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Abstract

We consider the Dawson—Watanabe superprocess obtained from a spatial motion with sub-Gaussian
transition densities on a metric measure space with finite Hausdorff dimension, and examine the
dimensions of the range and the set of times when the support intersects a given set, generalising results
of Serlet and Tribe. As intermediate results, we prove existence of local times for the superprocess if
the spectral dimension of the spatial motion satisfies dg < 4, and prove that (2 —d;/2) A1 is the critical
Holder-continuity exponent in the time variable. Furthermore, we prove a bound on moments of the
integrated superprocess, and give uniform upper bounds on the mass the superprocess assigns to small
balls, generalising a result of Perkins.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction and setup

SuperBrownian motion in R? has been an object of extensive study in recent decades
as a canonical measure-valued process and for its fundamental role in a wide variety of
models. The path properties, such as the Hausdorff measure of the support, have been explored
in [25,31], while other properties of the support and local time can be found in [7,24,34]. More
recent results have considered the boundary of the support and range and associated local

* The second author benefitted while working on the revision from an EPSRC grant EP/W523781/1.
* Corresponding author.
E-mail addresses: hambly @maths.ox.ac.uk (B. Hambly), peter.koepernik @stcatz.ox.ac.uk (P. Koepernik).

https://doi.org/10.1016/j.spa.2023.01.008
0304-4149/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY
license (http://creativecommons.org/licenses/by/4.0/).


http://www.elsevier.com/locate/spa
https://doi.org/10.1016/j.spa.2023.01.008
http://www.elsevier.com/locate/spa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2023.01.008&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:hambly@maths.ox.ac.uk
mailto:peter.koepernik@stcatz.ox.ac.uk
https://doi.org/10.1016/j.spa.2023.01.008
http://creativecommons.org/licenses/by/4.0/

B. Hambly and P. Koepernik Stochastic Processes and their Applications 158 (2023) 377417

times [20,22]. In this paper we will be concerned with the path properties of superprocesses
in a more general setting.

Our aim is to extend known results concerning the Hausdorff dimension of two kinds of
sets related to the support of superBrownian motion, namely

TA) ={t>0:ANS(X,) # T},
for A c R?, studied by Serlet [34], and
R(I) = U S(X,)

tel

for I C (0, 00), studied by Serlet [34] and Tribe [36]. Here, (X,) denotes a superBrownian
motion in R, and S(-) is the closed support of a Borel measure. The proofs in [34] use
LeGall’s Brownian snake to apply path properties of linear Brownian motion to study the
associated superprocess, while [36] uses particle systems and non-standard analysis. We present
an approach using the historical process — which allows for a modern formulation of some
ideas used by Tribe [36] — and superprocess local times to establish similar results in a more
general setting. An advantage of this approach is that the connection between local times and
the dimension of certain sets can be exploited in both directions: Holder continuity of local
times implies a lower bound on the dimension — an idea that has previously been used by
Krone [24] to study superdiffusions on R? — and a corresponding upper bound shows that the
Holder continuity is sharp.

Our aim is to consider the properties of superprocesses on less regular sets, such as fractals.
A fundamental example is the Sierpinski gasket, where work of Barlow and Perkins [5]
showed how to construct a Brownian motion on such a set, and obtained sub-Gaussian
bounds on its transition density. In subsequent developments, diffusions have been constructed
on more general classes of fractals and shown to have sub-Gaussian heat kernels, see for
example [3,4,23]. Superprocesses on the Sierpinski gasket were considered in [16,17], where
some path properties were established. Here we wish to consider the dimension properties of
the support of superprocesses on a general class of metric spaces, which include such fractals.

We now give the setting and assumptions for our results. Let (E, p) be a complete and
separable metric space with Hausdorff dimension d; € (0, oo), and assume that there exists a
non-zero Borel measure v on E such that

V(B(x, 1)) < corl, (1.1)

for all x € E and r > 0, and some ¢, > 0, where B(x, r) denotes the open ball centred at x of
radius r (with respect to the metric p). Note that the existence of such a measure is equivalent
to H% (E) > 0 by a version of Frostman’s lemma, where H“/ denotes the d r-dimensional
Hausdorff (outer) measure on E.

Let (P*),.r denote the laws of a continuous E-valued Feller Markov process ¥ = (Y;);>0
with transition semigroup (P;),;>0, where by Feller we mean that P,(Co(E)) C Co(E), where
Co(E) denotes the space of continuous functions £ — R that vanish at infinity. We assume
that Y has symmetric transition densities (p;(x, y):¢t > 0, x, y € E) with respect to (w.r.t.) v —
which can be chosen jointly measurable in (¢, x, y) [37] — and that there exist 8, y, ¢3,¢c4 > 0
and 7y € (0, oo] such that

pi(x,y) < cst™ P exp (—esp(x, )P7177), (1.2)
for all x,y € E and t € (0, tp). We call d, := 2d/p the spectral dimension of Y.
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These assumptions already imply that there exist ry, ¢c; > 0 such that
v(B(x, 1) = eirs, (1.3)

for all x € E and r € (0, rp), see Lemma B.1. In other words, given the upper bound (1.1),
a lower bound of the form (1.3) is necessary in order for a diffusion on E with sub-Gaussian
transition densities (w.r.t. v) of the form (1.2) to exist.

Remark 1.1.

(1) If tg < oo and diam(E) = oo, then ry < diam(FE). Otherwise ryp = diam(E), in which
case E is called Ahlfors dy-regular, or a fractional metric space in the terminology
introduced by Barlow [3]. All examples we give below are of this type.

A standard consequence of (1.1) and (1.3) is that there are constants ¢, ¢’ > 0 such that
cH47(B) < v(B) < ¢'H% (B) for all Borel sets B C E [19, Exercise 8.11].

(ii) We could have allowed another constant & > 0 to take the place of d;/B in (1.2), but
an argument similar to [3, Lemma 3.8] shows that (1.1) and (1.2) would then already
imply o = dy/B if 1o = oo. If 1) < oo, one would get & > d/B, and equality would
follow if matching lower bounds to (1.1) and (1.2) held respectively for small » and
small p(x, y).

(iii) We note that under our assumptions on E, if the measure is volume doubling and there
exists a (strongly regular local) Dirichlet form on E which satisfies an elliptic Harnack
inequality, then the diffusion process Y associated with the Dirichlet form will have
transition densities w.r.t. v that satisfy an upper (and a near-diagonal lower) bound of
the form (1.2) given that

crf <E*[inf{t > 0:Y, ¢ B(x,r)}] < CrP

for small r > 0, for some ¢, C > 0. See [15] for details.

(iv) Since we do not assume that the transition densities are continuous, they are unique only
up to modification on a v-null set. For any given choice, the Markov property implies
for any 7, s > 0 and x € E, that

/Epz(x, Vps(y, Dv(dy) = prys(x, 2), (1.4)

for v-a.e. z € E. We assume that there exists a particular choice that satisfies (1.4)
simultaneously for all #,s > 0 and x,z € E. Note that this is automatically the case
if p,, t > 0, can be chosen to be continuous, which is true for all examples we give
below.

Examples 1.2.

(i) Brownian motion, or indeed any well-behaved diffusion on R¢ satisfies these assump-
tions with 8 =2,dy =d; =d, =2,y =1, to = 0o [3, Examples 3.6].

(ii) If Y is a fractional diffusion in the sense of Barlow [3], then our assumptions are satisfied
with 8 > 2,y =1/(—1), and 1y = diam(E)?. We note that this includes finitely
ramified fractals, such as the Sierpinski gasket, or the pcf self-similar sets of Kigami [23],
all of which have d; < 2, that is dy < B.

(iii) Brownian motion on generalised Sierpinski carpets in RY, for any d > 2 [4], are
diffusions on infinitely ramified fractals to which our results apply, with spectral
dimensions in the range 1 < d; < d. This includes examples with d; > 2.
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Remark 1.3. Brownian motions have been constructed on some classes of random fractals. In
this setting there are fluctuations in the measure and heat kernel due to the randomness, giving
equivalents for (1.1) and (1.2) that can be controlled, for small r and ¢, by expressions of the
form

V(B(x,r) < carhi(r),  piCx,y) < st Phy(t) exp (—cap(x, y)PY (ths() 7)),

where, for any ¢ > 0, we have h(r) = o(r®), and hy(t), h3(t) = o(t~°). See for instance [18]
for homogeneous random Sierpinski carpets in RY, where such results hold and the spectral
dimension can take values 1 < d; < d. Our arguments can be adapted to this setting, and we
expect our main results on local times and dimensions to hold under these weaker assumptions.

The paper is structured as follows. In Section 2, we state and discuss our main results. In
Section 3, we introduce the historical process and prove our small ball bound. In Sections 4 and
5 we prove our main results respectively on local times and dimensions. Appendix A introduces
Dynkin’s moment formula, which is a central ingredient in the proofs of our local time results,
and Appendix B contains proofs of some technical lemmas.

2. Main results

Denote by Mp(E) the Polish space of finite Borel measures on E with the topology of
weak convergence. Let y, > 0 be fixed but arbitrary, and denote by ((X:)r>0, (P") sepmy (k)
a superprocess in E with spatial motion Y and branching rate y,, a (Y, y,)-superprocess
for short. It exists because E is Polish, and Y is a continuous Feller Markov process, see
[33, Section II] for a definition and basic properties. The distinction of the laws (P*) of X
from the laws (P*) of Y will always be clear from superscript and context.

We first present our local time result. Several notions of superprocess local times have been
studied, the most common of which can be heuristically defined in our setting as

L(t,x):/ XS(SX)dS, (2])
0

for x € E and t > 0, where §, denotes the Dirac delta function at x (w.r.t. v), and where we
write p( f) for the integral of a function f against a measure . More formally, L is defined as
a density of the occupation time process fot X,ds w.r.t. v, if it exists. This existence is known
to be true in the superBrownian [35] and «-stable [1] cases on R? if d < 3 and d < 2a«,
respectively, and further results have been achieved in the context of multitype superprocesses
on R [28] and superprocesses with immigration and dependent spatial motions on R [26].
A lot of recent work has been on local times associated with the boundary of the support of
superBrownian motion [20,22]. Dynkin [10] introduced an alternative notion of superprocess
local times based on representations of functionals of a superprocess by multiple stochastic
integrals, which have been shown to coincide with L for superBrownian motion [27]. We show
that, in our setting, local times exist in the sense of (2.1), and we establish sharp estimates on
their Holder continuity.

Theorem 2.1 (Local Times). Suppose that d; < 4. Then, for every § > 0 and every u €
Mg (E), there exists a family of non-negative random variables (Ls(t, x))i>s.xeg such that the
following hold.

(i) Forall T > 0,

sup E# |: Ls(t, x) —/ Xs(pn(x, -))ds
s

§<t<T

2hO
};0.
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(ii) P*-almost surely (a.s.), for all measurable functions f:E — [0, oo] and every t > §,
t
[ xtpas = [ eoLac v
B E

(iii) For x € E, Ls(-, x) is increasing and B’'-Holder continuous for all B’ < (2 —d,/2) A 1.
(iv) For x € E, Ls(-,x) is P*-a.s. constant on any interval on which it is B'-Hélder
continuous for a 8’ > 2 —d;/2) A 1.

Remark 2.2.

(i) Similar to the condition given in [35] for the existence of superBrownian local times,
our proofs can be modified to give the assertion of Theorem 2.1 with § = 0 under the
condition that

t
sup / / Ps(x, y)u(dy)ds < oo,
0 E

xeE
for all ¢t > 0.
(i) We consider superprocess local times in this setting mostly as a means to prove
Theorem 2.7, which is why we did not examine continuity in the space variable.

The central ingredient in the proof of Theorem 2.1(iii) is the following moment bound for
the integrated superprocess. Denote by -], the v-essential supremum, and write (g, )(x) =
fo [z PsGx, y)u(dy)ds for t > 0 and x € E.

Theorem 2.3. Ifd; < 4, then for any n € N there is a cs(n) > 0 such that, for any u € Mp(E)
and f € BL(E), and t € (0, tp),

B~ [( | Xs(f)dS> ] < es [v(h) - (gDl v 2742)] 22)
0
In particular, if u has a bounded density g w.r.t. v, then
E* [( fo Xs(f)ds> ] < esm) [V gl (£ V742" 1 € (0, 19). (2.3)

Remark 2.4.

