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Abstract

This thesis consists of two parts, both being concerned with operads re-

lated to the ribbon braid groups.

In the first part, we define a notion of semidirect product for operads

and use it to study the framed n-discs operad (the semidirect product

fDn = DnoSO(n) of the little n-discs operad with the special orthogonal

group). This enables us to deduce properties of fDn from the correspond-

ing properties for Dn.

We prove an equivariant recognition principle saying that algebras over

the framed n-discs operad are n-fold loop spaces on SO(n)-spaces. We

also study the operations induced on homology, showing that an H(fDn)-

algebra is a higher dimensional Batalin-Vilkovisky algebra with some ad-

ditional operators when n is even. Contrastingly, for n odd, we show that

the Gerstenhaber structure coming from the little n-discs does not give

rise to a Batalin-Vilkovisky structure.

We give a general construction of operads from families of groups. We then

show that the operad obtained from the ribbon braid groups is equivalent

to the framed 2-discs operad. It follows that the classifying spaces of

ribbon braided monoidal categories are double loop spaces on S1-spaces.

The second part of this thesis is concerned with infinite loop space struc-

tures on the stable mapping class group. Two such structures were discov-

ered by Tillmann. We show that they are equivalent, constructing a map

between the spectra of deloops. We first construct an “almost map”, i.e

a map between simplicial spaces for which one of the simplicial identities

is satisfied only up to homotopy. We show that there are higher homo-

topies and deduce the existence of a rectification. We then show that the

rectification gives an equivalence of spectra.
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Introduction

This thesis is centred on two main topics: the first is to study and describe the

framed discs operad, and the second to compare the two infinite loop space structures

known on the stable mapping class group. The framed discs and the mapping class

group, as operads, have a common relative: the ribbon braid group operad. Hence

the title.

The little discs operad, created by Boardman and Vogt in the early seventies,

represents the first important application of the theory of operads, as it is relevant

to the study of iterated loop spaces. The framed discs operad, which carries an

additional rotational structure, had not been much studied. The original motivation

was to understand the following fact: algebras over the little discs operad are iterated

loop spaces, which are themselves algebras over the framed discs operad. So an extra

structure seemed to be coming for free. This led us to formulate an equivariant

recognition principle, to describe the operations induced on homology, and also to

show the equivalence between the two-dimensional framed discs and a ribbon braid

groups operad. Our main tool is a notion of semidirect products for operads.

The second part of this work answers a question left open in [40]. The mapping

class group Γg,1 of a surface Fg,1 of genus g with one boundary component is of

special interest as, when g > 0, the classifying space of Γg,1 is homotopy equivalent to

the moduli space of Riemann surfaces of topological type Fg,1. U. Tillmann showed

the existence of an infinite loop space structure on BΓ+
∞, the classifying space of

the stable mapping class group after plus construction in two different ways. The

first proof uses a disjoint union structure while the second relies on pairs of pants

multiplication. The first structure actually lives on the first deloop, which makes the

comparison less obvious. We construct a map between the spectra of deloops and

show that it is an equivalence.

In chapter 1, after reviewing the main definitions and examples used in the text,

we give in detail a construction of operads built out of families of groups. The outline

was given by U. Tillmann in [40]. We give here explicit conditions for families of

groups to give rise to an operad this way. When fed with symmetric groups, the

machinery produces Barratt and Eccles E∞ operad Γ [1]. We are interested in the

operads obtained from braid and ribbon braid groups (for chapter 1 and 2), and the

i



mapping class groups (for chapter 3). The construction provides categorical operads,

of which we take the classifying spaces to get topological operads.

In section 1.3, we define and study a notion of semidirect products for operads.

This notion arose naturally from studying the framed discs operad. We originally used

the name “twisted operads” (in [42]). However, it was independently discovered by M.

Markl [21], and he uses the more appropriate name of semidirect product operads, so

we follow his terminology. We define semidirect products in any symmetric monoidal

category S. If M is a cocommutative bimonoid in S (Hopf type object), the category

of M -modules is again a symmetric monoidal category. For any operad P in that

category, one can define a new operad P oM in S, the semidirect product of P and

M . For example, the framed discs operad is the semidirect product Dn o SO(n),

where Dn denotes the little discs operad.

We will use throughout chapters 1 and 2 the following property of semidirect

products: an object X is a P o M -algebra if and only if it is a P-algebra in the

category of M -modules (proposition 1.3.5).

In section 1.4, we show that the algebras over the braided and ribbon braided cat-

egorical operads constructed in section 1.2, are precisely braided and ribbon braided

strict monoidal categories (theorems 1.4.4 and 1.4.7). We use Joyal and Street co-

herence results for braided and ribbon braided monoidal categories, as well as the

formalism of semidirect products to deduce the ribbon braid case from the braid one.

In section 1.5, we show that the topological ribbon operad is equivalent to the

framed little 2-discs operad. To show this, we follow Fiedorowicz’s ideas, extending

his similar result for the braid and little discs operad. We define a notion of R∞

operads, which is a ribbon braid version of E∞ operads. As in the case of E∞

operads, one shows that any two R∞ operads are equivalent. The equivalence stated

above then follows from the fact that the universal covers of the framed discs (theorem

1.5.8) and ribbon operads are R∞ operad.

We also give a characterisation of fE2 operads, i.e. operads equivalent to the

framed little 2-discs (theorem 1.5.16).

In the second chapter, we use the tools and results of the first chapter to give a

description of the algebras over the framed discs operad and the algebraic structure

of their homology.
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May’s recognition principle says that algebras over the little n-discs operad are n-

fold loop spaces after group completion. In section 2.1, we show that algebras over the

framed n-discs operad are n-fold loop spaces on SO(n)-spaces (theorem 2.1.1). This

is done by setting the original recognition principle in the category of SO(n)-spaces,

and using our theory of semidirect products.

It follows then from sections 1.4 and 1.5 that the classifying space of a ribbon

braided monoidal category, after group completion, is a double loop space on an

S1-space (theorem 2.1.2).

In section 2.2, we give a description of the homology of the framed n-discs operad

(theorem 2.2.7). We show that in the even-dimensional case, one gets a Batalin-

Vilkovisky structure with some additional differential operators. In the odd case, the

Gerstenhaber structure coming from the little discs does not give rise to a Batalin-

Vilkovisky structure. Once more, the formalism of semidirect products allows us to

deduce the homology from the known results for the little discs. The homology of

SO(n) gives the new operators. The relations they satisfy with the Gerstenhaber

structure are obtained directly from the geometry, by analysing the action SO(n)

induces on the homology of the little discs. We give thus a conceptual proof of a

result which was known in the case n = 2 [9].

In the first annex to chapter 2, we attempt and fail to construct fD2-structures

on D2-spaces. The idea was to try to use the S1-action appearing in the recognition

principle, or the action existing on the free D2-algebra on any space X.

In the second annex, we give a theory of twisted monads, which are a generalisation

of semidirect products of topological operads. The motivation is to construct a monad

“Ω2Σ2 o S1” which would be the group completion of fD2 = D2 o S1. Double loop

spaces are algebras over Ω2Σ2oS1 and proposition 2.4.3 tells us that one can deloop

the S1-action existing on those algebras.

With this new monad, we formulate a framed recognition principle, which is a

variant of the equivariant recognition principle (theorem 2.1.1) and yields the same

result. It is obtained by working with fD2 and Ω2Σ2 o S1 instead of D2 and Ω2Σ2.

Some parts of chapters 1 and 2 appear in a preprint which is joint work with

Paolo Salvatore [29]. I include only results which I personally worked on. Chapter 1

and the equivariant recognition principle originate in my work, whereas section 2.2
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originates in Paolo’s work. My results were improved through my collaboration with

Paolo and I want to thank him for that.

In Chapter 3, we show that the two infinite loop space structures discovered by

Tillmann on the classifying space of the stable mapping class group are equivalent.

The first proof of the existence of an infinite loop space structure uses a cobordism

2-category S: the objects are one dimensional manifolds, the 1-morphisms are cobor-

disms between them and 2-morphisms are diffeomorphisms of the cobordisms. This

category has a natural symmetric monoidal structure given by disjoint union. The

result follows from the fact that ΩBS is equivalent to Z × BΓ+
∞. The second proof

uses an operad M associated to this category, considering only the surfaces with n

“incoming” and one “outgoing” boundary components. This operad is an infinite

loop space operad.

In section 3.1, we describe the construction of the infinite loop space operad M,

following [40] and spelling out the details needed further on in the text. At the end

of the section, we give explicitly the spectrum of deloops we will work with and show

that it is equivalent to the one produced in [40] (proposition 3.1.4).

In section 3.2, we give a description of the category S, adapted to our needs. Our

category is a variant of [39], which we modify to make it more like M to help the

comparison.

In section 3.3, we compare the two infinite loop space structures. To do this, we

first construct in 3.3.1 an “almost map” between the spectra. The spaces defining

the spectra are realisations of simplicial spaces. We construct a map which is almost

simplicial in the sense that the relation δpfp = fp−1δp is satisfied only up to homotopy,

all the other required relations being satisfied (proposition 3.3.1).

In 3.3.2, we rectify the map obtained in the previous section using ideas of Dwyer

and Kan. A commutative diagram can be thought of as a functor from a discrete

category to Top. A “not quite commutative” diagram can then be thought of as

a functor from a thicker category to Top, i.e. with larger morphism spaces. We

construct the categories relevant to our situation and show in theorem 3.3.4 that the

data given in the previous sections provide a map from this category to Top. This

theorem shows the existence of higher homotopies. It follows (corollary 3.3.5) that

our map can be rectified, i.e. we obtain an actual map between spaces equivalent to

the ones we started with.
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These ideas and techniques of rectifications were kindly explained to the author

by Dwyer at the conference in Skye in June 2001.

In 3.3.3, we show that the rectified map is a map of spectra. Finally, in 3.3.4 we

show that it is an equivalence.

This last chapter is a first attempt to write up a new result. We believe that all

the important points are correct but the exposition and the technical details should

not be considered as in final form.
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Chapter 1

Operads, discs, braids and ribbons

1.1 Basic definitions and examples

This first section is meant as a reference section. Some of the main definitions and

examples used throughout the text are given here. In 1.1.1, we recall what symmetric

monoidal categories are and introduce notations for the main categories we use. We

begin 1.1.2 by an informal discussion of operads. It is followed by a formal definition

in a general context. However, the informal definition should be enough for the

understanding of the text. We also give details of some examples of operads relevant

to the text. In 1.1.3, monads and their algebras are defined. The monad associated

to an operad is constructed. We also recall the two-sided bar construction, which will

be used on several occasions.

1.1.1 Categories

Throughout the text, we will be working in various categories. Most of them will

be monoidal categories, often symmetric. Also, most of them have an internal Hom-

functor, i.e. the set of morphisms between any two objects of the category is again

an object of the category. For a category S, we will denote by S(A,B) the set of

morphisms from A to B. We recall here what a symmetric monoidal category is and

give a list of the main category we will be working with.

A monoidal category (S,�, a, 1) is a category S equipped with a tensor product

� : S × S → S, (A,B) 7→ A�B,

which is associative, i.e. there is a natural isomorphism

a : (A� B)� C
∼=−→ A� (B � C)
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satisfying a pentagonal condition [19], and unital, i.e. there are natural isomorphisms

A� 1
∼=−→ A

∼=←− 1� A,

satisfying a triangular condition.

The triangular and pentagonal conditions are such that all diagrams involving the

associativity and the unit that should commute actually commute.

A strict monoidal category is a monoidal category for which the associativity and

unit morphisms are the identity.

A symmetric monoidal category is a monoidal category equipped with an involutive

natural isomorphism

A�B
∼=−→ B � A.

We will denote (symmetric) monoidal categories simply by (S,�) or even just S
when the product structure we are working with is clear.

Here is a list of most of the categories we will be using:

• Top=(Top, ×) is the symmetric monoidal category of compactly generated

Hausdorff topological spaces, with × the product of spaces. It will be called the

category of topological spaces;

• Top∗ is the category of based topological spaces;

• G−Top, for G a group, is the symmetric monoidal category of G-spaces, where

the G-action on a product of G-spaces is given by the diagonal action;

• Simp=(Simp,×) is the symmetric monoidal category of simplicial spaces with

(X∗ × Y∗)p = Xp × Yp;

• CAT=(CAT,×) is the symmetric monoidal category of small categories;

• gVect=(gVect,⊗) and dgVect=(dgVect,⊗) are the symmetric monoidal cate-

gories of graded and differential graded vector spaces with tensor product;

• H−Mod, for H a graded Hopf algebra, is the category of (differential) graded

vector spaces equipped with an H-module structure. The comultiplication of

H induces a monoidal structure on H−Mod.
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1.1.2 Operads

For this section, let (S,�) be a symmetric monoidal category. We think of S as being

Top, Simp, CATor dgVect.

An operad in S is a sequence P(k), k ∈ N, of objects of S such that P(k) admits

an action of the symmetric group Σk for each k. One can think of P(k) as a set

of k-ary operations and the symmetric group action as permuting the entries. The

operad is then equipped with composition maps of the form

γ : P(k)� P(n1)� . . .� P(nk) −→ P(n1 + · · · + nk).

