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Abstract
Recent large cohort studies follow participants for tens of years to collect their
medical histories, allowing longitudinal analysis of many complex diseases. These
datasets are typically accompanied by genotype data, whose effects on diseases
are typically estimated as static values without reference to potential age varying
effects. In this work we developed methods to study the relationship between
genetic variations and complex diseases as a function of age. In the first
step, we developed methods that focus on a single disease at a time, which
we applied to infer the age-varying genetic risk profiles for common complex
diseases. When applying the methods to 24 common diseases in the UK Biobank,
we found a common decreasing pattern of genetic risk effect for several complex
diseases, after using a frailty model to adjust for unobserved risk factors such as
environmental factors. In the second step, we developed methods that look at
many common diseases simultaneously, which we applied to infer age-dependent
multi-morbidity profiles under a low-rank representation framework. We analysed
the shared genetic variations underlying clusters of diseases as well as the genetic
heterogeneity among subtypes of diseases implied by the comorbidity profiles.
When jointly modelling 349 Phecodes that have more than 1000 occurrences in
the UK Biobank, we identified several disease topics that contain genetically-
correlated diseases. When assigning incident diseases in the UK Biobank to these
topics, several complex diseases are stratified into subtypes that have different
genetic profiles. Our results suggested that genetic risks are modulated by contexts
including age and comorbid diseases. To better predict disease incidences and
identify biological pathways, genetic information should be modelled jointly with
other information available in biobank data sets.
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Abstract

Recent large cohort studies follow participants for tens of years to collect their
medical histories, allowing longitudinal analysis of many complex diseases. These
datasets are typically accompanied by genotype data, whose effects on diseases
are typically estimated as static values without reference to potential age varying
effects. In this work we developed methods to study the relationship between genetic
variations and complex diseases as a function of age. In the first step, we developed
methods that focus on a single disease at a time, which we applied to infer the
age-varying genetic risk profiles for common complex diseases. When applying the
methods to 24 common diseases in the UK Biobank, we found a common decreasing
pattern of genetic risk effect for several complex diseases, after using a frailty model
to adjust for unobserved risk factors such as environmental factors. In the second
step, we developed methods that look at many common diseases simultaneously,
which we applied to infer age-dependent multi-morbidity profiles under a low-rank
representation framework. We analysed the shared genetic variations underlying
clusters of diseases as well as the genetic heterogeneity among subtypes of diseases
implied by the comorbidity profiles. When jointly modelling 349 Phecodes that have
more than 1000 occurrences in the UK Biobank, we identified several disease topics
that contain genetically-correlated diseases. When assigning incident diseases in the
UK Biobank to these topics, several complex diseases are stratified into subtypes
that have different genetic profiles. Our results suggested that genetic risks are
modulated by contexts including age and comorbid diseases. To better predict
disease incidences and identify biological pathways, genetic information should be
modelled jointly with other information available in biobank data sets.
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1.1 Why age?

My DPhil project focuses on age, a continuous variable that is the single most

predictive risk factor for most common diseases. An immediate question I faced

is: why not build the methodology under the general GxE framework and treat

age as a special case of environmental risk factor? In fact, in the field of statistical

1



1. Introduction of the questions 2

genetics (which this report falls into), age is typically treated as an important

covariate in risk prediction or association studies [1]. Many studies that investigate

the relationship of age and genetics adopted a GxE interaction framework, where

age is reported to have an impact on genetic risk if there are G-by-age interactions

[2–6]. A basic GxE interaction test assumes a genetic factor (G) and an independent

environment factor (E) both contribute to disease risk via their main effect, while

having both G and E factors would contribute additional risk via an interaction

effect performed [7]. Statistical test of the interaction term in regression analysis

measures the departure from a corresponding null model that only has main effects.

When age is investigated under the GxE framework, the age of the individual (either

the age at the disease onset or age at observation end point, see discussion below)

is considered as a measured E variable and in the GxE interaction test.

However, age is fundamentally different from other variables (BMI, sex, etc)

under a disease prediction framework, especially when the disease risk considered

are life-time cumulative risk. There are two possible references of age in an

association analysis:

• the age of the subject at the end of the observation, which are typical in

studies comparing populations that are followed until an age point (e.g. risk

between age 50-60 years) or age-at-measurement for a continuous trait (e.g.

BMI and blood pressure);

• the age-at-onset of a binary trait (i.e. diseases) in the context of early-onset

and late onset diseases.

In both cases, G-by-age interaction test is an ill-posed statistical test for binary

traits and could cause ambiguous interpretations for continuous traits.

The first case represents association studies where age T is computed as

observation end point minus date of birth. This happens when age information is

collected along with other related phenotypes (BMI, blood pressure, and reports of

previous diseases) through self-reported survey [8, 9]. We postpone the discussion

of selection bias caused by age-at-recruitment in observational studies [10]. Here
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the risk of a binary trait (non-lethal) is the integral of the instantaneous risk

h(t) before age T :

p(t ≤ T ) =
∫ T

0
h(t)dt,

Since h(t) > 0, G-by-age interaction test is a trivial test that would almost always

reject the null and does not have concrete biological interpretation. Thus, if the

genetic effect is persistent across age, the interaction between a causal genetic

variant and age could almost certainly be detected with a large sample. Similarly,

if the effect of genes has cumulative effects on a continuous trait, measures among

risk allele carriers will deviate further from population average as age increases,

which will also cause a statistically significant interaction test in larger samples.

For example, a study found schizophrenia PGS is associated with IQ decline at age

70 but not at age 11 and interpreted it as accelerating cognitive ageing between

age 11-70 [11]. However, the risk allele could instantaneously impair cognitive

ability (at a same rate before age 11 and between age 11-70) and a measurement

at later age captures more individuals who have experienced this instantaneous

effect. There is only one circumstance where this type of interaction could not be

detected: if the genetic risk factor has all its impact before our observation starts

and the individuals who carry the risk factors but did not get the disease return to

population marginal risk after we start our observation. Note this might be true

for some genetic risk factors affecting developmental pathways.

The second case arises when analyses aim to identify heterogeneity between

incidences of varying age-at-onsets. Firstly, even when genetic effects are constant

across age, individuals with earlier onsets tend to carry more risk factors than those

with later onsets, which will increase power for identifying causal variants for early

onset groups, even if these variants have similar effects for late-onset incidences.

Therefore, these variants should not be interpreted as specific for early-onset cases.

Secondly, the late age-at-onsets are concentrated in individuals who have not get the

disease at younger age and are selected to have unmeasured protective background,

an effect called frailty [12]. This effect could be modelled as the risk effect has a
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Figure 1.1: Simulation studies of uncertainty in effect sizes (A) A simulation where
effect sizes are generated from gamma distribution. Inferred effect (red) deviates from
the mean of gamma distribution (blue dashed line) as age increases. The variance of
effect size distribution in this case is 0.82. (B) Effect of frailty on the false positive rate.
The x-axis shows the variance of the frailty distribution, with a larger variance indicating
stronger frailty, while the y-axis is the false positive rate of rejecting the true model of
constant effect over age. The inferred curve does not deviate from uniformity when the
frailty variance is smaller than 0.1.

distribution centred at the marginal effect size. For example, we could model the

instantaneous risk h(t) as a proportional hazard model with a predictor of interest x:

h(t) = h0(t) exp(βx), β ∼ G(β),

here h0(t) is a positive baseline hazard function. The effect size β for each individual

is generated from a positively defined probability distribution G(β). We will explain

in Section 6.3 that this will cause the estimate of a positive β to decrease over age.

Using a simple simulation explained in Section 2.3.1, we could see the estimated

effect size decrease with age and a false positive rate of testing for constant genetic

effect increases with the variance of β distribution. (Figure 1.1)

In Section 6.3.1, we developed a parametric model to estimate the projected

genetic effect with frailty estimated from the observed incidence curves, which to

the best of our knowledge is the first analysis of this kind in genetic association

studies. Though not a focus of this report, age-at-measurements are also analysed

for continuous traits, where gene-by-age interactions are typically interpreted as the

effects of genes are age specific [3]. However, if a gene has a constant and persistent

effect on increasing or decreasing a continuous trait, (BMI, blood pressure, etc.)
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a strong G-by-age interaction might still be observed, which poses challenges in

the interpretation of G-by-age interaction for continuous traits.

Though the effect of age on disease has not been systematically explored in

genetic analyses, these challenges have been thoroughly studied for non-genetic

risk factors in epidemiology research. For example, the piecewise proportional

hazard function we developed is a general case of the analyses where incident

diseases are divided into two age groups to identify heterogeneity in the effect sizes

[13, 14]. Though we should bear in mind that there are important differences

between alyses on non-genetic risk factors and genetic risk factors. Firstly, most

non-genetic risk factors studied in age stratified analyses are also age-varying,

while somatic genetic variations are typically constant over age. Secondly, most

genetic risk variants have much smaller effect sizes compared to the non-genetic risk

factors, therefore the heterogeneity test over age groups might not have sufficient

power even with large sample size. We will provide more background on concepts

borrowed from epidemiology including age stratified analysis, survival analysis,

and frailty model in Section 1.2.

With the unique challenges stated above and more contexts provided in the

following two sections, we are convinced of the importance of developing novel

methodologies to specifically model age and systematically evaluate the impact

of age on genetic risk for diseases or comorbidities. In this report, we developed

novel statistical methods to answer two sets of questions involving longitudinal

health records and genotype data. Firstly, we developed methods that estimate

unbiased genetic risk effect on the proportional hazard scale for a single disease, and

systematically analysed 24 common complex diseases in the UK Biobank, which

will be further explained in Section 1.2. We found a common decreasing pattern in

genetic relative risk for many diseases. Secondly, we developed methods that model

all common diseases in biobank-sized datasets simultaneously to infer individual-

level age-dependent comorbidities. We identified genetic subtypes of diseases that

are stratified by comorbidities and investigated the interaction between comorbidity

and genetic risk. This part will be further explained in Section 1.3.
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1.2 Estimating age-dependent genetic risk for a
single disease

One of the key questions addressed in this report is estimating age-specific genetic

risk effects for complex diseases. For this purpose, we introduce the backgrounds on

genetic risk analysis, risk factor analysis in age-stratified population, and relevant

statistical methodologies.

1.2.1 Genetic association studies

Ever since the first human genome is sequenced, scientists have been performing

genetic association studies, which aim to link the genetic variations to phenotypes.

These studies originally bare the hope to solve diseases once for all, until people

gradually realises the complexity in genome and complex diseases. Here we review

relevant materials of the procedures, challenges, and applications of the genetic

association studies.

GWAS

A typical procedure of a genome-wide association study (GWAS) is genotyping

allele frequency for single nucleotide polymorphism (SNP), performing association

tests, and mapping to causal SNP or genes. (Figure 1.2)

The most commonly used genotype data are from SNP arrays. Additionally,

each region of the genome is typically inherited from a common ancestry, causing

a correlation of the genotypes between nearby variants, which is called linkage

disequilibrium (LD). Therefore, variants that are not genotyped by the SNP arrays

could also be imputed based on their LD with measured genotypes using reference

such as those generated from the HapMap project and inferred identical-by-descent

(IBD) [16, 17]. Recently, whole genome sequencing (WGS) data has also been

available for hundreds of thousands of genomes [18, 19], allowing the estimate

of rare variant effects.

Regression analysis and Mixed-model association analysis are the common meth-

ods to perform GWAS [20]. Regression analysis is easy to implement and requires
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Figure 1.2: General procedure of a GWAS. The aim of a genome-wide association study
(GWAS) is to detect associations between allele or genotype frequency and trait status.
The first step of a GWAS involves identifying the disease or trait to be studied and
selecting an appropriate study population (for example, cases and controls for a disease,
or an unselected population sample for a trait). Genotyping can be performed using
single nucleotide polymorphism (SNP) arrays combined with imputation or whole-genome
sequencing (WGS). Association tests are used to identify regions of the genome associated
with the phenotype of interest at genome-wide significance, and meta-analysis is a common
step to increase the statistical power to detect associations. Causal variants are usually
not directly genotyped but are in linkage disequilibrium with the genotyped SNPs. This
figure is taken from Figure 1a of [15].
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lower computational costs. Genetic principal components are recommended to be

included as covariates in regression analysis to control population stratification [21].

Mixed-model association analysis models the relatedness to adjust for population

structure better and has more power to identify associations [22]. However, basic

mixed-model association analysis requires computing the genetic relationship matrix

(GRM) which is hard to scale for large populations. Though new methods has been

developed using approximation methods to drastically improve the computation

efficiency and make mixed-model association analysis on UK Biobank possible [23].

The output of the GWAS would typically go through a couple of quality control

steps before going through experimental validation or being applied to risk prediction.

The QQ plots of GWAS outputs are usually checked for inflation due to population

structure, and the genome-wide significance level P = 5× 10−8 is applied to select

associated variants [24]. GWAS results often go through a pruning/clumping

procedure based on LD to identify the representative variant of each region [25].

The selected variants could then be used to construct generic risk scores. As the

association study could not distinguish tagging and causal SNPs, a fine mapping

procedure could map the significant associations to the potential causal genes/SNPs

that contribute to the traits [26].

Missing heritability

Two challenging questions arose from the GWAS discoveries are the missing

heritability and extreme polygenicity of complex traits [27, 28]. Missing heritability

refers to the fact the variance of traits that are explained by the risk loci are much

lower than the narrow-sense heritability estimated from familial studies. Polygenicity

refers to the observation that risk loci identified in GWAS are large in number and

spreading across the genome, contradictory to the traditional belief that a single

trait is dictated by a small number of genes. An observation that might link the

missing heritability with polygenicity is that most disease-causing variants have

not been discovered due to sample-size limitations. As we increase the sample size

of GWAS, we would discover more associated SNPs due to the polygenicity and
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explain more of the heritability. Indeed, the number of loci identified for the same

trait typically increases with sample size, and we would continue to identify new

risk loci for almost all traits by increasing cohort size [29]. Studies that estimate

total-SNP heritability using all common variants also showed a larger heritability

compared to those computed using GWAS loci, suggesting variants not discovered

in GWAS are also contributing to diseases [30, 31].

PRS

The outputs of GWAS could be used to construct genetic risk scores for clinical risk

stratification. Many studies have demonstrated the potential utility of using genetic

risk factors for predicting individual risk of common diseases, ranging from heart

disease [32, 33] to breast cancer [34] and auto-immune conditions [35]. Genetic risk

coefficients can be estimated from cross-Sectional genome-wide association studies,

which estimate enrichment of common genetic variants among clinically-ascertained

(or sometimes self-reported) cases. Genome-wide scores, typically referred to as

polygenic risk scores (PRS), are usually constructed as linear combinations of

individual variant effects, though there is considerable variation in how variants are

selected for inclusion and how coefficients are estimated [25]. The methods to select

representative variants include pruning/clumping, fine mapping, and probabilistic

variable selection methods. The performance of PRS varies with ancestry, where

methods leveraging fine mapping and multi-populational data could remedy the loss

of accuracy [36]. Nevertheless, validation on independent data sets has demonstrated

odds-ratios for PRSs that are comparable to established risk factors, both lifestyle-

related [37] and monogenic [38], thus providing an impetus for their adoption within

health management, both at individual and population levels; though one study

has suggested that PRS does not provide additional prediction power over clinical

risk factors for coronary heart disease [37].
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Figure 1.3: Types of censoring in time-to-event data. For an observation window
between T0 and T1, letters A to I represent different types of samples. Red lines with
squares represent a disease case; green lines with circle represent a case without disease.

1.2.2 Age stratified disease risk analysis

Many studies have investigated whether disease risk factors have particular age

windows to exhibit their effects [13, 14]. A key challenge is defining the correct

procedure to stratify the population into age groups for risk analyses.

Firstly, individuals who haven’t got diseases might still get it at a later age, an

issue named censoring in epidemiology studies [39]. Consider a prospect study where

recruitment is random, and the goal is to evaluate event risk associated with certain

risk factors between age T0 to T1. In this case, the lines in Figure 1.3 represent

the observation intervals for each individual. Example A is considered to be left

truncated at T0, which is equivalent as started observation at age T0. B and C are

both considered to be right censored: B is called loss to follow-up censoring; C is

censored at the end of observation T1. D is not censored as both the end point time

and age is known (disease), while E is considered right censored at age T1 as there

is no event happening before T1. F, G, H, I are not relevant to analyses between

age T0 to T1. For observational studies, the generalisability of the study depends

on whether there is a selection bias in A, B, C, D, E. Survival analysis provides a

flexible framework to analyse censored data, which will be discussed in Section 1.2.3.
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Secondly, for age-varying risk factors (BMI, Blood pressure etc.), the measure-

ments might fluctuate within individuals, causing the time-dependent regression

dilution. Methods have been developed to correct this effect [40]. Most analyses have

to make the assumption that the risk factors remain constant between T0 and T1 in

Figure 1.3 and use baseline measurement at recruitment to approximate the value.

Though the regression dilution effects are unlikely to have a large impact in genetic

analysis as genotypes are typically consistent across age except for somatic mutations.

Lastly, even for the whole population, the group at risk might be concentrated for

protection background, which is called frailty and will be discussed in Section 1.2.4.

Despite the well established methodologies to estimate risk effects using time-to-

event data, the application to genetic risk effects remains rare. Several studies have

shown that the prediction power of PRS (estimated without age-stratification) varies

across age groups in diseases including breast cancer [41], ischaemic heart disease [42]

and prostate cancer [43]. Similarly, the standardised incidence ratio of breast cancer

for BRCA1/2 mutation carriers also varies with age [44]. Moreover, genetic analyses

of quantitative traits that are measured across age points including blood pressure,

lipid levels and BMI have identified genetic variants whose effect size changes with

age [3, 45–48]. These results raise the possibility that genetic risk factors may play

larger or smaller roles in influencing risk of disease during different age intervals.

1.2.3 Survival analysis on time to event data

Analysing the impact of age on genetic risk using time-to-event data presented

in Figure 1.3 is a type of survival analysis. [49] The central question of survival

analysis is estimating the survival function F(t) and its dependency with explanatory

risk factors. The survival function is defined as the probability that the age-

at-onset happens after t:

F(t) = Pr(T ≥ t),

where T is the age-at onset. A related definition is the hazard function h(t), which

denotes the instantaneous probability that an event happens at age t. Assuming
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F(t) is differentiable:

h(t) = −F
′(t)

F(t) .

We could estimate the survival function using non-parametric methods. Since

the number of events are finite, a discrete hazard function hj could be computed

for the entire disease set E , where E(j ∈ E) is the set of individuals who ex-

perienced the disease:

hj = dj

rj

,

where dj is the total number of events happening at tj , the age-at-onset for j; rj is the

number of individuals who are at risk at tj . Therefore, we could get an estimate of the

survival function using only the observations without specifying a parametric model:

F̂(t) =
∏
tj<t

(1− dj

rj

).

This estimator is called the Kaplan-Meier or product-limit estimator, which is

widely used in clinical trials.

The non-parametric model works well for simple comparisons with two or more

designs. However, for our genetic risk analysis, we will be looking at many variants,

which is easier to model with a parametric model that include the genotypes as

explanatory variables. Accelerated life model and proportional hazards model (PH

model) are designed for this task. We will explain the PH model which we applied

in the analyses. The most commonly used form of PH model is:

h(t) = h0(t)eβT z,

here z are the explanatory variables of interest; h0(t) is the baseline hazard function;

β is the effect size of the explanatory variables. The assumption in the PH model is

that the effect of a variable acts through a multiplicative factor while the baseline

function remains the same across all values of z. This formulation is particularly

useful for simplifying the likelihood function involving censored data. (Figure 1.3)

When censored data are presented, the hazard function pertains to the individuals
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who are still under observation and haven’t got the target diseases (population

at risk). Thus, the contribution of event j to the likelihood is the conditional

probability that j happened among all individuals who are at risk at tj:

hj(tj)∑
k∈R(tj) hk(tj)

= eβT zj∑
k∈R(tj) eβT zk

,

where the baseline hazards are cancelled out.

The proportional hazards assumption could be violated. [50] In practice, the

assumption could be checked using Schoenfeld residuals. For short age intervals (10

years), the PH assumptions are approximately true and PH models are applied in

studies. [13] In our study, we consider the proportional hazard model as the scale

on which we estimate the effect sizes of risk factors in time-to-event data.

1.2.4 The impact of unobserved risk factors on survival data

As first explained in Section 1.1, the heterogeneity of individual risk could introduce

bias for survival analysis [51]. An intuitive explanation could be presented using

the PH model we just introduced: under a time-invariant proportional hazards

model, those entering the disease state earliest will tend to be those with the highest

burden of risk factors. Therefore, the individuals in the late-age risk group are

concentrated with protective backgrounds. This can be particularly problematic

when not all risk factors are measured, as hidden risk factors can act to apparently

dilute relative risk over time [52, 53].

This selection of protective background that arises in age-stratified analyses

could be identified using the incidence rate over age in the population. Disease risks

are expected to increase over age, while if the population at risk are increasingly

concentrated with protective backgrounds, the empirical hazard rate will plateau or

even decrease with age. Simple parametric model could estimate the heterogeneity

in disease risk by fitting to the empirical incidence rate. We will further explain

the methods in Section 6.3.1.
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1.2.5 Spline functions and Mixture models

The effects of single variants on complex diseases are small and noisy and we

need to group them to identify the underlying pattern. Inferring latent patterns

that are shared across observations is a key question in statistical learning with

numerous solutions. Here we will focus on the mixture models that are relevant

to our method development. Mixture models could group similar observations

into groups and infer the underlying distributions of each component. We applied

mixture models to group SNPs that have similar age profiles to gain statistical

power. Additionally, we will introduce spline functions which are applied to induce

smoothness to the age profiles of genetic risks.

The most commonly used mixture model is the mixture of Gaussians [54]. The

distribution of gaussian mixture model is:

p(x) =
K∑

k=1
αkN (x|µk, Σk), (1.1)

where K is the number of mixtures, k is the mixture index, αk is the mixing

coefficient, µk and Σk is the mean and covariance of the k mixture distribution.

We could use a latent variable z to represent which one of the K components

the observations come from. z ∈ RK satisfies zk ∈ {0, 1} and ∑K
k=1 zk = 1. By

specifying p(zk = 1) = αk and p(x|z) = N (x|µk, Σk)zk , we could present the plate

representation of the mixture model generative process in the upper panel of Figure

1.4. By marginalising out z, we get the Equation 1.1.

The sum structure in Equation 1.1 would result in a product of sum structure in

the likelihood function, making it impossible to obtain an analytical maximisation of

likelihood estimate. If the value of the latent variable z is known, the model shown

in Figure 1.4 yields a tractable likelihood function. Most of the inference procedures

make use of this fact to iteratively estimate z using the posterior distribution and

maximise the likelihood assuming z is known. Commonly used methods include

Expectation-Maximasation (EM) algorithm, variational Bayesian methods, and

Markov Chain Monte Carlo (MCMC).
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Figure 1.4: Plate representations of Guassian mixture, PCA, and LDA.
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Determining the number of mixtures K is a tricky task. Models that infer the

number of K simultaneously with other parameters are developed but typically

use MCMC and are computationally expensive [55–57]. These models assume that

mixture distributions with unknown number of components are generated from

a stochastic process such as the Dirichlet process. Alternatively, one could run

models with different numbers of components and use model comparison methods

to choose the best K. Evidence functions for Bayesian models or likelihood ratio

tests are both adequate tools for comparing mixture models of varying K.

The goal of our analysis is estimating the effect sizes of risk alleles across age

groups. We could expect the estimates to be noisy and inducing smoothness would

help us to uncover the trend. Imposing priors such as Gaussian processes to the

age profiles could induce smoothness. Polynomials and splines are also choices to

parametrise smooth functions in Bayesian models. One property of polynomials

and splines is the small number of parameters needed to be estimated [58]. For

example, a cubic spline with one knot requires fitting five parameters and is flexible

enough to capture most biological processes. This would be particularly desirable

when we are concerned about the sample size.

1.3 Estimating age-dependent comorbidities for
many diseases

Electronic health records (EHR) systems collected detailed longitudinal medical

history of thousands of people and linked them to extensive genotype and lifestyle

information [59–61]. The full diagnosis history provides a comprehensive description

of the individual disease state and has potential utility for discovering disease

mechanisms, risk prediction, and treatment optimisation. However, how to study

many distinct diseases simultaneously at individual level remains a challenge, with

most studies focusing on disease pairs or linear trajectories constructed by connecting

disease pairs [62–64]. A key challenge is to estimate patient comorbidity profiles

that effectively represent their full medical history, which provides a handle for
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holistically evaluating individual disease status. Here we review relevant statistical

methods and genetic concepts for analysing multiple traits in EHRs.

1.3.1 Methods to infer low-rank representations

Our goal to represent disease history at individual level is a well studied field called

dimension reduction in statistics. A probabilistic procedure is to infer low-rank latent

variables that map the traits to a smaller number of variables for each individual.

Principal component analysis (PCA) is probably the most widely-used dimension

reduction technique [65]. Although in principle PCA could map the data to a space

of the same dimension as the input data, in practice only the leading eigenvectors

are of interest. We formulate PCA as a probabilistic model in Figure 1.4.

p(z) = N (z|0, I),

p(x|z) = N (x|βz + µ, σ2I),
(1.2)

here z ∈ RM is the latent variable corresponding to the principal-component

subspace; β ∈ RD×M is the principal components; M is the dimension of data and

D is the dimension of latent variable z. Note the main difference between the PCA

and Gaussian Mixture model in Equation 1.1 is the distribution of z. In PCA z is

the linear coefficient that combines the orthogonal principal components, while for

Gaussian mixture z is a one-hot vector that chooses one of the mixture components.

The conjuncture of Gaussian distribution in PCA also implies all the posterior

and marginal distributions are Gaussian. However, the generative process of PCA

will produce continuous variables, while disease diagnosis are typically 0/1 discrete

values. A more sensible formulation would assume the values are generated from

a multinomial distribution, which resulted in multinomial PCA [66].

Latent variables inferred for PCA and Mixture model represent individual-

level weights of the latent distributions. However, a patient could have multiple

diseases that are caused by distinct pathogenic processes. This could be modelled

by adding another layer of latent variable, which allows each diagnosis to be

from distinct latent distributions. Extending from multinomial PCA, we could
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formulate the Latent Dirichlet Allocation (LDA) [67, 68]. A generative process

of LDA is shown in Figure 1.4:

θs ∼ Dir(α),

zsn ∼Multi(θs),

wsn ∼Multi(βzsn
),

∑
j

βij = 1,

(1.3)

here s is the patient index, n is the diagnosis index within the sth patient. Intuitively,

LDA allows more flexibility of assigning diagnoses to latent distributions β ∈ RK×D,

where D is the total number of distinct diseases to choose from and K is the number

of latent distributions. Therefore, each row of β could be more concentrated on a

set of diseases, which improves the interpretability and specificity of each latent

distribution. Integrate out z will result in a multinomial PCA.

