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 A B S T R A C T

Many real-world systems inherently exhibit complex network structures, requiring specific 
strategies or mechanisms to restore functionality in the event of failures. However, previous 
research on network repair has often overlooked the influence of clustering, which is prevalent 
in real-world complex systems and plays a crucial role in shaping local connectivity. In this 
study, an external activating strategy is employed to examine the repair mechanisms of clustered 
networks. It is demonstrated that the presence of clustering significantly enhances the network’s 
average activity 𝑋 after repair through three distinct dynamical processes. The findings indicate 
that as the fraction 𝑟 of randomly selected nodes increases, the repaired network exhibits 
three states: functional (complete repair), inactive (incomplete repair), and bistable switching 
between the two states, divided by the critical points 𝑟1 and 𝑟2. We also find that as the 
clustering coefficient c increases, an increase in functional states and a decrease in inactive states 
can be observed in brain and cellular dynamics, whereas the opposite occurs in spin dynamics. 
This results in changes to 𝑟1 and 𝑟2 at different 𝑐. Furthermore, we find that a linear scaling 
relationship exists between these thresholds and the clustering coefficient 𝑐. These findings 
enhance the understanding of repair mechanisms in clustered networks and provide valuable 
insights for designing systems with improved resilience.

1. Introduction

Networks are fundamental tools for modeling and analyzing complex systems in various scientific disciplines [1–8]. One key 
property of networks is resilience, which refers to their ability to maintain essential functionality despite node failures, internal 
errors, or external disturbances [9–11]. Numerous studies have examined how network structure affects resilience, particularly how 
perturbations – such as adding or removing nodes, links, or altering weights – can shift the system into a different state [12,13].

Most real-world networks exhibit clustering, where two neighbors of a given node tend to also be neighbors of each other, 
thereby forming a partially redundant triangular structure within the network [14,15]. The influence of clustering on network 
resilience has been studied in various contexts. Higher clustering tends to shift the percolation transition to lower threshold values, 
as redundant paths introduced by triangular structures facilitate cluster connectivity [16]. However, in cascading failure models, 
clustering actually makes the network more fragile and prone to overall collapse [17,18].
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Fig. 1. Steady-state behavior of a clustered network under neuronal dynamics without external activation. The parameters are ⟨𝑘⟩ = 4, 𝜔 = 0.92, 𝜇 = 2.44, and 
𝛿 = 1. (a) The system exhibits three distinct phases, low-activity (inactive) state 𝑋0, high-activity (active) state 𝑋1, and an unstable intermediate state 𝑋2, as the 
clustering coefficient 𝑐 varies. The phase 𝑋2 is a mathematical solution but is not realized in simulations, which instead show bistability between 𝑋0 and 𝑋1
depending on the initial conditions. (b) Random noise added to the system does not destabilize the inactive state, indicating its stability. (c) Time evolution 𝑋(𝑡)
shows switching between the two stable states, highlighting bistability. (d) Once in the active phase, the system maintains high activity over time, demonstrating 
the robustness of the repaired state.

Networks often experience significant loss of resilience following damage, resulting in abrupt transitions from stable to 
undesirable states [19,20]. To mitigate such catastrophic consequences, network repair mechanisms have been proposed, including 
centrality-based approaches [21,22], reconnecting fragmented clusters [23–25], and defending against localized attacks [26]. A 
recent study demonstrated that in loop-free networks, controlling specific nodes can drive the system toward a desired state, 
facilitating recovery from network failures. This approach represents a form of macroscopic intervention or activation [27]. However, 
in clustered networks, the presence of triangular structures results in short loops, which may influence the effectiveness of external 
control [28]. Therefore, understanding how macroscopic activation can be applied to clustered networks and the role of clustering 
in the repair process is essential.

