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Abstract

Computational tools are at the forefront of modern day engineering as they offer low cost,
timely, and informed approaches to product design, with finite element analysis packages being
particularly favoured in industry for predicting the behaviour of physical systems. When
high-rate structural components are designed using such approaches, it is typical to allocate
constitutive models that reflect experimentally measured material behaviour to the parts being
analysed. A common shortcoming of this approach, especially in industrial applications, is
the phenomenological nature of the models, which can only make predictions of bulk-level
mechanical behaviour, and do not offer insight into the mechanisms driving material behaviour.

Over the last few decades, numerous methodologies to enable the consideration of the
lower length-scale phenomena driving the bulk-level mechanical behaviour of polycrystalline-
based metals have been proposed, which can be categorised into two branches, mean-field
and full-field. As the mechanisms driving plasticity in such materials are found interior to
a grain, but the orientation of a collection of grains are found to dictate anisotropic bulk-
level mechanical behaviour, crystal plasticity-considered approaches have become popular in
literature. Mean-field crystal plasticity-based models provide insight into the relative activity of
available micro- and meso-scale deformation mechanisms, as well as their effect on homogenised
bulk-level behaviour. Whereas, full-field approaches enable consideration of the heterogeneity
of the stress field manifesting in the polycrystalline structure, and thus the relative activity
of the deformation mechanisms in individual grains.

Presented in this thesis is a hierarchical full-field-considered approach to the development
of high-rate-based microstructure-aware constitutive models for magnesium alloys. At the
heart of the full-field polycrystalline-based simulations is a rate-dependent explicitly-run crystal
plasticity-based user-subroutine that describes plasticity through both dislocation glide and
homogenised twinning mechanisms. The reason for incorporating the user-subroutine into
an explicit framework being that they are better suited for high-rate-based analyses. Two
magnesium alloys, WE43-T6 plate and AZ31B-O sheet, were selected as model materials to
present the developed capabilities as accurate predictions of their high-rate behaviour are difficult
to make owing to the low symmetry possessed by the material system’s unit cell, and the presence
of textures. It was shown through an example where armour plates are blast-loaded, that by
fully resolving micro- and meso-structural features, the potential to delve into the phenomena
underpinning high-rate bulk-level mechanical behaviour becomes possible, thus offering the

ability to design them to improve a material system for its component’s specific application.



Contents

[List of Figures| vi
G FAG] fions <iv
1__Introductionl 1
2 Blast-loaded plate example| 10
2.1 Chapter Overview|. . . . . . . . . . . . . 10
[2.2  Study of blast-loaded plates] . . . . .. ... ... ... o000 11

[3 Component-level numerical frameworkl 19
[3.1 Chapter Overview|. . . . . . . . . . . . . 19
[3.2  Description ot Explicit Solver| . . . . . . . .. ... oo 20
[3.3  Development of required component-level constitutive model| . . . . . . . .. .. 24
[3.3.1  Formulation of anisotropic Johnson-Cook plasticity model[ . . . . . . .. 25

[3.3.2  Application to blast-loaded WE43-T6 plate analysis| . . . . . . .. .. .. 35

[3.3.3  Modification to include tension-compression asymmetry|. . . . . . . . . . 36

[3.3.4  Utilisation of modified [SML anisotropic Johnson-Cook plasticity model |

| in blast-loaded AZ31B-O plate study|] . . . . . . .. ... ... ... ... 43
[3.4  Chapter conclusion| . . . . . . . . . . ... 44

[4 Toward micro- and meso-scale considered modelling approaches| 46
[4.1  Chapter overview| . . . . . . . . . . . . 46
4.2 State of researchl . . . . . . . ... 47
[4.3  Generation of statistically representative numerical models of polycrystalline |

[ structuresl . . . . . . e e 50
[4.3.1  Generating statistically representative numerically-based polycrystalline |

[ structures of WEA43-T6l . . . . . . . . . .. 53
[4.4  Development of a crystal plasticity-based constitutive modell . . . . . . . . . .. 55
[4.4.1 Formulation ot crystal plasticity-based constitutive model . . . . . . . . . 58

[4.4.2  Verification of crystal plasticity-based constitutive model . . . . . . . .. 70

[4.5 Full-field homogenisation scheme| . . . . . . . ... ... ... 74
[4.5.1 Sizing polycrystalline structures into RVEs . . . . . ... ... ... ... 75

[4.5.2  Application of homogenisation scheme to sheet AZ31B-O| . . . . . . . .. 91

X



Contents v

[4.5.3  Uncertainty quantification of the aleatoric nature of mesostructure through |

[ a Monte-Carlo method| . . . . . . . . . . .. ..o 98
[4.6  Chapter conclusion| . . . . . . . . . . . .. 104
[ Meso- to macro- scale-bridging opportunities| 109

[>.1  Stochastic hierarchical parameterisation of the modified ISML orthotropic Johnson- |

| Cook plasticity modell. . . . . . . . ... oo 110
[b.1.1 Investigation into reproducing the compressed in-plane to out-of-plane |
[ flow stress of AZ31B-O sheetl. . . . . . . . . . ... ... ... 114
[b.1.2  Toward mesostructure trained data-driven component-level constitutive |
[ modelsl . . .. 117

[>.1.3  Attempt to optimise texture to improve performance of blast-loaded plate| 120

[5.2  Implementation of lower length-scale fracture mechanisms| . . . . . . . . .. .. 120

[>.3  Concurrent modelling through use of an explicit-explicit multi-time-stepping |

| subcycling algorithm| . . . . . . . . . . ..o o 125
[5.3.1 Review on the state of research of subcycling algorithms{ . . . . . . . .. 126

[5.3.2  Utilisation of subcycling algorithm available in LS-Dyna] . . . . . . . .. 127

[>.4 Chapter conclusion| . . . . . . . . . . . .. 130

6 Future workl 133
[6.1 Inclusion of further mechanistic behaviour into proposed homogenisation approach(l34
[6.2 Implementing even more physically-based considerations| . . . . . . .. ... .. 135
[6.3  Toward data-driven component-level constitutive models] . . . . . . . . ... .. 138
[6.4  Toward more complex modelling architectures . . . . . . .. .. ... ... ... 139
[6.4.1 Summary of an explicit-explicit subcycling algorithm| . . . . . . . . . .. 140

[6.5  Encouraging a user-base| . . . . . . ... ... 144
6.6 Publications . . . . . . . . .. 146




List of Figures

(1.1 E ect of strain-rate and orientation on ow stresses of Mg alloy AZ31B-O sheet |

[8]. Rate-dependence was observed as an increase in true stress with rate for all |

loading con gurations; minimal orientation dependency was noted for in-plane |

tensile loading; clear tension-compression asymmetry was exhibited with in-plane |

loading; and strong orientation dependence was noted between the compressed |

in-plane and out-of-plane directions (behaviour transitioned from a sigmoid shape |

to a logarithmicone)| . . . . . . . . . . .. 3

1.2 E ect of strain-rate and orientation on ow stresses for Mg alloy WE43 plate

| more isotropic for both in-plane and out-of-plane Toading, and the exient of

|
| [9]. When compared to Figure 1]1, this composition's behaviour seems much |
|
|

[ tension-compression asymmetry IS signi cantly reduced. Similar rate-dependent

(1.3 Micrograph and texture of extruded AZ31B magnesium alloy as told through |

[ Inverse pole Figures. . . . . . . . . L e e e e 5

2.1 FInite element model of disc shaped armour plate from various angles. Constrained |
nodal rigid body connectors were used to attach a 1111 kg nodal mass to the |

nodes on the circumterence of the disc. The nodes on the circumference were only |

permitted (0, 1, 0) translational DOF. The impulse mine keyword was assigned |
to the other side of the plate. . . . . . . .. .. .. ... ... ... ....... 12

[2.2 (Top) Sequence of images showing the evolving deformation and resulting

| stress (GPa) of a blast-loaded hard steel plate as viewed from the front and rear.
| Fracture was observed 6 ms after initial blast. (Bottom) Elements selected from
| model to report 1; stress. (Middle) Plot showing stress with time for selected

elements. Initially, the blast receiving side goes into compression, whereas the
opposite side goes into tension. After this, the stress was seen to oscillate in
an under-damped manner where the opposite side was seen to oscillate between
tension and compression, while the blast receiving face oscillates for the majority
inastate of tension. . . . . ... L 13

Vi



List of Figures Vil

2.3

2.4

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

(Top) Sequence of images showing the evolving deformation and resulting
stress (GPa) of a blast-loaded WE43-T6 plate as viewed from the front and rear.
Fracture but no penetration was observed 6 ms after initial blast. (Bottom) Plot
showing stress with time for selected elements. Initially, the blast receiving side
goes into compression, whereas the opposite side goes into tension. After this,
the stress was seen to oscillate in an under-damped manner. The opposite was
seen to oscillate in a state of compression, while the blast receiving face oscillates
between tension and compression. . . . . . .. ..o 15
Comparison of leading node velocity pro les from both blast simulations. . . . .17

Orientation of ©, % and °Cuni-axial loads (relative to principal axes) used to
determine expressions for parameters in shear componentsfof . . . . . . . .. 30
Comparison of leading node velocity pro les from blast-loaded WE43-T6 plate
simulations that called upon isotropic and anisotropic-based constitutive models.
The anisotropic model was observed to predict a reduction of10 m/s ( 4%) in

the peak velocity. . . . . . . . . . L 35
Conceptual representation of yield surface for an arbitrary plastic strain { ) for

the developed two hardening law-based constitutive model. The yield surface
shown re ects isotropic hardening, whereas anisotropic has been implemented.
This would see the circular yield surface replaced by one of irregular shape. . .37
Schematic showing mesh and boundary conditions of FEM used to verify sigmoid
hardening law implementation. . . . . . .. ... .. .. ... ... ... ... . 39
Comparison of FEM predicted yield stress with plastic strain to that of the
sigmoid hardening law analytical model. Close agreement veri es implementation.
Oscillations during the onset of plasticity are believed to be due to the shock-
wave interfering with itself. Slight deviation observed is believed to be due to
distribution of velocity eld throughout mesh due to application of boundary
condition. . . . . .. e e e 40
Velocity pro les for the shown selected nodes. The unconstrained node was
observed to have an oscillating velocity pro le, and to converge to a lower velocity.

This shows a distribution in velocity existed throughout the mesh. . . . . . . .. 40
FEMSs, boundary conditions, and displacements used to investigate implementa-
tion of tension-compression asymmetry. . . . . . . . ... oo 41

True stress-strain curves predicted by FEM compared against analytically pre-
dicted yield stress. The good agreement veri es the implementation of tension-
compression asymmetry. A moving average Iter was applied to smooth out the
oscillations at the onset of plasticity. . . . . ... .. ... .. ... ....... 42
True stress-strain curves from FEM compared against analytically predicted yield
stress for the shown strain-rates. The good agreement veri es the implementation

of rate-dependence. The slight deviation is believed to be due to the non-ideal
conditions of the FEMs. . . . . . . . . . . . ... 42



List of Figures viii

3.10 Sequence of images showing the evolving deformation and resulting X-stress
(MPa) of blast-loaded AZ31B-O plate. . ... ... ... ... ... ....... 43

3.11 Comparison of leading node velocity pro les from blast-loaded AZ31B-O and
WEA43-T6 plate analyses. WE43-T6 plate was observed to have a peak velocity

of 10 m/s ( 4%) lower than that of AZ31B-O plate.. . . . . . .. .. .. ... 44
3.12 Comparison of fracture characteristics observed in plate WE43-T6 and AZ31B-O
blast analyses. . . . . . . . . . 44

4.1 lllustration of a grain boundary (red line) between celi (left) and cell j (right)
generated by the nucleP; and P; [77]. Three degenerate conditions are shown;
cell i does not contain its nucleusd?;, cell j contains multiples nuclei, and the

nucleusPy does not generate any cell. . . . . . ... ... ... ... ... ... 53
4.2 (left) Sphere packing resulting from conditioning method, (middle) overlay of

packing on tessellation, (right) tessellation. . . . . .. ... ... ... ...... 54
4.3 750x750x750 m Laguerre-Voronoi tessellation representative of WE43-T6. . . .55
4.4 Serial sectioning of a 3D structure with planes (left), and relative 2D projections

(right). . . . . e 55

4.5 Comparison of -PDFs generated through (1) the serial slicing of a tessellation
by planes at regular 10 m intervals and the subsequent measuring of relative
2D projections of a grain's area onto them (dash dotted lines), (2) experimental

means (solid line). . . . . . . . . . . 56
4.6 Comparison of 500x500 m areas taken from WE43-T6 EBSD micrograph [13]
(left) and Laguerre-Voronoi Tessellation (right). . . . . .. ... .. ... .... 56
4.7 Pictorial representations of HCP slip systems. . . . . .. ... ... ... .... 58
4.8 Pictorial depiction of velocity gradient (L ) decomposition into elastic and plastic
components alongside routines responsible for transformations. . . . . . . . .. 65
4.9 Composite grain schematic [90]. The green bands represent the parent grain, and
the yellow, twin laths. . . . . . . . . . .. .. .. .. 68

4.10 (Top) Sequence of images identifying various stages of twinning. (Bottom)
Example of the evolution of the critical resolved shear stress for each of these
stages [98]. The reduction of the twin systems' CRSSs encourages twin localisati6n.

