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1 Introduction

Calabi-Yau m-folds (M, J,w, Q) are compact complex manifolds (M, J) of com-
plex dimension m, equipped with a Ricci-flat K&hler metric g with Kéhler form
w, and a holomorphic (m,0)-form  of constant length |Q2|? = 2™. Using Alge-
braic Geometry and Yau’s solution of the Calabi Conjecture, one can construct
them in huge numbers. String Theorists (a species of theoretical physicist)
are very interested in Calabi—Yau 3-folds, and have made some extraordinary
conjectures about them, in the subject known as Mirror Symmetry.

Special Lagrangian submanifolds, or SL m-folds, are a distinguished class
of real m-dimensional minimal submanifolds that may be defined in C™, or in
Calabi—Yau m-folds, or more generally in almost Calabi—Yau m-folds. They are
calibrated with respect to the m-form Re€). They are fairly rigid and well-
behaved, so that compact SL m-folds N occur in smooth moduli spaces of
dimension b*(N), for instance. They are important in String Theory, and are
expected to play a role in the eventual explanation of Mirror Symmetry.

This article is intended as an introduction to special Lagrangian geometry,
and a survey of the author’s research on the singularities of SL m-folds, of
directions in which the subject might develop in the next few years, and of
possible applications of it to Mirror Symmetry and the SYZ Conjecture.

Sections @ and B discuss general properties of special Lagrangian submani-
folds of C™, and ways to construct examples. Then Section lldefines Calabi—Yau
and almost Calabi—Yau manifolds, and their special Lagrangian submanifolds.
Section H discusses the deformation and obstruction theory of compact SL m-
folds, and properties of their moduli spaces.

In Section @ we describe a theory of isolated conical singularities in compact
SL m-folds. Finally, Section [d briefly introduces String Theory, Mirror Symme-
try and the SYZ Conjecture, a conjectural explanation of Mirror Symmetry of
Calabi—Yau 3-folds, and discusses mathematical progress towards clarifying and
proving the conjecture.
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2 Special Lagrangian submanifolds in C™

We begin by defining calibrations and calibrated submanifolds, following Harvey
and Lawson [TT].

Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V' of some tangent space T, M to M with
dim V' = k, equipped with an orientation. If V' is an oriented tangent k-plane on
M then g|y is a Euclidean metric on V, so combining g|y with the orientation
on V gives a natural volume form voly on V, which is a k-form on V.

Now let ¢ be a closed k-form on M. We say that ¢ is a calibration on M
if for every oriented k-plane V on M we have ¢|y < voly. Here ¢|y = a - voly
for some a € R, and ¢|y < voly if @ < 1. Let N be an oriented submanifold
of M with dimension k. Then each tangent space T, N for x € N is an oriented
tangent k-plane. We say that N is a calibrated submanifold if ¢|r, n = volp, N
for all x € N.

It is easy to show that calibrated submanifolds are automatically minimal
submanifolds [I1, Th. 11.4.2]. Here is the definition of special Lagrangian sub-
manifolds in C™, taken from [T, §III].

Definition 2.2 Let C™ = R?™ have complex coordinates (z1,...,2,) and

complex structure I, and define a metric ¢’, Kahler form w’ and complex volume
form Q' on C™ by

g =|dz1|* + -+ |dzn)?, W = %(dzl AdzZy + -+ dzy AdZy),
and Q' =dz A--- Adzp,.

Then Re Q' and Im € are real m-forms on C™. Let L be an oriented real sub-
manifold of C™ of real dimension m. We call L a special Lagrangian submanifold
in C™, or SL m-fold for short, if L is calibrated with respect to Re{, in the
sense of Definition 2Tl

In fact there is a more general definition involving a phase e': if § € [0, 27),
we say that L is special Lagrangian with phase €' if it is calibrated with respect
to cosf Re Q' +sinf Im Q. But we will not use this.

We shall identify the family F of tangent m-planes in C™ calibrated with
respect to Re ). The subgroup of GL(2m,R) preserving ¢’,w’ and €' is the Lie



group SU(m) of complex unitary matrices with determinant 1. Define a real
vector subspace U in C™ to be

U:{(xl,...,xm):xjeR}C(Cm, (2)

and let U have the usual orientation. Then U is calibrated with respect to Re {'.

Furthermore, any oriented real vector subspace V in C™ calibrated with
respect to Re ) is of the form V = ~-U for some v € SU(m). Therefore SU(m)
acts transitively on F. The stabilizer subgroup of U in SU(m) is the subset of
matrices in SU(m) with real entries, which is SO(m). Thus F = SU(m)/ SO(m),
and we prove:

Proposition 2.3 The family F of oriented real m-dimensional vector sub-
spaces V. in C™ with ReQY|v = voly is isomorphic to SU(m)/SO(m), and

has dimension +(m? +m — 2).

The dimension follows because dimSU(m) = m? — 1 and dimSO(m) =
im(m —1). It is easy to see that o'|y = Im |y = 0. As SU(m) preserves
W’ and Im Q) and acts transitively on F, it follows that w'|y = ImQ'|y = 0
for any V € F. Conversely, if V is a real m-dimensional vector subspace of
C™ and W'ly = ImQ'|y = 0, then V lies in F, with some orientation. This
implies an alternative characterization of special Lagrangian submanifolds, [T,

Cor. II1.1.11]:

Proposition 2.4 Let L be a real m-dimensional submanifold of C™. Then L
admits an orientation making it into a special Lagrangian submanifold of C™
if and only if W'\, =0 and ImQ'|;, =0.

Note that an m-dimensional submanifold L in C™ is called Lagrangian if
W'l = 0. (This is a term from symplectic geometry, and w’ is a symplectic
structure.) Thus special Lagrangian submanifolds are Lagrangian submanifolds
satisfying the extra condition that Im Q’|;, = 0, which is how they get their
name.

2.1 Special Lagrangian 2-folds in C? and the quaternions

The smallest interesting dimension, m = 2, is a special case. Let C2? have
complex coordinates (z1, z2), complex structure I, and metric ¢’, Kéhler form w’
and holomorphic 2-form ' defined in (). Define real coordinates (zg, 21, 2, x3)
on C2 =2 R* by 29 = 20 + i1, 21 = T2 + ix3. Then

g’:dx%—i—-u—kdxg, w' =dxg Adzy + dzo A das,
ReY =dxg Adry —dxy Adzs and ImQ = dzg Ades + dzy Adzs.

Now define a different set of complex coordinates (w;,ws) on C? = R* by
wy = 29 + ix2 and we = 21 — ix3. Then W’ —iIm Q' = dw; A dws.

But by Proposition 24, a real 2-submanifold L C R* is special Lagrangian
if and only if w'|;, = ImQ’|;, = 0. Thus, L is special Lagrangian if and only if



(dwy A dws)|r, = 0. But this holds if and only if L is a holomorphic curve with
respect to the complex coordinates (w1, ws).

Here is another way to say this. There are two different complex structures
I and J involved in this problem, associated to the two different complex coor-
dinate systems (21, 22) and (w1, ws) on R%. In the coordinates (o, ...,x3), I
and J are given by

I(i) -9 I(i) -2 I(i) -9 I(i) _9
8:170 8171 8$1 8$0 8:172 8$3 8$3 8$2
o) =g ()=o) =5 *(55) =5

6$0 6$2 (91:1 (91:3 6$2 6$0 (91:3 6,@1
The usual complex structure on C? is I, but a 2-fold L in C? is special La-
grangian if and only if it is holomorphic with respect to the alternative complex
structure J. This means that special Lagrangian 2-folds are already very well
understood, so we generally focus our attention on dimensions m > 3.

We can express all this in terms of the quaternions H. The complex struc-
tures I,J anticommute, so that IJ = —JI, and K = IJ is also a complex

structure on R%, and (1,1, J, K) is an algebra of automorphisms of R* isomor-
phic to H .

2.2 Special Lagrangian submanifolds in C™ as graphs

In symplectic geometry, there is a well-known way of manufacturing Lagrangian
submanifolds of R?™ =2 C™, which works as follows. Let f : R™ — R be a
smooth function, and define

I‘f:{(gcl—f—iaa—gl(xl,...,xm),...,:Em—i—iai{n(xl,...,xm)) :xl,...,xmeR}.

Then T’y is a smooth real m-dimensional submanifold of C™, with w'|p, = 0.
Identifying C™ = R?™ = R™ x (R™)*, we may regard ['y as the graph of the
1-form df on R™, so that I'; is the graph of a closed 1-form. Locally, but not
globally, every Lagrangian submanifold arises from this construction.

Now by Proposition 24 a special Lagrangian m-fold in C™ is a Lagrangian
m-fold L satisfying the additional condition that Im ’|;, = 0. We shall find the
condition for I't to be a special Lagrangian m-fold. Define the Hessian Hess f
of f to be the m X m matrix (%)Tj:l
easy to show that Im Q'|r, = 0 if and only if

of real functions on R™. Then it is

Imdetc (I +iHess f) =0 on C™. (3)
This is a nonlinear second-order elliptic partial differential equation upon the
function f: R™ — R.
2.3 Local discussion of special Lagrangian deformations

Suppose Ly is a special Lagrangian submanifold in C™ (or, more generally, in
some (almost) Calabi—Yau m-fold). What can we say about the family of special



Lagrangian deformations of Ly, that is, the set of special Lagrangian m-folds L
that are “close to Ly” in a suitable sense? Essentially, deformation theory is one
way of thinking about the question “how many special Lagrangian submanifolds
are there in C™”?

Locally (that is, in small enough open sets), every special Lagrangian m-
fold looks quite like R™ in C™. Therefore deformations of special Lagrangian
m-folds should look like special Lagrangian deformations of R™ in C™. So, we
would like to know what special Lagrangian m-folds L in C™ close to R™ look
like.

Now R™ is the graph I'y associated to the function f = 0. Thus, a graph
I'y will be close to R™ if the function f and its derivatives are small. But then
Hess f is small, so we can approximate equation @) by its linearization. For

Im dete (I + i Hess f) = Tr Hess f + higher order terms.

Thus, when the second derivatives of f are small, equation ([]) reduces approx-
imately to Tr Hess f = 0. But

0% f 0% f
@1, +e O = -Af,

TrHess f =

where A is the Laplacian on R™.

