\", 28", ¢, ¢{”) thus gives rise, in the same
way as above, to a rational point (g,, k./my,l,/ms) € Z which has height
bounded by c5 A. Moreover, there must also be > ¢; A distinct coordinates
k./my and > c;A distinct coordinates [;/my among the resulting rational
points.

We now apply the Counting Theorem in the form of [59, Theorem 3.5]
(Theorem A.18), with € = 1/2¢¢ say. We may write the resulting basic
block families as W;, where7 =1, ..., J, for some constant J. In particular,
the rational points of Z with height at most T = ¢5A% are contained
in < T2 = ¢gA'/? basic blocks, each of which is a fibre of one of
Wi, ..., Wj.

The structure R,y e has analytic cell decomposition [30] (see Sec-
tion A.2). We may thus decompose each of the arising basic block families
Wy,...,W; into finitely many analytic cells P;, in such a way that this
induces a decomposition of each fibre of the basic block family over its
base.

Recall that a modular—torsion tuple of complexity A gives rise, via its
K-conjugates, to a collection of rational points (g, u1, ug) on Z which are all
of height < ¢ A% and among which there > ¢; A distinct u; coordinates and
> c;A distinet ugy coordinates [;/my. Provided that A is suitably large, we
thus see that at least one of the analytic cells P; must contain one of these
rational points and have non-constant projection to both its F, coordinates.
Fix such a cell P and such a rational point p = (gp, u1p, us2,) € P.

The cell P is contained in a basic block B that is itself contained in

Z. As in the proof of [59, Proposition 3.4(1)], one may thus find an open
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neighbourhood Qr C GLj3 (R) x C? of p such that the intersection Qr N B
is a real semialgebraic set, which we denote S. Note that p € S.

Provided that A is sufficiently large, we must have that

e(urp), e(ugy) ¢ {f(w) : w e Hand f'(w) = 0}.

Therefore, the function f is locally invertible at e(u;,), e(us,). Given a
sufficiently small open neighbourhood 2 C GLy(C) x C? of p, we may then

define an analytic subvariety A C 0 by

a b
A={gelm)em)e0:g={" ) ana
T ((cha(e(ur)) + d)ha(e(uz)) — (ahy(e(us)) + b)) = 0},

hi,h2

where the product runs over all the local inverses hy, hy of f at e(u1 ), e(uz,)
respectively which hit the fundamental domain F,. Without loss of gener-
ality, we may assume that Qr = QN (GL; (R) x C?), and thus S C A.

As in the proof of Proposition 3.16, we may apply the results of [1].
There exists an open neighbourhood €2’ C Q of p and a set @) C €', where
() may be written as a finite union of irreducible Nash subsets of 2" which
each contain p, such that pe Q' NS C Q C A.

If every complex-analytically irreducible component of () projects con-
stantly to one or more of its F, coordinates, then the cell P would have
constant projection to (at least) one of its F, coordinates by real analytic

continuation. This cannot happen. Hence, there must exist a complex
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algebraic subvariety W C GLy(C) x C? such that there is a complex-
analytically irreducible component D C €N W such that p € D C A and
D projects non-constantly to both its F, coordinates.

Denote by v: W¥ — W the normalisation of the variety W. There
exists an open neighbourhood in v=!(W N A) of some preimage p” of p.
We may choose a point ¢ in this neighbourhood such that, writing v(q) =
(g,u1,uz), we have that uy # uy, and us # ug,. By [21, Corollary 1.9],
we may then find an irreducible complex algebraic curve T" C W" which
passes through the points p”, q.

The Zariski-closure of the set
{(ngzaulaUZ) HFAS C? (g7ulyu2) € V(T)}

is then a complex algebraic surface, which we denote H. There exists a
positive-dimensional complex-analytically irreducible component Hy of HN
7~ 1(V?) which has non-constant projection to both its u; coordinates and
also contains a point (z, g,z, U1, u2,) whose image under 7 is a modular—
torsion tuple.

The Ax—Schanuel results of Section 2.3 then imply that there exists a
weakly special subvariety Wy of U such that Hy C Wy C 7~ *(V5). Since
this weakly special subvariety W, has no constant coordinates, it is in
fact a special subvariety. It must also have codimension at least two, in
order to be contained in 7—'(V?). Taking the image under 7, we thus
obtain a positive-dimensional atypical component of V? which contains
(2, gp2, U1 p, U2p). This is a positive-dimensional atypical component of

V? which contains a modular—torsion tuple (xy,xs,(1, () with z; # 2o
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both not j-special. However, we know already that there are no such
components. We thus obtain the desired contradiction, and so the proof is

complete. ([l

From Propositions 3.16, 4.18, and 4.19, one may deduce the following

case of the Zilber—Pink conjecture.

Proposition 4.21. Suppose that f satisfies Condition 3.15 and f € Q(5).

Then there are only finitely many optimal components of V2.

We now return briefly to the setting of Section 4.2. So V C Y x G,
is an irreducible correspondence. Suppose that V is defined over Q. Then
Proposition 4.12 and Theorem 2.3 combined show that the finiteness of
optimal components of V2 would follow from the finiteness of the modular—
torsion tuples of V2 which are not contained in an exemplary component.

The proof of Proposition 4.19 suggests a strategy for proving a finiteness
statement for modular—torsion tuples. Suppose that (z1, 2,1, () € V2 is
a modular—torsion tuple. Then (zy,x2) € M for some strongly special
subvariety M C Y?2. The strongly special subvariety M is the image under

the uniformisation ¢: H — Y of a set
{(z,92) : z € H} C H?,

where ¢ is a rational point (under a suitable embedding) of GLJ (R).

To proceed as in the proof of Proposition 4.19, we would need to be able
to bound the height of this rational point ¢ in terms of the degrees of (1, (.
In the Y (1) case, we did this using isogeny estimates for elliptic curves and

bounds for the difference between the Faltings height of an elliptic curve
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and the height of its j-invariant. A similar approach may well be possible

in the general case.

4.4. The finite rank case

4.4.1. The Zilber—Pink setting. We now put Theorem 3.8 in the
context of the Zilber-Pink conjecture.

For n,k > 1, we set X = X, ,.p = Y(1)" x G%™ U = Uppir =
H" x C*** and let 7: U — X be given by

(21, ooy Zn, Uty ooy Upag) = (J(21), -, g (20)e(ur), ooy e(Unar))-

We define (weakly) special subvarieties of U, X as in Section 2.1.
For the remainder of this chapter, we let f € C(j) be a non-constant
modular function and write f(z) = R(j(2)) for some rational function R.

We consider the Zilber—Pink conjecture for the family of subvarieties

Vn,k,l_) = {(xla <oy Ty tla s atn—i—k) € an—i—k :

ti=R(x;) fori=1,...,nand t,1; =b; fori =1,... k},

where n,k > 1 and b = (by,...,b;) € G*. The relevant statement of the

Zilber—Pink conjecture in this context is as follows.

Conjecture 4.22 (Zilber-Pink conjecture). Let n,k > 1 and b € GE.

Then there are only finitely many maximal atypical components of V, 1

Suppose I' < Gy, is a subgroup of finite, positive rank. If f satisfies

Condition 3.15, then Conjecture 4.22 implies the finiteness of n-tuples of
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distinct f-special points that are ['-dependent and minimal for this prop-
erty, i.e. Proposition 3.32. To show this, we first prove the following lemma

via an easy modification of the proof of Lemma 4.13.

Lemma 4.23. Suppose that f satisfies Condition 3.15 and I' < Gy, is a
subgroup of finite, positive rank. Then there exists k > 1 and b € G*_ with
the following property: an n-tuple o = (o01,...,0,) of distinct f-special
points such that the set {oy,...,0,} is minimally I'-dependent gives rise to

a point & € V,, 3 such that {6} is a mazimal atypical component of V,, ;.

PROOF. There is a finitely generated ['y C I' such that, for every v €
[, there exists m > 1 with 4™ € I'y. Write I'y = (by,...,bx) for some
bi,...,br € G We may assume that the set {b, ..., by} is multiplicatively
independent. Let n > 1. Set X = X, .44 and V =V, 3, where b =
(b1, .., bk).

Let ¢ = (o1,...,0,) be an n-tuple of distinct f-special points such
that {oy,...,0,} is I'-dependent, but no proper subset of {oy,...,0,} is
I'-dependent. Then

ay an .01 7
0'1 ...O'n"bl ...bk _1

for some integers a;, a; with the a; not all zero. There exist j-special points

x1,...,%, such that each o; = R(z;). The point
o= (.Tl,...,13”,0'1,...,0'n,b1,...,bk) eV

then lies in the intersection of V' with the special subvariety T" of X defined
by

T={(ztu): z=uzfori=1,...,nand t]*---t2uf" - -up* = 1}.
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Here codimT =n + 1 and so dimT =n + k — 1. Thus,
dimV +dim7 —dimX =n+(n+k—1)— 2n+k) = —1.

So o gives rise to an atypical component {7} of V.

Since Condition 3.15 holds for f and the b; are multiplicatively inde-
pendent, one may then show, as in the proof of Lemma 4.13, that this
atypical point ¢ cannot be contained in any atypical component of V' of

positive dimension. O

The desired result then follows straightforwardly.

Proposition 4.24. Suppose Condition 3.15 and Conjecture 4.22 hold for
f- Let I' < Gy, be a subgroup of finite, positive rank. Then, for each
n > 1, there are only finitely many n-tuples (o1,...,0,) of distinct f-
special points such that the set {oy,...,0,} is I'-dependent, but no proper

subset of {o1,...,0,} is ['-dependent.

PRrROOF. There is a finitely generated 'y C I" such that, for every v € T,
there exists m > 1 with v™ € I'y. Let {by,...,bx} be a multiplicatively
independent set of generators for I'g. Set b = (by,...,by) € GF.

Suppose then that f satisfies Condition 3.15 and Conjecture 4.22. Let
n > 1. Suppose that ¢ = (oy,...,0,) is an n-tuple of distinct f-special
points such that the set {o1,...,0,} is [-dependent, but no proper subset
of {o1,...,0,} is '-dependent. Then Lemma 4.23 shows that o gives rise
to a maximal atypical component {G} of the subvariety V, ;5. Further,
distinct n-tuples o of this kind give rise, in this way, to distinct points

~

0 € V,rp By Conjecture 4.22, there are only finitely many maximal
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atypical components of V,, ;. Hence, there are only finitely many such

n-tuples. [l

In particular, Theorem 3.8 would follow from Conjecture 4.22. How-
ever, we are not able to prove Conjecture 4.22 in general. We can though
show that Conjecture 4.22 holds for V; ;.5 if either f € Q(j) or b € G,(Q)*.
When n = 2, we show that Conjecture 4.22 holds for those f € Q(j) which
satisfy both Condition 3.15 and also a suitable finiteness assumption for

points satisfying certain special conditions.

