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Abstract

This thesis is mainly divided into three parts. In Chapter 3, we propose
a simple yet powerful random vortex method to approximate the fluid
flow dynamics. The idea is that we sample the initial vortices of the
fluid flow over some Brownian fluid particles and then track their vortex
dynamics. The weak convergence of the approximation from our scheme
is shown. We also demonstrate its effectiveness through several numerical

experiments. This chapter is based on a published paper [93].

Chapter 4 establishes a closed stochastic system which is equivalent to
the Navier-Stokes equations for incompressible flows. This system consists
of a forward stochastic differential equation and a ordinary functional
differential equation, which reveals the vortex dynamics for a viscous fluid
flow. We investigate two tools to derive the system: the duality of pinned
diffusion measure and a forward type Feynman-Kac formula for nonlinear
parabolic equations. We also conduct numerical simulations based on the

system. This chapter is based on a published paper [94].

In Chapter 5, the random vortex system proposed in Chapter 4 is
generalized to a class of stochastic differential equations of the random
vortex type (RVSDEs). We investigate various problems on RVSDEs,
such as existence and uniqueness theories, large deviation principles, and

numerical methods, under certain nice assumptions.
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Notations

o (R4 R¥) is the space of continuous functions from R? to RE.
o C"(R% R¥) is the space of n-times differentiable functions from R to R*.

o C7(R%R¥) is the space of n-times differentiable functions from R? to R* with

compact support.
o C°(R% R¥) is the space of smooth functions from R? to RE.

o C°(R%R*) is the space of smooth functions from R? to R* with compact

support.

o LP(RY) (1 < p < o0) is the space of measurable functions on R? with finite

LP-norms under the Lebesgue measure:

1/p
£l = ([ 1Par) <o

LP (R?) (1 < p < o) is the space of locally LP-integrable functions on R i.e.

loc

functions with finite LP-norms on every compact set in R<.

L>=(RY) is the space of measurable functions on R? with finite L>°-norms:

| fllzee :==1inf {C > 0: |f(x)| < C with almost everywhere z}



1 when i = j

>,
3
I

0 when i # j

withi,j=1,2,....d.
e 0(x) is the Dirac-0 function.
e [;is a d x d identity matrix.
o ((Ky,K,,...,K,) denotes a constant depending only on Ky, Ky, ..., K,.

e Let x be a vector in R?, then 2 is the i-th component of z, i.e.

Similarly, suppose that X is a vector field in R, then X is the i-th component
of X:
X = (X' X2 ... X%

e Let f be a function on R?. 0,: f denotes the distributional derivative of f with

respect to 2' (1 = 1,2,...,d). If f is differentiable, 0,:f coincides with the

classical derivative of f : g gfl

e x denotes the cross product on R?. €% (i, 5,k € {1,2,3}) is a constant such

that for all z,y € R?:

3
(z xy)' = Z Zeijkxjyk
k=1

J=1

e ® is the outer product between two vectors.



Chapter 1

Introduction

1.1 Random vortex methods

1.1.1 The Navier-Stokes equations and random vortex meth-

ods
1.1.1.1 The Navier-Stokes equations

The Navier-Stokes equations for an incompressible flow are non-linear partial differ-

ential equations (PDEs) of second order

Qu%—u-Vu:yAujLVp,
ot (1.1.1)

V-u=0,

where v > 0 is the kinematic constant which represents the viscosity coefficient
of the fluid flow, which can be regarded as the reciprocal of the Reynolds number
Re. (Although a more precise definition of Re is Re = %, where U and L are the
characteristic speed and length of the flow respectively, we adopt the convention used
in [73] in this thesis.) When v > 0, the flow is viscous. When v = 0, the flow is
invisicid, (Helium is the only fluid known to exhibit zero viscosity.) and is
thus referred as Euler equations. In , u(z,t) is the velocity field of the flow,



and p(z,t) is a scalar function which represents the pressure. The first equation of
follows from the conservation of momentum for a continuum, and the second
equation follows from the incompressibility of the fluid.

The Navier-Stokes equations are widely regarded as one of the most important
types of PDEs. The Navier-Stokes existence and smoothness problem is one of
the Millennium Prize Problems by the Clay Mathematics Institute. In the two-
dimensional (2D) case, the global existence and uniqueness of both strong solutions
and weak solutions hold for the solutions [75]. In the three-dimensional (3D) case,
while weak solutions exist globally, as demonstrated by Leray’s pioneering work [64],
the existence of strong solutions is usually only guaranteed on a certain time interval,
and uniqueness is ensured on the same interval. It is uncertain whether strong
solutions exist for all time given some generic initial conditions. For an overview of
more recent advancements in the research of the existence and regularity problem of
Navier Stokes equations, one may refer to [43, [99).

In addition to their significant role in pure mathematics, the Navier-Stokes
equations are also of great importance in various physical and engineering applications.
For example, they can be utilised to model ocean currents [76], 108] and the air flow
around wings [I11]. Therefore, developing algorithms to solve the Navier-Stokes
equations is crucial. Due to the inherent difficulty in finding analytical solutions
to the Navier-Stokes equations with generic initial data, numerical schemes must
be developed. In our thesis, we focus primarily on approximating the flows that
occupy the entire space (R? or R3), although fluid flows of interest in real-world
applications are often confined to bounded regions. This is due to the consideration
of mathematical simplicity — for fluid flows in bounded domains, is often
supplied with some boundary conditions, which makes it even more complicated and
challenging to solve, and the approach to find the solutions may vary a lot depending
on the specific region. Nevertheless, we would like to point out that some tools

developed in this thesis remain useful for some bounded flows [92], and can be further



extended to heat-conducting flows [66].

1.1.1.2 Numerical methods for solving the Navier-Stokes equations

The numerical approximations to the Navier-Stokes equations have been extensively
studied for many years. Direct numerical simulation (DNS) is a standard way in
simulating the flows. Various classical numerical methods have been utilized for DNS,
including finite differences [20], 2], 23] [50], finite elements [44], finite volumes [65]
and pseudo-spectral methods [15], 86], but the need for very fine meshes to capture
rapid energy transfers in turbulent flows makes these methods impractical.

To avoid this problem, researchers have developed alternative methods that
calculate average quantities of fluid solutions instead of directly approximating the
solution to the Navier-Stokes equations. As a matter of fact, the average quantities
are of more interest in many engineering applications. One such approach is the
Reynolds-averaged Navier-Stokes (RANS) equations, which applies an averaging
operation to the Navier-Stokes equations. The RANS approach was introduced by
Osborne Reynolds [52], 97, [08] and has been a subject of extensive research [3, 19, [70].
However, the intrinsic nature of RANS approach makes it difficult to predict the
transient behavior of the flow.

To overcome this limitation, an alternative approach, large-eddy simulation (LES),
was proposed for achieving a balance between accuracy and computational cost. LES,
initially proposed by [103], models the large scale motions directly while filtering out
the small scale motions, thereby reducing the computational cost compared with
classical methods while capturing the key information about the flow dynamics. In
recent years, LES has become a popular tool for simulating flows in different practical
scenarios, such as atmosphere modeling [104], combustors [42]. A comprehensive
overview of LES can be found in [102], while a more recent review can be found in
[114]. Despite the success of LES, the underlying sub-grid scale (SGS) models can

impede its performance, calling for the development of more accurate SGS models.



Moreover, as demonstrated in [I8], vortex methods, which are the primary numerical
methods we will focus in this thesis, have more potential dealing with flows with high
Reynolds number compared to LES.

More recently, machine learning techniques have been employed to model fluid
flows [110]. For instance, DNS for Navier-Stokes equations have been accelerated by
neural networks [54, 58] . Machine learning also helps improve the performance of
RANS turbulence modeling [68, [112] [113] and LES [11,162]. Although the applications
of machine learning techniques look promising in modeling fluid dynamics, they require

a large amount of data and are expensive to train.

1.1.1.3 Vortex methods

This thesis focuses on the vortex methods as an attractive numerical scheme for
simulating fluid flows based on the vorticity transport equation. As a promising
approach, vortex methods have received significant attention from the scientific
community. For a comprehensive overview of the vortex methods, one may refer to
the relevant monographs including [27, [73]. Additionally, a more recent review can
be found in [79).

Unlike Eulerian numerical methods, vortex methods approximate the solution
based on the dynamics of a set of particles which move with respect to the flow
velocity, rather than on a fixed lattice. To understand the key idea of vortex methods,

we can consider the following vorticity transport equation in R3 x [0, T':

%w+u-Vw:VAw+w-Vu. (1.1.2)

Here, w = curlu is the vorticity field. The vorticity transport equations are
obtained by taking the curl of the Navier-Stokes equations . The LHS of
represents the material derivative of the vorticity w, so provides a description
of how the vorticity of a particle changes within a flow.

In essence, vortex methods aim to approximate the locations and local vorticity



of a set of particles based on the voriticity transport equation (|1.1.2]). The vorticity-
stream formulation of incompressible flows (|1.1.2]) also highlights a crucial difference

between 2D and 3D flows. For 2D fluid flows, the vortex stretching term w - Vu

vanishes, so that ([1.1.2)) reduces to

%w—l—u‘Vw: vAw. (1.1.3)

As expected, the investigation of vortex methods for 2D flows is a much more
straight-forward task.

The origins of vortex methods can be traced back to the work of Rosenhead in 1932
[101]. However, a more modern formulation was introduced by Chorin in [22], where
they proposed a numerical method to solve the Navier-Stokes equations in 2D spaces.
They discretized the vorticity into a sum of finite number of vortex blobs and derived
the motion dynamics for the vortex blobs. Theoretical studies of vortex methods are
more complete for inviscid flows due to the absence of the diffusion term in ((1.1.2]).
Several convergence results have been established for Chorin’s numerical scheme and
some other similar schemes for inviscid 2D flows, as shown in [46], 47, 48]. In contrast
to 2D flows, where the vorticity remains constant as the particles move, the vorticity
in 3D flows undergoes changes. To address the issue of vortex stretching, several
methods have been proposed. For example, convergence with Lagrangian stretching
was proved in [§]. A different approach, which updates the vorticity through the
velocity field, was proposed, and the corresponding convergence result was shown in
[6]. Furthermore, in [4], the convergence analysis of the vortex methods with respect
to the temporal discretisation was conducted.

For viscous fluid flows, generally speaking, there are random vortex methods
and several deterministic vortex schemes. This thesis focuses on the random vortex
methods, which were also proposed by Chorin in [22] for approximating 2D flows.
Essentially, the motion of the vortex blobs is now replaced by a random dynamical

system in which a Brownian motion term is added to the equation of motion of



the fluid particles, and the fluid particles become Brownian fluid particles. The
convergence results for 2D random vortex methods have been successively proved by
[45, 69, [74]. However, for 3D viscous fluid flows, to the best of our knowledge, there
is no satisfactory solution yet so far.

For reference, we give an overview of some representative deterministic vortex
schemes here. The particle strength exchange method (PSE) [28, [30] approximates the
Laplace operator in the vorticity equation with an integral operator, and incorporates
the diffusion of vorticity directly into the dynamics of point vortices. In the core-
spreading method (CSM) [60} 63], the volume of the vortex blobs expands in time at a
rate determined by viscosity. The diffusion velocity method (DVM) was investigated
in several studies [10, 39, 83]. In DVM, particles are no longer solely driven by the
advection velocity, i.e., the underlying flow velocity. Rather, an artificial velocity
field, known as the diffusion velocity, is incorporated into the particle dynamics.

Some hybrid vortex methods were also proposed, which combine the Eulerian
schemes focusing on the grids and the vortex methods focusing on the particles.
In [26], Cottet introduced a particle-grid superposition method, which employs a
domain decomposition strategy to utilize both grid methods and vortex methods in
different parts of the computation domains. More recently, the vortex particle-mesh
method (VPM) has gained popularity, as seen in studies such as [16] [78, 88]. In
VPM, when updating the locations and local vorticity of the particles, the advection
of the particles is based on the point vortex methods, while the diffusion of vorticity
is based on grid calculations. Another hybrid method, proposed by Kornev [59],
combines LES with vortex methods, where the underlying SGS models are based on
vortex simulations.

While these deterministic methods are useful for numerically solving the 3D Navier-
Stokes equations under specific circumstances, they do not reveal the underlying
vortex dynamics. Our goal is extend Chorin’s random vortex method [22] to 3D

flows.



To obtain an exact stochastic representation of the 3D vortex dynamics, various
attempts have been tried. One example is in [25], where a stochastic Lagrangian
representation of the solution to the Navier-Stokes equations is obtained using
stochastic flows and Leray’s projection. Other studies, such as [84] T15], [116], represent
solutions as stochastic flows and investigate existence and uniqueness results based on
these representations. Different approaches were also investigated. For example, in
[2, [14], the solution was represented by a Mckean-Vlasov type stochastic differential
equation, while a time-reversal in the coefficients was involved. More complex
representations have been proposed, such as expressing solutions as functionals of a
Markov process indexed by the nodes of a binary tree [87]. Although these are all
possible stochastic representations of the viscous fluid flows, these representations
are too complicated, and it is difficult to derive an efficient numerical algorithm from
these representations.

Therefore, we are going to focus on two important problems regarding 3D viscous
flows:

1. How to efficiently simulate 3D viscous fluid flows based on random vortex
methods?

2. How to better formulate the 3D random vortex dynamics system?

1.1.2 Main contribution

Our work is based on two published papers [93] 094], which is presented in Chapter
and Chapter [4] of this thesis. In Chapter [3| we propose a simple random vortex
method, which could be used to approximate the dynamics of an incompressible 3D
viscous fluid flow. In Chapter 4] an exact 3D random vortex dynamics system is
derived and can be utilized for Monte-Carlo simulations. We would like to point out
that while we have empirically verified that our methods lead to good approximations
to the Navier-Stokes equations through numerical experiments, a rigorous theoretical

proof of the approximation is beyond the scope of this thesis.



The idea of the random vortex method proposed in Chapter |3[ can be summarized
as follows. First, we sample the distribution of the initial vortices of the fluid flow
using a smooth wavelet function, denoted by ¢, as a smooth approximation of the

Dirac-4 function:
N

W(x,0) ~ Z App(r — x,),

n=1
where N is the total number of vortices, and (x,,, A,) are their initial positions and
strengths.

Next, we consider stochastic processes (X, (), A,(t))2_, which satisfy the initial
condition X,,(0) = z,, A,(0) = A,. Here, X, (t) represents the trajectory of the
particle starting at z,,, and A,(¢) is the vorticity that the particle X, (¢) carries at

time ¢t. The distribution of vortices at time ¢ > 0 is then be updated as

Wz, t) =Y Au(t)p(x — X,(t). (1.1.4)

Our observation is as follows. By applying the Biot-Savart law, the velocity field can
be determined by (L.1.4), which allows us to derive the dynamics of (X, (t), A, (t)).
The main contribution of Chapter |3]is to demonstrate that this method gives rise to
good approximations by showing the convergence in some weak sense and presenting
simulation results.

Although this numerical scheme seems to be powerful, we have yet to establish an
exact relationship between our numerical system and the vorticity transport equation.
Our ultimate goal is to propose a probabilistic formulation of the Navier-Stokes
equation which can aid in developing the Monte-Carlo simulations for fluid flows.

To achieve this goal, in Chapter [4] a novel, closed 3D random vortex dynamics
system which is equivalent to the Navier—Stokes equations for incompressible viscous
fluid flows will be presented. This work is based on a published paper [94]. The
system consists of a forward stochastic differential equation (SDE) coupled with a

backward functional ordinary differential equation (ODE):

10



Theorem 1.1.1. Suppose that u and w decay sufficiently fast as |x| — oo and are
sufficiently reqular, and they satisfy the vorticity transport equation (1.1.2) on [0, T].

Let X(&,t),G(E,t, ) be the solution to the following system:

AX (&,1) = u(X(&,t),t)dt + V2vdB(t), X (€,0) = € € R s
1.1.5
CG(E1,5) = Gl 1, 9)S(X(E5),5), GIE 1) = [ € B>

where S = 3(Vu+ Vu'),& € R*, X(&,t) € R} G(¢,t,s) e R0 < s <t <T.

Then
(1) = / E [é" K (x — X(&,1)GH(E £, 0w (€)] de, (1.1.6)
R3
and
i) =PV | B[Hjylo = X(E0)GHELOWG(E]de. (107)
where
1 : 3 o .
K@) =~ o) = 5 (e + s,

and PV is the Cauchy principal value defined in (4.5.7)).

It is worth noticing that given the initial vorticity field wy, (1.1.5)),(1.1.6)),(1.1.7)

form a closed system of (X, G), as the coefficients v and S in depend on
the distribution of the solution (X,G). This implies that we can calculate the
solution to and thereby obtain the solution to the vorticity transport equation
. Consequently, Monte-Carlo methods can be employed to approximate the
Navier-Stokes equations.

In order to derive the system (|1.1.5)), we mainly investigate two tools, which help
us overcome the difficulty in dealing with the time-reversal problem as we aim to run
a forward Taylor diffusion to represent the solution to a forward PDE. The first one
is the duality of the pinned diffusion measures, and the second one is a forward-type
Feynman—Kac formula. These tools both leverage the fact that the velocity field
of an incompressible flow is divergence-free, so that we are able to represent the

distribution of diffusion driven by a time-reversed velocity field by a diffusion that

11



does not involve time-reversal. These tools will be discussed in detail in Chapter [4]
and it is our belief that they are quite general and could potentially be applied to
some other non-linear PDEs.

We give a brief explanation of these tools here. Let us introduce the canonical
paths space 2, which consists of all continuous paths on R? in [0,7]. The pinned
diffusion measure is the probability measure on {2 induced by a diffusion conditional
on the initial and terminal conditions. For a time-varying vector field b(z,t) on
R?, PSP on Q is the distribution of the Ly-diffusion process X conditional on

Xo = & Xy = n. The following theorem states the duality of pinned diffusion

measures.

Theorem 1.1.2. (Duality of pinned diffusion measures) Let b(z,t) be a bounded,
Borel measurable and divergence-free vector field in R*x [0, T| and bT (x,t) = b(x, T—t),

then the associated pinned measures satisfy the following duality relation:
POt =P o, (1.1.8)
where 71 is the time-reversal operator at T, that is, 7 : 2 — §2 is the mapping which

sends w € (2 to rrw € Q, where Trw(t) = w(T —t) fort € [0,T].

Based on the duality theorem, we are able to establish the following Feynman—

Kac formula, which gives a probabilistic representation of the solution to a forward

parabolic PDE.

Theorem 1.1.3. (A forward Feynman—-Kac’s formula) Let T' > 0. Suppose the

vector field f(x,t) is a strong solution to the following forward parabolic equation:

(% - Lb(m,t)) filw,t) = Si(a, t) f (2,1) (1.1.9)

where Ly = —b(x,t) -V +vA, (2,t) € R x (0,T] and i = 1,2,...,d. f(z,t) is

subject to the initial condition f(x,0) = fy, and S; are globally Lipschitz continuous

12



fori,j=1,...,d. Assume that b(z,t) is a time dependent divergence-free vector field

on R?, then
fla,T)= [ fo(&)po(0,6, T, 2) E[Q(0)|X(0) = £, X(T) = «] ¢ (1.1.10)
R
where
AX(t) = V(X (t), t) dt + V2v dB'(t)
and
d i i i
@it = —Qp()SF(X(#),1), QyT) =45
fori,7 = 1,...,d, where B is a standard d-dimensional Brownian motion on a

probability space, py is the transition probability density function of X.

The property that b is a divergence-free field is essential for deriving the forward
Feynman—-Kac’s formula . If we apply the standard Feynman—Kac’s formula,
where the forward parabolic PDE (1.1.9) must be solved via a time reversal of the
PDE, the solution will be represented by a diffusion driven by b7 (z,t) := b(z, T — t).
Instead, enables us to represent the solution via a L; diffusion directly. This
is especially important in modelling fluid flows — the dynamics of the fluid flows in
the past is the only information available to us for the prediction of the motion of
the flows in the future.

An implementable Monte-Carlo numerical scheme to approximate the 3D viscous
fluid flows is developed based on the space discretisation of the system . In
this scheme, we consider the dynamics of X and G starting from a lattice in R?,
and the velocity field is approximated by the Riemann sum of these discrete
particles. Although a theoretical proof of the convergence of our numerical scheme is
beyond the scope of the thesis, we will justify our scheme by comparing the simulation
results with some analytical solutions to the Navier-Stokes equations and results from

some other numerical schemes.
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1.2 Random vortex type stochastic differential

equations

1.2.1 Introducing random vortex type stochastic differential

equations

The exact random vortex system consists of a forward SDE and a backward
functional ODE, and the coefficients in this system depend on the distribution of
the solution. Indeed, by applying the same approach, we could derive stochastic
representations of other non-linear PDEs in a similar form. We would like to study
the properties of such stochastic representations. To this end, we generalize the
random vortex system to a class of random vortex type stochastic differential
equations (RVSDEs) and some problems on RVSDEs will be investigated.

The RVSDESs are the system of equations of the following type:

dXt - b(Xt, t, E(Xt, Gt@))dt -+ O'(Xt, t, E(Xt, Gt,O))dBta XO - f € Rd, ( )
1.2.1
dGy s = —S(Gt,me; s, L( X, Gs,o))d& Gii=( € Rl,

where X; € R, Gy, € R0 < s <t <T, By is an r-dimensional (.%,);>¢ Brownian
motion, b, c and S are Borel-measurable functions of proper dimensions.

The system could be regarded as a generalization of the random vortex
system if the initial vorticity field is distributed at some discrete points
T1, Lo, ..., Tnt wo(T) = >, wpd(x — x), so that the random vortex system ([1.1.5))

becomes the following finite-dimensional system:

dX(k) = bx,g)(Xe(k), t)dt + V2vdBy, Xo(k) = w,

d
&Gt,s(l{) == _Gt,s(k)S(X,G) (Xs(k)a S)a G(k)t,t = [3

(1.2.2)
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where

bxa(z,t) =) E [K(:p — Xi(k)) x [G ()10 wi] ] :

k

and

Sl (@, 1) = ZE{ (x — X ))[G(k)wwk]}

We may concatenate X;(k), Gy (k) over all k together into two high dimensional
vectors X, Gy 5. The vectors Xy, G; s now belong to some finite-dimensional spaces
R? = R3 and R! = R**3*" respectively. Therefore, the equations can be
regarded as a special case of .

If the initial vorticity is not distributed at some discrete points, the random vortex
system (/1 is an infinite-dimensional system, where X;, G s are defined on every
¢ € R3. The space discretisation (see Section reduces to the following

finite-dimensional system:

dX, (k) = by o) (Xe(k), t)dt + V2wdWy, Xo(k) = ay,

d (1.2.3)
@Gt,s(k) —Gus(k)S XG)(X (k),s), G(k)ee = 1,
where
bixcy(zt) =) E {K(m — X(k);) x [G(k)owo(k)] 1 h,
and

Slxc(@.t) ZE{ (k)e) [G(K)0 wg(k:)]}h‘g.

h > 0 is the mesh size of the discretisation and k runs over some finite index set.
Similar to (1.2.2), the system (1.2.3) also has the same structure as the RVSDE
(11.2.1)).

1.2.2 Main contribution

In Chapter [5| of our thesis, we focus on investigating various aspects of RVSDEs

(1.2.1]), including the existence and uniqueness of solutions, propagation of chaos,
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large deviation principles, and numerical approximations. Additionally, we will study
the infinite-dimensional RVSDEs (see ([1.2.5))) and demonstrate that they can be
approximated by the finite-dimensional RVSDEs system.

Recall that a standard Mckean-Vlasov SDE (MVSDE) reads as

dXt - b(Xt,t, E(Xt>)dt —+ U(Xt,t,E(Xt))dBt, XO == f S Rd (124)

In RVSDESs, similar to MVSDEs, the functions b, ¢, and S depend on the joint
distribution of the solution (X, Gy). However, since a SDE is coupled with another
functional ordinary differential equation, the RVSDEs are more complicated than
MVSDEs and require a more complex analysis. Despite this complexity, most results
in RVSDEs are similar to those in MVSDEs.

In our thesis, we shall always assume that the global Lipschitz and linear
growth conditions hold for b, and S in (1.2.1). The study on the solution with
a weaker assumption is beyond the scope of the thesis. In this overview, we summarize
our results and provide related literature for reference. For a brief description of the
techniques we employ to obtain our findings and accurate statements of our theorems,
we refer readers to the introduction in Chapter [5] Our study is divided into the

following parts.

Existence, uniqueness, stability and propagation of chaos of the solutions

to RVSDEs

The solution to the RVSDE will be properly defined and the existence and uniqueness
results of such solutions will be presented. Besides, we demonstrate the stability of
the solutions with respect to the coefficients. The result is similar to that in MVSDEs
(L.2.4). It has been established in the literature that when b(z, ¢, 1) and o(z,t, 1) are
Lipschitz and of linear growth with respected to = and the R probability measure p,
the MVSDE admits a unique strong solution. Some existence and uniqueness results

for the McKean—Vlasov SDE under weaker assumptions on b and o are investigated
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in [41), 61], 0], while it is not easy to generalize the result to RVSDEs.
Furthermore, we investigate the propagation of chaos for RVSDEs — the solutions
to the RVSDESs could be regarded as a limit of interacting particles, which justifies
the procedure that we run independent copies to conduct the direct numerical scheme
in simulating the fluid flows (see Section . Indeed, for the MVSDEs , the
propagation of chaos has been well studied in previous literature [41], 61), [77, [106]. In

this thesis, a similar result will be established for RVSDEs.

Large deviation principle for RVSDEs

The large deviation principle (LDP) will be established for RVSDEs. Since the
RVSDEs arise from the vorticity equation, we believe that it may have implications
for the limiting behavior of the Navier-Stokes equation as the viscosity constant v — 0,
as well as other non-linear PDEs in which the coefficients of Laplacian converge to
0. For MVSDEs (1.2.4), several LDP results for the MVSDEs have been attained.
For example, in [29, O1], the authors established LDP results by exploring the limit
of N-particle systems. A different approach was presented in [96], where arguments

concerning the convergence of empirical measures are avoided. We will generalize the

method in [96] to establish the LDP for RVSDEs.

Euler-Maruyama type numerical scheme of RVSDEs

In order to numerically approximate the solution, an Euler-Maruyama (EM) type
numerical scheme will be proposed and its strong convergence will be proved. For
MVSDEs, a standard way to approximate the solution is to first introduce a reference
SDE via interacting particle systems and then apply the EM algorithm to this SDE.
We mention a few of the results of the EM algorithms on MVSDESs for reference. In
[13], an Euler scheme was established to approximate a specific MVSDE arising from
the biological interactions. The convergence of EM algorithm for MVSDEs under

weaker assumptions of the coefficients was investigated in [67, ©5]. In [33], without
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utilizing the empirical measure of interacting particles, they proposed an EM scheme
to approximate the MVSDE under non-Lipschitz conditions directly. With the aid
of the propagation of chaos results, the strong convergence of the EM scheme for

RVSDEs will be obtained in this thesis.

Infinite-dimensional RVSDEs and the approximations by finite-dimensional

RVSDEs

We study the following infinite-dimensional RVSDEs:

dX;(§) = b(X (), t)dt + o(X¢(§), t)d By,
(1.2.5)

th,s(g) = _S(Gt,s(g)a Xs(£)> S)d$7

where £ € 2, and ) is a compact set in some Euclidean space R?. X;(£) € R4, G, 4(€) €
R, 0 < s <t < T, Bis astandard r-dimensional Brownian motion, and b, o, S depend

on the joint distribution of (X, G) by the following equations:

b, 1) = / E bz, t, X,(€), Gro(€), €)] e,
o) = / E [0’ (,1, X,(€), Grol€), £)] dé, (1.2.6)
S(g7xat>_/QE[S/(xagatuXt(g)aGt,O(&)?f)] df,

where V', 0, S" are Borel-measurable functions of proper dimensions. The initial data
is given by X(§) and Gy 4(€) for t € [0,T7],£ € Q.

Under the assumption of the global Lipschitz and linear growth on ¥, 0,5,
the existence and uniqueness of the solutions to the infinite-dimensional RVSDEs
(1.2.5) will be shown. We will also show how to numerically approximate by
finite-dimensional RVSDESs via space discretisation.

