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Abstract

Tendon tissue engineering aims to grow functional tissue in vitro. Tissue is grown

in bioreactors which regulate the biochemical and mechanical environment of the

growing cells. This thesis develops mathematical models motivated by the Hu-

manoid Robotic Bioreactor under development at the Nuffield Department of Or-

thopaedics, Rheumatology and Musculoskeletal Sciences. Cells grow on a scaffold

consisting of many aligned, flexible strings, surrounded by cell media. The focus of

this work is modelling fluid-induced shear stresses and metabolite transport within

this fluid-fibre composite.

We begin in chapter 1 by providing background on tissue engineering and in-

troducing the humanoid robotic bioreactor. In chapter 2, we develop methods

required in later chapters, identifying the correct way to treat integral constraints

in multiple scales problems with a slowly varying domain. We consider a simple

example from electrostatics, using a particular limit of the problem treated with

standard multiple scales to identify the correct method to treat integral constraints

directly. We apply this method in chapter 3, where we use homogenisation the-

ory to obtain an effective model for the fluid-string interaction in the bioreactor

scaffold. We solve the model in simple cases to explore how the cell shear stress

depends on the imposed forcing. In chapter 4, we homogenise the metabolite

transport problem, outlining the different effective models that arise for various

regimes. We consider simple solutions to each case and identify the most rele-

vant regime to the humanoid robotic bioreactor. We draw conclusions and outline

directions for future work in chapter 5.
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Chapter 1

Introduction

1.1 Tendon tissue engineering

Tendon is a connective tissue which joins muscle to bone [114]. The predominant

solid component of tendon is collagen, a protein which is arranged into different

structures at different length scales [121], giving tendon a hierarchical structure

as shown in figure 1.1. In tendons, the collagen structures are highly aligned,

producing a tissue capable of transmitting force from muscle to bone [114]. Due

to the large mechanical forces tendons experience in vivo, and a relatively poor

intrinsic ability to repair, injury is common, resulting from both acute damage

and degeneration from repeated loading. While treatments such as physiotherapy

and extracorporeal shockwave therapy have given reasonable outcomes for some

conditions [32], more invasive measures such as surgery may be required when

serious tissue damage has occurred. Current surgical techniques typically use

anchors to fix tendon to bone, combined with sutures to hold the tendon in place

[79, 102]. Patient outcomes are not consistently good, with 40% of repairs for

supraspinatus tendons failing within two years [22]. Often associated with poor

tissue regeneration, re-tears are a particular problem in elderly patients [22].

An alternative approach to tendon repair surgery uses tissue grafts. The best

surgical outcomes for large tears are observed using autografts, where tissue to
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CHAPTER 1. INTRODUCTION

Figure 1.1: Tendon schematic and microscopic images showing structure of tendon

at different scales. Figure is adapted by permission from Wiley ©EJV Ltd [122].

make the repair is taken from another part of the patient’s body, although ques-

tions of compromised functionality of the site where the graft was taken mean that

donor tissues (allografts) are increasingly used [74]. Using tissue from another in-

dividual increases the likelihood of an immune response and failure, which may

be attributed to differences in age, body weight and activity between donor and

patient [74]. Tissue grafts grown outside the body using cells from the patient

offer potential solutions to these problems.

Tissue engineering aims to grow functional biological structures in vitro for

transplant into the body [110]. Cells are grown on a scaffold material which aims
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CHAPTER 1. INTRODUCTION

to mimic the role of the extracellular matrix (ECM) in vivo, providing structural

support. The scaffold is placed inside a bioreactor which controls the environment

of the growing cells, setting or monitoring the pH, temperature, flow profile and

mechanical stimulation provided to the growing cells [28].

Early tendon bioreactors consisting of tissue explants held between two grips,

see for example [41], showed that tendon tissue is mechanosensitive, meaning that

its behaviour is modulated by the forces it experiences [46]. An alternative ap-

proach cultured cells isolated from tendons to explore their characteristics [14, 46],

looking at the response to properties of the surface they were grown on and to

mechanical loading [105, 134]. Whilst explant bioreactors and bioreactors cultur-

ing cell layers provide insights into tendon cell biology, developing tissue grafts

requires a three dimensional construct. Three dimensional tissue grafts can be

grown by seeding cells throughout a three dimensional scaffold. Many scaffold

materials have been used, including decellularised tendon, human umbilical veins,

and polymeric materials such as silk, polyurethane, collagen-coated polydimethyl-

siloxane and polycaprolactone, reviewed in [136]. In general scaffolds are chosen to

be biocompatible, porous and mechanically able to withstand physiological forces,

whilst being sufficiently flexible so as to transmit mechanical stimulation to the

cells as they develop [28].

As referenced above, tendon tissue is mechanosensitive; mechanical stimulation

within a suitable range is required for the tissue to remain healthy [29]. Mechanical

loads which are too high can cause damage to the collagen microstructure, causing

tears of the collagen fibres [108, 116]. Loading which generates high strain (in

the region of 20%) also causes excessive apoptosis [108]. Conversely, the absence

of sufficient stress causes resorption of the ECM, causing a decrease in tensile

strength [56, 133]. Stress deprivation also alters the collagen structure and results

in a decrease in the number of fibroblasts, which become more rounded in contrast

to their usual elongated shape [56]. Within the range of physiological strains (less

than 8%), applying cyclic mechanical loading increases cell density [2], collagen

deposition [109] and the elastic modulus [56]. Mechanical stimulation induces

changes in the gene expression profiles, generating an upregulation of tendon-

related marker genes for mesenchymal stem cells as described in [29] and the

4



CHAPTER 1. INTRODUCTION

references therein. Both fluid-induced shear stress and strains due to deformation

of the ECM play a role in tendon mechanotransduction [72]. To provide mechanical

stimulation to cell, bioreactors typically impose an axial or biaxial loading to the

tissue construct [126]. However, in vivo tendons experience multiaxial stresses

[104], motivating the development of the humanoid robotic bioreactor we introduce

in section 1.2 which aims to mimic physiological stresses.

In addition to a suitable mechanical environment, tendon cells require an ad-

equate supply of nutrients. We defer a more detailed description of the role of

nutrients relevant in tendon tissue engineering to chapter 4, where we develop

models for nutrient transport. Here, we focus on features of bioreactor design

which affect transport processes. In bioreactors where the culture media is static,

nutrients can only be delivered to cells by diffusive processes. Whilst this may be

suitable for quasi-two dimensional structures, diffusive mass transport becomes in-

sufficient for larger three dimensional structures. Imposing a flow by mixing media

or rotating the bioreactor chamber is one method to increase the rate of nutrient

delivery [82]. Perfusion bioreactors further increase nutrient delivery to the interior

of the construct by flowing media through a porous scaffold [26]. In addition to

increasing the rate of nutrient transport, introducing flow to the bioreactor system

provides mechanical stimulation in the form of fluid shear stress.

Having outlined general features of tendon bioreactors, we turn to describing

the humanoid robotic bioreactor which motivates this thesis.

1.2 The humanoid robotic bioreactor

Musculoskeletal humanoid robots aim to mimic the human musculoskeletal sys-

tem (bones, muscles and tendon) using string actuators to replicate the range of

motion and forces observed in the body [11]. The humanoid robotic bioreactor

consists of a robotic shoulder which is constructed to mimic shoulder physiology,

as shown in figure 1.2. The humerus and the glenoid socket and coracoid process of

the scapula are additively manufactured, and a surgical shoulder implant ensures

smooth motion at their junction. Six string ‘muscles’ actuate the robotic joint,

5



CHAPTER 1. INTRODUCTION

Figure 1.2: Structure of the humanoid robotic shoulder (left) compared with the

human shoulder joint (right). Figure adapted from [85] under the CC-BY licence

[1].

mimicking the profile, speed and forces of physiological motions [85]. Cells are cul-

tured in a flexible bioreactor chamber, fixed in the position of the supraspinatus

tendon, as shown in figure 1.2 [85]. The chamber, photographed in figure 1.3.b,

consists of a deformable, polyurethane, outer membrane which encloses the cell

media and maintains sterility. The membrane encases a scaffold made from 200

flexible fibres. These fibres are made from polycaprolactone, a polymer which

degrades in the body at a similar rate to ECM growth. Manufactured using elec-

trospinning and drawing, the fibres display an aligned microstructure similar to

that of native tendon fascicles [84]. The flexible chamber is fixed at each end to

additively-manufactured inserts which attach to the robotic shoulder and to the

inlet and outlet tubing used to deliver culture media to the growing cells, as seen

in figure 1.3.b.

We list typical scales of experimental parameters in table 1.1, which will inform

the modelling we present in later chapters. In particular, we note that there is

separation between the typical scale of the fibre spacing and the chamber width. In

chapter 2 we will introduce homogenisation via multiscale asymptotics, a modelling

method that exploits such scale separation. In addition, the flow velocity, media

properties and the chamber length are such that the Reynolds number Re =

ρmUL/µ = 0.3. As such, we anticipate that the inertial terms in the fluid flow will

6



CHAPTER 1. INTRODUCTION

Figure 1.3: The humanoid robotic bioreactor. a. The humanoid robotic shoulder

with the bioreactor chamber attached in the position of the rotator cuff tendon.

b. The bioreactor chamber consists of a flexible outer membrane and a fibrous

scaffold material. Media is flowed through the chamber via the inlet and outlet

photographed. c. Micro-CT of two bundles like those which comprise the bioreactor

scaffold. Images are with thanks to Nicole Dvorak, NDORMS.

be small. In chapter 3 we review modelling methods for interactions between slow,

viscous flow and flexible fibres. In table 1.1 we have only included parameters

relevant to modelling the fluid flow problem. Full details of the components of the

bioreactor system and its construction are given in [85].

1.2.1 Operation

The initial step in the tissue engineering process is cell seeding, wherein cells sus-

pended in culture media are injected into the chamber through the inlet tube

shown in figure 1.3.b.

7
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Physical quantity Scale

Chamber length L 3 cm

Fibre spacing l 0.4 mm

Fibre radius b 70 µm

Perfusion velocity U 0.01 mm/s

Cell media dynamic viscosity µ 0.9 mPa s

Cell media density ρm 1 g/cm3

Table 1.1: Experimental parameters

1.2.1.1 Mechanical stimulation

After a period of rest following cell seeding, the inlet and outlet ports to the

chamber are blocked, and the chamber is attached to the robotic arm as shown

in figure 1.3.a. A programmed motion of adduction (figure 1.4.a) and abduction

(figure 1.4.b) is carried out daily for 30 minutes, applying forces to the growing

cells. The abduction-adduction motion was chosen as in vivo this recruits the

supraspinatus tendon, offering a simple in-plane motion for primary studies on the

effects of mechanical stimulation. Future experimental work aims to incorporate

further degrees of motion to facilitate rotation and more complex motions [85].

Adduction and abduction motion is programmed which has a total range of around

60o, moving either side of the line parallel to the trunk as shown in figure 1.4. The

cycle frequency imposed is around 0.07Hz, and a break of 5 seconds is imposed

every two cycles (see figure 1.5). The tension in the string supraspinatus muscle can

be adjusted to alter the maximum force exerted through the construct, informed

by the estimated forces experienced by the supraspinatus in vivo. The forces

exerted on the tissue construct throughout these forcing cycles are measured by

a force gauge placed between the upper end of the chamber and the top string

8



CHAPTER 1. INTRODUCTION

Figure 1.4: Modes of operation for the tendon bioreactor. a.-b. The chamber is

attached to the robotic shoulder. String ‘muscles’ cause the shoulder to abduct and

adduct, exerting forces on the bioreactor scaffold. c. Cell media is pumped through

the chamber to supply nutrients to the growing tissue. Figures are adapted from

[85] under the CC-BY licence.

muscle [85]. The variation in the motion of the robotic arm and forces imposed on

the scaffold are shown in figure 1.5. Averaged maximum forces measured on the

construct between 11-45N result in a scaffold strain of 2.6 − 8% in the direction

of the scaffold fibres, representative of strains estimated for tendon in vivo. The

cyclic forcing imposed is within the bounds estimated for forces experienced by the

supraspinatus tendon undergoing small amplitude abduction-adduction motion.

In an experiment exploring the effects of different forcing regimes on cell ex-

pression, higher proliferation rates were observed for the control scaffold compared

with those subject to cyclic forcing. Few cells remained on the scaffold subject

to the high forcing regime (imposed force up to 45N), suggesting apoptosis or de-

tachment of the cells from the scaffold [85]. Thus, whilst the forces imposed on

the whole scaffold match those experienced by the tendon in vivo, the differences

in microstructure may give rise to different microscale shear stresses, which may

have a detrimental effect on cell development. Mathematical modelling of the

bioreactor scaffold may be able to offer some insight into the reason for apoptosis.

Developing a model that links the shear stresses experienced by cells on the mi-

croscale to forces imposed by the robotic shoulder will enable an estimation of the

shear stresses experienced in the different operating regimes. Further, modelling

9
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CHAPTER 1. INTRODUCTION

Figure 1.5: Forces that are exerted on the bioreactor scaffold through two cycles of

abduction and adduction. Left: angle between the robot arm and vertical. Right:

The corresponding force exerted on the chamber as the robotic arm is in the position

shown on the left. Figure adapted from [85] under the CC-BY licence [1].

may be able to offer suggestions for alterations of the microstructure or operating

parameters which could result in microscale shear stresses in the bioreactor better

resembling those in vivo. We will aim to develop a multiscale model of the inter-

action between fluid flow and the scaffold in chapter 3 where we illustrate how the

microscale shear stress can be estimated.

1.2.1.2 Perfusion

When not attached to the robotic shoulder, the chamber is connected to a perfusion

system, which pumps media into the chamber to supply nutrients to the growing

cells and facilitates the removal of the waste products, as shown in figure 1.4.c.

The concentrations of glucose, oxygen and lactate are monitored in the efflux, each

playing a key role in tendon tissue development as we will discuss in chapter 4.

Oxygen concentration in the media flowing through the chamber outlet is measured

by a chemical optical sensor which determines the concentration by the degree of

fluorescence quenching which is induced by the presence of oxygen. The sensor

is attached to the outlet tubing meaning that changes in the efflux in time can

be monitored. To measure the concentration of lactate and glucose, a biological

10
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sensor is used. The chamber must be disconnected from the perfusion system

to measure the lactate and glucose concentrations and so it cannot be measured

continuously.

The metabolite measurement techniques all provide an indication of the total

concentration in the chamber at the time of measurement. Here, mathematical

modelling can provide some insight into the spatial distribution of metabolites

across the bioreactor chamber rather than an averaged measure derived from ex-

perimental measurements of the efflux. Modelling could identify of areas within

the scaffold which do not receive sufficient nutrient which may be difficult to attain

experimentally without imaging various endpoint studies. Spatial models of the

nutrient distribution may offer some insight into the number of cells observed to

undergo apoptosis or detachment. Developing a multiscale model can also facil-

itate analysis of the influence of varying rates of cell uptake, both in time and

spatially if, for example, the cells were not distributed evenly across the bioreac-

tor scaffold. We will outline the development of a multiscale model of nutrient

transport in the bioreactor in chapter 4. In addition to ensuring sufficient delivery

of essential nutrients, the perfusion process will exert fluid-induced shear stresses

on the growing cells. Combining the results of modelling nutrient transport with

shear stress can aid in selecting parameter regimes that support healthy tissue

growth without requiring repeated experiments.

1.3 Thesis overview

In this thesis, we present the development of multiscale models of flow and solute

transport in fluid-fibre composite, consisting of Stokes flow interacting with as-

semblies of deformable fibres. Homogenisation via multiscale asymptotics is used

to derive the effective models in each case. The primary application motivating

this work is the humanoid robotic bioreactor under development at the Nuffield

Department of Rheumatology and Musculoskeletal Sciences for tendon tissue en-

gineering applications as described in section 1.2.

In chapter 2, we introduce homogenisation via multiscale asymptotics which is

11
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a method used to derive the effective properties of composite materials, typically

with a periodic microstructure. A discussion of the standard method is given

before outlining extensions to the technique which can be used to treat problems

where the microstructure is locally periodic, or when the problem involves an

integral constraint. The aim of this chapter is to develop the method to treat

integral constraints in multiple scales problems which are posed on a slowly varying

domain. We consider a simple problem from electrostatics, where the effective

model derived using standard multiple scales techniques can be compared with the

method devised to treat integral constraints on a slowly varying domain directly.

The result obtained in chapter 2 is applied in chapter 3, where we develop an

effective model of fluid-string interaction. We begin by reviewing various methods

which have been used to model fluid-structure interaction in fibre ensembles. We

present the model derivation using homogenisation via multiscale asymptotics,

which results in an effective model for the fluid-string composite as a deformable

porous medium. The material permeability is given by the averaged solution to a

microscale problem which also gives the local variation in shear stress at the string

surface. We solve the model in some simple geometries and identify parameters

which influence the shear stress for various boundary conditions.

In chapter 4, we couple the fluid-structure model developed in chapter 3 with

the nutrient transport. We discuss nutrient transport in tendon tissue engineering

and outline modelling techniques applied in tissue engineering before considering

multiscale modelling of transport processes in general. We again use homogenisa-

tion via multiscale asymptotics to identify effective models for nutrient transport

in the fluid-string composite. We consider the effective models which result in var-

ious regimes determined by the relative size of advective and diffusive transport

processes and cell uptake.

We conclude in chapter 5 by summarising the thesis and implications of the

work we present. We outline possible directions of future work, highlighting areas

to develop in view of the bioreactor system, extensions to other applications and

some problems of mathematical interest.

12



Chapter 2

Homogenisation of problems with

integral constraints in a slowly

varying domain

Homogenisation via multiscale asymptotics is a technique for deriving the effective

properties of composite materials. The method was initially applied to materials

with an exactly periodic microstructure, although the theory has been extended to

treat problems with a microstructure that slowly varies. An additional extension

to the standard theory of homogenisation was developed to treat problems with

integral conditions. In this chapter, we set out to combine these two methods, es-

tablishing the correct way to write integral constraints on a slowly varying domain

in multiple scales form. This knowledge will be required in chapter 3 where we

derive a homogenised model of fluid-structure interaction in the bioreactor scaf-

fold. We consider a simple problem from electrostatics which can be written both

in terms of integral constraints and in a form amenable to homogenisation using

standard multiple scales. A comparison of homogenised model obtained via the

two approaches provides validation for the proposed method.

We begin in section 2.1 with an introduction to homogenisation via multiscale

asymptotics. We provide examples of literature using homogenisation in slowly

varying domains or integral constraints. In section 2.2, we introduce the electro-
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statics problem in one-dimension. The insights here prove useful in section 2.3

where we consider the two-dimensional problem. We illustrate the problems that

arise and seek inspiration from a transport theorem to identify how to write the

integral condition in multiple scales form. We discuss the work in section 2.4.

2.1 Introduction

Homogenisation via multiscale asymptotics is an upscaling technique that can be

used to derive the effective properties of composite materials, see for example

[62, 64]. The disparity between the length scale describing microstructural varia-

tion, the fast scale, and variation on the scale of the whole material, the slow scale,

can be used to simplify the problem. The method considers a series of problems

parameterised by the magnitude of this disparity, obtaining the effective material

properties in the limit where this disparity becomes very large. Instead of solving

the governing equations on a complicated domain, or with rapidly varying coeffi-

cients, applying the homogenisation method results in two simpler problems: the

microscale problem and the macroscale problem. Typically, there is a one-way

coupling between these two problems as the averaged solutions to the microscale

problem provide the coefficients in the macroscale problem. Thus, homogenisa-

tion provides a way to derive the effective material properties systematically from

the microstructure. The technique has been applied in various systems with a

hierarchy of scales, for example: modelling fluid flow in porous media, wave prop-

agation in poroelastic materials, filtration systems and flow in biological tissues

[36, 64, 68, 112].

The method proceeds by treating the fast and slow scales independently, trans-

forming the governing equations into multiple scales form. Posing multiple-scales

expansions for all dependent variables, we then derive the form of the microscale

and macroscale problems by comparing coefficients at each order in the expansion.

Typically, we find that the leading-order term in the expansion is independent

of the fast variable. At higher orders, we obtain a microscale problem, or cell

problem, which describes the microscale variation of higher order terms. The as-

sumption of a periodic microstructure provides a necessary constraint to close the
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microscale problem. Upon averaging the microscale solution, we obtain the coef-

ficients for the macroscale problem which itself is given by the average of a higher

order equation.

2.1.1 Multiple scales problems on a slowly varying domain

In some applications, material heterogeneity means that the assumption of exact

periodicity at the microscale breaks down [34]. Homogenisation via multiscale

asymptotics can still be useful for such applications providing the problem is locally

periodic. The simplest example of slow variation is where the unit cell remains

fixed but the dimensions of subdomains vary, such as a porous material consisting

of cylinders with a slowly varying radius [20]. When the dimensions of the unit

cell vary across the domain, a mapping must be used to transform the equations

to a periodic reference configuration where homogenisation can be performed.

Perhaps the simplest example of such a mapping is given in [13, 24], where

there is one-dimensional variation in the microstructure. A mapping transforms

the system to an exactly periodic reference configuration where homogenisation can

be carried out. As the mapping depends only on the slow scale, the multiple scales

analysis can be performed in the exactly periodic configuration before inverting

the mapping. A more general map accounting for shear, stretch and rotation is

considered in [100] and mappings can also account for growth [30]. After multiple

scales analysis and map inversion, the deformation gradient of the mapping appears

in the coefficients of the macroscale model [100]. In many instances, the mapping

to the reference configuration is a prescribed function of slow position or time

[31, 100]. It is possible for the mapping to be a function of the dependent variables.

For example Peter and Böhm considered a problem where the temporal evolution of

the mapping was coupled to the dependent variables [97]. The result was another

equation in the homogenised model for map evolution which must be solved in

conjunction with the homogenised model.

A mapping of the fast-coordinate has been used in modelling transport in

spatially varying porous media [20]. Here, the transformed microscale problem

retains some global variation despite being locally periodic. When the microscale
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domain slowly varies, extra care must be taken in transforming Neumann and

Robin boundary conditions into multiple scales form [20]. Naively, we may write

the normal in multiple scales form by considering the geometry in a single unit

cell. This approach fails in problems with a slowly varying domain, as illustrated

in [20], because the normal will vary as we move across the domain. Describing the

boundary location using a level set function, it can be shown that this variation

enters at first-order - the correction being in the tangent direction with a magnitude

related to the rate of change of the domain with the slow scale. Many examples of

multiple scales problems that use a level set function to treat Neumann conditions

exist in the literature, among them [13, 17, 20, 36, 35, 34, 48, 71, 77, 99, 100, 107,

124].

2.1.2 Integral constraints in multiple scales problems

A different class of problems that require an extension to standard homogenisa-

tion methods are those involving integral constraints. The result of a conserva-

tion condition, integral constraints appear in applications such as modelling wave

propagation in bubbly liquids, radiation in porous media and the electric potential

within nematic crystals [17, 25, 101]. For point-wise boundary conditions, we can

treat the macroscale coordinate within a given unit cell as fixed. For integral con-

ditions, the macroscale coordinate will vary across the inclusion boundary giving

rise to first-order contributions to the integral expansion which can appear in the

macroscale problem [25].

In the multiscale modelling of thermal radiation in porous media, an integral

appears in the boundary condition for radiative transfer [101]. The heat flux due

to radiation on surface is equal to the difference between emitted and absorbed

radiation. The emitted radiation can be calculated point-wise using the Stefan-

Boltzmann law but the incident radiation is written as the convolution of the

Stefan-Boltzmann law with the view factor. In effect, the integral sums over

the radiation emitted by all surfaces in view of a point to calculate the incident

radiation [101]. It is shown that the naive approach of neglecting the variation

of the slow-coordinate over the unit cell results in different parameters in the
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macroscale model as terms are missed from the boundary condition [101].

Integral constraints on a slowly varying domain have appeared in the litera-

ture, see [10, 17, 38]. In the model developed to identify the resonant frequencies

of a nuclear reactor, the fuel rods were modelled as rigid cylinders, surrounded by

a viscous fluid, that were tethered to their original position by Hookean springs

[10]. The force balance between rod inertia, the spring restoring force and hy-

drodynamic stress contained an integral posed over a slowly varying domain as

the rod displacement varied over the domain [10]. In a multiscale model of a ne-

matic crystal, the influence of metal dopant particles on the material properties of

a defect-free crystal was considered [17]. The rotation of dopant particles about

a fixed location on a square, periodic lattice was set by the surrounding flow of

viscous fluid and externally applied electric field [17]. An integral appears in this

problem in the equations for the electric potential in the crystal phase, forming

a boundary condition which ensures charge conservation on each dopant particle

[17]. In a model of soil as a mixture of air, solid and a poroelastic mixed phase

consisting of elastic colloids saturated with pore water, the solid phase translated

as a rigid body. The slowly varying displacement was coupled to the mixed and

air phases by balancing the total stress on the solid-air and solid-mixed phase

boundaries with gravitational forces; the calculation of the total stress involves

an integral constraint. We have been unable to recover the same homogenised

model as presented in [10, 17, 38]. In section 2.3.2.1, we illustrate the additional

terms that arise if we follow the method of [17, 38] where the normal is expanded

within the integral constraint applied to a simple problem in electrostatics. We

then identify the multiple scales form of integral constraints on a slowly varying

domain that leads to the correct homogenised problem.

The correct way to write integral constraints in multiple scales form was iden-

tified by considering a simple problem from electrostatics which can be written as

a particular limit of a standard multiple scales problem [25]. The problem was ho-

mogenised with standard methods and the correct form of the macroscale problem

was identified by taking the limit of one parameter being infinite. The problem

with integral constraints was then treated directly by expanding the dependence

of the slow scale on the fast scale within the integrand [25]. The multiple scales
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form of the integral constraint was validated by comparison of the homogenised

models obtained via each approach. In this chapter, we adopt a similar approach

to that used to derive the multiple scales form for integral constraints [25]. We

again work with a simple problem from electrostatics with modified scaling to

highlight all terms that appear in the multiple scales form. We begin considering

a one-dimensional problem before moving to the multidimensional problem where

the expansion of the normal adds complication.

2.2 One-dimensional problem

We consider the electric potential φ = φ(x) in an composite consisting of a dielec-

tric Ωe of permittivity εe interspersed with dielectric inclusions Ωi of permittivity

εi. The layers Ωi are periodically spaced at a distance l up to its width L, as

shown in figure 2.1. The coordinate x measures the distance from the left edge

of the composite as shown in figure 2.1. The half-width of the perfectly dielectric

inclusion a = a(x) is a piece-wise constant function defined by

a(x) = a(xk0) for (k − 1)l < x < kl, (2.1)

where xk0 = (k − 1/2)l is the midline of the kth inclusion for k ∈ Z+, with a given

inclusion referenced by the superscript index. The kth inclusion is then defined by

Ωk
i = {x : xk0 − a(xk0) < x < xk0 + a(xk0)}, with Ωi being the union of all layers with

permittivity εi. The remaining space is the dielectric with permittivity εe, that is

Ωe = {x : (k − 1)l < x < xk0 − a(xk0) or xk0 + a(xk0) < x < kl, for k ∈ Z+}.

The electric potential satisfies Gauss’s law in the dielectric

d

dx

(
εe
dφ

dx

)
= −ρ in Ωe, (2.2)

d

dx

(
εi
dφ

dx

)
= −ρ in Ωi. (2.3)

where ρ = ρ(x) is the charge density, which we assume is known a priori. We

assume that the electrical permittivity within each region is constant. At the
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boundary between the two dielectrics, we have continuity in the electric displace-

ment, [
ε
dφ

dx

]e
i

= 0, (2.4)

where [.]ei denotes the jump in a quantity at the interface between the two di-

electrics, located at xk0 ± a(xk0) for k ∈ Z+. For the electric field to be defined

everywhere, we require the electric potential to be continuous at each interface,

that is

[φ]ei = 0. (2.5)

We nondimensionalise the problem using the following scales,

x = Lx̂, ρ = ρcρ̂, φ =
L2ρc
εe

φ̂, a = Lâ, (2.6)

where ρc is a characteristic charge density, chosen so that dimensionless charge

density is O(1) at all points in the domain. We do not specify the distribution of

the charge density; the analysis which follows will hold for all distributions which

slowly vary. To simplify calculations, we introduce the dimensionless permittivity

ε̂ which takes the values ε̂ = ε̂e = 1 in Ωe and ε̂ = ε̂i = εi/εe in the inclusions Ωi.

Using the scales in (2.6) we nondimensionalise (2.2)-(2.3), which gives

d

dx

(
εe
dφ

dx

)
= −ρ in Ωe, (2.7)

d

dx

(
εi
dφ

dx

)
= −ρ in Ωi, (2.8)

where we have dropped hats on dimensionless quantities. The dimensionless con-

dition on displacement (2.4) becomes[
ε
dφ

dx

]e
i

= 0, (2.9)

and the continuity condition on the electric potential (2.5) is

[φ]ei = 0. (2.10)

Our aim is to establish an effective model for the composite in the limit where

the inclusion layers are perfectly dielectric, that is when εi is infinite. There are
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two approaches that may be taken to obtain the form of the homogenised in the

limit ε→∞: we can homogenise (2.7)-(2.10) then take the limit, or take the limit

ε→∞ before deriving the homogenised model.

If the limit εi → ∞ is taken before homogenisation, (2.7) and (2.5) are un-

changed. In the inclusion, taking εi →∞ in (2.8)-(2.9) gives

d2φ0

dx2
= 0 in Ωi, (2.11)

with
dφ

dx

∣∣∣∣
i

= 0. (2.12)

Thus, we have a constant potential in each inclusion

φ = φk0 in Ωk
i , (2.13)

where the constant may be different in each Ωk
i . In taking this limit, we have

lost one condition coupling the two dielectric regions in (2.9). We can obtain a

condition to close the problem by considering the integral of (2.8) over Ωi, which

gives [
εi
dφ

dx

]xk0+a(xk0)

xk0−a(xk0)

= −
∫

Ωki

ρdx, (2.14)

where we have evaluated the integral limits on the left-hand side. Applying (2.9),

we have [
εe
dφ

dx

]xk0+a(xk0)

xk0−a(xk0)

= −
∫

Ωki

ρdx, (2.15)

where we again can take the limit εi → ∞. The integral constraint (2.15) is a

statement of charge conservation on the perfect dielectric.

In section 2.2.1, we will homogenise (2.7)-(2.10) using standard homogenisa-

tion techniques. Taking the limit εi → ∞ in the homogenised model will give

the effective model for a composite consisting of a dielectric with perfectly dielec-

tric inclusions. We will compare this result with the model obtained from the

homogenisation of (2.7), (2.10), (2.13) and (2.15). In the second formulation, we

extend methodology developed in [25] treat the integral condition directly, iden-

tifying the multiple scales form of (2.15). Here, we need to establish the correct

way to extend this work to deal with the slow variation in the inclusion width. We

will present this approach in section 2.2.2.
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Figure 2.1: Schematic of the one-dimensional composite. Perfectly dielectric layers

which have a width 2a(x) that varies slowly across the domain are shown in grey.

The unit cell is marked by dashed lines; within a given unit cell, the exterior region

is De and the region occupied by the perfectly dielectric inclusion is Di.

2.2.1 Standard multiple scales

We consider a material constructed from layered dielectrics, as shown in figure 2.1.

The electric potential will satisfy Gauss’s law,

d

dx

(
ε
dφ

dx

)
= −ρ, (2.16)

where the permittivity ε is a piece-wise constant function, taking on the value ε =

ε̂e = 1 in the exterior region and ε = ε̂i = εi/εe in the inclusions. Henceforth, we

drop hats denoting the dimensionless form of the permittivity. We have continuity

of the electric field and electric potential at each interface, that is[
ε
dφ

dx

]e
i

= 0, (2.17)

[φ]ei = 0. (2.18)

Assuming that the material is constructed from many of the layers shown in figure

2.1, we can define a small parameter δ = l/L � 1 that gives the ratio of the

separation of the perfectly dielectric regions to the length of the material. We

introduce a slow scale x, which describes the variations across the whole material

and a fast scale X = x/δ− 1/2− bx/δc, which describes variations across a single

repeating unit of the composite, the ‘unit cell’. The unit cell for this problem D is
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highlighted by dashed lines in figure 2.1, where −1/2 ≤ X ≤ 1/2. The perfectly

dielectric region of the unit cell is given by Di = {X : −A < X < A} where

A = a(x)/δ is the inclusion width measured in fast coordinates. The dielectric

region with permittivity εe is De = {X : −1/2 < X < −A and A < X < 1/2}. As

the inclusion width slowly varies across the domain, both De and Di are functions

of the slow position.

We apply the chain rule to write derivatives in multiple scales form, treating

the fast and slow scales independently, which gives

d

dx
→ ∂

∂x
+

1

δ

∂

∂X
. (2.19)

We pose an multiple scales expansion for the electric potential:

φ = φ0(x,X) + δφ1(x,X) +O(δ2) (2.20)

as δ → 0, each term in the expansion is assumed to be 1-periodic in X, motivated

by the composite microstructure, meaning that φi(x,X + 1) = φi(x,X). We

also assume that the derivatives of each term are 1-periodic in X. We write the

governing equations (2.16)-(2.18) in multiple scales form, substitute the expansion

(2.20) and compare coefficients at each order of δ.

At leading-order, we find

∂

∂X

(
ε
∂φ0

∂X

)
= 0 in D, (2.21)[

∂φ0

∂X

]e
i

= 0, (2.22)

[φ0]ei = 0. (2.23)

There is nothing to force any fast scale variation in (2.21)-(2.23) and thus we have

a potential that is independent of the fast scale at leading-order, i.e. φ0 = φ0(x).

At first-order, we find

∂

∂X

(
ε

(
∂φ1

∂X
+
dφ0

dx

))
= 0 in D, (2.24)[

ε

(
∂φ1

∂X
+
dφ0

dx

)]e
i

= 0, (2.25)

[φ1]ei = 0. (2.26)
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We can integrate (2.24) once with respect to the fast scale to obtain

ε

(
∂φ1

∂X
+
dφ0

dx

)
= b0(x), (2.27)

where b0 is a function of integration which must satisfy a closure condition that

comes from the O(δ2) equations. Integrating (2.27) over the unit cell, we find

dφ0

dx
= b0

∫ 1/2

−1/2

1

ε
dX = b0

(
2A

εi
+

1− 2A

εe

)
, (2.28)

where integrals involving φ1 vanish due to periodicity in the fast scale, as φ1 will

take the same value at each edge of the unit cell (X = ±1/2).

We can determine the form of homogenised problem by considering the O(δ2)

equations,

∂

∂X

(
ε

(
∂φ2

∂X
+
∂φ1

∂x

))
+

∂

∂x

(
ε

(
∂φ1

∂X
+
∂φ0

∂x

))
= −ρ in D, (2.29)[

ε

(
∂φ2

∂X
+
dφ1

dx

)]e
i

= 0, (2.30)

[φ1]ei = 0. (2.31)

Substituting the first integral from the first-order equation (2.27) into (2.29), we

find
∂

∂X

(
ε

(
∂φ2

∂X
+
∂φ1

∂x

))
+
db0

dx
= −ρ in D. (2.32)

Integrating (2.32) across a unit cell gives∫
Di

∂

∂X

(
εi

(
∂φ2

∂X
+
∂φ1

∂x

))
dX +

∫
De

∂

∂X

(
εe

(
∂φ2

∂X
+
∂φ1

∂x

))
dX

+
db0

dx
= −ρeff ,

(2.33)

where

ρeff =

∫ 1/2

−1/2

ρdX (2.34)

is the effective charge density. Evaluating the first two integrals using the conti-

nuity condition (2.30) and periodicity in the derivatives, we find that their contri-

butions vanish. Substituting the expression for b0, equation (2.28), we obtain the
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form of the homogenised problem

d

dx

(
ε
dφ0

dx

)
= −ρeff , (2.35)

where we have defined the effective permittivity ε as

ε =

(∫ 1/2

−1/2

1

ε
dX

)−1

=

(
2A

εi
+

1− 2A

εe

)−1

. (2.36)

2.2.1.1 Taking the limit εi →∞

To obtain the form of the homogenised problem when the interior layers are per-

fectly dielectric, we would like to find the form of the homogenised problem (2.35)-

(2.36) in the limit εi →∞. Taking this limit, the effective permeability becomes

d

dx

(
εp
dφ0

dx

)
= −ρeff , (2.37)

where

εp =
εe

1− 2A
. (2.38)

We have now established the form of the homogenised problem derived from (2.7)-

(2.10). In the next section, we aim to recover this result using direct multiple

scales, thereby developing an understanding of how to treat non-local constraints

in multiple scales problems that have a slowly varying domain.