Hence, the small special Lagrangian deformations of R™ in C™ are approx-
imately parametrized by small harmonic functions on R™. Actually, because
adding a constant to f has no effect on I'¢, this parametrization is degenerate.
We can get round this by parametrizing instead by df, which is a closed and
coclosed 1-form. This justifies the following:

Principle. Small special Lagrangian deformations of a special Lagrangian m-
fold L are approzimately parametrized by closed and coclosed 1-forms o on L.

This is the idea behind McLean’s Theorem, Theorem 1] below.

We have seen using () that the deformation problem for special Lagrangian
m-folds can be written as an elliptic equation. In particular, there are the same
number of equations as functions, so the problem is neither overdetermined nor
underdetermined. Therefore we do not expect special Lagrangian m-folds to
be very few and very rigid (as would be the case if @) were overdetermined),
nor to be very abundant and very flabby (as would be the case if [@B) were
underdetermined).

If we think about Proposition 23 for a while, this may seem surprising. For
the set F of special Lagrangian m-planes in C" has dimension %(m2+m—2), but
the set of all real m-planes in C™ has dimension m?2. So the special Lagrangian

1

m-planes have codimension §(m2 —m+ 2) in the set of all m-planes.

This means that the condition for a real m-submanifold L in C™ to be special

Lagrangian is %( 2 —m+2) real equations on each tangent space of L. However,

the freedom to vary L is the sections of its normal bundle in C™, which is m



real functions. When m > 3, there are more equations than functions, so we
would expect the deformation problem to be overdetermined.

The explanation is that because w’ is a closed 2-form, submanifolds L with
w'|, = 0 are much more abundant than would otherwise be the case. So the
closure of w’ is a kind of integrability condition necessary for the existence of
many special Lagrangian submanifolds, just as the integrability of an almost
complex structure is a necessary condition for the existence of many complex
submanifolds of dimension greater than 1 in a complex manifold.

3 Constructions of SL m-folds in C™

We now describe five methods of constructing special Lagrangian m-folds in
C™, drawn from papers by the author [I5, [16, I8, 19, 20, 21, 22, 23], Bryant
[M], Castro and Urbano [2], Goldstein [, B, Harvey [I0, p. 139-143], Harvey
and Lawson [Tl §III], Haskins [12], Lawlor [32], Ma and Ma [33], McIntosh
B8] and Sharipov [40]. These yield many examples of singular SL m-folds, and
so hopefully will help in understanding general singularities of SL m-folds in
Calabi—Yau m-folds.

3.1 SL m-folds with large symmetry groups

Here is a method used in [I8] (and also by Harvey and Lawson [I1l, §III.3],
Haskins [I2] and Goldstein [ B]) to construct examples of SL m-folds in C™.
The group SU(m) x C™ acts on C™ preserving all the structure ¢’,w’, ', so
that it takes SL m-folds to SL m-folds in C™. Let G be a Lie subgroup of
SU(m) x C™ with Lie algebra g, and N a connected G-invariant SL m-fold
in C™.

Since G preserves the symplectic form w’ on C™, one can show that it has
a moment map p : C™ — g*. As N is Lagrangian, one can show that p is
constant on N, that is, u = c on N for some ¢ € Z(g*), the center of g*.

If the orbits of G in N are of codimension 1 (that is, dimension m — 1), then
N is a 1-parameter family of G-orbits O; for ¢t € R. After reparametrizing the
variable ¢, it can be shown that the special Lagrangian condition is equivalent
to an ODE in ¢ upon the orbits O;.

Thus, we can construct examples of cohomogeneity one SL m-folds in C™
by solving an ODE in the family of (m — 1)-dimensional G-orbits O in C™ with
plo = ¢, for fixed ¢ € Z(g*). This ODE usually turns out to be integrable.

Now suppose N is a special Lagrangian cone in C™, invariant under a sub-
group G C SU(m) which has orbits of dimension m — 2 in N. In effect the
symmetry group of N is G x Ry, where R acts by dilations, as N is a cone.
Thus, in this situation too the symmetry group of N acts with cohomogeneity
one, and we again expect the problem to reduce to an ODE.

One can show that N N S?™~! is a 1-parameter family of G-orbits O, in
S§?m=1n=1(0) satisfying an ODE. By solving this ODE we construct SL cones
in C™. When G = U(1)™~2, the ODE has many periodic solutions which give



large families of distinct SL cones on T™~!. In particular, we can find many
examples of SL T?-cones in C3.

3.2 Evolution equations for SL m-folds

The following method was used in [I5] and [I6] to construct many examples of
SL m-folds in C™. A related but less general method was used by Lawlor [32],
and completed by Harvey [I0 p. 139-143].

Let P be a real analytic (m — 1)-dimensional manifold, and x a nonvanishing
real analytic section of AT P. Let {¢; : t € R} be a 1-parameter family of
real analytic maps ¢, : P — C™. Consider the ODE

dy

b
(T5) = 600" (Re )y 109" (4)

using the index notation for (real) tensors on C™, where ¢’ is the inverse of
the Euclidean metric g/, on C™.

It is shown in [T5, §3] that if the ¢, satisfy @) and ¢§(w’) = 0, then ¢} (w') =0
for all ¢, and N = {¢y(p) : p € P, t € R} is an SL m-fold in C™ wherever it is
nonsingular. We think of @) as an evolution equation, and N as the result of
evolving a 1-parameter family of (m—1)-submanifolds ¢;(P) in C™.

Here is one way to understand this result. Suppose we are given ¢y : P — C™
for some ¢, and we want to find an SL m-fold N in C™ containing the (m—1)-
submanifold ¢;(P). As N is Lagrangian, a necessary condition for this is that
w'[4,(py =0, and hence ¢; (w') =0 on P.

The effect of equation (@) is to flow ¢;(P) in the direction in which Re Y’ is
“largest”. The result is that Re )’ is “maximized” on N, given the initial con-
ditions. But Re{?’ is maximal on N exactly when N is calibrated with respect
to Re (Y, that is, when N is special Lagrangian. The same technique also works
for other calibrations, such as the associative and coassociative calibrations on
R7, and the Cayley calibration on RS,

Now (@) evolves amongst the infinite-dimensional family of real analytic
maps ¢ : P — C™ with ¢*(w’) = 0, so it is an infinite-dimensional problem, and
thus difficult to solve explicitly. However, there are finite-dimensional families
C of maps ¢ : P — C™ such that evolution stays in C. This gives a finite-
dimensional ODE, which can hopefully be solved fairly explicitly. For example,
if we take G to be a Lie subgroup of SU(m)x C™, P to be an (m—1)-dimensional
homogeneous space G/H, and ¢ : P — C™ to be G-equivariant, we recover the
construction of Section Bl

But there are also other possibilities for C which do not involve a symmetry
assumption. Suppose P is a submanifold of R™, and x the restriction to P of
a linear or affine map R™ — A™~IR"™. (This is a strong condition on P and
X-) Then we can take C to be the set of restrictions to P of linear or affine
maps R™ — C™.

For instance, set m = n and let P be a quadric in R™. Then one can
construct SL m-folds in C™ with few symmetries by evolving quadrics in La-



grangian planes R™ in C™. When P is a quadric cone in R™ this gives many
SL cones on products of spheres S* x S? x S*.

3.3 Ruled special Lagrangian 3-folds

A 3-submanifold N in C3 is called ruled if it is fibered by a 2-dimensional family
F of real lines in C3. A cone Ny in C3 is called two-sided if Ng = —Ny. Two-
sided cones are automatically ruled. If N is a ruled 3-fold in C3, we define the
asymptotic cone Ny of N to be the two-sided cone fibered by the lines passing
through 0 and parallel to those in F.

Ruled SL 3-folds are studied in [[9], and also by Harvey and Lawson [LT],
§I11.3.C, §111.4.B] and Bryant [T, §3]. Each (oriented) real line in C? is de-
termined by its direction in S° together with an orthogonal translation from
the origin. Thus a ruled 3-fold N is determined by a 2-dimensional family of
directions and translations.

The condition for N to be special Lagrangian turns out [19, §5] to reduce to
two equations, the first involving only the direction components, and the second
linear in the translation components. Hence, if a ruled 3-fold NV in C? is special
Lagrangian, then so is its asymptotic cone Ny. Conversely, the ruled SL 3-folds
N asymptotic to a given two-sided SL cone Ny come from solutions of a linear
equation, and so form a vector space.

Let Ny be a two-sided SL cone, and let ¥ = Ny N S®. Then ¥ is a Riemann
surface. Holomorphic vector fields on ¥ give solutions to the linear equation
(though not all solutions) [I9, §6], and so yield new ruled SL 3-folds. In partic-
ular, each SL T2-cone gives a 2-dimensional family of ruled SL 3-folds, which
are generically diffeomorphic to T2 x R as immersed 3-submanifolds.

3.4 Integrable systems

Let Ny be a special Lagrangian cone in C3, and set ¥ = Ny N S°. As Ny is
calibrated, it is minimal in C3, and so ¥ is minimal in S®. That is, ¥ is a
minimal Legendrian surface in S®. Let 7 : S® — CP? be the Hopf projection.
One can also show that 7(X) is a minimal Lagrangian surface in CP2.

Regard ¥ as a Riemann surface. Then the inclusions ¢ : ¥ — S® and mo ¢ :
Y — CP? are conformal harmonic maps. Now harmonic maps from Riemann
surfaces into 8™ and CP™ are an integrable system. There is a complicated
theory for classifying them in terms of algebro-geometric “spectral data”, and
finding “explicit” solutions. In principle, this gives all harmonic maps from
T? into S™ and CP™. So, the field of integrable systems offers the hope of a
classification of all SL T?-cones in C3.

For a good general introduction to this field, see Fordy and Wood [3].
Sharipov 0] and Ma and Ma [33] apply this integrable systems machinery
to describe minimal Legendrian tori in %, and minimal Lagrangian tori in CP?,
respectively, giving explicit formulae in terms of Prym theta functions. Mcln-
tosh [B5] provides a more recent, readable, and complete discussion of special
Lagrangian cones in C? from the integrable systems perspective.



