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Abstract

The Constraint Satisfaction Problem (CSP) provides a general framework for many combinatorial prob-
lems. In [A.A. Bulatov, A.A. Krokhin, P.G. Jeavons, Classifying the complexity of constraints using finite
algebras, SIAM J. Comput. 34 (3) (2005) 720-742; P.G. Jeavons, On the algebraic structure of combi-
natorial problems, Theoret. Comput. Sci. 200 (1998) 185-204] and then in [A.A. Bulatov, P.G. Jeavons,
Algebraic structures in combinatorial problems, Technical Report MATH-AL-4-2001, Technische Univer-
sitdt Dresden, Dresden, Germany, 2001], a new approach to the study of the CSP has been developed which
uses properties of universal algebras assigned to certain subclasses of the CSP such that the time complexity
and other properties of subclasses can be derived from the properties of the assigned algebras. In this paper
we briefly survey this approach, and then prove that problem classes corresponding to finite 2-semilattices,
that is groupoids satisfying the identities xx = x, xy = yx, x(xy) = (xx)y, can be solved in polynomial
time. Making use of this result we classify finite conservative groupoids, and 4-element algebras with min-
imal clone of term operations with respect to the complexity of the corresponding CSP-class.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The aim of a constraint satisfaction problem (CSP, for short) is to assign values to vari-
ables subject to constraints which are imposed on possible combinations of values of certain
subsets of variables. A wide range of combinatorial problems can be expressed as CSPs. The
standard examples include classical combinatorial problems such as propositional satisfiability
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problem [19], graph colorability, clique, scheduling problem, and many others [20]; and also
problems from various areas of computer science and artificial intelligence, for example, data-
base theory [47], temporal and spatial reasoning [43], machine vision [36], belief maintenance
[16], technical design [38], natural language comprehension [1], and programming language
analysis [37].

Throughout the paper we assume that P # NP. Recall that problems from P are said to be
tractable. The general constraint satisfaction problem is known to be NP-complete, and hence,
intractable [33,36]. However, certain restrictions on the form of constraints may affect the com-
plexity of the corresponding problem class and give rise to a tractable subclass of the general CSP.
There is, therefore, a fundamental research direction aiming to recognize tractable subclasses of
the constraint satisfaction problem.

This goal has been achieved by Schaefer in 1978 [42] in the important special case of Boolean
constraint satisfaction problems when variables are assigned by Boolean values. Schaefer iden-
tified six different families of tractable constraints for Boolean constraint satisfaction problems
(which he called “Generalized Satisfiability Problems”), and proved that any problem involving
constraints not contained in one of these six families is NP-complete. This important result is
known as Schaefer’s Dichotomy Theorem for Boolean relations.

In the same paper Schaefer raised the question of how this result could be generalized to
domains with more than 2 elements. This problem is still unsolved in spite of some progress has
been made recently. In particular, Feder and Vardi [18] used techniques from logic programming
and group theory to identify three broad families of tractable constraints which include all of
Schaefer’s six classes. Another fruitful approach was suggested by Jeavons and co-authors, who
have shown that all tractable constraint classes over finite domains can be characterized using
invariance properties of relations [22-24,26].

The latter approach has been developed in [6,9], and allows one to parameterize subclasses
of the CSP over a finite set of values by finite algebras such that the complexity of a subclass
is completely determined by the properties of the corresponding algebra. An algebra is said to
be tractable [intractable, NP-complete] if the corresponding CSP-class is tractable [intractable,
NP-complete]. The tractability has been proved for many famous classes of algebras including
finite semilattices [26], groups [18], quasiprimal [22] and paraprimal [14] algebras. Some types
of algebras appear to be NP-complete. An archetype example of an NP-complete algebra is
provided by G-sets. For several classes of finite algebras, the tractable algebras have been char-
acterized: 2- and 3-element algebras [2,4,42], strictly simple algebras [9], finite semigroups [8].
The results obtained allow one to pose a plausible conjecture on a complete classification of finite
algebras with respect to the complexity of the corresponding CSP-class [6].

In this paper we investigate the class of finite 2-semilattices, that is groupoids which sat-
isfy all the semilattice identities involving at most 2 variables, or, equivalently, the identities
xx = x (idempotency), xy = yx (commutativity), x(xy) = (xx)y (restricted associativity).
2-semilattices provide a natural generalization of semilattices and inherit many of their prop-
erties. We prove that every finite 2-semilattice is tractable.

Another reason why 2-semilattices are of interest is that they play an important role in the
study of algebras with minimal clone of term operations. Algebras whose clone of term opera-
tions is an atom in the clone lattice attract a special attention in both, clone theory and the study
of the CSP, because they correspond to CSP-classes that are just smaller than the general CSP.
We shall call such algebras clone minimal algebras. In [41], clone minimal algebras have been
classified into 5 types. For 4 of them the tractability or intractability can be easily derived from
the earlier results. For the remaining type of finite idempotent groupoids there are only some
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partial results. In [7], it is shown that every tractable idempotent groupoid with minimal clone
of term operations has a binary commutative term operation, and this condition is sufficient for
the tractability when the groupoid is 2- or 3-element. The latter result heavily uses the descrip-
tion of 3-element clone minimal algebras [12]. Such a description in the general case is still an
open problem, though some achievements have been obtained [13,29,32,48]. In this paper we use
the description of 4-element groupoids with minimal clone of term operations [44] that implies
that if such a groupoid has a commutative binary term operation then it is term equivalent to a
2-semilattice, to show that the necessary condition for the tractability of clone minimal algebras
stated in [7] is sufficient for 4-element algebras.

We also use our main result to classify, with respect to the tractability, another well-known
class of groupoids, conservative groupoids [10,27,28,49]. Recall that a groupoid G is said to
be conservative if ab € {a, b} for any a, b € G. We show that a finite conservative groupoid is
tractable if and only if it is commutative. Otherwise, it is NP-complete.

