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Abstract

It has been suggested that 31P nuclear spins in Ca9(PO4)6 molecules
could form the basis of a quantum mechanism for neural processing in
the brain. A fundamental requirement of this proposal is that spins in
different Ca9(PO4)6 molecules can become entangled and remain so for
periods (estimated at many hours) that hugely exceed typical 31P spin
relaxation times. Here, we consider the coherent and incoherent spin dy-
namics of Ca9(PO4)6 arising from dipolar and scalar spin-spin interactions
and derive an upper bound of 37 min on the entanglement lifetime under
idealized physiological conditions. We argue that the spin relaxation in
Ca9(PO4)6 is likely to be much faster than this estimate.
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1 Introduction

In a recent article entitled “Quantum Cognition”, Matthew Fisher suggested
that nuclear spins might act as qubits in neural processing [1]. He proposed
that 31P nuclei could be quantum mechanically entangled in networks of ‘Pos-
ner molecules’, Ca9(PO4)6, formed by the enzymatic hydrolysis of pyrophos-
phate (P2O7

4-), and that pairs of Posner molecules might remain entangled
for a day “or possibly much longer” [2]. It was argued that such abnormally
long-lived spin coherence could “modulate quantum correlations between the
pairwise binding of multiple Posner molecules, even when the pairs are well sep-
arated” in spatially distant neurons, apparently allowing long-range quantum-
correlated discharge of Ca2+ ions as part of a “quantum-to-biochemical trans-
duction” mechanism [3].

Long-lived nuclear spin states are well known in NMR spectroscopy [4–11].
Normally involving just two spin-½ nuclei in the same molecule (but see Refs [12,
13]), nuclear singlet states have been created that persist for many multiples of
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the spin-lattice relaxation time T1. In one case, a relaxation time in excess of
an hour (∼ 50T1) was measured for a pair of 13C spins in a bespoke organic
compound [14]. Such states owe their longevity not just to their immunity from
dominant spin relaxation pathways but also to careful experimental control
of the coherent spin dynamics arising from chemical shifts and J-couplings,
using field shuttling, spin-locking, and spin-decoupling [4]. Fisher’s proposal, by
contrast, concerns a molecule whose spin relaxation is claimed to be extremely
slow for all nuclear spin states, without the requirement to manipulate the
coherent part of the spin Hamiltonian [1, 15].

‘Posner’s cluster’ was originally identified by Betts and Posner as a structural
unit in hydroxyapatite [16], the main inorganic constituent of bone tissue. It
is now thought to be an early intermediate in the nucleation of amorphous
calcium phosphate, the precursor of hydroxyapatite [17–20]. Ab initio structure
calculations suggest that, in vacuo, an isolated Posner’s cluster, Ca9(PO4)6—
henceforth referred to as a Posner molecule [15]—has eight calcium ions at the
vertices, and a ninth in the centre, of a distorted cube, with a phosphate ion
near the middle of each cubic face [21]. The phosphorus atoms, positioned
at the vertices of an octahedron stretched along one of its three-fold rotation
axes, have S6 symmetry with a nearest neighbour separation of ∼0.5 nm [21].
Figure 1 shows a representation of the arrangement of the phosphorus atoms in
this structure.
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Figure 1: Arrangement of phosphorus atoms in a pair of model Posner molecules
Ca9(PO4)6. The dotted line indicates the two entangled spins in the singlet state
P̂ S
1,7 (see section 2). The S6 geometry has been emphasized in this representation

by exaggeratedly stretching an Oh structure along a three-fold rotation axis.
Coupling constants [15]: nearest neighbours (e.g. 1 and 2), JA = +0.178 Hz;
next nearest neighbours (e.g. 1 and 4), JB = +0.145 Hz; third nearest neigbours
(e.g. 1 and 6), JC = −0.003 Hz. Atoms in the second Posner molecule are
numbered 7–12 in the same order as the first.

Several features of Ca9(PO4)6 suggest slow 31P spin relaxation in aqueous
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solution. (a) 31P, the only stable isotope of phosphorus, has spin-½ and there-
fore no electric quadrupole moment that would be relaxed by locally fluctuating
electric field gradients. (b) Of the five stable isotopes of calcium, only 43Ca,
with a natural abundance of 0.135%, has non-zero spin. Unlike phosphate ions
(HPO2−

4 and H2PO−
4 ), Posner’s molecule contains no other magnetic nuclei (e.g.

1H) that would lead to efficient dipolar relaxation. (c) Although 31P relaxation
in strong magnetic fields is often dominated by chemical shift anisotropy (CSA),
this mechanism will be negligibly slow in the Earth’s magnetic field. (d) As a
small (∼0.9 nm diameter), approximately spherical molecule [18], the relatively
rapid rotational diffusion of Ca9(PO4)6 would tend to reduce the influence of in-
termolecular spin-spin interactions. Taken together, these properties conjure up
a molecule whose nuclear spins are magnetically isolated from one another and
from their surroundings. It was from such considerations that Fisher obtained
his original estimate of a 1-day 31P relaxation time [1, 2], subsequently revised
to 1.8× 106 s ' 21 days or “may be even longer” [15]. 31P relaxation times of
small molecules in mobile liquids are normally a few seconds at most [22].

Struck by the many orders of magnitude difference between these numbers,
we were prompted to look more closely at the spin dynamics of Ca9(PO4)6 to
derive an upper bound on the lifetime of the quantum entanglement of a pair
of Posner molecules. In particular, we consider here intramolecular 31P–31P
dipolar and scalar coupling and the Zeeman interaction of the 31P spins with
the Earth’s magnetic field. Interesting, but beyond the scope of this report, are
other aspects of Fisher’s proposal, such as the enzymatic reaction that creates
the pairs of phosphate ions from which the entangled Posner molecules are
assembled, and the chemical/physical nature of the read-out process in which
Ca2+ ions are simultaneously released from entangled molecules that have been
transported into remote neurons [1–3, 23].

