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Abstract

Information leakage metrics quantify the amount of information about a private random variable
X that is leaked through a correlated variable Y. They can be used to evaluate the privacy of
a system in which an adversary, from whom X should be kept private, observes Y. Global
information leakage metrics quantify the overall information leaked upon observing Y, whilst
their pointwise counterparts define leakage as a function of the particular realisation ¥ = y,
and thus can be viewed as random variables. We consider an adversary who observes many
conditionally independent identically distributed realisations of Y. We formalise the essential
asymptotic behaviour of an information leakage metric, considering in turn what this means for
pointwise and global metrics. With these requirements in mind, we take an axiomatic approach
to defining a set of pointwise leakage metrics, and a set of global leakage metrics constructed
from them. The global set encompasses many known measures including mutual information,
Sibson mutual information, Arimoto mutual information, maximal leakage, min entropy leakage, f-
divergence metrics, and g-leakage. We prove that both sets follow the desired asymptotic behaviour.
Finally, we derive composition theorems quantifying the rate of privacy degradation as an adversary
is given access to many conditionally independent observations of Y. We find that, for pointwise
and global metrics, privacy degrades exponentially with increasing observations, at a rate governed
by the minimum Chernoff information. This extends the work of Wu et al. (2024), who derived

this result for certain known metrics, including some from our global set.

Index Terms

Information theoretic leakage metrics, privacy, composition theorems, pointwise leakage, global

leakage, method of types.

The authors are with the Department of Engineering Science, University of Oxford, Parks Road, Oxford, OX1 3PJ,
UK, (email: sophie.taylor2@balliol.ox.ac.uk; praneeth.vippathalla@eng.ox.ac.uk; justin.coon@eng.ox.ac.uk).

This research was funded in part by the Engineering and Physical Sciences Research Council under grant number
EP/W524311/1, and the U. S. Army Research Laboratory and the U. S. Army Research Office under grant number
WO11NF-22-1-0070. For the purpose of Open Access, the authors have applied a CC BY public copyright license to any
Author Accepted Manuscript (AAM) version arising from this submission.



I. INTRODUCTION

Consider a random variable X which contains some sensitive information that should be kept
private. Now let Y be a correlated random variable, the value of which will be revealed to a potential
adversary. The variables are connected via a noisy channel. To assess the privacy of the system,
we must quantify the amount of information about X that is contained in Y. There are countless
ways in which this can be done, and, as a result, a great deal of privacy or ‘leakage’ metrics have
been proposed and studied.

A subset of the measures proposed to evaluate privacy are information theoretic. We define an
information theoretic leakage metric as one which quantifies the amount of information about X
that is leaked through Y. These must be upper bounded by some measure of the information held
in X, which should depend on the distribution of X only. A simple example of such a metric is the
mutual information between X and Y, which cannot be larger than the entropy of X. Conversely,
differential privacy, a metric proposed by Dwork [1], which has since been extensively studied and
even implemented by companies like Apple [2], is not an information theoretic leakage measure.
It is a ratio of probabilities that can be arbitrarily large given the distribution of X. In this work,
we consider information theoretic leakage measures.'

Of the proposed privacy metrics, the vast majority are global measures [4]-[8]. By global, we
mean that these measures take the joint distribution of X and Y and return a single number which
quantifies the overall privacy of the system. Generally speaking, the information that the adversary
learns about X depends on which realisation y they observe. There may be ‘good’ and ‘bad’ y’s
which reveal little and much about X respectively. It can be beneficial to see this represented in
a privacy metric. The solution to this is to view leakage as a random variable. Privacy can be
defined in a pointwise fashion, given an observation Y = y. As Y is a random variable of which
leakage is a function, we obtain a random leakage variable. Rather than a single number, the output
contains the full spectrum of possible leakage values along with their probabilities. Saeidian et al.,
in [9], proposed this approach of viewing leakage as a random variable, and presented pointwise
maximal leakage as a possible metric. The authors explain that this view allows us to make privacy
guarantees based on the statistical properties of the leakage distribution, thus allowing for more
flexibility than a global measure.

There are myriad ways in which to define privacy; in 2018, [6] reviewed over 80 proposed metrics.
The important point to emphasise is that no single measure can be optimal for all applications.
Suppose we have an adversary who will use Y to guess a password X. Consider as a privacy metric
the multiplicative increase in their probability of success upon observing Y. This metric will look
different depending on how many password attempts the adversary is granted. As one can conceive

"We note that [3] further categorises some metrics as measures of quantitative information flow (QIF). In our work,

these are encompassed by the information theoretic leakage group as long as they satisfy the properties outlined. The
main example of a QIF measure is g-leakage [4], [5].



of countless such application examples, we cannot hope to generate a finite list of all reasonable
privacy metrics. This motivates an axiomatic view of privacy measures, which is an approach taken
by [7] in the context of global measures. To the best of our knowledge, such a study on pointwise
measures is yet to be done. We make progress on this topic in this paper.

Successive queries can undermine privacy mechanisms, and attacks are often sequential [10]. An
adversary with access to multiple observations of ¥ may be able to infer more about X than was
allowed by design. As an illustration, suppose a data collector has a database containing useful but
potentially sensitive health data about a number of individuals. They allow queries to be made on
the data by organisations or individuals for research purposes, to which a perturbed response will
be provided. An example of a query could be “How many of the individuals are over 65?”. The
data collector may, for example, add noise to the true answer. Privacy can be degraded if multiple
queries are allowed and responses are combined to reduce uncertainty. It is therefore of interest to
analyse the behaviour of a leakage metric as a result of a number of observations, or in other words,
derive composition theorems. Such results have previously been found for differential privacy [11]
and for several global information theoretic measures [10].2 In this work we study composition

theorems for pointwise leakage metrics and for a general class of global leakage metrics.

Our main contributions are as follows.

1) We postulate the asymptotic behaviour of a reasonable information leakage metric under the
composition of many observations. We consider what this should mean for global and pointwise
measures respectively.

2) Taking an axiomatic view to defining a pointwise information theoretic privacy measure, we
outline a set of axioms from which we will prove the desired asymptotic behaviour follows.
More generally, the axioms serve as a list of properties that constitute a reasonable pointwise
information theoretic privacy measure.

3) Following our definition of an information theoretic pointwise leakage metric, we define
a corresponding set of global metrics. The set includes existing measures such as mutual
information, Sibson mutual information, Arimoto mutual information, maximal leakage, min
entropy leakage, f-divergence metrics, and g-leakage. It retains a great deal of flexibility to
include new metrics that may be defined in the future. We prove that all metrics in the set
satisfy the desired asymptotic conditions.

4) We prove that privacy defined according to our pointwise and global definitions degrades
exponentially under the composition of many conditionally independent observations for the ad-
versary, at a rate governed by the minimum Chernoff information between distinct conditional
channel distributions. This was found to be true of a number of global metrics individually in
[10].

*Mutual information, capacity, Sibson mutual information, Arimoto mutual information, and o-maximal leakage.



We also draw parallels with the Bayesian approach to hypothesis testing, whereby the probability
of error decays exponentially with the Chernoff information between the distribution of each
hypothesis. The adversary’s estimate of X can be viewed as a series of hypothesis tests, where
X is determined by pointwise comparison, testing all pairings x, 2’. Analytic properties regarding
hypothesis testing are well established.

Broadly speaking, the asymptotic behaviour of leakage metrics is practically relevant when
an adversary might carry out an inference attack, for example an averaging attack, on privacy,
particularly when the number of observations they can access is large. Perhaps the most obvious
example of such an attack is a side channel attack, in which an adversary gathers information from
a system’s physical implementation. Information such as timing, power usage, and electromagnetic
field data can form the basis for statistical analysis of the private variable [12]. The adversary may
take many observations of side channel data to learn something substantive. Take for example a
password X which takes Y seconds to be encrypted. An adversary can use many conditionally
independent observations of Y to learn about X. Aside from side channel attacks, other statistical
inference attacks also benefit from multiple observations. Many apps can now collect location trace
data upon which statistical analysis could be performed to reveal personal habits. This type of

sensitive data is more accurately inferred with increasing observations for the adversary.

A. Notation

Throughout the paper, random variables will be represented by capital letters and their realisations
by lowercase letters. We denote private variables as X and correlated observed variables as Y with
arbitrary but finite alphabets X and ) respectively. A series of n observed random variables is
given by Y € Y™ where " =) x --- x ). We use Py and P to represent the set of probability
vectors over X and ) respectively, where the subscript ) is omitted from the latter for brevity as
‘P appears frequently in proofs. Defined over X, E; is a probability vector with 1 in its ¢th position.
This is equivalent to E,, if x = ;. We use () with a subscript to represent a true distribution. For
example, the joint distribution of X and Y is @Qx y and the conditional distribution of Y given a

realisation X = is Qy|x—;-

II. ASYMPTOTIC BEHAVIOUR OF INFORMATION LEAKAGE

An information leakage metric quantifies the amount of information about a private variable X
that an adversary learns through an observed variable Y. An adversary cannot learn more than the
maximum information contained in the private variable, and as a result information leakage must
be upper bounded by a function of the distribution of X. We can use these metrics to assess the
information leaked about the private variable through a series of observed variables. Let X ~ Qx
and Y ~ Qy where X € X and Y € ), for finite sets X and ). Suppose that the channel



distribution Qy|x is known, from which n random samples Y7, Y3, ..., Y, are drawn independent

and identically distributed (i.i.d.) according to Qy|x—,. Therefore,

Qyrix—a (s - n) = [ [ @vix—u(wi),

i=1
where (y1,...yn) is a realisation of Y. Assume that the adversary observes Y. The asymptotic
behaviour of an information leakage metric refers to its behaviour as n grows large.

An essential property of an information leakage measure is that asymptotically, leakage should not
decrease. As n grows large, the adversary becomes more certain of the value of X. Asymptotically
(i.e., in the limit of large n), upon receiving n i.i.d. observations distributed according to Qy|x—,
an adversary knows X = x with as much certainty as is possible through Y".> This must not be any
less than the certainty with which an adversary knows X with fewer observations. Asymptotically,
the information that the adversary learns about X should thus be non-decreasing with n. We first
discuss what this means for a global measure, before treating the pointwise case.

Global leakage concerns a private random variable X and a correlated random variable Y whose
particular realisation is not specified. Global information leakage measures, commonly denoted by
L(X — Y) generate a single number that quantifies the amount of information about X that is
learned through observation of Y. They are real-valued functions defined over the set of all joint
distributions of X and Y with finite but arbitrary alphabets. Let the global leakage for n i.i.d.
realisations of Y be denoted by £, := £(X — Y™). It must be that £,, = g(Qx,y~) for some

real-valued function g. For a fixed joint distribution () x y, we require that for integers n > 1,
Ly, < Lo (D

and
L, = Loo ()

as n — 0o, where L, is a function of Q)x only, and quantifies the amount of information in X.
This says that as n grows large, the global leakage about X through Y™ approaches the information
in X from below. On top of these asymptotic requirements, we argue that a global leakage measure
should satisfy three axioms set out by Issa et al. [7, p. 1626]. These are as follows. Firstly, if X and
Y are independent, the leakage through Y about X is zero. We call this the independence axiom.
Secondly, if X —Y — Z is a Markov chain, the global leakage from X to Z cannot be greater
than that from X to Y. This is the data processing axiom. Finally, if (X7,Y7) is independent from
(X2,Y2), then £(X1,Xo — Y1,Y2) = L(X7 — Y1) + L(X2 — Y2). We call this the additive
axiom. As X — Yt — Y™ is a Markov chain, it follows from the data processing axiom that a

3If two X realisations share a conditional distribution Qy|x=z, the adversary will never distinguish between them
through Y alone.



global leakage measure should be monotonic in the sense that £, < £,,41. This says that, overall,
leakage cannot decrease by giving the adversary more information.