4.4.2. The Zilber—Pink conjecture for n = 1.

Proposition 4.25. Let k > 1 and b = (by,...,b;) € G*. Define I' =
(b1,...,bk) < Gu. Suppose that there are only finitely many f-special
points o such that the set {o} is I'-dependent. Then there are only finitely

many mazximal atypical components of Vy 5.

PROOF. Fix k > 1 and b = (by,...,by) € GE. We look for the atypical

components of the subvariety
V ={(x,t,b): t = R(z)} C X =Y(1) x GL*.

SodimV =1 and dim X = k+ 2. If the set {by,...,b;} is multiplicatively
dependent, then V is itself atypical and hence the only maximal atypical
component. So we may assume that the set {by, ..., b} is multiplicatively
independent; in particular, no b; is a root of unity.

Consider the possible special subvarieties T' of X. Clearly X cannot

itself intersect V' atypically, so we look only at proper special subvarieties.
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We may write T' = T} x T3, where T} is an special subvariety of Y (1) and
T, is a special subvariety of GL™.

Look first at those T" where T} is a proper special subvariety. The
condition on 77 must be a fixed coordinate. So T = {z} x T3, where x is a
j-special point and T; is a special subvariety of GF+1. If T = {2} x GLF¥,

then VNT = {(z, R(z), b1, ...,bx)}, which is not atypical since
dimV 4+dim7 —dimX =1+ (k+1) — (k+2) =0.

So we must have that 7' = {x} x Ty with T3 a proper special subvariety of
G}jk . Then dimT < k, and so the intersection V N T is atypical if it is
non-empty.

Suppose for now that T has at least one fixed coordinate (i.e. a root
of unity). If V' NT is non-empty, then this fixed coordinate ¢ of T» must
be in the first of the GL* coordinates, since no b; is a root of unity. We
then require for V-NT # () also that ( = R(z), and so ¢ is both f-special
and a root of unity. By Proposition 3.27, there are at most finitely many
such points. Thus there are only finitely many atypical components of this
form.

So we may suppose that T has no fixed coordinate. Then some mul-
tiplicative relation must hold on 75 since 75 is proper. Then V NT is
non-empty (and hence atypical) only if R(z),by, ..., by satisfy this multi-
plicative relation, which must involve R(x) since the b; are multiplicatively
independent. Note that R(x) is an f-special point. Hence, R(z) is a I'-
dependent f-special point, and so there are only finitely many atypical

components of this form by assumption.
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It thus remains to consider those cases where T} = Y(1). So T =

Y (1) x Ty, where Ty must be a proper special subvariety of G*+! since

T C X. Then
VNT ={(t, R(t),b, ..., be): (R(t),br,...bx) € T}

The subvariety T, of GL+* is proper, so either some coordinate is fixed in T
or a multiplicative relation holds. If V' N'T # (), then any fixed coordinate
in 75 must be the first coordinate since no b; is a root of unity. Hence in
this case V' N'T must be finite. Now suppose some multiplicative relation
holds on T5. Since the b; are multiplicatively independent, if V NT # (),
then this multiplicative relation must involve the first coordinate of T5.

Write §' - - ;1" = 1 for this relation (so a; # 0). The equation
t2 b =1

has only finitely many solutions t. So V' N T is finite.
In either of these cases, dim(V N7T) = 0. So the components of the

intersection V' N T are then atypical only if

0>dimV 4+dim7T — dim X
=1+ (1+dim7) — (k+2)
= dim TQ - k,
ie. if dim7y < k. So at least two independent conditions must hold on
T,. Any fixed coordinate condition must apply to the first coordinate, as

otherwise V' NT would be empty since no b; is a root of unity. Since the

two conditions are independent, at least one of them must therefore be
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a multiplicative relation. Further, if V N'T # (), then this multiplicative
relation must involve the first coordinate since the b; are multiplicatively
independent. This then rules out the possibility of the first coordinate of T5
being fixed because that would then imply the existence of a multiplicative
relation among the b; if V. N'T # (). So we must have that the second
condition is also a multiplicative relation, and this multiplicative relation
must again involve the first coordinate of T5 for the same reason as before.

So we have T; defined by conditions
(g0 = 1,
g =1

with a,a’ # 0. If V.NT # (), then there is some ¢ such that
(B0 . ok = 1,

(DS b =1,

Since the two multiplicative conditions are independent we may then elimi-
nate t to get a multiplicative dependence among by, .. ., by, a contradiction.
Hence there are no atypical components of this form, and the proof is com-

plete. O

Corollary 4.26. Let k> 1 and b= (by,...,b.) € G¥ . Suppose that either
f € Q) orby,....b, € Q. Then there are only finitely many mazimal

atypical components of V.

PROOF. If by, ..., by are multiplicatively dependent, then V; ; ; is itself

the only maximal atypical component. If by,..., b, are multiplicatively
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independent, then I' = (by,...,b;) < Gy, is a subgroup of finite, positive
rank. The desired result then follows immediately from Proposition 4.25

combined with Propositions 3.33 and 3.35 applied to I'. U

4.4.3. The Zilber—Pink conjecture for n = 2. In this subsection,
we show that Conjecture 4.22 for V; ; ; follows from Condition 3.15 together

2

with a finiteness statement for pairs (z1,z2) € Y(1)® satisfying certain

special conditions.

Definition 4.27. Let I' < G,,. We define an (f,T')-pair to be a pair
(r1,15) € Y(1)? such that (z1,z,) satisfies a modular relation, R(z;) is

I-dependent, and R(z5) is I'-dependent.

We now prove the following conditional version of Conjecture 4.22 for

n = 2.

Proposition 4.28. Suppose that f € Q(j) satisfies Condition 3.15. Let
k>1andb=(by,...,by) € GE. Set T = (by,...,b) < Gy. Suppose that
there are only finitely many (f,1')-pairs (x1, x9) with x1 # x9 and x1, To not

j-special. Then there are only finitely many maximal atypical components

of Vz,k,z}
ProoOF. We look for the atypical components of
V= {(z1,29,t1,t3,b1,.. ., by): 1 = R(x1), 1y = R(22)} € X = Y(1)°xGH*,

So dimV = 2 and dim X = k + 4. A special subvariety T of X gives rise

to an atypical component of V' if

dim(VNT)>dimV +dim7 — dim X = 2 — codim 7.
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If the set {by,...,b;} is multiplicatively dependent, then V is itself
atypical and hence the only maximal atypical component. Thus we may
assume that the set {by, ..., b} is multiplicatively independent. The group
I' is of finite rank and so, by Proposition 3.32, for every n > 1 there are only
finitely many n-tuples of distinct f-special points which are I'-dependent
and minimal for this property.

Consider the possible special subvarieties T of X. We find those T" that
give rise to atypical components of V. We split into cases according to

codim 7.

(1) Clearly X cannot itself intersect V' atypically, so we only need to look

at proper special subvarieties.

(2) Suppose codimT = 1. Then some component of V' N T is atypical if
and only if dim(V NT) > 2. If T is defined by one fixed multiplicative
coordinate, then dim(V N 7T) is either 0 or 1 depending on whether this
fixed coordinate is one of the first two G,, coordinates or not. In either
case, the intersection is not atypical. If T is defined by specifying one
fixed modular coordinate, then dim(V NT) = 1 and the intersection is not
atypical. Similarly if T" is defined by a single modular relation. So the only
case left is where T is defined by a multiplicative relation. Then, since
the b; are multiplicatively independent, this multiplicative relation must
involve at least one of the first two G, coordinates if V' N'T # (). But then

dim(V' NT) =1 and the intersection is not atypical.
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(3) Next we look at codim7" = 2. Then a component of V N T is atyp-
ical if and only if it is positive-dimensional. Clearly then T cannot be
defined by two independent modular conditions. Suppose T is defined
by two independent multiplicative conditions (either fixed coordinates or
multiplicative relations). If V' NT # (), then each of these conditions must
involve at least one of the first two G,, coordinates since the b; are multi-
plicatively independent. In all such cases, one then sees that V N7 must
be finite and hence its components cannot be atypical.

So T' must be defined by one modular condition and one multiplicative
condition. If both conditions are fixed coordinates, then V N'T" is positive-
dimensional only if the two conditions either both apply to the respective
first coordinate or both apply to the respective second coordinate, and they
also satisfy ¢ = R(z), where ( is the multiplicative fixed coordinate and x
is the fixed modular coordinate. In such cases, ( is both an f-special point
and a root of unity, and so by Proposition 3.27 there are only finitely many
atypical components of this kind.

If T is defined by a modular relation and a multiplicative relation,
then, by Condition 3.15 and the multiplicative independence of the b;, the
intersection V' N'T" cannot be positive-dimensional unless the multiplicative
relation has the form = = y. Since no non-constant modular function is
invariant under a larger subgroup of GLJ (Q) than Q*-SLy(Z), the modular
relation must also be of the form z = y. So there is just one such atypical

component.



140 4. ATYPICAL INTERSECTIONS AND MULTIPLICATIVE DEPENDENCE

Suppose T is defined by a modular relation and a fixed multiplicative
coordinate. Then this fixed coordinate must be one of the first two G%* co-
ordinates. But then the modular relation on the Y'(1)? coordinates implies
that V' NT is finite and so not atypical.

If T is defined by a multiplicative relation and a fixed modular coordi-
nate, then V N T is positive-dimensional only if the multiplicative relation
involves the G%* coordinate corresponding to the fixed Y'(1)? coordinate,
but not the other of the first two G2 coordinates. If the fixed modular
coordinate is given by the j-special point x, then the f-special point R(x)
is I'-dependent since it satisfies a multiplicative relation over the b;. Hence,
by Proposition 3.32, there are only finitely many atypical components of

this form to consider.

(4) When codim7 = 3, the components of the intersection V N 7T are
atypical if and only if V N'T # (). If all three conditions defining T are
fixed coordinates, then V N'T # @ implies that V' N'T must already be
contained in one of the positive-dimensional atypical components arising
from T defined by a fixed modular coordinate and a fixed multiplicative
coordinate. So we may assume that at least one condition defining 7" is a
relation.

If there were three independent multiplicative conditions defining T,
then V NT # () would imply a multiplicative relation among the b;, which
is impossible. Clearly one cannot have three independent conditions on
the Y'(1)? coordinates. So there must be at least one modular condition

and at least one multiplicative condition defining 7.
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If there are two independent modular conditions, then we may assume
these are fixed coordinates. The other condition must then be a multi-
plicative relation, and this relation must involve at least one of the first
two G coordinates if V N'T # () since the b; are multiplicatively in-
dependent. If the multiplicative relation involves only one of the first two
G2+* coordinates, then the corresponding fixed modular coordinate z gives
rise to a [-dependent f-special point R(z). We are thus in one of the
positive-dimensional atypical components arising from a special subvariety
of codimension 2.