The infinite-dimensional RVSDEs system is a direct generalization of
the original random vortex dynamics. Comparably, the finite-dimensional RVSDEs

(1.2.1) are a generalization of the discretisation of the exact random vortex dynamics
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system. The space discretisation reduces an original infinite-dimensional random
vortex system into a finite-dimensional system. In the original form of random vortex
dynamics, compared with , X; and G, are actually defined on every ¢ € R3,
or more specifically, on a compact set in R? if the vorticity is compactly supported,
which motivates us to study .

Recall that when approximating the 3D viscous fluid flows, we first discretise the
random vortex system and then consider the particles starting from a lattice in R3,
so that the approximated dynamics of the fluid flow is determined by these particles.
In this section, we aim to demonstrate that this discretisation provides a reliable
approximation. We acknowledge that proving convergence from the discretisation for
the exact random vortex dynamics is difficult due to the high-order singularity in the
system. However, for general infinite-dimensional RVSDEs with nice assumptions of

the coefficients, we are able to prove convergence.
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Chapter 2

Preliminaries

2.1 The vorticity-stream formulation of the Navier-
Stokes equations

In this section, we derive the vorticity-stream formulation for the Navier-Stokes
equations. First, we present some results on singular integrals and distributional
derivatives in Section [2.1.1l These results will serve as a useful tool when we introduce

the vorticity-stream formulation in Section [2.1.2]

2.1.1 Singular integrals and distributional derivatives

Let K be a function in L (R™) which could be singular at 0 and smooth outside.
The distributional derivative d,; of K is defined as the linear functional 0,; K which

satisfies

where (-, ) is the inner product in L?(R").
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Let us compute the distributional derivative of K. By Green’s formula,

—(K,0,p) = — lim KO, pdx

El/o I‘Z“2€
I
=lim {/ 0 Kpdx — K(p—ds} .
40 U ja)>e al=e 17|

In some cases, 0,; K¢ is not integrable, but lim, f|

(2.1.2)

o> 0, Kdz exists, then we
call the limit the Cauchy principal-value integral of 0,; K. Generally speaking, the

Cauchy principal-value integral of a function f with singularity at 0 is defined as:

PV | fdz =lim fdax. (2.1.3)

Rn el0 |z|>e

Remark 2.1.1. For the functions with singularty at x # 0, by integrating outside
B(x,¢€), the definition of the distributional derivative and Cauchy principal-value can

be easily extended.

Next, we give a few examples of the distributional derivatives of some functions,

which will be useful later.

Example 2.1.2. If K(z) = i‘ with x € R®, then

|z

0. K @’ 2.1.4
Proof. For every ¢ € C5°(R?),
J
lim K(px—ds
€0 |x|=€ ’JI|
I
s 7 2.1.5
161%1 |r|=690€2 ds ( )
=0.
When x # 0,
OK(z) o’
oxi |z
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Example 2.1.3. If K(z) = %5 with x € R?, then

||

O K () = —4?”5;15(95) _or g (2.1.6)

_ T z
=lim W@(ex)mds (2.1.7)

VE(w) = ==+ 1 (2.1.8)

where ® is the outer product between two vectors. O

Example 2.1.4. If K(z) = In|x| with x € R?, then

xd
0y K B (2.1.9)
Proof. For every ¢ € C5°(R?),
J
lim K(px—ds
10 |z|=€ ‘I|
J
=lim ¢ln eZds (2.1.10)
€0 |z|=¢ €
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When x # 0,

b x?

VK(z) = (W’ W)' (2.1.11)

2.1.2 Vorticity-stream formulation of the Navier-Stokes equa-

tions

Recall that the Navier-Stokes equations for an incompressible fluid in R? are

gu—l—u-Vu:yAujLVp,

ot
V-u=0, (2.1.12)
U|t:0 = Uy,

where u(x,t) = (u!, u?, u?) is the fluid velocity with (x,t) € R3 x [0, 00), and p(z,t)
is the scalar pressure.
By taking the curl of the Navier-Stokes equation, we obtain the following equation

for the vorticty w = curlu:

%w—i—u-Vw—w-Vu—l—qu. (2.1.13)

Since w - (Vu — VuT) = 0, we also have the vorticity equation in the symmetric form:

%w+u-Vw:w-S+7/Aw, (2.1.14)

where S = 1(Vu + Vu©).
In fact, given the vorticity w , the velocity u can be obtained by solving the

following PDEs:

curlu = w,
(2.1.15)

divu = 0.
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The solution to (2.1.15)) can be obtained using the following lemma.

Lemma 2.1.5. (3D Biot-Savart law) Let u,w € L? be smooth vector fields in R3,

which both vanish sufficiently rapidly when |z| — co. Suppose u,w satisfy the PDFEs

(2.1.15)), then u has the following explicit formula:
u(z) = | Kz —y)w(y)dy, (2.1.16)

RS

where K is a 3 x 3 matriz such that K(x)h = —-= 25 x h for every h € R3.

—i%
Proof. Consider the following Poisson equation:

A = w. (2.1.17)
Let ®(z) = = be the fundamental solution to the Poisson equation (see [35]), then

4r|x|

is a solution to ([2.1.17)).

Now, since w is a curl of some vector field, divw = 0. Hence,
divy(x) = /RS O (y)divw(z — y)dy = 0.
Therefore, by the identity curl(—curly) = Ay — Vdive, we have
curl(—curly) = w.

Let ¢ = u + curly, we have curlg = 0 and divg = 0. Since ¢ vanishes sufficiently

rapidly as |z| — oo, ¢ = 0, which means u = —curly.
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By taking the curl of v, from ([2.1.4)),
u'(z) = — eijk/ 0y ® (1 — y)w(y)dy
R3
y 1 a7 —qf
- _ ijk o J Lk d
€ /]Rg4ﬂ_|x_y|3w (y> y?

which concludes the proof. O]

(2.1.18)

Furthermore, by taking the distributional derivative of 5 (see (2.1.6))), we are

able to represent Vu and S by w:

Vulr) = — - {Pv/Rg (_3[(1’ —y) xw®)]® (z—y) 1 @)X) dy}

ir @ —yP T e —yp”
1

- gw(x)x’

(2.1.19)

where o = (o', a?, a3)* is the 3 x 3 matrix such that a*h = « x h for all h € R3:

0 —-a? a?
X
- = Oé3 0 —Oél )
—a? ot 0

and Vu is arranged as:

Opu' Oput Osul

Vu=109,u?> 0pu®> 0Osu’

3 3

Opu® O0pu® Opsu

It is easy to obtain S from Vu by taking the symmetric form. w(z)* will vanish

since it is antisymmetric, which yields

_ 3 [(z —y) xw)]@@@-—y)  (@-y [r—y)xw(y)
5= 87TPV/R3( |z — y|? " |z — y[? )dy'

(2.1.20)

From (2.1.19), we are able to obtain the vorticity-stream formulation for the
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Navier-Stokes equations.

Proposition 2.1.6. Suppose that u is a smooth velocity field which vanish sufficiently
rapidly when |z| — oo and satisfies the Navier-Stokes equations (2.1.12). Then the

vorticity w 1s a solution to the vorticity transport equation:

ﬁw—l—u-Vw:w-Vu—i—VAw,
ot (2.1.21)

W= = wo = curlug.

where u is determined by w according to the Biot-Savart law (2.1.16)):

u(z,t) = . K(z — y)w(y, t)dy,

with K(x)h = —ﬁ‘x% X h.

Besides, Vu s determined by w according to

Vuulz.t) = — 41 {PV /RS (_3[(x —y) xw(y )@@ —y) - _1 y|3w(y,t)x) dy}

a |z =yl
1
— —w(z,t)”.

3

Similarly, from (2.1.20f), the vorticity-stream formulation in a symmetric form can

be obtained.

Proposition 2.1.7. Suppose that u is a smooth velocity field which vanish sufficiently
rapidly when |z| — oo and satisfies the Navier-Stokes equations (2.1.12). The the

vorticity w 1s a solution to the following equation

gw—i-u-Vw:Sw—l—VAw
ot (2.1.22)

W|i=0 = wp = curlyg

26



where u is determined by w according to the Biot-Savart law (2.1.16)):

u(w,t) = g K(x —y)w(y, t)dy

with K(x)h = —-- 25 x h.

Besides, S could be determined by

Sa,t) = | H(x—y)w(y,t)dy

RB

with

H(m)h:%[(wxh)@x—l—m@(th}]/mf’

The velocity field for a 2D flow is represented as u = (u', u?,0), which is zero in

1 2
7% %)7 can be treated

the third component. The vorticity, denoted by w = (0,0
as a scalar and is perpendicular to the velocity field. Therefore, the vortex stretching
term w - Vu in (2.1.13)) vanishes. so that the vorticity transport equations (2.1.13))

for 2D flows degenerate to the following evolution equations for a scalar w:

%w +u-Vw =rvAw (2.1.23)

In fact, for the 2D flows, u can be also determined by w from the following lemma:

Lemma 2.1.8. (2D Biot-Savart law) Let u € L? be a smooth vector field in R?,

which vanishes sufficiently rapidly when |x| — oo. Suppose u is divergence free and

w = g—:; — g—ﬁ, then u can be determined by w by the following equation:

u(z) = g K(z — y)w(y)dy (2.1.24)

where K(x) = — L@l

Proof. Since divu = 0, from Green’s formula, it is easy to verify that (—u? u') is a
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conservative field. Therefore, let ¢ be the potential such that

By taking the divergence on both sides, Ay = —w, which means

b() = — [ Iz - ylw(y)dy.

27 Jre
By differentiating under the integral using ([2.1.9)),

1 (z!, 2%)

2T R2

Vi(z) =

Therefore,

]

From the 2D Biot-Savart law, we are able to derive the vorticity-stream formulation

for 2D flows:

Proposition 2.1.9. For the smooth 2D flows with the velocity u vanishing sufficiently

rapidly as |z| — oo, the scalar vorticity w satisfies the following vorticity transport

equation:
0
—w+u-Vw=rvAw,
ot (2.1.25)
Wlt=0 = wo,

where the velocity u is determined from the vorticity w by the 2D Biot-Savart law
u(z,t) = | K(z —y)w(y,t)dy,

RQ

where K(x) = — L@l
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2.2 Fundamental solutions to the parabolic equa-
tions

In this section, we will provide an overview of PDE theories related to fundamental
solutions.

Consider the following PDE:

0 SN 0*u SN Ju Ju
2 lu= E ij i el 9
(L ) u A a’(x,t) e + 2 V'(z,t)5— + c(z, t)u ; 0, (2.2.1)

i,7=1 =

where (z,t) € R™ x [T, T1] and a¥ = a/'. We say that L is parabolic if the matrix
(a¥(z,t)) is positive definite for all (z,t) € R™ x [Ty, T1]. If there exist positive \g, \;

such that for all vectors £ € R",
Nolél <> afi(w, 1)€< Mg
ij=1

for all (z,t) € R™ x [Ty, T1], then we say L is uniformly parabolic. From now on, we
always assume that L is uniformly parabolic and the coefficients of L are bounded
continuous functions in R™ x [Ty, T1]. We also let Ay be some positive constant such

that 2’ (a(y,t)) 'z > No|z|? for all (y,t) € R™ x [Ty, T1],z € R™

Definition 2.2.1. A fundamental solution of (L — %) u =0 is a function I'(z,t; &, T)

defined for all (x,t),(&,7) € R™ x [Ty, T1] and t > 7, which satisfies the following

conditions:

1. For fized (§,7), I'(x,t;&,7) satisfies the equation (L — %) u =0 as a function
of (x,1).

2. For every continuous function f(x) which satisfies

|[f(2)] < Cexp(hlz]?)
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for some constants C' > 0,0 < h < %Tl on R", the following equation holds for
every r € R™:

lim [ T(r,t6,7)f(€)dé = f(x).

tiT R™

Theorem 2.2.2. (Existence of fundamental solutions) ([38/ Theorem 10)
Suppose that a, b, ¢ are all continuous functions in R™ x [Ty, T1], and for some constant

A>0,0<a<l1, we have

|a(w1,t1) — a(we, t2)| < A(|lwy — 22| + [t — t2]*?),
b(21, 1) — bza, t1)] < Alzy — 25|%, (A1)

c(@1,t1) — (22, t1)| < Alxy — 39|,

for all (z1,t1), (z2,t2) € R™ x [Ty, T], then there exists a fundamental solution

[(x,t;&,7) to (2.2.1)).

The fundamental solutions are useful to construct the solution to the Cauchy

problems. We are interested in the following parabolic equation:

0
(L—a)uzﬂ%mM%®=¢@% (2.22)
where (x,t) € R" x (0,T]. Suppose that

|[f(z. )] < Cexp(hlz]),

()] < Cexp(hlz]?)

for some constants C' > 0,0 < h < ;\—%. Let I'(x,t; &, 7) be a fundamental solution to

(L— %)u:O, then

1mw=/fm¢mw@%—f/;umwwmﬂ%w (2.23)

is a solution to the Cauchy problem (2.2.2)). (see [38] Theorem 12).

30



Next, we present the results on adjoint parabolic equations. Let L* be adjoint

operator of L, i.e.

Lv=Ya(z, lax] + Zb’ — +c (z, 1), (2.2.4)

ij=1

where

— b+ 22 aa”

o
¢ _C_Zaxz — 0w O’

Z =

The adjoint equation of (2.2.1)) is (L* + %) v=0.

Definition 2.2.3. A fundamental solution (L* )v =0 is a function I'*(x,t; &, 7)

where (x,t),(§,7) € R" x [Ty, T1], t < 7, which satisfies the following conditions:
1. For fized (§,7), I'*(z,t;&,7) satisfies the equation L*v = 0 as a function of

(x,t).

2. For every continuous function f(x) which satisfies
|f(2)] < Cexp(hlz|?)

Jor some constants C' > 0,0 < h < § 0 on R™, the following equation holds for
every x € R™:

lim [ I"(z, ¢, 7)f(§)dE = f(x).

2k Rn

The duality of the fundamental solutions to the adjoint equations is demonstrated

in the following theorem.

Theorem 2.2.4. (Duality of the fundamental solutions) ([38/ Theorem 15)

Suppose that . ) holds. Furthermore, suppose that a¥, Wa axl%xka i aak bt c are
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all bounded continuous functions in R™ x [Ty, T1] for all i,j,k,l = 1,2,...,n, and

they satisfy
’f(xut) - f<y7t)| < A|ZE - y|a
for some constant 0 < a < 1, A >0 for allt € [Ty, T1], x,y € R", then a fundamental

solution T*(&, T, x,t) to (L* + %) v =0 exists, and the following duality holds:

D(x,t;&,7) =T"(& 15 2,t). (t>7) (2.2.5)

2.3 Sobolev spaces

In this section, we will give a review of some concepts in Sobolev spaces.
Definition 2.3.1. (Sobolev spaces) (/1] 3.1) Suppose Q2 is a domain in R". Let
m be a positive integer and 1 < p < oo.

WmP(Q) = {u € LP(Q2) : D% € LP(Q) for 0 < |a] < m},
where D*u is the weak partial derivative of u. We also define W' () to be the
closure of C§°(2) in W™P(Q).
Theorem 2.3.2. ([1] Theorem 3.3) W™P(Q) is a Banach space.

Next we study (W™P(2))’, the dual space of W™P(Q). Let p’ be the conjugate

exponent of p.
(

P={p/p-1), ifl<p<oo (2.3.1)

\

From the Riesz Representation Theorem, LP () is isomorphic to (LP(2))" when

1 < p < co. Hence, we have the following theorem:
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Theorem 2.3.3. ([1] Theorem 3.9) Let 1 < p < oo. For every L € (W™P(Q)),

there erists v, € LY (), (0 < |a| < m) such that for all u € W™P(Q)

L(u)= > (D, v,). (2.3.2)

0<|a|<m

Moreover, || L[| =inf 2\, <mllvall o () where infimum is taken over for all v such

that (2.3.2)) hold.

Since every L € (W™P(Q2)) is an extension of a distribution T € 2'(2) to

WmP(Q)). Suppose that L is given by (2.3.2)), then L is an extension of

T= ) (-pipeT,, (2.3.3)

0<lal<m
where T, € 2'(Q) such that T, (¢) = (¢, va) = [, &( x)dx for all test functions
¢ € 2(2). Conversely, if we have a distribution 7' € &' (Q) which has the form
([2:3.3), T could be continuously extended to W™P(Q2). There might exist non-unique
extensions, while the extension to W;"?(€2) is unique. In fact, (W;"?(£2))" could be
identified with the space of distributions 7' € 2'(Q) with the form (2.3.3)), which

could be summarized by the following theorem.

Theorem 2.3.4. ([1] Theorem 3.12) Let 1 < p < co. Let W=7 (Q) be the Banach
space consisting of all the distributions T € 2'(Q)) which have the form (2.3.3)), and

the norm is given by

||T||W7m,p,(ﬂ) = inf Z HUaHLP’(Q) )

0<|a|<m

where infimum is taken over for all v such that (2.3.3) hold. Then W~="™" is isomor-
phic to (WJ"P(Q))'.
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2.4 Stochastic differential equations

We will introduce the necessary notation and recall some standard results from SDE
theory in this section. We work with a filtered probability space (2, (%#)i>0, %, P).
Let b'(z,t) and o}(x,t), 1 <i < d, 1 < j <r, be Borel-measurable functions defined
on R? x [0,00). Given an r-dimensional Brownian motion B, = (B}, B, ..., Bl)
with respect to the filtration (.%;):>0, we say that a continuous stochastic process

X ={X;:0 <t < oo} is a strong solution to the following stochastic differential

equation
dXt = b(Xt, t)dt + O'(Xt, t)dBt7 (241)
or, equivalently,
dX] = V(X t)dt + Y ok(X,, t)dBY (2.4.2)
j=1

with initial datum &, if the following properties hold:
(i) X is adapted to the filtration (.%;)i>0;
(i) P(Xo=§) = 1;

(iii) (fo [V (X, 8)] + o (X, s)]ds < oo> =1forevery 1 <i<d,1<j<rand

0<t< o0

(iv) The following equality holds:

t t
X :Xo—i—/ b(XS,s)ds—i—/ o(Xs, s)dBs, (2.4.3)
0 0
or equivalently,
] ) t t T
X;—ng/ b (X,, s) ds+/ > " ol(X,, s)dB! (2.4.4)
0 0 =

holds for all ¢t > 0 and 1 <17 <.
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Theorem 2.4.1. (Existence and uniqueness of strong solutions to SDEs)
(cf. [57] Theorem 5.2.9) Suppose that the coefficients b(x,t) and o(x,t) satisfy the

global Lipschitz and linear growth conditions

[b(z, 1) = bly, )] + |o(z,t) — oy, )] < K|z —yl,

bz, t)|* + |o (2, t)]* < K*(1 + [2]*)

for every 0 < t < 0o, x € RY, y € RY, where K is a positive constant. Let B,
be an r-dimensional Brownian motion defined on (Q, (%t)i>0, %, P), and § € Fy,
with finite second moment: E|E%| < oo. Then, there exists a strong solution to the
stochastic differential equation (2.4.1)), and the solution satisfies the following bound:

for each T > 0 there is a constant C', depending only on T and K, such that

E|X,[> < C(K,T)(1 + E|¢[?) ST

for all t € [0,T)]. Moreover, the strong solution is unique, that is, if X; and Y,
are both strong solutions to this stochastic differential equation, then X; and Y; are

indistinguishable in the sense that P(X; =Y; 0 <t < o0) =1.
In particular, we have the following moment estimate.

Theorem 2.4.2. The following estimate holds for the solution X;:

E sup |X|? < C(K,T)(1+E|¢]*), (2.4.5)

0<t<T

where C(K,T) is a constant depending only on K and T.

2.5 Wasserstein metrics and Mckean-Vlasov SDEs

In this section, we will discuss Mckean-Vlasov SDEs, which are closely related to the

RVSDEs in this thesis.
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2.5.1 Wasserstein metrics

Given a complete metric space (F,d) together with its Borel o-algebra £, we denote
the set of all probability measures on (E,€&) by P(F). Let P2(E) be the subset
of P(E), consisting of all probability measures p such that [, d(x,zo)*dpu(z) < oo,
where x is any point in E; obviously this definition does not depend on the specific

choice of zy. The distance Wy on Py(E) is defined as follows. For p, v € Py(E),

Wo(p,v) = inf { [/d(m,yﬁw(dx,dy)] v . T€P(ExE)

with marginal distributions p and 1/}.

Remark 2.5.1. ([109] Theorem 6.18) (P2(E), W2(E)) is a Polish space as long as
(E,d) is a Polish space.

For a specific example of Py(E), consider the Banach space C([0,T]; R?), which

is the space of all continuous functions from [0, 7] to R¢ equipped with the norm

1£1l = OiggT!f(t)\

for f € C([0,T];R?). Then for two probability measures y, v € P, (C([0,T];R?)),

1/2

Walu,v) = inf [ / sup w1 (t) — wo(t)2dm(w)| (2.5.1)

0<t<T

where w = (wy,wy) € C([0,T]; RY) x C([0, T); RY), and A is the set of all probability
measures with marginal distributions p and v.

From , it is easy to deduce that, given two continuous stochastic processes
(X¢)o<t<r and (Y;)o<t<r on some probability space (€2, .#,P), taking their values in

R? whose distributions are probability measures on C([0,T]; R?), denoted by by px
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and py respectively, then

1/2

Walpx, py) < |E sup |X; —Yi?| . (2.5.2)

0<t<T

2.5.2 Mckean-Vlasov SDEs

After introducing the Wasserstein metrics, we will present some classical results on

MVSDEs in this section. A standard MVSDE is of the following form
dXt B b(Xt, t, ,C(Xt))dt + U(Xt, t, E(Xt))dBt, X() B 5 (253)

where £(X) is distribution of X;. We work with the same dimension as in Section
so that b, o are Borel-measurable functions from R? x [0, 7] x P(R?) to R? and R*"
respectively.

In fact, when b and o satisfy global Lipschitz and linear growth conditions, the

strong existence and uniqueness holds for the solution to (2.5.3]).
Theorem 2.5.2. ([17}] Theorem 1.7) Suppose that the coefficients b and o satisfies

the global Lipschitz and linear growth conditions:

|b($,t,/1,) _b(yvtu V)’ + |O'(.fL',t,,u) _U(yvtu V)’ < K(‘l’—y‘ +W2(:u7 V))u

b(z,t, )| + |o(z,t, p)| < K (14 |z| + Walp, po))

for every 0 <t < T,z,y € R p, v € Po(RY), where g is some fived distribution in

Py(R?). Then there exists a unique strong solution to (2.5.3)).

For MVSDEs, the solution could be approximated by running independent par-
ticles, which is justified by the law of large numbers. Let X; be the solution to
the MVSDE (2.5.3) with Xo = & ~ p1 € Po(R%). Let X" be the solution to the
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following system of interacting particles:
| N | N
1),IN i i
dXt( WN b(Xs, t, N é 1 5Xt(¢),N)dt + O'(Xt, t, N ,i 1 (5Xt(¢),N)dB§ )7 Xo = g( )

wherei=1,2,..., N, (§(i))1§i§N are i.i.d random variables with common distribution
i and (B(i)>1§i§ ~ are independent Brownian motions. When N — oo, by the law of
large numbers, the empirical process % Zf\il ) XN will become deterministic, which
minimizes the coupling impact among Xt(i)’N fori =1,2,..., N from % sz\il (5Xt(i),N in
the coefficients b, 0. SV (th(i),N will converge to the £(X;). Therefore, XN will

converge to the following independent processes which all have the same distribution

with X;:
X = b(xXO 1, LX)t + o (X7, 1, £(X7)ABY, X{) = €0

This phenomenon is called the propagation of chaos [41], [77, [106].

Theorem 2.5.3. (Propogation of chaos for MVSDEs) ([17] Theorem 1.10.)
Under the above assumptions and the the global Lipschitz and linear growth conditions
of b, o, we have

lim sup E sup \Xt(i’N) - Xt(i)\Q = 0. (2.5.4)

N—=0co 1<i<N  0<t<T

2.6 Large deviation principles

Let (E,d) be a polish space, and Z(F) be its Borel o-algebra. A function I : £ —
R U {oo} is lower semi-continuous if for every ¢ € RU {oo}, I71((—o0, ) is closed.
We call a lower semi-continuous function I : E — [0, 00| rate function. Moreover, if
I71([0, c]) is compact for every ¢ > 0, then I is a good rate function.

Let us begin with the definition of the large deviation principle.

Definition 2.6.1. A family {P. : € > 0} of probability measures on (E,B(E)) is

said to satisfy the large deviation principle with rate function I if for every closed
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sets F' in F

limsup elog P.(F) < —inf I(s),
€l0 seF

and every open set G in E,

limsup elog P.(E) > — inf I(s),
€0 sEF

We can also say a family of E-valued random variables { X, : € > 0} satisfies the
LDP with the rate function I if P., the law of X, satisfies the LDP with I.

For the finite-dimensional case, let {x?};cy be a sequence of R%-valued i.i.d. random
variables with distribution s, and let u, be the law of X,, = % > a'. The following

Cramér’s theorem establishes the LDP for ,,.

Theorem 2.6.2. (Cramér’s theorem) ([32] Theorem 2.2.30) Suppose for any
A€ RY, [ e u(dz) < oo, then {pn}n>1 satisfies the LDP with the good rate

function

I(z) = sup {(A,x) ~log /IR d eWm(dz)}.

AeRd
If F is an infinite-dimensional space, e.g. C ([O,T];Rd), the LDP is usually
established by projecting E onto some finite-dimensional space and then the limit of
a sequence of these projections is considered.
The following contraction principle establishes the LDP between two spaces under

a continuous map.

Theorem 2.6.3. (Contraction principle) ([32] Theorem 4.2.1) Let E, E' be two
Polish spaces, and f be a continuous map from E to E'. Suppose that {Z. : € > 0}
satisfies the LDP in E with a good rate function I, then X¢ = f(Z¢) satisfies the

LDP with the good rate function I':
I'(s"y =inf {I(s) : s € E and f(s) =s'}.

If the map is only measurable but can be approximated by continuous maps, the
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contraction principle could be extended. Before presenting the generalized contraction

principle, let us introduce the concept of exponential approximations first.

Definition 2.6.4. Let (E,d) be a polish space and let {X }eso and {Yc}eso be two
families of E-valued random variables. We say that {X. }eso and {Y }eso are expo-

nentially equivalent if for every 6 > 0

limsup elog P (d(X, Y:) > J) = —o0.
el0

The exponential equivalent probability measures are equivalent in the LDP sense.

Theorem 2.6.5. ([32] Theorem 4.2.13) Suppose that {X.}eso satisfies an LDP with
a good rate function I. If {Y.}e=o are exponentially equivalent to { X }eso, then the
same LDP holds for {Y }cso.

Now the exponential approximations are defined as follows.

Definition 2.6.6. Let {Xe(n)}e>0 be a sequence of family of E-valued random variables,
n=12,... and {X.}es0 be a family of E-valued random variables. We say that
{Xg(n)}€>0 are exponentially good approrimations of X if

lim limsupelog P (d(X(™, X,) > §) = —oo.

n—oo €l0 €
We are in the place to present the contraction principle for the measurable map.

Theorem 2.6.7. ([32] Theorem 4.2.23) Let E, E" be two Polish spaces, and f be a
measurable map from E to E'. Suppose that {X.} satisfies the LDP with a good rate
function I. Let f, be a continuous map from E to E' forn =1,2,.... Assume that

for every a < o0,

limsup sup d(f.(x), f(x)) =0.

n—00 {a:l(x)<a}

Then any family measures {p.} for which {f,(Xc)} are exponentially good approxi-
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mations satisfies the LDP in E' with the good rate function
I'(s"y =inf{I(s): s € E and f(s) =5'}.

This generalized contraction principle allows us to establish the LDP for the
Brownian motion and the diffusion process, which are illustrated in the following two

theorems.

Theorem 2.6.8. (Schilder’s Theorem) ([32] Theorem 5.2.3) Let B(t) be a
standard Brownian motion in R? on [0,1], then B*(t) = \/eB(t) satisfies the LDP
in Co([0,1];RY), the space of all continuous functions ¢ : [0,1] — R? with ¢(0) = 0,

with the good rate function

LI (s)Pds, ¢ € Hy
1(¢) = e (2.6.1)

00 otherwise

where Hy is the subspace of absolutely continuous functions in Cy([0,1];RY) with

square integrable derivatives.