The paper is organized as follows. In Section 2 we survey the connection between finite alge-
bras and the complexity of the CSP. In Section 3.1 we introduce an important type of tractable
problem classes, classes of finite width, that have a simple solving algorithm; in Section 3.2
we prove several auxiliary results; in Section 3.3 we study simple 2-semilattices, and show that
problems related to simple 2-semilattices are of width 3. Finally, in Section 3.4 we prove this
property in the general case, and in Section 4 we apply our main result to conservative groupoids
and 4-element clone minimal algebras.

2. Preliminaries
2.1. Constraint satisfaction problem

By an n-ary relation on a collection of sets {A; | i € /} we mean a subset of A;; X --- X A
where i1, ..., i, € I together with the tuple (i1, ..., i,) called the signature.

The ‘constraint satisfaction problem’ was introduced by Montanari in 1974 [36] and has been
widely studied [17,18,31,33-35,46].

In

Definition 2.1. The constraint satisfaction problem (CSP) is the combinatorial decision problem
with

INSTANCE: a quadruple (V; A; §; C) where
e V is a set of variables;
e A={A;|i e I}isacollection of sets of values [domains];
e § is a mapping from V to I, called the domain function;
o (C is a set of constraints;
e Each constraint C € C is a pair (s, 0), where
— 5= (v1, ..., Uny,) is a tuple of variables of length mc, called the constraint scope;
— o is an mc-ary relation over A with signature (8(v1), ..., 8(vy.)), called the con-
straint relation.
Question: does there exist a solution, i.e. a function ¢, from V to |, cy As(v), such that, for each
variable v € V, ¢(v) € As(y), and for each constraint (s, o) € C, with s = (vy, ..., vp),
the tuple (¢(v1), ..., @(vy)) belongs to o?
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We shall consider constraint satisfaction problems over finite domains only. With this restric-
tion, the size of a problem instance can be taken to be the length of a string containing domains
for all variables, all constraint scopes, and all tuples of the constraint relations from the instance.

Often all the variables can be supposed to have a common set of values. To distinguish this
important particular case, we will refer to the general case as to the multi-sorted CSP, while to
the case with a common domain as the one-sorted CSP. A one-sorted problem instance is then
written as (V, A, C) where A is the common domain and V, C are as before.

The constraint satisfaction problem is NP-complete in general, as has been proved in [36] and
will be seen from the examples below. However, some restrictions may affect the complexity.
There are two ways to restrict the general CSP: first, to impose some restrictions on the possible
form of constraint relations, second, to restrict the way in which the constraints may interact. In
this paper we explore the first way.

Let I' be a set of relations over a collection of sets A= {A; | i € I}. Then CSP(I") denotes
the subclass of CSP defined by the property: for any instance P € CSP(I”), every variable has
one of the sets from .4 as the domain, and every constraint relation of P belongs to I". The set
I" is said to be tractable if, for each finite subset I’ C I', the class CSP(I"’) is tractable; I is
said to be NP-complete if CSP(I"") is NP-complete for certain finite subset I'” C I'". If there is a
uniform polynomial time algorithm that solves CSP(I"), then I' is said to be globally tractable.

Example 2.1. The binary disequality relation, denoted by #p, is defined as
#p={(d1.dy) € D* | d1 # d>}.

Note that CSP({#p}) precisely corresponds to the GRAPH |D|-COLORABILITY problem [19].
Indeed, a problem instance of the GRAPH | D|-COLORABILITY with the input graph G = (V, E)
corresponds to the constraint satisfaction problem (V'; D; {((u, v), #p) | (u, v) € E}), see Fig. 1.
Clearly, the graph can be correctly colored if and only if all its vertices can be assigned values so
that the values of adjacent vertices are different. Thus CSP({#£p}) is tractable when |D| =2 and
NP-complete when |D| > 3.

Example 2.2. An instance of GRAPH UNREACHABILITY consists of a graph G = (V, E) and a
pair of vertices, v, w € V. The question is whether there is no path in G from v to w. This can
expressed as the CSP instance (V, {0, 1}, C) where

€ ={le.{0.0). (1. D}} [e € E}U{(). {O]). {@). {(D})}.

Indeed, this CSP instance has a solution if and only if one can label the vertices of G by 0’s
and 1’s such that v is labeled O, w is labeled 1, and adjacent vertices are assigned equal la-
bels, see Fig. 2. Clearly, this is possible if and only if there is no path from v to w. Thus,

Fig. . GRAPH COLORABILITY as an instance of the CSP.
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0 1

0 1

Fig. 2. GRAPH UNREACHABILITY as an instance of the CSP.

GRAPH UNREACHABILITY € CSP({=(0,1}, {(0)}, {(1)}}) where =(0,1) denotes the equality re-
lation on {0, 1}.

Example 2.3. A system of linear equations over a field F can be expressed as the CSP instance
(V; F; C) where V is the set of variables of the system, and each constraint (s, ¢) from C cor-
responds to an equation. Then s is the set of variables appearing in the equation, and o is the
solution space of the equation, that is a hyperplane.

For further examples including essentially multi-sorted CSPs the reader is referred to [5,6].

Up to now, no set of relations is known to be tractable but not globally tractable. Thus a natural
conjecture is that any tractable set of relations is also globally tractable. However, this cannot be
taken for granted and requires additional efforts in each particular case.

Conjecture 2.1 (local-global conjecture). Any tractable set of relations is globally tractable.
2.2. Constraint satisfaction problem and finite algebras

A connection between finite algebras and problem classes of the form CSP(I") has been es-
tablished in [9,20] for the one-sorted CSP, and in [5,6] for the multi-sorted CSP. We start with
the one-sorted case.

The ultimate goal in the study of CSP(I") is to find a way to distinguish between tractable and
intractable sets of relations. In this connection, it is natural to ask how a tractable set of relations
can be extended so that the extended set of relations remains tractable. In other words, which
operations on relations do preserve tractability? An important class of such operations has been
discovered in [20].