2.2.2 Multiple scales with a non-local constraint

In this section, we approach homogenisation of the composite with perfectly dielec-

tric layers (2.7)-(2.10) directly, identifying the multiple scales form of the non-local

constraint, equation (2.15). We use the same multiple scales setup as in section

2.2.1, introducing a fast and slow scale which we treat independently and pose a

multiple scales expansion for the potential (2.20). We look to write (2.7), (2.10),

(2.13) and (2.15) in multiple scales form, beginning with the non-local constraint

(2.15).
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2.2.2.1 The non-local constraint

As highlighted in [25], when dealing with a non-local constraint, we must be careful

when writing the condition in multiple scales form. For standard multiple scales

problems like that discussed in section 2.2.1, we can treat the slow scale coordinate

as constant in a given cell. With non-local constraints, such as (2.15), we must

account for the small variation in the slow coordinate as we move from one side of

the unit cell to the other [25]. This drift in coordinate will create a change in flux

as we move across the unit cell. This variation becomes explicit if write a point

in slow coordinates as its position in fast coordinates relative to an arbitrary fixed

point in the same unit cell x̂: following [25], we write

x = x̂+ δ(X − b), (2.39)

where b = x̂/δ − bx̂/δc gives the displacement of fixed point relative to the left

hand side of the unit cell. We can choose x̂ to simplify calculations and henceforth,

we choose the reference point x̂ to be at the left edge of the unit cell, fixing b = 0.

The role of slow variation with the fast scale is clearer if we work with a flux,

defined as

Q =
1

δ

∂φ

∂X
+
∂φ

∂x
= δ−1Q−1 +Q0 + δQ1 +O(δ2). (2.40)

The jump condition (2.15) written in terms of the flux takes the form

Q(xR, A)−Q(xL,−A) = − δ

εe

∫
Di

ρdX, (2.41)

where xR and xL respectively denote the slow position of the right- and left-hand

edge of the inclusion, and the δ on the right-hand side is from transforming slow

to fast integration variables. Expanding the slow argument of the flux as in [25]

about x̂, we obtain[
Q(x̂, X) + δX

∂Q(x̂, X)

∂x
+O(δ2)

]A
−A

= − δ

εe

∫
Di

ρdX. (2.42)

As the width of the inclusion depends on slow position, we must also expand the

argument of boundary location about a fixed slow position by writing A(x) =

A(x̂+ δX). Performing this expansion in (2.42), we find[
Q(x̂, X) + δX

∂Q(x̂, X)

∂x
+ δX

∂A(x̂)

∂x

∂Q(x̂, X)

∂X
+O(δ2)

]A(x̂)

−A(x̂)

= − δ

εe

∫
Di

ρdX.

(2.43)
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We will establish that this is the correct form of the non-local condition by com-

paring the homogenised model we obtain with this approach with that obtained

in section 2.2.1.

We now return to the multiple scales expansions of the governing equations

(2.7), (2.10), (2.13) and (2.15). We cannot easily write (2.13) in multiple scales

form and so follow the method of [25] in writing the condition as

dφ

dx
= 0 in Ωi. (2.44)

We substitute the multiple scales expansion of the potential (2.20) into (2.7),

(2.10), (2.43) and (2.44), then compare coefficients. At O(1), we obtain

∂

∂X

(
εe
∂φ0

∂X

)
= 0 in De, (2.45)

∂φ0

∂X
= 0 in Di, (2.46)[

∂φ0

∂X

]A
−A

= 0, (2.47)

[φ0]ei = 0, (2.48)

with φ0 1-periodic in X. We conclude that the leading-order potential is indepen-

dent of the fast scale, i.e. φ0 = φ0(x).

At O(δ), we find

∂

∂X

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
= 0 in De, (2.49)

∂φ1

∂X
+
∂φ0

∂x
= 0 in Di, (2.50)[

∂φ1

∂X
+
∂φ0

∂x

]A
−A

= 0, (2.51)

[φ1]ei = 0, (2.52)

with φ1 1-periodic in X. As the leading-order potential is independent of the

fast scale, we can view its derivative as a forcing term in equations (2.50)-(2.51).

Writing

φ1 = Ψ
∂φ0

∂x
+ φ1, (2.53)
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we can obtain a decoupled microscale problem governing the fast variation of φ1.

Here, φ1 is a function only of the slow scale which can be determined by a solvability

condition at next order. The microscale problem for Ψ takes the form

∂2Ψ

∂X2
= 0 in De, (2.54)

∂Ψ

∂X
+ 1 = 0 in Di, (2.55)[

∂Ψ

∂X

]A
−A

= 0, (2.56)

[Ψ]ei = 0, (2.57)

with the condition ∫
D

ΨdX = 0 (2.58)

to fix the constant of integration, and Ψ being 1-periodic in X. We can solve

(2.54)-(2.58) to obtain

Ψ =


−A(2X + 1)

2A− 1
if − 1/2 ≤ X ≤ −A,

−X if − A ≤ X ≤ A,

−A(2X − 1)

2A− 1
if A ≤ X ≤ 1/2.

(2.59)

We now return to the multiple scales expansion of the governing equations to

determine the form of the homogenised problem. At O(δ2), we obtain

∂

∂X

(
εe

(
∂φ2

∂X
+
∂φ1

∂x

))
+

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
= −ρ in De, (2.60)

∂φ2

∂X
+
∂φ1

∂x
= 0 in Di, (2.61)[

∂φ2

∂X
+
∂φ1

∂x
+X

∂

∂x

(
∂φ1

∂X
+
∂φ0

∂x

)]A
−A

= − 1

εe

∫
Di

ρdX, (2.62)

[φ2]ei = 0. (2.63)

In (2.62), we see that terms involving the slow derivative of the boundary position

in (2.43) have vanished as Q0 was independent of the fast scale. In the two-

dimensional case we will consider the limit of large charge density which ensures
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that the equivalent term is not exactly zero. We integrate (2.60) over the exterior

region De,[
εe

(
∂φ2

∂X
+
∂φ1

∂x

)]−A
−1/2

+

[
εe

(
∂φ2

∂X
+
∂φ1

∂x

)]1/2

A

+

∫ −A
−1/2

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
dX

+

∫ 1/2

A

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
dX = −

∫
De

ρdX.

(2.64)

Using the periodicity in the derivatives of the expansion coefficients and substi-

tuting the non-local condition (2.62), we obtain[
εeX

∂

∂x

(
∂φ1

∂X
+
∂φ0

∂x

)]A
−A

+

∫ −A
−1/2

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
dX

+

∫ 1/2

A

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
dX = −ρeff ,

(2.65)

where

ρeff =

∫ 1/2

−1/2

ρdX (2.66)

is the effective charge. From the first-order equation in the exterior region (2.49),

we learn that the integrand over the exterior region is independent of the fast scale,

and so we can evaluate the remaining integrals to obtain[
εeX

∂

∂x

(
∂φ1

∂X
+
∂φ0

∂x

)]A
−A

+ (1− 2A)
∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
= −ρeff . (2.67)

Simplifying (2.67) gives

∂

∂x

(
εe

(
∂φ1

∂X
+
∂φ0

∂x

))
= −ρeff . (2.68)

After substituting for φ1 using (2.53), we find the form of the homogenised problem

∂

∂x

(
ε
∂φ0

∂x

)
= −ρeff , (2.69)

where the effective permittivity is

ε = εe

(
1 +

∂Ψ

∂X

∣∣∣∣
e

)
, (2.70)
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where the derivative of the microscale solution is evaluated in the exterior region.

For the solution to the microscale problem (2.59), the effective permittivity takes

the form

ε =
εe

1− 2A
, (2.71)

and we recover the same homogenised model (2.37)-(2.38) as that obtained by

taking the limit of the problem with finite permittivity. It is useful to reflect on

terms which appear in the homogenisation of the one-dimensional problem. We

note that in using the jump condition, for example in (2.67), the additional terms

arising from the expansion of the boundary position as A(x) = A(x̂) + δXA(x̂)x

were identically zero. In the two dimensional case, we will nondimensionalise on

different scales, considering the limit of large charge density to establish whether

the proposed approach is correct. In the limit we consider in section 2.3 the terms

in the proposed expansion (2.43) are non-zero.

2.3 Two-dimensional problem

In this section we extend the analysis of section 2.2 to multiple dimensions. To

approach the problem directly in the one-dimensional case, we needed to establish

how to write the non-local constraint with slowly varying limits in multiple scales

form. For multidimensional problems, the non-local constraint typically involves

the conservation of the normal component of a function, for example flux through

the surface. The normal vector to a slowly varying domain is usually written as

the gradient of a function with level sets defining the boundary position [20]. In

treating the problem with integral constraints on a slowly varying domain, we need

to establish how to combine the multiple scales expansion of the normal with the

expansion of integral constraints. We take the same approach as in section 2.2;

first, we establish the form of the homogenised problem by taking a limit of a

standard multiple scales problem in section 2.3.1 before dealing with the integral

constraint directly in section 2.3.2.
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2.3.1 Standard multiple scales

As in section 2.2.1, we formulate the problem for a composite of two dielectrics

and homogenise the problem with standard multiple scales before taking the limit

of perfectly dielectric inclusions where εi →∞.

We consider the electric potential φ = φ(x) in a two-dimensional composite of

width and height L, shown in figure 2.2. The composite consists of a dielectric

with permittivity εe which occupies the region Ωe, periodically interspersed with

perfectly dielectric inclusions Ωi that are separated by a distance l. We take the

origin of Cartesian coordinates (x, y) to be the bottom, left-hand corner of the

composite as illustrated in figure 2.2. The kth inclusion centred at xk0 = (xk0, y
k
0)

has a radius a(x). Thus, the kth perfectly dielectric inclusion is given by the

region Ωk
i = {x : |x− xk0| ≤ a(xk0)}. The small parameter δ = l/L gives the ratio

between the microscale and macroscale.

We assume that the electric potential satisfies Gauss’s law,

∇ · (ε∇φ) = −ρ, (2.72)

where the permittivity is piecewise constant, taking the values ε = εj in Ωj for

j = i, e. We consider a material which is locally charge neutral (see equation

(2.79)). We have continuity of electric field and potential at each interface

[n̂· (ε∇φ)]ei = 0, (2.73)

[φ]ei = 0, (2.74)

where n̂ is the outward-facing normal to the inclusion boundary.

We nondimensionalise (2.72)-(2.74) using the following scales

x = Lx̂, ρ = ρcρ̂, φ =
δL2ρc
εe

φ̂, a = Lâ, (2.75)

where hats denote dimensionless variables. We assume that all dimensionless vari-

ables are order one and thus we consider the limit of large charge. In this regime,

terms in the proposed multiple scales form for the integral are non-zero, as op-

posed to the limit considered in [25] and in section 2.2 where some terms vanish

automatically.

30



CHAPTER 2. INTEGRAL CONSTRAINTS IN A SLOWLY VARYING DOMAIN

Figure 2.2: Schematic of the two-dimensional composite. Perfectly dielectric in-

clusions shown in grey lie on a periodic array within a dielectric with permittivity

εe. The inclusions have a radius a(x) which slowly varies across the domain.

In nondimensional form Gauss’s law (2.72) becomes

∇ · (ε∇φ) = −ρ
δ
. (2.76)

Henceforth, we drop hats on dimensionless variables. The dimensionless permit-

tivity ε takes the values 1 in the region Ωe and εi/εe in the dielectric inclusion Ωi.

After nondimensionalisation, the boundary conditions (2.73)-(2.74) become

[n̂· (ε∇φ)]ei = 0, (2.77)

[φ]ei = 0, (2.78)

We assume that the composite can be constructed from unit cells D that are

shown in figure 2.2. We introduce the slow scale x, which describes the variation

over the whole composite and the fast scaleX = x/δ−1/2−bx/δc, which describes

variations in the potential on the scale of a single inclusion. The origin of fast scale

coordinates is at the centre of the inclusion as shown in figure 2.2. The region of the

unit cell occupied by the perfect dielectric is then Di = {X : |X| ≤ A(x)}, where

A = a(x)/δ is the inclusion radius in fast coordinates. As for the one-dimensional

problem, Di and De = D\Di will depend on the slow scale. The condition that

the material is locally charge neutral is then∫
D

ρdSX = 0, (2.79)
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where dSX = dXdY is the area element in fast coordinates.

We pose a multiple scales expansion for the potential

φ = φ0(x,X) + δφ1(x,X) +O(δ2) (2.80)

as δ → 0, where the expansion coefficients are 1-periodic in X so that φi(x,X +

(1, 1)) = φi(x,X). As for the one-dimensional problem, we assume periodicity in

the first derivatives of the expansion coefficients. Before transforming (2.76)-(2.78)

into multiple scales form, we establish the multiple scales form of the normal to

the inclusion boundary. To identify the normal expansion, we introduce a level set

function

h = |X| − A(x) (2.81)

which defines the inclusion boundaries at h = 0. The normal to the inclusion

boundary can be obtained as the gradient of this level set function,

n̂ =
∇h
|∇h| , (2.82)

which transforms into multiple scales form as follows

n̂ =
∇Xh+ δ∇xh

|∇Xh+ δ∇xh|
= n̂0 + δn̂1 +O(δ2). (2.83)

Calculating the form of the first two terms in the normal expansion in terms of

the level set function, we have

n̂0 =
∇Xh

|∇Xh|
, n̂1 =

∇xh

|∇Xh|
− (∇xh · ∇Xh)∇Xh

|∇Xh|3
. (2.84)

We transform (2.76)-(2.78) into multiple scales form using ∇ → ∇x + δ−1∇X

and (2.83), which gives

(∇X + δ∇x) ·
(
ε(∇X + δ∇x)φ

)
= −δρ, (2.85)[

(n̂0 + δn̂1 + · · · ) ·
(
ε(∇Xφ+ δ∇xφ)

)]e
i

= 0, (2.86)

[φ]ei = 0. (2.87)
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Substituting the multiple scales form of the potential into (2.85)-(2.87), we obtain

the leading-order equations

∇X · (ε∇Xφ0) = 0 in D, (2.88)

[n̂0· (ε∇Xφ0)]ei = 0, (2.89)

[φ0]ei = 0, (2.90)

with φ0 1-periodic in X. There is no forcing or boundary condition forcing fast

scale dependence of the solution to (2.88)-(2.90). Thus, at leading-order we have

a potential which is independent of the fast scale φ0 = φ0(x).

At next order, we find

∇X · (ε∇Xφ1) = −ρ in D, (2.91)

[n̂0· (ε(∇Xφ1 +∇xφ0))]ei = 0, (2.92)

[φ1]ei = 0, (2.93)

with φ1 periodic in X, where we have used the fast scale independence of the

leading-order potential. Writing

φ1 = Ψ· ∇xφ0 + ξ + φ1, (2.94)

for φ1 = φ1(x), we obtain cell problems for Ψ = Ψ(x,X) and ξ = ξ(x,X) which

determine the fast scale variation of the first-order potential. The first cell problem

satisfies the inhomogeneous boundary condition

∇X · (ε∇XΨ) = 0 in D, (2.95)

[n̂0· (ε(∇XΨ + I))]ei = 0, (2.96)

[Ψ]ei = 0, (2.97)

with Ψ 1-periodic in X. We impose∫
D

ΨdSX = 0, (2.98)

to fix the arbitrary constant in Ψ. The second cell problem for ξ satisfies the

inhomogeneous forcing due to the fast variations in the potential induced by charge
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density in the bulk,

∇X · (ε∇Xξ) = −ρ in D, (2.99)

[n̂0 · (ε∇Xξ)]
e
i = 0, (2.100)

[ξ]ei = 0, (2.101)

with ξ 1−periodic in X and again∫
D

ξdSX = 0. (2.102)

We now identify the compatibility condition for (2.99)-(2.101). Integrating (2.99)

over the exterior region and applying the divergence theorem, we obtain

−
∫
∂De

∇Xξ · n̂0dlX = −
∫
De

ρdSX . (2.103)

Applying (2.100) we have

−
∫
∂Di

∇Xξ · n̂0dlX = −
∫
De

ρdSX . (2.104)

Applying the divergence theorem to take the first integral into the interior and

using (2.99), we obtain the following compatibility condition∫
Di

ρdSX +

∫
De

ρdSX = 0. (2.105)

Hence, the assumption of local charge neutrality (2.79) ensures that the cell prob-

lem is well-posed. A homogenised problem may also be obtained in the limit where

the material is approximately charge neutral, having zero average in the fast coor-

dinates at leading-order and local variations in ρ at O(δ), but we do not consider

this limit further.

Our next aim is to derive the form of the homogenised problem. Comparing

coefficients at O(δ2), we find

∇X · (ε(∇Xφ2 +∇xφ1)) +∇x· (ε(∇Xφ1 +∇xφ0)) = 0 in D, (2.106)

[n̂0· (ε(∇Xφ2 +∇xφ1))]ei + [n̂1· (ε(∇Xφ1 +∇xφ0))]ei = 0, (2.107)

[φ2]ei = 0. (2.108)
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We integrate (2.106) over the unit cell to obtain∫
De

∇X · (εe(∇Xφ2 +∇xφ1)) dSX +

∫
Di

∇X · (εi(∇Xφ2 +∇xφ1)) dSX+∫
De

∇x· (εe(∇Xφ1 +∇xφ0)) dSX +

∫
Di

∇x· (εi(∇Xφ1 +∇xφ0)) dSX = 0.

(2.109)

Applying the divergence theorem to the first two terms and using the continuity

condition on the electric field (2.107), we find∫
∂De

εe (∇Xφ1 +∇xφ0) · n̂1dlX −
∫
∂Di

εi (∇Xφ1 +∇xφ0) · n̂1dlX+∫
De

∇x· (εe(∇Xφ1 +∇xφ0)) dSX +

∫
Di

∇x· (εi(∇Xφ1 +∇xφ0)) dSX = 0,

(2.110)

where ∂Di and ∂De denote the interior and exterior of the inclusion boundary

respectively. We can use the Reynolds transport theorem to remove the slow

derivatives from the integral:

∂

∂t

∫
Ω

F dV =

∫
Ω

∂F

∂t
dV +

∫
∂Ω

F v · n̂ dS, (2.111)

for a boundary ∂Ω bounding the volume Ω, where v is the boundary velocity and

n̂ is the outward-facing normal. Applying (2.111), taking account of the normal

direction into the exterior region, we find∫
∂De

εe (∇Xφ1 +∇xφ0) · n̂1dlX −
∫
∂Di

εi (∇Xφ1 +∇xφ0) · n̂1dlX

+

∫
∂De

εe (∇Xφ1 +∇xφ0) ·V · n̂0dlX −
∫
∂Di

εi (∇Xφ1 +∇xφ0) ·V · n̂0dlX

+∇x·
∫
De

(εe(∇Xφ1 +∇xφ0)) dSX +∇x·
∫
Di

(εi(∇Xφ1 +∇xφ0)) dSX = 0.

(2.112)

Applying the transport theorem to remove the divergence gives a tensor ‘velocity’

V = ∇xR
b for boundary positions Rb = AÊR where ÊR is the radial unit vector

in microscale coordinates. This velocity gives the variation in inclusion boundary

position as we alter the slow position. We look to simplify (2.112) by obtaining

an expression for n̂1 + V · n̂0 using the level set function and normal expansion

(2.84). Taking the total slow derivative of h = 0 gives

∇xh+ V · ∇Xh = 0. (2.113)
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Dividing (2.113) by |∇Xh|, this gives an expression for V · n̂0. Combining this

with the form for n̂1 given in (2.84), we have

n̂1 + V · n̂0 =
∇xh

|∇Xh|
− (∇Xh · ∇xh)∇Xh

|∇Xh|3
− ∇xh

|∇Xh|
= −n̂0 · ∇xh

|∇Xh|
n̂0 (2.114)

Substituting (2.114) in (2.112), we find

−
∫
∂De

εe(∇Xφ1 +∇xφ0)· n̂0
(n̂0 · ∇xh)

|∇Xh|
dlX

+

∫
∂Di

εi (∇Xφ1 +∇xφ0) · n̂0
(n̂0 · ∇xh)

|∇Xh|
dlX

+∇x·
∫
De

(εe(∇Xφ1 +∇xφ0))dSX +∇x·
∫
Di

(εi(∇Xφ1 +∇xφ0)) dSX = 0.

(2.115)

Using the point-wise boundary condition (2.25), the boundary terms cancel to

leave

∇x·
∫
De

(εe(∇Xφ1 +∇xφ0)) dSX +∇x·
∫
Di

(εi(∇Xφ1 +∇xφ0)) dSX = 0. (2.116)

Substituting (2.94), we find the form of the homogenised problem

∇x· (ε∇xφ0) = −ρeff , (2.117)

where the effective permittivity ε is given by

ε =

∫
D

ε (I +∇XΨ) dSX , (2.118)

and the effective charge density is

ρeff = ∇x ·
∫
D

ε∇Xξ dSX , (2.119)

where Ψ is the solution to (2.95)-(2.97) and ξ satisfies (2.99)-(2.99). Thus, the

slow variation in microscale charge distribution induces an effective charge on the

macroscale.
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2.3.1.1 Taking the limit εi →∞

We now obtain the form of the homogenised problem for perfectly dielectric inclu-

sions by taking the limit εi →∞.

First, we take the limit εi →∞ in the cell problem (2.95)-(2.97) which becomes

∇X · (εe∇XΨ) = 0 in De, (2.120)

∇2
XΨ = 0 in Di, (2.121)

n̂0· (∇XΨ + I) = 0 on ∂Di, (2.122)

[Ψ]ei = 0, (2.123)

with ∫
D

ΨdSX = 0. (2.124)

Next, we expand the form of the permittivity in the homogenised model (2.118)

with a view to attaining a form where the limit can be taken; attempting to take

the limit directly results in infinity multiplied by zero. Using (2.95), we can write

εlj =

∫
Di

εiδljdSX+

∫
De

εeδljdSX+

∫
Di

εi∂Xk(Xj∂XkΨl)dSX+

∫
De

εe∂Xk(Xj∂XkΨl)dSX .

(2.125)

Applying the divergence theorem to the final two terms gives

εlj =

∫
Di

εiδljdSX +

∫
De

εeδljdSX +

∫
∂Di

εi(Xj∂XkΨl)n̂kdlX

−
∫
∂De

εe(Xj∂XkΨl)n̂kdlX +

∫
∂D

εe(Xj∂XkΨl)n̂kdlX .

(2.126)

Using the boundary condition (2.96), we obtain

εlj =

∫
Di

εiδljdSX +

∫
De

εeδljdSX −
∫
∂Di

εiXjn̂ldlX

+

∫
∂De

εeXjn̂ldlX +

∫
∂D

εe(Xj∂XkΨl)n̂kdlX .

(2.127)

We can then use the divergence theorem to take the integrals over the inclusion

boundary to an integral over its interior. Terms involving εi cancel, leaving

εplj = εe

(
δlj +

∫
∂D

Xj∂XkΨln̂kdlX

)
. (2.128)
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In (2.128), we have obtained an effective permittivity which is independent of εi

so we can take the limit εi →∞.

We repeat this process for the second cell problem. In the limit εi → ∞, the

cell problem for ξ becomes

∇X · (εe∇Xξ) = −ρ in De, (2.129)

∇2
Xξ = 0 in Di, (2.130)

n̂0· ∇Xξ = 0 on ∂Di, (2.131)

[ξ]ei = 0, (2.132)∫
D

ξdSX = 0. (2.133)

We switch to index notation to establish the form of the effective charge ρeff in the

limit εi →∞,

ρeff = ∂xi

∫
D

ε∂XiξdSX (2.134)

We write (2.134) in a form where the divergence theorem may be applied

ρeff = ∂xi

∫
D

ε∂Xj
(
Xi∂Xjξ

)
dSX − ∂xi

∫
D

εXi∂Xj∂XjξdSX . (2.135)

Applying the divergence theorem to the first term and using (2.100), we have

ρeff = ∂xi

∫
∂D

εeXi∂Xjξ njdlX − ∂xi
∫
D

εXi∂Xj∂XjξdSX . (2.136)

Substituting (2.129)-(2.130) into the final term, we have

ρeff = ∂xi

∫
∂D

εeXi∂Xjξ njdlX + ∂xi

∫
De

XiρdSX . (2.137)

Since we have eliminated all dependence on εi, we can now take the limit εi →∞.

In equation (2.117) and the coefficients (2.128) and (2.137), we have established

the homogenised problem in the limit where the inclusions are perfectly dielectric.

In the next section, we aim to recover this result by taking an alternative route in

which we treat the integral directly.
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2.3.2 Multiple scales with integral constraints

In this section we aim to develop the direct approach to derive the homogenised

equations for the electric potential in a composite with periodically arranged, per-

fectly dielectric inclusions as shown in figure 2.2. The geometry and coordinates

for this problem are as described in section 2.3.1.

In the exterior region, we assume that the electric potential satisfies Gauss’s

law

∇· (εe∇φ) = −ρ in Ωe. (2.138)

There must be no electric field within each perfectly dielectric inclusion, meaning

that the potential there is constant. As per the one-dimensional problem consid-

ered in section 2.2.2, we enforce this by setting

∇φ = 0 in Ωi. (2.139)

We expect the electric potential to be continuous at the inclusion boundary,

[φ]ei = 0, (2.140)

and the electric field on the inclusion is determined by the distribution of charges

in its interior, given by Gauss’s law,∫
∂Ωe

∇φ· n̂dl = − 1

εe

∫
Ωi

ρds, (2.141)

where ∂Ωe denotes the exterior side of the inclusion boundary and n̂ is the outward

facing normal to the inclusion boundary.

We nondimensionalise (2.138)-(2.141) using the scales in (2.75). In dimension-

less form, Gauss’s law (2.138) becomes

∇· (εe∇φ) = −ρ
δ

in Ωe, (2.142)

where we have dropped hats on dimensionless variables. Again, we use the dimen-

sionless permittivity which takes the value 1 in the exterior region, Ωe. We keep

εe in our calculations explicitly to facilitate easier comparison with analysis in the

previous section. The equation for constant potential in the inclusion (2.139) is

∇φ = 0, (2.143)
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and the condition for charge continuity (2.140) is

[φ]ei = 0 in Ωi. (2.144)

Finally, we have the dimensionless form of the integral constraint (2.141)∫
∂Ωe

∇φ· n̂dl = − 1

δεe

∫
Ωi

ρds (2.145)

In the next sections we outline the derivation of the macroscale model obtained

via homogenisation of (2.142)-(2.145).

2.3.2.1 Expansion of the normal and integrand

In this section, we illustrate the issues that arise if the instinctive approach is

taken, where both the normal and the integrand are expanded. We follow a similar

method to section 2.3.1, introducing a multiple scales expansion for the potential

of the form (2.80) and writing the governing equations (2.142)-(2.145) in multiple

scales form,

(∇X + δ∇x) · (εe(∇X + δ∇x)φ) = −δρ in De, (2.146)

(∇X + δ∇x)φ = 0 in Di, (2.147)

[φ]ei = 0. (2.148)

To write (2.145) in multiple scales form, we combine the normal expansion with

the multiple scales form of the integrand. In [25], the multiple scales form of the

integral over the inclusion surface was proposed to be∫
∂Ω

Q · n̂dl→ δ

∫
∂De

(Q+ δX · ∇xQ+ · · · ) · n̂dlX , (2.149)

where we have taken the surface to be the one-dimensional curve relevant to the

problem we consider here. Combining the normal expansion (2.84) with (2.149)

to write (2.145) in multiple scales form, we obtain∫
∂De

(Q+ δX· ∇xQ+ · · · ) · (n̂0 + δn̂1 + · · · )dlX = − 1

εe

∫
Di

ρdSX , (2.150)
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where Q = δ−1∇Xφ+∇xφ is the flux. Comparing coefficients at O(1), we have

∇2
Xφ0 = 0 in De, (2.151)

∇Xφ0 = 0 in Di, (2.152)

[φ]ei = 0, (2.153)∫
∂De

∇Xφ0 · n̂0dlX = 0. (2.154)

Thus, we again have that the leading-order potential is a function only of the slow

scale. At next order, we obtain

∇2
Xφ1 = − ρ

εe
in De, (2.155)

∇Xφ1 +∇xφ0 = 0 in Di, (2.156)

[φ1]ei = 0, (2.157)∫
∂De

(∇Xφ1 +∇xφ0) · n̂0dlX = − 1

εe

∫
Di

ρdSX . (2.158)

To derive the cell problems, we use (2.94). The cell problem for Ψ satisfies the

inhomogeneous forcing due to the slow variation of the leading-order potential,

∇2
XΨ = 0 in De, (2.159)

∇XΨ + I = 0 in Di, (2.160)

[Ψ]ei = 0, (2.161)

with ∫
D

ΨdSX = 0 (2.162)

and Ψ 1-periodic in X. The cell problem for ξ satisfies the problem with inhomo-

geneous forcing and homogeneous boundary conditions, reflecting the contribution

of the charge density to the first-order potential:

∇2
Xξ = − ρ

εe
in De, (2.163)

∇Xξ = 0 in Di, (2.164)

[ξ]ei = 0, (2.165)∫
∂De

∇Xξ · n̂0dlX = − 1

εe

∫
Di

ρdSX , (2.166)
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with ξ periodic in X. Considering the integral of (2.163) over the exterior re-

gion, we can apply the divergence theorem and use (2.166) to obtain the same

compatibility condition as for the standard case, equation (2.105).

To this point, all of the analysis matches that of the limit problem found using

standard multiple scales in section 2.3.1. The problems with the current approach

of expanding both the normal and the integrand become apparent in the derivation

of the homogenised model. Equating coefficients at O(δ2), we have

∇X · (εe(∇Xφ2 +∇xφ1)) +∇x · (εe(∇Xφ1 +∇xφ0)) = 0 in De, (2.167)

∇Xφ2 +∇xφ1 = 0 in Di, (2.168)

[φ2]ei = 0, (2.169)∫
∂De

εe(∇Xφ2 +∇xφ1)· n̂0dlX +

∫
∂De

εeX· ∇x(∇Xφ1+∇xφ0)· n̂0dlX

+

∫
∂De

εe(∇Xφ1 +∇xφ0)· n̂1dlX = 0. (2.170)

Integrating (2.167) over the exterior region and applying the divergence theorem,

we find

−
∫
∂De

(∇Xφ2 +∇xφ1) · n̂0dlX +

∫
De

∇x · (∇Xφ1 +∇xφ0)dSX = 0. (2.171)

We substitute (2.170) to eliminate φ2 and apply Reynolds transport theorem to

the final term, which gives∫
∂De

X· ∇x(∇Xφ1 +∇xφ0)· n̂0dlX +

∫
∂De

(∇Xφ1 +∇xφ0)· n̂1dlX

+∇x ·
∫
De

(∇Xφ1 +∇xφ0)dSX +

∫
∂De

(∇Xφ1 +∇xφ0) · V · n̂0dlX = 0,

(2.172)

where the positive sign in the final term arises as the normal points into the exterior

region. Writing the first term in index notation, we have∫
∂De

Xi∂xi(∂Xjφ1+∂xjφ0)n0jdlX =

∫
∂De

Xi∂xi∂Xjφ1n0jdlX+∂xi∂xjφ0

∫
∂De

Xin0jdlX ,

(2.173)

where we have used the fast scale independence of the leading-order potential to

remove it from the integral. We apply the divergence theorem to the second term,
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taking it into the inclusion interior, which gives∫
∂De

Xi∂xi(∂Xjφ1+∂xjφ0)n0jdlX =

∫
∂De

Xi∂xi∂Xjφ1n0jdlX+|Di|∂xi∂xiφ0, (2.174)

where |Di| denotes the area of the inclusion. To manipulate the first term, we

require the flux transport theorem for a closed surface ∂Ω,

∂

∂t

∫
∂Ω

F · n̂ dS =

∫
∂Ω

(
∂F

∂t
+ (∇ · F)v

)
· n̂ dS, (2.175)

where F is a tensor quantity and we have taken the divergence of a tensor to be

defined such that the contraction occurs with its second index. Applying (2.175)

to the first term in (2.174), we find∫
∂De

Xi∂xi(∂Xjφ1 + ∂xjφ0)n0jdlX = ∂xi

∫
∂De

Xi∂Xjφ1n0jdlX

−
∫
∂De

∂Xj(Xi∂Xjφ1)Vikn0kdlX + |Di|∂xi∂xiφ0,

(2.176)

where Vik = ∂Rb
k/∂xi. Applying the divergence theorem in the first term, we

obtain∫
∂De

Xi∂xi(∂Xjφ1 + ∂xjφ0)n0jdlX = −∂xi
∫
De

∂Xj(Xi∂Xjφ1)dSX

+∂xi

∫
∂D

Xi∂Xjφ1n0jdlX −
∫
∂De

∂Xj(Xi∂Xjφ1)Vikn0kdlX

+ |Di|∂xi∂xiφ0.

(2.177)

We substitute the form of φ1 into the first and second terms which gives∫
∂De

Xi∂xi(∂Xjφ1 + ∂xjφ0)n0jdlX =
1

εe
∂xi

∫
De

XiρdSX − ∂xi
∫
De

∂Xiφ1dSX

+∂xi

∫
∂D

Xi∂XjΨk∂xkφ0n0jdlX + ∂xi

∫
∂D

Xi∂Xjξn0jdlX

−
∫
∂De

∂Xj(Xi∂Xjφ1)Vikn0kdlX + |Di|∂xi∂xiφ0.

(2.178)
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Returning to (2.172), we compare the homogenised equations to that obtained

using the standard method. Substituting (2.178) into (2.172), we find

∇x · (εeff∇xφ0)−
∫
∂De

εe∇X · (X∇Xφ1) · V · n̂0dlX +

∫
∂De

εe(∇Xφ1 +∇xφ0)· n̂1dlX

+

∫
∂De

εe(∇Xφ1 +∇xφ0) · V · n̂0dlX = −ρeff ,

(2.179)

where εeff is given by (2.128) and ρeff by (2.137). Thus we have the same terms as

in the homogenised problem derived in section 2.3.1, but with several boundary

integrals that do not cancel. We note that while the second and third integrals

were present in the standard multiple scales problem and integrated to zero in that

example, it was due to a point-wise boundary condition on the inclusion surface.

Here, it appears we are double counting some terms; the motion of the boundary

appears twice suggesting that we do not need to expand both the integrand and

the normal in (2.145).

2.3.2.2 Writing the integral constraint in multiple scales form

To identify the correct way to write the integral condition in multiple scales form,

we extend the analysis presented by Chapman and McBurnie [25]. In [25], the

proposed multiple scales form of the integral constraint (2.149) accounted for a

change in value of the integrand as the slow coordinate varies at different points

in the unit cell. To obtain (2.149), the dependence of the slow scale on the fast

scale was written explicitly as x = x̂+ δX and the integrand was expanded about

the fixed slow coordinate x̂. When the domain slowly varies, we must also expand

the boundary position; we look to expand∫
∂Ω

Q · n̂ds = δ2

∫
∂Ω(x̂+δX)

Q(x̂+ δX,X) · n̂dSX (2.180)

onto the boundary at x̂. For generality, we consider a two-dimensional, open sur-

face ∂Ω(x) which varies with slow position, as illustrated schematically in figure

2.3. The associated curve which bounds ∂Ω(x) is Γ(x). As the slow position

varies, so too does the surface; the volume swept through as the slow position
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Figure 2.3: Schematic of the open surface ∂Ω(x) changing as slow coordinate is

varies within a unit cell from x̂ to x̂+ δX.

changes from x̂ to x̂+ δX is Ωδ(x̂) as shown in figure 2.3. As in [25], we expand

the integrand in (2.180) about x̂ which gives∫
∂Ω

Q · n̂ds = δ2

∫
∂Ω(x̂+δX)

(
Q(x̂,X) + δX ·∇xQ(x̂,X))

)
· n̂dSX + · · · . (2.181)

Our aim now is to project the right-hand side of (2.181) onto the boundary at

fixed slow position, ∂Ω(x̂). To do this, we take a similar approach to one which

may be used to derive the flux transport theorem heuristically, see for example

[39]. Applying the divergence theorem to the first term in the right-hand side of

(2.181) on the geometry shown in figure 2.3, we can write∫
∂Ω(x̂+δX)

Q(x̂,X) · n̂ dSX =

∫
Ωδ(x̂)

∇X ·Q(x̂,X)dVX +

∫
∂Ω(x̂)

Q(x̂,X) · n̂dSX

−
∫
∂Ωδ(x̂)

Q(x̂,X) · n̂dSX ,

(2.182)

where ∂Ωδ is the boundary containing the dashed lines in figure 2.3. In the limit

δ → 0, the volume element of Ωδ in fast coordinates dVX can be written as the

product of the area element of ∂Ω(x̂) with the height of the Ωδ volume. Hence,
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we have dVX = δX ·V · n̂ dSX , where V = ∇xR
b is the ‘velocity’ of the boundary

for positions Rb on ∂Ω(x̂). The area element of ∂Ωδ can be written as the cross

product of the line element of Γ(x̂), dr, with the height of the Ωδ, that is n̂dSX =

−δX · V × dr, where the negative sign ensures the normal is outward-facing.