If the multiplicative relation involves both the first two G%™ coordi-
nates, then the fixed modular coordinates x1, o give rise to a I'-dependent
pair of f-special points (R(z1), R(z2)). If some R(x;) is I-dependent, then
we are in one of the previously identified atypical components. We may
thus assume that no subtuple of (R(z1), R(x2)) is ['-dependent. Since there
are only finitely many pairs of j-special points (z1,x2) with 1 # x5 and
R(z1) = R(z3), as shown in the proof of Proposition 4.16, we may also
assume that R(x;) # R(x2). It thus follows from Proposition 3.32 that
there are at most finitely many maximal atypical components of this form.

So we may suppose that T is defined by two multiplicative conditions
and one modular condition. If the multiplicative conditions are both fixed
coordinates, then the modular condition is a relation. We thus have that
VNT = {(x1,22,(1,, b1, ..., b))}, where (z1,x2) satisfies a modular re-
lation, (3, (> are roots of unity, and (; = R(z;) for i = 1,2. By Propo-
sition 4.19, there are only finitely many such components satisfying the

additional restrictions x; # x5 and neither x; nor xs is j-special. If these
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additional restrictions are not met, then we are in one of the previously
identified atypical components.

So we may assume that at least one of the multiplicative conditions is
a relation; clearly, this relation must involve at least one of the first two
G2+* coordinates. Suppose the modular condition is a fixed coordinate z.
If the second multiplicative condition is a fixed coordinate ¢, then clearly
this must be one of the first two G2* coordinates. Further since  is a root
of unity, we can eliminate this coordinate from the multiplicative relation.
If V.NT # (0, then, according to whether the two fixed coordinates are in
the same respective position or not, either ( = R(x) is both a root of unity
and f-special or (R(z), by, ..., by) satisfy the multiplicative relation and so
R(z) is a I'-dependent 1-tuple. Thus such components are contained in
positive-dimensional atypical components arising from special subvarieties
of codimension 2.

So now suppose the modular condition is a fixed coordinate x and both
the multiplicative conditions are relations. If VNT # (3, then both relations
must involve at least one of the first two G%* coordinates. They cannot
both involve only the first (respectively the second) of the first two G2
coordinates, since by their independence we would then be able to obtain
a relation among the b;. If both relations involve both the first two G2
coordinates, then we may eliminate either of these two coordinates. Thus
we may assume that the first relation involves the first but not the second
G2+* coordinate and that the second relation involves the second but not
the first G2 coordinate. The components of VT are therefore contained

in some of the already identified positive-dimensional atypical components.
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We thus reduce to considering when the modular condition is a rela-
tion and at least one of the multiplicative conditions is a relation. Since
the b; are multiplicatively independent, if V N'T # (), then any compo-
nent of V' N7 must have the form {(z1, s, R(x1), R(x3),b1,...,b;)} where
(x1, z9) satisfies a modular relation and R(x;), R(x2) are both (individu-
ally) I'-dependent. Any such (z1,x2) is an (f,I')-pair. The finiteness of
the resulting maximal atypical components then follows from the assump-
tion on (f,T')-pairs in the hypotheses of the proposition. This is because
if x1 = x9 or some x; is j-special, then the corresponding component of

V' N T is already contained in one of the atypical components above.

(5) We now consider the case when codimT' > 4. If T"is defined by > 3 in-
dependent multiplicative conditions and V NT # (), then we can eliminate
the first two G2* coordinates from these relations and obtain a multiplica-
tive dependency among by, ..., b;. This obviously cannot happen. Clearly,
there can also be no more than two independent modular conditions defin-
ing T'. Thus the only case to consider is when 7' is defined by two modular
conditions and two multiplicative conditions.

The components of the intersection VN7 are then atypical if and only if
VNT # (). We may assume that the two modular conditions are both fixed
coordinates. If one of the multiplicative conditions is a fixed coordinate,
then this must be one of the first two G2* coordinates. If V NT # 0,
then the root of unity corresponding to this fixed coordinate must also be
an f-special point because the respective modular coordinate is j-special.
In this case, the intersection is contained in one of the already identified

positive-dimensional atypical components. Therefore we may assume that
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both the multiplicative conditions are relations. The components that can

arise here are thus all contained in larger atypical components identified in

(3). O

We note here the similarity between the finiteness assumption on (f, I')-
pairs contained in the hypotheses of Proposition 4.28 and the finiteness
statement on modular—torsion tuples in Proposition 4.19. In both cases,
one is dealing with the atypical components which arise when one has a
modular relation and two independent multiplicative relations. However,
in the case of Proposition 4.19 we are able to prove finiteness, whereas in
Proposition 4.28 we must assume it.

The difference is that in Proposition 4.19 the points R(z1), R(x2) are
roots of unity, since if R(z1), R(z5) satisfy two independent multiplicative
relations then they must both be roots of unity. One thus obtains that
x1, Ty are algebraic and their heights are bounded, which is crucial for the
finiteness proof. In contrast, for an (f,')-pair (z1,x2) the multiplicative
relations satisfied by R(z1), R(x2) involve also the generators by, ..., by of
I'. One thus obtains only the weaker condition of each R(z;) being I'-
dependent, rather than a root of unity. In particular, we thus do not seem
able to obtain suitable bounds on the heights of 1, xs (they might not
even be algebraic) in order to prove the finiteness of the pairs (z1,x2) by

a modified version of the argument for Proposition 4.19.



CHAPTER 5

Effective results on products of singular moduli

In this thesis, we have so far proved numerous finiteness results (e.g.
Theorems 2.3, 3.7, 3.8, and Proposition 4.19). One thing these results have
in common is that they are all ineffective; in other words, there is no way of
knowing just how many is “finite many” or how “complicated” the finitely
many examples may be.

There are several sources of ineffectivity in the proofs of these results,
which have all made use of o-minimal methods. In particular, the constants
in the Pila-Wilkie Counting Theorem and in the lower bound for the size
of the Galois orbit of a special point are ineffective. There is therefore
no straightforward way to modify our proofs in order to obtain effective
versions of our results.

On the other hand, we have a very explicit understanding of the arith-
metic properties of singular moduli, as was indicated in Section 1.7. There-
fore, if we restrict just to the case of multiplicative relations among singular
moduli, then proving some effective results is feasible, at least in low di-
mensions. In particular, fully effective results are known already in one
and two dimensions for the question of multiplicatively dependent singular
moduli. In this chapter, we will prove a first effective result in three dimen-
sions. All these results are naturally formulated in terms of the André—Oort

conjecture, which we now discuss briefly.

145
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5.1. The André—Oort conjecture

Definition 5.1. Let X be a Shimura variety and V' C X a subvariety. A
special subvariety 7" C X is called a maximal special subvariety (of V) if

T C V and there is no special subvariety 7" C X such that T C 7" C V.

Conjecture 5.2. Let X be a Shimura variety and V C X a subvariety.

Then V' contains only finitely many maximal special subvarieties.

The André-Oort conjecture, formulated in [3] and [55], is an ana-
logue, in the setting of Shimura varieties, of the Manin—-Mumford con-
jecture (which was proved by Raynaud [73]). Pink’s formulation of the
Zilber—Pink conjecture arose (in part) as a generalisation of the André—

Oort conjecture.

Proposition 5.3. The Zilber—Pink conjecture implies the André—Qort con-

jecture.

PROOF. Let X be a Shimura variety. Suppose that A C X is a proper
subvariety which contains a special subvariety 7' C X. Then ANT =T
and

dim7T > dim A + dim 7T — dim X.

Hence, T is atypical for A in X.

Now fix V C X a subvariety. If V = X, then V itself is a special
subvariety and so the only maximal special subvariety. Hence, we may and
do assume that V' C X. By the Zilber-Pink conjecture, V' contains only

finitely many maximal atypical components. Enumerate these as A;, where
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A; C V NT, for a special subvariety T; C X such that
dim A; > dimV + dim7T; — dim X.

Suppose then that S is a maximal special subvariety of V. Then S is
a special subvariety of X contained in V. Hence, S is atypical for V in X.
So S is contained in some A;. Now either A; = T; and hence S = A; = T;,
or else S is atypical for A; in T;. In the first case, we are done. In the
second case, by the Zilber-Pink conjecture again, there are only finitely
many maximal atypical components of A; in T;, and S must be contained
in one of them. We may continue this process, which must terminate after
a finite number of steps. We thus see that S must belong to a finite list of

special subvarieties of X. [l

We will be interested in the case that X = Y (1)", where n > 1. In this

case (and many others), the André—Oort conjecture is known.

Theorem 5.4. Letn > 1 and set X =Y (1)". Let V C X be a subvariety.

Then V' contains only finitely many maximal special subvarieties.

For n = 1, this is trivial. The case of n = 2 was proved by André [4]. In
general, it was proved by Pila [60] using o-minimal methods. These results
were both ineffective: they do not give effective bounds on the degrees of
the maximal special subvarieties. An effective version of André’s result for
n = 2 was proved by Kiihne [43] and also independently in [12]. Some
further special cases of Theorem 5.4 for restricted classes of subvarieties
have been proved effectively [8, 13].

Let F' € Clzy,22]. The effective André-Oort result for subvarieties

of Y(1)? allows one to bound by an effective constant (depending on F)
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the discriminants of all singular moduli x,y such that F(z,y) = 0. In
principle, one may then find by a computation all such pairs (x,y). The
relevant effective constant here though depends on the polynomial F'. It is
therefore of interest to try and find all the solutions in singular moduli for
families of polynomials F' which are of interest. Various such results have

been obtained, e.g. [2, 10, 11, 46, 74].

5.2. The multiplicative case

Fixn > 1 and let X =Y (1)". Given a; € Z\ {0}, define the subvariety

Vo=A(z1,...,2,) € X 1 2]* .. 22 =1}

n

Theorem 3.2 implies that the only positive-dimensional special subvarieties
of V, come from equations of the form z; = x; for i # j.

Suppose then that oy, ..., 0, are pairwise distinct singular moduli such
that of*--- 0% = 1 for some a; € Z \ {0}. Let a = (ay,...,a,). Then
{(01,...,0n,)} is a zero-dimensional maximal special subvariety of V,. Con-
versely, every zero-dimensional maximal special subvariety is of this form.

Therefore, proving an effective André—Oort statement for the family
of subvarieties V,, reduces to the problem of finding effective bounds on
solutions in pairwise distinct singular moduli to equations of the form
it ..zl =1, where a; € Z )\ {0}. It is therefore a closely related problem
to the question of effectivising Theorem 3.1.

