Deterministic Simulation of Multi-Beaded
Models of Dilute Polymer Solutions

DOMI | MINA

NVS TIO
ILLV | MEA

Leonardo Figueroa
Worcester College
University of Oxford

A thesis submitted for the degree of Doctor of Philosophy in Numerical Analysis

Trinity Term 2011



Abstract

We study the convergence of a nonlinear approximation method introduced in
the engineering literature for the numerical solution of a high-dimensional Fokker—
Planck equation featuring in Navier—Stokes—Fokker—Planck systems that arise in
kinetic models of dilute polymers. To do so, we build on the analysis carried
out recently by Le Bris, Lelievre and Maday (Const. Approx. 30: 621-651, 2009)
in the case of Poisson’s equation on a rectangular domain in R?, subject to a
homogeneous Dirichlet boundary condition, where they exploited the connection
of the approximation method with the greedy algorithms from nonlinear approx-
imation theory explored, for example, by DeVore and Temlyakov (Adv. Comput.
Math. 5:173-187, 1996). We extend the convergence analysis of the pure greedy
and orthogonal greedy algorithms considered by Le Bris, Lelievre and Maday to
the technically more complicated situation of the elliptic Fokker—Planck equa-
tion, where the role of the Laplace operator is played out by a high-dimensional
Ornstein—Uhlenbeck operator with unbounded drift, of the kind that appears
in Fokker—Planck equations that arise in bead-spring chain type kinetic poly-
mer models with finitely extensible nonlinear elastic potentials, posed on a high-
dimensional Cartesian product configuration space D = D X - -- x Dy contained
in RN4 where each set D;, i = 1,..., N, is a bounded open ball in R?, d = 2, 3.
We exploit detailed information on the spectral properties and elliptic regularity
of the Ornstein—Uhlenbeck operator to give conditions on the true solution of
the Fokker—Planck equation which guarantee certain rates of convergence of the
greedy algorithms. We extend the analysis to discretized versions of the greedy
algorithms.
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CHAPTER 1

Introduction

1.1. Origin of the Fokker—Planck equation

1.1.1. Dilute polymer solutions. The simulation of dilute polymer solutions is im-
portant in a number of industrial contexts. However, their rheological behavior is complex
and their simulation difficult. Thus, every practical attempt at simulating their flow must

compromise between fidelity to the underlying physical reality and computational feasibility.

A polymer is a chain-like macromolecule composed of repeating units, called monomers,
bound together by chemical bonds. A dilute polymer solution occurs when these long
molecules are dispersed in a solvent in such a way that their mutual interaction is negli-
gible compared to their interaction with the solvent [SC88].

The polymer molecules can exert an enormous influence on the behavior of their solvent
and make it depart ostensibly from what can be expected from a Newtonian fluid [Jos90].
In particular the polymer molecules can retain some memory of their previous configurations
as time progresses giving rise to elastic effects.

Each polymer molecule is immensely complicated in the way in which its many constituent
parts respond to the movement of each other and of the surrounding solvent particles. The
range of both spatial and time scales that a detailed description would entail is huge [GP02].

Moreover, there are—essentially random—thermal effects in play.

As the underlying physics is so complicated and the aims of the practitioners are so varied
it doesn’t come as a surprise that there exists a rich hierarchy of models of the polymer
molecules themselves or of their interaction with the solvent. These models span all the way
from the atomistic to the fully macroscopic [Keu00]. Whether or not a model is sensible for
a given application will depend on which characteristics of the system are deemed important
and on what spatial and temporal scales they are sought for.

In the context where the Fokker—Planck equation we will study arises the primary interest
lies in the bulk form of certain features of the solution, namely velocity and, possibly, internal
stresses. Hence, those variables are modeled as functions of a spatial continuum. The micro-
scopical polymer conformations are of interest only inasmuch as they affect those variables of
primary interest. Here is where one of the challenges of dilute polymer simulation presents
itself, namely, that as pointed out before, the conformation of the polymer molecules does

indeed affect the target variables, making the problem a multiscale one in a natural way.

1



1.1. ORIGIN OF THE FOKKER-PLANCK EQUATION 2

One way to account feasibly for the activity of the polymer molecules within the framework
of continuum mechanics is by the so-called micro-macro method [Keu04]. It entails using
some coarse-grained kinetic theory model of the polymer molecule conformations and simu-
lating their evolution under the relevant mechanical and thermal forces while using standard
approximation techniques for the momentum and continuity equations of the flow [Keu00].
This can be done directly from the underlying stochastic model using techniques such as CON-
NFFESSIT [L693, FL695], which simulates ensembles of idealized polymers using Monte
Carlo methods. Alternatively, it can be done via a Fokker—Planck equation [Loz03]|, in which
a probability density function for the molecular conformations is approximated instead using
deterministic numerical schemes. Be it in one way or the other, the polymeric contribution
to the internal stresses of the solution is computed as an aggregate of the contributions of
individual molecules. Kinetic models of dilute polymers have a rich hierarchy of their own
[BCAHS8T7| and give practitioners a great deal of flexibility at the time of deciding how many
and which of the molecular degrees of freedom to retain.

The widely used alternative is a fully macroscopic approach, wherein closed form consti-
tutive laws model the contribution of the polymer molecules to the internal stresses of the
flow. While some of these constitutive laws were devised with little more than data-fitting
in mind, many of them are derived from coarse-grained models of the polymer molecules
via closure approximations. However, not every coarse-grained molecular model admits an
equivalent closure approximation. Thus, the highly desirable flexibility with which kinetic
theory incorporates microscopic phenomena is not retained by macroscopic constitutive laws.
In fact, even when there exists a true equivalence between a kinetic theory model and its
closure approximation, the numerical scheme resulting from the latter may turn out to be
inferior to the one stemming from the former [Loz03].

1.1.2. Mathematical model. In this subsection we present the larger mathematical
model from which the elliptic Fokker—Planck equation (2.)—whose approximation is our
actual object of study—will be distilled.

As it transpires from the above discussion, we model the flow velocity and internal stresses
as functions of a material continuum, while using a kinetic theory model for the microscopic
polymer molecule conformations. The tools of statistical mechanics will link the two spatio-
temporal scales.

We start with the incompressible Navier—Stokes equations of flow that express the con-
servation of linear and angular momentum and mass within the fluid (for a derivation see,
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Centre of mass

Origin

FIGURE 1.1. Rouse chain with N springs and N +1 beads. Adapted from
Figure 11.4-1 of [BCAHS87]|.

e.g., [Bat67]). These read

u
2 divg , 1.1
P i divg(o) + f (1.1a)
o=o", and (1.1b)
divg(u) =0, (1.1c)

where the (vector, tensor, vector) fields u, o and f stand for the velocity, internal stress and
external body force, respectively, while the scalar p stands for the density of the fluid, which
is assumed constant in both space and time. % = %—’t‘ + (u - Vg)u is the material derivative
of u. These equations are posed on a temporal-spatial domain of the form (0, Ttnq| X €2, with
Q c RY d € {2,3}, being the spatial domain—the subscript & on differential operators is
to emphasize that they have to be taken with respect to 2. The equations (L) must be
complemented with suitable initial and boundary conditions.

Now, we model the internal stress tensor as being the sum of a macroscopic Newtonian

and a non-Newtonian part due to the effects of the microscopic polymer conformations:
o =—pl +ps (Veu+ (Veu)h) + 7, (1.2)

where the scalar field p is the pressure, I is the identity tensor and us the (constant) solvent
dynamic viscosity and 7 the polymeric extra stress. It is worth noting that, as both the
Newtonian and (as will be seen in equation (L9)) non-Newtonian contributions to o are
symmetric, equation (LID]) is automatically satisfied.

We will only give a scant derivation of the Fokker—Planck equation and refer the interested
reader to [BS07|, [DLOO07], [BCAHS87| and [Kne08], which the discussion that follows is
based upon.

The polymer molecules are modeled as Rouse chains, which consist of a linear arrangement
of N+1 beads with mass m each joined by N massless elastic springs. A model molecule

in the case N = 1, corresponding to a single spring connecting two beads, is known as a
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dumbbell. Whatever N € N is, the state of a molecule in such an arrangement is completely
determined by the position of each of its N+1 beads, denoted by r, (see [Figure 1.1].

Equivalently the state of a molecule can be described by the center of mass of the bead
system, r, = (N+1)71 >_ve[n) Tv (here we are using the notation [k] to denote the set
of natural numbers {1,...,k} for all k& € N), together with the N connector vectors q; :=
riy1 — 7. For the sake of convenience we introduce the notation = in lieu of (r1,...,7ny41)
and, analogously, q in place of (qy,...,qy).

Each spring exerts an elastic conservative force on the beads it connects along the cor-
responding connector vector and has a magnitude that depends isotropically on it. We
model that dependence by a spring force function F': D — R? which has the form F(p) =
HU' (3 p|*)p, where D C R? is either a 0-centered open ball or the full of R? that contains all
the admissible connector vectors, H is a spring constant, and U is a spring potential, which
we take normalized as

U'(0) =1. (1.3)
It is immediate that F'(p) = —F(—p).

In the absence of external forces and neglecting inertial effects the Langevin equation for

the v-th bead in this model reads

N
((dr, —u(ry,-)dt) = B, dt+ Y G,iF(g;) dt. (1.4)
i=1
Here (¢ is a drag coefficient, the B, denote Brownian forces acting on each bead and the
(N+1) x N matrix G is defined by Gy; := d,; — 6,541; that is,
a=| """ e RIVHIXN,
-1 1
-1
This is an equivalent way of expressing that the v-th bead is pulled by the (v — 1)-th spring
in the —q,_; = r,_1 — r, direction and by the v-th spring in the q, = r,4+1 — 7, direction
with proper provision for the beads at the extremes. Note that q; = — Zue[ N1 Guiry.
Each Brownian force B, is defined by a d-component vectorial Wiener process W, via
B, dt = /2kgT( AW, where kg is the Boltzmann constant and 7T is the absolute temper-

ature.

Next, we define the position-space probability density function as the nonnegative function
pbeads. RAN++L _, R such that, given a Borel set A of the position-space RUN+D)

/ wbeads(,’,’t) dr
A

is the expected number of idealized molecules at time ¢ having bead positions in A. Using ar-
guments from the analysis of stochastic processes and from statistical physics (cf. [ BCAHS8T,
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§17-18], [Kne08| Subsection 1.3.1]) it can be shown that, as a consequence of ([L4]), the evo-
lution of P45 is governed by the equation

beads NA+1 N NA1
1 kT
8¢8t + § :dinV (u(ry, wbeads Z § : djbeads) — § B& Arywbeads
v=1 =1 v=1

which, mediating the change of variables (7., q) := ¥***%(r(r., q)), can be expressed as

9 1 N+1
£4¢W<Nuiﬁmﬁ0

v=1
N+1

N
- E divg, E Guiu(ry,*)
i=1 v=1

- kT
- ((NH+1)

«f\r\H

2 Aura)|

Ap b+ kBTZZAU divg, Vg1, (L.5)

1=1 j=1

where A = GG is known as the Rouse matrix. In explicit form,

A= e RVXN, (1.6)

-1 2 -1

-1 2
The matrix A is symmetric and positive-definite and we denote its minimal and maximal

eigenvalues by Apin and Apax, respectively.

Next, we make the local homogeneity assumption, which states that, on the length scale
of the molecule, u is a linear function of its spatial variable. That is, u(r. + p,t) = u(x,t) +
Vzu(x,t)p, where we have explicitly identified the generic spatial variable « with the center

of mass of the bead system. Equation (.3 turns into the Fokker—Planck equation

Y - BN
Bt + divg (uv)) + Z divg, | (Vau)q;¥ — C Z Aij F(q;)¢
=1 J=1 (17)
kT k: T
_ g‘(]\]f:—l B ZZA” divg, Vg, 9.

=1 j=1
At this stage it is worth noting that ¢ must be interpreted as the distribution function

such that | A¢(m, g,t) dxdq is the number of molecules whose ensembles of center of mass
and configuration vectors lie in the set A C Q x DV at time ¢. In particular,

Twawz/anw@ (18)

is the molecule concentration at the point & and time ¢ and has units of length to the minus

d. From now on we assume that there are no concentration gradients; i.e., n, is constant
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throughout the spatial domain. As follows from [Kne08| Lemma 1.3], (L) ensures that n,
is constant throughout time too.

The internal configuration of the polymer molecules contributes to the polymeric extra
tensor 7 in two distinct ways (in the presence of external forces there would be a third
contribution; see [BCAHS87, §13.3]). First, there is a contribution from the force of tension
or compression transmitted by each of the springs as it straddles across planes in the solution,

given by
| JaF@) v@ands  vielN]

In the second place, there is a contribution from the momentum transported by each of the
beads crossing the same planes. Under the equilibration in momentum space assumption this
contribution is

—npkpTI  Yv e [N+1].

Therefore,
N
r@t) =3 [ aiPla) (e, a.0)dq - (N-+DnhsTT (19)
=1

which is called the Kramers expression. Note that 7 is a symmetric tensor due to the fact

that the connector forces act along the connector vectors.

In this work we focus on spring force laws which only allow the springs to extend up to
a certain maximal extension. Moreover, the force laws under consideration enforce this finite
extensibility by making the springs store amounts of energy that diverge to positive infinity
as the spring approaches this maximal extension. Mathematically, we express this as
lim  U(s) = oo, (1.10)
s—(3%ax) _
where g¢max is the maximal extension of the springs—we recall that the force has the form
F(p) = HU' (% ]p]Q)p. The rationale behind this requirement is that these properties are
borne by the Inverse Langevin force law, which is given by

L1 (ﬁ)
D= B(07 Qmax) - Rd and F(p) = gﬁp, (111)

where L is the Langevin Function ¢ — coth(t) — 1/t—the fact that this Force law does indeed
come from a potential which obeys the properties ([3]) and ([I0) will be shown later in
[Subsection 2.2.21 By B(0, gmax) we mean, as usual, the ball centered in 0 with radius gmax-

The Inverse Langevin force law, in true coarse-graining form, can be obtained from a limit

process involving polymer models consisting of a chain of freely joined bead-rod models where
the number of conjoined rods tends to infinity while overall mean-length of the chain is being
kept constant (see [KG42]). As the Inverse Langevin force law and its potential are hard to
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manipulate, a number of approximations have been suggested in the literature, some of which

will be presented later in [Subsection 1.1.3

Remark 1.1. An important spring force model, which is excluded from our considerations,
is the simple Hookean model described by

D=RY  U(s)=s and  F(p)= Hp.

However, in many practically relevant flow regimes the physically unrealistic allowance of the
Hookean model for indefinitely extended springs outweighs its mathematical convenience.

Another force model which is also out of the scope of this work is the Linear locked model
[T'ST1] described by

D =DB(0,qgnax) CRY,  U(s)=s and  F(p)= Hp;
i.e., a truncation of the Hookean model. Here, in violation of (LI0]), the maximal extension
is attainable with finite energy.
We define non-dimensionalized (hatted) variables in terms of their non-hatted counter-
parts as
Tr = LO:%7 Q'L = lOQiu u = Uoﬁu t = LO/UO-EJ and 1/) - Qﬁnp/léVd)

where Iy := \/kpT/H is the characteristic length-scale of a spring and Ly and Uy are the
characteristic macroscopic length and velocity, respectively. Using these relations the Fokker—
Planck equation (7)) can be recast as

N N

Uo 61/) UU ~ . Uo N A A 1 A ~
= —d divg. | — (V3 ) — — A F(q,

oot (W) + ;1 Va | 7, (Vau)qd — 1~ ;1 i F(a;)¢

where \ := (/(4H) is the characteristic relaxation time of a spring, U(s) = I52U (12s), F(q) =
U’(% 1q1*)g = (Hlp)~'F(loq) and the spatial, configurational and temporal variables &, g; and
# now live in Q = /Ly, D= D/ly and Tona = UoTend/ Lo, respectively.

Defining the non-dimensional Weissenberg number as Wi := AUp/Ly (that is, the ratio of

the microscopic to macroscopic time scales) and discarding the hats we have

N
oY 1
n + divg (urh) + Z divg, (Vau)g i — Wi Z AijF(q]‘)¢

Jj=1

B 1 lo 1
= D <Lo> Aot + o ZA,J divg, Vg, v, (1.12)

=1 j=1
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FIGURE 1.2. Left: Plots of Ipl/vs; versus IFi(p)l/\/6; where F; corresponds to
the Inverse Langevin (continuous black), FENE (continuous blue), CPAIL (red
dotted), TEAIL (olive dot-dashed) and CP (green dashed) force laws. They
are barely distinguishable but for the FENE case. Right: Plots of Ipl/\/s; versus
|Fi(p)|/|F(p)|, where F'; corresponds to the Inverse Langevin, FENE, CPAIL,
TEAIL and CP force laws (using the same color- and line-codings as in the
previous plot) and F' corresponds to the Inverse Langevin force law.

From this non-dimensionalization procedure also arises the important non-dimensional pa-

rameter

2 2
qmaxH qmax

b:= = 1.13
= T (1.13)

which, as the formula above makes explicit, measures how the maximal admissible extension

compares with the characteristic microscopic length-scale [y of a spring. Having defined
b we can express the non-dimensionalized single-spring configuration domain as D = {p €
R?: |p| < vb} now. After non-dimensionalization the conservation of the solute concentration
is manifested as

/ Y(xz,q,t)dg =1, (1.14)
DN

and the transformed Kramers expression (I.9) adopts the form

N
r@.0) =T [ aF(@) a0 dg - (NEDuksTL (115
i=17D

1.1.3. Fokker—Planck equation. So far, we have assumed that all the springs obey
the same force law. However, this is not necessary. Thus, at negligible extra cost, we will
allow different springs obey the same force law with different parameter or different force laws
altogether.

Therefore, the (now potentially different) spring forces in the model are given by functions
F;: D; — R, which have the form F;(p) = U!(3 |p|*)p, p € D; := B(0,v/b;) C R%, b; > 0,
i € [N], and the spring potentials U;: [0,b;/2) — R are such that U;(s) — oo as s — b;/2_.
It follows that F;(p) = —F;(—p) for all p € D;. The generic configurational variable ¢ =
(qy,...,qy) now lives in the configuration domain D := Dj x --- x Dy C RV9,
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Typical force law examples include the FENE (Finitely Extensible Nonlinear Elastic)
model [WarT2|] with

b; 2 1
Ui(s) = —5 In (1 - bs> and  Fy(q;) = — (1.16)

Cohen’s Padé approzimant to the Inverse Langevin (CPAIL) model [Coh91] with

s b 2s 1—- %
Ui(s) = 373 In (1 - ) and Fi(q;) = ﬁqi (1.17)
i

and Treloar’s empirical approzimant to the Inverse Langevin model (TEAIL) model [Tre54],
Appendix 2| with

Ui(s) = 2 arctan

25\ ?
( 4s > 5bi g (1 B b,~>
—-— n

16 5bz+28 32 5 4s 2s 2
T <bz~)
1
and Fi(q;) = 5 " 4 (1.18)
1— §|Q1| + } i + 1|q,|
5 b 5 b? 5 b

We note that all three of these force laws are approximations to the Inverse Langevin
force law [KG42], already presented in ((ILIT]), whose non-dimensionalized form is
Vbi 1<|qz|> q; .
3 Vi ) lail’

we recall that the Langevin function L is defined by L(t) := coth(¢) — 1/t on [0,00) (more

Fila) - (119

precisely, defined by the formula in (0,00) and continuously extended to 0 at 0). As L is
strictly monotonic increasing on [0, 00) and tends to 1 as its argument tends to oo, it follows
that the function |q;| € [0,v/b;) = L71(]g;|/v/bi) € [0,00) is strictly monotonic increasing,
with a vertical asymptote at |g;| = v/b;. We say more about the Inverse Langevin force law

in [Subsection 2.2.2|

Remark 1.2. The (1,2)-, (3,2)-, and (1, 6)-Padé approximants around 0 to t — 1L7!(¢) are,

respectively,

12,2
t — ¢ t
frs — 35 ¢ and t

t— ——
3,127 33,20 4, 108,6
1_3t 1_Et 1_(’ +175t+875t)

In order to ensure that the singularity lies where it should (at ¢ = 1) one can do the approx—

12 33 d 108

. . 3 . 12 33 36
imations ¢ ~ 1, in the first case, 5z ~ 3 Land 22 ~ 1, in the second, and 175 R 5 and g-= ~

in the third, which produce the FENE model (m), the CPAIL model (LI7) and the TEAIL
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model ([LI8), respectively—indeed, that is exactly what Cohen does in [Coh91] to produce
the CPAIL model and, as shown in [HS02], it is a way to produce the TEAIL model.

An alternative to this perturbation of Padé approximations is the use of constrained
Padé approximations which incorporate from the outset the singularity at ¢ = 1. In order
to preserve the oddness of the inverse Langevin function L' (that is, L=!(—t) = —L~(t),
which is directly inherited from the corresponding property of the direct Langevin function
L), it is better to constrain the Padé approximation by enforcing the presence of the factor
(1 —#2) in the denominator of the approximant. As it will become apparent in due course, it

is also desirable that the approximant shares with the Inverse Langevin function the limit

hm.“l—t%;L%ﬂ]::g. (1.20)

t—1_

Performing a thus constrained Padé approximation of the Inverse Langevin Force results, in
the (3, 2)-case, exactly in the CPAIL model (LI7). This is not surprising, for the adjustment
of the coefficients in the numerator of the unconstrained (3,2)-Padé approximant was per-
formed by Cohen in order to ensure the reproduction of (L20). The constrained (5, 2)-Padé
approximation produces a barely more complicated force law:

., ) |- el | e
S S i S i 15b¢
Uls) = 557 by (128 d  Fiq)= Lq.. 1.21

This force law, which we will simply call Constrained Padé (CP), has a singularity at |g;| =
V/b; of the same order and comes from an approximant that reproduces ((L20) by design and
its approximation order is two orders higher than that of the CPAIL model (ILI7) in the
vicinity of g; = 0. One can produce many similar force laws by varying the polynomial orders

of the numerator and the denominator of the sought-after constrained Padé approximant.

Recapping, we have, from ([I2]), that the Fokker—Planck equation under consideration
for the probability density function v has the following form (see also [BS07, BS08|, BS09),
BS11a, BS11b]):

o
E + lem Uw + Zdwq |: zU qzw 4W Z qj)q/) + quw)
(lo/Lo)?
= ————"— Az, ,q,t) € Q2 xD s Tend), (1.22
which is complemented by initial and no-flux boundary conditions
w('7 '70) = ¢0> (w,Q) €0 x D> (122b)
lo/Lo)?
o/ Lo) Vot - g =0, (z,q,t) € 9 x D x (0, Tond), (1.22¢)

AWi(N +1)
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and
N
1 .
(Vau)gih — rmZAij(Fj(QjW + Vqﬂﬂ) ‘ng, =0, i€[N],
j=1

(2,q,t) € Q x 9D x (0, Tonal, (1.22d)

where ng and ng, are unit outward normal vector defined (a.e. with respect to the surface
measure) on 0 and 9D;, ¢ € [N], respectively. We remark that the boundary condition
([L22d) is an ensemble of N boundary conditions, which collectively account for the full
(Nd — 1)-dimensional measure of dD.

The choice of the boundary condition (L.22d]) is motivated by the following: we want to
make sure that the evolution of ¢ is compatible with (II4); that is,

ﬁ(w7t) = ‘/’(%q?’f) dg=1
Dy

for all (x,t) € Q x [0, Teng]. Assuming that p(x,0) = 1 for all x € Q, integrating ([22al)
and ([22d) over DV, using the divergence theorem and the boundary condition (L22d)) we

deduce that ~ )
dp ~ (lo/Lo) A

— + divg(up) = IWi(N+1) xp (1.23)

ot

in Q x (0, Teng] subject to p(x,0) = 1 and the boundary condition %Vwﬁ ‘ngy =0 on
00 x (0,Teng]. As (L23) subject to the stated initial and boundary conditions has a unique
solution, and the constant function 1 clearly is a solution, it follows that p is identically 1 in
the entirety of Q x [0, Tunq], and so (LI4) is preserved.

We define the partial Maxwellians M; and the (full) Maxwellian M by

Mi(p) = ;exp (U, (LpP?)), peDi icN) (1.24)
N

M(q) =[] Mi(q;), gq€D; (1.25)
=1

that is (in the notation which will be introduced in [Section T.4), M = (v Mi- Here,
each Z; is a positive constant chosen so that [, M;(p)dp = 1 (in the cases of interest

we will be able to do so because of the adoption of [Hypothesis Al in [Chapter 2|). Thereby,
JoM(q)dg = 1. The fact that the Maxwellian factorizes—which comes from the fact that

the energy stored in the chain is the sum of the potential energies stored in each spring—will

be crucial throughout the rest of this work. For a start, this fact allows us to write

Fj(g;)0 + Vg, 00 = YV Ui(g;1%) + Vg, 10 = MV, (;ﬁ) : (1.26)
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whence we have got rid of the unbounded drift terms of the form divg, (F'j(q;)) present in
(C22al) by trading them off with a singular diffusion term. This procedure is known as a
Kolmogorov symmetrization and results in an Ornstein—Uhlenbeck operator.

Multiplying (L22al) by ¢/M, using (L26]) and (formally) integrating by parts, the corre-
sponding weak form of ([22]) is: Find ¥ = ¢(«, q,t) such that

We g 3 \% 1 NA--MV Yy, (£
JRRE me—;[( 0 g 2 AMY, ()] va (2)
(lo/Lo)? I
WiV 1) V=Y 'VWM}—O (1.27)

for all ¢ = ¢(x, q) in a suitable function space.

For the sake of convenience we define the following bilinear forms:

= ~ (lo/Lo)?

~ _ . . 1
T(u;0,7) := /QXDdlvm(ua)M, K(o,7):= WiV -+ 1) QxDva vaM, (1.28a)

T(u;0,7) := /QXDZ 2U)Q;0 - qu<|\/l> (1.28Db)

K(0,7) = /QxDZZA”MV"J (—) Ve (%) (1.28¢)

=1 j=1

Then, (IL.27) can be written concisely as
0 g
(Gpo/M) 4 Tlaustog) + K(09) + Twsp) + K =0 (129

for all ¢ = p(x,q) in a suitable function space. We note that 7 and K involve partial
derivatives of their arguments with respect to the spatial variable @ only. Analogously, T
and X involve partial derivatives of their arguments with respect to the configuration space
variable g only. This observation motivates the use of the alternating direction scheme based

on operator splitting whose informal description is given in the next subsection.

1.1.4. Alternating direction scheme. In this subsection we present an alternating-
direction scheme which justifies focusing on a simplified form of the Fokker—Planck equation
(C22]) which is only defined on the configuration domain D and is elliptic.

Let At be such that M := T,q/At € N and define t" := nAt for n € {0,..., M} and
t"+1/2 = (n 4+ L)At for n € {0,...,M — 1}. We will consider the following alternating-
direction semidiscretization of (L2T7): We initialize the scheme by defining ¥° := 4)g; for
n € {0,..., M —1} and then define the ‘intermediate’ function 1/J”+1/ 2 and the approximation
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P to (1T L), respectively, by

wn+1/2 — ¢n ® T n+1 n+1/2 ” n+1/2 n n n
T/Q’M +T (w(-t"");9 )+ (Y ) = =T (u(t"); 9", )K", )
(1.30a)
and

<¢n+l _ ¢n+1/2 ©

A2 ’|v|> + K", ) = =T (u(-,t"); 9", ¢)

_ ’f'(u(.7tn+1); wn+1/27 ©) — I@(wnJrl/Z7 o), (1.30b)

for all ¢ = p(x,q) in a suitable function space. In ([.30a)) the spatial bilinear forms 7 and
K are treated implicitly while the configuration space bilinear forms 7 and K are treated
explicitly. In (I.30D) the spatial bilinear forms T and K and the configuration space bilinear
form T associated with the drag term are treated explicitly, while the bilinear form K is
treated implicitly.

Let ((q(k),wlgk)): ke [QD]> and ((:c(k) (k)) ke [QQ]) be 1/M- and 1-weighted quad-
rature rules on D and €2, respectively. We then approximate (I.30al) by performing numerical
integration over the configuration space, which results in

n+1/2 () _ yn(. oK)
Z'LUD /w ( th)/2 1/} (,q )w(-,q(k))

Qo
+ng’“)/dwm (w12, ) (-, )
Q

lO/LO nt1/2(, (k) (k)

Qb
Ngw El\/lq Veu(-,t"))q; " (+,q"") - Vg, |
ot D QZ. ( )( x ( )) ( ) q; (M)’(-7q(k))

wp 4W1/ZZA”M <ﬁ)‘(.,q<k>>'v‘“ (%)

=1 j=1

(.q®)’

for all ¢ = ¢(x,q) in a suitable function space. Here, the symbol ~ denotes equality up
to quadrature errors. By selecting @Qp linearly independent functions ((,,), m € [Qp], of
g € D such that C(m)(q(k)) = Okm, k,m € [@Qp], and taking successively ¢ = ¢,,), where
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©m) (T, @) := X(x){(m)(q), in the equality above, we obtain a total of @p independent varia-
tional problems, each posed over the d-dimensional domain 2, of the form:

Aip/gli/}nﬂﬂ(.aq(m))XJr/ div, (u(.’tn+1)¢n+1/2(.’q(m))>X

lo/Lo nt1/2/ - (m)
+4W1N+1/V¢ (™) Vax

~ ni. gm
1 & o [& (k) (k) (k) S(m)
DI [/ZM(«: )Touo a0 0 T ()] x
Wp k=1 Q=1 (q®)
N N
1 / K v Sim)
- Ai~Mq()V.< )‘ -V.( X
4Wi 92; METVe {u Ca®) N M o

= S)ﬁ(m) (wn’ X) Vm e [QD]v (131)

for all x = x(x) in a suitable function space, where each M,,)(¥";+), m € [Qp], is a linear
functional. Thus, (L31]) amounts to solving ()p mutually independent linear convection-
diffusion problems over Q. We refer to these well-studied problems as the spatial part of (the
weak form of) the Fokker—Planck equation.

In turn, we can approximate (L.30D]) by performing numerical quadrature over 2, resulting

in
Qo
Pt @®, ) — g2 @®, ) ™))
;wﬁ /D At/2 M

Qo N 2,
> wy /D > (Tau(e. a2 ¥.) - Ve <¢(M)>
n+1 . m(k) :
+ng i /ZZAWW <w<>> v, (wM))

i=1 j=1

(p(a:(k)7 ')

Qo
~_ (k) : . gntly n+1/2
;wﬂ /Ddlvfc (u( LMY )

1
(@®),) M

Qo
Z lO/LO wn+1/2‘ . (p‘ X 1
- wfy AWi(N+1) Jp Ve (@®,.) Vabl@n,) g

for all ¢ = ¢(x, q) in a suitable function space. By selecting Qq linearly independent functions
X(m)> M € [Qq], of & € Q such that () () = 6pm, k,m € [Qq], and taking successively
© = P(m), Where 0y (x,q) = X(m)C(q), in the equality above, we obtain a total of Qq
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independent variational problems over the INd-dimensional domain D of the form:

A:/z / @™, ) 4W1/ZZA”MV (W) Va, (l\i)

=1 j=1
L[ g S N g (™, ) <
: n n C
—/Ddlvm <u(',t )y +1/2> (@) M

.- (lo/Lo)* nt1/2 o ¢
éz; ¢ AWi(N+1) Va¥ ‘(mac),.)' “‘X(m)}(sc(m,.)m

= Ny (@20 Ym e [Qal, (1.32)

for all ¢ = ((q) in a suitable function space, where each 9% (w"‘H/z ), m € [Qql, is a
linear functional. Thus, (L32) amounts to solving [Qq)] mutually independent linear elliptic
variational problems, each posed on the high-dimensional configuration domain D = D; x
- x Dy C RN4, For that reason we refer to them as the configurational part of (the weak
form of) the Fokker—Planck equation.
It is the approximate solution by greedy algorithms of problems such as those described
in (L32) that this work is concerned with.

Remark 1.3. For a complete analysis of alternating direction schemes such as the one derived
above we refer to [Kne08, Section 3.3], where the corresponding scheme is analyzed in the
dumbbell case N = 1.

1.2. Literature

The problems described in ([32]), despite being independent of the spatial variable and
elliptic in the configuration variable, are hard enough to be of interest on their own. However,
from the point of view of engineering and scientific applications, there is much interest on
the more demanding task of approximating the situation in which the Navier—Stokes (L)
system feeds the velocity u into the full Fokker—Planck equation (I222al) and, conversely, the
probability density function ¢ of the latter takes part in driving the Navier—Stokes, via the
Kramers expression (LI5]) and the stress description (L2)). What results is a fully coupled
Navier—Stokes—Kramers—Fokker—Planck system, which is posed on the Cartesian product of
a time domain (0,7,,q], a spatial domain  C R¢ and the high-dimensional configuration
domain D ¢ RN,

Needless to say, the fully-coupled problem is computationally very demanding. Conse-
quently, it has only been recently that practitioners have ventured into the numerical ap-
proximation of time-dependent, non-homogeneous micro-macro models of dilute polymers in

complex geometries. And still, the vast majority of the literature on the subject concerns
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itself with a number of simplified systems where one or more of the simplifying assumptions

of steady state, globally homogeneous flow, no convection in space, have been made.

1.2.1. Stochastic approximation. The polymer model under consideration is origi-
nally posed as a stochastic differential equation (in our setting, (L4]) would be the starting
point). Therefore, the use of Monte Carlo methods to approximate the evolution of the mi-
croscopic configuration of the model molecules is very natural. The polymeric extra stress
tensor 7, which couples the microscopic model with the macroscopic flow equations (I.I]) and
(L2)), must be computed by averaging a functional akin to the Kramers expression (I.9]) over
many realizations of the microscopic equations (see [OP02] Section 11.4] or [Keu04l Section
4]) . o

Laso and Ottinger [LO93|, with their CONNFFESSIT (acronym for “Calculation of Non-
Newtonian Flow: Finite Elements and Stochastic Simulation Technique”) scheme, pioneered
the coupling of a stochastic form of the dynamic equations for a polymer model and macro-
scopic flow equations; for the latter, they used standard Finite Element methods. As it is
to be expected, the stochastic error in the computation of the polymeric extra stress tensor

172 where k is the number of computed trajectories, with the

decays at a rate of the form C'k~
constant C' being proportional to the square root of the variance of the configuration vectors
q;. Because of this, a number of variance reduction techniques have been proposed (see, for
example, [MO96,, OvdBH97, JBL04]).

Another important improvement on the original CONNFFESSIT approach is the use of
Brownian configuration fields instead of ensembles of particles [HvHvdB97, 6vdBH97].
On top of reducing the variance, this procedure allows for constructing approximations to
the polymeric extra stress tensor 7 that are differentiable without post-processing. The
importance of this becomes apparent on noticing that, as expressed in (L.Ia)) and (L2), it is
the divergence of 7 which drives the macroscopic flow.

We close our discussion of stochastic approximation methods by pointing out that these
methods scale well with respect to the number of degrees of freedom of the molecular model,
which make them the best option for chain models with a large number of springs. Now, the
(’)(kil/ 2) convergence rate cannot be improved upon with purely stochastic approaches. This
is what motivates the switch to the Fokker—Planck equation (I.22al), which is deterministic
in nature, and might thus be approximated using methods with faster convergence rates.

1.2.2. Deterministic Fokker—Planck approximation. Below, we mention some re-
cent contributions that aim for the approximation of the Fokker—Planck equation ((L.I2]) itself
or closely related ones) using deterministic methods.

C. Chauviere, A. Lozinski and collaborators have used spectral methods extensively for
the configurational part of the Fokker—Planck equation. For example, in [Loz03|] Lozinski
considers both Hookean and FENE dumbbells in a dilute solution and approximates the

configurational part using, as mentioned, spectral methods, and the spatial part using the
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spectral element method of Chauviere and Owens [COO1]. He also studies and simulates
some micro-macro models of non-diluted (concentrated or melt) polymers. There are also
direct comparisons between deterministic Fokker—Planck approximation schemes and their
stochastic counterparts. Besides that, it is here where we see a comparison between micro-
macro simulations of Hookean dumbbells and the purely macroscopic simulation of its closure,
namely, the Oldroyd-B fluid model (sec [BCAHS87| for the derivation of the latter from the
former). It is seen that the micro-macro approach is the more efficient and robust of the
two. See also [LCO3|. The singularity of the FENE potential at the right end of its domain
compels Lozinski and collaborators to search for a normalized version of 1 with a factor of
the form

(1—lgf*/b)~ (1.33)
where s is a parameter chosen on computational grounds (see [CLO04al, [CLO4b]). It is
interesting to remark that in some of their work they use a three-dimensional configuration
space while assuming a two-dimensional spatial domain, which is another manifestation of
the modeling flexibility of the micro-macro approach.