4.11 Comparison of predicted variation in sti ness with orientation around (left) X-axis
([1120] direction) and (right) Y-axis ([110Q direction) for CPFEM and analytical
solutions with Z-axis loading. Good agreement veri ed implementation. . . . . . 73

4.12 Comparison of predicted variation in yield stress with orientation around (left) X,
(middle) Y, and (right) Z-axes ([1120], [1104, and [000] directions, respectively)
for CPFEM and analytical solution with Z-axis loading. Good agreement veri ed
implementation. . . . . . . .. e e 73

4.13 Global measured stress state of element rst uni-axially loaded to 25 MPa
then rotated around X-axis ([L120] direction). The sinusoidal variation shows
objectivity. Good agreement between CPFEM and analytical predictions veri ed
implementation. . . . . . . ... 74



List of Figures X

4.14 Domains of di erent sizes (Domain edge lengths: (a) 800m (b) 750 m (c) 600
m (d) 500 m) from the same tessellation. Element edges have been hidden for

clarity. . . . . e 76
4.15 Discretisation of equal size domain with elements of varying sizes ((a) 1 (b)

30 m(c) 37.5 m(d) 50 m) from atessellation. . . . . .. ... ........ 76
4.16 Experimentally measured true stress-strain data for WE43-T6 loaded in normal

direction (ND) and rolling direction (RD) at 750 s 1 [13]. . . . . .. .. ... .. 76
4.17 Schematic showing optimisation procedure to determine crystal plasticity model

parameters for WE43-T6. . . . . . . . . . . . 77

4.18 Example of prescribed motion boundary condition applied to domains; the hashed
face represents a boundary condition that prevented translation and rotation

around the direction of the displacement vectoru. . . . ... ... ... .... 79
4.19 Comparison of (top) numerically generated pole gures against (bottom) those
generated from experimentally sampled hot-rolled WE43-T6 plate [13]. . .. . 80

4.20 CPFEM ts, as per an optimisation after ve iterations, to experimentally
measured true stress-strain curves re ecting the ND and RD compression of
WE43-T6 plate. The MSE prior to any RVE sizing was 60.1 and 55.7 for RD
and ND compression, respectively. The parameters that generated these ts were
then used to size the CPFEMs into RVEs. The deviation seen during the onset of
plasticity for ND compression could be due to parameters being converged upon
that do not re ect that occurring physically therefore a follow-up optimisation
was deemed NECESSArY. . . . . . . o i i 80

4.21 Study to determine domain size to constitute a RVE for a CPFEM with a ne
mesh ( 12 m). Uni-axially loaded CPFEMs of incrementally increasing size
had their true stress-strain behaviour plotted and the MSE between adjacently
numbered CPFEMs calculated. Convergence was deemed when the MSE for all
three load cases was less than 20. Model 5 was regarded as appropriately sized
to constitutive an RVE. . . . . . . . . .. 81

4.22 Study to determine element density to improve computational e ciency of
CPFEMSs with cubic domain and 630 m edge length. Uni-axially loaded CPFEMs
of incrementally increasing element density had their true stress-strain behaviour
plotted and the MSE between adjacently numbered CPFEMs calculated. All
calculated MSEs were less than 2.4, thus showing low sensitivity to element
density. However, the MSEs between the CPFEMs with the lowest and highest
element densities was notably larger at 50. Nevertheless, this in comparison to
the domain size study was considered low. . . . .. ... ... ......... 83

4.23 RVE-sized CPFEM ts, as per 2" optimisation after ve iterations, to experimen-
tally measured true stress-strain curves re ecting the ND and RD compression
of WE43-T6 plate. The MSE was 13.0 and 55.5 for RD and ND compression,
respectively. . . . . . e 84



List of Figures X

4.24 Assessment of meta-model accuracy via comparison of computed and predicted
composite values for rolling (top) and normal (bottom) directions. The strong
positive correlation indicated good accuracy. . . . . . . .. . ... ... 85

4.25 Bar chart showing the sensitives of the parameters of the crystal plasticity-based
constitutive model (as assessed by the optimiser) to achieve the t shown in

Figure 4.20. . . . . . . e 86
4.26 Examples of heterogeneity in von Mises stress elds for converged upon CPFEMs
after eng=4%. . . .. 87

4.27 Plots showing the relative activity of the available deformation mechanisms in
selected grain for RVEs loaded under compression along the normal (top) and
rolling (bottom) directions. Deformation mechanisms have been given di erent
line-styles depending on whether they are in the parent or twinned domain. Twin
activity has also been given its own line-style. . . . . . .. .. ... ... .... 88

4.28 Plots showing the prediction of tension twin volume fractions in selected grain for
CPFEMs loaded under compression along the normal (top) and rolling (bottom)
directions. The total tension twin volume fraction was compared against that
measured in Feather et al., (2019) (linear t from (0, 0) to the rst measured
value for equivalent load cases), and good agreement was observed. . . . .. 89

4.29 Texture evolution as told through pole gures of CPFEM loaded in compression
along the rolling direction. Twin nucleation is identi ed through the formation of
contours in the centre of the hemispheres above and below the initial basal poleX)

4.30 Plots showing the variation in ow-stress with strain-rate for CPFEMs compressed
in the normal (top) and rolling (bottom) directions. . . . . . .. ... ... ... 91

4.31 Figures highlighting process to generate statistical equivalent tessellations of
rolled AZ31B. (1) EBSD micrograph of AZ31B-O [102]. (2) Comparison of
equivalent grain radii measured from regularly spaced slices of a numerically
generated tessellation (each line represents a slice) to that measured from (1). The
error compares the average of those generated numerically to that experimentally
measured. This was not seen to go above 2%. (3) Numerically generated
tessellation compared to (1) to highlight likeness achieved. . . .. .. .. ... 92

4.32 CPFEM ts, after six iterations, to experimentally measured true stress-strain
data for AZ31B. MSEs of 85.1, 248.6, and 126.9 were reported for ND compression,
RD compression, and RD tension-based CPFEMSs, respectively. . . . . . . . .. 93

4.33 Plot showing the relative activity (see Eq. 4.58) of the various deformation
mechanisms for an arbitrarily selected grain within the RD compressed CPFEM.
Twinning was initially most active (0.0!  0.007 strain), after which basal slip in
the twinned domain became dominant (0.007  0.025 strain). Twinning was
then again observed to become the primary deformation mode (0.023  0.055
strain), with it then being overtaken by basal slip in the parent domain. . . . . . 95



List of Figures Xi

4.34 Study to determine domain size to constitute an RVE for CPFEMs of AZ31B-O
using an element size of 2.7%n. (Top) Designation of models used in study
alongside their respective edge lengths. (Bottom) Comparison of true stress-strain
curves for considered loaded cases. The MSE between adjacently numbered curves
were computed and presented to gauge convergence. The threshold was set at
50.0 and was satis ed for all load cases from model 4 onward. . . ... .. .. 96

4.35 Study to determine mesh sensitivity of AZ31B-O cubic domain CPFEM with
edge length 90 m. The element densities considered were (%% =02 m!t
I (6) % = 0:37 m ! The MSE between adjacently numbered curves was
su ciently low (<50.0) for all those calculated to determine the CPFEM was
insensitive to element density for the range considered. . . . ... ... .. .. 97

4.36 Study to assess rate-dependence of AZ31B-O-based CPFEMs. The expected
general trends with strain-rate were not observed. For the lower strain-rate, the
up-turn in ow stress for the RD compressed specimen was observed to occur
earlier at a lower strain than expected, and its gradient increased instead of
decreased. Furthermore, ND compressed and RD tensioned CPFEMs exhibited
minimal strain-rate dependence. . . . . . . . .. .. o 97

4.37 Pictorial representation of automated RVE sizing for each mesostructure realisa-
tion's load case. It starts with a tessellation from which CPFEMs of increasing
domain size are derived. The true stress-strain behaviour of these are then
compared to assess convergence (MSE<50.0). With the converged upon domain
size, the sensitivity to element density is then assessed. The optimum RVE
settings was considered the model that showed convergence for the lowest number
of elements. . . . . . .. L 98

4.38 True stress-stress curves of ensemble of CPFEM RVES representative of WE43-T6
plate loaded in RD (left) and ND (right) compared against those experimentally
obtained. The sti er response for rolling direction compressed CPFEMs was
attributed to a coarser mesh being used compared to that of the rst optimisation
(element edge length 12.29m ! 30.24 m). The slight di erence in yield
behaviour for normal direction compression was believed to be due to the domain
being larger (domain edge length 504m! 756 m).. .. ... ... ... ... 99

4.39 Distribution in A, B, and n parameter spaces of Eq. 4.60 arising from charac-
terisation of CPFEMs with unique realisations. Normal distributions have been
superimposed alongside their mean and standard deviation. . . . . .. .. ... 101

4.40 Coe cient of variation of parameter spacesA, B, and n for rolling and normal
directions with number of runs. Convergence indicates su cient population sizel01

4.41 True stress-stress curves of fty RVE-sized CPFEMSs loaded in compression RD
(top left), compression ND (top right), and tension RD (bottom) compared
against those experimentally obtained. As the domain and element sizes of
these model were similar to those of the optimisation, the predictions made were
consistent with them. . . . . . . . . . . . . 102



List of Figures Xii

4.42 Distribution in A, B, and n parameter spaces of Eq. 4.60 for ND compression and

RD Tension, and distribution in K4 and K 5 parameter spaces of Eq. 3.80 for RD
compression, arising from characterisation of CPFEMs with unique realisations.
Normal distributions have been superimposed alongside their mean and standard
deviation. . . . . . . . 103

4.43 Coe cient of variation of parameter spacesA, B, and n for ND compression and

5.1

5.2

5.3

5.4

5.5

5.6

5.7

5.8

5.9

RD tension, andK 4 and K s parameter spaces for RD compression with number
of runs. Convergence indicates su cient population size. . . .. .. ... ... 104

Example of test specimen used in scale-bridging veri cation analyses alongside
sectioned view of armour plate as to convey orientations. . . . .. ... .. .. 111
Variation in true stress-strain behaviour with rotation of substrate around (top)

11 and (bottom) 33 axes inside test coupons model allocated Johnson-Cook
model seeded with RVE derived parameters. These predicted behaviours are then
compared against those experimentally measured. The numbers associated with
the curves designated RVE represent the orientation between ND and loading
vector. As shown the model made highly plausible predictions in the spread of
stress-strain behaviour with rotation. . . . . . .. ... .. ... ... ... ... 112
Study investigating the e ect stochastic element seeding had on stress-strain
behaviour for various orientations. Five simulations were run for each orientation,
with the various linestyles re ecting the orientation (solid - 22 orientated, dashed

- 0%%yrientated, dash-dotted - 11 oriented). The fact the lines for each orientation

type overlapped so perfectly implies that this type of analysis was insensitive to
stochastic seeding. . . . . . . . .. ... 113
Von Mises stress elds at 0.6 ms for three separate blast-loaded WE43-T6 plate
analyses. Slight variations in the stress elds were noted. The fact no user-
prescribed changes were made in between these runs highlighted the hard-coded
stochastic capability. . . . . . . . . ... 114
Determined parameters of Eq. 3.80, alongside ts, to reproduce CPFEM ow
stress for the three orientations considered (RDB15 , and ND). A good t was
observed for allthree. . . . . . . . . . . . . ... 115
E ect of varying strain-rate as predicted by Eq. 3.80-based analytical model for
the concerned orientations (RD45 , ND). The expected strain-rate sensitive was
observed for the RD compressed orientation, whereas, it was not for the othersl16
Comparison of (1.33:0.75:0.75)(RD:ND:TD) stretched tessellation-based model
against EBSD micrograph [102]. Ability to better capture ellipsoidal grains was

substantial shown. . . . . .. ... . 118
10 examples of matrix-inclusion composite RVE materials as presented in Linka
etal, 2022 [113]. . . . . . . 119

Comparison of planar representation of grain boundary to its equivalent raster
representation. Coordinate systems required for transformations have been
included for reference [70]. . . . . . . . . . ... 121



List of Figures Xiii

5.10 Flowchart presenting user-subroutine procedure that maps raster-mesh quantities
onto a planar surface (representing the grain boundary) to facilitate assessment
of fracture [70]. . . . . . . . . e 122

5.11 (Top, left) CPFEM used in intergranular cracking study. (Top, right) Cohesive
elements of CPFEM. (Middle, left) Sectioned view of (top, right) model showing
accumulation off , in cohesive elements of CPFEM strained to 0.00975. (Middle,
right) Same plot but at 0.01 strain. Elements with highf,, have clearly been
deleted. (Bottom) E ective plastic strain elds at the strains of the above imagesl23

5.12 1; with engineering strain for 750s! X-vector uni-axially loaded CPFEM.