We make use of the standard correspondence between relations and logical predicates: to
each m-ary relation o C A™ we assign the m-ary predicate on A which becomes true precisely
on m-tuples from p. Recall that an existential first order formula is said to be primitive positive
if its quantifier-free part is a conjunction of predicates. These formulas can be used as operations
that allow one to derive new relations from given ones.

Example 2.4. The standard product of two binary relations ¢ and g> may be defined by the
following primitive positive formula:

(x,2)€01000 <= @y)x,y) €01 (,2) €02

A set of relations on a set A closed with respect to all operations defined by primitive positive
formulas is called a relational clone. Given a set I" of relations, the smallest relational clone
containing I" is said to be generated by I' and denoted by (I").
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Theorem 2.1. [20] A set of relations, I, is tractable if and only if (I') is tractable.

In a sense, Theorem 2.1 amounts to say that, in the study CSP(I"), a reasonable strategy is
to concentrate on relational clones rather than arbitrary families of relations. In many cases, this
strategy has proved to be successful: for example, in [20] it is shown that Schaefer’s result [42]
on the CSP over a two-element domain can easily be deduced from Theorem 2.1 and the classical
description of clones on a two-element set [40].

An m-ary relation g is said to be invariant with respect to an operation f(xi,...,xy,) [or f
preserves o] if, for any (ayy,...,am1),-..,@1n, --.,amn) € 0, we have
flai,az, ... a1,)
flaz,axn, ..., axn)
€o.
f@m1, ama, ..., Gmn)

This also can be expressed by saying that o is a subalgebra of the mth direct power of the
algebra (A; f). Given a set of relations, I, the set of all operations preserving I is denoted
by Pol I". Analogously given a set of operations, C, on A, the set of all relations which preserved
by operations from C is denoted by Inv C.

It is well known [39,45] that, for any finite algebra A = (A; F), the set Inv F, that is the set of
all subalgebras of finite direct powers of A, forms a relational clone. Moreover, for any relational
clone I" over a finite set A, there is a finite algebra A = (A; F) such that I" = Inv F'. In fact,
F can be chosen to be Pol I".

Thus, every finite algebra A determines a problem class CSP(Inv F') which will also be de-
noted by CSP(A). The algebra A is said to be (globally) tractable [NP-complete] if the set Inv F
is (globally) tractable [NP-complete]. Conversely, by Theorem 2.1, for any problem class of the
form CSP(I"), where I is a family of relations over a finite set A, there is the corresponding
finite algebra A = (A;PolI"), and I" is (globally) tractable [NP-complete] if and only if A is
(globally) tractable [NP-complete].

In the case of the multi-sorted CSP, the algebraic structure of problem classes can be intro-
duced in a more straightforward way [5,6]. Let A be a class of similar finite algebras. The class of
all subalgebras of all finite direct products of algebras from A is denoted by SPg;, A. By CSP(A)
we mean the subclass CSP(SPg;, A) of the multi-sorted CSP. The class A is said to be (globally)
tractable [NP-complete] if SPgy, A is (globally) tractable [NP-complete].

If A is finite and (globally) tractable, say A = {Aq,..., A,}, then Ay,..., A, are called
mutually (globally) tractable. The tractability of a finite class of algebras is equivalent to the
tractability of a single algebra.

Theorem 2.2. [6] Let Ay, ..., A, be similar finite algebras. Then Ay, ..., A, are mutually (glob-
ally) tractable if and only if A1 x --- x A, is (globally) tractable.

Theorem 2.2 makes it possible to define an algebraic structure of a CSP-class starting from
a set of multi-sorted relations. Given a finite set of relations, I", over a collection of sets
{A1,..., A,}, we may treat relations from I as relations over A = A X --- X A,; then set
A = (A;Pol I'") where I’ is I' together with the kernels of projections of A onto Ay,..., Ay;
finally, A can be represented as A| X --- X A,, and I" C SPgp (A1, ..., A,).

Any tractable class of algebras can be enlarged so that the enlarged class remains tractable.
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Theorem 2.3. [6] If a class of similar finite algebras A is tractable then the class of finite alge-
bras from the variety it generates is also tractable.

The theorem says that the tractability can be characterized by a specific term or a family of
terms. Some terms guaranteeing the tractability have been identified earlier [3,6,9,21,22,24-26].

Proposition 2.1. If a variety has one of the following terms: a constant term, a semilattice term,
a near-unanimity term, a Mal’tsev term then the class of its finite algebras is globally tractable.

Clearly, an algebra with a rich family of term operations has a small class of invariant relations.
Therefore poor algebras give rise to hard problem classes. In particular, the NP-completeness of
a wide class of algebras can be characterized just by presence of an algebra with poor set of term
operations. Recall that a G-set is a set with group action on it, and algebras are said to be ferm
equivalent if they have the same set of term operations.

Proposition 2.2. [9] If the variety generated by a class of finite similar algebras, A, contains an
algebra term equivalent to a finite G-set, then A is NP-complete.

Moreover, all known NP-complete classes of finite algebras satisfy the condition from Propo-
sition 2.2.

Conjecture 2.2 (dichotomy conjecture). A class of finite algebras is tractable if and only if the
variety it generates contains no G-set. Otherwise it is NP-complete.

Now we can formulate the main result of the paper.
Theorem 2.4. The class of finite 2-semilattices is globally tractable.
3. Proof of Theorem 2.4
3.1. Algorithm

First we introduce a property of a subclass of the CSP that provides a polynomial time solution
algorithm. Throughout the paper we treat relations as subalgebras of direct products and use for
them the same notation as for algebras.

For an n-ary relation C, a= (aj,...,a,) € C,and I ={i1,...,ix} S {1,...,n}, by pr;a we
denote the tuple (a;,, ..., a;,), and by pr; C the set {pr; b | b € C}. We sometimes will also write
pr;,...;, C instead of pr; C.

