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We develop a discrete counterpart of the De Giorgi—Nash—-Moser theory, which provides uniform
Holder-norm bounds on continuous piecewise affine finite element approximations of second-order linear
elliptic problems of the form —V - (AVu) = f — V - F with A € L°°(£2;R"*") a uniformly elliptic
matrix-valued function, f € LY(§2), F € [P (£2;R"), with p > n and ¢ > n/2, on A-nonobtuse shape-
regular triangulations, which are not required to be quasi-uniform, of a bounded polyhedral Lipschitz
domain 2 C R™.
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1. Introduction

Given a bounded domain £2 C R”, a uniformly elliptic matrix-valued function A € L*(§£2;R""), a
function f € L9(§2) with ¢ > n/2 and a vector-valued function F' € [P (§2;R") with p > n, it is well
known from the work of De Giorgi, Nash and Moser that weak solutions u € WOI’Z(SZ) to the elliptic
boundary value problem

—V-(AVu)=f—-V_-F on £2,
u=>~0 on 452

(1.1

are in fact Holder continuous. The combination of the De Giorgi—Nash—Moser iteration technique based
on level sets and a Caccioppoli-type inequality, which estimates the norm of |Vu/| locally in terms of the
norms of u and f, is in fact flexible enough to be applied to a variety of nonlinear elliptic or parabolic
problems. For further details we refer, for example, to DiBenedetto (1993) and Diening et al. (2019).
While the finite element method is one of the most general and powerful techniques for the
numerical approximation of solutions to partial differential equations (PDEs), there is currently no
discrete counterpart of the De Giorgi—-Nash—Moser theory for elliptic boundary-value problems of the
form (1.1) under the regularity hypotheses on the functions A, f and F stated above. Our aim here is to

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http:/creativecommons.org/licenses/by/4.
0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ


https://doi.org/10.1093/imanum/drab029
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

DISCRETE REGULARITY 1847

fill this gap by identifying conditions under which De Giorgi-type regularity results hold in the discrete
setting, for continuous piecewise affine finite element approximations of problem (1.1).

We begin by surveying the related literature. The first step towards proving Holder regularity is
usually a local L°°-norm bound. The earliest result in this direction in the finite element literature
appears in the work of Nitsche (1970), who proved an O(h) error bound in the L°°(§2)-norm for elliptic
equations of the form —V - (AVu) 4+ cu = f in two space dimensions with A € WI’OO(Q;IRZXZ),
c € L®(2),f € L*(£2) on convex domains £2, subject to a homogeneous Dirichlet boundary condition,
and a continuous piecewise affine approximation on (o — «)-regular triangulations of granularity 2 > 0
(i.e., the size of any angle in the triangulation is bounded below by « and the ratio of the side lengths of
any two triangles in the triangulation is bounded above by «). It was proved by Helfrich (1971) that for
f € L*(£2) and a continuous piecewise affine finite element approximation, this error bound cannot be
improved. Subsequently, Ciarlet & Raviart (1973) extended Nitsche’s O(h) error bound in the L*°(£2)-
norm to n space dimensions assuming that f € L9(£2) and ¢ > n/2, on regular simplicial subdivisions
of non-negative type; in the case of Poisson’s equation in two space dimensions, a triangulation is
guaranteed to be of non-negative type if all the angles of the triangles of the triangulation are < 7 /2. The
question arose, therefore, whether an error order O(h?) with f € L*(£2) and a continuous piecewise
affine finite element approximation could perhaps be proved, as numerical experiments conducted at
the time appeared to indicate that such an assertion might be true. On a polygonal domain in R? with a
quasi-uniform triangulation, f € L°°(£2) and a finite element space consisting of piecewise affine
functions, Natterer (1975) was able to prove an OH2¢) bound on the approximation error in the
L*(£2)-norm, for Poisson’s equation —Au = f subject to a homogeneous Dirichlet boundary condition
using a technique based on weighted Sobolev spaces. Soon thereafter, Schatz & Wahlbin (1977) proved
a local L°°-best-approximation property. They analysed approximate solutions to the elliptic equation

—V-A®)Vu) +bx)-Vu+dx)u=f

for smooth uniformly positive definite matrix-valued functions A, vector-valued functions b and scalar-
valued functions ¢ on a quasi-uniform and shape-regular triangulation with a few additional technical
assumptions on the finite element space that are, for example, satisfied by Lagrange or Hermite
elements. Their final result is the following estimate between the analytical solution u and its finite
element approximation u,, on a triangulation of §2 of granularity / € (0, 1):

1 T
llu — Mh”LDO(Ql) < C((log E) llu — x ||L°°(.Q) + llu— uh”w—s,q((g)) .

Here, W—59(£2) is the dual space of the Sobolev space Wé’q/(.Q) withs > 0,1 < g < coand 1 +% =1;
the exponent 7 is 0 if the optimal approximation order in terms of 4 with which finite element functions
can approximate functions in the L7(£2)-norm is 3 or higher and is 1 if this order is 2 (as is the case for
a continuous piecewise affine finite element approximation); y is an arbitrary finite element function;
and £2, € §2 and C is a positive constant independent of /4 and x. The proof of this result is based
on pointwise estimates using the discrete Green’s function. This also implies that its generalization to
nonlinear equations, using the same technique, is impossible.

Subsequently, Haverkamp (1984) and Blum er al. (1986) proved that with a continuous piecewise
affine finite element approximation the error of order ||u — u,, || Lo(02) is not O(hz) in general, even if the
data are smooth; for higher-degree piecewise polynomial spaces, an optimal-order error bound in the
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L*°(£2)-norm, without the additional logarithmic factor, was already known to hold (cf. Scott, 1976).

A uniform Holder-norm bound on the sequence of finite element approximations can also be
obtained from a uniform W!”(£2)-norm bound for p > n thanks to the continuous embedding of
WP (£2) into C¥(£2) with @« = 1 — n/p guaranteed by Morrey’s embedding theorem. Rannacher &
Scott (1982) showed that the Ritz projection onto spaces of continuous piecewise affine finite elements
in two space dimensions is bounded in the Sobolev space W' (£2) for 2 < p < oo on triangulations
that satisfy the condition that each triangle in the triangulation contains a circle of radius ¢,/ and is
contained in a circle of radius c,h, with positive constants ¢; and c¢,; they used this to prove that for
functions in W(;’p (£2) N W2P(£2) the approximation error behaves like O(h) in the norm of W'»(£2) for
2 < p < oo and like O(hz) in the norm of L”(£2) for 2 < p < oo. In all these cases, the additional
logarithmic factor, which appeared in previously published error bounds for continuous piecewise affine
finite elements, was shown not to occured.

More generally, for elliptic problems of the form —V - (AVu) = f — V- F, with A € L*°(§2;R"*") a

uniformly elliptic matrix-valued function, f € L!% (£2) and F € [P (82;R™™), p € (1,00), subject to a
homogeneous Dirichlet boundary condition, on a bounded open convex polytopal domain £2 C R”,
n € {2,3}, as a direct consequence of Brenner & Scott, (2008), Proposition 8.6.2 and Grisvard,
(1976), Theorem 5.1, one obtains a uniform W!¥(£2)-norm bound on a sequence of finite element
approximations on quasi-uniform triangulations, for all p € (2,2 4 ¢) for some, possibly small, ¢ > 0.
This can be seen as a discrete counterpart of a Meyers-type regularity estimate. Hence, in two space
dimensions at least (n = 2), thanks to Morrey’s embedding theorem a uniform Holder-norm bound on
the sequence of finite element approximations on quasi-uniform triangulations directly follows (cf. Ko
et al., 2018, Theorem 3.20). In dimensions n > 3, however, such an indirect argument for deriving a
uniform Holder-norm bound does not work. Our aim here is therefore to develop a discrete De Giorgi
theory that will directly yield such uniform Hoélder-norm bounds, without assuming quasi-uniformity of
the triangulation. For continuous piecewise affine finite element approximations of Laplace’s equation
Au = 0 at least, Aguilera & Caffarelli (1986) proved via a De Giorgi—type argument an A-uniform
C*-bound, assuming quasi-uniformity, shape regularity and uniform acuteness of the triangulation.
Their paper asserts, without providing a proof, that the result generalizes to more complicated
equations.

Yet another approach is to deduce a uniform Holder-norm bound from a uniform W' (§2)-norm
bound. Guzmdn et al. (2009) considered the finite element approximation of the Poisson problem

—Au=f in$2,
u=0 ondf2

(1.2)

in three space dimensions. They established a best approximation result in the W'°°(£2)-norm for
convex polyhedral domains. Previous results, based on weighted L?(§2)-norm bounds, required W27 (£2)
regularity for p > 3, which imposed an upper bound on the dihedral angles of the domain. The
approach of Guzman et al. (2009) proceeds by establishing sharp Holder-norm bounds on the first
partial derivatives and the second mixed derivatives of the Green’s function, requiring only W1 (£2)
regularity, thus avoiding the maximum angle condition. A quasi-uniform family of triangulations is
assumed in conjunction with a conforming finite element space S, consisting of continuous piecewise
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polynomials of degree k > 1 and a smooth right-hand side f, in order to prove that
IV (=)l ooy < Cxigsf IV =0l o 2), (1.3)
h

where u;, € §) is the finite element approximation of the analytical solution u of problem (1.2). By
taking x = 0 followed by application of the triangle inequality, this implies that

IViyll oo (@) < ClIVullpoo(y-

Together with standard regularity theory for solutions to equation (1.2) with a smooth right-hand side f
and the embedding W' (£2) < C%(£2), this inequality implies a uniform Hélder-norm bound on uy,,
on quasi-uniform families of triangulations at least.

Dolzmann (1999) proved a priori bounds and optimal error estimates on quasi-uniform families
of triangulations for continuous piecewise affine finite element approximations of elliptic systems in
divergence form with continuous coefficients contained in Campanato spaces and extended the bounds
of Rannacher & Scott (1982) to elliptic systems.

All of the results we have cited so far exclude highly graded, adaptively refined triangulations. The
most common condition that is required to hold within a local adaptive refinement process (see, for
example, Stevenson, 2008) is shape regularity (see Definition 3.2). This raises the question whether
any of the above results can be derived assuming shape regularity of the family of triangulations
only. We note in this respect that Demlow ef al. (2012) have obtained a best approximation property
as in inequality (1.3) for solutions to the Poisson problem (1.2) for f € L°°(£2) on slightly graded
triangulations, i.e., the local mesh size is only varying slowly, in two and three space dimensions.
The approach is again based on Galerkin orthogonality and pointwise bounds on the discrete Green’s
function.

Let us now briefly discuss our results. Theorem 6.2 provides a uniform a priori Holder-norm bound
on sequences of continuous piecewise affine finite element approximations of the scalar elliptic problem
—V - (AVu) = f — V - F subject to a homogeneous Dirichlet boundary condition. We will require
shape regularity only, thus admitting highly graded finite element triangulations. Our bounds require
that A € L°°(§2;R™ ") only; in particular, we will not demand Hoélder continuity or Campanato
regularity of A. Our results are therefore a useful first step towards the development of similar bounds for
more complex, nonlinear elliptic problems, such as p-Laplace-type equations that arise in mathematical
models of non-Newtonian fluids (Barrett & Liu, 1993a,b, 1994; Liu & Barrett, 1996). As a matter of
fact, it is the finite element approximation of the models of non-Newtonian fluids considered in Ko
et al. (2018) and Ko & Siili (2019) that motivated the work reported in this paper. Little seems to be
known about uniform L°°- and C*-bounds on shape-regular families of triangulations for such nonlinear
elliptic equations. For approximate solutions of the p-Laplace equation —V-(|Vu|P~>Vu) = 0, a discrete
maximum principle has been proved by Diening et al. (2013).

The discrete De Giorgi—type iteration developed here is flexible enough to be applicable to
continuous piecewise affine approximations of uniformly elliptic nonlinearities; see Theorem 6.7. On
the other hand, we have to assume the existence of a function G € L7 (£2;R") suchthat V- (G+F) <0
in the sense of distributions (cf. Definition 4.6); this assumption is clearly satisfied if F is a constant
vector field, but it also holds in a number of nontrivial cases. We also require the triangulation to be
A-nonobtuse. Even when A is the identity matrix, in which case A-nonobtuseness becomes the standard
requirement of nonobtuseness, this condition is restrictive. In general, common algorithms (for example,
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the one proposed in Stevenson, 2008) for local mesh refinement produce obtuse angles. However, our
analysis avoids imposing the assumption of uniform acuteness, which was required by Aguilera &
Caffarelli (1986); this allows us to admit important special cases such as the n-dimensional hypercube
with a Kuhn-simplex triangulation that gets locally refined. Nor do we require quasi-uniformity of the
family of triangulations. To the best of our knowledge, the proof of the uniform Hoélder-norm bound on
sequences of continuous piecewise affine finite element approximations established herein is the first
that admits highly graded triangulations.

2. C%-regularity of approximate solutions to linear elliptic equations

In this section we will establish a priori regularity results for approximate solutions to linear elliptic
partial differential equations. We begin with a brief overview of the ‘continuous’ De Giorgi theory for
equations of this type and introduce different meshes and mesh conditions. Subsequent sections will
focus on developing a discrete De Giorgi theory.