Intergranular cracking resulted in material failure at near 0.01 strain. . . . . . 124
5.13 Input controlling the instantaneous maximum time-step throughout the run. The
plateau of the trough liesonl:0 10° s.. .. ... ... ... ... ...... 125

5.14 Attempted spatial multi-scale 2.5D FEM (3D elements, one element thick) used in
subcycling study. This model ran the component-level modi ed ISML plasticity
model concurrently with the crystal plasticity-based constitutive model. This
model stove to increase the size of the elements from those used in CPFEMSs to
those typically used in component-level analyses. A gradient in element size was
necessary as spurious wave re ection occurs if the di erence in element size for
adjacent elementsistoodrastic. . . . . .. ... ... ... . 128

5.15 (Left) Schematic showing allocation of boundary conditions and (Right) plot
presenting the resulting Z-strain eld at an arbitrary time. The expected
behaviour was observed, with the component-level model exhibiting a typical
homogenised response, and the crystal plasticity-based model displaying granular
resolution. . . . . . . L 129

6.1 Evolution of state variables, of an arbitrarily selected element from one of the
RD loaded WE43-T6 CPFEMSs of the uncertainty quanti cation study (shown),
that the thermal softening implementation was dependent on. Temperature was
observed to increase with thermal energy (which itself depended on plastic strain).
With this increase in temperature a handle that controlled the CRSSs of all the

slip systems decreased, re ecting thermal softening. . . . . .. ... ... ... 135
6.2 Example of what various load combination ratios might look like. Each line
originating from (0:0; 0:0) represents a loadingcase. . . . . . ... ... .. .. 139

6.3 Flowchart of two time-subdomain subcycling algorithm with transfer of variable443
6.4 Screenshots of VorTeX GUL. . . . . . . . .. ... . .. .. ... 145



List of Abbreviations

2-D, 3-D ::: Two-, three-dimensional

CRSS : :::: Ciritically resolved shear stress

CP ::.::::: Crystal plasticity

CPFEM : : : : Crystal plasticity nite element model
DEST : :::: Discrete element simulation tool

DOF : ::::: Degree of freedom

EPSC : :::: Elasto-plastic self-consistent

EBSD : :::: Electron backscatter diraction

FEA : ::::: Finite element analysis

FEM : ::::: Finite element model

FETI ::::: Finite element tearing and interconnecting
FFT :::::: Fastfourier transform

GND : :::: . Geometrically necessary dislocations
GUI :::::: Graphical user-interface

HATI . ::: . Heterogeneous asynchronous time integrators
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ISML ::::: Impact and shock mechanics laboratory
MSE :::::: Mean-square-error
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PDF : ::::: Probability density function

RD ::::::: Rolling direction

RVE :::::: Representative volume element

SSD :::::: Statistically stored dislocations

TD ::::::: Transverse direction

VPSC : ::: . Visco-plastic self-consistent
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Introduction

Computational tools are at the forefront of modern day engineering as they o er low cost, timely,
and informed approaches to product design [1], with nite element analysis packages being
particularly favoured in industry for predicting the behaviour of physical systems. Advances in
computing are continually pushing the limits of what is possible, with headway in stochastic-based
methods for assessing system performance [2, 3], data-driven approaches to system design [4, 5],
and the development of sophisticated FEA modelling architectures [6, 7] being but a few. One
route that o ers signi cant potential is the utilisation of lower length-scale models to inform scales
above. This is because a wealth of data becomes available that otherwise would not be predicted
if the higher level-models were run with just models for that scale. For example, FEA models
are commonly used in the design of structural components in industry. In these, constitutive
models that re ect experimentally measured material behaviour are typically allocated to the
parts being analysed (e.g. rubber parts are allocated hyper-elastic-based constitutive models,
metal parts, plasticity-based constitutive models, etc). A shortcoming of this is that these
constitutive models tend to be phenomenological, and as such, do not o er insight into the

mechanisms driving material behaviour. However, through the use of physically-based lower
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length-scale models, not only are these mechanisms identi ed, but the ability to design them to
improve component performance through choice of processing route becomes realisable.
This thesis strove to develop and exploit such capabilities for magnesium alloy-made
(polycrystalline-based metal) structural components destined for high-rate applications, with
its format adopting that described in the following. Prior to a literature review or any formal
description of theory, a high-level study typical of one conducted in industry was completed. Here,
the suitability of replacing a hard steel plate with one magnesium alloy-based for blast shielding
applications was explored (the reason being presented later) through use of a FEA model
ran using commercially available software. The developments required to then subsequently
enable the consideration of magnesium alloys treated to other conditions or comprising di ering
compositions were then discussed. This example then continued to serve as an overarching
narrative to present how microstructure-aware constitutive models could be used to design
magnesium alloy-based material systems to better them for their component's speci ¢ application,
with the relevant literature reviews and descriptions of theory to develop such a capability
being conducted on-the-y where required. To note, the microstructure-aware aspect was
achieved through the homogenisation of full- eld mesoscale models, and as such the additional
opportunities o ered by these models were then discussed. After this, the thesis then steered its
focus to expected future work and publications, and closed with concluding remarks.
Magnesium alloys were identi ed as the model material system of choice as they are among
the lightest of the structural alloys making them attractive for use in the design of structures
where mass is a key constraint (e.g. electric cars, next generation aircraft), and because recent
advances have led to the development of various magnesium alloy compositions that possess
a good combination of manufacturability, thermo-mechanical behaviour, and environmental
in-service properties [10 12]. However, there are complexities associated with their use in
high-rate scenarios that necessitates the consideration of their micro- and meso-structures.
This becomes evident when the ow stresses with strain-rate and orientation for the rolled
magnesium alloys with compositions WE43 (contains 3.7-4.3 wt% yttrium, 2.3-3.5 wt% rare
earths, in this case neodymium, and 0.2 wt% [minimum] zirconium), and AZ31, (contains 3.0
wt% aluminium, 1.1 wt% zinc, and 0.49 wt% manganese) are compared (see Figures 1.1 and
1.2). The magnesium alloy WE43 underwent direct chill casting, homogenisation treatment,

hot-rolling on a reversing mill, and then heat-treatment to a T6 condition [13]. Whereas, the
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Figure 1.1: E ect of strain-rate and orientation on ow stresses of Mg alloy AZ31B-O sheet [8].

Rate-dependence was observed as an increase in true stress with rate for all loading con gurations;
minimal orientation dependency was noted for in-plane tensile loading; clear tension-compression
asymmetry was exhibited with in-plane loading; and strong orientation dependence was noted between
the compressed in-plane and out-of-plane directions (behaviour transitioned from a sigmoid shape to a

logarithmic one).
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Figure 1.2: E ect of strain-rate and orientation on ow stresses for Mg alloy WE43 plate [9]. When
compared to Figure 1.1, this composition's behaviour seems much more isotropic for both in-plane
and out-of-plane loading, and the extent of tension-compression asymmetry is signi cantly reduced.
Similar rate-dependent behaviour was still however observed.

magnesium alloy AZ31 was commercially available in a rolled sheet form supplied in a fully
annealed condition (O-temper) [8]. It is clear from these plots that these magnesium alloys
exhibit, to various extents, anisotropy, tension-compression asymmetry, and rate dependence,
depending on their composition and processing route. The orientation dependency and tension-
compression asymmetry is particularly pronounced for AZ31B-O sheet (compare its in-plane
and ND compressed, and in-plane compressed and tensioned curves), when compared to the
much more isotropically behaving WE43. These variations in ow stresses were speci cally
believed to arise due to the di erences in composition a ecting mechanisms found at the micro-
and meso-scales. As such, these are discussed next.

The accentuated tension-compression asymmetry and orientation dependency of AZ31B-O
sheet, when compared to WEA43 plate, can be traced to the low symmetry hexagonal close
packed (HCP) unit cells found in magnesium alloys [14, 15]. When magnesium alloys are
rolled or extruded, strong textures like that shown in Figure 1.3 develop in the material

system through c/a ratio in uenced preferential slip [16]. This texture coupled with the low



1. Introduction 5

Figure 1.3: Micrograph and texture of extruded AZ31B magnesium alloy as told through inverse
pole Figures.

symmetry HCP crystal provides the basis for anisotropic mechanical properties. Examples
of intragranular orientation-dependent deformation mechanisms include dislocation glide and
twinning (it was twinning that was responsible for the particularly strong tension-compression
asymmetry and orientation dependency seen in AZ31B-O sheet [17]). The fact these orientation-
dependent mechanisms dictate the bulk mechanical properties so signi cantly shows that features
characterising micro- and meso-structure, such as texture, (that are themselves telling of the
material's processing route) need to be considered if the material system is to be designed.
Subsequently, if predictions can be made on the performance of a particular magnesium alloy
material system based on these features, there exists the possibility to tailor their design through
choice of material processing route to better suit them for a component's speci c application.
It is these types of considerations for magnesium alloy-based material systems destined for
high-rate applications that this thesis aims to develop.

A number of research centres have already made signi cant impact in this area, with PRISMS
[18], DAMASK [19], IMDEA [20], and Los Alamos National Laboratory's Visco-plastic self-
consistent (VPSC) user-subroutine [21] being but a few. A common link in their strategies
to this problem is that they tend to focus on much smaller length-scale problems, they do
not concern themselves with making their capabilities available for the design of components,
and that information tends to be handled hierarchically (i.e. information is propagated up
through length-scales instead of being called concurrently). The exception to the last point

is Los Alamos National Laboratory's VPSC user-subroutine that utilises analytical models
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based on averaging to predict the plastic deformation of polycrystalline aggregates and as
such their constitutive behaviour at the component scale. Here, insight into the relative
activity of various crystal plasticity-based mechanisms are made available through use of an
anisotropic visco-plastic ellipsoidal inclusion embedded in a homogeneous anisotropic e ective
medium (HEM) representing the polycrystalline aggregate. However, as the mesostructure is not
explicitly modelled, a full- eld representation of the stress heterogeneity is not generated, thus
inhibiting further investigation of localisation. In contrast, the approaches opted for by PRISMS,
DAMASK, and IMDEA do produce full- eld stresses. They achieved this by allocating crystal
plasticity-based constitutive laws to nite element representations of grains that themselves
comprise a polycrystalline structure. These models are frequently referred to as crystal plasticity
nite element models (CPFEMs) and have become commonplace when studying full- eld stresses
or texture evolution of polycrystalline structures. This is because they are better suited for
predicting stress and strain heterogeneity for given boundary conditions, especially with the
advent of polycrystalline generating algorithms. Implicitly solved CPFEMs [19, 22 25] are
favoured in literature with fast spectral solvers [19, 20] also starting to take traction. However,
the large time-steps of implicit solvers make them unfavourable for rate-dependent analyses,
and the lack of fast spectral-based solvers in commercially available FEA codes was foreseen to
hinder the development of spatial multi-scale models that could concurrently run CPFEMS in
component-level models (discussed in Section 5.3). Subsequently, it was concluded that a gap in
literature existed in the subject areas of upscaling data from high-rate-loaded CPFEMSs to the
component-level through homogenisation, and high-rate-loaded component-level models that
considered mesostructural detail. This thesis aimed to address these gaps using explicit-based
solvers which are well suited for high-rate analyses but are not commonly used to solve CPFEMs.
However, if they were, they tended to be used to study materials with high symmetry unit
cells [26, 27] and as such did not consider twinning. Nonetheless, they were identi ed as the
solver of choice due to their suitability for high-rate analyses and because they are commonly
used in component-level analyses, thus o ering an easier entry point into developing spatial
multi-scale concurrent-based modelling approaches.

The opted for approach for upscaling data involved rst building high delity full- eld models
of mesostructure similar to the CPFEMSs in Sriram, 2017, Yaghoobi et al., 2019, and Adzima et

al., 2017, [27 29], with notable di erences being that the crystal plasticity-based user-subroutine
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developed in this thesis was implemented into an explicit FEM solver, the formulation considered
slip and homogenised-based twinning in a rate-dependent manner, and that the unit cell of the
targeted material system had a low order of symmetry. These CPFEMs were then sized into
representative volume elements (RVES), using a high-performance computer cluster, to enable
hierarchical parameterisation of component-level constitutive models, thus facilitating scale-
bridging. As the CPFEMSs enable the study of localised stress eld heterogeneities resulting from
grain size distributions, texture, etc., and a link between these features and the component-level
could be established, the potential to set up optimisations to ascertain characteristics that would
yield desirable bulk-level characteristics now existed, thus facilitating a data-driven framework
to material design through the active design of micro- and meso-structure.