The k operations of arity n1, . . . , nk are “plugged in” the operation of arity k to give

an operation of arity n1+. . .+ nk (see figure 1.1).

n1 + · · · + nk

1
2

n1

1
2

k

1
2

nk

1
2

n1

Figure 1.1: Composition in an operad

The basic example, of which operads are a generalisation, is the endomorphism

operad EndX of an object X of S. It is defined by

EndX(k) = {f : X�k −→ X},

where the symmetric group acts by permuting the entries, and the maps γ are given

by composition of morphisms. In the definition of an operad, we require the maps γ

to satisfy natural associative, unit and Σ-equivariance conditions which are properties

of this example. By Σ-equivariant, we mean equivariant with respect to the action of

appropriate symmetric groups.

The meaning of the life of an operad is in the existence of its algebras. An algebra

over an operad P is an object X for which the operations encoded by the operad

“make sense”, i.e. X is equipped with maps

θk : P(k)�X�k −→ X,

which are again associative, unital and Σ-equivariant in an appropriate sense.
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For example, X is an EndX-algebra. In fact, a P-algebra structure on a space X

is the same as a morphism of operads P → EndX .

The simplest example of an operad in Top, the category of topological spaces, is

given by the operad Com, where Com(k) = {∗} for all k, with trivial Σk-action and

composition maps. An algebra over Com is a commutative monoid. The multiplication

is given by Com(2) ×X2 → X and the unit by Com(0) → X. The commutativity is

a consequence of the Σ-equivariance condition. The associativity and unit properties

of the operad map imply those properties for the multiplication defined above. The

associativity also implies that the operations coming from Com(k) for k > 2 are

actually induced by Com(2).

Similarly, we can consider the operad Ass ≡ Σ of (associative) monoids, where

Ass(k) = Σ(k) = Σk, with Σk-action by right multiplication. We give the operad

structure maps in example 1.1.2. This well-known operad is usually denoted Ass as its

algebras are associative, not necessarily commutative, algebras. Indeed, there are two

multiplications (i.e. two binary operations) µ1, µ2 and the Σ-equivariance condition

requires that µ1(x, y) = µ2(y, x). If X is an associative algebra with multiplication

µ, define µ1 = µ and µ2(x, y) = µ(y, x). We will however refer to this operad as

Σ because we want to emphasise the groups involved. We will in fact define similar

operads with braids and ribbon braid groups.

We give below a general definition of operads, valid in any symmetric monoidal cat-

egory. A reader not familiar with (heavy) diagrams, might want to skip the diagrams

involved in the definition below, which only express in details the natural associative,

unital and Σ-equivariance properties mentioned above. On the other hand, a reader

who wants more details about this section (and more diagrams) should refer to [25].

Let (S,�) be a symmetric monoidal category with unit object 1.

Definition 1.1.1. An operad in S consists of a sequence of objects P(k), k ≥ 0, a

unit map η : 1 → P(1), a right action of the symmetric group Σk on P(k) for each

k, and product maps

γ : P(k)� P(n1)� . . .� P(nk) −→ P(n1 + · · · + nk),

which are associative, unital and Σ-equivariant, i.e. the following diagrams commute:

4



(i) associativity:

P(k)�
(
�ks=1 P(ns)

)
�
(
�nr=1 P(jr)

) γ�id
//

shuffle
��

P(n)�
(
�nr=1 P(jr)

)

γ

��

P(k)�
(
�ks=1

(
P(ns)��ist=1P(jis−1+t)

))

id�(�sγ)

��

P(k)�
(
�ks=1 P(hs)

) γ
// P(j),

where n = n1+. . .+ nk, j = j1+. . .+ jn, hs = jis−1+1+. . .+ jis, with is = j1+. . .+ js.

(ii) unit: P(k)� 1k
' //

id�ηk
��

P(k)

P(k)� P(1)k
γ

88qqqqqqqqqqq

1� P(k) ' //

η�id
��

P(k)

P(1)� P(k)

γ

88qqqqqqqqqq

(iii) Σ-equivariance:

P(k)� P(n1)� . . .� P(nk)
σ�σ−1

//

γ

��

P(k)� P(nσ(1))� . . .� P(nσ(k))

γ

��

P(n1 + · · ·+ nk)
σ(n1,...,nk)

// P(n1 + · · · + nk)

P(k)� P(n1)� . . .� P(nk)
id�τ1�...�τk //

γ

��

P(k)� P(n1)� . . .� P(nk)

γ

��

P(n1 + · · · + nk)
τ1⊕···⊕τk // P(n1 + · · · + nk),

where σ ∈ Σk, τi ∈ Σni , σ(n1, . . . , nk) ∈ Σn1+···+nk permutes k blocks as σ permutes

k letters, and τ1 ⊕ · · · ⊕ τk ∈ Σn1+···+nk is the block sum (see figure 1.2).

τ1 ⊕ τ2 ⊕ τ3

σ, τ1, τ2, τ3
,,,

σ(n1, n2, n3)

n3n2n1

Figure 1.2: Block sum and block permutation

A morphism of operads is a sequence of Σk-equivariant maps, k ≥ 0, which respect

the unit and commute with operad structure maps γ.
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Notation: We will sometimes write γP for the operad map γ of P when we want to

make clear which operad we are using.

In May’s original definition of an operad, which was in the category of topological

spaces, P(0) was required to be trivial (P(0) = {∗}). These operads are called unital

as their algebras come equipped with a base point or unit (P(0)→ X).

Most of the topological operads we will encounter have this property, but not all

of them (the mapping class group operad defined in chapter 3 is not unital).

We give now a couple of examples of topological operads, selected for their rele-

vance to the text.

Example 1.1.2. The symmetric groups operad Σ

The symmetric groups {Σk}k∈N give rise to an operad Σ the following way :

Σ(k) = Σk

and the operad map γ : Σk × Σn1 × · · · × Σnk −→ Σn1+···+nk is defined by

γ(σ, τ1, . . . , τk) = σ(n1, . . . , nk)(τ1 ⊕ · · · ⊕ τk),

where σ(n1, . . . , nk) and (τ1 ⊕ · · · ⊕ τk) are defined as above (see figure 1.2).

The little n-discs operad, due to Boardman and Vogt, was one of the first impor-

tant example in the theory of operads. Its importance comes from its relevance to

the study of iterated loop spaces.

Example 1.1.3. The little n-discs operad Dn
Let Dn be the n-dimensional open unit disc (in Rn). Define the spaces Dn(k), for

k ∈ N, to be the space of embeddings

f :
∐

1≤i≤k
Dn −→ Dn

of k disjoint discs in a disc, where f is a composition of translations and dilations

only.

The operad structure map is by composition :

γ(f, g1, . . . , gk) =
∐

n1+···+nk
Dn g1t···tgk−→

∐

k

Dn f−→ Dn,

where t denotes the disjoint union of the maps. Thinking of an element of D(k) as

a disc with k holes, the composition can be thought of as “sticking in the k discs gi

in the k holes of f”.
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Operads encode operations. An algebra over an operad is an object having those

operations as part of its structure.

Definition 1.1.4. Let P be an operad in the category S. An algebra over P or

P-algebra is an object X of S together with maps

θ : P(k)�X�k −→ X

for each k ≥ 0 which are associative, unital and Σ-equivariant in an appropriate

sense.

If S has an internal Hom functor, a P-algebra is precisely an object X together

with a morphism of operads P → EndX , where EndX(k) = S(X�k, X) and γEndX is

the composition of morphisms in S.

So an algebra over an operad P is an element of the category S for which P(k)

encodes a set of k-ary operations, for each k, in a coherent way, i.e. coherent with

the composition of operations (associativity) and permutation of the variables (Σ-

equivariance).

We have already mentioned that X is clearly an algebra over EndX . Also, we

explained how the Σ-algebras are exactly the associative algebras. We explain here

what are the algebras over the little n-discs.

Example 1.1.5. Any n-fold loop space is an algebra over the little discs operad Dn:

thinking of ΩnY as {f : (Dn, ∂Dn) −→ (Y, ∗)}, the maps θk : Dn(k)×(ΩnY )k → ΩnY

are obtained by evaluating the ith n-fold loop on the ith embedded disc and sending

the rest of Dn to the base point.

The recognition principle actually tells us that those are the only Dn-algebras.

Theorem 1.1.6. Recognition principle ([27], Theorem 13.1) If X is a Dn-algebra,

the group completion of X is weakly homotopy equivalent to an n-fold loop space ΩnY ,

as Dn-algebras.

1.1.3 Monads

The concept of monad is related to the concept of operad in many ways. Operads

can be defined as monads in the category of Σ-collections [10]. We are interested

here in the free algebra functor associated to an operad, which has a monad structure

induced by the operad structure.

We are also interested in certain monads not coming from operads.
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Definition 1.1.7. A monad (M,µ, η) in a category S is a functor M : S −→ S
together with natural transformations µ : MM −→ M and η : Id −→ M such that

the following diagrams commute:

M
ηM

//

id
##FFFFFFFF MM

µ

��

M
Mη
oo

id
{{xxxxxxxx

M

and MMM
Mµ

//

µM
��

MM

µ

��

MM
µ

// M

As for operads, we have a notion of an algebra over a monad:

Definition 1.1.8. An algebra over a monad M , or M -algebra, (X, ξ) is an object X

of S together with a map ξ : MX −→ X such that the following diagrams commute:

X
ηM //

id
""EEEEEEEE MX

ξ
��

X

and MMX
µ

//

Mξ
��

MX

ξ
��

MX
ξ

// X.

For an operad P in S, the free algebra over P in S is given by

FPX :=
∐
P(k)�Σk X

k.

The operad structure of P induces a monad structure on FP .

For topological operads with a pointed 0-space, i.e. with ∗ ∈ P(0), it is more

natural to consider a reduced version of this free monad. Indeed, algebras over a such

operads are pointed spaces via the map P(0) → X. We consider the free monad in

the category of pointed spaces (rather than spaces):

Example 1.1.9. Let P be a unital operad in Top. Define the monad P associated

to P as follows: for a space X with base point ∗X ,

PX =

∐
n≥0P(n)×Σn X

n

≈ ,

where ≈ is the base-point relation (σic, x) ≈ (c, six) defined for all c ∈ P(j), x =

(x1, . . . , xj−1) ∈ Xj−1 and 0 ≤ i ≤ j, where σic = γ(c, 1, . . . , 1, ∗, . . . , 1) and six =

(x1, . . . , xi, ∗X , xi+1, . . . , xj−1).

The multiplication µ and unit map η of the monad are induced by the maps γ

and η of the operad.

Proposition 1.1.10. [25] Let P be a unital operad. Consider the category of P-

algebras as a subcategory of Top∗. Then the identity functor on Top∗ restricts to an

isomorphism of categories between the category of algebras over the operad P and the

category of algebras over the monad P .
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Not all monads come from an operad. Here is an example of a non-operadic

topological monad which will be used further on.

Example 1.1.11. We consider the following functors in Top∗: let Ω be the based loop

functor and Σ the (reduced) suspension. We think of the iteration of those functors

as

ΩnX = {(Dn, ∂Dn)→ (X, ∗)}

ΣnX =
Dn ×X

∂Dn ×X tDn × ∗ .

For each n ≥ 1, the functor ΩnΣn is a monad with unit map η : X → ΩnΣnX given

by η(x) = {t 7→ [t, x]} and multiplication µ : ΩnΣnΩnΣnX → ΩnΣnX induced by the

evaluation of the “internal iterated loop” on the “external iterated suspension”:

µ({t 7→ [σ1(t), {s 7→ [σ2(t, s), x(t, s)]}]}) = {t 7→ [σ2(t, σ1(t)), x(t, σ1(t))]}.

1.1.3.1 Two-sided bar construction

This construction will be used several times in the text. We give here a summary of

May’s definition in [27].

Let S,S ′ be two categories and let (M,µ, η) be a monad in S.

An M -functor (F, λ) is a functor F : S → S ′ with a natural transformation

λ : FM → F such that the diagrams

F
FηM //

id
""DDDDDDDD FM

λ
��

F

and FMM
Fµ

//

λ
��

FM

λ
��

FM
λ // F

commute.

Note that any monad M is an M -functor. More generally, if M → M ′ is a

morphism of monads, M ′ is an M -functor.

We will also consider the following example: the iterated suspension Σn is an

ΩnΣn-functor. The natural transformation λ : ΣnΩnΣn → Σn is defined similarly to

the multiplication of ΩnΣn.

We will only be interested in the case S = S ′ = Top. Consider a monad M in Top,

an M -functor F and an M -algebra (X, ξ). Define the simplicial space B∗(F,M,X)

by

Bq(F,M,X) = FM qX,
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with face and degeneracy operators given by

∂0 = λ : FM qX → FM q−1X

∂i = FM i−1µ, µ : M q−i+1X →M q−iX, 0 < i < q

∂q = FM q−1ξ, ξ : MX → X,

si = FM iη, η : M q−iX →M q−i+1X, 0 ≥ i ≥ q.

A morphism (π, φ, f) : B∗(F,M,X) → B∗(F ′,M ′, X ′) is a triple consisting of a

morphism of monads φ : M → M ′, a morphism of M -functors π : F → φ∗(F ′) and

a morphism f : X → φ∗(X ′) of M -algebras, where φ∗ gives the natural pull-back

structure.

Definition 1.1.12. Let X∗ be a simplicial space, i.e. a simplicial set in Top. The

geometric realisation of X, denoted |X| is the topological space

|X| =
∑

q≥0

Xq ×∆q/ ≈,

where ∆q is the standard topological q-simplex

∆q = {t0, . . . , tq)|0 ≤ ti ≤ 1,
∑

ti = 1} ⊂ Rq+1

and ≈ is defined for x ∈ Xq by

(∂ix, (t0, . . . , tq−1)) ≈ (x, (t0, . . . , ti−1, 0, . . . , tq−1)), and

(six, (t0, . . . , tq+1)) ≈ (x, (t0, . . . , ti + ti+1, . . . , tq+1)).

