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Abstract

The inherent subjectivity or ’purpose-dependency’ in the epis-
temology of discovery from measuring biology is posed us-
ing exemplars from high dimensional medical genetic re-
search. The human observer is integrally embedded in the
numerical and graphical representation of simple or com-
plex biology via choice of: ascertainment, numerical mea-
sure, referential basis, kernel, learning method, feature search
and analogous cognitive display of such quantitation. Real-
ity under reason is polythetic. Parsimony constrained reduc-
tionism is operational not intrinsic - individuality infers that
the gestalt is supreme. Despite the fact that "there is nothing
but what you can think there is’ - Popper rules!
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Introduction

Science operates by the abstraction, from experience, of com-
monalities to produce theory or postulates. These conden-

sates are instantiated as formal or informal models which

are testable by experiment. Pythagoras said "Number is the

measure of all things’ (Hamming 1980) - thus measurement

and quantification is integral to the process of understanding

biological *form and function’.

Modern day biology has been seduced by the proposi-
tion that *measuring more is better’ (rather than measuring
better) and with the explosion of technological instrumenta-
tion diverse data on individual organisms is being collected
at an exponential rate. High dimensional numerical inves-
tigations (modest n - rows or observations, very large p -
columns or variables) are everywhere whether in chemistry,
biology or sociology (see H Martens and M Martens presen-
tation at this meeting, Eriksson et al. (2006a) and Eriksson



et al. (2006b)). In that way, as Einstein (1944) wrote: So
many people today and even professional scientists seem to
me like someone who has seen thousands of trees but has
never seen a forest. Understanding the wood i.e. a system of
trees (see de Marco, Gordon and Hallgrimsson presentation
at this meeting) is the key to biological story-telling. Now,
whilst - up to a certain point - knowing the definition of a
tree helps if one is trying to spot a wood, an ever increas-
ing clarity about trees does not help - rather having more
instances of woods does!

Nevertheless, the concept of needing numerical data to
justify conclusions (at least in medicine - Huth (2008)) goes
back at least three centuries (Gavarret 1840). Statisticians
have long dealt with multivariate data (Krzanowski 2000;
McLachlan 1992), the challenge now is this so-called mega-
variate data (p >>> n, see for example Eriksson et al. (2002);
Grainger (2003); Lee et al. (2003); Rubingh et al. (2006);
Vis et al. (2007)). Is extracting principled knowledge, of
the message that Nature is transmitting, from this current
modern-day deluge of atomist data any different from that
of the past?

In the field of pharmaceutical genetics a popular version
of such data is referred to as *whole genome scans’ (Romero
2002; Roses 2004). Such will be used as illustrative ex-
amples of epistemology in this treatise to show that mega-
variates are not ’exceptional’ (éxcé ptional a. forming an
exception; unusual - Sykes (1982)). In these medical ex-
emplars will be used the divergence framework posed by
Bowman et al. (2006); Delrieu et al. (2005); Delrieu and
Bowman (2006, 2007) - popularising the work of Robin Sib-
son (Jardine and Sibson 1971). These log likelihood ratios
have useful properties including a Bayesian calculus (see
Curtis et al. (2007)). They can be manipulated with linear
algebra for each observation (i.e. each individual), group
etc (Charalambous et al. 2008). The pre-processing arith-
metic methodology posed replaces each (exponentially dis-
tributed qualitative or quantitative) data point with a mar-
ginal entropic ‘sufficient’ (Fisher 1922) measure on R for
the question that is being asked which that individualised
observation of the variate contributes. The data X is first
summarised and non-linearly mapped per axis, as in the Ap-
pendix, to a natural non-arbitrary additive information space
dependant upon X (and its estimated parameters 6) to form a
topological space (see Mitteroeker presentation at this meet-
ing). The method deploys these projected measures (which
represent the magnitude - not the significance - of the infor-
mation that each observation contains resolving the uncer-
tainty (Bharath 1987) of the contrast or dialectic of interest)
as a point-wise homology function or 'map’ for ’data re-
placements’ whilst retaining the original second (and higher)

order structure of the biological measurements (i.e. the pat-
tern of correlation or covariation in the original space). Eu-
clidean pursuit decomposition of the latter resultant deformed
matrices (Huber 1985) to yield ’spectral’ signatures (Del-
rieu and Bowman 2007), as well as the measures themselves
(Delrieu et al. 2005), have a direct interpretation in terms
of a Popperian (Popper 2002) objective. Being information
based, the approach would be an appropriate algebra for the
challenge of abduction over the ’landscape’ of multiple data
types (see Harald Martens in this volume) and joint rhetorics
(see Schaefer presentation at this meeting). Operationally
this simultaneous geometric approach avoids issues of sig-
nificance (see McCloskey presentation at this meeting) and
repeated testing. In this marriage of Kantian antimonies (see
Darvas presentation at this meeting), just as in the Fisherian
synthesis (Fisher 1918), the method offers a rationalisation
between the dual Mendel-Bateson particulate and Galton-
Pearson biometric views of genetics.

Nature is macroscopically quantised - fundamentally in-
stantiated by individual distinct organisms that can be col-
lected, observed and quantified. As in physics (aka Heisen-
berg uncertainty principle), the act of observation disturbs
all biological systems. An isolated system only represents
biological reality (see de Marco in this volume). Taxonomists
use collections to develop models and hypotheses of how
the world is organised just as other scientists use their pre-
cision equipment for the same purpose (Kohler 2006). As
such, ascertainment is crucial in determining what a mega-
variate investigation finds out just as much as the Weltan-
schauung (World-view’) the investigator holds. Classes of
such individuals are axiomatically only describable in poly-
thetic terms as, even after ignoring measurement error, no
two organisms (bar clones in equivalent environments) have
the same total set of characteristics. Polytheticsm (Wittgen-
stein 1953) could be considered as an uncertainty principle
for monotheticsm or a stochastic version of it. The indi-
vidual nature of such biological observations in elevating
the importance of ascertainment requires the all-too-often
forgotten axioms of random sampling (Kolmogorov 1956).
Whilst replication is the (often subconscious) sine qua non
of mega-variate science (Ioannidis et al. 2001; Lohmueller
et al. 2003; Hirschhorn 2002; Vieland 2001), often scant re-
gard is made over what sampling frame this is or under what
shared (constrained or unconstrained) convention is ’accept-
able replication’ (see Galileo’s relativity principle in Darvas
in this volume).

With the advent of pervasive high-performance comput-
ing, Man is entering the age of massive arithmetical manip-
ulation. What can be gained from this? Nothing - if it can-
not be imagined (or logically derived - see Darvas presenta-
tion at this meeting). Common experience is evidence that
what you know (your memory) determines what you notice



(your perception). When you take a swig of coffee only to
taste someone-else’s tea, it is disgusting - even if you love
tea. The expectation (memory) of coffee blended with the
reality (sensation) of tea makes the tea taste different - we
sense in a relative way. Free-will or stochastic indetermi-
nacy (see de Marco presentation at this meeting) also play a
part. Even so-called "objective’ scientific investigations un-
der the Popperian paradigm are a relativistic act - models
of reality are transfer functions of input to output (Figure 1)
and interpreted within our Weltanschauung (see for instance
the duality of wave-corpuscle representations in physics -
Darvas presentation at this meeting). Their numerical iden-
tifiability via plausible reasoning (Jaynes 2003) requires the
operation of an abstraction or “filter’ (designed in the con-
text of stochastic measurement for the question of interest
- i.e. constructed around observed number and the theory
or Popperian postulate for refutation). This filter defines the
structure of the meaning in the realised answer to the ques-
tion (Figure 8).

There is a subjectivity of choice of the measure, the fil-
ter and the aggregate as well as a simplicity or approxi-
mation (relative truthfulness) of using linear nets to model
a fundamentally non-linear reality (see de Marco presenta-
tion at this meeting). Numbers and quantification are a hu-
man construct (see Nunez presentation at this meeting) and
there are many grades of subjectivity (or shared hallucina-
tions!) - see Darvas presentation at this meeting. Appar-
ently simple phenomena such as the double pendulum (see
Bowman and Delrieu (2008)), epilepsy and immunological
responses hide non-linear mechanisms. The fundamental in-
determinism of over-determined small sample mega-variate
problems (Charalambous et al. 2008) further requires the
subjective choice of regularisers often with recourse to com-
plexity constraints - operationally one has to use Ockham’s
razor (Ockham 1495). Filters or aggregates themselves re-
quire, respectively, relevant referential nulls or referential
ontologies - these only pre-exist subjectively. Such concep-
tual tools are culture dependent (see Nunez this volume).
The choice of the null is crucial in determining the confi-
dence in the numerical outcome of any model of biology.
Ontologies ('functional shells’ - see Oxnard presentation at
this meeting) are in some sense conditional smoothers. Pre-
dictions are always probabilistic in biology (see de Marco
presentation at this meeting).