Further capabilities that full- eld homogenisation approaches o er include uncertainty
guanti cation of the e ect the aleatoric nature of mesostructure has on bulk mechanical
properties. The characterisation of such variation could serve as the basis for stochastic-based
models as it could be used to generate a population of parameters for the constitutive models
run at the component-level to sample from (e.g. the Johnson-Cook plasticity or VPSC models).
However, a problem with this hierarchical parameterisation of longer length-scale models is
that a J2-plasticity model with hardening behaviour that re ects the correct functional form
needs identifying. This becomes problematic when a material exhibits anisotropic mechanical
properties like that of AZ31B-O sheet shown in Figure 1.1. Here, the stress-strain behaviour
transitioned from a sigmoid (for in-plane uni-axial loading) to a logarithmic (for out-of-plane
uni-axial loading) shape; this problem is discussed in great detail throughout. Moreover, other
further capabilities include the potential to introduce additional mechanisms dependent on stress
localisation, such as inter- and intra-granular cracking. Having given an account of the bottom-up
capabilities o ered by such a framework, the top-down opportunities are now discussed.

As the proposed upscaling framework translated crystal plasticity information to component-
level models, the potential to add mesostructure detail to discrete areas now exists. This could
be achieved in several ways, for example, a component-level model could be set-up with a
gradient in mesh resolution to enable mapping of mesostructure resolution. Such a model
would be run with a sub-cycling algorithm to facilitate e cient running [30], and could be
used to investigate the e ect of badly orientated grains in stress-sensitive areas, or to capture

the incipient stages of crack initiation; Zhang et al., 2022, [31] utilised such an approach to
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reduce the runtime of a FEM that predicted the dynamic response of a nuclear power plant
subjected to an impact and the resulting shock induced in the nearby underlying soil/rock.
However, if the areas to add mesostructure detail are not knowan priori, then adaptive mesh

re nement could be conducted on-the- y in areas exhibiting high strain gradients, and mesoscale
resolution added when the element size fell below a threshold value [32]. Having now discussed
top-down implementations of mesoscale features into high-rate component-level models, the
magnesium alloy compositions used as model materials are now detailed.

The developed capabilities were showcased using magnesium alloys WE43 and AZ31. WE43
was chosen because of its superior properties compared to Al-Mg alloy 5083 and conventional
Mg alloy AZ31 [33], the fact it remained so isotropic, and to build on the extensive research
already conducted on this material through the UK Engineering and Physical Sciences Research
Council (EPSRC) grant (EP/R513295/1) that is also funding this work. AZ31 was also chosen
as it exhibits strong and unique tension-compression asymmetry (as shown in Figure 1.1) that
stems from twinning, thus making it a prime magnesium alloy composition to showcase the
meso- to bulk-level upscaling predictive capabilities of the developed framework. Let it be
noted that the versatility of the developed capabilities meant that they are not just limited to
magnesium alloys but that they could be extended to consider other HCP-based systems, or
indeed other crystal systems altogether. Having provided an introduction to the work completed
in this thesis, and having given an account of the materials used to showcase the capabilities

developed, the questions this thesis ultimately strove to answer are now posed,

Can constitutive models that correctly predict the ow stresses of WE43-T6 plate and
AZ31B-0 sheet be developed to enable their consideration in the design of components

(such models are currently not available in commercial code)?

Is it possible to generate approximations of the full- eld stress heterogeneity that develops

at the mesoscale from bulk mechanical characterisations of a material using CPFEMs?

Could a hierarchical link between these CPFEMs and component-level constitutive models
be established where the e ect of altering micro- and meso-scale features (such as solutes

and precipitates, texture, grain size distribution, etc.) in uences the scale above?

Subsequently, would it be possible to design these micro- and meso-scale features to

improve the performance of a component for its speci ¢ application?
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" Finally, could the datasets generated through the homogenisation and characterisation of

CPFEMSs be leveraged to facilitate novel, data-rich modelling strategies?

These questions were addressed by rst working through an example that investigated the
performance of the magnesium alloy WE43-T6 and AZ31B-O material systems when used as
blast resisting armour plating. It was through this example that the need to develop appropriate
component-level constitutive models was identi ed, thus making obvious why the rst question
was posed. This example was then used as an conduit to discuss the bene ts of considering
micro- and meso-scale features in the design of a material system, making relevant the second
through to fourth question. Finally, the opportunities o ered by fully realising mesostructural

features were then presented, addressing the last question.



Blast-loaded plate example

2.1 Chapter Overview

Armour plates are conventionally manufactured from hardened steel, however magnesium alloys
such as WE43 are being researched as possible alternatives due to the fact thicker sections can
be utilised for the same mass penalty, potentially o ering improved protection. This section
starts by discussing the complexities associated with designing structural components with
magnesium alloys and then moves on to presenting analyses where hardened steel and WE43-T6
armour plates were subjected to blast-loads using boundary conditions and constitutive models
available in the widely used FEA package LS-Dyna; this example serves as an overarching
narrative throughout the rest of the thesis to present why microstructure-aware constitutive
models are bene cial, with literature reviews being conducted on-the- y where required. The
lack of suitable constitutive models to predict the required anisotropy or the sigmoid-shaped
ow stresses of sheet AZ31B-O with in-plane compression was subsequently highlighted and the
need to develop them identi ed. The chapter then concludes with the question of whether the
bulk mechanical properties of a component could be linked to micro- and meso-scale phenomena,

and if these could be designed to improve component performance.

10
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2.2 Study of blast-loaded plates

Designing structures with magnesium alloys presents a multitude of challenges owing to
complex microstructure and the inherent transversely isotropic properties of their HCP unit cell.
Such challenges include anisotropy, directional-dependent strain-rate sensitivity, and tension-
compression asymmetry, all of which stem from the low symmetry of the unit cell and limited
number of slip systems available [13, 33 36]. Notably, the di culty of accommodating <c>
axis deformation through slip leads to twinning as twinning modes (extension or compression)
are more readily activated at room temperature than the relevant <c+a> slip systems. As

a result, twins are seen to nucleate, propagate, and grow for these load types [37, 38]. Slip
systems are re-orientated within these twinned domains and as such could become favourably
oriented for activation, thus contributing to the evolving directional-dependent characteristics
seen at the bulk-level [39]. Bhattacharyya et al., 2016, Platts, 2019, and Hidalgo-Manrique et
al., 2017, [13, 36, 40] also showed that, for magnesium alloy WE43, precipitates have signi cant
bearing on both the critically resolved shear stresses required to drive thermally activated
dislocation glide on particular slip systems, and the resulting strain-hardening characteristics,
thus further contributing to anisotropy. It is interactions like these that propagate anisotropic
and directional-dependent properties from the mesoscale to the material's bulk.

Typically, phenomenological models that use empirical relationships consistent with the
aforementioned fundamental theory but not derived from it are the standard constitutive models
of choice in industry to model deformation in metals because of their simplicity [27]. The
Johnson-Cook model [41], for example, is particularly favoured as it requires a minimum of
ve material constants to be de ned for an isotropic material meaning minimal experimental
calibration is necessary. However, their use alone is not su cient to give insight into the
complex mechanisms shown to underpin the high-rate related behaviour of magnesium alloy
sheets and plates. Physically-based models such as the Oxford titanium constitutive model
[42] developed its theory from micro-mechanic considerations, meaning that its prediction
of ow behaviour is physically-based. However, a consequence of this is that its calibration
requires the use of large datasets that may be di cult to obtain. Another approach, that is
the focus of this work, is to shift aspects of this dependence on in-depth experimental datasets
to lower length-scale models, thus enabling exploration of the e ects micro- and meso-scale

features have on bulk stress-strain behaviour.



2. Blast-loaded plate example 12

Figure 2.1: Finite element model of disc shaped armour plate from various angles. Constrained nodal
rigid body connectors were used to attach a 1111 kg nodal mass to the nodes on the circumference
of the disc. The nodes on the circumference were only permitted (0, 1, 0) translational DOF. The
impulse mine keyword was assigned to the other side of the plate.

The advantages of using magnesium alloy WE43-T6 armour plating in place of conventional
hard steel armour plating, as well as the limitations of the constitutive models currently available
to industry, are now demonstrated through a example conducted using the commercially available
explicit FEA package LS-Dyna; an explicit solver was used as they are best suited for high-rate
analyses due to their small time-steps. The rst analysis that was set up investigated the blast
response of the hard steel armour plate. A pictorial representation of the FEM is presented in
Figure 2.1, with details of the plate, mesh, and called upon boundary conditions and constitutive
models being reported in Table 2.1. The impulse mine keyword [44] is a boundary condition that
applies initial velocities to selected nodes to emulate the impulse imparted by the detonation
of a buried land mine. While the simpli ed Johnson-Cook constitutive model is one that is
based on Eq. 3.52 discussed later, but only considers strain and strain-rate sensitive plasticity,
and was set to delete elements that exceeded 0.2 e ective plastic strain. The nodes on the
circumference of the disc shaped armour plate were only permitted (0, 1, 0) translational DOF
and were rigidly constrained to a node of mass 1111 kg in the manner shown. The sequence of
images along the top of Figure 2.2 shows the resulting response of the plate with time from
front and rear viewpoints. Fracture was observed to occur at 0.6 ms. The plot beneath these

images presents the calculated;; stress with time for the selected elements shown. This plot
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Figure 2.2: (Top) Sequence of images showing the evolving deformation and resulting;; stress
(GPa) of a blast-loaded hard steel plate as viewed from the front and rear. Fracture was observed 6 ms
after initial blast. (Bottom) Elements selected from model to report 1 stress. (Middle) Plot showing
stress with time for selected elements. Initially, the blast receiving side goes into compression, whereas
the opposite side goes into tension. After this, the stress was seen to oscillate in an under-damped
manner where the opposite side was seen to oscillate between tension and compression, while the blast
receiving face oscillates for the majority in a state of tension.
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Parameters Value Units
Material Hard steel [43] -
Constitutive model Simpli ed Johnson-Cook -
7.75 10 ° kg/mm?3
E 212.70 GPa
0.30 -
A 1.539 GPa
0.477 GPa
n 0.18 -
C 0.012 -
E ective plastic strain at failure 0.20 -
Plate parameters
Diameter 1000 mm
Thickness 25 mm
Mass 152.17 kg
Impulse mine parameters
Equivalent mass of TNT 6.0 kg
Density of overburden soil 2210 ° kg mm 3
Depth 140 mm
Mine cross sectional area 4.538.0" mm?
Blast vector (0,1,0) -

Model settings

Element size

No. elements

19.76.25 19.7
8160

mm mm mm

Table 2.1: Parameters used in hard steel plate blast analysis.

identi es that the plate underwent compressive and tensile loading.
The simulation was then repeated with the same settings but the hard steel plate swapped
out for a thicker Mg alloy WE43-T6 one of equivalent mass (Table 2.2 summarises this model's

parameters). In this instance an anisotropic plasticity model that exhibited tension-compression
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Figure 2.3: (Top) Sequence of images showing the evolving deformation and resulting;; stress (GPa)

of a blast-loaded WE43-T6 plate as viewed from the front and rear. Fracture but no penetration was
observed 6 ms after initial blast. (Bottom) Plot showing stress with time for selected elements. Initially,
the blast receiving side goes into compression, whereas the opposite side goes into tension. After this,
the stress was seen to oscillate in an under-damped manner. The opposite was seen to oscillate in a
state of compression, while the blast receiving face oscillates between tension and compression.
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Parameters Value Units
Material Magnesium alloy WE43-T6 [13] -
Constitutive model Simpli ed Johnson-Cook -
Orientation parameters re ect In-plane (compression) -
1.70 10 © kg/mm?3
E 42.00 GPa
0.27 -
A 0.140 GPa
0.340 GPa
n 0.347 -
C 0.0046 -
E ective plastic strain at failure 0.20 -
Plate parameters
Diameter 1000 mm
Thickness 115 mm
Mass 153.50 kg

Model settings

No. elements 36721 -

Table 2.2: Parameters used in WE43-T6 plate blast response simulation. The constitutive model
parameters re ect in-plane hardening under compression. Parameters not listed re-used the values
shown in Table 2.1

asymmetry would have been ideal. However, the tabulated orthotropic Johnson-Cook model in
LS-Dyna could not be successfully run without crashing the analysis, and no other anisotropic
rate-dependent plasticity models were available. Consequently, the analysis was run using
the same simpli ed Johnson-Cook constitutive model as before but with parameters re ecting
the in-plane compression of WE43-T6 plate being used; this decision was made as WE43 was
shown to exhibit a relatively small degree of tension-compression asymmetry [9] especially
when compared to sheet AZ31B-O. The sequence of images along the top of Figure 2.3 again
shows the evolution of the ;; stress with time, and that fracture was observed on the face

opposite to the blast, but in this case it was not penetrative at 0.6 ms. The plot beneath clearly
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Figure 2.4: Comparison of leading node velocity pro les from both blast simulations.

shows that this plate also experienced compressive and tensile loading. Comparing the velocity
pro les of the leading node on the opposite face of the blast of both simulations (see Figure
2.4) quantitatively showed that using a thicker section of armour plate reduced the magnitude
of the initial rise of the blast. This coupled with the fact the fracture of the WE43-T6 plate
was not penetrative within the same time-period could ultimately mean lives saved if it was
used in-place of the hard steel plate without adding extra mass to the system.