In this paper, the repair of clustered networks through external activation is investigated, with clustered networks generated using 
a double Poisson distribution (DPD) [29]. Network resilience is evaluated by measuring average activity, which evolves according 
to three dynamic processes: neural, cellular, and spin dynamics. Our results show that the clustering coefficient tends to facilitate 
the repair process, although its effects may vary with the dynamical context. Networks with higher clustering coefficient exhibit 
increased activity, indicating that, under identical external activation conditions, they are more likely to be repaired. Notably, 
we identified a linear scaling relationship between the clustering coefficient and the external activation required for intervention, 
with both threshold points displaying relatively close scaling exponents. Furthermore, these results were consistent across the three 
distinct dynamic processes analyzed. These findings contribute to a deeper understanding of repair mechanisms in clustered networks 
and offer valuable guidance for the design of highly resilient systems.

2. Models

Clustering, characterized by the presence of local short loops, is a prominent structural feature observed in many real-world 
networks. Clustered networks can be modeled as a random graph defined by a joint degree distribution 𝑃 (𝑠, 𝑡), where 𝑡 represents 
the triangles attached to a node and 𝑠 represents the single edges that do not belong to any triangles. Assuming that triangles do 
not share an edge, the degree distribution is expressed as 𝑃 (𝑘) = ∑∞

𝑠,𝑡=0 𝑃 (𝑠, 𝑡)𝛿(𝑘, 𝑠 + 2𝑡) [15], where 𝛿(𝑥, 𝑦) is the Kronecker delta 
function. The clustering coefficient 𝑐 significantly influences network behavior, affecting both local redundancy and the overall 
behavior of dynamical processes on networks.

To explore the dynamics of clustered networks, we consider a network of 𝑁 nodes, represented by an undirected adjacency 
matrix 𝐴 . Each node 𝑖 is associated with a time-dependent activity variable 𝑥 (𝑡), which can denote various quantities depending 
𝑖𝑗 𝑖
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Fig. 2. The equilibrium average activity 𝑋 as a function of 𝜔 for different values of 𝑐, with a network size of 𝑁 = 10,000 and an average degree of ⟨𝑘⟩ = 6. 
Each column represents a different dynamic model in the following sequence: neural, cellular, and spin dynamics. The first row represents a network without 
activation (𝑟 = 0), while the second row represents an activated network (𝑟 = 0.1). (a) and (d) 𝜇 = 2.44, 𝛿 = 1, and 𝐻 = 5. (b) and (e) 𝐵 = 1, 𝑎 = 1, ℎ = 2, and 
𝐻 = 5. (c) and (f) 𝐻 = 1. Simulation results (symbols) show excellent agreement with theoretical results (solid lines). Unstable solutions (dashed lines) do not 
appear in the simulations.

on context, such as the probability of infection in epidemic spread [30,31], the concentration in reaction processes [32,33], or the 
gene expression level in biological systems [34]. The temporal evolution of node activity follows the generic dynamic equation [35] 

d𝑥𝑖
d𝑡

= 𝐹 (𝑥𝑖) + 𝜔
𝑁
∑

𝑗=1
𝐴𝑖𝑗𝐺1(𝑥𝑖)𝐺2(𝑥𝑗 ), (1)

where 𝐹 (𝑥), 𝐺1(𝑥) and 𝐺2(𝑥) represent coupling terms mediated by network interactions. The constant 𝜔 controls the interaction 
strength. By applying the Gao–Barzel–Barabási [36] dimensional reduction framework, the high-dimensional dynamics reduce to a 
one-dimensional equation 

d𝑋
d𝑡

= 𝐹 (𝑋) + 𝛽𝐺1(𝑋)𝐺2(𝑋), (2)

where the resilience parameter 𝛽 =
1
𝑁

∑𝑁
𝑖=1(𝜔𝑘𝑖)

2

1
𝑁

∑𝑁
𝑖=1 𝜔𝑘𝑖

= 𝜔 ⟨𝑘2⟩
⟨𝑘⟩  and average network activity 𝑋(𝑡) = 1

𝑁⟨𝑘⟩
∑𝑁

𝑖=1 𝑘𝑖𝑥𝑖(𝑡). When the network 

reaches equilibrium (𝑡 → ∞), substituting ⟨𝑘2⟩
⟨𝑘⟩ = ⟨𝑘⟩

1−𝑐 + 1 into the reduced equation yields the resilience function of the clustered 
network: 