In [Kne08| D. Knezevic gives a detailed and rigorous treatment of the full Fokker—Planck
system arising from dilute solutions of polymers modeled as FENE dumbbells and goes on
briefly to consider the coupled Navier—Stokes—Kramers—Fokker—Planck system. To cope with
the unbounded drift in the Fokker—Planck equation he performs a Kolmogorov symmetriza-
tion on it which has the result of replacing the abovementioned unbounded drift term with a
weighted diffusion term, which is the approach we adopted as well (cf. (L20])). Then he goes
on to discretize the configurational part of this symmetrized equation using spectral methods.
After that, he carefully justifies the operator splitting procedure in a semi-discrete setting and
subsequently introduces a finite element method to approximate the spatial part combined
with a quadrature-based scheme for the configurational part and therefore he engages the
full Fokker—Planck equation (LI2)). He considers the choice of function spaces and the ap-
proximation properties of the schemes involved. Also, he explains the natural parallelism
of his approach and exhibits numerical results obtained by exploiting this trait. Finally, he
considers the full Navier—Stokes—Fokker—Planck system. He extends many of his results based
on the Kolmogorov symmetrization to the normalized formulation of Chauviere and Lozinski
mentioned in the previous paragraph. See also [KS09a| and [KS09b].

In [DLY05] Q. Du, C. Liu and P. Yu suggest a finite difference scheme for (I.12)) in the
dumbbell case. This scheme preserves the positivity of @ and its integral with respect to
the configuration space. In order to deal with the singular nature of the FENE potential
these authors also use a normalization factor which is a special case of the one used in the
abovementioned contribution by Chauviere and Lozinski. When it comes to their numerical
scheme they discretize it up to some radius smaller than v/b and impose a no-flux boundary

condition at the resulting artificial boundary. They warn that for large velocity gradients
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the probability density function ¢ tends to concentrate on parts of the boundary of the
configuration domain, so they turn to Monte Carlo methods in that case.

In [HOOG6] C. Helzel and F. Otto simulated a Stokes-Fokker-Planck system for rod-like
polymers (Doi model, see [BCAHS87]) using finite volume and finite difference methods in
two spatial dimensions and two configurational dimensions, respectively, plus time. Their
choice of kinetic theory model does not exhibit a singular behavior as the FENE Rouse
model, and in particular the FENE dumbbell, do. However they consider dilute solutions,
concentrated solutions and melts, and perform stability analyzes that, among other things,
indicate whether the assumption of stationarity is reasonable for some flow regimes.

In [Nay98] R. Nayak solved the Fokker—Planck equation arising from the Doi model in
complex flow conditions using a combination of Daubechies wavelet-based Galerkin method
for the configurational part and a discontinuous Galerkin method for the spatial part. Apart
from performing a stability analysis she proceeds to couple her combined solver of the Fokker—
Planck equation with a finite element scheme for the unsteady Navier—Stokes equations. She
also took advantage of the highly parallel nature of the resulting combined schemes.

The important issue of proving that a given method does indeed converge to the true
solution is difficult to tackle in the case of the fully coupled Navier—Stokes—Kramers—Fokker—
Planck systems; indeed, it was only recently that a proof of the well-posedness of that system
(and hence, the existence of a unique solution to approximate) was given in [BS11a]. After
that, in [BS11b], J. Barrett and E. Siili proved the convergence of a Finite Element approx-
imation scheme for the Navier—Stokes—Kramers—Fokker—Planck system. Previously, such a
proof existed for the corotational case [BS09]; that is, the case in which Vgzu + (Vzu)T = 0.

1.2.3. Simulation of the Rouse model with N > 1. The literature discussed above
concerned itself with low-dimensional configuration domains such as d-dimensional balls or
their boundaries, d € {2,3}. Here we will mention two approaches that have been proposed
in the case of configuration domains of higher dimension.

In [DLOOQ7] P. Delaunay, A. Lozinski and R.G. Owens proposed the use of a sparse ten-
sor product basis for a Galerkin method for the solution of the configurational part of the
Fokker—Planck equation in two spatial dimensions. They use the first N; eigenfunctions of the
dumbbell (N = 1) version of a modified (in order to deal with the symmetries and boundary
conditions of the problem) configuration-space Fokker—Planck operator. Labeling the eigen-
pairs as (Ag, @r ), where the real parts of the eigenvalues A, are monotonically increasing with
respect to k, they construct the sparse tensor product basis as {@;, (q;)®- - -@@iy (qn): ¢ € J}.
The set of multi-indices J is a subset of the full set [V}]" of possible multi-indices chosen so
as to exclude the products of highly oscillating eigenfunctions. Nj is not arbitrary, for it de-
pends on a level of resolution ! in a way that respects an introduced hierarchy of the ¢;, much
in the way that standard finite element sparse grid methods [BGO04] enrich their univariate

basis with all basis functions with the same oscillation rate at each step. The authors report
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that their method is competitive for N < 3 and moderate Weissenberg numbers (Wi ~ 1).
Interesting as this is, we won’t comment further on this approach.

Another approach, which will be the focus of this work, was recently proposed in the
engineering literature in a succession of papers by Ammar, Mokdad, Chinesta, Keunings and
collaborators [AMCKO06, AMCKO07, AND™10, [GACC10, [CALK11] under the names
Separated Representation and Proper Generalized Decomposition. A variant with a discretiza-
tion based on spectral methods instead of the finite element methods preferred by Ammar
et al. was presented by Leonenko and Phillips [LP09]. A similar method was considered
independently by Nouy [Nou07, Nou08] and Nouy & Le Maitre [NLMO09| under the name
Power type Generalized Spectral Decomposition, for the numerical solution of stochastic par-
tial differential equations. However, the historical roots of the technique can be traced back
to the work of Schmidt [Sch07]. Ammar et al. and Nouy report that the algorithm per-
forms well in numerical experiments and comment that it extends to a large variety of partial
differential equations.

In the simplified mathematical setting of Poisson’s equation —Awu = f posed on the rect-
angular domain Q = €2, x €2, where €2, and 2, are bounded open subintervals of R, subject
to a homogeneous Dirichlet boundary condition on 9, the convergence of a modified Sepa-
rated Representation algorithm was shown in a recent paper by Le Bris, Lelievre and Maday
[LBLMO09], by drawing on connections with greedy algorithms from nonlinear approximation
theory (cf. DeVore and Temlyakov [DT96]). In [LBLMO09], the solution was represented as
a sum

w(@,y) = 3 () suly) (1.34)
n>1
by iteratively determining functions x € Q, — r,(z) and y € Q, — s,(y), n > 1, such that
for all n, the product (z,y) € Q +— r,(x) s,(y) is the best approximation in the norm of the
Sobolev space H§(€2) to the solution (z,y) € Q + v(z,y) of the Poisson equation

—Av(z,y) = fla,y) + A [ > re(@)se() |
k<n—1
subject to a homogeneous Dirichlet boundary condition, in terms of a single tensor product
r(x) s(y); Le Bris, Lelievre and Maday thus show that it is possible to give a sound mathemati-
cal basis to the algorithm proposed by Ammar et al., provided that one considers a variational
form of the approach that manipulates global minimizers of Dirichlet energies instead of sta-
tionary points to the associated Euler—Lagrange equations (in the follow-up paper [CEL11]
by Cances, Ehrlacher and Leliévre it was further shown that one can also work with local—yet
still energy-decreasing—minimizers provided that one keeps within the two-fold tensor prod-
uct setting of (I34])). In order to reformulate the approach in such a variational setting, the
arguments in [LBLMO9] crucially rely on the fact that the Laplace operator is self-adjoint,
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and as noted by the authors of [LBLMO9], the analysis does not apply exactly to the actual
implementation of the method as described in the papers by Ammar et al., where stationary
points of the Euler-Lagrange equations associated with the Dirichlet energies are computed
instead—hence the need of modifying the algorithm proposed by Ammar et al. Indeed, since
global minimizers of Dirichlet energies in the approach of Le Bris, Lelievre and Maday on the
one hand and stationary points of the associated Euler—Lagrange equations in the approach
of Ammar et al. on the other are each sought in nonlinear manifolds embedded in a Sobolev
space, rather than over the entire Sobolev space (which is a normed linear space), the two
approaches are not equivalent. The authors of [LBLMO9]| also comment that: “Likewise, it
is unclear to us how to provide a mathematical foundation of the approach for nonvariational
situations, such as an equation involving a differential operator that is not self-adjoint.” This
latter remark is particularly pertinent in the context of Fokker—Planck equations for kinetic
bead-spring chain models for dilute polymers, of the kind considered by Ammar et al., where
the differential operator in configuration space featuring in the Fokker—Planck equation, a
generalized Ornstein—Uhlenbeck operator, is a non-self-adjoint elliptic operator with a drift
term that involves an unbounded potential.

It is this last point that the present work is aimed at addressing.

1.3. Objectives and structure of this work

We perform a nonlinear approximation of the analytical solution ¥: (qq,...,q9yx) € D —
¥(qy,--.,qy) to the high-dimensional degenerat@ elliptic boundary-value problem (L.32)) on
H},(D) by Separated Representations of the form

K N
ZHT/JS)(QZ‘),

k=11i=1

where the factors l/J}Ej), k € [K], are defined on the d-dimensional domain D;, i € [N]. Instead
of being selected from an a priori fixed set, the factors w,(:), i € [N], are obtained, N at a time,
for each k € [K], as the best approximation (in a sense to be made precise in[Subsection 3.1.1])
among all possible such factors. The (potentially large) number of terms K is likewise not

fixed in advance, but is the outcome of a termination criterion.

The rest of this work is organized as follows: First, we close this chapter by introducing
some notation and other conventions in [Section 1.4l

In we focus on the functional-analytic context of our analysis of the Separated
Representation strategy. In we give a variational formulation of the elliptic con-
figuration Fokker—Planck equation (L32) (Subsection 2.1.T)) and present some basic results

n this work we use degenerate to refer to the fact that the problem involves unbounded drifts; it should not
be construed as to imply any loss (in the right functional-analytic setting—cf. [Subsection 2.1.1]) of the elliptic
character of the problem.



1.3. OBJECTIVES AND STRUCTURE OF THIS WORK 21

on Maxwellian-weighted Sobolev spaces (Subsection 2.1.2)). In[Section 2.2l we obtain compact
embedding and density of compactly-supported smooth functions results for both the force
laws whose potential we know explicitly (Subsection 2.2.1) and for the Inverse Langevin force
law (Subsection 2.2.2) and then study the asymptotic behavior of the eigenvalue problems
associated with the Maxwellian-weighted Sobolev spaces (Subsection 2.2.3). In [Section 2.3l
we introduce and develop the notion of bounded Lipschitz domain (Subsection 2.3.1]), and
show constructively that this property is preserved by the Cartesian product operation—in
an simplified setting first (Subsection 2.3.2), and in its full form later (Subsection 2.3.3))—;

then we show that the obtained construction can be used to preserve under tensor products

certain decay-near-the boundary property of weight functions defined on bounded Lipschitz
domains (Subsection 2.3.4). In [Section 2.4l we prove a number of basic results concerning
tensor products of functions in weighted Sobolev spaces (Subsection 2.4.1]), prove a nice re-
sult on the tensorization of a compact embedding property (Subsection 2.4.2) and use the
construction of the previous section to prove the density of smooth functions in a class of
weighted Sobolev spaces with Cartesian-product-induced corners (Subsection 2.4.3)).
concerns itself with a formulation of the Separated Representation strategy in
a continuous setting. In two abstract algorithms are introduced for our degen-
erate setting (Subsection 3.1.1)) and their correctness is proved (Subsection 3.1.2)). Then, in
we obtain a number of auxiliary results (Subsection 3.2.1]) which are then used to
prove the convergence of the abstract algorithms (Subsection 3.2.2)) and to show that they are
greedy algorithms in the sense of nonlinear approximation theory (Subsection 3.2.3); subse-

quently, we introduce rates of convergence for the algorithms provided that the true solution
to the Fokker—Planck equation under consideration is a member of certain abstract space
(Subsection 3.2.4]). At an abstract level, an important part of our arguments in the first two
sections of this chapter follow those of [LBLMO9]; however, the degenerate nature of the
Fokker—Planck operator complicates considerably the verification of the basic results which
feed into the abstract results. In we seek to give characterizations of subspaces

of this abstract space in more easily verifiable terms; first, we describe how the eigenfunc-

tions and eigenvalues of a tensor-product Maxwellian-weighted linear operator relate to their
counterparts with respect to the operators associated to the factor (or partial) Maxwellians
(Subsection 3.3.1)). With this information we can describe subspaces of the space of guaran-
teed rates of convergence for the abstract greedy algorithms in terms of weighted summability
of the Fourier expansions of their members (Subsection 3.3.2). Then, using delicate elliptic
regularity results for the associated Ornstein—Uhlenbeck operators, we present subspaces that
are defined in terms of weighted-Sobolev regularity (Subsection 3.3.3))

In we study variants of the abstract greedy algorithms of the previous chapter

in which the search manifolds are tensor products of finite-dimensional linear spaces, while



1.4. ON NOTATION AND OTHER CONVENTIONS 22

still measuring the error in the original norm. In [Section 4.7] after introducing some nota-

tion (Subsection 4.1.1]) we present what we call discrete greedy algorithms (Subsection 4.1.2])

and prove a number of their properties, including correctness, convergence, identification

as greedy algorithms in the sense of nonlinear approximation theory and convergence rates
(Subsection 4.1.3)). This convergence rates, however, can only be justified in the very improb-
able case of the true solution lying in the precise finite dimensional space of tensor products

in which the iterates generated by the discrete greedy algorithms live. Therefore, we go on to
describe some theoretical arguments which allow for guaranteeing convergence rates for solu-
tions in certain spaces which are more general, but quite abstract (Subsection 4.1.4]). Then, at
some level paralleling the developments in the previous chapter, we show that if the discrete

greedy algorithms are based on finite-dimensional subspaces based on eigenfunctions of the
single-domain Ornstein—-Uhlenbeck operators (Subsection 4.1.5) or on polynomials multiplied
by the corresponding Maxwellian function (Subsection 4.1.6l), familiarly-defined subspaces of
the abstract spaces of guaranteed rates of convergence can be described explicitly. Then,

in [Section 4.2 we describe the gap between the discrete greedy algorithms and practical im-
plementations of the Separated Representation strategy (Subsection 4.2.1), describe a simple
inner iteration to help bridge this gap (Subsection 4.2.2)) and then illustrate the behavior of
the resulting procedure on a very simple numerical example (Subsection 4.2.4]).

In [Chapter 5| we give some conclusions and describe some potential avenues of further
work.
At last, contains some auxiliary results on distributions and variational

eigenvalue problems.

1.4. On notation and other conventions

We denote by [k] the integer interval {i € N: 1 <4 < k}. We shall denote sequences and
arrangements of elements a; indexed by indices 7 in an index set Z by (a;: i € 7).

We shall write ¢ = (q1,...,qy) € D1 X+ x Dy = X,y Di =: D. Given N real-valued
functions f;, each defined on the corresponding set D;, we denote by ®ie[N] fi their tensor
product; i.e., the function

qeDw [] filay).
1€[N]
We extend this notation in three ways. Firstly, as the tensor-product operation is order-
dependent, we will use subscripts on the ® and the () signs to denote where on g € D the
function, or functions, following them act; e.g., ®i6[N]\{j} fi ®; f; evaluated on g € D is

1T Fia) fitay).
i€[N]\{5}
Secondly, we will use the same notation for the sets resulting from the tensor products of

members of function spaces: suppose that F; is a nonempty set of real-valued functions
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defined on D, i € [N]; we then write @iy F5 := {Qeqn fit fi € Fi, i@ € [N]}. Thirdly, if
exactly one of the factors is vector-valued, the products involving it at the time of evaluation
must be interpreted as scalar-vector products implying that the resulting tensor product will
be vector-valued too.

It is worth noting that there exists another notion of tensor product of Hilbert spaces,
whose output is another Hilbert space (see, for example, [RS80, Section 2.4]). We will not
make use of this notion of tensor-product in the present work.

The symbol € will stand for the compact embedding relation. The support of a real-valued
function f will be denoted by supp(f).

Given a nonempty open set £ C R" and k € Ny we denote by C¥(E) the space of
real-valued functions defined on E whose partial derivatives up to order k are continuous.
Also,

C(E) := CUE), CX(E):=n,CH(E),
CH(E) = {f € C*(E): supp(f) € B}, k€ NoU {oc}.
The sets C*(E), for k € Ny, C(E) and C®(E) are the analogues of the corresponding sets
defined above, where instead of mere continuity, uniform continuity and boundedness are
demanded.
Given a measurable and almost everywhere positive real-valued function w defined on an

open set E C R™; i.e., a weight, we denote by L2 (E) the Lebesgue space of square-integrable

functions with respect to the weight w, equipped with its usual norm,

1/2
16l ) = ( / |gor2w) .
E

We also define the w-weighted Sobolev spaces
Hy (E) == {¢ € Li,(E) N Lig(E): dap € LE(B), |a| <m},

where |a| := |a|; = > ;cp, @i, equipped with the norm defined by the expression

||90H2H7J}(E) = Z Haa@”igu(E)-

laf<m

We will also find occasion to use the higher-mixed-derivatives, or (simply) ‘mix’ w-weighted

Sobolev spaces
szn,mix(E) = {SO c L%U(E) N Llloc(E): 8a§0 S L?U(E)v ‘a|oo < m} )

where |a| = max;c,) @, equipped with the norm defined by

2 2
[Pl mix gy = > 110a0llz ) -
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As customary, we omit w from the subscript of the spaces described above in the case w = 1.
Given two weights w; and wy defined on an open set F we will say that they are equivalent
if there exist positive constants ¢; and co such that, almost everywhere in F,

c1wy < wy < cpwy.

Later, we will introduce a number of hypotheses (the first of them is in
[Subsection 2.1.1)). The need for them is so recurrent in this work that we adopt as a convention
that, once one of them is introduced, it is assumed to hold for the rest of the document.

We have expounded on the origin of the Fokker—Planck equation and its distillation to
the configuration-space-only and elliptic form whose approximation we will consider. We
also gave an overview of the literature on the numerical approximation of the Fokker—Planck
equation.

In the following chapter we will focus on the functional-analytic aspects of the Fokker—
Planck equation (L32).



CHAPTER 2

Maxwellian-weighted Sobolev spaces

In this chapter we will discuss the functional-analytic setting of the Fokker—Planck equa-
tion (IL32) and prove a number of results on certain weighted Sobolev spaces which, it will
transpire, are the natural setting for our problem. In Cartesian-product domains such as
D some standard techniques for the analysis for weighted Sobolev spaces are not applicable
because the product domain preserves a limited amount of regularity from its factor domains.
We will find that the use of ad hoc methods tailored to weights that have the tensor-product
structure is fruitful. Most of these results will find applications in [Chapter 3| and [Chapter 4|

although some are shown exclusively because they are of interest on their own.

2.1. Function spaces

2.1.1. Variational formulation. The form of the problem ([.32]) motivates us to con-

sider the linear elliptic variational problem

a(¥, ) = f(e), (2.1)

posed on the high-dimensional configuration domain D = Dy x --- x Dy € RV? where

1 o Y @ Yo
al, @) = o /D ;;Aijmv% <M> Va. (M) + c/D &, (2.2)
the parameter c is positive and f is a linear functional. The natural function space associated
with problem (2.1 is
H(D; M) = { € L3 3,(D) N MLL(D): Yy (¢/M) € L (D) Vi e [N]},

equipped with the norm

N 1/2
2 2
”SOHH(D;M) = <||<P”L§/M(D) + z; qui(@/M)H[Lfﬂ(D)]d)

An easy to prove manifestation of this naturality is the fact that, for all ¥, € H(D; M),

)\ma.x . Amin 2
a(y, ) < max <4Wi’c> ¥y 1€llaoimy  and  alp, ) = min <4Wi’c> 1l psmy -
(2.3)

25
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The spaces L2 /M( ) and H(D; M) are isometrically isomorphic to, respectively, L%, (D) and
Hj,(D) via the relations

L2 (D) = ML), iz o) = M|z (2.42)
H(D;M) = MI,(D), [l = M5 o) (2.4b)

Later, we will make use of the spaces H(D;; M;), i € [IN], each of which is the i-th partial
Maxwellian analogue of H(D; M). That is,

H(Dy M) = {0 € L33, (Di) N My Lo (Dy): V(i0/M5) € [L,, (D)),

where we have chosen to write V (¢/M;) instead of V4 (¢/M;) because this is a more natural

notation when considering H(D;; M;) in isolation. We equip H(D;; M;) with the norm

9 1/2
el = (I€lEz oy + IV @Az, poye ) "

Remark 2.1.
(1) For i € [N], H(D;; M;) is exactly H(D; M) if N =1 and M = M;. None of the results

involving H(D; M) appearing below depend on restrictions on N and thereby remain
valid for H(D;; M;). Just like (24), ¢ — M;p is an isometric isomorphism between

L3, (D;) and Lf/M (D;) and between Hy, (D;) and H(Dy; M;).

(2) The definitions above can be extended to open subsets of D and of the D;, i € [N],
in the usual way.

Before listing our structural hypotheses and proving the properties we need of H(D; M)

we fully state the weak formulation of our model problem:
Given f € H(D; M)/, find ¢ € H(D; M) such that

a(¥,p) = f(p) Vo€ HD;M). (2.5)

We adopt the following structural hypotheses.
Hypothesis A. For each i € [N], the spring potential U; belongs to C([0, 52)), where b; > 0,
and satisfies limy_y, o U(s) = o0.

Immediate consequences of are that M € C(D) N C!(D) and that, for all
K & D, there exist positive constants cx and Ck such that cx < M(q) < Ck, for all g € K.

Hypothesis B. For each i € [N], Hjl\/ll (D;) is compactly embedded in L?\/[i (Dy).

Remark 2.2. It is easy to check that springs obeying the FENE (I:I]EI) CPAIL (I17), TEAIL

(CLI8) and CP (L21I)) force models comply with [H The corresponding fact for
springs obeying the Inverse Langevin (LI9) force models is shown in [Subsection 2.2.21
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In Step 1 of section A.1 of [BS08] it is proved that springs obeying the FENE model
(LI6) satisfy under the condition b; > 2. The corresponding result for springs
obeying the CPAIL model with b; > 3, the TEAIL model with b; > 16/5, and CP model with
b; > 3 is shown in [Lemma 2.6 in [Subsection 2.2.1f the case of springs obeying the Inverse
Langevin force law is proved in [Subsection 2.2.2

2.1.2. Basic properties of Maxwellian-weighted Sobolev spaces.
Lemma 2.3. L} (D), Hi}(D) for m € N, L%/M(D) and H(D; M) are separable Hilbert spaces.

Proof. The operation ¢ € L2 (D) + ¢/v/M defines an isometric isomorphism between L2, (D)
and L2(D). Therefore the first space inherits its separability from the latter. On noting that
M~! € L (D), Theorem 1.11 of [KO84] guarantees the completeness of Hj2(D) (this source
actually states the result for the case m = 1 only; however, the proof carries over to higher
m in this single-weight case) and thus, H{}(D) is separable by an argument along the lines
of [AF03|, 93.5]. The spaces L7 /M(D) and H(D; M) inherit these properties via the isometric
isomorphism (24]). Finally, as their respective norms obey the parallelogram law, these spaces

are Hilbert spaces. O

Lemma 2.4. The following inclusions hold:

(a) C5(D) C H(D; M);
(b) C1(D) C Hy (D).

Proof. Let ¢ € C}(D) and K := supp(¢) € D. Then, the membership of ¢ into L%/M(D)

follows from ( )2
1 / 1 p(q
2 2
' = | "= < |K|sup < o0,
/D M K M | ’ qeK M(q)

which, in turn, stems from the fact that M is positively bounded from below on each compact
subset of D. Similarly, for all K’ € D,

Je

on account of which ¢ € MLL (D). The latter implies that ¢ /M defines a regular distribution

loc

%‘dqg‘K/ﬁK‘ sup |('O(q)|<oo

qeEK'NK M(q)

in the usual way. Then, for each i € [N], V4 (¢/M) exists as a distribution and coincides

with the classical i-th component gradient of ¢/M, which belongs to [C(D)]? because of
Then,

[ 7o G < 151 9 (55

and that proves (a).

2
M(q) < o0

Part (b) is an immediate consequence of the membership of M in L!(D). O
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2.2. Properties of partial Maxwellian-weighted Sobolev spaces

2.2.1. Sobolev spaces weighted with Maxwellians in explicit form. We shall
derive some key properties of the function spaces associated with the CPAIL force model
(LI7), the TEAIL force model (II8) and the CP force model (I.2]]) using the corresponding
properties of the function spaces associated with the FENE force model (ILI6]). For this we
will make use of the basic result that follows.

Proposition 2.5. Suppose w1 and wy are equivalent weights defined on an open set E. Then,
for any m € N, H}! (E) and H}}, (E) are algebraically and topologically the same space and so
are Hyy ™™ (F) and Hy, "™ (E).

Proof. From the definition we gave of the equivalence of weights in [Section 1.4] we know that
there exist positive constants ¢; and ¢ such that, for any measurable function g: £ — R,
a g g*w; < I5 g*wy < ¢y I5 g?wy. Thus, L?UI(E) and L?UQ (E) are the same set and have,
as normed spaces, equivalent norms. As, for j € {1,2}, the H} (E) and H%mix(E) spaces
(resp. their norms) are defined in terms of membership (resp. the norms) of their derivatives
in L%Uj (E), we obtain the desired result. O

Let b > 3. It follows from (LT6), (II7) and (L24) that the Maxwellian M¢ associated to
a spring obeying the CPAIL model with parameter b and the Maxwellian My associated to a
spring obeying the FENE model with parameter 2b/3 are, respectively,

b/3
Mc(p) = Zc exp(— |p|2 /6) (1 - 12‘2) s peDc=B (0, \/E) C R? (2.6)

and
pl? b/3
Mg (p) = Zp (1 - 22)/3) , peDyr =B (0, 2b/3> c R4,

where Z¢ and Zy are positive constants whose specific values are of no particular relevance
below. Let us denote by T the invertible map p € D¢ +— \/% p € Dr. On defining
M: Dc — R via M := Mg oT we find that M and M¢ are equivalent weights. Then,
[Proposition 2.5 implies that H}MC (Dc) and HJI\Z(DC) (the latter is well-defined since M ~!
inherits from Mg Uits Ll .(Dc) regularity—thereby falling under the hypotheses of [KO84,
Theorem 1.11]) are algebraically and topologically the same space. The same is true of the
pairs of spaces given by L?WC(DC) and L}I(Dc) and H(Mc; Dc) and H(M; D¢).

Now, T and T~! are [C*®(D¢)]¢ and [C*°(Dr)]¢ functions, respectively. Then, an argu-
ment analogous to [Cemma A4l leads to the fact that the composition with 77! is a well-
defined, invertible, linear and bounded operator between H}\Z(Dc) and H}, (Dr) and also

between L?\;[(DC) and L?VIF(DF), and its inverse is the comE)osition with 7. By (24]), com-
position with 7! is also such an operator between H(Dg; M) and H(Dp; My) having as its
inverse the composition with 7.
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We can thus use the connection between the Mp-weighted spaces and the M-weighted

spaces and the connection between the latter and the Mc-weighted spaces to state that
Hiz,. (Dr) € L3y, (Dr) = Hjy (D) € Ly (Dc)
and

WH(DF;MF)

H(Dc;Mc)

— H(Dy; Mg) — {JoT: ] € C(Dp)} — H(Do; Mo).

As 2b/3 > 2, the statements on the left-hand side of the above implications hold (as noted in
[Remark 2.2l and [Remark 3.9); consequently, so do the statements on each right-hand side. By
noting that, on account of its infinite differentiability, the composition with 7" maps C§°(Dp)
into C3°(D¢) and that Mc itself is a C>°(D¢) function, we have the following lemma:

Lemma 2.6. Let M: D — R be the Mazwellian associated to a spring obeying the CPAIL
force model (LIT) with parameter b > 3, the TEAIL force model (II8]) with parameter
b>16/5 or the CP force model (L2I)) with parameter b > 3. Then,

(1) The compact embedding H},; (D) € L3,(D) holds.

(2) The set CF (D) is dense in H(D; M).

Proof. The proof for the CPAIL force model is contained in the discussion that precedes this
lemma. Now, it is easy, yet somewhat laborious, to use (LI8) and (L24) to prove that the
Maxwellian associated with the TEAIL force model with parameter b is equivalent as a weight

||2 5b/16
pED»—><1—pb> .

Hence, the same arguments that gave us the result for the CPAIL force model apply to the

to the function

TEAIL force model with the stated restriction on its parameter b. The proof in the case of
springs obeying the CP force model is completely analogous to the CPAIL case, so we make

no further comment. O

2.2.2. Sobolev spaces weighted with Inverse Langevin Maxwellians. First of
all, we need to know whether the Inverse Langevin force law defined in (I.I9), comes from

a potential as described in the text of [Subsection 1.1.3 and its i.e., whether,
given some b; > 0, there exists some C1([0, b;/2)) potential U;, diverging towards plus infinity

as its argument tends to b;/2 from the left, such that
Vi 1 (!%!) g .
3 Vi) lail’
we recall that the Langevin function L(t) is defined by coth(¢) — 1/t in (0,00) and is contin-
uously extended to ¢t =0 as L(0) = 0.
For this, we prove that F': [0,1) — R defined by F/(s) = L™(\/s)/+/s is the derivative of
a C1([0,1)) function which tends to co as its argument tends to 1 from the left. As L~! is

2
Uz/(% lg;|")a; =




2.2. PROPERTIES OF PARTIAL MAXWELLIAN-WEIGHTED SOBOLEV SPACES 30

continuous in [0,1), the C([0,1)) regularity of F' will be guaranteed by the finiteness of

. LYy . t ) t
li 1 —— =1 _— = 2.
e L SR AN S TR 27)

which comes about via the right-continuity of the Langevin function L. We will need the

auxiliary result that follows.

Proposition 2.7.

L) < % Wt € [0,00). (2.8)

Proof. At t = 0, both sides evaluate to 0. When t > 0, from the truncated-series inequality
2t2 + 2t + 1 < e? we obtain, successively

2e % + 2t + et < et,
(e +e B +t) < (e —eHF*+t+1)
and

+i+1 P A L A
24+t 24t 2+t 1+t t

coth(t) <

Using the change of variable s = ¢/(1+t) € [0,1) in (2.8)), we obtain

L2 <s and thus i < L7(s).
1-s 1-s

Dividing the last inequality by s, if s € (0,1), and using the limit ([2Z7) if s = 0, we obtain
that, for s € [0,1),

-1( /3
Ps) = & \/(gf) > - _1\/5. (2.9)

Then, from the continuity of F' and the comparison (ZJ), it follows that

U:s»—>/ F(s')ds
0

is the sought-after C'([0,1)) function diverging to co at 1, and the C'([0,b;/2)) potential
diverging at b;/2 is given by the rescaling

Ui(s) = %U <2b‘j> . (2.10)

We will need the following auxiliary result, which an analogue of (2.9), in order to obtain

a useful upper bound on U;.

Proposition 2.8.

My
IN

Vs e (0,1). (2.11)
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Proof. A straightforward consequence of the fact that sinh(t) < cosh(t) is
1
1-— n < L(t) Vit e (1,00). (2.12)
Using change of variable s = (t— 1)/t € (0,1) and applying L~ to both sides of the resulting

inequality we obtain
1

1—s’
whence the result. OJ

L_l(s) <

Let M; be the Maxwellian weight associated with the potential U; of (2.10), according
to the definition given in ([24]). From the relation (2.9) it transpires that, for p € D; =

B(0, vby),

> z'p; (- 2))

= exp <\/@p]) <1 - %)bi/g,

Here, Z; is a positive constant which, besides existing, is of no interest to us. Similarly,
starting with (2I1), we can obtain, for p € D;,

ZMi(p) [ ) = (1 )
iMi(p) > exp | —— —=ds' | =(1-
P zew| =5 ) iy NG

Therefore, the Maxwellian associated with the Inverse Langevin force law can be bounded
from above and below by the CPAIL Maxwellian with the same parameter b; (cf. (2.6]);
in other words, these two Maxwellians are equivalent. As is a topological
statement involving Maxwellian-weighted Sobolev spaces, [Proposition 2.5| and the fact that
CPAIL Maxwellians with parameter b; > 3 obey [Hypothesis B| (proved in[Lemma 2.6]) implies

that Inverse Langevin Maxwellians with parameter b; > 3 obey as well. For
the very same reason, Cj°(D;) is dense in H(Dj;; M;) if M; comes from the Inverse Langevin

@\S”

Z:Mi(p) = exp(~Ui(A[p[2)) = (

b [le
< exp _6/
0

Force law with parameter b; > 3.

Proposition 2.9. The potential U; associated to the Inverse Langevin force law (cf. (2.10))

1§ monotonic increasing and conver.

Proof. As U; is a linear rescaling of U it is enough to prove that U is monotonic increasing
and convex. As U(s = [JF(s')ds, s € [O 1), its first derivative is F' = L~ (y/*)/+/~, which
is non-negative. We Wlll now prove that F' is monotonic increasing, whence the convexity of

U will follow.
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The first step is showing that the Langevin function L is concave in (0, 00). Indeed,

L) -2 <cosh(t) 1) o

sinh(t)3 13

which can be easily yet laboriously proved by comparing the series expansions of ¢ + ¢3 cosh(t)
and t + sinh(¢)3. By continuity, L is concave in [0, 00) as well.

Now, let us take 0 < s1 < s2 < 1 and let ¢; := L™1(y/5;), i € {1,2}; note that since both
L and the square-root function are strictly monotonic increasing, we have that 0 < t; < to.
The concavity of L, then, allows for

to — 1t t to — 1 t t
th= 2104 1ty = L(t1) > Z—LL(0) + L L(tz) = - L(ts)
to to to to to
~1 -1
b L (\/ﬁ)SL (\/5);
L) = Iit) NG /5
that is, F' is monotonic increasing in (0,1), which implies that U in convex in [0,1). O

2.2.3. Eigenvalue asymptotics for partial Maxwellian-weighted operators. We
will need to know the asymptotic behavior of the eigenvalues of Maxwellian-weighted eigen-

value problems. More precisely, we need to know if Weyl’s law is satisfied by these problems.

Lemma 2.10. Let Q C R? be a bounded and convex domain of class C3 and let w € C2(1)
be a positive function such that C3() is dense in HL(Q) and HL(Q) € L2,(Q). We further
assume that

(1) inf Q1(p) > —o0, or

pPEN
(2) there ezists a © > 0 such that yg := irelgb(p)QQ@(p) € (—1/4,0],
P
where
Qo := 0 — w Y2 div(wVw /?)

and 0 is the distance-to-the-boundary function in 2.
Let (Ap: n € N) be the (ordered, with repetitions according to multiplicity) sequence of
eigenvalues of the problem: Find X € R and u € HL (Q) \ {0} such that

(u,0) 1 @) = Mu, v)12 @) Vv € Hy(Q). (2.13)
Then, there exist positive numbers c1 and co and a natural number ng such that

n>ng = cn¥? < A, < een?? (2.14)

Proof. Let, for © > 0, (Agn: n € N) be the (ordered, with repetitions according to multiplic-
ity) sequence of of eigenvalues of the shifted problem: Find A® € R and u € H} (Q)\ {0} such
that

<u, ’U)H%J(QL@ = <Vu, vv)[Lﬁj(Q)]d + @<U, U)Lﬁ)(ﬂ) = )\®<u, /U>L%U(Q) Yo e H%U(Q) (2.15)
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By the hypotheses of the lemma the existence and the accumulation at oo only of the \g
is guaranteed via [Lemma A.5l in [Appendix Al It further follows from the spectral theory of
self-adjoint compact operators that A\g, can be characterized by the Courant-Fischer-Weyl

min-max principle:

<272>H}U(Q),@ <372>H}H(Q),®

Aon = min max ————— = inf sup ————————, 2.16
©; dim(S)=n z€S\{0} <Z, z>LEJ(Q) dim(S)=n zeS\{0} <Z, Z>L%U(Q) ( )
ScHL (9) SCC3(9)

the second equality being a consequence of the density of CZ(2) in HL(Q) (cf. [Dav95,
Theorem 4.5.3]). Note that when © = 1 the problem (Z.I5]) and the problem (2.I3]) coincide
(and so do the sequences (Ag,: n € N) and (A,: n € N)).

