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Abstract

This thesis is concerned with describing a novel technique for char-
acterizing the (spectrally resolved) spatial properties of light. The
new approach, known as Scanning Interference Method for Integrated
Transverse Analysis of Radiation (SCIMITAR), is a specific imple-
mentation of a variable-separation two-pinhole interferometer. Evalu-
ation of the series of interference patterns produced by a SCIMITAR
measurement allows the transverse profiles of intensity and spatial
phase to be retrieved, while at the same time characterizing the spa-
tial coherence of light. Including a diffraction grating in the sim-
ple experimental arrangement permits the spectral dependence of the
aforementioned quantities to be measured.

The SCIMITAR technique was demonstrated by characterizing
the spatial properties of high harmonic generation (HHG). Excel-
lent agreement with an alternate characterization technique known
as SWORD was observed. The spectral dependence of the harmonic
spatial properties was also investigated. Evidence suggesting absorp-
tion may play a role in shaping the harmonic intensity and spatial
coherence was presented. Treating the harmonic radiation as either a
fully coherent or partially coherent beam allowed the intensity width,
spatial phase curvature and coherence width of the harmonic radiation
source to be deduced.

Measurement of the fine variation of the harmonic complex coher-
ence factor (CCF) with pinhole separation revealed distinctive modu-
lations. The Van Cittert-Zernike theorem was modified by including a
Gerchberg-Saxton inspired improvement, allowing data missing from
the SCIMITAR measurement to be inferred. The harmonic equiv-
alent incoherent source intensity profile was found to be asymmet-
ric with low intensity features isolated away from the optical axis.
Calculations of the diffraction pattern produced by illumination of
a non-redundant array of pinholes showed that the modulated har-
monic properties could adversely influence lensless imaging-type ex-
periments.



I would like to dedicate this thesis to my parents,

for making all things seem possible.



Acknowledgements

This thesis has benefitted immeasurably from the wisdom and support
of Simon Hooker and Kevin O’Keeffe. 1 feel priviledged for having
had Simon supervise my DPhil. He has the uncanny ability to see the
positives of any situation and has steered me through the uncharted
waters of graduate life with skill and patience. Through Kevin I have
been schooled in the ‘dark arts’ of experimental optics. I am grateful
that I have been able to call upon his huge experience and I am surely

a better scientist for it.

The rest of the Hooker group (past and present) have always been on
hand to help or offer a sympathetic ear. Thank you Svet, Andi, Wolf,
Nicholas, Anthony, James, Chris, Gavin and Lewis. I have been lucky
to share an office with some other great people, ever willing to hear
my troubles over a cup of tea (at 4pm promptly, of course). Thank

you Katya, Jesse, Vikaran, Matt and David .

Outisde of the Clarendon I have had the pleasure of sharing a house
with some fantastic fiends. My thanks to Sherlock, Brian, Gabs,

Laura, Abi, Madhuri, Marco and Max H.

It would be remiss to not thank the huge contributions Maxine and

Gianni have made, keeping me sane and well-fed over the last few



years. | have enjoyed my time in Oxford far more for having known
you both. The house on Cardigan Street was a home away from home

thanks to your love and friendship.

Most of all I am grateful for my family, for reasons more numerous

than I can describe.



Journal Publications

. Kevin O’Keefte, David T. Lloyd, Simon M. Hooker, ” Quasi-phase matched
high-order harmonic generation using tunable pulse trains,” Optics

Express 22(7), 7722 (2014)

. Lewis Z. Liu, Kevin OKeeffe, David T. Lloyd and Simon M. Hooker, ” A
general analytic solution for far-field phase and amplitude control
with a phase only spatial light modulator.” Optics Letters 39(7), 2137

(2014)

. David T. Lloyd, Kevin O’Keeffe, and Simon M. Hooker, ’Complete spatial
characterization of an optical wavefront using a variable-separation

pinhole pair.” Optics Letters 38, 1173-1175 (2013)

Conference Contributions

. David Lloyd, Kevin OKeeffe and Simon Hooker, ” Order Dependent Spa-
tial Properties of High Harmonic Generation,” High Intensity Lasers

and High Field Phenomenon (HILAS), March 2014

. David Lloyd, Kevin OKeeffe and Simon Hooker, ” Complete Spatial Char-
acterization of EUV Wavefronts,” 2015 International Workshop on

EUV and Soft X-ray sources, November 2013



. Kevin OKeeffe, David Lloyd and Simon Hooker, ” A tunable source of
quasi-phase-matched coherent EUV radiation,” 2013 International

Workshop on EUV and Soft X-ray sources , November 2013

. David Lloyd, Kevin OKeeffe and Simon Hooker, ’"Complete spatial char-
acterization of an optical wavefront using a variable-separation

pinhole pair.” CLEO Europe, May 2013

. David Lloyd, Kevin OKeeffe and Simon Hooker, ’"Complete spatial char-
acterization of an optical wavefront using a variable-separation

pinhole pair.” Ultrafast Optics, March 2013

. David Lloyd, Kevin OKeeffe and Simon Hooker, ’Characterization of the
transverse properties of high harmonic radiation using a variable

separation pinhole pair,” Photon 12, September 2012

vi



Contents

Contents
List of Figures

1 Introduction

1.1 Scope of This Thesis . . . . . . ... .. ... ... ... .....
1.2 Role of the Author . . . . . .. .. ... ... ... ... ... .

2 High Harmonic Generation

2.1 The Simple Man’s Model . . . . . . ... ... ... ... .....
2.2 Further Theoretical Developments

2.3 Propagation and Phase-matching

2.3.1 Causes of Dispersion

2.4 The Harmonic Wavefront . . . . . . . . .. ... .. ... .....
2.4.1 The Harmonic Phase and Phase-matching
2.5 Early HHG Studies . . . . . .. ... ... ... ... .. ...

3 Characterizing Light

3.1 Properties of Interest . . . . . . .. ... ... L.

vil

vil

xii

15
17
19
22
25
27

29



CONTENTS

3.1.1 Temporal Properties . . . . . ... .. ... ... ..... 30
3.1.2 Spatial Properties . . . . . . ... ..o 32
3.1.2.1 Example: The Gaussian Beam . . . .. ... .. 34

3.1.3 Spatial Coherence . . . . . . . ... .. ... ... ..... 36

3.2 Theories of Spatial Coherence . . . . . . .. ... ... ... ... 42
3.2.1 Van Cittert-Zernike Theorem . . . . .. ... ... .. .. 43
3.2.2  The Generalised Van Cittert-Zernike Theorem . . . . . . . 47
3.2.3 Gaussian-Schell Model . . . . . . .. ... 52

3.3 Temporal Characterization Techniques . . . . . .. .. ... ... 57
3.3.1 SPIDER . . . ... ... 58
3.32 FROG . . . . . 59

3.4 Spatial Characterization Techniques . . . . . . . . . .. ... ... 61
3.4.1 Wavefront Measurement . . . . . ... ... ... .. ... 62
3.4.1.1 Shack-Hartmann Sensor . . . .. ... ... ... 63

3412 SWORD. ... ... ... ... .. ... ... 67

3.4.1.3 Other Wavefront Characterization Techniques . . 71

3.4.2 Characterizing the Degree of Spatial Coherence . . . . . . 72
3.4.2.1 Thompson-Wolf method . . . . . ... ... ... 73

3.4.2.2  Other Spatial Coherence Characterization Tech-
NIQUES . . . v v o e e 75
3.5 Spatial Coherence of HHG (Theory) . . . . . . .. ... ... ... 76

4 Scanning Interference Measurement for Integrated Transverse
Analysis of Radiation (SCIMITAR) 82

4.1 Measurement Principle . . . . . .. . ... oo 83

Viil



CONTENTS

4.1.1 Aperture Design . . . . . . ... 84
4.2 Analysing Fringe Patterns . . . . . . .. ... ... ... 86
4.3 Limitations . . . . . . ... 93
4.4  First Experimental Demonstration . . . . . ... ... ... ... 95
4.4.1 Recovered Harmonic Intensity Profile . . . . . . . ... .. 100
4.4.2 Recovered Harmonic Wavefront . . . . . ... .. .. ... 102
4.4.3 Recovered Harmonic CCF . . . . .. .. .. ... ... .. 103
4.4.4 Variation with Harmonic Order . . . . . . . . .. ... .. 107
4.5 SUMMATY . . . . o oo 108
Order Dependent Spatial Properties of HHG 109
5.1 Pulse Compression . . . . . .. .. ... ... 111
5.1.1 HCF Compressor Performance . . . . . ... ... ..... 115
5.1.2  Measuring Few-cycle Pulses . . . . . .. ... ... ... . 116
5.2  Observed Cut-off Extension . . . ... ... ... ... . ..... 117
5.3 Spatial Properties of HHG Driven by Few-cycle Pulses . . . . . . 121
5.3.1 Harmonic Intensity Profile . . . . . . ... ... ... ... 123
5.3.2 Harmonic Wavefront . . . . . ... ... ... ... ... 124
5.3.3 Harmonic Spatial Coherence . . . . . . . .. .. ... ... 125
5.4 Order Dependence of Harmonic Spatial Properties . . . . . . . .. 126
5.4.1 Intensity Width . . . . . . ... ... ... .. 126
5.4.2  Wavefront Curvature . . . . .. ... .. ... ... .... 129
5.4.3 Coherence Width . . . . . ... ... ... ... ... ... 130
5.4.4 Coherent Fraction . . . . . . .. ... .. ... . ... 132
5.5 Coherence Length . . . . .. ... ... ... o 133

1X



CONTENTS

5.6 Inferring Source Spatial Properties . . . . . .. .. ... ...
5.6.1 Gaussian Beam . . . .. ... ...
5.6.2 Gaussian-Schell Model . . . . . ... .. ... ...
5.6.3 Harmonic Source Intensity Width . . . . . . . .. . ..
5.6.4 Harmonic Source Coherence Width . . . . . . . . . ..

5.7 Summary ... ...

Resolving Detailed Structures in HHG Spatial Properties
6.1 Emergence of Structures in Spatial Properties . . . . . . . ..
6.2 Origin of Modulated Spatial Properties . . . . . . . . ... ..
6.2.1 Van Cittert-Zernike Theorem . . . . . .. .. ... ..
6.2.2 Iterative Phase Retrieval Applied to the VCZ Theorem . .
6.2.3 The Generalised Van Cittert-Zernike Theorem . . . . .
6.2.4 Comparing Driving Pulses . . . . .. .. ... ... ..
6.3 Consequences of Modulated HHG Spatial Properties . . . . .
6.3.1 Diffraction of Partially Coherent Light . . . . . . . ..
6.3.2 Diffracting Structure . . . . . .. ...
6.3.3 Diffraction froman NRA . . . . . ... ... ... ...

6.4 Summary . . ... ..

Conclusion

7.1 Summary of Work . . . ... ... oo
7.2 Future Prospects . . . . . .. ... ... ... ... ...,
7.2.1 Detailed Numerical Simulations . . . . ... ... ...
7.2.2 Characterizing Radiation from Free Electron Lasers . . . .

7.2.3 Characterizing HHG Driven by Shaped Laser Pulses. . . .

150
151
156
157
161
174
178
182
182
185
186
190

191
191
193
193
194
195



CONTENTS

A SWORD Critique 196
A.1 Numerical Example . . . . . ... ... ... 0oL 196

B Space-Time Coupling 201
B.1 STC in Ultrashort Pulses . . . . . . . . . ... ... ... ..... 201
B.1.1 Example: Pulse Front Tilt . . . . . .. ... ... ..... 201

B.1.2 Complete Space-Time Characterization . . . . . . . . . .. 205

B.1.2.1 Visibleand NIR . . .. .. ... ... ...... 206

B.1.22 XUVand SXR . ... ... ... ... ...... 206

References 208

x1



List of Figures

2.1

2.2

2.3

24

2.5

3.1

3.2
3.3

3.4

Experimental HHG spectrum taken from the literature. . . . . . .
Pictoral representations of multiphoton and tunnel ionization.

Temporal variation of ionization fraction calculated using ADK

Excursion time and return kinetic energy of ionized electrons both
as functions of laser phase. . . . . . . . . .. ...
Longitudinal position dependence of harmonic conversion efficiency

and near-field intensity distribution. . . . . . . . .. ... ... ..

Variation of Gaussian beam width and wavefront curvature with
longitudinal position. . . . . .. ..o
Geometry relevant for propagating partially coherent beams. . . .
Two pinhole interference patterns from coherent and partially co-
herence light. . . . . . .. ... .o oo
Diagram depicting the geometry relevant to the Van Cittert-Zernike

theorem. . . . . . . .

xii



LIST OF FIGURES

3.5

3.6
3.7
3.8
3.9

3.10

4.1
4.2
4.3
4.4
4.5

4.6

4.7

4.8

4.9

4.10

5.1

Propagated beam width as function of both source intensity width

and source coherence width, calculated using the Gaussian-Schell

model. . . .. 25
Experimental arrangement for a SPIDER diagnostic. . . . . . .. 59
Example experimental trace from a GRENOUILLE. . . . . . . .. 60

Single CCD exposure, taken during the course of a SWORD scan. 68

Harmonic beam intensity profile and wavefront measured using

SWORD. . . .. 70
Figure showing results from first application of the Thompson-Wolf

method for spatial coherence characterization from 1957. . . . . . 74
Microscope image of the X-slit used for SCIMITAR. . . . . . . .. 83

Diagram of the experimental geometry for two-pinhole interference. 87

Two pinhole interference pattern and its Fourier transform. . . . . 89
Diagram of SCIMITAR experimental layout. . . . . . .. ... .. 96
Example CCD acquisition, recorded during the course of a SCIM-

ITAR scan. . . . . . . . . 97

Interference pattern from a single harmonic order, along with the

harmonic spectrum. . . . . . .. ... 99
Intensity profile of ¢ = 23 measured using SCIMITAR. . . . . .. 100
Spatial phase profile of =23 measured using SCIMITAR. . . . . . 102

Absolute value of the complex coherence factor (CCF) for ¢ = 23

measured using SCIMITAR. . . . . ... ... ... ... .. ... 103
Possible pinhole locations relative to a static beam. . . . . . . .. 105
Laser spectrum with and without self-phase modulation. . . . . . 113

Xlil



LIST OF FIGURES

5.2
5.3

5.4

2.5

0.6

5.7

0.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

Fourier-limited pulse duration dependence on HCF backing pressure.115
Experimental arrangement including HCF and dispersion compen-

sating MITTOrS. . . . . . . . . . . . o 118
High harmonic spectrum for three different fundamental pulse du-

rations. . . . ... Lo 119
Example CCD acquisition taken during SCIMITAR measurement. 122
Intensity profile of orders 23 and 37 measured using SCIMITAR. . 123
Spatial phase profiles of a selection of different orders measured

using SCIMITAR. . . . . . .. . .. . 124
CCF magnitude of orders 23 and 37 measured with SCIMITAR. . 125

Spectral variation of harmonic intensity width. . . . . . . . . . .. 127
Spectral variation of harmonic wavefront curvature. . . . . . . .. 129
Spectral variation of harmonic CCF width. . . . . . . ... .. .. 131
Spectral variation of harmonic coherent fraction. . . . . . . . . .. 132
Spectral variation of coherence length and absorption length for

experimentally relevant conditions. . . . . . .. .. ... ... .. 134
Diagram depicting the relative location of the three transverse
planes identified in this chapter. . . . . . . . .. ... ..o 136
Spectral variation of harmonic source intensity width and wave-
front curvature calculated from Gaussian optics. . . . . . . . . .. 138
Calculated variation of harmonic source wavefront curvature with
position within the gascell. . . . . . .. .. ... .00 139

Harmonic source intensity width deduced using the Gaussian-Schell

X1v



LIST OF FIGURES

5.18 Harmonic source coherence width calculated using the Gaussian-

Schell model. . . . . . . . .

6.1 Harmonic CCF displaying distinctive modulations. . . . . . . ..
6.2 Harmonic intensity profile for ¢ = 29 showing modulations. . . . .

6.3 Harmonic CCF for orders 23, 27, 31 and 35 driven by 22 fs laser

6.4 Depth and width of modulations in harmonic CCF. . . . . . . ..
6.5 Pinhole separations for where CCF modulations are observed, for
different harmonic orders . . . . . . . . .. ... ...
6.6 Measured and extrapolated values for the harmonic CCF used for
back-propagation. . . . .. ..o L oL
6.7 Incoherent source intensity profile calculated using the Van Cittert-
Zernike theorem. . . . . . ... ..o
6.8 Flowchart describing a generic Gerchberg-Saxton algorithm.
6.9 CCF used to initialise GS programme. . . . . . . ... ... ...
6.10 CCF magnitude and phase derived from GS programme using the
VCZ theorem. . . . . . . . . . ..
6.11 Incoherent source intensity and upstream CCF derived from the
GS programme. . . . . ...
6.12 Incoherent source intensity, derived using the GS programme, for
different support widths. . . . . . . .. ... ...
6.13 Incoherent source intensity, derived using the GS programme, for
different ¢ values. . . . . . . ...

6.14 Equivalent incoherent source intensity profiles for ¢ = 27 — 31. . .

XV

154

170



LIST OF FIGURES

6.15

6.16

6.17

6.18

6.19

6.20

6.21

Al

A2

B.1

Mutual intensity functions of both the measured harmonic and the
(theoretical) GSM beams. . . . . . . ... ... ... ... ...,
Harmonic intensity profile and CCF derived from the Generalised
Van Cittert-Zernike theorem. . . . . . . . . ... ... ... ...

Results of GRENOUILLE measurements of 22 fs duration laser

Ionization fraction calculated using ADK formularism. . . . . ..

Transmission function of the NRA used for diffraction simulations.

Plot showing diffraction patterns from a 1-D NRA for various CCF
functions. . . . ...
NRA reconstructed using iterative phase retrieval for three differ-

ent beams. . . . ... L

Diagram depicting an thin extended slit sampling a beam at two

different transverse locations during the course of a SWORD scan.

Calculated difference in the intensity profiles recovered using SWORD

in the case either a pinhole or a thin slit isused. . . . . . . . . ..

Instantaneous wavefront as a function of time in the focal plane of

apulse. ..o

Xvi

197



Chapter 1

Introduction

The demonstration of the optical laser by Maiman in 1960 [109] has proven to be
one of the most significant technological feats of the 20th century. The ability to
convert incoherent pump energy into a coherent, bright beam of light has enabled
not only the creation of a multitude of scientific fields, but also brought about
technological changes in areas from ophthalmic surgery to telecommunications.
The experiments of Franken et al. [94], shortly after Maiman’s landmark study,
conclusively showed how nonlinear optics could be utilised to change (in their case
halve) the wavelength of a light. Their pioneering work, the frequency doubling
of the ruby laser, is regarded as the first experiment in optical harmonic gener-
ation. Nowadays, researchers making use of energetic femtosecond laser pulses
routinely employ a more extreme, non-perturbative, version of Franken’s early
work: high harmonic generation (HHG) [16]. Low order harmonics in the ul-
traviolet generated in crystals have made way for soft x-ray photons from noble
gases, producing, in some cases, radiation with a wavelength as small one 5000th

of that of the driving optical laser [88].



There has long been a strong scientific interest in the use of x-rays as a probe of
matter. Indeed, Roentgen’s early experiments with electrical discharges produced
(x-ray) radiation with a previously unobserved, penetrative property, allowing the
imaging of the skeletal structure of his wife’s hand. Nowadays, bright, pulsed,
coherent x-ray sources are found at synchrotrons, and, of late, free-electron lasers
(FELSs). Such large scale facilities have provided scientists with the tools to probe
and image matter on very small length scales and over very short periods of time,
enabling ground-breaking work in fields as diverse as biology [60] and archaeology
[102]. However, significant capital investment is required for the construction and
maintenance of these so called third (e.g synchrotrons) and fourth (e.g FELSs)
generation light sources. In the case of Diamond, the synchrotron facility situated
in Oxfordshire in the UK, the initial outlay was greater than £260 million [116].
A means of producing similar extreme ultraviolet (XUV)! and soft x-ray (SXR)?
radiation from a table-top sized machine would serve as a cost effective means of
extending access and application of light in this part of the spectrum.

The pursuit of compact, coherent, short-wavelength lasers has been hampered
by the fact that laser pump power scales with the inverse of somewhere between
the third and sixth power of the lasing frequency:® a laser operating in the
XUV spectrum would require a pump power density exceeding 100 MW /cm? [12],
prohibitively large compared to existing technologies. The frequency conversion
of optical lasers in the near infrared (NIR) to the XUV presents a feasible means
of circumventing this issue.

A typical high harmonic light source requires linearly polarized laser pulses,

!The extreme ultraviolet spectrum covers the wavelength range from 124 to 10nm.
2The soft x-ray spectrum covers the wavelength range 10 to 0.1 nm.
3The exponent depends on the particular broadening mechanism employed.



usually with a wavelength in the visible or near infrared, around a few 100’s of
microjoules in energy, with a duration of a few 10’s of femtoseconds, focussed
into some 10’s of millibar of a noble gas. For a peak intensity of the order of
10 — 10" W/cm?, the extreme non-linear interaction of light with a gaseous
media produces a collinear beam of harmonic radiation. The inherent simplic-
ity of the HHG arrangement, coupled with the capability of producing coherent,
spectrally bright radiation with an incredibly short pulse duration, sub 130 at-
toseconds (1 attosecond =10'® seconds) has been reported [35], has led to the
rapid uptake of the technique as the table-top source of choice for experiments in
chemistry [80], materials science [24] and metrology [23], among many other ar-
eas. Despite the great success of studies centred on understanding and exploiting
HHG, both through experiment and simulation, significant scope remains to fur-
ther optimise, and better utilise, the radiation produced through this technique.
One approach to furthering our knowledge of HHG is based up performing a
detailed characterization of the properties of the generated radiation.

In the temporal domain, pulse characterization has shown that the different
spectral components of HHG can be produced phase-locked and, generally, lead
to the production a train of XUV pulses per single driving laser pulse [91]. A
single, isolated attosecond pulse per driving laser pulse may be produced [58]
using a variety of methods, amongst which spectral filtering of the harmonic cut-
off is often used owing to its inherent simplicity. The demonstration of control
over pulses so short in duration heralded the beginning of experimental studies
in the attosecond domain and made very real the prospect of controlling matter
on the natural time scale of electronic process in atoms and molecules.

In the spatial domain, measurements of the spatial coherence of phase-matched



HHG from a capillary waveguide have found the radiation to be essentially fully
coherent [72], paving the way for applications which exploit this desirable prop-
erty such as coherent diffractive imaging [76] and dynamic holography [74]. The
significance of this result must be understood in context; alternate sources of soft
x-rays, (for instance laser-plasma sources and synchrotrons) possess intrinsically
poor spatial coherence [41, 92]. Improving the transverse coherence of these in-
coherent sources is only possible by illumination of a pinhole, at the expense of
a great reduction in flux. The unique combination of attosecond pulse duration,
short-wavelength and high spatial coherence from a compact, laboratory sized
arrangement found in HHG, presents manifold possibilities to perform studies of
matter at the natural time and length scale of microscopic behaviour.

In the studies described above, appropriate and accurate characterization,
whether in the spatial or temporal domain, displayed the true potential of HHG
for application in areas of intense scientific interest. Further, characterization en-
abled optimisation of the radiation source by providing knowledge of the proper-
ties of interest while also providing an insight into intense light-matter interaction.
In addition to the above two points, the accurate modelling of the propagation
of light through an optical system is contingent on knowledge of the properties,
both spatial and temporal, of the illumination. With this in mind, we can broadly

identify the three motivations for performing characterization:
1. Optimisation. Of the light, for a particular activity.
2. Generation. To provide insight into how the radiation is produced.

3. Propagation. Information to enable the modelling of optical systems.



Throughout this thesis, the purpose and consequences of the presented work will

be referenced back to these three motivating aspects.

1.1 Scope of This Thesis

A number of questions remain unanswered (or equally well, poorly explored) re-
garding the nature of the spatial properties of HHG. In particular, the dependence
of beam characteristics on harmonic order is a facet worthy of further investiga-
tion and quantification. With respect to the spatial coherence of HHG, a wide
range of aspects have yet to be addressed. For instance, measurements of the fine
variation of the spatial coherence with test point separation, experiments aimed
at explaining the origin of partial coherence in HHG, as well as tests on whether
different parts of the transverse beam posses equal coherence properties, are just
three potential areas, among many others, where research could be directed.

This thesis is aimed at addressing the questions outlined in brief above. In
chapter 2 the main theoretical underpinnings of HHG are outlined, with an em-
phasis on some physical phenomena that contribute to final harmonic spatial
properties. Chapter 3 provides an account of pulse metrology, highlighting prop-
erties of interest and techniques developed for measuring them. The chapter also
provides an outline on some theories of the propagation of light from a statistical
standpoint.

Chapter 4 describes, in detail, a new method for measuring the frequency-
resolved spatial properties of light as well as showing results from the technique’s
first application to characterizing HHG. Chapter 5 is dedicated to describing

the results of an experiment aimed at quantifying the spectral dependence of



HHG spatial properties, whilst also describing the implications with respect to
the harmonic source size and spatial coherence. In chapter 6 the observation of
hitherto unreported modulations in the HHG transverse properties is reported,
with some effort given to explaining their possible origin. Chapter 7 concludes
the thesis, offering some suggestions on the implications of the described work

and potential future research directions.

1.2 Role of the Author

All work presented in this thesis was completed by the author, under the super-
vision of Prof. Simon Hooker and with guidance from Dr. Kevin O’Keeffe. The
experimental beamline used to carry out the characterization experiments was
constructed by the author with the exception of the the hollow core fibre and
chirped mirror set. This was installed by Dr. Felix Frank, Mr. William Okell
and Prof. John Tisch and was tested by the author with the help of Dr. Kevin
O’Keeffe. All experimental data was recorded and analysed by the author, with

guidance and support from Dr. Kevin O’Keeffe and Prof. Simon Hooker.



Chapter 2

High Harmonic Generation

107" r — ;
2 ]
=3
S 402 -
\_5/10 ]
2 ]
S ]
2 H93 |
o

1
S0 L .
5 f :
= A 1
- }
= o o
10“4 1 L | L | X
16 14 12 10 8

Wavelength (nm)

Figure 2.1: Experimental HHG spectrum generated in helium by laser pulses
focussed to an intensity of 1 x 10 Wem 2. A clear plateau of equal intensity

harmonics is followed by an abrupt cut-off in the spectrum. Figure taken from
[121].



2.High Harmonic Generation

The development of chirped pulse amplification (CPA) and the subsequent
construction of ultrafast, titanium-doped sapphire (Ti:sapphire) laser amplifiers
has enabled the routine production of linearly polarized laser pulses with peak
intensities in the region 10 — 10 Wem ™2, from now commercially available
systems. The interaction of light of such an intensity with a gas medium produces
harmonic radiation. Each harmonic frequency (w,) obeys the relationship w, =
qwo, where wy is the fundamental frequency of the driving laser and, for the
case of interaction with a gas,! ¢ is an odd-integer. In the frequency domain, a
typical high harmonic spectrum is composed of a comb with decreasing intensity
over the first few orders (comb teeth), followed by an extended plateau of equal
strength harmonics, proceeded by an abrupt cut-off at the maximum photon
energy. An example spectrum, taken from [121], is shown in figure 2.1. The
cut-off frequency may be very large, extending into several 100’s or even 1000’s
of times the fundamental laser frequency. Over the last twenty years, significant
effort has been directed into creating a firm theoretical description of the physics
of light-matter interaction in the intensity regime relevant for HHG. Here we give

an overview highlighting some of the underlying concepts.

2.1 The Simple Man’s Model

The work of Paul Corkum in 1993 [11] combined aspects of quantum and classical
mechanics to provide a theoretical description of high harmonic generation. His
modestly titled ‘Simple man’s model’ provides a basis for tackling the underlying

physical phenomena which govern the non-linear up-conversion of light.

1Or any other centro-symmetric medium.



2.High Harmonic Generation

Corkum showed that the interaction of an intense laser field with a neutral
atom in the non-perturbative regime (i.e where the laser electric field approaches

the level of the coulomb potential) can be framed in terms of a three-step process:

1. Ionization
The laser field initially perturbs the potential of a neutral atom in its
ground-state, allowing an electron to undergo tunnel ionization and to in-

stantly be born into the continuum.

2. Propagation
The freed electron, starting from rest, is accelerated by the ponderomotive

potential of the strong laser field, obeying the classical equation of motion.

3. Recombination
The force of the laser field changes sign, reversing the direction of the elec-
tron motion. About 50% of the possible electron trajectories return to the
location of the parent atom after some excursion time (typically a half cycle
of the laser field) and the subsequent recombination allows the emission of

a harmonic (high energy) photon.

Step one requires the calculation of the probability of ionization. The Keldysh
parameter () offers a guide as to which ionization mechanism dominates for a

given set of laser parameters:!

y = g—[’\/z]pme (2.1)
o€

!The Keldysh parameter may be thought of as the ratio of the laser period to the time
taken for an electron to tunnel.
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Figure 2.2: Left: schematic representing multiphoton ionization. Many photons
(represented by black arrows) are absorbed exciting an electron from a bound to
a free state. Right: diagram representing tunnel ionization. The atomic potential
V(r), is perturbed by the laser potential F(r), resulting in the distorted potential
V(r) + E(r), enhancing the tunnelling probability.

where FEj is the laser electric field magnitude, I, is the ionization potential
of the target atom species and m, and e are the electron mass and charge, re-
spectively. When v < 1, optical field ionization (tunnelling) dominates, whereas
for v > 1 multiphoton ionization is the more important mechanism. The two
situations are represented in figure 2.2.

The Keldysh parameter, calculated for a number of atomic species, under
relevant laser conditions, is shown in table 2.1. In the regime relevant to high
harmonic generation typically v < 1.

Corkum called upon the work of Ammosov, Delone and Krainov (referred to

10
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Atom Species | Ionization Potential (eV) | Keldysh Parameter
Xenon 17 12.14 0.45
Xenon 2 20.98 0.59
Argon 17 15.76 0.51
Argon 27 27.93 0.68
Neon 17 21.56 0.60
Neon 27 40.96 0.83
Helium 1% 24.58 0.64
Helium 27 54.42 0.96

Table 2.1: Table showing the Keldysh parameter calculated for laser parameters
of I =5x 10" Wem™2 and A = 800 nm, for a number of atomic species and final
charge states.

collectively as ADK), who derived the rate for tunnel ionization of a neutral atom

exposed to a strong laser field [3]. The ionization rate can be calculated from:

A\ —4w

2 S S
Gim 2.2
l (wt) GXP<3wt) ( )

1

N
where w, = Ig/h, Wy = 6E0(2m3]£)_%, n* = (%) 2, Gy 1s a factor which depends
P

W = ws|Cn*l*

on the quantum numbers, [ and m, and C,+;~ is a factor which depends on the
quantum numbers n and [. The ionization potential of the atom in question is
given by Ig , I[j is the ionization potential of hydrogen and Ej is the applied laser
electric field magnitude. The probability of ionization P(t) in a time interval dt is
given by P(t) = W(E(t))dt. An example of an ADK calculation for argon atoms
exposed to an intense laser field is shown in figure 2.3.