(i) The exponent 2 — d,/2 is sharp in the following sense. If d; < 2, then the maximum
on the right-hand side (RHS) in (2.2) will be attained by [/(ug;)ll,, for small times.
If d; > 2, then there is no exponent larger than 2 — d/2 for which (2.2) remains true
simultaneously for all n € N and u € Mp(E). We prove this along with Theorem 2.3
in Section 4.

(i1) Theorem 2.3 holds in much more generality: Beyond the assumptions necessary to
guarantee existence of the superprocess (Y is a continuous Feller Markov process taking
values in a Polish space E), it requires only the existence of transition densities (p,) for
Y w.r.t. some Borel measure v that satisfy || p;|lo,, < ct™* for all ¢ € (0, tp) and some
a €(0,2), tp € (0, 0], and ¢ > 0. In that case, o takes the place of d;/2 in (2.2).

(iii) In a recent paper, Gonzalez, Horton, and Kyprianou [14] analysed the asymptotics of
the same moments. In our notation, their result implies

EH [(/ Xs(f)ds> :|~c(n,f)t2"_l, t — o0,
0
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for a constant c(n, f) > 0, where a(t) ~ b(t) denotes a(t)/b(t) — 1 as t — oo. Note
that this would contradict (2.3) if 7y = oo and n > 1V 2/d,. However, their assumption
(H1) implies that Y started at any x € E converges to a stationary distribution, which
in our setting necessitates #) < oo.

Write T(A) .= {t > 0: AN S(X,) # @} for A C E. Denote Hausdorff dimension by dimy,
and write a4 := aVO0 for a € R. Recall that a set A C E is called analytic if it is the continuous
image of a Polish space, and that this is automatically the case if A is Borel measurable.

Theorem 2.5. Let € Mp(E) and A C E, and put
d;, dimyA
Dy =(2——=—+ AL
2 B n
(i) P*-almost surely,

(ii) If A is analytic, and faoo dr [ pu(dx)pi(x,y) > 0 for all y € A, for some § > 0, then for
every ¢ > 0, with positive P*-probability,

dimgy T(A) > Dy —e.

(iii) If in addition to the assumptions in (ii), H9™HA(A) > 0, then with positive P*-
probability,

Remark 2.6.

(i) The additional assumption in Theorem 2.5(ii) essentially asks that A be reachable from
S(w). It is automatically satisfied if p, > 0 everywhere for all + > 0, which is the
case for all of the processes listed in Examples 1.2. The requirement for the integral
to be positive away from zero uniformly on A is technical, and can be dropped if, say,
p:, t > 0, are continuous (that is, we can then take § = 0).

(i) If specialised to superBrownian motion on R?, this is the same as Serlet’s result
[34, Theorem 1], except that A need not be measurable in Theorem 2.5(i), that it need
only be analytic in Theorem 2.5(ii), and with the addition of Theorem 2.5(iii). Note
that the example given by Serlet for why one cannot in general expect the assertion of
(iii) to hold has the property that H4m# 4(A) = 0.

(iii) One cannot in general expect equality in Theorem 2.5(iii) to hold P#*-a.s. conditional on
X hitting A. Consider, for example, the case where A is the disjoint union of two sets
B and C with Dg < D¢. Then P#-a.s. if X hits B but not C, by Theorem 2.5(i)

dimy T(A) = dimy T(B) < Dy < D¢ = D,.

In the case where A is a singleton, we can give an improved version of Theorem 2.5. For
xo € E, we write T (xg) := T ({xo}), and say that X spends time at x, if there are t > § > 0
with Ls(¢, xg) > 0.

Theorem 2.7. Let u € Mp(E), xo € E. Then, P*-a.s., if X spends time at x,

dimH T()CO) =1A (2 — é) .
2 +
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The reason why we have to assume that X spends time at x( (instead of the more natural
assumption 7 (xo) # @) is that our proof requires the local time at xy, which is supported
on T (xp), to be non-constant. We were not able to prove that this is always the case when
T(xo) # 2.

The next result is on the range of X. Write R(/) := J,,; S(X,) for I C (0, c0).

Theorem 2.8. If u € Mp(E), then P*-a.s. for every I C (0, 00),
dimy R(I) < B (1 +dimy I) Ady (2.4)

and dimg S(X,) = BAdy for all t > 0 with X, # 0. In particular, P*-a.s. dimpy S(X,) = BAdy
for all t > 0 with X, # 0.

Remark 2.9. A lower bound corresponding to (2.4) was proved for superBrownian motion
by Serlet [34, Theorem 3] and Tribe [36, Theorem 2.13], and we believe that a proof along
the lines of Tribe’s works in our setting as well. However, an additional precise result about
superBrownian motion would need to be reproved in this setting, see (2.39) in [36], proved by
Perkins in [30, Proof of Theorem 4.5]. This is an interesting direction for future work, but we
felt it would go beyond the scope of the present paper.

Our last result is a small ball bound that generalises a result of Perkins on superBrownian
motion [33, Theorem II1.3.4].

Theorem 2.10. There exists ¢ > 0 (depending only on the constants in our assumptions
on v and (p;)) such that, for any p € Mpg(E), P*-a.s., for every § > 0 there exists an
r1 =r1(8, w) € (0, 1) with

sup X;(B(x, r)) < ypce&(r) (2.5

t>68
xeE

for all 0 < r < ry, where
rf (log 1) M 4 >0,

2.6
rdr (log %)2—@/2 Jdy < 2. 2.6)

5(r) = a;.p(r) = {
This bound is sharp in the sense that, if Theorem 2.10 were true with £(r) = O(r%) for
some a > dy A B, then dimy S(X;) > a > B Ady [19, page 61], which contradicts (2.4).

Remark 2.11. It is known that superBrownian motion in one dimension has a density w.r.t.
Lebesgue measure, and, in d > 2, is at fixed times a deterministic multiple of the Hausdorff
measure with dimension function /s, satisfying

r’(log 1/r)(logloglog1/r) ,d =2,
hary=1",
r*loglog1/r ,d >3,
for small r > 0. In light of Theorems 2.8 and 2.10, this suggests the conjecture that in our
setting, perhaps under some additional assumptions, X has a density w.r.t. v if d; < 2, and is

a multiple of the Hausdorff measure with some dimension function having leading order r# if
ds = 2.
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3. Historical process and small ball bound

We begin this section by introducing the historical process associated to our superdiffusion.
It was first introduced by Dawson and Perkins [8], and has since been an indispensable tool
in the study of path properties of superprocesses. The idea, heuristically, is that if we think
of points in the support of X, as individuals alive at time ¢, then a point in the support of
the associated historical process is the entire trajectory of an individual alive at time 7. This
allows us to apply path properties of the underlying spatial motion directly to the superprocess
— leading e.g. to a modulus of continuity, see Theorem 3.3 — and to make precise notions of
ancestry, see Theorem 3.1.

We follow the notation of [33]. Denote by Y the canonical process on the space C := C(E)
of continuous paths [0, c0) — E with the topology of uniform convergence on compacts,
so that P* is a member of the space M;(C) of Borel probability measures on C, equipped
with the topology of weak convergence. The historical process at time ¢ will be a member of
M(C) == {pn € Mp(C): u(C") = u(C)} for t > 0, where y' := y(t A ) for y € C denotes
a path stopped at time ¢, and C' = { yeC:y = y} is the set of paths that are constant on
[t, 00). In words, M’.(C) is the set of probability measures on C whose support is comprised
of paths that evolve only until time ¢. The historical process will be a random element of
2y = 240, 00), where

Quls, 00) =[G € C([s, 00), Mp(C)): ¥t = 5:G, € M'(O)}, s =0,

which are closed subsets of C([s, 00), Mg(C)), s > 0, and thus Polish. We now let H =
(H;);>0 == idg, be the canonical process on {2y. Denote by F H the Borel o-algebra on 2y,
and write .7-"3Ht = ﬂ£>00 (Hy:s <r <t+e¢)for0<s <t <oo. Denote by

<Qs,m € MI(QH[Sv OO))ZS = O, m e M;“(C))

the family of laws that are the unique solutions to the historical martingale problem associated
with X [33, Theorem I1.8.3]. This solution exists under the assumption that the map E —

M(C(E)); x — P* is continuous, which is the case here, as we prove in Lemma B.2 in the
appendix. In particular, if m € M9 #(C), then (m,(H;));=0 w.r.t. Qo is a (Y, yp)-superprocess
started at wo(m), where T, : C — E; y — y(¢), and f(u) denotes the pushforward of a measure
w under a measurable map f. Note that m can be chosen so that wo(m) = u, for any given
n e M r(E).

The following fundamental result heuristically states that for fixed 0 < s < ¢, all individuals
alive at time ¢ descend from a finite number of individuals that were alive at time s, drawn
as a Poisson point process with intensity proportional to ﬁX s. It follows from [33, Theorem
I1.1.1]. Denote for x € E by §, € M p(E) the point mass at x.

Theorem 3.1 (Historical Cluster Representation). For t > s fixed, there exist measurable maps
M: 0y — Ny, e;: 2y — (0,00), and y;: 2y — C, i €N, such that, for any 0 < u < s and
m e M%(C),

r(H)() = H, (y:)' € Zesy,o Quun-a.s..

and a conditional distribution of ((e;, yi))l.zl, given FH

u,s’

is that of a Poisson point process on

(0, 00) x C with intensity measure Vb(lz_s) (Exp (Vb(t 3)) ® H)
384
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The next result is a modulus of continuity for the trajectories in the historical process. It
follows from the following tail bound for the spatial motion.

Lemma 3.2. There are c7, cg > 0 such that, for x € E, r > 0, and t € (0, 1),

P (p(x,Y;) > r) < crexp (—esrPrt77). 3.1

Proof. Follows from (1.1) and (1.2), see [3, Lemma 3.9]. O

Write, for r > 0 and §,¢c > 0,

1 1/(By)
h(r) == hg,(r) :== r'/? log (-) , (3.2)
r

K% :={y € C:Vs,t 20, |t —s| < 8:p (y(s), y(1)) < ch(lt —s])}.

Theorem 3.3 (Historical Modulus of Continuity). For any ¢ > 0 sufficiently large, and any
m e M(}(C), there is co > 0 such that, Qo n-a.s., there exists § = §(c, w) > 0 with

S(H,) Cc K*¢, t>0.

Proof. This follows by replacing the Gaussian tail estimate in the proof of Theorem III.1.3
in [33] by (3.1). O

The following assertions are consequences of Theorem 3.3, and can be obtained through the
same line of argument presented in [33] following Theorem III.1.3. Note that the arguments
regarding compactness in R? employed in [33] work here as well because every bounded subset
of E is relatively compact (see Lemma 3.9). Write p(-, A) := inf{p(-, z):z € A}, and

A ={x € E:p(x, A) < &}, 3.3)
forx e E,ACE,e>0.

Corollary 3.4. Let m € M%(C) and 1 € Mp(E).

(i) Qo m-a.s., S(H;) is compact and S(mw,(H;)) = w,(S(H,)) for all t > 0. In particular,
S(X,) is compact for all t > 0, P*-a.s.
(ii) For ¢ > O sufficiently large (independent of ), there P*-a.s. exists § = §(c,w) > 0
such that, if 0 <t —s < &, then S(X,) C S(X,)<"=%),
(iii) R([8, 00)) = U,-5 S(X,) is compact for all § > 0, P*-a.s.

Remark 3.5. The only assumption on Y necessary to establish Theorem 3.3 and Corollary 3.4
(beyond being a continuous Feller Markov process) is the assertion of Lemma 3.2.

We now prove the small ball bound Theorem 2.10, closely following the proof of Theorem
III.3.4 in [33]. The generalisation to this setting is not entirely trivial — amongst other things
due to the fact that the bound in Lemma 3.8 only holds up to a possibly finite time fy — so
we give the proof in full. It is technical and need not to be read in detail to understand the
subsequent sections.