Megavariate insight is gained not just by the manipu-
lation of number and reason but recognition via displays
and graphs - codified quantitative decompositions or con-
densates of simple rules or geometries - with such attributes
as: position, direction, distance, trajectory, orthogonality,
additivity, inclusion, node components, edge relations, edge

Input o TramSTer s Output

function

............

Output — Input — Tramsfer
uip 3 function

Figure 1. The art of science is in designing an observational experiment
to restrict the non-identifiability of the hidden or latent transfer function
(TF) decomposition. ’Objective’ tools for that art are Ockham’s Razor
(Ockham 1495) and the Popperian paradigm (Popper 2002) but are subjec-
tively dependant upon the investigator’s Weltanschauung and are subject to
Kuhnian change (Kuhn 1996). Dotted lines indicate abduction. Input and
output can be physical or notional flows. TF may be a physical cybernetic-
informational process or an abstract functional fractal system (see de Marco
presentation at this meeting). Upper:- Epistemological concept; Lower:-
The projection of input space into output space (aka deduction, or predic-
tion) mapping of transfer function; versus, The projection of output space
into input space (aka induction or inference) mapping of inverse transfer

function (TF~1).

weights, noise characteristics etc. One could consider num-
bers to equal each ’tree’ in a close-up view - with multivari-
ate condensed displays being the distant *forest’. However,
directions of effects depend upon ethnography (see Nunez
this volume). We assume that we see the world just as it is,
but we are constrained by what we experience (and hold in
memory) - comprehension ultimately comes from heuristics
and analogy.

Ascertainment

Megavariate genetic studies are notorious for their lack of
replication (Ioannidis 2007). This failure of researchers to
repeat and generalise genetic-association findings is most
commonly attributed to:- poor genetic coverage, measure-
ment error (Ioannidis 2007), insufficient statistical power
(Bacanu et al. 2000), poor false discovery control (Wake-
field 2007), population stratification (Hinds et al. 2004) bias,
or various forms of between-study heterogeneity (Chen and
Witte 2007; Skol et al. 2006) or environmental influences



(Lasky-Su et al. 2008) - see Figure 2. Galileic regularities
(aka ’replication’ - see Darvas presentation at this meeting)
is repeated agreement under deliberate independent exper-
imental challenge (of place, time and system of reference)
as to it’s falseness. Only a rigorous understanding of as-
certainment will rescue investigators from this bane of poor
replication in mega-variate genetic linkage and association
studies.

Figure 2. Megavariate ordination example of metabolic disease phenotype
>7000 SNPs (tri-state single nucleotide polymorphisms), >1500 genes
over the whole genome (Roses et al. 2005), eigen decomposition of cor-
relations of observed divergences (see Delrieu and Bowman (2006)). Score
plot - individuals closer on plot are genetically closer. Horizontal axis rep-
resents case-control distinction. Open diamonds = cases. Closed diamonds
= control individuals. Note genetic distinction aliased with ascertainment.
Top left: Plot showing homogeneous cases; Top right: Plot showing control
genetic heterogeneity; Middle Left: Controls from investigational centre 1;
Middle Right: Controls from investigational centre 2; Bottom Left: Controls
from investigational centre 3; Bottom Right: Controls from investigational

centre 4.

In pharmaceutical drug target discovery and clinical val-
idation both genetic linkage and genetic association studies
have been used widely (Roses 2004). Practice with both

these types of study has frequently been out-dated and flawed.

Objective independent repeatability is the Rosetta stone of
modern scientific belief. However, experimental replication
i.e. the repeated occurrence of a genetic result (whether
found by linkage or association) in other independent sam-
ples - which is the desired outcome to foster confidence that
the results are real - rarely occurs in practice using these

techniques (see for linkage - Baron (2001) or for association
- Cardon and Bell (2001)). This results in false hopes and
wasted medical resources.

A common denominator in both experimental strategies
is ascertainment - the selection and procurement of the mega-
variate genetic sampling unit, albeit whether this unit is a
diseased family (c.f. linkage pedigree studies) or a diseased
patient (c.f. clinical trial association studies). Neglecting
careful consideration of ascertainment is an often-made mis-
take - which will ensure the continued failure of the replica-
tion of results of potential medical importance.

Current genetic linkage studies use specially chosen sets
of families of willing volunteers selected by interested in-
vestigators. In this way they are no different than a mu-
seum zoologist using pedigrees of particular butterflies de-
liberately collected in-flight for showing an interesting spot
(c.f. ‘picking winners’). The experimental units (families)
are neither comprehensive nor representative of the diversity
of humans with and without the disease of interest spread
worldwide - just as flying spotty butterflies are not a good
sample of global lepidopterans. This matters - if one wants
a high chance of replicating a linkage finding (see informal
argument below).

Similarly, current clinical trial mega-variate genetic as-
sociation studies invariably use (specially selected and re-
stricted) ad hoc ‘opportunity’ populations (Gonik and Smith
1933) of people who, whilst being collected carefully by
committed physicians, do not represent or cover diseased
and non-diseased humans worldwide (just like sets of differ-
ent coloured stamps collected by a hobbyist philatelist from
letters that they receive are not necessarily comprehensive
either). This matters - if one wants a high chance of repli-
cating an association finding (see informal argument below).

Ascertainment in mega-variate science, both in genetic
and non-genetic studies (see Senn (1997)), is currently a
practice often modeled upon the Victorian era - a time of
well-meaning gentlemen collectors and amateur hobbyists -
it needs to be regularly deployed as a modern-day rigorous
science.

Ascertainment can, of itself, be a fixed choice or a ran-
dom observable in an experiment but the lessons concern-
ing replication are the same (see informal argument below).
This argument herein uses just two ascertainment sets for
clarity of exposition (it can be generalised for n sets: (Sj....S,).
The notation below uses A for association and L for linkage
but either letter (or the mapping to the English words) could
be used interchangeably.

Ascertainment - as a fixed choice
Consider this informal thesis:-

Imagine in an experiment e, one observes the conditional
probability p(A|S,.) as high, where p indicates probability,



| means ‘given’, A is association (or linkage) and S, is the
controlled choice of ascertainment for that experiment.

This is a ’positive result’ that one hopes to independently
replicate. In doing so, what one actually really wishes to
conclude is that the unconditional p(A) i.e. probability of
positive association (or linkage) irrespective of the ascer-
tainment (that is, the a priori choice of the particular S), is
high.

Now axiomatically by extending the conversation

p(A) :p(A‘Se)'p(Se)+p(A|§e)'p(§e) (D

where S, means ‘not that ascertainment’; and, S, and S, are
mutually exclusive and exhaustive ascertainments that inde-
pendently cover the whole space of S.

In modern-day science we aspire to use the practical con-
cept of ‘experimental replication’ of association (or linkage)
i.e. p(A|S;) is large for all chosen i, to infer that the uncon-
ditional p(A) is high.

Now, p(A|S,) = B(SulA)-p(4) by Bayes Theorem (for n =

p(Sn)
{e, ‘note’}), and thus from (1)

[ p(S]A).p(A) p(SelA).p(A) o

pPA) = | =~ -p(S.) + < p(Se
W=y P ey P
which on canceling and rearranging trivially yields

P(A) = p(SelA).p(A) + p(Se|A) p(A) )

where the terms p(S.|A) + p(S.|A) must sum to 1.

Now, one can improperly ensure - for fixed p(A) - that the
first compound term in (2) is high if the ’probability’ of the
chosen ascertainment given association is high (c.f. “pick-
ing a priori winners’). This then is equivalent in (1), (given
no overall preference for any particular ascertainment i.e.
p(Se) = p(S,) - that is the ascertainment is typical and rep-
resentative of the whole of S), to p(A|S,) being high i.e. a
‘self fulfilling prophecy’ of positive experimental associa-
tion (or linkage). A deliberately *biased’ sample will ensure
success! Looking at it another way, if *p(S,)’ is unusually
high i.e. S, is not typical nor representative of the whole of
S, then - for any fixed p(A|S,) - the first compound term in
(1) will be high leading to an incorrect conclusion regarding
the probability of experimental association (or linkage) if
someone inadvertently assumes that random ascertainment
had occurred. A biased sample will ensure erroneous con-
clusions!