Substituting the form for the volume element of Ωδ and area element of ∂Ωδ into

(2.182), we have∫
∂Ω(x̂+δX)

Q(x̂,X) · n̂ dSX =

∫
∂Ω(x̂)

δ(∇X ·Q)X · V · n̂ dSX

+

∫
∂Ω(x̂)

Q · n̂dSX +

∫
Γ(x̂)

δQ · (X · V )× dr,
(2.183)

Combining (2.183) with (2.181), the correct multiple scales form for integral con-

straints on a slowly varying domain appears to be∫
∂Ω

Q · n̂ dS → δ2

∫
∂Ω

(Q + δX · ∇xQ + δ(∇X ·Q)X · V ) · n̂ dSX

+δ2

∫
Γ

δQ · (X · V )× dr.
(2.184)

Thus, we find that it is not necessary to include the multiple scales expansion of the

normal. The additional terms that appear in (2.184) account for the variation in

the integrand with the slow scale as we move across the unit cell and the variation

due to slow variation of the inclusion boundary. Hence, the normal in (2.184) is

to the boundary evaluated at fixed x̂; we would have a normal expansion in the

integral only if the level set defining the boundary (2.81) had a dependence on δ

at fixed slow position.

For the two-dimensional problem we are considering, where the inclusion sur-

faces are closed, (2.184) reduces to∫
∂Ωe

Q · n̂ dl→ δ

∫
∂De

(Q + δX · ∇xQ + δ(∇X ·Q)X · V ) · n̂0 dlX , (2.185)

where we have gained δ in changing to fast integration variables on a line rather

than δ2 when changing to fast integration variables in an area element.

In this section, we validate this proposal by considering (2.142)-(2.145). The

multiple scales form of (2.142)-(2.144) is given by (2.146)-(2.148) and the multiple
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scales form of (2.145) is taken to be (2.185). The analysis exactly follows section

2.3.2.1 until O(δ2), where differences in the multiple scales form of the integral

constraints become apparent. Using (2.185), the O(δ2) problem becomes,

∇X · (εe(∇Xφ2 +∇xφ1)) +∇x · (εe(∇Xφ1 +∇xφ0)) = 0 in De, (2.186)

∇Xφ2 +∇xφ1 = 0 in Di, (2.187)

[φ2]ei = 0, (2.188)∫
∂De

εe(∇Xφ2 +∇xφ1)· n̂0dS +

∫
∂De

εeX· ∇x(∇Xφ1 +∇xφ0)· n̂0dS

+

∫
∂De

εe∇X · (∇Xφ1 +∇xφ0)X·V· n̂0dS = 0.

(2.189)

Integrating (2.186) over the exterior region and applying the divergence theorem

to the first term, gives

−
∫
∂De

εe(∇Xφ2 +∇xφ1) ·n̂0 dlX +

∫
De

∇x ·(εe(∇Xφ1 +∇xφ0)) dSX = 0, (2.190)

where the integral over the exterior boundary of the unit cell vanishes due to

periodicity in the derivatives of the expansion coefficients. The derivatives take

the same value on opposing edges of the unit cell and so the boundary integral

is equivalent to integrating out and back along a line. Substituting (2.189) to

eliminate φ2, we have∫
∂De

εeX· ∇x(∇Xφ1 +∇xφ0)· n̂0dlX +

∫
∂De

εe∇X · (∇Xφ1 +∇xφ0)X·V· n̂0dlX

+

∫
De

∇x · (εe(∇Xφ1 +∇xφ0)) dSX = 0.

Applying transport theorems (2.175) and (2.111) to the first and final integrals

gives

∇x·
∫
∂De

εeX(∇Xφ1 +∇xφ0)· n̂0dlX −
∫
∂De

εe∇X · (X(∇Xφ1 +∇xφ0))·V· n̂0dlX

+

∫
∂De

εe∇X · (∇Xφ1 +∇xφ0)X·V· n̂0dlX +∇x ·
∫
De

(εe(∇Xφ1 +∇xφ0)) dSX

+

∫
∂De

εe(∇Xφ1 +∇xφ0)·V· n̂0dlX = 0.

(2.191)
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Expanding the divergence in the second integral, we find that some of the boundary

terms cancel, which leaves

∇x·
∫
∂De

εeX(∇Xφ1 +∇xφ0)· n̂0dlX +∇x ·
∫
De

(εe(∇Xφ1 +∇xφ0)) dSX = 0.

(2.192)

As φ0 is independent of the fast scale, we can apply the divergence theorem to the

first integral, taking it into the inclusion to give

∇x · (εe∇xφ0)+∇x·
∫
∂De

εeX∇Xφ1· n̂0dlX +∇x ·
∫
De

εe(∇Xφ1) dSX = 0. (2.193)

Applying the divergence theorem to the second integral, we have

∇x·(εe∇xφ0)−∇x·
∫
De

εe∇X · (X∇Xφ1)dSX

+∇x·
∫
∂D

εeX∇Xφ1· n̂0dlX +∇x ·
∫
De

εe(∇Xφ1) dSX = 0.

(2.194)

Cancelling terms and using the cell problem (2.163) we have

∇x · (εe∇xφ0) +∇x·
∫
De

XρdSX +∇x·
∫
∂D

εeX∇Xφ1· n̂0dlX = 0. (2.195)

Thus, we have the homogenised problem

∇x · (εp∇xφ0) = −ρeff (2.196)

where

εpij = εe

(
δij +

∫
∂D

Xi
∂Ψj

∂Xk

n̂0kdlX

)
. (2.197)

The effective charge is given by

ρeff = ∇x·
(∫

De

ρXdSX +

∫
∂D

εeX∇Xξ · n̂0dlX

)
. (2.198)

By writing the integral condition in multiple scales form using (2.185), we have

obtained the same homogenised problem as derived as a limit of a standard multiple

scales problem in section 2.3.1.

48



CHAPTER 2. INTEGRAL CONSTRAINTS IN A SLOWLY VARYING DOMAIN

2.4 Discussion

In this chapter we have established how to treat integral constraints in multiple

scales problems with a slowly varying microscale. We presented two approaches to

homogenisation of a simple example problem in both one and two dimensions, con-

sidering the electric potential in a dielectric periodically interspersed with perfectly

dielectric inclusions. The first approach involved taking a limit of the problem of a

dielectric composite that can be tackled using standard multiple scales, establish-

ing the correct form of the homogenised problem. We began by considering the one

dimensional problem presented in the original paper which identified the multiple

scales form of integral constraints [25]. The proposed multiple scales form of the

integral constraint expands the integrand as in [25] but also the boundary position

about a fixed slow position. In the one dimensional case some of the additional

terms vanished for the regime considered.

In two dimensions we considered the limit of large charge, where the additional

terms from the boundary expansion are no longer identically zero. We found

that expanding the slow variation in the integrand and the boundary position in

the integral constraint produces the same homogenised problem as the standard

approach. To expand the boundary position, we used the flux transport theorem

applied to spatial variables. It was not necessary to include the multiple scales

expansion of the normal as required when using Neumann or Robin boundary

conditions on a slowly varying domain. We showed in section 2.3.2.1 that including

both the normal expansion and expansion of the integrand results in additional

terms so that the standard homogenised model is not recovered.

In summary, this chapter provides justification for the multiple scales form

of integral constraints in a slowly varying domain, equation (2.184). We will

encounter such a constraint in chapter 3, although this method will be applicable

to other multiple scales problems involving integral constraints.
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Chapter 3

A homogenised model of

fluid-string interaction

In this chapter, we develop an effective model for the bioreactor scaffold, modelling

it as a fluid-string composite. To derive the model describing the interaction

between string displacement, fluid velocity and pressure, we use homogenisation

via multiscale asymptotics, employing the methods developed in chapter 2. Here,

the microscale is given by the spacing between fibres that constitute the scaffold,

with the scaffold dimensions characterising the macroscale. There is a one-way

coupling between the microscale and macroscale problems; the microscale problem

can be solved independently, providing the local flow field and, when averaged, the

permeability. This coupling enables analysis of the relationship between microscale

shear stress and boundary conditions imposed on the macroscale. The macroscale

model consists of Darcy’s law, a mass conservation condition and homogenised

force balance. Darcy’s law links the fluid velocity relative to the moving strings

to the pressure gradients. The mass conservation condition relates the fluid flux

to string density and the homogenised force balance couples the hydrodynamic

stresses and string displacements. We solve the model in a simple geometry and

identify scaling laws relating the frequency of imposed oscillation of the string

ends to microscale shear stress. We also consider driving the flow with a fluid flux,

where the solid fraction dictates the distribution of microscale shear stress.
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The structure of this chapter is as follows. We introduce modelling approaches

for fluid-fibre interaction in section 3.1, beginning by considering purely transverse

displacement of the strings. The model setup is presented in section 3.2 and

nondimensionalised in section 3.3. We homogenise the equations in section 3.4,

identifying the form of the microscale and macroscale problems. We solve the

resulting equations in section 3.5 in simplified geometries. We then extend the

model in 3.6, where we illustrate how to incorporate axial fibre deformation. We

discuss the results and summarise the work in 3.7.

3.1 Introduction

The interaction between deformable fibres and slow, viscous flow is found in numer-

ous applications such as cell mechanics, textile production and biological sensing

[65, 89, 120]. Various theoretical, numerical and experimental techniques have

been developed to study the interaction of fibres with Stokes flow [45, 73]. Some

methods that track the deformation of each fibre individually become untenable

when there is a large number of fibres in the system. We do not consider these

approaches here; instead we focus on methods applicable to modelling many fibre

systems.

3.1.1 Interaction of rigid fibres with flow

The simplest examples of interactions between fibre ensembles and slow flow occur

when fibre deformation is a subdominant effect. That is, the bending rigidity of

the fibres is much greater than viscous forces,

δB

µUL3
� 1, (3.1)

where B is the bending rigidity, δ the beam deflection nondimensionalised by its

length L, µ is the dynamic viscosity of the fluid and U is its typical velocity. In the

absence of tension, such as beams with a free end, the left-hand side of (3.1) is the

relevant dimensionless number characterising the relative size of the stress required
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to induce an O(1) bending deformation to the magnitude of fluid stress. For the

regime (3.1), where the stress required to induce deformation is much greater than

the characteristic size of fluid stress, the coupling between the fibres and fluid is

one-way; the presence of the fibres influences the flow field but the flow does not

induce fibre deformation.

Experimental and theoretical studies of this regime have been motivated by

modelling diving of semi-aquatic mammals, which have a pelt trapping air for in-

sulation, and nectar feeding birds, which have a tongue coated in fibres to enhance

nectar uptake [87, 88]. One study considered experiments where a plate covered

with elastomer ‘hairs’ was plunged into or drawn from a bath of silicone oil (figure

3.1.a). When the flow saturates the fibres, in modelling motivated by crustacean

sensing, it was found that the magnitude of the upstream velocity perpendicular

to the fibre axes sets the flow configuration through the fibres shown in 3.1.b [63].

Estimates of the boundary layer thickness, derived from fitting numerical simula-

tions of flow around a single fibre as the Reynolds number varied between 0.003

and 25, were used to predict the flow regime. Fluid flowed through the fibres

with little deflection when the boundary layers surrounding a single fibre were

small. At intermediate values, flow was deflected perpendicular to the upstream

flow direction and when the boundary layers of adjacent fibres overlapped, flow

was deflected around the fibre bed [63]. While this study allows the flow regime

to be identified, it does not facilitate calculation of the velocity field across the

domain, which would be required to estimate microscale shear stresses throughout

the bioreactor scaffold, without direct simulation.

One approach used to model flow in fibre composites which does facilitate

calculation of the microscale shear stress is homogenisation via multiscale asymp-

totics, introduced in detail in chapter 2. In filters with a fibrous microstructure

that does not deform in response to the flow, an effective model can be obtained

that incorporates the microscale geometry via the model parameters, see for ex-

ample [36, 35, 98, 71]. This coupling between microscale and macroscale enables a

calculation of the shear stress across the domain. We will return to homogenised

models in section 3.1.3 where we consider problems with two-way fluid-structure

interaction.
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Figure 3.1: Fluid-fibre systems considered in the literature. a. A fibre-covered plate

is plunged into a bath of viscous fluid [88]. The direction of velocity is reversed

in the draining problem considered in [87]. b. Flow streams through or is directed

perpendicularly from the initial flow direction depending on the Reynolds number

[63]. c. Taylor-Couette flow over a deformable fibre bed. Figure adapted by per-

mission from Springer Nature Customer Service Centre GmbH: Nature, Nature

Physics [6]. d. Representative volume element used in deriving a coarse-grained

model of fluid-structure interaction in fibre beds. Figure reused from [117] with

permission from APS and David Stein. e. Microstructure for the homogenised

model of fluid-string interaction presented in [9, 10]. Rods are tethered to their

initial positions by Hookean springs and interact with viscous flow.
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3.1.2 Models of fluid-fibre interaction

When fibre elasticity is on the same order as viscous effects, the system dynamics

become significantly more complex. In elasto-viscous systems, the flow and solid

deformation are fully coupled with the flow field, inducing fibre deformation which

in turn modifies the domain for the flow. An experimental and theoretical study

illustrating this coupling considered Taylor-Couette flow above a plate covered in

deformable fibres (figure 3.1.c) [6]. The deformation, assumed identical for all

fibres, was modelled using a nonlinear beam equation with a point force at the

beam tip used to reflect the fluid stress. The system showed a shear stress reducing

nonlinearity, where the effects of increasing the plate speed are outweighed by

the increased effective channel width resulting from fibre bending induced by an

increased fluid shear stress, ultimately reducing the shear stress on the upper plate

[6].

When the assumption of uniform solid deformation across the material does not

hold, continuum models that treat the material as a composite may be used [40].

The equations of poroelasticity describe the dynamics of a porous, elastic solid

filled with fluid and consist of: constitutive equations relating solid deformation

to solid stress and pore pressure; transport and continuity equations for the fluid

and a momentum conservation equation for the total stress.

Poroelastic models have been used to model fibrous bioreactor scaffolds [135,

138]. Treating the fibrous scaffold as a cylinder with a small aspect ratio, analytical

solutions were found for a time-harmonic axial loading of the scaffold [135]. The

elastic modulus and Poisson ratio for the poroelastic material were estimated by

fitting experimental data [138]. These models can be used to estimate an averaged

microscale shear stress but in order to model the variations of the shear stress

on the microscale, a multiscale model is required. Often, multiscale models are

obtained by an averaging process. We will review different averaging processes in

the next section.
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3.1.3 Averaged models of fluid-fibre interaction

Averaging methods have been applied in developing models for wet-spinning, an

industrial process used to manufacture polymer fibres such as viscose. Polymer

solution is extruded through a metal plate into a bath where the fibres coagulate

to form a bundle of fibres. The bundle is drawn over a series of rollers through a

stationary bath before heating and spreading the bundle. To derive a model for

the flow through the fibre bundle and the deformation it induces, the analytical

result for drag on fibres in a periodic array was substituted as a body force in the

the inviscid Navier-Stokes equations [90]. This generates an average flow equation

which was coupled to fibre motion via a force balance of the averaged pressure

drop across the fibre bundle with the fibre elasticity [90]. The result is an averaged

model for a deforming porous media with model parameters given by analytical

results for the flow around an periodic array of cylinders. A reduced version of this

model was coupled to a surrounding lubricating flow in [120]. A similar averaged

poroelastic model to describe the wet-spinning process was derived by Szaniawski

[119].

A more formal volume averaging approach was taken by Stein and Shelley

to derive an effective model for an ensemble of flexible fibre ensembles immersed

in slow, viscous flow [117]. In general, volume averaging proceeds by defining

a ‘representative volume element’ which characterises the microstructure of the

material (figure 3.1.d). Equations are posed over this representative volume which

are then averaged to obtain an effective model that describes the bulk material

[130]. To treat the fluid-fibre system, fibres were treated as Euler-Bernoulli elastica

coupled with the background flow field induced by other fibres via local slender

body theory. After averaging over the representative volume element including

many aligned fibres, the Brinkman equations, with a body force from the fibres,

were coupled with an equation governing fibre deformation [117]. In the averaging

process, the assumption of low fibre density resulted in incompressibility holding

in the averaged equations. When the fibre density is high, an alternative approach

is to begin with continuum equations for both the solid and fluid phase.

Motivated by the need to develop effective equations for general systems in-
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volving ‘bristles, carpets and brushes’ interacting with slow, viscous flow, Gopinath

and Mahadevhan considered continuum equations for linearly elastic material sat-

urated with fluid [52]. Averaged equations were obtained by constructing an effec-

tive stress tensor from the linear superposition of fluid and elastic stresses, treating

the ‘bristles, carpets and brushes’ as a continuum. The effective equations took

the form of a modified Darcy’s law coupled to solid deformation. By consider-

ing different constitutive equations for the constituents, the model was applied to

polymer networks and ordered carpets [52].

In the effective models derived by Gopinath and Mahadevhan, it is necessary to

specify the form of the model parameters using constitutive laws. In the derivation

of averaged models using homogenisation via multiscale asymptotics (for details

see section 2.1), the parameters in the effective model are obtained as part of the

model derivation. Applying homogenisation via multiscale asymptotics to a con-

tinuum, linearly elastic material interspersed with fluid results in the equations of

poroelasticity [21, 83]. The microscale problems that arise during the homogeni-

sation process can be solved to give the elasticity tensor and the permeability.

For fluid-fibre composites, it may be more intuitive to begin with a discrete

description of each string rather than treating the solid phase as a continuum.

A homogenised model was derived from discrete solid elements in [9], treating

sprung rods surrounded by a viscous, incompressible, Newtonian fluid. The line

of rods surrounded by flow, assumed to be uniform along the axis of the rod, was

extended to a two-dimensional array in [10]. A full presentation of the multiple

scales derivation was not given and so it is difficult to establish how the integral

constraint appearing in the force balance on the rod was transformed into multiple

scales form.

In this chapter, we build on [10] to develop a homogenised model of fluid-string

interaction. The force balance, which couples the string displacement to the fluid

motion, gives an integral condition on a slowly varying domain. Hence, we must

use the methods developed in chapter 2 to systematically derive the homogenised

model.
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3.2 Model setup

As outlined in chapter 1, the bioreactor scaffold consists of many aligned fibres

attached to each end of the chamber. The chamber is filled with cell culture media

during operation, and enclosed by a flexible membrane which allows for a large

class of deformations that mimic physiological motion. As a starting point, we

make a number of assumptions that simplify the analysis, enabling us to derive an

effective model for the fibre-fluid composite. Throughout this chapter, we neglect

the volume occupied by cells, using the fluid shear stress on the surface of the

fibres as a proxy for the shear stress experienced by cells. As such, the modelling

that ensues will be applicable during the early stages of bioreactor operation (for

details see appendix A.1.1). We return to this assumption in the discussion, where

we outline how to account for the effects of finite cell volume.

We model the cell culture media as a viscous, incompressible, Newtonian fluid

with dynamic viscosity µ. The scaffold fibres are modelled as N aligned strings

separated by a distance l at equilibrium, each with circular cross-section of radius

b. The superscript i indexes the string under consideration: i = 1, 2, · · · , N . We

use Cartesian coordinates with associated coordinate directions êx, êy, êz, taking

the origin to be at the centre of the base of the scaffold, with the z-axis aligned with

the strings’ equilibrium configuration, as shown in figure 3.2.a. The equilibrium

position of the centre-line of the ith string is given by xi0 = xi∗ + zêz, where

xi∗ = (xi∗, y
i
∗, 0) is assumed to lie on a square periodic lattice, which covers the

whole domain, as illustrated in figure 3.2.b. The curved exterior boundary of

the fluid domain is ∂Ωe and the flat boundary is denoted Ω⊥. The domain has

characteristic dimension L, with a fluid region Ωf . The region occupied by a string

in a z = constant plane is Di
s and its associated boundary is ∂Di

s. Fluid flow can

be driven by imposing string motion or by prescribing a fluid velocity at one end of

the domain. We envisage string-driven flow will reflect the mechanical stimulation

of the chamber by the robot, while flux-driven flow can be used to model perfusion

as outlined in section 1.2.1.

We model the scaffold fibres as uniform, elastic strings under tension which ex-

ecute small, transverse displacements. Considering motion confined to the trans-
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Figure 3.2: Schematic of the model setup. a. Viscous, incompressible, Newtonian

fluid in the region Ωf surrounds strings aligned under tension in an examplar cylin-

drical domain with radius R and length L. Fluid is represented in blue and strings

are drawn in grey. b. The approximate representation of the domain cross-section

used in the homogenisation procedure. c. ‘Zooming’ into the macroscale domain,

indicated by the dot-dashed lines, shows the unit cell which forms the domain for

the microscale problem. Dashed lines show the boundaries where periodicity is

imposed.

verse plane simplifies the analysis, though we will relax this assumption in section

3.6.1. Assuming that the string cross-section does not deform, we can describe

the displacement of the ith string from its equilibrium configuration via the dis-

placement of its centre-line si(z, t) = (si1, s
i
2). Thus, the region Di

s is given by

|xi⊥∗ − si|2 ≤ b2, where x⊥∗ = (xi∗, y
i
∗).

The surrounding media is modelled as a slow, viscous, incompressible, Newto-

nian fluid governed by

−µ∇2u+∇p = 0 in Ωf , (3.2)

∇·u = 0 in Ωf . (3.3)

where u = uêx + vêy + wêz is the fluid velocity and p is the fluid pressure. For

convenience, we decompose the velocity into its transverse and axial components,

introducing v = (u, v).
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No-slip conditions are imposed at the boundary of each string so that

v =
∂si

∂t
on ∂Di

s, (3.4)

w = 0 on ∂Di
s, (3.5)

where t denotes time, for each 0 ≤ z ≤ L. We also require boundary conditions

for the fluid flow on the outer edges of the domain. The exact form that these

boundary conditions take will be given in section 3.4.5 after derivation of the

homogenised model. Homogenisation reduces the order of the fluid problem and

thus reduces the number of boundary conditions required.

We balance the fluid force exerted on the string boundary with elastic forces

due to the string tension. The nondimensional number describing the relative

strength of the string inertia to the string tension is ρTb2/µ2L2 for a string with

mass volume density ρ and tension T . We consider strings with an aspect ratio

b/L which is sufficiently small such that ρTb2/µ2L2 � 1. Neglecting the inertial

terms, the transverse force balance on the ith string is given by∫
∂Dis

σ⊥· n̂sdl +
∂

∂z

(
T
∂si

∂z

)
= 0, (3.6)

where n̂s is the outward pointing unit normal to ∂Di
s, which lies on the transverse

plane, and σ⊥ is the 2× 2 fluid stress tensor for the transverse flow components.

Despite neglecting inertia in both the fluid and solid momentum balances, we

require an initial condition on the displacement which we set as

si = 0. (3.7)

The strings are fixed at their base and a displacement is imposed at the upper

end,

si = 0 at z = 0, (3.8)

si = ai(t) at z = L (3.9)

Various examples of imposed in-plane displacements, ai(t), will be considered in

section 3.5.2. We will find that homogenised model we obtain can also be driven

by imposing the fluid pressure or fluid flux at the boundary. We defer specifying

the form of these boundary conditions to section 3.4.5, where the form of the

homogenised problem is given.
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3.3 Nondimensionalisation and scaling

We assume that the characteristic lengthscale of separation between adjacent fi-

bres l is much less than width of the domain L, introducing the small parameter

δ = l/L � 1. Motivated by the scalings used to derive Darcy’s law from ho-

mogenisation of the Stokes equations in a porous material, we seek a balance

between macroscopic pressure gradients and microscale viscous terms. We nondi-

mensionalise the problem by scaling

(u, v, w) = U(û, v̂, ŵ), (x, y, z) = L(x̂, ŷ, ẑ), t = δ
L

U
t̂,

si = δLŝi, ai = δLâi, p =pa +
µU

δ2L
p̂, T =

µUL

δ
T

(3.10)

where pa is the atmospheric pressure and hats denote nondimensional quantitities.

The velocity scale U will be determined later by choosing scalings to balance

terms in the string force balance. The timescale given is chosen to ensure we

have a balance at leading-order in (3.4) so that string displacement drives fluid

motion. This balance results in the presence of string velocity in the leading-order

macroscale equations.

After nondimensionalisation and dropping hats, the Stokes equations (3.2)-

(3.3) become

−δ2∇2u+∇p = 0 in Ωf , (3.11)

∇·u = 0 in Ωf . (3.12)

No-slip conditions at the string boundaries (3.4)-(3.5) give

v =
∂si

∂t
on ∂Di

s, (3.13)

w = 0 on ∂Di
s. (3.14)

Nondimensionalisation of the force balance (3.6) yields∫
∂Dis

σ⊥· n̂sdl +
∂

∂z

(
T ∂s

i

∂z

)
= 0. (3.15)

In appendix C, we show that the nondimensional tension T is constant at leading-

order. Balancing terms in (3.15), by setting T = 1, fixes the velocity scale of the
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problem to be given by

U =
δT

µL
. (3.16)

An alternative scaling would set the velocity scale by the boundary conditions

imposed on the macroscale problem. The benefit of this choice would be clarity

in the effects of varying string tension, although we do not consider this scaling in

this chapter. At higher orders, we expect that the differences in fluid shear along

the string length will induce changes in tension, though the first-order correction

to the tension does not feature in our analysis. Nondimensionalising the boundary

conditions on string displacement gives

si = 0 at z = 0, (3.17)

si = ai(t) at z = 1, (3.18)

and the initial condition (3.7) becomes

si = 0 at t = 0. (3.19)

3.4 Homogenisation

In this section, we use multiscale asymptotics to derive continuum equations de-

scribing the fluid and string motion on the macroscale. Instead of solving coupled

equations for the string motion and flow field in a complicated domain, the aim

is to obtain two simpler problems that can be solved separately: one determining

microscale variations in the flow field around a single string, the second effective

medium equations for the fluid-string interaction.

The slow scale x describes variation on the scale of the domain width, i.e. the

macroscale, and we introduce a fast scale X = (x, y)/δ − b(x, y)/δc − 1/2, which

describes variation on the scale of the string separation, i.e. the microscale. We

assume that these two scales are independent, and that the domain cross-section

can be constructed from unit cells that each contain a single fibre, as shown in

figure 3.2.c. Given δ � 1, we operate under the assumption that the number of
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strings is sufficiently large that boundary effects from the breakdown of periodicity

at the edge of the domain are negligible.

3.4.1 Continuum equations for string displacements

We begin by writing equations describing the string displacements in a form that

can be homogenised. We assume that the displacement of neighbouring strings is

sufficiently similar to allow the introduction of a continuum field for the string dis-

placement. We introduce piece-wise constant functions for the string displacement

and reference position

s(x, t) = si(z, t) in Di
s, (3.20)

x0(x) = xi0(z) in Di
s, (3.21)

defined over the solid region of the unit cell Di
s. That is, the function s is defined

to take the value of the displacement of the string found in the same unit cell as

x. Equation (3.20) cannot be transformed into multiple scales form easily and so

we follow [25] in rephrasing this equation as

∇⊥s = 0 in Ds, (3.22)

where ∇⊥ = (∂x, ∂y). Within a two-dimensional unit cell, the region occupied by

the string is Ds and the fluid region is Df .

3.4.2 Multiple scales form of the governing equations

To write the differential equations in multiple scales form, we apply the chain rule

to the two-dimensional gradient operator

∇⊥ = ∇x +
1

δ
∇X , (3.23)

where ∇x = (∂x, ∂y) and ∇X = (∂X , ∂Y ). We have introduced the fast variable

only in the transverse plane, leaving the z-coordinate untouched. We seek mul-

tiple scales expansions for the fluid velocity, pressure and string displacement by
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expanding as a power series in δ:

v = v0(x,X, t) + δv1(x,X, t) +O(δ2), (3.24)

w = w0(x,X, t) + δw1(x,X, t) +O(δ2), (3.25)

p = p0(x,X, t) + δp1(x,X, t) +O(δ2), (3.26)

s = s0(x,X, t) + δs1(x,X, t) +O(δ2), (3.27)

where the variables in all expansions are periodic in X with period 1, motivated

by the microscale structure of the domain.

We substitute the expansions (3.24)-(3.27) into the Stokes equations (3.11)-

(3.12) and the equation governing string displacement (3.22) written in multiple

scales form. At leading-order in δ, we find

∇Xp0 = 0 in Df , (3.28)

∇X ·v0 = 0 in Df , (3.29)

∇Xs0 = 0 in Ds. (3.30)

Equation (3.28) and (3.30) imply that the leading-order pressure p0 = p0(x, t) and

string displacement s0 = s0(x, t) are independent of the fast scale. At O(δ),

−∇2
Xv0 +∇xp0 +∇Xp1 = 0 in Df , (3.31)

−∇2
Xw0 +

∂p0

∂z
= 0 in Df , (3.32)

∇X ·v1 +∇x·v0 +
∂w0

∂z
= 0 in Df , (3.33)

∇xs0 +∇Xs1 = 0 in Ds. (3.34)

We can integrate (3.34) with respect to the fast variable to find

s1 = −X· ∇xs0 + d0, (3.35)

where d0 = d0(x) is a function from integration. Before deriving the resulting

microscale and macroscale problems, we write the boundary conditions (3.13)-

(3.15) in multiple scales form.

63



CHAPTER 3. A HOMOGENISED MODEL OF FLUID-STRING INTERACTION

3.4.3 Transforming the boundary conditions into multiple

scales form

Homogenisation via multiscale asymptotics in multiple spatial dimensions gener-

ally relies on the assumption of periodicity in the microscale variables in order for

the microscale and macroscale equations to decouple. However, progress can also

be made in scenarios where the unit cell is slowly varying as discussed in chapter

2.

At present, our microscale problem is solved over the domain shown in figure

3.2.c, which is also a function of the fast spatial scale due to higher order terms

in the expansion of s. Our aim is to project our equations onto the domain

corresponding to the leading-order position of the string which, as established

above, depends only on the slow scale, thereby facilitating multiple scales analysis.

The position of the string boundary in the domain shown in 3.2.c, ∂Ds, is given

by the level set hs = 0 of the function

hs = |X −X0 − s| −B, (3.36)

where B = b/δ is the string radius andX0 = x0/δ−bx0/δc−1/2 is the equilibrium

position of the string in the (x, y)-plane with respect to the microscale coordinates.

Thus, the string boundary is dependent on both the fast and slow scales through

the string displacement (3.27). Substituting (3.27) into (3.36), we find that the

leading-order string boundary, ∂Ds0 , is defined to be the level set h = 0 of the

function

h = |X −X0 − s0| −B. (3.37)

As the leading-order string displacement is independent of the fast scale, the

microscale domain with this boundary will be locally periodic. This results in

macroscale and microscale problems that decouple. We begin by expanding the

no-slip condition at the string boundary onto the leading-order domain before

transforming the force balance into multiple scales form.

To be fully systematic, the expansion onto the leading-order boundary position

and multiple scales expansion should be conducted in parallel. The resulting equa-

tions should then be projected onto the leading-order boundary position. However,
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here we assume that the domain is that defined by (3.37). Defining the boundary

to be the leading-order position of the string should result in the same homogenised

problem but will significantly reduce the number of terms compared with the sys-

tematic analysis. We will return to this assumption in the chapter 5 where we

discuss some implications.

3.4.3.1 No-slip conditions

We expand the no-slip condition at the string boundary (3.13) about the leading-

order position ∂Ds0 in the fast variable. As the leading-order position depends

on the slow scale, we have an O(δ) contribution to the no-slip condition from the

variation in the leading-order displacement as we move around the boundary. This

variation arises due to the small changes in the value of x as we move around the

unit cell. In principle, this variation should be taken into account when evaluat-

ing the boundary conditions in all multiple scales problems. However, for most

problems the terms obtained when accounting for this variation cancel (being slow

derivatives of a lower order balance), so they are almost always ignored. In the

present problem, where the string position is an unknown function of position,

one of the resulting terms remains, so we need to treat the boundary conditions

carefully.

We can account for the variation in x as we move around the unit cell explicitly

by using a similar approach to that used in chapter 2 when considering integral

constraints. The slow-fast interdependence can be dealt with by considering de-

viations of a macroscale point from a fixed reference point. That is, we write

x = x̂ − δb + δX, where x̂ is an arbitrary reference point in the same unit cell

as x, and b = x̂/δ − bx̂/δc is a constant vector joining x̂ to the lower left-hand

corner of the unit cell. Henceforth, we take our reference point x̂ to be the lower

left corner of the unit cell, fixing b = 0. Thus if x is a point on the boundary of

the string, then the velocity u is evaluated at u(x,X) = u(x̂+ δX,X).
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We expand about the leading-order position, for example

v0(x̂+ δX,Xb + s0(x̂+ δX, t) + δs1(x̂+ δX,X, t) + · · · , t) = (3.38)

v0 + δX· ∇xv0 + δ(s1 +X· ∇xs0)· ∇Xv0 +O(δ2),

where Xb are points on the initial position of the string boundary and terms in the

expansions are evaluated at x = x̂,X = Xb + s0(x̂). Taking a similar expansion

for all terms in the no-slip boundary condition, we find

v0 + δX· ∇xv0+δ(s1 +X· ∇xs0)· ∇Xv0 + δv1 = (3.39)

∂s0

∂t
+ δX· ∇x

(
∂s0

∂t

)
+ δ

∂s1

∂t
+O(δ2) on ∂Ds0 ,

where terms involving the fast gradient of the leading-order string velocity vanish

due to (3.30). Comparing coefficients at each order of δ, we obtain the following

conditions on the leading-order fluid velocity

v0 =
∂s0

∂t
on ∂Ds0 . (3.40)

Using (3.40), we can simplify (3.39) by cancelling the slow gradient of the leading-

order velocity terms that appear on both sides of the equation at O(δ). The

condition on the first-order fluid velocity becomes

v1 =
∂s1

∂t
− (s1 +X· ∇xs0)· ∇Xv0 on ∂Ds0 . (3.41)

We can write (3.41) in a more convenient form using the solution to the O(δ) string

problem. Substituting the expression for s1 into (3.41), we find

v1 =
∂s1

∂t
− d0· ∇Xv0 on ∂Ds0 . (3.42)

In a naive treatment of (3.4), the term involving d0 would not be present, high-

lighting the need for a careful treatment of the boundary condition. Repeating

the analysis on (3.14), we obtain

w0 = w1 = 0 on ∂Ds0 . (3.43)
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3.4.3.2 Force balance

To transform the force balance on the string into multiple scales form, we need to

expand the integral of fluid traction on the string about the leading-order domain,

account for the variation of the slow scale with the fast scale as we move around

the string boundary, and expand the integrand in multiple scales form.

To project onto the leading-order domain, we use a similar expansion to that

used in (3.38), writing

σ⊥(x̂+ δX,Xb + s0(x̂+ δX) + δs1(x̂+ δX,X) + · · · , t) =

σ⊥ + δX· ∇xσ⊥ + δ(s1 +X· ∇xs0)· ∇Xσ⊥ + · · · .
(3.44)

We then write the integral in multiple scales form using the result from chapter 2,

that is (2.185), which gives∫
∂Ds

σ⊥ · n̂ dl→ δ

∫
∂Ds

(σ⊥ + δX · ∇xσ⊥ − δ(∇X · σ⊥)X · V ) · n̂0 dlX , (3.45)

where V = ∇xs0 and dSX = dXdY denotes the area element in fast scale vari-

ables. Combining (3.44) with (3.45), we find∫
∂Ds

σ⊥· n̂dl = δ

∫
∂Ds0

σ⊥· n̂dlX + δ2

∫
∂Ds0

(s1 +X· ∇xs0)· ∇Xσ⊥· n̂dlX

+ δ2

∫
∂Ds0

X· ∇xσ⊥· n̂dlX − δ2

∫
∂s0

(∇X · σ⊥)X · V · n̂dlX +O(δ3),

(3.46)

where dlX = dl/δ is the line element in fast coordinates and n̂ is the outward-

facing normal to the boundary of the leading-order string position, pointing from

the solid to the fluid domain. The multiple scales expansion for the fluid stress is,

σ⊥ = −δ−2p0I2 + δ−1[−p1I2 +∇Xv0 + (∇Xv0)T ] +O(1), (3.47)

where I2 = diag(1, 1). Substituting (3.47) into (3.46) gives∫
∂Ds

σ⊥· n̂dl =

∫
∂Ds0

[−p1I2+∇Xv0+(∇Xv0)T ]· n̂dlX−
∫
∂Ds0

X· ∇xp0· n̂dlX+O(δ),

(3.48)
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where we have used (3.28). Applying the divergence theorem to each term on the

right-hand side of (3.48) together with the periodicity condition, we find∫
∂Ds

σ⊥· n̂dl = −
∫
Df

∇X · [−p1I2 +∇Xv0 +(∇Xv0)T ]dSX−
∫
Ds0

∇xp0dSX +O(δ).