2 Methods

We treat Ca9(PO4)6 as a rigid molecule, in which the phosphorus atoms have
the distorted octahedral (S6) arrangement shown in figure 1. We consider
the simplest case of intermolecular entanglement—a pair of identical Posner
molecules constructed such that two 31P spins, one in each molecule, are ini-
tially in the maximally entangled nuclear singlet state, P̂ S

1,7 = |S1,7〉〈S1,7|, where

|S1,7〉 = [|α1β7〉 − |β1α7〉] /
√

2. The other ten spins (labelled 2–6 in one molecule
and 8–12 in the other, figure 1) are assigned maximally mixed initial states.
The spin Hamiltonian of this 12-spin system, Ĥ(t) = Ĥ0 + Ĥ1(t), has a time-
independent part,

Ĥ0 = ω0

∑
k

Ŝkz +
∑
j<k

∑
k

2πJjkŜj · Ŝk, (2.1)

in which Ŝk and Ŝkz are, respectively, the spin angular momentum operator,
and its z-component, for nucleus k. The first term in equation (2.1) accounts
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for the Zeeman interaction with the Earth’s magnetic field, taken to have flux
density B0 = 50 µT. The 31P Larmor frequency is |ω0/2π| = γPB0/2π = 863 Hz,
where γP = 10.84× 107 T−1 s−1 is the magnetogyric ratio of 31P. The six 31P
spins in each molecule (figure 1) are magnetically equivalent, with identical
chemical shifts. The second term in equation (2.1) represents the intramolecular
J-couplings: values of the three distinct coupling constants, taken from [15],
are given in figure 1. We ignore the tiny natural abundance of 43Ca and all
intermolecular spin interactions.

Ĥ1(t), the incoherent part of the spin Hamiltonian, contains the 15 pairwise
dipolar interactions in each molecule, which are time-dependent as a result of
rotational diffusion:

Ĥ1(t) = −
√

6~γ2P
(µ0

4π

)
ˆ̂
Rmol(t)

∑
j<k

∑
k

ˆ̂
R(jk)

pos T̂
(jk)
2,0 /r3jk. (2.2)

In equation (2.2), µ0 is the vacuum permeability, rjk is the distance between

spins j and k, and T̂
(jk)
2,0 is one of the five second rank irreducible spherical

tensor operators for spins j and k.
ˆ̂
R

(jk)
pos and

ˆ̂
Rmol(t) are rotations that define,

respectively, the fixed direction of the j–k dipolar axis in the molecular frame
and the time-dependent orientation of the molecule in the laboratory frame.

The atomic coordinates needed to calculate rjk and
ˆ̂
R

(jk)
pos were obtained using

density functional theory (see electronic supplementary material).
The coherent spin dynamics driven by Ĥ0, and the spin relaxation induced

by Ĥ1(t), together determine the time-dependence of the density operator ρ̂(t)
of the 12-spin system:

dρ̂(t)

dt
= −i

ˆ̂
Lρ̂(t) =⇒ ρ̂(t) = exp

(
−i

ˆ̂
Lt
)
ρ̂(0) (2.3)

where the Liouvillian,
ˆ̂
L =

ˆ̂
H0 + i

ˆ̂
Γ, contains the commutator superoperator

corresponding to Ĥ0 and the relaxation superoperator
ˆ̂
Γ (discussed below).

3 Results

3.1 Coherent spin dynamics

The initial density operator, ρ̂(0) = P̂ S
1,7/2

10, commutes with the Zeeman inter-
action but not with the J-coupling term in equation (2.1). As a consequence, the

singlet order, pS1,7(t) = Tr
[
ρ̂(t)P̂ S

1,7

]
, of the initially entangled pair of spins oscil-

lates at a variety of frequencies determined by the three coupling constants. Ig-
noring spin relaxation for the moment, pS1,7(t) has the complex time-dependence

shown in figure 2a. Within a second, pS1,7(t) drops to 0.25, the value expected
for a pair of spins in a maximally mixed state, and only occasionally rises above
0.5 as the various oscillations come partially back into phase. Simultaneously,
coherence is transferred to the other ten spins via the J-couplings. Although
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all intermolecular pairs of spins have non-zero singlet order at some point (i.e.
pSj,k(t) > 0.25), only pS6,12(t) rises above 0.5 (figure 2b) during the first 400 s
(spins 6 and 12 are related to 1 and 7, respectively, by the inversion symmetry,
figure 1).

S

(c)

S 6
,1

2

(d)

(a)

S

(b)

S 6
,1

2

Figure 2: The singlet order pSj,k(t) of spins 1 and 7, (a) and (c), and spins 6 and
12, (b) and (d), as a function of time after the formation of a pair of entangled
Posner molecules in the initial state P̂ S

1,7. (a) and (b) are calculated assuming S6

symmetry, (c) and (d) with Oh symmetry. The dashed horizontal lines indicate
pSj,k = 0.5. The insets in (a) and (b) show expanded views of the main plots.

Figures 2c and 2d show pS1,7(t) and pS6,12(t) for a simplified coupling pat-
tern in which the two largest coupling constants have been set equal to their
mean, JAB = 1

2 (JA + JB). This situation would arise if the four degenerate S6

conformations of the molecule were to interconvert under conditions of fast ex-
change, i.e. on a timescale rapid compared to |JA − JB|−1 ' 30 s. As expected,
with only two distinct couplings, the time-dependence of the singlet order is
somewhat simpler than in figures 2a and 2b.

Figure 2 suggests that the coherent spin dynamics may distribute the initial
entanglement around the two molecules. The degree of entanglement of spins
j and k was quantified by taking the partial trace of the density matrix over
the other ten spins and then calculating Cj,k(t), the two-qubit concurrence [24].

Taking ρ̂(0) = P̂ S
1,7/2

10, Cj,k(t) was determined for all pairs of spins, for both the
full set of couplings {JA, JB, JC}, figure 3a, and the simplified coupling pattern
{JAB, JAB, JC}, figure 3b. In both cases, Cj,k(t) = 0 (i.e. no entanglement) for
all pairs of spins (j, k) except (1,7) and (6,12) and those pairs are only entangled
(i.e. Cj,k(t) > 0) when the corresponding singlet order pSj,k(t) (figure 2) rises
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above 0.5. This is the threshold for entanglement of a two-qubit density matrix
describing a mixture of |S〉〈S| and

(
1̂− |S〉〈S|

)
/3 [25]. Although for most of

the time in figure 3a there is no two-spin entanglement at all, it is possible
that intermolecular entanglement involving more than two spins may exist at
all times.