Either way, if the first compound term in (1) or (2) is im-
properly high (by having ‘picked winners’ or equivalently
having an unrepresentative experimental ascertainment), then
in order to maintain the axiomatic equality, the second com-
pound term in (2) - for fixed p(A) - will be low per force as
there must be a lower probability of the alternative ascertain-
ment given association (or linkage) occurring. In this case,
equivalently, the second compound term in (1) must be low.

This can only be by either the probability of the other ascer-
tainment being low i.e. the alternative ascertainment is also
not typical nor representative of the whole of S or p(A|S,) is
low i.e. the converse result fails to independently replicate
in practice!

The informal arguments in the preceding paragraphs fol-
low in the same way if one starts from a position of low
values for the first compound terms rather than high.

Confidence of replication can thus be best achieved,

e If p(S;|A)’ is similar for all i, i.e. no ascertainment
is chosen a priori by conscious or unconscious de-
sign over any other when the association is occur-
ring - an ‘unbiased choice’,

and corrolaritively,

e If all ascertainments are (equally) likely through ran-
dom sample selection comprehensively over the whole
sampling frame - p(S;) is similar (over S) for all i.

Ascertainment - as a random observable
Consider this informal thesis:-

Imagine in an experiment e, one observes the joint prob-
ability p(L&S.) as high, where p indicates probability, &
means ‘and’, L is linkage (or association) and S, is the ob-
served random ascertainment occurring for that experiment.

This is a *positive result’ that one hopes to independently
replicate. In doing so, what one actually really wishes to
conclude is that the marginal p(L) i.e. probability of pos-
itive linkage (or association) irrespective of the ascertain-
ment (that is, the particular a posteriori S, occurring), is
high. This is again to be inferred by practical experimen-
tal replication of the linkage (or association) i.e. p(L|S;) is
large for all i.

Now axiomatically

P(L&S.) = p(L|Se)-p(Se) = p(Se|L).p(L)
and thus by Bayes Theorem

(LS p(S)
P =000

Also, axiomatically by extending the conversation
p(L) = p(L|Se)'p(Se) +p(l“S_e)'p(‘S‘_e)
So,
G G p(L[S.).p(Se)
p(LIS.).p(Se) + p(L|Se).p(Se) = ——F———
(L[Se)-p(Se) + p(LISe)-p(Se) 2D
or, by rearrangement

p(LIS,) =2

(L[Se)-p(Se) { 1

P (S_e) . p (Se ‘L
Now, for a fixed p(L) and a given large p(L|S. ), the probabil-
ity of experimental linkage (or association) given the alter-
native ascertainment (p(L|S,)) will only be large i.e. repli-
cation may occur to some degree, when,

e



the multiplicative term in (3) above i.e. Z g“; [17” <S”|L)}
C))

is not small.
Now, by definition,

I p(SelL) = p(S‘e‘L)

as S, and S, cover the whole space S.
Inserting this into the square bracket in (4), shows that

e Independent experimental replication may occur to

.o odds(S,
a degree if odds(gf‘z)

This odds ratio is intuitively sensible and is best achieved,
for fixed p(L) and any uncontrolled p(S.), by ensuring that
0dds(S,|L) = odds(S, ), that is the relative probability of as-
certainments given linkage (or association) is the same as
any overall relative probability of ascertainments. This is
when,

is not small.

e The experimental ascertainment is unbiased with
respect to linkage (or association) being present (i.e.
‘winners’ are not picked, odds(S.|L) = 1 for all e),

and

e When no particular ascertainment is preferred over
any other (i.e. random sampling over whole sam-
pling frame, odds(S,) = 1 for all ),

odds(Se _ .
LB | and p(LISe) = p(LIS) for all e (=
full replication since S, and ‘not S,’ are mutually exclusive

and exhaustive of the whole ascertainment space S).

as then

Ascertainment - sampling

Irrespective of whether the ascertainment (i.e. the selection
and procurement of experimental units) is an a priori choice
or an a posteriori observable, the informal argument above
shows that :-

(1) Megavariate genetic linkage studies, where the se-
lection of that pedigree (amongst all pedigrees) is
because inheritance by descent has been (partly) seen
(c.f. ‘Butterfly collecting’), will be beset with a lack
of success in experimental replication due to poten-
tial biased ascertainment.

(2) Clinical trial mega-variate genetic association stud-
ies, using opportunity samples (c.f. ‘Stamp collect-
ing’) - no matter how carefully collected and ex-
ecuted - will similarly fail to replicate experimen-
tally if they lack appropriate coverage of the whole
sampling frame of relevance.

Accordingly, the best strategy to follow in order to miti-
gate the potential lack of replication of mega-variate genetic
results of potential importance is,

e The unbiased choice of experimental units randomly

over the whole potential sampling frame that the
medical conclusion is to be made over.

Megavariate science needs to leave the ‘ethic of Victo-
rian collectors’ behind it. In practice, this means a (more)
random choice of pedigrees from the whole set of possible
human pedigrees in genetic linkage studies (i.e. treat S, as
random). It also means appropriately randomly drawn sam-
ples from epidemiological studies or surveys rather than us-
ing ad hoc clinical trial collections for mega-variate genetic
association studies (i.e. a more representative S,). Some in-
stitutes are leading the way with the latter - Academia Sinica
in Taiwan use geographically stratified, population density
weighted samples for their control genetic epidemiological
collection in association studies (Pan et al. 2004), the Well-
come Trust Case-Control Consortium drew epidemiological
samples UK-wide (Wellcome Trust Case Control Consor-
tium 2007) etc. Only then will the bane of the lack of repli-
cation be slayed.

This is nothing new (see proof in Kolmogorov (1956))
just often-forgotten even in the well-trodden fields of medicine
(see the work of Cochrane - Chalmers (2008)) and meta-
analysis (Senn 1997). Does it matter? - yes it does. Del-
rieu and Bowman (2006) gives an example where the mega-
variate genetic distinction between disease cases and con-
trols is clearly related to the method of ascertainment - sub-
jects being genetically distinct simply because they were re-
ferred to contributing medical centres rather than volunteer-
ing.

Ascertainment - choice of measure
The choice of measure (aka summary data statistic) is just as

crucial and the also oft-forgotten meaning of E [log(likelihood)]

versus log(likelihood) makes the link here. The reasoning
behind the use of observed log likelihood versus expected
log likelihood is invariably presented solely in a statistical
manner in scientific treatises. However, log likelihood is
clearly intended for this sample here (irrespective of it’s typ-
icality) whilst the expected log likelihood is clearly intended
for a typical sample of which this is one.

For instance the curvature with respect to ML parameters
6 estimated in a mega-variate genetic model as

8%log(likelihood)
562

depends upon the patterns of these individuals one has and
is susceptible to ascertainment bias whether that is

0

[var(8)]™" =

o from the sampling (aka collection) process (say, an
unplanned observational ad hoc imbalanced with
uncontrolled confounders approach, versus, a ran-
domised planned balanced and orthogonally designed-
to-control confounders approach), or,

e from the intrinsic biological basis itself (say, inbred
versus outbred humans; population structured sam-
ples versus not structured etc).



The curvature with respect to ML parameters estimated in a
mega-variate genetic model as

8%log(likelihood)
502 } | ]

is the rypical value, that is only appropriate if this was a ran-
dom unbiased sample of it’s *parent’ group. The stochastic
expectation operator E is acting itself as an aggregator to
move one from the individuals’ level to that of the group.
This (long-run property) is only valid under the assumption
of no confounders (i.e. random sampling).

In that way, divergences analysis implicitly assuming sam-
ple log(likelihood) # E[log(likelihood)] is only sensible if
there are other factors. Such will find mega-variate patterns
that can be traced back to the ascertainment process. This
is nicely shown by the opportunity sample in the example
in Figure 3 - the difference between the loci inferred by de-
composing log(likelihood) ratios versus those inferred form
using E[log(likelihood)] ratios illustrates the hidden ascer-
tainment factors. What you find is what you go looking for.

Similarly, divergences analysis implicitly assuming sam-
ple log(likelihood) = E[log(likelihood)] is only sensible if
one can guarantee there are no other factors. This is nicely
exemplified by the work of Voight and Pritchard (2005) where
cryptic relatedness had usually a negligible impact upon the

[var(8)]™" = —E|

number of so-called *false positives’ (driven by over-dispersion)

in well-run genetic association studies of outbred popula-
tions i.e. despite the biological bias, good sampling stochas-
tics allow log(likelihood) = E[log(likelihood)).

