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Abstract

This thesis investigates the structural and thermodynamic behaviour of partially-ionised dense

plasma using advanced molecular dynamics frameworks formulated within a chemical picture.

Emphasis is placed on the explicit treatment of bound electronic states and the self-consistent

determination of ionisation equilibria in strongly interacting systems relevant to warm dense

matter. First, a general methodology is developed to compute model-dependent ionisation

states through free energy minimisation and thermodynamic integration. To demonstrate the

approach, two representative models for hydrogen plasma are constructed in which electrons

are either bound in the hydrogen ground state or represented as a uniform charge-neutralising

background. These models are used to study the transition from atomic gas to ionised plasma,

highlighting the role of neutral interactions beyond commonly employed chemical models.

Concepts such as ionisation potential depression and pressure ionisation are also examined.

Subsequently, a wavepacket molecular dynamics formalism is developed to model the structural

properties of dense plasmas with a modified wavefunction that directly incorporates bound

states. Using hydrogen as a prototypical system, self-consistent charge state distributions and

radial distribution functions are calculated, and shown to depend on the confining potential,

an empirical parameter in the model. These results are compared directly with path integral

Monte Carlo data, enabling a critical assessment of the underlying approximations. Finally, a

statistical theory for the dynamical degrees of freedom in wavepacket molecular dynamics is

derived. Statistical distributions for the variables that parameterise the Gaussian wavepacket

widths are obtained for both isotropic and anisotropic formulations. These are shown to agree

with simulation data under warm dense matter conditions. The results provide a practical

means of assessing the effect of the confining potential. Together, the developments presented

in this thesis provide, and critically assess, a set of computational tools for investigating

partially-ionised dense plasma.
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Chapter 1

Introduction

Plasma, often described as the fourth naturally occurring state of matter, is thought to

constitute approximately 99% of the baryonic matter in the observable universe. The plasma

state consists of free charges interacting through electromagnetic forces, and the principles

of plasma physics therefore apply to a diverse range of systems. For example, although the

concept originates from ionised low-density gases [1], it is also used to describe the behaviour

of electrons in metals, where they delocalise to form a quantum plasma while the ions remain

arranged in a solid lattice. A particularly challenging plasma-like regime to understand occurs

when matter exhibits solid-state densities and elevated temperatures (T ≳ 104 K), manifesting

at the junction between condensed matter physics, plasma physics and dense liquids. This

regime is known as warm dense matter (WDM).

Recently, the understanding of WDM has seen significant progress [2], partly because of

its importance in inertial confinement fusion (ICF) [3, 4], a promising future technology for

energy production. In fact, throughout much of the compression phase in ICF experiments,

the central hotspot experiences thermodynamic conditions characteristic of WDM, making a

quantitative understanding of this regime essential for efficient energy production [5]. For

example, accurate knowledge of the equation of state, which relates pressure, temperature

and density, is important for the hydrodynamic modelling of fusion experiments [6, 7]. Many

additional quantities are required to ensure high-fidelity predictions, including electronic

and ionic transport coefficients, and stopping power [8, 9]. The properties of WDM are also

critical for the understanding of a variety of compact astrophysical objects. Gas giants such as

Jupiter and Saturn consist primarily of hydrogen–helium mixtures in a high-pressure WDM

state [10, 11], with interior structure models relying heavily on theoretical predictions and

experimental benchmarks. Furthermore, realisations of warm dense states may be found in

brown and white dwarf stars [12], the outer crust of neutron stars [11, 13], the interior of the

Earth, at the centre of the Sun, and in numerous exoplanet types [2, 14].

1
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In this thesis, several models are extended to capture the behaviour of partially-ionised

matter in the warm dense regime. These models are explored through molecular dynamics

(MD), a general simulation framework where individual particle motion is resolved. Performing

these simulations enables the investigation of ionisation effects, which are generally important

for spectroscopic and hydrodynamic modelling of plasmas [15–17], as well as the structural

properties of the models.

1.1 Characterisation of warm dense matter

The properties of WDM are dependent on a complex interplay of factors, including an array of

different quantum effects, inter-particle Coulomb correlations, and the possibility of chemical

bond formation. To rationalise these competing factors, dimensionless parameters are typically

introduced [2, 18–21], the most relevant of which are introduced in this section.

To quantify the prevalence of quantum mechanical effects, the thermal energy is compared

with the Fermi energy EF . This results in the degeneracy parameter,

θ = kBT

EF
, (1.1.1)

where the Fermi energy depends on the electron number density ne and electron mass me:

EF = ℏ2

2me
(3π2ne)2/3. (1.1.2)

Under degenerate conditions (θ < 1) the population of electronic energy states follows the

underlying Fermi–Dirac statistics and the Fermi energy becomes the relevant energy scale. At

high temperatures, the electrons are nondegenerate (θ ≫ 1) and follow Maxwell–Boltzmann

statistics. In WDM the electrons are between these two limits and are typically described as

partially degenerate (θ ∼ 1). Therefore, both quantum-statistical effects and thermal effects

are important, complicating both analytical treatments and numerical modelling.

WDM is an example of a non-ideal plasma, in which inter-particle interactions alter the

2
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system’s properties to the extent that ideal-gas approximations are no longer valid. The

prominence of interactions in a given particle species a and b may be estimated with the

coupling parameter [2],

Γab = |⟨Vab⟩|
⟨Ka⟩

, (1.1.3)

which compares the mean potential energy per particle ⟨Vab⟩ and the mean kinetic energy

per particle ⟨Ka⟩. For a weakly coupled plasma (Γ ≪ 1), the properties are determined by

thermal and collective motion. In a non-ideal plasma, the coupling parameter is greater than

or of order unity (Γ ≳ 1), such that liquid-like short-range order is present and therefore

interactions can neither be neglected nor treated perturbatively. Meanwhile, at high coupling

(Γ ≫ 1), matter will crystallise into a lattice [22], and hence form a solid phase. In the case of

charged Coulomb systems, the following estimate for their interaction energy is typically used,

⟨Vaa⟩ = Z2
ae

2

4πε0da
, (1.1.4)

where Za is the charge state of the ion species and da is the average inter-particle separation

and is conventionally taken to be the Wigner–Seitz radius

da =
( 3

4πna

)1/3
, (1.1.5)

which is defined in terms of the particle number density na. Using the kinetic energy of point

particles, 3
2kBT , yields the classical coupling parameter1,

Γaa = Z2
ae

2

4πε0da

1
kBT

. (1.1.6)

Electrons are partially degenerate in WDM, and therefore their kinetic energy deviates from

classical results due to quantum statistical effects. To estimate their kinetic energy, an ideal

Fermi gas in thermal equilibrium is usually considered. For the case of spin-1
2 particles, the

1. The 3/2 factor is typically not included, given that only an order of magnitude estimate is required.

3
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kinetic energy per particle is [23]

⟨Ke⟩ = 3
2kBT

F5/2(z)
F3/2(z) , (1.1.7)

where z = exp(βµe) and µe is the chemical potential of the electrons, set by the electron

density ne [23]. Here Fν(z) is the Fermi–Dirac function of order ν:

Fν(z) = 1
Γ(ν)

ˆ ∞

0

xν−1

z−1 exp(x) + 1x. (1.1.8)

The electron–electron coupling parameter may now be defined as

Γee = e2

4πε0de

1
kBT

F3/2(z)
F5/2(z) . (1.1.9)

An alternative method to characterise the electron coupling is through the following density

parameter, which is simply the electron Wigner–Seitz radius divided by the Bohr radius:

rs = de

a0
. (1.1.10)

In the following chapters, this parameter will be referred to as the density parameter or

Wigner-Seitz radius, although it is sometimes referred to as the Brückner parameter. This

parameter determines the electron coupling at low temperatures. Specifically, for small rs,

quantum statistical effects are dominant and the electrons behave as an ideal Fermi gas, while

for large rs, Coulomb interactions determine the properties of the system in the ground state

(T = 0) limit [20].

In WDM, the particles are moderately to strongly coupled, i.e. Γaa ≳ 1 for the ions.

Similarly, rs ∼ 1 and Γee ∼ 1 for the electrons. Figure 1.1 schematically illustrates the WDM

parameter space in terms of temperature and total electron density. The region corresponds

to the intersection of the isocurves where the coupling, degeneracy, and density parameters

are all unity, shown here for hydrogen as a representative example. The electron–electron

4
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Figure 1.1: A schematic depiction of the warm dense matter regime, given by the central
orange region, within the broader density-temperature plane and relevant dimensionless
parameters. The horizontal axis takes values of electron density ne. Isocurves are plotted
for the classical coupling parameter of hydrogen ΓHH , quantum coupling parameter of the
electrons Γee, electronic degeneracy parameter θ and electronic density parameter rs. Three
physical examples of WDM are also plotted: (1) A representative ICF central hotspot
trajectory given by the purple curve [9]. (2) The expected thermodynamic conditions of
the Sun at different radial coordinates, given by the solid pink curve, from WDM figure in
Ref. [24]. (3) A section of the hydrogen Hugoniot, given by the solid grey curve [25].

coupling parameter shows a nonlinear dependence at high densities due to Pauli blocking,

which increases the kinetic energy relative to the classical prediction and thus reduces the

effective coupling strength. While it is also possible to define electron–ion coupling parameters,

the strength of interactions between electrons and ions is closely related to the ionisation of

the plasma. Under sufficiently strong electron–ion coupling, electrons and ions form bound

states, a topic examined in more detail for hydrogen plasma in the following section.

5



1.2. PARTIALLY-IONISED DENSE HYDROGEN CHAPTER 1

100 10 1
rs

10 6 10 5 10 4 10 3 10 2 10 1 100 101 102 103

[g cm 3]

102

103

104

105

106

107

T
[K

]

WDM

Plasma

Atomic fluid

Molecular fluid

Metallic fluid

Partially ionised
dense hydrogen

= S

kBT = EH
B

ii = 1=1

rs = aM
pp

Figure 1.2: High-temperature phase diagram of hydrogen. Approximate phase boundary lines
are taken from Ref. [26]. Molecular, atomic, plasma and metallic phases are distinguished, all
of which exhibit fluid-like properties. In this thesis, the properties of partially-ionised dense
hydrogen plasma, a region loosely marked in red, are studied through molecular dynamics
simulations. In the figure ρs is the solid density of hydrogen (at ambient pressure).

1.2 Partially-ionised dense hydrogen

The methods developed in this thesis are, in principle, applicable to a wide range of elements

and mixtures; however, hydrogen is chosen as a test case to benchmark the models under warm

dense, partially-ionised conditions. Beyond serving as a benchmark, hydrogen in this regime is

central to numerous applications and open questions in high-energy-density physics [21]. The

high-temperature phase diagram of hydrogen is examined in the context of the WDM regime

in Figure 1.2. At low densities (ρ ≲ 0.1 g/cm3) and low temperatures (102 K ≲ T ≲ 5×104 K)

hydrogen manifests as a molecular fluid, which includes the molecular gas encountered at

ambient conditions.

As the temperature of the molecular fluid is increased, it will start to dissociate into an
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atomic fluid at approximately T ∼ 4 × 104 K. At the same time, electrons bound in molecular

and atomic orbitals may gain enough kinetic energy to escape their local ionic potential and

become ionised. As the temperature is further increased, the majority of the electrons become

unbound and the plasma state is reached. The relevant energy scale is the binding energy of

a hydrogen atom,

EH
B ≈ 13.6 eV, (1.2.1)

which is approximately equivalent to the Rydberg energy2, with a characteristic temperature

shown in Figure 1.2. This threshold provides an estimate of when the plasma becomes fully

ionised, given that statistical effects encourage ionisation processes at considerably lower

temperatures. The effect of ionisation processes occurring at temperatures lower than this

threshold will be further discussed in the context of the chemical picture in Chapter 3.

Compressing hydrogen in its molecular fluid phase will eventually lead to the infamous

insulator-to-metal transition, which is possibly a first-order phase transition and remains

under intense study [21]. The resulting phase is a metallic fluid, similar to conventional liquid

metals, where the electrons are highly degenerate and the ions are strongly coupled. At

higher temperatures a similar effect occurs at the boundary between the metallic fluid and

the partially-ionised plasma phase. This is known as pressure ionisation, and is characterised

by a rapid but continuous transition in the number of ionised electrons as density is increased.

The ability of molecular dynamics models with effective atomic potentials to capture this

transition is studied in Chapter 3. Generally, the region of study in this thesis is marked in

red. This is a subset of the WDM parameter space where partial ionisation is present and

both pressure ionisation and temperature ionisation effects are relevant. Extending models for

fully ionised plasmas into this regime is of general importance for experimental realisations

of many different warm dense materials, given that ions with higher charge states will have

bound electrons over a broad range of conditions.

2. The difference is because the Rydberg energy is defined as the binding energy of an electron–proton
system under the approximation that the mass ratio is negligible, i.e. the proton has infinite mass.
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1.3 Multiscale modelling

The modelling of high-energy-density fluids requires a multiscale approach. To predict the

evolution of matter over large time and length scales, hydrodynamic modelling may be used

to provide predictions for laser-driven compression experiments, such as ICF experiments [7].

Under these extreme conditions, radiative transport effects are also present and must therefore

be included within the hydrodynamic framework for a sufficiently accurate description.

Radiation-hydrodynamics codes such as FLASH [27] and Hydra [28] are therefore used

extensively in experimental design and diagnosis. However, these modelling techniques require

lower-level input of the properties of matter. For example, the equation of state, which

relates pressure, density and temperature, is required [6, 29]. Additionally, information on

how a material (or mixture) responds to gradients in thermodynamic variables is essential

for an accurate simulation [8]. This information is encoded, for systems close to equilibrium,

within the transport coefficients of a material [30]. Furthermore, given that experiments often

produce transient nonequilibrium conditions, quantities such as energy exchange rates [31,

32] and charge state distributions [17] are often required for spectral and nonequilibrium

modelling. In principle, it is possible to compute these properties using lower-level theory

and simulation. For example, in classical (θ ≫ 1) systems that are sufficiently weakly

coupled (Γ ≪ 1), kinetic approximations may be used to derive closed-form expressions

for transport coefficients such as thermal conductivity and viscosity. Additionally, kinetic

simulations may be used to study transport behaviour in various scenarios, for example Ref. [33].

However, for strongly coupled systems—where perturbative expansions based on weak coupling

approximations are invalid—direct simulation at the particle level is typically required for

a robust description. These simulations are collectively referred to as atomistic simulation

techniques. A diverse range of atomistic simulation techniques exist, distinguished primarily by

how they incorporate quantum mechanics and by the sampling methods they use to generate

statistically representative configurations of the system. Quantum mechanics introduces

substantial complexity into first-principles atomistic modelling, and therefore a diverse range

8
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of approaches have been developed, each based on different types of approximation for the

electron subsystem. In this thesis, the atomistic simulation framework of molecular dynamics

(MD), which evolves a set of classical particles (atoms or ions) in time, is employed. More

specifically, two models suitable for MD simulation of partially-ionised plasma are developed.

The MD methodology is contextualised in the following section within a brief overview of

different atomistic simulation techniques applicable to WDM.

1.4 Atomistic simulation

The goal of atomistic simulation is to extract physical properties of the target system. For

WDM applications, there are two prominent approaches for performing these calculations.

The first method, known generally as a Monte Carlo method, is to sample representative

configurations of the system from a distribution known from statistical mechanics. The most

prominent example of this technique in the field of WDM is the path integral Monte Carlo

(PIMC) method [26], which performs a numerical sampling of a system’s finite-temperature

partition function. This method has been applied extensively to the homogeneous electron

gas [20] and warm dense hydrogen [21, 26]. Approximate formulations have also been used to

compute the high-temperature equation of state for many warm dense materials [6].

In the second method, of which MD is a prominent example, one performs a time-resolved

simulation based on a chosen set of dynamical evolution equations. Access to the time-resolved

state of the system allows a diverse set of properties to be directly calculated that are not

immediately available from statistical Monte Carlo methods. Perhaps most importantly, it

grants access to time correlation functions, which track the correlations between observables

at different times. Time correlation functions may be used to compute both the transport

properties and the dynamic structure factor [34] of a material, the latter of which may be

directly related to how X-rays inelastically scatter from a sample of WDM [35, 36]. Therefore,

as both input for hydrodynamic modelling and for experimental diagnosis, a variety of time-

resolved atomistic models have been developed [21]. These models may be categorised based
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on (1) their treatment of the partially degenerate electrons present in WDM, and (2) whether

they employ the Born–Oppenheimer approximation. For example, many methods are based

on a density functional theory (DFT) treatment of the electrons, which involves a variational

calculation with an approximation for the exchange-correlation energy [37], while the ions are

treated classically within an MD framework. In the standard DFT-MD approach, electrons

are assumed to adiabatically adjust to the ionic motion in time [37], and therefore, for WDM,

a finite-temperature DFT calculation is performed at each timestep in the external potential

of the ions [37, 38]. Alternatively, the electrons may be propagated in real time using the time-

dependent formulation of DFT [37, 39]. While promising results have been demonstrated using

DFT-based methods, including the dynamic structure factor [40] and transport coefficients [41],

there remain some unresolved theoretical uncertainties. These include the choice of exchange-

correlation functional, especially in time-dependent formulations [37]. In DFT-MD, some

authors argue that electron–electron collisions are not included in dynamic properties such

as electrical conductivity [42]. Furthermore, under the Born–Oppenheimer approximation,

the ions and electrons cannot exchange energy, limiting extensions to electron–ion relaxation

and more general nonthermal velocity distribution problems. Some works have also suggested

that this limitation could complicate predictions of ionic transport properties [43].

A fundamental limitation of direct simulation with the PIMC and DFT methods is that

they are unfeasibly computationally expensive for large numbers of particles. One of the

motivations of the work presented in this thesis is therefore the development of scalable

models, meaning that, as particle number is increased, simulation cost does not increase

too quickly. For example, in its most efficient implementation, the computational cost of

classical MD with short-range pair potentials is proportional to the number of particles N ,

allowing large systems to be modelled. Scalable models are particularly useful in making

contact with the hydrodynamic (large-lengthscale) limit [34, 44]. These models are suitable for

direct molecular dynamics simulation and therefore incorporate the electrons through effective

interatomic potentials or treat them explicitly as localised particles. Explicit examples are

given in Chapter 2. An additional motivation for developing dynamic electron MD techniques
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is their ability to probe coupled electron–ion dynamics over long timescales that are currently

out of reach for time-dependent DFT simulation. Furthermore, this thesis is concerned with

developing MD models in the chemical picture, which provides an unambiguous interpretation

of the charge state distribution and mean ionisation state of warm dense materials.

1.5 Thesis Structure and author contributions

In this section, a brief overview of the structure of this thesis is provided. While all presented

results were obtained by the author, specific support was given for various parts of the work,

as highlighted below. Throughout this work, general supervision was provided by the author’s

primary supervisor, Professor Gianluca Gregori. Additionally, this work was synthesised

in close collaboration with former DPhil student (now postdoctoral researcher) Dr Pontus

Svensson.

Chapter 2 provides an overview of existing theoretical background required to understand

the remainder of the thesis. This includes an introduction to the basic principles of MD and

associated numerical techniques. An introduction to common models for non-ideal plasma is

also given. This chapter does not provide any new results, but does offer pedagogical novelty

in its presentation of the Ewald summation and gauge fixing for Coulomb systems.

In Chapter 3, the Coulomb one-component plasma model is extended to include bound

electrons. First, the concept of the chemical picture is introduced, which is used throughout

this thesis to extend fully ionised models into the partially-ionised regime. To compute

the self-consistent ionisation state of the model, a free energy minimisation framework is

developed. This allows concepts such as ionisation potential depression (IPD) and pressure

ionisation to be explored and compared against simpler analytical models. This chapter is

based on material published in Ref. [45].

The extension of an existing wave packet molecular dynamics (WPMD) model developed

in Ref. [46] to partially-ionised conditions is presented in Chapter 4. This involves an

explicit bound-state wavefunction model with appropriate interactions. Additional theoretical
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background and motivation for the WPMD method are also provided. Dr Pontus Svensson

provided the existing MD implementation and analysis code, which the author extended

accordingly. Combining this development with the free energy minimisation framework

established in Chapter 3 allows the model-dependent ionisation state to be calculated, and

the resulting structural properties to be compared with available path integral Monte Carlo

data [47]. The material in this chapter is based on Ref. [48].

While the bulk of this thesis is concerned with extending models to the partially-ionised

regime, Chapter 5 investigates general properties of the WPMD method. Specifically, a

non-interacting, classical statistical theory is developed to predict the distribution of quantum

degrees of freedom in the model. Good agreement is found between the theory and data from

interacting molecular dynamics. The material in this chapter is based on Ref. [49].

This thesis concludes in Chapter 6, where an overall summary of the work is provided

along with suggestions for future research directions.

1.6 Author publications

The following publications were produced during the course of this DPhil and are presented

in chronological order, together with a summary of the author’s contributions to each.

1. D. Plummer et al., Ionization calculations using classical molecular dynamics, Phys.

Rev. E 111, 015204 (2025).

Contribution: Developed the models and associated molecular dynamics code, per-

formed the simulations, and wrote the original draft.

2. P. Svensson et al., Modeling of warm dense hydrogen via explicit real-time electron

dynamics: Electron transport properties, Phys. Rev. E 111, 045208 (2025).

Contribution: Assisted with theoretical developments and manuscript revision.

3. T. Campbell et al., Molecular dynamics framework coupled with smoothed particle

hydrodynamics for quantum plasma simulations, Phys. Rev. Research 7, 023286 (2025).
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Contribution: Performed initial numerical tests of the smoothed particle hydrody-

namics scheme and contributed to manuscript revision.

4. M. Luo et al., Learning heat transport kernels using a nonlocal heat transport theory-

informed neural network, Phys. Rev. Research 7, L042017 (2025).

Contribution: Assisted with interpretation of results and manuscript revision.

5. M. Luo et al., Time-embedded convolutional neural networks for modeling plasma heat

transport, Phys. Rev. E 113, 035303 (2026).

Contribution: Assisted with interpretation of results and manuscript revision.

6. D. Plummer et al., Modeling partially ionized dense plasma using wavepacket molecular

dynamics, Phys. Rev. E 113, 045206 (2026).

Contribution: Developed and implemented the numerical scheme in an existing

in-house code, performed the simulations, and wrote the original manuscript.

7. D. Plummer et al., Statistical theory of electronic degrees of freedom in wave packet

molecular dynamics, Phys. Rev. E 114, 015219 (2026).

Contribution: Developed the theory and sampling code, performed the simulations,

and wrote the original manuscript.
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Chapter 2

Molecular dynamics for non-ideal plasmas

This thesis focuses on the development of molecular dynamics (MD) models for the simulation

of partially-ionised dense plasma. MD is a versatile simulation framework for resolving

the time-dependent trajectories of the constituent particles of matter. In its most common

formulation, the dynamical evolution of atoms or ions is computed explicitly, while the

effects of the quantum-mechanical electrons are incorporated implicitly through an effective

interatomic force field. Alternatively, there are MD-based approaches in which the electronic

degrees of freedom are treated explicitly and evolved alongside the ions. In the plasma-physics

context of this thesis, these approaches are classified as either one-component plasma (OCP)

models—where only the ionic species are treated explicitly—or two-component plasma (TCP)

models, in which both ions and electrons are modelled dynamically. Both classes of models are

investigated here. In Chapter 3, the properties of partially-ionised dense plasma are examined

using a set of OCP-inspired models. Chapter 4 extends wave packet molecular dynamics

(WPMD), a TCP approach, to the partially-ionised regime. Finally, Chapter 5 explores

the statistical properties of WPMD. Accordingly, after introducing the basic principles of

molecular dynamics in the following section, a general overview of these two classes of models

is presented.

2.1 Basic principles

The numerical framework of MD and its statistical-mechanical foundations are well established

and have been extensively discussed in standard texts (e.g., books [50–53]). The following

subsections summarise the concepts most relevant to this work.

2.1.1 Equations of motion

For the sake of simplicity, in this section, a set of N classical particles enclosed in a three-

dimensional region with fixed volume V is considered. Each particle is labelled by i = 1, . . . , N ,
14
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and the total system evolves in a phase space parameterised by the set of all positions and

momenta {ri,pi}, which is a shorthand notation for {ri,pi}N
i=1. For particles interacting

through the potential energy function V({ri}), the Newtonian equations of motion for the

i-th particle with mass mi are

dri

dt
= pi

mi
(2.1.1a)

dpi

dt
= − ∂V

∂ri
. (2.1.1b)

The central idea of MD is to integrate these equations in time for a many-particle system in

a computationally efficient way. It is well known that direct integration of these equations

conserves the total energy of the system,

E = H({ri,pi}) =
∑
i

p2
i

2mi
+ V({ri}) = T + V , (2.1.2)

where H is the classical Hamiltonian of the system. The conservation of particle number

N , volume V , and energy E means that, under the assumption of ergodicity [50], the

microcanonical ensemble is sampled. This is often referred to as the NVE ensemble in the

context of MD. The equations of motion in Eq. (2.1.1) can be modified to sample different

statistical ensembles, such as the NVT (canonical) ensemble via thermostatting schemes [54,

55]. Furthermore, by introducing the simulation volume as a dynamical variable, one can

formulate evolution equations that sample constant-pressure ensembles [56, 57].

All data collection simulations in this work are performed in the NVE ensemble. However,

using the fact that ensemble averages of equilibrium observables in different ensembles

are equivalent in the thermodynamic limit allows quantities of interest to be formulated

using the canonical ensemble in the following explanations, despite the underlying molecular

dynamics being microcanonical. For example, temperature is still used to characterise the

thermodynamic state of the system. This is appropriate because, for a sufficiently large
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many-body system in the microcanonical ensemble, the instantaneous kinetic temperature

T (t) = 2
3kBN

N∑
i=1

p2
i (t)

2mi
, (2.1.3)

shows only small fluctuations about a well-defined mean value corresponding to the thermo-

dynamic temperature [51].

It is important to note, however, that while thermostatting schemes modify the equations

of motion in order to sample a desired equilibrium probability distribution, they generally

alter the real-time dynamics of the system. As a result, time-correlation functions—and

hence dynamical properties such as transport coefficients—may be distorted when computed

directly from thermostatted trajectories.

2.1.2 Ensemble averages

Consider an observable A({ri,pi}) that depends on the microscopic state of the system. In

equilibrium statistical mechanics, the canonical ensemble average may be written [52]

⟨A⟩ = 1
h3NN !

1
Z

ˆ N∏
i=1

d3rid3piA({ri,pi}) exp (−βH({ri,pi})) , (2.1.4)

where the product over d3rid
3pi denotes a phase-space volume element, β = 1/(kBT ) is the

inverse temperature in energy units, and the canonical partition function is

Z = 1
h3NN !

ˆ N∏
i=1

d3rid3pi exp (−βH({ri,pi})) . (2.1.5)

The prefactor 1/(h3NN !), where h is Planck’s constant, arises from quantum statistical

considerations [23].

In molecular dynamics simulations, ensemble averages are obtained by computing time
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averages along a trajectory generated by integrating the equations of motion,

Ā = lim
T→∞

1
T

ˆ T

0
A({ri(t),pi(t)})dt. (2.1.6)

Under the assumption of ergodicity, time averages obtained from the NVE dynamics are

equivalent to NVE ensemble averages, i.e. Ā = ⟨A⟩ [52]. Furthermore, in the thermodynamic

limit, ensemble equivalence ensures that NVE and NVT ensemble averages are the same.

