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Abstract

Computational tools are at the forefront of modern day engineering as they offer low cost,
timely, and informed approaches to product design, with finite element analysis packages being
particularly favoured in industry for predicting the behaviour of physical systems. When
high-rate structural components are designed using such approaches, it is typical to allocate
constitutive models that reflect experimentally measured material behaviour to the parts being
analysed. A common shortcoming of this approach, especially in industrial applications, is
the phenomenological nature of the models, which can only make predictions of bulk-level
mechanical behaviour, and do not offer insight into the mechanisms driving material behaviour.

Over the last few decades, numerous methodologies to enable the consideration of the
lower length-scale phenomena driving the bulk-level mechanical behaviour of polycrystalline-
based metals have been proposed, which can be categorised into two branches, mean-field
and full-field. As the mechanisms driving plasticity in such materials are found interior to
a grain, but the orientation of a collection of grains are found to dictate anisotropic bulk-
level mechanical behaviour, crystal plasticity-considered approaches have become popular in
literature. Mean-field crystal plasticity-based models provide insight into the relative activity of
available micro- and meso-scale deformation mechanisms, as well as their effect on homogenised
bulk-level behaviour. Whereas, full-field approaches enable consideration of the heterogeneity
of the stress field manifesting in the polycrystalline structure, and thus the relative activity
of the deformation mechanisms in individual grains.

Presented in this thesis is a hierarchical full-field-considered approach to the development
of high-rate-based microstructure-aware constitutive models for magnesium alloys. At the
heart of the full-field polycrystalline-based simulations is a rate-dependent explicitly-run crystal
plasticity-based user-subroutine that describes plasticity through both dislocation glide and
homogenised twinning mechanisms. The reason for incorporating the user-subroutine into
an explicit framework being that they are better suited for high-rate-based analyses. Two
magnesium alloys, WE43-T6 plate and AZ31B-O sheet, were selected as model materials to
present the developed capabilities as accurate predictions of their high-rate behaviour are difficult
to make owing to the low symmetry possessed by the material system’s unit cell, and the presence
of textures. It was shown through an example where armour plates are blast-loaded, that by
fully resolving micro- and meso-structural features, the potential to delve into the phenomena
underpinning high-rate bulk-level mechanical behaviour becomes possible, thus offering the
ability to design them to improve a material system for its component’s specific application.
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1
Introduction

Computational tools are at the forefront of modern day engineering as they o�er low cost, timely,

and informed approaches to product design [1], with �nite element analysis packages being

particularly favoured in industry for predicting the behaviour of physical systems. Advances in

computing are continually pushing the limits of what is possible, with headway in stochastic-based

methods for assessing system performance [2, 3], data-driven approaches to system design [4, 5],

and the development of sophisticated FEA modelling architectures [6, 7] being but a few. One

route that o�ers signi�cant potential is the utilisation of lower length-scale models to inform scales

above. This is because a wealth of data becomes available that otherwise would not be predicted

if the higher level-models were run with just models for that scale. For example, FEA models

are commonly used in the design of structural components in industry. In these, constitutive

models that re�ect experimentally measured material behaviour are typically allocated to the

parts being analysed (e.g. rubber parts are allocated hyper-elastic-based constitutive models,

metal parts, plasticity-based constitutive models, etc). A shortcoming of this is that these

constitutive models tend to be phenomenological, and as such, do not o�er insight into the

mechanisms driving material behaviour. However, through the use of physically-based lower

1
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length-scale models, not only are these mechanisms identi�ed, but the ability to design them to

improve component performance through choice of processing route becomes realisable.

This thesis strove to develop and exploit such capabilities for magnesium alloy-made

(polycrystalline-based metal) structural components destined for high-rate applications, with

its format adopting that described in the following. Prior to a literature review or any formal

description of theory, a high-level study typical of one conducted in industry was completed. Here,

the suitability of replacing a hard steel plate with one magnesium alloy-based for blast shielding

applications was explored (the reason being presented later) through use of a FEA model

ran using commercially available software. The developments required to then subsequently

enable the consideration of magnesium alloys treated to other conditions or comprising di�ering

compositions were then discussed. This example then continued to serve as an overarching

narrative to present how microstructure-aware constitutive models could be used to design

magnesium alloy-based material systems to better them for their component's speci�c application,

with the relevant literature reviews and descriptions of theory to develop such a capability

being conducted on-the-�y where required. To note, the microstructure-aware aspect was

achieved through the homogenisation of full-�eld mesoscale models, and as such the additional

opportunities o�ered by these models were then discussed. After this, the thesis then steered its

focus to expected future work and publications, and closed with concluding remarks.

Magnesium alloys were identi�ed as the model material system of choice as they are among

the lightest of the structural alloys making them attractive for use in the design of structures

where mass is a key constraint (e.g. electric cars, next generation aircraft), and because recent

advances have led to the development of various magnesium alloy compositions that possess

a good combination of manufacturability, thermo-mechanical behaviour, and environmental

in-service properties [10�12]. However, there are complexities associated with their use in

high-rate scenarios that necessitates the consideration of their micro- and meso-structures.

This becomes evident when the �ow stresses with strain-rate and orientation for the rolled

magnesium alloys with compositions WE43 (contains 3.7-4.3 wt% yttrium, 2.3-3.5 wt% rare

earths, in this case neodymium, and 0.2 wt% [minimum] zirconium), and AZ31, (contains 3.0

wt% aluminium, 1.1 wt% zinc, and 0.49 wt% manganese) are compared (see Figures 1.1 and

1.2). The magnesium alloy WE43 underwent direct chill casting, homogenisation treatment,

hot-rolling on a reversing mill, and then heat-treatment to a T6 condition [13]. Whereas, the
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Figure 1.1: E�ect of strain-rate and orientation on �ow stresses of Mg alloy AZ31B-O sheet [8].
Rate-dependence was observed as an increase in true stress with rate for all loading con�gurations;
minimal orientation dependency was noted for in-plane tensile loading; clear tension-compression
asymmetry was exhibited with in-plane loading; and strong orientation dependence was noted between
the compressed in-plane and out-of-plane directions (behaviour transitioned from a sigmoid shape to a
logarithmic one).
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Figure 1.2: E�ect of strain-rate and orientation on �ow stresses for Mg alloy WE43 plate [9]. When
compared to Figure 1.1, this composition's behaviour seems much more isotropic for both in-plane
and out-of-plane loading, and the extent of tension-compression asymmetry is signi�cantly reduced.
Similar rate-dependent behaviour was still however observed.

magnesium alloy AZ31 was commercially available in a rolled sheet form supplied in a fully

annealed condition (O-temper) [8]. It is clear from these plots that these magnesium alloys

exhibit, to various extents, anisotropy, tension-compression asymmetry, and rate dependence,

depending on their composition and processing route. The orientation dependency and tension-

compression asymmetry is particularly pronounced for AZ31B-O sheet (compare its in-plane

and ND compressed, and in-plane compressed and tensioned curves), when compared to the

much more isotropically behaving WE43. These variations in �ow stresses were speci�cally

believed to arise due to the di�erences in composition a�ecting mechanisms found at the micro-

and meso-scales. As such, these are discussed next.

The accentuated tension-compression asymmetry and orientation dependency of AZ31B-O

sheet, when compared to WE43 plate, can be traced to the low symmetry hexagonal close

packed (HCP) unit cells found in magnesium alloys [14, 15]. When magnesium alloys are

rolled or extruded, strong textures like that shown in Figure 1.3 develop in the material

system through c/a ratio in�uenced preferential slip [16]. This texture coupled with the low
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Figure 1.3: Micrograph and texture of extruded AZ31B magnesium alloy as told through inverse
pole Figures.

symmetry HCP crystal provides the basis for anisotropic mechanical properties. Examples

of intragranular orientation-dependent deformation mechanisms include dislocation glide and

twinning (it was twinning that was responsible for the particularly strong tension-compression

asymmetry and orientation dependency seen in AZ31B-O sheet [17]). The fact these orientation-

dependent mechanisms dictate the bulk mechanical properties so signi�cantly shows that features

characterising micro- and meso-structure, such as texture, (that are themselves telling of the

material's processing route) need to be considered if the material system is to be designed.

Subsequently, if predictions can be made on the performance of a particular magnesium alloy

material system based on these features, there exists the possibility to tailor their design through

choice of material processing route to better suit them for a component's speci�c application.

It is these types of considerations for magnesium alloy-based material systems destined for

high-rate applications that this thesis aims to develop.

A number of research centres have already made signi�cant impact in this area, with PRISMS

[18], DAMASK [19], IMDEA [20], and Los Alamos National Laboratory's Visco-plastic self-

consistent (VPSC) user-subroutine [21] being but a few. A common link in their strategies

to this problem is that they tend to focus on much smaller length-scale problems, they do

not concern themselves with making their capabilities available for the design of components,

and that information tends to be handled hierarchically (i.e. information is propagated up

through length-scales instead of being called concurrently). The exception to the last point

is Los Alamos National Laboratory's VPSC user-subroutine that utilises analytical models
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based on averaging to predict the plastic deformation of polycrystalline aggregates and as

such their constitutive behaviour at the component scale. Here, insight into the relative

activity of various crystal plasticity-based mechanisms are made available through use of an

anisotropic visco-plastic ellipsoidal inclusion embedded in a homogeneous anisotropic e�ective

medium (HEM) representing the polycrystalline aggregate. However, as the mesostructure is not

explicitly modelled, a full-�eld representation of the stress heterogeneity is not generated, thus

inhibiting further investigation of localisation. In contrast, the approaches opted for by PRISMS,

DAMASK, and IMDEA do produce full-�eld stresses. They achieved this by allocating crystal

plasticity-based constitutive laws to �nite element representations of grains that themselves

comprise a polycrystalline structure. These models are frequently referred to as crystal plasticity

�nite element models (CPFEMs) and have become commonplace when studying full-�eld stresses

or texture evolution of polycrystalline structures. This is because they are better suited for

predicting stress and strain heterogeneity for given boundary conditions, especially with the

advent of polycrystalline generating algorithms. Implicitly solved CPFEMs [19, 22�25] are

favoured in literature with fast spectral solvers [19, 20] also starting to take traction. However,

the large time-steps of implicit solvers make them unfavourable for rate-dependent analyses,

and the lack of fast spectral-based solvers in commercially available FEA codes was foreseen to

hinder the development of spatial multi-scale models that could concurrently run CPFEMs in

component-level models (discussed in Section 5.3). Subsequently, it was concluded that a gap in

literature existed in the subject areas of upscaling data from high-rate-loaded CPFEMs to the

component-level through homogenisation, and high-rate-loaded component-level models that

considered mesostructural detail. This thesis aimed to address these gaps using explicit-based

solvers which are well suited for high-rate analyses but are not commonly used to solve CPFEMs.