For the second step of the model, the motion of the electron is treated classi-

cally, assuming that it starts from rest at the instant of ionization (¢y). The effect

of the Coulomb potential of the atom is neglected. In one spatial dimension, the

11
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Figure 2.3: Calculation, based on the (ADK) theory described in [3], of the
fraction (brown solid line) of ionized argon atoms, during the interaction of a 15
fs laser pulse focussed to a peak intensity of 6 x 101 W/cm?. The real part of
the laser electric field is shown by the blue dot-dashed line.

electron’s position (z) is given by:

x(t, tg) = [cos(wtp)cos(wt) — w(t — to)sin(wty)] (2.3)

mw?

where e and m are the electron charge and mass, respectively. The phase of the
driving laser field at the moment of ionization (¢) is given by ¢, = wty, such
that ionization at the laser cycle peak occurs for ¢, = 0. The subsequent path,
or trajectory, the electron takes under only the influence of the laser field, is
determined by the instant of ionization. Analytical evaluation of equation 2.3
shows that only select electron trajectories bring the electron back to the vicinity

of the atom. Specifically those which obey:

0<¢p<m/2 (2.4)

12
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or

T < ¢p < 3m/2. (2.5)

The third step of the model not only identifies which electron trajectories are
viable for harmonic photon emission but also estimates the electron wavepacket
spreading, a factor affecting the recollision cross section. This allows evaluation
of the electron continuum state-bound state transition dipole matrix element and

thus the probability of recollision.

4 T T 4
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© s B c
c E 2 O
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9 B 15 3
2 . 3
8 X 11 Iq_)
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9, (radians/m)

Figure 2.4: The kinetic energy, evaluated at the moment of recollision, gained by
an electron accelerated by a laser field (dot-dashed blue line) and total time an
electron spends in the continuum (solid green line) are plotted as functions of the
laser phase at the time the electron is ionized. The purple dotted line shows the
maximum kinetic energy an electron may gain as a multiple of the ponderomotive
potential (U,). All plots are shown for a laser wavelength of 800 nm.

The calculated electron kinetic energy at the moment of recollision is shown

in figure 2.4. The largest return energy is obtained twice (once per half cycle of

13
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the laser), and is equal to a little over 3U,, where U, = is the ponderomotive
potential of the laser field. Evaluation of the harmonic cut-off (highest) photon

frequency (Vmax) yields:

hmax = I, + 3.17U, (2.6)

where I, is the ionization potential of the atom. Equation 2.6 has been found to
agree with the spectral cut-off observed in experiments of HHG after macroscopic
effects were been taken into account [15], suggesting that the simple man’s model
captures much of the essential physics of the problem.

Figure 2.4 shows that, for all but the cut-off harmonic emission, two possible
electron trajectories (uniquely identified by different values of ¢;) can produce
a harmonic photon of the same energy. The time an electron spends in the
continuum as a function of the laser phase is also shown in figure 2.4. It is
clear that, for given harmonic energy less than the cut-off, the two trajectories
differ in the amount of time spent in continuum. Specifically, the electrons born
in to the continuum early in the laser half cycle proceed on a longer journey
than those born later. The two contributions are identified as the “long” and
“short” electron trajectories after the respective length of their excursions. The
model doesn’t preclude the possibility that the electron may collide after a (larger)
number of laser cycles. However, since we are considering one dimensional motion,
such trajectories would require the electron to remain free after encountering the

parent atom the first and potentially subsequent times.
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2.2 Further Theoretical Developments

Corkum’s three step model came at a time of fruitful theoretical research into
intense light-matter interaction. Krause et al. [105], numerically solved the time-
dependent Schrdinger equation (TDSE) to simulate harmonic spectra from both
neutral atoms and ions. Such an approach, despite proving successful in mod-
elling the HHG process, is hampered by both the significant computational re-
quirements and the difficulty of modelling systems driven by lasers with arbitrary
laser polarization states and spectral content.

Lewenstein et al. [59] built upon the earlier work of Corkum by formulating
a fully quantum mechanical treatment of the three step model. The second
step, propagation, previously modelled using the classical equation of motion,
was recast as an integral over possible quantum paths. Their work includes
more rigorous treatment of effects such as quantum wavepacket diffusion. The
authors wished to explore three key assumptions of Corkum’s work from a purely
quantum, rather than semi-classical basis. Those assumptions are that harmonic

emission is dominated by liberated electrons which:

1. return to the nucleus.

2. appear in the continuum with zero velocity.

3. have a return kinetic energy equal to the energy of the emitted harmonic

photon.
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The authors derived a quantum mechanical expression for the time-dependent
dipole moment involving integration over both time and momentum. The inte-
gration over momentum was found to be dominated by stationary points in the
classical action of the electron. Said stationary points corresponded to electron
trajectories which return to close (within a Bohr radius) of the parent nucleus,
thus providing a justification for Corkum’s first assumption. The integral over
time was dominated by a saddle point which corresponded to an electron with an
initial velocity of zero, justifying assumption two. The third and final assump-
tion was justified by calculating the Fourier transform of the dipole moment, a
quantity equivalent to the harmonic spectrum. This process provided a link be-
tween harmonic emission of a given photon energy and the kinetic energy of the
recolliding electron, addressing the third and final assumption. Lewenstein et
al.’s model benefits from being far quicker to compute compared to earlier work
centered on solving the TDSE.

In a later publication Lewenstein and co-authors [107] applied their fully quan-
tum version of the three step model to study the phase of the atomic dipole,
specifically its intensity dependence. They emphasised that the phase of the in-
duced atomic dipole responsible for harmonic emission can be associated with
the value of the action of a freed electron under the influence of the laser field.
As such the phase of emission depends on the excursion time of the particular
electron trajectory. Specifically, the phase may effectively be treated as a lin-
ear function of the laser ponderomotive potential, with the slope dependent on

whether the harmonic emission occurs in the cut-off or plateau spectral regions.
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2.3 Propagation and Phase-matching

Calculation of the single atom response of a system irradiated by an intense laser
pulse, as described through the work of Lewnstein et al. in the previous section,
provided a fascinating insight into the physics behind HHG. However, some differ-
ences between calculated and measured experimental spectra were observed [15].
The microscopic picture, that of light interacting with a single atom, insufficiently
encompasses all aspects of the problem. An understanding of the macroscopic
response of the media, that is, the bulk behaviour of the laser pulse interaction
with a finite volume of gas, is needed.

Common to all non-linear processes, dispersion is a key factor in the efficient
generation of harmonic light. Typically, the phase velocity of light propagating in
a material possesses a wavelength dependence. Thus, a harmonic photon created
at the beginning of a medium may not necessarily be in phase with light generated
further on, at a later time. The derivation for the expression of the harmonic
signal as a function of propagation distance in a dispersive medium is a well-
known textbook exercise; the reader is referred to the excellent treatment by
Boyd [5] for a full derivation. Here we quote the result for a continuous wave
driving laser field, denoted by Eéw), which induces a non-linear polarization, Pyy,
in a medium. The resultant intensity of the harmonic field of order ¢, %) (z) is

given by :

(2.7)

where z denotes the longitudinal position in medium, B) is related to the
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induced nonlinear polarization and Ak is given by:
Ak, = k(qw) — gk(w). (2.8)

Most media are dispersive and k(qw) # gk(w), in which case the harmonic in-
tensity will oscillate with propagation distance z. The distance over which a 7
phase is accumulated between local and previously generated harmonics is known

as the coherence length, L.:

7

Le=——0.
| Ak|

(2.9)

If a system can be engineered such that k(qw) = ¢k(w) the harmonic intensity is

said to be phase-matched, experiencing quadratic growth with distance:

Blaw)
1) = T 2. (2.10)

An alternate means of addressing this limitation of harmonic generation in the
dispersive regime is known as quasi-phase-matching (QPM), where regions in
the generating medium which might otherwise contribute destructively to the
measured signal are either re-phased or suppressed altogether. The technique
has proved successful for improving the efficiency of second harmonic generation
from solid state lasers using periodically poled lithium niobate (PPLN) crystals.
For HHG, a number of QPM schemes have been demonstrated. In a free focus
geometry, Seres et al. [51] employed multiple gas cells, appropriately separated
longitudinally to provide the required modulation in HHG signal. In a waveg-

uide geometry, mode beating [64], waveguide mode diameter modulation [31] and
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counter propagating pulse trains [90] have all been used to achieve QPM and

improve the conversion efficiency of the source.

2.3.1 Causes of Dispersion

Relevant to HHG, there are a number of contributions to the overall dispersion

of a system:

1. Gas media

(a)

Neutral Atoms
Dispersion arises from a difference in the (neutral gas) refractive index

encountered by the fundamental and harmonic:

2mq

Aky = N [”()\0) - ”(%)} (1—n)

2.11
Patm ( )

where n is the refractive index, n is the fraction of ionized atoms, P
and P, are the gas pressure and atmospheric pressure, respectively.
Control of the neutral gas dispersion comes from setting the pressure

in the medium.

Ionized Atoms

During the course of HHG, approximately half of the electrons liber-
ated by the laser field fail to return to the parent nucleus, producing
a plasma. The plasma refractive index (np) is given by:

np=14/1— (%)2 (2.12)

N_Wi is the plasma frequency, N, is the free electron den-

where wp = o
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sity, €g is the permittivity of free space, and m and e are the electron
mass and charge respectively. The wavenumber is well approximated

by the expression:

2
w o wp

kp ~ — — ) 2.13
P T 2w (2.13)

The contribution to the dispersion can then be written as:
Akp = gk(wo) — k(qwo) (2.14)

N,
= —N.r.\q + eze)\Ak‘p
q

~ —N.reloq (2.15)

where 1, = €?/4meqgm,c? is the classical electron radius. Equation 2.15
is valid when ¢ > 1. The free electron density is driven by ionization
from the intense laser field. Pulses with shorter duration (fewer cycles)
will produce fewer free electrons prior to generation of a harmonic of

a given order [6].
2. Geometric

(a) Free Focus
In a free focus geometry, a focussed beam accumulates a 7w phase

change,! the so called Gouy phase:

1 kr?
B, = —ex ( - ) 2.16
& b+ 2iz P b+ 2iz ( )
IThe 7 phase change is accrued between z = —oo and z = co. Naturally, a smaller phase

change occurs over smaller distances.
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where b is the confocal parameter, related to the beam waist size

(wp) through b = 2”;” 8. The associated wavevector is given by k, =
V®,. The Gouy phase experienced during the generation process
can be changed by shifting the longitudinal position of the generating
medium, with respect to the laser focus, or though shaping (apertur-

ing) the fundamental beam.

Waveguide
In the case where the harmonic radiation is generated in a (cylindri-
cally symmetric) waveguide, an additional contribution to the disper-

sion takes the form of:

2

nmd 2.17
 4rna? (2.17)

u

Al =

where w,,,, is the mth root of the (n-1)th Bessel function on the first

kind and a is the waveguide inner radius.

The overall dispersion of the system is simply the sum of all the relevant
contributions. Phase-matching is achieved when Ak = 0. This is possible, in
practice by adjusting the gas pressure of the generating medium to balance the
(oppositely signed) contributions from neutral and ionized atoms [21]. However,
there is a maximum ionization fraction for which this can be achieved; any higher
and no suitable gas pressure can be found to satisfy Ak = 0. In the simplified case
where geometric dispersion is neglected this so-called critical ionization fraction

is given by:

N 2
NawmreA” ) (2.18)

crit — 1
et <+ 27 An
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where N, is the number of atoms per unit volume at atmospheric pressure! and
An =n(\) — n(%) Considering the temporal profile of a laser pulse, harmonics
of a higher order are generated at higher peak intensities, later on in the pulse.
Such later times are associated with higher levels of ionization, as evidenced in

figure 2.3. If such harmonics are generated in the medium after 7 exceeds 7t

they may not be phase-matched through simple pressure tuning.

2.4 The Harmonic Wavefront

The spatial phase profile of the harmonic field in the generating medium is re-
lated to that of the induced non-linear polarization. There are two principle

contributions (shown here for a Gaussian beam) [71]:

1. Fundamental phase
The harmonic wavefront inherits the phase of the fundamental driving laser,

albeit multiplied by the harmonic order:

Opon(r, 2,q) = —qarctan (%Z) + q2—bZ (wq(nz)y (2.19)

where b is the confocal parameter and w(z) is the fundamental beam width.

2. Intensity dependent phase
The phase of the dipole responsible for harmonic emission can be equated

to the semiclassical action (S) acquired by the electron during its sojourn

IThe relationship Nf\‘;m = Pﬂ% has been used here to derive 7.
2In the case of a molecular gas, additional contributions to the harmonic phase arising from
tunnelling [66] and the transition moment [14] may also contribute to the harmonic wavefront.
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in the continuum, as per the model of Lewenstein et al. [107]:

1
Py = quty — ﬁs(pstatiu 2ff) (2-20)

where ¢; and ¢ are the times the electron enters the continuum and returns
to the nucleus, for a given trajectory, respectively, and pg; is the stationary
action value of the canonical momentum. The action is well approximated

by:
S~ —1,U, (2.21)

where 7, is the return time of the electron. This implies that the phase

itself is proportional to the fundamental intensity:

b el [ a( )]

N —aly . 2acdy (7" )2
()2 1+ (F)? \w(z)

(2.22)

where « is a (positive) proportionality constant, the value of which depends
on the spectral location of the harmonic order (plateau or cut-off) and I

is the peak fundamental intensity.

For a given position z about the focus, the harmonic phase is found to take

the form:
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20, qzA 9
~ 2.23
{w<z>2 T (e } (2.23)

where only terms explicitly dependent on r are retained, I, is the intensity at
which harmonic ¢ is generated and, in the second line, we have assumed we are
concerned with positions (r), close to the optical axis. Equation 2.23 takes the

%73, where R is the radius of curvature.

form of a parabolic wavefront: ®, =
In equation 2.23 I, depends on the harmonic order q. If we assume that the
brightest harmonics are generated when the laser intensity is large enough that
the harmonic cut-off is q, then equation 2.6 can be inverted yielding an expression

for I,:

qhc I,
I = - —= 2.24
(9) Aok KA3 (224)
where & is a constant that depends on the units I, and )\ are expressed in.' It is
reasonable to assume that rather than a given harmonic ¢ being generated at the
minimum possible intensity, as defined by equation 2.24, it is produced by some

larger intensity (I,(¢q), where 8 > 1. The radius of curvature of the harmonic

wavefront - in the source plane (Ry) - is then given by:?

2a 1 he I A2z !
Ry = -2 v : 2.25
0 7T{w(z)2 |:/<L)\(2) qm)\o] * ngw(z)Z} (225)

The harmonic soure curvature shows only a very weak dependence on order.

Rather it depends on «, which, to a good approximation, varies piecewise de-

f the units of Iy are W/cm? and A is in meters then x = 4.81 x 1072 cm?W~1m~2.
2The subscript ‘0’ here, and used throughout, denotes a quantity in the generation plane,
a transverse section in the gas cell where the radiation may be thought of as originating from.
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pending on whether the harmonic is in the plateau or cut-off spectral region
[114]. In the plateau region « depends on the electron trajectory that gives rise
to the harmonic emission, thus the long and short trajectories are expected to
differ in their source plane curvature. It should also be noted that the under the
right circumstances (specifically when z < 0), the two contributions the harmonic
wavefront can be equal in magnitude but opposite in sign. In this situation the
harmonic source is said to be planar: it has an infinite radius of curvature.

The harmonic source wavefront has been the subject of both theoretical [71]
and experimental work [28]. Prior studies have concluded that, generally, HHG
is produced with a wavefront of positive curvature (positive in the sense that the
phase increases with transverse distance from the beam centre, or equally well,
a surface of constant phase is concave with respect to the source). The intensity
dependent phase term was identified as being most responsible for the overall
wavefront shape [28]. Salieres et al. [71] noted that such a curved wavefront
results in the ‘apparent’ harmonic source location (longitudinal position of flat
phase and minimum transverse extent) appearing as though it is located before
(upstream of) the generating medium. The size of such an effective source could

be used as an estimate of the ultimate focusability of the harmonic beam.

2.4.1 The Harmonic Phase and Phase-matching

A key theoretical result which plays a central role in the current understanding of
macroscopic features of HHG is found in the work of Balcou et al. [67]. In a study
aimed at forging a better understanding the role of phase matching in high har-

monic generation, the authors calculated the harmonic divergence and intensity
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profile as a function of the longitudinal position of the gas medium relative to the
laser focus. Interestingly, they found that when harmonic generation occurred
before the laser reached its focus, when the driving wavefront is converging, a
diverging harmonic wavefront was produced, with a complex and non-uniform
intensity profile, see figure 2.5. Quite clearly there was little direct inheritance of
the spatial properties from the driver beam to the harmonic field. The authors’
explanation for such unintuitive behaviour was that the macroscopic response of
the generating media and the collective emission of all atoms in the ensemble
must be considered. Moreover, the intensity dependence of the phase of emission

from each atom plays a central role in defining the spatial properties of HHG.
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Figure 2.5: The conversion efficiency of harmonic emission as a function of z is
shown by the black line. The 3D plots show the calculated (near-field) harmonic
beam profile, generated before (left) and after (right) the laser focus (located at
z = 0 here). Figure taken from [67].

26



2.High Harmonic Generation

2.5 Early HHG Studies

In the time since the first demonstration of high harmonic generation by Macpher-
son et al. [16] there have been a number of landmark studies which have focussed
on improving our understanding of the spatial properties of the emission. Given
ideal experimental conditions one might reasonably expect the spatial properties
of HHG beam to not differ wildly from those of the parent laser. Such an assump-
tion is often found true in the perturbative regime typical for second harmonic
generation from crystals, see for instance [1]. However, numerous studies show
that high harmonics, whether in their transverse intensity profile, wavefront or
spatial coherence, can differ, sometimes acutely, from those of the driving beam.

A study by Tisch et al.[52], in which harmonics were generated in helium
by 1 ps long pulses from a Nd:Glass laser, showed that the harmonic intensity
profile can have a complex, non-uniform shape. In the plateau spectral region
the beam profile differed drastically from that of the parent laser, narrowing to
a more uniform, Gaussian-like shape in the cut-off. They attributed the com-
plex harmonic beam shape to the deleterious effect of excessive ionization in the
medium. In the same year as the study of Tisch et al., Salieres et al. [70] per-
formed similar measurements using 140 fs duration pulses from a Cr:LiSaf laser
system. They corroborated the conclusions of the earlier study when finding the
harmonic transverse intensity profile was near Gaussian in shape when driven by
the shorter pulses of their system. The reduction in pulse duration reduced the
degree of ionization and hence reduced the distortion of the transverse profile of
the harmonics from that of the driving beam. The work of Salieres et al. served

to cement the idea that high harmonics could be generated in a confined, low
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divergence beam with good spatial quality.

Researchers recognised early on that HHG held the prospect of providing a
coherent source of XUV radiation. The observation of low divergence light, al-
though not a sufficient condition [9], is indicative of light possessing good spatial
coherence. The first experimental study probing this quality in HHG was by
Ditmire et al. [85]. They related the visibility (modulation depth) of interfer-
ence patterns formed from illumination of a double slit to the harmonic spatial
coherence,! in a set-up reminiscent of the pioneering work of Young [125]. They
found that the HHG beam showed good spatial coherence (visibility > 0.5) over
the most of the transverse extent, although the fringe visibility could be reduced
by increasing the driving laser intensity. The attributed this effect to the in-
creased presence of free electrons, produced through ionization, in the medium.
In addition the spatial coherence was always lower than that of the fundamental
beam. A more detailed discussion of this point, and the phenomenon of spatial

coherence in HHG, may be found in later chapters.

1See section 3.1.3 for more detail on this point.
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Chapter 3

Characterizing Light

Characterization, at least within the realm of physics, refers to the process of per-
forming a measurement to quantify a particular property, or set of properties, of
an object. In the field of laser physics, the characterization of light has provided
landmarks by which we may judge the state of the art. The constant forward
march of improved performance from sources of radiation has provided a driving
force in a number of emerging scientific fields, enabling researchers to build an
ever improving understanding of physics through the use of an appropriate and
well optimised probe. The modelling of the behaviour of light, whether in its
propagation, reflection, diffraction or absorption by matter relies on accurate in-
formation of the initial state of the radiation. The interpretation of experimental
data and the construction of experimental beamlines are two generic situations
which benefit from having a well characterized radiation source. It is therefore of
paramount importance that techniques are developed that provide accurate and

reliable information of relevant properties for immediate use.
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3.Characterizing Light

3.1 Properties of Interest

Before engaging in a discussion of characterization it is worthwhile identifying
which aspects of light are experimentally feasible to measure and why such prop-
erties are of interest. Conventionally, the electric field of a pulsed beam! of
radiation, propagating in the z-direction, with transverse extent in the x and y

directions, may be formed from the product of two functions:
ET(%C% Z7t) - 8S(Iayvz)8t(t) (31)

where €4 encodes the spatial properties and &; the temporal. This assumption
has been shown to be insufficient in the case of ultrafast pulses in a number of
situations, where so called ‘space-time coupling’ is observed [79], however, for the
sake of simplicity, at this stage of the discussion at least, we will continue to treat

the spatial and temporal properties as distinct.?

3.1.1 Temporal Properties

When using light to probe a system, it is the pulse duration which defines the
time scale of the phenomenon which may be studied. Pulsed light may be thought
of as being composed of a real envelope function A; modulated by a fast carrier

wave:

E.(t) = A, (t)expli[®,(t) + wot]} (3.2)

LA beam refers to a field where the intensity is confined to close to the propagation axis (2
here), with small angular divergence.

2For the interested reader, a brief exposition on space-time coupling in ultrafast pulses is
found in Appendix B.
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where wy is the angular frequency and ®;(t) the temporal phase. For now we
only consider the field at fixed spatial location. For light in the visible spectrum
a single oscillation of the electric field lasts just a few femtoseconds! and is too
fast to be measured directly. Knowledge of the pulse duration is gained from
measuring the temporal extent (or duration) of A;, but true characterization of
the field requires extraction of the temporal phase (®;) as well.

It is often convenient to treat the optical pulse in terms of its spectrum. To

do so, we Fourier transform equation 3.2:
Ew(w) = Ay exp[—iP,, (wo — w)] (3.3)

where A, is related to the pulse spectrum (S(w) = (|A,|*)), angled brackets
indicate a time average and @, is the spectral phase. The negative frequency
components are neglected for brevity. The spectral behaviour of a pulse may be

modified by propagation through a dispersive, linear medium:
Eout = EinT(w) exp[—iPpat(wo — w)] (3.4)

where T'(w) is the amplitude transmission function of the medium and is often
equal to 1 and ®,,,; is the added spectral phase coming from dispersion. The
spectral phase may be expressed in terms of its Taylor series:

W=l | g (@ =w0))

Dot (w) = P + 1 (w — wp) + Dy 5 G

(3.5)

12.66 fs for A=800 nm light.

31



3.Characterizing Light

where:

. aiq)mat

o, = W’“O (3.6)

and ¢ = 0,1,2,3... . The first term in equation 3.5 corresponds to a phase offset.
The second gives rise to a delay of the whole laser pulse. The third is known as the
group delay dispersion (GDD), leading to a frequency dependent delay during the
temporal extent of the pulse. The fourth is referred to as third order dispersion
(TOD) and gives rise to a quadratic phase variation across the pulse. GDD and
TOD (as well as higher order terms) lead to the changes in the duration of a pulse
without corresponding changes to the pulse spectrum. This idea is exploited in
chirped pulse compression, where GDD is added to a pulse to stretch it before

amplification and removed afterward in order to recompress the pulse.

3.1.2 Spatial Properties

This thesis is concerned almost exclusively with characterizing and understanding
the spatial properties of short-wavelength light. The spatial part of the electric

field (at an instant in time) can be written as:

Es(x,y, 2) = Ay(x, y, z)exp{i[@s(x,y, z) + kz]} (3.7)

where Ag is a (real) function which corresponds to the transverse extent of the

field at a particular longitudinal position z and ®, is the spatial phase. The time
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integrated intensity is given by:

I(xayv'Z) = <’ET<x7y>Z7t)‘2> (38)

where the angled brackets denote a time-average.! Detectors, such as CCDs
and MCPs, are sensitive to the (time integrated) beam intensity, rather than
the electric field itself. The variation in intensity with transverse coordinate is
often referred to as the intensity/irradiance profile or distribution (profile for a
1-D transverse lineout, distribution for a 2-D transverse slice). If the detector is
placed many Rayleigh lengths away from the source, it may be assumed that the
field’s transverse width increases linearly with position from the source location,
and it is possible to calculate the divergence from the measured beam size.

The variation in spatial phase with transverse coordinate is often referred to
as the spatial phase distribution. The beam wavefront is a surface of constant
phase. A point source emitting radiation isotropically possesses a spatial phase

of the form:

kr?

2z

P point (1, 2) = (3.9)

where r is the radial coordinate. Although, generally speaking, detectors are
insensitive to the phase properties of light, a number of methods have been de-
veloped to perform an accurate measurement of this quantity. Those applicable
in the XUV and SXR spectrum, directly relevant to the task of characterizing

HHG, are outlined in section 3.4.1.

1Strictly speaking, there is a proportionality constant between the left and right hand sides
of equation 3.8 which is omitted here. For SI units, and propagation in vacuum, this constant
is equal to %ceg.
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3.1.2.1 Example: The Gaussian Beam

Figure 3.1: Beam diameter (blue line) and radius of curvature (brown line) both
plotted as a function of longitudinal position (normalised to the Rayleigh range)
for a Gaussian beam with a waist at 2 = 0. Here A = 2. The green and red
dash-dotted lines show the asymptotic (lim z — 00) behaviour of beam diameter
and radius of curvature respectively.

The Gaussian beam (a field with an intensity distribution shaped like a Gaus-
sian function) is a common description for the output of most optical lasers. It
also offers a convenient example for understanding the way the spatial proper-
ties light change with propagation. We start by considering a beam propagating
in the z direction with extent in one transverse dimension, x. The beam at a

longitudinal position z = 0, is given by:

2
E(z,z =0) = Epexp [—i] (3.10)
Wo
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where FEj is the electric-field magnitude and the full width at half maximum
(FWHM) of the beam is given by 24/In(2)wy. Solving the paraxial wave equation
for a field of this form yields a beam which maintains a Gaussian shape throughout

propagation. Specifically:

2

w(z)?

E(z,2) = Eyexp [ } exp [@s(z)} (3.11)

where w(z) is the beam width and ®4(z) is the spatial phase:

52
w(z) = woqy |1+ ) (3.12)
ka?
d.(z) = 1
)= 375 (313
where:
2
TW§
= — 3.14
: (3.1

R(z) = z<1 + 2—2) (3.15)

are the Rayleigh range and beam radius of curvature, respectively. Far from the
source location, where z > z, is well satisfied, the beam width and radius of

curvature may be approximated by:

w(z) ~ :—;0 (3.16)
R(z) ~z (3.17)

i.e. both quantities increase linearly with propagation distance. The longitudinal
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variation of the beam width and wavefront curvature are shown in figure 3.1 for
a spot size five times larger than the wavelength.

The propagation characteristics of a Gaussian beams serve as a useful example
for comparison with more complicated sources of radiation. It should be noted
that for the case outlined above, the field is implicitly assumed to be fully spatially
coherent. More generalised models of light propagation have shown the state
of coherence can play an important role in governing, for instance, the beam

divergence [8].

3.1.3 Spatial Coherence

So far we have limited the discussion to pulse temporal properties at a specific
spatial location, or the spatial properties at an instant of time. Coherence cannot
be framed from either perspective. In essence, we wish to compare field oscilla-
tions potentially separated in both space and time, specifically commenting on
how well correlated the oscillations are. As we will see, correlation, in the optical
sense, is mathematically similar to the concept of covariance found in the field of
statistics. It is then by no means surprising to find that a statistical picture of
light [4, 98] leads to an intuitive understanding of what coherence means in the
context of optical phenomena.

Here we summarise the approach of Born and Wolf [4]. We begin by consid-
ering an electric field with transverse extent in one spatial dimension: FE(z,t).
Strictly, E(z,t) should be an ergodic and stationary function [4], which, for all
practical purposes, is equivalent to assuming that the average properties of F(z,t)

do not change over time. We wish to measure the degree of correlation of the field
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measured at two (spatially separated) test points located at x = 27 and z = z,
delayed in time by 7. To do so we define the mutual coherence function (MCF)

['(x1,22,7), in a similar vein to the covariance function in statistics:
D(zy, @9, 7) = (E(x1,t + 7)E(22,1)") (3.18)

where the angled brackets indicate a time average as in equation 3.8. In fact,
setting 7 = 0, and making reference to 3.8, it can be shown the intensity may be

derived from the MCF':
D(xy,21,0) = (E(xy, t)E(xy, 1)) = I(x1) = L (3.19)

where we use [; to indicate the (time integrated) intensity evaluated at location
x1. Since we are primarily concerned with spatial coherence, that is the degree
of correlation between two spatially separate locations at equal time (7 = 0),
we will continue without making further reference to 7.! The MCF evaluated at
7 = 0 is referred to as the mutual intensity (J12), where the subscripts identify .J;5
with points 1 and 5. Normalisation of the mutual intensity gives the complex

coherence factor (CCF) pqa:

i1z = Jio Jie
12 = = .
Vduda VIl

(3.20)

Through application of the Schwarz inequality it is possible to show that pu must

(2, x,7), the MCF evaluated when z1 = x5 = 2 but 7 # 0, is the quantity of interest
when considering the temporal coherence of light.
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be bounded:

0< |y <1. (3.21)

When |u| = 1 the wave has perfect spatial coherence. Conversely, when |u| = 0,
there is no correlation present in the oscillations between the two locations and
we may treat the light as incoherent.

One of the most widely studied manifestations of spatial coherence is found in
the interference fringes formed by illumination of a pinhole pair, as originally con-
sidered by Young [125]. We locate the pinholes at x = x; and = = x5 respectively.
The pinholes lie on the plane denoted by o;. We will neglect any interference
in the transverse dimension orthogonal to x. The resultant inference pattern is
measured on a detector lying on a plane denoted by o5. The distance separating
0o and oy is z. We consider the case where z is large enough to place o5 in the
‘far-field of light originating from pinholes on o; such that interference effects
may be detected. Such an arrangement, is shown in figure 3.2. The electric field

at a point X on oy is given by:

E(X, t) = KlE(fL’l,t) + KQE(Z‘Q,t) (322)

where K; is a (generally complex) function which deals with the propagation of
the field from the pinhole located at position x; to the point on the detector,
denoted by X.