The analysis was not run for sheet AZ31B-O as the same justi cation to run the analysis
could not be made due to the fact the its tension-compression asymmetry was so severe. It
should also be noted that none of the constitutive models available in LS-Dyna could predict the
in-plane compressed sigmoid-shaped ow stresses observed either. As such, these were identi ed
as further shortcomings of the commercially available software package.

Even though a strong argument for using magnesium alloy WE43-T6 armour plating has
been presented, it should be noted that the completed simulation may not be as accurate as
the hard steel one. This is because an isotropic plasticity model was used to model a material
system that was clearly shown to exhibit anisotropy and tension-compression asymmetry (the
parameters used in the Johnson-Cook plasticity model in this instance are only re ective of
the material under in-plane compression). Therefore, a constitutive model that could predict
anisotropy, rate-dependence, and tension-compression asymmetry is required to improve accuracy.

Furthermore, plasticity models that could recreate the in-plane compression sigmoid-shaped
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ow stresses of sheet AZ31B-O were not available and were also identi ed as being required
if this composition was to be accurately considered. These complexities, as well as general
deformation, stem from mechanisms and features found at lower length-scales. Linking them
to component performance presents the opportunity for their design to optimise a material
system for a component's speci c application.

Through the completion of this study, it became clear why some of the questions raised
in Chapter 1 were posed. Of these questions, the following were relevant to this body of

work (and were answered later in the thesis),

Can constitutive models that correctly predict the ow stresses of WE43-T6 plate and
AZ31B-0 sheet be developed to enable their consideration in component-level analyses, as

these are not currently available in commercial code?

Could a link between lower length-scale models and component-level constitutive models be
established where the e ect of altering micro- and meso-scale features (such as solutes and

precipitates, texture, grain size distribution, etc.) in uence bulk mechanical properties?

Would it be possible to design these micro- and meso-scale features to improve the

performance of a component for its speci ¢ application?



Component-level numerical framework

3.1 Chapter Overview

This section strove to answer the questions identi ed at the end of the last chapter, and starts
with a detailed mathematical description of the explicit solver used to run the blast-loaded
plate study in Chapter 2. Explicit solvers were favoured over implicit ones due to their small
time-steps making them better suited for high-rate analyses. A constitutive model that was
able to reproduce the anisotropy of WE43-T6 plate was then identi ed whose description was
provided. This model was however unable to recreate tension-compression asymmetry and
so required modifying to do so, with a simpli ed approach being opted for. This model was
subsequently further modi ed to enable predictions of the sigmoid-shaped ow stresses exhibited
by in-plane compressed AZ31B-O sheet. Veri cation studies were subsequently completed to
ensure the desired constitutive behaviour was predicted, and the plate blast analysis from the
previous chapter re-run. Having now developed the constitutive models required to predict
how the model material systems behave at the component-level (addressing the rst question
posed), the question was then raised if this behaviour could be related to micro- and meso-scale

considered models (addressing the second and third questions).

19
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3.2 Description of Explicit Solver

The blast simulations conducted in the previous chapter were run using the commercially
available FEA package LS-Dyna. However, a lot of the early developmental work conducted
during this thesis was completed using the in-house developed updated-Lagrangian FEA code
DEST, whose formulation is similar to that of LS-Dyna. Within this code, a leap-frog integration
scheme is used where increments of deformation are applied to the boundaries of elements,
and the material's state variables from the previous time-step are made available, allowing
for path-dependent evolution of a system. Equilibrium is enforced through the conservation
equations, with the assumption that the stress state is constant over the time-step, allowing
for the velocity gradient to be calculated. The description of the explicit solver starts with the

requirement that the conservation of mass postulate is satis ed. This is achieved by enforcing,
— dv =0; (3.1)

where is the instantaneous densityy is the current volume, and . is the domain that material
particles (p) belong to at time t. The equilibrium equations for the system were determined

using Hamilton's principle and the Lagrangian ) that is de ned by,
L=T U+ Wy, (32)

whereT and U are the total kinetic and potential energies respectively, anw/, is the work
done by the non-conservative forces. Hamilton's principle states that the rst variation of the

integral of Eq. 3.2 @-integral) with respect to time is zero, thus,

Z ty
@F @T U+ Wy)dt=0: (3.3)

t

For a solid body the components of the Lagrangian are expressed by,

u?dv; (3.4)
U= o AV (3.5)

Woe=  bdV+ r [u]dV; (3.6)
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whereu is the velocity vector eld, V is the reference volume, is the Cauchy stress tensor,
is the strain tensor,b are body forces, andi is the displacement vector eld. Substituting

these into Eq. 3.3 and manipulating yields the momentum balance equation,

b+r = ® 8p2 : (3.7)

Rotational equilibrium is enforced by ensuring symmetry of the Cauchy stress tensor,

= T (3.8)

The energy balance equation is derived by rst taking the time derivative of the kinetic

energy for a body occupying domain ,

T= u edv: (3.9

The external power acting on the body is then given by,

Z Z
P = budv + t(n) uda; (3.10)

t

where is the domain's boundary. Applying the divergence theorem to the second term in Eq.

3.10 yields,
z
P=[(r + b) u+ r ujdv; (3.11)
which for in nitesimal deformations ( :r u = : D) and applying Eq. 3.7 follows,
z
P=T1+ : D dv; (3.12)

where D is the rate of deformation tensor. The heat ow into a body is,

Z z
Q= r (x)dv h(x;n)da; (3.13)
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wherer (x) is the rate of radiant heat supply density anch(x;n) is the heat out ow per unit
time per unit surface area. The rst principle of thermodynamics asserts that there exists a

state variable e, called the internal energy density, such that

@~ z
ot edv = Q+ : D dv: (3.14)

Through the application of a traction vector it can be obtained that,
h(x;n)= q(x) n; (3.15)

where g(x) is the heat ux vector so that for any given domainH :

z z z
rdv g nda= [r r q]dv; (3.16)
@H H

H

which after applying the divergence theorem yields the energy balance equation,

|
11
O
+
=
-
o)

(3.17)

To apply the momentum balance equation (Eq. 3.7) to a discretised continuous system,
the strong form shown is replaced with a weak form that requires equilibrium be satis ed

globally for the entire body. The weak form of this equation describes equilibrium in terms of

the virtual work equation through the application of a test function, and integration over

the current volume of the body,

4

@W= 0 (r + b w®) vdv=0: (3.18)

Through manipulation this can be expressed as,

4 4 z 4

@W= o vdv+ : Ddv t vda b vdv=0; (3.19)
t() t() (@) t()
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and rewritten in terms of nite element discretisation,
n=#§(nodes ) ]
@W= Vi (F:nert + F:m F?Xt); (3.20)
i=1

where,

m= # glements Z

Flnert = N 2N Pe;dv; (3.21)
es1 )
oo L
Fint = r «N 2dv; (3.22)
e=1 t( e)
xn Z X0
Fext = N 3(t)da+ N & bdv; (3.23)
=1 (@) e=1 t( e

are the inertial, internal, and external force vectors respectively, and; represents the element
shape function. Since Eq. 3.20 must be satis ed for all cases of the arbitrary virtual velocities,

the equation can be rewritten in terms of nodal equilibrium,
Fret+ F™ FPX=0: (3.24)

If the mass matrix in F " is then diagonalised n; ), the system of di erential equations
resulting from explicitly integrating Eq. 3.24 through the leap-frog integration method uncouple,

meaning they can be solved independently for each degree of freedom through the following,

v = My TEN(U) M (Uy); (3.25)
Uit+ =2 = Uix =+ Uip v =2, (3.26)
Uit+ t = Uit + Uit+ =2 T+ o (3.27)
where,
te + tes
te op = %: (3.28)

Half increments denote variables available during the solve while variables denoted with integers
are available at the start and end of the time-steps. The unconditional stability requirement

for the explicit leap-frog time-stepping scheme ist  2=!,.«, Where! .« is the element
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maximum eigenvalue. A conservative estimate for the stable time increment is,
I
t mn— 8 ; (3.29)
Cd

wherelL. is the characteristic element length andy is the current e ective dilatational wave
speed of the material. Having presented the formulation of the explicit solver, attention turned
to identifying and developing a component-scale plasticity model that exhibited the required

anisotropy, tension-compression asymmetry, and sigmoid ow stresses.

3.3 Development of required component-level constitu-
tive model

Constitutive laws are used to evaluate the unknown value of stress in the virtual work
equation. As mentioned throughout up to now, plasticity models that exhibit anisotropy,
tension-compression asymmetry, rate-dependence, and sigmoid ow stresses are required to
accurately predict the behaviour of high-rate loaded structural components made from either
WEA43-T6 plate or AZ31B-O sheet. The main concepts of plasticity models are the decomposition
of the strain-rate, the elastic constitutive law, yielding, plastic ow rules, and hardening laws.
Strain-rate at a given stress can be decomposed into two parts, a small recoverable elastic strain
and a large irreversible plastic strain for the conditiord d P  0O; with it only equalling zero

if d P =0. The linear elastic strains are related to the applied stress state through,
= Sd—' (3.30)

where S is the fourth order compliance tensor that can be reduced to a second order 6
tensor using Voigt notation.

There are a number of plasticity models available in LS-Dyna that exhibit anisotropy,
however each has its own limitation that made them unsuitable for the example presented in
Chapter 2. For example, the tabulated Johnson-Cook orthotropic plasticity model [45] was
stated to possess a few of the desired traits through use of its J3-dependent yield surface.

However, this model was isotropic in the elastic regime, could only predict power-law ow
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stresses (making it unsuitable for predicting the required sigmoid shape), and it seemed generally
unstable when attempts were made to use it. Another available plasticity model was the Hill-
3R-3D model that combines orthotropic elastic behavior with Hills anisotropic plasticity theory
[46]. Even though this model o ered improvements over isotropic elastic models, it lacked
the necessary rate-dependence required to enable accurate predictions of deformation for high-
rate loaded structures. Furthermore, it also lacked tension-compression asymmetry, and only
allowed the de nition of one hardening rule, which again meant it was incapable of predicting
both the required logarithmic and sigmoid-shaped ow stresses. Another potentially viable
constitutive model available to the author was that developed by Cousins, 2016 [42]. This
model is based on the Bammann-Chiesa-Johnson (BCJ) model [47] (dismissed in this work
due to its complexity and the need for a high number of input parameters) that was modi ed
to include anisotropy and tension-compression asymmetry. These were incorporated using
Hills plasticity theory [46] and the Drucker-Prager criterion [48] (expansion of the von Mises
criterion), respectively. Even though this model possessed some desirable traits, the inability
to allow for an evolving degree of anisotropy was of concern. Additionally, its formulation
inhibited the prediction of sigmoid ow stresses.

Recently, an anisotropic Johnson-Cook plasticity model was developed in the ISML (Impact
and Shock Mechanics Laboratory) [49] that was based on a generalised radial-return mapping
algorithm for anisotropic von Mises plasticity framed in material eigenspace [50], thus combining
anisotropy and rate-dependence. The generalised form of this algorithm meant it could be
modi ed to work with most hardening laws, making it an ideal candidate. What follows is its

description and details on how it was modi ed to deliver on the desired requirements.

3.3.1 Formulation of anisotropic Johnson-Cook plasticity model

For yielding to occur, current plasticity theory states that the stress eld vector must lie on the
material's yield surface and not exceed it. This is known as a consistency condition. If stress
does exceed the yield surface, plastic ow becomes in nite and non-physical. Therefore, the yield
surface moves to maintain this condition and consequently transfers energy. Plastic ow rules are
used as part of this balance and enable predictions of the components of the plastic strain-rate
by requiring the principle of maximum plastic resistance be satis ed. This means that the yield

surface must be convex, the plastic strain increment is normal to the yield surface, and the
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strain-hardening rate must be 0. Hardening laws are then used to describe how the material's
state variables (that set the yield surface) evolve with plastic strain; plastic ow potentials that
relate the plastic strain-rate to the evolution of the yield surface are known as associative ow
rules. The two most common approaches to model the evolution of the yield surface are through
isotropic and kinematic hardening laws that are based on J2-plasticity, and see the yield surface
scale in size or translate, respectively. Considering this, the most appropriate place to start the

description of the ISML anisotropic Johnson-Cook plasticity model was with its yield criteria.