The implication of these results is that statistical observables can be extracted from a

single, sufficiently long MD trajectory. Of course, in a numerical simulation, the trajectory

{ri(t),pi(t)} is only available at discrete timesteps. Therefore, the integral, Equation (2.1.6),

is approximated by a discrete average over configurations sampled at finite time intervals

after the system has reached equilibrium.

2.1.3 Thermodynamic integration

As discussed in the previous section, physical observables may be calculated by sampling them

in time. However, there is a class of properties that are not directly available in atomistic

simulation (or experiment) because they depend on the extent of the underlying phase space

itself and cannot be written as an ensemble average. For example, the Helmholtz free energy

F = −kBT lnZ, (2.1.7)

depends directly on the partition function and is therefore unavailable. This is particularly

relevant for the work presented in this thesis, which relies on the premise that a system

will adjust its ionisation state to minimise the Helmholtz free energy in equilibrium (see

Section 3.1). Therefore, a method to compute the free energy is required. While many

methods are available [50], perhaps the most successful is the method of thermodynamic

integration (TI), which refers to two closely related, but theoretically distinct, methods to

compute the free energy. In the statistical route, a coupling parameter λ is introduced in the
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Hamiltonian. For example, consider a redefined Hamiltonian H(λ) which now depends on a

coupling parameter λ, where H(λ = 0) represents the Hamiltonian of a reference system and

H(λ = 1) represents the Hamiltonian of a target system. The free energy of a system is, in

general, a functional of the Hamiltonian, and is therefore λ dependent, i.e. F = F (λ). Taking

the derivative of the free energy with respect to the coupling parameter yields

∂F

∂λ
= − 1

Z

∂Z

∂λ

= 1
h3NN !

1
Z

ˆ N∏
i=1

d3rid3pi

(
∂H
∂λ

)
exp (−βH({ri,pi}))

=
〈
∂H
∂λ

〉
λ

.

(2.1.8)

where ⟨·⟩λ denotes an ensemble average at a fixed coupling parameter (λ). From a time

averaging perspective, this means the trajectories are generated from the Hamiltonian H at

the specified value of λ, and then the derivative of the Hamiltonian, ⟨∂H/∂λ⟩λ, is computed

along these trajectories. The free energy of the target system may be obtained by integrating

Equation (2.1.8). Generally,

F (λ = 1) = F (λ = 0) +
ˆ 1

0

〈
∂H
∂λ

〉
λ

dλ. (2.1.9)

The method of TI therefore provides a map between the free energy of a reference system

at λ = 0, which typically has known free energy, and the free energy of a target system,

at λ = 1, providing a way of connecting the free energy with ensemble averages that are

available from MD simulation. However, the trade-off of this exchange is apparent from

Equation (2.1.9); to numerically evaluate the integral, ensemble averages across a range of

different coupling parameters are required, meaning equilibrium MD data is required at a

set of different coupling parameters. The choice of exactly how the coupling parameter is

introduced can influence the stability of the scheme, and can be used to avoid numerical

instabilities in the integrand of Equation (2.1.9), see e.g., Ref. [58]. A particularly common
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way of introducing the coupling parameter is given by

H = T + λU . (2.1.10)

This form allows the free energy to be computed by performing MD simulations with interac-

tions scaled by λ and averaging the full interaction potential over these trajectories, given

that
〈

∂H
∂λ

〉
λ

= ⟨U⟩λ in this case. Furthermore, the free energy of the reference (λ = 0) system

is an ideal gas, which has known free energy Fid.

The alternative formulation of TI appeals directly to standard thermodynamic relations

and does not rely explicitly on statistical-mechanical arguments. While a variety of equivalent

thermodynamic identities may be employed, the relation most relevant to this thesis is a

Gibbs–Helmholtz-type identity for the Helmholtz free energy,

U = −T 2
(
∂

∂T

F

T

)
V,N

, (2.1.11)

where U denotes the internal energy. This identity allows the Helmholtz free energy to be

obtained by integration from a reference temperature T0,

F (T )
T

− F (T0)
T0

= −
ˆ T

T0

U(T ′)
T ′2 dT ′. (2.1.12)

The integration is carried out along a fixed-volume and fixed-particle-number thermodynamic

path. This formula is used to develop an expression for the free energy of a one-component

plasma in Chapter 3, where the integration is performed from a weakly coupled system at

high temperature, where analytical forms of the free energy are known.

2.1.4 Numerical techniques

Molecular dynamics (MD) simulations are based on the numerical integration of the classical

equations of motion for a many-particle system. Equations (2.1.1) are evolved forward in

time using finite-difference integration schemes. The most commonly used scheme is the
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velocity–Verlet integrator [51], which is second-order accurate in the time step and symplectic,

meaning that it exactly preserves phase-space volume. This property leads to good long-time

energy stability in Hamiltonian systems. Denoting the position and velocity at a given time

t as rj(t) and vj(t) = pj(t)/mj respectively, the velocity–Verlet algorithm updates the

variables in a “leapfrog” fashion through the following iterative equations:

vj

(
t+ ∆t

2
)

= vj(t) + ∆t
2mj

F j(t)

rj(t+ ∆t) = rj(t) + ∆tvj

(
t+ ∆t

2
)

vj(t+ ∆t) = vj

(
t+ ∆t

2
)

+ ∆t
2mj

F j(t+ ∆t).

(2.1.13)

Explicitly, the force on the j-th particle is

F j(t) = −
∂V
(
{rj}

)
∂rj(t) . (2.1.14)

Evaluating the force for a large many-particle system is typically the most computationally

demanding step. For short-ranged interactions, this cost is reduced by introducing neighbour

lists, which restrict force calculations to particles within a specified cutoff radius. Combined

with spatial binning, this allows the computational effort to scale approximately linearly

with system size. For systems with long-ranged interactions, such as Coulombic systems,

specialised algorithms are required (see Section 2.2.1). These include the Ewald summation

and particle–mesh methods, which split the interaction into short-range and long-range

components and evaluate the latter efficiently in reciprocal space.

Modern MD simulations are commonly performed on parallel computing architectures.

Parallelisation is most often achieved through spatial domain decomposition, in which the

simulation volume is divided into subdomains that are distributed across processors. Each

processor advances the particles within its assigned domain and exchanges boundary infor-

mation with neighbouring domains using message-passing protocols. This approach enables

efficient scaling to large particle numbers and high-performance computing systems.
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In this thesis, all MD simulations were performed using the Large-scale Atomic/Molecular

Massively Parallel Simulator (LAMMPS), an open-source molecular dynamics code that

implements these numerical techniques in a highly scalable and extensible framework [59].

LAMMPS provides a wide range of integration algorithms, force calculation methods for both

short- and long-ranged interactions, and efficient parallelisation via domain decomposition,

making it well suited to the large-scale simulations of dense and partially-ionised plasmas

considered here.

2.2 Coulomb interactions

When charges separate due to thermal and pressure ionisation effects, matter can no longer

be modelled as a collection of charge-neutral objects (i.e. atoms and molecules) and instead

must be described as a system of charged particles (ions and electrons) interacting through

electromagnetic forces. Under the warm dense matter conditions relevant to this thesis,

typical thermal velocities are small compared to the speed of light, so magnetic interactions

and retardation effects are small relative to electrostatic forces. Therefore, as is standard

within the field, only electrostatic interactions are considered. Additionally, periodic boundary

conditions are employed to represent the bulk physics of warm dense matter and minimise

surface effects.

2.2.1 Ewald potential

The electrostatic energy of a bare point charge diverges under periodic boundary conditions.

It is therefore standard to endow the charge with a uniform charge-neutralising background

and to characterise it as a pseudo ion [60]. Restricting to a cubic periodic box of side length

L and volume V = L3, the resulting charge density of a pseudo ion located at position ri is

defined as

ρi(r) = qi

(
δ(r − ri) − 1

V

)
, (2.2.1)
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where qi = Zie is the charge of the ion. The charge distribution of a two-component plasma

of point charges may be constructed by superposing charges of opposite sign, such that

∑
i

qi = Q = 0, (2.2.2)

where Q is the total charge. In the case that Q = 0, there is a cancellation of the uniform

background terms. The electrostatic potential ψi generated by the pseudo ion is a solution of

Poisson’s equation:

∇2ψi(r) = −ρi(r)
ε0

. (2.2.3)

To solve Poisson’s equation in the presence of periodic boundary conditions, both the charge

density and electrostatic potential may be expanded as discrete Fourier series:

ρi(r) = 1
V

∑
k

ρ̃i(k) exp(ik · r) (2.2.4)

ψi(r) = 1
V

∑
k

ψ̃i(k) exp(ik · r). (2.2.5)

The k-vectors are given by k = 2πn/L where n ∈ Z3 is a vector of integers. The Fourier

coefficients of the pseudo ion charge density are given by the following volume integral,

ρ̃i(k) =
ˆ

V
ρi(r) exp(−ik · r)d3r =


qi exp(−ik · ri) k ̸= 0

0 k = 0,
(2.2.6)

where 0 denotes the zero vector. The presence of the uniform background removes the k = 0

mode and therefore suppresses divergent long-range Coulomb energy contributions, ensuring

that the solution to Poisson’s equation is well defined under periodic boundary conditions.

Inserting Equations (2.2.4) and (2.2.5) into the Poisson equation (2.2.3), and operating with

the Laplacian yields

− 1
V

∑
k

ψ̃i(k)k2 exp(ik · r) = − 1
ε0V

∑
k ̸=0

qi exp(ik · (r − ri)), (2.2.7)
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where k2 = k · k. This equation must hold for all r, which is only possible if

ψ̃i(k) = qi
ε0k2 exp(−ik · ri), (2.2.8)

when k ̸= 0. The full electrostatic potential of the pseudo ion may now be written as

ψi(r) = ψ̃i(0)
V

+ qi
ε0V

∑
k ̸=0

1
k2 exp [ik · (r − ri)] . (2.2.9)

The term associated with the k = 0 mode corresponds to a spatial average of the real-space

potential and is not fixed by Poisson’s equation. In open (non-periodic) space, the gauge is

typically fixed by requiring that the electrostatic potential tends to zero infinitely far away

from the charge distribution. However, in periodic boundary conditions, this is not valid given

that the charge distribution is infinitely repeated. A standard choice to fix the gauge, which

is used throughout this thesis, is to set the spatial average of the periodic potential to zero:

1
V

ˆ
V
ψi(r)d3r = ψ̃i(0)

V
≡ 0, (2.2.10)

which yields the final expression [18, 60]

ψi(r) = qi
ε0V

∑
k ̸=0

1
k2 exp [ik · (r − ri)] . (2.2.11)

Although this representation is correct, it is not well-suited to numerical evaluation.

Accurately resolving the short-range singularity of the Coulomb interaction requires the

inclusion of a large number of reciprocal-space modes, leading to slow convergence. More

generally, the Coulomb potential under periodic boundary conditions exhibits two distinct

features. First, it is long-ranged, decaying slowly with separation, so that each charge interacts

with an infinite set of its periodic images; this behaviour is naturally described in reciprocal

space. Second, the potential contains a short-range singularity as r → 0, which is inefficiently

captured by a Fourier representation but is straightforward to evaluate in real space.
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These observations motivate the standard Ewald strategy [51] of decomposing the charge

density into two contributions: a smooth, long-range component ρL, which is treated in

reciprocal space, and a charge-neutral short-range component ρS , which is spatially localised

and evaluated directly in real space. The full decomposition may be written

ρi(r) = ρS
i (r) + ρL

i (r). (2.2.12)

Including the uniform background, the charge distributions take the form:

ρS
i (r) = qiδ(r − ri) − qinG(r − ri) (2.2.13)

ρL
i (r) = qinG(r − ri) − qi

V
, (2.2.14)

where qinG(r) is a screening charge cloud. A very common choice for this object is a Gaussian

function due to its well-known analytical properties. Explicitly, we use the following charge

density to screen the point charge

qinG(r) = qi

(
α√
π

)3
exp

[
−α2r2] . (2.2.15)

Here, α is the Ewald parameter, which controls the lengthscale over which the short-range

distribution is screened. This Gaussian charge generates the following electrostatic potential

in open (non-periodic) space:

ψG,i(r) = qi
4πε0

erf(αr)
r

. (2.2.16)

Note that the long-range charge distribution is globally neutralised over the whole box,

whereas the short-range charge distribution is neutralised on the lengthscale of 1/α. This

decomposition is visualised in Figure 2.1. The electrostatic potential may also be split into

short- and long-range parts accordingly,

ψi(r) = ψS
i (r) + ψL

i (r), (2.2.17)
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qi( (r) 1
V ) qi( (r) G(r)) qi( G(r) 1

V )

= +

Figure 2.1: Schematic of the Ewald charge-splitting procedure under periodic boundary
conditions. The red dotted line indicates the x axis, while the red vertical lines denote the
boundaries of the simulation cell. The pseudo ion charge density qi(δ(r) − 1/V ) (left) is
decomposed into a short-range, charge-neutral component qi(δ(r) − ρG(r)) (centre) and a
smooth, long-range component qi(ρG(r) − 1/V ) (right). The short-range contribution is
locally neutralised on the length scale 1/α, whereas the long-range contribution is globally
neutralised by the uniform background.

where, by linearity, each part satisfies its own respective Poisson’s equation. Under periodic

boundary conditions, Poisson’s equation determines the electrostatic potential only up to

an additive constant. Consequently, the short- and long-range potentials ψS and ψL are

individually defined only up to arbitrary constants; a specific choice of gauge is therefore

required to fix the overall constant. It is natural to solve Poisson’s equation for the short-range

potential in real space. Therefore, instead of relying on a Fourier series to impose periodicity,

the charge distribution itself is written as a sum over integer vectors n ∈ Z3:

ρS
i,per(r) =

∑
n

(qiδ(r − ri + nL) − qinG(r − ri + nL)) , (2.2.18)

where ρS
i,per is the short-range charge distribution with explicit periodicity. Using the well-

known real-space solutions to Poisson’s equation for a delta function and the result for a
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free-space Gaussian (Equation (2.2.16)), the electrostatic potential is

ψS
i (r) = qi

4πε0

∑
n∈Z3

(
1

|r − ri + nL|
− erf (α|r − ri + nL|)

|r − ri + nL|

)
+ C (2.2.19)

= qi
4πε0

∑
n∈Z3

erfc (α|r − ri + nL|)
|r − ri + nL|

+ C, (2.2.20)

where erfc(·) is the complementary error function and C is an unspecified integration constant

which shall be fixed by the gauge. Similar to the calculation of Equation (2.2.5), the long-range

potential is naturally solved in reciprocal space. Following similar steps to Equations (2.2.4)

through to (2.2.8) yields

ψL
i = ψ̃L

i (0)
V

+ qi
ε0V

∑
k ̸=0

1
k2 exp

[
−k2/(4α2)

]
exp [ik · (r − ri)] , (2.2.21)

where the difference arises from a Gaussian charge distribution giving an additional exponential

factor in the sum and, as before, the k = 0 mode is undetermined. The final step is to impose

the gauge condition. This requires averaging the charge-splitted electrostatic potential over

the box:

1
V

ˆ (
ψS

i (r) + ψL
i (r)

)
d3r = C + ψ̃L

i (0)
V

+ qi
4πε0V

∑
n∈Z3

ˆ
V

erfc (α|r − ri + nL|)
|r − ri + nL|

d3r.

(2.2.22)

Given that the final integral involves a sum over periodic boxes, it may be replaced by a

volume integral over R3 with an appropriate change of integrand. After changing integration

variables, the final integral corresponds to the following volume integral over all space which

can be solved in spherical coordinates:

∑
n∈Z3

ˆ
V

erfc (α|r − ri + nL|)
|r − ri + nL|

d3r =
ˆ
R3

erfc (αr)
r

d3r = π

α2 . (2.2.23)
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Therefore, applying the gauge fixing condition, Equation (2.2.10), gives

C + ψ̃L
i (0)
V

= − 1
4πε0

qiπ

α2V
. (2.2.24)

Putting these results together, the final electrostatic potential using the charge splitting

procedure is

ψi(r) = qi
4πε0

( ∑
n∈Z3

erfc (α |r − ri + nL|)
|r − ri + nL|

+ 4π
V

∑
k ̸=0

exp
[
−k2/4α2

]
k2 exp [ik · (r − ri)] − π

α2V

)
.

(2.2.25)

This is the standard Ewald form available in, for example, Refs. [18, 61–63]. Note that

Gaussian or OCP unit systems are often used, sometimes in combination with the choice

α =
√
π/L. Many sources do not explicitly address the gauge fixing described here. As has

been shown, the final term is equal to the volume integral of the short-range electrostatic

potential over the box, and is responsible for ensuring the total electrostatic potential does

not depend on the Ewald parameter α. This is equivalent to the statement

∂ψi(r)
∂α

= 0, (2.2.26)

which can be explicitly shown. Although this property has been previously noted [64], it is

typically not explicitly linked to gauge fixing requirements. If this final term is not included,

different Ewald parameters correspond to different gauge choices, and naively computing the

electrostatic energy would render different zeros of energy. This is especially important when

comparing simulations with different particle number when a uniform background is present,

as performed in Chapter 3. The Ewald parameter controls the tradeoff between the real-

and reciprocal-space sum convergence rates and is typically chosen to optimise numerical

efficiency. An equivalent derivation of the Ewald technique when Q = 0 (i.e. there is no
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Figure 2.2: Illustration of the Ewald decomposition of the Coulomb kernel corresponding to
Equation (2.2.27). In this figure the Ewald splitting parameter is set to α = 1 in the chosen
arbitrary distance units.

uniform background) involves performing a direct decomposition of the Coulomb kernel:

1
r

= erfc(αr)
r

+ erf(αr)
r

, (2.2.27)

which is equivalent to the charge density splitting performed in this section. The derivation

then proceeds by treating the second, long-range term in reciprocal space. In Figure 2.2, this

decomposition is visualised to show the long and short-range parts of the Ewald potential.

The short-range contribution, erfc(αr)/r, decays rapidly with increasing separation and is

therefore well suited to evaluation directly in real space. By contrast, the complementary

long-range contribution, erf(αr)/r, is smooth at the origin and varies slowly with distance,

making it amenable to treatment in reciprocal space.

2.2.2 Electrostatic energy in a periodic box

Now that a general, numerically efficient form of the electrostatic potential of a pseudo ion

is available, the energy of a system of charges may be calculated. The well-known general
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formula for the electrostatic energy of an assembled charge distribution is

U = 1
2

ˆ
ρ(r)ψ(r)dr, (2.2.28)

where ρ is the total charge density of the system and ψ is the total electrostatic potential

generated by the system. A naive application for a system of pseudo ions in periodic boundary

conditions results in

U = 1
2

ˆ
V

∑
i

ρi(r)
∑

j

ψj(r) d3r = 1
2
∑
i,j

qiψj(ri), (2.2.29)

where the volume integral is over the cubic box and the double sum runs over all particles in

the box. In the final equality, the gauge-fixing condition has been applied, meaning that the

volume integral of the potential over the box vanishes.

Inspecting Equation (2.2.29), it is evident that the (i = j) term corresponds to the pseudo

ion self-energy and is divergent. A pseudo ion with charge qi will have a self-energy of

lim
r→ri

qiψi(r), (2.2.30)

which includes the interaction with itself in the central box and its periodic images. The

interaction with the periodic images provides a constant geometry-dependent energy contri-

bution and should be included, while the self-interaction within the central box diverges and

must be removed in classical electrostatics. The total pseudo ion self-energy may therefore be

redefined as the following limit:

q2
i

4πε0L
ξ = qi lim

r→ri

(
ψi(r) − 1

4πε0|r − ri|

)
, (2.2.31)

where the dimensionless Madelung constant ξ has been introduced, and Equation (2.2.31)

corresponds to a particle’s interaction with its own background and array of images, while

subtracting off the divergent Coulomb interaction in the central box present within the Ewald
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potential ψ. Replacing the divergent self interactions in Equation (2.2.29) with this term

yields a total energy of

U = 1
2
∑
i̸=j

uij(rij) + 1
2
∑
i

q2
i

4πε0

ξ

L
, (2.2.32)

where rij = ri − rj is the radial separation vector. The pair potential between pseudo ions

may be written explicitly as:

uij(rij) =qiψj(ri)

=
qiqj
4πε0

( ∑
n∈Z3

erfc
(
α
∣∣∣rij + nL

∣∣∣)∣∣∣rij + nL
∣∣∣ + 4π

V

∑
k ̸=0

exp
[
−k2/4α2

]
k2 exp

[
ik · rij

]
− π

α2V

)
.

(2.2.33)

Finally, the limit in Equation (2.2.31) is calculated. Noting that

lim
r→0

(
erfc (αr)

r
− 1
r

)
= − 2α√

π
, (2.2.34)

which corresponds to the self-energy correction term, the Madelung constant divided by the

box length evaluates to

ξ

L
=
∑

n̸=0

erfc (α |nL|)
|nL|

+ 4π
V

∑
k ̸=0

exp
[
−k2/4α2

]
k2 − π

α2V
− 2α√

π
. (2.2.35)

When the Madelung constant ξ is multiplied by the natural Coulombic energy scale q2/(4πε0L),

this quantity gives twice the electrostatic self-energy per particle of a simple cubic lattice

of unit-charge pseudo ions with lattice spacing L, including the neutralising background.

Through the application of Equations (2.2.32) and (2.2.35), the total electrostatic energy of a

system of charges under periodic boundary conditions may now be calculated.
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2.2.3 Numerically convenient form

The total energy above is often written in a different way [51, 65, 66], which is more analogous

to its direct implementation in the LAMMPS codebase. Therefore, in this section it shall be

rewritten slightly, with comments on some numerical implementation details given. Specifically,

in the coul-type pair styles1 coupled with the ewald k-space routine, the electrostatic

energy takes a different form that separates into position-dependent real (r) and reciprocal (k)

parts, and two constant terms corresponding to the self (s) and correction (c) contributions.

The total energy is therefore

U = U (r) + U (k) + U (s) + U (c). (2.2.36)

The first term is the real-space sum that is performed over all pairs of particles in the central

box and nearby periodic images:

U (r) = 1
4πε0

1
2
∑
ij

′∑
n
qiqj

erfc
(
α
∣∣∣ri − rj + nL

∣∣∣)∣∣∣rij + nL
∣∣∣ , (2.2.37)

where the prime on the sum over integer vectors n denotes that, when n = 0, the i = j

terms are omitted. This real-space energy contribution includes the real-space sum in the

Ewald potential and a contribution associated with the first term of the Madelung constant

in Equation (2.2.35). In practice, the real-space sum is truncated with a cutoff rc, so that

only particle separations satisfying |ri − rj + nL| < rc contribute to Equation (2.2.37). For

typical choices, rc < L/2 which corresponds to the minimum image convention: each particle

pair interacts only through the closest of its periodic replicas. This convention places bounds

on the value of the Ewald parameter α. Note that LAMMPS itself does not enforce the

minimum image convention for the real-space energy sums, and may include contributions

from multiple periodic images within the real-space cutoff [67].

1. These are a set of LAMMPS pairstyles that model charged particle interactions. Further explanation
may be found within the LAMMPS documentation: https://docs.lammps.org/pair_coul.html.
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The reciprocal space energy may be rewritten in terms of the Fourier component of the

total charge density

ρ̃(k) =
N∑
i

qi exp [−ik · ri] , (2.2.38)

by collating all reciprocal-space terms that occur in both the Ewald potential and Madelung

self-energy:

U (k) = 1
4πε0

2π
V

∑
k ̸=0

exp
[
−k2/4α2

]
k2

∑
i,j

qiqj exp
[
−ik · (ri − rj)

]

= 1
4πε0

2π
V

∑
k ̸=0

exp
[
−k2/4α2

]
k2

∣∣∣ρ̃(k)
∣∣∣2,

(2.2.39)

where the sum after the first equality runs over all particles twice. This form is typically

the starting point for algorithms that approximate the underlying charge distribution to

achieve better computational scaling with particle number than the raw k-space sum [66].

Importantly, the computation of the instantaneous charge structure factor |ρ̃(k)|2 is a global

quantity and requires access to all particle positions at a given timestep. LAMMPS therefore

computes this outside of the main energy compute loop which is parallelised through domain

decomposition and does not have access to all particle positions. The self-energy correction

term is

U (s) = 1
4πε0

− α√
π

∑
i

q2
i

 , (2.2.40)

which arises directly from summing over the final term in the Madelung energy, Equa-

tion (2.2.35). Finally, the uniform background correction term is obtained by grouping all

volume-dependent constant contributions, and writing the sum in terms of the total charge as

U (c) = 1
4πε0

1
2
∑
i,j

(
−qiqj

π

α2V

)
= 1

4πε0

(
− π

2α2V

)∑
i

qi

∑
j

qj

 = 1
4πε0

(
− π

2α2V
Q2
)
.

(2.2.41)

Here Q is the total charge of the pseudo ions, defined by Equation (3.2.8). This term is

only nonzero when there is a uniform background present (Q ̸= 0), otherwise if there is
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charge neutrality across the point charges (Q = 0), all uniform backgrounds will cancel.

Equation (2.2.41) also shows that the constant associated to the gauge fixing condition is only

relevant in the case that there is an explicit uniform background present (when Q is nonzero).

To compute the forces on the particles, derivatives with respect to particle positions may be

taken, for which closed-form expressions are available [66].

2.3 One-component plasma models

Having established the underlying concepts for the numerical study of dense plasma using

molecular dynamics (MD), this section provides a brief review of the various models that have

been investigated in the literature and are suitable for MD. We begin with one-component

plasma (OCP) models, which, for the purposes of this thesis, are defined as models in which

only the ions are evolved dynamically. Such models may be applied to systems containing

multiple ion species, effectively constituting a mixture of one-component plasmas. An example

of this approach is developed in Chapter 3, where hydrogen is modelled as a mixture of atoms

and ions.

In OCP-type models, the electrons are typically assumed to adiabatically adjust to the ionic

motion, i.e. they employ the Born–Oppenheimer approximation. Once this approximation

has been adopted, a specific model for the electronic response must be chosen. A wide range

of options exists, two of which shall be reviewed in the following sections. The first is the

Coulomb one-component plasma model, which treats the electrons as a uniform neutralising

background. The second is the Yukawa one-component plasma model, which assumes the

electrons screen the ions, hence modifying the effective particle interactions.

More general effective interparticle potentials, usually based on the wavelength-dependent

dielectric response of the electrons, may be constructed to give variants of the screened OCP

model [68, 69]. This model has been used for equation of state models for plasmas, e.g.

Ref. [70], and to compute properties of liquid metals, where pseudo-potentials are employed

to represent strongly bound core electrons [52, 71]. Finally, within the context of this thesis,
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DFT-MD can be considered as an advanced OCP model, where the nonlinear electronic

response is considered in a quantum-mechanical framework with an approximation for the

exchange-correlation energy. The resulting electrostatic energy of this electron distribution is

then used to evolve the ions, and acts as an effective many-body potential that mediates the

ion-ion interactions.

2.3.1 Coulomb one-component plasma

In this model the electrons are modelled as a static uniform background, while the ions are

modelled as point charges interacting through electrostatic forces. This is directly synonymous

with a collection of pseudo ions, as introduced in Section 2.2.1. For a single species system of

N identical charges q = Ze, the total charge density is [18]

ρ(ri) =
∑
i

ρi(r) = q

 N∑
i

δ(r − ri) − N

V

 , (2.3.1)

with interactions given by any of the equivalent formulations derived in Section 2.2.1. Given

that the Coulomb OCP is a relatively simple model, it often serves as a benchmark for strong

coupling theory [72] and a reference system for advanced models [73, 74]. The Coulomb OCP

model has been extensively studied through both MD and Monte Carlo methods. Starting

with the seminal work of Brush, Teller, and Sahlin [18], numerous authors have investigated

the equation of state [61, 75–77], transport properties (see, e.g., Refs. [78–80]), and melting

properties (see, e.g., Ref. [22]).