Pointwise leakage is defined conditioned on a certain realisation, Y = y. The expression ¢(X —
y) quantifies the leakage about X to an adversary who observes Y = y. It is a function of the joint
distribution over X and Y and the particular realisation ¥ = y. As Y is a random variable, the
pointwise leakage can be treated as one also. Let [(y) := (X — y). We say that L :=[(Y) is the
corresponding random leakage variable. Analogously to above, we use L, := [(Y™) to denote the
random amount of information leaked to an adversary who observes n i.i.d. realisations of Y. In
the pointwise case, the asymptotic statement is as follows. With probability one, there exists some

n’ > 1 (which depends on the source realisation) such that for all n > n/
L, <Ly 3)

and
L, — Lo 4

as n — oo where L, is a random variable that is a function of X. This does not appear as strict
as the global statement, the reason being simply that pointwise leakage depends on the realisation
received. For finite n, it is possible that learning 3™ induces a larger leakage than learning the true
value x. To understand this, note that some realisations of X may contain more information than
others. For instance, it is natural to intuit that more information is gained upon learning X = z if
x was initially thought to be very unlikely, than if it was already expected. Consider the following
example, where the true realisation of X is xs. Upon receiving y”, an adversary had evidence
favouring X = x; with some probability. They then learn with certainty that X = xo. If the
realisation x; contains more information than z, it is possible that the leakage was higher in the
first instance than the second despite the adversary not being certain of X. As we would like to keep
pointwise measures as general as possible, we allow those which may add more weight to knowledge
gained about realisations that contain more information. In any case, as n grows, the belief upon
receiving ¢ gets closer to that having observed the true x. Eventually, the probability that X = x;
becomes insignificant. At this point, L,, must be smaller than L., as the adversary believes X = xo
with high probability, but they are not certain. Intuitively we should see a convergence to L.
For pointwise measures, we cannot make the statement equivalent to £, < L,.1. To see this
more clearly, we illustrate with an example. Suppose a survey is taken by a set of participants, half
of which have a criminal record. The survey asks the question “Do you have a criminal record?”.
So as to preserve plausible deniability, a sanitised version of survey answers is released in which
the response to this question is switched with probability 1/6. The scenario is depicted in Figure
1. Consider a single participant with no criminal record, and two adversaries. Adversary A is able

to access two independent outcomes of the participant’s sanitised responses, whilst adversary B



Criminal Record (X) QY‘ x—z(y) Outcome (Y)

0.5 Yes><Yes

5/6

Figure 1. Joint distribution for criminal record survey response and sanitised output

can only see the first. In other words, adversary A sees (y1,y2) and adversary B sees y;. Suppose
(y1,y2) =(No,Yes). Adversary B now believes that the participant has no criminal record, with a
probability of 5/6 of her guess being correct. She has learned something about X, and intuitively a
reasonable pointwise privacy metric will say that the leakage to adversary B is positive. On the other
hand, adversary A’s belief over X is unchanged. As was the case before making any observations,
adversary A cannot favour either realisation of X over the other. It is intuitive to say that he has

not learned anything about X, and thus that the pointwise leakage should be zero.

A. Global Leakage Example: Mutual Information

One of the most common and well understood measures of information leakage is mutual

information. Mutual information is given by

V) Qxy(z,y)
1YY= 3 2 Qurle) e g gty

This is a global information theoretic leakage measure; it takes as input the joint distribution over
X and Y and outputs a single number which quantifies the amount of information about X that
is learned through Y, and it is upper bounded by a quantification of the information contained in
X. We can say that £(X — Y) = I(X;Y). It is established that mutual information satisfies the
desired asymptotic properties (1-2), as well as monotonicity. We know that I(X;Y"™) < H(X).
Wu et al. [10, Th. 1] proved that £,, — L, as n — oo, where L, = H(X) when the conditional
probabilities Qy|x—, are distinct. Moreover, the convergence occurs at a rate governed by the
minimum Chernoff information between distinct conditional distributions Qy|x—,. It is well known
that mutual information satisfies the data processing inequality, from which £,, < £,,41 follows.

With the help of [10], the same properties can be verified of several other well established global
leakage metrics. In this work, we will prove that they are satisfied for a generalised set of global

information theoretic metrics.

B. Pointwise Leakage Example: Pointwise Maximal Leakage

Work on pointwise leakage is far more scarce than that on global leakage in privacy literature.

In particular, work regarding the asymptotic properties (3-4) does not exist to the best of our



knowledge. Here, we take pointwise maximal leakage (PML) as our example measure. It will be
proven in the following section that any pointwise leakage measure defined according to a set of
axioms (of which PML is an example) satisfies our required asymptotic properties. In this section
we use a numerical example to gain an intuition for how PML behaves under the composition of
many conditionally i.i.d. observations.

PML was introduced as a privacy measure by Saeidian et al. [9] in 2023, who defined and
motivated the metric operationally. The paper also more generally argues the benefits of pointwise
measures. Their operational definition is as follows. Let U be some randomised function of X. The
quantity £;7(X — y) is the logarithm of the ratio of the probability of correctly guessing U having
observed y, to the probability of correctly guessing U with no observations. Pointwise maximal
leakage is the supremum of /(X — y) over all distributions Qu|x- Saeidian et al. find that this
operational definition is equivalent to the following. With PML as the leakage metric, the amount

of leakage of X through a given observation y is

Qx|y=y(T)
l(y) =log max ————,
v) gw:Qx(x)>0 Qx(x)
and the associated random leakage variable is L := [(Y'). If an adversary is allowed n i.i.d.
observations, the leakage becomes
Qx|yr= n(2)
I(y") =log max —— Y -
W) =log o 0™ Ox(@)

Consider the discrete distribution @) x y in Figure 2. Through simulation, the empirical cumulative

Figure 2. Joint distribution for PML simulation with (p, ¢,r) = (0.6,0.3,0.1), s = 0.4

distribution functions (CDFs) of the random leakage shown in Figure 3 are produced. By n = 100,

L,, appears visibly to have converged to

1

Qx(X)

Three leakage values are possible, each corresponding to a realisation of z. The leakage corre-

Lo =log

sponding to X = z; is log Q%(ac) We can also see that each leakage value occurs with probability
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Figure 3. Empirical CDFs of PML as n increases for the joint distribution specified in Fig. 2

equal to the prior probability of the corresponding x. For smaller values of n, we see that generally
the CDFs approach this limiting CDF as n increases.

Consider the CDF of L;. This leakage can also take three values, this time corresponding to
each realisation of y. As y;, y2 and ys3 increase the posterior probability that X is x1, 2 and x3
respectively, y; induces the largest leakage value and ys the least. In fact, observing Y = y; or
Y = y9 induces a larger leakage than knowing for certain that X = x;. Because the probability of
observing s is smaller than the prior probability of x3, we see that the CDF of L passes below the
CDF of L, for some leakage values. This is an interesting property of pointwise leakage measures;
values of { and n may exist such that Pr{L,, <[} < Pr{L. <[}. Notice also that the minimum
possible leakage is larger when n = 1 than when n = 5 or n = 10. This is because conflicting
observations, which can reduce the adversary’s certainty, are not possible in the case of a single
query.

In the following section we will outline a set of axioms for a pointwise leakage measure from
which we prove that our desired asymptotic properties follow. It can be verified that PML satisfies

the axioms.

ITI. POINTWISE LEAKAGE

In the previous section we presented a set of asymptotic properties that a reasonable pointwise
information leakage measure should have. We have also gained an understanding of how one
proposed pointwise leakage measure, PML, behaves under the composition of a large number of
observations. The goal is now to prove that PML has the desired asymptotic properties, and further

to identify what other reasonable pointwise leakage measures share them. To do this, we will take
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an axiomatic approach. We define a general pointwise leakage function. We further propose and
motivate a set of axioms that dictate that the resulting measure is reasonable and natural. It can be
verified that PML is in the set of allowed measures. Next, we will prove that all leakage metrics

that follow the set of axioms share the desired asymptotic properties.

Recall that X is a private random variable and Y is a correlated public random variable with joint
distribution Q)x y. We assume that the conditional distributions Qy|x—,, * € & are all distinct
(see Remark 1 for the case when this is not satisfied). A pointwise leakage measure [(y) quantifies
the resulting amount of leakage about X upon learning Y = y. As Qx and Qxy—, represent
the adversary’s knowledge about X before and after receiving Y = y respectively, it is reasonable
to quantify leakage with a function of these two probability vectors. So, we consider a pointwise

leakage function of the form

l(y) = f(QX\Y:yv QX)’ (5)

for some real-valued function f defined over Py x P3, where Py is the set of probability
vectors over X and P35 is the interior of the set Py containing probability vectors with non-
zero components.* The first argument of the function is the posterior distribution (having observed
Y = y) whilst the second is the prior. As Y ~ @y is a random variable, we further denote the

pointwise leakage random variable [(Y') by L.

Remark 1. When the conditional distributions Qy|x—, © € X are not all distinct, we define a
new random variable X which is obtained by grouping x values that have the same conditional
distributions. We can then define pointwise leakage as f(Q X[y =y @ ), where f is defined over
Px xPgx. As the conditional distributions Qy |5 —z are distinct by construction, the analyses carried
out in the paper remain valid for this case. Note that we can only compare the resulting leakage

with the information in X, rather than the information in X, which will never be learned in full.

This formulation retains enough flexibility for f to be defined in a more complex way. For
example, it is perfectly possible to define f according to the operational definition of PML, which,

as discussed in Section II-B, involves a maximisation over the distribution of a random variable U.

A. Axioms of the Pointwise Leakage Function

In this section we define and motivate a set of properties that a pointwise leakage function should
have. Let P = (p1,p2,.--,px|)> Q@ = (Qk, 2, ---,qx|) be a pair of probability vectors over |X|.

A reasonable pointwise leakage function f(P, Q) satisfies the following axioms for every @ € P5.

“As the posterior probability Qx|y=y is absolutely continuous with respect to the prior probability Qx, i.e.,
Qx|y=y(x) = 0 when Qx(x) = 0 for any x € X, the function f does not carry any leakage interpretation when
Qx|y—y is not absolutely continuous with respect to Qx. Therefore, we define f only when none of the components
of Qx is zero. This does not result in any loss of generality since if Q x|y =, (x) = 0 and Qx (x) = 0 for some x, then
the corresponding leakage can defined as in (5) by excluding = from the alphabet X'.
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AL f(Q.Q)=0.
A2. For any i € {1,...,|X|} and any Q # E;, f(E;,Q) > 0, where E; is a probability vector

with 1 as the 7th element.

A3. For any k probability vectors P, P, ..., P, and any coefficients A1, A2, ..., Ay > 0 such that
k
f (Z AZPZ-,Q) < max f(P;, Q).
i=1
A4. If ¢; > a;j, then
f(E;,Q) < f(E;,Q),

where E; and E; are probability vectors with 1 as the ith and jth element respectively.
AS. For any i € {1,2,...,|X|}, f(E;, Q) is a strict local maximum of the function f(P, Q).