However, if they were, they tended to be used to study materials with high symmetry unit

cells [26, 27] and as such did not consider twinning. Nonetheless, they were identi�ed as the

solver of choice due to their suitability for high-rate analyses and because they are commonly

used in component-level analyses, thus o�ering an easier entry point into developing spatial

multi-scale concurrent-based modelling approaches.

The opted for approach for upscaling data involved �rst building high �delity full-�eld models

of mesostructure similar to the CPFEMs in Sriram, 2017, Yaghoobi et al., 2019, and Adzima et

al., 2017, [27�29], with notable di�erences being that the crystal plasticity-based user-subroutine
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developed in this thesis was implemented into an explicit FEM solver, the formulation considered

slip and homogenised-based twinning in a rate-dependent manner, and that the unit cell of the

targeted material system had a low order of symmetry. These CPFEMs were then sized into

representative volume elements (RVEs), using a high-performance computer cluster, to enable

hierarchical parameterisation of component-level constitutive models, thus facilitating scale-

bridging. As the CPFEMs enable the study of localised stress �eld heterogeneities resulting from

grain size distributions, texture, etc., and a link between these features and the component-level

could be established, the potential to set up optimisations to ascertain characteristics that would

yield desirable bulk-level characteristics now existed, thus facilitating a data-driven framework

to material design through the active design of micro- and meso-structure.

Further capabilities that full-�eld homogenisation approaches o�er include uncertainty

quanti�cation of the e�ect the aleatoric nature of mesostructure has on bulk mechanical

properties. The characterisation of such variation could serve as the basis for stochastic-based

models as it could be used to generate a population of parameters for the constitutive models

run at the component-level to sample from (e.g. the Johnson-Cook plasticity or VPSC models).

However, a problem with this hierarchical parameterisation of longer length-scale models is

that a J2-plasticity model with hardening behaviour that re�ects the correct functional form

needs identifying. This becomes problematic when a material exhibits anisotropic mechanical

properties like that of AZ31B-O sheet shown in Figure 1.1. Here, the stress-strain behaviour

transitioned from a sigmoid (for in-plane uni-axial loading) to a logarithmic (for out-of-plane

uni-axial loading) shape; this problem is discussed in great detail throughout. Moreover, other

further capabilities include the potential to introduce additional mechanisms dependent on stress

localisation, such as inter- and intra-granular cracking. Having given an account of the bottom-up

capabilities o�ered by such a framework, the top-down opportunities are now discussed.

As the proposed upscaling framework translated crystal plasticity information to component-

level models, the potential to add mesostructure detail to discrete areas now exists. This could

be achieved in several ways, for example, a component-level model could be set-up with a

gradient in mesh resolution to enable mapping of mesostructure resolution. Such a model

would be run with a sub-cycling algorithm to facilitate e�cient running [30], and could be

used to investigate the e�ect of badly orientated grains in stress-sensitive areas, or to capture

the incipient stages of crack initiation; Zhang et al., 2022, [31] utilised such an approach to
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reduce the runtime of a FEM that predicted the dynamic response of a nuclear power plant

subjected to an impact and the resulting shock induced in the nearby underlying soil/rock.

However, if the areas to add mesostructure detail are not knowna priori , then adaptive mesh

re�nement could be conducted on-the-�y in areas exhibiting high strain gradients, and mesoscale

resolution added when the element size fell below a threshold value [32]. Having now discussed

top-down implementations of mesoscale features into high-rate component-level models, the

magnesium alloy compositions used as model materials are now detailed.

The developed capabilities were showcased using magnesium alloys WE43 and AZ31. WE43

was chosen because of its superior properties compared to Al-Mg alloy 5083 and conventional

Mg alloy AZ31 [33], the fact it remained so isotropic, and to build on the extensive research

already conducted on this material through the UK Engineering and Physical Sciences Research

Council (EPSRC) grant (EP/R513295/1) that is also funding this work. AZ31 was also chosen

as it exhibits strong and unique tension-compression asymmetry (as shown in Figure 1.1) that

stems from twinning, thus making it a prime magnesium alloy composition to showcase the

meso- to bulk-level upscaling predictive capabilities of the developed framework. Let it be

noted that the versatility of the developed capabilities meant that they are not just limited to

magnesium alloys but that they could be extended to consider other HCP-based systems, or

indeed other crystal systems altogether. Having provided an introduction to the work completed

in this thesis, and having given an account of the materials used to showcase the capabilities

developed, the questions this thesis ultimately strove to answer are now posed,

ˆ Can constitutive models that correctly predict the �ow stresses of WE43-T6 plate and

AZ31B-O sheet be developed to enable their consideration in the design of components

(such models are currently not available in commercial code)?

ˆ Is it possible to generate approximations of the full-�eld stress heterogeneity that develops

at the mesoscale from bulk mechanical characterisations of a material using CPFEMs?

ˆ Could a hierarchical link between these CPFEMs and component-level constitutive models

be established where the e�ect of altering micro- and meso-scale features (such as solutes

and precipitates, texture, grain size distribution, etc.) in�uences the scale above?

ˆ Subsequently, would it be possible to design these micro- and meso-scale features to

improve the performance of a component for its speci�c application?
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ˆ Finally, could the datasets generated through the homogenisation and characterisation of

CPFEMs be leveraged to facilitate novel, data-rich modelling strategies?

These questions were addressed by �rst working through an example that investigated the

performance of the magnesium alloy WE43-T6 and AZ31B-O material systems when used as

blast resisting armour plating. It was through this example that the need to develop appropriate

component-level constitutive models was identi�ed, thus making obvious why the �rst question

was posed. This example was then used as an conduit to discuss the bene�ts of considering

micro- and meso-scale features in the design of a material system, making relevant the second

through to fourth question. Finally, the opportunities o�ered by fully realising mesostructural

features were then presented, addressing the last question.



2
Blast-loaded plate example

2.1 Chapter Overview

Armour plates are conventionally manufactured from hardened steel, however magnesium alloys

such as WE43 are being researched as possible alternatives due to the fact thicker sections can

be utilised for the same mass penalty, potentially o�ering improved protection. This section

starts by discussing the complexities associated with designing structural components with

magnesium alloys and then moves on to presenting analyses where hardened steel and WE43-T6

armour plates were subjected to blast-loads using boundary conditions and constitutive models

available in the widely used FEA package LS-Dyna; this example serves as an overarching

narrative throughout the rest of the thesis to present why microstructure-aware constitutive

models are bene�cial, with literature reviews being conducted on-the-�y where required. The

lack of suitable constitutive models to predict the required anisotropy or the sigmoid-shaped

�ow stresses of sheet AZ31B-O with in-plane compression was subsequently highlighted and the

need to develop them identi�ed. The chapter then concludes with the question of whether the

bulk mechanical properties of a component could be linked to micro- and meso-scale phenomena,

and if these could be designed to improve component performance.

10
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2.2 Study of blast-loaded plates

Designing structures with magnesium alloys presents a multitude of challenges owing to

complex microstructure and the inherent transversely isotropic properties of their HCP unit cell.

Such challenges include anisotropy, directional-dependent strain-rate sensitivity, and tension-

compression asymmetry, all of which stem from the low symmetry of the unit cell and limited

number of slip systems available [13, 33�36]. Notably, the di�culty of accommodating <c>

axis deformation through slip leads to twinning as twinning modes (extension or compression)

are more readily activated at room temperature than the relevant <c+a> slip systems. As

a result, twins are seen to nucleate, propagate, and grow for these load types [37, 38]. Slip

systems are re-orientated within these twinned domains and as such could become favourably

oriented for activation, thus contributing to the evolving directional-dependent characteristics

seen at the bulk-level [39]. Bhattacharyya et al., 2016, Platts, 2019, and Hidalgo-Manrique et

al., 2017, [13, 36, 40] also showed that, for magnesium alloy WE43, precipitates have signi�cant

bearing on both the critically resolved shear stresses required to drive thermally activated

dislocation glide on particular slip systems, and the resulting strain-hardening characteristics,

thus further contributing to anisotropy. It is interactions like these that propagate anisotropic

and directional-dependent properties from the mesoscale to the material's bulk.

Typically, phenomenological models that use empirical relationships consistent with the

aforementioned fundamental theory but not derived from it are the standard constitutive models

of choice in industry to model deformation in metals because of their simplicity [27]. The

Johnson-Cook model [41], for example, is particularly favoured as it requires a minimum of

�ve material constants to be de�ned for an isotropic material meaning minimal experimental

calibration is necessary. However, their use alone is not su�cient to give insight into the

complex mechanisms shown to underpin the high-rate related behaviour of magnesium alloy

sheets and plates. Physically-based models such as the Oxford titanium constitutive model

[42] developed its theory from micro-mechanic considerations, meaning that its prediction

of �ow behaviour is physically-based. However, a consequence of this is that its calibration

requires the use of large datasets that may be di�cult to obtain. Another approach, that is

the focus of this work, is to shift aspects of this dependence on in-depth experimental datasets

to lower length-scale models, thus enabling exploration of the e�ects micro- and meso-scale

features have on bulk stress-strain behaviour.
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Figure 2.1: Finite element model of disc shaped armour plate from various angles. Constrained nodal
rigid body connectors were used to attach a 1111 kg nodal mass to the nodes on the circumference
of the disc. The nodes on the circumference were only permitted (0, 1, 0) translational DOF. The
impulse mine keyword was assigned to the other side of the plate.

