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Abstract

The research in this thesis was initially motivated by an outstanding problem posed by
Argyros and Haydon. They used a generalised version of the Bourgain-Delbaen construction
to construct a Banach space Xap for which the only bounded linear operators on Xap
are compact perturbations of (scalar multiples of) the identity; we say that a space with
this property has very few operators. The space Xapg possesses a number of additional
interesting properties, most notably, it has ¢; dual. Since ¢; possesses the Schur property,
weakly compact and norm compact operators on X coincide. Combined with the other
properties of the Argyros-Haydon space, it is tempting to conjecture that such a space must
necessarily have very few operators. Curiously however, the proof that Xay has very few
operators made no use of the Schur property of £;. We therefore arrive at the following
question (originally posed in [2]): must a HI, L, ¢1 predual with few operators (every

operator is a strictly singular perturbation of AI') necessarily have very few operators?

We begin by giving a detailed exposition of the original Bourgain-Delbaen construction
and the generalised construction due to Argyros and Haydon. We show how these two
constructions are related, and as a corollary, are able to prove that there exists some § > 0
and an uncountable set of isometries on the original Bourgain-Delbaen spaces which are

pairwise distance ¢ apart.

We subsequently extend these ideas to obtain our main results. We construct new Banach
spaces of Bourgain-Delbaen type, all of which have ¢; dual. The first class of spaces are
HI and possess few, but not very few operators. We thus have a negative solution to the
Argyros-Haydon question. We remark that all these spaces have finite dimensional Calkin
algebra, and we investigate the corollaries of this result. We also construct a space with
¢1 Calkin algebra and show that whilst this space is still of Bourgain-Delbaen type with ¢;

dual, it behaves somewhat differently to the first class of spaces.

Finally, we briefly consider shift-invariant ¢; preduals, and hint at how one might use the

Bourgain-Delbaen construction to produce new, exotic examples.
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Chapter 1

Introduction

1.1 Historical background

Knowledge about the types of bounded linear operator that exist from a Banach space into
itself can reveal much about the structure of the underlying Banach space. In particular, it is
possible to infer a great deal about the structure of the space X when its operator algebra,
L(X), is ‘small’. The first substantial results in this direction are those of Gowers and
Maurey, presented in [16] and [15]. As a motivational example, we consider the space Xgm
constructed by Gowers and Maurey in [16]. Here it was shown that all (bounded linear)
operators defined on a subspace Y of Xgm (and mapping into X, ) are strictly singular
perturbations of the inclusion operator iy : ¥ — Xgn. More precisely, every such operator
is expressible in the form Aiy + S, where A is a scalar and S: Y — Xy, is a strictly singular
operator.

We shall give a precise definition of a strictly singular operator in Section 1.4.6. For now,
it suffices to think of the strictly singular operators as those which are, in some sense, small.
Indeed, it is a well known result of Fredholm theory that strictly singular perturbations of
Fredholm operators are still Fredholm, with the same index.

The representation of operators on subspaces of Xz, just discussed allows us to infer

some remarkable structural properties of the space Xgm. We obtain the following:

1. Xgm is not decomposable, that is, it cannot be written as a (topological) direct sum
of two of its infinite dimensional subspaces. This is because a non-trivial projection

is not expressible as a strictly singular perturbation of the identity.

2. In fact, we conclude by the same argument that X4, is hereditarily indecomposable,
that is to say, no closed infinite dimensional subspace of Xy, is decomposable. It
follows that no subspace of Xgz,, has an unconditional basis, i.e. Xgy has no un-

conditional basic sequence. Indeed, if (e;)7°; were an unconditional basis for some



subspace Y C Xz, then we could decompose Y as Y = [ey]2; @ [e2i—1]32,. (We
remark, and contrast this to, the well known fact that every Banach space contains a

basic sequence.)

3. Xgm is not isomorphic to any of its proper subspaces. Indeed, it follows from the
operator representation and elementary results from Fredholm theory that every op-
erator from Xy, to itself is either strictly singular (and thus not an isomorphism),
or Fredholm with index 0. In the latter case, if Xz, were isomorphic to a proper
subspace Y, then there would be an isomorphic embedding 7T": Xgp — Xgm that maps
onto Y (we simply take an isomorphism from Xgy, — Y and then compose with the
inclusion operator sending Y into Xgm ). In particular 7" is not strictly singular and so
must be Fredholm with index 0. However, this is clearly not the case as T is injective

but not onto Xgp,.

One could of course consider the relationship between a Banach space and its operator
algebra from a different perspective to that just described. Instead of assuming we have some
well behaved properties of the operator algebra and asking what consequence this has for the
structure of the underlying Banach space, we may choose to impose some kind of structural
conditions on a Banach space and see what affect this has on the associated operator algebra.
In 1980, Bourgain and Delbaen [7, 6] introduced two classes of separable Banach spaces
which have ‘well-behaved’ finite dimensional structure, specifically they are L,-spaces (we
refer the reader to Definition 2.2.1 for more details). These spaces have many interesting
properties and recently, Argyros and Haydon (see [2]) have managed to modify the original
construction of Bourgain and Delbaen to construct a space, Xap, which solves the scalar-
plus-compact problem. More precisely Xap is a (hereditarily indecomposable) £, space
with a Schauder basis, /1 dual and L(Xan) = RI ® K(Xag) (where, as usual, K(Xan)
denotes the subspace of £L(Xan) of compact operators). The proof that all operators are
compact perturbations of the identity made essential use of the finite dimensional structure
of the space and the specific structure of Bourgain-Delbaen spaces, which embeds some
very explicit finite dimensional ¢, —spaces into Xap. Interestingly, the Schur property of ¢;
plays no role in the proof that X has the scalar-plus-compact property; this will be the
main subject of Chapter 3, and so we will defer any further discussion of this until then.

As well as solving the scalar-plus-compact problem, the space Xapg is interesting for
many reasons. It is well known that the space of compact operators (X)) is a separable
subspace of L(X) whenever X is a Banach space which has the approximation property and

a separable dual space. It follows that the operator algebra £(Xap) is separable. Moreover,



it is elementary to show that the compact operators on Xy are a complemented subspace
of L(Xan).

Another interesting property of the space Xy is that every operator in £(Xay) has a
proper closed invariant subspace, the first space for which such a result is known. Indeed,
Aronszajn and Smith showed in [3] that every compact operator on a Banach space has a
proper closed invariant subspace. Clearly if a subspace is invariant under some operator,
then it is invariant under that operator perturbed by some scalar multiple of the identity.
In particular, every operator of the form Al + K, with K compact admits a proper, closed
invariant subspace and the claim about Xap follows. (One may also prove the claim by
appealing to a result of Lomonosov, [23], which states that every operator that commutes

with a non-zero compact operator must have a proper invariant subspace.)

1.2 Overview of the thesis

In this thesis, we will continue to investigate the interplay between the structure of a Banach
space and its associated operator algebra. The question originally motivating the research
that follows was whether or not the ¢; duality of the Argyros-Haydon space Xay forces the
scalar-plus-compact property. Stated slightly more precisely, must every strictly singular
operator on a space with #; dual necessarily be compact if the operator algebra of the space
is small? Standard facts about basic sequences and strictly singular operators will play a
prominent role in this work, so we begin by recalling in Section 1.4 some well known results
from Banach space theory and operator theory which will be used throughout the thesis.
Whilst we present nothing new in this chapter, many of the results and proofs are difficult
to find in the existing literature. For completeness, results we will frequently rely on are
stated and we either provide references to their proofs or outline them here.

Chapter 2: Given the success of Argyros and Haydon in modifying the Bourgain-Delbaen
construction to solve the scalar-plus-compact problem, the spaces of ‘Bourgain-Delbaen
type’ are a sensible starting place to look for examples of exotic Banach spaces having
¢1 dual and well behaved operator algebras. The construction employed by Argyros and
Haydon in [2] appears to be somewhat different to the original construction of Bourgain and
Delbaen in, for example, [7, 6]. We begin Chapter 2 by investigating the relationship between
the two constructions. Specifically, we show that the Argyros-Haydon construction in [2]
is essentially a generalised ‘dualised version’ of the original Bourgain-Delbaen construction.
Of course, this is certainly not a new result, however, to the best knowledge of the author,
the precise details of this connection cannot be found in any of the existing literature.

The Argyros-Haydon approach to the Bourgain-Delbaen construction enables us to see

how we might go about constructing interesting operators on spaces of Bourgain-Delbaen



type. Having understood how the original Bourgain-Delbaen construction fits into that of
the Argyros-Haydon construction, we present our first new result at the end of Chapter
2: for any of the original Bourgain-Delbaen spaces, X, constructed in [6], there exists a
constant ¢ > 0 and an uncountable set of isometries from X to itself, such that any two
(non-equal) isometries are separated by distance at least ¢ with respect to the operator
norm. In particular, £(X) is non-separable for all of the original Bourgain-Delbaen spaces.
This answers a question of Beanland and Mitchell ([4]).

Chapter 3: In Chapter 3, we address a question left over from the work of Argyros and
Haydon in [2], namely, must the strictly singular and compact operators on a space with ¢;
dual coincide if every operator on the space is a strictly singular perturbation of the identity?
The main result of this chapter is a negative solution to this question. In fact, we exhibit
for each natural number k, a Banach space X; with ¢; dual such that the Calkin algebra
L(Xr)/K(X}) is k-dimensional, with basis {I 4+ K(Xy), S + K(Xz),... S¥1 + K (%)} Here
S is some strictly singular operator on X;. The results are, in some sense, continuations
of the work of Gowers and Maurey and Argyros and Haydon already mentioned; indeed,
for each space Xj, we have a representation of a general operator as some polynomial of S,
possibly perturbed by a compact operator. We immediately obtain from this an interesting
corollary concerning the norm-closed ideal structure of £(X}); it is a finite, totally ordered
chain of ideals. We also observe that the space X2 provides a counterexample for an open
conjecture of Johnson concerning the form of commutators in the operator algebra. The
material in this chapter is an expanded version of the published paper [28].

Chapter 4 : Having shown it is possible to construct Banach spaces with Calkin algebras
of any finite dimension, the natural generalisation is to consider what infinite dimensional
Calkin algebras can be obtained. In Chapter 4 we exhibit a Banach space, X, which has
Calkin algebra isometric (as a Banach algebra) to the algebra ¢;(Np). This generalises a
result of Gowers ([15]) where a Banach space X was constructed with the property that the
quotient algebra £(X)/SS(X) is isomorphic as a Banach algebra to ¢1(Z). (Here SS(X)
denotes the strictly singular operators on X.) The ideas used to construct X, are very
similar to those of Chapter 3, though the proof is a little harder, requiring a combination
of the arguments from Chapter 3 and the Gowers’ paper [15].

Chapter 5 : The reader will notice that all the Banach spaces constructed in this thesis
have ¢1 dual. We conclude the thesis by discussing the exoticness of ¢; preduals and some
open research problems. This leads us to discuss some recently published work by Daws,
Haydon, Schlumprecht and White on so-called ‘shift-invariant preduals of ¢1’ (see [9] for
more details). We show that one of the spaces constructed in the aforementioned paper can

in fact be considered (in some sense) as being obtained from a specific Bourgain-Delbaen



construction. It is hoped by the author that this insight may eventually lead to new, exotic

{1 preduals.

1.3 Notation and Elementary Definitions

Generally notation will be introduced as and when needed. Nevertheless, in this section we
remind the reader of some standard notation and state the conventions and definitions that

will be used throughout this thesis without further explanation.

e All Banach spaces are assumed to be over the real scalar field unless explicitly stated.
Given a subset of vectors of a Banach space X, {x;};c; , we denote by [x;];cs the
smallest closed subspace of X generated by the (z;);er. In other words, [x;];er is the

closed linear span of the (z;);e;s.

e The continuous dual space of a Banach space X is denoted by X™* as usual, unless
explicitly stated otherwise. (In Chapters 3 and 4 we introduce a ‘star notation’ in an

attempt to be consistent with this notation.)

e We occasionally make use of the ‘angle bracket notation’: for vectors z* € X* and

x € X, (x*,z) = 2*(x), the evaluation of the functional z* at x.

e Given a closed subspace M of a Banach space X, the quotient space X/M is the
Banach space which as a set consists of the cosets {z + M}. We equip it with the
obvious vector space operations and use the norm ||z + M|| = dist(x, M) = inf{||z —

m| :me M}.

e All operators between Banach spaces are assumed to be continuous and linear. For
an operator T: X — Y between Banach spaces (X, ||||x) and (Y, |||ly), we denote by
|T|| the usual operator norm of T, that is, ||T'|| = sup{||Tx|y : ||z x < 1}.

e With the same notation as above, T : Y* — X* denotes the dual operator defined
by T*y*(x) = y*(Tx) for all z € X and y* € Y*.

e An operator T : X — Y is said to be an isomorphism if there exist strictly positive

constants a, b > 0, such that
allz|x < |[|Tz[ly <blz|x

Note we do not require an isomorphism to be onto. When we wish to be explicit

about an isomorphism that is not surjective, we use the term isomorphic embedding .



e An onto operator T: X — Y between normed spaces X and Y is said to be a quotient
operator if the (bounded) linear operator T: X/ Ker T — Y, defined by T'(z+Ker T) =
Tz is an isomorphism, i.e. it has a continuous inverse. It is easy to check that this
is equivalent to the condition ‘there exists a constant M > 0 such that By (0;1) C
MT(Bx(0;1)).

1.4 Preliminary Results
1.4.1 Basic sequence techniques

It would be impossible to include all the known results about Schauder bases and basic
sequences. Nevertheless, the notion of a Schauder basis and selected results from basic
sequence techniques in Banach space theory feature prominently in this thesis. In this

section, we state the results we will need throughout the rest of this work.
Definition 1.4.1. Let X be an infinite dimensional Banach space.

e A sequence (zp,)22; C X is said to be a Schauder basis for X if whenever z € X,
there exists a unique sequence of scalars (a,)2 such that © = Y 7 | apx, (Where
the sum converges in the norm topology). We say (x,)5°; is a basic sequence in X if

it is a Schauder basis for the closed linear span [z, : n € NJ.

e More generally, a sequence (F),)"°; of non-trivial subspaces of X is said to form a
Schauder decomposition of X, written X = @®,enFh, if every z € X can be written

uniquely as Zzo:l T, with z,, € F, for all n.

In a Banach space X we say that vectors y; are successive linear combinations, or that
(yj) is a block sequence of a basic sequence (z;) if there exist 0 = ¢1 < g2 < --- such
that, for all j > 1, y; is in the linear span [z; : ¢j—1 < i < ¢;]. If we may arrange that
yj € [zi 1 gj—1 < i < g;] we say that (y;) is a skipped block sequence. More generally, if X
has a Schauder decomposition X = €, .y F» we say that (y;) is a block sequence (resp. a
skipped block sequence) with respect to (F7,) if there exist 0 = ¢o < ¢1 < --- such that y; is
in ®Qj—1<7LSQj F,, (resp. ®qj,1<n<qj F,). A block subspace is the closed subspace generated
by a block sequence.

Finally, a basic sequence () is called unconditional if every permutation of the sequence
is a Schauder basis for [z, : n € N].

It is well known (see, for example, [1, Proposition 1.1.9]) that a sequence (z,)%; of

non-zero vectors in a Banach space X is a basic sequence if, and only if, there exists a



constant M > 1 such that whenever m < n are natural numbers and (\;)/"

1> Nl < MY i
i=1 i=1

From this, it follows easily that there exist uniformly bounded linear projections (FPy)72

| are scalars,

defined by Py, : [z, : n € N| = [z, : n < K], Y07 any — Zﬁ:l anTy; the constant,
supren || Pkll, is known as the basis constant. We note that the co-ordinate functionals,
zh: [zn : n € Nl — K defined by > >°_; amzm — an (also known in the literature as
biorthogonal functionals) are continuous and refer the reader to [25, Theorem 4.1.14] for
further details of these facts.

When the Banach space has an unconditional basis, (z,);, it admits a number of

n=1
non-trivial projections and the associated operator algebra has a rich structure. Indeed, it
is known that for any (§,)521 € leo, T(g,): X — X defined by Yol any > 00 EnanTy,
is a bounded operator. In particular, for every A C N, the linear projection P4 : X — X
defined by Y071 anZn — D ,c 4 Gny is bounded; in fact, sup 4y || Pal| < oo. More details
and proofs of these facts can be found in [1, Proposition 3.1.3, Remark 3.1.5].

Frequently we will have some condition that needs to be checked for all closed infinite
dimensional subspaces of a Banach space. When the Banach space has a Schauder basis, it
is often possible to show that it is sufficient to check the condition only on block subspaces.

We will make use of this idea later in the thesis. The proofs of such results generally rely

on the following technical result.

Proposition 1.4.2. Let X be a Banach space with Schauder basis (e,)22, and suppose Y
s a closed, infinite dimensional subspace of X. Denote by K the basis constant of the basis
(en)oe . For every 0 < 0 < 1, we can find a sequence (y,)5, in'Y with ||y,|| =1 for alln

and a block sequence ()02, in X satisfying

9 KZ yn — zu| <0
@l
The sequence (yn)32, is a basic sequence equivalent to (x,)0° 1, i.e. given a sequence of

scalars, (an)22q, Yoo | anyn converges if and only if > o | anty, converges.

Proof. Note that for any n € N, there must exist a non-zero vector y € Y with e}, (y) =0
for all m < n (here, the e}, are the biorthogonal functionals of the basis (ey)). Indeed, if
not, the (bounded) projection P, : Y — [e,, : m < n] is injective; this contradicts the fact
that Y is infinite dimensional.

It follows from the above observation that we can pick a sequence (y},)22; C Y with

n=1

llyr|l = 1 for every n and e}, (y),) = 0 for all m < n. By the proof of the Bessaga-Pelczynski



Selection Principle given in [1, Proposition 1.3.10], there is a subsequence of the yj,, (y,, )

say, and a block basic sequence (x) (with respect to the basis (e,,)) satisfying

1Y, — il
2K —k <9
Z [l |

The first part of the proposition is proved by simply setting y, = ygk and choosing the
block basic sequence (xj)3° as above.

To see that (y,,)5; is a basic sequence equivalent to the basic sequence (x,,)22, it is
enough, by standard results, to show that there is an isomorphism from X to X which

sends x,, to y, for every n. This is proved in [1, Theorem 1.3.9]. O

The Banach spaces constructed later in this thesis rely heavily on the following well-

known proposition:

Proposition 1.4.3. Suppose that ()02, is the sequence of biorthogonal functionals as-
sociated to a basis ()02, of a Banach space X. Then (z})2° is a basic sequence in X*
(with basis constant no bigger than that of (x,)0 ;).

If we denote by H := [z} : n € N] the closed subspace of X* formed by taking the closed
linear span of the biorthogonal vectors, then X embeds isomorphically into H* under the
natural mapping j: X — H*, x> j(x)|g (where j : X — X** is the canonical embedding

of X into its bidual).
Proof. See [1, Proposition 3.2.1, Lemma 3.2.3 and Remark 3.2.4]. O

We conclude this brief overview of basic sequences by recalling the notions and some

basic facts about shrinking and boundedly-complete bases.
Definition 1.4.4. Let X be a Banach space.

e A basis (z,,)72 of X is said to be shrinking if the sequence of its biorthogonal func-

tionals (z)>°  is a basis for X*.

o A basis (z,,)72 4 of X is said to be boundedly-complete if whenever (ay,)2° ; is a sequence

n=1

of scalars such that

oo
sup || Zanxnﬂ < o0
N

n=1
the series > > | apxy converges.

We will use the following results repeatedly.

Proposition 1.4.5. A basis ()52, of a Banach space X is shrinking if and only if every

bounded block basic sequence of (x,,)52; is weakly null.



Proof. See [1, Proposition 3.2.7]. O

Theorem 1.4.6. Let (x,)°; be a basis for a Banach space X with biorthogonal functionals

(x3) . The following are equivalent.
(1) (zn)02 is a boundedly-complete basis for X,
(i1) (x2)$ 4 is a shrinking basis for H := [z} :n € N|,

n=1

(17i) The map j: X — H* defined by j(x)(h) = h(z), for allxz € X and h € H, is an onto

isomorphism.

Proof. See [1, Theorem 3.2.10]. O

1.4.2 Separation Theorems

There are a number of separation theorems in the existing literature. Whilst we do not feel
it is necessary to present the Hahn-Banach Theorem as found in almost any introductory
textbook on functional analysis, we find it convenient to state two separation theorems.

These results are sufficiently general to cover all cases we will need in this thesis.

Theorem 1.4.7 (Hahn, Banach). Let C' be a closed convex set in a Banach space X. If
xo & C then there is f € X* such that Re(f(xo)) > sup{Re(f(z)):z € C}.

Proof. See [11, Theorem 2.12]. O

Theorem 1.4.8. Let X be a topological vector space (TVS) and let Cy and Cy be non-empty
convex subsets of X such that Cy has non-empty interior. If C1 N C35 = & then there is a

continuous linear functional x* € X* and a real number s such that
(1) Re x*x > s for each x € Cy;
(2) Re x*x < s for each x € Cs;
(3) Re x*x < s for each x € C3.

Proof. See [25, Theorem 2.2.26]. O



1.4.3 Hereditary Indecomposability

We have already discussed hereditarily indecomposable (HI) spaces in the introduction.
However, since we will want to prove that the spaces constructed in Chapter 3 are HI, we
take this opportunity to formally state the HI condition.

A Banach space X is indecomposable if there do not exist infinite-dimensional closed
subspaces Y and Z of X such that X can be written as the topological direct sum X =Y ®Z;
that is to say the bounded operator

Y@emtz—)Y@Z

(y,2) = y+=

fails to have continuous inverse. X is hereditarily indecomposable (HI) if every closed
subspace is indecomposable. It follows that X is HI if and only if, whenever Y and Z
are infinite dimensional, closed subspaces of X, there does not exist § > 0 such that
ly + 2|l > 6(|lyl] + ||z||) for all y € Y,z € Z. (We note in particular that were such a
d > 0 to exist, it would certainly have to be the case that Y N Z = {0}.) If X has a

Schauder basis, it is sufficient to check the condition on block subspaces. More precisely

Proposition 1.4.9. Let X have a Schauder basis. Then X is HI if and only if whenever
Y, Z are block subspaces, there does not exist d > 0 such that ||y + z|| > §(||y|| + ||z]|) for all
yeY,zeZ.

Proof. Clearly if X is HI then the condition on block subspaces holds. Conversely, suppose
the condition on block subspaces holds and for contradiction that there exist infinite dimen-
sional, closed subspaces Y, Z, with YN Z = {0} and such that Y & Z is a topological direct
sum. Consequently, there exists § > 0 such that ||y +z|| > d(||y|]| + ||z]|) forally € Y,z € Z.
(Clearly for this to hold, we must have § < 1.)

We choose 0 < & < 1/4 and such that -2 - < J. By Proposition 1.4.2 we can find norm

1 sequences (yn)p2y C Y, (2n)oy C Z and block basic sequences (y},)22 1, (2},)52; with the
property that

QKZ Hy yn”

1yl

and

where K is the basis constant of the Schauder basis of X.
Let Y’ be the block subspace generated by (y,,)5°; and Z’ the block subspace generated

by (21,)5 ;. Note the basis constant of the basic sequence (y),) is at most K as it is a block
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basic sequence. It follows that if y' := > 7, a,y), € Y’ then |a,| < | Al K |l4/|| for every n.
Consequently, if y' := > any, € Y', then y := > > | anyn is a well-defined vector in Y’
(we recall that (y,) and (y),) are equivalent) and that

yn =yl
|y — yH—HE:mzn ynH<2KHH§: ,‘H” <l

An analogous result holds for 2’ € Z’; we get a corresponding z € Z with ||z — 2'|| < e]|Z/|.
We now suppose that ' € Y’ has norm 1, so that the corresponding vector y € Y
satisfies ||y|| > 1 —e. If 2/ € Z’ is such that [|z/|| <14 ¢ then

Iy =2 =y —2+¢ —y) = (z' =2
>y —2)—(y—y)ll - Iz — 2]
>y =zl =lly =9l =2 ==
> 5(llyll + 121D — elly'll — ll'|
> 8lly|l — e —e(1+49)

>0(l—¢e)—2e—¢d
)

3
where the final inequality follows by choice of €. On the other hand, if 2’ € Z’ is such that
12/ > 146, then [ly' — 2/| > ||| = ly/[| > 1+6—1> 3

We have therefore shown that for any 3’ € Y/ with ||¢/|| =1 and 2/ € Z', ||y — 2| > %
By scaling, this implies that whenever v/ € Y’,2' € Z', ||y + 2| > $||v'|- By symmetry of
the argument, we also have that whenever y' € Y’, 2’ € Z', ||y’ +2'| > $||2'||. Consequently,
forally e Y. 2 e Z/, ||y + 7| > % max(||y'|, [|1Z'|]) > g(Hy Il + ||2']l); this contradictions
the assumed property satisfied by block subspaces. O

Whilst there are a number of additional results known about HI spaces, the only other
result we will need for the purposes of this thesis is the following proposition (which can be
found in [2]).

Proposition 1.4.10. Let X be an infinite dimensional Banach space. Then X is HI if and
only if, for every pair Y, Z of closed, infinite-dimensional subspaces, and every € > 0, there
existy €Y and z € Z with ||y — z|| < e|ly+ z||. If X has a Schauder basis it is enough that

the previous condition should hold for block subspaces.

Proof. We claim that whenever Y and Z are infinite dimensional, closed subspaces, Y + Z
fails to be a topological direct sum if and only if Ve > 0,3y € Y, z € Z with |ly—z|| < elly+=|.

This clearly proves the first part of the proposition. Moreover, once we have proved this

11



claim, we can deduce that if the condition holds for block subspaces, then no two block
subspaces form a topological direct sum. The previous proposition then implies that X is
HI. Therefore, it only remains to prove the claim made at the beginning of the proof.

Suppose first that Y and Z are closed infinite dimensional subspaces for which Y + Z
fails to be a topological direct sum. We assume for contradiction that there exists € > 0
such that ||y — z|| > ¢|ly + z|| whenever y € Y,z € Z. It follows that ||y + z|| > ¢|ly — z||
for all y € Y,z € Z. Consequently, [yl = 3lly+z+y—z| < 3(ly+ 2l +[ly — 2[) <
Sly+zl+2ly+2]) =51+ 1)y+2[. A similar calculation yields ||z]| < 3(1+21)|ly+z|.
So

Iy + =1 > 20+ )™ maxllyl, l2l) > (1+ 27yl + 1=1)

from which it follows that Y & Z is a direct sum, giving us the required contradiction.
Conversely, assume that Y and Z satisfy the condition that Ve > 0,3y € Y,z € Z
with ||y — z|| < €ljly + z||]. We must see that Y + Z fails to be a topological direct sum.
We again argue by contradiction, assuming that Y + Z is topological. Consequently, there
exists 0 > 0 such that ||y + z|| > o(||ly|| + ||z||) whenever y € Y,z € Z. In particular,
we note that this implies that ||y + z|| > d||z|| for all y € Y,z € Z. It follows that
ly =2l = lly + 2 — 22 < lly+ 2l + 202 < 1+ Dlly + 2] for all y € ¥,z € Z. On
the other hand, taking e = (14 %)~!, there exist y € Y,z € Z with |ly + z|| < e|ly — 2|
by the hypothesis (with z replaced by —z). It follows that for this choice of y and z,
ly—z|| < (1+3)|ly+z| <e(1+32)|ly—=z| = 4|ly — z||. This only fails to be a contradiction
if ||y — z|| = 0, which, since it is assumed that Y and Z are topological, can only happen
if y = z = 0. But, recalling that y, z were chosen so as to satisfy ||y + z| < €lly — z||, we

clearly cannot have y = z = 0 and we once again have the contradiction we seek. O

1.4.4 Elementary Results from Operator Theory

We will make repeated use of the following duality results when constructing operators in

later chapters of this thesis.

Lemma 1.4.11. Let X be a Banach space, Y a normed space, T: X — Y a bounded linear
operator. Then T is a quotient operator if, and only if, T*: Y* — X* is an isomorphic

embedding.

Proof. Suppose first that T is a quotient operator. Then there is some M > 0 such that
By (0;1) € MT(Bx(0;1)). It follows that

M|T*y*|| = sup [y*(MTz)| = sup [y"y[ =y
z€Bx (0;1) y€By (0;1)

12



i.e. that T™ is an isomorphic embedding. Suppose conversely that 7™ is an isomorphic
embedding and let M > 0 be such that M||T*y*|| > |ly*||. We claim that MT (Bx(0;1)) 2
By (0;1). Since X is a Banach space, this is sufficient to deduce that 7: X — Y is a

quotient operator. Let’s suppose by contradiction that

MT(Bx(0;1)) = () MT(Bx(0;1)) +eBy.(0; 1) 2 By (0;1)
e>0
So there is some yg € By and € > 0 such that yo ¢ MT(BX(O; 1) + eBy,. Applying
Separation Theorem 1.4.8, we can find a non-zero y* € Y* with
M||T*y*|| +¢ly*| =M sup ReyTz+e sup Rey"y < Re y*(yo) < [ly"|
2z€Bx (0;1) yEBY,

But this implies that (1 + ¢)|y*|| < [ly*|| which is clearly a contradiction.
O

Lemma 1.4.12. Let X and Y be Banach spaces and suppose T: X* — Y™ is a bounded
linear operator which is also weak™ to weak® continuous. Then there is a bounded linear
operator S:'Y — X such that S* =1T.

Furthermore, if for each n € N, Ty,: X* — X* is a bounded linear operators which is
weak* to weak* continuous and T: X* — X* is a bounded linear operator with || T, —T| — 0

(i.e. T,, — T in the operator norm topology), then T is also weak™ to weak™ continuous.

Proof. Let Jx: X — X**, Jy: Y — Y™ denote the canonical embeddings. We first see that
T*Jy maps Y into Jx(X). It is enough to see that for every y € Y, the map 7% Jyy: X* —

*

*) is a net converging in the weak*

K is weak* continuous. To this end, we suppose (z
topology to some z* (we write z, —w" %), By weak*-weak® continuity of T, we have

Tzt —"" Tx* so that
(T Jyy)ag = Jyy(Try) = Tag(y) = Ta*(y) = (T Jyy)a”

as required. We can thus define a bounded linear map S: Y — X by § := J)_(IT*J}/. We
note that for all z* € X*,y €Y

(S*2*)y = 2*(Sy) = a*(J' T Jyy) = T*Jyy(a*) = (T*)y

so that S* =T as required.

To prove the second part of the lemma, note that by the first part of the proof, each T},
is the dual operator of an operator S,: X — X. Precisely, S, = J)}IT;{ Jx. Since T,, — T
with respect to the operator norm, 7,; — 7™ in operator norm. It follows that (5,)22; is a

Cauchy sequence in £(X), so there is some bounded linear operator S such that S,, — S. It

13



follows that S} — S* in £L(X™*). However, S} = T, for all n, and since T,, — T, uniqueness
of limits gives that T = S*. Since T is the dual of some operator, it is certainly weak*

continuous. O]

Lemma 1.4.13. Let X and Y be Banach spaces, T: X — 'Y a bounded linear operator. If

T* is one to one and has closed range then imT =Y.

Proof. Since T* is one to one and has closed range in the Banach space Y, T* is an isomor-
phism onto its image and thus 7%: Y* — X* is an isomorphic embedding. It follows from

Lemma 1.4.11 that T is a quotient operator. In particular T is onto. O

Theorem 1.4.14 (Closed Range Theorem). Let X and Y be Banach spaces, T: X —Y a

bounded linear operator. Then T has closed range if and only if T* has closed range.

Proof. The proof is essentially taken from [10].

Let us suppose first that 7" has closed range. Since Y is a Banach space and im 7T is
closed, T1 : X — T[X] defined by Tix = Tz is a quotient operator. It follows by Lemma
1.4.11 that 75 : T[X]* — X* is an isomorphic embedding and consequently that im 77 is
closed. We claim that im 7} = im 7™ and thus the image of T is closed as required. Indeed
suppose z* € T[X]* and let y* € Y* be an extension of z* to Y (the existence of which is

of course guaranteed by the Hahn Banach Theorem). Then for x € X,
(Ty2")x = 2"The =y Te = (T y")x

So T7z* = T*y* and im T} C imT™*. Conversely, if y* € Y™, we let z* € T[X]* be the
restriction of y* to T[X]. It is easy to see that T*y* = T72* and so imT™ C imT}. It
follows that im 7} = im 7™ as required.

Conversely, suppose T™ has closed range. We let Z C Y be the Banach space W and
consider the map 717 : X — Z defined by Tix = Tx. Since 17 has dense range, it follows
that 77 is one-to-one. If * € X* is in the closure of 77 (Z*) then a* = lim,,_,o T} 2;, where

zy are in Z*. We apply the Hahn Banach Theorem obtaining extensions y; € Y™ of the

I % 3I*

zr. It follows that z* = lim,, . Ty, and since 7™ has closed range, z* = T™y* for some

*

y* € Y. If 2% is the restriction of y* to Z, then 2* = T72*. Hence 17 is one-to-one and
has closed range. It follows by Lemma 1.4.13 that im7} = imT = Z and so T has closed

range as required. O

As well as the above duality results, we will make use of the following basic sequence

technique which provides a sufficient condition for an operator to be compact.
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Proposition 1.4.15. Let X be a Banach space with a Schauder basis and T: X — X a
bounded linear operator. If Txy — 0 for all bounded block basic sequences (x)52, then T

1s compact. If we demand that the basis of X is shrinking, then the converse is also true.

Proof. Denote by (e,)s2; the Schauder basis of X. We noted in Section 1.4.1 that the
projections P,: X — [ej : j < n] defined by 3272, aje; = 377, aje; are bounded. We will
show that ||T"— T'P,|| — 0 (as n — o0); this shows that T is a uniform limit of finite rank
operators and consequently that T is compact.

Suppose for contradiction that ||T" — T'P,|| - 0. It follows that we can find § > 0, a
strictly increasing sequence (Nj>?i1 of natural numbers, and a sequence of norm 1 vectors
(z)72, such that

|(T — TPy, )y > 6
Since (e,)9°; is a Schauder basis, we can find M; > Nj such that |21 — Pay 21| < 6/2]|T|-
We set y1 = (Pa, — Py )1 noting that [jy1]| < 2K (where K is the basis constant of the
). Moreover,

basis (e,)02

|Ty1|| = |Tx1 — TPynyz1 — (Tx1 — T Pagy 1) ||

4]
> (T = TPw)all = [T o (T = Pa)an| > 5

Now, we can find Nj, > M; and My > Nj, such that ||z;, — Pa,xj,| < §/2||T||. We set
Y2 = (Pam, — Py, )z, Estimating as before yields [|yz|| < 2K and [|Tys|| > 6/2. Continuing
in this way, we obtain a bounded block basic sequence (y,)5>; with ||Ty,|| > 6/2 for all n.
This contradicts the hypothesis that T'z,, — 0 whenever (z,)52; is a bounded block basic
sequence, completing the first part of the proof.

The converse of the theorem does not hold in general. However, in our statement of a
partial converse, we demand that the basis is shrinking. Let (x,)5%; be a bounded block
basic sequence. We are required to show that if 7' is compact, Tz, — 0. Arguing by
contradiction we assume that, after choosing a subsequence and relabelling if necessary,
there is ¢ > 0 such that ||Tz,|| > § for all n. We note that (z,)32, is weakly null by
Proposition 1.4.5. Consequently (T'x,)5 ; converges weakly to 0.

Since T' is compact, some subsequence (T'xy, );‘;1 converges in norm to x € X. It follows
that T'r,; — = in the weak topology. By the above argument and uniqueness of weak limits
we have that z = 0. Since (Tzy,;)32; converges in norm to z, it follows that || Tz,,| — 0,

contradicting the fact that ||Tz,,|| > ¢ for all j. This completes the proof. O
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1.4.5 Complexification

We will require results from spectral theory. Of course, many of these results assume that
the Banach algebras in question are over the field of complex scalars. In order to pass to
the real case, we recall some basic complexification arguments. If X is a real Banach space,
the complexified space is defined as X¢ := X @ X with (complex) scalar multiplication and

vector addition defined by

(x,y) + (u,v) = (x + u,y + v) Vo, y,u,v € X
(a+iB)(z,y) = (ax — By, Br + ay) Vo,B € Rz, € X.

Obviously we can identify X as a (real) subspace of the complexification under the linear
injection given by j: X — X¢, = — (z,0). Noting that i(y,0) = (0,y), we can write the
vector (z,y) € Xc as j(x) + ij(y) and it is obvious that this representation is unique. We
will often find it convenient to suppress the use of the embedding j and simply write z € X¢
by z = x + iy, where x,y € X C X¢. Consequently, we write X¢c = X ®iX.

There are many ways to define a complex norm on X¢. For the purposes of this thesis,
we shall work with the norm defined by |z + iy x. = supscpoan [T cost — ysint|x. It
is a trivial exercise to check that this defines a norm and we only give the proof of the

homogeneity. Note that if cosd + isinf € C,

|(cos @ +isin®)(x +iy)||x. = sup [[(xcosf —ysinb)cost — (xsinf + ycosh)sint| x

te[0,27]

= sup |[(cos@cost —sinfsint)r — (sinfcost + cosfsint)y| x
t€[0,27]

= sup |[cos(f+t)xr —sin(d + t)y| x
t€[0,27]

= [l + iyl xc

so that |A|||z||x. = [|A\z]|x. for all A € C, z € X¢.
We remark that whenever z,y € X, we have ||j(z)||x. = [|z|x and |z + iy||x. =

|z —iy||x.. Using these observations we obtain the following lemma.

Lemma 1.4.16. Let x,y € X. Then ||z|x = ||z|x. < ||z +iy||x. and |lyllx = ||yl xc

IA

[l + iyl xe

Proof. Just note that 2||z||x. < ||z + iy||x. + ||z — iy x. = 2|z + iy||x.. The second part

of the lemma is similar. O

If T is a (real) operator on X, then we can uniquely extend it to a (complex) operator

Tc on X¢ by Te(x +iy) = Tx + iTy. We have the following lemma:
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Lemma 1.4.17. If T € L(X) then Tt € L(Xc) and ||T||x—x = ||Tc||xc—x.. Moreover, if

T is compact, then so is I¢.

Proof. Tt is easy to see that T¢ is a linear operator. Moreover, it is clear that ||T¢|| > ||T]]

since Tt extends T' (and ||j(z)| x. = ||z|/x). Note,

|Tc(x +iy)||x. = sup |[(Tx)cost — (Ty)sint||x = sup ||T(xcost —ysint)|x
te[0,27] t€[0,2m]

I

IN

sup ||z cost —ysint||x = ||T||||z + iyl xc
te[0,27]

so that |Tc] < |IT]|.