Similar to the Gaussian mixture model, parameters of both LDA and probabilistic

PCA could not be estimated by directly maximising the likelihood functions. EM,

variational inference, or MCMC could be deployed for inference. Note PCA could

be solved by directly computing the eigenvectors of the data covariance matrix.

I will skip the details of the inference methods for these basic models, but I will

provide detailed inference procedures for all new models I developed throughout

the report. Good reference of inference methods could be found in [54].

1.3.2 Disease classification systems and subtype identifi-
cation

To perform any statistical analyses on diseases, we need to classify patients into

unambiguous categories. Statistical classification of diseases aims to accurately

put patients into categories that represent distinct mechanisms [69]. Additionally,

standard disease classification systems facilitate sharing of data and reproducibility of

statistical analyses. Widely used classifications including International Classification

of Diseases (ICD) [70] and the phecodes [71]. ICD is established and maintained

by the World Health Organization (WHO), which has been the most widely-

used statistical classification system for diseases. The latest version ICD-10 uses



1. Introduction of the questions 19

hierarchical coding, with up to 7 digits for each code. The first three digits represent

common traits, with each additional digit adding more specification. For example,

“I25" refers to “Chronic Ischemic Heart Disease" and “I25.2" refers to “Old myocardial

infarction". Some codes in ICD-10 represent the same diseases, which motivated

the development of phecodes. Similar to ICD-10, phecodes also use a hierarchical

structure with each digit implies additional specificity. Phecodes are constructed by

manually grouping ICD codes that represent the same diseases. The arguments for

using phecodes instead of ICD to represent diseases is that phecodes could better

replicate genetic associations than ICD codes [71].

The disease definition in these classification systems could overlook distinct

biology mechanisms that produce similar symptoms. Genetic subtypes have been

discovered in common complex diseases such as migraine [72] and type 2 diabete

[73, 74]. If distinct biology mechanisms are associated with subtypes of a disease,

these mechanisms could manifest in co-occurrence of additional diseases. Therefore,

distinct comorbidity profiles that are associated with incident diseases could be

applied to stratify underlying molecular mechanisms [75]. Indeed, genetic subtypes

of clonal hematopoiesis and type 2 diabetes are found to be associated with

different comorbid diseases [74, 76]. To identify distinct genetic profiles in stratified

disease incidences also require patient-level comorbidity profiles, which remains

a challenge for large data sets. These observations are the motivation for us to

model comorbidity at individual level.

1.3.3 Multi-trait analyses and comorbidities

Studies on comorbidity, where patients are presented with multiple diseases, have

shown its clinical significance on adverse outcomes, reduced treatment response,

and treatment decision [76–78]. However, the role of age-at-onset information in

longitudinal EHR data has not been systematically studied in comorbidity analysis.

Nevertheless, clinical studies on certain diseases identified inconsistent comorbidity

profiles between incident diseases of different age-at-onsets: a study has identified

breast cancer patients with onsets after age 40 years have increased risk of diabetes,
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which was not replicated in a study of younger women [79–81]. Additionally, disease

pairs and linear trajectories are also found to be ordered by age-at-onsets in a

large longitudinal medical registry [62, 63]. These findings raise the possibility that

comorbidity profiles might vary for incident diseases with different age-at-onsets.

Another aspect of analysing multiple traits is identification of shared or distinct

genetic components. This is made possible with the genotype data that are linked

with EHR data. Initial attempts extract phenotypes from EHR and perform

association analysis on many traits from a single set of data, termed PheWAS [82].

Since then, more sophisticated methods attempt to jointly model many phenotypes

with traits to discover shared patterns or increase power to identify pleiotropy.

Studies leverage connections between phenotypes to increase power in identifying

associations. For example, the ICD-10 hierarchical structure could be leveraged

to identify SNPs that are associated with the risk of a set of diseases [83, 84].

Other studies model phenotype and genotype jointly to identify latent genetic

risk factors that are shared across diseases [61, 85]. This evidence suggested that

comorbidity might reflect shared biological pathways.

1.3.4 Genetic correlation and Mendelian Randomisation

Genetic correlation measures the shared genetic effects across multiple traits. When

individual level data is available, genetic correlation over all variants could be

computed using restricted maximum likelihood (REML) [86]. Alternatively, the

prediction R2 of trait2 using PRS constructed from trait1 is the genetic correlation

restricted to the PRS variants [87]. Recently, LD score regression allows estimating

genetic correlation using only summary statistics, which is efficient and extends

the analysis to trait pairs across multiple studies [88].

Shared genetic effects across traits could also be the results of causal relationships.

When one trait is causal to another, the genetic risk factor to the causing trait

will also be a risk factor to the response trait. This effect could be detected using

Mendelian Randomisation (MR) [89]. When one variant contributes to both traits

through a confounder, this variant is no longer a valid instrumental variable for
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causal inference. This violation of Mendelian Randomisation assumption happens

when pleiotropy is presented. Methods have been developed to explicitly model

the pleiotropy effect and correct the causal effect estimation [90, 91].

1.4 The UK Biobank dataset

The empirical study of this report uses the UK Biobank resource [59]. The

UK Biobank dataset contains approximately 500,000 individuals. Most of the

participants are genotyped (N=488,377). The majority of the population is of

British Isle ancestry. In addition to genetic information, each patient is linked

to extensive characteristics including sex, year of birth, and life-style information

such as diet, smoking history, and sun exposure.

The disease phenotype data we use in this report are extracted from the

hospitalisation episode statistics (HES). 400,000 participants in the UK Biobank

have at least one hospital admission. The HES data are organised as episodes,

with the starting and ending date and primary and secondary diagnosis recorded

with ICD-10 codes. The age-at-onset could be computed using the episode starting

date and year and month at birth. We only consider the first age-at-onset for

each disease within one patient.

The genetic information used in this report is genotype data. In total there

are 812,428 unique markers. The genotype PCs are also available, where we used

the top 40 PCs as covariates in GWAS analyses. Other covariates used in our

analyses are sex, BMI, and year of birth.

1.5 Organisation of the thesis

The main results will be organised in five chapters. First chapter explains the

methods developed for single diseases and the simulations that validate them.

Second chapter presents the results of applying the methods to empirical data

(24 common diseases) in the UK Biobank. Third chapter explains the methods

for modelling age-at-onset for many diseases simultaneously and the simulations
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that validate them. Fourth chapter presents the application of the methods to all

common diseases in the UK Biobank. We have grouped all mathematical details

in the fifth chapter for easier reference. In the last chapter of this report, we

discussed the implications of our results for disease prediction, identification of

biology pathways, and treatment optimisation.

Methods to infer genetic risk of a binary trait with age-at-onset informa-
tion

In this chapter we first introduce a method to infer the nature of the relationship

between age and genetic relative risk for individual variants that is appropriate

for censored data such as that available from biobanks. Because the information

available for single variants is relatively weak, we use a Bayesian clustering approach

to identify sets of variants that show similar profiles of risk with age.

Second, we consider whether observed patterns can potentially be explained

by the presence of unmeasured risk factors. To achieve this, we fit parametric

models that accommodate unmeasured variation in risk to age-varying incidence

and use these models to predict the drop-off in apparent genetic relative risk that

could be attributed to such a phenomenon, known as frailty. The methods are

supplemented with simulation validations.

Inferring age profiles of genetic risk for common diseases using UK
Biobank data set

In this chapter, we applied the method in the previous chapter to data from the

UK Biobank on 24 common diseases. Our primary finding is that, in agreement

with previous observations, for age-varying genetic risk profiles, genetic factors most

strongly influence risk of early disease. However the quantitative nature of the

relationship between genetic relative risk and age varies among diseases and, for

some, we find evidence for multiple, distinct profiles of age-varying risk.

Additionally, by incorporating the frailty model, we find that the observed

drop-off in risk has a qualitatively different profile from that expected from simple
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models of frailty. Rather, our observations indicate that genetic relative risks

(conditional on all other risk factors) vary with age.

Methods to infer latent risk trajectories of many binary traits with
age-at-onset information

In this chapter, we developed a probabilistic model to represent patient-level

diagnosis history as low-rank latent variables, which could scale to model all age-

labelled diagnoses in data sets as large as the UK Biobank. This is achieved by

jointly estimating a few latent comorbidity profiles and assigning each patient and

incident disease to these latent profiles. We provide simulations to show the methods

could identify underlying comorbidities and disease subtypes.

Inferring longitudinal comorbidity components of all common diseases
the UK Biobank data set

We applied the methods described in the previous section to the data from UK

Biobank. The model consistently estimated around ten age-dependent comorbidities

that are biologically meaningful and predictive in separate testing sets. Additionally,

we systematically tested whether the genetic risks are modulated by the comorbidity

profiles, exploring a set of possible structures across disease, comorbidity, and

genetic variants. We found that comorbidity profiles could modulate PRS weights,

stratify disease incidences into subgroups with distinct genetic profiles, and interact

with individual variants on conferring risks. Our results suggest that comorbidity

contexts have impacts on genetic risk for complex diseases and our methods provide

a way to estimate patient-level comorbidity context for risk analysis.

Theoretical results

In this section we provide details of the mathematical derivations. In the first part

we provide the EM like inference procedure to infer parameters of the mixture-

of-curves model. We provide additional derivation on the impact of unobserved

risk effects. The second part is dedicated to the inference of the age-dependent

topic model. We explain the rationale behind applying the collapsed variational
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inference framework under low signal-to-noise ratio. Numeric techniques that speed

up the algorithms are also explained in detail.
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2.1 Estimating genetic risk effect size over age

In order to estimate genetic risk profiles over age, we designed a framework which

consists of two parts. The first part captures the risk size over age of each genetic

variant and the second part identifies the pattern of these profiles using a clustering

of curves method.

Section 2.1.1 covers the data source and processing procedure. Section 2.1.3

describes our “interval-censored" proportional hazard model to estimate genetic risk

coefficients for variants across a sequence of age intervals. Section 2.2.1 describes a

clustering method to infer the genetic risk age profile for a single disease, including

the generative model, EM-inference, posterior estimation. Section 2.2.3 describes

the statistical testing procedures to identify genetic heterogeneity over age, including

permutation tests and likelihood ratio tests. Section 2.3 describes the in silico Monte

Carlo simulations performed to assess the power of our method and also to explore

potential mechanisms underlying the observed age effects.

2.1.1 UK Biobank dataset

Our analysis uses the genotype data, individual information and Hospital Episode

Statistics (HES) data from 409,694 individuals of British Isles ancestry in the UK

Biobank dataset [59]. 31 ICD-10 codes were identified with a prevalence > 0.5%

and at least 20 independent associated variants as identified using the TreeWAS

model [83]. Of these, we analysed 24 that correspond to specific disease conditions

(as opposed to procedures) and that have sex- and age-distributions compatible

with our framework, meaning that the codes selected have at least 10 cases in

each age interval (which excludes I25.8) and are not sex-related diseases (which

excludes codes C61, D25.9, and N40). Procedure codes excluded are Z37.0, Z95.5

and Z95.1. These are listed in Table 3.1.

For each ICD-10 code, we combine the primary and secondary diagnosis from the

full HES data set. In each hospitalisation registry episode, primary diagnosis is the

primary reason for admission, while the secondary diagnoses are other conditions

recorded at the time of admission. We use the starting date of the first episode



2. Methods to infer genetic risk of a binary trait with age-at-onset information 27

that records the disease diagnosis to compute age for first disease onset, which

is calculated as the difference between onset date to the month of birth (due

to data privacy, we only have access to birth information specified to year and

month). The onset age is then rounded to years. For each ICD-10 code, only the

first recorded diagnosis of each individual is kept. We note that our computed

age-at-onsets are approximations of the first onsets of the diseases, as there is

delay between disease onset and hospital admission. Therefore, our estimated

genetic risk profile should be translated to the younger age by a random delay

term to recover the true genetic risk profile. However, the shape of the genetic

risk profiles should remain similar if we assume the delay between diagnosis to

hospitalisation is independent of genetic risk alleles.

For the population under observation, we also computed the age at observation

endpoints, which is either the age of individuals at the last update of the data set

(here 2018-02-14) or the age of death if a death event is recorded. We categorised

the disease onset age into 8 age intervals, the first and last of which are “before

45 years old" and “after 75 years old", with 5-year intervals in between.

2.1.2 Validation within other ethnic groups, variants identi-
fied from other studies, and other trait definition
systems

Our main analyses are performed within the British Isle Ancestry to avoid potential

confounding effects from population structure and varying incidence rates across

populations. To assess the robustness of our analysis over different ethnic groups, we

performed the analysis for individuals in UK Biobank from all self-identified ethnic

backgrounds (N = 501,765), those who self-identify as Black or Black British (N =

8,039), and those who self-identify as South Asian (N = 8,024). The procedures

described later in Section 2.1.3, Section 2.1.3, and Section 2.2.1 were replicated for

these ethnic groups to infer the genetic risk profiles. For Black or Black British and

South Asian ethnic groups, the regression could not converge for diseases that have

too few cases in some age intervals (typically less than 10, but this varies with the

number of variants). Therefore we presented risk profiles only for the diseases that
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have enough cases for inference in these two groups. Permutation tests described in

Section 2.2.3 were performed for J45.9 (unspecified asthma) for the Black or Black

British group, as we observed a uniquely increasing pattern in risk profile.

To assess whether our observations depend on the set of variants under consid-

eration, we use associations reported by GWAS Catalog to replicate the analysis

using two example diseases. We chose the disease with the most associations

(I25.1, "atherosclerotic heart disease of native coronary artery") and the disease

with the most cases (I10, "primary hypertension") from our 24 ICD-10 codes. In

the GWAS Catalog, the trait “hypertension” has 733 associations from 90 studies.

Among these associations, 653 are unique and 191 of them are genotyped (missing

rate < 10%) in the UK Biobank dataset (20 of these variants overlap with the

associations of I10 detected by TreeWas). The trait “coronary artery disease” has

1,783 reported associations from 119 studies. 1,319 variants from these studies are

unique and 290 of them are genotyped in the UK Biobank (25 of these variants

overlap with TreeWas associations of I25.1). Using I10 and I25.1 as outcomes

and the associations from GWAS Catalog, we replicated analyses (described in

later sections) to infer the genetic risk profiles.

To address the issue that distinct ICD-10 codes can represent the same disease,

we mapped our 24 ICD-10 codes to 22 PheCodes [92]. We combined the cases and

variants for I21.9 and I25.2 which both represent “411.20” (myocardial infarction)

and for C44.3 and C44.5 which both represent “172.20” (other non-epithelial cancer

of skin). We inferred the genetic risk profiles for the two PheCodes using the

procedures described in Section 2.1.3, Section 2.1.3, and Section 2.2.1.

2.1.3 Interval censored proportional hazard model for ge-
netic effect estimation

Constructing interval censored data sets

For each disease of interest, we estimate the genetic effect size over 5-year age

intervals (intervals are described in Section 2.1.1). Each age interval is an observation

window of all healthy (alive and without onset of target disease) individuals who
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Figure 2.1: Schematic representation of an interval-censored data set. The red lines
represent individuals who have disease onset within the age interval, while the green lines
indicate individuals who have no onset within the interval. The rhombus represents a
failure (disease event), while the circles represent censoring events. Note that a disease
event after the interval endpoint is considered as censored at the end of the interval.

survived past the starting point of the interval. Onset of disease and exiting the study

(death or no further records available) are recorded as “case" and “censored" events

respectively. Events happening after this interval are considered right-censored

at the end of the interval; see Figure 2.1.

We then perform case-control matching over the sub-population observed within

each interval in two steps. First, we divide the sub-population into a disease group

and control group. The disease group are those who have disease onset within

the interval, and the control set are those who do not, including individuals who

have disease onsets after the age interval so long as they remain healthy before

the endpoint of the interval. This is what the term “interval-censored" means. In

survival analysis, the control group is called “censored", and age at the “censoring"

event is also needed for unbiased estimation. If a censoring event is observed within

the age interval (i.e. the age of a death record or the last update in the UK Biobank

is before the age interval end point) we use the age at the censoring event. If an

individual does not have an event record within the age interval, we take their age at

the end of the interval, regardless of their future events. Second, for each case in the

disease group, we pick four nearest neighbors (without replacement) from the control

group, matching sex, BMI, year of birth and 40 genetic principal components. The

covariates are available within the UK Biobank data set, over which we computed

the principal components across the British Isle ancestry population. We then
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compute the Euclidean distance of the principal components to find the nearest

neighbours in the population. The rationale for performing case control matching

was avoiding confounding effects from population structure. The youngest and

oldest age groups have less number of cases and are susceptible to being stratified

by population structures and covariates. We note that we will lose power to detect

the disease causal variants whose effects are mediated through BMI as we include

BMI in the matching procedure, though this should not bias our estimation of

the relationship between genetic risk effect and age.

Selecting variants of interest

Our goal is inferring the pattern of age-dependency for causal variants of diseases,

instead of identifying new associations. Therefore, we focus on a set of genotyped

variants that are associated with target diseases to improve power for detecting

varying effects over age. The SNPs of interested are obtained through prior TreeWas

analysis (lg(BFtree) > 5, BFtree refer to Bayes factor of a single variant’s effect over

the model) [83]. We further filtered the set of SNPs to ensure LD-independent (loci

kept with absolute Pearson correlation coefficient smaller than 0.2, R2 < 0.04).

Our paper focuses on effect size changes over age. Therefore we used a standard

GWAS approach to identify the risk and protective alleles at each locus [93], over

the case-control matched dataset described in Section 2.1.3. The first 40 genetic

principal components are taken as covariates. For all loci that have protective

minor allele (odds ratio < 1), we switch allele labels to make sure we are estimating

the effect size of risk alleles. Consequently, we make sure our clustering curve

algorithms will discover variant clusters by different age-dependencies, not by

protective or risk alleles.

Effect size estimation

To obtain an unbiased estimate of genetic risk effect size over age, we use a

proportional hazard (PH) model to estimate the genetic hazard ratio for different

age groups, using the case-control matched data set described in Section 2.1.3.
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Within each of the M age intervals, we applied the Cox proportional hazard

model to the disease group and control group, accounting for the censoring effect.

For the mth interval, a multivariable model is formulated as follows:

h(tm|G) = h0(tm)exp{
S∑

j=1
β̂j(tm)Gj + ηmZ}, (2.1)

where β̂j(tm) is the target effect size of the jth variant in the mth interval and ηmZ

is the regression term of covariates. In our case Z includes the first 40 genetics

PCs of the UK Biobank and are regressed out for each interval. Both the mean

and standard error of β̂j(tm) are obtained for each of the M age intervals. These

summary statistics are used subsequently for curve-cluster fitting.

To properly estimate the effect of frailty, we also use a univariable model

to estimate the effect size of each jth(j = 1, 2, ..., S) SNP Gj separately. This

estimation includes the genetic background as part of frailty.

The estimation procedure described above is equivalent to a piecewise pro-

portional hazard model.

2.2 Identification of genetic effect heterogeneity
over age

2.2.1 Bayesian clustering of genetic risk profiles

In the sections before, we presented an unbiased framework for estimating risk over

age for genetic variants. There are two hypotheses we want to test for common

diseases. First, we want to test if there exist consistent non-constant genetic risk

profiles. Second, we want to test if there are different clusters of genetic risk profiles.

Therefore, we designed a Bayesian clustering of curves model, making use of the

SNP-disease risk profiles obtained in Section 2.1.3.

Inference of genetic risk over age

We applied a Bayesian clustering of curves model described in the Section 6.2.1.

The model assumes each variant has an age-dependent effect profile which is

generated from a mixture-of-curves model. The mean and standard error of the
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effect estimation procedure described above are the inputs of the model, from

which we infer the underlying generative latent curve. The model allows vertical

translation in the generative process (i.e. the likelihood won’t change much if

the profile of the variant is far from the latent profile, as long as the shape of

the variant curve is similar). The latent curve is a spline whose smoothness is

controlled by changing the degrees of freedom. For detailed specification of model

and hyper-parameters, see the Section 6.2.1.

Inference is performed by an EM algorithm (derived in Section 6.2.2). Inference

was repeated 20 times with random initialization of the θ variable, where θ is sampled

from a Gaussian distribution with mean 0 and standard deviation 0.0001. The

highest likelihood sequence is retained. Since EM only provides a point estimate, we

estimate the curve’s credible interval using a variational approach. The derivation

and proof of the approach are provided in Section 6.2.3.

2.2.2 Estimating effects of unobserved risk background
Estimating unobserved risk background from incidence rates

We assumed an individual hazard model that has a frailty coefficient u and baseline

hazard h0(t). The frailty coefficient has mean 1 and a scale parameter θ that

controls the variance of population rate. We chose the baseline hazard to be

a power function of age t.

h(t|u) = u · h0(t) = u · γtk

u ∼ G(shape = 1
θ

, scale = θ) s.t. E[u] = 1, var[u] = θ.
(2.2)

We fit parameters of the above model from the population incidence, where the

population hazard rate can be determined as (See Section 6.3.1):

h(t) = γtk

1 + θγ tk+1

k+1
. (2.3)

We computed the empirical incidence rate ĥ(t) in the UK Biobank. The empirical

incidence rate at specific age is computed as the number of individuals who have first

onset of the target disease within this age year, divided by the number of healthy
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individuals at risk at the beginning of this age year. We then fit the parametric

hazard in Equation 2.3 to the empirical incidence rate until age 70, and finally

subtract the intercept from the empirical incidence rate to match the parametric

form of hazard rate. We fit to minimise square error using the Nelder-Mead method,

argmink,b,γ

∑
t

(ĥ(t)− h(t))2

. The fitted incidence curves are compared with empirical curves for all diseases

(Figure 3.15). We also computed a Goodness-of-fit p-value for each disease,

comparing the match between fitted and empirical 3-year incidence rates using

a Chi-square test statistic. The Goodness-of-fit p-values are shown in Table 3.7.

We note our parametric model relies on two assumptions: (1) baseline hazard is a

power function of age and (2) population risk distribution is a gamma distribution

multiplied to the baseline hazard. For the second assumption, we expect the gamma

distribution could approximate actual risk distribution in a large population, as

implied by the central limit theorem. For the first assumption, power function

could only approximate monotonic function well. Therefore, for disease with

non-monotonic baseline risk (e.g. some developmental diseases that happen at

young age), our frailty model could fail. In practice we excluded diseases that

have very low risk at late age.

Predicting the impact of frailty on age-dependent genetic risk

Disease risk is influenced by many factors including those that are not observed.

The unobserved confounding variables can create biases for estimators of effect

size [52]. We show how unmeasured variables can affect genetic risk effect size

estimation, even when independent of the genetic risk factors (see Section 6.3).

Using the same model for frailty as in Section 6.3.1, we formulate the proportional

hazard model as follows:

h(t|x, u) = h0(t)eβxu,

Where h(t|x, u) is the conditional hazard rate, x is the focal genetic variant of

interest and u is the unobserved risk (frailty). Instead of estimating the effect size
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β and baseline risk h0(t) under the true model specification, we could only estimate

marginal effect size β∗ and baseline hazard h∗
0(t) under a misspecified model:

h(t|x) = h∗
0(t)eβ∗x.

Using the same parametric form of u as in Equation 2.2, we obtain the marginal

distribution for β∗ and h∗
0(t) directly. Since disease typically has a low incidence

rate in the population, we assume Λ(t) =
∫ t

0 h0(t)dt and β to be a small, which

leads to an approximation for β∗:

β∗ ≈ β(1− θ · Λ(t)). (2.4)

The frailty parameters estimated from the incidence profiles (Figure 3.9) are applied

to Equation 2.4 to obtain a correction factor.

2.2.3 Statistical tests
Choice of latent curve degree of freedom

Our model fits latent curves using splines, the degree of freedom (DF) of which will

control smoothness. In order to choose the best DF, we fit the model with different

spline bases using the method described in Section 6.2.2 and compute the maximum

likelihood. Since the spline Xθi with degrees of freedom p is a linear combination

of columns of basis X(∈ RM×p), it is strictly nested. The model with fewer degrees

of freedom is equivalent to setting elements of θ to be zero. Therefore, we opt

for a likelihood ratio test to choose the best degree of freedom. We compute the

likelihood ratio of models with DF = 2, 3, 4, 5, 6 degrees of freedom compared to a

constant effect model (DF = 1), The negative log p-value (assuming a Chi-squared

distribution of test statistic) are shown in Figure 3.5. The models we consider are

linear (DF = 2), quadratic polynomial (DF = 3, cubic polynomial (DF = 4), cubic

spline with one knot (DF = 5), cubic spline with two knots (DF = 6), natural cubic

spline model with one knots (DF = 3), natural cubic spline model with two knots

(DF = 4). Spline models have knots that divide the observation interval evenly.

The seven likelihood ratio tests are performed for each disease, and then we

extract the rank of fitting for different tests by ordering the p values for different
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models. Linear model (DF = 2) and quadratic polynomial model (DF=3) have

the best overall rank and outperform the other models by a substantial margin.

Although the linear model has a higher mean rank, we also consider the quadratic

polynomial (DF=3) to detect non-linear dependency of genetic risk size and age.

Permutation testing for genetic effect heterogeneity over age

To provide robustness in testing for age heterogeneity, we carried out a permutation

test, using the likelihood ratio test statistic (for fitting a non-uniform genetic

risk over age) for both the original data set and permutation samples to obtain

the permutation p-value.

The likelihood ratio test compares an alternative model with linear and quadratic

genetic risk over age and a null model assuming a constant effect over age. To

compute the likelihood of the null model, we fit a constant effect model by setting

following derivative to zero:

∂

∂β0

S∑
j=2

z1j lnN (β̂j|β01, Σj) = 0

β0 =
∑S

j=1 1T z1jΣ−1
j β̂j∑S

j=1 1T z1jΣ−1
j 1

. (2.5)

Here 1(∈ RM) is a constant vector of length M . Plugging β01 into the likelihood

function (see Section 6.2.2), we compute the likelihood of the constant genetic effect

model. The alternative models are fitted with linear or quadratic polynomials using

EM (see Section 6.2.2). We then compute the likelihood ratio of the alternative

model and the null model.