Note that the André—Oort statement Theorem 5.4 does not imply The-
orem 3.1. André-Oort implies that, given a;, € Z \ {0}, there are only
finitely many n-tuples o of pairwise distinct singular moduli satisfying the

equation o7* -0 = 1. To deduce Theorem 3.1, one would need, for
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each n > 1, an André-Oort statement which was uniform across all the
V, € Y(1)*. If this statement was not only uniform but also effective,
then one could (at least in principle) find all the possible n-tuples for a
given n > 1. It is this task which we will consider in the remainder of this

chapter. In fact, we will consider the more general family of subvarieties

Va,g» where a; € Z \ {0} and ¢ € Q*, which are defined
‘/;J'»q = {(xl)yxn) E X:x(fl ...man :q}

When n < 2, the singular moduli lying on subvarieties of this form have

been classified completely by Riffaut [74], generalising earlier work of [10].

Proposition 5.5 ([74]). Suppose that x is a singular modulus such that
z" € Q for somen € Z\ {0}. Then z € Q.

Theorem 5.6 ([74, Theorem 1.6]). Let x1, x5 be non-zero singular moduli
and m,n € Z \ {0}. Suppose that x7*zy € Q*. Then one of the following
holds:

(1) x1,29 € Q%;
(2) x1 =29 and m+n =0;

(8) m =n and x1 # x5 are of degree 2 and conjugate over Q.

Since 0 is a singular modulus, we must exclude the case of product 0 to
obtain any kind of finiteness statement in the second result. Both results
are clearly best possible. There are 13 rational singular moduli (including
0) and 29 conjugate pairs of singular moduli of degree 2. The list of these
is known explicitly, and so one may easily find the set of ¢ € Q such that

there are singular moduli x;, zo with 27"z} = ¢ for some m,n € Z.
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The following result, which we prove in this chapter, is a first step
towards proving the corresponding result for n = 3. It is the analogue of
the result for n = 2 of [10], which was subsequently generalised by Riffaut
[74] to prove Theorem 5.6.

Theorem 5.7. Suppose that x1, xo, x3 are singular moduli such that x1xqox3 €
Q*. Then one of the following holds:
(1) @1, 22,73 € Q%;
(2) some x; € Q* and the remaining x;, vy are distinct, of degree 2,
and conjugate over Q;

(8) x1, 9, x3 are pairwise distinct, of degree three, and conjugate over

Q.

Conversely, if one of (1)—(3) holds, then it is clear that zjzox3 € Q.
Further, each of these cases is achieved. Theorem 5.7 is therefore best pos-
sible. Theorem 5.7 provides a completely explicit André—Oort statement
for the family of subvarieties V,, C Y (1)3, where a; = as = a3 = +1 and
q € Q.

There are 13 rational singular moduli, one of which is 0; 29 pairs of
conjugate singular moduli of degree 2; and 25 triples of conjugate singular
moduli of degree 3. The list of these may be computed in PARI. There
are thus 364 unordered triples (x1, z2,x3) as in (1); 348 unordered triples
(1, x9,23) as in (2); and 25 unordered triples (1,2, x3) as in (3). One
may straightforwardly compute the corresponding products zix2x3. There
are 13 rational numbers which are the product of two distinct triples in (1)
and 16 rational numbers which are the products of triples in (1) and (2). No

other rational number is the product of more than one such triple. There
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are thus 708 distinct non-zero rational numbers which arise as the product
of three singular moduli, and the list of both these rational numbers and the
corresponding triples of singular moduli is known. Since singular moduli
are algebraic integers, we note that if z1z.x3 € Q, then in fact x 2013 € Z
and so these 708 distinct rational numbers are all rational integers.

The plan for our proof of Theorem 5.7 is as follows. Section 5.3 contains
the facts about singular moduli that we need for the proof of Theorem 5.7.
The proof itself is split over Sections 5.4 and 5.5. In Section 5.4, we reduce
to an effective finite list the possible triples (z1, xq, z3) of pairwise distinct
singular moduli with non-zero rational product which do not belong to one
of the trivial cases (1)—(3) of Theorem 5.7. Then in Section 5.5 we explain
how to use a PARI script [57] to eliminate all the triples on this list. The
PARI scripts used are available from https://github.com/guyfowler/
rationaltriples. The results of this chapter were previously published

in the author’s paper [33].

5.3. Background on singular moduli

We begin with some upper and lower bounds for singular moduli. These
bounds will be used without special reference in Section 5.4. For every non-
zero singular modulus « of discriminant A, we have ([10, (12)]) the lower
bound

|z| > min{4.4 x 107°,3500|A|*}.

Recall from Section 1.7 that the singular moduli of a given discriminant

A may be explicitly described in terms of the set Th. For a singular
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modulus z corresponding to a triple (a, b, ¢) € Ta, we have that ([31, §2]):
™A/ _ 9079 < |z| < eIV /e 4 2079.

This follows from the g-expansion of the j-function given in Proposition 1.15.
We will apply this bound variously with a = 2,3,4,5, making use of
Lemma 5.8 below. For a singular modulus = corresponding to a triple
(a,b,c) € Ta with a = 1 and |A| > 23, one obtains also that |z| >

0.9994¢™A1"? "see [10, (11)].

Lemma 5.8. For a given discriminant A, there exists:

(1) a unique singular modulus, corresponding to a triple with a = 1;
(2) at most two singular moduli, corresponding to triples with a = 2,
and if A =4 mod 16, then there are no such singular moduli;

(3) at most two singular moduli corresponding to triples with a = 3;
(4) at most two singular moduli corresponding to triples with a = 4;

(5) at most two singular moduli corresponding to triples with a = 5.

We call the unique singular modulus corresponding to a triple (a, b, ¢) €

Ta with a = 1 the dominant singular modulus of discriminant A.

PROOF. The first two claims are Proposition 2.6 of [10]. We show the
remaining claims.

Suppose a = 3. Let (3,b1,¢1),(3,bs,c2) be two such tuples. Then
bi,by € {—2,-1,0,1,2,3}. Since A = b* — 4ac for all (a,b,c) € Ta, one
has that b2 — 12¢; = b3 — 12¢,. Thus b2 — b3 = 0 mod 12. Therefore, it
must be that by = £by. Since a;, b; together uniquely determine c¢;, there

are at most two tuples in Th with a = 3.
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Now let a = 4. Suppose (4,b1,¢1), (4, b2, c2) are two such tuples. Then
bi,by € {—3,—-2,—1,0,1,2,3,4}. Since A = b? — 4ac for all (a,b,c) € Th,
one has that b? — 16¢; = b3 — 16¢3. Thus b2 — b3 = 0 mod 16. Therefore,
it must be that either by = +by or {b;,b:} = {0,4}. Since a;, b; together
uniquely determine c;, there are at most two tuples in Th with a = 4.

Let a = 5. Suppose (5,b1,¢1),(5,b2,¢2) are two such tuples. Then
bi,by € {—4,-3,-2,—-1,0,1,2,3,4,5}. Since A = b*>—4ac for all (a,b,c) €
Ta, one has that b3 —20c¢; = b3 —20cy. Thus b3 — b2 = 0 mod 20. Therefore,
it must be that b; = 4b,. Since a;, b; together uniquely determine c¢;, there

are at most two tuples in TA with a = 5. 0

Our proof of Theorem 5.7 will also rely on some results about the fields
generated by singular moduli. The first of these is a result on when two
singular moduli generate the same field. It was proved mostly in [2], as
Corollary 4.2 and Proposition 4.3. For the “further” claim in (2), see [10,
§3.2.2].

Lemma 5.9. Let x1, x5 be singular moduli with discriminants Ay, Ao Te-
spectively. Suppose that Q(x1) = Q(xz2), and denote this field L. Then
h(A1) = h(Asy), and we have that:

(1) If Q(v/A1) # Q(v/Ay), then the possible fields L are listed in |2,
Table 4.1]. Further, the field L is Galois and the discriminant of

any singular modulus x with Q(x) = L is also listed in this table.

(2) If Q(WVA1) = Q(vAy), then either: Ay, Ay € {—3,—12, 27} and
L =Q; or: Ay/Ay € {1,4,1/4} and, further, if Ay = 47y, then
Ay =1 mod 8.
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We now establish a similar result on when one singular modulus gener-
ates a degree 2 subfield of the field generated by another singular modulus.

We split the proof into the next two lemmas.

Lemma 5.10. Let x1,x5 be singular moduli with discriminants Aq, A

respectively. Suppose that [Q(z1) : Q(z2)] = 2. If Q(v/A1) = Q(vVAy),
then either Ay € {9Ay/4,4A5,9A5, 165} or x5 € Q.

PROOF. We modify the proof in [2] of Lemma 5.12. Given an imaginary
quadratic field K of (fundamental) discriminant D and an integer f > 1,
we write RICF (K, f) for the ring class field of the imaginary quadratic
order of discriminant A = f2D.

Let z1, x5 be singular moduli with discriminants Aj, Ay respectively.
Suppose that [Q(z;) : Q(z2)] = 2 and Q(v/A;) = Q(v/Az). Denote by
K the field Q(v/A1) = Q(v/As). The singular moduli x1, 2z, have the
same fundamental discriminant (the discriminant of the field K'), which
we denote D. We may then write Ay = f2D, A, = f2D. Note that
Ay # Ay Let f=lem(fi, f2).

Suppose in addition that D # —3, —4. Then [2, Proposition 3.1]

RiCF(K, f1)RiCF(K, f5) = RiCF(K, f),

where the left hand side denotes the compositum of RiCF(K, f;) and
RiCF(K, f3). By the theory of complex multiplication RiCF(K, f;) =
K(z;) for i = 1,2. Thus RiCF(K, f) = K(x;) since xo € Q(z1). Therefore

h(f?D) = [RICF(K, f) : K] = [RICF(K, f1) : K] = h(f2D).
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Also,
[Q(z1) - Q = 2[Q(x2) : Q,

and thus h(f2D) = h(f:D) = 2h(f2D). As in the proof of [2, Proposi-

tion 4.3, one may then use the class number formula [2, (6)] to obtain

that
f Dy 1
110 (), =1
pif1
and
f Dy 1
pll0-(),) =2
pif2

where (%) denotes the Kronecker symbol. This implies that f/f; € {1,2}
and f/fo € {2,3,4}. One thus has that f1/fy € {3/2,2,3,4} since f1 # fo.
Hence Ay € {9A5/4,4A5,9A5,16A5}.

Now let D € {—3, —4}. If ged(f1, f2) > 1, then, by [2, Proposition 3.1]

again,

RiCF (K, f1)RiCF (K, f,) = RICF(K, f),

and the above proof works. If f; = 1, then Q(z1) = Q, a contradiction. If
fo =1, then x5 € Q and we are done.
So we may now assume that f, fo > 1 and ged(f1, f2) = 1. So f = fi fa.