Let L :=w'/2 € C?(Q), let z be an arbitrary CZ(Q) function and let y := L~'z. Then,

Il e = [ (VLo +O(w?) 72

:/ \Vy|2+/ <®+L’2|VL\2) y2+/2yL1VL-Vy
Q Q Q
_/ \Vy|2+/ (@+L‘2|VL\2) y2+/L_1VL-V(y2)
Q Q Q
:/ \vy|2+/ [@+L‘2|VL|2—div (L_IVL)} y?
Q Q

- / vyl +/ (6= L div(L?VL)]y?
o) Q

=/ \Vy|2+/cz@y2.
Q Q

Similarly, ”Z”iﬁ(ﬁ) = ||yHiz(Q). As z € C3(Q) is arbitrary and z — L'z is a bijection of
C3(Q) into itself, (Z.I6) begets

o — inf VYl + Jo Qo v

b . — 2
C;?(c?@? yeS\{0} 1ylIT2 ()

(2.17)

If condition () holds, there must exist a © > 0 such that Qg > 0 in Q. For such a ©, of
course, [, Qoy? > 0. On the other hand, if condition (&) is met, then with the particular ©
given in the condition we have that
2
2 Y e 2
[ @es =0 [ %= 221Vl oy
the last inequality being a multi-dimensional Hardy inequality (see, e.g., [MMP98| Theorem

11], bearing in mind that g has been assumed to be nonpositive). In either case, we can
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write )
o ||V
m =N S
scoa(y YN Wi @)
where
1 if condition holds,
O<a:= @

(1+ve/4) if condition (Z) holds.
The C? regularity of € implies the existence of an g € (0, 1) such that for each € € (0, ¢)

there exists a subdomain €. € § that is also of class C? and has measure (1 — ¢) |2|. Fixing
e € (0,e0), the fact that the extensions by zero of functions in C3(£).) form a subspace of
C3() and ([2.I6) imply that the eigenvalues of the unshifted problem ([ZI3]) can be bounded

from above according to

z,z
Ap < inf sup m (2.19)

T dim(S)=n .e5\{0} (#s2)12, (0.
Sccgmg)ze \{o} %(Qe)
Now, the right-hand side of (2.I8)) and the right-hand side of (2I9]) are precisely the n-th

eigenvalue associated with the (variational form of the) problem
—aAy = py in ), y =0 on 0f)
and the problem
—div(wVy) + wy = vwy in Q, y =0 on €.,

respectively. These standard eigenvalue problems obey Weyl’s law (this results from the fairly
general Theorem 2.4 of [Cla67] with input from the regularity result in [Bro61, Theorem
2.4]—alternatively, see [CH53|, §VI1.4.4]); that is,

. #{neN:p, <pu} a2 || a2
im0 E eyt ¢ ¢ (2:202)
. #{neN:y, <v} ||
1 = =(1- 2.2
P /2 GVt dp) ~ L —9¢>0 (2:200)

where C := Q| ((2y/7)T'(1+d/2))~!. Particularizing these limits to u = p,, and v = v, they
turn into statements about the rate of growth of the eigenvalues themselves, as opposed to
the counting functions. That is,

le fin /0% = aC~24 and le v/t = (1 —e)~HdC=2/4,

From the definition of the shifted eigenvalue problem (Z2.I5]), for any ©, it is immediate that
Xon =M +0 -1 VYneN.

We then deduce, via the inequalities (2.I8) and ([Z.19]), that the asymptotic bounds (214
hold. g
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Remark 2.11.

(1) It follows from the proof of that, if condition () holds, the constants ¢y
and ¢ of (ZI4) can be taken arbitrarily close to C~2/¢ and, consequently, to each
other.

(2) One might relax the condition of convexity of the domain in at the
possible cost of having a stricter lower bound for vg in condition (2)), as the constant
for the Hardy inequality might deteriorate. The C3 regularity condition on the
domain can be drastically relaxed (see, for example [BS70]); however, the literature
tends to force one to choose at most two among readability, the size of the class
of problems covered, and frugality in terms of hypotheses. For our purposes, the
statement in suffices.

(3) The transformation of the last Rayleigh quotient in (2.I0) into the simpler one in
(2I7) by means of rescalings of both the eigenfunctions and their argument we did in
[Cemma 2,100 is an instance of what is called the Liouville Transformation technique
in the theory of Sturm-Liouville problems (see [Eve05| §7]).

Corollary 2.12. The eigenvalues of the eigenvalue problem [B.33) associated with both the
FENE model (IL18) and the CPAIL model (LIT) obey ([214)) if their parameter b; is greater
than 2 and 3, respectively.

Proof. We shall apply [Lemma 2.10. For both the FENE and CPAIL models the domains
(being balls) and their associated Maxwellian weights are regular enough. The compact
embedding and density hypotheses are satisfied in the parameter ranges under consideration
(cf. Hypothesis B| Remark 2.2] Remark 3.91and (24])). It only remains to prove condition ()
or condition ().

From (L.I6]) and (L24) it follows that the Maxwellian associated to the FENE potential

is
Mi(p) = 271 (1= pP/)"?, pe B(0,vb), (2.21)
where Z; is a positive constant. A direct calculation returns that with this weight the quantity

Qo defined in [Lemma 2.10] is

Qo) =0+ (L- L) p (1 PL o, wP)
o(p) = 1 5)P b 5 » ,

In this form, it is readily apparent that @ is bounded from below in its domain B(0, v/b;)
(i.e., @ holds) if b; > 4. From the fact that ?(p) = v/b — |p| for all p in the domain un-
der consideration it is easy to see that 9°Qe is always bounded from below and uniformly

continuous up to the boundary. If b; € (2,4], Qg is never bounded from below, so it takes
negative values and thus the infimum of 92Qg is strictly less than zero. As 92 is continuous

and positive within the domain yet zero at its boundary, the existence of a © that makes case
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@) hold is equivalent to demanding that
lim_ 2(p)?Q1(p) € (—1/4,0).
Ipl—v/bi
As in the range b; € (2, 4] that limit is b;(b;/4—1)/4 we see that the condition (2]) holds there.
Analogously, (LI7) and (I24) imply that the Maxwellian associated to the CPAIL po-
tential is

Mi(p) = Z; " exp (—Ipl/e) (1 — 1p2/,)""% . p e B0, v/by), (2.22)

with Z; a positive constant. Again, a direct calculation yields

otp — 6t ol (12 (P (a P (el
oW =E T 36 T 9 3y )P bi 3 9 n |

By arguments similar to those given when considering the FENE potential, we have that
condition () holds if b; > 6 or if b; = 6 and d = 2; and that condition (2)) holds if b; €
(3,6]. O

If two weights w and @ defined on a domain () are equivalent—that is, there exist two
positive constants c¢; and ¢y such that ¢y w < w < ¢y w—a number of consequences follow
immediately. As shown in[Proposition 2.5} L2 (2) and L2 (2) on the one hand and HZ (€2) and
H%)(Q) on the other will be one and the same algebraically and topologically. In particular,
the hypotheses of [Lemma A.5l will be met by the eigenvalue problem

(e, U>H}U(Q) = A, U)Lg,(Q) Vv e HL(Q)

if, and only if, they are met by the eigenvalue problem

<6,’U>H1B(Q) = :\(e,v>qub(Q) Yo e H'}T)(Q)
The inf-sup characterization (cf. (2.16])) of the successive eigenvalues of both problems allow

for the bounds

C ~ C
<A < 2
(&) C1

That is, the bounds (Z.14)) will hold for one set of eigenvalues if, and only if, they hold for the
other. This allows for establishing the following sufficiency condition for weights defined on
two- or three-dimensional balls, which is in most cases much easier to test than the conditions
of [Lemma. 2.10]

Lemma 2.13. Let Q) be an open ball in two or three dimensions and let w be a positive and
continuous weight defined on 2 with the property

010(p)* < w(p) < 920(p),

where 0 is the distance-to-the-boundary function, for all p € Q such that d(p) < ¢, for some
exponent o > 1, for some margin 6 > 0 and some positive constants o1 and o3.
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Then, the eigenvalues of the problem
(e, )iy @) = Me, V)2 @) Vv € Hy(Q)
obey the two-sided bounds (2.14]).

Proof. If the radius of the ball happens to be v/2a the conditions on w force it to be comparable
to the FENE Maxwellian (2.27]) and so the result follows from the above discussion. Otherwise,
one just needs to rescale the domain; this will effect a fixed linear transformation on the
eigenvalues, but will not affect the validity of the bounds (2.I4) (the constants involved will
change, though). O

Corollary 2.14. The eigenvalues of the eigenvalue problem ([B.33) associated with the TEAIL
model (LI8) with parameter b; > 16/5, the CP model (LZIl) with parameter b; > 3 or the
Inverse Langevin model (LI9) with parameter b; > 3 obey (2.14).

Proof. As stated in the proof of[Lemma. 2.6l the Maxwellian weight associated with the TEAL
force model with parameter b; is equivalent to p — (1 — |p|? /b;)?1/16. As

Pl | p| pl\ 1
o~ U U U ) vt
gives us the desired result for the TEAIL force model.
Now, the Maxwellian associated with the CP force model is (modulo a multiplicative

b;/3
ol |p] p|?
D, LI I (FI I
P Ui exp (60b2~ 6 bi

Therefore, it is equivalent to the Maxwellian associated with the CPAIL force model (cf.
([26]) with the same parameter b;. As shown in [Subsection 2.2.2] the Maxwellian associated
with the Inverse Langevin force law is also equivalent to the CPAIL Maxwellian with the same

parameter. Therefore, in view of the discussion that precedes|Lemma 2.13 and [Corollary 2.12}
result is valid for the CP force model and the Inverse Langevin force model in the stated

constant)

parameter range. g

Remark 2.15. The eigenvalue problem (3.33) associated with either the FENE or the CPAIL
model falls within what is called weak degeneracy case in the Russian spectral theory liter-
ature; i.e., problems of the form: Given Q C RY, find (\,u) € R x (Hi.(Q) \ {0}) such
that

/(AVu-Vv+huv)bo‘:)\/buvaﬁ Vo € Hi. (Q), (2.23)
Q Q

where a — § < 2/d (see [VST4, §1] for the precise statement, which includes additional
conditions on Q, A, h, b, « and (). As, in the FENE and CPAIL versions of (8.33), the same
weight (the associated Maxwellian) appears in both the left- and right-hand side bilinear

forms, and, in both cases, that weight is bounded from above and below by powers of ? (cf.
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@21), ([Z22)), it turns out that our problem is equivalent to a problem of the form (223
with o — 8 = 0.
The result, according to [VST74, Theorem 1.1] and assuming that b > 0 is that

lim A%24{n € N: A, < A} = ! LU

A—roo 2vm)IC(1+d/2) Jo  \/det(A)
(compare this with (2.20)); note also that in [VS74] the statement is made in terms of what
in our notation is 1/A). The problem with this particular source is that, for a proof, it remits

(2.24)

the reader to either one of two publications. The first, [BS72|] proves related yet not directly
applicable results—there is a gap that needs to be bridged by means, perhaps elementary,
that are unknown to us. We have not been able to get hold of the second, [Tas75] by
G. M. Tascijan (also romanized as Tashchiyan). However, the latter is also cited in [Tas81)
Theorem 1], where a generalization of (2.24]) is proved, under the condition (in our notation)
d> 2.

2.3. Cartesian product of Lipschitz domains

It is usually necessary, in order to be able to prove non-trivial results on weighted Sobolev
spaces, to know something about the regularity of the domains they are defined on. In our
case, we deal with a Cartesian-product domain D = Dy X --- X Dy, which does not inherit
the full smoothness of its factor domains—indeed, D has corners.

It turns out (cf. [Lemma 2.20) that the right regularity setting (i.e., the amount of regu-
larity that D does inherit) is given by the notion of (bounded) Lipschitz domain, which we
recall below.

2.3.1. Lipschitz domains. We start by introducing some notation. Given a vector
q € R, for some n € N, n > 2, we will write ¢ := (q1,...,¢n—1). Whenever we have an
invertible function A;: R™ — R™, an open set A; € R* ! and a function a;: A; —» R sharing

the same index i, we will write
Ul .= Ai_l({q eR™: ¢ € Aj,qn —ai(d) € I}), ICR. (2.25)

We will deal with sets I of the form (—#,0), (0,5) and {0}; this last case, Ui{o}, will be
denoted by A;.

Definition 2.16. We say that a bounded open set E C R™ is a Lipschitz domain if, and
only if, there exists a positive integer m, a positive real number 5 and, for r € [m], rigid
transformations A,: R" — R™, open sets A, C R" 1 and Lipschitz functions a,: A, — R
such that:

oz ().
r=1
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FIGURE 2.1. Problematic Lipschitz representations. Left: The margin g is
the supremum among the margins admissible according to [Definition 2.16+—if

B is enlarged by any positive A the resulting undershot area, U,g_(ﬁ +2),0) (in

blue), will grow beyond the confinement of the domain. Right: Whatever the

additional margin A > 0 is, the shifted undershot area AR (in blue)

will be contained in the domain but not compactly so.

and, for all r € [m],

UPO cE and UOP cE°
We will then say that {(A,, A, a,)}™ is a Lipschitz representation of the bounded set E
with margin .

Remark 2.17.

(1) The notion of Lipschitz domain of the definition above is equivalent to the notion of
a domain satisfying the strong local Lipschitz condition according to [AF03], 94.9].

(2) If a set has a Lipschitz representation with a certain margin /3, any smaller yet
still positive real number in (0, ) will also be an admissible margin for the same
Lipschitz representation. Therefore we can always assume that, given a Lipschitz
representation of a bounded set, its margin S has been picked so that there exists
some A* > 0 such that S+ A* is still an admissible margin; i.e., we avoid the situation
depicted in the left part of In what follows we will always do so.

(3) Another situation that we want to avoid is depicted in the right part of [Figure 2.1}
in simple terms, we want to be able to shift the undershot region away from the
boundary so that the resulting region does not touch the boundary of the domain.
We give a precise description of this aim and show that it is always attainable in the
following proposition.

Proposition 2.18. Let E C R" be a bounded Lipschitz domain. Then it has a Lipschitz
representation {(AT,AT,GT)}:,”Zl with associated margin B such that, for A > 0 and small
enough, and r € [m)],

U2 N e E. (2.26)
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Proof. As E is a bounded Lipschitz domain it has a Lipschitz representation { (4, A, ap)}m,
with margin 8 > 0. If (2.20) holds for this Lipschitz representation, we are done. Otherwise,
for r € [m] and & > 0 let us consider A,.5 := {¢’ € A: dist(¢’,dA,) > 6}. Then, UT(;’B_/\’_’\) S
E for A > 0 and small enough and where we have defined 4, s as A, and a,5 as a,| Ans We
would have what we need if all the properties of a Lipschitz representation of E were retained
by {(Ars, 7«(;,ar(;)};”:l. This is the case, with the same margin, except, perhaps, for the
property that demands that OF = [J"; A, 5. We will now show that there must exist some
& > 0 such that this last property is also retained.

Let x € OF and Z, the set of all r € [m] such that = € A,, which is not empty. Given r €
T, there exists 0, > 0 such that z € A5, ,, as A, is open. Letting d, := max{0,,: r € I},

l‘EUAr(s CU (M =: Us,

So OF is covered by the family of open sets {U(;z }zeor. Then, there exists a finite subfamily

we have that

of those open sets that covers F. Choosing ¢ as the smallest §, associated with members of
the finite subfamily of Us, obtained above, 0F = |J; A, s is retained. ]

Remark 2.19. In the light of the previous result, we can always assume that (2:26]) holds

and so we will.

2.3.2. Two semi-infinite intervals. Let £ = (—00,0). This is not a bounded Lipschitz
domain in the sense given by [Definition 2.16l It does not only fail to be bounded. As
n—1 =0, we can’t define non-empty open sets A, C R"! to serve as domains of a boundary-

describing functlonsﬁ Its Cartesian product with itself, however, does happen to have a
boundary interesting enough to provide some insight into more complicated—and definition-
complying—cases.

Letting a; = 0 and 8 = 1 we have that

Ma=U =0, Ul cE U CE

where
Ul ={qeR:qg—a1 €I}, ICR
Let us choose 4" and v such that 0 < v < ' < (1—1/v2)3. We observe that U( .0 , together
with Uy := {q € E: dist(¢q, OF) > ~}, forms a partition of E.
From the definition of a boundary and the properties of the Cartesian product we have
that
O(E X E)=(0E x E)U(OE x OE) U (E x 0F)

= (A1 xUp) U ((A1 UG (A x A U @0 ><A1)> O (UoxAy). (2:27)

It is possible to extend [Definition 2.16] to one-dimensional domains. Doing so, however, requires an amount
of special handling that we prefer to avoid, as this case is not directly relevant to our purposes.
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FicURrEe 2.2. Illustration of the argument used to represent corners. After a
rigid transformation the marked part of the boundary is the graph of a Lips-
chitz function which by being undershot (resp. overshot) less than 3 renders
points strictly in the inside (resp. outside) of E' x E.

Let us consider the first piece identified in the partition described in (Z27). It turns
out that it is readily described by Ajo: (¢,p) € R?* — (—p,q) € R?, AI,O = —Uy and
a170:pEA170—>CL1 € R as

Ay x Up = A7 ({(2% q):p€Aio,q= a1,0(p)}) :

Further, we get that
U1(,B/B’0) = A1_,(1) <{(P, q):p € A1g,q—aiolp) € (—6,0)}) = Ul(fﬂ’o) xUyC ExXE,
Ul = A0 ({0 ) p € Bug,a —anolp) € (0.0)}) = U x Uy c BX B

The third piece can be described analogously.

The description of the second piece of the boundary identified in ([227) is a bit more
complicated as it needs to involve a rotation that isn’t merely a shuffling of components with
perhaps some changes of sign and we have to deal with the corner. By defining A4 1: (¢,p) €
R2 = (¢ —p,q +p)/vV2, A1y = (=B + a1 — a1)/V2, (B + a1 — a1)/+/2) and the Lipschitz

function
a1 +ap

V2

ap —a

V2

a171:t€A1,1—> —‘t— ,
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where the unsimplified parts were left as signs of things to come, we have:

At ()i t e Avpy = aia(t)})
={(¢p) eR*: q—pe (—=F.8),q+p=2a1 — |g—p|}
{(g;p) eR*: q—pe (-5,8),
(g>pAg=a1)V(g=pArg=a1)V(g<pAp=ai)}
= (A x U U (A x A U (U0 Ay,

The same kind of calculation renders
AT ({(w)s t € Buyy = ana(t) € (<5,0)})
={(¢.p) eR*: q—pe (-B,8),q+p—2a1 + |g — p| € (—V28,0)}
={(¢,p) ER*: ¢ —p e (0,8),q—a1 € (—-B/V2,0)}
U{(q,p) eR*: q—p e {0},q—a1 € (8/V2,0)}
U{(g,p) eR*: q—p e (—=F,0),p— a1 € (—=B/V2,0)}
c (Ul(*ﬁ/\/i,O) « Ul(fB,O)) U (Ul(*ﬁ/\/E,O) % Ul(*ﬁ/\/E,O)) U (Ul(f,B,O) % Ul(*/i’/\/?,O))
CExFE

thanks to the fact that 8/v2 + 3 < .
In an analogous way we can prove that

A7) ({(t,y): teAi1,y—aia(t) € (0,5)}) CExE"

2.3.3. Any two bounded Lipschitz domains. Let £; C R™ and F; C R™ be
bounded Lipschitz domains. Then, according to [Definition 2.16l for ¢ = 1,2, there exist
m; € N, 8; > 0, and for r € [m;] rigid transformations A;,,, open sets Ai;r c R™~! and
Lipschitz functions a;.: Ai,j — R such that the boundary of F; can be written as

OE; = U Aiyr
r=1
and
UL " c By and USY CEF, e mil.
Let n := ni+ng, B := min(fB1, f2) and 5" and v be chosen so that 0 < v < ' < (1-1/v2).
For i = 1,2, let U, := {x € E;: dist(x,0E;) > v}. We have that

m;
_ /70
E; :=U;o U U Ui(;rﬂ )
r=1
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Then, the above representations of 0F; and FE; allow for writing the boundary of Fy x Es as

mi
8(E1 X Eg) = U (Al;r X UQ;O)
r=1
mi1 mo '0 ‘0 ma
vU U ((Algeréjv DU (Ary x Ag) U (U )xAQ;S)) U J(WroxAzs). (2.28)
r=1s=1 s=1

Let us consider a piece of the form Ay, x Usp out of the decomposition (Z28)) and
define the invertible transformation A.qy: (¢,p) € R" — (p, 41,+(¢)) € R", the open set
A(m) := U x A1, C R"™! and the Lipschitz function aqoy): (0, q') € A(r,o) — a1,(¢) € R.
We note that A, ) is affine and has its Jacobian determinant identical to either 1 or —1.
These objects beget, for any I C R:

Ulro) = A) <{(p, Q): (p.d") € Apgys @ny — a(ro)(psd’) € 1 }>
= {(A5;(0),p): ¢ € Ary ny — a1,0(q) € I,p € Un}
= U{;T x Usap.

Therefore,

A(T,O) = U{r(?(}; = Al;r X UQ;O,

(r,0)

Ul =0 xUsg € By x By and U

Thus, we have covered the piece of J(E; x E3) we were interested in, in a way that is good

’(’)6;) = Ul(gjﬁ) x Ug C By X EQC.

enough for our purposes, as we will see below.

Pieces of the form Uj,g X A5 can be described analogously.

Let us consider now a piece of the form (Aj,, x UQ(;ﬁ/’O)) U (A1, X Agis) U (Ul(;ﬁ/’o) X Aa.s).
Let us define

n1 -~ FMn n +pn
Ay (g, e]Rn_>(/7 /7Q1 p2,QI 2),
(rs) (4,DP) G NG

! / / /
Ay ;:{ ') eRYL: ¢ € Ay, ’EA.s,t—al;T(Q)_%s(p) € <_ﬂ,£)},
(r,5) (¢, p',t) q Lirs P 2 NG NANG
- (") + ags(p') arr(q') — azs(p')

Q) /’ ,,t €A, %al,r(Q) is 7‘257 i :s ‘ER.
(,8) (¢,p'1) () NG V2

Again, A, is an affine transformation with Jacobian determinant identical to either 1 or
-1, A(m) is an open subset of R"~! (for it is the inverse image of (=8'/v2,#/v/2) under a
Lipschitz—and hence continuous—function) and a, ) is Lipschitz.

Now, given I C R let us characterize the points (g, p) € U(Ir )’ that is, those points in R"

whose image under A, ,), which we denote by (¢,p',t,y), complies with

(qlvp/’ t) € A(r,s)v Y — Qs € I



2.3. CARTESIAN PRODUCT OF LIPSCHITZ DOMAINS 44

Note that ¢’ as the ensemble of the first n; — 1 components of ¢ and ¢’ as a component of
(¢',p',t,y) are one and the same, due to the definition of A, ,); similarly for p’. The above

memberships translate into
q/ € Al;r; p/ € A2;87 qny — al;r(q/) - (png - a2;s(pl)) € (_5/75/)7
an, — al;r(q/) + Dny () — ag;s(p') + |qny — al;r(q,) — (Pny — az;s(p/))| € V2l

Then, decomposing (—f’, 8’) into its negative, zero and positive parts we have that

1 inf I sup [
(qn1 - al;r(q/) € —=Pny — a2;s(pl) € < - ﬂ, >)

V2 V2 T V2
/ I / I
V dn, — al;r(Q) S Eapng - a2;s(p) € ﬁ
1 inf 1 sup [
\ (png - a2;s(p/) € ﬁ?in - al;r(q/) S < \@ - ,7 \/§ ))

Importantly, these inclusions, together with (¢’,p’) € Al;r X Ag;s, characterize U(Ir,,s) iflisa

singleton. Therefore,

A(T’s) = (A1§r = U2(,;IB/7O)) U (Al;T X A2;s) U (Ul(;ﬁl,O) X /\2;5)7
U(*B,O) C (U(—ﬁ/\/i,()) « UQ(;B’O)) U (Ul(;ﬁ/ﬁ,O) « UQ(;B/\/ZO)) U (Ul(;ﬁ,()) % U2(;—sl3/\/§,(]))’

(r,s Lr

)
00D ¢ U U D) U UL <UL U U1 D <UL,

where the fact that 3/v/2 + 8’ < S has been used. In this way Ay, is exactly the part of

(=8,0) (0,8)

the boundary of Fy x Fo we are interested on, U(T 5) is contained in Fy x Ey and U, r 75) is

. . T 5 C
contained in Fy X FEy .

Recapping, for (r,s) € ({0,...,m1} x {0,...,ma}) \ {(0,0)}, we have affine functions

A(r.s), open sets A(m), and Lipschitz functions a4 : A¢. ) — R and a number 8 > 0 such
that

8(E1 X Eg) = U A(r,s)a U(iﬁ’o) C Fy x By and U(O”B) C E1 x EQC;

(r,5) (r,5)
TG{O,...,ml}
s€{0,...,ma}
(r9)%(0,0)

that is, we have proved that Fq x E5 is a bounded Lipschitz domain.
Finally we note that, as F; and Fs need not have the same dimensionality, this argument
also builds a Lipschitz description of a Cartesian product of any finite number of bounded

Lipschitz domains. So, we have a constructive proof of:
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Lemma 2.20. Let, forl € [L], Q C R™ be a bounded Lipschitz domain. Then, the Cartesian
product

L

X  C RZZL:l ™

=1
is a bounded Lipschitz domain as well.

Remark 2.21. An alternative proof of the Lipschitz-regularity of the Cartesian product of
bounded Lipschitz domains follows by combining Theorem 3.1 in the Ph.D. Thesis of Rein-
hard Hochmuth: Randwertproblem einer nicht hypoelliptischen linearen partiellen Differen-
tialgleichung. Dissertation, Freie Universitat Berlin, 1989, which implies that the Cartesian
product of a finite number of bounded domains, each satisfying the uniform cone property, is
a bounded domain satisfying the uniform cone property, and Theorem 1.2.2.2 in the book of
Grisvard [Gri85], which states that a bounded open set in R™ has the uniform cone property
if, and only if, its boundary is Lipschitz.

2.3.4. Application to the tensor product of decreasing functions. Let us suppose
now that there exist, for i = 1,2, positive functions w; € C(E;) and constants 3} € (0, 3]
such that, for all r € [m,],

wi AN qn, = X)) = wi(A7N(d s an,)) (2.29)
whenever
¢ €Ay and  —BF < (gn, — N) — air(q) < qn, — ain(¢') < 0.
In other words, the function w; o Ali,vl" is monotonic decreasing with respect to its last compo-
nent within a band of width 3} immediately below the graph of a;,, with respect to Ai;r.

We would like to show that a monotonicity such as described in ([2.29)) still holds for the
function w := w; ® we defined over E; X Es by w(q,p) := wi(q)wa(p) with respect to the
Lipschitz description of O(E; x E3) that we constructed in the previous subsection.

Let /* := min(37, 35). We pick the constant 3’ of the previous subsection (which is used
to describe the corner regions of 9(E; X Es)) so that 0 < 5/ < (1 —1/v2)*. We can do so
because 8* < = min(f1, f2).

Let us first consider a part of 9(E; x Es) of the form Ay, x Ua, for some r € [my], which
were described above by the corresponding A, ), A(no) and a.g). If (p,q') € A(r,o) and g,
and A satisfy

—B" < gny = A= a(0) (P q') < Gny — a0y (p,q) <0,

we have that

_/Bik < gn, — A— al;r(ql) < gn, — al;r(q/) <0 and pe UQ;O-
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So,

w(A(;}Q) (p, qlv n, — )‘)) = w (Aiq{(q,’ dn, — )\))'LUQ(p)
> w1 (Al_ﬂl* (qlv in))U}Q(p) = w(A(_nl()) (p’ q/a in))
This works analogously for the parts of J(E; x Ep) with the form U9 x Ag,s for some
s € [ma.
Let us now consider a part of d(E; x Eg) described by A, ), A(T’s) and a(, ) for some
(r,8) € ([ma] x [m2]) \ {(0,0)}. Then, for (¢',p',t) € A(m) and y and A satisfying
_/B* < Yy — )\ - a(T,S) (qlvp/7 t) < Yy — a(T,s) (qup/7 t) < 07

we have, after some algebra and using the fact that g’ + g*/ V2 < B*, that

. _yt+t A +1

_/81 < % — ﬁ — al;"'(q/) < % - al;"’(q/) < 0’
. -t A —t

_/82 < yw — E — GQ;S(p/) < % - aQ;S(p/) < O

Thus
w(ALL (@ Pty = X))
= w1 (ATH (g +1 = N)/V2) Jua (AZL 0 (= = V) /V2) )
> w1 (AL w+0/V2) Jua (4300, (v = 0)/V2))
= w(A,L (P 1Y),

and so, we have proved that the property (2.29)) is preserved by the tensor product of the w;.

We conclude this subsection with two remarks. The first is that w inherits the properties
of uniform continuity (i.e., w € C(E; x E3)) and positivity from its factors. The second is
that this construction, as the one in the previous subsection, will work for tensor products of

more than two functions that comply with the property described in (2:29]).

2.4. Tensorization of properties of weighted Sobolev spaces

2.4.1. General properties of tensor products.

Lemma 2.22. Suppose that T € D'(D) is a distribution such that

N .
g <® so(’)) =0 V(eW,...,oM)ye x CP(Dy).
i=1 i€[N]

Then, T = 0 in D'(D).
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Further, for any ensemble of sequences of distributions ( S): n > 1), i € [N], with Rg) €
D'(D;) and such that limy,_,o RY = RO 4in D'(D;) fori € [N], we have that

lim ® RY = ® RY in D(D).
N0 e [N) i€[N]

Proof. These are standard results from the theory of distributions, so we omit the proofs and
refer the reader to Section 1.3.2 of the book of Vladimirov [V1a02], for example. O

Lemma 2.23. The following statements hold:

(1) For any ensembfe r@) € H(Dy; M;), i € [N], ®ie[N] r(@) € H(D; M).
(2) Suppose that ¥ : D; — R, i € [N], are measurable functions. Then, the next two

statements are equivalent:
(a) 7 € H(D;; M;) \ {0} for all i € [N];
(b) Qicpy ™ € H(D; M)\ {0}

Proof. (1) It is immediate from the factorization of M that ®Z]\L1 (@ belongs to L2 /M(D).

Thanks to [Lemma 2.22] the identity

RN, @\ N [rO\ (0
Vg, (M = g vz ®; V M, (2.30)
i

holds in the distributional sense. Then, as r()/M; € 1.3, (D;) for i € [N]\ {j}, and
v (r)/M;) € (L3, (D )], the factorization of the Maxwelhan M allows for stating that,
for j € [N],

That completes the proof of Part (1).

(2) We shall prove the second part by showing that (b) is both necessary and sufficient
for (a).

(a) =

(b): This is immediate from the first part and the fact that the tensor product
of the (¥, i € [N], cannot be null if none of its factors is.

(b) = (a): Suppose that ®f\i1 r( € H(D; M)\ {0}; then, because of the tensor-product
structure of M, the positivity of M; on compact subsets of D; for ¢ € [N] and Fubini’s theorem,
r e M; L (D;)N Lf/M (D), i € [N]. Hence, each (") /M; defines a regular distribution in
D'(D;). Again, |l makes (2.30) valid and thus,

2 or* S (TP 00 ) 17620,

1/A4

N
S I

H(D;M) ;=1 l/M

(L3, (D))
(2.31)
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Now, none of the 7(9) can be null (otherwise their tensor product would be null). On combining
this with their 1/M;-weighted square integrability, the identity (2.31]) renders

“V(T(i)/Mz‘) i

L2 (Do) < 00 for all i € [N].
M\

Hence r() € H(Dy; M;) \ {0} for i € [N]. O
2.4.2. Tensorization of compactness embeddings.

Lemma 2.24. The space Hy,(D) is compactly embedded in L3,(D) and H(D; M) is compactly

embedded in L%/M(D).

Proof. Throughout this proof we will assume, for ease of exposition, that N = 2; the argument
carries over to higher N without difficulties. Let u € Hy,(D). As by (L25) M = M; @ Mo, it

follows from Fubini’s theorem that, for almost all g; € Dy,
U(Q1, ') € Llloc(DQ) and aau(ql, ') € L%Wg (D2)7

where « is any multi-index in [Ng]? with 0 < |a| < 1. Fubini’s theorem, again, ensures that,
given ¢y € C5°(D2) and ay € Nol%, 0 < ap <1,

/ [(—1)/ u(le')aoc2@2:| soldqlz/ [ 9(0,00)u(q1, )2 | p1dqy,
Dy Do Dy Do

for all o1 € C§°(D1). Therefore, Ou,[u(qy,+)] = 0(0,a,)u(qy,) in the weak sense on Dy for
almost all q; € D1. As 09 a,)u(qy,+) lies in L?Mz (D3) for almost all g; € Dy we have that

u(qy,+) € Hyy, (Do) for almost all gy € D;. (2.32)
In the same way it can be proved that

u(-,qy) € Hyy, (D1)  for almost all g, € Ds.
Let us define, for i € {1,2}, the sequence (Di7(n): n > 1) of bounded and proper subsets of

D; by D; () := B(0, %), Then,

) )

D; (ny C Di(ny1), n €N, U Diwy =D and Hj, (D) € Liy,(Dimy)-
n=1

This last relation is a consequence of the corresponding relation for the unweighted case,
Hl(Di,(n)) S LQ(Di’(n))—in turn a consequence of the boundedness and Lipschitz continu-

ity of Dj (,)—on account of the existence of positive lower and upper bounds for M; on

D; (), whereupon, via|Proposition 2.5} there is algebraic and topological equivalence between
H}, (D; ) and H'(D; (,,y) and between L3, (D; () and L*(D; ().

)

Letting, for n € N, D, := X?Zl D; (ny © D, the above properties get inherited:

)

D(n) C D(n+1), n €N, U D(n) =D and H,{A(D(n)) S le\/l(D(n))-
n=1
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The third statement follows from the fact that the D(,), being Cartesian products of bounded
Lipschitz domains, are also bounded Lipschitz domains (this is given by [Lemma 2.20 or

). Let us define D™ := D, \ D; (n) and D™ := D\ D(,,). Thanks to [OK90]
Theorem 17.6], the above compact embeddings on members of a nested covering imply the

following characterizations (the first, for ¢ € {1,2}):

Hj, (D) € L3, (D;) < lim sup / u?M; | |ulin 0y =0, (2.33)
n—o00 uEH}VIZ(Dz)\{O} D,En) M\
Hy (D) € L} (D) <= lim  sup / wM / [lullf oy = O (2.34)
"% ueH}, (D)\{0} /D )
From the left-hand side of (2.33)) holds; hence, its right-hand side also holds.

Using (2.32]) and (2:33) with ¢ = 2, we deduce that for each £ > 0 there exists an n = n(¢) € N

such that n > n implies

/ (n)uzM:/ [/(n)uQ(ql,-)le M (q,)dq,
D1 xDs Dy |/ D,

<e /D luar, iy, (on Mi(a)) day
1

ZE/ [/ u2(q1,-)Mz+/ Vg, u(ay,-)|* Ma| Mi(gy)dg,
D, Do Do

2
<ellullg o) -

An analogous result can be proved for the M-weighted integral of u? on Dgn) X Ds. Then,
since D = (D; x Dgn)) U (Dgn) x Dy) and u € H},(D) is arbitrary, the right-hand side of
([234) holds; hence, so does its left-hand side.

Finally, the embedding H(D; M) € L? /M(D) follows directly from the embedding Hy,(D) €
L2,(D) on account of the isometric isomorphism (Z4). O

2.4.3. Tensorization of the density of smooth functions. We start with a lemma
concerning the density of smooth functions in weighted Sobolev spaces defined on Lipschitz

domains.

Lemma 2.25.

(1) Let E C R™ be a bounded Lipschitz domain with Lipschitz representation given by
{(Ar, A, a.) Y, with margin B and let w € C(E) be positive in E and complying
with the following condition: There exist cg, 8" € R such that 0 < cg < f* < B and,

2A third proof, valid in the special case of the domain D) consists of noting that, as a Cartesian product of
bounded open convex sets, D, is a bounded open convex set in R™ (cf. [HULO1], p. 23), and then applying
Corollary 1.2.2.3 in Grisvard |[Gri85|, which states that a bounded open convex set in R™ has a Lipschitz
boundary.
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for all r € [m],
A€ (0,5* — Co],

wA N qn)) for § d €A, (2.35)
an € (ar(q/) — Co, ar(QI))-

|

w(Ar_l(q,a dn — )\)) >

Then, C*(E) is dense in HL (E).
(2) The set C°°(D) is dense in H},(D).

(3) The set MC>(D) is dense in H(D; M).

Remark 2.26. The result of the part (1) of [Lemma 2.25] is valid, in particular, if 1/4 is
replaced by 1 in equation (2.35)); i.e., if w is monotonic decreasing in a strip of width §* along
the boundary of E described by its Lipschitz representation.