2.1 Notational conventions

Before we start we have to introduce certain notational conventions. For two non-negative expressions
a and b, we will write a < b if there is a positive constant C such that a < Ch. We will write a 2 b
if there is a constant ¢ > 0 such that a > ¢b. If we have a < b and a = b, we will write a ~ b. The
maximum of two real numbers a and b will be denoted either by max{a, b} or in short by a v b. The
positive part of an expression u will be denoted by u, :=u Vv 0.

When working with Holder spaces, an important quantity is the oscillation of a bounded function
v: 2 — R on a domain 2. For any open or closed set A C 2, we define

oscv = supv — infv.
A A A

We will denote the Lebesgue measure of a measurable set A C R” by |A| and its characteristic function
by Xx4-

2.2 Auxiliary results

We summarize here some elementary inequalities that will play a crucial role in the arguments that will
follow. The first of these is easily proved by induction.

LeEmmMA 2.1 (Fast geometric convergence; cf. DiBenedetto, 1993, Chapter I and Lemma 4.1) Leta > 0,
C > 0and b > 1 be real numbers and (a;) a sequence of non-negative real numbers with the properties

|
0<a <Chat™,  0<ay<Cab o,

1 _ ltka
Then we have g, < C"«b > — Qask — oo.

By applying Lemma 2.1 to the sequence (';—’(), we deduce the following result.
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CorROLLARY 2.2 Leta > 0,C > 0,b > 1 and y > 0 be real numbers and (g;) a sequence of
non-negative real numbers, such that
a o
0 < ak+l < Cbkak (_k) .
14

1

Then we have g — O as k — ooifaogyC_éb o2,

LEmMMA 2.3 (cf. Aguilera & Caffarelli, 1986, A2) Suppose that a sequence («;) of non-negative numbers
satisfies

ap g < olay — a ), k>1,

for some bounded, non-negative sequence (c;). Then we have

Proof. Since we necessarily have a; > a; | > 0, we get via a telescoping sum

k k
kak+1 Z Z —a; 1) < (r{‘g]z‘ci) (“1 - ak+1) < (ma”) ap.
l: : ~X

i<k

Dividing by k and taking the square root concludes the proof. 0

LEMMA 2.4 (cf. Beck, 2016, Lemma B.3) Assume that ¢ (p) is a real-valued, non-negative, nondecreas-
ing function defined on the interval [0, R;]. Assume further that there exists a number o € (0, 1) such
that for all R < Ry, we have

¢ (0R) < (6% +k)p(R) + CR*?

for some non-negative constant C, some number « > 0 and positive exponents ¢«; > «,. Then there
exists a positive number k; = k (0, @y, ®,) such that for k < k and all » < R < R we have

& (r) < c(o, 0y, ay) ((1%)”2 o(R) +Ar"‘2).

2.3 Local Holder continuity in the continuous case

First, we will present a brief overview of the proof of the local Holder continuity of weak solutions to
elliptic equations. This is, by now, a classical result in the PDE analysis literature; however, since our
proof of the discrete counterpart of this result proceeds along similar, but much more technical lines,
readers may find this short overview helpful, regardless. The main ideas of the proof have been used
in Caffarelli & Vasseur (2010). For simplicity, we will restrict ourselves to the homogeneous case. We
begin by proving the Caccioppoli inequality stated in the next theorem.
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THEOREM 2.5 Let £2 C R” be a domain and A € L*°(£2;R"*") a uniformly elliptic matrix, i.e., there
is a ¢ > 0 such that

AV v = v 2.1

forany v € R” and x € £2. Let u € W'2(£2) be a weak solution to V - (AVu) = 0, i.e.,

/ AVu-Vedr=0 (2.2)
2
forall ¢ € W(%’z(.Q). Then we have
][ IV (u — C)+|2|n|2dx,€][ l(u — ) [*|Vn|* dx 2.3)
supp n supp 7

for any function n € C3°(£2) and any ¢ > 0, where (u —¢) | = (u —¢) V0.

Proof. We test equation (2.2) against ¢ = (u — c)+n2. Note that Vu = V(u —¢) = V(u — ¢), on
supp (u — ¢) . This gives

Oz][ AVu-V(n2(u—c)+)dx
supp 7

2.4
:][ AV(u—c), - V((u—c)+)n2dx+][ AV —c), -2V —c), dx 2P
supp 7] supp 7
=141l
We use the uniform ellipticity of A to deduce that
Iz][ |V (u — ¢),|*n* dx. (2.5)
supp 7
The boundedness of A, Holder’s inequality and Young’s inequality yield
|11|§][ V(=) [InllVnll(u —c), [dx
supp 7]
(2.6)

< e][ IV(u— ), 1*n)* dx + cg][ I —¢)[*|Vn|* dx.
suppn suppn

Inserting the inequalities (2.5) and (2.6) into equation (2.4) and absorbing the first term of II into /
proves the claim. d
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THEOREM 2.6 Let 2 C R”" be a domain and A € L*(£2;R"*") a uniformly elliptic matrix. Let
ue W1’2(.Q) be a weak solution to V - (AVu) = 0. Then we have, for every ¢ > 0,

sup [(—0), 2 < ][ = o), P d @.7)
B(xo,R) B(x0,2R)

for any ball B(x,, R) with B(xy,2R) C £2.

Proof. We define y, = y,, (1 —27%) and B, := B (x), (1 +27%) R) where y,, > 0 is to be chosen
later. Clearly, yy = 0, lim;_, ., ¥, = Vs and B(xy,2R) = By D By D --- D By D By, D -+ D
B(xy, R). We then define compactly supported C*°-functions ¢, such that

suppo, C B;, 0< ¢ <1,

¢k =1on Bk-‘rl’ (28)
Vel S R 12,
and the sequence
2
U, ;:][ | — ¢ =y, | 1 )* dx, k=0,1,.... (2.9)
B(x0,2R)

We use scaling-invariant norms |||-|||p with p € [1, 00) defined by ||[f|||£ = fB(xo,ZR) |f|P dx and apply
Holder’s inequality, the Sobolev embedding theorem and equation (2.3) to get (assume that n > 3 for
simplicity, and let 2* := 2n/(n — 2) denote the critical Sobolev index; the bounds below are easily
adjusted in the case of n = 2 to reach the desired conclusion by choosing 2* as a large positive integer)

Uy =< M= € = 10 4 SelI2 M X e ypsupp o 12
S RNV = ¢ = 7)1 BN X ey rsupp e I
(2.10)
SR (V@ = e = v D@l + 1@ — ¢ = v Vorlllz ) 1l I
~ Vi) + )Pk 2 Vi) + kllp X{u—c>yk}ﬁsupp¢k n
SR = ¢ = 1)1 VIS N X ey rsupp o 1
where in the transition to the last line we applied Theorem 2.5. For the first factor on the right-hand side

in the final line of inequality (2.10), we use that [V, | < R~ 2% and ¢r_1 = 1 on supp ¢, and that (y;)
is a monotonically increasing sequence, to get

1= = v Vorlls S R2% N — ¢ = v )y b lIl3- (2.11)

On {u — ¢ > y;} we have

U=C—= Y1 > Vi — Vo1 = Voo (2‘("‘” - 2"‘) =y 27k 2.12)
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Furthermore, recall from (2.8) that ¢, _; = 1 on supp ¢,. Together with inequality (2.12), this yields

/ [(u—c— yk—1)+]2¢]%71 dx > / X{u—c>yk}[(u —Cc—= yk—l)—i-]2 dx
B(x0,2R) supp ¢ (2.13)

> v 2 Hlsupp o N {u — ¢ > ).

We can use inequality (2.13) to obtain the following weak-type estimate:

~

2 :
”lX , A |||2 — ('Supp¢kﬂ{u_c> J/k}|)n <22k I”(u_c_yk—l)+¢k—l|”§ . (214)
{u—c>yr}Nsupp ¢ !y |B(x0,2R)| ygo

Inserting inequalities (2.11) and (2.14) in inequality (2.10) yields, with a positive constant C,
independent of y_ and k,

2
00

U, n
3k k—1
Uk<C2 Uk—l( ) N k:1,2,

This then allows us to apply Corollary 2.2 with b = 2% anda = 2/nand y = yozo = C"/223"2/4U0, to
deduce that U, — 0 as k — o0, and therefore (u —c —y,,), = 0a.e. on B(xy, R), regardless of the sign

of u — c¢. Hence, |(u — C)+|2 < yozo on B(xy, R). On the ball B(xy, R) € (< Supp 7 this means that

|(u—c>+|2<y§o~Uo<][ [ — o), 12 dx
B(x0.2R)
because y, = 0 and 0 < ¢, < 1, which then implies (2.7). O

From this result, one can deduce the local C*-continuity of weak solutions.

THEOREM 2.7 Let 2 C R" be a domain and A € L°°(£2;R"*") a uniformly elliptic matrix-valued
function. Let u € W!2(£2) be a weak solution to V - (AVu) = 0. Then there is an > 0, such that

oscu < Cr*
B(x,r)
for all r € (0, R] such that B(x,4R) C §2.
To prove Theorem 2.7, we require the following intermediate result.

LeEmMA 2.8 Under the assumptions of Theorem 2.7, for each y € (0, 1) there exists a t € (0, 1) that
depends on y such that for every ball B(x,, R) such that B(xy,4R) C £2, with u < 1 on B(x,,4R) and

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ



DISCRETE REGULARITY 1855

H{u < 0} N B(xy, 2R)| = y|B(xy,2R)|, we have

sup u<1—r. (2.15)
B(x0.R)
Proof. We define
—k 1
Api=1-=-277, u, 1= ﬁ(u — A A, = B(xy,2R) N {u;, > 0}.
— Mk

As, by hypothesis, u < 1 on B(x,,4R), it follows that 0 < u;, < 1 on A;. By applying Theorem 2.6 to
uy,, we deduce that

1

1
2 1 A
sup u; < (7[ |uk|2dx) = (— g | ) < (' k') ) (2.16)
B(xo.R) B(x0,2R) [B(xgy, 2R)| Ja, R

If we can find a k such that |Azl < BR" for a sufficiently small 8, we will have u < % on B(xy, R).
Assume that u; | > 0. We then have

u—(1-51)
2k+1 Y an| 1 1 1
0<— 277 _» (u—1+§—§+2ﬁ

This means

1
Ak+lﬂ’0<uk<§}=®. 2.17)

We have {0 < u; < %} CA;and A, | C A;. This yields

Al > ‘([0 <u < %] mB(xO,zR)) UApy | = '(Io <u < %] ﬁB(xO,ZR))‘ + |App] - (2.18)
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Note that if x € A;, | then i (x) > %, and if x € B(xy,2R) \ A;, then 0 < i, (x) < % Note also that
we have |B(xy, 2R) N {u, = 0}| = y|B(xy, 2R)|. Therefore, we can use Poincaré’s inequality to get

1 1
|Ak+1|=2/ —dxéZ/ —dx~|—2/ uy, dx
Ak+1 2 Ag+1 2 B(x0,2R)\Aj+1
1
2/ min [uk, —] dx
B(x0,2R) 2
| (i3 )
min {u,, —
Bxo.2R) k> (2.19)

—R / Vi | dx
0<uk< ﬂB(xo 2R)

A

;o \? 1 3
<R Vi | dx) HO<uk<§]ﬂB(xO,2R)‘

B(xo 2R)

By inequality (2.3), with n € C{°(B(xy,4R)) such that n = 1 on B(x),2R) and |Vn| < R7!, we
find that

R2/ |V |? dx < / |uy |* dx < R". (2.20)
B(x0,2R) B(x0,4R)

Now, inserting inequalities (2.18) and (2.20) into inequality (2.19) yields

n l
Agprl <R (1ALl = A1) 2.

Consequently, we can use the iteration from Lemma 2.3 to deduce the existence of a k such that up < %

on B(x,, R). This gives
7 1
2k (u -1+ —) <
2k

and therefore,

which proves the lemma for t = 2]{% 0

Proof of Theorem 2.]. First, note that osc(cu + d) |c| oscu for constants c,d € R. We define
. 1 1 ~ . . P
= u— (1nfB(x0 2R)u+supB(XO 2R) U ) and i = mu. This gives oscp(y gyt = 2.

As u is a solution to =V - (AVu) = 0, —u is a solution as well. Note that we have either

|{I:,t < 0} N B(xy,2R)| = %|B(x0,2R)| or [{—it = 0} N B(xy,2R)| > %lB(xO,ZR)l. Thus, we can assume
that |{u 0} N B(xy,2R)| > %|B(x0,2R)| without loss of generality. Of course, this means that
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I{i, =0} N B(xy,2R)| = %|B(x0, 2R)[; also, clearly, —1 < it < 1, and we can therefore apply Lemma
2.8 with y = 1 to deduce the existence of a t € (0, 1) such that

osczigl—i— supﬁ<2—r= osC U—71
B(xo,R) B(x0.R) B(x0,2R)
(2.21)
z T z T 2 — I~
= osc u—— osc u=[1—=) osc u=2"% osc iu,
B(x0,2R) 2 B(x0,2R) 2 ] B(xo,2R) B(x0,2R)
with oy := —log, (1 — %) € (0, 1) (because t € (0, 1)). Hence, upon rescaling (2.21),

osc <27 % osc i
B(xo,R) B(x0,2R)

Now, Lemma 2.4 withk =0,C=0,0 = % and ¢ (p) := OSCB(xo,zp)ﬁ gives

r

osc i < osc i=¢((r) < (R

o
) s,
B(xo,r) B(xo,2r)
for some o € (0,;) and 0 < r < R. This then implies, with R held fixed, the assertion of the theorem
by noting that 0scp, ) U = 0SCp(y ) U O

3. Triangulations and mesh conditions

In this section we will introduce common mesh conditions that will be used throughout and prove
properties of the corresponding triangulations. We will always assume that £2 C R” is a polyhedral
Lipschitz domain and 7}, is a triangulation of that domain. Henceforth, a polyhedral domain will be
understood to be a polyhedral Lipschitz domain and we will therefore write polyhedral domain instead
of polyhedral Lipschitz domain for the sake of brevity. Here, by a triangulation of §£2 we mean a
subdivision of £ into closed n-dimensional simplices with pairwise disjoint interiors, whose union
is £2, and such that for any pair of simplices T, 7’ € T}, such that 7 N T’ is nonempty, T N T is either
a shared vertex or a shared k-dimensional face, which is a k-dimensional closed simplex, for some
k € {1,...,n — 1}. The (O-dimensional) vertices of the simplices will be referred to as nodes. First, we
will define the Lagrange basis for a triangulation.