An important feature of the Coulomb OCP is that the excess (interaction) thermodynamic

properties are fully characterized by the coupling parameter Γ [18, 75]. This can be shown by

transforming to units where length is dimensionless, which is chosen here to be the Wigner-

Seitz radius d, and energy is measured in thermal energy kBT . These units are referred to as

OCP units. Using a bar to denote a quantity measured in these units, the following relations
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may be obtained,

r̄ij =
rij

d
; L̄ = L

d
; ᾱ = αd ; k̄ = kd ; V̄ = V

d3 ; ūij =
uij

kBT
. (2.3.2)

Consider the full pair potential between two Coulomb OCP pseudo ions in these units,

ūij(r̄ij) = (Ze)2

4πε0d
1

kBT

( ∑
n∈Z3

erfc
(
ᾱ
∣∣∣r̄ij + nL̄

∣∣∣)∣∣∣r̄ij + nL̄
∣∣∣

+ 4π
V̄

∑
k̄ ̸=0

exp
[
−k̄2/4ᾱ2

]
k̄2 exp

[
ik̄ · r̄ij

]
− π

ᾱ2V̄

)

= Γϕ(r̄ij),

(2.3.3)

where the 1/d prefactor after the first equality arises from the unit transformation and primed

quantities are transformed to the new unit system. In the second equality ϕ is a dimensionless

pair potential in OCP units. Importantly, the total prefactor is simply equal to the ion-ion

coupling parameter, Equation (1.1.6). Let us now consider the configurational contributions

to the partition function. These take the form [75]:

ˆ
V

∏
i,j

d3rid3rj exp[−β
∑
i,j

uij(rij)] = d6N
ˆ

V̄

∏
i,j

d3r̄id
3r̄j exp

[
− Γ Φ({r̄i})

]
, (2.3.4)

where the prefactor is Wigner-Seitz radius, Equation (1.1.5), raised to the power of 6N . From

Equation (2.3.4), it is evident that the configurational statistics are controlled by a single

thermodynamic parameter Γ. It follows that, with a similar treatment for the Madelung

energy, the excess Helmholtz free energy in this unit system is solely a function of the coupling

parameter [75]. Generally, in classical systems with separable potential and kinetic energies,

the free energy separates into ideal and excess (interaction) contributions [52],

F = F id + F ex, (2.3.5)

where, by linearity of derivatives, both ideal and excess parts satisfy standard thermodynamic
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relations. The excess free energy, commonly expressed in intrinsic form as the Helmholtz free

energy per particle, is therefore a function of coupling parameter:

fex(Γ) = F ex

NkBT
, (2.3.6)

and hence all excess thermodynamic properties derived from it are functions of Γ alone

in the thermodynamic limit. This simple dependence makes the Coulomb OCP a useful

reference system in Chapter 3. Importantly, this result may be used to find a TI relation

using Equation (2.1.11). Dividing Equation (2.1.12) by NkB and using

∂Γ
∂T

= − Γ
T

(2.3.7)

to change integration variables yields

f =
ˆ Γ

0

Uex

NkBT

1
ΓdΓ =

ˆ Γ

0

uex(Γ)
Γ dΓ, (2.3.8)

where the fact that the excess free energy is zero for Γ → 0 in the thermodynamic limit

has been used and uex = Uex/(NkBT ) is the reduced internal energy. It is also possible to

derive the equation from the statistical TI route [75]. In Chapter 3, high fidelity data for

the equation of state of the Coulomb OCP are parameterised to use as a reference system in

additional TI calculations.

2.3.2 Yukawa one-component plasma models

The Yukawa one-component plasma model originates from treating the electrons within the

framework of linear response theory. Under certain simplifying approximations, this typically

leads to a relatively simple pair potential between ions with charges qi and qj , which is a
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function of radial separation r [68]:

uij(r) =
qiqj
4πε0

exp(−κr)
r

, (2.3.9)

although additional geometry and screening-dependent energy contributions arise in rigorous

treatments with periodic boundary conditions, where a uniform background is present [81–83].

Note that both κ and the effective charges qi can be rescaled to yield a more general empirical

model for WDM [84], which has been applied to WDM in a variety of contexts, including

as a reference system [73, 85], and to predict structural and dynamical properties when

the electron–ion coupling is sufficiently weak [68, 86]. Similarly to the OCP, the excess

properties of the Yukawa OCP are fully characterised by the Coulomb coupling Γ and the

dimensionless inverse screening length κd, and TI expressions may be formulated for the free

energy accordingly [82, 83, 87].

2.4 Two-component plasma models

In this section, we review two prominent approaches for representing dynamical electrons

in molecular dynamics simulations. Perhaps surprisingly, a purely classical electron–ion

plasma cannot be modelled directly with point charges. The attractive electron–ion Coulomb

interaction scales as U(r) ∝ −1/r, so at short separations the potential becomes arbitrarily

deep. Under classical dynamics this drives electrons and ions toward ever smaller separations,

producing unphysical tightly bound pairs. This behaviour leads to severe numerical instabilities

and an ill-defined equilibrium state. To remedy this issue, one must introduce additional short-

range physics that regularises the electron–ion interaction and prevents collapse. Physically,

this short-range behaviour is governed by quantum mechanics, which both regularises the

interaction and enables stable bound states such as atoms and molecules.

In practice, regularisation is often achieved either by incorporating quantum-diffraction

effects on a statistical level through effective interaction potentials, or by adopting elec-

tron models in which the electronic degrees of freedom are represented by extended charge
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distributions. The two approaches reviewed below follow these strategies respectively. In

quantum statistical potentials, the short-range interaction is regularised on the lengthscale

of the thermal de Broglie wavelength by using a high-temperature approximation to the

two-body density matrix. The second method, WPMD, which we employ in Chapters 4

and 5, introduces explicit variables that parameterise the electronic wavefunction; at low

temperatures, the kinetic-energy cost of localisation (often termed the shape kinetic energy)

stabilises the system against collapse. Note that the shape kinetic energy, in combination

with attractive Coulomb interactions (and, in a full description, exchange-correlation effects),

plays a central role in the formation of electronic bound states, i.e. atomic and molecular

structure.

Other TCP models also exist. For classical simulations, a common strategy is to simply

replace the short-range attractive Coulomb asymptote with an effective regularised interaction

at small length scales [88]. Alternatively, in the warm dense matter (WDM) regime, time-

dependent density functional theory (TDDFT) can be viewed as a more advanced TCP

approach: given an approximation for the time-dependent exchange-correlation potential,

the electronic state is propagated in time and coupled to an ionic subsystem that is treated

classically, with ions either held fixed or evolved simultaneously.

2.4.1 Quantum statistical potentials

The thermal (quantum) density matrix for two particles interacting through the Coulomb

interaction may be expressed in terms of an effective interparticle interaction. A perturbative

calculation in β yields the following diagonal elements for this interaction [89, 90]:

u
(K)
ij (rij) =

qiqj
4πε0

1 − exp
−

r2
ij

Λ2
ij

+
√
π

rij

γijΛij
erfc

[
γij

rij

Λij

] , (2.4.1)

38



2.4. TWO-COMPONENT PLASMA MODELS CHAPTER 2

where erfc[·] is the complementary error function, γij = 1 is a species-dependent correction

factor and the thermal de Broglie wavelength is

Λij = ℏ√
2kBTµij

; 1
µij

= 1
mi

+ 1
mj

, (2.4.2)

where µij is the reduced mass. For the case that γij = 1, Equation (2.4.1) is known as the

Kelbg potential. This can be further extended to strong coupling by modifying the fitting

parameter γij at different temperatures, typically leading to the so-called improved Kelbg

potential [89]. Useful approximations for γij(T ) are presented in Ref. [89], which are used

to model partially-ionised hydrogen. The ion-ion and ion-electron Kelbg interactions are

plotted for a hydrogen plasma at kBT = 15 eV in Figure 2.3, where they are compared

against bare Coulomb interactions and alternative interactions derived in the following section.

As can be seen, the Kelbg potential becomes finite at the origin, while agreeing with the

Coulomb interaction at large separations. The small window around r → 0 over which

this deviation occurs is closely tied to the thermal de Broglie wavelength of the particles,

which gives a statistical measure of electronic extent. Additionally, a temperature-dependent

spin-resolved Pauli potential, which introduces additional short-range repulsive interactions

between electrons to account for exchange effects may also be included along similar lines [89].

Effective quantum pair potentials have been employed in a wide variety of MD simulations.

A small subset of the many applications includes studies of temperature relaxation [91]

and dynamic properties such as plasmon dispersion [92]. More recently, quantum-statistical

potential models have been extended to investigate the molecular-atomic-plasma transition in

dense hydrogen [90].

2.4.2 Wave packet molecular dynamics

Here we outline the basic framework of WPMD, which is the model of choice for describing

electron dynamics in the TCP simulations performed in this thesis. WPMD is directly

formulated in terms of the wavefunction, and is sometimes argued to capture dynamical
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features absent in quantum-statistical potential approaches [21]. A thorough discussion of the

method, literature review, and derivation of the developed model is presented in Chapter 4,

which includes explicit bound-state wavefunctions in the chemical picture. Therefore, a

pedagogical introduction is provided here through the lens of a simpler fixed-width wavepacket

model. The basic premise of WPMD is to replace the many-body wavefunction |Ψ⟩ with a

simpler functional form typically denoted by |Q⟩. In the language of differential geometry, the

space of states accessible to the system is restricted to a submanifold in the full Hilbert space.

This is typically achieved by a parameterisation in terms of a set of complex parameters {qµ}:

|Q⟩ = |Q({qµ})⟩. (2.4.3)

The dynamics of these complex parameters then follow from a time-dependent variational

principle. A common choice is to define the following action functional

S =
ˆ

Ldt ≡
ˆ

dt⟨Q|iℏ ∂
∂t

− Ĥ|Q⟩, (2.4.4)

where L is a Lagrangian defined by the state average in the final equality. Equations of motion

may then be derived and the choice of parameterisation therefore determines the properties

of the model. The most general case of complex parameters is rigorously presented in [93].

Although a full analysis is beyond the scope of this thesis, we note that if the parameters are

constrained to be real, some parameterisations will not produce dynamics and therefore care

is often needed. All parameterisations used in this thesis employ real parameters, but are

chosen so that the variational principle still yields well-defined time evolution (often motivated

by the corresponding complex-parameter forms). After taking the time derivative with the

chain rule, the Lagrangian may be written:

L = iℏq̇µ⟨Q| ∂

∂qµ
|Q⟩ − HWP, (2.4.5)
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where q̇µ denotes the total time derivative of the parameter and the wavepacket Hamiltonian

is

HWP({qµ}) = ⟨Q|Ĥ|Q⟩, (2.4.6)

which is, for now, simply a function of the parameters {qµ}. If the parameterisation is chosen

appropriately, a dynamical scheme based on generalised Hamiltonian equations will follow,

something that is guaranteed for the general case of complex parameters [93]. It is well-known

from variational mechanics that the path that extremises the action, Equation (2.4.4), will

follow the Euler-Lagrange equations:

d

dt

∂L
∂q̇µ

− ∂L
∂qµ

= 0, (2.4.7)

which can therefore be used to derive equations of motion suitable for MD implementation.

In dense plasma applications, a product state of single-particle Gaussians is typically

chosen. This choice neglects exchange effects (Pauli exclusion), which we approximately

reintroduce using effective potentials (see Chapter 4). The many-body electron wavefunction

is therefore constrained to a Hartree manifold:

|Q⟩ = |q1⟩ ⊗ |q2⟩ ⊗ . . .⊗ |qN ⟩, (2.4.8)

where |qi⟩ is the i-th single-particle wavefunction. Additionally, the single-particle wavefunc-

tions themselves are then restricted. Gaussian parameterisations are the predominant choice,

and here we first study the simplest case of N fixed-width Gaussians with a common width

parameter σ:

⟨x|qi(ri,pi)⟩ =
( 3

4πσ2

)3/4
exp

[
− 3

4σ2 (x − ri)2 + i
pi

ℏ
· (x − ri)

]
. (2.4.9)

Note that the expectation value of the position operator x̂ is equal to the ri parameter, and
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the expectation of the momentum operator p̂ is equal to the pi parameter. Mathematically:

pi = ⟨qi|p̂|qi⟩ ; ri = ⟨qi|x̂|qi⟩. (2.4.10)

Evaluating the kinetic part of the Lagrangian, the first term of Equation (2.4.5), for this state

can be performed by inserting a resolution of identity. The full Lagrangian is given by

L = iℏ
∑
µ

ˆ
d3x ⟨Q|x⟩q̇µ

∂

∂qµ
⟨x|Q⟩ − HWP

= iℏ
∑
i

ˆ
d3x⟨Q|x⟩

(
ṙi · ∂

∂ri
+ ṗi · ∂

∂pi

)
⟨x|Q⟩ − HWP

= iℏ
∑
i

[
ṙi ·

( 3
2σ2 ⟨x̂ − ri⟩ − i

pi

ℏ

)
+ ṗi · i

ℏ
⟨x̂ − ri⟩

]
− HWP

=
∑
i

ṙi · pi − HWP,

(2.4.11)

where, in the final equality, we simplified using the expectation value relations given in

Equation (2.4.10) (since ⟨x̂⟩ = ri we have ⟨x̂i − ri⟩ = 0) and the overall normalisation of

the wavefunction. Interestingly, the Lagrangian is a function of all degrees of freedom, and

is not limited to apparent configurational variables (r in this case). Therefore, L is both a

first-order Lagrangian, meaning that it is first order in time derivatives and, in this specific

case, is also a phase-space Lagrangian—i.e. it is a function of phase-space variables and their

time derivatives. It is not a standard configurational Lagrangian of classical mechanics. Now,

the Euler-Lagrange equations may be applied and yield the following Hamiltonian equations:

dri

dt
= ∂HWP

∂pi
; dpi

dt
= −∂HWP

∂ri
. (2.4.12)

Here, HWP plays the role of a classical Hamiltonian function on the phase space defined by

{ri,pi}. Finally, we evaluate this Hamiltonian in terms of the parameters. Assuming the

electrons interact through standard Coulomb interactions and with an ensemble of ions of
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identical charge q = Ze, we pick the Hamiltonian operator as

Ĥ =
∑
i

p̂2
i

2m + e2

4πε0

∑
i<j

1
|x̂i − x̂j |

− Ze2

4πε0

∑
i,J

1
|x̂i − RJ |

. (2.4.13)

Here the position of the J-th ion is denoted by RJ . Evaluating the state average of this with

respect to the many-body restricted wavefunction yields

HWP =
∑
i

(
p2

i

2m + 9ℏ2

8mσ2

)
+ e2

4πε0

∑
i<j

erf
[√

3rij/(2σ)
]

rij
− Ze2

4πε0

∑
i,J

erf
[√

3riJ/(
√

2σ)
]

riJ
,

(2.4.14)

where rij = |rij | is the radial separation between the expected positions of two wavepackets

and riJ = |riJ | = |ri − rJ | is the radial separation between an ion and the expected position

of an electron. As well as the standard momentum squared contributions, the kinetic energy

part now contains a second term which is typically described as the shape-kinetic energy,

and related to the curvature of the wavepacket. In the schemes presented in later sections,

the width of the wavepacket is dynamical, and this term causes the Gaussian wavepacket to

spread as expected. For fixed-width wavepackets, it instead provides a constant energy offset.

In the potential energy term, the finite extent of the charge distributions yields a non-singular

electron-electron interaction. These interactions are plotted for ions of charge Z = 1 in

Figure 2.3, where they can be compared against Kelbg and bare Coulomb interactions. The

interaction is finite as r → 0, and is slightly different in shape to the Kelbg potential. It also

depends on the extent of the wavepacket width.

To review, by restricting the electronic wavefunction to a Hartree product of fixed-width

Gaussian wavefunctions, we have obtained a model that follows classical Hamiltonian dynamics.

Apart from a finite shape-kinetic energy offset, the Hamiltonian that generates these dynamics

is a standard classical form. The particles interact through an error function pair potential,

which is Coulomb-like at large separations and finite at short range. An additional shape-

kinetic energy contribution has also been identified. When the width varies dynamically, this
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Figure 2.3: Comparison of effective electron–electron (solid lines) and electron–ion interactions
(dashed lines) in atomic units. The blue curves show the Kelbg quantum statistical potential
uK(r) at kBT = 15 eV. Coloured curves show the WPMD Gaussian-smeared interactions
uWP(r) for fixed widths σ = {0.5, 1, 2} a0. The bare Coulomb limits which are proportional
to 1/r are shown in red for reference. Distances are in Bohr radii a0 and energies in Hartree.

energy term is large for narrow Gaussians and therefore stabilises the wavepacket against

collapse.

2.5 Chapter summary

This chapter has established the theoretical and numerical framework underpinning all

molecular dynamics simulations performed in this thesis. Beginning with the basic principles

of classical molecular dynamics, the equations of motion, ensemble concepts, and numerical

integration schemes were reviewed, with particular emphasis on the statistical interpretation of

time-averaged observables and the computation of thermodynamic quantities. Thermodynamic

integration was introduced as a central tool for accessing free energies from molecular dynamics

data, a requirement that is fundamental to the ionisation calculations presented in later

chapters.

A detailed treatment of electrostatic interactions under periodic boundary conditions was
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then developed. Starting from Poisson’s equation for pseudo ions, the Ewald summation

technique was derived explicitly, with careful attention paid to the role of the neutralising

background, gauge fixing, and the separation of real-space, reciprocal-space, and self-energy

terms. This formulation provides a consistent and numerically efficient means of evaluating

Coulomb interactions in bulk plasmas and forms the basis for all Coulombic interactions

in this work. The connection between the formal Ewald expressions and their practical

implementation in LAMMPS was also clarified.

Building on this foundation, a systematic overview of molecular dynamics models for

dense and partially-ionised plasmas was presented. One-component plasma models were

introduced first, including both the Coulomb OCP and Yukawa-type screened interactions.

The Coulomb OCP was highlighted as a particularly important reference system, whose excess

thermodynamic properties are fully characterised by the coupling parameter Γ. This property

enables accurate thermodynamic integration strategies and motivates its use as a benchmark

and reference model in Chapter 3. Yukawa OCP models were then discussed as extensions

that incorporate electronic screening within linear-response theory.

Finally, two-component plasma models with explicit electronic degrees of freedom were

reviewed. The necessity of regularising the classical electron–ion interaction was discussed,

motivating the introduction of quantum statistical potentials and WPMD. Quantum statistical

potentials were shown to provide an effective, temperature-dependent regularisation of short-

range interactions, while WPMD was introduced as a variational, wavefunction-based approach

that naturally incorporates quantum diffraction and stabilises bound states through shape

kinetic energy. A pedagogical derivation of fixed-width Gaussian WPMD was provided,

illustrating how classical Hamiltonian dynamics emerge from a constrained variational principle

and how non-singular effective interactions arise.

Together, the material presented in this chapter provides the conceptual and technical

foundation for the models developed and applied in the remainder of the thesis. The one-

component plasma framework and free-energy techniques introduced here underpin the

ionisation calculations in Chapter 3, while the WPMD formalism forms the basis for the
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extended bound-state models and statistical analyses presented in Chapters 4 and 5.
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Chapter 3

Ionisation calculations using classical molecular dynamics

In this chapter, the ionisation state is computed self-consistently for two OCP-inspired models

designed for molecular dynamics simulations. The resulting ionisation behaviour is then

analysed in the context of ionisation potential depression and pressure ionisation.

The chapter is structured as follows: First, the concept of the chemical picture is introduced

and used to derive the Saha equation. The link between free energy and ionisation potential

depression is also explained. Two models suitable for partially-ionised hydrogen are then

presented, and expressions for the corresponding Coulomb interactions are derived. To

determine the model-dependent ionisation state, a free-energy minimisation framework is

developed, which incorporates the TI technique. Simulation results for the ionisation state

are subsequently presented, alongside comparisons with approximate models for the free

energy. Finally, possible future developments are outlined, including the possible inclusion of

electronic screening into partially-ionised OCP models and extension to higher atomic number

elements.

3.1 The chemical picture

The chemical picture provides a framework for describing partially-ionised matter in terms

of a mixture of distinct species, such as neutral atoms, ions of various charge states, and

free electrons [94]. In this approach, bound and free electronic states are treated as separate

constituents, with corresponding ionisation and recombination processes. This may be

contrasted with the physical picture, which avoids this explicit separation, often leading to

greater computational cost [21]. Both DFT and PIMC approaches are based on the physical

picture.

For the purposes of this thesis, it is sufficient to consider a hydrogenic plasma which is

composed of neutrals (or atoms), ions, and free electrons. It is, of course, possible to generalise

these arguments to other materials [95], and to molecule formation at lower temperatures [96,
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97]. The chemical process may be represented schematically by the reaction:

H ⇌ H+ + e−, (3.1.1)

which represents the competing processes of ionisation and recombination in a plasma. Now

consider an ideal, chemically reacting gas of these three species. Since the particles are

not interacting, their partition functions factorise, and therefore their free energies combine

linearly. The total ideal free energy is therefore the sum of contributions from ions (i),

electrons (e) and neutrals (n):

Fid = F
(i)
id + F

(e)
id + F

(n)
id . (3.1.2)

We use the well-known formula for the free energy of an ideal gas of particles of species

α [98] contained within a region of volume V . Each species has classical kinetic degrees of

freedom, and a set of internal energy states denoted by ϵk:

F
(α)
id

NαkBT
= − log

[
V

NαΛ3
α

]
− 1 − log

∑
k

exp
(

− ϵk
kBT

) . (3.1.3)

Here Nα is the number of particles of the α species and Λα is the thermal de Broglie

wavelength, defined by Equation (2.4.2)—here the subscript now represents the species of

the particle. The ions have one internal energy state, which is set to zero (ϵ1 = 0); each free

electron has two degenerate spin states (ϵ1 = 0, ϵ2 = 0); while each bound electron within

a neutral atom is assumed to occupy a spin-degenerate ground state in the hydrogen atom:

(ϵ1 ≈ −EH
B , ϵ2 ≈ −EH

B ), given in Equation (1.2.1).

The partially-ionised plasma is globally charge neutral Ni = Ne and the total proton (or

electron) number N = Ni + Nn is conserved. It is possible to express the total ideal free

energy directly in terms of the ionisation state z̄ = Ni/N and number density n = N/V .

Note that for more advanced models, an ensemble of different ionisation states (or charge

states) and species fractions would be similarly defined. Returning to the case studied here,
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on dividing Equation (3.1.3) by NkBT , the classical reduced ideal free energy is defined as

fid(n, T, z̄) ≡ Fid
NkBT

= f
(i)
id + f

(e)
id + f

(n)
id . (3.1.4)

The contribution from each chemical species takes the following form:

f
(i)
id = z̄ log

[
z̄nΛ3

i

]
− z̄ (3.1.5)

f
(e)
id = z̄ log

[1
2 z̄nΛ3

e

]
− z̄ (3.1.6)

f
(n)
id = (1 − z̄) log

[1
2(1 − z̄)nΛ3

n

]
− (1 − z̄)

EH
B

kBT
− (1 − z̄). (3.1.7)

A remarkable feature of the chemical picture is that the charge state distribution may be

obtained without appealing to the underlying microscopic mechanisms that describe ionisation

and recombination processes. In thermal equilibrium, the free energy is minimised, i.e. the

reduced total free energy f = F/(NkBT ) satisfies the condition

∂f

∂z̄
= 0. (3.1.8)

This is equivalent to equating the chemical potentials of different species using (∂F/∂Nα)T,V =

µα. The derivative of the reduced ideal free energy is

∂fid
∂z̄

= log
[
z̄nΛ3

i

]
+ log

[1
2 z̄nΛ3

e

]
− log

[1
2(1 − z̄)nΛ3

n

]
+
EH

B

kBT
= 0, (3.1.9)

which can be re-arranged into a common form of the hydrogenic Saha Equation [94]:

z̄2

1 − z̄
= 1
n

(
Λn

ΛiΛe

)3
exp

−
EH

B

kBT

 ≈ 1
Λ3

en
exp

−
EH

B

kBT

 . (3.1.10)

This equation is quadratic in z̄ and therefore admits a closed-form solution. For more

sophisticated models, the corresponding Saha equation (or set of coupled Saha equations in

the case of more than 3 species) may be numerically solved. In this thesis, a direct numerical
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Figure 3.1: (a) Ionisation state z̄ as a function of number density n for partially-ionised
hydrogen at temperatures kBT = {2, 5, 15} eV. The shaded region indicates where the
inter-particle spacing is smaller than the Bohr radius rs < 1. (b) Coupling and degeneracy
parameter at kBT = {5} eV. The result is shown using the ionisation state from panel (a)
and using a fully ionised system.

minimisation of the free energy is instead performed, which naturally extends to the case

where MD simulations are employed. The result of such a calculation is plotted, for three

distinct temperatures, as a function of density in Figure 3.1.

The results of this figure may be contextualised in terms of the total free energy of the

system in Equations (3.1.4) to (3.1.7). At fixed density, the temperature dependence arises

primarily through the binding-energy term in the neutral free-energy contribution, EH
B /(kBT ).

At low temperatures, this term provides a large negative contribution to the free energy for

states with a high neutral fraction, resulting in a minimum of the total free energy at small

values of z̄. As the temperature is increased, the magnitude of this contribution is reduced,

diminishing the impact of the bound electrons on the equilibrium ionisation state. When this

term is sufficiently negligible, the system may maximise its entropy by splitting into a mixture

of two species. Therefore, the translational entropy terms become increasingly significant

at higher temperatures, shifting the free-energy minimum towards larger values of z̄. This

tradeoff between statistical entropy and binding energy explains why ionisation effects occur
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at lower temperatures than T ∼ EH
B /kB for dilute plasmas.

At fixed temperature, the density dependence is controlled by the translational part of the

ideal free energy. For each species α, the reduced free energy contains a term proportional

to log(nαΛ3
α). This dependence follows from the translational partition function ∼ V/Λ3

α,

which is obtained by integrating over the classical single-particle phase space and assigning

one quantum state to each cell of volume h3, where h is Planck’s constant. For a particle of

species α, the number of translational states in a phase-space element is therefore d3r d3p/h3.

Integration over position gives the factor of V , while the momentum integral yields a factor

proportional to 1/Λ3
α. The quantity nαΛ3

α = Nα/(V/Λ3
α) may therefore be interpreted as

the occupancy of the available translational states. As the density increases, this occupancy

increases and the translational entropy decreases. Because ionisation converts one neutral

atom into two free particles, the translational entropy penalty is greater for states with larger

z̄. Consequently, increasing density favours less ionised configurations, and the free-energy

minimum shifts towards smaller values of z̄.

Taken together, these effects explain the trends observed in Figure 3.1(a). Increasing

temperature reduces the energetic stabilisation of bound states and favours ionisation, while

increasing density enhances the entropic cost associated with multiple free particles and

favours recombination. In Figure 3.1(b), the (ion or electron) coupling and electron degeneracy

parameters are plotted, both using the effective ionisation state of the model and assuming

the system is fully ionised. These values are calculated for a temperature corresponding to

kBT = 5 eV. Interaction and quantum effects, which are neglected within the free-energy

model, will influence the result at high densities.

Let us now assume there is an excess contribution to the free energy due to interactions.