Let P = (V; A; §; C) be an instance of the multi-sorted CSP, and W C V. By Py we denote
the restricted problem, that is the problem instance defined as (W; A; §|w; C") where, for every
(s,C) eC, there is (s',C") € C’ with s’ =s N W, and C’ = pry, C. Every solution of Py is said
to be a partial solution of P on W. Let us denote the set of all partial solutions on W by Sy .
Notice that Sy can be treated as a |W|-ary relation.

We call the problem instance P k-minimal if, for any k-element subset W of V, there is a
constraint (s, C) € C such that W C s, and for any (s, C) € C, we have pry, C = pryn, Sw.

Any problem instance P can be transformed to an equivalent k-minimal instance P’. To do
this we employ the algorithm k-MINIMALITY, see Fig. 3. As is easily seen, the time complexity
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Input. A problem instance P = (V; A; §; C).
Output. A k-minimal problem instance P’ = (V; A; §; C’) equivalent to P.

Step 1 /* initialization

Set P’ := (V; A; §; C’) where

c'=cu(w, [T Asw) I WeV, W=k
veW

and P" :=P’.
Step 2 Do
Step3  Set P :=P".
Step 4 For each W C V with [W| =k do
Step 5 Solve the restricted problem ,P{il/'
Step 6 For each constraint C = (s, C) € C”, replace C with

(s,C’) where C' = {a € C| pryny a € pryny Sy ).

Step 7 Until P =P’.
Step 8 Output P’.

Fig. 3. Algorithm k-MINIMALITY.

of this algorithm is O (m3n*) where n is the number of variables and m is the total number of
tuples in the constraint relations. Therefore, Theorem 2.4 can be deduced from the following
theorem which will be proved in the next three subsections.

Theorem 3.1. Let P = (V; A; §; C) be an instance of the multi-sorted constraint satisfaction
problem where A is a class of finite 2-semilattices. Then if P is 3-minimal and has no empty
constraint relation, then P has a solution.

Problem classes satisfying the property stated in Theorem 3.1 have been widely studied in
computer science, see, for example, [11,15,18,22]. A subclass of the constraint satisfaction prob-
lem, K, is said to be of relational width k if, for any P € K, the corresponding k-minimal problem
P’ is also in K, and P has a solution if and only if P’ has no empty constraint relation. As is eas-
ily seen, any problem class of finite relational width is globally tractable. Thus Theorem 3.1 says
that the class CSP(A), where A is the class of all finite 2-semilattices is of relational width 3,
and therefore globally tractable.

By applying the algorithm 1-MINIMALITY we may reduce an arbitrary problem instance to a
1-minimal one. Thus, from now on we shall assume all problem instances to be 1-minimal, and
all constraint relations to be subdirect products of their domains.

3.2. Preliminary results

Let G = (G, %) be a finite 2-semilattice. Consider the digraph (G, E) associated with G such
that (a, b) € E if and only if a x b = b % a = b. For every (a, b) € E we also write a < b. Since
ax(axb)=bx*(axb)=axb,foranya,be G, we have a,b < a * b, and the graph (G, E) is
connected. For strongly connected components A, B, we write A < B iff therearea € A,b € B
such that a < b. Moreover, there exists a unique strongly connected component G of (G; E)
such that, for any a € G, there is b € G with a < b. We call this component the greatest strongly
connected component of G. We say that G is strongly connected if (G, E) is strongly connected.
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Lemma 3.1. Let D be a strongly connected subgroupoid of a 2-semilattice G. Then for every
a, b € D there exists n € N such that the equation

(- ((@xox1) x2) k- sk X)Xy = b
is solvable in ID.

Proof. The lemma follows straightforwardly from the definition of strongly connectedness. O

Lemma 3.2. Let ]D)_be a subdirect product of 2-semilattices Dy, ..., D, and I,..., Iy C
{1,....n}. Let also Dy, denote the greatest strongly connected component of pr; D. Then for any
tuple a' = (a;)ieq, € ]]511 there existaj €Dy, j€{l,...,n} — I, suchthata=(ay,...,a,) €D

and pr,ae ]ﬁ);, foreacht e{2,...,k}.

Proof. Choose by, ...,b; € D such that pry, b; € ﬁ)h, and set b= (--- (b xby) x b3 ---) % bg.

Obviously, pry, b e ]5)1, for each t € {1,...,k}. By Lemma 3.1, there are / and ¢{,...,¢; € D
such that pry, ¢i, ..., pry, ¢ form a solution of the equation

(- (pry bskxi)skxy--)xx;=a'.
Then the tuple
(-xe)xer-) *g
satisfies the conditions of the lemma. 0O
COIPllary 3.1. Let D be a subdirect product of 2-semilattices Dy, ..., D,, I € {1,...,n}, and
let D be the greatest strongly connected component of D. Then the greatest strongly connected

component of pr; D equals pr; D.

To prove Corollary 3.1 we just have to apply Lemma 3.2 where Iy,..., I} are: I} =1,
L ={l,...,n}.

3.3. Simple 2-semilattices

First, we prove Theorem 3.1 assuming that all 2-semilattices occurring in an instance are
simple.

Lemma 3.3. If G is simple then either G is strongly connected or G consists of 2 strongly
connected components and the greatest one is one-element (see Fig. 4).

Proof. If |G| > 1 and G # G then the equivalence relation 6, such that one class of 6 is G and
the others are one-element, is a congruence of G. Otherwise, if |(C_}| =1 but G has at least 3
strongly connected components, then let A be a strongly connected component such that A < G,
and A < B < G for no strongly connected component B # A, G. In this case the classes of the
required non-trivial congruence are G U A and one-element subsets. [
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Fig. 4. A simple not strongly connected 2-semilattice.

Lemma 3.4. Let D be a subdirect product of strongly connected 2-semilattices D1, Dy, and there
exists an element a € D such that {a} x Dy CD. Then D =D x D,.