To see that Tt is compact when T is, note that if (2, +iy,)52 is a bounded sequence in
Xc then the sequences ()22, and (y,)52; are bounded sequences in X by Lemma 1.4.16.
By compactness of T', we can choose subsequences (x,, )72 and (yn, )72, such that both
(T'zy, ) and (Typ, ) converge. It follows easily that Tt (zy, + iy, ) converges in Xc, so T¢

is compact as required. O

1.4.6 Strictly Singular Operators

The majority of this thesis is concerned with the interplay between the compact and strictly
singular operators. We recall in this section the definition and some some of the elementary
results on strictly singular operators which will be used throughout the thesis.

We recall the following definition

Definition 1.4.18. Let X,Y be Banach spaces and T': X — Y a bounded linear operator.
T is strictly singular if whenever Z C X is a subspace such that there exists some § > 0

with ||T'z|| > d||z|| for all z € Z, then Z is finite dimensional.

In other words, a strictly singular operator is one which is not an isomorphic embedding
on any infinite dimensional (closed) subspace. The following characterisation of strictly
singular operators on a Banach space with a Schauder basis will be particularly useful to

us later on in this thesis.

Proposition 1.4.19. Let X be a Banach space with a basis (e,)02, and suppose T: X — X
is a bounded linear operator on X. Then T is strictly singular <= whenever [y, : n € N]

is a block subspace of X, the restriction, T\[yn]: [yn] — X is not an isomorphic embedding.

Proof. Clearly when T is strictly singular, we have the condition about block subspaces. To
complete the proof, we show that if 7" is an isomorphism on some closed infinite dimensional

subspace Y of X, then T must be an isomorphism on some block subspace of X.
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Indeed, suppose for some infinite dimensional, closed subspace Y of X, there is § > 0
such that for every y € Y, || Ty|| > d||y||. Choose any 0 < 0 < % such that ||TH<9(1—<9)_1 < 4.
By Proposition 1.4.2, there exists a sequence (y)3>; € Y with ||yx| = 1 for every k and a

block basic sequence (xy) (with respect to the basis (en)) satisfying

QKZ Yk l’kH <0

2l

where K is the basis constant of the basis ()22 ;.

We recall that the sequences (zx) and (yi) are equivalent basic sequences. Moreover,
the sequence (zy) as a block sequence of the (ey) has basis constant at most K. We claim
that T is an isomorphism on the block subspace [zy]. To see this, let Zk arxy be a norm
1 vector in [xg], and observe that this implies in particular that |a| < H since (xy) is a

basic sequence with basis constant at most K. Then

HT(Z%%)H = HT(Zakyk + Zak(l‘k — ) ||
> HT(Z%%)H - HT(Z%(% =)l
> 3ol ~ 712K 3 Ik — ]

e

x| Zakykll —lTie.
k

We can estimate || ), ary|| as follows:

— Xk
IS w2 ]~ o) =124 32 WL s =il 5y g

2l

So,

| s

17> ara) | = 61> ayell = 17016 > 5(1 - 6) — |76 >
k k

with the final inequality resulting in our choice of §. We have thus seen that any norm 1

vector z € [vg] has || Tz| > § > 0. Thus T is an isomorphism on [z4] as claimed. O

There are two further observations about strictly singular operators that are important
in relation to the work of this thesis. The first is that the strictly singular operators on
a Banach space X form a closed ideal of the operator algebra £(X). The second is that
the the essential spectrum of a strictly singular operator on a complex Banach space is just
{0}. (We will actually give a more formal statement of this fact that also holds for real
Banach spaces.) In the remainder of this section, we provide proofs of these facts. We find

it convenient to introduce another class of operators.
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Definition 1.4.20. Let T: X — X be a bounded linear operator on a Banach space X.
We say T is upper semi-Fredholm if the kernel of T is finite dimensional and T has closed

range.
Remark 1.4.21.

1. We recall that if T: X — X has finite dimensional kernel and finite co-dimensional
image, then 7' is said to be a Fredholm operator. The range of T is automatically closed
in this case, thus all Fredholm operators are, in particular, upper semi-Fredholm.

Moreover, for Fredholm operators, we can define the index of T" by
ind T := dim Ker T' — codim imT".

It is well known (see, e.g. [26]) that ind : F — Z is a continuous map (here F C L(X)
denotes the subset of Fredholm operators). For upper semi-Fredholm operators 7', we
can define the generalised index by the same formula as above; this will give a finite
integer if T is in fact Fredholm. Otherwise it must be the case that the image of T’

has infinite co-dimension and the generalised index is set equal to —oo.

2. Suppose T': X — X is upper semi-Fredholm. Since finite dimensional subspaces are
always complemented, we can write X as the topological direct sum X = Ker T & X’
for some closed, finite co-dimensional subspace X’ C X. Since also Im 7' = T'(X’)
is closed, it is easy to see that T'|: X' — X is an isomorphic embedding. In other
words, we have seen that an upper semi-Fredholm operator is an isomorphism on
some finite co-dimensional, closed subspace. Conversely, if T is an isomorphism on
some closed, finite co-dimensional subspace of X, then T is upper semi-Fredholm.
Indeed, Let X be a finite co-dimensional subspace on which 7" is an isomorphism. It
follows that KerT' N X; = {0} and so we can write X as the (algebraic) direct sum
X =X;®KerT @ F for some (necessarily finite dimensional) subspace F'. Since X,
is finite co-dimensional, dim KerT < dim (KerT'® F') = codim X; < oo. The image
of T is closed since T'(X) = T'(X1) @ T'(F') and the sum is easily seen to be topological

(T'(X1) is closed since T' is an isomorphism on X; and T'(F) is finite dimensional).

We have therefore proved that an operator is upper semi-Fredholm if and only if it is
an isomorphism on some finite co-dimensional subspace. In some literature (e.g. [16],
[22]) one defines an operator to be finitely singular if it is an isomorphism on some
finite co-dimensional subspace. We have therefore proved that the class of finitely

singular operators is exactly the same as class of upper semi-Fredholm operators.
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3. We also note that every strictly singular operator on an infinite dimensional Banach

space fails to be upper semi-Fredholm.

Later we will require the following proposition which extends the well known result that
the index of a Fredholm operator defines a continuous map into Z, to the case where the

operators are upper semi-Fredholm.

Proposition 1.4.22. If T: X — Y is an upper semi-Fredholm operator, there exists a
neighbourhood U of 0 € L(X,Y") such that T + U is upper semi-Fredholm for allU € U and
moreover, the (generalised) index of T + U is equal to the (generalised) index of T'.

Proof. When T is a Fredholm operator, the result follows from the well known result that the
index map, defined on Fredholm operators, is continuous. In the case where T is upper semi-

Fredholm but not Fredholm, the result follows easily from the following proposition. ]
(We remark that the following proposition can be found in [24, Proposition 3.1].)

Proposition 1.4.23. Let T: X — Y be an isomorphic embedding. Then there exists a
neighbourhood of 0 € L(X,Y) such that for every S is this neighbourhood, T + S is an
isomorphic embedding and codim(T + S)X = codimTX (finite or +00).

To prove the proposition, we need:

Lemma 1.4.24. Let T € L(X,Y) be an isomorphic embedding and k > 0 an integer.
1. If codimTX > k, there exists ¢ > 0 such that codim(T' 4+ S)X > k whenever ||S|| < c.
2. If codimTX = k, there exists ¢ > 0 such that codim(T + S)X = k whenever ||S| < c.

Proof. Since T is an isomorphic embedding, there exists a 6 > 0 such that ||[Tz|| > 0|z for
all z € X.

Now, if codimTX > k, there exists a subspace F' C Y such that dimF = k and
TXNF ={0}. Let mp : Y — Y/F denote the usual quotient map. We claim that mp o T is

[e.e]

an isomorphic embedding from X into Y/F'. Indeed, if not there exists a sequence (x,)52

of vectors in X with ||x,|| = 1 for all n and || Tx,, + F|| — 0. It follows that there exists a
sequence of vectors (f,)>°; in F' such that [Tz, — fn| — 0. It is clear that the sequence
(fn)22, is bounded and since F is finite dimensional, an easy compactness argument yields
that (without loss of generality, after passing to a subsequence and relabelling if necessary)
fn — f € F. It follows that Tz, — f € F. Since T is an isomorphic embedding, T'(X) is
closed, so lim, Tz, = f € TX N F = {0}. On the other hand, | f|| = lim, ||Tz,| > 6. So

7w ol is an isomorphic embedding as claimed.
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It is easy to see that the property of being an isomorphic embedding is closed under
small norm perturbation. Since we know 7g o7 is an isomorphic embedding, it follows that
if we take ¢ > 0 sufficiently small, 7 o (T'+ 5) is also an isomorphic embedding if ||S|| < c.
This implies that F'N (T + S)X = {0}, hence codim(T + S)X > k, proving the first claim.

The proof of the second case is similar; in this case we can select the subspace F' such
that Y = TX @ F and dim F' = k. It follows (using the same argument as before) that
mp o T is an onto isomorphism. Consequently, there exists ¢ > 0 such that if ||S] < ¢
then 7 o (T + S) is an onto isomorphism. In particular, F N (T + S)X = {0}. Moreover,
since g o (T + S) is an onto isomorphism, for every y € Y there exists x € X such that
mp(y) = mp((T' + S)x). Consequently, y — (T + S)x € F, showing that Y = F 4+ (T + 5)X.
SoY =F & (T+ S)X and codim(T + S)X = k as required. O

Proof of Proposition 1.4.23. Let ¢ > 0 be such that T+ S is an isomorphic embedding
whenever

SeB.:={UeL(X)Y):||U] <c}

For each positive integer k > 0, the set Dy, = {U € B, : codim(T'+ U)X = k} is open in B,

by the previous lemma. Moreover,
_ ) . C k—1 ) - _ C
Dy, = {U € B : codim(T + U)X > k+ 1}°(\N'Z}{U € B. : codim(T + U)X = j}°,

thus Dy is closed in B, as an intersection of closed sets (each set in the intersection is a
complement of an open set by the previous lemma). Since B, is connected, each Dy, is either
empty or equal to B.. The result now follows in the case where codimTX = k for some
positive integer £ > 0. In the case where codimT'X = +o00, we note that by the preceding
argument, Dy has to be empty for every k > 0. Consequently, codim(7T + U)X = +oo for
every U € B, and the result is again proved. O

Lemma 1.4.25. Let X be a Banach space (real or complex) and suppose T: X — X is a
bounded linear operator which fails to be upper semi-Fredholm. Then, for all € > 0, there
exists an infinite dimensional (closed) subspace Y. C X with ||T|y.|| < e. The restriction of

T to Y. is a compact operator.

Proof. The proof given here follows closely that given in [22]. By Remark 1.4.21, we note
that T" is not an isomorphism on any finite co-dimensional subspace of X.

We begin the proof by fixing a sequence of real numbers a,, > 0 such that [[>2 ; (1+ay) <
2. We will construct inductively a normalised, basic sequence (z,)52 ; with the following

properties
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1. If m < n are natural numbers, (\;)?"_; are scalars, then

1> Al < ( [ @+a ) HZ/\ il
=1

i=m-+1
2. || Ty < e/27+2 for all n.

Note that as a consequence of the first property, (z,,) is a basic sequence with basis constant
at most [[72,(1+a;) < 2.

To begin the induction, since in particular T is not an isomorphism, we can choose
x1 € X with ||z1]| =1 and || Tz1]| < ¢/8.

Inductively, suppose we have constructed x1,...xz, € X with ||z;|| = 1 and satisfying
the two properties above. It is enough to show that we can find x,,+; € X with ||z,4+1] = 1,
|T2ns1|| < e/2"3 and having the property that whenever y € E := span{xy,...x,}, A is
a scalar, (14 any1)lly + Azn 1] > [lyl-

To this end, let y1,¥2,...ym be a (finite) d-net for the unit sphere Sp of the finite
dimensional subspace F, where 0 < § < 1 is such that 1+ a,4+1 > 1/(1 — ). By the Hahn-
Banach Theorem, we can choose norm 1 linear functionals yj, ...y} € Sx+ with y(y;) =1
for all 4 = 1,...m. By hypothesis of the lemma, 7" is not an isomorphism when restricted
to the finite co-dimensional subspace Z := N, Kery;, so we may choose a norm 1 vector,
Tpi1 € Z with [Tz < /273, If y € Sg, A a scalar, there exists some i € {1,...m}
with ||y — v;|| <6, and

(14 ant)ly + Azngall = (1 + ang1)lyi + Azn1 +y — uill

Vv

( )

( VUi (Yi + Aeppr +y — i)
(I +ang1) (1= [yi (y — wi)l)
( )

( )

1+ ant

\Y]

v

I+ ant1 (1 - Hy yz”)
1+an+1 (1 )

Y

from which we easily conclude that ||y + Azp41]| > ||y|| for any y € E and scalar A\ as

required.
We set Y := [2,]0°;, an infinite dimensional subspace of X with Schauder basis (x,,)22 ;.
Ify = >0 anzy, € Yo with ||y|| = 1, it follows that |a,| < 4 for all n and ||Ty| =

20 anTan|| < 4e3°20°,27(+2) = ¢ giving the desired estimate for ||Ty.|. It is easy
to see (by a similar estimation) that 7" is the uniform limit of the finite rank operators
Ty : Y. — X, defined by > 07 | oy, — 27]2721 anTxy, and thus T|: Y. — X is compact as
claimed.

O
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Corollary 1.4.26. An operator T: X — Y is strictly singular <= whenever Z C X is
an infinite dimensional subspace of X, there exists a further infinite dimensional subspace

Z' C Z such that the restriction of T to Z' is compact.

Proof. Suppose first T is strictly singular and let Z be an infinite dimensional subspace of
X. We consider the operator T7: Z — X where T is simply the restriction of T to Z.
It is easily verified that 17 is strictly singular because T' is, and therefore T fails to be
upper semi-Fredholm. By the previous lemma, we can find an infinite dimensional subspace
Z' C Z such that the restriction of T1 to Z’ is compact. Obviously by definition of T}, this
implies that the restriction of T' to Z’ is compact.

Conversely, suppose for contradiction that Z is an infinite dimensional subspace of X on
which T is an isomorphism. By the assumed property, there exists an infinite dimensional
subspace Z' of Z on which T is both a compact operator and an isomorphism. However,
these two facts imply that Z’ has a compact unit ball, contradicting the fact that Z’ is infinite
dimensional. It follows that T fails to be an isomorphism on every infinite dimensional

subspace, i.e. T is strictly singular. O

Corollary 1.4.27. The set of strictly singular operators on a Banach space X forms a
closed ideal of L(X).

Proof. Suppose first that T,5: X — X are strictly singular operators on X. We will
use Corollary 1.4.26 to show T 4 S is strictly singular. To this end, let Z be an infinite
dimensional subspace of X. Since T is strictly singular, there exists an infinite dimensional
subspace Z' C Z on which T is compact. We now apply Corollary 1.4.26 to S and the
subspace Z', obtaining an infinite dimensional subspace Z” C Z’ on which both S and T
are compact. It follows that T+ S is compact when restricted to Z”, and consequently
T + S is strictly singular by the corollary.

To prove that the strictly singular operators are an ideal, it remains to prove that if P
is strictly singular and R, @ € £(X) then RPQ is a strictly singular operator. Suppose Z
is an infinite dimensional subspace of X and fix ¢ > 0. We will exhibit a norm 1 vector,
z € Z with ||RPQz| < €. Note that if Q(Z) is finite dimensional, then since Z is infinite
dimensional, we must have ker Q@ N Z # {0}. In this case, we just take z to be any norm 1
vector in ker @ N Z and the proof is trivial. So we assume that (Z) is infinite dimensional.
Since P is assumed strictly singular, P is not an isomorphism on the infinite dimensional
subspace Q)(Z). Consequently, we can find a norm 1 vector x = Q(zp) (for some zy € Z)
with ||Pz|| = ||PQzo|| < ¢/||Q||||R||. We take z = zp/||z0|| noting that 1/||zo] < ||Q|| since
1= |lz]| = IQz0l|, so that [[PQz| < |Qlle/IQIIIE[. Therefore, [RPQz| < ||R|[|[PQz| <&

as required.
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Finally, note if T, is a sequence of strictly singular operators on X with ||T,, — T'|| — 0
then T is strictly singular, so that the ideal of strictly singular operators is closed. Indeed, if
Z is an infinite dimensional subspace of X, ¢ > 0, then we find N such that |[Tx—T| < /2.
Since T is strictly singular, there exists z € Z with ||z]| = 1 and || Ty z|| < €/2. It follows
that || Tz < ||[Tnvz|| + [[(T — Tn)z]| <e.

[

We conclude this section by stating and proving a result about strictly singular operators

that we will need in Chapter 4.

Theorem 1.4.28. Let X be a Banach space (real or complex). If T € L(X) is strictly
singular then r(T) := lim, o0 || T + IC(X)||% =0.

In the case where X is a complex Banach space, the above result just says that the
essential spectrum of a strictly singular operator on a complex Banach space is {0}. To
prove the result in the real case, we will make use of a complexification argument and will
consequently need the following technical lemma,; it is essentially a generalisation of Lemma
1.4.25, with the only real difficulty being to make sure we extract a real subspace of the

complexified space.

Lemma 1.4.29. Let T: X — X be a bounded linear operator on a real Banach space X,
and denote by X¢ = X @ 1X the complezification of X, Tc the complex extension of T to
Xc (as in Section 1.4.5). Suppose there exists A € C such that Tc — Mdx,. fails to be upper
semi-Fredholm. Then the operator Ty on X defined by T\ = T? — 2ReAT + |\?|Idx has the
property that for all € > 0, there exists a real infinite dimensional Y C X with | Txly.| < e.

Proof. The proof is very similar to that of Lemma 1.4.25 and we continue the notation
from that proof. We will construct inductively a normalised sequence ()22, C X with

the following properties:

1. If m < n are natural numbers, ();)!"_; are real scalars, then

n

1~ il < ( 1T (1+az‘)> 1 X
i—1 i=1

i=m-+1
2. || Taan| < e/27F2 for all n.

As in the proof of Lemma 1.4.25 , it is a consequence of the first property that (z,) is
a real basic sequence with basis constant at most [[;2,(1 + a;) < 2. Given such a basic
sequence, we take Y := [2,,]02; € X to complete the proof (which is then identical to the

proof of the previous lemma).

24



Observe that whenever z,y € X, (T(C - XIdXC) (Tec — Mldx,) (x + iy) = The + iy =
(T))c(xz + dy). This, combined with the fact that T¢ — Ad¢ is not an isomorphism on
any finite co-dimensional subspace of X¢ (see Remark 1.4.21), implies that (7))c is not
an isomorphism on any finite co-dimensional subspace of X¢. In particular, we can choose
z1 € Xc¢ with ||z1]] = 1 and ||(T)\)c z1|| < €/16. Since ||z1]| = 1, writing 2z; uniquely as
z1 = wiy + iy with wy,y; € X, we must have either ||w;| > %, in which case we define
z1 == wi/||wi|, or |ly1| > & (in which case we define 21 = y1/[|y1]]). In either case,
|IThx1|| < e/8. Indeed, considering the case where x; = w1 /||w; ||, we have

1 )
[Thz1]| < —[Toawr +iTay|| = — [[(Th)c 21]| <
w1 ]| [Jw1]]

Q| ™

(The first inequality above follows from Lemma 1.4.16, and the final inequality from the
fact that [jwi| > 3.) The other case is dealt with similarly.

Inductively, suppose we have constructed z1,...xz, € X with ||z;|| = 1 and satisfying
the two properties above. As in the proof of Lemma 1.4.25, it is enough to show that we
can find z,41 € X with ||z,1| = 1, |Th@ns1]] < /2713 and having the property that
whenever y € E := spang{z1,...zp}, A € R, (1 + ant1)||y + Aznt1ll > |yl

To this end, let yi1,92,...ym be a (finite) d-net for the unit sphere Sg of the finite
dimensional subspace E, where 0 < § < 1 is such that 1 + a1 > 1/(1 — §). By the
Hahn-Banach Theorem, we can choose norm 1 linear functionals y7,...v;, € Sx+ with
yi(y;) = 1 for all i = 1,...m. Then (y])c,...(y;,)c are norm 1 linear functionals on
Xc with (y})c(yi) = 1 for all i. By our earlier observation, (Ty)c is not an isomorphism
when restricted to the finite co-dimensional subspace Z := N, Ker(y;)c € Xc. It follows
that we can choose a norm 1 vector, z,+1 € Z with [[(T\)c znt1]] < /274 Writing
Zn+l = Wpt1 + WYnt1 With wp41,ynt1 € X, we must have (for the same reason as earlier)
either [|wn41] > % or |lyn+1ll > 3. As before, we set 2,11 to be either wyy1/||wpi1] or
Yn+1/||Yn+1]| (depending on which of w41, yn+1 has norm at least %) The same argument
as before yields ||[Tazni1]| < /2773, Note also that for j € {1,...m}, 0 = (Y)c 2nt1 =
Y (Wnt1) + Y5 (Y1) and thus g7 (wni1) = 0 = y; (yn+1). It follows that yi(2,41) = 0 for
all j. Finally, if y € Sg, A € R there is some ¢ € {1,...m} with ||y — y;|| < 4, and

L=y (y —wi)l)
1=y —wl)
1-6)>1

e

)
> ( )
> (14 an+1)
> (1+apt1)
> ( )

—~



from which we easily conclude that ||y + Azp41]| > |ly|| for any y € E, X € R as required.
]

Proof of Theorem 1.4.28. Note that the limit certainly exists (in fact, it is a classical result
that inf, | T + IC(X)H% = limp oo |7 + /C(X)H%) We consider first the case where X
is a complex Banach space and argue by contradiction, assuming 1" is a strictly singular
operator with r(7") > 0. Note it is enough to show that there exists some non-zero A € C,
0 < e < |A| and an infinite dimensional subspace Y. C X with | Ty — Ay|| < ¢|ly|| whenever
y € Y, since this contradicts the strict singularity of 7. The argument is identical to that
used by Gowers and Maurey to show that every operator on a complex HI space is a strictly
singular perturbation of the identity. For completeness we include it here.

Denote by Qr the set of all u € C such that T' — ul is upper semi-Fredholm; we recall
that the generalised index of such an operator is equal to some finite integer or —oo.

We show that if 7(T') > 0, there is a non-zero A € C\ Qp. It is a well known theorem
of Atkinson that an operator U € £(X) is Fredholm if and only if the class [U] of U in the
Calkin algebra is invertible. It follows that the essential spectrum of T, ces(T) :={A € C:
T — I is not Fredholm} is precisely the spectrum, o([T7]), of the element [T] € £(X)/K(X).
It is well known that o([T]) # @ (since we are working over complex scalars) and moreover,
it follows from well known results about the spectral radius that there exists A € o([7T])
with |\| = max,c, () lu| = 7(T) > 0. We claim that A ¢ Qp. Note that if 4 € C with
|| > |A| then p ¢ o([T]) and consequently T — pl is Fredholm. Moreover, by continuity of
the index, T'— pul is Fredholm with index 0 for all |u| > |A| (because this is true when p is
large enough to make T" — pl invertible, i.e. when |u| > || T)).

Now if A € Qp, we know that 7" — Al must be upper semi-Fredholm with generalised
index —oo (since T'— AI is not Fredholm by choice of A). It follows from Proposition 1.4.22
that the generalised index of (T'— ul) = —oo for all p close to A, but this contradicts the
fact that T'— pf is Fredholm with index 0 for all || > |A|. Thus 0 # A € C\ Q7 as required.

Since A ¢ Qp, it follows by Lemma 1.4.25 that, given € > 0, we can find an infinite
dimensional subspace Y; of X with | Ty — A\y|| < ¢||ly|| for every y € Y.. Taking any & < |\
completes the proof of the lemma in the complex case.

To prove the real case, we use a complexification argument that appeared in [16], though
is attributed to Haydon (see [16, Lemma 20]). As in Section 1.4.5, we let X¢ = X ©iX
denote the complexification of X with the norm ||z +iy|| x. 1= sup;c(g 2 |7 cost —ysint| x.
We recall that when L € £(X), there is a unique complex linear extension of L, L¢ € L(X¢),
defined by L¢(x+iy) = La+iLy, Moreover, || L¢|| = || L] and if K € K(X), then the complex
linear extension K¢ € K(X¢). We refer the reader back to Lemma 1.4.17 for the details.
From these observations, it easily follows that ||L + K(X)|| = || Lc + K(Xc)||-
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Now assume as before that T is a strictly singular operator with 7(7") > 0. It follows by
the preceding remarks that lim,_, ||(Zc)" + IC(X(C)H% = limy, o0 |7 + IC(X)H% > 0. So
by the proof just given for the complex case, there exists a non-zero A € C such that the
operator Tt — Al x.: X¢ — Xc fails to be upper semi-Fredholm. It follows by Lemma 1.4.29
that for all € > 0, there is an infinite dimensional subspace Yz C X such that [|[T)|y.| < &
where we recall that T is the operator T? — 2ReAT + |\|21 € £(X). If we choose £ < |A\?|,
then it follows that T2 — 2ReAT is an isomorphism on Y;. But, if T is strictly singular then

so is T? — 2Re\T by Corollary 1.4.27, so we once again have a contradiction. O
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Chapter 2

The Bourgain-Delbaen
Construction

2.1 Introduction

In 1980, Bourgain and Delbaen [7, 6] introduced two classes of separable Loo-spaces, X and
Y. We shall look at these classes in detail and give a precise definition of an L, space a
little later in this chapter. For now, we simply remark that these spaces were shown to
have a number of interesting properties, providing counterexamples for many previously
unanswered conjectures in Banach space theory. For instance, none of these spaces have a
subspace isomorphic to g, giving the first set of examples of %, spaces with no ¢y isomorph.
In fact, it was shown in [7] that if Y € ), then every infinite dimensional subspace of Y
contains a further infinite dimensional subspace which is reflexive.

More recently, Argyros and Haydon [2] have managed to modify the original construc-
tion to exhibit a space which solves the scalar-plus-compact problem. Although it is a
question remaining from Argryos’ and Haydon’s solution to this problem that really mo-
tivates our interest in the Bourgain-Delbaen spaces, we concern ourselves in this chapter
with investigating the original Bourgain-Delbaen construction and the newer generalisa-
tion used by Arygros and Haydon. We are a little relaxed with our terminology, referring
to a Banach space constructed using either of the methods just mentioned as a space of
Bourgain-Delbaen type. As is remarked in [2], it is interesting (and worth emphasising) that
Bourgain-Delbaen constructions are different from the majority of other Banach space con-
structions that occur in the literature. It is usual to start with the vector space of finitely
supported scalar sequences, cgy, and complete with respect to some exotic norm. We shall
shortly see that spaces of Bourgain-Delbaen type are ‘exotic subspaces’ of £, i.e. the norm
is just the usual || - ||oc nOrm.

We shall begin the chapter by looking at the Argyros-Haydon generalisation in Section

2.2. Here spaces of Bourgain-Delbaen type are subspaces of /., obtained as the closed linear
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span of the biorthogonal functionals of a special kind of Schauder basis for ¢;. We will show
that we can make a further, minor modification to the Argyros-Haydon construction. The
new generalisation that we obtain will be an essential tool in proving the results of later
chapters and as such, we choose to look at it in detail.

Following this, we briefly recall the original Bourgain-Delbaen construction in Section
2.3, though we present it via the notation used by Haydon in [17]. This really is just
notational convenience; it is clear that if one enumerates the set I' (defined in Section
2.3) in a natural way, we get an obvious isometry from the subspace of /- (I') appearing
in Section 2.3, and the subspace of (- (N) defined in the original work of Bourgain and
Delbaen in [7].

Having looked in detail at the two different constructions, we will then, in some sense,
unify them in Section 2.4 by showing that the Argyros-Haydon construction is a genuine
generalisation of that due to Bourgain and Delbaen. Precisely, we will show the original
Bourgain-Delbaen construction can be obtained as a special case of the Argyros-Haydon
construction. Of course, this is not a new result. However, it is, to the author’s best
knowledge, the only documented exposition describing in detail the relationship between
the two constructions.

One of the advantages of the Arygros-Haydon generalisation is that it gives us a potential
way to construct interesting operators on a space of Bourgain-Delbaen type, B. The idea
is to define an operator on /1, take the dual operator, and restrict to B. Of course, some
care needs to be taken to ensure that the restriction also maps into B.

Having shown how to describe the original spaces of Bourgain and Delbaen in the new
framework of the Argyros-Haydon construction, we use the preceding idea to conclude the
chapter (Section 2.5) by providing a partial answer to a question of Beanland and Mitchell,
[4], namely if Y € Y, is L(Y) separable? Precisely, we will show that for any X € X U},
there exists a constant Cx > 0 and an uncountable collection of isometries on X which are
pairwise distance Cx apart with respect to the operator norm. Clearly this shows £(X) is
non-separable for any X € XU)Y. We will note in Section 2.5 that there is in fact a shorter
argument to see that £(X) is non-separable for X € X and also defer to this section a short

discussion of why the author finds this problem interesting.

2.2 The generalised Bougain-Delbaen Construction

Before continuing any further, we recall that what we want to be able to do is construct
interesting %, spaces. After all, it was seen in [2] that the finite-dimensional subspace
structure possessed by such spaces is what proves to be so fundamental in showing that the

Argyros-Haydon space solves the scalar-plus-compact problem. Moreover, we will exploit
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similar techniques to prove results about the operator algebras of the new spaces we con-
struct in subsequent chapters of this thesis. It is about time we define precisely what we

mean by an %, space.

Definition 2.2.1. A separable Banach space X is an % y-space if there is an increasing
sequence (F),)nen of finite dimensional subspaces of X such that the union UneN F), is dense
in X and, for each n, F}, is A-isomorphic to 4™ fn We say a Banach space is an %, space

if it is a £, ) space for some .

The constructions of Bourgain and Delbaen, and the generalisation due to Argyros and
Haydon, provide a way of constructing interesting classes of %, spaces. Consequently,
we begin by looking in detail at these constructions, starting with the Argyros-Haydon
generalisation. The content of this section follows very closely the work in [2] and we make
no claim to originality unless explicitly stated.

As remarked in the introduction to this chapter, the idea of the Argyros-Haydon con-
struction is to construct a particular kind of Schauder basis for the space ¢; and to study
the subspace X of ¢, spanned by the biorthogonal elements. It follows by Proposition 1.4.3
that ¢, naturally embeds into X*. (Moreover, by Theorem 1.4.6, this embedding is onto
X* precisely when the Schauder basis of ¢; is boundedly complete.) Consequently, we will
think of elements of ¢; as functionals and, as in [2], denote them using a star notation, b*,
¢* and so on. In accordance with this notation, we denote the canonical basis of ¢1(N) by
(eh)nzr-

It is perhaps easiest to understand the construction by working first with ¢;(N) and this
is indeed what is done in [2]. The special kind of Schauder basis of ¢;(N) is obtained by
considering a sequence (d)5 ; C ¢1(N) where each d has the form d}, = e} — ¢} with ¢j =0
and suppc: C {1,2,...,(n — 1)} for n > 2. An easy induction argument yields that the
vectors (d})>° , are linearly independent and that moreover, the linear span [d},d5, ..., d}]
is the same as [e], €5, ..., er], so the closed linear span, [d} : n € N] is the whole of /;.

The clever part of the construction is to choose the ¢ in such a way that the d, form

a Schauder basis for £1. In fact, things are a little more subtle than this, in the sense that

00
n=1

the sequence (d})) will actually be a basic sequence equivalent to the canonical basis of
¢y if the ¢ have sufficiently small norm. This case certainly won’t be useful in producing
any interesting Banach spaces, though we defer further discussion of this to Lemma 2.2.4
S0 as not to detract from the point at hand.

Argyros and Haydon showed that the d} will always form a Schauder basis for ¢; if
the ¢ assume a certain form (we refer the reader to [2] for more details). For this reason,

it turns out that it is more convenient to work with the space ¢;(I') for some suitably
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defined countable set I'; the elements v € I' can then be used to code the form of the
vector ¢, € £1(I'). We choose to immediately state (and prove) the main result of this
section, working with this more convenient notation, and refer the reader to [2] for a more

comprehensive introduction.

Theorem 2.2.2. Let (Ay)qen be a disjoint sequence of non-empty finite sets; write I'y =
U1§p§q A, T = UpeN A,. Assume that there ewists 0 < % and a mapping T defined on

'\ Ay, assigning to each v € Agy1 a tuple of one of the following forms:
0. (e,0,6) withe =%+1,0<a<1and & €Ty
1. (p,B,b*) with0 <p<q, 0< B <6 and b* € ballt; (Ty\T));

2. (e,0,&,p,B,0%) withe = £1,0 < a < 1,1 <p<gq, €Ty, 0< B <6 and
b* € ballfy (T, \ T,).

*

Then there exist d; =e

— ¢ € £1(T) and projections P(*0 g on 01(T) uniquely determined
by the following properties:

P d: ifyel
(A) P(O,Q]d'Y = {07 Zf’y c ]_-\q\ Pq
0 if’y S Al
. Jeae if T(v) = (5, €)
B A= sy (1) = (p,B.)

50662 + IB(I - P(#E),p])b#< Zf’r(’)/) = (8,0&,{,]),6,[)*).

The family (d3)yer is a basis for £1(T) with basis constant at most M = (1 — 20)~1. The
norm of each projection P(*(Lq} is at most M. The biorthogonal vectors d generate a Lo -
subspace X (I', 7) of Lo (T"); if the basis (dy)yer of X(I',T) is shrinking, then X* is naturally
isomorphic to £1(I'). For each q and each u € lx(I'y), there is a unique vector in [d :
v € Fq] whose restriction to I'y is u; therefore there exists a unique extension operator
ig : loo(Ty) = X(I',7)N[dy : v € T'y] and this operator has norm at most M. The subspaces
My =[dy:v € Ay =ig[lec(Ag)] form a finite-dimensional decomposition (FDD) for X.

Remark. Strictly speaking, a Schauder basis is, in particular, a sequence indexed by the
natural numbers, so there is a natural ordering of the vectors in the sequence. Therefore
when we talk of (d}),er being a basis of £1(I'), or (dy),er being a basis of X(T',7), we
really need to enumerate I' in some way. The enumeration we have in mind will always be
the one that is described in the proof of this theorem, and we will henceforth speak of (for

example) (d,) being a basis without mentioning the explicit enumeration.
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We observe that the statement here is almost identical to that of Theorem 3.5 in [2].
We have added an extra degree of freedom to tuples of form (0) and (2) appearing above
via the addition of the parameter ¢ which takes values in {£1}. This means, for example,
we can have vectors ¢* of the form —ae; + 8(1 — P(*Qq})b*. This change will only be useful
for when we come to examine the connection between this construction and the original
Bourgain-Delbaen construction. In later chapters, we will always set € = 1.

The more important change we have made is that we do not demand the set A; have
only one element. This extra freedom will allow us to construct some non-trivial operators
on the spaces we construct in later chapters. Since this theorem is so essential to this thesis,
we include the proof, though all we are really doing is translating the arguments given in

[2] into the notation used throughout this thesis.

Proof of Theorem 2.2.2. The construction is recursive and to begin with, we work only
algebraically, not worrying about the continuity of the projection maps we define. We start
by setting d7, = e, for v € A;.

Recursively, assume that ¢} and d7 have been defined for all v € I'y, in accordance
with the theorem. It follows from the recursive construction that the vectors (d})-er, are
linearly independent and that their span is all of ¢1(I',). Consequently, the (restricted)
projections P(B7q]| (1) for ¢ < n are uniquely determined on ¢1(I',) by the formula given

in (A). For v € I'y41, we can therefore define vectors ¢, as in (B) and set d = e — .

Since cfy has support in I'), and v € A,,4+1 so that supp ei‘y C Apy1, we see that the vectors

(d;/)vlepn ., are linearly independent and that their span is ¢1(I';,41). We can thus extend
the projections Py , for ¢ <n to all of £, (T'y+1) in accordance with (A) and define Plons1]
on ¢1(T',+1) in the same way. This completes the recursive construction; we obtain vectors

* * %
cvanddw—eV

the conclusions of the theorem.

¢, for each v € I and projections P, , defined on coo(T) C ¢1(T), satisfying

We now show that (d).er is a Schauder basis for ¢;(I'). In the process, we shall see
that the projections Py, . defined on coo(I") are (uniformly) bounded by M, and thus extend
to projections on all of ¢1(I"). Let us be a little more precise; for p > 1 let k, = #I'), set
ko = 0 and let n — y(n) : N — T" be a bijection with the property that for each ¢ > 1,
Ag = {y(n) : kg—1 <n < kq}. We will show (d
the recursive construction that this sequence has dense linear span, so it is enough to see
that the (densely defined) basis projections, P, defined by

. oo ifj<m
d’Y(]) = {07(])

otherwise

))101021 is a Schauder basis. It is clear from
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are uniformly bounded. We show || P}| < M for all m. Since P, (0,q = P, for all ¢, we
immediately get ||P(0’q] || < M as claimed in the theorem. We also note that Preli) =€
for all 7 < m and 0 otherwise since span{di(j) :j<m}= span{ei(j) : 7 < m}; this is again
obvious from the recursive construction.

Since we are working on the space ¢1(I") it is enough to show that || P}, el || < M for
every m and n in N. We shall prove by induction on n that ||P* o || <M for all m,j < n.

Note that for j < ky, d* Consequently, for j < kl, Pmew(j) is either equal to

L=e* ..
e*(j) or 0. In particular, tlzgr)e is r?((){c)hing to prove for our inductive statement in the case
when 1 < n < k;. Suppose inductively that ||P* o || < M holds for all m,j <n (w.lo.g.
n > k1). We must see that this holds for all m, j S n—+ 1. If 7 < m, then, as observed in
the previous paragraph, Pmew(]) *(j) so there is nothing to prove. We therefore assume
7 > m. If, in addition, m < j < n we are done by the inductive hypothesis. So we just need
to see that ||Pre € 1) || < M for all m < n. Since we assume n > ki, there exists a ¢ > 1

with y(n 4+ 1) € Ay41. Note that this implies

Ly € {7(1),7(2),...,7(n)} (2.1)

We now make use of the fact that

€ nt1) = Dynr1) T Gna)s

where supp ¢l ;) € Tq C {v(1),7(2),...,7(n)} and moreover ¢* > (n+1) has one of the forms

described in the theorem. We consider only the case where

Cj;(n+1) 50665 + B(I P(O p])b

where e = £1,1 <p < ¢, € 'y, b0* € ball ¢1(I'; \ I'y) and «, 3 are as in the theorem, with
B < 6 by our hypothesis. The other cases are similar.