The total reduced free energy may then be written

f ≡ F

NkBT
= fid + fex, (3.1.11)

where fex = Fex/(NkBT ) is the reduced excess free energy, accounting for interaction effects
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beyond the ideal-gas approximation. In addition, the ideal free energy of the electrons must be

modified to account for quantum statistics. In particular, deviations from classical behaviour

arising from Fermi–Dirac statistics may be incorporated through a quantum correction ∆f .

The full ideal free energy of the electrons is therefore written as

f
(e)
id,quantum = f

(e)
id + ∆f, (3.1.12)

where ∆f depends on the degree of electron degeneracy and is discussed in detail in Sec-

tion 3.3.2.

Imposing the minimisation condition, Equation (3.1.8), the Saha equation now takes the

form:
z̄2

1 − z̄
= 1
n

(
Λn

ΛiΛe

)3
exp

−
EH

B + ∆I + ∆µe

kBT

 . (3.1.13)

Here the ionisation potential is given by any of the following equivalent expressions:

∆I = kBT
∂fex
∂z̄

= ∂Fex
∂Ne

= ∂Fex
∂Ni

. (3.1.14)

Meanwhile, the electron chemical potential correction is given by

∆µe = kBT
∂(∆f)
∂z̄

, (3.1.15)

and satisfies

µe = kBT log
(
z̄nΛ3

e

2

)
+ ∆µe, (3.1.16)

where µe is the total free electron chemical potential. Inspecting Equation (3.1.13), it becomes

clear that the effect of these excess and quantum corrections can be characterised by the

ionisation potential being shifted. The total effective ionisation potential may therefore be

defined as

I = EH
B + ∆I + ∆µe. (3.1.17)
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As further elaborated in the remaining chapter, ∆I typically decreases the effective ionisation

energy, while quantum corrections will increase the chemical potential of free electrons,

therefore increasing the effective ionisation energy. In the ideal (Γ ≪ 1) and nondegenerate

(θ ≫ 1) limits, fex = ∆µe = 0, and the ideal case is recovered.

Generally, the chemical picture is particularly useful at low to moderate densities, where

individual bound states remain well defined, and forms the basis of classical descriptions of

ionisation equilibrium such as the Saha equation. At higher densities, however, the interactions

between bound and free states become relevant, motivating careful extensions of the framework.

The remainder of this chapter examines how such an extension can be performed for Molecular

Dynamics applications, where strong coupling may be treated exactly on a classical level. In

doing so, we investigate different models for the interaction free energy fex of the system, and

their effect on the equilibrium ionisation state. A primary outcome of this chapter is therefore

the development of an MD framework capable of computing the self-consistent ionisation

state of a given model.

3.2 Hydrogen models

A partially-ionised, charge-neutral Coulomb system is considered. A total of N electrons

and an equal number of protons are placed inside a cubic box of volume V = L3, which is

subject to periodic boundary conditions. To model bound electronic states, a chemical picture

is employed, in which free electrons form a uniform background charge, while each bound

electron is spatially localised on a specific ion. The system may therefore be partitioned into

Ni ions and Nn neutrals, such that N = Ni +Nn. The neutral mass mn = mi +me is the

sum of electron and ion masses. The particles interact through a potential energy function

U (MD), which depends on the instantaneous configuration of the particles and determines the

interactions within the system. Modifications to this function serve as the central object for

the thermodynamic integration procedure described in Section 3.3.1. The Hamiltonian that
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determines the dynamics is

H(MD) =
∑
j

p2
j

2mj
+ U (MD) (3.2.1)

where the sum is over all heavy particles (ions and neutrals). In the following subsections, the

potentials used to model the particle interactions, and hence build U (MD), are introduced.

It should be noted that no electronic kinetic-energy terms or internal states arise explicitly

in Equation (3.2.1). This reflects the modelling assumption that free electrons form a uniform

background charge, while bound electrons are assumed fixed to their respective protons.

Nevertheless, these effects are accounted for in the ideal free energy, as discussed in the

previous section. To make this explicit, following Ref. [82], the total Hamiltonian of the

system is written as

H = H(MD) + F
non-dyn
id , (3.2.2)

where Fnon-dyn
id is the ideal free energy associated with the non-dynamical degrees of freedom1.

Contributions from both bound and free electrons are included in this term and are specified

in Section 3.3.2. The Helmholtz free energy may then be written as the sum of two terms:

F = F
non-dyn
id + F (MD) = F

non-dyn
id − kBT logZ(MD), (3.2.3)

where the partition function that describes the explicit dynamical degrees of freedom Z(MD)

takes the standard definition of

Z(MD) = 1
h3NN !

ˆ N∏
j

d3rjd
3pj exp

[
−βH(MD)]. (3.2.4)

3.2.1 Bound-state Coulomb model

In the first model considered, which is referred to as the bound-state Coulomb (BSC) model,

each bound electron is modelled as a frozen single-particle wavefunction. A natural choice is

1. Here, non-dynamical refers to the fact that these degrees of freedom are not explicitly represented within
the MD simulations.
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the ground state of an isolated hydrogen atom,

ψ1s(r) = 1√
a3

0π
exp

(
− r

a0

)
, (3.2.5)

which is defined up to an unneeded phase and r = |r|. A neutral particle is configured by

superposing the electron onto an ion at position rl. In periodic boundary conditions, the

charge density of a neutral (n) particle may therefore be written as

ρ
(n)
l,per(r) = e

 ∑
n∈Z3

δ3(r − rl + nL) −
∑

n∈Z3
|ψ1s(r − rl + nL)|2

 , (3.2.6)

where periodic boundary conditions have been imposed through a sum over lattice vectors.

Alternatively, in the case that the atom is ionised, an ion at position rk and corresponding

free electron can be combined to give the charge density of a pseudo ion. In the BSC model,

the free electrons are assumed to be uniformly distributed throughout the system. The charge

density is therefore equivalent to the OCP pseudo ion as defined in Chapter 2:

ρ
(i)
k (r) = e

[
δ3(r − rk) − 1

V

]
. (3.2.7)

The charge of the pseudo ion is identical to an ion in the Coulomb OCP model [18], and

therefore the BSC model may be interpreted as a natural extension to partially-ionised systems.

Note that a sum over periodic lattice vectors is included explicitly in the neutral-particle

density, Equation (3.2.6), to account for contributions to the charge density within the central

simulation cell arising from periodic images of the spatially extended 1s wavefunction. Such a

sum is unnecessary for the pseudo ion, as its delta-function charge distribution is localised,

and the uniform background charge is global (not periodically replicated).

In a similar style to the OCP, the interactions are written in terms of the pseudo ion and

neutral charge densities, such that the electron background acts to modify the inter-particle

pair potentials. In this section, the system is therefore considered to be composed of Nn

neutrals and Ni pseudo ions with charge distributions given by Equations (3.2.6) and (3.2.7)
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respectively. The total charge density due to particles in the central box is

ρtotal(r) =
Ni∑
k

ρ
(i)
k (r) +

Nn∑
l

ρ
(n)
l (r). (3.2.8)

To compute the electrostatic potential ϕ of the system, Poisson’s equation,

∇2ϕ(r) = −ρ(r)
ε0

, (3.2.9)

is solved for these charge distributions. Exploiting the linearity, the problem may be reduced

to computing the electrostatic potential induced by the neutral and ion charge distributions,

Equations (3.2.6) and (3.2.7) respectively.

First, the potential generated by a neutral particle in open (non-periodic) space is con-

sidered. By leveraging spherical symmetry and writing the Laplacian operator in spherical

coordinates, the potential ϕ(n)
l (r) generated at a distance r = |rl − r| from a given neutral

particle is
1
r2

∂

∂r

r2∂ϕ
(n)
l

∂r

 = − 1
ε0
ρ

(n)
l (r). (3.2.10)

This may be solved by integrating with respect to the radial coordinate over all space. The

final result is

ϕ
(n)
l (r) = e

4πε0

[
exp(−2r/a0)

r

(
1 + r

a0

)
+ C1

r

]
+ C2, (3.2.11)

where the integration constants, C1 and C2 remain to be specified. The asymptotic behaviour

of the potential near the central proton gives the following condition:

lim
r→0

4πr2dϕ
(n)
l

dr
= − e

ε0
(3.2.12)

which is satisfied for C1 = 0. In open space, the electrostatic potential should vanish at infinity

and C2 may be set to zero. However, in periodic boundary conditions, this is not necessarily
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the case. Using the open-space result, the full periodic potential may be written:

ϕ
(n)
l,per(r) = e

4πε0

[∑
n

exp(−2rn/a0)
rn

(
1 + rn

a0

)]
+ C3, (3.2.13)

where rn = |r − rl + nL| and C3 is an unspecified constant. Let us now impose the gauge

condition, Equation (2.2.10), to the electrostatic potential generated by a neutral particle. In

a similar vein to the calculation presented in Section 2.2.1, after replacing periodic summation

with an integral over all space, we arrive at

C3 = − e

4πε0

1
V

ˆ
R3

d3r
exp(−2r/a0)

r

(
1 + r

a0

)
= − e

4πε0

2πa2
0

V
. (3.2.14)

Therefore the electrostatic potential of a neutral particle under the chosen gauge is

ϕ
(n)
l,per(r) = e

4πε0

(∑
n

exp(−2rn/a0)
rn

(
1 + rn

a0

)
− 2πa2

0
V

)
. (3.2.15)

The Coulomb interaction energy may now be computed. The total neutral-neutral (nn)

interaction is the following sum over pairs:

U (nn) =
∑
l<m

ˆ
V
ρ

(n)
l,per ϕ

(n)
m,perd3r =

∑
l<m

u
(nn)
l,m , (3.2.16)

where the pair potential u(nn)
l,m has been defined. This integral, which may be decomposed

into proton-proton, proton-bound and bound-bound contributions,

u
(nn)
l,m = e2

4πε0

∑
n

exp(−2rlm,n/a0)
rlm,n

1 + 5
8

(
rlm,n

a0

)
− 3

4

(
rlm,n

a0

)2
− 1

6

(
rlm,n

a0

)3 ,
(3.2.17)

where rlm,n = |rl − rm + nL| is the periodically replicated pairwise separation between

neutral particles. Note that the neutral self energy should be calculated using quantum

mechanics, and is incorporated directly into the free energy as an internal energy state. The
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(pseudo) ion-neutral (in) interaction energy is

U (in) =
∑
k,l

ˆ
V
ρ

(i)
k ϕ

(n)
l,perd

3r =
∑
k,l

u
(in)
l,m . (3.2.18)

The ion-neutral pair potential is therefore

u
(in)
l,m = e2

4πε0

(∑
n

exp(−2rlm,n/a0)
rlm,n

(
1 +

rlm,n

a0

)
− 2πa2

0
V

)
, (3.2.19)

which directly follows from the periodic neutral potential and charge neutrality of the pseudo

ion.

The interaction energies written above correspond to the total energy of the ion-neutral

and neutral-neutral interactions. The actual expressions implemented into LAMMPS, which

are exact reformulations of the above expressions, are the following pair potential between

particles in the central box and periodic images:

u
(in)
pair(r) = e2

4πε0

exp(−2r/a0)
r

[
1 +

(
r

a0

)]
, (3.2.20)

u
(nn)
pair (r) = e2

4πε0

exp(−2r/a0)
r

1 + 5
8

(
r

a0

)
− 3

4

(
r

a0

)2
− 1

6

(
r

a0

)3 . (3.2.21)

These potentials resemble those used in Ref. [99], and the neutral interactions are screened

on the length scale of the bound states, as expected. There is also a volume-dependent

contribution which arises from the gauge fixing requirements:

U
(in)
0 = − e2

4πε0

2πNiNna
2
0

V
. (3.2.22)

This additional energy term is not configuration-dependent and is therefore simply included

as a post-processing step throughout this chapter.

The remaining energy component U (ii) corresponds to the pseudo ion interactions, which

form a one-component plasma (OCP) subsystem and can be similarly decomposed as pair
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and constant terms [18, 100, 101]. The full interaction energy of the pseudo-ions is given in

this thesis in Equation (2.2.32) and fully accounts for the ion-background and background-

background contributions of the model [18]. Generally, the presence of the uniform free electron

background provides a regularisation to the ion-ion interactions, which would otherwise

formally diverge under periodic boundary conditions.

Additionally, constant energy terms that do not affect the dynamics but do depend on the

number of particles appear due to gauge-fixing requirements. These terms are particularly

relevant for comparing free energies at different ionisation states and only occur when there

is an electron background, which corresponds to the condition Ni ̸= 0. In a similar vein,

electron background energy contributions have recently been discussed in the context of phase

diagram calculations, where volume- and particle-number-dependent energy terms are also

relevant [102].

To conclude the introduction of the BSC model, the total system energy may be written

as the sum of the three distinct energy contributions:

U (BSC) = U (ii) + U (in) + U (nn). (3.2.23)

In this chapter, to produce a scheme for efficient free energy calculation, these separate

energy contributions may be independently scaled through the introduction of TI coupling

parameters.

3.2.2 Short-range repulsion model

In plasma models formulated within the chemical picture, hard sphere potentials are often

used, either as a reference potential with known properties, e.g. [70] or directly, e.g. [103].

The justification of this second class of potentials is left to Section 3.4.4. To investigate

an analogous effect, we introduce a second model involving a short-range repulsion (SRR)

between neutral particles, noting that similar potentials have been previously introduced

to model bound electron repulsion effects for partially-ionised plasmas [84, 104]. A third
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potential,

u
(nn)
pair,SRR(r) = A

(1
r

)12
, (3.2.24)

is introduced in combination with the BSC model and acts solely between neutral pairs. In

Equation (3.2.24), A is the overall constant determining the strength of the interaction and

is set by equating Unn
SRR(2r∗) = (3/2)kBT , to give an effective radius r∗. The total energy

due to SRR interactions is

U
(nn)
SRR =

∑
l<m

′∑
n
u

(nn)
pair,SRR(|rl − rm + nL|), (3.2.25)

where the sum runs over all pairs of neutral particles in the central box and over non-zero

integer vectors (denoted by the primed summation). The total energy in the SRR model is

therefore

U (SRR) = U (BSC) + U
(nn)
SRR . (3.2.26)

The potentials discussed thus far have been implemented as a new pair style into the LAMMPS

codebase [59], in which all subsequent simulations are performed. Having defined the two

hydrogen models, the ionisation calculation methodology will now be introduced.

3.3 Free Energy Minimisation Framework

In any model which distinguishes between bound and free electrons, the ionisation state is a

key quantity of interest. In hydrogenic systems, the ionisation state takes a particularly simple

form as the ratio of the number of ions to the total number of electrons z̄ = Ni/N . A system

in thermodynamic equilibrium and held at constant density n = N/V and temperature T

will exhibit a minimum in the Helmholtz free energy:

(
∂f

∂z̄

)
n,T

= 0. (3.3.1)
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Equation (3.3.1) is valid under the constraint of charge neutrality and the reduced free energy

per particle is f = F/NkBT . The ionisation state may therefore be found by computing the

free energy across a set of artificial ionisation states, and performing a minimisation procedure.

These considerations apply to any chemical picture of hydrogen, and are readily generalisable

to heavier elements [94, 95, 105], where different charge states will be present. To the best

of the author’s knowledge, this approach has not been employed in MD applications where,

given a set of interparticle potentials, the effect of strong coupling can be treated exactly.

The methodology to compute the free energy is detailed in the following section.

3.3.1 Thermodynamic integration

The Helmholtz free energy depends on the accessible volume of the underlying phase space,

and is not directly accessible in MD simulations. For this reason, we have performed a

multistep TI to compute the free energy across different ionisation states [50]. A coupling

vector λ⃗ may be introduced into the MD potential,

U (MD) → U (MD)(λ⃗) (3.3.2)

in a currently unspecified manner. Two important cases are imposed: When the coupling vector

is the null vector, λ⃗ = 0⃗, the system is noninteracting (ideal) and when the coupling vector is

the unit vector, λ⃗ = 1⃗, the interactions match those of the model i.e. the interactions of the

target system. The introduction of coupling parameters allows the excess free energy to be

written as an integral over ensemble averages evaluated over different coupling strengths [50]:

fex(n, T, z̄) = 1
NkBT

ˆ 1⃗

0⃗
dλ⃗ ·

〈
∂U (MD)(λ⃗)

∂λ⃗

〉
λ⃗

. (3.3.3)

The notation ⟨·⟩
λ⃗

denotes an ensemble average computed for a system at the given coupling

vector. In the context of MD, this consists of evaluating time averages over trajectories

generated by the Hamiltonian of the system with the potential interactions modified by the
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coupling vector. Given these trajectories, the components of the vector defined by ∂H/∂λ⃗ may

be evaluated over them. Therefore, a set of simulations is required to numerically evaluate

the integral for each ionisation state. Given that Equation (3.3.3) computes the excess free

energy for a set of particle interactions, the ideal free energy of the model is required as input

for the calculation.

3.3.2 Ideal free energy

The reduced ideal free energy fid = Fid/(NkBT ) is discussed in Section 3.1. In reduced form,

Equation (3.2.3) may be written

f id = f
(MD)
id + f

non-dyn
id . (3.3.4)

This comprises the dynamical ideal free energy contributions which are explicitly present within

the MD model f (MD)
id and the non-dynamical contributions fnon-dyn

id which are composed

of both bound and free electron parts. In line with the BSC model and the discussion in

Section 3.1, each hydrogen atom is in its spin-degenerate ground state with internal binding

energy EH
B ≈ 13.59 eV derived from quantum-mechanical considerations. This energy is the

sum of the Coulomb interaction energy and kinetic energy terms of the 1s wavefunction and

ion pair. Free electrons have free energy denoted by f
(e)
id,quantum, giving a non-dynamical

contribution of

f id
non-dyn = −x̄

EH
B

kBT
+ f

(e)
id,quantum, (3.3.5)

where x̄ = 1 − z̄ is the neutral fraction. Since the ideal system is noninteracting, the MD

contributions to the free energy correspond to the translational contributions discussed in

Section 3.1:

f
(MD)
id (n, T, z̄) = z̄ log

[
z̄nΛ3

i

]
− z̄ + x̄ log

[1
2 x̄nΛ3

n

]
− x̄. (3.3.6)

Note that, if the classical formula for the ideal free energy of the electrons is used, the sum

of the MD contribution and the non-dynamical ideal term reproduces the ideal free energy
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given in Equation (3.1.4), as expected.

Within the two OCP-inspired models, the electrons are assumed to form a uniform

background. Therefore, the most appropriate model is an ideal Fermi gas. The free energy

may be derived from quantum-statistical calculations in the grand canonical ensemble [23].

The key results are summarised here. The electrons are non-interacting and contained within

a large box. It is assumed they follow a continuous Fermi–Dirac distribution over energy

states ϵ,

f(ε, µe) = 1
exp [β(ε− µe)] + 1 , (3.3.7)

where µe is the free electron chemical potential which sets their number density ne and

β = 1/(kBT ) is the inverse temperature in energy units. The free electron number density

is therefore an integral over the Fermi–Dirac distribution weighted by the density of states

which results in the following result for the electronic number density [23],

ne(µe, T ) = g

Λ3
e
F3/2(z), (3.3.8)

where z = exp (βµe) and µe is the chemical potential of the electrons. This result includes

the spin-degeneracy factor g = 2s+ 1 = 2 which accounts for electrons having spin s = 1/2,

and therefore two spin states. Here Fν is a Fermi–Dirac integral of order ν, defined by

Equation (1.1.8). The Helmholtz free energy of the ideal Fermi gas is then obtainable through

many thermodynamic formulae, for example it may be calculated through its definition

F = U − TS, (3.3.9)

using the internal energy and entropy formulae given in Ref. [23]. The final result may be
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written2

f
(e)
id,quantum = βµe −

F5/2(z)
F3/2(z) . (3.3.10)

A numerical scheme was devised to calculate the chemical potential that satisfied Equa-

tion (3.3.8) for a given Brückner parameter rs through a SciPy root finding algorithm and

numerical implementation of the Fermi–Dirac functions. This value for the free electron

chemical potential was then used to calculate f (e)
id,quantum.

As discussed in Section 3.1, on application of the free energy minimisation condition,

Equation (3.3.1), to the ideal free energy, Equation (3.3.4), the ideal Saha equation can

be recovered in the limit where the free electrons are non-degenerate, θ ≫ 1. There are

different avenues by which excited atomic states could be included within the calculation,

either by assuming a parameterised distribution of states in the atom, and modifying the

interaction accordingly, or introducing each excited state as another independent species.

These extensions pose no fundamental problems to the calculation, but increase the complexity,

and are beyond the scope of this work.

3.3.3 Link to the Saha equation

The effective ionisation potential, given by Equation (3.1.17), takes the form

I = EH
B + ∆I + ∆µe.

The average energy of an electron in a Fermi gas is larger than that in a classical gas, because

lower-lying energy states are blocked through the Pauli principle. This means that ∆µe > 0

and the effective ionisation potential is increased. This corresponds to more energy being

required to ionise a bound electron. Lastly, the presence of interactions modifies the effective

ionisation potential through ∆I, which can be identified as ionisation potential depression

2. Note that the free energy formula presented in the published paper that forms the basis for this chapter,
Ref. [45], differs due to the definition of the Fermi–Dirac function. In that work the Fermi–Dirac functions
are not normalised by the Gamma function, which is explicitly evaluated in the formula giving an additional
factor of Γ(5/2)/Γ(3/2) = 2/3. The order of the Fermi–Dirac functions is also defined such that ν → ν − 1.
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(IPD). Similar expressions have been used previously to quantify IPD [106, 107]. Inspecting

Equation (3.1.14),

∆I = kBT
∂fex
∂z̄

shows that this quantity acts to reduce the ionisation potential when the excess free energy

decreases with increasing ionisation. As will be seen, both the BSC and SRR interactions fall

into this category. When these interactions are caused by the implicit binding between free

electrons and ions in the plasma, this may be interpreted as continuum lowering. Finally, we

note that the free energy minimisation method gives direct access to the IPD and could be

exploited for this purpose. The fidelity of the result ultimately depends upon the choice of

interparticle potentials, which determine the excess free energy fex.

3.3.4 Bound-state Coulomb model free energy calculation

To compute the free energy of the BSC model, two coupling parameters λ⃗ = (λ1, λ2) are

introduced into the MD potential. The first entry λ1 controls the strength of pseudo ion

interactions, while λ2 modifies all neutral interactions such that

U (MD)(λ⃗) = λ1U
(ii) + λ2

[
U (in) + U (nn)] . (3.3.11)

The intermediate state λ⃗ = (1, 0) constitutes an ideal gas of neutrals immersed in an interacting

OCP. Given that extensive equation-of-state data exist for the OCP, it serves as the reference

system for the calculation, with excess free energy f
(OCP)
ex which depends solely on the

effective Coulomb coupling parameter, itself a function of the ionisation state, density and

temperature. We provide our own parameterisation of data from Caillol [76, 77], specified

in the following section. The OCP data involves integrating over a weakly-coupled system

with long-range potentials, where the Debye length is necessarily larger than the box size. In

this case, the finite size error is sizeable and many more particles have to be used to estimate

the interaction energy in the thermodynamic limit [77]. By using the OCP as the reference
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system in the calculation, we overcome these issues in a computationally efficient manner. To

compute the free energy of the target system, f (BSC)(n, T, z̄), we evaluate,

f (BSC) = fid + f
(OCP)
ex + 1

NkBT

ˆ 1

0
dλ2

〈
U (in) + U (nn)〉

(1,λ2) , (3.3.12)

which follows from Equation (3.3.3), over different ionisation states.

3.3.5 Parameterisation of OCP data

Applying Equation (3.3.3), the free energy due to interactions of the OCP system is found

through

fex
OCP(n, T, z̄) = 1

NkBT

ˆ 1

0

〈
U (ii)〉

(λ1,0) dλ1, (3.3.13)

The integral is simply equal to the excess free energy of an OCP at an effective coupling

parameter Γeff = Γ̄(z̄n, T ), and Equation (3.3.13) may be written [18, 75, 77],

fex
OCP(Γeff) = z̄

ˆ Γeff

0

uex
OCP(Γ)

Γ dΓ, (3.3.14)

where uex
OCP = Uex/NikBT is the excess internal energy per particle of the OCP at a given

coupling parameter, in units of kBT . We performed a parameterisation of OCP internal

energy data from Monte-Carlo simulations by Caillol [76, 77], which are well resolved in the

weakly-coupled limit. A finite-size correction scheme is also applied in these works. The

functional form,

uex
OCP = Γ3/2

[
A1√

Γ + A2
+ A3

Γ + 1

]
+ B1Γ2

Γ +B2
+ B3Γ2

Γ2 +B4
, (3.3.15)

from Ref. [74] was fitted to the data which includes the asymptotic Debye-Hückel limit

of the OCP equation of state. The fitting constants are given in table 3.1 and A3 =

−
√

3/2 − A1/
√
A2.

Figure 3.2 shows excellent agreement across a wide range of Coulomb coupling. The largest
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Table 3.1: Coefficient values for the functional form parameterising the excess OCP energy.

A1 A2 B1 B2 B3 B4
-0.99787 0.77480 0.093431 1.5534 0.036253 4.1379

differences from the parameterisations given in Ref. [74] are for weak coupling, where, in this

work, there is additional data for low coupling from Ref. [77]. Although we note that these

discrepancies are small, this regime is relevant to the overall free energy calculation because it

is integrated over. The functional form allowed simple and fast evaluation of the free energy

of the reference system which was found by performing the integral in Equation (3.3.14)

analytically [74]:

fex
OCP(Γ) =A1

√
Γ(A2 + Γ) + A1A2 log

(
−
√

Γ/A2 +
√

1 + Γ/A2
)

+ 2A3
[√

Γ − arctan
√

Γ
]

+B1

[
Γ −B2 log

(
1 + Γ

B2

)]
+ B3

2 log
(

1 + Γ2

B4

)
,

(3.3.16)

where the boundary condition fOCP(0) = 0 has been applied. There is a small discrepancy

between line 4 in Equation (3.3.16) and the equivalent term in Ref. [74], which we assume is

due to a misprint in the latter, while all other terms formally agree.

3.3.6 Short-range repulsion free energy calculation

To compute the free energy of the SRR model, a third coupling parameter is introduced that

controls the strength of the additional repulsive interactions,

U (MD)(λ⃗) = λ1U
(ii) + λ2

[
U (in) + U (nn)]+ (λ3)12U (nn)

SRR. (3.3.17)

Introducing this parameter to the power of 12, mirroring the dependence of the SRR po-

tential, Equation (3.2.24), on radial separation, avoids singularities when evaluating the

ensemble average of ∂U (nn)
SRR/∂λ3 [58]. The free energy is calculated by a natural extension of
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Figure 3.2: Thermodynamic integration curve (black dashed line) used for the reference
system in this work. The functional form from Ref. [74] is fitted to OCP data from Refs. [76,
77] given by the red plus symbols. The Debye-Hückel (DH) and ion-sphere (IS) models which
are defined in Section 3.4.7 are plotted for comparison.

formula (3.3.3), where the BSC model now acts as the reference system:

f (SRR) = f (BSC) + 1
NkBT

ˆ 1

0
dλ3⟨12λ11

3 U
(nn)
SRR⟩(1,1,λ3), (3.3.18)

which is an application of Equation (3.3.3) where the coupling vector now has 3 entries

λ⃗ = (λ1, λ2, λ3). Computational expense is reduced by choosing the reference system as

the BSC model, in which there are already soft repulsive interactions present. The TI

method benefits from having similar reference and target systems, such that fewer coupling

parameter points are needed to accurately resolve the TI curve and estimate the integral in

Equation (3.3.3) [108].