The families of SL T2-cones constructed by U(1)-invariance in Section B}
and by evolving quadrics in Section B2 turn out to come from a more general,
very explicit, “integrable systems” family of conformal harmonic maps R? — S
with Legendrian image, involving two commuting, integrable ODEs, described in
[20]. So, we can fit some of our examples into the integrable systems framework.

However, we know a good number of other constructions of SL m-folds in
C™ which have the classic hallmarks of integrable systems — elliptic functions,
commuting ODEs, and so on — but which are not yet understood from the
point of view of integrable systems.

3.5 Analysis and U(1)-invariant SL 3-folds in C?

Next we summarize the author’s three papers |21}, 22, 23], which study SL 3-folds
N in C? invariant under the U(1)-action

e 1 (21, 20, 23) = (€921, W25, 23)  for e € U(1). (5)

These three papers are surveyed in [24]. Locally we can write N in the form

N = {(Z15227Z3) € Cg tR1R2 = ’U(Iay) +7’y5 z3 = .I—|—Z’LL(.I,y),
|Zl|2_|22|2:2a7 (‘Tuy) 65}7

(6)
where S is a domain in R?, ¢ € R and u,v : S — R are continuous.

Here we may take |z1|? — |22]2 = 2a to be one of the equations defining N
as |z1|2 — |22|? is the moment map of the U(1)-action (), and so |z1|> — |22]?
is constant on any U(1)-invariant Lagrangian 3-fold in C3. Effectively (@) just
means that we are choosing 2 = Re(z3) and y = Im(z122) as local coordinates
on the 2-manifold N/ U (1). Then we find [21, Prop. 4.1]:

Proposition 3.1 Let S,a,u,v and N be as above. Then

(a) If a = 0, then N is a (possibly singular) SL 3-fold in C3 if u,v are
differentiable and satisfy

Oou Ov v 1/20u

o _Z d == = —2(12 +¢2) /"= 7

ox Oy me o (0" +97) oy’ (M
except at points (x,0) in S with v(x,0) = 0, where u,v need not be differ-
entiable. The singular points of N are those of the form (0,0, z3), where
zg =« + tu(x,0) for (z,0) € S with v(z,0) = 0.

(b) If a # 0, then N is a nonsingular SL 3-fold in C3 if and only if u,v are
differentiable in S and satisfy
ou O 0 1/20u

o _ OV _ o2 .2 2
o~y and pe 2(v° +y* + a?) 9 (8)



Now (@) and () are nonlinear Cauchy—Riemann equations. Thus, we may
treat u + v as like a holomorphic function of x + iy. Many of the results in
21, 22, 23] are analogues of well-known results in elementary complex analysis.

In [21, Prop. 7.1] we show that solutions u,v € C'(S) of @) come from a
potential f € C?(9) satisfying a second-order quasilinear elliptic equation.

Proposition 3.2 Let S be a domain in R? and u,v € C(S) satisfy @) for

a # 0. Then there exists f € C?*(S) with g—i =u, % =v and
_ af\2 2 2 71/262f 82f _

This f is unique up to addition of a constant, f — f + c. Conversely, all
solutions of @) yield solutions of ().

In the following result, a condensation of [21, Th. 7.6] and [22, Th.s 9.20 &
9.21], we prove existence and uniqueness for the Dirichlet problem for ({).

Theorem 3.3 Suppose S is a strictly convex domain in R? invariant under
(z,y) — (z,—y), and o € (0,1). Let a € R and ¢ € C>*(dS). Then if
a # 0 there exists a unique solution f of @) in C>*(S) with flos = ¢. If
a = 0 there exists a unique f € C*(S) with flos = ¢, which is twice weakly
differentiable and satisfies @) with weak derivatives. Furthermore, the map
C32(9S) x R — C(S) taking (¢,a) — f is continuous.

Here a domain S in R? is strictly convex if it is convex and the curvature
of 35 is nonzero at each point. Also domains are by definition compact, with
smooth boundary, and C*%(9S) and C*%(S) are Hélder spaces of functions on
0S and S. For more details see 21, 22].

Combining Propositions Bl and and Theorem gives existence and
uniqueness for a large class of U(1)-invariant SL 3-folds in C3, with boundary
conditions, and including singular SL 3-folds. It is interesting that this existence
and uniqueness is entirely unaffected by singularities appearing in S°.

Here are some other areas covered in [21), 22, 23]. Examples of solutions u, v
of @ and @) are given in [21} §5]. In [22] we give more precise statements on
the regularity of singular solutions of () and (@). In [21), §6] and [23| §7] we
consider the zeroes of (u1,v1) — (ug2,v2), where (u;,v;) are (possibly singular)
solutions of (@) and ().

We show that if (uy,v1) Z (u2,v2) then the zeroes of (uy,v1) — (ug2,v2) in S°
are isolated, with a positive integer multiplicity, and that the zeroes of (uy,v1) —
(uz2,v2) in S° can be counted with multiplicity in terms of boundary data on 95.
In particular, under some boundary conditions we can show (u1,v1) — (ug, v2)
has no zeroes in S°, so that the corresponding SL 3-folds do not intersect. This
will be important in constructing U(1)-invariant SL fibrations in Section [LH

In |23, §9-§10] we study singularities of solutions u, v of ([{d). We show that
either u(z, —y) = u(z,y) and v(z, —y) = —v(x,y), so that u,v are singular all
along the z-axis, or else the singular points of u,v in S° are all isolated, with
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a positive integer multiplicity, and one of two types. We also show that singu-
larities exist with every multiplicity and type, and multiplicity n singularities
occur in codimension n in the family of all U(1)-invariant SL 3-folds.

3.6 Examples of singular special Lagrangian 3-folds in C?

We shall now describe four families of SL 3-folds in C3, as examples of the
material of Sections BFJHZAl They have been chosen to illustrate different kinds
of singular behavior of SL 3-folds, and also to show how nonsingular SL 3-folds
can converge to a singular SL 3-fold, to serve as a preparation for our discussion
of singularities of SL m-folds in Section

Our first example derives from Harvey and Lawson [I1], §I11.3.A], and is
discussed in detail in [I7, §3].

Example 3.4 Define a subset Lo in C3 by
Lo = {(rewl,rew?,rei‘%) 720, 61,02,05€R, 61 +0,+063=0}.
Then Lg is a special Lagrangian cone on T2. An alternative definition is
Ly = {(z1,22,23) € C?: |z1| = |z2| = |23], Im(212023) = 0, Re(z12023) > O}.
Let t > 0, write ST = {e? : ¢ € R}, and define a map ¢ : S' x C — C? by
b : (67, 2) ((2? +t2)1/2ei972767i05)'

Then ¢, is an embedding. Define L; = Image ¢,. Then L, is a nonsingular special
Lagrangian 3-fold in C? diffeomorphic to S' x R2. An equivalent definition is

Ly = {(2’1,22,2’3) S Cc3: |Zl|2 —t? = |22|2 = |Z3|2,
Im(z12023) =0, Re(z12223) = O}.

As t — 04, the nonsingular SL 3-fold L; converges to the singular SL cone
Ly. Note that L; is asymptotic to Lg at infinity, and that L, =t L for ¢t > 0, so
that the L; for ¢ > 0 are all homothetic to each other. Also, each L; for t > 0
is invariant under the 7 subgroup of SU(3) acting by

(21, 20, 23) — (€91 21, €02 25, €13 23) for 61,605,053 € R with 1 + 65 + 03 = 0,

and so fits into the framework of Section Bl By |21, Th. 5.1] the L, may also
be written in the form (@) for continuous u,v : R? — R, as in Section

Our second example is adapted from Harvey and Lawson [T} §II1.3.B].
Example 3.5 For each t > 0, define

Ly ={(e"z1,exy,e"x3) 1 2; €R, 0 € (0,7/3), af+a3+z3=1>(sin 39)*2/3}.

Then L, is a nonsingular embedded SL 3-fold in C3 diffeomorphic to S? x R.
As t — 04 it converges to the singular union Ly of the two SL 3-planes

I, = {($1,$2,I3) 1T € R} and Il = {(e”/gxl,ei”/gxg,ei”/gazg) HUIS R},
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which intersect at 0. Note that L; is invariant under the action of the Lie
subgroup SO(3) of SU(3), acting on C? in the obvious way, so again this comes
from the method of Section BIJl Also L; is asymptotic to Lg at infinity.

Our third example is taken from [I8, Ex. 9.4 & Ex. 9.5].

Example 3.6 Let a1, a2 be positive, coprime integers, and set as = —a; — as.
Let ¢ € R, and define

Loz = {(ezalexheza20x27ieza39x3) 0ER, z; €R, ale + aﬂ% + a3x§ = c}.

Then L&+%2 is an SL 3-fold, which comes from the “evolving quadrics” construc-
tion of Section It is also symmetric under the U(1)-action

(21, 20, 23) = (e4192), €192 2y je'3925)  for § € R,

but this is not a necessary feature of the construction; these are just the easiest
examples to write down.

When ¢ = 0 and a3 is odd, Lg"** is an embedded special Lagrangian cone
on T2, with one singular point at 0. When ¢ = 0 and a3 is even, Lg"** is two
opposite embedded SL T%-cones with one singular point at 0.

When ¢ > 0 and a3 is odd, L¢"*? is an embedded 3-fold diffeomorphic to a
nontrivial real line bundle over the Klein bottle. When ¢ > 0 and ag is even,
L2192 jg an embedded 3-fold diffeomorphic to 7% x R. In both cases, L2 is
a ruled SL 3-fold, as in Section B3 since it is fibered by hyperboloids of one
sheet in R3, which are ruled in two different ways.

When ¢ < 0 and a3 is odd, L% an immersed copy of S! x R%2. When ¢ < 0
and a3 is even, L9192 two immersed copies of S! x R2.

All the singular SL 3-folds we have seen so far have been cones in C3. Our
final example, taken from [T6], has more complicated singularities which are not
cones. They are difficult to describe in a simple way, so we will not say much
about them. For more details, see [T6].

Example 3.7 In [T6, §5] the author constructed a family of maps ® : R3 — C3
with special Lagrangian image N = Image ®. It is shown in [I6] §6] that generic
® in this family are immersions, so that N is nonsingular as an immersed SL
3-fold, but in codimension 1 in the family they develop isolated singularities.