The geometric realisation is functorial and respects the product of spaces:

Proposition 1.1.13. Let X,Y be two simplicial spaces. Then the map |π1| × |π2| :

|X × Y | → |X| × |Y | is a natural homeomorphism.

Definition 1.1.14. We call

B(F,M,X) := |B∗(F,M,X)|

the two-sided bar construction (or double bar construction) of F , M and X.

We will use the following properties of the bar construction:

Proposition 1.1.15. Let M be a monad, X an M -algebra, F an M -functor and G

a functor. We have

(i) B∗(GF,M,X) = GB∗(F,M,X);

(ii) B(M,M,X)
|ξ∗+1|−→ X is a strong deformation retract.
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1.2 Operads from families of groups

We construct operads from certain types of families of groups. The construction given

here is adaptable. In section 1.5, we will replace the symmetric groups by the ribbon

braid groups, and in chapter 3, we will replace groups by groupoids. This section

provides a detailed study of a construction given in [40].

The operads of this section are obtained through a categorical construction: from

groups, we construct categories, which form an operad in CAT. The classifying space

of those categories provides then a topological operad.

Let N : CAT→ Simp be the nerve functor and | | the geometric realisation.

Proposition 1.2.1. Let CAT-Op, Simp-Op and Top-Op be the categories of categor-

ical, simplicial and topological operads respectively. Then N and | | induce functors

CAT−Op N−→ Simp−Op | |−→ Top− Op.

Moreover, we have the following relations on the algebras:

Proposition 1.2.2. Let P be a categorical operad and A a category. Then A is a

P-algebra if and only if NA is a NP-algebra.

Let D be a simplicial operad and S a D-algebra. Then |S| is a |D|-algebra.

Let G be a group and H a subgroup of G. Let CGH denote the category with objects

G/H, the left cosets of H, and morphisms given by left multiplication by elements

of G. The set of morphisms CGH(aH, bH) is in one-one correspondence with H: an

element h ∈ H can be identified with left multiplication by bha−1. We will think

of a morphism from α = aH to β = bH in G/H as an element g ∈ G such that

π(g)α = β, where π : G −→ G/H is the projection on the quotient. We will denote

such a morphism by β
g←− α.

If H is a normal subgroup of G, G/H acts freely on the right by multiplication

on objects and on morphisms by (α0
g←− α1)β = α0β

g←− α1β.

A p-simplex in NCGH is of the form α0
g1←− . . .

gp←− αp. Let BCGH = |NCGH | be the

classifying space of this category.

An example we have in mind is the braid group βk sitting over the symmetric

group Σk:
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Example 1.2.3. Let Cn(R2) be the configuration space of n points in the plane,

i.e. the space of unordered subsets of R2 of cardinality n. The braid group βn is

the fundamental group of Cn(R2). It can be alternatively described as the set of

deformable strings from n points to n other points.

Figure 1.3: Braid and ribbon

There is a natural projection βn � Σn, sending a braid to the permutation it

induces on the points. We call pure braid group the kernel Pβn of this projection:

Pβn ↪→ βn � Σn.

Taking G = βk and H = Pβk, the category CβkPβk has objects G/H = Σk. A

morphism between two permutations σ and τ is a braid whose underlying permutation

is τσ−1.

1.2.0.2 The category operad

Let (Gk, Hk), k ∈ N, be pairs of groups as above, with Hk C Gk and Gk/Hk = Σk.

Denote by πk or simply π : Gk −→ Σk the projections on the quotient spaces.

Suppose that for all k, n1, . . . , nk ∈ N, we have a map

ω : Gk ×Gn1 × · · · ×Gnk −→ Gn1+···+nk

which preserves the product on {Gk ×Gni1
× · · · ×Gnik

|nij ∈ N} when it is defined,

i.e. when the following product makes sense:

(f, g1, . . . , gk).(f
′, g′1, . . . , g

′
k) = (f.f ′, g(πf ′)(1).g

′
1, . . . , g(πf ′)(k).g

′
k).

Suppose that ω satisfies the unit and associativity conditions of an operad struc-

ture map (definition 1.1.1, conditions (i) and (ii)) and that the following diagram is
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commutative :

Gk ×Gn1 × · · · ×Gnk
ω //

πk×πn1×···×πnk
��

Gn1+···+nk
πn1+···+nk

��

Σk × Σn1 × · · · × Σnk

γΣ // Σn1+···+nk

where γΣ is the operad map of the symmetric groups operad (example 1.1.2).

Define Γ : CGkHk × C
Gn1
Hn1
× · · · × CGnkHnk

−→ CGn1+···+nk
Hn1+···+nk

on objects by

Γ(σ, τ1, . . . , τk) = γΣ(σ, τ1, . . . , τk);

and on morphisms by

Γ(σ1
f←− σ0, τ

1
1

g1←− τ 1
0 , . . . , τ

k
1

gk←− τ k0 ) = ω(f, gσ−1
0 (1), . . . , gσ−1

0 (k)).

Proposition 1.2.4. Γ is a functor inducing a categorical operad structure on the

sequence {CGnHn}n∈N .

Corollary 1.2.5. {BCGnHn}n∈N is a topological operad.

Remark 1.2.6. For any space X, Σj acts on Xj by permuting the components,

(x1, . . . , xj)
σ.−→ (xσ−1(1), . . . , xσ−1(j)).

It is a left action, so (xσ−1(1), . . . , xσ−1(j))
τ.−→ (xσ−1(τ−1(1)), . . . , xσ−1(τ−1(j))).

Proof of the proposition. The functoriality of Γ is a consequence of the commuta-

tivity of the diagram above and the multiplication preserving property of ω.

The group Σk acts (freely) on the right of CGkHk . The conditions for Γ to be an

operad structure map are satisfied on objects as it restricts to the symmetric groups

operad. On morphisms, the unit and associativity conditions come as a consequence

of those properties for ω, and the Σ-equivariance so obtained using remark 1.2.6. �

Example 1.2.7. The E∞-operad Γ = {BCΣk
{e}} (constructed by Barrat and Eccles in

[1]) is a special case of the above construction, taking the pairs of groups (Σk, {e}),
where {e} is the trivial group and with the map ω = γΣ.

Example 1.2.8. The braid categorical operad Cβ = {CβkPβk} and its classifying space

BCβ = {BCβkPβk} are obtained from the pairs (βk, Pβk), with the map ω defined by

ω(a, b1, . . . , bk) = a(n1, . . . , nk)(b1 ⊕ · · · ⊕ bk),

where a(n1, . . . , nk) and (b1⊕· · ·⊕ bk) are defined as in the symmetric case (see figure

1.2).
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We will denote by Rβk the ribbon braid group on k elements, the fundamental

group of the configuration space of k unordered particles in Rβ2 with label in S1.

One can think of an element of Rβk as a braid on k ribbons, where full twists of the

ribbons are allowed (see figure 1.3).

The pure ribbon braid group PRβk is the kernel of the surjection Rβk � Σk.

The groups Rβk and PRβk are isomorphic to βk oZk and Pβk × Zk respectively,

where Zk encodes the number of twists on each ribbon.

Example 1.2.9. The ribbon categorical operad CRβ = {CRβkPRβk
} and its classifying

space BCRβ = {BCRβkPRβk
} are obtained from the pairs (Rβk, PRβk), with the map ω

defined by

ω(r, s1, . . . , sk) = r(n1, . . . , nk)(s1 ⊕ · · · ⊕ sk),

similarly to the symmetric and braid case.

We will describe algebras over the braid and ribbon braid operads in section 1.4.

Remark 1.2.10. For all n, we have functors

CβnPβn
I−→ CRβnPRβn

Π−→ CΣn
{e},

giving rise to morphisms of operads in the categorical and topological cases. Both

functors are the identity on objects. On morphisms I is the inclusion of the braid

group in the ribbon braid obtained by replacing the strings by flat ribbons, and Π is

the canonical projection.
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1.3 Semidirect product of operads

Studying the framed discs operad fDn, which is a variant of the little discs we already

encountered, lead us to consider a notion of semidirect product for operads. This

notion was introduced independently by Markl in [21]. We introduce the notion by

giving a detailed description of this first example.

Example 1.3.1. The framed discs operad, fDn, is defined similarly to the little n-

discs operad Dn (example 1.1.3), with the only difference that fDn(k) consists of the

embeddings from the disjoint union of k n-discs to a discs, obtained by composing

translations, dilations and rotations. The composition of embeddings provides again

an operad structure.

One can think of an element of fDn(k) as a configuration of k discs in a disc, each

of the k discs having a distinguished marked point (see figure 1.4). The composition

maps are then defined by “plugging in” the discs matching the marked points.

1
2

3

1
2

3
= , s1, s2, s3

Figure 1.4: Element of fD2(3) = D2(3)× (S1)3

As spaces, fDn(k) = Dn(k) × (SO(n))k, the ith element of SO(n) encoding the

rotation of the ith disc. In fact, as operads, we have a structure of semidirect product.

We write fDn = DnoSO(n). Indeed, the composition maps are twisted by an action

of SO(n) on Dn:

γ : (Dn(k)× (SO(n))k)× (Dn(n1)× (SO(n))n1)× · · · × (Dn(nk)× (SO(n))nk)

−→ Dn(n1 + · · · + nk)× (SO(n))n1+···+nk

is given by

γ((a, g), (b1, h
1), . . . , (bk, h

k)) = (γA(a, g1b1, . . . , gkbk), g1h
1, . . . , gkh

k),

where hi = (hi1, . . . , h
i
ni

) and g1.h
i = (g1h

i
1, . . . , g1h

i
ni

). So each of the k copies of

SO(n) acts by rotation on the corresponding Dn(ni).

A notion of semidirect product for operads, inspired by this example, can be

defined in a general context. In Top, one can define an operad P oG for an operad
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P and a group G whenever P admits a G-action such that its structure maps are

G-equivariant. Studying the operad PoG is then made easier by the following fact: a

space X is a PoG-algebra if and only if X is a P-algebra in the category of G-spaces.

As a result, working with P oG comes down to working with P but in the category

of G-spaces. This is will allow us to deduce results for fDn from known results for

Dn.

In this section, we will define semidirect products for operads in the general setting

as we will need the notion in CATand gVectas well as in Top.

1.3.1 Definition and properties

Let S be a symmetric monoidal category and let (M,µ, η, c, ε) be a bimonoid in S. So

M is an object of S equipped with an associative, unital multiplication (µ : M�M →
M, η : 1 → M) and a coassociative, counital comultiplication (c : M → M �M, ε :

M → 1) which is a morphism of algebras, i.e. such that

M �M c�c //

µ

��

M �M �M �M id�τ�id // M �M �M �M
µ�µ

��

M
c // M �M

Example 1.3.2. (1) In Top, take G a topological group with c : G → G × G
defined by c(g) = (g, g).

(2) In gVect, consider the homology of a topological group, H∗(G), which is a

Hopf algebra and in particular a bimonoid. The comultiplication is defined by

c(x) = 1⊗x+x⊗ 1, where 1 ∈ H0(G) is the generator in the component of the

unit of G.

(3) In CAT, consider the category Z with one object and Z as set of morphisms.

The group structure of Z induces a bimonoid structure on Z (as in (1)).

For a bimonoid M , the category of M -modules, denoted M -Mod, is a monoidal

category. We will consider the case where M is cocommutative, so that the category

M -Mod is symmetric. We can thus consider operads and their algebras in M -Mod.

We will call those operads M -operads.

An M -operad P can be considered as an operad in S by forgetting the M -module

structures. The M -equivariance of the operad structure maps of P is given by the
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commutation of the following diagram:

M � P(k)�X�k id�θk //

shuffle◦ck
��

M �X

Ψ

��

M � P(k)�M �X � . . .�M �X

Φ�Ψ�k
��

P(k)�X�k θk // X.

Definition 1.3.3. Let P be an M -operad. Define P oM , the semidirect product of

P and M , to be the following operad in S: for k ∈ N,

(P oM)(k) = P(k)�M�k

with Σk acting diagonally on the right, permuting the components of M�k and acting

on P(k), and the map

γ : (P oM)(k)� (P oM)(n1)� . . .� (P oM)(nk) −→ (P oM)(n1 + · · · + nk)

given by

(
P(k)�M�k

)
�
(
P(n1)�M�n1

)
� . . .�

(
P(nk)�M�nk

)

shuffle◦((id�c�k)�id�...�id)
��(

P(k)�
(
M � P(n1)

)
� . . .�

(
M � P(nk)

))
�
(
M �M�n1 � . . .�M �M�nk

)

(id�Φ�k)�(µ�n◦shuffle◦(cn1�id...�cnk�id))
��(

P(k)� P(n1)� . . .� P(nk)
)
�
(
M�n1 � . . .�M�nk

)

γP�id

��

P(n1 + · · · + nk)�M�n1+···+nk ,

where Φ : M � P(k) → P(k) gives the M -module structure of P and γP its operad

structure map. To see precisely what the shuffle does, see the description of γ in

example 1.3.1, where it is given on elements.

The unit in P oM(1) is formed of the units of P and M .

The associativity of γPoM follows from the associativity of µ, γP and the M -

equivariance of γP . This can be seen in an enormous diagram which would not fit in

the margin.