DEFINITION 3.1 Let 7, be a triangulation of the polyhedral domain §2 C R”. For a node x; of the
triangulation 7, we denote by v; the associated linear Lagrange basis function, which is, by definition,
a continuous function on £2 such that v, (x;) = 4, for any node x;, and for any T € 7, the restriction of
Y, to T is an affine function of n variables.

‘We will now introduce various mesh conditions.

DEFINITION 3.2 We call a triangulation 7, shape regular with shape-regularity parameter I" > 1, if
one has, foreach T € 7,

hy <Ryl 3.1)
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where R, 7 is the radius of the largest n-dimensional ball contained in 7' (which we will refer to as the
inscribed ball of T) and hy := diam T

Next we will introduce two important notions: A-nonobtuseness and uniform A-acuteness.

DEeFINITION 3.3 Let A € L°°(£2;R"™") be a uniformly elliptic matrix-valued function. We call a
triangulation 7, of 2 A-nonobtuse if

/AVI/fi - V;dx <0 (3.2)
T

for any T € 7, and for any i # j.
We will call a triangulation 7}, uniformly A-acute if there is a positive constant y such that

/T AVY; Ve < =y IVl 2 IV (3.3)

forany T € 7, and any i # j with T C supp ¥; N supp v

Note that if A is proportional to the identity matrix, this definition coincides with the geometric idea
of a nonobtuse triangulation. The existence and construction of uniformly A-acute and A-nonobtuse
triangulations is discussed in detail in Casado-Diaz et al. (2007).

We will now recall a few properties of shape-regular families of triangulations 7;,. For any simplex
T e T, there is an invertible linear transformation B with bounded inverse that maps T onto the
standard simplex in R" with the nodes (0, ...,0), (h;,0,...,0), ..., (0,...,0,hp). The norms of By
and its inverse are bounded uniformly for all T € 7;,. Furthermore, for any node x; of a simplex T € 7,
we have

V| ~ hpt. (3.4)
Furthermore, if T € 7, and S € 7, have a nonempty intersection, we have
hy ~ hg. (3.5)
For simplicity, for any set A contained in £2, we will write

m = U T,

TeTh: TNA#D
and the interior of that set is then
2(A) :=2(A)\ 082(A).

In particular, we will write P; := §2({x;}) for any patch around a node x;. We will also write

2'w:= J r. (3.6)

i1xi€A
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In short, §2(A) is the set that contains all simplices that touch A, whereas 2’ (A) is the set of all simplices
that have a node in A.
With the help of equation (3.5) one finds that

dist (T, 2\ 2 (1)) = hy. (3.7)

Let us denote the connected component of B(x,, R) N §2 that contains x, by B(x,,R). Note that if
B(xy, R) C £2, we have B(x,, R) = B(x,, R). Then there is a constant Q > 1, which only depends on the
shape-regularity parameter and the geometry of the domain 2, such that if x; € T for some T € 7, and
R > hy, we have

£2(B(xg,R)) C B(xy, OR). (3.8)
Additionally, for x, € T for some T € 7, and R > h; we have
dist (xg, £2 \ 2'(B(xy,R))) = kR. 3.9

In particular, this means that there is a ¥ > 0, which only depends on the shape-regularity parameter I
and the geometry of the domain 2, such that

B(xy,kR) C 2'(B(xg, R)). (3.10)

For the sake of simplicity we will not indicate the dependence of the constants Q and « on the
geometrical properties of £2.
Next we define the finite element space we will be working with.

DEFINITION 3.4 Given a triangulation 7, of the domain §2, we denote the space of continuous functions
that are affine on every T € 7, by V,.. Note that V,, ¢ W!2(£2) and we can write

uy, = Zu(xi)% (3.11)

1

for any u;, € V;, with the Lagrange basis functions ; introduced in Definition 3.1. This also shows that
we can write the interpolatory projection 1, onto V), for a continuous function f as

m,f = )Y, (3.12)

The function I7,f is also called the (continuous piecewise affine) Lagrange interpolant of f. We will
denote the space of continuous functions on §2 that are affine on each T € 7, and vanish on 952
by V}0-

We will formulate a few lemmas concerning continuous piecewise affine functions defined on
triangulations. They will lead to a stronger version of Poincaré’s inequality. We will always assume that
V), and V,, , are finite element spaces associated with a shape-regular triangulation 7, of a polyhedral
domain £2. In particular, this means that (3.4) is true. Note that /T, will always denote the interpolatory
projection operator onto V,, as defined in equality (3.12).

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ



1860 L. DIENING ET AL.
LEMMA 3.5 We have
max |IT,f| < max |f| Vfe (2, (3.13)

my@x If — I, f1 + m;lthWthl < mTath|Vf| Vfe Cl(ﬁ). (3.14)

Proof.  As an affine function on a simplex T, [T,f attains its maximum and minimum values on T at a
node of T. This means that we have

max |[7,f| = max |IT,f| = max |f| < max |f],
T x;eT x;eT T

which proves inequality (3.13). The bound max; |f — IT,f| < maxy hyp|Vf] is standard from approxi-
mation theory. To prove that maxy hy|VIT,f| < maxy hp|Vf], we can assume that f(x) = O for some
x € T. We also use relation (3.4) to get

max |V, f| = max
T | i T

D FE)VY;

< max |f () bz S max | Vf].

This concludes the proof of inequality (3.14). g
We will denote the space of polynomials of degree k or less by P;.

REMARK 3.6 Suppose that a,...,aq,,
functions ay, ..., a,, is identically zero.

€ P,. Then a; ---a,, = 0 if and only if at least one of the

The following useful Lemma 3.7 holds for polynomials defined on simplices T € 7).

LeEmMmaA 3.7 Letay,...,a, € P,. Then, for each element T of a shape-regular family 7,

m m
gmﬁxmﬂ NJ[T’EI“f‘ dx. (3.15)

The constants hidden in the ~ symbol depend on k and m and the shape-regularity parameter I" of 7},.

Proof. Since the expressions on the two sides of (3.15) are homogeneous in ay, ..., a,,, it suffices to
show that there are constants ¢ and C such that 0 < ¢ < §; ‘H]m:] aj) dx < Cforanyay,...,a, € P,

with maxy |a;| = --- = maxy|a,| = | and any simplex T € 7,,. Obviously, we can choose C = 1.
We will show the existence of ¢ using a compactness argument. Equation (3.15) is invariant under linear
scaling. Thus, we can assume that ;- = 1 in the sense of Definition 3.2. First, we fix a simplex T € T,
and note that the mapping g : (a;,...,a,,) — frla; ---a,|dx is continuous on P2™, as this space is
finite-dimensional and all norms are equivalent. Furthermore, the set {(ay, ..., a,,) : max; |a;| =--- =
maxy |a,| = 1} C P,?m is closed and bounded and therefore compact. Thus, it suffices to show that
glay,...,a,) > 0forany (a,...,a,) withmax; |a;| = - -- = maxy |a,,| =1 to get

inf ][ lay -+ -a,|dx > 0. (3.16)
maxr |aj|=--=maxr |a,|=1JT

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ



DISCRETE REGULARITY 1861

Assume the contrary, i.e., that f|a; ---a,|dx = 0. Then a, - --a,, = 0 on T. However, because of

Remark 3.6, this implies that at least one of the a, ..., a,, has to be identically zero, which contradicts
maxy |a;| = -+ = maxy |a,,| = 1.
If we now fix a node x,, of T, we define the set A C R" as the set of n-tuples (x,...,x,), which,

together with x,, form a simplex with diameter 4, = 1 with a given shape-regularity parameter and see
that A is bounded and closed and therefore compact. Furthermore, the mapping f : A — R defined via

(xXq,...,x,) = ][| a -
maxr |aj|= maXr [am|=1
is continuous. This means that it suffices to show that f(ay,...,a,) > 0 to prove relation (3.15), but this
is obviously true, thanks to inequality (3.16). (I

We will also require two lemmas, which we now state. The first of them is elementary, while the
second relies on Lemma 3.7.

LEmMMA 3.8 Forallfy, g, € V, anda,b € R we have

0,8 — frgn = 1,((f, — &) (g, — b)) — (f, — a) (3, — b) .

Proof. Note that IT), is linear and constant functions are contained in V). This means that we have
I, (ag,) = agy, IT,(bf;,) = bf;, and I, (ab) = ab. This therefore yields that

,((fy, — a)(g, — b)) — (f, — a) (g, — b)
= IT,(f8y) — Iy (agy,) — IT,,(bfy) + ITy(ab) — fy8, + agy, + bfy, — ab
= I1;,(f,81) — 1n8n-

That concludes the proof. (]

LEmMMA 3.9 Forall v, w;, € V;, we have

max |Vhwh Hh(vhwh)| + maX hT |V(Vhwh Hh(vhwh))|

][|Vh vy T|dy][ Wy, — (wp) 7| dy

(3.17)

and

(3.18)
S hT][ IVl d)’][ lwy, = (wy) 7| dy
T T

forany T € 7,,.
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Proof. Because f}, g, are affine functions on every T € 7, we deduce by an inverse estimate that
m;ix hyp IV (vuwy, — I, (vwy)| S m]a}x [vpwy, — IT, (v,wp) . (3.19)

Now, Lemma 3.8 yields

max vy, =TT (vwy) | =max | (v, = (v)7) (wy, = (wy)7)

(3.20)
— 1T, (v = ) 7) (i — Wi 7)) |-
Combining this with the triangle inequality and inequality (3.13) gives
max [vwy, — IT,(vw)| < max |(vh - (vh)T) (wh - (wh)T)| . (3.21)
We can now apply Lemma 3.7 to inequality (3.21) to deduce that
T T
which proves the bound (3.17).
The bound (3.18) follows directly from equation (3.17) by Poincaré’s inequality on 7. g

REMARK 3.10 The right-hand sides of the inequalities (3.17) and (3.18) can be further bounded above
by noting that

][Ivh— (vh>IdX<][ IthdXJr][ [(vp) | dx < 2][ vy | dx,
T T T T

and analogously in the case of fT [wy, — (wp,) | dx.
Next we will prove a Jensen-type inequality.

LEmMA 3.11 Forn, € V), and g > 1 we have

UZ < H;,('?Z)-

Proof. 'We know that

Z v, = IT,(1) = 1.
i
This allows us to use Jensen’s inequality to deduce that

mw = (2 veme)" < wenie) = (Moh) e  Yre?.
J J

That completes the proof. d
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Finally, we will prove two versions of Poincaré’s inequality for functions in V.

LEMMA 3.12 (Poincaré’s inequality on patches). Let x; be a node of the triangulation 7, and P; = £2(x;)
the associated patch, and let v, € V, be a function with v, (x,) = 0 for some node x, € P;. Then we
have Poincaré’s inequality on P;, that is,

/ ol d < h,-/ IV, d,
P; P;

where h; = hy forsome T € T, with T C P; in the sense of Definition 3.2. Note that any S, T € 7, with
S,T C P; share the node x;; hence, hy ~ hg by equation (3.5) and the definition of 4; is meaningful.

Proof. Let T, C P; be a simplex that has x; as a node, and let B, be its inscribed ball. By
shape regularity (see inequality (3.1)), there is a fixed y > O such that |By| > y|P;|. Define
JCBo v,dx =: (). Also by shape regularity, we find that the diameter of P; is comparable with #;.
Then Poincaré’s inequality yields

/P [vi — (V)| dx < h,./P [Vv,,| dx. (3.23)

On the other hand, we have Poincaré’s inequality on T, because v, is affine on any T € 7, and we get

IPI < <
| |Bo| |h|dx |vh|dx h; |Vvh|dx I-P|Vvh|dx, (3.24)

where the third inequality stems from the fact that v, vanishes at the node x, € T,. Combining
inequalities (3.23) and (3.24) yields

/|vh|dx</ |vh—(vh>0|dx+/ |(vh)0|dx§hi/ |Vv,| dx.
P; P; P; P;

This concludes the proof. (]

THEOREM 3.13 (Poincaré’s inequality for V). Let 7, be a shape-regular triangulation of the polyhedral
domain £ C R" with associated finite element space V,,. Let v, € V, be a non-negative function, and
let A = | J; T; be a connected set with diameter R for a set of simplices {T;} C 7. Suppose that

@m( U P,.)'>y|(~)| (3.25)

i:vp(xj)=0

for some y > 0. Then there is a constant ¢ that depends on y, the Poincaré constant of ® and the
shape-regularity parameter I" of the triangulation, such that

/|vh|dx<cR/ Vv, |dx.
2) )
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Proof. First, note that @ is a bounded Lipschitz domain, and therefore, its Poincaré constant is finite.