3.4 Simulation Results

Simulation results pertaining to the computation of the ensemble averages in Equations (3.3.12)

and (3.3.18) are now presented. The subsequent free energy minimisation and ionisation

calculation are also given and discussed. All simulations were performed for a constant
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temperature T = 62500 K (kBT ≈ 5.38 eV) across a range of densities rs = a/a0 =

{4, 3, 2, 1.5, 1, 0.75, 0.5}. These conditions were selected because at this temperature, molecule

formation between hydrogen atoms is unlikely while partial ionisation is predicted to occur [89,

96]. Ionisation states were chosen in an iterative scheme to sample the minima in free

energy. In each simulation N = 1024 heavy particles were initialised from a configuration that

minimised the potential energy, thermalised for 2.5 ps to the target temperature by applying a

velocity rescaling every 0.5 fs, before trajectory data was collected over 5 ps. For both models,

statistics were then gathered over 6 independent runs, and used to produce the TI curves

discussed below. This procedure ensures that different local configurations of the canonical

ensemble are sampled. Finite-size tests were carried out and confirmed sufficient convergence

with respect to system size with a relevant example given below. At high densities, rs ≤ 0.75,

convergence was not reached for the BSC model at low ionisation states. This corresponds to

a breakdown of the model and further discussion is provided in Section 3.4.8.

3.4.1 Details of the LAMMPS implementation and simulations

Before discussion of the simulation results, an overview of code implementation and specific

LAMMPS features that are used in the TI step is given. As discussed throughout this

thesis, the modelling of dense plasmas generally requires a quantum-mechanical element,

typically complicating molecular dynamics implementations. However, both the BSC and

SRR models are one-component models and therefore use fully classical pairwise potentials,

with the electronic quantum effects packaged as underlying assumptions into the interactions.

The nature of this approach allows a relatively simple implementation into the LAMMPS

codebase [59], which is written in C++ and in an object-oriented style. Specifically, a new

pair style was included into the code, which manifests as a class that inherits properties

from the force parent class. The pair style features a central compute loop that calculates

appropriate interparticle forces and energies based on the charges of each particle, with the

magnitude of the additional short-range repulsion determined by the A parameter.
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To compute the trajectories required for the TI calculation, scaling parameters were

implemented to modify the strength of the interactions on a per-type basis. For each value of

the coupling vector, full MD simulations involving energy minimisation, thermalisation and

data collection were then performed. Energy conservation and temperature stability were

monitored for these runs and particle trajectory snapshots were saved to data files. Finally,

the rerun feature was used to compute a modified (once again through the scale parameters)

pair style over these sampled trajectories through the pre-saved data files. This procedure

allowed sufficient flexibility such that no further post-processing was required for the TI

calculation.

3.4.2 Computational cost comparison

A standard simulation in this chapter contained N = 1024 heavy particles and comprised

2.5 ps of equilibration followed by 5 ps of data collection. Generally, the computational cost

increased with density because more particles contributed to the short-range force calculation.

As a representative example, the rs = 3, z̄ = 0.5 BSC simulation required 268 s for the

5 ps production stage on 32 MPI processes. Assuming a similar computational rate during

equilibration gives a total wall time of approximately 402 s, corresponding to 3.6 core-hours

per independent simulation.

Six independent initial configurations were evolved for each ionisation state and coupling

parameter. To obtain an order-of-magnitude estimate, we assume that approximately ten

values of both the ionisation state and coupling parameter are sampled, although statistically

significant results may be obtainable using fewer values. The total cost at this condition is

therefore approximately

CTI ∼ (3.6 core-hours) × 6 × 10 × 10 ≃ 2 × 103 core-hours. (3.4.1)

This should be regarded as an order-of-magnitude estimate, since the cost varied with density

and ionisation state. Further optimisation of the particle number and numerical parameters
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could reduce this cost.

Despite the large number of trajectories required for thermodynamic integration, these

classical pair-potential calculations remain substantially cheaper than equivalent first-principles

simulations. Ma et al. [109] performed finite-temperature Kohn–Sham DFT molecular

dynamics for hydrogen at rs = 3.23 and kBT = 4.8 eV, close to the conditions considered

here. For 14 hydrogen atoms, they report approximately 30 s per timestep on eight CPU

cores, using a timestep of 0.1 fs. At the reported computational rate, a trajectory of the same

7.5 ps duration used in the present classical calculations would require approximately 5 × 103

core-hours. The cost of this single DFT state-point trajectory can be compared with the

aggregate cost of the classical thermodynamic-integration calculation. Although a standard

DFT-MD trajectory does not by itself yield an absolute free energy, the DFT calculation

determines the electronic density self-consistently and therefore does not require an explicit

ionisation state as external input.

Using the nominal cubic scaling with particle number also discussed in Ref. [109], the

corresponding cost for a system containing 1024 hydrogen nuclei and their associated electrons

is formally

CDFT ∼ 5 × 103
(1024

14

)3
≃ 2 × 109 core-hours. (3.4.2)

This is approximately 106 times the cost of the complete classical free-energy calculation at

one density. Although this extrapolation is only an order-of-magnitude estimate and depends

on implementation details and further averaging over initial configurations that may be

required for the DFT calculation, it demonstrates that an equivalent N = 1024 Kohn–Sham

DFT calculation is practically computationally inaccessible at this condition. By contrast,

the more favourable scaling of the classical models will permit substantially larger system

sizes than those considered here.

Finally, according to recent private communication, direct PIMC simulations of the uniform

electron gas at a similar condition, rs = 3.23 and T = 55 700 K, required approximately 104

core-hours for a 34-electron simulation capable of resolving equilibrium quantities such as
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imaginary-time correlation functions [110]. The cost of a single simulation at this particle

number is therefore of the same order of magnitude as the aggregate trajectory cost of the

classical thermodynamic-integration calculation. This comparison is illustrative rather than

strictly like-for-like, since the uniform electron gas does not include an explicit ionic subsystem.

At the present time, performing direct fermionic PIMC simulations with the particle

numbers used in the present classical simulations would be computationally infeasible at this

partially degenerate condition. The average fermion sign generally decreases exponentially

with particle number, leading to an exponentially increasing sampling cost at fixed statistical

precision. This limitation becomes particularly severe as the degeneracy parameter approaches

unity and below [20].

3.4.3 Free energy minimisation of bound-state Coulomb model

As an example, TI curves are given on the left-hand side of Figure 3.3, where results are

shown for rs = 2 and selected ionisation states. At λ2 = 0, all curves start at zero. The

neutral trajectories are uncorrelated and therefore sample an integral over the ion-neutral

and neutral-neutral potentials, both of which integrate to zero over the box. As λ2 increases,

the curves exhibit an initial sharp decrease, before entering a linear regime. Furthermore, for

small λ2, the fluctuations in the ensemble averages are larger. Both effects are caused by

trajectories passing close by one another due to the weak interactions. This results in large

fluctuations in the magnitude of the potentials when evaluated over these paths, but with

sufficient averaging this effect is reduced, as demonstrated in the left-hand side of Figure 3.3,

where the corresponding errors are small. A spline is fit to each curve and integrated to find

the free energy using Equation (3.3.12). Given that the spline fitting is less accurate in regions

of larger curvature, the integrand is sampled at finer resolution for lower coupling parameters

to provide a more accurate calculation of the free energy. The error associated to the final

integrated free energy contribution is also available and further discussed in Section 3.4.5.

The right-hand side of Figure 3.3 shows the corresponding free energy curves for the BSC

72



3.4. SIMULATION RESULTS CHAPTER 3

0.0 0.2 0.4 0.6 0.8 1.0
2

0.15

0.10

0.05

0.00

V i
n

+
V n

n
(1

,
2)

  (
N

k B
T)

z=0.0
z=0.25
z=0.5

z=0.75
Spline

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Ionisation State

14.0

13.5

13.0

Fr
ee

 en
er

gy
 p

er
 p

ar
tic

le 
(k

B
T)

f id

f OCP

f BSC

quadratic fit

zid = 0.109
zOCP = 0.166
zBSC = 0.17± 0.03

Figure 3.3: Left: Thermodynamic Integration curves for the BSC model at rs = 2, the
integrand in Equation (3.3.12) is plotted for different values of λ2. For clarity, a subset
of ionisation states are displayed. The data were averaged over 6 independent runs, while
error bars are the corresponding standard deviations. Right: Corresponding free energy
minimisation at the same condition. The curves with solid lines correspond to free energies
of the ideal (blue, λ⃗ = 0⃗), reference (orange, λ⃗ = (1, 0)), and target (purple, λ⃗ = 1⃗) system,
while the dotted lines show their minima; the uncertainty in the quadratic minimisation is
also displayed in the green shaded rectangle. The corresponding values of these minima are
given in the legend.

model, where all sampled ionisation states are included. The ideal case and reference systems

are also plotted, which are parameterised functions and are readily minimised. A finite set of

data is available to minimise the neutral free energy, and therefore a quadratic curve is fit to

the lowest 3 data points to extract the minima. The error mainly depends upon the resolution

in ionisation state, which we estimate to be half the interval over which the quadratic curve is

fitted. When including the OCP interactions, the collective binding energy between the ions

and free electron background lowers the free energy at higher ionisation states. Therefore, the

ionisation state that minimises the free energy increases. Only ion screening is present and

the inclusion of an electronic response would cause a further increase, as there are additional

negative free energy contributions due to screening [83]. The increase in ionisation caused

by attractive Coulomb interactions is a form of IPD, and corresponds to a lowering of the

energy difference between the bound state and the continuum, a connection which was made

in Section 3.3.3. At z̄ = 0, the OCP and ideal systems have the same free energy, as no ions
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are present.

The BSC interactions further lower the magnitude of free energy, and the net effect

produces a small positive shift in the ionisation state. The decrease in energy is caused by

binding between neutrals and the background and the negative asymptote in the neutral-

neutral interaction. The latter is the reason for the decrease in free energy at z̄ = 0 while at

z̄ = 1 the free energies of the target and reference systems necessarily agree. The repulsive

effects present in the potentials at small interparticle distances contribute to the small increase

in ionisation.

3.4.4 Including short-range repulsion effects

Hard-sphere potentials have been used many times within the chemical picture literature as

computational devices [64, 70, 94–96, 103, 111–114]. The charge-neutral interaction in this

approach simply restricts the volume accessible to charged species which is an analytically

tractable mechanism and has therefore found prevalent use. For example, Saumon and

Chabrier found that, at high densities, the free energy of their model was lower when fully

neutral compared to when fully ionised [70]. Given that the system was expected to be fully

pressure ionised, an additional hard-sphere potential was introduced between neutral species

of radius 2a0. Although the model presented here does not include the same framework of

internal atomic states, or interatomic interactions, we still observe the same phenomenon.

Along similar lines, Potekhin introduced an additional unbinding free energy to account for

the inner-core screening effect of overlapping atomic orbitals [114]. Furthermore, in many

models in the chemical picture, interaction effects between neutrals are modelled directly as

hard spheres [96, 103, 113].

Given these motivations, and as a demonstration of the technique, an additional SRR

potential (as described in Section 3.2.2) with effective radius r∗ = 1 has been introduced

into the neutral-neutral interaction to study its effect on the predicted ionisation state. We

note that such a potential could also be used to model Pauli exclusion effects between bound
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Figure 3.4: Left: Thermodynamic Integration curves for rs = 2 corresponding to the
introduction of short-range repulsion into the BSC model. For clarity, a subset of ionisation
states are displayed. The data were averaged over 6 independent runs, while error bars are
the corresponding standard deviations. Right: SRR model free energy minimisation at rs = 2.
The curves with solid lines correspond to free energies of the ideal (blue, λ⃗ = 0⃗), reference
(orange, λ⃗ = (1, 1, 0)), and target (purple, λ⃗ = 1⃗) system, while the dotted lines show their
minima; the uncertainty in the quadratic minimisation is also displayed in the purple shaded
rectangle. The corresponding values of these minima are given in the legend.

electrons [84, 104]—these are already treated exactly in the ideal free electron gas but are not

present in bound-bound or bound-free interactions. The appropriate form of the repulsive

potential is unknown, but could possibly be deduced through comparison with high fidelity

data, sourced from experiment or first-principles computations. Alternatively, a scheme based

on the pairwise Pauli interactions from wave packet molecular dynamics could be devised [46,

115]. A third integration is required to evaluate the influence of the harder inter-neutral

core on the ionisation state. Characteristic integration curves are given on the left side of

Figure 3.4 where all curves are suppressed for small λ3 by the factor of (λ3)11 in the derivative

of the potential energy function. The free energies for this condition are displayed on the

right-hand side of Figure 3.4. The increased atomic repulsion drives the free energy at lower

ionisation states up, causing an increase in the minima. The free energy remains below

the OCP free energy for higher ionisation states (not shown in figure) due to the attractive

neutral-background contributions.
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3.4.5 Finite-size tests

Various finite-size tests were performed to check the convergence of the TI calculation. In

this section, we present a finite-size study of the free energy calculation for an ionisation

state of z̄ = 0.5 and density of rs = 1 with the BSC model. Different numbers of heavy

particles ranging from N = 128 to N = 4096 were used. To maintain a fixed density, the

cubic box was rescaled accordingly with box lengths ranging from L ≈ 8.12aB to L ≈ 25.8aB .

TI curves were generated for each case with the same resolution in coupling parameter as

used in Figure 3.3. Each curve was then integrated to find the free energy. To calculate the

statistical error in the final excess free energy, separate splines were fit to the points given

by the upper and lower error bars and integrated accordingly, to give the upper and lower

bounds plotted in Figure 3.5. The statistical error is small for all cases, and decreases with

system size. This is because, for larger systems, there are more trajectories to sample the

integrand in Equation (3.3.12). The systematic error due to system size is also low, and the

results are well converged for 210 particles, the number used for all results shown in the main

text. As the TI errors are rather small, approximately 5 × 10−3 kBT in this case, we assume

the error in the full ionisation state calculation is mainly due to having a finite number of

free energy data points to minimise.

3.4.6 Thermodynamic integration and resulting free energy data

All collected data is now presented. First, a large number of TI curves were computed during

the course of the ionisation calculation. All collected data for the BSC model are presented

in Figure 3.6, and all the collected data for additional free energy contributions of the SRR

model are presented in Figure 3.7. Inspecting Figure 3.6, a few general trends can be observed.

At high densities, when the physical interparticle coupling is stronger, the magnitude of

the curves and therefore the final excess free energy contributions are greater. Second, the

magnitude of the resulting free energy contribution is not monotonic with respect to ionisation

state. For example, by inspecting the rs = 1.0 case, it is evident that for ionisation values
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Figure 3.5: Excess free energy of the BSC model computed for different numbers of particles
at a fixed density of rs = 1 and ionisation state of z̄ = 0.5 in units of 10−2kBT . The results
are shown relative to the result for N = 212 particles: fex

BSC ≈ −0.7124. The dashed grey line
indicates the number of particles used for the results in the main text.

close to unity (the red curves), the resulting TI values are small. This is simply because

there are fewer neutrals in the system such that the magnitude of their interactions is smaller.

As ionisation is increased, the relative magnitude of the TI curves increases, before starting

to decrease once more as ionisation tends to zero. This may be attributed to the relative

strengths of the ion-neutral and neutral-neutral interactions. Note that all interactions are

negative due to the binding between neutrals and free-electron background and attractive

asymptote in the neutral-neutral pair potential. The additional screening present in the

neutral-neutral interactions provides less binding and therefore contributes less interaction

energy during the TI. To summarise, the dependence of the magnitude of the free energy

contribution from the BSC TI is a tradeoff between the number of neutrals and the relative

strengths of the ion-neutral and neutral interactions. Finally, the dips at very low ionisation

and the two highest densities of rs = 0.5 and rs = 0.75 are attributed to an unphysical phase

separation between ions and neutrals, further discussed in Section 3.4.8.

All calculated SRR TI curves are shown in Figure 3.7. Similarly to the BSC case, the

magnitude of the interactions, and hence the resulting free energy contributions are much
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Figure 3.6: Thermodynamic integration data for the BSC model across all considered densities
and ionisation states at a temperature of T = 62500 K. All y-axes are in units NkBT , where
N is the total number of electrons. At higher densities (i.e. smaller rs) larger magnitudes of
interaction strength are observed.
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greater for higher densities. For presentation purposes some free energy curves for a given

density have been split across two subfigures due to the sensitivity of the magnitude with

respect to ionisation state. At higher densities and lower ionisation states, neutrals cannot

distribute themselves to mitigate the strong repulsive interactions and this manifests as the

TI ensemble average evaluating to extremely large values. As previously mentioned, this

effect is mitigated at lower coupling by the λ11 factor which acts to suppress singularities in

⟨⟨VSRR⟩⟩1,1,λ3 for small values of the coupling parameter λ3.

Integrating the curves shown in this section gives the excess free energy of the underlying

models at given values of ionisation, density and temperature. These can be combined with

calculations for the ideal free energy to produce free energy minimisation curves shown in

Figure 3.8. As illustrated in these subfigures, it is clear that the ionisation state is most

sensitive to the choice of neutral interaction model at higher densities. Additionally, the BSC

interactions do not significantly impact the ionisation state for any considered density. A clear

separation between the predictions of the BSC and SRR model manifests at high density.

3.4.7 Simple models for the ionisation state

Before discussing results for ionisation state behaviour across a range of densities, a set of

simpler models are introduced. These models contain a similar amount of physics as the

MD systems studied here, and are therefore useful for comparison. Here they are presented

as models for the excess free energy, but may be converted to an expression for IPD with

Equation (3.1.14). The first two models are concerned with the excess OCP contributions

to the free energy, linked to the excess internal energy through Equation (3.3.14). The

Debye-Hückel (DH) model accounts for ionic screening in the weakly coupled limit [77, 116]

and is given by

fex
DH = −z̄3/2 Γ3/2

√
3
. (3.4.3)

Alternatively, the ion-sphere (IS) model may be used, which formally provides a lower bound

on the excess internal energy, as seen in Figure 3.2, and is applicable in the strongly coupled
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Figure 3.7: Thermodynamic integration data for the SRR model across all considered densities
and ionisation states at a temperature of T = 62500 K. To resolve a large range of energies,
results for some densities have been split across 2 plots.
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ionisation states at a temperature of T = 62500 K. Note that some calculated data points lie
outside of the displayed ranges.
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limit [116, 117]. The following expression is used,

fex
IS = −z̄4/3 9Γ

10 . (3.4.4)

For the IS model, integration of the potential over the weakly coupled limit introduces a

substantial error in the OCP free energy at strong coupling. Therefore alternative reference

systems have been suggested in the literature by employing external data [117]. However, to

be consistent with commonly used IS models, e.g. Ref. [113], Equation (3.4.4) is used in this

work.

Both DH and IS models apply to the OCP subsystem and don’t include neutral interactions.

To estimate the effect of neutrals, the Carnahan-Starling equation of state may be utilised [118]

which provides free energy formulae for interacting hard spheres. Neutrals interacting through

the SRR potential with the effective radius r∗ may, in a simple approximation, be modelled

as hard spheres of radius R = r∗. In the model, the excess free energy due to hard-sphere

interactions is

fex
HS = x̄

4η − 3η2

(1 − η)2 , η = 2πx̄nR3. (3.4.5)

Here η is the packing fraction, and, as before, x̄ is the neutral fraction. Finally, to estimate

the effect of ion and neutral interactions simultaneously, the DH and HS free energy terms

may be combined linearly, the minima of which is given by z̄DH+HS. As discussed below, this

does not include any effect due to ion-neutral interactions.

3.4.8 Ionisation State across density

The minimisation results from the simulations performed with both the BSC model and SRR

model are compiled in Figure 3.9. The ionisation state of the ideal hydrogen plasma decreases

with increasing density. This is because the density of free particle states decreases and it

becomes energetically favourable to reduce the effective number of species, as discussed in

Section 3.1. Including the OCP interactions turns on long-range charged-particle interactions
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Figure 3.9: Ionisation states for models discussed in the main text plotted against rs. The
BSC model (red) and SRR model (black) correspond to results from numerically minimising
free energy data. The solid curves correspond to the ideal case (blue) and OCP reference
system (green). The remaining lines relate to the free energy models defined in Section 3.4.7.

and increases the ionisation state. As rs decreases, the Coulomb coupling parameter is larger,

which means the negative excess free energy contributions are greater, and the system exhibits

larger binding between the ions and electron background, encouraging ionisation. At the

highest densities, rs ≤ 1, the free electron degeneracy contributions are dominant and the

ionisation state still tends to zero. This is driven by the Fermionic effects in the electrons,

which are compared against classical results in Figure 3.10, where the largest discrepancies

are seen for rs < 2 and the quantum Fermi energy is significantly higher. If the classical free

energy is employed, then a pressure ionisation transition is recovered even in the absence of

short-range repulsion effects. Common models for the OCP interactions are the Debye-Hückel

and ion-sphere models which, when inserted into the minimisation procedure, give z̄DH and

z̄IS respectively. These models are defined in the previous section. When compared with the

OCP reference calculation, both models overpredict the ionisation state. The Debye-Hückel

model is correct in the weak coupling limit, and therefore good agreement is found for rs ≳ 5.

The ion-sphere model is more appropriate in the strongly-coupled (high density) regime, where
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Figure 3.10: Dependence of the reduced ideal free energy for a gas of electrons resolved
against rs at a fixed temperature of kBT = 5.38 eV.

it outperforms the Debye-Hückel prediction when compared against the more accurate OCP

prediction. Generally, the overprediction for both models is substantial, considering that the

magnitude of deviation is similar to the difference between ideal and OCP curves. For example,

at rs = 2, the IPD energy predicted by the DH model, calculated using Equation (3.1.14)

with each model evaluated at its corresponding minimised ionisation state, is 1.74 times larger

than that of the OCP reference system. The deviation is directly related to both models

overestimating the magnitude of the excess internal energy, which can be seen in Figure 3.2.

We now discuss the effect of introducing neutral interactions, starting with the BSC model

introduced in Section 3.2.1. For rs ≳ 4, the Coulomb interactions of the neutrals have a

negligible effect and the deviation in ionisation from the ideal case is purely driven by OCP

interactions in the plasma. As the density increases, the effect of the neutral interactions

causes a small increase in the ionisation state. This arises from ion-neutral and neutral-neutral

repulsion effects. At the two highest densities considered: rs = 0.5 and rs = 0.75, and for

high neutral fractions, the neutral-ion mixture separated into a dense ball of neutral particles

surrounded by ions, hence breaking the isotropy of the fluid. This phase separation is a

further indication that the inter-neutral potential is too weak and these points are omitted

from Figure 3.9. We note that at higher ionisation states, this effect is not present, and allows

the BSC system to be used as an appropriate reference system when performing integration
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calculations with the SRR potential.

Finally, the effect of increasing the strength of collisions between neutrals has a large

effect in the high density region, as expected. The pressure ionisation transition is recovered,

because portions of the neutral-neutral potential that were attractive are now repulsive. This

illustrates that interaction-induced ionisation is due to both long-range Coulomb interactions

and short-range repulsive interactions. For pressure ionisation to occur, an additional repulsive

interaction was artificially introduced, suggesting that effects beyond frozen-core Coulomb

interactions are required when modelling bound states in dense plasmas. As discussed in

the preceding section, by minimising a Debye-Hückel model for the ions combined with a

hard-sphere equation of state for the neutrals, the z̄DH+HS curve is produced. There is

qualitative agreement between this model and the full SRR model. However, a limited

treatment of the OCP energy, neglect of the ion-neutral interaction, and replacement of the

SRR potential by hard spheres results in an overestimation of the ionisation state at high

densities.

3.5 Chapter Summary

Molecular dynamics offers considerable flexibility in the choice of interparticle potential and is

accurate at arbitrarily strong coupling. Meanwhile, for plasmas, the interparticle potentials are

closely connected to the ionisation state. Therefore, the presented thermodynamic integration

technique provides the possibility to extend existing models that use the chemical picture. It

is also essential to determine the self-consistent ionisation state within molecular dynamics

itself for models that could be formulated in the chemical picture such as quantum statistical

potentials and wave packet molecular dynamics, which was the primary motivation for this

work. Furthermore, the dependence of ionisation state on the interplay between ionic screening

and neutral repulsion in hydrogen has been investigated. The excluded-volume method has

been used in all chemical-picture-based models of dense plasmas thus far to evaluate repulsive

interaction effects. Given that the presented method applies to arbitrary interaction potentials,
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we make the first step beyond this paradigm with the bound-state Coulomb and short-range

repulsion models.

The results presented from the one-component models motivate further improvements,

some of which are addressed in the following chapters. For example, free electron interaction

effects can be included either in effective ion-ion potentials [68, 102, 119], potentially with

pseudo-potential schemes for bound electrons [71]. The effect of dynamic electrons in two-

component models [46] is studied in the following chapters. Generally, free electrons provide

additional screening and therefore further lower the free energy at higher ionisation states [83],

causing the equilibrium ionisation state to increase. Alternatively, multispecies systems with

excited states and multiple charge states can be included within the minimisation framework.

Generally, the development of models in the chemical picture could be particularly useful

for developing computational frameworks for ionisation potential depression (IPD), given

that known models falter at strong coupling [17], and that IPD is non-trivial to extract

from first-principles computations [120–123]. In the results presented, an IPD effect is

present, and dominated by ion-ion Coulomb interactions at lower densities. Additionally,

molecular dynamics provides a promising route to ionic transport coefficients, provided reliable

interparticle potentials are supplied. The framework developed in this chapter allows the

ionisation state to be predicted, which helps to assess the validity of the underlying model

and ultimately assess the reliability of the resulting transport phenomena.

Having established a self-consistent ionisation framework within classical molecular dy-

namics, the following chapter extends this methodology to a partially-ionised dense plasma

model based on wave packet molecular dynamics, where electronic degrees of freedom are

treated dynamically.
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Chapter 4

Modelling partially-ionised dense plasma

In this chapter, a wave packet molecular dynamics (WPMD) model appropriate for partially-

ionised dense plasma that incorporates bound-state wavefunctions is introduced. As discussed

in previous chapters, WPMD is a TCP model that includes dynamic electrons. In the context

of dense plasmas, models that include dynamically evolving electrons are generally motivated

by their non-adiabatic character. That is, they treat the coupled dynamical evolution of

both electrons and ions without invoking the Born–Oppenheimer approximation. This is

advantageous because it enables energy transfer between classical and quantum subsystems,

thereby allowing, in principle, the nonequilibrium study of dense plasmas. Examples include

temperature relaxation between ions and electrons [124], as well as the relaxation of non-

thermal electron distributions.

A second motivation for wavepacket models is their scalability. Their relative simplicity

permits simulations of comparatively large system sizes (N > 1000), enabling the investigation

of long-wavelength phenomena such as hydrodynamic transport. However, this simplicity

comes at the cost of accuracy. The approximate nature of these models often reduces their

fidelity and frequently renders them semi-empirical, with parameters adjusted to reproduce

equilibrium properties. A pertinent example is the requirement of a confining potential in

wavepacket models, the form and strength of which must typically be chosen empirically. It

remains an open question whether such techniques can ultimately provide robust physical

predictions for nonequilibrium properties. Nevertheless, when their semi-empirical character is

fully acknowledged and they are carefully benchmarked against ab initio methods, wavepacket

models can be used to study the structural and dynamical equilibrium properties of dense

plasmas while still allowing energy transfer between electrons and ions. They are also of

fundamental interest, as they provide a framework for exploring the classical-to-quantum

transition in extended dense plasma systems.