𝜔(
⟨𝑘⟩
1 − 𝑐

+ 1) = −
𝐹 (𝑋)

𝐺1(𝑋)𝐺2(𝑋)
. (3)

This relationship highlights how clustering directly alters the effective resilience of the network by modulating its structural response 
to perturbations. As illustrated in Fig.  1, this effect can shift the system between active and collapsed states, emphasizing the 
importance of clustering in both network function and repair.

To model the repair process of a failed clustered network, we introduce a control scheme that divides the set of all nodes  into 
two disjoint subsets: , representing the free nodes, and , representing the controlled nodes. The modified dynamics are given by 

⎧

⎪

⎨

⎪

d𝑥𝑖
d𝑡

= 𝐹 (𝑥𝑖) + 𝜔
𝑁
∑

𝑗=1
𝐴𝑖𝑗𝐺1(𝑥𝑖)𝐺2(𝑥𝑗 ) 𝑖 ∈ 

. (4)
⎩
𝑥𝑖 = 𝐻 𝑖 ∈ 
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Fig. 3. Activation success rate 𝜂 as a function of the control node fraction 𝑟 for different clustering coefficient 𝑐, with parameters 𝑁 = 10,000 and ⟨𝑘⟩ = 6. (a) 
Neural dynamics with 𝜇 = 2.44, 𝛿 = 1, 𝐻 = 5 and 𝜔 = 0.66. (b) Cellular dynamics with 𝐵 = 1, 𝑎 = 1, ℎ = 2, 𝐻 = 5 and 𝜔 = 0.22. (c) Spin dynamics with 𝐻 = 1
and 𝜔 = 0.08. (d)–(f) Critical thresholds 𝑟1 and 𝑟2 as functions of 𝑐.

Fig. 4. Phase diagrams in the (𝑐, 𝑟) and (𝑐,𝐻) planes of a clustered network with 𝑁 = 10,000 and ⟨𝑘⟩ = 6. (a) Neural dynamics with parameters 𝜇 = 2.44, 𝛿 = 1, 
𝐻 = 5, and 𝜔 = 0.78. (b) Cellular dynamics with 𝐵 = 1, 𝑎 = 1, ℎ = 2, 𝐻 = 5, and 𝜔 = 0.27. (c) Spin dynamics with 𝐻 = 1 and 𝜔 = 0.15. (d) Neural dynamics with 
𝜇 = 2.44, 𝛿 = 1, 𝑟 = 0.1, and 𝜔 = 0.83. (e) Cellular dynamics with 𝐵 = 1, 𝑎 = 1, ℎ = 2, 𝑟 = 0.1, and 𝜔 = 0.28. (f) Spin dynamics with 𝑟 = 1 and 𝜔 = 0.19.

where nodes in  are externally activated and held at a constant high activity level 𝐻 , while the remaining nodes in  evolve 
according to the original dynamic equation. The average activity of the forced network is then computed as 

𝑋(𝑡) = 1 (
∑

𝑘𝑖𝑥𝑖(𝑡) +
∑

𝑘𝑖𝐻). (5)

𝑁⟨𝑘⟩ 𝑖∈ 𝑖∈
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We assume that the distribution of 𝑥𝑖(𝑡) is narrow and that the dynamic functions (𝐹 ,𝐺1, 𝐺2) are approximately linear, which 
allows us to rewrite it as 

𝐺2(𝑋) = (1 − 𝑟)𝐺2(𝑋→) + 𝑟𝐺2(𝐻), (6)

where 𝑟 = ||
|| = ||

𝑁 , and 𝑋→ represents the average of the nodes in the set . For smaller values of 𝑟 and an appropriate 𝐻 , 
𝑋→ ≈ 𝑋. Substituting new Eq. (6) into Eq. (3), we obtain a self-consistent equation for 𝑋: 