Now, because n + 1 > m we have P} d* = 0. We can also write & = 7(j) where

mTy(ntl) T
Jj < kp < kg < n (this follows from the fact that { € I') with p < ¢ and Equation 2.1). As

observered earlier P("E) o = P,:p. Combining these observations, we get
P 67(n+1) E:OéP 6 ]) + B( Pljlin{m,k‘p})b*'
If k, > m the second term vanishes so that

1PneS il = allPregll < 1Pnes )l

which is at most M by our inductive hypothesis.
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If, on the other hand, k, < m, we certainly have j < m (since recall j < k) so that

P;;Ze:(j) = efy(j), leading to the estimate
[ Pres eyl < allelgll + Bl PRb*(| + Bl P, b

Now b* is a convex combination of functionals :I:eiky(l) with [ < k; < n, and our inductive

hypothesis is applicable to all of these. We thus obtain

|Preninll < a+2MB <1+2M6 = M,

mTy

by the definition of M = 1/(1 — 26) and the assumption that 0 < 8 < 6.

We conclude that (dj;(n))zo:l is a Schauder basis for ¢1(I") as claimed. It follows from
Proposition 1.4.3 that the biorthogonal functionals (dy),er form a Schauder basis for the
Banach space X := X(I',7) = [dy : v € I'| C £o(T"), or more precisely that the sequence
(dy(n))nZ1 is a Schauder basis for X. We easily deduce from this that the finite dimensional
subspaces My := [dy : v € A,] form a finite dimensional decomposition of X. Moreover,
standard results in Banach space theory yield that X* is naturally isomorphic to ¢; in the
case that the basis (d,)yer is shrinking (see Theorem 1.4.6).

We must also show that X is a £ ar space. To see this, we consider the projections
P(’B,n} defined in the theorem. We have just shown these are well-defined and moreover
||P(*07n} || < M. If we modify Po,n) by taking the codomain to be the image im P ., = £1 (Tn),
rather than the whole of ¢;(I'), what we have is a quotient operator, which we shall denote
Gn, of norm at most M. The dual of this quotient operator is an isomorphic embedding

in : loo(I'n) = £oo(I'), also of norm at most M. Of course, this is immediate by Lemma

1.4.11. However, we can also show it explicity; if u € o (I'y),y € 'y, we have

(inu)(7) = (inu, €3) = (u, qne3) = (u, €3) = u().
So iy, is an extension operator {o(I'y,) = loo(I') and we have

ulloo < [lintlloo < M ||ulloo

for all u € £(I'y,). We claim that the image of 4, is precisely [d,: v € I';,] and that for
each v € Ay, iney = dy 50 that in(lo(Ay)) = M, as claimed. We prove these facts in the
following lemma (Lemma 2.2.3) as we shall use them again later.

Now, since the image of i, is M-isomorphic to £ (') = £Xr and Unen[d, : v € Ty] is
dense in X, it follows that X is a £ p-space.

To complete the proof, it remains to prove that for each n € N and u € £ (T},) there
exists a unique vector in [d, : v € I',] which when restricted to I',, is precisely the vector u.

In fact, we have already shown the existence of this vector; i, (u) satisfies this property by
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the above argument. So we only need to prove uniqueness. Suppose v(u) = Zwern oy d
is such a vector. It follows that a, = v(u)(d;) = u(d}); the final equality must be true

because supp d7, C I';,. Thus the o, are uniquely determined by u and so v(u) is unique. [

Lemma 2.2.3. The image of the map in: loo(I'n) = loo(I) defined in the proof of the above
theorem is precisely [d,: v € I'y]. Moreover, for each v € A, iney = dy.

Proof. We saw that the operator i,, is an isomorphic embedding, so its image is k,-dimensional,
where as in the previous proof, k, = #I',,. Since the vectors (dy) er, C loo(I") are linearly
independent, it is enough to show that for each v € T'), there is a u € ¢ (T';,) such that
inu = d~. Since [dj : § € I'| = £1(T"), it would be enough to see there is a u € €5 (I';) such
that (inu,d;) = (d,dj) = 0p~. This ends up being an easy exercise in linear algebra.

We choose to give an alternative proof. Fix vy € I'),. We will find u € ¢o(T',) such that
inu() = d(0) for all € I'. Since i, is an extension operator, if such a u exists, we must

have
u(®) = iu(0) = d (6)

whenever ¢ € I';,. Consequently we set u = (dy(0))gcr, € loo(I'n). All that remains to be
seen is that i,u(f) = dy(0) for all # € I' \ T',. To this end we note that

inu(6) = (inu, ) = (u, P es) = Y dy(E)[Pf,eh) (€)
£ely

<d P(On]€9>
= <d7’69>
— 4, (6).

The penultimate equality follows from the fact that d,(z*) = d, (P (0,2 % z*) for all vy € 'y,
and z* € £1(I'). This is a consequence of the biorthogonalilty of the sequences (d3) C ¢1(T")
and (d,) C £ (I).

Finally, note that if vy € A,, and 6 € T, then

dy(0) = (dy, ep) = (dy, dp) + (dy, cp) = (dy, dy)

since ¢ € £1(I'y—1) so (dy,cp) = 0. Therefore d,(f) # 0 only when v = 6, in which case
d(0) = 1. In other words, when v € A,,, u = e, proving that i,e, = d, as claimed. O

Having proved the main theorem of this section, we return to a remark that we noted
earlier. One can think of the basis (d7),er of £1(I") obtained in the Bourgain-Delbaen con-
struction as a perturbation (by c7) of the canonical basis (e7),er. To obtain any interesting

Banach spaces, we note that the norms of the perturbing vectors, i.e. the c¢y’s has to be
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‘large’. If not, then the basis (d7),er will be equivalent to the canonical basis of /1 and the
corresponding Bourgain-Delbaen space will simply be an isomorph of ¢g. More precisely,

we have the following lemma.

Lemma 2.2.4. Let (d})5°, be a sequence of vectors in £1(N) with the property that for
each n € N there exists a vector ¢, € (1(N) with d}, = e} — c,. Suppose further that there
exists 0 < 1 such that ||c}|ls, < 6 for all n. Then (d})22, is equivalent to the canonical
basis (e})>°, of £1 and the closed subspace of l~, generated by the biorthogonal vectors,

[dy, : n € N|, is isomorphic to cg.

Proof. 1t is easily checked that T': £y — £1, T(3_72, aje}) = > 22, a;jd; defines a bounded
operator on ¢ (with norm at most 1+ ). To see the sequence (d}) is equivalent to the
canonical basis, it is enough to see that 7" has continuous inverse. By standard results,
it is enough to show that ||[I — T|| < 1. This is easy, since |[(I —T)3 72, ajeilly, =
137721 ai(e; — i)l = [ 2272, ajc; |l < 0]l(aj)lle, by the assumed norm condition on the c;,
vectors. It follows that [ —T| <6 < 1.

The fact that X := [d,, : n € N] is isomorphic to ¢y follows by taking the dual of 7" and
restricting to X. It is straightforward to check that T maps the vector d,, € £ to the
vector e, € ls. Moreover, since T is an isomorphism, so is 7%, and consequently 7%(X)
is closed. The previous two observations imply that T™ restricted to X is an isomorphism
onto T*(X) = [en, : n € N| = ¢p. O

We conclude this section by proving that the basis, (dy),er, of any Bourgain-Delbaen

space, X (I", 7), is normalised.

Lemma 2.2.5. Continuing with the notation as above, if X (I',7) is a Bourgain-Delbaen

space as in Theorem 2.2.2, then the basis (d),ecr is normalised.

Proof. Fix v € I'. We prove by induction on n that if v € A, then |d,(e)] < 1. When
v € Ay, € = d} and the proof is obvious. So assume the estimate holds for all ~' € Ty, for
some k and choose v € Ayy1. We make use of the decomposition €
that ¢} = caeg + BF (K] b forsomel <k, a<1, <0< %, ¢ €T'yand b* € ball £1(Tx\I);

= dﬁ + cﬁ and assume

the other possible forms of ¢ can be treated similarly and are in any case easier. Now,
dy(€3) = (dy, d5, + eaeg + BP 0%)

We consider two possible cases. If dy(d}) # 0, then we must have v = 7. In particular
v € Apy1 and dy(ey) = dy(d;) = 1 since suppc;, C £1(I'y). Consequently the inequality
holds.
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The remaining case is when d,, (d%) = 0. We divide this case into two further possibilities.
If, in addition, v € I'; then it follows that d,(€}) = dy(caeg) and consequently, |dy(e})] <
aldy(eg)| <1 by the inductive hypothesis and the fact that o < 1.

Finally, if d,(d}) = 0 and v € T'\ I, dy(e}) = (dl,,BP(";,k]b*) = B(Pqdy,b*). This
last expression is either 0 (if v € T'\ IT'g) or (d,, b*) otherwise. In either case, it is again

easily seen using the inductive hypothesis (and that b* € ball £1(I'y)) that |d,(e3)| < 1 as

required.
It follows that ||d,|| < 1. On the other hand, it is easily seen that d, (e},) = (d,,d},+c};) =
1 so that ||d,|| > 1. It follows that ||d,|| = 1 as required. O

2.3 The Bourgain-Delbaen Construction

We will return to the construction just described shortly. For now, we move on to look
at a few details of the original Bourgain-Delbaen construction so that we can explain the
relationship between the two constructions in the following section. The notation that
follows is that used by Haydon in [17].

We begin by setting Ay to be the set consisting of just one element. Inductively, if we

have sets Ay, defined for k = 1,2,...,n, we set I';, = Ul_; Ay and define
Anpi={n+1}x | {k} xTp x Ty x {£1} x {£1}.
1<k<n
We let I' = Up>11',,. We make two observations. First, Ay = @ so that I'y = I';. Second,
an element v € A, is a 6-tuple of the form v = (n + 1,k,&,n,e,&"). We shall use the
terminology introduced by Haydon and say that such a v has rank n + 1.

For fixed real numbers a,b > 0, we define inductively, linear maps wuy,: loo(I'y) —
loo(Apy1) (for n > 2) and i p: loo(Tm) — loo(T'n) (for all n > m, n, m € N). We
denote by i, the map ip,+1. We set i1 = i12 = idgoo(pl). Suppose, inductively, that
i, has been defined for all k& < n. Let iy, = ip—10 - 0ip: loo(T'k) = loo(T'n). For
x € oo (I") we denote by mpx the obvious restriction of 2 onto coordinates in I'y. We define
Un: loo(Tn) = loo(Any1) by

(unx)(n + 17 k? ga &, E/) = eax(g) + Elb[x(n) - (Zk,nﬂ'kx)(n)]

and iy loo(T'y) = loo(T'nt1) by

i () = 470) v ey
) {<unx><v> SN

It is easily seen that for m < n < p and x € £ (I';,) we have
(imp) |0, = tmn®
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and so we can well-define a linear mapping j,: £oo(I'yn) — RY by setting
(Jmx)(0) = (imnx)(6) whenever § e T,.

Bourgain and Delbaen supposed the numbers a and b are chosen subject to one of the

following conditions:
(1) 0<b< 3 <a<landa+b>1 (in which case we define A := ;%)
(2) a=1and 0 <b < % such that 1+ 2bX < X for some A > 1.

In either of these cases, we obtain the following lemma:

Lemma 2.3.1. The maps jp, take values in loo(I'). Moreover, for each m, jpn, is a linear
isomorphic embedding of loo(T'y,) into Leo(T) satisfying ||z|] < ||jm(z)]] < A||z|| for all
x € loo(Ty) (where X is as above). If m < n then im jp, C im jy,.

Proof. 1t is clear from the definition that j,, is an extension operator from (. (I';,) to
lo(I") and consequently ||z|| < ||jm(z)| for all z € lo(T'),). To complete the first part of
the lemma, it is clearly enough to see that ||ip, | < A for all m < n. The proof was given in
[7] and is an easy induction argument. Indeed, since i1 2 = idy_(r,), we have [ijaf| =1 < A
Suppose inductively ||ig || < A for all £ < m < n. We consider an = € ¢ (I';)) and show
first that ||in p11|| < A. It is enough to show that |u,(z)(y)| < Al|lz| for v € Aptq. To this
end, write vy = (n + 1,k,&,n,¢,¢"). We have

lunz(7)| = lacz(§) + be'[x(n) — ipnmrz(n)]|
< allzl +o(l=| + M=)
< (a+ 2b)\)|z]|

where we have again made use of the fact that A > 1 in the final inequality. We are now
done, since in either of the cases we have a + 2bA < A. It remains to consider |7y, n41|
when m < n. Let € l(I'y,). If v € T'yy, we have |imnt12(Y)| = linn+1 © tmnz(y)] =
limn2 ()] < Al|z|| by the inductive hypothesis. So it once again remains to consider those

vy=(n+1,k&n,ee) in Apiq. By a similar argument we get

lim.n12(Y)| = |agimnz (&) + b [imnz(n) — e Thimn @ ()]].

We consider two separate cases. Firstly, if & < m, since £ € T'y, we have iy, nz(§) = (&)
and also, from construction of the map 4,,, we have iy, nx = mx. We therefore have
limmnt12(7)| = |acz(§) + be'[imnx(n) — trnmrz(n)]| and estimating as before yields this is
at most (a + 2b\)||z|| < Az
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Otherwise n > k > m and it is easily verified that 730, .2 = im 2. SO iy TRim T =
hn © i kT = impo. Consequently |im ni12(7)| = |agimnz ()] < [Jimnz|| < A||z]|. Here we
made use of the fact that ¢ < 1 and the inductive hypothesis. This completes the induction
and the first part of the proof.

It remains to see that if m < n, imj, C imj,. We will show that for x € ¢ (T'y,),
Jm® = jn(Tpimx). It is easy to see that mpjmz = impx so it suffices to show that j,z =
Jn(imnx). To see this, note that if § € I', we can choose p > n > m such that § € I'y). We
then have

]n(zm,nx)((s) = Z.T“L,p(im,nx)((s) = Z'm,px((s) = jmz(0)

as required. O

It follows from the lemma that

X = Xqp = im(jn)
n>1
is a closed subspace of o (I"). Moreover, the lemma shows that the image, im(j,) is A-
isomorphic to ¢o(I'y,) for every n so that X is a L ) space. In Bourgain’s notation, the
spaces of class X' are the spaces X, for which a =1 and 0 < b < %, whilst those of class

yarethespaceSXa7bwithO<b<%<a<1anda+b>1.

Remark 2.3.2. We conclude this section with a remark. It is shown in [17] that each
of the spaces, X}, described above has a natural Schauder basis, and finite dimensional
decomposition. More precisely, for v € I', let n = rank () and e, be the usual unit vector
(i.e. e(0) =1if § = v and 0 otherwise). Define d, := j,(e,). The sequence (d),ecr (under
a suitable enumeration) is a Schauder basis for X. In fact, it is observed in [17] that this
basis is normalized, i.e. ||/d,|| =1 for all 4. Moreover, if we let M, := span{d, : v € A,},
then (M,)22, is a FDD for X. We will see in the next section that once we have shown
that we can describe the original Bourgain-Delbaen construction in the Argyros-Haydon

framework, these facts are immediate.

2.4 Connecting the two constructions

As explained earlier, we wish to formulate the original Bourgain-Delbaen construction just
discussed within the framework of the generalised construction discussed in Section 2.2. We
continue with the same notation from the previous section; in particular, we work in this
section with the set I' just described in the previous section. We continue to denote vectors
of /1 with a star notation. This notation allows us to distinguish between e, (the standard

unit vector in £ (I')) and e (the standard unit vector in £1(I")) for example. Our aim is to
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construct a suitable 7 mapping on I' as in Theorem 2.2.2 so that we can apply this theorem,
obtaining a space of Bourgain-Delbaen type, which is precisely the same space obtained in
the previous section.

We note that the extension operator j,: oo (I'y,) = £oo(I") defined in the previous section
could really be thought of as an isomorphic embedding from ¢;(I",,)* to ¢1(I')* under the
canonical identifications, ¢1(I';)* = oo (T'y) and £1(T')* = loo(T"). Thought of as a map on
these dual spaces, it is easy to see that j, is weak*-norm, and thus weak*-weak™ continuous.
Indeed, this follows since the weak* and norm topologies coincide on finite dimensional
spaces, and we saw in the previous section that j, is norm-norm continuos. It follows by
Lemma 1.4.11 that j, can be obtained as the dual of some operator from ¢;(I") to ¢;(T'y).
We will show that under the correct choice of 7 mapping on I', this dual operator is exactly
the operator P}

(0,n]
If we are attempting to find the operator which has dual j,, it is sensible to consider the

appearing in Theorem 2.2.2.

dual of 7, since, roughly speaking, j, and j.* can be considered ‘the same’ operator. More
precisely, it is well known that for any operator T': X — Y, the operator T**Jx maps into
Jy (Y) and moreover, T' = Jy, L7** Jx. Thinking about how the operators j, are defined, to
compute j, we must first compute the dual of the operators i, .

We begin by computing the dual operator of i,,, where we assume n > 2, since i; =
Idy (r,)- Throughout this section, we will make the usual identifications of ¢1(I'y)* with
lo(T'y) and loo(I'y)* with ¢1(I'y). Under these identifications, we compute 4, obtaining
i 01 (Tpy1) = 01(Ty). For x* € £1(Tp41),v € Ty,

[in(z%)](7) = 27 (in(ey))
=a' () + Y 2 (Olin(en)](€).
E€EAL 11
We observe that if supp z* C I';, then all the terms appearing in the above sum are zero
except the z*(7y) term. Thus, for such vectors, ifz* = z* and we see that i) : ¢1(T'p41) —
¢1(T'y,) is a projection onto ¢1(I',). Furthermore, we note that this is not the usual projection
on ¢1(I'y,) (which would send e} to itself when 6 € I';, and 0 otherwise). To see this, we
exhibit a 4 € I' with ranky = n + 1 but ijeX # 0. We take § = (n+1,k,&n,1,1) with

*

gl
that iy, (e2)(§) = inleg) (V) = aee(§) + blee(n) — (ikn7ree)(n)] = a # 0. (Here, we made use
of the fact that iy ,mres(n) = eg(n) since  and n are in I'y.)

k < n and both & and 7 belonging to I'y. Setting z* = e% in the previous formula we see

Given a 4 with ranky = n + 1, we can obviously decompose eX into a sum of the

projection, i} e’

* . ok .
 Ines, of ez, and a vector in ker iy . Precisely, we have



Recalling that we are attempting to obtain the original Bourgain-Delbaen spaces via the
generalised construction of Argyros-Haydon and comparing this formula with Theorem

2.2.2, we define ¢f := ij(ez) and df = e

z — ¢& (note we are still assuming n > 2). For

-
v € I'1 define ¢, := 0.

Remark 2.4.1. Note the vectors d7 and ¢ just defined should not be confused with the
vectors appearing in Thorem 2.2.2; in any case, we haven’t even defined a mapping 7 on I yet
for the theorem to be applied in any sensible way. The vectors are defined by the formulae
just stated and we work with these vectors throughout this section unless explicitly stated
otherwise. The reason for this (perhaps slightly confusing) notation is the following. We
will show that for each v € T, it is possible to define a tuple, 7(), having one of the forms

~

appearing in Theorem 2.2.2. We can thus apply the theorem, and obtain vectors ¢ and

85 = e — . We will eventually show that (E; = ¢ and consequently @ = d}. Moreover, it

7T ™y gl
will turn out that the space of Bourgain-Delbaen type constructed via Theorem 2.2.2 under
this 7 mapping is precisely the original Bourgain-Delbaen space of the previous section (for

a given pair of real numbers a, b satisfying the conditions already discussed).

It remains to see how to construct such a 7 map. To this end, we write ¥ = (n +

1,k,¢,n,e,¢") and for v € T',,, we look at

§€AR 11
= ine'y(:Y)
= Un€y :7)

(
= cae () + €'bley — ik nmres](n).

The second term appearing in the above sum is clearly the harder term to deal with so

we look at this first. There is one situation in which this term is easy to compute, namely

if n € T'y. In this case iy ,,mre (1) = mrey(n), s0 [ey — ipnmrey](n) = [e4 — mres](n). We

then consider cases:

v # n. In this case, we clearly have that e, (n) = 0. Since the only possible vectors that
1 In thi learly h hat e, 0. Si h 1 ibl h

mrey can be are 0 and e, we see that mze(n) = 0 also. Thus [ey — iy nmre,](n) = 0.
(2) v =n €T In this case, me, = e, and we again find [e, — i ,7re,](n) = 0.

To obtain a useful expression for [ey — i ,mre,](n) when n € T';, \ I'y, it turns out to

be useful to look at the dual operator of iy 5 loo(l'm) — loo(Tn), giving 4y, ,,: €1(Ty) —
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0 (Ty,). For z* € 64(Ty,),y €Ty

[t (2] (7) = 27 (imney)
=" (M + Y @ (Olimnes](©)-
el \I'm
We take this opportunity to document a special case of this formula which will be

particularly useful to us later. We note that for n € I';, \ I'y,, v € Iy, we have

[t (€)1 (7) = imney(n) (2.2)

As before, it is easy to see that each iy, ,, is a projection onto ¢; (T'),). Since Upl1(Ty,) =
coo(T") is a dense subspace of £1(I"), it is natural to attempt to define projections Pox: (T —
01(T'x) by

Py (@) =i, (x) whenever x € 6(I'n), (n> k).

Assuming this is well-defined, the formula defines (linear) projections P(*o,k] from the
dense subspace coo(I') C ¢1(T"), onto ¢1(I'x). Moreover, it follows from the proof of Lemma
2.3.1 (and standard facts about dual operators) that ||i; || < A for all & < n. Consequently
P(*b’k} is bounded (with norm at most \) and thus extends to a bounded projection defined
on ¢1(I") as required. So it remains to check that we can well define P@k] by the above

formula. Suppose x* € ¢1(T',) C ¢1(Tyy) (0’ > n > k). We saw earlier that for v € T,

[ih @) =2+ Y @ (Elikwes](©)

San/\Fk

—r@+ Y @il

e, \I'y,
where the final equality is because z* € ¢1(T'),) so z*(§) = 0 for £ € ')y \ T, Tt is
immediate from the definition of the operators iy, , that iy, = i, 0igy,. So for £ € I'y,

i€y (§) = tnn 0l ney(§) = igney(§). Combining these observations, we find that

[ @] = 2" () + Y 2 (©)inwes](€)

£€Tn\T'y

_r 1 Y OO
£eln\I'y

= [irn(z")](7)

so that P(T),k] is well defined.

We recall what we set out to do. For ¥ = (n+ 1,k,p,n,e,&') € Apq1 and v € Ty, we

were attempting to find an expression for ¢z (v) := [i,(e3)](v). We have seen already that

*

i (7) = eaey () + €'bley — ik nmres](n).

We consider 2 separate cases:
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(1) n € T'y. We have seen that the second term in the above expression is just 0. We thus

see that cz(7) = eaey(p) = caej;(v). In other words, X = caey,.

(2) n € I'y \ I'y. If in addition, rank (y) < k, it follows that mpe, = e,. Combining this

observation with equation (2.2) and the definition of Py we get

[P0, (€] (V) = lign(€n)](7) = ikney () = ik nmres ().

Thus

s () = eaey(p) + e'bley — ik nmrey](n)
= eaey(y) +€'bley, — [Pl (en)l()
= caey () + E’b{[(f — P(B,k])(ejy)]ﬁ)} .

If on the other hand rank (y) > k, mye, = 0 so

ck(y) = eaeyp + £'bley — ipnmres)(n)
= cael () + £'bep ()
= cacl (1) + b [(1 = Pl ) e}

where the final equality follows since rank (v) > k =— [P(‘B . (*)](y) = 0 for any
x* € £1(T). We thus conclude that

& = cael, +'b(I - Plos)(ey)-

We make one more observation before coming to the main result of this section.

Remark 2.4.2. An easy induction argument yields that span{dy, : ranky < n} = span{e :
ranky < n} for every n. Indeed, the base case is immediate since by definition, dy = e for
rank v < 2 (recalling that Ag = @ so I'1 = I'z). The inductive step follows from the relation
ey, =d5 + ¢ for all v and supp ¢}, C I', when ranky =n+1.

If follows that [d} : v € I'] = £1(I"). Consequently the operators P(*ka] previously defined

are completely determined by their action on the d7. In fact

. . df rank(y) <k
P(O,k](d'y) = {O’y

otherwise.

To see this, we note the formula certainly holds when rank (v) < k since we have already
observed that the maps P ,, are projections onto £, (T'). It remains to see that Pox (dy) =
0 when rank () > k. We consider the case where k > 2. Suppose first rank (y) = k + 1.
Then P

© k](dfy) = ip(d) = ig(el — c3) = ip(e}) — ¢ = ¢ — ¢ = 0. (We have of course
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*
ol

rank (y) =n > k+1, Pow (d3) =i}, (d}) =i}y ©1p_1,(d}) =i} ,,_1(0) = O where the

made use of the definition of the vector ¢ as being equal to ije’ since ranky =k +1). If

penultimate equality follows from the previous argument with k replaced by n — 1. Note
we also made use of the following easily verified fact: if & <m <n then iy, =iy, 0, .
The proof for the case k = 1 is similar.

We are finally ready to present the main result of this section.

Proposition 2.4.3. Let (Aq);’il, I'y, and I' be the sets defined as in the original Bourgain-
Delbaen construction and let a,b be real numbers satisfying either of the two conditions
assumed by Bourgain and Delbaen (see the previous section). We define 7 on T'\ T as

follows. Given v € Api1, write v = (n+ 1,1,&,n,¢,¢") and set

_ (Eaa7§) Zf?’] eI
T(7) = L
(e,a,f,l,b,sen) ZfﬁEFn\Fl.

(We clarify that the slightly clumsy notation E’e;’; appearing in the final tuple above is to be
interpreted as the scalar € multiplied by the vector e’,"]). Noting that in either of the original

BD setups, a < 1 and b < 3, Theorem 2.2.2 yields that there exist Ef\{ = el — c/i\‘y € (1(T") and

projections P ] on 01(T") uniquely determined by the following properties:

(0,9

ﬁ\zl?:{df/ vely

0™ "o ~er\T,
0 v E Ay
C/;ky: cae} vy=Mm+1,01,¢n:e:e) andneTl

€a€2+6’b(1—1§(§])e; vy=Mm+1,01¢n:e¢e) andnel, \ T}

The family (@) - is a basis for ¢1(T") with basis constant at most A (as defined in the previ-
ve

ous section). Moreover, the norm of each projection ]7(*0\(1]

elements d of the 85 generate a Lo x subpace of lo(I"), X(I') := X (I, 7).

is at most A and the biorthogonal

With the notation that has been used throughout this section, we have c/i; (and hence
the ;lg) coincide with the ¢, (respectively d7) and ]7(*;);] = P(%,k}' Moreover, the mappings
(P(T),k;]) Moo(T'k) = Loo(I") coincide with the mappings ji of the original Bourgain-Delbaen

construction.

Before giving the proof we make a few observations that follow from the proposition.

Note we have the following important corollary.

Corollary 2.4.4. The subspace X(I') of the above proposition is precisely the original

Bourgain-Delbaen space Xgp.
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Proof. 1t follows from the proof of Theorem 2.2.2 and Lemma 2.2.3 that

X(r) = im (ﬁ(o\n])

neN

So, by the proposition,

O]

Thus we can think of the original Bourgain-Delbaen construction in terms of the Argyros-
Haydon construction as we wanted. Moreover, we see from the generalised construction,
ie. by Theorem 2.2.2, that the biorthogonal elements d of the d} = (/15 are a basis of
X(T') = Xg4p. It follows by Lemma 2.2.3 and the proposition that for v € A, d, = jne,.
The fact this basis is normalised follows from Lemma 2.2.5. Thus we obtain all the results
stated in Remark 2.3.2 as immediate corollaries.

It remains for us to prove the proposition.

Proof of Proposition 2.4.3. We prove by induction that the statement Zlg = d} for all
~v €Ty, and for all k € N, P(*0 k]‘gl(l“n) = P/(*O\k]‘gl(l"n) ” holds for every n € N.

We recall that the vectors CA;, 35 and operators f?o\k] are defined inductively. It is
immediate from the definitions that when v € I'y, 35 = d}, = €. Thus by Remark 2.4.2 and
the way in which the ]%’\H are constructed, we have that for v € I'y, P(T),k] di = P/&]\k]@ So
Vk e N

P(T],kﬂel(rl) - P(T),k]ul(rl)

and the statement is true for n = 1. Suppose inductively that for some n > 1, Ei‘; = d for
all v E Fn and P(%7k]|fl(rn) = P(B7k]|51(rn)' Then for Y= (Tl + 17 lagvnv‘g?g/) € An+17

~ {saez nely

C: —

caeg +¢€'b(I — P(E”)e;; nel,\I

saez nely
caeg +'b(I — P(’a’”)e;; nely\I

cy-
The first of the above equalities holds due to the inductive construction of the cA;, the second

by the inductive hypothesis and the final equality is a consequence of the very definition of
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the P(0 . and all our previous calculations. It follows that 85 =€) - c/i\'; = d3. We again

get that P0 k]‘gl(l“n+1) :/5/*(;]\51(”“) for all k € N as a consequence of Remark 2.4.2 and

the way in which the P(o K]

by induction and an elementary density argument. As a consequence we now drop the ‘hat

are constructed. The first part of the proof is thus complete

notation’.

It remains to prove (P(T),k]> = Ji: loo(Tk) = loo(T). For z € Uoo(Ty), vy €T

[(Bow) @] (0 = (2 Py y(ed)
where we are, of course, thinking of = as an element of ¢;(I'y;)* (under the canonical iden-
tification) in the RHS of the equality. If rank (v) < k, Poyey = € from which it follows
that [(P(T) k]>* (x)} (v) = z(y) = [jx(z)]() as required. Obviously we must see that this

equality also holds when rank~ > k. We will need the following lemma.

Lemma 2.4.5. If v € {(I'y) (which we identify in the canonical way with ¢1(I'y)*) and
v € I’ with rank (y) =n + 1 then

2(¢5) = [in@] (7).

In order not to detract from the proof at hand, we defer the proof of this lemma to the
end.

Suppose now that rank (y) = k + 1. Then Pl gy = irey = ¢ So

[(Pow)” @] () = ale}) = Lial ()

where we recall z € ¢ (I'y) and appeal to Lemma 2.4.5 to obtain the final equality.
Finally, we assume rank () =n > k + 1. We have

[(Pow) @] () = By gy ()
= (z, 7} n(€3))

= (@, i 1ln 1,n(€i;)>
= (T 0 i} pn_1:9p—1n€3)

= (T o}, 1,c5)

We now think of z oy, | € £1(I';—1)" as an element of foo(I';—1). Appealing once

again to Lemma 2.4.5 we see

[(Pow) @] ) =2 0i01(¢5) = lin1 (@ 0 if0-1)](0):

So to complete the proof it is enough to see that [jn—1(z o4}, 1)](v) = [jk(2)](7). But

we recall from the original B.D construction that for any « € oo (I'y), jr(x) = jn—1(ign-12).
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(We saw this in the proof of Lemma 2.3.1.) So in fact, all we need to see is that when iy, ,_12
is thought of as an element of ¢1(I';,—1)* under the canonical identification, it is precisely

the element x o4}, | € £1(I',—1)*. To this end, let y* be an element of ¢;(I',—1). So

Toih, 1 (y) = D woif, 1(ch)y(0) (2.3)
0l 1

where we are, of course, still thinking of = as an element of ¢1(I'y)*. Really = € {s(I'%), so

we can compute

2ot n(ep) = Y w@)lif 1 (e)]). (2.4)

vely

Fortunately, we computed earlier that for v € T'y,

[hn-1(e)]() =)+ D €()likn-re](e).
€€F7L71\Fk
If 6 € I';,—1 \ 'y, then this is just [ig,—1e,](0), whilst for § € I'y, we obtain e;(v) = e,(0).
So by Equation (2.4) we find

2ver, T(v)en(0) = z(6) if § € Ty

ve kail(ee) N {Zuerk ZC(V) [ik,n—leu (9) = ik,n—lx(a) ifoe Fn_l \Fk

Substituting this back into Equation (2.3) we get

roif, (W)=Y x@)y O)+ D likn-12](0)y*(0)

oeTy, QEFn_l\Fk
= > likn12](0)y*(0)
96Fn—1
= [ikn—17](y")

where we think of iy ,_12 as an element of ¢;(I';,—1)*. The second equality above comes

from observing that when 6 € I', [iy,—12](6) = x(6). O

Proof of Lemma 2.4.5. We use the same notation as that used for the statement of the
lemma. We consider only the more complex case where v = (n+1,1,&,n,¢,&') and n € T),,\I

since the other case is similar (and easier). So,

el

=Y @(0)cact(0) + > x(0)'b[(I — Py ))e)(6)
ocl'y, oel’y,

= cax(§) + Y w(0)B[(I — P y)er](9)

0el’y
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since ez (#) can only be non-zero when 6 = £ and since £ € ', | < n, this happens precisely
once. If rank (§) < [, i.e. 6 € I';, since we also assume n € I'), \ I';, the definition of P(*E) 1
given earlier and Equation (2.2) yields

[Plonenl (0) = [i1,(e;)](0) = [i1nee](n) = [inmeq](n)
where the final equality holds since it is assumed rank (6) < [. It is then easily seen that

er(0) = ep(n) if rank (6) > [

(- P(H”)e;;](@) = {[;70 — i ameg)(n)  if rank (6) <1

However, it is clear that ey — ¢, meg|(n) = eg(n) if rank (§) > I. So in fact, we have shown

[(I— P(E”)e;](ﬁ) = [eg — i1 nmeg](n). Consequently,

e 37 2(O)[(I — Byy)esl(6) = b S a(6)[eq — ivamics](n)

oecl',, oecl'y,
=&'b{(z — iynmaz)(n)}

since clearly x = ) 4. #(0)eg and all the maps are linear. So, we finally have

(c}) = eax(§) + e'b{(z — irama)(n)} = [jn(2)](7)

as claimed. O

2.5 The operator algebras for the original Bourgain-Delbaen
spaces

We conclude this chapter by exhibiting an uncountable set of isometries on the original
Bourgain-Delbaen spaces which are pairwise distance C' apart (with respect to the usual
operator norm) for some constant C' > 0. In particular, this establishes that the operator
algebra £(X) is non-separable for any of the original Bourgain-Delbaen spaces X.

We take this opportunity to note that it is in fact easy to show IC(X) is non-separable
when X is a Bourgain-Delbaen space of class X, so certainly £(X) is non-separable. Indeed,
it was shown in [7, Theorem 4.4] that in this case, every infinite dimensional subspace of X
has a subspace isomorphic to #1. In particular, /1 embeds into X. Since the dual operator of
an isomorphic embedding is a quotient operator, it follows that there is a quotient operator
Q : X* — ly. Consequently, X* cannot be separable and therefore neither is (X)) since
X* always embeds isometrically into K(X).

The non-separability is interesting because, as commented by Beanland and Mitchell in
[4], Emmanule showed that o, does not embed into £(X) when X € X, thus giving an

example of a non-separable Banach space containing no isomorphic copy of /. Similar
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questions about the separability of £(Y') when Y € ) remained open however. This section
addresses this problem; we remark that at the time of writing, it remains unknown if ¢,
embeds into L(Y).

2.5.1 Construction of the basic operator

For the remainder of this chapter, we fix real numbers a, b satisfying either of the conditions
of Bourgain and Delbaen (see Section 2.3) and work with the Bourgain-Delbaen space
X = X,p = X(I',7) (for some suitable 7 mapping, as shown in the previous section). We
begin by inductively constructing an isometry S* : ¢1(I') — ¢1(I"). We will show that the
dual of this operator restricts to give an isometry S : X — X. In the following section, we
will then take appropriate compositions of operators of this type to obtain the uncountable
set of isometries we seek. We continue with the notation used in the preceding section.

To construct S*, we fix a v = (n+ 1,k,&,n,6,¢') € Apy1 (where n > 2) and aim to

construct (inductively) a bijective mapping F': I' — I" with the following properties
(1) F(v) =(n+1,k&n,—e,—€) =7

(2) F(9) =~

(3) F(r) = if rank (7) < rank (v) and 7 ¢ {~,7}

(4) rank (F/(7)) =rank(7) V 7€ I'. We shall say F is ‘rank-preserving’.

Note that we must assume n > 2 in the above since we recall that Ay = @ and I'y =Ty is
simply a singleton set.

The operator S*: ¢1(I') — ¢1(I") will map d* to .y for all 7 ¢ {v,7} and d to — Fr)
for 7 € {7,4}. (The reason for this sign change in the special case where 7 € {v,%} will
shortly become apparent.) The important point here is that we know how S* acts on the
dr vectors; it is this property that will ensure the dual map restricts to give a map from
X into X. Of course, the property just described only defines a linear map on the dense
subspace sp{d} : 7 € I'} of ¢;(I"). We also need to show that this map is bounded, so that
it can be extended to a bounded operator on ¢;(I'). Note that since we are working with
the ¢; norm, in order to prove S* is bounded, we only need to be able to control ||.S*(eX)]|.
More precisely, if there is some M > 0 such that ||S*(ek)|| < M for every 7 € I, then it is

elementary to check that S* is bounded with norm at most M.
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To begin the inductive constructions of S* and F we define F': I';,;1 — I'hy11 and
S*: fl(FnJrl) — fl(rn+1) by
vy ifr=7v
F(r)y=¢v ifr=%
T 7 E{n7}
—dF(T) if e {v,9}.
Recall that if rank7 < n+1,¢; € sp{e; : 0 € I',} =sp{d : 6 € I';,}. Consequently, using
the linearity of S*, it is easily seen that for all 7 € I" with rank7 < n 4+ 1, S*cl = ¢

T

Therefore, S*eX = S*(ck) + S*(df) = ¢t +di =ek forall T € 'y \ {7,7}. We also have

S*(e2) = §*(ch +d7) = & — d

= —c5 —di+ () +c3)

since if we look at the possible values of ¢, and cZ obtained in Section 2.4 we see ¢} +cZ = 0.
(We remark that this computation works due to the ‘sign change’, S*dfY = —di‘fy, noted
earlier.) In a similar way we obtain S*(eg) = —e. The above discussion can be succinctly

summarised by the following formulae which are valid for all 7 € [';41.
e = et if 7 ,
s =7 ko LTEN)
€5 if 7 € {v,7}.
Since also ¢} = e} — d for any 7 € I' it is easily checked that
S () = ;= C*F(T) if 7 ¢ {v,%}
G =—Cpy HTE {7,4}.
(We once again made use of the fact that c% + ¢z = 0 in the above formula).
It is now clear how the inductive construction proceeds. We assume inductively that for

some k € N we have defined F': ',y — I'),4x and a linear map S*: 01(T'pik) — €1(Dntk)

satisfying:

(1) F:Tyyr — I'yyg is a bijection, satisfying the four desired properties of F' given at the

beginning of this section.