(3.49)

Since p0 is independent of the fast scale (see (3.28)), it is straightforward to inte-

grate ∇xp0 over the string domain Ds0 . Using (3.29) and (3.31), we can evaluate

the right-hand side of (3.49) which gives∫
∂Ds

σ⊥· n̂dl = −∇xp0 +O(δ). (3.50)

Had we not accounted for the variation in the slow scale across the unit cell, the

right-hand side of (3.50) would have been −φf∇xp0, so that the forcing from the

fluid shear would have been underestimated by a factor of φs∇xp0. Here φs = πB2

denotes the solid volume fraction and φf = 1−φs denotes the fluid volume fraction.

We deduce from (3.15) and (3.50) that the leading-order force balance at the string

boundary takes the form

−∇xp0 +
∂2s0

∂z2
= 0. (3.51)

The homogenised force balance (3.51) forms part of the macroscale problem. This

will be coupled to equations describing the macroscale variation of the fluid. We

now return to the homogenisation of the fluid problem, beginning with the deriva-

tion of the cell problems.

3.4.4 Cell problems

The cell problems govern the microscale behaviour of the fluid dependent variables.

We obtain the cell problems from equations (3.29), (3.31) and (3.32) which we

restate here for convenience:

∇X ·v0 = 0 in Df , (3.52)

−∇2
Xv0 +∇xp0 +∇Xp1 = 0 in Df , (3.53)

−∇2
Xw0 +

∂p0

∂z
= 0 in Df , (3.54)
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with no-slip on the string boundary

v0 =
∂s0

∂t
on ∂Ds0 , (3.55)

w0 = 0 on ∂Ds0 , (3.56)

and periodicity of v0, w0, p0 and p1 in X with period 1. Exploiting the slow scale

independence of the leading-order pressure and string velocity, we decompose our

solution for fluid velocity and pressure as follows

v0 = Ψ⊥· ∇xp0 + Π· ∂s0

∂t
, (3.57)

w0 = Ψ33
∂p0

∂z
, (3.58)

p1 = Φ· ∇xp0 + ξ· ∂s0

∂t
+ p1, (3.59)

where Ψ⊥, Π, Ψ33, Φ and ξ are defined below, while p1 = p1(x, t) is a function

independent of the fast scale determined by the solvability condition for the mi-

croscale problem at O(δ2).

The cell functions (Ψ⊥,Φ) (a 2 × 2 tensor and vector respectively) satisfy

the inhomogeneous problem derived from (3.53) and (3.52) with homogeneous

boundary conditions, given by

−∇2
XΨ⊥ +∇XΦ + I = 0 in Df , (3.60)

∇X ·Ψ⊥ = 0 in Df , (3.61)

Ψ⊥ and Φ periodic and Ψ⊥ = 0 on ∂Ds0 . (3.62)

The cell functions (Π, ξ) satisfy the homogeneous problem with inhomogeneous

boundary conditions i.e.

−∇2
XΠ +∇Xξ = 0 in Df , (3.63)

∇X ·Π = 0 in Df , (3.64)

Π and ξ periodic and Π = I on ∂Ds0 . (3.65)

The microscale variation of the axial flow determined by (3.54), (3.56) and (3.58),

is given by

∇2
XΨ33 = 1 in Df , (3.66)

Ψ33 = 0 on ∂Ds0 , (3.67)
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Figure 3.3: After homogenisation the problem is reduced to two simpler problems.

a. The domain of the macroscale problem where the fluid and strings are treated as

a continuum. b. Domain of the microscale problem, whose averaged solutions give

permeability coefficient in the macroscale equations. c. Directions of fluid-induced

shear stress at the string surface.

with Ψ33 is periodic in X with period 1.

The microscale problems are defined over the domain of the unit cell, as il-

lustrated in figure 3.3.b. The unit cell domain defined by (3.37) will contain a

single string located at a position set by the macroscale coordinate of the unit cell

- its displacement from the exactly periodic equilibrium configuration is given by

s0 = s0(x, t). Using the periodicity of boundary conditions, we can equivalently

solve over the domain D = Df ∪ Ds0 shown in figure 3.3.b, where the string is

placed at the origin of microscale coordinates.

The problem driven by inhomogeneous boundary conditions has an analytical

solution,

Π = I and ξ = 0. (3.68)

We will present numerical solutions to the cell problems (3.60)-(3.62) and (3.66)-

(3.67) in section 3.5.1. As the fast scale X has been introduced in the transverse

plane, the problems are solved over a 2-dimensional domain. This will give rise to

an anisotropic permeability as we have different problems determining the axial

and transverse components of the permeability tensor. The effects of solid fraction

on anisotropy will be explored in section 3.5.1.
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3.4.5 Homogenised problem

The averaged solutions to the microscale problems (3.60)-(3.62), (3.63)-(3.65) and

(3.66)-(3.67) provide the coefficients in the homogenised problem which describes

variations in fluid flow and string deformation across the domain. To derive the

macroscale equations, we integrate the incompressibility condition at first-order

(3.33) across the fluid domain of the unit cell Df , obtaining∫
Df

∇X ·v1dSX +

∫
Df

∇x·v0dSX +

∫
Df

∂w0

∂z
dSX = 0. (3.69)

We apply the divergence theorem to the first integral and Reynolds’ transport

theorem to the final two terms, which gives

−
∫
∂Ds0

v1· n̂dlX +∇x·
∫
Df

v0dSX +

∫
∂Ds0

v0· ∇xs0· n̂dlX

+
∂

∂z

∫
Df

w0dSX +

∫
∂Ds0

w0
∂s0

∂z
· n̂dlX = 0,

(3.70)

where the periodicity of v1 means that its integral over the outer boundary of

the unit cell, ∂D, vanishes. The boundary terms from applying the Reynolds

transport theorem to the axial velocity gradients evaluate to zero using (3.43).

The integrand involving the transverse velocity is independent of the fast scale;

(3.40) implies that v0 is independent of the fast scale on the boundary, meaning

that the second boundary integral evaluates to zero. Applying the no-slip boundary

condition (3.42) to the first term of (3.70), we find

−
∫
∂Ds0

(
∂s1

∂t
− d0· ∇Xv0

)
· n̂dlX +∇x·

∫
Df

v0dSX +
∂

∂z

∫
Df

w0dSX = 0. (3.71)

We use the divergence theorem to take the first term into the solid domain and

use the trace of (3.34), which gives

−
∫
∂Ds0

∂s1

∂t
· n̂dlX = −

∫
Ds0

∇X ·
(
∂s1

∂t

)
dSX

=

∫
Ds0

∇x·
(
∂s0

∂t

)
dSX

= φs∇x·
(
∂s0

∂t

)
,

(3.72)
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where we have used the fast scale independence of the leading-order string velocity

in evaluating the final integral of (3.72). We apply the divergence theorem to the

second term of (3.71), taking the integral into the fluid region to give∫
∂Ds0

d0i
∂v0j

∂Xi

n̂0jdlX =

∫
Df

d0i
∂2v0j

∂Xj∂Xi

dSX = 0, (3.73)

where we have used the fast scale independence of d0, periodicity of u0 and (3.29).

Thus, (3.71) reduces to

∇x· 〈v0〉+
∂〈w0〉
∂z

= −φs
φf
∇x·

(
∂s0

∂t

)
, (3.74)

where angled brackets denote the spatial average over the fluid domain in the unit

cell, defined as

〈g〉 =
1

φf

∫
Df

gdSX . (3.75)

Writing u = 〈u0〉, ∇ = (∂x, ∂y, ∂z), and dropping subscripts on leading-order

quantities henceforth, (3.74) becomes

∇·u = −φs
φf
∇⊥·

(
∂s

∂t

)
, (3.76)

where ∇⊥ = (∂x, ∂y). Averaging (3.57)-(3.58), we have

v = −K⊥∇⊥p+
∂s

∂t
, (3.77)

w = −κ3
∂p

∂z
, (3.78)

where

K⊥ = −〈Ψ⊥〉 and κ3 = −〈Ψ33〉 (3.79)

are given by the averaged solutions to the cell problems (3.60)-(3.62) and (3.66)-

(3.67). In evaluating 〈Π〉 = 1, we have used (3.68).

The coefficients K⊥ and κ3 give the contribution to fluid flow from transverse

and axial macroscopic pressure gradients respectively. Combined with the force

balance (3.51),

−∇⊥p+
∂2s

∂z2
= 0, (3.80)
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we have a system of equations (3.76)-(3.78) and (3.80) describing the coupling

between string displacement and fluid motion. We find the relative fluid velocity

satisfies Darcy’s law (3.77)-(3.78) with the condition for mass conservation (3.76)

including a source term due to the presence of strings. Here, (3.76) reflects the

influx of fluid into regions of the domain where strings move apart and vice versa.

We can eliminate the fluid velocity from the homogenised equations, substituting

(3.77)-(3.78) into (3.76) to obtain

∇· (K∇p) =
1

φf
∇⊥·

(
∂s

∂t

)
, (3.81)

which is coupled to (3.80). We have introduced the permeability tensor which has

entries

K = −

〈Ψ⊥11〉 〈Ψ⊥12〉 0

〈Ψ⊥21〉 〈Ψ⊥22〉 0

0 0 〈Ψ33〉

 , (3.82)

combining the solutions to the cell problems for transverse and axial flow. Here,

the mass conservation condition (3.81) is the same as that derived for linearly

elastic media saturated by viscous fluid in [16, 52]. The momentum equation

(3.80) agrees with the model consisting of continuum constituents developed in

[52], where the stress of the composite is constructed from a linear superposition

of macroscale pressure gradients and elastic stress.

The accompanying boundary conditions are those of flux or pressure for the

fluid and string displacement at each end. We see that the homogenisation process

has resulted in a lower order model for fluid flow; we are no longer able to impose

no-slip conditions at the outer edge of the fluid domain. We also specify the initial

string displacement or velocity.

In the next section, we consider solutions to the homogenised model in a cylin-

drical geometry. We impose no flux of fluid through the outer boundary

u· n̂ = 0 on ∂Ωe, (3.83)

and atmospheric pressure at the top of the domain. We impose either the fluid

flux or pressure at the base of the domain. The string motion is fixed by imposing

the displacement of each end and an initial condition. We give various examples

in the next section.
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3.5 Solution

In this section, we solve the homogenised model as follows. We begin in section

3.5.1 by solving the microscale problems to determine the form of the coefficients

in the macroscale problem. Following this, in section 3.5.2 we solve the macroscale

problem in a simple geometry, aiming to characterise the microscale shear stress

dependence on model parameters.

3.5.1 Cell problem solution

We solve the microscale problems (3.60)-(3.62) and (3.66)-(3.67) using the finite

element method in FEniCS [103]. As described in section 3.4.4, we can choose

to solve the microscale problem on the domain where a string with circular cross-

section is centred at the origin of the fast-scale coordinates as shown in figure 3.3.

Details of the direct numerical solutions are given in appendix B.1.1-B.1.2. These

solutions give the local variation in fluid velocity, which is used in calculating the

microscale shear stress and, when averaged, the permeability coefficient in the

macroscale problem.

Before discussing the solutions, we consider the symmetry of (3.60)-(3.62),

which enables us to determine the form of the permeability tensor. First, we con-

sider the transformation X → −X. Writing Ψ = Ψ(−X, Y ) and Φ = Φ(−X, Y ),

the transformed cell problem takes the form

−∇2
X

(
Ψ11 Ψ12

Ψ21 Ψ22

)
+

(
−∂XΦ1 ∂Y Φ1

−∂XΦ2 ∂Y Φ2

)
+

(
1 0

0 1

)
= 0 in Df , (3.84)(

∂Y Ψ11 − ∂XΨ21

∂Y Ψ12 − ∂XΨ22

)
= 0 in Df , (3.85)

Ψ = 0 on ∂Ds0 , (3.86)

with Ψ⊥ and Φ periodic in X with period 1. For strings with a circular cross-

section, the domain, forcing and boundary condition (3.62) are unchanged under

the transformation X → −X. Thus, we expect that the solution to (3.60)-(3.62)
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will be invariant under this transformation, which holds providing

Ψ12 = −Ψ12 and Ψ21 = −Ψ21, (3.87)

that is the off-diagonal components of Ψ are antisymmetric in X. Repeating the

argument for the transformation Y → −Y , we find that the off-diagonal com-

ponents must also be antisymmetric in Y . Using the definition of the average

(3.79), the off-diagonal components of Ψ will integrate to zero, resulting in a

diagonal permeability tensor. Equations (3.60)-(3.62) have further symmetry un-

der the transformation X → Y and Y → X. We write Ψ̂(X, Y ) = Ψ⊥(Y,X)

and Φ̂(X, Y ) = Φ⊥(Y,X), performing this transformation on (3.60)-(3.62), which

gives

−∇2
X

(
Ψ̂11 Ψ̂12

Ψ̂21 Ψ̂22

)
+

(
∂Y Φ̂1 ∂Y Φ̂1

∂XΦ̂2 ∂Y Φ̂2

)
+

(
1 0

0 1

)
= 0 in Df , (3.88)(

∂Y Ψ̂11 + ∂XΨ̂21

∂Y Ψ̂12 + ∂XΨ̂22

)
= 0 in Df , (3.89)

Ψ̂ = 0 on ∂Ds0 , (3.90)

with Ψ̂⊥ and Φ̂ periodic in X with period 1. Given the domain, forcing and

boundary condition are unchanged under this transformation, we expect that

(Ψ̂, Φ̂) should satisfy (3.60)-(3.62). For this to hold, we require ∂Y Φ̂1 = ∂XΦ̂1

and ∂XΦ̂2 = ∂Y Φ̂2, i.e. that Φ̂ = Φ. From this, we conclude Ψ̂12 = Ψ̂21 which,

using (3.89), leads to the conclusion that Ψ̂11 = Ψ̂22. We conclude that the per-

meability tensor must have the form K = diag(κ1, κ1, κ3). Here, κ1 characterises

the fluid flow relative to the moving strings for a unit pressure drop imposed in

the transverse direction and κ3 the flow response to an axial pressure drop.

The permeability coefficients for different solid fractions are plotted in figure

3.4.a. As expected, the permeability decreases as the solid fraction increases.

With the permeability of an array of cylinders being inversely proportional to

the fluid drag on a given cylinder [23], we have a lower drag from strings aligned

with the flow direction and thus have κ3 > κ1. At low solid volume fractions,

the axial permeability is twice that of the transverse permeability. Estimates for

the permeability of arrays of rigid cylinders have been calculated using various

methods, see for example [43, 57, 115]. Analytical methods approximating the low
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Figure 3.4: a. Averaged solutions to the microscale problem give the coefficients

which appear in the macroscale problem. We solve the microscale problem for

strings with circular cross-section on the domain given in figure 3.3. b. Microscale

variations in axial shear stress. Symmetry implies the variation shown repeats in

all four quadrants. c.-d. Microscale variations in the transverse components of

shear stress. Arrows point in the direction of increasing solid fraction. Plots are

shown for φs = 0.13, 0.2, 0.28, 0.38, 0.5, 0.64.

density limit with flow around a single cylinder recover the ratio of 2 between the

axial and transverse permeability that we obtain from numerical solutions [43].

In addition to providing coefficients in the averaged equations, solutions to

the cell problems give the microscale variation in shear stress. The fluid-induced

traction exerted on the string surface is given by σ· n̂, where σ is the multiscale
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form of the stress tensor. We focus our discussion on the magnitude of microscale

shear stress at the string surface, which we take to be a proxy for the microscale

shear stress experienced by cells at the early stages of bioreactor operation. There

are two components of shear stress in this problem illustrated in figure 3.3.c: the

axial microscale shear stress SZ , given by êz·σ· n̂, and the transverse microscale

shear stress SΘ, given by t̂·σ· n̂, where t̂ is tangent to the string surface.

Using the multiple scales form given in (3.47), we find that the leading-order

axial and transverse shear stress are given by

SZ =
1

δ
n̂· ∇Xw and SΘ =

1

δ
[sin(2Θ)(vY − uX) + cos(2Θ)(uY + vX)] (3.91)

respectively, where Θ is the angle measured from the X-axis in microscale coordi-

nates (see figure 3.3.b). We calculate the gradient of the velocity with respect to

the microscale variables, using the expression for velocity given in the derivation

of the cell problems (3.57) and (3.58). As the microscale problem for Π has a

constant solution, there is no contribution to microscale shear stress from string

motion. Instead, the strings contribute to the microscale variations via their im-

pact on the domain geometry, while the magnitude of the shear stress is modulated

by macroscale pressure gradients. We introduce the functions MZ and MΘ which

capture the microscale variation in shear stress

MZ =
1

δ
n̂· ∇XΨ33, (3.92)

MΘk =
1

δ
t̂i
(
∂XiΨ⊥jk + ∂XjΨ⊥ik

)
n̂j, k = 1, 2. (3.93)

where t̂ is the unit tangent to the string boundary in the transverse plane. Varia-

tions in MZ andMΘ at different points on the string boundary are plotted in figure

3.4. The components of MZ and MΘ increase in magnitude with decreasing solid

volume fraction, reflecting the higher velocity gradients established when imposing

a fixed pressure drop across a larger fluid cross-sectional area. To simplify calcu-

lations when considering the distributions of shear stress across the macroscale

domain, we introduce the averaged coefficients

mZ =
1

2π

∫ 2π

0

MZdΘ and mΘ =
1

2π

∫ 2π

0

(|MΘx|êx + |MΘy |êy)dΘ. (3.94)
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Characteristic values of the axial and transverse shear stress are then given by

SZ = mZpz and SΘ = mΘ· ∇⊥p (3.95)

respectively. We will consider distributions of the microscale shear stress in section

3.5.2 where we solve the macroscale problem to obtain the macroscale pressure

gradients.

3.5.2 Macroscale problem solution

To characterise the fluid flow and string deformation across the whole domain, we

solve the macroscale equations (3.80)-(3.81) with parameters given by the averaged

solution to the microscale problems as described in section 3.5.1. In section 3.5.2.1,

we show that the problem can be simplified by defining a potential related to the

fluid pressure. We consider flow driven by string motion in sections 3.5.2.2 and

3.5.2.3, and flow driven by an imposed pressure drop or flux in sections 3.5.2.4 and

3.5.2.5.

We are interested in gaining an understanding of how different boundary con-

ditions and parameters influence the shear stress distribution. To this end, we

consider a simple geometry, modelling the bioreactor chamber as a right-circular

cylinder with length 1 and radius 1/2.

3.5.2.1 Potential formulation

To facilitate analysis, we introduce a fluid potential ϕ such that p = ϕzz. This

allows us to reduce (3.80)-(3.81) to a single, scalar partial differential equation that

can be solved analytically in simple geometries. The corresponding displacement

is obtained by integrating the homogenised force balance (3.80) twice with respect

to z,

s = ∇⊥ϕ+ a1z + a2, (3.96)
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where a1 = a1(x, y, t) and a2 = a2(x, y, t) are functions of integration. We can

decompose a1 and a2 as

a1 =

(
∂xη1

∂yη1

)
+

(
−∂yψ1

∂xψ1

)
, (3.97)

a2 =

(
∂xη2

∂yη2

)
+

(
−∂yψ2

∂xψ2

)
, (3.98)

that is into two parts, one with zero curl and the second with zero divergence. We

absorb η1 and η2 into the definition of ϕ, writing

s = ∇⊥ϕ+

(
∂yψ1

−∂xψ1

)
z +

(
∂yψ2

−∂xψ2

)
. (3.99)

As the pressure depends on the second axial derivative of ϕ, this redefinition does

not alter the expression for pressure. Returning to the homogenised model, we

can rewrite (3.81) in terms of the potential as

∇· (K∇ϕzz) =
1

φf
∇2
⊥ϕt. (3.100)

Imposing string displacement at the top and base of the domain leads to a problem

for ψi = ψi(x, y), i = 1, 2. We can eliminate ϕ by cross-differentiating the boundary

condition at the base, which results in a problem for ψ1. Repeating the process

at z = 1 gives a problem for ψ2. After solving, we are left with a single partial

differential equation for ϕ. We will see examples of this process in sections 3.5.2.2-

3.5.2.4.

The remaining boundary conditions on the fluid potential ϕ correspond to zero

imposed pressure

ϕzz = 0, (3.101)

or no fluid flux

(−K∇ϕzz +∇⊥3ϕt +∇× (ψ1têz)z +∇× (ψ2têz)) · n̂ = 0, (3.102)

the latter obtained by substituting the potentials into the expression for fluid

velocity (3.77)-(3.78) in the flux condition u· n̂ = 0. We use ∇⊥3 = (∂x, ∂y, 0)

to denote the in-plane gradient. The fluid potential ϕ is defined up to a linear
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function of z with constant coefficients, and the displacement potentials ψi are

defined up to an arbitrary constant. As physical quantities are related only to the

derivatives of ψ1 and ψ2, we are free to choose a Dirichlet boundary condition on

∂Ωe, after which they are determined uniquely. We choose ψ1 = ψ2 = 0 on ∂Ωe.

We must also impose an initial condition on the potential which can be obtained

from the initial displacement field (3.7). In the following sections, we solve the

problem for different boundary conditions.

3.5.2.2 Rigid body motion of an upper plate

Here, we consider the dynamics of the fluid-string system driven by string motion

only, in the cylindrical domain illustrated in figure 3.3. The cylinder has nondi-

mensional radius 1/2 and length 1 and we assume that the fluid-string composite

fills its entire volume. We take the origin of the macroscale coordinates to be at

the centre of the base, with the z-axis aligned with the cylinder’s axis. We use

both Cartesian and cylindrical polar coordinates (r, θ, z) to describe the problem,

denoting the polar unit vectors by êr, êθ and êz. Supposing strings are fixed to a

rigid, porous plate at the top and bottom of the domain, we consider the effects

of imposing an in-plane rigid body motion on the top plate. We assume there is

no vertical pressure drop across the domain and that no fluid flows through the

curved outer boundary of the cylinder.

We consider an imposed time-harmonic motion of the upper string end, de-

composed into a translation and rotation, as follows

s =

(
A1

A2

)
cos(ωt) + A3

(
y

−x

)
cos(ωt) at z = 1, (3.103)

where Ai are constants describing the imposed motion and ω is the frequency of

oscillation, nondimensionalised on the timescale given in (3.10). The position of

the strings at the base of the domain is fixed (figure 3.3.a), so that

s = 0 at z = 0. (3.104)

The condition of no pressure drop across the domain gives

ϕzz = 0 on z = 0, 1, (3.105)
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and no flux of fluid through the outer wall of the domain ∂Ωe gives

(−K∇ϕzz +∇⊥3ϕt +∇× (ψ1têz)z +∇× (ψ2têz)) · n̂ = 0 on ∂Ωe. (3.106)

We solve (3.100) subject to (3.103)-(3.106) by seeking time-harmonic solutions

ϕ = <[G(x, y, z)eiωt], ψ1 = <[H1(x, y, z)eiωt], ψ2 = <[H2(x, y, z)eiωt], (3.107)

which reduces (3.100) to

∇· (K∇Gzz) =
iω

φf
∇2
⊥G. (3.108)

We now look to convert the boundary conditions (3.103)-(3.106) into conditions

that determine H1 and H2. Following this, we can identify boundary conditions

for G to close (3.108).

We begin by considering the boundary condition on string displacements (3.103)-

(3.104), from which we can establish a problem for H1 and H2 via (3.99). Written

in terms of potentials, the boundary condition (3.104) on displacement at z = 0

becomes

∂xG+ ∂yH2 = 0, (3.109)

∂yG− ∂xH2 = 0. (3.110)

We cross-differentiate and subtract (3.109) from (3.110) to find

∇2
⊥H2 = 0 in Ωz0, (3.111)

where Ωz0 is the transverse cross-section of Ω at z = 0. Since we chose to impose

H2 = 0 on ∂Ωz0, (3.112)

we find H2 = 0. Undertaking a similar process with (3.103), we obtain a problem

for H1,

∇⊥H1 = 2A3, in Ωz1, (3.113)

H1 = 0 ∂Ωz1, (3.114)
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where Ωz1 is the transverse cross-section of Ω at z = 1. Solving (3.113)-(3.114), we

find

H1 =
A3

2

(
r2 − 1

4

)
. (3.115)

Having determined Hi, and hence ψi, we are able to establish the boundary

conditions on the fluid potential G. At the base of the channel, (3.109) and (3.110)

give∇⊥G = 0 at z = 0 so that G is a constant, which we set to be zero without loss

of generality. Integrating the following boundary conditions on string displacement

at z = 1,

∂xG+ ∂yH1 = A1 + A3y, (3.116)

∂yG− ∂xH1 = A2 − A3x, (3.117)

we find

G = r (A1 cos θ + A2 sin θ) at z = 1, (3.118)

where without loss of generality, we have chosen zero constant of integration, fixing

the final degree of freedom in G.

The boundary condition on the curved surface (3.102) corresponding to no fluid

flux through the outer wall becomes

− κ1Grzz + iωGr = 0 on r = 1/2 for 0 < z < 1. (3.119)

The final boundary conditions come from imposing zero fluid pressure at each end

of the domain (3.105), giving

Gzz = 0 at z = 0, (3.120)

Gzz = 0 at z = 1. (3.121)

To summarise, it remains to solve the partial differential equation

∇· (K∇Gzz) =
iω

φf
∇2
⊥G, (3.122)

subject to

G = 0 and Gzz = 0 on z = 0, (3.123)

G = r(A1 cos θ + A2 sin θ) and Gzz = 0 at z = 1, (3.124)

−κ1Grzz + iωGr = 0 on r = 1/2 for 0 < z < 1. (3.125)

82



CHAPTER 3. A HOMOGENISED MODEL OF FLUID-STRING INTERACTION

Seeking a separable solution, we find that the boundary condition (3.125) reduces

to

Gr = 0 on r = 1/2 for 0 < z < 1, (3.126)

since the alternative −κ1Gzz + iωG = 0 cannot be satisfied by (3.122) for real

forcing frequencies. Imposing (3.123), (3.124) and (3.126), we find the solution in

cylindrical polar coordinates to be given by

G =
∞∑
l=1

J1(βlr) (bl cos θ + cl sin θ) fl(z), (3.127)

with coefficients

bl =
2A1βlJ2(βl)

J2
1 (βl)(β2

l − 1)
, cl =

2A2βlJ2(βl)

J2
1 (βl)(β2

l − 1)
, (3.128)

where Jn is the nth Bessel function of the first kind and fl is the solution to the

following ordinary differential equation with constant coefficients

d4fl
dz4
− κ1β

2
l

κ3

d2fl
dz2

+
iβ2
l ω

κ3φf
fl = 0, (3.129)

subject to the boundary conditions fl(0) = 0, fl(1) = 1, f ′′l (0) = f ′′l (1) = 0. We

find that

fl(z) = − α2
−

α2
+ − α2

−

sinh (α+z)

sinh (α+)
+

α2
+

α2
+ − α2

−

sinh (α−z)

sinh (α−)
, (3.130)

where

α2
− =

β2
l κ1

2κ3

(
1−

√
1− 4iωκ3

φfβ2
l κ

2
1

)
, (3.131)

α2
+ =

β2
l κ1

2κ3

(
1 +

√
1− 4iωκ3

φfβ2
l κ

2
1

)
. (3.132)

Here κ1 and κ3 are the components of the permeability tensor K = diag(κ1, κ1, κ3)

and βl are the ordered eigenvalues set by imposing the boundary condition at

r = 1/2 given by the zeros of J ′1(βl/2) = 0. The oscillation frequency and the

permeabilities appear only in the function fl - these parameters have a role in

shaping the axial dependence of the solution, whereas the radial and azimuthal

dependence is fixed by the spatial dependence of the boundary conditions imposed

at the top and base of the domain.
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The corresponding displacement in a polar basis can be calculated from (3.99)

as

s = <
[∑

l

(
βlJ

′
1(βlr)(bl cos θ + cl sin θ)

1
r
J1(βlr)(cl cos θ − bl sin θ)

)
fl(z)eiωt

]
− A3r cos (ωt)zêθ. (3.133)

and fluid pressure is given by

p = <
[∑

l

J1(βlr) (bl cos θ + cl sin θ) f
′′

l (z)eiωt

]
. (3.134)

We now consider solutions corresponding to various choices of A1, A2 and A3.

Plate twist

Imposing a twist on the upper plate by setting

A1 = 0, A2 = 0 and A3 6= 0, (3.135)

we obtain the trivial solution for the fluid pressure corresponding to p = 0, and

straight string profiles

s = −A3rz cos(ωt)êθ, (3.136)

as shown in figure 3.5. The absence of macroscale pressure gradients means there

is no fluid-induced shear stress exerted at the string boundary - the fluid velocity

equals the string velocity.

The assumption of local periodicity at the microscale means that we can no

longer satisfy a no-slip condition on the outer wall. This breakdown of periodicity

at the outer wall creates a region of O(δ) where the homogenised model interfaces

with flow governed by the Stokes equations. This forms a boundary layer where

we would expect pressure gradients to exist, generating a microscale shear stress

varying between adjacent strings. Thus, while the microscale shear stress calcu-

lated from the homogenised model is zero, we would expect a boundary layer with

non-zero shear to be present in the physical problem.

Plate translation

Pressure gradients on the macroscale are established when the upper end of

the strings is translated relative to the base, corresponding to

A1 6= 0, A2 = 0 and A3 = 0. (3.137)
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Figure 3.5: String displacement induced by twisting the upper plate given by ω = 1,

A1 = 0, A2 = 0 and A3 = 1 and δ = 0.3. The string profiles for an imposed twist

are independent of the solid volume fraction.

These pressure gradients drive fluid flow, which modifies the string profiles from

the straight lines that would be observed in the absence of fluid (figure 3.6).

The macroscale pressure gradients modulate the magnitude of the microscale

shear stress. At the upper edge of the domain, we have a discontinuity in the radial

derivatives of the fluid potential, resulting from the scraping flow as the upper plate

is translated relative to the outer domain wall, from boundary conditions (3.124)

and (3.126). We can rescale to establish the form of the singularity generated by

this discontinuity, introducing local coordinates (r̃, θ̃, z̃) which are defined by

r̃ =
(1/2− r)
ε
√
κ1

, θ̃ = θ, and z̃ =
(1− z)

ε
√
κ3

. (3.138)
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Figure 3.6: String displacement induced by translating the upper plate given by

ω = 1, A1 = 1, A2 = 0, A3 = 0 and δ = 0.1 and φs = 0.2 , corresponding to

κ1 = 2.48× 10−2 and κ3 = 4.18× 10−2.

By considering the form of the problem (3.122) and (3.124)-(3.125) for (r̃, θ̃, z̃) =

O(1) as ε→ 0, we can identify the behaviour of the singularity at the upper edge

of the domain. We transform (3.108) and boundary conditions (3.124)-(3.125)

into local coordinates and pose the expansion G ∼ G0 + εG1 + · · · . Comparing

coefficients at each order of epsilon, we find at O(1)

∂4G0

∂r̃2∂z̃2
+
∂4G0

∂z̃4
= 0, (3.139)

with

G0 =
A1

2
cos θ̃ and

∂2G0

∂z̃2
= 0 on z̃ = 0, (3.140)

∂G0

∂r̃
= 0 on r̃ = 0. (3.141)
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We can integrate (3.139) twice with respect to z̃ which gives

∂2G0

∂r̃2
+
∂2G0

∂z̃2
= a0z̃ + a1, (3.142)

where a0 = a0(r̃) and a1 = a1(r̃) are functions of integration. The solution to the

local problem (3.139) should match the expansion of the solution to the full prob-

lem (3.127) expanded in local coordinates. As such, the leading-order contribution

to G0 must be constant. Given the inhomogeneous forcing in (3.142) due to a0

and a1 respectively give rise to terms that are cubic and quadratic in the distance

from the edge, we conclude that a0 = a1 = 0. Imposing the boundary condition

(3.140), we must have G0 = (A1/2) cos θ̃ at leading-order.

Comparing coefficients at the next order of ε, we obtain

∂4G1

∂r̃2∂z̃2
+
∂4G1

∂z̃4
= 0, (3.143)

with

G1 = −A1

√
κ1r̃ cos θ̃ and

∂2G1

∂z̃2
= 0 on z̃ = 0, (3.144)

∂G1

∂r̃
= 0 on r̃ = 0. (3.145)

Integrating (3.143) twice with respect to z̃, we find

∂2G1

∂r̃2
+
∂2G1

∂z̃2
= b0z̃ + b1, (3.146)

where b0 = b0(r̃), b1 = b1(r̃) are functions of integration. Here, G1 can grow at

most linearly with
√
z̃2 + r̃2 to enable matching with the local expansion of the

full solution. Hence, we conclude that b0 = b1 = 0.

As the only θ̃ dependence in (3.143)-(3.145) is in the boundary condition, we

can write

G1 = g cos θ̃, (3.147)

where g satisfies the homogeneous version of (3.146) with inhomogeneous boundary

conditions. That is,
∂2g

∂r̃2
+
∂2g

∂z̃2
= 0, (3.148)
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with

g = −A1

√
κ1r̃ on z̃ = 0, (3.149)

∂g

∂r̃
= 0 on r̃ = 0. (3.150)

We can solve (3.148)-(3.150) for g by introducing the complex variable ζ = z̃ +

ir̃. As g satisfies Laplace’s equation, we can write it as the imaginary part of a

holomorphic function. Considering the boundary conditions (3.149)-(3.150), we

identify a suitable function for the radial derivative of g to be

∂g

∂r̃
= =

[
−2A1

√
κ1

π
log(ζ)

]
. (3.151)

Equivalently,
∂g

∂r̃
= −2A1

√
κ1

π
arctan

(
r̃

z̃

)
(3.152)

Integrating (3.152) we obtain

g = −2A1
√
κ1

π

{
r̃ arctan

(
r̃

z̃

)
− 1

2
z̃ log(r̃2 + z̃2)

}
, (3.153)

where we have used (3.149) to establish the constant of integration. Substituting

the form of g into (3.147), we find that the part of this solution that becomes

singular as we approach the upper edge, Gs is given by

Gs =
A1
√
κ1z̃

π
log
(
r̃2 + z̃2

)
cos θ̃. (3.154)

Inverting (3.138) to write the singular part in our original coordinates, we obtain

Gs ∝ (1− z) ln

(
1

κ1

(
1

2
− r)2 +

1

κ3

(1− z)2

)
cos θ. (3.155)

The translating plate we consider in this example bears similarity to the Taylor

scraper problem where the normal and tangential shear stress to the plate diverges

with the inverse distance to the corner [47]. Calculating the tangential τt and

normal shear stress τn, we find

τt = O

((
r̃2

κ1

+
z̃2

κ3

)−3/2
)

and τn = O

((
r̃2

κ1

+
z̃2

κ3

)−3/2
)
. (3.156)
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Thus, we find that the normal and tangent shear stresses diverge much more

strongly than for the scraper problem with viscous fluid alone. The reason for the

strength of this singularity is due to the form of the boundary condition on the

outer edge (3.126). For separable solutions, we are forced to impose Gr = 0 on

the outer boundary, which enforces no flux of fluid but also prevents motion of the

string through the outer boundary.

In principle, we could use the known local form of the singularity to increase the

rate of convergence of the eigenfunction expansion by subtracting the singular part

of the solution (3.154) from G and expanding the remainder. Since Gs does not

satisfy the boundary conditions at z = 0, it would be necessary to also subtract

an additional function G1 to ensure boundary conditions on the remainder are

homogeneous. We could take G1 to be of the form

G1 = −(1− z)3Gs(r, 0)− z2(1− z)3

2

(
∂2Gs

∂z2
(r, 0)− 6(1− z)Gs(r, 0)

)
(3.157)

for example. Writing G = G1 +Gs +Gr, the remainder Gr now satisfies homoge-

neous boundary conditions, but an inhomogeneous equation, since Gs + G1 does

not satisfy equation (3.122). Crucially the remainder is less singular than G, so

the eigenfunction expansion will converge more quickly. We do not pursue such

an analysis further.