𝜔(
⟨𝑘⟩
1 − 𝑐

+ 1) = −
𝐹 (𝑋)

𝐺1(𝑋)((1 − 𝑟)𝐺2(𝑋) + 𝑟𝐺2(𝐻))
. (7)

3. Results

3.1. Multi-stability of clustered network

To evaluate the generality of this framework, we apply it to three dynamic processes, neuronal, cellular, and spin dynamics:
(1) Neuronal dynamics, as described by the modified Wilson–Cowan model [37], are governed by 

d𝑥𝑖
d𝑡

= −𝑥𝑖 + 𝜔
𝑁
∑

𝑗=1
𝐴𝑖𝑗

1
1 + e𝜇−𝛿𝑥𝑗

. (8)

(2) Cellular regulatory dynamics, as described by the Michaelis–Menten model [34], are expressed by 
d𝑥𝑖
d𝑡

= −𝐵𝑥𝑎𝑖 + 𝜔
𝑁
∑

𝑗=1
𝐴𝑖𝑗

𝑥ℎ𝑗
1 + 𝑥ℎ𝑗

. (9)

(3) Spin dynamics, based on the modified Ising-Glauber model [38], follow 
d𝑥𝑖
d𝑡

= −𝑥𝑖 + 𝜔
𝑁
∑

𝑗=1
𝐴𝑖𝑗

𝑥2𝑗
artanh(𝑥𝑗 )

. (10)

We begin by analyzing a clustered network without external activation (𝑟 = 0). Fig.  1, which uses neuronal dynamics as an 
example, demonstrates that the macroscopic state of the network is independent of its structure and is solely determined by its 
dynamic function. However, the specific state of the network is determined by the network’s clustering coefficient 𝑐. By varying 
the values of 𝑐, three distinct phases can be observed in the network: suppressed low-activity (inactive), high-activity (active) 
unstable intermediate state, as shown in Fig.  1(a). To specifically assess how the clustering coefficient influences system stability, 
we introduced additional external perturbations. As illustrated in Figs.  1(b) and (d), networks with both low and high clustering 
coefficient 𝑐 exhibit stable dynamic behavior, which ensures resistance to external perturbations. In contrast, Fig.  1(b) shows that 
when 𝑐 falls within an appropriate range, the network enters a bistable state, where its can undergo significant changes due to 
perturbations. This observation indicates that, under otherwise identical conditions, networks with lower 𝑐 are more prone to 
transitioning into a failure state characterized by low activity. It is worth noting that, due to the inherent stability of the failed 
state, simply increasing the clustering coefficient is insufficient for the network to autonomously recover to a high-activity state 
through internal fluctuations alone.

Figs.  2(a)–(c) show the average activity 𝑋 of different dynamic models as a multi-valued function of 𝜔, with simulations (symbols) 
and theory (lines). At low values of 𝜔, the system resides in an inactive state (brown), while increasing 𝜔 beyond a certain threshold 
leads to either a high-activity state or a bistable regime. During this transition, the specific state activity level of the network 𝑋
is modulated by the clustering coefficient 𝑐. The results reveal a positive correlation between 𝑐 and the average activity 𝑋. Across 
all three dynamic models, it is observed that the impact of the clustering coefficient on network resilience is only evident when 
the network enters a highly active state. Furthermore, we investigate the impact of the clustering coefficient 𝑐 during the network 
repair process, facilitated by external activation.