(2) For each 7 € ') 44,

(i)
= (o HrE 0
—€r () if 7€ {v,7}
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(i)
—dpy 1€ {7,%}
(iii)
s = Fo TET
—Cpy MHTE {7,4}.

noting that the previous discussion gives us the case k = 1. We will show that we can
extend the maps F' and S* to F: I'yypr1 — Thgrsr and S*: 6 (Thig+1) — C(Tngrs1)
such that the above properties are still satisfied. Let 7 = (n+ k + 1,1,6, , €, €). Recalling
that ¢& € £1(Ty4x), S*(ct) is already defined by the inductive hypothesis. In fact, by
Proposition 2.4.3,

5+t eaS*(ep) it p eIy
() = eaS*(e,) + €'bS* <(I - P l])e:;> if o € Tpyre \ T
S*(ep) and S*(ey;) are given by the inductive hypothesis and property (2i) of S*. The
slightly harder term to deal with is S *(P(*O 1 ey,) where ¢ € T4 \I'i. We observe that since

e € £1(T'4k) We can write
e’; — Z ad, + a7d§ + a:,d%
wern—kk\{’}/v’?}
By the inductive hypothesis, we get
S ep) = D audiy, — aydi — asd;
and, using the fact that F' is rank preserving, we find that

Zwefl O‘wd}(w) ifl<n+1
D wern\ (i} Qlpgy — ayds —azdy  ifn+1<I<n+k

Py (57(e3)) = {

In either case, it is now easily seen by a similar computation that Py, , (S*(ey)) = S~ (P(*()J]QZZ)-

From this computation and property 2(i) of the inductive hypothesis, we find that

yﬁmﬁz{am@aw if o ¢ 7.3}
’ Poy(—ere)) ifee{r7}

Note that since 6 € T';, it not possible to have ¢ € ', \ I'; and both 6 and ¢ in {~,7}.

So when ¢ € I'y,1x \ Ty, it is apparent from our computations that there are precisely 3

o1



possibilities to consider when computing S*(ck). We obtain
S*(ct) = S§* (eaez +eb(I - P(B’l])e:,)
cacig +€b{ (= Poy)er) ) 60 ¢ {77}
= —€aek(g) + €/b{(-’ Poa)erey)p 0e{niteéd{r.7}
cachg +€b{(I = Pl p)(=h) b 06 {13} € {74,
In the easier case where ¢ € I';, we have
€Al o) if 0 ¢ {v,7}
—caepg if 0 ¢ {v,%}.

Finally, we note that since F' is rank-preserving, all of the above formulae are equal to

ﬁ@mzmwwmz{

ct for some suitably chosen = € A, 1;+1. We can therefore define F' on A, 141 so that
S*(ct) = c}}(T). Our above calculations show that in order to achieve this, the correct
definition of F'is F ((n+k+1,1,0,p,¢,€")) =

((n—i-k—I—l,l,F()go,e €) if peTyand 0 ¢ {v,7}
n+k+1,1,F(8),p,—€¢€) if pel;and 0 € {v,7}

(n+k+ 1,1, F(0), ( ),e,e’) ifoel, 1 \Iyand 6,p ¢ {v,7}
(n+k+L1LF(@O),F(p),—e€) ifpelnp\Land b e{y,7}¢ ¢ {77}
(n+k+1,1,F0),F(p),e,—€) ifpelpix\Iyand 0 ¢ {v,7}, 0 € {7,7}.

F:Tyik11 = Tparer is easily seen to be a bijection. We now extend the definition of S* by

\

defining S*(d}) := dpry for 7 € Apypir. Since €] = ¢ +dj it is clear that S* (ef) = €r(r)
for any 7 € A, 4k+1. Thus we have extended F' and S* and both maps have all the desired
properties that were stated earlier.

By induction, we have thus succeeded in defining a linear map S*: coo(I") — £1(T). It
is bounded since, by construction, S*(eX) = :I:e*F(T) for all 7 € T' (with a - sign only when
T € {7,9}). So ||S*(ef)|| = 1 for all 7 € I' and therefore S* is bounded by our earlier
remark. It follows that S* extends to a bounded linear map on ¢;(I'). In fact, S* is an
isometry onto ¢;(I"). Indeed, since F' is a bijection, and S*(ef) = :l:e*F(T) forall T €T, S*

is certainly onto. Moreover, suppose ) _.parey € ¢1(I'), then

S* <Z a76:> H Z aTe*F(T) — aﬁ,eg — aaez
Tel Tel'\{v,7}
= > a4+ 1= ay + ] a5

TeM{v,7}

= las|

Tel

E are;

Tel
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where we have repeatedly made use of the fact that F' : I' — I'is a bijection, so 6;«“(7) #+ 6}(7')
when 7 # 7/. Tt follows that the dual operator (S*)*: ¢1(I")* — ¢1(T')* is also an isometry.
For convenience, we drop the brackets and just write S** for (5*)*.

Recall that d, € ¢1(T")* denotes the usual biorthogonal vector (as in Section 2.3) of the
basis (dj)ger of ¢1(I'). Using the fact that

7y, ifTE {7

it is elementary to check that

dp— if w A
—dpa,y iwe {77}
Recalling from Section 2.3 that the Bourgain-Delbaen space is precisely X = [d, : v € I'],
we see that S** restricts to give an onto isometry S := S**|: X — X. We shall call S a

basic operator. By the previous observation, we get

Lemma 2.5.1. Let ) od, € X. Then

S (Z Oéwdw> = Zdwdel(w)

where
- Jow ifwé {7}
Qy = . -
—ay  ifwe{y,7}
Of course, the definition of S*, and consequently S, depends on the initial choice of v €
A, +1. Moreover, the construction of S* is very much dependent on the bijection F': ' — T,
which also depends on our initial choice of v € A,,+1. We define some terminology that will

be useful later.

Definition 2.5.2. Suppose S is constructed as above by fixing v € A, y1. We shall say
that S has rank n and that v is the base of S. We write base (S) = v and rank (S) = n.
We shall say the bijection F': I' — I', used in the construction and definition of S*, is the
underlying function on I.

We will usually denote a rank n basic operator by .5, and its underlying function on I'
by F,.

Lemma 2.5.3. Let m < n and suppose Sy, Sp: X — X are basic operators of ranks
m and n respectively. If X is the basis constant of the basis (dj)ecr of £1(I') such that
X =[dg:0 €T}, then
1
HSn - Sm” 2 5
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Proof. Let v = base (Sy,) (so in particular rank (y) = m + 1) and let F,,: I' — T" be the
the underlying function on I' for S,. So by Lemma 2.5.1, S,(d,) = an—l(,Y) = d since
F,|r,, =1d|r,, and S,,(d,) = —d5. We recall that ||d-|| =1 for all 7 € I" (see Lemma 2.2.5
and Remark 2.3). (This was also proved using a different method in [17].) Using this fact,

we can estimate as follows.

”Sn - Sm” 2 ||Sn(dv) - Sm(dW)H

= lldy +ds]

> |dy(ldy |7 d3) + dy (15 ]~ d3)

— )t >
To obtain the final inequality, we have made use of the fact that for all 7 € T, ||d}| =
|lex — P erl S1+A<2A O

T (0,rankT

We therefore have at least a countably infinite number of operators on X, all of which
are pairwise distance at least 1 apart. To establish the non-separability of £(X) we need

to work a bit harder.

2.5.2 Non-separability of £(X)

In the final section of this chapter, we establish the non-separability of £(X). Throughout
this section, A is the same constant as appearing in the previous lemma. The idea is to
construct an uncountable set of operators on X, all of which are pairwise distance 1/2\
apart by taking suitable compositions of basic operators of increasing ranks. For each
n € N, n>2 wefixa~y, € Appq and let S, be the basic operator (as constructed in
Section 2.5.1) with base (S),) = 7,. We work with these operators for the remainder of the
section. The underlying function on I' for S,, will be denoted by F,. We recall that each
Sy, is obtained by taking the dual of some operator S : ¢1(I') — ¢;(I") and restricting it to
X.

Before progressing any further, we need

Proposition 2.5.4. Let (nj)Jo-’;l be a strictly increasing sequence of natural numbers with
ny > 2. For p < m,(p,m € N) denote by Ty, the composition of basic operators T, =
S 005y o8y . For any x* € (1(T'), the sequence (17 ,x*)p2, converges in {1(L').

Np+1

Proof. 1t is enough to show (T7,2%)72, is a Cauchy sequence. We note that for k > [,

HTl*,kx* - Tl*,lx*H = HTl*+1,k(T1*,lx*) - Tf,lx*H
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We recall that for any p € N, Sp|s, r,) = Idg,(r,). Therefore, since the sequence (n;)52,
is strictly increasing, it is easily seen that z}il,k|él(rnl+1) = Id|él(Fnl+1). Since (d)wer is a

(Schauder) basis for ¢;(I"), we can write

17 x" = Z aDdx
wel

So

|70 = T || = [ Tas (3 o) = 3 allas
wel wel

| X basman( X ela) -3 ela

wEFm+1 weF\Fm+1 wel’
< QH g ag)d:z
wEF\Fnl+l

where the final inequality is obtained from the triangle inequality and the fact that T}, ,
is a composition of isometries, therefore has norm 1. To prove the proposition, it is enough
to show ||(T1*l — P(*O,nz+1}
To see this, we consider 2* = ) _pdwd, to be any vector in /1(I'). For any j,m €

T7)x*|| = 0 as I — oo.

N, since Fj, preserves the rank of all elements in I', an easy computation yields that
P(’E)’ﬂ Syt = S;;zp(%,jﬁ*- Consequently, as a composition of S}, operators, the same equality
holds with S;, replaced by T}.. for any [,k € N. Using this observation, it is now easy to

see that ||(7}, — P

(O,an]Tf,l)w*H — 0 as | — oo. Indeed,

I(T5) = Py y T2 | = ITET = Py, Dl = (T = Py, )2

We have made use of the fact that the operators T}, are isometries on £1(I') to obtain the
final equality. The right-hand-side of the above expression clearly converges to 0 as [ — co

since the sequence (n;);°; — oo and the P(*O - operators are basis-projections. ]
Using the above observation, it is easy to prove the following corollary:

Corollary 2.5.5. Let (”j);'il be a strictly increasing sequence of natural numbers with
n1 > 2, and let 7, (n € N) be defined as in Proposition 2.5.4. Then we may well-define a
linear operator T7, o = £1 (') — £4,(T) by

Jj=1

TGy, (&%) = lim T7 ;(z7) (x* € (1))

j=1 Jj—00

Moreover, T(tzj)‘?olz 01(T) — £1(T) is an onto isometry.
ol

We are finally ready to prove the main result of this chapter.
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Theorem 2.5.6. Given a strictly increasing sequence of natural numbers (n;)2, with ny >

Jj=
2, the dual operator of the operator T, ( D5 restricts to give an onto isometry, T(n,)oo X =

X. Moreover, if (nj)52, and (n;);2, are two different strictly increasing sequences, with

ng = ny for k =1,2 and ny > 2 then

1

HT(nj)?il o T("J)oo 2)\

Since the set of all strictly increasing sequences of natural numbers with the first two terms

being fized is uncountable, it follows that L(X) is non-separable.

Proof. The dual operator of T(*;l]_)oo is an onto isometry of ¢ (I') by standard duality
j=1
arguments. So for the first part of the proof, we must only see that it maps X into (and

onto) X. We fix a § € I' and show (T(’;j))*(dg) €ldy:ye€T]. For 7 €T, we have

[(T3,)) " (do))(d7) = do (T, (d7))
= lim dg(le(d )

j—00
= lim dg(S* -0 Sy (dr))

]*)OO

We let m be mininal such that 7 € ', (i.e. 7 ¢ ', ,, so in particular rank (7) > n,,—1)

and consider 3 possibilities:
(1) m = 1. In this case Sj o---0S7 (d7) = d7 so it follows that [(T{; n )) (dp)|(dE) = dg(dX).

(2) m = 2. Now we have that Vk > 1, S; o---0.S5; (dy) = S, (d;). It follows that

[(T(n,))* (do)](d7) = do (S, d7)
do(d}nl(ﬂ) if 7 # base S}, or Fy, (base S} )
|~ (d}nl(ﬂ) otherwise.

(3) m > 2. It is seen that Yk > m — 1, S}, o---08; (df) =S  o---0S; (d;). So

[(T)) (do)](d3) = do (S5, 0+ 0 Sy, (d7)).

Since rank (7) > 1,1 > np_2--- > np and we are assuming m > 2, S;; o---o0
S’;;l (di) - d}nmfgo"-anl (T) and 50 do (S;:m—lo. ’ .OS:H (d;k')) = do (S;; —1 (d}nm720---an1 (T))) ’
We consider two sub-cases:

(a) Either base (S ) = F,,,_, 00 F, (1) or Fp,_ (baseS; ) =F,, ,0-0
F,, (7). We note that in particular this implies rank (7) = n,,—1 + 1. In this case,

S;klm 1(d*an_20~~an1 (‘r)) = _d*an_lanm_Qo--anl (m)° It follows that [(T(tlj))*(dg)](d:) =
—dg(d*n 10Fn,, _500Fn, (7’))
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(b) Bothbase S, and F,,_,(baseS;, ) arenotequalto I}, ,o0---0F, (7). Anar-

gument similar to the previous case shows [(T(*;lj))* (do)l(d7) = do(d},

m—1 m—2

We note that in all possible cases, [(T(tlj))*(dg)](di) # 0 only if rank () = rank (7). So

given x* =3 a,d}, € 1(I') we have

(T5,))" ()] (z") = [(T@j))*(de)](zrawd:) - Z @u[(T7,,)" (dg))(d2)
rank (w)=rank ()

= > Awde (%)

wel’
rank (w)=rank ()

where )\, := [(T(’;Lj))*(dg)](dZ) and we have made use of the obvious fact that a,, = d,(z*).
It follows that (T(*nj))*(dg) € X as it is a finite linear combination of the d,. Thus (T(*nj))*
does indeed restrict to give an isometry from X into X. One can do similar computations
to verify that (T(*nj ))* maps X onto X. It follows that the operator T(,,;): X — X, defined
in the theorem, is an onto isometry as required.

We suppose now (n;)32; and (n;)32; are two strictly increasing sequences which have
the same first two terms and such that ny > 2. We choose k minimal s.t. ng # nj and
w.lo.g. assume nj > ng. We note that by the minimality of k we have n; = n; whenever

j < k and that by assumptions on the sequences, k > 2. We note that for any 8,7 € I'

Hij) — Tw)

| > |, ()2 72 a) — [T (o))~ |

We will find specific 6,7 € I' such that the right hand side of the above inequality is equal

to ||d%|| =1, which will complete the proof. Our previous calculations show that

L) (do)](dr) = do(£dF, o oF,, ()

where m € N is minimal such that 7 € I',, (and it is assumed that 7 is chosen s.t.
m > 2, i.e. 7 is chosen in T' \ T'y,). Moreover we have a minus sign precisely when
base Sy, , = F, o---0Fy, (1)or F, (base Sy,,_;) = Fn,,_ 00 Fy (7). Similarly,

Nm—2 Nm—1

[T(7)(do)](d7) = do(Edf

np_lo-nthi(T)>

where p € N is minimal such that 7 € I'; (and it is assumed that 7 is chosen s.t. p >

2). Moreover we have a minus sign precisely when base Sm = an_2 0.+ 0 F(T) or
P%;:;(baseé%i:j) =F O---OAF%E(T).

np_2
We will in fact choose 7 such that rank (7) = ny + 1. It is easily seen that with a choice

of 7 like this, the ‘p’ above must be equal to k + 1. On the other hand, the choice of m

above must in fact be equal to k since nj, < np = np > nip+1and thus 7 € I'gryq €Ty,
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whilst 7 ¢ I', | = I''—. Since we have observed k > 2 our above calculations remain

valid, and we find that for such a choice of 7 we have

[T (do))(dr) = do(£dE_o..oF ()
[T(nj)(de)](di) = de(j:d}nk,lo"'OFnl(T))

where we have a minus sign precisely in the cases described above. Since all the F,,,’s are

rank preserving, a perfectly good choice of 7 fulfulling the condition that rank (1) = ny + 1

isT= Fﬁill 0---0 F;il(base Sir). If we now choose 6 = Fj (base S5;) we see that

[T(ﬁ;)(de)](d:) = dg( - d}@ (baseSﬁ,;)) = -1
[Tny) (do))(d7) = dp(£dipses, ) = 0

where to establish the final equalities we made use of the facts that n; = n; for all j < k
and 0 = I (base S;;) # base Sy by the very construction of [, . So, for these choices of
0, T we finally get

Ty = T | = [Ty @1z~ 2) = [T (o))l )

= [laz]I™*
1

>
2

as required. ]

We conclude this chapter by observing that we can use the non-separability result just
obtained to provide a short proof that no Bourgain-Delbaen space of class ) can have the

scalar-plus-compact property.

Corollary 2.5.7. There exists no X € Y for which every bounded operator on X is a scalar

multiple of the Identity plus a compact operator.

Proof. Tt was shown in [7] that for any Bourgain-Delbaen space X € Y, X* is isomorphic
to £1. Moreover, we have seen that all spaces of Bourgain-Delbaen type have a Schauder
basis, and consequently have the approximation property. For any Banach space Y with
separable dual and approximation property, the space of compact operators on Y, K(Y') is
separable, and thus so also is the set of all operators of the form A\I[y+K (A € R, K € K(Y)).
Therefore if X € ) had the scalar-plus-compact property, its operator algebra would be
separable. This contradicts Theorem 2.5.6. ]
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Whilst our non-separability result allows us to give a nice proof that the spaces in Y
do not have the scalar-plus-compact property, we remark that the ideas in this section can
be suitably modified to produce much stronger results. Indeed, one can use similar ideas
to construct non-trivial projections on any of the Bourgain-Delbaen spaces X in X U ).
(A non-trivial projection is one which has both infinite dimensional kernel and image.) It
follows that X does not have the property that every bounded linear operator on X is a
strictly singular perturbation of a scalar operator. Obviously this implies that the previous

corollary holds for any of the original Bourgain-Delbaen spaces, not just those of class ).
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Chapter 3

Spaces with few but not very few
operators

3.1 The Main Theorem

Having looked in detail at the Bourgain-Delbaen construction in the previous chapter, we
move on to consider a problem posed by Argyros and Haydon in [2]. We begin by introducing

the following definition.

Definition 3.1.1. Let X be a Banach space. We will say X has few operators if every
operator from X to itself is a strictly singular perturbation of the identity, that is, expressible
as AI + S for some strictly singular operator S: X — X. We say X has very few operators

if every operator from X to itself is a compact perturbation of the identity.

The fact that Banach spaces with few operators exist was first established in 1993 by
Gowers and Maurey in [16]. The existence of a Banach space with very few operators was
shown much more recently in [2]. In addition to their obvious intrinsic interest, such Banach
spaces exhibit remarkable Banach space structure, as discussed in the introduction to this
thesis. The motivation behind this chapter comes from a question that naturally arises from
the work of Argyros and Haydon in [2].

We recall once again that the Banach space Xap, constructed by Argyros and Haydon
in [2], is done so using the generalised Bourgain-Delbaen construction, as discussed in the
previous chapter. Consequently, it has a Schauder basis and is a separable %, space. It
was seen in [2] that the control over the finite dimensional subspace structure provided by
the £, property was essential in proving that Xap has very few operators and we will
use the same type of argument later in this chapter. Moreover, one can exploit the Lo
structure to show that the dual space of Xay is £1.

In light of the previous discussion, it is natural to conjecture that the ideals of strictly

singular and compact operators on a separable L, space with ¢ dual coincide. Clearly this
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must be true for the space Xayg. Moreover, if one considers the space ¢y, the most obvious
example of a separable L., space with ¢; dual, it is once again found that the conjecture
holds. Indeed, it is well known (see, e.g. [1, Theorem 2.4.10]) that a bounded linear operator
defined on c¢q is compact <= it is weakly compact <= it is strictly singular. More
generally, for spaces X with ¢; dual, the weakly compact and norm compact operators from
X to itself must coincide as a consequence of ¢; having the Schur property; this provides
further hope that the conjecture holds if we demand ¢; duality.

On the other hand, if we instead look at operators defined on X, a separable L., space
with #; dual, but mapping into a different target space, it is certainly possible for us to
construct strictly singular operators that are not weakly compact (and hence not compact).

To see this we need the following lemma.

Lemma 3.1.2. Let X be a separable Banach space and suppose €1 embeds isomorphically

into X*. Then there is a quotient operator Q : X — ¢y.

Proof. Since ¢; embeds into X*, we can find a sequence (y)) in the unit ball, Bx+«, of
X* equivalent to the canonical basis (e,) of ¢1. Since X is separable, the weak* topology
restricted to the Bx~ is metrizable. It follows from this (and weak* compactness of Bx+)
that we may assume (passing to a subsequence of the (y) if necessary) that the sequence
(yr) is weak™ convergent. Now the sequence (x}) C X* where 2z, = y3, — v3,_1 is weak*
null and moreover, (z}) ~ (e,) C ¢; (recall every seminormalized block basic sequence of
{1 is equivalent to the canonical basis of /1, see, e.g. [1, Lemma 2.1.1, Remark 2.1.2]). Let
T:c5 =41 — X* be the isomorphic embedding which maps the basis vector e, of ¢; to
x}. We claim that 7' is weak*-weak* continuous. Indeed, suppose ((ag)fj’:l)ge  is a weak™®
convergent net in ¢ with limg(ag) = (ay), i.e. whenever (£,)22, € co, Y oy ale, —
> o2 anky. Now, for any x € X, the sequence (x}z) € ¢ since the sequence () is weak™

null. It follows that

T((aﬁ))x = Zaﬁx;x — Zan:cnac =T ((aw))z
n=1 n=1

ie. T((aﬁ)) —" T((cw,)) as required. It follows by Lemma 1.4.12 that T : ¢ — X*
is the dual of some operator Q: X — c¢g. Moreover, by Lemma 1.4.11, @ is a quotient

operator. O

Corollary 3.1.3. Suppose X is an ZLs space of Bourgain-Delbaen type, i.e. obtained from
one of the constructions discussed in the previous chapter. If X has no subspace isomorphic
to co then there exists a strictly singular operator QQ: X — co which fails to be weakly

compact.
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Proof. We have seen in the previous chapter that all the %, spaces X of Bourgain-Delbaen
type are separable (they have a Schauder basis) and moreover, that ¢; embeds into the dual
space. Consequently, by the above lemma, there is a quotient operator Q: X — co.
Suppose for contradiction that @ is weakly compact. Since @ is a quotient operator, it
follows from the Open Mapping Theorem, that there is an M such that By € MQ(B%) C
MQ(Bx). Therefore, B, = Bgow C MQ(Byx)" so that B, is weakly compact (it is a
weakly closed subset of the weakly compact set mw) This contradicts the fact that

co is not reflexive, so ) cannot be weakly compact.

Since X has no subspace isomorphic to ¢g it follows that @ is strictly singular. To see
this, suppose there is an infinite dimensional subspace Y on which @ is an isomorphism.
Then, by [1, Proposition 2.2.1] the subspace Q(Y) contains a subspace Z isomorphic to
co. The image (Q|y_>Q(y))*1(Z ) is then a subspace of X isomorphic to ¢y, giving us a

contradiction. O

We remark that there do exist %, spaces of Bourgain-Delbaen type which have no
subspace isomorphic to ¢y and therefore satisfy the hypotheses of the previous corollary.
Indeed, it is immediate from the HI property that the Arygros-Haydon space is one such
example. In fact, it was shown in [7], that if X € X, Y € ), where X, ) are the original
classes of Bourgain-Delbaen spaces, then every infinite dimensional subspace of X contains
a subspace isomorphic to ¢ and every infinite dimensional subspace of Y contains an infinite
dimensional reflexive subspace. It follows from these facts and elementary results in Banach
space theory that the original Bourgain-Delbaen spaces also have no subspace isomorphic
to cg.

Of course, the previous corollary does not give us a counterexample to the conjecture
posed at the beginning of this chapter; the proof relies on exploiting properties of the
space cg which features as the co-domain of the operator exhibited. We are interested in
operators from a space to itself. The purpose of this chapter is to exhibit a class of Banach
spaces which are genuine counterexamples to the previously stated conjecture. In fact, we
provide counterexamples to the following, stronger version of the original conjecture; ‘must
a separable L., space with few operators and ¢; dual necessarily have very few operators?’.
This question was originally posed by Argyros and Haydon in [2, Problem 10.7]. Our main

result is the following:

Theorem 3.1.4. Given any k € N,k > 2, there is a separable £, space, Xj, with the

following properties:-

1. Xy, is hereditarily indecomposable (HI) and X} = {;.
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2. There is a non-compact bounded linear operator S: X — X. S is nilpotent of degree
k,ie ST #0 forl<j<k and, S*=0.

3. Moreover, S7 (0 < j < k—1) is not a compact perturbation of any linear combination

of the operators S',1 # j.

4. The operator S: X, — X}, is strictly singular (and consequently S7 is strictly singular
forallj >1).

5. FEvery operator T on X can be uniquely represented as T = Zf:_ol \iSt + K, where
Ni €R(0<i<k—1) and K is a compact operator on Xj.

It is immediate from the above properties (and the fact that the strictly singular oper-
ators are a closed ideal in the operator algebra - see Corollary 1.4.27) that the spaces X
have few operators but not very few operators. In other words, RI + K(Xz) & L(X) C
RI + 8S(X)) (where SS§(Xy) is the space of strictly singular operators on X ). We thus
have a negative solution to Problem 10.7 of Argyros and Haydon ([2]).

In addition to solving the previously discussed problem, it turns out that there are a
number of other interesting consequences of these constructions, specifically concerning the
Calkin algebras and the structure of closed ideals in £(Xj). Since the details of the proof

of the main result are fairly long and technical, we choose to present these corollaries first.

3.2 Corollaries of the Main Theorem
3.2.1 On the structure of the closed ideals in £(X}).

The structure of norm-closed ideals in the algebra £(X) of all bounded linear operators
on an infinite dimensional Banach space X is generally not well understood. For example,
classifying all the norm-closed ideals in L(¢, & ¢;) with p # ¢ remains an open problem
(though some progress has been made in [27]). What is known, is that for the ¢, spaces,
1 < p < o0, and ¢y, there is only one non-trivial closed ideal in £(X), namely the ideal of
compact operators. This was proved by Calkin, (8], for f and then extended to ¢, and ¢
by Gohberg et al., [14]. More recently, the complete structure of closed ideals in £(X) was
described in [20] for X = (&52,44)¢, and in [21] for X = (&52,44)s, . In both cases, there
are exactly two nested proper closed ideals. Until the space constructed by Argyros and
Haydon, [2], these were the only known separable, infinite dimensional Banach spaces for
which the norm-closed ideal structure of the operator algebra is completely known.
Clearly the space Xap of Argyros and Haydon provides another example of a separable
Banach space for which the ideal of compact operators is the only (proper) closed ideal in

the operator algebra. The spaces constructed in this chapter allow us to add to the list
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of spaces for which the ideal structure of £(X) is completely known. In fact, we see that
we can construct Banach spaces for which the ideals of the operator algebra form a finite,
totally ordered lattice of arbitrary length. More precisely, the following is an immediate

consequence of our main theorem.

Theorem 3.2.1. There are exactly k norm-closed, proper ideals in L(Xy). The lattice of

closed ideals is given by
K(X) C (571 G (S772) .. (9) & L(Xk).

Here, if T is an operator on Xy, (T) is the smallest norm-closed ideal in L(X)) containing

T.

3.2.2 The Calkin algebra L£(X;)/K(Xy).

We note that as a consequence of properties (3) - (5) of the main theorem, the Calkin algebra
L(Xy)/K(Xy) is k dimensional with basis {1 +K(Xy), S +K(X), ..., ¥+ K(Xk)}. More
precisely, it is isomorphic as an algebra to the subalgebra A of k x k upper-triangular-
Toeplitz matrices, i.e. A is the subalgebra of Mat(k x k) generated by
01 7
0 1
0<j<k—1
1
0

\ Vs

An explicit isomorphism is given by : £(X)/K(Xr) — A = R[X]/(z"),

Mo M g o e Mg
0 X M A o0 Ao
k-1 . 0 0 X M :
NS KX~ |
=0 0
o o o --- 0 A0

We remark that the quotient algebra £(X)/SS(X) (where SS(X) denotes the strictly
singular operators on X ) was studied by Ferenczi in [12] for X a HI, or more generally, a HD,,
space. Here it was shown that for a complex HD,, space, dim(L(X)/SS(X)) < n?. The
above remarks show that the Calkin algebra of a HI space can behave somewhat differently
however; indeed any finite dimension for the Calkin algebra can be achieved. In the next
chapter, we will extend these results further still, and show that it is possible to obtain a

Banach space X, which has Calkin algebra isometric as a Banach algebra to ¢;(Np).
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3.2.3 Commutators in Banach Algebras

Rather unexpectedly, the space X9 also provides a counterexample to a conjecture of Pro-
fessor William B. Johnson; the author is thankful to Professor Johnson for bringing this
to his attention. To motivate the conjecture we recall the following classical theorem of

Wintner.

Theorem 3.2.2 (Wintner). The identity in a unital Banach algebra, A, is not a commu-

tator, that is, there do not exist v,y € A such that 1 = [x,y] := zy — yzx.

Proof. Suppose for contradiction the theorem is false and choose =,y € A such that 1 =
zy — yz. We claim that zy” — y"z = ny™~! for all n € N. The proof is a simple induction;

clearly it is true for n = 1. Suppose that zy™ — y"x = ny" ! holds for some n € N. Then

n+1 n+1x — (

ry" T —y zy" —y"z)y +y" (wy —yz) =ny" Ly +y" 1= (n+ 1)y"

completing the induction.
Observe that 4™ # 0 for any n, since otherwise there is a smallest value of n with

n—1

y™ = 0. However, we now find that 0 = xy™ — y"z = ny™ *, contradicting the minimality

of n. Finally, we have for any n

nlly" 7 = llay™ =y || < 2|zl ylllly"
and since ||y" 71| # 0 for all n, we have n < 2||z||||y|| for all n. This obvious contradiction

completes the proof. ]

If X is a Banach space and M is a proper norm-closed ideal of £(X), applying the above
theorem to the unital Banach algebra £(X)/M, it is easily seen that no operator of the
form Al + M with A # 0 and M € M is a commutator in the algebra £(X). In fact, as is
commented in [18], this is in general the only known obstruction for an operator in £(X) to
fail to be a commutator when X is any infinite dimensional Banach space. Consequently the
authors of [18] define a Wintner space as a Banach space X such that every non commutator
in £(X) is of the form A + M where A # 0 and M lies in a proper norm-closed ideal.

Johnson conjectured that every infinite dimensional Banach space is a Wintner space.
Until the existence of the spaces constructed in this thesis, all infinite dimensional Banach
spaces X for which the commutators in £(X) could be classified satisfied this conjecture.

However, we can easily see that X, fails to be a Wintner space.

Lemma 3.2.3. X5 is not a Wintner space.
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Proof. We note that the operator S € £(X3) fails to be of the form AI + M with A # 0 and
M lying in a proper norm-closed ideal of £(X2). Indeed, if S has such a form, we can write
S = A + pS + K where X\ # 0, since by Theorem 3.2.1 the only proper norm-closed ideals
in Xy are K£(X2) and (S) = {uS+ K : p € R, K € K(X2)}. However, this contradicts the
fact that the vectors I + K(X2) and S + K(X2) are linearly independent in £(X3)/KC(X2)
(see property (3) of the main theorem).

To complete the proof, it suffices to see that S is not a commutator; this is easy using
the operator representation, property (5), of the main theorem. Indeed suppose for con-
tradiction that there exist Th,T> € L(X3) with S = [T},T3]. For ¢ = 1,2, we can write
T; = NI + p;S + K; where A, p; are scalars and K; are compact operators. We then have

S =TTy —TyT}
= (M1 4+ mS + Ki)(Mol + paS + Ka) — (Ao + poS + Ko)(MI + 1S + Kq)

for some compact operator K’. However, we know by property (2) of the main theorem

that S is not compact.Therefore S cannot be a commutator in £(X3). O

3.2.4 Invariant subspaces.

Finally, we remark that it was shown in [2] that all operators on the Argyros-Haydon space
admit non-trivial, closed, invariant subspaces. The same is true for all the spaces Xp.
Indeed, by a result of Lomonosov (see [23]), if an operator 7" commutes with a non-zero
compact operator, then 7" has a proper, closed, invariant subspace. In particular, if there
is some polynomial of 7" which is compact and non-zero, then certainly 1" has a proper,
closed, invariant subspace.

For an operator T: X — X, T = Z?;& \jS7 4+ K, we consider the polynomial of T,
given by P(T) := (T — M\I)*. Tt follows (by the ring isomorphism of the Calkin algebra
with the ring R[X]/(z*)) that P(T) is a compact operator. So if P(T) # 0 then we are
done by the result of Lomonosov. Otherwise it is clear that A\g is an eigenvalue of T', so it

has a one dimensional invariant subspace.

3.3 The Basic Construction

The rest of this chapter is devoted to proving the main theorem. Before continuing any
further, we define the notation and terminology that shall be used throughout this chapter.
We construct our spaces X by modifying the ideas used by Argyros and Haydon in their
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construction of the space Xa1. Consequently, it is convenient for us to work with the same
notation and terminology that they introduced in [2].
We will be working with two strictly increasing sequences of natural numbers (m;) and

(n;) which satisfy the following assumptions.
Assumption 3.3.1. We assume that (m;,n;) en satisfy the following:
1. my > 4,
2. mjp = m?;
3. np >m%
4. njy1 > (16m;)l082mi+1 = m?+1(4nj)log2mj+1.

We note that these are almost the same assumptions as in [2]; the only difference is that
we demand the stronger condition that m;; = m? for all j € N. (In [2], it was only assumed
that mjq > m? for all j.) Consequently, we have no problems drawing upon results from
[2]. In fact, for the purposes of this chapter, asking that mj;; > m? for all 7 € N would
have been sufficient, but we need the slightly stronger condition in the following chapter.

Like the Argyros-Haydon space, our spaces X; will be obtained from the generalised
Bourgain-Delbaen construction, described in the previous chapter (Theorem 2.2.2). Con-
tinuing with the same notation used in Theorem 2.2.2, we recall that the subspaces M,, =
[dy : v € Ay] form a finite-dimensional decomposition for X = X(I', 7). For each interval
I € N we define the projection P; : X — @, c; M, in the natural way; this is consistent
with our use of P(’t),n} in Theorem 2.2.2. As in [2], many of the arguments will involve
sequences of vectors that are block sequences with respect to this FDD. It will therefore be
useful to make the following definition; for z € X, we define the range of x, denoted ran z,
to be the smallest interval I C N such that z € @,,c; M,.

We recall from Theorem 2.2.2 that there is an ‘e parameter’ appearing in the admissible
tuples of 7(y) in the cases (0) and (2). Whilst this extra degree of freedom was required in
the previous chapter in order for us to unite the original and generalised Bourgain-Delbaen
constructions, we will not require it for the rest of this thesis; ¢ shall always be set equal
to 1. Consequently, we choose to simplify our notation and simply omit the £ appearing in
these tuples. This is also consistent with the notation from [2]. With this new notation,
if v € Apq1, we say the corresponding vector ¢, € (1(I') is a Type 0 BD-functional if
7(7) = (o, &) (in the notation of Theorem 2.2.2 this would have been 7(v) = (1, «,¢)).
Similarly, ¢ is called a Type 1 BD-functional if 7(vy) = (p, 8,b*) or a Type 2 BD-functional
if 7(y) = (o, &, p, B,b%) (see Theorem 2.2.2). We will call v a Type 0, 1 or 2 element in each

of the respective cases.
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Our space will be a specific Bourgain-Delbaen space very similar to the space Xapm
constructed in [2]. We adopt the same notation used in [2], in which elements v of A,
automatically code the corresponding BD-functionals. Consequently, we can write X (I")
rather than X (I, 7) for the resulting %, space. To be more precise, an element v of A, 11

will be a tuple of one of the following forms:
1. y=(n+1,p,B,b*), in which case 7(v) = (p, 5,b*);
2. y=(n+1,& 8,b") in which case 7(y) = (1, &, rank§, 5, b%).

In each case, the first co-ordinate of v tells us what the rank of -y is, that is to say to which set
A, 41 it belongs, while the remaining co-ordinates specify the corresponding BD-functional.

We observe that BD-functionals of Type 0 do not arise in this construction. Moreover,
in the definition of a Type 2 functional, the scalar « that occurs is always 1 and p is
always equal to rank&. As in the Argyros-Haydon construction, we shall make the further
restriction that the 8 parameter must be of the form mj_l, where the sequences (m;) and
(n;) satisfy Assumption 3.3.1. We shall say that the element v has weight mj*l. In the case
of a Type 2 element v = (n + 1,§,mj_17 b*) we shall insist that & be of the same weight,
mj_l, as 7.

To ensure that the sets A,y are finite we shall admit into A,,;1 only elements of weight
m; with 7 < n 4 1. A further restriction involves the recursively defined function called
“age” (also defined in [2]). For a Type 1 element, v = (n+ 1,p, 8,b*), we define agey = 1.
j—1
restrict the elements of A, 1 by insisting that the age of an element of weight m;1 may not

For a Type 2 element, v = (n 4+ 1,£,m; -, b*), we define agey = 1 4 age¢, and further
exceed n;. Finally, we shall restrict the functionals b* that occur in an element of A, by
requiring them to lie in some finite subset B,, of ¢1(I";). It is convenient to fix an increasing
sequence of natural numbers (N,,) and take B, , to be the set of all linear combinations
b* =2 erar, @ny, where 3, |ap| < 1 and each a, is a rational number with denominator
dividing N,!. We may suppose the N,, are chosen in such a way that B, is a 27"-net in

the unit ball of ¢1(I', \ I',). The above restrictions may be summarized as follows.

Assumption 3.3.2.

An—l—l - U {(TL+ 1ap7mj_17b*) -0 =p<mn, b € Bp,n}
j=1

n—1 p

U U U {(n—i— 1,§,mj_1,b*) 1§ € Ay, weight & = mj_l, agel < nj, b* € Bp’n}
p=1j=1

As in [2] we shall also assume that A, ; contains a rich supply of elements of “even

weight”, more exactly of weight mj_1 with j even.
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Assumption 3.3.3.