This behaviour near the edge of the domain means that the shear stress cal-

culations from the homogenised model break down. While we cannot calculate

the shear stress over the whole cross-section without including the effects from the

boundary, we do gain insight into the axial variations through this example. The

axial variation is set by the nondimensional frequency, which describes the relative

magnitude of the fluid stress and tension. In the next section, we quantify this

effect by considering an example with regularised boundary conditions, chosen so

that there is no discontinuity in the potential derivatives at the upper corner.

3.5.2.3 Radial string motion

We now suppose that the motion of the upper end of each string is no longer

constrained to rigid-body motion, considering instead imposed displacements of
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the form

s =

(
r − 1

2

)
cos(ωt)êr at z = 1, (3.158)

so that the strings do not pass through the boundary r = 1/2. The strings are

fixed at the base,

s = 0 at z = 0. (3.159)

As in section 3.5.2.2, there is no vertical pressure drop across the domain

ϕzz = 0 at z = 0, 1, (3.160)

and no fluid flows through the outer wall

u· n̂ = 0 at r = 1/2 for 0 < z < 1. (3.161)

Following a similar process to section 3.5.2.2, we seek time-harmonic solutions of

the form (3.107). After imposing the boundary conditions on string displacement

(3.158)-(3.159), we find

ψ1 = 0 and ψ2 = 0, (3.162)

so that the problem for the fluid potential (3.108) has boundary conditions

G = 0, Gzz = 0 at z = 0, (3.163)

G =
r(r − 1)

2
, Gzz = 0 at z = 1, (3.164)

Gr = 0 on r = 1/2 for 0 < z < 1. (3.165)

Using separation of variables, we find that the solution is given by

G = d0 +
∞∑
l=1

dlJ0(βlr)fl(z), (3.166)

where βl satisfy J ′0(βl/2) = 0, ordered so that β1 < β2 < · · · , and fl is given by

(3.130). The expansion coefficients are

d0 = − 1

48
and dl = −

∫ 1/2

0
r2(1− r)J0(βlr)dr

2
∫ 1/2

0
rJ0(βlr)dr

. (3.167)

The form of the fluid pressure and string displacement, calculated from (3.166)

using (3.99) and p = ϕzz, are

p = <
[
∞∑
l=1

dlJ0(βlr)f
′′

l (z)eiωt

]
and s = <

[
∞∑
l=1

dlJ
′
0(βlr)fl(z)eiωt

]
(3.168)
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respectively. Combining the macroscale pressure gradients with the microscale

solution calculated in section 3.5.1, we can calculate the variation in microscale

shear stress (3.91) across the domain.

For a given imposed displacement, the magnitude of the shear stress, averaged

over an oscillation cycle and spatially, first around a given string then over the

domain, is dependent on the dimensionless frequency ω. We define the spatio-

temporal average as

g =
1

|Ω|
1

τ

∫
Ω

∫ τ

0

∫
∂Ds0

g(x, y, z, t)dtdv, (3.169)

where τ = 2π/ω is the period of oscillation and dv denotes the volume element in

slow coordinates. We can characterise the behaviour of this average in the limits

of low and high frequency by expanding (3.130).

We begin by characterising the frequency dependence of the spatio-temporal

average of the magnitude of the transverse shear stress. Given there is no frequency

dependence in the radial part of the separable solution, we need only identify the

frequency-dependence of the axial dependence fl(z) (defined in (3.130)-(3.132)),

which we restate here for convenience,

fl(z) = − α2
−

α2
+ − α2

−

sinh (α+z)

sinh (α+)
+

α2
+

α2
+ − α2

−

sinh (α−z)

sinh (α−)
, (3.170)

where

α2
− =

β2
l κ1

2κ3

(
1−

√
1− 4iωκ3

φfβ2
l κ

2
1

)
, (3.171)

α2
+ =

β2
l κ1

2κ3

(
1 +

√
1− 4iωκ3

φfβ2
l κ

2
1

)
. (3.172)

The transverse shear stress (3.91) depends on the radial pressure gradients which

determine the transverse velocities, and thus each term in the expansion will be the

product of a frequency-independent function with the second derivative of (3.170).

Calculating the second axial derivative of (3.130), we have

f ′′l (z) =
α2

+α
2
−

α2
+ − α2

−

(
sinh (α−z)

sinh (α−)
− sinh (α+z)

sinh (α+)

)
. (3.173)
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High Frequency limit

We first consider the high frequency limit, that is ω � φfβ
2
l κ

2
1/4κ3. Expanding

(3.171)-(3.172) for high frequency, we find

α− = λ(a+ ib) +O(λ−1/4) and α+ = λ(a− ib) +O(λ−1/4), (3.174)

where a = cos(π/8), b = sin(π/8) and λ = (ωβ2
l /κ3φf )

1/4. Expanding (3.173)

using (3.174), we find

f
′′

l ∼
λ2

2

(
i√
2
− 1

)[
eλb(z−1) {cos(aλ(z − 1)) + i sin(aλ(z − 1))}

−eλa(z−1) {cos(bλ(z − 1))− i sin(bλ(z − 1))}
]

+ · · · as ω →∞. (3.175)

Taking the spatio-temporal average of the magnitude of the transverse shear stress

|SΘ| =
1

τ

∫ τ

0

dt
1

1/2

∫ r0

0

dr

∫ 1

0

dz|SΘ| (3.176)

does not change the frequency dependence of the integrand when integrating with

respect to time nor transverse coordinates; the frequency dependence of the trans-

verse shear is set by the frequency dependence of f ′′l . In (3.175), we see that λ−1

acts a characteristic length scale for decay in the magnitude of the shear stress as

we move away from the top of the chamber. From (3.175), we know that the inte-

grand in (3.176) is O(λ2) but the exponential decay in the axial direction means

that the dominant contribution to the microscale shear stress is concentrated in a

region of size O(1/λ). Hence, the averaged magnitude of the shear stress will scale

as O(λ). Given λ ∼ ω1/4, we find the averaged magnitude and maximum value of

the transverse shear stress in the high frequency limit scales as

|SΘ| = O(ω1/4) and max(|SΘ|) = O(ω1/2) as ω →∞. (3.177)

We repeat this process for the axial shear stress which has a frequency dependence

dictated by the third axial derivative of fl. Using (3.174), we find

f ′′′l ∼
λ3

2

(
i√
2
− 1

)[
(b+ ia)eλb(z−1) {cos(aλ(z − 1)) + i sin(aλ(z − 1))}

−(a− ib)eλa(z−1) {cos(bλ(z − 1))− i sin(bλ(z − 1))}
]

+ · · · as ω →∞.
(3.178)
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Thus, we find that the magnitude of the axial shear will be O(λ3). We again

have a boundary layer at the top of the domain of size O(λ−1) and so the average

magnitude and maximum values of the axial shear stress scales as

|Sz| = O(ω1/2) and max(|Sz|) = O(ω3/4) as ω →∞. (3.179)

We validate these scalings by plotting the average magnitude and maximum shear

stress calculated from (3.168) in figure 3.7. We see that the averaged magnitude

of the shear stress scales less strongly than the maximum shear stress with the

frequency of the imposed displacement at high frequencies. At high frequencies,

there are large gradients in pressure in a boundary layer of width λ ∼ ω1/4 near

the upper edge. Hence, the average does not scale as strongly, as the large contri-

butions to the shear stress are distributed over a region decreasing in size as the

frequency increases.

Low frequency limit

For low forcing frequencies ω � φfβ
2
l κ

2
1/4κ3, the coefficients (3.131)-(3.131)

become

α− = (1 + i)

√
ω

2φfκ1

+O(ω3/2) and α+ = βl

√
κ1

κ3

− i

2φfβk

√
κ3

κ3
1

ω +O(ω2).

(3.180)

Substituting (3.180) into (3.173), we obtain the leading-order behaviour

f ′′l (z) =
iω

κ1φf

z − sinh

(√
κ1β2

l

κ3
z

)
sinh

(√
κ1β2

l

κ3

)
+O(ω2) as ω → 0. (3.181)

Thus, the spatio-temporal average of the magnitude of the averaged transverse

shear stress depends linearly on the frequency of the imposed oscillation. Taking

the derivative of (3.181) with respect to z, we identify that the magnitude of the

average axial shear stress also scales linearly with the frequency of the imposed

oscillation for low frequencies. As there is no boundary layer for low forcing fre-

quencies, we anticipate that the average and maximum will scale with frequency

in the same way, namely

|Sz| = O(ω) and max(|Sz|) = O(ω) as ω → 0, (3.182)

|SΘ| = O(ω) and max(|SΘ|) = O(ω) as ω → 0. (3.183)
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Figure 3.7: Frequency dependence of shear stress as given by (3.168). Magnitudes

of both the axial and transverse shear stress are evaluated at different points in

space and time, then the average is calculated using (3.169) and the maximum

value is identified. Solutions are plotted for solid fraction φs = 0.2. Scaling laws

are shown by triangles to identify the graph slope at low and high frequency.

These scalings are validated by the average magnitude and maximum shear stress

calculated from (3.168) as shown in figure 3.7.

In this section, we have presented solutions to the homogenised model for flow

driven by string oscillation. The model can also be driven by imposing a fluid flux

or pressure drop; we will consider these boundary conditions in the next sections.

3.5.2.4 Pressure driven flow

In sections 3.5.2.2-3.5.2.3, we considered the solutions to the macroscale problem

when the system is driven by an imposed oscillation of the string ends. We can

also drive the system by imposing a pressure or flux at the boundary. We con-

sider solutions to (3.100) in the cylindrical domain shown in figure 3.3 driven by

imposing a pressure drop in the axial direction, that is

p = 0 at z = 0, (3.184)

p = pin at z = 1. (3.185)
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We impose no flux on the sides of the chamber

u· n̂ = 0 at r = 1/2, 0 < z < 1, (3.186)

and no displacement at the string ends

s = 0 at z = 0, 1. (3.187)

Solving (3.100) subject to (3.184)-(3.187), we find that ψ1 = ψ2 = 0 and

ϕ =
pin(1− z)3

6
. (3.188)

Thus, we have no string displacement s = 0 and a linear pressure gradient that is

uniform in the transverse direction,

p = pin(1− z). (3.189)

This results in a uniform axial shear stress Sz = −mZpin and zero transverse shear

stress.

3.5.2.5 Flux driven flow

Next, we consider the flow in the scaffold, which results from imposing a radially

varying flux at the base. For this problem, the boundary conditions for the partial

differential equation (3.100) are no flux through the outer walls

u· n̂ = 0 on ∂Ωe, (3.190)

and fixed string ends

s = 0 at z = 0, 1. (3.191)

The outlet is at atmospheric pressure

p = 0 at z = 1, (3.192)

and the flow is driven by a radially varying inlet flux at the base

qi = 10

(
1

4
− r2

)
at z = 0. (3.193)
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Following a similar methodology to that outlined in section 3.5.2.2, we can solve

this problem for the fluid potential by separation of variables to obtain

ϕ =
5(z3 − 3z2 + 2z)

24κ3

+
∞∑
l=1

d̂lJ0(βlr)f̂l(z) (3.194)

where

f̂l =
1

β3
l

(
κ3

κ1

)3/2 sinh(βl
√
κ1/κ3(z − 1))− (z − 1) sinh(βl

√
κ1/κ3)

cosh(βl
√
κ1/κ3)

(3.195)

and

d̂l =
10 [βlJ3(βl/2)− 4J2(βl/2)]

κ3β2
l [J0(βl/2)2 + J1(βl/2)2]

, (3.196)

with βl the ordered solutions to J ′0(βl/2) = 0. Thus, for a radially varying inlet

flux, the axial variation of the solution captured by f̂l depends on the ratio of the

transverse to axial permeability, κ1/κ3. The microscale shear stress for a given

flux is set by the solid fraction via its influence on permeability. The steady string

profiles that result from (3.194) are plotted in figure 3.8.a, and the variation in

shear stress along the red line in figure 3.8.a for φs = 0.08 is shown in figure 3.8.b.

The effects of varying solid fraction are shown in figures 3.8c.-d., where we see that

the microscale shear stress increases with increasing solid fraction.

To this point, we have considered steady and time-harmonic boundary condi-

tions imposed on the macroscale equations. In the next section, we consider an

example which explores the time dependence in (3.100) through the decay to a

steady state.

3.5.2.6 Decay from an initial state

We consider a sudden change in the string displacement and characterise the time

taken to relax to the steady state. For time t > 0, we have no imposed string

displacement

s = 0 at z = 0, 1, (3.197)

no pressure drop across the chamber

p = 0 at z = 0, 1, (3.198)
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Figure 3.8: Flux-driven flow. a. The string profiles calculated from (3.194). b.

Shear stress along the red line in a., for φs = 0.08, the solid fraction within the

bioreactor scaffold. c-d. Transverse and axial shear stress along the red line in

figure a. for varying solid fraction.

and no flux through the outer wall of the chamber

u· n̂ = 0 at r = 1/2, for 0 ≤ z ≤ 1. (3.199)

The initial displacement field of the strings is prescribed

s = a(r, z) at t = 0. (3.200)

Seeking a separable solution to (3.100), we obtain

ϕ =
∑
l,n

AlnJ0(βlr) sin(nπz)e−γlnt, (3.201)

97



CHAPTER 3. A HOMOGENISED MODEL OF FLUID-STRING INTERACTION

0.1 0.2 0.3 0.4 0.5 0.6 0.7

10

20

30

40

50

Figure 3.9: The timescale characterising decay to steady state increases with solid

fraction.

where n ∈ Z, βl are the ordered zeros of J ′0(βl/2) and

γln = n2π2φfκ1(1 +
n2π2κ3

β2
l κ1

). (3.202)

The coefficients Almn are fixed by imposing the initial condition on string displace-

ment

s = ∇⊥ϕ = a at t = 0, (3.203)

where ψ1 = ψ2 = 0 follows from imposing the homogeneous boundary conditions

on string displacement at the top and bottom of the chamber. We do not consider

a specific initial condition here, that is we do not specify the form of a in (3.200),

as we are interested in the rate of decay which is independent of the initial state.

The relaxation to steady state is characterised by the timescale corresponding to

the smallest γ1n, i.e.

tc =
1

κ1π2φf

(
1 + κ3π2

κ1β1

) . (3.204)

The characteristic decay time increases with the solid fraction as shown in figure

3.9. We conjecture that the reason for this behaviour is that it is harder for fluid

to pass between strings when the solid fraction is higher, increasing the time it

takes for the system to relax to a steady state.
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In this section, we have illustrated how the homogenised problem can be solved

in a simple geometry when driven by string motion, an imposed flux or imposed

pressure drop. Thanks to the linearity of the governing equations, we can combine

the pressure or flux-driven flow with our string-driven solution by superposition,

allowing the combined influence on flow and hence on shear stress to be explored.

3.6 Model extensions

3.6.1 Axial extension

During mechanical stimulation of the bioreactor construct, we anticipate that in

addition to transverse motions of the scaffold fibres, there may be deformation

along the string axis, and in some cases this mode of deformation may be dominant.

In this section, we extend the model developed in sections 3.2-3.4 to include an

O(1) axial deformation of the strings in addition to small transverse displacements.

We consider the effects of varying tension and fluid flow on string deformation.

3.6.1.1 Model setup

We consider the same geometry as that presented in section 3.2, namely N strings

with a reference configuration aligned with the z-axis surrounded by slow, viscous,

Newtonian flow. The strings have reference configurations xi0 = xi∗ + z̃êz for i =

1, ..., N , where xi∗ lies on a square periodic lattice. The strings have undeformed

length L, which is described by Lagrangian coordinates (x̃, ỹ, z̃) with the origin

at the centre of the base of the cylinder, as shown in figure 3.2. Imposing a force

at the string ends parallel to the z−axis causes the string to deform to a length

l. Positions on the string in the current configuration are described with Eulerian

coordinates (x, y, z) which are defined as in section 3.2.

We are now in a position to write a kinematic description of the string de-

formation. We consider deformation of the string centreline comprising an axial
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stretch together with displacements si = (si1, s
i
2, s

i
3), i.e.

ri = xi∗ + z(z̃)êz + si. (3.205)

We neglect twist of the string about its own axis throughout this section.

Next, we turn to describing the mechanics of the string motion. We begin by

deriving the equation governing string deformation, following a similar argument to

Antman [8]. We consider the balance of forces on a segment ∆z̃ of the equilibrium

configuration of the string. As for the solely transverse displacements considered in

section 3.2, we consider the mechanics of the string centreline, assuming rigid body

deformation so that the string has a circular cross-section in each z = constant

plane. Neglecting string inertia, the force balance is

N i(z̃ + ∆z̃)−N i(z̃) + f̃
i
(z̃)∆z̃ = 0, (3.206)

where f̃
i

is the body force per unit reference length of the ith string and N i is

the contact force. As in section 3.2, we will consider a body force due to the

fluid stress, although it is convenient to work with a general body force until we

have transformed the momentum balance into the Eulerian coordinates. Taylor

expanding about z̃ for small ∆z̃, we obtain

∂N i

∂z̃
+ f̃ i = 0. (3.207)

In (3.207), we have a description of the string mechanics; in order to relate this to

the string deformation, we require a constitutive law. We choose to relate contact

force N i and the extension as follows:

N i = EA
∂ri

∂z̃
= T

∂ri

∂z̃
, (3.208)

where E is the elastic modulus of a string and A is its cross-sectional area. By

specifying (3.208), we ensure that the contact force is tangential to the string

centreline, consistent with the inability of strings to support any shear forces.

Substituting (3.208) into (3.207), we obtain

∂

∂z̃

(
T
∂ri

∂z̃

)
+ f̃

i
= 0. (3.209)

The fluid problem satisfies the Stokes equations (3.2)-(3.3) with no-slip at the

boundary between the string and fluid (3.4)-(3.5).
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3.6.1.2 Nondimensionalisation

We nondimensionalise the problem using the following scales,

(u, v, w) = U(û, v̂, ŵ), (x, y, z) = L(x̂, ŷ, ẑ), t = δ
L

U
t̂,

si = δLŝi, f̃
i

= δµUL
ˆ̃
f
i

, p =pa +
µU

δ2L
p̂, U =

δT

µL
,

(3.210)

where the velocity scale is set by balancing the restoring force from transverse

string displacements with hydrodynamic stresses and T = EA. We drop hats

in the analysis that follows with all subsequent equations being dimensionless.

Nondimensionalising the string displacement (3.205), we find

ri = z(z̃)êz + δsi. (3.211)

Equation (3.209) becomes
∂2ri

∂z̃2
+ δf̃ = 0. (3.212)

3.6.1.3 Model reduction

We substitute (3.211) into (3.212) and equate coefficients at each order of δ. At

O(1), we find
∂2z

∂z̃2
= 0. (3.213)

The body force does not enter at leading-order, as in (3.210) we have assumed

that the fluid stress is an order smaller than the imposed force that sets the axial

length of the system. The accompanying boundary conditions for this problem are

specification of the string ends

z(0) = 0 and z(L) = l. (3.214)

Integrating (3.213) and imposing (3.214), we find

z = νz̃, (3.215)

where ν = l/L is the string stretch. At next order, we find

∂2si

∂z̃2
+ f̃ = 0. (3.216)
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Given our ultimate aim is to couple the string motion with fluid flow, we rewrite

(3.216) in Eulerian coordinates so the same system is used for both the fluid

and solid problem. Using (3.215), we can transform (3.216) into the Eulerian

configuration,

ν
∂2si

∂z2
+ f = 0, (3.217)

where f is the body force per unit length in the Eulerian frame, related to the

force per reference length via f̃ = νf . We have obtained (3.217) from reducing

a nonlinear force balance on the string centreline. The equivalent calculation for

displacements which are assumed to be small and purely transverse (as in section

3.2) is presented in appendix C.

3.6.1.4 Body force

Neglecting gravity, the dominant body force acting on the string is the fluid stress,

given by

f =

∫
∂Dis

σ· n̂dl, (3.218)

where ∂Ds is the curve around the string boundary in a z = constant plane. Given

the rigid-body assumption si = si(z̃), the boundary ∂Ds must be a circle.

The level set h1 = 0 defines the boundary of the string, where

h1(z) = |x⊥ − xi∗ − δsi⊥(z − δsi3(z))| − b, (3.219)

and s⊥ = I2s, x⊥ = I2x for I2 = diag(1, 1, 0). We Taylor expand (3.219) about z,

which gives

h1(z) = |x⊥ − xi∗ − δsi⊥(z) + δ2si3
∂si⊥
∂z

+ · · · | − b. (3.220)

The outward-facing normal n̂ to this boundary is given by

n̂ =
∇h1

|∇h1|
. (3.221)
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Calculating ∇h1, we find

∇h1 = x⊥ − xi0⊥ − δs
i
⊥ −

δ

2

(
∇si⊥· (x⊥ − xi0⊥) + (x⊥ − xi0⊥)· ∇si⊥

)
+O(δ2)

= x⊥ − xi0⊥ − δs
i
⊥ −

δ

2
∇si⊥· (x⊥ − xi0⊥) +O(δ2),

(3.222)

where we have used the rigid body assumption which means that the (x⊥ −
xi0⊥)· ∇si term vanishes. Introducing

n̂0 =
x− xi0
|x− xi0|

, (3.223)

we find

n̂ = n̂0 − δ
(

1

2
∇si⊥· n̂0 +

si⊥
|x− xi0|

)
+ δn̂0·

(
si⊥

|x− xi0|
+

1

2
∇si⊥· n̂0

)
n̂0 +O(δ2),

(3.224)

where the leading-order normal lies entirely in the transverse plane. We can sim-

plify (3.224) to give

n̂ = n̂0 − δ
t̂0· ∇si⊥· n̂0

2
t̂0 +O(δ2),

= n̂0 −
δ

2

∂si⊥
∂z
· n̂0 êz +O(δ2),

= n̂0 + δn̂1 +O(δ2)

(3.225)

where we have used the fact that the leading-order tangent to the string is aligned

with the z-axis. The expansion of the normal in (3.225) purely accounts for the

geometrical deformation of a single string; if we were to consider the multiple scales

form of the normal as required to impose Neumann conditions on a slowly varying

domain, we would also need to include these terms in the expansion.

Thus, the force balance on the string (3.217) takes the form

ν
∂2si

∂z2
+

∫
∂Dis

σ· n̂0dl + δ

∫
∂Dis

σ· n̂1dl + · · · = 0, (3.226)

where ∂Di
s is the projection of the string cross-section of the string onto a z =

constant plane.
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3.6.1.5 Homogenisation

In this section we set out to write (3.226) in multiple scales form. As for the case

considered above, where the string displacement was purely transverse, we begin

by introducing continuum functions for the string displacement.

We define continuum functions for string displacement and undeformed posi-

tion as in section 3.4.1, restated here for convenience, which gives,

s(x, t) = si(z, t) in Di
s, (3.227)

x0(x) = xi0(z) in Di
s (3.228)

Similarly, we introduce a continuum function for the string stretch, which we

assume slowly varies with position,

ν(x, t) = ν(x0) in Di
s, (3.229)

for x0 defined in (3.228). Written as a continuum equation, (3.226) then becomes

ν
∂2s

∂z2
+

∫
∂Ds

σ· n̂0dl + δ

∫
∂Ds

σ· n̂1dl + · · · = 0. (3.230)

We seek multiple scales expansions for the fluid velocity, pressure and string

displacement by expanding as a power series in δ using (3.24)-(3.27). In multiple

scales form, the first contribution to fluid stress becomes∫
∂Ds

σ· n̂0dl = δ

∫
∂Ds0

σ· n̂0dlX + δ2

∫
∂Ds0

(s1 +X· ∇xs0)· ∇Xσ· n̂0dlX

+ δ2

∫
∂Ds0

X· ∇xσ· n̂0dlX + δ2

∫
∂Ds0

(∇X · σ)X · V · n̂0dlX +O(δ3),

(3.231)

where dlX is the line element in fast coordinates and for this section ∇X =

(∂X , ∂Y , 0) and ∇x = (∂x, ∂y, ∂z). Substituting the multiple scales expansion of

the stress tensor, we find∫
∂Ds

σ· n̂0dl =

∫
∂Ds0

(−p1I +∇Xu0 + (∇Xu0)T )· n̂0dlX −
∫
∂Ds0

X· ∇xp0n̂0dlX .

(3.232)
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We apply the divergence theorem to each term and evaluate the resulting integrals

which gives ∫
∂Ds

σ· n̂0dl = −φf∇xp0 − φs∇x⊥p0

= −∇x⊥p0 − φf
∂p0

∂z
êz,

(3.233)

where ∇x⊥ = (∂x, ∂y, 0). The second contribution to fluid stress when written in

multiple scales form becomes,

δ

∫
∂Ds

σ· n̂1dl = δ2

∫
∂Ds0

σ· n̂1dlX ,

=

∫
∂Ds0

p0

(
1

2

∂s0

∂z
· n̂0ez

)
dlX ,

= 0,

(3.234)

as the fluid pressure and displacement are independent of the slow scale at leading-

order.

Combining (3.233) and (3.234), the homogenised force balance then takes the

form

−∇p0 + φs
∂p0

∂z
ez + ν

∂2s0

∂z2
= 0. (3.235)

Combining (3.235) with the leading-order equation z = νz̃, the extended form

of the model enables us to consider a broader range of imposed motion. We can

consider a time-dependent extension of the bioreactor chamber to set ν, combined

with an additional flow problem governed by (3.235). We will outline how this

result can be incorporated into a model which accounts for chamber deformation

in the discussion of future work.

3.7 Discussion

In this chapter, we have developed a model for fluid-fibre interaction in the biore-

actor using homogenisation via multiscale asymptotics. The scaffold fibres were

modelled as elastic strings undergoing small, transverse oscillations and the cell
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media was modelled as a slow, viscous, Newtonian fluid. The results from chapter

2 were used in deriving the multiple scales form for the integral condition that cou-

pled string deformation to the viscous flow, balancing the elastic restoring force

with hydrodynamics stresses.

We obtain two cell problems which give the role of the pressure gradients in

inducing fluid flow. The microscale problem for the transverse flow is the standard

problem for Stokes flow past a periodic array of cylinders [78]. Due to the string

motion, we also attain an additional microscale problem with an analytical solu-

tion. From the microscale problems, we are able to obtain the microscale shear

stress and an anisotropic permeability tensor which provides the one-way coupling

between microscale and macroscale problems. The macroscale problem took the

form of Darcy’s law relative to a moving material. The mass conservation equation

was modified from the case of a rigid, porous material - the effective material is

not compressible but flow of the fluid into a given region drives string motion to

reduce their local density. The homogenised force balance ensures the momentum

of the composite is conserved and provides an additional form of coupling between

the strings and fluid. We can drive the macroscale model by imposing fluid flux,

pressure or string motion at the domain boundary.

We considered solutions to the macroscale model in a simple, cylindrical geom-

etry where the problem is analytically tractable. Driving fluid motion by imposing

a time-harmonic string displacement, we find that, at low forcing frequencies, both

the axial and transverse average shear stresses scale linearly with the forcing fre-

quency. At higher frequencies, the averaged shear stress and maximum scale with

fractional powers of the imposed oscillation frequency. The transverse shear stress

scales less strongly than axial shear stress, and for each component the average

scales less strongly than the maximum. We rationalised these scalings by identi-

fying the presence of a boundary layer at the upper edge of the domain with a

thickness that scales inversely with the quartic root of the frequency. These effects

are identified in the dimensionless problem, where the characteristic frequency

scale is given by ωc = µL2ω/T , suggesting that in the physical system the effects

of high frequency can also be achieved by reducing the string tension. In reducing

the string tension, we anticipate that the length over which the imposed displace-
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ment has influence also reduces, as there is a reduced elastic energy associated

with deforming the string. When fluid flow is driven by a radially-varying flux at

the base of the cylinder, the distribution of the shear stress depends on the solid

fraction. While the macroscale problems considered in this chapter miss many

physical interactions that occur within the bioreactor system, we have identified

the key parameters and explored their role in modulating the microscale shear

stress distribution. We will outline in chapter 5 how the model including axial

extension may be coupled to an external fluid flow and a deformable membrane

to better reflect the humanoid bioreactor chamber.

In this chapter, the homogenised model includes a modified Darcy’s law. This

analysis is applicable where the strings occupy an appreciable fraction of the cham-

ber volume. For a stationary array of cylinders with a separation δ and radius b

nondimensionalised on the same length-scale, Darcy’s law arises from the multiple

scales analysis of the Stokes equations in the regime when δ2 log(δ/b)� 1 [78]. For

a different dominant balance, where δ2 log(δ/b) = O(1), the relevant flow model

is the Brinkman equations [78]. For δ2 log(δ/b) � 1, the fraction of solid is so

small as to have little effect on the flow and Stokes equations are applicable [78].

Previously, the analysis was undertaken for a rigid porous media in two and three

dimensions [78]. Given the presence of strings does not influence the relative size

of terms in the Stokes equation, we anticipate a similar analysis will be applicable

to the problem we present here, providing a link between the coarse-grained mod-

els for fluid-structure interaction valid in the limit of low and high solid fraction

[52, 117]. An understanding of this transition in flow behaviour would be benefi-

cial in systems which begin with a sparse scaffold but which evolve into the dense

regime following cell proliferation.

As the cells in the bioreactor chamber proliferate, the volume they occupy will

no longer be negligible in comparison with the size of the strings. We anticipate

that at the later stages of operation, cell proliferation will invalidate the assumption

made throughout this chapter that the microscale shear stress experienced by cells

is well captured by the fluid shear stress exerted at the string boundary. It is

possible to include the effects of cell growth within the homogenisation process.

Perhaps the simplest way to include growth is using a surface accretion model [91].
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The growth of cells on the scaffold can be modelled as a phase change from fluid

to solid at a rate dependent on the local concentration of nutrient [91]. For slow

growth, the microscale geometry is unchanged at leading-order and the growth

appears as a source term in the macroscale equations [91]. When growth is not

slow, the evolution of the microstructure becomes significant, which results in a

time-varying domain for the cell problem [35]. In this situation there is two-way

coupling between the microscale and macroscale problems; the macroscale problem

must be solved to obtain the local concentration field which then determines the

evolution of the microstructure. Volumetric growth can be modelled by introducing

a mapping between a grown state and a periodic reference configuration where

homogenisation may be applied [30]. Both surface and volumetric growth could

be incorporated into the fluid-string model by following the analysis in [30, 35, 91].

More broadly, the analysis presented in this chapter provides a method to

develop models of fluid-structure interaction that may be applied to other physical

systems. For example, the strings may be replaced by a linear beams by modifying

the form of the force balance (3.6). Minor adaptations to the multiple scales

presented here would produce an effective model for the small deformations of fibre

beds. Large deformations of the solid phase could also be incorporated providing

that they are sufficiently uniform so as to allow the microscale and macroscale to

decouple. To incorporate large deformations, a mapping similar to that presented

in [30, 100] would be required between the Eulerian current configuration and a

periodic reference configuration. A similar approach could be used to incorporate

different string densities across the domain, resulting in a spatially dependent

permeability. This would be of interest mathematically as the mapping would be

coupled to the macroscale variables in a similar manner to [97], rather than taking

a form posed a priori as in [100]. Thus, the theory could be modified to develop an

alternative approach to model fluid-structure interaction at low Reynolds number

with applications such as cilia beds [42].
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Chapter 4

Nutrient Transport

In this chapter, we use homogenisation via multiscale asymptotics to derive ef-

fective models for solute transport in fibrous media. We build upon the model of

fluid-string interaction developed in chapter 3, where the displacement of strings is

coupled to the macroscale pressure gradients. The variation in string displacement

across the domain gives rise to a slowly varying microstructure and so we must

account for the correct expansion of the normal when writing Robin boundary

conditions in multiple-scales form [20]. There are five timescales that characterise

the advection, diffusion and uptake of nutrient within the fluid-string compos-

ite: timescales of microscale advection; microscale diffusion; macroscale advection;

macroscale diffusion and absorption. The relative magnitude of these timescales

is set by the Péclet number and the Damköhler number. We consider four dis-

tinguished limits that give rise to different macroscale behaviour. For the case

where macroscale advection balances macroscale diffusion, we see that microscale

advection induced by string motion occurs much more quickly than macroscale

transport, thus we introduce multiple timescales to resolve this behaviour.

The presentation of this work is as follows. An introduction to the signifi-

cance of nutrient transport in tendon tissue engineering and modelling approaches

is given in section 4.1. We outline the model setup in section 4.2 before nondi-

mensionalising in section 4.3. The equations are homogenised in section 4.4 for

different relative strengths of advection, diffusion and reaction. Simple solutions
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to the homogenised problems are presented for each regime. Application to the

bioreactor scaffold is discussed in section 4.5 and conclusions are drawn in section

4.6.

4.1 Introduction

Solute transport in porous media has been studied in the context of numerous

applications including filtration, the flow of contaminants in hydrology, and nutri-

ent transport in biological systems. We first introduce the significance of nutrient

transport in the field of tendon tissue engineering in section 4.1.1. Following this,

we summarise previous approaches to modelling nutrient transport in tissue engi-

neering applications in section 4.1.2. In section 4.1.3, we review the application of

homogenisation via multiscale asymptotics to modelling solute transport.

4.1.1 Nutrient transport in tendon tissue engineering

To grow healthy tendon tissue in vitro, cells require an adequate supply of nutrients

in addition to a suitable mechanical environment [15]. Engineering 3D tissue

constructs on a scale with clinical relevance is difficult as a suitable level of nutrient

delivery throughout the whole scaffold must be achieved. For thin structures, for

example skin grafts, diffusive transport may be sufficient. However, given the

slow rate of diffusive transport, it may become insufficient when the constructs

reach a clinically relevant size. The lack of adequate nutrient delivery can lead

to tissue defects or necrotic cores which results in tissue of inferior mechanical

properties that would not be suitable for tissue engineering applications [15, 70].

The limitations of diffusive transport have driven the development of bioreactors

that generate advective transport by mixing or perfusion, such as the humanoid

robotic bioreactor described in the chapter 1.

In tissue engineering applications, it is common to monitor the concentrations

of glucose, oxygen and lactate as each of these molecules plays a key part in the

health of the growing tissue. We now outline the role of each of these metabolites in
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tendon tissue engineering. Throughout this chapter we use the terms nutrient and

metabolite interchangeably. Glucose is the main energy source of mammalian cells

which is used to fuel cellular processes. Glucose is metabolised to form pyruvate

in the cytoplasm via anaerobic or aerobic glycolysis [125]. In aerobic glycolysis,

glucose is converted into 2 molecules of pyruvate while in anaerobic conditions,

pyruvate is transformed into lactate [125]. The overall reactions are

Glucose + 2NAD+ + 2ADP+ 2Pi →
2NADH+ 2 Pyruvate + 2ATP + 2H2O+ 4H+, (4.1)

Glucose + 2ADP + 2Pi → 2 Lactate + 2ATP + 2H2O+ 2H+, (4.2)

for aerobic and anaerobic glycolysis respectively. Energy is stored in ATP by

adding an inorganic phosphate group Pi to ADP. In the aerobic pathway, further

ATP is generated in the citric acid cycle by breaking down pyruvate [125]. Depriv-

ing cells of glucose can disrupt cellular metabolism and ultimately results in cell

death. At the opposite extreme, hyperglycemia (atypically high glucose levels) can

cause oxidative stress, resulting in inflammation and degeneration in tendons [123].

Changes in glucose metabolism occur when tendon derived stem cells differentiate

into tenocytes or chondrocytes [66]. Elevated levels of glucose and its metabolites

are observed in healing tendons [66]. Oxidative stress refers to compromised cell

viability caused by the alteration of the cell’s redox state which can be induced by

an increase in production of reactive oxygen species [59]. Reactive oxygen species

are normally produced during metabolism and play various roles including acting

as cell signalling molecules and regulation of gene expression [75]. However, at

high concentrations, reactive oxygen species can cause cell apoptosis and necrosis

via the damage of DNA, disruption of lipid assembly via peroxidation and protein

modification [59].

Oxygen plays an essential part in tissue homeostasis and regeneration via its

role in regulating processes such as metabolism, proliferation, and differentiation

[29]. Typical physiological partial oxygen pressures are between 2−9kPa, although

due to the low levels of vascularisation, normoxic partial oxygen pressures in ten-

don tissue are thought to be at the lower end of this range [29]. To calculate the

percentage oxygen in a given tissue, the ratio of the partial oxygen pressure to at-

mospheric pressure is expressed as a percentage. The cellular response to oxygen

is mediated by hypoxia-inducible transcription factors (HIFs). Transcription fac-
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tors are proteins which can recruit or block RNA polymerase, the complex which

transcribes RNA to DNA. HIFs increase in stability in hypoxic conditions due

to inhibition of one of their oxygen-dependent degradation pathways. In tendon

cultures, experimental work has shown that proliferation of porcine primary teno-

cytes was enhanced and production of matrix metalloproteinase-1 decreased when

cultured at 2% oxygen compared with atmospheric oxygen levels (20%) [140]. De-

creased matrix-metalloproteinase-1 production increases collagen deposition which

can aid tendon maturation [29, 140]. Human tendon stem cells are also oxygen

sensitive, showing a greater self-renewal capacity in normoxic conditions, whereas

atmospheric oxygen levels causing a decrease in stemness [137].