Proof of [Lemma 2.25. The argument for the first part closely follows the proof of Theorem
1.1 on p. 307 in the paper of Necas [Ne€62]. We start by emphasizing that, as w™! € L{. (E),
H! (E) is indeed a Banach space and, via part (b) of [Cemma 2.4, C*°(E) C HL(FE). Since
the Jacobian matrix of each mapping A, is orthogonal with determinant 1, its specific choice
does not affect the argument below. We shall therefore assume for ease of exposition that A,
is the identity mapping. Thus, for example, we shall write u(q’, ¢,) instead of u(A, (¢, g.)).

There exist functions ¢, € CSO(UE_B’B)), with 0 < ¢, < 1, r € [m], and a function
Om+1 € CP(E), with 0 < ¢p,41 < 1, such that we have the partition of unity

m+1 o
Z or=1 on E. (2.36)
i=1

Now, given u € HL (E), let u, := ug, for r € [m + 1]; clearly, u, € HL (F). We define u, )
by ur (¢, gn) == ur(¢', gn — A) for r € [m] and w41 ) := Um+1. We begin by showing that

lim u,) =u, inHL(E), r&[m+1]. (2.37)
)\4)04_

For » = m + 1, this is immediate. For a given r € [m], let g, signify the function w, or any of
its first partial derivatives, and define V,. := Uﬁfﬁ 0, Clearly, V,. C U,S*’B B, By the triangle
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inequality, with ¢ = (¢, gn),

[ 19:-(d' an) — 90 (' @n — N)|? w(q) dq]
v,

(S

D=

= [ l9r (@ an)w(@)2 — gr(ds an — /\)w(Q)élqu]
v,

< [/V 19:(d', @) w(d', qn)

1 1
n [ /V 100 (d @ — N2 [w(ds n — ¥ — w(d' au)? |2dq]

=: Ty + Ts.

1

] 2 (2.38)

N

— 90(d @n — Nw(q, qn — N)2[? dg

=

We begin by considering T5. Let € > 0 and A € (0, 8* — ¢g|; then, from the hypotheses,
q €A,
an € (ar(q") — cosar(q')).

N|=

(g gn — N2 —w(q, )2 > < w(q,qn — A) for {

Hence, and by the absolute continuity of the Lebesgue integral, there exists ¢; € (0, ¢g] small
enough and independent of A such that

ar(q’) 1 1
/A / : 19-(d' s qn — N)? |w(gs gn — N2 —w(d, gn)2|* dgn dd’
r q/ —C1

ar(q") 1
< / / : 19-(d's an — NP w(d', g — A) dgp dg’ < 562- (2.39)
q')—c1

Now for ¢; > 0 fixed, the uniform continuity of w and the assumption of (2.26]) guarantee the
existence of A > 0 sufficiently small such that

‘I) C1 1 1
/ / 190 (d's an — NP 10(ds dn — N3 — w(d n)? 2 dan dd’

1
< max 1- (q—qn)Zl (2.40)
q'€A, w(q', qn — A)2
_5<(Zn_ar c1

<
1
/ / \gr dyqn — NP w(q,gn — N) dgndg’ < 562-
ar ‘I) /B

Summing (Z39) and (240) and taking the square root of both sides of the resulting inequality,
we deduce that for any € > 0 there exists A > 0 such that

1

1 1 2
UV 197 (s @n — N |w(q', gn — N2 —w(q, qn)2*dg| <e.
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Hence,
1
3

. 1 1

Jin | [l = VP (0, - 0 - w0 @ay
—04 V.

That concludes the analysis of term Ts.

Concerning T}, continuity in the L2-norm of the translation operator implies that

=

2

ﬂma%—nma%—wﬁ%ﬂ —0. (242)

(ST

lim |;/V |g7«(q,,Qn)’w(q/aQn)

)\4)0.,.

Finally, (241) and (Z42) imply 237).

Having shown (2.37), it now suffices to prove that each of the functions w, , r € [m +1],
is a limit in HL (E) of C*®°(E) functions. To this end, we notice that due to ([Z26) and the
fact that supp(pm+1) € E, the positivity of w renders u,, € HY(E). As E is a bounded
Lipschitz domain, C*(E) is dense in H'(E). Thus, each u, ) is the limit in HY(E) of a
sequence (uyk)k>1 of C®(F) functions. On noting that w € C(E) C L>°(E), we have that
these limits can be taken in H. (E). Then, from

m+41 m—+1
=3 s ulligcer < 3 (e =t )+ lirs = skl )
r=1 r=1

we find that any u € H} (E) can be approximated arbitrarily closely by C*°(E) functions in
the HL (F) norm.

The second part follows from noting that each of the partial Maxwellians M; and their
corresponding partial Maxwellian weighted Sobolev spaces H}Wl (D;), i € [N], comply with
the hypotheses of the first part. To show that this is the case we start by fixing ¢ € [N] and
considering a point x in &D;. Then, there exists a rotation A, that applied to x gives v/b;eq
(the member of R? whose only nonzero entry is the last, and is v/b;). Defining the open set
Ay = B(0,v/b;/2) € R4 and the Lipschitz function az: y € Ay — /b; — |y|?> € R we have
that A, C 0D;. Further, we have that

q, E AiEa
AN ) < |AZN(d )l for ¢ty € (aa(d) — VBi/2,a2(d) + VBi/2), (2.43)
t<uy.

Then, it follows immediately that Ug(g_\/m 200 = D and Ué&\/ﬁ/ 2 (E)c Noting that there
exists a finite set Z C 0D; so that 0D; = |J 7 Az we have that {(Az,Ax,am)}weI is a
Lipschitz representation of D; with margin v/b;/2.

Now, as the potential U; is a monotonic increasing function, which tends to infinity as its
argument tends to b;/2 from below, the partial Maxwellian M; belongs to C(D;), is positive
in D; and obeys

My(p) = Mi(p) i [p| <[,
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for all p, p € D;. Combining this with (2.43]) gives

xel,
e A
M; (AN (1) > M;(A (¢ ,y))  for d w’
(4= (d.1) Ly € (aa(d) — VBi/2 a0(d)),
t<uy.

As such a property holds for all the M;, i € [N], we can use the results of [Subsection 2.3.3]
and [Subsection 2.3.4] to deduce that there exists a Lipschitz representation {(A,, A, a,)}"™ ,
of the full configuration space D with margin 8 := min;c|y) v/b;/2, and that, with respect to

that Lipschitz description, the tensor product Maxwellian M, positive and belonging to C(D),

is monotonic decreasing. That is, for r € [m],
q/ c Az C RdN*l,
M4 (¢ 1) > M(A Y (dy) for ¢ty € (aild) — B,ai(d)),
t<uy.

As the condition above implies the condition (2.35), the desired result follows.

Finally, the third part comes from the relation (Z4) between Hy,(D) and H(D; M). O

Having identified the weighted Sobolev spaces that naturally feature in the analysis of
the Fokker—Planck equation under consideration, we proved a number of basic results on
them under the assumption of some structural hypotheses. We also went on to show that
weights associated with concrete force laws used in the literature do indeed satisfy those
structural hypotheses. We also studied some geometrical aspects of the Cartesian product of
Lipschitz domains and showed how they affect certain basic properties of Sobolev spaces with
tensor-product weights based on these Cartesian-product domains.

In the next chapter we will introduce the Separated Representation strategy and exploit
their identification as Greedy Algorithms in the sense of the theory of nonlinear approxima-

tion.



CHAPTER 3

Continuous Separated Representation

In this chapter we will study two algorithms that describe the Separated Representation
strategy as applied to the Fokker—Planck equation under consideration. Using the notion of
greedy algorithm from the theory of nonlinear approximation it is possible to obtain certain
convergence rates for the algorithms as long as the true solution lies in certain space with a
very abstract definition. Up to this stage, the main arguments follow closely those found in
[LBLMO9| for the approximation of Poisson operators using the Separated Representation
strategy, although some important details are particular to our degenerate case. Then, we
then proceed to partially characterize the abstract space of guaranteed convergence rates
in more familiar terms; namely, weighted summability of squared Fourier coefficients and

weighted-Sobolev-type regularity.

3.1. Greedy algorithms

3.1.1. Two algorithms. The existence of a unique weak solution to (2.I]) is an immedi-
ate consequence of the Lax—Milgram theorem via the facts that H(D; M) is a Hilbert space (cf.
[Cemma 2.3) and a is a bounded and coercive bilinear form on H(D; M) (cf. (2.3)). By virtue
of the Riesz representation theorem, there exists a bounded linear operator A: H(D; M) —
H(D;M)’, defined by

(AY)(p) = a(, ) Ve € H(D;M).
Thanks to the symmetry of a, the weak formulation (2.I]) can be restated as the following,
equivalent, energy minimization problem:
. 1
Y := argmin J¢ (o) where Ji () = §a(cp,cp) — f(¥). (3.1)
peH(D;M)
We observe that, with ¢ € H(D; M) as in (31)),
1 1
Jilp) = galp—dp—d)—5al®y) Ve cHDM). (3.2)
Following the work of Le Bris, Lelievre and Maday [LBLMO9] concerning the numerical

solution of high-dimensional Poisson equations, we consider two abstract algorithms.

Algorithm I (Pure Greedy Algorithm).
1. Define: fo:= f € H(D;M)".
2. For n>1 do:

54
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2.1 Find ) € H(D;; M;), i € [N], such that

i>7§3<i>> - (% s(i)) . (33)

=1

1 /N
(r®, .y e arg min Za <® 5
(sV,s e X L HDa) © N
2.2 Define

N .
Foie foi— A <® <>) |
=1

2.3 If ”anH(D;M)/ > TOL, then proceed to iteration n+1; else, stop.

Algorithm II (Orthogonal Greedy Algorithm,).

1. Define: fy:= f € H(D;M) .
2. For n>1 do:
2.1 Find ) € H(D;; M;), i € [N], such that

N N N
(7’%1), e rle)) IS arg min %a (@ s, X S(Z)> — fn—1 <® 8(2)) . (34)
i=1 i=1 i=1

(sM,....s(MH)e X 5\7:1 H(D;;M;)

2.2 Solve the following Galerkin problem on the span of
N
(®i:1 7‘,?): ke [n]) :
1 n N 2 N n N
o™ := arg min 5@ Zﬁk ®T,(€Z),Zﬁk ®’I“](;) —f Zﬂk ®’I“](€Z) . (3.5)
BER™ =1 =1 =1
2.3 Define
n N .
fo=f—A[Y o @ | € H(D; M.
k=1 =1
2.4 If || fallyp,my = TOL, then proceed to iteration n+1; else, stop.

The approximations to the true solution v given by the above algorithms at iteration n
are . .
N N
Z X r,(:) and Z a]gn) (%) Tﬁf)
k=1=1 k=1 =t
for [Algorithm 1) and [Algorithm TI| respectively. For future reference, we define 6,, € H(D; M)

as the unique solution of the problem
a(0n, ) = fu(p) Ve € H(D;M).
Clearly, for all n up to the (existing or not) termination of the corresponding algorithm,

Op—1 — ®fi1 rid for the Pure Greedy Algorithm,

On = n ) N (i) - (3.6)
Y= o0 Qi1 for the Orthogonal Greedy Algorithm,
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where 1) =: Jp is the unique solution of ([B1); i.e., the d,, are the errors at the n-th iteration.
Proving the convergence of the algorithms amounts to showing that the sequences (,,: n > 0)

corresponding to the two algorithms converge to 0 in H(D; M).

3.1.2. Correctness of the algorithms. The proof of the correctness of
(resp. amounts to showing that, given f,_; € H(D; M)’ (resp. (fn_1,a™ V) €
H(D; M) x R"1), the loop & (resp. @) returns a well-defined member of H(D; M)’ (resp.
H(D; M)’ x R™).

We start by observing that, due to the first part of [Lemma 2.23] the set of N-way tensor
products of ensembles of functions H(D;; M;), i € [N], is a subset of H(D; M), thereby ren-
dering the minimization problems ([B.3)) and (B.4) sound. However, the existence of solutions
(rﬁll), . ,ry(lN)) to these problems is quite another matter: it will be proved using [Lemma 3.1
and below.

Lemma 3.1. Suppose that f € H(D; M)\ {0} and consider the functional J¢, as in (B.1)).
Then, there exists (r™M), ... r(N)) in Xij\il H(D;; M;) such that
N
Jf <£8i T(Z)> < 0.
Proof. This proof is based on the proof of Lemma 3 of [LBLMO09]. Consider any functional
f € H(D; M)"\ {0} and assume that the thesis is false; i.e., J; <®f\;1 r(i)> > 0 for all ensembles
(rMW, .., rMy e x ¥ H(Dy; M;); then,

1 N N N N
5 <® . ® r(l)> > f <® r(’)> v (M) e CH(Dy; My).
i=1 i=1 i=1 i=1
Given a particular ensemble (r(), ... r(V)) ¢ Xi]\il H(D;; M;), we can replace (1) with er(!)

and, by virtue of the bilinearity of a and the linearity of f we obtain
1 N . N ) N .
—e%a < ) ® r(z)> >cef <® r(z)> . (3.7)
2 i=1 i=1 i=1
By combining the inequalities resulting from dividing both sides of ([B.1]) by positive € and
taking the one-sided limit ¢ — 04 and from dividing (B.7)) by a negative € and taking the

(&) o
=1

As this is valid for any ensemble (r(), ... (M) e x N H(D;; M;), Cemma 2.4 implies that it
is valid, in particular, for any ensemble (r(), ... r(V)) ¢ Xi]il C&°(D;), whence [Lemma 2.27]
implies that f = 0. As this contradicts the hypotheses of the lemma, its thesis holds. O

one-sided limit € — 0_ we get that

We are now in a position to prove the existence of solutions to problems (B.3) and (3.4).

Theorem 3.2. Given f,—1 € H(D;M)’, each of the problems B3) and [B4) has a solution.
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Proof. Since problems ([B.3) and (B.4]) are completely analogous, it suffices to consider one
of them—say, ([B.3)). Then, as (0,...,0) is a solution of (B3] and (B.4) when f,—1 = 0, we
assume from now on that f,_1 # 0.

By (B2) and the coerciveness of a, Jy, ,(¢) > —ia(y,1) for all p € H(D; M), where 1
is the unique solution of (2.X) in H(D;M) when f = f,_1. As, by [Lemma 2.23 the N-way
tensor product of functions in H(D;; M;), i € [N], is a subset of H(D; M), Jy, | is bounded
from below over that manifold. That is,

N
m:= inf Jt, o (@ s(z)> > —00. (3.8)
i=1

(sM,...,s(MH)e X j.\;l H(D;;M;)

It follows from [Lemma 3.1 that m < 0. Our aim is to show that the infimum m is attained at
an element of the form ®f\;1 r® with (rM, ... r() ¢ Xfil(H(Di; M)\ {0}).

From (B.8)), there exists a sequence (®Z€[N} r,(;) k> 1) of N-way tensor products of
functions in H(D;; M;), i € [N], such that

lim J (% r?) =m
k—o0 fn71 i=1 k
On noting that, from the definition of a in (2:2I),

T a(9) = gl — b0~ ) — 5 altb, )

— Jolpo) + | ale ) — i) + a6, 8)| - alwr
> (e, 0) — (e, )
>\min
> gmin (o, ¢) el - atw )

for all ¢ € H(D; M) it follows, with ¢ = ®z’e[N} rl(j), that the sequence (®ie[ (z) c k> 1)
is bounded in H(D;M); in other words, there exists C' > 0 such that (cf. (2.31])):

T 5 (T I

H(D;M)  j— LY,
(3.9)

for all £ > 1. Since the value of ®i€[ N r,(;) is unaltered by multiplying the first N — 1 factors

()

=1

by positive constants c¢; g, ..., cn—1k, respectively, and dividing the final factor by the product
Cl k" CN—1,k, We can assume without loss of generality that

Hr HLZM(D) 1, ie[N—1]. (3.10)
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Thus, it follows from (B9) that

i

Lo b

2
Ll/MN (Dn)

et

1.2

3, (D [13, (D))

2
L1/M

= () 2
(Dn) ; HV(rk /Mj)‘ L
<C. (3.11)

Since the sequence (®i€[N] 7’,(:) t k> 1) is bounded in H(D; M), and H(D; M) is a Hilbert
space, and therefore reflexive, the sequence has a weakly convergent subsequence in H(D; M),
which we denote by (®ze[N] fb() K k= 1); we denote its weak limit by » € H(D; M). Since
J¢,_, is convex on H(D; M) and continuous (and thereby also semicontinuous) in the strong

topology of H(D; M), it is weakly lower-semicontinuous on H(D;M). Hence

J < liminf J 2 ) = lim J 20 — 0
fn—l(r) — lkni)g.} fn—l grqﬁ(k) _ki?;o fn—l grk =m <

Thus we deduce that r # 0 (as 7 = 0 would imply that Jy, () = 0); hence, r € H(D; M)\ {0}.

According to (BI0) and (311]) each subsequence (r( () k= 1> is bounded in the respec-

tive space L? / a,(Di), for i € [N]. Then, ( (@) )i k= 1) has a weakly convergent subsequence

"ok
in Ll/M (D;), say (rg,)(k): k> 1>, for i € [N]; let us denote by () ¢ L%/Mi(DZ-) the corre-
sponding weak limits:
. ) i .

As by [Lemma 2.4 C°°( i) C H(Di;M) 1/M (D;), 3I2) is valid, in particular, for all
© € CP(D;). Thus, ( T o (k) /M k> 1) converges to r) /M; in D'(D;) for i € [N]. Hence, by
Lemma 2,22,

, N () N )
lim @ 20—l — ®|v1|r in D'(D). (3.13)

As all the distributions involved in ([BI3)) are regular distributions, (3.13) is equivalent to

NG
lim M /®Z L’ cp Y € C(D). (3.14)

k—oo Jp

Now, for all ¢ € C§(D), the functional defined on H(D;M) by & € H(D; M) — [ Epqr is a
member of H(D; M)’. Then, the weak convergence of the sequence (®ie[N] (Z() K k > 1) tor
in H(D; M) gives Y o

jim [ ®:|1V|W - / T Vg e (D) (3.15)
for its subsequence We have then that (M ®16[N )( " k> 1> converges in D'(D) to
both M~ ®1€[N ) and M~1r. However, D'(D) is also a Hausdorff topological space. Thus,
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the two limits have to coincide. That is,

M M

Hence, also, 7 = @2, () almost everywhere. As r € H(D; M)\ {0} and has a tensor-product
structure, the second part of [Lemma 2.23 implies that ) e H(D;; M;) \ {0} for i € [N].
Now,

N )
T D'(D).

N .
Ths @ r<’>> — () <m.

Recalling the definition of m from (B.8]), we have thus shown that the infimum in (B.8) is
attained at ®i\i1 r@. Thus, (rM, ... rN)) e x i]\il(H(Di; M;)\ {0}) is a solution to problem
B3). That completes the proof. O

Remark 3.3. The proof of [[heorem 3.2 follows the structure of the proof of Proposition 1
of [LBLMO09]. However, the adaptation of the distributional arguments made there to our

Maxwellian-weighted setting is delicate; hence our detailed presentation of the proof.

Having proved the existence of solutions to the minimization problems (B.3]) of

and (3.4) of establishing the correctness of what is left of the algorithms is
straightforward. The Galerkin problem in step of is well-defined and has

a unique solution for each n > 1, because it is equivalent to the minimization of a coercive

quadratic form over a finite-dimensional linear space. Then, at last, the definition of the n-th

residual in step of and in step 2.3 of are correct on noting that
A maps H(D; M) into H(D; M)".

In the next section we establish the convergence of the sequences generated by the two
algorithms, which will then imply that both algorithms will terminated for any fixed tolerance
TOL after a TOL-dependent number of steps.

3.2. Convergence

3.2.1. Euler—Lagrange equations.

Lemma 3.4. Local minimizers (rg), e ,réN)) of the minimization problems [B3) or (B.4)
satisfy the following Euler-Lagrange equation (system): For all ensembles (s(V, ... s(N)) in

N NN , N N ‘
al @r,> @rP sV | = fua| > Qri @) ). (3.16)
From this, it follows that, for both the Pure Greedy Algorithm and the Orthog-
onal Greedy Algorithm (Algorithm I1):
N . N
a <® ry, rﬁ?) =a <5n—17 ® rﬁ?) . (3.17)
i=1 =1 i=1

2
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Proof. Let (rg), e ,T,(lN)) be a solution to the minimization problem (B3] or (B]). Then,

given any (s, ..., s(N)), @I6) is an equivalent way of writing that the derivative of

N ) )
an—l <® (TS) + 55(1)))
=1
(1) (N

with respect to € is zero when evaluated at € = 0. Since, by hypothesis, (ry”, ..., )) is a
N 1 (rq(f) + 8S(i))) is regular enough, the

1=

local minimizer of Jg, | and € = J,(¢) := Jy,_, (®
fact that J/,(0) = 0 implies that (B:I6) holds.
Setting (sV), ..., s(N)) = (7“7(11), e ,r,(lN)) in (B.16) and combining the resulting equality

with the fact that
N . N .
a (57117 ® 7“59) = fnfl <® T’ﬁﬁ)
i=1

i=1

we obtain (317). O

Remark 3.5.

(1) The above lemma only states that local minima of the minimization problem (B.3)
and (B.4) satisfy the Euler-Lagrange equation (8.I6]). The converse might be false.

(2) In what follows we make liberal use of the norm |||, := a(+,+)*/? on H(D; M), which
is something that, on account of its equivalence with [|[|(p,m), makes no difference
when making topological statements (such as convergence).

The following lemma corresponds to Lemma 6 of [LBLMO09].

Lemma 3.6. Suppose f,—1 # 0 and let (r,(f), e ,r,(qN)) be a global minimizer for the min-

imization problem B3) of the or for the minimization problem (B.4l) of the
Ao Tl Then,

N

@

i=1

N (i)
a (51171, ®i:1 Tn ) sup a(bn-1,5)
®z']i1 7'7(1i) u

s€®ie[N] H(D;;M;)\{0} HSHa
If fn—1 = 0, the equality between the left-most and the right-most expressions in ([BI8) is still

(3.18)

¢ ’

valid.

Proof. We start by considering the case f,—1 # 0. Then, the first equality in (BI8]) comes
directly from (BI7) in [Cemma 3.4 and the fact that |r,|, # 0, which is guaranteed by
[Lemma 3.1l Now, analogously to [8.2), Jy, , can be written as

1 1
an—l(gp) = 5‘1(90 —dp—1, ® — 5n71) - ia(an—l, 57171) Ve H(D; M)

Combining this representation of Jy;, , with the fact that r, := ®i€[N] r{ minimizes J fot
among the members of &),y H(Ds; M;) and the first equality of (B.I8), according to which
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a (6n-1,mn) = ||rnll2, we have, for all s € @,y H(Di; M;) \ {0}, that
2
= [|6n-1 — TTLH?}, <

a

2
a(Op—1,8)

i T
s a

2 5n—1 -
I7nll5

n—1 — n

a

Therefore,

a(bpn_1,7n)? < a(bn_1,s)?
a(rp,m) —  a(s,s)
Taking the supremum over s € @),y H(Di; M;) \ {0} and noting that ry, is an admissible s
we get the second equality in (BI8]). The statement concerning the f,—1 = 0 case is trivially
true. 0

3.2.2. Convergence.

Theorem 3.7. The Pure Greedy Algorithm converges to the solution v to (23));
that is, for any TOL > 0 there exists some iteration number n such that
[ fnllzosmy = 16nll, < TOL.
Proof. This proof is a refinement of the proof of Theorem 1 of [LBLMO09].
Let ((rﬁll),...,rgN)): n > 1) be a sequence in Xi\;l H(D;; M;) returned by the Pure
Greedy Algorithm. Then, from ([B.6) and ([B:I7) in [Lemma 3.4 we obtain

N
a (571’ ® Tﬁ?) =0
i=1

and then )

2
= ||57LH(1+

2
H(sn—lHi =

N
o+ Q@ rl
i=1

® )
i=1

Hence the sequence (||d, |, : » > 0) is nonnegative and monotonic nonincreasing, and therefore

a a

converges in R; by summing the above expression over n we then deduce that

Sl

Let us define the function ¢: N — N recursively by ¢(1) := 1 and

N N
D ® rﬁﬁ) < 0. (3.19)
=1 =1

N N .
(k) := min {n ENin>o(k—1) and |Qr|| <|®7i) ) } . k>2.
=1 a =1 a

From (B.I9) the function ¢ is well-defined and strictly monotonic increasing. Hence, it is

suitable for defining subsequences. As each (rfbl(; yree ,rg(vn))> is a global minimizer to the
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problem (B.3) with the instance fy(,)—1, via (8.6) and Lemma 3.6l we have, for 1 < m < n,

$(n) ,
186tmy—1 = Fotmy-1ll2 = 0se-12 + 10sem1[l2 — 20 | dptmy-1: 041+ > Qﬁ(f)
k=¢(m) '~
9 ¢(n)_1 N ()
= a2 = P 1 =2 3 a (31 @17
k=¢(m) =1
T N
< syt |2 = smlls +2 3 || | @780,
k=g (m) =1 a lli=1 a
9 #(n)—1 N 0 2
< N0pmy-1ll2 = 1o |[lZ+2 D ||
k=g(m) "=t Hla

(3.20)

From the convergence of (H5¢(n)_1Ha in > 1) in R and (319]), we deduce that the sequence
(6¢(n),1: n > 1) is a Cauchy sequence in H(D; M) and thus converges to some 6, € H(D; M).

Another consequence of the global optimality of each (rg), . ,r,gN))

(8(1)7 R S(N)) in ><z'e[N] H(Di; Mz) and n > 1,
o (D)
<®7” n);®'f ) _f¢(n)—1 <§T¢(n))
= —fa <® r ® T(Z )

Taking the limit as n tends to infinity at both ends, and noting that by (B.19) the right-hand

side of the last inequality converges to 0, we obtain

N . N . N
%a <® 9 ® s(‘)> —a (500, X 3(2)> >0
i=1 i=1 i=1

Thus, [Lemma 3.] implies that d,, = 0. Hence the sequence (“5¢(n),1|‘ tn > 1) converges
to zero as n tends to infinity. As the sequence (||d,||, : 7 > 0) is monotonic nonincreasing

is: For all ensembles

and (¢(n) — 1: n > 1) is a monotonic increasing infinite sequence in N, it follows that the full

sequence (||0,|| : » > 1) converges to the common limit in R: 0 = [|6]|,, giving

lim §, =0 in H(D;M).

n—oo

O
The following corollary is a direct consequence of [[heorem 3.7] and will prove useful later

on.
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Corollary 3.8. Suppose that F; is a dense subset of H(D;; M;) for i € [N]. Then, the span
of Qiciny Fi is dense in H(D; M).

Proof. Let 7 € H(D;M). Applying to the case in which the right-hand side
functional f € H(D;M)" of problem (Z3) is ¢ — a(7,¢) (i.e., the H(D; M) approzimation
problem) it follows that 7 can be approximated arbitrarily closely by finite sums of the form
> mem) Rien] r%), where ¥ € H(D;; M;) for m € [M] and i € [N]. Thus, if we can show
that @);c;ny £5 is dense in the manifold @, c(y H(Di; M;), our desired result will stand.

Let, then, 7 € H(D;; M;), for i € [N]. From the density of F; in H(D;; M;) for each
i € [N], there exists a sequence (rr(f): n > 1) in F;, which converges to 7 in H(D;; M;).

Now,
N N O it >k,
gr(i) - (% r{) = Z ® tgi)k, where ts,)k = @ ) i =k,
- . k=1 7@ if i < k.

Then, (cf. (Z31])),

2
B
=1 =1 H(D;M)
N | N o 112 N N 0 o) )
< t + " v (tY) /M
; 1;[1 "Iy, () ;H m L%/MAD»‘ Uni/ ])H[Lﬁ/fjwj)]d

As each product term on the right-hand side above consists of NV — 1 bounded factors and
one vanishing factor as n — oo, the full expression tends to zero as n tends to infinity and,
therefore, so does the left-hand side. The desired result follows. O
Remark 3.9. Suppose that, for each i € [N],
Co°(D;) is dense in H(Djy; M;). (3.21)

Then, as

N

span (@ CFF(D,) ) © CF*(D) < H(D: M),

i=1
we have, thanks to that

C5°(D) is dense in H(D; M). (3.22)
Springs obeying the FENE model (LI6]) comply with (3.21I]) under the condition b; > 2 as
is proved in Remark 3.7 of [Mas08]. In turn, springs obeying the CPAIL model (LI7)) with
parameter b; > 3, the TEAIL model (I.I8) with parameter b; > 16/5 or the CP model (L21])

with parameter b; > 3 comply with (3.2I]) as it is shown in [Lemma 2.6 in [Subsection 2.2.1]
Finally, springs obeying the Inverse Langevin model ([LI9) with parameter b; > 3 are shown
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to comply with (3.21)) in [Subsection 2.2.21 So, if each of the partial Maxwellians M;, i € [N],
that constitute M obeys any of these five models, (3.22]) holds.

Interesting as (3.22]) is, we make no use of it in the main body of this work and that is
why we shall not adopt ([B.2]]) as a hypothesis on a par with hypotheses [A]l and [Bl above or
hypotheses [C] [Dl and [E] below. However, we do use ([B:2I)) as an ingredient in the proof of
the compliance of FENE and CPAIL spring potentials with [Hypothesis C| of [Section 3.3l (cf.
Corollary 2.12)in [Subsection 2.2.3)).

Theorem 3.10. The Orthogonal Greedy Algorithm converges to the solution
Y to problem (ZX); that is, for any TOL > 0 there exists some iteration number n such that

[ fnllezo;my = ll9nll, < TOL.

Proof. This proof is based on the proof of Theorem 2 of [LBLIMO09]. We first note that due
to (B6), the optimality of o™ in (335) and the optimality of (rg), Y ) in B4) (via
Lemma 3.4)),

n N 2 2 2

. N . N .
HanHZ:Hw—Za;")@r,i” < 5n,1—§r,<:> ® r

i=1

2
= 6012 -
a

(3.23)

1 i=1 a
Thus, just like in the proof of[Theorem 3.7 we have that the sequence of norms (|d,||, : n > 0)
is monotonic decreasing and thus convergent and that Zn21 a (®ie[ ] 7“7(5), ®i€[ ] rg)) < 0.
As (8,: m > 0) is a bounded sequence in the reflexive space H(D; M), a weakly convergent
subsequence (4, : m > 1) can be extracted; we denote the weak limit by do. From the
optimality of (1"2177)1 o rg:grl) with respect to problem (B.4) it follows by [Lemma 3.4] that,
for all (s™),...,sMV)) ¢ X ie[N] H(Dy; M;),

N o N N N N .
li(®@s9,®59) —a(60,. @) > 2a(@r, @, ).
2 i1 =1 i=1 2\ "
On taking the limit m — oo at both sides we obtain
N N N
%a <® 5@, X s(l)> —a <5OO, (%) s(’)> >0
i=1 i=1 i=1

whence, via [Lemma 3.1, d,, = 0. However, from the Galerkin orthogonality associated with
problem (), a(4) — dp,,,0n,,) = 0. That is, ||0,,.[|> = a(¥,d,,,). Hence, lim, o0 [|65,, |12 =
limy, 00 a(1), Op,,) = a(?), doo) = 0. As the full sequence of norms (||0,]|, : n > 0) is monotonic
decreasing, the full sequence (0, : n > 0) converges strongly to 0 in H(D; M). O

3.2.3. General Greedy Algorithms. As the authors of [LBLMO09] recognized in their
analysis of the Separated Representation strategy for the Poisson equation, the notion of
greedy algorithm from the theory of nonlinear approximation opens the door to a discussion
about rates of convergence for the algorithms with respect to the number of steps. The
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same can be done in our Maxwellian-weighted setting, as long as we first ensure that the
[Algorithm I and [Algorithm II| are indeed greedy algorithms in this theoretical sense.

Definition 3.11. Given a Hilbert space $), a dictionary is a set © C $) whose elements have
unit $H-norm and obey

geED — —geD.

Given f € 9, let g(f) be a member of © which mazimizes g — (f,g)s—such a maximizer is
assumed to exist. We further define

G(f) == (f9(s 9(f)

and

R(f) = [ = G(f).

Based on [Definition 3.T1] the following two algorithms are defined in [DT96]

Algorithm III (General Pure Greedy Algorithm). Input: Some f € §).

1. Define: Ry:=f and Gj:=0.
2. For n>1 do:
2.1 Obtain

9(Rn—1) € argmax(R,_1, §)s.
ged

2.2 Set G, :=Gp_1+ G(Rnfl) =Gpo1+ <Rn71,g(Rn71)>5§ g(Rnfl) .
2.3 S8et Ry, :=f—G,=R(Ry_1).

Algorithm IV (General Orthogonal Greedy Algorithm). Input: Some f € §).

1. Define: Ry:=f and Gj:=0.
2. For n>1 do:
2.1 Obtain

g(Rn—1) € argmax(R,_1, 7).
geD
2.2 Set H, :=span{g(Ry),...,9(Rn-1)}-
2.3 Set Gy(f):= Pu,(f); i.e., the projection of f on H,.
2.4 Set R, :=f—Gu(f).

The assumption of the existence of a maximizer g(f) of g — (f, g)5 made in[Definition 3.11]
can be tricky to satisfy and depends heavily on what additional structure the dictionary ®

has. No uniqueness of g(f) is assumed, so f — g(f) must be seen less as a function than as
a selection procedure.
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The purpose of[Algorithm [IIland [Algorithm [V]is to construct approximations to f which

have, at iteration n, the form

n—1 n—1
Gn =) G(Ry) = (Ry,9(Ri))s g(Rs)
k=0 k=0

and )
Gn=Y ol g(Ry),
k=0

respectively, with o) € R” given by the condition that G, is the projection of f on the
space spanned by the G(Ry), respectively. The Ry are the successive residuals, which, in this

approximation problem setting, are also the errors.

As their names suggest, [Algorithm 1| and [Algorithm TI| fall into this abstract setting. In-
deed, let

$ =H(D;M) (3.24)
equipped with the inner product induced by the a-inner product of H(D;M); that is, for all
g1, g2 € H(D; MY/,

(91, 92)uD:My = a(71,72)
where, for j € {1,2}, 7; is defined as the unique solution in H(D; M) to the variational problem
a(j,) = 9j(¢) Ve € H(D;M).

Also, we fix the dictionary according to

N
D= {g € H(Dv M)/: g = (L(S, ')a ERS @H(DMMZ)’ HgHH(D;M)’ = 1}’ (325)

and let f (the member of $ to be approximated) be f (the right-hand side functional of (2.1])).
In order to make apparent the connection between the functional-minimizing procedure of

[Algorithm I| and [Algorithm II and the inner-product-maximizing procedure of
and we need the proposition that follows.

Proposition 3.12. Let f € H(D; M)’ \ {0}. Then,

re arg min Ji(t) = a <T,-> € arg max(f, 9)H(D;M)/ (3.26)
t€®¢€m] H(Di;M;) (Egim §ED

and

a(s,+) € argmax(f, Humomy = (fa(s,*))uomy s € arg min J5(t). (3.27)
geD €@, ¢y H(Ds: M)

Proof. We recall first that, from [Lemma 3.9] = in (3.26]) is not zero, so it can be normalized.
Let ¢ be the unique solution in H(D; M) to

a(ih, ) = f(p) Ve € HD;M).
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Then, the H(D; M)-inner product between f and a generic member of H(D; M)’ of the form

G = a(3,-) is simply a(1,5). As for these functionals 19/lz(p;my = [I5ll4» the implications
B26) and (B.217) are equivalent to
re arg min Ji(t) = S arg max a(y, 3) (3.28)
t€®i€[N] H(Di;M;) 17l §€®z‘e[N] H(Di;M;)
13ll,=1

and

s € arg max a(¥,5) = a(i,s)s € arg min J5(t), (3.29)

5@, e v H(DisM;) t€ @), ¢ vy H(Di M)
lI5ll,=1

respectively.