If the posterior distribution is identical to the prior, the adversary’s knowledge about X is unchanged
and the leakage must be zero. On the other hand, if the adversary learns the value of X with
certainty, leakage should be positive. This gives Axioms Al and A2. We do not exclude negative
values for f(P, Q) from our analysis. Such functions are useful to analyse; many existing global
leakage metrics exhibit this property when expressed in a pointwise manner, as can be verified in
Section IV-C (Table I). A negative value for f(P, Q) might be interpreted as an adversary finding the
posterior, (), more ‘confusing’ than the prior, P; perhaps the observation reduced their confidence
in their ability to guess X .
To understand A3, we can write

k

QYZ i
ST Z -

k
k QX\Y:y,Lv = Z )\iQX|Y:yia
i=1 ijl QY:yj i=1

and so the condition becomes

f(QX\YE{yl,...,yk}v Q) < m?xf(QX|Y:y7;a Q)

The leakage to an adversary that knows that Y € {y;,...,yx} cannot be any higher than the worst
case.

We motivate A4 by noting that if the posterior distribution is F;, the observer knows with
certainty that X = x;. The leakage therefore represents the information conveyed by the realisation
that X = x;, which should increase as the prior probability of x; decreases.

Finally, to see A5 we notice that, in a neighbourhood around FE;, moving closer to F; makes the
observer more certain that X = z;, which intuitively should increase the information leakage. The
region in which this is true must exist but can be arbitrarily small. Consider Figure 4. Notice that

SWhether such functions should strictly be considered information theoretic leakage measures is up for discussion. In
any case, the functions are useful and could serve as candidates for pointwise privacy metrics.
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.Es

Figure 4. An example over the probability simplex Px with |X| =3

the position of the prior, (), means that the prior probability of x3, Q(z3), is small. Intuitively, the
x3 realisation contains a lot of information, and from many starting positions inside the simplex,
moving towards F3 should increase the information leakage. It is possible that x3 dominates the
behaviour of the leakage function throughout the majority of the simplex. Having said this, however
small Q(x3) is, it is possible to get close enough to E; or Es such that P(x3) < Q(x3). At this
point, we would not expect x3 to dominate the pointwise leakage function. P; is an example of
this. In conclusion, in a local region around F; (which may be arbitrarily small), moving P towards
E; should strictly increase the pointwise information leakage. This gives us AS.

The following corollary is a direct consequence of the axioms.
Corollary 1. For a given Q€ P$,, the global maximum of f(P, Q) is f(E;, Q) where i = arg min; g;.
Proof. Any probability vector of length |X'| can be expressed as Zlﬂ AiE; where A1, Mg, .. x>
0, Z‘i'l A; = 1. From A3 we know that

¥

FUD - NELQ | < max f(E;,Q),
i=1

so the right hand side must be the global maximum. Employing A4 completes the proof. O

Corollary 1 is intuitive. The maximum possible leakage is achieved if we learn with certainty

that X = x;, where x; was the least likely X realisation according to the prior distribution.

B. Conditions on the Pointwise Leakage Function

We now consider a class of pointwise leakage functions f that results in exponential privacy

decay at a rate governed by the minimum Chernoff information.

Condition 1. For each Q) € PS, there exist neighbourhoods around the extreme points Fj;, i €
{1,...,|X|} of the probability simplex Py, and constants A > 0, B > 0 and a,b € R such that
the function f(P,Q) satisfies the condition

) < 1@~ 1) < B ) (0w ) ©

1
Al —p) (1
( p)<0g1 —

i
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if P=(p1y.-.,Piy--- ,p|X‘) lies in the corresponding neighbourhood of E;.

The above condition says that in a neighbourhood around E;, a small change in the first argument
of f results in a small change in the output. Note that 1 — p; is the maximum difference between
any two corresponding elements of E; and P. Furthermore, the constants A, B, a, and b could
depend on (). This locally Lipschitz-continuity-like condition is satisfied by most of the examples
provided in Section IV-C with appropriate constants, and proving the condition for a given function
f tends to be relatively simple. We also note that if f has well-defined derivatives at the extreme
points E; of Py, we can directly infer the condition. This is formalised in Proposition 1. To state

it, we must define what we call the derivative property.®

Definition 1. The function f(P,Q) satisfies the derivative property if for any QQ € P, the function
f(P,Q) is differentiable in the first argument at the extreme points P = E; and

(U—E;)-Vf(E;,Q) <0, (7)

for all Ue Py such that U # E; and 1 < i < |X|. In other words, the directional derivative

when evaluated at an extreme point P = E; in any feasible direction within Py is negative. Here,

Vf(Eza Q) = (8]0(%5;@)’ sy a](;](gi?) ) ‘P=Ei'

This turns out often to be the case. Pointwise maximal leakage satisfies the derivative property.
The following lemma, whose proof can be found in Section VII-E, gives an equivalent condition

for the derivative property in terms of the partial derivatives at the extreme points.

Lemma 1. Assume that f(P,Q) is differentiable at P = E; for all i € {1,...,|X|} and Q € P5.
Then, f satisfies the derivative property if and only if for all j # i,

oUPQ| PO _,
Op; P=E, Op; P=F,
If the pointwise function is differentiable or satisfies the derivative property, then Condition 1

holds. This is formalized in the next proposition.

Proposition 1. 1) If the function f(P,Q) is differentiable with respect to P at all the extreme
points P = E;, i € {1,...,|X|} for any Q € P3, then f satisfies Condition 1 with A = 0,
B >0, and b= 0.
2) If the function f(P,Q) satisfies the derivative property, then f satisfies Condition 1 with
A, B>0and a=b=0.
The proof of Proposition 1 can be found in Section VII-F.
The underlying partial derivatives with respect to the components of the first argument are evaluated in the domain

RI*! x P%, and they exist if the function f has a smooth extension from Px x P% to RI¥! x P%. Furthermore, for our
purposes, it is enough only to have the partial derivatives defined within R‘;\;‘ X P%.
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C. Asymptotic Behaviour of Pointwise Leakage and Composition Theorems

In this section we present the effects on pointwise leakage of the composition of many condition-
ally i.i.d. observations. Given the full system realisation (x,y1, 42, ..., ¥yn), the pointwise leakage

function is

l(yn) = f(QX\Y":y"? QX)7

and the pointwise leakage random variable for n i.i.d. observations is L, := [(Y™). Let E, be
defined such that £, = FE;, where ¢ is the index of z, i.e., x; = x. We define an ‘information

function” which quantifies the amount of information contained in a particular realisation of X as

ix(7) = f(Er, Qx).

Like the pointwise leakage function, we may express this as a random variable. We define Ix :=
ix(X) as the information random variable, and note that this is equal to Ln.
We introduce two theorems that characterise the asymptotic behaviour of the leakage random

variable, L,,.

Theorem 1. If leakage is defined such that f satisfies Condition 1, the sequence Li, Lo, ... of
pointwise leakage random variables converges almost surely to Ix from below, i.e., with probability
one,

Ln%IX

as n — oo, and there exists some n' > 1 (which depends on the source realisation) such that for
all n>n/,
L, <Ix.

This essentially says that if the adversary is allowed an arbitrarily large number of i.i.d. obser-
vations, they will learn all available information’ about X. Notice also that Theorem 1 aligns with
the desired asymptotic properties for a pointwise information leakage measure outlined in Section
II. Proof of Theorem 1 can be found in Section VII-CI.

Theorem 2 concerns the rate of convergence of L, to Ix. This is evaluated by comparing the
CDFs. Let

Fp (1) :=Pr{L, <1}, (8)
Fr (1) :==Pr{Ix <1}. 9)

These will be referred to as the leakage CDF and information CDF, respectively. We will use the

L'-norm, ||Fy, — Fy.||1 to compare the CDFs. To motivate this, consider the following. Once the

"Recall from Remark 1 that if the conditional distributions Qy|x=, are not distinct, we can only learn X. Thus
Theorem 1 says that L, — I¢ and L, < 5.
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CDF of L, is identical to that of Ix, the adversary is learning all available information about X.
Theorem 1 states that asymptotically, L,, approaches Iy from below, i.e., privacy does not improve
with further observations. This means that, in the limit of large n, privacy worsens the closer the
CDF of L, is to that of Ix. As the L'-norm is a measure of the difference between two vectors,
we can say that for large n the rate of decay of the L' norm between the two CDFs is a natural
way to quantify privacy degradation. Before stating Theorem 2, we must state that the Chernoff

information between distributions P; and P; is defined as [13, p. 387]:

C(P||P) = 70?,\121 log (Z Pf\(x)le/\(x)> :

Note that base 2 logarithms are used throughout.

Theorem 2. If leakage is defined such that f satisfies Condition 1, the rate of decay of the L'
norm between the pointwise leakage CDF and the information CDF is exponential and governed

by the minimum Chernoff information.
.1 .
lim —log||FL, — Fi|i £ —min¢(Qy | x=:||Qv|x=s)- (10)
n—oo n rF£x!

Equality is met if f satisfies Condition 1 with A > Q.

The minimum Chernoff information has previously been found to govern the rate of convergence
of certain global information theoretic privacy measures [10]. Theorem 2 extends these findings to
any pointwise measure that satisfies the axioms and condition given above. Proof of Theorem 2
can be found in Section VII-C2.

IV. GLOBAL LEAKAGE

A global information leakage metric takes as input the joint distribution ()xy and outputs a
non-negative real number, which quantifies the overall privacy of the system. Here, we define a
global leakage function in terms of a pointwise leakage function that is of the form given in (5).
Given private data X, an adversary who observes Y, and a joint distribution @Q)x y, the global

leakage is
L= ga2(By 91 (1(Y))]), (1D

where g1 and gy are real-valued functions and [(Y") is the pointwise leakage function of the form
given in (5).

The idea behind Ey-[g1(-)] is that the user can combine the set of leakage values for realisations
y € Y in the way that best suits their application. For example, they should set g; as the identity
function if they want a simple average to be taken over Y. The function g is to suit the user’s

preference. For example, many authors choose to take a logarithm so that they are working with
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units that are well understood. The combination of f, g; and go should be chosen such that the
result is a reasonable global information leakage measure. It should be upper bounded by some
quantification of the information held in X. It should also be non-negative, and should satisfy
the three axioms set out by [7, p. 1626]. These are the independence, data processing and additive
axioms. Also, we would like the asymptotic requirements set out in Section II to be met. We address
all properties in this section excluding the non-negative and additive properties, which should be

verified independently when defining a global metric in the form of (11).

A. Conditions on the Global Leakage Function

Next, we outline certain properties that g; and g2 should have so that the resulting global leakage
metric is reasonable and natural. First, let the function & be defined as the composition of g; and
f, e,

WP, Q) = g1(f(P,Q))- (12)

The contribution from realisation ¥ to the global leakage should increase with increasing pointwise
leakage [(y). Thus, g1 should be strictly increasing. It is intuitive that the same is true of go. Note
that this means h must have the same local maxima as f. So that global leakage is zero when X
and Y are independent, we require that g; and go are defined such that g2(g1(0)) = 0. We will see
that for many existing global leakage functions, go = g7 1. We also assert that h(P,Q) must be
convex in P. This ensures that the global leakage measure satisfies the data processing inequality,

which is stated in Corollary 2.

Corollary 2. Let X —Y —Z be a Markov chain with X being the private variable. If global leakage
is defined according to (11) with a pointwise leakage function f and with strictly monotonically
increasing functions g1 and gs such that the function h defined according to (12) is convex in the
first argument, then

LIX—2)<L(X—=Y),

i.e., the global leakage about X through Z is no greater than that through Y.

Proof. The global leakage about X from Z is

(ZQZ h(Qx|z= mQX)) =92 ZQZ(Z)h ZQY\Z(MZ)QX\Y:y,QX (13)

zEZ 2€Z yey

< 92 ZQZ ZQY\Z y|2)h (Qx|y =y Qx) (14)

z2EZ yey

=g | > QvWh(Qxjy—y Qx) | , (15)

yey
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where (13) uses the Markov chain and law of total probability, (14) applies the convexity of h and
the monotonicity of g2, and (15) is the global leakage about X from Y. O

Given an adversary who receives n observations of Y that are i.i.d. given X, the global leakage
is
Ly = g2 (EY" (91 (l(Yn))]) =92 Z Qv (y")g1 (f(QX\Yn:meX))
yreyr

As X — Y"1 Y™ is a Markov chain, it immediately follows from Corollary 2 that
Ly < L1 and thus that £, < Lo

for any finite n. Next, we restrict our focus to functions g; and go that satisfy the following

condition.