For f > 0 measurable and bounded, and ¢+ > 0, define G(f, 1) = fot I P £l ds, where
||l is the supremum norm. Denote by A:D(A) C Co(E) — Co(E) the generator of Y.
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Lemma 3.6. If f > 0 is measurable and bounded, and t > 0 such that G(f,t) < 2/yp, and
P;f € D(A) for all s > 0, then, for any u € Mpg(E),

B [40] < exp (M(P,f) (1 - %G(f, t)>1> .

Proof. Under the assumption that P;f € D(A) for all s > 0, the proof of Lemma III.3.6
in [33] works in this setting without modification. [l

Corollary 3.7. If (Z,) is a Feller diffusion with branching rate yj, started at 7 > 0, then, for
A<2/ypandt >0,

E [exzt] < exp <2Z—)\’) 3

2 — ypAt

Proof. Apply Lemma 3.6 with f = A and recall that (X;(1)), under P*, u € Mpgp(E), is a
Feller diffusion with branching rate y,, started at u(1). O

The following lemmas are easy consequences of (1.1)—(1.3).
Lemma 3.8. There is cig > 0 such that, if dy > B,
G(1 gy ) < cror” [1 + T,—p) log (%ﬁ)} e (0, diam(E)), t € (0, o).
Ifdy < B, then G(1p(xy,r), 1) < crordre'=ar/8,

Lemma 3.9. There is a ¢ > 0 such that, for every xo € E, r > 0, and ¢ <r Ary, B(xg,r)
can be covered by at most c1(¢/r)~% balls of radius ¢.

We close the section with the proof of Theorem 2.10. Recall that d;, = 2dy/B. Although
the statement of Theorem 2.10 is in terms of dy, for clarity we will use d; and B in the proof.

Proof of Theorem 2.10. Fix u € Mg(E). Let m € M%(E) with mo(m) = u, so that the
distribution of (X;) under P* is the same as that of (7,(H,)) under Q. We work with the
latter, and slightly abuse notation by writing X, := m,(H,) for the duration of the proof.

The left-hand side (LHS) in the claim is increasing as § | 0, so we may prove it for fixed
8 € (0,10 A 1) with §2" € N for some n € N. By Corollary 3.4(iii), it suffices to prove the
claim with sup,.; ..r on the LHS of (2.5) replaced by sup,.s .., where A = B(xo, N) for
some xq € E and fixed but arbitrary N € N. By Lemma 3.9, for n € N with 27/# < r, there
are (x;)ie, such that (B(x;, 2’”//3))ieln cover A, and || < ¢ N4rondr/B,

Let ¢ > 0 be such that Q ,,-a.s. existence of §' = §'(c, w) > 0 according to Theorem 3.3 is
ensured. If x € A and ¢ > 0, then x € B(x;,27"/#) for some i € I, and j2™" <t < (j+1)27"
for some j € Ny. Hence, if 27" < §, then for H,-almost all y € C(E), y(t) € B(x, h(2™"))
implies

ly(G2™) — x| < |y(G27) = y@)| + 1y(0) — x| + |x — x;]
<chQ™) +hQ ™ 4278
< 2+ h2™).

386



B. Hambly and P. Koepernik Stochastic Processes and their Applications 158 (2023) 377417

Thus, putting B;, := B(x;, (2 + c)h(27")),
Xi(B(x, h(27"))) = Hi/(y: y(t) € B(x, h(27")))
< Hi(y:y(j27") € Buy)
= Mjy-n g, (t — j277),
where, for T > 0, and a Borel set B C E,
M p(t) = He14(y:y(r) € B), t>0.
Hence, for j € N and if 27" < §,
sup X,(B(x, h(27"))) < sup sup M jr-n (1),

j2h<t<(j+1)27n BeBy t<2—n
xeA

where
By = {Bjn:i € I,} = {B(x;, 2+ 0)h(2™):i € I, }.

M: p is a Feller diffusion under Qg ,, with (random) starting point H;(y: y(r) € B) = X.(B)
(which follows from [33, Equation (III.1.3)], say, and the strong Markov property of H
[33, Section II.8]), in particular a non-negative martingale. Hence for any A,, &, > 0 and for
sufficiently large n (so that §2" € N, 27" < §’, and 2B < 1), say n > ny, and for b € (0, 1)
which we choose later,

P“( sup  X,(B(x,h(27")) = 8n>
8<t<|_an

< Qom < sup  sup sup M- g(t) > 5n>

527 < j<nbon BEBp <27

(3.4)
< n’2" |B,| sup sup Qo | sup Mjr-n 5(t) > &,
827 < j<nbon BeBy, t<2—n

. . _ M iy—p 27"
< nbzn . CllNdj 2ndf/ﬁ .e Anén sup sup @O,m [e nM jo ".B( )] ,
527 < j<nbon BEBy

where in the last step we applied Doob’s inequality to the submartingale (exp (An My-n, B(t)))

>0"
For a constant cj; > 0 which we choose sufficiently large later, put =
1 2" ,dy > B,
y= g drzf (3.5)
2ypeipne |20/ dy < B,
1 Tgy.— dy > B,
where a = /v Map=p) rzp
l—dp/B+ds/(yB) .dyf <B.

We claim that, if ¢, > 0 is large enough, then there is an n; € N (which we may choose so
that n; > ng) with

— AnM ppn p(27)
c13:=sup  sup sup Qg | €™ 727" < 00. (3.6)
n=njy gon <j§nh2" BeBy

Assuming this for the moment, we now choose

2= sdy > B,

27IE dy < B,
387
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for some cj4 > 0, so that, by (3.4) and (3.6), for n > ny,

Hw( sup  X;(B(x,h(27"))) = 5n> < c1c13 N pb2rtdr /B g=rnen
S<t< |_an
x€A

< crie N P22+ IPemcnan,

which is summable if we choose cj4 > 0 large enough. In that case, by Borel-Cantelli, there
Qo.m-a.s. exists np = na(w) € N such that, for all n > ny,

sup X(B(x, h(2™") < & < ypeet (h27"1)),

s<t<nb
XeA

for some c¢ > 0 that does not depend on w, §, or m. To confirm that the second inequality
holds, recall the definitions of ¢,, A, and & respectively from (3.7), (3.2), and (2.6), and that
d; = 2dy/B. By making n, larger, we may assume that X, = O for all + > ng and that
h is increasing on (0, 27"2]. Then, for any 0 < r < r; = h(27"), if n > n, is such that
hQ ") <r < h(27,

Sup X,(B(x, 1)) = sup Xi(B(x, h2™) = yoesb (H27"™) < e (r).
= et

It remains to prove the claim, that is, that the constant ¢}, in the definition of A,, see (3.5),
can be chosen large enough so that there is n; € N satisfying (3.6). Fix n € N, B € 3,, and
j € N with 62" < j < n2", and put 7t := j2™" € (8, n’]. Recall Corollary 3.7 and that
(M: g(t))i>0, under Qo ,,, is a Feller diffusion started at X,(B) with branching rate y;, so the
expectation inside the suprema in (3.6) is

Qo,m [@o,m [GA"M’*B(Z_ )

FI] = Qo [exp (2XeBYA (2= 227 )]
< E* [exp @A, X< (B))],

(3.8)

for n so large that y,A,27" < 1. We would now like to apply Lemma 3.6 with f = 2,1,
but we do not know that P;1p € D(A). However, D(A), is dense in Co(E)+ wW.rt. ||l
[12, Theorems 4.9 and 4.23], so there is an f = f, 5 € D(A); with 13 < f < 21,5 + 3y,
where 2B denotes the ball B with doubled radius, and 7, := 1/(4ypn,). Take ¢ > 4, so that
the radius of 2B is at most 2(2 + ¢)h(27") < 3ch(27"). Then, by Lemma 3.8, there exists
cio > 0 such that, if dy > B,

G(13p,8) < G(Lap,t9 A1)

=< 610(3Ch(2_n))ﬁ |:1 + ]l{df:ﬂ} IOg ((?)Cl;’(l)(%))ﬁ)]

BH—n 1/y n2'
< c10(3¢)" 27" (nlog2) 7 | 14Ty, gy log (3c)P(nlog2)!/r
< c}p27"n",
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for some ¢}, > 0. If dy < 8, then

G(123,8) < G(l2p, 1o A 1)
< c10Bch@7") Y (tg A ) ~U/P
< c10(3c) 27 (nlog 2)%r/PYIpt=ds 1P
< C/l/ozfndf/ﬂna’
for some ¢, > 0. Thus if ¢j» > 4(c, V ¢, (recall we are proving that (3.6) holds for some
n; € N given that ¢y, is sufficiently large), then

1 n 1
4Vb)\n 4Vbn)\n

G2 f,8) = 20 (2G(128,8) + 1,8 < 24, ( ) <1/ <2/,

and Lemma 3.6 implies
E* [exp (24, X¢(B))] < E* [exp (2An X+ ()]
= E* [E* [exp 21, Xs(f))]]
< B" [exp (20 Xoos(Po )1 = DG £ 6) ) |
< E" [exp (42 [ Ps fll oo Xr—s(D))] .

Note that we could not have applied Lemma 3.6 directly to E* [exp Qr X (f ))] because the
bound on G(2A, f, t) obtained from Lemma 3.8 is only valid for T < %y, and t is up to n’.
Now note that || Ps fllc <2|PsL2plle + 10, and

3.9)

_nnd
| Pslapllo = Sup/ ps(x, Y)v(dy) < 1pslle v2B) < 2(3ch(2™)™ I psllse »
28

xekE

dy/(By)
: . (og2)?f
and, putting c;5 := gzyb—m

>

0(2n(17df/f3)) , df > /31
omn™"Y ydf = B,
Om=1T4/By [ d, < B.

2" 7d > 9
A2 = el By @r-a {2 dr 2By
2ner ,dp < B,

Furthermore, recall that A,n, = 1/(4ypn), so X, | Ps flls < clﬁn_b/ for all n € N for some
b’ > 0 and cj6 = c16(8) > 0. Now choose b = b’/2, and recall that 7 € (8, n”]. Then, and by
Corollary 3.7,

8 (DA |1 Ps £l
E* [exp (43, I1Ps f oo X=—5(1)] < exp (2 — y::i / BLK‘”]'LB i )

4crep(n
<exp| —————5 ]
1 —2cigypn="'"
given that 2616ybn’b// 2 < 1. This bound is independent of j and B, and no more than, say,
exp(1), for all n > n; for some n; = n;(§) € N. Recalling (3.8) and (3.9), this finishes the
proof. [

4. Local times

Fix § > 0 and u € Mp(FE) throughout this section.
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4.1. Existence of local times

For the proof of existence of the family (Ls(¢,x)), we follow the approach used by
Sugitani [35] in the superBrownian case. For # > 0, > §, x € E, put

L't x) = Ly(t, x) = / X,(p(x, ))ds,
§
L"t,x) =L} ,(t.x) = L"(t,x) = E* [L"(t, 0)].

For 0 <s <t and x € E, write p} = py(x, "), gF = ¢s(x, ), where ¢, ,(x, ) := [ pX(-)dr,
and g5 := qo . Note that Pyp; = p{,. and thus Pyg,, = g, ;. forr,s > 0,0 <a < b,
x € E, by (1.4). Write (uf)(x) := u(f(x,-)) for f: E x E — [0, co] measurable.

Proposition 4.1. For 0 <a < b,

(1qap)||, < 0o, and
sup [E* [L"(1, )] — (gs.)(x)| —> 0, h — 0.

t>§,x€E

Proof. Recall that || psllo, < || Psns ||oo < c(s Atg)~%/P for all s > 0 by (1.4) and (1.2). Hence,
l(gan)| o, < 1) | gas] o, < w()® —a)sup,., | pillo < 00 forall 0 < a < b.