Let AV be the index set of nodes that are either nodes x; with v, (x;) = 0 or that are connected to one

of those nodes in @ by an edge. We write wj, := >, rr v, (x)¥; and W, = 2 igN Va(x) ;. Note that

v, = wy +w, and w, = 0on © N (U, -0 P;), and thus, f@m(u o) wdx = 0. Therefore,
vp(x)=0"1

assumption (3.25) implies that we can use Poincaré’s inequality on w,. This leaves us with

/|wh|dx§R/ Vi, | dx. (3.26)
[C) e

On the other hand, we know that w), has a zero on every patch P; N ® = §2(x;) N © for any node
x; € O because every node x; with wj,(x;) # 0 has i € N and is therefore connected to a node with
v(x;) = 0 by an edge. This means that we can use Lemma 3.12 on any of those patches. This gives

/|wh|dx<2/ |wh|dx§Zhi/ |Vw,, | dx.
[C) ieN PiNE ieN PiNG

We have h; < R. Furthermore, the shape regularity of 7, guarantees that each simplex can only be part
of a uniformly bounded number of patches. Thus, we get

/|wh|dx§R/ |V, | dx. (3.27)
e e

Adding inequalities (3.26) and (3.27) yields

[miacs [ | |v"vh|dx5R(/ Vgl [ |Vv"vh|dx). (3.28)
® ® ® ® ®

We define
0:= ( U ITZ) ne.
ieN
Note that by definition, if i € A/ then P; has a node where v}, has a zero. Therefore, we get

Zh;l/ v, | dx, (3.29)

ieN PNe

/ Vv, |dx 2 E / Vv, |dx 2
0 ‘N JPine
1€,

where h; is the diameter of one of the simplices 7 C P; and where we have used the fact thatany 7' € 7T,
is only part of finitely many patches and Lemma 3.12.
For simplicity, let us write ¥, = Zie N Y- Oneach T € T,» we therefore have [Ynr| < 1and

VWl < hp L Furthermore, we can write

wy, = 10, (v 9y )-
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Thus, we can use equation (3.14) and the product rule to find
IVw,| < Vvl + hpt v, (3.30)

on every T € 7,. Additionally, we have

/|th|dx<Z/ |Vw,, | dx. (3.31)
0] ion JPine

Combining inequalities (3.30) and (3.31) and equation (3.5) yields

/|th|dx§Z/ Vvl + Ry v, dx. (3.32)
o0 ieN PiNG

Therefore, we can combine inequalities (3.29) and (3.32) to get

/|th|dx§/ |V, | dx. (3.33)
0] 0]

Analogously, we find that

/ [V, ldx < / Vv, | dx. (3.34)
0 0
Now, note that w, = 0 on @ \ O. As v, = w;, + W, we therefore have

Vvl = [Vw,| 4 [V (3.35)

on ® \ O. This means that we can finally combine inequalities (3.33)—(3.35) to find

/|th|+|wh|dx§/ |Vv,| dx. (3.36)
[} €]

Together with inequality (3.28), that completes the proof. (]

We will also need a lemma that concerns connecting pairs of nodes in an A-nonobtuse triangulation
in a way that allows us to work as if we were on a uniformly A-acute triangulation. This seems to be a
small change but it allows us, for example in the case where A is the identity matrix, to use triangulations
that are generated by the newest vertex bisection on a square, which are important cases, especially if
we consider that it is one of the novelties of our approach that we do not demand quasi-uniformity of
the triangulation.

LEMMA 3.14 Let 7, be an A-nonobtuse, shape-regular triangulation of a polyhedral domain £2 C R".
Denote the nodes of a simplex T € 7, by xy, . ..,x,. Define (f,g)74 := fTAVf - Vg dx. Then there is
a constant 7 € (0, 1) that only depends on the shape-regularity parameter I” of 7,, such that any pair
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of nodes X; and x;, of T can be connected by a sequence of nodes {xj =YV --»Yy = X} of T, with
N < n, belonging to the same simplex 7 and such that

—/Avwi-Vwi+1dx2r/Avwi~Vzﬁidx, i=0,...,N—1, (3.37)
2 2

where y; is the basis function associated with the node y; in the sense of Definition 3.1.

Proof. The proof proceeds in two steps. For two n-component vector functions ¢ and & defined on £2,
we will write

(€.8)ra i=/TA§-$dx and  (£,8)4 1=/QA§-%‘dX~
Step 1. Let L C {0,...,n} and M := {0, ...,n} \ L with L, M # (. We will show that

— > .
IEEI%M( (VY. VY, )ra) 2 v max (VY,, V), (3.38)

for some v > O that depends on the shape-regularity constant I". Since the (Vy;, V), < 0 for
[ # m, it suffices to prove that

D= (—(le,Vlﬁm)m)Zrel{%aX (V. Vi),

leL,meM T )

AsY> ) o¥,=lonTand LUM = {0,...,n} we obtain

(1) = Z ( — (V¥ VI>T,A + Z Vi, Vwm)T,A) = Z (VY V) a =1 D).

leL meL I,meL

Now define n := >;.; ¥;. Since 1(x,,) = 0 for some m € M and A is uniformly elliptic, we obtain by
Poincaré’s inequality, Lemma 3.7 and inverse estimates that

D) = (Y, Vg = Vil ~ bz 0l 72y ~ B I T oo r)

~ h72|T| ~ , max (VY VU, ) g ™~ Jmax (V¥,, VY,) 0,

where we have used the shape regularity of the triangulation. That completes Step 1.

Step 2. Let us now assume that we were not able to find a sequence that connects x; and x; such
that inequality (3.37) holds. This would imply that we can find disjoint sets K C {1,...,n} and
J C{l,...,n} withi € K and j € J such that inequality (3.38) does not hold, but this is obviously
a contradiction. g
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4. A discrete Caccioppoli-type inequality

In this section we prove a discrete version of inequality (2.3). First, we will define what we mean by an
approximate solution to an elliptic PDE.

DEFINITION 4.1 Let A € L°°(£2; R™") be a uniformly elliptic matrix-valued function. Furthermore,
let F € [P(£2;R") and f € L9(£2) be given functions with p > n and ¢ > n/2. Furthermore, let 7,
be a triangulation of the polyhedral domain £2 and V), the corresponding finite element space. We call
uy, € Vj o an approximate solution to

—V-(AVu)=f—V-F

with zero Dirichlet boundary condition provided that we have

2 2 2

for every ¢, € V,, .

To prove the Caccioppoli inequality (2.3) we had to test equation (2.2) against (# — ¢) +|n|2. In the
discrete case, however, (1, —c) |n |2 is not an admissible test function in equation (4.1) because it is not
in V. In particular, this leads to the conclusion that we will have to use a nodal version of (1, — ).
This unfortunately means that V(u;, — ¢), and Vu, will not coincide on supp (;, — ¢) any more. To
overcome this problem, we will introduce the notion of discrete subsolution, prove a Caccioppoli-type
inequality for discrete subsolutions and prove that the nodal version of (u;, — ¢), is indeed a discrete
subsolution under an additional assumption on the right-hand side, which we will state.

DEFINITION 4.2 Let A € L*®(£2;R™") be a uniformly elliptic matrix-valued function, and let
F e IP(§2;R") and f € L(82) be given functions with p > n and ¢ > n/2. Furthermore, let 7, be
a triangulation of the polyhedral domain 2 and V) the corresponding finite element space. We call
uy, € Vj o adiscrete subsolution to

—~V-AVu)=f—V-F

provided that we have
/AVuh~V¢hdx</f¢>hdx+/F-V¢hdx (4.2)
2 2 2

for every ¢, € V), with ¢, > 0 on £2. Of course, every solution in the sense of equation (4.1) is
automatically a subsolution in the sense of inequality (4.2).

Henceforth, we will concentrate on the case of n > 3 and recall that 2* := 2n/(n—2). The statements
and proofs of the results below are easily adjusted in the case of n = 2. Note that a similar inequality for
discrete solutions to equations with vanishing right-hand side has been shown as an intermediate result
in Nitsche & Schatz (1974) on quasi-uniform meshes and in Demlow et al. (2011) for highly graded
meshes using superapproximation techniques.

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ



1868 L. DIENING ET AL.

THEOREM 4.3 (Caccioppoli inequality for discrete subsolutions). Let A € L*°(£2; R"*") be a uniformly

elliptic matrix-valued function, and let F € L7 (£2; R") and f € L9($2) be given functions with 117 =1_3

n n
and 1 = % — %, where 6 > 0. Furthermore, let 7, be a shape-regular triangulation of the polyhedral
domain §2 and V), the corresponding finite element space. Let u;, € V), be a discrete subsolution to
—V - (AVu) = f — V - F in the sense of inequality (4.2), let n € Cgo (£2) be non-negative and define
n, = II;n. Then we have

/IVuhlzlnhldeS/ gy 21V, 2 dx
2 2

4.3)
+ (I1F 17 ) + IF1I7 17 +1V,l17 | N |
@) T W llzacey ) Umnllzzs qupp M2 supp ) ) 1SUPP 715, 1) SUPP | 7
Proof. We write p, = ITj, (’7}21) and test equation (4.2) against ¢, = [T, (,ohuh) to get
2 Q 2
First, we will consider the left-hand side of equation (4.4):
Q
_ 4.5)
= [ AV Y (o) dx — AV Y (ony, = 1Ty, (Ppity)) dx
= L;—Ly.
Next we decompose L; in equation (4.5) once more to get
2 2
For L; we use that A is uniformly elliptic (cf. inequality (2.1)) to get
/ oAV, - Vi dx > / | Vi[> dx =1 L, 4.7
Q Q
For R, in equation (4.5) we use that A € L (£2; R"*") to get
1L, | < 1Al /{2 |V uy 1V oy 1ty | dx
(4.8)

< T|max |Vu, | max |Vp, | max |u, | =: R,.
S D ITImax | Vuy | max [V o, max luy| =: Ry
TeT,
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We will now estimate the term L; in inequality (4.5). By Lemma 3.9 (cf. inequality (3.18)),
A € L*°(£2;R™") and Remark 3.10 we get

L] < TZ; 1T max | Vi, | max |V (o, — My (py0)|
" (4.9)

< T| max |Vu,| max |V p,| max |u,| dx = R;.
NTZT:||T|,,|T|ph|T|h| ’
€/n

Substituting inequalities (4.7) and (4.8) into equation (4.6) and inserting equation (4.6) and inequality
(4.8) into (4.5), and then equation (4.5) back into (4.4), yields

i =/9PhIVuh|2dx5 > 7] max [ Va, | max | V o, max
TTn (4.10)

" /Q FIT, (o) e+ /Q F V1T, (pyty) dx = Ry + Ry + Rup.
Next, note that for any T € 7, we have
max |V py | = max [V 1T, ()| < max |V ()] < max | max [V, @.11)
This allows us to estimate R; from inequality (4.10):

R, < Z |T| max | Vuy,| max |n;,| max |V, | max |u,|.
T T T T
TeT,

Now we use Lemma 3.7 to get
Ry S ST 9y 19|
T
T

By applying Young’s inequality this yields

R <Y |T|(s]lT |Vaty ||y e + csz AR dx)

TeT),

for any ¢ > 0. Finally, we note that we know from Lemma 3.11 that nﬁ < py, and get

R, <el, + cg/ |V, | |y, | dx (4.12)
2

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ



1870 L. DIENING ET AL.

after performing the sums. We can now insert inequality (4.12) into (4.10) and absorb 8i11 into the
left-hand side to get

Ly = [ VP acs [ 19, Pl ds

+ /g F11, (pyy) de + /Q F- VI, (o) dx

=R, + Ry + Ry (4.13)

We will now consider R; in inequality (4.13). Let S :={T € 7, : T C suppn,, N supp u,}; we then
have

|Ry| = ‘/anh (o147) dx‘ < DIl (][Tlfl dx) max [0 -

TeS

We can now use inequality (3.13) to deduce that

2
Rl < 3171 (f 110¢) ) (max i )

TeS

Using Lemma 3.7 we get

[Ry| < D7) (fTU”Idx) (ﬁluhnhldx) (7[T|nh|dx)

TeS

-2
= D AT W gy Nl oy 1l 1 -
TeS

Recall that f € L9(£2) with % =2 — 2 4nd § > 0. Holder’s inequality yields

n

_ 2,49 1,1 1,1
Ry < D T2 W g 1TV gyl 2o oy | T2 2yl v oy | T2
TeS

8
= D ATV gy Meemall 22 oy Nl 2 7y -
TeS

Now, note that % + 21—, + 2]7 + % = 1. We can use Holder’s inequality for sums to get

IRy| < (Zm)ﬁ(

TeS

1
>

1 1
E * 27* *
Zufnzqm) (Znuhnhnim) (Znnhnipm) : (4.14)
TeS

TeS TeS
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As the interiors of the elements T involved in the sums above are disjoint, we know that

2 gy = 8y, .o 1) (4.15)

TeS

forany 1 < r < occand any g € L” (UTeS T). Using this in inequality (4.14) and noting that S C
supp u;, gives

s
" |V||Lq(9) llumy, ”LZ*(Q) Iny, ”Lz'(suppuh)'