Condition 2. The function g is strictly increasing and differentiable with ¢’ > 0 over its domain.

B. Composition Theorem for Global Leakage

The following theorem quantifies Lo, and the rate at which £,, converges to L.

Theorem 3. Let global leakage be defined as in (11) with a pointwise leakage function f satisfying
Condition 1 and the functions g1 and gy satisfying Condition 2 such that h, as defined in (12),
is convex in its first argument. Then global leakage approaches its limit exponentially, at a rate

governed by the minimum Chernoff information.

n—oo N

1 .
lim —log (Loo — Ln) < — gél;l % (Qv|x=z||Qy|x=2); (16)

where
Loo = g2 <Z Qx (x)g1 (f (Ex, QX))) :
xeX

Equality is met if f satisfies Condition 1 with A > 0.

Theorem 3 says that privacy, when defined according to (11), degrades at a rate governed by the
minimum Chernoff information between distinct distributions® Qy|x=z and Qy|x—, . This result
has been verified individually for mutual information, Sibson and Arimoto mutual information, and
maximal leakage by [10]. The proof of Theorem 3 can be found in Section VII-DI.

8Recall from Remark 1 that if the conditional distributions Qy|x=. are not distinct, we can only learn X. Thus,

Loo =92 (3 ;cxQx(@)qr (f(Ez,Qx)))-
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C. Global Leakage Examples

We can express many existing global privacy measures in the form of (11). Table I illustrates
this for mutual information, Sibson mutual information [14]-[16], Arimoto mutual information
[15], [16], maximal leakage [7], f-divergence metrics [8], min entropy leakage and g-leakage [4],
[5]. Note that Sibson mutual information of order 1 and oo correspond to mutual information and

Table 1
EXISTING GLOBAL LEAKAGE METRICS EXPRESSED IN THE FORM (1 1) AND THE CORRESPONDING POINTWISE
LEAKAGE FUNCTIONS.

Leakage Metric Standard Definition f(P,Q) g1(z)  g2(2)
Mutual > Qxy(x,y) log g2l D(P||Q) 2 2
information Ty

sivson, #1106 S (S Q@) g (S (2)) 26 opioe

a € (1,00) YeEY \@
Maximal log >~ max Qy|x—.(v) log max % 2% log 2
leakage v 7 ’
) > Qx(x)* Qv x=2(y)* i . po .
Arimoto, ““ylog) ( ——~0x )" ) log = Z; 2o ylogz
a € (1,00) Y - o
f-divergence 5 Qv (5) D@1y =y |Qx) DiPIQ) =
y
. max QX\Y:y (I) maxp;
Min entropy log > Qv (y) — I Ox @) log ovar 2% log =
leakage Y ’ ‘
max > Qx|y =y ()g(w,z) max 3 pigi (w)
g-leakage log > Qv (V) e ax i) g s g ¥ logz
Yy weW w A

maximal leakage respectively. Arimoto mutual information of order o« = 1 also gives standard
mutual information. The f-divergence D f(P| Q) is >, qi f <Z—> .2 For a given global measure, the
associated pointwise measure may not be unique. For example, mutual information could equally be
represented by f(P, Q) = > (pilogp; — qilog gi), i.e., f(Qx|y=y, @x) = H(X) - H(X[Y =y).

Theorem 3 applies to a global leakage metric whose corresponding pointwise function f satisfies
Condition 1, and whose g1 and g9 satisfy Condition 2 with h = g1 o f being a convex function in
its first argument. These conditions can be easily verified for the global measures listed in Table

I. It is clear from the table that g; and go are strictly increasing and differentiable with strictly

“We use f to avoid confusion with the pointwise leakage function f.
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positive derivatives, thereby satisfying Condition 2. Moreover, the function (P, Q) = g1(f(P,Q))
is convex for all the metrics. For example, in the cases of mutual information and f-divergence,
the convexity of h in P follows from the convexity of KL divergence and the convexity of the
function f , respectively. As a > 1 in the case of Sibson and Arimoto, we can argue the convexity
of h using the triangle inequality for the a- norm ||z||o = (>, Z?)i when o > 1. For the rest of
the metrics, we can simply use the inequality max;(a; + b;) < max; a; + max; b;.

For each global leakage metric, Table II gives a permissible set of constants A, B, a, b for each of
the pointwise measures f to demonstrate fulfillment of Condition 1. Whether f-divergence satisfies
the condition depends on the function f , but it will be the case for many choices. An example that
satisfies Condition 1 with a =b =0, A= 1, and B = % is f(z) = 2|z — 1| which results in
total variation distance as a privacy metric [8]. If f is differentiable over its domain, we can apply
Proposition 1 to say that A =0, B > 0 and b = 0.

Table 11
PERMISSIBLE CONSTANTS A, B, a, AND b FOR THE POINTWISE LEAKAGE FUNCTIONS f OF EXISTING GLOBAL
LEAKAGE METRICS TO SATISFY CONDITION 1.

Leakage Metric A B a b
Mutual information®* M  2(J]X|—-1) 0 1
Sibson, a € (1,00) 575 2o 0 0

Maximal leakage ﬁ % 0 0
Arimoto, o € (1,00) 575 22 0 0
Min entropy leakage ﬁ % 0 O

g-leakage 0 2 0 0

¢ M is a function of Qx.

We provide a couple of proof examples. First, consider maximal leakage, whose pointwise leakage
function f(P, Q) is log max %. Thus, the output at the extreme point E; is f(F;, Q) = —logg;. If
P is in a small neighbourhood of E;, where ||P — E;||; = 2(1 — p;) is sufficiently close to zero,
we have f(P,Q) =log 2 = f(E;,Q) +1log(1 — (1 — p;)). Thus,

1 2
—(1—p;) < f(E; — f(P < —(1—p;).
50 =) < F(BLQ) — F(P.Q) < ;51— )
Hence, Condition 1 is satisfied with a = b = 0, A = ﬁ, and B = % Next, we consider

mutual information, whose pointwise leakage function is KL divergence. The output at the extreme
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point E; is f(E;, Q) = — log g;. Starting with the lower bound, as P is in a small neighbourhood
of FE;, where p; is sufficiently close to 1, we have f(P,Q) < —logq; + Z#ipj log %?. Next
note that, as each p; where j # 7 is small enough, we can bound the terms in the summation as

—pjlog % > Mp; for all j # i using a constant M. Thus,

F(ELQ)— f(P,Q) =MD pj > M(1—-p).
J#i
Turning our attention to the upper bound, we can write f(P,Q) > p; log% + (JX] = 1)(1 —
p;)log(1l — p;), where we have used the fact that zlogé is monotonically decreasing when z is

small enough and that for j # ¢, p; <1 — p;, which is close to zero. Thus,

F(BLQ) = F(P.Q) < (1= pi)log —+ pilog - + (1] = (1~ po) log T——.

The final term is the leading order term. Therefore, Condition 1 is satisfied with a = 0, b = 1,
A =M and B = 2(]X| — 1). The remaining pointwise measures can be addressed in a similar
way.

Consequently, Table II confirms that under the composition of many conditionally i.i.d. ob-
servations, mutual information, Sibson mutual information, maximal leakage and Arimoto mutual
information approach their limits exponentially at a rate equal to the minimum Chernoff information.
On the other hand, we can say that for g-leakage, the rate is at least the minimum Chernoff
information. The rate for a given f-divergence function could be verified through identification of
A, B,a, and b. This is generally easy to do, as demonstrated by the proofs above for maximal
leakage and mutual information.

It is also worth highlighting that Theorems 1 and 2 apply to pointwise leakage functions f
subject to their fulfilment of Condition 1. Importantly, PML, which corresponds the to maximal
leakage metric, satisfies the condition with A, B > 0 and a = b = 0. Hence, the rate of decay of
the L' norm between the pointwise leakage CDF and the information CDF, given in Theorem 2
is exactly the minimum Chernoff information. If the other functions f of Table I were to be used
independently as pointwise privacy metrics, their composition properties could be concluded from

our results.

V. PRIVACY AND HYPOTHESIS TESTING

The composition results we have found are reminiscent of similar known results for Bayesian
hypothesis testing. Indeed, we can use the latter to develop an intuition for these newer findings.

Consider a series of variables 21, Zo, ..., Z, that are distributed i.i.d. according to P. We wish
to select one of two hypothesis: Hy : P = P; and Hy : P = P,. We select H; if 2" is in the
acceptance region, A,, C Z". If the hypothesis test is Bayesian, the error probability is [13, p. 395]

P = 1 P (AS) + ma Py (Ay),
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where 71 and 7o are prior probabilities for H; and Hj respectively and Af, represents the comple-
ment of A,. It turns out that to minimise the probability of error A, should be chosen according
to a maximum a posteriori decision rule; if ¢ is the maximiser of 7; P;(2"), then H; is chosen. The
probability of error decays exponentially with n where the exponent is the Chernoff information
between P; and Ps.

We now relate this to privacy by means of an example. Suppose X € {x;,z2} is a binary
private variable. An adversary accesses a series of random variables Y7, Yo, ..., Y, that are i.i.d.
given X. She conducts a Bayesian hypothesis test to determine X where Hy : P = Qy|x—g,
and Hy : P = Qy|x—,,- Many privacy metrics compare the probability of an adversary making
a correct guess before and after having made an observation. As an example, we will take min

entropy leakage, a special case of g-leakage [4] [5]. We can write

ma.XxE{$1,QS2} QX‘Y":y” (x)
MaAXze {2122} Qx ()

Ly=log Y Qv(y")

yneyn
which can be rearranged to give!'”
1— P

_ 17
o (17)

L, =log

where P, is the adversary’s probability of an erroneous guess without any observations. Table I
shows that min entropy leakage is in the set of global privacy metrics defined in Section IV. Thus
by Theorem 3 we know that it approaches its limit, £.,, exponentially at a rate governed by the
Chernoff information. By Corollary 2, we know that this approach is from below and therefore
that the asymptotic properties (1-2) are satisfied. This can equally be argued using the result from
Bayesian hypothesis testing. We know that 1 — Pe(n) tends to 1 from below exponentially according
to the Chernoff information. The final result follows directly from the Taylor series expansion of
the logarithm.

We can further intuit the case when X is not binary. The adversary determines X by pointwise
comparison, testing all pairings z, z’. The error probability that decays the slowest and is therefore
the only relevant term in the limit of large n is that of the pair with the smallest Chernoff information.

The exponent is min, ., € (Qyn| X=z||Qyn| X:x,), as we have found previously.

VI. DISCUSSION AND CONCLUSIONS

We have discussed the essential asymptotic properties that an information leakage measure should
satisfy. Namely, under the composition of a large number of observations for the adversary, leakage
should approach its limit from below. We have outlined what this means for global and pointwise
measures respectively, and used the arguments to motivate a set of axioms that a reasonable

pointwise measure should follow. A set of corresponding global measures was defined which

10 Alternatively, one could simply note that (17) is the operational definition for min entropy leakage.
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retains a great deal of generality and flexibility, and encompasses many existing measures. Thus,
any pointwise or global privacy metrics proposed in future may well satisfy A1-AS5 or fall within
our global set respectively. The asymptotic properties of such metrics could straightforwardly be
obtained from this paper. Future work may seek to generalise the global set further, in order to
encompass all ‘reasonable’ global information leakage metrics, analogously to the pointwise result.