Inappropriate sampling biases the features found - ascer-
tainment matters. Repeatability needs randomness. Inves-
tigators should beware of any hidden random sampling as-
sumption. But what is the sampling frame for such random
sampling?

Filtering

Referential basis

Supervised (and semi-supervised) learning require a refer-
ence ontology. This is true of divergences analysis (Delrieu
et al. 2005; Delrieu and Bowman 2006) as much as for phy-
logenetic cladistics (Hennig 1966) - conclusions can only be
made with reference to an out-group (cf. ’controls’). Shared
primitive characters (symplesiomorphies) have no intrinsic
power to determine phylogeny - only the sharing of (derived)
apomorphies. These are determined by human judgement.
In case-control mega-variate genetics - it is *case-ness’ (the
dissymetry from controls - see Figure 15) that is measured
and decomposed i.e. the degree of distinction from the ref-
erence not the agreement with it. In that way one, is measur-
ing the degree of *falseness’ to a posed "null’ - the evidence
which that observation falsifies attribution to the reference
population.
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Figure 3. Megavariate ordination example of chromosome 5, Affymetrix
25000 SNP chip, phenotype = % weight loss on investigational drug treat-
ment. Gene loadings plot, correlation matrix, horizontal axis is treatment-
placebo direction. If this sample was typical (lower plot) - only one locus
(protocadherin) on the far right from thousands is important for this trait
- but in fact (upper plot) very many loci show the ascertainment signal.
Upper: Observed log likelihood ratio 0.5 x (In(o7) + % —In(o?) -
b ;’Ll;‘)z) - see Bowman et al. (2006); Delrieu and Bowman (2006), cor-
relation SVD triage. This sample’s inferred physiological network com-

ponents are legion as both between and pooled within population compo-

2
nents are found. Lower: Expected log likelihood ratio 0.5 * (In(62) + % +
1

2
% —In(0?) —1) - see Bowman et al. (2006), correlation SVD triage.
i

The typical or expected inferred physiological network components if this
was a random representative sample are few as only between population

components are found.



Figure 2 nicely shows that depending upon which cen-
tre’s subjects would be taken as representative of controls,
different genetic distinctions would be found. The reference
group matters in mega-variate science. In fact, what (real or
non-real) reference group should be used?

e One group - reference group 6,?

e Pooled over every group’s data - reference group 67

e Group average over each group’s parameters - ref-
erence group O (i.e. treat as information radii)?

all are subjective choices according to purpose.

What is the null for divergences analysis? A permuta-
tion empirical null of no location difference (i.e. 6; = 6,
as in http://taxonomy.delrieu.org)? But these network nodes
are triaged by single value decomposition (SVD), so what
should be the null for covariance or correlation matrices (or
kurtosis etc for ICA - see Koch and Naito (2007))? A uni-
form matrix (or tensor)? A random walk based upon his-
torical initial conditions (see Bookstein presentation at this
meeting)? A fully-mixed random field? A column-wise
shuffle? A bootstrapped sample from the data? These are
all subjective choices depending upon purpose (see Appen-
dix).

The issue is not what is the evidence for this? Rather
where is any evidence against this result? It is the discrep-
ancies that matter - finding a conceptual projection that sys-
tematically pulls these out from the 'noise’ - so the null mat-
ters. Imaginative criticism is required - (Popper 2002) and
an art in neglecting the irrelevant circumstances or options
(see Darvas and Bookstein respectively presentation at this
meeting). Taking the simplest null of 'no assumptions’ may
be easy but may be incorrect. Context matters, for instance,
as Wardrop (2008) recounts - searching for a unifying sin-
gle cause of disease in the elderly for a given set of symp-
toms would be pointless; as it is statistically more probable,
especially in an ageing patient, that multiple yet indepen-
dent disease processes occur to account for an unusual set of
symptoms as opposed to a single “rare as hen’s teeth” diag-
nosis. Unthinking application of Ockham’s razor is wrong:
Ockham # (just) simple (see account of the helicocentric
versus geocentric view in Darvas presentation at this meet-
ing). Symmetry may not appear until the right basis frame
is posed (see account of Maxwell in Darvas in this volume).

So, what is the sampling frame? Figure 4 shows that
ignoring the historical basis of biological individuals can
lead to a confounded background to any apparent random
sampling. traditional statistics relies upon exchangeability
(Jaynes 2003). Similarly in network analysis (and covari-
ance matrices can be mapped to networks via walk lapla-
cians - (Chung 1994)), estimation techniques are even more
complicated as the structure of a random sample seldom

Intent

Tine

Rmdumwrﬂesdmiﬂed<
by one Eneage or oher

Figure 4. Coalescent tree for individuals showing genealogy into the past
versus intent of a simple random sample. Random samples (grey slices
with white circles) are not of exchangeable (Jaynes 2003) individuals un-
less evolutionary time is taken into account. The current population is not
representative of the total set but descends from a single ancestor (lineage
in bold). Figure adapted and enhanced from Bamshad and Wooding (2003).

matches that of the overall network (see Figure 5). Bound-
ary specification (Wasserman and Faust 1994) may seriously
affect the structure of a discovered network - the domain
(sampling frame); the context; and thus, ascertainment mat-
ters.

This is nothing new, Bookstein presentation at this meet-
ing points to the success of statistics in the exploration of
ahistoric effects. However biology quintessially is path de-
pendent (i.e. contingently frozen) - the ’story’ from the past
matters in understanding current and future form and func-
tion.

Kernel choice

Co-occurrence (aka pattern) matters - evolution works upon
suites of characters i.e. upon the covariance space not indi-
vidual characters in isolation (Bowman and Delrieu 2008).
Humans particularise the space into individual characters.
Each individual evolutionary unit is a diplotype (two haplo-
types) in evolutionary space. This diplotype represents the
carriage of physiological components or network nodes and
their mutual interactions (antagonism, agonism, synergism,
anti-synergism, control, release etc). The number and size
of nodes drive penetrance (via ’density’) and pleiotropy (via
’scattering’) under environmental inputs (’torch light’ - see
Figure 6). Measuring biology is an attempt to deconvolve



Figure 5. Illustrative network of first (1) and second (2) preferences for,
say, a kidney transplant amongst a set of women. A random sample will not
estimate the variability of edges if nodes (structural components) are miss-
ing - consider a network sample of Anna, Eva, Hilda, Laura, Lena, Robin
and Ruth highlighted by squares. One finds fewer choices per person than
the two choices in the overall network for the simple reason that choices to
women outside the sample are neglected. For such problems of boundary
specification and sampling also see Wasserman and Faust (1994). Adapted

from a sociogram of dining-table partners in de Nooy et al. (2005).

such relations from observation in the context of the ques-
tion being asked whether simple or complex (see Gordon
and Hallgrimsson in this volume) despite inherent indeter-
minancy (see de Marco in this volume).

Any filter is a distorting subjectivity, since if a phenome-
non is truly mega-variate then trying to characterise it with a
single number (or a few numbers) may result in a loss of in-
formation if a non-sufficient statistic is used. There is rarely
only one reasonable way of combining multiple quantita-
tive measurements into a single number (Greenspan 2007).
Aggregating multiple values into one requires weighting the

values corresponding to different dimensions and such weight-

ings almost always involve subjective or at least *purpose-
dependent’ choices. Moreover, there is a subjectivity of fea-
ture space according to the choice of kernels in a filter as
illustrated by different divergences - see Figure 7.