3.2. Control node to activate the clustered network

To repair the clustered network, a fraction 𝑟 of nodes is selected, as control nodes, which are externally activated and maintained 
at a high activity level 𝐻 . When 𝑟 = 0.1, the phase diagrams shown in Figs.  2(d)–(f) differ significantly from those without activation, 
with the inactive and bistable regions being substantially reduced. Furthermore, the clustering coefficient 𝑐 continues to enhance the 
network’s activity 𝑋, a role that is independent of 𝑟. Fig.  3 illustrates the relationship between clustering coefficient 𝑐 and activating 
success rate 𝜂, which is defined as the proportion of successful recoveries among 1000 independent reigniting trials, ranging from 
𝜂 = 0 (no successes) to 𝜂 = 1 (complete success). A continuous transition is observed as 𝑟 increases, with a sharp transition from 
complete activation failure (𝜂 = 0) to full success (𝜂 = 1), as shown in Figs.  3(a)–(c). These results demonstrate that variations in 𝑐
not only influence the final steady state of the network but also affect the efficiency of interventions. Further analysis reveals that, 
for neural and cellular dynamics, networks with high clustering coefficient 𝑐 can be restored with relatively low activation, whereas 
the opposite is observed for spin dynamics. The critical points at which 𝜂 transitions from zero to a positive value are denoted as 𝑟1, 
and those at which 𝜂 transitions from less than one to one are denoted as 𝑟2. The dependence of 𝑟1 and 𝑟2 on 𝑐 is examined in Figs. 
3(d) and (e), where both thresholds decrease linearly with increasing 𝑐 in neural and cellular dynamics, suggesting that greater 
5 
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clustering lowers the cost of repair. However, a contrasting trend is observed in the spin dynamics, as shown in Fig.  3(f). This 
discrepancy stems from the symmetric bistability illustrated in Fig.  2(c), with competition between free nodes in  and controlled 
nodes in  dominating the system’s dynamics. In this case, the system is more easily repaired when the clustering coefficient is low, 
while higher clustering makes recovery increasingly difficult.

Considering that both external intervention and network clustering jointly influence the repair process, two phase diagrams (𝑐, 𝑟)
and (𝑐,𝐻) are constructed to explore their relationship. Across all three dynamics, the system exhibits three qualitatively distinct 
regions, Functional, Bistable, and Inactive. As shown in Fig.  4(a), for neural dynamics, increasing both 𝑟 and 𝑐 results in a reduction 
of the Inactive region, enhancing the network’s ability to repair from failures. Similar trends are observed in Fig.  4(b) for cellular 
dynamics. However, Fig.  4(c) shows that for spin dynamics, while a higher 𝑟 still promotes repair, an increase in 𝑐 has a suppressive 
effect, consistent with prior observations. Furthermore, when 𝑟 is held constant, as shown in Figs.  4(d)–(f), increasing 𝐻 effectively 
drives the system into the Functional region. This indicates that both 𝑟 and 𝐻 serve as measures of intervention intensity, and their 
amplification enhances the likelihood of successful recovery. The phase diagrams, which incorporate the controlling parameters 𝑐, 
𝑟, and 𝐻 , reveal how the network’s state can be reshaped, thereby defining the conditions under which repair is possible.

4. Conclusion

This study investigates the repair of failed clustered networks through external activation, revealing that external intervention 
and clustering both influence the repair process. In particular, the clustering coefficient emerges as a key structural parameter 
that significantly enhances network resilience during recovery. The activation success rate, 𝜂, is analyzed as a function of both the 
clustering coefficient, 𝑐, and the proportion of control nodes, 𝑟. Our results show a sharp transition in 𝜂–from an irreparable to 
a repairable state–occurring through a critical region as 𝑟 increases. Two critical thresholds, 𝑟1 and 𝑟2, are identified, delineating 
this transition, and both are found to scale linearly with 𝑐, exhibiting nearly identical scaling exponents. The robustness of the 
proposed model is further demonstrated across three distinct dynamical processes, underscoring its adaptability. Overall, these 
findings improve our understanding of resilience in clustered networks and offer insight into the design of systems capable of 
efficient recovery.

Future work may consider extending the current framework to incorporate more complex structural configurations, such as 
overlapping triangles or correlated subgraphs, in order to better capture local clustering effects. In addition, investigating adaptive 
activation strategies and generalizing the model to time-varying or multilayer networks would further enrich the applicability of 
the proposed approach.
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