In this case, by [2, Proposition 3.1],

2h(f; D) = h(f{D) = 1" h(f*D),
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where [ = 2 for D = —4 and [ = 3 for D = —3. We now apply again the

class number formula to obtain that

Al (2)h) =2

plf1 p

and

f2 H(l - (%)1) =1

plf2 p

Inspecting the possibilities for f,, we see that
Ay € {—12,-16,—27}.
But then z, € Q. O

Lemma 5.11. Let x1,25 be singular moduli with discriminants Aq, Ay
respectively.  Suppose that [Q(z1) : Q(xs)] = 2. If Q(vVA1) # Q(VAy),
then one of the following holds:
(1) at least one of Ay or Ay is listed in [2, Table 2.1] and the corre-
sponding field Q(x;) is Galois;
(2) h(Ay) > 128.

PRroOOF. This proof is a modified version of [2, Theorem 4.1]. If Q(z)
is Galois over Q, then by Corollaries 3.3 and 2.2 and Remark 2.3 of [2],
either Ay is listed in [2, Table 2.1] or h(A;) > 128. If Q(z2) is Galois over
Q, then similarly either A, is listed in [2, Table 2.1] or A(Ay) > 128 (and
so certainly h(A;) > 128).

So we may now suppose that neither Q(z;) nor Q(z9) is Galois over Q.
We will show this leads to a contradiction. Let M; be the Galois closure

of Q(z1) over Q. Then M; = Q(v/Ay,x1) D Q(xs). Let My be the Galois
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closure of Q(z3) over Q. Then My = Q(v/Ay, x5). Also My C M, since M,
is Galois and contains Q(z3). Since Q(z1), Q(z2) are not Galois, one has
that vA; ¢ Q(z;). Hence [M; : Q] = 2h(A,) and [Ms : Q] = 2h(Ay). In
particular, [M; : My] = 2 since h(A;) = 2h(As).

Now let G = Gal(M,/Q), H = Gal(M,/Q(v/A1,vAy)), and H; =
Gal(M,/Q(\/A;)) for i = 1,2. So H = H, N Hy, [H, : H] = 2, and
[Hy : H] = 2. As in the proof of [2, Theorem 4.1], one has that H
is isomorphic to (Z/2Z)" for some n. Each of Hy, Hy contains H as an
index 2 subgroup. So Hj, H, must each be isomorphic to either (Z/27)" !
or (ZJAZ) x (Z/2Z)"~. 1t H, = (Z/2Z)"*!, then by [2, Corollary 3.3,

~

the field Q(z;) is Galois, a contradiction. So we may assume that H; =
(Z)AZ) x (Z.]27)"".

Suppose next that Hy & (Z/2Z)"". Observe that Hs is abelian, and
hence all its subgroups are normal. Therefore, considering the extension
M, /M,y /Q(v/Ay), we obtain that Gal(M,/Q(y/Ay)) is isomorphic to the
quotient Ho/Gal(M,;/Ms,). Thus, since Hy = (Z/2Z)"™', we must have
that Gal(M,/Q(v/Ay)) = (Z/2Z)". This implies, by [2, Corollary 3.3]
again, that Q(z5) is Galois, a contradiction.

Hence we must have that H, = Hy, & (Z/AZ) x (Z/27Z)"*. Exactly
as in [2, Theorem 4.1], this implies that G = Dg x (Z/2Z)"~', where Dg
denotes the dihedral group with 8 elements. The group Dg x (Z/27Z)"!
has only one subgroup isomorphic to (Z/4Z) x (Z/27)"~', and hence one
must have that H, = Hy. This though implies that Q(v/A;) = Q(vA,), a

contradiction. O
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The other result we use is on the fields generated by products of pairs
of non-zero singular moduli, and establishes that such a field is “close to”
the field generated by the pair of singular moduli. This result is due to
Faye and Riffaut [31].

Lemma 5.12 ([31, Theorem 1.3]). Let x1, x5 be distinct non-zero singular
moduli of discriminants Ay, Ay respectively. Then Q(x1x2) = Q(z1,x2)

unless Ay = Ag, in which case [Q(x1,x2) : Q(x129)] < 2.

5.4. An effective bound

We now turn to the proof of Theorem 5.7 itself. Suppose z1, 9, x3 are
singular moduli such that zixoz3 = a € Q*. Write A; for their respective
discriminants and h; for the corresponding class numbers h(A;). In this
section, we will reduce the possible (A, Ag, A3) to an (effectively) finite
list. Without loss of generality, assume that hy > hy > hg.

If the x; are not pairwise distinct, then (1) of Theorem 5.7 must hold by
Theorem 5.6, which classifies all pairs (x,y) of singular moduli satisfying
™y € Q* for some m,n € Z\ {0}. So we may and do assume that
x1, Lo, x3 are pairwise distinct. If hy = 1, then x5 € Q* and hence z;29 €
Q*. Thus, by Theorem 5.6 (in fact, the earlier, weaker result of [10]
suffices), either x1,zs € Q or 1,z are of degree 2 and conjugate over Q.
Thus either (1) or (2) in Theorem 5.7 holds and we are done. We therefore

assume subsequently that h; > hy > hg > 2.
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Clearly we have that Q(z1) = Q(x2x3). Thus, by Lemma 5.12, we have
that

either [Q(z2, z3) : Q),
or £(Q(z2,z3) : QJ.

[Q(z1) : Q = [Qa25) : Q =

Note that hy = [Q(z2) : Q] and hs = [Q(z3) : Q] each divide [Q(z2, x3) : Q),
so we must have that hg, hs | 2(Q(z;) : Q|. Hence, hg,hs | 2hy. Sym-
metrically, we have also that hy, hy | 2hg and hy, hs | 2hy. Then, since
hy > ho > hs, one of the following must hold: either hy = hy = hs, or
hy = hy = 2hs, or hy = 2hy = 2h3. We consider each of these cases in turn.

We will write (2, %, %) for a conjugate of (z1, z2, x3), where ] is the
conjugate of x; associated to an element (a}, b, ;) € Ta,. Computations in

IR 2]

this section were carried out in PARI [57].

5.4.1. The case h; = hy = hz. Write h = hy = hy = hs. We split
this situation into subcases, depending as to whether the A; are equal.

5.4.1.1. The subcase Ay = Ay = Asz. Write A for this shared discrim-
inant. The x; are thus all singular moduli of discriminant A and hence
are all conjugate. Since the x; are pairwise distinct, they must then be of
degree at least 3, so h > 3. If h = 3, then we are in case (3) of Theorem 5.7.
So we may assume that h > 4.

Taking conjugates as necessary, we may assume that x; is dominant.
Since h > 4, one certainly has |A| > 23. Thus, by the bounds in Sec-

tion 5.3, one has the lower bound for || given by

| > (0.9994e™21"*) (min{4.4 x 1075, 3500|A|3})2.
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We now establish upper bounds for ||, incompatible with this lower
bound for suitably large |A|. The larger the class number h, the better
these bounds will be. Let oy, ..., 0, be the automorphisms of Q(x1). Then
oi(T1, 9, x3) = (2, 2%, %), where 2/, x},, 2 are themselves singular moduli
of discriminant A, since these singular moduli form a complete Galois orbit
over Q. Further, if o;(z)) = 0j(x), then ¢ = j since the action is sharply
transitive. Thus each singular moduli of discriminant A occurs at most
once among the o;(xy) fori=1,... h.

Let k, mq, mo, mg € Z be as given in the following table. When h > k,
we can by Lemma 5.8 find a conjugate (2, %, %) of (x1, 29, x3), where
each  is a singular modulus corresponding to a tuple (a}, b}, ¢;) € T with

1) 71 Y

/
a; > m;.

my | me | ms | k
3 34|12
3 14| 4|14
4 | 4| 4|16
4 | 415 |18
4 15 | 5 1]20

Since xjxhaly = a, each such conjugate gives rise to an upper bound for

|| of the form

o < (M myo079)(emIA P me yog7g) (eI ms y o079),
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For (mq, mg, m3) as in the above table, these bounds are incompatible with
the earlier lower bound for |a| when |A| is suitably large. Explicitly, we

obtain that one of the following holds:

(1)

(2) 12 < h <13 and |A| < 30339;
(3) 14 < h <15 and |A| < 4124
(4) 16 < h < 17 and |A| < 1045;
(5) 18 < h < 19 and |A| < 488;
(6) 20 < h and |A| < 334.

5.4.1.2. The subcase where the A; are not all equal. Without loss of
generality assume that |A;| > |As|. Then Q(x3) = Q(z112) = Q(x1,x2),
where the last equality holds by Lemma 5.12 since A; # A,. Thus
Q(z1),Q(x2) C Q(z3). Since hy = hy = hs, these inclusions are in fact
equalities. Thus Q(z1) = Q(z2) = Q(z3). Denote this field L.

Suppose first that Q(v/A;) # Q(y/A;) for some i,5. Then by (1) of
Lemma 5.9, we have that the field L is listed in [2, Table 4.1], as are the
possible discriminants Aq, Ay, As.

So we reduce to the situation where Q(v/A;) = Q(v/As) = Q(vAs3).
Then by (2) of Lemma 5.9 either h = 1 or, for every i, j, we have that
A;/A; € {1,4,1/4}. Since h > 2, we must be in the second case. Write
A = A,. Then we have that A = 1 mod 8, A; = 4A, = 4A, and either
Az = A or Az = 4A = Aq. Also, |Ay| > 23 since A} = 4A; and h > 2
implies |Ay| > 15.

IWe observe that the bound on |A| obtained here is superfluous, since in fact k < 13

already implies |A| < 20563, as may be demonstrated in Sage [76] using the function
cm_orders().
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Suppose first that A3 = A. Taking conjugates, assume that x; is

dominant. Then by the bounds in Section 5.3 we have the lower bound

o] >(0.9994e™211*) (min{4.4 x 107°,3500|A|~})
(min{4.4 x 1075, 3500/ Aq| >}),

>(0.9994€>™21"*) (min{4.4 x 1077, 3500|A|3})>.

Since Q(z1) = Q(z2) = Q(z3), the Galois orbit of (xy, s, 23) has ex-
actly h elements. Each conjugate of x; occurs exactly once as the ith
coordinate of a conjugate (z, x5, 2%) of (z1,x9,23). Since A = 1 mod 8
and A; = 4A, there are no tuples (a,b,c) € Ta, with a = 2 because
A1 = 4mod 16. Let k,my,my,m3 € Z be as given in the following ta-
ble. When h > k, we can by Lemma 5.8 find a conjugate (z, ), z%) of
(21, z2,x3), where each z is a singular modulus corresponding to a tuple

R A )

(a}, b, c) € Ta, with a; > m;.

my | me | ms | k
31212 |4
3 3] 216
3 3] 318

Since xjxhaly = a, each such conjugate gives rise to an upper bound for

|a| of the form

o] < (emAPmog7g)(emldelme 4 9079) (67143 ms 4 9079)

= (2mAI2 I 9079) (emIAP M 4 9079) (emIAI /s 4 2079).
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For (mj,ms,m3) as in the above table, these bounds are incompatible
with the earlier lower bound for |o| when |A| is suitably large. We obtain

therefore that one of the following must hold:

(1) 2<h<3

(2) 4 < h<5and|A| <367,
(3) 6 <h<7and |A| < 163;
(4) 8 < h and |A| < 93.