The advantages of using magnesium alloy WE43-T6 armour plating in place of conventional

hard steel armour plating, as well as the limitations of the constitutive models currently available

to industry, are now demonstrated through a example conducted using the commercially available

explicit FEA package LS-Dyna; an explicit solver was used as they are best suited for high-rate

analyses due to their small time-steps. The �rst analysis that was set up investigated the blast

response of the hard steel armour plate. A pictorial representation of the FEM is presented in

Figure 2.1, with details of the plate, mesh, and called upon boundary conditions and constitutive

models being reported in Table 2.1. The impulse mine keyword [44] is a boundary condition that

applies initial velocities to selected nodes to emulate the impulse imparted by the detonation

of a buried land mine. While the simpli�ed Johnson-Cook constitutive model is one that is

based on Eq. 3.52 discussed later, but only considers strain and strain-rate sensitive plasticity,

and was set to delete elements that exceeded 0.2 e�ective plastic strain. The nodes on the

circumference of the disc shaped armour plate were only permitted (0, 1, 0) translational DOF

and were rigidly constrained to a node of mass 1111 kg in the manner shown. The sequence of

images along the top of Figure 2.2 shows the resulting response of the plate with time from

front and rear viewpoints. Fracture was observed to occur at 0.6 ms. The plot beneath these

images presents the calculated� 11 stress with time for the selected elements shown. This plot
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Figure 2.2: (Top) Sequence of images showing the evolving deformation and resulting� 11 stress
(GPa) of a blast-loaded hard steel plate as viewed from the front and rear. Fracture was observed 6 ms
after initial blast. (Bottom) Elements selected from model to report � 11 stress. (Middle) Plot showing
stress with time for selected elements. Initially, the blast receiving side goes into compression, whereas
the opposite side goes into tension. After this, the stress was seen to oscillate in an under-damped
manner where the opposite side was seen to oscillate between tension and compression, while the blast
receiving face oscillates for the majority in a state of tension.
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Parameters Value Units

Material Hard steel [43] -

Constitutive model Simpli�ed Johnson-Cook -

� 7.75� 10� 6 kg/mm 3

E 212.70 GPa

� 0.30 -

A 1.539 GPa

B 0.477 GPa

n 0.18 -

C 0.012 -

E�ective plastic strain at failure 0.20 -

Plate parameters

Diameter 1000 mm

Thickness 25 mm

Mass 152.17 kg

Impulse mine parameters

Equivalent mass of TNT 6.0 kg

Density of overburden soil 2.2� 10� 6 kg mm� 3

Depth 140 mm

Mine cross sectional area 4.538� 104 mm2

Blast vector (0, 1, 0) -

Model settings

Element size 19.7� 6.25� 19.7 mm� mm� mm

No. elements 8160 -

Table 2.1: Parameters used in hard steel plate blast analysis.

identi�es that the plate underwent compressive and tensile loading.

The simulation was then repeated with the same settings but the hard steel plate swapped

out for a thicker Mg alloy WE43-T6 one of equivalent mass (Table 2.2 summarises this model's

parameters). In this instance an anisotropic plasticity model that exhibited tension-compression
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Figure 2.3: (Top) Sequence of images showing the evolving deformation and resulting� 11 stress (GPa)
of a blast-loaded WE43-T6 plate as viewed from the front and rear. Fracture but no penetration was
observed 6 ms after initial blast. (Bottom) Plot showing stress with time for selected elements. Initially,
the blast receiving side goes into compression, whereas the opposite side goes into tension. After this,
the stress was seen to oscillate in an under-damped manner. The opposite was seen to oscillate in a
state of compression, while the blast receiving face oscillates between tension and compression.
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Parameters Value Units

Material Magnesium alloy WE43-T6 [13] -

Constitutive model Simpli�ed Johnson-Cook -

Orientation parameters re�ect In-plane (compression) -

� 1.70� 10� 6 kg/mm 3

E 42.00 GPa

� 0.27 -

A 0.140 GPa

B 0.340 GPa

n 0.347 -

C 0.0046 -

E�ective plastic strain at failure 0.20 -

Plate parameters

Diameter 1000 mm

Thickness 115 mm

Mass 153.50 kg

Model settings

No. elements 36721 -

Table 2.2: Parameters used in WE43-T6 plate blast response simulation. The constitutive model
parameters re�ect in-plane hardening under compression. Parameters not listed re-used the values
shown in Table 2.1

asymmetry would have been ideal. However, the tabulated orthotropic Johnson-Cook model in

LS-Dyna could not be successfully run without crashing the analysis, and no other anisotropic

rate-dependent plasticity models were available. Consequently, the analysis was run using

the same simpli�ed Johnson-Cook constitutive model as before but with parameters re�ecting

the in-plane compression of WE43-T6 plate being used; this decision was made as WE43 was

shown to exhibit a relatively small degree of tension-compression asymmetry [9] especially

when compared to sheet AZ31B-O. The sequence of images along the top of Figure 2.3 again

shows the evolution of the� 11 stress with time, and that fracture was observed on the face

opposite to the blast, but in this case it was not penetrative at 0.6 ms. The plot beneath clearly
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Figure 2.4: Comparison of leading node velocity pro�les from both blast simulations.

shows that this plate also experienced compressive and tensile loading. Comparing the velocity

pro�les of the leading node on the opposite face of the blast of both simulations (see Figure

2.4) quantitatively showed that using a thicker section of armour plate reduced the magnitude

of the initial rise of the blast. This coupled with the fact the fracture of the WE43-T6 plate

was not penetrative within the same time-period could ultimately mean lives saved if it was

used in-place of the hard steel plate without adding extra mass to the system.

The analysis was not run for sheet AZ31B-O as the same justi�cation to run the analysis

could not be made due to the fact the its tension-compression asymmetry was so severe. It

should also be noted that none of the constitutive models available in LS-Dyna could predict the

in-plane compressed sigmoid-shaped �ow stresses observed either. As such, these were identi�ed

as further shortcomings of the commercially available software package.

Even though a strong argument for using magnesium alloy WE43-T6 armour plating has

been presented, it should be noted that the completed simulation may not be as accurate as

the hard steel one. This is because an isotropic plasticity model was used to model a material

system that was clearly shown to exhibit anisotropy and tension-compression asymmetry (the

parameters used in the Johnson-Cook plasticity model in this instance are only re�ective of

the material under in-plane compression). Therefore, a constitutive model that could predict

anisotropy, rate-dependence, and tension-compression asymmetry is required to improve accuracy.

Furthermore, plasticity models that could recreate the in-plane compression sigmoid-shaped
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�ow stresses of sheet AZ31B-O were not available and were also identi�ed as being required

if this composition was to be accurately considered. These complexities, as well as general

deformation, stem from mechanisms and features found at lower length-scales. Linking them

to component performance presents the opportunity for their design to optimise a material

system for a component's speci�c application.

Through the completion of this study, it became clear why some of the questions raised

in Chapter 1 were posed. Of these questions, the following were relevant to this body of

work (and were answered later in the thesis),

ˆ Can constitutive models that correctly predict the �ow stresses of WE43-T6 plate and

AZ31B-O sheet be developed to enable their consideration in component-level analyses, as

these are not currently available in commercial code?

ˆ Could a link between lower length-scale models and component-level constitutive models be

established where the e�ect of altering micro- and meso-scale features (such as solutes and

precipitates, texture, grain size distribution, etc.) in�uence bulk mechanical properties?

ˆ Would it be possible to design these micro- and meso-scale features to improve the

performance of a component for its speci�c application?



3
Component-level numerical framework

3.1 Chapter Overview

This section strove to answer the questions identi�ed at the end of the last chapter, and starts

with a detailed mathematical description of the explicit solver used to run the blast-loaded

plate study in Chapter 2. Explicit solvers were favoured over implicit ones due to their small

time-steps making them better suited for high-rate analyses. A constitutive model that was

able to reproduce the anisotropy of WE43-T6 plate was then identi�ed whose description was

provided. This model was however unable to recreate tension-compression asymmetry and

so required modifying to do so, with a simpli�ed approach being opted for. This model was

subsequently further modi�ed to enable predictions of the sigmoid-shaped �ow stresses exhibited

by in-plane compressed AZ31B-O sheet. Veri�cation studies were subsequently completed to

ensure the desired constitutive behaviour was predicted, and the plate blast analysis from the

previous chapter re-run. Having now developed the constitutive models required to predict

how the model material systems behave at the component-level (addressing the �rst question

posed), the question was then raised if this behaviour could be related to micro- and meso-scale

considered models (addressing the second and third questions).

19
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3.2 Description of Explicit Solver

The blast simulations conducted in the previous chapter were run using the commercially

available FEA package LS-Dyna. However, a lot of the early developmental work conducted

during this thesis was completed using the in-house developed updated-Lagrangian FEA code

DEST, whose formulation is similar to that of LS-Dyna. Within this code, a leap-frog integration

scheme is used where increments of deformation are applied to the boundaries of elements,

and the material's state variables from the previous time-step are made available, allowing

for path-dependent evolution of a system. Equilibrium is enforced through the conservation

equations, with the assumption that the stress state is constant over the time-step, allowing

for the velocity gradient to be calculated. The description of the explicit solver starts with the

requirement that the conservation of mass postulate is satis�ed. This is achieved by enforcing,

d
dt

Z


 t

�dv = 0; (3.1)

where� is the instantaneous density,v is the current volume, and
 t is the domain that material

particles (p) belong to at time t. The equilibrium equations for the system were determined

using Hamilton's principle and the Lagrangian (L) that is de�ned by,

L = T � U + Wnc; (3.2)

whereT and U are the total kinetic and potential energies respectively, andWnc is the work

done by the non-conservative forces. Hamilton's principle states that the �rst variation of the

integral of Eq. 3.2 (J -integral) with respect to time is zero, thus,

@J=
Z t2

t1

@(T � U + Wnc)dt = 0: (3.3)

For a solid body the components of the Lagrangian are expressed by,

T =
1
2

Z



� _u 2dV; (3.4)

U =
Z



� : � dV; (3.5)

Wnc =
Z



� bdV +

Z



r � [�u ]dV; (3.6)
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where _u is the velocity vector �eld, V is the reference volume,� is the Cauchy stress tensor,

� is the strain tensor,b are body forces, andu is the displacement vector �eld. Substituting

these into Eq. 3.3 and manipulating yields the momentum balance equation,

� b + r � � = � •u 8p 2 
 : (3.7)

Rotational equilibrium is enforced by ensuring symmetry of the Cauchy stress tensor,

� = � T : (3.8)

The energy balance equation is derived by �rst taking the time derivative of the kinetic

energy for a body occupying domain
 ,

_T =
Z



� _u � •udv: (3.9)

The external power acting on the body is then given by,

P =
Z



� b _udv +

Z

� t

t (n ) � _uda; (3.10)

where� is the domain's boundary. Applying the divergence theorem to the second term in Eq.