L(n+1)/2]
Apiq 2 U {(n+1,p,m2j,b*):0§p<n, b*eBp’n}
j=1
n—1[p/2]
U U U {(n—l— 1,§,m2] bF) & e Ay, weight € = mQ_jl, age{ < ngj, b* € B n}
p=1 j=1

For the main construction, there will be additional restrictions on the elements with
“odd weight” mgjl_l, though we will come to these later. To begin with, we shall work
with a different class of Bourgain-Delbaen spaces, and therefore choose to slightly change
our notation from the above, reserving the above notation for the main construction. In
what follows, T will take the role of I" above, and A,, the role of the A,’s. In particular,
T =Up Ay and T, = U7 A5

Now, we fix a k € N,k > 2 and define the space X(Y) to be the Bourgain-Delbaen
space given as in Theorem 2.2.2, where T = U2, A, and the A,, are finite sets defined by

recursion:

Definition 3.3.4. We define T by the recursion A; = {0,1,...(k —1)},

+
A1 = U{n+1p, 1) 0<p<mn, b*eBp,n}

.
==

i
L

||C

p
U{n+1§, TLb) € € Ay, weight € = m} !, age€ < nj, b eBpn}.

Remark 3.3.5. 1. Note that the cardinality of A; depends on the choice of & € N. In
this way, T (and consequently the BD space X (Y)) really depend on the chosen k € N.
In an attempt to avoid even more complicated notation, we consider £ € N, k > 2 to

be fixed for the remainder of the chapter.

2. Later on, we will want to take a suitable subset of T. To avoid any ambiguity in nota-
tion, in the above definition, and throughout the rest of the chapter, B, ,, will denote
the set of all linear combinations b* =}, .y \r, ane;, where, as before, }°, |ay| <1

and each a,, is a rational number with denominator dividing IV,!.

Eventually, we want to have a non-compact, bounded linear operator S on our space.
The ideas used to construct this operator are very similar, but more involved, than those
used in Section 2.5. We will make use of a single element set which is disjoint from T, and

label the element ‘undefined’. We obtain the following theorem.
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Theorem 3.3.6. There is a map G : T — Y U {undefined} (we say G(v) is undefined
if G(y) = undefined, otherwise we say G(v) is defined) and a norm 1, linear mapping
R*: 041(Y) — £1(Y) satisying:

1. G(j)=j—1 for1 <j<k—1 and G(0) is undefined (recall Ay = {0,1,...k —1}).

2. For elements v € T\ A1 such that G(y) is defined, rank vy = rank G(y) and weight vy =
weight G(v) (i.e. G preserves weight and rank). Moreover, ageG(y) < agevy (G

doesn’t increase age).

0 otherwise.

p if G(7y) is defined
RY(e) = {eG(,y) if G(vy) is define

if G() is defined

otherwise.

R (df) = {gam
Proof. We will construct the maps G and R* inductively. We note that since R* will be
a linear operator on ¢1(T), in order to ensure it is bounded, we only need to be able to
control [|[R*(e)|| (for v € T). More precisely, if there is some M > 0 s.t. [[R*(e})|| < M
for every v € T, then it is elementary to check that R* is bounded with norm at most M.
In particular, if property (3) of Theorem 3.3.6 holds, it follows that ||R*| = 1.

To begin the inductive constructions of R* and G we define G: Ay — A; by setting
G(j) =j—1for 1 <j<k—1and declaring that G(0) is undefined. Noting that e = d,
for v € Ay, we define R*(e) = R*(dy) = 0 and R*(e}) = R*(d}) = €j_; = dj_; for j > 1.
We observe that this definition is consistent with the properties (1) - (4) above.

Suppose that we have defined G : Y,, — T, and R*: ¢{1(Y,) — ¢1(Y,) satisfying
properties (1) - (4) above. We must extend G to Y, and R* to a map on £1(Y,41).
We consider a v € A,41 and recall that (see Theorem 2.2.2) e = ¢} + d}. We wish to
define R*d and Re’. By linear independence, we are free to define R*d’, however we like.
However, since R*c} is already defined (¢ € ¢1(Y,)), and we want R* to be linear, once we
have defined R*dY, in order to have linearity we must have R*el, = R*c] + R*d.

Let us consider R*c). We suppose first that agey = 1 so that we can write v =

(n+1,p,B,b*) where b* € £;(T,, \ Tp). Consequently

¢ =6 (1= Plogt) = 1P 0"
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We claim that R*P; 0" = Py R*b*. Indeed, we can write b* = > s v asd; (for a

(p,00) (p,00)
unique choice of ag). It follows from property (4) and the inductive hypothesis that
RPLogb =R (Y, asds) = > asds)
0ETL\ Ty deTL\TpN

{n €T :G(n) is defined}

and it is easily checked (by a similar calculation) that we obtain the same expression for
P(Z’OO)R*b*. It follows that
R C,Y — BP(I),OO)R b .

We define G(v) by

G(y) = undefined if P(;;,oo)R*b* =0
(n+1,p, 5, R*b*) otherwise

where it is a simple consequence of the facts that R*: ¢1(Y,,) — ¢1(Y,) has norm 1 and
satisfies property (3) that the element (n+1,p, 5, R*b*) € Y. In the case where P(;),OO)R*b* #+
0, G(v) is defined (with the definition as above) and it is evident that R*c = Gy We
can define R*d}, = dg, ) and it follows by linearity (and the fact that e} = ¢} +d7) that we
have R*el = e*G(,y) as required. Otherwise, when P(Z,m)R*b* =0, R*¢5, = 0, so we can set
R*d’, = 0 and again by linearity we get that R*e} = 0.

Now if v has age > 1, we can write v = (n + 1,¢,3,b*) and = 62 + ﬁP(*rank&oo)b*.

Making use of the inductive hypothesis yet again and the preceding argument, we have that

R, = R ) 4 0PV
— €Ge) T BPranke ooy B0 if G(¢) is defined
PP (trankg oo)R*b* otherwise

It follows that if G(§) is undefined and P(*rank £,00)

declare G(v) to be undefined. Otherwise, there are two remaining possiblities

R*b* = 0 then R*c§ = 0. In this case we

(i) G(§) is undefined but Planke,c0) 270" # 0. In this case, it is easily verified that the

element G(v) := (n+ 1,rank¢, B, R*b*) € T.

(ii) G(&) is defined. It is again easily checked that the element G(v) := (n+1,G(§), 8, R*D*) €
T (here we note that in addition to the above arguments, we also need the inductive

hypothesis that G does not increase the age of an element).

In either of these cases, we see that R*c = c*G( We can define R*d7 to be dzv(v) and as

7
before, we then necessarily have R*e’, = e*G(V) (in order that R* be linear).
We have thus succeeded in extending the maps G and R*. By induction, we therefore

obtain maps G : T — YT U {undefined} and R*: (coo(Y), | - ||1) = (coo(Y), || - ||1) satisfying
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the four properties above (here (coo(Y), || - ||1) is the dense subspace of ¢1(T) consisting of
all finitely supported vectors). It follows from property (3), and the argument above, that
R* is continuous, with ||R*|| = 1. It therefore extends (uniquely) to a bounded linear map

R*: ¢1(Y) — £1(Y) also having norm 1. This completes the proof. O

We make some important observations about the mappings G and R*.

Lemma 3.3.7. The dual operator of R*, which we denote by (R*)": £1()* — £1(Y)*
restricts to give a bounded linear operator R := (R*)'|x(yy: X(Y) = X () of norm at most
1.

Proof. Tt is a standard result that the dual operator (R*)’ is bounded with the same norm as
R*. Tt follows that the restriction of the domain to X (Y) is a bounded, linear operator into
£1(Y)* with norm at most 1. It only remains to see that this restricted mapping actually
maps into X (7). Since the family (d,) ey is a basis for X (), it is enough to see that the
image of d, under (R*)" lies in X(Y). It is therefore sufficient for us to prove that

(Rds= > dy
7EGT1({d})
where of course G~1({0}) denotes the pre-image of {§} under G; we remark that G fails to
be injective and so is certainly not invertible. Since (d3) e is a basis for £1(T) it is enough

to show that for every 8 € T

(RYds)dg= (Y dy)d.
7EGTT({d})

The right hand side of this expression is easy to evaluate; it is only non-zero if G(0) = 9,
in which case it is equal to 1. In particular, if G(#) is undefined, then the right hand side of
the expression is certainly 0, as is ((R*)'ds)dj = ds(R*dj;) = ds(0). If G(6) is defined, the
left hand side of the expression is d5(d*G(9)) which is clearly 1 if G(€) = § and 0 otherwise.

So the expressions are indeed equal, as required. ]

Lemma 3.3.8. For every v € Y, there is a unique [,1 <1 < k such that G’(v) is defined
whenever 1 < j < 1 but G'(v) is undefined.

Proof. The uniqueness is easy; if G(v) is defined, [ is the maximal j € N such that G7=1(y)
is defined. Otherwise we must have [ = 1. So we only have to prove existence of such [.
We prove by induction on n that if ranky = n there is some 1 < I < k such that G'(7) is
undefined, but G7(v) is defined if j < I. The case where n = 1 is clear from the construction
of the map G. So, inductively, we assume the statement holds whenever ranky = m < n.

Let v € Ay4+1 and consider 2 cases:
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(i) agey = 1. We write v = (n + 1,p,5,b*). Now b* € ¢1(T,) and by the inductive
hypothesis, for every § € T with rank# < n, there is some [ < k such that G'(6) is
undefined. It follows that we must have (R*)'* = 0 for some 1 < [ < k. So it is
certainly true that P(’;)’oo)(R*)lb* = 0 for some 1 <[ < k. It follows by construction of
the map G that the ‘I’ we seek is the minimal [ (1 <[ < k) such that Py oo) (R*)* = 0.

(ii) agey > 1. We write v = (n + 1,&, 5,b%). If G() is undefined we are done; we must
have [ = 1. Otherwise, G(vy) € T and it follows from the construction of the map
G (see the proof of Theorem 3.3.6) that there are two possibilities to consider; either
G(y) = (n+ 1,rank &, 5, R*b*) or G(v) = (n+ 1,G(&), 8, R*b*). In the first of these
two possibilities, the same argument as in the previous case shows that the [ we seek
is the minimal [ (2 < [ < k) such that P(ZOO)(R*)lb* = 0. In the latter case, G(§)
is defined. But, since rank & < n, we know by the inductive hypothesis that there
exists some lgp € N with 2 < Iy < k and G (¢) undefined but G7(¢) defined for j < .
Now, if P, g’oo)(R*)lOb* = 0, then it follows from construction of G that G'(v)
is undefined and G(7) is defined for j < lp so we are done. Otherwise, it follows
from an argument above that Iy < k, and there is some (minimal) [, [y < ! < k with

Pank 5700)(1%*)117* = 0. Once again, this is the desired [.
O

Corollary 3.3.9. The maps R*: {1(Y) — £1(Y) and R: X(Y) — X(Y) satisfy (R*)* =0
and R* = 0.

Proof. Tt is clear from Lemma 3.3.8 and construction that the restriction of (R*)* to cgo(T)
is the zero map. It follows by density and continuity that (R*)¥ = 0. The other claims are

immediate from the definition of R as the restriction of the dual operator of R*. O

To obtain the extra constraints that we place on “odd-weight” elements we need to
introduce a ‘coding function’ o: T — N. This is similar to the coding function used in the
Argyros-Hadyon construction, [2], and analogous to the coding function used in the Gowers-

Maurey construction, [16]. We shall demand that o satisfies the following properties:
(1) o is injective
(2) o(y) >ranky Vye T

(3) for v € Apy1 (ie. tanky =n+1), o(y) > max{c(§) : £ € T, }.
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Such a o can be constructed recursively as T is constructed. Now, for each v € T we can

well-define a finite set X(v) by

k—1
S ={ciul] U {o0)}
i=16€G—i (%)

where G () := {0 € T : G'(A) = ~v}. (In particular, if & € G=I() then G'(§) € T for
every | < j.)

Before giving our main construction, we document some important observations.
Lemma 3.3.10. If v € Y is such that G(v) is defined then X(v) C X(G(7)).

Proof. Certainly v € G71(G(%)) so () € 2(G(y)). Suppose o(§) € X(7),6 # v. So, there
is some 1 < j < k—1 with § € G77(), i.e. there is some § such that G7(§) = . Since G(v)
is defined, we must have G'*1(§) = G(y) € Y. In particular, by Lemma 3.3.8, we must in
fact have had j < k—1 so that j+1 < k—1. Thus § € G-UtD(G(y)) and () € X(G(v)),

as required. ]

Lemma 3.3.11. If 7,7 € Y, ranky > ranky’ then X(v) > X(7/), i.e. max{k : k €
Y(¢)} < min{k : k € (v)}.

Proof. This follows immediately from the definition of the sets X(y) and X(+'), the fact that
G is rank preserving and the assumption that for v € Ap41, o(y) > max{c(§) : (£ € T,,}. O

Lemma 3.3.12. Suppose 7,6 € Y. If o(vy) € X(J) then either v = § or there is some
1<j<k—1 such that G'(y) = 4.

Proof. Since o(y) € ¥(0) there are two possibilities. Either o(vy) = o(d) or there is some
1<j<k-—1and @€Y with G/(§) =6 and o() = o(f). By injectivity of o, this implies
that either v = d, or that § = v and G’(v) = § as required. O

We are finally in a position to describe the main construction. We will take a subset I' C
T by placing some restrictions on the elements of odd weight we permit. As a consequence of
imposing these additional odd weight restrictions, we are also forced to (roughly speaking)
remove those elements (n + 1,p, 3,b*) and (n + 1,&, 3,0%) of T for which the support of
b* is not contained in I, in order that we can apply the Bourgain-Delbaen construction to
obtain a space X (I'). Note that the subset I will also be constructed inductively, so it will
be well defined and consistent with the Bourgain-Delbaen method previously described.

We will denote by A,, the set of all elements in I' having rank n, and denote by I, the
union I';, = Uj<,A;. The permissible elements of odd weight will be as follows. For an age

1 element of odd weight, v = (n + 1,p,m2_jl_1, b*), we insist that either b* = 0 or b* = e}
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where n € I';, \ '), and weightn = m;il < n;ﬁl For an odd weight element of age > 1,
v=(n+ 1,§,m5j1_1, b*), we insist that either b* = 0 or b* = e, where n € I', \ I'ranke and

weight n = mlkl < n;f_l, k € 3(§). Let us be more precise:

Definition 3.3.13. We define recursively sets A,, € A,. Then I';, := Uj<,A; and I' :=
UnenQ, € Y. To begin the recursion, we set Ay = Ay. Then

L(n+1)/2]

Apy1 = U {(n—i— 1,p,m2_j1,b*) :0<p<n, b€ By, ﬂEl(Fn)}
j=1
n—1p/2]
U U U {(n—i— 1,§,m2_j1,b*) e Ny, w(E) = m2_j1, age{ < ngj, b* € By, ﬂﬁl(f‘n)}
p=1 j=1

L(n+2)/2]
U U {(n+1,p,m5j1_1,b*):0§p<n, b*=0o0rb"=ep, neln\T)
j=1

and w(n) = my;' < n;ﬁl}
n—1[(p+1)/2]
U U U {(n+1af»m5]1_1,b*) 3£6AP,W(£) :mgijl_ly age£<n2jfl y
p=1 j=1

b* =0orb" =e, withn € I', \ T, w(n) = my < ”2_]2717 ke E(f)} :

Here the B),,, are defined as in Remark 3.3.5, and, for brevity, we temporarily write w(&)
for weight . We define X, to be the Bourgain-Delbaen space X (I') where I' is the subset
of T just defined.

For the rest of this chapter we will work with the space Xj. As in [2], the structure of

the space X, is most easily understood in terms of the basis (d)yer and the biorthogonal

*

5 in order

functionals d7. However, we will need to work with the evaluation functionals e

to estimate norms. To this end, we have the following proposition.

Proposition 3.3.14. Let n be a positive integer and let v be an element of A,+1 of weight

'mj_1 and age a < nj. Then there exist natural numbers pg < p1 < --- < pqg = n+1, elements

&1,...,& = v of weight m;1 with & € Ay, and functionals by € ball {1 (Fpr,l \FpT_l) such
that

a a
* * —1 * *
=D dg, +mit Y P, ol
r=1 r=1

a a
_ 2 * —1 2 * *
- dér + m] P(prflvpr)bT'
r=1 r=1
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If 1 <t < a we have

a a
* % * -1 * *
€y =¢€g t+ Z dﬁr +my Z P(pr—l,oo)bT ’
r=t+1 r=t+1

Proof. The proof is an easy induction on the age a of v. We omit the details because the

argument is the same as in [2] except our py is not necessarily 0. O

Remark 3.3.15. As in [2], we shall refer to any of the above identities as the evaluation
analysis of the element ~, and the data (po, (pr, b}, & )1<r<a) as the analysis of . We will
omit the pg when py = 0.

We will now construct the operator S : X, — X;. We need:

Proposition 3.3.16. T' is invariant under G. More precisely, if v € T C Y and G(v) is
defined, then G(v) € T'. It follows that the map G: T — YU{undefined} defined in Theorem
3.3.6 restricts to give F': I' — I" U {undefined}. Consequently the map R*: £1(T) — £1(T)
(also defined in 3.3.6) can be restricted to the subspace ¢1(I') C £1(Y) giving S*: £1(T) —
0 (T"). S* is a bounded linear map on £1(T") of norm 1 which satisfies

S*eX =

{0 if F () is undefined
gl

*F ) otherwise

for every v € I'. Moreover, the dual operator of S* restricts to Xy to give a bounded linear

operator S: X, — X of norm at most 1, satisfying ST #0 for1 <j<k—1, S*=0.

Proof. Tt is enough to show that when v € I" and G(v) is defined, then G(vy) € I'. The
claims about the operator S* follow immediately from the definition of S* as the restriction
of R* and the definition of R*. The fact that S: X — X is well defined follows by the

same argument as in 3.3.7; indeed it is seen that for 6 € T,

Sds= > d,.
YEF~1(5)
Moreover, by Corollary 3.3.9, we see that (S*)* = 0 and therefore that S¥ = 0. That S7 # 0
for 1 < j <k —1is clear from the above formula and consideration of the elements d,,, for
m e Aj.

We use induction on the rank of v to prove that if v € I' and G(v) is defined, then
G(v) € T'. This is certainly true when rank~y = 1. Suppose by induction, that whenever
v € I', ranky < n and G(v) is defined, G(vy) € I' and consider ay € I', of rank n+1 such that
G(7y) is defined. Let us suppose first that this v has age 1. We can write v = (n+1,p, 3,b%)
where suppb* C T'n \ I'p, and we write b* = >°, . \p, aney. Since G(7) is defined, we
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have G(v) = (n + 1,p, 3,5%b*). We consider further sub-cases. If § = m2_j1 for some j
(i.e. 7 is an “even weight” element), we see that the only way G(v) fails to be in T is if
supp S*b* € I',, \ T'p. But

S*b* = Z ane}(n)

nelx,\IpN
{n:F(n) is defined}

and by the inductive hypothesis all the F'(n) in this sum are in I',,\T'p. So supp S*b* C I',\I'),
and G(v) = F(v) € T as required. In the case where 3 = m;jlfl
element) we must also check that the odd weight element G(7) is of a permissible form.
Since G(7) is defined, in particular we must have that P, S*b* # 0. This of course
implies that S*0* # 0 and b* # 0. Asy € I', b* = ¢ for some n € I', \ I', where

weight n = mlil < n;f_l Since S*b* # 0, we must have S*e; = e*F(n) where in particular,

(i.e. 7 is an “odd-weight”

F(n) is defined and lies in I" by the inductive hypothesis. Since G is weight preserving, we
2

have weight F'(n) = weightn = m;il < nyilg- Moreover, since G preserves rank, we can
now conclude that F(vy) = G(y) = (n + 1,p,m2_j171,5*b*) = (n+1,p, mQ_j{l,e*F(n)) el as
required.

When agevy > 1, we can write v = (n + 1,¢, 5,0*) where (in particular) suppb* C I'),
and £ € I', (p < n). If this v is of even weight, it follows easily from the inductive
hyptohesis and arguments similar to the ‘age 1’ case that G(y) = F ( ) € T' (when G(v)
is defined). So we consider only the case when weighty = = m2 i1 (for some j) and
G(v) is defined. If G(§) = F(§) is undefined, then since G(7) is defined, we must have
Gv) = (n+ 1,rank£,m5j£1,5*b*) and P(*rankgoo S*b* # 0. So in particular, b* # 0 and
S*b* # 0. Again by the restrictions on elements of odd weight, we must have b* = e} where
weight n = mlkl < n;f_l, some k € 3(€). Since S*b* # 0, we must have G(n) = F'(n) defined
and S*b* = S*ep = e*F(n). Since G preserves rank, we see as a consequence of the inductive
hypothesis, that F (1) € ', \ Tyanke. Furthermore, weight F(1)) = weightn = mj;! < n;f_l
We conclude that G(y) = F(y) € I' as required.

In the case where F'(§) is defined, G(y) = (n + 1, F(§), mzj 1,5, If S*b* =0
then by the inductive hypothesis, we certainly have G(v) = F(y) € I' and we are done.
Otherwise, we again must have b* = e}, where weight n = m;kl < nQTjQ_l, some k € 3(§) and
S*b" = ep,- Now, weight F(n) = weightn = myr < 712_]-2_1 and k € (&) C X(G(§)) by
Lemma 3.3.10. O

Later, we will need the following lemma about the elements of odd weight in T'.

Lemma 3.3.17. Let v € I' be an element of odd weight and age~y > 1. Let (po, (pi, &, b;“))
be the analysis of v, where we know each b} is either 0 or e for some suitable n;. If there

are i,j, 1 <i < j <agey:=a withb; = ey andb; = e then weight 77; < weight ;.
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Proof. We consider the cases when ¢ = 1 and i > 1 separately. Suppose b = e where

1

weight 7y = m,; . By construction, elements of rank p are only allowed to have weights

1

mj_1 where 1 < j < p. So weightn, = m,; = 4i <rankn; <rank§; = p;. By the strict

-1

monotonicity of the sequence m;, we get that m___,

g < m;il = weight n;.
Now for any j > 1, if b7 # 0, bf = e;;j where weight n; = m;kl for some k € X(&-1).
Since the mapping F' preserves rank of elements, and o(f) > rankf V0 € I" (Assumption

(2) of the o mapping), it is immediate from the definition of ¥(§;—1) that k € ¥({;—1) =
k > rank&;_1 > rank§;. Now

. 1 -1 -1 .
weight n; = My < Mgranke;_, < Mg rank £ < weight m

thus concluding the proof for the case i = 1. The case when ¢ > 1 is easy. In this case

*
n:i?

3.3.11) X(&—1) > X(&—1) so that I < k and therefore weight n; = m;kl < m;ll = weight 7;,

we suppose b = e}, weightn; = mzll for some [ € ¥(&-1). Now j > 4, so (by Lemma

completing the proof. O

3.4 Rapidly Increasing Sequences and the operator S: X, —
X

We recall from [2] that special classes of block sequences, namely the rapidly increasing
sequences admit good upper estimates. This class of block sequences will also be useful in

our construction. We recall the definition:

Definition 3.4.1. Let I be an interval in N and let (zx)resr be a block sequence (with
respect to the FDD (M,,)). We say that (xx) is a rapidly increasing sequence, or RIS, if

there exists a constant C' such that the following hold:
L. ||lzg]| < C for all k € I,

and there is an increasing sequence (ji) such that, for all k,
2. jg41 > max ran g,
3. |zx(7)] < Cm; ! whenever weight v = m; ! and i < ji .

If we need to be specific about the constant, we shall refer to a sequence satisfying the

above conditions as a C-RIS.

Remark 3.4.2. We make the following important observation. If (z;);en is a C-RIS, then

so also is the sequence (Sx;). We omit the very easy proof.
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We also note that the estimates of Lemmas and Propositions 5.2 - 5.6 and 5.8 of [2] all
still hold. The same proofs go through, with only minor modifications to take account of
the fact that pg doesn’t need to be 0 in the evaluation analysis of an element 7 in our I' (see
Proposition 3.3.14). For convenience, we state Proposition 5.6 of [2] as we shall be making

repeated use of it throughout this chapter:-
Proposition 3.4.3. Let (ack)ZJ:Ol be a C-RIS. Then

1. For every v € I' with weight vy = mgl we have

o -1 -1 . .
RO DECICHIER S RO )
et ~l4Cn; ) +6Cmt if > o

In particular,
o

-1 -2
|nj0 Zxk(’Y)‘ < 100mj0 )
k=1

if h > jo and
'ijO
-1 -1
In, g x| <10Cm; "
k=1

2. If Ny (1 <k < nj,) are scalars with |A\;| <1 and having the property that

1> Mewk(y)] < C'max Ak,
keJ

for every v of weight mj_o1 and every interval J C {1,2,...,nj,}, then

njO
Hnj_ol Z Anap|| < 10C’mj_02.
k=1

Another result of particular importance to us will be the following proposition of [2]:

Proposition 3.4.4. Let Y be any Banach space and T : X — Y be a bounded linear
operator. If |T'(zx)|| — O for every RIS (zk)ken in Xy then ||T'(zx)|| — O for every bounded

block sequence in Xj.

The proof exploits the explicit finite dimensional subspace structure provided by the
Lo spaces of Bourgain-Delbaen type; exactly the same argument used by Argyros and
Haydon in [2] works for the spaces X} and we refer the reader to the cited paper for further
details. This proposition will be particularly important when we come to prove the operator
representation property of the main theorem.

We can also make use of Propositions 3.4.3 and 3.4.4 to prove the ¢; duality of the space
Xk
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Proposition 3.4.5. The dual of Xy, is (1(I"). More precisely the map
e: 41(T) — X5,

defined by
o(z")x == (z,x™)

(where x € X, C Lo (T) = ¢5(T), z* € £1(T")) is an isomorphism.

Proof. The argument here can be found in [2], though we write out the details more ex-
plicitly. We note that by Theorem 1.4.6 it is enough to show that the basis (dy) er of Xj
is shrinking. Using Proposition 1.4.5 it is enough to show that every bounded block basic
sequence with respect to this basis is weakly null. By Proposition 3.4.4, it is sufficient to
see that every RIS (x;);en is weakly null. To this end, suppose (z;);en is a C-RIS which
fails to be weakly null; without loss of generality we may assume that there exists § > 0
and an z* € X}, such that ||z*|| = 1 and 2*(x;) > ¢ for all 4. It follows that
1 Mo

— Z x*(x;) >0

"o =1
for any jo € N. On the other hand, we can choose jy € N such that 1Oij;1 < 6. It follows
from Proposition 3.4.3 that for this choice of jg

n]-O ’Vl]'o

1 1
— > at(w) < [|— > al <10Cm;! <.
Mo i1 Mo 521
This contradiction completes the proof. O

This canonical identification of X}, with ¢;(I") allows us to prove some important prop-

erties of the operator S: X — Xj.

Lemma 3.4.6. The dual of the operator S : X, — Xy, is precisely the operator S* : {1(T") —
01(T) under the canonical identification, o, of X} with £1(T'). Moreover, S? has closed range

or every 1 < j <k —1, and consequently, S7 : X;, —im S’ is a quotient operator.
Y J

Proof. We will temporarily denote the dual map of S by S’ : X — X} so that we don’t
confuse it with the S* mapping on ¢1(I'). By continuity and linearity, the maps ¢~ 15"p

and S* are completely determined by their action on the vectors e for v € I'. For z € X,
pletely 5, for v

z(F(y) if F(y) is defined

0 otherwise

(S'e(e})) (@) = ¢(e3) Sz = (Sw,€}) = (z,57€}) = {
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It follows from this that

_ . e’ if F(vy) is defined
1S p(er) :{ Fo .
0 otherwise
= S%(e)

as required.

To see that the image of S7 is closed, we make use of Banach’s Closed Range Theorem,
Theorem 1.4.14; it follows that it is enough to show that the image of (S*)7 is closed. This
is easy, as it is clear that the image of (S*)7 is just £1(I' Nim F7) C ¢1(T") (with the obvious
embedding), so certainly (5*)7 has closed image.

Since im S7 is closed, an easy application of the Inverse Mapping Theorem yields that
S7: X, —im S is a quotient operator.

O

Corollary 3.4.7. For 1 < j < k — 1there are aj,b; € R, aj,b; > 0 such that whenever
T € Xg,
a;|| 72| < dist(z, Ker $7) < b, S7z|

Proof. This is immediate from the fact that S7 : X, — im S’ is a quotient operator. O

Corollary 3.4.8. Suppose \; € R (0 < i < k —1) are such that Zi‘:ol A\;S? is compact.
Then \; = 0 for every i. Consequently, there does not exist j (1 < j < k —1) such
that S7 is a compact perturbation of some linear combination of the operators S',1 # j.
(Equivalently, {I + K(Xy), S + K(X1) : 1 < j < k — 1} is a linearly independent set of
vectors in L(X)/K(Xk).)

Proof. 1t follows by a standard result that Zi':ol \;S? is compact if, and only if, the dual
operator is compact. But the dual operator is just T := Zf:_ol Ai(S*)e: £1(T) — £1(T) and
it is now easily seen that this is not compact unless all the \; are 0. Indeed, suppose T is
compact and consider first the sequence (ef‘yg)%o:l C By, (r) where 7 = (n+1, my ', 0,eh) €T.

Then, for m # n (observing that F(7?) is undefined for every n) we have
ITesy — T2y I = olllsy 2y Ih = 2|

We must therefore have that Ay = 0 in order that the sequence (Tefyg ) has a convergent
subsequence. Then, considering in turn the sequences (e:% )2, C By, (ry where v = (n+
1,m;1,0,e;) el (for 1 <j<k-—1), wesee by the same arguments that all the \; must
be 0 as claimed. O
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To complete the proof of the main theorem, it still remains for us to see that X is HI, the
operator S is strictly singular, and that every bounded linear operator T' € L£(X}) is uniquely
expressible in the form T = Z;:ol \iS? + K for some compact operator K: X5, — X;. We
note that the claimed uniqueness of this operator representation follows immediately from
the above corollary. We focus now on proving the existence of the representation and aim

to prove:

Theorem 3.4.9. Let T: X;, — Xi be a bounded linear operator on Xy and (x;);en a RIS

in Xy,. Then dist(Tx;, (x;, Sx; ..., S* 1a;)g) — 0 as i — oo.

The proof is similar to that given in [2]. We will need slight modifications to the
definitions of exact pairs and dependent sequences. We find it convenient to define both the
0 (6 = 0 in the definitions that follow) and 1 (6 = 1 in the definitions that follow) exact pairs
and dependent sequences below. However, initially, we will only be concerned with the 0
exact pairs and dependent sequences. The 1 exact pairs and dependent sequences will only
be needed to establish that the space Xj is hereditarily indecomposable. We also introduce
the new, but related notions, of ‘weak exact pairs’ and ‘weak dependent sequences’ which

will be useful to us later in establishing strict singularity of S.

Definition 3.4.10. Let C' > 0, 6 € {0,1}. A pair (z,n) € X, x I is said to be a (C, j,9)-
special exact pair if

L z|| <C

2. [(df, x)| < Cm; ' forall € €T
1

3. weightn =m;

4. 2(n) =6 and S'z(n) =0 for every 1 <1<k —1

-1

;o we have

5. for every element 7' of T' with weight ' = m; ! # m

Cm; ' ifi<j
Cm;t ifi>j.

z(n)] < {

Given also an € > 0 we will say a pair (z,n7) € X x I' is a (C, 4,0,¢)-weak exact pair if
condition (4) is replaced by the following (weaker) condition:

(4") |Stz(n)| < Cefor 0 <1<k —1.
We will say a pair (z,7) € X x'is a (C, j, 1, )-weak exact pair if condition (4) is replaced

by condition:
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(4") z(n) =1 and |S'z(n)| < Cefor 1 <1<k —1.

We note that a (C, j,d) special exact pair is a (C, 7, d, ) weak exact pair for any € > 0.
Moreover, the definition of a (C, j,0)-special exact pair is the same as the definition of a
(C,4,0) exact pair given in [2] but with the additional requirement that S7x(n) = 0 for all
j > 1. The remark made in [2] (following the definition of exact pairs) is therefore still
valid. In fact it is easily verified that the same remark in fact holds for weak exact pairs.

For convenience, we state the remark again as it will be useful to us later:
Remark. A (C,j,0,¢) weak exact pair also satisfies the estimates

—1 ep o .
(ks Ps ooy} < 6Cm, 1 ifi<y
T 6Cm; "+ ifi>j

for elements 1’ of ' with weight nf/ = m; ' # mj_l.
We will need the following method for constructing special exact pairs.

Lemma 3.4.11. Let (xk)zzzjl be a skipped-block C-RIS, and let g9 < g1 < g2 < -+ < qny,
be natural numbers such that ranxy C (qx—1,qxk) for all k. Let z denote the weighted sum
z = mgjngjl S g For each k let b be an element of By, | qi—1 with (bj,xx) = 0 and
((S)';, zx) = (b5, S'zk) = 0 for all I.Then there exist ¢; € Ay, (1 < i < ng;) such that
the element 1 = Cpn,; has analysis (q;, b}, (i) 1<i<ny; and (z,n) is a (16C,2j,0)-special exact

pair.

Proof. The proof is the same as in [2]. We only need to show that S'z(n) = 0 for 1 <1 <
k — 1. This is easy.

naj

SZZ(U) = <Sl Zde + m2j Qk 17qk)bz>

It is clear from the definition of S that ranxzy C (qr_1,qr) = ranS'zp C (qu_1,qx) and
since rank (i, = g, for every k, it follows that (S'z,>",%, d;,) = 0. We thus see that

n2;

n) = ny; Z Lo, b3) =0

as required. ]

Definition 3.4.12. Consider the space X;. We shall say that a sequence (%)ignzm,l is a
(C, 240 — 1,0)-special dependent sequence if there exist 0 = pg < p1 < p2 < -++ < Prajy_1+
together with n; € T'p,_1 \ T'p,_, and & € Ay, (1 <i < ngj,—1) such that

1. for each k, ranzy C (pr—1,pk)
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2. the element £ = &,,; , of A%m_l has weight m;ﬁ)fl and analysis (p;, e:;i,fi)?ijlo_l

3. (z1,m) is a (C, 451, )-special exact pair
4. for each 2 <@ < ngjy_1, (z4,m;) is a (C,40(&—1),0)-special exact pair.
If we instead ask that
(3") (z1,m) is a (C, 41,9, "2_;)—1) weak exact pair

(4") (zi,m;) is a (C,40(&i-1), 0, n;ji_l) weak exact pair for 2 <i < ngj; 1

we shall say the sequence (:ci);z%o*l is a weak (C,2jo — 1,9) dependent sequence.

In either case, we notice that, because of the special odd-weight conditions, we necessar-
ily have mzjll = weight n; < n2_j20717 and weight n;41 = m;gl(é) < ngjifl, by Lemma 3.3.17

forl1 <i< N2j0—1-

We also observe that a (C,2jy — 1,d) special dependent sequence is certainly a weak

(C,2jo — 1,9) dependent sequence.

Lemma 3.4.13. Let (z;)i<n,;, , be a weak (C,2jo —1,0)-dependent sequence in X and let

J be a sub-interval of [1,n9j,—1]. For any v € I' of weight maj,—1 we have

Y wit)] < 76,
ieJ
Proof. Let &,m;,pi,j1 be as in the definition of a dependent sequence and let ~ denote
Enajy 1+ an element of weight maj,—1. Let (p, (P, b, €))1<i<a’) be the analysis of 7/ where
each b is either 0 or e,, for some suitable .

The proof is easy if all the b/* are 0, or if
{weightn) : 1 <7 < a’, b = e}, } N {weightn; : 1 < i < ngjy_1} = 2.

So we may suppose that there is some 1 < r < o’ s.t. bf = ey, with weight n. = weight 7
for some i. We choose | maximal such that there exists ¢ with b}* = ey, and weight n =

weight 7;. Clearly we can estimate as follows

1> a0 Y w)+la()+ Y ()l

keJ keJ, k<l keJ, k>l

We now estimate the three terms on the right hand side of the inequality separately.

|z ()] < ||| < C. Also
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Z |33k Z Z| dgl Tk +m2]1) 1<b;*7p(p271,oo)xk>|

ked, k>l kelJ, k>1i<a’

2 —1 /
< najo—1, X [{dg, @)+ mgjo 1 (07 Py o0)h)]-

Now each b* is 0 or e;‘;g where weight n, # weight 7y, for any k > [ (or else we would

contradict maximality of [). If b = 0, then
‘<d2{7xk> + mQ_j%)—1<b;*7 P(p;_l,oo)mk” = |<d22)xk>| < C'weightny, < CnQ_j%—l

where the penultimate inequality follows from the definition of a (weak) exact pair, and
the final inequality follows from Lemma 3.3.17. Otherwise b}* = 67*7,_ where in particular
(by restrictions on elements of odd weight) weight 7, < ngj%_l. By the definition of (weak)

exact pair and the remark following it we have

\(d;{ , T) + m;j})_lP(pHm)xk(ng)\ < Cweight i, + 6Cm2_j%)_1 max{weight ., weight n;, }

< 3C'n2j0 1

Finally we consider |, ; ro;¥k(7')]. Obviously if [ = 1 this sum is zero, and the lemma
is proved. So we can suppose [ > 1. By definition of [, there exists some 4 such that b}* = en,
and weight 7, = weight n,. Now either i = 1 or i > 1. We consider the 2 cases separately.

Suppose first that ¢ = 1.

> mOOI =10 D] m Y iy +ma Pl b

kelJ, k<l ked, k<l r=1

2 * —1
<o s ) Y e S )
r<a's

b/* —6*/
Mr

-1
< O my, 4l Z Lk Z p,ﬂ 1,oo)em>|

ked, k<l r<a’s.t.

byr=e*,

nr
where the last inequality follows once again from the definition of exact pair. Suppose that
for some k € J, k <1, thereis an rin {1,2,...a’} with b}* = ¢}, and weight ;. = weight 7.
By Lemma 3.3.17, we get weight n). = weight ), > weight 7, = weight 7}, i.e. weightn, >
weight 7. But since 4/ also has odd weight, this clearly contradicts Lemma 3.3.17 applied
to 7. Thus there does not exist r in {1,2,...a'} with b* = ey, and weight 7, = weight

for some k € J, k < l. Using an argument similar to the above, we finally deduce that

Mol Y @k Y Py sgem) <20

ked, k<l r<a’s.t.
=,
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and so we get the required result.