In this chapter, the underlying theoretical formalism of wavepacket models is first presented,
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followed by appropriate modifications to incorporate bound electronic states within a chemical

picture. The numerical scheme used to compute Coulomb interactions and purpose-built Pauli

potentials is then introduced. The complete model is subsequently applied to investigate the

structural properties of partially-ionised dense hydrogen, with particular emphasis on the role

of the confining potential. The self-consistent ionisation state of the model is determined

using the framework developed in the previous chapter.

4.1 Bound-state model

In this section, the underlying theoretical description of wavepacket models is reviewed, before

the appropriate modifications to include bound electrons are introduced.

4.1.1 Ehrenfest molecular dynamics

In contrast to Section 5.1, where an external ionic potential was considered, here the ions are

modelled dynamically. We therefore start at the level of mixed quantum-classical dynamics,

specifically Ehrenfest molecular dynamics [37], by considering the non-adiabatic time evolution

of a charge-neutral system of N classical protons coupled to N quantum-mechanical electrons.

By taking the classical particles to be protons, we specialise to the case of hydrogen, although

the generalisation to heavier elements is possible. The proton phase space is therefore

parameterised by the spatial coordinates and momenta {RI(t),P I(t)} where the index

I = 1 . . . N labels each proton. Meanwhile the time-dependent electronic state is the N -

electron many-body wavefunction |Ψe⟩, a vector in the corresponding Hilbert space. The

classical Hamiltonian that determines both the total energy and the evolution of the protons

is

H({RI(t)}, {P I(t)}; Ψe(t)) =
∑
I

P 2
I

2Mp
+ e2

4πε0

∑
I<J

1
|RI − RJ |

+⟨Ψe|Ĥe({RI})|Ψe⟩, (4.1.1)
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where Mp is the proton mass. The ions evolve in the time-dependent mean-field potential

of the electrons and under their own Coulomb interactions. For a non-relativistic Coulomb

system, the electronic Hamiltonian is

Ĥe({RI}) = −
∑
i

ℏ2

2me
∇2

i + e2

4πε0

∑
i<j

1
|x̂i − x̂j |

− e2

4πε0

∑
I,i

1
|RI − x̂i|

, (4.1.2)

where the lower case indices label electrons, ∇i is the gradient operator with respect to the

coordinates of the i-th electron and x̂i is the position operator. Meanwhile, the electron

dynamics are governed by the time-dependent many-electron Schrödinger equation,

iℏ
∂|Ψe⟩
∂t

= Ĥe|Ψe⟩. (4.1.3)

Ehrenfest molecular dynamics is used in its exact form within quantum chemistry, where

small numbers of degrees of freedom may be studied on short timescales [37]. To access the

dynamics of larger systems over longer timescales, the required particle numbers necessitate

further approximations.

4.1.2 Mixed bound-free functional form

In the WPMD method [93, 125], the electronic wavefunction is modelled as a parameterised

function, in other words the following replacement is made:

|Ψe⟩ → |Q({qµ})⟩, (4.1.4)

where {qµ} are the state parameters, which are henceforth constrained to be real. As

introduced in Section 5.1, the equations of motion can be derived from a generalisation of

Equation (4.1.3), derived from the following action functional [93]:

S =
ˆ

dtL({qµ}, {q̇µ}) =
ˆ

dt⟨Q|iℏ d
dt

− Ĥe|Q⟩, (4.1.5)
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where L is the Lagrangian and |Q⟩ is the parameterised many-electron state with the

qµ-dependence now implicit. The time-dependent variational principle now yields the Euler-

Lagrange equations,
∂L
∂qµ

− d

dt

∂L
∂q̇µ

= 0, (4.1.6)

and reduces to true Schrödinger evolution when the state is unrestricted [93]. This variational

principle is also employed in real-time time-dependent density functional theory calcula-

tions [37, 39, 126]. The electron dynamics are hence constrained to a submanifold of the full

Hilbert space, specified by the choice of |Q({qµ})⟩. All further approximations depend on how

the parameters are chosen, and for plasmas the state is typically a Hartree product of localised

Gaussian wavefunctions [46, 125] – inspired by the point particle description of classical

plasma – although antisymmetrized forms have been considered for lower temperatures [127].

In this chapter we follow Ref. [99] and employ a mixed ansatz of Nn bound electrons with

single-particle orbitals |bi⟩ and Ne = N −Nn free electrons with single-particle orbitals |qi⟩,

and choose the constrained many-body wavefunction to be of Hartree form,

|Q⟩ = |q1⟩ ⊗ |q2⟩ ⊗ . . .⊗ |qNe
⟩ ⊗ |b1⟩ ⊗ . . .⊗ |bNn

⟩. (4.1.7)

Imposing this form establishes a chemical picture [94] and the ionisation state must therefore

be determined to model equilibrium systems. Here, we determine the ionisation state through

the self-consistent method introduced in Chapter 3 [45]. As an alternative, using the schemes

outlined in Refs. [93, 99], stochastic transitions between manifolds that include different

numbers of bound and free states could be considered as an extension to this work. Note that

limited effects due to the missing antisymmetric structure are accounted for through the use

of Pauli potentials, introduced in the following section. Applying this framework to hydrogen

plasma, we choose the bound-state wavefunction as a propagating, isolated hydrogen ground
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state wavefunction attached to a specific proton,

⟨x|bk⟩ = 1√
a3

0π
× exp

[
−|x − rk|

a0
+ ime

ℏ
vk · (x − rk)

]
. (4.1.8)

Together the ion and bound electron pair form a neutral particle. The variables rk and vk

denote the position and velocity of a neutral particle. This ansatz may be motivated by

applying a Galilean transformation to a stationary 1s wavefunction. An important note is that

the functional form does not introduce any additional quantum degrees of freedom, because

the bound electrons are assumed to adiabatically follow the motion of underlying protons

labelled by k = 1, . . . , Nn. To model free electrons the anisotropic Gaussian state developed

in Ref. [46] is employed,

⟨x|qj⟩ =
(
(2π)3 det(Σj)

)−1/4 × exp
[
−ξT

j

(1
4Σ−1

j − i

ℏ
Πj

)
ξj + ipT

j ξj

]
, (4.1.9)

where Σj and Πj are three-by-three symmetric matrices that parameterise the time-dependent

rotation and elongation of the wavepacket and pj is the expected momentum. The spatial

coordinate ξj = x − rj is the relative position vector from the expected position of the

wavepacket at rj and the index j = 1, . . . Ne labels free electrons. Finally, the remaining

Ni = N −Nn protons are relabelled according to the imposed chemical picture with positions

ri where i = 1, . . . Ni, and shall be subsequently referred to as ions.

4.1.3 Equations of motion and total energy

The resulting expression for the wavepacket Hamiltonian is simply the Ehrenfest Hamiltonian,

Equation (4.1.1), evaluated for the restricted wavefunction. Explicitly,

H = H({ri}, {pi}, {rk}, {pk}; |Q⟩), (4.1.10)
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which is a functional of the restricted wavefunction |Q⟩ that depends on the neutral and

electron degrees of freedom, i.e.

|Q⟩ = |Q({rj}, {pj}, {Σj}, {Πj}, {rk}, {pk})⟩. (4.1.11)

The numerical method by which the state averages are computed is explained in Section 4.2.

The equations of motion that follow from Equations (4.1.1) and (4.1.6) for the position and

momentum degrees of freedom are

drγ

dt
= ∂H
∂pγ

;
dpγ

dt
= − ∂H

∂rγ
, (4.1.12)

for the ions (γ = i) and neutrals (γ = k) and the expected positions and momenta of the

electrons (γ = j). Meanwhile, the internal electronic degrees of freedom obey the following

symmetrized Hamiltonian equations of motion [46]:

d

dt
Σjαβ =1

2

(
∂H

∂Πjαβ
+ ∂H
∂Πjβα

)
,

d

dt
Πjαβ = − 1

2

(
∂H

∂Σjαβ
+ ∂H
∂Σjβα

)
,

(4.1.13)

where Σj,αβ = [Σj ]αβ is the α, β component of the symmetric width matrix and, similarly,

Πjαβ = [Πj ]αβ is a component of the conjugate width-momentum matrix, both corresponding

to the j-th electron.

4.1.4 Pauli potentials

We follow an idea based on the pairwise truncation of the antisymmetrization operator [125,

128] which manifests as an effective Pauli potential being added to the classical Hamiltonian.

Several works have studied the behaviour of Pauli potentials in the ground state [129, 130],

which have resulted in empirical developments through comparison with high-fidelity ground-

state data. Here, we wish to study the transition from ionised plasma to atomic gas, where
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molecular hydrogen formation is minimal due to thermal dissociation. Therefore, to partially

account for the Fermionic nature of the electrons, we assign each a constant spin and include

an additional potential between same-spin electrons. Following previous works we include the

dominant pairwise antisymmetric kinetic energy contributions [115]. Consider the following

two-particle triplet state, constructed from two normalised single-particle orbitals |α⟩ and |β⟩:

|ΨA
2 ⟩ = |α⟩ ⊗ |β⟩ − |β⟩ ⊗ |α⟩. (4.1.14)

An additional pair potential is included that captures kinetic energy contributions to a pairwise

antisymmetrized state:

VP = ⟨ΨA
2 |K̂e|ΨA

2 ⟩
⟨ΨA

2 |ΨA
2 ⟩

− ⟨α| ⊗ ⟨β|K̂e|α⟩ ⊗ |β⟩, (4.1.15)

where the product state contribution implicitly present within the model has been subtracted.

Note that while the product state is normalised, an additional factor is applied to normalise

the antisymmetrized state which is consistent with previous models [46, 125]. When summed

over all electron pairs, the form of Equation (4.1.15) produces an interaction that depends

on all free electron degrees of freedom, and hence increases the complexity of the model

significantly. The two particle kinetic energy operator takes the standard form

K̂e = 1
2me

(
p̂2

1 + p̂2
2
)
. (4.1.16)

All electrons in the model are assigned a constant spin, and same-spin electrons act through

this additional potential while opposite-spin interactions are assumed to be purely electrostatic,

neglecting higher-order correlation effects [130].
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4.2 Numerical implementation

By including bound-state orbitals in the many-body wavefunction, an extension to the

anisotropic wavepacket model developed in Ref. [46] is proposed. Furthermore, the existing

LAMMPS [59] implementation has been extended to include the additional bound-state

Coulomb and Pauli potentials specified. In this section, we detail an on-the-fly scheme to

compute these additional terms, allowing for an efficient numerical implementation.

4.2.1 Bound-state Coulomb interactions

All Coulomb interactions are computed by taking state averages of the electronic Hamiltonian,

Equation (4.1.2), with respect to the different single-particle orbitals. Therefore, the pairwise

Coulomb interaction between a neutral with index k and ion with index i takes the following

form:

u
(in)
C (rik) = e2

4πε0
⟨bk|

(
1

|rk − ri|
− 1

|x̂ − ri|

)
|bk⟩

= e2

4πε0

exp[−2rik/a0]
rik

(
1 + rik

a0

)
.

(4.2.1)

This depends solely on the ion-neutral radial separation denoted by rik = |ri − rk|. The

resulting pair potential is a screened, purely repulsive interaction. Similarly, the Coulomb

interaction between two neutral particles k and l depends on the radial separation rkl =

|rk − rl|,

u
(nn)
C (rkl) = e2

4πε0
⟨bk| ⊗ ⟨bl|

(
1

|x̂1 − x̂2|
− 1

|rk − x̂2|
− 1

|rl − x̂1|
+ 1

|rk − rl|

)
|bk⟩ ⊗ |bl⟩

= e2

4πε0

exp[−2rkl/a0]
rkl

1 + 5
8

(
rkl

a0

)
− 3

4

(
rkl

a0

)2
− 1

6

(
rkl

a0

)3 ,
(4.2.2)

which is screened due to the presence of two bound electrons and features a negative (attractive)

asymptote, allowing for molecule formation at lower temperatures. These analytical formulae
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are equivalent to the BSC model interactions defined in Chapter 3 and provide fast and

stable energy and force contributions in the implementation. Given that the free-free and

ion-free interactions are already present within the model [46], the final additional Coulomb

interaction is the interaction between a free electron and neutral particle. The state average

may be written as an integral over the charge density of a free electron with index j and

ion-neutral interaction:

u
(en)
C = e2

4πε0
⟨qj | ⊗ ⟨bk|

(
1

|x̂1 − x̂2|
− 1

|x̂1 − rk|

)
|qj⟩ ⊗ |bk⟩

=
ˆ

d3x1|⟨x1|qj⟩|2u(in)
C (|x1 − rk|),

(4.2.3)

where the integration kernel u(in)
C is defined in Equation (4.2.1). No closed-form solution is

readily available for this integral. To proceed, the integration kernel is approximated as a

sum of Gaussian modes using the scheme outlined in Ref. [46],

u
(in)
C ≈

∑
p
cp exp[−αpr

2], (4.2.4)

which yields a tractable analytical expression to evaluate the free-neutral energy contributions.

This treatment of Coulomb interactions closely mirrors the treatment of the short-range

ion-free and free-free Coulomb interactions [46]. To calculate the Coulomb energy through a

Gaussian decomposition, the sum over the following integral is required:

Ip =
ˆ

d3x|⟨x|qj⟩|2 exp
[
−αp(x − rk)2] , (4.2.5)

where p is the index of the respective mode. This integral may be evaluated through standard

multidimensional Gaussian integral formulae. A similar expression is found in Appendix A of

Ref. [131]. Performing the integral and applying the following identity, which is a special case
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of Equation (24) in Ref. [132],

Σ−1
i − Σ−1

i

(
Σ−1

i + 2αpI
)−1 Σ−1

i = 2αp

[
I + 2αpΣi

]−1
,

where I is the identity matrix, yields the following formula

Ip =
exp

[
−rT

(
αp

[
I + 2αpΣi

]−1)
r
]

√
det

(
I + 2αpΣi

) . (4.2.6)

Here r = rj − rk. This is the final expression used within the mode sum to compute the

Coulomb interactions of the model. The electron–neutral pair interaction may now be written

VC
en(rn) =

∑
p
cpIp. (4.2.7)

The internal LAMMPS implementation sums from large to small values of αp, truncating

the sum when energy contributions are negligible. This is motivated by the fact that some

modes are only relevant at small interparticle separations, as shown in Figure 4.1.

The cp and αp coefficients in Equation (4.2.4) are obtained using the method presented in

Ref. [46], which is elaborated here. The integrated squared error weighted by the radial shell

volume,

L =
ˆ rmax

0
dr r2

V (r) −
∑
p
cp exp

[
−αpr

2]
2
, (4.2.8)

was minimised to find a Gaussian decomposition of V (r). To obtain an analytical formula for

the amplitudes, the derivative of the loss function with respect to cp may be taken, resulting

in
∂L

∂cp
=
ˆ

dr 2r2
∑

p′
cp′ exp

[
−(αp + αp′)r2]− V (r) exp

[
−αpr

2] . (4.2.9)

Employing the minimisation condition 0 = ∂L/∂cp and using known formulae for Gaussian
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integrals gives the following linear equation,

b = Ac, (4.2.10)

under the following identifications:

[c]p = cp (4.2.11)

[A]pq = 1
4

(
π

(αp + αq)3

)1/2
(4.2.12)

[b]p =
ˆ

dr r2V (r) exp
[
−αpr

2] . (4.2.13)

The optimal {cp} coefficients may therefore be obtained through inversion of the A matrix.

Therefore, the loss function was numerically minimised with respect to the width coefficients

{αp} preconditioned with the optimal amplitude coefficients {cp}. With this new notation,

the loss is expressed as

L({αp}) = cTAc − 2cTb +
ˆ

dr r2V 2(r). (4.2.14)

For the case of the ion-neutral interaction, it is simple to find an explicit form for the b

integral and the final constant term in Equation (4.2.14). To achieve a stable numerical

minimisation algorithm, αp modes were added sequentially. The ion-neutral decomposition

used for the simulations performed here is given in Figure 4.1. This decomposition contains

18 modes with a loss of L < 2 × 10−7 Ha2a3
0.

97



4.2. NUMERICAL IMPLEMENTATION CHAPTER 4

10 4 10 3 10 2 10 1 100 101

r (a0)

10 5

10 3

10 1

101

103

105

En
er

gy
 (H

a)

Decomposition
Vin

Gaussian modes

Figure 4.1: Decomposition of the ion-neutral kernel used internally within the LAMMPS
implementation to compute the electron-neutral Coulomb energy. Individual Gaussian modes
are depicted with grey dashed lines and the sum over these modes is shown in red and closely
matches the target (black dashed) line.

4.2.2 Pauli interactions

The general Pauli potential, Equation (4.1.15), may be expressed in terms of single-particle

matrix elements,

VP = − 1
1 − |⟨α|β⟩|2

(
Re

[
⟨α| p̂2

me
|β⟩⟨β|α⟩

]
− 1

2

(
⟨α| p̂2

me
|α⟩ + ⟨β| p̂2

me
|β⟩
)

|⟨α|β⟩|2
)
. (4.2.15)

Given that neither closed-form expressions for the kinetic matrix elements nor the overlap are

currently available for the free-bound case, a further decomposition of the bound-state orbital

in terms of isotropic propagating Gaussians |gk⟩ is applied to perform on-the-fly calculations,

|bk⟩ =
∑
p
cp|gk,p⟩, (4.2.16)

where

⟨x|gk,p⟩ =
(2αp

π

)3/4
exp

[
−αp(x − rk)2 + imevk · (x − rk)

]
. (4.2.17)
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The cp and αp are fitting parameters determined to best approximate the bound state. In the

non-propagating case this is a common technique within self-consistent-field calculations, and

we have used the decomposition provided by Ditchfield et al. based on an energy minimisation

procedure [133]. For all simulations, the free-bound calculation was performed using a six

mode decomposition, providing an accurate estimate of the kinetic energy. The numerical

implementation permits a reduction in the number of modes, balancing computational efficiency

against the accuracy of the bound-state representation. Performing the decomposition enables

the matrix elements in Equation (4.2.15) to be evaluated. To compute the Pauli interaction

on-the-fly, explicit formulae are required for the overlap and kinetic energy matrix elements

between anisotropic Gaussians |qi⟩ and isotropic Gaussians |gj,p⟩. To write down concise

expressions for the required quantities the following notation is introduced:

kij =
pi − pj

ℏ
(4.2.18)

aij = rT
i Miri + rT

j M∗
jrj . (4.2.19)

∆ij = M−1
ij cij (4.2.20)

cij = Miri + M∗
jrj (4.2.21)

Mij = Mi + M∗
j (4.2.22)

Mi = 1
4Σ−1

i − i

ℏ
Πi. (4.2.23)

For an isotropic Gaussian |gj,p⟩, as defined in Equation (4.2.17), the internal degrees of

freedom reduce to

Σj = 1
4αp

I ; Πj = 0. (4.2.24)

Therefore, the general expressions for anisotropic matrix elements are applicable using the

notation Equations (4.2.18)–(4.2.23) with minimal alteration. The overlap between two

anisotropic wavepackets follows from known formulae for multidimensional Gaussian integrals:
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⟨qi|qj⟩ =
(

8 det
(
M∗

ij

)√
det (Σi) det

(
Σj

))−1/2

× exp
[
(∆∗

ij)Tc∗
ij − i(∆∗

ij)Tkij − 1
4kT

ij(M∗
ij)−1kij − a∗

ij + i

ℏ
(pT

i ri − pT
j rj)

]
.

(4.2.25)

The kinetic energy matrix element may be calculated by equating moments of the product of

the real-space wavefunctions to derivatives of the overlap integral, i.e. differentiation under

the integral sign. Doing the calculation yields the following result for the mean displacement:

dij =
⟨qi|x̂ − rj |qj⟩

⟨qi|qj⟩
= − i

2
(
M∗

ij

)−1
kij + ∆∗

ij − rj . (4.2.26)

which corresponds to the first moment vector. The second-order moment tensor is

Nij =
⟨qi|(x̂ − rj)(x̂ − rj)T|qj⟩

⟨qi|qj⟩
= 1

2
(
M∗

ij

)−1 + dijdT
ij . (4.2.27)

With these results, the kinetic energy matrix element may now be written concisely:

⟨qi|
p2

2m |qj⟩ =
[

p2
j

2m + 2iℏ
m

pT
j Mjdij − 2ℏ2

m
Tr(MjMjNij)

]
⟨qi|qj⟩. (4.2.28)

Using these formulae, the free-free kinetic Pauli potential may be derived; an explicit formula

is given in Ref. [24]. For the free-bound interaction, the relevant matrix elements are computed

with the following propagating Gaussian mode sums:

⟨qj |bk⟩ =
∑
p
cp⟨qj |gk,p⟩ (4.2.29)

⟨qj |p̂2|bk⟩ =
∑
p
cp⟨qj |p̂2|gk,p⟩, (4.2.30)
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where each Gaussian wavefunction is given in Equation (4.2.17). Application of Equa-

tion (4.2.15) gives the free-bound kinetic Pauli potential. To compute the forces, analytical

expressions for the matrix element derivatives are required. For the bound-bound interactions,

it was numerically confirmed that the velocity dependence is negligible for characteristic

neutral thermal velocities at temperatures where partial ionisation is expected. Neglecting

the velocity dependence permits known formulae for the stationary 1s wavefunction to be

used [134], resulting in the following neutral–neutral pair potential,

V
(nn)
P (r̃) = 2ℏ2

3mea2
0

exp(−2r̃)
(
r̃2 + r̃3 + 1

3 r̃
4
)

1 − exp(−2r̃)
(
1 + 2r̃ + 5

3 r̃
2 + 2

3 r̃
3 + 1

9 r̃
4
) , (4.2.31)

which acts between neutrals with same-spin bound electrons. Here r̃ = rkl/a0 is the radial

distance between two neutral particles labelled by k and l, measured in Bohr radii.

4.2.3 Confining potential

When applying WPMD to systems where ionisation effects are present, electrons tend to spread

indefinitely, thereby diminishing their interactions. To remedy this, a confining potential is

often used to empirically adjust the extent of the electrons and regularise the model [36, 46,

128, 129]. In fact, even in the noninteracting case, the partition function associated to the

classical Hamiltonian will diverge when the electrons are unconfined [135], a feature which is

investigated in Chapter 5. In this work, a harmonic potential is added to each free electron

through the electronic Hamiltonian,

V̂Σ = A

2 (x̂ − ⟨x̂⟩)2, (4.2.32)

where A is the coupling strength. The effect of this empirical parameter is investigated in

the following section. Evaluating the state average in Equation (4.2.32) for each free electron
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gives the following contribution to the classical Hamiltonian,

VΣ =
Ne∑
j=1

A

2 Tr
(
Σj

)
, (4.2.33)

which is a special case of the potential already used in Ref. [46]. To estimate a relation

between the spatial extent of each free electron and the confinement strength A, the shape

kinetic energy for an isotropic wavepacket may be equated with its confining potential. This

leads to

A = ℏ2

4meσ4
0
, (4.2.34)

where σ0 is a representative unbound confinement width characterising the electrons under

a given confining strength. A similar characterization of the confining potential has been

used previously in Ref. [136]. After presenting general remarks on the molecular dynamics

simulations, the implications of confinement for the resulting structural properties are discussed

in the following section.

4.3 The role of the confining potential

4.3.1 Simulation details

To assess the efficacy of the models, we compare against PIMC data from Ref. [47]. While

these data provide a valuable benchmark, they remain affected by finite-size errors arising

from the restricted system sizes that are computationally accessible within the PIMC method.

These data are available for the structural properties of hydrogen at two conditions, both

corresponding to a degeneracy parameter of unity, i.e. θ = 1. The low temperature condition

corresponds to a Wigner–Seitz radius of rs = 3.23 and temperature of T = 55700 K. At this

condition, hydrogen is generally expected to be a partially-ionised atomic fluid [47, 96] and

therefore exhibits strong electron–ion coupling. The high-temperature condition corresponds

to a temperature of T = 145000 K and Wigner–Seitz radius of rs = 2, and is expected to
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be fully ionised. At this condition the electron–ion coupling is weak [119] and bound state

formation is minimal due to thermal effects.

Molecular dynamics simulations were performed within a periodic cubic box of volume

V = L3, with an Ewald treatment of long-range Coulomb energies and associated forces [46].

For the low-temperature condition, a timestep of 10−4 fs and Pauli interaction cutoff of

12 a0 ensured acceptable energy conservation, with the total energy typically deviating by

considerably less than one percent from its initial value over the course of an NVE run. The

high temperature condition required a smaller timestep of 5 × 10−5 fs, likely because the

higher thermal velocities of the particles necessitated finer temporal resolution. To collect

particle configuration data for structural analysis, each simulation was initialised from a

configuration that minimised the interaction energy, before a velocity scaling procedure was

applied to reach the desired temperature. Specifically, both the electron and ion velocities

were intermittently rescaled over a 10 fs period to match the target temperature, followed by

an additional 25 fs during which only the ion velocities were rescaled. The system was then

evolved for 25 fs in the microcanonical ensemble to collect data, over which the fractional

change in the total energy |∆H/H| remained below 2.5 × 10−2 for all simulations referenced

in this work.

4.3.2 Calculation of radial distribution functions

The structural properties of the model are investigated through the calculation of radial

distribution functions (RDFs), which provide a quantitative measure of spatial correlations

between particles. The RDF describes how the local density of a species b varies as a function

of distance from a reference particle of species a, relative to the density of an ideal, uncorrelated

system at the same average number density. In this sense, gab(r) captures deviations from

perfect spatial randomness: values greater than unity indicate an enhanced probability of

finding a particle pair at separation r, while values less than unity indicate spatial depletion.

As such, RDFs provide direct insight into short- and intermediate-range ordering, coordination
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structure, and correlation effects arising from interactions in many-body systems. This

subsection explains how they are calculated for point particles and distributed particles such

as Gaussian wavepackets.

The general formula for the instantaneous radial distribution function between a species a

and b with respective indices ai and bj is [131]

gab(x) = V

Na(Nb − δab)

〈Na∑
i=1

Nb∑
j=1

′δ3 (x − [x̂ai − x̂bj
]
)〉

(4.3.1)

where Na is the number of particles corresponding to species a, δab is the Kronecker delta func-

tion which ensures correct normalisation of the self RDF, and δ3(x) is the three-dimensional

Dirac delta function. The prime on the sum indicates that for a = b, terms with i = j are

excluded. Within the context of isotropic systems, the RDF is typically ensemble averaged

and further averaged over spherical shells of width δr to give ḡ(r). For point particles (the

ions), it is possible to express the RDF as a histogram,

ḡab(r) = 1
Vshell(r, δr)

V

Na(Nb − δab)

Na∑
i=1

Nb∑
j=1

′I(r ≤ |rai − rbj
| < r + δr) (4.3.2)

where I is an indicator function that returns unity if the separation lies within the spherical

shell defined by the interval [r, r + δr), and zero otherwise. To compute the averaged RDF

for arbitrary wavefunctions, we employ the following generalization of Equation (4.3.2):

ḡab(r) = 1
Vshell(r, δr)

V

Na(Nb − δab)
1
Ns

Ns∑
s=1

Na∑
i=1

Nb∑
j=1

′I(r ≤ |ys
ij | < r + δr). (4.3.3)

Here, the simple binning of pairwise distances is replaced by Ns independent samples indexed

by s and denoted by ys
ij . For proton–free electron RDFs, these samples are generated from

the following probability distribution:

Pij(y) = ⟨qj |δ3 (y − [x̂j − ri]
)

|qj⟩ =
exp

[
−1

2(y − rij)TΣ−1
j (y − rij)

]
(
(2π)3 det Σj

)1/2 . (4.3.4)
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Similarly, for proton–bound calculations, the corresponding probability distribution is

Pik(y) = ⟨bk|δ3 (y − [x̂k − ri]) |bk⟩ = 1
a3

0π
exp

[
−2|y − rik|

a0

]
. (4.3.5)

Changing coordinates to z = y−rik and radially integrating results in the Gamma distribution

with shape parameter k = 3 and scale parameter θ = a0/2. This enables a fast sampling

routine, since the Gamma distribution can be directly sampled with common numerical

libraries. Once radial distances are sampled, angular coordinates are generated from a uniform

distribution over the unit sphere to find z. These are then translated to obtain samples for

y = z + rik.