To perform permutation tests, we kept the case-control structure in Section

2.1.3 and then sample case-control pairs for each age interval, while fixing the onset

age distribution for permutation samples. We repeat the procedure 10,000 times to

obtain permutation samples, and compute the likelihood ratio for each sample.

We note that the likelihood ratio does not include the prior term p(θi) for

spline coefficients, while EM finds the Maximum a Posteriori (MAP) estimate (see

Section 6.2.2), which will give a likelihood slightly lower than the MLE estimate.
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Under the permutation test framework, the p-values will be consistent as long

as we use the same test statistics for both the original data set and permutation

samples [94]. We further checked that the difference between MAP estimation

and MLE estimation is negligible.

The EM procedure (see Section 6.2.2) is initialised randomly as described in

Section 2.2.1. We correct for multiple testing using FDR, with the corrected q-values

shown in Table 3.1 (when a multivariable approach is used to estimate effect size)

and Table 3.2 (when a univariable approach is used). The inferred profiles with

95% credible interval are shown in Figure 3.7.

Testing for multiple clusters of variants

In order to determine the optimal number of clusters for each disease, we perform

permutation tests using the same procedure as Section 2.2.3, considering the addition

of each new cluster. For adding the (k + 1)th cluster, the alternative model has

(k + 1) clusters and the null model has k clusters. All models are fitted with

quadratic polynomials (see Section 6.2.2). Again, we computed the likelihood ratio

statistics for both the observed data set and permutation samples to obtain p-values.

This analysis is performed over all diseases and adjusted for multiple testing with

FDR. We note that we found no compelling evidence supporting a model of more

than two clusters for any disease. The p-values and q-values for the test of two

clusters are shown in Table 3.1 and Table 3.2.

The inferred latent curves are plotted for several diseases in Figure 3.8, where

the p-values for rejecting a single cluster model are smaller than 0.1.

Test against a general frailty model

In Section 6.3.1, we discussed the effects of unobserved risk factors (frailty) on

effect size estimation and provided a way to estimate a parametric model of frailty

using the empirical incidence curve. The frailty effect is estimated as a frailty

multiplier α in Equation 2.4. We then compute the frailty multiplier α(∈ RM) =
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(1 − θΛ(t)) for each disease, which allows us to fit effect size β0 with a frailty

correction, similar to Equation 2.5:

∂

∂β0

S∑
j=2

z1j lnN (β̂j|β0α, Σj) = 0

β0 =
∑S

j=1 z1jα
T Σ−1

j β̂j∑S
j=1 z1jαT Σ−1

j α
.

Here, β̂j and Σj are the summary statistics inferred for each variant over age.

Since a single genetic effect size is small compared to the overall risk, all single

variants could be considered to share the same risk background, which includes

the genetic background. Therefore, we perform univariable estimation for each

variant, using the method described in Section 2.1.3. To be specific, instead of

estimating the effect size for each interval with all variants, we estimate the effect

of a single variant’s effect each time:

h(tm|Gj) = h0(tm)exp{β̂j(tm)Gj + ηmZ},

where Z is the first 40 genetic PCs, included to account for the population structure

as described in Section 2.1.3.

To test if the inferred genetic risk profile deviates from the model predicted by

the fitted frailty parameters, we infer the latent age profile accounting for frailty by

multiplying α by the intercept base, i.e. in the model without frailty the first spline

base is the intercept X1 = 1(∈ RM), while the first base is the frailty multiplier

X1 = α in a model with frailty correction (see Section 6.3). We then compute

the likelihood ratio test as in Section 2.3.1. In the frailty-corrected model the null

model is fitted with a latent curve whose shape is solely determined by the frailty

term α, while the Alternative model is a quadratic polynomial with the intercept

X1 = α. The test will show if the risk profile deviates from that predicted by

frailty. After correcting for multiple testing using FDR, we plot q-values for the

deviation from the frailty model, along with q-values for deviation from uniformity

(also computed from likelihood ratio test) in Figure 3.16A.
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Since the genetic risk shows a consistent decreasing pattern, we next sought

to test if the decreasing pattern could be explained only by the frailty correction

term. For each disease, we compute the gradient of the inferred latent curve and

the fitted frailty curve (Figure 3.17), and performed a one-tailed paired t-test on

whether the gradient of fitted curve is greater than the gradient caused by frailty.

(Figure 3.16B) The results are corrected for multiple testing by FDR.

It is worth noting that estimation of the unobserved background effects (frailty)

uses the population incidence rate over age, which is independent of our estimation

of latent profiles.

2.2.4 Estimating age-dependency of genetic risk score in
prediction

To assess whether the collective effect of risk variants, as captured by a combined

genetic risk score (or polygenic risk score - PRS), show similar profiles of age-varying

risk, we used the case-control matching procedure described in Section 2.1.3 with

five-fold cross-validation, keeping 20% of case/controls for each age interval as test

sets, and estimating effect sizes for the selected variants in the remaining 80%

of case/controls using multivariable logistic regression (including age, sex and 40

genetic PCs). The effect of the PRS on risk within each age interval in the test set

was then estimated (again with logistic regression and covariates). We estimated

the odds-ratio for the top decile of risk and the top 20% of risk, using 20 repeats

of the procedure to obtain the bootstrap sampling distribution.

2.2.5 Estimating prediction power for age-stratified GRS

The age-varying genetic risk effect implies that the prediction power of a genetic

risk score varies with an individual’s age. To demonstrate this, we ordered the cases

by age at onset and defined the first half as the young group and the second half

as the old group. We matched each case with four controls by the same factors

listed in Section 2.1.3. For each age group, we estimated the genetic risk score with

logistic regression and plotted the mean receiver operating characteristic (ROC)
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curves, using a five-fold cross validation. We then applied the GRS estimated from

the young/old age group to compute the ROC in the other age group, where GRS

is estimated using 80% of the samples and the ROC is computed using 20% of

samples in either group. In total there are four combinations of age assignment

for training (for GRS estimation) and testing (for computing ROC) data: GRS

and ROC are both computed from younger groups; GRS and ROC are both

computed from older groups; GRS is computed from the younger group and ROC

is computed from the older group; GRS is computed from the older group and

ROC is computed from the younger group. We performed this procedure for each

ICD-10 code, plotted the four ROC curves, and computed the area under curves

of the four conditions for comparison.

2.3 Simulation

2.3.1 Simulating a disease data set from an underlying
genetic risk profile

In our simulation, we generate a risk age profile for each variant from underlying

curves with different slopes. The individual risk is then computed at different

ages, which are then used to generate disease incidence events over the simu-

lated population.

We choose the population size to be 50,000, which is comparable to our empirical

case-matching population size (the set of common diseases analysed each have 10,000

cases in the UK Biobank and we match each case with four controls). We simulated

50 SNPs (MAF of each SNPs are sampled from uniform distribution 0-0.5). The

risk effect for each SNP is sampled from a profile which changes with age linearly.

The individual hazard at a specific age interval tm is computed as the exponential

of genetic risk multiplied by a linearly increasing baseline hazard ratio h0(tm). The

hazard for each individual within an interval is assumed to be constant.

h(tm|G) = h0(tm) ∗ exp{
S∑

j=1
βj(tm)Gj}. (2.6)
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For each interval tm, we simulated the time to the next event using a homogeneous

Poisson process with rate h(tm|G). An individual with no event in this interval is

considered as observed (censored). We record only the first event as the onset of

the disease. The simulation is performed over a 40 year duration divided into eight

5-year intervals, as most of the disease onset occurs between ages 40-80 years old

in the UK Biobank. In order to represent the end of observation (study drop-out)

or death events in the cohort, a competing censoring process is sampled using a

Poisson process of constant rate hc. The dropout/death and disease onset events

are combined and we keep the first event, labelling it as either disease or censoring.

The parameters required for the simulation include: the censoring rate (per

year) hc, the number of intervals M , the number of individuals N , the number

of variants S, the baseline hazard rate h0(tm), the baseline genetic risk effect size

β0, the latent curve β and the curve variance term Σ. We set these parameter

for the simulation as follows:
hc = 0.01

M = 8

N = 50000

S = 50

h0(tm) = (5 + tm) ∗ 10−4

β0 = 0.1

β = β0 + s ∗ [−3.5,−2.5,−1.5,−0.5, 0.5, 1.5, 2.5, 3.5]T

Σ = 4× 10−4 + diag(10−4)

β̂j ∼ N (β, Σ)

(2.7)

We generate the jth variant’s risk profile β̂j from a normal distribution with mean

β and variance Σ. The variable s controls the slope of the genetic risk profile,

which varies between simulation studies.

Identifying age-varying genetic effects

We simulated a population using the scheme described above and analysed it using

the methods described in Sections 2.1.3 and 2.2.1 to infer the genetic risk profiles
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Figure 2.2: Overview of simulation results. (A) Power at P ≤ 0.05 to detect deviation
from age-homogeneity as a function of slope in a model where effect sizes change linearly
with age. The blue line indicates the point estimate when using a linear model to fit, the
red line indicates the point estimate with a quadratic polynomial model and the grey
shading indicates the 95% confidence interval. (B) Example showing the age-profile under
which data are simulated (dashed blue line) and the inferred age profile (dashed red line)
and 95% credible interval (red shading). (C) Power at P ≤ 0.05 to detect multiple age
profiles in a simulation where 90% of variants have a time-invariant profile and 10% have
an effect size that increases with age. The solid blue line indicates power when fitting a
linear model and the solid red line indicates power when fitting a quadratic model. The
dashed red line indicates the nominal significance threshold. Note the change in x-axis
scale compared to Figure 2.2A. (D) Example showing inferred age-profiles for the two
components (mean posterior and 95% credible interval). Additional simulation details are
provided in the Section 2.3 and Figure 2.3

over age and the underlying curves that generate them. We simulated the cohort

with different values of the slope, s, which represent different age dependencies, and

tested whether our method could recover the simulated values. Examples of how

fitted curves compare to the true curve are shown in Figure 2.2.
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We then assessed the power of the statistical test described in Section 2.2.3.

We simulated the genetic risk profile with the slope ranging from -0.01 (linearly

decreasing with age) to 0.01 (linearly increasing with age), with a step size of 10−4.

The simulated population is analysed using the null model of a constant effect with

age, and an alternative model of either a linear model, or a quadratic polynomial

curve. A likelihood ratio test is performed to calculate the p-value, and we calculate

the power of rejecting the null at a threshold of p ≤ 0.05. How the power changes

with slope is shown in Figure 2.2. For each slope s, the simulation was repeated

for 400 times to estimate the power and its standard error.

Detection of multiple clusters

We use simulation to estimate the statistical power for detecting multiple clusters of

genetic risk profiles. The disease cohort was simulated with parameter values as in

Equation 2.7, except that five (10%) of the variants had effect sizes generated from

a non-constant latent profile, while the effect sizes for the remaining 45 variants had

a constant (age-invariant) effect of β0. We assessed our model as to whether it can

detect the presence of multiple clusters. The simulated cohorts are analysed with

both a null model of a single quadratic polynomial curve, as well as the alternative

model of two quadratic polynomial curves. Examples of fitted curves compared

to the true curves are shown in Figure 2.2.

For each simulation, we compute the p-value for the likelihood ratio test

comparing two clusters against one cluster, measuring power at p ≤ 0.05. We

varied the slope of the non-constant profile to test how different the curve needs to

be from a constant effect to be distinguishable by our model. Power is computed

for slopes ranging between -0.0375 and 0.0375, with a step size of 2.5× 10−4. For

each slope s, the simulation was repeated for 400 times to estimate the power

and its standard error.
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Frailty

As described in Section 6.3.1, frailty can induce biases in the estimation of effect sizes

with age and lead to rejection of the null hypothesis even if the risks are constant over

age. We use simulation to estimate how the false positive rate changes with frailty.

To investigate this effect, we simulated the unobserved effect (frailty) u as

a multiplier to the disease hazard, and estimated the effect size under the mis-

sepcified model (Equation 2.6) without u.

h(tm|G) = h0(tm) ∗ exp{
S∑

j=1
βj(tm)Gj} ∗ u. (2.8)

Here, each individual has its own frailty sampled from the gamma distribution with

mean equal to one and scale parameter θ to specify the variance of the distribution:

u ∼ Gamma(u|shape = 1
θ

, scale = θ).

We simulated the disease with a constant genetic risk effect over age and parameter

settings as in Equation 2.7, with the individual hazard rate computed as in Equation

2.8. We then performed the estimation as in Section 2.3.1. The fitted curves diverge

from the true underlying curve, as predicted by the analytical results in Section

6.3.1; an example is shown in Figure 2.3A with θ = 0.82. The simulation was

repeated for 400 times to estimate power (false positive rate) and its standard error.

Coverage analysis

To estimate the posterior distribution of the latent curve, we adopt a Variational

Bayesian approach to approximate the confidence interval (see Section 6.2.3). In

order to evaluate the accuracy of the approximation, we performed a coverage

analysis for the estimated confidence interval. Using the simulation results from

Section 2.3.1, we computed coverage for the 95% credible interval (i.e. the proportion

of true values that are inside the credible interval). The coverage rate is plotted

against the slope of the genetic profiles in Figure 2.3C.
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Figure 2.3: Simulation studies. (A) A simulation with frailty showing that the inferred
effect (red) deviates from the underlying effect size (blue dashed line). The variance of
frailty in this case is 0.82. (B) Effect of frailty on the false positive rate. The x-axis shows
the variance of the frailty distribution, with a larger variance indicating stronger frailty,
while the y-axis is the false positive rate of rejecting the true model of constant effect
over age. The inferred curve does not deviate from uniformity when the frailty variance
is smaller than 0.1. (C) Coverage analysis. The blue curve shows the probability that
95% posterior credible interval covers the true genetic profile and the shaded area is the
95% confidence interval of the coverage estimate. (D) Simulation to test the impact of
selecting healthier individuals of older age. Selection bias towards healthier older people is
simulated by changing the baseline hazard over age, such that a negative slope indicates a
population in which older people are biased away from having disease. The blue solid line
shows the false positive rate of rejecting the null hypothesis of uniformity for a baseline
hazard with different slopes; the shaded area shows the 95% confidence interval. Genetic
profile estimation uses a quadratic polynomial throughout.
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Selection of healthier elder population

Previous research has shown that the UK Biobank has a selection bias towards

healthier older people compared to the broader population [95]. In order to test

whether this effect influences our results, we modelled such bias by modifying the

baseline hazard function h0 in Equation 2.6. Previously, we assumed the baseline

hazard increases monotonically with age. To model a population with healthier

older individuals we used a modified baseline:

h0(tm) = (9.5 + s ∗ (tm − 4.5)) ∗ 10−4.

Here s is the slope of baseline hazard ranging between -1 and 1, with a step size of

10−2. We repeated the analyses described above and estimated the false positive

rate as described in Section 2.3.1. The simulation was repeated 400 times at each

value of s, and the result is shown in Figure 2.3D.

2.3.2 Potential models for the decreasing risk effect with age
GxE and GxG interaction

Across diseases, we observed a consistent pattern of a decreasing profile in the inferred

genetic risk (Figure 3.7). To consider whether this pattern could be explained by

interactions (either gene-by-environment or gene-by-gene) we performed additional

simulations. We modelled the interaction of a focal genetic effect with other

unobserved risk factors. Assuming the effect size β interacts with environmental

or other genetic factors, the effect size for each individual is generated from a

positively defined distribution:

β ∼ G(β).

Following the proportional hazard model specified in Equation 2.1, we use β∗ to

represent the marginal effect size under a mis-specified model:

h(t) = h0(t) exp(β∗x), (2.9)
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where h0(t) is a positive baseline hazard and x is the covariate. We can show

that the estimated marginal effect size β∗ will be increasingly underestimated as

t increases for all positive defined probability distributions for G(β) (see Section

6.3). We then performed a simulation using the parameter settings of Equation

2.7, but sampled an effect size β for each individual from a gamma distribution

Gamma(shape = β0
θ

, scale = θ), θ = 4. The effect size for each individual remains

a constant over age interval. We then inferred the posterior of effect size, presented

in the lower panel in Figure 7.1B. We note that this model is a generalisation of

the concept of frailty in which one allele has greater frailty than the other.

A threshold model for disease

We simulated a threshold model in which each individual has an unknown “liability",

which evolved over time [96]. For a specific disease, onset occurs when an individual’s

“liability" passes a certain threshold. We simulated a liability model for 50,000

individuals with a single genetic effect that alters the starting point of liability.

Genotypes were simulated with a risk allele frequency 0.3.

The liability is simulated as a stochastic process with starting point at L(t0) =

L0 × e−β0G, where L0 = −80 is the population starting liability; β0 = 0.1 is the

effect size of genotype G. We then simulated S increments of liability from a S

dimension Gaussian distribution N (1T , ΣL), where ΣL = 4 × (0.2 + diag[0.8]),

controls the drift and variance of the stochastic process. The stochastic process

models the disease risk increase over age through the drift 1T , and the correlation of

increments induced by ΣL creates a “momentum" such that an individual’s health

status tends to improve or deteriorate over years at similar rate. We simulated for

S = 60 years and considered an individual to have an onset of a disease when the

liability (arbitrarily) reaches 0. We then estimated the effect size of the risk allele

over the age interval 21-60, using the methods described in Section 2.1.3.

Examples of liability where initial liability varies with genotypes is shown in

Figure 7.1A, along with the estimated genetic effect size over age. We simulated
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liabilities with GxE interaction by modelling additional variance in liabilities for

those carrying risk alleles:

ΣL = (2×G + u)× (0.2 + diag[0.8]),

where u is a random variable generated from uniform distribution between 0 and

1. Examples of liabilities including the GxE effect are shown in Figure 7.1B

upper and middle panels. The lower panel of Figure 7.1B was computed from

the simulation described in Section 2.3.2.
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3.1 Data description

We used the genotype data, individual information and Hospital Episode Statistics

(HES) data from the UK Biobank dataset [59]. We identified 24 disease-specific ICD-

10 codes (Table 3.1; Table 3.2) with a prevalence > 0.5% in the entire cohort and for

which at least 20 independent associated variants were identified using the TreeWAS

model [84]. To reduce the impact of confounding, we focused analyses on the

409,694 individuals of British Isles ancestry (188,268 men and 221,426 women with

an average age at recruitment of 66.5 years), though additional analyses were carried

48
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out on the entire cohort and other ethnic groups. We performed additional analyses

to evaluate the robustness of our observation when generalised to other self-identified

ethnicities, sets of associated traits, and disease definitions. To compare our analysis

within different ethnic groups, we analysed individuals from all ethnic backgrounds

(N =501,756), those identifying as Black or Black British (N = 8,039) and those

identifying as South Asian (N = 8,024). To compare our analysis using different

disease ontology systems, we used phecodes [92] to map the selected ICD10 codes to

phenotypes and inferred genetic risk profiles using collapsed traits and variant sets.

To compare our results using different set of variants, we used variants reported in

the GWAS Catalog [97] for two traits, “hypertension” and “coronary heart disease”,

and inferred genetic risk profiles on the respective ICD-10 codes, I10 and I25.1.

We note that the age-at-onsets computed from the HES data are postponed

by the gap between actual disease onset and admission to hospital. Therefore,

the absolute age scale of our results should be interpreted with caution and our

conclusions are whether and how the genetic risk profiles change with age instead

of the exact risk estimation at age points. The age-at-onset differences among

cases could also represent heterogeneity within diseases, which will be investigated

in more details in Chapter 4 and Chapter 5.

3.2 Age-profiles for genetic risk scores

To first demonstrate that age-varying genetic risk is a common feature of complex

disease we estimated genetic risk coefficients through logistic modelling of a training

case-control study (across all ages) and then assessed the efficacy of a combined

genetic risk score to differentiate between cases and controls within each age group

in an independent testing set (see Section 2.2.4, Figure 3.1). For many diseases,

and notably those identified later as having statistically significant evidence for

non-uniform genetic relative risk profiles, we found a typically decreasing risk profile.

(Figure 3.2 and Figure 3.3) For example, the odds-ratio for the 90th percentile of

GRS for I25.1 “atherosclerotic heart disease of native coronary artery” drops from

3.63 [3.47, 3.792] in the youngest age group to 1.77 [1.668, 1.88] in the oldest. We
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Table 3.1: Summary of evidence for age-varying genetic risk by disease.
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Table 3.2: Summary of evidence for age-varying genetic risk when fitted with an
univariable model. Summary of ICD-10 disease codes analysed and evidence for age-
varying effect sizes and number of age-profile classes, fitted with a univariable model and
quadratic polynomial. Details are for Table 3.1

also note while some disorders, such as E78.0 “pure hypercholesterolemia”, show a

very dramatic decrease in risk between the two youngest age groups (Odds Ratio

of top GRS decile: 2.209 [2.121, 2.297] to 1.633 [1.576, 1.69]), others, such as a

I10 “essential (primary) hypertension”, show a much more gradual decline (Odds

Ratio of top GRS decile: 1.513 [1.474, 1.552] to 1.512 [1.483, 1.541]). These results

suggest that the relationship between genetic risk and age varies among diseases

and may indeed vary among variants, and motivates a more principled approach to
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Table 3.3: Summary of odds ratios for the 80th and 90th percentiles of genetic risk
score within each age interval. (A) Mean odds ratio of the 90th percentile GRS over the
population average. (B) Mean odds ratios of the 80th percentile GRS over the population
average. Parentheses contain the 95% confidence intervals of the mean.

the analysis of such data. Estimates of odds ratios for the 90th and 80th percentile

of the GRS distribution are provided in Table 3.3.

3.3 Statistical inference of age-varying genetic
risk with multiple variant categories

To estimate age-specific effects of variants we divided age into eight intervals and

used an interval-censoring approach in which we applied a Cox Proportional Hazard

model to subjects at risk within each age interval. Specifically, the hazard rate for the

risk factor is estimated by comparing those whose first disease event occurs during
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Figure 3.1: Schematic representation of methodology. (A) Independent variants
associated with a trait of interest are identified by analysis of the entire UK Biobank
cohort using the TreeWAS methodology [83]. (B) Logistic regression is applied to estimate
coefficients for variants on each trait using the training set. (C) Coefficients are used to
compute individual genetic risk scores; the odds ratio associated with high GRS within
each age group are estimated in the testing set. (D) An interval-censored proportional
hazards model [98] is used to estimate the effect (and associated standard error) of
each variant on the trait of interest within each of eight age intervals. (E) Bayesian
clustering is used to estimate population age-profiles of risk, using either linear models or
quadratic polynomials to encourage smoothness. (F-H) Permutation is used to test for
age-homogeneity of effect size as well as to assess the evidence for multiple age profiles.
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Figure 3.2: Age-stratified odds-ratios for combined genetic risk scores. (A-F) Age-
stratified odds ratios in held-out testing data for genetic risk scores for six disorders
where there is evidence for a single non-constant genetic risk profile, “Primary (essential)
hypertension” (ICD-10 code I10), “pure hypercholesterolaemia” (E78.0); “Calculus of
gallbladder without cholecystitis” (K80.2) and “Hypothyroidism, unspecified” (E03.9);
“atherosclerotic heart disease of native coronary artery” (I25.1) and “other and unspecified
malignant neoplasm of skin and unspecified parts of face” (C44.3). Results for all diseases
are shown in Figure 3.3. Odds ratios for the 80th (blue) and 90th percentiles of a combined
genetic risk score within matched case-control samples (five controls for each case) are
shown for each age interval; points indicate the average odds ratio of twenty five-fold
cross-validation analyses with lines indicating the 95% confidence interval.

the interval in question to those who have a non-disease censoring event during the

interval (such as death from a different disease, or drop-out from the study for reasons

unrelated to disease) along with those who have neither a disease nor a censoring

event during the interval (Figure 3.1). For a given variant, we estimated the effect

size and its standard error for each interval using a proportional-hazards approach,

using case-control matching to control for additional covariates such as date of

birth, sex, BMI and 40 genetic principal components (see Section 2.1.3). Effect sizes

for individual SNPs were estimated in both univariable and multivariable settings

(see below). Because estimated variant-interval coefficients have high uncertainty

(Figure 3.4), we used a Bayesian clustering approach to estimate latent profiles of
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Figure 3.3: The prediction power for combined genetic risk scores for additional diseases.
In each plot the odds ratios for the 80th (blue) and 90th percentiles of a combined genetic
risk score within matched case-control samples (four controls for each case) are shown for
each age interval; points indicate the average odds ratio of twenty five-fold cross-validation
analyses with lines indicating the 95% confidence interval.
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age-specific genetic risk, encouraging smoothness of profiles through spline functions.

Finally, to test for deviations from homogeneity of risk over age, and to test for

the presence of multiple age-specific risk profiles, we used a permutation strategy.

Multiple risk profiles for a particular disease can occur when subsets of genetic

factors associate with distinct age-varying patterns, for example, some factors may

exhibit no variation with age while others show decreasing risk with age. Full details

of the methods are given in the Section 2.1. To evaluate the methodology under

the assumptions of the fitted model, we used stochastic simulation, varying the

number of distinct profiles and their departure from uniformity. We first considered

a likelihood ratio test (LRT) approach, fitting a linear model for risk profiles over

age. Under realistic assumptions about the magnitude of effect sizes and number

of associated variants we found that the multivariable approach is well-calibrated

in its rejection of the null model of uniformity (i.e. when effect sizes are constant

over time the LRT test has a false positive rate of 0.048 at P ≤ 0.05). When

effect sizes are the same for all variants but these change by at least 0.6% per

year (either increasing or decreasing), our approach has over 90% power to reject

uniformity (Figure 2.2A). When quadratic polynomials were used to capture a

wider range of possible risk profiles, we found that the LRT was less well calibrated

under the null (false positive rate of 0.0725 at P ≤ 0.05; Figure 2.2A), hence we

adopted a permutation strategy for analysing empirical data. When applying the

quadratic model to data simulated under a linear profile, we find a good match

between true and inferred profiles (Figure 2.2B).

To simulate multiple cluster profiles, we modelled 10% of the variants as having

a shared linear slope (the remainder being constant over age) and used a LRT to

assess the evidence for multiple risk profiles. Here, we found that a 4% per year

change in risk was required to achieve 90% power (at P ≤ 0.05) to detect multiple

clusters (Figure 2.2C). Under the null (all variants have a constant profile) the

test has a false positive rate of 0.063 for the linear and 0.088 for the quadratic

polynomial fitting at P ≤ 0.05. When using the quadratic model to fit risk profiles

we find a good match between true and inferred profiles (Figure 2.2D). We therefore
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Figure 3.4: Examples of SNP effect sizes estimated using the interval-censored Cox
Model. The dots represent the point estimate of log hazard ratio within each age group,
with lines indicating the 95% confidence interval.
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conclude that the approach has sufficient power to detect deviations from constant

profiles and provide unbiased estimates of risk profiles in data sets of comparable

size and complexity to the UK Biobank. When analysing multiple diseases we

used a FDR approach to correct for multiple testing.