Here is a rough description of these singularities, taken from [I6, §6]. Taking
the singular point to be at ®(0,0,0) = 0, one can write ® as

®(z,y,t) =(z+ 2¢'(u,v)t*) u+ (y* — Hu*t?) v

10
+2ytux v+ O(a® + |zy| + |t + |y[> + [¢), 1o

where u,v are linearly independent vectors in C3 with w’(u,v) = 0, and x :
C3 x C3 — C? is defined by

(r1,72,73) X (81,52, 83) = %(f2§3 — 382,381 — 7'183,7152 — T251).

12



The next few terms in the expansion ([[I) can also be given very explicitly, but
we will not write them down as they are rather complex, and involve further
choices of vectors w,x, . ...

What is going on here is that the lowest order terms in ® are a double cover
of the special Lagrangian plane (u, v, u x v); in C3, branched along the real line
(u)g. The branching occurs when y = ¢ = 0. Higher order terms deviate from
the 3-plane (u,v,u x v);, and make the singularity isolated.

4 Almost Calabi—Yau geometry

Calabi-Yau m-folds (M, J,w,)) are compact complex m-folds (M, J) equipped
with a Ricci-flat Kahler metric g with Kéhler form w, and a holomorphic (m, 0)-
form € of constant length |[©2|?2 = 2™. Then Re () is a calibration on (M, g), and
the corresponding calibrated submanifolds are called special Lagrangian m-folds.
They are a natural generalization of the idea of special Lagrangian submanifolds
in C™,

However, we will actually define and study special Lagrangian submanifolds
in the much larger class of almost Calabi—Yau manifolds (M, J,w, ), in which
g is not required to be Ricci-flat, and €2 not required to have constant length.
Apart from greater generality, this has the advantage that by restricting to a
generic almost Calabi—Yau manifold one can (the author believes) much simplify
the singular behavior of the special Lagrangian submanifolds within it.

The idea of extending special Lagrangian geometry to almost Calabi—Yau
manifolds appears in the work of Goldstein [, §3.1], Bryant [Il §1], who uses
the term “special Kéhler” instead of “almost Calabi-Yau”, and the author [25].

4.1 Calabi—Yau and almost Calabi—Yau manifolds
Here is our definition of Calabi—Yau and almost Calabi—Yau manifolds.

Definition 4.1 Let m > 2. An almost Calabi-Yau m-fold, or ACY m-fold for
short, is a quadruple (M, J,w, Q) such that (M, J) is a compact m-dimensional
complex manifold, w is the K&hler form of a Kéhler metric g on M, and 2 is a
non-vanishing holomorphic (m, 0)-form on M.

We call (M, J,w,Q) a Calabi-Yau m-fold, or CY m-fold for short, if in
addition w and (2 satisfy

w™/m! = (—=1)™m=D/2(/2)m O A Q. (11)

Furthermore, g is Ricci-flat and its holonomy group is a subgroup of SU(m).

This is not the usual definition of a Calabi—Yau manifold, but is essentially
equivalent to it. Using Yau’s proof of the Calabi Conjecture [{2], [I4l §5] one
can prove:

Theorem 4.2 Let (M, J) be a compact complex manifold with trivial canonical
bundle Ky, admitting Kdahler metrics. Then in each Kdhler class on M there
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18 a unique Ricci-flat Kdhler metric g, with Kdhler form w. Given such g and
w, there exists a holomorphic section  of Ky, unique up to change of phase
Q +— e¥Q, such that (M, J,w, Q) is a Calabi-Yau manifold.

Thus, to find examples of Calabi—Yau manifolds all one needs is complex
manifolds (M, J) satisfying certain essentially topological conditions. Using
algebraic geometry one can construct very large numbers of such complex man-
ifolds, particularly in complex dimension 3, and thus Calabi—Yau manifolds are
very abundant. For a review of such constructions, and other general properties
of Calabi-Yau manifolds, see [T4, §6].

4.2 SL m-folds in almost Calabi—Yau m-folds
Next, we define special Lagrangian m-folds in almost Calabi—Yau m-folds.

Definition 4.3 Let (M, J,w, 2) be an almost Calabi—Yau m-fold, and N a real
m-~dimensional submanifold of M. We call N a special Lagrangian submanifold,
or SL m-fold for short, if w|y = ImQ|y = 0. It easily follows that ReQ|y is a
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in
which Re Q|y is positive.

Let (M, J,w, Q) be a Calabi—Yau m-fold, with metric g. Then equation ([II])
ensures that for each x € M there exists an isomorphism T,M = C™ that
identifies g,,w, and Q. with the flat versions ¢’,w’, Q" on C™ in (). From
Proposition Z4 we then deduce:

Proposition 4.4 Let (M, J,w,Q) be a Calabi—Yau m-fold, with metric g, and
N a real m-submanifold of M. Then N is special Lagrangian, with the natural
orientation, if and only if it is calibrated with respect to Re ).

Thus, in the Calabi—Yau case Definition is equivalent to the conventional
definition of special Lagrangian m-folds in Calabi—Yau m-folds, which is that
they should be calibrated with respect to Re(2, as in Definition In the
almost Calabi-Yau case, we can still interpret SL m-folds as calibrated sub-
manifolds, but with respect to a conformally rescaled metric g. We explain how
in the next proposition, which is easily proved using Proposition 224l

Proposition 4.5 Let (M, J,w,Q) be an almost Calabi—Yau m-fold with metric
g, define f - M — (0,00) by f2"w™/m! = (=1)™m=D/2(;/2)"QAQ, and let §
be the conformally equivalent metric f2g on M. Then ReQ is a calibration on
the Riemannian manifold (M, g).

A real m-submanifold N in M is special Lagrangian in (M, J, w,) if and
only if it admits an orientation for which it is calibrated with respect to Re ) in
(M, §). In particular, special Lagrangian m-folds in M are minimal in (M, §).

Thus, we can give an equivalent definition of SL m-folds in terms of calibrated
geometry. Nonetheless, in the author’s view the definition of SL m-folds in terms
of the vanishing of closed forms is more fundamental than the definition in terms
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of calibrated geometry, at least in the almost Calabi—Yau case, and so should
be taken as the primary definition.

One important reason for considering SL m-folds in almost Calabi-Yau
rather than Calabi—Yau m-folds is that they have much stronger genericness
properties. There are many situations in geometry in which one uses a generic-
ity assumption to control singular behavior.

For instance, pseudo-holomorphic curves in an arbitrary almost complex
manifold may have bad singularities, but the possible singularities in a generic
almost complex manifold are much simpler. In the same way, it is reasonable to
hope that in a generic Calabi-Yau m-fold, compact SL m-folds may have better
singular behavior than in an arbitrary Calabi—Yau m-fold.

But because Calabi—Yau manifolds come in only finite-dimensional families,
choosing a generic Calabi—Yau structure is a fairly weak assumption, and prob-
ably will not help very much. However, almost Calabi—Yau manifolds come in
infinite-dimensional families, so choosing a generic almost Calabi-Yau structure
is a much more powerful thing to do, and will probably simplify the singular
behavior of compact SL m-folds considerably. We will return to this idea in Sec-
tion B

5 Compact SL m-folds in ACY m-folds

In this section we shall discuss compact special Lagrangian submanifolds in al-
most Calabi—Yau manifolds. Here are three important questions which motivate
work in this area.

1. Let N be a compact special Lagrangian m-fold in a fixed almost Calabi—
Yau m-fold (M, J,w,Q). Let My be the moduli space of special La-
grangian deformations of N, that is, the connected component of the set
of special Lagrangian m-folds containing N. What can we say about M7
For instance, is it a smooth manifold, and of what dimension?

2. Let {(M, J,we, Q) 1t € (—e,e)} be a smooth 1-parameter family of
almost Calabi—Yau m-folds. Suppose Ny is an SL m-fold in (M, Jo, wo, Qo).
Under what conditions can we extend Ny to a smooth family of special
Lagrangian m-folds Ny in (M, Jy, wy, ) for t € (—e,€)?

3. In general the moduli space M in Question 1 will be noncompact. Can
we enlarge My to a compact space M by adding a “boundary” consisting
of singular special Lagrangian m-folds? If so, what is the nature of the
singularities that develop?

Briefly, these questions concern the deformations of special Lagrangian m-
folds, obstructions to their existence, and their singularities respectively. The
local answers to Questions 1 and 2 are well understood, and we shall discuss
them in this section. Question 3 is the subject of Sections BHA
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5.1 Deformations of compact special Lagrangian m-folds

The deformation theory of compact SL m-folds N was studied by McLean [36],
who proved the following result in the Calabi-Yau case. Because McLean’s
proof only relies on the fact that w|y = Im Q|x = 0, it also applies equally well
to SL m-folds in almost Calabi—Yau m-folds.

Theorem 5.1 Let (M, J,w, ) be an almost Calabi—Yau m-fold, and N a com-
pact special Lagrangian m-fold in M. Then the moduli space My of special
Lagrangian deformations of N is a smooth manifold of dimension b*(N), the
first Betti number of N.

Proof of Sketch of proof. Suppose for simplicity that N is an embedded sub-
manifold. There is a natural orthogonal decomposition TM |y = TN @ v, where
v — N is the normal bundle of N in M. As N is Lagrangian, the complex
structure J : TM — TM gives an isomorphism J : v — T'N. But the metric
g gives an isomorphism TN = T*N. Composing these two gives an isomor-
phism v = T*N.

Let T be a small tubular neighborhood of N in M. Then we can identify T
with a neighborhood of the zero section in v. Using the isomorphism v = T* N,
we have an identification between T' and a neighborhood of the zero section in
T*N. This can be chosen to identify the Kahler form w on T" with the natural
symplectic structure on T*N. Let m : T'— N be the obvious projection.

Under this identification, submanifolds N’ in T C M which are C" close to
N are identified with the graphs of small smooth sections a of T*N. That is,
submanifolds N’ of M close to N are identified with 1-forms o on N. We need to
know: which 1-forms « are identified with special Lagrangian submanifolds N'?