The truth of (B:28)) is readily apparent on account of [Lemma 3.61 and we have (3.20).
Proving (3.29)) is slightly more involved; we will prove it by proving its contraposition. So,
let us take any unit a-norm s € )¢y H(Di; M;) such that

a(,s)s ¢ arg min J¢(t)
t€®ie[N] H(D;;M;)

and let r* be a global minimizer of J jon ®fi 1 H(D;; M;), whose existence is guaranteed by

Mheorem 3.2l Then,
%ﬂ@ﬂ“)—ﬂ“)<%aﬂmﬁﬁadiﬁﬁ)—f(Miﬁﬁ)
which because of a(r*,r*) = a(¢,r*) = f(r*) (cf. Lemma3.4), f(s) = a(v,s) and the unit

a-norm of s results in

oo <atd)=1rtee (B i) = e (b ) = ()

Therefore, s is not a global maximizer of a(w7 -) among the unit a-norm members of H(D;; M;).
Thus, we have proved the contraposition of (3.:29]), and so (3.29)) itself and the equivalent form

E29). O

[Proposition 3.12] (plus obvious arguments in case the relevant functional is zero) allows for
stating that the approximants > 5, e i and Sy a,(gn) N, r,(:) (resp. the errors dy,)
of [Algorithm I] and [Algorithm TI| are connected to the approximants G, (resp. the residuals
R,,) of [Algorithm TTT and [Algorithm TV] via the a-based Riesz isometry between H(D;M)’

and H(D;M). Therefore, beyond the non-essential addition of a termination criterion to

[Algorithm Il and [Algorithm Il the correspondence is established.

3.2.4. Rate of convergence. The theory of nonlinear approximation introduced in
[Subsection 3.2.3 provides us with some estimates of the rate of convergence of
and
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Following [DT96] we introduce the space
A= | A2(01), (3.30a)
M>0

where

N
AI(M) = {90 e H(D;M): o = > crwy, wi € @ H(Dy; My), [[wi, = 1,
keA =1

|A| < oo and Z lex] < M}, (3.30b)
keA

equipped with the norm

lll 5, := inf {M >0:p€ A‘l’(M)} . (3.30¢)
The importance of this space becomes apparent in the light of the following two theorems,
which we cite below.

Theorem 3.13. If the solution v of (2.5) is a member of A, the n-th error 6, of the Pure
Greedy Algorithm satisfies

16l < llebl] 4, n /S
Proof. This follows from a direct application of Theorem 3.6 of [DT96]. U

Theorem 3.14. If the solution 1 of (2.0) is a member of Ai, the n-th error 6, of the
Orthogonal Greedy Algorithm satisfies

16l < l19l] 4, /2

Proof. This follows from a direct application of Theorem 3.7 of [DT96]. u

Remark 3.15.

(1) We have chosen to set A; as a subset of H(D; M) instead of (equivalently, via the
Riesz isometry) H(D; M), the latter being what a straightforward translation of the
definition of 4; in [DT96] would entail.

(2) Pure Greedy Algorithm-based approximations such as have been proved
to obey the slightly improved rate (see [TemO8, Remark 2.3.11] and references
therein)

10nll, < 4[1ll 4, 172

(3) In [CEL11l, Theorem 4.1] it is shown that the convergence of the Orthogonal Greedy
Algorithm takes place exponentially fast if the factor spaces and the full ansatz space
(in our setting the H(D;; M;) and H(D; M), respectively) are finite-dimensional.

We note that A; will remain the same space if in its definition—in (B.30b]), in particular—
we replace the energy norm ||-||, with the standard norm of H(D; M), as these two norms are



3.2. CONVERGENCE 69

equivalent. Then, ¢ € H(D; M) will be a member of A; if, and only if, there exists some M*
such that, for all € > 0, there exists some x. € H(D; M) that satisfies

lo = xeluom <& xe= Y. adwl? A9l <oo, ST (el < M
keA(e) kA

and, for k € A©),

N
||w;(f)||H(D;M) =1 and w;s;e) € QH(DHMi)'

By virtue of the isometric isomorphism described in (Z4]), the above relations imply

HMil(IO - MilX&HH’{A(D) < £, MilX& = Z C](:)Milwlgg),
keA(©)

and, for k € A©),

N
IM~ w0y =1 and M~lw e @HM(DZ»),

1=
the last relation being a consequence of the tensor-product structure of the Maxwellian M.
Thus we have shown that M~ly € H,lvl(D) can be approximated to within any positive
tolerance € in the norm of H},(D) by finite linear combinations of normalized members of
el H}VIZ (D;) with the coefficients of the linear combinations having their absolute sum
bounded by M*. In other words, the membership of ¢ € A; implies the membership of M~

in the Hj,(D)-based analogue of A;, namely,
B = | By(M), (3.31a)

M>0

where

N
(M) = {90 €HW(D): o= cpwp, wy € QH}W(D% lwillg oy =1,
keA =

Al < oo and Z|ck|§M}, (3.31b)
keA

and equipped with the norm
Il := inf {M >0:pc Bg(M)} . (3.31c)

In a completely analogous way, the membership of M~'y in By implies the membership of ¢
in A;. We then have the relations

A = MBl, ||||A1 = HM_I'Hgl 5 (332)
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where the last equality follows from the fact that the coefficients of the approximations to ¢

are the same as the coefficients of the corresponding approximations to M~1¢.

As the definition of A; given in (.30 is fairly abstract, it is of interest to have conditions
in terms of regularity that guarantee membership in .4; analogous to the conditions provided
in [LBLMO09, Remark 4] for the Separated Representation strategy applied to the Laplacian
defined on a tensor product of one-dimensional domains. This is the theme of the next
section. Because of the identity (B.32]), we can pose the problem in terms of membership
in the H},(D)-based B; instead with no loss of generality and with a substantial gain in
succinctness of exposition; thus we shall henceforth phrase our results in terms of B; rather
than Aj.

3.3. Characterization of subspaces of rapidly converging solutions

3.3.1. Eigenvalues. The hypotheses of [Lemma A.5are satisfied by the eigenvalue prob-
lems

(€@, g = AN @)is 0y Vo € Hiy (D), (3.33)
(for ¢ € [N] here and in what follows), and
(e;0)uy ) = Mewlzpy Ve e Hy, (D), (3.34)

whence their solutions do have the distribution, orthogonality and spanning properties stated
in that lemma (the hypothesis V' = H, which is not discussed elsewhere, follows from the
density of infinitely differentiable and compactly supported functions in any weighted L2
space). In particular, they have sequences of solutions (eigenpairs) <()\£f), 67(—3)): n e N) and

((An,en): n € N), respectively, with

2 4 (@) (1)\2 1 )
RS LMZ_(DZ) and Zl Ay (@, ey >Lﬁ4i(Di) <00 = pE€ HMi(Dl), (3.35)
and -
p eLy(D) and Y Anp, en>iEA(D) <00 <= ¢ e Hy(D). (3.36)
n=1

Next, we exploit the special tensor-product structure of the full Maxwellian M to characterize
the eigenpairs of its associated eigenvalue problem ([B.34]) in terms of the eigenpairs of the

eigenvalue problem (B:33)) associated to the partial Maxwellians M;.

Lemma 3.16. The net ((An,en): m = (n1,...,nyx) € NV) is a complete system of solutions
of the eigenvalue problem ([3.34)), where

) N
A =14 A —1)  and  eni=Qell). (3.37)
=1
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Proof. Given 7 = Q)¢ 0 ¢ ®i€[N C&°(D;), we have that

N N
= <€n, L2,(D) + Z < .); T(])>L2 (D;) H <6£Zz')’T(Z)>L%4_(Di)
J=1 '

= )\n <en’T>L§/|(D) .

Since the span of ®f\i1 H(D;; M;) is dense in H(D; M) (as is readily seen from
and (24)), the equality of the first and the last expression in the chain of equalities above
is valid for all 7 € H(D;M). Hence, (An,en) is an eigenpair of (3.34). Further, we deduce
from the chain of equalities above that ey, is orthogonal to e, in both L%,(D) and H},(D) if

From (A0) in [Lemma A8 for i € [N],
span (eg): n > 1) = H}m (Dy).

Hence, invoking and (24) we obtain that

S (0
@span (enl in > 1) C span (en,: n € NV) = Hy, (D).

Thus, (en: n ¢ NV ) forms an orthogonal system that spans H,l\,'(D) Therefore, via Theo-
rem VI.9 of [Bre83], all the eigenpairs of the (full) Maxwellian eigenvalue problem (3.34]) have
the form (Ap, e,) as given in ([B.37) (modulo linear combinations of eigenfunctions belonging

to the same eigenspace). O

It follows from [Lemma 3.16] that the eigenvalues and eigenfunctions of (B.34]) are more
naturally indexed by N¥ than by N; in what follows, we shall refrain from indexing contra

natura.

3.3.2. Characterization via summability of Fourier coefficients. As the sequence

((Ansen): n € NV) is a complete system of eigenpairs of ([B34) (because of [Lemma 3.10)),
(A5) in Cemma A.H ensures that, for all 7 € H}, (D),

T= ) <T,\/’L>H1(D)r > JE(T,en)LmD)\/% in Hy (D).

neNN neNN

Hence, given the tensor-product structure of the e, and the unit Hj,(D)-norm of the ey, /v/An,
we can guarantee that 7 € By (cf. (B31)) if

> VAl en)r2, (D)l < o0

neNN
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In turn, this holds if

A
A= Z " 5o and B = Z on(T, €">i§A(D) < 00, (3.38)

neNN on neNN

where (Jn: n e NV ) is a sequence of positive real numbers that are to be chosen below. We
note that the requirement of B being finite can be seen—for o,, = A\, for example, this is
certainly the case, as follows from (3.36)—as a regularity requirement on 7. Thus, there is
a trade-off in (B.38)) between the requirement that the o, grow fast enough to ensure the
finiteness of A and the desirability of the o, growing slow enough to avoid demanding more
regularity than necessary of the functions 7 for which B is finite.

As a first step in formalizing the above we consider, given a net X = (an: n e NV ) with
entries in R, the space of all those Lﬁ,l(D) functions for which the term B, as defined in
[B38)), is finite; thus, we define

Hy, (D) := {gp c Ly (D): Z on (@, 6n>i§,,(D) < oo} (3.39a)

neNN

and equip it with the norm

1/2
el oy == ( > onle, en>i§A(D>> : (3.39b)

neNN

It is readily seen that, if there exists a 0 > 0 with o, > o for all n € NV, then Hj;(D) is a
separable Hilbert space that is continuously embedded in L,Q\,'(D). Further, if there exists a
o’ > 0 such that oy, > o'\, for all n € NV, then Hy;(D) is continuously embedded in H},(D)
and, due to [Lemma 2.24] it is compactly embedded in L%, (D).

At this stage we could just choose ¥ to be, e.g., o, = Ap ||12||5 for some o > N and an
application of a multiple series version of the integral test for convergence (see, for example,
[GL10, Proposition 7.57]) would render the sum A in (338) finite. However, the resulting
space H,\ZA(D) would then still have quite an abstract description. What we therefore wish
to do instead is to choose each o, as a suitable polynomial function of the ()\(1), AW )).
Then, under certain reasonable conditions, which we will make explicit below, we shall be able
to characterize the resulting space in terms of regularity properties. One of these conditions
has to do with the fact that we can only know that A of (B.38) is finite, with o, as a certain
polynomial function of the A,, if we have some information about the asymptotic behavior
of the A,,. Consequently, we adopt the following hypothesis.

Hypothesis C. For each i € [N] there exist positive real numbers cgi) and cg) and n) e N
such that n > n(® implies
Cgi)n2/d < )\7(11') < cg’)nz/d

)
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where )\g) is the n-th member of the (ordered, with repetitions according to multiplicity) se-
quence of eigenvalues of [B.33)) and d is the common dimension of the single-spring configu-

ration domains D;.

Remark 3.17. basically consists of assuming that, to some extent, the eigen-
values of the problem (B.33]) behave like the eigenvalues of a regular elliptic operator such

as the Poisson operator. We proved in [Corollary 2.12| and |Corollary 2.14] in [Subsection 2.2.3
that if the partial Maxwellian M; comes from either the FENE model (LI6]) with parameter
b; > 2, the CPAIL model (L.I7) with parameter b; > 3, the TEAIL model (L.I8) with param-
eter b; > 16/5, the CP model (L.2I]) with parameter b; > 3 or the Inverse Langevin model

(LI9) with parameter b; > 3, holds.

Theorem 3.18. Let T = (T,g,,l): n e NN> be defined by

N

N l
= (Z A&f}) + (Aﬁ;’))l vne NV, (3.40)
=1 %

=1
Then,
HE (D) c B,. (3.41)

Proof. According to the previous discussion, the stated inclusion will hold once we have shown
that the infinite sum over n € NV of )\n/ﬂ(ldﬂ) converges; i.e., that A in (8.38)) is finite. To
prove this, we start by noting that, modulo a decrease of cgi) and an increase of cgi), we can
take n =1 in as a consequence of all the A\ being positive; we do so from

now on. This, together with (3.37) and renders the chain of inequalities
i 2/d
An < sz\; )\%3 <C Zf\; ”z’/
@+ = P! AL = a1 a1
n (sz\il A%}) +1T0%, (A%D (Zf\il ”?/d) + 1T (nf/d>

valid for all n € NV and some C > 0 that depends on the cgi), the cgi), N and d only. Clearly,

it will be enough to show that the right-most expression in (3.42]) results in a convergent

(3.42)

series.

At this stage we note that we can use an already mentioned multiple series version of the
integral test for convergence to state that the infinite sum of the right-most expressions in
(B:42]) will converge if, and only if, the integral

N 2/d
I1:—/ N QdEilzlxi 2dd+1d:1:
[1,00) (sz\; xi/ ) + Hf\il (a”z‘/ )
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is finite. To check the latter, it is convenient do introduce the transformation
x1 = rcos(¢r),
xg = rsin(¢r)? cos(pz)?,

T3 =17 sin(¢1)d sin(cbg)d cos(gbg)d,
(3.43)

TN_] = rsin((bl)d . -sin(ng_g)dcos(qﬁN_l)d,

IN = TSin(¢1)d < -Sin(¢N_2)dsin(¢N_1)d,

which maps [1,00) x [0, 7/2] x - - - x [0, 7/2] into R]ZV()\BQ/d(O, 1). Here we denote by By/4(Z, R)
the ball centered at & and with generalized radius R in the 2/d-quasinorm (norm if d < 2) of
RV:ie., {z e RV: YN |z — 274 < RY4},

The Jacobian determinant of the transformation B.43) is ¥ ~'g(é1,...,¢n_1), where

N-1

9(b1, ... ON—1) = H |:(Sin(¢i)d)N1¢ wd(@)}

i=1
and
wq(0) = cos(0)?(sin(0)?) — sin(0)?(cos(0)?) = dcos(0)?*sin(9)4 L.
Changing variables in the integral defining I; according to (8.43]) and enlarging the domain
of integration to one that is more convenient, we obtain that the finiteness of I; is implied by

the finiteness of

/2 p2/d+N-1 (d)l,---aqu—l)
pe [T e dr dox_ -+ doy,

2/ AXNX (@D £ (b, . dy_1)

where f is defined by

f<¢17 N -7¢N—1) — [H xf/d] / 2/dx N x(d+1) H [COS (251 2(d+1) Sin(¢i)2(N7i)(d+l) )

i=1 =1
Now, let p € (1,00) and let ¢ be its Holder conjugate. Setting

2(d+1)
a = pl/pr dp

2N (d+1)

b:ql/qr dq f((blv'-'a(b]\f—l)l/qa
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we can use Young’s inequality ab < aP/p + b?/q with p,q € (1,00) and a,b > 0, to bound

71'/2 2/d+N ! ((bla o 7¢N—1)
< Ca N’p/ / / Ad+1) | 2N(d+1) d+1) dr dgn—1--- dén
o f(b1,. .. 1)1/
2(d+1)  2N(d+1)

—CdN,p/ pa NS0 gy (3.44)
1

2(N—i)(d+1)

N-1 w/2 d—1_ 2(d+1) d(N—1—i)+d—1— 2N =Dd+])
x H / cos(¢;) o sin(e;) ! debi,
i=1 70

where Cy n, = dN"1p~1/Pg=1/4. The radial univariate integral in ([44) will be finite if the

exponent on r is less than —1; that is,

2(N -1)(d+1)
Nd+2) -2

In order to tackle the angular integrals in (3.44) we note that if & > —1 and 8 > —1 (see

[AR10, equation 5.14.2]),

p> (3.45)

/2 1 /1. - r(er <@>
/ sin(0) cos(0)’ df = = / tTl(l - t)Tl ds = 2 2/ < o (3.46)
0 2 0 2 1‘\ (CX+§+2>

By (8:46]), the angular integrals in (3.44) will be finite if d — 1 — 2(d + 1)/q > —1 and, for
ie€[N—-1,dN—-1—-i)+d—1—-2(N —1)(d+1)/q > —1; this reduces to

2(d+1)

d+2
Asboth d > 1 and N > 1, conditions (3:45]) and (B.47) can be satisfied simultaneously; hence,
there exists a value of p € (max (1, ngj\f(gi)z(;lj;)) , 2(dd:21)) such that the bound in (B3:44) is
nontrivial and thus I is finite and our desired result holds. O

(3.47)

Remark 3.19. By replacing the functions cos(+)¢ and sin(-)¢ by the functions

d d

sign(cos(+)) |cos(+)| and sign(sin(+)) |sin(+)|“,

respectively, the transformation ([3.43]), extended to [0, 00) x [0, 7] X - - - x [0, 7] x [0, 27], ranges
over the whole of RY. We give a graphical depiction of the transformation in

For later reference we introduce another family of weights that also produces subspaces
of Bl.

Theorem 3.20. Let TV = (US): n e NN> be defined by

N l
D= (Z A$§'}> Vn e NV, (3.48)
1=1
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FIGURE 3.1. Coordinate lines corresponding to the transformation (B.43]) with
N =2 (top row), N = 3 (bottom row) and d equal to 1, 2 and 3 (left, center
and right columns, respectively). In all the plots the radial variable r was
truncated at 1.

Then,
0y (D) c B if 1>1+1Nd (3.49)

Proof. The proof of this theorem is similar to the proof of [Theorem 3.18| except this time the
result hinges on the finiteness of the integral

w/2 w/2 oo
/ = / / rHDA=DIN=Lg(, dn_1) dr dpn_y--- der,
0 0 1

with g again being !~ times the Jacobian determinant of the transformation of (3.43). As
d > 1and N > 1, finiteness of this integral follows from the condition (2/d)(1-1)+N—-1 < —1,
and hence the stated result. ]

Remark 3.21. It is easy enough to see, from the proofs of [Theorem 3.18 and [Theorem 3.20,
that the inclusions (8.41) and (8.49]) actually are embeddings of spaces. It would be of interest
to have information on the norm of those embeddings beyond the mere acknowledgement of
their finiteness; their dependence on N is of particular interest.

In the case of ([B.41]), the dependence on N of the norm of the embedding is, essentiallyﬁl,
that of square root of Y v A /T,(ldﬂ). Now, the dependence on N of that quantity is not
easy to estimate directly. The reason is that the multiple series version of the integral test
of convergence we use (i.e., [GL10, Proposition 7.57]) does not directly bound the multiple

series by the associated multiple integral. Instead, this integral test of convergence gives,

1The dependence on N of the constant C of (B22) can be suppressed.
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beside the interdependence of the finiteness of the sum and the integral, the composite bound

> fms [ smdns 3 s

neNN [1,00) neNV

n#2
where f, the function being summed and integrated, is monotonic decreasing (in all direc-
tions). Then, besides the difficulty given by the fact that the resulting integral evaluates to
an expression depending on the additional parameter p in an algebraically complicated way,
there is the issue of estimating the sum over {n € NV: n % 2}, which only slightly less
complicated than estimating the original sum.

One alternative is circumventing the use of the integral test and replacing the weights
d+1
7Y defined in (3:40) with the smaller weights ) (Hie[ N nl) . Then, it is straight-

forward to compute the corresponding sum and show that H,\T,I<d+l> (D) is also embedded in B

with a norm bounded by an N-independent constant times

N-—-1
2(d+1)\ 2
N1/2 <R<(d+)> ’ (3.50)
where (g stands for Riemann’s zeta function. As %,({”1) < T7(-,,d+1) for n € NV, we have that

the embedding of H;\FAMH)(D) in By has its norm bounded by the same quantity. Moreover,
the important results of the next subsection involving H,\T,l(d+l)(D), namely, [CLemma 3.29 and

Theorem 3.30}, remain valid if the net T(@+1) .= (%,Sd“): n e NV ) is used instead of the net
T+ .= (Ty(LdH) :n e NV ) . However, we cannot use this technique to discard the possibility

of the norm of the embedding of H;\f,l(dﬂ) (D) growing at a rate slower than that of (B.50).
The question in the case of the embedding (B3.49) has a different character. Indeed, the

parameter [ of the weights vg) itself depends on N; hence, depending on how closely one

chooses [ from its lower bound 1+ %N d, one can get abitrarily large embedding norm growth

rates with respect to N.

The definition of H;\f/l(dﬁ)(D) given by (B.40) is certainly less abstract than the definition
of By (given in ([B.31])). However, we can describe subspaces of the former space in even
less abstract terms by showing that certain regularity conditions translate into summability
conditions expressed in terms of Fourier coefficients, such as those that define H;\FAMH) (D) (cf.
(B39a). In order to understand the appropriate regularity requirements for this purpose, we
need to study the regularity properties of certain degenerate elliptic operators in Maxwellian-

weighted Sobolev spaces.

3.3.3. Characterization via regularity. We start by adopting two further hypotheses.

Hypothesis D. For i € [N] the spring potential U; is monotonic increasing and convex.
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Hypothesis E. For i € [N] there exzists a distance ; € (0,4/b;), an exponent a; > 1 and a
function h; € C3([0,~;]) that is positive on [0,~;], such that

M;(p) = hi(0i(p)) 0:(p)™

for all p € D; such that 9;(p) € (0,7;), where d; is the distance-to-the-boundary function in
D;.

Remark 3.22. can be regarded as a strengthening of It is easy
to check, by direct calculation, that springs obeying the FENE model (I.16), the CPAIL model

(LI7), the TEAIL model (LI8) or the CP model (L2I)) comply with it. The corresponding
result for the Inverse Langevin model was proved in (2.9) in [Subsection 2.2.20

With we are restricting ourselves, essentially, to power weights. The com-
pliance of the FENE, the CPAIL, the TEAIL and CP force models with this hypothesis is
also easy to check if their parameter b; is strictly greater than 2, 3, 15/6 and 3, respectively.
We do not know if is satisfied by the Maxwellian associated with the Inverse
Langevin force law (LI9]).

Lemma 3.23. Fori € [N],
(a) the space C§°(
(b) the space C*(

D;) is dense in HJI\/Il (D;);
D;) is dense in HY; (Di), for m € N.

Proof. In Proposition 9.10 (resp. Theorem 7.2) of [Kuf85] the result (a) (resp. (b)) is stated
for weights that are powers greater than 1 (resp. greater or equal than 0) of the distance-

to-the-boundary function; the bilateral boundedness of the function h; by positive constants,

implied by extends the statement to our case. O

The additional requirements on the potentials U;, i € [IN], and the preceding lemma allow

us to prove a first elliptic regularity result.
Lemma 3.24. Let i € [N]. If g € L3, (D), the solution z € Hy, (D;) of
(z, 90>H}\41(D1-) = (g, @)L?Mi(Di) Vo € Hyy,(D;) (3.51)

obeys the reqularity estimate

.
2z, (D)) + HM div(M;Vz) < Cillgllz, (o,

L?Wi (Ds)

for some C; > 0.

Proof. From [Hypothesis Al and [Hypothesis D| we know that the function V;: D; — R defined
by Vi(p) := %UZ(% Ip|?) € R is convex and diverges to infinity as its argument approaches the
boundary of D; from within. Then, it follows from Theorem 3.4 of [DPL04] and the density

of C3°(D;) in H}WZ(DZ) given in part (a) of [Lemma 3.23] that there exists a unique solution 2
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in {u € H%V[Z(Dl) VV;-Vu e L?\/[Z(Dz)} to the L%L, (D;) equation

12— 1Az+VV; - Vz=lg, (3.52)
and it obeys the estimates
I2lus, 0 < 2130z, (0 = Il o (3.53)
HVEH[L?MZ,(Di)]d <2V2 H%QHL?\Q(DQ = ﬁHgHL?ui(Di)? (3.53b)
IV 2l oppoes < 411391l o) = 2N, o0 (3.53¢)

The regularity of M; and Z admits the use of the Leibniz formula for the product of a regular
distribution and a continuously differentiable function provided in [Lemma A.2]in[Section A1l
We can then write M;AZ — 2M;VV; - Vz = div(M;VZ) (for this we have used that M; is

proportional to exp(—2V;) (cf. (I24])). Plugging this into (3.52) and ([B.53al) gives

H]\Z div(M;V'2)

, < HQHL%(Di) + ”2HL%M£_(DZ-) <2 HQHL%\Q(DZ-) : (3.54)
L]\/Ii(Di)

Multiplying (3.52) by 2M;, using the Leibniz formula for the product of a regular distri-
bution and a continuously differentiable function again, and testing with any ¢ € C(D;) C

L3, (D;), we find that
/ 5goMi+/ (VZ- V)M, :/ gep.

It follows from the density of C3°(D;) in Hj, (D;) and the uniqueness of the solution z of
(B35I) that z = Z and hence ([853) and ([B:54) give the desired result. O

In order to obtain an iterated elliptic regularity result, we need the technical lemma that

follows.

Lemma 3.25 (Hardy inequalities). Let H > 0. Then, there exists Cy > 0 such that

/OH;Q </0y £(s) d3>2 dy < Cy /OH f(s)%ds VY fe L0, H)). (3.55)

If a > 1, then there exists Cp o such that

H H
/O v 2 f(y)?dy < CH,a/O v [FW)? + W dy Y eH.((0,H)).  (3.56)

Proof. The inequality ([B.55]) is a direct consequence of the standard Hardy inequality (the
H = oo case); see, for example, [DiB02, Proposition VIIL.18.1]. Alternatively, see [OK90),
Theorem 1.14] for a very general form, which encompasses ([B.59)).

To prove ([B.56]) we will use a procedure inspired by the proof of Theorem 8.2 of [Kuf85].
The first ingredient is the inequality

H H
/ Y2 f(y)?dy < 01/ v f' (y)* dy
0 0
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valid for all f in C!([0, H]) such that f(H) = 0 (see, e.g., [OK90, Example 6.8.ii]). Let
now oo and 1 in C1([0, H]) form a partition of unity subordinate to the covering H =
(0,2H/3) U (H/3,H). Then, given any f € C}([0, H]), let fo := pof and fi := 1 f. Using
the above inequality, the validity of (856 for C1([0, H]) functions follows from

Hf‘|L(2‘)a72((O,H) < Hf0||L2 ,((0,2H/3)) T ”leL% oy (H/3,H))

< 01/2 Hf0HL2 ya ((0,2H/3)) + H 1f1HL%_)a((H/3,H))

S 01/2 leof’ HL2 1o ((02E/3)) + 01/2 H‘POfHL2 L02H3) T 17 Hf1HL2

2 o ((H/3,H))

< Co|lFllz . o2msmy + O3 1Tz o om + Callflles o qcaass.m)

1/2
2 1|2
<Cs <HfHL%.>a((O,H)) +|f Hng((o,H))) :

The validity of the inequality for all f € H%')a ((0, H)) is then a consequence of the density of

CL([0, H]) functions in H%,)a((O, H)), the completeness of L%‘)G_Q((O, H)) and the continuity

of the injection of that latter space into L%_)a(((), H)). O

We shall now iterate [Lemma 3.24t extra regularity for g implies extra regularity for z.

Lemma 3.26. Let i € [N] and g € H3; (D;). Then, the solution z € Hy, (D;) of

(= 00mt, () = {900z, 0y VP E Hyy, (Di) (3.57)

obeys the reqularity estimate

12llng, (0o = Cillgllz, (0,

for some C; > 0.

Proof. The core of this proof is based on Lemmas 3.1 and 3.3 of [Fre87]. As their adaptation
to our geometry is nontrivial, we give a detailed argument. Note that in this proof we shall
omit the spring index 7 in order to avoid cluttering the notation.

Part 1: We start by describing a change of coordinates and how (1] transforms under
it.

Given p € R?, let p’ denote (p1,...,pqs-1) € R¥1. Let ¢ be some constant in (0,1) and
let us define, for £ € (0, (], the sets

U. := P. x (0,e7) and U. == S(U.),
where 7 is the distance (with its spring index omitted) mentioned in and

e(—=m/2,7/2) ifd=2,
e(—1,1) x e(—=m/2,7/2) ifd=3

P .=

£
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FIGURE 3.2. Ilustration of the construction used in the proof of [Lemma. 3.26l
From left to right: Contour plot of M on D with U: and U, enclosed by the
thick continuous and dashed lines, respectively; contour plot of M on UC with
U. enclosed by the thick dashed line; contour plot of an admissible & on UC
with U, enclosed by the thick dashed line.

and S: U; — U is defined by the formula

(Vb — p2) (cos(p1), sin(p1)) if d =2,
(Vb= ps) (V1= P cos(pa), /1 pisin(pe), p1) ifd=3,

Note that if 0 < &1 < g2 < ¢ then U, € U, € D and U, C U.,. Having its domain
and defining formula carefully crafted for the purpose, the transformation S turns out to

S(p) = VpEi]C.

be invertible, orientation-preserving and C®(7.)-regular. All of this is easy to see if one
takes into account that S is a variant of the polar (resp. spherical) to Cartesian coordinate
transformation if d = 2 (resp. d = 3) with the radial variable being measured from the
boundary of D and increasing towards its center. We denote the inverse of S by T'; it, too,
has uniformly bounded derivatives of all orders.

If f is a function with domain Us we will write f:=foS. Then, ¢ € C®(U;) < ¢€
C®(T,). If m is a positive integer, part (b) of [Lemma 3.23 states that C°°(D) is dense in
H7,(D); as, for any € € (0,¢], U is regular enough (a Lipschitz domain), C*(U,) is exactly
the set of restrictions to U, of C*°(D) functions, whence C*°(U;) is dense in HY} (U.) as well.

We also have, from [Cemma A4 in Section Al that f € HYL(U.) <= f € HT (Ue) and that

a0l ) < W o) < 2l ey ¥ EHBE),  (3.58)

where the positive constants ¢; and ¢y depend on m but can be chosen to be independent of

€.

As C*(U,) is mapped by composition with S to C*(7;) bijectively, it follows that C*° ()
is dense in H}\Z(ﬁd The rules of calculus and the density of C*°(U;) and C*(7;) functions
in HY,(U;) and H}\Z(Ug), respectively, give the equalities

/ wvM = [ @oMa  and / Vu-VoM = | VaAVTM, (3.59a)
Ue Ue Ue Ue

where we have used the shorthand notations

a=det(VS) and A= (VS)H(VS) Tdet(VS). (3.59b)
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The first equality in ([3.59a) is valid for u and v in L3,(U;) and the second for u and v in
H!,(U¢). Direct calculations give

A:AT, Ak,d:Ad,kZO Vk € [d—l], Add:a, and opa=0 Vke [d—l],

(3.60)
which we will exploit later. The need for the last equality in (B.60) is the rationale behind
taking the sine of the polar angle instead of the polar angle itself as the first argument of the
transformation S in the case of d = 3. Additionally, by construction, M is a function of the

radial variable pg only—namely, for all p € Ug, M (p) = h(pa)p§, where h and «, with the

spring index omitted, are those of Therefore,
WM =0 Ykeld-1]. (3.61)

Let us fix € € (0,(). For localization purposes we pick a C>(U;) function w with range
[0, 1], identically 1 in U,, with support bounded away from U, \ 0D and such that dq@(p) = 0
if p lives within a finite distance 4" > 0 of 8{]4 NT(0D) (such a function is readily constructed
as w = @ o T where @w(p) = s(p')t(pqg) and s and t are suitable mollified step functions). See

for a depiction of the construction so far.
Now, as every member of C§°(U;) can be put in the form ¢ o S, where ¢ € C3°(U;) C

H!,(Uc¢), B57) and the equalities in ([3.59) imply that Z obeys the distributional equation
~div (Vz AM) + zaM = gMa (3.62)
in UC
Part 2: In this part we show that the relevant derivatives of Z in directions tangential
to the radial (i.e., the d-th) coordinate possess additional regularity. The argument is a
nontrivial adaptation of Lemma 3.1 of [Fre87].

Let k € [d —1]. Then, using the Leibniz formula given by [Lemma A.2 and applying some
simple consequences of ([B.60) and (B.61]), the distributional equation ([B.62) conduces to

~div (V(ak,a AM) + OZ all
= OpgaM +VVZ: Oy AM + V- div(O,A)M + VM - (V3 A),
which serves as a stepping stone for
~div (V(wakz) AM) + 5OE all
= —odiv (V(akz) AM) + GOEall — Vi - (wakz) AM) —div (akz v AM)
- [ak,g al + V'V 9, AN + V5 - div(9 A)M + VM - (V3 akA)}

V- (wakz) AM) ~div (akz 7 AM)
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= GOkgaM + OV 2: O AM + &V - div(Op A)M + @V M - (V2 0, A)

—2V& - (V(0r2) AM) — 0y 2 div(Vo AM)

= GOkgaM + OV Z: O AM + &V - div(Op A)M + &V M - (V20 A)
—2V@ - (V(0p2) AM) — 02 div(VO A)M — 0,2V M - (Vo A).  (3.63)
We want to show that all the resulting terms are (the linear combination of) members of the
space aML?\Z((jC) = ML?\Z((?C) Of the resulting seven terms above, the first three, the fifth
and the sixth pose no problem, thanks to the regularity of ¢ and [Lemma 3.24l The fourth
vanishes after making full use of the equalities in (B:60) and the sole dependence of M on the

radial variable—this is what the fourth equation in (3.60) is truly for. The membership of
the seventh term in M L?\Z([?C) stems from observing that

Hakva.(vajA)/M‘

= Hakz Ou Dyl G/MHL}J(%W,@))

< sup OgM Do a/M ) ||0k2 5y < 0Q.
Plx(¢7) ( / ) : HL?VI(UC)

o 7
LM(UC

Let f , given some function f defined on UC, denote foT = foS™!. Also, let J(x) denote
the ratio of the right-hand side of (8:63)) and Ma. Then, (B.63) and the identities in (359
give

— div(MVEOE) + H0EM = fg (3.64)
in U¢, with f(;) € 12,(U;). As the support of & is bounded away from dU, \ T(8D), we can
extend G0y, 2 and f(k\) to the whole of D by zero while still satisfying (3.64]). Then,
ensures that the extension of @92 lives in H2,(D). It follows that @0z lives in H?\;[(UC) and,
consequently, Oz € H?@(Ue)

This procedure can be iterated. Within U, the identity (8.63)) particularizes to

_ div (vwkz) AM) "+ OpZal = g all +VVE: AN + V5 - div(,A) M.

Let gy = Okg + VVZ: O A /a+ VZ-div(0xA)/a and let us redefine @ so that the role of
UC is now taken up by U. and the role of the latter is taken up by Us, where & is some fixed
number in (0,¢e). Thus, we can obtain an analogue to ([B.63) for w0, 2, where [,k € [d — 1]:

— div(V (@ x2) AM) + &0 1.2 aM
= 009y aM + V'V Oz QAM + &V Oz - div(QA)M + &V M - (V(042) L A)
—2V@ - (V(9142) AM) — 842 div(Vo A)M — 8,2V M - (V& A).
Analogously to the study of the first-order tangential derivatives we need all seven terms on

the right-hand side of the above equation to belong to aML?\Z(Ug) = ML?\Z(UE) now. As,
at this stage, we know that Opz € H%Z(Ue), the second, the third, the fifth and the sixth
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term above pose no difficulties. The fourth term and the seventh term can be dealt with just
as their counterparts in (3.63). When it comes to the first term, it is enough to show that
8lg(k) S L?\Z(UE)' Now,

Blg(k) = 8lyk§+VV2: 8l<8kz4 /a)+V§-8l(div(8kA)/a)+8lVV§: (8kA /a)+8lV£-div(8kA)/a.

The first three terms above are clearly in L?\Z(UE)—the first because of our hypotheses on
g; so is the fifth, for the second derivatives of Z have the desired integrability. Finally,
avVVz e L}[(UE) because 0,z € H?\Z(Ug), as shown above. Proceeding with the argument
one finds, after localization, that 0y z € H%(U(s) We mention in passing that by closely
following the arguments above the linear operators g € H%,(D) — ;% € H?\Z(Ua) and g €
H2,(D) — OZ € H?\Z(U‘S) can be seen to be continuous; i.e., bounded.

Part 3: In this part we show the additional regularity of some derivatives of Z that involve
the radial direction.