C
(t

)

C
(t

)

(a) (b)

(1,7) (6,12)
(1,7) (6,12)

Figure 3: The two-qubit concurrence Cj,k(t) of spins 1 and 7 (blue) and spins
6 and 12 (red) as a function of time after the formation of a pair of entangled
Posner molecules in the initial state P̂ S

1,7. (a) and (b) were calculated assuming
S6 and Oh symmetry respectively. The inset in (a) shows an expanded view of
the main plot.

3.2 Spin relaxation

There are some states (the eigenstates of Ĥ0) that do not evolve coherently.
However, with one exception (section 3.3), all spin states of a pair of Posner
molecules are relaxed by Ĥ1(t), the incoherent part of the spin Hamiltonian
(equation (2.2)). The most important relaxation pathways for spin-½ nuclei
normally arise from rotational modulation of intramolecular dipolar interac-
tions and chemical shift anisotropy. As the latter will be negligibly slow in an
Earth-strength magnetic field, we focus on dipolar relaxation, using Redfield

theory to obtain
ˆ̂
Γ [26–28]. The validity of this approach is justified in the

electronic supplementary material. The two Ca9(PO4)6 molecules are assumed
to undergo uncorrelated isotropic Brownian rotational diffusion with a corre-
lation time τc estimated from the Stokes–Einstein relation, τc = 4πηa3/3kBT ,
for a spherical object of radius a in a medium with viscosity η at tempera-
ture T . Taking a = 0.44 nm [18] and T = 37 ◦C (approximate physiologi-
cal temperature), we obtain τc ' 58 ps for a Posner molecule in pure water
(η = 6.9× 10−4 kg m−1 s−1 [29]). Given that τ−1

c (∼17 GHz) hugely exceeds the
difference between the largest and smallest eigenvalues of Ĥ0 (∼6|ω0| ' 33 kHz),

the extreme narrowing limit can be used to obtain
ˆ̂
Γ = −

〈
ˆ̂
H1(t)

ˆ̂
H1(t)

〉
τc, where

ˆ̂
H1(t) is the commutator superoperator corresponding to Ĥ1(t) and the angled
brackets indicate the ensemble average necessary to obtain g(t), the correlation
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function of Ĥ1(t) (see electronic supplementary material for details). As is cus-
tomary in such calculations, we assume g(t) decays exponentially: exp(−t/τc).

The relaxation rate constant of the intermolecular two-spin singlet, P̂ S
1,7/2

10,
is obtained as

ΓS = Tr
[
P̂ S
1,7

ˆ̂
ΓP̂ S

1,7

]
/Tr

[
P̂ S
1,7P̂

S
1,7

]
(3.1)

(see electronic supplementary material and Ref. [30] for details of the calcula-
tion). Equation (3.1) gives ΓS/s

−1 = 7.86× 10−6τc/ps and a relaxation time
(Γ−1

S ) of ∼37 min for Posner molecules dissolved in pure water (τc = 58 ps) at
37 ◦C. Given that the two Posner molecules tumble independently, we would
expect the entanglement to be lost on the same timescale as the relaxation
of the individual molecules. A simple order-of-magnitude check may therefore
be obtained as follows. The dipolar spin-lattice and spin-spin relaxation rates
for a pair of 31P spins with separation r in the extreme narrowing limit are

T−1
1 = T−1

2 = 3
2

(
~γ2Pr−3µ0/4π

)2
τc [31]. Taking r ' 0.5 nm and multiplying

this relaxation rate by 10, because each of the entangled spins is relaxed by
its five neighbours, we get ∼1.5× 10−5τc/ps, which is within a factor of two of
equation (3.1).

Relaxation is a little slower if, instead of just one intermolecular singlet,
the initial state is a linear combination of up to six shared singlets. We find
relaxation times that increase with each additional singlet pair by up to a factor
of around two for six shared singlets. It seems unlikely that a pair of Posner
molecules with more than one or two shared singlets could arise biochemically.

For comparison, we have also used equation (3.1) to calculate self-relaxation
rates for intramolecular singlets. With the atoms numbered as in figure 1, the
three distinct two-spin singlet states, (1,2), (1,4), and (1,6), have self-relaxation
times of 51, 43, and 25 min respectively.

3.3 Long-lived singlet states

Nuclear singlet states are not relaxed by local magnetic fields whose fluctua-
tions are correlated at the sites of the participating nuclei [4]. In practice this
means that the geometrical arrangement of the spins should have a centre of
inversion [13]. While this is certainly the case for a single Posner molecule, it
is clearly not for a pair of Posner molecules undergoing independent rotational
diffusion (as shown in figure 1). We can anticipate therefore that, although there
may be one or more long-lived intramolecular singlet states, there is no possibil-
ity that singlets comprising spins in more than one molecule could be immune
to dipolar (or indeed any other type of) relaxation. The only intramolecular

eigenstate of the dipolar relaxation superoperator
ˆ̂
Γ that has a zero eigenvalue

(apart from the identity operator 1̂) is(
1

2
1̂− P̂ S

1,6

)(
1

2
1̂− P̂ S

2,5

)(
1

2
1̂− P̂ S

3,4

)
. (3.2)

All six phosphorus nuclei are involved in this state in inversion-related, locally
singlet pairs. It seems unlikely that this state could arise from the enzymatic
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hydrolysis of pyrophosphate, which would create singlet pairs of 31P spins with-
out the correlation amongst the pairs inherent in equation (3.2). And, being
intramolecular, it could not fulfil the proposed quantum cognition function [1].

Of the remaining 4094 eigenstates of the intramolecular dipolar relaxation

superoperator,
ˆ̂
Γ, 553 have self-relaxation times longer than 37 min, the longest

being only three times longer. Even if any of these states could be formed
biochemically in both molecules simultaneously and would correspond to in-
termolecular singlet entanglement—both of which seem highly unlikely—they
would not persist for much longer than 37 min. All of the additional factors (see
section 4) that could relax the P̂ S

1,7 state in seconds would also apply to these
more slowly relaxing states. It is therefore impossible in our view to imagine
entangled states of pairs of Posner molecules that have the extraordinarily long
lifetimes required by Fisher’s proposal.

4 Discussion

The relaxation time calculated here (37 min) is much smaller than Fisher’s
most conservative estimate (1 day), obtained by assuming that intermolecular
31P dipolar interactions with the protons in rapidly tumbling water molecules
would be the dominant relaxation pathway. It is clear from the considerations
presented here that intramolecular 31P–31P dipolar relaxation is much more
efficient. However, 37 min is still a great deal slower than would normally
be expected for 31P. Given the model employed here, in which relatively weak
dipolar interactions are modulated by relatively rapid tumbling, 37 min is not
surprising. However, there are several reasons why Posner molecules could relax
much more rapidly than this.