3.10 yields,

P =
Z



[(r � � + � b) � _u + � : r _u ]dv; (3.11)

which for in�nitesimal deformations (� : r _u = � : D ) and applying Eq. 3.7 follows,

P = _T +
Z



� : D dv; (3.12)

where D is the rate of deformation tensor. The heat �ow into a body is,

Q =
Z



�r (x)dv �

Z

� h

h(x ; n )da; (3.13)
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wherer (x) is the rate of radiant heat supply density andh(x ; n ) is the heat out�ow per unit

time per unit surface area. The �rst principle of thermodynamics asserts that there exists a

state variable e, called the internal energy density, such that

@
@t

Z



�edv = Q +

Z



� : D dv: (3.14)

Through the application of a traction vector it can be obtained that,

h(x ; n ) = q(x ) � n; (3.15)

where q(x) is the heat �ux vector so that for any given domainH � 
 ,

Z

H
�rdv �

Z

@H
q � n da =

Z

H
[�r � r � q]dv; (3.16)

which after applying the divergence theorem yields the energy balance equation,

� _e = � : D + �r � r � q: (3.17)

To apply the momentum balance equation (Eq. 3.7) to a discretised continuous system,

the strong form shown is replaced with a weak form that requires equilibrium be satis�ed

globally for the entire body. The weak form of this equation describes equilibrium in terms of

the virtual work equation through the application of a test function, and integration over

the current volume of the body,

@W=
Z

� t (
)
(r � � + � b � � •u ) � � vdv = 0: (3.18)

Through manipulation this can be expressed as,

@W=
Z

� t (
)
� •u � � vdv +

Z

� t (
)
� : � D dv �

Z

� t (@
)
t � � vda �

Z

� t (
)
� b � � vdv = 0; (3.19)
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and rewritten in terms of �nite element discretisation,

@W=
n=# nodesX

i =1

� v i � (F inert
i + F int

i � F ext
i ); (3.20)

where,

F inert
i =

m= # elementsX

e=1

Z

� t (
 e)
� N a

i N b
i •u i dv; (3.21)

F int
i =

mX

e=1

Z

� t (
 e)
� r xN a

i dv; (3.22)

F ext
i =

mX

e=1

Z

� t (@
 e)
N a

i ( t)da+
mX

e=1

Z

� t (
 e)
N a

i � bdv; (3.23)

are the inertial, internal, and external force vectors respectively, andN i represents the element

shape function. Since Eq. 3.20 must be satis�ed for all cases of the arbitrary virtual velocities,

the equation can be rewritten in terms of nodal equilibrium,

F inert
i + F int

i � F ext
i = 0: (3.24)

If the mass matrix in F inert
i is then diagonalised (mii ), the system of di�erential equations

resulting from explicitly integrating Eq. 3.24 through the leap-frog integration method uncouple,

meaning they can be solved independently for each degree of freedom through the following,

•ui;N = m� 1
ii (f ext

i (u t ) � f int
i (u t )) ; (3.25)

_ui;t +� t=2 = _ui;t � � =2 + •ui;t � t t+� t=2; (3.26)

ui;t +� t = ui;t + _ui;t +� t=2� t t+� t ; (3.27)

where,

� t t+� t=2 =
� t t + � t t+� t

2
: (3.28)

Half increments denote variables available during the solve while variables denoted with integers

are available at the start and end of the time-steps. The unconditional stability requirement

for the explicit leap-frog time-stepping scheme is� t � 2=! max , where ! max is the element
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maximum eigenvalue. A conservative estimate for the stable time increment is,

� t � min
L c

cd
8 
 ; (3.29)

whereL c is the characteristic element length andcd is the current e�ective dilatational wave

speed of the material. Having presented the formulation of the explicit solver, attention turned

to identifying and developing a component-scale plasticity model that exhibited the required

anisotropy, tension-compression asymmetry, and sigmoid �ow stresses.

3.3 Development of required component-level constitu-

tive model

Constitutive laws are used to evaluate the unknown value of stress in the virtual work

equation. As mentioned throughout up to now, plasticity models that exhibit anisotropy,

tension-compression asymmetry, rate-dependence, and sigmoid �ow stresses are required to

accurately predict the behaviour of high-rate loaded structural components made from either

WE43-T6 plate or AZ31B-O sheet. The main concepts of plasticity models are the decomposition

of the strain-rate, the elastic constitutive law, yielding, plastic �ow rules, and hardening laws.

Strain-rate at a given stress can be decomposed into two parts, a small recoverable elastic strain

and a large irreversible plastic strain for the conditiond� d� p � 0; with it only equalling zero

if d� p = 0. The linear elastic strains are related to the applied stress state through,

d� e

dt
= S

d� e

dt
; (3.30)

where S is the fourth order compliance tensor that can be reduced to a second order6 � 6

tensor using Voigt notation.

There are a number of plasticity models available in LS-Dyna that exhibit anisotropy,

however each has its own limitation that made them unsuitable for the example presented in

Chapter 2. For example, the tabulated Johnson-Cook orthotropic plasticity model [45] was

stated to possess a few of the desired traits through use of its J3-dependent yield surface.

However, this model was isotropic in the elastic regime, could only predict power-law �ow
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stresses (making it unsuitable for predicting the required sigmoid shape), and it seemed generally

unstable when attempts were made to use it. Another available plasticity model was the Hill-

3R-3D model that combines orthotropic elastic behavior with Hills anisotropic plasticity theory

[46]. Even though this model o�ered improvements over isotropic elastic models, it lacked

the necessary rate-dependence required to enable accurate predictions of deformation for high-

rate loaded structures. Furthermore, it also lacked tension-compression asymmetry, and only

allowed the de�nition of one hardening rule, which again meant it was incapable of predicting

both the required logarithmic and sigmoid-shaped �ow stresses. Another potentially viable

constitutive model available to the author was that developed by Cousins, 2016 [42]. This

model is based on the Bammann-Chiesa-Johnson (BCJ) model [47] (dismissed in this work

due to its complexity and the need for a high number of input parameters) that was modi�ed

to include anisotropy and tension-compression asymmetry. These were incorporated using

Hills plasticity theory [46] and the Drucker-Prager criterion [48] (expansion of the von Mises

criterion), respectively. Even though this model possessed some desirable traits, the inability

to allow for an evolving degree of anisotropy was of concern. Additionally, its formulation

inhibited the prediction of sigmoid �ow stresses.

Recently, an anisotropic Johnson-Cook plasticity model was developed in the ISML (Impact

and Shock Mechanics Laboratory) [49] that was based on a generalised radial-return mapping

algorithm for anisotropic von Mises plasticity framed in material eigenspace [50], thus combining

anisotropy and rate-dependence. The generalised form of this algorithm meant it could be

modi�ed to work with most hardening laws, making it an ideal candidate. What follows is its

description and details on how it was modi�ed to deliver on the desired requirements.

3.3.1 Formulation of anisotropic Johnson-Cook plasticity model

For yielding to occur, current plasticity theory states that the stress �eld vector must lie on the

material's yield surface and not exceed it. This is known as a consistency condition. If stress

does exceed the yield surface, plastic �ow becomes in�nite and non-physical. Therefore, the yield

surface moves to maintain this condition and consequently transfers energy. Plastic �ow rules are

used as part of this balance and enable predictions of the components of the plastic strain-rate

by requiring the principle of maximum plastic resistance be satis�ed. This means that the yield

surface must be convex, the plastic strain increment is normal to the yield surface, and the
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strain-hardening rate must be� 0. Hardening laws are then used to describe how the material's

state variables (that set the yield surface) evolve with plastic strain; plastic �ow potentials that

relate the plastic strain-rate to the evolution of the yield surface are known as associative �ow

rules. The two most common approaches to model the evolution of the yield surface are through

isotropic and kinematic hardening laws that are based on J2-plasticity, and see the yield surface

scale in size or translate, respectively. Considering this, the most appropriate place to start the

description of the ISML anisotropic Johnson-Cook plasticity model was with its yield criteria.

This model uses the the Hill quadratic yield criterion [46] which is a modi�cation of the

von Mises criterion that introduced a scaling coe�cient (F , G, H , L, M , and N ) to each

of the six axes de�ning a hyper-ellipsoid,

f Hill = F (� 22 � � 33)2 + G(� 33 � � 11)2 + H (� 11 � � 22)2 + 2( L� 2
23 + M� 2

31 + N� 2
12) � 1; (3.31)

that prescribed its anisotropic yield surface. Eq. 3.31 can be written in tensor notation as,

sT As � 1; (3.32)

wheres is a deviatoric stress andA is a fourth order tensor de�ning anisotropy.A can then be

reduced to the second order tensor (if symmetry is exploited and Voigt notation used),

A =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

G + H � H � G 0 0 0

� H F + H � F 0 0 0

� G � F F + G 0 0 0

0 0 0 2L 0 0

0 0 0 0 2M 0

0 0 0 0 0 2N

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (3.33)

This matrix was derived by �rst setting s = Pdev� wherePdev is the deviatoric stress projection
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matrix, that in Voigt notation takes,

Pdev =
1
3

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2 � 1 � 1 0 0 0

� 1 2 � 1 0 0 0

� 1 � 1 2 0 0 0

0 0 0 3 0 0

0 0 0 0 3 0

0 0 0 0 0 3

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (3.34)

Substituting this into Eq. 3.32 gives,

(Pdev� )T A (Pdev� ) = � T (Pdev)
T A (Pdev) � = � T (Pdev) A (Pdev) � = � T A � : (3.35)