For the given pointwise and global metrics, we provided composition theorems which state that
privacy degrades exponentially according to the minimum Chernoff information between distinct
pairs Qy | x—z, Qy|x—. - Defined as a random variable, pointwise leakage tends almost surely to the
random information contained in the private variable X. It is worth noting that a pointwise measure
need not be a reasonable information leakage metric according to A1-AS5 to follow Theorem 2.
Specifically, A1-A4 need not be followed. This is because of the underlying fact that as n — oo
the posterior distribution of X converges almost surely to one of the extreme points of the simplex,
E;. So, when the function is sufficiently smooth at the extreme points, Theorem 2 may hold. Whilst
we say that a reasonable pointwise information leakage metric should follow all five axioms for
the reasons detailed in Section III-A, the subsequent analysis only requires AS. Thus, the result
encompasses but is not restricted to so called ‘reasonable pointwise information leakage metrics’.
Future work could explore further applications of Theorem 2, as well as the consequences of A1-A4
on the behaviour of a reasonable pointwise information leakage metric.

We showed that if a pointwise leakage function satisfies Condition 1, then the rate is governed by
the minimum Chernoff information. This essentially follows from the way the function is behaving
near the extreme points. In Condition 1, the function is behaving like z (log %)S near the extreme
point E; for some s, where z = 1 — p;. We can generalize this condition with arbitrary functions
Su(z) and Si(z) in the upper and lower bounds, respectively. If a pointwise privacy function f
satisfies (6) with these functions (assuming them to be well-behaved), i.e., S;(1—p;) < f(E;, Q) —

f(P,Q) < Su(1—p;), then it might be possible to show using our arguments that the rate at which
log Si(2z) log Su(z)

Tog 2 gz - This relies

the privacy degrades would be within —C' - lim,_, and —C' - lim,_,(
on the fact that z = 1 — p; behaves like 2-"C around each Ej;, as noted in Lemma 3.

Finally, we discussed the connection between privacy and Bayesian hypothesis testing. The
takeaway point is that the mathematics underpinning composition theorems for privacy metrics
can be understood via the setting of Bayesian hypothesis testing. Underlying both is the method of
types. This is because all of the measures are functions of )y« x where analysis of types naturally

appears.

VII. PROOFS OF THE MAIN RESULTS
A. Notation

To follow the proofs, some further notation is required (most of which follows that of [10]).

Base 2 logarithms are assumed. It will be important to note that probabilities of random variables



23

are themselves random variables. For example, Qy| x=2(Y) is a random variable representing the
probability of observing Y, the random output of Qy|x—,-

The argument,

2*(y") »= arg max Qy - x— (y"),

is the adversary’s maximum likelihood estimate (MLE) for x. Where appropriate «* and X* are
written as x*(y") and z*(Y"™) respectively to emphasise their dependence on the adversary’s
observations. The set P, contains all possible empirical distributions corresponding to a length
n sequence over ); to each y", we can associate an empirical distribution P,, € P,. Meanwhile,
‘P is the set of all possible distributions over ), and any P € P represents one of these possible
distributions. Also let T'(P,) be the set of y™ € Y™ whose empirical distribution is P,. As it
is frequently used, the distribution Qy|x—, is shortened to Q. Next, let ;(P) represent the x
realisation that induces the kth smallest Kullback-Leibler divergence, D(P||Q.), across all possible
realisations 2 € X; i.e., D(P||Q, (p)) = min, D(P||Q,)."" We also define z-domains as follows:

D, = {P € PID(P||Q.) < D(P||Qu) Va'# x € X},
For brevity, let

ni= inf D(P,||Q, )
C, ey (PrllQuy(p,))

We call the latter the minimum Chernoff information.

B. Auxiliary Remarks and Lemmas

We can make three remarks which will frequently be pertinent throughout the proofs.

Remark 2. If P, is the empirical distribution of y",
x1(Py) = x*(y™).
By noting that P, (y) is the fraction of occurrences of y in y", it follows that

#*(y") = argmax Qy» x4 (y")

= argmax 11 @vix—e(y)"™®
yey

= argmax Z Po(y)log Qyx=2(y)
yey

"'Whenever there is ambiguity in the ordering, we fix an order and work with it.
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Pu(y)

= arg Irgn Z Pn(y) log Qy|X— (y)

yeY
= argrrgnD(Pn‘|Qx) = xl(Pn)

We note that if there are multiple x values with the same minimum D(P,||Q), these x values also

all have the same maximum Qy | x—,(y"). In this case we set by convention that x1(P,) = x*(y").

Remark 3. By standard continuity arguments for the KL divergence [17, Sec. I1I-A],

lim inf D(P,||Q,. = inf D(P||Q,.cp)),
im inf D(P,||Qq,(p,)) nf (PllQqzy(p))

n—oo P,eP,

as the distributions are discrete and the set of all empirical distributions is dense in a probability
simplex. It is obvious that infp cp, D(Py||Qu,(p,)) > infpep D(P||Qq,(p)), which implies one
direction of the equality. For the other direction, we may apply the continuity in the first argument
of KL divergence [17, Sec. IlI-A] with P = arginfpcp D(P||Qq,(p)) to a sequence of empirical
distributions Py, — P (L'-norm) with xo(P},) = x2(P). The latter condition follows again from the
continuity of the KL divergence around P and the fact that xo(Py) is a discrete minimiser of it. This
means that the expression on the LHS of the equality is no larger than lim,,_,oc D(Py||Qq,(p,)) =
limy, 00 D(PkHsz(p)) = D(P|\Qx2(1_c,)), which is the RHS of the above equality.

Remark 4. It follows from Remark 3 and from the result of [10, Lemma 4] which is

that lim,, o, C,, = C, and we also have that C < C,,.

Let us also define the set P, C P, as the set of P, € P, satisfying!?
5 1
P ﬁ'

We denote the corresponding set of possible 4™ sequences as J~Jn The set can be visualised on a

Cn_D(PnHQxl(Pn)) (18)

probability simplex, as shown in Figure 5,'3 where P, is the argument of C,.

We outline five lemmas in turn to prove Theorems 1 and 2. Lemma 2 says that when n is large,
y™ lies within J~2n with high probability, which will allow us to restrict the majority of our analysis
to the set. Lemma 3 is the crux of the proof. It says that, with high probability, @ x|y~—,~ and
E,. become close as n grows large. Lemma 4 makes use of Lemma 3 to say that, for y™ € V",
the pointwise leakage function approaches the information function of z*(y") from below with
increasing n. In turn, Lemma 5 says that the distribution of 2*(Y™) approaches the distribution of
X. Finally, Lemma 6 combines Lemmas 4 and 5 to bound the difference between the pointwise

"20n the right hand side, any function from the class w(1/n) could have been chosen.
PNote that ‘differences’ between points are measured as KL divergences, not geometric distances.
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Figure 5. An example over the probability simplex P with |Y| = 3

leakage CDF and the information CDF at any given point. Lemmas 2-5 are used along with the
Borel-Cantelli Lemma to prove Theorem 1. Lemma 6 is used to prove Theorem 2. To prove Theorem

3, we introduce Lemma 7, which adapts Lemma 4 for use in the global setting.

Lemma 2. The probability of a sequence y" lying outside the set in decreases exponentially with

n at a rate governed by the minimum Chernoff information,

where

for all large enough n.

Proof.

YO = D D Qvix—o(T(Pn)Qx(x)

YV, P,gP, v€X
P,gP, T€X

< x| 3 2 PPlQue) 0
P.gP,

< | X|(n + M2 (C= ) o

<1x|(n +1)¥2(C=) o)

where (19) follows from [13, Th. 11.1.4], (20) follows from the definition of x;(P), (21) follows
from the definition of P, (18), and (22) uses C' < Cj,. O



26

As C is constant, we can conclude from Lemma 2 that

: ny

Jim >0 Qve(y") = 0. (23)
yrgyr

Lemma 3 is the crux of the proof and says that, with high probability, the posterior distribution

Q) x|yn—y~ approaches E. as n grows large.

Lemma 3. For all P, € ﬁn and n large enough,
% min Qx ()2 ") <1 — Qxpyny(a¥) < S — ) (24)
: min, Qx ()
where
K(Py) := D(Bul|Quy(p,)) — D(Fal|Qa ).

Proof. First, consider the probability Q x|yn»—y»(7*).

Qx|yr=yn (z%) = QY"XQ:U;EZzyi?X(:B )
9-nD(P.Q:) ) ()

— 2 DRI Qx (%) + Xy 2 "PPIRIQx ()
-1

_ [ 22 3 Qx(pyzP@lie) ) 25
QX ('1"*) x;éx*

To establish a lower bound, we can bound the summation.
Z QX(x)Q—nD(P,LIIQz) < Z Qx (z) max 9—nD(P,Q.)
THFT* o' Fx* 7w
= (1 — QX(;L'*)) 27nD(Pn||Q22(Pn))
< 9 nD(PullQuzpn))

Substituting this into (25) we find

-1

QXIY"=y”($*)Z<1+ ! 2”K<Pn>>

Qx (z*)
1
>1— 2 K&
T Qx()
1 —nK(Py)
>l n),
21 min, QX(x)2

Looking now for an upper bound, we continue from (25).
2”D(P7L||Qw*)

-1
Qx () QX(l'z(Pn))gnD(Pn|Q12(Pn))>

Qx|yn=yn(z") < (1 +
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~ Qx(@2(Pn)) —nk(pyy |, @x(@2(Pa))®, _ank(py)
=Tk ok

1
<1—mi 2an(P,L) 272nK(P,L).

As P, € ﬁn, 9~ 2nK(Py) decays faster than 2-nK(P:) and we can say that eventually,
1 1
L. 9—nK(P.) > 9—2nK(P,)
9 @x(x) ~ min, Qx(x)?

Thus, for n large enough,

1 . 3
Qxjyneyn(z%) <1 - 5 min Qx ()2 nK(P,)

Putting the results together we have bounds on Ey-(7*) — Qx|yn—y» (%) = 1 — Qx|yn—y~ (z*) as
in (24). O

We next make use of Lemma 3 to state Lemma 4.

Lemma 4. For any observation y" whose type P, € P the pointwise leakage function is bounded

by the information function as follows for large enough n. For a pointwise leakage function f that

satisfies Condition 1,

ix (2 (y") = Ou(m)2 ) <a(y") < ix (@t (™), (26)
and for a pointwise leakage function that satisfies Condition 1 with A > 0,

ix (z*(y™) — 01 ()27 KD < (y") < ix(a*(y")) — Oa(n)2 K, 27)

01(n) := B'nl (1 +0 (2)) ;
05(n) := A'n~ldl (1 -0 <1n>> ;

for some strictly positive constants B’ and A'.

where

Proof. We begin with the case where f satisfies Condition 1. It follows from Condition 1 that for
the distribution @ x, there exist neighbourhoods around the extreme points and constants A > 0,
B > 0 and a, b € R such that the pointwise leakage function f satisfies (6). When n is large enough,
Lemma 3 and the fact that K(P,) > ﬁ guarantees that @ x|y»—,» Will lie in the neighbourhood
of E,« for every P, € P,. Therefore, I(y") < ix(z*(y"™)) follows immediately from the lower
bound in (6) as A > 0. To prove the lower bound in (26), we use the definition of Condition 1:

ix(z"(y")) — U(y")
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B(1 — Qxjyn—y~(z¥)) <log : ( *))b

B ke (4 2 '

< i, Qx () (% i gz .
b

] (T )

N Hlinxf?X()Q MR ) (HnKEPn) o minxéx(w)>lb

- nmjgx()2 RK(P) () <1+ n;’gjn) log - 2QX(90)> (30)

< minng()2 nE ()bl g () 1ol <1+ fy%'log mlnxéx(:v)) (31)

< nmng()Q nE () plbl o)l (1 ( f}%‘log W) (32)

= B'nltl (1 +0 (\}ﬁ» 9~ nK(Pn), (33)

where the constant B’ := #c% > 0 and C is the minimum Chernoff information, (28) applies

a o Qx(a%)Q*”K(Pn) > 1as K(P,) > ﬁ for
P, € Py, (30) assumes n is large enough and makes use of the inequality (1 + 2)
which holds when 0 < 2z < 2Ib\%1 —1if [p| > 1 and 0 < z < 1if |b| < 1, and (31) uses
K(P,) > % for P, € P,. To bound K(Pn)“’| in (32), we have used K(P,) < C,, and Remark
4 to say C,, < 2C for large enough n as lim,_,, C,, = C. We have reached the lower bound in
(26).