(a) The two-spin singlet relaxation rate ΓS is proportional to τc, so anything
that hinders the rotation of the molecule will accelerate its 31P relaxation. For
example: (i) environments more viscous than water; (ii) dimerization (suggested
by Fisher to be essential for the read-out of the quantum entanglement [1]);
(iii) formation of larger oligomeric complexes (such as those formed during the
nucleation of amorphous calcium phosphate [16]); and (iv) transient binding to
large, slowly moving objects (e.g. proteins and membranes).

(b) Other magnetic interactions are unlikely to be negligible. (i) Param-
agnetic species such as metal ions and in particular molecular oxygen O2 are
effective as relaxation agents by virtue of their large electronic magnetic mo-
ments [10]. (ii) Using ab initio calculations with implicit solvation models, Lin
and Chiu report two structures of Ca9(PO4)6 that are more stable than the S6

form and possess enormous dipole moments (10 D and 31 D) [32]. Such struc-
tures would be strongly solvated in aqueous solution, giving rise to significant
31P–1H dipolar relaxation. (iii) Spin-rotation relaxation (due to the interaction
between nuclear spins and the fluctuating magnetic field generated by rapid
molecular rotations) may well be significant given the weak dipolar interactions
and the absence of CSA relaxation [5].

(c) Lin and Chiu’s study suggests that Ca9(PO4)6 may have multiple struc-
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tures of similar energy [32]. If any of them are able to interconvert, our assump-
tion of a rigid, stable molecular framework is unlikely to be valid. (i) Intramolec-
ular rearrangements would modulate both scalar and dipolar 31P–31P couplings
and so open new relaxation pathways. For instance, degenerate interconversion
of S6 conformations (see above) occurring in the intermediate exchange regime
could destroy the singlet order within seconds. (ii) Intermolecular exchange of
phosphate groups, for example:

Ca9(PO4)6 + ∗HPO2−
4 
 Ca9(PO4)5(∗PO4) + HPO2−

4 (4.1)

(where * denotes the incoming phosphate), would swap an entangled spin for
one with a random spin state and so attenuate the intermolecular spin corre-
lation. Given that 31P in free phosphate (HPO2−

4 or H2PO−
4 , depending on

the pH) relaxes in seconds [22], exchange reactions of this sort could dramat-
ically accelerate the 31P relaxation of Ca9(PO4)6. (iii) A molecular dynamics
study by Mancardi et al. found Posner-type clusters with low Ca:P ratios that
contained protonated phosphate groups, clusters that shared phosphate groups,
and clusters in which Na+ is partially substituted for Ca2+ [20]. Formation and
interconversion of such structures could also contribute to spin relaxation.

All of these factors would also reduce the coherence lifetimes of other states,
such as those with multiple singlets (mentioned in section 3.2) and the “long-
lived” intramolecular state in equation (3.2).

Finally, Fisher has recently proposed “quantum dynamical selection” rules
based on the indistinguishability of symmetry-related nuclei in small molecules [33].
Two consequences are that homolytic bond-breaking of ortho-H2 should be
symmetry-forbidden and that entanglements of nuclear spin states with molec-
ular rotations (e.g. in Posner’s molecule) could persist “for exponentially long
times”. Such arguments seem to overlook the inevitability of intramolecular nu-
clear spin relaxation processes and the interconversion of nuclear spin isomers.
Wigner showed in 1933 that ortho- and para-H2 are interconverted when the
hydrogen nuclei experience different local magnetic fields [34]. Subsequently
Curl et al. established that dipolar and spin-rotation interactions can rapidly
equilibrate nuclear spin isomers in larger molecules [35]. These interactions
couple states of different nuclear and rotational symmetry because they have
components that are antisymmetric with respect to exchange of both the posi-
tions and the spins of symmetry-related nuclei [36, 37]. The C3 symmetry of
a Posner molecule gives rise to states with a “pseudospin” quantum number,
τ = 0, 1, 2, which Fisher predicts will be exceedingly long-lived [1, 33]. We be-
lieve that the relaxation processes described here would invalidate any selection
rules associated with τ .

5 Conclusions

There are three main conclusions. (a) The J-couplings of the 31P spins in a non-
interacting pair of Ca9(PO4)6 molecules drive coherent spin dynamics in which
the initial two-spin order is spread around the 12 spins and varies from one
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second to the next. Whether this is consistent with Fisher’s quantum cognition
mechanism will probably depend critically on the details of the chemical process
that ‘reads out’ the information carried by the spins in the two distant molecules.
(b) There are no long-lived intermolecular singlets that are immune to either
the coherent or incoherent parts of the spin Hamiltonian. (c) A strict upper
limit of 37 min has been obtained for the lifetime of a singlet state shared
between two Posner molecules. Various factors have the potential to accelerate
this relaxation; we suspect a lifetime of a few seconds for any intermolecular
singlet state is more likely than half an hour. Indeed, the only way we can
envisage a molecule with 31P relaxation as slow as 1 min under physiological
conditions would be a two-spin intramolecular nuclear singlet (which would be
useless as a source of “spooky action at a distance” [38]).
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Posner qubits: spin dynamics of entangled Ca9(PO4)6
molecules and their role in neural processing

Thomas C. Player and P. J. Hore

Department of Chemistry, University of Oxford, Oxford OX1 3QZ, UK

1 Spin Hamiltonian

For a pair of Posner molecules, the total spin Hamiltonian can be written as

Ĥ(t) = Ĥ0 + Ĥ1(t), (1.1)

where Ĥ0 describes coherent interactions, and Ĥ1(t) describes time-dependent interactions that are
responsible for relaxation of spin states. This can equivalently be written as a sum of smaller Hamil-
tonians for the individual molecules (which will be intermolecularly singlet entangled in Fisher’s
theory), labelled a and b:

Ĥ(t) = Ĥa(t)⊕ Ĥb(t) (1.2)

where ⊕ denotes the Kronecker sum Â⊕ B̂ = Â⊗ 1̂B + 1̂A ⊗ B̂.