4.3.3 Structural properties of the fully ionised model

The role of the confining potential in the fully ionised model is now analysed. The electronic

wavefunction is therefore modelled as a product state of anisotropic Gaussians, with no bound-

state wavefunctions. The results for the proton–proton and electron–proton RDFs under

the two conditions and for a range of different confinement widths are shown in Figure 4.2.

First, we consider the top row, corresponding to the partially-ionised condition at rs = 3.23

and T = 55700 K. A varying number of independent simulations were carried out at each

confinement strength to obtain sufficient statistics, particularly to resolve weakly coupled

ions at strong electron confinement. In panel (c), increasing the spatial extent σ0 reduces

the short-range correlation in the electron–proton RDF and at σ0 = 1.3 a0 only longer-range

electron screening remains. At σ0 = 0.5 a0, the electron–ion RDF shows a stronger short-range

correlation. This peak at r ≈ 0.3 rs corresponding to r ≈ 1.0 a0 is a signature of bound-state

formation [96], even though no bound-state wavefunctions are present. A similar correlation

shoulder is observed in the reference PIMC data. Two clear limits emerge: When the widths

are small, σ0 ≲ a0, the effective interaction potentials approach those of point particles,

exhibiting deep attractive wells in the ion–electron interaction. For large widths, σ0 > a0, the

electrons are delocalised, leading to weaker interactions and reduced correlation with the ions.
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Figure 4.2: Radial distribution function (RDF) dependence on confinement parameter σ0
for the fully ionised wavepacket model. The results are compared against reference path
integral Monte Carlo data from Ref. [47] and the ideal (uncorrelated) limit. Panels (a) and
(c) correspond to the proton–proton and radially weighted electron–proton RDFs at the
partially-ionised condition: rs = 3.23 and T = 55700 K. Panels (b) and (d) correspond to
proton–proton and radially weighted electron–proton RDFs at the fully ionised condition:
rs = 2 and T = 145000 K. Hartree atomic units are used in the legend.

The corresponding ionic RDFs in panel (a) support this general picture: electronic screening

determines the effective ion–ion interaction, and a clear transition is observed from moderately

coupled protons at σ0 = 1.3a0 to more strongly coupled protons at σ0 = 0.5a0. At this state

point, the structural properties are evidently sensitive to the choice of confinement strength.

The second row in Figure 4.2 corresponds to data for the fully ionised condition at rs = 2 and

T = 145000 K. Although a similar general trend is observed, the electron–ion RDF is strongly

suppressed. This is a hallmark of weaker electron–ion coupling; consequently, the resulting

structural properties are less sensitive to the confinement strength, which supports previous

conclusions [36]. In summary, the static structure of dense plasma wavepacket simulations is

most sensitive to the confining potential in the partially-ionised regime. Additionally, the
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electron–ion coupling – and therefore bound state formation – can be substantially increased

by confining the electrons to below the length scale of electron bound states. Regulating

the spatial extent of the free electrons alters the model, and, as shown below, the resulting

ionisation state becomes a function of the confining parameter.

4.4 Prediction for the partially-ionised model

4.4.1 Ionisation calculation

As discussed in Section 4.1, employing a functional form that consists of Nn bound electrons

and Ne free electrons renders the equilibrium charge state distribution a quantity that must be

specified a priori. In the case of hydrogen, this corresponds to evaluating the ionisation state,

z̄. The free energy minimisation framework developed in Chapter 3 is therefore employed.

To perform the thermodynamic integration, all interactions, denoted by V , are scaled by a

coupling parameter λ, leading to a new potential

U(λ) = λV. (4.4.1)

Using U(λ) directly in molecular dynamics simulations allows the free energy per particle to

be calculated with [45, 50]
F

N
= Fid

N
+ 1
N

ˆ 1

0
⟨V ⟩λdλ, (4.4.2)

where ⟨·⟩λ is an ensemble average for a system defined by the potential energy function U(λ)

with coupling parameter λ. To calculate the ideal free energy Fid, we assume the expression

for classical point particles given in Equation (3.1.4), thereby neglecting the shape kinetic

energy of the free electrons to make contact with the known ideal limit, as done previously [99].

The additional dynamical shape degrees of freedom follow the equipartition theorem and

therefore contribute additional thermal energy contributions. These additional contributions

are also not included, as is common practice when extracting thermodynamic properties from

WPMD simulations, see for example, Ref. [137].
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Molecular dynamics simulations were performed at different values of λ to sample the

potential energy function. For a given ionisation state z̄ and value of the coupling parameter

λ, 12 independent runs were performed for N = 1024 total electrons. After an initial 25 fs

of velocity scaling at full coupling (λ = 1), the coupling parameter was sequentially reduced

in discrete steps. Each time the coupling parameter was reduced, a thermalisation step of

10 fs was applied, during which velocity rescaling was applied to maintain the temperature

of the system. Following this, data for ⟨V ⟩λ were collected for 10 fs, while the system was

evolved in the microcanonical ensemble. This process is plotted in Figure 4.3(a) for one initial

configuration and z̄ = 1, in which the modified potential energy U(λ) is also shown. While the

ions traverse distances approximately twice the interparticle spacing over 10 fs, averaging over

multiple configurations ensures sufficient sampling of the equilibrium distribution; additionally,

no large scale fluctuation of U(λ) is present.

The results after averaging the ensemble average across 12 independent runs are plotted

in Figure 4.3(b) for five different ionisation states. The error bars represent the standard

deviation associated to averaging over independent samples. Note that while these errors are

small, the thermal fluctuations in the time trace may still be large, which is the case for small

coupling, see Figure 4.3(a). At zero coupling (λ = 0) the full interacting potential energy

function is evaluated over uncorrelated particle trajectories which is equivalent to integrating

V over a uniform configuration. A positive contribution from the Pauli interactions emerges

in this limit, which is repulsive. Furthermore, each particle experiences Coulomb interactions

due to (1) an effective uniform background charge generated by all particles except itself,

and (2) its own periodic images. Therefore the self-energy at zero coupling is equal to the

Madelung energy [61], which, assuming the spatial extent of the electrons is considerably

smaller than the box length L, is given by

⟨Vcoul⟩λ=0 = e2

4πε0

ξ

2L2N. (4.4.3)

Here Vcoul is the Coulomb interactions of the model and ξ = 2.837297479 [61] is the Madelung
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Figure 4.3: Each step of the ionisation calculation for σ0 = 1.1 a0. Panel (a) shows the time
trace of the scaled potential energy function U(λ) and the unscaled energy V across a single
molecular dynamics run for z̄ = 1. The thin black dotted lines indicate the times at which the
system coupling parameter is modified, with values given on the top axis. In panel (b) the
resulting thermodynamic integration curves are plotted for selected ionisation states z̄. Each
data point is generated by averaging over 12 runs and taking the mean and standard deviation
of the resulting ensemble averages to give the associated error bars. Panel (c) shows the
resulting free energy (per particle) minimisation curve generated from all sampled ionisation
states, including the final minima of z̄ = 0.426 ± 0.016. The analysis method is described in
more detail in Ref. [45].
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Figure 4.4: Ensemble average of Coulomb energy at zero coupling, compared against the
Madelung energy. Here σ0 = 1.1 and the error bars are generated in the same manner as
Figure 4.3(b).

constant of a simple cubic lattice of ions with unit spacing. This term is also discussed in

Section 2.2.1. The short-range neutral Coulomb interactions average to zero when L ≫ a0 [45],

as discussed in Section 3.2.1 for the BSC model. To benchmark the thermodynamic integration

calculation, ⟨Vcoul⟩λ=0 was explicitly calculated and is plotted across ionisation state in

Figure 4.4. As can be seen, Equation (4.4.3) holds within statistical error.

As the coupling parameter λ is increased and the corresponding interactions are scaled,

particles start to interact and arrange themselves accordingly, meaning ⟨V ⟩λ decreases.

Similarly to Chapter 3, the calculation exhibits nonlinear behaviour at small coupling,

followed by linear scaling around λ ≈ 0.3. Again, to address this imbalance, low coupling

values are sampled at a finer resolution. The resulting data are smoothly interpolated with

a cubic spline which is integrated to find the excess free energy. Finally, these values are

combined with the ideal free energy, and the result is numerically minimised using the same

procedure as described in our previous work [45]. The result for σ0 = 1.1 a0 is shown in

Figure 4.3(c). For N = 1024 total electrons, we have already shown the finite-size error is

minimal when compared to the error bounds of the ionisation state minimisation procedure,

see Figure 3.5 and related discussion. It was also checked that long-range Coulomb finite-size

effects were not relevant by performing the calculation for a fully ionised system with N = 256
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total electrons. The difference in the final free energy was within statistical error.

This calculation was repeated for varying electron widths, with the resulting ionisation

states and free energies summarised in Table 4.1. Numerical values for the mean electron

width,

⟨σ⟩ =
〈

1
Ne

Ne∑
j=1

1
3Tr

(
Σj

)〉
, (4.4.4)

are also presented, with the associated error from averaging over distinct runs. These

results highlight that the ionisation state and free energy are model-dependent, through their

dependence on the confinement parameter σ0. As confinement strength is increased and

the average free electron extent is reduced, the overall free-electron–proton binding energy

is increased. This reduces the effective ionisation energy, because it requires less energy to

promote a bound electron to a free electron. This ionisation potential depression causes an

increase in the equilibrium ionisation state and is connected directly to the derivative of the

excess free energy with respect to ionisation state in Equation (3.1.14). Note that in the

limit of weak confinement, the electrons will become delocalised and therefore comprise a

uniform electron background. In this limit, the ionisation state will tend to that of a mixture

of neutrals and one-component plasma of ions. At the considered density, the effect of neutral

interactions is small and a lower bound on the ionisation state can be produced by combining

the ideal free energy with an OCP equation of state, i.e. the green curve in Figure 3.9, which

is also presented in Table 4.1 as the OCP model.

Ionisation states may be inferred from path integral Monte Carlo simulations in a variety of

ways, see [21, 96, 138–140], although results can differ between approaches. Direct comparison

is possible with Ref. [138], where a chemical model employing the Chihara decomposition was

fitted to the imaginary-time density-density correlation function. In Figure 4.5, relatively close

agreement is found for confinement widths σ0 = 0.9 a0 and σ0 = 1.1 a0. We also note that

a trajectory analysis approach [96] could be used to determine the number of free electrons

(anisotropic wavepackets) that are effectively bound in the simulation. Such an approach may

reduce the overall sensitivity in the final ionisation state. However, given that the ionisation
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Table 4.1: Ionisation state z̄, free energy F , and mean width ⟨σ⟩, for different confinement
parameters σ0 in Hartree atomic units at rs = 3.23 and T = 55700 K. Numbers in parentheses
denote the associated uncertainty in the final digit. The error in the free energy is estimated
by taking the maximum deviation between the quadratic minimum and the neighbouring
free energy values adjacent to the lowest sampled data point. For comparison, the inferred
path integral Monte Carlo (PIMC) ionisation state from Ref. [138] for N = 32 atoms is also
given based on data for the imaginary-time correlation function (ITCF). The one component
plasma (OCP) model is defined in Ref. [45].

σ0 [a0] z̄min ⟨σ⟩ [a0] −F (z̄min)/N [Ha]
0.5 0.66(2) 0.5433(5) 2.934(3)
0.7 0.55(2) 0.832(1) 2.849(1)
0.9 0.47(2) 1.173(1) 2.8196(6)
1.1 0.43(2) 1.574(2) 2.804(1)
1.3 0.382(2) 2.043(4) 2.794(1)
Method z̄min Notes
PIMC inferred [138] 0.45 Chemical model fit to ITCF
OCP model [45] 0.24 Scalar minimisation
Ideal 0.18 Scalar minimisation

state is definition-dependent, a rigorous comparison based on structural properties is preferred,

and performed in the following section.

4.4.2 Computational cost comparison

A representative fully ionised bound-WPMD simulation containing 1024 protons and 1024

explicit electrons required 1.59 × 104 s on 16 MPI processes to evolve 25 fs. This corresponds

to approximately 70 core-hours. For each ionisation state, the thermodynamic-integration

protocol comprised 25 fs of initial thermalisation, followed by ten 10 fs sampling intervals

separated by nine 10 fs thermalisation intervals, giving a total trajectory length of 215 fs.

One independent thermodynamic-integration sequence therefore required approximately

6.1 × 102 core-hours. Using 12 independent trajectories for each of approximately ten sampled

ionisation states gives

CTI-WPMD ∼
(
6.1 × 102 core-hours

)
× 12 × 10 ≃ 7 × 104 core-hours (4.4.5)
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Figure 4.5: Minimised ionisation state z̄min plotted against confinement parameter σ0 at
rs = 3.23 and T = 55700 K. Results are presented alongside path integral Monte Carlo
inferred results from Ref. [138] and the one component plasma (OCP) model. These data
may be found in Table 4.1.

to determine z̄min for one value of the confinement parameter. Repeating the calculation

for all five confinement parameters considered in Table 4.1 therefore required approximately

4 × 105 core-hours. These values are expected to provide upper-bound estimates because

introducing bound states reduces the computational cost: their interactions are less expensive

to evaluate and the bound electrons have fewer dynamical degrees of freedom.

The OCP result in Table 4.1 was obtained by evaluating an existing parameterisation

of the OCP excess free energy and performing a one-dimensional numerical minimisation.

Its incremental numerical cost was therefore negligible compared with the bound-WPMD

calculation. For comparison, explicitly generating the underlying N = 1024 classical free-

energy data was estimated in Chapter 3 to require approximately 2 × 103 core-hours, around

a factor of 40 less than the equivalent bound-WPMD calculation of z̄min.

As discussed in Section 3.4.2, direct PIMC simulations of the uniform electron gas capable

of resolving imaginary-time correlation functions required approximately 104 core-hours for

34 electrons at similar thermodynamic conditions [110]. In practice, the average fermion sign

decreases rapidly with increasing particle number, leading to an exponentially increasing

sampling cost at fixed statistical precision. An equivalent direct PIMC calculation with 1024

protons and 1024 electrons is therefore computationally infeasible at these partially degenerate
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Figure 4.6: Radial distribution functions (RDFs) from the bound-WPMD model for different
values of the confinement parameter σ0. Self-consistent ionisation states are computed via
free energy minimisation and found in Table 4.1. (a) proton–proton (pp). (b) electron–proton
(ep).

conditions. The bound-WPMD calculation is substantially more expensive than the classical

OCP treatment, but remains tractable at particle numbers that are not presently accessible

using direct PIMC.

4.4.3 Impact on structural properties

Figure 4.6 shows the structural properties of the partially-ionised model, henceforth referred

to as the bound-WPMD model, evaluated at the computed equilibrium ionisation states. The

method by which the bound electron RDFs are calculated is discussed below. In Figure 4.6(b),

the inclusion of bound-state wavefunctions reduces the sensitivity of the electron–proton

correlations for σ0 ≥ 0.7 a0 when compared with the fully ionised model. At these conditions,

the electron screening agrees moderately well with the path integral Monte Carlo reference,

although the correlation shoulder is slightly diminished at small separation. At σ0 = 0.5 a0,

electron–proton correlations are pronounced, comparable to the fully ionised result shown

in Figure 4.2(c). The associated ion structure in Figure 4.6(a) suggests a similar picture.

Surprisingly, the enhanced electron–ion interaction for narrow electron widths yields the closest

ion structure to the reference data. As discussed in Section 4.3.3, imposing a confinement

length scale for the free electrons that is smaller than the characteristic size of the bound states
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Figure 4.7: Radial distribution functions (RDFs) at rs = 3.23 and T = 55,700 K computed
with the bound-WPMD model for z̄ = 0.44, compared with path-integral Monte Carlo
data, fully ionised (z̄ = 1) results, and the ideal uncorrelated case. (a) ion–ion (ii), ion–
neutral (in), and neutral–neutral (nn) RDFs, combined via Equation (4.4.7) to yield the total
proton–proton RDF (pp). (b) Free–proton (fp) and bound–proton (bp) RDFs, combined via
Equation (4.4.6) to yield the total electron–proton RDF (ep).

artificially enhances the electron–proton interaction strength. This scenario is unphysical, as

genuinely free electrons are expected to exhibit only weak attraction to the ionic cores. This

is supported by the very strong electron–ion correlation observed in both the partially and

fully ionised results. Furthermore, although the ionisation state has a degree of choice in its

definition, best agreement is reached for intermediate confinement parameters in Figure 4.5.

Therefore, we proceed with an in-depth analysis of σ0 = 1.1 a0, which corresponds to an

interacting mean width of ⟨σ⟩ = 1.57 a0. Returning to Figure 4.2(c), this confinement strength

provides some electron–proton long-range screening, as expected in a fully-ionised system,

while the electrons are not confined below the extent of the 1s wavefunctions employed within

the bound state model.

The full electron–proton RDF is calculated by decomposing into bound and free contribu-

tions:

gep =
z̄2gpf + (1 − z̄)gpb

z̄2 − z̄ + 1 , (4.4.6)

which is exhibited in Figure 4.7. Here the proton–free and proton–bound RDFs, gpf and gpb

respectively, are computed through the sampling algorithm presented in Section 4.3.2. The
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Figure 4.8: Spin-resolved neutral-neutral radial distribution functions (RDFs) at rs = 3.23
and T = 55,700 K computed with the bound-WPMD model for z̄ = 0.44. For comparison,
the total neutral-neutral and proton–proton RDFs in Figure 4.7 are also plotted.

proton–bound RDF exhibits a clear signature of the bound electrons present in the model,

while the proton–free RDF shows longer range screening as observed in the results for z̄ = 1.

Similar to Equation (4.4.6), a decomposition of the proton–proton RDF

gpp = z̄2gii + 2z̄(1 − z̄)gin + (1 − z̄)2gnn (4.4.7)

into ion–ion, ion-neutral and neutral-neutral RDFs denoted by gii, gin and gnn respectively,

is possible. Inspecting Figure 4.7(a), the ion–ion correlation remains moderately coupled. In

fact, plotting the ion–ion RDF gii against an effective Wigner–Seitz radius z̄1/3rs reveals

the ion coupling to be slightly reduced when compared with the proton–proton RDF gpp at

z̄ = 1. The neutral-neutral and ion-neutral RDFs both show weaker short-range correlation, as

expected given their heavily screened Coulomb interactions and the repulsive Pauli interactions

between same-spin bound electrons. As already discussed, the final combined proton–proton

RDF is in better agreement with the path integral Monte Carlo data when compared with

the fully-ionised model, although some discrepancy remains. Although the reference data

inherently contain finite-size errors, it is nevertheless instructive to consider possible sources

of model error within the bound-WPMD model. One explanation could be due to slightly

reduced screening observed in the electron–proton correlations, although we note that a
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similar effect is seen for the ion–ion RDFs in the fully ionised case in Figure 4.2(b). An

alternative explanation is that omission of bound-state polarization artificially enhances the

apparent proton–proton coupling in the RDFs; including polarization effects would allow

transient molecular-ion (H+
2 ) formation and thus reduce the effective coupling. In contrast,

the opposite spin neutral-neutral RDF, in Figure 4.8, exhibits a peak indicative of liquid-like

structure. This peak originates from the attractive asymptote in the neutral-neutral Coulomb

potential, Equation (4.2.2).

4.5 Chapter summary

The bound-WPMD model incorporates an explicit representation of bound electrons and

therefore requires a self-consistent determination of the ionisation state. This was achieved

using the framework developed in Chapter 3, which combines thermodynamic integration

with free energy minimisation. Previous wavepacket-based approaches have accounted for

bound-electron effects through semi-empirical effective core potentials in studies of warm

dense matter and dynamic electron chemistry [141, 142]. However, these approaches do

not include a self-consistent calculation of the underlying charge states. The present work

thus provides the first explicit treatment of ionisation equilibria within a wavepacket-based

dynamic electron model.

Applying this method to partially-ionised dense hydrogen has enabled a direct comparison

of the resulting structural properties with reference path-integral Monte Carlo data. As

demonstrated in Section 4.3.3, the confining potential regulates the free electron–ion interaction

within the model. Therefore, at physical conditions where strong electron–ion coupling is

expected, i.e. partially-ionised conditions, the resulting structural properties are particularly

sensitive to its choice. Introducing the partially-ionised model reduces this sensitivity. For

weak confinement, there is less electron–ion interaction, which reduces the ionisation potential

depression. This results in a smaller ionisation state and therefore increases the electron–ion

correlation through inclusion of more bound electrons. At stronger free electron confinement,
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there is greater ionisation potential depression, which reduces the number of bound electrons.

However, the free electrons have smaller spatial extents and bind more strongly to the ions.

A key outcome is that, after imposing physically motivated constraints on the free electron

extent, the structural properties of the bound-WPMD model are in better agreement with

the selected reference data. This assessment is only possible with a systematic method for

determining the ionisation state.

Generally, the inclusion of bound electrons could be used as a scheme in other empirical

dynamic-electron MD models for warm dense matter, where weaker-than-expected electron–ion

coupling has been identified, for example, Ref. [143]. We emphasize that dense, partially-

ionised plasma is a particularly challenging regime to model; in fact, high-fidelity reference

data for structural properties have only recently become available [21, 47]. The bound-WPMD

model could be extended to molecular hydrogen through the appropriate selection of Pauli

potentials [130], or by introducing molecules and molecular ions as additional species and

performing additional free energy minimisations. We note that previous works comparing

predictions at lower temperatures indicate isotropic Gaussian wavepackets may provide a

reasonable description of the structural properties [144]; however, it is well known that they

lack the correct molecular binding energies [46]. Introducing additional species would increase

the dimensions of the minimisation, although it may be possible to find systematic ways

to streamline the free energy calculation [50]. One novel idea would be to use the species’

fractions themselves as thermodynamic integration parameters. Additionally, the description

of higher atomic number, non-bonded and partially-ionised dense plasma is possible within

the framework. This extension, in a hydrogenic framework, would require the consideration

of bound states with higher quantum numbers.

Finally, it may be possible to include stochastic transitions between bound and free state

manifolds systematically within the framework of wavepacket models [93, 145], providing an

interesting course of future research for nonequilibrium modelling of plasmas using dynamic,

restricted wavefunction approaches.
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Chapter 5

A statistical theory of electronic degrees of freedom

Through the development of an ideal-gas theory for WPMD, a closer analysis is now performed

on the role of the confining potential in the model. The content of this chapter is closely

related to the material in Reference [49].

As discussed in the previous chapter, WPMD could also complement more established

methods for a variety of reasons. In equilibrium, the model captures the joint evolution of

electrons and ions over long timescales, enabling direct study of inter-species coupling beyond

the Born–Oppenheimer approximation. In addition to dynamic electron properties [36, 146],

this allows electron-ion collisional transport to be directly modelled [44]. Furthermore, WPMD

has been employed in an ongoing debate regarding the effect of electronic fluctuations on both

diffusive and acoustic ion modes in dense plasma [130, 141, 147]. In the previous chapter,

the method was extended to include bound-state wavefunctions [48, 99], which allowed the

extraction of self-consistent ionisation states [45]. In the nonequilibrium context, the method

was used to study the relaxation of a two-temperature electron-proton plasma and yielded

slow relaxation rates when compared with semi-classical models [124].

However, as seen in the previous chapter, care must be taken to ensure that the restricted

functional form of the electronic wavefunction does not lead to unphysical behaviour. A

primary example is the confining potential, which controls the electron extent and hence

regulates many properties of the model [48, 135, 146]. The purpose of this chapter is to

highlight how the statistical distribution of the additional electron degrees of freedom may

be predicted from the Hamiltonian structure of the underlying equations. This provides a

practical means to assess the effect of the confining potential. Here, we focus on the statistical

properties of WPMD using a Gaussian ansatz, which, as already discussed, has been widely

applied to the study of warm dense matter and partially-ionised plasmas.
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5.1 Gaussian wavepacket ansätze

One of the wavepacket models studied is the anisotropic Gaussian wavepacket ansatz developed

in Reference [46] and used in the previous chapter; see Equation 4.1.9 and associated discussion.

The case of isotropic wavepackets is also studied. Constraining the matrices to

Σi = aiI ; Πi = πiI, (5.1.1)

where I is the identity matrix and ai, πi are real scalars, gives the isotropic state

⟨x|gi⟩ = N exp
[
mi(x − ri)2 + i

ℏ
pT

i (x − ri)
]
, (5.1.2)

with the complex width variable

mi = 1
4ai

− i

ℏ
πi. (5.1.3)

While the equations of motion for the expected position ri and expected momentum pi

remain with the same form given in Equation (4.1.12), the evolution equations for the internal

degrees of freedom are instead

dai

dt
= 1

3
∂HWP

∂πi
; dπi

dt
= −1

3
∂HWP

∂ai
. (5.1.4)

The factor of three is a direct result of transitioning from three spatial degrees of freedom

to one in Equation (5.1.1), and could be absorbed by a redefinition of the complex width

variable.

The model being employed is equivalent to the fully-ionised model defined in Chapter 4.

These modelling choices are briefly reviewed. First, to account for mixed quantum-classical

dynamics, Ehrenfest molecular dynamics is employed. Second, all particles are charged and

therefore interact through Coulomb interactions, both through the ion-ion interactions and in

the electronic Hamiltonian. Third, kinetic Pauli potentials are also employed. These act as

effective two-body potentials and are motivated by a pairwise truncation of the antisymmetri-

120



5.2. STATISTICAL THEORY FOR THE WIDTH DISTRIBUTION CHAPTER 5

sation operator [115, 128]. Finally, a confining potential is used to enforce localised Gaussian

wavepackets, which is standard in high temperature applications of WPMD. Predicting the

effect of this empirical potential is the focus of the present work. An additional potential

energy operator, recalled from Equation 4.2.32, is added to the electronic Hamiltonian:

V̂ = A

2
∑
i

Ŵi = A

2
∑
i

(x̂i − ⟨x̂i⟩)2, (5.1.5)

where x̂i denotes the position operator of the i-th electron and ⟨x̂i⟩ denotes its expectation

value. We have also defined the width-squared operator Ŵi, which is used to characterise the

extent of the electron wavefunction. As shall be demonstrated, adjusting A modulates the

distribution of the width (Σi or ai) variables in the model. This changes the effective Coulomb

interactions and resulting structural properties [48]. An alternative scheme based on a global

confining potential to impose reflecting wall boundary conditions has also been studied in

References [137, 148]. We shall briefly comment how to extend the method presented here to

this scheme in Section 5.2.1.