[Ry;| < |suppmy, N suppu,

Young’s inequality and the Sobolev embedding theorem then yield

B2 2
"Nz ) I 17 x (4.16)

|R1,| <e|V (uhnh) ||22(Q) + C8|supp 1y N supp u, (supp )’

Note that
2
IV () 20y S N6y Val 7o) + Vil )

(4.17)
g/gph|wh|2dx+/9Iuhlzlvnhlzdx,

where we used Lemma 3.11 in the second step. Finally, substituting this into inequality (4.16) gives

IRy Ss/ ph|wh|2dx+s/ 1, 21V, dx
«? 2 (4.18)

2
I 2 2
! ”f“m(g)“’?h”Lz*

+C, |supp 1y, M supp uy, (suppup)’

We will now focus on R;; in inequality (4.13). Splitting it up into a sum over simplices and using
inequality (3.13) yields

Ry | = ’/QF v(m, (”hph))dx'

<> |T|][T |F| dx max VT, (u,0,)|
TeS

< % |T|][T |F| dv max IV (up05)| (4.19)

<> |T|][ |F| dv max (V) ou] + D |T|][ |F| dx max |(Vop) |
TeS T TeS r

=: Ry, + Ry,
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We rearrange Rj;; from inequality (4.19) and use Lemma 3.7:

Ry, S ITI][TIFIdx][TI(Vuh)nhldx][Tlnhldx

TeS

oD I ALY NICATARRY TAER
T T T

TeS

el 18 sl dare S
Recall that F' € LP(§2) with =0 Holder’s inequality gives

_ 149 1 1,1
Ryg, S D AT 2UF oy T 5 0 (Vg oy 1TV gl 2o oy 1 T12
TeS

8
= D AT F oy | (V)L o o gl 22 -
TeS

Now, Holder’s inequality for sums and the identity (4.15) give

5
RIIII < |supp Ny N supp uy, | ”F”U(Q) ||(Vuh)77h||L2(g) ”nh”LZ*(suppuh)'

Finally, we can use ni < p;, and Young’s inequality to get

28
Ry, e /Q Vi | py, dx + C,lIF 172y Isupp my, M supp ay | (171175 (4.20)

(suppup)”

Next we consider Ry, from inequality (4.19). Recall maxy |Vp,| < maxy |n,| maxy [Vn,| as in
inequality (4.11). We get

Ry, S |T|][T |F| dx max fu, | max |, | max |V, .
TeS

With Lemma 3.7 this becomes

Ry, S Z|T|‘2/T|F|dx/T|uhnh|dx/T|vm,|dx.

TeS

Completely analogously to R;;; we get

2 2 2 2
RIIIZ < 8”V(”h77h)”L2(_Q) + C,|supp n;, N supp uy,| = ||F||Lp(g) ”Vnh”Lz(suppuh)-
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We use inequality (4.17) to deduce that

Ry, ge/ |Vuh|2,0hdx+8/ |y, ||V, |* dx
2 2 “4.21)

28
+ C,Isupp 1, N supp | * IF 1750 1 V04172 gupp -

Inserting inequalities (4.20) and (4.21) into inequality (4.19) and using Poincaré’s inequality on the
last factor in the second summand in (4.20) gives, after renaming constants,

Ry | 58/9|V”h|2:0hdx+8/9|uh|zlvﬂh|2dx

4.22)
Zoon2 2
+ Celsupp ny, O supp w7 1F N ) IV 141172 (qupp )
We can finally substitute inequalities (4.18) and (4.22) into inequality (4.13) and absorb the
& / |V, |2 py, dx
Q
term into the left-hand side. This yields
/ pul Vi d < / |V uay | dx
$2 $2 (4.23)
+ Isupp ;N supp | (117,12 + Va7 N7y + IFII7
PP 1, pPp U, Nplly o (supp up) N2 (supp up) LP($2) Lis2) ) -
Using ’7i21 < p;, from Lemma 3.11 on the left-hand side proves inequality (4.2) and the theorem. O

This discrete Caccioppoli inequality has the following direct corollary.

COROLLARY 4.4 Let A € L*°(£2;R™") be a uniformly elliptic matrix-valued function, and let
F € [P(£2;R") and f € L9($2) be given functions with 1 — % — % and ;1] = % — %, where
8 > 0. Furthermore, let 7, be a shape-regular triangulation of the polyhedral domain 2 and V), the
corresponding finite element space. Let u;, € V;, be a discrete subsolution to —V - (AVu) =f — V- Fin

the sense of inequality (4.2), let n € C§°($2) be non-negative and define 7, := IT,n. Then we have

2
L9 )P [ PivaPa
2 2

+ (I1F13, + 171 ) (19,3

(4.24)

25
14122 app ) 159PP 15 1 SUP 4

(supp up) (supp up)

Proof. We use

2
/lV(uhnh)i dxs/ |Vuh|2|nh|2dx+/ iy ||V dx
22 2 22

and apply Theorem 4.3. ]
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We will now introduce the nodal maximum of two functions in V;,. This will also lead to a suitable
notion of the positive part of a continuous piecewise affine function.

DEFINITION 4.5 Let 7, be a triangulation of the polyhedral domain §2 and V), the corresponding finite
element space of continuous piecewise affine functions. We define the nodal maximum of two functions
I/[h S Vh and Vh S Vh as

u, Y vy, = Z (uh(xi) \Y vh(xi)) v,
i
Furthermore, we define the nodal positive part of a function u;, € V) as
)y ==u, Y0= Z (uh(xi))+ V.
i
We also need the following technical assumption of F, which will be referred to as assumption ().

DEFINITION 4.6 Let F € LP(£2;R"). We will say that F satisfies assumption (%) if there exists a
G € [P($2;R") such that

/G-V¢dx>‘/F~V¢dx’>0 (4.25)
2 2

for any non-negative ¢ € C;°(§2). By density, this inequality extends to all non-negative ¢ € WOl 4 (£2).

REMARK 4.7 Condition (4.25) is restrictive but still admits several nontrivial cases. First and foremost,
it includes every F € LP(§2;R") where V - F has a fixed sign as a distribution, with G := —(sgnV -F) F.
It also includes cases such as the following, where V - F changes sign in the sense of distributions:
suppose thatn = 2, 2 = (-2, 2)2 and, for x = (xl,xz)T € 2, let

ey forx| =1,
F = [ e, forl|x| <1,
where ¢; = (1,0)T. Obviously, F € L*°(£2;R?) and V- F = 25_, ® X(—22) — 281 ® X(—22)> Where §,
denotes the Dirac distribution concentrated on the point ¢ € R. Consider the function G defined by

3e; forx; < —1,
Gx) = e; for —1<x <1,
—e; forx; 21,

Wthh giVCS V . G = —28_1 ® X(_Z,z) - 281 ® X(_Z,z), Whel‘eby V . (G :I: F) = _48ﬂ:1 ® X(_z,z) g 0 in
the sense of distributions, and therefore assumption (x) is satisfied in this case. In general, (x) is fulfilled
if there is an LP-function G with —V - G > |V - F| in the sense of distributions.

This leads to the following theorem, which connects the notions of positive part and subsolution.

THEOREM 4.8 Let 7T, be an A-nonobtuse triangulation of the polyhedral domain £2. Let u;, be a discrete
subsolution to —V - (AVu,) = f; —V-F|, and suppose that v}, is a discrete subsolution to —V-(AVu,) =
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f» — V - F, for [P-functions F| and F, and L9-functions f; and f,. Suppose further that F| satisfies
assumption (x) from Definition 4.6 with dominating function G, and F), satisfies assumption (x) with

dominating function G,. Then u;, Y v, is a discrete subsolution to

Proof. As a first step, we will show that

/AV(thvh)~ijdx</(fl \/fz)l//jdx+(/ F]-Vx//jdx)v(/ F2~ijdx) (4.26)
2 2 2 2

for all j. So we fix an arbitrary j and assume w.l.o.g. that 1, (xj) Z v, (xj) and therefore 1, (xj) Vi, (xj) =
uy(x;). As Ty, is A-nonobtuse we have JoAVY; - Vy;dx < 0 for all i # j from equation (3.2) and find

/QAVuh VY di = Zi:uh(xi)/QAvwi - Vi, dx
= uh(xj)/QAij -V dy+ Zuh(x,.)/QAvwl. VY d
i#]
2 (up(x;) V vy (x;)) /QAVWJ' Vi dx + Z(”h(xi) V(X)) /9 AVY,; - Vi dx
i#]
2
On the other hand, we have
[ v [ fya
2 2
and

(/QFI'VI/’jdx)V(/QFzVWjdx)>/S2Fl.v1pjdx,

Combining inequalities (4.27)—(4.29) with

/AVuh~V1//jdx</Fl'VI/fj—i-fﬂﬂjdX,
2 2

(4.27)

(4.28)

(4.29)

which follows from the fact that u,, is a discrete subsolution to —V-(AVu,) = f;—V-Fy, yields inequality
(4.26). We will now use the fact that | and F), satisfy assumption (x) and therefore inequality (4.25)
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with dominating functions G, and G,, respectively. We thus have

(o) v ([ vwe) < (o o) (o 7o)

(4.30)
g/ (G +Gy) - Vi d.
2

Together with inequality (4.26) this gives
/QAV(uh Y vp) - Ve < /Q(f] V)Y dx + /9 (G, +G,) - Vi dx. 4.31)

In general, for a non-negative ¢, € V), o, we write ¢, = > ¢;,(x;)¥; and use the fact that both sides
of inequality (4.31) are linear in v;:

/QAV(uh Y v,) - Ve, dx = quh(xj)/gAV(uh Y v,) - Vi dx
j
<Z¢h(xj)/9(fl \/fz)l//jdx—i—/Q(Gl—i—Gz)-Vl/fjdx
j

=/Q(f1 vf2)¢hdx+/9(G1+G2)-V¢hdx.

This implies that u;, \ v, is a discrete subsolution to —V - (AV(u; Y u,)) =f] Vf, — V- (G| + G,) and
proves the theorem. O

By setting f| =f, F| = F,f, = 0and F, = 0, we deduce the following immediate corollary.

CoROLLARY 4.9 Let 7, be an A-nonobtuse triangulation of the polyhedral domain §2. Let u;, be a
discrete subsolution to —V - (AVu) = f — V.- F for F € [P(§2;R") and f € L1(£2), with p and q as
previously. Furthermore, suppose that F satisfies assumption (x) from Definition 4.6 with dominating
function G and let ¢ € R be a constant. Then (u;, — ¢), is a discrete subsolution to —V - (AVw) =
fl—V-G.

Proof. We have
/ AV(uh—c)+-V¢hdx</ F-V¢, +fe¢,dx,
2 2
/QAV(—M;, =04 Ve dx < —/QF' Vo, — [y dx,

for any non-negative ¢, € V), . Recall that we defined the nodal positive part as (u, —c) ; = (u, —¢) VO
in Definition 4.5. We have f v 0 < |[f| and & [, F - V¢ dx < [, G - V¢ dx. Because v;, = 0 solves
—V - (AVy,) = 0, we can apply Theorem 4.8 withf; = f, F; = F, f, = 0 and F, = 0 to deduce the
assertion of the corollary. d
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Finally, Corollary 4.9 yields the desired discrete Caccioppoli-type inequalities for the truncated
function (u;, — ¢) ;. with ¢ € R, which we now state and prove.

CoROLLARY 4.10 Let 7, be an A-nonobtuse triangulation of the polyhedral domain 2. Let u;, be a
discrete subsolution to —V - (AVu) = f — V- F for F € [P(£2;R") and f € L9($2), with p and ¢q as
previously. Furthermore, suppose that F satisfies assumption (%) from Definition 4.6 with dominating
function G. Let 7, be as in Theorem 4.3. For any ¢ € R, we then have the following bounds:

/|ww—oym%us/Yw—oﬂvaw+@a@@yﬂm@mﬂ
2 2 4.32)

2 28
(1702 supp trerr + WA 22 ey ) 18UPP 14 1 5UPP (ty = )., |

and

2
/WV«W—QMM|ms/lw—oﬂmFM+@Gmmwa@mJ
o 2 4.33)
b

2
(99402 ump v & W8I 22 G ) 15D 14 1 SUPP (it =€),

Proof. Corollary 4.10 guarantees that (u;, — ¢) , is a discrete subsolution to =V - (AVw) = [f| =V - G.
Furthermore, (4, — ¢), is obviously non-negative. Thus, we can apply Theorem 4.3 and Corollary 4.4
to deduce the stated claims. O

5. Interior C”-estimates for approximate solutions

We will now prove the desired uniform a priori C*-bound for sequences of continuous piecewise affine
finite element approximations in the interior of £2. To this end, we will first prove an L>°-bound and will
then deduce the discrete C*-bound. We emphasize that we have not, so far, assumed any kind of (quasi-)
uniformity of the triangulation, nor shall we do so hereafter. Our results therefore apply on graded and
adaptively refined triangulations. The main result of this subsection is encapsulated in the following
theorem.