2 Coherent spin dynamics

The time-dependent singlet probability pSj,k(t), given an initial intermolecular singlet state ρ̂(0) =

P̂ S
a,b/(ZaZb) where Zi is a normalization constant to account for the other nuclear spin states in

molecule i, is

pSj,k(t) = Tr
[
ρ̂(t)P̂ S

a,b

]
=

1

4
−

∑
β=x,y,z

Tr
[
ρ̂(t)ŜjβŜkβ

]
,

(2.1)

where ρ̂(t) = e−iĤ0tρ̂(0)e+iĤ0t and P̂ S
j,k = 1

4 1̂− Ŝj · Ŝk. This is time consuming to calculate in the
full Hilbert space of two Posner molecules, and so we used a method for calculating time-dependent
singlet probabilities of radical pairs in a smaller Hilbert space, described in [1, 2].
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The second term in Eq. (2.1) can be rewritten using Eq. (1.2) and the fact that Ĥa(t) and Ĥb(t)
commute as

− 1

ZaZb

∑
β=x,y,z

Tr

[
e−iĤ0t

(
1

4
1̂−

∑
α=x,y,z

ŜaαŜbα

)
e+iĤ0tŜjβŜkβ

]
=
∑
α,β

Ra,jαβ (t)Rb,kαβ(t), (2.2)

where

Ra,jαβ (t) =
1

Za
Tr
[
Ŝaαe+iĤ

a
0 tŜjβe−iĤ

a
0 t
]

=
1

Za
Tr
[
Ŝaα(0)Ŝjβ(t)

]
(2.3)

is an element of the spin correlation tensor for the chosen nucleus in molecule a, and we have used
cyclic permutation under the trace.

Using Eqs (2.1) and (2.2), we can therefore calculate the time-dependent singlet probability in
the smaller Hilbert space of each individual molecule as

pSj,k(t) =
1

4
+
∑
α,β

Ra,jαβ (t)Rb,kαβ(t). (2.4)

3 Concurrence

The concurrence between two spins was calculated by first tracing out the other ten spins in the
two-molecule system from the density matrix to give ρ(t) = Tri 6={j,k} [ρ̂(t)] 1. The concurrence was
then calculated as in [4]:

Cj,k (t) = max{0, λ1 − λ2 − λ3 − λ4}, (3.1)

where λi are the eigenvalues, in decreasing order, of the matrix ρ(t) (σy ⊗ σy) ρ(t) (σy ⊗ σy) and
σy is the second Pauli matrix. This concurrence, which has range 0 (not entangled) to 1 (fully
entangled), can then be used directly as a measure of bipartite entanglement.

4 Validity of the Redfield approach

The dominant relaxation pathway for many molecules containing non-quadrupolar nuclei is dipo-
lar relaxation via the interaction of nuclear magnetic moments in the molecule. Note that this is
intramolecular dipolar coupling, as opposed to the intermolecular dipolar coupling considered by
Fisher and colleagues [5, 6]. Brownian rotational diffusion of the molecule then modulates these
dipolar couplings and leads to relaxation. We use Redfield theory to model this kind of spin relax-
ation. The validity of the Redfield approach used can be established from the following estimates.

(1) For the Redfield approach to be valid, we require |b|τc � 1 [7, 8]. In this expression
b is the dipolar coupling constant of two 31P spins separated by a distance r, defined as b =
−(4πr3)−1µ0γ

2
P~, where γP is the magnetogyric ratio of 31P and µ0 is the vacuum permeability.

Taking r = 0.5 nm as a rough figure for the average separation of the 31P nuclei, we obtain
b ' 990 Hz. The correlation time for Brownian rotation diffusion of a spherical molecule of radius a
in a medium with viscosity η at temperature T can be estimated using the Stokes–Einstein equation
as τc = 4πηa3(3kBT )−1. Using a = 0.44 nm [9] and T = 310 K (physiological temperature),
τc ' 58 ps for water (η = 0.69 mPa s). Multiplying by the dipolar coupling constant calculated
above, we see that the Redfield approach is clearly valid.

1The code used for the partial trace can be found online at [3].
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(2) To simplify the calculation further we use the extreme narrowing limit, as described in [10],
which is valid when all the eigenvalue differences of the time-independent part of the spin Hamilto-
nian Ĥ0 are much smaller than τ−1c . In the present case, since the J-couplings are small compared
to the Earth’s magnetic field, this means we require 6|ω0|τc � 1, where ω0 = −γPB0 is the 31P
nuclear Larmor frequency in the Earth’s magnetic field B0. Taking B0 ' 50 µT, ω0 ' 5.4 kHz and
so the extreme narrowing condition is clearly satisfied for the rotational correlation time quoted
above. We also note that the six 31P nuclei in a Posner’s molecule would have the same chemical
shift since they are magnetically equivalent, and so the 31P NMR spectrum would be a singlet.

These two conditions establish that the extreme narrowing Redfield approach to calculating
nuclear spin relaxation, as described elsewhere in [7, 10–14] and below, will be valid for Posner’s
molecules.

5 Dipolar Hamiltonian

The following description of the dipolar Hamiltonian follows that described by Wagner-Rundell [10]
and the references therein.

If we define the the dipole-dipole axis as the principal axis frame (P) z-axis, then the Hamiltonian
for dipolar coupling in a molecule between nuclei j and k is given by

Ĥ
jk(P)
D =

√
6bjkT̂

jk
2,0, (5.1)

where bjk = − 1
4πµ0γjγk~r−3jk is the dipole-dipole coupling constant, µ0 is the vacuum permeability,

rjk is the internuclear distance, and T̂ jk2,0 is one of the second-order spherical tensors:

T̂ jk2,±2 = 1
2 Ŝj±Ŝk± , T̂ jk2,±1 = ∓ 1

2

(
ŜjzŜk± + Ŝj±Ŝkz

)
,

T̂ jk2,0 =
√

2
3

(
− 1

2 ŜjxŜkx −
1
2 ŜjyŜky + ŜjzŜkz

)
.