Let us now assume that the pointwise leakage function f satisfies Condition 1 with A > 0. Again,

Lemma 3, (29) assumes n is large enough that log

for every P, € P,, and n large enough, Lemma 3 and the fact that K(P,) > ﬁ guarantees that
Qx|yn=y» Will lie in the corresponding neighbourhood of E-, over which (6) is satisfied. As
Condition 1 with A > 0 is more general than with the restriction A > 0, the above steps for (33)
are still valid, yielding the lower bound in (27). The proof of the upper bound is similar:

ix(@*(y")) = Uy") (34)
> (1= Qg (0) (108 1= o =)
> g min Qx ()2 () <1og W) (35)
> g min Qux ()2~ () <1ng>_lal (36)
g in Qx (z)2 K (P p~lal g (p,)~lal <1_ nK%Pn) log — 22)((;6)>a|



29

A —nK(P.),,—|a| —lal 2|a| !

> 5 min Qx ()2 n R BT R 8 i 0x (@) Gy
A 2

> G min@x(e 00y (1= Mhos o) -

1
— Anle (1 0 ( oK (P.)
\/ﬁ )

_ Amin, Qx (x)(2C) "
where A’ = 2248 296

> 0, (35) applies Lemma 3, (36) assumes n is large enough that

log %jS(f) >1as K(P,) > ﬁ for P, € 73n, (37) assumes n is large enough and makes use

of the inequality (1 — z)~1%l > 1 — 2|a|z, which holds when 0 < z < 1 as —|a| < 0, and (38) uses
K(P,) <2C for P, € 75n when n is sufficiently large. This completes the proof of (27). ]

When n is large enough, the exponential term decays faster than the polynomial terms of 6, (n)
and 6(n) in the above lemma. Thus we have shown that, with high probability, the pointwise
leakage function tends to the information function evaluated at X = x*. For the pointwise leakage
CDF to tend to the information CDF, it must therefore be the case that the distribution of X* =
z*(Y™) tends to the distribution of X. We state this in Lemma 5.

Lemma 5. The distribution of X* is related to the distribution of X as follows
Qv+ (S2) — Qx(2)] < ¢, (39)

and
Pr{z*(Y") # X} < ¢, (40)

for any x € X, where

Sy i=A{y" € Y":x7(y") = x}
¢ = (n+ 1)PIlg=nCn,

Proof. Starting with the lower bound of (39),

Qv (Se) = Y Qynix—o (S2)Qx (2

r'eX

> > Qvex=o(T(P)Qx(2) (4D
P.eP.ND, x'eX

> Z QY"|X:x(T(Pn))QX (l‘) 42)
P,eP.ND,

=Qx(@) [1— Y Qyux=(T(Pn))

P.€P.\D,
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>Qx(x) [1— Y 2rPied) (43)
P,eP,\D,

where in (41) we recognise that y" € S, <= z*(y") = x < P, € D, by Remark 2 and the
definition of D,. The last line follows from [13, Theorem 11.1.4]. Noting also that, if P, is not in
the domain D,

D(P,|Qz) = D(Pul|Quyp,)),

and we can bound the summation

3 @I < Y D)
P,eP,\D. P,eP,\D,

< |P,| max 9—nD(Pu||Quy(py))
Pnepn\Da‘

< (n+1)Pl2=Cn,
Following from (43):
Qy+(S:) > Qx(x) — (n+ 1)Y=, (44)

We next examine the upper bound.

Qyr (Sx) - Z Z QY"\X:x’ (T(Pn))QX(xl)

P,eP,:yneS, v'eX

=Qx(@) Y. Qvix=(TP)+ > Qx() > Qyux—o(T(P))

Pr€Puiyr €S, @' #a P.€PoyeS,
<Qx(@)+ Y Qx@) > 27PElen
T'#x P,eP,:y"€S,
< Qx(z)+ (1-Qx(x)) Z 9~ nD(Pul|Qes(Pn)) 45)

P,eP,:y" €S,
S QX(ZIZ') =+ ’Pn‘ max 2_nD(P"HQw2(Pn))
P’ILE/P"

< Qx(2) + (n+1)P127nCn,

where (45) follows from the fact that 2’ cannot be 1 (P,,) because P, is defined such that y"™ € S,,
and 2’ # x. Combining upper and lower bounds, we arrive at (39). Proof of (40) is similar. We

can say

Priz*(Y")=X|X=a}= Y Qyux=u(T(P)
P,eP,:yn€S,

> Z QY”'|X=x(T(Pn))'

P,eP,ND,
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Following steps (42-44), we arrive at

Finally,
Pr{z*(Y") =X} =) Pr{a*(Y") = X|X =2} Qx(z)
reX
>1— (n+41)P2™nC,
which gives (40). ]

Lemma 6 combines Lemmas 4 and 5 to bound the difference between the pointwise leakage

CDF and the information CDF at any given point.

Lemma 6. If leakage is defined such that f satisfies Condition 1, then for any | € R, the pointwise
leakage CDF is bounded by the information CDF as follows

|Fr, (1) = Fr ()] < | X6+ ¢ + An(D), (46)

if n is large enough, where

A1) = D7 Quely)L[1 < ix(@(y") < 1+ 61 ()2 K]
ymeyn

Proof. Starting with the lower bound of (46) and using 1[-] as the indicator function,

Pr{L, <1} > Y Qv-(y")1[U(y") <]
yreyr
> 3 Qve(y) 1 fix(@*(y™) <1 (47)
yreyn
=3 > QveyMfix(z) <1

x ynej‘}n:
z*(y")==

= ZQYn,(SI)]l lix(z) <] — Z Z Qy-(y")Llix(z) <1,

T yn ¢)~}n:
z*(y")=z

where (47) makes use of Lemma 4. Continuing directly from above,

Pr{L, <1} > (Qx(x) =) Uix(x) < - > Qv=(y") (48)
x yn¢:)~]n
> Qx (@) [ix(x) <1 - 9|X| - (49)

— Pr{ly < I} — o|X| - v,
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where (48) and (49) make use of Lemmas 5 and 2 respectively. Now bounding from above,

Pri{Ll, <1} = Y Q@L<+ > Qve(y")1y") <]
yneyn yrEyn
< Y QM [ix(@ @) <1+ 02 P+ 3T Qv (50)
yreyn yrgyn
< Qv (M lix (2" (y™) < U+ Qyn(y")1 [l<ix(:v*(y”))Sl+91(n)2‘"K(P") +v
yreyn yneyn

=Y > Qv [ix(z) <+ An(D) +

rxeX y"63~7“:
ot (yr)=a
<D Qv (Sl fix () <1+ An(l) + ¢ (51)
zeX
<Y (@x(@) +¢) L ix(z) <1+ An(1) + ¢ (52)
reX

< Pr{lx <1} + ¢|X] + An(l) + 1,

where (50) applies (26) of Lemma 4. Combining this with the lower bound gives Lemma 6. [

C. Pointwise Leakage Proofs

1) Proof of Theorem 1: To prove Theorem 1, we will show that that for a fixed e the probability
of the event B, ¢ that ix(X) — I(y") < 0 or ix(X) — I(y™) > € is exponentially small for all
n large enough. We will then make use of the Borel-Cantelli Lemma to say that with probability
one, [(y™) is eventually bounded above by ix(X), and [(y™) approaches ix (X ). We can rewrite

the probability of the above event as
Pr{B, } <Pr{ix(X)—1(y") <0,2*(Y") = X} + Pr{ix(X) — l(y") > ¢, 2*(Y") = X}
+Pr{a*(Y") # X}
< Priix(@"(Y") = U(y") < 0} + Priix(«"(Y")) = 1(y") > e} + Pr{a”(Y") # X}, (53)
where the first inequality follows from the fact that all the three events are disjoint. We bound the

first two terms of (53). Recall that Lemma 4 applies to all y" € V" ie., all y™ with type P, € P
From (26) of Lemma 4, we can say that for all y" € j}”,

0 <ix(z*(y") —1(y") < O1(n)2 "),

if n is large enough. Note that for all y” € Y™, K(P,) > 1/+/n. As a result, the RHS 6; ()2 K (Px)

decays with increasing n. For a fixed € > 0, we can always choose n such that the RHS does not
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exceed e. Therefore, for any € > 0
Pr {o <ix(z(Y™) — (y") < e} > Pr {Y” c 37"} , (54)

if n is large enough. Employing Lemma 2 and using (54), we can bound the first two terms of
(53).

Pr{ix(a*(Y™) — I(y") < 0} + Pr{ix(a*(¥") — I(y") > €}
— 1 Pr{0 < ix(a*(Y")) — y") < ¢}
< Pr{y" ¢ ")

< 1x|(n + )12 (0

).
Lemma 5 bounds the third term of (53). Putting these together we can make a statement. For any

given constant € > 0, there exists n’ such that for all n > n’ the following holds:

—a(c-

Pr{B,} < (n+ )Y (x| +1)2 %), (55)

Consider the event described by the LHS of (55). Over all n from 1 to n/, the maximum number
of occurrences of the event is n/, which is finite. Summing the RHS of (55) over all n from
1 to oo yields a finite quantity.'"* Therefore, over all n from n’ to oo, the expected number of
occurrences of the event is finite. Therefore, by the Borel-Cantelli lemma, for any € > 0, B, ’s
occur infinitely often with probability zero. So, for any €, 0 < ix (X)—I(y"™) < € happens eventually
with probability one. We can thus say that [(y™) converges almost surely to ix(X) from below.
This concludes the proof of Theorem 1.

2) Proof of Theorem 2: We can use Lemma 6 to prove the upper bound of Theorem 2. We know

lmax
FL, — Frolly = / Fu (1) — Fro ()] d,

lmin
where [jax = maxp f(P,Qx) and i, = minp f(P, Qx). Note that the support is a finite interval.

We can now bound the integral.

Imax Imax
/ |FLﬂ,<1>—FIX<z>|dzs/ (116 4+ + Ay) dl

lmin min
¢+ ) (lmax — lmin) +01(n) Y Qy(y™)2 ") (56)
neyn

= (¥

Consider the second term:

n) Y Qve(M2 T =01(n) Y D Qyrix—a(T(Pn)Qx ()2 )

yreyn P,eP, €X

4D’ Alembert’s ratio test gives a ratio of 27,
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P,cP, *€X

< 61(n) Z Z 9D (Pn||Quy(pp)) (57)
P,eP, TEX

< 01(n)(n+ )Pl x)27"Cn (58)

where in (57) we recognise that D(P,||Q+) < D(P,||Q;) for any z € X. Combining (58) with

(56) and Remark 4, where ¢ = (n + 1)P127"C and ) = | X|(n + 1)|y|2_n<c_ﬁ>, we arrive at:
1L, = Frylly < 12100+ 1P (2 (s~ i) + 0127 75).
As limy, o0 L log (| X[(n + D2 (Imax — lmin) + 61 (n))) =0, we have

1
lim —logHFL" _fo”l < —C.

n—oo N

We have reached the upper bound, and have the first part of Theorem 2, given by (10).