3.4 Application to common diseases in the UK
Biobank

To formally consider evidence for a non-linear relationship between genetic risk

and age for the 24 diseases in Table 3.1, we applied the novel methods outlined

above. When effects for variants are estimated jointly and fitted to a linear latent

profile, we identified, through permutation, nine diseases with evidence (P <

0.05) of a departure from constant genetic risk over age (Table 3.1). These are:

C44.3 “other and unspecified malignant neoplasm of skin of other and unspecified

parts of face”; C44.5 “unspecified malignant neoplasm of skin of trunk”; E03.9

“hypothyroidism, unspecified”; E78.0 “pure hypercholesterolemia”; I10 “essential

(primary) hypertension”; I20.9 “angina pectoris, unspecified”; I25.1 “atherosclerotic

heart disease of native coronary artery”; I25.2 “Old myocardial infarction” and;

K80.2 “calculus of gallbladder without cholecystitis”. All diseases have Q < 0.1 after

FDR analysis. To model non-linearity we compared polynomial and cubic spline

models with different degrees of freedom (Figure 3.5) and selected the quadratic

polynomial model using likelihood ratio tests. No additional diseases were identified

as having non-constant risk profiles when fitting a quadratic polynomial and only

four of the original nine (E78.0, I10, I25.1 and C44.5) remain significant (Table

3.1). However, we find one additional disease (I20.0 “unstable angina”) and three

of the above diseases (C44.3, E78.0 and I25.1) show evidence for more than one

age-related risk profile (P < 0.05; Table 3.1, though only I25.1 has Q < 0.1).

As in the genetic risk score analysis, a common feature of the estimated risk

profiles over age is a trend towards smaller effect sizes with increasing age (Figure

3.6A-D). For example, for I25.1, we find posterior of effect size drops by 50% from

45 years old to 75 years old and for C44.5 we find the posterior drops by 58% over
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Figure 3.5: Analysis of empirical data with curves of increasing complexity. A likelihood
ratio test is performed against a constant effect model (DF = 1) over age, for models with
different smoothness. Smoothness is controlled by the degree of freedom of the spline
basis, where we tested linear (DF = 2, blue), quadratic polynomial (DF = 3, red), cubic
polynomial (DF = 4, orange), spline with one knot (DF = 5, green) and spline with two
knots (DF = 6, grey). The red dotted line indicates P = 0.05.

the same interval. (Table 3.4). Where diseases may have multiple risk profiles

(Figure 3.6E-F), at least one of these is also typically decreasing with age. Profiles

for all 24 diseases are shown in Figure 3.7 and Figure 3.8. We find no compelling

examples of increasing risk over age. These results are consistent with the effects

of genetic risk factors to have a larger impact on the risk of early disease [48, 99],

rather than late disease, though it is important to note that the absolute rate of

disease typically increases with age for all diseases studied here. Estimates of genetic

risk profiles (under a model of one variant class) are provided in Table 3.5. We

found that the decreasing pattern is largely consistent when estimating genetic risk

profiles using the entire UK Biobank regardless of ethnic background, individuals

who self-identify as Black or Black British, and those who self-identify as South

Asians (Figure 3.9; Figure 3.10). However, we found an increasing risk profile in

one disease (P = 0.006), J45.9 “other and unspecified asthma”, for individuals
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Figure 3.6: Age-varying disease risk profiles. (A-D) Inferred cluster profiles for four
disorders where there is evidence for single non-constant profile; “Primary (essential)
hypertension” (ICD-10 code I10; P = 0.0001), “pure hypercholesterolaemia” (E78.0;
P = 0.0001), “Calculus of gallbladder without cholecystitis” (K80.2; P = 0.0236) and
“Hypothyroidism, unspecified” (E03.9, P = 0.0329); (E-F) Inferred cluster profiles for
two disorders where there is evidence for multiple non-constant profiles; “atherosclerotic
heart disease of native coronary artery” (I25.1; P = 0.0001) and “other and unspecified
malignant neoplasm of skin and unspecified parts of face” (C44.3; P = 0.0092). Curves
for all diseases are shown in Figure 3.7; Curves for all UK Biobank subjects regardless of
ethnic background and for subjects from Black or South Asian ethnic background are
shown in Figure 3.9. The solid line indicates the posterior mean and the shaded area the
95% credible interval; Numbers in boxes indicate the number of variants in each cluster;
All estimates are made with quadratic models for age-varying risk profiles.

identifying as Black or Black British.

To examine robustness to the design of our analysis, we considered two extensions.

First, when inferring the risk profiles for I10 “essential (primary) hypertension”

and I25.1 “atherosclerotic heart disease of native coronary artery” we analysed

variants reported in the GWAS Catalog for “hypertension” and “coronary artery

disease” respectively. This showed similar decreasing patterns (but of different

magnitude) compared to those inferred from the variants identified by TreeWas

(Figure 3.11). Second, we used phecodes to combine ICD-10 codes that, where
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Table 3.4: Summary of changes in genetic risk contributions. Summary of changes in
genetic risk contributions from before 45 years old to after 75 years old, when risk profiles
are fitted using a linear model.
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Figure 3.7: Posterior estimation of genetic risk over age for all diseases. The solid red
curve indicates the posterior mean, and the shaded region is the 95% credible interval.

appropriate, represent similar phenotypes. In line with the single-code results,

we found decreasing risk profiles for 172.20” (other non-epithelial cancer of skin,

ICD-10 codes: C44.3 and C44.5) and “411.20” (myocardial infarction, ICD-10

codes: I21.9 & I25.2).

One corollary of the decreasing genetic risk is that the GRS estimated within

younger populations should have more power to discriminate between cases and

controls within populations of similar ages. To demonstrate this, we evenly divided

the cases into a younger group and an older group by age-at-onset and estimated
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Figure 3.8: Posterior curve estimates when two latent profiles are fitted for six diseases
with moderate evidence of multiple profiles (P < 0.1). The red and blue curves with
corresponding shades show the profile means and 95% credible intervals for each profile.

Table 3.5: Posterior mean risk profiles for all diseases. Posterior mean risk profiles for all
diseases analysed here, fitted with a single quadratic polynomial. Standard errors are also
provided. Values are the mean effect size within the age interval for individual variants.
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Figure 3.9: Age-varying disease risk profiles for different self-identified races or ethnicities.
(A) Inferred cluster profiles for the six disorders presented in Figure 3.6 using all subjects
in UK Biobank regardless of ethnicity. Curves for all diseases are shown in Figure 3.10. (B)
Inferred cluster profiles for individuals self-identified as Black ethnicity in the UK Biobank.
“Gastritis and duodenitis” (ICD-10 code K29), “low back pain” (M54.5), “arthrosis”
(M19.9) and “asthma” (J45.9, P = 0.006). We also include the permutation P-value for
asthma as its age profile has a uniquely increasing risk profile. (C) Inferred cluster profiles
for individuals self-identified as South Asian ethnicity; “primary (essential) hypertension”
(I10) and “Gastritis and duodenitis” (K29). The solid line indicates the posterior mean
and the shaded area the 95% credible interval; Numbers in boxes indicate the number of
variants in each cluster; All estimates are made with quadratic models for age-varying
risk profiles.
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Figure 3.10: Posterior estimation of genetic risk over age using all ancestries in UK
Biobank for all diseases. The solid red curve indicates the posterior mean, and the shaded
region is the 95% credible interval.

GRS within each age group (See Section 2.2.5). Using five-fold cross-validation,

we computed and compared the average areas under curve (AUC) for both age

groups using their age-stratified GRS (Figure 3.12, Table 3.6). We found the AUC

differences between younger and older groups agree with the decreasing slopes for

the diseases considered (Table 3.4). For example, C44.5 “Other and unspecified

malignant neoplasm of skin of trunk” has the steepest slope among the 24 codes

and the AUC difference (0.058) is also the largest. The only disease which has a
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Figure 3.11: Risk profiles using external variant sets and disease phenotype definitions.
(A) Inferred cluster profiles using associations collected from GWAS Catalog for two
disorders: “primary (essential) hypertension” (I10) and “antherosclerotic hearth disease”
(I25.1). (B) Inferred cluster profiles for two phecodes: “172.20” (other non-epithelial
cancer of skin, ICD-10 codes: C44.3 and C44.5) and “411.20” (myocardial infarction,
ICD-10 codes: I21.9 & I25.2). The solid line indicates the posterior mean and the shaded
area the 95% credible interval; Numbers in boxes indicate the number of variants in each
cluster; All estimates are made with quadratic models for age-varying risk profiles.

larger AUC in the older group is M54.5 “low back pain”, which also records the only

increasing genetic risk over age, though the increasing pattern is not significant.

Additionally, we applied the GRS estimated from the younger or older age group to

compute the ROC in the other age group. In 18 out of 24 ICD-10 codes, the GRS

estimated in the younger group has a bigger AUC than the GRS estimated in the

older group, when applied to the testing set from the older population. We found no

compelling differences in the discriminating power of GRS estimated from younger
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Figure 3.12: Comparison of receiver-operator curves (ROC) under different age
assignments for training and testing sets. The population is divided into a younger
group and an older group, where GRS and ROC are estimated from one of the groups.
Each plot shows the ROC for four combinations: GRS and ROC are both computed
from younger (Young-young; blue) or older group (Old-old; red); GRS is computed from
the younger group and ROC is computed from the older group (Young-old; green) and
the other way around (Old-young; orange). The area under the curve (AUC) metrics
are shown in the top left. C44.5 “other and unspecified malignant neoplasm of skin
of trunk”, M06.9 “rheumatoid arthritis, unspecified”, E10.9 “type 1 diabetes mellitus
without complications”, K80.2 “calculus of gallbladder without cholecystitis”, and I25.1
“atherosclerotic heart disease of native coronary artery” are ICD-10 codes that have the
biggest AUC differences between the blue and red ROCs. M54.5 “low back pain” is the
only disease that has a larger AUC in red ROC than blue ROC. Regardless of whether
the GRS and ROCs are computed from the same age group, we use 80% of the sample to
compute the GRS and 20% for the ROC to match the sample sizes under each condition.

and older groups when applied to the testing set from the younger populations.

3.5 The impact of unobserved risk factors

One possible explanation for the decreasing impact of genetic risk is the presence

of unobserved risk factors. For any causal covariate of interest, the presence
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Table 3.6: Comparison of area under the curve (AUC) metrics under different age
assignments for estimation and prediction for all diseases. The population is divided into
a younger group and an older group, where GRS is estimated in the training set from one
group and receiver-operating curves (ROCs) are computed from the testing set in one
group. By the combining age assignments for the training and testing sets there are four
conditions: GRS and ROC are both computed from the younger (third column) or older
group (fourth column); GRS is computed from the younger group and ROC is computed
using the older group (fifth column) and the other way around (sixth column). Regardless
of whether the training data and testing data are from the same age group, we use 80%
of the sample as the training set and 20% as the testing set to match the sample sizes of
each condition.
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of unmeasured and causally-associated uncorrelated covariates has the effect of

generating (at the population level) additional variability in hazard rates. Such

heterogeneity, historically referred to as frailty in epidemiology [53], has the potential

to induce bias in effect sizes over time, somewhat remarkably even if independent

of the covariate of interest, due to the increased rate at which individuals with high

unmeasured risk enter into a disease state. Over time, those individuals with a

risk-increasing covariate, but who do not have the disease, will become enriched for

a protective background. Frailty will thus tend to lead to an underestimate of true

effect sizes in older populations and, consequently, can even lead to biased effect size

estimates (typically underestimates) in regression analysis of the entire cohort [52].

To demonstrate the impact of such covariates we repeated the simulations under a

constant risk profile, but multiplied individual risk by an unobserved factor that is

generated from a gamma distribution (Figure 2.3A). We find that our test for age-

dependence has a false positive rate of above 0.05 if the variance in risk is greater than

0.1 of the mean (Figure 2.3B; specifically FPR > 0.09 when variance > 0.1 x mean).

To investigate the extent to which unmeasured genetic factors might be responsi-

ble for the diminishing of risk over time we first compared the results of univariable

and multivariable analyses of the variants analysed here (Figure 3.13A). We found

that results were essentially identical under the two approaches, suggesting the

frailty arising from variants included here cannot explain the pattern. We next

attempted to estimate general parameters of frailty using incidence data from the

UK Biobank by fitting a parametric model in which the underlying disease incidence

(baseline hazard rate) increases in proportion to age as a power function of age,

but where there is a distribution of rates within the population, parameterised as

a gamma distribution with a mean of one and an unknown variance [51, 100]; see

Section 6.3.1 and Section 6.3. Estimates of parameters are provided in Table 3.7,

along with the significance value for a goodness-of-fit test for the inferred model. We

find substantial variation across diseases in the inferred parameters. For example,

the baseline hazard rate of K80.2 “calculus of gallbladder without cholecystitis” is

estimated to increase proportional to age to the power of 1.9, but with substantial
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Figure 3.13: The impact of frailty on genetic risk profiles. (A) Estimated age-profiles
for genetic risk for I10 “essential (primary) hypertension” (left) and I25.1 “atherosclerotic
heart disease of native coronary artery” (right) fitted under the univariable (purple) and
multivariable (green) approaches. For I10, the solid line indicates the posterior mean and
the shaded area the 95% credible interval; For I25.1, the solid and dashed lines indicate
the means for the two clusters of variants. Comparisons for all diseases are shown in
Figure 3.14. (B) Estimated incidence by age for K80.2 “Calculus of gallbladder without
cholecystitis” (left) and C44.3 “Other and unspecified malignant neoplasm of skin and
unspecified parts of face” (right). The red solid line indicates the rate estimated from the
UK Biobank (see Section 6.3.1) and the dotted blue line indicates the fitted incidence
curve from the parametric model. The P value indicates the Goodness-of-Fit test. Curves
for all diseases are shown in Figure 3.15. (C) Comparison of inferred genetic effect sizes
(red curve) and those implied by the frailty parameters estimated from incidence rate
within the UK Biobank (blue dashed curve).

frailty (scale parameter = 1.87, goodness-of-fit P = 0.93; Figure 3.13B). In contrast,

the baseline hazard rate of C44.3 “other and unspecified malignant neoplasm of

skin of other and unspecified parts of face” is estimated to increase more rapidly

with age (power of 3.58), but with lower frailty (scale parameter = 0.94; P =

0.76). It should be noted that the simple parametric model can be rejected at P

< 0.01 for only one (J45.9, “other and unspecified asthma”) of the 24 disorders,

with the main discrepancy being a reduction in incidence among the eldest UK

Biobank participants compared to the fitted model, which may potentially be

explained by selection bias in recruitment and competing risks of multi-morbidity.

We note that the estimated magnitude of frailty is typically sufficient to lead to

an elevated false positive rate of the test.

Previous work has demonstrated that the magnitude of the diluting impact of
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Figure 3.14: Comparison of effect size estimation using multivariable and univariable
methods for all diseases studied. A quadratic polynomial model is fitted to the estimated
effect size in both cases, which is shown as two curves: green (multivariable) and purple
(univariable).
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Figure 3.15: Estimated incidence by age in the UK Biobank for all diseases studied here.
The red solid line indicates the rate estimated from the UK Biobank (see Section 6.3.1)
and the dotted blue line indicates the fitted incidence curve from the parametric model.



3. Inferring age profiles of genetic risk for common diseases using UK Biobank
data set 73

Table 3.7: Estimated parameters of frailty from the UK Biobank. The fitted model has
a hazard rate of hi = µiγtk, where µi ∼ Gamma(shape = 1

θ , scale = θ).
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frailty on effect sizes in longitudinal models can be predicted using the incidence

and frailty distribution parameters [51]; notably the implied effect size at a given

age is reduced by a factor proportional to the prevalence at that age multiplied by

the variance of frailty distribution; see Methods. We therefore compared inferred

(univariable) curves for genetic variants against that implied by the fitted frailty

model (Figure 3.13C). In 17 of the 24 diseases we find that while the estimated

frailty predicts a decreasing genetic effect size with age, the observed decrease both

starts earlier and is of a larger magnitude than expected (Figure 3.16; Figure 3.17).

Importantly, the estimated effect size tends to decrease substantially even when

the prevalence of the disease is very low. We therefore conclude that, even after

accounting for independent unmeasured factors that influence disease risk, genetic

relative risk for most diseases decreases with age.
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Figure 3.16: Comparison of inferred genetic risk profiles and those predicted from fitted
frailty models. A) A likelihood ratio test of deviation from the fitted frailty model (red),
compared with the likelihood ratio test of deviation from a constant effect model. Four
diseases have Q < 0.05 after correcting for multiple testing. All inferences are performed
on the univariable estimation of variant effect size because the fitted frailty should include
both genetic and non-genetic factors. B) Paired t-test of the gradient of frailty and our
inferred curve, identifying 17 out of the 24 diseases analysed where the inferred genetic
risk profile slope is steeper than that implied by the inferred frailty parameters.
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Figure 3.17: Comparison of genetic risk estimated using quadratic polynomials and
that predicted by a frailty model. Comparison of fitted latent curves (red curve for the
mean and shaded region for the 95% credible interval, estimated using the univariable
approach) and latent profiles implied by the fitted frailty effect (blue dashed line), for all
24 diseases analysed here.
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4.1 Age-dependent topic model for longitudinal
diagnoses

In this and next section we extend our analyses to simultaneously modelling multiple

diseases. To identify the genetic structure underlying longitudinal data of multiple

diseases, we adopted a two-stage approach. In stage one we estimated a low-rank

representation of individual disease trajectories, where we aim to assign probability

to patients for getting a subset of a selection of related diseases. We modelled the

risk of getting each of these diseases as a function of age, exploiting the age-at-onset

information. In stage two, we investigated the genetic architecture that underlies

the sets of related diseases. For stage one, we constructed a Bayesian hierarchical

model, Age-dependent topic model (ATM), to infer latent risk profiles for common

diseases. The model assumes each individual possesses several age-evolving disease

profiles, which summarise the risk over age for multiple diseases that tend to

co-occur within an individual’s lifetime, namely the age specific multi-morbidity

profiles. At each disease incidence, one of the disease profiles is first chosen based

on individual weights of profile composition, the disease is then sampled from this

profile conditional on the age of the incidence.

4.1.1 Overview of generative process

This section will be repeated in the Section 6.4 to make it self-contained. We

constructed a Bayesian hierarchical model to infer K latent risk profiles for D

distinct common diseases. Each latent risk profile (comorbidity topics) is age-

evolving and contains risk trajectories for all D diseases considered. Each individual

might have a different number of diseases, while the disease risk is determined by the

weighted combination of latent risk topics. The indices in this note are as follows:

s = 1, ..., M ;

n = 1, ..., Ns;



4. Methods to infer latent risk trajectories of many binary traits with age-at-onset
information 79

Figure 4.1: Plate presentation of generative model. M is the number of subjects, Ns is
the number of records within sth subject. All plates (circles) are variables in the generative
process, where the plates with shade w is the observed variable and plates without shade
are unobserved variables to be inferred. The generative process is described in the text.

i = 1, ..., K;

j = 1, ..., D;

where M is the number of subjects, Ns is the number of records within sth subject,

K is the number of topics, and D is the total number of diseases we are interested

in. The plate representation of the generative model is summarised in Figure 4.1.

• θ ∈ RM×K is the topic weight for all individuals, each row of which (∈ RK)

is assumed to be sampled from a Dirichlet distribution with parameter α. α

is set as a hyper parameter.

θs ∼ Dir(α).

• z ∈ {1, 2, ..., K}
∑

s
Ns is the topic assignment for each diagnosis w ∈ {1, 2, ..., D}

∑
s

Ns .

Note the total number of diagnoses across all patients are ∑
s Ns. The topic

assignment for each diagnosis is generated from a multinoulli distribution

with parameters equal to sth individual topic weight.

zsn ∼Multi(θs).
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• β(t) ∈ F(t)K×D is the topic which is K ×D functions of age t. F(t) is the

class of functions of t. At each plausible t, the following is satisfied:

∑
j

βij(t) = 1.

In practice we use softmax function to ensure above is true and add smoothness

by constrain F(t) to be spline or polynomial functions:

βij(t) =
exp(pT

ijϕ(t))∑D
j=1 exp(pT

ijϕ(t))
,

where pij = {pijd}, d = 1, 2, ..., P ; P is the degree of freedom than controls

the smoothness; ϕ(t) is polynomial and spline basis for age t.

• w ∈ {1, 2, ..., D}
∑

s
Ns are observed diagnoses. The nth diagnosis of sth

individual wsn is sampled from the topic βzsn(t) chosen by zsn:

wsn ∼Multi(βzsn
(tsn)),

here tsn is the age of the observed age-at-onset of the observed diagnosis wsn.

The variables of interest in this model are global topic parameter β, individual

(patient) level topic loading θ, and topic loading z of each diagnosis. Based on the

generative process above, we notice that each patient is independent conditional

on α and β. Therefore, we could adopt an EM strategy, where we first estimate θ

and z, then estimate β which maximise the evidence lower bound (ELBO).

The key element in our model is age-evolving risk profiles, which is achieved

by modelling the comorbidity topics β(t) ∈ F(t)K×D as functions of age. The

functionals mathcalF (t) considered are linear, quadratic, cubic polynomials, and

cubic splines with one, two and three knots.

We note that our model assumes ∑
j βij(t) = 1 and ∑

i θsi = 1, which create

a negative correlation of topic loadings within each patient and disease weights

within each topic. Therefore, an intuitive interpretation of the marginal risk in the

model is the probability of getting a specific disease conditional on having a disease,

instead of capturing the absolute risk of getting a specific disease. Similarly, our
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inferred patient loadings could be interpreted as the composition of comorbidity

profiles. Additionally, we also assume the topic weights stay constant over age within

each individual while the weights for diseases change with age within each disease

topic. It is necessary for achieving model identifiability to allow either weights

within individual or topics to change as a function of age rather than both of them,

otherwise we would have equivalent scenarios where patient loadings are scaled at an

age point and the corresponding weights in topic are scaled by the inverse of the same

factor at that age. Therefore under this assumption we could not discover identify

the scenario where both comorbidity profiles and patient loadings changes with age.

4.1.2 Inference of the model

The variables of interest are global topic parameter β(t), individual (patient) level

topic loading θ, and topic loading z of each diagnosis. In a Bayesian setting,

the model could be evaluated by the evidence function p(w|α, β). The best β(t)

is found by maximise the evidence function, while for θ and z we aim to find

or approximate their posterior distribution p(z, θ|w, α, β). Given the posterior

distribution is intractable, we use q(z, θ) to approximate them. Now we could

write the evidence function as:

p(w|α, β) = L(z, θ, β, α) + KL(q||p).

Here KL(q||p) = −
∫

q(z, θ) ln p(z,θ|w,α,β)
q(z,θ) is the KL divergence. Since KL divergence

is always positive, L(z, θ, β, α) is a lower bound of the evidence function:

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z, θ)}. (4.1)

In practice, evidence lower bound (ELBO) is used to check the implementation

of each variable update as all optimisations aim to increase this ELBO. We could

locate potential implementation error as well as numeric error by checking if any

update cause the ELBO to decrease.

When finding the posterior of θ and z, we want the q(z, θ) to be as close to the pos-

terior p(z, θ|w, α, β) as possible. Since KL(q||p) = 0 when q(z, θ) = p(z, θ|w, α, β),
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this could be achieved by minimising KL(q||p) or maximise L(z, θ, β, α). The

most commonly used form of q(z, θ) assumes that the distribution is factorised,

which might cause instability when signal-to-noise ratio is low [101]. Comparison of

the evidence lower bound L(z, θ, β, α) shows that ELBO is consistently higher for

collapsed variational inference.(Figure 4.2) Therefore we choose collapsed variational

inference which are more accurate [102]. The collapsed variational inference is

achieved by integrate out θ from the likelihood function p(w, z, θ|α, β) and find the

approximated posterior distribution q(z). For detailed derivation, the comparison

between the collapsed variational methods and mean-field method, and update

algorithms, see Section 6.5.1 and 6.6.

Figure 4.2: Comparison of ELBO for collapsed variational inference and mean-field
variational inference. ELBO is computed from the entire UK Biobank dataset (Section
4.3.1) and with cubic polynomials. Model with each number of topics is inferred with 10
random initialisations with both CVB and the VB (mean-field).

When finding the β(t) that maximises the evidence function, we again maximise

L(z, θ, β, α). Maximising L(z, θ, β, α) with respect to β(t) does not have an

analytical solution due to its softmax structure. We use a local variational
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method and numerical optimisations to find the distribution β(t). Details are

provided in Section 6.5.

4.1.3 Extracting latent weights for patient and diagnoses

Our model has the desirable property that each patient and patient-diagnosis are

assigned to comorbidity topics. The model estimates the posterior distribution

q(z), which is a categorical distribution. (Section 6.5.1) Several metrics related

to topic assignments could be derived from the q(z):

• Each patient-diagnosis (incidence disease) has a posterior assignment to

comorbidity topics, which is computed as Eq{zn}.

• Each patient has a posterior topic assignment θs, which is a dirichlet distri-

bution θ ∼ Dir(α + ∑Ns
n=1 Eq{zn}). The topic weights of each patient is the

mode of this Dirichlet distribution
∑Ns

n=1 Eq{zn}∑K

i=1

∑Ns
n=1 Eq{zni}

. The value is used as the

low-rank representation of patient disease history, which could be used to

perform analysis such as PRS-topic regression.

• The average topic assignment of disease j is the mean over all incident assign-

ments Eq{zsn∈{wsn=j}}. This metric is used to measure which comorbidity

topic a disease is associated with.

• A hard assignment of a patient-diagnosis to a subtype is based on the max

value of Eq{zn}. The incident disease is assigned to topic argmaxi(Eq{zni}) .