Remark 1.3.4. Any monoid M gives rise to an operad M, where M(k) = M k

and the maps γ are defined as the “right half” of γPoM . If G is a topological
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group, explicitly we have γG : Gk ×Gn1 × . . .×Gnk is defined by γG(g, h1, . . . , hk) =

(g1h
1
1, . . . , g1h

1
n1
, . . . , gkh

k
nk

).

So, in a sense, γPoM = γP o γM .

Proposition 1.3.5. Let P and M be as above. An object X of S is a PoM -algebra

if and only if X is a P-algebra in M -Mod, i.e. if and only if X is an M -module and

a P-algebra with M -equivariant structure maps.

Proof. Suppose X is a P-algebra in M−Mod with structure map θP , and let Ψ :

M �X → X denote the M -module structure of X. Define

θPoM : P �M�k �X�k sh−→ P � (M �X)�k
id�Ψk−→ P �X�k θp−→ X.

The associativity of θPoM is a consequence of the equivariance of the P-algebra struc-

ture maps.

Conversely, if X is a P oM -algebra, define the M -module structure on X by

Ψ : M �X ηP−→ P(1)�M �X θPoM−→ X

and the P-algebra structure on X by

θP : P(k)�X�k η�kM−→ P(k)�M�k �X�k θPoM−→ X,

where ηP and ηM are the unit maps of P as an operad and M as a monoid respectively.

The M -equivariance of θP follows, with some efforts, from the associativity of θPoM .

Note also that this definition of Ψ and θP gives again θPoM = θP◦(id�Ψk)◦shuffle.

Proposition 1.3.6. A morphism of P o M -algebras is a morphism of P-algebras

which is an M -equivariant map.

Proof. Let X, Y be P oM -algebras and f : X → Y be a P-algebra map and an

M -module map. Then f is a PoM -algebra map as the following diagram commutes:

P(k)�M�k �X�k id�(ΨX)�k
//

id�f�k
��

P(k)�X�k θP //

id�f�k
��

X

f

��

P(k)�M�k � Y �k id�(ΨY )�k
// P(k)� Y �k θP // Y

Conversely, suppose that f is a P oM -algebra map. Then, in particular, f is an

P-algebra map and an M -equivariant map as those structures on X and Y can be

expressed in terms of the P oM -algebra structure.
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Let P be a topological operad with a base point ∗ ∈ P(0). If moreover P is an

M -operad with the M -action preserving ∗, we can describe the free monad associated

to a P oM in terms of the monad associated to P.

Let X ∧ Y denote the smash product of X and Y , i.e.

X ∧ Y =
X × Y

(∗X × Y ) ∪ (X × ∗Y )
,

and let X+ denote X with a formally added base point.

Proposition 1.3.7. For P and M as described above and for any space X,

(P oM)X ∼= P (M+ ∧X).

In particular, fDnX ∼= Dn(SO(n)+ ∧X).

Proof.

(P oM)X =

∐
k P oM(k)×Σk X

k

≈PoM

=

∐
k(P(k)×Mk)×Σk X

k

≈PoM
=

∐
k P(k)×Σk (M+ ∧X)k

≈P
.

The smash product occurring in the last equality comes from the base point rela-

tion (≈PoM gives a relation whenever the base point of X appears, regardless of the

element of M associated to it).

1.3.2 Examples

We first give a “trivial” example. Recall from remark 1.3.4 that any monoid M give

rise to an operad M with M(k) = M k. If P is the trivial operad, M is isomorphic

to P oM . We express this precisely in the topological case:

Proposition 1.3.8. Let M be a topological monoid and M its associated operad.

Then M ∼= Com o M . In particular, an M-algebra is an M -space with an M -

equivariant commutative multiplication.

Our main example of semidirect product is the framed discs operad: fDn =

DnoSO(n) defined in example 1.3.1. We will in fact consider a more general version

of this semidirect product.

Proposition 1.3.9. The natural action of the orthogonal group O(n) on Dn(k), for

all k, is such that the operad structure maps are O(n)-equivariant.
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Proof. The group O(n) acts on Dn(k) by the restriction of its action on Rn. The

equivariance of the maps γDn follows from the fact that the action restricts to the

same action on sub-discs of the disc (after rescaling). So one can act equivalently

before or after plugging in the discs.

Example 1.3.10. Let G be a topological group and φ : G→ O(n) an n-dimensional

orthogonal representation of G. One can construct the semidirect product

Dn oφ G,

often just denoted by Dn oG, where G acts on Dn through its orthogonal represen-

tation. A Dn oG-algebra is a G-space X which is a Dn-algebra with structure maps

satisfying

gθk(c, x1, . . . , xk) = θk(φ(g)c, gx1, . . . , gxk),

where c ∈ Dn(k), xi ∈ X and g ∈ G.

We will use the following examples of algebras over Dn oφ G:

Example 1.3.11. Let Y be a pointed G-space. Let DnY be the free Dn-algebra on

Y in Top∗, and let ΩnY = {(Dn, ∂Dn) → (Y, ∗)}. We already saw in example 1.1.5

that the space ΩnY carries a natural Dn-algebra structure.

Let φ : G −→ O(n) be a continuous group homomorphism. The spaces DnY and

ΩnY are Dn oφ G-algebras, with the action of g ∈ G
on [c; y1, . . . , yk] ∈ DnY , where c ∈ Dn(k), yi ∈ Y , given by

g[c; y1, . . . , yk] = [φ(g)c; gy1, . . . , gyk],

and on [y(t)] ∈ ΩnY , where t ∈ Dn and [y(t)] denotes the n-fold loop t 7→ y(t),

given by

g[y(t)] = [gy(φ(g)−1(t)].

If P is a topological operad, its homology H(P) := {H∗(P(k))}k∈N, with any

coefficient, is again an operad. We consider here field coefficients because we want an

isomorphism.

Proposition 1.3.12. Let G be a topological group and P a G-operad. Then for any

field k, we have the following isomorphism:

H(P oG, k) ∼= H(P)oH(G).
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This will allow us, in chapter 2, to identify the homology of the framed discs

operads.

Another example is given by the ribbon operad we constructed in section 1.2:

Example 1.3.13. In CAT, we have CRβ = Cβ o Z,

where Z is the category with one object and Z as set of morphisms.

Clearly, CRβkPRβk
= CβkPβk × Zk. The action of Z on CβkPβk is trivial on objects. On

morphisms, Z× Cβ(σ, τ) → Cβ(σ, τ) is defined by z.b = tzb, where t the full twist of

the k strings in Pβk. The braid t is actually the generator of the centre of βk.

We will use this fact to describe algebras over CRβ in section 1.4.

Proposition 1.3.14. Let M be a cocommutative bimonoid in CATand C be an M-

operad. Then

B(C oM) ∼= BC oBM.

In particular, BCRβ ∼= BCβ oBZ.
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1.4 Braided and ribbon braided categories

Braided monoidal categories are “not quite symmetric” monoidal categories. More

precisely, they are equipped with a natural isomorphism cA,B : A�B → B�A which

is not required to be involutive. Instead, c is required to satisfy braid type relations.

Braided monoidal categories arise in the theory of quantum groups and their

associated link invariants [30]. Braided categories also appear in higher dimensional

category theory. For example, a 3-category with only one object and one 1-morphism

is a braided monoidal category [17].

Ribbon braided categories are braided monoidal categories with an additional

twist, i.e. a natural isomorphism, τA : A → A, compatible with the braiding. Those

categories give the right general setting for the introduction of dual objects in a

braided monoidal category [35].

It has been known for a long time that the group completion of the classifying

spaces of symmetric monoidal categories are infinite loop spaces ([34, 26]). In our

notations, symmetric (strict) monoidal categories are precisely the algebras over the

operad CΣ = {CΣk
{e}}. The result follows from the fact that Γ = BCΣ is an E∞ operad.

In particular, it detects infinite loop spaces.

In this section, we show that algebras over the operads Cβ and CRβ are pre-

cisely braided and ribbon braided (strict) monoidal categories respectively. Following

Fiedorowicz’s ideas, we will use this later on to relate the classifying spaces of these

categories to double loop spaces.

We use Joyal and Street coherence results for braided and ribbon braided cat-

egories [15] as well as the formalism of semidirect products to deduce the ribbon

braided case from the braided one. Note that Joyal and Street call ribbon braided

categories “balanced categories”. Not knowing why these authors chose this termi-

nology, and being confronted with the fact that symmetric and braided monoidal

categories are what they are, we could not resist calling ribbon braided categories by

their obvious name, natural from our point of view.

1.4.1 Braided categories

Recall from section 1.1.1 that a monoidal category (A,�) is a category A equipped

with an associative, unital product �. We will denote by a the associativity isomor-

phisms and by 1 the unit.
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Definition 1.4.1. [15] Let (A,�) be a monoidal category. A braiding for A is a

natural family of isomorphisms

c = cA,B : A�B −→ B � A

in A such that the two following diagrams commute (see figure 1.4.1 for an illustration

of those relations):

(B � A)� C a // B � (A� C)
id�c

((QQQQQQQQQQQQ

(A�B)� C

c�id
66mmmmmmmmmmmm

a
((QQQQQQQQQQQQ

B � (C � A)

A� (B � C) c
// (B � C)� A

a

66mmmmmmmmmmmm

A� (C �B) a−1
// (A� C)�B

c�id
((QQQQQQQQQQQQ

A� (B � C)

id�c
66mmmmmmmmmmmm

a−1
((QQQQQQQQQQQQ

(C � A)�B

(A� B)� C c
// C � (A� B)

a−1

66mmmmmmmmmmmm

We call (A,�, c) a braided monoidal category (or shortly a braided category). It is

called a braided strict monoidal category if the monoidal structure is strict, i.e. if

the associativity isomorphisms are all the identity.

==

A�B � C A�B � C

C �A�B C �A�B

A� B

B � A

cA,B

A�B � C A�B � C

B � C � A B � C �A

Figure 1.5: Braiding and braid relations

Let B be the category with N as set of elements and βn, the braid group on n

strings, as set of morphisms from n to n.

Then B is a braided monoidal category. The product is given by addition on the

objects, and by block sum on the morphisms, i.e. putting the braids “side by side”.

The braiding bn,m is given by the element of βn+m shown in figure 1.6.
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n m

Figure 1.6: Braiding bn,m of B

Now, for any category A, one can construct a braided monoidal category

(B
∫
A,⊗, b), which is a wreath product of A and B. The objects of B

∫
A are finite

sequences of objects of A. An arrow (α, f1, . . . , fn) : A1 . . . An −→ B1 . . . Bn

A1 A2 An. . .

f2

fnf1

B1 Bn. . .

Figure 1.7: Arrow in B
∫
A

consists of α ∈ βn and fi ∈ HomA(Ai, Bπ(α)(i)), where π : βn � Σn is the natural

projection. An arrow is thus a braid having its strings labelled by arrows of A (see

figure 1.4.1). The tensor product is defined on objects and morphisms by block sum.

The braiding of B
∫
A is defined by

c′A1...An,B1...Bm
= (bn,m, idA1 , . . . , idAn, idB1 , . . . , idBm).

So it is the braiding given in figure 1.6 with identity morphisms on the strings.

Let (A,�, c) be a braided strict monoidal category. By a result of Joyal and Street

(in [15]), there exists a unique strict monoidal functor T : B
∫
A −→ A such that the

following triangle commutes and T (c′) = c, for c′ the braiding of B
∫
A :

A i //

id
""DDDDDDDDD B
∫
A
T

��
�
�
�

A.
Let α be an element of βn. For each A1 . . . An ∈ B

∫
A, α defines an arrow

fα = (α, id, . . . , id) : A1 . . . An −→ Aπ(α)−1(1) . . . Aπ(α)−1(n)
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where the strings are labelled by identities in A.

Define the following arrow in A :

dα = T (fα) : A1 � . . .� An −→ Aπ(α)−1(1) � . . .� Aπ(α)−1(n)

We will use the following properties of dα:

Since fα1 ◦ fα2 = fα1α2 and T (fα1 ◦ fα2) = T (fα1) ◦ T (fα2), we have the relation

dα1 ◦ dα2 = dα1α2. (1.1)

As in B
∫
A, fα◦(id, g1, . . . , gn) = (id, gπ(α)−1(1), . . . , gπ(α)−1(n))◦fα for gi morphisms

in A, we have that

dα ◦ (g1 � . . .� gn) = (gπ(α)−1(1) � . . .� gπ(α)−1(n)) ◦ dα. (1.2)

Another property of the maps fα is that

fα((A1 � . . .� Aj1) . . . (Ai � . . .� Aj)) = fα(j1,...,jk)(A1 . . . Aj),

where i = j1 + · · · + jk−1 + 1. It follows that

dα((A1 � . . .� Aj1)� . . .� (Ai � . . .� Aj)) = dα(j1,...,jk)(A1 � . . .� Aj). (1.3)

And for αi ∈ βji , with j1 + · · · + jk = j, we have that

fα1�...�αk(A1 . . . Aj) = fα1 ⊗ · · · ⊗ fαk(A1 . . . Aj1 ⊗ · · · ⊗ Aj1+···+jk−1+1 . . . Aj),

where � and ⊗ are the products in B and B
∫
A respectively. Since T is a monoidal

functor, it follows that

dα1 � . . .� dαk = dα1�...�αk . (1.4)

Let Cβ be the operad defined in section 1.2.