Expanding and rearranging the distributional equation (B.62), taking into account the
sole dependence of M on the last component of its argument and the properties of A given

by (B.60) we get

d—1d—
L T |
(azaM) =g — 2+ EZZ 0jkZ Ak + 0;Z Ok Ajp) =: f (3.65)
k=1 j=1

in Us. From the previous part of the proof and our assumptions on g we have that f € H?‘Z(Ug)
Multiplying the above expression by Ma and integrating with respect to the d-th variable we
obtain

(842 aM)[p', pa) — hI(I)I (84Z aM)[p', s] = /pd(faM)[p',s] ds (3.66)
s—04 0

for almost every p’ in Pj. We note in passing that in this part of the proof we reserve square
brackets for arguments of functions. Our first task is to show that the limit on the left-hand
side of (B.66]) vanishes. To this end, we first observe that, for pg, s € (0,07),

N ) N ) Pa § N }
o 0uilp o) = 50l o)+ [ 5L (o 0uilel ) o,

whence

p3? |0azlp’, pal| < 5% |0a[0, 5| +

P
/ %U“ﬁfladi[p', oldo| +

Pa
/ 020, 4%p', 0] do| .
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Furthermore,

15 |04z 10, pal|*

2 2
< 35%|0azlP, SH2 + s

Pd 2 Pd
; / 0?7 19,z[p' 0] da| +3 / 0*?0447[p', 0] do

S

ey P 2 30 bd a—2 ot 2 bd el P 2
< 3s%|8az[p’, ]| —|—T\pd—s| o ?1042[p’, o]|” do + 3 |pa—s| o |0a,42p’, 0]|” do

~r _/ 2 30(2 6’Y -2 ~r _/ 2 67 ~7 / 2
< 35%|0azlp, s)|” + 457/ o ?104z[p', o]|” do + 3(57/ o |0a.42p’, 0]|” do.
0 0

Integrating this chain of inequalities with respect to s from 0 to d and applying the Hardy
inequality (3.56]) stated in [Lemma 3.25] we obtain

v pg |0azlp’, pal|”

LU 3a’ 2 [V ason sy a2
<3 s |8az[p’, 5| d8+7(57) o ?1042[p', s]|” do
0 0

oy
+ 3(57)2/ o ]8d7d2[p',a]‘2 do
0

3@2011704

oy
1 (57)2/ o ‘C%,dg[P/,SHQ do
0

oy
< 3/ s |8d§[p’,s”2 ds +
0

a2

oy
—1-3(57)2(4 +CH,Q>/ aa‘8d7d2[p',a]‘2 do
0

il i 12 o (a?  Cha il 2
< 3/ s*|8az[p’, s]|” ds + 3(67) i + 4’ +Ch,a / 0 |04.42p’, 0]|” do.
0 0
Then, dividing by 0+, integrating with respect to p’ in Py, using the bilateral boundedness of
h and a by positive constants, and consolidating the constants, we get the trace-inequality-like

bound
[ wiloazte pd” dp' < Cul0u - (3.67)
P! M

8

Thus,

1/2
/ ’(&ziaM)[p',pd]‘ dp’ < Cy hpa)/*p3"? (/ (10a2]* Ma)[p] dp’) —0 aspg— 0y,
; 7

which implies the vanishing of the limit in (B.60).
Let us define w: Us — R by

o daMa)lp] o ((ha)lpalpg)
L= ey PP (ha) paf2p2e

where we have taken the liberty of treating a as an univariate function, which it is in the

/0 " Fad)p 5] ds, (3.68)

algebraic sense. The equality is valid for almost every p € Us. Note that w is a member
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of LZ (U5) because VM - Vz/M € L3,(Us); this, in turn, is a consequence of [Lemma 3.241
We 1ntend to show that w € H?W(U(;) Let (f,: n € N) be a sequence of C*°(0;) functions

converging to f in H?\Z(U(;) (its existence having been discussed in Part 1) and let

_ (ha)lpde) [, o
wnlp] = G P [ aty i ] d

_ / (ha)' [palpa + o (ha) [pa] ()W ds (3.69)
0 Pd

(ha)[pa)? Pd

1
:aux[pd]/o £ (hafa)[p', pag) d€.

Here we have written aux[pg] in place of the first fraction in the second integral and denoted
the function p € Ug — h(pg) € R by h as well. The second equality comes via the change
of variable ¢ = s/pg. As the function h and the determinant a have uniform C3* and C*
regularity in Us, the function aux € C%(7;) and w, is twice continuously differentiable in the
d-th direction.

Differentiating the last integral representation of w,, with respect to its d-th variable twice

and then reversing the change of variable we obtain

2 2-ky
Oaauwalp) = Y (2) aa o3 / Ol (haf,)p', pat] €+ de

k=0
2
92 kg s\F 1
- 3k (hafn 2} s,
2 (k> PR [Pd/ i (hafn)[p', s] <pd> s

whence, as s/pg € (0,1) if s € (0 Pd),

2—k af2+k
/2 Od.qWn [P 1/ ( > m 9% (ha V', s <S> s%/2 ds
Dy ‘ d,d =D £ 8p3_k [pd] d( f )[p7 ] Pa

1 92~k y
]7 ( < > a 2 T 2k [pd] 3d(hafn)[p S] ) Sa/2d5
03

< S " ((haf)? + 1athafu)? + Daathag)) " (o', o]s/2 ds
pd 0

for some C3 > 0 independent of p = (p’, pg). We square the resulting inequality, integrate it
with respect to pg from 0 to -, use the Hardy inequality (8.55)) in [Lemma 3.25] and note yet
again the bilateral boundedness of h and a by positive constants to obtain

IN

oy
/ 13 (ha) [pa] |Ba.awnlp]? dpa
0

oy
< Cu [ (It + 10uthat, ) + aaha ) )ir) 5 (ha) ) dpe
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where Cy is still independent of p’ € P§. Integrating this with respect to p’ € P§, using the
regularity of h and a and taking into account that (Ma)[p] = (ha)[p4]p§ for all p € Us one
gets

||ad,dwn||L2 (Us) = <Cs an”H2 (Ts)
This argument can be carried over to all derivatives of order less than or equal to two of w,

(including zeroth order derivatives of wy,, meaning wy, itself). The result is
HwnHH?M(Ué) < Cs an”H?\a(U&) :

As H}[(U(S) is a Hilbert space, there exists a subsequence (wd,(n) n > 1) with a weak limit
* 2 il . . . . . 2 - . 2 il * *
w* € H, (Us). By the continuity of the injection of HY, (Us) into L (Us), w™ is also the weak
limit of the wy(y) in L2 (Us).
Now, given any x € L?\?I(U‘S)’

au:;[-d} /O“d (i)“ (hax)[', s] ds v
-/ (22 [ (2 ) oo ds)gmp] ip

/Opd
2
-/ j“”‘w ( () " e hay)ip, o ds) hlpd dp
< Cy /P/ /&Y ! (/pd s*2(hax)[p', ] d5>2 dpgdp’

oy
< Gy / / 5 |(ha) [P, 5] dsdp’
JO
5

2
< Gy HX”L%{(U,;) .

2

Hence, the operation that defines w (resp. wy,) in terms of f (resp. fy,) in (B.68) (resp. (3:69)))
is a bounded map from L?\Z(ﬁ(;) to itself. Therefore, lim, , fr, = [ in L?\Z(U‘S) implies
lim,, 0o W, = w in the same space. Thus, w and the weak limit w* have to be the same

measurable function and so w € H2 (f]g). We get the bound
||wHH?C4(L~,) < 11m1nf\|w¢ HHQ @5 < Coll forn HH}J(U(s)'

As (with no loss of generality) we can assume that the f,, are scaled so that their H?\Z(ﬁ‘s)
norm is identically equal to the same norm of f, it follows that

HwHH?\z(UfS) < Cs HfHH}I(Ué) :
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From (B.65) and (3.65),

dg(M
—04,a2 = [+ d(~ @) 04z = [+ w,
Ma

whence ”8dvd2||Hf\~{(Ua) < (1 + Cp) HfHH?\z(f]‘S) < Cho HgHH?\z(f]‘S)' We know from the~previous
part that all second derivatives of Z that do not involve the d-th direction have H?\Z(U(;) norms

bounded by the H?&[(ﬁg) norm of g. This and the corresponding result for dg 4% is enough to
be able to bound all derivatives of Z of order less than or equal to four, and thus deduce that

H5||H§1\.4(06) <Cn HgHH?M(D)

or, equivalently in the light of ([3.58), that

HZ‘|H§1W(U5) < Chz HQHH%(U@ . (3.70)

Part 4: By modifying the transformation S one can get a localized bound of the form
B0) for any origin-centered rotation of Us. It follows that (B70) remains valid (with some
other constant Cs) if we replace Us by the annulus/spherical shell {p € D: |p| > v/b — §7}.

Let Dy be the ball B(0,vb— 6v/2) € D. As CF(Dg) C CF(D), we have that

(z 0 (D) = (90012, () V¢ € C57 (Do)

The existence of a positive infimum of M in Dy implies that z is the weak solution to a
regular (i.e., uniformly) elliptic problem in Dy with H?(Dg) right-hand side. It follows, via
the C%1(Dy) regularity of M (see, e.g., [GTOL, Theorem 8.10]), that for some C3 > 0,

12k, oy < C13 ll9lluz, (Do) < Cr3llglluz, (D) »

with D{, := B(0,v/n — 3dv/4) € Dy.
Combining this last estimate with the result in the aforementioned annulus/spherical shell

(which in union with D}, covers D), we obtain the desired global bound. O

The following statement is an almost trivial corollary of [Lemma 3.26 yet it is a true
iterate of in the sense that the hypothesis on the right-hand side function is the
thesis on the solution in [Lemma 3.24l This makes it suitable for the arguments that will be
used in the proof of

Lemma 3.27. Let i € [N], suppose that g € H, (D;) and that M div(M;Vg) € L3, (D).
Then, the solution z € H}\/[Z<DZ) of

(2, 90>H}Mi(Di) = (g, <P>L?Mi(Di) Ve HJI\/IZ (D)
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obeys the reqularity estimate

HzHH4 . Hdlv M;V2)

H — div (MiV [1 diV(Min)] >
H2,. (D)) M;

1.
< G | lalhe oy + | 5 40499

L?wi (Ds)

L?wi (Di)

for some C; > 0.

Proof. This follows directly from [Cemma 3.26 on noting that M, * div(M;Vz) = g — z in the
distributional sense first, and then in the sense of measurable functions. ]

Lemma 3.28. Let i € [N]. The following statements of equivalence hold:
1
T € H}, (D;) and 77 Gv(MiVT) € L3, (Dy)
2 i z _
<= 7eLly, (D) and Z)\( (D)<OO’ (3.71)
and
1
T € Hy, (D), 7 Av(MiVT) € H3, (D;)
W Y g VYT (D

= Tel} (D) and Z)\(Z 7,eld) i3, (0 <0 (372)

Proof. We will omit the spring index when proving [B.71)) and [B.72). We start by denoting
by L the operator that associates each ¢ € leoi (D) with the distribution M~ div(MV )
(this is a well-defined distribution because of the regularity of ¢ and M; cf. [Lemma A.2]
n Secfion Adl). We also write L := —L + I where I is the operator that associates each
distribution with itself.

Let us define the Hilbert spaces (and associated norms)

(D) = {p € B4(D): L(e) € L4(D)} . lleln 1y = ol oy + IL@IE2, )
(3.73)
and
i, (D) = {(p c 1A, (D): L(p) € ﬁﬁJ(D)} : (3.74a)

112 oy = I2lis oy + 1@ (0 = Iele oy + 1@ o) + 122 12 ) -
(3.74b)



3.3. CHARACTERIZATION OF SUBSPACES OF RAPIDLY CONVERGING SOLUTIONS 90

Because of the definition of H3,(D), L: H3,(D) — L3,(D) is a bounded linear operator.
As for every p € L2,(D) the solution z € H};(D) to

(, ¢>H1 (D) = =(/, ¢>L§M(D) V4 € Hy (D)

exists and, thanks to [Cemma 3.24 is bounded in H3,(D), L=': 12,(D) — H3,(D) is well-
defined and bounded. Similarly, by the definition of I;I‘}W( ) and [Lemma 3.27] L% I;I‘}V[ (D) —
L2,(D) is a bounded linear operator with a bounded inverse.

Let 7 € I;I?M(D); i.e.,, 7 complies with the left-hand side of (B.71]). It then follows that
fr = —L(t) + 7 € L2,(D) and Parseval’s identity thus renders

oo > ’|fT||i?\4(D) = Z<f7,en>i?v[(l)) = Z(T en H1 Z)\2 T, en L2 D)’

n>1 n>1 n>1

where (fr, €n>L§V[(D) = (7, €">H}VI(D) follows by the density of C3°(D) in H},(D).
To prove the converse, note that the eigenfunctions e, of (B33]) are solutions of e, =

L7 Y(Apen), whence Hen”Hi{(D) <C ||)‘n6nHL§,I(D) = C\,,. Consequently, the partial sums

k

T 1= Z<T, en>L§W(D)en

n=1

are members of H2 (D). Then, if k <, the L2,(D)-orthonormality of the e, yields that

2 !
2 2
Z )‘n<7—76n>L?\/[(D)'
13,(0) =R

l
Z (r, €n>L§w(D)L(en)

n=k+1

As the sum > -, A2 (T, e”>i§u(D
Cauchy sequence in L?W(D) and hence it converges to some f* € L%W(D). The continuity
of L~ implies that the sequence (73: k > 1) converges in H3,(D) to L~*(f*). The same
sequence converges in L2,(D) to 7. The continuity of the injection of H2,(D) into L3,(D)
then implies that 7 = L~'(f*) € H3,(D). This completes the proof of (B7T).

Let us suppose now that 7 in I:Ijl\/[ (D); i.e., T complies with the left-hand side of (B.72). It
follows that f, := —L(7) + 7 € H3,(D) and g, := —L(f,) + f» € L2,(D). Parseval’s identity

gives

o0 > ||gT||i?\4(D) = Z<g7’en>i?\4(D) - Z<f’r,€n>12{}u(D)

n>1 n>1
2 4
= E M (fr en)? L2 (D) = E Ao (T, en) Lg DYy’

n>1 n>1

) is assumed to converge, the sequence <ﬁ(7’k) k> 1) is a

where the second equality follows, similarly as above, by the density of C°(D) in H},(D)
thanks to the boosted regularity of f.. The latter also allows the use of (8:33) to obtain the
third equality.
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To prove the converse we first note that each e, is a solution of e, = ﬁ_Q(A%en), whence
: 74
HenHﬁ%/[(D) <C ”)‘”enHL?M(D) = C\,. Thus, the partial sums 75, are members of Hj,(D) now.
If k£ <1,

(3.75)
The finiteness of the sum »_ -, AT, €n>L§M(D) thus makes of (ﬁQ(Tk): k> 1) a Cauchy

sequence, which by virtue of the completeness of L?\/[(D) converges to some g* € L?W(D).

l
Z (1, €n>Lﬁ4(D)i2(€n)

n=k+1

2

l
L?\/I(D) n=k+1

L2(n = ) = E(n)|

L3,(D)

The continuity of L2 implies that the 7, converge to fL_Qg* in I:I%/[(D). As the partial sums
converge in L2,(D) to 7, 7 = L 2¢* € H4%,(D). We have thus proved (B.72). O

We intend to exploit the previous single-domain results in order to say something about the
multi-domain case. To this end, we define, for i € [N], the distributional operators (already

utilized in the proof of Lemma 3.28) L;: {¢ € L% (D): Vq.¢ € [Wp:5(D)]?} — D/(D) by
1
Li(p) := A divg, (M;Vq,0) vV € D'(D). (3.76)

We also define L; :== —L; + I, where I is the identity operator mapping D’(D) onto itself. An
easily verifiable and important property of these operators is that, as long as their composition
is well-defined, they commute with respect to their spring index. Hence, we can naturally use
multi-indices in NV to denote the repeated application of distinct L; or L;:

LB::Lflo---oL?VN, IAJB::I:?O---OI:]BVN, (3.77)

where any zero among the ; is assumed to give rise to the identity operator. Now, for standard

(weak) derivatives in D'(D), the multi-indices belong to N4

and come naturally grouped in N
length-d sub-multi-indices (one for each factor of the Cartesian product D = Dy x -+ x Dy).
With this in mind we introduce the function |-| _ ; : N¥¢ — N defined by

o =[(ag,..., o ‘= max |o;|; = max |oy|;

oy = 01 )y = max o]y = ma o
that is, the maximum among the orders of the component single-domain multi-indices.

With this compact notation, we now define the Hilbert spaces (with corresponding norms)

2%(D) 1= {¢ € Ljy(D): 9 € Liy(D), || <2; La(p) € Ly(D), Bl = 1}, (3.78a)

lolame oy = S loapliyo+ 3 I1Ls(@)Es ) (3.78b)
acNNd BeEN?
ot oo,1 <2 18loo=1
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and
fibmix (D) ;— {(p € L}(D): da € LY(D), lal, < 4 Ly(y) € HY(D), |8l = 1;
Ly(e) € Ly(D). 8l =2,
(3.79a)
CXENNd ﬂeNd ﬁeNd
oo, 154 18loo=1 1B0=2

The following lemma holds.
Lemma 3.29. For m € {2,4}, I:Im’mix(D) C Hgﬂ(m)(D).

Proof. We recall that, by Lemma 3.16, ((An,en): 1 € NV) as defined in (3:37) is a complete
set of solutions of the M-weighted eigenvalue problem (B:34]) and that the latter have a tensor-
product structure. Also, by the definitions in (3:39)), (3:40) and (B:48)), H;\F,I(m)(D) is the space
of L%,(D) functions whose squared Fourier coefficients, weighted with the coefficients defined
by

N m N
- (ZA,@) +H()\(Z) VneNV,
=1

have finite sum.

If p € ﬁm7miX(D), one can apply to it each operator L; a total of m/2 times cumulatively
and land in L, (D); i.e.,

Lmny2,..m/2)(#) € Lin(D).
By Parseval’s identity,

s /2)

(3.80)

_ Z HA(Z m(pjen L2(D)

neNN i=1

where the second equality is justified by the density of C§°(D) functions in H,lvl(D), the regu-
larity of ¢ and the Cartesian product form of the domain D and the tensor-product form of
the Maxwellian weight function M.

Now, the distributional identity

d
1 .. I .
L(¢) i= 17 div(MVg) = > 7 diva, (MiVg,0)
i=1 "
(here, on the right-hand side, the M; actually represent the function that to each ¢ € D
associates M;(g;)) implies that the conditions on Hy}(D) are sufficient in order to deduce
that the (m/2)-fold application of the operator Li=—L+ N(+) to ¢ belongs to L} (D). An
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argument analogous to the one that led to (3.80]) leads to

2 ) " 2
L,%A(D):Z >N (@:en)iz (o) (3.81)

neN \i=1

oo > Htmmgo‘

and so the lemma is proved. ]

We recall that gives a condition on the parameter of the moderately abstract
space H,\T,l(m>(D) under which it becomes a subspace of the abstract space Bi, which in turn
is connected by (B32) to the space A; of fast convergence of the greedy algorithms (cf.
[Theorem 3.13| and [Theorem 3.14)). Then, from [Lemma 3.29it is apparent that the apparently
less abstract (although, admittedly, that might lie in the eye of the beholder) space Hyy™> (D)

will be a subspace of By for a suitable choice of the parameter. This statement will be made

more precise in the following theorem.

Theorem 3.30. Let H;\FA((HI) (D) be defined according to (3.40), where d € {2,3}, as elsewhere,

is the common dimensionality of the Cartesian factors that make up D. Then, the following
inclusions hold:
(d+1)

(D) C B;.

Proof. [Lemma 3.29] gives that I:Iﬁ,’lmix(D) C H;\F,I(4)(D). In the case of d = 3 the result follows
immediately from [Theorem 3.188 When d = 2, by virtue of the relation (cf. (3.40)),

Hy"™(D) € Hiy

4 3
Z Tr(L )<90a €n>ifﬂ(D) <00 = Z 7'7(1 )<<Paen>i§/l(|3) < 09,
neNN neNV
and one has H,\T,I(4)(D) C H;\FA(S)(D); appealing again to [Theorem 3.18 we then deduce the
result. O

Remark 3.31. If the hypotheses we have been making throughout this work (i.e., Hypotheses
[A] Bl [Cl Dl and [E]) are met, nothing in our arguments essentially restricts the results to the
physically relevant cases d = 2 and d = 3. In particular, in the case of d = 1, the combination

of [Theorem 3.18 with [Lemma 3.29] yields that
2™ (D) c HL V(D) C By.

Sobolev spaces of dominating mixed smoothness akin to I:Ii’lmix(D) can also be shown to
be subspaces of the regularity class B in the case of the classical Poisson problem studied in
[LBLMO09]: Find ¢ € H}(D) (with the standard meaning of the Sobolev space H§(D); i.e.,
the set of all elements of H'(D) that have zero trace on 9D—not a zero-weighted Sobolev
space!) such that

(W, 0)mo) = (f,¢)2) Ve € Hy(D),
where D = D1 ®---® Dy and each D;, i € [N], is an open interval. The corresponding greedy
algorithms seek approximations that are linear combinations of &)y H{(D;) functions. The
argument of [Theorem 3.18 above holds in this case without any change, and so, given that
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the n-th eigenvalue of the corresponding analogue to the partial-domain eigenvalue problem
([B333)) is proportional to n?, we have that

N 2 N

2

¢ € L2(D): Z (Z nf) + H (n2)"| (e, en>ig(D) < oo p CBy.
neNV i=1 i=1

In this non-degenerate setting it is possible to identify the space on the left-hand side of the

above expression as

H>™*(D) N HY(D) := {Sp € HY: Oap € LA(D), |a|,, = max o; < 2} :

1<i<N

This characterization should be contrasted with the condition for membership in A; (which is
identical to B; in this unweighted setting) derived in [LBLMO09), Remark 4], which demands,
instead, that the true solution belongs to H™(D) N H(D), with m > 1 + N/2. In fact the
characterization given in [LBLMO09l Remark 4] can be generalized to the requirement that the
exact solution belongs to H™(D)NH}(D), with m > 1+ Nd/2, when the factor domains are no
longer one-dimensional but d-dimensional; and, due to [Theorem 3.20] such a characterization
in terms of standard Sobolev spaces (rather than spaces of dominating mixed smoothness)
also has a counterpart in our degenerate setting.

So, which choice of space is ‘best’? Membership in standard Sobolev spaces is not directly
comparable with membership in spaces of dominating mixed smoothness. An attractive
feature of spaces of dominating mixed smoothness is that their regularity index is independent
of N and such spaces are therefore more naturally suited to (high-dimensional) tensor-product
settings such as ours.

Even if held with an equality of spaces, there would still be some slack in
the case of d = 2. We have gone about obtaining elliptic regularity results by two degrees of
differentiation at a time. Consequently, we have not defined anything we could label I:I?m (D;)
or ﬁﬁ,’lmix(D) while being consistent with the definitions we have given for the single-spring
spaces I:I?V[Z(DZ) in (B73) and IjI‘}Ml (D;) in (3.74), and with the multi-spring spaces Ijlﬁ,’lmix(D)
in (378) and I:I;\l,’lmix(D) in (B79). Given the presence of the second-order operators of the
form ]\42-_1 div(M;V+) and M~1div(MV-) in the definition of these even-indexed spaces, it is
not immediately clear what a suitable explicit definition of the analogous odd-indexed spaces
might be.

We shall address this question through the use of function space interpolation. We start
with the fact that, given two nets of positive weights X)) = (a,(f): n e NN), i € {1,2}, one
can show that the (real) (1/2,2)-interpolation space between them obeys

(1) (2 3
(D), 1R (D)] = H(D),
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where
- 1/2 1/2
- - 1 2
Y = (an:nGNN) and On = (J%)) (0,(1)) VnENN,

with equivalence of norms (the proof is a simple modification of the argument given in [Tar07,

Chapter 23]). As it can be shown that there exist positive constants ¢; and ¢z such that

e < V 7'1(12)\/7@ < cor) Vn e NV,

" (0) = [ (0), 1, (0)]

it follows that

. (3.82)

with equivalence of norms. Given that the inclusions in [Lemma 3.29] are actually continuous
embeddings, it follows that

14, mix mix (3)
[T (D), Ty (D)]1/22CH,\T,| (D), (3.83)

with continuous embedding. Since in the case of d = 2 we have that H;&(s) (D) C By, defining
I:Ii’,’lmlx(D) as the interpolation space appearing on the left-hand side of the previous expression
is an appealing idea.

We have established the convergence properties of the Separated Representation strategy

as expressed in the abstract algorithms [Algorithm Ij and [Algorithm II| and have characterized

subspaces of the abstract space of fast convergence By in simpler terms. We also proved that
having the solution live in a space of functions with controlled high mixed derivatives implies
membership in B; and, hence, guaranteed rates of convergence for the greedy algorithms.

In the next chapter we study variants of the greedy algorithms whose iterates are sought
for in the tensor product of finite dimensional subspaces.



CHAPTER 4

Discrete Separated Representation

In this section we study the effect on the greedy algorithms of restricting the search space
of each new tensor-product term to the tensor product of finite dimensional subspaces of the
H(D;; M;). We will show that the algorithms will converge to the best approximation of the
solution to the Fokker—Planck equation in the space spanned by the tensor products of finite
dimensional subspaces used in the computation. Then, we will discuss how to guarantee rates
of convergence for the discrete greedy algorithms and discuss the properties of two particular
classes of finite dimensional subspaces of H(D;; M;). We finish with a short discussion on
the practical implementation of discrete greedy algorithm and illustrate its behavior with a

simple numerical experiment.

4.1. Discrete spaces

4.1.1. Finite dimensional subspaces. Let, for i € [N] and [ € N, I:Il(i) be a subspace

of H(D;; M;) of dimension [, with the nesting property
l<m = HY cHY. (4.1)

Then, for all l = (Iy,...,Ily) € NV,
H, := span < X ICIZ(Z)>, (4.2)

which has dimension [];cy) i, is a subspace of H(D;M) (cf. Lemma 2.23) and the nesting
property
I<m = H,cH, (4.3)
is inherited from (E.T]).
Each sequence (I:Il(l) e N) may be thought of as a sequence of finite element or spectral

element subspaces of H(D;; M;).

Remark 4.1. Families of finite-dimensional subspaces of each H(D;; M;) used in practice may
come naturally indexed by something other than their dimension—say, a meshsize. Even if
they can be reindexed according to their dimension, the resulting families may not have a
representative of every dimension in N. The results of this section still hold if instead of
N some infinite subset of it indexes each family of subsets of H(D;; M;), for i € [N]. If we

96
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don’t assume this from the beginning, it is because it would introduce a further burden to an

already heavy notation system.

4.1.2. Greedy algorithms on discrete spaces. We introduce the following discrete
versions of the Pure Greedy Algorithm (Algorithm I) and the Orthogonal Greedy Algorithm

for the approximation of the variational problem (23] on H;.

Algorithm V (Discrete Pure Greedy Algorithm).
1. Set fy:=f e H(D;M).
2. For n>1 do:
2.1 Find 7, i € [N] such that

N . N . R N .
(fnl), . ,737(LN)) c arg min %a <® HON R s(’)) — fa <® S(l)) ) (4.4)
=1

(o sty 2 10 2 i =1
2.2 Define
. . N
fo = s — A <® r,@) .
i=1

2.3 If ||f"|Hl”H; > TOL, then proceed to iteration n+ 1; else, stop.

Algorithm VI (Discrete Orthogonal Greedy Algorithm).
1. Set fo:=f e H(D;M).
2. For n>1 do:
2.1 Find 7, i € [N] such that

N N R N
0. & sm) o <® sm) @)
=1 =1 =1

)

R R . 1
G arg min a(
(st st e X Y

2.2 Solve the following Galerkin problem on the span of

(®Z]\L1 f](j): ke [n]) :
40— arg min{l a (Z 5 &S 5 & ﬁ:)) _ (Z 5 ® f]gw) } . (4.6)
2\ =t o= =l

BeRn

2.3 Define

2.4 If ||f"|H,”H; > TOL, then proceed to iteration m+ 1; else, stop.

The approximations to the true solution 1 given by the above algorithms at iteration n
are

(4)

n n N
7.

Z é f](f) and Z éz,(gn) (

k=11=1 k=1 i=1
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for [Algorithm V| and [Algorithm VI| respectively. We denote by on € H(D; M) the error
committed by the n-th iteration of either of the above algorithms (cf. (3:6)):

. Ot — ®i\i1 Ag) for the Discrete Pure Greedy Algorithm, (4.7)
" v=>r ol,(cn) ®2]i 1 f,(:) for the Discrete Orthogonal Greedy Algorithm, '
where 8y := 1, the true solution to ().
Remark 4.2. In [CEL11], Section 4] it is shown that greedy algorithms akin to[Algorithm V]

whose iterates lie on the span of the tensor product of finite dimensional subspaces, converge
at an exponential rate under certain conditions that imply that the space in which the error
is measured is finite dimensional as well. As we measure the error in H(D; M), which is

infinite-dimensional, this result is not directly applicable to our case.

4.1.3. Properties of the Discrete Greedy Algorithms. We prove basic results on

the minimization problems (4.4]) of and (3] of All of the results
in this subsection have direct counterparts in which allows for abbreviating their

proofs in varying degrees.

Lemma 4.3. Suppose that f € H(D; M) is such that f|Hl # 0. Then, there exists an ensemble
(7,(1)’ cee 7T(N)) m XzG[N] I:Il(:) such that

N

Jy <® r(’)> <0.
i=1

Proof. Let us assume that the thesis is false; i.e., Jy (®i€[N] r(i)> >0 for all (r™), ... (M) e

X ie[N] I:Il(:) Given any such ensemble and any £ € R, one can replace () with er(!) and
obtain

1 N N N
§€2a (® D r(’)) >ef <® r(z)> .
i=1 i=1 i=1
Then, using the same argument based in one-sided limits that was used in [Lemma 3.1l we
can conclude that f <®ie[N] r(i)> =0 for all (rM),... +(N)) ¢ X ieN] I:Il(j); hence, f|ﬁz =0,

which contradicts the hypotheses of the lemma. Therefore, the thesis must hold. ([l
The following theorem ensures that the minimization problems ([£4]) of and

(&3] of have solutions.
Theorem 4.4. The minimization problems ([AL4) and [@3) have solutions.

Proof. Similarly to (32), the fact that d,_; satisfies

a(0p-1,9) = fa1(¢) Vi € H(D;M)
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allows for writing an_1 = %a(- — Sn_l, - 5n_1) — %a(gn_l,gn_l). Therefore, the image of
®i€[ N] ICIZ(:) by J . is bounded from below. Hence,

m: f Jp (s) > —o0

= inf
S€®i€[N] HL(Z)

and there exists a sequence (ry: k> 1) = <®i€[N] r,(j): k> 1) of Qe I:Il(j) functions such

that

lim J;

k—00 fnfl(rk) -m

Now, as for any ¢ € H(D; M)

1 . >\min 2 A P
an—l(so) z Zmln <4W1’c) ”SOHH(D,M) - a((SN—lu(Sn—l)?

the sequence (rg: k > 1) is bounded in H(D; M). As span <®ie[N] I:Il(:)) is finite-dimensional,
there exists a subsequence (r¢(k): k> 1) which converges in the norm H(D; M) to some r €
span (®i€[N} I:Il(:)> As J; | is continuous in H(D; M),

m = kll}ﬂ;o an_l (T¢(k)) = an_l(r).

Now, just as in the proof of [Theorem 3.2] for i € [IN], we can suppose the sequences of factors
(rg()k): k> 1) bounded in H(D;; M;), which, on account of the finite dimensionality of the
ICI(:) , implies the existence of subsequences <r((;,)(k) k> 1) which converge to some r) e ICIZ(Z)
in the respective norms H(D;; M;). Then, as can be deducted from [Lemma 2.22]

N
r=@Q P
i=1

that is, r is a member of ®i€[N} PAIZ(:) because it has the necessary tensor-product structure.

Hence, the infimum m is attained in ®i6[ N] I:Il(:) and the theorem is proved. O

The proofs of [Lemma 4.5 and [Lemma 4.6| that follow are completely analogous to their
counterparts in the continuous case, [Lemma 3.4 and [Lemma 3.6, respectively; so, we omit
them.

Lemma 4.5. Local minimizers (f,(ll), e ,ng)) of the minimization problems (&4l and (A5
satisfy the following Euler—Lagrange equation system: For all (3%1), ey S%N)) € Xien I:I(j),

N NN A . A .
a <® iR @, é(”) = fn1 ( ® ) @, 3”) : (4.8)
: j
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From this, it follows that, for both the Discrete Pure Greedy Algorithm and the
Discrete Orthogonal Greedy Algorithm ([Algorithm V1):

N N . N
a (® QN ffﬁ) —a <5n_1, ® fy(f)) . (4.9)
i=1 i=1 i=1

Lemma 4.6. Suppose fn_l‘ﬁ % 0 and let (fg),...,fgv)) be a global minimizer for the
l
minimization problem (L4) of the[Algorithm V] or for the minimization problem (&3l) of the
Ao V3, Then,
N . a <5n71a ®i\i1 fa)) a (87171’ 5)
Q)| = = (4.10)
=1 €@, AN0y 1l

RN, 7t
a

“ ’

If fn_l‘ﬁ =0, the equality between the left-most and the right-most expressions in ([ELIQ) is
1
still valid.

The approximation to ¢ computed in the Discrete Pure Greedy Algorithm (Algorithm V),

namely
"N .
> @i
k=1"=1
and its counterpart resulting from the Discrete Orthogonal Greedy Algorithm (Algorithm VI)),

namely
n

S ay &,

1 i=1

are members of H; for every iteration n of the respective algorithms. Therefore, one cannot
expect these approximations to converge to 1 except in the unlikely case in which 1 happens
to be a member of the finite dimensional space H;. However, these algorithms do converge to
the a-projection of ¢ on H;. This is proved in the two theorems that follow.

Theorem 4.7. The Discrete Pure Greedy Algorithm converges to the
a-projection of ¥ (the true solution to (2.5])) onto H;; that is, for any TOL > 0 there exists
some iteration number n such that

"N .
P = - @

1 fole 1y =

a

~

where PI% (v) denotes the a-projection of b onto Hj.
l

Proof. Except at the very end, this proof follows closely the proof of [[Theorem 3.7 Indeed,
just like in the proof of [Theorem 3.7 but with (£7) and (£9) in Lemma 4.5l in place of,
respectively, (3:6) and [BI7), it can be proved that the sequence (||8,]|4: 7 > 0) is monotonic
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nonincreasing (and hence, converging in R) and that

o0 N N
za< 70, @f,g><oo (4.11)
n=1 i=1 =1

(..

where (r Sy

ng)): n > 1) is the sequence in ®ie[N} I:Il(j) returned by the Discrete Pure

Greedy Algorithm. We now define the function ¢: N — N recursively by ¢(1) := 1 and

o }o w22

From (4II)) the function ¢ is well-defined and strictly monotonic increasing. Hence, it is

¢(k) := min {n eN:in>¢(k—1) and A(z

a

suitable for defining subsequences. Then, if 1 < m < n,

b(n)—1
k=o(m - a

which can be proved just like its counterpart ([3.20) in the proof of [Theorem 3.7] but using
[Cemma 4.6 instead of [Lemma 3.6l It follows from the convergence of <H5n||a n> 0) and

(Id) that (5¢(n)_1: n > 1) is a Cauchy sequence in H(D; M) and thus converges to some

bso € H(D; M). From the fact that each (r,(Ll) b ,(LN)) is a global minimizer of its respective

problem (44), it follows, via the identity (@:ﬂl} in Cemma 4.5 that for all (s(U), ..., stV) ¢

L (5 ) o () ) g : N )
(80 87) ~ (b 8:0) 2 30 (B @78 ) - oo (€720

L (30 a0
=——a <® r¢(n),gr¢(n) .