IFar-field may be defined as longitudinal distances satisfying z >> ”Taz, where a is the

aperture diameter.
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y Y

X1, yi}

_—— = ==

Figure 3.2: Diagram depicting the relevant geometry for describing beam prop-
agation. Braces enclose coordinates of points on the respective 2-D planes, o,
and 9. In this section and beyond the discussion is limited to a single transverse
dimension (z on o; and X on o).
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The detector lying on o5 records intensity:

I(X) = (|E(X,t)E(X,t)*")
= (|K1E(x1,8)]?) + (K1 E(22, 1)) + 2R[K1 Ko (E (1, t) B2, 1)")]
= |K1|*11 + |Ky|* Iy + 2R[ K, KD (21, 25)]

=10 1 1@ 4 oR[K Ko iy (3.23)

where R[...], indicates the real part of the function enclosed by the square brackets
and I is the intensity reaching the detector from pinhole i alone. Making use
of equation 3.20, we may then write what is called the general interference law

for stationary optical fields:
I[(X) = 1D 4 1P 4 2/ IO 1?0 (21, ,) (3.24)
where p(" = R[u]. The law may also be expressed as:
I(X) =T 4 1 4 2V TOT@) |z, 25)| cos|l — k(ry — )] (3.25)

without loss of generality, where 6 is the phase of the CCF and r; is the distance

between x; and X. The maximum and minimum values of 3.25 are respectively:

Lo = IV + 1@ 4 2VTO IO (1, 2,))| (3.26)
]min — ](1) + 1(2) — 2V ](U[(@‘u(mh x2)| (327)

Since we are considering the case of a two-pinhole interferometer, it is useful to

quantify the modulation depth of fringes that may arise. Specifically, the visibility
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(V) of an interference pattern is given by:

MR

-1;1131( - -1;11i11 2
V- — O o) (329

Imax + ]min B ](1) + 1

In the case where both pinholes are illuminated by coherent light of equal
intensity (1) = I?) the visibility attains its maximum value of unity and the
depth of modulation in the observed pattern is maximised. In the case of inco-
herent illumination |u| = 0, the visibility is also zero and the interference fringes
wash out. Example interference patterns for two cases (coherent illumination and

partially coherent illumination) are shown in figure 3.3.
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Figure 3.3: Calculated interference fringes for light of wavelength of 32 nm im-
pinging on 20 um wide pinholes separated by 250 pm, recorded 1 m downstream
for the case of coherent light (blue dotted line) and partially coherent light (red
solid line).
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It seems natural to use the fringe visibility as the principal metric for measur-
ing the spatial coherence of light with equation 3.28 establishing the relationship
between V and |u|. The same equation also describes how fully coherent illumi-
nation will produce less than unity fringe visibility in the case where the intensity
falling on each pinhole is not equal. Therefore, care must be taken to either main-
tain even illumination or have good knowledge of the beam intensity in order for
the CCF to be measured accurately using a two-pinhole interferometer.

As a further note, it is worth drawing attention to the fact that the discussion
has been limited to the scalar definition of light: polarization effects have been
neglected. If a beam were to possess a spatially dependent polarization one would
expect the fringe visibility to be reduced, even for interference from pinholes
illuminated evenly by spatially coherent light. This subtlety has been considered
recently by Singh et al. who derived a vectoral generalisation to the Van Cittert-

Zernike theorem [75] (section 3.2.1 details the scalar version of this theory).

3.2 Theories of Spatial Coherence

The last century has seen numerous inroads made into improving our under-
standing of optical coherence. Such efforts have provided a firm basis for the
exploitation of coherence in a variety of experimental settings. Theories quan-
tifying the origin and propagation of this spatial property have been developed

providing a useful tool for the modelling of the behaviour of light.
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3.2.1 Van Cittert-Zernike Theorem

A central theorem of statistical optics comes from the work of Pieter Hendrik
van Cittert and Frits Zernike [7, 126, 127]. In a series of papers they indepen-
dently derived an expression for the spatial coherence of radiation emitted by an
extended, monochromatic, incoherent source.

Here the account given in [4] is followed. The source is assumed to be planar
and lying in the plane o, emitting radiation some distance to a second plane .
It is composed of small,! radiating elements labelled ds;, ds,... The field reaching

Py, a point lying on o5 can be written as:

E(Pi,t) =Y Eul(t) (3.29)

where E,,1(t) is the field originating from radiating element ds,,. We may equally
consider a second point on oy, P, and form the mutual intensity function evalu-

ated on oy:

Jiz = (E(PLOE (Po, 1)) = Y (Ei(t)Eno(8) + Y Y (Emi()Ey(1))-(3.30)

m m#n

The source is incoherent, hence radiation from spatially separated elements is not

correlated:
(Em1 (1) Ena(t)) = (Em1(1))(En2(t)) =0 whenm #n (3.31)

The contribution from a single element ds,,, a distance r,,; from position P; on

'Element sizes are smaller than the emitting radiation wavelength.

43



3.Characterizing Light

o9 can be written as:

explik(r,1 — vt)]

Epi(t) = A (t - @>

v

(3.32)

m1

where A,, is the wave amplitude, v is the speed of light in the medium between
0, and o, and k is the wavenumber. We may neglect the retardation in equation
3.32 provided the source is small compared to the separation of oy and g5. An
expression similar to equation 3.32 holds for E,,5(¢). The mutual intensity then

takes the form:

explik(rm1 — Tm2)] .

T"m1Tm2

Jia = 3 (A () A5,(1)

m

(3.33)

Rather than treating the source as being formed of an array of discretised mutu-

Figure 3.4: Diagram depicting the geometry relevant to the Van Cittert-Zernike
theorem. The grey shaded area represents the incoherent radiation source.
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ally incoherent sources, we may instead compose it of a continuum of infinitesimal

elements:

r1re

o = / 1(5) SRl = 2] 4 (3.34)

o1

where now r; is the distances between a point on the source S and a point P;

on o9 (1=1,2) and I(S) is the intensity per unit area. A diagram depicting the

relevant quantities for the Van Cittert-Zernike theorem is shown in figure 3.4.
We are interested in the spatial coherence of light reaching o5. Equations 3.20

and 3.34 may be used to derive:

Jio exp [ik(r1 — 79)]

VJ11J22 2 P1 (Py) 172

Equation 3.35 bears a resemblance to the Huygens-Fresnel integral for diffraction.

(P, Py) = ds.  (3.35)

Inspired by this point, the Van Cittert-Zernike theorem states that the CCF (eval-
uated when P is fixed and P, is allowed to vary) of an extended, monochromatic,
incoherent source, can be found by evaluating the amplitude of a diffraction pat-
tern, centred on P, but evaluated at P, of an aperture illuminated by a wave of
amplitude the same as the intensity distribution of the incoherent source, with a
wavefront converging on Ps.

As a further simplification, we may make the paraxial approximation, separat-
ing 05 and oy by a distance far greater than source size. Under this approximation

we may write:

(XP+YP) - (XF+Y7) (M -Yo)y+ (Xi— Xo)a
2R Z

(3.36)

1T —T9o =
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where {X1,Y;} and {X5,Y5} correspond to points Py and P, and {x,y} is a point

on the source and Z is the separation between o, and o5. This allows us to write:

(P Py) = exp(iv) [ [ I(w,y)exp[~EEAIHA 4z dy (3.37)

[ [ 1(z,y)dzdy

where AX = Xy — X3, AY =Y, — Y] and the phase factor ¢ is given by

k(XT+YP) — (X34 Y7)
27

Y= (3.38)
and we recognise the integral in the numerator as a Fourier transform over the
incoherent source. This leads to an alternate phrasing of the Van Cittert-Zernike
theorem. Namely, the CCF measured in the ‘far-field’” from a monochromatic,
incoherent source is well approximated by the (normalised) Fourier transform of
the intensity distribution of the source.

As an example, we consider a source comprised of a uniform disc of incoherent

emitters of radius a such that:

I(z,y) =1 when /(22492 <a

and

I(z,y) =0 otherwise. (3.39)

Evaluating equation 3.37 leads to:

2BI(V)

| aise = | | (3.40)

where B; is the Bessel function of the first kind, first order and v = %AP,
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where AP is the separation of two test points on 0,. Equation 3.40 shows that
the CCF of radiation from an incoherent disc-shaped source possesses a finite
degree of coherence, starting at unity for two coincident points and monotonically
decreasing to zero when v = 3.83. Furthermore, the CCF depends on only the
separation of two test points on o5 and not on their actual location. This property
is known as shift invariance.

The spatial coherence can be further quantified by defining the coherence area

Ag:

Ac://|u| dAz dAy (3.41)

where Ax = x5 —x; and Ay = yo — ;. For an incoherent disc of radius a we find:

B )\222

Ta?

Ac

(3.42)

or, in other words, the radius of the coherence area increases linearly with distance

from the source Z.

3.2.2 The Generalised Van Cittert-Zernike Theorem

In section 3.2.1 we considered the spatial coherence of radiation produced by an
incoherent source. The theorem is not applicable to sources possessing partial
spatial coherence. An incoherent source emits radiation isotropically, however a
great many short-wavelength radiation sources, including HHG, synchrotrons and
FELs, produced beamed (low divergence) radiation, implying a certain degree of

coherence in the source [99].

47



3.Characterizing Light

Here we will recount work summarised by Goodman [98] in formulating a
more generalised version of the Van Cittert-Zernike Theorem, one which defines
the spatial properties of radiation from a class of sources characterized by the
source CCF and intensity distribution. For the sake of brevity only one transverse
spatial dimension is considered. As with the derivation of the Van Cittert-Zernike
theorem, we consider a source lying on a plane oy, now with transverse extent
in the  dimension, emitting radiation to a plane o5, some distance z away. The
transverse dimension of oy is denoted by X. We limit ourselves to considering
(planar) sources which are characterized by a mutual intensity function of the

form:

JQ(QTl,[L'Q) = 10(1'1)10(272),&0(1'2 — ZEl) (343)

where the ‘0’ subscript explicitly denotes a property of the source and, as before,
I and p are the intensity and CCF respectively. A source with a mutual intensity
function of this form is known as ‘quasi-homogeneous’. As with the spatial co-
herence of radiation from an incoherent source, the CCF of a quasi-homogeneous
source is shift invariant. A further simplification can be made by assuming that
any structures in the spatial properties of the source are coarse in relation to the

source’s gross size, specifically:

J()(Jfl, lL‘Q) = ]O(ZZ')M()(AZE) (344)

where the new variables are Az = x5 — 1 and T = 222 It can be shown [98]

that for sources of this type the mutual intensity is propagated using a similar
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equation to that related to the Fresnel-Huygen’s integral:

(X1, Xy) = @ / / Jo(@n, 22)exp|—ik(rs — r)|dendzs  (3.45)

where r; is the distance between points x; and X;. We again make the paraxial
approximation, as in section 3.2.1, to address the exponential factor in equation

3.45:

1

TQ_TIgg

11 _
= o | XAX + 50— AXE - XAJ}} (3.46)
4

where AX = X, — X; and X = 2228 Thus we may write:

T (Xa, Xy, 2) = ﬁ//(]o(xl,@)

exp { - z% [(Xg —19)? — (X1 — x1)2] }dxldxg (3.47)

or equally well:

Jp(Xo, X1, 2) = %//%(m,xz)exp [— z%(m% — a:f)]
k

exp [ — Z;(XQIQ — leL'l)] deld(L’Q (348)

(X3-XP)

where U = % 2. The form of equation 3.47 indicates that, under the paraxial

approximation, the mutual intensity function can be propagated using a Fresnel
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transform. It can be written in the more compact form:

exp|—1V]

Ip(Xa, X1, 2) = (A2)?

?[Jo(:cl, 1:2)} * ff{ exp [%(w% — x%)} } (3.49)

where x indicates the convolution operation.

The propagated CCF and intensity profile are recovered from J, through
the use of equations 3.20 and 3.19 respectively. Thus, equations 3.47, 3.48 and
3.49 all are expressions for a Van Cittert-Zernike theorem generalised for quasi-
homogeneous, partially coherent sources. If the intensity profile and CCF are
known at one transverse plane, the generalised theorem allows same quantities to
be calculated at any other transverse plane.

If the condition z > 4% is fulfilled we may readily drop the terms con-
taining x2 and 22 in equation 3.46. This process is analogous to discarding the
‘Fresnel’ term when performing an approximate calculation of the pattern formed
from light diffracting from an aperture. Here it enables us to write the relation-
ship between source and propagated properties in terms of Fourier transforms.
Substituting into equation 3.45, and changing the variables of integration, gives:
e~
(Az)?

/uo(Ax)eXp[%AxX} dAz (3.50)

- &ifﬁ o), 255 i), 5]

JP(X27 Xl) =

/Io(x)exp [%AK@] dz x

z

where 1) = 2£XAX and Flg(y), k,] denotes the Fourier transform of function g(y)
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from the domain y to k,. The propagated intensity is then given by:

LX) = (X X) = 557 (). 2 (3.51)
and the CCF by
1 (AX) = % = 5| (@). M7X] (3.52)

where we note that, within the stated assumptions, the propagated intensity de-
pends only on the source spatial coherence, while the propagated CCF depends
only on the source intensity profile (as per the original Van Cittert-Zernike the-
orem described in section 3.2.1).

The main result of section 3.2.1 can be derived as a limiting case of equation

3.47. The CCF of an incoherent source can be expressed as a Dirac delta function:
Hine = 0(Ax) (3.53)

Substituting into equation 3.47 we obtain:

e~

Jp(Xo, X1) = R

/ To(Z)exp [%Axm} dz (3.54)
and for the CCF:

o—iv [ Io(T)exp [%AX%} dz

MP(A)Q = (\2)? I, (X)

(3.55)

which, up to a coordinate transform, is the same result as in equation 3.37.
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3.2.3 Gaussian-Schell Model

The generalised Van Cittert-Zernike theorem described in section 3.2.2 provides a
firm basis for understanding the propagation of partially coherent light. However,
there are very few choices of source shape and coherence which provide analytic
expressions for the propagated intensity and CCF. An exception is the class of
sources with an intensity distribution and CCF both of Gaussian form. Their
propagation characteristics are governed by the so called ‘Gaussian-Schell Model’
([119] and references therein), which provides a useful, analytically tractable,
example of how the propagated spatial properties depend on those of the source.

We begin by considering a quasi-homogeneous source (with transverse extent

in the  dimension) with an intensity profile and CCF given by:

Io(z) = exp[ =]

2w,
—(22 —11)°
,uo(l'g, xl) = exXp [W] (356)

where wy; and wyc are the widths of the source intensity profile and CCF respec-
tively and 7 € {1,2}. We introduce a joint source diameter wyc, which will prove

algebraically convenient further on:

1 1 1
= + (3.57)

wie  (2wor)?  wie

The source mutual intensity (Jy) is propagated using equation 3.47 giving rise to

an analytic expression for the mutual intensity measured some distance z from
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the source:
L —(Xp + X0)Py (X — X0)?
X, Xa,2) = | Jese] | @
T X 2) = pryertled g b 1 sugnp | O
where
z\212
D) =1+ (=) ] (3.59)
Zeff
is known as the expansion coefficient and (z) = k(;%z;;%) is a phase factor and

R(z) is the wavefront radius of curvature:

2
R(z) =21+ (2] ] (3.60)

where z.¢ may be thought of as an effective Rayleigh range:
Zeff = kalec. (361)

The propagated intensity profile is found from J, through:

1 —X?
I(X) = J,(X,X) = [ ] 62
2 = 50X X) = e[ (362

where W, is the propagated intensity width, given by:
Woi(2) = waD(2) = (wg; + @%22)% (3.63)
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and O is the effective intensity angular divergence:

1 1
@ -~ (4 2 \5
! 2kwoc ( qIC) ’

and ¢i¢ is the ‘coherent fraction’:

__ Woc
qic = ——
Wor

(3.64)

(3.65)

a convenient measure of how coherent the source is: the larger the coherent

fraction, the higher the spatial coherence over the central (most intense) part

of the source. In a more practical sense, a beam with excellent coherence over

its entire transverse extent may be required, so placing the coherence width into

context with the intensity width, as it is for the coherent fraction, is important.

The propagated CCF is derived from J):

B Jp(X2, X1)
V(X Xo) T, (X, X)
— (X2 — X1)°
2W2(2) ]

ﬂ'p(Xh X27 Z)

= eXp[iw]eXp[

where W,c is the width of the propagated CCF and is given by:

Whe = wocD(2) = (wie + 072")?
where ©¢ may be thought of as the angular width of the CCF:

1 1
Oc=—(44+¢>)2
C kam( + dic)

o4

(3.66)

(3.67)

(3.68)
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Figure 3.5: The propagated intensity width (W},r) as a function of source intensity
width (wor) and source coherence width (woc), calculated using the Gaussian-
Schell model (all three quantities are shown in microns). Each contour line corre-
sponds to a particular propagated intensity width given by its colour in the colour
bar. Each point on a given contour line corresponds to a possible combination
of wyc and wqr. For instance, the same propagated beam width can be produced
by large source with poor coherence (lower right of plot) or a small source with
good coherence (upper left of plot). The calculation was made for A = 32 nm
wavelength radiation at a longitudinal distance of z = 0.72 m from the source
location.
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Unsurprisingly, we find that both the intensity profile and CCF maintain
Gaussian profiles throughout propagation. A more striking result of the model
relates to the coupling of the intensity and coherence properties after propagation.
Both Wy and Wy depend on both the source intensity and CCF widths. This
is evidenced in figure 3.5 where combinations of wy and woc that produce the
same propagated W value are shown. The results were calculated from the
analytic expressions given above, for radiation of wavelength 32 nm, propagating
a distance of 0.72 m away from the source.

Previously, we addressed two extreme source scenarios: the Gaussian beam (a
fully coherent source, see section 3.17) and an incoherent source (section 3.37).
The transition from the beamed, low-divergence radiation of the former, to the
isotropic emission of the latter coincides with the change of the source CCF from
perfect coherence to fully incoherent. It is clear from this line of reasoning that
the source spatial coherence must influence both the propagated intensity width
(equivalently the divergence) and (naturally) the propagated spatial coherence
as well. The Gaussian-Schell model details explicitly the coupling between the
intensity and coherence properties of the radiation, from source through to prop-
agation. This effect is not observed with the generalised Van Cittert-Zernike
theorem when the ‘Fresnel-like’ terms are dropped, as in equation 3.2.1, which
results in the removal of this coupling.

Within the Gaussian-Schell model the ratio of the propagated intensity and
coherence widths is found to be equal to the coherent fraction of the source and

thus is a quantity invariant with propagation:

Wpe wocD(2) _ Wog
Wpr worD(z) Wor

= qic- (3.69)
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Although the width of the CCF increases with propagation distance, so to does
the intensity width at the same rate. Practically speaking, the ‘useful’ part of
a beam, that which possesses a high degree of spatial coherence (|u| > 0.66 for
instance), does not change with free space propagation. Effectively, the beam

becomes neither more nor less coherent over any distance away from the source.

3.3 Temporal Characterization Techniques

The defining characteristic of an ultrashort pulse is its duration (temporal extent).
For pulses a few nanoseconds or longer, the duration may be measured by using a
photodiode and a (sufficiently) fast oscilloscope. However, in the ultrafast regime,
with femtosecond duration pulses, the electronic response of a material is too slow
to sample the pulse electric field accurately and a different approach is required.
The most common device found in laboratories makes use of autocorrelaton. A
‘gate’ is required for sampling the pulse on a shorter time scale than its duration.
In autocorrelation this gate is provided by a replica of the pulse. Typically, the
pulse and the replica are overlapped in a nonlinear crystal, with one being delayed
with respect to the other. The second harmonic signal measured as a function of

the delay between pulse and replica is given by:
Isnc(r) = (|EME{ — 7)) (3.70)

allowing the pulse delay (7) to be mapped to the time domain of the pulse in a
process taking advantage of the near instantaneity of the non-linear process. In

order to recover the pulse duration the temporal envelope shape must be assumed
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(typically Gaussian or Sech?) in order to scale the width of the autocorrelation
trace. Furthermore, (second-order) autocorrelation produces a time-symmetric
trace,! meaning that the direction of time is not encoded into the experimental
signal. Thus, pulses which are not symmetric with respect to the time axis may
be measured incorrectly.

The ubiquity of the intensity autocorrelator for pulse duration measurement
stems from both the simplicity of its operation (it is composed of readily available
optical components) and the ease by which the experimental signal is analysed.
A full temporal characterization of the field, E;, however, requires much more
than measurement of the width of the pulse envelope. A diagnostic sensitive to
the temporal phase is necessary in order to truly characterize the pulse. For light
in the visible and near infrared spectrum, two popular methods have emerged (as
well as numerous variants) to achieve this goal: namely SPIDER (Spectral Phase
Interferometry for Direct Electric-field Reconstruction) and FROG (Frequency

Resolved Optical Gating).

3.3.1 SPIDER

The SPIDER technique is a specific implementation of spectral interferometry
aimed at performing pulse metrology by retrieving the spectral phase of a field.
Two pulse replicas are delayed with respect to the original pulse which is itself
strongly chirped by a dispersive delay line. The three pulses (one chirped, two
delayed) are mixed in a non-linear crystal, producing a sum-frequency signal. The

large chirp means that each delayed pulse is up-converted with a quasi-cw field

! An autocorrelation of a higher order process, as demonstrated by Collier et al. [42], does
not suffer from this limitation.
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Nonlinear

Spectrometer crystal

Etalon

Figure 3.6: A diagram of a generic implementation of a SPIDER. A/2 denotes a
half-wave plate. Image taken from [122]

of different frequency (w’ for one, w’ + Q) for the other). This creates two output
pulses which are spectrally sheared. The two sheared pulses are then interfered
on a spectrometer, producing a frequency resolved fringe pattern. The phase of
the fringes, adjusted for a linear term, gives the spectral phase of the pulse up to
an arbitrary offset (which is identified as the carrier envelope offset). The pulse
spectrum may be retrieved, or measured independently. Full characterization in
the spectral domain (spectrum and spectral phase) is sufficient for full temporal

characterization, owing to the Fourier relation between the two domains.

3.3.2 FROG

At its most basic, the FROG (Frequency Resolved Optical Gating) technique may
be thought of as a frequency-resolved autocorrelation. The aim of the method is
to produce an experimental trace of the laser pulse in the time-frequency domain;
at each pulse delay a spectrum is registered or, equivalently, at each frequency

an autocorrelation is performed. This is analogous to the function of a musical
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score, where time is indicated along the length of the score and tone (frequency) is
encoded in the vertical position of the notes. The image of the score is enough to
recover the piece of music it describes, provided, of course, the player is sufficiently
skilled.

The temporal pulse envelope and phase are recovered from a measured FROG
trace by application of a phase retrieval algorithm, typically of the class of gen-
eralised projections algorithms. Practically speaking, the algorithms retrieve a
physically possible pulse (i.e. one that does not violate any laws of physics) that

corresponds most closely to the measured trace.
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Figure 3.7: Experimental trace measured using a FROG variant known as
GRENOUILLE [69]. The colour bar indicates the (normalised) intensity recorded
by the CCD. A commercially available implementation of the generalised projec-
tions algorithm retrieved a pulse duration of 15.9 fs with a FROG error (rms
difference in measured and retrieved traces) of 2%.
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There have been many experimental implementations and variations of the
FROG technique. The one most closely related to autocorrelation is the second
harmonic FROG. In this variant the pulse and its replica are overlapped in a non-
linear crystal, just as in an autocorrelator, but now the second harmonic field is
dispersed and imaged by a spectrometer producing the requisite time-frequency
trace. Such a device, as described, suffers from a few fundamental limitations.
Specifically, there is an ambiguity in the direction of time: a given pulse and
its time-reversed replica produce the same trace. Additionally, if the pulse is
composed of several temporal peaks, the phase between peaks is only known up
to an additive factor of nm, where n is an integer. That said, FROG, and its
variants, offer a simple and robust means of fully characterizing an ultrashort

pulse.

3.4 Spatial Characterization Techniques

The major technical feat which must be overcome to perform temporal character-
ization of ultrashort pulses stems from the brevity of the object being measured:
a femtosecond is a staggeringly short interval of time in the context of known
natural phenomena. For spatial characterization, different difficulties emerge.
With radiation in the XUV and SXR spectrum, of great scientific interest for
its penetrative and spectroscopic properties, the size of the wavelength itself can
be a problem, especially when diffraction from an aperture is required, since
smaller wavelengths require smaller apertures. Another problem specific to short-
wavelength light is the lack of robust and high optical quality optics. Lenses and

waveplates, commonplace in the visible domain, are rare in the XUV or SXR.
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However, the challenges are far from insurmountable and in sections 3.4.1 and
3.4.2 a number of techniques are described for the accurate measurement of the

spatial properties of (short-wavelength) light.

3.4.1 Wavefront Measurement

Simply recording the intensity spatial distribution of light with a (2-D) detec-
tor, although revealing of many aspects, fails to provide any information on the
spatial phase of the radiation in question. Together with the intensity informa-
tion, the spatial phase allows determination of the time averaged electric field at
the plane of characterization. Such knowledge, alongside the tacit assumption
of full spatial coherence, allows the forward and back propagation of the field to
any plane transverse to the direction of propagation by use, for instance, of the
Fresnel-Kirchoff integral. This process allows the estimation of a myriad of other
properties such as the minimum waist size, M? propagation factor, and Rayleigh
range, among others. Consequently, there is an interest in techniques capable of
recovering simultaneously both intensity and spatial phase information of light.
A convenient and useful means of analysing the spatial phase distribution
comes from expressing it as an infinite sum of orthogonal basis functions. If the
Zernike polynomials (Z;) are employed as the basis set, we may gain some insight
into any beam aberrations present in the recorded wavefront. The spatial phase

can be expressed as:

O(v.y) = 3 aZi(x.y) (3.71)

where ¢; are weighting coefficients. In practice, the sum may be terminated at
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some reasonable number (up to the eighth order has been employed in one study
[45]). What is more, each of the higher order Zernike polynomials conveniently
map to a well-known optical aberration. For instance, a strong weighting of poly-
nomials Z3 and Z5 indicates the presence of astigmatism [56]. Thus tracking the
value of c3 and c5, in a fit of equation 3.71 to the experimentally recovered wave-
front, allows real-time minimisation of this particular aberration, as successfully
shown by Floter et al. in their optimisation of the focal quality from an ellip-
soidal mirror at the FLASH FEL facility [19]. Furthermore, the ‘quality’ of the
wavefront may be assessed by removing the spherical term, as found using the
Zernike polynomials, and evaluating any residual fluctuations in the spatial phase
with transverse coordinate. Authors typically quote a root mean squared (rms)
deviation of the wavefront from the perfect, non-aberrated case, in terms of a
fraction of the wavelength, with an rms deviation of % equal to a phase deviation

of 2%, Marcheval’s criterion [4] states that if the rms deviation of the wavefront

A

71, the beam may be regarded as diffraction limited. Naturally,

is smaller than

A

5 18 required

a means of measuring the wavefront with an accuracy better than

in order to make this determination.

3.4.1.1 Shack-Hartmann Sensor

A popular device for measuring the wavefront and intensity distribution of light
is the Shack-Hartmann sensor. Perhaps best known for its use in ophthalmic
surgery in measuring aberrations of the eye, a similar device in fact has its origins
in attempts to compensate for atmospheric distortions in astronomy [113]. For
visible light, the Shack-Hartmann sensor is formed from a grid-like arrangement

of micro-lenses, with a detector placed behind at a distance equal to the lens
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focal length. Illumination of the lenslet array produces a series of beamlets that
in turn form a grid-like pattern of spots on the detector.

The relative intensity of the spots provides information on the intensity il-
luminating each individual micro-lens. Thus, a discretised picture of the 2-D
transverse intensity distribution may be reconstructed from the measurement.
The location of a particular spot is related to the local gradient in spatial phase
at its parent micro-lens location. Specifically the local gradient in the spatial

phase (g—i_) at lenslet ¢, located at position z;, is given by:

S, M

(3.72)

where A is the wavelength of the incident light, f is the focal length of the lenslet
and AX; is the displacement of the focal spot measured on the detector. A
reference wave, providing a known wavefront, is needed in order for the spot dis-
placement to be calibrated. Typically, illumination of a small pinhole (placed
prior to the lenslet array), providing a spherical wavefront is used. Once cali-
brated, the transverse spot displacement, as measured on the detector without
the pinhole present, is used with equation 3.72, allowing the wavefront to be
recovered through integration of the spatial phase gradient, along with interpo-
lation over the discretised map of points. A complimentary measurement of the
far-field beam irradiance coupled with a Shack-Hartmann sensor has been shown
to provide a more accurate characterization of beam parameters, even including
information on the spatial coherence [115].

For light in the XUV/SXR spectrum, there are no materials which can be

formed into effective lenses for use in a traditional Shack-Hartmann sensor. How-
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ever, various groups [19, 45, 95] have shown that a grid of pinholes punctuat-
ing an opaque substrate just as well follow the measurement principle described
above (referred to as Hartmann sensors, to distinguish them from lenslet arrays).
Without any focussing elements, the requirement of placing the detector one focal
distance from the array is relaxed. The wavefront is recovered with greater accu-
racy for a large array-detector distance, since the smallest possible spatial phase
gradient, corresponding to the smallest lateral spot displacement, may be mea-
sured when the array-detector distance is maximised. However the array-detector
distance must be small enough so that each spot is composed (for the most part)
of light from a single lenslet. Clearly, a compromise is necessary in setting the
array-detector distance to satisfy accurate retrieval of both the wavefront and
intensity distribution.

The Shack-Hartmann sensor benefits from the ability to be used as a single-
shot diagnostic: the spatial properties may be recorded from a single CCD expo-
sure, requiring no scanning of parts or parameters. This is a marked advantage
for characterizing light sources which show appreciable shot-to-shot variation (for
instance free electron lasers based on the SASE principle [89]). A potential dis-
advantage of Shack-Hartmann type devices comes from considering the spectrum
of the incident light. The discussion up to now has presumed monochromatic
illumination. However if the light has a broadband and/or a complex structured
spectrum (i.e. supercontinuum generation or HHG) then the beam properties
recovered represent a spectral average. Furthermore, at best, depending on the
complexity of the incident spectrum, one might observe a blurring or spreading of
the detected array of spots, impacting on the accuracy with which the wavefront

and intensity distribution is retrieved. At worst, little accurate information of
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the beam may be recorded if the cross-talk (spatial-overlap) of adjacent spots on
the detector is sufficiently severe. That said, it is possible to perform a spectrally
resolved measurement of the intensity distribution alone, as shown by Praeger
et al., if an iterative algorithm is used, aided by some prior knowledge of the
incident spectrum [62].

In the XUV /SXR spectral region, Hartmann sensors have been used to mea-
sure the spatial properties of HHG [95] as well as radiation from the free electron
laser FLASH [19]. Gautier et al. [95] used a device constructed from a 100 pm
thick nickel plate, into which, 80 pum wide holes were drilled, each separated from
its neighbouring hole by 380 pum. A grid of 51 by 51 holes was employed, with
the detector (CCD) placed 20 cm downstream of the array apertures. The au-
thors used metallic filters to focus their study on the wavefront quality of a beam
composed of high harmonic orders 23-29 of the 800 nm driving beam, generated
in a long (8 mm thick) argon-backed gas cell. After fitting Zernike polynomials
to the recovered wavefront, the authors reported a residual rms phase error of

with a measurement accuracy estimated to be ~ %: the aberration was

A
6.67
larger than Marcheval’s criterion for a diffraction limited beam by approximately
a factor of two. The dominant aberration was identified as astigmatism and the
authors noted that this was also present in the driving beam, but to a much
larger degree. This correlation of the presence of aberrations, in both driving
laser and harmonic beam, was also observed in a similar study [27], where the
driving laser astigmatism was controlled by a deformable mirror. These studies
beg the question of what quantitative relationship, if any, links aberrations of the

fundamental with those of the generated high harmonics? This is a question of

importance for the production of high quality XUV beams for seeding free elec-
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tron lasers, for instance [22]. In a later study conducted by Lohbreier et al. [45],
again using a Hartmann sensor to measure the wavefront of HHG, the authors
deliberately introduced aberrations onto the driving laser using a spatial light
modulator. They found no clear correlation between aberrations on the funda-
mental and those measured on the HHG wavefront, contrary to previous work.
They suggested that difference in gas target design between their study and those
beforehand may have given rise to their different conclusions. The authors also
conceded that different conclusions from different studies imply that the relation-
ship between driver and HHG spatial properties is complex and, as yet, not well

understood.