This model uses the the Hill quadratic yield criterion [46] which is a modi cation of the
von Mises criterion that introduced a scaling coe cient &, G, H, L, M, and N) to each

of the six axes de ning a hyper-ellipsoid,

fun = F( 22 332+ G( a3 11)?°+H(1u 22+2(L 5+M 3+N %) 1, (3.31)

that prescribed its anisotropic yield surface. Eg. 3.31 can be written in tensor notation as,

sTAs 1 (3.32)

wheres is a deviatoric stress andA is a fourth order tensor de ning anisotropy. A can then be

reduced to the second order tensor (if symmetry is exploited and Voigt notation used),

2 3
G+H H G 0 0 O
H F+H F 0 0 0
G F F+G 0 0 O
A = (3.33)
0 0 O 2 0 ©
0 0 0O 0 M 0
0 0 O 0 0 N

This matrix was derived by rst setting s= Pgev WhereP g, is the deviatoric stress projection
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matrix, that in Voigt notation takes,

2 3
2 1 100
1 2 100
161 1 2 00
Py = = : (3.34)
380 0 0 30
0O 0 0 0 3
0O 0 0 0O 3
Substituting this into Egq. 3.32 gives,
(Pdev )’ A(Pdev )= "(Pae)'A(Paev) = ' (Pae)A(Paew) = TA @  (3.35)

Working through the above reveals,

2 3 2
a1 1
az2 %
g3 5
2ap3 22 33
2ag3; a3 117 = 13 (3.36)
2a, 11 22
2 %
A5 G
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that when expanding out Eq. 3.31 and relating common terms presents,

2 3 2 3
adjl G+ H
axo F+H 2 3
G+H H G 0 0 0

ass F+G

H F+H F 0 0 0
2&23 F

G F F+G O 0 0
2a,5=8 G 4 A= (3.37)

0 0 0 2 0 0
2312

0 0 0 O M O
s 2L

0 0 0 0 0 N
ass 2M
As6 2N

From this, expressions for the six coe cientsE, G, H, L, M, andN) can then be deduced by set-

ting up a series of uni-axial loading scenarios where the yield point is unknown (assuming that the

principal material axes align with the principal stress axis). Working through the loading scenario,

2 3
11 0
= g 0 0 O; (3.38)
0 00O
it was shown that,
1
2 _ .
(0= gig (3.39)
which following through for the other two principal axes yielded,
1
2 _
(2= =4 (3.40)
1
2 _ .
(0= =& (3.42)
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These were then rearranged to give expressions for G, and H,

= (0 (w7 (342)
; () 2+ ? (2)°? (343)
h i

H=2(w 2+ 2 () 7 (3.44)

To determine expressions for the parameters located in the shear component&\ofscenarios
where uni-axial loads orientated 45in-between the three principal axes were set-up, thus resulting

in three additional load scenarios denote] % and °®°with orientations as shown in Figure 3.1.
Coordinate systems were then superimposed on top of these scenarios so that the uni-axial load
aligned with a basis vector. For example? would have a coordinate system that had its 22
principal axis aligned with the uni-axial load. This is equivalent to rotating a coordinate system
that is aligned with the principal axes 45 in the anti-clockwise direction around the 11 principal

axis. Consequently, loads in this coordinate system were mapped onto the principal axes through,

=(Q) %Q)'; (3.45)
where Q is a rotation matrix. Worked through, this gave,

2
gO 05 055 (3.46)
0 05 05

that when substituted into T (Pgev) A (Pgev)  Yields,

2 372 32 3
27 «G+ H H G 0 0 O 2
1 H F+H F 0 O 0781
26 1 G F F+G 0 0 O© 1
— : (3.47)
3 0 0 0 2 0 0 3
0 0 0 0 0O M O 0
0 0 0 0 0O 0 N O
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Figure 3.1: Orientation of © 9 and °“Uni-axial loads (relative to principal axes) used to determine
expressions for parameters in shear components &.

The following can then be set if the above is expanded out and the assumption is made

that the stress eld vector lies on the yield surface,

0 2
1=9(G+H+2L) 5 ; (3.48)
This was then combined with Egq. 3.39 to give,
2 2 1
L= = 5( 1 Z (3.49)

M and N were then also determined in a similar way,

2 1
M= — é( 22) 2 (3.50)
2 1
N = — é( 33) 2 (3.51)
Subsequently, the coe cients of the tensor that describe the anisotropic yield surface can now
be expressed as functions of the e ective ow stress along six di erent directions.

The yield surface is de ned at the start of every time-step by prescribing a Johnson-Cook

model to each of the six directions and using tensét. The Johnson-Cook model takes the form,

Y=(A+B())@+Cin( @ (T)M); (3.52)
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where the rst term describes the increase in resistance to plastic ow as a result of plastic
straining, the second the e ect of strain-rate, and the third the e ect of temperature.A, B,
n, C, and m are non-physical material parameters, is a normalised e ective strain-rate, and

T is a homologous temperature. Parameters and T are de ned respectively as,

8
p
% - p > p
= ;5 = (3.53)
O
T T,
T=_ 3.54
To T, (3.54)

where § is a reference plastic strain-rate commonly chosen as 1*sand T,, and T, are the

material melting and reference temperatures, respectively.

Now that a description for an anisotropic yield surface has been established, the formulation
of the plastic potential is discussed; this is complex as it depends on the contributions from
each of the six Johnson-Cook models. In order to calculate it for a multi-axial load case,
the parameter sets for the Johnson-Cook models were mapped to ve independent (one per
parameter) 6-D hyper-ellipsoids. As the e ective parameter set at the beginning of the time-step
(tn) is dependent on the direction of the stress eld vector on the yield surface, a scaling
back is required. This scaling took the following form,

gff — (Sn)T (A xi) Sh .

X 3.55
" s (3.55)

thus giving values for the e ective parameters for a given stress state. Her):e?” ] represent

any one of the e ective Johnson-Cook parameter#\( B, n, C, and m), and s, is the deviatoric

stress associated with the stress eld vector,,. The anisotropy tensorAy, is similar to
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that de ned earlier and took the form,

ZGXi + Hy, Hy Gy, 0 0 0
He, Fu+H, F, 0 0 0
A, - Gy, Fo Fu*Gy 0 0 0f 350
0 0 o 2, 0 0
0 0 0 0 M, O
0 0 0 0 0
with the coe cients being determined using a similar methodology,
Fx, = ]2-[Xi;22+ Xi;33  Xi11] (3.57)
Gy = ]2-[Xi;33+ X1 Xi22] (3.58)
Hy, = ]2-[Xi;11+ Xii22  Xi33] (3.59)
Ly, = 2x° X‘;le (3.60)
My, = 2x% X‘?ZZZ (3.61)
Ny, = 2x0% X'T% (3.62)

As the ow rule was assumed associative, the plastic strain increment is normal to the yield
surface and parallel to the stress eld vector. This meant the derived expressions will allow
the determination of an e ective plastic potential for a given time-step.

Through use of an associative ow rule, where the plastic deformation has proportionality

to a plastic multiplier (during yielding), as given by,
df
p— :
d d i (3.63)

the rate of change of the plastic multiplier can be related to the equivalent plastic strain through

the consistency condition and the principle of work equivalency to give,

@fiin

df = d :
e @§

(3.64)
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Coupling the discussed theory with that from Versino and Bennet, 2018 [50], yielded a
framework that enabled a prediction of the plastic multiplier, , and consequently the e ective
plastic strain, £, from a trial stress, . Its formulation begins with taking the total strain

increment, , decomposing it into elastic, ¢, and plastic parts, P,

= °4 Pz e A( .,+C 9); (3.65)
multiplying both sides by C, and rearranging to give,

+=C =C ©®+ CA( ,+C 9: (3.66)

C was then eigendecomposed in@c and ¢ such thatC = Q¢ ¢(Qc)'. Qc is a matrix of
horizontally catenated columnar eigenvectors andc is a diagonal matrix of eigenvalues ordered
such that each columns on-diagonal element sits in the same columnar position as its correspond-

ing eigenvector does withimQ¢. Substituting these into Eq. 3.66 meant it could be rewritten as,

tr CA =Qc c+ c(Qc)"AQc ¢ (Qc)" & (3.67)

Two new variablesQ% = Qcp_c and B = (Q%)" AQY% that essentially represent a

transformation of basis were then de ned. Substituting these into the above yielded,
v« CA ,=Q%(+ B)QL) = (3.68)

Given B is symmetric, another eigendecomposition was performed giviBg= Qg & (Qg)"

that was substituted into Eq. 3.68 which was rearranged to,
e _ 0 T 1 T 0 1 .
=(Q%) Qsll+ 8] (Qe) (Qc) [ « CA ] (3.69)

¢ was then multiplied by C = Qc ¢ (Qc)' = Q% (Q%)" to give,

=Q%Qell+  8]1'(Qe)'(Q%) ' &
Q%Qell+ 8] "(Qe) (Q%)'A . (3.70)
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Through substitution of (Q%)" A = B(Q%) *,anddening =Q%Qg and~= ! (es-

sentially creating a second shift in coordinate system), an expression fey+ ~ was arrived at,

~nt ~tr = [I + B](~n + ~): (3-71)
Considering ~n+1 = ~n+ ~and ~y = ~, + ~4 resulted in,
1= I+ sl Yt 4 (3.72)

Given the yield function has the form,
1 T - T .
f > S'As = — A 1; (3.73)

Yielding at t,+; can then be determined by evaluating,

1
f=SCa)' 0+ 61" TA I+ 8] T (3.74)
As it can be shown that TA = g, this resulted in,
1

f = §(~tr)T [+ s] L osll+ 8] T~ (3.75)

Dening = [+ sl b sl + 5] ! then produced,

1 1

t3 s'As = E(~tr)T ~¢ (3.76)

Here is diagonal with its terms given by,

P )/ S— (3.77)

1+  (e))”

where( g); is the i diagonal term of . The criteria for yielding can then be checked and if
found to occur, a suitable value for  can be iteratively converged upon using the consistency

condition to ultimately determine the equivalent plastic strain.
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Figure 3.2: Comparison of leading node velocity pro les from blast-loaded WE43-T6 plate simulations
that called upon isotropic and anisotropic-based constitutive models. The anisotropic model was
observed to predict a reduction of 10 m/s ( 4%) in the peak velocity.

3.3.2 Application to blast-loaded WE43-T6 plate analysis

Using the anisotropic plasticity model described thus far, the blast-loaded WE43-T6 plate
analysis conducted in Chapter 2 was re-run but with the added consideration of the plate's
transversely isotropic mechanical properties. To do so, only the constitutive model of the FEA
model needed substituting. All parameters were kept the same except for those required to
predict the material's out-of-plane strain-hardening. Here, the values shown in Table 3.1 were
used. Where data was not available (i.e. two of the primed vectors in Figure 3.1 if the plate was
assumed to exhibit transversely isotropic characteristics), a linear interpolation was assumed
(X °= %). As no data that characterised the material under tension was available, it
was assumed that the material had the same constitutive behaviour in tension as compression
even though slight variations were seen at quasi-static strain-rates for other WE43 tempers
[9, 36]. Despite this, it was still believed that the accuracy of the model's prediction would
be improved as a result of the additional consideration of anisotropy.

Figure 3.2 compares the peak velocity of the leading node from blast simulations that called
upon the isotropic and anisotropic-based constitutive models. The anisotropic-based constitutive
model predicted a small reduction in velocity throughout, with a 10m/s ( 4%) drop in peak

velocity being observed. This was not unexpected as strength was added in the normal direction.
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Parameters In-plane Out-of-plane Units

A 0.140 0.189 GPa
B 0.340 0.244 GPa
n 0.347 0.264 -
C 0.0046 0.0043 -

Table 3.1: Anisotropic Johnson-Cook Parameters [13] used in Eq. 3.52 for blast-loaded magnesium
alloy WE43-T6 plate analysis.