Well, N’ is special Lagrangian if w|y = ImQ|y» = 0. Now 7|y : N/ - N
is a diffeomorphism, so we can push w|y/ and Im Q|x, down to N, and regard
them as functions of a. Calculation shows that

Te(wly) =da and m (ImQ|n/) = F(a, Va),

where F' is a nonlinear function of its arguments. Thus, the moduli space My
is locally isomorphic to the set of small 1-forms a on N such that da = 0 and
F(o,Va) = 0.

Now it turns out that F satisfies F/(a, Va) &~ d(*a) when « is small. There-
fore My is locally approximately isomorphic to the vector space of 1-forms «
with da = d(*«) = 0. But by Hodge theory, this is isomorphic to the de Rham
cohomology group H!(N,R), and is a manifold with dimension b*(V).

To carry out this last step rigorously requires some technical machinery: one
must work with certain Banach spaces of sections of T*N, A2T*N and A™T* N,
use elliptic reqularity results to prove that the map a +— (da,F(a, Va)) has
closed image in these Banach spaces, and then use the Implicit Function Theo-
rem for Banach spaces to show that the kernel of the map is what we expect.
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5.2 Obstructions to the existence of compact SL m-folds

Next we address Question 2 above. First, observe that if (M, J, w, ) is an almost
Calabi-Yau m-fold and N a compact SL m-fold in M then w|y =ImQ|y =0,
and thus [w|x] and [Im Q|y] are zero in H?(N,R) and H™(N,R). But [w|y]
and [ImQ|y] are unchanged under continuous variations of N in M. So we
deduce:

Lemma 5.2 Let (M, J,w,Q) be an almost Calabi-Yau m-fold, and N a com-
pact real m-submanifold in M. Then a necessary condition for N to be isotopic
to a special Lagrangian submanifold N' in M is that [w|n] = 0 in H*(N,R)
and [Im Q|n] =0 in H™(N,R).

This gives a simple, necessary topological condition for an isotopy class of
m-submanifolds in an almost Calabi—Yau m-fold to contain an SL m-fold. Our
next result, following from Marshall [34, Th. 3.2.9], shows that locally, this is
also a sufficient condition for an SL m-fold to persist under deformations of the
almost Calabi—Yau structure.

Theorem 5.3 Let {(M,J;,w, ) i t € (—€,€)} be a smooth family of almost
Calabi-Yau m-folds. Let Ng be a compact SL m-fold in (M, Jo,wo,Qo), and
suppose that [wi|n,] = 0 in H?*(No,R) and [Im Qy|n,] = 0 in H™(Ng,R) for
all t € (—€,€). Then Ny extends to a smooth family {N; : t € (=6,6)}, where
0 < d <€ and Ny is a compact SL m-fold in (M, Ji,wy, ).

This is proved using similar techniques to Theorem Bl though McLean did
not prove it. Note that the condition [Im$|x,] = 0 for all ¢ can be satisfied
by choosing the phases of the §2; appropriately, and if the image of Hy(N,Z) in
Hy(M,R) is zero, then the condition [w|y] = 0 holds automatically.

Thus, the obstructions [wi|n,] = [Im Q¢|n,] = 0 in Theorem B3 are actually
fairly mild restrictions, and special Lagrangian m-folds should be thought of as
pretty stable under small deformations of the almost Calabi—Yau structure.

Remark. The deformation and obstruction theory of compact special La-
grangian m-folds are extremely well-behaved compared to many other moduli
space problems in differential geometry. In other geometric problems (such
as the deformations of complex structures on a complex manifold, or pseudo-
holomorphic curves in an almost complex manifold, or instantons on a Rieman-
nian 4-manifold, and so on), the deformation theory often has the following
general structure.

There are vector bundles E, F' over a compact manifold M, and an elliptic
operator P : C*°(E) — C*°(F), usually first-order. The kernel Ker P is the set
of infinitesimal deformations, and the cokernel Coker P the set of obstructions.
The actual moduli space M is locally the zeros of a nonlinear map ¥ : Ker P —
Coker P.

In a generic case, Coker P = 0, and then the moduli space M is locally iso-
morphic to Ker P, and so is locally a manifold with dimension ind(P). However,
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in nongeneric situations Coker P may be nonzero, and then the moduli space
M may be nonsingular, or have an unexpected dimension.

However, SL m-folds do not follow this pattern. Instead, the obstructions
are topologically determined, and the moduli space is always smooth, with di-
mension given by a topological formula. This should be regarded as a minor
mathematical miracle.

5.3 Natural coordinates on the moduli space M

Let N be a compact SL m-fold in an almost Calabi—Yau m-fold (M, J,w, ).
Theorem Bl shows that the moduli space M, has dimension b'(N). By
Poincaré duality b'(N) = b™~}(N). Thus M, has the same dimension as
the de Rham cohomology groups H'(M,R) and H™ 1(M,R).

We shall construct natural local diffeomorphisms @ from My to HY(N,R),
and ¥ from My to H™ 1(N,R). These induce two natural affine structures
on My, and can be thought of as two natural coordinate systems on My. The
material of this section can be found in Hitchin [I3, §4].

Here is how to define ® and W. Let U be a connected and simply-connected
open neighborhood of N in M. We will construct smooth maps ¢ : U —
HY(N,R) and ¥ : U — H™ }(N,R) with ®(N) = ¥(N) = 0, which are local
diffeomorphisms.

Let N’ € U. Then as U is connected, there exists a smooth path « : [0,1] —
U with v(0) = N and (1) = N’, and as U is simply-connected, 7 is unique up
to isotopy. Now - parametrizes a family of submanifolds of M diffeomorphic to
N, which we can lift to a smooth map I" : N x[0,1] — M with I'(N x {t}) = v(t).

Consider the 2-form I'*(w) on N x [0, 1]. As each fiber v(¢) is Lagrangian, we
have I'"*(w)|y x {3 = 0 for each ¢ € [0, 1]. Therefore we may write I'*(w) = azAdt,
where «, is a closed 1-form on N for ¢ € [0, 1]. Define

O(N') = [ a;dt] € H'(N,R).

That is, we integrate the 1-forms «; with respect to t to get a closed 1-form
fol ay dt, and then take its cohomology class.

Similarly, write T*(Im ) = 5; A dt, where ; is a closed (m—1)-form on
N for ¢ € [0,1], and define W(N’) = [[ B;dt] € H™(N,R). Then ® and
U are independent of choices made in the construction (exercise). We need to
restrict to a simply-connected subset U of My so that v is unique up to isotopy.
Alternatively, one can define ® and ¥ on the universal cover M, of M.

6 Singularities of special Lagrangian m-folds

Now we move on to Question 3 of Section Bl and discuss the singularities of
special Lagrangian m-folds. We can divide it into two sub-questions:

3(a) What kinds of singularities are possible in singular special Lagrangian
m-folds, and what do they look like?
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3(b) How can singular SL m-folds arise as limits of nonsingular SL m-folds,
and what does the limiting behavior look like near the singularities?

These questions are addressed in the author’s series of papers [26], 27, 28, 29,
30] for isolated conical singularities of SL m-folds, that is, singularities locally
modelled on an SL cone C' in C™ with an isolated singularity at 0. We now
explain the principal results. Readers of the series are advised to begin with the
final paper [B0], which surveys the others.

6.1 Special Lagrangian cones

We define SL cones, and some notation.

Definition 6.1 A (singular) SL m-fold C in C™ is called a cone if C' = tC for
all t > 0, where tC = {tx : x € C}. Let C be a closed SL cone in C™ with an
isolated singularity at 0. Then ¥ = CNS?™~! is a compact, nonsingular (m—1)-
submanifold of S?™~!, not necessarily connected. Let g5 be the restriction of
g’ to X, where ¢’ is as in ().

Set C" = C'\ {0}. Define ¢ : ¥ x (0,00) — C™ by t(0,r) = ro. Then ¢ has
image C’. By an abuse of notation, identify C' with ¥ x (0, 00) using ¢. The
cone metric on €' = ¥ x (0,00) is ¢’ = 1*(¢') = dr? + r2gy. For a € R, we
say that a function u : ¢/ — R is homogeneous of order o if u ot = t“u for all
t > 0. Equivalently, u is homogeneous of order « if u(o,r) = r*v(o) for some
function v : ¥ — R.

In [26, Lem. 2.3] we study homogeneous harmonic functions on C".

Lemma 6.2 In the situation of Definition[E1), let u(o,r) = r*v(o) be a homo-
geneous function of order oo on C' =¥ x (0,00), for v € C?>(X). Then

Au(o,r) =1 (Agv — a(a +m — 2)v),

where A, Ay are the Laplacians on (C',g") and (X, gs). Hence, u is harmonic

on C" if and only if v is an eigenfunction of Ay with eigenvalue a(a+m — 2).
Following [26], Def. 2.5], we define:

Definition 6.3 In the situation of Definition Bl suppose m > 2 and define

Dy ={a€R:aa+m—2)is an eigenvalue of A }. (12)

Then Dy is a countable, discrete subset of R. By Lemma B2 an equivalent
definition is that Dy is the set of o € R for which there exists a nonzero homo-
geneous harmonic function u of order o on C”.

Define my, : Dy, — N by taking my(a) to be the multiplicity of the eigen-
value a(a +m — 2) of Ay, or equivalently the dimension of the vector space of
homogeneous harmonic functions u of order a on C’. Define Ny : R — Z by

Ne(@)=— > mg(a) if 6 <0,and No(d) = > mx(a) if 6 >0. (13)

a€DxN(4,0) a€DxN[0,0]

19



Then Ny is monotone increasing and upper semicontinuous, and is discontinuous
exactly on Dy, increasing by my(«) at each a € Dy. As the eigenvalues of Ay
are nonnegative, we see that Dy N (2 —m,0) = @ and Ny =0 on (2 — m,0).

We define the stability index of C, and stable cones [27, Def. 3.6].

Definition 6.4 Let C be an SL cone in C™ for m > 2 with an isolated
singularity at 0, let G be the Lie subgroup of SU(m) preserving C, and use the
notation of Definitions and Then [27, eq. (8)] shows that

ms(0) =0°(%), my(1) =2m and my(2) >m? —1—dimG. (14)
Define the stability index s-ind(C') to be
s-ind(C) = N5(2) = °(Z) —m? — 2m + 1 + dim G. (15)

Then s-ind(C) > 0 by [[@), as Ny(2) = mx(0) + ms(1) + my(2) by [@3). We
call C stable if s-ind(C) = 0.