=1

[\)

Taking the limit as n tends to infinity results in

1 N . N ) R N .
24 <® 9 ® S(Z)> —a (500, X s(z)> > 0.
i=1 i=1

i=1
As this is valid for all (s(V),...,s) ¢ X ie[N] H(Z) [Cemma 4.3 gives that ds is a-orthogonal
to I:Il. Asforalln > 1,
#(n)—1 N )
i=v- Y @

k=1 =1

the subsequence of partial sums (Zf(:nl)_l Riev rl(;) n > 1) converges to ) — s in H(D; M).
As this subsequence is contained in the finite-dimensional space ﬂl, its limit ¢ — 500 is a

member of H; as well. Then,

a( — (¢ —0x),) =0  VEeT



4.1. DISCRETE SPACES 102

whence we can conclude that ) — 500 is the best approximation of ¢ in H; in the energy norm.
Now, we know that the full sequence of norms <||5n\|a n > 0) converges in R. As one of its

subsequences converges t0 [|0so|a, the full sequence has the same limit. Then,
2
= lim |01 = [l0c0 2. (4.13)
n—oo

a

n

D

k=1

lim
n—oo

So, using that b 18 orthogonal to members of H;, and, in particular, to ¢ — do0, We have

2 n N 2 )
Z@Tk—¢ Osc)|| =D R — 0 +2a<2®7"k W, 0 >+H5ooH§
k=1'= a k=11=1 a k=11
n N 2 R R R
= [ @] +20 (=) = b) + 18]
k=1"" a
n N 2 .
=D @ —v|| —l1dwcll2-
k=11=1 a

Taking the limit as n tends to infinity at both ends of the above chain of equalities and
using (£I3]) we obtain that the full sequence of partial sums <ZZ:1 ®f\i 1TEm > 1) tends

to 1 — Soo; i.e., the best approximation of 1 in ﬁl as measured in the a-norm. ]
Theorem 4.8. The Discrete Orthogonal Greedy Algorithm converges to the

a-projection of ¥ (the true solution to (2.5])) onto H;; that is, for any TOL > 0 there exists
some iteration number n such that
N

- S @
k= 7

1 fol 1y = < TOL,

a

where PI‘A; (v) denotes the a-projection of 1 onto H,.
l

Proof. Just like in the proof of Theorem 3.10, based on (7)), the optimality of &"*+1) in (@),

the optimality of ( 7(1421, e ,f’,(ﬁ)l) in (34) and (49) in [Lemma 4.5 we have

2

b2 < 16,02 — | @70,

i=1

(4.14)

a

Suppose d,, is not a-orthogonal to H;. Then we know from [Cemma 4.3 that Riev ffj}rl #

0; thus, as o™ € R and ("™ € R™*! are chosen in step of [Algorithm VI in such a
way as to produce the best approximation to ¢ in the span of (®f\i 1 f,gf): ke [n]) and the

span of <®f\i1 f,(f): ken+ 1]), respectively, ([d.I4) implies

n+1 N
| gede].

W — Z a(n—i—l) ®

k=1

a
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which is only possible if ®i€[N] f'fgrl is linearly independent of the set of the previously
computed )¢y f',(j), k € [n].

Now, as H; has finite dimension HZ-G[N] l;, the algorithm is bound to produce, at an
iteration n + 1 with n < J[;c;njli + 1, a new basis member ®fi 1 fg’il that is not linearly
independent from the previous ones. It then follows from the above discussion that the n-th
error o, is orthogonal to I:Il. From then on, the only global minimizers of (£5]) are those
whose tensor product result in the zero function of H(D; M), whence the algorithm will have

converged; i.e., Om = On, for all m > n. As 4, is a-orthogonal to ICIl,
) () :
alp=Y " @77,¢) =0 VEeH,
k=1 i=1

As the n-th approximate > ,_, a,(gn) ®£V: 1 'Fg) is a member of ﬁl, we can conclude that the

function the algorithm has converged to is the a-projection of ¢ onto H;. O
We will now show that the Discrete Pure Greedy Algorithm and the Dis-
crete Orthogonal Greedy Algorithm (Algorithm VI)), like their continuous counterparts, are
instances of the General Pure Greedy Algorithm and General Orthogonal
Greedy Algorithm (Algorithm IV)), respectively.
We start by defining, for I € NV,
N .
D, = {g € H(D;M): g =a(s,-), s € Qﬂg), g1l oy = 1} , (4.15)
i—
which we call a truncated dictionary and is a subset of the dictionary © specified in ([B.25]).
We can use this truncated dictionary instead of © within and
while still seeking to approximate f € § = H(D; M)’. The step 21l of and the
step [23] of [Algorithm TV] turn into finding some g = g(R,,—1) € ©; such that
g(Rn—1) € argmax(R,—_1,7)¢, (4.16)
geED,

where R,,_1 is the residual given by the previous iteration (or the initialization, if n = 1). We

have the following analogue to [Proposition 3.12}

Proposition 4.9. Let f € H(D; M)’ \ {0}. Then,
1 ~ -
r € argmin [a(t,t) — f(t)} = a (r,-> € argmax(f, §)n(;my
1e®,. 1 7]l g€,
€ i€[N] T,

and

- ) E .
a(87 ') € arg maX(f?.g)H(D;M)’ = <f7 G(S, ')>H(D;|\/|)’ $ € argmin _ |:2a(t7 t) - f(t):| :
9ED, te@ie[N] Hz(z)
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Proof. The proof of this proposition is completely analogous to the proof of [Proposition 3.12}

thus, we omit it. ]

Using [Proposition 4.9] it follows that [Algorithm V]and [Algorithm V1| are instances of the

Greedy Algorithms[Algorithm TII|and [Algorithm TV]of the theory of nonlinear approximation.

It is then relevant to consider an analogue to the abstract space A; defined in (3.30):
A= A2, (M), (4.17a)
M>0

where the closure is with respect to the H(D; M) norm and

A (M) =L peH: o= 2 110 =1
CiM) =3 pe o= cpw, wk€®1 o Nlwell, =1,
keA =

|A| < oo, and Z lex] < M}, (4.17b)
keA

equipped with the norm (again, the closure being with respect to the H(D; M) norm)
Ill4,, = inf {M > 0: o € A7, (M) } . (4.17¢)

Continuing the parallel with [Subsection 3.2.4) the space A;; lies at the core of rate-of-
convergence theorems, which, like their counterparts [[heorem 3.13| and [Theorem 3.14l stem
from the application of Theorems 3.6 and 3.7 of [DT96].

Theorem 4.10. If the solution 1 of (ZIl) is a member of Ay, the n-th error bn of the
Discrete Pure Greedy Algorithm satisfies

b < bl .

Theorem 4.11. If the solution ¢ of (ZIl) is a member of Ay, the n-th error bn of the

Discrete Orthogonal Greedy Algorithm satisfies
; ~1/2
G| < g

Now, as all members of H; are finite linear combinations of functions in ®ie[N] I:Il(:), it
is clear that 4;; = H; in the algebraic sense. Therefore, the above theorems are of limited
interest if, as in general, the true solution ¢ to (23] does not happen to be a member of H,.
In contrast, in the general case 1) € H(D; M) we do have that the discrete greedy algorithms
expounded in this chapter converge to the a-projection of ¢ onto ﬂl, but without an explicit
rate of convergence (Lheorem 4.7 and [I'heorem 4.8]).

We would like to obtain analogues of [Theorem 3.13] and [Theorem 3.14] which remain

relevant if the solution % is not a member of the finite-dimensional space H;. As the ap-

proximations generated by the discrete Greedy Algorithms are always members of ﬂl, some
measure of the distance between 1 and H; must appear in the desired analogues. For the
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Discrete Orthogonal Greedy Algorithm such a result can indeed be obtained;
this is the theme of the next subsection.

4.1.4. Spaces defined by approximability. The following result is an important con-
sequence of the definition of Aj ;.

Proposition 4.12. Let ¢ € A;; and let £ € H(D;M). Then,

a(&, o) <llella, s af§s) (4.18)

5€®¢e[1\r] HS)

llsllg=1

Proof. Suppose first that ¢ € A{ (M) (cf. (4I7h)). Then,

N .
o= cuwp, Al <oo, wpe @AY, Jwil, =1, Y lexl < M,
kEA i=1 kEA

where A is a subset of some set of indices used to describe the unit-norm members of
el ICIZ(:’) It is immediate that a(&, ) < M.S, where we have used S to denote the supre-

mum in [@IF). By continuity, this result extends to f € A{,(M) (the closure being with

respect to the H(D; M) norm). Then, by the definition of A;; as the union of the A ,(M)
with positive M and of the norm of A;; as the infimum of those M for which the argument

lives in A9, (M), the result takes the desired form. 0

Remark 4.13. An analogue of [Proposition 4.12] for which we have currently no need can be

proved for A;. In that case, it is easier to work with the original definition of A; we gave
in (3.30), which is based on the a-norm (that is, the energy norm), instead of (topologically
equivalently) on the standard H(D; M) norm.

Lemma 4.14. Let (a,: n # 1) be a sequence of non-negative numbers satisfying ay < A and
an+1 < an(l - an/A)7 n=>1,
for some A > 0. Then,
ap < A/n, n>1.

Proof. This is Lemma 3.4 of [DT96]. O

The following theorem provides a bound on the error committed by the Discrete Orthog-
onal Greedy Algorithm if the solution ¢ being approximated fails to lie in Ay ; = H;, as it is
usually the case.

Theorem 4.15. Let » € H(D;M) and let h € Ay;. Then, the error on (cf. @) of the
Discrete Orthogonal Greedy Algorithm satisfies

12 2 2 -1
[ I e R Y A (4.19)
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Proof. This result is essentially Theorem 2.3 of [BCDDOS8| and the proof is, mutatis mu-
tandis, the same. We write it at length because the result is given there in a Hilbert-space
approximation setting (which would correspond to approximation in H(D;M)" in our case)
instead of our preferred PDE-solving point or view (which focuses on H(D;M)).

We start from

A 2 A A N A
uet]| = alBn-1,9) = At b+ ¥ = 1) < alBuorB) + S| = Bl
<y, s alburs)+ [Sunr| No—nl,
T ee®. o HY a
i€[N] T,
lIsllo=1
N (@) “
=1l | @) + o] 10— 2,
N o 1 « 2
< i, @72 +3 (Jouna|[ + 10 - i2).

for n > 1, which comes from the Galerkin orthogonality caused by the relaxation step
of [Algorithm VI| [Proposition 4.12] and [Lemma 4.6l Rearranging, and using the shorthand

S|~ Il — 2

an—-1 = ‘

Gp—1
20l
It is easy to see that if a,_1 is negative, the desired result will trivially hold from n — 1 on.

® )

=1

<

a

Suppose, in contrast, that it is non-negative. Then, we can square both sides of the above

inequality and obtain

2 2
n—1
— <
12, .

Combining this with (I4)) in the proof of [Theorem 4.8 we obtain

2 . 2 a?
< ]l = g
a o 4P,

G

i=1

On

If we substract |[¢) — hl|> from both sides we are left with

an—1
ap < ap—1 (1 —————|. (4.20)
< 4 HhHil,l)

If ag > 4 HhH?41 ,» (@20) implies that a; < 0, which puts us is the easy situation described
above and thus the result holds. Otherwise, a1 < ag <4 Hh”?‘h,z' Combining this with ([@.20)
makes the sequence (a,: n > 1) fall within the scope of [Lemma 4.74] with A = 4 Hh||?4“ and
the desired result follows. O

Now we define a family of subspaces of H(D; M) in terms of the approximability of their

members by elements from A;; (such definitions are common practice in the literature of
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approximation theory): Given some function §: NV — R we define
Zy = {90 c H(D;M): VI e NV Ih=h(l) € Ayy:

[hllg,, <C, llp = hll, < CO(), C >0 independent of l} (4.21a)

equipped with the norm

lellz, = inf{C >0:VleNY 3h=h(l) € Ayy:

1Al 4., < C, [l =R, <CO(), C >0 independent of l}. (4.21b)

One must think of # as an approximation rate-describing function (indeed, it transpires from
below that one would at least want 6 to tend to 0 as all the entries of its
argument tend to co). Note that Zy depends on the family of subspaces H, H(D; M)
indexed by I € NV, which, in turn, depends on the families of subspaces I:Il(j) C H(D;; M;),
i € [N]. The justification for the definition of the space Zy is given by the corollary that
follows.

Corollary 4.16. If the true solution v € H(D;M) of (Z0) lies in Zy, then the application

of the Hy-based Discrete Orthogonal Greedy Algorithm results in an error
bounded as
bl <200z, (24 00)).

Proof. From [Theorem 4.15] we have that

2
~ 2 2 -
O, < 10 = Rlla + 411, 7,

for any h € Aj;. Choosing h = h(l) given in the definition of Zj, taking square roots
and using the fact that the 2-norm in R? is bounded by the 1-norm we obtain the desired
result. d

The above corollary gives a composite rate of convergence of the Discrete Orthogonal
Greedy Algorithm with respect to the iteration number and the discretization
parameter I. Our next task is to identify families of finite-dimensional subspaces IZIZ(:) C
H(D;; M;) such that subspaces of Zy can be described in a less abstract fashion. What we do

next was inspired by the example given in equation (2.58) of [BCDDOS§].

4.1.5. Spectral bases. Let é, := e, /M for n € NV, where (en: n e NN) is the com-
plete eigenfunction system described in[Lemma 3.16] for the H}, (D)-eigenvalue problem (3.34).
As division by M defines an isometric isomorphism between H(D; M) and H},(D) on the one
hand and between L7 /M(D) and L%,(D) on the other, if all four of these spaces are normed
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with their standard norms, it follows that (én: n e NV ) is an orthogonal and complete eigen-
function system for H(D; M) and thus

o= (én, )Lz, (D)en + > (ém, Pz, 0fn Ve E L7 m(D) > H(D; M).
n<l ngl

As M and each e,, have a tensor-product structure, so do the é,; indeed,

where the (eg) in € N) are normalized and complete systems of eigenfunctions to the single-
spring problems (3:33]) and the M; are the partial Maxwellians (L24]). In this subsection we
explore the consequences of fixing the finite dimensional spaces I:Il(z) C H(D;; M;) according
to
I:Il(i) = span (e,(f)/Mi: n < l) Vie [N], (4.22)
whence
H; = span (é,: n <1).

For any 1, we define the truncated-expansion operator P;: H(D; M) — H, by
Pi(¢) =) (en. @)z, o)fn Yo € H(D;M). (4.23)
n<l
For ¥ := (an: n € NN) a net of positive real numbers, let HE(D; M) denote the space
MH3; (D), equipped with the norm Il oy = HM_l'HHﬁ(D)‘ We recall that HY (D) was
defined in ([B39) as the subspace of L} (D) consisting of functions whose squared Fourier
coefficients, weighted by the oy, have finite sum. As, by design, H*(D; M) and H,\EA(D) are

isometrically isomorphic (via the operation ¢ — M~1¢; cf. (Z4), equivalent characterizations
of H*(D; M) and its norm are

2D M) — 2 _ > \2
H*(D; M) = {go € Lim(D): ZNN on o, en>L%/M(D) < oo}, (4.24a)
ne
and
1/2
HWHHE(D;M) = ( Z onlp, én>%§/M(D)> . (4.24Db)
neNN
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Let us recall that ()\n: n c NV ) is the collection of eigenvalues of the problem (3.34); so
énllam) = An for all n € N¥. We have, on the one hand, the approximability estimate

e = P, = Z<énv¢>L§/M(D)én <C Z<én»¢>L§/M(D)én

n¥l a n¥l H(D:M)
1/2
=C Z}en,<p 12,,(D ‘ An
= (4.25)
1/2
2\,
=C ZUn‘En,SO 1/M() a
[l

SCSUP\/ ||90||HE D;M)
ngl

On the other hand, we have the A; ;-stability estimate

e
IR, = | D lenlly o g0 | < 2l

(En,p L2/M(D)‘

n<l 10
< CZ H%HH D;M) ‘ €n, P)L, /M(D)‘ - CZ \ﬁ‘ Ens )L, L2 (D) ‘
n<l n<l
1/2 1/2 (426)
An 2
<c|) = > on ‘<€n790>L§/M(D)‘
n<t ™ n<l
1/2
An
<C Z P [l om) -
neNN m

Therefore, as long as the condition

2n < 00 (4.27)

ncNN In

is fulfilled, one can show that

A
H>(D; M) C 2 with O(1) == sup y/ ==.
n¥l
Indeed, given any ¢ € H*(D; M), a suitable function h € Ay that satisfies the conditions given
in the definition (@.21]) of Zy is given by F(p), due to (£23) and (£26]) and the assumption

of the condition (£27). We can now state the lemma that follows.

Lemma 4.17. Let ¥ = (on: n € NV) satisfy the condition @2T) and suppose that the
true solution 1 to the Fokker—Planck equation (ZH) lies in the space H*(D; M) (equivalently,
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¢/M € H(D)). If H; is fized according to
H; = span (é,: n < 1) vie NV,

the error 6, committed at the end of the n-th iteration of the Discrete Orthogonal Greedy
Algorithm based on H; obeys

A A
on|l < ClYlla=pm) <n1/2 +sup 4/ n) (4.28)
a ’ ngl On
for some C > 0.
Proof. This is a consequence of the above discussion and O

Next, we want to particularize [Lemma 4.17to function spaces based on the nets of weights
studied in in [Subsection 3.3.2 that is,

N k
Tk — (T,(lk): n e NN) where Trr(,,k) = <Z )\,(fi)> + H (AS})k Vn e NV,

i=1 =1

and

N k
Tk = (v,(lk): n e NN) where v,(lk) = (Z AS’}) Vn e NN,
i=1

where the ASZ) are eigenvalues of the single-spring problems ([B.33). The following lemma gives
the associated approximation rates.

Lemma 4.18. Let ¥ = T® or ¥ = Y*) | Then, if k > 1, there exists C > 0 such that

(1-k)/d
o=@l <C(mint)  lolusom Yo HOM)

Proof. On account of the adoption of [Hypothesis C [Lemma 3.16l and the positivity of all of
the involved eigenvalues, there exist positive constants ¢; and cg, and for ¢ € [N], constants
ng') and cgi), such that

cgi)ng/d <A < cgi)nQ/d VneN
and

N N
2/d 2/d
cal g ni/ S)\n§02§ ni/ Vn e NV,
i=1 i=1

Therefore, the supremum SUPy 41 )‘—: appearing in ([A25) can be bounded by a positive

g

constant times the supremum among {n € N": n £ I} of the square roots of

N 2/d N 2/d
N N
Zz_l 7 and Zz_l )

(Zf\il ”?/d) ' (Zi\il ”?/d> ' + Hf\il (”?/d> ‘
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in the case ¥ = T®) and ¥ = T®), respectively. In either case, the supremum is attained at
a multi-index with all its entries equal to 1 but for the j-th, which is equal to I; + 1, where,
in turn, j € arg min; <<y [;. The supremum of (the square root) of both expressions is of the

order l;l_k)/d, and thus the result. ]

Remark 4.19. Despite HT(k)(D; M) being a space of functions with more regularity than
that assumed by the functions in ur® (D; M) with the same parameter k, the rate of decay
given in [Lemma 4.1§8]is the same for both spaces.

The condition (.27) on the net ¥ is identical to the first of the two conditions in ([B.38])
in [Subsection 3.3.21 Thus, we can re-use results obtained there for the families of weight nets
T®*) and T*). We obtain the following theorem.

Theorem 4.20. Let the true solution 1 to the Fokker—Planck equation (23] lie in H*(D; M),
where X s either

(1) T®) with k >d+1, or

(2) Y®) with k > 1+ 1Nd.
Further, let Hy be fized according to

H; = span (é,: n < 1) vie NV,

Then, the error bn committed at the end of the n-th iteration of the Discrete Orthogonal
Greedy Algorithm based on obeys

(1-k)/d
< CllYllgs (ogmy (”1/2 + < min li) ) (4.29)

1<i<N

on

for some C > 0.

Proof. From the proofs of[Theorem 3.18 and [Theorem 3.20, we know that the condition (£.27)
is satisfied under the stated constraints on k. Therefore, we can appeal to [Lemma 4.17 and,

by way of the estimate given in [Lemma 4.T8 obtain the estimate ([29]) from (Z.28]). O
Remark 4.21.

(1) We gave a partial characterization of some H;\f/l<k)(D) spaces in terms of weighted
Sobolev spaces of dominating mixed smoothness in [Iheorem 3.30l and [Remark 3.311
Similar partial characterizations are possible for the HEA(k)(D) spaces. As for any
(real-valued, N"-indexed) net ¥ the space H*(D; M) was defined as M H; (D), we
immediately have partial characterizations of some of the Ha(k) (D) and the HEA(M (D)
spaces, in terms of which was posed.

(2) The more regular the true solution ¢ is (in this sense of summability of weighted

squared Fourier coefficients), the faster the second term in the estimate (£.29) of
[Theorem 4.20] will decay. The first term, however, is not likewise affected by the
regularity of .
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As in practice the family of eigenfunctions (én: n ¢ NV ) might not be at hand, it is of
interest to analyze the behavior of the Discrete Orthogonal Algorithm based on more readily
available subspaces of H(D; M). In the next subsection we study the effect of using subspaces of
H(D; M) where the member functions are the product of the Maxwellian M and a polynomial;
via (Z4)), this means taking a subspaces of Hi, (D) consisting of polynomials.

4.1.6. Polynomial-based subspaces. For what follows, we restrict ourselves to the
case d = 1; that is, the case in which each domain D; is an interval. Then, we consider
setting, for i € [N],

A" = M, (4.30)
which results, according to the definition (4.2]), in

H, = MP,. (4.31)

Here, IP; denotes the space of univariate polynomials of degree less than or equal or equal to
[, and IP; denotes the space of N-variate polynomials where the degree with respect to the
j-th variable is less than or equal than [;, for j € [N].

Note that, as it is customary when using spaces of polynomials, we have switched to a
zero-based indexing of the ﬂgi) and Hy; hence, their dimension is [ + 1 and [Ticn (L + 1)
This is of no special consequence.

In this context, for reasons that will become apparent below, the Jacobi polynomials prove
to be a very useful tool. We start, then, by briefly reviewing those properties of the Jacobi
polynomials we will need in the sequel. For a full definition we refer to [BM97, Section 19].
Let a > —1, A := (—1,1) and let p: A — R be defined by p(y) = 1 — y2. Given m € N and

« > —1 we define the non-uniformly weighted Sobolev space
V5a(A) = {v measurable: Jyv € Li“*’“ (A), for 0 <k < m} , (4.32a)

which we equip with its natural norm:

m 1/2
Il ) = LZ !\8k.\|iia+k(/\)] : (4.32D)
=0

Then, the sequence of Jacobi polynomials of (symmetric) parameter «, (qua) 'n € N(]), is an
: 2 _ yo

orthogonal basis of L7a(A) = Vja(A) and
/AJ,SO‘)/@’/)O"H =n(n+2a+1) /A J pp Ve Vll)a (A). (4.33)

For any a > —1 and n € Ny, the Jacobi polynomial Jr(la) has degree n. Then, for all [ € Ny,
(J,(La): n € {0,.. .,l}) is a basis of ;. We will assume that the Jacobi polynomials come
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normalized in the standard way—mnamely,

'n+a+1)
 opll(a+1)
Then, the Jacobi polynomials obey the following three identities, which we will exploit later:

20+ 1 (a
g’ — % Jlet) _— (.30
2 22a+11—\(n+a+
T - VneN 4.35
‘ n Lia(A) (2n+2@+1> n'F(n+2a+1) n e 0, ( )
and

n+2a—i—1 (Oc)/ n-+o (a)/
— g% = @2n 4 2+ 1) I J VneN 4.36
n+a+1"ntl (2n+ 20+ 1)Jy +n—i—2a n—1 ne ( )

(cf. [BM97, equations (19.5), (19.8) and (19.11)]).

Lemma 4.22. Let a > —1 and let ¢ € Vji(A). Then, there exists a positive constant C,

which only depends on o and m, such that

o0

Z(n +1)2e2 < C ||90H\,m (A) where ap = <g0, J()
n=0

L2 (A)

(that is, the ay, are the coefficients of the Lf,a (A) expansion of p in terms osza (A)-normalized
Jacobi polynomials with parameter o).

Proof. We start with the case m = 1. Therefore, let us suppose that we have ¢ € L?)a (A)
and ¢’ € L?)QH(A). Thus, one can expand ¢’ in terms of Jacobi polynomials with parameter

a+ 1 in the LiaH(A) norm. Parseval’s identity gives

J(Oz-‘rl)
pa+1 n

HQOIH; ) = Zbi where by == (¢, JEHDy
Pt n=0

’Lia ()
We can rephrase the identity (£34) to give

2 /
(1) _ (o)
A n+2a+2J"+1 Vn € Ny,

which allows for writing

2
/ (Gf+1) - = (a)
(s ™ ez, ) n+2a+2< " Tnt >L e
2(n+1)(n+2a+2)
- n-+2a+2 (e, Jﬁ?l)Lf)a (A = 2(n + 1){p, Jéi)ﬁLga(A)
and
4(n+1)
atl)  jlatl — (@) g(@)
(J( ) J( )>L ap1 () T m<Jn+l7Jn+l>Lia(A)‘
Therefore,

by = (n+ 1)V (n + 2a 4 2)Y%a, 4
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and
[oe) o o
2
lelRn, oy = D (B +an) = Y _(n+1)(n+ 20+ Dag, + ) _ap
n=0 n=0 n=0

[e.e] oo
= Z [n(n 4 2a + 1) + 1] a2 > C, Z(n +1)%a2,
n=0 n=0
where C,, > 0 depends on « only; thus, the result for m = 1. A simple induction argument
extends this result to higher m. O

Let us define, for a = (a,...,an) € (—1,00)" and n € N}, the tensorized Jacobi
polynomials and weights
(o) Al () fe" Al ;
n = QY and  p% = Q@ p™. (4.37)
i=1 i=1
Also, let e; denote, for j € [N], the j-th canonical vector in RY: ie., that vector of RY
whose entries are all 0 but for the j-th, which is 1. Straightforward consequences of these

definitions and the corresponding univariate properties are that (Jr(ba) 'n € Név ) forms a

complete orthogonal system of L%a (AN) and, whenever ¢ € L%a (AN) and 9 € Lia+ej (AN),

gle) o — (s , (a)
<6JJ1'L ’8jw>L2a+e]- (AN) nj (n] + 2aj + 1) <Jn 780>Lia (AN) : (438>
P
On defining the spaces
Via (AN) = {go measurable: d,,p € Liaﬁ (AY), ke N), ||, < m} (4.39)
and
V::Z;mix(AN) = {(p measurable: Jxp € Liaﬂ (AY), k e NY, |k, < m} : (4.40)

equipped with their natural norms, we can generalize [Lemma 4.22)

Lemma 4.23. Let each component of o € RV be greater than —1.

(1) If p € Vi (AN), then there exists a positive constant C, which only depends on o
and m, such that

N m

> | S+ 12| < Clleligm.

neNy -i=1

where arn, = (@, J,(La)>L2a (AN)/||J7(1a)||L2a(AN) for all m in NYY.
p p
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FIGURE 4.1. Differentiability Graphs. Left: Graph of derivatives of a function
in Viu (AN )—each vertex corresponds to a derivative and each edge points
from a derivative to an antiderivative. Right: The corresponding graph for
VZZZmIX(AN ). At both graphs m = 3 and N = 2. The darkened paths depict
the paths taken by the induction procedure sketched in the proof of

[Lemma 4231

(2) If ¢ € V;@miX(AN), then there ewists a positive constant C, which only depends on
a and m, such that
N m N
Z HZ(m + 1)2] + H(nz + 1)2’”} a2 < C ||90|]%,molmix(AN) ,
neNy thi=1 i=1 r

with the an defined in the same manner.

Proof. As this is almost completely analogous to the proof of we will only remark
on three aspects which distinguish the latter from this proof. The first is that here (A.38)
takes the place of (£33]). The second is that in the proof of part (), coefficients of the
form (n; + 1)?™ are generated by starting with Oy,e,, going to I(m—1)e; and so on until ¢
gaining a factor of (n; + 1)? each time. As we can do this with all the coordinate directions,
a factor of the form >,y (ni + 1)2™ is obtained; the preferred form Diern (i + 1)2 "
follows by elementary means. The third aspect is that in the proof of part (2]), the extra
term Hie[N}(ni + 1)?™ follows because this time we can start from Om,....m)¥ and go to ¢
obtaining the factors (n; + 1)?™ sequentially (whereas they multiply each other) as opposed

to in parallel (where we could only sum them). We give a graphic representation of these

‘derivative-hopping’ arguments in O

Remark 4.24. The ‘derivative-hopping’ argument given in[Lemma 4.23 (on series expansions
with respect to Jacobi polynomials) resembles the argument given in the proof of [Lemma 3.29]
(on series expansions with respect to eigenfunctions of Fokker—Planck operators). They dif-
fer, however, in that in this non-uniformly weighted setting we know enough of the basis
functions—the Jacobi polynomials—that we can perform the analysis by one derivative at a
time, as opposed to the one-second-order-operator at a time procedure of [Lemma. 3.29
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Given a € (—1,00) and I € NYY, we denote by Pl(a) the orthogonal projector of Lf)a(AN)
onto the space of N-variate polynomials of degree less than or equal to I. As the Jacobi
polynomials of parameter a form a complete orthogonal system in L%a (AY), the projector

Pl(a) has the explicit form

<90’ ’(‘a)>L2 (AN)
Pl(a)(SD) _ Z P&

(e) 2 N
Loa (A™). 4.41
(5 5 Tnt Ve e Ln(AT) (441)
n<l n »JYn

>L§a (AN)

From the literature on Spectral Methods we have the following approximation result.

Lemma 4.25. Let a € (—1,00)". Then, there exists some C > 0 such that, for all I € NV
and k > 2,

o=t

3/2—k
i ; k N
o =€ (12% zz) lollgs vy Vo € Hin(A)

Proof. In Theorem 2.4 of [Guo00] the univariate case is proved for ¢ in certain complicated
functional space. Nonetheless, it is easy to prove that the univariate counterpart of H’;I 1(A)
is continuously embedded in that complicated space. Then, the extension to the multivariate
case is a simple adaptation of the proof of Theorem 2.2 of [CQ82]. ]

In order to produce bounds of the form (A26]) for projections on spaces of products of
polynomials and the Maxwellian (as opposed to the tailored but in general unknown spectral
basis of the é,), we need to know the rate of growth of the ratio

N
K PN s PR of 2 WA o VAN I

with respect to n. Of course, if on the right-hand side expression of ([£.42]) we were measuring
Y
each Jr(LaJ) in the Liaﬁl(A) norm (the ‘right’ norm), we know from (33]) that the j-th

j
ratio would be a quadratic function of n;, as befits the eigenvalues of classic Sturm-Liouville

J(O‘j)/

nj

Jé?j )

problems such as the one underlying (£33). However, we are using the Liaj (A) norm (the

‘wrong’ norm) instead and we will find another behavior.

Proposition 4.26. Let o > —1 and n € Ng. Then,

‘ g’ ;a = 2a1+ Sn(n+ 200+ 1)(2n + 20 + 1) ‘ J() ;}a " (4.43)
Also, if a € (—1,00) and n € NYY,
(o) |2 S @)’
HVJn H[Lia(AN)]N = Z 2o+ 2nj(nj + 205 +1)(2n5 + 205 + 1) HJn ‘ L2 (AN)

j=1
(4.44)
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Proof. The identity (4.44]), on account of the tensor-product structure of I (cf. (@31)), is
a straightforward consequence of ([£.43]). So we only need to focus on the latter.

In order to prove the identity (A43]), we will proceed by induction. The case n = 0 is
immediate and the case n = 1 is an easy consequence of (4£.35)) and the fact that Jl(a)(t) =
(a+ 1)t, for t € A. Let now n > 2 and let us suppose that the identity (£.43]) is valid for
n — 1; we shall deduce that it is then valid for n + 1. Firstly, we use (£35]) and the fact that
27T (2 + 1) =T'(2) if 2 > 0 to produce

2 2n+2a+3)(n+2a+1) || (a
(@) _ ( “
‘Jn Lia(A) (n+1) (2n+2a+1)(n+a+1)2 ‘ n+1 Lia(A) (445>
and
@ _ 20+ 1)(n+20)(20 + 20+ 3) || (@) |2 4.4
] B Rl ot e sy ey 252 PNRI G

Then, taking the squared L?)a (A) norm of (4.30) and using the crucial fact that I i L?)a (A)-

/
orthogonal to Jffi)l (for the latter is a polynomial of degree at most n — 2), we obtain

OH4a+Uq (@) ]2 2’(>2 (n+a)® | (@)
mrear = (2n+20+1)2 || 7o s | . (4.47
(n+a+1)2 177 Iz, ) (2n+2a41)7 ||y L2.(A)  (n+2a)2 7771 Iz, ) (4.47)
As ({43)) is supposed to hold for n — 1,
‘J(a)/ ’ _ 1 (n—l)(n+2a)(2n+2oz—1)‘J(a) ‘2
n—l L2,(A) 20+ 2 nl L2, )’

which, substituted into (£47]), together with (£.45]) and (Z£.46]), produces, after some elemen-
tary algebraic manipulations,

a /
e

2 J(a) 2

n+1

, (4.48)

1
= 1 2 2)(2 2
(n+1)(n+2a+2)2n+ a+3)’ L)

L2a(A) 20+ 1

and hence (£.43). O

We will also need the following auxiliary result.

Proposition 4.27. Let Tk = (%,(Lk): nc NN> and T*) = <@,(f): nc NN) be defined ac-

cording to
N ooy N k
A (Z n> ) N T (Zn?) | "
i=1 i=1 i=1
Then,
N 3
beo Z%“’O (4.50)
nENN Tn
and N 3
3 N Zi: ni
k>§+§:> ZT;)<OO (4~51)

neNN  Un
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Proof. The proof of (#50) is a modification of the proof of [Theorem 3.18l First, using a
multivariate version of the integral test for convergence, the finiteness of the sum in (€.50)

can be seen to be equivalent to the finiteness of the integral
N 3
D i1 T dx
MooV (=N 2\F N ok
’ (Zi:l %) + 1%y (27)

Using the fact that, in Euclidean spaces, HHg < ||-||3 and the change of variable (B43) with
parameter d = 1 (resulting on an hyperspherical system of coordinates), the finiteness of the

above integral is implied by the finiteness of the integral

/ /ﬂ/2/ PN Sin(ébi)N_l_Z}  drddwsee- dé.

r2k 4 Tsz TIY5" [cos(gi)2 sin(g;) (N=2]

which, given p € (1, 00) with ¢ being its Holder conjugate, can be bounded, via an application

of Young’s inequality, by

/2 PN+2 AN—1—i
P 1/q/ - / [ sn(e) A o dér.

2k (Nz)2k:|

! [coswi)q sin(6y)

Continuing the analogy with the proof of [Theorem 3.18] the above integral can be cast as a
product of N univariate integrals with respect to r and each of the ¢;, i € [N — 1], which will

be finite if LN
N+2—2k<+> < -1
p q

and, for ¢ € [N — 1],

—%>—1 and N—l—i—M>—1.
q q
Using the assumption that k > 2, these conditions reduce to
2k(1—N) 2k
P> arNa—zn M Pegoo

which, it is easy to show, can be satisfied simultaneously under the assumed restriction k& > 2.
This results in the finiteness of the above integrals and, ultimately, of the sum (Z50]).
The proof of ([AE]) is very similar, but simpler; so we omit it. O

Remark 4.28. When d = 1, the families of nets of the forms T®*) and T*) defined in (3.40)
and (3.48) are almost completely analogous to the families of the forms T®) and T®) defined
in (£49]). The reason for introducing the new families is that the old involve the eigenvalues of
the single-spring problems (3.33]). Keeping those eigenvalues in the definition of the nets that
appear in this subsection, where we are studying the effect on the Discrete Greedy Algorithm

of using bases other than those of the eigenfunctions of (3.33), would be

misleading.
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Having proved a number of auxiliary results, we will now describe how the results on
the domain A" and Jacobi weights for the form p® translate into the domain D and the
Maxwellian weight M. So, let the matrix B € RY*N be defined by B;j := 0;j+/b;. The oper-
ation s — Bs defines a bijective map between AV = (—1,1) and D = Xie[N](_\/Fh Vbi).

A consequence of the adoption of is that, for ¢ € [N], there exist constants
cgl) and cg) such that

& p(ai/ Vo)™ < Mi(a) < & p(ai/ Vo)™ Ve, € Di=B(0,v/bi) = (—v/bi, V/bi),
for some a; > 1. Note that this is valid for the whole of each domain D;. Collecting the «;
in a:= (ag,...,an) € (1,00)", we get that for ¢; = [Ticrn ng) >0 and ¢z = [[;¢qn cg) >0,

cp(B'g)* < M(q) < op(B™'q)*  VgqeD, (4.52)
This informs the definitions
o) = Mi S (-/V/bi) V(i) € [N] x No
and N
on = QD =MI)BL)  VYneN. (4.53)
i=1

The <p7(f ) are products of a partial Maxwellian and an univariate polynomial of degree n and
the ¢, are products of the full Maxwellian and a multivariate polynomial of (composite)
degree n. So, we have that the ICIZ(Z) and Hy, as defined in (@30) and (@31]), are precisely

n

I:Il(i) = span (go(i): n € {0,... ,l}) Y (i,1) € [N] x Ny (4.54)
and
. N
H; = span <<pn: ne x{0,.. .,li}> VieN). (4.55)
i=1
We can now give the principal result of this subsection.

Theorem 4.29. Let 1) be the true solution to the Fokker—Planck equation (2.35]) and let H; be
fized according to @3L) (or, equivalently, @55) ). If b, is the error committed at the end of

the n-th iteration of the Discrete Orthogonal Greedy Algorithm based on Hy (Algorithm V1),
we have

M~y € H™(D)  with k> 2

1<i<N

. 3/2—k
= H(Sn“a <O HM_I@Z)HH;&,mix(D) <n_1/2 + < min li> ) (4.56)
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for some Cy > 0 independent of ¥, and

3 N
M~1y € Hiy (D)  with k>s+ 5

3/2—k
; -1 ~1/2 -
= |[|0n . < oM wHH,’fA(D) <n /2 4 (11<r;1<ani) ) (4.57)

for some Cy > 0 independent of .