Lactate is a product of anaerobic glycolysis. The cellular metabolism of tendon

cells has been observed to shift from aerobic to anaerobic glycolysis in response to

hypoxic stress or injury [139]. Thus, in addition to ensuring the tissue is healthy,

monitoring glucose, oxygen and lactate concentrations can provide insight into the

cellular stress.

4.1.2 Modelling nutrient transport in tissue engineering

Nutrients of interest in tissue engineering are typically found in concentrations on

the order of one millimolar and so concentrations are modelled with continuum

equations [92]. Transport may occur via diffusion through the media, advection

as the nutrient is carried by fluid flow, or a combination of the two. The relative

strength of advective and diffusive processes is given by the Péclet number Pe =

UL/D, for a fluid velocity scale U , lengthscale L and diffusion coefficient D. It is

also of interest to model uptake of nutrient or production of metabolites by cells

which is characterised by the Damköhler number Da = A/U , the ratio of uptake

velocity A to advection. Production of metabolite can be modelled by allowing

A < 0.

The mathematical form of the reaction term varies depending upon the bulk

concentration of nutrients and metabolites. One possibility is Michaelis-Menten

kinetics, which originates in describing enzymatic reactions and has a nonlinear

functional form that can be derived from the law of mass action [5, 86]. For a
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metabolite with concentration cy being absorbed by cells at a rateA, the Michaelis-

Menten term is given by,

A = − Vmaxcy
Km + cy

, (4.3)

where Vmax is the maximum absorption rate and Km is the Michaelis constant,

that is the metabolite concentration for which the absorption rate is half maxi-

mal. Metabolite production can be modelled by changing the sign in (4.3). The

assumption of a constant rate of uptake is suitable when the concentration in solu-

tion is much greater than the Michaelis constant i.e. cy � Km. When the nutrient

concentration is low (cy � Km), an uptake rate proportional to the concentration

is suitable, reflecting the rate limiting effect of finite concentration. These reaction

terms can appear either in the boundary conditions or in the bulk according to the

modelling choice for the cells in the bioreactor: if cells are predominantly found

attached to the bioreactor scaffold, nutrient uptake may be modelled by reaction

terms in the boundary conditions but for cells in suspension, the use of source

terms in the nutrient conservation equation is appropriate.

Depending upon their density, cells may be modelled using discrete or con-

tinuum approaches. Discrete models describe each cell using a state vector which

evolves based upon prescribed rules often related to the state of its neighbours, and

can be combined with models of nutrient concentration, see for example [4, 132].

The focus here will be continuum approaches, where cells are described by par-

tial differential equations governing their concentration. We now outline some

continuum approaches to modelling nutrient transport in tissue engineering.

The simplest modelling assumption is that cells occupy negligible volume so

that cell growth decouples from fluid flow. This approach was taken in modelling

nutrient transport in a hollow fibre membrane bioreactor in [113]. Hollow fibre

membrane bioreactors consist of a porous fibre with hollow centre, surrounded by

an extracellular space (ECS) (see figure 4.1.a). Cells can be seeded either in the

fibre wall or throughout the ECS. A flow is imposed in the lumen and the ECS

outlet ports may be closed or opened to enhance nutrient perfusion through the

fibre wall. Due to the stress-shielding effects of the fibre wall, higher flow rates can

be used within the fibre lumen, offering the potential to increase advective nutrient

transfer. In [113], analytical modelling is used to identify geometrical and oper-
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ating parameters which result in suitable concentrations of nutrient throughout

the bioreactor, using lubrication theory to describe flow in the lumen and Darcy’s

law to model flow in both the fibre wall and the extracellular space [113]. Similar

continuum models were used to model a bone-cartilage bioreactor where hollow

fibres running through the porous scaffold enhanced nutrient perfusion [131]. Cell

proliferation was also included in [131] by assuming a doubling of the cell pop-

ulation in a characteristic proliferation time. The rate of uptake in the scaffold

bulk was modelled as being proportional to the number of cells, appearing as a

reaction term in the nutrient conservation equation [131]. While this approach

incorporates the effect of increasing cell number on nutrient consumption, it does

not account for the increasing volume that the cells occupy as they proliferate. In

some applications, volume occlusion effects can become significant, modifying the

fluid flow and in turn the transport process, see for example [31, 91, 96].

To include the influence of proliferation on fluid flow and transport, a model

which accounts for the volume occupied by the cells is required. Perhaps the sim-

plest way to include this effect is to prescribe the dependence of scaffold porosity

on the cell number [111]. An alternative approach is to account for the cell vol-

ume explicitly using a multiphase approach [92]. Conservation equations for each

phase, for example cells and interstitial fluid, are written which hold over the whole

domain, coupled by constitutive equations for interphase forces [94]. Multiphase

models can be derived by averaging the microscale equations for each phase over

a representative volume element [130]. An alternative approach to deriving av-

eraged models is homogenisation via multiscale asymptotics. We will review the

application of this method to transport processes in the next section.

4.1.3 Multiscale modelling of transport processes

Multiscale models of transport processes in porous media have been developed

to model biofilm formation, filtration processes and tissue growth [35, 91, 106].

Homogenisation via multiscale asymptotics elucidates the influence of the pore

structure on macroscale transport processes, as well as providing a method to de-

termine an effective properties of materials with a varying microstructure which
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Figure 4.1: Modelling transport processes. a.) Schematic of a hollow fibre mem-

brane bioreactor [113]. b.) Unit cell used in modelling drug transport within a

vascular tumour. The Navier-Stokes equations describes flow within the capillary

network and the interstitium which consists of cells and extracellular matrix is

modelled as a porous material [112]. c.) The configuration resulting in most ef-

ficient filter blocking [36]. d.) Unit cell used in modelling concrete carbonation.

Carbon dioxide from the air dissolves in pore water where it reacts with aqueous

calcium hydroxide dissolved from the concrete [97].
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may be difficult to simulate directly. The homogenisation technique relies upon

the separation of lengthscales characterising the whole material L and the pore size

δL, making the assumption that δ � 1. As highlighted by Auriault and Adler [12],

the relative size of the Péclet number to the dimensionless pore size δ determines

the character of the macroscale transport model. In a study of rigid, nonreactive,

porous media, it was found that for Pe = O(δ), diffusive processes dominate at

both the microscale and macroscale. For Pe = O(1), diffusive processes domi-

nate at the microscale but at the macroscale, an advection-diffusion equation is

obtained. With Pe = O(δ−1), the microscale problem is a diffusion-advection prob-

lem, with nutrient being carried along fluid streamlines on the macroscale, i.e. the

system is advection-dominated on the macroscale. Introducing a slow timescale

characterising macroscale diffusion, it was shown that dispersion is an O(δ) effect

in this regime [12]. In the case of very strong advection where Pe = O(δ−2), a

homogenised model cannot be obtained as the microscale problem is advective and

so directly depends on the macroscale boundary conditions.

To model biological applications where the metabolic processes of cells influ-

ence the nutrient concentration, we must also consider reaction terms which may

appear in the boundary conditions or as a source term in the transport equation.

Motivated by modelling drug delivery in vascular tumours, Shipley and Chap-

man derive the macroscale problems that result from the different magnitudes of

Damköhler number [112]. Drug uptake occurs in porous media periodically inter-

spersed with capillaries where the Navier Stokes equations hold (see figure 4.1.b).

Five distinguished limits were identified where reaction terms enter the macroscale

model resulting from different combinations of Damköhler number and boundary

conditions describing exchange between the porous medium and capillary [112].

The macroscale models reviewed above were obtained for porous media with

an exactly periodic microstructure. When the assumption of exact periodicity

at the microscale is not satisfied, standard homogenisation techniques can be ex-

tended to derive effective models for transport in materials with a slowly varying

or time-dependent microstructure [34]. Diffusion in media with a spatially varying

porosity in the absence of flow gives rise to an advection term in the macroscale

equation which biases transport towards regions of low porosity [20]. Homogenisa-
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tion of diffusion in spatially varying porous media was coupled to Robin boundary

conditions on the pore walls in a study motivated by filtration applications [36].

For flow antiparallel to the porosity gradient, contaminant removal was more uni-

form across the filter than when no porosity gradient is present (see figure 4.1.c.)

[36]. Filter blockage was considered in [35], where the removal of contaminant

from solution induced evolution of the microstructure.

Where the microstructure has a fixed unit cell size, for example spheres of vary-

ing radius on a square periodic lattice, a level set function can be used to describe

the boundary [20, 13]. The level set approach has been applied in developing ho-

mogenised models of tissue growth via surface and volume accretion [31, 61, 60].

An alternative, simpler approach is taken in [91] who model surface growth in a

similar way to phase change, specifying a rate of growth that depended on the

concentration rather than tracking the location of the free interface between tissue

and fluid.

In systems with a more complex geometry, a mapping between the current

configuration and an exactly periodic reference configuration can be used to obtain

a homogenised model [100]. Generally, this mapping depends only on the slow

scale so that the fast scale and slow scale decouple, allowing homogenisation to be

carried out in the periodic reference configuration [30, 97, 100]. The parameters

in the homogenised model depend on the mapping via the deformation gradient

and its determinant [97, 100]. A mapping to a periodic reference configuration

for transport processes was applied to study the chemical degradation of concrete,

where atmospheric carbon dioxide dissolved in pore water within the concrete

reacts with calcium hydroxide (a component of concrete), thereby lowering the

pH of the pore water which has the potential to corrode steel supports within

the concrete (see figure 4.1.d) [97]. This reaction alters the microstructure as

carbon dioxide from the air is dissolved in water to participate in the reaction,

resulting in a reduction in the air fraction as the products occupy a greater volume

than the reactants. To treat this mathematically, Peter and Böhm [97] mapped

the reaction-diffusion equations to a periodic reference configuration where the

equations could be homogenised. Here, the mapping was time-dependent with an

evolution governed by an equation motivated by mass conservation. Mappings have
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also been applied to a deformable solid domain in modelling tissue growth, where

the growth of a hyperelastic porous medium was governed by a constitutive growth

law depending on the local concentration [30]. The equations governing fluid flow,

solid deformation and nutrient transport were homogenised in a periodic reference

configuration before applying a map to the current configuration, which consists

of the composition of a growth tensor describing geometrical deformations and a

deformation gradient describing the effects of elastic stresses. Elastic deformation

is assumed to occur on a faster timescale than growth, the result being that only

time derivatives of the growth tensor enter the macroscale model [30].

In some applications, processes of interest may be characterised by different

timescales, motivating the introduction of separate scales in time as well as space.

One example is found in modelling reactive decontamination of chemical agents

in porous media [77]. A cleanser is typically applied at the surface of the porous

material and reacts upon contact with the chemical agent. Neglecting flow, both

the cleanser and agent were modelled as immiscible fluids within a porous medium,

with reaction at their interface causing conversion from agent to cleanser. When

the agent fully saturates the pores in a region of the material, the evolution of

the macroscale front between agent and cleanser evolves more slowly than the

timescale of microscale evolution due to the chemical reaction, instead being char-

acterised by the timescale of macroscale diffusion. To resolve this, Luckins et

al. introduced multiple timescales in an inner problem describing the evolution

of the agent-cleanser interface which was then matched to an outer problem for

the regions saturated with one fluid [77]. Multiple timescales were also considered

in modelling thermal dissipation in a composite consisting of a linearly elastic,

isotropic material with thermosensitive, viscoelastic inclusions [19]. An oscillatory

mechanical load causes dissipation in the viscoelastic phase, generating a temper-

ature rise which in turn causes a decrease in the elastic modulus. The behaviour

for different ratios of timescales characterising mechanical oscillation and thermal

diffusion were considered, and a macroscale model was derived for the case when

mechanical oscillations occurred on a fast timescale compared with thermal dif-

fusion [19]. Multiple timescales are also necessary to resolve secular terms which

arise in the homogenisation of the wave equation in heterogeneous media when

the microstructural variation is of the same size as the wavelength, thereby giving
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rise to significant dispersion effects [27]. Problems with multiple spatio-temporal

scales progress by introducing multiple temporal scales in a similar manner to

standard spatial multiple scales problems [19]. Periodicity in the fast timescale is

assumed in the coefficients of the multiple scales expansion, for example motivated

by time-harmonic boundary conditions, which closes the problem. An average is

taken over the period of fast oscillation with the resulting macroscale problem

describing evolution on the slow spatial and temporal scales.

As we are considering advection, diffusion and absorption processes in a porous

media, there are several timescales in our problem, denoted tA, tD, td, ta and tu,

summarised in table 4.1. The timescales give the characteristic time to travel

an order one distance on either the macroscale or microscale by the transport

process listed, for example td, the timescale of macroscale diffusion is the time

taken to diffuse an order 1 distance on the macroscale. As we tune the magnitude

of the Péclet number in the subsequent sections, we alter the physical processes

which are in balance. In section 4.4.2, we consider Pe = O(δ) which corresponds

to a diffusive processes dominating on both the microscale and macroscale as

ta/td = O(1/δ) and tA/tD = O(1/δ2). Following this in section 4.4.3, we keep

Pe = (δ) but consider strong uptake with Da = O(1/δ) which we find dominates

the macroscale behaviour. In section 4.4.4, when Pe = O(1), we have the dominant

balance where both advection and diffusion appear in the macroscale problem

although the microscale evolution occurs on a faster timescale as tA/ta = δ. By

performing analysis on multiple timescales we can resolve the evolution of the

metabolite concentration on both the microscale and macroscale. In section 4.4.5,

where Pe = O(1/δ), we have a balance of advection and diffusion in the microscale

but advection is the dominant transport process on the macroscale.

4.2 Model setup

We consider nutrient transport within a fibrous scaffold which consists of fluid

regions Ωf surrounding N strings occupying regions Ωi
s for i = 1, ..., N , as shown

in figure 3.2. We denote the curved, outer boundary of the domain as ∂Ωe. The

strings have a radius b and their reference configuration is aligned with the z−axis,
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Physical Process Timescale

String motion & Microscale advection tA = δL
U

Microscale Diffusion tD = δ2L2

D

Macroscale Diffusion td = L2

D

Macroscale Advection ta = L
U

Uptake tu = δL
A

Table 4.1: Problem timescales. U is the fluid velocity scale, L the characteristic

macroscale lengthscale, A is the uptake velocity and δ the ratio between microscale

and macroscale lengthscales.

with their endpoints xi0 laying on a square periodic lattice. We consider cell media

as a viscous, incompressible, Newtonian fluid with velocity u, pressure p and

viscosity µ. In the subsequent multiple scales analysis, the coefficients in the

expansion of the fluid velocity will satisfy the equations presented in chapter 3 in

the development of the fluid-string model.

We assume that the scaffold is uniformly coated by a layer of cells so that there

is no uptake in the fluid bulk. Thus, we use a continuum model for the cells and

further make the simplifying assumption that their volume is negligible (for details

see Appendix A.1.1). We model the nutrient concentration c in the fluid region

with the advection-diffusion equation,

∂c

∂t
+ u · ∇c = D∇2c in Ωf , (4.4)

where D is the diffusion coefficient of the nutrient in media. We assume that there

is no flow of nutrient through the outer wall,

n̂ · (uc−D∇c) = 0 on ∂Ωe, (4.5)

where n̂ is the outward-facing normal to the outward surface of the domain. As
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there is no flux through the outer wall, equation (4.5) reduces to

n̂ · ∇c = 0 on ∂Ωe. (4.6)

We assume that cells fixed on the string boundaries uptake nutrient at a velocity

A,

n̂s ·
(

(u− ∂s

∂t
)c−D∇c

)
= −Ac on ∂Ωi

s, (4.7)

where n̂s is the outward-facing normal to the string surface, taking care to use

fluid velocity relative to the boundary in the specification of the nutrient flux at

the string boundary. Details of the estimation of the uptake velocity are given in

the appendix A.2.1. Using no-slip conditions (3.4)-(3.5), (4.7) reduces to

n̂s · (D∇c) = Ac on ∂Ωi
s. (4.8)

A known concentration of the nutrient enters the chamber at the inlet

c = cin at z = 0, (4.9)

where cin = cin(x, y) is given. We make the assumption of zero diffusive flux at

the outflow
∂c

∂z
= 0 at z = L. (4.10)

We also prescribe the initial nutrient concentration, imposing

c = 0 at t = 0. (4.11)

Imposing (4.11) would reflect a system where there is no nutrient initially within

the bioreactor chamber. When media of known saturation is present in the cham-

ber initially, (4.11) can be adapted to equate the initial concentration with the

concentration of the nutrient in the cell media.

4.3 Nondimensionalisation and scaling

We nondimensionalise (4.4)-(4.11) as follows:

c = cinĉ, (x, y, z) = L(x̂, ŷ, ẑ), (u, v, w) = U(û, v̂, ŵ), t =
δL

U
t̂, (4.12)
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where hats denote nondimensional quantities and we scale the nutrient concen-

tration with the inlet concentration. As in chapter 3, the length-scale L is the

characteristic length of the chamber, the velocity scale is given by U = δT/µL and

δ = l/L� 1 is the ratio of string separation to the domain width. We have chosen

to nondimensionalise on the same timescale as the fluid-string problem, namely

the timescale for microscale advection.

After dropping hats, the nondimensionalised advection-diffusion equation (4.4)

becomes
∂c

∂t
+ δu · ∇c =

δ

Pe
∇2c in Ωf , (4.13)

where Pe = UL/D is the Péclet number which characterises the relative strength of

advection to diffusion. In sections 4.4.2 - 4.4.5, we consider the different macroscale

models that arise for Péclet numbers of different magnitudes. The no-flux condition

(4.6) in dimensionless form is

n̂ · ∇c = 0 on ∂Ωe, (4.14)

and the uptake condition becomes

1

Pe
n̂s · ∇c = Da c on ∂Ωi

s, (4.15)

where Da = A/U is the Damköhler number, which gives the relative strength of

uptake to advection. The condition on concentration at the inflow (4.9) becomes

c = 1 at z = 0, (4.16)

and the outflow condition (4.10) becomes

∂c

∂z
= 0 at z = 1. (4.17)

Finally, we have the initial condition

c = 0 at t = 0. (4.18)

4.4 Effective model derivation

To obtain effective equations for nutrient transport in the scaffold, we adopt a

similar approach to chapter 3, and homogenise equations (4.13)-(4.18) under the
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assumption that the separation between adjacent strings is much less than the

width of the scaffold, δ = l/L� 1. The fast scale X = (x, y)/δ−b(x, y)/δc−1/2

characterises variation between strings and the slow scale x = (x, y, z) captures

variation across the whole scaffold. Within a two-dimensional unit cell (figure

3.3.b), we denote the fluid region Df , the region occupied by the leading-order

string position Ds0 and outer boundary of the unit cell ∂D. The in-plane gradient

operator ∇⊥ = (∂x, ∂y) transforms into multiple-scales form as follows

∇⊥ =
1

δ
∇X +∇x. (4.19)

We only require the slow z-coordinate, assuming that the variations in axial dis-

placement occur on a larger scale than the separation between adjacent strings.

We introduce multiple-scales expansions for the concentration, string displacement

and fluid velocity as follows

c ∼ c0(x,X, t) + δc1(x,X, t) + · · · , (4.20)

s ∼ s0(x, t) + δs1(x,X, t) + · · · , (4.21)

v ∼ v0(x,X, t) + δv1(x,X, t) + · · · , (4.22)

w ∼ w0(x,X, t) + δw1(x,X, t) + · · · , (4.23)

where all coefficients are periodic in X with period 1. We have used the same

expansion for fluid velocity u = v + wêz as used in the previous chapter (see

equations (3.24)-(3.25)).

4.4.1 Writing the uptake condition in multiple-scales form

To write the uptake condition in multiple-scales form, we must expand the slow

variation in the microscale normal as outlined in [20]. To be fully consistent, we

should expand the boundary position given by the level set hs = 0 defined by

(3.36), that is

hs = |X −X0 − s| −B, (4.24)

in parallel with the multiple scales expansion. We would then need to expand onto

the leading-order position of the boundary so that the microscale and macroscale

problems decouple. If instead, we use the boundary defined by the leading-order
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string displacements ∂Ds0 , the analysis simplifies considerably. Hence, in a similar

manner to chapter 3, we define the string boundary as the level set h = 0 for

h = |X −X0 − s0| −B. (4.25)

In using (4.25), we incur errors of O(δ) in the cross-sectional area of the string,

though we should recover the same homogenised problem as obtained when using

(4.24). We return to this point in chapter 5 where we discuss this assumption in

further detail.

The outward, unit normal to the leading-order boundary position is given by

the gradient of the level set function defining the boundary, namely

n̂ =
∇Xh+ δ∇xh

|∇Xh+ δ∇xh|
= n̂0 + δn̂1 +O(δ2). (4.26)

We can use (4.21) and (4.25) to calculate the expansion coefficients explicitly,

which gives

n̂0 =
X −X0 − s0

|X −X0 − s0|
(4.27)

and

n̂1 = −1

2
(n̂0 · ∇xs0 +∇xs0 · n̂0) = −1

2
((∇xs0)T +∇xs0) · n̂0. (4.28)

Having established the first two terms in the expansion of the normal to the

leading-order boundary, we write (4.15) in multiple-scales form by expanding the

concentration gradient about this position and transforming the gradient opera-

tors into multiple-scales form. As in section 3.4.3.1, we expand in both the slow

and fast variables about a fixed slow position on the leading-order position of the

string boundary (x̂,Xb + s0), for example,

∇Xc0(x̂+ δX,Xb + s0(x̂+ δX) + δs1(x̂+ δX,X) + ...) =

∇Xc0 + δX · ∇x∇Xc0 + δ(s1 +X · ∇xs0) · ∇X∇Xc0 +O(δ2).
(4.29)

The normal expansion (4.26) can then be combined with (4.28) to write (4.15) in

multiple-scales form. The full expansion of (4.15) is given in appendix D. We will

see that the functional dependence of the concentration on fast and slow scales

simplifies the expansion considerably.
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In sections 4.4.2 - 4.4.5, we homogenise (4.13)-(4.18) to obtain the macroscale

equations when Pe = O(δ) with Da = O(1); Pe = O(δ) with Da = O(1/δ);

Pe = O(1) with Da = O(δ) and Pe = O(1/δ) with Da = O(1). We refer to these

regimes as macroscale diffusion-reaction, macroscale uptake, macroscale advection-

diffusion-reaction and macroscale advection-reaction respectively.

4.4.2 Macroscale diffusion-reaction

4.4.2.1 Homogenisation

We consider the limit of strong diffusion, introducing the reduced Péclet number

Pe = Pe/δ, which we assume is order 1 in this section. Substituting (4.20)-(4.23)

into (4.13)-(4.18) written in multiple-scales form, we obtain the following equations

at leading-order

∇2
Xc0 = 0 in Df , (4.30)

n̂0 · ∇Xc0 = 0 on ∂Ds0 , (4.31)

with c0 1-periodic in X. Thus, we have a leading-order concentration which is

independent of the fast scale. At O(δ), we have

∇2
Xc1 = 0 in Df , (4.32)

n̂0 · ∇Xc1 = −n̂0 · ∇xc0 on ∂Ds0 , (4.33)

with c1 periodic in X, where we have used the fast scale independence of the

leading-order concentration to cancel terms. Further using the fast scale indepen-

dence of c0, we decompose the fast scale dependence of c1 by writing

c1 = −Λ · ∇xc0 + λ, (4.34)

where λ = λ(x, t) is a function of time and the slow scale determined by the

solution to a higher order problem. The cell function Λ = (Λ1,Λ2) satisfies the

following cell problem:

∇2
XΛ = 0 in Df , (4.35)

n̂0 · ∇XΛ = n̂0 on ∂Ds0 , (4.36)
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with Λ periodic in X. We also impose∫
Df

ΛdSX = 0, (4.37)

which fixes the arbitrary constant in the solution of (4.35)-(4.36). For this Péclet

number, the timescale of microscale diffusion is much faster than advection, re-

sulting in a steady diffusion problem for microscale variations in nutrient concen-

tration.

At O(δ2), we have

Pe
∂c0

∂t
= ∇X · (∇Xc2 +∇xc1) +∇x · (∇Xc1 +∇xc0) +

∂2c0

∂z2
in Df , (4.38)

with

n̂0 · (∇Xc2 +∇xc1) + n̂1 · (∇Xc1 +∇xc0)+n̂0 · (X · ∇x(∇Xc1 +∇xc0))

+n̂0 · (d0 · ∇X(∇Xc1 +∇xc0)) = DaPe c0 on ∂Ds0 , (4.39)

and c2 periodic inX. Here we have substituted (3.35) in (4.39), that is the solution

s1 = −X · ∇xs0 + d0 to eliminate some fast scale dependence in the expansion

of the uptake boundary condition. To obtain the macroscale problem, we average

(4.38) over the fluid region of the unit cell

Peφf
∂c0

∂t
=

∫
Df

∇X · (∇Xc2 +∇xc1)dSX

+

∫
Df

∇x · (∇Xc1 +∇xc0)dSX + φf
∂2c0

∂z2
,

(4.40)

where we have used the fast scale independence of c0. The fluid volume fraction

φf is equivalent to the area of Df . Applying the divergence theorem to the first

integral gives,

Peφf
∂c0

∂t
= −

∫
∂Ds0

(∇Xc2 +∇xc1) · n̂0dlX

+

∫
Df

∇x · (∇Xc1 +∇xc0)dSX + φf
∂2c0

∂z2
,

(4.41)
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where periodicity of the expansion coefficients means that the integral over the

exterior boundary of the unit cell vanishes. Applying (4.39), we have

Peφf
∂c0

∂t
= −

∫
∂Ds0

(∇Xc1 +∇xc0) · n̂1dlX − Pe
∫
∂Ds0

Da c0 dlX

+

∫
∂Ds0

(X · ∇x(∇Xc1 +∇xc0)) · n̂0dlX

+

∫
∂Ds0

(d0 · ∇X(∇Xc1 +∇xc0)) · n̂0dlX

+

∫
Df

∇x · (∇Xc1 +∇xc0)dSX + φf
∂2c0

∂z2
,

(4.42)

where we have used the fast scale independence of c0 in evaluating the average

of the time derivative. First, we show that the third and fourth integrals do not

contribute to the macroscale equations. Writing the third integral in (4.42) in

index notation, we have∫
∂Ds0

(X · ∇x(∇Xc1 +∇xc0)) · n̂0dlX =

∫
∂Ds0

Xi∂xi(∂Xjc1 + ∂xjc0)n̂0jdlX .

(4.43)

We substitute (4.34) for c1 which gives∫
∂Ds0

(X · ∇x(∇Xc1 +∇xc0)) · n̂0dlX =

∫
∂Ds0

Xi∂xi
(
(δjk − ∂XjΛk)∂xkc0

)
n0jdlX

= ∂xi∂xkc0

∫
∂Ds0

Xi(δjk − ∂XjΛk)n0jdlX

= ∂xi∂xkc0

∫
∂Ds0

Xi(n0k − n0k)dlX

= 0,

(4.44)

where we have used the slow scale independence of the cell problem and (4.36) in

the second line to eliminate Λ.

We now consider the fourth integral in equation (4.42), writing it in index

notation,∫
∂Ds0

(d0 · ∇X(∇Xc1 +∇xc0)) · n̂0dlX =

∫
∂Ds0

(
d0i∂Xi(∂Xjc1 + ∂xjc0)

)
n0jdlX .

(4.45)
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Applying the divergence theorem and using the fast scale independence of d0, we

find∫
∂Ds0

(d0 · ∇X(∇Xc1 +∇xc0)) · n̂0dlX = −d0i

∫
Df

∂Xj
(
∂Xi(∂Xjc1 + ∂xjc0)

)
dSX

= −d0i

∫
Df

∂Xi∂Xj(∂Xjc1 + ∂xjc0)dSX

= 0,

(4.46)

where the sign appears as n̂0 points from the string into the fluid domain. We

have also used (4.32), (4.34) and the fast scale independence of c0.

Returning to (4.42), we apply Reynolds transport theorem to the final integral

to obtain

Peφf
∂c0

∂t
=

∫
∂Ds0

(∇Xc1 +∇xc0) · ((∇xs0) · n̂0 + n̂1)dlX − Pe
∫
∂Ds0

Da c0 dlX

+ φf
∂2c0

∂z2
+∇x ·

∫
Df

(∇Xc1 +∇xc0)dSX ,

(4.47)

where the ‘velocity’ of the boundary is given by ∇xs0, as positions on the leading-

order string boundary in microscale coordinates are given by X0 + s0 + BÊR,

where ÊR is the radial unit vector in microscale coordinates. We now illustrate

that the remaining boundary integral∫
∂Ds0

(∇Xc1 +∇xc0) · ((∇xs0) · n̂0 + n̂1)dlX (4.48)

is identically zero, having no influence on the macroscale behaviour. Substituting

(4.28) for n̂1, we have

1

2

∫
∂Ds0

(∇Xc1 +∇xc0) · (∇xs0 − (∇xs0)T ) · n̂0dlX . (4.49)

Quantities that depend only on the slow scale will vanish upon integration round
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a closed loop, leaving

1

2

∫
∂D

∇Xc1 · (∇xs0 − (∇xs0)T ) · n̂0dlX = (∂xjs0i − ∂xis0j)

∫
∂Ds0

∂Xic1n̂jdlX ,

= (∂xjs0i − ∂xis0j)

∫
Df

∂Xi∂Xjc1dSX ,

= (∂xjs0i − ∂xjs0i)

∫
Df

∂Xi∂Xjc1dSX ,

= 0,

(4.50)

where we have applied the divergence theorem to the first line and relabelled

dummy indices in the second. Substituting (4.34) into the remaining terms of

(4.47), we find

Peφf
∂c0

∂t
= −2πB PeDa c0 +∇x ·

∫
Df

(I2 −∇XΛ) · ∇xc0dSX + φf
∂2c0

∂z2
, (4.51)

where we have used the fast scale independence of c0 to evaluate the integral

around the string boundary. We introduce the effective diffusion tensor

Deff = Pe
−1

〈I2 −∇XΛ〉11 〈I2 −∇XΛ〉12 0

〈I2 −∇XΛ〉21 〈I2 −∇XΛ〉22 0

0 0 1

 , (4.52)

where I2 = diag(1, 1). We have used the average defined in (3.75), which we restate

here for convenience

〈g〉 =
1

φf

∫
Df

gdSX . (4.53)

Hence, we obtain the following homogenised problem:

∂c0

∂t
= ∇ · (Deff∇c0)− αeffc0, (4.54)

where the effective uptake coefficient is given by

αeff =
2πBDa

φf
, (4.55)

and we have written ∇ = (∂x, ∂y, ∂z). Thus, for Pe = O(δ), we obtain a reaction

diffusion equation on the macroscale. The arrangement of the strings results in an

anisotropic effective diffusion tensor (4.52). We will characterise this anisotropy

in the next section by considering solutions to the cell problem.
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4.4.2.2 Cell problem solution

In this section we look to solve (4.35)-(4.37) which, when averaged, gives the

effective diffusion tensor in the macroscale problem. As in section 3.4.4, we can

consider the string to be centred at the origin of fast scale coordinates without loss

of generality, as shown in figure 3.3. We can exploit symmetries in this equation

to simplify the form of the effective diffusion tensor.

Averaging the solutions to (4.35)-(4.37) over the unit cell provides the entries

of (4.52). By considering the symmetries of the cell problem, we can deduce the

form of the effective diffusion tensor as follows. We consider (4.35)-(4.37) under

the transformation X → −X and Y → Y to deduce that Λ = Λ(−X, Y ) must

satisfy

∇2
XΛ = 0 in Df , (4.56)

nX
∂Λ1

∂X
+ nY

∂Λ1

∂Y
= −nX on ∂Ds0 , (4.57)

nX
∂Λ2

∂X
+ nY

∂Λ2

∂Y
= nY on ∂Ds0 , (4.58)∫

Df

ΛdSX = 0, (4.59)

with Λ periodic in X and where n̂0 = (nX , nY ) is the leading-order normal to the

domain in the original problem for Λ. Thus, given that the domain and governing

equation are unchanged under this transformation, and we expect Λ to satisfy

(4.35)-(4.37), we have Λ1 antisymmetric in X. Performing similar analysis for the

transformation Y → −Y , we find that Λ2 is antisymmetric in Y . In (4.52), we

take the gradient of Λ giving diagonal components that are symmetric in (X, Y )

and off-diagonal components that are antisymmetric. The average of the antisym-

metric components will then be zero due to the symmetry of the domain, leaving

a diagonal effective diffusion tensor. By considering the transformation X → Y ,

we can deduce that the two in-plane components must be equal. Specifically, we

introduce Λ̃ = Λ̃(X, Y ) = Λ(Y,X). Then, we have

∂XΛ̃ = ∂Y Λ and ∂Y Λ̃ = ∂XΛ. (4.60)

We write the normal in the transformed coordinates as ñ = (ñX , ñY ) = (nY , nX).
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Figure 4.2: The effective diffusion coefficient decreases with increasing solid frac-

tion. Finite element solutions calculated from the averaged gradient of the solution

to (4.35)-(4.37) are shown as purple dots and agree with Rayleigh’s analytical re-

sult [76]. The leading-order asymptotic behaviour in the limit of small solid volume

fraction φs is also shown.

Using (4.35)-(4.37), we deduce

∇2
XΛ̃ = 0 in Df , (4.61)

ñX
∂Λ̃1

∂X
+ ñY

∂Λ̃1

∂Y
= ñY on Ds0 , (4.62)

ñX
∂Λ̃2

∂X
+ ñY

∂Λ̃2

∂Y
= ñX on Ds0 , (4.63)∫

Df

Λ̃dSX = 0. (4.64)

Thus, Λ̃ must satisfy

Λ̃2 = Λ1 and Λ̃1 = Λ2. (4.65)

Combining (4.60) and (4.65), we must have ∂XΛ1 = ∂Y Λ2, and so the effective

diffusion tensor must be of the form Deff = Pe−1diag(D,D, 1).
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We determine D by solving (4.35)-(4.37) using the finite element method as

described in the appendix B.2.1. The values of D calculated by averaging the finite

element solution are shown in figure 4.2. An analytical approximation for the effec-

tive diffusion coefficient in a regular array of cylinders with circular cross-section

can be calculated using Rayleigh’s multipole method [20, 67, 76]. By placing image

sources in the cylindrical inclusions to ensure the relevant boundary conditions on

the Laplace equation are satisfied, Rayleigh calculated the conductivity by trun-

cating the series solution for the electrical potential [76]. Using this multipole

approach to calculate the effective diffusion tensor, [67] obtained the following

analytical expression for the effective diffusion coefficient,

D =
1

1− φs

(
1− 2φs

1 + φs − 0.3058φ4
s

)
. (4.66)

The finite element solutions agree with (4.66) as shown in figure 4.2. The diver-

gence between the two results at higher solid volume fractions may be due to slow

convergence of the series solution as the solid fraction becomes large. We see that

the components of the diffusion tensors characterising transport in the transverse

plane are less than those for the axial direction; we have faster diffusive trans-

port in the direction parallel to the string as expected given the anisotropy of the

fluid-string composite. In the next section, we explore the effects of varying the

effective diffusion coefficient on macroscale nutrient transport.

4.4.2.3 Macroscale diffusion-reaction solution

In this section, we solve (4.54), which we restate here for convenience,

∂c

∂t
=

D

Pe
∇2
⊥c+

1

Pe

∂2c

∂z2
− αeffc, (4.67)

where we have dropped the subscript zeros denoting leading-order quantities. To

gain insight into the features of the macroscale model, we consider a simple cylin-

drical geometry with radius 1/2 and length 1 as illustrated in figure 3.3.a, where

the problem admits analytical solutions. We rescale time as t′ = t/Pe,

∂c

∂t′
= D∇2

⊥c+
∂2c

∂z2
−Da2 c, (4.68)
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as the problem then reduces to a single parameter problem for the boundary con-

ditions we consider below. We have introduced the modified Damköhler number

Da2 = Peαeff =
2πBAL

δφfD
, (4.69)

which characterises the relative strength of uptake to diffusive transport combined

with the effects of solid fraction. This parameter is a modified form of the second

Damköhler number which is the ratio of the reaction rate to the rate of diffusive

mass transfer.