Now suppose that A; = A3 = 4A,, where Ay = A = 1 mod 8. Taking
conjugates, assume that x; is dominant. Then by the bounds in Section 5.3

we have the lower bound

|| >(0.9994¢™21") (min{4.4 x 107, 3500|As|3})
(min{4.4 x 107°,3500|As3|~*}),
>(0.9994e>™2"*) (min{4.4 x 1077, 3500|A|})

(min{4.4 x 107°,3500 x 473|A|7*}).

Since A = 1 mod 8 and A; = Az = 4A, as before there are no tuples
(a,b,c) € Ta, = Ta, with a = 2. Therefore, when h > k, we can by
Lemma 5.8 find conjugates (21,5, z%) of (21,2, x3), where each z} is a
singular modulus corresponding to a tuple (a}, b}, ;) € Ta, with a; > m;,

i) 272

and k, my, mo, m3g € Z given in the following table.
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my | me | ms | k
3123 |4
3 131316
4 13| 3|8
4 | 314 10

Each such conjugate gives rise to an upper bound for || of the form

o] < (el og7g)(emlAel P me 4 9079) (em1A8 1P /ms - 2079)

_ (627T|A|1/2/m1 + 2079)(€7F|A|1/2/m2 ‘I’ 2079)(62ﬂ'|A|1/2/m3 + 2079)

We thus obtain that one of the following holds:

(1) 2<h<3;

(2) 4 < h<b5and|A| <5781,
(3) 6 <h <7and |A| < 650;
(4) 8 <h <9 and |A| < 192;
(5)

5.4.2. The case h; = hy = 2hgz. Since hy # hy, he, we have that
Az # Ay, Ay, Then Q(z2) = Q(x123) = Q(z1, x3), where the last equality
holds by Lemma 5.12 since A; # Ajz. Hence, Q(z1) C Q(x2). Since
hy = hg, this is in fact an equality Q(x1) = Q(x2).

Suppose Ay # Ay. Then Q(z3) = Q(x122) = Q(x1, 22) by Lemma 5.12.
But then Q(z1) C Q(3), and so by = [Q(z1) : Q] < [Q(z3) : Q] = ha.
This though is a contradiction as hsy < h; by assumption.

So we must have that A; = Ay. Note also that Q(x1) = Q(z2) D Q(z3).
Since hy = 2hg, one therefore has that [Q(x;) : Q(z3)] = 2.
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If Q(vA1) = Q(v/A3), then by Lemma 5.10 one has that either 3 € Q

or Ay € {9A3/4,4A3,9A3,16A3}. The former cannot happen since hz > 2,

so we must have that Ay € {9A3/4,4A3,9A3,16A3}. Note also that hy; > 4
and so certainly |A;| > 23.

Suppose first that Ay = Ay = 9A3/4 and write A = Az. We may

assume that z; is dominant, and so obtain the lower bound

. -3
o >(0.9994¢341/2) (min{4.4 x 107, 3500 x (%) N

(min{4.4 x 107°,3500|A|%}).

Since Q(x1) = Q(z2) D Q(z3), there are exactly hy conjugates (2}, z4, 25)
of (z1,x2,x3). Each conjugate of x1, x5 occurs exactly once as the coordi-
nate @), x4 respectively of a conjugate (2!, 2, #%). Further, each conjugate
x% of 3 must appear at least once among the conjugates (2, 2, x%).

Let k,my, my, m3 € Z be as given in the following table. When hg > k,
we can, by Lemma 5.8 as usual, find conjugates (z}, 2, x%) of (z1,x2, z3),
where each 7/ is a singular modulus corresponding to a tuple (a}, b, c) €

) Y1 Y

Ta, with a > m,.

3 313 |10
4 | 4] 2 |12
4 | 413 |14
4 |41 416




166 5. EFFECTIVE RESULTS ON PRODUCTS OF SINGULAR MODULI

Each such conjugate gives rise to an upper bound for || of the form

o] < (™22 m 4 o079) (o182l ma L 2079) (IR /ms 1 9079)

= (PTAIP 2 9079) (3TIAIY2me 1 9079) (emIA?/ms 1 2079).

For (mq, mg, m3) as in the above table, these bounds are incompatible with
the earlier lower bound for || when |A| is suitably large. Explicitly, we

obtain that one of the following holds:

Suppose next that A; = Ay = 4A3 and write A = Az. We may assume

that x; is dominant, and so obtain the lower bound

|1/2

| >(0.9994€21217) (min{4.4 x 107°,3500 x 473|A|7%})

(min{4.4 x 107°,3500|A|*}).

As before, since Q(z1) = Q(z2) D Q(x3), there are exactly hy con-
jugates (2, zh, x%) of (z1, 2, x3). Each conjugate of x1, x5 occurs exactly
once as the coordinate z/, z, respectively of a conjugate (x}, x5, z5). Fur-
ther, each conjugate z% of x3 appears at least once among the conjugates
(), 2 24).

Let k,my, my, m3 € Z be as given in the following table. When hg > k,

we can by Lemma 5.8 as usual, find conjugates (x,x%,x%) of (x1,xe,x3),
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where each 2 is a singular modulus corresponding to a tuple (a}, b, c) €

I ’L”L

Ta, with a; > m,.

mi | me | ms| k
3 1313110
3 3412
3 3|5 |14
3 1414116

Each such conjugate gives rise to an upper bound for || of the form

| < (AP im 4 9079) (emA2 P me 1 9g79) (IR /ms 4 2079)
= (2mAIP I 9079 (2MIAIMma 4 9079) (1AM 1 2079).

These bounds are incompatible with the above lower bound for || when

|A| is large. Hence, we must have one of:

1 <9;

2 3 < 11 and |A| < 650;

4

(1) 2

(2) 1

(3) 12 < hy <13 and |A| < 317;
(4) 14 < hz <15 and |A| < 236;
(5)

5) 16 < hs and |A] < 129.

Now suppose that A; = Ay = 9A3 and write A = Az. We may assume

that z; is dominant, and so obtain the lower bound

|| >(0.9994¢*A1*) (min{4.4 x 1077, 3500 x 93| A3}

(min{4.4 x 107°,3500|A|*}).
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As before, there are exactly h; conjugates (x,xh,a%) of (xy1,x9,x3)
and each conjugate of x1,xs occurs exactly once as the coordinate ', z7,
respectively of a conjugate (21,2}, x%). Further, each conjugate z of x5
appears at least once among the conjugates (2}, x5, %).

As previously, when hs > k, we can find conjugates (z,x%,z%) of
(21,29, x3), where each 2/ is a singular modulus corresponding to a tu-
ple (al,b},c;) € Ta, with a; > m;, and k, mq,my, mg € Z are as given in

the following table.

miy | Ty | M3 k
3 31218
3 4 12 110

Each such conjugate gives rise to an upper bound for || of the form
| < (¥R 4 2079)(3TAI My 2079) (™A1 /s 4 2079).

For (mq, mg, m3) as in the above table, these bounds are incompatible with

the lower bound for || when |A| is large. One thus has that:

(2) 8 < hy <9 and |A| < 255;
(3) 10 < hs and |A| < 85.

Finally suppose that A; = Ay = 16A3 and write A = Ajz. We may
assume that x; is dominant, and so obtain the lower bound
|| >(0.9994¢*12"*) (min{4.4 x 1075, 3500 x 1673|A[7})

(min{4.4 x 107°,3500|A|*}).
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As before, there are exactly h; conjugates (x,xh,a%) of (xy1,x9,x3)
and each conjugate of x1,xs occurs exactly once as the coordinate ', z7,
respectively of a conjugate (21,2}, x%). Further, each conjugate z of x5
appears at least once among the conjugates (2, x5, x%).
When hz > k, we can then by Lemma 5.8 as usual, find conjugates
(2}, 2y, x%) of (21, z9, x3), where each 2 is a singular modulus corresponding
to a tuple (a}, b, ;) € Ta, with a} > m;, and k, my, ma, mg € Z are as given

in the following table.

my | g | T3 k
3 31218
3 3] 3 ]10

Each such conjugate gives rise to an upper bound for || of the form
| < (MR 4 2079) (ATAI My 9079) (™A1 /M3 1 2079).

For (mq, mg, m3) as in the above table, these bounds are incompatible with
the earlier lower bound for |a| when |A] is suitably large. Explicitly, we

obtain that one of the following holds:
(1) 2< hy < T;
(2) 8 < hz <9and |A| <79
(3) 10 < h3 and |A] < 52.
Now consider the case when Q(v/A;) # Q(v/A3). Then by Lemma 5.11

one of the following holds:

(1) at least one of Ay or Aj is listed in [2, Table 2.1];
(2) hy > 128.
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If A; is listed in [2, Table 2.1], then we can find all possible (A, Ag, Ag)
satisfying the condition [Q(z1) : Q(z3)] = 2.

So suppose hy > 128. Write A = max{|A;|, |Aa|, |As|}. Taking conju-
gates as necessary, we may assume that z; is dominant, where A = |A,]|.

Since h; > 64, certainly |A;| > 23. Then by the bounds in Section 5.3
la| > (0.9994¢™*)(min{4.4 x 1077, 3500A3})2.

Since h; > 128, we can always find a conjugate (2}, 2, %) of (z1, x2, z3)
with the associated a}, a}, ay satisfying a},a, > 4 and aj > 5. This gives

rise to the upper bound
o] < (e 4 2079) (€™ 4 2079) (™A + 2079).

Together these bounds imply that A < 488. Hence, we must have that
hl Z 128 and ’A1|, ’Ag’ S 488.

5.4.3. The case h; = 2hy = 2hs. Since hy # hso, hs, one has that
Ay # Ay, Az. Therefore, Q(z3) = Q(z122) = Q(z1,22). The last equality
holds by Lemma 5.12 since Ay # Ay. Thus Q(z1) C Q(z3) and so hy =
[Q(z1) : Q] < [Q(x3) : Q] = hs. This though is a contradiction as hs < h;

by assumption, and so we may eliminate this case.

5.5. Eliminating non-trivial cases

Recall that we assumed x1, x5, x3 are singular moduli with z 2,13 =
a € Q*. We write A; for their respective discriminants and h; for the cor-
responding class numbers h(A;). Without loss of generality hy > hy > hs.