Working through the above reveals,
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6
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2a12

a44

a55

a66

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

�
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5

= 1; (3.36)
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that when expanding out Eq. 3.31 and relating common terms presents,

2
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6
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6
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6
6
6
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7
7
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=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
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6
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G + H

F + H

F + G
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� A =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

G + H � H � G 0 0 0

� H F + H � F 0 0 0

� G � F F + G 0 0 0

0 0 0 2L 0 0

0 0 0 0 2M 0

0 0 0 0 0 2N

3

7
7
7
7
7
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7
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7
7
7
7
7
7
7
5

: (3.37)

From this, expressions for the six coe�cients (F , G, H , L, M , and N ) can then be deduced by set-

ting up a series of uni-axial loading scenarios where the yield point is unknown (assuming that the

principal material axes align with the principal stress axis). Working through the loading scenario,

� =

2

6
6
6
6
6
4

� 11 0 0

0 0 0

0 0 0

3

7
7
7
7
7
5

; (3.38)

it was shown that,

(� 11)2 =
1

G + H
; (3.39)

which following through for the other two principal axes yielded,

(� 22)2 =
1

F + H
(3.40)

(� 33)2 =
1

F + G
: (3.41)
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These were then rearranged to give expressions forF , G, and H ,

F =
1
2

h
(� 22)

� 2 + ( � 33)
� 2 � (� 11)

� 2
i

(3.42)

G =
1
2

h
(� 33)

� 2 + ( � 11)
� 2 � (� 22)

� 2
i

(3.43)

H =
1
2

h
(� 11)

� 2 + ( � 22)
� 2 � (� 33)

� 2
i

: (3.44)

To determine expressions for the parameters located in the shear components ofA , scenarios

where uni-axial loads orientated 45� in-between the three principal axes were set-up, thus resulting

in three additional load scenarios denoted0, 00, and 000, with orientations as shown in Figure 3.1.

Coordinate systems were then superimposed on top of these scenarios so that the uni-axial load

aligned with a basis vector. For example,0 would have a coordinate system that had its 22

principal axis aligned with the uni-axial load. This is equivalent to rotating a coordinate system

that is aligned with the principal axes 45� in the anti-clockwise direction around the 11 principal

axis. Consequently, loads in this coordinate system were mapped onto the principal axes through,

� = ( Q � ) � 0(Q � )
T ; (3.45)

where Q � is a rotation matrix. Worked through, this gave,

� = � 0

2

6
6
6
6
6
4

0 0 0

0 0:5 0:5

0 0:5 0:5

3

7
7
7
7
7
5

; (3.46)

that when substituted into � T (Pdev) A (Pdev) � yields,

 
� 0

6

! 2

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 2

1

1

3

0

0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

T 2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

G + H � H � G 0 0 0

� H F + H � F 0 0 0

� G � F F + G 0 0 0

0 0 0 2L 0 0

0 0 0 0 2M 0

0 0 0 0 0 2N

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 2

1

1

3

0

0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (3.47)
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Figure 3.1: Orientation of 0, 00, and 000uni-axial loads (relative to principal axes) used to determine
expressions for parameters in shear components ofA .

The following can then be set if the above is expanded out and the assumption is made

that the stress �eld vector lies on the yield surface,

1 = 9(G + H + 2L)

 
� 0

6

! 2

: (3.48)

This was then combined with Eq. 3.39 to give,

L =
� 2

� 0

� 2

�
1
2

(� 11)
� 2 : (3.49)

M and N were then also determined in a similar way,

M =
� 2

� 00

� 2

�
1
2

(� 22)
� 2 (3.50)

N =
� 2

� 000

� 2

�
1
2

(� 33)
� 2 : (3.51)

Subsequently, the coe�cients of the tensor that describe the anisotropic yield surface can now

be expressed as functions of the e�ective �ow stress along six di�erent directions.

The yield surface is de�ned at the start of every time-step by prescribing a Johnson-Cook

model to each of the six directions and using tensorA . The Johnson-Cook model takes the form,

� Y = ( A + B (� p
e� )n ) (1 + C ln (� � )) (1 � (T � )m ) ; (3.52)
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where the �rst term describes the increase in resistance to plastic �ow as a result of plastic

straining, the second the e�ect of strain-rate, and the third the e�ect of temperature.A, B ,

n, C, and m are non-physical material parameters,� � is a normalised e�ective strain-rate, and

T � is a homologous temperature. Parameters� � and T � are de�ned respectively as,

� � =

8
>>><

>>>:

_� p
e�
_� p
0

_� p
e� > _� p

0

1 _� p
e� � _� p

0

(3.53)

T � =
T � Tr

Tm � Tr
; (3.54)

where _� p
0 is a reference plastic strain-rate commonly chosen as 1 s� 1, and Tm and Tr are the

material melting and reference temperatures, respectively.

Now that a description for an anisotropic yield surface has been established, the formulation

of the plastic potential is discussed; this is complex as it depends on the contributions from

each of the six Johnson-Cook models. In order to calculate it for a multi-axial load case,

the parameter sets for the Johnson-Cook models were mapped to �ve independent (one per

parameter) 6-D hyper-ellipsoids. As the e�ective parameter set at the beginning of the time-step

(tn) is dependent on the direction of the stress �eld vector on the yield surface, a scaling

back is required. This scaling took the following form,

�
xef f

i

�

n
=

(sn )T (A x i ) sn
3
2sij sij

; (3.55)

thus giving values for the e�ective parameters for a given stress state. Here
�
xef f

i

�

n
represent

any one of the e�ective Johnson-Cook parameters (A, B , n, C, and m), and sn is the deviatoric

stress associated with the stress �eld vector,� n . The anisotropy tensorA x i is similar to
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that de�ned earlier and took the form,

A x i =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

Gx i + Hx i � Hx i � Gx i 0 0 0

� Hx i Fx i + Hx i � Fx i 0 0 0

� Gx i � Fx i Fx i + Gx i 0 0 0

0 0 0 2L x i 0 0

0 0 0 0 2M x i 0

0 0 0 0 0 2Nx i

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (3.56)

with the coe�cients being determined using a similar methodology,

Fx i =
1
2

[x i; 22 + x i; 33 � x i; 11] (3.57)

Gx i =
1
2

[x i; 33 + x i; 11 � x i; 22] (3.58)

Hx i =
1
2

[x i; 11 + x i; 22 � x i; 33] (3.59)

L x i = 2x0
i �

x i; 11

2
(3.60)

M x i = 2x00
i �

x i; 22

2
(3.61)

Nx i = 2x000
i �

x i; 33

2
: (3.62)

As the �ow rule was assumed associative, the plastic strain increment is normal to the yield

surface and parallel to the stress �eld vector. This meant the derived expressions will allow

the determination of an e�ective plastic potential for a given time-step.

Through use of an associative �ow rule, where the plastic deformation has proportionality

to a plastic multiplier � 
 (during yielding), as given by,

d� p = d

df
ds

; (3.63)

the rate of change of the plastic multiplier can be related to the equivalent plastic strain through

the consistency condition and the principle of work equivalency to give,

d�p
e� = � d


@fHill

@sy
: (3.64)
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Coupling the discussed theory with that from Versino and Bennet, 2018 [50], yielded a

framework that enabled a prediction of the plastic multiplier,� 
 , and consequently the e�ective

plastic strain, � � p
e� , from a trial stress, � tr . Its formulation begins with taking the total strain

increment, � � , decomposing it into elastic,� � e, and plastic parts, � � p,

� � = � � e + � � p = � � e + � 
 A (� n + C� � e) ; (3.65)

multiplying both sides by C, and rearranging to give,

� � tr = C� � = C� � e + � 
 CA (� n + C� � e) : (3.66)

C was then eigendecomposed intoQC and � C such that C = QC � C (QC )T . QC is a matrix of

horizontally catenated columnar eigenvectors and� C is a diagonal matrix of eigenvalues ordered

such that each columns on-diagonal element sits in the same columnar position as its correspond-

ing eigenvector does withinQC . Substituting these into Eq. 3.66 meant it could be rewritten as,

� � tr � � 
 CA � n = QC

�
� C + � 
 � C (QC )T AQ C � C

�
(QC )T � � e: (3.67)

Two new variables Q0
C = QC

p
� C and B = (Q0

C )T A Q0
C that essentially represent a

transformation of basis were then de�ned. Substituting these into the above yielded,

� � tr � � 
 CA � n = Q0
C (I + � 
 B )) ( Q0

C )T � � e: (3.68)

Given B is symmetric, another eigendecomposition was performed givingB = QB � B (QB )T

that was substituted into Eq. 3.68 which was rearranged to,

� � e = ( Q0
C )� T QB [I + � 
 � B ]� 1 (QB )T (Q0

C )� 1 [� � tr � � 
 CA � n ] : (3.69)

� � e was then multiplied by C
�
= QC � C (QC )T = Q0

C (Q0
C )T

�
to give,

� � = Q0
C QB [I + � 
 � B ]� 1 (QB )T (Q0

C )� 1 � � tr �

Q0
C QB [I + � 
 � B ]� 1 (QB )T (Q0

C )T A � 
 � n : (3.70)
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Through substitution of (Q0
C )T A = B (Q0

C )� 1, and de�ning � = Q0
C QB and ~� = � � 1� (es-

sentially creating a second shift in coordinate system), an expression for~� n +� ~� tr was arrived at,

~� n + � ~� tr = [ I + � 
 � B ] (~� n + � ~� ) : (3.71)

Considering ~� n+1 = ~� n + � ~� and ~� tr = ~� n + � ~� tr resulted in,

� n+1 = � [I + � 
 � B ]� 1 � � 1� tr : (3.72)

Given the yield function has the form,

f �
1
2

�
sT As

�
=

1
2

�
� T A �

�
� 1; (3.73)

Yielding at tn+1 can then be determined by evaluating,

f =
1
2

(~� tr )T [I + � 
 � B ]� 1 � T A� [I + � 
 � B ]� 1 ~� tr : (3.74)

As it can be shown that � T A � = � B , this resulted in,

f =
1
2

(~� tr )T [I + � 
 � B ]� 1 � B [I + � 
 � B ]� 1 ~� tr : (3.75)

De�ning � = [I + � 
 � B ]� 1 � B [I + � 
 � B ]� 1 then produced,

f �
1
2

�
sT As

�
=

1
2

(~� tr )T � ~� tr : (3.76)

Here � is diagonal with its terms given by,

� ii =
(� B ) ii

(1 + � 
 (� B ) ii )
2 ; (3.77)

where(� B ) ii is the ith diagonal term of � B . The criteria for yielding can then be checked and if

found to occur, a suitable value for� 
 can be iteratively converged upon using the consistency

condition to ultimately determine the equivalent plastic strain.
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Figure 3.2: Comparison of leading node velocity pro�les from blast-loaded WE43-T6 plate simulations
that called upon isotropic and anisotropic-based constitutive models. The anisotropic model was
observed to predict a reduction of� 10 m/s (� 4%) in the peak velocity.