Fix ¢+ > 6 and x € E, and recall that E* [X,(f)] = w(Pf) for t > 0 and f €
B, (E) U By(E) (see (A.1)), where B(E) denotes Borel functions on E and subscripts + and
b denote non-negative and bounded functions respectively. Then,

E* [L"(t, x)] =/B[E“ [xs(p,j)]ds=[S

t

t
u(Pypy)ds = f U(psyp)ds
s
= /L(q§+h,t+h)
= (UGsqh,r+1)(X),
where we used Tonelli’s theorem. Thus,
|E* [L"(t, )] = (1gs.)@)| = |(4gssnin)(x) = (11gs.)(x)]
= | (g 4n)(x) — (Ugs 540) ()]
< | ugrosn)| o, + | (ngs.sn)] ., -

Forany s >4, x € E,and h > O,

(Hds)(6) = / - fE pr(Cx, yldy)dr < (1) f " bl dr < enh,
where cj7 = u(l)s.upsztS I Pslls < 00, SO

|E* [L"(t, )] = (ngs.)x)| < 2¢17h
is a vanishing bound that is valid for all t > § and x € E. [

Proposition 4.2. [If d; < 4, then there exists a family (Z(t, X))iss.xee Of random variables
such that
lim sup EX [’Zh(t,x) — Z(z,x)\z] —0, T>0.

h—0 cE
s<t<T
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Proof. Fix T > §,t € [§, T], and x € E. We start by showing that (Z”(t, X)ps0 18 L2-Cauchy
w.rt. P*. Let h, W' > 0, say h’ < h. Put

t t
Zi= L) - 260 = [ o= pppds = [ X
§ ——— )
=

where we temporarily suppress i and /4’ to lighten notation, so L't,x) — L'(t,x) =
Z — E*[Z], and by the second moment formula for superprocesses (A.2),

E* [’Zh(t, x)— L"(t, x)ﬂ =E*[2%] - E* [z

- [ [ (Exnx

— B [X, (1B [Xo ()] ) dsds’

e 4.1)
[ ur e )wos
s Js Jo

= yb/ / / M(Pr ((Psfrf)(PS’—rf)))des/dr
0 Jrvs Jrvé

oo (L )

where the changes in integration order are warranted by Tonelli’s theorem. For » > 0, since
h' < h, putting a :==0V (§ —r) and b :=t — r for the moment,

t—r b b
/ Py fds = / Py (pjy — piy) ds = / (Pivss = Pipsy)ds
0 a a

V(8—r)
b+h b+h'
= / pids — / pids
a+h a+h'

b+h a+h
= [ pids — / pids
b+h' a-+h!

= Pody j, = Padjy -
Using this in (4.1), and since 0 < q]f,!h < gj, for i’ < h, we have

g [‘Zh(t, X — I, x)ﬂ < /Ot " (Pz_r ((P,q,f)z)) dr

=1

t
+ 27/b / " (Pr (POv(sfr)CI;f Ptfrql);)) dr
0

=1

t
+ Vb f 2 (Pr ((P0v(a—r)q/f)2)> dr,
0

=13
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where we substituted r — ¢ — r in I;. We proceed by showing that Iy, I, I3 converge to zero
as h | 0, uniformly in + < T and x € E. The following fact will be useful.

T
VT > 0: / ldrrsn],, dr — 0, h— 0. 4.2)
0

Indeed, for0 <r < T,

r+h
/ Dsds
.

and, since dy/p = d,/2 < 2,

||qr,r+h || o

r+h r+h
5/ HMMMSC/ (1 A 5) /8 ds,
o0 r r

T r+h
f / (s Ato) "4 /Pdsdr — 0 as h — 0.
0 r
() (Pegy)* = G 1) < i |0l oo < @5rin | @rren ] o SO, assuming b < 1,

t t
I = /0 ”qf~r+’1 ”oo H ((Pf—qu,r-kh)) dr = A ||qr,r+h ”oo M (CI;C,;+}1) dr
t
=W%HM@A”%waW

T
< [ugsran)] / s .

This bound is independent of + < T and x, and goes to zero as & — 0 by Proposition 4.1
and (4.2).
(L) ForO<r<T,anda:=a, =0V (§—r),

(Paql):)(PT*rq;f) = qc)f,a+hqrx—r,t—r+h = qz)j,a-&—h ||Qt7r,tfr+h Hoc ’

50, again assuming & < 1,
b= [ ol (P ) o
= [ Namrrmriall s
Y VA R P

t/2
< () / lazesl.  araronl dr
—_— ——

<Narrnlloo+ 195,54+l oo

t
) //2 [ P I
t

T
< u) Jasra] (z / I grrsn ] dr + T [gs.514 ||oo) ,

which goes to zero as 7 — 0 by (4.2) and because an,(prh Hoo < hsupgss [ pslloe — 0.
(I3) We first split the integral according to

8
f= [ 0 s 0+ [ (@)

t
)

=13 =133
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Then,

) )
13.1 =< / ||q6—r,8—r+h ”oo I’L(Prqg—r,é—r-&-h)dr = M(l) ||q5*5+h ”oo / ||Qr,r+h ||oo dl",
0 — e’ 0

— X
=45,5+h

which goes to zero by (4.2). We turn to /3,. Assuming h < ty/2,

t h h
IER) =/ dr/ M(d)’)/ v(dz) pr(y,z)f de ds'ps(x, 2)py(x, 2)
b E E 0 0

h h
:/ de dS’/ v(dz) (1gs,)(2)ps(x, 2)py(x, 2)
0 0 E

h h
< [(ugs )| /O /O ( /E Ps(xsZ)ps/(Z,x)v(dz)> dsds’ (4.3)

:ps+x’ (x'x)

h h
< H(M%,T)”ooc/ / (s +5)"4r/Bdsds’,
0 0

which is a bound independent of t+ < T and x € E. The integral is no more than
02h u'~4r/Pdu, which tends to zero as h — 0 since dy/f = d,/2 < 2.

We have shown that, for every T > §,
*h T 2
sup E# |:’L (t,x)—L (t,x)’ i| — 0
8<t<T,xeE

as h v h/ — 0, so there exist random variables (Z(t, X))i>s.xcE With

sup B[ |20 — L o] o, O
8<t<T.xeE
Putting Ls(t, x) = Z,;(t, x)+ (ug)(x) for t > 0 and x € E, we infer from Propositions 4.1
and 4.2 that

sup BV [|Lf;(t, x)— Lg(t,x)|2] 0, T>0, (4.4)

§<t<T.xeE

which proves Theorem 2.1(i).
4.2. Continuity of local times

Proposition 4.3. Suppose that d; < 4. Then, for any 0 <a < 2 —d;/2) A1, and n € N,

|L5(l‘,x)—L5(s,x)|" h—0
s — 0.

sup sup EH
xeE si1=8
lt—s|<h

(4.5)

Given this, Theorem 2.1(iii) is a straight-forward consequence of Kolmogorov’s continuity
criterion.

Proof of Theorem 2.1(iii). Let x € E. Proposition 4.3 and Kolmogorov’s continuity criterion
imply that, for any given n € N and a € (0, 1 A (2 —d,/2)), there is a modification of L;(x, -)
which is g’-Holder continuous for all 0 < B’ < a — 1/n. Since all of these modifications
coincide P*-a.s. (they are continuous), there is in fact a single modification which is g’-Holder
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continuous for all 0 < 8’ < 1 A (2 —d;/2). Since Theorem 2.1(i) remains true when replacing
Ls(-, x) by a modification for every x € E, we may assume that Ls(-, x) has the desired Holder
continuity for every x € E.

By Theorem 2.1(i) and a standard diagonalisation argument, we can choose a sequence
h, | 0 such that there is a single set 2’ of P“-probability one on which L (¢, x) —> L(t, x)
for all ¢ € [8, 00) N Q. L" (-, x) is increasing by definition, so, on {2, L(-, x) is increasing on
[8, 00) N Q, hence by continuity on [§, 0c0). By putting L(-, x) = 0 outside (2, we obtain a
modification that is increasing and of the desired continuity. [

Theorem 2.3 and the following lemma are the central ingredients in the proof of
Proposition 4.3.

Lemma 4.4. Suppose that d; < 4. Then there is cig > 0 such that P*-a.s., there exists for
each § > 0 an hy = ho(8, w) € (0, 1) with

su}; 1(Xsqm)lloo < c186(h), 0 < h < hy,
where

p2—ds/2 log (l)1+1/y+1{dr=2]

hlog (%)%dx/ﬂds/@y) ’ d, <2,

With these, we can prove Proposition 4.3.

&
|

C(h) = Ca,,(h) = he(0,1).

Proof of Proposition 4.3. Put D := (2 — d;/2) A 1, and fix a € (0,D) and n € N.
Let x € Eand ¢t > s > 6 with |t —s| < #. By Theorem 2.1(i), there is h, | 0 such
that faq X,(py,)dr —> Ls(q,x) for ¢ = 5,1 on a common set of P*-probability one. Let
cro(n) := ¢cs5(n) vV cig V' 1 > 0, where cs(n), c;g > 0 are the constants from Theorem 2.3 and
Lemma 4.4. Then, by the Markov property and Fatou’s lemma,

B{ Lo, ) = Las. 0)|"| = B | tim (/ X,(p;:m>> ]

t—s n
=E* | EX | lim (/ X,(p;l‘m)dr> ]]
-mﬁoo 0

t—s n
<E*| lim EXs |:(/ X,(p;l‘m)dr> :H
L/m— 00 0

< cimE* | tim (v(p,) - Xl v (1 s)z—ds/z)"]

Lm— o0

= ctoMB" [ (14,1l v ¢ = 577"

Note that in applying the Markov property, we used that Mp(E) — R; n = [[(0g:)]l s,
is measurable, which follows by writing ||l = 1im,_o (f; 17 dv)""”, and the fact that
n fE f(x, )n(dx) is measurable for any measurable f: E x E — [0, oo] by a standard
Dynkin argument.

Fix any a’ € (a, D), so that h>~%/2 < ¢ (h) < h? for small & > 0. The upper bound above
is independent of x, so we conclude with Lemma 4.4 that

. E* [|L5(t,x)_L5(S,.x)|n]
lim sup sup

h=0xeE 5123 [t — s|™
[i=sT<h
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< ciolm fim sup 1 B [ (X0l v ¢ = 5]
—>U s<s<t -

lt—s|<h

= cio(mE" | lim - sup (IX G-l V (2 = )~ 472)"

=0 s<s<t |l—S|na
lt—s|<h

t — Vv (f — 2—ds/2yn
< cro(n)™! lim sup G —=s)Vvt—ys) )

=0 s<s<t |t - Slna
[t—s|<h

< C19(Il)n+l }lg% hn(a’—a)

=0,
where we used monotone convergence in the second step, [

It remains to prove Theorem 2.3 and Lemma 4.4. For the former, we use a moment formula
derived from the work of Dynkin [11]: If f € BL(E)UB,(E), and t > 0, then, for u € Mp(E),

EM[(/O X’(f)d’”= > [luwis sy, ws)

(D) €Cy i=1

This statement and the associated notation can be found in Appendix A. The proof of
Theorem 2.3 now relies on an induction to bound the RHS of (4.6).