Proof. We start with the proof of (L56]). So, we assume the left-hand expression of (50])
and start by letting B: H(D; M) — H},Q(AN) be defined by

B¢) = lf/l(é'_)) e € H(D; M).

It is easy to see, based of the bounds (4£52), that B is well-defined, linear and continuous

operator with continuous inverse. With this definition and ([A.52) we have,
1B ggsgmix vy < C3 M7 |gpms ) V€ € HY™(D),
which, by straightforward embeddings, gives
IB©llasav) < Cs M€y V6 € Hg™ (D) (4.58)

and
||B(g)||v,;amiX(AN) < Cs HM—lgHHﬁmix(D) V¢ e Hy™X(D), (4.59)

which come about easily under the observation that the action of B can be seen as the com-
position of the simple operations consisting of division by M and a rescaling of the argument.
Now, note that B~'(n) = Mn(B~":) for all n € Hja(A); so, given I € N{¥, the operator

P =8B! OPl(a) oB

is a projector from H;a (A) to ﬁl = MP;. Further, a direct calculation makes it clear that the
equality in (£53]) can be restated as

B! (J,({")) —on VneNY. (4.60)

Using the continuity of B, the continuity of its inverse, the convergence result in [Lemma 4.27]
and (4.5])), we have the approximability estimate

|o-Bw)| <cufv-Rw)|

H(D;M)

< G5 |[B@w) - (Bo A)(w)

1 N
Hlo (A)

= C5 |[Bw) - F¥(B))

4.61
Hig (AN) (61)
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3/2—k
<G (ints) " 1B g,
P

3/2—k
. -1
<Oy ( mlnN li> HM 1/}HHfA,mi>c(D) .

1<i<

From [Proposition 4.26] we have, for some Cg > 0,

X
@ < Cy Z(ni +1)%. (4.62)
X P

This is particularly easy to see if one uses the fact that a € (1,00)" now (ultimately, because
of this should be contrasted with the looser condition o € (—1,00) of some
other results in this subsection).

Using the definition of the projector Pl(a) in (441)), the identity (4.60), the estimate
#62), part ) of [Cemma 4.23—which is where we use the restriction on k—and (Z50) of
[Proposition 4.27, we have a first A; ;-stability estimate:

B(w), 15
oL, = |5 g (4)
At n<l <Jn s JIn >L‘2)OL(AN) AL
Z <B(¢) n )>L§a(AN)
B (@) (@) #n
n<l <Jn 7Jn > ia(AN) Ay
Z<B(¢)7J7(la)>Lga( o
- o7 « Pnllq
n<l <J7(1 )a 1(1, )>L,2)a(AN) H TLH Avs
B v
<> @ (@) llonllq
n<l <Jn aJn L2Q(AN)
®izaia] 7]
‘<B(?/)) Jn >L2 (AN) ‘ Hll)a(AN)
ng H () HJ(
n<l n Lf,a (AN) n Lia(AN)

[B), )1z, a) 2

(@)

n<l H n

N
[Z(m +1)3
=1

2 N
L2 (AN)
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BLY). ’(’a)>L§a(AN>‘ [Zfil(m + 1)3} V2

o N e

=Cyg Z (?5121)1/2 ‘

n<l

n

< Cu 1By mix vy -

Here, we have used 1 to signify the multi-index of length N which has all of its entries equal
to 1. Using (4359), this turns into

P, < Crz M7 grmix ) - (4.63)
A M

The approximability result ({.6I]) and the A; ;-stability estimate ([f.63]) ensure (according
to the definition of Zy in (&21])) that

1<i<N

3/2—k
P € Zy with 9(l) = ( min lz> .

Then, gives ([L50]), the first of the desired results. The second of these, (E5T),

is very similar, so we omit it. ([l

Remark 4.30. The main result of this subsection, [Theorem 4.29] is given in terms of mem-
bership of M~ in certain Maxwellian-weighted Sobolev spaces. This should be contrasted
with the main result of the previous subsection, [Theorem 4.20, which is given in terms of
membership of 1 in spaces of the form H*(D;M) (that is, spaces described by weighted
summability of Fourier coefficients; cf. (£.24])).

Now, as indicated in the first point of [Remark 4.21], it is possible to give at least a partial
characterization of the relevant H>(D; M) spaces in terms of regularity requirements. Namely,
for k € {2,3,4},

H™™ (D; M) 2 MBF™¥(D)
(see B.18), B79) and [Lemma 3.29 for the cases k = 2 and k = 4 and ([3.82]) and (3.83)) for the
case k = 3; similar things can be proved for nets of the family Y(*)). Therefore, Theorem 4.20)
can, in some cases, be put in a form more in line with that of [Theorem 4.291 This indicates
that comparing [Iheorem 4.20/ and [Iheorem 4.29 with the same parameter k is fair.

However, we cannot recast the regularity requirements of in terms of
summability of weighted squared coefficients of expansions with respect to some Hilbert ba-
sis (thus putting it in a form more in line with that of [Theorem 4.20). The reason is that
[Cemma 4.25] on which [Theorem 4.29] depends, has a regularity requirement as a hypothesis.

Another difference is that, compared with the approximation rate given in [Lemma 4.18
(which feeds into [Theorem 4.20)) in the case d = 1, [Lemma 4.25 (which, in turn, feeds into
[Theorem 4.29)) has lost one half of a power of

min [;
1<i<N
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in decay rate with respect to I. The reason behind this discrepancy is that, on the one hand,
the truncation operators P defined in (4£.23)) are at the same time L%/M(D)— and H(D; M)-

orthogonal projectors, while, on the other hand the operators Pl(a) described in (A1) are
L%a (AN)- and V})a (AN)-orthogonal projectors, but not H};Q(AN )-orthogonal projectors.

It is possible to define projector families with better approximation rates in H},a (A) than
the Pl(a) (see for example, [GWO04, Lemma 2.2]). However, the relatively simple explicit form
we have of the Pl(a) was for us essential in producing the necessary Aj -stability estimate
#63) (for the Maxwellian-times-polynomials subspaces) using the template given by the
derivation of the A, j-stability estimate ([26]) (for the span-of-eigenfunctions subspaces).

Perhaps the most important of the differences between [Theorem 4.20] and [Theorem 4.29]

is that the latter requires a higher lower limit on the regularity level (in the notation of both

results, a higher k). This—together with the difference in the approximability rates discussed
in the previous paragraph—is a consequence of using the transformed eigenfunctions of the
‘wrong’ eigenvalue problem, (£33]), instead of the eigenfunctions of the relevant Fokker—Planck
operators.

The very same reason that kept us from using the projectors with better approximation
rates in H,l)a (A)—the difficulty of extending A, ;-stability results—has precluded adapting
the analysis of this subsection to cases with d > 2. Indeed, when dealing with spherical
domains—which are not true tensor-product domains—issues such as pole conditions (see,
for example, [Boy01, Chapter 18]) need to be adressed and exacerbate the difficulty of
studying the consequences of using bases other than the ones based on the eigenfunctions
of the Fokker—Planck operators. It should be noted, however, that approximability results for
operators with Maxwellian weights defined on discs and spheres are available (cf. [KS09b),
Section 5]).

One aspect in which [I'heorem 4.20/ and [['heorem 4.29 have the same behavior is that the

rate of convergence of the Discrete Greedy Algorithm stays the same with
respect to the iteration number n whatever the regularity level k is.

4.2. Numerical implementation

In this section we will comment on the computational behavior of an implementation of

the Discrete Orthogonal Greedy Algorithm (Algorithm VI). Between the algorithm as it is
described in [Section 4.1 and the implementation we will describe there are some important

differences, which we shall describe in the following subsection.

4.2.1. Gaps between theory and computation. The Discrete Orthogonal Greedy
Algorithm (Algorithm V) entails in its step 2] the global minimization of the non-convex
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functional J,: X i€[N] ﬁgf) — R defined by

N . N . N . N .
Ty(s.....sM) = La <® {0, ® sm) iy <® s<z>) Vs, s™M) e x AP,
=1 i=1 =1 =1

(2

where ¢ is some functional in H(D;M)’. Indeed, at the n-th iteration of g =
f n—1-

The domain of J; is a |l|;-dimensional space. Under the plausible assumption of all the
l; being equal to a common [ € N, this results in a space of dimension NI, which grows
very mildly with respect to N, the number of factor domains which constitute the domain
D = Dy x --- x Dy, as compared with [V, the dimension of H;. As it is,
simply assumes this global minimization is somehow performed exactly. By contrast, our
computational implementation relies on approximating solutions to the associated Euler—
Lagrange equation; this is the first gap between theory and computation.

However, the Euler-Lagrange equations associated with the minimization of J, over

Xi]\i 1 I;Il(:) can lend themselves very well to an alternating direction scheme—indeed, this,

together with the relatively small dimensionality of X i€[N] Hl(:), is the rationale behind the
Separated Representation strategy. Therefore, at each iteration of the loop 2] of
we will approximate a solution to the corresponding Euler-Lagrange equation using an inner
iteration. We will describe it below in [Subsection 4.2.2]

We also assume that the right-hand side g can be written as the finite sum of tensor

products of L? M (D;) functions. That is, we assume that g has the form

NgN

=Y ®ug, (4.64)

f=11=1

where N, € N and, for (i, k) € [N] x [N], g,Ef) € L%/Mi(Di)—We make the usual identification
between L2 /M(D) and its dual, which is a subset of the dual of H(D; I\/I)H Recalling that g is
a placeholder for f,_1, it transpires that ([@64) will hold if the right-hand side functional f
of (2.3 is itself of the form (£64]). The assumption of ([A.64) is a second gap between theory

and computation.

Remark 4.31. In practice, if the right-hand side g fails to have the structure given in (€.64),
a preliminary greedy procedure can be applied to it in order to approximate it with a finite
sum of tensor products. We refer the interested reader to the surveys [CEK 07| and [KB09]
in the discrete—i.e., array decomposition—case, which, in turn, informs procedures for the
continuous—i.e., decomposition of functions defined on a Cartesian product of continua—case
(see, e.g., [HKOT]).

1f we merely assumed that each g,(j) was a member of the larger space of functionals H(D;; M;)’, there would
be no guarantee of g being a member of H(D; M)’.
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Another difference between the and its implementation has to do with the
termination condition given in its step P24t that is, || fn|Hl”H/ > TOL for some tolerance
l

TOL > 0. The H(D;M)-derived norm of

Il = sup “m“w‘ VheH,
peH\{0} H(D;M)
is hard to evaluate in general. What we do in our computations is simply setting the number
of iterations in advance.
At this stage we choose to restrict ourselves to the d = 1 case, in which D is the Cartesian
product of intervals, just as we did in [Subsection 4.1.6l This greatly simplifies the exposition
that follows and the implementation; however, it also precludes the numerical experiments

from simulating situations of rheological interest.

4.2.2. Inner iteration. In order to describe the alternating direction scheme mentioned
above we need to study the effect of the bilinear form a on functions with the tensor-product
structure. It is easy to see that, given indices k and [ in [N] and ensembles (u(),. .., u(¥))
and (v, ... v} in X ie[N] H}V[i(DZ-), the Cartesian-product structure of the domain D and
the tensor-product structure of the Maxwellian weight M (cf. (L25])) give

N N N o
/ <® u(’)> <® ’U(Z)> M = H/ u(’)v(Z)Mi, (4.65a)
D \i=1 i=1 i1/ Di

N . N o
/ Va, <® Um) Vg, <® Uu)) M= ( / U(Z)U(Z)Mi> / u®py®) (4.65Db)
D i=1 i=1 D; Dy,

and, if k # [,
N N
/ VQZ <®u(l)> ’ va <®U(l)> M
D i=1 i=1
= ( H / u(i)v(i)Mi> (/ u(l)/v(l)Ml> / u(k)v(k),Mk. (4.65¢)
D; Dy Dy,

€[N\ {k,l}

ic[N\{k}

Note how the assumption of d = 1 has turned gradients into derivatives. Using (£65) and
the fact that, for i € [N], H(D;; M;) = M; H}m (D;) (cf. (24)), we have that for all ensembles
(u®, .. u™) and (v, ... oMY in X ie[N] H(D;; M;),

a<§um, WQ

i=1 =1
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( I1 Ii(u(i),U(i))>Kk(U(k),U(k)) if k=1
i€[N]\{k}

H Ii(u(i),v(i)))fl(u(l), oY Ty, (u® 0 ®)) i k£ 1
te[N\{k,l}

N
-y
4Wi
k=1

N
+e[[ L@, 09)  (4.66)
=1

where, for i € [N], I;, K;, T; and T; are the bilinear forms in H(D;; M;) x H(D;; M;) — R
defined by

o / T /
l(o,7) = (0.7 0oy o= [ (5) (5) »

:f;(a,ﬂ:/Diff(]\;)/’ and Tifo,7) :/Di <J\Z>T

for all o and 7 in H(D;; M;). They are, respectively, the L? /Mi(Di) inner product, a stiffness

(4.67)

bilinear form, an advection bilinear form and its transpose. Similarly, from the assumption

of [@64) we have that for all ensembles (v, ... v(N)) e X ey H(Ds; M;),

Ng N
s(@0) = LI 1o (169

k=1i=1

If some ensemble (r™M),... (V) ¢ X el I:Il(j) minimizes Jy, &;e(n r() minimizes J;
in ®f\i 1 PAIZ(:) Then, from [Cemma 4.5, the ensemble of the (V) satisfies the Euler-Lagrange

equation

N N N , N N .
a(@ﬂz)’ Z @lr(l) ®j S(J)) — 9(2 Qr(z) ®j S(J)) (4.69)

=1z =1 iz
for all test ensembles (s(V), ... s(N)) e X el ICIl(Z) If for some fixed m € [N] we consider
only test ensembles with s) = 0 for i € [N]\ {m}, the above equation reduces to
N N N
a <® D @ Y @y, s(m)> =g ( ® 9 @y, S(m))‘ (4.70)
i=1 i=1 i=1
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Using (4.66) and (4.68), (£.70) takes the form

>

k=

where

1

Ap
W

W

—

B =

By =

B3 =

By =

Bs =

By ifk=1m¢{k1}
By ifk#1,m¢ {k}
By ifk=l=m te
By ifk#lLm=k i€[N)\{m}
Bs ifk#lm=1

11 h@ﬁ%rﬁh]K}@%%Twhjm@ﬂm7§mnj
Lie[N]\{k,m}

Lic[N|\{k,l,m}

T 56, r@)] K (r™, 5®),
Lie[N]\{m}

H Il(r(z)aT(Z))

Lic[N]\{l,m}

H IZ(T(Z)>T<Z))

Lic[N]\{k,m}

Tm(r<m), s(m))Tk(r<k), r(k)).

127

(4.71e)

(4.71f)

If for i € [N]\ {m}, r( is fixed, the fact that s(™ is allowed to vary freely in 1™ allows for

Im

considering (E7I) a variational problem in the domain D,, with unknown (™). As all the

integrals in (A.71]) are on the low dimensional domains D;, the coefficients can be computed

cheaply. We encode this procedure in the algorithm that follows, whose purpose is approxi-

mating a solution to the Euler-Lagrange equation (£.69) and takes in the implementation the

place the minimization step 2.1l has in

Algorithm VII (Inner Iteration).

1.

(1)

Initialize (r ,...,r(()N)) € Xien I:Iz(:)
2. For n>1 do:

2

.1 For m € [N] do:

2.1.1 For i € [N]\ {m} set r() .= ri)

n—1

2.1.2 Solve for r(™ in (@ETI) and store the result in rim,

7
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2.2 If
2 L0 (i
@ TR~ @ Th—1 > TOL,
i=1 i=1 1/M(D)
then proceed to the inner iteration n+41; else, stop and return
the ensemble (TS), .. .,T%N)).

We choose to use the L1 /M(D) norm in the termination test of the inner iteration because

it is simple and fast to evaluate.

4.2.3. Implementation notes. We start by noting that, for ¢ € [IV], the nesting prop-
erty (1)) allows for defining a correspondingly nested family of bases of the finite dimensional
subspaces ﬂgi) C H(D;; M;). Indeed, it is possible to define a single sequence (Lpg): ke N)
of H(D;; M;) functions such that, for all [ € N, its truncation

o) = (go,(f): ke [l]) (4.72)

forms a basis of I:Il(l) In particular, the bases described in (£22)) in [Subsection 4.1.5 and in
(#.30) in [Subsection 4.1.6l have this form.
So, for (i,1) € [N] x N, let us set - I:Il(z) — R! as the invertible mapping that to each

member of ICIl(Z) uniquely associates the vector containing its expansion in the basis <I>l(i); ie.,

!
£=> (&) veeny. (4.73)
k=1
Of course, the mapping ~ depends on the spring index 7 and on the dimension /;; however,
there is no risk of confusion, as long as it is always clear that its argument belongs to an
identifiable H{".

With this in mind, let us now assume [ fixed, so we can avoid dimension-indicating
subscripts in the matrices and vectors we will define. We introduce, for i € [N], the Gram
matrices ZW, KO, 7@ and T in RbExb, corresponding, respectively, to the I;, K;, T; and
T; bilinear forms defined in ([@67) with respect to the basis <I>l(i) of H(D;; M;); that is, for j
and k in [[;],

(z9) = e ), (k9) =Ko,
® © o and 20 P o0 (4.74)
(T )j,k Ty o), (T )M (o> 05))-

Thus, for example,

190,6) = €107 v(n.6) e A,
Similar identities hold for the other matrices defined in ([@.74). We also define, for (i, k) €
[N] x [Ng], the load vector g _'( ) e Rl by

(§§g1)>j = I(i)(gg)’gpgl)) <gl(€)’¢> 1/M (D) Ve lil; (4.75)
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whence 1) (g,(f), &) = ng',(:) for all £ € ICIZ(:)
With all the introduced notation, the step of the inner iteration ([Algorithm VTI))
takes the form: #% being fixed for i € [N]\ {m}, solve for 7™ in

By ifk=1m¢{kI}
N By ifk#I1,m¢ {kI}
N .
> v Bs ifk=l=m tel [T ATz gl
k=1 By ifk#Lm=k i€[N\{m}
Bs ifk#lm=1
Ny T )
:Z[ [T 7 z0g”|ztmg™, (4.76a)
k=1 Lie[N]\{m}
where
Bi=| JI & 'z0# (#“T/C(k)f(k))z(mf(m), (4.76b)
Lie[N]\{k,m}
By = H A T 7)) (7;<1)T7-(5)F(l)> <7—,'(k)T7'(k)77‘(k)>I(m)f’(m)7 (4.76¢)
Lie[N]\{k,l,m}
Bi=| ]I 70 T @D | gotm) m) (4.76d)
Lie[N]\{m}
By — I1 A0 T ) 1) (Fa)Tff(nfu)) 7 m) m). (4.76¢)
Lie[N]\{l,m}
B — H ~(i) T7(0) 1) (%k)TT(ka)) F(m) {m)
5 = T T T T . (4.76¢)
Lie[N]\{k,m}

This is linear system of order I,,.

Before presenting an example, there are two numerical issues we want to comment on.
The first is related to the fact that the tensor-product operation is not injective. Indeed,
given an ensemble (s, ... sV)) ¢ X el H(D;; M;) and, for ¢ € [N], scalars f; € R such

that T[Y, 8 = 1,
N

N .

® s = ® (BM”) ,

i=1 i=1
Thus, there is a risk of having the inner iteration sliding from one ensemble
to another with a very similar tensor-product. This can hamper the convergence of the
inner iteration; particularly so in the light of the termination criterion of

Therefore, we prefer to work with L2 M, (D;)-normalized factors r(9) together with a scale
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factor in R. This involves enriching (4.76]) with a Lagrange multiplier that takes into account
the restriction on the L? JM; (D;) norms.

The second is that we have observed that the inner iteration benefits from using some
form of relaxation, wherein, at least for a few of the first inner iterations, each new iteration

is averaged with the previous one.

4.2.4. Numerical example. We implemented the Discrete Orthogonal Greedy Algo-
rithm (Algorithm VI)) as discussed in the previous two subsections, including the use of the
inner iteration (Algorithm VTI). The problem we approximate is given by (Z5]) with param-
eters

1
N=3  gm=l c=1 (4.77a)
and, for i and j in [N],
Di=(-1,1), =10, M= (1-2)",  Aj;=35; (4.77b)
and its solution ¢: D = (—1,1)3 — R is given by
3
V(41,92 93) = (cos(3mqy)qy + exp(ga — g3)) | [ p(a:)™. (4.77¢)
i=1

The right hand side f € H(D; M)’ has the form (£64) exactly. As the number of terms in this
expansion, Ny, is 36 in this case, we do not write it down.

As, most of all, the alteration of the matrix A (cf. (ILG)) implies, this example is only
useful for numerical testing purposes and has no rheological interpretation. Note, however,
that the weights M; have the right kind of singular behavior, and that the alteration of A
has not altered the elliptical nature of the system nor the size of each inner iteration system
(E76).

(4)

For i € [N], we decided to set the basis functions which span ICIZ according to

oW = M I YEe{0,..., 1}
Here, we have switched to a 0-based indexing of the basis functions. Thus,

i) = M; Py,

This was the choice studied [Subsection 4.1.6] (cf. (430])). The use Jacobi-polynomial-based
basis functions with parameter «; greatly simplifies the generation of the Gram matrices
defined in (4.74) and the load vectors defined in (75]). At last, we will use the same number
of degrees of freedom in each direction; that is, for some [ € N, [; = [ for all i € [N].

applies in this case, so we should expect a convergence rate of the order
(’)(nil/ 2), where n is the iteration number, plus a projection error. As the approximated

function is smooth, the projection error decays very rapidly.
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FIGURE 4.2. Left: Log-log plot of iteration number against H(D; M) error for
discretization parameter [ in {15, 30,45,60}. Right: Number of inner iterations
used in each case.

The results are shown in [Figure 4.2] and [Figure 4.3l From the left plot of it
is apparent that the error decays faster than the expected O(n~'/2) rate, more like O(n~2).

In the case of the lowest discretization parameter used, I = 15, stagnation is observed after
roughly ten iterations, which is compatible with the fact that was proved to
converge to the projection of the solution onto ﬂl, which, for low discretization parameters,
can be quite different to the solution itself.

In we compare the approximation at the end of the last iteration when using
the highest number of degrees of freedom in each direction (top row) with the true solution
(bottom row). We chose to plot ©/M, because 1 itself decays very fast, making its features
difficult to distinguish. A close look at the plots will reveal that the quality of the approxi-
mation of ¢)/M is worse near the boundary of the domain, which is to be expected; indeed,
as the H(D; M) norm of 4 equals the H},(D) norm of ¢/M (cf. [Z4))), point evaluations of the
latter near the boundary of the domain contribute very little to the overall error.

This suggests two main observations. One is that the convergence rate given by our theory
falls short of what can be seen in practice; some theoretical reformulation might be needed to
explain this phenomenon, for the O(n_l/ 2) rate seems to be an intrinsic part of the approach

followed in this work. The other is that the inner iteration given in [Algorithm VII}—with, in
our case, normalization of the separated factors—might indeed be a reasonable way of approxi-

mating the minimizers required by the Discrete Orthogonal Greedy Algorithm
in its step 2211

We have shown that the discrete variants of the greedy algorithms do converge to a finite-
dimensional projection of the sought after solution for fixed discretization parameter. We have
also shown that stability and approximation estimates can be combined to give composite

convergence rates of the discrete greedy algorithms with respect to the true solution. We
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FIGURE 4.3. Top row: Some plane-restricted contour lines (generated using
the command contourslice of MATLAB) of the ratio of one of the computed
approximations and the Maxwellian. Bottom row: Contour lines drawn at the
same values and at the same planes as those in the top row, but of the ratio
of the true solution ¥ and the Maxwellian.

then gave particular examples of finite dimensional subspaces and gave conditions on the
true solution so that the composite convergence rates are valid. We ended the chapter on a
cautionary note on the gaps existing between the discrete greedy algorithms and algorithms
fit for computational purposes, and illustrated the behavior of one of the latter with a simple

numerical example.



CHAPTER 5

Conclusions

The main focus of this work was the study of the convergence properties of the Separated
Representation strategy using tools from the theory of greedy algorithms.

The degeneracy of the Fokker—Planck operator compelled us to give careful consideration
to the functional-analytical setting we would give to our arguments. We studied the properties
of the Maxwellian-weighted Sobolev spaces and tensor-product-weighted Sobolev spaces that
arose naturally from our analysis, and expounded on the geometric properties of the domains
they are defined upon.

We performed the basic analysis on the well-posedness and convergence of the contin-

uous greedy algorithms |Algorithm 1| and |Algorithm Il| and then proceeded to characterize

subspaces of the space of solutions with rapid convergence By. We defined families of sub-
spaces in terms of weighted summability of squared Fourier coefficients, which motivated
the study of the spectral properties of the single-domain (low-dimensional) elliptic Fokker—
Planck operators. Then, we defined subspaces of B; in terms of weighted Sobolev regularity
of their members. We found that spaces which control derivatives of high overall order but
still relatively low component-by-component order are especially well suited to this task. We
used elliptic regularity results to show either (in the single-domain case) equivalence between
certain spaces of weighted summability of squared Fourier coefficients and spaces defined in
terms of regularity or (in the tensor-product domain case) inclusion relations between these

two classes of families of subspaces of Bj.

We also analyzed the discrete greedy algorithms [Algorithm V| and [Algorithm VI| where

the approximation terms are sought in the tensor product of finite dimensional subspaces. In
the case of we found a way to produce, in this nonlinear approximation setting,
composite convergence rate estimates involving both the iteration number of the greedy al-
gorithm and a measure of the discretization error. For certain families of finite-dimensional
spaces—in particular, for spaces defined using polynomials—we gave regularity conditions
on the true solution that guarantee the validity of the composite rate just mentioned. We
discussed what stands between the algorithms in their current form and algorithms suitable

for computational work, and illustrated an implementation with a simple numerical example.

Among the possible avenues of further work, of various importance, we mention:

133
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Approximating convection terms implicitly, using least-squares-like formulations to
maintain the characterization of the solution to the Fokker—Planck equation as a
minimum of a functional.

Proving that Maxwellians associated with Inverse Langevin force law are also, near
the boundary of their domain, the product of a power of the distance-to-the-boundary
function and a smooth function.

Simplifying the definition of the I:Iﬁ(gx spaces, m € {2,4}, defined in ([B.78) and
B9) and, possibly, of their (1/2,2) (real) interpolation, tentatively named I:Ii’/l?g))(
after (3.83]).

Obtaining full equivalence between the subspaces of Hy, (D) defined by the weighted
summability of their squared Fourier coefficients and the subspaces of H,l\,I (D) defined
by weighted integrability of their derivatives.

Understanding why we had to use a non-standard spherical coordinate system in the
proof of the iterated elliptic regularity result [Lemma 3.26]

Extending the results obtained in [Subsection 4.1.6] for polynomial-based search sub-

spaces from the tensor product of intervals to the tensor product of discs and spheres.

Obtaining Aj; j-stability results from approximation results or vice versa, as they
seem to be related.

Analyzing the minimization procedure used in practice to obtain the iterates of the
discrete greedy algorithms.

Applying the various auxiliary results to the analysis of other approximation schemes.

Finally, we believe that, in the process of producing this work, we have not only advanced

the understanding of the Separated Representation strategy, but also obtained a number of

results that are of wider interest, which, to the best of our knowledge, were not previously

available in the literature.



APPENDIX A

Auxiliary results

A.1. Some results on distributions

Throughout this section © will denote an open subset of R%.

Lemma A.l. Let « € N& and f,g € LL (). Then,
Ape) = [ (10— (-1)lgp) =0 Yo e CF(@) = Apylp) =0 Voe i)

In other words, a weak derivative of order |a| can be defined by using Cga‘(Q) test functions
instead of the usual CP () test functions.

Proof. The right-to-left implication is immediate. The left-to-right implication is a conse-
quence of Theorem 2.1.6 in [Hor83|. O

Lemma A.2. Let o € N¢ and let f € LL (Q) and g € C(Q) be such that dsf € L (Q) and
0sg € C(Q) for all f < a. Then, 0n(fg) € LIOC(Q) and

=) il 50! Dot (A1)
B<a

where the convention y! = Hie[d] yi! for all v € N¢ has been followed.

Proof. To begin with, the result is obviously true for a = (0,...,0). Once we have shown
that the result is valid for |o| = 1, the final result will follow from standard combinatorial

arguments and an induction procedure.
Let, then, |o| = 1 and let ¢ € CP(2). From [Lemma Al and the fact that gy € C(€)
we have that

0= / (fOa(gp) + O0afgp) = / ((fOag + Oafg)p + fg0awp) .
Q Q

Then, as the products fg, 0o fg and fd,g are LL () functions, 9,(fg) = fOag + Oafyg is a
distributional identity. O

The purpose of the following lemma is to formulate a result analogous to Theorem 3.41
of [AF03| for weighted Sobolev spaces without resorting to density arguments, which may
be unavailable for one or both of the weighted Sobolev spaces being connected.
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Lemma A.3. Let T be an invertible C*(Q) transformation with codomain Q and let f €

LL (Q) be such that its distributional derivatives are in Li. (Q) up to the order o € N%. Then,
Oa(f o = D Map(@sfoT™") € Li(9), (A.2)
1<BI<] e

where My g is a polynomial of degree not exceeding |B| in derivatives of orders not exceeding

la| of the various components of T~1.

Proof. Let S denote the inverse of T" and let Sy denote the its k-th component. From Theo-
rem 6.1.2 in [H6r83] and the remark that follows it we know, first, that there exists a unique
continuous linear map S*: D'(Q) — D'(Q) whose restriction to C(£2) is u — 1o S and, second,
that the chain rule,

d
0,8 u=">_0;8; S*Opu
k=1
holds in D’(£2). It is easy to see (either directly or from the proof of Theorem 6.1.2 of [H6r83])
that S*u has the explicit form

S*u(p) = u((poT)|det(VT)|) Ve CP(Q).

For a regular distribution such as f the above characterization and the change of variable
formula for integrable functions (see, e.g., [Bog07, Theorem 3.7.1]) makes S* f precisely the
regular distribution associated with the Llloc(Q) function f o S. Similarly, S*0f will be the
regular distribution associated with the Li (€) function Of o S. Hence, 9;(f o T7') =
ZZ:1 0;Sk0f o S and (A.2) is proved for || = 1. An induction argument then establishes
(A2) in the general case. O

Lemma A.4. Let Q and T be as in[Lemma A3 and let w be a weight function defined on 2.
Then, f € H™(Q) if, and only if, fo T~ € Hg‘(ﬁ) and there exist positive constants c1(m)
and ca(m) such that

cillf o T lgm@y < Ml (@) < c2llf o T lm @y,

where 0 = wo T~ 1.

Proof. We use [Lemma A.3| to replace the first part of the proof of Theorem 3.41 of [AF03].
Then, the rest of that proof, mutatis mutandis, carries over to our case. ]

A.2. Variational eigenvalue problems

The following abstract lemma states standard results (essentially, the Hilbert—Schmidt
theorem and some of its corollaries). As we could not find these results in the literature in

the precise form stated here, we provide a brief proof.
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Lemma A.5. Let H and V be separable infinite-dimensional Hilbert spaces, with V € H
and V. = H in the norm of H. Let a: V x V — R be a nonzero, symmetric, bounded and
elliptic bilinear form. Then, there exist sequences of real numbers, denoted by (An: n € N),

and unit H-norm members of V, denoted by (e,: n € N), which solve the following problem:
Find A € R and e € H \ {0} such that

ale,v) = Ne,v)g YveV. (A.3)

The A, which can be assumed to be in increasing order with respect to n, are positive, bounded
from below away from 0, and lim,_ . A, = 00.
Additionally, the e, form an H-orthonormal system whose H-closed span is H and the

rescaling e, /\/ An gives rise to an a-orthonormal system whose a-closed span is V', so we have

h = i(h, en)en and ||h||; = i(h, en)y  VYheH (A.4)
n=1 n=1
and
> €En €En 2 > €En 2
v:;a<v, m) oW and |]U\|a:;a<v,m> YveV; (A.5)
further,
heH and i)\n(h,en>%{<oo — heV. (A.6)

n=1
Proof. This proof is an adaptation of the proof of Theorem IX.31 in [Bre83|. The Lax—
Milgram lemma implies the existence of an operator T: H — V where, given h € H, T(h) is

defined as the unique solution in V' to the variational problem
a(T(h),v) = (h,v)g YveV. (A.7)

It also follows, via the elliptic stability estimate of the Lax—Milgram lemma and the continuity
of the embedding V < H, that T is bounded. Let i: V — H denote the embedding operator
that maps V into H, i.e., v € V +— i(v) = v € H. Then, T :=io T is a bounded operator
defined on H with values in H; as i: V — H is a compact linear operator, it follows that
T: H — H is a compact linear operator. Further, for all (h,h') € H x H,

(T(h), 1) = (T (h), ) = (I, T(h))r = a(T (1), T (h))
= a(T(h),T(W)) = (h, T(W)) i = (b, T(h)) s,

whence T is self-adjoint. Thus, thanks to Theorem VI.11 in [Bre83] (the spectral theorem for
compact and self-adjoint operators in Hilbert spaces), there exists an H-orthonormal system
(en: m > 1) of eigenvectors of T' such that

e}

h=) (hengen and |[hl;; = (hen)yy  VheH (A.8)

n=1 n=1
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As, for all h € H, (T'(h),hyg = a(T(h),T(h)) and a is V-elliptic, all the eigenvalues of
T are nonnegative. Also, as T is bounded, the set of its eigenvalues is also bounded. Now,
by Theorem VI.8 in [Bre83], the set of nonzero eigenvalues of T is either empty, or finite,
or countable with 0 as its only accumulation point. However, on account of ([A.8)), the latter
alternative is then the one that holds.

If 0 were an eigenvalue of 7', there would exist e € H \ {0} such that T'(e) = 0; i.e.,
e € Ker(T). However, from (A7) we then have that e € V4. As H = V @ V1# in the
norm of H and V is dense in H, V+# = {0}, which contradicts e # 0. Therefore, 0 is not an
eigenvalue of T'.

From the above, we can take the eigenvectors e, of (A.8) as associated to positive eigen-
values p,, bounded from above, arranged in decreasing order (411 < py for n > 1) with
limy, 00 tn, = 0. A consequence of the absence of 0 from the spectrum of T is that all the
eigenvectors of T have to be members of the smaller space V.

Assuming that p # 0 and e € V' \ {0}, we have that T'(e) = pe if, and only if, a(e, w) =
p~Ye,w)y for all w € V. Then, all the eigenvalues of the eigenvalue problem ([A.3) are
reciprocals of eigenvalues of T with the possible exception of 0. However, from the V-ellipticity
of a, 0 cannot be an eigenvalue of the problem (A.3)). On defining ), := ;! and setting the
en to be the same as in (A.8) we obtain the desired existence and distribution statements
about of the eigenvalues of (A.3).

We observe from a(en, €m) = A\p(en, em)m, n > 1, that the sequence (en/m: n > 1) is
an a-orthonormal system in V. Let us denote the a-closure of its span by V. Then, v € Vie
if, and only if, a(v,e,) = 0 for all n > 1. As each e, is an eigenfunction of the problem ([A3))
associated to a nonzero eigenvalue, it follows from (A.8) that v = 0 and therefore Vite = {0}.
Thus, V = V @ V4e =V and we have the desired V-spanning property of the e, (the desired
H-spanning property was already given in (A.g)).

Using Theorem VI.9 of [Bre83| on the properties of Hilbert sums, we can turn the H-
and V-spanning properties of the e, into the expressions (A4]) and (A]), respectively.

As (A, e,) is an eigenpair of [A3), a(v, en/vVA) = Vv, en) g for all v € V; this and
the second expression of ([ALH]) give the right-to-left implication in (AZ6]). Let us now consider
an h € H that satisfies the left-hand side of ([A.f]). As the e,, are members of V, the partial

sums
k

hi == Z(h, en)Hen

n=1

also belong to V. The a-orthonormality of the e, /v/A, leads to the equality, for 1 < k <[,

l
b = hill2 =D Anlhoen)tr
n=k+1
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As the real series > 7 | A (h, en)%{ is assumed to converge, the above expression tends to 0 as
k and [ tend to oo. Hence, (hi: k > 1) is a Cauchy sequence in V' and thus converges to some
heV. AsV is continuously embedded in H (a consequence of being compactly embedded),
the limit /& has to be the same limit the hi; have in H. That is, h = h € V. This completes

the proof of (A.6). O
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