Proof. We prove by induction that {c} x D, € I for every c¢ € Dy. The inclusion {a} x D, C D
forms the base case of induction. Further, suppose that there is d € D; such that d < ¢ and
{d} x Dy C ID. Take an arbitrary b € D,. For a certain b € D;, we have (,;1) € D; by Lemma 3.1,
there exist by, ..., b; € Dy such that (- -- (b * by) *---) % by = b. It is easy to see that

. ¢ * d E IR I d =(°¢ eD
by b b ] \b '
Since D is strongly connected, this proves the lemma. 0O

Our first goal is to show that a subdirect product of simple strongly connected 2-semilat-
tices has a very restricted form. The graph of a mapping 7 :ID; — DD, is the binary relation
G, ={(a,m(a))|a €D} over Dy, Ds.

Lemma 3.5. Let D be a subdirect product of simple strongly connected 2-semilattices D1, D5.
Then D is either the graph of a bijective mapping from D1 to D;, or Dy x Ds.

Proof. Notice first, that if D is the graph of a mapping 7 : 1Dy — D, then the kernel of 7 is a
congruence of D1 and, since D is simple, 7 is a bijection. The same holds if D is the graph of a
mapping from D, into D.

Suppose that D is neither D; x D> nor the graph of a bijective mapping, and that |D1| + |D;|
is the smallest number such that there exists a subdirect product of simple strongly connected 2-
semilattices with this property. We show that there is b € D; [or b € D] such that {b} x D, C D
[respectively, D x {b} C D].

Fora € Dy, b € D, by B,, Cp, we denote the sets {c | (a, c) € D}, {c| (c, b) € D}, respectively.

Claim 1. For any A C D [any A C ID;], there is a € D, [respectively, a € D] and b € A,
¢ € D1 — A [respectively, c € Dy — Al such that (b, a), (c, a) € D [respectively, (a, b), (a, c) € D].

We prove in the case A C Dj. Since D is not the graph of a mapping from D to Dy, there
are (di, e), (da, e) € D with dy # d>. Consider the graph (D1, F) where (b, c) € F if and only
if there are unary polynomials fi, f> of ID such that fl(a;') = (:’/), fz(dez) = (). Notice that,
any pair (b, c) € F belongs to the congruence generated by (d;, d») and there is ¢’ € D, such
that (b, €'), (c, ¢’) € D. Finally, as Dy is simple, (D, F) is connected, that implies the required

statement. The case A C D, is quite analogous.
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Take a € Dy such that |B,| > 1, set E{ = {a}, and for each i > 0

Upep, Bp ifi is odd,
Ei1= ! U

Uper, b ifi is even.
By Claim 1, for each i > 0, E; C E;4; unless E; = or E; = D,. Therefore, for some [ > 1,
E; =D or E; =1,. Without loss of generality, suppose E; =D,, and E;_1 # Dy, Ej—3 # Ds.

Claim 2. For each i, 1 <i <, E; is a subalgebra of D1 or D;.

We prove the claim by induction. In the base case of induction E| = {a} is a subalgebra,
because D is idempotent. If E; is a subalgebra, and E; C Dy, then for any ay, by € E; 4 there
are ap, by € E; such that (al,az)', (b1, by) € D. Then. (Z;};;) = (Z;) * (z;) eD, a; xb € E;,
hence, ay * by € E;41. The proof in the case E; C [, is analogous.

Thus, E;_ is a proper subgroupoid of D such that UbeEH B, =1Ds.

Define a sequence By, By, ..., By of groupoids and a sequence of congruences 6y, 61, ..., 6k
where 6; is a congruence of B; through the following rules.

(1) By is the greatest strongly connected component of Ej_j.

(2) Suppose that B; is already defined. Let 6; be its maximal congruence or the identity rela-
tion if B; is simple.

(3) If B; is a singleton, then k =i and the process stops. Otherwise set B;_| to be the greatest
strongly connected component of a class of 8; containing an element b with |Bp| > 1 (as we shall
prove later, such a class exists).

For a congruence 7, by a/n we denote the n-class containing a. Further, set B} = B; /6; and

DY ={(a,b) |a=d'/6; where d’ € B;, (a’,b) € D} € B; x D;.

We prove that, for every i, (i) for any b € ‘]D)z there exists a € B; such that (a, b) € D, (ii) there
exists b € B; such that | By| > 1, and (iii) D) = IB%; x Dy. If i =0, then (i) holds by the choice of
E;_1, and Lemma 3.2. Furthermore, there is a € E;_; such that |B,| > 1, say, b, ¢ € B,. Since

b, ¢ < bxc, we may assume that b < c. Take d € By such that (Z) € D. Then we have (‘}f) * (Z) =

(dza) e, (d;‘“) x ()= (d:“) eD, and d * a € By. Thus |Bgxa| > 1, that proves (ii). Therefore,
D© is not the graph of a mapping, and, since B, is simple and [Bf| 4 |D2| < [Dy| + D2}, we get
DO =B x D,.

Suppose that for i — 1 properties (i), (ii), (iii) hold. Then, for any a’ € B._, we have {a'} x
D, C DD | that is, by Lemma 3.2, for every b € D, there exists a € B; such that (a,b) € D,
that proves (i) for i. By (ii) for i — 1 the 8;_;-class A containing B; contains an element b such
that | B,| > 1. Arguing as in the previous paragraph, b can be chosen to be in B;. Finally, as B; is
simple we have D@ =B/ x D,.

We have proved D% = B}, x Dy. Since By is a singleton, say, By = {b} this implies By = B;,
that is {b} x D, C D.

To complete the proof we just have to apply Lemma 3.4. O

Note that the second part of the proof is valid for a subdirect product of not only simple
2-semilattices.
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Corollary 3.2. Let D be a subdirect product of 2-semilattices D1, Dy where D3 is simple strongly
connected and D is not the graph of any mapping w :1D1 — D»,. Then there exists a € D1 such
that {a} x D, C D.

To prove this we should put By equal to D).