Here is the point of these definitions. By the Principle in Section EZ3 ho-
mogeneous harmonic functions v of order @ on C’ correspond to infinitesimal
deformations dv of C” as an SL m-fold in C™, which grow like O(r®~1). Hence,
Ng(X) is effectively the dimension of a space of infinitesimal deformations of C’
as an SL m-fold, which grow like O(r®~!) for a € [0, A], when A > 0.

For A = 2 this space of harmonic functions, or infinitesimal deformations
of C’, contains some from obvious geometrical sources: locally constant func-
tions on C’, and infinitesimal deformations of C’ from translations in C™, or
su(m) rotations. We get s-ind(C') by subtracting off these obvious geometrical
deformations from Ny (2). Hence, s-ind(C') is the dimension of a space of excess
infinitesimal deformations of C' as an SL m-fold, with growth between O(r—1)
and O(r), which do not arise from infinitesimal automorphisms of C™.

We shall see in Section that s-ind(C) is the dimension of an obstruction
space to deforming an SL m-fold X with a conical singularity with cone C, and
that if C is stable then the deformation theory of X simplifies.

6.2 Special Lagrangian m-folds with conical singularities

Now we can define conical singularities of SL m-folds, following [26, Def. 3.6].

Definition 6.5 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for m > 2.
Suppose X is a compact singular SL m-fold in M with singularities at distinct

points z1,...,z, € X, and no other singularities.

Fix isomorphisms v; : C™ — T,, M for i = 1,...,n such that v} (w) = w’ and
v (Q) = a; 0, wherew’, ¥ areasin [) and a1, ...,a, > 0. Let C4,...,C, be SL
cones in C™ with isolated singularities at 0. Fori =1,...,nlet ¥; = C;NS?™ 1,

and let p; € (2,3) with

(2,i] N Dy, =0, where Dy, is defined in (). (16)

i
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Then we say that X has a conical singularity or conical singular point at x;,
with rate u; and cone C; for i =1,...,n, if the following holds.

By Darboux Theorem there exist embeddings Y; : B — M fori=1,...,n
satisfying Y;(0) = z;, d¥;|o = v; and T7(w) = w’, where Bp is the open ball of
radius R about 0 in C™ for some small R > 0. Define ¢; : ¥; x (0, R) — Bpg by
ti(o,r)y=rofori=1,...,n.

Define X’ = X\ {z1,...,2n}. Then there should exist a compact subset K C
X' such that X'\ K is a union of open sets S1,. .., S, with S; C T;(Bg), whose
closures S1, ..., S, are disjoint in X. Fori =1,...,n and some R’ € (0, R] there
should exist a smooth ¢; : ¥; x (0, R') — Bpg such that T,0¢; : ¥; x (0, R') - M
is a diffeomorphism ¥; x (0, R') — S;, and

|VE(¢i — )| = O ~17%) asr — 0 for k=0,1. (17)

Here V is the Levi-Civita connection of the cone metric ¢ (g’) on 3; x (0, R'),
| .| is computed using ¢} (g’). If the cones Ci,...,C, are stable in the sense of
Definition B4, then we say that X has stable conical singularities.

We show in |26, Th.s 4.4 & 5.5] that if (I7) holds for £ = 0,1 and some
w; satisfying (), then we can choose a natural ¢; for which ([[d) holds for
all k > 0, and for all rates p; satisfying [[H). Thus the number of derivatives
required in ([[7) and the choice of p; both make little difference. We choose
k =0,11in (D), and some y; in ([[@), to make the definition as weak as possible.

Suppose we did not require (@), and that o € (2, ;) N Dy.. Then there
exists a homogeneous harmonic function v on C/ of order a. By the Principle in
Section I3 dv yields an infinitesimal deformation of C/ as an SL m-fold in C™,
growing like O(r®~1). Locally this gives a way to deform X into an SL m-fold
which would not satisfy ([[), as o < p;. Effectively, v acts as an obstruction to
deforming X through SL m-folds satisfying Definition So the point of (IH)
is to reduce to a minimum the obstructions to existence and deformation of SL
m-folds with isolated conical singularities.

In [27] we study the deformation theory of compact SL m-folds with conical
singularities, generalizing Theorem Bl in the nonsingular case. Following [27],
Def. 5.4], we define the space My of compact SL m-folds X in M with conical
singularities deforming a fixed SL m-fold X with conical singularities.

Definition 6.6 Let (M, J,w, ) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x, with identifi-
cations v; : C™ — T, M and cones C1,...,C,. Define the moduli space Mx of
deformations of X to be the set of X such that

(i) X is a compact SL m-fold in M with conical singularities at Z1,...,%n
with cones C1,...,Cy, for some Z; and identifications 0; : C™ — T, M.
(ii) There exists a homeomorphism i : X — X with i(z;) = &; fori =1,...,n

such that i|x/ : X' — X’ is a diffeomorphism and i and ¢ are isotopic as
continuous maps X — M, where ¢+ : X — M is the inclusion.
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In [27), Def. 5.6] we define a topology on M x, and explain why it is the natural
choice. We will not repeat the complicated definition here. In [27, Th. 6.10] we
describe My near X, in terms of a smooth map ® between the infinitesimal
deformation space Ty and the obstruction space Oy .

Theorem 6.7 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Let My be the moduli space of deformations of X as an SL m-fold
with conical singularities in M, as in Definition[6d Set X' = X\ {z1,...,2n}.

Then there exist natural finite-dimensional vector spaces Ty, Oxs such that
Iy is the image of HL(X',R) in H'(X',R) and dim Oy = 1" s-ind(C;),
where s-ind(C;) is the stability index of Definition [0} There exists an open
neighbourhood U of 0 in Ix/, a smooth map @ : U — O, with ®(0) =0, and a
map Z:{u € U : ®(u) =0} - My with £(0) = X which is a homeomorphism
with an open neighbourhood of X in Mx.

If the C; are stable then Oy, = {0} and we deduce |27, Cor. 6.11]:

Corollary 6.8 Suppose (M, J,w,) is an almost Calabi—Yau m-fold and X a
compact SL m-fold in M with stable conical singularities, and let Mx and Ly
be as in Theorem [6_} Then My is a smooth manifold of dimension dimZy..

This has clear similarities with Theorem Bl Here is another simple condi-
tion for My to be a manifold near X, [27, Def. 6.12].

Definition 6.9 Let (M, J,w, ) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities, and let Zy/,Ox/,U and ®
be as in Theorem B We call X transverse if the linear map d®|o : Zx» — O/
is surjective.

If X is transverse then {u € U : ®(u) = 0} is a manifold near 0, so Theorem
B2 yields 27, Cor. 6.13]:

Corollary 6.10 Suppose (M, J,w, ) is an almost Calabi-Yau m-fold and X a
transverse compact SL m-fold in M with conical singularities, and let My, Ly
and Ox: be as in Theorem [6] Then My is near X a smooth manifold of

dimension dimZy, — dim Oy .

We would like to conclude that by choosing a sufficiently generic perturbation
w® we can make M3 smooth everywhere. This is the idea of the following
conjecture, [27, Conj. 9.5]:

Conjecture 6.11 Let (M, J,w,Q) be an almost Calabi—Yau m-fold, X a com-
pact SL m-fold in M with conical singularities, and Ly, Ox: be as in Theorem
[6Z4 Then for a second category subset of Kdhler forms @ in the Kdhler class of
w, the moduli space My of compact SL m-folds X with conical singularities in
(M, J,,Q) isotopic to X consists of transverse X, and so is a smooth manifold

of dimension dimZy, — dim Oy .

For a partial proof of this, see [‘{7, Ths 9.1 & 9.3]. Basically, we can prove
the conjecture for & close to w and X € My close to X, or more generally, close
to a fixed compact subset of the moduli space My in (M, J,w, Q).
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6.3 Asymptotically Conical SL m-folds

The local models for how to desingularize compact SL m-folds with isolated
conical singularities are Asymptotically Conical SL m-folds L in C™, so we
discuss these briefly. Here is the definition, |26, Def. 7.1].

Definition 6.12 Let C' be a closed SL cone in C™ with isolated singularity at 0
for m > 2, and let ¥ = CNS?™~ !, so that ¥ is a compact, nonsingular (m — 1)-
manifold, not necessarily connected. Let g5 be the metric on ¥ induced by the
metric ¢’ on C™ in (@), and r the radius function on C™. Define ¢ : ¥ x (0, 00) —
C™ by t(o,7) = ro. Then the image of ¢ is C'\ {0}, and (*(¢') = 72gs + dr? is
the cone metric on C'\ {0}.

Let L be a closed, nonsingular SL m-fold in C™. We call L Asymptotically
Conical (AC) with rate A < 2 and cone C'if there exists a compact subset K C L
and a diffeomorphism ¢ : ¥ x (T,00) — L\ K for some T > 0, such that

‘Vk(SD - L)’ =0 1% asr — oo for k=0,1.

Here V,|.| are computed using the cone metric ¢*(g’).

The deformation theory of Asymptotically Conical SL m-folds in C™ has
been studied independently by Pacini [37] and Marshall [34]. Pacini’s results
are earlier, but Marshall’s are more complete.

Definition 6.13 Suppose L is an Asymptotically Conical SL m-fold in C™
with cone C and rate A < 2, as in Definition T2 Define the moduli space M?
of deformations of L with rate A to be the set of AC SL m-folds L in C™ with
cone C' and rate A, such that L is diffeomorphic to L and isotopic to L as an
Asymptotically Conical submanifold of C™. One can define a natural topology
on M?.

The following result can be deduced from Marshall [34, Th. 6.2.15] and [34]
Table 5.1]. (See also Pacini [37, Th. 2 & Th. 3].)

Theorem 6.14 Let L be an Asymptotically Conical SL m-~fold in C™ with cone
C and rate X\ < 2, and let M? be as in Definition I3 Set ¥ = C NS*m~1,
and let Dy, Ny be as in Section and b*(L), bk (L) be the Betti numbers in

’rcs

ordinary and compactly-supported de Rham cohomology H*(L,R), HE(L,R).
Then
(a) If A €(0,2)\ Dy then M} is a manifold with
dim M = b' (L) — b°(L) + Ny (). (18)
Note that if 0 < XA < min(Dx N (0,00)) then Nx(\) = b%(Z).
(b) If A € (2—m,0) then M? is a manifold of dimension bl,(L) =b""1(L).