Motivated by the bioreactor setup where nutrient media is pumped through

the bioreactor chamber, we consider a simplified problem where the nutrient is

assumed to enter the base of a cylindrical chamber at a constant concentration

c = 1 at z = 0, 0 ≤ r ≤ 1/2. (4.70)

We assume that there is no nutrient is present initially, corresponding to

c = 0 at t = 0. (4.71)

We assume that there is no diffusive flux at the outflow,

∂c

∂z
= 0 at z = 1, 0 ≤ r ≤ 1/2 (4.72)

and that there is no fluid flux through the curved wall of the cylinder,

∂c

∂r
= 0 on r = 1/2 for 0 < z < 1. (4.73)

To close the problem, we must have c bounded on the z-axis, that is

c = O(1) at r = 0+ for 0 < z < 1. (4.74)

As there is symmetry under azimuthal rotation and nothing to force radial

variation, we seek a solution to (4.67) that depends only on time and the axial

coordinate c = Z(z)T (t′). After imposing (4.70)-(4.74), we find

c = cs −
∞∑
n=0

bn exp
(
−(Da2 + (n+ 1/2)2π2)t′

)
sin((n+ 1/2)πz), (4.75)
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where the expansion coefficients are given by

bn =
(2n+ 1)π

Da2 + π2(n+ 1/2)2
(4.76)

At long times, the solution will reach the steady-state

cs =
cosh(

√
Da2(1− z))

cosh(
√
Da2)

. (4.77)

Thus, we find the flow velocity scale does not influence the macroscale dynam-

ics, as expected for the regime when advection is subdominant. The dependence

of the steady-state (4.77) on Da2 is illustrated in figure 4.3, where it is apparent

that decreasing Da2 reduces the drop in nutrient concentration as we move away

from the inlet.

The time evolution of (4.75) is shown in figure 4.4. The nutrient concentration

at all points away from the inlet increases with time until the steady-state is

reached. The rate at which the steady-state is approached is governed by αeff ,

with faster uptake rates reaching steady-state more quickly.

4.4.3 Macroscale uptake

In this section, we consider the regime where Pe = O(δ) and Da = O(1/δ), defin-

ing Pe = Pe/δ = O(1) and D̂a = δDa = O(1). In this limit, the timescale char-

acterising uptake, tu is much faster than the timescale characterising microscale

advection tA as tu = tA/Da. Thus, we introduce a fast timescale τ ′ = t/δ which

characterises the system dynamics (the timescale of uptake), as we expect the sys-

tem will have reached a steady-state on the timescale of microscale advection used

to nondimensionalise the problem in previous sections. The rescaled equations we

seek to homogenise are

1

δ

∂c

∂τ ′
+ δu· ∇c =

1

Pe
∇2c (4.78)

1

Pe
n̂ · ∇c = D̂ac. (4.79)
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Figure 4.3: The steady-state nutrient profile in the diffusion-reaction problem given

by (4.67)-(4.74) is set by a single parameter Da2. Analytical solutions (4.75) are

shown for Da2 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10.
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Steady State

Figure 4.4: Time evolution of solutions to the diffusion-reaction equations. Solid

lines show (4.75) evaluated at t = 0.01, 0.1, 1, 10, 100 with Da2 = 1 as the solution

evolves to (4.77).
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4.4.3.1 Homogenisation

We write (4.78)-(4.79) in multiple scales form and pose the following multiple

scales expansions for the concentration and fluid velocity

c ∼ c0(x,X, τ ′) + δc1(x,X, τ ′) + · · · , (4.80)

s ∼ s0(x, τ ′) + δs1(x,X, τ ′) + · · · , (4.81)

v ∼ v0(x,X, τ ′) + δv1(x,X, τ ′) + · · · , (4.82)

w ∼ w0(x,X, τ ′) + δw1(x,X, τ ′) + · · · . (4.83)

Comparing coefficients of δ, we find at leading-order

∇2
Xc0 = 0 in Df , (4.84)

n̂0 · ∇Xc0 = 0 on ∂Ds0 . (4.85)

Thus, at leading-order we have c0 independent of the fast scale. At O(δ),

∂c0

∂τ ′
= ∇2

Xc1 in Df , (4.86)

n̂0 · (∇Xc1 +∇xc0) = D̂a c0 on ∂Ds0 . (4.87)

We integrate (4.86) over the unit cell, applying the divergence theorem to the left

hand side which gives,∫
Df

∂c0

∂τ ′
dSX = −

∫
∂Ds0

n̂0 · ∇Xc1dlX . (4.88)

Substituting (4.87) to eliminate c1, we find

φf
∂c0

∂τ ′
=

∫
∂Ds0

n̂0 · ∇xc0dlX −
∫
∂Ds0

D̂ac0dlX . (4.89)

As c0 is independent of the fast scale, we can evaluate the integrals to obtain the

macroscale problem

∂c0

∂τ ′
= −2πBD̂a

φf
c0. (4.90)

Thus, for large uptake and small Péclet number, we have concentration which

decays exponentially in time. The nutrient is taken up by the cells before it can

diffuse or advect on the macroscale.
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4.4.4 Macroscale advection-diffusion-reaction

In this section, we consider Pe = O(1) which corresponds to the limit where the

macroscale diffusion and advection are in balance. Again, we consider a simplified

model of the chamber, treating as a cylinder as shown in figure 3.3. We consider

metabolite transport in the fluid-structure problem presented in section 3.5.2.2,

where the flow is driven by a time harmonic motion of the string ends

s = a(x, y) sin(ωt) at z = 1, (4.91)

s = 0 at z = 0. (4.92)

There is no pressure drop across the chamber and no flux through the sides. We

use time-harmonic solutions to the fluid problem found in section 3.5.2.2 and so

we do not require an initial condition on the displacement.

4.4.4.1 Multiple timescales

In section 4.3, we nondimensionalised on the timescale of microscale advection

tA = δL/U . We are interested in capturing the effects of the macroscale diffusion

and advection. As we assume Pe = O(1) in this section, macroscale advection

and diffusion occur on a comparable timescale which we write as τ = δt, i.e.

a slow timescale. Henceforth, we assume these two timescales are independent,

transforming time derivatives into multiple-scales form as follows

∂

∂t
→ ∂

∂t
+ δ

∂

∂τ
, (4.93)

introducing multiple-scales expansions in both space and time

c ∼ c0(x,X, t, τ) + δc1(x,X, t, τ) + · · · , (4.94)

s ∼ s0(x, t, τ) + δs1(x,X, t, τ) + · · · , (4.95)

v ∼ v0(x,X, t, τ) + δv1(x,X, t, τ) + · · · , (4.96)

w ∼ w0(x,X, t, τ) + δw1(x,X, t, τ) + · · · . (4.97)

As in previous sections, we assume all expansion coefficients are periodic in the

fast spatial scale with period 1. Motivated by the time-harmonic imposed dis-

137



CHAPTER 4. NUTRIENT TRANSPORT

placements (4.91), we also assume that the coefficients are periodic in the fast

timescale with period P = 2π/ω.

4.4.4.2 No-slip for multiple spatio-temporal scales

Before deriving the homogenised problem, we consider the form of the no-slip

condition (3.13)-(3.14) on the string boundary when there are multiple-scales in

both space and time. Combining the expansion of spatial multiple-scales in (3.39)

with multiple time scales given by (4.93), we find

v0 + δX · ∇xv0+δ(s1 +X · ∇xs0) · ∇Xv0 + δv1 =

∂s0

∂t
+ δ

∂s0

∂τ
+ δX · ∇x

(
∂s0

∂t

)
+ δ

∂s1

∂t
+O(δ2) on ∂Ds0 .

Thus, at leading-order we have

v0 =
∂s0

∂t
on ∂Ds0 . (4.98)

At next order, we find

v1 =
∂s0

∂τ
+
∂s1

∂t
− d0 · ∇Xv0 on ∂Ds0 , (4.99)

where we have used (3.35). Repeating the process for the axial velocity, we obtain

w0 = w1 = 0 on ∂Ds0 . (4.100)

4.4.4.3 Homogenisation

For this section, we rescale the Damköhler number to Da = Da/δ, which we

assume is O(1) to ensure that the reaction term features in the leading-order

macroscale model. If the Damköhler number is not rescaled, uptake terms would

appear at O(δ) in the microscale problem. Writing the equation governing nutrient

concentration (4.13) in multiple-scales form, we find

δ

(
∂

∂t
+ δ

∂

∂τ

)
c+ δv · (∇X + δ∇x)c+δ2w

∂c

∂z
=

1

Pe
(∇2

X + 2δ∇x · ∇X + δ2∇2
x)c.

(4.101)
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We substitute (4.94)-(4.97) into (4.101) and the uptake boundary condition (4.15)

before comparing coefficients at each order of δ. At leading-order, we find

∇2
Xc0 = 0 in Df , (4.102)

n̂0 · ∇Xc0 = 0 on ∂Ds0 , (4.103)

with c0 1-periodic in X. Hence, we have c0 = c0(x, t, τ). At next order, we have

∂c0

∂t
− 1

Pe
∇2

Xc1 = 0 in Df , (4.104)

n̂0 · (∇Xc1 +∇xc0) = 0 on ∂Ds0 , (4.105)

with c1 periodic in X. Given the spatial fast scale independence of c0, we can view

(4.104)-(4.105) as Poisson’s equation with Neumann boundary conditions. The

solvability condition is imposed by integrating (4.104) over the domain, which

gives
∂c0

∂t
− 1

Peφf

∫
Df

∇2
Xc1dSX = 0. (4.106)

Applying the divergence theorem to (4.106) and imposing (4.105), we find

∂c0

∂t
− 1

Peφf

∫
∂Ds0

∇xc0 · n̂0dlX = 0. (4.107)

Applying the divergence theorem again, we find the integral evaluates to zero and

hence we find the leading-order concentration is independent of the fast timescale

i.e. c0 = c0(x, τ). In this limit, the microscale nutrient transport is domi-

nated by diffusive processes characterised by the timescale t = δ2L2/D. As we

nondimensionalised on the timescale of microscale advection (see table 4.1), for

Pe = O(1), we have the timescale for microscale diffusion being relatively quick

as tD/tA = O(δ). Thus, the concentration equilibrates on this faster timescale,

leaving a steady microscale problem. We write

c1 = −Λ · ∇xc0 + λ, (4.108)

where λ = λ(x, t, τ) is a function of the slow scale and time, determined by the

solution to a higher order problem. Substituting (4.108) into (4.104)-(4.105), where

Λ = Λ(X), we obtain the same cell problem as for the diffusion dominated limit,

namely (4.35)-(4.36).
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At next order in the multiple-scales analysis, we find

∂c1

∂t
+
∂c0

∂τ
+ v0 · (∇Xc1 +∇xc0) + w0

∂c0

∂z
− 1

Pe
∇X · (∇Xc2 +∇xc1)

− 1

Pe
∇x · (∇Xc1 +∇xc0)− 1

Pe

∂2c0

∂z2
= 0 in Df , (4.109)

subject to the boundary conditions

n̂0 · (∇Xc2 +∇xc1) + n̂1 · (∇Xc1 +∇xc0) + n̂0 · (X · ∇x(∇Xc1 +∇xc0))

+ n̂0 · (d0 · ∇X(∇Xc1 +∇xc0)) = DaPe c0 on ∂Ds0 , (4.110)

and c2 periodic in X. We can appeal to the multiple-scales expansion of fluid

incompressibility to simplify the analysis, using (3.29) and (3.33), to write

v0 · ∇Xc1 = ∇X · (v0c1), (4.111)

v0 · ∇xc0 + w0
∂c0

∂z
= ∇x · (c0v0)− c0∇x · v0 +

∂

∂z
(c0w0)− c0

∂w0

∂z

= ∇x · (c0v0) +
∂

∂z
(c0w0) +∇X · (c0v1). (4.112)

To group terms involving the fast and slow divergence, we substitute (4.111)-

(4.112) into (4.109) which gives

∂c1

∂t
+
∂c0

∂τ
+

∂

∂z
(c0w0) +∇x ·

(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
+∇X ·

(
v0c1 + v1c0 −

1

Pe
(∇Xc2 +∇xc1)

)
− 1

Pe

∂2c0

∂z2
= 0.

(4.113)

The effective model is derived by integrating (4.113) over the unit cell and applying

Reynolds transport theorem to the first two terms, which gives

∂〈c1〉
∂t

+
1

φf

∫
∂Ds0

c1
∂s0

∂t
· n̂dlX +

∂c0

∂τ
+

1

φf

∫
Df

∂

∂z
(c0w0)dSX

+
1

φf

∫
Df

∇X ·
(
v0c1 + v1c0 −

1

Pe
(∇Xc2 +∇xc1)

)
dSX

+
1

φf

∫
Df

∇x ·
(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
dSX −

1

Pe

∂2c0

∂z2
= 0,

(4.114)

where we have used the X independence of c0 and s0 in evaluating the boundary

terms involving derivatives with respect to the slow timescale. We apply the
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divergence theorem, and substitute (4.110) into the fifth term to eliminate c2, to

find

∂〈c1〉
∂t

+
1

φf

∫
∂Ds0

c1
∂s0

∂t
· n̂0dlX +

∂c0

∂τ
+

1

φf

∫
Df

∂

∂z
(c0w0)dSX

− 1

φf

∫
∂Ds0

(v0c1 + v1c0) · n̂0dlX −
1

Peφf

∫
∂Ds0

(∇Xc1 +∇xc0) · n̂1dlX

+
1

φf

∫
∂Ds0

Da c0dlX +
1

φf

∫
Df

∇x ·
(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
dSX

− 1

Pe

∂2c0

∂z2
= 0,

(4.115)

where we have used (4.44) and (4.46) to evaluate the terms involving d0 and X

which result from application of the boundary condition. Using (4.98), we see that

the boundary terms involving the leading-order string velocity cancel. We consider∫
∂Ds0

c0v1 · n̂0dlX = c0

∫
∂Ds0

(
∂s0

∂τ
+
∂s1

∂t
− d0 · ∇Xv0

)
· n̂0dlX

= c0

∫
∂Ds0

∂s1

∂t
· n̂0dlX

= −c0

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX ,

(4.116)

where we have used the fast scale independence of s0 and (4.99) in the first line,

(3.73) in the second line and combined the divergence theorem with the trace of

(3.34) in the final line. Both (3.73) and (3.34) hold in the multi-temporal scales

analysis as the fluid incompressibility condition and the rigid body condition are

unchanged with the introduction of two timescales. Returning to (4.115), we use

(4.116) to eliminate v1 and (4.98) to eliminate v0, which gives

∂〈c1〉
∂t

+
∂c0

∂τ
+

1

φf

∫
Df

∂

∂z
(c0w0)dSX +

1

φf
c0

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX

− 1

Peφf

∫
∂Ds0

(∇Xc1 +∇xc0) · n̂1dlX +
1

φf

∫
∂Ds0

Da c0dlX

+
1

φf

∫
Df

∇x ·
(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
dSX −

1

Pe

∂2c0

∂z2
= 0.

(4.117)
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Applying the Reynolds transport theorem to remove the axial derivatives from

inside the integral, we have

∂〈c1〉
∂t

+
∂c0

∂τ
+

1

φf

∂

∂z

∫
Df

c0w0dSX +
1

φf
c0

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX

− 1

Peφf

∫
∂Ds0

(∇Xc1 +∇xc0) · n̂1dlX +
1

φf

∫
∂Ds0

Da c0dlX

+
1

φf

∫
Df

∇x ·
(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
dSX −

1

Pe

∂2c0

∂z2
= 0,

(4.118)

where we have used (4.100). We again use the Reynolds transport theorem to

remove the slow transverse derivatives from the integral

∂〈c1〉
∂t

+
∂c0

∂τ
+

1

φf

∂

∂z

∫
Df

c0w0dSX +
1

φf
c0

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX

− 1

Peφf

∫
∂Ds0

(∇Xc1 +∇xc0) · n̂1dlX +
1

φf

∫
∂Ds0

Da c0dlX

+
1

φf
∇x ·

∫
Df

(
v0c0 −

1

Pe
(∇Xc1 +∇xc0)

)
dSX −

1

Pe

∂2c0

∂z2

+
1

φf

∫
∂Ds0

(
c0
∂s0

∂t
− 1

Pe
(∇Xc1 +∇xc0)

)
· (∇xs0) · n̂0dlX = 0,

(4.119)

where we have used (4.98) to eliminate v0 on the boundary. The product of the

leading-order string velocity and concentration integrates to zero around the string

boundary as these variables depend only on the slow scale. As in section 4.4.2,

boundary terms from applying Reynolds transport theorem cancel with those from

the normal correction using (4.48)-(4.50) which leaves

∂〈c1〉
∂t

+
∂c0

∂τ
+

1

φf
∇ ·
∫
Df

c0u0dSX +
c0

φf

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX

+
1

φf

∫
∂Ds0

Da c0dlX −
1

Peφf
∇x·

∫
Df

(∇Xc1 +∇xc0)dSX −
1

Pe

∂2c0

∂z2
= 0,

(4.120)

where we have grouped the velocity components, using ∇ = (∂x, ∂y, ∂z). We
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substitute for c1 in the volume integral, using (4.108), to obtain

∂〈c1〉
∂t

+
∂c0

∂τ
+

1

φf
∇ ·
∫
Df

c0u0dSX +
c0

φf

∫
Ds0

∇x ·
(
∂s0

∂t

)
dSX

+
1

φf

∫
∂Ds0

Da c0 dlX −
1

Peφf
∇x·

∫
Df

(I −∇XΛ) · ∇xc0 dSX −
1

Pe

∂2c0

∂z2
= 0,

(4.121)

We can now evaluate the integrals over the string interior and string boundary

which are independent of the fast scale

∂〈c1〉
∂t

+
∂c0

∂τ
+∇ · (c0〈u0〉) +

φs
φf
∇x ·

(
∂s0

∂t

)
+ αeffc0 −∇ · (Deff∇c0) = 0,

(4.122)

where we have introduced the effective uptake

αeff =
2πBDa

φf
, (4.123)

and the effective diffusion coefficient Deff which is given by (4.52).

In (4.122) we have obtained an equation that depends on both the fast and

slow timescale. Our aim is to derive an averaged equation which describes the

diffusion and advection of the leading-order concentration over the whole scaffold.

To achieve this, we must average over the period of fast oscillation as is typical in

multiple scales problems. We define the average over the fast timescale as

g =
1

P

∫ P

0

g dt, (4.124)

where P = 2π/ω is the period characterising the fast oscillation. Averaging (4.122)

over the fast timescale, we obtain the homogenised problem

∂c0

∂τ
+∇ · (c0〈u0〉)−∇ · (Deff∇c0) + αeffc0 = 0, (4.125)

where we have used periodicity of the coefficients on the fast timescale. We have

also used the time average (4.124) of (3.76) which gives ∇ · 〈u0〉 = 0. Thus, on

the macroscale, we find the nutrient concentration is governed by an advection-

diffusion-reaction equation. The nutrient is advected with velocity 〈u0〉 meaning

that the time harmonic string motions considered in section 3.5.2.2 do not cause

advection of the nutrient across the whole domain, only local transport within a

given unit cell.
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4.4.4.4 Macroscale advection-diffusion-reaction solution

We seek solutions to (4.125) in the cylindrical geometry shown in figure 3.3.a with

radius 1/2 and length 1.

Uniform Pressure Drop

We consider the flow field 〈u0〉 = (0, 0, κ3pin) obtained in section 3.5.2.4 that re-

sults from imposing a pressure drop across the cylinder. Substituting this velocity

into (4.125), we find

∂c

∂τ
= −αeffc+∇ · (Deff∇c)− κ3pin

∂c

∂z
, (4.126)

where we have dropped zeros denoting leading-order quantities. We solve (4.126)

with the following boundary and initial conditions corresponding to an inlet flux

of nutrient at the base

c = 1 at z = 0, 0 ≤ r ≤ 1/2, (4.127)

and no nutrient present initially

c = 0 at t = 0. (4.128)

We assume that there is no diffusive flux at the outflow,

∂c

∂z
= 0 at z = 1, 0 ≤ r ≤ 1/2, (4.129)

no flux through the curved wall of the cylinder,

∂c

∂r
= 0 on r = 1/2 for 0 < z < 1. (4.130)

with c bounded on the z-axis,

c = O(1) at r = 0+ for 0 < z < 1. (4.131)

As in section 4.4.2.3, rescaling time enables us to reduce the number of parameters

in the problem. We introduce τ = τ ′Pe to rescale time in (4.126) which gives

∂c

∂τ ′
= −Da2 c+D∇2

⊥c+
∂2c

∂z2
− ν ∂c

∂z
, (4.132)

144



CHAPTER 4. NUTRIENT TRANSPORT

where ν = Pe κ3 pin and Da2 is given by (4.69).

Thanks to the linearity of (4.132), we can use the following decomposition

c = ce + ch, (4.133)

where ce satisfies the steady problem with inhomogeneous boundary conditions

and ch satisfies the initial condition and (4.132) with homogeneous boundary con-

ditions. Using separation of variables, we obtain the following solution

c = ce +
∞∑
n=0

Bn exp (νz/2− Anτ ′) sin(mn
2z), (4.134)

where the steady solution is given by

ce =
exp(νz/2) cosh(m1(z − 1)− φ1)

cosh(m1 + φ1)
. (4.135)

We have

m2 =

√
4(A−Da2)− ν2

2
, (4.136)

where the separation constant A is fixed by imposing the boundary condition at

the top of the chamber, which requires m2 to satisfy

tanm2 +
2m2

ν
= 0. (4.137)

We denote the ordered roots of (4.137) as mn
2 and the corresponding value of the

separation constant as An. Imposing the initial condition (4.128) fixes Bn,

Bn = −
∫ 1

0

exp(νz/2) cosh (m1(z−1)−φ1) sin(mn2 z)

cosh (m1+φ1)
dz∫ 1

0
sin2(mn

2z) dz
, (4.138)

where

m1 =
ν

2

√
1 +

4Da2

ν2
, (4.139)

φ1 = arctanh

 1√
1 + 4Da2

ν2

. (4.140)
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Figure 4.5: Steady-state solutions to the advection-diffusion-reaction equation

(4.135) are shown for 15 linearly spaced values of ν ∈ [0.1, 100], Da2 = 1
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Figure 4.6: Steady-state solutions (4.135) are shown for 50 linearly spaced values

of Da2 ∈ [0.1, 100], ν = 1
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Figure 4.7: Parameter dependence of the outlet concentration. The steady solu-

tion to the advection-diffusion-reaction equation (4.135) are plotted, varying one

parameter along each curve. The parameter which is not varying along a curve is

set to 1.

The parameter dependence of the steady solution is shown in figures 4.5-4.7.

We find that increasing ν increases the total nutrient in the chamber at steady-

state and decreases the rate of drop off as we move away from the inlet (figure

4.5). Increasing ν can be attained by increasing the inlet pressure whilst holding

the Péclet number and permeability fixed, which has the effects of increasing in-

creasing the rate of supply of nutrient to the scaffold. Increasing Da2 increases the

relative strength of the uptake term in this example, resulting in a lower overall

nutrient concentration and faster rate of decay in concentration at the inlet as

shown in figure 4.6. The effect of tuning these parameters is shown in figure 4.7,

where the outlet concentration is shown for varying parameter values. Increasing

Da2 decreases the outlet concentration at steady state, as can be achieved by in-

creasing the uptake whilst keeping the Péclet number fixed. Conversely, increasing

ν increases the outlet concentration in the chamber as would be expected for an

increased flow rate through the chamber. The solution we obtain here is more

complex than the diffusion dominated case considered in section 4.4.2.3; we learn

from (4.134) that the decay rate to steady-state is determined by ν as well as Da2.
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Flux driven motion

In this section, we consider nutrient transport when fluid flow is driven by a radially

varying flux imposed at the chamber base, as solved in section 3.5.2.5. The fluid

velocity in this case is steady, and given by

〈u0〉 = κ1

∞∑
l=1

dlJ
′
0(βlr)f̂

(2)
l êr + κ3

[
1

8
+
∞∑
l=1

dlJ0(βlr)f̂
(3)
l

]
êz, (4.141)

where κ1, κ3 are the transverse and axial permeabilities, βl is the lth largest positive

root of J ′0(β/2) = 0, f̂l = f̂l(z) is given by (3.195) and

dl = − 40J2(βl/2)

J0(βl/2)2 + J1(βl/2)2
. (4.142)

We can no longer solve (4.125) with a separable solution and so we obtain solutions

numerically using the finite element method. Details of the method as applied to

this problem are given in appendix B.2.2. The steady-state distribution of the

nutrient concentration in a radial slice of the chamber is plotted in figure 4.8 for

different values of the effective absorption coefficient and Péclet number. Increas-

ing the Péclet number for fixed absorption coefficient is tantamount to decreasing

the size of the diffusion coefficient. For smaller diffusion coefficients, the nutrient

distribution mirrors the fluid flow more closely, as the nutrient cannot diffuse as

strongly from the streamlines. Increasing the effective absorption coefficient for

fixed Péclet number causes a drop in nutrient concentration at the upper end of

the chamber as shown in figure 4.8; for an increased absorption rate, the nutrient

is absorbed by cells closer to the inlet.

4.4.5 Macroscale advection-reaction

In this section, we identify the form of the homogenised problem in the limit where

advection is strong, assuming P̂ e = δPe = O(1). We also rescale the Damköhler

number so that uptake terms appear at O(δ), assuming Da = Da/δ = O(1). As

in section 4.4.4, we introduce a slow scale τ = δt which characterises advection

on the macroscale. We seek multiple-scales expansions in both space and time
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Figure 4.8: Steady-state concentration for the flux-driven advection-diffusion-

reaction macroscale problem given by the numerical solution to (4.125) subject

to (4.127)-(4.131) are given for φs = 0.2 and solved for αeff = 0.1, 1, 10 and

Pe = 0.1, 1, 10.
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(4.94)-(4.97). Comparing coefficients at leading-order, we find

∂c0

∂t
+ v0 · ∇Xc0 −

1

P̂ e
∇2

Xc0 = 0 in Df , (4.143)

n̂0 · ∇Xc0 = 0 on ∂Ds0 , (4.144)

with c0 periodic inX. Thus, we conclude that c0 is independent of the fast temporal

and spatial scales as c0 = c0(x, t, τ) satisfies (4.143)-(4.144). At next order, we

find
∂c0

∂τ
+
∂c1

∂t
+ v0 · (∇Xc1 +∇xc0) + w0

∂c0

∂z
− 1

P̂ e
∇2

Xc1 = 0 in Df , (4.145)

n̂0 · (∇Xc1 +∇xc0) = DaP̂ec0 on ∂Ds0 , (4.146)

with c1 periodic in X. Using (4.111)-(4.112) and integrating (4.145) over the unit

cell, we find

φf
∂c0

∂τ
+

∫
Df

∂c1

∂t
dSX +

∫
Df

∇X · (c1v0 + c0v1)dSX

+

∫
Df

∇x · (c0v0)dSX +

∫
Df

∂

∂z
(c0w0)dSX −

1

P̂ e

∫
Df

∇2
Xc1dSX = 0.

(4.147)

We apply the Reynolds transport theorem to remove the fast time derivatives and

apply the divergence theorem to the second integral, which gives

φf
∂c0

∂τ
+
∂

∂t

∫
Df

c1dSX +

∫
∂Ds0

c1
∂s0
∂t
· n̂0dlX

−
∫
∂Ds0

(
c1
∂s0

∂t
+ c0

(
∂s0

∂τ
+
∂s1

∂t
− d0 · ∇Xv0

))
· n̂0dlX

+

∫
Df

∇x · (c0v0)dSX +

∫
Df

∂

∂z
(c0w0)dSX −

1

P̂ e

∫
Df

∇2
Xc1dSX = 0,

(4.148)

where we have used the no-slip conditions (4.98)-(4.100). The boundary terms

involving the product of c1 and the leading-order string velocity cancel. Using the

fast scale independence of s0 and (4.116), the only boundary term remaining is the

product of the first-order string velocity with the leading-order concentration. We

use the Reynolds transport theorem to remove the slow spatial derivatives from

the integrals

φf
∂c0

∂τ
+
∂

∂t

∫
Df

c1dSX −
∫
∂Ds0

c0
∂s1

∂t
· n̂0dlX

+∇x ·
∫
Df

c0v0dSX +
∂

∂z

∫
Df

c0w0dSX −
1

P̂ e

∫
Df

∇2
Xc1dSX = 0,

(4.149)
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where the contribution of the boundary terms evaluates to zero due to the fast

scale independence of s0 and c0. We apply the divergence theorem to the final

integral and substitute (4.146) to eliminate c1 in the resulting term, which gives

φf
∂c0

∂τ
+
∂

∂t

∫
Df

c1dSX −
∫
∂Ds0

c0
∂s1

∂t
· n̂0dlX

+∇x ·
∫
Df

c0v0dSX +
∂

∂z

∫
Df

c0w0dSX +

∫
∂Ds0

Da c0 dlX = 0,

(4.150)

We use the divergence theorem to take the boundary integral of the string velocity

into its interior and use (3.34) to eliminate s1,

φf
∂c0

∂τ
+
∂

∂t

∫
Df

c1dSX + c0

∫
Ds0

∇x ·
(
∂s0

∂t

)
· n̂0dlX

+∇x ·
∫
Df

c0v0dSX +
∂

∂z

∫
Df

c0w0dSX +

∫
∂Ds0

Da c0 dlX = 0.

(4.151)

We can now evaluate the remaining integrals to give

∂c0

∂τ
+
∂〈c1〉
∂t

+ c0
φs
φf
∇x ·

(
∂s0

∂t

)
+∇ · (c0〈u0〉) + αeffc0 = 0, (4.152)

where αeff is given by (4.55). Averaging over the fast timescale and using the

time-periodicity of the coefficients, we obtain the following homogenised model,

∂c

∂τ
+∇ · (c〈u〉) = −αeffc, (4.153)

where

αeff =
2πBDa

φf
(4.154)

and we have dropped zeros denoting the leading-order quantities. Thus, we see

that when advection is strong, nutrient is carried along streamlines of the time-

averaged flow, with the concentration decaying along streamlines according to the

uptake rate. We note that this homogenised model can be obtained more directly

as a sublimit of the model considered in section 4.4.4, taking Pe→∞. This limit

means that the diffusive terms no longer appear in (4.125) and so we no longer

need to solve the microscale problem to obtain the effective diffusion tensor.
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4.4.5.1 Macroscale advection-reaction solution

We illustrate the solution method by considering the simple example of fluid flow

driven by a pressure drop across a cylinder of radius 1/2 and length 1 as shown

in figure 3.3.a, and discussed in section 3.5.2.4. Imposing an axial pressure drop

pin results in the flow field 〈u〉 = (0, 0, κ3pin). For this flow, (4.153) reduces to the

following partial differential equation

∂c

∂τ
+ κ3pin

∂c

∂z
= −αeffc. (4.155)

We suppose the concentration at the inlet is known and that there is initially no

metabolite in the chamber, with

c = 1 on z = 0, (4.156)

c = 0 at t = 0, (4.157)

which provides the necessary initial data for the problem. We use the method of

characteristics to obtain

c =

0, z − κ3pinτ > 0

exp
(
−αeffz
κ3pin

)
, z − κ3pinτ < 0.

(4.158)

As for the diffusion-reaction and advection-diffusion-reaction regimes, the rate

of decay of nutrient concentration as we move away from the inlet increases with

increasing absorption rate. Like the diffusion-advection-reaction case, we find that

increasing the pressure drop, which in turn causes higher flow rates, results in a

higher concentration at the outlet as there is a higher amount of nutrient supplied

to the chamber.

Having established the form of the effective equations describing nutrient trans-

port in different parameter regimes, we turn to the bioreactor system to identify

the relevant model.
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Figure 4.9: The time evolution of concentration in the advection-reaction regime.

Plot of (4.158) with pin = 1, αeff = 1, κ3 = 0.0418, which corresponds to φs = 0.2.

The dashed, white line z − κ3pinτ = 0 bounds the region of influence.

4.5 The humanoid robotic bioreactor

In the humanoid robotic bioreactor, media is pumped through the chamber at a

constant flow rate to deliver nutrient to the growing cells. The levels of glucose,

lactate and oxygen are monitored in the outflow from the chamber. Glucose and

oxygen are present in the nutrient media entering the chamber at known concen-

tration. Lactate is present at trace levels in the original media but is produced at

a yield of 2 from glucose by the tendon cells via the anaerobic glycolysis pathway

(reaction 4.2).

4.5.1 Experimental parameters

We can use experimental parameters to estimate the size of the absorption co-

efficient and Péclet number which appear in the model nondimensionalisation in

section 4.3. Typical experimental parameters are given in appendix A, which are
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used to obtain the following estimates for model parameters:

Dao =
Ao
U

= 30000, Dag =
Ag
U

= 600, Dal = 2Dag = 1200, (4.159)

Peo =
UL

Do

= 150, P eg =
UL

Dg

= 500, P el =
UL

Dl

= 500, (4.160)

where Dai and Pei denote the Damköhler number and Péclet number for the ith

species respectively. Thus, for the N = 200 fibres in the bioreactor which gives

δ = 1/
√

200 = 0.07, we have

Dao = O(δ−4), Dag = O(δ−2), Dal = O(δ−3), (4.161)

Peo = O(δ−2), P eg = O(δ−2), P el = O(δ−2). (4.162)

In the next section, we comment on the regime relevant to the bioreactor system.

4.5.2 Mathematical model

For the Péclet and Damköhler numbers listed in (4.161)-(4.162), we obtain the

following equations at leading-order in the multiple-scales analysis

∂c0

∂t
+ v0· ∇Xc0 = 0, (4.163)

c0 = 0 at t = 0. (4.164)

Since v0 is the transverse component of the fluid velocity, equations (4.163)-(4.164)

have the solution c0 = 0 meaning that we are unable to satisfy the macroscale

boundary conditions at the inlet (4.16). A boundary layer where there are large

gradients in nutrient concentration must then be present to satisfy the inlet bound-

ary condition. To characterise the nutrient concentrations in this boundary layer,

matched asymptotics could be explored, building on the studies of [77]. Physi-

cally, this corresponds to uptake being so strong that all the nutrient in the inlet

feed of media is absorbed by cells in the boundary layer, preventing any nutrient

from reaching the scaffold bulk. Clearly, this would be a sub-optimal operating

regime for the bioreactor, as without sufficient nutrient supply the cells in the

scaffold centre would die. The Damköhler numbers (4.159) which underpin this
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prediction seem large. The calculation of these parameter values was based upon

maximal nutrient consumption rates presented in [93] which may exceed typical

values observed in bioreactor operation. Exploring this assumption could be a

focus of future work.

It would be beneficial to operate the bioreactor in the advection regime. In this

regime nutrients are supplied cell along streamlines of the flow, as uptake becomes

a subdominant effect. For cases such as the pressure-driven flow considered in

section 3.5.2.4, where the solution has a constant axial velocity, this would result

in uniform nutrient delivery across the scaffold. Given the Péclet number increases

with increasing characteristic velocity scale and the Damköhler number decreases

with increasing velocity scale, attaining this regime cannot be obtained by tuning

the velocity scale alone; increasing the velocity scale does not change the relative

size of terms in the uptake boundary condition. As the diffusion coefficient and

uptake rate of species are harder to control experimentally, the characteristic length

scale becomes a significant factor in determining whether reaction terms are present

in the leading-order macroscale model. Increasing the flow rate not only influences

the rate of nutrient delivery but also the fluid-induced shear stress. In future work,

it would be beneficial to combine the modelling of nutrient transport and fluid flow

to identify regimes that provide suitable mechanical forcing as well as sufficient

nutrient delivery.

4.6 Discussion

In this chapter, we have presented the homogenisation of nutrient transport equa-

tions in fluid-fibre media. We have identified four distinguished limits informed

by considering the various balances between the timescales which characterise up-

take, advection and diffusion on both the macroscale and microscale. A summary

of the different macroscale models obtained is given in figure 4.10. If the uptake

is reduced by an order of magnitude, the reaction term will not appear in the ho-

mogenised equations. Hence, the diffusion regime and advection regime in figure

4.10 can be obtained as sublimits of the analysis we presented in section 4.4.2 and

4.4.5 respectively. We have also not presented the analysis for the uptake regime
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in figure 4.10 obtained when Pe = O(1) and Da = O(1). In this limit, a diffusion

equation is obtained at leading-order. At first order, the reaction term appears in

the uptake boundary condition which leads to the same macroscale model obtained

in section 4.4.3. If uptake is increase by an order of magnitude, it will appear in

the lower order microscale problem. It is difficult to obtain a macroscale model

using homogenisation alone in the greyed region in the figure 4.10; in this regime,

a diffusion-reaction or advection-diffusion-reaction is obtained as the leading-order

microscale problem. This may mean that additional techniques need to be em-

ployed, for example matched asymptotics, to characterise the transport behaviour.