Lemma 1.4.2. Let (A,�, c) be a braided strict monoidal category. Then for all

j ≥ 0 there exists a Σj-equivariant functor dj : CβjPβj × Aj −→ A defined on objects

and morphisms respectively by

dj(σ,A1, . . . , Aj) = Aσ−1(1) � . . .� Aσ−1(j)

and

dj(τ
α←− σ, f1, . . . , fj) = dα ◦ (fσ−1(1) � . . .� fσ−1(j))

where σ, τ ∈ Σj, α ∈ CβjPβj(σ, τ), Ai ∈ A and fi are arrows of A.
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Proof. The functoriality of dj is a result of the two first properties of dα given above.

The Σj-equivariance of dj on objects is a direct consequence of the remark 1.2.6.

We check here the equivariance on morphisms. Let ρ ∈ Σj. We have

dj(τρ
αρ←− σρ, f1, . . . , fj) = dα ◦ (f(σρ)−1(1) � . . .� f(σρ)−1(j)).

And

dj(τ
α←− σ, fρ−1(1), . . . , fρ−1(j)) = dα ◦ (fρ−1(σ−1(1)) � . . .� fρ−1(σ−1(j))).

Lemma 1.4.3. For A and dj as above, the following diagram is commutative for all

j ≥ 0, k ≥ 0 and ji ≥ 0 with Σji = j :

CβkPβk × C
βj1
Pβj1
× · · · × CβjkPβjk

×Aj

id×µ

��

Γβ×id
// CβjPβj ×Aj

dj

��

A

CβkPβk × C
βj1
Pβj1
×Aj1 × · · · × CβjkPβjk

×Ajk
id×dj1×···×djk// CβkPβk ×Ak

dk

OO

where µ is the shuffle and Γβ is the operad functor of Cβ.

Proof. The commutativity on objects follows from the commutativity of certain per-

mutations. We check more precisely the commutativity on morphisms.

dj(Γβ × 1(τ
α←− σ, ν1

δ1←− µ1, . . . , νk
δk←− µk, f1, . . . , fj))

= dj(ζ
β←− λ, f1, . . . , fj),

= dβ ◦ (fλ−1(1) � . . .� fλ−1(k)),

where β = α(jσ−1(1), . . . , jσ−1(k))(δσ−1(1) � . . .� δσ−1(k))

and λ = σ(j1, . . . , jk)(µ1 ⊕ · · · ⊕ µk).
dk((1× dj1 × · · · × djk)

(τ
α←− σ, (ν1

δ1←− µ1, f1, . . . , fj1), . . . , (νk
δk←− µk, fj1+···+jk−1+1, . . . , fj)))

= dk(τ
α←− σ, dδ1 ◦ (fµ−1

1 (1) � . . .� fµ−1
1 (j1)),

. . . , dδk ◦ (fj1+···+jk−1+µ−1
k (1) � . . .� fj1+···+jk−1+µ−1

k (jk)))

= dα ◦ ((dδσ−1(1)
◦ (fµ−1

σ−1(1)
(1) � . . .� fµ−1

σ−1(1)
(jσ−1(1))

))� . . .� (dδσ−1(k)

◦(fjσ−1(1)+···+jσ−1(k)−1+µ−1

σ−1(k)
(1) � . . .� fjσ−1(1)+···+jσ−1(k)−1+µ−1

σ−1(k)
(jσ−1(k))

))).

Using 1.3 and defining α̃ = α(j1, . . . , jk),

= dα̃ ◦ ((dδσ−1(1)
� . . .� dδσ−1(k)

) ◦ ((fµ−1

σ−1(1)
(1) � . . .� fµ−1

σ−1(1)
(j1))� . . .�

(fjσ−1(1)+···+jσ−1(k)−1+µσ−1(k)−1(1)
� . . .� fjσ−1(1)+···+jσ−1(k)−1+µ−1

σ−1(k)
(jσ−1(k))

))),

which, by 1.4,

= dα̃ ◦ dδσ−1(1)�...�δσ−1(k)
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◦(fµ−1

σ−1(1)
(1) � . . .� fjσ−1(1)+···+jσ−1(k)−1+µ−1

σ−1(k)
(jσ−1(k))

)),

and by 1.1

= dα̃.(δσ−1(1)�...�δσ−1(k))
◦ (fλ−1(1) � . . .� fλ−1(j))

We then have the following result :

Theorem 1.4.4. Let A be category and Cβ = {CβjPβj}j∈N be the braid categorical

operad. Then A is a braided strict monoidal category if and only if A is a Cβ-algebra.

Corollary 1.4.5. If (A,�, c) is a braided strict monoidal category, then BA is a

BCβ-algebra.

Proof of the theorem. If A is a braided strict monoidal category, then lemma 1.4.2

and 1.4.3 imply that A is a C-algebra, the maps dj giving the action of the operad

(the unit condition is clear, lemma 1.4.2 gives the Σ-equivariance and lemma 1.4.3

the associativity condition).

For the converse, let A be a category and θ be the action of C on A :

θj : CβjPβj ×A
j −→ A.

Define the product on A on objects by A�B = θ1(id, A,B), where id is the identity

element of Σ2, and on morphisms by f � g = θ1(id
idβ←− id, f, g). The unit is given by

1 = θ0(1).

The functoriality of θj and its associativity property imply that (A,�, 1) is a strict

monoidal category.

The braiding is then defined by

cA,B = θ2(σ
b←− id, idA, idB) : A� B −→ B � A,

where σ is the non-trivial element of Σ2 and b is the generator of β2.

Using the functoriality, the Σ-equivariance and the associativity property of θ, one

can show that the two diagrams of definition 1.4.1 commute. �

1.4.2 Ribbon braided categories

We want a similar result for ribbon braided categories, i.e. we want to prove that the

ribbon braid operad CRβ = {CRβnPRβn
}n∈N detects ribbon braided monoidal category.

We will use the proposition 1.3.5 and the example 1.3.13 to deduce this result

from the result just obtained in the braid case.

We first recall from [15] the definition of a ribbon braided category.
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Definition 1.4.6. Let (A,�, c) be a braided monoidal category. A twist for A is a

natural family of isomorphisms

τ = τA : A −→ A

such that τ1 = id1 and the following diagram commutes (see figure 1.4.2 for an illus-

tration of this relation):

A� B
cA,B

//

τA�B
��

B � A
τB�τA

��

A� B B � AcB,A
oo

(A,�, c, τ) is called a ribbon braided monoidal category (or shortly ribbon braided

category). If the monoidal structure is strict, it is called a ribbon braided strict

monoidal category.

=τA�B

A�B

A�B

cA,B

τB � τA

cB,A

A�B

A�B

Figure 1.8: Compatibility between the twist and the braiding

Theorem 1.4.7. Let A a be category and CRβ = {CRβjPRβj
}j∈N be the ribbon braid cat-

operad. Then A is a ribbon braided strict monoidal category if and only if A is a

CRβ-algebra.

Corollary 1.4.8. If (A,�, c) is a ribbon braided strict monoidal category, then BA
is a BCRβ-algebra.

Proof of the theorem. Recall that Z denotes the category with only one object ∗
and with Z as set of morphisms.

Using proposition 1.3.5 and example 1.3.13, we have that
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A is an CRβ-algebra

⇐⇒
A is a Cβ-algebra which has a Z-action commuting with θCβ .

Thus, using now theorem 1.4.4, the theorem 1.4.7 can be reformulated as

A is a ribbon braided strict monoidal category

⇐⇒
A is a braided strict monoidal category which has a Z-action commuting with θCβ .

Suppose first that (A,�, c, τ) is a ribbon braided strict monoidal category. Define

Ψ : Z × A → A to be the identity on objects, Ψ(∗, A) = A, and on a morphism

f : A→ B by

Ψ(z, f) = f ◦ (τA)z.

This defines an action of Z on A as (τA)z
′ ◦ (τA)z = (τA)z

′+z.

We now have to check that this action commutes with θCβ . Note that

τA = Ψ(1, idA)

and

Ψ(z, f) = f ◦Ψ(z, idA). (∗)

We consider θCβ : Cβ(k) × Ak −→ A. In the case k = 1, the commutativity of

Ψ and θCβ is trivial because θCβ is trivial. We study the case k = 2. Observe that

we only have to worry about morphisms as the action is trivial on objects. As τ is a

twist, we have that

τA�B = cB,A ◦ (τB � τA) ◦ cA,B, (∗∗)

which translates in our case to

Ψ(1, θCβ(id, idA, idB)) = θCβ(b, idB, idA) ◦ θCβ(id, τB, τA) ◦ θCβ(b, idA, idB).

Using the Σ-equivariance and the functoriality of θCβ , we deduce from the last equality

that

Ψ(1, θCβ(id, idA, idB)) = θCβ(Φ(1, id),Ψ(1, idA),Ψ(1, idB)),

where Φ gives the action of Z on Cβ. This provides the commutativity required for

θCβ(id, idA, idB) and Ψ(1,−). The equation (∗∗) inverted gives the commutation for

Ψ(−1,−). As Ψ is an action, we can deduce the commutativity above for all z ∈ Z.
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Now, if b is any braid in β2, and f : A −→ B, g : C −→ D any morphisms in A,

we have by (∗)
Ψ(z, θCβ(b, f, g)) = θCβ(b, f, g) ◦Ψ(z, θCβ(id, idA, idC))

= θCβ(b, f, g) ◦ θCβ(Φ(z, id),Ψ(z, idA),Ψ(z, idC))

= θCβ(Φ(z, b),Ψ(z, f),Ψ(z, g)).

Hence, the case k = 2 is proved. For k > 2, we first remark that any braid in βk can be

obtained by compositions (internal and external) of the operad structure functor ΓCβ

with itself applied exclusively on element of β1 and β2 (this is a form of quadraticity

for the operad Cβ). This can be seen by writing a braid in terms of the canonical

generators of βk. The result follows then by remarking that

θCβ(ΓCβ(b′, b1, b2), f1, . . . , fj) = θCβ(b′, θCβ(b1, f1, . . . , fi), θCβ(b2, fi+1, . . . , fj))

and

Ψ(z, θCβ(b ◦ b′, f, g)) = Ψ(z, θCβ(b, f, g)) ◦Ψ(z, θCβ(b′, idA, idC)).

Suppose now that (A,�, c) is a braided strict monoidal category which has a Z-

action given by a functor Ψ and commuting with θCβ . We want to show that in this

case A is a ribbon braided monoidal category.

Define a twist on A ∈ A by

τA = Ψ(1, idA) : A −→ A.

As Ψ is an action, this is a natural family of isomorphisms. We have to check that

τA�B = cB,A ◦ (τB � τA) ◦ cA,B ,

for all A,B ∈ A. This is easily checked by translating it in terms of θCβ and Ψ as

above, using this time the fact that we know that Ψ commutes with θCβ . �
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1.5 Framed discs and ribbons

This section gives an extension of results of Z. Fiedorowicz for the braid groups [7].

Fiedorowicz proved that the braid groups give rise to an operad equivalent to the

little discs. To do this, he defined “B∞ operads”, which are braid equivalents of the

E∞ operads. By definition, E∞ operads are operads with contractible spaces and a

free symmetric group action. They are equivalent to the infinite little discs operad

D∞. Any operad map between two E∞ operads is an equivalence of operads [26].

Considering the product P × Q of E∞ operads, and the maps P ← P × Q → Q,

one deduces that any two E∞ operads are equivalent. Algebras over E∞ operads are

infinite loop spaces after group completion.

Fiedorowicz’s B∞ operads are braid operads, i.e. like usual operads but with braid

group actions instead of symmetric group actions, which have contractible spaces and

free braid group actions. By an argument similar to the above, he shows that any two

B∞ operads are equivalent. He then shows that D̃2, the universal cover of the little

discs operad and a certain braid operad areB∞ operads. A corollary of the equivalence

thus obtained is that the classifying space of a braided monoidal categories is a double

loop spaces after group completion.

Fiedorowicz also uses B∞ operads to characterise E2 operads, i.e. operads equiv-

alent to the little discs D2.

In this section, we extend these results to the ribbon braid groups, exhibiting

an equivalence between the framed discs operad and the ribbon operad BCRβ. We

also provide a description of “fE2 operads”, i.e. operads equivalent to the framed

little 2-discs. We will deduce a description of the classifying spaces of ribbon braided

monoidal categories in section 2.1.

1.5.1 Ribbon operads

Definition 1.5.1. A ribbon operad P is a collection of spaces {P(j)}j∈N with P(0) =

{∗}, an identity element 1 in P(1), a right action of the ribbon braid group Rβj on

P(j) for all j, and with maps

γ : P(k)× P(n1)× · · · × P(nk) −→ P(n1 + · · · + nk)

such that the unit and associativity conditions of usual operads are satisfied (defini-

tion 1.1.1, (i) and (ii)), as well as the following equivariance conditions :

γ(cσ, d1, . . . , dk) = γ(c, dπ(r)−1(1), . . . , dπ(r)−1(k))
r(j1,...,jk)
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and

γ(c, ds11 , . . . , d
sk
k ) = γ(c, d1, . . . , dk)

(s1⊕···⊕sk),

for all c ∈ P(k), di ∈ P(ji), r ∈ Rβk, si ∈ Rβji, where π : Rβk � Σk is the natural

projection.

A ribbon operad P is called unital if P(0) = {∗}.
A morphism of ribbon operads is a family of maps φj : P(j) −→ Q(j) which are

Rβj-equivariant and commute with γP and γQ.

To avoid confusion, we will sometimes call the usual operads “symmetric operads”.

On the other hand, we will sometimes use “operad” for ribbon operad when it is not

confusing.