Proof of Theorem 2.3. Fix f € B,(FE) and t € (0, #p). By (4.6), we must find bounds on
w(D(t; f)) for D € D. For r > 0 and D € D, write D(r, -) := D(r; f)(-). Then, if |D| > 2,
say D = Dy V D;, and x € E, by Lemma A.6,

D(t,x) = / dr P,(D,(z — Dyt — 1 -))(x)
0

<Di(t,)Dy(t,)

< /0 o /E v(dy) p,(x, D1 (1, Y)Da(t, ) “7)
= )/b/ v(dy) q:(x, y)Di(z, y)Da(t, y),
SO ’
WD ) =y fE v(dy) (g )N D1 (¢, ))Da(t. y) < 110l sey DO, 48)
where
D(t) .=y, L Dq(t, x)D(t, x)v(dx). “4.9)

We shall find a bound on D(¢) inductively. Put « := dy/B = d;/2 € (0, 2) for this proof. If
D = Dy Vv D, € D with |Dy| > 2, |D;| > 2 (so that (4.9) defines D;(¢) and D,(t)), we claim
that
D(t) < cxt* * Dy (1) Da(), (4.10)
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where ¢yp = %. Indeed, we can write D; = D} v D{, and D, = D), v D}, so, by (4.7),

D(t) = ybf v(dx) Dy(z, x)Dy(t, x)

E
<y [ / [ ( / v(dx)pr(y,mprf(x,y’))Di(r,y)D;’(r,y)
0 0 EJE E

=Py (V. Y)Sclr+r)~¢

x Dj(t, y)D5(t, y)drdr'v(dy)v(dy’)

t t
< ppe (f drf dr' (r + r’)“) D (t)D,(1),
0 0
where

t t t t+r 2t SNt 2t
/ dr/ dr’ (r+rH™ =/ dr/ dss™ =/ ds/ drs™ 5/ s'ds
0 0 0 r 0 (s—)1 0

.11

B (202—01
T 22—«
42—
< .
T 2—-«
If D = D;v Dy, € D, and |[Di| = 1, |[Dy] > 2, then Di(t,) = [y P fdr =
fot dr fE v(dy) p,(-, ¥) f(y), and D, as in (4.11), and the same argument gives
D(t) < eaot* “v(f)Da(0), (4.12)
and if |Dy| = |D,| = 1, then
D(t) < eaot™“v(f). (4.13)

Given D € D with |D| > 2, we can now bound D(t) by recursively applying (4.10), (4.12)
and (4.13). We obtain a factor v(f) for every leaf, and a factor cot>~ for every inner node,
of which there are |D| and |D| — 1, respectively, so

D(1) < (ca0t> )P )P,
thus by (4.8),

w(D(; £)) < 1(1g) o, (208> )P o ()P, (4.14)
If |D| =1, then

W(D(t: ) = /E J(dx) /0 dr /E v(dy) pr e, ) () = fE v(dy) (g () f ()

= Mgl o, v,
s0 (4.14) holds in that case as well. Combining (4.6) and (4.14) gives

Eﬂ[(/o Xs(f)dS>]= S [[uwic: )

(D)} €Gy i=1
m

< Y [T0@wad e, (> )P o )P
DY €Gy i=1
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2—a\n—
= > (gl (caot™ " v(f)")
{Di}L€Gn
2—a\
Gl (I11g) oo, V (e20t*~)) V()"

This proves (2.2) with cs5(n) = |G,| (cyo VvV 1)".
Finally, if i has a bounded density g w.r.t. v, then for any x € E,

IA

(g (x) = f / po(r gOWANs < gl s f f Py, y(dy)ds = 1 18]l v
0 E 0 E

=1
and the RHS of (2.2) is upper bounded by that of (2.3). O

To prove sharpness of this result in the sense of Remark 2.4(i), we observe that a
stronger bound would imply a stronger Holder-continuity of the local times, contradicting
Theorem 2.1(iv) (which will be proved later).

Proof of Remark 2.4(i). It is easy to show that ||(ug,)| ., > ct for some ¢ > 0 and small
t > 0, for any non-zero u € Mp(E). Hence, if d; < 2, then the maximum on the RHS of (2.2)
is attained by [|(ug/)|l ., for small > 0.

Suppose that d; > 2, and that Theorem 2.3 held with 2 — d;/2 on the RHS of (2.2) and
(2.3) replaced by some @’ > 2 — d;/2 (simultaneously for all n € N and u € Mp(E)).
Then take u € Mp(E) with a density w.r.t. v that is bounded by 1 and positive everywhere.
Such a density exists; by our assumption on v it can be chosen as g = Y 5, ayLp,,n) for
some xo € E and appropriate constants ay > 0, N € N. Then, (2.3) holds with RHS equal
to cw(f)”t”“’. This would allow for a proof of (4.5) with a € (2 — d;/2, a’) and some fixed
8 > 0, and thus imply B’-Holder continuity of Ls(xo, -) for all 8’ € (2—d,/2, a) and some fixed
xo € E, see proof of Theorem 2.1(iii). By Theorem 2.1(iv), this would imply that Ls(xo, -) =0
P*-a.s., which is a contradiction of

E* [Ls(xo, )] = lim E# [/ X5 (pn(xo, -))dS} = 1im/ w(pstn(xo, -))ds
h—0 5 h—0 Js
= / u(ps(xo, -))ds
8

=/ /ps(xO,y)g(y)V(dy)ds
)
>0,

for any ¢ > §, where we used Theorem 2.1(i), Tonelli’s theorem, (A.1), dominated convergence,
and the fact that g > 0 everywhere. [

Lemma 4.4 is an immediate consequence of Theorem 2.10 and the following lemma, for the
application of which we recall that, P*-a.s., sup,., X;(1) is finite since (X;(1)) is continuous
and eventually absorbed at zero.

Lemma 4.5. Let . € Mg(E), and suppose there are a > dy — B and b, c,r; > 0 with

1\?
sup A(B(x, 1)) < cr? <log —) , O0<r<r. (4.15)
r

xeE
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Then there exist cp1, hg > 0 such that

1\ bHalBy)
> , 0<h <hg,

[(Agi)ll o < carh' @4/ log (Z

where cy1 does not depend on ry, and on A only through a, b, and c. Furthermore, if (4.15)
holds for a family (A;)ier of measures with sup;c; Ai(1) < oo, then hy can be chosen for all X,
simultaneously.

The proof of Lemma 4.5 is straight-forward and technical, and we hide it in Appendix B.
We close with a proof of Theorem 2.1(ii).
Proof of Theorem 2.1(ii). For N € N and some fixed xo € E, put
Cv ={f € Ci(E): f=00n E\ B(xo, N)},

and fy := f AN for f € C.(E), where C.(E) is the set of non-negative continuous functions
on E. Then, fort > 6§ and N € N,

E# | sup
feCn

<N B [|Ls(r, x) — L2(t, x)|] v(dx)
B(xg,N)

< Nv(B(xo, N)) sup |Ls(t, x) = L}, 0)| ,»
xXe

f FvG)(Ls(t, x) — L5(t, x))v(dx)
E

h—0
—> 0.

In particular, there exists 4, —> 0 such that, off a P*-null set, f £ fN(x)Lf;" (t, x)v(dx) —
fE fnv(x)Ls(t, x)v(dx) as n — oo for all N € N and f € Cy. Off this null set, for N € N,
N > 1/8, and f € Cy,

/E In@)Ls(t, x)v(dx)

n—oo

lim Ef/v(x) (/6 Xs(phn(x,'))dS> v(dx)

= lim ds/ X,(dy) </ phn(y,x)fN(x)V(dx)>
5 E E

n— 00
t

= lim X (Pp, fn)ds
s

n—oo

= f Xs(fn)ds,
5

where we could apply dominated convergence in the last step because fy is continuous and
bounded and so Py, fy —> fn pointwise, and ” Py, fn ”oo <NforallneN.If f:E - R
is continuous, non-negative, and compactly supported, write f € C.4(E), then f € Cy for
large N e N, and 0 < fy 1 f as N — oo. Hence by monotone convergence, P*-a.s., for all
f € CCJr(E)’

/f(x)Lg(t,x)v(dx): lim /fN(x)L,g(t,x)v(dx)
E N—o0 E

t
= lim X(fy)ds
N—o00 s

t
/ X, (f)ds.
P

398



B. Hambly and P. Koepernik Stochastic Processes and their Applications 158 (2023) 377417

Finally, both the LHS and the RHS above are P*-a.s. continuous in ¢ (LHS by monotone
convergence and Theorem 2.1(iii); RHS by dominated convergence), so we may choose a
single set of P*-probability one on which the claim holds for all # > § and all f € C.(E). A
monotone class argument finishes the proof. [

Theorem 2.1(iv) will be proved at the end of next section. The idea is that a stronger Holder
continuity of Ls(-, x9) would imply a lower bound on dimpg 7 (x) that contradicts the upper
bound in Theorem 2.5.

5. Dimension results

We begin by proving our range result Theorem 2.8. It can be understood as a modern
formulation of Tribe’s [36] proof; instead of using non-standard techniques to apply the
modulus of continuity of linear Brownian motions to the associated superprocess, we use the
modulus of continuity of the historical process, Theorem 3.3.

Proof of Theorem 2.8. The lower bound on S(X,) follows immediately from Theorem 2.10
(see, for example, [19, page 61]). For the upper bound, fix u € Mg(E) and let m € M(}(E)
with my(m) = u, so that the distribution of (X,) under P* is the same as that of (;7;(H;)) under
Qo.n. We work with the latter, and slightly abuse notation by writing X, := m,(H,) for the
duration of the proof.

First note that dimy R(I) < dimy E = dy for any I C (0, 00) is trivial. We show that for
fixed but arbitrary N € N and ¢ > 0, Qq ,-a.s.,

dimy R(I) < B (1 +dimy I + 2¢),

for any I C [1/N, N A ty], where ty = inf{t > 0: X,(1) > N}. This implies dimy R(I) <
B + dimy I) Qp,-a.s. by countable stability of Hausdorff dimension, and the fact that
Ty — 00 Qo ,-a.s. as N — oo because (X,(1)) is a continuous path that is Q ,-a.s. eventually
absorbed at zero.

Forn e Nand j € N, put #,; ;= j27" and I,,; := [t4}, tx,j+1], and denote for j € N by M,,;
and y,(l;), i € N, the respectively Ny- and C(E)-valued random variables from Theorem 3.1 for
which

(M)

1
S(rtn’j,l(thj)): [yfu)’ ~-~7y,,] ] ) Qo,m_a"s-’

. P\ Mnj o . . .
and, given }“,1:1 i (y,(llj))i:l’ follows the distribution of a Poisson point process on C(E) with

intensity measure %Htw;l. In particular, M,; ~ Poi (%H’n,/‘ +1(1)), so by a Poisson tail
bound (see Lemma B.3),
N2n+2
QO,m(EljeN:tanN/\TNaMan v )
N2"
N2n+2
< ZQO,m <tn,j—l < n, Mnj = )
= Vb
N2"
2n+1N
= Z Qo.m <]l{ln.j1<rN}Q0»'" (Mnj =2 ‘ ]:tilj—l))
= Vb ’
N2

3 2n+2N
=< ; QO,m <]l{tn,_,-_|§TN} exXp <_R Vb ))
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< N2"exp (—3 . 2”’2N/y;,) ,

where we used that ¢, ;_; < Ty implies H, (=X, ,(1)<N. This bound is summable
over n, hence outside some null set there exists ng = no(w) € N such that M,;; < N 2;:2 for all
n > ng and j € N with #,; < N A 7y. Now let ¢ > 0 be so large that, omitting another null
set, we find § = 8(c, w) > 0 according to Theorem 3.3 and Corollary 3.4(ii). Then, Qg ,,-a.s. if

27" < § and j € N, applying Corollary 3.4(ii), Corollary 3.4(i), and Theorem 3.3 in that order,

R, = | J Sx,) € s(x,, )™
s€ly; — T[lnj (S(thj ))C/‘L(Z—'l)
C 77:1‘"’]-71 (S(thj ))2(‘h(27’1)
=, 1 (S(ry, . (H, ) (5.1)

Mnj

= J B0t j-1). 2ch2™).
i=1

_.pi
_.an

Now fix @ outside the excluded null sets and let I C [N~!, N A ty] with Hausdorff
dimension d; := dimy I. Then, H%*¢(I) = 0 (recall that H*: P(E) — [0,00] for s > 0
denotes the s-dimensional Hausdorff outer measure). Hence, there are for all n € N dyadic
27 "-covers C, = (ij:k >n,je J,f) of I, where J;! C {1, e, NZ"}, k > n, such that

o0
0= lim 114+ = lim Jr|2~kdite)
jim 311 = lim 3017
eCy, =n

where by |A| for a subset A of a metric space we denote its diameter. Then, if 27" < §, the
family
B, :=(Bi:k=n,jeJi<M;)

is a cover of R(/) with maximal diameter 2ch(27"), which tends to zero as n — o0. Further
recall that h(2%) = 2 %/B(k log 2)!/B) Hence,

Hﬂ(l+d1+28)(R(1)) < lim Z |B|,3(1+d1+25)

N
n OOBEBn

o0
— ll_m Z Z Mkjh(sz)ﬂ(ler[wLZS)

n—o0 jedr

o0
li_m Z |]]£1| N2k+12—k(l+d1+25)(k log 2)(l+d1+2s)/y

n—0o0 k=n

IA

[e.¢]
< o (sup(klog )M+ 2927k ) fim Y [ |2k

keN n—>00

<00 —0

-0,

where ¢y, = 2N (log2)!!+41+29)/Y _which implies dimy R(I) < (1 +d; +2¢). O
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Recall the moment formula for historical processes [33, Equation (IL.8.5)]: If m € M%(C ),
and f:C(E) — R is bounded and measurable, then

Qom(Hi () = fc (E)IP’“O) (f(¥H)mdy), >0, (5.2)

where we write P(g) := [ gdP for the expectation of a random variable g w.r.t. a probability
measure P.