4.2 Simulation analysis

The simulations are divided into two parts. Firstly, we are interested in whether the

proposed method could assign incident disease to the correct comorbidity profiles,

particularly in the presence of comorbidity heterogeneity. Secondly, by simulating

comorbidity with genetics, we test whether the inferred comorbidity profiles could

be used to discover the interaction between genetic and comorbidity topics.
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4.2.1 Parameter set up

To evaluate whether the algorithm could assign correct comorbidity profiles to

incident disease, we simulated diseases from two disease topics within a 10,000-

individual population, using following parameters:

M = 10, 000;

Ns = 6.1;

Ns ∼ exp{Ns};

D = 20;

K = 2;

(4.2)

here M is the number of individuals in the population, Ns is the average number

of diseases for each individual, D is the total number of diseases, K is the number

of comorbidity topics. The distribution of disease number per-individual Ns is

sampled from an exponential distribution, which matches those from UK Biobank

data (Figure 4.3). According to Equation 3.1 in [101], whether the topic model

could capture the true latent structure is determined by the signal-to-noise ratio

and could be evaluated with limits M →∞; D →∞; D
M
→ δ, where δ is a constant.

Therefore we choose D and M at scales that make D
M

approximately similar to those

of the UK Biobank dataset (Samples size = 282,957; distinct disease number = 349).

The simulated topics are constructed as follows:

• All but K diseases are simulated to be associated with comorbidity profiles.

Each of them has a risk period of 30 years and overlaps for 10 years with the

next disease. For example, if disease 1 has a risk period from 30 to 59 years

of age, disease 2 will have a risk period between 50 to 79 years of age. When

the risk period reaches the maximal age, the truncated part will be carried to

the next disease to create diseases with shorter risk period. All risk periods

are assigned a value 1.

• K diseases are simulated to span all topics. The values of these diseases are

sampled from Unif(0, 0.1
K

) for each topic. Here K is the number of topics.
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Figure 4.3: Distribution of disease number per patient. Histogram of number of distinct
diseases per patient from the UK Biobank HES dataset and from the simulated exponential
distribution with mean = 6.1.

• The age profiles are then normalised at each age point to ensure ∑D
j=1 βj(t) = 1

for all t. With this constraint we could sample a disease at each age t using the

topic as a multinomial probability. The age range of the simulated topics is 30

to 81 years of age, which are the minimal and maximal incident age-at-onsets

in the UK Biobank population respectively. An example of a simulated topic

is shown in Figure 4.4

For each individual, we sampled the Dirichlet parameter α from a gamma

distribution (shape = 50, rate = 50 ). Topic loadings are sampled from the Dirichlet

distribution for each patient following the generative process. When simulating

topics that are altered by genotypes, we add genetic effects to the simulated loadings

then normalise it, as described in Section 4.2.3. For each patient, we first sample Ns

diseases . When simulating each incident disease, we sample a topic based on the

individual topic loading the disease and then sample an age-at-onset from uniform

distribution between age 30 to 81. We then choose the incident disease based
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Figure 4.4: Comparison of an inferred topic and simulated topic. Examples of simulated
disease topic (left) and corresponding inferred topic (right).

on the age-at-onset from the chosen topic. The procedure follows the generative

process described in Section 6.4.

Since in real data we only use the first age-at-onset for diseases that are recorded

more than one time within the same patient, we filter the simulated diseases

accordingly. The filtered data are fed into the inference functions to infer the latent

topics and loadings. The inferred topics resemble the true topics used to simulate

diseases as shown in Figure 4.4. For the initialisation of each inference, we first

sample β and θ from a Dirichlet distribution with non-informative hyperparameters,

then initialise other variables following the generative process. The variational

inference converged where the relative change of ELBO is below 10−6.

4.2.2 Classification of disease subtypes

To simulate diseases that have distinct comorbidity subtypes, we first simulate

diseases using the procedure described in Section 4.2.1. We consider two scenarios:
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(1) the subtype of diseases have the same age-at-onset distribution. (2) the subtypes

of diseases have distinct age-at-onset distribution.

We create diseases with distinct comorbidity profiles by combining diseases that

are sampled from distinct topics and labelling them as a single disease. We first

choose one disease (disease A) then sample a proportion of the incidents from

a second disease (disease B) to label as disease A. The proportion is varied to

create a different sample size ratio of the two subtypes. In scenario one, disease

B is a disease that has the exact same age distribution as disease A but from

the other topic. In scenario two, the disease B is from the other topic and has

a different age distribution (age-at-onset moves up for 20 years) than disease A.

After changing the labels of disease B to be the same as disease A, we use the

inference procedure described in Section 6.5 to get the posterior distribution.

To evaluate whether the model could capture the comorbidity subtypes, we

compute the precision and recall for correctly classifying incident disease B to

be from the topic that it is generated from. The topic loading of each incident

disease is determined as in Section 4.1.3. We use other diseases from the topic of

disease B to benchmark the topic label. The analysis is performed using both

ATM and LDA (both implemented using collapsed variational inference to make the

comparison fair) to compare the performances. Latent dirichlet allocation (LDA)

is a simpler topic modelling approach that does not model age. We considered

different ratios of early onset to late onset disease incidence (subtype sample size

ratio). Our primary metrics are precision, defined as the proportion of incidences

that are classified as disease B are true, and recall, defined as the proportion

of true disease B that are correctly labelled.

Results are reported in Figure 4.5A. ATM consistently attains higher precision

and higher recall than LDA across all values of subtype sample size ratio, with

both methods performing better at larger (i.e. more equal) subtype sample size

ratios. As a secondary analysis, we eliminated the difference in age distributions

between the topics, and determined that ATM and LDA attained similarly low

precision and recall (Figure 4.6A).
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Figure 4.5: Simulating studies established the power of the method to identify
comorbidity and genetic causality. (a) The precision and recall rate to correctly assign
incident disease to correct comorbidity profiles using Latent Dirichlet Allocation (LDA)
and our methods. X-axis refers to the size ratio of the small subgroup and the large
subgroup, precision and recall are computed for the label incidences in the small subgroup.
Each dot represents the mean of 100 simulations of 10,000 people, the bar shows the 95%
confidence intervals. Red refers to the ATM and green refers to the LDA model. (b)
The power to detect three SNP-topic-disease structures. The left and middle columns
are tested with mendelian randomisation with inverse variance weighting. Instrumental
variables are chosen by FDR<0.05. Red refers to topic-to-disease causality and green
refers to disease-to-topic causality. The right panel shows the power to detect underlying
SNP-topic interactions.



4. Methods to infer latent risk trajectories of many binary traits with age-at-onset
information 89

Figure 4.6: Additional simulating studies. (a) The same analysis but without both
subtypes having the same age-at-onset distribution. (b) The power to detect SNPxtopic
and SNPxdisease interaction effects under four different models. Red refers to model 1
SNPxtopic interaction and green refers to model 2 SNPxdisease interaction.

4.2.3 Simulating genetic effects on topics and diseases

We simulated 100 variants with MAF randomly sampled from Unif(0, 0.5). We

assumed an additive model and simulated genotypes for the population using Hardy-

Weinberg equilibrium. We simulated three types of genetic effects on topic and

diseases in addition to the simulation framework described in Section 4.2.1:

• Genetics-topic effect: each variant is simulated to have an linear effect of 0.04

on the topic loading. The rationale for choosing this value is: after normalising

the topic, a regression of causal variant to topic would have an effect size

approximately 0.01 which is similar to our empirical observation in the UK



4. Methods to infer latent risk trajectories of many binary traits with age-at-onset
information 90

Biobank. The number of variants that are causal to the topic varies between

2 to 20. We simulated the effect on one topic by adding additive SNP effects

and normalise the topic loadings of each patient. The topic-disease causality

is a natural consequence following the generative process of sampling data.

• Genetic-disease-topic effect: we simulated a heritable disease that is causal

to the topic. The disease is simulated with 20 causal variants each of effect

size 0.15. We vary the disease-to-topic causal effect from 0.05 to 0.5, with a

default value of 0.1 in other analyses (0.1 is similar to the correlation between

disease and topic in the UK Biobank analysis). We simulated the effect on

one topic by adding additive causal disease effects and normalise the topic

loadings of each patient.

• The genetic effect could interact with the topic when contributing to disease

risk. We simulated four additional diseases to represent different interaction

structures (Figure 4.6B).

– Genetic effects interact with topic loading when altering disease risk.

The interaction term is added to the mean of disease liability, which is

sampled from a Gaussian distribution. The disease is then sampled by a

threshold on the liability, where the incidence rate is by default 0.8. The

interaction effect is varied from 0.4 to 4, with default value equal to 2.

– Pleiotropy effects are simulated with a variant having both genetic-disease

and genetic-topic-disease effects. Both genetic and topic effects are added

to the mean of disease liability. A disease is sampled by a threshold with

default incidence rate equal to 0.8. The topic-disease effect is varied from

0.4 to 4, with default value equal to 2.

– Pleiotropy effect with nonlinear topic-disease effect. A quadratic term of

topic-disease effect is added to the second model.

– Pleiotropy effect with nonlinear genetic-disease effect. A quadratic term

of genetic-disease effect is added to the second model.
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For disease-topic or topic-disease causal effects, we simulated 50 repetition at each

causal effect size to obtain confidence intervals. For interaction analysis, we repeated

10 times at each parameter value, as there are more SNPs for uncertainty estimation.

The simulated disease sets are fed into the inference procedure described in Section

4.2.1 to infer the patient topic loadings.

We use the patient topic loadings (Section 4.1.3) to identify disease-topic/topic-

disease causality and SNP-topic interactions. We use Mendelian randomisation

(MR) to identify topic-disease or disease-topic causality. We first perform regression

and logistic regression to identify SNP-topic and SNP-disease association. We use an

FDR threshold of 0.05 to identify SNPs as instrumental variables. Inverse-variance

weighted MR is performed on both directions and P-values are recorded. Firstly,

we tested whether the simple mendelian randomisation could detect the causal

relationship from an inferred topic to the diseases, while varying the number of causal

variants to the true topic. (Figure 4.5B) As the number of causal variants increases,

the power of detecting topic-to-disease causality increases, while the test of reverse

causality remains well calibrated. Secondly, we find that MR has increased power

of detecting the disease-to-topic causality as the simulated disease-to-topic causal

effect sizes increase, while the test for reverse causality remains well calibrated.

For interaction analyses, we test for both GxTopic to disease and GxDisease to

topic effects. The p-values of each SNP are recorded to compute the false positive

when there is no interaction or power when interaction is simulated. Both models

have low powers to detect SNP whose effect on disease risk is modulated by topic

weights. (Figure 4.5B right panel) This is due to the fact that the topic-to-disease

effect (at the scale of 1) is much larger than the single SNP-to-disease effect (at

the scale of 0.1) . Caution of the potential inflation (or deflation) of test statistics

due to model misspecification [103], we tested the false positive rates of the two

interaction models under three null models: SNP-topic-disease, SNP-disease-topic,

and a pleiotropy model. Figure 4.6 We found the power of detecting interaction is

not calibrated under these null models, when all simulated effects are linear. When

nonlinear SNP-to-disease or topic-to-disease effects are added to the pleiotropy
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model, increased false positive rates are observed. We caution that the calibration

of interaction test statistics should be checked in case that the model deviates

from the linear assumption, especially when topic-to-disease effect sizes are large

such that the nonlinear terms could no longer be approximated well using a linear

model. We also concluded that linear models do not have sufficient power to detect

single SNPs that interact with topics when contributing to disease risk. Therefore

in empirical study we focus on metrics that evaluate joint effects of many SNPs,

such as PRS, Fst, and genetic correlation.

4.2.4 Additional simulations

Apart from the focal simulations, we perform additional simulations to assess the

model performances. In this section we simulated a slightly larger data set with

20,000 patients, 5 disease topics, and 50 distinct diseases. Each topic is configured

the same as in Figure 4.4. Firstly, We evaluated if the ELBO could identify the

correct number of topics. (Left column of Figure 4.7) By comparing ELBOs using

inference of model with varying number of topics, we found that ELBO continues

to increase even when the model topic number has surpassed the truth (true topic

number = 5). Therefore, when applying ATM to empirical data we use prediction

odds ratio as well as ELBO to choose the best topic number. Secondly, we evaluate

whether the model could group simulated disease pairs into the same comorbidity

profiles with varying population size. We computed the grouping accuracy by

assigning each disease to one of the topics based on topic loadings and computed the

accuracy across all possible disease pairs. We found no changing trend of grouping

accuracy as we change the simulated population size. Lastly, since the per-individual

record number is a key limiting factor on the signal-to-noise ratio [101], we computed

grouping accuracy with varying per-patient record numbers. We found the grouping

accuracy increases as the per-patient record number increases. We conclude that the

model should work well on empirical data which has 6.1 distinct records per-patient.
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Figure 4.7: Additional simulating studies. (part 2) Left: Evidence lower bound (ELBO)
computed using models of different topic numbers (true topic number = 5). Middle: The
accuracy to group disease pairs into the same comorbidity with varying population size.
Right: The accuracy to group disease pairs into the same comorbidity with varying record
number per individual. Each model is run for 5 times with random initialisation and the
inference with highest ELBO is kept.

4.3 Application to HES in UK Biobank

4.3.1 Data processing

We use the hospital episode statistics (HES) data within the UK Biobank dataset,

which is recorded diseases using the ICD-10/ICD-10CM coding system. Codes

started with letters from A to N are kept as they correspond to disease code (opposed

to procedure codes). The disease records were mapped from ICD-10/ICD-10CM

codes to phecodes using a three-step procedure: Firstly, we map the first four

substring of each ICD-10 records to the phecodes, using the map file downloaded

from phewascatalog.org; Secondly, we map the remaining records using ICD-10CM

map file downloaded from phewascatalog.org; Lastly, we map remaining records

to a collapsed ICD-10CM mapping system which only use the first four digits

of ICD-10CM codes. We also noticed an ICD-10/ICD-10CM code could map to

multiple phecodes. When a single ICD-10/ICD-10CM code s mapped to more than

one PheCodes, we only kept the phecode that are mapped to the most ICD-10

codes (i.e. PheCodes are constructed by combining ICD-10 that represent similar

diseases. The phecode that represents a larger number of ICD-10 codes is more

likely to be a well defined disease, which we choose to keep.), which ensures that
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one ICD-10(CM) code only maps to one phecode. Using the procedure above, we

mapped 99.7% ICD-10/ICD-10CM code to phecode, with 4,637,127 records in total.

The mapped phecodes are filtered to keep only first age-at-onset for each disease

within a patient. The age-at-onset for each record is computed as the difference

between month of birth to the episode starting date. We then computed the

occurrence of each disease in the UK Biobank and kept 348 that have more than

1000 occurrences. We then filter the patients to keep only those who have at least

two distinct diseases from the 348 focal diseases, as we are most interested in the

comorbidity information. We treated death as an additional disease (8,666 records)

to evaluate if certain comorbidities are more likely to lead to fatal events. After these

procedures, there are in total 1,726,144 distinct records across 282,957 patients.

4.3.2 Compute prediction odds ratio of topic models

To compare models of different topic numbers and configuration of age profiles, we

compare the prediction odds ratio of each model. We separate UK Biobank patients

into a training set (80%) and a testing set (80%). On the training set, we estimate

the comorbidity topics. On the testing set, we fix the topics and infer the patient

loadings to predict the next disease in chronological order. The topic loadings are

estimated using the first n diseases and compute the risk rank of diseases at the age

of the (n + 1)th disease. The odds ratio is computed by the odds of the (n + 1)th

disease being in the top 1% of predicted diseases versus being in the top 1% most

prevalent diseases. We use top 1% most prevalent diseases instead of randomly

sampled diseases as it represents a naive prediction model that predicts disease

based on prevalence. The patient loading computation is in Section 4.1.3 and the

risk is computed as the linear combination of topics weighted by patient loadings.

We also compute the prediction odds ratio using the LDA model. We repeat the

procedure for 10 times for each model configuration.

We compared the prediction odds ratio for topic numbers between 5 to 20,

with linear, quadratic polynomial, cubic polynomial, and splines with one, two
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and three knots. We also compared the ATM model with the LDA model of

topic number between 5 to 20.

4.3.3 Identify the best model fitted to the data

To find the best model that on the entire dataset, we evaluate the ELBO for models

with topic numbers between 5 to 20, 25, 30, and 50 topics and age profiles configured

by linear, quadratic polynomial, cubic polynomial, and splines with one and two

knots. Each model is run for 10 times with random initialisations. We choose the

model that has the highest ELBO after converging.

We take the sum of disease topic loadings (Section 4.1.3) over diseases within

each phecode system and extract the top 3 systems. Most of comorbidity topics are

named using the first three topics (e.g. CER: cardiovascular, endocrine/metabolic,

respiratory), except for topics that are predominantly associated with one system

(LGI: lower gastrointestinal; UGI: upper gastrointestinal; CAD: cardiovascular).

We present focal diseases for each topic in two ways. Firstly, we filter each

topic using the average disease weights between age 30 to 81 to keep the top seven

diseases. We chose seven for visualisation purposes, as we found that including

more diseases would make reading the figure harder. Secondly, we also show seven

diseases that have the highest loadings to each topic. This will give a picture of

diseases that are not the most prevalent in the population but are predominantly

associated with the target topic.

4.3.4 Comparing comorbidity profiles between age and sex
groups

To compare the comorbidity heterogeneity between age groups, we group the

incidences for each disease to two age groups: young group (< 60 years of age) and

old group (≥ 60 years of age). We compute the average disease topic assignment

of each group as described in Section 4.1.3. Additionally, we inferred topics for

male (984,554 records in 156,366 individuals) and female (741,590 records in 126,591

individuals) populations respectively using a model with 10 topics and spline
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function with one knot. We extract the average topic assignment for each disease,

and use Pearson’s correlation to match the topics for both sexes to the topics

inferred on the entire population.

Each incident disease could be assigned to a specific topic as described in Section

4.1.3. We focus our disease heterogeneity analysis on 52 diseases that have at least

500 incidences assigned to a secondary topic.

4.3.5 Evaluating the concentration of comorbidities on test-
ing set

To verify that the comorbidity profiles that the model captured are capturing

diseases that are more likely to present within the same individual, we estimate the

odds ratio of the disease duo, trio, quartet, and quintet that are captured by the

topic versus that of random combinations. We divide the population into an 80%

training set and a 20% testing set. We trained the ATM model with five random

initialisations and kept the inference with the highest ELBO. Each disease is assigned

to a topic by the highest average topic assignments. (Section 4.1.3) We focus on the

top 100 diseases ranked by prevalence to avoid the combinations being too rare to

appear in the population. In the testing set, we computed the odds of individuals

who have all diseases in the comorbidities versus the odds implied if all diseases are

independent (computed as the product of disease prevalence). The odds ratio is

computed for all combinations of duo, trio, quartet, and quintet that are assigned

to the same topics. We perform the same analysis using PCA for comparison.

4.4 Genetic analysis

For the analyses that are listed below, we focus on the 52 diseases that show comor-

bidity heterogeneity among incidences. The subtypes of diseases are constructed

by a hard assignment based on max topic loading for each incidence.
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4.4.1 Polygenic risk scores

We use a case-control matching strategy to construct data to estimate coefficients

for PRS. For each case in the disease group, we pick four nearest neighbors (without

replacement) from the control group, matching sex, BMI, year of birth and 40 genetic

principal components. The covariates are available within the UK Biobank data set,

over which we computed the principal components across the British Isle ancestry

population. We then compute the Euclidean distance of the principal components

to find the nearest neighbours in the population. All cases are matched with four

controls except for 401.1 essential hypertension which has a sample size larger than

20% of the population. We match only one control for each hypertension case.

We perform logistic regression with sex and top 10 principal components as

covariates to estimate the main variant effect of the 805,426 variants that are

genotyped. We used PLINK 1.9 for association analysis, clumping, and PRS

construction [93]. We clump the association results using the index SNP p-value

threshold 10−4 and clumped SNP p-value threshold 10−3, with LD threshold equal

to 0.2. The PRS for each patient is then computed using the clumped SNPs

with log OR as the coefficients.

When computing the PRS enrichment with patient topic loadings, we normalised

the standard error to one for both the PRS and patient topic loadings, across the

entire population. A linear regression is performed with PRS being the response

variable and the loadings being the predictor.

4.4.2 Genetic correlation analysis

For each disease and disease subtypes, we perform the same case-control matching

and association analysis as described in Section 4.4.1. We use LDSC to map the

summary statistics to HapMap3 SNPs and match the effect and non-effect alleles

[31, 88, 104]. Since UK Biobank is mostly of British Isle ancestry, we use the pre-

computed european-ancestry LD score from the LDSC website. We estimated the

heritability for each disease or disease subtype which has more than 1000 incidences

(378 diseases subtypes and diseases). We use 1000 as the incidence threshold since
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LDSC are more accurate with large sample sizes. We focus on 71 disease and 18

disease subtypes that have heritability z-score above 4 for genetic correlation analysis.

The genetic correlations are computed for each duo of disease/subtypes using

the same summary statistics described above and LD score regression. We report

the estimate of genetic correlation and z-scores. Additionally, for duos that involve

subtypes (disease-subtype or subtype-subtype), we compute the differences between

genetic correlation with subtypes and that of all disease incidence. For example,

genetic correlation of T2D-CER versus hypertension-CAD are compared to genetic

correlation between all T2D incidences and all hypertension incidences. The z-score

and p-value of the genetic correlation differences are reported. Note that genetic

correlation of subtypes of the same disease are compared to 1.

4.4.3 Fst analyses of disease subtypes

To evaluate the genetic heterogeneity between disease subtypes, we estimated the

Fst for 52 diseases that have at least 500 incidences assigned to a secondary topic.

To test the statistical significance of Fst, we adopted a permutation strategy and

randomly split the incidences into groups with the same sizes as the subtypes. We

obtained 500 permutation samples and reported the permutation p-value. Under

the assumption that causal and non-causal variants have similar allele frequency

differences across the subtypes, Fst could be a measure of causal genetic effect

heterogeneity across subtypes.

4.4.4 LCV analysis on genetic causality proportions

We perform LCV analyses between diseases and patient topic loadings to quantify

the genetic causality proportions (GCP). The summary statistics used for diseases

are the same as Section 4.4.2. To compute summary statistics using patient topic

loadings as traits, we performed linear regression with sex and top 10 genetic

principal components as covariates. The main effects are mapped to HapMap3

SNPs and transformed to LDSC summary statistics format. We performed LCV
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analysis to estimate the genetic causality proportions between topics and the 71

disease and 18 disease subtypes that have heritability z-score above 4 [90].

We focus on diseases-topic pairs that have nominally strong genetic correlation

(P-value < 0.01) to avoid false positives. Additionally, we excluded cases where the

LCV model assumptions might be violated by removing LCV results where p-value

for causality of both directions are below 0.1 or the cases where |z− scores| of GCP

are smaller than 1.96 while the jackknife FDR is smaller than 0.05. (Supplementary

Table 11 of [90]. We reported GCP estimate and P-value for rejecting GCP=0 of

disease-topic pairs, using a multiple testing significance level FDR < 0.05.
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5.1 Summary of methods

We developed an age-dependent topic modelling (ATM) method, providing a low-

rank representation of longitudinal records of hundreds of distinct diseases in large

EHR data sets (Figure 5.1, chapter 4). The model assigns to each individual topic

weights for several disease topics; each of which reflects a set of diseases that tend

to co-occur as a function of age, quantified by age-dependent topic loadings for each

100
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Figure 5.1: Age-dependent topic model provides an efficient method to represent
longitudinal biobank diagnostic data. Schematic representation of the methods. We
developed an age-dependent topic model to infer low dimensional representation of history
of diagnosis in biobank-size data sets. Each inferred disease topic collects risk trajectories
of diseases that tend to concurrently appear within individuals (comorbidity). We applied
our methods to 282,959 individuals in the UK Biobank who have at least two distinct
diagnoses in the hospital episode statistics (HES). We focus on 348 distinct Phecodes,
which have above 1000 cases in the UK Biobank population, plus death events. We fit
models with different topic number and curve configuration, and selected the cubic spline
model with ten topics based on prediction accuracy.

disease.The model assumes that for each disease incidence, a topic is sampled based

on the individual’s topic weights, and a disease is sampled based on the individual’s

age and the age-dependent topic loadings (which sum to 1 across diseases, for a

given topic) (which sum to 1 across topics, for a given disease).

Our model is designed to accommodate several challenges in modelling large and

sparse longitudinal health record data. Firstly, to address the computational cost of

modelling thousands of traits simultaneously in biobank-sized datasets, we derived

a scalable and deterministic method to infer the distributions of the model. (Section
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6.5) Secondly, to allow straightforward model selection, we adopted a Bayesian

framework and derived evidence lower bounds (ELBO) that are comparable across

model structures. We ran inference with various model structures to select best

smoothness and number of comorbidity profiles. Thirdly, each individual typically

only has a small proportion of the traits considered, which results in an extremely

sparse data. Additionally, the sparsity is exacerbated as we only kept the first

age-at-onset record of a disease for each patient, since follow-up records could

be duplicated notes of medical history instead of true new onsets of the disease.

To account for data sparsity, we borrowed ideas from text modelling and used

Dirichlet distribution in the likelihood structure which uses only information of the

non-missing data. To increase inference accuracy with a low signal-to-noise ratio, we

applied inference strategies that impose less assumptions on the model instead of the

most commonly used ones [102]. Further details of model specifications, variational

Bayesian methods, and numerical approximation methods are provided in chapter 6.

We applied ATM to longitudinal records of 282,957 individuals from the UK

Biobank [59], containing a total of 1,726,144 disease diagnoses spanning 348 diseases.

ATM does not use genetic data, but we used genetic data to analyse and validate

the inferred topics (chapter 4).

5.2 Age-dependent disease topics capture comor-
bidity profiles in UK Biobank

We applied ATM to longitudinal records of 282,957 individuals from the UK Biobank

[59], using phecodes to define disease diagnoses. We restricted our analyses to 349

diseases with at least 1,000 diagnoses each (total of 1,726,144 disease diagnoses;

average of 6.1 diagnoses per individual, average age span: 11.5 years). We trained

models with different numbers of topics and different smoothness constraints for

disease risk curves, and evaluated each model on separate test data (using 10 random

80% and 20% splits) by computing the prediction odds ratio for the top percentile

of disease prioritised (Figure 5.2; see chapter 4). The ATM model shows better

prediction odds ratio than the LDA model with the same number of comorbidity
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Figure 5.2: Prediction odds ratio of different model configurations. Each dot represents
one inference on a random training and testing split. The models are run with different
topic numbers and configurations of age risk profiles. Degree of freedom (d.f.) from
2 to 7 represent linear, quadratic polynomial, cubic polynomial, spline with one knot,
spline with two knots, and spline with three knots.The prediction odds ratios are between
model-predicted top percentile disease set versus the prevalence-ordered top percentile
disease set.

topics. (Figure 5.3) We also evaluated each model on the entire data set using the

highest evidence lower bound (Figure 5.4; see chapter 4)). Based on these criteria,

we selected a model with 10 topics and disease risk curves modelled as a spline

function with one knot. We assigned names (and corresponding acronyms) to each

of the 10 inferred topics based on the Phecode systems associated with diseases

with high topic loadings (aggregated across ages) for that topic (Table 5.1).