Remark 1.5.2. As in the symmetric case, it is possible to define ribbon braid operads

in a more general context. We will actually encounter a categorical ribbon operad.

Note that any symmetric operad is a ribbon operad, with the ribbon braid groups

acting on the spaces through their projection to the symmetric groups. Remark that

the converse is not true, as there is no natural group inclusion of the symmetric groups

in the ribbon braid groups.

Hence, the symmetric operad of endomorphisms of X, EndX , where EndX(j) =

{f : Xj −→ X}, can be considered as a ribbon operad.

We can thus use it to define algebras over a ribbon operad like in the symmetric

case:

Definition 1.5.3. Let P be a ribbon operad. A P-algebra structure on a space X is

a morphism of ribbon operads φ : P −→ EndX .

As in the symmetric case, the last definition is equivalent to requesting that there

exist maps θj : P(j)×Xj −→ X satisfying unit and associativity conditions (exactly

the same as before) and such that θj(c
r, x1, . . . , xj) = θj(c, xπ(r)−1(1), . . . , xπ(r)−1(k)),

for all r ∈ Rβj.

Example 1.5.4. The ribbon braid groups give rise to the following ribbon operad :

Rβ = {Rβj}j∈N,

with the action of Rβj given by right multiplication and with the operad maps defined

by γ(r, s1, . . . , sk) = r(j1, . . . , jk)(s1 ⊕ · · · ⊕ sk).
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Definition 1.5.5. A ribbon operad P is called an R∞ operad if the ribbon braid

groups act freely and properly on P and if each space P(k) is contractible.

Let ERBn be the translation category of Rβn, i.e. Rβn is the set of objects and

there is only one morphism τσ−1 from σ to τ . In the notation of section 1.2, we have

the groups Gn = Rβn and Hn = {e}, and ERBn = CRβn{e} . Note that we now have

Gn/Hn = Rβn, so the ribbon braid groups will play the role of the symmetric groups

in the construction.

Example 1.5.6. ERB = {BCRβn{e} }n∈N, the sequence of the classifying spaces of the

categories ERBn, forms an R∞ operad.

It is well-known that the spaces ERBn are contractible. Also, the Rβn-action,

defined by right multiplication, as the symmetric case, is free. The operad structure

is defined on the categorical level, i.e. by a functor Γ on {ERBn}. We need to specify

Γ only on objects, on which it is defined to be the operad map on the ribbon braid

groups given in example 1.5.4.

The categorical ribbon operad ERB acts on any ribbon braided strict monoidal

category (A,�, c, τ) through the action of CRβ (theorem 1.4.7) via the natural pro-

jection ERB −→ CRβ.

Note that this projection induces a covering map on the classifying spaces.

Example 1.5.7. Let R be the set of the real numbers. As R is a group, we know

that it gives rise to a symmetric operad (see remark 1.3.4). We define here a ribbon

operad with R. Take again the collection of sets R = {Rj}j∈N and the maps

γ : Rk × Rn1 × · · · × Rnk −→ Rn1+···+nk

(r, x1, . . . , xk) 7→ (x1
1 + r1, . . . , x

1
n1

+ r1, . . . , x
k
1 + rk, . . . , x

k
nk

+ rk),

and define the action of the ribbon braid groups by

(r1, . . . , rk)
s = (rπ(s)(1) + z1, . . . , rπ(s)(k) + zk),

where zi is the number of twists on the ith string.

1.5.2 Framed discs

Let ˜fD2(k) denote the universal cover of fD2(k). The proof of the following propo-

sition is an adaptation of Fiedorowicz’s proof for the universal cover of the little

cubes.
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Theorem 1.5.8. The sequence of spaces ˜fD2 = { ˜fD2(k)}k∈N forms an R∞-operad.

Proof. Recall that D2(k) is a K(Pβk, 1). So fD2(k) = D2(k)× (S1)k is a K(PRβk, 1)

and its universal cover ˜fD2 = D̃2 × Rk is contractible.

We want to lift the operad structure of fD2 to a ribbon operad structure on ˜fD2.

As there is no possible consistent choice of basepoints for the spaces fD2(k), we

consider instead the contractible subspaces defined by the horizontal inclusion of the

“non-symmetric operad” D0
1 of unlabelled little intervals, in fD2 shown in figure 1.9,

seeing D0
1 as the component of D1 with the intervals ordered in the canonical way,

from left to right.

1 2 3
1 2 3

Figure 1.9: Horizontal inclusion of D0
1(3) in fD2(3)

Denote by p : ˜fD2(k) → fD2(k) the universal covering. We thus have that

p−1(D0
1(k)) ⊂ ˜fD2(k) is a disjoint union of contractible components, each homeomor-

phic to D0
1(k) via p. For each k, choose one of these components and denote it by

D̃0
1(k).

Now, define γ̃ on ˜fD2 to be the unique lifting of γ ◦ p

˜fD2(k)× ˜fD2(n1)× · · · × ˜fD2(nk)
γ̃

//______

p

��

˜fD2(n1 + · · · + nk)

p

��

fD2(k)× fD2(n1)× · · · × fD2(nk)
γ

// fD2(n1 + · · · + nk)

which takes D̃0
1(k)× D̃0

1(n1)× · · · × D̃0
1(nk) to D̃0

1(n1 + · · · + nk).

Define the unit element 1 ∈ ˜fD2(1) to be the unique element in 1 ∈ D̃0
1(1) such

that p(1) = 1 ∈ fD2(1).

We are now left to define an action of Rβk on ˜fD2(k). We define the action of

each generator ri, tj ∈ Rβk for i = 1, . . . , k − 1 and j = 1, . . . , k (see figure 1.10).

For ri, consider the path αi in fD2(k), from a point x to its translate xσi, where

σi = π(ri) ∈ Σk, as shown in figure 1.11.

Let x̃ be the point in D̃0
1(k) such that p(x̃) = x and let α̃i be the lift of αi

starting at x̃. Define the action of ri on ˜fD2(k) to be the unique lift of the map

p ◦ σi : ˜fD2(k)→ fD2(k) which takes x to α̃i(1).
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...

...

...

... ri

ti

1 kii− 1 i+ 1

Figure 1.10: Generators of Rβk

1 ki i+1
i+1

i
1 k i+1 i1 k

Figure 1.11: Path αi in fD2(k)

Simiarly, define the action of ti by considering the lift at x̃ of the path βi from x

to x shown in figure 1.12.

This data provides ˜fD2 with a ribbon operad structure as all commutative dia-

grams lift to commutative diagrams

1.5.3 Ribbon monads

We want to show that R∞ operads are all equivalent in the sense that their categories

of algebras are equivalent. We do this by comparing their associated monads.

Definition 1.5.9. Let P be a unital ribbon operad. For any pointed space X, define

CX =

∐
n≥0P(n)×Rβn Xn

≈ ,

where Rβn acts on Xn via its projection to Σn and the equivalence relation ≈ is

defined as in the symmetric case by (σic, y) ≈ (c, siy) for c ∈ P(j), y ∈ X j−1 and

0 ≤ i ≤ j, where σic = γ(c, 1, . . . , 1, ∗, . . . , 1) and siy = (y1, . . . , yi, ∗, yi+1, . . . , yj−1).

The ribbon operad structure of P induces a monad structure on P .

A morphism of ribbon operads induces a map of the associated monads.
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i1 k 1 ki 1 ki

i1 k

Figure 1.12: Path βi in fD2(k)

Example 1.5.10. The monad associated to ˜fD2 as a ribbon operad is the same as

the monad associated two fD2 as a symmetric operad:

˜fD2X =
(∐

n≥0(D̃2(n)× Rn)×Rβn Xn
)/
≈

= (
∐

n≥0(D̃2(n)× (S1)n)×βn Xn)

/
≈

= (
∐

n≥0(D2(n)× (S1)n)×Σn X
n)

/
≈ = fD2X

A similar equality holds for the ribbon operad ERβ = {BCRβn
{e} } and the operad

BCRβ :

ERβX =
(∐

n≥0ERβ(n)×Rβn Xn
)/
≈

=
(∐

n≥0BCRβnPRβn
×Σn X

n
)/
≈ = BCRβX.

R∞ operads have essentially the same properties as E∞ operads, having con-

tractible spaces carrying a free group action. The next result is an extension of a

result of J.P. May in the E∞ case (proposition 3.4 p22 in [27]). The proof is essen-

tially identical to May’s proof .

Proposition 1.5.11. Let ψ : P −→ Q be a morphism of R∞-operads. Then the

induced map ψ : PX −→ QX is a weak homotopy equivalence for any connected

pointed space X, with (X, ∗) an NDR-pair.

Now, remark that the product of any two R∞ operads P and Q is again an R∞

operad. And the projection maps P ← P ×Q → Q are morphisms of R∞ operads.
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Proposition 1.5.12. Let P and Q be R∞ operads. For any P-algebra X, there exists

a Q-algebra X ′ with X ′ weakly homotopy equivalent to X.

Proof. Define X ′ to be the double bar construction B(Q,P × Q,X) (see section

1.1.3.1). We have the following equivalences:

X
'←− B(P ×Q,P ×Q,X)

'−→ B(Q,P ×Q,X) = X ′.

By example 1.5.10, we have the following corollary:

Corollary 1.5.13. If X is an fD2-algebra (respectively a BCRβ-algebra), there exists

a space X ′ weakly equivalent to X such that X ′ is a BCRβ-algebra (respectively an

fD2-algebra).

1.5.4 fE2-spaces

We want to characterise operads equivalent to the framed 2-discs. We consider the

following notion of equivalence:

Definition 1.5.14. An operad map A → B is an equivalence if each map A(k) →
B(k) is a Σk-equivariant homotopy equivalence.

An operad A is a En-operad (respectively fEn-operad ) if there is a chain of

equivalences connecting A to Dn (respectively fDn).

Fiedorowicz gave the following characterisation of the little discs operad:

Theorem 1.5.15. [8] An operad A is an E2 operad if and only if its operad structure

lifts to a B∞ operad structure on its universal cover Ã.

We will prove here a similar statement for fE2 operads:

Theorem 1.5.16. An operad A is an fE2 operad if and only if its operad structure

lifts to an R∞ operad structure on its universal cover Ã.

We have encountered two examples of operads having an R∞ structure on their

universal cover: fD2, which is clearly an fE2 operad, and the ribbon braid operad

BCRβ .

Lemma 1.5.17. If P is an R∞ operad, the sequence of quotient spaces {P(n)/PRβn}
forms a symmetric operad equivalent to the framed discs.

37



Proof. As the operad maps γ are Rβ-equivariant, they induce operad maps on the

quotient spaces having the same associative and unital properties. The Rβn-action on

P(n) induces an Rβn/PRβn i.e. Σn-action on P(n)/PRβn and the maps γ induced

on the quotient spaces are Σ-equivariant.

The equivalences of R∞ operads are Rβ-equivariant and so induce equivalences

on the quotients:

P

��

P × ˜fD2
'oo ' //

��

˜fD2

��

P/PRβ P ×PRβ ˜fD2
'oo ' // fD2

Proof of the theorem From the lemma, we know that if the operad structure of P lifts

to an R∞ structure on its universal cover, P is an fE2 operad. We are left to show

that if P is an fE2 operad, one can lift its operad structure to its universal cover P̃.

This will then be an R∞ structure as P is Σ-equivariantly equivalent to fD2.

To lift the operad structure, we need a consistent choice of base-points in {P(k)}.
As P is equivalent to fD2, we know that there exists an equivalence of operads

WfD2
'−→ P,

where WfD2 is a cofibrant resolution of fD2 constructed by Boardman and Vogt

[2, 41]. As the W-construction is functorial, using the map given in figure 1.9 we have

the following maps of operads

WD0
1 −→ WfD2 −→ P,

where WD0
1(k) is a contractible space for each k. Now we can proceed as in theorem

1.5.8 with WD0
1 playing for P the role of D0

1 for fD2. �
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Chapter 2

Equivariant recognition principle
and Batalin-Vilkovisky algebras

2.1 Equivariant recognition principle

Let φ : G −→ O(n) be an orthogonal representation of a group G and let X be a

grouplike Dn o G-algebra, i.e. the components of X form a group by the product

induced by any element of Dn(2). By proposition 1.3.5, as X is a Dn oG-algebra, it

is in particular a Dn-algebra.

Note that we dropped φ from the notation of the semidirect product.

May introduced a deloop functor Bn fromDn-algebras to pointed spaces defined by

BnX := B(Σn, Dn, X), where B is the double bar construction (see section 1.1.3.1),

and Σ the (reduced) suspension. May’s recognition principle (theorem 1.1.6) says

that X is equivalent to ΩnBnX. The equivalence is a weak homotopy equivalence

and a map of Dn-algebras. May also showed that, conversely, Bn applied to an n-fold

loop space ΩnY provides an equivalent delooping (BnΩnY ' Y ).

In what follows, we consider the behaviour of Ωn and Bn with respect to G-actions

and provide a recognition principle for algebras over Dn oG.

Let Dn o G−Topgl, Dn o G−Top0 and G−Top∗n be the categories of grouplike,

connected Dn o G-algebras and n-connected pointed G-spaces respectively. Those

three categories are closed model categories with weak homotopy equivalences as

weak equivalences [31]. For a model category C, we will denote by Ho(C) its associated

homotopy category, obtained by inverting the weak equivalences.

For any G-space Y , we have seen in example 1.3.11 that ΩnY has a DnoG-algebra

structure induced by the diagonal action of G. On the other hand, we will define a
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G-action on BnX for any Dn o G-algebra X. Hence, Ωn and Bn will be functors

between the categories of pointed G-spaces and of Dn oG-algebras.