Theorem 2.6.9. (Freidlin-Wentzell’s Theorem) ([32] Theorem 5.6.7) Let {x{}

be the diffusion process that is the unique solution of the SDE
daf = b(xf)dt + Veo(z$)dB, 0 <t < 1,25 =x

where x € R, b is a uniformly continuous function from R? to R% o (-) is bounded
and uniformly Lipschitz continuous, B is a standard Brownian motion in R?. Then

{x¢} satisfies the LDP in C([0,1]; R?) with the good rate function

I(f) = inf / /() 2ds.

geEA; 2
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where Ny is the set

s ={oe o=+ [renast [ olso)gsash.

2.7 Euler-Maruyama methods

For a given SDE on [0, 1],
dX, = b(X,, t)dt + o (X, t)dBy, Xy = 2o € R? (2.7.1)

The Euler-Maruyama scheme is a discrete approximation to the solution. We fix the

grid length h = 5 first, then we let X{' = zy and

Xh= XM (XMt Oh+o(XM th )A'B

n—1 “n—1 n—1 “n—1

forn =1,2,..., N, where th = + and ABh = Bth+1 — By, then we have the following

strong convergence result.

Theorem 2.7.1. (Strong convergence of the Euler scheme) ( [J] Theorem
3.1) Suppose that b, o satisfy global Lipschitz and of linear growth conditions, and for

some constant K
b(z,t) — b(x, s)| + |o(x,t) —o(z,s)| < K(1+ [z])VE—s

for0<s<t<T,x €RY then

[N
~—

E|X(1) - X"(1)| = O(h
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Chapter 3

Tracking the vortex motion by

using Brownian fluid particles

3.1 Introduction

This chapter aims to present a simple vortex dynamics system which appears to
approximate the motions of vortex dynamics. Let u = (u!, u?, u?) be the velocity of

1

an incompressible fluid flow, and w = (W', w? w?) be the vorticty of u.

Recall that the vorticity equation is

o . N : 0

—w'+ v —w' = VAW + v —u’ 3.1.1

ot oxl oxl ( )
for i = 1,2,3. The study of this equation can be formulated as a Cauchy’s initial value
problem to the vorticity equation (3.1.1]) together with the equation that w = curlu,
subject to the initial vorticity wy = w(+,0). We aim to provide numerical schemes to
the initial value problem.

The main idea of our scheme is as follows. From now on, we use W and V

instead of w and u when referring to the approximated vector fields. Suppose the
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initial vorticity of the fluid flow is given by

W'z, 0) =) AL0)p(x — z,) (3.1.2)

where A,,(0), vectors with components A° (0) (for i = 1,2,3) are the initial vortices,
and ¢ is a smooth approximation of the Dirac delta function. The initial vorticity
W (x,0) will be transported along the Brownian fluid particles. More precisely,
the initial vorticity A, (0) is transported to a new location X, (t), and due to the
stretching of vorticity, A,(0) becomes a new vorticity A,(t) = (AL(¢), A2(t), A2 (1)),

so the vorticity field at ¢t > 0 is given by

Wiz, t) =Y ALtz — X,(t) (3.1.3)

for i = 1,2,3. Now the key step would be to determine the dynamics of A, (¢) and
X,(t). From the Biot-Savart law (2.1.16]),

Vi) = [ raite —yw, nay .19

where G = (G, G%,G?) and

Glz) = — - =

CAn 2P

The dynamics of X,, should be a diffusion with V' being its drift, so that
dX!(t) = V(X,(t),t)dt + V2udB'(t), X,(0) = x,, (3.1.5)

fori =1,2,3and B = (B', B%, B®) is a standard 3D Brownian motion on a probability
space (€2, #,P). We should regard X,, as some imaginary particles in the flow which
carries the vorticity. In the absence of viscosity, vorticity is transported along the
actual particle trajectories. However, in the presence of viscosity, the vorticity diffuses

during convection. We introduce the Brownian motion here to capture this diffusion
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phenomenon. This idea draws inspiration from [22], where it was utilized in simulating
2D viscous flows.

To determine the dynamics of A, = (AL, A2, A3), from the vorticity equation
, the derivative of the vorticity with respect to the particle trajectory is driven
by the diffusion and the vortex stretching. The diffusion has been accounted for
by incorporating Brownian motion into the particle dynamics. Now we propose the
following ordinary differential equations to deal with the influence for the vortex
stretching:

oV

dAl(t) = Afl(t)ﬁ()(n(t), t)dt, A, (0) = A,(0) (3.1.6)

for ¢ = 1,2, 3, which are responsible for the vortex stretching of the fluid flow. We

will show that the system constructed by (3.1.3)), (3.1.4)), (3.1.5) and (3.1.6) is a good

approximation to the motion of vortex dynamics by presenting several theoretical
results and simulations.
The chapter is based on a submitted paper (cf. [93]), and is organized as the

following. In Section [3.2] we give a more detailed description of the SDE system

(3.1.3), (3.1.4), (3.1.5) and (3.1.6). This system of SDEs allows us to employ the

Monte Carlo simulation to the study of incompressible fluid flows, which will be
demonstrated in Section [3.7} In Section [3.3] a approximation vorticity equation is
derived based on our expressions of the vorticity and velocity fields, which takes
a form of a simple stochastic partial differential equation (SPDE). In Sections
and [3.5], we discuss the weak convergence results with respect to certain Sobolev
norms, which justify our simple vortex method. In Section [3.6] we discuss the random
vortex methods for 2D incompressible flows, which is unsurprisingly simpler and the

weak convergence holds for all time.
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3.2 Description of the random vortex method

In this section we give a detailed description of our random vortex system. The
random vortex dynamics system proposed here would be in a slightly general setting
compared with the approach outlined in the Introduction.

The main change will be made for the relation between the vorticity field W and
the velocity V' which may be not given by the vector identity W = curlV, instead it
will be given in terms of a vector integral kernel K = (K', K* K3), where K* are
locally integrable functions on R?. The reason to work with a slightly general kernel
K than the Biot-Savart kernel G is the following. For solving the initial value problem
to the vorticity equations where w = curlu and divu = 0, which are equivalent
to the system (3.1.1)) and 7 mathematical difficulty arises since the Biot-Savart
kernel GG is singular, so it is natural to replace G by its smooth approximations.
Moreover, we will see that our numerical schemes can be naturally generalized to
other similar PDEs as well. Therefore, we employ a general kernel, rather than
the specific Biot-Savart kernel, to illustrate a broader framework. A simple way to
create an approximation is to mollify the Biot-Savart kernel G. That is, choosing
a smooth function ¢ > 0 with a compact support in (—3, 1) and i, ¢¥(2)dz = 1.
For each § > 0, set ¢s(z) = 63 (d'z) and Gs(x) = G *1s(x), where * denotes the

convolution, i.e.

Go(v) = | Gvslz —y)dy. (3.2.1)

Then Gjs is smooth and
ID*Gs |, < Croiz (3.2.2)
for some constant C > 0, for k =1,2,---, depending only on the regularization .

Moreover Gs — G as ¢ | 0 in distribution sense. Therefore the solution w(z,t) to

the following initial value problem

9 0 i 0
prd +u3%w = vAw +uﬂ%u (3.2.3)
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with the initial data w(x,0) = wp(x), and

(1) = /R G — g )y (3.2.4)

for & > 0 approximates the solution to the vorticity equation. We denote the solution
by w® and «°. In fact as long as the initial data wy is smooth with a compact support,
then w® — w as § | 0 with respect to some Sobolev norm at least for small time.
Therefore, from the computational view-point, we only need to develop numerical
schemes for the approximation solutions w® and u°, thus it is important to work with
kernels K such as G5. We would like to point out that in implementing the random
vortex method, it seems that we can use a singular kernel G directly instead of using
a smooth approximation (G5, but a smooth kernel will ease our efforts in proving the
convergence of our numerical schemes.

Let us now define the random vortex system. In defining the distribution of the
initial vortices the wavelet type function ¢ is assumed to be smooth with a
compact support about the original 0. Let us assume that the support of ¢ > 0 lies
inside the ball at 0 with radius 7, > 0 which will be chosen to be small, and the total
mass [ps ¢(x)dz = 1. These are the structure data for our random vortex scheme,
which are fixed if we are not caring about the convergence issue.

Let W (z,0) and W(z,t) (for ¢ > 0) be given by and respectively,
where z,, and A,,(0) are sampled initially, so they are the fixed data too. We then

define the vector field V' (z,t) by the convolution (together with the cross product)
Vi(x,t) = / R K (2 — )W (y, t)dy (3.2.5)
R3

which coincides with (3.1.4) if K is the Biot-Savart kernel G. The dynamics of
(X, A,) are still defined by (3.1.5)) and (3.1.6)). Together with (3.1.3)) we deduce that

Vile t) = — Zeiijﬁ(t)KZ)(x — X, (1)) (3.2.6)
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for i =1,2,3,¢t >0 and x € R3, where

Ki(x)= | K'(z —y)p(y)dy

R3

(where j = 1,2,3) turns out to be the mollification of K7 by . This is a nice feature

in this scheme. By utilizing equation (3.2.6) and substituting it into (3.1.5)), the

dynamic system for the Brownian fluid particles X,, can be reformulated as the

following SDEs

dX(t) = =) ™AL (1) KL(Xa(t) — X (t))dt + V20d B (t),

X, (0) = ., (3.2.7)

Similarly, the dynamics system (3.1.6)) for A, may be written as the following
ODEs

A1) = A0 O (X, (1) = X, (0) 4% (.

An(0) = A,(0), (3.2.8)

where © = 1,2,3, m and n run through the finite range of the initial locations x,,.
The system of SDEs (3.2.7), (3.2.8) is closed and depends only on the structure
data K and ¢. We observe that K, is smooth if K is locally integrable under our

assumption on . Therefore, we have the following theorem regarding the existence

of the solution of our dynamical system ({3.2.7)), (3.2.8)).

Theorem 3.2.1. Given a finite collection of loci x,, € R® and a family of initial
vortices A,(0), there is a unique maximal strong solution (X,, A,) to SDEs

up to the explosion time T > 0. The vector fields defined by

Wiz, t) =Y ALtz — X,(t)) (3.2.9)

48



and

Vi(x,t) Ze“’”Ak t) K (x — X, (1)) (3.2.10)

are smooth in x fort <7, where i = 1,2,3. Moreover the explosion time T > Ta(0),p»

where
1
TA0),p = )
O T NAO) DK,

(3.2.11)

|A] =37, 1A4x] and || f|,, denotes the L>®-norm of a function on R®*. We note that

TA(0), > 0 is deterministic.

Proof. The proof follows from the standard result in It0’s theory of stochastic dif-
ferential equations (cf. Theorem [2.4.1] The coefficients in defining SDEs
and are in general not globally Lipschitz, but nevertheless locally Lipschitz
continuous. Therefore the explosion time 7 may be finite, and the maximal strong
solution (X,, A,) is unique for a given 3D Brownian motion W = (W W2 W?3) on
a probability space (2, F,P). To derive the estimate , we utilize a truncation
technique. For each L > 0, let 6,(s) be the cutting-off function which equals s if
|s| < L and equals L if |s| > L. The unique strong solution (X%, AY) to the truncated

SDEs
dX (¢ Z e, (AL (1) KZ(Xo(t) — X (t))dt + V2vd B (¢)

and

dAL(t) = 0, (AL (¢ Za”k o (X (t) — X ()00 (A" (£))dt

subject to the same initial data exist for ¢ € [0, 00) since the coefficients are globally
Lipschitz and of finite linear growth (cf. Theorem [2.4.1)). It follows from the second

equation that

A (1)) < [A5(0)] +/0 A5 ()] D IDE | AT (5)]ds. (3.2.12)
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Then by adding the inequalities where n runs through the index set, we obtain that
¢ 2
L L
[A*@)|| < 11AO)]] + ||DK@||00/O | A% (s)||" ds (3.2.13)

for t > 0. By Gronwall’s inequality,

1AO)]]
O I1DE, [l ¢

l4* @) < = A (3.2.14)

for all t < T4(0),,- The estimate (3.2.11) now follows immediately by sending L 1
Q. [

The following remark will be useful later.

Remark 3.2.2. From (3.2.14), it is clear that
[A®)] < 2[|A0)]] (3.2.15)

fort < %TA(O),@-

By Gronwall’s inequality, it follows from that

|An(t)] < |An(0)]e!PEelloc folAGIds (3.2.16)
Jort < Taw),,, and therefore, by
|A, (8)] < |A,(0)]e?IPRellcll Ol (3.2.17)
fort < %TA(OW.

3.3 Approximating the vorticity equation

In this section, we demonstrate that (W, V') defined in Theorem is an approxi-

mation solution to the vorticity equation in a certain sense. We shall assume that
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same conditions hold for the structure data K, ¢ as in the previous section, i.e. K is
locally integrable, and ¢ is a smooth non-negative function of total mass 1 with a

compact support around 0, and we let (X,,, A,,) be the unique maximal solution pair

to the SDEs (3.2.7) and (3.2.8), and V' (z,t) and W (x,t) are defined in Theorem (3.2.1}

The relationship between W (z,t) and V(x,t) will be established by a SPDE as

shown in the following theorem.

Theorem 3.3.1. For each x € R3, W(x,t) and V(x,t) are continuous semi-

martingales for t € [0, Taq),), and

AW’ = (Wj av‘ — VI aW + I/AWi) dt
oxJ oxJ
QV%W dB(t) + (F' + G') dt (3.3.1)

fort € [0,7a(0),0], where the error terms

ZAZ (VI (x,t) — VI(X,(1), 1)) %(x — X,(1)) (3.3.2)
and
ZAJ (‘2‘; X (1),1) — gv; (, t)) o(r — X (1)) (3.3.3)

Moreover, according to (3.2.10) and , V = K« W where the convolution s

made with the wedge product of two vectors.

Proof. Since A,,(x,t) are continuous semi-martingales with finite variations (in t), by

applying Ito’s formula to W define in (3.2.9)), we have

=Dl = XA ~ A0 3 e~ 00X



Next we substitute d.X,, and dA, by using the SDEs and (| - ) to obtain

that

dW*(z,t)

=D > EALMAL () — Xa(t)) Gt (Kn(t) = Xon(t))dt

+ Z ZSjkqA’fn(t)AZ(t)Ki(Xn(t) = Xin(t)) 55 (@ — Xa(t))dt
+VZA1 )Ap(z — X, (t))dt

—V2v Z Al (1) == (z — X, (£))d B (t). (3.3.4)

On the other hand, according to the construction (3.2.9)), (3.2.10) we have

SOW
V' a7 (1)
== X YA ALK~ X0 G~ Xal0)
:—ZZngqu Kq(X (1) —Xm(t»%(x_){n(t))
+ZA’ (VI (x,t) — V(X (1), 1)) %(w — Xu(1)),
Vi
W’ P (z,t) ,
. KY
=33 ethad ( (# = Xin(1)) 57 (7 = Xa(t))
. OKY
_ZZg“]kAﬁl(t ( Xn<t)) a[;f (13 Xm(t))
0K
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and

AW (z,t) = ZA’ YAp(z — X, (t)).

(3.3.1) follows from substituting these equations into ([3.3.4)). O

We next show that the SPDE (3.3.1]) is a good approximation to the vorticity
transport equation (3.1.1)) with the initial vorticity W (x,0). More precisely, in the

following lemma, we will show that the error terms F' and G which appeared in

(3.3.1) can be controlled by 7.

Lemma 3.3.2. Suppose the support of ¢ is contained in the ball centered at 0 with
radius ry, > 0.

1) It holds that
[F(a, 0] < 2| ADI* 1Dl 1Dl 7

and

Gla, O < 2| AN | D*Ey || el

Jort < Taq),, and x € R3.
2) There is a positive constant C' depending only on ||A(0)]], | DK,|| .. |D*K,|l .,

1Dl and o]l such that
|F(z,t)] < Cr, and|G(z,t)] <Cr,

for allt € [O, %TA(OW] and x € R3.

Proof. By definition (3.2.10)),

Vi, t) Zgzijk )K] (z — Xn(1)). (3.3.5)
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Hence, we have
V(z,t) = V(y,t)| < 2|AD[ |1 DK, |z — vl (3.3.6)

and

|DV (z,t) — DV (y,t)| < 2[|A(t)|| | D*K,, H |z — 9. (3.3.7)

Therefore, 1) follows immediately from (3.3.2)) and (3.3.3) and 2) follows from 1). [

Corollary 3.3.3. Suppose the support of the wavelet function ¢ is contained in the

ball centered at 0 with radius r, > 0. Let

U'(x,t)
=W'(x,t) — W(z,0)

oV GI/V
— J J 1
/0 <W E +V 97 + vAW ) (z,s)ds (3.3.8)

fori=1,2,3 and t < Taq0),, and x € R®. Then
|E [U'(2,1)]| < C17a@)ere (3.3.9)

for allt € [O, %TA(OW].

Proof. By (3.3.1) we have

U'(x, \/27/ 6WldBJ (s) + /Ot(F"JrGi)ds

Under the assumptions on ¢, f ! %‘;VJ dB’(s) are martingales for ¢ € [0, %TA(O)#,}, which
means
t
E [U(z,t)] = E/ (F'+G')ds
0
for i = 1,2,3 and (3.3.9) follows from Lemma [3.3.2] 2). O

Remark 3.3.4. If K = G is the Biot-Savart kernel, then divV = 0 according to the
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formula and
Vi, ¢) = / SR (3 — )V (y, £)dy (3.3.10)
R3

which implies that AV = —curlW. Therefore W = curlV + V f for some scalar
function f, and V and W satisfy the vorticity equation approzimately in the sense
stated in Corollary[3.3.3. The equation that W = curl V' may fail in general due to the
fact that W(x,0) may be not divergence-free. The reason why the approzimation V
and W still do the job (see the simulations below) nicely is that in practice ¢ is close
to an indicator function of a small ball, and therefore W (x,t) is nearly divergence-free,
and the relation W ~ curl V- may be restored approximately. In fact, outside the
support of o, W is always 0 so that the divergence of W wvanishes in the almost whole
space. We admit that it is challenging to give a satisfactory bound for the divW near
the particles X, (t). However, during practical simulations, our primary focus lies on
the approzimated velocity fields. Therefore, the divergence issue of W is not a matter

of significant concern.

3.4 Weak convergence of the approximation

A simple procedure of sampling the initial vortices, for the sake of theoretical study,
may be described as the following. Suppose wy is the initial vorticity, which is smooth
with a compact support S, to the initial value problem to the vorticity equations
. Let 1 be described at the beginning of the previous section which defines Gy

for every ¢ > 0.

Lemma 3.4.1. Let p > 1, and the error terms in the random vortex scheme, F(x,t)

and G(x,t) be defined by and (3.5.5).

1) The following two estimates hold:

IEC )10 < BTADN (IDE I ol o o + llewlK [l el ) (3:4.1)
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and

16 D)l < 2IAG DK, el o (34.2)

Jor all t € [0, 37a(),e], where ||-||yy.p denote the Sobolev norms, see Theorem m
2) If the singular kernel K = Gs, where 6 > 0, given in , then there are

universal constant Cy, Cy such that
To 2
HFE®MHWSC§%9ﬁM@MM@WW¢MP

and

To 1 %)A 2
Gz, D)l < Cogpe™ HOTAO)1* N1l 1o
forte [0, %TA(O)#, A\ 1] .
Proof. 1t is clear that from definition and the property of mollification,
ID* K|, < ([P -
In particular, if K = Gy, then

02tk

for some universal constants C,C>,.... Consider the linear functional

filh) = / P Oh(a)ds,

where h defined on R? is smooth with a compact support, i.e. a test function. Since

Fir,t) = S Ai(t) (Vi(z,t) = VI(Xu(t), 1)) %(az ~ X, (1), (3.4.3)
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we have

:_ZAZ / (VI (x,t) — VI(X,(t), 1)) go(a:—Xn(t))agg(j)dx

_ /]R S AV (D)l — Xa(0) A4 (1)

By the definition for V' (see (3.2.10)) one has the elementary estimate (see the proof

of Lemma [3.3.2))
[V(x,t) = VI(y, t)] < 2| AW DE|l 2 = yl.
Since

divV (z,t) ZeZkJAk KJ L(r — Xn(t))

= Au(t) - curl Ky ( — X,,(1)),

we obtain the following bound for divV (z,t):
|divV(z, t)] < [[A@®)]| [lewr] Koy |loo-

By using these estimates and the assumption that the support of ¢ lies in the ball

centered at 0 with radius r,, we therefore deduce that

W] < 2 AN IDE o re 3 1440 / lple = Xa(0)|Dh(@)ld
A ew! K, oo 37 1AL ) / (e = Xa(t)h(a)|dz
< 2 AW IDE | roma [ ol = X,(0)[[Dh(o)|da

A@) I el o [ ol = X (D)l Ih(o)lda
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<2 AD) I IDE || Il o 7o 1 DR

+ AN lewrl il el o 17l

where p > 1 and ]lj + % = 1, for every test function h and ¢ = 1,2, 3. Therefore

1EC, )10 < SIHADN (IDEG N N0l e + llewrl K[l 1ol ) -

The estimate for the error term G is trivial. In fact by (3.3.3) and (3.3.7)) to obtain

16, )]l

540 (5506000 = G50 ) oo - X, (0)

<

Lp

<2 [A@)I |1D*K || Nl o e
In particular, if K = Gj, then curl K, = 0, so that

1EC )20 < SIHAD I IDE ol o 7

,
< 6015—“;’ LA [l -
and
r
|Gz, t)]| L < 6025—“2 IA@) I 1]l 1 -

The other conclusions follow from the following estimate: if K = Gy, then ||[DK,| <

C’léig, thus by estimate ([3.2.17)) we obtain that

JA()]| < [|A(0)]| e2IPKell 4O
< [|A(0)]| 2354l
< [|A(0) S 55O
for all t € [0, 174(0), A 1]. .
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We are now in a position to state a weak convergence theorem. Choose § > 0

so the solutions w’ and u° solving (3.2.3)) and (3.2.4)) are good approximations to
the vorticity equations (3.1.1)). Let h > 0. Let x,, where n = (n',n? n3) € Z3 the

center of the lattice (open) box B,, with size h whose lower-left corner is hn. Then
wo may be approximated by > wo(x,)1p, in LP space for p > 1. Let W"(x,0) =
> Ann(0)on(x — @) with A, ,(0) = wo(z,)h?, where n runs over all n such that
B,NS # @ (S is the support of wy), and ¢p(x) = %gb (%:U), where ¢ > 0 is chosen so
that ¢ is an approximation of 1z in some Sobolev space, ¢ is smooth with a compact

support in B, where B = (—1/2,1/2)3. Then
1AL = D lwo(@n)h* < hIS|[[Dewollos + llwoll 12 < [S1[Dwollos + llwoll 1

which is independent of h € (0, 1) and the lattice size. With this W"(z,0) as the initial
sampling distribution, according to Corollary Vol ok defined by (3.2.10) and
(3.2.9) with K = G and W57h(x, 0) = W"(x,0), are approximations in mean of the

vorticity equations (|3 with initial vorticity wy. Notice that

K@) =5 [ Ko (3 =) o

Y RTNC

—/ K~ 26 () dy
\?J|oo<§

which yields that

10" Kol < [ID"K ]l

Suppose K = Gy, then
|0 Ko < Oz

ks2rk:

Theorem 3.4.2. Let § >0 and h > 0. Let v, which is used to define K = Gg for

every 6 > 0, and ¢, which is used to define the initial W"(z,0) for every h > 0, be
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two non-negative smooth functions with supports lying inside the box (—%, %)3 with

Jos V(@)dx = [gs d(x)dx =1 as above. Let

UM (z,t)
=Woh(z,t) — W"(z,0)

¢
— / (Wok . wyoh — yoh gl + yAWO) (z, s)ds. (3.4.4)
0
Then there is T depending only on |S|||Dwo||s + |lwoll ;1 such that

1= (U] -1 = 0

for allt € [0,T], as h | 0 for any fivred 6 > 0 as long as p < 4/3.
Proof. This follows from the above estimates and Lemma item 2). O

While from the proof we can see that the error term tends to zero as d | 0 and
h | 0 such that h < §*~C/% (with some positive constant ). This means that we
need to choose the lattice size h much smaller than the regularization ¢ in order to
ensure the convergence result. We should point out that this estimate is very crude.
Deriving the convergence rate with respect to both h and ¢ presents challenges due to
the absence of prior assessments for solutions to the vorticity transport equations. The
current understanding lacks a satisfactory evaluation of how solutions to the vorticity
transport equations depend on initial data and kernel mollification. Consequently,
the analysis of the convergence rate becomes inherently intricate.

We should also notice that the convergence is limited to a small time interval,
which is in contrast to the convergence for the 2D flows which holds uniformly over
the whole time interval (see Section [3.6). This distinction arises from the fact that
the vorticity may explode after a short time interval in 3D flows. The existence of
the numerical system (X, A,,) can only be guaranteed over a small time, a concern

not encountered when dealing with 2D flows. The choice of p here is only technical
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as we want F' and G in Lemma to converge to 0 in a suitable Banach space.

3.5 Modified random vortex dynamics

In the previous section, we have shown our random vortex system ,
converges to the vorticity equations in mean, while if the viscosity v > 0 is not small,
then the random perturbation term, i.e. the noise part involving Brownian motion,
appearing in may be not small although its mean always stays zero. To
reduce the error caused by the noise, we may split each particle into N copies of the
same particle and apply independent copies of Brownian motion for these particles.
By incorporating independent Brownian motions for individual particles, the noise
term in is now driven by a sum of independent Brownian motions instead of
identical Brownian motions. This modification leads to a reduction in the variance of
the noise. To amplify this effect, the process of splitting particles is employed. More
independent Brownian motions are incorporated in the system, while retaining the
initial data and the same structure of (see (3.5.3), which further minimizes

the variance. Hence we propose the following SDEs

ax;, Ze””A’“ )KL (Xna(t) — Xop(t))dt

+ \/2VdBfw(t),

X, a(0) = 2, (3.5.1)

and

Ana(0) = —A,(0), (3.5.2)
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where a,b runs from 1 up to N, where N is a fixed natural number, and W, , are
independent copies of 3D Brownian motion on some probability space ({2, F,P).

Thus we have split the distribution of the initial vortices as

W(z,0) = Z A, (0)p(z — )

= Anal0)p(z — )

and we have used independent Brownian motions for different locations to reduce the
eventual noise in the approximation vorticity equation (3.3.1). W (z,t) and V(z,t)
are still defined in terms of and (3.2.9), where the only modifications one has
to make are the sums over n, a rather than n. The approximation voticity equations
has the same form but with different noise term:

dw* = (Wj ASELILS

52 o T VAWZ) dt + H' + (F' + G') dt (3.5.3)

where 1 = 1, 2,3 and
H(z,t) = —V20 Y Ana(t) - Vio(z — X,y 0(t))dBya(t)
which can be verified by using Ito’s formula too. Hence

E|H (x,1)[*

t
< 3B [ A0as)FViola ~ Xpals)Pds
n,a 0

4ev

<= 196l [ A0)]] max | 4, (0)]

for t < %TA(O)’@, which goes to zero uniformly for x € R® as N — oco. Meanwhile,
the error term estimates for F' and G remain the same which are independent of V.

In fact from the previous estimate we may deduce that an estimate of the splitting
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number N we should use in implementing the proposed method: N o v.