To obtain these macroscale equations, it was necessary to identify the correct

way to write Neumann conditions on a moving boundary in multiple-scales form.

To do this, we used a level set function to define the boundary and expanded about

a fixed position in the slow coordinate in a similar method to dealing with integral

constraints [20, 25]. Multiple timescales were required in the case where macroscale

advection balances diffusion, reflecting the separation between timescales charac-

terising the string velocity and macroscale transport. The model derivation pre-

sented here could be modified to treat transport in fibrous beds, with applications

such as cilia dynamics, by changing the solid model from a string to an elastic

beam.

For each macroscale model, we presented analytical solutions for simple ge-

ometries with boundary conditions mimicking perfusion of nutrient through the

bioreactor chamber. When diffusive processes dominate on the macroscale, we

found a single parameter - the product of the effective absorption and the Péclet

number - determined the steady-state distribution of nutrient. Increasing this pa-

rameter increased the rate of spatial decay of nutrient concentration at greater

distances from the inlet, and resulted in a lower concentration at the outlet. Sim-

ilar behaviour was observed for macroscale advection-diffusion-reaction, although

the effects of varying the Péclet number and absorption rate are not identical

in this regime. When advection dominates at the macroscale, nutrient is carried

along streamlines of the averaged flow field, decaying at a rate set by the effec-

tive absorption coefficient. Based upon experimental parameters, the regime most

relevant to the humanoid robotic bioreactor was identified to have a solution of
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Figure 4.10: Homogenised models in different parameter regimes.

zero concentration within the scaffold. In future work, it would be interesting to

simulate the fluid problem in scenarios which capture experimental setup more

faithfully, for example including the effects of axial scaffold deformation and the

non-uniformity of the inlet condition. We will expand on these points in chapter

5.

In this work, we made the simplifying assumption that the cells occupied negli-

gible volume. The model could be extended to explore the role of cell proliferation

in modifying transport processes. One way to achieve this could be to prescribe

the solid volume fraction as a function of time, treating the strings and cells com-

bined as the solid phase. As in [111], the number of cells could be described using

a modified Fisher’s equation. The effects of fluid shear or nutrient concentration

could be included in the equation for cell number which would then be used to

update the solid domain in the microscale problem. In general, this would result

in a slow variation in the solid fraction across the domain and so multiple solu-

tions to the microscale problem would be required to characterise the difference in

permeability across the domain.
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Discussion

We conclude in this chapter with a summary of the research presented and an

outline of potential avenues for future research. In section 5.1, we discuss the

main results presented in each chapter. In 5.2, we highlight some areas which may

provide interesting problems for future research.

5.1 Summary of results

In this thesis, we have presented the development of models for the interaction be-

tween slow-flowing fluid and an ensemble of aligned strings, motivated by modelling

the scaffold of a humanoid robotic bioreactor. Throughout, the models developed

were based upon the method of homogenisation via multiscale asymptotics.

In chapter 2, we began by developing methodology required for later chap-

ters. The main result of this chapter is equation (2.184), which gives the multiple

scales form of an integral condition on a slowly varying domain. Chapter 2 serves

to justify this equation by showing that using (2.184) recovers the homogenised

model obtained as the limit of a problem obtained via established homogenisa-

tion techniques. We outline how considering a one-dimensional problem and the

flux transport theorem informed the proposed multiple scales form. We anticipate
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that this result will be applicable to other homogenisation problems with integral

constraints on a slowly-varying domain. Unlike the electrostatics problem we con-

sidered (that of perfectly dielectric inclusions in an insulator), for some systems

the homogenised model cannot be obtained as the limit of an established multiple

scales problem. Thus, this result should facilitate homogenisation of a larger class

of problems, for example that of rigid inclusions in a linearly elastic material.

We applied the result from chapter 2 in chapter 3, where we obtained a ho-

mogenised model for fluid-structure interaction within a fluid-string composite.

Using homogenisation via multiscale asymptotics, we derived an effective model

for the fluid-string composite that was easier to solve than the full problem, whilst

maintaining some description of the microscale features. The macroscale model

was for a deforming porous medium, which we solved analytically in a simple

geometry. We demonstrated how combining the solution to the microscale and

macroscale problems could be used to calculate the microscale shear stress for var-

ious macroscale boundary conditions. For flow driven by time-harmonic motion

of the string ends, we found that the microscale shear stress scaled with the fre-

quency of the impose displacement. When an imposed flux drives fluid flow, the

shear stress depends on the solid fraction which sets the values of the permeability.

In chapter 4, we developed a model for nutrient transport within the fluid-

string composite. By varying the scaling of the Péclet number and Damköhler

number, we identified four different macroscale models: diffusion-reaction, uptake,

advection-diffusion-reaction and advection-reaction. In each case, we illustrated

the role of the parameters in the macroscale problem by considering solutions to

the governing equations in a cylindrical geometry.

Combined, the work presented in chapters 3 and 4 lays the foundation for

effective models in bioreactor systems with an aligned fibrous scaffold. In the next

section, we outline how this work may be extended to incorporate other features

of the humanoid robotic bioreactor and identify other potential applications.
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5.2 Future work

5.2.1 Humanoid robotic bioreactor

The models presented in chapters 3 and 4 were concerned with fluid flow and

nutrient transport within the bioreactor scaffold, with all macroscale solutions

presented for the scaffold contained within a rigid cylinder. In reality, the cham-

ber will extend and deform as the robotic arm abducts and adducts. The first

step towards incorporating axial deformation was made in section 3.6.1, where

we obtained the model for the scaffold where strings undergo an imposed O(1)

axial deformation with O(δ) displacements set by the fluid-structure interaction.

A time-varying O(1) axial deformation could be imposed to mimic the scaffold

extension generated by the bioreactor arm. Based on the analysis in section 3.6.1,

this would result in a time-varying tension at leading-order and allow the effects

of cyclic stretching to be explored in addition to the fluid shear stress.

To account for this effect, we would need to incorporate elasticity into the

scaffold casing. The ‘toy’ problems presented throughout chapters 3 and 4 were

solved in a rigid cylindrical domain. Replacing the rigid outer boundary with

a membrane model could significantly complicate matters. If the membrane is

sufficiently flexible, the increase in fluid pressure induced by string motion could

induce membrane deformation, which in turn could alter the fluid flow. Thus,

including elasticity of the outer membrane may lead to a further source of fluid-

structure interaction.

In the macroscale problems we considered in chapters 3 and 4, the scaffold

interfaced directly with the boundary and the strings were assumed to be uniformly

spaced across the cross-section to leading-order. Experimentally, the fibres are

observed to occupy the central region of the chamber and are surrounded by a

fluid annulus, as seen in figure 5.1.a. Hence, a more faithful representation of the

bioreactor chamber could couple the macroscale model developed in chapter 3 to

an exterior fluid layer. This would also allow for more representative modelling of

the media inlet condition. As shown in figure 5.1.b, the media enters outside of

the scaffold fibres. The flow distribution is likely to be altered by the inclusion of
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Figure 5.1: a. Image of the bioreactor in operation showing the layer of nutrient

media that surrounds the scaffold fibres. b. Cross-section of the chamber base

before assembly. Photographs are with thanks to Nicole Dvorak, NDORMS

the modified inlet condition and a fluid annulus. The exterior region will have a

significantly lower flow resistance than the bioreactor scaffold and thus it would be

interesting to explore how this diverts flow from the scaffold interior. Alterations

in the flow field will also change the distribution of fluid-induced shear stress and

nutrient transport.

Thus far, our discussions have focused on modelling the mechanics of the cell

media and strings, taking the fluid-induced shear stress as a proxy for the fluid-

induced shear stress experienced by the cells. While this approach is suitable

for the early stages of bioreactor operation, as the cells proliferate and deposit

ECM, their volume will no longer be negligible in comparison with the bioreac-

tor scaffold. In this regime, the cell volume should be accounted for as it would

influence the flow field. A first approach could prescribe the growth rate of the

cells as a function of time and space. This would result in permeability coefficients

that change with time as the solid fraction will increase with cell proliferation.

Depending on the experimental regime, it may be the case that the rate of cell

proliferation is unknown a priori but rather depends on the microscale shear stress

and nutrient concentration. This modelling would become more complex as the

microstructural evolution would be coupled with the macroscale variables. Relat-

ing the cell proliferation to nutrient concentration complicates the solution to the
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macroscale nutrient transport problem when advection is present. Unlike chapter

4 where the transport problem could be solved after specifying the fluid velocity,

the fluid and nutrient problems are fully coupled as the nutrient distribution alters

the solid domain via its influence on cell growth, which in turn modifies the flow

field and hence nutrient transport. Future work could build upon the studies of

growing tissues presented in [31, 91] to incorporate these effects in the fluid-string

composite.

One aspect of the models which we have not yet explored is the effects of varying

tension across the bioreactor scaffold. The scaffold fibres are tied in bundles of

forty fibres and glued to the base of the chamber at the fixation points labelled in

figure 5.1.b. As such, the tension of each individual fibre is not controlled directly.

The effects of tension variation across the scaffold width could be included by

introducing a function of the slow scale describing the varying tension in equation

(3.15), rather than setting the tension to be constant as considered in section 3.3.

Throughout, our discussion has been motivated by developing methods to

model the shear stress and nutrient transport within the bioreactor scaffold. Ul-

timately, the aim would be to compare modelling predictions with experimental

data. This comparison could provide model validation, informing model iterations

which may inform experimental work. Examples of experimental studies which

may provide model validation include particle image velocimetry measurements of

fluid flow within the scaffold for typical perfusion velocities. A knowledge of the

flow field in the absence of cells may be compared with the solution obtained as

the solution to the homogenised model. Imaging flow through the scaffold would

also provide some insight into scaffold motion, offering insight into whether the

assumptions used in chapter 3 of the scaffold fibres deforming a small amount from

an originally periodic reference configuration are suitable. Further, studies of the

flow field would also help to identify the significance of the exterior fluid annulus

and the effects of the inlet position relative to the bioreactor scaffold. To char-

acterise the stress due to scaffold deformation, imaging the chamber throughout

a typical loading cycle would be beneficial. These measurements would provide

the boundary conditions on a model which includes general chamber deforma-

tion. After establishing a suitable model for fluid flow and scaffold deformation,
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experiments that explore the response of cells to different bioreactor operating

parameters would be of interest. For example, imaging the spatial distribution of

cells at multiple time points would provide insight into whether the predictions

of cell viability are suitable, as well as identifying their proliferation rate. These

measurements will provide parameters reflecting cell growth that may be incor-

porated into later models which reflect scaffold evolution as the tissue develops.

Spatially resolved imaging of gene expression associated with mechanical stress in

tenocytes would also offer validation for model predictions of shear stress.

5.2.2 Further applications

While the work presented was principally motivated by developing models for the

humanoid robotic bioreactor, the methods may be applied to other systems which

involve flexible, slender filaments interacting with slow flow. In this section we

outline some possible applications.

5.2.2.1 Cilia

Cilia are microscale, hair-like structures which coat the surfaces of many cells,

including human epithelial cells which line the ventricles in the brain, oviducts

and the respiratory tract, and the surfaces of organisms such as comb jellies, blue

mussels and paramecia [18]. Cilia serve various functions including mucus clear-

ance in the respiratory tract, bacterial locomotion and sensing of the chemical and

mechanical environment [18]. While cilia can generate fluid flows [95], the flow

is also thought to play a role in cilia synchronisation [81]. In addition to having

some mechanical function, cilia have implications in signalling, for example cilia

lining the brain ventricles have chemoreceptors for molecules which play a role in

neuromodulation [50]. The density of these cilia is around 200/mm2 [54] and flow

rates induced by cilia in the ventricles are slow [95], suggesting that a modified

form of the fluid-string interaction model may be applicable. To reflect cilia mo-

tion, a beam model could be used in place of the string model within the methods

presented in chapter 3. While incorporating a linear beam model would likely
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only alter the model by the introduction of fourth derivatives reflecting bending

in the form of the homogenised force balance, including large deformations would

require more significant changes. We will outline a potential method to include

large deformations in section 5.2.3.

5.2.2.2 Microvilli

Microvilli are actin-supported protrusions arranged on a hexagonal lattice on the

surface of brush border cells that line the proximal tubule in the kidney and the

small intestine [33, 53]. The microvilli morphology facilitates an increase in mass

transport across the cell membrane as well mechanosensitivity via its deforma-

tion in response to flow [44]. The flow rate through the proximal tubule has been

linked to changes in the reabsorption rate of various ions via the flow-dependent

deformation of microvilli [127]. A homogenised fluid-beam interaction model as

outlined above could complement approaches which capture one-way coupling be-

tween fluid and solid, by incorporating the effect of microvilli deformation on the

fluid shear stress [53].

5.2.2.3 Endothelial glycocalyx

The endothelial glycocalyx is a thin (≈ 0.5 µm) gel layer lining the interior walls

of blood vessels [128]. The endothelial glycocalyx fulfils a variety of functions:

transducing fluid shear stress to intracellular signalling, modulating fluid transfer

out of microvessels and the inflammatory response [49, 128]. The layer consists of

membrane-bound proteoglycans and glycoproteins which associate with proteins

and other molecules in the blood to form the extended glycocalyx layer [128]. The

degree of association is dependent on the concentration of blood components, and

these interactions can cause a modification in proteoglycan structure [128]. It has

been suggested that fluid induced shear stress in the physiological range does not

cause significant deformation to the proteoglycan brushes, but deformation does

occur in response to the passage of a white blood cell or red blood cell arrest

[128]. Previously, these effects have been modelled by treating the proteoglycans
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as thin beams embedded in porous media with flow given by the Brinkman equa-

tions [55, 129]. The drag computed by solving the Brinkman equations was used

to calculate the fluid drag exerted on beams and thus compute its deformation.

Again, modifying the solid model used in chapter 3 could be used to develop a

complementary approach. In particular, a homogenised model of the interaction

could offer a way to incorporate the effects of proteoglycan deformation on the

modulation of flow out of microvessels [37].

In addition to the three examples considered above, a number of other ap-

plications could be explored, for example transport processes in the cytoplasm

driven by the cytoskeleton [117], fluid flow in muscles [80], deformable filters [7] or

microfluidic pumps [52].

5.2.3 Problems of mathematical interest

In this section, we suggest some problems which could be explored in future work

which build on the mathematical methods used in this thesis.

In section 4.4.1, rather than systematically expanding boundary position, we

instead took only the leading-order term of the expansion of the string position,

which greatly simplified analysis. This approach is commonly used implicitly when

treating circular inclusions with a slowly varying radius as in chapter 2; by using

the level sets h = 0 for h = |x− x0| − a(x) to define the inclusion boundaries, we

are actually specifying a geometry which is elliptical on the macroscale as shown

by figure 5.2.a in dashed lines. The analogous approximation we have used in chap-

ters 3 and 4 is shown in figure 5.2b.-c., where keeping only the leading-order terms

in the expansion of the string displacement gives a geometry which is exactly cir-

cular on the microscale (figure 5.2.c, grey dashed), but elliptical on the macroscale

(figure 5.2.b, grey dashes). In future, it would be useful to systematically check

that choosing a geometry to be periodic on the microscale or macroscale results

in the same homogenised problem. This analysis could be performed using the

electrostatics problem with finite permittivity considered in chapter 2. The radius

could be written as a piece-wise constant function a ensuring an exactly circular

geometry on the macroscale. To write this in multiple scales form, we would set
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Figure 5.2: a. Circular inclusions on a periodic lattice with a slowly varying

radius such as considered in chapter 2. An inclusion which gives an exactly peri-

odic microscale geometry (solid, black lines) will be elliptical when viewed on the

macroscale (dashed, grey lines) as the radius varies with the slow coordinate. b.

The macroscale geometry and c. microscale geometry of the string cross-section for

an imposed displacement s = xêx−δ(Xêx+xêx)+O(δ2). In b.-c. solid, black lines

show the geometry from considering both the leading- and first-order terms in the

expansion; the inclusions are then circular to O(δ2) when viewed on the macroscale

(b. black lines) but are elliptical in the cell problem (c. black lines). Keeping only

the leading-order term in the string displacement, the inclusions are then elliptical

on the macroscale (b. grey dashes) but exactly circular on the microscale (c. grey

dashes).
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the gradient of this function to be zero, performing a multiple scales expansion for

the radius which would give a circular microscale geometry at leading-order. All

equations would be expanded onto this leading-order geometry and the problem

could then be homogenised.

Throughout this thesis, we assumed that the string deformations induced by

fluid flow were small, which results in linear equations that can be homogenised

directly. In some applications, the deformation of the solid components may be

nonlinear but still vary slowly across the material. To model large deformations,

we would need to introduce Lagrangian coordinates which describe the periodic

reference configuration and Eulerian coordinates to describe the current configu-

ration of the solid. If the deformation gradient which maps from the Lagrangian

to Eulerian configurations is only a function of the slow scale at leading-order, it

may be possible to homogenise the problem in the periodic reference configuration

before inverting the mapping to obtain the macroscale model. This approach has

been applied previously in modelling a growing poroelastic medium [30] and the

electric potential in a beating heart [100], the result being the coefficients in the

macroscale problem which depend on the deformation gradient.

Another problem which may be explored using a coordinate mapping to a

periodic reference configuration is that in which the density of strings significantly

changes across the width of the domain. As it stands, changes in string density

appear in chapter 3 in the scaffold mass conservation equation in the macroscale

model. If the reference positions of the strings are not on an exactly periodic

lattice but rather have a slowly varying spacing, the permeability coefficient may

become a function of slow spatial position, resulting in a series of cell problems

that must be solved.

In addition to varying the distance between strings, it may be of interest to

explore the effects of varying solid fraction on the form of the macroscale model. In

the discussion of chapter 3, we proposed that an analysis similar to that conducted

by Lévy [78] may also be applicable to the fluid-string composite, highlighting the

change in macroscale model from Stokes flow to Darcy’s law via the Brinkman

equations. It could be beneficial to perform this analysis, providing a systematic

link between models of fluid-structure interaction in string assemblies at low and
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high solid fraction, where distinct techniques are typically employed.

5.3 Conclusion

In this thesis, we have considered the application of homogenisation via multiscale

asymptotics to strings interacting with Stokes flow. The multiscale method for

integral constraints expands the homogenisation method to problems with integral

constraints in a slowly varying domain. The development of the fluid-string model

and the associated transport problem should be transferable to modelling fluid-

structure interaction in other systems as outlined in 5.2.
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Experimental parameters

A.1 Fluid-string interaction

A.1.1 Assumption of negligible cell volume

In this section, we estimate the volume of cells, fluid and scaffold in the bioreactor

chamber to provide motivation for the assumption of negligible cell volume.

• Fibroblasts, the cell type used in seeding the bioreactor, are ≈ 10µm in

diameter. For one million seeded cells we obtain a cell volume in the chamber

of Vc = 1× 10−9m3

• The fibres making up the bioreactor scaffold have dimensions 30µm× 500µm×
3cm. For 200 fibres, we have a total scaffold volume Vs = 9× 10−8m3.

• The total volume of the bioreactor is approximately 3×10−6m3. Subtracting

the volume occupied by the scaffold and cells, we arrive at the fluid volume

in the chamber, Vf = 3× 10−6m3 to 1 significant figure.

Thus, we have Vc � Vs � Vf , justifying the assumption of negligible cell volume.

We expect that the cell volume will be comparable to the string volume when
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Flow rate 1× 10−3mL/s

Number of fibres 200

Fibre cross-section 30× 500µm2

Cell density 1.67× 105cells/m per fibre

Maximum oxygen absorption rate 3.60× 10−10(mol)s−1 per cell [93]

Maximum glucose absorption rate 9.79× 10−10(mol)s−1 per cell [93]

Lactose yield from glucose 2

Inlet glucose concentration 25mM

Inlet oxygen concentration 0.2mM

Chamber length 3cm

Diffusion coefficient of glucose in media 6× 10−10m2s−1 [3]

Diffusion coefficient of oxygen in media 2× 10−9m2/s [58]

Diffusion coefficient of lactate in media 6× 10−10m2s−1 [118]

Elastic modulus 800Pa

Table A.1: Experimental parameters
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the number of cells in the chamber reaches 9 × 107. Thus, we expect the models

developed subject to the assumption of negligible cell volume may be relevant

in the first 4 hours of operation (assuming a proliferation period of 30 minutes).

Beyond this period, it is expected that the cell volume will influence the string

deformation and so models which account for the cell volume explicitly should be

used.

A.2 Nutrient transport

A.2.1 Uptake velocity

The uptake boundary condition (4.8) is

n̂s · (D∇c) = Ac on ∂Ωi
s. (A.1)

By dimensional analysis, we see that A must have dimensions of velocity [A ] =

L/t. Experimental measurements can be used to obtain the maximum uptake

rates of oxygen and glucose per cell (table A.1). To convert this to an uptake

velocity, we multiply by the cell density per unit area of the scaffold and divide by

the characteristic concentration, i.e.

Ai =
maximum uptake rate × cell density per unit area

concentration scale
, for i = o, g, (A.2)

for glucose and oxygen. To calculate the reaction velocity for lactate Al we use

Al = −2Ag, (A.3)

as lactate is produced by tendon cells from glucose with yield 2 during anaerobic

glycolysis. We discuss numerical values for the uptake velocity relevant to the

humanoid robotic bioreactor in section A.2.2.

A.2.2 Estimating the Péclet and Damköhler numbers

In this section, we obtain estimates for the model parameters in the nutrient trans-

port problem, namely the Damköhler and Péclet numbers, from the experimental
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values listed in table A.1.

First, we obtain an estimate for the cell area density. We assume that the cells

are uniformly distributed over the surface of the fibres. Using the cell number,

number of fibres and dimensions in table A.1, we obtain a cell density per unit

area of 1.57× 108m−2.

Using (A.2)-(A.3), we obtain the reaction velocities

Ao = 0.3ms−1 , Ag = 6× 10−3ms−1, Al = −1.2× 10−2ms−1. (A.4)

Assuming 3mL of fluid is in the chamber, the cross-section of the chamber is

1cm2, resulting in a velocity scaling of 1× 10−5m/s assuming that the inlet flux is

distributed evenly across the chamber cross-section. Dividing (A.4) by this fluid

velocity, we obtain the Damköhler numbers

Dao = 30000, Dag = 600, Dal = 1200. (A.5)

Diffusion coefficients for glucose, oxygen and lactate Dg, DoDl are given in

table A.1. We can then use these to calculate the Péclet number for each species:

Peo =
UL

Do

= 150, P eg =
UL

Dg

= 500, P el =
UL

Dl

= 500, (A.6)

where we have used the length of the chamber to set the length scale.
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Numerical methods

In this appendix, we provide details on the methods used to derive numerical

solutions to partial differential equations. In section B.1, we outline the application

of the finite element method to the cell problems of the fluid-string model. In

section B.2, we apply the finite element method to the nutrient transport problem.

In all examples we consider, meshes were generated with the Gmsh software

[51]. The variational forms of each problem were solved in FEniCS [103].

B.1 Fluid-string interaction

B.1.1 Axial Cell Problem

The cell problem for the axial flow velocity (3.66)-(3.67) takes the form

∇2
XΨ33 = 1 in Df , (B.1)

Ψ33 = 0 on ∂Ds0 , (B.2)

with Ψ33 periodic in X with period 1. We solve this problem using the finite ele-

ment method. We begin by writing the problem in variational form by multiplying
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(B.1) by a test function v and integrating over the domain,∫
Df

v∇2
XΨ33dSX =

∫
Df

vdSX . (B.3)

We use integration by parts on the left-hand side to shift the derivatives from Ψ33

onto the test function

−
∫
Df

∇XΨ33 · ∇XvdSX −
∫
∂Ds0

v∇XΨ33 · n̂dlX =

∫
Df

vdSX , (B.4)

where the integrals over the outer boundary of unit cell vanish due to periodicity

and n̂ is the normal pointing into the fluid region.

We have a Dirichlet condition (B.2) on the string boundary and so the test

function vanishes on this boundary. The boundary integral in (B.4) then vanishes

and we are left with ∫
Df

∇XΨ33 · ∇XvdSX = −
∫
Df

vdSX , (B.5)

Thus, to find solutions to the cell problem, we look for Ψ33 ∈ V such that (B.5) is

satisfied for all v ∈ V , where V = {v ∈ L2(Df ) : v = 0 on ∂Ds0} for the space L2

of square-integrable functions. We make the Galerkin approximation, restricting

(B.5) to a finite-dimensional space and use degree 2 Lagrange polynomials to

construct this space. We check the convergence of this method by comparing the

difference between the minimum value of the numerical solution to the minimum of

the solution calculated on a mesh with the largest number of elements Ψf
33 (figure

B.1).

B.1.2 Transverse Cell Problem

Defining ψ = Ψ⊥ j, the jth column of Ψ⊥ and φ = −Φj, the jth component of Φ,

the cell problem for transverse flow (3.60)-(3.62) driven by pressure gradients is

∇X · (∇Xψ + φI) = êj j = 1, 2 in Df , (B.6)

∇X ·ψ = 0 in Df , (B.7)

ψ = 0 on ∂Ds0 , (B.8)
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Figure B.1: Convergence check for the axial cell problem. Solutions were solved

on a mesh with φs = 0.69.

with (ψ, φ) periodic in X with period 1, where êj is the jth column unit vector.

Thus, the transverse cell problem looks like Stokes equations on a periodic domain

with no-slip at the solid boundary and a constant body force.

We dot (B.6) with a vector test function v, multiply the second equation (B.7)

by a scalar test function q and sum the two, which gives∫
Df

v · (∇X · (∇Xψ + φI)) dSX +

∫
Df

q∇X ·ψdSX =

∫
Df

v · êjdSX . (B.9)

Integrating the first term by parts, we have

−
∫
Df

∇Xv : (∇Xψ + φI)dSX +

∫
Df

∇X · (v · (∇Xψ + φI))dSX

+

∫
Df

q∇X ·ψdSX =

∫
Df

v · êjdSX .
(B.10)

We apply the divergence theorem to the second integral which gives

−
∫
Df

∇Xv : (∇Xψ + φI)dSX +

∫
Df

q∇X ·ψdSX =

∫
Df

v · êjdSX , (B.11)
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Figure B.2: Convergence check for the transverse cell problem

where the integral over the exterior boundary evaluates to zero due to periodicity

and the integral over the string boundary vanishes as we impose Dirichlet condi-

tions on ψ here. The variational problem becomes to find (ψ, φ) ∈ V ×Q such that

(B.11) is satisfied, where V = {L2(Df ) : v = 0 on ∂Ds0} and Q = {q ∈ L2(Df ) :∫
Df
qdSX = 0}. We use Taylor-Hood elements to construct the finite dimensional

approximation to (B.11). We check convergence by plotting the relative error in

the maximum value of the pressure (compared with the solution from the finest

mesh φf ) as a function of the number of mesh elements as shown in figure B.2.

B.2 Nutrient transport

B.2.1 Cell problem

In this section, we solve (4.35)-(4.37) using the finite element method on the do-

main shown in figure 3.3. We first transform (4.35)-(4.37) into variational form by

multiplying (4.35) by a vector test function v and integrating over the fluid region
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of the unit cell ∫
Df

v · ∇2
XΛdSX = 0. (B.12)

Applying the divergence theorem and using (4.36) to move the derivatives onto

the test function in the usual way, we find

−
∫
Df

∇Xv : ∇XΛdSX −
∫
∂Ds0

v · n̂0dlX = 0. (B.13)

We introduce a Lagrange multiplier c and associated test function d to impose

the constraint (4.37). We expect c to be constant as we are imposing a global

constraint. Adding this constraint to (B.13) we find the following variational form

for the problem: find (Λ, c) ∈ (V,<2) such that∫
Df

∇Xv : ∇XΛdSX +

∫
Df

c · vdSX +

∫
Df

d ·ΛdSX = −
∫
∂Ds0

v · n̂0dlX , (B.14)

for all (v,d) ∈ (V,<2), where V = H2, the Hilbert space in two-dimensions where

functions have square-integrable weak derivatives. We solve (B.14) in FEniCS

[103] using first order Lagrange elements for Λ and constant elements for c.

B.2.2 Advection-diffusion-reaction

We are looking to solve the macroscale advection-diffusion-reaction equation (4.125)

which we restate here, dropping zeros which denote leading order quantities:

∂c

∂τ
+∇ · (cu)−∇ · (Deff∇c) + αeffc = 0, (B.15)

To solve (B.15) numerically, we discretise time, solving a steady problem at each

time increment ∆τ . We use a backward Euler discretisation in time, using cn to

denote the concentration at time n∆τ . Applying this discretistion to (B.15), we

have

cn+1 − cn
∆τ

+∇ · (cn+1un+1)−∇ · (Deff∇cn+1) + αeffcn+1 = 0. (B.16)
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We multiply (B.16) by a test function v, integrate over the domain and use the

divergence theorem to shift derivatives from the concentration to the test function,∫
Ω

(cn+1 − cn)v

∆τ
ds−

∫
Ω

un+1cn+1 · ∇vds+

∫
∂Ω

vcn+1un+1 · n̂dl

−
∫
∂Ω

vDeff∇cn+1 · n̂dl +

∫
Ω

Deff∇v · ∇cn+1ds+

∫
Ω

αeffvcn+1ds = 0.

(B.17)

The boundary terms vanish on the sections of the boundary where Dirichlet

boundary conditions are imposed as the test function vanishes on these boundaries.

Contribution to boundary terms are given by inhomogeneous Neumann boundary

conditions. For the flux-driven flow problem considered in section 3.5.2.5, the

boundary conditions on nutrient concentration become

c = 0 at z = 0, (B.18)

∂c

∂z
= 0 at z = 1, (B.19)

∂c

∂r
= 0 at r = 0, 1/2. (B.20)

Thus, the boundary terms in (B.17) involving the diffusion coefficient evaluate

to zero. The only remaining boundary contribution is due to the fluid flux at the

upper boundary which leaves,∫
Ω

(cn+1 − cn)v

∆τ
ds−

∫
Ω

un+1cn+1 · ∇vds+

∫
∂Ω(z=1)

vcn+1un+1 · n̂dl

+

∫
Ω

Deff∇v · ∇cn+1ds+

∫
Ω

αeffvcn+1ds = 0.

(B.21)

We solved (B.21) in FEniCS using 1st order Lagrange elements with the flow field

given in (4.141) [103]. To check convergence of the scheme, we solved the equations

on meshes of varying refinement and compared the minimum numerical value of

the solution with the minimum value as calculated on the finest mesh (figure B.3).
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Figure B.3: Convergence of the minimum concentration
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String force balance

In this section we provide justification for the statement in section 3.3 that the

tension is constant at leading-order for strings executing a purely transverse dis-

placement. We also reconcile the force balance written for transverse displacements

of the string in (3.6) with the reduction from a nonlinear deformation presented

in section 3.6.1. We show that for small, purely transverse displacements, the

approach presented in section 3.6.1 results in the same equations as written in

section 3.2.

We consider N strings with a reference configuration aligned with the z-axis

surrounded by slow, Newtonian flow; the reference configuration of the ith string is

xi0 = xi∗+ zêz, where xi∗ lies on a square periodic lattice. Points on the centreline

in the current configuration of the string are given by

ri = xi∗ + zêz + δs, (C.1)

where we have nondimensionalised with respect to the scales given in (3.210).

We assume that the displacement s = (sx, sy, 0) is purely transverse, considering

displacements of a string with fixed endpoints.

We take a similar approach to Antman [8], balancing forces on a segment ∆z

of the equilibrium configuration of the string centreline. Neglecting string inertia,
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the force balance is

N i(z + ∆z)−N i(z) + f i(z)∆z = 0, (C.2)

where f i is the body force per unit length on the ith string. In our problem, this

body force will be due to the fluid stress. Taylor expanding about z for small ∆z,

we obtain
∂N i

∂z
+ f i = 0. (C.3)

After nondimensionalisation using the scales in 3.10, (C.3) becomes

∂N i

∂z
+ δf i = 0. (C.4)

The contact force N i is related to the deformation as follows

N i = T i
∂ri

∂z
/

∣∣∣∣∂ri∂z

∣∣∣∣ , (C.5)

where we have assumed that the string can support no bending moments. We

require a constitutive law to relate the tension T i to stretch |∂ri/∂z|. For purely

transverse displacements of an elastic string, we must use the following constitutive

law [69],

T i = α

∣∣∣∣∂ri∂z

∣∣∣∣ , (C.6)

where α describes the elastic properties of the string. Assuming the string ma-

terial is uniform, we take α to be constant. Substituting the known form of the

deformation at leading-order (C.1), we obtain

T i = α

(
1 +

δ2

2

∣∣∣∣∂si∂z

∣∣∣∣2 +O(δ4)

)
. (C.7)

Thus, we have a tension which is constant at leading-order.

Using (C.6) in (C.4), we find

∂

∂z

(
α
∂ri

∂z

)
+ δf i = 0. (C.8)

We substitute the expansion of the centreline (C.1) into (C.8) and compare coef-

ficients of δ. At leading-order, we find the equation is automatically satisfied as

there is no axial displacement of the string centreline.
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Comparing coefficients in (C.8) at O(δ), we find

∂

∂z

(
α
∂si

∂z

)
+ f i = 0. (C.9)

Thus, writing α = T which holds with errors of O(δ2), we recover (3.6). We note

that there is an inconsistency in (C.9). The body force f i due to the hydrodynamic

stress has terms of equal magnitude in each component but we have assumed that

the string displacements are entirely transverse. To reconcile this, we would require

a fictitious force in (C.9) which balances the axial fluid stress to ensure that there

is no axial displacement. We consider a more realistic scenario in section 3.6.1

where we allow axial displacements of the string, removing the need to introduce

the fictitious force.
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Uptake boundary condition

In this appendix we write the uptake boundary condition (4.15) in multiple scales

form. We transform spatial derivatives using (4.19) and expand the normal using

(4.26). We expand onto the leading order position of the string boundary (x̂,Xb+

s0) as follows

c(x̂+ δX,Xb + s0(x̂+ δX) + δs1(x̂+ δX,X) + δ2s2(x̂+ δX,X) + ....)

= c(x̂+ δX,Xb + s0 + δ(s1 +X · ∇xs0) + δ2(s2 +X · ∇xs1 +X · ∇x∇xs0 ·X))

= c+ δ [X · ∇xc+ (s1 +X · ∇xs0) · ∇Xc] + δ2[X · ∇x∇xc ·X + ...

+ (s1 +X · ∇xs0) · ∇X∇Xc · (s1 +X · ∇xs0) + ...

+ (s2 +X · ∇xs1 +X · ∇x∇xs0 ·X) · ∇Xc] +O(δ3).

(D.1)
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Substituting the multiple scales expansion (4.20), and performing the expansion

(D.1) for all terms, we find

1

Pe
n̂0 · ∇Xc0 + δ

1

Pe
n̂0 · [X · ∇x∇Xc0 + (s1 +X · ∇xs0) · ∇X∇Xc0 +∇Xc1 +∇xc0]

+ δ
1

Pe
n̂1 · ∇Xc0 + δ2 1

Pe
n̂0 · [X · ∇x∇x∇Xc0 ·X + ...

+ (s1 +X · ∇xs0) · ∇X∇X∇Xc0 · (s1 +X · ∇xs0) + ...

+ (s2 +X · ∇xs1 +X · ∇x∇xs0 ·X) · ∇X∇Xc0 +X · ∇x(∇Xc1 +∇xc0) + ...

+ (s1 +X · ∇xs0) · ∇X(∇Xc1 +∇xc0) +∇Xc2 +∇xc1] + ...

+ δ2 1

Pe
n̂1 · [X · ∇x∇Xc0 + (s1 +X · ∇xs0) · ∇X∇Xc0 +∇Xc1 +∇xc0] + ...

+ δ2 1

Pe
n̂2 · ∇Xc0 = δDa(c0 + δc1) +O(δ3).

(D.2)

When c0 is independent of the fast scale, as in sections 4.4.2-4.4.5, (D.2) simplifies

considerably to give,

1

Pe
n̂0 · ∇Xc0 + δ

1

Pe
n̂0 · [∇Xc1 +∇xc0] + δ2 1

Pe
n̂0 · [X · ∇x(∇Xc1 +∇xc0) + ...

+ (s1 +X · ∇xs0) · ∇X∇Xc1 +∇Xc2 +∇xc1] + ...

+ δ2 1

Pe
n̂1 · [∇Xc1 +∇xc0] = δDa(c0 + δc1) +O(δ3).

(D.3)
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