Learning methods such as maximum variance (=PCA,

SVD), maximum kurtosis (Skillicorn 2007) etc are pre-defined

feature search algorithms. They triage variates by a model
“fit’ to an objective function. Much has been written re-
garding SVD and principal components although some re-
cent results (Hoyle and Rattray 2004, 2007; Patterson et
al. 2006) have not been widely promulgated. Independent
components analysis and combinations of dimensional re-
ductions methods for mega-variate data have been proposed
(Koch and Naito 2007). The literature on these topics is
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Figure 6. Genetic network density, node size and orientation in determin-
ing complexity of apparent phenotype, genotype penetrance and pleiotropy
(see also Bowman and Delrieu (2008)). Grey bars = epistatic interactions in
underlying physiological network. Top Left: Analogy of density of shadow
depending upon strength of torchlight - Differing environmental strengths
between individuals could yield differing penetrance for the same genetic
network basis; Top Right: Analogy of the complexity of phenotype depend-
ing upon the overall number (impact) of shadows - Depending upon genetic
orientation, a trait can appear polygenic or oligogenic as loci move out and
in of linkage disequilibrium (LD); Bottom Left: (a) Analogy of shadows
of balls under torchlight - Differing complexity in a genetic network could
yield different phenotypes for the same environment. (b) Analogy of mul-
tiple internal reflections - Each genetic determinant has pleiotropic effects.
’Hub’ nodes should show greater pleiotropy. (c) Analogy of interference
patterns of internal reflections - Each genetic determinant may combine
with those of others. An infinite number of such balls randomly arranged
could engender a normally distributed trait; Bottom Right: Polythetic trait -
The complexity of the phenotype depends upon the variability of environ-
mental input, the size and orientation of the genetic network, the impact
of network nodes and epistasis. The gestalt matters (Bowman and Delrieu
2008).

vast - eigen analysis having an illustrious history in genet-
ics with Cavalli-Sforza (see Patterson et al. (2006)). Pre-
processing using wavelets (Daugman 2003) or other linear
and non-linear aggregates as a simplifying convenience is
often employed. These are in some sense regularisers or
smoothers (Charalambous et al. 2008).

Megavariate observation of biology, as any finite mea-
surement, is imprecise - in a Platonic world it makes ’mis-
takes’. One can only give an approximation to reality by
measuring biology. Under multiple redundancy (Figure 1):
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Figure 7. Megavariate example of chromosome 5, Affymetrix 25000
SNP chip, phenotype=% weight loss on investigational drug treatment.
Gene loadings ordination, horizontal axis is case-control direction. Up-
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(2006), correlation matrix SVD triage - see Delrieu and Bowman (2007).

decomposition - see Bowman et al.

This shows commonality with Figure 3 Lower but also shows distinctions
as the divergence is now not directed). Lower: Expected log likelihood ra-
tio 0.5(xIn(o?) + Z—Tz + % —In(0?) — 1) - see Bowman et al. (2006),
covariance matrix SVD triage, showing how variate scale in the kernel af-
fects the results (compare to Figure 3 Lower) - only DYPSL3 (from the
Ulip family of phosphoproteins) is found to dominate the decomposition -

see Delrieu and Bowman (20006).

Numguam ponenda est pluralitas sine necessitate - *Plural-
ity ought never be posed without necessity’ Ockham (1495)
- that is, one should accept the explanation with the fewest
number of assumptions. But, as Exupéry (1939) states: I/
semble que la perfection soit atteinte non quand il n’y a plus
rien a ajouter, mais quand il n’y a plus rien a retrancher
(’Perfection is not when there is nothing to add, but when
there is nothing to remove’). Thus the best explanation is
not necessarily the simplest - it is the aesthetic of fit (aka
elegance or symmetry, plus ’fit-for-purpose’) not the lack of
complexity per se that matters, see Wardrop (2008). As Ein-
stein (1933) said: It can scarcely be denied that the supreme
goal of all theory is to make the irreducible basic elements
as simple and as few as possible without having to surren-
der the adequate representation of a single datum of expe-
rience. In practice, a competent investigator will arrive at a
fairly good unifying approximation whilst incompetent ones
will be far off the mark (see Bookstein presentation at this
meeting). As with medicine (Joosse and Pormann 2008),
however, the fault does not lie with mega-variate biology
but with:-

o the particular circumstances which may be too com-
plex to be fully encompassed by (simple) general
principles (see the Saint’s Triad in Wardrop (2008)),
and/or,

e the practitioners themselves, who as individual hu-
man beings, make mistakes.

This fundamental duality in residual heterogeneity (after a
model of biological reality has been fitted) of whether it is:-

e ’lack of fit’ to the chosen model, versus
e stochastic noise

requires a deus ex machina subjective symmetry breaker. Fi-
ther faith in an invariance (see Darvas presentation at this
meeting) or an abstract theory or the application of an as-
sertion about error noise properties is needed. For the latter,
either the logical context of the phenomenon (e.g. the de-
fence to a lie that she had been under sniper fire in Bosnia
in the assertion by Hilary Clinton during the 2008 Democrat
nomination in the USA that it was not surprising that she got
some things wrong, seeing how she spoke millions of words
a day - is conceptual bunkum!); or a chosen axiomatic con-
text (e.g. sphericity Delrieu and Bowman (2006)); that de-
termines ’signal’ from 'noise’. Without it, one enters into ir-
resolvable debates such as the long-standing arguments over
what should be the metric for between-study heterogeneity
in the meta-analyses of randomised clinical trials (Engels et
al. 2000). Subjectivity and human choice are at the nub of
resolving the inexact nature of biology.

This is in contrast to the use of statistical distributions to
notionally categorise individuals into classes. Whilst use of
a sufficient (Fisher 1922) statistic encapsulates the essence



of a grouping (up to the point of stochastic variation), in-
dividuals are intrinsically unique - they are not ’errors’ or
"mistakes’ of an ’ideal’. The construct of an average person,
is just that - an artificial construct - as shown by common
experience with clothes sizes and fit - such a typical person
does not exist (see Bookstein presentation at this meeting).
The gestalt is unique and immensely indeterminate (see dis-
cussion on Gaddis and Elsasser by Bookstein in this vol-
ume).

Just as there is no such thing as a ’pure significance test’
(that is without a specified alternative) there is no context-
free biological question. Enquiry has a context. In science
(and government) this must be under the pre-eminence of
the Popperian framework (Popper 2002). In Gulf War 2,
it is clear that the policy was to attack Iraq and evidence
that Saddam Hussein had weapons of mass destruction ca-
pable of hitting the West within 45 minutes was exhaustively
searched for to justify it, rather than governmental policy
being made in the light of the contrary evidence found. De-
spite the subjective relativism of human endeavour, theories
(or postulates) are only falsifiable, not provable. Although
choosing the hypothesis or a mathematics that would - if
true - best explain the relevant evidence (Lipton 2004) is
a sensible idea, just because a hypothesis or a mathemat-
ics is reasonable (or personal - see Darvas presentation at
this meeting) is not sufficient to make it accurate or right
(Zinkernagel 2007). More credit should be given to a theory
or a mathematics when data are predicted rather than ac-
commodated, and the best explanations are those that most
increase our understanding’ (Lipton 2004). Yet the algebra
of progress must remain Popperian - experimental test and
discrepancy (dissymetry) is the King!

Cogpnition

Numbers are numbers and simply have order and scale. Pat-
tern must be recognised or actively sensed (see M Martens
in this volume). Humans recognise 'lumps and bumps’ -
condensates - versus a uniform null not versus random fluc-
tuations. In fact, human cognition is poor at detecting ran-
domness (see Bookstein in this volume) - often seeing inho-
mogeneities in such. The cognitive null is the uniform not
stochastic randomness - feature recognition in mega-variate
data by humans thus depends upon structured display of
’fluctuations’ versus ’stasis’, not structure versus random-
ness. The surprising properties of random walks (see Book-
stein presentation at this meeting) are poorly comprehended.

Eigen decomposition (SVD) is a ’least-squares’ proce-
dure of the data itself (aka the observed design of data vari-
ables) and produces an orthogonal decomposition which by
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maximising variance will graphically show ellipsoid group-
ings if present. Is nature comprised of (a few) orthogonal la-
tent vectors? Certainly such representations can be mapped
via a walk laplacian (Chung 1994) to a (simple) inferred
network relationship between items (see Pirmohamed et al.
(2007)) that has seductive cognitive properties. Moreover,
scientists are inculcated with plots. Nevertheless both repre-
sentations are limited by their linearity, additivity, superpo-
sition etc. Operationally they are useful arithmetical reduc-
tionist instruments for numbers but they do not necessarily
reflect the actual structure of biology. Human insight relies
upon analogy (see Figure 6) as ’there is nothing but what
you can think there is’.

Practical limitations force the reductionist use of linear
models (Ioannidis 2007) - sample sizes for adequate power
to detect interactions are often prohibitively large (Hunter
2005). Accordingly, evidence on identified and large-scale
replicated gene-gene and gene-environment interactions for
instance is limited (Garcia-Closas et al. 2005). Interactions
themselves are context specific (Zhong and Sternberg 2006)
- lack of interaction in a multiplicative model is an interac-
tion in an additive model. Metric matters. Evolution works
upon suites of characters i.e. upon the covariance space not
individual characters in isolation. Moreover it is the inter-
action of such characters - ’to give more bang for the buck’
over and above their carriage on the haplotype that is impor-
tant in defining the physiological interaction of biological
components.