3.3.2 Application to blast-loaded WE43-T6 plate analysis

Using the anisotropic plasticity model described thus far, the blast-loaded WE43-T6 plate

analysis conducted in Chapter 2 was re-run but with the added consideration of the plate's

transversely isotropic mechanical properties. To do so, only the constitutive model of the FEA

model needed substituting. All parameters were kept the same except for those required to

predict the material's out-of-plane strain-hardening. Here, the values shown in Table 3.1 were

used. Where data was not available (i.e. two of the primed vectors in Figure 3.1 if the plate was

assumed to exhibit transversely isotropic characteristics), a linear interpolation was assumed

(X 0 = X 22 + X 33
2 ). As no data that characterised the material under tension was available, it

was assumed that the material had the same constitutive behaviour in tension as compression

even though slight variations were seen at quasi-static strain-rates for other WE43 tempers

[9, 36]. Despite this, it was still believed that the accuracy of the model's prediction would

be improved as a result of the additional consideration of anisotropy.

Figure 3.2 compares the peak velocity of the leading node from blast simulations that called

upon the isotropic and anisotropic-based constitutive models. The anisotropic-based constitutive

model predicted a small reduction in velocity throughout, with a� 10m/s (� 4%) drop in peak

velocity being observed. This was not unexpected as strength was added in the normal direction.
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Parameters In-plane Out-of-plane Units

A 0.140 0.189 GPa

B 0.340 0.244 GPa

n 0.347 0.264 -

C 0.0046 0.0043 -

Table 3.1: Anisotropic Johnson-Cook Parameters [13] used in Eq. 3.52 for blast-loaded magnesium
alloy WE43-T6 plate analysis.

3.3.3 Modi�cation to include tension-compression asymmetry

The theory described in the previous section is su�cient to describe anisotropy, however it

was unable to predict the tension-compression asymmetry of sheet AZ31B-O (this included

the observed sigmoid �ow stresses with in-plane compression). As such, the ISML model was

further modi�ed to incorporate it. Being able to predict the sigmoid �ow stress was of particular

interest as it stemmed directly from twinning (a microscale phenomenon), making it ideal for

showcasing the meso- to macro-scale-bridging capability presented in the following chapter.

Tension-compression asymmetry was implemented using a simpli�ed approach (due to time

constraints) that evaluated volumetric strain, more rigorous implementations would be grounded

in more sophisticated J3-plasticity theory. To establish if a material point is under compression

or tension the volumetric strain for the current time-step was determined using,

d�n
V = d�n

1 + d�n
2 + d�n

3 : (3.78)

Comparing this to the volumetric strain of the previous time-step facilitates the following

categorisation of load type,

load type =

8
>>><

>>>:

tension; if � n
V > 0;

compression; if � n
V < 0:

(3.79)

Through this characterisation, di�erent hardening laws could be invoked as required for tensile

or compressive loading. For example, if an element is classi�ed as being under tension for

an arbitrary time-step, then the Johnson-Cook hardening law (Eq. 3.52) could be called

upon. Whereas, if the element is under compression, the following hardening rule (as proposed
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Figure 3.3: Conceptual representation of yield surface for an arbitrary plastic strain (� p
e� ) for the

developed two hardening law-based constitutive model. The yield surface shown re�ects isotropic
hardening, whereas anisotropic has been implemented. This would see the circular yield surface replaced
by one of irregular shape.

by Kurukuri et al., 2014, [8]) could be used to give the desired sigmoid-shaped �ow stress

with in-plane compression,

� Y =
K 1K 2 � K 3 (� p

e� )K 4

1� K 5 _� � K 6

K 2 + ( � p
e� )K 4

: (3.80)

Here, K 1 is the initial yield strength, K 2 controls the extent of the plateau associated with

twinning, K 3 is a scaling parameter that controls the slip-dominated region,K 4 controls the

point of in�ection, and parameters K 5 and K 6 set strain-rate dependencies.

Tension-compression asymmetry implemented in this manner may not be representative of

the material system on a whole as both hardening laws are dependent on the e�ective plastic

strain (� p
e� ) and the strain-rate (_� ). So, for example, if the plate was initially loaded in tension,

it would harden with plastic strain following the Johnson-Cook law. However, as the measure of

plastic strain increased, the yield surface associated with compression, as de�ned by Eq. 3.80,

would still evolve, even though the criteria to activate the mechanisms that lead to the observed

sigmoid �ow stress were not met. This results in the formation of a two part yield surface like

that presented in Figure 3.3. This was not deemed problematic for the presented example as the

blast resistance of the plate is primarily driven by the initial rise (i.e. not associated with reverse
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loading) which is where the majority of plastic strain occurred. Therefore, this implementation

comes with the caveat that it may not provide accurate predictions for analyses involving more

substantial reverse loading. Another issue that became apparent on inspection of Figure 3.3

is the discontinuity on the deviatoric plane associated with pure shear loading. Further work

would be required if this load type was to be considered. Nevertheless, no pure shear loads were

encountered in the example, so it was not believed a cause for concern. Regardless of these

shortcomings, the developed model was still believed to better predict the blast-load response

of AZ31B-O plate compared to FEMs utilising just the isotropic Johnson-Cook model.

A more complete physically-based constitutive model would see the strain-hardening due to

dislocation interactions being separated from the hardening due to twinning; this thesis proposed

exactly this through the use of physically-based lower length-scale CPFEMs and data-driven

approaches (detailed in Chapters 4 and 5). Adopting lower length-scale models also presented

the opportunity to address the issue that not all compressed orientations yielded sigmoid �ow

stresses. Figure 1.1 shows that ND compressed specimens exhibited power-law hardening

(consistent with the non-activation of extension twinning), which the currently developed model

would not be able to predict (attempts to address it are presented in Chapter 5). Nevertheless,

as most of the plate's blast resisting characteristics comes from its in-plane strength, the fact this

orientation dependence with compression was not captured was deemed not too problematic.

Considering the description in Section 3.3.1, an e�ective yield functionf e� (( � p
e� )n ; � � p

e� ; � t; T )

needed to be formulated for the hardening law, Eq. 3.80, for a given set ofK e�
i parameters to

compute @fe�

@
�

� � p
e�

� . This expression was arrived at by di�erentiating Eq. 3.80 with respect to� p
e� ,

� = K 1K 2; � = K 2 + ( � p
e� )K 4 ; � 0 = K 4(� p

e� )K 4 � 1; 
 =
K 3(� p

e� )K 4

1 � K 5(_� p
e� )� K 6

(3.81)


 0 =
K 3� 0

1 � K 5(_� p
e� )� K 6

�
K 3(� � K 2)

(1 � K 5(_� p
e� )� K 6)2

(K 5K 6(_� p
e� )0(_� p

e� )� K 6 � 1) (3.82)

where(_� p
e� )0 = 0 gives
 0 =

K 3� 0

1 � K 5(_� p
e� )� K 6

: (3.83)

Finally � Y =
� � 


�
, yields (� Y )0 = �

� 0�
� 2

�

 0

�
+


� 0

� 2
: (3.84)

The implementation of this hardening law into the tension-compression considered generalised

eigenspace radial-return mapping algorithm was veri�ed by comparing the predictions of a FEM

allocated this constitutive model against those of an analytical model.
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Figure 3.4: Schematic showing mesh and boundary conditions of FEM used to verify sigmoid
hardening law implementation.

The models were allocated the parameters presented in Table 3.2, with the FEM being

prescribed the boundary conditions shown in Figure 3.4. Figure 3.5 shows good agreement

between the two models' predictions of the yield stress with plastic strain. The oscillations

at the onset of plasticity were believed to be due to the the shock-wave interfering with itself

within the body, and the slight deviation observed due to the distribution of the velocity �eld

throughout the mesh that resulted from how the boundary condition was applied (the analytical

model was ideal as it considers the stress to be uniform in the volume). Figure 3.6 supports

these claims as it shows the smooth application of velocity to node 1428 on the outer face, and

the resulting oscillating velocity pro�le of the unconstrained interior node 1426. The interior

node was also observed to converge to a lower velocity compared to that of the constrained

exterior node, showing a distribution in velocity exists throughout.

Parameter Value Unit

K1 114.2 MPa

K2 5.3 � 10� 5 -

K3 12.1 -

K4 3.8 -

K5 1.02 -

K6 3.5 � 10� 4 -

_� p
e� 1000.0 s� 1

Table 3.2: Parameters [8] allocated to analytical and FEMs for veri�cation study.

To assess the implementation of tension-compression asymmetry, the above FEM was adapted

to consist of two uni-axial tests as shown in Figure 3.7 (one to investigate tension, the other
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Figure 3.5: Comparison of FEM predicted yield stress with plastic strain to that of the sigmoid
hardening law analytical model. Close agreement veri�es implementation. Oscillations during the
onset of plasticity are believed to be due to the shock-wave interfering with itself. Slight deviation
observed is believed to be due to distribution of velocity �eld throughout mesh due to application of
boundary condition.

Figure 3.6: Velocity pro�les for the shown selected nodes. The unconstrained node was observed to
have an oscillating velocity pro�le, and to converge to a lower velocity. This shows a distribution in
velocity existed throughout the mesh.
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Figure 3.7: FEMs, boundary conditions, and displacements used to investigate implementation of
tension-compression asymmetry.