Next, we prove the lower bound for pointwise information leakage functions that satisfy Condition
1 with A > 0. Note that for general pointwise information leakage functions, the lower bound of
the L' norm is trivially zero.

First, we define information values as the set of all possible values of ix (z), of which there are
as many as there are distinct values for Px(x). Let us consider a partition Iy, =13 <ly < -+ <
ls = lmax of the interval [lyin, lmax] using the information values. Here all the l;’s correspond to
distinct values of ix(x) except for Iy = lyin, Which may or may not be an information value.
Consider a subinterval [l lg4+1], 1 < k < s — 1, which is illustrated in Figure 6. We will now
derive a lower bound on ||F, — F7.||1 by integrating the area between the information CDF and
the leakage CDF within this subinterval. Then, we select the particular subinterval that involves a
type P, with the worst exponent, which maximizes the lower bound.

We denote the value of Fr, (1) with I, <1 < li11 as Q. If the CDFs cross within this range,
this occurs at [ = anl(Qk). We can write,

Qe= >, Q")+ ad Q") (59)
yreym: yreYyn:
Iy™)<Fp (Qx) Wy™)=Fr, (Qx)

where 0 < o < 1 is a constant. Consider the L! norm:

lmax l+1
/ Fo (1) — Fro()]dl > / Fy, (1) — Fry ()] dl

lmin s

-3

yneyn

+ Lesa +
Qv ("1™ < 1] —Qk) al + /l (Qk =3 QeI < z]) d,
k yneyn
(60)
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o

v

I Fr Q) b

Figure 6. Example section of CDF plots

where (2)T = max{z,0}. Taking the first term:

/Z:M< D Qvaly"iy™) <] —Qk>+dl

y'n. eyn

n

Ikt
— [ @Ml <1 - 1) < B Qo] - ot (1" = Qo))

yreyn
(61)
L1
2/1 > Qv (Ai™) <1 -1 < F Q)] — a1 [i(y") = FL N (Qw)] ) Tdl
k ynej}n
(62)
Lt
= > Qv (ML [FLHQw) < (y™) < 1) di
b yreyn
L1
4 /l S Q)1 — )L [FHQu) = ™) < 1] dl,  (63)
booyneyn

where (61) applies (59), and (62) removes terms for which y" ¢ j}”. Lastly, (63) rearranges the
indicator terms. To understand the last step, note that the sum of the three indicator terms in (62)
is either 1 if FE:(Qk) <ly") <, (1—-a)if anl(Qk) = I(y") < I, or else non-positive. We
proceed with the first term of (63), and say that for n large enough,

Lt
ST Qv [FLHQu) < Uy™) <1 dl

l p
k yn Eyn
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lk+1

> Qre(rML[FLHQ0) <1y L[l 2 ix(@* (™) = 227K a
ne;)j?
(64)
lkya

> 3 Q) [ iz i) - ez a (65)
’Lesllk+l Uy
Z Qv (y mln{ ()27"K(P"),lk+1—lk}, (66)
nesl

lgt+1
where

Sk = {y" € Vi@ M) = e s 17 > FHQO

(64) applies Lemma 4 and (65) removes y" terms for which ix (x*(y™)) # lx+1. The second term
in (63) can be treated identically, giving

leta
> Qe [1 < Uy = Fy N (@Qo)) dl
b y”€3~7”
(1—a) Z Qyn( mlﬂ{ p(n)2 M) 1y — lk} (67
yres? |
where

S =y €V ix (@ M) = e s 107 = FH QO

n

Returning to (60), we now take the second term.
Lkt +
[ (e X @i <) a
o yreyr

liss
= /l ST Qv (- L™ <N +1 1" < FLHQw)] + ol [Iy™) = FLH(Qw)] ) Tdl

n

yneyn
(68)
Lot
z/l Z Qv-(") (= 1™ <N +1 [Iy") < FLN(Qu)] + o [l(y”)ZFL‘f(Qk)])+dl
k y"63~/"
(69)
lk-+1
— / S vy [1 < 1y") < FLH Q)] i
I yn ey
Lt
+ /l > QvelyMad [l <1(y™) = F; 1 (Qu)] dl (70)
k y"ES’"

where (68) applies (59), (69) removes terms for which y" ¢ )NJ” and (70) rearranges indicator
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terms. To understand the last step, note that the sum of the three indicator terms in (69) is either
Lifl <li(y™) < FL_l(Qk) aifl <l(y™) = FL_HI(Q;C), or else non-positive. We proceed with the
first term of (70). If n is large enough,

Iy
Z Qv (Y"1 [l <U(y") < F ' (Qu)] I
Ikt
> Qv ") < FLHQUT L1 < ix(@(y™) = 61 ()2 K7
’ney‘n
(71)
)
> > Qva(y") / ]1[l<Z’X<ﬂf*(y”))—el(n)r”K(Pn) di (72)
y" ESlk+1 &
Jr
Z Qy~(y (lk—f—l lk—el(n)Q_nK(P")> ; (73)
v Eslk+1
where

St =y €V i@t (y") = e 0™ < FLNQR) |

(71) applies Lemma 4 and (72) removes y" terms for which ix (x*(y™)) # lx+1. The second term
in (70) can be treated identically, giving

Lkt
S Que(al 1 < ") = F Q)] di

l <
k yn ey'n.

+
>a > Quely") (s =l — i ()27"FE) T (74
yESlM_1

Finally combining (66), (67), (73) and (74) we have:

Imax
/l \Fy, (1) — Fr, ()] dl

" +
> > Qv m1n{92( )27 gy — } > Qva( (lk+1—lk 01(n )2_"K(P")>
y"ESBkH yreST
+
+ Z Qy~(y") min {92(”)2_71[((}:”), (lk+1 —lp— 6, (n)2‘”K(Pn)) }
ynes?k+l
+
= Z Qy~(y") min {92(71)2711((13”), (lk+1 — = 91(”)2%[{(]3")) } (75)
yneslk+1
=02(n) Y Qvi(y2EP), (76)
Y ESy 4y

where S;, ., is the union of Sllkﬂ, ka+1 and Sl?;ﬂ, i.e., the set of all sequences y" € 37” such that
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ix(z*(y™)) = lg41. We recognise that, for all 4™ € Y™, 05(n)2 5P and 6, (n)2 "5 (P=) can

P)

be made arbitrarily small. In (76) we take n to be large enough that f(n)2~ "% (Px) is always the

minimiser of (75). We next define the domain Dy, as follows
le+1 = U DI,
Trix () =lpt1

which means that P, € P, N Dy,., = P, €5, by Remark 2. Continuing directly from (76) and
applying the law of total probability:

lmax
/l Fo (1) — Fro ()] dl
>0x(n) YD Qyrpx—a (T(Pn)Qx ()27 K (P (77)

P.€P,NDy, ., ©

5, f2(n) ming Qx () ST S g PR nD(P Qe gn D [@:)

(n =+ 1)|y| A ;
P,eP,NDy ., *
Z 62 (n() m—il_nf)|Qy|X (J:') Z Q_nD(PnHsz(Pn)) (78)
n

P,€P.NDy, |

02 (n) minit QX (J:') -n iannefDanlkJrl D(PTLHQIQ(PTL))
(n+ D)D) ’

(79)

where in (78) we take only ' = z* terms. Consider the exponent. Firstly, note that [, was

arbitrary. We can therefore select [ such that the argument of inf, 5 D(Pp||Qq,(p,))s is in

leﬂ, i.e.,
inf D(PnHsz(P,L)) = inf D(PnHQm(Pn))-
PnE'PnﬁDz}CJrl P.cP,
This, combined with (79) and the fact that lim,, . %log W = 0 gives
.1 . .
lim — log ||FL” — fo”l Z — lim 1nf~ D(PnHng(Pn)) (80)
n—,oo N, n—oo Pnefpn
= — lim inf D(PnHsz(pn)). (81)
n—00 P":D(P"HQTEl(Pn))SC‘”_%
To argue (81), let us first observe that
inf  D(P||Quyp) = C.

P:D(P||Qz,(r))<C

which easily follows from the fact that if P is the argument of the minimum Chernoff information
C, then D(P\\le(ﬁ)) = D(]ADHQ:CQ(F,)) = C. As n — oo, by Remark 4, the constraint in
(81) approaches the limit C, i.e., Cp, — ﬁ — C, which means that every empirical distribution

satisfying the constraint D(P||Q,,(py) < C' is eventually considered in the constraint set of an
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optimization problem corresponding to some n. Therefore, as the empirical distributions are dense
in the probability simplex, we can consider a sequence of them P, — p (in L'-norm) in the set
D(P||Qz,(p)) < C with z2(Py) = zo(P) for k > 1. The latter condition is satisfied for arbitrarily
close distributions to P as KL divergence is a continuous function and x2(Py) is a discrete minimiser

of it. Therefore, the limit in (81) can be bounded as follows

lim inf D(Pp||Quy(p,y) < Hm_ D(Pyl|Qq,(p,))
100 P:D(Po|Quy (p) ) SCr— o= Pr—P
= lim D(P 5
P.—P ( k||Qm2(P))
= D(P|1Q,,p))
= C”

where the second equality follows from standard continuity arguments for KL divergence [17, Sec.
IITI-A] and the fact that the distributions are discrete. This along with (81) gives

1
lim *IOgHFLn - F[X||1 > —C,
n—oo n
for information theoretic leakage functions with the derivative property. This, combined with (10)

proves the equality part of Theorem 2.

D. Global Leakage Proofs

The next statement is analogous to Lemma 4, but considers the function (P, Q) = g1(f(P,Q))
rather than f(P, Q).