Proof of Theorem 2.5 (Upper Bound). Fix u € Mpg(E). Let m € M%(E) with mo(m) = u,
so that the distribution of (X,) under P* is the same as that of (7,(H;)) under Qo ,,. We work
with the latter and, with a slight abuse of notation, write X, := m,(H,), t > 0, for the duration
of the proof.

Let A C E and put d4 = dimy A. By countable stability of Hausdorff dimension, it suffices
to show that for fixed but arbitrary N € N and ¢ > 0, Qg »-a.s.,

dimy (T(A) N[N, N]) < D + 2,
where

D::(Z—é_Fd_A) =<2_df_dA) .
2 "), i),

Since H1tPe(A) = 0, there are covers C, of A, n € N, comprised of balls with dyadic
diameters no larger than 27", such that

1 da+Be _ 13 nn—k(da+pe)
0= lim pulelis _nlggozmkz athe), (5.3)
CeCy k>n
where
mi=|{CeC:|Cl=27"}|, neN k>n, (5.4)

denotes the number of balls in C, with diameter 2.

For'n € Nand j € N, put #,; := j27"8 and Ij = [t4j, ta,j+1]. Denote for n, j € N by M,;
and y,(l'j), i € N, the respectively Ny- and C(E)-valued random variables from Theorem 3.1 for
which

(Mn')
Sy Hyd = ™} Qoas,

. My . . . .
where, given .7-"5 i (y('J))l_{ follows the distribution of a Poisson point process on C(E) with

)
. . np+1 . .
intensity measure %H,w.fl. With the same argument employed in (5.1), we find ¢ > 0 such

that Qo _,-a.s. there is § = 8(c, w) > 0 such that if 27" < § and j € N, then
My
U sxo) € | BOS (taj1).ra) = Buj,  where  ry = 2ch(27™") = c3327"n"/#7),
s€lyj i=1
and cy3 = 2¢(Blog2)!/#Y), Thus if 27" < §, then a cover of T(A)N[N~', N] with maximal
diameter 27" is given by

Bn ZZU U {ijZjGJk,Bkij#g},

k>n CeCp
|c|l=2—k
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where Jy = {j e N: [;; N[N"", N1 £ @} ={|N~"27"F| ..., [N27" |}. Then,

Qo (HP*(T(ANINT', ND) < Qom ( lim )" |B|D+25>

n—00 g

= Qo,m<li_m Z Z Z ‘ij|D+28 ﬂ{Bkjmc;eQ)})

=00 k>p CeCn  jely
|Cl=2—k

< lim Y Y Y 2 HORAQ, (ByNC #0),

N0 y>n CeCn jeli
|c|=2—F

5.5
where we used Fatou’s lemma in the last step. Let n € N and C € C,, so C = B(xo, 27k=1y for
some xo € E and k > n. Then, for j € Ji, Bi;NC # @ if and only if B(y,i’]-)(tk,j,l), r)NC # @

for some i < My, if and only if p(xo, y,g)(tk,j,l)) < 27kl 4 . for some i < M. Thus if k
is so large that 27%=! < r;, then

Qom (B N C # B) < Qom (5i < My;: p(xo, ylg-)(tk,j—l)) < 27k> , (5.6)
which we evaluate by conditioning on .7-',{’ i To that end, assume that for some 6 € Mg (C)\
{0}, n = (y,-)f‘i , is a Poisson point process with intensity measure 2y Then, for any

b
K,t >0,

P @i < M:po, 3i(0) < K) = 1 = P(n(y: pxo, y(0)) < K) =0)

kB+1
=1—exp (— ” O(y: p(xo, (1)) < K))

2kﬂ+l

< 0(y: p(xo, y(1)) < K).
Vb

This clearly holds also if 8 = 0 (then LHS = RHS = 0). Applying this and (5.2) to (5.6)
yields

Qom (Bij N C # @) = Qom (Qo,m <3i < M:p <x07 )’;5?(&4—1)) < 21 ‘ ‘/—-;gj—l))

2kﬁ+l
< " Qo,m (Htk,j—l()’ip (XO, Y(tk,jq)) < 2Vk))
2kB+1 .
=2 B V) < 2
C(E)

IA

QkB+1
= m]py w0, 200

Now if k is so large that inf;c, 1 ; = LN’IZI"BJ 27k > 2N)71, say, then

2kp+1
Qo.m (Bkj NC # Q)) < m(1) ( sup ||p,||oo> 221 ) = cpq2K B ks 1 BY)
Vb 1=@2N)~!

_ ds . .
where ¢y = 2m(l)y, 1(suptZ(ZN)q ||p,||oo)0202'3f is finite because ||p;lo < Hpm,O ||OO <
c3(t A tg)~4/B for all t > 0 by (1.4) and (1.2). Plug this bound into (5.5), and use (5.4)
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and |Ji| < N2*, to obtain
Qo (KPP (TA)NINTLND) <o lim Y7 H 7y 7 270200k 0diges /o)

”%ooan CeCn  jedy
|C|=2—*

< cuN h_m ZmZkdf/(ﬂ}/)zkﬁ@fdf/ﬂ*DfZE)

n—00
k>n

< cuN lim Zmdef/(ﬁV)Z*k(dAwLZﬂg)

n—o00 k>n

< euN (Sup kdf/(ﬂy)zk,sa> lim 3 mpa-ta e

keN n—00 k>n

< =0 by (5.3)

:O’

where we used in the third step that D > 2 — 4 ;dA , 802 — % —D< —‘%A. This implies that
HPH22(T(A)N[N~', N]) = 0 Qg n-a.s. and finishes the proof. [J

To prove the lower bounds in Theorem 2.5, we use an idea similar to Serlet’s [34] and
apply what is sometimes called the energy method: If y is a finite non-zero Borel measure
on R with [[ |t —s|™ y(ds)y(dt) < oo for some @ € (0, 1], then dimy S(y) > 6 (see e.g.
[13, Theorem 4.13]). For A € Mp(E) and s > 0, put pX(-) := [, ps(x, )A(dx).

Proposition 5.1. Let u € Mg(E) and § > 0, and suppose that . € Mg(E) is non-zero
and satisfies M(B(x, 1)) < cysr? for all x € E and r € (0,r;), for some d € [0, df] with
(df —d)/B < 2 and some ci5,1; > 0. Then there is a random Borel measure y on [5, 00)
such that the following hold.

(i) There is a sequence h; — 0 such that P*-a.s. for all rational § <s < t,
t
y((s. 1) = lim f X, (pl )dr.
k—o00 s k
(ii) For 6 <s < t,

E* [y (s, 11)] = / w(phydr,

(iii) If S(\) is compact, then P*-a.s. S(y) C T(S(A)) U J for a random countable set J.

(iv) If 6 € (0, 1A (2 — "fT*d)) and T > 0, then

T T
EH U / It —s|7? y(ds)y(dt):| < o0.
1) )

In particular, if S(\) is compact then P*-a.s. y # 0 implies dimy T(S(A)) > 1 A ( - %)

The random set J in (iii) is the set of discontinuities of the support process of X, which
we briefly introduce. Denote by /C(E) the set of non-empty compact subsets of E, which is
complete and separable [2, Theorems 15.3 and 15.6] when endowed with the Hausdorff metric

d(F, K) = (sup d(x, K)V supd(x, F)) AL, F, K e K(E). (5.7)

xeF xekK
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In other words, d(F, K) < ¢ for ¢ € (0,1) if and only if K C F?® and F C K? (recall the
meaning of K° from (3.3)). Since the mapping {» € Mp(E): S(A) € K(E)} — K(E); A —
S(}) is Borel measurable [6, Theorem 4.4.1], and S(X;) € IC(E) for all t > 0 a.s., the support
process (S(X;))i=0 of X is (after modification on a null set) a C(E)-valued process.

Lemma 5.2. For p € Mp(E), P*-a.s., (S(X;))>0 is right-continuous with left limits, hence
has only countably many discontinuities.

Proof. Right-continuity and the existence of left limits are respectively proved in
[7, Theorem 1.2] and [32, Lemma 4.1] for superBrownian motion, but the proofs work in
generality as long as the assertion of Corollary 3.4(ii) holds. The fact that a right-continuous
path with left limits in a Polish space has only countably many discontinuities is standard. [J

Proof of Proposition 5.1. Recall that p}(-) = [, ps(x, )A(dx) for s > 0, and put

t
L") :=/ X, (ppdr, h>0.
)

We can then repeat the exact same arguments used to show existence of local times (see
Propositions 4.1 and 4.2, and (4.4)) to prove that there are random variables (L(¢)),>s with
sup EX [|Lh(t) _ L(;)}Z] >0, T>0. (5.8)

§<t<T

When copying the proof,

(i) Replace p¥ by pl, g.(x,") by ¢},() = [/ pi()dr, gF by ¢} = g}, for x € E,
0 < s <. In particular, (uq;,,)(x) is replaced by u(g;,). Also note that P;p} = pl,,
and Pyq}, =q},, ., forr,s > 0,0 < a < b, by (1.4) and Tonelli’s theorem.

(ii) Discard all suprema taken over x € E (in particular, ||(1g;./)|l is replaced by u(qi,)),

(iii) In place of || pslloo < c3(s Afg)~%//7, use the bound | p*||_ < c27(s Aso)™ for constants
a € (0,2), 59, cp7 > 0, see Lemma 5.3.
@iv) In (4.3), the bound

/ PP ((2) = pygy(x,x) < c3(s +5/) 7P,

for s, s’ € (0, 1p/2) can be replaced by

f PEQPH V() = f / AOAAY) Py (5, ¥) = 2D | P
< cpsh(1)(s +5)77,
for s, s € (0, 50/2).

By a diagonal argument, we then find a sequence i; — 0 such that L"(q) — L(gq) holds
P*-a.s. simultaneously for all ¢ € Q N [§, 0o0). In particular, P*-a.s. L is increasing when
restricted to rationals.

Define a random set function y by y((s, t]) = L(t) — L(s) for rational § < s < ¢. To show
that it extends uniquely to a random Borel measure on [§, 00), it suffices to prove that P*-a.s.,
if 5,8, u,, u € [8,00), n € N, are rational with s,, | s and u,, | u, then y((s,,, u]) — y((s, u]),
and y((s, u,]) — y((s, u]) (see e.g. [9, Lemma 5.1]). By monotonicity of L on rationals, it
suffices to show that for any given ¢ € [§, c0)NQ, there P*-a.s. exists a rational sequence #, | ¢

404



B. Hambly and P. Koepernik Stochastic Processes and their Applications 158 (2023) 377417

with L(z,) — L(t), and similarly for left-sided limits. So let #,, f > § be rational numbers with
t, | t. Then,

1

In n
EA4[|L(t,) — L(1)|] = E* |:1im / X,(p;‘lk)dr:| < lim E* [X,(p;:k):l dr
k=00 J; k—o00 Jt

n

= lim [ pu(p}y,)dr

k—o00 Jt

= ut = nsup [t

which tends to zero as n — oo. In particular, there is a subsequence (#()) of (¢,) such that
L(ty(n)) — L(t) P*-a.s. An analogous argument works for left-sided limits, so we conclude the
existence of a random measure y on [8, 0o) with y((s, ¢t]) = L(#)—L(s) = lim;_, f X,(pﬁk )dr
for rational § < s < t. Note that y((s, t]) is measurable (as a function from the underlying
probability space to the reals) for rational § < s < ¢, hence by a monotone class argument,
y(B) is measurable for all Borel sets B C [§, 00). This finishes the proof of (i).

If § < s <t are rational, then by definition of y, and the fact that L"(r) — L(r) in L?
and thus in L' for all r > § by (5.8),

B [y (s, 1] = B [L(1) = L(s)] = lim B [L"(1) — L"(5)]

t
= /11Lm0 S E* [X,(p;)] dr

t
(A1) 5.
= hm/ ,u,(prﬁrh)dr
h—0 J¢

t
= / w(p)dr,

where we used dominated convergence in the final step. The claim for general ¢ and s follows
by approximation through rationals and monotone convergence.