Parameters Value Units

A 0.150 GPa

B 0.300 GPa

n 0.4 -

C 0.1 -

Plastic strain failure 0.2 -

Table 3.3: Johnson-Cook parameters used in tension-compression asymmetry implementation
veri�cation study. These were determined by �tting Eq. 3.52 to the curves presented in Figure
1.1.

compression). The constitutive model was allocated the parameters detailed in Tables 3.2 and 3.3.

The resulting �ltered true stress-strain curves (presented in Figure 3.8) show good agreement with

the analytically predicted yield stress with plastic strain, therefore verifying its implementation.

Finally, the rate-dependence of the sigmoid hardening law-based constitutive model was

veri�ed by comparing the stress-strain response of FEMs allocated it against analytical predictions

of the yield stress with plastic strain. The same two bodies as the last veri�cation study were

used, but this time they were compressed at 10 s� 1 and 1000 s� 1, respectively. Both sets

of models again had their predictions compared (as shown in Figure 3.9). Good agreement

was observed, with yield stress increasing with strain-rate and slight deviations being noted

(believed to be due to the same reasons as already discussed). Now that the model has been

veri�ed to predict the required tension-compression asymmetry, its utilisation in the blast-loaded

AZ31B-O plate analysis was presented next.
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Figure 3.8: True stress-strain curves predicted by FEM compared against analytically predicted yield
stress. The good agreement veri�es the implementation of tension-compression asymmetry. A moving
average �lter was applied to smooth out the oscillations at the onset of plasticity.

Figure 3.9: True stress-strain curves from FEM compared against analytically predicted yield stress
for the shown strain-rates. The good agreement veri�es the implementation of rate-dependence. The
slight deviation is believed to be due to the non-ideal conditions of the FEMs.
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Figure 3.10: Sequence of images showing the evolving deformation and resulting X-stress (MPa) of
blast-loaded AZ31B-O plate.

3.3.4 Utilisation of modi�ed ISML anisotropic Johnson-Cook plas-

ticity model in blast-loaded AZ31B-O plate study

Now that the ISML anisotropc Johnson-Cook plasticity model has been modi�ed to exhibit the

tension-compression asymmetry seen in AZ31B-O sheet, the blast-loaded plate analysis was run

with it. The parameters used were those shown in Tables 3.2 and 3.3, with the evolution of

X-stress with deformation, and the leading node velocity pro�le compared against that from the

anisotropic WE43-T6 plate analysis being shown in Figures 3.10 and 3.11, respectively. The

shock severity was shown to be� 10 m/s (� 4%) higher for the AZ31B-O plate. However, no

fracture was observed within the same evaluated time-period (occurred at 80� s), and when it

did occur its features were di�erent, as shown in Figure 3.12. This brings into question the

methodology used to predict fracture, however, as the main focus of this thesis was to develop

microstructure-aware constitutive models, fracture will be discussed only once this capability

has been presented. Therefore, if thisdelayedfracture in AZ31B-O plate was assumed accurate,

the trade-o� for increased shock severity could even be considered desirable. However, putting

this digression aside, as the mechanisms driving the strength of the plate are primarily found

at the micro- and meso-scales, the performance of the plate could be improved through their

identi�cation and design. As such, it is exactly this that the next chapter strove to facilitate.
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Figure 3.11: Comparison of leading node velocity pro�les from blast-loaded AZ31B-O and WE43-T6
plate analyses. WE43-T6 plate was observed to have a peak velocity of� 10 m/s (� 4%) lower than
that of AZ31B-O plate.

Figure 3.12: Comparison of fracture characteristics observed in plate WE43-T6 and AZ31B-O blast
analyses.

3.4 Chapter conclusion

This chapter initially set out to answer the questions listed below,

ˆ Can constitutive models that predict the �ow stresses of WE43-T6 plate and AZ31B-O

sheet be developed to enable component-level analyses as these are not currently available

in commercial code?

ˆ Could a link between lower length-scale models and component-level constitutive models be
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established where the e�ect of altering micro- and meso-scale features (such as solutes and

precipitates, texture, grain size distribution, etc.) in�uence bulk mechanical properties?

ˆ Would it be possible to design these micro- and meso-scale features to improve the

performance of a component for its speci�c application?

In doing so, a constitutive model was identi�ed that could capture the anisotropy of WE43-T6

plate. This model was subsequently modi�ed to enable prediction of the tension-compression

asymmetry and sigmoid �ow stresses with in-plane compression exhibited by AZ31B-O sheet.

These models were then showcased by re-running the blast-loaded plate analyses from the

previous chapter, thereby addressing the �rst question. The second and third questions were

not answered in this chapter, however, arguments were made throughout supporting the need

for them to be. Furthermore, the following question from those initially posed in Chapter

1 was also identi�ed as becoming relevant,

ˆ Is it possible to generate approximations of the full-�eld stress heterogeneity that develops

at the mesoscale from bulk mechanical characterisations of a material using CPFEMs?

It is hoped that by �rst focusing on this question, models will become available to aid with the

identifying and subsequent designing of mesoscale mechanisms to achieve bulk-level mechanical

properties that improves a component's performance for its speci�c application (hence providing

answers to the second and third questions). The proceeding chapter solely focuses on developing

and homogenising CPFEMs, and starts with a chapter overview that is thereafter followed by a

review of the state of research in this area, and a description of the methodology developed.



4
Toward micro- and meso-scale considered

modelling approaches

4.1 Chapter overview

The last chapter saw the development of plasticity models required to reproduce the experi-

mentally measured bulk-level mechanical behaviour of WE43-T6 and AZ31B-O plates. These

models, however, could only be used in component-level analyses, and did not o�er insight

into the mechanisms underpinning bulk mechanical properties. In this chapter, explicitly-run

full-�eld CPFEMs, based on the main deformation mechanisms observed in magnesium alloy

crystals (i.e. dislocation glide and twinning), are formulated and homogenised to facilitate

the hierarchical scale-bridging parameterisation of the aforementioned plasticity model, thus

addressing the questions posed at the end of the last chapter. In order to facilitate this, an

in-house polycrystalline generating algorithm was used to produce statistically equivalent models

of the microstructure, and a novel explicitly-run crystal plasticity-based user-subroutine was

developed, that homogenised twinning via a rate of mixtures rule and considered its contribution

46
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to hardening through a Hall-Petch-based hardening law. As each CPFEM was seeded from

a unique polycrystalline realisation that was statistically equivalent to that experimentally

measured, the opportunity to quantify the uncertainty arising from the aleatoric nature of

mesostructure presented itself. This was achieved through the creation of a distribution via the

characterisation of an ensemble of CPFEMs. The characterisation saw �ow stresses �tted to

the appropriate hardening laws of the component-level plasticity models, with the population

being deemed a distribution once measures in second order statistics converged. Having a

distribution of parameters to subsequently seed the component-level plasticity models with

presented the opportunity for stochastic-based modelling approaches. These are however beyond

the scope of this chapter and are discussed in more detail in the following one. What ensues

is a review of the current state of research in crystal plasticity modelling, the establishing

of the necessary theory for creating CPFEMs, and the uncertainty quanti�cation resulting

from their homogenisation and characterisation.

4.2 State of research

Modelling approaches that develop bulk-level constitutive laws from mesoscale features have

been extensively developed for magnesium alloys [9, 13, 36, 51]. For example, Bhattacharyya

et al., 2016, [36] completed a study to determine the role intergranular deformation modes,

such as slip and twinning, play to render WE43-T5 plate more isotropic despite its strong

texture. This in-depth analysis was completed using the polycrystal rate-independent elasto-

plastic self-consistent (EPSC) model [52] that makes use of the Eshelby inclusion problem [53].

This problem de�nes a grain by its orientation and considers it an anisotropic elasto-plastic

ellipsoidal inclusion embedded in a homogeneous anisotropic e�ective medium representing the

polycrystalline aggregate. Such models are derived from the theory of relating the activation of

slip and twin systems to granular �ow stresses [54] and thus capture crystalline heterogeneity.

The EPSC model as well as other Taylor-type models (based on similar theory as the EPSC

model) are commonly used in multi-scale frameworks [9, 51, 55�57] to predict bulk material

properties from mesostructure features. For example, Ardeljan et al., 2016, [51] made use of a

two-level homogenisation scheme where the �rst level used a Taylor-type model to relate the

contribution from single crystals to the polycrystal mesoscale, and the second level used an

implicit �nite element approach to relate the mesoscale to the material bulk; e�ectively, slip
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and twinning in single crystals are captured in the Taylor-type polycrystal homogenisation

whose constitutive laws are then embedded into the integration points of the macroscale �nite

element model. Taylor-type model approaches, however, do not take the heterogeneity of

the plastic strain �eld in a polycrystal into account as they apply a constant deformation

gradient to the domain and consequently overpredict plastic �ow stresses [58]. Bhattacharyya

et al., 2016, [36] however stated that the second level of homogenisation relaxes this iso-strain

constraint. Further limitations of these approaches include the predicted intensities of the

orientation distribution functions (ODF) being quite poor when compared to experimentally

derived textures [59] meaning they should not be relied upon for the prediction of the evolution

of texture with strain [58]. Also, the fact that grain boundaries are not discretely considered

is another limitation as it is there that localised hardening and fracture often occur [60, 61].

These reasons highlight short-comings associated with using mean-�eld approaches (i.e. EPSC,

VPSC, and Taylor-type models) to predict polycrystalline stress-strain behaviour and texture

evolution. As such, full-�eld approaches are discussed next.

Peirce et al., 1982, [62] formulated crystal plasticity theory into the �nite element method

therefore allowing the heterogeneous stress �elds in a polycrystal to be predicted in a weak

form through the principle of virtual work. Consequently, crystal-plasticity �nite element

models (CPFEM) that use constitutive laws to describe single crystal deformation, have become

commonplace when studying full-�eld stresses or texture evolution of polycrystals [19, 22�26, 62,

63] as they are better suited for predicting stress and strain heterogeneity for given boundary

conditions, especially with the advent of polycrystalline generating algorithms (e.g. DREAM3D

[64], Neper [65], VorTeX [66]). However, predictions of a material's bulk properties using these

models require careful sizing of the polycrystalline structures into representative volume elements

(RVEs), and constraining simulations as boundary value problems (e�ectively homogenising

localised heterogeneity). This is not necessary for the mean-�eld approaches discussed earlier

as their analytical nature automatically satis�es the Hill-Mandel condition [67] required for

transitioning from a meso-heterogeneous to a macro-homogenised medium.