(5.2)

Any spherical tensor is transformed under a rotation operator
ˆ̂
R as

ˆ̂
R(α, β, γ)T̂ jkl,m =

l∑
m′=−l

T̂ jkl,m′D
(l)
m′,m (α, β, γ) , (5.3)

where D
(l)
m′,m (α, β, γ) are elements of the lth rank Wigner D-matrix for a rotation through Euler

angles (α, β, γ). 2

This leads to the following expression for the dipolar Hamiltonian in the laboratory frame (L),
where it has been rotated from the principal axis frame to the molecular frame through Euler angles

2The convention used here is the z-y′-z′′ convention. The first rotation is of an angle α about the rotating
object’s z axis, then β about the new y′ axis, and finally γ about the new z′′ axis. This can also be written as
ˆ̂
R(α, β, γ) =

ˆ̂
Rz′′ (γ)

ˆ̂
Ry′ (β)

ˆ̂
Rz(α), in terms of the three separate rotations. This is equivalent to performing all three

rotations in a different order about the original axes:
ˆ̂
R(α, β, γ) =

ˆ̂
Rz(α)

ˆ̂
Ry(β)

ˆ̂
Rz(γ).
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(α, β, γ), and then into the lab frame through time-dependent Euler angles (Ω (t)):

Ĥjk
D

(L) =
ˆ̂
Rmol (Ω (t))

ˆ̂
Rj,kpos(α, β, γ)Ĥjk

D
(P)

=
ˆ̂
Rmol (Ω (t))

ˆ̂
Rj,kpos(α, β, γ)

√
6bjkT̂

jk
2,0

= −
√

6~γ2P
(µ0

4π

)
ˆ̂
Rmol (Ω (t))

ˆ̂
Rj,kpos(α, β, γ)T̂ jk2,0/r

3
jk.

(5.4)

The time-dependent Hamiltonian is then given by summing over all pairs of nuclei in the molecule
(Eq. (2.2) in the main text):

Ĥ1(t) = −
√

6~γ2P
(µ0

4π

)
ˆ̂
Rmol (Ω (t))

∑
j<k

∑
k

ˆ̂
Rj,kpos(α, β, γ)T̂ jk2,0/r

3
jk. (5.5)

We can evaluate the effect of the rotation operators on the spherical tensors using Eq. (5.3), and by

defining a positioning parameter Φjkm =
√

6bjkD
(2)
m,0 (α, β, γ) for each pair of nuclei in the molecule

can write the time-dependent Hamiltonian as

Ĥ1(t) =
∑
j<k

∑
k

2∑
m,m′=−2

Φjkm T̂
jk
2,m′D

(2)
m′,m (Ω(t)) . (5.6)

This can be made notationally more compact by defining a parameter, φjkm′(t), containing all time-
dependent positional information about a pair of nuclei:

φjkm′(t) =

2∑
m=−2

ΦjkmD
(2)
m′,m (Ω(t)) , (5.7)

such that the time-dependent Hamiltonian can be written as

Ĥ1(t) =
∑
j<k

∑
k

2∑
m′=−2

φjkm′(t)T̂
jk
2,m′ , (5.8)

in a form that facilitates fast calculations.

6 Relaxation Theory

Relaxation due to Ĥ1(t) can be described using a well-established theory often called Redfield, or
Bloch-Redfield-Wangsness, relaxation theory.

The Liouville-von Neumann equation is used to determine the effect of the spin Hamiltonian on
the system:

dρ̂(t)

dt
= −i

[
Ĥ0 + Ĥ1(t), ρ̂(t)

]
. (6.1)

It is shown in [10] and [7] that, using second order perturbation theory and several valid assump-
tions, that this can be rewritten in the interaction representation. This is indicated by a double
dagger (‡), whereby all operators in the laboratory frame are transformed according to

Q̂‡(t) = eiĤ0tQ̂e−iĤ0t. (6.2)
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In this representation, the time-evolution of the density matrix is given by

dρ̂‡(t)

dt
= −

∫ ∞
0

〈[
Ĥ‡1(t),

[
Ĥ‡1(t− τ), ρ̂‡(t)

]]〉
dτ, (6.3)

where the ensemble average is over the Hamiltonians. This expression is transformed back out of
the interaction representation and into the laboratory frame using Eq. (6.2):

dρ̂(t)

dt
= −i

[
Ĥ0, ρ̂(t)

]
−
∫ ∞
0

〈[
Ĥ1(t),

[
e−iĤ0τ Ĥ1(t− τ)eiĤ0τ , ρ̂(t)

]]〉
dτ. (6.4)

This is clearly a sum of two terms: the first governs the coherent dynamics of the system, which
have already been discussed, and the second is the relaxation term. This is known as a “master
equation”.

7 Extreme Narrowing

This master equation is not analytically soluble in general, and so an approximation is outlined
here, as in [10]. When the random processes (i.e. molecular rotations) take place on a timescale
much shorter than all of the eigenvalue differences for the static Hamiltonian (i.e. the transition
frequencies), then the conditions for extreme narrowing are met:

ω2
nmτ

2
c � 1 ∀ n,m, (7.1)

where τc is the molecular rotational correlation time, i.e. the average time for a molecule to tumble
through an angle of one radian, and ωnm = ωn − ωm where {ωn} are the eigenvalues of Ĥ0.

By converting into the eigenbasis of Ĥ0, the relaxation term in Eq. (6.4) can be written

−
(∫ ∞

0

〈[
Ĥ

(0)
1 (t),

[
F̂ (t, τ), ρ̂(0)(t)

]]〉
dτ

)
, (7.2)

where F̂ (t, τ) = e−iĤ
(0)
0 τ Ĥ

(0)
1 (t− τ)eiĤ

(0)
0 τ , and the (0) superscript indicates quantities transformed

into the new basis.
Expanding the commutators, remembering that the ensemble average is taken only over the

time-dependent Hamiltonian, means that terms similar to K̂ arise:

K̂ =

∫ ∞
0

〈
Ĥ

(0)
1 (t)F̂ (t, τ)

〉
ρ̂(0)(t)dτ. (7.3)

A single matrix element of K̂ can be written as

K̂nm =
∑
p,q

∫ ∞
0

〈[
Ĥ

(0)
1 (t)

]
np

[
F̂ (t, τ)

]
pq

〉[
ρ̂(0)(t)

]
qm

dτ

=
∑
p,q

∫ ∞
0

〈[
Ĥ

(0)
1 (t)

]
np

[
Ĥ

(0)
1 (t− τ)

]
pq

〉[
ρ̂(0)(t)

]
qm

e−iωpqτdτ.