Imagination, creative invention, serendipity (Meyers 2008),
“attention’ (in a Buddhist sense Pirsig (1999), *flow’ - in a
psychological sense Csikszentmihalyi (1996)) and curiosity,
as much as reasoned intellect are the watchword in mega-
variates because one cannot solve problems by using the
same kind of thinking as was used when they were created.
Above all, mega-variate medicine is polythetic (see Pirmo-
hamed et al. (2007) for example). In practice, Man is a ge-
ometer - measuring biology with ever-increasing numbers
of numbers, yet even with objective reason - mega-variate
science is still human purpose-dependent.

Wrap-up

Whether in simple or complex systems (see de Marco, Gor-
don and Hallgrimsson presentation at this meeting), mega-
variate genetics is not exceptional. Megavariate genetics is
simply evolutionary demography. The inherent contingent
subjectivity and purpose-dependency in this story-telling from
measuring biology can be summarised in Figure 8 - *What
you can find is what you can imagine you should go looking
for’. Where it came from and how you go looking for it (or
rather looking for its converse or postulated disagreement -
i.e. imaginative criticism Popper (2002)) determines what
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you find. What you accept as found is what is beautiful and
useful within your Weltanschauung.

In that way measuring form and function in biology re-
mains an interplay of Platonic intellect and Aristotelian op-
erations. The world which we see and in which we live is
derived from:-

o the world of ideas (Plato Plato (428-347BC)) or sta-
ble laws;

which we explore by proceeding from:-

e unstable individual observable instances - the par-
ticular or nominal;
to the general (Aristotle Aristotle (384-322BC)).
There is science in the art of mega-variates but an art in
the science of mega-variates.
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Figure 8. Numerical epistemology for biological story-telling - How
meaning can be extracted from observation through divergences. Human
choices in the subjective filtering of mega-variate reality via latent vectors
to yield insight - "there is nothing but what you can think there is’. The basis
of knowledge of hidden causes is:- data, experience, reason and analogy as
in medical epistemology (Joosse and Pormann 2008). Data can be ordinal
or cardinal. The question is the objective. Ascertainment is the system-
atic collection to answer that posed contrast of interest over the sampling
frame or domain of relevance. Model regularisers (Charalambous et al.
2008) can be elastic or plastic, phenomena or epiphenomena (see Book-
stein presentation at this meeting). They can be: complexity penalties,
inter-point distances, initial conditions (origin), time paths (temporal his-
tory), space trajectories (spatial history), or ’functional shells’ (see Oxnard
this volume). Maximum variance (second moment) learning leads to ellip-
soid fuzzy groups. Maximum kurtosis (fourth moment) learning leads to
non-ellipsoid discrete widely-spaced groups - see also Delrieu and Bow-
man (2007).
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Appendix

Concept of divergences
”.... everything is related to everything else, but near things
are more related than distant things.” Tobler (1970)

Let the collection of random variables X over a total of k

individuals (the Data) be partitioned (according to a poten-

tial contrast of interest with respect to a reference population
X

Xa

z) between r populations = ,Z€ET,

X,
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That is,

X1,1 X12 - Xlp
X2,1 X222 ... XD,

X = ’ ’ Ps
Xn,l  Xn2 - Xnp

(population 1, n subjects, p random variables) and

Xn4+1,1  Xn+12 - Xn+lp
X, = Xn42,1  Xn422 - Xn42p $
Xnt+m,1  Xn+m2 -+ Xn+m,p

(population 2, m subjects, p random variables) etc to popu-
lation r and X,
Then, given,

X ~ p[f(X)B] dX where ©® = [ 3/ ] and, ¥ are nuisance

parameters, f is some function with ® (which is similar over
all r populations in our formulation), p is a joint probability
density and 8 are g > r.p parameters of interest (for our for-
mulation i.e. each combination of population and variable
must have at least one unique parameter). f and @ define the
model for stochastic X.

The formulae below are for continuous random variables;
for discrete variates simply replace the fX,-,j ... dX;; with
Ix;, j
Divergences as natural measures for analysis flow from
considering any scientific question to be a contrast. For in-
stance, taking any two populations (i and z) pair-wise:-

The marginal self-information (Shannon 1948) for the ith
population and jth variable is:

—loga(plf(Xi;)®; ;] dXi ;)

This density is a measure of the information content asso-
ciated with the outcome of a random variable. The unit of
this information is the "bit’. It has also been called surprisal
(Tribus 1961), as it represents the “surprise” of seeing the
outcome (e.g. a highly probable outcome is not surprising).

The marginal differential entropy (or expected surprisal)
for the ith population and jth variable for continuous func-
tions is:

— [ PLIXe)®1 loga (plf(X:)O,) dXe
VA

This information entropy value is a measure of the uncer-
tainty associated with a random variable (it is a continuous
analogue of the discrete Shannon entropy). It is a measure in
bits of the average information content the recipient is miss-
ing when they do not know the value of the random variable.

The marginal log probability ratio between the ith pop-
ulation and the reference population z for the jth variable
is:
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and is a dimensionless density.

The marginal relative entropy (or Kullback-Leibler diver-
gence) between the ith population and the reference popula-
tion z for the jth variable is a measure (in bits) of the directed
(or asymmetric) difference between the two probability den-
sities for continuous functions:

' plf(Xi;)®i ]

~/X,',j p[f(Xlaj)G)lsj] .Zng ( p[f(Xt])Gz,j]

This value is minus the expected (under population i) log

probability ratio. Itis the "loss” when the p[f(X; ;)®; ;] dX; ;

density is used to approximate the p[f(X; ;)0; ;| dX; ; den-
sity.

The marginal squared Jeffrey’s symmetric divergence be-
tween the ith population and the reference population z for
the jth variable is the average Kullback-Leibler divergence
over the two groups for continuous functions:

1 plf(Xi,)®i] T
—5 (/?(;&z,_;p[f(Xi’j)G)i’j]-logZ(M) de>

1 P[f(Xz.,j)Gz,j]
> ( i, PO oga (B s dxz,j)
This value is an undirected (i.e. symmetric) ’distance’ and
measures (in bits) the difference between the two probability
densities. It is the average "loss’ when each of the densities
p[f<Xz,j)®z,j} dX, ; and p[f(Xi,j)Gi,j} dX, ; is used to ap-
proximate each other. It is a metric distance if square rooted.
These integrals may have closed antiderivative analytical
solutions or can be evaluated by numerical quadrature. Dis-
continuous densities can be handled by simple conversion to
Lebesgue integrals.

Marginal likelihood formulation
Define L; ; as a function, the likelihood of the data,

Lij[f(Xi;)9;]

as the height of the marginal density p[f(X; ;)®; ;] dX; ; at
values over X; ; for variable j and population i.

Then ignoring the sign (by considering it to simply indi-
cate the orientation of the manifold X; ;) and replacing the
continuous integrals with an infinite summation of Riemann
vertical ’slabs’ of uniform infinitesimal width (see Figure 9
Upper):-

The homologue of expected surprisal numerically for pop-
ulation i and variable j is:

Zx; L j-loga (L j)
The log likelihood ratio for population i versus a reference

population z for variable j is the directed:

L;
LLR; ;= ZXiy_/logg(ﬁ)
2]

It concerns these sets i and z here.

Ji(x)dx = mfinite ¥
area of Riemann
vertical slabs of uniform
infinitesimal width

4

Jp(x)dx proportional to
¥ heights of sample of
people ‘slabs’

ood

2nd 3d st
Each random person = a Likelihood “slab’ of infinitesimal width

Joint p(x1.x2)

Figure 9. Upper: Classic theory of integration of a function f(x). Middle:
Monte Carlo approximation of a probability density integral. The more
people the better the resolution of the function. Lower:The individualised
likelihoods of a random sample of people can approximate (up to a pro-
portionality constant) a joint bivariate probability density (with correlation
structure). Each bar is a subject. Likelihood height exaggerated. Density
with contours and shading for clarity. Note: examples here assume perfect

knowledge of functional form and parameter estimates.

The expected log likelihood ratio (homologue of the Kullback-
Leibler divergence) versus a reference population z for vari-
able j is the directed:

KLDL; ; = X, .L; j.logz(Z*fi )
As before, it is a homologue of the ’loss’ measure when
plf(Xi,;)0. ;] dX; ; is used to approximate p[f(X; ;)©; ;| dX; ;
evaluated each at its parameter estimates. It concerns the
typicality of these sets i and z here.