3.6 2D case

We retain the same notations as used in the previous sections, but we work with the
two dimensional vorticity equation instead. 2D case is special as we have indicated
— there is no non-linear stretching term in the vorticity transport equation. The
vorticity w(x,t) of an incompressible fluid flow with velocity u = (u',u?) can be

identified with the scalar function %ﬁ — %ul, and the vorticity equation

0 o,
o J__— =
T +u 507 vAw (3.6.1)

appears as a “linear” parabolic equation. Hence the initial vortices are transported

along the motion of Brownian fluid particles. Since divu = 0, so that

0 0

1 _ 2 _
and
u(e,t) = |Gl = yly. )y
R
where in 2D case, the Biot-Savart kernel G(z) = %(—ﬁ%, %) which is singular

at the original 0. We therefore need to treat it as for the 3D case to introduce
Gs(x) = G * Ys(x), where 15(x) = 6 2p(6 '), and () is a smooth function with
total integral 1 and a compact support lying inside (—1/2,1/2)2. Then we have
|DGs(z)|| < C 5%, where C' depends only on the regularization ). We then implement
the vortex method to the approximation system together with the integral

relation

u(z,t) = /R2 Gs(z — y)w(y, t)dy (3.6.3)
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for each fixed § > 0. Since w(x,t) is scalar, so that there is a simplification when
we sample the distribution of initial vortices. As for the 3D case, (z,) is a finite
collection of points in R? and the initial vortices A, (0) are scalars. The dynamic
equation for A, (t) is no longer needed as A, (t) = A,(0) = A,, are independent of ¢,
and the dynamic equation for X, () is reduced to the following SDE

AX5 (1) =) ApKL(X,(t) — Xp(1)dt + V2udB'(1),

X, (0) = zp, (3.6.4)

whose coefficients are globally Lipschitz, so that it has a unique strong solution X, (t)

defined for all ¢. Let

Wz t) =Y Awp(z — X,(t)) (3.6.5)

and

Vil t) =Y AK(x — X, (1)) (3.6.6)

By using 1t0’s formula one may deduce that

dW (z,t)
=—V(x,t) - VW(x,t)dt + vAW (z,t)dt

—> A Ve(x — X, (t) - V2vdB(t)

=3 A Vp(r — X, (1) - (V(X,(t), 1) = V(x,t))dE.

The non-martingale error term

F(z,t) = ZAano(x — X, (1) - (V(X,(t),t) — V(x,t)).

Following the same procedure as in the proof of Lemma [3.4.1] we may deduce the

following global estimates for 2D case.
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Lemma 3.6.1. 1) For anyp > 1

1Flhy10 < HA|I2<||DK@I|OOH30HL% n |IdivK@\|oo||sO\|m)-
2) If the singular kernel K = Gg, where 6 > 0, then
1 2
IFC Ol < Co AR e,

for allt > 0 where ||Al| =, |Anl.

Now we state the weak convergence theorem. Let h > 0, and let x, where
n = (n1,n) € Z* the center of the lattice box B, with size h whose lower left
corner is hn. Then the initial vorticity wy may be approximated by " wo(xy,)1p, for
example in an LP-space. Let W"(z,0) = Y A, npn(x — z,) with A, = wo(@,)h?,
where n runs over all n such that B, NS # &, and ¢,(z) = 35¢(%), where ¢ is an
approximation of 1z where B is the unit square (—1/2,1/2)? in L? space for p > 1.

Then
1AL = |wo(za)|h? < AIS|[| Dwollse + llwollzr < IS Dwolloe + llwollz:,

which is independent of h € (0,1) and the lattice size. With this W"(x,0) as the
initial sampling distribution, let V%" W% be defined as in equations (3.6.6) and
(3.6.5) with K = G5. Therefore, by Lemma 2), we have the following theorem:

Theorem 3.6.2. Let

UMz, t) = Woh(z,t) — W"(x,0)

t
— / (VO WO+ VAWO) (2, 5)ds. (3.6.7)
0

Then

|E [U°"(-,1)] -0

-
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(a) (b) (c) (d)

Figure 3.7.2: Split each particle into 5 parts. (a)(b)(c)(d) correspond to different
randomisation

for allt >0 as h | 0 for any fixred 6 > 0 as long as p < 3/2. This convergence is

uniform for all t x (0,T.

From Lemma [3.6.1]2), we can see that that the error term tends to zero as ¢ | 0

and A | 0 such that h < §2.

3.7 Simulation results

In this section, we will present some simulation results based on our simple random
vortex method.

First we show some simulation results of 3D flows. In Figure. |3.7.1] we consider
an inviscid (v = 0) flow which starts with two points at (—1,0,0) and (1, 1,0) with
vorticity (0,0,10) and (10,10, 10) respectively. ie x; = (—1,0,0),2, = (1,1,0),
A1(0) = (0,0,10), A2(0) = (10, 10,10). Throughout the simulation in 3D flows, we
choose the Biot-Savart kernel G, and we let ¢ be c(|z|* — 1)?, where ¢ is a constant
such that the total integral of ¢ = 1. h is set at 0.5. Figure. [3.7.1] shows the the
velocity field projected at the plane z = 0 by our approximation scheme for this flow.

When the flow is viscous (v # 0), we need to split the particles as suggested by
Section [3.4] Figure. and Figure. demonstrate that more splitting helps
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()

Figure 3.7.3: Split each particle into 50 parts.(a)(b)(c)(d) correspond to different
randomisation

& |
() o)

Figure 3.7.4: The streamline plots of an inviscid flow:(a)t =

minimise the stochastic error. We keep the choice of the kernel, ¢, h, the initial
condition as in the inviscid flow. The only difference here is that the viscosity v = 1
in this case, which means we have to solve a system of SDEs with the appropriate
noise. The projections of velocity fields when ¢ = 0.5 are shown in Figure. and
Figure. When we split each particle into 50 parts, the result from different
randomisation is more consistent.

For a more complicated 3D flow simulation, we start with 10 points (x1, s, . .., z,)
uniformly distributed in [—1,1]® with vorticity (ay,as, ..., a,) uniformly distributed
in [—10, 10]3. We set viscosity v = 0, and the streamlines plots for the velocity fields
is shown in Figure. The color bar represents the magnitude for the velocity.

For 2D flows simulation, we use the 2D Biot-Savart kernel G, and ¢ = c(|z|* —1)?,
h = 0.5. we start the flow with randomized (z,, 4,) n =1,2,...,10. z, are sampled
in [—1,1] x [~1, 1] by uniform distribution independently, and A, are sampled in
[—10, —10] by uniform distribution. The particles inside the flow are denoted by
different colors, and the movement of each particle is presented in Figure. [3.7.5]

Figure. is the vorticity picture for a non-inviscid flow with viscosity v = 1.

We use the same kernel, ¢, h as in the previous simulation. We let (1, xo, x3,z4) be
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hhbd

5 . - - .‘ : 7 > C - , ™Y o ‘ )
a , . . . ! » e *
oo % |- TN Wl FoeRe
(a) (b) (c) (d)

Figure 3.7.6: Vorticity of a non-inviscid flow(a)t = 0,(b)t = 1,(c)t = 2,(d)t = 3

sampled in R? by N (0, I), with vorticity (10,10, —10, —10) respectively. We split each
particle into 50 parts to minimise the stochastic error. The vorticity value at each
point is represented by its color, and the relations between the color and vorticity
are shown in the bar on the right of each figure. The blue color represents positive
vorticity, and the red color represents negative vorticity. From the figure, it is clear
that the vorticity is being diffused into the whole flow as the time goes.

Figure. illustrates the impacts of the kernel regularization and the number
of splitting in approximations. We consider the solution of the vorticity equation
associated with 2D Navier-Stokes equation [40]:

-0
—w + v —w=Aw

ot oxJ

with initial vorticity condition W (z,0) = §(xz — 0). The explicit solution for this is

given by

), (3.7.1)

() = oS, (3.7.2)
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The figure shows the exact solution and numerical simulations via splitting method

for the velocity field at instance ¢ = 0.2. The same scaling of arrows in different
That is, if the arrows in different figures have the same length, then the

figures.

) as

The numerical simulations show that the splitting works well and the

1
2

T
x

9

a?
2

xT

(

1—e—(z]/8)?
2

corresponding velocities have the same magnitude. Gs(x)

in (6.47)[73).

if N is chosen to be about 100, and becomes

noise perturbation is invisible already

is chosen to be around 1000.

quite close to the exact solution if N
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Chapter 4

Random vortex dynamics via
functional stochastic differential

equations

4.1 Introduction

In this chapter, we will propose a novel random vortex system, which is equivalent to
the Navier-Stokes equation for the incompressible viscous fluid flows. To numerically
approximate the 3D viscous fluid flows has always been an interesting and challenging
problem. As we have mentioned in the introduction part of the thesis, different
stochastic representations of the Navier-Stokes equations were proposed, including
[2, 14, 25 84], 87, 115, 116]. However, the underlying vortex dynamics were not
revealed in a clear way so that they are not useful for deriving a feasible numerical
algorithm.

Unlike the representations mentioned above, a novel random vortex system will
be shown in this chapter, which includes a forward SDE coupled with a backward
functional ordinary differential equation, and the coefficients involve the law of the

solution to the whole system. This system is an exact closure of Taylor’s diffusion
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equation, which is an equation of motion for the ”imaginary” Brownian fluid particles.
A Monte Carlo numerical algorithm to simulate the viscous fluid flows could be easily
developed based on our representation.

To derive our representation, we utilized two powerful tools. The first is the
duality of the distribution of the pinned diffusion process, which enables us to
overcome the time reversal problem that has been encountered in some previous
types of representations |2, [14]. The second tool is a forward-type Feynman-Kac
formula, which allows us to derive a stochastic representation of a forward nonlinear
parabolic equation. These tools are not only applicable to the specific problem we
are considering but are also quite general and can be used for other nonlinear PDEs
as well.

This chapter is organized as follows. We begin in Section by providing a
brief review of 2D random vortex dynamics and describing the main challenges and
ideas in our approach. In Section 4.3l and Section 4.4, we will introduce two essential
tools that we subsequently use in our methods. The first one is the pinned diffusion
measure, which is the conditional of an irreversible diffusion given a terminal location,
and a duality theorem of the pinned diffusion under time reversal. The second one
is a forward-type Feynman—Kac formula, which gives a probabilistic representation
of the solutions to the vorticity transport equation. Next, in Section [4.5] we utilize
the tools developed in the previous sections to obtain a closed and exact system of
equations for random vortex dynamics. In Section [4.6], we discretise this system to
develop a numerical scheme for approximating the solution to the 3D Navier-Stokes
equations. Finally, we show the simulation results for the 3D viscous fluid flows in

Section 4.7
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4.2 Several basic facts and the main ideas

Let u = (u',u?,u3) be the velocity field of an incompressible fluid flow with viscosity
v > 0, and let w := curlu be its vorticity, then they satisfy the following vorticity

transport equation ([2.1.13)):

(?9_(;} + (v V)w =vAw + (w - V)u, (4.2.1)

where

w = curlu. (4.2.2)

Actually, from Lemma , could be regarded as a closed PDE of the
voriticity w. The velocity u is determined by the second , together with the
incompressibility condition V -« = 0. In fact, for 3D viscous fluid flows, under the
assumption that both u and w decay to zero at infinity sufficiently fast, we have the

following Biot-Savart law:

u(z,t) = . K(x —y) x w(y,t)dy, (4.2.3)

where K = (K', K%, K?) is the singular vector kernel with components

ZZ

K'(z) = EpEE (4.2.4)

fori=1,2,3.

For 2D flows (i.e., flows for which the third velocity component u® = 0, and the
first two velocity components, u' and 42, depend on the first two coordinates, ! and
x?, only), the vorticity transport equation degenerates into a much simpler

form (2.1.23)), where the vorticity w = (0,0, w?) is identified with the scalar function
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w?, which evolves according to the following parabolic equation:

aa_(;j + (u . V)w — VACL), W(', O) = Wy-. (425)

and similar to the 3D viscous fluid flows, u could be retrieved by w by using the 2D
Biot-Savart law Lemma 2.1.8

u(zx,t) = g Kz —y)w(y,t)dy, (4.2.6)

—%% is the 2D Biot—-Savart kernel. This crucial fact allows

where K(z) :=
one to close the stochastic differential equations of Taylor’s Brownian motion X (cf.

[7, 8, @, 107] and [69]):
dX (1) = w(X(t),t)dt + V2w dB(t), X(0) =z,

issued from an initial state x, where B is a two-dimensional Brownian motion, to
provide powerful random vortex methods for computing 2D fluid flows; cf. [27, [69]
and [73] for details. We would like to emphasize that this random vortex dynamics
heavily relies on the special feature of 2D fluid flows, which is not easy to generalize
to 3D fluid flows with nonlinear stretching of vortex motions.

To describe our approach and the contributions in the present work, we shall
outline the key steps in the derivation of the 2D random vortex method in more
detail and establish the notation that we will use throughout the chapter. Let us
begin by recalling several important mathematical structures associated with the
velocity vector field u(x,t). We shall discuss these constructions for a general vector
field b(x,t) for reasons that will become clear in what follows.

Let b(z,t) be a time-dependent, bounded and Borel measurable vector field.

(where x € RY, t > 0, and for the physically most relevant case of interest to us here,
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the spatial dimension d = 3), and consider
Lz = vA +b(x,t) -V (4.2.7)

which is a one-parameter family of second-order elliptic differential operators on
R?. For simplicity, if no confusion is involved, we denote Ly(zs) by Ly . Unless
otherwise stated, we shall assume that the drift vector field b(z,t) is solenoidal (i.e.,
divergence-free), that is, for every t, the divergence V - b(-,t) vanishes identically
Since b is divergence-free, for the formal adjoint operator Lj, the following relation

holds (cf. (2.2.4)):
Li=1L_,

Hence, L} is an elliptic operator of the same type as Ly. Let I'y(x,t;&,7) (for 0 <7 <t
and £, x € RY) denote the fundamental solution to the forward heat operator L, — %,
and [}(x,t;&,7) (for 0 <t < 7, 2, £ € R?) the fundamental solution to the backward
heat operator Lj + %, respectively (cf. Definition and Definition for
their definitions and basic properties). Since b is bounded, both [},(x,t;&,7) and
I} (x,t;&,7) are positive and continuous in z,§ and t > 7 > 0 (cf. [38] and [82],
for example), and I}(z,t;&,7) = I7(E,m;2,t) for t > 7 > 0 and z,& € R? (cf.
Theorem .

There is a relationship between the transition probability density function of
L, diffusion and the fundamental solutions. Let py(7,&,t,z) denote the transition
probability density function of the diffusion process with associated infinitesimal

generator Ly (cf. [51] and [105]). To define p,(T, &, ¢, x) more rigorously, suppose that
X (&,7,t) (where € € R? is a (weak) solution to the SDE

AX(€,7,t) = b(X (€, 7,1),t)dt + V2w dB(t) fort>rT (4.2.8)
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and

X(&,1,8)=¢ for s <, (4.2.9)

where B is a d-dimensional Brownian motion on a probability space ({2, F,P). Then,
po(T, &t x)de =P [X (€, 7,t) € da] (4.2.10)

for any ¢ > 7 > 0. When 7 = 0, we will simply write X (§,t) for X(&,0,¢) unless
otherwise indicated. Since b(z,t) is divergence-free, Lj = L_;,. Therefore, the

following relation between p, and the fundamental solutions holds:
pb(7—7 57 t? ZL') - Fjb(éu T, t) = F—b(xv ta 57 T) (4211)

for t > 7> 0and &, 2 € RY We will see that (4.2.11)) is the key to derive the random
vortex dynamics equations in two dimensions.
For a 2D viscous flow with velocity u(x,t), the vorticity w = curlu solves the

forward “linear” parabolic equation (4.2.5)), which may be written as

<% _ L_u) w=0, w(z0)=wx), (4.2.12)

subject to appropriate boundary conditions at infinity. Hence,

w(z,t) = /R2 I y(x,t€,0) wo(€) dE (4.2.13)

for (z,t) € R? x [0, 00), provided that wy(z) tends to zero sufficiently fast as |z| — oo.

From ,
w(z,t) = /Rzpu(O,f,t,:v) wo(§) d¢, (4.2.14)

where p,(0,&,t,x) is the probability density function of the Taylor diffusion X (&, )

with velocity u, which started at £ € R? at t = 0. We know that X (&,t) satisfies the
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following SDE
AX(€,t) = u(X(&,1), 1) dt + V2w dB(t), X(£,0)=¢ (4.2.15)

for t > 0. The idea in random vortex methods is to rewrite the SDE (4.2.15)) as
a closed stochastic differential equation depending only on the initial vorticity wq

and the distribution of Taylor’s diffusion X. To achieve this goal, we use the 2D

Biot-Savart law (4.2.6)), together with (4.2.14]), one may rewrite

u(z, t) = /RQ {K(l’ —y) /R2 pu(0,1,t,y) wo(n)dn} dy
|

:/RQ

_ /R E[K (z — X (1, £))] wo () .

/RQ K(z —y) pu(0,n,t,y) dy] wo(n) dn

Thanks to this representation for the velocity wu(z,t) one is therefore able to close

the stochastic differential equation (4.2.15)):

dX(&,t) = ( /R E[K (2 = X (1,1))] wo(n) di ) dt +V2vdB(t)  (4.2.16)

=X (&,t)

and

X(§0)=¢ (4.2.17)

for (£,t) € R? x [0,00). The system of (4.2.16)), (¢.2.17) is a stochastic differential

equation dependent on the law of its solution, i.e., it is a system of distributional
stochastic differential equations.

An efficient numerical method arises naturally from the stochastic dynamical

system (4.2.16)), (4.2.17)). By employing a discreterisation of the finite-dimensional

integral appearing in (4.2.16|) and by appealing to the strong law of large numbers for

the expectation, the closed system of stochastic differential equations (4.2.16)), (4.2.17)

will be simplified to a finite-dimensional stochastic differential equation, which leads
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to random vortex numerical schemes based on Monte Carlo simulation techniques for
2D incompressible fluid flows.

It would be ideal if we can apply the same idea to the 3D viscous fluid flows.
However, due to the nonlinear stretching term appearing in the 3D vorticity equation,
the same approach may fail to give us a nice stochastic representation. Let us explain
the key difficulty we have to overcome.

We begin with the vorticity equations , for incompressible fluid flow
with viscosity v > 0 and velocity u(x,t), which are rewritten as follows (cf. (2.1.14))):

0
(& - L_u> w=Sw, w(x,0)=uw(x), (4.2.18)
where S = (S;) is the symmetric velocity gradient tensor, with entries S; =

1 (% + a”]>, and w = curlu is now, unlike in the 2D setting, a three-component

2 oz

vector field. Because of the nonlinear stretching term, there is now no explicit repre-
sentation for the vorticity w, which is considered as a solution to (4.2.18)), in terms of
the initial vorticity wy and the fundamental solution of L_,. We have the following

implicit representation:

w(x,t) = /Rgpu((),n,t,x) wo(n) dn+/0 /Rspu(s,f,t,x) S, s)w(E,s)dEds. (4.2.19)

This expression, however, is not useful for the purpose of closing the system of
stochastic differential equations for Taylor diffusion, because it involves a
family of diffusion starting at different time. New ideas are therefore needed in order
to formulate an exact system of random vortex dynamics.

A natural approach is to consider the symmetric velocity gradient tensor S = (sz)
as a multiplicative factor and apply the Feynman—Kac formula to the initial-value
problem by constructing a gauge functional from S (cf. [36] 55, 56] for
the linear case and [89, O0] for semilinear parabolic equations). Since the elliptic

operator L_,, ) is temporally nonconstant and irreversible (which is canonical for
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flows observed in nature), the Feynman—Kac formula for w thus obtained involves
the distribution of a backward Taylor diffusion. Therefore there are at least two
substantial difficulties one needs to overcome. First, this backward-type Feynman—
Kac formula cannot be used to close the system of stochastic differential equations
(4.2.15), as we have to run a time-reversed Taylor diffusion in order to formulate
the Feynman—Kac formula. Second, if our system is based on the backward-type
Feynman-Kac formulation, there are currently no satisfactory numerical methods to
approximate the solutions.

We aim to somehow reverse the backward Taylor diffusion so that we have a
forward SDE with the initial conditions known to us. To achieve this goal, two
powerful new tools are devised — the duality between pinned diffusion and a forward-
type Feynman—Kac formula, which provide the means to close the system of stochastic
differential equations for Taylor diffusion with velocity u(z,t). Recall that in
two space dimensions, in order to close the system of stochastic differential equations
by eliminating the velocity u, two key steps are involved. The first is to
devise a representation of the vorticity w by ‘solving’ the vorticity equation, and
the second step is to apply the Biot—Savart law to obtain a representation of the
velocity u in terms of w, then perform integration by parts (in two space dimensions
one has to do this at any fixed time t) relying on the fact that u is divergence-free,
whereby L_, = L}). In our approach, in the three-dimensional case, we devise a
new representation formula, called a forward-type Feynman—Kac formula, stated
in below, which helps us represent the solution w to the vorticity equation
by using a Taylor diffusion with velocity u(z,t) instead of a time-reversed velocity
field. The forward Feynman—Kac formulas we developed relies on the fact that
u(z,t) is divergence-free, which implies that there is a convenient duality between
the L,-diffusion and the L_,-diffusion conditional on their initial and final states (cf.
Theorem below). We then close the system of stochastic differential equations

(4.2.15)) by performing integration by parts at the path space level, — a technique
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which also appears to be new.

4.3 Pinned diffusion processes

In this section we introduce the first main technical tool in our study — pinned
diffusion measures and a duality theorem of time reversal distribution.

Let v > 0 be a constant, b(z,t) be a Borel measurable and bounded vector field
depending on a parameter ¢ > 0, and let Ly := vA +b-V. Let 2 := {wjw €
C([0,00),R%)} be the path space of all continuous paths in R%. For 0 < ¢ < oo, w(t)
is the canonical mapping of the path w at ¢. Let F? := o{w(s) : s < t} be the
smallest o-algebra in (2 such that the coordinate mappings w — w(s) are measurable
for all s < ¢, and F° := o{w(s) : s > 0}. We have thus turned the path space
C(]0,00),RY) into a measurable space (£2, F°). By the diffusion process X = (X;)i>0,
with associated infinitesimal generator L;, we mean the Markov family of probability
measures

(P57 ¢ € RY and 7 > 0},

where IP’%’T is the unique probability measure on the space (§2, F°) such that the

finite-dimensional joint distribution

P57 [w e 2:w(s) =€ for all s < 7, w(ty) € day, ..., w(ty) € duy]
is given by

po(7, & b, 1) po(t, 21, o, T2) - -+ po(tr—1, Tho1, iy 1) dy - - - day

forall k=0,1,2,...,and 7 < t; < -+ < ty.
Next we define the pinned diffusion process. Let T' > 7 > 0, and &, € RY,
we define IP’E’T_)”’T to be the distribution of the Ly-diffusion process X = (X})i>0

conditional on the event that X, = £ for s < 7 and X, = n for s > T. IP’E’T%"’T is
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called the pinned diffusion measure, which is a distribution on the continuous path
space {2 characterising a diffusion starting from £ at instance 7 and ending at state n
at the terminal time 7. It is known that the laws of a Markov process conditional on
the terminal values at some fixed time 7' > 0 are also Markovian (cf. Section 14 in

[31] and [24]). According to eq.(14.1) in [31, pp. 161], we define

pb(sa xz, ta y) pb(ta Y, T7 77)
pb<87 €, T7 77)

Qb(57$7tay) = (431)

for 7 < s<t<T and z,y € R% It is then easy to verify that
/ @(s, @, t,y)dy =1
Rd
and, for 7 < s <t <r < T, one has that
/d Qb(swxat?y) Qb(t>ya r Z) dy = Qb(s>$a T, Z)
R

Hence, {qy(s, x,t,y) : 7 < s <t < T} defines a temporal inhomogeneous Markov fam-

ily. The Ly-pinned diffusion measure or the L;-diffusion bridge measure IPS’T_W’T is

by definition the conditional law of P§7 [ - [w(T) = 7). It turns out that P5™ "7 is
the unique probability measure which is determined by the transition probability ¢,

on (2, FY). Indeed, for any
T=tg<th1 < - <t <tpy1 =T,
consider the finite-dimensional marginal law

IP’E’T_’”’T (w e 2:w(ty) € duog, ..., w(ty) € dag, ..., w(tht1) € dTnia] (4.3.2)
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we have

PST w € 21 w(t) € dag, ..., w(ty) € dag, ..., w(tnyr) € dzpy]

- pb(tna o Ta 77)
—P5 € 2wty €dxg,...,w(t,) € dr,| ———=9,(x,
b [w w( 0) Lo, w( ) ZL‘] pb<7,€7T,77) 77(3: +1)
tnaxn7T> nil
ZW%(T, &t $1) gpb(% Tk, Trg1, $k+1)5§($o)d$1 s diﬂnﬂsn(%ﬂ)
n—1
=a5(7, &, 11, 21) | [ ot st @) S (wo) vy - - dwby (211)
k=1

which means that PE’T_””T is a Markov probability measure with transition probability

g, and
P w € 2:w(s) =€ and w(t) =y for s <7 and t > T] = 1. (4.3.3)
If r=0and T > 0, then, via the canonical embedding, IP’g’T_m’T can be considered

(by an abuse of notation) as the probability measure on (2 of all continuous paths in
R? with running time from 0 to 7.

Now, we are able to state the duality theorem, which reveals the relationship
between the laws of the L,-diffusions and the laws of the L_;-diffusions. This theorem

plays an important role in the proposed new 3D random vortex method.

Theorem 4.3.1. Let b’ (x,t) be a bounded, Borel measurable and divergence-free
vector field such that b (x,t) = b(x, T —t) for all x and t < T. Then, the associated

pinned measures satisfy the following duality relation:
POt =P o, (4.3.4)

where Tp is the time-reversal operator at T, that is, 7r : 2 — (2 is the mapping,

which sends w € 2 to Tpw € Q, where Trw(t) = w(T —t) fort € [0,T].

The theorem may be reformulated as follows: suppose that (X;) is an L,-diffusion
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and (Y;) is an L_r-diffusion on the probability space ({2, F,P); then,
E[F(X)|Xo =& Xy =n] = E[F(Yr_)[Yo = n, Y7 = ¢ (4.3.5)

for any bounded or positive Borel measurable function F' on (2.
To prove this theorem, we need the following simple fact concerning fundamental

solutions.

Lemma 4.3.2. The following equality holds:

pr(T—t,iL‘,T—T,g) = Fb(xat;gvT)a (436)
and therefore

(s, x,t,y) = p_yr (T —t,y, T — s, x) (4.3.7)
for0<s<t<T and all z,y € R

Proof. Recall that pyr(t,z,7,§), for fixed 7 and &, as a function of (x,t) is the unique

solution to the backward equation

0
<LbT + §> =0, (4.3.8)

for 0 <t < 7 by Feynman-Kac formula, such that f(z,t) — 0 as ¢t T 7. By

performing the change of variables t — T —t¢ and 7 — T' — 7, we have that

(Lb — %) ppr (T —t,x, T —7,6) =0 (4.3.9)

for 0 <7 <t <T. Moreover, pyr(T' —t,z,T — 7,§) = ¢ as t | 7. Thus, by the

definition and the uniqueness of I}(z,t; &, 7), the equality (4.3.6) directly follows. [

Proof of Theorem |4.3.1,  Since P77 is a Markov probability measure with
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transition probability g,, for every 0 < t; <ty < --- <t < T,

PO  [w(ty) € day, ..., w(ty) € day)

is equal to the measure

(0,1, t1, 1) - qp(ticr, xim1, tiy i) -+ @ (te—1, The1, th, ) dg - - - day,

which may be written as the following by (4.3.1):

pb(()? 77’ tl? ':El) o 'pb(ti—la Ti—1, tia xl) T 'pb(tka Ll T? C)
p(0,1,T,¢)

dzy--- dzyg.

By Lemma [4.3.2] the above finite-dimensional distribution can be written as

p—bT<07 Ca T_tlw .flfk) crPpT (T_tla Ty, T_ti—b xi—l) o 'p—bT(T_tb L1, T7 77)
P—pT (Oa Cv T7 77)

dzy - - - doy,
which is the same as
QO_”%T
P> [w(T —ty) € dag, - -+, w(T —t1) € day].

Now the conclusion follows, as a distribution is determined uniquely by its family of

finite-dimensional marginal distributions. This completes the proof. O

Remark 4.3.3. The well-known setting of generalised integration by parts is the
concept of dual (or adjoint) operators in functional analysis, and the concept of a
pair of dual Markov processes [12,[34). To the best of our knowledge, the class of
functionals considered in the dual Markov processes is quite limited [53]. Conversely,
within the framework of the duality of pinned diffusion measures, a much broader

class of functionals on the paths space can be applied. However, it is important
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to acknowledge that the divergence-free condition that we require in the duality of
pinned diffusion measures could be overly restrictive for a general diffusion process.
The path space version (with respect to stationary measures of diffusion processes)
was first formulated in [72] via forward and backward martingale decompositions
(Lyons—Zheng’s decomposition), and their approach was subsequently generalised to

nonsymmetric diffusion processes; cf. [71] and the literature therein.