3.3.3 Modi cation to include tension-compression asymmetry

The theory described in the previous section is su cient to describe anisotropy, however it
was unable to predict the tension-compression asymmetry of sheet AZ31B-O (this included
the observed sigmoid ow stresses with in-plane compression). As such, the ISML model was
further modi ed to incorporate it. Being able to predict the sigmoid ow stress was of particular
interest as it stemmed directly from twinning (a microscale phenomenon), making it ideal for
showcasing the meso- to macro-scale-bridging capability presented in the following chapter.
Tension-compression asymmetry was implemented using a simpli ed approach (due to time
constraints) that evaluated volumetric strain, more rigorous implementations would be grounded
in more sophisticated J3-plasticity theory. To establish if a material point is under compression

or tension the volumetric strain for the current time-step was determined using,
y=di+dj+dj: (3.78)

Comparing this to the volumetric strain of the previous time-step facilitates the following

categorisation of load type,

tension if >0

load type = (3.79)

W AW 00

~ compression if ) < O

<>

Through this characterisation, di erent hardening laws could be invoked as required for tensile
or compressive loading. For example, if an element is classi ed as being under tension for
an arbitrary time-step, then the Johnson-Cook hardening law (Eq. 3.52) could be called

upon. Whereas, if the element is under compression, the following hardening rule (as proposed
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Figure 3.3: Conceptual representation of yield surface for an arbitrary plastic strain (2 ) for the
developed two hardening law-based constitutive model. The yield surface shown re ects isotropic
hardening, whereas anisotropic has been implemented. This would see the circular yield surface replaced
by one of irregular shape.

by Kurukuri et al., 2014, [8]) could be used to give the desired sigmoid-shaped ow stress

with in-plane compression,

Ka( P )Ka
- K1K2 13K54_K6 . (3 80)
Ko+ ( g)K4 '

Here, K, is the initial yield strength, K, controls the extent of the plateau associated with
twinning, K3 is a scaling parameter that controls the slip-dominated regiors 4 controls the
point of in ection, and parameters K5 and K4 set strain-rate dependencies.
Tension-compression asymmetry implemented in this manner may not be representative of
the material system on a whole as both hardening laws are dependent on the e ective plastic
strain ( £ ) and the strain-rate (). So, for example, if the plate was initially loaded in tension,
it would harden with plastic strain following the Johnson-Cook law. However, as the measure of
plastic strain increased, the yield surface associated with compression, as de ned by Eq. 3.80,
would still evolve, even though the criteria to activate the mechanisms that lead to the observed
sigmoid ow stress were not met. This results in the formation of a two part yield surface like
that presented in Figure 3.3. This was not deemed problematic for the presented example as the

blast resistance of the plate is primarily driven by the initial rise (i.e. not associated with reverse
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loading) which is where the majority of plastic strain occurred. Therefore, this implementation
comes with the caveat that it may not provide accurate predictions for analyses involving more
substantial reverse loading. Another issue that became apparent on inspection of Figure 3.3
is the discontinuity on the deviatoric plane associated with pure shear loading. Further work
would be required if this load type was to be considered. Nevertheless, no pure shear loads were
encountered in the example, so it was not believed a cause for concern. Regardless of these
shortcomings, the developed model was still believed to better predict the blast-load response
of AZ31B-O plate compared to FEMs utilising just the isotropic Johnson-Cook model.

A more complete physically-based constitutive model would see the strain-hardening due to
dislocation interactions being separated from the hardening due to twinning; this thesis proposed
exactly this through the use of physically-based lower length-scale CPFEMs and data-driven
approaches (detailed in Chapters 4 and 5). Adopting lower length-scale models also presented
the opportunity to address the issue that not all compressed orientations yielded sigmoid ow
stresses. Figure 1.1 shows that ND compressed specimens exhibited power-law hardening
(consistent with the non-activation of extension twinning), which the currently developed model
would not be able to predict (attempts to address it are presented in Chapter 5). Nevertheless,
as most of the plate's blast resisting characteristics comes from its in-plane strength, the fact this
orientation dependence with compression was not captured was deemed not too problematic.

Considering the description in Section 3.3.1, an e ective yield functiohy ((£),; &; tT)
needed to be formulated for the hardening law, Eq. 3.80, for a given setlkof parameters to

compute @@7%. This expression was arrived at by di erentiating Eq. 3.80 with respect to}) ,

Kg( £ )Ks

= K1Ky; = K2+( Z)KA; 0_— K4( g )K4 l; - 1 KS(_E) G (381)
K © Ks( Kb
0_ 3 3 2 p p Kg 1
1 K5(_2 ) K6 (1 K5(_2 ) K6)2(K5K6(_e )0(_e ) ) (382)
K 0
h PY=0 gi 0= > . :
where (g )" =0 gives 1 Ke(P) K8 (3.83)
0 0 0
Finally Y = Jyields(7)°= —  —+ — (3.84)

The implementation of this hardening law into the tension-compression considered generalised
eigenspace radial-return mapping algorithm was veri ed by comparing the predictions of a FEM

allocated this constitutive model against those of an analytical model.
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Figure 3.4: Schematic showing mesh and boundary conditions of FEM used to verify sigmoid
hardening law implementation.

The models were allocated the parameters presented in Table 3.2, with the FEM being
prescribed the boundary conditions shown in Figure 3.4. Figure 3.5 shows good agreement
between the two models' predictions of the yield stress with plastic strain. The oscillations
at the onset of plasticity were believed to be due to the the shock-wave interfering with itself
within the body, and the slight deviation observed due to the distribution of the velocity eld
throughout the mesh that resulted from how the boundary condition was applied (the analytical
model was ideal as it considers the stress to be uniform in the volume). Figure 3.6 supports
these claims as it shows the smooth application of velocity to node 1428 on the outer face, and
the resulting oscillating velocity pro le of the unconstrained interior node 1426. The interior
node was also observed to converge to a lower velocity compared to that of the constrained

exterior node, showing a distribution in velocity exists throughout.

Parameter Value Unit

K1 114.2 MPa
K2 53 10° -

K3 12.1 -
K4 3.8 -
K5 1.02 -

K6 35 104 -
P 1000.0 st

Table 3.2: Parameters [8] allocated to analytical and FEMs for veri cation study.

To assess the implementation of tension-compression asymmetry, the above FEM was adapted

to consist of two uni-axial tests as shown in Figure 3.7 (one to investigate tension, the other
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Figure 3.5: Comparison of FEM predicted yield stress with plastic strain to that of the sigmoid

hardening law analytical model. Close agreement veri es implementation. Oscillations during the
onset of plasticity are believed to be due to the shock-wave interfering with itself. Slight deviation
observed is believed to be due to distribution of velocity eld throughout mesh due to application of

boundary condition.

Figure 3.6: Velocity pro les for the shown selected nodes. The unconstrained node was observed to
have an oscillating velocity pro le, and to converge to a lower velocity. This shows a distribution in
velocity existed throughout the mesh.
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Figure 3.7: FEMSs, boundary conditions, and displacements used to investigate implementation of
tension-compression asymmetry.

Parameters Value Units
A 0.150 GPa
B 0.300 GPa
n 0.4 -
C 0.1 -

Plastic strain failure 0.2 -

Table 3.3: Johnson-Cook parameters used in tension-compression asymmetry implementation
veri cation study. These were determined by tting Eq. 3.52 to the curves presented in Figure
1.1.

compression). The constitutive model was allocated the parameters detailed in Tables 3.2 and 3.3.
The resulting Itered true stress-strain curves (presented in Figure 3.8) show good agreement with
the analytically predicted yield stress with plastic strain, therefore verifying its implementation.
Finally, the rate-dependence of the sigmoid hardening law-based constitutive model was
veri ed by comparing the stress-strain response of FEMs allocated it against analytical predictions
of the yield stress with plastic strain. The same two bodies as the last veri cation study were
used, but this time they were compressed at 10 sand 1000 s?, respectively. Both sets
of models again had their predictions compared (as shown in Figure 3.9). Good agreement
was observed, with yield stress increasing with strain-rate and slight deviations being noted
(believed to be due to the same reasons as already discussed). Now that the model has been
veri ed to predict the required tension-compression asymmetry, its utilisation in the blast-loaded

AZ31B-O plate analysis was presented next.
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Figure 3.8: True stress-strain curves predicted by FEM compared against analytically predicted yield
stress. The good agreement veri es the implementation of tension-compression asymmetry. A moving
average lIter was applied to smooth out the oscillations at the onset of plasticity.

Figure 3.9: True stress-strain curves from FEM compared against analytically predicted yield stress
for the shown strain-rates. The good agreement veri es the implementation of rate-dependence. The
slight deviation is believed to be due to the non-ideal conditions of the FEMs.
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Figure 3.10: Sequence of images showing the evolving deformation and resulting X-stress (MPa) of
blast-loaded AZ31B-O plate.

3.3.4 Utilisation of modi ed ISML anisotropic Johnson-Cook plas-

ticity model in blast-loaded AZ31B-O plate study

Now that the ISML anisotropc Johnson-Cook plasticity model has been modi ed to exhibit the
tension-compression asymmetry seen in AZ31B-O sheet, the blast-loaded plate analysis was run
with it. The parameters used were those shown in Tables 3.2 and 3.3, with the evolution of
X-stress with deformation, and the leading node velocity pro le compared against that from the
anisotropic WE43-T6 plate analysis being shown in Figures 3.10 and 3.11, respectively. The
shock severity was shown to be 10 m/s (  4%) higher for the AZ31B-O plate. However, no
fracture was observed within the same evaluated time-period (occurred at &), and when it

did occur its features were di erent, as shown in Figure 3.12. This brings into question the
methodology used to predict fracture, however, as the main focus of this thesis was to develop
microstructure-aware constitutive models, fracture will be discussed only once this capability
has been presented. Therefore, if thidelayedfracture in AZ31B-O plate was assumed accurate,
the trade-o for increased shock severity could even be considered desirable. However, putting
this digression aside, as the mechanisms driving the strength of the plate are primarily found
at the micro- and meso-scales, the performance of the plate could be improved through their

identi cation and design. As such, it is exactly this that the next chapter strove to facilitate.
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Figure 3.11: Comparison of leading node velocity pro les from blast-loaded AZ31B-O and WE43-T6
plate analyses. WE43-T6 plate was observed to have a peak velocity of10 m/s ( 4%) lower than
that of AZ31B-O plate.

Figure 3.12: Comparison of fracture characteristics observed in plate WE43-T6 and AZ31B-O blast
analyses.

3.4 Chapter conclusion
This chapter initially set out to answer the questions listed below,

Can constitutive models that predict the ow stresses of WE43-T6 plate and AZ31B-O
sheet be developed to enable component-level analyses as these are not currently available

in commercial code?

" Could a link between lower length-scale models and component-level constitutive models be
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established where the e ect of altering micro- and meso-scale features (such as solutes and

precipitates, texture, grain size distribution, etc.) in uence bulk mechanical properties?

N

Would it be possible to design these micro- and meso-scale features to improve the

performance of a component for its speci ¢ application?

In doing so, a constitutive model was identi ed that could capture the anisotropy of WE43-T6
plate. This model was subsequently modi ed to enable prediction of the tension-compression
asymmetry and sigmoid ow stresses with in-plane compression exhibited by AZ31B-O sheet.
These models were then showcased by re-running the blast-loaded plate analyses from the
previous chapter, thereby addressing the rst question. The second and third questions were
not answered in this chapter, however, arguments were made throughout supporting the need
for them to be. Furthermore, the following question from those initially posed in Chapter

1 was also identi ed as becoming relevant,

Is it possible to generate approximations of the full- eld stress heterogeneity that develops

at the mesoscale from bulk mechanical characterisations of a material using CPFEMs?

It is hoped that by rst focusing on this question, models will become available to aid with the
identifying and subsequent designing of mesoscale mechanisms to achieve bulk-level mechanical
properties that improves a component's performance for its speci ¢ application (hence providing
answers to the second and third questions). The proceeding chapter solely focuses on developing
and homogenising CPFEMSs, and starts with a chapter overview that is thereafter followed by a

review of the state of research in this area, and a description of the methodology developed.



Toward micro- and meso-scale considered

modelling approaches

4.1 Chapter overview

The last chapter saw the development of plasticity models required to reproduce the experi-
mentally measured bulk-level mechanical behaviour of WE43-T6 and AZ31B-O plates. These
models, however, could only be used in component-level analyses, and did not o er insight
into the mechanisms underpinning bulk mechanical properties. In this chapter, explicitly-run

full- eld CPFEMSs, based on the main deformation mechanisms observed in magnesium alloy
crystals (i.e. dislocation glide and twinning), are formulated and homogenised to facilitate

the hierarchical scale-bridging parameterisation of the aforementioned plasticity model, thus
addressing the questions posed at the end of the last chapter. In order to facilitate this, an
in-house polycrystalline generating algorithm was used to produce statistically equivalent models
of the microstructure, and a novel explicitly-run crystal plasticity-based user-subroutine was

developed, that homogenised twinning via a rate of mixtures rule and considered its contribution

46
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to hardening through a Hall-Petch-based hardening law. As each CPFEM was seeded from
a unique polycrystalline realisation that was statistically equivalent to that experimentally
measured, the opportunity to quantify the uncertainty arising from the aleatoric nature of
mesostructure presented itself. This was achieved through the creation of a distribution via the
characterisation of an ensemble of CPFEMs. The characterisation saw ow stresses tted to
the appropriate hardening laws of the component-level plasticity models, with the population
being deemed a distribution once measures in second order statistics converged. Having a
distribution of parameters to subsequently seed the component-level plasticity models with
presented the opportunity for stochastic-based modelling approaches. These are however beyond
the scope of this chapter and are discussed in more detail in the following one. What ensues
is a review of the current state of research in crystal plasticity modelling, the establishing
of the necessary theory for creating CPFEMSs, and the uncertainty quanti cation resulting

from their homogenisation and characterisation.