The average (over groups) expected log likelihood ratio
(homologue of squared Jeffrey’s symmetric divergence) for
variable j between population i and reference population z is
the undirected:

KLDL; ; + KLDL ;
JSDLIZ,] = EXi&Z,_i 2 &



It is a homologue of the measure of the average ’loss’ when
each of p[f(X;;)0. ;] dX. ;and p[f(X;;)O; ;] dX; ;is used
to approximate each other evaluated each at its parameter
estimates. It concerns these typical i and z sets amongst the
sets (i and z) here.

For p[f(X;)®.,] dXi; and p[f(X;;)®; ;] dX;; of the
same number of parameters no *penalty’ for change in com-
plexity is needed in these divergences (Akaike 1974). Sim-
ple closed forms are available for divergences if data be-
longs to the exponential family of distributions (Delrieu et
al. (2005),Bowman et al. (2006),Delrieu and Bowman (2007))
or mixtures thereof.

In practice, the summation over the X; ; is made via a
Monte Carlo approximation (using population parameter es-
timates) assuming that the individuals are a random sample
(see Figure 9 Middle) i.e. for a total sample of k individu-
als, each measure is a £y of terms containing L; ;| and L; ;|
(see Figure 9 Lower and Section below).

Parameter estimation and Individualisation

6 are estimated including nuisance ¥ using maximum likeli-
hood (least squares) or via Bayes theorem using simple con-
jugate priors. Delrieu and Bowman (2006) uses independent
estimation but joint estimation over variates is possible. Es-
timates can be theory-free treating the observations as a phe-
nomenological "heap of data’ or contingent upon prevaviling
mechanistic theories of the underlying phenomena. Condi-
tional characters (Jardine and Sibson 1971) are dealt with by
nested dummy variables.

Given parameter estimates for 9: s 9; ; and ¥, then it is
possible to evaluate any of the likelihood measures at these
estimates (i.e. L: ;) for any individual k (see Figures 10 and
11). For instance numerically calculating the expected log
likelihood ratio estimate
Li,jlk
Ll
by plugging in the population estimates, together with the
observed X; j and X, ; for the kth individual. Leading then,
for example, to the estimates

KLDL | = L j| logo (=15

R N L.A.
KLDL ; = % L; |y.loga (2 L )
' Lz jlk

Method summary

Given, the joint probability density function of the data X ~
plf(X)0] dX, effectively regard this as a ser of marginal dis-
tributions p[f (X ;)®; ;] dX; ; for all i and j (see Figure 12)
and a data estimate of the covariance between them. Smooth
by using distributions from the exponential family and sum-
marise p[f(X;;)0; ;] dX; ; by the height of the probability
density function L; j[f(X; /)®; ;] at the parameter estimates
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%, Smooth p(x) by fitting
- distribution(s) from
exponental famiy

ood

Jp(x)dx proportional to
. ¥ heights of sample of
fitted people ‘slabs’

ood

2nd 3d st

Each random person = a fiffed Likelihood “slab’ of infinitesimal width

‘marginally
fitted’
p(x1,x2)

Figure 10. Upper: Fitting an exponential family distribution (to each mar-
gin) smooths the density. Middle: Now the Riemannian slabs are in the
space of the fitted function. Lower:Each individual can now be looked up
in the fitted joint bivariate probability density defined by the margins. Each
bar is a subject. Likelihood height exaggerated and density with contours
and shading for clarity. Note: examples here assume perfect knowledge of

parameter estimates.

(i.e. the likelihood of the data given the estimates). Finally
(for the example of the simple observed divergence or like-
lihood ratio in Figure 13) *fold’ the data with respect to the
reference population z in X using the relative heights (aka
the ratios of the likelihoods at their parameter estimates) in-
dividualised for the actual data observed (and then log trans-
form - see Figure 14).
So, one can see that, if one recasts X as follows:-

X101 X112 - Xiip
X121 X122 - X12p
X =
Xsw, 1l Xsw?2 - Xswp
L Xrk,l  Xrk2 - Xrkp |




‘marginally
fitted”
pix1,x2)
Titted’
fo,x2|k
‘fitted” joint
p(x1,x2)

Figure 11. Upper: A likelihood value based upon the fitted density can
be 'read-off’. Lower:The data covariance pattern (and subject ’clusters’)
remains of these individualised ’fitted” likelihood of a random sample of
people - smoothing only non-linearly alters the relative heights of the like-
lihoods. Each bar is a subject. Likelihood height exaggerated and density
with contours and shading for clarity. Note: examples here assumes perfect

knowledge of parameter estimates.

(pop. s=1...r, row w=1...k subjects, column c=1...p variables)

then x;,,. is an observed data point. Now, under expecta-
tion, one could ’replace’ each x;,,, . with the expected value
for the sth population and the cth column i.e. x,f . - the
typical value over the individuals for the cth variable in the
sth population. The non-linear transformation using diver-
gences is no different than this simple manipulation - x; ,,
is simply replaced by d,, . the divergence value for the sth
population versus the zth reference population for the cth
variate individualised for the wth subject. So, for popula-
tion 1 (of n individuals) and reference population z (of m
indviduals):-

e

Population 1

0.352063 @303 2

Figure 12. Basis of illustrative example. Upper: Population 1 - Bivari-
3 1
ate Normal, expected values = (0,0) covariance matrix = 1 1‘/5
V3
Marginal distributions also shown; Lower: Population 2 (’reference’)

- Bivariate Normal, expected values = (0.25,0.5) covariance matrix =

2 _ L
1 V2| Marginal distributions also shown.
-5 1

X111 X112 X1,1,p
X121 X122 X12,p
X] = ’
X1n,1 X1n2 X1,n,p
[ O B2 01,
Xz, 1,1 Xz12 Xz,1,p
Xz2,1  Xz22 Xz2.p
X, =
Xzm,1  Xzm?2 Xz,m,p
L 6z,.,l 927‘72 6z,.,p




3034302

Figure 13. Bivariate illustration of kernel method - using marginal dis-
tributions for second variate x2, and observed log likelihood ratio as di-
vergence from Figure 12. Top: Joint distributions for each population.
’Doughnut’ subject belongs to population one, *Diamond’ subject belongs
to population 2. When ’looked up’ in each population’s x2 marginal dis-
tribution, the 'Doughnut’ subject has a higher likelihood (@) in population
one and lower likelihood (&) in population two. The converse applies for
the 'Diamond’ subject. The x2 axis is then re-scaled for the 'Doughnut’
subject using log(@/&), effectively non-linearly expanding or shrinking it
in replacing the data point ’coordinates’ exactly. The 'Diamond’ subject

would be re-scaled by log(a/b) as population 2 is the reference population.

Form (where | means ’evaluated at” and & means ’with’) :-

di11[01.1&0; ]lxi1
di2,1001,.1&0; 1]lx121

din1(01,1&0; 1|x101

dl,l,Z[él,.,Z&éz.2]|xl,l2 yoen
di22[01,2&0; sl|x122 ...

din2[01,2&0; o)|x102 ..

) dl,n,p[é1,~,p&9z,~,p

=
B
S|

A

dz,m[@1,.,1&9;.,1“&,1,1 ,
0

d:21[6001&80; 1]lxz20

IR

D, =
Az [01.180. 1][xm1

dzﬁ,l,z[?l,.,z&‘?z,.,zl|xz,1,2
d:22(01.2&0; ollx00 .

dem 20601280 oxma o
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A

) dz,l,p[élwp&ez,.,p]|xz.,1$p

A

e Az p[01, p &0 pllxz2p | D
- Z
S dz,m,P[élwp&éz,.-p]|xz~,m,P
Note that if 8 are (jointly) sufficient statistics then any
function (e.g. a divergence) is sufficient.
Note, also, (most importantly) that, in this methodology,
all subjects get the same divergence d based upon [917_71&9@71]
i.e. for the observed log likelihood ratio, both dy 1, and

L; . o .
dz1,1 get the same log(;*-) form evaluated at each individ-
%]

>

ual - not log(+L) for dy 1 etc to dj »,, and, the inverted

~|
<

log(%) for d; 1,1 etc to d . p. In a case-control compari-
son, afl individuals are thus treated as if cases for data re-
placement with divergences individualised for each subject
(see Figure 15). That is, one replaces the data with the size
of the contribution that the observation of the cth (marginal)
variate on that wth person makes to the distinction between
its population s and that of the reference population z evalu-
ated at their parameter estimates (see Figure 14).One could
consider this, in some sense, as ’fractionating” a y2.