4.4 Forward Feynman—Kac’s formula

In this section we develop our second key tool, a forward Feynman—Kac formula,
which is based on the duality theorem in the previous section and is the key in
deriving the 3D random vortex dynamics equations. We shall continue to assume
that b(x,t) is a bounded, Borel measurable and divergence-free vector field, with

x €RYand t > 0.
Theorem 4.4.1. Let T > 0. Suppose that the vector field f(x,t) is a strong solution

to the parabolic equation:

(% - wa)) fiat) = Si(x, t) f/(x,t)  in R x (0,7, (4.4.1)

where i = 1,...,d, subject to the initial condition f(x,0) = fy, and S; are globally

Lipschitz continuous fori,7 =1,...,d. Then,

f(l‘, T) - R fO(g) pb(07 7, T7 .T) E [Q(0)|X(O) =1, X(T) - JI] dé? (442)
where
AX(t) = b'(X (1), t) dt + V2v AB(t) (4.4.3)
and
CQi0) = ~QuNSHX (.Y, QUT) =5 (1.4.4)
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foriv,7=1,....d, B is a standard d-dimensional Brownian motion on a probability

space.

Proof. First, we perform a change of variables t — T — t of (4.4.1)), which gives us

(% + L_bT) fi(@,T—t)==S{(a, T —t)f'(x,T—t) inR*x (0,T] (4.4.5)

where b (x,t) = b(x, T —t).
Now we can apply the Feynman—Kac formula to f(x,T —t). Let Y be the weak

solution to the following SDE:
dY'(t) = =b' (Y (t), T —t)dt + V2vdB'(t), Y(0)=n, (4.4.6)

where t € [0,T] i = 1,...,d. That is to say, Y is the diffusion with infinitesimal
generator L_,r, Define a gauge functional Z = (Z;) by solving the system of ordinary

differential equations

%Z;i(t) = Z,(t) SF(Y (1), T —t), Zi0) =46, (4.4.7)

where 7,5 = 1,...,d, whose solution depends on 7" and n. Then, by using I[to’s

formula,

AM(t) = V2w ZL () VfF(Y (), T — t) - dB(t).

Hence, M(t) = Z}(t)f*(Y(t), T — t) is a martingale for ¢ € [0, T].

Therefore, we obtain the following Feynman—Kac’s formula:

f(n, T) = E[Z(T) fo(Y(T))] - (4.4.8)

Next, we aim to transform the time-reversed vector field b7 back to its origninal form.
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Disintegrating the right-hand side by conditioning on Y (7') = (, we have that

f(n.T) = / EZD) (Y)Y () = | PV (T) € ]
_ / CELZ(T)[Y(0) =0, Y(T) = ¢ fol¢) p-yr (0,1, T.¢) d¢
- /R CE[Z(T)|Y(0) =0, Y (T) = ] fol€) pu(0, ¢, T,m) .

Let us compute the expectation E [Z(T)|Y (0) = n, Y (T) = (]. To this end we employ
the canonical setting, that is, 2 is the path space of all continuous paths in R? with
time duration [0,7], and 77 : 2 — (2 is the time reversal map for a path, which
maps w(t) into w(T —t). Let IP’Z’ET be the law of the diffusion started at n, with
associated infinitesimal generator L_,r. Z; (written as Z(w,t)) could be regarded as
a functional on ). For each w € €1, Z; is defined as the unique solution to the system

of ordinary differential equations

&Z]:Zkzsgk(w(t)?T_t)v Zj(w70):5ja

By definition,

J J

ZHw,t) = :+/o Zi(w,s) SF(w(s),T — s)ds,

which means
. . t .
Zi(trw, t) = 0} +/0 Zy (trw, s) Sf(TTw(s),T — s)ds.

By a change of variable t — T — ¢,

t
Z;(TTw, T—1t) = 5; — /T Z(rpw, T — 8) S]]?(w(s), s) ds.

Let Q(-,t) = Z(-,T —t) o 7p. Then @ solves the following system of ODEs:

GO0 = ~Qhfw. ) SHw(®), 0. Q. T) =5,
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for every continuous path w € 2. By Theorem [4.3.1]

E"r [Z(,T = O)lw(T) = (] = B* [Z(-, T — t) o 7r|w(T) = 1]

=E;° [QC, 8)|w(T) = n],

which yields the desired conclusion. O]

4.5 The random vortex dynamics equations

In this section we derive the 3D random vortex dynamics SDE. To this end, let u(x,t)
be the velocity field of a viscous incompressible fluid flow (with viscosity v > 0)
without an external force applied, which moves freely in R?, and let w := curlu. We
assume that the velocity u(z,t) and the vorticity w(z,t) decay sufficiently fast as

|z| — oo and are sufficiently regular. Recall the vorticity equation

0 i i j
(E - L—u(z,t)) w'(w,t) = Si(x,t) W’ (,1), (4.5.1)

where S is the symmetric velocity gradient tensor associated with u. Since w is
divergence-free, it follows that L_, = L.
Our goal is to rewrite the stochastic equations of Taylor diffusion with velocity

u(x,t) in closed form such that u depends only on distribution of the solution:
AX(6.1) = u(X (€, 1),6)dt + V20 dB(t), X(£,0) =¢, (45.2)

for all £ € R3, where B is a three-dimensional Brownian motion on some probability
space ({2, F,P). In three space dimensions we need to couple it with the following

system of ordinary differential equations to define the gauge functional G(&,t,s) =
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d . ) ) )
gGé(é,t, s) = —Gp(&t,8) SFX(E,5),8), Gh(Et,t) =0, (4.5.3)

for 0 <'s <, where S¥ := 1(81] + g;‘i) We want to devise a closed SDE system

equivalent to (4.5.2]) and (4.5.3]), whose solutions give rise to the velocity field u(x,t).

By applying the forward Feynman-Kac formula (4.4.2)) to (4.5.1)), we obtain the

following representation:

H0) = [ pO&EDGOBCHELOINED =y ds. (@54)

On the other hand, according to the Biot—Savart law

L
u'(x,t) = —/]R3 5ilkuwk(y,t) dy.

drlz —y|?

Substituting w* given by (4.5.4) into the Biot-Savart law, we then have that

u'(@,1)

zlk: y k o j
/RS /R3 47T‘y [G(f,t,0)|X(§,t) - y] wo(f)pu«)a&tay) dﬁdy

/R/R [ 47T]y ,Gk(§t0)|X(€ t) = } w3(€) Pul0,€, 1, y) A€ dy

/Rs/Rg {Zlk4n|xg);) o GG L OIX(E 1) = y]%(f)pu(O,é“,t,y)dgdy
‘/RJE{&“]“LLM;(f(;)t) E G?<€7t70>} wA(€) de,

which expresses the velocity u(z,t) in terms of the law of (X, G). To close the SDE

system, we need to perform a similar computation for the symmetric tensor S = (S;)

From (2.1.20)), we obtain

Sk (x,1) PV/ Hk (z —y)w'(y, t)dy, (4.5.5)
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where the singular integral kernel H jkl is defined by

3 2

Hjile) = 247z (72 4 e21) (4.5.6)
Hence,
Sf(x,t)
= lim HY (x — y) B[GI(&,,0)|X (&, £) = y] pu(0,&,t,y) wh(£) dE dy

ly—z|>e J E€R3

el0

st [ B - ) GG LOIXE ) = 5] o m(0,6,8.9)

— i /| | /5 B[H o~ X(60) GIELOIX ) = 1] ob(€) (0.6, ) dy €
y—x|>e J E€R3

el0

= lelftl)l - E[]l{\:v—X(f,t)be}Hgk,z(x - X(fa t)) G;(& t, 0)} wé<€> dé

=PV [ B[ - X(6.0) Gile 1.0)] h(6) ds.
(4.5.7)

Here we use the Cauchy principal-value in in a more complicated integral (by
an abuse of notation).

Now we are able to formulate a closed system of SDEs which is equivalent to
vorticity transport equation.

Assume that X (£,t) = (X(&,t)) is a family of R-valued continuous semi-
martingales, and suppose that G(£,s,t) = (Gi(&,s,t)) (for each & and t > 0) is
a family of d x d symmetric matrix-valued continuous processes, differentiable in s,

adapted to the filtration generated by X; we then define

) ) X L .l
bix ol t) == /R BE{M o )(f(’;)t> _xx‘g Gh(&,1,0) | wi(€)dg

and

St )= PV [ Bl (o = X(6:0) GH(E1,0)] be) de.

What is important here is the fact that bé X.6) and SE“X’G)’ ; are determined by the
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joint distribution of (X, G).

The random vortex system may now be formulated as follows:
AX* (&, 1) = bx ) (X(&,1),1) dt + V20 dB (1), X(£,0)=¢  (4.5.8)

and

gG;(é“,t,s) = —Gj(&,t,s) SgX,G),j(X(ga s),8), Gz, t,t) =6; (4.5.9)

for 0 < s <t and for all t > 0, where 7,5,k = 1,2, 3.

Equations and together represent a closed system of distributional
stochastic differential equations. The first equation is a forward-type distribu-
tional SDE, and the second equation is a system of ordinary differential equations.
The system , is not Markovian but a system of ordinary functional
differential equations (cf. [49]). Although is a backward type equation, since
it it an ordinary differential equation, we are always able to deal with it.

This result is of course a direct consequence of our definition.

4.6 Direct numerical scheme

Based on the random vortex dynamical system , developed in the
previous section, we are now able to devise a numerical scheme to approximate the
solutions to the solutions of the Navier—Stokes equations by performing Monte Carlo
simulations.

There are two kinds of terms that we need to numerically approximate. The first
is the integral over the whole R? space, which could be approximated by discrete
Riemann sums. The second is the expected value within the integral, which could
be approximated by algebraic average which is justified by law of large numbers. We

will call this scheme a direct numerical scheme based on the exact random vortex
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dynamics. Because this will be beneficial in future studies, we break up the scheme
into several steps.
We begin by recalling the singular kernels

l l
{_[k P kli j gli Jk )
47| 2|3’ jil?) 2 47|z[5 G

Ki(z) = =€

Besides, we let K (0) = 0, H(0) = 0 for simplicity.

Let h > 0 be the spatial lattice size in our numerical scheme, and let z be the
lattice points defined by xy := hk with k := (k' k2 k3) € Z®. Let XF := X (x4, 1),
Gf’l(t, s) = Gl(z¥,t,s) (where t > s > 0) and w], = wj(xx). The first step is to

replace the integrals on R? with the corresponding Riemann sums, so that

bl t) = [ BRI - X(6.0) Gh(e,1,0)] (6) de

R3

is approximated by the following discrete sum:

WS wiE [Kf(:c — xF)aMt, 0)} ,

kez3

and

Slxci(@t) =PV [ E[H! (z— X(£1)G5(&,t,0)] wp () de

R3

is approximated by the following discrete sum if we fix some small € > 0 in PV first:

Y w,f]E[Hia(x—Xf)G’;’“(t,O)}. (4.6.1)

keZ3 |Jz—XF|>e

Therefore, on a spatial mesh of spacing h > 0, we may run the following approximate

random vortex system:

AXF =0y E[K;‘(x — xFy G, o)]

keZ3

dt + V20 dB, (4.6.2)

_ i
=X}

91



with the initial condition X¢ = w5, where t > 0, and

d [ 7 e
=G (ts) = =G () B Y W E[Hj,a(x — Xk)GRes, 0)} (4.6.3)

keZ3

z=X!

with the terminal value Gé’i(t, t) = 5}, where 0 < s <t for ¢t > 0. Here we may ignore
€ as appeared in , because when € is small enough, the distance among different
discrete particles should always be greater than e.

In the next step we substitute the expectations by running N independent copies
via independent 3D Brownian motions B”, to define the following stochastic differential

equations

1,p),i h3 al ] i o ,0),Q
X = TNl KL = XP) G, 0) at + VavdBy, (16.4)

k#i  o=1
X =z, p=1,...,N, (4.6.5)
coupled with
d N
LG 5) == G, Y Y[ (X - X8 G5, 0)]
k+#l o=1
(4.6.6)
GUNg 1) = 6 (4.6.7)

for 0 < s <t. The approximate velocity is therefore given by

N
Zwkz Ki(w = xF) GE(,0)]
k,;éz o=1

The rate of convergence of the sequence of solutions of the discretisation scheme

(4.6.4]), (4.6.5) towards the solution of the random vortex dynamics system (4.5.8)),

(4.5.9) is an interesting question to consider. Due to the complexity of our random
dynamics system, which consists of a forward distributional SDE and a family of

backward ordinary differential equations and the singular kernel appearing in the
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system, the convergence rate is difficult to analyze. What we can certainly say at this
stage regardless is that the convergence rate will necessarily depend on the regularity
of the solution to the Navier-Stokes equations. The convergence analysis of the

scheme is both interesting and relevant, but is beyond the scope of the present study.

4.7 Simulation results

According to equations (4.6.4)—(4.6.7)), the numerical algorithm is implemented as

follows.

1. We select initial data (x;,w;), 1 = 1,2,...,n. We scale w; by the factor h? here,

so there is no need to include the constant A% in our numerical scheme.

2. An iterative algorithm is used to solve the equations. First, the time interval
[0, T is partitioned into 0 =ty < t; < --- < t,, = T, where the partitions are of
the same length %, and then we sample the i.i.d. white noise Z{ ~ N (0, %_[3) at
to,t1,...,tm_1, and for each 1 < p < N, where N is the number of independent

copies.

3. We aim to compute (Xt(:"p), G,Sf’j’z,), where 0 <7/ <r<m,1<i<n,1<p<

N, such that it approximates the solution of (4.6.4)), (4.6.5)). That is,

8 N
1,0),0 i,0),0 w i i, o ,0),Q
X x5 2 5SS [ (x50 (R G, 0)] At 4 VB 2,
k#1 o=1
X(()va) — :L.'I,’
(4.7.1)
L), L),i
Gg ) (tratr’) _G§ ) (trytr’—1>
WB N
L)y LA k,o k,o),«
= =Gt 1) D ST [ H (XY = XD G (1, 0)] At
k+#l o=1
(4.7.2)
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and Gy“\)’i(tr,tr) =06 for 0 <r <m.

4. To compute (4.7.1)) and (4.7.2)), suppose that we have computed (X, ’p ) Gtr’f),)

where 0 </ <7 <m/,1<i<n,1<p<N. To compute (X" 7G§ ),
m’+1 m/+1%r

where 0 <7’ < m’ + 1. We observe that Xt(j:f:zl can be obtained from (4.7.1)),

and (G Lp) ) can be obtained by utilizing (4.7.2) iteratively from " = m’ + 1

Ut 1587

tor’ = 1:

Gg‘l’/\)ﬂ; (tm’+17 tr’—l)

:G§l7/\)7i(tm’+1a tr’)

G Y

kAl o=1

r'—1

=&

N
Z[ SN x G, | 0)| At
(4.7.3)

The overall computational complexity is O(m(Nn)? + m?Nn). At time point
t’., on the right-hand sides of , we essentially compute Nn matrices and then
sum them up. We need to execute this computation for all 1 <2 <n,1 <p <N,
which gives complexity of O(N?n?) to update X at t,,,1. To update G, we need to
solve a backward ODE by using for m’ times and execute this computation
for 1 <1 <mn,1 <X< N, which gives complexity of O(m/Nn). We can compute
and store the term 3_, % SV [H]l-va(Xt(Tl,’)‘) - Xt(f’a))G(ﬁk’U)’a(tr/, 0)| as appeared
in for 1 <1< n,1 <X<N every time we update X and G, (This gives us
O(N?n?) complexity at each time step.) so that we do not need to compute this
again when we solve the backward ODE (4.7.3]). Therefore, the overall complexity of
this algorithm is O(mN?*n? + m?Nn).

In our actual experiments, because of the time discretisation, there is a possibility
that Xt(:’p ) might be close to Xt(f’a) for some i # k, which could lead to an arithmetic
overflow, because of the presence of singularities in the kernels H and K at zero.

Therefore, mollifications of the singular kernels H and K are used in the experiments
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reported below in order to avoid the appearance of overflow, and we sum through
all k instead of k # [ in or k # i in (4.7.1)), as there are no singularities in
the mollified kernels. We ran the experiments on an AMD EPYC 7713 64-Core
Processor, and the computations in for 1 <1 <n,1<AX<N andin (4.7.1)
for 1 <2 <n,1 <p< N were parallelised.

In the following simulations the time interval was in all cases (unless otherwise
stated) partitioned into subintervals of length 0.02 and the viscosity v was set to %
The aim of the first simulation is to present a simple 3D visualisation of the computed
streamlines of the flow emanating from a chosen initial condition. In our second and
third experiment we compared our method with an exact solution and with another
numerical scheme, respectively, to validate the proposed algorithm. For the sake of
clarity, in the second and third experiment we chose to depict in the corresponding
figures snapshots of the evolving velocity field, projected on the horizontal plane
z=0.

In the first simulation (cf. Figure. the initial data are chosen as

(X, wp) = ((0,0,0),(0,0,0.1)), (X5, w5) = ((0,1,0),(0,0,-0.1))

and

(X5, wp)

((0,0,1),(0,0.1,0)),

each with 100 independent copies. Because of the diffusion, additional swirling eddies
appear in the flow, and the magnitude of the velocity is diffused into the whole flow.

In the second simulation, we assess our numerical scheme by considering the
known evolution of the Lamb-Oseen vortex, a line vortex that decays because of the
presence of viscosity. Although the Lamb-Oseen vortex is typically regarded as a
2D solution with initial vorticity d(z)d(y) for (z,y) € R?, we consider it here as a
3D vortex solution with initial vorticity (0,0,d(x)d(y)) for (z,y,z) € R?. Then, the

exact solution of the resulting 3D Lamb—Oseen vortex evolution problem, with v = %,
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is given by

1 (—y,z,0) 2242

u(z,y, z,t) = 21 (1 —e 20 ), (z,y,2) ER? t >0, (4.7.4)

In our numerical simulations the evolution of the computed solution is initialized
at xp = (0,0,k/2) with w, = (0,0,1/2) for —20 < k < 20, and we consider the
velocity field projected on the plane z = 0 when ¢ = 0.1 (cf. Figure. . It is clear
from the figures that the resemblance between the exact velocity field depicted in
Figure. (a) and the computed velocity field with N = 1, 20 and 100 independent
copies, shown in Figure. [1.7.3] (b), (c), (d), respectively, improves as N increases. To
compare the computed velocity fields with the exact velocity field more precisely, a
lattice consisting of 25 points in the horizontal plane, z = 0, was chosen; the values at
these points of the exact and approximate velocity fields projected on the plane z = 0
are shown in Table 4.1} In addition, we have calculated the error between the exact
solution and the approximate solution in the discrete counterpart of the L[lo’l]g, norm.
More precisely, we sUm |Uapprox — Uexact| OVer the lattice (%, %, %),10§i’j’k§9 and
then multiply the resulting sum by 0.1%, where upp0x 18 the velocity field calculated
using our scheme, while eyt is the exact velocity field. In Table 7.1, only the
first two coordinates of the 25 lattice points and the first two components of the
three-component vectors of the exact and approximate velocity fields at the 25 lattice
points are shown. The third component of the exact velocity field is identically 0; for
the values of the approximate velocity fields at the lattice points, listed in the third,
fourth and fifth columns of the table, the third component is not exactly 0, but was
in all cases less than 1074

We apply the numerical scheme, slightly modified, instead of (4.6.4) and (4.6.6]).

More precisely we use the following scheme:
N

dx 0 Zwk Z [Kz (X _ x ko) ngﬂ):a(t, 0)}dt +V2vdB/*, (4.7.5)
k;éz o=1
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N
%Ggw(t, 5)= —%3 GV 5)Y Wl Y [ HE (XD — xEoy G, 0)] .
kA =1

(4.7.6)

There are Np independent Brownian motions instead of p independent Brownian
motions for the whole system and X% are driven by independent Brownian motions.
A numerical algorithm is developed based on this system by time discretization. The
numerical experiment with this scheme helps avoid using a large number of copies
but still gives a stable result. This scheme however reduces the computational costs.
The scheme is tested for the Taylor-Green vortex with the Reynolds number set to
1600. The initial velocity has components cos(z) sin(y) sin(z), — sin(z) cos(y) sin(z)
and 0. The simulation is initialized with the lattice points ({57, {57, 1) -16<i,j k<48
and N = 1. We compare the evolution of the velocity field projected on the plane
z = 0.1. We see that the simulation results resemble the real solution quite well
(cf. Figure. . In order to explore the improvement resulting from reduction
of the step size, we conducted another simulation with the same initialization but
with step size At = 0.01 instead of 0.02 (cf. Figure. . In Table , a lattice
consisting of 25 points on this plane was chosen, and the values at these points of the
exact and approximate velocity fields projected on the plane z = 0.1 are shown. In

addition, we have calculated the L[l,r gx)2 OITN €ITOT between the exact solution and the

203
approximate solutions. It is clear that the accuracy of the approximation is improved
by reducing the step size At. Furthermore, in order to analyze the convergence rate
with respect to the spatial lattice size, we have conducted simulations with the lattice
points inside [—m, 37]* with lattice size h = T,k =2,3,...,13, so that the number of
lattice points is (4k + 1)3. The step size is set at At = 0.02. The Reynolds numbers
are set to 1600 and 160000. We have computed the L[lg%r , norm error between the
exact solution and the approximate solutions. The result is demonstrated in Figure.
which shows a roughly linear relationship between the lattice size h and the L!

error.

Next, the scheme is tested in the case of artificial homogeneous isotropic turbulence.
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— Re = 1600 ' — Re=1600
Re = 160000

Re = 160000

L erro

10 0 30 40 50 02 04 0.6 08 10 1z 14 16
The number of lattice points in each axis Spatial lattice size

Figure 4.7.1: The L' error of the Taylor-Green vortex simulations with different

lattice sizes. The left image shows the relations between L, gn13 CITOT and the number
272

of lattice points in each axis. The right image shows the relations between L. 8n13
272

error and the lattice size. The blue curve and the red curve show the results for the
flows with Reynolds number = 1600 and 160000 respectively.

The turbulence is initiated by a solenoidal velocity field

u(z,y,z) = (cos(z) sin(y) sin(z) + cos(z) sin(y) sin(2z),
— sin(x) cos(y) sin(z) + sin(x) cos(y) sin(22), (4.7.7)

— sin(x) sin(y) cos(22)).

We compare our numerical results with the results obtained by DNS. The DNS is based
on a pseudo-spectral Fourier—Galerkin method [I5]. The code for the implementation

of DNS is based on the algorithm suggested in [81], 85]. The Reynolds number is 1600

L

Teo5> accordingly. The

as in the numerical verification in [81], so that the viscosity v is

s

simulation is initialized using the lattice points ({5

i, 16J> 16F)—16<ijr<as and N = 1.
We compare the evolution of the velocity field projected onto the plane z = 0.1. The
simulation and the DNS solution produce very similar results (cf. Figure. . We
would like to point out that, in the context of homogeneous isotropic turbulence,
the pseudo-spectral methods may outperform the vortex methods. This advantage
arises from that the pseudo-spectral methods benefit enormously from the periodic
boundary conditions. The primary objective of the numerical experiment conducted

here is to verify the validity of our vortex methods. An optimisation of our methods

requires further exploration.
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Point Exact value N=1 N =20 N =100
(=1.0, —1.0) (0.08, —0.08) (0.06,—0.08) (0.06,—0.08) (0.08, —0.08)
(=0.5, —1.0) (0.13, —0.06) (0.11, —0.08) (0.10, —0.07) (0.13, —0.07)
(0.0, —1.0) (0.16, 0.00) (0.17, —0.03) (0.14, —0.03) (0.15, 0.01)
(0.50, —1.0) (0.13, 0.06) (0.15, 0.06) (0.14, 0.04) (0.12, 0.07)
(1.00, —1.0) (0.08, 0.08) (0.09, 0.08) (0.10, 0.07) (0.08, 0.08)
(—1.0, —0.5) (0.06, —0.13) (0.04, —0.12) (0.05, —0.11) (0.05, —0.13)
(—0.5, —0.5) (0.15, —0.15) (0.11, —0.17) (0.11, —0.13) (0.11, —0.14)
(0.0, =0.5) (0.23, 0.00) (0.30, —0.16) (0.16, —0.09) (0.17, 0.01)
(0.5, =0.5) (0.15, 0.15) (0.21, 0.18) (0.16, 0.10) (0.13, 0.14)
(1.0, —=0.5) (0.06, 0.13) (0.07, 0.15) (0.10, 0.13) (0.06, 0.12)
(—1.0, 0.0) (—0.00, —0.16) | (—0.01, —0.13) | (—0.01, —0.13) | (—0.02, —0.14)
(—0.5, 0.0) (—0.00, —0.23) | (—0.04, —0.24) | (—0.04, —0.18) | (—0.04, —0.22)

(0.0, 0.0) (—0.00, 0.00) | (=0.26, —0.37) | (0.06, —0.12) (—0.09, 0.04)
(0.5, 0.0) (—0.00, 0.23) (—0.18, 0.32) (0.02, 0.06) (0.02, 0.21)

(1.0, 0.0) (—0.00, 0.16) (—0.02, 0.18) (—0.03, 0.24) (0.00, 0.15)

(—1.0, 0.5) (—0.06, —0.13) | (—0.06, —0.10) | (—0.05, —0.10) | (—0.06, —0.11)
(—0.5, 0.5) (—0.15, —0.15) | (—0.12, —0.13) | (—0.10, —0.12) | (—0.13, —0.13)
(0.0, 0.5) (—0.23, 0.00) | (—0.24, —0.07) | (=0.21, —0.11) | (—0.20, 0.00)
(0.5, 0.5) (—0.15, 0.15) (—0.19, 0.11) (—0.06, 0.20) (—0.13, 0.12)
(1.0, 0.5) (—0.06, 0.13) (—0.09, 0.12) (—0.10, 0.13) (—0.06, 0.13)
(—1.0, 1.0) (—0.08, —0.08) | (—0.07, —0.07) | (—0.06, —0.07) | (—0.07, —0.07)
(—0.5, 1.0) (—0.13, —0.06) | (—0.10, —0.06) | (—0.10, —0.07) | (—0.11, —0.06)
(0.0, 1.0) (—0.16, 0.00) | (—0.14, —0.02) | (—0.14, —0.04) | (—0.14, —0.01)
(0.5, 1.0) (—0.13, 0.06) (—0.13, 0.04) (—0.14, 0.04) (—0.13, 0.05)
(1.0, 1.0) (—0.08, 0.08) (—0.09, 0.07) (—0.10, 0.07) (—0.08, 0.08)

‘ L[71,1]3 norm error ‘ ‘ Error = 0.91 ‘ Error = 0.66 ‘ Error =0.19 ‘

Table 4.1: The exact values of the velocity field in the Lamb—-Oseen vortex problem
at t = 0.1 (second column) at 25 lattice points (first column), and the values of
the computed velocity field at those points, with N = 1 (third column), N = 20
(fourth column), and N = 100 (fifth column) independent copies, corresponding to
the images depicted in Figure. m The discrete L . .5 norm error based on the

[7171}
20° lattice points (35, <&, l—k())_logmkgg is shown in the last row of the table.
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Point Exact value At = 0.02 At = 0.01

157,157 (—0.00, —0.00) | (0.00, —0.00) | (0.00, —0.01)
220, 1.57 (0.05,—0.00) | (0.04,—0.00) | (0.03,—0.01)
2.83, 1.57 (—0.04, —0.00) | ( —0.08 , —0.01) | ( —0.07 , —0.01)
346, 1.57 (—0.17, —0.00) | ( —0.15 , —0.00) | ( —0.18 , —0.01)
108, 1.57 (—0.17, —0.00) | ( —0.15, —0.00) | ( —0.17 , —0.00)
157,220 (—0.00,0.17) | (—0.00,0.15) | (0.00,0.17)

2.20 , 2.20 (0.06, 0.15) (0.06, 0.13) (0.04,0.15)

2.83, 220 (—0.02,012) | (—0.13,0.14) | (—0.04,0.11)
3.46 , 2.20 (—0.15,0.09) | (—0.15,0.08) | (—0.16, 0.03)
108, 2.20 (—0.15,0.06) | (—0.14,0.04) | (—0.15, 0.04)

( ) | ( )

)

)

)

)

)

)

)

)

g

) —0.00 , 0.17 —0.00, 0.11 (0.00, 0.18)

2.20 , 2.83) (0.09, 0.15) (0.08,0.13) (0.08,0.15)

)
)
)
)
)
)
)
)
)
)
)
)

(0.04, 0.09) (0.04, 0.08) (0.02, 0.10)

(—0.09,0.04) | (—0.09,0.03) | (—0.10, 0.03)
108,283 (—0.12, —0.02) | (—0.11, —0.03) | ( —0.12, —0.04)
1.57 , 3.46 (—0.00, 0.04) | (—0.00,0.03) | (0.00,0.07)
2.20 , 3.46 (0.12,0.02) | (0.12,—001) | (0.12,0.04)
283, 3.46 (0.09, —0.04) | (0.1T,—0.03) | (0.09,—0.02)
3.46 , 3.46 (—0.04, —0.09) | ( —0.03 , —0.08) | ( —0.03 , —0.09)

(—0.09, —0.15) | ( —0.07 , —0.14) | ( —0.08 , —0.15)
(—0.00, —0.05) | ( —0.00, —0.02) | ( 0.00, —0.03)
(0.15, —0.06) | (0.14, —0.05) | (0.15, —0.04)
(
(

(0.15, —0.09) | (0.14, —0.10) 0.15 , —0.08)
(0.02, —0.12) | (0.05, —0.11) 0.04, —0.12)
408 ,4.08) | (=006, —0.15) | (—0.06, —0.13) | ( —0.04 , —0.15)

3r)2 IOTI €ITOT ‘ ‘ Error = 0.26 ‘ Error = 0.20 ‘
2

L4

™
2

Table 4.2: The exact values of the velocity field of the Taylor—Green vortex at ¢t = 1
(second column) at 25 lattice points (first column), and the values of the computed
velocity field at those points, with At = 0.02 (third column), At = 0.01 (fourth
column) corresponding to the images depicted in Figure. [4.7.4]

101



:\\irr!f:.
!
=N
7/
)

\ N s\

a0

35

30

25

20

e [

TSN
P\
s\

a5

40

35

0

25

20

W w2 w9 oW

35
20
25
20
15

a0

35

30

25

20

15

4§ = & 7 ] 4

25 30 35 a0

20

45
45

40
40

35
35

30
30

102

25

5 a0

3!