3.4.1.2 SWORD

The power of the Hartmann sensor for performing accurate, single-shot measure-
ments of beam wavefront and intensity is well evidenced in the previous section.
Indeed, its application to the characterization of HHG allowed not only optimi-
sation of the harmonic wavefront, but also raised questions about the generation
process, through probing the inheritance of aberrations from driving laser to har-
monic field. Yet little information can be garnered on the spectral dependence of
the spatial properties of HHG. The presence of such coupling between the spec-
tral and spatial domains would have a deleterious effect on both the quality of
the harmonic focus as well introducing a longitudinal position dependent pulse
duration [34]. To address this issue, a new characterization technique was devised
and demonstrated by Frumker and colleagues, that they named SWORD (Spec-
tral Wavefront Optical Reconstruction by Diffraction), capable of performing a

spectrally resolved measurement of the intensity and wavefront of light [33]. The
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method is simple in its execution: one need only to scan a small aperture (a
thin slit in their demonstration) transversely across the beam, with the resultant

diffraction pattern produced at each aperture position recorded on a CCD. In a
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Figure 3.8: Single CCD exposure, taken during the course of a SWORD scan. The
horizontal direction encodes spectral information, the vertical shows diffraction
from the thin slit evidenced by the typical sinc® pattern. Harmonic orders 23-31
(from left to right) of the 800 nm wavelength driving laser are displayed. The
(normalised) intensity is given by the colour bar on the right of the figure.

manner with obvious parallels to the Shack-Hartmann sensor, the intensity and
spatial phase gradient at a particular slit location are found through the intensity
and position of the recorded diffraction pattern. The position of the diffraction
pattern (the centroid), when adjusted for the location of the slit, must be inte-

grated (summed) to recover the wavefront. Specifically, the spatial phase is found
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using:

2~ X —
O(z), = Tﬁ > e ’ (3.73)
=0

where 0x is the distance between two adjacent slit positions in a scan (the step
size), X; is the measured diffraction pattern position, z; is the slit position and
d is the slit-detector distance. The intensity of the light at position ¢ is simply
found from the integrated signal measured by the CCD for the slit located at x;.

The spectral dependence of the spatial properties may be simultaneously mea-
sured by placing a diffraction grating (or a similar optic) after the slit, such that
the beam is spectrally dispersed orthogonal to the slit scanning direction, as ob-
served on the CCD. The only requirement of the incident light is that it shows
spatial coherence over the length scale of the slit width. The slit width itself is
chosen so that it is small enough to cause measurable diffraction by light with a
wavelength the same as the radiation source. Also, the smaller the slit width, the
smaller the area over which the wavefront is sampled for a particular slit location.
However, the slit must be wide enough that sufficient signal is measured by the
CCD over the complete transverse span of the scan.

A SWORD scan produces, for each spectral component, a series of diffraction
patterns. An example single CCD exposure is shown in figure 3.8. The spectral
(dispersed in the horizontal direction) and spatial (single slit diffraction in the
vertical direction) properties are clearly encoded.

The intensity and spatial phase for ¢g=23 (driven by an 800 nm wavelength
fundamental beam) recovered using SWORD, are shown in figure 3.9. The inten-

sity and phase show no significant scatter about the lines of best fit, and agree
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with the functional forms of HHG spatial properties reported in both [33] and
[34].
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Figure 3.9: An example of the recovered spatial properties for a single harmonic
order (¢=23 from a driving wavelength of 800 nm) using the SWORD technique.
Intensity is shown with red circles, spatial phase with blue squares. The red
line shows a Gaussian function (with FWHM of 0.92 mm) fitted to the intensity
data. The blue line shows a parabola fitted to the phase data, as per a divergent
wavefront. The errorbars are the same size or smaller than the symbol size for
all data points.

The ability to measure the spectral dependence of spatial properties is of
specific importance for broad-bandwidth sources such as HHG. Minimisation of
any coupling between the spectral and spatial properties offers the potential of
maximising the peak intensity produced by a focussed harmonic beam, through
localising energy in both space and time. This point was eloquently demonstrated
in the calculations of Frumker et al., where they showed that the order dependence

of harmonic wavefront curvature would lead to a dramatic temporal evolution of
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the resultant attosecond pulse train about the harmonic focal plane [34].

The SWORD technique is not without certain weaknesses. One potential
drawback, shared with the Hartmann sensor, relates to the fact that the wave-
front measurement involves integration of the spatial phase gradient. The gra-
dient itself is averaged over the slit width and no direct measure of the phase is
performed. Thus, both techniques are one step removed from the quantity of in-
terest compared to a method which measures the spatial phase directly. A second
downside comes from the need for the slit to be scanned across the beam. Single-
shot measurement is not possible, so the properties of the source are required to
not change significantly over the duration of the scan. Finally, the SWORD tech-
nique makes no account for the spatial coherence of the illuminating radiation.
Measurement of this important property would need to be performed separately

to allow for a more complete characterization.!

That said, the simplicity and
accuracy of the technique, as well as the ability to measure spectrally dependent
spatial properties, stand strongly in favour of its utility for metrology, especially

for light in the XUV /SXR spectrum.

3.4.1.3 Other Wavefront Characterization Techniques

A variety of alternate methods have been described capable of measuring the
wavefront and intensity profile of light in the XUV/SXR spectrum. Lateral
shearing interferometry was used by Austin et al. to measure the wavefront and
intensity profile in the near-field (at the source location), by interfering high or-

der harmonics from two spatially separated laser foci [28]. Lee et al. used a

LA more detailed discussion of another potential weaknesses of SWORD is found in the
appendix.
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holographic technique interfering a harmonic beam with one diffracted from a
pinhole, so called point diffraction interferometry, allowing measurement of the
far-field spatial phase [29]. Both techniques suffer from complexity in both the ex-
perimental deployment and post-processing of data, not found (to such a degree)
in either Hartmann or SWORD techniques.

For x-ray free electron lasers (XFELSs), producing high brilliance radiation
with photon energies in excess of 1 keV, the challenge of performing accurate
characterization is even greater. Despite the potential for the focussed XFEL
beam to damage materials, a number of techniques have been successfully demon-
strated. In the hard x-ray region, Schropp et al. used a ptychographic technique:
measuring the diffraction patterns formed from a focussed beam impinging on
nanometer-scale structured objects [17]. They demonstrated that it is possible to
recover the full caustic (intensity and phase information) of the beam, including
any aberrations. Although the best results were obtained after averaging over a
few hundred FEL pulses, the technique could be used single-shot. Rutishauser et
al. were also able to characterize hard x-ray pulses from an FEL by using what
they described as a ‘grating interferometer’: a pair of transmission gratings were
used, placed one after the other, with the second rotated with respect to the first
[83]. The combination created a Moiré pattern which was recorded and used to

retrieve the wavefront and source location, again in a single-shot manner.

3.4.2 Characterizing the Degree of Spatial Coherence

The description of coherence given in section 3.2 demonstrates that the degree

of spatial coherence of a source is an important property governing the propa-
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gation of radiation. Furthermore, experimental methods which depend on good
correlation of light across the beam, such as holography and coherent diffractive
imaging, rely on the spatial coherence being high (and well characterized). As

such, techniques for measuring the degree of spatial coherence are desired.

3.4.2.1 Thompson-Wolf method

The most direct means of characterizing the spatial coherence of light comes from
sampling the CCF at a range of test point separations. This can be achieved by
measuring the interference pattern produced by a pair of slits. As identified
in equation 3.28, the fringe modulation depth (visibility) can be related to the
magnitude of the CCF evaluated for a point separation equal to the slit spacing
(s). Although authors sometimes regard measurement using one slit pair, placed
centrally with respect to the beam centre, as sufficient to determine the degree of
spatial coherence [73], true characterization requires the CCF to be measured at
all possible pinhole separations (and orientations) across the 2-D transverse extent
of the beam. If, however, it can be assumed that the CCF is axially symmetric,
then only point separations in one transverse dimension across the beam need be
measured. The situation is simplified even further if shift invariance of the CCF
is assumed. Then, the series of interference patterns, produced by slit pairs with
a differing separation, each placed in the centre of beam, is enough to characterize
the spatial coherence. Such a procedure is known as the ‘“Thompson-Wolf” method
[118], after the authors of the study first demonstrating its application to partially

coherent light.
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Figure 3.10: Figure (edited to improve clarity) originally published in [118], show-
ing the first application of the Thompson-Wolf method for spatial coherence char-
acterization. The points labelled A - G are measured values of the magnitude
of the CCF (gj2 in their notation) for a spectrally and spatially-filtered mer-
cury vapour lamp. A fit derived from the Van Cittert-Zernike theorem for an
incoherent disc source is shown by the thick black line.
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3.4.2.2 Other Spatial Coherence Characterization Techniques

An alternate, non-interferometric approach to characterize the CCF was described
by Tran and co-authors [26]. They recorded the intensity distribution of x-rays
from an undulator source at multiple longitudinal locations. The source was
treated as quasi-homogeneous, allowing the recorded beam propagation to be
modelled on the basis of the mutual intensity function and hence the CCF was
recovered. A similar experimental procedure was used by Mey et al. to char-
acterize the FEL FLASH through measurement of the four dimensional Wigner
function [87]. In both studies the authors we able to retrieve the CCF of the
assumed monochromatic radiation field, however the requirement of shifting the
detector (in the case of [26] by over nearly a meter in distance) is experimentally
inconvenient.

For high harmonic generation, measuring the interference from a Fresnel mir-
ror has been shown to provide spatial coherence information [54]. The 13** and
15" harmonic orders generated in xenon were collimated and steered onto a
two-part mirror. The two parts of the mirror were angled to produce interference
detected in the far-field. Such a method allows the CCF to be measured at a fixed
point separation, at all transverse positions across the beam simultaneously. In
other words, the shift invariance of the CCF could be determined single shot.
Characterizing different point separations requires changing the Fresnel mirror-
detector distance, thus the technique suffers a similar drawback to the work of

Tran et al. described above.
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3.5 Spatial Coherence of HHG (Theory)

The spatial coherence of high harmonic generation has been a topic of interest
to researchers for some time. The production of near fully coherent XUV light,
as demonstrated by Bartels et al. [72], proved that HHG has marked benefits
over alternate, plasma-based radiation sources, while at the same time opening
the door for a number of potential applications. Other studies have shown that
the spatial coherence of HHG can be degraded by either increasing the level of
ionization in the medium [86] or, in the case of a CEP-stable mid-IR driving laser,
through a time-dependent spectral shift in the harmonic field [37].

The work presented in this thesis, among other studies, would benefit from
the development of an analytic model of the spatial coherence of the harmonic
radiation source. Here we attempt to construct such a model. Although not in-
cluding all of the potential complexities associated with HHG, the analytic form
allows the order dependence of the harmonic spatial coherence to be estimated
explicitly. The derivation developed below closely resembles that presented by
Ditmire et al. in [86], up to a small difference in notation. The authors of that
study focussed on the process of partial coherence being passed from the funda-
mental beam to the harmonic field. Here we extend their work by attempting to
account for effects related to the intensity-dependent dipole phase of the harmonic
emission as well.

We begin with the generic case of a field E(X,t) described by:
B(X;,t) = By = Agea(X:)er(t) exp [z‘¢(Xi, t)} (3.74)

where €, and ¢; are real, envelope functions for the spatial and temporal parts of
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the field, respectively. We have explicitly assumed that the spatial and temporal
parts are separable: the pulse does not possess any space-time coupling. The
CCF evaluated at the locations X; and X, is given by equation 3.20. It can be
expressed as:

(ErE3)

= TIEPIER) &1

where, as before, the angled brackets indicate a time average. Using equation

3.74 we find:

_ Abea(X1)ea(Xo) (€] expli(dr — ¢2)])
Agﬁx(Xl)ex(X2)<€%>

_ (& expli(dr — 62))

H12

(€7) {expli(¢1 — ¢2)])

= (expli(d1 — ¢2)]) = (exp[—iAg)) (3.76)

where ¢; is the phase evaluated at location X;, A¢ = ¢ — ¢, and in the third
line we have assumed that changes in the temporal envelope of the field are not
correlated with changes in the phase.
Assuming A¢ is small, only terms up to the square of A¢ in the Taylor series
are retained:
Ag?
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hence:

priz =1 —i{A¢) (A¢?) (3.78)

1
2

and for the CCF magnitude:

(A7)

2] = \/1 = (A¢%) +(A¢)* + — (3.79)

(Ag?)?

We will neglect the higher order term -=;

and use the binomial expansion to

write:

(3.80)

where V(A¢) denotes the variance of A¢. Equation 3.80 agrees with our expec-
tations for the CCF': in the case where the phase variations are correlated, A¢ is
a constant, hence V(A¢) = 0 and |u| = 1, i.e. the wave is spatially coherent.

In section 2.4 the following expression was used for the phase of the harmonic

field:

bg = qPo + ¢a (3.81)

where ¢ is the phase of the fundamental and ¢q is the dipole or intrinsic intensity-

dependent phase, first introduced in section 2.4. Hence A¢, = ¢A¢y + Apq and
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by using the basic properties of the variance operation we find:

V(AP) = V(qAdo + Ady)
= V(gAdo) + V(A¢a) + 2C(qA¢o, Ada)

= ¢V (Ado) + V(A¢a) + 2qC (Ao, Adpa) (3.82)

where C(A, B) denotes the covariance of the functions A and B. Assuming that
the phase differences in the fundamental field are not correlated with those of the

dipole phase yields:

ol =1 = 5[V (260) + V(80)]. (389)

Equation 3.83 contains the two possible contributions that may degrade the coher-
ence of the harmonic source: partial coherence is transferred from the fundamen-
tal beam to harmonic field and a phase decorrelation arises from the difference
in the dipole phase experienced across the beam’s extent.

The CCF of the partially coherent fundamental beam (i), in the limit of a

small deviation from full coherence, obeys equation 3.80:

V(Ado)
2

ol =1 - (3.84)

where the ‘0’ subscript indicates a property of the fundamental beam. Hence:

V(A¢) = 2(1 — |pol)- (3.85)
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The dipole phase difference can be written as:

Ay = —oz[[o(Xg) — IO(XI)}

—a [IO(Xl) - 10(X2)} (3.86)

where « is a constant which depends on the trajectory of the harmonic emission
and I is the intensity of the fundamental: I(X;) = A2e,(X;)?¢?. The variance

of the dipole phase difference is then:

V(Adq) = (Ad7) — (Ada)?
— a? AR [(e) — ()?]

= a? ARV () (3.87)

where Alx = AZ|e,(X)* — Ex(X2)2:| can be thought of as the difference in the
fundamental intensity sampled at locations X; and X,, normalised to the tem-
poral peak of the laser pulse. It should be noted that we have implicitly as-
sumed that the harmonic pulse, like the fundamental beam, does not possess any
space-time coupling. However, owing to the non-perturbative nature of the high
harmonic process, with both the intensity and phase of the emission depending
on the fundamental intensity, the temporal duration of the harmonic pulse is al-
most certainly dependent on the transverse position [53]. It is expected that this
space-time coupling will lead to a further degradation in the harmonic spatial
coherence, not accounted for here.

Bringing together equations 3.85 and 3.87 we arrive at expression for the CCF
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3.Characterizing Light

of the harmonic radiation source:
1
gl =1 — ¢*(1 — |po]) — 5062N>2<V(6?)- (3.88)

In the case of coincidental points (Xy = X1), |po] = 1 and €,(X1)? = €,(X5)?,
hence Alx = 0 and |p,| = 1, as expected.

Equation 3.88 has a number of interesting features. The harmonic coherence is
observed to depend on the quantum trajectory through «, with longer trajectories
possessing poorer coherence. Also, the contribution from the dipole phase means
the harmonic CCF is not shift invariant since A, does not (generally) depend on
the point separation X, — X; only. To illustrate, consider a fundamental beam
with an intensity profile that possesses radial symmetry. When the harmonic CCF
is sampled at two locations satisfying X = — X3, i.e. symmetric with respect to
the beam centre, the contribution to the harmonic CCF from the dipole phase
vanishes, since Alxy = 0. For non-symmetric positions the contribution is non-
zero. The importance of this point is emphasised in section 4.4.3.

In order to produce a coherent harmonic field, equation 3.88 presents two

conditions that must be satisfied:
1. The fundamental field must be coherent (|ug| = 1).

2. There must be little variation of the fundamental beam intensity across the

transverse region where the harmonics are emitted.

Therefore, one might expect a highly coherent harmonic beam to be produced
by a coherent laser producing a uniform ‘flat-top’ focal spot in a medium with

minimal ionization.
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Chapter 4

Scanning Interference
Measurement for Integrated
Transverse Analysis of Radiation

(SCIMITAR)

In the previous chapter different methods were described for measuring the
spatial properties of light. The SWORD technique [33], devised and demonstrated
by Frumker and colleagues, was highlighted due to the potential of performing
a spectrally resolved characterization of beam spatial properties. This ability is
important for radiation sources such as high harmonic generation, where evidence
suggests that, generally, the radiation spatial properties will be dependent on
harmonic order (wavelength) [33, 71, 85]. However, the SWORD technique is
only able to measure the beam intensity and spatial phase, while the spatial
coherence of the light source remains unknown.

To address this specific shortcoming of SWORD a new method for performing
spatial metrology has been devised, that we have named Scanning Interference
Measurement for Integrated Transverse Analysis of Radiation (a.k.a. SCIMI-

TAR) [108]. As will be shown, the SCIMITAR technique is able to retrieve the
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4. SCIMITAR

same information as a SWORD scan, whilst simultaneously performing a detailed

characterization of the spatial coherence of the radiation.
4.1 Measurement Principle

In a similar vein to SWORD, SCIMITAR is a scanning technique which makes
use of a diffracting aperture to perform beam characterization. It is a specific
implementation of a variable-separation two-pinhole interferometer. The pinholes
are formed by the use of two apertures: one shaped like a tilted ‘X’ (hereafter
referred to as the ‘X-slit’; see figure 4.1) and another shaped like a thin horizontal

slit.

50
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Figure 4.1: Microscope image of the central portion of the X-slit used in exper-
iments described in this thesis. The colour of the raw image has been inverted
and adjusted to emphasise the shape of the aperture edge. The X-slit horizontal
width is 20 microns everywhere but at the centre, where it is observed to be
wider.
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When placed one after the other their combination forms a pinhole pair.!
Translation of the X-slit in the vertical direction changes the (horizontal) sepa-
ration of the pinholes. In our case the X-slit is tilted (formed of one vertical ‘bar’
and one angled ‘bar’), meaning that one pinhole of the pair remains stationary
(at the beam centre) during the course of a scan (hereafter the referred to as
the ‘static’ pinhole), while the other pinhole (hereafter the ‘moving’ pinhole) is
effectively moved by vertical translation of the X-slit.

A SCIMITAR scan involves recording the interference patterns produced over
a range of pinhole separations. In section 4.2, it is shown that the beam properties
are encoded in the measured fringe patterns and may be retrieved through Fourier

domain analysis.

4.1.1 Aperture Design

There are a few aspects to note regarding the design of the apertures used for
SCIMITAR. A tilted X-slit is used since, when combined with the horizontal slit,
it produces a pinhole pair where the location of one pinhole remains stationary
throughout the course of scan. This is important as it is assumed that the con-
tribution to the interference patterns from light from the stationary pinhole does
not change over the duration of the measurement. Changes to the interference
pattern with pinhole separation are considered to be only due to the ‘moving’
pinhole and hence only the beam properties at the moving pinhole location are
encoded.

The horizontal widths of the bars forming the X-slit define the horizontal

!The longitudinal separation (z) of the two apertures must be less the Rayleigh range
2
ma®

$—, where a is the pinhole diameter and A the wavelength of

of the formed pinholes: 2/ <
illumination.
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extent of the formed pinholes whereas the horizontal slit height defines the pinhole
vertical extent. The smaller the formed pinhole, the smaller the area of the beam
the pinhole samples, influencing the precision of the measurement. Furthermore,
the pinhole width (a) also affects the footprint of the experiment, since it is
one parameter (along with the radiation wavelength) that defines the minimum
distance the detector must be placed to record interference fringes. However,
smaller pinholes mean a lower photon flux reaches the detector, requiring a longer
exposure time per acquisition, prolonging the length of the measurement and
increasing the sensitivity of the results to (temporal) fluctuations in the source
properties.

It should also be noted that the combination of X-slit and horizontal slit pro-
duces one square pinhole (‘static’) and one shaped like a parallelogram (‘moving’).
In principle this could influence (and complicate) the produced interference pat-
tern. However, choosing a small interior angle of the X-slit (the angle between
the vertical and angled bars is 9.9° in our case) allows the deviation of the shape
of the moving pinhole from the ideal square form to be minimised.

Failure to correctly orientate the X-slit,! results in not only an inaccurate
measurement of the slit separation (after reading off the X-slit vertical position)
but also means the ‘static’ pinhole can no longer be assumed to remain fixed
throughout the scan. Hence, care must be taken to ensure that the ‘vertical’ bar

of the X-slit is parallel to the direction in which it is translated.

!Orientation here refers to rotation of the X-slit in the plane the aperture lie in.

85



4. SCIMITAR

4.2 Analysing Fringe Patterns

Analysing the interference patterns produced by a SCIMITAR scan is aided by
deriving the analytic form of the fringe pattern itself. We begin by considering
two pinholes drilled into an otherwise opaque screen lying on a plane labelled by
o1. The pinholes have a width a and are centred on z = 0 (labelled pinhole 1)
and x = s (labelled pinhole 2), respectively. The field reaching a point X on a

plane o5 (the detector plane), some longitudinal distance z from oy is given by:

2 s+3
E(X) = Al exp(ikorl + Z(bl)dl’ + / . AQ GXp(ikoTQ + Z¢2)dl’ (41)
S732

(SIS

where A; and ¢; are the field amplitude and phase sampled by pinhole i, r; is
the distance between pinhole i and a point X on o9 (i € {1,2}) and kg is the
wavenumber of the illuminating radiation.! A diagram of a two-pinhole interfer-
ometer arranged this way is shown in figure 4.2
Under the familiar Fraunhofer approximation r; and r, can be written as:
X2

R Z+ —

2z

X? Xz
~ g AT 4.2
T Z—|—2Z+ > ( )

substituting into 4.1 gives:

X2 3 s+3 ko X
E(X) =exp (z'kgz + 22—2) {/2 Ay exp(igy)dz —|—/ ’ Ay exp (z Oz Ty i¢2) daj} (4.3)

a

a
2 2

A detector lying on oy is sensitive to the intensity I(X) = (E(X)E(X)*). After

IThe intensity and phase at each pinhole are assumed to not vary across the extent of the
pinhole itself.
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\ 4

A

Figure 4.2: Diagram of the experimental geometry for two-pinhole interference.

evaluating the integral in 4.3 the measured (intensity) pattern takes the form:

koa N E 2\/11]2
X — - 1

e(X){l +VCos

I(X) =a*(I; + [2>SIHC|: \ |Cos

e(X){l + VCos

where [; is the intensity sampled by pinhole 7, A¢ = ¢ — ¢, v is the complex
coherence factor (CCF) as defined in chapter 3, V is the fringe visibility and e(X)

may be thought of as the envelope of the fringe pattern created by diffraction

from the pinholes.

Measuring the spatial phase of a radiation field using a two pinhole interfer-

ometer is by no means a new idea. Indeed Born and Wolf outlined the concept
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4. SCIMITAR

in their textbook "Principles of Optics’ in 1980 [4]. To retrieve the wavefront
the fringe phase must be extracted. This can easily be achieved in the Fourier
domain, as first described by Takeda et al. [117]. Variations on their method have
found use in spectral interferometry with the SPIDER technique [101] and also
for measuring refractive index changes in partially ionized media [81]. To begin,

the Fourier transform of equation 4.4 is taken:

FII(X)) = F{e(X)} + 9{6()(); exp {““703 (X - g) + z’Aqﬁ} }
+9{6(X)§ exp [— ”%OS(X - g) - iAgb} } (4.6)
—poess(= css( =)

where F{...} denotes the Fourier transform. For ‘well-resolved’ interference pat-
terns', the absolute value of equation 4.6, plotted as function of the reciprocal
space coordinate k, takes a distinctive form shown in the lower plot of figure 4.3.
The three terms in equation 4.6 each form a distinct peak in the Fourier domain:
a central ‘DC’ spike at zero spatial frequency flanked by two side-bands centered
at plus and minus the fringe spatial frequency <k: = %) The separation of the
peaks in the Fourier domain allows each term in equation 4.6 to be addressed
individually.

Takeda et al. described a process for retrieving the phase A¢ from a fringe

pattern of the form of equation 4.4. The algorithm can be described as follows:

"'Well-resolved here means both the number of fringes under the diffraction envelope is large
enough (>3 typically) and that the detector samples each fringe with a sufficient number of
pixels (>4 typically).
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Figure 4.3: Upper plot: calculated fringe pattern produced by two 20 pum wide
pinholes, separated by 350 pm, illuminated by A = 32 nm light, recorded 2z =
1 m away. Illuminating conditions corresponding to Iy = I, = 1, V = 0.5 and
A¢ = % were used. Lower plot: absolute value of the (spatial) Fourier transform
of the fringe pattern from the upper plot, showing the formation of three distinct
peaks.
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1. Sideband isolation
A single sideband [SB(k)] of the Fourier transformed fringe pattern is fil-

tered from the rest of the signal.

2. Shift to zero spatial frequency

The isolated sideband is shifted to zero spatial frequency [SB(k) — SB(k—

k),

3. Inverse transform
The isolated, shifted sideband is inverse Fourier transformed back into real

space.

4. Phase extraction

The phase of the fringe pattern is extracted using:

o, = Arg{&” [SB (k - @ﬂ } (4.8)

z

where Arg{...} denotes the argument of the complex number enclosed in

the braces and J[...] is the inverse Fourier transform.

Considering the argument of the cosine in equation 4.5, we find that the extracted

phase is equal to, in the case of SCIMTIAR, ¢, = A¢ — kgjz The first term, Ao,
is equal to the difference in phase sampled locally by each pinhole: ¢, —¢;. Since,
during the course of a SCIMITAR scan, one pinhole remains fixed in location,
¢1 is a constant, and thus A¢ records the beam spatial phase, evaluated at the
location of pinhole 2, up to a constant offset.

Inspection of equation 4.6 shows that other properties of the illuminating

radiation may be recovered from the fringe pattern. The peak at zero spatial
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frequency [DC(k)] may be written as:

ko(l

DC(k) = Fle(X)] = (I + IQ)?{aQSinc {% (X - g)] 2}. (4.9)

The maximum value of DC(k) is I; + Io. Analogous to the situation for phase
retrieval, the static pinhole of a SCIMITAR scan renders I; a constant, thus
the maximum value of DC(k) can be used to recover the beam intensity profile
through evaluation of I5.

Additional information is contained in the filtered, shifted sideband [SB(k —

%)] It can be shown that the fringe visibility can be found from:

|F[SB(k —=2)]] _ v
FDCK)] 2 (4.10)

Knowledge of V and the intensity profile is all that is required for the determina-
tion of the complex coherence factor through equation 3.28. Hence, the extended
form of the Fourier domain phase retrieval method described above, when applied
to interference patterns produced by a SCIMITAR scan, allows the simultaneous
recovery of the beam intensity profile, spatial phase and spatial coherence of light.

The success of the phase retrieval method is contingent on two-principle fac-
tors. Firstly, in step two of the algorithm, the sideband is shifted in the Fourier
domain, in a process which essentially removes the fast-beating fringes from the
single-slit diffraction envelope. However, it is feasible that the sideband can be

translated by some incorrect additional amount, labelled here by dk. It can be

kg s>

§>~—0kX. In principle

shown that the retrieved phase is now given by ®,, = A¢p—

the slope of the phase, 0kX, can be identified and removed from each recorded
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fringe pattern.
A second potential systematic error comes from the original interference fringes.

The Takeda method extracts a phase equal to A¢ — kng, thus in order to gain

access to the beam spatial phase the second term (we will call it the ‘parabolic
offset’) must be removed. This introduces a potentially troublesome source of
error, particularly for SCIMITAR, where the centre of the pinhole pair, and thus
the centre of the whole interference pattern, changes for each pinhole separation

measured. This means that —kg‘j takes a different value for each SCIMITAR

data point. In principle, knowledge of the X-slit’s shape and vertical position?

s

allows 5

to be estimated quite accurately, while the location of the sideband in
Fourier space yields %, since this is just the spatial frequency of the interference
fringes. Combining the two quantities allows the parabolic offset in ®, to be
corrected for. It is noted that the visibility and intensity profile are insensitive
to both errors in centering the side-band in reciprocal space and lateral shifts of
the whole interference pattern.

The Takeda method (like nearly all other phase retrieval techniques, see [96]
for more on this) yields a wrapped phase value: one that is bounded between
—m < ®, < 7. This can be understood from fact that I{In[exp(i¢)]} yields
values of ¢ between the same bounds, where J{...} denotes the imaginary part
of the quantity enclosed by the braces. To retrieve the true phase value an
integer multiple of 27 radians needs to be added (or subtracted) to the wrapped
phase value. In the case of the wavefront of a diverging (converging) beam,

the phase can increase (decrease) by many multiples of 7 over the transverse

distance considered. A variety of algorithms to unwrap phase, in both one and

Vertical position relative to that of the horizontal slit.
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two dimensions, are widely available [96]. However, unwrapping will (potentially)
fail if the phase difference between two consecutive data points is larger than 2.
In the case of SCIMITAR, care must be taken to not space data points too
coarsely, especially at large pinhole separations (corresponding to large distances
from the beam centre) where the spatial phase is expected to change more rapidly

with position because of the quadratic phase offset identified earlier in this section.

4.3 Limitations

The SCIMITAR technique is subject to limitations in both the scope and accuracy
of the retrieval of the beam spatial properties. The interferometric nature of the
measurement is one source of such limits. There is a minimum distance the two-
pinholes may be separated that can give rise to measurable interference fringes.
In the Fourier domain, this is manifest as the ‘collision’ of the sidebands with the
‘DC’ term for small pinhole separations. The consequence of this effect is most
apparent in the intensity profile recovery (see figure 4.7 for an example), where a
clear gap in the data points is observed when the pinholes were too close to retrieve
meaningful information. One might expect that intensity (but not coherence)
information should still be recorded at small/zero pinhole separations, however
we found this did not hold in our experiments. Imaging the X-slit itself with
a microscope revealed that, due to resolution limitations in the laser machining
process, the X-slit was up to 100% wider at its centre than elsewhere. The
microscope image captured using a CCD is shown in figure 4.1, clearly displaying
this widening at the slit centre. This meant that data patterns recorded for the

very smallest pinhole separations could not be compared with the rest of the data
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set.