Full-�eld homogenisation (through RVE sizing) or mean-�eld approaches are essential when

investigating the e�ects of mesostructure on components as wholesale consideration of a large

component's mesostructure in a FEM is not feasible due to the large number of degrees of
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freedom which require solving. Approaches that perform homogenization using lower length-

scale FEMs to then pass information to larger length-scale ones are considered hierarchical.

Alternatively, full-�eld CPFEMs can be used to inform constitutive behaviour at the integration

points in an FEM. Such an approach is coinedFE2 [7] and is categorised as concurrent [68].

Another concurrent-based approach could see spatial re�nements, that add �ner resolution

details to speci�c portions of a component model that require an increased level of detail (based

on ad-hocde�ned conditions) [69], conducted on-the-�y as the simulation progresses.

Implicit, explicit, and fast Fourier transform (FFT)-based spectral solvers have been used

in literature to solve mesostructural-based full-�eld boundary value problems [19, 20, 23, 26],

with each o�ering particular bene�ts with their use. Implicitly solved CPFEMs [22, 24, 25]

are favoured in literature. Although, their large time-steps make them unfavourable for rate-

dependent analyses, and, as such, ill-suited for what's required in this thesis. FFT-based spectral

solvers are attractive as they are mesh-free, meaning that the di�culties associated with meshing,

and the large number of degrees of freedom to be solved by the full-�eld calculation are avoided

[19]. However, as the intention of this work was to ultimately support the development of an

explicit-explicit time-integrated spatial concurrent multi-scale FEA architecture that facilitates

microstructure consideration in components subjected to high-rate large deformation loading,

e�orts were �rst made to develop the full-�eld homogenisation capability using an explicit solver.

Using this type of solver also presented the opportunity to incorporate intergranular cracking as

proposed by Falco et al., 2024, [70] potentially leading to exciting new facets of research.

Bene�ts of both mean-�eld and full-�eld approaches have been discussed, with the ability

to utilise VPSC models in component-level FEMs, and being able to model full stress �eld

heterogeneities, being the most forthcoming, respectively. As mean-�eld approaches have been

extensively studied, and a gap in literature seems to exist on the subject of considering mesoscale

stress �eld heterogeneities in component-level analyses, emphasis was placed on developing

the latter. Consequently, a hierarchical architecture that utilised explicitly-run CPFEMs and

polycrystalline structures sized into RVEs is proposed that in turn was used to parameterise

the plasticity models detailed in Section 3 (see the Chapter 5). As each CPFEM realisation

has its own unique heterogeneous stress �eld arising from the variability of polycrystalline

structures, the opportunity to quantify uncertainty also presented itself and is discussed later in
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this chapter. What follows is a description of the work that went into generating the statistically

representative numerical models of mesostructure.

4.3 Generation of statistically representative numerical

models of polycrystalline structures

To produce representative numerical models of polycrystalline structures, measurements �rst

need to be made. Experimental techniques that enable this can be classi�ed into two categories,

non-destructiveor destructive. An example of anon-destructivetechnique is X-ray di�raction

microscopy that generates 3D characterisations of polycrystalline-based materials [71]. An

example of adestructivetechnique is focused-ion-beam scanning-electron microscopy (FIB-SEM)

that involves serially sectioning a material at given intervals and then producing 2D SEM images

to infer 3D metrics [72]. These characterisations in-turn can be used to seed the generation of

representative numerical models of mesostructure throughdeterministic or statistical approaches.

Approaches categorised underdeterministic aim to build digital twins of polycrystalline topologies,

whereas approaches categorised understatistical aim to reproduce metrics characterising them.

Of the approaches to generate representative numerical models of polycrystalline structures,

statistical-based approaches appear most appropriate for the requirements of this thesis as they

describe the material in a broader sense rather than recreating speci�c features. This aligns well

with the intention to quantify uncertainty arising from the aleatoric nature of polycrystalline

structures and to then use this information to stochastically inform component-level analyses. As

SEM micrographs can be produced in-house and seem to be more readily available in literature,

their use was opted for to garner statistical metrics characterising a material.

Referring to the micrographs shown in Chapter 1, it is apparent that there exists a range

of grain shapes and sizes that could lead to stress �eld heterogeneities within polycrystalline

structures. These in turn could trigger local geometric and physical phenomena such as slip,

twinning, crack initiation, or grain reorientation. Consequently, it was deemed crucial that

su�cient e�ort was made to generate realistic representations. This therefore negates the

use of regular morphologic polycrystalline generating algorithms [73, 74], and puts preference

toward Voronoi-based tessellation algorithms that are capable of capturing such irregularities.

More complex methods based on grain-growth kinetics have been proposed (e.g. Phase-Field
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[75], Surface Evolver [76]) that can capture the irregular morphologies of individual grains

that Voronoi-based methods cannot, as they model convex grains with straight edges and

planar faces. However, their high computational cost makes them unattractive due to the

large number of realisations required in this work.

Among the Voronoi-based tessellation algorithms available, Poisson-Voronoi, Hardcore-

Voronoi, and Laguerre-Voronoi formulations are widely accepted to generate tessellations

statistically representative of real polycrystalline structures [77]. However, as the Laguerre-

Voronoi formulation o�ers a wider range of granular structures when compared against the

other two due to constraints it imposes on the initial state [65], the algorithm, VorTeX [66]

(that is based on this formulation), was opted for to generate the polycrystalline structures

considered in this thesis. Nevertheless, prior to discussing this particular algorithm, the classic

formulation was presented �rst as to make clear the reason for this choice.

Voronoi tessellations decompose space,< n (wheren denotes the number of dimensions), into

cells that themselves are seeded from individual nuclei. This means space can be discretised

into N �nite cells based onN nuclei. What de�nes a cellRPi that seeds from nucleusP i is that

any point, x, in < n is closer to nucleusP i than any other nucleusP j . This can be written as,

f RPi g = f x 2 < n : jj P i � x jj � jj P j � x jjg

j = 1; 2; :::; N : j 6= i: (4.1)

Considering this, it becomes apparent that the size and shape of the cells are dependent on

the position of the nuclei P i in space< n . To overcome this dependence on position, the

Hardcore-Voronoi tessellation algorithm [78] proposes a control through a scalar value,� (the

Hardcore radius), that controls the minimum distance between nuclei during the seeding process,

dictating the sphericity of a grain. This control takes the form,

jj P i � P j jj=
q

� n
k=1 (Pi k � Pj k )2 > �

8(i; j ) = 1 ; 2; :::; N : j 6= i: (4.2)

Even with this additional control, Hardcore-Voronoi-based algorithms are not able to generate

the wide range of grain sizes seen in polycrystalline structures. This is where the additional

controls of the Laguerre-Voronoi tessellation o�er bene�ts.
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The Laguerre-Voronoi tessellation introduces a power-distance rule that allocates weights

wi to individual nuclei and takes the form,

pow(x; (P i ; wi )) = jj P i � x jj 2 � wi : (4.3)

As with Voronoi tessellations, a boundary segment of a cell is de�ned by two nuclei and is

perpendicular to the line connecting them. All points on this plane are described by,

x 2 < 3 : 2hx; P i � P j i = jj P i jj 2 � jj P j jj 2 + wj � wi : (4.4)

If the weights are constrained to being positive, this allows a relationship to the radii of the

sphere to be de�ned. This consequently allows the formulation to be written as,

f RPi g = f x 2 < n : jj P i � x jj � r 2
i � jj P j � x jj � r 2

j g

j = 1; 2; :::; N : j 6= i: (4.5)

With the addition of nuclei weights manifests the non-univocal relation between cells and

nuclei that can potentially compromise the resulting tessellation. Such cases include the

following degeneratedconditions,

ˆ Nuclei not guaranteed to generate cells,

ˆ Cells can violate the one-to-one relationship with nuclei,

ˆ Nuclei may not be contained within the cell they generate.

Each of these conditions are identi�ed in Figure 4.1; celli does not contain its nucleusPi , cell

j contains multiples nuclei, and the nucleusPk does not generate any cell.

As stated in Falco et al., 2017, [77], from the examples shown and the mathematical

description, the occurrence of undesired cells can be avoided by imposing a non-overlapping

condition on the spheres that depends on the weights of the nuclei. Therefore, to ensure that

every nucleus generates a cell, and lies within it, VorTeX utilises an innovative technique for

e�ciently generating dense packings of spheres. This technique uses a conditioning method

based on a distribution of radii, tangency conditions, and an adaptation of the 3D-clew algorithm
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Figure 4.1: Illustration of a grain boundary (red line) between cell i (left) and cell j (right) generated
by the nuclei Pi and Pj [77]. Three degenerate conditions are shown; celli does not contain its nucleus
Pi , cell j contains multiples nuclei, and the nucleusPk does not generate any cell.

[79]. It proceeds by placing and designating the �rst sphere as thecentral, the second sphere is

then placed tangent to it, and the line connecting the centre of these spheres is set as the X-axis.

Each sphere after this is then added by imposing a tangency condition to both thecentral

and previously placed spheres. This process is repeated till a sphere cannot be placed. In this

instance the layer is considered saturated and thecentral sphere is updated. The spheres are

prescribed radii equal to the square root of the weight and the resulting structure takes the form

of a 3-D spiral. The algorithm implements guards to ensure that no overlapping takes place,

and that a layer is adequately saturated before proceeding to the next. Consequently, random

packings of non-overlapping spheres with radii seeded from a distribution are generated, that

in-turn, as shown in Figure 4.2, serve as the basis forx and r in the Laguerre-Voronoi tessellation.

4.3.1 Generating statistically representative numerically-based poly-

crystalline structures of WE43-T6

The process to generate representative numerical models of polycrystalline structures like those

seen in magnesium alloys is now presented. First, the distribution in grain radii as per an

EBSD micrograph of hot-rolled WE43-T6 plate [13] was measured. This was done by taking
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