THEOREM 5.1 Let 117 = % — % and }1 = % — % for some § > 0, let f € L9(§2), suppose that the function
F e 17 (£2;R") satisfies assumption (x) from Definition 4.6 with dominating function G € L”(£2;R")
and let A € L*°(£2;R"*") be a uniformly elliptic matrix-valued function. Furthermore, let u, be the
finite element approximation to the solution u of —V - (AVu) = f — V . F in the sense of Definition
4.1 on a shape-regular, A-nonobtuse triangulation 7, of the polyhedral domain §2 with respective finite
element space V,,, i.e.,

—/Awh-v¢hdx=/f¢hdx+/ F -V, dx (5.1)
2 2 2

for any function ¢, € V), ;. Furthermore, let « and Q be the constants from equation (3.8) and inclusion
(3.10). Assume that x, € T for some T € 7, and B(x0,4/c_1QR/) C £2 for some R' > hy. Then there is
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an o > 0 such that, for every ball B(xy,R) C £2,

osc u, S RY. (5.2)
B(xo,R)

The hypotheses of Theorem 5.1 will be assumed to hold throughout this section. We will need a few

additional technical lemmas concerning the projections of the functions ¢, which we have defined in
equation (2.8). Before stating these, we introduce the following definition.

DEFINITION 5.2 For a constant A, > O that is to be chosen later, a radius R > 0, x, € £2, such that
B(xy,2R) C 2 andk=0,1,2.. ., let

ay = (1 - 2—’<) hy and B =B (xo, (1 + 2—’<) R) ,
and consider a sequence of non-negative C°°-functions 7, such that
Xy STk <xp  and  |Vi| S2RTL
We then define, for any triangulation 7,
N = 1T, 7;.

LeEMMA 5.3 Let By and 7, be defined as in Definition 5.2. Then we have
1. maxg, [V, | S 28R,
2. if maxy |ng | > O for some T € 7T, then we have maxy n,| = I;
3. maxy |V | < 25FR™ maxy [nl;

4. if a is a polynomial we have £, [a|*|Vn,,|* dx < R7222CFD L a2y,

Proof. Assertion (1) is clear since

max | V7| = max |V (M, 7) | < max Vi < 2FR!

by equation (3.14). For assertion (2) we note that if maxy |1, | > 0, there is at least one node x, with
Nks1(Xp) > 0 and therefore x, € By and n,(xy) = 1;(xy) = 1. Assertion (3) is a direct consequence of
assertions (1) and (2). The inequality stated in assertion (4) follows by using Lemma 3.7:

2 2 2 2
][|a| |V |” dx ~ max |al” max [V |
T T T
< 2k 2 max |a|2m]gx el ~ 22(k+1)R—2][ lal?n? d.
T

That completes the proof of the lemma. 0

We will also need a discrete counterpart of the weak-type estimate (2.14), which we will now state.
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DISCRETE REGULARITY 1879

LEMMA 5.4 Consider 1, as in Definition 5.2, and let A, := {n?|(v, — A; — () |> > 0} for some ¢, € R
and v, € V,,. Then we have

22k
Al < 17 /Q gy, — Ay — €)1 dx. (5.3)
o0

Proof.  First, observe that A, ; is a union of finitely many 7; € 7,. On every such 7; we have

maxy, 7, = 1 by Lemma 5.3(2) as maxy, n;y; > 0. For at least one node x, of 7;, we have
v (xg) > Agyq +cp, and therefore,

W) —Ap —co)p = vp(xg) —Ap —co > Ay — A = 270
Using this and Lemma 3.7 we get

2k
2 2
|T;| < |T|max(vh )\k—co)+mﬁxnk
oo 1

22k
)\2 ITl][ (v — Ay — co)imi dx )LT/T_(Vh — kg — co)3ni d.

o0

As the T; are disjoint and supp i, C Ay, |, summing over all i yields the assertion of the lemma. O

This result allows us to prove a discrete version of the L°°-estimate from Theorem 2.6. We will
again confine ourselves to the case when n > 3 and write 2* := 2n/(n — 2); the proofs below are easily
adjusted when n = 2.

THEOREM 5.5 Assume that all the assumptions of Theorem 5.1 are satisfied. Furthermore, let x, € T
for some T € 7, be a point such that B(xy, 2R) C 2 for some R > hy. Then we have

max (4, - 0% < f (= 0% dx + (IGI3, + 1713, ) B (5:4)
2/ (B(xo,R)) 2(B(x0,2R))

for all ¢ € R, with §2/(B(x,, R)) as defined in (3.6).

Proof. For B = B(x,, R), we use the notation 2B := B(x, 2R). Using the notions from Definition 5.2,
we define the sequence

a ;=][ (y, —h—O3nfdx  fork=0,1,2,....
202B)

We write Ay == {(u;, — —0)? +’7k > 0} as in Lemma 5.4 and use Holder’s inequality to deduce that

2.2
Ay =][ (U, — My — O3y dx
Q0B)

2 2

o 2* |Ak+1| n

< up, — A g — ) dx) (— .
(]{2(23) | h k+1 + k+]| |Q(2.B)|

(5.5)
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1880 L. DIENING ET AL.

We have assumed that R > hy. Recall that there is a Q > 2 such that £2(2B) C B(x,, OR) by inequality
(3.8). This means that we have |£2(2B)| ~ R". Using this and the Sobolev embedding theorem in
inequality (5.5) gives

2
2 (Al
ak+15R2][ |V (Gt = dgegr = O 4| dx( 1’;:1) : (5.6)
Q(2B)

We will consider the factors separately. For the first one, we can apply the discrete Caccioppoli
inequality (4.33) to get

2
][ |V((”h_)‘k+l_c)+77k+1)| dx
2(B)
S (U, = Mgy — LIV dx
~ Up = A1 — LNV g
20B)
TR (168 2) + 1) | O supp Gty — s — ), |2
su su u, — —c 0
|£2(2B)| L) L($2) ) ISUPP k11 pp (uy, — Aggy "

2 2
: (llnk+] ”Lz*(supp (=g 1—C)4) + ”Vnk+] ||L2(supp (uf)»k+1fc)+)).

Now, by applying Lemma 5.3(4) to the first summand, the bound maxg |Vn,| < 2R~ from
Lemma 5.3(1), together with n, < 1 and |A;| < [suppn, | < R" to the second summand, we deduce
that

2
][ |V((”h — A1 — C)+77k+1)| dx
202B)
22k

S et = e = A Pl dx
2(2B)

1—2428
+R¥2 (1612 + 2 |Ags1] o +22k|Ak+1|
Gy + 10y o )

With the weak-type estimate (5.3) and because A, | > A, this becomes

2
][ |V((”h — A1 — c)+’7k+1)| dx
20B)

22k B
S [ty — ¢ = 24 1P| dx + RP 2 (llFllip(m + Ilflliq(m)
2(2B)
22k 1=243 2 2
2 2 2 Vi~ W
o0 2(2B) 2(2B)
24k

o0

s o\ B (160 + o))
3

1—
ak+(ak+ak T (AG) 2
o0

(5.7)
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For the second factor of inequality (5.6) we use the weak-type estimate (5.3) to get

|A | % 22k %
(%) < (hmes—r-onra)
00
_2ﬂ (ak )’21
2]

Substituting inequalities (5.7) and (5.8) into inequality (5.6) yields

: : 2\ B2 (1610 + 1))
1 n n n LP (2 L1($2
0, <2 1)k, (_k) +((a_k) +(&) ) @ + Vi)

Mo Mo Mo Mo

(5.8)

If we now choose A2, ~ max {R? (||F||%},(Q) + Ilfllzq(g)), foom Wy — ¢)% } dx we obtain

2 2
4k(1+1 ar \" A \"
g S 2 +")ak(()7) + ()LT) )
o o0

With the help of Corollary 2.2 we get a;, — 0 as k — oo after choosing y = A%, b = 24043 and
25
o= if

)%O’vao <][ (uh—c)idx.
Q@B)

Because lim,_, ., a; = 0, passing to the limit k — oo in the definition of a;, we deduce that (1, — )% <
)%0 on 2’ (B(xO,R)) C [\ supp 1. By recalling our choice of )%o, we thus have on £’ (B(xO,R)) C
(N« supp 7y, the following bound:

(w — )% < A%, < max [ (161 @) + e ) R, ][Q (w, — )2 dx]

(2B)

~ (1610 + ) R+ £ = 0
Q0B)

which proves the stated claim. O

Next we will prove an estimate showing that if a value of u, is small at a node then it cannot be too
large at neighbouring nodes. By enabling us to control not only the maximum of a function on a simplex
but also its minimum, this will help us to recover a property analogous to the one in inequality (2.17)
that will be a discrete version of Lemma 2.8.

LEmMA 5.6 Under the assumptions of Theorem 5.1, let v;, be a discrete subsolution to —V - (AVu) =
f—V.-Fwith 0 < v, < 1. Then there exist constants T € (0,1), N > 0 and C > 0 such that if x; and X;
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1882 L. DIENING ET AL.

are nodes of the same simplex T € 7, with a7 N 352 = ¥ then we have

() < 1=+ 2%, 0) + C (IF ) + W llace) h7- (5.9)

Proof. We follow the ideas from Aguilera & Caffarelli, (1986), Lemma 1.7. By Lemma 3.14 we can
connect the nodes x; and x; by a sequence of nodes {x; = yg,y;,...,yy = x;} belonging to the same
simplex T with

/Ath Vi, dx /Avw Vy,dx, i=0,...,N—1, (5.10)

where we denote by ; the basis function associated with the node y; in the sense of Definition 3.1 and
7 € (0, 1) only depends on the shape-regularity parameter I” of the triangulation. Also, note that all of
the y; are nodes of the same simplex 7', which means that N < n. We denote the remaining nodes of 7,
by y; with i > N + 1. We will prove the claim by induction over the sequence of nodes connecting x;
and x;. The base step (corresponding to N = 0 when x; = x;) is clear. Suppose therefore that N > 1.

Let v;, be a discrete subsolution to —V - (AVu) = f — V - F, such that 0 < v, < 1. Fix an integer

k€ {0,...,N — 1}, test equation (4.2) against ¢, = v, | and write v, = > v )y to get

th()’z)(V%’V‘/karl)A:/Avvh Vi dx /F Vi gy dx
/

This leads to

vy, V
O ESY (( Vi Viiria_,,

v Vi V¥iiila
+/ F-Vy dx+/ S dx (5.11)
2 (Vi1 Viiia (VU1 Viigia

=I+1141I.

First, we consider term /. Since 0 < v, < 1 and because 7}, is A-nonobtuse in the sense of inequality
(3.2), we find that

(VU VU 1)a
(VY1 Vi)

__ Z (VY Vi 104 vy (o) — (V¥ Viia

I#kk+1 <Vwk+l’vl/fk+l>A (V‘(//k-Fl’Vwk-Fl)A

Z VYL VYA n (V¥ Viida (VY Vi a
S VYt Vs (Vs Vigda (Vg Vdigaa

I=—
I#k+1

Vi)

Vi (yk)

Vi (yk)-
I£k+1
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. (VY1 Vi 1) (Vi 1, Vi)
Since 0 = V1 = 3, Vi and therefore — 3 i 11 vy = (Vo vo)s = 1 we get

(VU Vida (V¥ Vi )a
<1+ . )
VU Viiaa (Vi Vs ok
(VY Vi i)a

(Vi1 Viigia

=1+

(= v, ).

Because the sequence y; satisfies inequality (5.10), this becomes

Next we consider term /I from inequality (5.11). We know that suppv,,; = $£2(y;,;) and

@ "~

0 < ¥, < 1. Hence, [|¥; ||L,.(Q) ~ h; as y;1 € T. By equation (3.4) we find that |V 4|,
h

; 1. By the uniform ellipticity of A, we have (Vi 1, Vi, 1), 2 IVYyy ||i2(9). This gives

”F”LP(_Q) ||Vwk+1 ”L(]*%+%)_1(Q hn,2+5

P~ WPl g~ Pl - (5.13)

I< 3
”VWIC-Q—IHLZ(_Q) T

~

Analogously, we find for term 11, using Holder’s inequality, that

W1l o) 1 Vg ”L(l—%+%)_] ; 248
s . D Wl o)L ~ Wl (5.14)
||V1§”k+l ”LZ(Q) hT
Inserting inequalities (5.12)—(5.14) into inequality (5.11) gives
Vh(yk+1) < 1 -7 + th(yk) + C (”F”L]’(.Q) + ”f”Lq(Q)) hgﬂ (515)

Now, assume that

k—1
v, ) < 1=7*+ 7%, (5) + C (IF iy + Wl agey) By D 7"

m=0
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We recall that y,, := x; and calculate

Vi (k1) ST =7+ 79, (%) + C(IF ) + I lagey) By

k—1
<l—-t+471 (1 —tf rkvh(yo) +C (”F”]j’(ﬂ) + ”f”Lq(_Q)) h(ST z Tm)

m=0

+ C (Il oy + Il o e2y)

k
=1- 'L'k+1 + ‘L’k+lvh(y0) +C (”F”U’(Q) + ”f”Lq(Q)) h(; Z 'L'm
m=1
8
+ C(IFllp 2y + flliLaca))
k
m=0

By induction, this proves by setting k = N — 1 and recalling again that y, := x; and yy = x; the bound

N-1
vp() <1 =7V 4+ 7%, () + C(IF ) + Wllace) By D 7™

m=0
Because ZZ;(I) 7" is bounded and depends only on N < n and 7, which depends only on the shape-
regularity parameter, we deduce the assertion of the lemma. g

This leads to the following lemma, which is a discrete version of Lemma 2.8. It is a generalization
of ideas from Aguilera & Caffarelli (1986), where the discussion was restricted to Laplace’s equation.