Several factors affect the maximum pinhole separation that can be employed.
Detectors, such as CCDs, are formed of an array of pixels. Interference fringes
are modulations in the spatial domain, so, in order for the pattern to be imaged
accurately, it must be sampled with sufficient resolution. For pinholes separated
by s, illuminated by radiation of wavelength A and a pinhole-detector distance
z, the fringe spacing is AX = % If we demand that the fringes are separated
by no less than m pixels of width w, then we may write an expression for the
maximum permissible pinhole separation:

A2

- (4.11)

Smax —

which, for experimental parameters pertinent for the SCIMITAR demonstration
described in this chapter (A = 30 nm, z = 1.22 m and w = 20 pum), and for
m = 4, equation 4.11 yields sy.x = 610 um. In the case of SCIMITAR, the
maximum pinhole separation is also the maximum distance from the beam centre
that information can be retrieved on the wavefront and intensity distribution.
In other words the spatial properties over distances greater than s, from the
centre cannot be accurately measured.

Another limitation arises from the finite fringe visibility. In section 4.2 the
Fourier domain sideband was used to extract the fringe phase. However the
magnitude of the sideband depends on the visibility of the fringe pattern. Hence,
locating the sideband in the presence of experimental noise becomes challenging
when the fringe visibility is low. Low visibility can be caused by both poor spatial

coherence and a large difference in the relative beam intensity values sampled by
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the two pinholes. If the sideband is not identified and isolated successfully our
analysis method is invalid. In the extreme limit, no fringes would be observed for
incoherent illumination and thus phase retrieval is impossible.

A further issue with SCIMITAR is related to drifts and fluctuations in the
light source itself. They can be characterized by their inherent time-scales: fast
fluctuations on the order of some fraction of the CCD exposure time and slower
drifts on the scale of some fraction of the scan duration. In the presence of fast
fluctuations in the source pointing for instance, one would expect that for a rela-
tively long CCD exposure time interference fringes might wash out. Considering
a longer time scale, a drift in the intensity and/or phase sampled by the ‘static’
pinhole would mean that data points taken at the beginning of a scan could not
be accurately compared to those acquired later in time. Consequently, a radia-
tion source with relatively stable properties (both on short and long timescales)

is needed.

4.4 First Experimental Demonstration

The SCIMITAR technique was demonstrated by characterizing the spatial prop-
erties of HHG from a gas cell. A diagram of the experimental arrangement is
found in figure 4.4. Laser pulses with a repetition rate of 1 kHz, an energy of
180 pJ and pulse duration of approximately 40 fs (determined by a single-shot
autocorrelator) were focussed by a f/11.8 lens into a gas cell. The cell was formed
from a hollow nickel tube, sealed at one end with vacuum compatible epoxy and
pressed to an approximate thickness of 1 mm. It was backed, from the open

end, by 170 mbar of argon. The focussed laser beam drilled both entrance and
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HS

Gas 4000um
Cell

20um

Figure 4.4: Diagram of SCIMITAR experimental layout. The laser beam (red
line) is focused in to a gas cell, producing high harmonics (blue dotted line)
which propagate to the SCIMITAR diagnostic, composed of a horizontal slit
(HS) and X-slit (XS). The resultant interference patterns are imaged in a grating
spectrometer, composed of a diffraction grating (G) and CCD. The inset shows
a schematic of the X-slit.
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exit holes into the thin walls of the tube. The interaction of the intense laser
pulse with the argon produced high harmonic radiation. The X-slit and horizon-
tal slit were placed ~ 0.62 m downstream of the gas target. After the residual
infrared beam was blocked using a 200 nm thick aluminium filter, orders up to
q = 29 were observed using a flat-field XUV spectrometer, composed of a spher-
ical variable-line-spaced grating (ruled with 1200 lines/mm) and a cooled, x-ray
CCD (Pixis XO, Princeton Instruments). The CCD was placed approximately
1.22 m downstream of the X-slit. An example CCD exposure, recorded for a

pinhole separation of 193 um, is shown in figure 4.5.

Position (mm)
20080 %»

28 30 32 34
Wavelength (nm)

Figure 4.5: Example CCD acquisition, recorded during the course of a SCIMITAR
scan, for a pinhole separation of 193 um. A 45 second exposure was employed,

corresponding to the harmonic signal from approximately 45,000 consecutive laser
shots.

The X-slit was mounted on a vertical translation stage driven by an electric
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motor. The vertical position of the X-slit (y) was read off from a mechanical
clock gauge. Knowledge of the X-slit design, in particular the angle between the
two slits which form the aperture, allowed the (relative) pinhole separation to
be determined from the slit vertical position using s = (y — o) tan(é), where yq
is the vertical position corresponding to zero pinhole separation and 6 is inte-
rior angle made between the horizontal and angled bars of the X-slit. The zero
pinhole separation vertical position (yo) can be determined experimentally from
the recorded series of interference patterns. A convention is used here, where
negative (positive) values of s correspond to the case where one pinhole is to the
right (left) of the central pinhole, as observed by the impinging light.*

In the experimental run described here, 28 different pinhole separations were
employed, ranging from s = —465 pum to s = 479 um. Measurable interfero-
grams were observed for four harmonic orders (23, 25, 27, 29) at each pinhole
separation.? An example interference pattern for ¢ = 25 is shown in the upper
plot of figure 4.6. The lower plot shows the high harmonic spectrum, found by
integrating over the interference signal in the spatial domain. A thin nickel mesh
was used to support the aluminium filter which introduced additional modula-
tions to the recorded fringe pattern (see the upper plot of 4.6). However, owing
to the use of Fourier domain analysis, the influence of the mesh could be isolated
and filtered without adversely affecting the quality of the desired two-pinhole
interference patterns.

In order to benchmark the fidelity of the SCIMITAR technique for recover-

ing the beam intensity and spatial phase profiles, a SWORD measurement was

IThis convention is maintain throughout this thesis, although on occasion AX is used in
place of s.
20Owing to the absorption properties of argon orders lower than ¢ = 23 were not observed.
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Figure 4.6: Upper plot: an example of a two-pinhole interference pattern for
g = 25, taken during the SCIMITAR scan. The presence of the filter mesh
contributes to the observed asymmetry of the pattern. Lower plot: experimental

high harmonic spectrum, showing from left to right harmonic orders 29, 27, 25
and 23.
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made immediately after the SCIMITAR scan. Both the X-slit and the horizontal
slit were removed and replaced with a single 20 pm wide pinhole, attached to
a mechanical vacuum manipulator, the position of which was determined by a
micrometer. Such an arrangement allowed the pinhole to be scanned horizontally
across the beam. At each pinhole position a diffraction pattern was recorded

using the same imaging spectrometer as used for the SCIMITAR measurement.

4.4.1 Recovered Harmonic Intensity Profile
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Figure 4.7: Recovered intensity profile for ¢ = 23. The red squares correspond to
the SCIMTAR data points. The gold diamonds are SWORD data points taken
under the same experimental conditions. The error on the SWORD data points
was found to of the order of 1 % and thus smaller than the symbol size. The
mauve solid line is a Gaussian fit to the SCIMITAR data, with a full width at
half maximum (FWHM) of 515 + 29 pm.
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The transverse intensity profiles were recovered for the four harmonic orders
using both the SCIMITAR and SWORD methods. The results of the two mea-
surements, for ¢ = 23, are overlaid in figure 4.7.

The harmonic beam profile is observed to be well described by a Gaussian
function, having a similar shape to previously reported results [28, 33, 70]. Ex-
cellent quantitative agreement between SCIMITAR and SWORD is found, vali-
dating the former technique. The SCIMITAR errorbars were calculated by fixing
the pinhole separation and taking four consecutive acquisitions. The errorbar
size is equal to the standard error from the four measurements. The error was
extrapolated to all other data points by assuming an identical fractional error for
each point.

A gap in the SCIMITAR data is located around 100 pm is due to the pinhole
separation being too small there to retrieve accurate information on the beam
intensity. This was due to limitations in the precision of the laser machining of
the X-slit as evidenced in figure 4.1. We will refer to the transverse position of
the X-slit centre as the ‘zero-separation location’ (zg).! Ideally this gap in the
data should correspond with the beam centre. The only consequence of the small
transverse misalignment of the X-slit transverse position here is that a smaller
signal is measured for a given CCD exposure time compared to the case where the
static pinhole is aligned exactly at the central, most intense, part of the harmonic

beam.

IEquivalently this is the location of the static pinhole.

101



4. SCIMITAR

4.4.2 Recovered Harmonic Wavefront

Extracting the phase of the fringe patterns produced by the SCIMITAR scan
yields ¢, = A¢ — % The parabolic offset was evaluated and removed, alowing

A¢ to be evaluated. By unwrapping the phase A¢, the beam spatial phase profile

was recovered.

o  [Osworp
0 SCIMITAR

(0] 2 . . - . . . . .
-500-400-300-200-100 O 100 200 300 400 500
Position (um)

Figure 4.8: Harmonic spatial phase profile retrieved using SCIMITAR (green
squares) and SWORD (purple circles) for ¢ = 23. A parabolic fit to the SCIMI-
TAR data is given by the blue solid line. The fit corresponds to a wavefront with
a radius of curvature (R,) of 0.630 £ 0.013 m. Errorbars are smaller than the
symbol size for all data points.

The wavefront recovered using both SCIMITAR and SWORD is shown in fig-
ure 4.8. Excellent agreement is again observed between SCIMITAR and SWORD
data. A parabola was fitted to the SCIMITAR data, shown by the blue line in

figure 4.8, corresponding to a wavefront with a radius of curvature (R,) equal to
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0.63040.013 m.! This is in good agreement with the measured distance between
the gas cell and X-slit of 0.62 m. The spectral variation of R,, is explored later

in chapter 5.

4.4.3 Recovered Harmonic CCF

For each harmonic order the fringe visibility was extracted as a function of pinhole
separation. The CCF (u) was calculated from equation 3.28. In figure 4.9 the

variation of |u| with pinhole separation is shown for ¢ = 23.

. < left of centre
O right of centre

100 150 200 250 300 350 400 450

Pinhole Separation (um)
Figure 4.9: Absolute value of the complex coherence factor (CCF) for ¢ = 23.
The variation both left (green diamonds) and right (brown circles) of the static
pinhole is shown. The solid blue line is a Gaussian fit to all data points of FWHM

649 4+ 47pm. The errorbars are calculated (and extrapolated) from the variation
recorded over 4 measurements at single fixed pinhole separation (s = —261pum.)

!The subscript ‘p’ denotes a quantity in the plane at which the SCIMITAR (or SWORD)
measurement was made: the propagation plane.
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To recap: during a SCIMITAR scan one pinhole remains at the beam centre,
allowing the CCF variation with pinhole separation to be measured both left
and right of the beam centre. Since a 45 second CCD exposure was used for
each data point, each CCF data point represents the average over approximately
45,000 harmonic pulses.

In figure 4.9, generally, the CCF decreases as the pinhole separation increases.
This is consistent with a partially coherent field, where the strength of correlation
at two test points falls off with increasing point separation. There is a slight
difference in the CCF measured for the left and right halves of the beam which
is not quite accounted for by the experimental uncertainty of the measurement,
quantified by the errorbars in figure 4.9. This result implies that the harmonic
CCF is not shift invariant, since figure 4.9 shows that specifically |u(s)| # |[(—s)].
The left of centre CCF (green diamonds) monotonically decreases with position,
whereas the right of centre CCF (brown circles) increases up until s = 200 pm
before falling monotonically with increasing pinhole separation.

The possibility of an asymmetry in the harmonic CCF has not been reported
previously, in large part because of the way spatial coherence has been measured.
Studies by Bartels et al. [72] and Ditmire et al. [85] made use of slit pairs, each
with a different slit separation, aligned such that the midpoint between the pair
coincided with the centre of the harmonic beam. This arrangement would not
record any potential asymmetry in the CCF.

In section 3.5 an expression was derived for the CCF of a source of high
harmonic radiation. Although the model deals with the generation process and
SCIMITAR measures the propagated radiation (away from the source), the model

may still shed light on the results presented in this chapter. Specifically, it pre-
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dicts that if pinholes are placed symmetrically (locations ‘L” and 'R’ in figure
4.10), as they were for the studies of Bartels and Ditmire, the measured CCF
would be larger than if they were placed otherwise!. This is due to the dipole
phase contribution to the degradation of the harmonic CCF being minimised in
‘symmetric’ case. Measuring the spatial coherence with one pinhole at the centre
and another elsewhere in the beam (locations ‘M’ and ‘S’ in figure 4.10), as is
the case for SCIMITAR, would yield a comparatively smaller CCF value. Such
a result is also predicted by the theoretical work of Salieres et al. [71] in their

numerical modelling of the HHG process.
S M
L R

Figure 4.10: Diagram showing the positioning of two pinhole pairs with respect
to a beam represented by the large black circle. The pinholes labelled ‘L’ and
‘R’ are typical of Thompson-Wolf type experiments where pinholes are positioned
symmetrically about the beam centre. Pinholes labelled ‘M’ and ‘S’ are typical
for SCIMITAR.

In our case, the measured asymmetry in spatial coherence may originate from
different generation conditions left and right of the beam centre, either through

small asymmetries in the focal spot distribution or a gradient in the gas pressure,

! Assuming the pinholes remain fixed in their separation.
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as considered in [86]. Alternatively, the fact that the ‘static’ pinhole was not
located at the centre of the beam may be important. Owing to a small transverse
misalignment of the X-slit, the ‘static’ pinhole in our case was located just off
of the beam centre (position ‘L’ in figure 4.10). For a shift-invariant beam this
misalignment would have no effect on the CCF measurement, but here the clear
asymmetry in g presented in 4.9 implies the CCF depends on the relative position
of the two test points and not just their separation alone.

Closer inspection of figure 4.9 shows that |u| increases around s = 200 pum
for the CCF right of centre. Owing to the slight misalignment of the X-slit, for
this particular data point only were the pinholes equidistant from the centre of
the beam. To be clear, in this one case only their locations are closer to the
‘L’ and ‘R’ positioning than ‘M’ and ‘S’, as per figure 4.10. The model for the
harmonic coherence properties found in section 3.5 predicts that sampling the
CCF symmetrically about the beam centre (‘L” and ‘R’ locations) would yield
a higher value of y than if the pinholes were placed as at z; = 0 and x5 = s
(‘M and ‘S’ locations). This is because the dipole phase contribution to the
harmonic coherence is minimised for any two locations equidistant from the beam
centre. The asymmetry we observe in the harmonic CCF, including the peak at
s = 200 pm, may well directly result from the effect of the dipole phase on the
harmonic spatial coherence.

It is worth mentioning that previous measurements of the spatial coherence of
HHG typically recorded interference patterns at only a few pinhole separations,
for example the studies of Ditmire et al. [85] and Bartels et al. [72]. In both
cases, only a very coarse sampling of the spatial coherence variation with pinhole

separation was made. This is compared with the present work in which the CCF
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was measured at 28 different pinhole separations. Such a detailed measurement
allows us to observe features like the local peak in the spatial coherence for the

right of centre CCF around s ~ 200 pum.

4.4.4 Variation with Harmonic Order

For the sake of brevity, only the spatial properties of ¢ = 23 have been shown so
far. However, the same information was acquired for orders 25, 27 and 29. The
intensity full width at half maximum (W), wavefront radius of curvature (R,)

and FWHM of a Gaussian function fitted to the CCF (W) are summarised in

Whe

W is included
P

table 4.1. An additional parameter, the coherent fraction, ¢ic =

in the fifth column.

Harmonic Order R, (m) Wor(pm) | Wye(pm) qic
23 0.630 £0.014 | 5154+29 | 649 £47 | 1.26 +0.12
25 0.635+£0.021 | 424 £ 37 | 633 £38 | 1.49£0.16
27 0.659 £0.027 | 414 £ 27 | 574 £ 37 | 1.38 £ 0.13
29 0.642 £0.025 | 414 48 | 528 £32 | 1.28 £ 0.17

Table 4.1: Table showing the variation with harmonic order of the spatial phase
radius of curvature (R),), intensity width (1), coherence width (W) and co-
herent fraction (gic).

Broadly speaking, R, increases, Wy decreases and Wy also decreases with
harmonic order, however quantitative relationships between ¢ and these proper-
ties are not clear due to only four harmonic orders being measured. In addition,
we find gc is approximately equal for ¢ = 23 — 29 and always greater than one.
Practically speaking this means that the most intense part of the beam possesses
high coherence. A more detailed investigation of the spectral dependence of the

harmonic spatial properties is reported in chapter 5.
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4.5 Summary

In this chapter a new technique for characterizing the spatial properties of light
has been described, called SCIMITAR. Through recording the interference pat-
terns produced by a variable-separation two-pinhole interferometer the beam in-
tensity profile, spatial phase profile and CCF can be measured. Including a
diffraction grating in the arrangement allows the spectral variation of the beam
properties to be investigated.

To demonstrate SCIMITAR the spatial properties of HHG driven by 40 fs
duration laser pulses were measured. The results were validated by performing a
SWORD measurement under the same experimental conditions. Excellent agree-
ment between the two techniques was observed. The harmonic intensity profiles
were found to be close to Gaussian in shape while the harmonic wavefronts were
well described by parabolas of differing degrees of curvature. A small difference
in the CCF measured left of centre compared to right of centre may be explained

as resulting from the effect of the harmonic dipole phase on the spatial coherence.
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Chapter 5

Order Dependent Spatial
Properties of HHG

The coupling between different degrees of freedom of an ultrashort pulse of
light can be both a hindrance and a help depending on the experimental situ-
ation. In the case of high harmonic generation, the strongly non-perturbative
nature of the XUV emission means that different frequency components of the
spectrum may be generated under different conditions within the medium. This
can give rise to, for instance, a spectral dependence of the spatial properties of
HHG, as explored by Frumker et al. [34] with their study of the wavefront and
intensity profiles of high harmonics generated in nitrogen. In this chapter their
work is repeated and extended, by considering a new spectral region and, through
SCIMITAR, an additional beam property: the spatial coherence. Furthermore,
the coupling between spectral and spatial domains within the HHG source itself
will be explored by application of the Gaussian-Schell model.

In chapter 4 the results of the first demonstration of the SCIMITAR technique
were described, where the spatial characterization of harmonic orders 23-29 was
undertaken. In order to simultaneously characterize both more numerous and

higher order harmonics, modifications to the experimental arrangement were re-
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quired.
A number of approaches to extending the HHG cut-off frequency (vyax) are

neatly encompassed in equation 2.6, which can also be expressed as:

BErax[eV] = higay = I, +2.99 x 107 [5[10™ W em 2| A% [pm] (5.1)

where h is Planck’s constant, I, is the ionization potential of the atom, Iy is
the peak laser intensity and A is the fundamental wavelength. Increasing vp.y
can be achieved by increasing I}, either through using pre-ionization to generate
harmonics from ions' or through using a different generating gas (neon and helium
both have a higher ionization potential than argon, for instance). However, both
situations are accompanied by a decrease in the expected photon flux, owing to
unfavourable phase-matching conditions and/or reduced single atom response.

Alternatively, the scaling of the ponderomotive potential with driving laser
wavelength can be used to increase the cut-off. However, a longer laser wavelength
leads to a longer electron excursion time, allowing for more quantum diffusion
of the wavepacket and, in turn, a lower recombination probability, affecting the
efficiency of conversion of the IR laser light into the XUV. This can be compen-
sated, somewhat, through the fact that the phase-matching pressure is higher
for longer wavelengths [88], potentially providing a larger harmonic signal. How-
ever, the technical demand of producing high energy, short duration pulses with
wavelengths much longer than 1 micron is significant, with complex multi-stage
optical parametric amplifiers the preferred method [20)].

Naively, one might expect that simply increasing the energy in the laser pulses

IPreionization changes the atomic charge state the returning electron encounters and effec-
tively increases I, in equation of 5.1.
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driving the HHG source would lead to an increase in the harmonic cut-off through
the scaling with I, and this would be true for the case of a single atom. However,
in the macroscopic picture, increasing I also gives rise to an increase in the level
of ionization. As was shown in section 2.3.1, phase-matching in HHG is limited
to certain (low) levels of ionization. Simply increasing the pulse energy leads
to the ionization of a larger fraction of atoms by the time the highest pulse
intensities are reached, hindering phase-matching of the highest harmonic orders.
In combination with this temporal aspect is a deleterious spatial effect whereby
the fundamental beam is defocussed by the refractive index profile created by
the population of free electrons. Therefore the peak laser intensity which may be
achieved in vacuum is not possible in the presence of a gas.

Alternatively, Iy may be increased by decreasing the pulse duration. On
the rising edge of the pulse the number of free electrons increases around the
temporal peaks of the laser cycle. For shorter pulses (with fewer cycles) a higher
peak intensity can be achieved before the ionization fraction reaches too high a
level for phase-matching to occur. Thus, the use of shorter duration laser pulses
can provide a means of increasing the harmonic cut-off and ‘out-running’, so to

speak, the deleterious effects of ionization.
5.1 Pulse Compression

Temporal pulse compression was chosen as the route to extend the harmonic cut-
off for experiments described in this chapter. The durations of pulses produced by
commercial femtosecond laser amplifiers tend to be close to transform limited and
are generally longer than 30 fs in duration. In order to further decrease the pulse

duration the bandwidth must be increased. Additionally, the spectral phase of the
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broadened pulse must be manipulated to compress the wide bandwidth to as short
duration as possible. Previously, two main techniques have been demonstrated
for producing so called ‘few-cycle’ (pulse duration < 12 fs for A = 800 nm) laser
pulses, with energies of several hundred microjoules.

Filamentation of femtosecond pulses is a widely studied phenomena with ap-
plications in weather manipulation [103] and remote sensing [124]. When a pulse
is focussed into an extended region of gas, self-guiding can occur through the
production of a stable filament. The competition of self-focussing from a positive
second order effect (ox nyl) with a fourth order self-defocussing effect (oc n4l?)
can lead to the formation of a long region where the pulse is confined close to
the optical axis. The non-linear interaction present in the filament can lead to
self-phase modulation. This is turn may broaden the pulse spectrum and alter
the spectral phase [65]. The correct combination of both can lead to pulse com-
pression in one step, producing pulses with durations shorter than 7.4 fs [84], or
with additional external spectral phase compensation, the production of shorter
than 6 fs pulses [25]. However questions remain over the long term stability and
repeatability of the technique, coupled with the presence of severe space-time
coupling in the generated pulses [18].

An alternate approach to pulse compression, utilised in experiments described
in this chapter, separates the broadening and spectral phase compensation into
two distinct steps and is capable of producing pulses shorter than 5 fs in duration
[61]. The laser beam is coupled into a long, thin, hollow-core glass fibre (HCF)
filled with a noble gas. The extended interaction region and adjustable gas pres-
sure offer control over the self-phase modulation (SPM) which takes place in the

fibre (see figure 5.1 for the effect of SPM on the spectrum of a 7 ~ 40 fs dura-
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tion laser pulse). The spectrally broadened pulse is re-collimated and reflected
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Figure 5.1: Laser spectrum with (red line) and without (blue line) self-phase
modulation. In the former case the HCF was differentially pumped, with the exit
backed with 300 mbar of argon. In the latter case the fibre was evacuated to a
pressure < 1 mbar.

off a set of specially engineered, chirped mirrors [77]. Each reflection imparts a
fixed amount of (negative) chirp, compensating (to some degree) for the spectral
phase acquired during propagation through the fibre. Fine tuning of the chirp is
possible through changing the insertion of a thin, glass pair of wedges. This tech-
nique also benefits from producing beams with excellent, aberration free spatial
distributions, since propagation through the fibre acts as a spatial filter.

In order to mitigate the onset of ionization effects in the HCF (for instance,
mode-coupling from ionization-induced defocussing) , a pressure gradient can be

set up, with the entrance of the fibre evacuated to low pressure and the exit of the
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fibre backed by a noble gas. The benefits in terms of both increased transmission
and enhanced spectral broadening have been described by Robinson et al. [50],
who showed that the duration of the generated, near transform-limited pulses
could be tuned by changing the backing pressure.

For a pulse with a Gaussian temporal envelope, in the absence of dispersion,
the frequency bandwidth gained (Aw) after propagating a distance L in a differ-

entially pumped fibre with an exit pressure of py, is given by [50]:

_slpe " —az)dz
Aw = \/z/o vz exp(—az)d (5.2)

where ( is the coupling coefficient, « is the absorption coefficient and

. O.86W07}2P0

TOCAeﬁ‘ (53)

K

where wy is the laser angular frequency, 7 is the nonlinear coefficient, P, is the
laser peak power, 7y is the initial pulse duration, c is the speed of light (in vacuum)
and A.qg is the effective mode area of the fibre. The Fourier-limited bandwidth
(1r1,) of a (Gaussian) pulse of bandwidth w is given by 7p, = 0.44 X 27 /w. In the

presence of SPM the Fourier-limited pulse duration can be written as:

0.44 x 27

wy + Aw
2.76

- = (5.4)
wy + K'pr

TFL =

where w; is the pre-SPM laser bandwidth and " = Aw/py, as per equation 5.2.
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5.1.1 HCF Compressor Performance
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Figure 5.2: Deduced Fourier-limited pulse duration (calculated from the measured
spectrum) as a function of the hollow fibre gas pressure (blue crosses). Errorbars
display the standard error from five spectrum acquisitions; each single acquisition
is the sum of approximately 100 laser shots. The solid line is a fit of equation
5.4.

Pulses with an initial duration of 40 fs, produced by a Titanium:Sapphire
CPA laser system, were spectrally broadened in a hollow core fibre (with a length
of 1 m and a 250 pm inner diameter), differentially filled with argon. A set of
chirped mirrors enabled spectral phase compensation: each reflection imparted -
40 fs mm~! of group velocity dispersion (typically eight reflections are required to
achieve the shortest pulse durations). The spectral broadening was investigated
by measuring the laser spectrum after the fibre exit as a function of backing pres-

sure. The (FWHM) transform-limited pulse duration was calculated by inverse
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transforming (the square root of) the recorded spectrum. The variation of the
transform-limited pulse duration with backing gas pressure is shown in figure 5.2.

Pressures beyond 500 mbar were not used owing to the observation of degra-
dation in the laser spatial profile measured after the fibre exit, possibly due to the
onset of ionization effects. Nonetheless, figure 5.2 shows pulse durations below 10
femtoseconds should be achievable if proper chirp compensation were employed.
Furthermore, the close fit of equation 5.4 to the transform-limited pulse duration,
shown by the red line in figure 5.2, indicates that the system should produce laser
pulses with an easily tunable duration. It should be noted that even shorter pulses
have been produced using similar equipment by other research groups [50, 61],
however, in our case, where we need only to extend the harmonic cut-off, pulse

durations in the region of 10-15 fs were sufficient.

5.1.2 Measuring Few-cycle Pulses

In section 3.3, techniques for measuring the temporal properties of ultra-fast
laser pulses were described. An additional technical issue arises when attempting
to characterize pulses in the ‘few-cycle’ regime: the broad spectral bandwidth
challenges the performance of optics used within characterization devices. In ex-
periments described in this thesis a commercial implementation of a variant of
the FROG device known as GRENOUILLE! was used, with a quoted minimum
measurable pulse duration of 9 fs [69]. The GRENOUILLE produces an exper-
imental trace which may be thought of as a frequency-resolved autocorrelation.
A generalised projection algorithm is used to retrieve the pulse temporal infor-

mation. In addition, the GRENOUILLE can measure the beam spatial chirp (its

!Grating Eliminated No-nonsense Observation of Ultrafast Incident Laser Light E-fields.
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presence causes the experimental trace to rotate) and pulse front tilt (causes a
shift along the ‘time’ axis of the trace). In this section any pulse durations quoted
were read directly from the GRENOUILLE software, following careful alignment

of the device.

5.2 Observed Cut-off Extension

The high harmonic spectra produced by the compressed and characterized laser
pulses were investigated. The new experimental arrangement is depicted in figure
5.3.

Beyond the addition of the HCF and chirped mirrors, other modifications to
the beamline were made. Prior to the fibre, a home-built laser pointing stabiliser
was installed. In addtion, flow-meters were added to regulate the gas flow in
to both the HCF and HHG gas cell. Previously the steering optics used in the
beamline were mainly broadband! coated dielectric mirrors. They we all replaced
with equivalent ultra-broadband? metallic coated mirrors to match the broadened
laser spectrum while minimising GVD. The focussing lens was replaced with a
spherical mirror with a radius of curvature of 0.75 m (corresponding to a focal
length of 0.375 m). To avoid astigmatism, the beam was reflected at a small
angle of incidence (& 1.6° in our case). It can be shown, under the small angle
approximation, the longitudinal separation of foci in the horizontal and vertical
directions (Af) as a fraction of the Rayleigh range (z,) can be expressed as:

Af 762 D?
2y 8fA

'Nominally covering the wavelength range 750-1100nm.
2Covering the wavelength range 550-1250 nm.

(5.5)
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Figure 5.3: Diagram of the experimental arrangement after the installation of the
hollow fibre compressor. Laser pulses from a chirped pulse amplifer are focused
into the hollow fibre. The beam exiting the fibre is re-collimated before being
sent through a set of chirped mirrors and then on to the experimental vacuum
chambers. All mirrors are coated for low GVD in the spectral region around 800
nm.
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where 6 the angle of incidence on a focussing mirror of focal length f and D
is the unfocussed beam diameter. For parameter values relevant to our experi-
mental arrangement, equation 5.5 gives é—rf ~ (0.016, indicating the astigmatism
introduced by the new focussing geometry is insignificant.

The pulse duration was measured as a function of the pressure in the hollow
core fibre. In the beam path between the pick-off and the GRENOUILLE entrance
a thin glass plate was inserted, equal in thickness to the window of the vacuum
chamber, balancing out the dispersion of the two paths. HCF backing pressures
of 120, 200 and 450 mbar produced pulse durations (FWHM) of 32 fs, 22 fs and
14 fs respectively.! During these measurements the energy of the laser pulses

exiting the HCF remained within 1% of 255 uJ.
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Figure 5.4: Measured high harmonic spectrum for driving laser pulses of various
durations. The harmonic cut-off is observed to increase to shorter wavelengths
(higher photon energies) as the pulse duration is decreased.

I'The number of reflections from the chirped mirrors was fixed to eight.
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High order harmonics were generated using driving pulses with the three du-
rations described above. In these experiments the gas cell comprised a pressed
nickel tubed, backed with 83 mbar of argon, placed close to the laser focus. HHG
spectra for the three different pulse durations are shown in 5.4.

The highest photon energies were observed for the shortest pulses, with the
cut-off for harmonics driven by 14 fs duration pulses extending up to the alu-
minium L-edge located at 17.1 nm. Looking closer at the location of the spectral
peaks in figure 5.4, it is clear that each harmonic ¢ lies to the blue (shorter
wavelength) side of A\, = %, where A, is the harmonic wavelength. The spectral
shifting of the harmonics is most likely in response to both a dynamic blue-shift
to the harmonic brought about by the intensity dependent phase [38] in combi-
nation with a small blueshift of the fundamental after propagation through the
gas-filled hollow fibre.