Age-dependent topic loadings across all 10 topics and 349 diseases (stratified into

18 Phecode systems), summarised as averages across age < 60 and age ≥ 60, are

reported in Figure 5.5. Some topics such as NRI span diseases across the majority

of Phecode systems, while other topics such as ARP are concentrated in a single

Phecode system. Conversely, a single Phecode system may be split across multiple

topics, e.g. the digestive system is split across UGI, LGI, and MDS. We note that

some topic loadings are heavily age-dependent, e.g. essential hypertension, breast
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Figure 5.3: Prediction odds ratio comparison between LDA and ATM. Each dot
represents one inference on a random training and testing split. The models are run with
different topic numbers and we choose cubic splines with one knot for configuring ATM
age profiles. The prediction odds ratios are between the model-predicted top percentile
disease set versus the prevalence-ordered top percentile disease set.

Figure 5.4: Evidence lower bound of different model configurations on the entire dataset.
Each dot represents an inference with random initialisation. The models are run with
different topic numbers and configurations of age risk profiles. Degrees of freedom (d.f.)
from 2 to 6 represent linear, quadratic polynomial, cubic polynomial, spline with one
knot, and spline with two knots.
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Table 5.1: Summary of comorbidity topics that are inferred from UK Bioban HES data.

cancer. (Figure 5.6) To verify that the comorbidities in latent topics are indeed

more prevalent in the population, we estimated odds ratio of comorbidity of varying

diseases on a testing set using topics inferred on a separate training set. The test

odds ratio is consistently above one and increases with the number of diseases in

the comorbidities. (Figure 5.7, Section 4.3.5) We also compared the comorbidity

profiles inferred within stratified male and female populations and found no major

discrepancy except for genitourinary comorbidities MGND and FGND. (R2(female

v.s. all) = 0.788, R2(male v.s. all) = 0.773, Figure 5.8) Combined, we conclude that

the latent disease topics inferred could compress comorbidity information robustly

and could capture distinct information apart from the PheCode system.

Age-dependent topic loadings for two topics (CER and CAD) across all ages,

restricted to diseases with high topic loadings, are reported in Figure 5.5B; results
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Figure 5.5: Distribution of common diseases in UK Biobank could be captured by 10
disease topics robustly. (a) Disease association with topics for the younger group (<
60 years old) and older group (> 60 years old). Blue and red are alternating between
systems defined by Phecode. The acronym of topics are defined by the first letters of
the dominant disease systems or by acronym of a single dominant system. Table 5.1 (b)
Example topics. Two topics that contain circulatory related diseases, CER and CAD are
shown side by side. The profiles for all topics are shown in Figure 5.9. (c) Sparsity of
disease posterior assignments to topics. Box plot shows the distribution of topic value
for each disease, which is computed from the average incidence topic loadings for the
specific disease. (d) Sparsity of patient topic loading. Box plot shows the topic loading
distribution in decreasing order for all individuals in the UK Biobank.

for all 10 topics are reported in Figure 5.9. For example, early onset of hypertension

is associated with the CAD topic, which pertains to cholesterol dysfunction and

other cardiovascular diseases, but later onset of hypertension is associated with the

CER topic, which pertains to type 2 diabetes, COPD, and mental disorders. We

note that most diseases have their topic loadings concentrated into a single topic

(Figure 5.5C), and that most individuals have their topic weights concentrated into

1-2 topics (Figure 5.5D). The patterns are consistent for diseases with different

incidences (Figure 5.10A) and patients with different numbers of distinct diseases.

(Figure 5.10B)
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Figure 5.6: Posterior topic distributions are different between age groups for diseases
that have subtypes. The figure is the same as Figure 5.5A but focusing on 52 diseases
that have a subtype with at least 500 incidences.
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Figure 5.7: Prediction log odds ratio of comorbidities. Diseases combinations
(comorbidities) are extracted from topics that are trained on a training set. The odds ratio
of each disease combination is computed by comparing the prevalence of cases that have
all diseases in the combination versus that implied when all diseases occur independently.

5.3 Disease subtypes defined by distinct topics
are genetically heterogeneous

We sought to define disease subtypes based on the topic assignments of individuals

with a given disease. We assigned a discrete topic assignment to each individual

based on their topic weights, and defined the subtype of each occurrence of a given

disease in a given individual based on the topic assignment of that individual. We

restricted our disease subtype analyses to 52 diseases with at least 500 occurrences

of each of two distinct subtypes (Section 4.1.3 and 4.4, Figure 5.6).

Age-dependent distribution of subtypes (topics) for four diseases (essential

hypertension, obesity, hypercholesterolemia, type 2 diabetes (T2D)) are reported in

Figure 5.11A; results for all 52 diseases are reported in Figure 5.12 and 5.13. We

determined that early-onset obesity and T2D are associated with the CAD topic,

while late-onset obesity and T2D are associated with other topics.

ATM and the resulting subtype assignments do not make use of genetic data.

However, we used genetic data to assess genetic heterogeneity across inferred

subtypes of each disease. We first assessed whether polygenic risk scores (PRS)

for overall disease risk varied across subtypes of each disease; PRS were computed

using PLINK to perform logistic regression and clump SNPs [93]. (Section 4.4.1).
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Figure 5.8: Posterior topic distributions of female and male populations. The figure is
the same as Figure 5.5A but comparing the topics that are inferred from female and male
populations separately.
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Figure 5.9: Top seven diseases in each comorbidity topic. Seven diseases that have
highest loading within the topic are shown for each comorbidity topic. Colour of the
curves reflect the ordering of Phecodes.

Results for four diseases (from Figure 5.11A) are reported in Figure 5.11B; FDR

significant results (FDR < 0.1) for all 52 diseases are reported in Table 5.2. We

determined that hypertension, hypercholesterolemia, and type 2 diabetes patients

with assigned to the CAD subtype have significantly higher PRS than patients

assigned to other subtypes. In addition, hypertension patients assigned to the

CER subtype have significantly higher PRS, but hypercholesterolemia patients

assigned to the CER subtype have significantly lower PRS. Since the PRS are

computed using genome-wide significant variants, the PRS enrichment implies the

disease-causal SNPs are interacting with the comorbidity topics. For example, the

enrichment of PRS in CAD subtypes and the dilution of PRS in CER subtypes

of hypercholesterolemia suggest that PRS has better power to stratify individuals

with high CAD loading than those with high CER loading. By stratifying the
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Figure 5.10: Additional topic sparsity analysis. (a) Sparsity of disease topic loadings.
Box plot shows the distribution of topic loading for disease of different incidence numbers.
(b) Sparsity of patient topic loading. Box plot shows the topic loading distribution in
decreasing order for individuals with different number of diagnosis.

Figure 5.11: Age-dependent topic modelling identifies subtypes of diseases. (a)
Heterogeneity in topic distribution over age for disease subtypes. Examples shown
are essential hypertension, obesity, hypercholesterolemia, and type 2 diabetes and colon
cancer, while figures for all subtypes of interest are shown in Figure 5.12 and 5.13.(b)
Polygenic risk score enrichment for topic liability. PRS are computed using all the cases
versus a healthy group of controls.
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Figure 5.12: Heterogeneity in topic distribution over age for disease subtypes (Part
one). Diseases shown are from eight phecode systems: infectious diseases, neoplasms,
endocrine/metabolic, hematopoietic, mental disorders, neurological, circulatory system,
and respiratory.
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Figure 5.13: Heterogeneity in topic distribution over age for disease subtypes (Part
two). Diseases shown are from four phecode systems: digestive, neoplasms, genitourinary,
dermatologic, and musculoskeletal.
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Table 5.2: Nominally significant PRS enrichment Results.

population using percentile of PRS, we found relative risks in the top PRS-percentile

group are higher for CAD-hypercholesterolemia than the CER subtype. (Figure

5.14) Similarly, since T2D are only enriched for CAD topic loading, the top PRS-

percentile group has higher relative risk in CAD-T2D than other subtypes. The

CAD-T2D are associated with elevated lipid level and cardiovascular diseases in

the CAD topic, which is compatible with the Lipodystrophy subtype of T2D in

[74]. These associations between subtypes (defined using comorbidity data) and

PRS (defined using genetic data) imply that comorbidity data and genetic data

capture related biological mechanisms.

We further investigated whether subtype assignments (defined using comorbidity

data) induced subtype-specific genetic correlations. We estimated genetic correla-

tions between pairs of disease subtypes (instead of pairs of diseases). Results related

to three diseases (hypertension, T2D, and hypercholesterolemia from Figure 5.6A,B)

are reported in Figure 5.15. We focused on the subtypes that have heritability

z-score above 4 and find genetic correlation significantly smaller than 1 in subypes

of hypertension (CER versus CAD, FDR = 0.0043; CAD versus MGND, FDR =

2.05 × 10−6 ) and T2D (CER versus MGNE, FDR = 0.0011). Additionally, we

found statistical evidence that subtype-disease genetic correlations are different

from the corresponding disease-disease genetic correlations. We note that genetic

heterogeneity in topics that are independent of target disease could also alter

genetic correlation, which should be addressed in future studies. Most of the disease

subtypes that satisfy the heritability threshold for genetic correlation analysis are
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Figure 5.14: Relative risk of disease subtypes in each PRS percentile. The relative risk of
getting disease subtypes is computed for each percentile of PRS. For hypercholesterolemia
we compare CAD and CER subtypes, while for T2D we compare CAD, MGND, and CER
subtypes.
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of high prevalence, (hypertension, T2D, asthma) suggesting there might be genetic

heterogeneity in subtypes of smaller sample size but we lack statistical power to

detect them. Therefore, we use permutation to test if Fst between subtypes are

significantly non-zero and find 41 genetic subtypes with FDR < 0.1. (Figure 5.16)

Note in Fst analysis, we assumed that the allele frequency difference between

subtypes are the same for casual and non-causal SNPs. If this assumption is

violated, our Fst could be inflated if the comorbidity captures more population

structure or deflated if comorbidity captures more disease heterogeneity. In summary,

comorbidity profiles could identify genetic subtypes in complex diseases.

5.4 LCV analysis identify genetically causal dis-
eases to comorbidities

The non-genetic variation in disease comorbidity could be characterised as a type

of environment context, where having comorbid diseases alters the risk of target

diseases. To identify the key diseases that underlie the variation of each comorbidity

topic, we apply genetic causality analysis to identify disease that contributes to

elevating the risk of comorbidity. To ensure the instrumental variables are strong,

we focus on heritable traits (heritability z-score > 4) that are genetically correlated

with the topics at a nominal level (genetic correlation P-value < 0.01). To avoid

potential confounding effects caused by pleiotropy, we applied LCV analysis to

compute the genetic causality proportion (GCP) [90]. We found statistical evidence

of 17 diseases that are genetically causal to at least one comorbidity topic and 3

cases where topics are genetically causal to diseases. (Figure 5.17)

A causal disease to topics could be considered as the trigger of pathogenic

processes that emerge as multiple diseases. For example, CER shows complex

composition with genetically causal traits including diabetes (T1D and T2D),

cardiovascular disease (hypertension and heart failure), respiratory diseases (asthma

and emphysema), and digestive diseases (gastritis and duodenitis). Diseases that

are captured by CER, including COPD, diabetes, cardiovascular diseases, and

depression, are shown to be comorbid diseases in previous studies, while evident
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Figure 5.15: Topic modelling identifies subtypes of diseases with distinct genetic profiles.
Upper-right part shows the genetic correlation of disease-pairs, which are not stratified
by comorbidity profiles. Lower-left part shows the differences of genetic correlation for
subtypes that are stratified by comorbidities, compared to the genetic correlation of
disease pairs in the upper-right panel. Red means the subtype-disease or subtype-subtype
genetic correlation is higher than that of disease pairs, while blue means it is lower. Stars
means FDR < 0.1.

physiopathological relationships have not been identified[105–107]. Our analysis

suggests these causal diseases might be the trigger of other diseases in CER such as

depression and COPD. (Figure 5.5B) As another example, breast cancer and IBS

are genetically causal to the neoplasm, respiratory and infection related comorbidity

NRI. Since early-onset breast cancer is more associated with the NRI topic, (Figure

5.12) it could be a cause of malignant neoplasm in other organs at later age.While

most diseases are genetically causal to only one comorbidity, two metabolomic

diseases (T2D and hypercholesterolemia) are genetically causal to multiple topics,
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Figure 5.16: Fst analysis of diseases stratified by topic liabilities. Permutation test
results of Fst values for the subtypes of diseases. We focus on 52 diseases which have a
subgroup of at least 500 cases. We define the subgroups based on the max value of the
disease posterior assignment to topics.

suggesting a central role of metabolism in disease regulation. Additionally, disease

could have genetic causality in the opposite direction with different topics. Both

hypertension and heart failure are genetically caused by CAD while genetically

causal to CER. In this case, hypertension and heart disease might be consequences of

complex cardiovascular syndromes captured by the CAD topic, which subsequently

exacerbate diseases in CER. Of the 204 disease-comorbidity pairs that have strong

genetic correlations, 25 have statistical evidence of directional genetic causality,
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Figure 5.17: LCV identifies genetic causal diseases to comorbidity profiles. Colour
shows the point estimate of GCP and size of circle correspond to the significance level for
a non-zero GCP. A positive GCP means trait is genetically causal to the topic, while a
negative refers to causality of the opposite direction.

suggesting a subset of diseases are modulating more diseases in the comorbidity

profiles. Note the analysis could only identify genetic causality among the 71

heritable traits, therefore other traits that are not heritable could also contribute

to the comorbidity weights.

5.5 Experiments to identify genetic interactions
with comorbidity topic and diseases

Section 5.3 shows that PRS are associated with comorbidity topics, which suggest

the effect of causal SNP might be modulated by comorbid diseases. However,

our simulations in Section 4.2.3 have shown that identifying SNP interaction with

comorbidity profiles requires strict model assumptions that might be violated in

real data. Here we applied multiple models to test for genetic interactions with

comorbidity topics or diseases, while discussing the potential impact of model

assumption violation.

The case-only design for interaction analysis is a simple and powerful way to

identify GxE interaction [108]. For example, when performing regression on patient

topic loading of CAD using only cases of a hypercholesterolemia, we found multiple

associations in Figure 5.18. However, the case-only design relies on the assumption

that G and E are independent of each other. This assumption does not hold for
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the CAD topic as it pertains to many heritable diseases. Intuitively, we could

not rule out the possibility that the interactions identified are associated SNPs of

independent diseases that are captured by the topic. To remedy this effect, we

could subtract the SNP-to-topic effect in the case group by that of the control

group, which is model 2 in Figure 4.6B. After including the control group, we have

an interaction pattern similar to that of case-only design but with less statistical

power. (Figure 5.19B,C) Our goal is to identify causal variants that have varying

effects in patients with varying topic loadings. (Figure 5.19A) However, using

this model, the significant interactions should be interpreted as variants that have

varying effects to alter the topic loading in the presence of the target disease. (i.e.

GxDisease interaction in contributing to the risk of other diseases in the comorbidity

profiles) In this case, genetic risk on cardiovascular diseases in the CAD topic are

modulated by cholesterol level. When applying this method to all 52 diseases with

comorbidity subtypes, we found additional diseases where there are GxDisease

interaction signals. (Figure 5.20) As we have shown in Figure 4.6B, this model

could be biased when linear model assumptions are violated. However, the QQ

plots suggest that SNPs are differentially interacting with disease and topics. For

example, in Figure 5.19B, the upper part of QQ plot suggests that there is a subset

of SNPs that are modulated by cholesterol levels, and not all hypercholesterolemia

associated SNPs are in this set. (5.19C) Since cholesterol are modulated by both

genetic and environment causes (e.g. diet), the interactions reflect the combined

effect of GxG and GxE interactions where E refers to environmental factors that

contribute the the risk of hypercholesterolemia.

Since we are interested in whether comorbidity topics are interacting with SNPs,

we could directly use model 1 (GxTopic interaction) in Figure 4.6B. However,

the QQ plots show interaction tests using model 1 are either inflated or deflated.

(Figure 5.21). We have shown in simulations that this could be caused by model

misspecification, since topic-to-disease effect is unlikely to be linear. Additionally, if

the topic main effects are much larger than the interaction effects, the test could be

underpowered. For example, when the simulated topic main effect increases, the
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Figure 5.18: Manhattan plot for case only GxTopic interaction analysis. Minus log
p-value is reported for regression using patient loading as response and genotype as
predictor. Top ten genetic PC and sex are included as covariates.

power of detecting interaction at P=0.5 decreases. (Figure 5.22A) Consequently,

when the main effect of a topic is 15-20 times greater than the interaction effect,

the model almost loses all power to detect GxTopic interaction. Note in empirical

analysis, the topic-to-disease effect is typically one magnitude higher that SNP-to-

disease effect, which is the reason we found both models have insufficient power to

detect interaction in the right panel of Figure 4.5B. As a consequence, when many

SNPs are interacting with a topic and we test SNPxTopic interaction in univariable

regression, the main effect of the topic is the marginal topic effect size which contains

other SNPxTopic interactions. To show this in simulation, I simulated a model with

only GxTopic interaction (i.e. without G and topic main effects) and test interaction

for one variant at a time. (Figure 5.22B) As the variant number increases, the power

to detect interaction also decreases. This raises a challenging question as thousands

of SNPs could interact with a topic and it is computationally infeasible to test for

all variant interactions simultaneously. We suggest innovation in methodology for

interaction analysis could help to solve this problem. However, this is out of the

scope of this report and we postpone this to future research.
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Figure 5.19: Risk variants for hypercholesterolemia interact with CAD topic. (A)
Schematic figure for the topic-specific variants. We hypothesised that topics would
interact with SNPs when contributing to disease risk. Consequently, a subset of variants
will have larger effect sizes for patients who have high topic liability. (B) QQ plot shows
the topic-specific hypercholesterolemia variants are identified using a stratified GWAS
analysis. We compare the variant effect sizes on topic liability stratified by case-control
status. If a variant is specific for hypercholesterolemia under strong CAD context, the
effect sizes of the two groups would be different. (C) Upper panel: Manhattan plot
shows the interaction tests that pass genome-wide significance level. The analysis is the
same as the previous step. Lower panel: Manhattan plot shows main effect GWAS of
hypercholesterolemia.
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Figure 5.20: Additional QQ plots of GxDisease interaction analysis. The minus log
p-value shown are from GxDisease tests.

Figure 5.21: Example QQ plots of GxTopic interaction analysis. The minus log p-value
shown are from GxTopic tests.
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Figure 5.22: Simulation of GxTopic test power. (A) Power of testing for GxTopic
interaction in the presence of G and Topic main effects. The x-axis shows the varying
value of the topic main effect on the disease. (B) Power of testing for GxTopic interaction
when simulating only interaction effect between topic and SNPs. The x-axis shows the
varying number of SNPs that interact with the topic. The model simulates interactions on
the liability scale and generates disease with a threshold. Bars shows the 95% confidence
interval generated from 100 replications.
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6.1 Usage instruction for this chapter

The purpose of this chapter is to provide a self-contained explanation of the

mathematical basis underlying our methodologies. Therefore, the materials are not

meant to provide new discoveries but to help readers to derive all of our inference

methods without referring to external materials (though we do list references to

text wherever appropriate). As a consequence, we made no efforts to condense

steps, and opt to expand with more details when we feel it is necessary.

6.2 Bayesian clustering of curves

6.2.1 Generative model specification

We use a mixture-of-curves model to cluster genetic risk profiles to latent curves

fitted with a spline basis. The graphic representation of the model is shown in

Figure 6.1. Our analysis is performed independently for each disease, therefore

without specific clarification, we omit the disease index.

Figure 6.1: Schematic representation of the model. i = 1, 2, .., K is the index of the
mixture components; j = 1, 2, .., S is the index of the SNPs. β̂j and ϵj are the summary
statistics for SNP j that are estimated using an interval-censored proportional hazard
model (See Section 2.1.3). zj is the latent variable, which assigns SNP j to cluster i.

Our model assumes risk profiles of the S SNPs are assigned to K clusters, where

we denote the mean of risk profile for the jth SNP (j = 1, 2, ..., S) as β̂j ∈ RM and

the standard error of β̂j to be ϵj ∈ RM . M refers to the number of age intervals
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we have. The mean and standard error of risk effect sizes within M age intervals

are the summary statistics which are our model inputs.

The model infers latent curves that generate risk profiles for each variant. We

use a linear combination of cubic spline bases to construct smooth latent curves,

where Xθi(∈ RM ) is the latent curve of ith cluster (i = 1, 2, ..., K). The cubic spline

basis matrix X ∈ RM×P is defined as follows [58, p. 141]:

Xs(m) = ms−1, s ≤ 4

Xs(m) = (m− ξs−4)3
+, s > 4.

(6.1)

Here m = 1, 2, ..., M , and s = 1, 2, ...P . P are the number of bases, which controls

the degrees of freedom of the cubic spline. (·)+ denotes the positive part of a

function and ξs are even split points across the M age intervals. θi ∈ RP is the

linear coefficient of P bases.

Other variables shown in Figure 6.1 specify the generative process for the

risk profiles, using a mixture model. Σs is a vertical translation matrix with all

elements equal, which allows β̂j to be vertically translated from the latent curve

Xθi that generates it. πi is the mixture weight of the ith latent curve and zj ∈ RK

is latent one-hot vectors assigning jth SNP to one of K latent curves. We use

Θ = (π, ϵ, θ, X, Σs) to denote the set of parameters in the mixture model, then

we summarise our generative model as follows:

P (β̂j|Θ) =
K∑

i=1
πiN (β̂j|Xθi, Σs + Σj). (6.2)

Here Σj ∈ RM×M is a diagonal matrix with diagonal elements ϵ2
j . Intuitively,

the model is a mixture of K latent curves, each fitted with a spline Xθi. The

profile for the jth SNP is generated from one of the latent curves with a variance

Σj, then vertically translated with Σs. Note Σj is the standard error for β̂j

(summary statistics; see Section 2.1.3) and the vertical translation is controlled

by a hyper-parameter Σs.

We further specify a prior distribution for θi, which is a Gaussian distribution

with zero mean and a fixed covariance matrix:

P (θi) = N (θi|0, Σ0). (6.3)
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In the following sections we will derive the equations used in the inference of

the latent curve Xθi for each cluster. Note the spline bases X are shared across

clusters, so we infer the posterior of θi.

Two hyper-parameters we have in the model are set as:

Σ0 = diag(1P ), Σs = 0.0004

6.2.2 Inference of cluster distribution: EM

In our model, the variables for different clusters are exchangeable [109], which

will cause the so-called “label switching" problem if we apply a sampling method.

Therefore, we derive an EM algorithm to maximise the following log likelihood:

l =
S∑

j=1
ln

K∑
i=1

πiN (β̂j|Xθi, Σs + Σj) +
K∑

i=1
lnN (θi|0, Σ0). (6.4)

To derive the inference equations we first write down the complete data log likelihood

function with the latent variable Z:

ln P (β̂, Z|Θ) =
S∑

j=1

K∑
i=1

zji{ln πi + lnN (β̂j|Xθi, Σs + Σj)}. (6.5)

Classic mixture models use “cluster specific" covariance matrices, which are inferred

for each mixture component. However, it is worth noting that we use “SNP specific"

covariance matrices Σj for the jth variant. The rationale is that when we estimate

the effect size β̂j for a specific locus, we obtain its standard error ϵj. Therefore, we

use different Σj for each variant to capture the uncertainty differences across loci.

To keep the notation simple, from here on we will use Σj to denote Σs + Σj . By

maximising the expected value of the complete data likelihood Ez[ln{P (β̂, Z|Θ)P (θi)}]

from Equation 6.5 and 6.3, we obtained the M-step update as follows:

πi = Ni

N
, Ni =

s∑
j=1

γ(zji), (6.6)

θi = {Σ−1
0 +

S∑
j=1

γ(zji)XT Σ−1
j X}−1

S∑
j=1

γ(zji)XT Σ−1
j β̂j. (6.7)
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γ(zji) is the expectation of zji, which will be obtained in the E-step. By Bayes’

theorem, we could write down the posterior distribution of the latent variable Z:

P (Z|β̂, Θ) ∝
S∏

j=1

K∏
i=1
{πiN (β̂j|Xθi, Σj)}zji . (6.8)

Since the posterior factorises over j, zj follows a Multinoulli distribution for each

SNP. From this we can derive the expectation of zji , which is the E-step:

γ(zji) = E[zji] = πiN (β̂j|Xθi, zj)∑K
m=1 πmN (β̂j|Xθm, zm)

. (6.9)

The inference is performed by randomly initialising θis, then alternating between

the M-step and E-step until the likelihood function converges. For each setting,

we initialise multiple runs (see Section 2.2.1) and keep the sequence with the

highest converged likelihood.

6.2.3 Approximating the confidence interval of latent curves:
Variational inferences

The EM algorithm provides an efficient way to maximise the likelihood, but we

only get a point estimate of θi without uncertainty quantification. Since we are

interested in how genetic risk changes over age, we would ideally want to get the

posterior of the latent risk curves over age. As discussed in previous sections, any

sampling method will cause the “label switching"" problem, which will be hard to

deal with, so we choose an approximation method. Here we apply “one step" of a

Variational Bayes update to approximate the posterior distribution of the latent

curves, the validity of which is discussed later in this section. We assume a factorised

Variational distribution q(z, θ) = q(z)q(θ). The full data distribution is as follows:

P (β̂, θ, Z) = ∏K
i=1

∏S
j=1 P (β̂j|θi, Z)P (Z)P (θ) = ∏K

i=1

{
N (θi|0, Σ0)

∏S
j=1{πiN (β̂j|Xθi, Σj)}zji

}
(6.10)

In order to get the posterior distribution of the latent profiles, we derive the update

of the variational distribution q∗(θi) as follows:
ln q∗(θi) =Ez[ln P (β̂|Z, θi) + ln P (θi)] + const

=− 1
2θT

i (XT{
S∑

j=1
E[zji]Σ−1

j }X + Σ−1
0 )θi

+ θT
i XT

S∑
j=1

E[zji]Σ−1
j β̂j + const,

(6.11)
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q∗(θi) = N (θi|A−1
i bi,A−1

i )

Ai = XT{
S∑

j=1
E[zji]Σ−1

j }X + Σ−1
0

bi = XT
S∑

j=1
E[zji]Σ−1

j β̂j.