Assuming that we are not in one of the trivial cases (1)—(3) of Theorem 5.7,
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then we have shown in Section 5.4 that x1, z9, x5 are pairwise distinct and

that we must be in one of the following cases.

(1) hy = hg = hs.
Write h = hy = hy = hs.
(a) Ay = Ay = As.
Write A = Ay = Ay = As.
(i) 4 < h <11
(i) 12 < h < 13 and |A| < 30339.
(ifi) 14 < h < 15 and |A| < 4124.
(iv) 16 < h < 17 and |A| < 1045.
(v) 18 < h <19 and |A] < 488.
(vi) 20 < h and |A| < 334
(b) 1A1] > 2],
In this case, Q(z1) = Q(z2) = Q(z3).
(1) Q(VA:) # Q(\/A;) for some i, j.
The list of all possible Aj, Ay, Ag is given in [2, Ta-
ble 4.1].
(i) Q(VA1) = Q(VAz) = Q(VAs).
In this case, Ay = 44y, Az € {A1,As}, and Ay =
1 mod 8.
(A) Az = As.
Write A = Ay = As.
() 2<h <3
(I) 4 < h < 5 and |A| < 367.
(ITI) 6 < h < 7 and |A] < 163.
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(IV) 8 < h and |A| < 93.
(B) Az =A;.
Write A = As,.
(I)2<h<3.
(IT) 4 <h <5 and |A] < 5781.
(III) 6 < h < 7 and |A] < 650.
(IV) 8 <h <9and |A| <192
(V) 10 < h and |A| < 92.
(2) hy = hy = 2hs.
In this case, Q(z1) = Q(z2) D Q(x3) and [Q(z1) : Q(z3)] = 2.
(a) Ay # As.
This case cannot arise.
(b) A = Ao.
() QWA = QV/Es).
(A) A; = Ay =9A3/4.
Write A = As.
(I) 2 < hg <09.
(IT) 10 < hg < 11 and |A] < 5076.
(IIT) 12 < hg < 13 and |A] < 1430.

)
)
)
(IV) 14 < hg < 15 and |A| < 255.
(V) 16 < hg and |A| < 164.

A

(B) 1= AQ = 4A3
Write A = As.
() 2<hy <9;

(I1) 10 < hy < 11 and |A| < 650.
(III) 12 < hy < 13 and |A| < 317.
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(IV) 14 < hy <15 and |A| < 236.
(V) 16 < hy and |A| < 129.
(C) Ay = Ay =9As.
Write A = As.
() 2< hy <T.
(IT) 8 < hg <9 and |A| < 255.
(III) 10 < hg and |A| < 85.
(D) A; = 16A;.
Write A = As.
() 2<hy <T.
(I1) 8 < hy < 9 and |A| < 79.
(I11) 10 < hy and |A| < 52.
(i) Qv £ Q(VA)
(A) Ay is listed in [2, Table 2.1].
(B) Aj is listed in [2, Table 2.1].
(C) hy > 128 and |A4], |As| < 488.
(3) hy = 2hs = 2hs.

This case cannot arise.

The finite list of discriminants (A, Ay, Ag) satisfying one of these con-
ditions may be computed in PARI. In fact, there are 2888 triples (A, Ay, A3)
satisfying one of the above conditions. We now show how each such choice
of (A1, Ay, Az) may be eliminated by another computation in PARI.

For each tuple (A, Ay, A3) satisfying one of the above conditions, we
show that z1zo23 ¢ Q, for any choice of x1, z9, 3 pairwise distinct singular

moduli of respective discriminant A;. (In fact, by taking conjugates as
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necessary, it is enough to eliminate all possible choices of x5, x3 for some
fixed x1.) To do this, we use the following algorithm.

For each possible choice of (z1, 2, x3), let L be a number field contain-
ing all conjugates of x1, zo, x3. If 12923 € Q*, then

XT1X273

o()olo(@s)

for every automorphism o € Gal(L/Q). It therefore suffices to find an
automorphism of L without this property in order to eliminate the tuple
(21, 22, x3). Once all such tuples (z1,x2,z3) have been eliminated, we can
eliminate the tuple (A, Ay, Ag).

It remains to find a suitable field L. In 1(a), the z; are all conjugate,
so L = Q(v/Ay, z;) suffices. In 1(b)(i), the field Q(x) is Galois, and so
we may take L = Q(x1). In 1(b)(ii), L = Q(v/Ay,x1) works. In 2(b)(i),
let L = Q(v/Ay,x1). In 2(b)(ii)(A), the field Q(z) is Galois and so we
may take L = Q(x;). In 2(b)(ii)(B), the field Q(z3) is Galois and so L =
Q(V/Ay, 1) suffices. There are no (A;, As, Az) satisfying the conditions in
2(b)(ii)(C), so this case may be excluded.

We implement the resulting algorithm using a PARI script. Running
it, we are able to eliminate each of the above possibilities. The proof of
Theorem 5.7 is thus complete. Total running time of our program is about
12 hours on a standard laptop computer.? The time taken to find and
eliminate a triple of discriminants (Aj, Ag, A3) satisfying one of the above
conditions increases with the respective class numbers hq, ho, h3. Conse-

quently, approximately 75% of the overall run time of the program is spent

2With a 2.5GHz Intel i5 processor and 8GB RAM.
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dealing with case (2)(b)(ii)(B), which includes discriminants A; of class

number 32, greater than in any other case.






APPENDIX A
O-minimality

In several places in this thesis, our proofs make use of results from
o-minimality. We collect in this appendix all those results which we use,
as an aid to the reader unfamiliar with o-minimality. We assume basic
material from model theory, in particular the definitions of a structure and
a definable set. Such background may be found in any introduction to
model theory, for example [47]. By definable, we always mean definable

with parameters.

A.1. O-minimal structures

Definition A.1. Let £ be a (first-order) language containing a binary
relation <, plus possibly some other symbols. Let A = (A4;<,...) be an
L-structure such that < is a dense linear order without endpoints on the
domain A. We say that A is an o-minimal structure if every definable

subset of A is a finite union of points and intervals.

Intervals are always open. We allow the case of intervals with endpoints
at oo, where we adopt the obvious convention that —oco < a < oo for
every a € A. One can consider o-minimal structures where the underlying
order is not dense, but, as we will not need any such examples, we restrict
to the dense case for convenience.

From now on, all languages we consider will extend {<} and all struc-

tures we consider will interpret < as a dense linear order without endpoints

177
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on our domain A. Since < is an order on A, we may endow the set A with
a topology by taking the open intervals in A as a basis for the open sets.
We then take the corresponding product topology for each A™. Topological
notions (e.g. continuity, connectedness) will always be with respect to this
topology.

O-minimal structures have the following remarkable property.

Theorem A.2. Let A, B be elementarily equivalent L-structures. Then A

is o-minimal if and only if B is o-minimal.

The motivating example of an o-minimal structure is the real closed
field. Fix a language £ with a single binary relation symbol, two binary
function symbols, and two constant symbols. Let R = (R; <, +,-,0,1) be
the L-structure given by the ordered field of the real numbers, so that <
is the standard order on R and +, -, 0, 1 have their usual interpretations.

A semialgebraic subset of R" is defined to be a finite union of subsets of
R™ defined by formulas of the form p(z1,...,z,) = 0 and ¢(x1,...,z,) > 0,
where p,q € R[X,...,X,]. Observe that the collection of semialgebraic
sets in R™ is obviously closed under taking complements, finite unions, and
finite intersections. The semialgebraic subsets of R are precisely the finite

Boolean combinations of sets of the form

{z : p(x) =0}

and

{z : q(x) > 0},
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where p, ¢ € R[X]. The Fundamental Theorem of Algebra shows that sets
of the first form are either finite or all of R, while those of the second form

are finite unions of open intervals.

Theorem A.3 (Tarski-Seidenberg theorem). Let w: R™™ — R™ be the
projection map onto the first n coordinates. Let X C R™™! be a semial-

gebraic subset of R"1. Then the set 7(X) is a semialgebraic subset of

R"™.

This implies that A C R™ is definable in the structure R if and only
if A is semialgebraic. The Tarski-Seidenberg theorem may thus be taken
(anachronistically) to say that the structure R is o-minimal.

Van den Dries had noted [26] that many of the useful model theoretic
properties of semialgebraic sets followed from a few basic axioms and so
suggested that considering other structures on R satisfying these axioms
was a promising avenue of investigation. This led to the definition of an
o-minimal structure. The basic concepts of o-minimality were worked out
in a series of papers by Pillay and Steinhorn [68, 69], and also together
with Knight [42].

A.2. The tameness of o-minimal structures

Fix an o-minimal structure A = (A;<,...). By “definable”, we mean
definable in A. In this section, we show that the definable subsets of A"

have some very nice tameness properties.
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Theorem A.4 (Uniform Finiteness Theorem, [28, p. 53]). Let X C A™*!

be a definable set. Suppose that for every a € A™ the fibre
Xo={be A:(a,b) € X}

is a finite set. Then there exists N > 1 such that |X,| < N for every

ae A",

Since A is o-minimal, we know that the definable subsets of A are very
simple; precisely, they are the finite unions of points and intervals. O-
minimal structures have the particularly nice property that their definable
sets in higher dimensions are also well-behaved. To make this precise, we

introduce the notion of cells.

Definition A.5. For the structure A, cells are defined [28, pp. 3-4] in-

ductively:

(1) The cells in A are precisely the points {a} and the open intervals
(a,b).

(2) Let C C A™ be a cell and f : C — A a definable continuous
function, then
L(f) ={(e,r) € O x A: f(z) =7},
(=00, f)={(z,r) e C x A:r < f(x)},
(f,o0) ={(z,r) e Cx A: f(z) <r}

are cells in A",
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(3) Let C C A™ be a cell and f,g : C — A definable continuous

functions such that f < g on C| then

(f,9)={(z,r) e CxR: f(z) <r <g(x)}
is a cell in A™+1.

The cells in A are the points and open intervals. To say the structure
A is o-minimal is thus equivalent to saying that every definable set X C A

is a finite union of cells.

Definition A.6. A decomposition of A" is defined [28, Definition 2.10]

inductively.

(1) A decomposition of A is a partition of A into finitely many cells.
(2) A decomposition of A" is a partition of A" into finitely many
cells C; such that the projections 7(C;) are a decomposition of
A" (Here 7: A" — A" is the projection map to the first n

coordinates.)
We then have the following theorem.

Theorem A.7 (Cell Decomposition Theorem, [28, Theorem 2.11]). Let
Xi,..., X C A" be definable. Then there exists a decomposition of A"
into cells C; such that each X; is a union of some of the cells C;. Further,
if f: X — A s a definable function for some X C A", then there exists
a decomposition of A™ into cells C; such that X is a union of some of the

cells C; and, for each C; C X, the restriction f|c, is continuous.

We now restrict to the case of o-minimal expansions of the real field R.