Pulses as short as 12 fs were recorded with the GRENOUILLE but with a
larger ‘FROG-error’ (evaluated by the software). This may be due to either the
pulse possessing a complex space-time structure that challenged the convergence
of the FROG algorithm, or it could be be that for these conditions the bandwidth
of the pulse was close to being too large for the GRENOUILLE. In addition, the
shortest pulse durations were accompanied with degradation of the transverse
spatial profile of the laser pulses. Nonetheless, with the very shortest driving
pulses, harmonic orders well beyond the aluminium L-edge were observed (after
replacing the aluminium filter with zirconium). A cut-off extension to wave-
lengths as short as 14 nm was recorded, albeit while using neon as the generating
gas and at the expense of a smaller harmonic flux (compared to the when argon

was used).
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The spectrum generated by the 14 fs pulse presents some interesting at-
tributes. At the low energy end, it encompasses a broad absorption feature in
neutral argon (the generating gas) around 35 nm. At the high energy end it
reaches the L-edge of aluminium. In the spectrum between the two absorption
edges a clear ‘dip’ is observed around 24 nm. This has been identified as the
‘Cooper-minimum’ by Worner et al. [40] and has been the target of both exper-
imental and theoretical studies [43, 47]. This feature was originally identified in
the energy spectrum of photo-ionized electrons [10], where it was explained as re-
sulting from interference of different ionization channels. The recombination step
in HHG may be thought of as the time-reversed process of photo-ionization with
the resultant minimum in the photon spectrum appearing at a roughly similar
energy to its photoelectron counterpart.

The decrease in harmonic intensity for the final few orders is consistent with
harmonics situated in the cut-off part of the HHG spectrum. As such, the har-
monic spectrum obtained with 14 fs driving pulses is suitable for comparing the

spatial properties of plateau and cut-off harmonic orders.

5.3 Spatial Properties of HHG Driven by Few-
cycle Pulses

The high order harmonics produced in argon from 14 fs duration laser pulses
were used to the study spectral dependence of the spatial properties of HHG.
The radiation was characterized using the SCIMITAR technique described in

chapter 4. Interference patterns at 35 unique pinhole separations were recorded
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Figure 5.5: Example CCD acquisition (45 second exposure) taken during the
course of the SCIMITAR scan for s = —100 yum. Two-pinhole interference occurs

in the horizontal direction, whereas the individual harmonic orders are resolved
in the vertical direction.
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using the same X-slit and horizontal slit as before. A nickel tube gas cell was
pressed to an outer diameter of approximately 1.4 mm, backed with 83 mbar of
argon and positioned close to the estimated focal plane. The harmonics were
allowed to propagate approximately 0.72 m to the X-slit, and then, via a grating,
to a CCD detector a further 1.22 m downstream of the harmonic source. The
residual IR fundamental light was filtered with a 200 nm thick aluminium foil,

prior to entry into the spectrometer. An example of a typical CCD acquisition is

shown in figure 5.5.

5.3.1 Harmonic Intensity Profile

A SCIMITAR
— Gaussian fit
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Figure 5.6: Upper plot: retrieved intensity profile of ¢ = 37 (blue triangles) and
Gaussian fit (red solid line), with a FWHM of 509 pm. Lower plot: comparison
of the intensity profiles of ¢ = 23 (gold diamonds) and ¢ = 37 (blue triangles).
The former presents a broader, less uniform shape compared to the latter.
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Figure 5.6 shows the retrieved intensity profile for ¢ = 37, together with a
Gaussian fit to the data. This functional form was observed for all harmonic
orders, with the exception of the two lowest (¢ = 23 and ¢ = 25).

The lower plot of figure 5.6 shows a comparison between the retrieved intensity
profiles of the 23' and 37" harmonic orders. A clear difference is observed, with
q = 23 being less uniform and broader. The marked difference between the broad,
irregular ¢ = 23 profile and the smooth, symmetric, Gaussian-like profile of the

g = 37 is addressed later on.

5.3.2 Harmonic Wavefront
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Figure 5.7: Retrieved transverse phase profiles of harmonic orders 23, 27, 31,
35 and 39. The wavefront is found to be parabolic with some spectral variation
in the phase curvature. Errorbars are smaller than the symbol size for all data

points.
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The spatial phase profiles of the 11 harmonic orders observed were retrieved
from the measured fringe patterns. Figure 5.7 shows a selection of data for five
of the orders studied. The wavefronts were found to be parabolic, as before, with
a small variation with harmonic order. The wavefront radius of curvature (R,)
was found to vary between 0.608 £0.033 (¢ = 23) and 0.724 £0.052 m (¢ = 35),
compared to the X-slit — detector distance of 0.72 +0.05 m. The specific variation

of R, with order is addressed further on.

5.3.3 Harmonic Spatial Coherence
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Figure 5.8: Upper plot: Recovered absolute value of the harmonic CCF for ¢ = 37
(blue triangles) plotted as a function of pinhole separation along with a Gaussian
fit (red solid line). Lower plot: recovered CCF magnitude for both ¢ = 23 (gold
diamonds) and ¢ = 37 (blue triangles).
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As was the case in section 4.4.3, the harmonic CCF was recovered by combin-
ing the fringe visibility with recovered beam intensity profile. The upper plot of
figure 5.8 shows the CCF of ¢ = 37, along with a Gaussian fit (FWHM=453 um).
Small deviations from a Gaussian profile are evident at s = + 130 pum, a feature
which is addressed in more detail in chapter 6. The difference in the profiles of
the CCF for low (¢ < 25) and higher-order (¢ > 27) harmonics is less pronounced
than is the case for the transverse intensity profiles, as shown in the lower plot

of figure 5.8.

5.4 Order Dependence of Harmonic Spatial Prop-
erties

The primary aim of the work described in this chapter is to quantify the spectral
dependence of HHG spatial properties. Previous work has established that the
width of the intensity profile [70], spatial phase curvature [34] and degree of
spatial coherence [86] can vary (sometimes quite considerably) with harmonic
order. Using SCIMITAR, we may measure the spectral dependence of all three
quantities simultaneously in order to build a more complete picture of the origin

of such coupling between the spectral and spatial domains.

5.4.1 Intensity Width

The variation of the width of the intensity profile was investigated as a function
of harmonic order. To find the width of a given intensity profile, the data was

interpolated, and the first points either side of the beam centre where the intensity
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dropped below 76% were found.! Of course, it would be more usual to find the
width of the profile at the 50% level, as in the full width at half maximum.
However, in some cases, ¢ = 23 particularly, the intensity did not fall to below
50 % over the transverse distance measured by the SCIMITAR scan. The 76 %
level was chosen as the same procedure could be applied to all orders and for the
recovered harmonic CCF as well. Assuming a Gaussian form, the full width at

76% can be converted to FWHM through multiplying by the factor log(2)

log(100/76) *
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Figure 5.9: Width (FWHM) of the harmonic intensity profile as a function of
order (brown squares). The solid blue line is the absorption length in argon (for
a pressure of 83 mbar)

The intensity width (W), full width at half maximum, is plotted as a function

of harmonic order in figure 5.9 with brown squares. Interestingly, W1 appears

IEquivalently, the full width at 76% maximum.
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to be composed of two distinct regions. Orders 23 and 25 have a much larger
intensity width than higher orders. The solid blue line in figure 5.9 shows the
absorption length of argon as a function of ¢q. It can be seen that for ¢ = 23—
25 the absorption length is much shorter than the length of the gas cell, which
was approximately 1.4 mm. For g > 27 there is a broad trend of increasing W,
with ¢, rolling off at the highest orders. The rolling over of W, approximately
coincides with similar effect in the absorption length, hinting to a link between
the two phenomena. We will return to this point further on.

Absorption of the harmonic field has been identified as one of the principle
limitations on the conversion efficiency of HHG [32, 63]. In the work of Constant
et al. [32] the authors found that the conversion efficiency saturates when the
medium length is approximately five absorption lengths (L) long, even in the
case of perfect phase-matching. Absorption has also been identified as the cause
of dramatic spectral shaping of particular harmonic orders coinciding with so
called ‘Fano resonances’ [49]. The relationship between the spatial profile of the
harmonic beam and absorption however is not well documented.

Knife-edge measurements of a focussed HHG beam have found it be of good
spatial quality, only two times diffraction limited (M? = 2) [106]. Studies of
HHG in capillary waveguides have shown that production of a smooth harmonic
transverse intensity profile can coincide with a peak in the harmonic flux due to
phase-matching [21], with an irregular profile present under non-optimised gen-
erating conditions. Further discussion on the role of phase-matching in shaping

the transverse emission is found in section 5.5.
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5.4.2 Wavefront Curvature

The wavefront radius of curvature (R,) was extracted by fitting a polynomial
of the form ¢ = A + Bx + Cz? to the spatial phase profiles recovered for each
harmonic order. The wavefront curvature (R,) was evaluated by equating the fit
parameter C' with ﬁ. A plot of R, — 2y, (Where z, is the separation between

the gas cell and X-slit) as a function of ¢ is shown in figure 5.10.
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Figure 5.10: The red squares show I, — zg, as a function of ¢, where 2z, = 0.72 m

is the longitudinal separation between gas cell and X-slit (or equally between the

‘generation’ and ‘propagated’ planes). The wavefront curvature was determined

by a fit to the experimentally measured spatial phase. The errorbars are 95%

confidence intervals of the respective fits. The inset shows a plot taken from the

study of Frumker et al. [34]. As with the main figure, R, — 24, is plotted as a
function of ¢, measured in this case using the SWORD technique.
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For the lower order harmonics, R, is seen to increase with ¢g. This increase rolls
off at the highest harmonic orders. In the inset of figure 5.10, a plot taken from
the study of Frumker et al. [34] is shown. They plotted R, — z,, as a function
of harmonic order retrieved using the SWORD technique, for high harmonics
generated in a nitrogen! backed gas jet. Despite Frumker et al. using longer
duration laser pulses (and thus focussing their study on lower order harmonics)

a qualitatively similar spectral variation of R, was reported.

5.4.3 Coherence Width

In figure 5.8 the magnitude of the CCF for ¢ = 37 was plotted as a function of
pinhole separation. The width of |u| can be used as a measure of the spatial
coherence of the radiation. The coherence width (W,¢) is defined here as the full
width where |u| first falls below 0.5. The coherence width is determined using
interpolation in exactly the same fashion as was used for the intensity width.
Figure 5.11 shows W, plotted as a function of ¢q. As for Wy, ¢ = 23-25
have aberrant values for W, compared to the trend for higher harmonic orders.
The variation of the coherence width with order for ¢ = 27-43 closely follows
a ¢~ ' relationship, as evidenced by the fit (to orders 27-43 only) shown by the
solid blue line. The spectral variation of the CCF width for radiation from a
(polychromatic) incoherent, disc-shaped source also scales with ¢~! (see section
3.2.1). Through equation 3.40, the equivalent incoherent source diameter is found
to be 48 microns. However, care is required before drawing any firm conclusions

about the nature of the harmonic source. The coherence properties merely match

!The ionization potential of molecular nitrogen is 15.581 eV, similar to the ionization po-
tential of atomic argon (15.754 eV).
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those of radiation produced by an incoherent source of a particular size. The fact
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Figure 5.11: The brown circles show the coherence width (full width at half
maximum) plotted as a function of harmonic order. The solid blue line is the
CCF width variation expected for an incoherent (disc-shaped) source of size 48
microns. The grey dotted line shows the boundary between wavelengths for which
the absorption coefficient is smaller (right) or larger (left) than > 50% absorption
per mm.

that we observe low divergence beam® (as evidenced by figure 5.9) shows that
the harmonic source must be at least partially coherent [123] and that the van
Cittert-Zernike theorem is not a physically accurate model for inferring the source
properties. Nonetheless, the fact that Wy closely follows a é variation with
harmonic order allows the prediction of the coherence width for other harmonic

orders not observed here, in the limit of a negligible effect by absorption.

!The divergence is calculated to be of the order of 1 mrad (at the FWHM level).
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5.4.4 Coherent Fraction
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Figure 5.12: The coherent fraction (gic = VVI[/}’(;) as a function of harmonic order
p

(green diamonds). The black dotted line shows the 50% absorption threshold in
argon (the same as the grey dotted line in figure 5.11). The HHG spectrum is
shown by the solid grey line.
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In section in section 3.2.3, the coherent fraction (gc = ) was identified as
a more suitable metric of the spatial coherence of radiation than the coherence
width alone. Figure 5.12 shows ¢ plotted as a function of ¢ with green diamonds.

We find that gi¢ varies quite considerably for the harmonic orders observed
attaining its maximum value for ¢ = 27. The highest five orders (¢ = 35-43) show
little variation in gic. In line with the results of presented in figures 5.9 and 5.11,

strongly absorbed harmonics have a low coherent fraction, since they are broader

in intensity and narrower in CCF than those which are not absorbed significantly.
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If for a particular application the radiation is required to be spatially coherent, it
may be useful to know that the lowest order harmonic, not affected by absorption,

has the highest coherent fraction.

5.5 Coherence Length

The coherence length (L) is an important parameter in nonlinear optics. For an
extended gas medium, with length denoted by L., the coherence length dictates
the maximum longitudinal distance over which harmonics can be generated when
Leen > Le. In section 2.3.1 three sources of wavevector mismatch (Ak) were
identified: neutral dispersion, plasma dispersion and Gouy phase contributions.
Here each component of Ak is evaluated to calculate L. for ¢ = 23-43.

A key parameter for calculating the neutral and plasma dispersion contribu-
tions is the ionization fraction (7). Calculations using the ADK formalism [3]
provide n as a function of time for the interaction of an intense laser pulse with
an atom. Here we assume that a given harmonic ¢ is generated at the instant
(t,) that the laser intensity reaches a sufficiently large enough value, as dictated
by the cut-off law (equation 2.6). The value of n for harmonic ¢ is then given by
n(t,). For the neutral gas dispersion the difference in the refractive index encoun-
tered by fundamental and harmonic is needed. Here the Sellmeir coefficients are
used for evaluating the infrared refractive index in neutral argon (n=1.00027962)
while the XUV refractive index is approximated to be equal to unity. For the
Gouy phase contribution we have assumed that the entrance of the gas cell lies
on the laser focal plane, with the exit a further 1.4 mm downstream.

In figure 5.13 the calculated coherence length is plotted. It is found to decrease
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with increasing order, similar to calculations performed for HHG from waveguides
[111]. The absorption length is also shown in figure 5.13, with purple squares.
Our calculations show that for only two orders (23 and 25) is the coherence
length longer than the absorption length. In this case, the length over which
the harmonic signal builds up is limited by absorption and not dispersion. The
converse is true for orders 274 where the absorption length is longer than both
the coherence length and the medium length. For those orders the measured

harmonic field is limited to that originating from a length L. at the end of the

medium.
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Figure 5.13: Calculated coherence length (brown circles) and absorption length

(purple squares) plotted for the range of orders considered. Both quantities are

shown for parameters relevant to the experimental conditions. The grey dotted

denotes the thickness of the gas cell. The errorbars for L. were evaluated by

varying the peak laser intensity in the calculation for the coherence length within
the experimental uncertainty for the pulse energy, duration and spot size.
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As a further point, the length of gas cell was set by placing thin (=~ 400 pm
thick) ‘spacers’ inside a nickel tube and pressing the tube such that the inner
diameter of the cell was the same size as the thickness of the spacers. The
spacers were removed before the gas cell was installed. After multiple different
lengths were tested, L.qi = 1.4 mm was chosen as it provided the brightest
harmonic signal while keeping the cell backing pressure to a reasonable level.
Our calculation shows that L. & L., agreeing with our observation of the bright
harmonics for this choice of cell length.

When absorption is large, i.e L.ps < Le and Leey > Laps, contributions to
the harmonic field from atoms at locations everywhere but at the very end of
the medium are absorbed and not measured. In this case propagation effects
within the cell may be ‘cancelled out’ by absorption. Indeed, studies of HHG
from semi-infinite gas cells by Peatross et al. [112] have shown experimentally
that absorption can localise the harmonic emission to the very final part of an
extended gas medium. The results presented here suggest that for HHG in argon
and when ¢ < 27, absorption may act to disrupt the smooth ‘build-up’ of the
harmonic signal associated with phase-matching, leading to the aberrant spatial
properties observed for low order harmonics. Detailed 3-D simulations of HHG,

including the effects of propagation, could shed more light on this effect.

5.6 Inferring Source Spatial Properties

So far, the presented results have shown the spatial properties of high harmonics
measured at a plane 0.72 m downstream from the gas cell (radiation source).

The SCIMITAR measurement provides ample information to back-propagate the
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harmonic field to the source location. In doing so it is possible to probe the

conditions under which the harmonics are generated.

5.6.1 Gaussian Beam

A Gaussian beam may be parameterised by three quantities: the ‘apparent’ waist

size (w,), the waist longitudinal position' (z,,) and the wavelength (),).? All

‘Generation’ ‘Propagated’ or
or ‘Source’ ‘Apparent’ ‘Measurement’
plane plane plane
{ng Rg} {Wa} {Wlpf Rp}
z
ag Zap
Zgp

Figure 5.14: Diagram depicting the relative location of the three transverse planes
identified in this chapter.

relevant quantities are depicted in figure 5.14. Equations 3.12 and 3.15, which

give expressions for the downstream beam width (W}) and wavefront curvature

IThe waist positions are defined relative to some fixed downstream plane, in our case the
plane the SCIMITAR scan is made in.

2The subscript ‘a’ refers to the apparent radiation origin: for a field measured far from the
generating plane, ‘a’ denotes the plane where the radiation wavefront would be planar.
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(R,) respectively, may be inverted to yield:

W R,

w, = (5.6)
4
T T R
_ TRy (5.7)

Zap
27174 2)2
Wi + RoA;

In our case we find that z,, < zg, for all harmonic orders observed. Propa-
gating backwards to the plane where the harmonic are generated (within the gas

cell) gives:

7T2w4
Ry = (2ap — 2 {1+—a] 5.8
g ( p gp) Ag(zap . ng)z ( )
A2(Zap — Zap)?
- q\~ap gp
Wg = wa\/l + 7T2—’LU§ (59)

where R, and w, are the source radius of curvature and beam size in the gener-
ation plane.

Treating the harmonic radiation as a Gaussian beam, we may calculate the
source intensity size and wavefront curvature using the measured values of Wy
and R, with equations 5.8 and 5.9. The results are shown in figure 5.15. The
source intensity width is seen to decrease with harmonic order, with the exception
of ¢ = 23 and 25. The source wavefront curvature on the other hand, mirrors the
trend followed by R, in figure 5.10, with orders 31-43 showing broadly the same
values.

As described in section 2.4, an analytic model the harmonic source phase R,
predicted only weak dependence on harmonic order. Austin et al. [28] measured

a frequency dependence of the harmonic source curvature using shearing inter-

137



5. Spectral-Spatial Coupling

ferometry, attributing the variation with order as originating from the intensity-
dependent phase of the induced harmonic dipole. We may further investigate
this phenomenon by use of our model of the harmonic wavefront introduced in
section 2.4. To recap, the source wavefront curvature R, at position z in the

source (where z = 0 denotes the laser focal plane) is given by:

208 [ he I, Nz -
= — . q
Ry 7r{wp(z)2 [/{)\3 qm)\o} + Twiwy(z)? (5.10)

Referring to figure 5.15, R, was measured to be approximately constant for
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Figure 5.15: The variation of the FWHM source intensity width (pink circles) and
source wavefront curvature (blue diamonds) with harmonic order. Both quantities

were calculated from the measured values of Wp,; and R, using equations 5.8 and
5.9.

the cut-off harmonic orders (¢ = 31 to ¢ = 43), having a value of R, ~ —25

mm. In the upper plot of figure 5.16, equation 5.16 is evaluated for parameters
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relevant to our experimental conditions: ¢ = 33, o = 1 x 10" cm?W~! and a
laser spot size wy = 48 ym (as measured in situ).! The (harmonic) wavefront
curvature from either the intensity dependence phase alone (solid orange line) or
just the fundamental phase (green dotted line) are also plotted. For the upper
plot 8 = 0.5, yielding a curvature of approximately -25 mm close to the laser

focal plane (z = —0.9).
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Figure 5.16: Upper plot: source wavefront curvature, as a function of position
about the focal the plane, calculated for ¢ = 33, wy = 48um, o = 1 x 101 cm?W—!
and 8 = 0.5 using equation 5.10. The full expression is shown by the blue dot-
dashed line, whereas the green dotted line shows the curvature from (¢x) the
fundamental only. The orange solid line shows the curvature from the intensity
dependent phase alone. Lower plot: R, (full expression) plotted for the same
values as above but for three different values of 3.

The lower plot of figure 5.15 shows R, plotted for three different values of f.

!The alpha parameter was taken from the theoretical work of Gaarde et al. [57].
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The position z where R, is equal to —25 mm moves further upstream (left in the
figure) of the target as (3 is increased. In our experiments the target was placed
downstream of the focal plane. Thus, in order for equation 5.16 to better agree
with the values of R, inferred from the SCIMITAR measurement a [ value less
than one is needed. Since [ is the multiple of the minimum laser intensity to
generate a harmonic ¢, it seems unreasonable for it to be smaller than one. This
discrepancy indicates the model of the wavefront curvature is not quantitatively
accurate.

There are multiple possible reasons why the model fails to account for the
measured source curvature accurately. The method for evaluating the intensity
at which the harmonic is generated, including the estimation of the g parame-
ter is somewhat simplistic. A more rigorous calculation of I, may yield closer
agreement between theory and experiment. Here we have considered the har-
monic wavefront curvature at a single plane defined by z. However the emission
originates over a range of z, and so, in more sophisticated model, this should be
accounted for. Furthermore, modelling the harmonic beam using Gaussian op-
tics implicitly assumes the radiation is spatially coherent, but our measurements
show definitively that it is not so. This will affect the propagation of the harmonic
field. Furthermore, the value of wy used above was recorded at atmospheric pres-
sure through measuring the fundamental beam caustic. It may be that the real
spot size at the focal plane is enlarged by plasma induced defocussing. This may

in turn, at the very least, allow 3 to take a more physically realistic value (i.e.

g>1).
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5.6.2 Gaussian-Schell Model

The Gaussian-Schell model (see section 3.2.3) is a promising method for back-
propagating the measured harmonic spatial properties. It is useful to recount

some of the aspects of the model to assess its suitability for application to HHG:
1. The CCF and intensity profile of the beam are both Gaussian functions.

2. The CCF is assumed to depend on only on the separation of the two test

points.

3. The radiation is assumed to originate from a source with a flat spatial phase

profile.

Evidence thus far suggests that each of the three aspects identified above
could be called into question for HHG. In particular, the results of section 5.4.2
imply that the harmonics are generated with an initial (order dependent) cur-
vature, violating the planar source requirement. In spite of such differences, the
Gaussian-Schell model (GSM) should at least provide a decent approximation of
the harmonic source properties, keeping in mind that the above points mean that
it forms an incomplete model of the source and the propagation of the radiation it
generates. Here, specifically, the GSM is used to investigate the order dependence
of the source intensity and coherence widths.

Inverting equations 3.63 and 3.67 and solving for the widths of the source

intensity profile (wg;) and source CCF (wygp) yields the following expressions:

1 VRWE (=22 W2 — 422 W2 + R2WE V)

— W2 —

(5.11)
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- VRWE (=22 W2 — 422 W2 + R2WE V)
pl

p

V2

(5.12)

The measured (far-field) intensity and coherence widths are inserted into equa-

tions 5.11 and 5.12 to calculate the corresponding source quantities.

5.6.3 Harmonic Source Intensity Width

The source intensity width (woc) was calculated for each harmonic order using the
measured propagated intensity and CCF widths (W,; and W,c, respectively) and
equations 3.63 and 3.67. In figure 5.17, wq is plotted as a function of harmonic
order. The harmonic source size is found to decrease with increasing harmonic
order. This agrees well with the expectation that higher orders are associated
with higher laser intensities, effectively localising the emission closer to the optical
axis.

By defining the relationship between the fundamental and harmonic intensi-
ties it is possible to derive an expression for the harmonic source size. Naively
one might expect HHG to be a perturbative process, similar to lower order non-
linear optical effects like second harmonic generation. In this case the relationship
between fundamental intensity (Ip), the harmonic intensity [I(qw)] takes the fol-

lowing form:
I(qw) = I§. (5.13)

Assuming the fundamental has a Gaussian transverse profile, the FWHM of the
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(theoretical) harmonic source intensity width (worp) is given by:

wor(q) = % (5.14)

where wq is the FWHM of the fundamental. Although fitting equation 5.14 to
the inferred harmonic source size shows reasonable agreement (see the solid red
line in figure 5.17), the fit however yields wg = 189 £+ 4 um. Measurement of the
fundamental spot size in situ, albeit not under vacuum, found wy = 48 + 2um,
in marked disagreement with the fit of equation 5.14. This discrepancy most
likely originates from the fact that HHG should not be treated as a perturbative

process. Theoretical work has shown that the harmonic source intensity can be

O Source Intensity Width
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Figure 5.17: Harmonic source diameter (FWHM) deduced using the Gaussian-

Schell model (blue circles). The solid red line is a fit according to equation 5.14.
The green dotted line is a fit according to equation 5.16.
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treated (to a good approximation) instead as I(qw) = I§ [107]. This would yield
a harmonic source size that is independent of order, varying as . Figure 5.17
however shows clearly that the harmonic source size is a function a q.

We find better agreement to our inferred source size by adopting a modified
version of the perturbative form described above. Specifically, if we assume the

harmonic intensity can be described by:
_ i}
I(qw) = 1 (5.15)

then the source size takes the following form:

NE

(5.16)

WoIN = Woq~ 2.

A fit of equation 5.16 to the inferred source size is shown in figure 5.17. A closer
agreement is observed than is the case for the perturbative model. The fit yields
a fundamental spot size wg = 100.9 £ 29.0um, again larger than that measured
independently, but closer than the same parameter derived from the perturbative
model fit. The modified perturbative fit found n = 0.646 + 0.162 best fitted the

deduced values of wo.

5.6.4 Harmonic Source Coherence Width

The harmonic source coherence width (wc;,) was also calculated using the Gaussian-
Schell model. The source coherence width is plotted as a function of ¢ in figure
5.18. The trend is qualitatively similar to that presented in figure 5.12. The rea-

son for this is that under the Gaussian-Schell model coherent fraction is invariant
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under propagation:

qic = Zel _ Jo, (5.17)

Wpr Woc

The fact that we; does not vary considerably with ¢ (see figure 5.17), means it can
be treated as very approximately constant. Consequently, equation 5.17 shows
that woc can be treated as approximately proportional to gi¢ and will thus show

a similar variation with q.
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Figure 5.18: Harmonic source coherence width (wgc) calculated using the
Gaussian-Schell model (red squares). The solid blue is a fit according to equation
5.21.

Orders ¢ = 23 and 25 display a low coherence length compared with the

neighbouring harmonics (¢ = 27 and ¢ = 29). Figure 5.18 indicates that, in the
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frame of Gaussian-Schell model, the aberrant spatial properties of ¢ = 23-25,
measured downstream of the gas cell with SCIMTIAR, seem to be caused by a
relatively depressed harmonic source spatial coherence.

As discussed in section 5.4.1, the spatial quality of a HHG beam can be
affected by how well the generation process is phase-matched [21]. In a similar
way that the intensity profile may be affected by the longitudinal localisation
of the harmonic emission through absorption, the rapid transverse variation in
the phase of the dipole may also influence the spatial coherence of the emission.
However, more detailed modelling, matched to the experimental conditions found
in our experiments, would be required to confirm this.

In section 3.5 a model was developed to quantify the degree of spatial coher-
ence of a high harmonic radiation source. The main result was an expression for

the harmonic source CCF:
1
gl =1 — (1 = |o]) — 5(1%1)3‘/(6?)- (5.18)

To reiterate, the harmonic CCF is degraded by an inherited partial coherence
from the fundamental beam as well as from a contribution from the intrinsic
dipole phase. In order compare the deduced values of the source coherence width
with the predictions of the model, an expression for the FWHM of |u,| as a
function of ¢ must be derived from equation 5.18. However, the equation is not
tractable and a general form for the source coherence width cannot be obtained.
By making some tacit assumptions we may derive an approximate expression.

Firstly, we assume that the CCF of the fundamental is a Gaussian function of
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point separation (Ax):

_AxQ). (5.19)

|110] = exp ( 72
Inspection of equation 5.18 reveals that the order dependence of the source coher-
ence width originates from the term related to the fundamental CCF. In the limit
where the dipole phase can be neglected the source coherence width (FWHM)

can be shown to take the following form:

1
Woct = 20\/10g<1——lq_2> (520)

2

The dipole phase contribution (wpcq) alone can be found numerically once a
suitable beam size, intensity and « value are used. Here however we assume that
since the dipole term is independent of harmonic order it simply acts to reduce
the overal source coherence width (wgc) by an (order independent) amount K

(with K < wger). Thus woe can be expressed as:

woc R wocr — K

1

2

A fit of equation 5.21 to the deduced values of wqc is shown in figure 3.67 (with o
and K as fit parameters).! The fit yielded values of o = 1.46 +0.40mm and K =
33+ 16 um. The large value of o, relative to the fundamental spot size (~ 50 um),
indicates that only a very small departure from full coherence in the fundamental

is required to give rise to the partially coherent harmonic source. Reasonable

LOrders 23 and 25 were excluded from the fit.
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agreement between the fit and the deduced values is observed, suggesting the
model goes someway to capturing the physics behind the phenomenon of partial

spatial coherence in HHG.

5.7 Summary

In this chapter the spectral dependence of the spatial properties of HHG was
investigated. Incorporation of an external pulse compression system allowed the
harmonic cut-off frequency to be extended while maintaining a high photon flux.
The SCIMITAR technique was used to measure the transverse intensity and phase
profiles as well as the CCF of harmonic orders 23 — 43. The intensity profile
width was found to increase with harmonic order, the coherence width decreases
while the wavefront curvature was approximately constant for all but the lowest
harmonic orders.

The intensity and coherence widths of ¢ = 23 and 25 were significantly differ-
ent compared to the next highest harmonic orders. We found that for these two
orders alone, the absorption length was much shorter than both the calculated
coherence length and the gas cell length, suggesting that absorption may play a
role in the shaping of the harmonic spatial properties.

By treating the harmonic radiation as a Gaussian beam the intensity width
and the wavefront curvature in the radiation generation plane were deduced. An
analytic model of the source wavefront curvature agreed with the inferred values
only when a fitting parameter () was set to a physically unrealistic value. By
applying analytic expressions derived for the Gaussian-Schell model, the intensity

and coherence widths in the generation plane were deduced. A harmonic intensity
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described by I, = Iéqn}, where [ is the fundamental intensity and n = 0.646 +
0.142 was found to best agree with the harmonic source intensity width. A model
accounting for both the effect of a partially coherent fundamental beam and the
harmonic intrinsic dipole phase showed reasonable agreement with the deduced

values for the harmonic source coherence width.
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Chapter 6

Resolving Detailed Structures in
HHG Spatial Properties

In chapter 4 it was emphasised that SCIMITAR allows the spatial coherence
of light to be measured in fine detail. It stands to reason that sampling the
CCF at 30+ unique pinhole separations, as is typical for a SCIMITAR scan,
will provide more information than the 3-5 pinhole (or slit) separations used in
previous studies on the spatial coherence of HHG [72, 85]. In this chapter we
utilise this aspect of SCIMITAR to measure hitherto unreported structures in
the spatial properties of high order harmonics.