Corollary 3.3. Let D be a subdirect product of strongly connected 2-semilattices D1, Dy where
D, is simple. Then either D =Dy x Dy, or there is a surjective mapping w :1D; — D, such that
D={(a,n(a))|a D}

Proof. If D is not the graph of a mapping then we are in the conditions of Corollary 3.2. There-
fore there exists @ € D such that {a} x Dy € . Since D is strongly connected, by Lemma 3.4,
wegetD=D; xD,. O

Lemma 3.6. Let D be a subdirect product of simple strongly connected 2-semilattices Dy, D,, Ds.
IfD; xD; cpr D for every i, j € {1,2,3}, then D =D x D x Dj3.

Proof. Suppose without loss of generality that |D;| < [D;| < |D3|. For a € Dy set
D, = { (b2, b3) | (a, ba, b3) € D}.

Notice that, for every a € Dy, D, is a subgroupoid of pra 3 D, and, since prl’le) =D x Dy,
pry 3D =D x D3, the groupoid D, is a subdirect product of Dy, D3. By Lemma 3.5, D, is
either the graph of a bijective mapping or D, x Dj3.

Let us assume D, =D, x D3 for some a € D;. Then, as D, x D3 is strongly connected, we
are in the conditions of Corollary 3.3 where D plays the role of D, and D, x D3 the role of D;.
Since D is not the graph of a mapping Dy x D3 — Dy, we get D =1 x Dy x Ds.

Now suppose that, for every a € Dy, the set D, is the graph of a bijective mapping n,:
D, — D3. This immediately implies |D,| = |Ds|, let us denote this number by k, and as
pr, 3D =D, x D3, there are at least k different relations of the form D,. Therefore, |D;| = k and
|Dg| = k for any a € D;. Moreover, | pr, 3 D| = k?, which means D, N, = @ whenever a # a’,
a,a’ € D;. The equivalence relation ~ on prp 3 D where (a, b) ~ (c, d) iff (a, b), (c, d) € D, for
some e € Dy, is a congruence of pr, ;D =D x Dj3.

Since D = D3, Dy x D3 can be treated as the square of D,. Recall that an element a of an
algebra A is said to be absorbing if whenever ¢(x, y1,...,y,) is an (n + 1)-ary term operation
of A such that 7 depends on x and (by, ..., b,) € A", then t(a, by, ..., b,) = a. A congruence 60
of A? is said to be skew if it is the kernel of no projection mapping of A? onto its factors. D is a
simple idempotent algebra, therefore, by the results of [30] one of the following holds: (a) D, is
term equivalent to a module; (b) D; has an absorbing element; or (c) ]D)% has no skew congruence.
Case (a) is impossible, because D, has a 2-element subalgebra term equivalent to a semilattice,
but no module has such a subalgebra. If in case (b) a is an absorbing element, then a x b = a
for any b € D, that contradicts the strongly connectedness. Finally, case (c) is also impossible,
because ~ is a skew congruence.

Thus, our assumption that D, is the graph of a mapping for all a € D cannot be the case, and
the lemma is proved. O

Lemma 3.7. Let D be a subdirect product of strongly connected simple 2-semilattices
Dy, ..., Dy IfD; x Dj Spr; ; D forevery i, j € n, then D =Dy x --- x Dj.
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Proof. We prove the lemma by induction. The base case of induction n = 2, 3 is proved in Lem-
mas 3.5, 3.6. Suppose that the lemma holds for each number less than n. Take a € D; and denote
by D, the set {(b2,...,b,) | (a,by,...,by) €D}. By Lemma 3.6, D; x ID; xD; C pri; D for
any 2<i,j<n. ThenD; xD; C pri D,, and by induction hypothesis D, =D, x --- x D,.
The lemma is proved. O

Definition 3.1. A relation D € D x --- x D, is said to be almost trivial if there exists an equiv-
alence relation 6 on the set {1, ..., n} with classes Iy, ..., I, such that

D=pr; Dx---xpr, D

where pry; D = {(a;,, mi, (ai)), ..., m, (@) | @iy € Dy}, Ij = {i1,..., i}, for certain bijective
mappings 7, : ID;; — Dy, ..., 7, Dy — Dy,

Proposition 3.1. A subdirect product of simple strongly connected 2-semilattices is an almost
trivial relation.

Proof. Let D be a subdirect product of simple strongly connected 2-semilattices Dy, ..., D,. We
prove the proposition by induction on n. When n = 1 the result holds trivially.

We now prove the induction step. By Lemma 3.5, for any pair i, j € n the projection pr; ; D is
either D; x ID;, or the graph of a bijective mapping. Assume that there exist i, j such that pr; ; D
is the graph of a mapping 7 : D; — D;. By the inductive hypothesis pr, _;;; ) is almost trivial,
and therefore can be represented in the form

pr,_(jyD=pr; Dx---xpr;, D

where I1 U---U Iy =n — {j}. Suppose, for simplicity, that i is the last coordinate position in /1,
that is,

pr;, D= {@i,....a;.a) | ai, €Dy, ai, =751 (ai,)
for s € {2,...,k}, a; =71,-(a,-])}.
Then
pruy D= {(ailv---vaik,ai,aj) |ai, €Dy, ai, = ms1(ai,)
fors e {2, ...,k}, a; =71,-(ai1), aj =n’n’,-(a,-1)},

and we have D = pr; ;; D x --- x pr;, D, as required.
Finally, if pri j D=1D; x D;j foralli, j € n, then the result follows by Lemma 3.7. O

Corollary 3.4. Let P = (V; A; 8;C) be a 3-minimal problem instance, where A is a class of
simple strongly connected 2-semilattices, and each constraint relation is a subdirect product of
its domains. Then if none of the constraint relations of P is empty then P has a solution.