This is the analogue of Theorems Bl and for AC SL m-folds. If X €
(2 —m,2) \ Dy then the deformation theory for L with rate A is unobstructed
and M? is a smooth manifold with a given dimension.

23



6.4 Desingularizing singular SL m-folds

Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold, and X a compact SL
m-fold in M with conical singularities at x1,...,x, and cones C1,...,C,. In
28, 29] we study desingularizations of X, realizing X as a limit of a family of
compact, nonsingular SL m-folds N* in M for small ¢ > 0.

Here is the basic method. Let L1, ..., L, be Asymptotically Conical SL m-
folds in C™, as in Section B3 with L; asymptotic to the cone C; at infinity.
We shrink L; by a small factor ¢t > 0, and glue tL; into X at z; fori=1...,n
to get a 1-parameter family of compact, nonsingular Lagrangian m-folds Nt in
(M, w) for small ¢ > 0.

Then we show using analysis that when ¢ is sufficiently small we can deform
Nt to a compact, nonsingular special Lagrangian m-fold N via a small Hamil-
tonian deformation. This N* depends smoothly on ¢, and as t — 0 it converges
to the singular SL m-fold X, in the sense of currents.

Our simplest desingularization result is [28, Th. 6.13].

Theorem 6.15 Let (M,J,w,Q) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Let Ly,..., Ly, be Asymptotically Conical SL m-folds in C™ with
cones Cq,...,Cp and rates Ay, ..., \p. Suppose \; < 0 fori =1,....n, and
X' =X \{z1,...,z,} is connected.

Then there exists € > 0 and a smooth family {]\:ft 1t € (O,e]} of compact,
nonsingular SL m-folds in (M, J,w, ), such that Nt is constructed by gluing
tL; into X at x; fori=1,...,n. In the sense of currents, Nt — X ast — 0.

The theorem contains two simplifying assumptions: that A\; < 0 for all 7, and
that X’ is connected. These avoid two kinds of obstructions to desingularizing
X using the L;. For the first, the L; have cohomological invariants Y (L;) in
H'(X;,R) derived from the relative cohomology class of w’. If \; < 0 then
Y(L;) = 0. Butif \; > 0 and Y (L;) # 0 then there are obstructions to the
existence of N* as a Lagrangian m-fold. That is, we can only define N if the
Y (L;) satisfy an equation.

For the second, if X’ is not connected then there is an analytic obstruction
to deforming N* to N, because the Laplacian A on functions on N* has small
eigenvalues. Again, the L; have cohomological invariants Z(L;) in H™~}(3;,R)
derived from the relative cohomology class of Im ', and we can only deform N?
to N if the Z(L;) satisfy an equation.

In the obstructed cases we prove generalizations of Theorem showing
that SL desingularizations N* exist when Y (L;), Z(L;) satisfy equations, and
also generalize the results to families of almost Calabi-Yau m-folds. As the
details are complicated we will not give them, but we refer the reader to [28, 29]
and [30, §7].

6.5 The index of singularities of SL m-folds
We now consider the boundary 0M  of a moduli space M of SL m-folds.
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Definition 6.16 Let (M, J,w, ) be an almost Calabi—Yau m-fold, N a com-
pact, nonsingular SL m-fold in M, and M the moduli space of deformations
of N in M. Then My is a smooth manifold of dimension b'(N), in general
noncompact. We can construct a natural compactification M as follows.

Regard My as a moduli space of special Lagrangian integral currents in
the sense of Geometric Measure Theory, as discussed in [26, §6]. Let My be
the closure of My in the space of integral currents. As elements of My have
uniformly bounded volume, M, is compact. Define the boundary M to be
My \ My. Then elements of OM  are singular SL integral currents.

In good cases, say if (M, J,w, ) is suitably generic, it seems reasonable that
OM should be divided into a number of strata, each of which is a moduli
space of singular SL m-folds with singularities of a particular type, and is itself
a manifold with singularities. In particular, some or all of these strata could
be moduli spaces My of SL m-folds with isolated conical singularities, as in
Section

Let My be a moduli space of compact, nonsingular SL m-folds N in M,
and My a moduli space of singular SL m-folds in M, with singularities of
a particular type, and X € M. Following [30, §8.3], we (loosely) define the
index of the singularities of X to be ind(X) = dim My — dim My, provided
M is smooth near X. Note that ind(X) depends on N as well as X.

In [30, Th. 8.10] we use the results of [27, 28, 29] to compute ind(X) when X
is transverse with conical singularities, in the sense of Definition EE9 Here is a
simplified version of the result, where we assume that H.(L;,R) — H'(L;,R)
is surjective to avoid a complicated correction term to ind(X) related to the
obstructions to defining Nt as a Lagrangian m-fold.

Theorem 6.17 Let X be a compact, transverse SL m-~fold in (M, J,w, Q) with
conical singularities at x1,...,x, and cones Ci,...,Cy. Let Li,...,L, be
AC SL m-folds in C™ with cones C1,...,Cy, such that the natural projection
HL(L;,R) — HY(L;,R) is surjective. Construct desingularizations N of X by
gluing AC' SL m-folds L1,..., Ly in at x1,..., Ty, as in Section[6.4 Then

ind(X) =1—-0"(X") + 30, bhy(Li) + S, s-ind(C;). (19)

If the cones C; are not rigid, for instance if C; \ {0} is not connected, then
(@) should be corrected, as in B0, §8.3]. If Conjecture BTl is true then for a
generic Kahler form w, all compact SL m-folds X with conical singularities are
transverse, and so Theorem ET7 and [30, Th. 8.10] allow us to calculate ind(X).

Now singularities with small index are the most commonly occurring, and so
arguably the most interesting kinds of singularity. Also, as ind(X) < dim My,
for various problems it will only be necessary to know about singularities with
index up to a certain value.

For example, in [I7] the author proposed to define an invariant of almost
Calabi-Yau 3-folds by counting special Lagrangian homology 3-spheres (which
occur in 0-dimensional moduli spaces) in a given homology class, with a certain

25



topological weight. This invariant will only be interesting if it is essentially con-
served under deformations of the underlying almost Calabi—Yau 3-fold. During
such a deformation, nonsingular SL 3-folds can develop singularities and disap-
pear, or new ones appear, which might change the invariant.

To prove the invariant is conserved, we need to show that it is unchanged
along generic 1-parameter families of almost Calabi—Yau 3-folds. The only kinds
of singularities of SL homology 3-spheres that arise in such families will have
index 1. Thus, to resolve the conjectures in [I7], we only have to know about
index 1 singularities of SL 3-folds in almost Calabi-Yau 3-folds.

Another problem in which the index of singularities will be important is
the SYZ Conjecture, to be discussed in Section [l This has to do with dual
3-dimensional families F, F of SL 3-tori in (almost) Calabi-Yau 3-folds M, M.
If M, M are generic then the only kinds of singularities that can occur at the
boundaries of }',.7:" are of index 1, 2 or 3. So, to study the SYZ Conjecture in
the generic case, we only have to know about singularities of SL 3-folds with
index 1, 2 and 3.

7 The SYZ Conjecture and SL fibrations

Mirror Symmetry is a mysterious relationship between pairs of Calabi-Yau 3-
folds M, M, arising from a branch of physics known as String Theory, and
leading to some very strange and exciting conjectures about Calabi—Yau 3-folds,
many of which have been proved in special cases.

The SYZ Conjecture is an attempt to explain Mirror Symmetry in terms of
dual “fibrations” f: M — B and f : M — B of M, M by special Lagrangian
3-folds, including singular fibers. We give brief introductions to String Theory,
Mirror Symmetry, and the SYZ Conjecture, and then a short survey of the
state of mathematical research into the SYZ Conjecture, biased in favor of the
author’s own interests.

7.1 String Theory and Mirror Symmetry

String Theory is a branch of high-energy theoretical physics in which particles
are modeled not as points but as 1-dimensional objects — “strings” — propagating
in some background space-time S. String theorists aim to construct a quantum
theory of the string’s motion. The process of quantization is extremely com-
plicated, and fraught with mathematical difficulties that are as yet still poorly
understood.

The most popular version of String Theory requires the universe to be 10-
dimensional for this quantization process to work. Therefore, String Theorists
suppose that the space we live in looks locally like S = R* x M, where R* is
Minkowski space, and M is a compact Riemannian 6-manifold with radius of
order 10~33cm, the Planck length. Since the Planck length is so small, space
then appears to macroscopic observers to be 4-dimensional.
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Because of supersymmetry, M has to be a Calabi—Yau 3-fold. Therefore
String Theorists are very interested in Calabi—Yau 3-folds. They believe that
each Calabi—Yau 3-fold M has a quantization, which is a Super Conformal Field
Theory (SCFT), a complicated mathematical object. Invariants of M such as
the Dolbeault groups H?”9(M) and the number of holomorphic curves in M
translate to properties of the SCFT.

However, two entirely different Calabi—Yau 3-folds M and M may have the
same SCFT. In this case, there are powerful relationships between the invariants
of M and of M that translate to properties of the SCFT. This is the idea behind
Mirror Symmetry of Calabi—Yau 3-folds.

It turns out that there is a very simple automorphism of the structure of
a SCFT — changing the sign of a U(1)-action — which does not correspond
to a classical automorphism of Calabi-Yau 3-folds. We say that M and M are
marror Calabi-Yau 3-folds if their SCFT’s are related by this automorphism.
Then one can argue using String Theory that

HYY(M) =~ H>Y(M) and H>'(M)= HY'(M).

Effectively, the mirror transform exchanges even- and odd-dimensional coho-
mology. This is a very surprising result!

More involved String Theory arguments show that, in effect, the Mirror
Transform exchanges things related to the complex structure of M with things
related to the symplectic structure of M , and vice versa. Also, a generating
function for the number of holomorphic rational curves in M is exchanged with
a simple invariant to do with variation of complex structure on M , and so on.