(7.4)

Using the correlation function〈
Ĥ1(t)Ĥ1(t− τ)

〉
=
〈
Ĥ1(t)Ĥ1(t)

〉
e−

|τ|
τc , (7.5)
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where the angle brackets indicate an ensemble average, gives:

K̂nm =
∑
p,q

∫ ∞
0

〈[
Ĥ

(0)
1 (t)

]
np

[
Ĥ

(0)
1 (t)

]
pq

〉[
ρ̂(0)(t)

]
qm

e(−iωpq−
1
τc

)τdτ. (7.6)

This integral is simple to compute, and gives:

K̂nm =
∑
p,q

〈[
Ĥ

(0)
1 (t)

]
np

[
Ĥ

(0)
1 (t)

]
pq

〉[
ρ̂(0)(t)

]
qm

(
τc

1 + τ2c ω
2
pq

− i ωpqτ
2
c

1 + τ2c ω
2
pq

)
, (7.7)

the imaginary component of which is known as the dynamic frequency shift. It corresponds to a
shift in energy which is usually small and difficult to measure, and so we ignore it here [8].

Since we are in the extreme narrowing limit, τc/(1 + τ2c ω
2
pq) ' τc, and so:

K̂nm ' τc
∑
p,q

〈[
Ĥ

(0)
1 (t)

]
np

[
Ĥ

(0)
1 (t)

]
pq

〉[
ρ̂(0)(t)

]
qm

. (7.8)

Using a similar argument for all terms in Eq. (7.2) means we obtain the relaxation term in the
extreme narrowing limit:

−τc
〈[
Ĥ

(0)
1 (t),

[
Ĥ

(0)
1 (t), ρ̂(0)(t)

]]〉
. (7.9)

So, by transforming back out of the eigenbasis of Ĥ0, we obtain the master equation in the extreme
narrowing limit:

dρ̂(t)

dt
= −i

[
Ĥ0, ρ̂(t)

]
− τc

〈[
Ĥ1(t),

[
Ĥ1(t), ρ̂(t)

]]〉
. (7.10)

8 Relaxation Superoperator

The time-dependence of the density matrix can also be written using in Liouville space 3 as

d |ρ̂(t)〉
dt

=
(
−i ˆ̂
H0 +

ˆ̂
Γ
)
|ρ̂(t)〉 , (8.1)

where
ˆ̂
H0 is the commutation superoperator that corresponds to Ĥ0, and

ˆ̂
Γ is the relaxation super-

operator:
ˆ̂
Γ = −

〈
ˆ̂
H1(t)

ˆ̂
H1(t)

〉
τc. (8.2)

Using Eq. (5.5), the relaxation superoperator may be written:

ˆ̂
Γ = −τc

〈∑
j<k

∑
k

∑
r<s

∑
s

2∑
m′,n′=−2

φjkm′(t)φ
rs
n′(t)

ˆ̂
T jk2,m′

ˆ̂
T rs2,n′

〉
. (8.3)

Since the time-dependence comes from the positioning φ(t) functions, it is sufficient to consider
products of the form: 〈

φjkm′(t)φ
rs
n′(t)

〉
. (8.4)

3This is where density matrices are row-wise flattened into Liouville space state “vectors” that are acted upon by
matrix representations of superoperators of the dimension of the Hilbert space squared.
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Using Eq. (5.7) and the properties of Wigner functions 4, products of this type can be expressed
as: 〈

φjkm′(t)φ
rs
n′(t)

〉
=

2∑
m,n=−2

ΦjkmΦrsn

〈
D

(2)
m′,m (Ω(t))D

(2)
n′,n (Ω(t))

〉

=

2∑
m,n=−2

ΦjkmΦrsn

〈
D

(2)
m′,m (Ω(t))D∗

(2)
−n′,−n (Ω(t))

〉
(−1)m

′−m.

(8.5)

From [10]: 〈
φjkm′(t)φ

rs
n′(t)

〉
=

1

5

2∑
m,n=−2

ΦjkmΦrsn δm′,−n′ δm,−n(−1)m
′−m

=
1

5

2∑
m=−2

ΦjkmΦrs−mδm′,−n′(−1)m
′−m.

(8.6)

The relaxation superoperator in the extreme narrowing limit can therefore be calculated directly
as:

ˆ̂
Γ = −τc

5

∑
j<k

∑
k

∑
r<s

∑
s

2∑
n,m=−2

(−1)n+mΦjkmΦrs−m
ˆ̂
T jk2,−n

ˆ̂
T rs2,n. (8.7)

We now consider the effect of
ˆ̂
Γ on intermolecular singlet states. The self-relaxation rate constant

ΓS for a state Q̂ is given as in [13] and the main text by

ΓS =
Tr
[(

ˆ̂
Γ |Q̂〉

)
Q̂†
]

Tr
[
Q̂Q̂†

] = Tr
[
Q̂

ˆ̂
ΓQ̂†

]
/Tr

[
Q̂Q̂†

]
, (8.8)

where
Q̂ =

∑
{a,b}∈S

P̂ S
a,b (8.9)

is a linear combination of singlet operators, S is the set of singlet pairs, and a and b are the two
entangled spins in the singlet state.

4Specifically, D
(j)
m′,m (α, β, γ) = (−1)m

′−mD∗
(j)
−m′,−m

(α, β, γ).
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9 Relaxation of an Intermolecular Singlet

Using Eq.s (7.10) and (8.2), the definition and Hermiticity of P̂ S
a,b, the unnormalized initial singlet

relaxation rate constant Γ′S can be written (in units of −τc) as:

Γ′S =
∑

{a,b},{c,d}∈S

Tr
[〈[

Ĥ1(t),
[
Ĥ1(t), P̂ S

a,b

]]〉
P̂ S
c,d

]

=
∑

{a,b},{c,d}∈S

Tr

〈[Ĥ1(t),

[
Ĥ1(t),

1

4
1̂−

∑
α

Ŝaα ⊗ Ŝbα

]]〉
1

4
1̂−

∑
β

Ŝcβ ⊗ Ŝdβ


=

∑
{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[〈[

Ĥ1(t),
[
Ĥ1(t), Ŝaα ⊗ Ŝbα

]]〉
Ŝcβ ⊗ Ŝdβ

]
=

∑
{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[〈[

Ĥ1(t),
[
Ĥ1(t), Ŝaα ⊗ Ŝbα

]]〉
Ŝcβ ⊗ Ŝdβ

]
=

∑
{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[
〈A〉 Ŝcβ ⊗ Ŝdβ

]
.