Proof. By Proposition 3.1, all the constraint relations are almost trivial. For every constraint
C = (s, C) € C, denote by 6¢ the equivalence relation on s corresponding to the almost trivial
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relation C, and by 6 the least equivalence relation on V that contains 6¢ for all constraints C.
By 3-minimality, for any u, v € V and any constraint C = (s, C), if u, v € s then pr,, , C= &, ».
Therefore

0= U Oc = {(u, v) | Su.» 1s the graph of a bijective mapping
ceC
Tuv Asu) = A5(1))}'

Moreover, if (u, v), (v, w) € 6 then there is C = (s, C) € C such that u, v, w € s. The relations
pr,.» C =Sy v, pry ,, C =8y are the graphs of m, y, 7y w, respectively. Therefore, (u, w) € O¢
and 7, = 7y,y © Ty, - Denote the classes of 6 by Vi,..., Vi.

Finally, it is not hard to see that any mapping 1 constructed through the following rules is a
solution to P:

— Choose a representative v; from each V;.
— Assign to v; an arbitrary value ¥ (v;) € As()).
= Set Y (v) =my; v (Y (vj)) forallve Vjand jefl,....k}. O

3.4. General 2-semilattices

In this section we prove Theorem 3.1 in the case of multi-sorted problem instances over ar-
bitrary finite 2-semilattices. Let P = (V; A; §; C) be a 3-minimal problem instance, and A a
class of finite 2-semilattices. We show that P can be transformed to another 3-minimal problem
instance which satisfies some additional conditions.

Proposition 3.2. Let P = (V; A; 8;C) be a 3-minimal problem instance without empty con-
straint relations where A is a class of finite 2-semilattices. Then the problem instance P’ =
(V; A; 8;C, where

o foreveryu eV, Ay is the greatest strongly connected component of Asy;
e foreach C = (s, C) € C there is C' = (s, C') € C' where C' is the greatest strongly connected
component of C,

satisfies the following conditions

o P’ is 3-minimal, and has no empty constraint relation;,
o foranyu,v,weV,S,, S .S, ., are strongly connected,

o if P has a solution, then P does.

Proof. By Corollary 3.1, for any constraint C’ = (s, C') € C" and any u,v,w € s, pr, , ,, C' is
the greatest strongly connected component of pr,, ,, ,, C; therefore S, , , is the greatest strongly
connected component of Sy .. Thus the 3-minimality of P’ follows from the 3-minimality
of P.

To prove the second condition we just notice that, for any u, v, w € V, there is (s, C) € C
with u, v, w € s. This means that S/ C’ and therefore strongly connected. The third

w,v,w — Plyv,w
condition is obvious. O
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We need another auxiliary lemma.

Lemma 3.8. Let D be a subdirect product of strongly connected 2-semilattices Dy, . .., D, where
Dy is simple, pr, D is strongly connected, and pry ;D =D x D; for i € {2,...,n}, Then
D=0D; xpry__,D.

Proof. We prove the lemma by induction on n. The case n = 2 is obvious. Consider the case
n = 3. We use induction on |D| + |D,| + |D3|. The trivial case |D1| + |D;| 4 |D3| = 2 gives the
base case of induction. If all of Dy, D,, D3 are simple, then the result follows from Corollary 3.1.
Otherwise, suppose that D3 is not simple. Take a maximal congruence 6 of D3, fix a 6-class C
and consider ' €Dy x D, x D3/6, D” C D such that

D = {(a,b,c/@) | (a,b,c) GD},
D" ={(a,b,c)|(a,b,c) eD,ceC}

and D" C I, the greatest strongly connected component of D”. Obviously, pr 3 D" =D; x C.
Moreover, by Lemma 3.1, pry 3 D" =Dy x C, as Dy x C is the greatest strongly connected
component of D x C. By Lemma 3.2, pr, 31D is either the graph of a bijective mapping,
or Dy x D3/6.

Case 1. pr, ; D' is the graph of a bijective mapping 7 : D, — D3/6.

In this case B = pr, D" is the greatest strongly connected component of B = 771 (d). Since
for each (a,b) e Dy x B C pry , D there is ¢ € C with (a, b, ¢) € D, we have pr; , D" =D; x B.
Furthermore, D; x B is the greatest strongly connected component of D} X B, hence, pry , D" =
]D] X E

Since |Dq| + |B| + |C| < |D1| + |D2| + |D3|, and pry 3D is strongly connected, inductive
hypothesis implies D; x pr, 3 D" € D In particular, there is (a, b) € pr, 31" C pr, ;D such
that D1 x {(a, b)} € D. To finish the proof we just apply Lemma 3.4.

Case 2. pry ;D' =D, x D3 /6.

Since |Dy| + |D2| + |D3/0] < |Dy| + |Dy| + (D3], D3/6 is simple, and prj , D =D; x Dy,
by inductive hypothesis, D’ = D1 x D, x D3/6. Therefore, pr; , D" =D x D,. By Lemma 3.1,
pry , D" =Dy x D,. Then we argue as in Case 1.

Let us assume that the lemma is proved forn — 1. Then Dy x pry _, D Cpr; 5, D. Denoting
2D by D we have D € Dy x D, x I, and the conditions of the lemma hold for this
» D asrequired. O

.....

.....

Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let P = (V; A; §; C) be a 3-minimal problem instance without empty
constraint relations. We may assume that P satisfies the conditions of Proposition 3.2. We prove
by induction on the number of elements in As(,), v € V, that P has a solution.

The base case of induction. If all As), v € V, are simple or 1-element, then the required
result follows from the result of Section 3.3.
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Induction step. Suppose that the theorem holds for all problem instances P’ = (V; A’; §'; C')
where |A, (U)| < |As| for v € V and at least one inequality is strict.