Since θi is Gaussian, the latent profile Xθi is also Gaussian (cubic spline is a linear

transformation of θi) with covariance matrix XA−1
i XT .

We note that full Variational Bayes inference could potentially be performed by

estimating q∗(zji) and πi by maximising the Variational lower bound of the marginal

likelihood [54, p. 484]. However, for Variational inference we use a factorised

distribution q(z, θ) = q(z)q(θ) to approximate the true posterior distribution of

P (Z, θ|β̂), which can not be factorised. So, directly using Variational Bayes to

estimate the mean of θ that maximises Equation 6.5 is not as good as EM if we

want an unbiased estimate. We therefore use EM to estimate the mean and the

Variational Bayes approach to estimate the credible interval.

It is interesting to notice in Equation 6.11, the only expectation we took was

over zji, which is also estimated in the EM algorithm’s E-step, as in Equation 6.9.

We now show how directly plugging in the expectation from EM will give a good

approximation for the posterior distribution of latent curves.

Recall that the EM algorithm maximises the marginal likelihood by iteratively

maximising the lower bound LEM(q, θ) with respect to q and θ. The estimated

value after converging can be expressed as:

(q̂EM(Z), θ̂EM) = arg max
q,θ

LEM(q(Z), θ)

= arg max
q,θ

∑
z∈Z

q(z) ln P (β̂, z|θ)P (θ)
q(z)

(6.12)

The variational Bayes method also maximises a lower bound for the marginal
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likelihood LV B(q), which can be written as:

(q̂V B(θ), q̂V B(Z)) = arg max
q

LV B(q)

= arg max
q

∫
θ

∑
Z

q(z)q(θ) ln P (β̂, z|θ)P (θ)
q(z)q(θ)

= arg max
q

∫
θ
q(θ)

∑
Z

q(z) ln P (β̂, z|θ)P (θ)
q(z) +

∫
θ
q(θ) ln 1

q(θ)

= arg max
q

∫
θ
q(θ)LEM(q(Z), θ)−

∫
θ
q(θ) ln q(θ).

(6.13)

In Equation 6.12, if we plug in the q̂EM (Z) estimated via EM, we see that the lower

bound LEM(q̂EM(Z), θ) = g(θ) is a function of θ, which is maximised at θ̂EM . We

note that the Variational lower bound in Equation 6.13 is the negative KL(q||g),

which is maximised when q = g. Comparing Equation 6.11 and Equation 6.12, we

can see that g(θ) is estimated as q∗(θ) on the right hand side of Equation 6.11,

with respect to q̂EM(Z). Therefore, one step of Variational approximation of q∗(θ)

is sufficient to provide an approximate posterior distribution for the latent curve

for each cluster, which has the mode that maximises the marginal likelihood

(as in the EM algorithm).

6.3 The effect of unobserved factors on risk effect
estimation

6.3.1 Independent unobserved effects: frailty

Disease is caused by many risk factors, including those that are not observed.

The unobserved confounders can cause biases for effect size estimation [52]. Here,

we describe how unmeasured confounders affect risk effect size estimation, even

when the confounders are independent of the focal variant of interest. We also

provide methods to account for these effects through estimating frailty parameters

from incidence rates of disease over age.
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Parametric modelling of effect size in the presence of frailty

Assuming we have a proportional hazards risk for disease incidence, with an

unobserved risk background u, the hazard rate is given by

h(t|x, u) = h0(t)eβxu,

where h(t|x, u) is the conditional hazard rate, x is the focus genetic variant of

interest. u is the unobserved background risk effect (called frailty in epidemiology).

Since u is unobserved, instead of estimating the effect size β and baseline risk h0(t)

under the true model specification, we can only estimate the marginal effect size

β∗ and baseline hazard h∗
0(t) under a mis-specified model:

h(t|x) = h∗
0(t)eβ∗x. (6.14)

Suppose we have a parametric form for u, we can then work out the marginal

distribution for β∗ and h∗
0(t) directly. For simplicity, here we assume that u has

a Gamma distribution [51]: u ∼ F (u) = Gamma(u|shape = a, scale = θ). The

marginal hazard ratio h(t|x) can be computed as follows:

h(t|x) = f(t|x)
F(t|x)

=
∫

U f(t|x, u)dF (u)∫
U F(t|x, u)dF (u)

=
∫

U h0(t)eβxu exp(−ueβx
∫ t

0 h0(t)dt)dF (u)∫
U exp(−ueβx

∫ t
0 h0(t)dt)dF (u)

=h0(t)eβx

∫
U ua exp(−(Λ(t)eβx + 1

θ
)u) du∫

U ua−1 exp(−(Λ(t)eβx + 1
θ
)u) du

=h0(t)eβx Γ(a + 1)
Γ(a)

1
Λ(t)eβx + 1

θ

=h0(t)eβx+ln a−ln( 1
θ

+Λ(t)eβx),

(6.15)

where Λ(t) =
∫ t

0 h0(t)dt. Suppose x ∈ {0, 1} is a binary variable, then by comparing

Equation 6.14 and Equation 6.15 we have:

β∗ = β + ln 1 + θΛ(t)
1 + θΛ(t) exp(β) .
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Since most of the diseases have a low incidence rate in the population and the

genetic risk sizes are relatively small, we can assume both Λ(t) and β to be small

too. This leads to an approximation for β∗:

β∗ ≈ β(1− θΛ(t)), (6.16)

which indicates that as age increases, we tend to increasingly underestimate the

true risk. To account for the frailty effect in the clustering of curves, we change the

intercept base in Equation 6.1 to be (1 − θΛ(t)), and set the degrees of freedom

of the model to be 1, which will infer a latent curve with an age dependency

computed from the frailty model. The likelihood is then computed by plugging

in the latent curve in Equation 6.4.

Inferring frailty parameters from the population incidence rate

We describe an approach to fitting a parametric distribution F (u)) for frailty,

with the constraint that the expectation, E[u], equals one [51]. We use u to

represent the disease hazard heterogeneity, and assume that the baseline risk h0(t)

increases monotonically for each individual. The net impact of frailty is to cause

individuals with larger frailty u to acquire the disease earlier, causing the incidence

over the population to bend or even decrease for older age groups. We can fit

a parametric hazard model with frailty to empirical incidence rates over age by

assuming following parametric form of h0(t) and F (u):

h(t|u) = u · γtk

u ∼ G(shape = a, scale = θ) s.t. E[u] = 1, var[u] = θ.

Here we adopted a polynomial baseline hazard which represents the multi-stage

nature of disease and a Gamma distribution for F (u) [51]. We then compute

the survival function:

F(t) =
∫

U
exp(−u

∫ t

0
γskds)dF (u)

=
∫

U
exp(−u

γtk+1

k + 1)
1

θa

Γ(a)e− u
θ ua−1du

= 1
(1 + θγ tk+1

k+1 )a
.

(6.17)
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Considering E[u] = aθ = 1, the hazard over the population is then computed as:

h(t) = −F
′(t)
F(t) = γtk

1 + θγ tk+1

k+1
.

We then computed the empirical hazard rate ĥ(t) from age 45 to age 70 in the UK

Biobank cohort and subtracted the intercept to match the parametric form. The

disease incidence after 70 years old is low and its analysis is complicated by competing

health related events, giving an empirical hazard rate rate in the population that

drops rapidly to zero. Therefore, we decided to only fit the model until age 70. The

parameter k, b, γ is then computed through the following least squares optimization:

argmink,b,γ

∑
t

(ĥ(t)− h(t))2

.

Examples of the fitted hazard rates using the frailty model are shown in Figure 2.3,

we then plug the fitted values k, b, γ into Equation 6.16 to obtain the frailty correction

term. We can then fit a genetic profile with frailty, as described in the Section 2.2.2.

6.3.2 Dependent unobserved effects: GxE and GxG in-
teractions

Here, we show how interactions can induce the decreasing profile of genetic risk

that we observe. Interactions between genetic risk factors and other risk factors,

either observed or unobserved, can be modelled as an individual-level risk effect

that is centred on the population level marginal effect size. Intuitively, if a risk

allele affects individuals differently (because of the interactions), those individuals

with the higher risk will tend to get the disease earlier, while those with lower risk

will tend to have a later onset. When estimating risk effects at a particular age,

we are essentially estimating the effect size from individuals whose disease onset

is within that age group. Thus, we observe the decreasing risk over age.

To illustrate how such interactions can lead to a decreasing effect size (over

age) for genetic risk factors, we consider a proportional hazard model with a single



6. Theoretical results 135

covariate. Following the model specification in Section 6.3.1, we use β∗ to represent

the marginal effect size under a mis-specified model:

h(t) = h0(t) exp(β∗x), (6.18)

where h0(t) is a positive baseline hazard and x is the covariate. Assuming the

effect size β interacts with the environment or other genetic factors, we further

assume that the effect size for each individual is generated from a positive defined

probability distribution:

β ∼ G(β).

The survival function F(t) can be computed by integrating out β.

F(t) =
∫

β∈G
F(t, β)

=
∫

β∈G
exp(−eβx ∗

∫ t

0
h0(x)dx)

=
∫

β∈G
exp(−eβxΛ(t)).

(6.19)

As in Section 6.3.1, we use Λ(t) =
∫ t

0 h0(x)dx. Assuming continuity in Λ(t) and

G(β), such that Leibniz’s rule can be applied, we obtain the analytical form for

the hazard rate:

h(t) = −F
′(t)
F(t)

= −
∫

β∈G h0(t)eβx exp(−eβxΛ(t))∫
β∈G exp(−eβxΛ(t))

= h0(t) ·
∫

β∈G eβx exp(−eβxΛ(t))∫
β∈G exp(−eβxΛ(t)) .

(6.20)

We first discuss the initial condition when t → 0:

lim
t→0

h(t) = lim
t→0

h0(t)
∫

β∈G
eβx = lim

t→0
h0(t)EG[eβx]

Under these conditions, the estimation of the marginal effect size limt→0 β∗ equals

the expectation of β under the distribution G.

lim
t→0

β∗ = ln(EG[eβx])
x

.
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Comparing Equation 6.18 and 6.20, we find:

exp(β∗x) =
∫

β∈G eβx exp(−eβxΛ(t))∫
β∈G exp(−eβxΛ(t)) . (6.21)

Since we have specified the baseline hazard rate h0(t) > 0, we have Λ(t) increasing

monotonically with t. Therefore, we can take the derivative of Equation 6.21 with

respect to Λ(t) to analyse the gradient of β∗ at time t:

∂ exp(β∗x)
∂Λ(t) =− 1

(
∫

β∈G exp(−eβxΛ(t)))2 ·[
−

( ∫
β∈G

(eβx)2 exp(−eβxΛ(t)) ∗
∫

β∈G
exp(−eβxΛ(t))

)
+( ∫

β∈G
eβx exp(−eβxΛ(t))

)2]
< 0,

(6.22)

Where we make use of the Cauchy-Schwarz inequality, as

eβx exp(−1
2eβxΛ(t)) > 0, exp(−1

2eβxΛ(t)) > 0.

. Comparing Equations 6.18, 6.20, 6.21, and 6.22, we conclude that the estimated

marginal effect size β∗ will be underestimated as t increases. This result could be

extended to a general case of almost any probability distribution for G(β). Many

different scenarios could be fitted into this framework, all of which will lead to

a decreasing genetic risk profile with age.

6.4 Generative process of age-dependent topic
model

We constructed a Bayesian hierarchical model to infer latent risk profiles for common

diseases. In summary, the model assumes there exists a few disease topics that

underlie many common diseases. Each topic is age-evolving and contains risk

trajectories for all diseases considered. An individual’s risk for each disease is

determined by the weights of all topics. The indices in this note are as follows:

s = 1, ..., M ;

n = 1, ..., Ns;



6. Theoretical results 137

Figure 6.2: Plate presentation of generative process of ATM. M is the number of
subjects, Ns is the number of records within sth subject. All plates (circles) are variables
in the generative process, where the plates with shade w is the observed variable and
plates without shade are unobserved variables to be inferred. The generative process is
described in the text.

i = 1, ..., K;

j = 1, ..., D;

where M is the number of subjects, Ns is the number of records within sth subject,

K is the number of topics, and D is the total number of diseases we are interested

in. The generative process (Figure 6.2) is as follows:

• θ ∈ RM×K is the topic loading for all individuals, each row of which (∈ RK)

is assumed to be sampled from a Dirichlet distribution with parameter α. α

is set as a hyper parameter.

θs ∼ Dir(α).

• z ∈ {1, 2, ..., K}
∑

s
Ns is the topic assignment for each diagnosis w ∈ {1, 2, ..., D}

∑
s

Ns .

Note the total number of diagnoses across all patients are ∑
s Ns. The topic

assignment for each diagnosis is generated from a Multinoulli distribution

with parameters equal to sth individual topic loading.

zsn ∼Multi(θs).
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• β(t) ∈ F(t)K×D is the topic which is K ×D functions of age t. F(t) is the

class of functions of t. At each plausible t, the following is satisfied:

∑
j

βij(t) = 1.

In practice we use softmax function to ensure the above is true and add

smoothness by constrain F(t) to be splines or polynomial functions:

βij(t) =
exp(pT

ijϕ(t))∑D
j=1 exp(pT

ijϕ(t))
,

where pij = {pijd}, d = 1, 2, ..., P ; P is the degree of freedom than controls

the smoothness; ϕ(t) is polynomial and spline basis for age t.

• w ∈ {1, 2, ..., D}
∑

s
Ns are observed diagnoses. The nth diagnosis of sth

individual wsn is sampled from the topic βzsn(t) chosen by zsn:

wsn ∼Multi(βzsn
(tsn)),

here tsn is the age of the observed age-at-onset of the observed diagnosis wsn.

The values of interest in this model are global topic parameter β, individual

(patient) level topic loading θ, and topic loading z of each diagnosis. Based on the

generative process above, we notice each patient is independent conditional on α

and β. Therefore, we could adopt an EM strategy, where we first estimate θ and

z, then estimate β which maximise the evidence lower bound.

In the first step we could work on the likelihood function for each patient to

estimate posterior distributions of patient specific variables θ and z. The likelihood

function for sth individual is as follows:

lnp(w, z, θ|α, β) = ln p(θ|α) +
Ns∑

n=1
{ln p(zn|θ) + ln p(wn|zn, β)},

p(θ|α) = Γ(∑K
i=1 αi)∏K

i Γ(αi)

K∏
i=1

θαi−1
i ,

p(zn|θ) = θ1(i=zn),

p(wn|zn, β(tn)) = β1(i=zn),1(j=wn)(tn).

(6.23)
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Due to the computational cost of simultaneously modelling hundreds of diseases

in the biobank and the inference accuracy consideration (which we will explain in

Section 6.6), we adopted a collapsed variational method for this step. The method

is motivated by [102]. Detailed explanation on why we chose this sophisticated

method rather than the commonly used mean-field methods is discussed in Section

6.6, for those interested.

In the second step, we treated the β as a parameter of the model and seek to

maximise the evidence function p(w|α, β) (obtained by integrating out θ and z from

the likelihood function). Directly working on the evidence function is implausible,

therefore we work on the evidence lower bound, where we made use of the posterior

distribution q(z, θ) estimated in the previous step.

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z, θ)}. (6.24)

We will see this is still not easily achieved, therefore we applied a local variational

method to find an approximate solution. For an easy introduction to local variational

inference, see Chapter 10.5 of [54]. Details of the inference will be explained

in Section 6.5.

6.5 Inference of model posterior distribution and
parameters

The model inference will be performed by alternating an E-step and a M-step.

The EM algorithm will guarantee good convergence properties. For both steps,

variational methods will be used to approximate the distribution, though the

techniques are very different. We performed simulation using realistic parameters

to show that these approximated distributions are close to the true distributions.

6.5.1 Collapsed variational inference to estimate patient-
level posterior distribution q(z, θ)

The variational inference aims to approximate posterior p(z, θ|w, α, β) using varia-

tional distributions q(z, θ) with constraints, which makes them easier to estimate.
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The most widely used form of variational distribution is the factorised ones,

where we assume target posterior distributions are independently distributed, i.e.

q(z, θ) = q(z)q(θ). We will derive the inference using this assumption and compare

it with the collapsed variational inference in Section 6.6.

The latent variable model using Dirichlet distribution is typically designed to

model text, where a document is equivalent as a patient in our model. A document

typically has thousands of words (equivalent to our diagnoses), which provides

strong information that could tolerate strong assumptions on q(z, θ). To estimate

parameters for a model with less diagnoses per patient, more flexible variational

distributions are preferred for approximation accuracy. Here we adopted a collapsed

variational method, which is more accurate than the mean-field variational inference

method [102]. The idea is to only assume a factorisation over q(z), but not between

z and θ. Therefore the assumptions and lower bound of evidence became (note

we are considering likelihood function for only the sth patient from now on, as

patients are independent of each other conditional on α, β):

q(z, θ) = q(θ|z)
∏
n

q(zn),

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z)− ln q(θ|z)}

= Eq(z){Eq(θ|z){ln p(w, z, θ|α, β)− ln q(θ|z)} − ln q(z)}.

(6.25)

Maximise Eq(θ|z){ln p(w, z, θ|α, β) − ln q(θ|z)} with respect to q(θ|z) will give

us q(θ|z) = p(θ|w, z, α, β). The maximisation is achieved similarly to the mean-

field approximation where the evidence is decomposed into a lower bound and

KL divergence, where lower bound is maximised when KL divergence is 0. Using

methods provided in Teh et al [102], the lower bound could then be simplified to:

L(z, θ, β, α) = Eq(z){ln p(w, z|α, β)− ln q(z)}

The optimisation of this lower bound is the same as that provided in collapsed

Gibbs sampling, where we first marginalise over θ.

p(w, z|α, β) =
∫

θ

Γ(∑K
i=1 αi)∏K

i Γ(αi)

K∏
i=1

θ
αi+

∑
n

zni−1
i ·

K∏
i=1

D∏
j=1

β
∑

n
zniwnj

ij

= Γ(∑K
i=1 αi)∏K

i Γ(αi)

∏K
i Γ(αi + ∑

n zni)
Γ(∑K

i=1 αi + Ns)
·

K∏
i=1

D∏
j=1

β
∑

n
zniwnj

ij .

(6.26)
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From this marginal complete data likelihood, we could derive the conditional

distribution p(zn′ = k|z¬n′ , w, α, β) (as in collapsed Gibbs sampling) to evaluate

the dependency within z. Here ¬n′ refer to indices of all words within a document

(or equivalently, all diagnoses within a patient) excluding n′.

p(zn′ |z¬n′ , w, α, β) = p(zn′ , z¬n′ , w|α, β)
p(z¬n, w|α, β)

= p(z, w|α, β)
p(z¬n, w¬n|α, β)p(wn′ |α, β)

∝

∏K
i Γ(αi + ∑

n zni)
∏K

i=1
∏D

j=1 β
∑

n
zniwnj

ij∏K
i Γ(αi + ∑

¬n′ zni)
∏K

i=1
∏D

j=1 β
∑

¬n′ zniwnj

ij

∝
K∏
i

(αi +
∑

n∈¬n′
zni)zn′i

K∏
i=1

D∏
j=1

β
zn′iwn′j

ij .

(6.27)

For a large Ns, (αi + ∑
n∈¬n′ zni) will be approximately the same across n′, therefore

zn′ will be less dependent on z¬n′ .

lim
Ns→∞

p(zn′ |z¬n′ , w, α, β) ∝
K∏
i

[
(αi + Nsθi)

D∏
j=1

β
wn′j

ij

]zn′i

,

where distribution of z factorises over n within a single subject. Therefore, the q∗(z)

in Equation 6.39 which factorises over n could approximate p(z|w, α, β) accurately.

However, Ns is likely to be small in the patient dataset, therefore the mean-field

approximation in Equation 6.39 would be less accurate as it does not include

any dependency between zn and z¬n′ . Therefore we adopted a similar strategy

to Teh et al [102] where we used variational distributions to approximate the

marginal distribution in Equation 6.26:

ln q∗(zn′) = Eq(z¬n′ ){ln p(w, z|α, β)}

= Eq(z¬n′ ){
K∑

i=1
ln Γ(αi +

∑
n

zni) +
K∑

i=1

D∑
j=1

zn′iwn′j ln βij}+ const(zn′)

=
K∑

i=1
zn′i

(
Eq(z¬n′ ){ln(αi +

∑
n∈¬n′

zni)}+
D∑

j=1
wn′j ln βij

)
+ const(zn′)

(6.28)

We now have the form of multinomial distribution of zn′ . The key lies in how

to estimate Eq(z¬n′ ){ln(αi + ∑
n∈¬n′ zni)}. Teh et al [102] proposed a Gaussian
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approximation which could improve computation efficiency by magnitudes. We

first expand ln(αi + ∑
n∈¬n′ zni) by Taylor expansion:

ln(αi +
∑

n∈¬n′
zni) = ln(αi + n0) +

∑
n∈¬n′ zni − n0

(αi + n0)
− (∑

n∈¬n′ zni − n0)2

2(αi + n0)2 ,

where we included only the first two terms. If setting n0 = Eq(z¬n′ ){
∑

n∈¬n′ zni} =∑
n∈¬n′ Eq{zni}, we get:

Eq(z¬n′ ){ln(αi +
∑

n∈¬n′
zni)} = ln(αi + n0)−

V arq[
∑

n∈¬n′ zni]
2(αi + n0)2 . (6.29)

where, V arq[
∑

n∈¬n′ zni] = ∑
n∈¬n′(1−Eq{zni})Eq{zni} .Plugging this into Equation

6.28 and notice the normalisation of the multinomial distribution, we get:

zn′i ∼ Cat
( (αi + n0) exp

(
− V arq [

∑
n∈¬n′ zni]

2(αi+n0)2 + ∑D
j=1 wn′j ln βij

)
∑K

i=1(αi + n0) exp
(
− V arq [

∑
n∈¬n′ zni]

2(αi+n0)2 + ∑D
j=1 wn′j ln βij

))
. (6.30)

For prediction tasks, the posterior of θ could be evaluated using the posterior

distribution of z.

θ ∼ Dir(α +
Ns∑

n=1
Eq{zn})

The evidence lower bound over all subjects is as follows:

L(z, θ, β, α) =Eq(z){ln p(w, z|α, β)− ln q(z)}

=
M∑

s=1

(
ln Γ(

K∑
i=1

αi)−
K∑
i

ln Γ(αi)− ln Γ(Ns +
K∑

i=1
αi)+

K∑
i=1

Eq(z){ln Γ(αi +
∑

n

zni)}+

Ns∑
n=1

K∑
i=1

E{zsni}
D∑

j=1
wsnj ln βij

)
−

M∑
s=1

( Ns∑
n=1

K∑
i=1

E{zni} ln E{zni}
)

,

(6.31)

where we need to approximate Eq(z){ln Γ(αi + ∑
n zni)}. Making use of the Stirling’s

approximation, we found ln Γ(z) = (z− 1
2) ln(z)−z+ 1

12z
+ 1

2 ln(2π) could approximate

ln Γ(z) accurately for z > 1. In practice we use α = 1 and zni ≥ 0, which ensures
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that (αi + ∑
n zni) ≥ 1. Therefore, by plugging in Stirling’s approximation and

reuse Equation 6.29 we could approximate this expectation:

Eq(z){ln Γ(αi +
∑

n

zni)} =Eq(z){(αi +
∑

n

zni) ln(αi +
∑

n

zni)

− 1
2 ln(αi +

∑
n

zni)− (αi +
∑

n

zni) + 1
12(αi + ∑

n zni)
+ 1

2 ln(2π)}

=Eq(z){(αi + n0) ln(αi + n0) + (∑
n zni − n0])2

2(αi + n0)

− 1
2 ln(αi + n0) + (∑

n zni − n0])2

4(αi + n0)2
− (αi +

∑
n

zni)

+ 1
12(αi + n0)

+ (∑
n zni − n0])2

12(αi + n0)3 + 1
2 ln(2π)}

=(αi + n0) ln(αi + n0)−
1
2 ln(αi + n0)− (αi + n0) + 1

12(αi + n0)

+ V arq[
∑

n

zni]
( 1

2(αi + n0)
+ 1

4(αi + n0)2
+ 1

12(αi + n0)3

)
+ 1

2 ln(2π),
(6.32)

Note here the first order terms in Taylor expansion are cancelled after taking the

expectation and setting n0 = ∑
n Eq{zsni}. The variance are computed by applying

the independent assumption over q(zn): V arq[
∑

n zni] = ∑
n(1−Eq{zni})Eq{zni}.

6.5.2 Estimate topic profiles β(t)

In the conventional topic modelling, the topic distributions could be estimated

by directly maximising the evidence lower bound with a constraint ∑D
j=1 βij = 1,

which is described in Section 6.6. Here we estimate the topic as functions of

age by parameterising each βij as a function of age. The only related term in

likelihood function (Equation 6.23) is:

ln p(wn|zn, β(tn)) =
K∑

i=1
zsni

D∑
j=1

wsnj ln π(βij(tn)),

where we use softmax function to ensure topics are each a multinomial distribution:

π(βij(tn)) =
exp(βT

ijϕ(tn))∑D
j=1 exp(βT

ijϕ(tn))
.
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We used spline/polynomial functions to model age. The goal is to estimate

spline/polynomial coefficients βij = {βijd}, d = 1, 2, ..., P , where P is the degree of

freedom that controls the smoothness. ϕ(tn) is polynomial or spline basis. Notice

here the scale of βij = {βijd} does not matter, as subtracting same intercept from

the within the exponential functions in both numerator and denominator does

not change π(βij(tn)). However, in practice we put a prior N (βij|0, σ2
0I) on βij to

regularise the search space of the gradient descent optimisation described below.

Here we choose a non-informative prior with large variance, σ2
0 = 100.

To maximise the evidence lower bound, we notice that ln(·) is a concave function

and by Taylor expansion:

ln(
D∑

j=1
exp(βT

ijϕ(tsn))) ≤ ln ζ + ζ−1(
D∑

j=1
exp(βT

ijϕ(tsn))− ζ).