Some o-minimal expansions of R satisfy a stronger tameness property for
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definable sets than that given by the Cell Decomposition Theorem. This
stronger property is called analytic cell decomposition. For the remainder
of this section, fix an o-minimal expansion R of R. By “definable”, we

mean definable in the structure R.

Definition A.8 ([30, 8.4]). A function f: A — R™, where A C R,
is called R-analytic if A is definable and there exists a definable open
neighbourhood U C R" of A and a definable real analytic function F': U —
R™ such that f = F|a.

Definition A.9 ([30, 8.5]). The R-analytic cells are defined inductively,
exactly like the cells of R are defined in Definition A.5, except that, in parts
(2) and (3) of Definition A.5, the cell C' is required to be an R-analytic

cell and the functions f,g: C' — R are required to be R-analytic.

Definition A.10 ([30, 8.6]). An R-analytic decomposition of R" is defined

inductively.

(1) An R-analytic decomposition of R is a partition of R into finitely
many R-analytic cells of R.

(2) An R-analytic decomposition of R"™! is a partition of R"*! into
finitely many R-analytic cells C; of R™™! such that the sets 7(C;)
form an R-analytic decomposition of R”, where 7: R**! — R" is

the projection map to the first n coordinates.

Definition A.11 ([30, 8.8]). We say that the structure R admits analytic

cell decomposition if the following properties hold.
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(1) Let X3,..., Xy C R"™ be definable. Then there exists an R-

analytic decomposition of R™ into some R-analytic cells C; such
that each X; is the union of some of the C;.

(2) If f: X — R is a definable function for some X C R", then there

exists an R-analytic decomposition of R™ into some R-analytic

cells C; such that X is a union of some of the cells C; and, for

each C; C X, the restricted function f|¢, is R-analytic.

A.3. The Pila—Wilkie Counting Theorem

In this section, we discuss the various versions of the Pila—Wilkie Count-
ing Theorem for o-minimal structures which we make use of in this thesis.
For the remainder of this section, fix an o-minimal expansion of R; refer-

ences to “definable” mean definable in this structure.

Definition A.12. Let Z C R" and kK > 1. For T > 0, we define
Zk,T)={2€Z:[Q(z;) : Q< k,H(z) <T}

and

N (Z,T) = 1|Z(k,T)]|.

Given a definable set Z, we would like a bound on the counting function
Ny(Z,T). Of course, it may be that Z contains lots of rational (or alge-
braic) points, for example if Z contains a segment of an algebraic curve.

We therefore make the following definition.

Definition A.13. For Z C R”, the algebraic part Z##& of Z is the union

of all connected semialgebraic subsets of Z of positive dimension.
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Pila’s strengthening of the Counting Theorem (the version of [66] just

treated the case k = 1) is the following.

Theorem A.14 ([59, Theorem 1.6]). Let Z C R" be definable, k > 1, and

€ > 0. There exists a constant c¢(Z,k,€) > 0 such that
Nu(Z\ Z9%.T) < e(Z,k, )"

for all T > 0.
There is also a version of the theorem for definable families.

Definition A.15. A definable family is a definable set X C R™ x R™

considered as the family of fibres X; = {z € R": (z,a) € Z} for a € R™.

Note that, for a definable family X C R"™ x R™, we always consider
the fibres X3, for a € R™, as subsets of R”. When we refer to points on
X5 of a given height and degree then, this is only with respect to the R”
coordinates (and does not imply anything about the coordinates of a itself).

The Counting Theorem for definable families is the following statement.

Theorem A.16 ([59, Theorem 5.3]). Let X C R" x R™ be a definable

family, k > 1, and € > 0. There exists a constant ¢(Z, k,e) > 0 such that
Ni(Xa\ X3, T) < (Z, k, )T

for all'T >0 and a € R™.

There are also two refinements of the Counting Theorem which we use.

To state the first of these, we introduce “blocks”.

Definition A.17 ([59, Definition 3.2]).
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(1) A basic block of dimension k£ in R™ is a connected definable set
U C R” of dimension k which is contained in a semialgebraic set
A C R"™ of dimension k such that, for every x € U, the point z is
a regular point of dimension k& in both U and A.
(2) A basic block family is a definable family Z such that each fibre
of Z is a basic block.

Theorem A.18 ([59, Theorem 3.5]). Let Z C R™ x R™ be a definable
family and € > 0. Denote by Z, the fibre of Z at y € R™. There exists a
constant J = J(Z,€) € Z~¢ and a collection of basic block families W; C
R™ x (R™ x R™) for j =1,...,J such that:

(1) For each j = 1,...,J, there is some number w; such that each
point in each fibre of W; is reqular of dimension w;.

(2) For each j =1,...,J and (y,z) € R™ x R™, the fibre of W; at
(y, z) is contained in the fibre of Z at y.

(3) For each y € R™ and all T > 1, the set Z,(1,T) is contained in
the union of Oz (T°) basic blocks, each of which is a fibre of one
of the W; at some (y,z) € R™ x R™.

(4) Let W C R™ x R™ be the family whose fibre at y € R™ is the union
over all the j with w; > 0 of all the fibres of the W; over (y, z) for
some z € R™i. Then W 1is definable. Further, if we write X, for
the fibre of W at y, then X, C Z;lg and Ni(Z,\ X, T) = Oz (T°).

We also use a slightly modified version of the Counting Theorem, due

to Habegger and Pila [39]. To state it, we introduce a new height function.

Definition A.19. Let £ > 1. The k-height Hg(y) of y € R is defined

to be the minimum of max{|ao|,...,|ax|} taken over all possible choices
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of (ag,...,ax) € Z*\ {(0,...,0)} such that ao,...,a, are coprime and
ary® + ... + a9 = 0. (We adopt the convention that min) = co.) For a
tuple y = (y1,...,yn) € R™, we define the k-height of y to be Hy(y) =

max{ Hy(y;)}.

Note that y € R has finite k-height if and only if [Q(k) : Q] < k. In

this case, we may relate the k-height of y to the height of y as follows.

Proposition A.20. Let k > 1 and y € R such that [Q(y) : Q] < k. Then
Hy,(y) < 2°H(y).

PROOF. See [59, §5]. O

We may now give the modified Counting Theorem.

Theorem A.21 ([39, Corollary 7.2]). Let F C R'xR™xR" be a definable
family parametrised by R!. Let w1, m denote the projections R™ xR" — R™
and R™ x R™ — R" respectively. Let € > 0 and k € Z~q. Then there exists
a constant ¢ = c(F, e, k) with the following property. Say x € R' and denote
by Z the fibre of F' over x. Let T > 1 and define

Z(k,T) = {(y.2) € Z : Hyly) < T}

If Y C Z(k,T) is such that |my(X)| > T, then there exists a continuous,
definable function B: [0,1] — Z such that:
(1) m 0 5:[0,1] — R™ is semialgebraic and its restriction to (0,1) is
real analytic;
(2) my0 B:]0,1] — R™ is non-constant;

(3) B(0) € X;
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(4) and if the o-minimal structure admits analytic cell decomposition,

then the restriction of 8 to (0,1) is real analytic.

Note that although the authors state only that m(3(0)) € m(X) in

[39], they in fact prove the stronger fact that 5(0) € 3.

A.4. The o-minimal structure R, exp

So far the only o-minimal structure we have seen is R. In this sec-
tion, we describe the o-minimal structure Rg; exp, Which we use in all our
applications in this thesis.

By the definition of o-minimality, any infinite definable set in an o-

minimal structure must contain an open interval. The set
{z : sinz = 0},

for example, is an infinite discrete subset of R. Hence, no o-minimal struc-
ture on R may have the sine function definable. Consequently, there is
no o-minimal structure which has all real analytic functions definable in
it. There are though o-minimal structures in which all restricted analytic
functions are definable.

Let R{Xjy,...,X,} be the ring of formal power series which converge
in some neighbourhood of [—1,1]". For every f € R{Xj,..., X}, let the
function f: R” — R be defined by
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Such a function f is called a restricted analytic function. The structure R,
is R together with every restricted analytic function f . The o-minimality
of R,, was observed by van den Dries [27].

In fact, some global analytic functions are definable in o-minimal struc-
tures. The real exponential function exp: R — R is an example of an
(unrestricted) real analytic function definable in an o-minimal structure.
Let Rexp = (R; <, +,-,exp, 0,1), where <, +,-,0,1 have their usual inter-
pretations and exp is the standard real exponential function exp: R — R.
Tarski asked the (still unanswered) question of whether the theory of the
structure Ry, is decidable. Indeed, it was work on this problem which
motivated van den Dries [26] in his work which led to the definition of
o-minimality. That the structure Ry, is o-minimal was proved by Wilkie
[81], as part of his own work on Tarski’s question.

The o-minimal structure we use in all our applications is Ry exp- This
is the expansion of R by the real exponential function exp: R — R and all
the restricted analytic functions. Every set definable in either Rey,, or Ry, is
thus definable in Ry, exp as well. The o-minimality of R,y exp, Was proved in
[29]. Van den Dries and Miller [30, §8] proved that Ry exp admits analytic
cell decomposition.

Every modular function, restricted to a suitable domain, is definable
in Ranexp- Let f: H — C be a non-constant modular function, ie. a
rational function of the j-function j: H — C. We identify (subsets of)
C with (subsets of) R? by taking real and imaginary parts. The function
f: H — C is thus identified with a map R? — R2.

The SLy(Z)-invariance of the function f implies that f(z) = f(z + 1)

for all z € H. Clearly then the unrestricted function f: H — C cannot be
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definable in any o-minimal structure. We consider instead its restriction
flr,: F; — C, where Fj is the usual fundamental domain for the action
of SLy(Z) on H. On Fj, the function f is finite-to-one since j|p,: F; — C
is injective. The composition of definable functions is definable (in any
structure) and the field operations +, - are definable in Ry exp. It is thus
enough to show that j|g, : F; — C is definable in Rap exp.

That j| F;: Fj — Cis definable in Ry o is an easy consequence of the
g-expansion of j (see Proposition 1.15). A proof of this fact is given in
[84, Example 4.14]. Consequently, we obtain that all modular functions
are definable in the o-minimal structure Ry, ex, When restricted to (a finite
union of SLy(Z)-translates of) the fundamental domain F.

The modular function j: H — C is the uniformising map of the mod-
ular curve Y (1) = SLo(Z)\H. This map, restricted to a suitable semi-
algebraic fundamental domain like Fj, is definable in R,y exp. Similarly,
the uniformising map of any mixed Shimura variety is definable in Ray exp,
when restricted to an appropriate domain. This result was proved for pure
Shimura varieties in [41], and for mixed Shimura varieties by Gao [34].
The structure R,y exp is thus the natural setting for all the proofs in this

thesis, and so we always work in this structure.
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