5.2 Statistical theory for the width distribution

In this section, we develop a statistical theory for the internal degrees of freedom based on the

non-interacting limit. Specifically, we assume single-particle contributions to the total energy

are dominant and that the presence of width-dependent Coulomb and Pauli interactions has

a small effect on the internal degrees of freedom. This assumption is correct for sufficiently

weakly-coupled systems. More generally, its validity may be assessed by comparison with

interacting MD simulations, as performed in Section 5.3. Of course, at sufficiently strongly-

coupled conditions, the presence of interactions will perturb the width distribution away from

the ideal case. Finally, we note that width distributions have been discussed for isotropic

wavepackets in previous works, see e.g. References [124, 125, 137, 149, 150], but they have

not been predicted directly.
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5.2.1 Anisotropic case

In an ideal gas of anisotropic wavepackets, the Hamiltonian is a sum over kinetic terms and

confining potential terms:

HWP =
∑
i

(
Ti + A

2 Tr {Σi}
)
. (5.2.1)

As discussed in the previous section, the final term represents the confining potential with em-

pirical strength A. This term arises from evaluating the expectation value of Equation (4.2.32)

for an anisotropic Gaussian wavefunction, given in Equation (4.1.9). Without this term,

the partition function diverges due to infinite wavepacket spread [135]. If, instead, a global

confining potential is used, then the final term in this equation should be replaced by an

external, position- and shape-dependent potential. For anisotropic wavepackets the kinetic

energy is given by [46]

T ani = p2

2me
+ 2
me

Tr {ΠΣΠ} + ℏ2

8me
Tr
{
Σ−1} , (5.2.2)

where me is the electron mass and the particle index has been suppressed. In a non-interacting

system with classical Hamiltonian equations, the many-body distribution function factorizes

into a set of N single-particle distribution functions:

f1(p,Σ,Π) = 1
Z1

exp
[
−β

(
T + A

2 Tr {Σ}
)]
, (5.2.3)

where β = 1/(kBT ) is the inverse temperature and Z1 is the single-particle partition function

associated to the extended phase space of the model [135]. Note that no closed-form expression

is readily available for Z1. To study the resulting distribution over widths, we proceed by

integrating the single-particle distribution function over both the position and momentum

degrees of freedom to find a marginal distribution in terms of the Σ matrix:

fani
Σ (Σ) =

ˆ
d3r

ˆ
d3p

ˆ
d6Π f1(p,Σ,Π). (5.2.4)
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The Σ matrix is symmetric, and therefore admits an eigendecomposition, Σ = ΛDΛ⊤, where

Λ ∈ R3×3 is an orthogonal matrix of eigenvectors (Λ⊤Λ = I) and D = diag(ℓ1, ℓ2, ℓ3) is a

diagonal matrix of eigenvalues. Therefore, upon making the following change of variables,

Π′ = Λ⊤ΠΛ, the trace may be written as Tr(ΠΣΠ) = Tr(Π′DΠ′). Orthogonal transformations

preserve volume and so the integration measure remains unchanged, i.e. d6Π = d6Π′, and the

total distribution becomes

fani
Σ (Σ) = Z exp

[
−β

(
ℏ2

8me
Tr
{
Σ−1}+ A

2 Tr {Σ}
)]

I1, (5.2.5)

where Z is used henceforth as a normalization constant that is redefined as necessary to

absorb prefactors. The last term is the following integral:

I1 =
ˆ

exp
[
−β 2

me
Tr
{
Π′DΠ′}] d6Π′. (5.2.6)

The matrix Π′ is symmetric, so the trace can be expanded accordingly:

Tr(Π′DΠ′) =
3∑

p=1
ℓp(Π′

pp)2 +
∑

1≤p<q≤3

(
ℓp + ℓq

)
(Π′

pq)2.

Therefore the integral factorizes into six independent Gaussian integrals. Performing these

integrals yields

fani
Σ (Σ) = Z

 3∏
p=1

1√
ℓp

 ∏
1≤p<q≤3

1√
ℓp + ℓq

 exp
[
−β

(
ℏ2

8me
Tr
{
Σ−1}+ A

2 Tr {Σ}
)]

.

(5.2.7)

Since the shape matrix Σ is symmetric, it has six degrees of freedom. We wish to study the

distribution of widths, which depend on the three eigenvalues of Σ, denoted by ℓ1, ℓ2, ℓ3. To

isolate these, we express the integral in terms of these three variables and integrate over the

three rotation variables µ1, µ2, µ3 which parameterise the possible orientation of the eigenbasis.
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It is possible to show that the Jacobian associated to this transformation is [151]

J (ℓ1, ℓ2, ℓ3, µ1, µ2, µ3) =
∏

1≤p<q≤3
|ℓp − ℓq|g(µ1, µ2, µ3), (5.2.8)

where g is the distribution function of the µ degrees of freedom. After integrating over the

rotational degrees of freedom, the marginal distribution function over the eigenvalues is

fani
ℓ (ℓ1, ℓ2, ℓ3) = Z

 3∏
p=1

1√
ℓp

 ∏
1≤p<q≤3

|ℓp − ℓq|√
ℓp + ℓq

 exp
−β

 ℏ2

8me

3∑
p=1

1
ℓp

+ A

2

3∑
p=1

ℓp

 .
(5.2.9)

To characterize the resulting distribution we sample directly from the joint distribution of the

eigenvalues ℓ = (ℓ1, ℓ2, ℓ3) defined in Equation (5.2.9). From each set of sampled eigenvalues

we calculate the widths

σp =
√
ℓp for p = 1, 2, 3 , (5.2.10)

which provide a more natural physical interpretation. In order to characterize the statistics of

these widths we consider the distribution of an individual width, denoted P ani
σ , obtained by

pooling all σi values across samples. Additionally, to measure the total wavepacket extent,

we define the root-mean-squared (RMS) width as

σ̄ =
√

1
3⟨Ŵ ⟩ =

√
1
3(σ2

1 + σ2
2 + σ2

3), (5.2.11)

where the first equality is the general definition in terms of the width-squared operator

defined in Equation (5.1.5). Evaluating the state average for the specific case of anisotropic

wavepackets yields the second equality. The marginal probability distribution function (PDF)

of the RMS width σ̄ is denoted P ani
σ̄ . These two marginal distributions capture, respectively,

the typical fluctuations of a single component and the collective behaviour of the total width.
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5.2.2 Isotropic case

The equivalent Hamiltonian for an ideal gas of isotropic wavepackets is

HWP =
∑
i

(
Ti + 3A

2 ai

)
, (5.2.12)

which includes the state average of the confining potential using the isotropic wavepacket

form given in Equation (5.1.2). For isotropic wavepackets, the kinetic energy is

T iso = p2

2me
+ 6
me

π2a+ 3ℏ2

8mea
, (5.2.13)

where the particle index is suppressed. Following the same procedure as the previous subsection

and integrating over all momentum-like degrees of freedom gives the following distribution

function over a,

f iso
a (a) =

√
3Aβ
2πa exp

[
−β

(
3ℏ2

8mea
+ 3

2Aa− 3
2ℏ
√
A

me

)]
. (5.2.14)

Here the normalization factor has been explicitly calculated. The width metric employed

for the anisotropic case can also be applied to the isotropic case. Specifically, we define the

isotropic width variable

σ =
√

1
3⟨Ŵ ⟩ =

√
a, (5.2.15)

where the second equality is evaluated for the isotropic Gaussian, Equation (5.1.2), in contrast

to the anisotropic wavefunction used to evaluate the state average appearing in the second

equality of Equation (5.2.11). The width variable σ has the following marginal distribution

function:

f iso
σ (σ) = 2σf iso

a

(
σ2) , (5.2.16)
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which is the isotropic equivalent of the marginal probability of the averaged width P ani
σ̄ . It is

also possible to obtain a closed-form expression for the mean width of the distribution,

⟨σ⟩iso =
ˆ
σf iso

σ (σ)dσ

=

√√√√ 3ℏ2β
2πme

exp
[

3
2ℏβ

√
A

me

]
K1

[
3
2ℏβ

√
A

me

] (5.2.17)

where ⟨·⟩iso denotes the statistical average with respect to the isotropic width PDF and

Kα[·] denotes the modified Bessel function of the second kind of order α. Additionally, the

maximum of the distribution, calculated with

∂f iso
σ

∂σ
= 0, (5.2.18)

gives the isotropic modal width:

mode(σ) =
(

ℏ2

4meA

)1/4
. (5.2.19)

An equivalent result was obtained in Section 4.3 by equating shape kinetic energy and confining

potential terms. It may therefore be concluded that the confinement parameter σ0 which was

used to identify an approximate electronic lengthscale in the previous chapter is equivalent to

the modal width of an ideal gas of isotropic wavepackets.

5.3 Comparison with molecular dynamics

We now compare the non-interacting theory developed in the previous section with fully

interacting MD data for warm dense hydrogen. The full model being employed, including

confining and Pauli potentials, corresponds to the fully-ionised model specified in the previous

chapter. The long-range Coulombic interactions are computed in reciprocal space according

to the Ewald treatment in Reference [46]. A timestep of 5 × 10−5 fs and a real-space cutoff

for Pauli interactions of 12 a0 ensure stable energy conservation. Results are presented for a
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Wigner–Seitz radius of rs = 2 and a degeneracy parameter of θ = kBT/EF = 1, where EF is

the Fermi energy. Width distribution data are time-averaged over snapshots that encompass

a 25 fs period.

5.3.1 Markov chain Monte Carlo

To compute the width distributions for the non-interacting statistical theory of anisotropic

wavepackets, we sample ℓ = (ℓ1, ℓ2, ℓ3) from Eq. (5.2.9) using a Markov chain Monte Carlo

(MCMC) sampling routine. Specifically, to generate samples from the target density, we

employ the random-walk Metropolis algorithm [152–154]. At each step the algorithm proposes

a move in parameter space and then accepts or rejects it according to the Metropolis rule.

Concretely, starting from an initial state ℓ(0), the algorithm iterates the following steps:

1. Propose a new point ℓprop = ℓ(t) + η, where η ∼ N (0, σ2I).

2. Compute the log of the unnormalised target density at the proposal and the current

state, and form the acceptance probability

α = min
{
1, exp

[
log fani

ℓ (ℓprop) − log fani
ℓ (ℓ(t))

]}
.

3. With probability α, accept the proposal and set ℓ(t+1) = ℓprop; otherwise, keep the

current state ℓ(t+1) = ℓ(t).

Evaluating the density in log space prevents numerical underflow and converts products into

sums, which is more numerically stable.

The Gaussian proposal width σ is varied to yield a reasonable acceptance rate of around

0.3. Each run consists of 2 × 106 iterations, with the first 105 discarded as burn-in and every

20th sample retained (thinning) for analysis. The retained states are transformed to widths

σi =
√
ℓi, from which we construct the single-particle distribution P ani

σ and the averaged

distribution P ani
σ̄ . Performing multiple independent runs confirmed consistent acceptance

rates and stable estimates of the width PDFs.
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Figure 5.1: Marginal width distribution functions for an anisotropic wavepacket plasma at
rs = 2 and θ = 1 for different confining potentials. Excluding the A = 4.00 Ha/a2

0 case, each
curve is shifted by 1 a0 relative to the curve to its left for clarity. The histograms correspond
to molecular dynamics (MD) results in the microcanonical ensemble, while the dashed lines
correspond to Markov chain Monte Carlo (MCMC) sampling of Eq. (5.2.9). Arrows indicate
the shoulder feature discussed in the main text. The simulations are performed within a cubic
box of side length L = 52.5 a0. Hartree atomic units are used in the legend.

5.3.2 Model comparison

Figure 5.1 shows the sampled distributions compared to the interacting MD simulations

specified in the previous subsection for different values of the confining strength A. The

agreement between the classical statistical theory and width distributions obtained from

interacting simulations is remarkable. Additionally, a shoulder feature is observed in the

tail of each distribution, as indicated by the arrows in Figure 5.1. This feature arises from

the eigenvalue difference term, ∏1≤p<q≤3 |ℓq − ℓp|, present in the marginal distribution over

eigenvalues, which appears in the second product of Equation (5.2.9). This eigenvalue repulsion

suppresses configurations with a similar spatial extent in each diagonalized spatial dimension,

because fewer distinct covariance matrices Σ correspond to such points. This term directly

originates from the rotational degrees of freedom in the model, which provide additional

relaxation pathways. The equivalence between the width distribution from the statistical

theory and from the interacting system provides direct evidence that the effective interactions

of the model are mediated by the classical statistics of the wavepacket Hamiltonian HWP.
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Figure 5.2: Effective interparticle Coulomb interactions based on the mean width of the
width distributions plotted in Figure 5.1.

To demonstrate this point, we plot effective interparticle interactions in Figure 5.2. These

interactions are computed from the Coulomb interactions of an isotropic Gaussian with a width

given by the mean of the corresponding distributions in Figure 5.1. For narrow wavepackets,

the interparticle Coulomb interaction is stronger at small separations because the charge

distribution is more localised. For larger separations relative to the wavepacket width, the pair

potentials asymptote to the Coulomb potential. At this condition, full ionisation is expected,

and the effect of interactions has little impact on the width PDFs. A comparison between the

isotropic and anisotropic restricted wavefunctions is presented in Figure 5.3. Panel (a) shows

the isotropic distribution fσ(σ) computed with both MD and MCMC techniques, alongside

the PDF for the average width of an anisotropic wavepacket P ani
σ̄ . For an equivalent confining

potential, the average extent of the anisotropic wavepacket is significantly larger. Panel (b)

depicts the corresponding marginal distribution over individual width variables, which exhibits

a prominent tail extending beyond 6 a0 and a shoulder feature. Figure 5.3 also demonstrates

that the width of each anisotropic wavepacket is underestimated by the mode of the isotropic

distribution. While emphasising the role of the underlying classical statistics, this comparison

elucidates the difference in the two restricted wavefunctions. The isotropic wavefunctions
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Figure 5.3: Comparison between isotropic and anisotropic width distribution functions at
rs = 2, θ = 1 for a confining potential of A = 0.17 Ha/a2

0. (a) Average width distribution
functions for the isotropic and anisotropic models. (b) Distribution of individual width
variables in the anisotropic model. The grey dashed line indicates the modal width of the
isotropic model given by Equation (5.2.19). The mean values of each distribution are also
plotted, with the isotropic case given by Equation (5.2.17), and the anisotropic case calculated
numerically.
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are considerably more localised for a given confining potential. This is likely explained by

additional rotational degrees of freedom present in the anisotropic wavepacket ansatz, which

provide additional relaxation pathways in the dynamics and manifest as eigenvalue repulsion.

The stronger localisation in the isotropic ansatz for a given confining strength means it will

have stronger electron-electron and electron-ion interactions, explaining weaker correlations

observed for the anisotropic ansatz in a previous comparison [46], albeit for a different form

of the confining potential.

5.4 Chapter Summary

WPMD-based simulations can capture the concurrent time evolution of thousands of coupled

ions and electrons. However, applications in plasma physics require the use of a confining

potential to appropriately constrain the electron widths. In this chapter, a method by

which the effect of the confining potential may be predicted a priori for both isotropic and

anisotropic variants of WPMD has been introduced. From a practical perspective, this

may allow confinement strength heuristics, such as those discussed in Refs. [135, 136], to

be developed and then applied, without the need to explicitly scan this parameter using

MD simulations to find a suitable choice, as was required in Chapter 4. Additionally, the

distribution of electronic widths has been investigated within a classical statistical theory. The

comparison of two wavepacket models reveals that, even under equivalent confining potentials,

they exhibit different mean widths and therefore different effective Coulomb interactions.

This finding accounts for the structural differences previously reported between these models

in the warm dense matter regime [46]. The results presented here could also be extended to

the case of a global external confining potential and therefore used to predict its impact on

the equilibrium density profile [137].

From a theoretical perspective, we have demonstrated that the distribution of variables in

wavepacket models is closely connected to the statistical properties of the underlying classical

Hamiltonian HWP. For the model to yield correct effective pairwise interactions—which are

131



5.4. CHAPTER SUMMARY CHAPTER 5

known from quantum statistical considerations to be Coulomb-like at large separations and

finite at small separations in weakly-coupled, fully-ionised plasmas [89]—it should relax to a

non-divergent width distribution. As A → 0 in either the anisotropic or isotropic case, the

average width diverges and the distribution functions themselves, Eqs. (5.2.9) and (5.2.14),

become unnormalizable. This observation establishes the confining potential as an essential

ingredient for enforcing the correct behaviour in weakly-coupled regimes. Similar models,

such as those used for nuclear collisions, often address this feature by fixing the wavepacket

width directly [145].

In fully-ionised warm dense systems, as studied here, a significant fraction of the electrons

are expected to be in spatially-extended states. However, a fully delocalised Gaussian

wavepacket will effectively cease to interact with the system and has no mechanism to

relocalise. Therefore, by regulating the model through the choice of an appropriate confining

potential, physically meaningful results can be obtained [36, 48, 137].
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Chapter 6

Conclusion

6.1 Summary

This thesis has investigated the structure and ionisation behaviour of dense, partially-ionised

hydrogen using scalable molecular dynamics (MD) frameworks formulated within the chemical

picture. The central objective has been the development and assessment of dynamic electron

models capable of describing warm dense matter (WDM) across regimes where both Coulomb

coupling and quantum effects are important, while remaining computationally tractable for

large-scale simulations.

Chapter 2 established the theoretical and numerical foundation for the work. The principles

of classical molecular dynamics were reviewed, with particular emphasis on thermodynamic

integration as a tool for computing free energies from simulation data. A detailed derivation

of electrostatic interactions under periodic boundary conditions was presented, culminating

in a systematic derivation and practical formulation of the Ewald potential for Coulomb

systems. One- and two-component plasma models were then discussed, alongside quantum

statistical potentials and wave packet molecular dynamics (WPMD). This chapter provided

the conceptual and technical introduction to MD techniques for the study of WDM.

In Chapter 3, the Coulomb one-component plasma (OCP) framework was extended to

include bound electrons within the chemical picture. A free-energy minimisation procedure,

incorporating thermodynamic integration, was developed to determine the ionisation state

self-consistently. This enabled quantitative exploration of ionisation potential depression and

pressure ionisation within OCP-inspired models. The results demonstrated how interaction

effects modify the equilibrium ionisation relative to ideal and reference systems, and highlighted

the sensitivity of ionisation behaviour to the chosen interaction model. The framework

established here provides a systematic and transferable route to computing ionisation equilibria

within molecular dynamics models applicable to dense plasmas.

Chapter 4 introduced an explicit bound-state extension of an existing WPMD model,
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enabling a combined dynamic treatment of free electrons and a physically motivated, adiabatic

treatment of bound electrons. By combining the bound-WPMD model with the free-energy

minimisation approach developed in Chapter 3, the ionisation state was determined self-

consistently within a fully dynamical electron model. Application to dense, partially-ionised

hydrogen allowed structural properties, in this case radial distribution functions, to be

compared directly with available path integral Monte Carlo reference data. A key outcome

was that incorporating bound electrons reduces the sensitivity of structural predictions to the

confining potential at partially-ionised conditions and improves agreement with reference data

when physically motivated constraints are imposed on free-electron spatial extent. This chapter

also represents the first explicit treatment of ionisation equilibria using direct free-energy

minimisation within a wavepacket-based dynamic electron MD framework.

Chapter 5 addressed more fundamental aspects of WPMD by developing a classical

statistical theory for the distribution of electronic width variables. Analytical predictions

for isotropic and anisotropic Gaussian wavepacket ansätze were derived and compared with

interacting MD data. Good agreement confirmed that the equilibrium width distribution

is governed by the underlying classical Hamiltonian structure. Crucially, it was shown

that a confining potential is essential to ensure a normalisable width distribution and to

recover physically correct effective Coulomb interactions in weakly-coupled regimes. The

comparison between isotropic and anisotropic variants clarified how differences in localisation

lead to distinct effective interactions and, consequently, different structural correlations.

Since the confining potential regulates the effective electron–ion interactions entering the

free energy, it ultimately influences the self-consistent ionisation state obtained within the

chemical-picture framework. This analysis provides both practical guidance for selecting

confinement parameters and deeper theoretical insight into the limitations and capabilities of

wavepacket-based plasma models.

Taken together, the work presented in this thesis establishes a coherent framework for mod-

elling partially-ionised warm dense hydrogen using scalable molecular dynamics techniques. By

combining free-energy-based ionisation calculations with explicit dynamic electron treatments,
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it provides a diverse set of computational approaches that bridge the gap between simplified

plasma models and first-principles approaches. The results demonstrate that, with appropriate

physical constraints and self-consistent ionisation treatment, wavepacket-based MD methods

can reproduce key structural features of dense hydrogen while remaining computationally effi-

cient. This provides a promising foundation for future extensions to more complex materials,

transport properties, and multiscale modelling applications in high-energy-density physics.

6.2 Future work

The models developed in this thesis provide a scalable and physically transparent framework

for studying partially-ionised warm dense hydrogen. The application of these models is

first considered in the context of the multiscale ICF simulations introduced in Chapter 1.

Additionally, several natural model extensions and refinements can be identified which would

further enhance both their predictive capability and their range of applicability. These are split

into two subsequent sections that correspond to future developments based on one-component

and two-component models.

6.2.1 Application to multiscale modelling

The methods developed in this thesis could provide atomistically informed material-property

data for radiation-hydrodynamics simulations of inertial-confinement-fusion implosions. In

particular, equilibrium ionisation states could be calculated over a grid of density and

temperature conditions using free-energy minimisation. The resulting data could then be

tabulated or parameterised for use within a hydrodynamics code, replacing or calibrating

simplified ionisation prescriptions while retaining the effects of strong coupling and bound-

state interactions. For hydrogen, the mean ionisation determines the neutral and ion fractions

completely; extensions to higher-Z materials or mixtures would require calculation of a full

charge-state distribution.

Transport properties could be obtained within the same microscopic framework. After
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determining the equilibrium ionisation state, trajectories generated at that state could be used

to calculate transport coefficients from time-correlation functions. One-component models

would be most directly applicable to ionic diffusion and viscosity, whereas bound-WPMD could

in principle provide both ionic and electronic transport properties, together with electron–ion

coupling. Additionally, studying the sensitivity of these properties to ionisation at fixed

density and temperature would allow further development of reduced models.

Predictions from bound-WPMD would nevertheless remain sensitive to the confining

potential. Since confinement regulates the electronic width distribution and hence the

effective electron–electron and electron–ion interactions, it may influence the equilibrium

ionisation, screening, conductivity and electron–ion relaxation. A useful future study would

therefore calculate ionisation and transport over a physically plausible range of confinement

parameters. The statistical width theory developed in Chapter 5 could reduce the numerical

cost of this procedure, while comparison with first-principles or experimental data could be

used to constrain the confinement model or quantify its associated uncertainty.

The principal computational advantage is that the atomistic calculations would be per-

formed only when constructing the material-property tables. When compared with first-

principles methods, the reduced computational expense of the models, as discussed in Sec-

tions 3.4.2 and 4.4.2, would allow feasible exploration over a larger range of conditions.

The subsequent table interpolation within each hydrodynamic cell and timestep would be

inexpensive. The favourable scaling of the molecular-dynamics models also permits larger

systems and longer trajectories than are generally accessible to first-principles methods, which

is particularly valuable for converging transport calculations. The main limitations are the

restricted thermodynamic range studied, the simplified interaction models and the assumption

of equilibrium ionisation, although nonequilibrium studies may also be investigated using

these models. Care would also be required to maintain consistency between the ionisation,

equation-of-state and transport data supplied to the hydrodynamic model.
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6.2.2 One-component models

The contribution of Chapter 3 lies primarily in the development of the ionisation calculation

framework based on free-energy minimisation. The specific models employed in that chapter

were deliberately simplified and could be further refined. Possible extensions include the

incorporation of electronic screening of both ions and bound states, as well as the explicit

treatment of bound-state polarisation. Inspiration may be drawn from established chemical-

picture methods for light elements [70, 95, 111, 112], which employed semi-analytical techniques

to compute the free energy. Implementing similar approaches within a molecular dynamics

framework would allow interparticle interactions to be treated explicitly and non-perturbatively

through direct simulation.

Warm dense matter remains a particularly challenging regime to model, and modern

equation-of-state tables typically rely on parameterisations of first-principles calculations

in this domain [6]. In contrast, chemical-picture models continue to be employed at lower

densities [155], where interaction effects can be treated as perturbative corrections to bound-

state wavefunctions. The ionisation calculation framework developed in this thesis provides a

systematic route for constructing and testing models across both weakly and strongly coupled

regimes.

Future work could therefore focus on developing interaction models calibrated against

benchmark first-principles calculations in the warm dense regime. Once validated, such models

could be used to explore properties that remain uncertain or computationally inaccessible. A

particularly relevant example is ion transport, since transport coefficients depend sensitively

on the charge-state distribution [156]. If transport coefficient tables for WDM were to be

constructed, MD-based chemical models of this type could provide a consistent connection

between the low-density limit—where first-principles approaches may become computationally

prohibitive—and the warm dense regime.
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6.2.3 Wave packet molecular dynamics

The contributions of Chapters 4 and 5 centre on the study and development of wave packet

molecular dynamics (WPMD).

The bound-WPMD model presented in Chapter 4 may be extended in several directions.

One possible route is the inclusion of stochastic transitions between bound and free orbitals,

allowing the wavefunction to explore multiple restricted-state manifolds. Such transitions may

be motivated within the WPMD formalism itself [93, 145], or informed by plasma-physics

considerations [99]. Introducing branching processes would enable dynamic ionisation and

recombination beyond a strictly deterministic variational evolution, allowing the state to

explore multiple submanifolds within the associated Hilbert space.

A second direction concerns the use of more elaborate wavefunctions through the intro-

duction of additional chemical species or enriched basis sets. The Gaussian decomposition of

the orbitals could be generalised to a complete basis including Cartesian Gaussian functions,

gn,m,l(x, y, z) ∼ xnymzl exp
[
−αr2] , (6.2.1)

thereby permitting anisotropic electronic structure. Such extensions would allow, for example,

a more realistic description of the formation of molecular ions (H+
2 ) and molecules (H2). The

inclusion of time-dependent amplitudes could further enable the simulation of vibrational

molecular dynamics within interacting WDM systems, as well as explicitly time-dependent

ionisation and recombination processes.

The statistical analysis presented in Chapter 5 highlights more fundamental limitations

of restricted wavepacket descriptions applied to many-body Coulomb systems. By reducing

the electronic subsystem to a finite set of variational parameters and coupling it to classical

ions, the long-time behaviour becomes governed by classical Hamiltonian statistics in the

restricted phase space. Although the time-dependent variational principle yields short-time

dynamics that approximate Schrödinger evolution, equilibrium properties are determined by

the statistical mechanics of the classical Hamiltonian HWP.
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This limitation is reflected, for example, in the scaling of the electronic heat capacity

with the number of variational degrees of freedom [46, 124, 157]. In a physically consistent

model, one would instead expect Boltzmann weights over the adiabatic energy eigenstates of

Ĥe({RI}), i.e. the emergence of proper quantum statistics. Within a restricted wave-packet

description, this would require that long-time averages of projections onto the electronic

energy eigenbasis reproduce the corresponding quantum distribution.

Two broad strategies have been explored in the literature to address these limitations.

The first augments Hamiltonian wavepacket dynamics with stochastic transitions in phase

space. Such transitions break the exact conservation laws of the classical Hamiltonian and

modify the statistical exploration of phase space. This approach has proven successful in

nuclear collision models, where stochastic branching and decoherence processes are introduced

to overcome mean-field limitations of Hartree or Slater-determinant descriptions [93, 145, 158,

159]. Related ideas appear in non-adiabatic chemical dynamics, where surface-hopping schemes

reproduce correct statistical behaviour in situations where Ehrenfest dynamics fails [160–162].

The second strategy involves modifying the dynamics through thermostatting procedures

designed to enforce sampling of quantum statistical distributions. While quantum-consistent

thermostats have been proposed in both low- [163] and high-temperature [164] regimes,

existing implementations remain largely restricted to small systems or simplified models.

Developing dynamical schemes that reconcile restricted wavepacket dynamics with quantum

statistical behaviour remains an open and challenging problem. Progress in this direction

would substantially strengthen the theoretical foundations of WPMD for applications in warm

dense matter.
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