It is commonly assumed that for partially coherent radiation the magnitude of
the CCF (|u|) decreases with the separation of the two points at which it is mea-
sured (AX): starting at unity for zero separation and (eventually) falling to zero
at some larger distance.! We show that under certain experimental conditions
the CCF and intensity profile of harmonic radiation both display a marked depar-
ture from monotonic behaviour. In particular, the spatial properties are observed

to develop distinctive modulations in their transverse extent (for ease, they will

I This is not all-encompassing. For instance, the CCF of an incoherent disc-shaped source
is only monotonic for separations up to the first zero in the CCF.
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6. Structures in Harmonic Spatial Properties

be referred to as ‘shoulders’, for reasons that will shortly be made clear). This
chapter details the characterization of such structures and comments on their
potential origin. Further, calculations are presented aimed at investigating the

effect the CCF modulations may have on coherent imaging experiments.
6.1 Emergence of Structures in Spatial Proper-
ties

The spatial properties of high order harmonics generated by 22 fs duration fun-

damental pulses were characterized using SCIMITAR. After setting the backing

AX,

-300 -200 -100 0 100 200 300
Pinhole Separation (um)

Figure 6.1: The CCF magnitude for ¢ = 29 is plotted with purple dots. The
dotted brown line is a Gaussian fit to all data points. The solid blue line serves

to guide the eye. A clear departure from monotonic behaviour is observed for
separations near AX = +150 pm and AX = £275 pm.

pressure in the HCF to 300 mbar, the pulse duration was measured to be 21.8
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fs (FWHM) using a GRENOUILLE. The harmonic cut-off was observed to lie
around ¢ = 37, a decrease from that reported in the previous chapter. Using the
same experimental arrangement as depicted in figure 5.3, a SCIMITAR scan was
performed. Under these experimental conditions the recovered intensity profile
and CCF were found to possess clear ‘structures’, not seen in harmonics gener-
ated by 14 fs duration pulses. An example of this new phenomenon is shown in
figure 6.1, where |u| is plotted for ¢ = 29.

In figure 6.1, deep modulations occur symmetrically at AX = +150 ym and
again at AX = +275 um. A Gaussian fit is overlaid on the data to emphasise the
departure from monotonic behaviour. The errorbars were calculated by fixing the

pinhole separation and taking four consecutive acquisitions. The error (o,) was

Intensity (arb.)
o o o
P2

o
4!

o
n

~300-250-200-150-100-50 _ 0 50 100 150 200 250 300
Position (um)
Figure 6.2: The recovered intensity profile for ¢ = 29 is plotted with purple
crosses. Again a Gaussian fit (dotted orange line) is used to emphasise the irreg-

ularity in the form presented by the experimental data. The brown line serves to
guide the eye only.
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6. Structures in Harmonic Spatial Properties

extrapolated to other pinhole separations by assuming %“' was a constant for all
data points. Clearly, the modulations in the recovered CCF cannot be explained
by the estimated uncertainty in the measurement.

In figure 6.2 the intensity profile of ¢ = 29 is plotted. As with the CCF,
‘shoulders’ are observed in the intensity profile, although the depth and position
of the modulation is slightly different on the two sides of the beam.

Similar modulations were observed in the other harmonic orders recorded. To

B | z
6.3
OZé:) ' ' ' ' ' ' ' ' 'l 'l

=325 -300 -275 -250 -225 -200 -175 -150 -125 -100 -75 -50
Pinhole separation (um)

Figure 6.3: Left of centre CCF magnitude plotted for four different harmonic
orders: ¢ = 23 (red crosses), ¢ = 27 (brown asterisks), ¢ = 31 (grey dots) and
g = 35 (blue plus signs). The solid lines serve to guide the eye. The arrows
indicate the position of the characteristic dip for the harmonic order matching
the arrow colour.

demonstrate this, in figure 6.3 the (left of centre) CCF of four selected harmonic
orders are plotted. The distinctive shoulders are apparent for each order, however

the position and depth of the modulation appears to change with ¢g. This is made
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clearer by the position of the four arrows in figure 6.3 which correspond to the
locations of the (first) minima in the CCF. The arrow colour corresponds to a
particular harmonic order, as defined in the legend of figure 6.3. The position of
the dip occurs at larger separations for lower harmonic orders.

In order to more systematically study the spectral dependence of the CCF
shoulders, the position and depth of the modulations were extracted as a function
of harmonic order. We define here the ‘shoulder depth’ (D) as the CCF evaluated
at the bottom of the modulation in the first shoulder. It is a measure of how deep
a modulation is present. Since there are two minima, one either side of the beam
centre, we quote the mean of the two values of D. The ‘shoulder width’ (AXy)
is defined as the full separation between the (first) two minima in the full CCF.

In figure 6.1 AXg is depicted by a black arrow. Effectively, it is a measure

0.66(— ' ' ' ' ' ' —400
0.65} o 4380
0.64 4360

_ 0.63} 340 =

0.62 pos
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0.50} 12600
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0.57} % 1220
0.56 200
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Figure 6.4: Shoulder depth (blue diamonds) and width (red squares) both plotted
as functions of harmonic order. The brown line is a linear fit to the shoulder width.
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6. Structures in Harmonic Spatial Properties

of how broad the structure is. In order to better estimate these two qualities
the measured harmonic CCF was first interpolated! and then smoothed with
a running average length of two (experimental) data points. This process was
aimed at overcoming any undersampling of the CCF structures.

In figure 6.4 D and AXg are both plotted as functions of harmonic order.
The depth is shown to initially decrease to a minima at ¢ = 31 before recovering
for higher orders. More strikingly the shoulder width presents a very clear linear

dependence on harmonic order: AXj is observed to decrease linearly with q.
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Figure 6.5: The pinhole separation where the first CCF shoulder (red diamonds)
and the second shoulder (blue circles) are found. Data is shown for the CCF
recorded right of the beam centre and plotted for the eight harmonic orders
observed. The difference between the two pinhole separations (AXg = AXo —
AX,1) is plotted with gold squares. A fit of equation 6.2 to AXg is shown by the
green solid line.

IMATLAB’s default linear interpolation was used with 9 points interpolated between ex-
perimental data points.
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Close inspection of figure 6.1 reveals that a second distinct modulation is
present at a larger pinhole separation (~ 4275 pum) compared to the separation
associated with the first modulation (= £150 um). Focussing on just the CCF
right of centre, the location of this secondary shoulder is plotted in figure 6.5 as
a function of harmonic order. The first modulation location is labelled by AX,q,
while the second is labelled by AX,,. Also plotted in figure 6.5 is the difference
(AXg = AX,s — AX,1). With the exception of one anomalous data point, AXg
is found to slowly decrease with harmonic order. Figure 6.5 also shows that
A X9 =~ 2AX,; suggesting that the modulation in the CCF may be periodic with

pinhole separation.

6.2 Origin of Modulated Spatial Properties

The existence of such clear structures in the harmonic spatial properties, as pre-
sented in section 6.1, demands an investigation into their origin. Here we explore
possible explanations as to what experimental conditions give rise to modulated
harmonic spatial properties.

By virtue of the experimental arrangement, the harmonic beam undergoes
free-propagation from the gas cell exit to the SCIMITAR X-slit; there are no
apertures or optics in place that could potentially modify the harmonic spatial
properties before the beam is characterized. Therefore it is reasonable to focus
on the nature of the harmonic source itself, and whether it could have produced

the modulations observed.

156



6. Structures in Harmonic Spatial Properties

6.2.1 Van Cittert-Zernike Theorem

The Van Cittert-Zernike theorem relates the measured CCF of radiation with
the intensity profile of an equivalent! incoherent source [I(z)] through a Fourier
transform relation. In our case I(x) can be thought of as being is located at the
exit of the gas cell. The requirement that the source is incoherent simplifies the
task of propagating the light to the plane of characterization at the expense of

being unrealistic for high harmonic radiation. In section 3.2.1 it was shown that:
p(AX) = N exp(iy)) F[I (x)] (6.1)

2_vy2
where AX denotes the separation of two test points, ¢ = —k% and N is a
normalisation constant related to the total transmitted power. Through equation
6.1 it is expected that an aperture (of size a) in the source plane,? located at the

exit of the gas cell, will cause a modulation in the CCF measured in a plane

downstream (a distance z away) with a period:

A
X & 04553727 (6.2)
aq

A fit of equation 6.2 to AXpg is shown in figure 6.5.° Assuming \; = 800 nm
and z = 0.72 m, a value of a = 69.6 £ 5.2 um is deduced, with the error derived
from the uncertainty of the fit. This is slightly larger than the measured FWHM

of the fundamental spot size (~ 48 ym). Referring back to the VCZ theorem,

Tt is equivalent in the sense that the intensity profile is that of an incoherent source which
would produce radiation with a CCF as measured.

2To be clear, ‘source’ always refers to the location the radiation physically originates from.

3The anomalous data point for ¢ = 35 is ignored when fitting equation 6.2 to the measured
values of AXR.

157



6. Structures in Harmonic Spatial Properties

an incoherent disc of size a produces a modulated CCF with a sinc(...)? form.
The CCF measured in our case does not have the same functional form. Further
investigation of the source intensity profile is therefore required.

We wish to invert equation 6.1 to evaluate I(x). To do so the phase of CCF
(¥,,) must be known. Referring back to the definition of the CCF given in section

3.1.3, it is possible to show that the phase of u is given by:

Uy = Arg[(E(Xy, 1) E(Xy, 1)")] (6.3)

= o(X1) — ¢(Xs)

where Arg(...) denotes the argument of the (complex) function enclosed in the
brackets, X, and X satisfy AX = Xy — X, and ¢(X;) is the harmonic wave-
front at point X;. Thus, the phase of the CCF can be evaluated by measuring
the wavefront of the radiation at the characterization plane.! If we assume for
simplicity that the spatial phase is dominated by a parabolic term in X (with a

radius of curvature R,), as is the case for high order harmonics,? then we may

write:
k(Xf - X22>
v, ~——7 (6.4)
. 2R,
Inverting equation 6.1, yields:
(@) =+ { ) exp | ZEE D) (65)
= — X .
At P17 2R, — )

IThis aspect was (obliquely) referenced in [4], where the authors noted that the CCF phase
was encoded in the fringe position within the interference pattern itself.
2This point is illustrated by figures 4.8 and 5.7.
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where, as before, ' denotes the inverse Fourier transform. It is noted that in the
limit that the distance between the source and characterization planes is so large
that the source may effectively be treated as a point emitter, R, = 2z and thus
U, =—1.

Prior to applying equation 6.5 to the experimentally determined CCF, the
data was treated to improve the resolution and accuracy of the recovered inco-
herent source intensity profile. The SCIMITAR scan measured |u| up to AX =~
£330 pm. In order to better resolve features in I(z) close to the optical axis,
the CCF was extrapolated to large values of AX (£3 mm). To do so, |u| was
assumed to take the form of a Gaussian function at large AX. The width of
the extrapolated Gaussian was set by fitting to the measured experimental CCF

values. For small pinhole separations |u| was assumed to be equal to unity, with
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Figure 6.6: Measured |u| for ¢g=29 (solid green line) along with extrapolated data
points (dot dashed green line). The phase of u (solid blue line) was assumed to
continue a parabolic form out to large separations (dotted blue line).
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five additional data points added to fill the gap where the SCIMITAR scan was
unable to record spatial coherence information. To extrapolate the phase of the
CCF the harmonic wavefront was assumed to continue to be parabolic in X at
large pinhole separations. To highlight this procedure the extrapolated CCF
(both magnitude and phase) for ¢ = 29 is plotted in figure 6.6.

Application of equation 6.5 yielded in the equivalent incoherent source, plotted
for ¢ = 29 in figure 6.7. It shows a central peak of FWHM = 34.85 pym flanked
by low intensity structures out to approximately x ~ £250 pum. It is noted that
at some locations the incoherent source intensity falls below zero. This is clearly

unphysical as the intensity is strictly a positive quantity.

-300-250-200-150-100 -50 O 50 100 150 200 250 300
Position (um)

Figure 6.7: The equivalent incoherent source intensity profile for ¢ = 29 is shown
by the red dotted line. Uncertainty is given by the extent of the line in the vertical
direction. Replacing the measured CCF with a Gaussian function, the intensity
profile shown by the blue dotted line would result from the same analysis.
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The negative intensity in figure 6.7 could arise from experimental uncertainty
in the measured CCF. To test this hypothesis, I(x) was calculated for 100 differ-
ent CCFs. For each individual calculation, every value of || was perturbed by
a random amount in the range +2%. A value of 2% was used since this was the
estimate for the uncertainty in a single CCF data point based upon experimen-
tally repeating the acquisition from a single pinhole separation four times. The
standard error, of each point x in the source plane, after 100 iterations, is plotted
as errorbars on figure 6.7. For the most part the errors are around the same size
or smaller than the symbol size. Furthermore, in all of the 100 cases calculated,
I(z) remained negative in the regions located at z = £(100 — 150) gum.! Thus
experimental uncertainty is most likely not the cause of the negative intensity
displayed by the equivalent incoherent source.

More likely, the negative intensity could originate from the choice of extrapo-
lated data points added to the measured CCF. A non-Gaussian function for the
extrapolated data points would yield a quantitatively different I(x). In the fol-
lowing chapter an alternate approach to defining this ‘missing’ or unknown data
is employed, producing an equivalent incoherent source intensity distribution that

is everywhere positive.

6.2.2 Iterative Phase Retrieval Applied to the VCZ The-

orem

In section 6.1 the (incoherent) source intensity profile, calculated using the VCZ

theorem, was found to be negative for certain positions x in the generation plane,

!Even increasing the single CCF point error estimate to +10% still rendered I(z) negative
in this region for all 100 cases.
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indicating that the simple model of an incoherent source is too simplistic and/or
that the necessary extrapolations of the CCF data were too crude. This result
can be explored further by augmenting the VCZ theorem with an algorithm more
commonly applied to phase retrieval problem in so called ‘lensless’ imaging ex-

periments. For instance, in coherent diffractive imaging the scattered wavefield

Lensless Imaging VCZ
Measured Signal | Scattered Intensity |¥(X)|* | CCF Magnitude |ul
Retrieved Phase Arg{¥(X)} Arg{u}
Unknown Property | Object Transmission T'(z) | Source Intensity I(x)

Table 6.1: A brief comparison of the analogous quantities when comparing the
problems of lensless imaging and inversion of the Van Cittert-Zernike theorem.

from some object must be back-propagated in order to retrieve the object trans-
mission function. Likewise, in the Van Cittert-Zernike theorem, the CCF is back
propagated to obtain the (equivalent incoherent) source intensity profile. The
specific quantities which form the analogy are presented in table 6.1.

In the case of imaging, one wishes to find a solution to the phase, otherwise lost
in a measurement, which is consistent with the measured far-field data and known
information about a scattering object. The phase is found through an iterative
process, with constraints applied both in the plane of the measured data and the
plane of the (scattering) source. This is implemented computationally and here
we focus on the algorithm first described by Fienup (the term GS' algorithm,
or GS programme for our specific implementation, will be used hereafter) [93].
Generically, the GS algorithm can be represented by the flowchart in figure 6.8.

One benefit of GS (and other related algorithms) lies in the potential of de-

riving values for ‘missing data’. In the case of the SCIMITAR measurement,

LGS stands for Gerchberg-Saxton, the names of two early proponents of the method.
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data is not recorded for very small and very large pinhole separations. As will be

Figure 6.8: Flowchart describing a generic Gerchberg-Saxton algorithm. The
actions enclosed within the dotted line are executed once per iteration. The
Fourier transform and inverse Fourier transform are represented by F{...} and
F-1...}, respectively.

shown, through application of an iterative phase retrieval algorithm it is possible
to deduce estimates for this missing data given the constraint that the incoherent
source intensity must be a real and positive function of z. At the same time, the
programme yields a solution for the incoherent source intensity profile /(x) that
best satisfies both the measured CCF and the constraints place upon I(z).
Modifications are required to the GS algorithm in order to make it compatible

with the VCZ theorem. The (specific) algorithm we employ is as follows:
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1. Input
Let 1, be the measured CCF and {AX,,} be the set of pinhole separations
pg was measured over. Also, let {AX,} be the set of separations where
the CCF was not measured! such that the two sets are disjoint and the
maximum(minimum) values of {AX,} are larger(smaller) than the maxi-
mum (minimum) values of {AX,}. Prior to the first iteration, the phase of
the CCF is set to Arg(u) (an expression for the phase is found in equation

6.4). The CCF phase is extrapolated such that it spans the range of {AX,}.

For the first iteration, the CCF magnitude is:

lne| i AX € {AX,,} and

Bxr if AX € {AX,},

where 71 denotes a random number in the range [01] and B = 1 for points at
small AX and B = 0.01 for points at large AX. The initial CCF magnitude
and phase, used for one particular execution of the programme, are shown

in figure 6.9.

2. ITteration Step: Support Constraint
The CCF is inverse Fourier transformed. The support constraint is then
applied: the incoherent source must be a real, positive function hence the
real part of the inverse transformed CCF is retained and all negative values
are set to zero. In recognition that harmonic generation is localised close
to the optical axis, all values of the intensity where x > +wjq is satisfied are
also set to zero, where wy is referred to as the ‘support width’. After all

support constraints are applied we arrive at solution #1 for I(x): I;(z).

!The maximum and minimum values chosen for {AX,} were found to have little effect on
the output of the GS programme.
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3. Iteration Step: Measurement Constraint

The solution [;(z) is Fourier transformed to yield solution #1 for u: pu;.

The phase of uy is retained (¢;). The Fourier transform brings us to the
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Figure 6.9: CCF magnitude (blue x’s) and phase (grey dots) used to initiate one
particular run of the GS programme. The pink dots and green dot-dashed line
show the CCF magnitude and phase, respectively, at pinhole separations where
the no data was collected.

plane the measurement of the CCF was recorded in. Here we wish to apply
constraints that force the deduced CCF points ‘close’ to those that were

measured. Mathematically the measurement constraint can be phrased as:

if {11 (AXm)| > (1 + Qlpg(AXwm)| - then |p2(AXw)[ = (1+ ¢)|pg(AXwm)|
if {11 (AXwm)| < (1= Q)|pg(AXw)| - then |p(AXw)[ = (1 = O)]ug(AXwm)]
if (1 = Qg (AXwm)| < |pr (AXw)[ < (14 Q)|pg(AXwm)|  then |pa(AXy)] =
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|11 (A X))

and

|/’L2(AX'I‘)| = |/JJ2(AX7’>|

where ( is a ‘tolerance’ parameter. Steps 2 and 3 are repeated until the

algorithm either converges to a solution or stagnates.

In the third step, ¢, the tolerance parameter, is used to modify the constraint
in the measurement plane. When ¢ = 0, the constraint forces the j** solution
for the CCF (p;) through the experimentally determined CCF (j,). When ¢ #
0, ;(AXy,) is forced closer to p,(AXy): it acts to ‘soften’ the constraint, by
forcing p;(AX,,) to within a certain bound of the measured value. The tolerance
parameter must be defined by the user prior to execution of the programme.
Values of the CCF beyond the domain over which it was measured [p1;(AX,)] are
allowed to take on any value. In this way, the GS algorithm should, after the
execution of many iterations, selects values for p;(AX,) which satisfy the source
constraints.

To test the progress of the GS algorithm an error metric is needed. The j
solution of the CCF, prior to application of the measurement constraint, can be

compared to the measured CCF values (y,). The error (¢;) is defined as:

2 l15(AX) = e (AX)|
G T En(aK) 00

where the sum is made over all the pinhole separations found in {AX,,}. When
e = 0 the programme is judged to have converged to an exact solution, prior to

this point € > 0. Larger values of € correspond to solutions less consistent with
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the measured CCF values.

A programme to execute the GS algorithm was written in MATLAB. After
(successful) testing with artificially created data the GS programme was applied
to the experimentally measured CCF for ¢ = 29. In figure 6.9 the magnitude
and phase of the experimental CCF are shown. The purple dots and green dash
dotted line show the CCF magnitude and phase, respectively, at points not mea-
sured during the experimental run, that were used for the first iteration of the
programme. For subsequent iterations those particular values were allowed to

take on any value the GS programme allocates to them after each iteration.

L
N WO B O O

-600  —-400 -200 0 200 400 600
Pinhole separations (um)

Figure 6.10: The CCF magnitude (purple line) and phase (solid green line) de-
rived after 600 iterations of the GS programme and for ( = 0. The measured
CCF magnitude and phase are given by the red crosses and grey dot-dashed line,
respectively.
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The magnitude and phase of the CCF derived after 600 iterations of the

L are shown in figure 6.10. It

GS programme, with ( = 0 and wq = 250 pm.
should be noted that the CCF deduced by the GS programme is simply the
Fourier transform of the incoherent source intensity profile derived from the same
programime.

Excellent agreement between the |u,| and |uego| is observed. Interestingly,
a further modulation in the CCF at AX = £400um is retrieved, beyond the
range of the SCIMITAR measurement. This is further evidence in favour of the
modulation of the CCF being periodic with pinhole separation. At large pinhole
separations the GS programme yields CCF values close to zero, as would be
expected for a partially coherent radiation. The initial CCF phase and the phase
after 600 iterations are both shown in figure 6.10. The discrepancy between
the two quantities may be due to the uncertainty in the harmonic wavefront
measurement, which contributes to the (inputted) phase of the CCF (¢y).

For the very smallest pinhole separations, the GS programme retrieves a value
greater than unity for the CCF magnitude. This is unphysical since 0 < |u| < 1.
The reason for this may well be related to the fact that the harmonic source is
not incoherent, and so the Van Cittert-Zernike theorem, even with the augmenta-
tion described above, is not a suitable model for describing the harmonic source
properties. It should be noted that one may be tempted to incorporate a further
condition into the measurement constraint whereby p; is forced to be less than
one. Including such a constraint was found to not solve the problem. When this
additional constraint was added to the programme the retrieved CCF was still

larger than unity for small values of AX while at the same time comparatively

'For reference, this value of wq is approximately five times the focal spot size.
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larger values of ¢; were calculated.
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Figure 6.11: Upper plot: incoherent source intensity recovered by the GS pro-
gramme extracted after four different iteration numbers (as identified in the leg-
end), but the same starting values of p. In the inset log(e;) is plotted as a function
of iteration number (j). Lower plot: CCF magnitude at the end of the same four
iteration numbers as the above plot. The measured CCF magnitude is overlaid
with green dots.

In the upper plot of the figure 6.11 the deduced incoherent source intensity
is plotted after four different iteration numbers. Little difference is observed for
I(x) beyond 10 iterations. This is further evidenced by the inset of the upper
plot where log(e;) is plotted with iteration number, showing that, as typical for
algorithms of this type [39], negligible improvement to the solution is made after

10 or so iterations: the error quickly settles to a value of approximately 0.047.
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In the lower plot the CCF magnitudes corresponding to the intensity profiles of

the upper plot are shown. The measured CCF is overlaid with green dots. All
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Figure 6.12: Upper plot: incoherent source intensity recovered after 600 iterations
of the GS programme, with ¢ = 0, for different support widths (wg). The inset
shows the value of ¢; after the 600" iteration as a function of wy. Lower plot:
matching CCFs for the intensity profiles shown in the upper plot. SCIMITAR
data is shown by green dots.

plots were obtained with ( = 0 and wq = 250 um. Good agreement between
measured and recovered values of the CCF is observed although for the very
smallest pinhole separations || > 1.

In figure 6.12, I(z) is plotted for a range of values for wq. The variation
of € with wq is shown in the inset. When wq is large, I(z) displays a highly
modulated shape but with a small value for e (= 0.044). Decreasing wq results

in the suppression of most of the modulations I(x) at the expense of an increase
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in the error: the recovered CCF is a ‘smoother’ and a poorer fit to experimental

data. In other words, off-axis structures in I(x) are needed to yield a low error

1 3 - T T T T T n T T T
0.9|. 0.0495}

0.049]

value.

0.0485)

g
0 8. & 0.048

T
e
ic 0.0475)

0.047]

O - 7 B 0.0465] b

0.046|

—_~~

. —

o) 0 0005 001 0015 002 0025

= 0 6 5 Tolerance parameter ) -

~—"

205
(2]
o
= 04

0.3

0.2

0.1F A o 1
LN, /N ; m /\.

—g00—250—200—150—100 -50 0 50 100 150 200 250 300
Position (um)

Figure 6.13: Incoherent source intensity recovered after 600 iterations of the GS
programme. Each line represents the result of the programme run for different ¢
values as indicated by the legend (with wgq = 250 pm). The inset shows the value
of € after the 600" iteration as a function of .

For all other plots in this section wq was chosen to be 250 ym, as this offered a
compromise between having a low error whilst yielding fewer (seemingly) unphys-
ical structures in the source intensity profile. It is noted that the use of a fixed
value for wq is somewhat outdated for algorithms of the type used here. Indeed
in the lenless imaging community, much success in terms of high fidelity object

reconstruction has been reported by employing so called ‘shrinkwrap’ approaches
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to defining wq, whereby the support window is updated (reduced) in size period-
ically during the execution of the phase retrieval programme [82]. This approach
has led to more accurate inversion of diffraction data without the requirements
for a priori knowledge of the object size. A ‘shrinkwrap’ modification is not how-

ever employed in our case. In figure 6.13 the source intensity profile, after 600
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Figure 6.14: Equivalent incoherent source intensity profiles for ¢ = 27 (solid
brown line), ¢ = 29 (green dot-dashed line) and ¢ = 31 (purple dotted line). The
inset shows the intensity distribution of the fundamental, recorded in situ.

iterations, for different values of the tolerance parameter ( is shown. There is
some variation depending on the value of { used, but broadly speaking, all exe-
cutions of the GS programme yield an incoherent source intensity that is peaked
on axis, with some sporadic low intensity structure (< 10% of the peak intensity)
extending out to £250 um. The inset of figure 6.13 shows the final error after 600

iterations of the GS programme as a function of (. The error increases slightly,
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going from 0.0455 to 0.05 when ( increases from 0 to 0.03.

When applied to other harmonic orders, the same analysis yielded qualita-
tively similar intensity profiles, with low intensity features located at the same
locations in the source generation plane, as shown in figure 6.14. If the har-
monic source is indeed shaped similar to what is presented in figure 6.14, it is not
immediately clear what might cause such an irregularity.

Imaging of the fundamental focal spot, albeit at low intensity and at atmo-
spheric pressure, did not reveal any irregularities in the laser intensity profile as
evidenced by the inset of figure 6.14.! It may be that under the experimental
conditions relevant here propagation through the partially ionized medium may
lead to the distortion of the transverse profile of the driving pulse. In turn the
distortion of the driving field is imparted on to the harmonic source producing the
modulated spatial properties that we have measured. However it seems unlikely
that such a process could lead to harmonic emission so far from the optical axis
(x > £200 pm).

Alternatively, given the length of time needed to perform a SCIMTAR scan
(= 2 hours), it is possible that a drift or instability in the fundamental may have
led to the weak off-axis harmonic emission displayed in figure 6.14. However mod-
ulations were not observed in the results of other scans undertaken. Propagation
simulations coupled with further experiments could shed light on whether such an
unusual harmonic source shape can arise under the conditions of the experiments
presented here.

The GS programme was successful in retrieving an incoherent source intensity

Locations £ > 4150 um are not plotted in the inset of figure 6.14 since they revealed no
low intensity features above the noise level of the measurement.
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profile which would yield the same (far-field) spatial coherence properties as we
measured. The tolerance parameter ¢ was found to not significantly change the
shape of I(x), but a physically realistic intensity profile required a sufficiently
small value of wy.

The excellent agreement between p;(AX,,) and p, indicates that a more phys-
ically realistic picture of the source intensity can be derived if the Van Cittert-
Zernike theorem is augmented with a Gerchberg-Saxton style iterative phase re-

trieval algorithm, compared with the standard approach described in section 6.1.

6.2.3 The Generalised Van Cittert-Zernike Theorem

Although the augmented Van Cittert-Zernike theorem managed to provide some
insight in to the possible shape of I(x), the requirement that the source is incoher-
ent is somewhat restrictive. In particular, given that the high order harmonics are
driven by a fundamental beam with high coherence and the resultant radiation
has a low divergence, it stands to reason that HHG is produced by a partially
coherence source. To further interrogate the origin of the modulated spatial
properties the generalised Van Cittert-Zernike theorem (GVCZ theorem) may be
used, first introduced in section 3.2.2. Here it is deployed to back-propagate the
mutual intensity function of harmonic radiation measured using SCIMITAR, to
probe both the source intensity profile I(x) and source CCF (1) simultaneously.

To recap, equation 3.47 gives an expression for the propagated mutual inten-

sity function (J,):
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Jp(X%leZ) = ﬁ//afo(xl,@)
exp { - z% [(Xg —19)? — (X1 — :1:1)2] }d:rldxg (6.7)

where we have assumed the familiar paraxial approximation is valid. Recognising
that equation 6.7 takes the form of a Fourier transform we may invert it to derive
an expression for the source mutual intensity function:

Jo(w1,9) = (\2)%exp [;_@Zk: <x§ — x%)] 3’“{9” [Jp exp (zw)} } (6.8)

where ¢ = —2-(X? — X?). The source intensity profile and CCF are retrieved

from:

Iy(z) = Jo(z, 2) (6.9)

J0($17132)

po(xa, 1) = Io(z1)Io(x2)

The propagated mutual intensity (J,) was constructed from the measured

(6.10)

intensity, wavefront and CCF for ¢ = 29. All three quantities were extrapolated
to span a grid of size 3 x 3 mm. In the case of the intensity profile, a Gaussian
was fitted to the experimental data and the intensity was assumed to take that
form at points missing from the SCIMITAR measurement. The wavefront was
assumed to continue as a parabola when extrapolated to span the size of the
grid. Additionally, the CCF was assumed to be shift invariant such that for any

point on the grid given by the coordinates {X;, X5}, the CCF took the value
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pu(Xe — X;). The mutual intensity was assumed to be quasi-homogeneous, such

that it takes the form of equation 3.43.
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Figure 6.15: Upper plot: measured mutual intensity function |J,(X;, X3)| for
= 29. The CCF was assumed to be shift invariant. Lower plot: mutual intensity
function of an equivalent Gaussian-Schell model beam.

As a comparison the mutual intensity function of an ‘equivalent Gaussian-
Schell model beam’ was also defined. The widths of the intensity profile and
CCF of the GSM beam were determined by fitting to the experimental data.