“Pop. 17

“Pop. 7

Figure 14. Illustration of kernel transformation functional from Figure
13. Upper: Using marginal distributions for second variate x2 (left) and
first variate x1 (right) from bivariate normal example, observed log likeli-
hood ratio 0.5 (In(c%) + % —In(c})— %) (where the subscripts
indicate group and y the variate measured) as divergence (Bowman et al.
2006). As population 2 is the reference population, a positive functional
value represents "evidence’ for population 1. Quadratic shape occurs since
at large values the most dispersed marginal distribution is favoured. For
uni-parameter exponential distributions (like the Binomial and Poisson) the
linear form on left is typical (here for the normal distributed variates only

because 0] x| = 03, in this example.)

For example, replace x;,,. with the expected log likeli-
hood ratio estimate:

N
Ls,c|w

Liclw

KLDZ‘?,C|W = ;,c|w~10g2(

)
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which for normally distributed data is (half, Bowman et al.
(2006)) of

N 2 T AY,
1n(02)+6%+w
o2 o?

Z

—In(c2)—1

By using the same functional form of the divergence mea-
sure across populations and retaining the indices ¢ and w
within s, the original pattern @ (but not scale and value) of
any covariance structure shown by the data for each pop-
ulation is retained (it is simply non-linearly transformed).
Accordingly, then form the overall covariance matrix of di-
vergences X by estimation over the whole transformed data
(see Figure 15).

Figure 16 illustrates the flowchart for a two population
example of the methodology.

It is the covariation of data which captues phenomena of
biological interest. This divergence method smooths, non-
linearly transforming this and posing it in the space of the
contrast (trait) of interest. Using PCA to decompose the
non-linearly deformed data (Delrieu and Bowman 2006) of
observed log likelihood divergences focuses on both within
and between group variation, whilst for the expected mea-
sures it only focuses on the between group variation. Rather
than SVD, non-negative matrix factorisation (Fogel et al.
2007) could be employed. Canonical variate analysis to
maximise directions of between group variation given within
group variation could be used on observed log likelihood di-
vergences.

Confidence of estimates and Empirical null dis-

tributions

There may be variable confidence in estimates used in this
way in divergences. Asymptotics of divergences has been
recently summarised by ?. Weights can be used appropri-
ately as the Bayes factor (/bf) formulation explicitly allows
for an a priori formulation. However, empirical data driven
distributions off an alternative simpler way of forming infer-
ences allowing for parameter estimation.

. 0 .
Given O = [ v ] where y are nuisance parameters, 0

could be considered as 0 = [ gf } where £ are the sufficient

summary statistics making up the divergence measures (e.g.
u and o2 for the normal distribution) and @ is a pattern of
covariances across the data variates. As Figure 15 indicates,
divergences non-linearly stretch and shrink the variate axes
and deform the existent particular covariation structure @ of
the original data. That is - £, the relative sizes of marginal
information losses of using the reference population z for
each population i for each of the j variables (evaluated for
each individual k), re-scales any fundamental @.

Obs. Divergence (x1)

Obs. Divergence (2)

Figure 15. Upper: Bivariate illustration (from Figure 12) by which vari-
ate axes are non-linearly expanded or shrunk by the divergence measure
deforming them (see Figures 13 and 14) into evidence measures. However,
in replacing the ’co-ordinates’ of the data point exactly it still retains the
covariance structure pattern @. Then, form an estimate of X over all the
transformed data; Lower Simulated example with convex hulls (in dots).
Left: Open squares 'case’ population = simulated bivariate normal mean

0.1 0
0 0.1
(reference) "control’ population = simulated bivariate normal mean values

005 O
0 0.05

relation matrix from data (Delrieu and Bowman 2006) for eigen decompo-
099 0.75
0.75 0.99
hood ratio functional (shrinking and swelling axes). Note: scales inverted.

values = (0.25, 0.25) covariance matrix = Black squares

=(0.75, 0.45) covariance matrix = Overall estimated cor-

sition = Right: After application of observed log likeli-

Very large *information’ on x1, small on x2 (1000 times on x1 compared to
x2) - positive values (direction of arrows) indicate *case-ness’. Divergences
act as amplifiers of relevant distinction. Overall estimated correlation ma-

trix from data (Delrieu and Bowman 2006) for eigen decomposition now =
0.99 0.68
0.68 0.99
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Figure 16. Flowchart of individualised likelihood divergences (Delrieu
and Bowman 2006) - two group standardised variances example. MCSSCP
= mean centred sums of squares and cross-products as estimate of X. If
standardised variates this yields CoR = correlation matrix for eigen decom-

position.

A simple permutation test of group status (e.g. case ver-
sus control attribution - Figure 15) for 6 effectively con-
structs a "location’ empirical null p(&) for divergences (or
derivations from them such as loadings) based upon & =
E|{m = &)} i.c. given a covariation structure (conditionally)
fixed at the original data estimate. This allows a univariate
significance test of no effect (distinction) between groups for
loadings etc (see http://taxonomy.delrieu.org). Asymptotic
large sample distributional results under the null of no differ-
ence between groups (in location) evaluated at their MLEs
are available for weighted sums of expected log bayes fac-
tors for various exponential distributions (see de Leon and
Carriere (2003)).

Repeated drawing of a bootstrap sample of individuals
(i.e. sampling with replacement) from each of the popu-
lations i = 1...r followed by permutation of group status
(but giving them the original un-permuted group data diver-
gences values) effectively constructs an empirical null for
divergences based upon £ = é|(ffw i.e. it adds a conditional
wobble’ or ’blur’ into any ’location’ null according to the
estimation of this within group covariation structure. It little
affects fundamental between group covariation.

Repeated drawing of a bootstrapped sample of individ-
uals (i.e. sampling with replacement) from the total set of
individuals at random, followed by giving them a population
attribution (but giving them the original un-permuted group
data divergences values) effectively constructs an empirical
null for divergences based upon & = é |®,,&p i.e. it adds a
conditional *wobble’ or ’blur’ into any ’location’ null ac-
cording to the estimation of this within and between group
covariation structure.
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Repeated drawing of a bootstrap sample of individuals
(i.e. sampling with replacement) from each of the popula-
tions i = 1...r at random and constructing new group diver-
gences values effectively constructs a ’location’ empirical
null for divergences based upon simultaneously estimating
é|(f$w and (ffw|é (i.e. it adds a joint *wobble’ or *blur’ to
both within group estimates in any null). It little affects fun-
damental between group covariation.

Repeated drawing of a bootstrap sample of individuals
(i.e. sampling with replacement) from the fotal set of in-
dividuals at random, followed by giving them a population
attribution and constructing new group divergences values
effectively constructs a ’location’ empirical null for diver-
gences based upon simultaneously estimating é |, and
Cfiw&b|$ (i.e. it adds a joint *wobble’ or *blur’ to both within
and between group estimates of location and covariation struc-
ture in any null).

Column-wise permutation (or bootstrap sampling) of vari-
ates retains the fypical covariate structure of the data @ but
adds stochasticity on the estimate of that typical structure
i.e. producing estimates of @ given these variates (or from
a population of these variates, respectively). Such shuffling
within each population addresses second order stochastic-
ity within populations; co-ordinated shuffling over all pop-
ulations addresses “blur’ in second order relations between
populations. Disco-ordinated shuffling offers *blur’ in sec-
ond order relations within and between populations. Origi-
nal or recalculated £ values can be used as desired.

Taking a simulated random field as data (i.e. an unstruc-
tured @) offers the basis for tests for £ (fixed, conditional
on or joint with @ as desired - see above) versus assuming
no particular covariation structure at all - this is effectively
assuming some form of ’random’ network. A simulated uni-
form field would mirror a fully-connected network of simi-
lar edge strengths (which is easier for humans to see differ-
ences to than a random one) but is biologically unrealistic.
Null matrices generated from a historically grounded ran-
dom walk would perhaps be more appropriate. For simul-
taneous analyses of variates of different biological scale or
system 'niveau’ (see Delrieu and Bowman (2007)), perhaps
self-similar nulls should be used.

Whilst the intention in using null distributions for testing
(f is not usually to also test the ’significance’ of @, SVD
effectively triages data along latent axes of maximum vari-
ation, so its basis does detect such changes as & rescales
®. Similarly, as there is a mapping of covariance matrices
to a network representation via a (thresholded) walk lapla-
cian (Bowman and Delrieu 2008), the occurrence of vari-
ate ‘nodes’ as well as the existence or strength of ’edges’
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between nodes will vary with @ as well as with the non-
linearly scaling sizes of é Assumptions of exchangeabil-
ity (Jaynes 2003) matter and in testing subjective options
abound!