If § <t € T(S(V)), then there is an ¢ > 0 such that S(X,)* N S(A) = @ (both are compact
sets). If s — S(Xj) is continuous at ¢ (recall this is w.r.t. the metric defined in (5.7)), then
there are rational o < ¢ < 1 such that |, _,_, S(X,) C S(X,)¢’2, so p(x,y) > &/2 for all
y € S(A) and x € S(X,), r € (t, t;). Thus, P*-a.s.,

14l
y((to, n]) = lim f X, (pj;,)dr
k—o00 1o

k— 00

4l
= lim dr/ X,(dx)/ Mdy) pr (x, )
1 E E

f(tl—to)(sust(l))k(l)hﬂ( sup phk(x,y)>

5>0 k—o00 \p(x,y)=e/2

=0,

so t € S(y). This implies that, P#-a.s., S(y) C T(S(A))U J for the set J of discontinuities of
(S(Xs))s>0, which is countable by Lemma 5.2.

To prove (iv), first note that (i) implies the P*-almost sure weak convergence of the random
measures i, kK € N, on [§, 0c0) defined by y,(dr) := X,(pzk)dt to y as k — oo. Hence also
Ve @ Y — ¥ Q@ y weakly as k — 0o, so for any measurable f:[§, 0o) x [8, 0c0) — [0, co] we
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have [ fd(y ® y) <lim,_, . [/ fd(yx ® ¥). In particular,

T T
B [ f / it — 5] y(dr)y(d@}
8 8
T T
< lim E* [ / / |t—s|9yk<dt)yk(ds)]
k—o00 P I

T t
=2 lim dt/ ds |t — s| 0 E* [X,(pﬁk)xs(pﬁk)]
$

k—00J§

(5.9)

T-5/2 :
—21im [ o [ asie- s B (B X)X
k—00J§/2 8/2

where we also applied Fatou’s lemma, Tonelli’s theorem, and the Markov property. Now for
any h > 0 and §/2 <s < t, by (A.2),

5
EX*2 [ X,(pj)Xs(p})] = Xop2(Pl) Xs2(Pin) + / Xsp2 (To(P}_p s Ph_yin) dr
0

< X52(1)*A(1)%( 5‘25’2 | Pulloo)*

+/ Xsy2 (Tomr (P gy i Pin)) A
0
Thus and by (A.1),

B [EX2 [X,(pp) X, (p})]] < M1 sup 12 llooPEX [X52(1)%]

+f0 E [X6/2 (n—r(pzk—s+r+hp;):+h))]

= A up, Il Pull o) (1) + (8/2)%)

s
+ / 1% (Tc—r+5/2(p?7s+r+hp?+h)) dr
0

()

where we used that E# [X,,(l)z] = u(1)> + u for u > 0, which is an immediate consequence
of (A.2). The first term is independent of ¢, s, and A, and since 6 < 1, its contribution to the
integral on the RHS of (5.9) is finite and bounded uniformly in %.

We can rewrite and upper bound the second term by

(%) = / dr / p(dx) / DY)y a32 5 VD n DD 3)
0

< u(D(sup [1pullo) / dr / VAP inOIPEA ()

u=>§/2

T+1
< n()(sup IIPMIIOO)/ /V(dy)P, crNPHY)

u>5/2

T+1
— w(D(sup 1palloe) / / / AMAOAAY) Py (X, 7).

u>8/2
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We claim that for any n € (0, 1), there is ¢3¢ > O such that for all u > 0,

/ f Pu(x, YAAOAY) < eap(1 v u=@r=1DIBy, (5.10)

If this has been shown, we can conclude that the contribution of () to the integral on the RHS
of (5.9) is no larger than

T+1
M(l)( sup ||pu||oo>c26/ drf ds |t —s|” 9/ r[1v@—s+2r) “@rmdF]

T+1
= w(D)(sup llpullac)ens / ar / ds f O 1 (s + 2r) e

u>35/2
where we substituted s — ¢ —s. This is independent of /, and finite if 6 <2 —dy/B+nd/B,
which can be arranged by choosing n sufficiently close to 1. This proves (iv). In particular,
j:ST faT [t —s|7% y(ds)y(dt) < oo Pt-as., so by the energy method dimy S(y [is.7)) = 6
whenever y [i5. 77 0, P*-a.s. If y # O then this is the case for sufficiently large 7', hence in
that case by (iii),
dimy 7(S(A)) = dimy (T(S()L)) U J) > dimpy S(y) = supdimy S(y [i5.77) = 6
T>0

forall 8 € (0,1 A (2 —(df —d)/B)).
It remains to prove the claim surrounding (5.10). Let n € (0, 1) and u € (0, fp). For an
R = R(n,u) € (0, r;) that we have yet to choose, we can bound

f f pu(x, YA(dx)A(dy) < / c3u™ 1P )(B(x, R))A(dx)

+ c3n(1)?u~ 7P exp (—C4R’37’u’1’)
< esh(D(cas + A(D)u~/P (R? + exp (—csRPYu™7)).

(5.11)

Now choose R = u"/# (for u so small that R < r;), then
RY + exp (_C4Rﬂyu—y) = /B 4 exp (_c4u—y(l—n)) < 2undlB

for sufficiently small . Combining with (5.11) yields the claim for u € (0, ug) for some uy > 0.
If u > ug, then

// Pu(x, YAAOAAY) < A1?(sup [l pulloo)-

u=ugp
This proves the claim with cy6 := )»(l)z(supuZu0 1Pulloo) V 2c3A(1)(c25s + A(1)). O
Lemma 5.3. Under the assumptions of Proposition 5.1, there exist a € (0,2), so > 0, and
co7 > 0 such that

| P Hoo <cy(s Aso) ¥, s >0.

Proof. Recall that ps(x, y) < p,(p(x,y)) for x,y € E and s € (0, #p), where
() = c3s /P exp (—C4(r’3/s)y) , s,r>0.

Since p,(-) is decreasing, we have in fact that sup, .-, ps(x,y) < p,(r) for all r > 0 and
s € (0, tp). Now fix an ¢ > O that we have yet to specify, and put R := R(s) := sU=a)/B for
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s > 0, so that for any fixed a > 0,
Ps(@R(s) = c3s~ /P exp (—caa®s™7) < 1

for sufficiently small s. Then, again for sufficiently small s, and any x € E,

pHx) = / Py, IA(Y)

<MDP R+ / Ps(x, Y)A(dy)
=0 ¥ B(x,R27")\B(x,R2=(1+1))

< MDPL(R) + Y (B, R2™) = a(B(x, R270)) p (R270Y)
n=0

< M)+ AB(x, R)P,(R/2) + > MB(x, R2™) (p(R2™"FD) — B (R27"))

n=1

< 2)\’(1) + ZC25(R2_n)dC3S_df/ﬁ exp (_C4Rﬂl/2—(11+|)/37/s_)/)

n=1

<1

x [1—exp (—csRPY 270 HDFrg=7)]

<c4RPY2—(n+DBy g—y

[o.¢]
< 2)\((1) + C2563Rdsfdf/ﬁRﬂysfy szndzf(nJrl)ﬁV
n=1

< CypsApBer+d/B).

(5.12)

where c¢y7 = 2A(1) + c3¢252~FY Zflo:l 2-™Md+BY)  Since (dy —d)/B < 2, we can choose ¢ > 0
so small that o = (dy —d)/B + e(y +d/B) < 2. Say (5.12) holds for s € (0, sol. Then if
s > s, by (1.4),

/ Ps(x, xp)A(dx) = / v(dy) ps—s,(¥» Xo) < / pso(x,y)k(dX))

<5y < / Ps—so (Y5 xo)v(dy))

= C27S6a. O

The lower bounds in Theorem 2.5 are now a consequence of Proposition 5.1 and Frostman’s
lemma.

Proof of Theorem 2.5 (Lower Bounds). Let A C E be analytic with Hausdorff dimension
da = dimg A such that d;/2 — ds/B = (df — da)/B < 2 (otherwise the claim is trivial).
We prove that, if s € (0,ds] with H°(A) > 0, then dimy T(A) > 1 A2 —(dy —5)/B) =
(2 —dy/2 + s/pB) with positive probability. Since H*(A) = oo for all s € (0, d), this implies
both (ii) and (iii).

If s € (0,ds4] with H*(A) > 0, then by [21, Corollary 7] there exists a compact
subset K C A with H*(K) € (0,00), and by a version of Frostman’s lemma (e.g.
[29, Theorem 8.17]), there exists a finite positive measure A supported on K that satisfies

408



B. Hambly and P. Koepernik Stochastic Processes and their Applications 158 (2023) 377417

the assumptions of Proposition 5.1. Then, for § > 0 which we choose later, denote by y the
random measure on [§, 00) whose existence is asserted by Proposition 5.1. Then, P*-a.s. if

vy #0,

dimy T(A) > dimg T(S(A) > 1 A <2 _4 ﬂ_ s) .

It remains to show that y # 0 with positive probability. By assumption, we can choose § > 0
such that [ dr [ pu(dx)p(x, y) > 0 forall y € A, so Proposition 5.1(ii) yields (with monotone
convergence)

E* [y((5, 00))] = /5 w(ph)dr = / ( /5 ar f u(dx)pt(x,y)) Mdy) > 0. O

>0 for all ye A

The lower bound in the singleton case, Theorem 2.7, follows from the Holder continuity of
the local times and the following fact, which is an elementary exercise in Hausdorff measures.

Lemma 5.4. Let F C R be closed, I D F an interval, and suppose there exists an increasing,
non-constant function f:I — R which is locally B'-Holder continuous for some B’ € (0, 1),
and satisfies

Ya<b,a,beQ,la,b]CI\F:f(b)— f(a)=0.
Then ’H’S/(F) > 0, in particular dimy F > B’

Proofs of Theorem 2.7 and Theorem 2.1(iv). Fix u € Mp(E) and xo € E, put 7 := T (xo)
and d(¢) .= p(xg9, S(X;)) for t > 0, so that T = {t > 0:d(¢) = 0}. Consider an event {2’ of P*-
probability one on which the assertion of Corollary 3.4(ii) holds (with some fixed, sufficiently
large ¢ > 0). Put

s>t

J = {t >0:d(t) > 0 and h_md(s):O},

T =TUulJ= {tzO:li_md(s)=0}.
s—>t

Then 77 is closed and dimy 7' = dimgy 7 because J is countable. Indeed, for every
t € J, Corollary 3.4(ii) implies that there exists ¢ > 0 (depending on ¢ and w € {2)
such that (r,# + ¢) N J = &. Now suppose that § > 0 and t+ > § with Ls(¢, xo) > O.
Then Ls(-, x9):[§, 00) — R is a non-constant, increasing function, and whenever a,b € Q,
[a,b] C [8,00)\ T, there is r = r(a,b,w) > 0 with d(s) > r for all s € [a, b]. Indeed,
otherwise there would be (s,) € [a, b1N with d(s,) — 0, say s, —> s € [a, b] by passing to
a subsequence; but this would imply s € J, which contradicts [a,b]NJ C [a,b]NT' = 2.
Omitting another null set, we can assume that K := sup,. Xs(1) < 00, and, by Theorem 2.1(i),
that there is ¢, | 0 with Ls(t, xo) = lim,,_, st X (pe, (x0, -))ds for all t € Q5. Then,

b
Lo(h. ) = Lofax0) = fim [ X,(pe o, s
a

< lim (K(b—a) sup |pg,,(xo,x>|>

n—00 p(x,x0)=r
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< K(b—a) lim (cwf”ﬁ exp(—mrﬁyeﬁ))

n—o00

=0.