(9.1)

The term labelled A can then be written, using Eq. (1.2) and expanding the commutators, as

A =
[
Ĥa

1 (t)⊕ Ĥb
1(t),

[
Ĥa

1 (t)⊕ Ĥb
1(t), Ŝaα ⊗ Ŝbα

]]
=
[
Ĥa

1 (t),
[
Ĥa

1 (t), Ŝaα

]]
⊗ Ŝbα + 2

[
Ĥa

1 (t), Ŝaα

]
⊗
[
Ĥb

1(t), Ŝbα

]
+ Ŝaα ⊗

[
Ĥb

1(t),
[
Ĥb

1(t), Ŝbα

]]
.

(9.2)

The second term of the last expression will be zero under an ensemble average since the tumbling
of the two molecules is uncorrelated. We note that the commutators in Eq. (9.2) are of the same
form as those in Eq. (8.2), and so we define a relaxation superoperator for each separate molecule
i,

ˆ̂
Γi = −

〈
ˆ̂
Hi

1(t)
ˆ̂
Hi

1(t)
〉
τc. (9.3)

This means that Eq. (9.1) can now be written as

Γ′S =
∑

{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[((

ˆ̂
Γa |Ŝaα〉

)
⊗ Ŝbα + Ŝaα ⊗

(
ˆ̂
Γb |Ŝbα〉

))(
Ŝcβ ⊗ Ŝdβ

)]
=

∑
{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[(

ˆ̂
Γa |Ŝaα〉

)
Ŝcβ ⊗ ŜbαŜdβ + ŜaαŜcβ ⊗

(
ˆ̂
Γb |Ŝbα〉

)
Ŝdβ

]
=

∑
{a,b},{c,d}∈S

∑
α,β=x,y,z

Tr
[(

ˆ̂
Γa |Ŝaα〉

)
Ŝcβ

]
Tr
[
ŜbαŜdβ

]
+ Tr

[
ŜaαŜcβ

]
Tr
[(

ˆ̂
Γb |Ŝbα〉

)
Ŝdβ

]
=

∑
{a,b}∈S

∑
α=x,y,z

2Na−2Tr
[(

ˆ̂
Γa |Ŝaα〉

)
Ŝaα

]
+ 2Nb−2Tr

[(
ˆ̂
Γb |Ŝbα〉

)
Ŝbα

]
,

(9.4)
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using the fact that Tr
[
ŜipŜjq

]
= 2Ni−2δijδpq, where Ni is the number of spins in a molecule i.

Therefore, the normalized singlet relaxation rate constant can be calculated as

ΓS =
∑
{a,b}∈S

∑
i=a,b

2Ni−2
∑

α=x,y,z

Tr
[
Ŝiα

ˆ̂
ΓiŜiα

]
/Tr

[
Q̂Q̂†

]
, (9.5)

with the relaxation superoperators each in the Liouville space of just one molecule, rather than
of the whole system. By comparison with Eq. (8.8), it can be seen that this is a sum of the self
relaxation rates for each Cartesian component of the singlet states.

In general
ˆ̂
Γ1 6= ˆ̂

Γ2, since the two molecules in the intermolecular singlet state could be different,

but in our case the two molecules are identical and so
ˆ̂
Γ1 =

ˆ̂
Γ2 =

ˆ̂
Γ∗, further simplifying the

calculation:

ΓS =
∑
{a,b}∈S

∑
i=a,b

2Ni−2
∑

α=x,y,z

Tr
[
Ŝiα

ˆ̂
Γ∗Ŝiα

]
/Tr

[
Q̂Q̂†

]
. (9.6)

10 DFT Results

Table 1 shows the DFT optimized atomic coordinates of an S6 Posner molecule.These were obtained
by optimizing the geometry for a Posner molecule with S6 symmetry from [15] in Gaussian 09
using density functional theory (DFT). The Ahlrich triple-zeta basis set def2-TZVPP was used in
combination with the BP86 functional. The DFT work was performed by Daniel Kattnig (now at
the Living Systems Institute, University of Exeter, UK).
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Table 1: DFT optimized atomic coordinates, in Å, for Posner’s molecule with S6 symmetry. Num-
bering of the phosphorus nuclei is as in Fig. 1, main text.

x y z
1 O −0.9344 +3.8163 +1.4609
2 Ca −2.7835 +2.0443 +0.7842
3 O −1.7198 +2.5381 −1.1499
4 Ca +0.3786 +3.4328 −0.7842
5 O −3.7722 +1.0989 −1.4609
6 P(1) +0.0000 +2.6944 +2.0654
7 P(5) −2.3334 +1.3472 −2.0654
8 O −1.9765 +1.4995 −3.5593
9 O +0.3104 +2.4615 +3.5593
10 O +1.3382 +2.7585 +1.1499
11 O −0.8317 +1.3528 +1.6409
12 O +2.8378 +2.7174 −1.4609
13 O −3.0580 −0.2203 +1.1499
14 O +0.7557 +1.3966 −1.6409
15 O −1.5874 −0.0439 −1.6409
16 P(4) +2.3334 +1.3472 −2.0654
17 Ca −3.1622 −1.3885 −0.7842
18 O −2.2869 −0.9619 +3.5593
19 Ca +0.0000 +0.0000 −3.4214
20 Ca +0.0000 +0.0000 +0.0000
21 Ca +0.0000 +0.0000 +3.4214
22 O +2.2869 +0.9619 −3.5593
23 Ca +3.1622 +1.3885 +0.7842
24 P(3) −2.3334 −1.3472 +2.0654
25 O +1.5874 +0.0439 +1.6409
26 O −0.7557 −1.3966 +1.6409
27 O +3.0580 +0.2203 −1.1499
28 O −2.8378 −2.7174 +1.4609
29 O +0.8317 −1.3528 −1.6409
30 O −1.3382 −2.7585 −1.1499
31 O −0.3104 −2.4615 −3.5593
32 O +1.9765 −1.4995 +3.5593
33 P(2) +2.3334 −1.3472 +2.0654
34 P(6) +0.0000 −2.6944 −2.0654
35 O +3.7722 −1.0989 +1.4609
36 Ca −0.3786 −3.4328 +0.7842
37 O +1.7198 −2.5381 +1.1499
38 Ca +2.7835 −2.0443 −0.7842
39 O +0.9344 −3.8163 −1.4609
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