Theorem 2.1.1. For each continuous homomorphism φ : G −→ O(n), we have

functors

Ωn
φ = Ωn : G−Top∗n−1 −→ Dn oG−Topgl

Bφ
n = Bn : Dn oG−Topgl −→ G−Top∗n−1

which induce an equivalence of homotopy categories

Ho(G−Top∗n−1) ' Ho(Dn oG−Topgl).

This equivalence restricts to

Ho(G−Top∗n) ' Ho(Dn oG−Top0).

Proof. May’s recognition principle is obtained through the following maps:

X ←− B(Dn, Dn, X)
α−→ B(ΩnΣn, Dn, X) −→ ΩnB(Σn, Dn, X) = ΩnBnX,

where all maps are Dn-maps between Dn-spaces. When X is a Dn o G-algebra,

we want to define G-actions on the spaces involved which induce Dn o G-algebra

structures and such that all maps are G-maps.

The functors Dn, Σn and Ωn restrict to functors in the category of G-spaces,

where, for any G-space Y , we define the action on DnY , ΣnY and ΩnY diagonally as

in example 1.3.11. Hence for any G-space Y the G-action on ΩnΣnY is given by

g[σ(t), y(t)] = [φ(g)σ(φ(g)−1t), gy(φ(g)−1t)],

where g ∈ G, t, σ(t) ∈ Dn and y(t) ∈ Y . One gets a Dn o G-algebra structure on

ΩnΣnY such that May’s map α : DnY −→ ΩnΣnY is a G-map, and thus a Dn oG-

map, where the Dn oG-structure on DnY is given in example 1.3.11.

We extend these actions on the simplicial spaces B(Dn, Dn, X), B(ΩnΣn, Dn, X)

and ΩnB(Σn, Dn, X) as follows.

Recall from 1.1.3.1 that the double bar construction B(F,C,X) is defined sim-

plicially, for a monad C, a left C-functor F and a C-algebra X by B(F,C,X) =

|B∗(F,C,X)|, where Bp(F,C,X) = FCpX, with boundary and degeneracy maps

using the left functor, monad and algebra structure maps. The group G acts then

on Bp(F,C,X) through its action on the functors F and C, which comes to “rotate
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everything”. For example, the action of g ∈ G on a 1-simplex of B(ΩnΣn, Dn, X) is

given by g[σ(t), c(t), x1(t), . . . , xk(t)]

= [φ(g)σ(φ(g)−1t), φ(g)c(φ(g)−1t), gx1(φ(g)−1t), . . . , gxk(φ(g)−1t)].

With these actions, all maps above are G-maps between DnoG-spaces and BnX

is equipped with an explicit G-action.

On the other hand, we have a weak homotopy equivalence [27, 5]

BnΩnY = B(Σn, Dn,Ω
nY )

|δ∗0 |−→ ΣnΩnY
e−→ Y

for any (n− 1)-connected space Y . If Y is a G-space, then this composite is a G-map

with the actions on BnΩnY and ΣnΩnY defined as above.

Consider the monoid Rβ ×Z EZ ⊂ F̃2(1)×PRβ1 |R̃|(1). There are monoid maps

S1 ∼= (Rβ ×Z ∗) '←− Rβ ×Z EZ '−→ (∗ ×Z EZ) ∼= BZ.

So any S1-space or BZ-space is canonically an Rβ ×Z EZ-space. The above maps

are restrictions of the operad maps fD2
'←− F̃2 ×PRβ |R̃| '−→ |R| in arity 1. Using

our recognition principle, theorem 1.4.7 and theorem 1.5.13 we obtain the following:

Theorem 2.1.2. The nerve of a ribbon braided monoidal category C, after group

completion, is weakly homotopy equivalent to a double loop space Ω2Y on an S1-space

Y . The S1-action on Y is induced by the twist on C and the equivalence given by

Rβ ×Z EZ-equivariant maps.

Proof. Let C be a ribbon braided monoidal category and let C ′ be the strictification

of C as a monoidal category. The category C ′ then inherits a ribbon braided structure

from the one existing on C. Its nerve |C ′| is an |R|-algebra. The space |C| is not

necessarily an |R|-algebra, but it admits a BZ-action induced by the twist on C, and

the equivalence |C| '−→ |C ′| is BZ-equivariant.

Now the space X = B(fD2, ˜fD2×PRβ ˜|R|, |C ′|) is weakly homotopy equivalent to

|C ′| and is an fD2-algebra. The equivalence is obtained through the following diagram

of weak equivalences in Rβ ×Z EZTop.

B(fD2, ˜fD2 ×PRβ ˜|R|, |C ′|) B( ˜fD2 ×PRβ ˜|R|, ˜fD2 ×PRβ ˜|R|, |C ′|)oo

��

B(|R|, |R|, |C ′|) −→ |C ′|,

The group completion of X is then equivalent to a double loop space Ω2Y , where

Y = B(Σ2, D2, X) and the S1-action on X now induces one on Y , as explained in

theorem 2.1.1.
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2.2 Algebraic semidirect products and Batalin--

Vilkovisky algebras

We work for this section in dgVect, the category of chain complexes over a field k

(possibly with trivial differential). For an element x of a chain complex, we denote

by |x| its degree. We call operads in this category differential graded operads, or dg-

operads. We will consider only dg-operads P with P (0) = 0, which comes to working

without units for the algebras.

2.2.1 Semidirect products of algebraic operads

Let H be a graded associative cocommutative Hopf algebra over k. The category of

differential graded H-modules, denoted H-Mod, is a symmetric monoidal category

with product the ordinary tensor product. We call operads in this category operads

of H-modules.

For P an operad of H-modules, we have seen in section 1.3 that one can construct

a dg-operad P oH with (P oH)(n) = P (n)⊗H⊗n.

Recall from proposition 1.3.12 that if A is an operad in G−Top there is a natural

isomorphism of homology operads H(AoG) ∼= H(A)oH(G).

Note that, in our convention, we consider H((A oG)(k)) only for k > 0, setting

H(AoG)(0) to be 0.

2.2.1.1 Quadratic semidirect products

Suppose now that P is a quadratic dg-operad, namely has binary generators and 3-

ary relations [11]. We will restrict ourselves to the case where P (1) = k, concentrated

in dimension 0. Explicitly P = F (V )/(R), where F (V ) is the free operad generated

by a k[Σ2]-module of binary operations V and (R) is the ideal generated by a k[Σ3]-

submodule R ⊂ F (V )(3).

Proposition 2.2.1. Let H be a cocommutative Hopf algebra and

P = F (V )/(R) a quadratic operad. Then P is an operad of H-modules if and only if

(i) V is a (H, k[Σ2])-bimodule;

(ii) R ⊆ F (V )(3) is a (H, k[Σ3])-sub-bimodule.

In this case, we will call P a quadratic operad of H-modules.
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Proof. An element of the free operad on V is described as a sum of trees with vertices

labelled by V [22]. Define the action of H on such a tree by acting on the labels of the

vertices, using the comultiplication of H. This is well defined as H is cocommutative.

It induces an H-module structure on F (V ), which induces one on P (n) for all n by

condition (ii). The operad structure maps are thenH-equivariant by construction.

Let c : H → H ⊗ H be the comultiplication. For g ∈ H we write informally

(c⊗ id)(c(g)) =
∑

i g
′
i ⊗ g′′i ⊗ g′′′i .

Proposition 2.2.2. Let P = F (V )/(R) be a quadratic operad of H-modules as above.

A chain complex X is an algebra over P oH if and only if

(i) X is an H-module

(ii) X is a P -algebra

(iii) for each g ∈ H, v ∈ V and x, y ∈ X,

g(v(x, y)) =
∑

i

(−1)|g
′′
i ||v|+|g′′′i |(|v|+|x|)g′i(v)(g′′i (x), g′′′i (y)).

Proof. The H-equivariance of the algebra map θ2 : P (2)⊗X ⊗X −→ X is given by

the commutativity of the following diagram:

H ⊗ P (2)⊗X ⊗X id⊗θ2 //

shuffle◦(c⊗id)◦c
��

H ⊗X

φ

��

H ⊗ P (2)⊗H ⊗X ⊗H ⊗X
ψ⊗φ⊗φ

��

P (2)⊗X ⊗X θ2 // X,

where φ and ψ give the action of H on X and P (2) respectively. This diagram

translates, for the generators of P (2), into condition (iii) of the proposition. The

H-equivariance of the structure maps θk for k > 2 is a consequence of the fact that V

generates P (k), that the operadic composition is H-equivariance and that the map θ

is associative.
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2.2.2 Batalin-Vilkovisky algebras

From now on we work over a field k of characteristic 0. As first application we give a

conceptual proof of a theorem of Getzler [9]. Recall that a Batalin-Vilkovisky algebra

X is a graded commutative algebra with a linear endomorphism ∆ : X → X of degree

1 such that ∆2 = 0 and for each x, y, z ∈ X the following BV-axiom holds.

∆(xyz) = ∆(xy)z + (−1)|x|x∆(yz) + (−1)(|x|+1)|y|y∆(xz)−∆(x)yz

−(−1)|x|x∆(y)z − (−1)|x|+|y|xy∆(z) = 0.
(2.1)

Theorem 2.2.3. [9] Let H(fD2) = H(D2)oH(SO(2)) be the homology of the framed

little 2-discs operad. An H(fD2)-algebra is exactly a Batalin-Vilkovisky algebra.

Proof. Let X be an algebra over H(fD2). By proposition 2.2.2 (condition (i)), X is

an H(SO(2))-module. As an algebra, H(SO(2)) = k[∆]/∆2, where ∆ ∈ H1(SO(2))

is the fundamental class. This provides X with an operator ∆ of degree 1 satisfy-

ing ∆2 = 0. Condition (ii) of proposition 2.2.2 tells us that X is an algebra over

H(D2). The operad H(D2), called the Gerstenhaber operad, was identified by F.

Cohen [4]. This operad is quadratic, generated by the operations ∗ ∈ H0(D2(2))

and b ∈ H1(D2(2)), corresponding to the class of a point and the fundamental class

under the SO(2)-equivariant homotopy equivalence D2(2) ' S1. The class ∗ induces

a graded commutative product on X, while b induces a Lie bracket of degree 1, i.e.

a Lie algebra structure on on ΣX, the suspension of X, defined by (ΣX)i = Xi−1,

with bracket [x, y] = (−1)|x|b(x, y). Cohen proved that the product and the bracket

satisfy the following Poisson relation:

[x, y ∗ z] = [x, y] ∗ z + (−1)|y|(|x|+1)y ∗ [x, z] . (2.2)

In order to unravel condition (iii) of proposition 2.2.2, we must understand the

effect in homology of the SO(2)-action on D2(2) ' S1. Clearly ∆(∗) = b because

the rotation of the generator in degree 0 gives precisely the fundamental 1-cycle.

Moreover ∆(b) = 0 by dimension. As ∆ is primitive, condition (iii) (or the diagram

in the proof) applied respectively to (∆, ∗, x, y) and (∆, b, x, y) provides the following

relations:

∆(x ∗ y) = ∆(∗)(x, y) + ∆(x) ∗ y + (−1)|x|x ∗∆(y) ; (2.3)

∆(b(x, y)) = ∆(b)(x, y)− b(∆(x), y) + (−1)|x|+1b(x,∆(y)) . (2.4)

As ∆(∗) = b, equation 2.3 expresses the bracket in terms of the product and ∆ :

[x, y] = (−1)|x|∆(x ∗ y)− (−1)|x|∆(x) ∗ y − x ∗∆(y) . (2.5)
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If we substitute this expression into the Poisson relation 2.2 we get exactly the

BV-axiom 2.1. We can re-wright equation 2.4 as

∆[x, y] = [∆(x), y] + (−1)|x|+1[x,∆(y)] (2.6)

which says that ∆ is a derivation with respect to the bracket. To conclude we must

show that 2.4 and the Lie algebra axioms follow from the BV-axiom. This is shown

in Proposition 1.2 of [9].

E 2E 1

E 3

C1

C3 C2

E

2

4

E 3
C2

C3

C1E 1

E

2

3

1

E 4

Figure 2.1: Lantern relation

Remark 2.2.4. The lantern relation, introduced by Johnson for its relevance to the

mapping class group of surfaces [14] is defined by the following equation: TE4 =

TE1TE2TE3TC1TC2TC3, where TC denotes the Dehn twist along the curve C. See figure

2.1 for the relevant curves on a sphere with four holes, or equivalently on a disc with

three holes. The mapping class group of a sphere with 4 ordered holes, is the group of

path components of orientation preserving diffeomorphisms which fix pointwise the

boundary. The group is isomorphic to the pure ribbon braid group PRβ3. The lantern

relation is thus a relation in PRβ3 and gives rise to a relation in H1(fD2(3)) which is

the abelianisation of PRβ3. It was noted by Tillmann that, with this interpretation,

one gets precisely the BV-axiom 2.1. Indeed, up to signs, the curve E1 represents

the operation (x, y, z) 7→ ∆x ∗ y ∗ z. Moreover E2 corresponds to x ∗ ∆y ∗ z, E3 to

x∗y∗∆z, E4 to ∆(x∗y∗z), C1 to ∆(x∗y)∗z, C2 to x∗∆(y∗z) and C3 to y∗∆(x∗z).