Let us assume that, for a certain u € V, As(,) is not simple and 6 is a maximal congruence
of Asq). By Corollary 3.3, for any v e V — {u}, S,,,/0 ={(a/0,b) | (a,b) € S, »} is either the
direct product A, /0 x As(v), or the graph of a surjective mapping 7, : Asy) = As)/0. Let W
denote the set consisting of u and all v € V such that S, ,, /6 is the graph of m,,, and

0, ifv=u,
6, =13 kerm,, ifveWw,
=y, otherwise,

for v € V where =y denotes the equality relatlon on Ag(v) Consider the factor problem P=

(V; A; 8; C) where A&(v) = Ag(v)/ev, v eV, A consists of Aa(v), and for each C = (s, C) € C,
s=(vy,..., v, there is C= (s, (C) e C such that

C = {(@, /Bvy, -  au /00) | (@yy, ..., ay) €C).

As is easily seen, the factor problem is 3-minimal, therefore, by the induction hypothesis it
has a solution. Let (ar,...,a,) be a solution. Notice that if v € W, then a, is a congruence
block of Aj(), that is, a, is a subset of As(,) in this case. The 3-minimality of P implies that,
for any constraint (s, C) € C, any v, w € s N W, and any a € C, if a, € a, then a,, € ay. Set
P =(V;A;8;C") where

A/

ay, ifveWw,
S(U)

Asw), otherwise,
A = AU{a, | v e W}, and for each C = (s, C) € C there is C' = (s, C') € C’ with
acC ifandonlyif aeCanda, €a,forallve Wns.

Since |a,| < [Asqyl, to complete the proof we just have to show that P’ is 3-minimal. For

={uy,uz,uz} CV set Sy =Sy N(S| x S x §3) where S; = A:s'(u,-)' Clearly, for any C’ =
(s,C") € C’, we have pryn, C' C pryn, Su. Therefore, if we prove the reverse inclusion then we
get the equality pryn, C' = pryn, Sy which implies the 3-minimality of P’.

Take b = (ay,, au,, au;) € Sy, (s, C) € C, and a € C such that pry;n,a=prynb. IfUNWN
s # () then, for any v € s N W, ay € ay, and therefore a € C.IfsNW =0 then C' =C, and
again a € C'. Otherwise, consider the relation C. Choose v € s N W and set D = Pr(s—w)U(v) C.
Since P satisfies the conditions of Proposition 3.2, pr,_y, C is strongly connected. Then, by
Lemma 3.8, D =pr, D x pr,_y C= pr, D x pr;_y C. This means that there is ¢ € C such that
pry_w ¢ = pr,_y a and ¢, € a,. Therefore, ¢,, € a,, for any w € s N W, and hence ¢ € C'. Since
sNU Cs— W, wehave pryn,; ¢ =pryqy b, asrequired. O

4. Applications
4.1. Conservative groupoids

To characterize tractable conservative groupoids, notice that every commutative conservative
groupoid is a 2-semilattice. Therefore, the class of finite commutative conservative groupoids is
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globally tractable. Then, let A = (A, %) be a non-commutative conservative groupoid. Since the
identity x * x = x holds in A, for any two-element subset B of A, the operation *|p is either a
projection or a semilattice operation. If for all two element subsets B, *|p is a semilattice oper-
ation, then A is commutative. Therefore, *|p is a projection for a certain B; by Proposition 2.2,
B = (B; *|p) is NP-complete. Since B is a subalgebra of A this implies the NP-completeness
of A. Thus, we have proved

Theorem 4.1. A class of finite conservative groupoids is globally tractable if and only if every
its member is commutative. Otherwise, it is NP-complete.

4.2. The complexity of clone minimal algebras

Recall that a clone is a set of operations containing all the projection operations and closed
with respect to superposition. A clone is said to be minimal if it is non-trivial and has no proper
subclones. Algebras whose clone of term operations is minimal attract a special attention in both
clone theory and the study of the CSP, because they correspond to relational clones that are just
smaller than the relational clone of all relations, and therefore the corresponding CSP-classes are
just smaller than the general CSP with a fixed domain.

In [41], algebras with minimal clone of term operations have been classified into 5 types.
A ternary operation m(x, y, z) is said to be a majority operation if it satisfies the identities
m(x,x,y) =m(x,y,x) =m(y, x,x) =x. An operation f(xy,...,x,) is said to be a semipro-
Jjection if there is i from the range 1 to n such that f(xi,...,x;) = x; whenever x1, ..., x, are
not all different.

Theorem 4.2 (Rosenberg’s Five Types Theorem [41]). If a finite algebra has a minimal clone of
term operations then it is term equivalent to an algebra (A; f) where f is one of the following

types:

(1) a unary operation with f* = f;

(2) a binary idempotent operation;

(3) a majority operation,

(4) a semiprojection;

(5) x + y + z where + is an operation of an elementary 2-group.

The tractability or NP-completeness of most of clone minimal algebras can be deduced from
earlier results.

Theorem 4.3. [7] Let A = (A; f) be a finite clone minimal algebra, and f of one of the five types
listed in Theorem 4.2. Then

(1) if f is a unary constant operation, or a majority operation, or x + y + z for a certain
elementary Abelian 2-group, then A is tractable;

(2) if f is a unary non-constant operation, or a semiprojection, then A is NP-complete;

(3) if f is a binary idempotent operation and A is tractable, then there is a commutative binary
idempotent operation g such that A and (A; g) are term equivalent.
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Thus, idempotent groupoids are the only type of clone minimal algebras whose classification
with respect to the complexity of the corresponding problem class is still unknown. There is a
complete description of clone minimal groupoids of size 2, 3, 4, see [12,40,44]. Remarkably, in
these cases every groupoid with minimal clone of term operations either have a factor term equiv-
alent to a G-set, or is a 2-semilattice. In the former case it is NP-complete by Proposition 2.2,
while in the latter case it is tractable by Theorem 2.4.

Corollary 4.1. Let A = (A; f) be a clone minimal algebra, |A| < 4, and f of one of the five types
listed in Theorem 4.2. If f is a unary constant operation, or a majority operation, or x +y + z for
a certain elementary Abelian 2-group, or has a commutative idempotent binary term operation,
then A is tractable. Otherwise A is NP-complete.
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