Lemma 7. Let g1 be a function satisfying Condition 2, and let h(P, Q) = g1(f (P, Q)) with f being
a pointwise leakage function. For any observation y" whose type P, € 2 h(Qx|yn=yr, @x) is
bounded by h(E,«,Qx) as follows for large enough n. If f satisfies Condition I,

h’(Ez* ; QX) - 9/1 (n)Z_HK(Pn) < h’(QX|Y"‘:y”a QX)? (82)

and if f satisfies Condition 1 with A > 0,

W Ep, Qx) — 01 (n)2 " KE) < h(Qxpyneyn, Qx) < W(Ey, Qx) — 0h(n)27"KEP) (83)

01 (n) == B"nl" <1 +0 (1n>> ’

0 (n) := A'"n~lal (1 -0 1ﬂ)> :

where

VRS

and B", A" > 0 are finite constants.
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Proof. Let us first argue that if Condition 1 holds for f, then it also holds for h. For a pointwise
leakage function f satisfying Condition 1, there exist neighbourhoods around the extreme points
of the probability simplex, and constants A > 0, B > 0 and a,b € R such that

b a
) < F(P.Q) < f(E.Q) — AL p) (log 1 fp}) (84)

7

f(Ei, Q) — B(1—p;) <log 7 _1

if P = (pl,...,pi,...,p‘/y‘) € Py lies in the corresponding neighbourhood of FE; for i &

{1,...,]|X|}. As g1 is a monotonically increasing function, (84) becomes

b
g1 (f(Ez‘,Q) — B(1—p) <log 1 —1pz> ) < h(P,Q)

<o (£ - a0 -p) (e ) ) 69

It follows from the differentiability of ¢g; and the strict positivity of the derivative gj > 0 that
@(5 < g1(u) —gi(u—06) < 391( 30 (W5 for 0 < § < 6,, where 8, is sufficiently small. Note
that lim, ,;- (1 — p) <log ﬁ)s = 0 for any s € R. Thus, within the neighbourhoods of ex-
treme points identified in Condition 1, we consider smaller neighbourhoods that contain P’s such
that max{A, B}(1 — p;) (10g ﬁ) < d¢ for all i, where §p = min{d, : v = f(E;,Q),i €
{1,...,|X|}}. By combining this with the above condition on g at u = f(F;,(Q), we have

1 a
1—]%') ’
(86)
for i € {1,...,|X|}, where ¢} .., = max; g;(f(E;, Q)) > 0 and g’l’mi][1 = min; ¢ (f(E;,Q)) > 0

This proves that h satisfies Condition 1. Now we can apply Lemma 4 for h with 391'%3 and
Jimin A replacing B and A, yielding (82) and (83) with B” = 391%3' and A" = Sz A/ [

_)bghm@)

(3

39, max 1
h(E;i, Q) — I’TB(l - pi) <log T

g/ min
h(E;, Q) — 1’2 A1 —pi) <log

1) Proof of Theorem 3: We use (82) of Lemma 7 to prove the upper bound of L., — £,. Note
that this applies for f satisfying Condition 1 either with or without the restriction A > 0. Many of

the steps are are similar to the proof of Lemma 6. First, we consider Ey[g1(I(Y™))] :

> Qv (yM(Qx|yn—y Qx)

yneyn
= ) Qve(Qxpyr—y Qx)+ D Qv (y™)Qx|yo—yr, Qx)
yreyn yngyn
> 3 Qyely ( E,,Qx) - <n>2—“K<Pﬂ>) — max |A(P.Qx)| 3 Qvely (87)

ym eyn ym ¢yn
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> Y Qvly ( (Bs, Qx) — 0, (n )2—“K<Pn>) — max |h(P,Qx)|¥ (88)

PePx
yreyn
_ Z QY EraQX Z Qy $*7QX)
TEX g ¢y"
—0m) Y Y Qrax=e(T(P))Qx ()27 — g
zeX p eP,ND,
(89)
=z Z Qv+ (S2)(Ex, Qx) — 01(n) Z Z Qyrx—a(T(Po)Qx ()27 K F) — 29/
vex 2€X p, eP,ND,
2 Z (Qx(2)h(Ey, Qx) — ¢|h(Es, Qx)|) — 01 (n Z Z 9~ nD(PalQu)g =K (Pa) _ oy
er 2eX p,eP,.ND,
(90)
> ZQX (B, Qx)—|X|¢max |h(Ex, Qx) ) =64 (n E Z 9~ nD(Pal|Qu)g =K (Pa) gy
Ter €X' p eP,ND,
91

where ¢’ := maxpep, |h(P,Qx)|¥, (87) applies Lemma 7 and the boundedness of h(P,Qx) for
P € Py, which follows from the convexity of h in its first argument and the compactness of Py,
(88) applies Lemma 2, (88) applies Lemma 2, and (90) applies Lemma 5. Consider the third term.

()Y S 2 DRIy nK (P

z€X p eP,ND,
— 'n)z Z 9=nD(Pp]|Qz)9=nD(Pnl|Quyrp)) gnD (P |Qax)
2€X p,eP,ND,
<0, (n)|X| Z 9D (Pu|Quy(pp)) (92)
P.eP,
< 07(n)|X|(n + 1)P127mC,

In (92) we recognise that 2 "P(Pnl1Qx) < 9=nD(PnllQ=+) for any 2 € X. We can continue from
o).

> Qve(y"(Qxpyr—ys, Qx)

yneyn

> 3 Qx(@)h(Er, Qx) — | X]@max|h(Ey, Qx)| = 0 (n)| X|(n + D127 — 24
xeX

Now applying g2, which satisfies Condition 2 and is a strictly increasing function, we get

Lo=g2 | D Qve(y"h(Qxpyoyr, Qx)
LeyL



> g2 (Z Qx (2)h(Eq, Qx) — |X|¢max [h(Ex, Qx)| — 01 (n)|X|(n + 1)Pla=nCn — 210’)

zeEX

>92<Z Qx (z)h(Ey, QX))—<1X|¢m3x h(Ey, Qx)| + 0,(n)|X](n + 1)|y|2—ncn+2w,> 39&(U)’

2
TEX
(93)
where u := ) Qx(2)h(E;,Qx), (93) assumes n is large enough and uses the inequality

g2(u) —ga(u—10) < %(u)é for 0 < ¢ < ¢, with is sufficiently small d,,. The latter is a consequence
of the differentiability and the strict positivity of the derivative of go. Finally, we can say

lim 1 log (Loo — L) < lim —C,, = —C, 94)

n—oo n n—00
where in the equality we have employed Remark 4. We have the upper bound of Theorem 3.
Next, we find the lower bound of L., — £, for f satisfying Condition 1 with A > 0. We will
consider y" € V" and y" ¢ yn separately. Starting with the latter, we use the convexity of h(P, Q)
in P to say

h(QX|Y":y"7 QX Z QX\Y L=y (Exa QX)

TeEX

and
> Qv (M(Qxlyrey Qx) < Y Qx(2)h(Er,Qx) Y Qynix=sy™),  (95)
ym ¢yn reX ym gyn

where the last line takes an average over y" ¢ V" and makes use of Bayes’ theorem on the RHS.
Moving onto y™ € V", we first apply (83) of Lemma 7 . We then scale each term by Q x|yn»—y~ ()

and sum over all z € X, giving

D Qv (WMMQx |y =y, @x)

yreyn

< ZQX EvaX Z QYn|X :L' Z QY" 2 nK(Py,)
reX yn eyn - cyn

= 2_Qx(@)h(Ee, Qx) D Qrox=a(y™) = 05(n) 3 D> Qvrixmu (T(Pa))Qx(a)27 )
TeX yneyn P,eP, T'EX

<D Qx(@)M(Ew, Qx) Y Qyrjx—a(y™) — ()27, (96)
zeX Y Ey

where (96) applies the steps from (77-79). Summing (95) and (96) gives

> Qve(yMQxyr—y, Qx) < D Qx(2)h(Ex, Qx) — 05(n)27"". 7

yreyn zeX
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Finally, we can apply g» and make use of Condition 2, which implies that go(v) — g2 (v —0) > £ év o

for 0 < ¢ < 9§, with is sufficiently small §, for any v in the domain of gs:

Ly = g2 Z Qv (Y" ) Qx|yn—yr, Qx)

n eyn

= (Z Qx (@)h(Eq, Qx) - eg(n)z—ncw)

reX

<92 (Z Qx(x ExaQX)) - gé(v)%(”)Q—nC“’

2
rzeX

where v is > Qx(2)h(Ey, Qx). It follows that
1
lim —log (Lo — Ly) > lim —C), = —C,
n—oo N n—00

where the last equality makes use of Remark 4. This, combined with (94) completes the proof of

Theorem 3.

E. Proof of Lemma 1

Consider the pair (E;, Q) for an i € {1,2,...,|X|}. By keeping @ fixed, let us view f as a
function only in the first argument. As the function is differentiable at E;, the gradient of f, V£, is
well defined and so are the directional derivatives. If the function satisfies the derivative property,
then

(U_Ez) 'Vf(PvQ)‘p:Ei <0,

forall U € Py such that U # FE;. Defining e;; as the jth element of E; and rewriting this expression

as a summation,

¥

of (P,
U =B VIPQ py, =D (s — i) L
j 1 p] P=FE;
o af(PQ) /(P Q)
(u; —1)=" = Op; P=E; i %é:z " apj P=E;
af(P,Q) 91" Q)
Y +>u 9
oy Uj 8p2 P—E, Iy Ui 8 P=FE;
0f(P,Q) 1P, Q)
) _Af(P,Q) 99
; ( Ip; P=E; Opi PEi) ()
<0

where (98) follows from the fact that U is a probability vector and thus 1 — u; = ) i Wi For
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(99) to be true for any U € Px such that U # E;, it must be true for all U = E; where j # 1.

When U = Ej, carrying out the summation in (99) leaves only the bracketed term corresponding

to the index j. Thus, this term must be strictly negative for each j # . For the other direction,

PE,)

Assume that the bracketed terms are strictly negative for j # i. As U # E;, there is at least

consider (99), which is

of(P,Q)

P=FE, Ip;

0f(P,Q)
apj

(U =E)-VIPQ)|p_p =D u
J#i

one component u; > 0, j # ¢ with the rest of the components being non-negative. Therefore
(U—-E;)-Vf(P, Q)‘Pin < 0, completing the proof of Lemma 1.
FE. Proof of Proposition 1

Fix a Q € P, and note that if the function f(-, Q) is differentiable at an extreme point E;, then
we have that for every € > 0, there exists a §. > 0 such that

f(PQ)— f(E:,Q) — (P — E)TVf(E;,Q)
1P — Eill;

e < <e (100)

for all P around Ej satistying ||P — E;||; < d.. Also, observe that if P is a probability vector, then

[
1P = Eill, =) Ipj —eijl = (L =pi) + Y _pj =2(1 = p), (101)
j=1 J#
where again, e;; is defined as the jth element of E;.

Now we prove the first statement that if the function f is differentiable with respect to P at all
the extreme points P = E;, ¢ € {1,...,|X|}, then f satisfies Condition 1 with A = 0, B > 0,
and b = 0. Let us fix an € > 0 in (100) and consider a sufficiently small § < §.. We make use
of (100) and the strict local maximality of f(E;, @) in the probability simplex Py. We can write
that for ¢ € {1,...,|X|} and all probability vectors P € Py in the neighbourhood of E; where
P — Eill, <9,

0< f(Ei,Q)— [(P,Q) < —(P—E)TVf(E,Q) +e|P—Ei (102)
<|(P - E)V[(E,Q)|+¢€|P - Ei,
S AP = Eill, + €| P - Eily (103)
=2(A+€¢)(1—pi). (104)

Here, the left inequality of (102) follows from Axiom A5 and the fact that ¢ is small enough that
the f(E;, Q) is local strict maximum within the neighbourhood; the right inequality of (102) is due
to (100); in (103), A is the maximum magnitude of any element in V f(E;, Q) over all i; and (104)

applies (101). We have reached the first statement of Proposition 1, where Condition 1 is met with
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A=0,B=2(A+¢€)>0and b=0.
Next, we consider the case when f satisfies the derivative property. Recall from the proof of

Lemma 1 that we can write

af (P, of (P,
(P—E)TV(E,Q) = _p fé,Q) a f(aQ)
J#i P lp-p, " lpen

We know from Lemma 1 that the bracketed term in the last line is strictly negative for all pairs

J # i. Hence we may define

_ f(P,Q) of(P,Q)

Y = — max - a - T a.
@ia#i\  Opj |, Opi |,

[ :=— min M - w

as finite constants, which are strictly positive. As a consequence, we have
—B(l—pi) <(P—E)TV(E;Q) < —v(1—-pi) (105)

Once again we use (100), which is

—(P—E)'V[(E;,Q) —€|P - Eill, < f(E;,Q) — f(P,Q)
< —(P—E)TVf(E;, Q) +¢llP - Eill,

with € = 7. By applying (101) and the inequality (105), we get

21=p) < f(ELQ) = f(P.Q) < (8- 1) (1 —p), (106)

which holds in the neighbourhoods specified by || P — E;|; < d, of all extreme points £;. This
completes the proof of the second statement with A =3 >0, B = (ﬂ — %) >0,and a =b=0.
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