Therefore, by introducing a variational variable ζ, we find following lower bound

of the ELBO function L with respect to βij:

L[β] =
M∑

s=1

Ns∑
n=1

Eq{ln p(wn|zn, β(tsn))}

=
M∑

s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
βT

ijϕ(tsn)− ln(
D∑

j′=1
exp{βT

ij′ϕ(tsn)})
)

E{zsni}wsnj ≥

M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
βT

ijϕ(tsn)− ζ−1
sni

D∑
j′=1

exp{βT
ij′ϕ(tsn)} − ln ζsni + 1

)
E{zsni}wsnj.

(6.33)

We could then apply a method called local variational inference to maximise the

right hand side of Equation 6.33. We do this by updating β and ζ in turn. Take

derivative with respect to ζsni, we obtained following update:

ζsni =
D∑

j=1
exp{βT

ijϕ(tsn)} (6.34)

In order to update the lower bound with respect to β, we separate the terms

containing βij:

L[βij ] =
M∑

s=1

Ns∑
n=1

E{zsni}wsnjβ
T
ijϕ(tsn)−

M∑
s=1

Ns∑
n=1

E{zsni}ζ−1
sni exp{βT

ijϕ(tsn)}.



6. Theoretical results 145

There is no analytical solution for βij, but the lower bound is convex so we could

maximise the lower bound using following gradient information:

∇βij
L[β] =

M∑
s=1

Ns∑
n=1

(
E{zsni}wsnj − E{zsni}ζ−1

sni exp{βT
ijϕ(tsn)}

)
ϕ(tsn) (6.35)

The gradient information of L[βij ] allows efficient numeric estimation of βij . However,

evaluating L[βij ] and ∇βij
L[β] is computational expensive due to exp{βT

ijϕ(tsn)},

which require looping through s, n (the entire records set over all subjects!). The

gradient descent methods for estimating βij requires evaluatingL[βij ] and ∇βij
L[β] at

each gradient step, which prohibit scaling up the model to large data set. To solve

this problem, in practice we discretise tsn into years which allows us to pre-compute

the sum of E{zsni}ζ−1
sni over all incidences that happened at each age year. For each

new βij, we could then sum over all years, which reuses the sums computed. This

trick significantly reduced the computation cost of evaluating L[βij ] and ∇βij
L[β]

which makes the estimation of age topics over the entire UK Biobank HES possible.

In conclusion, we could update β using following psuedo-code:
initialization;
for i← 1 to K do

for j ← 1 to D do
Update ζsni = ∑D

j=1 exp{βT
ijϕ(tsn)} ;

Update βij to maximize L[βij ] ;
end

end
Algorithm 1: Maximise local variational lower bound

Note here we need to update ζsni for each j, while in practice we only update

ζsni once for each optimization of β to allow parallel computation over j.

The above computation provides a point estimate for β, which we applied to

empirical data. We also provide mathematical derivation for estimating posterior

distributions of β, though we did not apply this method to empirical data. We use

a Gaussian prior for βijd and perform full variational inference on β:

βij ∼ N (0, σ2I).
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Here sigma is a hyperparameter that encourages sparsity.

L[β] =
M∑

s=1

Ns∑
n=1

Eq{ln p(wn|zn, β(tsn))}+
K∑

i=1

D∑
j=1

P∑
d=1

(
Eq{ln p(βijd)} − Eq{ln q(βijd)}

)

=
M∑

s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
Eq{βij}T ϕ(tsn)− Eq{ln(

D∑
j=1

exp(βT
ijϕ(tsn)))}

)
E{zsni}wsnj−

1
2σ2

K∑
i=1

D∑
j=1

P∑
d=1

Eq{β2
ijd} −

K∑
i=1

D∑
j=1

P∑
d=1

Eq{ln q(βijd)} ≥

M∑
s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
Eq{βij}T ϕ(tsn)− ζ−1

sni

D∑
j=1

Eq{exp(βT
ijϕ(tsn))} − ln ζsni + 1

)
E{zsni}wsnj−

1
2σ2

K∑
i=1

D∑
j=1

P∑
d=1

Eq{β2
ijd} −

K∑
i=1

D∑
j=1

P∑
d=1

Eq{ln q(βijd)}.

(6.36)

Following [110], we assumed an independent variational Gaussian distribution for

each βijd:

βijd ∼ N (λijd, ν2
ijd),

and observe the moment-generating function of Guanssian distribution is:

Eq{exp(βijdϕd(tsn))} = exp
(

ϕd(tsn)λijd +
ϕ2

d(tsn)ν2
ijd

2

)
,

We obtain a tractable lower bound with respect to the variational parameters

{ζsni, λijd, ν2
ijd}:

Lζ,λ,ν2 =
M∑

s=1

Ns∑
n=1

K∑
i=1

D∑
j=1

(
λT

ijϕ(tsn)− ζ−1
sni

D∑
j=1

exp{
P∑

d=1

(
ϕd(tsn)λijd +

ϕ2
d(tsn)ν2

ijd

2

)
}−

ln ζsni + 1
)
· E{zsni}wsnj −

K∑
i=1

D∑
j=1

P∑
d=1

( 1
2σ2 ν2

ijd + 1
2 ln ν2

ijd

)
.

(6.37)

6.6 Comparison of collapsed variational inference
and mean field variational inference

A vast number of inference methods have been developed for models based on

the original Latent Dirichlet Allocation (LDA). The most prominent of which are

collapsed Gibbs sampling and mean-field variational inference. For inference of
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models with exchangeable variables using extremely large and noisy data sets, it is

desirable to have a deterministic method such as variational inference. Collapsed

variational inference makes less assumptions for approximation, therefore the inferred

distributions are strictly closer to the true posterior distributions than the mean-field

variational Bayesian methods. We will explain why accuracy would be important

for the data we analysed in Section 6.6.2.

6.6.1 Mean field variational inference to estimate patient-
level posterior distribution q(z, θ)

Please note this section is just a replication of [68] using our notation, which is

provided to make the note self-contained. We assume variational distributions

for latent variables θ and z are independent of each other, then we could get the

variational lower bound for the log likelihood of a single subject:

q(z, θ) = q(z)q(θ),

L(z, θ, β, α) = Eq{ln p(w, z, θ|α, β)− ln q(z, θ)}.
(6.38)

It is straightforward to estimate q(z) and q(θ) that maximise the lower bound

L(z, θ, β, α):

ln q∗(θ) = ln p(θ|α) + Eq(z){
Ns∑

n=1
ln p(zn|θ)}+ const

=
K∑

i=1
(αi +

Ns∑
n=1

E{zni} − 1) ln θi + const,

ln q∗(z) = Eq(θ){
Ns∑

n=1
ln p(zn|θ)}+

Ns∑
n=1

ln p(wn|zn, β) + const

=
Ns∑

n=1

K∑
i=1

zni

(
E{ln θi}+

D∑
j=1

wnj ln βij

)
+ const.

(6.39)

We see that q(θ) factorises over i and q(z) factorises over n, i. Therefore, we get

the variational distribution for z and θ:

θi ∼ Dir(αi +
Ns∑

n=1
E{zni})

zni ∼ Cat
( exp

(
E{ln θi}+ ∑D

j=1 wnj ln βij

)
∑K

i=1 exp
(
E{ln θi}+ ∑D

j=1 wnj ln βij

))
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We then has the (m + 1)th E-step as follows:

Em+1{ln θi} = Ψ(αi +
Ns∑

n=1
Em{zni})−Ψ(

K∑
i=1

(
αi +

Ns∑
n=1

Em{zni}
)
),

Em+1{zni} =
exp

(
Em+1{ln θi}+ ∑D

j=1 wnj ln βm
ij

)
∑K

i=1 exp
(
Em+1{ln θi}+ ∑D

j=1 wnj ln βm
ij

) ,

(6.40)

where Em and βm refers to the estimation of the previous step (mth step); Ψ

is the digamma function.

To perform the M-step, we maximise the lower bound L in Equation 6.24

for the entire population.

L(z, θ, β, α) =
M∑

s=1

(
ln Γ(

K∑
i=1

αi)−
K∑
i

ln Γ(αi) +
K∑

i=1
(αi − 1)E{ln θsi}+

Ns∑
n=1

K∑
i=1

(E{zsni}E{ln θsi})+

Ns∑
n=1

K∑
i=1

E{zsni}
D∑

j=1
wsnj ln βij

)
−

M∑
s=1

(
ln Γ(

K∑
i=1

(
αi +

Ns∑
n=1

E{zni}
)
)−

K∑
i=1

ln Γ(αi +
Ns∑

n=1
E{zni})+

K∑
i=1

(αi +
Ns∑

n=1
E{zni} − 1)E{ln θsi}+

Ns∑
n=1

K∑
i=1

E{zni} ln E{zni}
)

(6.41)

For β, we take terms in L and add Lagrange multipliers:

L[β] =
K∑

i=1

D∑
j=1

ln βij

M∑
s=1

Ns∑
n=1

E{zsni}wsnj +
K∑

i=1
λi(

D∑
j=1

βij − 1).

Set the derivative of L[β] with respect β to zero, we could get the (n + 1)th

update for beta:

βn+1
ij =

∑M
s=1

∑Ns
n=1 En+1{zsni}wsnj∑D

j=1
∑M

s=1
∑Ns

n=1 En+1{zsni}wsnj

The terms in lower bound that contains α are:

L[αi] =
M∑

s=1

(
ln Γ(

K∑
i=1

αi)− ln Γ(αi) +
K∑

i=1
(αi − 1)En+1{ln θsi}

)
.
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Take the derivatives with respect to α:

∂L[α]

∂αi

= M ·
(

Ψ(
K∑

i=1
αi)−Ψ(αi)

)
+

M∑
s=1

En+1{ln θsi}.

And the Hessian:

∇2
αL[α] = M · diag(−Ψ1(αi)

)
+ M ·Ψ1(

K∑
i=1

αi),

where Ψ1 is the Trigamma function. We use the Newton-Raphson method to

find the maximal of α as described in [68]. In practice, we used α = 1 to put

an uninformative prior robust optimization.

6.6.2 Patient with a few diseases versus documents with
many words

In Section 6.5.1, we briefly explained why we chose to use collapsed variational

inference over a simpler mean-field variational inference method. We will focus

on the difference between Equation 6.39 and Equation 6.27. For the mean-field

variational distribution:

ln q∗(z) =
Ns∑

n=1

K∑
i=1

zni

(
E{ln θi}+

D∑
j=1

wnj ln βij

)
+ const,

which factorised over each of the Ns diagnoses. Therefore, the inferred distribution

for each zn is conditional i.i.d.:

q(zn′ |z¬n′ , w, α, β, θ) = q(zn′|w, α, β, θ),

Here ¬n′ refer to indices of all diagnoses excluding n′. However, for collapsed VB,

conditional distribution depends on other diagnoses of the same patient:

q(zn′ |z¬n′ , w, α, β) ∝
K∏
i

(αi +
∑

n∈¬n′
zni)zn′i

K∏
i=1

D∏
j=1

β
zn′iwn′j

ij

The impact of the dependency on the accuracy of posterior approximation

depends on the data structure. Most topic modelling models were designed for

text modelling, where each document has a large word number Ns. In this case,

(αi + ∑
n∈¬n′ zni) will be approximately the same across n′:

lim
Ns→∞

p(zn′ |z¬n′ , w, α, β) ∝
K∏
i

[
(αi + Nsθi)

D∏
j=1

β
wn′j

ij

]zn′i

,
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where θi is the topic value for the sth document. We see z¬n′ no longer exist and q∗(z)

in Equation 6.39 could approximate p(z|w, α, β) accurately. However, each patient

on average has 6.1 distinct diagnoses in the UK Biobank HES, making Ns small for

the mean-field approximation. Note, in mean-field variational inference we do not

need to assume independence of zn, it is a consequence of assuming independence

between q(θ) and q(z), which is called induced factorisation in some cases (Section

10.2.5 in [54]). Conversely, collapsed VB models the dependency between zn and

z¬n′ and have better accuracy at approximating posterior distribution.
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7.1 Implications for disease risk prediction

7.1.1 Possible models for disease risk

The primary results of Chapter 3 show that genetic relative risk decreases for the

majority of common diseases we analysed. What biological processes could lead to

a diminished influence of genetic risk over time; in effect a decrease in heritability

of a trait with age? Genetic risk factors, unlike environmental ones, are present

from birth, while non-genetic risk factors tend to accumulate and evolve over time.

Such a difference could lead to a reduced impact of genetics over time if genetic

151
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risk primarily influences developmental pathways, while non-genetic risk affects

separate and later-impacting pathways, such as those involved in adult homeostasis

(Figure 7.1A). However, there are several contexts where genetic and non-genetic

risk are, at least in part, mediated by the same factor, such as the impact of LDL

cholesterol on cardiovascular disease. In such cases, statistical interactions between

genetic factors and the environment (or potentially among genetic risk factors)

could have a diluting effect on genetic risk in a manner similar to frailty (Figure

7.1B). Here, an interaction means that the combined effects of the genetic and

non-genetic risk factors is worse than expected from their independent contributions.

Biologically, such an interaction could arise from threshold models of homeostasis

(meaning the system can buffer only up to a certain level of challenge), though many

other biological processes could potentially lead to statistical interactions at the

population level. Risk process models such as threshold models [111, 112] provide

a potentially rich framework for modelling such effects, though which models are

distinguishable from cohort-level data such as biobanks remains an open question.

7.1.2 Considering age in risk prediction of a single disease

Genetic factors influence lifetime risk for common and complex diseases through

modulating a large number of molecular, cellular and tissue phenotypes, many

of which are also likely to be affected by acute exposure and persistent environ-

ment [113–115]. Despite such complexity, remarkable progress has been made

in identifying factors, both genetic and non-genetic, that influence risk, each of

which may only have a small effect, but which, in aggregate, have substantial and

clinically relevant predictive value [116–118]. To date, while multiple studies have

shown genetic interactions with contexts such as age, sex and environment when

modulating disease risk [119, 120], the extent to which polygenic risk prediction can

be improved by allowing genetic risk to be modulated has not been fully explored.

Here, we set out to measure how one specific aspect of individual context, namely

age, can modulate genetic relative risk. For example, whether there are windows

during which genetic risks are particularly relevant to disease and, conversely,
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Figure 7.1: Models for a decreasing influence of genetic risk with age. (A) A threshold
model, in which each individual has a disease “liability” which evolves over age. Disease
onset occurs when liability crosses a threshold. The upper panel shows example trajectories,
where genetic risk alters only the liability baseline. The middle panel is a schematic
representation of a simulation in which genetic risk affects developmental pathways at
birth, while non-genetic risk accumulates over time. The lower panel shows an estimation
of the effect size from a simulated dataset of UK Biobank sample size (see Section 2.3.2).
(B) Interactions between genetic and environmental risk factors can create a distribution
of effect sizes for a specific genotype. The upper panel shows example trajectories,
where the environment influences the slope of the trajectory. The middle panel shows
illustrative examples of the liability distributions among individuals at different ages.
Those individuals at highest risk (with both the risk allele and risk environment) enter
disease earlier, diluting the apparent effect size at a later age. The lower panel shows
simulation results under such a model using realistic parameters from UK Biobank (see
Section 2.3.2).
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other windows in which genetics plays a lesser role. The methods introduced here

provide a flexible framework in which to address this question, as well as considering

heterogeneity among diseases and classes of variants.

By applying the methods to data from the UK Biobank, we have identified four

aspects of the relationship between age and genetic relative risk. First, we have

shown that for many diseases, but certainly not all, there is statistical support for a

non-constant relationship between age and the influence of genetic risk. Second, in

such cases, genetic risk has the greatest effect at earlier ages, though the magnitude

and form of the drop-off varies among diseases. This result agrees with and

generalises earlier reports [41, 48]. Third, there is relatively little evidence for

different groups of variants having substantially different relationships between age

and risk; where we identify weak evidence for multiple classes, the differences are

in terms of the magnitude of the downward slope. Fourth, the drop-off in relative

risk with age cannot be ascribed to hidden variation in unmeasured risk factors.

We note that the drop-off in impact of genetic risk factors does not mean that they

are not relevant in predicting later disease, which is typically when most diseases

occur. Rather, our results imply that the factor by which genetic factors increase

risk above baseline for someone in their 40s may be several fold higher than for an

equivalent person in their late 70s (Table 7.1). For example, the factor by which

being in the highest decile of genetic risk for I25.1 “atherosclerotic heart disease of

native coronary artery” increases incidence over baseline between 45 to 50 years

old is 6.62, compared to only 2.4 between 70 to 75 years old. Put another way, by

assuming a constant effect over age, we may both underestimate the absolute risk

for young individuals with a high polygenic burden and overestimate the absolute

risk for older individuals with a high polygenic burden. Whatever the cause of

age-varying genetic relative risk, our results have several implications for the use

of genetic risk factors in the genetic analysis and prediction of disease risk. Most

obviously, genetic risk prediction for disease must take age into account both in

terms of its impact on disease incidence, but also in terms of its impact on genetic

relative risk. We note, however, that even with diminished genetic relative risk,
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Table 7.1: Comparison of risk between an early age group and a late age group.
Comparison of baseline hazard rate (population-level risk), genetic risk factor effect size
and absolute hazard rate (baseline hazard multiplied by genetic risk factor) for an early
age group and a late age group across the diseases studied here. The genetic risk factor
and absolute hazard are computed from the group with the highest decile of genetic risk.

the clinical utility of polygenic risk prediction may still be higher among older

individuals (for example, in terms of reclassifying individuals as above or below a

threshold in absolute risk). For most of the diseases studied here, the inference of a

single age-profile does mean that the rank order of genetic risk for an individual is

stable over time. However, it implies that integrated prediction from genetic and

non-genetic risk factors [121–123] will have to consider the evolving contribution of

genetics over age. For diseases with multiple age profiles, even the rank order of

genetic risk among individuals could change over time. Finally, because contexts

beyond age, such as sex and environment, modulate genetic risk [48, 121, 124], each

of these will induce its own age-specific profiles. As a consequence, effective genetic

prediction will most likely be driven by empirical models that can benefit from
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Figure 7.2: Schematic example of context that alters the power of PRS. The curves show
the incidence rate over age for individuals of different genotypes (red for high polygenic
burden; green for low polygenic burden); the shadow shows the individual context that
alters both the incidence rate and relative risk conveyed by PRS (e.g. blue for low BMI;
red for high BMI). In diseases such as T1D, polygenic risk factors have lower impact
within individuals who have higher BMI. Our primary goal is to identify and estimate
the form of relationships between PRS and various contexts.

access to large and well-measured populations, such as population-scale biobanks.

7.1.3 Integrative prediction with other risk factors

Genetic factors could interact with contexts when contributing to disease risk.

(Figure 7.2) Identifying the contexts that are impactful on the relative usefulness of

PRS could help specifying the conditions for PRS to have higher or lower clinical

utility. Additionally, the decreasing pattern of genetic risk over age implies if there

are other risk factors that have non-decreasing risk profiles, the rank of absolute

risk in the population could vary over age. The ideal risk prediction model should

incorporate all existing risk factors for best prediction power.

Three types of data could be utilised in an integrated prediction model.
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• Individual characteristics: Thousands of lifestyle and individual factors have

been collected in Biobank data sets that could affect the impact of genetics

on complex traits. Previous studies have shown that age, sex, and socio-

economic factors could affect the prediction accuracy of PRS, where these

factors are typically considered separately and selectively [48]. To construct a

comprehensive context for calibrating the application of PRS, future studies

could systematically evaluate a broad range of individual characteristics in

three steps. First, screening for interactions between genetic scores with

all individual characteristics collected in Biobanks and identify factors that

have the strongest interaction with genetic risk. Second, informed by the

interactions identified in step 1, integrating context of different modality to

identify the combination of individual characteristics that would enhance or

attenuate the prediction accuracy of PRS. Third, we will investigate how to

make use of both context and genetic information to identify the individuals

at highest risk for diseases in the population.

• Clinical context: Clinical diagnostics have been shown to have strong power

for disease prediction [125]. Our comorbidity analysis also implies a high

prediction power of diagnosis history. How this information interacts with

genetics remains largely unexplored. Using methods similar to Chapter 4

and 5, we could model electronic health records (EHRs) including diagnostic,

prescription, and testing data, to construct clinical context for PRS application,

and investigate how previous clinical context affects PRS’ ability to predict

future diseases. First, future study could systematically screen electronic

health records for connections between diagnostic information and future

disease development, accounting for covariates identified in aim 1 and popula-

tion structure. Second, future study could model the connections identified

in the previous step to construct a clinical context that could stratify the

population for best PRS prediction power. Third, future study could evaluate

the correlation between genetics and clinical context. Genetic risk score could
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be combined with risk score constructed from EHRs for improved clinical risk

stratification.

• Functional genomics: Genetic variation affects complex traits through tissue

and cell-type level expression. Measurements of individual expression profiles

provide information on the functioning of genes, which could pinpoint if

risk alleles have functioned in specific individuals. Additionally, the cellular

environment might accumulate mechanistic changes that alters the predis-

position to polygenic burden, which could also be captured by functional

genomic data such as single-cell or tissue level transcriptome. Integrating

transcriptome data with genotype data could infer how well genetics has

functioned within individuals and could be used as a prior to estimate the

genetic risk of an individual. Specifically, gene expression profile might alter

the effect of genetics on traits. Gene expression at tissue/cell-type level could

be used to compute the posterior PRS, which could be applied for better

disease prediction.

7.2 Implications for identifying new biology path-
ways underlying complex diseases

7.2.1 Possible power gain by focusing on specific age groups

The decreasing pattern of genetic relative risk over age suggests that early on-set

individuals might carry risk alleles that have large effect sizes. Recruiting young

cases and controls could increase the power to discover associated loci.

Additionally, we hope future study could identify the biology mechanisms

that are compatible with the decreasing pattern. Our work, while revealing an

underlying pattern, has not advanced our understanding of the biological causes

for it (or why some diseases show this but others do not). We hope, however,

that the findings motivate future research into the biological causes and clinical

consequences of such age-varying genetic relative risk. For example, identifying

environmental exposures or comorbidities that are compatible with the decreasing
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risk framework could provide information on the biological mechanisms (for example,

how genetic contributions to LDL at different ages impact risk for cardiovascular

disease at different ages). Additionally, targeting additional recruitment for GWAS

on both elderly and young age groups could inform more accurate estimation of

age dependency in genetic relative risk, as could the collection of cross-generational

longitudinal data.

7.2.2 Using comorbidity profiles to help identify disease
mechanisms

Our results in Chapter 4 and 5 identify disease subtypes that are genetically hetero-

geneous. By linking these subtypes with other diseases through the comorbidity

profiles, our findings provide useful information on dissecting biological pathways

underlying complex diseases. The well-studied diseases that are linked to a subtype

could guide the investigation of subtype mechanisms. Our analyses also identified

cross-system comorbidity among diseases that are commonly thought to be unrelated.

It is important to note comorbidity does not imply shared genetic pathways. Disease

comorbidities could be consequences of a common environmental cause and may

not be generalised to other populations. Nevertheless, identifying the common

environmental causes of disease are still useful for informing public health policies.

The other possibility is that there are unknown links between pathways that manifest

in different systems or tissues, which is an interesting direction of research.

Functional genomic data could also provide useful tools to understand the

mechanisms of comorbidities. Are there common disease-causing tissues/cell-types

for comorbid diseases [126]? Are the subtypes of diseases caused by distinct

tissues/cell-types [127]? We notice that our analyses are mostly limited to genotype

data and diagnoses, while additional functional genomic data could provide different

levels of information and help us to better understand how genetics and environment

interact to create comorbidities [128].
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7.3 Implications for treatment optimisation

Personalised medicine refers to designing treatments for a specific patient when

taking into account the context such as age, comorbidity, lifestyle, and genetic

risk factors. What are the implications of our findings on identifying subtypes of

diseases that respond differently to a treatment?

Firstly, our results on disease comorbidity imply that comorbidity context

could capture heterogeneity in disease mechanisms. Future experimental studies

could pinpoint the distinct pathways that are responsible for complex diseases.

Henceforth, comorbidity profiles could inform treatments to target distinct pathways

that underlie incident diseases. Secondly, the reduced genetic relative risk at late

age implies increased proportion of disease variance explained by environment risk

factors. If genetic and environmental variations contribute to complex disease via

different pathways, individual treatments should consider the age window that each

risk factor manifests to optimise the responses.

In order to deliver benefits to clinical practice, these possibilities have to be

validated in clinical trials. To conclude this report, I list the steps that could help

us to bridge the gap between these discoveries and clinical validations.

• Step 1: Methodology development for integrating genetic risk score with other

risk factors and diagnostic history. Established risk factors, clinical history,

and thousands of individual covariates all contribute to disease risk and interact

with genetic risk score. The best methods to stratify populations for different

intervention methods should make use of all data available. Additionally,

to prove the utility of genetic information, new methods that incorporate

genetic risk with multi-modal and high-dimensional data should establish the

incremental benefit of genetic risk scores.

• Step 2: Estimating the clinical benefit of genetic-informed treatment opti-

misation. Extensive preclinical evaluation needs to be performed on these

methodologies before moving forward to clinical trials. Researchers should first

focus on observational cohorts to estimate the clinical benefit in observational
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cohorts. Causal inference methods could be applied to approximate ran-

domised trials from observational studies, and identify promising intervention

for clinical trials. For the potential clinical benefit of intervention, the results

from intervention studies could inform the estimation of reduced cases at

population level. For personalised treatment, the prescription information

could validate the heterogeneity in treatment responses that are attributed

to genetic variance. Observational study could inform the prediction of the

potential benefit of prioritising drugs to PRS stratified patients.

• Step 3: Computational tools to facilitate pragmatic trials that evaluate genetic

risk stratification for disease prevention and treatment optimisation. Clinical

trials on computational methods require tools that are directly applicable

in clinical trials. Firstly, software needs to be developed for implementing

relevant frameworks and standards necessary to perform phase 1/2/3 trials

that assess clinical risk stratification for common diseases. The tools will

contain implementation of the robust risk scores constructed from methods that

integrate multiple risk factors, which could be applied to trials on outcomes

including events prevented with early interventions informed by genetic risk

scores. Secondly, researchers could develop software frameworks to construct

individual pharmacogenetic profiles. These frameworks compute safety and

effectiveness of common prescriptions for complex disease. These tools aim

to facilitate pragmatic trials to test whether using genetic biomarkers for

treatment optimisation will have better outcomes. Large cohort studies such

as Our Future Health and All of Us programs provide great potential to finally

test our hope in transforming healthcare with genetic discoveries [129].
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