30

25

15

9 5§ = & 7 ] 2

Figure 4.7.4: The images in the left column represent the Taylor-Green vortex
solution. Those in the right column have been obtained using the proposed scheme.
From the top to the bottom, ¢t = 0,0.3,0.6, 1, respectively. The images in the left
column represent the Taylor—Green vortex solution. Those in the middle column and
right column have been obtained using the proposed scheme with step size At = 0.02

and 0.01, respectively; from the top to the bottom, ¢t = 0,0.3,0.6, 1.
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Chapter 5

A general theory of random vortex

type SDEs

5.1 Introduction

In this chapter, we will study some fundamental questions on the following RVSDEs:

dX, = b(X;, t, L(Xy, Goo))dt + (X, t, L(Xy, Gr))dBy, Xo =€ € RY, : )
5.1.1

th,s = _S(Gt,57Xs> S, 'C(Xm Gs,0>>d57 Gt,t =( € R’

The following topics will be investigated:

Existence, uniqueness, stability and propagation of chaos of

the solutions to RVSDEs

We will establish the existence and uniqueness of solutions to the system of RVSDEs
(5-1.1). Since our paper is mainly an introductory work of RVSDEs, we always assume
the global Lipschitz and linear growth condition. The technique of proof is similar to
the fixed point argument used for McKean—Vlasov SDEs. However, a more careful
analysis of G must be conducted in order to apply the fixed point argument. Another

slight technical complication is the continuity of G . Although the function G,
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appearing in is differentiable in s for a fixed value of ¢, the continuity of Gy
with respect to ¢ is unclear. We will show that G s is in fact continuous in the whole
simplex 0 < s <t < T, which may help us avoid some technical issues involving
the continuity of £(X}, Gp). Besides, since G is continuous in the simplex, we can
make a better sense of what should be a proper space that the solution (X, G) lies
in, which will help us formulate the large deviation principle for the RVSDEs more
accurately. A more general theory of existence and uniqueness for RVSDESs is beyond
the scope of this paper. The stability of the solutions with respect to the coefficients
will be shown, which serves as a tool in deriving some other results on RVSDEs. In

summary, we have the following theorem:

Theorem 5.1.1. (Existence, uniqueness and stability of solutions to RVS-
DEs) Suppose that b,o and S satisfy the global Lipschitz and linear growth condition,
then (5.1.1)) admits a unique solution. Moreover, the solution to the RVSDE (j5.1.1])

15 continuous with respect to the initial data &, (;, and the coefficients b,o and S.

Besides, we will formulate and prove the propagation of chaos for the RVSDEs,
where we run independent copies of Brownian motions and use interacting particles
to approximate the solutions, so that the law of the solutions in RVSDESs is replaced

by the empirical measure of the particles.

Theorem 5.1.2. (Propagation of chaos for RVSDEs) Let (XN GONY pe

interacting particles satisfying the following equations:

dXt(z): X(Z Z) N G(l) N dt + O_(X(l Z 5X<Z) N G@) N)dB

||Mz

N
i i 1
ng,?N = _S(G§,27N7 Xsa S, N Z 5X(i)7N G(i),N)dS

i=1
where 1 =1,2,...,N, and Bt(i) are independent Brownian motions. Then
lim max E sup |X S(Z‘)’N|2 + |G§% — GS%’N|2 =0,

N—oo 1<i<N 0<s<T
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where (X®, GW) satisfies the following decoupled RVSDE:

dx? =o(xc(x?, GOt + o (X, £(X7, GY))d By

dGY) = —S(G), XD s, £(X, G1o)P)ds

Large deviation principles for RVSDEs

An interesting question to consider is the LDP for RVSDEs. The LDP describes the
probability of a rare event. General LDP theories may be found in literature [32] 37].
Our approach is motivated by [06], where they established the LDP for MVSDESs
directly without making use of propagation of chaos. The result is based on the

following observation. When € — 0, the limiting distribution of X¢ satisfying
dXf = (X, t, L(X[))dt + Veo (X, t, L(X)dBy, X§=¢
will be the delta distribution at ¢, where ¢ solves the following ODE:
dop = b(¢r, t,04,)dE, o = &.

The rate function for X¢ is given by

1) =t 5 [ )P,
where
F= {h c H'|f(t) —§+/0 b(f(s),s,0e,)ds —i—/o a(f(s),s,éd)s)h(s)ds}.

In RVSDESs, when ¢ — 0, the limit distribution of (X, G)¢ is the delta distribution
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at (¢,1), where ¢ and 1 solve the following system of equations:

d(bt = b((bta t? 5(¢t7wt,0))dt7 ¢0 = f’

d%,s = _S(wt,& ¢s; S, 5((15371/15,0))(157 wt,t = Ct-

(5.1.2)

We will show the following LDP for the RVSDEs:

Theorem 5.1.3. (Large deviation principles for RVSDEs) Let (X¢ G¢) be the
solution to the following RVSDFEs:
dX; = b(X;,t, L(X], Gy o))dt + Veo (X;, t, L(X], Gy 0))dBy, Xo=¢ € RY,

(5.1.3)
dGZs = _S(G;w X§7 S, ‘C<X§> GZ,O))dsa Gt,t = Ct S Rl

Then (X¢, G¢) satisfies the LDP with the rate function

[(f ) inf % fOT |h|2dt Zf gt — Gts = fst _S(gt,lu fu7 u, 5¢u,wu,o)du7 gtt = Ct7
yg) =

00 otherwise
(5.1.4)

where the infimum is taken over the set
t t .
{ne s =co [ 00006500000+ [ ol7(6) 5000005005}
0 0

and ¢, are defined in (5.1.2)).

We would like to admit that the general idea to deal with the LDP for RVSDESs
is similar to that in [96]. However, when dealing with RVSDESs, the limiting
behavior of G s needs to be investigated, which requires a more thorough analysis.
The proof of LDP relies on the stability of the solutions to RVSDEs, which we will

show along with the existence and uniqueness result.
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Euler-Maruyama type numerical scheme of RVSDESs

To approximate the solution to the RVSDESs, we propose an Euler-Maruyama type
numerical scheme that extends and justifies the time discretisation step of the
numerical program to simulate 3D fluid flows in Section EM algorithms could be
thought of as a natural extension of the classical Euler scheme for the ODE to the SDE
settings. To approximate the solution to RVSDESs, we first utilize our propagation of
chaos results to replace the law by empirical measures, then we discretize the time
interval to solve the RVSDE step by step. The strong convergence of our scheme
will be demonstrated in a similar way to that of the classical SDEs. The difference
is that at each time step, we need to compute the whole path of G in a backward
way, which leads to a more complicated implementation. We will prove the strong
convergence of the Euler-Maruyama type numerical scheme, which has exactly the
same convergence rate as the the Euler-Maruyama method for a classical forward

SDE, as expected.

Theorem 5.1.4. (Strong convergence of Euler scheme of RVSDEs) Let h > 0
and X", G" defined by the following system

h __ h h h h h h h
XtZ = Xt]I;L—l + b<XtZ—1’ Gtﬁ_po’tk’*l)h + O'(th_l, Gtz_1,07tk*1)ABtZ,1 fOT 1 S k S n

h h h h h s
Gt?’t? - Gt?’t?_l = _S(Gt?,t?’Xt?,l’Gt?_l,O’tj)h for1<j<i<n

(5.1.5)
where 0 = th <th <th < ... <th =T th—th  =h fori=12,...,n. X" is
defined on 0 = tf <t} <th < ... <th =T and G" is defined on (t},t}) where

0<j<i<n. Xé‘:xo,GZLt

w = g We extend X[, G}, to the whole interval [0,T]

by letting X[ = X[, G} = G}, when t € [t;,t;11). Then

sup E|GTy — Grol® + | X[ — Xo> < C(K, T)(1 + |mo|* + sup. |g:|*) R
0<t<

0<t<T
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Infinite-dimensional RVSDEs and the approximations by finite-

dimensional RVSDEs

We are going to consider the infinite-dimensional RVSDE, which is a direct gen-
eralization of the original random vortex system. The following system will be

studied:

dX¢(€) = b(X¢(£), t)dt + o (X(€), 1)dBy
(5.1.6)

dGys(§) = =5(Grs(€), Xs(§), s)ds
where X, Gy is defined on every £ € ) and 2 is some region in an Euclidean space
RP. b,0 and S depend on the distribution of (X;(€), G o(§))ecq by the following

equations:

b, 1) = / E V(2 t, X,(€), Grol€), €)] dé
o) = / E [0’ (z,1, X,(€), Guol€), €)] de (5.1.7)
S<97 z, t) = /Q]E [S/(l‘, g, tv Xt(f)v Gt,O(é)v f)] df

We are going to prove the existence and uniqueness of the solutions to under
nice assumptions. Besides, we are going to show how to approximate the solutions
to by space discretisation. The space discretisation reduces to finite-
dimensional RVSDESs, which can be numerically computed via EM algorithms. To
prove the the convergence of the space discretisation, we borrow the idea from the
random vortex methods [8, 45 [69], where they proved that the dynamics of 2D fluid
flows could be approximated by discrete particles as the mesh size goes to 0. Since
our system is nicely formulated with the assumption of Lipschitz continuity, the main
difficulty of proving the convergence of the random vortex methods that the system
is of high singularity is avoided. Therefore, the analysis here is relatively simpler

with just a more careful consideration when dealing with G ;.

Theorem 5.1.5. (Approximation to infinite-dimensional RVSDEs via space

discretisation (For a precise statement, please refer to Theorem [5.7.3)))
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Let (X, G) be the solution to (5.1.6) with b,o and S determined by the solution via
(5.1.7). Discretise (5.1.6) with some mesh size h > 0. Let ih be the lattice points in
Q, 1€ Z°. Since §2 is a compact set, there are finitely many i, so we relabel them by

, . \N
i=1,2,...,N, and denote ih by €@ . Let (X, G) be the solution to the following
i=1

closed system of finite-dimensional RVSDE,

dX =X, )dt + (X, 1)d By, X§ = Xo(€D)
N (5.1.8)
AGY) = —S(G) XD s)ds, Gi, = Gy (€9)

where
bo,t) = SB[Vt X0, G, 60| wr
i=1

Z]E[ 2., X0, G ¢ )]

S(g,x,1) ZE ', 9,1, X0, GE, €0 w2
=1
Suppose that V', o' and S" are L(L > p+ 1) times bounded differentiable. Then

sup  |b(x,t) — b(x,1)| < C(K,T,Q, L)h*

z€R4 t€[0,T]

swp  [5(x,t) — o, )| < C(K, T, 0, L)h*

z€R,t€[0,T)

sup 1S(g, 2,t) = S(g,z,1)] < C(K,T,Q, L)h*

geR! zeR? t€[0,T]

This chapter is organized as follows. In Sections and [5.3] we will introduce
the RVSDEs and study the basic problems of the solutions to RVSDEs, including
existence, uniqueness, stability and propagation of chaos. In Section [5.4] the large
deviation principle of RVSDEs is established. In Section [5.5, EM algorithm is
proposed and its strong convergence is shown. In Sections [5.6] and 5.7, we will study

the infinite-dimensional RVSDEs and show how to approximate their solutions via
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space discretisation.

5.2 A general random vortex dynamics
The Cauchy problem for the vorticity equation for an incompressible viscous flow is

From the forward Feynman—Kac formula (see Theorem [4.4.1)), the solution w to

(5.2.1) can be represented in terms of the following functional integral:

w(.T) = [ wl€)pu(0.6T.2)E (QolXo = & Xr = 2] ds.
where X, is the diffusion process given by the SDE
dX, = u(X,, t)dt + V2vdB,,
whose transition probability density function is denoted by p,, and

SQi=—QiS(X0 1), Qr =1y

The approach in Chapter |4 can be applied to PDEs of the following form:

(?)—C; + f(u, Vu,z,t) - Vo = vAw+w - g(u, Vu, z,t), w(z,0) =we(z),  (5.2.2)

where w,u, f € R™ and g € R™*™; in component-wise form this may be rewritten as

ow' , oW’ , o , ,
J . _ 7 Jo. At 7 1
5 + f(u, Vu, z,t) B vAW' +w’ - gi(u, Vu, z,t), w'(z,0) = wy(z),

fori =1,2,...,m. Such PDEs appear in fluid flow models, but also in other physical

models.
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From the forward Feynman-Kac formula, if f(u, Vu,z,t) is divergence-free, for

ou

example, when f(u, Vu, z,t) is a linear combination of u and 57,
xXr

1=1,2,...,m, and
u is the velocity field of an incompressible fluid, then the solution of the above system

of PDEs has the following functional integral representation:
w(o.T) = [ anlOnl0.6T.0)BQuIXo = & X = alde
where X, is the diffusion process defined by solving the following system of SDEs:
dX, = f(u(Xy, 1), Vu(X,, 1), X, t)dt + V2wdB,, (5.2.3)
with p, being its transition probability density function, and

%Qt = —Qig(u(Xy, 1), Vu(Xy, 1), Xy, t), Qr = L. (5.2.4)

Under the assumption that wy has a compact support the vorticity transport
equation ((5.2.1)) is a closed system of PDEs depending only on w by using the relation
u(z,t) = — 1= fos ﬁ X w(y,t)dy. Therefore, if one can close the system (5.2.2)) by

means of the nonlocal singular integrals

u' = - Ki(z —y)w’ (y, 1)dy
and
Vuj = /Rm Hi (@ — y)w* (y, t)dy
where K and Hj, j = 1,2...,m, are all m x m matrices, then we may employ the

same idea as in the formulation of the random vortex method developed in Chapter [4]

to close the previous system of SDEs (5.2.3), (5.2.4). In fact, we may rewrite ([5.2.3))
and ((5.2.4) so that they form a closed system of equations involving only X and Q.
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Let

AX,(€) = f(u(Xi(€),1), Vu(X,(€), 1), X, (&), )dt + V2ud By, Xo(6) =& (5.2.5)

and
CG1ulE) = ~Cun(E) 9(u(X,(6), ), Vu(X.E), ), X(6),5), Curl€) = e (526)
Then,
u'(z,t) = - Kj(z —y) o’ (y, t)dy
— [ Ko=) [ On0.6 ) BIQI0)1X0 = ¢, X = o] dedy

_ / WO E[K (@ — X)) QI(1)|Xo = €] d¢
:/m wé(g)E[K;(x — Xi(§)) G{(t70;§)] dé€.

(We shall sometimes write G(t, s) instead of G s if we need to write down a particular

component of G.) Similarly,

Viiot) = [ whOB[H, (e~ Xi(6) GFE,0:6)] dé

By substituting these expressions into ([5.2.5) and , we have a closed system
for the pair (X, G); X; and Gy are both infinite-dimensional stochastic processes
since they are defined at each £ € R™. To avoid the difficulty of analysis in infinite-
dimensional spaces, we replace u and Vu with the corresponding Riemann sums

and % with mesh size h > 0 as follows.

(. 1) = 3 W (kh) B K — X, (kh)G(t,0; k;h)] hm
k=(k1,k2,..., km)EZ™ND
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and

Vu,(z,t) = S W (kh) E [H;k(:c — X, (kh)GR(t, 0 kh)| b7

k=(k1,kz,....km ) EZ™ND
where D is some bounded set in Z™, and {X (kh), G(kR) Ye=(ky ko... k)ezmnp is then
determined by and by replacing v and Vu with u and V.
We denote the finite collection of {X (kh), G(kR)}ee(hs ko....km)czmop by (X, G),
so that f(&(:c,t),%(:c,t),x,t) and g(’&(x,t),%(x,t),:c,t) are both of the form
gp(z,t,ﬁ(f(t,ém)). That is, they depend on (z,t) and the joint distribution of

(X1, Go). Hence, the equations that (X, G) satisfy can be written as

dX,(kh) = o1 (X, (kh), t, L(X,, Gro))dt + V2udB,, Xo(kh) = kh

d -~ ~ ~ ~ ~ ~
&Gt,s(kh) = _Gt,s(kh)gpQ(Xs(kh% S, 'C(Xsa Gs,O))a Gt,t(g) = [m

(5.2.7)

for some ¢ and 5. By concatenating this system of equations for all k € Z™ N D, it

can be rewritten in the following form

dXt = b(Xta t; £(Xt7 éuo))dt + \/EdBt,

%ét,s = —S(ét,sa Xs; S, ‘C(X57 és,O))

with given X, and C;'t,t for some b and S, and S is linear with respect to C;'t,s. Here, we
shall study a slightly more general nonlinear system by allowing nonlinear dependence
of S on ém and a nontrivial diffusion coefficient. That is, in this chapter we study

the following system of SDEs:

dXt == b(Xt, t, E(Xt, Gt,o))dt + U(Xt, t, E(Xt, Gt,D))dBt

th,s = _S<Gt,sa Xsa S, £<Xs> Gs,O))ds

A more detailed definition of this system will be given in the next section.
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5.3 Equations arising from random vortex dynam-
ics
We begin with the following definition.

Definition 5.3.1. (RVSDESs) On a filtered probability space (2, (F)t>0, F,P) with
filtration (F)i>o0 satisfying the usual conditions, by a RVSDE system we mean a
system of SDEs coupled with a system of functional differential equations depending

on the distribution of its solution:

dXt = b(Xt,uﬁ(Xt,Gt,o))dt -+ O'(Xt,t7£(Xt,Gt70))dBt7 ( )
5.3.1
th,s - _S(Gt,87 Xsu S, E(Xm GS,O))dS

for 0 < s <t <T, where X; € RY, Gy s € RL. b(x, t,m) = {b'(z,t,m)},1 <i <d, is
a Borel-measurable function on R* x [0,T] x Po(R™), and 0 = {o}(z,t,m)},1 <
i <d,1<j<r,isa Borel-measurable function on R? x [0,T] x Py(R*!) and S =
{Si(g,x,t,m)},1 <i <1, is Borel-measurable function on R x R? x [0, T] x Py(RIH);

B, is an r-dimensional (F;)i>0 Brownian motion.

G s 1s defined on the simplex 0 < s <t < T'. We call a family of random variables

defined on the simplex a stochastic simplex-indexed process for convenience.

Definition 5.3.2. (Stochastic simplex-indexed process) Given a real number
T € (0,00] and a measurable space (2,.F), a stochastic simplez-indexed process is a
collection of random variables G = {Gys; 0 < s <t < T} defined on (2, F), which
take values in a topological space S with its Borel o-algebra. We say that a stochastic
stochastic simplez-indexed process G is continuous if, for almost surely w, Gy s(w) is

a continuous mapping from 0 < s <t <T to S.

We say that a continuous d-dimensional stochastic processes X = {X;; 0 <t <
T} together with an [-dimensional continuous stochastic simplex-indexed process

G ={Gis;0<s<t<T}is asolution to (5.3.1)) if the following properties hold:
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(1) L(X;,Gyp) is the joint distribution of (X;, Gyo) on R,
(i) Xy, Grp € Fforall 0 <t <T;
(ii)
L .
L (X LK, G + 187G Xov 5, £ G

+ 072 ( X, 5, L(X,, Gyp))|ds < o0] =1

forevery 1 <im<d, 1 <7< 1<n<rand0<t<TifT < oo or

0<t<o0if T =o0;

(iv) Xi, Gy s satisfy the integral equations

t t
X, — X, = / b(X,, 5, £(Xs, Gao))ds + / (Xo, 5, L(X,, Gag))dBs, (5.3.2)
0 0

t
Gt,t — Gt,s = / —S(Gau, Xu, u, ;C(Xu, G%o))du, (533)

or equivalently,

t T t
th - Xé = /0 bi(Xsa Su‘C(Xsu GS,O))dS + ZA U;(X&Sa‘C(XSu GS,(]))ng?
j=1

t
Gft - G,’ZS = / —S¥(Gyay Xy Uy L( Xy, Gruo))du

forall1 <i<d,1<k<I.

The equations (5.3.2) and (5.3.3)) form a coupled system of equations. The
distribution £(X;, Gt) in b and o depends on both X, and G, which determines

the dynamics of X. It is clear from ([5.3.3) that G is dependent on the whole history
path of X up to ¢.
Such a pair (X, G) is referred as a weak solution. We say that a weak solution

(X, G) is a strong solution if (X, Gio)o<t<r is adapted to the filtration generated by

116



the Brownian motion B.

5.3.1 Existence and uniqueness of strong solutions

The next theorem identifies suitable conditions on b, o and S that ensure the existence

and uniqueness of strong solutions to RVSDEs.

Theorem 5.3.3. (Existence and uniqueness under Lipschitz conditions)
Suppose that the coefficients b, o and S satisfy the following global Lipschitz and

linear growth conditions for some constant K > 0, in the sense that

|b(x,t,m) - b(:v',t,m')| + |0(:1:,t,m) - 0(:1:',t,m’)| + |S(g,x,t,m) - S(glaxlat7m,)|

< K(lo —a'[ +]g — ¢'| + Wa(m,m')), (RVSDE-A1)

‘b(l‘, t7m)’2 + |0(x,t,m)|2 < K2(1 + ‘l’|2 + WQ(mv W0)2)7

1S(g,z,t,m)| < K(1+ |g|+ |z| + Wa(m,m)) (RVSDE-A2)

for every0 <t < T, z,2' €Re g, g € R, m,m' € Po(RY). Here, my the Dirac-6
distribution in Py(R).ie.

mo({0}) =1

Assume that & € Fy,G € Fi, EIE|* + supg,<p [G* < 0. Then there exists a unique

solution (X, G) to the RVSDE (5.3.1) on [0,T] with Xo = &£ and Gyt = (;.

Proof. Given a distribution m € P, (C([0,T];R*™)), for ¢ € [0,T] let m; be the
push-forward measure of m on R induced by the projection from C([0, T]; R4+)

to R at ¢. For s,t € [0,7T],

Wa(msg,my)? < / |w; — w|*m(dw).
C([0,T}RH)

Hence, by Lebesgue’s dominated convergence theorem, Wy(ms, m;) — 0 when s — t.
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Therefore, t — m; is a continuous map from [0, 7] to Py (RI).
Now from the existence and uniqueness of strong solutions to SDEs stated in

Theorem there exists a unique strong solution X = {X;; 0 <t < T} to
¢ t
X;—Xo=X;— €= / b(Xs, s,ms)ds + / o(Xs, s, ms)dBs, (5.3.4)
0 0
which in turn gives a solution G = {G;s; 0 < s <t <T} to
t
Gt7t — Gt,s = Ct — Gt,s = / —S(Gtﬂ“ Xu, u, mu)du (535)

pathwise. Clearly, G; € %, since G can be regarded as a functional from the path
X0, and actually Gy s € %, for all 0 < s <t for the same reason. We shall divide
the rest of our proof into two parts.

Part 1: G is continuous and the law of (X;, Gyg)o<i<r € P2 (C([0,T]; R¥H)),

which naturally gives us a map ® from P, (C([0, T]; R*™)) to itself as follows:

m ERED, (x, ) S8, )

Part 2: There exists a unique fixed point of the map .
Proof of Part 1: By Lemma [5.3.5 G is continuous.
To show that £(X.,G.5) € P> (C([0, T];R*™)), from (5.3.5]),we have

t
Gual <161+ K [ (1 Gral + 1] + Waloma, )
By Gronwall’s inequality,

Grol < (K, T) (1 +lal+ [ (xl+ W2(mu>7T0))dU) |
0
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which yields that

E sup |Giol?
0<t<T
. . (5.3.6)
SC’(K,T)(1+E sup |Ct|2+/ E\Xu|2du—|-/ W2(mu,7r0)2du).
0<i<T 0 0

Moreover, given m, from (2.4.5) we have that E(supyc,<p|X¢|*) < oo, which

implies that E(supg<,<r |Giol*) < co. Hence,
L(Xt, Gro)o<t<r € P2(C(]0,T7]; Rd+l).

Proof of Part 2: Let m,m’ € Py(R). For every t € [0, T], by using the Lipschitz

continuity of the coefficients and Doob’s inequality in L?, we have that

E {sup | Xs — X;]Q}

0<s<t
s 2
<28 sup | [ 006 0m) — 0w |
o<s<t | Jo
s 2
+2E[sup /J(Xu,u,mu)—a(X;,u,m;)dBu }
o<s<t | Jo

o [ om0 ) |

+C’IE/ lo( Xy, u,my) — (X;,u,m;ﬂ?du
[/ b(X,, 5,my) — b(XL,5,m))|* + |o(Xs, 5,ms) — (X, 5,m.)[*ds

_(J(K,T)/E[ sup | X, X’|2}ds+0KT / Wa(ms, m.)?ds.

0 0<u<s

It then follows by Gronwall’s inequality that

t
E {Sup |XS—X§|2} < C(K,T)/ Wa(ms, m’,)?ds. (5.3.7)
0

0<s<t
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On the other hand, for all 0 < s <t < T,
t
Gis — G’ms = / (S(Gt,u,Xu,u, my) — S(GLU,X{L, u,m;)) du,

which leads to

|(;t5 _>C;;3F
t 2

t t
<C(K,T) |:/ |Gt,u — G;u|2du +/ (|Xu — Xz:|2 + Wa(my, m;)Q) du] .

By using Gronwall’s inequality with respect to s we have that
t
Guo — Glol? < C(K,T) / (10 — X0 + Wiy, m!)?) du. (5.3.9)
0

By combining ([5.3.7) and (5.3.9)) we deduce that

E [ sup (| X, — X[]? + |Gso — G;,o|2>}

0<s<t

t t
<C(K,T) (/ Wz(mu,m;)Qdu+E/ |Xu—X;]2du) (5.3.10)
0 0

t
<C(K, T)/ Wa(my, m.,)*du.
0

For every i, v € Py (C([0,T); R4M)), and 0 <t < T, let

1/2

Wajon (s, v) = inf [ [ s 16066) = )P @)mie)|

meA 0<s<t

where w = (wy,wy) € C([0, T]; R x C([0, T]; R, and (X(t), Xo(t))(w) =
(w1 (t),wa(t)). A is the set of probability measures with marginal distributions p and

v. Clearly, W om(p, v) = Wa(p, v). From (5.3.10)), we have that

Wajo,q(®(m), ®(m)* <E| sup (|Xs— X.J> + |Gso — Glpl?)