Because the quantization process is poorly understood and not at all rigorous
— it involves non-convergent path-integrals over horrible infinite-dimensional
spaces — String Theory generates only conjectures about Mirror Symmetry,
not proofs. However, many of these conjectures have been verified in particular
cases.

7.2 Mathematical interpretations of Mirror Symmetry

In the beginning (the 1980’s), Mirror Symmetry seemed mathematically com-
pletely mysterious. But there are now two complementary conjectural theories,
due to Kontsevich and Strominger—Yau—Zaslow, which explain Mirror Symme-
try in a fairly mathematical way. Probably both are true, at some level.

The first proposal was due to Kontsevich [B1] in 1994. This says that for
mirror Calabi-Yau 3-folds M and M, the derived category DP(M) of coherent
sheaves on M is equivalent to the derived category D®(Fuk(M)) of the Fukaya
category of M , and vice versa. Basically, D®(M) has to do with M as a complex
manifold, and D?(Fuk(M)) with M as a symplectic manifold, and its Lagrangian
submanifolds. We shall not discuss this here.

The second proposal, due to Strominger, Yau and Zaslow 1] in 1996, is
known as the SYZ Conjecture. Here is an attempt to state it.

The SYZ Conjecture Suppose M and M are mirror Calabi-Yau 3-folds.
Then (under some additional conditions) there should exist a compact topological
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3-manifold B and surjective, continuous maps f : M — B and f : M — B,
such that

(i) There exists a dense open set By C B, such that for each b € By, the
fibers f=1(b) and f‘l(b) are nonsingular special Lagrangian 3-tori T in
M and M. Furthermore, f~(b) and f~1(b) are in some sense dual to
one another.

(i) For each b€ A = B\ By, the fibers f~'(b) and fL(b) are expected to be
singular special Lagrangian 3-folds in M and M.

We call f and f special Lagrangian fibrations, and the set of singular fibers
A is called the discriminant. In part (i), the nonsingular fibers of f and f are
supposed to be dual tori. What does this mean?

On the topological level, we can define duality between two tori T,T to
be a choice of isomorphism H'(T,Z) = H,(T,7). We can also define duality
between tori equipped with flat Riemannian metrics. Write T' = V/A, where
V is a Euclidean vector space and A a lattice in V. Then the dual torus T is
defined to be V*/A*, where V* is the dual vector space and A* the dual lattice.
However, there is no notion of duality between non-flat metrics on dual tori.

Strominger, Yau and Zaslow argue only that their conjecture holds when
M ,M are close to the “large complex structure limit”. In this case, the di-
ameters of the fibers f~=1(b), f~1(b) are expected to be small compared to the
diameter of the base space B, and away from singularities of f, f , the metrics
on the nonsingular fibers are expected to be approximately flat.

So, part (i) of the SYZ Conjecture says that for b € B\ By, f~1(b) is
approximately a flat Riemannian 3-torus, and f ~1(b) is approximately the dual
flat Riemannian torus. Really, the SYZ Conjecture makes most sense as a
statement about the limiting behavior of families of mirror Calabi—Yau 3-folds
M, M, which approach the “large complex structure limit” as ¢ — 0.

7.3 The symplectic topological approach to SYZ

The most successful approach to the SYZ Conjecture so far could be described
as symplectic topological. In this approach, we mostly forget about complex
structures, and treat M, M just as symplectic manifolds. We mostly forget
about the ‘special’ condition, and treat f, f just as Lagrangian fibrations. We
also impose the condition that B is a smooth 3-manifold and f : M — B and
f : M — B are smooth maps. (It is not clear that f, f can in fact be smooth at
every point, though).

Under these simplifying assumptions, Gross [6] [7, 8, @], Ruan [38, B9, and
others have built up a beautiful, detailed picture of how dual SYZ fibrations
work at the global topological level, in particular for examples such as the
quintic and its mirror, and for Calabi—Yau 3-folds constructed as hypersurfaces
in toric 4-folds, using combinatorial data.
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7.4 Local geometric approach, and SL singularities

There is also another approach to the SYZ Conjecture, begun by the author in
23, 28], and making use of the ideas and philosophy set out in Section @ We
could describe it as a local geometric approach.

In it we try to take the special Lagrangian condition seriously from the
outset, and our focus is on the local behavior of special Lagrangian submanifolds,
and especially their singularities, rather than on global topological questions.
Also, we are interested in what fibrations of generic (almost) Calabi—Yau 3-folds
might look like.

One of the first-fruits of this approach has been the understanding that
for generic (almost) Calabi-Yau 3-folds M, special Lagrangian fibrations f :
M — B will not be smooth maps, but only piecewise smooth. Furthermore,
their behavior at the singular set is rather different to the smooth Lagrangian
fibrations discussed in Section

For smooth special Lagrangian fibrations f : M — B, the discriminant A
is of codimension 2 in B, and the typical singular fiber is singular along an S*.
But in a generic special Lagrangian fibration f : M — B the discriminant A is
of codimension 1 in B, and the typical singular fiber is singular at finitely many
points.

One can also show that if M, M are a mirror pair of generic (almost) Calabi-
Yau 3-folds and f : M — B and f : M — B are dual special Lagrangian
fibrations, then in general the discriminants A of f and A of f cannot coincide
in B, because they have different topological properties in the neighborhood of
a certain kind of codimension 3 singular fiber.

This contradicts part (ii) of the SYZ Conjecture, as we have stated it in
Section In the author’s view, these calculations support the idea that the
SYZ Conjecture in its present form should be viewed primarily as a limiting
statement, about what happens at the “large complex structure limit”, rather
than as simply being about pairs of Calabi—Yau 3-folds. A similar conclusion is
reached by Mark Gross in [9, §5].

7.5 U(1l)-invariant SL fibrations in C3

We finish by describing work of the author in [23, §8] and [25], which aims to
describe what the singularities of SL fibrations of generic (almost) Calabi-Yau
3-folds look like, providing they exist.

This proceeds by first studying SL fibrations of subsets of C? invariant under
the U(1)-action (H), using the ideas of Section B For a brief survey of the
main results, see [24]. Then we argue that the kinds of singularities we see in
codimension 1 and 2 in generic U(1)-invariant SL fibrations in C3, also occur in
codimension 1 and 2 in SL fibrations of generic (almost) Calabi—Yau 3-folds.

Following [23], Def. 8.1], we use the results of Section B-H to construct a family
of SL 3-folds N, in C3, depending on boundary data ®(a).

Definition 7.1 Let S be a strictly convex domain in R? invariant under
(z,y) — (z,—y), let U be an open set in R? and a € (0,1). Suppose ® :
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U — C3%(d9) is a continuous map such that if (a,b,c) # (a,b’,¢') in U then
®(a,b,c) — ®(a,b’, ) has exactly one local maximum and one local minimum
in 0S.

For e = (a,b,c) € U, let fo € C>*(S) or C'(S) be the unique (weak)
solution of @) with fo|ss = (), which exists by Theorem B3 Define

_ Ofa _ Ofa
Ua—a—y and UQ—W.

Then (uq,va) is a solution of @) in C%(S) if a # 0, and a weak solution of
@ in C°(S) if @ = 0. Also Uuq,ve depend continuously on a € U in C°(S), by
Theorem B3

For each a = (a, b, c) in U, define N, in C? by

Na = {(21,22,23) € C® 12125 = va(2,y) + iy, 23 =2 +iua(z,y),

0 (20)

|Z1|2 - |Z2|2 =2a, (v,y)eS }
Then N, is a noncompact SL 3-fold without boundary in C3, which is nonsin-
gular if a # 0, by Proposition Bl

In 23, Th. 8.2] we show that the Ny are the fibers of an SL fibration.

Theorem 7.2 In the situation of Definition [71}, if o # o' in U then Ng N
Ngo» = 0. There exists an open set V . C C3 and a continuous, surjective map
F :V — U such that F7'(a) = N4 for all « € U. Thus, F is a special
Lagrangian fibration of V C C3, which may include singular fibers.

It is easy to produce families ® satisfying Definition [[Jl For example [23]
Ex. 8.3], given any ¢ € C*%(dS) we may define U = R? and ® : R® — C3(9S5)
by ®(a,b,c) = ¢ + bx + cy. So this construction produces very large families
of U(1)-invariant SL fibrations, including singular fibers, which can have any
multiplicity and type.

Here is a simple, explicit example. Define F : C3 — R x C by

F(z1, 20, 23) = (a,b), where 2a=|z|> — |2z|?

23, a=2z =2z =0, (21)
and b: 23—|—2122/|21|, CL}O, 21¢0,
23+2122/|22|, a < 0.
This is a piecewise-smooth SL fibration of C3. Tt is not smooth on |21| = |zz|.

The fibers F~1(a,b) are T?-cones singular at (0,0,b) when a = 0, and non-
singular S' x R? when a # 0. They are isomorphic to the SL 3-folds of Example
B4 under transformations of C3, but they are assembled to make a fibration in
a novel way.

As a goes from positive to negative the fibers undergo a surgery, a Dehn
twist on S'. The reason why the fibration is only piecewise-smooth, rather
than smooth, is really this topological transition, rather than the singularities
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themselves. The fibration is not differentiable at every point of a singular fiber,
rather than just at singular points, and this is because we are jumping from one
moduli space of SL 3-folds to another at the singular fibers.

I claim that F' is a local model for codimension one singularities of SL fi-
brations of generic almost Calabi-Yau 3-folds. The reason for this is that these
T?-cone singularities are stable, as in Definition £, so SL 3-folds X with these
singularities form smooth moduli spaces M by Corollary B8

The singularities are automatically transverse, as in Definition B3, so we
can apply [B0, Th. 8.10] to compute the indezx ind(X) of the singularities, as in
Section This is done in detail in [30, §10]. If the topology of X is suitably
chosen then ind(X) = 1, so My has codimension one in M. The singular
behavior is stable under small exact perturbations of the underlying almost
Calabi—Yau structure.

I also have a U(1)-invariant model for codimension two singularities, de-
scribed in |25, in which two of the codimension one T2-cones come together
and cancel out. I conjecture that it too is a typical codimension two singu-
lar behavior in SL fibrations of generic almost Calabi—Yau 3-folds. I do not
expect codimension three singularities in generic SL fibrations to be locally
U(1)-invariant, and so this approach will not help.
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