Finally it remains to consider what happens when ¢ > 1. Recall we are also assuming
[ > 1 and weight n; = weight 1;. But by definition of a special exact pair, we have weight n; =
m;}(élil), and by restrictions on elements of odd weights, weight 1} = m;j withw € X(&_,).
By strict monotonicity of the sequence mj, we deduce that w = o(§_1) € X(§/_;). By
Lemma 3.3.12 there are now two possibilites. Either &_; = £,_; or, if not, there is some j,
1 <j <k-—1,suchthat F7(§ ) = &, _,. In either of these cases, we note that in particular
this implies p;_1 = p,_, since F preserves rank and we can write the evaluation analysis of

~ as

a/

* *\] [k 1 * *
e = (8" (eg, )+ Y dgy +my Py b

r=i
for some 0 < j < k — 1. Now, for k < [, since ranzy, C (pr—1,pr) C (0,p—1) = (0,p,_,), we

see that
[k, €0)| = | (@, <S*>jea Ol

S xk,Zd&- +m2]0 1P(>;77‘—17pr)€:<77">|

by definition of a weak exact pair. It follows that

< n<c.
Y a(Y)] < ngjo- 1kf§a,§<l|ﬂfk( VI <C
keJ, k<l

This completes the proof. O

As a consequence of the above lemma and Proposition 3.4.3 we obtain the following

upper norm estimate for the averages of weak special dependent sequences.

Proposition 3.4.14. Let (2;)i<n,,;, , be a weak (C,2jo —1,0) dependent sequence in X.
Then

Nn2j0—1
-2
””2]0 1 zi]| < 7ocm2j0—1
i=1

Proof. We apply the second part of Proposition 3.4.3, with A; = 1 and 2jy—1 playing the role
of jo. Lemma 3.4.13 shows that the extra hypothesis of the second part of Proposition 3.4.3
is satisfied, provided we replace C' by 7C. We deduce that an_;q S g < 70(3’7712_]%71

as claimed. 0
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We will need the following lemma from elementary linear algebra in the proof of Theorem

3.4.9.

Lemma 3.4.15. Suppose for j =1,...,k, u; € Q" CR" (where k < n) and moreover, the
uj are linearly independent over R. Let V ={v € R": (v,u;) =0 for j =1,...,k}. Then
VNQ" is dense in V.

Proof. Consider the linear map L: Q" — QF, defined by Q" > v — ((v,u1), (v, us), ..., (v, ug)).
Thinking of Q" and Q* as vector spaces over Q, and by the assumed linear independence
of the u;, we can apply the Rank-Nullity Theorem to L to conclude that VN Q" = ker L is
a Q-vector space of dimension n — k.

Now, V N Q" (where the closure is taken in R™), is easily seen to be a real vector space.
Moreover, VN Q" C V =V, and it is easily seen (e.g. by a similar rank-nullity argument
as before) that V is an n — k dimensional real vector space. So V N Q" is a real vector space
of dimension at most n — k.

On the other hand, if ¢1,...¢ (I < n) are vectors in Q" which are linearly independent
over QQ, they must in fact be linearly independent over R. Indeed, without loss of generality,
we may assume [ = n; if not, working in the Q-vector space, Q", we may extend the (g;)i<;
to a basis, (¢i)1<i<n, of Q" and our claim we will be proved if we show this extended
set (which is obviously linearly independent over Q) is really linearly independent over R.
Now, since qi,...,q, is a basis of Q", the standard basis of R", (e;)7_; is in the real (in
fact, rational) span of ¢, ..., ¢,. Consequently, R™ is the real span of the qi,...¢,, and so
by basic linear algebra, the ¢1,...qg, must in fact be linearly independent over R which is
what we wanted.

Since we have seen that V N Q" is an n — k dimensional Q-vector space, there are

n — k, Q-linearly independent vectors in VN Q"™ C V NQ". By the preceding paragraph,
these n — k vectors are linearly independent over R and so V N Q" is a real vector space of
dimension at least n — k. Combined with our earlier observation, we conclude that V N Qm»
is a real vector space of dimension exactly n— k. Now V N Q" C V and both are real vector

spaces of the same dimension, so they must in fact be equal, as required. O
We can now prove the following analogous result to Lemma 7.1 of [2].

Lemma 3.4.16. Let m < n be natural numbers and let © € ¥, NQ', y € X}, be such that
ranz, rany are both contained in the interval (m,n]. Suppose that dist(y, (x, Sz ..., S 1z)g) >
5. Then there exists b* € ball£1(T',,\ T',), with rational coordinates, such that (b*,S7x) = 0
for5=0,1,...k—1 and b*(y) > %5.
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Proof. It is easily seen (from the construction of S) that since x € X, N Q', with ranz C
(m,n], we have S7z € X, N Q' and ran S’z C (m,n] for every j = 0,1,...k — 1. For

each j, let u; € €o(I'y \ I'yy) be the restriction of Siz and let v € loo(Ty, \ T'yy) be the

k—1
7=0>

ly — S8 NSl < Jlinllllo — 32525 Ajuj . Hence dist(v, (uo, u1, - .., up—1)r) > 30 and so,

by the Hahn—Banach Theorem in the finite dimensional space (- (I'y, \ I')), there exists

restriction of y. Then Sz = i,u; for every j,y = i,v and so, for any scalars (\;)

a* € bally (T, \ T',) with a*(u;) = 0 for every j and a*(v) > 34. Since Sz has rational
coordinates for every j, our vectors u; are in QU»\I'm Tt follows from Lemma 3.4.15 that
we can approximate a* arbitrarily well with b* € QU»\I' retaining the condition b* (uj) =0

for every j. O

The proof of Theorem 3.4.9 is now easy. We obtain the following minor variation of [2,

Lemma 7.2]. We omit the proof since exactly the same argument as in [2] works:

Lemma 3.4.17. Let T be a bounded linear operator on Xy, let (z;) be a C-RIS in X, NQ
and assume that dist(Tz;, (x;, Sz ..., S* " 1x))r) > 8 > 0 for all i. Then, for all j,p € N,
there exist z € [x; 11 € N], ¢ > p and n € A, such that

1. (z,7n) is a (16C,27,0)-special exact pair with ranz C (p,q);
2. (Tz)(n) > %5;
3. H(I — P(p7q))TZ” < m2_j15,'

4. (P

3
(/p7q}e:‘],Tz) > £0.

Theorem 3.4.9 is now proved in exactly the same way as that of [2, Proposition 7.3].

3.5 Operators on the Space X

In this section, we see that all operators on the space X, are expressible as Z?;é Aj SI4+ K for
suitable scalars A; and some compact operator K on Xj. We choose to give an elementary
proof of this fact in this chapter. However, in the following chapter, we will construct
a space Xo, which has a similar operator representation; S is no longer nilpotent in this
case, so we obtain an infinite sum in the powers of S of the form Z?io /\ij, where the
scalars (A;)52, lie in £1(Np). The proof of the operator representation in Chapter 4 will be
much more technical, relying on a fixed-point-theorem due to Kakutani. We remark that
the proof of the operator representation in Chapter 4 would also work (with only obvious
changes) to prove the operator representation we require in this section. With that said,

we now proceed to give a more elementary proof. We will need the following lemmas.
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Lemma 3.5.1. Let 1 < j < k — 1 and (2;)ien be a C-RIS in Xi. Suppose there are T;
such that ||z; — x;|]| = 0 as i — oo and S7z;' = 0 for every i. Then there is a subsequence

(@i, Jken of (xi) and vectors x}, satisfying
(1) ranz;, =ranz)

(2) Siz) =0 for every k

(3) ||} — w4 || = 0

(4) (z})ken is a 2C-RIS.

We note that in particular, if (x;)ien is a C-RIS with S7x; — 0, then the above hypothesis

are satisfied as a consequence of Corollary 3.4.7.

Proof. Let ranx; = (p;, q;) and set y; = P(pi,qi)f/. Certainly then rany; = ranx; for every

i. Note that (I — P(pi:‘]i)) x; = 0 and consequently

I = Ppign) &'l = [|(Z = Prpan)) (@& = @)l < |1 = P o[l & = il < 5|7 — ] = 0.

It follows that

lys — @il = Hfl/ - ((I - P(Pim))fi/) - le

< |1 = @il + |7 = Pipiay) #'[| = 0.

Note also that S71y; = 0 for every i. Indeed, for v € T,

S7yi(v) = (S7yi, €5) = (87 Py, g Ti' s €5) = (T, P, 0y (S*) €5)

- <fil’ <S*)jP(Zi7Qi)e’4;> = <Sj@/’P(>;i,qz‘)ef/> =0

since S7z;" = 0 for every i. (We also made use of the fact that P(’;ivqi)(S*)j = (S*)7 Py, g0)-
This follows from the construction of the operator S* and the fact that F' is rank-preserving.
A more detailed argument of this fact is presented in the proof of Theorem 3.3.6.)

So far we have managed to achieve (1) - (3) of the above. We show we can extract a
subsequence of the y;, (yi, )ken say, such that (y;, )ren is a 2C-RIS. The proof will then be
complete if we set x} = y;, and take the subsequence (x;,) of the w;.

Since ||z;|| < C for every i and ||y; — x;|| — 0, we can certainly assume (by ignoring

some finite number of terms at the beginning of the sequence) that ||y;|| < 2C for every i.

Let (jx) be the increasing sequence corresponding to the C-RIS (z;), i.e.
(i) Jrk+1 > max ranzy
(ii) |zx()] < Cm; ! when weighty = m; ' and i < ji
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Set I1 = j1. We can certainly find an ¢; > 1 such that |ly;, — 24| < le_ll. Soif vy eT,

weight v = my! with w < Iy, then certainly w < I; = j; < jj, so
[Yis D] < (i — 2a) ()] + i, (V)] < Cmyt + Cmg' < 20my,!

Now set lo = j;;+1. So lp > max ranx;, = max rany;,.
Inductively, suppose we have defined natural numbers [; < [y < --- <[, and i1 < is <

.-+ < iy, such that
(") lg41 > max rany;, foralll1 <k <n—1, and
(ii”) for all 1 <k <n, |y;, (7)] < 2Cm' whenever v € T, weight v = m ! with w < I

Set lp+1 = Jji,+1. It is easily seen from the inductive construction that l,,.1 > [, and
moreover (by choice of ji), l,+1 > max ranx;, = max rany; . Now we can certainly find
iny1 > dp such that |y, ., — =, | < le:il. So suppose v € I', weighty = m_! with
w < lpg1 In particular w < ji, 41 < ji,,,, so by choice of 4,41 and the fact that (z;) is a
RIS, we see that

|yin+1 (’Y)| < ‘(yin-ﬂ - xin+1)(7)| + ‘xin+1 (7)‘ < lejjﬂ + Om;I < 2Om;1'

Inductively we obtain a subsequence (y;, )ken which is evidently a 2C-RIS (with the sequence

(Ik)ken satisfying the RIS definition), as required. O
We will also need the following technical lemma.

Lemma 3.5.2. Suppose (z;)ien is a normalised sequence in X and \j e R (0<j<k—1)
are scalars such that Z?;& )\ija:i — 0. If S*1a; = 0 then Aj =0 for every j. Otherwise,
there is 1 < m < k — 1 such that S™x; — 0 but S7x; - 0 if j < m, in which case, we must

have that A\; = 0 for all j < m.

Proof. We consider first the case where S¥~1z; — 0 and choose m € {1,...k — 1} minimal
such that S™z; — 0 (noting such an m obviously exists). We must observe that A; = 0 for
all j < m. Since S7z; — 0 for all j > m we in fact know that Z?:(]l )\ija:i —=0. Ifm=1,
this of course implies that A\g = 0 since the sequence (z;) is normalised and we are done.
Otherwise, we apply the operator S™~! to the previous limit. Once again making use
of the fact that S7z; — 0 when j > m, we find that \gS™ 'z; — 0. Since, by choice of m,
S™=1x; - 0, we must again have \g = 0, and moreover, 23"2_11 /\ijl'i — 0. If m = 2, then
this implies A1 Sx; — 0 which implies that Ay = 0 (since Sz; - 0). Otherwise, we apply
the operator S™ 2. A similar argument concludes once again that we must have \; = 0.

Continuing in this way, we get that A\; = 0 for all j < m as required.
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In the case where S*~1z; - 0, we notice that in particular this implies S7z; - 0 for
every 1 < j < k — 1. Applying the operators S¥~1, §5=2 S sequentially to the limit,
Z;:é )\ijaci — 0, first yields that A\g = 0, then Ay = 0 etc. So A\; = 0 for every j as
required. O

Theorem 3.5.3. Let T: X;;, — X be a bounded linear operator on Xj. Then there are
Aj€R (0<j<k—1)and a compact operator K : X, — Xy, such that T = Z?;é NST+K.

Proof. We will show that there exist scalars A\; such that whenever (z;);en is a RIS, Ta; —
Zf;é A\jSiz; — 0 as i — co. By Proposition 3.4.4, this implies T'z; — Zf;é NjSiz; — 0
for every block sequence (z;) which, by Proposition 1.4.15, implies that T — Z?;& \jS7 s
compact. We note that it is enough to show that there are \; € R such that whenever

(xi)ien is a RIS, we can find some subsequence (z;,) with Tz;, — Z?;& Aj STz, — 0.

Claim 1. Suppose (z;)ien is a normalised RIS and that S¥~'z; - 0 (noting in particular
that this implies that S7z; - 0 for every 1 < j < k — 1). Then there are \; € R
(0 <j <k—1) and a subsequence (z;,) of (x;) such that Tx;, — Z?;g )\ijxil — 0.

By passing to a subsequence, we may assume that there is some £ > 0 such that
|S72;|] > & for every i € N and every 1 < j < k — 1. By Theorem 3.4.9, there are
)\g € R such that ||Tz; — Z?;é )\‘Z Siz;|| — 0. We first show that the A? must converge. The
argument is similar to that of [2]. If not, by passing to a subsequence, we may assume that
|)\gi+1 — A8i| > 0 > 0 for some §. Since y; := x9;_1 + x2; is a RIS, we deduce from Theorem

3.4.9 that there are i/ € R with | Ty; — Z?;& 1) S7y]| = 0. Now

i

k—1 k—1
157 (M~ wd) ST+ 3 (Mg — ) S|
j=0 Jj=0
k—1 ) A k—1 ) ) k—1 o
<D XS e = Taaill + | Y Xy waimn = Tz || + | Tyi = Y 4] Sl
=0 =0 =0

and so we deduce that both sides of the inequality converge to 0. Since the sequence (x;) is
a block sequence, there exist lj, such that Po, 1yx = @ok—1 and P, oo)yx = @k Recalling

that if z € X), has ranz = (p, ¢] then ran S’z C (p, q], we consequently have

k—1 k— k—1
137 (M = #) Saill < 1P oo 111D (X = 1) Sai+ D7 (Nooy = 1] ) S| = 0
j=0 j=0

—

<

and similarly

T
L

I3 (Ms = ) STasia| > 0.

<
Il
o
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By continuity of S and the fact that S¥ = 0, applying S*~! to both limits above (and
recalling that ||S7z;| > ¢ for every 1 < j < k — 1) we obtain

k—1
1 1 . N
0 0 0 0\ gk—1 k—1
X8 — w0l < 21 (0% — ) Sl < SISFINYC (M — wd) Sl — 0
§=0
and similarly we find that [\9, ; — u9| — 0. It follows that [AJ, — A9, ;| — O contrary to
our assumption. So the )\? converge to some A\ as claimed. It follows that ||Tz; — \oz; —
Zé:ll M S9z]| — 0. We observe that, since (z;) is normalised and ||S*~1z;|| > e, applying
Sk=2 to the previous limit, we see that

k—1
(1S* 21T — Aows — > M ST | + [|S52T — AoSE2))

1 _
M < ZIM S <
j=1

M| =

so that in particular the A} are bounded. Consequently there is some convergent subse-
quence )\}l (limit A1) of the Al. It follows that the corresponding subsequence (z;,) satisfies

k=1

Tl‘il — )\ol‘il — )\151131‘[ — Z )\glijil —0

j=2
Now, if & = 2 we are done (the last sum is empty). Otherwise, we can apply S*~3 to the
previous limit and use the same argument to conclude that ()\?l)loil is a bounded sequence
of scalars. Continuing in this way, we eventually find (after passing to further subsequences

which we relabel as x;,) that there are \; with (7" — Z?;é AjS7)z;, — 0 as required.

Claim 2. Suppose (z;);en is a normalised C-RIS and that S™xz; — 0 for some 1 < m < k—1.
Let mg > 1 be minimal such that S™°xz; — 0. Then there are \; € R (0 < j < mg) and a
subsequence (z;,) of (z;) such that (T' — Z;n:oo_l Aj STz, — 0.

By minimality of mg, we can assume (by passing to a subsequence if necessary) that
|S72;|| > € for all i € N and all j < mg. By Lemma 3.5.1, (with j = myg) there is a 2C-RIS
(z})1en and some subsequence (z;,) of (z;) such that z} € Ker $"° C Ker S7 for j > mg and

every l. Moreover, |z; —zj|| = 0 (as | = 00). By Theorem 3.4.9, there are )\{ s.t

k—1 _ mo—1 '
T2 =Y NS = | Tap— > N SPaq| — 0.
j=0 j=0

We claim the )\? must converge to some Ag. The argument is the same as that used in Claim

1, except now we obtain

mo—1 mo—1
1> (Mo = ad) STyl = 0 and | Y (M, = ) STaiyll - 0.
j=0 j=0
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(We note there are no terms of the form ‘S7y’ when j > my since the RIS (y;) defined by
Y := xh, | + b, also lies in Ker ™). We apply S™ 1, noting that S7z] = 0 for every
[ and j > mg. We reach the same contradiction as in the previous argument, i.e. that
\)\gj QJ 1| = 0 and consequently it follows that A} must converge to some Ay as claimed.
It easily follows that Tz} — \ox] — E;nzol ! )\{ Siz) — 0. We use the same argument as above
to show that the sequences ()\J)fol for 7 =1,2...,mp— 1 all have convergent subsequences
and consequently that we can find some subsequence z; with (7" — Zmo ! A SI )z — 0.

It follows that

mo—1 mo—1 mo—1
T, — 2 NSy, || < T =37 A7) (@i, — 21 )| + (T Z A7) (
7=0
mo—1 . mo—1
<7 = >0 NS, — |+ (T Z 2jS7) (1)l = 0.
§=0

A priori, the A\; found in Claims 1 and 2 may depend on the RIS. We see now that this is

not the case.

Claim 3. There are \; € R (0 < j < k— 1) such that whenever (z;);en is a RIS, there is a
subsequence (z;,) of (z;) such that T'z;, — Z;:ol Nj STz, — 0.

Note that if (z;);en is a RIS with some some subsequence converging to 0 then any A;
can be chosen satisfying the conclusion of the claim. So it is sufficient to only consider
normalised RIS. We begin by choosing a normalised RIS, (z;);en, with S¥~1z; - 0. Note
that such a RIS must exist. Indeed, if not, then S¥~'z; — 0 whenever (z;);en is a RIS and
by the argument in the first paragraph of the proof, this would imply that S¥~! is compact,
contradicting Corollary 3.4.8. It follows from Claim 1, after passing to a subsequence and
relabelling if necessary, that there are A\; € R with

k—1
— Z)\jiji — 0. (1)

§=0
Now suppose (z});en is any normalised RIS in X;. We will show that there is some
subsequence, (7] )ien, of (z;) such that Equation (1) holds when w; is replaced by z; , thus
proving the claim. It follows from Claims 1 and 2, after passing to a subsequence and

relabelling if necessary, that there are )\;- € R with

k—1
Taf— > NSiai — 0. (2)
Jj=0
We pick natural numbersi; < i3 < ... and j; < ja2... such that max ranz;, < min ran x;k <

, . A A , . .
max ranz,; < minranz;, ., for every k and such that the sequence (z;, + a;jk) keN 1S again
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a RIS. For notational convenience, we (once again) relabel the subsequences (z;, ), () by
(x;) and (2}). So (by choice of the subsequences) (z; +2});en is a RIS and there are natural
numbers [; such that P j(w; + 2}) = z; and Py, o)(z; + x7) = 2. It follows again from

Claims 1 and 2 that there are y; and a subsequence (z;,, + x; ) such that

k—1
T(x;, + x;m) — Z,uij(a:im + x;m) — 0. (3)
7=0
We note also that
k—1 . k—1
0.5 = P (T = Y NiSai) + ) NjPo1)8°
=0 =0
k—1 .
= P(O,li] (Tl'; — ;SJHJ;) — 0

=0

and similarly, Py, o)Tx; — 0. Passing to the appropriate subsequences of Equations (1)

and (2) and substracting them from Equation (3) we see that

k—1 k—1
Taf = (= \)Swi, — > piSal =0 (4)
Jj=0 Jj=0
and
k—1 k—1
Tz, — Z(uj — )\;-)ijém — Zuijzim — 0. (5)
j=0 J=0

Finally we apply the projections P, | and P, ) to Equations (4) and (5) respectively

to obtain (using the above observations) that

k—1 k—1
> (wi = X)) @i, = 0and Y (u; — Nj)Sap 0.
7=0 7=0

Since (z;)ieny was chosen such that S¥~'z; - 0, Lemma 3.5.2 and the first of the above

limits implies that we must have A\; = u; for all j. We now consider two cases:

(i) Skflx;m - 0. By Lemma 3.5.2 and the second of the above limits, we see that we

must have \; = u; = \; for every j. So, we can replace \; by A; in Equation (2) and
we see that Equation (1) does indeed hold with (z;) replaced by (z}).

(ii) There is some 1 < r < k — 1 such that S"z; — 0, but Sz - 0 for any j < r.
Again, by Lemma 3.5.2, we must have \; = y; = A; for all j < r. So, replacing X}
by Aj for j < r in Equation (2), we find that Tz} — Z;;é ;ST — Z;:j N;S9x; — 0.
Since S'a} — 0 for all | > r, it is now clear that Tz — Z;:é AjSiai — 0, so that
Equation (1) holds with x; replaced by zj

This completes the proof of the claim and thus (as noted earlier), the proof. O

94



3.6 Strict Singularity of S: X, — X,

In this section we will prove that .S is strictly singular. By Proposition 1.4.19, it is enough to
see that S is not an isomorphism when restricted to any infinite dimensional block subspace
Z of X. We begin by stating a result taken from the paper of Argyros and Haydon, [2,
Corollary 8.5]. The reader can check that the same proofs as given in [2] will also work for

the spaces X constructed here.

Lemma 3.6.1. Let Z be a block subspace of X, and let C > 2 be a real number. Then Z

contains a normalized C-RIS.

We will need a variation of Lemma 3.4.11 to be able to construct weak dependent
sequences. We first observe that the lower norm estimate for skipped block sequences given
in Proposition 4.8 of [2] also holds in the space X} and exactly the same proof works. We

state it for here for convenience:

Lemma 3.6.2. Let (z,)%_, be a skipped block sequence in Xy. If j is a positive integer such

that a < ng; and 2j < minranxs, then there exists an element v of weight mgjl satisfying

a a
> we(v) = gmyt Y .
r=1 r=1

Hence

a a
1Dzl = gmat > llaell.
r=1 r=1
Lemma 3.6.3. Let € > 0, j be a positive integer and let (xz)zzjl be a skipped-block C-RIS,
such that minran zs > 2j. Suppose further that one of the following hypotheses holds:
(i) ||S* ;|| > 6 for alli (some § >0)

(i) There is some 2 < m < k — 1 (where we are, of course, assuming here that k > 2)
such that ||S™ Ya;|| > & for all i (some § > 0) and ||S™x;| < Cmgjls.

Then there exists n € I' such that x(n) > % where x is the weighted sum

-1
Tr = mgjnzj Z.TZ
=1

Moreover, if hypothesis (i) above holds, the pair (Sz,n) is a (16C,2j,0)-special exact pair.
Otherwise, hypothesis (ii) holds and (Sz,n) is a (16C,27,0,¢) weak exact pair.
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Proof. Let us consider first the case where hypothesis (i) holds. Since (S*~1z;):* is a

skipped block sequence, it follows from Lemma 3.6.2 that there is an element v € T of
weight mQ_jl satisfying

mang Y SF T ai(y) = Fngt > (ISH ) >
=1 =1

d

2

Consequently, we must have F¥~1(v) being defined, and x(F¥~1(v)) > g. We set n =
FF=1(y) € T. Certainly S7Sz(n) = (=, (S*)jﬂe;‘]) = 0 for any j > 0 (since, by Lemma
3.3.8, we must have F(n) = F¥(vy) being undefined). So conditions 3 and 4 are satisfied
for (Sx,n) to be a (16C, 2j,0)-special exact pair. The other conditions are satisfied since a
careful examination of the corresponding argument in [2], i.e. the proof of [2, Lemma 6.2],
reveals that the remaining conditions will hold for the weighted sum z, regardless of the

specific element 7 of weight mgjl chosen. We then simply make use of the fact that for any
el

otherwise

(S.e5) = {(x,e}(9)> if F(0) is defined
y Lo/ —

and similarly
(S ) = {<x,d*F(9)> if F(6) is defined
0 otherwise

In the case where hypothesis (ii) holds, we find by the same argument as above that
there is a v € T' of weight m;jl with F™~1(y) being defined and z(F™ (y)) > g.
We now set n = F™1(y). Now, for any 0 < j < k — 1, either S7Sz(n) = 0 (if
FIH(n) = FI*™(y) is undefined) or |S7Sx(n)| = |z(F7* (7)) = |S7 ™ a(y)| < |7 2| <
mzjngjl Z?:”l |[S7tmz;|| < Ce. The final inequality here is obtained using the fact that
|S7 M, || < C’mQ_jls for all ¢ and j > 0; indeed, when j = 0, this is the hypothesis in the
lemma, and when j > 0, we simply use the fact that S has norm at most 1. We have
shown conditions (3) and (4') hold for (Sz,n) to be a (16C,25,0,¢) weak exact pair. The
remaining conditions hold once again because they hold for x; the argument is the same as
before. O

Theorem 3.6.4. The operator S: X, — Xy is strictly singular.

Proof. We suppose by contradiction that .S is not strictly singular. It follows that there is
some infinite dimensional block subspace Y of X; on which S is an isomorphism, i.e. there
is some 0 < § < 1 such that whenever y € Y, ||Sy|| > d|ly||. By Lemma 3.6.1, Y contains a
normalised skipped block 3-RIS, (z;);en € Y. We note that certainly Sx; - 0 and consider
two possibilities. Either S¥~1z; — 0 or it does not. In the latter of these possibilities,

passing to a subsequence, we can assume without loss of generality that ||S*~1a;|| > v > 0
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for every i (and some v). Thus, we see by Lemma 3.6.3 that we can construct (48,2j,0)
special exact pairs (Sz,n) for any j € N, with min ran Sz arbitrarily large and x(n) > §.

Otherwise, we must have k > 2 and there is an m € {2,...,(k — 1)} with S™ !z; - 0
but S™z; — 0. By passing to a subsequence, we can assume that ||S™ 1z;|| > v for all i.
Moreover, for a fixed jo € N, since S™z; — 0, given any j € N, we can find an N; € N such
that ||S™z;]| < C’mgjlngjt_l for every i > N;. So by Lemma 3.6.3, we can construct weak
(48, 2j,0,n2_jf)_1) exact pairs (Sz,n) for any j € N, with min ran Sz arbitrarily large and
z(n) > 5.

Now, we choose jo, j1 with mgj,_1 > 67200~ 'v~! and Myj, > ”gjofl' By Lemma 3.6.3,
and the argument above, there is a y; € Y, n; € I' such that (Syi,n1) is a (48,471, 0, ”2_3‘%)—1)‘
weak exact pair and y;(n1) > 5. We let p; > rankm; V max rany; and define §; € Ay, to
be (p1,0,mzj,-1, €y, ).

Now set jo = o0(£1). Again by Lemma 3.6.3 and the argument above, there is yo €
Y,ne2 € I' with min ranys > p1,y2(n2) > 5 and (Sy2,7m2) a (48,4j2,0,n2_j%)_1)—weak exact
pair. We pick ps > rank 7, V max ranys and take & to be the element (p2, &1, majo—1, e;;z),
noting that this tuple is indeed in A,,.

Continuing in this way, we obtain a (48,2jy — l,O,ngj%)_l)—weak dependent sequence

(Sy;). By Proposition 3.4.14 we see that

n2j0—1
ov
-1 —1
Imajo—1nyt 3 > Syill <70 x 48my) < -
=1

with the final inequality following by the choice of jo. On the other hand,

Nn2j5—1 n2jy—1 y
—1 —1
Z yi(gTLZjo—l) = Majo—1 Z yi(mi) = Majo—1"2jo—15
i=1 i=1
So,
n2jp—1 n2j5—1
-1 -1
”m2jo—1”2j0—1 Z Syil = 5Hm2jo—1”2j0—1 Z yill
i=1 i=1
Nn2jo—1 5
—1 14
> 5m2j0—1n2j0—1 Z yi(§n2j0—1) > ?
i=1
This contradiction completes the proof. ]

The previous theorem combined with Theorem 3.5.3 and Corollary 1.4.27 immediately

yield the following corollary.

Corollary 3.6.5. The operators S7: X3, — X1, (7 > 1) are strictly singular. The spaces X,

have few but not very few operators.
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3.7 The HI Property

It only remains to see that the spaces Xj are hereditarily indecomposable. The proof is
sufficiently close to the corresponding proof of [2] that we will omit most of the details. We

first observe we have the following generalisations of Lemmas 8.8 and 8.9 of [2].

Lemma 3.7.1. Let (mi)iSTLQjo—l be a (C,2jo — 1,1)—weak dependent sequence in X, and let

J be a sub-interval of [1,n95,—1]. For any v € T of weight maj,—1 we have

D (—D)'zi(y)| < 7C.
ic
It follows that
Nn2j9—1 Nn250—1
||”2j0 1 | 27”27]%)—1 but ||”2j0 1 (— )sz <700m2]0 1
i=1 i=1

Proof. The proof of the first claim is sufficiently close to the proof of Lemma 3.4.13 that
we omit any more details. The upper bound

Nn2j0—1
””2]0 1 (— )%H < 70C’m2]0 1
i=1

then follows using exactly the same argument as in Proposition 3.4.14. The lower bound is

proved in the same way as Lemma 8.9 of [2]; one simply observes that using the notation

of Definition 3.4.12,

n2jy—1 n230 n2jo— ngj,—1
_ * *
Z Li g”210 I L +m2]0 1 Z P(pi—hpi)em)
=1 =1 =1 =1
nQJO_
_ ) () — . -1
= maje-1 Y i) = najo—1ma ;-
=1

We immediately obtain

n2jo—1 n2jo—1

-1 -1
H”QJO 1 | Z Mojo_1 E $i(§n2j0—l) Majo—1-
i=1 i

O]

To see the spaces X, are HI, we claim it will be enough to see that we have the following

lemma:

Lemma 3.7.2. LetY be a block subspace of Xi.. There exists § > 0 such that whenever j,p €
N,e > 0, there exists ¢ € N,z € Y, € T with ranz C (p,q) and (z,1) a (96671,25,1,¢)

weak exact pair.
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We omit the proof of Lemma 3.7.2. It is essentially the same as Lemma 3.6.3 combined

with the proof of [2, Lemma 8.6].
Proposition 3.7.3. X is hereditarily indecomposable.

Proof. The argument is the same as in [2]; by Proposition 1.4.10 it is enough to show that
if Y and Z are block subspaces of X, then for each € > 0 there exists a y € Y and z € Z
with [ly — z|| <elly + =||.

By Lemma 3.7.2; given two block subspaces Y and Z of X there exists some § > 0
such that for all jo € N, we can construct (965_1,n2jo,1, 1)—weak dependent sequences,
("'Ei)igano—l with x; € Y when 7 is odd and x; € Z when i is even. We choose jg € N such
that moj,—1 > 67205 'e~! and obtain a (965*1,n2j0_1, 1)—weak dependent sequence as in

the preceding sentence. We define

y:inandz: Zml

1 odd i even
and observe that by Lemma 3.7.1
n2jy-1
ly+ 2l =1 Y all = noj-1ma
i=1
while
n2jo—1
ly =z =11 D (1)l <70-966 " ngjo—1myy
i=1
so that ||y — z|| < elly + z|| as required. O
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Chapter 4

A Banach space with ¢/; Calkin
algebra

4.1 The Main Theorem

In this chapter, we push the results of the preceding chapter a little further. We construct
another ¢; predual, X, which shares some of the properties of the previously constructed
spaces Xj; our new space is still an L, space of Bourgain-Delbaen type and we will once
again obtain a representation formula for all bounded linear operators on X.,. However,
the space X also has some radically different properties from the spaces in the previous
chapter - the Calkin algebra is isomorphic as a Banach algebra to ¢1(Np), the space fails
to have few operators and moreover, the space is indecomposable, but is not hereditarily

indecomposable. Our main result is the following:

Theorem 4.1.1. There exists a separable ZLs space with a Schauder basis, X, that pos-

sesses the following properties:
1. X5 =1;.

2. There exists a non-trivial, non-compact operator ‘S’ on X~. (By ‘non-trivial’, we
simply mean that the operator S is not a scalar multiple of the identity.) The sequences
(Sj)j?";1 C L(Xx) and ([Sj])jo.io C L(Xx)/K(Xs0) are basic sequences isometrically

equivalent to the canonical basis of £1(Np).

3. If T € L(X) then there are unique scalars ()52, and a compact operator K €
L(Xo) with Y24 |Ai| < oo and

oo
T=> \NS+K.
=0
The operator S appearing in the above sum is the same operator on X described in

Property 2 above.
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4. The Calkin algebra L(X)/K(Xs0) is isometric as a Banach algebra to the convolution
algebra ¢1(Np).

For clarity, we remark that when we talk of /1 (Ny) as a Banach algebra, we are thinking
of the Banach space ¢1(Np) equipped with the usual multiplication coming from convolution.
That is, if (an)02 g, (br)5% € ¢1(Np) then the product (a,)5 * (bn)22, is defined by

((an) * (bn))(m) = Zajbm,j.
j=0

It turns out that possessing ¢; Calkin algebra is a rather remarkable property. Before

proving the main theorem, we note some corollaries that demonstrate this.

Proposition 4.1.2. If X is a Banach space for which the Calkin algebra is isomorphic (as

a Banach algebra) to £1(Ny) then the strictly singular and compact operators on X coincide.

A particular consequence of the proposition is, of course, that the strictly singular and
compact operators on X, coincide. Consequently X., fails to have few operators; the
operator S cannot be written as a compact perturbation of the identity by property (2) of
the theorem, and since the compact and strictly singular operators coincide, S cannot be
written as a strictly singular perturbation of the identity.

Before giving the proof of Proposition 4.1.2, we document the following easy lemma:

Lemma 4.1.3. Let a = (a;);2, and b = (b;)72, be non-zero vectors in {1(No) and choose
k,1 > 0 minimal such that a # 0 and by # 0. Then axb(j) is equal to 0 whenever j < k+1.
When j = k +1, a*b(j) = axb. In particular, [|a * blls Ny > |arbi| and consequently

”anH&(No) = ‘ak‘n
Proof. The proof is an easy computation using the definition of the convolution product. [

Proof of 4.1.2. If T is strictly singular then by Theorem 1.4.28

. 1 . 1
lim (7]} = lim |77+ K(X)[[* =0

n—oo

Since the Calkin algebra is isomorphic as a Banach algebra to ¢1(Np), we can identify [T'] with
an element a = (a, )52, € ¢1(Np) and the above observation yields that lim,,_, ||a”||% =0.
By the previous lemma, if a # 0, then letting k£ be minimal such that a; # 0, |[a"|l¢, > |ak|”,
so that lim,_, Ha"H% > |ag| > 0. So we must have that a = 0, and therefore that [T] = 0.
This is the same as saying that T is compact.

We have therefore shown that every strictly singular operator is compact. The converse

is always true. O
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We can also easily deduce from the previous proposition that the space X, fails to be

hereditarily indecomposable.
Proposition 4.1.4. The space X is not hereditarily indecomposable.

Proof. 1t was shown in [12] that for a real HI space X, the quotient algebra £(X)/SS(X)
has dimension at most 4 (where, as usual, SS(X) denotes the ideal of strictly singular
operators on X). By the previous proposition, S§(X) = K(X), and so we see that
L(X0)/SS(X) is isomorphic to ¢1(Ny) by the final property of the main theorem. Com-

bining these observations, it is clear that X, is not HI. O

On the other hand, the fact that the Calkin algebra is ¢1(Ny) forces the space to be

indecomposable.

Proposition 4.1.5. If X is a Banach space for which the Calkin algebra is isomorphic (as
a Banach algebra) to ¢1(Ny) then X is indecomposable.

Proof. If P is a projection on X, then [P] is an idempotent in the Calkin algebra. We
identify [P] with (a;)2, € £1(Np) It follows that (a;);2, is an idempotent in the Banach
algebra /1 (Np). An easy computation yields that the only idempotents in ¢1(Np) are 0 and
(1,0,0,...). Thus either [P] =0 or [ — P] =0, i.e. either P or [ — P is compact. In either

case, P is certainly a trivial projection. O

4.2 The Construction

The construction of X, is almost identical to that used in the previous chapter to obtain the
spaces Xp, though the proof of the operator representation for the new space is somewhat
more involved. We continue to work with the fast increasing sequences of natural numbers
(mj)72, and (n;)72, from the previous chapter and refer the reader back to Assumption
3.3.1 for the precise assumptions on these sequences.

We begin by working with a Bourgain-Delbaen space generated by a countable set
T = U,A, which is essentially the same as in the construction of the previous chapter
except for the addition of some new elements which will have degenerate corresponding
BD functionals. Continuing with the terminology from the previous chapter, we will define
these additional elements as having age and weight 0 and refer to them as ‘trivial elements’

since their corresponding BD functionals will just be 0. Let us be more precise.
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Definition 4.2.1. We define Y by the recursion Ay = {0},

n+1
Api1 = U {(n—i— 1,p,mj_1,b*) 0<p<mn, b*e Bp,n}
j=1
n—1 p
U U {(n—i— 1,§,mj_1,b*) 1 £ € Ay, weight € = mj_l, agel < nj, b* € Bp,n}
p=1j=1
U{(n+1,7):0<j <n}

The notation is exactly as before, whereby elements of T code the corresponding BD
functional. For a trivial element, v = (n + 1,j) € A,41, we define the corresponding cy to
be 0 and so d} = €. It is readily checked that Theorem 2.2.2 still holds with the addition
of this degenerate case (indeed, within the notation of the theorem, we could just as well
consider 7(7y) to be the Type 0 tuple, 7(v) = (1,0,0), where the first coordinate sets ¢ = 1,
the second coordinate denotes the 0 scalar, and the third coordinate denotes the element
0 € A;). Consequently we obtain a Bourgain-Delbaen space X (T).

As in the previous chapter, we bring to the attention of the reader the same remark
that was made in the previous chapter (see below). We once again ask the reader to consult

Chapter 3 for an explanation of the notation being used.

Remark 4.2.2.

Later on, we will want to take a suitable subset of Y. To avoid any ambiguity in notation,
in the above definition, and throughout the rest of the chapter, B, , will denote the set of
all linear combinations b* = ZneYn\Tp aney, where, as before, 3, |a,| <1 and each a; is a

rational number with denominator dividing N,!.