0<s<t
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t
< C(K, T)/ Wa(ms, m’)?ds.
0
As Wa(mg,m)) < Waoq(m,m’), it follows that
t
Wa 0. (®(m), ®(m'))*> < C(K,T) / Wa 0.5 (m, m')*ds (5.3.11)
0

for all £ < T'. Therefore to show the existence of some fixed point, consider a sequence
{m, ®(m), ®*(m),...} € Po(C([0,T];R*)). From (5.3.11) we have that, for all
k>1,

Wa o9 (®*+ (m), ®*(m))> < C(K,T) /0 W 0.5 (®F(m), 8 (m))?ds.  (5.3.12)

By recursively using this inequality, we deduce that

C(K,T)t|*M

Wa o0 (25 (m), " (m))* < | o : (5.3.13)

where M = Wy(®l(m), ®°(m))%. It is now easy to see that {®*(m);k > 0} is a
Cauchy sequence in Po (C’ ([0, T]; Rd“)), which, by completeness on this space when
equipped with the Wasserstein metric, converges to some m’ € P, (C([0, T]; R*)).
By , ® is also a Lipschitz map with constant \/W , which means that
O(m') =m'.

To prove the uniqueness, we can apply the same argument as in proving .
For every m,m’ € Po(C([0, T]; R4, we have that

[C(K, T)TT*

Wa o7 (®* (m), ®*(m))* < 1

W2 (ma m/)27

which means that ®* is a contraction on Py (C([0, T]; R*™)) when k is large enough,

and this then implies the uniqueness of the fixed point of ®. O

The following bound of the solutions will be useful in the future.

121



Corollary 5.3.4. Let the solution to the RVSDE (5.3.1) be (X,G), then we have

the following bound for the solution:

E sup (X +[Gral?) < OO T)(1+E sup (G + Bl ).
0<t<

0<t<T

Proof. Denote L( Xy, Gtg) by m;. Since
t t
X, zf—l—/ b(XS,s,mS)ds—i—/ o(Xs, s,ms)dBs,
0 0
we have

t t
E sup | X,|* < C(K,T) [1+E]§\2+/ E|Xu]2du+/ Wg(mu,ﬂ'o)Qdu:|
0 0

0<s<t

for every ¢t € [0,T]. On the other hand, according to (5.3.6)),

t t
E sup |Gyol> < C(K,T) {1 +E sup \Cs|2+/ E]Xu\Qdu—i—/ Wz(mu,ﬂ'o)zdu:| :
0 0

0<s<t 0<s<t

Combining these two inequalities, we have

E sup | X,[* + E sup |Gs,0|2
0<s<t 0<s<t

t t
<C(K,T) {1+E|s|2+ﬂzsup G+ [ B Pdu W2<mu,7ro>2du]
0<s<t 0 0

t t
<C(K,T) [1+Eyg|2+E sup |g812+/ ElXu\Qdqu/ (]E|Xu12+E|Gu,OP)du]
0<s<t 0 0

The result now follows from the Gronwall’s inequality. O

Lemma 5.3.5. Let S(g,t) be a continuous function from R' x [0,T] to R" which

satisfies the global Lipschitz and linear growth conditions for constant K, i.e.

S(g,t) < K(1+|gl)
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1S(g,t) — S(¢',t)| < Klg — ¢

for every g,g € Rt € [0,T]. Let {Gt4,0 < s <t <T}€R be the unique solution
to

dG,s = —S(Gis, s)ds (5.3.14)
with Gyy = G Suppose (; is continuous, then G is continuous in the simplex

0<s<t<T, and we have the following bound for G, :

sup |Gisl < (sup |G| + KT)e" (5.3.15)
0<t<T

0<s<t<T
Proof. Denote the simplex 0 < s <t <T by A. First, we show that G, is bounded
in A. In fact, given any (¢,s) € A, by (5.3.14)

t
Gl < 1G] + K/ (1+ |Gra]) du.

By Gronwall’s inequality, |G, | < (supg<;<r |G| + KT)e"™, which proves (5.3.15)).
To show continuity, let (t1,s1), (2, $2) be any two points in A, and let sy =

min(sy, $2), then

|Gt2,82 - Gt1,81|

S|CTY152752 - Gt2,80| + |Gt2,80 - Gt1,80| + |Gt1,80 - Gt1781|
Since dGy s = —S(Gy s, s)ds,

|Gt2752_Gt2750‘+‘Gt1,50_Gt1,51| < K(‘82_$0’+’81_80D(1+ Sup |Gt7SD‘ (5316)

0<s<t<T

To bound |Gy, s, — Gty 5|, W.lo.g, assume t; < t5. Consider Gy, — Gy, for

0 <wu <t;. From (5.3.14)) and the Lipschitz continuity of .S, we have

t1
Gy — Gl < |Groty — Goyy| + K/ Gryu — Gy | du.
u
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By Gronwall’s inequality, we are able to obtain that

|Gt2780 - Gthso‘
SC(K, T)th27tl - th,t1| (5317)

<C(K,T) |G = Gl + [t =t (T4 sup |Gy s])

0<s<t<T

Therefore, by combining (5.3.16) and (5.3.17)), G, s is continuous in A.

5.3.2 Stability

Next, we show the stability of solutions.

Theorem 5.3.6. (Stability of RVSDESs) Suppose that b, o, S satisfy (RVSDE-A1)
and (RVSDE-A2) with constant K, let (X, G) be the unique solution to the RVSDE
(5.3.1), and let (X', G") be a solution to (5.3.1) with (V/,S’,0’,&',("). Then,

E sup ('Xs - X;|2 + |GS,0 - Gls,0|2)

0<s<t

<C(K,T) {Ha — 0|7 + b=V 70 + |5 — 5|70 )t (5.3.18)

1 E s |6, —<;|2+E|§—§’r2].

0<s<t

Proof. For every 0 <t < T,

E sup |Xs - X;F

0<s<t

t
< cm{E [ DX, 20X, o) = (X5, 062, GL) s
0

Cle— gﬂ }

t
< C(T){E/ (Ib(Xs, 5, L(Xs, Gs0)) = XL, 5, LXL, GLo))[* + [Ib = V[Zec ) ds
0

+]E[ sup
0<s<t

/ (O’(Xs, S, L(Xsw Gs,O)) - UI(X;7 S, ﬁ(Xga GIS,O))) dBS
0

2

+E [ sup
0<s<t

/ (0(Xa 5, £(X., Goo)) — o(X!, 5, L(X], G ) dB,
0
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+ sup

0<s<t

t
< C(K, T){E[/ | X — XU + Wa(L(X,, Gap), L(XL, G ) ds
0

/0 (X!, 5, L(X1,GLo)) — o' (X, 5, L(X', C))) dB,

2
S [ 5’\2} }

(o= 0|2 + b= H2 )t + € —5’|2]}
t
<C(K, T){JE[/ (|XS — X!?+|Gsp — G;OF) ds
0

#llo = e + 10 = Ve + 16 - €] | (5.3.19)
On the other hand, by the same argument, for every 0 < s <t < T,

|(;LS _-(;;sF
t
<O [ (G = Gl + X, = XU+ Wal(Xo: Gua) LY., Gl) )l

= G+ 18 = ST (e - )
so, by Gronwall’s inequality, one may deduce that

t
Gro — Gy < C(K. T){ [ (1= X+ WAL ), £ Gl )
0

=P +]S - S’n%wt},

which implies that

0<s<t

t
E sup |G,po — G;,OP < C(K, T){IE[/ (| X5 — X.> + |Gso — G;,0|2) ds]
0

CE sup |6 — (IS — S’||%oot}-

0<s<t

Together with (5.3.19) we have that

E sup (|Xs _XIP 4 [Gao— G;,OF)

0<s<t

t
<C(K, T){/ E sup (| X, — XI* + |Gspo — G’S70]2)du
0

0<s<u
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+E sup ¢ — G +E[¢ - ¢
0<s<t

+ (o= 0|2 + (16 =l Z +[IS — S’llim)t}.
By Gronwall’s inequality again we therefore deduce that

E sup (| X, — X" +[G.0 = Giol’)
0<s<t

<C(K.T)|(lo = o'llZoe + 16 = VlI1 + IS = Sl )t

+E sup |Cs _C;|2+E|€_§,|2 ’

0<s<t

which completes the proof. O

5.3.3 Propagation of chaos

For MVSDEs, the solution could be approximated by running interacting particles
(see Theorem [2.5.3)), which is referred as the propagation of chaos. In this section, we
are going to formulate and prove the propagation of chaos for RVSDEs . Consider

the following equations:

i i i ' t ' Ly
Xt(),N_Xé),N:Xt()vN_g(l):/ @.N NE <)NG<>N
0 i=1
N (5.3.20)

t
1 4
1)N = E (@)
+/0 N 2 z)NG(z)N dB,

N
7 7 i 7 i 1
Gg,t)’N o GE,g’N = Ct() _ G;z’ / S )N ws Uy N E 5X751‘),N7G1(L7;)6N>du (5.3.21)
i=1 ’

in0<s<t<T, where (I/V(i),g(i)7 C(i))lgiSN are independent and have the same

distribution as (W, &, ¢). Denote the solutions by (X, G)®". We also consider the

solution (X, G)® which satisfies the RVSDEs (5.3.2) and (5.3.3)) with corresponding
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(W@ 0 ¢@), e,

;ﬂ”—X9=a@”—é“=/Pwaﬁlmﬁﬁagn® (5.3.22)
0
t 4 '
+ o5 £(x0,6)any
0
CM—G$=Q”—®?3/—ﬂ@%XRMEMPG%WM (5.3.23)
The result of this section will establish the connection between (X,G)®" and
(X,G)®. We recall the following two standard lemmas in Warssenstein spaces, which

will be useful in our argument.

The first lemma is self-evident from the definition of Warssenstein spaces.

Lemma 5.3.7. Let (z1,79,...,2n), (Y1,Y2, ..., yn) € RY, and 5, be the Dirac mea-

sure at x. Then

lem. 1 & 1 — v
2
(3 0y ) < (530 -
The second lemma states that the empirical measure will converge to the underly-

ing probability measure in Warssenstein spaces.

Lemma 5.3.8. (see [17] Lemma 1.9) Let i € Po(RY). Let {X;}is1 be ivi.d. random
variables with the law p € Po(R?), Let p, denote the empirical measure p, =

LS 1 0x,. Then

B0 () < C [ [ofn(da) for alln

and

lim E[Wa (i, )% = 0.
n—oo
Now the propagation of chaos is stated as follows.

Theorem 5.3.9. Assume that (RVSDE-AT]) and (RVSDE-A2)) hold, and (X, G)N
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and (X, G)9 are defined by (5.3.20)),(5.3.21),(5.3.22),(5.3.23)), then

lim max E sup |X{ — X©ON 324 !Gi% - GS%’NP =0,

N—oo 1<i<N 0<s<T

and as a result,

lim W5 (£ (x0,6) £ (X0, 60V)) =o.

N—o0

Proof. The idea of this proof is borrowed from [I7]. For ¢t € [0,T],and i =1,2,..., N,

E sup [X® — X (N2

0<s<t
s 1 N 2
(%) i),N _ _
SC{EOS;%% /0 (b( Vou, L(XP,GUY)) — bX ,U,N;5Xu1>,N7Gg)O,N)> du
<s< =

N 2
s . o . 1
E )(O) L )(@) Cﬁ” — )(@% — j J df3
+ S /0 (U( o, LX), GLY)) — o(XG NZ X()NGUN)
¢ N
SC(K,T)E/ <‘X£i)—X(l)N‘2+W2(£( Z (J)NG(J)N )du
0 j=1
t
C(K,T){E/ IXO — x N|2du+]E/ W (L ZéXme du
0

t 1 N 1 N
e wzwz(sxw,%NZaXW,G%Nm}
j=1 j=1
Y _ @ t WUNE R 2
O(K, T){IE/O X0 — XN du+]E/0 Wg(ﬁ(xy,amo),NZ(SX&J%G%) du
j=1

t1 &Y . . A ,
- () _ v@),N |2 @) )N 2
+1E/0 N; (IXuJ XONP? 41GY) — GUN| )du}

t
:C’(K,T){E / IX® - XxON12qy + E / Wy(L Z(SX@) Gm du
0
t . .
+]E/ (yXy_Xg),N,zHGg ~ G ]) } (5.3.24)
0

The last equation follows from the fact that (X©), G XN GU-NY have the same

distribution for each 7 =1,2,..., N. On the other hand, for every 0 < s <t < T, by
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the same argument,

u

) ) t
Gl -cp <o) [

S

. 1 N
+ W (L(XD, G0, 5 3 5X5;>,G<a'g))2
j=1 ’

N
T Z( X026 — GEZZ;NP)}du

J=1

By Gronwall’s inequality,
. . ¢ . 1 X
G — GNP <C(K, T) / (|X — XN 4 R (L(X 9,69, N > 5 60V
0 ]:1 s
1 X . .
3 (1 - XN - 04 F) Y
Then by taking the expectation and using the symmetry among each 7 =1,2,... n,

. . t . .
E sup |G — Gug' | <C(K,T)E / (|X3>—X$>’Nr2+\G$f — G
0

0<s<t
+W2(£( Z(S oFe (1) 2)du,

which yields

E sup | X[ — XN+ |G - Gl P

0<s<t
t . .
<. | E[ s X0 = XONP |60 - GO
0 0<u<s
+-L@7<Z:()(@ (;( 2{:(?X()(;z }(is.

together with ([5.3.24)).

Again by Gronwall’s inequality,

E sup | X1 — XN 4 |G - Gy

0<s<t

129



N

t
) Ay L 2
<O(K.T) | BWA(EXD, 6. 3 by s

i=1
By Lemma [5.3.8]
. 1 N
EW5(L(X, Glp), + 2; Oy o) < C(EIX[* + E|Gipf?)

Then by the dominated convergence theorem and Lemma ,

. () _ y(i),N|2 @) _ A@.Ni2 _
VBV E 2B, T X G = G =

5.4 The large deviation principle for RVSDEs

The Freidlin-Wentzell theory (cf. Theorem [2.6.9)) is concerned with the LDP for a

family of diffusion processes {X“}o<c<1 defined by the following system of SDEs:
dX{ =b(X{)dt + Veo(X{)dB;, 0<t<1, X§=mo.

where r € R? and W is an r-dimensional Brownian motion. Suppose that b : R¢ — R4
and ¢ : R? — R are both Lipschitz continuous and bounded functions; then,

{X}o<ecr satisfies the LDP in C([0, 1]; RY) with good rate function given by

. I
L(f) = ot 5 | latop
geH1:f(t)=2+ [ b(f(s))ds+ [ o(f(s))g(s)ds 0

In this section we will establish a LDP for the RVSDE ((5.3.1)), which is closely
related to the viscosity limit problem to the related nonlinear fluid dynamic equations.

It is worth exploring this aspect in the future.
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Consider the following RVSDE, dependent on a small parameter € > 0:

dX; = b(X;,t, L(X], Gy o))dt + Veo (X[, t, L(X], Gy o))dB,, (5.4.1)
5.4.1

R

dG;, = —S(G},, X5, 8, L(XE, G5 ))ds,

subject to the initial conditions X§ = &, G, = ¢;. The aim of this section is to derive
a large deviation principle for the distribution of (X¢, G¢). We adopt the approach
initiated in [96] to our situation, but it necessarily becomes much more complicated
since the solution couple (X, @) is no longer Markovian. We assume that (; is a
deterministic process with & = x( for the rest of this section. Let ¢, be the unique

solution couple of the following system of functional differential equations:

d¢t - b<¢t7 ta 5¢t,¢t,o)dt7 gbO = Xy,

dwt,s - _S(wt,sv ng) S, 6¢s,¢570)d87 7vbt,t = gt'

The existence and uniqueness of ¢, 1 is guaranteed by a special case of Theorem [5.3.3
corresponding to ¢ = 0. Now we are in a position to state the following LDP for

(5.4.1).
Theorem 5.4.1. Suppose that b, o, S satisfy global Lipschitz and linear growth con-
ditions (RVSDE-A1)) and (RVSDE-A2)). We also assume that, for some (€ (0,1],

b(z,t,m) — b(x,t',m)| + |o(x,t,m) — o(x,t',m)| < K|t — | (RVSDE-A3)

for all x € RY,m € Po(RY),0 < t,#' <T. and o is bounded. Then the solution to

(5.4.1) (X<, G°) satisfies the LDP with the good rate function

](f ) inf % fQT |h‘2dt Zf Gttt — Gts = fst _S(gt,ua f’m u, 5¢u,1/1u,0>du7 Gt = Ct
v g) =

o0 otherwise,
(5.4.2)
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where the infinitum is taken over the set

{h € Hy: f(t) =z + / B(£(5), 5 g, )5 + / o(f(s), s76¢s,ws,0>h<s>ds}.

The topology with respect to the (X€, G¢) here is induced by the uniform norm of the
space C([0,T],R?) x C(0 < s <t <T,RY.

The proof of the LDP is lengthy, and is divided into two steps.
Step 1: Let {Y, H }o<c<1 be the solution to the following functional stochastic

differential equations:

dY;E - b(YtEa t7 5¢t,¢t,0)dt + \/EU(}/;? t? 5¢tﬂ/}t,0)dBt7 1/OE = 2o,

dHf, = —S(Hf,,Y{,8,0¢,0,0)ds, Hf, = (.

t,s? T8

We will show that {Y¢, H¢}g<.<; satisfies the LDP with the good rate function (5.4.2))

I(f,g) (see Proposition below).
Step 2: We next to show that {Y, H}o<c<1 and {X¢, G}o<c<1 are exponentially

equivalent, which will be done in Proposition [5.4.4] That is, for every ¢ > 0,

limsup elog P[d((Y<, H), (X, G°)) > 0] = —o0. (5.4.3)

el0

Then by Theorem [2.6.5], { X, G¢}o<c<1 satisfies the LDP with the good rate function
I(f.9)-

Proposition 5.4.2. {Y*, H}o<c<1 satisfies the LDP with the good rate function
I(f.9)-

Proof. By Freidlin—Wentzell theory, Y satisfies the LDP with the good rate function

1 [t
I(f):inf—/ |ih[2dt
2 0
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where the infimum is taken over the set

{h € s 1) =0+ [ D) 5.6+ [ o(7(6) s,6¢s,ws,o>h<s>ds}

Consider a mapping ® which maps C([0,T],R?) to C([0,T],R?) x C(0 < s <t <
T,R!") defined as follows:
o(f) = (1,9

where g is the unique solution to the following equation:

dgis = _S(gt,sa [s) 8, 5¢S,ws,o)d3a 9t = G-

We aim to show that ® is a continuous mapping, then by the contraction principle
Theorem [2.6.3, I(f,g) is a good rate function and {Y¢, H }o<.<1 satisfies the LDP

with I(f, g).
In fact, given every f, f' € C([0,T],R%), let g,¢g' € C(0 < s <t < T,R") be the

image of f, f/ under ®. Then for any 0 < s <t < T,

t
’gt,s - gzlf,s| < / ’S(gt,ua fusut, 5¢u,¢u,o) - S(g;&,u’ fﬂi? u, 5¢u7¢u,o)’du

t
<K [ gt ghad + 1fu — £

By Gronwall’s inequality,

t
|9t — Grsl < C(K,T)/ |fu = fildu < C(K,T) sup |f;— fil.
s 0<t<T

Since s, t are arbitrary,

sup |gt,s - gzlt,s‘ < C<K7 T) sup |ft - ft,|=

0<s<t<T 0<t<T

which implies ® is continuous. O
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To show the exponential closeness, we need the following technical fact.

Lemma 5.4.3. (see [32] Lemma 5.6.18) Let by, o, be progressively measurable pro-
cesses and let dz; = bdt + \/eoyd By where zy is deterministic. Let T € [0,T] be a
stopping time. Suppose that oy is uniformly bounded, and for some constants M, B, p
and any t € [0, 7],

oo < M(p* + |2[*)"?

and

o] < B(p? + |2.*)"/2,
then for any 6 > 0 and any e < 1,

P2 + |ZO|2

elogP[SUP 24| 25} < K +log 24627

0<t<r
where K = 2B + M?(2 + d).
Proposition 5.4.4. {Y H}o<cc1 and {X°, G }o<c<1 are exponentially equivalent.

Proof. To prove , it suffices to show that for every o > 0,

limsupelogIP’[ sup |Y;" — X§| > 5] = —00 (5.4.4)
elo 0<t<T
and
lim supelog]P’{ sup |Gy, — Hi | > 5} = —00 (5.4.5)
€l0 0<s<t<T

To prove (5.4.4), let Z¢ = X — Y, then

2t = [ 0K 5, £0X5 G50)) = DY, 5,8,

+\f/ (XS, 8, L(XS,Go)) — o(YS, 8, 06,0.0)]dBs.
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From the Lipschitz continuity of b and o,

1/2

|b<X€ S, L(ng GZ,O)) - b(Y:v S, 5¢>S7¢5,0)| < C<K> UZ;|2 + W22(£(X§7 G;,O)ﬂ 6¢s:¢s,0>:|

ERS

and
€ € € € € € € 1 2
|U(Xsa S, L(st GS,O)) _O-(}/s ) Sy 6¢S7¢s,0)| < C(K) [|ZS|Q+W22(£(XS, Gs,0)7 5%,105,0)} / )

so by Lemma [5.4.3|

SUPg<s<T W22(£(Xsea Gi,o), 5%1&5,0) )

Elogp( S |Zt€| = 5) = O(K) +log (SUP0< <T W22(['(X€ G 0) 5¢ P )+52
<s< 51 Ts5,0/ Yos,0s.0

0<t<T

On the other hand, by Theorem [5.3.6, by substituting ¢’ with 0, we have

Eam(%&ﬂﬁ+@%—%ﬁ>SﬂK$Wﬁﬂ%,

0<s<T

which implies

sup W3 (L(XS, GLo), 06,0) < CUK T)Veo 1

0<s<T

Therefore
lim sup W22(£(X§7 G; 0)7 5¢sﬂ/ls 0) =0, (546)
€l0 o<s<T ’ ’
and this means that
limsup elogP( sup |Zf| > §) = —oc. (5.4.7)
elo 0<t<T

To prove ((5.4.5)), since

t
@—H;=/—ﬂmpwmw%wwm
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t
G~ Gl = [ =S(Giu X £ Gl
forevery 0 < s <t <T,
t
|Hi, — Gi| < K/ (HH = Gl + 1Y = X0+ Wa(0p, 0,0 L(X5, G0))) du,

so, by Gronwall’s inequality,

t

- Gl < CURT) [ IV = X2l Walbin 0 £OX G )

Hence

sw|ﬁfﬂmsmKﬂ(wmw—ﬁH$mwmwwaﬁﬂw»

0<s<t<T 0<t<T 0<t<T

and therefore,

Pl sup |- Gl > ]

| 0<s<t<T

)
<P Y — X > ——
<sP| sup ¥/ = Xl 20<K,T>1

)
P W2(0suu10, £XE5 Gio)) > s |-
+ _oiltlgT 2( bt,t,05 ( t t’O)) QC(K,T)}

By (5.4.6)), when € is sufficiently small,

B
P Wa (0 X5, G o] =
Li?% 206,000, L(XT, Gp)) > 2C(K, T)]

Therefore, by (5.4.7)),

lim sup € log P [ sup |Gy, — Hf | > 5} = —00.

€l0 0<s<t<T

This completes the proof. O
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FEzample 1. Consider the following PDE as a particular case of ([5.2.2)).

ow 1
E +u’-Vw = §Aw + CW, (548)

where w(x,t), u’(z,t) € R3 for (z,t) € R? x [0,T]. C is a constant matrix in R3*3,

The PDE is a closed system of W by the relation

u(x,1) = g K°(z — y)w(y, t)dy, w(z,0) = wo(z)

where K° € BC!'(R%;R*%), and K°(0) = 0. Assume that the solution u’ is
divergence free, and the initial data wy(x) = 6(z)w for some w € R3.

Since wy vanish outside 0, by (5.2.7)), the discretised system is as follows:

dXt - b(Xt, t)dt + dBt, X() - 07

th,s = —Gt,stS; Gt,t = I,

where
bi(w,t) = B | K5 (x — X,)G(1, 0)] .

We aim to compute the rate function for (X¢, G)y<c<1 where
dX§ = b(XF,t)dt + VedB;, Xo =0,
dG;, = —G; ,Cds, Gj, = I,

which corresponds to the PDE

aa—o; +u’ - Vw = %eAw + Cw, w(z,0)=d(z)w.
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Let ¢y, s be the solution of

del = (WK (¢ — ¢o)i (£,0)]dt, 6h =0,

d%,s = _¢t,st5; ¢t,t = Is.
Since K°(0) = 0, so that
¢r = 0,15 = exp(C(t — s))
Therefore, by (5.4.2)), the rate function for (X<, G)p<c<1 is given by
13 (T A .
I7.9)= 530 [ 170 = K0 explCnar (549)
=170

if g1s = exp(C(t — s)), f(0) = 0, and oo otherwise.

Ezample 2. For a general initial data wo(z) to (5.4.8]), by (5.2.7)), the discretised

system is as follows (we replace the index kh with £ here):

AX, (k) = b(X,(k),t)dt + dB,, Xo(k) = kh,
d

&Gt,s(k‘) = —Gt,s(k?)C, Gt,t(k?) = ]3,

where

Vil t) =3 wh(kh)E [Kg’i(x — X,(k))GA(t, 0 k:)] B3

and A is a finite set in Z*. We are going to give the rate function for (X¢ G)gce<1,

where

AXF(k) = b(XE(k), t)dt + edB,, Xo(k) = kh,

d
—Ge

dS t,s

(k) = =Gi (k)T Giy(k) = Is.
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Let ¢y, s be the solution of

dey(k) = Y wh(kh)[K ) (¢u(k) — ¢u(K)Gi (£, 0; )R dt, ¢o(k) = kh,

k'eA

d@/)is(k) = —@/Jt,s(k?)CdSa ¢t,t = I3,

which is equivalent to

dgi(k) = > wh(K )K" (¢,(k) — du(K)) exp(CHIIB*At,  do(k) = kh,

k'eA

wt,s(k) = exp(C’(t - S))7 Yy = I3,

which may be written in a matrix form

wh(kh) [ K (9n(K) = o (K))GI (1 0) | = [K (60(k) = 00 (K))G(t, 05 K Yo (k)]

Therefore, when

- Z Kﬁ(ft(kl) — 0u(K)) exp(Ct)wo (k'h)h°

k'eA

=fi(ka) = Y K°(fulka) — ¢u(K')) exp(Ct)wo(K'h)h?

k'eA

for all ki, ky € A, and fo(k) = hk, g1 5(k) = exp (C(t —s)) for all k € A, the rate

function is

78
2 Jo

otherwise it equals oo.

2

felky) — Z K°(fi(ky) = (k') exp(Ct)wo(K'h)R*| dt,
e
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5.5 FEuler-Maruyama method

In this section, we are going to propose an efficient numerical program to approximate
a RVSDE (5.3.1)) solution. First, we use a system of finite interacting particles to
approximate the law of solutions in RVSDEs (see Section [5.3.3)), so that the RVSDEs

reduce to the equations of the following form:

dXt = b(Xt, Gto, t)dt + O'(Xt, Gmo, t)dBt
(5.5.1)

th,s = _S(Gt,s: Xsa Gs,07 S)dS

with the initial state Xy = ¢, Gy = ;. Now our goal is to numerically approximate
the solution to .