Furthermore, Ls(-, x9) is locally g’-Holder continuous for every 8/ < 1 A (2 —d,/2), so
Lemma 5.4 implies dimy 7 = dimy 7' > B’ a.s. for all such g’

Now suppose d; > 2 (otherwise 2 — d;/2 > 1 and Theorem 2.1(iv) is trivial). By omitting
another null set, assume that dimy 7 < (2 — d,/2). Then, if there was a § > 0, ¢t > s > 4,
and B’ > (2 — d;/2) such that Ls(-, xo) is B’-Holder continuous and not constant on [s, ],
then Lemma 5.4 implies by the same argument we just used that dimy 7 = dimg 7’ >
dimg (7' N [s,t]) > B’ > 2 — d,/2, a contradiction of Theorem 2.5(1). [
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Appendix A. Dynkin’s moment formula

The purpose of this section is to derive (4.6) from Dynkin’s moment formula
[11, Theorem 1.7], to which end we introduce some notation. Denote by D,, for finite
@ # A C N, the set of equivalence classes of connected, complete binary trees (complete
means that every inner node has two children) with leaf set A, where two trees are called
equivalent if they can be transformed into one another by a sequence of flips, that is, by
swapping the left and right children of a number of nodes at arbitrary levels of the tree. Write
|D| := |A] for D € D,. Call an equivalence class of a (possibly unconnected) complete binary
tree a forest, and denote by G 4 the set of forests with leaves A. For G € G4, write G = {D;}",
if G has m € N connected components Dy, ..., D,,. If D e Dy,, D' € Dy,, and AN A, =@,
denote by D v D’ € D,,u4, the tree obtained by taking a new root vertex and making the
roots of Dy and D, its children — the two ways of doing so result in equivalent trees. For
D € D, with [A] > 2, there is a decomposition D = D; Vv D, (unique up to swapping D; and
D»), where Dy € Dy,, D, € Dy,, A = Ay U Ay, are the two trees that remain after removing
the root in D. Write D := Ug#AcN nie DA If t; € R, fi: E — R, i e N, write t4 = (#)ie4,
and fj = (fi)iea. If we apply operations to either object we mean it in an entry-wise sense,
that is, 14 + 1 := (t; + t)iea for t € R, A ta = A;cptis 1 fla = (I fiDieca» and so on. Finally,
write D, =Dy, and G, := Gy, , forn e N.

..........

Definition A.1. Lett;, >0, i € N, and either f; € B{(E) for all i € N,_or fi € By(E) for all
i e N Iﬁecursively define, for a tree D € Dy, @ # A C N, a function D(¢4; f1): E — R by
setting D(t; f):= P, f if t > 0 and |D| = 1, and
_ Ata _
D(ta; f4) = 7o / Po(Ditta, =i fa)Dalta, = 73 fa,))dbr,
0
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if D= DV Dy, and Dy € Dy,, Dy € Dy,. It is clear inductively that 5(1‘/1; fa) € BL(E)
(resp. By(E)). If f; = f foralli € A, write D(t4; f) := D(ts; fa), analogously if all #;,i € A,
are equal.

Proposition A.2 (Dynkin’s Expression for Moments). Let u € Mg(E), n €N, s1,...,5, >0,
and either fi,..., fu € BL(E) or fi,..., fu € By(E). Then,

E []‘[xm} Y [« (Ditsas 1)),
i=1

VL €Gy i=1

where, for m € N, and {D;}/_, € G,, A; C [n] is the set of leaves of D,;.

Proof. Dynkin [11, Theorem 1.7] proves this if f; € B.(FE) for i € [n], from which the case
where f; € B,(E) follows by splitting into positive and negative parts. [

Corollary A.3. Let u € Mp(E), and f, g € BL(E)U B,(E). Then, for t,s >0,
EX[X:(N]=p (P f), (A.1)
EX X ()Xs(@)] = 1 (P f) i (Psg) + Vb/o (P ((P—r f)(Ps18))) ds. (A.2)

We now use Proposition A.2 to derive formula (4.6).

Definition A4. Let f € B (E) (resp. By(E)), and ¢t > 0. Recursively define, for D € D, a
function D(¢; f): E — R by setting D(¢; f) := fot P, fdr if |[D| =1, and

t
D@t f) = yb/ Pr<D1(t — 1 YDt — 1 f))dr,
0
if D = D,V D,. Again, D(¢t; f) € BL(E) (resp. By(E)).

Proposition A.5. Suppose that f € BL(E)U B,(E), and t > 0. Then, for any u € Mg(E),

E“[(/OtXr(f)dVY}: > ]‘[ (Die: ).

(D} €Gy i=1

Proof. Abbreviate [ydsy = [jdsy, ... [;dsy, for 4 = {A;,....,A,} C N, m € N. By
Proposition A.2 and Fubini—Tonelli,

E [(/OtX,(f)dr)n} = /‘Otdsl.../: ds, E |:li[Xsi(f):|
i=1

- ¥ /ds1 /IdsnﬂM(D_j(sAj;f))

{D;}]_ <G,

= > 1’[/,L< f dsy, D_j(sA_,;f)).

{D }m €Gp J= 1
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It thus suffices to show that, for any @ # A C N, D € Dy,
t
| @siBsai ) = D ), (A3)
0
which we prove by induction. If |D| = 1, then D(t; f) = fot P.fdr = fot D(r; f)dr. Now

suppose D = D; VvV D, € Dy, and that (A.3) holds for D; € Dy, and D, € Dy,, where
A= A; U A, Then,

t o t Asa S _
/ dsy D(sa; )= Vb/ dSA/ dr Pr(Dl(sA1 =713 f)Dy(sp, — 13 f))
0 0 0
= Vb/o dr P, (/ dsa Di(sa, — 75 f)Da(sp, — 73 f))
:Vb/O dr P, </O_ dSAD_l(SA.;f)Fz(SAZ;f))

= yb/ dr P,(Dl(r—r;f)Dz(r—r; f))
0
=D f). O

Lemma A.6. If f € B.(E) and D € D, then D(-, f) is increasing (pointwise on E).

Proof. If |D| =1, then D(t; f) = fot P, fdr for t > 0 and the claim follows because f > 0.
If D = D, Vv D,, and the claim holds for D;, D,, then, whenever 0 < s <,

D(s; f) = yhfo P,(Dms — i f)Dals — 1 f))dr
< [ BBt =1 pDate =i )
0

<w [ B(Dre=ri pDACE =1 p)ar
— D@ f). O

Appendix B. Proofs of technical lemmas

Lemma B.1. There are c;,ry > 0 such that v(B(x, 1)) > c;r% for all r € (0, ry). If ty = 00
or diam(E) < o0, then ro = diam(E).

Proof. Recall Lemma 3.2, and let ¢ > 0 so small that C7e_63"7y < 1/2, and put ry =
(to/c)'/? A diam(E). For r € (0,rp), put ¢t := t(r) := cr? € (0, 1), then by Lemma 3.2
and (1.1),

1/2< 1= e <P (p(x, ¥) <) = / pi(x, y)v(dy)
B(x,r)
< e3t™ P u(B(x, 1)
= e3¢ U Pr=rv(B(x, 1)),
which implies the claim with ¢; = cir/B /2c3). If ty = oo then ryp = diam(E) by definition,

and if diam(E) < oo then we can arrange ry = diam(E) by adjusting ¢; to be sufficiently
small. O
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Recall that C(E) denotes the space of continuous paths [0, c0) — E with the topology of
uniform convergence on compacts, and M;(C(E)) is the space of Borel probability measures
on C(FE), equipped with the topology of weak convergence.

Lemma B.2. If the assertion of Lemma 3.2 holds, then E — M {(C(E)); x — P* is
Continuous.

Proof. Suppose x,,x € E, n € N, and x, — x, then we have to show that P*» — P*. Since
Y is Feller, it suffices to show that (IP*7),cy is tight, which is equivalent to

(i) (P (Yy € ))nen C M (E) is tight,
(ii) For every T > 0 and ¢ > 0, sup, .y P (w(¥,8,T) > &) — O as § — 0,

where w(y, 8, T) = supg, ;<. |1—s|<s PV (1), ¥(5)) for y € C(E). We have P (Yy = x,) = 1
for n € N and (x,) is bounded, so (i) is clear. For (ii), we use entropy numbers: Fix ¢ > 0,
and define stopping times (T});en, by 7o := 0 and
T;=inf{t > T;_1:p (Y(Tj=1), Y(1)) = €},
N(E T) =suplk e Nyg:Tp < T},
8(e, T)=inf{T; —=Tj_y:1 < j < N(e, T)}.
It follows from the definitions that, for n € N, and every k € N,
Il (w(Y, 8, T) > 28) <P (8(e, T) < §)
<P" (N(e, T) > k)
<Pxn (Ty <T)
+P"(3j <k:Tjog <00, Tj = Tjoy < 9)

L (B.1)
< Z (PX” (Tj—l < 0Q, Tj — Tj—l < T/k)
=1

+ P (Tj—l < 00, Tj — Tj—l < (S) ) .
If n > 0 and x € E, then by [3, Equation (3.11)],
P*(Ty <) < cagexp (—c06’'n77),

where cp8, c29 > 0 are constants independent of x, n, €. Thus, and by the strong Markov
property,

P (T;_y < 00, Tj — Tj_y <1n) = E™ []I{TH@O}]PYT./—I (T; < n)]
< eagexp (—ca0e™ ),
for n > 0 and j € N. Returning to (B.1),
P (w(Y, 8, T) > 26) < keag (exp (—ca0e? TTVkY) + exp (—c20e?7877))
for every § > 0, n € N, and k € N. Thus,
lim (sug P (w(Y,$,T) > 2s)> < keagexp (—ca0e?’ TV kY)
- ne

holds for all k € N, and the latter expression vanishes as k — oo, so (ii) follows. [
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Proof of Lemma 4.5. Abbreviate £(r) := r¢ (log %)b for r > 0, and fix K > A(1). We will
track dependence of constants only on r; and K, to show that ¢;; is independent of both and
ho depends on A only through K. For 4 > 0,

l(Agn)ll oo SUP/ dS/ ps(x, y)A(dx) < / ds (SUP/ ps(x, y)k(dX)) . (B.2)
0 yeE JE
We now claim that there are c3g > 0 and sg = s¢(r;, K) > 0 such that
b+a/(By)
sup (/ ps(x, y)k(dX)) < c3os“TUP (log —) , 0<s<s. (B.3)
yeE E S

Assuming this for the moment, and noting the easy fact that, for u > —1 and v > 0, there is
ac¢ =c'(u,v) > 0 such that

" u 1\* /pu+1 1"
s“|log—) ds <ch log—), O0<h<1/2,
0 N h

then (B.2) and (B.3) finish the proof with ¢z = c30c’((a—dy)/B, b+a/(By)) and hg = soA1/2.
It remains to prove (B.3). Let 0 < s <ty and y € E. For any 0 < r < r;, assuming that
A #0,

/ ps(x, Y)A(dx) = / ps(x, Y)A(dx) + / ps(x, y)A(dx)
E B(y,r) E\B(y.r)
< Cgs_d-f/ﬁk(B(y, r)) + 03s_d-f/’3k(1)exp (—cuyﬁs_)’) (B.4)

<c3Ks™ df/’g( E(r)+exp (— cuyﬁsfy)).

1/(vB)
Choose r = r(s) := sV/B (/.‘54 log - ) , SO that exp (—C4r”ﬁs”’) = s4P and

1\ /By 1\ /B

r¢ —Sa/ﬂ —10 =C31Sa/ﬁ log - ,

g g
Bey s

where 31 = (a/(Bcs))*/®Y) > 0. Note that r — 0 as s — 0, so there is an s; = s1(r;) > 0 such
that r < r; whenever s < sy. Let s, = 55(K) > 0 such that cK’lﬁ’bCy (log %)bﬂ/(ﬁy) >1
and r = r(s) > s'/P for s < s,. Then, if 0 < s < 50 := 51 A 52 A fo,
1\?
cK~'E(r) + exp (_C4,,V55—V) <cK 'rlog ( 1/ﬂ> + 59/

b+a/(By)
=cK 'B7lcy 5P <log —) + s4/P
s

1 b+a/(By)
< 2cK "Bty stP (log —) .
s

Using this in (B.4) finishes the proof with c3y = 2c3¢c31¢f72. O

Lemma B.3. If A > 0 andt > 2, then P(Poi(1) > t) < e /16",
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Proof. By the well-known bound P(Poi(A) > A 4 ¢) < exp (—ﬁim),

_ 2
P(Poi(3) > 1) = P(Poi(%) = A + (t — 1)) < exp 0#%)

~ (/27
P <_ 41/3 )

3
= exp (—Et) O
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