We have the following theorem, which is the analogue of Theorem 3.3.6 and Lemma
3.3.7.

Theorem 4.2.3. There is a map G : T — Y U {undefined} (we say G(v) is undefined
if G(y) = undefined, otherwise we say G(7v) is defined) and a norm 1, linear mapping
R*: 64(Y) = 64(Y) satisfying:

1. G(0) is undefined (where we recall Ay = {0}).
2. G((n+1,7)) =(n+1,7— 1) whenever 1 < j <n and G ((n+ 1,0)) is undefined.

3. For non-trivial elements v € T \ A1, if G(v) is defined, ranky = rank G(vy) and
weight v = weight G(vy) (i.e. G preserves weight and rank). Moreover, age G(y) <

agey (G doesn’t increase age).
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- {ezm if G() is defined

0 otherwise.

R (") = Ay if G(v) is defined
7 0 otherwise.

Moreover, the dual operator of R* restricts to give a bounded linear operator R: X(Y) —
X(Y) of norm at most 1.

We omit the proof, since it is essentially the same as the proof given for the corresponding
results in the previous chapter. The following observation about the operator R* will be

essential later in the proof.

Lemma 4.2.4. For every v € Y, there is a unique | € N, 1 <1 < rank+y such that G’(v)
is defined whenever 1 < j < | but G'(7y) undefined. Consequently, (R*)jei = (R*)jdi‘y =0
whenever j € N, j > rank~.

Proof. The proof is an easy modification of the proof of Lemma 3.3.8. O

As with the constructions in [2] and the previous chapter, for our main construction, we
will place some restrictions on the elements of odd-weight via the use of a coding function
o: T — N. We make the same assumptions on this coding function as in the previous
chapter; we refer the reader back to Section 3.3 for the details. As before, the coding
function can be constructed recursively as T is constructed. For each v € T, we define a
finite set X(vy) by

oo
S ={etul] U {o6)
J=16eG—i(y)
where G (v) := {0 € T : G'(#) = ~v}. (In particular, if & € G=I(y) then G'(§) € T for
every [ < j.)
It is easily checked that Lemmas 3.3.10 and 3.3.11 still hold with (essentially) the same

proofs and that we have the following modification of Lemma 3.3.12.

Lemma 4.2.5. Suppose v,6 € Y. If o(y) € X(0) then either v = § or there is some
1 <j < oo such that GI(y) = 4.

We are now in a position to describe the main construction. The ideas are exactly the
same as in Chapter 3. We take a subset I' C T by placing restrictions on the elements of odd
weight we permit. As a consequence of imposing these additional odd weight restrictions, we

are also forced to (roughly speaking) remove those elements (n+1, p, 8, b*) and (n+1, &, 3,b*)
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of T for which the support of b* is not contained in I', in order that we can apply the
Bourgain-Delbaen construction to obtain a space X (I'). Exactly as was the case in Chapter
3, the subset I is also constructed inductively, so it will be well defined and consistent with
the Bourgain-Delbaen method.

We will denote by A, the set of all elements in I' having rank n, and denote by I',, the
union I';, = Uj<,A;. The permissible elements of odd weight will be as follows. For an age
1 element of odd weight, v = (n + 1, p, mQ_jl_l, b*) we insist that either b* = 0 or b* = e
where n € I';, \ '), and weightn = m;il < ”23271 For an odd weight element of age > 1,
v =(n+ 1,m5j£1,£, b*) we insist that either b* = 0 or b* = ey where n € I'y, \ I'tanke and
weight n = mgkl < nQ_jQ_l, k € 3(§). Let us be more precise:

Definition 4.2.6. We define recursively sets A, € A,. Then I';, := U;<,Aj and T' :=
UnenQ, € T. To begin the recursion, we set Ay = Ay. Then

L(n+1)/2]
Apy1 = U {(n—i— 1,p,m2j W) :0<p<mn, b" e Bpmﬂﬁl(l“n)}
j=1
n—1|p/2]
U U U { n—i—l,f,m%’ b*) & e Ap,w(€) = m2j age& < ngj, b* € By, N4 (T )}
p=1 j=1
L(n+2)/2]
U U {(n+1,p,m;j1_1,b) 0<p<n, b"=00rbd"=¢, neln\T)
j=1
and w(n) = mll-l < ”5]{1}
n—1[(p+1)/2]

U U U (n+1af»m5]1_1,b*) 3€€AP,W(£) :mgjl_ly age£<n2jfl )
p=1 7j=1

b* =0orb" =e, withn € I', \ T, w(n) = my <n2] 1 ke 2(5)}
U{n+1,j):0<j <n}
Here the B),,, are defined as in Remark 4.2.2, and, for brevity, we temporarily write w(&)

for weight £. We define X, to be the Bourgain-Delbaen space X (I') where I' is the subset
of T just defined.

Once again, to compute norms we need to work with the evaluation functionals e, We

note that this is no harder than in the previous constructions.

Proposition 4.2.7. For a v € T, either it is a trivial, age 0 element (v = (n+ 1,7)) in
which case we simply have e, = d7,, or agey > 1 in which case we once again have the

evaluation analysis given by Proposition 3.3.14.
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Proof. 1f 7 is a trivial, age 0 element, there is nothing to prove; the statement follows from
our earlier definitions. In the case where v € I' and agey > 1, the same proof as before

goes through. O

We still need to show that there exists an operator ‘S’ on X, having all the properties
described in the main theorem. We first define the operator. It is constructed in exactly

the same way as in Proposition 3.3.16.

Proposition 4.2.8. T' is invariant under G. More precisely, if v € T C Y and G(v) is
defined, then G(v) € T'. It follows that the map G: T — YU{undefined} defined in Theorem
4.2.3 restricts to give F: T' — T' U {undefined}. Consequently the map R*: £1(T) — ¢1(Y)
(also defined in 4.2.3) can be restricted to the subspace ¢1(I') C £1(Y) giving S*: £,(T) —
01(T). S* is a bounded linear map on ¢1(I') of norm 1 which satisfies

0 if F() is undefined
e*F(v) otherwise

* %
Sev—

for every v € I'. Moreover, the dual operator of S* restricts to Xoo to give a bounded linear

operator S: Xoo — Xoo of norm at most 1, satisfying S7 # 0 for all j € N.

Proof. We once again omit the details, as the proof is only a very minor modification of
the proof of the original result. Note that de(nJrl,O) = d(n41,j) Whenever 0 < j < n so that
57 0 for any j € N. O

The reader can easily verify that Lemma 3.3.17 of the previous chapter still holds for the
odd-weight elements of our new construction. Moreover, we can define a C-RIS in the space
X oo using exactly the same definition as in Chapter 3; we refer the reader to Definition 3.4.1.
It is then an easy exercise to check that Lemmas and Propositions 3.4.3, 3.4.4 and 3.4.5 all
still hold, with only minor modifications required to the original proofs to take into account
the new, weight and age 0 elements. In particular, we note that the basis (d,)yer of the
space X is shrinking and X7 is naturally isomorphic to ¢;. Moreover, having established
that X% is naturally isomorphic to ¢;, the same proof as in Lemma 3.4.6 works to show
that the dual operator of S: X — X is precisely the operator S*: ¢1(I') — £1(I") of
Proposition 4.2.8.

The strategy used to prove our main result will be to follow the arguments of Gowers
and Maurey in [15]. We will thus be interested in the seminorm ||| - ||| on £(X), defined
by

T = sup limsup [T

(x’ﬂ)nEN€£ n
where £ denotes the set of all 1-RIS, (x,)nen-

We first document some observations about this seminorm.
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Lemma 4.2.9. Given T € L(X), T is compact <= |||T||| = 0.

Proof. Suppose first that T' is compact. Since the basis (d)~er is shrinking, it follows by
Proposition 1.4.15 that if (z)nen € £, ||Tzy|| — 0. It follows immediately that |||T||| = 0.

Conversely, suppose |||T||| = 0. If (2,)nen is a C-RIS, then (% )nen € L so ||Tz,|| =
C T—gn | = 0. It follows from Proposition 3.4.4 (and our earlier observation that this result
still holds for the space X« ), that whenever (y,)nen is a block sequence in X, ||Tyn| — 0.
This implies that T is compact, as we saw in Proposition 1.4.15.

O]

Y

Lemma 4.2.10. Let T = YN (XS89, Then ||T| = Y1 |A;| and moreover ||T]]|
N
%ijo‘)‘j’-

Proof. We already know |S|| < 1; it follows from the triangle inequality that [T <
Z;V:o |\j|. Moreover, it is an elementary fact that ||| = ||T7|| = || Zj’vzo A;j(S*)7]|. Since
(N +1,N) €T, we thus have,

N N
ITH =11 XS0 = 110 X (5™ e lles
j=0

=0
N N

=Y Netvsan_plla =D 1Al
=0 =0

and we obtain the first equality stated in the lemma.

To obtain the final inequality stated in the lemma, note that whenever A C A,, and
ey € {1,—1} (for v € A), > caerdy = ig (ZveA 5767); this follows immediately from
Lemma 2.2.3. Consequently, || > c4e4dy]| < 2. Note that (N +n, N — j) € I' whenever
n>1and 0 < j < N. We consider the sequence (z,)3%; defined by

N
Ty = é Z sign Aj d(Nyn,N—j)
j=0
We claim (z,,) € £. By our first observation, ||z,| < 1 < 1 for all n. Moreover, we see
that the local support (see [2, Definition 5.7]) of any z,, contains no element of weight > 0.
Thus by Lemma 5.8 of [2], whenever v € I' and weight v = m,_L1 for some h, |z, (v)] < m;l.
It follows that (z,)nen is a 1-RIS and is therefore in £. (For the sequence (ji) appearing

in the definition of a RIS, we take j; = 1 and ji41 = maxranxy + 1 for & > 1.)
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Finally, we note that

N

N N
IT2all 2 (€ DA 20} = (i vy DA 20) = (S NS Vil s 2)
§=0 j=0 j=0

N
Z AjSign N (A yn N— ) AN+n,N—k))
k=0

Il
ol

Il
o

J

|Aj

Y-

| =
<
Il
=]

from which it follows that |||T||| > limsup,, |Tzy| > %Eé\fzo |\;j| as required. O
We aim to prove the following theorem:

Theorem 4.2.11. Every operator in L(Xs) is in the ||| - |||-closure of the set of operators
in the algebra A, generated by the Identity and S.

As the proof is long and technical, we first see that our main result, Theorem 4.1.1,

almost completely follows from Theorem 4.2.11 and the above lemmas.

Proof of Theorem 4.1.1. We have already observed that X7 is isomorphic to ¢1; indeed, the
proof is almost identical to the proof for the spaces Xj.

We note that the first part of Lemma 4.2.10 is equivalent to saying that (S’ )52 is a basic
sequence in L(X), 1-equivalent to the canonical basis of £; = ¢1(Ng). Moreover, it follows
from the second part of Lemma 4.2.10 and Lemma 4.2.9 that K(X) @ [S7 : j € Ny is an
algebraic direct sum in £(X.). We first show that this direct sum is the entire operator
algebra. The proof of this is identical to the arguments used in [15] but for completeness
we include it here.

We write G for the Banach space obtained by taking the ||| - |||-completion of A, noting
that by the second part of Lemma 4.2.10, ||| - ||| actually defines a norm on A. (Here A
is defined as in Theorem 4.2.11.) Given T' € L(X), by Theorem 4.2.11 we can find a
|| - |||-Cauchy sequence (T7,)°; of operators in A such that |||T'—T,,||| — 0. Let ¢(T") be the
limit of (7)., in G. It is easily checked that, in this way, we get a well-defined, bounded
linear map ¢: L(Xs) — G (of norm at most 1). Note that the restriction of ¢ to A is
the identity (or more accurately, the embdedding of A into G). It is also easily seen that
the kernel of ¢ is the set of T" such that |||T||| = 0, which by Lemma 4.2.9 is precisely the
compact operators, K(X).

Now, we note that we can define a linear isomorphic embedding Z: G — L(X), with
Z(G) = [S7 : j € Ny]. Precisely, we define Z by defining it on the dense subspace of vectors
in G of the form [Zé\fzo \jS7], where it is to be understood that [Z;V:o \;S7] is the vector
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in G obtained under the natural embedding A — G of the vector Z;‘V:() \;jS7 (recalling that
G is simply the ||| - |||-completion of A). We can therefore well-define Z in the obvious way,
ie. [Zé‘\;o ST Z;V:o \jS7. By the second part of Lemma 4.2.10, this is a continuous
linear map, so we may take the unique continuous linear extension to G. Since |||-[|| < |- ||,
it is easily seen that this map is an isomorphic embedding onto the closed linear span
[S7: j € Ny|, as required.

We observe that Z o ¢(T) — T' is in the kernel of ¢ and is therefore compact. Indeed, it
is clear from the definitions of ¢ and Z that ¢ o Z is the identity on the dense subspace of

vectors in G of the form [Z;V:O A;S7]. Using this observation and continuity, we see that

¢(Zod(T)=T)=¢oZ(¢(T))—o(T)
=o(T) = o(T) =0

as required. Consequently, if T € L£(X) there exists a compact operator K such that
T =TZo¢(T)+ K and we have

L(Xoo) =157 1 j € No] & K(X0)

as claimed.

Property (3) of Theorem 4.1.1 now follows immediately from the above and the fact
that [Sj]?io is a basic sequence in £(X). Moreover, if we let ¢: £1(Ng) — L(X~) denote
the isometric embedding (A;)32, = 2272, AjS7 and let 7: £(X0o) = L(X0)/K(Xs0) denote
the canonical projection, then the map §: ¢1(Ng) — L(X)/K(X) defined by § = moeis
now easily seen to be a continuous bijection; it is therefore an isomorphism by the Inverse
Mapping Theorem. It is readily checked that this map is a Banach algebra isomorphism.
The fact that the sequence ([S” )52 C L(Xo0)/K(Xo0) is a basic sequence also follows from
the fact that ¥ is an isomorphism.

We have very nearly completed the proof. However, it is claimed in property (4) that
L(Xs0)/K(Xx) is actually isometric to £1(Np). We will show in the next section that the
sequence [S7 ]JO.';O is really l-equivalent to the canonical basis of ¢1, from which it follows

that ¥ is really an isometry. O

It remains for us to prove Theorem 4.2.11, i.e. that every operator in £(X) is in the
||| - ||| —closure of the set of operators in the algebra A generated by the identity operator
and S. In order to do so, we will need to make further modifications to the definition
of a (C,j,0,e) weak exact pair (see Definition 3.4.10) and also to the definition of weak
dependent sequences (see Definition 3.4.12). Since these definitions are quite complicated,

we will include all the details in our new definitions, although most of the conditions we
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demand are as before. Moreover, unlike in Chapter 3, we won’t need l-exact pairs and
dependent sequences in what follows. Consequently we make a very small change in notation

to the previous chapter.

Definition 4.2.12. Let C,e > 0 and w € NU {oo}. A pair (z,7) € X5 x I is said to be a

(C,j,e,w)-weak exact pair of order w if
Lz <C

2. [(df, x)| < Cm; ! forall € €T

. _ -1
3. weightn = m;

4. |S'xz(n)| < Ce for every 0 <1 < w if w < oo and |S'z(n)| < Ce for every 0 < 1 < w if

w =00

5. for every element 7' of I' with weight ' = m; ' # mj_l, we have

Cm; ' ifi<j
Cm;' ifi>j.

jz(n)] < {

As before, we observe that we have the following estimates for weak exact pairs (for

exactly the same reasons as in [2] and as in the previous chapter).
Remark. A (C,j,e,w) weak exact pair also satisfies the estimates

6Cm- "t ifi<j
e, P )| < !
s Blo.oo) )] {Gcn%l ifi>j

for elements 7’ of T with weight n/ = m; ! # m;l.
We will need the following method for constructing 0 weak exact pairs of order N.

Lemma 4.2.13. Let w € N U {00}, (xk)zzl be a skipped-block C-RIS, and let qo < q1 <
g2 < -+ < qny,; be natural numbers such that ¢ > 2j and ranxy, C (qr—1,qx) for all k.
Let z denote the weighted sum z = mgan_jl 222:71 x. For each k let by, be an element of
By 1ge—1 with [{((SH)W}, xx)| = |(bF, Slay)| < Ce for all 0 <1 < w (or 0 <1 < oo if
w = 00). Then there exist (; € Ay, (1 <1 < ngj) such that the element 1 = Cy,; has analysis
(@i, b7, Gi)1<i<ny; and (2,m) is a (16C,2j, ¢, w)-special exvact pair.

The proof of the lemma is sufficiently close to the proof of Lemma 3.4.11 that we omit

it.
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Definition 4.2.14. We shall say that a sequence (.TUi)iSano_l in Xy is a (C,2jp—1,0)-weak
dependent sequence (of finite order) if there exist sequences of natural numbers 0 = py <
p1 < p2 < o0 < Pngjyy and 1 = Ng < N1 < Ny < --- < ]\7,%.071 < 00 together with
ni € Ip—1 \T'p,_, and & € Ay, (1 <i < ngjy—1) such that

1. for each k, ranzy C (pr—1,Dpk)

2. for each k, S7xy(n) = 0 whenever j > N,

1

3. the element § = &y, Of prjml has weight my; 4 n2jo—1

and analysis (p;, e;‘h &)t
4. (z1,m) is a (C, 441, n;j})_l, Np)-weak exact pair
5. for each 2 < i < mngj,—1, (z4,m;) is a (C, 40(§i,1),n5]%)_1, N;_1)-weak exact pair.

In certain applications, we can remove the more complicated conditions involving the se-
quence (Nj)?ijg*l Specifically, we will say the sequence (;)i<n,;, , 18 a (C, 2jo — 1,0)-weak
dependent sequence (of infinite order) if we remove condition (2) above, and ask that all
the weak exact pairs occurring in (4) and (5) have infinite order.

In either case, we notice that, because of the special odd-weight conditions, we necessar-
ily have mzjll = weight m; < n2_g%—17 and weight n;11 = mZ;(Ei) < ngj%_l, by Lemma 3.3.17

forl1 <i< N2jo—1-
The following two lemmas are fundamental to proving our main result.

Lemma 4.2.15. Let (xi)ign%_l be a weak (C,2jo — 1,0)-dependent sequence (of finite or
infinite order) in Xo and let J be a sub-interval of [1,n2j,—1]. For any v € T’ of weight

maj,—1 we have

|Z$i(’¥')! <7C.

Proof. The proof is almost the same as the proof of Lemma 3.4.13. We recall the notation
used; we let &, n;, pi, N; (if we are considering a dependent sequence of finite order), j; be
as in the definition of a dependent sequence and let ~ denote §n2j071, an element of weight
majo—1. We denote by (p, (p}, b, &})1<i<a’) the analysis of 4/ where each bf* is either 0 or
e;;g for some suitable 7.

We recall that we can estimate as follows

D a0 w(I+H () + D (),

keJ keJ, k<l keJ, k>l
i
and weight 7, = weight 7;. (We refer the reader back to the proof of Lemma 3.4.13 for the

where we are assuming we have chosen | maximal such that there exists ¢ with b}* = e
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details on reducing to this case.) The terms |z;(y')| and ;¢ ; 1~ [7£(7')| can be estimated
in exactly the same way as in the proof of Lemma 3.4.13.

The argument for estimating the remaining term, |> ;. ; ro;@x(7')], is a little more
involved. Obviously if [ = 1, the sum we are trying to estimate is just zero, and the lemma
is proved. So we can suppose [ > 1. By definition of [, there exists some i such that b}* = en;
and weight 7, = weight {. Now either ¢ = 1 or ¢ > 1. When ¢ = 1, we can use exactly the
same argument as used for the corresponding case in the proof of Lemma 3.4.13 to conclude
that [ c7 xr2k(7)] < 3C and we are done.

It only remains to consider what happens when ¢ > 1. Recall we are also assuming [ > 1
and weight )} = weight ;. But by definition of an exact pair, we have weight 7; = mZ;(ﬁl_l),
and by restrictions on elements of odd weights, weightn; = m; with w € X(¢_,). By
strict monotonicity of the sequence m;, we deduce that w = o(§_1) € £(§/_;). By Lemma
4.2.5, there is some j, 0 < j < oo, such that F7(§_1) = £/_,. We note that in particular
this implies p;_; = p,_, since F' preserves rank and we can write the evaluation analysis of

~' as
a/

ko *\] [ % * —1 * /%
e’y/ - (S )] (65171) + Zd5; + m2]071P(pr 1’pr)b

r=t

Now, for k < I, since ranzy, C (pr—1,px) € (0,p1—1) = (0,p;_;), we see that
(k. €5)] = @k, (5*)j62, "

(57 %de NECTIR L]
= m2j0—1|<S xk7€’l7k>| S ‘<ijk7e:]k>’

Now, if (2i)i<n,;, , is a dependent sequence of infinite order, we have 1Sty ()| < C’n;]%)_l

for every | € Ny, so certainly [{(S7zy, en) | < Cngjﬁ_l and consequently,
< N<c.
> ) Smajper max ()] < C
ke, k<l
Otherwise (;)i<n,;, , is a dependent sequence of finite order, and we estimate by consider-
ing three possibilities. If j < N1 < Ni_q for all £ > 2, then by definition of weak dependent
sequence, |(S7zg, nf)| < Cngjﬁ_l for k > 2. So,

NI< ! . Nl < 2C.
’k€;<lmk(7)’ < lmn ()l ma, lkEJr,n%kd‘ka =<

If] > Nn2j 2

> N for all k, then condition (2) of weak dependent sequence implies that
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The only remaining possibility is that there is some r € {1,2,...,n9j,—1 — 1} with
N, < j < Nyy1. Now if k < r, it follows that j > N, > N; and so S7x(n;) = 0
by condition (2) of weak dependent sequence. If k > r + 2, j < N,41 < Ni_; and so
(ST g, e )| < Cngj%)_l. It follows that

Y @O S lern)I+ Y @)+ Yo ()

keJ, k<l keJ, k<l, k<r keJ, k<l, k>r+2

<ol + 0 masomr ) 3|50 el < 26

This completes the proof.
O

Lemma 4.2.16. If ($i)1§i§n2j071 is a (C,2jo — 1,0) weak dependent sequence (of finite or

infinite order), then
n2jo—1

”nZ_jifl x|l < 7OCm2_j%71.
k=1

and moreover, if v € ', weight () = m,:l, then

M2jp—-1 -1 -2 -1 . c
iyl S m)| < {280”2@1 O e T A
P 28Cny;, 1 +42Cmy, if h > 2jg — 1.
Proof. The proof follows from Lemma 4.2.15 (readjusting the RIS constant to 7C), and by
the proof of [2, Proposition 5.6]. O

In the spirit of [15], we aim to prove the following proposition.

Proposition 4.2.17. Let T: Xoo — Xo be a bounded linear operator. Then for every
0 > 0, there exists an | € N such that whenever x € X is a block vector satisfying

. -1 . 1 -
|z < 1,minranz > 1 and |z(v)| < m; " whenever weighty =m; *~ with i <,
dist(Tz,lconv{\S’z : j € {0,1,...,1},|A\| =1}) <.

In order to prove the above proposition, we will need the following lemmas, which are

analogous to Lemma 7.1 of [2] and Lemma 3.4.17.

Lemma 4.2.18. Let m,n and [ be natural numbers with m < n and let x,y € Xo be such
that ran z,rany are both contained in the interval (m,n]. Suppose that dist(y,lconv{\S7x :
j € A{0,1,...,0},|A\] = 1}) > §. Then there exists b* € ballly(I'y, \ T'y,), with rational
coordinates, such that |(S7x,b*)| < @ for every j € {0,1,...,1} and b*(y) > 16.
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Proof. For 0 < j <1, let uj € £oo(I'y, \T'y,) be the restriction of Siz, and let v € loo (T \T'yn)

l

be the restriction of y. Then S7z = inuj for 0 < j <[, y = i,v and for any scalars (,uj)jzo,

: ! ! ; . !
with D 5o sl <10 <ly = 2250 S|l < linllllv = 2250 #ju;ll- Hence
1
dist(v, lconv{lu; : j € {0,1,... 1}, |\ =1}) > 5(5.

Let C; = conv{Au; : j € {0,1,...,1},|\| = 1}. By the Hahn-Banach Theorem (see Theorem
1.4.7) in the finite dimensional space £oo(I'y, \ I'y,), there exists a* € sphere ¢1(I',, \ I'y,) with

sup {(a*,z> 1z €Cp+ ;5B(€Oo(Fn\Fm)} < (a*,v).

It follows that (a*,v) > 16 and sup|a*(C;)| < sup|a*(C)| + 26 < (a*,v) < [Jv]| < |lyl|.
Consequently, |(a*,u;)| < ”%’—” for every 0 < j < [. To complete the proof, we note that
by an elementary continuity argument, we may approximate a* arbitrarily well by b* €
ball £1(I'y, \ T',y,) N QU7\I' retaining the desired conditions. O

The proof of Proposition 4.2.17 will be easy once we have proved the following lemma.

Lemma 4.2.19. Let T be a bounded linear operator on Xo. Suppose for thisT, there exists
some § > 0 for which the conclusion of Proposition 4.2.17 fails. Then, given any e > 0 and
natural numbers, j,p, N, there exists a block vector z € Xoo, a natural number q > p, and

an n € Aq such that ranz C (p,q) and
(1) (z,7m) is a (16,2j4,e, N)-exact pair;
(2) (Tz)(n) > 150;

(8) (I = Pyg))Tz| < my;'é;

(4) (P}, genT2) > 30.

Proof. Note that under the hypothesis of the lemma, we can obtain a skipped block 1-RIS
(zk)ken with the property that for every k

dist(Txg, kconv{ASxy : 5 € {0,1,...,k}, |\ =1} > 6.

We now fix L € N such that L > N and L > 4||T||/e. Observe that if m < n and = € Xo,
then mconv{\S/z : j € {0,1,...,m},|\| = 1} C nconv{\S7z : j € {0,1,...,n}, |\ = 1}
so, for k > L,

dist(Txy, Leonv{AS zy, : j € {0,1,..., L}, |\ =1})
> dist(Txy, kconv{ASTxy, : 5 € {0,1,...,k}, |\ =1} > 6.
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We pass to the subsequence (xy)x>r so that the above inequality holds. Note also that the
sequence (T'xy) is weakly null (since the basis (dy),er, is shrinking). Consequently, passing
to a further subsequence if necessary, we can assume that there exist p < go < 1 < q2 < ...

such that, for all k > 1, ranzy C (qr—1,qx) and [|(I = Pg, _, ¢)) T2kl < ém;ﬁé < %mz_jlé <

Tlgoé' It follows from this that dist(P(qk_hqk)Txk,Lconv{)\Sj:L‘k :j€{0,1,.... L}, |\ =

1} > %5. We may apply Lemma 4.2.18 to obtain b; € ball41(I'y,_1 \ I'y, ,), with

rational coordinates, satisfying

: [1Plgs.an Tkl _ 4T
b* S] < k—1,4k <
whenever 0 < 57 < L, and

(b5, P Tay) > 12195,

qk—1,9k) 2560

Taking a further subsequence if necessary (and redefining the ¢x), we may assume that
the coordinates of b} have denominators dividing N, _1!, so that b} € By, | q,—1, and we
may also assume that q; > 2j. We are thus in a position to apply Lemma 4.2.13, getting
elements ¢, of weight mQ_j1 in Ag, such that the element 7 = &ny; of A, has evaluation

analysis

* * —1 * *
€y = Z dﬁz‘ T My, Z P(qz'ﬂ,qz‘)bi'
=1 =1

and such that (z,7n) is a (16, 27, ¢, L)-weak exact pair, where z denotes the weighted average

-1
Z = mganj Z.Z‘Z
=1

Since we also chose L > N, (z,7n) is certainly a (16,27, e, N)-weak exact pair as required.
We set ¢ = gn,;; the rest of the proof is now exactly the same as in [2, Lemma 7.2].
O

Proof of Proposition 4.2.17. We suppose for contradiction that there exists § > 0, such that
the conclusion of the Proposition 4.2.17 fails.

The argument is the same as Proposition 7.3 of [2]. We construct a (16,259 — 1,0)-
weak dependent sequence of finite order (for a suitably chosen jo € N) by making repeated
applications of Lemma 4.2.19.

We begin by choosing jj such that maj,—1 > 4480(|T'||6~! and j; such that myj, > n%jofl.
Taking p = po = 0 and j = 251, N = Ny = 1l,e = ”2_]%)—1 in Lemma 4.2.19, we can find
g1 and a (16,4j1,n2_j1)_1,N0)—exact pair (z1,m1) with rankn; = q1, (Tz1)(m) > %5 and
(I = Po,g)(T21)| < mzjllﬁé. Let p1 = ¢1 + 1 and let & be the special Type 1 element
of Ay, given by & = (pl,mgj%)_l, ey, ). By Lemma 4.2.4, we can find an N1 > Ny such that
Slzl(m) = (0 whenever [ > Nj.
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Now, recursively for 2 < i < ngj,_1, define j; = o(&i—1), and use Lemma 4.2.19 again to
choose ¢; and a (16, 47;, ngj%)_l, N;_1)-exact pair (z;,n;) with rankn; = ¢;, ran z; C (pi—1, i),
R 36 and ||(I — Py, 4,
N; such that S'z;(n;) = 0 whenever [ > N; (which is again possible by 4.2.4), and let & be

N(Tz)| < mzﬁ& We now define p; = ¢; + 1, choose

the Type 2 element (pi,&,l,mgjﬁil, en;) of Ap,.

It is clear that we have constructed a (16, 2jo—1, 0)-weak dependent sequence (Zi)léiéngjofr
We set z = ngj})_l S0t 2 and note that ||z]| < 70 - 1677@2_]%_1 by Lemma 4.2.16. On the
other hand, the same argument as in the proof of Proposition 7.3 of [2] yields that

-1
Moy —10 S Omajo—1]2|

Tz|| >
I7=] 4 T 4.70-16
which implies that ||T']] > 6”11?071, contradicting maj,—1 > 4480 T[]0~ 1.

O

Proposition 4.2.20. Let T be a bounded linear operator on Xo, 6 > 0. For this 6, choose
I € N as given by Proposition 4.2.17 and let A; = lconv{\S7 : j € {0,1,...,1},|\| = 1}.
Then, there exists U € A; with |||T — U||| < 28,6740.

For the proof, we will need the following fixed-point theorem due to Kakutani. We refer

the reader to [19] for the proof and more details.

Theorem 4.2.21 (Kakutani Fixed Point Theorem). Let S be an r-dimensional closed
simplex and denote by R(S) the set of all non-empty, closed, convexr subsets of S. If

O: S — R(S) is upper semi-continuous, then there exists an xg € S such that xg € ®(xg).
We remind the reader of the following definition from [19]:

Definition 4.2.22. With the notation as in the preceding theorem, a point-to-set mapping
$: S — R(S) is called upper semi-continuous if whenever (x,)5%; is a sequence in S

converging to zg € S, y, € ®(x,,) and y, — yo € S, then yo € P(z).

Proof of 4.2.20. The proof follows closely that of [15, Lemma 9]. We find it convenient to
introduce the following piece of notation. Given a sequence of block vectors (z;)ien, wWe
write £1 < x3 < ... if there exist natural numbers ¢y < ¢1 < ... with ranz; C (g;—1,¢;) for
every i (with similar notation if the sequence has only finite length).

It is sufficient to show that if T' is an operator on X, with matrix representation with
respect to the basis (d,)yer possessing the property that there are only finitely many non-
zero entries in each row and column, then there is U € A; with |||T"— Ul|| < 28,6735. (We
temporarily call this property P so that we can refer back to this statement.) Indeed, since

the basis (d)~er is shrinking, 7" can be perturbed by a distance at most ¢ in operator norm
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to an operator of this form, and the seminorm, ||| - |||, is bounded above by the operator
norm.

Having performed the described perturbation, it follows that we may assume T’ sends
block vectors (with respect to the FDD) to block vectors. Note we can also assume (without
loss of generality) that if N € N is given, whenever x € X, is a block vector with minran x
sufficiently large, minran T'x > N. Indeed, if this were not the case, an elementary argument
involving the fact that the matrix of 1" is assumed to have only finitely many non-zero entries
in each row and column would imply that 7T is in fact a finite-rank, hence compact, operator.
We could thus take U = 0 and the proof would be complete by Lemma 4.2.9.

Now, if property P is false, then for every U € A;, there exists a 1-RIS (zy/(7));en with
limsup; ||(T' — U)zy(i)|| > 28,673). Since subsequences of 1-RIS are again 1-RIS, passing
to a subsequence if necessary, we see that for every U € A;, there exists a skipped block
1-RIS (zp(i))ien such that |[(T'— U)zy(i)]| > 28,673 for all i.

Note that A; is compact. Indeed, consider the (continuous) linear map h : 611“ —
L(X), defined by (Ao, Ay ..., A1) — Zé‘:o A;S7. Then the restriction of h to I B(¢{™) is
a homeomorphism onto A4;. We can thus choose a covering (Z/Ij)?:l of A; by open sets of
diameter less than §. Let (gbj);?:l be a partition of unity on A; with ¢; supported inside U;
for each j.

For every j = 1,...,k, let U; € U; and let (z;,)ien be a skipped block 1-RIS with
the above property with U = U;. By the condition on the diameter of U}, we have ||(T" —
U)xjil| > 28,6726 for all i € N and U € U;. Moreover, by the remarks made earlier (and
the fact that ranaz C (p,q) = ranSz C (p,q)), passing to a subsequence of (z;;)ien if
necessary, we may also assume that (7' — U)x;;),y is a skipped block sequence of successive
vectors for every U € A;.

For the rest of the proof, we work with jg € N chosen large enough that

(1) 2jo—1>1

-1 -1
(2) M2jgNgj 1 < MYy

(3) kngjo—1 < ngjy.

Note that it is certainly possible to choose such a jy. Indeed, by Assumptions (2) and (4) on
the sequences (m;) and (n;) (see Assumption 3.3.1), mgjn;jl_l = m%j_ln;jl_l < n2_]1_2 —0
as j — oo and nj+1nj_1 > m?H — 00 as j — 00.

Now, suppose we are given € > 0, p,r € N. We can select a skipped block 1-RIS of length
nay, (:E”)f\iv_iq (M suitably chosen) from the 1-RIS (z;;)ien, such that there are natural

numbers p < qo < 1 < -+ < @n,, With ¢1 > 2r and ranz; pr4i C (¢i—1,¢:). Now, setting

117



by =0 € By, for all 7, we can apply Lemma 4.2.13 to see that there exists ¢ = gy,, and

a (16,2r, e, 0o)-weak exact pair (z,7n) where z is the weighted sum

nar

-1 2 :
Z = M2rNog, Tj, M+i
=1

and n € A,. Note also that ranz C (p, ¢) and whenever U € U;,

nar
(T = U)zl| = marny | Y (T = U)ajnrs
i=1
Lo R
> Smay,! mayng, > T = U)ajprgll > 14,3365
i=1
where the penultimate inequality follows from Lemma 3.6.2 and the assumption we made
earlier about ((T'— U)z;;),cn being a skipped block sequence of successive vectors for every
UecA.
Using this observation, for each j = 1,...,k, we may inductively construct a (16, 2j9 —
1,0) weak dependent sequence of infinite order, (zji)?ijlofl, with minran z;; > and ||(T —
U)zjill > 14,3360 whenever U € U;,1 < i < ngj,—1. Moreover, once again making use of

the assumptions on T discussed at the beginning of the proof, we may arrange that
(T — U)ZJ'J <(T'— U)Zj727 < (T = U)Zj,mjo—l
for every j and U € A; and moreover that

(T — U)Zj7n2j0—1 < (T - U)Zj+171

forevery1 < j < k,andU € A;. Now,forj=1,...,k wesety,; = ﬁm%o”;jt—l 2?31071 Zj i
Observe that minrany; > [. Moreover, by Lemma 4.2.16, we have ||y;|| < ﬁmgm x 70 x
16m2_j?r1 = % and if v € I, weight v = mgl with h < 2j9 — 1,

28 % 16 . 84 x 16 PR
Wi < —oa5M2j0M2j0—1 T —7ma5 M2j0Maje—1M,
1792 1792

JM8 13
= 1792 T 1792

by the choice of jo. Since jy was chosen so that [ < 2jo— 1, if h <1< 2jp—1, ml_1 < m,:l

and we have [y;(v)| < m;*.

For U € A, let y(U) = Z?Zl ¢;(U)y;. We have minrany(U) > [, |ly(U)| < B2 < 1
and |y(U)(y)] < m,:l whenever v € I' and weighty = m,:l with h < [ (since we have just
observed these facts are true when y(U) is replaced by any y;). We show that y(U) is also
a ‘bad vector’ for U, by showing that ||(T' — U)y(U)|| > 49.
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To see this, let U € A; be fixed, and let J = {j : ¢;(U) > 0}, noting that ||[(T'—U)z;,| >
14,3360 whenever j € J and 1 <4 < ngj,—1. Observe that (T —U)y(U) = >, ; ¢;(U)(T —
U)y; = ﬁm%o”;ﬁ]q dies Z;Zﬁ“il ¢;(U)(T—U)zj,;. By the way in which we constructed
the z;;, the final sum is a sum of at most kngj,—1 < maj, skipped, successive vectors. It

follows that

Nn2j0—1 Nn2j5—1
1
1YY ¢ (UNT = U)zl ngzjﬁz > s (UNT = U)zll
jeJ i=1 jeJ i=1
> My n2jo-171685 Y _ |¢; (U)]

JjeJ
= mz_jlongj0717168(5

and consequently, ||[(7"— U)y(U)|| > 46 as claimed.

The proof of the proposition now follows by the Kakutani Fixed Point Theorem, The-
orem 4.2.21. Indeed, for each U € A;, let ®(U) be the set of V' € A; such that ||(T —
V)y(U)|| < 44. Clearly ®(U) is a closed, convex subset of A;, Moreover, by Proposition
4.2.17, and our earlier observations about y(U), ®(U) is non-empty for every U € A;.
Clearly, the function A; — X, defined by U +— y(U) is continuous, and this ensures that
® is upper semi-continuous. Indeed, suppose U, € A;, U, — U, V,, € ®(U,) and V,, — V.
Then

(T =)y < (T = Vo) (y(U) = y(Un)) | + (T = Va)y(Un)l| + [|(Ve = V)y (V).

The first term on the right-hand-side of the inequality converges to 0 by continuity of
U — y(U) and the fact that U,, — U. The third term converges to 0 since V;, — V. The
second term is at most 40 since V,, € ®(U,,). It follows that ||(T"— V)y(U)|| < 46 so that
V € ®(U) as required. Consequently, by the fixed point theorem, there exists some U € A,
with U € ®(U); this contradicts the fact that y(U) is a ‘bad’ vector for U, as was shown

earlier. O

We conclude this section by making the obvious observation that the proof of Theorem

4.2.11 is now an immediate corollary of Proposition 4.2.20.