LEmMMA 5.7 Under the assumptions of Theorem 5.1, let B(x,, R) be a ball with R > hy and B(x,, OR) C
£2 where Q is the constant from inequality (3.8) and x, € T for some T € 7,,. Furthermore, let v, be a
discrete subsolution to —V - (AVu) =f — V - F with 0 < v, < 1 on B(x,, OR). Assume further that

‘ U pn .Q(B(xO,ZR))‘ > B12(B(xy.2R))| (5.16)
i:vp(xp)=0

for some B > 0. Then there exist constants R, 6 € (0, 1) and C > 0, such that

2'(B(xo,R))

forany R € (hT,RO).
Proof. 'We recall our notational convention 2B := B(x, 2R) and define, for any R > h,

™V %
/L:ZI_T, )\,kzl_(l—/,L), Vk::

- Mk
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Again, the operation (...), is meant in a nodal sense and N and 7 are the constants from Lemma 5.6.
As we have v, < 1, we have 0 < v, < 1 as well. Note that v, is a subsolution to —V - (AVy) =

I LG)k because of Corollary 4.9, so the local L*°-estimates from Theorem 5.5 hold. This means

(I-wF — (A—p
that we get
: IGll + I

sup v, S (][ vt dx) +C (U’—lim) R®

Q2'(B) 202B) (I —pw)
1
< 1A'} 2 LC Gl + If Nl e R
R (1=t

If we can find a k such that Azl < BR'+-C ﬂR”+25 for a small 8, we will have v; < %—FC‘R‘S . Assume that
Vig1(x;) > 0 for some x; € §2(2B). Because the sequence (1), is strictly monotonically increasing,
if v, (x;) > O for some x; € £2(2B), as has been assumed, then v;,(x;) — A, > v, (x;) — A > 0,
whereby (v, (x;) — A) = v, (x;) — A;. Hence, we have

(5.18)

0 < v () = VD) — A T =g v () — A A~ Mgy
k1Y) = =
I 1 =R P=Dpg =2 U =2
=2 M= Myt
BTG e v
k1 k1
G I e e e D)
L—p (1 — k!
v (x;) 1
=K 4 Q-—pu-1
I—p +t1z M( n—1)
_ V(X)) —
l—pn
and therefore
H < v(x)). (5.19)

We also define a sequence Ry, such that

C (IGllp + IIf 1l ) 5 v
Q—oF  QeR)" = (5.20)

and assume that R, > hy. By inequality (3.1) and inclusion (3.8) we know that

20R > diam (£2 (B(x),2R))) = hg (5.21)
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for any S € 7, with S C §2(B(x),2R)), as long as R > h;. By combining equality (5.20) and inequality
(5.21) we have

C (|Gl + N
(ICLy + Wis) s 522
(1 -k 4
for any R € [hy,R;] and any S C £2(2B).
Assume that R < R, for some k. Again, note that v, is a subsolution to —V-(AVv) = (lfw — ﬁ.

This means, by Lemma 5.6, that for any node x; of the same simplex S C §2(B(xp, 2R)) as x;, we get

N

T ~ ~
I= o =n<nl)<1- o+ N ) + CIFN, + IF1L,)
C(IIF 1, + If1l,)
<=V 4V (x) + —L——ThS.
e -k

Now recall that R < R;, and note inequality (5.22) to get

™ v
1— T<1 -+ V) + T (5.23)

which implies that vk(xj) > % Recall from inequality (5.19) that we have % < (< vi(x;). Thus, we get
1
Appr C v > 5 [ NLBER)),

as v (xy) > % atall nodes of A; | | because if an § € 7T, satisfies S C Ay, there is a node x,, of S such that

Vi(Xg) > Ay, and this means that we have shown that vy (x;) > % for any other node of that simplex
S by inequality (5.23). Furthermore, as we are using piecewise affine basis functions, we know that
maxg v;, and ming v;, are attained at a node on any simplex S € 7. Therefore, we get

1
[O<vk < E} NA =0

However, as we have {0 < v, < 3} N 2(2B) C Ay and A, | C Ay, it follows that

Ayl 2> ‘([0 <y < %] N [2(23)) UA | = HO < < %] N .Q(B(ZR))‘ + 1A - (5.24)

Now note that if v,(x;) = 0, we also have v;(x;) = 0. This means that inequality (3.25) holds for
all v; for the same y = B by assumption (5.16). This allows us to use the Poincaré-type inequality
from Theorem 3.13. Note that §£2(2B) is an «-John domain, and the angle o only depends on the
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shape-regularity constant I". Thus, the Poincaré constant of £2(2B) only depends on I". For additional
details we refer to Diening et al. (2010). Hence,

1
|Ak+1|<2/ min[vk,—]dx
20B) 2
. 1
< R/ V {min v, = dx
20B) 2

< R/ [V, | dx
22B)N{0<vr<1}

1 1

2 1 2

<R(/ |Vvk|2dx) HO<vk<—]ﬂ.Q(B(2R))‘
2(2B) 2

Here, the min is meant in the pointwise rather than in the nodal sense. As we have 0 < v; < 1, we can
apply the discrete Caccioppoli-type inequality (4.33) to deduce that

c(IGI3, + I 17
R2/ IVvklzdxg/ dx|v | + ( llf - ”)R”+28
20B) B(OR) (I—p)

5 Rn + CkRn+26.

This gives

l

1
1 2
[0 <V < 5] O.Q(ZB)‘

CUGIE + IF12,) . ias
|Ak+l| 5 (Rn + (1 _ )k R

Combining this with (5.24) yields

1
C (1GI3, + IIf1I? : i
'A"“'S’(Rn+ ( 1= 1) gre2s) )~ g1

Note that |Ay| < R". With the help of Lemma 2.3 we deduce that, for any R < R,

G|?

1Al <

<;_m /|mm+me’
k(1 — o)
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where we have used that all norms on R? are equivalent, so in particular /x% +y2 ~ |x| + [y|. This
means that for any 8 > 0, there exists a k such that, for any R < Ry,

Azl < BR" + Cg (Gl + Il a) R,

Thanks to inequality (5.18) this gives, for some C > 0,

1
sup v < 5+ C (IGlp + o) K
2'(B(R))

Recall that v, = (V” m+ . Then we get on £22/(B(R)) that
v, () < (I — Apvp(x) + A

(uwg(+cwwm+mmmﬂ+u
1
= 0%+ D+ A =2pC (IGl + flle) R

1 -
=§@_a—mﬂ+a—MWWWU+mmM5

. ]
< 1= 31 =wF + C(IGly + Wl) B
k

1 /N 8
-1-3 (5 + C (Gl + Iflle) R

This proves the lemma with 6 = 5 (f) and R = Ry. O
Lemma 5.7 allows us to prove a bound on the oscillation of u, stated in the following lemma.

LEMMA 5.8 Under the assumptions of Theorem 5.1, let R, be the constant from Lemma 5.6, let x, € T
forsome T € 7, and R € (hy, R;)) and suppose that B(x,,, OR) C §2. Then there exist constants 6 € (0, 1)
and C > 0 such that

osc u, <(1—06) osc u,+ C(IGll, + R (525)
@ BloR) " e R (Gl + f 1l 4)

Proof. We begin by noting that u,, is by construction continuous on £2. As osc(cuy, +d) = |c|oscuy,
we first set it = u;, — 1 (maxQ(ZB) y, + ming ) ;). We then rescale to if), = it/ iy | 2 2 o)) to get
—1 < i1, < 1on £2(2B). Then #, is still an approximate solution to —V - (AVu) = f V - F with a
rescaled right-hand side, i.e., for f = f/|lit, | ;< 225y, and F = F/ ity || (225, and

2 = osc zih < osc u,,
202B) B(x0.20R)
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Note that

U 2= U 2w

i:ug (x)=0 i up(x) <O

and

( U .Q(xi))u( U Q(x,.))=

iup(x) <0 i —up(x)<0

This means that inequality (5. 16) is satisfied for at least one of the functions 4 and (— uh) L Asuy,
is a finite element solution, both i 4 and (— uh) . are subsolutions, with right-hand sides f, F and —f,
—F, respectively. Furthermore, F and —F both satisfy assumption (x) with the dominating function

G = G/||L7h||Loo(9(ZB)). As osc L:th = osc(—fth), we are free to choose the one for which inequality
(5.16) holds. _ ~
We can therefore apply Lemma 5.7 to either i, or —iz;, and get

0sC I:lh < supft++ 1< 2—0+D(||G||lp + |l]~‘||Lq)R‘S

2'(B(R)) B(R)
) =~ DGl +
= (1 — —) 0SC "‘h + (|!~ ”Lp ”f“Lq)Ra
2 ] B(x0.20R) ity | oo 22y
Hence, after multiplying through by [li), || (o (2p)) using that oscu, = |lityll (2 2p)) 0SC l/:lh, and

redefining 6 ~ %9, we have

osc u, <(1—06) osc u,+DI(|G|;, + R,
2’ BaoR) " ( )B(xo,ZQR) h (Gl + If I za)

which completes the proof. (]
We are now ready to prove the interior Holder-regularity result from Theorem 5.1.

Proof of Theorem 5.1. First, we will need to show that u,, is uniformly bounded on balls B(x,, 20R) if
B(x, 4«~1OR) C 2. Inequality (5.4) from Theorem 5.5 yields

ot 20y < 12015 S 12010y + € (W IErce) + 1GIRugy)- (526)

Thanks to the homogeneous Dirichlet boundary condition satisfied by u,,, we can use Poincaré’s
inequality to deduce that

2 2 2
||Mh||L2(ﬂ(4QB)) < ”Mh”LZ(Q) g ”Vuh”LZ(Q)'
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Because of the uniform ellipticity of A and testing equation (4.1) against ¢, = u,,, we get

2 2

We can now use Holder’s inequality and Sobolev embedding. Also note that p > n > 2 and

q>5= %le,hence

2
IVupllia gy < IVunllz@) IF 2@y + W 2yl )

(£2)
f, ||Vuh||L2(_Q)||F||Lp(Q) + Hf”Lq(_Q) ||V”h||L2(Q)-

Together with inequality (5.26), this shows that for any B with 40B C £2, ||”h”1%oo 208) is uniformly
bounded.
Next we will prove inequality (5.2) for different values of R. If

k+1
1
€ |:hT, (@ (%) ) :| =:[Ry,R;] (see the conditions of Lemma 5.8 and equation (3.1)),

we can use Lemma 5.8 to get

osc u, <(1—-0) osc u +D(|G + R®. 5.27
2 05 1 < U =0) 0se wy +D (Gl gy + I lsce) (5.27)

Now, the inclusion (3.10) guarantees that there is a ¥ > 0, depending on shape regularity, such that
B(kR) C £2/(B(R)). This gives, together with inequality (5.27), that

<(1-06 D (|G R’, 5.28
B(SOSS )Mh (1-0) 0S2CQ u, + D (| ||U(Q)+|lf||Lq(Q)) (5.28)

which allows us to apply Lemma 2.4 with ¢(r) = 0scgogp Uy, T = 35, 1 —0 = 20k~ and
oy = 8. If it turns out that § > o, we can use a weaker norm for f and F in our Caccioppoli estimates
that results in a smaller §. This leaves us with

¢ +C|R. (5.29)
u .
B(xo R) n S R‘S

IfR > (CLQ(%)’}H)%, we have 2CQ(;LN)

kHR‘S > 1 and get

4 k+1
5056, 1 < 2lup ooy < 4CQIIuh||Loo(B(xOR))( ) R. (5.30)

120z Joquisidas g uo 1senb Aq | LE1LLZ9/9%81/E/ L F/eI0IE/euleWIWOD dNO"olWSpEoR)/:SARY WO} POPEOJUMOQ
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For R < hy, assume first that B(x, R) C §2(T). We note that u,, is piecewise affine on every S € 7,,.
Denote by L, ¢ the Lipschitz constant of u, on a simplex S € 7,,. For a ball B(x, R) we have

B(());cR)uhg ?éz% L, s)R (5.31)
’ SNB(xg,R) £0

On the other hand, the L, ¢ are given by

0sCp. Uy,

Lus =g S
Ly

: (5.32)

where B, ¢ is the inscribed ball of S and R, g its radius. Denote by y, the centre of B; . We then find,
using inequality (5.29), that

oscu, < osc u, < h. (5.33)
Bis B(yo.hs)

By shape regularity we have R; ¢ = hg. Substituting this and inequality (5.33) into (5.32) yields

1

L, s~h" (5.34)

up,S

Because B(xy, R) C $2(T) we get hg ~ hy for all S € T, with S N B(xy, R) # ¥ from equation (3.5).
Inserting this, together with relation (5.34), into inequality (5.31) yields

osc u, SR <R, (5.35)
B(x0.R)

By equation (3.7), there is a k > 0, depending only on the shape-regularity constant, such that if

B(xg,R) N (82 \ £2(T)) # ¥, we necessarily have R > khp. However, we can then use inequality (5.29)
to deduce that

1
osc u, < osc u, Shy < —5R‘S. (5.36)
B(xo.R) B(xo.ht) K

Taking C as the maximum constant from inequalities (5.29), (5.30), (5.35) and (5.36) finally gives

0sC Uy < cR?
B(x0,R)

and proves the theorem. (I

6. C“-regularity at the boundary

So far, we have always assumed that we are far away from the boundary 92 of £2. In order to prove
uniform Holder regularity up to the boundary, we will use suitable truncations of u;, to be able to use
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uhn,% as a test function in equation (4.2) even if 5, is not necessarily compactly supported in §2. For
convenience, we will write £2¢ := R" \ £2.