4.2 State of research

Modelling approaches that develop bulk-level constitutive laws from mesoscale features have
been extensively developed for magnesium alloys [9, 13, 36, 51]. For example, Bhattacharyya
et al., 2016, [36] completed a study to determine the role intergranular deformation modes,
such as slip and twinning, play to render WE43-T5 plate more isotropic despite its strong
texture. This in-depth analysis was completed using the polycrystal rate-independent elasto-
plastic self-consistent (EPSC) model [52] that makes use of the Eshelby inclusion problem [53].
This problem de nes a grain by its orientation and considers it an anisotropic elasto-plastic
ellipsoidal inclusion embedded in a homogeneous anisotropic e ective medium representing the
polycrystalline aggregate. Such models are derived from the theory of relating the activation of
slip and twin systems to granular ow stresses [54] and thus capture crystalline heterogeneity.
The EPSC model as well as other Taylor-type models (based on similar theory as the EPSC
model) are commonly used in multi-scale frameworks [9, 51, 55 57] to predict bulk material
properties from mesostructure features. For example, Ardeljan et al., 2016, [51] made use of a
two-level homogenisation scheme where the rst level used a Taylor-type model to relate the
contribution from single crystals to the polycrystal mesoscale, and the second level used an

implicit nite element approach to relate the mesoscale to the material bulk; e ectively, slip
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and twinning in single crystals are captured in the Taylor-type polycrystal homogenisation
whose constitutive laws are then embedded into the integration points of the macroscale nite
element model. Taylor-type model approaches, however, do not take the heterogeneity of
the plastic strain eld in a polycrystal into account as they apply a constant deformation
gradient to the domain and consequently overpredict plastic ow stresses [58]. Bhattacharyya
et al., 2016, [36] however stated that the second level of homogenisation relaxes this iso-strain
constraint. Further limitations of these approaches include the predicted intensities of the
orientation distribution functions (ODF) being quite poor when compared to experimentally
derived textures [59] meaning they should not be relied upon for the prediction of the evolution
of texture with strain [58]. Also, the fact that grain boundaries are not discretely considered
is another limitation as it is there that localised hardening and fracture often occur [60, 61].
These reasons highlight short-comings associated with using mean- eld approaches (i.e. EPSC,
VPSC, and Taylor-type models) to predict polycrystalline stress-strain behaviour and texture
evolution. As such, full- eld approaches are discussed next.

Peirce et al., 1982, [62] formulated crystal plasticity theory into the nite element method
therefore allowing the heterogeneous stress elds in a polycrystal to be predicted in a weak
form through the principle of virtual work. Consequently, crystal-plasticity nite element
models (CPFEM) that use constitutive laws to describe single crystal deformation, have become
commonplace when studying full- eld stresses or texture evolution of polycrystals [19, 22 26, 62,
63] as they are better suited for predicting stress and strain heterogeneity for given boundary
conditions, especially with the advent of polycrystalline generating algorithms (e.g. DREAM3D
[64], Neper [65], VorTeX [66]). However, predictions of a material's bulk properties using these
models require careful sizing of the polycrystalline structures into representative volume elements
(RVESs), and constraining simulations as boundary value problems (e ectively homogenising
localised heterogeneity). This is not necessary for the mean- eld approaches discussed earlier
as their analytical nature automatically satis es the Hill-Mandel condition [67] required for
transitioning from a meso-heterogeneous to a macro-homogenised medium.

Full- eld homogenisation (through RVE sizing) or mean- eld approaches are essential when
investigating the e ects of mesostructure on components as wholesale consideration of a large

component's mesostructure in a FEM is not feasible due to the large number of degrees of
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freedom which require solving. Approaches that perform homogenization using lower length-
scale FEMs to then pass information to larger length-scale ones are considered hierarchical.
Alternatively, full- eld CPFEMs can be used to inform constitutive behaviour at the integration
points in an FEM. Such an approach is coine@E? [7] and is categorised as concurrent [68].
Another concurrent-based approach could see spatial re nements, that add ner resolution
details to speci ¢ portions of a component model that require an increased level of detail (based
on ad-hocde ned conditions) [69], conducted on-the- y as the simulation progresses.

Implicit, explicit, and fast Fourier transform (FFT)-based spectral solvers have been used
in literature to solve mesostructural-based full- eld boundary value problems [19, 20, 23, 26],
with each o ering particular bene ts with their use. Implicitly solved CPFEMSs [22, 24, 25]
are favoured in literature. Although, their large time-steps make them unfavourable for rate-
dependent analyses, and, as such, ill-suited for what's required in this thesis. FFT-based spectral
solvers are attractive as they are mesh-free, meaning that the di culties associated with meshing,
and the large number of degrees of freedom to be solved by the full- eld calculation are avoided
[19]. However, as the intention of this work was to ultimately support the development of an
explicit-explicit time-integrated spatial concurrent multi-scale FEA architecture that facilitates
microstructure consideration in components subjected to high-rate large deformation loading,
e orts were rst made to develop the full- eld homogenisation capability using an explicit solver.
Using this type of solver also presented the opportunity to incorporate intergranular cracking as
proposed by Falco et al., 2024, [70] potentially leading to exciting new facets of research.

Bene ts of both mean- eld and full- eld approaches have been discussed, with the ability
to utilise VPSC models in component-level FEMs, and being able to model full stress eld
heterogeneities, being the most forthcoming, respectively. As mean- eld approaches have been
extensively studied, and a gap in literature seems to exist on the subject of considering mesoscale
stress eld heterogeneities in component-level analyses, emphasis was placed on developing
the latter. Consequently, a hierarchical architecture that utilised explicitly-run CPFEMs and
polycrystalline structures sized into RVEs is proposed that in turn was used to parameterise
the plasticity models detailed in Section 3 (see the Chapter 5). As each CPFEM realisation
has its own unique heterogeneous stress eld arising from the variability of polycrystalline

structures, the opportunity to quantify uncertainty also presented itself and is discussed later in
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this chapter. What follows is a description of the work that went into generating the statistically

representative numerical models of mesostructure.

4.3 Generation of statistically representative numerical
models of polycrystalline structures

To produce representative numerical models of polycrystalline structures, measurements rst
need to be made. Experimental techniques that enable this can be classi ed into two categories,
non-destructiveor destructive An example of anon-destructivetechnique is X-ray di raction
microscopy that generates 3D characterisations of polycrystalline-based materials [71]. An
example of adestructivetechnique is focused-ion-beam scanning-electron microscopy (FIB-SEM)
that involves serially sectioning a material at given intervals and then producing 2D SEM images
to infer 3D metrics [72]. These characterisations in-turn can be used to seed the generation of
representative numerical models of mesostructure througleterministic or statistical approaches.
Approaches categorised undeteterministic aim to build digital twins of polycrystalline topologies,
whereas approaches categorised undsatistical aim to reproduce metrics characterising them.

Of the approaches to generate representative numerical models of polycrystalline structures,
statistical-based approaches appear most appropriate for the requirements of this thesis as they
describe the material in a broader sense rather than recreating speci ¢ features. This aligns well
with the intention to quantify uncertainty arising from the aleatoric nature of polycrystalline
structures and to then use this information to stochastically inform component-level analyses. As
SEM micrographs can be produced in-house and seem to be more readily available in literature,
their use was opted for to garner statistical metrics characterising a material.

Referring to the micrographs shown in Chapter 1, it is apparent that there exists a range
of grain shapes and sizes that could lead to stress eld heterogeneities within polycrystalline
structures. These in turn could trigger local geometric and physical phenomena such as slip,
twinning, crack initiation, or grain reorientation. Consequently, it was deemed crucial that
su cient e ort was made to generate realistic representations. This therefore negates the
use of regular morphologic polycrystalline generating algorithms [73, 74], and puts preference
toward Voronoi-based tessellation algorithms that are capable of capturing such irregularities.

More complex methods based on grain-growth kinetics have been proposed (e.g. Phase-Field
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[75], Surface Evolver [76]) that can capture the irregular morphologies of individual grains
that Voronoi-based methods cannot, as they model convex grains with straight edges and
planar faces. However, their high computational cost makes them unattractive due to the
large number of realisations required in this work.

Among the Voronoi-based tessellation algorithms available, Poisson-Voronoi, Hardcore-
Voronoi, and Laguerre-Voronoi formulations are widely accepted to generate tessellations
statistically representative of real polycrystalline structures [77]. However, as the Laguerre-
Voronoi formulation o ers a wider range of granular structures when compared against the
other two due to constraints it imposes on the initial state [65], the algorithm, VorTeX [66]
(that is based on this formulation), was opted for to generate the polycrystalline structures
considered in this thesis. Nevertheless, prior to discussing this particular algorithm, the classic
formulation was presented rst as to make clear the reason for this choice.

Voronoi tessellations decompose space’ (wheren denotes the number of dimensions), into
cells that themselves are seeded from individual nuclei. This means space can be discretised
into N nite cells based onN nuclei. What de nes a cellRp, that seeds from nucleus; is that

any point, x, in <" is closer to nucleus?; than any other nucleusP;. This can be written as,

fReg=fx2<" 5P, xji i P, xig

j=1;2,:5N 1] 60 (4.1)

Considering this, it becomes apparent that the size and shape of the cells are dependent on
the position of the nucleiP; in space<". To overcome this dependence on position, the
Hardcore-Voronoi tessellation algorithm [78] proposes a control through a scalar valugthe
Hardcore radius), that controls the minimum distance between nuclei during the seeding process,

dictating the sphericity of a grain. This control takes the form,

e .. q
P Piji= R (Py B2
8(;j)=21;2: 5N 1) 61 (4.2)
Even with this additional control, Hardcore-Voronoi-based algorithms are not able to generate

the wide range of grain sizes seen in polycrystalline structures. This is where the additional

controls of the Laguerre-Voronoi tessellation o er bene ts.



4. Toward micro- and meso-scale considered modelling approaches 52

The Laguerre-Voronoi tessellation introduces a power-distance rule that allocates weights

w; to individual nuclei and takes the form,
pow(x; (Pi;wi)) =jj Pi  xji* wi (4.3)

As with Voronoi tessellations, a boundary segment of a cell is de ned by two nuclei and is

perpendicular to the line connecting them. All points on this plane are described by,
X2<322h>(;Pi Pji = JJ Pijjz jj Pj jj2+ W, Ww;. (44)

If the weights are constrained to being positive, this allows a relationship to the radii of the
sphere to be de ned. This consequently allows the formulation to be written as,

fReg=fx2<":jiPy xj rf ji Py xiji rfg

j =1;2:5N ) 60 (4.5)

With the addition of nuclei weights manifests the non-univocal relation between cells and
nuclei that can potentially compromise the resulting tessellation. Such cases include the

following degeneratedconditions,

Nuclei not guaranteed to generate cells,

N

Cells can violate the one-to-one relationship with nuclei,
Nuclei may not be contained within the cell they generate.

Each of these conditions are identi ed in Figure 4.1; cell does not contain its nucleug>;, cell
J contains multiples nuclei, and the nucleu®, does not generate any cell.

As stated in Falco et al., 2017, [77], from the examples shown and the mathematical
description, the occurrence of undesired cells can be avoided by imposing a non-overlapping
condition on the spheres that depends on the weights of the nuclei. Therefore, to ensure that
every nucleus generates a cell, and lies within it, VorTeX utilises an innovative technique for
e ciently generating dense packings of spheres. This technique uses a conditioning method

based on a distribution of radii, tangency conditions, and an adaptation of the 3D-clew algorithm
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Figure 4.1: lllustration of a grain boundary (red line) between cell i (left) and cell j (right) generated
by the nuclei P; and P; [77]. Three degenerate conditions are shown; cellldoes not contain its nucleus
P;, cell j contains multiples nuclei, and the nucleusPy does not generate any cell.

[79]. It proceeds by placing and designating the rst sphere as theentral, the second sphere is
then placed tangent to it, and the line connecting the centre of these spheres is set as the X-axis.
Each sphere after this is then added by imposing a tangency condition to both tleentral

and previously placed spheres. This process is repeated till a sphere cannot be placed. In this
instance the layer is considered saturated and theentral sphere is updated. The spheres are
prescribed radii equal to the square root of the weight and the resulting structure takes the form
of a 3-D spiral. The algorithm implements guards to ensure that no overlapping takes place,
and that a layer is adequately saturated before proceeding to the next. Consequently, random
packings of non-overlapping spheres with radii seeded from a distribution are generated, that

in-turn, as shown in Figure 4.2, serve as the basis ferand r in the Laguerre-Voronoi tessellation.

4.3.1 Generating statistically representative numerically-based poly-
crystalline structures of WE43-T6

The process to generate representative numerical models of polycrystalline structures like those
seen in magnesium alloys is now presented. First, the distribution in grain radii as per an

EBSD micrograph of hot-rolled WE43-T6 plate [13] was measured. This was done by taking
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