4.3 L(X«)/K(X) is isometric to /;(Ny)

We have already seen that the Calkin algebra, £(Xs)/K(Xoo), is isomorphic to £1(Np). In
the final section of this chapter, we complete the proof of the main theorem and show that
the algebras are in fact isometric. As observed in the proof of Theorem 4.1.1, it will be

enough for us to show that the sequence ([S7 ])520 is 1-equivalent to the canonical basis of
0.
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Lemma 4.3.1. For any x € X, ||S™z| — 0 as n — oo.

Proof. Observe that if x is a block vector with ranx C (p, ¢) then S"x = 0 whenever n > q.
Indeed, since the vectors (d3),er form a basis for the dual of X, it is enough to show
(d3,S"z) = 0 whenever v € I' and n > ¢. Since ranz C (p,q) = ranS"z C (p,q) for
every n, we certainly have <dfy, S"x) = 0 for every n € N and v € I" with rank~y > ¢. For
v € I' with ranky < ¢, we have (5%)"d; = 0 whenever n > ¢ by Lemma 4.2.4, and so
(d5, S"z) = ((5%)"d}, x) = 0 as required.

Now for a general z € X, fix ¢ > 0 and choose ¢ € N such that [[(I — P q))z|| < e.
Then for n > g,

15"z || < (|5 Po,gzll + 15" (I = Po,g)zll < (I = Pog)zl <e
so ||S™x|| — 0 as claimed. O

Lemma 4.3.2. Let K € K(X). Then ||S"K|| — 0 as n — oo.

Proof. Fix € > 0 and choose a finite §-net, x1,... 2y, of K(Bx, ). By Lemma 4.3.1, there
exists N € N such that ||S"z;|| < i whenever n > N,j = 1,...,m. Now suppose
z € Bx_ and let j € {1,...,m} be such that |Kz — zj|| < 4e. For n > N we have
|S"Kz|| < ||S"(Kz — ;)| + [|S™zj| < |Kz — 2] + 3¢ < e. Thus |[S"K| — 0 as n — oo

as required. ]

Proposition 4.3.3. Let (A;)72, € f1. Then || 2520 A7 4+ K(Xoo)ll = 22520 [Aj]- Conse-

[e.9]

quently, the sequence ([Sj])jzo is 1-equivalent to the canonical basis of ¢1.

Proof. Certainly || 372, Aj87 +K(Xoo) || < | 22720 AiS7 Il = 32520 [Aj| by Lemma 4.2.10. To
prove the converse inequality, fix € > 0 and suppose K € K(X). By Lemma 4.3.2, we can
find m € N with ||S™K]|| < e. It follows that

1K+ NS = |STK 4+ A8t
§=0 §=0

> Y XS — ST K|
=0
> il ==
=0
It follows that || 3272, NST+ K(X)| > > 201Nl — €, and since e > 0 was arbitrary,
132720 X587 + K(Xoo)l = 32724 N1 O
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Chapter 5

Shift invariant ¢/; preduals

5.1 Introduction

We have seen in Chapters 3 and 4 that there exist a multitude of non-isomorphic Banach
spaces with ¢; dual. Moreover, these spaces all possess some interesting Banach space
structure; the spaces in Chapter 3 are easily seen to be saturated with infinite dimensional
reflexive subspaces and have the property that their operator algebras and Calkin algebras
can be considered ‘small’, whereas the interesting property of the space in Chapter 4 is the
fact it has ¢; Calkin algebra.

In addition to the results in this thesis, we also note that there are a number of other
exotic ¢1 preduals discussed in the existing literature. For example, it was shown in [5] that
there exist isometric preduals of #; which are not isomorphic to a complemented subspace
of any C(K) space and, more recently, it has been shown ([13]) that any Banach space with
separable dual can be embedded isomorphically into an #; predual.

In this chapter, we briefly look at a problem considered by Haydon, Daws, Schlumprecht
and White in [9], where ¢; preduals satisfying an additional ‘shift-invariant’ condition are
studied. For completeness, we begin by discussing the motivation behind this property and
define precisely what we mean by a shift-invariant predual of ;. We then show that one of
the spaces defined in [9] (which was shown to be isomorphic to ¢g) can in fact be considered
(in some sense) as being obtained from a specific Bourgain-Delbaen construction. Thus,
whilst none of the results in this chapter are new, our approach is somewhat different to
that taken by the authors of [9]. Given the success of constructing exotic Banach spaces via
the Bourgain-Delbaen method, the author had hoped that this new approach might lead
to new shift invariant preduals of /1 possessing some interesting Banach space properties.
Unfortunately, at the time of writing, this remains an open problem and the author has

been unable to make any further progress.
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The motivation behind [9] comes from the study of dual Banach algebras. If a Banach
algebra, A, is also a dual space of some Banach space, F, i.e. there exists a (Banach space)
isomorphism T': A — E*, we can induce a weak™® topology on A, simply by demanding that
T should be a weak*-weak™® homeomorphism. This is, of course, equivalent to saying that
a net (q)aecs converges weak™ to x in A if and only if Tz, converges weak* to Tx in E*.

We then have the following definition:

Definition 5.1.1. A Banach algebra A is a dual Banach algebra if it is a dual space of
some Banach space, E, and the product is separately weak*-continuous (with respect to

the induced weak™ topology just described).

We note that the induced weak* topology, and hence the above definition, depends on
the choice of isomorphism T: A — E*. Therefore, one should be more precise and define
a predual of A as a Banach space E together with an isomorphism 7: A — E*. We shall
see shortly that we can forget about this technicality for the purposes of this chapter as we
will be working with so-called concrete preduals of /1 (see Definition 5.1.2).

As noted in [9], it is well known that a C*-algebra, M, which is isometric to a dual
space is a von Neumann algebra. In this case, the product and involution are automatically
weak™® continuous, so that M is a dual Banach algebra. Moreover, the (isometric) predual
is unique. However, we observe that isomorphic preduals need not be unique, even in the
case of C* algebras. Indeed, Pelczynski proved that the Banach spaces (o, and Ls[0, 1] are
isomorphic. It follows that both ¢; and L;[0, 1] are isomorphic preduals of the C* algebra,
{~, while of course ¢; is not isomorphic to L1[0, 1].

The authors of [9] are specifically concerned with the Banach algebra ¢;(Z) equipped

with the natural convolution product,

(fxg)n) =) f(k)g(n—k),  fgebt(Z)nel

keZ

and the isomorphic preduals of ¢1(Z) with respect to which ¢1(Z) is a dual Banach algebra.
We should really be a little more precise. Observe that if we were to equip ¢1(Z) with the
zero product, any isomorphic predual of ¢1(Z) makes ¢1(Z) equipped with the zero product
into a dual Banach algebra. We are only interested in a predual F of ¢1(Z) with respect to
which ¢1(Z) equipped with the convolution product (defined above) is a dual Banach algebra.
Consequently, in what follows, we are always thinking of ¢;(Z) as the ‘usual’ Banach algebra
equipped with the multiplication being the convolution just defined. We also remark that
the canonical isometry of ¢o(Z)* with ¢1(Z) makes ¢1(Z) into a dual Banach algebra, so the
sorts of preduals we are interested in certainly exist. Whilst this happens to be an isometric

predual, we emphasise that we are not restricting our attention to just isometric preduals.
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In [9], the authors are looking for preduals E for which E has some interesting Banach
space structure or for which the isomorphism between E and ¢;(Z) induces an exotic weak*
topology.

Before continuing any further we remark that we shall frequently be making the canoni-
cal identification of ¢1(Z)* with ¢ (Z) and find it convenient to denote by 0: ¢1(Z)* — loo(Z)
the usual isometry.

Observe that every predual, E, of ¢1(Z) can be canonically embedded (isomorphically)
into ¢oo(Z). Indeed, if Jg denotes the canonical isometric embedding of E into its second
dual and T': ¢1(Z) — E* is an isomorphism, the composition § o T* o Jg: E — lo(Z) is
an isomorphic embedding of F into {s(Z). It turns out (see Lemmas 5.1.3 and 5.1.4) that
the preduals of ¢1(Z) which make the multiplication separately weak® continuous, i.e. the
preduals with respect to which ¢1(Z) is a dual Banach algebra, are precisely those which,
when thought of as a subspace of ¢ (Z) under this embedding, are invariant under the
bilateral shift on ¢ (Z). Consequently, we refer to such preduals as shift-invariant preduals
of t1(Z).

If was shown in [9] that, when considering shift-invariant preduals of ¢1(Z), we lose
no generality by considering so called concrete preduals. As well as being a considerable
simplification, the ¢; duality arising from concrete preduals is precisely that which arises
naturally from the embedding of ¢1(Z) into the dual of a space of Bourgain-Delbaen type.
Consequently, concrete preduals are fundamental, both to the work of the authors in [9]
and to enable us to connect the work of this thesis with the results in the aforementioned
paper. For this reason, we chose to include the details of concrete preduals now; the proofs
and results largely follow the work of the authors in [9].

Given a closed subspace F' C {(Z), it is well known that the dual space F* is canon-
ically isometric to loo(Z)*/F*, where FX = {® € ((Z)* : (®,2) = 0 Vo € F}. Let
T: loo(Z)*/F+ — F* denote this identification and 7: o (Z)* — loo(Z)*/F* be the obvi-

ous projection.

Definition 5.1.2. Given a closed subspace F' C {(Z), we define the map tp: ¢1(Z) — F*
to be the composition 1p = IT['(Q_I)*ng(Z) and say F'is a concrete predual for ¢1(Z) if the

map (g is an isomorphism.

It is an easy computation to see that if a € ¢1(Z) and x € F' C {(Z), then (tp(a),z) =
(x,a) (where we are of course thinking of x as an element of ¢1(Z)* in the right-hand-side of
the equality). Consequently, if F'is a concrete predual, the identification of ¢; with F* under
L is the same type of identification of /1 as a subspace of X* when X is a Bourgain-Delbaen

space (see, for example, Theorem 2.2.2, Proposition 3.4.5).

123



As stated earlier, we lose no generality in working with concrete preduals for ¢1(Z) and
this is the contents of the next lemma (which is proved in [9, Lemma 2.1]). We remark that
the lemma states both the Banach space structure and induced weak® topologies on ¢1(Z)
are preserved when changing to the setup of a concrete predual. This is fundamental given

we are concerned with those preduals which turn ¢1(Z) into a dual Banach algebra.

Lemma 5.1.3. Let E be a Banach space and T': £1(Z) — E* be an isomorphism. Then the
map 01" Jg: E — U (Z) is an isomorphism onto its range, say F' C {s(Z). Furthermore,
Lp s an isomorphism so that F is a concrete predual for ¢1(Z) and the weak™ topologies
induced by T': 01(Z) — E* and 1p: 6,(Z) — F* agree. That is, given a net (ay) in {1(Z), we
have that lim, (T (ay),z) = 0 for all x € E if and only if limy(tp(aq),y) = limy(y, aq) =0
for ally € F.

Proof. The first statement is obvious. We prove that ¢p is an isomorphism and the desired
properties of the weak* topologies. Let R denote the isomorphism obtained by thinking
of the operator §7*Jg as a map onto its image, that is, R = 0T*Jg|: E — F (where
F C 4w (Z) is defined as in the lemma). Note that for x € FE,a € ¢1(Z),

(R*1p(a),z) = (tp(a), Rz) = (07 'Rz, a)
= (T*"Jgz,a) = (Ta,z).

In other words, R*tp = T. It follows that ¢ = (R*)™'T and thus ¢r is an isomorphism
from ¢1(Z) to F* as required.

Next, suppose (a) is a net in ¢1(Z). We have (a,) weak* convergent to 0 with respect
to the topology induced by the isomorphism ¢ if and only if (tp(as),y) — 0 for all y € F.
Since tp = (R™1)*T, this happens if and only ((R™!)*T(as),y) = (Taq, R~'y) — 0 for all
y € F. Since R: E — F is an isomorphism, this happens if and only if (T'as,z) — 0 for
all x € E, that is, if and only if (a,) is weak* convergent to 0 with respect to the weak*

topology induced by the isomorphism T': ¢1(Z) — E* as required. O

For completeness, we state and prove two more lemmas. The results and proofs are
taken from [9] and the author of this thesis makes no claim to originality of the two results
that follow. The first lemma proves that the shift invariant condition discussed at the
beginning of this chapter is indeed equivalent to requiring the predual make ¢; with its
natural convolution product into a dual Banach algebra. Of course, since we now know
that we lose no generality in working with concrete preduals, we choose to work with these
in the lemma. The second lemma provides further evidence that concrete preduals do indeed

provide a simplification to the study of the problem originally motivating the authors of
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[9]. Indeed, we see that concrete preduals allow one to detect if two concrete preduals
Fi,F; C (+(Z) induce the same weak® topology on ¢1(Z); this happens if and only if
Fy = F,.

Lemma 5.1.4. Let F' C {o(7Z) be a concrete predual for ¢1(Z). The following are equivalent:
(1) The bilateral shift on £1(Z) is weak*-continuous with respect to F.

(2) The subspace F' is invariant under the bilateral shift on s (Z).

(8) ¢1(Z) is a dual Banach algebra with respect to F.

Proof. We show that (1) and (3) are equivalent and (2) and (3) are equivalent. We denote
by ey, the usual vector in ¢1(Z) (i.e. ep, = (...,0,0,1,0,0...) € ¢1(Z) where the 1 occurs in
the n’th coordinate) and, for y € £1(Z), we denote by *,: ¢1(Z) — £1(Z) the linear operator
defined by = — x * y.

If (3) holds then, in particular, the maps ., and *._, on ¢1(Z) are weak* continuous

with respect to F'. Note that if n € Z,

xxei(n) = Zx(k‘)el(n —k)=xz(n-1)
keZ
so the map *., is just the right shift on ¢;(Z). It is just as easy to see that #._, is the left
shift operator. So we conclude that the bilateral shifts on ¢;(Z) are weak™ continuous with
respect to F.

Conversely, suppose (1) holds, i.e. the right and left shifts on ¢;(Z) are weak* continuous.
We must see that for a fixed y € £1(Z) the map *, on ¢1(Z) is weak™ continuous with respect
to F.

A similar computation to the one above shows that for j € N, the map ., is just
the right shift operator on £1(Z) applied j times and the map *._; is the left shift on
01(Z) applied j times. Thus if there is some N € N such that y = Z\J’\SN aje; then
the map #, is weak™ continuous since it is just the finite sum of weak™ continuous maps;
*y = D|j|<N @j*e,. For an arbitrary y € £1(Z), we can write y = Iimy 00 D |j< v aj€;. We

write Pyy =)<y aje;- Observe that

|z *y—x* Pyyll = |l * (y — Pny)ll < llz||[ly — Pyl

so that #, is the the limit (in the operator norm topology) of the (weak™ continuous)
operators xp, . It follows by the second part of Lemma 1.4.12 that x, is weak™ continuous,

as required.
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Now suppose F' is invariant under the left shift operator on £+ (Z). We claim the right
shift, o, on £1(Z) is weak*-continuous. Indeed, let (z4) be a net in ¢1(Z) with z, =" z,
ie. (071 f,mq) — (071 f,x) for all f € F C Lo (Z). We are required to see ox, —% 0.

To see this, let f € F C ¢(Z) and note that

<9_1f, OZq) = <J*9_1f, To)
=07 o (Ao 07 f, z4).

An easy computation shows that the operator §0*0~!: (oo (Z) — loo(Z) is just the left shift
on loo(Z). Indeed, if (am)mez is in €oo(Z) and e,, denotes the m’th standard basis unit

vector of ¢1(Z) as before, we have
(05707 ((am)mez)) () = (o™ (07 (am)) , en) = (07" (am), 0€n) = an41

so #c*0~1 is the left shift on /, as required.
Now, since we are assuming that F' is invariant under the left shift, f’ := 6o*9~1f € F.

. . *
Thus, from our previous calculation, and that x, =% x we have,

(071 f oza) = (071 f wa) = (07 f @)
= (007" f,x)
= (071f7 ox)

as required. A similar argument yields that if F' is invariant under the right shift operator
on {s(Z), then the left shift on ¢;(Z) is weak™ continuous. We have thus proved that (2)
= (3).

Conversely, suppose we know the right shift o on ¢;(Z) is weak* continuous. We will
show F' is left shift invariant. We continue with the notation used previously, recalling that
00071 oo (Z) — loo(Z) is the left shift on Lo (7).

Now, if our claim is false, there exists an element f’ € F' such that it’s image under the
left shift, 0o*0~1 f' € {o(Z)\ F. By the Hahn-Banach Theorem, we may find a v* € £ (Z)*
such that

0) (0007 ) = 1
(ii) v*(F) = {0} or, equivalently, (v*, f) =0 for all f € F.

Note that 6*v* € ¢1(Z)**. We can rewrite (i) above as ((071)*0*y*,00*071f) =
(0*y*,0*0~1 f') = 1, and similarly, we can rewrite (ii) as (#*y*,0~1f) = 0 for all f € F.
By Goldstine’s Theorem, there is a net (xq)aecr in €1(Z) with ||z, < [|0*7*] for every
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a and Jpxq —% 0*y*. We conclude that lim,(c*0~1f', x4) = limy (071 f', 0xs) = 1 and
limg (0L f,z4) =0 for all f € F.

Now (z4) is a net in some closed ball of ¢1(Z) ~ F*. By the weak™ compactness of
closed balls in ™, (z4) has a subnet (z45))s which is weak™* convergent to some = € {1(Z).
Since (871 f/, oTgy(g)) is a subnet of (0~1f" ox,), the latter of which we know converges to
1, we have limg(e_lf’, 0x43)) = 1. Moreover, by the assumed weak™ continuity of o, we
have limg (0~ f', owy5)) = (071 f',ox) and therefore, (071 f/,ox) = 1.

On the other hand, by the very definition of the weak* topology induced on ¢1(Z), we
have (071 f,z) = limg(0~ f,24(5)) = lima (07! f,24) = 0 for all f € F. This is equivalent
to saying (tp(x), f) = 0 for all f € F, which of course tells us that ¢r(xz) = 0, and hence
x = 0 (vp is an isomorphism). This clearly contradicts (§=1f’ ox) = 1. Again, one can
argue similarly to prove that if the left shift on ¢1(Z) is weak* continuous, then F must be

right shift invariant. This completes the proof. O

Lemma 5.1.5. Let E; and E3 be preduals of ¢1(Z), and use these to induce concrete
preduals Fy, Fo C loo(Z) as described in Lemma 5.1.3. Then Ej and Es induce the same
weak™® topology on €1(Z) if and only if Fy = Fs. In particular, two concrete preduals Fy and
F5 induce the same weak™ topology on ¢1(Z) if and only if F} = F.

Proof. If Fi = F5 then it follows immediately from Lemma 5.1.3 that F; and Es induce
the same weak™ topology on ¢1(Z). Conversely, for i=1,2, let Tj: ¢1(Z) — E; be an isomor-
phism, and suppose that these induce the same weak™ topology on ¢1(Z). Suppose for a
contradiction that there exists an x € Fy \ F}. By the Hahn-Banach Theorem, there exists
A € loo(Z)* with (A,z) = 1 and (A,y) = 0 for all y € F;. By Goldstine’s Theorem, there is
a bounded net (aq) in £1(Z) with Jy, (zyaq —w" g*A. Tt follows that, for all y € Fy, we have

0= (A,y) = (0"A,07"y) = im(0 ™'y, as) = Lim(er, (aa), y)

so that (T1(aq)) is weak™ null in £ by Lemma 5.1.3. By assumption, it follows that (T5(aq))
is weak™ null in E3, but this contradicts that
1= (A, z) =1lim(0 'z, as) = lim(tp, (aqy), x).
(0%

«

This shows that F» C Fj, and an identical argument shows F} C Fy, as required. O

5.2 Connection to the BD construction

Having described the motivation behind the work in [9] and understood the importance of

concrete preduals, we now move on to discuss a specific class of shift invariant preduals that
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were introduced in [9]. We follow the same notation used in [9]; for n > 0 in Z, we denote
by b(n) the number of ones in the binary expansion of n. (So b(0) = 0,b(1) = 1,b(2) =
1,b(3) = 2 and so on.)

Definition 5.2.1. Let A € R, |\| > 1. Define the vector 23 € lo(Z) by z3(n) = A7)

when n > 0 and 0 otherwise. Thus w(’} is given by
o= (...0,0, L, AL AT ATE AL AT A2 AT T ).

F\ C lx(Z) is defined to be the closed, shift-invariant subspace of £ (Z) generated by the

vector 3:8, i.e. F) is the closed linear span of the bilateral shifts of xé‘.

It was shown in [9] that the collection of subspaces (F))[x>1 of £ (Z) are all concrete
preduals of ¢1(Z). Clearly, by construction, they are shift invariant and so by Lemma 5.1.4,
they are preduals of ¢1(Z) that make ¢;(Z) with the convolution product a dual Banach
algebra. The authors of [9] used a somewhat technical argument involving the Szlenk index
to show that as Banach spaces, the spaces F) are all in fact isomorphic to ¢g. The interest
in the spaces F) is therefore due to the weak™ topologies that they induce on ¢1(Z). Since
the F)\ are pairwise distinct subspaces of ¢ (Z), and distinct from ¢y, it is immediate from
Lemma 5.1.5 that these spaces induce an uncountable family of distinct weak*-topologies
making ¢1(Z) into a dual Banach algebra.

The final result of this thesis, is an observation about the space F5. We will show that
we can obtain a ‘one-sided’ version of the space F5 using the Bourgain Delbaen construction.
When viewed in this framework, it is very easy to see that the one-sided version of Fb is
isomorphic as a Banach space to ¢y and that its dual space is naturally isomorphic to ¢;.
In what follows Ny denotes the set of natural numbers including 0. We first set up the
notation.

We define the vector o € £o0(No) by yo(n) = 27 where, as before, b(n) denotes the

number of ones in the binary expansion of n. Thus yq is given by
(1,271,271 272 271 )

We define Ry to be the closed, right-shift-invariant subspace of ¢ (Npy) generated by yo,
that is, Ro is the closed linear span of the vector yy and all its right shifts.

We also use Theorem 2.2.2 to construct a space of Bourgain-Delbaen type. Comparing
with the notation from Theorem 2.2.2, we take I' = Ny and define finite subsets A, C Ny
as follows. We set Ag = {0}, and for n > 1, we set A, = {2" 1 +5:0 < j < 271} For
each k > 1, if n € Ay, we can uniquely write n = 28~ 4+ m where m < 25~ and m, k € Ny,

Again comparing with the notation from Theorem 2.2.2 and making using of the previous
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observation, we define a 7 mapping by setting 7(n) to be the Type 0 tuple (1, %, m). With
this setup, it is easily seen that the Bourgain-Delbaen Theorem (Theorem 2.2.2) applies.
We get corresponding vectors ¢, = 1ek € €1(Ny) and &, = e} — ¢, € £1(Ny). For clarity,

the first few d* vectors are as follows:

5 = (1,0,0,0,0,0,...)

dr = (~1/2,1,0,0,0,0,...)
dy =(-1/2,0,1,0,0,0,...)
45 = (0,-1/2,0,1,0,0,...).

We obtain a .Z, space of Bourgain-Delbaen-type, Rpp := X (Ng, 7). We recall that Rpp is
nothing other than the closed linear span of the biorthogonal vectors [d,, : n € Ng] C £ (Np).

The main observation of this chapter is the following lemma:

Lemma 5.2.2. The spaces Ry and Rpp defined above are the same subspace of oo(Np).
The vectors (d;,)>2, are in fact a basic sequence in ¢1(No) equivalent to the canonical basis

of ¢1(Ng). Consequently, Rpp is a right-shift-invariant subspace of €, which is isomorphic

to co and has dual space naturally isomorphic to £1(Ny).

Proof. We first show that Re and Rpp are the same subspace of £+, (Np). The proof involves
nothing other than a number of lengthy computations so we proceed by proving a number
of smaller claims. It is convenient for us to re-introduce the 7 operator that featured in [9)].

Precisely, 7: oo (Ng) = £ (Np) is the bounded linear map defined by

z(g5) n even

m(@)n) = {0 n odd.

We denote by o: £o(Ng) — o (Np) the right shift, i.e. ox(n) = z(n —1). It was shown in
[9, Lemma 3.1] that 7%(yg) € Ry for all k € Ny and moreover, 70 = o°7.

We also define a bounded operator 3: £ (Ng) — £oo(Ng) by

(%) nodd
B(x)(n) = { ?

0 n even.
We note that o7 = 3 so that 8(yo) € Rs.
Step 1. dyp = yo.

We use induction on n € Ny to prove that do(n) = (dg,e’) = 272 = y4(n). Clearly
(do, ef) = (do, dj) =1 = 27" as required. Inductively, assume that (do, e}) = 279 for all
j <n. Then (do, €} 1) = (do, &’ 1 + 1) = 5(d5, €},) where n+1 = 2F +m with m < 2*.
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In particular, m < n, so by the inductive hypothesis, (do, e}, ;) = %Q*b(m). Note that since
m < 2F, we can write n + 1 = 2% 4 Zf;é ;29 where ¢; € {0,1} for all j. It follows that
b(n+1) =b(m) + 1 and so (do, e}, 1) = 27"V, completing the induction.

Step 2. For all j € No,dgj_H = ﬁdj = Ude.

We use induction on n € Ny to prove that dyji1(n) = Bd;j(n). It is easily seen that
for n < 25 4+ 1, daj+1(n) = 0. Moreover, for such n, Bdj(n) = 0 if n is even. When n is
odd and n < 2j +1, (n —1)/2 < j so that 8dj(n) = dj((n —1)/2) = 0. Consequently
the inductive statement holds when n < 25 + 1. When n = 25 + 1 it is easily verified that
doji1(n) = Bdj(n) = 1.

We now suppose that the inductive statement holds for all k& < n and must show that
daj+1(n + 1) = Bdj(n + 1). By the preceding argument, we may as well assume that
n>2j+1,son+1>2j+1>1. We write n+ 1 = 2%+ m where 0 < m < 2¥ and since
n+1> 2 we must have k > 1. Now daj1(n+1) = (dajt1, ¢} 1) = 5{d2jt1,€h,). Certainly

m < n, so we may apply the apply inductive hypothesis which yields

$d;()  m odd

0 otherwise.

dojir(n+1) = 5 fdj(m) = {

Finally, we consider cases where n + 1 is even or odd separately, noting that n + 1 is even
if and only if m is even, since we have seen that k£ > 1. Consequently, if n + 1 is even, then
our above calculation yields that dyj1(n+1) = 0 = fd;(n+1). It remains only to consider
the possibility that n+1 is odd, in which case, m is odd and daj+1(n+1) = 1d;((m—1)/2).
We need to see that this is equal to dj(n + 1) = d;(n/2). Since we assumed n > 2j + 1,
we have n/2 > j 4+ 1/2 and since n/2 € Z, in fact, n/2 > j+ 1 > j. Consequently,
dj(n/2) = (dj, 02/2). Recalling that n+ 1 = 2¥ +m, where m must now be odd, we see that
1

n/2 =2k 4 m=1 and consequently (d;, 07’;/2> = 1(d;, e’inT,Q = 1d;(™51) as required.

Step 3. For all j > 1, dy; = 7d;.

Again, we use induction on n and prove that dpj(n) = 7d;(n) for all n € Ng. The
calculations are very similar to the previous step. When n < 2j it’s easy to see that
daj(n) = 0 = 7d;j(n) and when n = 2j, dyj(n) = 1 = 7dj(n). So we suppose that the
inductive statement holds for all £ < n and prove the statement must hold for n 4+ 1. By
the previous argument, we can assume n > 2j > 2. Then n + 1 > 2j and dy;(n + 1) =
(daj,cty1) = 3 (daj, €f,) where n+ 1 = 2F + m and we must have k > 1 since n+1 > 3. By
the inductive hypothesis we have daj(n +1) = %de(m). Now, if n + 1 is odd, m must also
be odd, so dgj(n + 1) = 37d;(m) = 0 = 7dj(n +1). So we assume now that n + 1 is even,

so m is even and daj(n + 1) = £d;(m/2). In this case, 7d;(n + 1) = d;(2L) = (dj, chpa)
2
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since we recall that n 4+ 1 > 2j. Also n + 1 = 2¥ 4-m so that (n +1)/2 = 2¥=1 + m/2. It
follows that 7d;(n + 1) = (d;, ¢hes ) = 3dj(m/2) = daj(n + 1) as required.
2

Step 4. dyj,, = 0™dy; whenever j > 1,1 <m < 27,

To see this, we will show by induction on j € N that dy;,, = 0™dy; whenever 1 <
m < 2. The base case, j = 1 follows easily from the previous two steps. Indeed, the only
permissible value of m is 1 and dy1,1 = 07dy = ody1 as required.

So, suppose by induction, that for some j > 1, dgj-1,,, = 0"dyj—1 whenever 1 < m <
27-1 We must show that dyj i = 0™dy; whenever 1 < m < 27. We will do this by
an induction on m. The base case, m = 1, is again easy. By Steps 2 and 3, we have
doj 1 = 0Tdyi—1 = 0dy; as needed. So suppose that dy;,,,, = 0™dy; and that m +1 < 27.
If m = 2k, we have dyj i1 = doi-14p)11 = 0Tdgi—14y = 0doj o = 0dojy, = 0" dy;
Here we have appealed to the previous two steps and the inductive hypothesis on m.

It remains to consider the case m = 2k + 1. Again, we will make repeated use of the
previous two steps. We have dyj i, 11 = dyjop2 = do@i-14541) = Tdoi—14441. Moreover,
m+1=2(k+1) < 2 so that £+ 1 < 2/~Y. Thus by our inductive hypothesis on j,
dyj1 41 = 0" dyi 1 and so dyj = 70" dyi 1 = 0% 21dy; 1 = 0% 2dy; = o™ HLdy,.

(Here we made use of the fact that 7o = 0?7.) This completes both inductive steps.
Step 5. od, = d,,1 except if n is of the form n = 2/ — 1, with j > 0.

This is almost immediate from the previous step. Indeed, suppose j > 1 and 1 < m <
2 — 1. Then if n = 29 +m, ody, = 0dgjyp, = 0™ dy; = dojypy1 = dnt1. We made
use of the fact that m + 1 < 2/ so that we could apply the previous step to obtain the
penultimate equality. If n = 2/ with j > 1 then d,,;1 = dy(2i-1)41 = 0Tdyj—1 by Step 2, and
0Tdyj—1 = ody; = od, by Step 3.

We therefore have that od,, = d,,+1 whenever n can be written in the form 27 +m with
j>1and 0 <m < 2/ — 1. The only values of n which aren’t of the form n = 2/ 4+ m with
j>1and 0 <m < 2/ —1 are precisely those n of the form 2¥ — 1 for some k € Ny.

Step 6. For j > 0,

o () do(l) if n=27(20 + 1) (for some [ € Np)
(n) =
! 0 otherwise.

In particular the vectors {dy; : j € Ny} have disjoint supports.
We use induction on j € Ny. When j = 0 we have di(n) = o7rdy(n) by Step 2. So

do(252) ifn—1 even

0 otherwise.

di(n) =71do(n —1) = {
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It follows that dq(n) = 0 unless n = 2] + 1 in which case d;(n) = dy(l) as required.
Now assume the claim holds for some j > 0. We have dyj+1(n) = dy.9j(n) = 7dy;(n) by

Step 3. So
dy; (%) if n even

dyj+1(n) = {

0 otherwise.

From this, and the inductive hypothesis, we see that dy;+1(n) = 0 unless n/2 = 27(21 + 1)
for some | € Ny, i.e. if n = 29t1(2] + 1), in which case we have dyj+1(n) = do(l). The

statement about disjoint supports is obvious.

Step 7. For all j > 1,

do(k)  if there is k € Ng such that n = 27(k+1) — 1
dyi_1(n) =

0 otherwise.

We proceed by induction on j. When j = 1, di(n) = o1dg(n) by Step 2. So di(n) =
Tdo(n — 1); this equals do(k) if n =2k +1=2(k+ 1) — 1 for some k € Ny and 0 otherwise
by the definition of the 7 operator.

Assuming the claim holds for some j > 1, dyj+1_1(n) = da(9i_1y41(n) = o7dy;_1(n) by

Step 2. So
doi_1(%5L) if n—1 even
d2j+1,]_(n) = Td2j71(n — 1) = 2 1( 2 ) .
0 otherwise.
From this, and the inductive hypothesis, we see that dy;j+1_;(n) # 0if and only if (n—1)/2 =

27(k +1) — 1 for some k € Ny in which case dyj1_1(n) = do(k) as required.
Step 8. For all j >0, odyi_; = > e 2 *dorss.

We first treat the case j = 0. Since e = dj we easily see that odp(0) = 0 =
S22 027 %dyk(0). Now, for every n € N, we can write n = 2™ (2l + 1) for unique m, [ € Ny.
If m = 0, then odo(n) = odo(20 + 1) = do(2l) = dp(l). (We have made use of Step 1
here and the fact that b(20) = b(l).) By Step 6, > oo g2 Fdor(n) = Y oo g2 Fdor (20 + 1) =
d1 (2l + 1) = do(l) = odp(n) where the penultimate equality follows by Step 7. Otherwise,
n =2m(2l +1) and m > 1. In this case, 7oy 2 *dyr(n) = 27™dp(I) by Step 6. On the
other hand, we can write n = S8 2% for some N > m, where ¢, € {0,1} for k > m
and e, = 1. It follows that n—1 =2" -1+ chvzmﬂ 2k =S ok 4 Zivzmﬂ er2F. We
see from this that b(n — 1) = b(n) + m — 1. Consequently, ody(n) = do(n — 1) = 2701
(by Step 1) = 2700 =m+1 Finally we note that b(n) = b(20 4+ 1) = b(l) + 1 so, ody(n) =
270=m = 27y (1) = 332, 2 Fdyr (n) as required.

The calculation for when j > 1 is only slightly more involved. It is again easily seen
that ody;_1(0) = 0 = >3 ,2 ¥dok1;(0). If n € N, we again write n = 2™(2/ + 1) and
odyi_1(n) =dyi_1(n —1) = dyi_1(2™(21 + 1) — 1). By Step 7, this will be non-zero if and
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only if m > j. Moreover, if m = j, i.e. n = 2™(2] + 1), then we see from the previous
calculation and Step 7 that ods;_;(n) = dp(21). By Step 1, this equals do(1). If m > j, then
n = 27(2™73(21 4+ 1)) and by Step 7, we have ady;_1(n) = do(2™ (21 + 1) — 1). We note
that 2m 7 (21 +1) = Zfzvszj £42% for some N > m — j, where ¢, € {0,1} for a > m —j and
em—j = 1. It follows that 2" (2l +1) — 1 = 2" — 14 S0 . 2,20 = Y7120 4
S ii1€a2%. This implies that b(2™ /(20 + 1) — 1) = b2™ (2 + 1)) + m — j — L.
So, ody;_1(n) = do(2m77(20 + 1) — 1) = 270" EFN=Y = gmmAyHlg b2 ) =
9—m+j+19-b(2+1) _ 9—m+jo—b(l) — 2*m+jd0(l).

It remains to compute Y 5o 2 ¥dyri;(n) and see that the formulae we obtain agree
with those just found for ody;_;(n). We note that if n = 2™ (2] + 1) then dyr+;(n) will
only be non-zero if k + j = m by Step 6. In particular, if n is such that m < j then we
get > 72027 *dykii(n) = 0 = ody;_1(n). Otherwise, if n = 2™(2] + 1) is such that m > j
we have 3 722 %dyri;(n) = 27%dp(I) where k is such that k + j = m, by Step 6. The
latter expression is therefore equal to 2 ™/ dy(l) = odyi_1(n), as found in the previous
paragraph.

We are finally in a position to show that Ry = Rgp. By Step 5 and Step 8, we clearly
have that U(RBD) = a([dn in € Ng]) C Rgp. Since, by Step 1, dy = o, we conclude that
Rpp is a closed, right-shift invariant subspace of ¢, (Np) containing yo; we must therefore
have Ry C Rgpp.

On the other hand, since 7%(yg) = 7%(dy) € Rz for all k, and o7 = 70, it is easily
seen by Steps 2 and 3 that for each n € N there are [,m € Ny with d,, = o™rldy € R».
Consequently Rep C Rs and so the two subspaces are indeed equal.

Finally, we observe that in this construction, ||c}| < % for all n € Ny. Appealing to
Lemma 2.2.4, we see that Rpp is isomorphic to ¢y. Moreover, the sequence of vectors
(dy) in £1(Np) is equivalent to (e}) C ¢1(Np). Since (e})72 is a boundedly complete basis
for ¢1 so also is (d}). It follows by Theorem 1.4.6 that (d,,) is a shrinking basis for Rpp.
Consequently by the Bourgain-Delbaen Theorem (Theorem 2.2.2), the dual space of Rpp
is naturally isomorphic to ¢1, i.e. the ¢; duality obtained here is the same as that which

defines the ¢ mapping discussed earlier. ]

5.3 Concluding Remarks

We have obtained a right-shift invariant ¢; predual using the Bourgain-Delbaen construction
which has a striking resemblance to the space F» constructed in [9]. However, the space
Ry in the above lemma does not quite do what we want it to. Tracing through the proof

of Lemma 5.1.4, we see that for the natural convolution on ¢;(Np) to be weak* continuous
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with respect to the topology induced by the natural isomorphism of ¢; with R3, we would
need Ry to be left shift invariant. Alas, our shift is in the wrong direction!

At the time of writing, it is unclear to the author whether or not it is possible to modify
the construction in some way so as to obtain a one-sided version of Fh that is left-shift
invariant as a subspace of £ (Np). Less clear still, is whether or not it is possible to obtain
2-sided (bilateral) versions of these spaces via the Bourgain-Delbaen construction; indeed,
the recursive nature of the Bourgain-Delbaen construction makes the one-sided object a
much more natural object to obtain.

We make one final remark on shift-invariant preduals in relation to the Bourgain-Delbaen
construction. We have seen in Chapters 3 and 4 that the Bourgain-Delbaen construction is
much more naturally understood with respect to a countable set I' whereby elements of I’
code the form of the corresponding ¢* vector. Of course, when working with shift invariant
preduals of /1, one needs to make some enumeration of I" so that the shift operator can
be defined. This provides yet another obstruction to finding exotic ¢; preduals via the
Bourgain-Delbaen construction.

Whilst the work contained in this thesis has allowed us to gain an insight into the
structure of Calkin algebras, we note that there are a number of open problems that arise
from the work here. Indeed, it is unclear exactly what Banach algebras can be realised as a
Calkin algebra. If it is too much to hope to solve this problem, a useful partial result might
be to obtain some kind of obstruction that would prevent a Banach algebra being obtained

as a Calkin algebra.
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