DEFINITION 6.1 A domain 2 C R” satisfies a uniform outer cone condition if, for any x € 942, there
is a cone C with C N 2 = @, with its tip at x and angle greater than some « > 0. In particular, this
means that the complement £2¢ is fat in the sense that there is a y > 0 such that, for any x € 92 and
R > 0, we have

|B(x,R) N £2°] = po|B(x, B)|. (6.1)

We note that a Lipschitz polyhedral domain automatically satisfies a uniform cone condition. This
allows us to state the main theorem of the section.

THEOREM 6.2 Let £2 C R” be a polyhedral domain (which thereby satisfies a uniform outer cone
1_ 1 2_8

condition in the sense of Definition 6.1). Furthermore, let p, g be defined via b= an % and é =S
letf € L9(£2) and let F € LP($2;R") satisfy assumption (x) with dominating function G € L”(£2;R"),
and let A € L*°(£2;R™") be a uniformly elliptic matrix-valued function. Let 7, be an A-nonobtuse,
shape-regular triangulation of the polyhedral domain §2 with respective finite element spaces V,, and
Vio- Letu, € V) be a continuous piecewise affine finite element approximation to the solution of the
equation —V - (AVu) = f — V . F. Furthermore, assume that u, |, € CPa82), uniformly in 4. Then

there is an « € (0, 1) such that
u, € C*(£2)
and

luplco @y S NGllp2y + Wfllzac2) + D,

uniformly in 2 where D depends on |uy |5, A, 8, a and the shape-regularity parameter I" of 7.

Again, we will break down the proof into several lemmas. Recall that we write B(x,, R) for the
connected component of B(x,, R) N §2 that contains x;,.

Henceforth, we will assume that n > 3 and write 2* := 2n/(n — 2). The proofs are easily adjusted
in the case of n = 2.

THEOREM 6.3 Let 7, be an A-nonobtuse, shape-regular triangulation of the polyhedral domain £2. Let
uy, be a non-negative subsolutionto —V-(AVuy,) = f—V-Ffor F € [/ and f € L?. Furthermore, suppose
that F satisfies assumption (x) from Definition 4.6 with dominating function G. For any n € C*®°(R"),
define 5, := I1,n. Suppose furthermore that u;, = 0 on 952 N supp n;,. Then we have

/|Vuh|2|nh|2dx§/ W21V, P dx
§2 12 (6.2)

2 2 2 2
+ (1G85 2y + Wac)) (1900 2 cuppiy + 1022+ () 15U90P 741 -
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Proof. Note that IT,(u,IT,(n?)) € V)0 because we assumed that u;, = 0 on 92 N supp 7. This

means that we can test inequality (4.2) against ¢, = IT;, (u;, [T h(n}zl)) and follow the steps of the proof of

Theorem 4.3. O
Thus, we arrive at the following L>°-norm bound that is valid near the boundary.

THEOREM 6.4 Under the assumptions of Theorem 6.2, suppose that v, is a discrete subsolution to
—V-(AVu) = f — V. F. Suppose furthermore that v, = 0 on 3£2 N £2(B(x,, 2R)) for some ball B(x,, R).
Then we have

sup (v, — L SR / 0 = 0% dr + (Ifue) + 16 ) B (63)
Q'(B(x0.R)) 2(B(x0,2R))

Proof. By Theorem 4.8, (v, — ¢ — A;) (in the notation of the proof of Theorem 5.5) is a non-negative
subsolution. We also have (v, —c¢ — A;), = 0 on 32 N £2(B(xy,2R)) because ¢ > 0, A, > 0 and
v, = 0on 982 N £2(B(xy, 2R)). Therefore, the result follows using inequality (6.2) and proceeding as in
the proof of Theorem 5.5. (]

LEmMA 6.5 Under the assumptions of Theorem 6.2, let v, € V}, be a discrete subsolution to the equation
—V - (AVu) =f — V. F with 0 < v, < 1. Then there exist constants 7 € (0,1), N > 0 and C > 0 such
that if x; and x; are nodes of the same simplex T € 7, with v;, = 0 on §2(T) N 952 then we have

vh(xl-) < 1— 'L'N + TNVh(Xj) +C (”G”LP(.Q) + ”f”Lq(.Q)) h(;v (64)

Proof. 'We would like to follow the steps in the proof of Lemma 5.6, which requires being able to test
equation (4.2) against Lagrange basis functions y;. If x; € £2, we have y; € V) and inequality (5.11)
holds. Let us therefore assume that x; € 9§2. We then have v, (x;) = 0 because of the assumption v, = 0
on £2(T) N 3£2. This yields the following inequality:

/ AVy, -V dx = E vh(xj)/ AVl//‘j -V dx
2 : 2
! 6.5)

= th(xj)/ AVY; - Vi dx <0,
J#i 9

where in the last step we have used that the mesh is A-nonobtuse. Inequality (5.11) thereby simplifies to

(VU Vi a

Vi Ok) S — Vi (3)- 6.6
¥ ,%1 (Vi1 VWit (6.6
This means that we can proceed as in the proof of Lemma 5.6 from here on. (]

This leads to the following variant of Lemma 5.7.

LemMA 6.6 Under the assumptions of Theorem 6.2, let B(x,, R) be a ball with R > hy where x, € T for
some T € 7,,. Furthermore, let v, be a discrete subsolution to —V - (AVu) =f — V- Fwith0 < v, <1
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on B(xy, OR). Assume further that
|B(xg, OR) N 2| = B12(B(xg, OR)) 6.7)

for some B > 0, where Q is the constant from inclusion (3.8) and v, = 0 on 92 N £2($2(B(2R))).
Then there exist constants R, 8 € (0,1) and C > 0 such that

sup v, <1—6+C (||F||p + |[f||q) R 6.8)
2'(B(xo,R))

for any R € (hy,Ry).

Proof. We can follow the proof of Lemma 5.7 step by step because the condition v, = 0 on 9£2 N
$2(£2(B(2R))) ensures that inequalities (6.2)—(6.4) hold. Furthermore, assumption (6.7) guarantees,
together with v, = 0 on 952 N £2(£2(B(2R))), that Poincaré’s inequality can be applied to v, on
2(B(xy, OR). O

This now allows us to prove Theorem 6.2.

Proof of Theorem 6.2. If we have B(xy, 4k 'QR’) C £2 for an x, € T for some T € T, and R' > hy,
Theorem 5.1 yields

osc u, S RY.
B(xo.R)

On the other hand, if B(x0,4/<_1QR/) N 382 # ¢ for every R' > hy, we write u;, = (u;,), — (—u;)
and consider (u;,), and (—u,), separately; both are non-negative subsolutions in V,. We write
& = min{B, 5} (see the assumptions of Theorem 6.2). Let us consider (u;,),. We can assume that
uy,(xo) = 0 for some point x, of 92 because we are only interested in oscillations and could consider
uy, — uy,(x,). Recall that u, |y, € CP(32) C C*(382), and write ||y | e = D. Then we have ((u,),, —
Ddiam(.Q)g)Jr € V- By Theorem 6.4, this gives that ((u,), — Ddiam([.?)g)Jr is uniformly bounded,
which means that (1), is uniformly bounded by sup, (((uh)+ —-D diam(Q)§)+) + Ddiam(£2)%.

If R > hy and B(xy, 4« 'QR) N 2¢ # #, we know that B(y,k 'QR) C B(xy,5« 'OR) for
some y € 952 and together with inequality (6.1) this gives assumption (6.7). We can also assume that
u, (y) = 0. We write

. ()4 — DRS),
=
€)= DRE) oo 5y 51 0R)

with D = ¢5k ~!QR. This means that

0OSC VvV, = ”V || o . -1
B(xo.5<~1QR) h L2 (B(xp,5«~1 QR))
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and

Vilagnseo,se-10r) = 0-
Note that v, is a discrete subsolution to

— V. (AVv) = !

(=V-G+f).
||((uh)+ - DR§)+”L°°(B()C0,5K71QR))

Hence we can apply Lemma 6.6 for R € [h, %/{RO] to get

Gl + IIf
sup v, <1—-604+C v+ g

R
5 .
B(xp,kR) ”((l/t)+ — DR )+”L°°(B(x0,5/(_1QR))

This leads to

osc (uy), = sup (up)y < sup ((u) — DRS)Jr + DRS
B(xo.xR) B(x¢,kR) B(x¢,kR)

— § §
- ||((uh)+ _DR )+||LOO(B()C0,5K71QR)) Bsup Vh +DR
(%0, R)

< (L= O (p) 4 = DR®) Ll oo 5y 51 0k

6.9

+ (ClGl @) + CWf 92y + D) K °
<= 9)”(“h)+”LOO(B(x0,5K*1QR))

+ (CllGl () + Clflla) + D) RS

<(1-0) 0SscC (), + (CIGI +CIf| 4D RS‘
B(xo.5¢~1QR) h+ ( Lr($2) If L4(2) )

This means that we can apply Lemma 2.4 to deduce that

e+ < IG + + D) R-.
505, )1 S (1G @) + gy + D)

The proofs for R < hy and R > %KRO are completely analogous to the respective parts in the proof
of Theorem 5.1. We then repeat this argument for (—u;,),. By combining the resulting bound on
08Cpy, &) (—U) 4 With the above bound on oscp . g (1) 1, we deduce that

osc (u,) <C (||G||U,(9) + Wl o) + D) RS, (6.10)
B(x0,R)
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To finish the proof, we finally have to look at cases where B(xy,R) has multiple connected
components. On a single connected component, we have

|uh(x) - Mh(}’)| <C (”G”Lp(_(z) + ”f”Lq(_Q) + D) |x — }’|E

by inequality (6.10). Now let x and y be two points in £2(B(xy, R)) that are in different connected
components. We find points a,b € 952 with |a — b| < |x — y|, such that |[x —a| < |[x —y| and |y — b| <
|x — y| and a is in the same connected component of £2(B(xy,R)) as x and b is in the same connected
component as y (for example, by just connecting x and y by a line and taking a and b as the intersections
between that line and 952). Recall that [u;, || ct9s2) = D, and therefore, we have |u;,(a) — u,(b)| <

Dla — b|¢. Therefore, we can write
(%) — up, V| < gy () — wy(@)| + |up(@) — u, (D] + uy (b) — u, (v

(6.11)
< C(IGllpay + Ifllzae) + D) (Ix — al* +la — b + b — y[¥).

Note that 0 < £ < 1. From Jensen’s inequality, we deduce that (a% + ag + ai) < 3(%(61 +b+ c))é. This
and |x — a| + |a — b| + |b — y| < 3|x — y| yield together with inequality (6.11) that

1 £
|y, (¥) — u, M| < C (IGlp(2) + If a2y + D) 3(§(|x —al+la—Dbl+1|b —yl))

< C (Gl oy + Ifllzae) + D) 3lx =yl

Finally, this proves that

|Uh|ca(§) 5 ”G”[_P(_Q) + ”f”Lq(Q) + D,

which completes the proof. U
We conclude with the application of the discrete De Giorgi theory to a nonlinear elliptic problem.

THEOREM 6.7 (Uniformly elliptic nonlinear equations). Let 7, be a shape-regular, nonobtuse tri-
angulation of the polyhedral domain §2 with associated finite element space V. Furthermore, let
F € IP(£2;R") satisfy assumption (x) from Definition 4.6, and let f € L9(£2) with ¢ and p defined
as in Theorem 6.2. Leta : 2 x R x R* — R satisfy 0 < ¢ < a(-,+,+) < C < oo. Furthermore, let
u, € Vo be a discrete solution to —V - (a(x, uy,, Vu,)Vu,) = f — V - F, i.e., a function u, € Vio that
satisfies

/ a(x, uy, Vu,)Vuy, - quhdx:/fthdx—i-/ F-V¢,dx (6.12)
2 2 2

for all ¢, € Vio- Then there exist « € (0,1) and D > 0 depending only on ¢, C, f, F, £2 and the
shape-regularity parameter I" of 7, such that

|uh|ca(§) < D.
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Proof. First, note that any nonobtuse triangulation is A-nonobtuse for a scalar A. The same steps as in
the proof of Theorem 4.8 (with f, = 0 and F, = 0) show that

/ a(x, u,, Vuy)V(u, — )y - Vo, dx < / fo, dx +/ G-V¢,dx (6.13)
2 2 2

for any ¢, € V) . Because a(x, uy,, Vuy)1,.,, is a uniformly elliptic matrix for any x € £2, u,(x) € R
and Vu, (x) € R", we can follow the proofs of Theorems 6.2 and 5.1. O

7. Conclusions

We have shown that under the condition of shape regularity and A-nonobtuseness, continuous piecewise
affine finite element approximations to the elliptic partial differential equation —V - (AVu) =f — V- F,
with £2 a bounded open polyhedral domain in R?, A € L°°(£2;R™") a uniformly elliptic matrix-
valued function, f € L4(2), F € LP(£2;R"), with Il, =1l_%andl =2_2forsomes > 0,
are uniformly Holder continuous up to the boundary 952, of the domain 2 if F satisfies condition (%)
from Definition 4.6. In our forthcoming papers, following on from Theorem 6.7 above, we will derive
uniform L*°(£2)-norm bounds on sequences of finite element approximations to p- and ¢-Laplacian
systems where A is given by |Vu|? —2or &' (|Vul|)|Vul -1 respectively, and therefore fails to be uniformly
elliptic or bounded.
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