In figure 6.15 |.J,(X2, X1)|, as measured at the plane of the X-slit, for ¢ = 29,
is shown in the upper plot. In the lower plot the mutual intensity for a Gaussian-
Schell model beam, defined on the same grid as the upper plot, is also shown.
The upper plot clearly presents a more structured CCF, compared with the GSM

beam of the lower plot, arising from the modulated spatial properties.
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The harmonic mutual intensity was (numerically) back propagated using equa-
tion 6.8 to yield the source mutual intensity function (Jy) from which the source

intensity profile (/y) and CCF (p9) were derived. In the upper plot of figure 6.16
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Figure 6.16: Upper plot: Iy(z) derived from generalised Van Cittert-Zernike theo-
rem (blue solid line). The dotted line is the same quantity for the equivalent GSM
beam. Lower plot: || (solid green line) found from the same back propagation
method. The dotted purple line shows |u| for the equivalent GSM beam.

Io(x) is shown for both harmonic and (equivalent) GSM beams. The similarity
between this plot and that shown in 6.7 is apparent. Despite the GVCZ theorem
providing a more physically realistic account of the harmonic source, the intensity
is again found to be negative for certain positions.

The lower plot of figure 6.16 shows |u| for both harmonic and (equivalent)
GSM beam. The harmonic CCF is peaked on axis but displays low amplitude

modulations out to large pinhole separations, the origins of which are unclear.

177



6. Structures in Harmonic Spatial Properties

As with the VCZ theorem, the GVCZ theorem could benefit from a similar
Gerchberg-Saxton inspired approach, as developed in section 6.2.2. However the
complexity of such a task is considerable: to propagate, back and forward between
source and measurement planes, would require both a 2-D Fourier transform and
multiplication by a (2-D) phase factor for each propagation step (two propagation
steps per iteration). The computational resources and potential for error scale
considerably, compared to the 1-D case presented in section 6.2.2, putting the

task beyond the scope of this thesis.

6.2.4 Comparing Driving Pulses

Comparing the experimental conditions for when the shoulders are present with
those of the previous chapter, where such structures were not apparent (see figure
5.8 for comparison), the only significant difference is in the (measured) duration
of the driving pulses. Irregularities in the temporal pulse profile could lead to,
for instance, a harmonic source composed of both neutral and ionised gas. It is
therefore natural to take a closer look at the driving pulse temporal properties
while also evaluating the level of ionization in the medium.

In figure 6.17 the temporal intensity and temporal phase are plotted for the
driving pulses used in chapter 5 (upper plot) and in this chapter (lower plot). The
data was recorded using the GRENOUILLE and retrieved using a commercial
implementation of the generalised projection algorithm (Femtosoft software).

There is nothing extraordinary about either pulse shown in figure 6.17. The
22 fs duration pulse, presented in the lower plot, shows a small structure at

-35 fs, but this is of low intensity (=~ 10% of the peak) and so should not con-
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Figure 6.17: (Normalised) temporal intensity (solid lines) and phase (dotted lines)

of driving pulses used for experiments described in the previous (upper plot) and

current chapter (lower plot). Temporal characterization was performed using the

GRENOUILLE. The pulse durations quoted were read off from the Femtosoft

software. In the upper plot the ‘FROG error’ was 2.65%, the lower 4.4%.
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tribute significantly to the harmonic generation process. It should also be noted
that this temporal artefact may in fact occur after the temporal peak, since the
GRENOUILLE yields the pulse temporal properties with no defined direction of
time. In the case of the 22 fs pulse, the FROG error was relatively large, 4.4%.
Large FROG errors can be symptomatic of both complex spatio-temporal effects
in a single pulse and an element of randomness in the pulse train [48]. How-
ever the fact that the 22 fs duration pulses produced stable high order harmonics
suggests that the large error may instead come from deficiencies in the FROG
software itself.

Knowledge of the pulse temporal properties, combined with the pulse energy
and spot size) allows the ionization fraction (n) to be calculated as function of
time. A programme, adapted from [97], based on the ADK formularism [3],
was used along with the experimentally determined laser temporal properties,
extracted from the FROG software.

Figure 6.18 shows the calculated temporal variation of the (on axis) fraction of
atoms ionized into either the first charged state or second charged state, assuming
the temporal laser profile presented in the lower plot of figure 6.17. The leftmost
plots are for the fundamental laser pulses used in this chapter, with the lower left
plot showing the results for a time-reversed pulse. The rightmost plots show the
results for the same calculation but for the fundamental pulses of chapter 5.

For the 21.8 fs duration pulse the level of Ar** is shown to be low (< 8%)
and only reaches its maximum level when the total ionization in the medium is
high (> 90%), suggesting that the contribution to the harmonic emission from

ions should be negligible. This also true for the time-reversed pulse.
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Figure 6.18: For all plots the fraction of atoms in the +1 charge state is shown
by solid line and +2 charge state by a dashed line. The blue dotted line shows
the electric field of the fundamental, assuming a carrier envelope phase of 0. The
lower plots show the same as the upper plots but for a time-reversed fundamental
pulse. The rightmost plots show the same quantities as the leftmost but for the
fundamental pulse used in chapter 5.
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6.3 Consequences of Modulated HHG Spatial
Properties

A question remains unanswered regarding what impact, if any at all, the fine
structures in the harmonic spatial properties could have on current experimental
applications of HHG. Techniques which make use of diffraction, such as coherent
diffractive imaging (CDI), may suffer adversely from the irregularities found in
the harmonic intensity profile and spatial coherence.

In an attempt to qualitatively assess any deleterious effect, we have numeri-
cally simulated diffraction from a 1-D binary structure. Two cases are compared,
both shown in figure 6.1: diffraction is calculated for one beam with the experi-
mentally determined CCF and for another with a Gaussian CCF. The width of

the Gaussian was determined by a fit to the measured data shown in figure 6.1.

6.3.1 Diffraction of Partially Coherent Light

The intensity pattern produced by an amplitude mask illuminated by partially
coherent light can be modelled using statistical optics, as described by Goodman
in [98]. Similar to the derivation of the Generalised Van Cittert-Zernike theorem
in chapter 3, we use the mutual intensity (J) function to describe the spatial
properties of the diffracted light. Again we assume the radiation source is quasi-

homogeneous, that is:

Jo = A(x1)A(z2) u(Ax) (6.11)
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where A(z;) is the wave amplitude at location x;. The amplitude of the trans-

mitted light [A;(x)] can be related to the incident amplitude [A;(z)] through:
Ap(z,t) = ta(x)Ai(z, t — 10) (6.12)

where t4(z) is the amplitude transmission function and 79 is a time delay intro-
duced by the diffracting object. Here we will assume that the amplitude mask is
infinitely thin and causes no discernible delay. Thus further references to 7y are

dropped. The mutual intensity of the transmitted light may be written as:

Ji = (Ae(21)Ag(22)")
= ta(z1)ta(w)" (Ai(r1)Ai(22)")

= ta(xy)ta(xe)* Ji(x1, 22). (6.13)

The transmission function can be replaced with a pupil function [P(x)], which
may be complex, without loss of generality. Previously, equation 3.45 was used to
derive the propagated mutual intensity. Here, it is used to calculate the diffracted

intensity pattern through:

1

I(X) = W//P(l’l)P(:Ug)*Ji(xl,:zcg)exp[—z'k(r2 —ry)]deidas.  (6.14)

— ()\L/ZV//P<I’1)P($2)*M<$2 — x1) exp[—ik(re — r1)]dz1dzs.  (6.15)

2

where, in the second line, the amplitudes A; have been absorbed into the pupil

functions P. Making the usual paraxial approximation and changing variables
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yields:*

Ix) = ()\2)2//P(j_%>13(j+%>*

wi(Ax) exp ( — 2%$A[E> exp (igXA:B> dzdAzx. (6.16)

In section 3.2.2 a similar equation was derived after propagating the mutual

% allows us to

intensity in free space. Applying the (same) assumption: z > 4

drop the first exponential factor in equation 6.16 giving:

I(X) = é / / P(Az)i(Ax) exp <¢gxm)dm« (6.17)

where P is the autocorrelation of the pupil function P:

P(Az) = /P(az — %)P(f + %)*di‘. (6.18)

Equation 6.17 shows that the diffracted intensity measured a distance z from a
structure is given by the (scaled) Fourier transform of the product of the au-
tocorrelation of the pupil function and the CCF (evaluated at the plane of the
diffracting object). Using both the convolution theorem and the Weiner-Khinchin

theorem allows equation 6.17 to be written in the more compact form:

I(X) = @mmm? « Fu(Aa)] (6.19)

IThe same two steps were made in deriving the generalised Van Cittert-Zernike theorem in
section 3.2.2.
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where, as before, % denotes convolution between the two functions. It can be
shown that setting u = 1 in equation 6.19 yields an expression identical to that

for diffraction of coherent light in the Fraunhofer regime.

6.3.2 Diffracting Structure

A test object is required for assessing the impact the modulated spatial properties
may have on diffractive imaging type experiments. A so called ‘non-redundant

1

array’ (NRA) was chosen." An NRA is an arrangement of pinholes such that
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Figure 6.19: Plot showing the transmission function of the NRA used in the
diffraction simulations described in this chapter. Each pinhole is 6.6 ym wide.

the separation between any two is unique and not repeated. It represents an

!Typically NRAs are two-dimensional structures, but the concept is equally valid in one
spatial dimension, as considered here.
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efficient sampling of reciprocal space points whilst minimising the total number
of pinholes.

The idea of using an NRA to measure the spatial coherence of light has been
explored both in the optical [110] and x-ray domains [44]. Just as a pinhole pair
can encode the spatial coherence evaluated at one particular point separation
through measuring the fringe visibility, the intensity pattern produced by an NRA
has the potential to evaluate the CCF for multiple separations simultaneously.
Analysis in general is simplified in the Fourier domain. However for accurate
recovery of the CCF the (relative) intensity sampled by each pinhole in the NRA
must be known.

For our simulation we are not so much interested in measuring the beam
properties with an NRA as we are in evaluating the effect a modulated CCF
may have on the resultant diffracted intensity pattern. The NRA used for the
calculations described in this chapter is shown in figure 6.19. It is formed of seven
pinholes!, each of width 6.6 um. For the diffraction calculations described here
the (opaque part) of the NRA was extended to positions z = +690 um, beyond

what is shown in figure 6.19.

6.3.3 Diffraction from an NRA

For simplicity, we focus on the impact caused by modulations in the CCF, ne-
glecting the similar effect observed in the intensity profile: in our calculation each
aperture in the NRA was assumed to be illuminated by an equal intensity. The
wavelength was set to that for ¢ = 29 and the distance from the NRA to the de-

tector was made to be 1 m. Using equation 6.17, the diffracted intensity pattern

'For an NRA of n pinholes, there are Y , (i — 1) possible pinhole separations.
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was calculated for three cases:

1. Coherent light (1 = 1). The diffraction pattern is shown in the upper plot
of figure 6.20.

2. CCF as measured for ¢ = 29 using SCIMITAR. The diffracted intensity is

shown with a green dot-dashed line in the lower plot of figure 6.20.

3. CCF with a Gaussian shape. The width of the Gaussian was determined
by a fit to the measured CCF of ¢ = 29. The diffraction pattern is shown

with a solid pink line in the lower plot of figure 6.20.

There is a clear difference in the diffraction patterns produced by the two par-
tially coherent wavefronts, as evidenced in the lower plot of figure 6.20. This result
indicates that the deviation from a monotonic form observed in the harmonic CCF
will lead to a measurable difference in the measured diffraction pattern, compared
to the case when the CCF is of Gaussian form. A study conducted by Williams et
al. has shown that a small departure from full coherence can dramatically affect
the fidelity of the reconstruction of the object transmission function for CDI-type
techniques [36], while others have included the effects of partially coherent illumi-
nation into the reconstruction algorithm itself [46, 55]. Our results indicate that
even if the partial coherence of light were built into the reconstruction through a
one parameter function (e.g a Gaussian), erroneous results could well result.

This point is further illustrated in figure 6.21. Here an iterative phase re-

trieval program was used to reconstruct the NRA transmission function using
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6. Structures in Harmonic Spatial Properties
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Figure 6.20: Upper plot: Diffracted intensity (on a log scale) for the NRA illu-
minated by coherent light. Lower plot: same as the upper plot but for partially
coherent illumination either with a Gaussian shaped CCF (pink solid line) or a
CCF as measured using SCIMITAR (dash-dotted green line). In all three cases
the diffracted intensity was calculated setting the intensity at each pinhole in the
NRA to unity and for A = 27.59 nm and z = 1 m, where z is the detector - NRA
longitudinal separation.

188



6. Structures in Harmonic Spatial Properties

the diffraction patterns shown in figure 6.20. The algorithm used a combination
of both the Gerchberg-Saxton and the Hybrid Input-Output approaches. The
support was updated befor each iteration using the shrinkwrap approach [82].
The transmission functions shown in figure 6.21 were recovered after 700 itera-
tions, where in all three cases the algorithm was judged to have stagnated. Figure
6.21 clearly shows that in the coherent case the NRA is reconstructed with excel-
lent fidelity. In both the situations where the beam was partially coherent, with
either a Gaussian CCF or CCF as presented in figure 6.1, the reconstruction fails.
This underlines the importance of the role that spatial coherence can play in the

success of lensless imaging experiments.
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Figure 6.21: Reconstruction of the NRA for the three different degrees of spatial
coherence considered. In the case where the NRA was illuminated with coherent
light (blue line), an iterative phase retrieval algorithm recovered the transmission
function with excellent fidelity. In the case of partially coherent illumination,
(green and pink lines), the reconstruction failed.
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6. Structures in Harmonic Spatial Properties

6.4 Summary

In this chapter hitherto unreported modulations in the high order harmonic spa-
tial properties were investigated. The positions of the so called ‘shoulders’ were
found to vary with harmonic order in a way that suggested they may result from
diffraction from an aperture in the plane where the harmonics were generated.

Application of the Van Cittert-Zernike theorem yielded a source intensity
profile that was negative at certain positions in the generation plane. This was
judged to have arisen from the extrapolation applied to the measured harmonic
CCF. Augmentation of the Van Cittert-Zernike theorem with a Gerchberg-Saxton
inspired algorithm overcame the negative intensity problem. The equivalent in-
coherent source intensity profile was found to be asymmetric with respect to
position, with isolated, low intensity features appearing relatively far from the
(orthogonal) optical axis.

The potential impact of the modulated spatial properties on lensless imaging
experiments was investigated by calculating the diffraction pattern produced by
illuminating a non-redundant array of pinholes with radiation with the same
CCF as measured. The diffracted intensity was found to differ when compared
to illumination with a Gaussian CCF. Reconstruction of the NRA transmission
function using an iterative phase retrieval programme failed in both cases where
the light was partially coherent. Together these results suggest that the CCF
of the incident radiation must be well characterized before being utilised for

applications dependent on the harmonic spatial coherence.
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Chapter 7

Conclusion

This thesis has described a new technique for characterizing the spatial proper-
ties of light: SCIMITAR. Measurements of high harmonic generation driven by
fundamental pulses of varying duration were reported. The key results are high-
lighted here, accompanied by a brief description of potential avenues of further

research.

7.1 Summary of Work

The SCIMITAR technique itself was described in chapter 4. The interference
patterns produced by the two-pinhole interferometer were shown to be more easily
analysed in the Fourier domain, where a variation on the Takeda phase retrieval
method was employed. Characterizing the spatial properties of HHG driven by 40
fs duration pulses showed that SCIMITAR retrieved the same beam intensity and
spatial phase profiles as the SWORD technique. Measurement of the variation
of the harmonic CCF with pinhole separation found that opposing sides of the
beam differ in their coherence properties and that harmonic radiation was not

shift invariant.
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The spectral dependence of high harmonic spatial properties was investigated
in chapter 5. Broadly speaking, both the intensity width and wavefront curvature
were found to increase with harmonic order, with both quantities rolling off to
constant values for the very highest orders. The harmonic coherence width was
found to closely follow a ¢! relation. The intensity and coherence widths of
the lowest harmonic orders (¢ = 23 and 25) were observed to differ significantly
for the next lowest orders (¢ = 27 and 29). For orders 23 and 25 only, the
absorption length was found to be smaller than both the coherence length and
gas cell length, suggesting absorption plays a key role in defining the harmonic
intensity profile and spatial coherence. By using expressions derived from the
Gaussian-Schell model the harmonic intensity profile in the radiation generation
plane was deduced. The harmonic intensity was found to obey I, = I{){qn}, where
Iy is the fundamental intensity and n = 0.646 £ 0.142.

Modulations in the harmonic intensity and CCF were reported in chapter 6.
The depth, position and period of the modulations were found to vary with har-
monic order. The Van Cittert-Zernike theorem was augmented by including a
modified version of Gerchberg-Saxton phase retrieval algorithm. The equivalent
incoherent source intensity profile was found to be asymmetric, with isolated,
low intensity features located up to positions x = £250 um. The origin of the
irregularity in the intensity profile is not apparent. The diffraction pattern pro-
duced from a pinhole array illuminated by the harmonic beam was calculated.
There were marked differences between the patterns produced by a beam with
a Gaussian CCF compared to that produced by a beam with a modulated CCF
(as measured), suggesting that the fine structure within the harmonic spatial

properties could adversely affect imaging applications.
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The three experimental studies presented in chapters 4, 5 and 6 neatly display
the strength and utility of the SCIMITAR technique. At the same time the
results are testament to the rich behaviour of (and detailed information encoded
within) the spatial properties of HHG. The conclusions we have drawn from
the various studies contained within this thesis will be of immediate interest
to groups interested in optimising and exploiting the desirable characteristics of

HHG through various applications.

7.2 Future Prospects

The work contained in this thesis leaves a number of avenues of further investiga-
tion open. Here we outline three potential directions where further study could

be directed.

7.2.1 Detailed Numerical Simulations

The bulk of the results presented in the three previous chapters are experimental
in origin. The strength of the conclusions drawn would benefit from further
information provided by numerical simulations. In particular, two areas have
been identified where further computational work would aid the experimental
results presented in this thesis.

In chapter 4 the CCF was found to be asymmetric with respect to pinhole
separation. This result points towards the harmonic beam not possessing shift in-
variance. Previously reported numerical simulations of HHG have also found this
to be the case [71]. Running similar simulations (as in [71]) for the experimental

conditions of chapter 4 could allow us to be more confident that the asymmetry
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recorded in the far-field results from harmonic dipole phase induced asymmetry
during generation.

In chapter 5 harmonic orders 23 and 25 were observed to possess aberrant
spatial properties. The two harmonic orders were identified as those being most
affected by absorption within the gas cell. Numerical simulations of HHG, in-
cluding the role of absorption and propagation, could add further evidence to
the idea that the choice of generating gas plays an important role in shaping the

harmonic spatial properties.

7.2.2 Characterizing Radiation from Free Electron Lasers

SCIMITAR has thus far been exclusively deployed to characterize high harmonic
generation. However, the technique is equally well applicable to other sources
of short-wavelength radiation. Fourth generation x-ray sources — Free Electron
Lasers (FELs) — have been shown to produce the brightest pulses of coherent,
ultrafast x-rays of any technique so far demonstrated [68]. The combination of
short wavelength and pulse duration with high pulse energy and spatial coherence
has enabled FELs to be used for a range of cutting-edge studies [60]. Further, the
technique of ‘seeding’ has improved the shot-to-shot stability of such radiation
sources [2]. This particular point is crucial for a multi-shot /scanning techniques:
with the improved stability of the source it becomes feasible to characterize the
radiation with SCIMITAR. Such a measurement would provide useful information
for techniques utilising the high coherence and wavefront quality of light from
FELs. Further, analysis of the spectral dependence of the beam properties could

potentially be used as a diagnostic for optimising the FEL itself.
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7.2.3 Characterizing HHG Driven by Shaped Laser Pulses

Spatial Light Modulators (SLMs) allow the spatial phase of a beam to be manip-
ulated with unparalleled control. Previously, the brilliance of a high harmonic
source has been optimised by using a genetic algorithm to manipulate the spatial
phase distribution of the driving beam using such a device [45]. The SLM offers
a number of interesting possibilities to not only to control the spatial properties
of the harmonic field but also to probe aspects such as the role of the intensity
dependence phase in shaping the harmonic beam. For both studies the same
experimental arrangement could be employed, whereby the fundamental is first
shaped by the SLM before being focussed into gas cell, with SCIMITAR being
used to characterize the resultant high harmonic radiation. Such studies could
simultaneously shed light on the physics of high intensity light-matter interaction

while also serving to optimise the HHG radiation for a particular application.
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Appendix A

SWORD Critique

A.1 Numerical Example

This section details a critique of the SWORD technique. This characterization
method was first described by Frumker et al. in [33]. To briefly recap, SWORD
measures the spectrally resolved intensity and spatial phase profiles of a beam of
radiation. An aperture is scanned transversely across the beam and at each scan
location a diffraction pattern is recorded. This critique specifically addresses the
type of aperture used by the authors of [33] and how it can potentially lead to
erroneous results.

In [33] the authors scanned a 20 pm wide slit transversely across a beam pro-
duced by a high harmonic radiation source. In figure A.1 we pictorially represent
two possible transverse locations of the slit with respect to the fixed beam posi-
tion. As the diagram shows, when the slit position corresponds with the beam
centre it samples a large vertical area of the intensity distribution. Moving the slit

to wings of the beam effectively reduces the sampled area. In order to spectrally
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Figure A.1: Diagram depicting a thin extended slit sampling a beam a two differ-
ent transverse locations during the course of a SWORD scan. The shaded area
shows the area of the beam effectively sampled for each slit position.

resolve the beam spatial properties the (horizontally diffracted) diffraction pat-
tern produced by the single slit is dispersed in the vertical direction by a grating.
The recorded (intensity) diffraction pattern (for a given radiation wavelength),
measured by the detector, is then the sum squared of the (field) diffraction pat-
terns produced by each vertical location sampled by the slit.! Diffraction pat-
terns from slit locations close to the centre part of the beam will therefore appear
disproportionately brighter compared to those at the wings. Consequently, we
expect that a SWORD scan performed using an extended slit will tend to retrieve
intensity profiles which are narrower (brighter in the centre, dimmer in the wings)
than what may actually be the case.

To illustrate the point raised above we numerically simulated a SWORD scan

IThis point assumes the beam is spatially coherent. The effect of partial coherence is
addressed further on.
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of a monochromatic beam with a cylindrically symmetric top-hat intensity distri-
bution (full width 1 mm). The scanning aperture was chosen to be a slit 20 ym
wide in the scanning direction and 2 mm long in the vertical direction. The scan
step size was 20 um,with the scan itself composed of diffraction patterns from 50

different locations across the beam intensity profile.

o
(©))
e L N N R R N S R N S R R N SR SR N N R NE AT )

0.1} .y .
CShorg] |

—1800 -800 -600 -400 -200 O 200 400 600 800 1000
Position um

Figure A.2: Results of the simulated SWORD scan. The top-hat beam (blue
dot-dashed line), was sampled at 20 pm intervals by a slit 20 pm wide and 2
mm long. Each SWORD data point (red solid line) is the sum squared of the
field transmitted by the slit at that particular transverse location. The difference
between the two intensity profiles is larger at locations further from the beam
axis.

The results of the simulated SWORD scan are show in figure A.2. The recov-

ered intensity profile (red solid line) is clearly both narrower and of an incorrect
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shape compared to the actual beam profile (blue dashed line). The difference
between the true and recovered beam profiles is more severe at locations further
from the optical axis.

To further complicate the problem, the spatial coherence of the beam should
be taken into account. In [33] the author’s claimed that the radiation need only
be spatially coherent over distances smaller than the slit width. However the
fact that the slit is extended over a much larger distance in the vertical direction
means the spatial coherence of the light (in the vertical direction) will determine
the intensity recorded by the CCD. For a fixed slit position and beam shape, the
signal recorded by the detector will be larger for a coherent beam than it would
be for partially coherent radiation. It is clear then that the spatial coherence
of beam (over distances larger than the slit width) is an important property in
determining how severe the difference is between the recovered and true intensity
profiles; as caused by the vertical extent of the slit.

In the original demonstration of SWORD reported in [33], the critige de-
scribed above was mitigated somewhat by the use of a 100 pm wide spectrometer
entry slit, with the entry slit orientated orthoganal to the scanning slit!. Never-
theless, each point in their scan represented the beam sampled over a significant
(larger than the scanning slit width) vertical extent. Therefore, the fidelity of the
intensity profiles (and widths) presented in [33] must be called into question.

The critique does not hold if a scanning pinhole is used in place of a slit,
however a reduction in flux transmitted to the detector would be expected. Fur-
thermore, if the radiation is known to be monochromatic (or very nearly at least),

then the SWORD arrangement can be simplified by replacing the spectrometer

!The longitudinal distance between the two slits is not given in [33].
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with just CCD alone. Then the vertical extent of the recorded image, rather
than encoding the spectral properties of the beam, instead records the vertical
variation in beam transverse intensity. In which case the critique described above

is no longer relevant.
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Appendix B

Space-Time Coupling

B.1 STC in Ultrashort Pulses

The discussion contained in sections 3.1.1 and 3.1.2 was limited to the situation
where the electric field of the pulse may be expressed as the product of two
functions, one of space, the other of time. However, this precludes the very real
possibility that the spatial and temporal properties of a pulse may be coupled.
This could manifest as a pulse duration which depends on the transverse location
on the pulse, or equally well a time dependent wavefront. Such a situation is
particularly adverse for characterization techniques which perform single-shot
measurement through mapping of a transverse spatial dimension to time delay

(see [30] for an example of this single-shot mapping).

B.1.1 Example: Pulse Front Tilt

A general theoretical description of space-time coupling based upon matrix ma-

nipulation was developed by Kostenbauder [104], however, for an example, we
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consider only a common, specific manifestation of the phenomenon: pulse-front
tilt (PFT). Pulse front tilt describes the presence of an angle between a line per-
pendicular to the direction of propagation and the pulse group front (the contour
of equal intensity for a fixed time ¢). It is equivalent to a delay in arrival time
across the transverse dimension of the pulse. Its existence has been connected
to angular dispersion (a frequency dependent wavefront orientation), with au-
thors claiming the two (angular dispersion and PFT) are one and the same [100].
However subsequent work identified that PFT could also result from the simulta-
neous presence of spatial and temporal chirp [78] even in the absence of angular
dispersion.

To derive an expression for the PFT of a Gaussian pulse the notation of [78]
is employed. A Gaussian spectrum with a linear (temporal) chirp (parameterised

by #®)) can be written as:

E(w) = Epexp [— w47'0} exp [— i—wQ] (B.1)

with the full pulse in the space-frequency domain taking the form of:

k(z — (w)?

E(r,w) = E(w)exp | — s
0

exp(—ikofwx) (B.2)

where kg is the central wavenumber of pulse spectrum and we have assumed a well
collimated beam. The parameter (3 is used to parameterize the angular dispersion

through:

dé,
dw
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where 6, is the propagation angle of frequency component w. Here ( is used to

parameterize the spatial chirp through:

_dny
T dw

¢ (B.4)

where zy refers to the beam centre position of frequency component w. The

spatial chirp is often understood as the spatial gradient of the frequency:

. da)o

= (B.5)

14

which, for a Gaussian pulse, is related to our spatial chirp parameter ¢ through

< (B.6)

Ve wr
2
¢+

after substituting into equation B.1 and Fourier transforming into the space-time

domain we arrive at

E(z,t) = f(x)exp [ — (25—7——;0)2] exp {z [1/1(1)(25 —to) + @(t - t0)2] } (B.7)

The details of functions f(z), 1" and ¥® are be found in [78] and are not
included here for the sake of brevity. We are concerned with ¢, which is the pulse

front arrival time:
to = (kB + 6@v)x (B.8)

which we observe now, for a pulse suffering PFT, is a function of transverse
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position. The pulse front tilt itself (parameterised by p) is simply given by:

dt
p="g =kB+oP (B.9)

where the first term is caused by angular dispersion and the second term originates

from the simultaneous presence of spatial and temporal chirp.

Instantaneous Wavefront Time (fs)

20
16
12

Position (um)

Figure B.1: Plot of the instantaneous pulse wavefront at focus. Each line cor-
responds to a different moment in time (given by the color). Pulse parameters:
duration 15 fs, beam waist 47 pum, pulsefront tilt 0.35 fs mm~! and focal length
0.375 m.

A beam suffering from pulse front tilt, will, when focussed, display wavefront
rotation (WFR): the wavefront normal streaks out an arc over the duration of

the pulse, as depicted in figure B.1. For a focal length f, the rotation velocity
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(v.) of the wavefront normal is given by:

2
Wy p

fr2 s <M>2.

(B.10)

Uy =

T

The phenomenon of wavefront rotation may be deleterious especially in situations
where a beam is focussed to produce a non-linear signal (SHG and HHG are two
examples). However, its presence has been exploited, in the case of HHG, to
produce a single attosecond pulse from a train of attosecond pulses, using the so
called ‘attosecond lighthouse’ technique [120]. Each attosecond pulse in the train
is generated at a different temporal point in the pulse and therefore is associated
with a different wavefront normal. Hence, each attosecond pulse is emitted at a

slightly different angle (with respect to the laser propagation axis).

B.1.2 Complete Space-Time Characterization

The existence of coupling between the spatial and temporal properties of a pulse
necessitates the creation of diagnostics which are capable of accurately charac-
terizing the pulse simultaneously in both domains. The increase in complexity of
the information required to properly describe the pulse goes hand in-hand with
the complexity of the measurement technique employed. Despite the technical
challenge, space-time characterization methods covering a broad range of spectral

regions have been proposed and demonstrated.
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B.1.2.1 Visible and NIR

In section 3.3, two characterization techniques were described that made use of
‘shearing’” to measure particular properties of a pulse. In lateral shearing inter-
ferometry interference between a pulse and it’s spatially sheared replica enables
measurement of the wavefront. For SPIDER, interference between spectrally
sheared pulses provides information on the spectral phase, and hence allows tem-
poral characterization of a field. Dorrer et al. recognised that the simultaneous
application of shears in both and space and frequency could be employed to per-
form space-time characterization of a pulse [13] in the visible and near-infrared
spectral regions. A SPIDER like arrangement combined with a tilted arm Michel-
son interferometer was used to provide the spectral and spatial shears respectively.
The experimental trace contained fringes in space and frequency forming a che-
querboard like pattern. Despite the complexity of the arrangement, standard
phase reconstruction procedures could be used to recover the spatial and spectral
phase, and through other information contained in the trace, the full space-time

map of an infrared pulse from a Titanium:Sapphire chirped pulse amplifier.

B.1.2.2 XUV and SXR

The difficulty of performing space-time characterization of short-wavelength light
would seem a first glance to be insurmountable; especially given the fact that
techniques using non-linear crystals, common in the visible spectrum, are not
available. However, Kim and co-authors, through their approach, were able to

successfully characterize simultaneously the spatial and temporal properties of
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isolated attosecond pulses from HHG [53]. A weak! second harmonic field was
mixed at a small angle with the fundamental in the generation region, with the
harmonic signal recorded in the spatial-spectral domain (z,w). By measuring the
deflection of the harmonic beam (in z) as a function of both the delay of the
second harmonic (with respect to the fundamental) and high harmonic order, the
authors were able to retrieve the full space-time map of the attosecond burst,
revealing the space-time coupling in the emitted radiation. This work stands
to markedly improve the utilisation of attosecond pulses, through, for instance,
revealing the variation of pulse duration with transverse position, informing future

applications of this unique light source.

IThe field perturbs the process enough to provide an experimentally measurable signal
(deflection), but not so much as to drastically change the generation process.
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