Our proposed method is inspired from the EM method for SDEs (cf. Section .
The EM algorithm could be adjusted to approximate the solution to . Through-
out this section, we shall assume that £ and (; are both deterministic for simplicity,
and we denote them by xy and g; respectively, though the argument still works
without this assumption. The EM algorithm for RVSDESs is the approximation of
by time discretisation. The approximation is denoted by (X", G") given by

the following system:

Xh =X)L +bxh ,Gﬁz_lp,t’g_l)h +o(X]h ,G?Z_po,tz_l)ABtﬁil for 1 <k<n

tZ o k-1 k—1 k—1
h h _ h h h Yy
thh,t? — Gt?,t?_l = _S(thb,t?’Xt?,l’ Gt?_l,O’tj)h for 1 S ] S 1 S n
(5.5.2)
where 0 = tf < th < th < ... <th =T th—tF = hfori=12..n,
ABy = By — B X" is defined on 0 = ¢ < th < th < ... <th =T
k-1 k k—1

and G" is defined on (¢},t") where 0 < j < i < n. X{ = o, Gi‘?’t? = gp. We

extend X/, G to the whole interval [0, 7] by setting X' = X", G} = G}, when

t € [ti,tir1). For simplicity, we denote ¢} by t,, X} by X[ and G}, ,, by G}. i if
k 30 ’

there is no confusion.
Theorem 5.5.1. (Convergence of the EM scheme for RVSDEs) Suppose that
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b(x,g,t),0(x,qg,t),S(g,x,¢',t) satisfy global Lipschitz and linear growth conditions

with constant K in x,q,q’, and are globally %-H(')'lder continuous in t:

b(z1, g1, t1) — b2, g2, t1)| + |0 (21, 91, 11) — (22, g2, t1)| < K (|21 — 22| + |91 — g2])
1S(g1, 21, 91, t1) — S92, 2, 95, t1)| < K (|21 — 22| + |91 — 92| + |91 — 95])
(21, 91, t1)| + |o (@1, g1, 1) + 1S (g1, 21, g1, )] < K1+ 21| + [g1] + 1gh])
[b(z1, 91, t1) — b1, 91, t2)| + |0 (21, g1, 1) — (21, g1, o) [+ < Kty — to]'/?

|S(glvxlvg£7t1) - S(Qh'xl?gith)’ < K|t1 - t2|1/2

for all z1,70 € R g1, g2, 9}, g5 € R t1,ts € [0, T, then the strong convergence of the
EM algorithm holds:

sup IEJ|GZO — Grol* + X! — X, > < CK,T)(1 + |zo* + sup |g|H)h
0<t<T 0<t<T

Proof. For t € [t;, t;41),

Xt =wz0+ > (BX],Ghoti)h+0o(X], Gl tr)ABy,)

0<k<i—1
tk+1 th+1
=z0+ ) (/ b(Xth,Gf},tk)dtJr/ a(Xf,GQ,tk)dBt>,
0<k<i—1 ik tk

and

tei1 tht1
Xt =29+ Z (/ b(Xt, Gt70, t)dt + / U(Xt, Gt707 t)dBt>
tk ti

0<k<i—1

¢ ¢
+/ b(XS,Gsyo,s)ds—l—/ o(Xs, Gsp, s)dBs,
ti t;
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which yields

h et h h
X =X,= ) ( / (X}, Glost) — b(Xy, Gro, t)]dt
tg

0<k<i—1

tot1
+ / [U(X[L,Gﬁo,tk)—a(Xt,Gt,O,t)]dBt>

2%
t t
_ ( / b(X,, Gyp,5)ds + / a(XS,Gs,O,s)dBS).
ti t;

Therefore,

2

tk+1
E| X — X,|? gc{ > / (b(X], Lo tn) — b(Xy, Gro,t)) dt

0<k<i—1

tot1
/ (o(X]', Glo tr) — (X, Gro, 1)) dB;

ty
2}

2
+E

0<k<i—1

t t
+E / b(XS,G&Q,S)dS—{—/ 0(Xs, Gsp, s)d B
ti t;

Now we estimate these three terms individually,

tott 2
E / (b(Xtha GZO) tk) - b(Xt7 Gt,Oa t)) dt
0<k<i—1Ytk
tr41
Z / (Ib(xt, G?mtk) b(Xe, Gro, tr)|
0<k<i—1

2
+ |b(Xt7 Gt,07 tk) - b(Xt7 Gt,OJ t) |)dt

SC’(K){ [/t (|Xh — X+ |G270 - Gs,0|) ds]2
> / 0 \Gt,ODdtr }

0<k<i—

_O<K,T>{ / (IX" = X2+ |Gy — Gugl?) ds
0

+ hE [1+ sup | X;|? + Sup \Gtoﬂ }

0<t<T
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tht1 2
E / (o(X}, Glor tr) — 0(Xy, Gro,t)) dB,
0<k<i—1"tk
Tt
=Y / o (XI, Gl 1) — 0(X, Guo, D)t
0<k<i—1"tk

th+1
<CE Z /k+ (o (X7, tOvtk) o(X, Gio, tr))?

0<k<i—

+ |0<Xta Gt,07 tk) - 0<Xta Gt,07 t)|2)dt

t
<c(e] [ (12— X +168 ~ Gual?) s
0

N Z /'tk+1

0<k<i—1

It —t| (14 | X2 + |Gl )dt}

<C(K, T){]E/ (|Xf — X+ |G’;0 — Gypl?) ds
0

+ hE |:1+ sup |Xt’ + Sup |Gt0| :|}

0<t<T

2

E

t t
/ b(XsuGs,(J?S)dS + / U<XS7GS,07S>dBS
t t;

i

t
gc(mz/ (B(X,, G, 8) + [0(Xs, o, 5)[%) ds
t;

0<t<T

<CUR.TIE |1+ sup (X + sup [Gual?| b
Combining these three inequalities together, we have

t
E|X" - X,|* <O(K, T){IE/ X" — X2+ |Gty — Gl pl?ds
0 | (5.5.3)
+ hEE |:1+ sup |Xt‘ + Sup |Gt0’ :| }

0<t<T
Now we estimate |G — G"|. Given t;, 1 <i < n, let G}, , = Gy, ,, when s € (t;_1,1;]

and 0 < j <. Then for s € (¢;_1,1;], notice that

Gy, -G, = Z ~-S(Gh, X!

tp—1?
JH1<k<i

G?k—ly()’ tk)h
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and
tj
Gt~ Gru= 3 / S(Grvas X Gup ) + [ =(Grys X Gugr )
JH1<k<i s
which yields
GZ,S - i Z / t u?Xh Gﬁo: ) S(Gti,uaXu;Gu,OauD du
JH1<k<i

- / S(Gti,ua Xu, G%(), u)du

Therefore,

|Gh - Gt ,8

Z / ‘S t; quh GZOa ) S<Gti,U7XU7Gu,O>tk)’

]+1<k<z

tj
+ |S(Gti,u> Xm Gu,Oa tk) - S(Gti,ua Xu; Gu707 U)Hdu + / |S(Gti,u> Xu> Gu,Oa u)|du

+ Z / Viw =t (1 + | Xu] + |Guol + |Gt u])du

J+H1<k<i

t;
<(J(K){/ (G} w = Groul +1X0E = X + Gl — Gupl) du

+h(1+ sup |Gis|+ sup |Xt|)}
0<t<T

0<s<t<T
t;
<C(K, T){/ (IG . = G

+ (B2 +h)(1+ sup |Gis|+ sup IXtI)}~

0<s<t<T 0<t<T

+ X} = X | + |Gl — Guol) du

By Gronwall’s inequality, and we assume h < 1,

ti
Gh ) — ool < CE, T>{ / (IX" = X, + G — Guol) du
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CRP1 4 sup |Gusl + sup |Xt|>},
0<t<T

0<s<t<T

Hence, for t € [t;,t;11),

Gy — Grol <IGY o — Grool + G0 — Gl
t

<C(K, T){ / (IX" = X[ +|G"y — Guol) du
0

—|—h1/2(1+ sup |Gt75|+osup |Xt|)},

0<s<t<T <t<T

which yields for every ¢ € [0, T7,

t
E|G§O — Gl < C(K, T){ / (EIX) — X, |* + E|Ggo — Gupl?) du
0

+hE(1+ sup |Gt75|2+ sup |Xt|2)}'

0<s<t<T 0<t<T

Then, by combining this with (5.5.3]),

t
E |G}y — Grol* + |X1 = X4*] < C(K, T){ / (E|X} — Xu]> + E|GL ) — Gupl®) du
0

+hE(14+ sup |Gi.l*+ sup ’Xt’2)}7
0

0<s<t<T <t<T

so that we have

sup B [|G}y — Grol* + X' = Xo]’] SC(K,TE(1+ sup |G|*+ sup |Xi*)h

0<t<T 0<s<t<T 0<t<T

by Gronwall’s inequality. Since the L? norm of X and G is bounded by the initial
data (see Corollary [5.3.4)), we deduce that

sup B [|Gg — Geol® + X} = Xof’] < C(K, T)(1+ |aol* + sup. |9¢[*) .
0<t<

0<t<T
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To implement the EM scheme (5.5.2)) for the RVSDESs, we first initialize X} = x

and G(})L,o = go. Suppose that we have computed X"

hy
t;

Gl fori=0,1,2,... k To

calculate X} G, X}, could be computed by

k+1 k+1° k+1

h h h h
thy M 00 thy Mth 0

and G?h , could be computed by recursively using
k41
Gl o =Gl n+SGh X (Gl A
oty = G TG e X G085
with the initial condition G# , = [
[N k+1

5.6 Infinite-dimensional RVSDEs

In this section, we study the infinite-dimensional RVSDESs, which is a generalization
of the random vortex dynamics system without discretisation. Suppose that €2 is

some compact set in R?. We are interested in the following system of equations:
dX; (&) = b(Xi(§), t)dt + o (X (§),t)d By, (5.6.1)

dGs(§) = =5(Grs(8), Xs(§), 5)ds, (5.6.2)

where € € Q, X;(€) e R4, G, ,(€) € RL,0< s <t <T, Bis astandard r-dimensional
Brownian motion, and b,0,S depend on the joint distribution of (X,G) by the

following equations:

b, 1) = / E bz, t, X,(€), Gro(€), )] e,
o(a.1) = / E 0" (2,1, Xi(€), Guo(€), €] de, (5.6.3)

S(g7x7t> = E[Sl(x7g7t7Xt(£)7Gt,()(f)?g)] df,

2
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where b = {b"(z,t,2',¢,€)},1 < i < d. " are Borel-measurable functions from
R [0, T] xR xR xR”. o' = {o(z,t,2',¢',€)},1 < i <d,1<j<r, o are Borel-
measurable functions from R? x [0, 7] x RY x RE x R, §" = {S¥(z,g9,t,2',¢',€)},1 <
i <1, S” are Borel-measurable functions from R? x R! x [0,7] x R? x R! x R?. We
assume that b, 0’, S’ vanish outside R? x [0, T] x R? x R! x Q. The initial data is
given by X(§) and G ,(€) for t € [0,T7],€ € Q.

We say that the family of continuous stochastic processes of X;(§),€ € Q,t € [0.7],

and continuous stochastic simplex-indexed processes Gy 4(£),£ € 2,0 < s <t <T

constitute a solution to (5.6.1)),(5.6.2) if the following properties hold:
(1) (Xe(€),Grp(€)) € Z, for all € € Q.

(ii) Let b, 0,5 defined as in (5.6.3]). For every & € Q, X;(£) is a solution to (5.6.1)),
and Gis(§), Xs(€) is a solution to (5.6.2) for 0 < s < ¢ < T with the given
initial data X,(£) and Gy4(€).

Theorem 5.6.1. Suppose that the coefficients b', o’ and S’ satisfy the global Lipschitz

and linear growth conditions, 1.e.

|b,(xl7t7xllag£7£) - b,(x2,t,xé,gé,€)| + |U/(x1,t,x/1,gi,§) - O-,(‘r27t7x/27.gé?£)|
+ |S/($17917t7 x/hgia 5) - S/($27927t7 x/Za géu §)|

<K(|z1 — za| + |2} — 25| + 91 — 92| + g} — 95)), (RVSDE-B1)
0 (w1, t, 2, 65, )| + o' (w1, 8,24, 91, §)| < K (LA || + |23 + |g1]),
1" (@1, 91,8, 74, 91, )| < K(LA+ |2a] + [ga] + |23 + 194]), (RVSDE-B2)

for every xy, xo, 24, 2% € RY, g1, 90,94, 95 € Rt € [0, T],€ € Q. Besides, suppose that

SUpgeq E 1 Xo(6)]? < 00, SUP¢eq E SUp; (o 7 1G1(€)]? < 0o Then there exists a unique

solution to (5:6.1),(:6:2).
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Proof. Let L*(X,G) be the Banach space consisting of a family of all continuous
stochastic processes {X;(§) }o<i<r and {G1 () }o<i<r, indexed by £ € €, with norm
given by supecq (E[SuPogth |Xt(§)|2 + SUPg<i<r |Gt,0(5)|2])1/2'

Given (X;,Gyp) € L*(X,G), let b, 0, S given by (5.6.3)). It could be verified that
b,o and S satisfy global Lipschitz and linear growth conditions. Indeed, for every

x1, 79 € Rt € (0,7,

[b(z1, 1) = b(xs, 1))

S‘/QE[b/(l'l,t,Xt(f),Guo(f),f)—b,<fB2,t,Xt<€),Gt70(f),€)]d5

(5.6.4)
S/K|$1—$2|d§
Q
:C(K, Q) |ZE1 - l‘2| .
Similarly, for every x1, 2, € R g1,90 € Rl ¢ € [0,T],
|O'(£L'1,t) — O'(.%Q,t)‘ < O(K, Q) ’iCl — IQ‘ s
(5.6.5)

1S(g1, 21, ) — (g, T2, )| < C(K, Q) (|91 — go| + |21 — 22]) .

On the other hand, for every z € R% ¢ € [0, 7],

bz, t)]
< /Q E |V (2,1, X,(€), Grol€), €)| dé
< /Q KE (1 + [2] + [X:(6)] + |Gro(6)]) dé

<C <K,Q,Supﬂ“3[ sup | Xy ()" + sup IGt,o(S)IQ]) (1 + [z]).

€€ 0<t<T 0<t<T

Similarly,

lo(z, )] <C (K,Q,SUPE[ sup | Xy ()" + sup |Gt,o(£)\2]) (1 + [z),

e 0<t<T 0<t<T

|5(g, 2, 8)] < C (K,Q,supE[ sup | X;(€)* + sup IGt,o(é)!2]> (L + lgl =+ |-

ey o<t<T 0<t<T
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Therefore, with b, o, S computed above, denote the solution to ((5.6.1)) by X', and the

solution to
dGllf,s (5) - _S(Gg,s (5)7 X;(€)7 S>d8

by G'. By Lemma/5.3.5, G ,(§) is continuous in 0 < s <t < T for all § € 2. Together
with (2.4.5)), we have

2
sup(E[ sup [X;(6)]* + sup |G},(&)[]) < o0,
£eqN 0<t<T 0<t<T

This yields a map ® from L*(X,G) to itself :

Xi(), Gio(§) = ©(Xi(£), Gro(€))-

Now it remains to show that there exists a unique fixed point of ®.
Given any (X,G)M, (X,G)? € L*(X,G), let (b,0,59)Y, (b, 0, S)? be computed
by (5.6.3). By (5.6.4) and (5.6.5)), they are Lipschitz continuous with a constant only

dependent on K, . For every t € [0,T],z € R?,

|b(1)(x,t) - b(2)(x,t)‘

</E

~Ja
< [ KB (| - X0 (@) + |6l - 6o s

.t X0(6), GR(€). €) — Vi t, XP(€), GI(€),6)| g

<ok, ) s B [| X6 - xP(0)] + e - e

£eQ

|

so that
sup ‘b(l)(a:,t) — b(z)(x,t)’2
ver , , (5.6.6)
<ctr s |[x70 - xPof +|elhe - ool |
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Similarly,

sup ‘0(1)(x,t) — 0¥z, t)}2

xER4
2 2
<ct 2w || x© - x| + oo - aol |
se (5.6.7)
(1) 2) 2
sSup Lg (gaxat)'_‘g (g,$,t”
g€ER! zcR4
2 2
<ctr sk |[x0 - x| +|ethe - ool |
S

Let (X',G") = @ ((X,G)) ;i =1,2. For every t € [0,T],§ €,

2

E sup |X/M(€) — X (¢)|

0<s<t
s 2
<cf s | [ OV, - (X 0) du
0<s<t |JO
s 2
+E sup / (VXD (©),u) = (XD (€), ) dB, }
0<s<t |Jo

2
"+

<o | t ( DX (€), w) — b (XD (€), u)
oD (XD (), u) — e (X1 (£), u) |2 ) du

t
<C(K,T, Q)/ [ sup ‘b(l)(:c,u) — b(z)(:c,u)‘2 + sup ‘a(l)(x,u) — 0¥z, u)|2
0

zER4 zER4

+E| X - X1 ]du.

By Gronwall’s inequality, we deduce that

E sup |X/M(€) — X2 (¢)|”

0<s<t

t
<C(K,T, Q)/ (sup }b(l)(x,u) - b(2)(as,u)‘2 + sup }a(l)(x,u) - 0(2)(x,u)|2> du.
0 \zcrd zeRd
(5.6.8)
On the other hand,

(AR
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S/
S

t
</ [ sup | (g, 3, u) — SO (g, 2, u)|

geR! zeRd

SU(G€), Xi(€),u) = SAGIE), XIP(€),u) | du

u

+ oK, (|6© - ¢R@| + X0 - x2)) ]du.
By applying Gronwall’s inequality again,
|Go(€) — G (8)]

geR! zeRd

t
<C(K.T,9) / ( sup [ SW (g, z,u) = SP(g,w,u)| + [XIV(E) - ;@)(ol) du.
0
Together with ([5.6.8)), we have

E sup [|G2o(6) — G2 + |Xi0(6) - X2 (9)|]

0<s<t

t
<C(K,T,Q) / ( sup |SD(g,,u) — SO(g,, )
0

g€ER! R4

2

+ sup ‘b(l)(a:,u) - b(2)(:p,u)‘2 + sup ‘0(1)@, u) — o (z, u)|2>du
TER? TER?

Therefore, by (5.6.6) and (5.6.7)),

E sup [}X;“)(a - X +|efe -l (5)\2]

0<s<t

<C(K,T,Q) /0 t §‘£E [\X&”(ﬁ) - X3¢

which implies

suplE sup [\XS”(&) - X + |elf© - R

e 0<s<t

)
<c(r.1.9) [ st sup (X000 - X0 + |66 - 6B | au
0

ey 0<s<u

Then our result follows from the same fixed-point arguments in the proof of Theo-

rem [5.3.3| after (5.3.11]). O
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5.7 Approximating the infinite-dimensional RV S-
DEs by discretisation

In this section, we discuss how to approximate the solution of an infinite-dimensional
RVSDE by space discretisaton, which reduces the system into a finite-dimensional
RVSDE. Recall that in approximating the 3D viscous fluid flows, we consider a lattice
in R3 and the flow is then approximated by the particles starting from the lattice.
However, for the Navier-Stokes equations, the convergence of the numerical scheme
is very difficult to verify due to the high singularity. In this section, we do not
tackle the convergence problem of the Navier-Stokes equations. Instead, we show
the convergence by space discretisation with the assumption that the conditions in
infinite-dimensional RVSDEs are nice.

Let us consider an infinite-dimensional RVSDE defined on Q by (5.6.1)),(5.6.2).
We apply the same idea as we used in the random vortex method. Define a mesh
size h > 0, and we consider the lattice points ¢h which lie in €2, ¢ € Z°. Since 2 is
a compact set, there are finitely many lattice points in €2, so we relabel them by

i=1,2,...,N, and denote ih by €. The discretized approximation is as follows:

dX = b(X"? Oydt + (X7, 1)dB,, X = Xo(¢®)

(5.7.1)

N
S(g,z,t)=> E [S’(x,g,t,Xf”, Gﬁf&é("))} h

i=1
We are going to show that b,5,S converges to b,0, S when h — 0. First, let us
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to the infinite-dimensional RVSDE (5.6.1),(5.6.2) starting from £¢®:

dxX? = p(XD t)dt + o(XD, 1)dB;, X = Xo(eD)

A6y = —S(GL, X0, 5)ds, Gy = Gra(€D)
and we let

N
bh(l',t) = ZE |:b/($,t,Xt(i)7 G%;f(l))] hp’

i=1

N
o (a,1) = 3B o', t, X7, G, €0 | e,
=1
N . .
S"(g,2,t) = OB [8'(2, 0,4, X[, G, €0 2.
=1

b, o", S" are the direct approximations of b, o, S by Riemann sum, and we will show
that their convergence orders depend on the smoothness of ¢/, 0, S’. We introduce

the following quadrature lemma for our proof.

Lemma 5.7.1. (see [4] Lemma 2.2) Suppose F € CE(R?) with L > d + 1, then

the following estimate holds

< ChE max (|04 F|1, .. ., |05 F | 11)

ZF(h-z‘)hd—/ F(a)da

1€z Re
where C s a constant only depends on L.
Now we are able to give the estimation.

Lemma 5.7.2. Suppose that b',0" and S" are L(L > p+ 1) times differentiable and
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bounded, and they vanish outside R? x [0,T] x RY x R! x Q, i.e.
|DW (2, t, 2, ¢, €)| + | D'’ (z,t, 2, ¢, &)| + |D'S (x, g, t, 2, ¢, )| < (5.7.2)
foralll =1,2,...,L,(z,g,2",t,¢',&) € RT x R x R? x [0,T] x R! x R”. Besides,

b/<x7 t? xl? g/J 5)7 O-/(xJ t? x/7 g/7 5)7 S/(xJ g? t? Z/7 9/7 5) = 0

when (x,g,2',t,9',6) € R x R x RY x [0, T] x Rl x (RP\Q). We also assume that
foralll=1,2,... L, the initial data Xo(§), Gr+(€) satisfy

supE|D'Xo() < K, sup E[D'G (O <K
£en £eN,te[0,T)

then

sup  [b(a,t) — (2, 1)] + |o(z,1) — o"(x,8)] < C(K,T,Q, L)h*

z€R4 tcR4

sup  [S(g,2,1) — S"(g, 3, 8)| < C(K, T, 9, L)AL,

z€R4,gcR! R

(5.7.3)

Proof. We prove that sup,ega ega |b(2,t) — V"(2,t)| < C(K,T,Q, L)h", and the rest
follows from the same argument.

Given any x € R ¢ € [0, 7], let

Eb/ZE,t,Xt€7Gt,0§>€ ) S Q
re) = |EP@ XG0 € e —_—

0, £¢Q

By Lemma it suffices to show that || D'f(€)| ;1 is bounded by C(K,T,,1) for

[l =1,2,..., L. By differentiating f(&) for [ times, since b’ is L times differentiable

'For a function f(t,¢), where t is a time variable in [0, 7], and ¢ is a space variable, D'f(t,¢)
denotes the vector consisting of all possible l-order partial derivatives of f at (¢, ), excluding those
involving the derivative w.r.t t. For example, D'V (z,t,2’, ¢',£) denotes the vector of all possible
l-order partial derivatives of b’ as long as they involve the derivatives w.r.t z,2’, ¢’, £ only.
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and bounded, we only need to show that
sup E|D X, (&)| + |D'G1o(€)| < C(K, T, Q1) (5.7.5)
€eQ

forl =1,2,..., L. Since dX,(€) = b(X,(€), )dt + (X, (€), t)dB,, let Y;(€) = D' X,(€),
we have (see [100] Theorem 13.12)

dYi(§) = Vb(X:(€), 1)Yi(§)dt + Vo (X(§), 1)Yi(§)dBy.
By repeated differentiating £ on both sides,

dD'X;(€) = Vb(X4(€),t) D' X, (€)dt + Vo (X,(€),t) D' X,(£)dB; + Aydt + A,d B,
(5.7.6)
where Ay, A} only involve D’ X,(€) for 1 < j <1 — 1 and derivatives of b and ¢ up to
order /.
From our assumption and the definition of b and o , the derivatives

of b and ¢ up to order L can be bounded by a constant depending only on K and ).

It follows from (5.7.6)) that

E|D'X,(¢)|?

t t
<C(T,K, Q){ / E|D'(X4(€))|*ds +/ (E|A]> + E|AL]?) ds + E|D1X0(§)|2}
0 0
By Gronwall’s inequality,
t
B () < O T {E [ (AL +14) ds + EIDXo(6) )
0
Therefore, by induction we have

SupE|Dl(Xt(€))|2 < C(K7 Ta Qv l)
£eq
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for l =1,2,..., L. On the other hand, by differentiating £ on both sides of

dGys(§) = —S(Grs(§), Xs(€), s)ds,
it follows that

leGt,s(g) = —(ng(Gt,s(f), XS(@: S)DIGtS(Q

+ Vi S(Grs(§), Xs(€), 5) D' X, (€))ds.
By repeated differentiating & for [ times, we deduce that
leGt,s(£> - - (ng(Gt,s(£>a Xs(€)7 S)Dth,s(§> + As) d57

where A, only involves the DIG;4(€) for 1 < j <1 —1, D’X,(§) for 1 < j <, and
derivatives of S up to order .

Hence, by applying Gronwall’s inequality,

D'Gyo(€)] < C(K, T, 9) ( [ 1auas + |D’Gt,t<s>\) |
0

By induction and the previous estimate on X, we have

sup E|D'Go(¢)| < C(K, T, Q,1)
£eq

for 1 =1,2,..., L. Therefore, (5.7.5) follows. ]
Now we are able to prove our main theorem.

Theorem 5.7.3. With the same assumption as in Lemma

sup  |b(z, 1) — b(x,t)| < C(K,T,Q, L)h*,

z€R®,t€[0,T

sup |5(z,t) —o(z,t)| < C(K,T,Q, L)h,
x€R4 t€[0,T)
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s [S(g,3.t) — S(g,2,8)| < C(K, T, 9, L)hE.

geR!,zeR%,t€[0,T)]

Proof. From the definition of b, b", 5, ", S, S, it is clear that for every z € R%, g €

R, ¢t € [0,T],

Ig(l’,t) - bh<$,t)| + |C~T({L‘,t) - O'h({L‘7t)| + |§(g,x,t) - Sh(g,l‘,t”
N
<CUOR Y B [1X0 = X7+ (G - Gl
i=1
which gives us

’B(l’,t) - b(l’,t)‘ + ‘&(xvt) - U(.I',t)| + |‘§(97x7t> - S(g7xat>’
N o L (5.7.7)
<CEN Y B [IX0 = X0+ |G - G| + C( 1,9, L)r*
=1

from our previous lemma.

For:=1,2,...,N, by (5.6.1) and (5.7.1]), we have

. . 3 ~ ~ . . t ~ 7. .
X0 x — / <b(X§z>,3)_b(X§1>,s)> ds + / (a—(xs@,s)—a(xs@,s)) dB;,
0 0

(5.7.8)
which yields
E|X" - XP
t
<C(K, T){ / E| XD — X 2ds
0
t ~
—{—/ (sup b(z,8) — bz, s)|* + sup |5 (z, s) — oz, s)\2> ds}
0 \zeRd zERd
t
<C(K,T,Q, L){ / E|X® — X®|2ds
0
N t ~ . ~
+h*PNY ( / E[X — XPP?+|GY) ~ Ggfgﬁds) + h2L}.
i=1 0
By summing ¢ = 1,2,..., N, since h’ N is bounded by some constant only depends
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on €,

N ~
ZE|X§7«) _X() 2

C(K,T,Q, L) {/ Z E|X<> XD 416V - G§f2)|2) ds + h2LN}.

(5.7.9)

Similarly, for any 0 < s <t < T,
Gl -Gl

s

t N . s
<cr..) [ (10 SB[X0 - XP01+16% - G| + 10
=1

FIX9 - X0+ |6 Gﬁu)

By Gronwall’s inequality,
3 N ~ . ~
<., [ (1S R[X0 - XP1+16% - G+
i=1
which yields

t N . 1y
<C(K,T.Q,L) / (WN > OE[IXP - XOP 4G, — GO + ht
0

i=1

+ X0 — Xy>|2> du.

Then we sum ¢ over 1 to N and take the expectation, so that
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13 N . -
<C(K,T,Q,L) / <ZE [yxg“ ~ XOP+ |G~ Ggﬁo\?} + h?LN> du.
0 \i=1

By summing the above inequality with (5.7.9) and applying Gronwall’s inequality,

we have

N
EY [|X§i> ~ X124 |G - Gﬁfgﬂ < O(K,T,Q, L)h?*N < O(K,T,Q, L)h?".
=1

(5.7.10)
Therefore, by (5.7.7)),

|b(z,t) — bz, )]

N
<C(K,T,Q,L)I*VN,|Y E [|X,£“ ~XPR 4|60~ é§fg|2] +C(K,T,Q, L)h*
=1

<C(K,T,Q,L)h".

Similar bounds also hold for S — S and & — o. O
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