This geometric interpretation shows that any H(fD2)-algebra is a BV-algebra.
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We will use alternatively the notations en and H(Dn) for the homology of the

little n-discs operad, by which we mean

{
en(k) := H∗(Dn(k)) k ≥ 1
en(0) = 0.

Algebras over the operad en, n ≥ 2, are called n-algebras. By assumption they

have no units. F. Cohen’s study of H(Dn) in [5] implies that an n-algebra X is a

differential graded commutative algebra with a Lie bracket of degree n− 1, i.e.

(L1) [x, y] + (−1)(|x|+n−1)(|y|+n−1)[y, x] = 0,

(L2) ∂[x, y] = [∂x, y] + (−1)|x|+n−1[x, ∂y],

(L3) [x, [y, z]] = [[x, y], z] + (−1)(|x|+n−1)(|y|+n−1)[y, [x, z]],

satisfying the Poisson relation

(P1) [x, y ∗ z] = [x, y] ∗ z + (−1)|y|(|x|+n−1)y ∗ [x, z] .

Gerstenhaber algebras correspond to the case n = 2.

Note that Dn(2) is SO(n)-equivariantly homotopic to Sn−1. In an n-algebra, the

product comes from the generating class ∗ ∈ H0(Dn(2)) ∼= k and the bracket from

the fundamental class b ∈ Hn−1(Dn(2)) ∼= k, if we define [x, y] = (−1)(n−1)|x|b(x, y).

The operad en is quadratic [10].

In order to determine the homology operad H(fDn), we need to know the Hopf

algebra structure of H(SO(n)) and the effect in homology of the action of SO(n) on

Dn(2). For dimensional reasons, one always has δ(b) = 0 for each δ ∈ H̃(SO(n)).

On the other hand δ(∗) = π∗(δ) is the action in homology of the evaluation map

π : SO(n)→ Sn−1, by Dn(2) ' Sn−1.

Let us give two further examples:

Example 2.2.5. (i) An H(fD3)-algebra is a 3-algebra together with an endomor-

phism δ of degree 3 such that δ2 = 0 and δ is a derivation both with respect to the

product and the bracket.

(ii) An H(fD4)-algebra is a commutative dg-algebra together with two linear endo-

morphisms α, β of degree 3, such that α2 = 0, β2 = 0, αβ = −βα, α and the product

satisfy the BV-axiom 2.1, and β is a derivation with respect to the product.
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Proof. (i) H(SO(3)) = ∧(δ) is the free exterior algebra generated by the fundamental

class δ ∈ H3(SO(3)), and π∗(δ) = 0 by dimension. By proposition 2.2.2, X is

an H(fD3)-algebra if and only if X is a 3-algebra admitting an H(SO(3))-module

structure, i.e. an operator δ of degree 3 with δ2 = 0, such that the following relations

hold:

δ(x ∗ y) = δx ∗ y + (−1)|x|x ∗ δy (2.7)

δ[x, y] = [δx, y] + (−1)|x|[x, δy] , (2.8)

where those equations are obtained by plugging (δ, ∗, x, y) and (δ, b, x, y) in turn in

the diagram of proposition 2.2.2. In this case the operator b is equal to the bracket

and lies in degree 2 and δ(b) = 0.

(ii) The evaluation fibration SO(3) → SO(4) → S3 splits as a product. So

H(SO(4)) = ∧(α, β), with both generators in degree 3. The class α comes from the

basis, so π∗(α) = b, whereas β comes from the fibre, so π∗(β) = 0.

As in the previous case, we know that an H(fD4)-algebra X is a 4-algebra with

two operators α and β both in degree 3, satisfying α2 = 0 = β2 and αβ = −βα
and relations obtained by plugging (α, ∗, x, y), (α, b, x, y), (β, ∗, x, y) and (β, b, x, y)

in turn in the diagram. Using the identification b(x, y) = (−1)|x|[x, y], this gives the

following equations:

α(x ∗ y) = (−1)|x|[x, y] + αx ∗ y + (−1)|x|x ∗ αy (2.9)

α[x, y] = [αx, y] + (−1)|x|+1[x, αy] (2.10)

β(x ∗ y) = βx ∗ y + (−1)|x|x ∗ βy (2.11)

β[x, y] = [βx, y] + (−1)|x|+1[x, βy] . (2.12)

Note that equations 2.9 and 2.10 correspond precisely to the equations we had for ∆

and the bracket in theorem 2.2.3. So, by the same calculations, we know that α and

the product form a Batalin-Vilkovisky algebra of higher degree, i.e. α and ∗ satisfy

equation 2.1 but the operator α is now in degree 3. There is an additional operator

β of degree 3. Equation 2.11 says that β is a derivation with respect to the product.

Using equation 2.9, one can rewrite equation 2.12 in terms of α, β and the product.

This shows that equation 2.12 is a consequence of equation 2.11.
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2.2.3 General case

We need a lemma in order to state the general case.

Lemma 2.2.6. For n ≥ 1, over a field of characteristic 0, the Hopf algebra

H(SO(2n)) =
∧

(β1, . . . , βn−1, α2n−1) is the free exterior algebra on primitive genera-

tors βi ∈ H4i−1(SO(2n)) and α2n−1 ∈ H2n−1(SO(2n)). Moreover, π∗(βi) = 0 for all i

and π∗(α2n−1) = b ∈ H2n−1(S2n−1) is the fundamental class.

The Hopf algebra H(SO(2n + 1)) =
∧

(β1, . . . , βn) is the free exterior algebra on

primitive generators βi ∈ H4i−1(SO(2n+ 1)), and π∗(βi) = 0 for all i.

Proof. The homology Serre spectral sequence of the principal fibration

SO(n)→ SO(n+1)→ Sn collapses at the E2 term if n is odd; if n is even then there

is a non-trivial differential d(b) = αn−1 [24].

If a Hopf algebra H acts trivially, via the counit, on an operad P , we call the

semidirect product just the direct product and denote it by P×H. Note that a P×H-

algebra is an H-module X with a P -algebra structure satisfying an H-equivariance

condition which is trivial only if H acts trivially on X. In particular, any P -algebra

is a P ×H-algebra with the trivial H-module structure.

Let us denote by BVn, for n even, the Batalin-Vilkovisky operad with the operator

∆ in degree n− 1. Hence a BVn-algebra is a differential graded commutative algebra

with an operator ∆ of degree n − 1 such that ∆2 = 0 and the BV-equation (2.1)

holds.

Note that there is no non-trivial Σ2-equivariant map from H0(D2n+1(2)) to

H2n(D2n+1(2)). So (2n+1)-algebras do not give rise to BV -structures like in the even

case.

Theorem 2.2.7. For n ≥ 1 there are isomorphisms of operads

H(fD2n+1) ∼= H(D2n+1)×H(SO(2n+ 1))

and

H(fD2n) ∼= BV2n ×H(SO(2n− 1)).

Hence an H(fD2n+1)-algebra is a (2n + 1)-algebra together with endomorphisms

βi of degree 4i− 1 for i = 1, . . . , n such that β2
i = 0, βiβj = −βjβi for each i, j, and

each βi is a (2n + 1)-algebra derivation, i.e. a derivation both with respect to the

product and the bracket.
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On the other hand, an H(fD2n)-algebra is a BV2n-algebra together with endo-

morphisms βi of degree 4i− 1 for i = 1, . . . , n− 1 squaring to 0 and anti-commuting

as in the odd case, which moreover anti-commute with the BV operator ∆ and are

derivations with respect to the product.

Proof. We have seen that the theorem is true for H(fDn), with n = 2, 3, 4. The

general case differs from example 2.2.5 (i) and (ii), for odd and even case respectively,

only by the presence of more operators, all of the same type in the odd case, and of

the type β in the even case. The degree of the operators varies, but they are all of

odd degree and so the equations they satisfy do not change.

More precisely, in the odd case, by lemma 2.2.6, we know that the

H(SO(2n + 1))-module structure gives operators βi, i = 1, . . . , n, squaring to 0 and

anti-commuting. Having the same properties as δ in example 2.2.5 (i), they all satisfy

equation 2.7 and 2.8, replacing δ by βi.

The even case is similarly deduced from example 2.2.5 (ii).

We already saw that iterated loop spaces are algebras over the framed discs operad.

We deduce the following example:

Example 2.2.8. The homology of an n-fold loop space H(Ωn(X)) is an algebra over

H(fDn).

Another interesting class of algebras over H(fDn) is given by the space Λn(X) of

unbased maps from Sn to a space X. Chas and Sullivan showed that the homology

of a free loop space ΛM on an oriented manifold M is a Batalin-Vilkovisky algebra

[3]. Sullivan and Voronov generalised it to higher dimension and have a geometrical

proof involving the so-called cacti operad.

Theorem 2.2.9. [36] Let M be a d-dimensional oriented manifold. Then the d-fold

desuspended homology Σ−dH(ΛnM) of the unbased mapping space from the n-sphere

into M is an algebra over H(fDn+1).
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2.3 Annex 1: How D2-algebras are almost fD2-

algebras

Or attempts to construct S1-actions.

Consider the two following facts:

1) the group completion of any Dn-algebra is an n-fold loop space, and n-fold loop

spaces are fDn-algebra.

2) the free Dn-algebra on any space X is an fDn-algebra.

Our first attempt to understand the situation, before looking at an equivariant recog-

nition principle, was to try to use these facts to construct an fDn-structure on any

Dn-algebra X, or at least on a space equivalent to X, without group completing. For

simplicity, we consider here only the case n = 2, thus trying to construct an S1-action

compatible with the existing D2-structure.

In 2.3.2, using the first fact, i.e May’s recognition principle, we try to carry the

S1-action existing on the double loop space Ω2B(Σ2, D2, X) back to B(D2, D2, X),

which is a space equivalent to X. Extending the map D2X → Ω2Σ2 to a map

fD2X → Ω2Σ2, we first show how the pull back of the action naturally lives on

B(fD2, D2, X) rather than on B(D2, D2, X). After this pessimistic observation, we

explain how the natural action one would construct on B(D2, D2, X) leads to requiring

the existence of an action on X precisely of the form we are trying to construct! In

other words, we arrive at the modest conclusion that if X is an fD2-algebra, so

is B(D2, D2, X). We actually construct the fD2-structure used in the equivariant

recognition principle (theorem 2.1.1).

In 2.3.3, we try to construct an S1-action on X using the second fact mentioned

above. The idea is to use the map D2X → X. We show that finding any sec-

tion/splitting of this map is actually useless in the sense that the induced action on

X will not be of the right form.

We begin the section by giving an explicit description of fD2 in terms of complex

numbers. It is followed by a detailed description of the situation.

As our two attempts failed, the question of finding, for any Dn-algebra, an equiv-

alent fDn-algebra, stays open.
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2.3.1 Detailed description

The framed little 2-discs operad fD2 can be described explicitly as follows: Consid-

ering D2 as the unit disc in the complex plane, an element of fD2(k) is determined

by a pair of vectors (s, a) ∈ Ck × Ck, where (s, a) represents the embedding which

sends the ith disk D2 to si.D
2 +ai. So for each i, si encodes the dilation and rotation

applied to the ith disc and ai encodes the translation. Note that, of course, not any

couple (s, a) defines an element of fD2. In these notations, the operad structure map

is given by γ((s, a), (t1, b1), . . . , (tk, bk))

= ((s1t
1
1, s1b

1
1 + a1), . . . , (s1t

1
n1
, s1b

1
n1

+ a1), . . . , (skt
k
nk
, skb

k
nk

+ ak))

Note that D2 is the sub-operad consisting of the (s, a) ∈ fD2 with (s, a) ∈ R× C.

As fD2 = D2 o S1, to construct an fD2-structure on a D2-algebra, we need (and

it is sufficient) to give an action of the circle S1 which is compatible with the existent

D2-structure in the following sense : if X is a D2-algebra, with structure maps θD2,

for any c ∈ D2(k), xi ∈ X and s ∈ S1, the action must satisfy

s(θD2(c, x1, . . . , xk)) = θD2(sc, sx1, . . . , sxk),

where the action of S1 on an element of D2 is by rotation of the discs around its

centre. In the above notations, for c = (r, a) ∈ Rk × Ck, s.(r, a) = (r, s.a).

We have such an action on D2X, the free D2-algebra on the pointed space X (see

example 1.3.11). For c ∈ D2(k), s ∈ S1 and xi ∈ X, the action is defined by

s(c, x1, . . . , xk) = (sc, x1, . . . , xk).

Also, any double loop space admits an fD2-structure. In this case, the S1-action

on f : D2 −→ X is given by

s[f(t)] 7−→ [f(t.s−1)],

still considering D2 and S1 as a subsets of the complex numbers.

Using May’s recognition principle, we deduce that the group completion of any

D2-space X is weakly homotopy equivalent to an fD2-space.

2.3.2 May’s circle action

May defined a map of monads α : D2 −→ Ω2Σ2. This map can be extended to fD2,

i.e. there exists a monad map β : fD2 −→ Ω2Σ2 such that the following diagram
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commutes :

D2

α

''PPPPPPPPPPPPP

i
��

fD2
β

// Ω2Σ2,

where i is induced by the natural inclusion of D2 into fD2. The maps α and β are

given by

α = θD2 ◦ ηΩ2Σ2 and β = θfD2 ◦ ηΩ2Σ2,

where θD2 and θfD2 are the D2- and fD2-algebra structure maps on Ω2Σ2X (as a

double loop space). Explicitly, β : fD2X → Ω2Σ2X is given by

β((s, a), x1, . . . , xk) =

[
t ∈ D2 7→

{
[s−1
i (t− ai), xi] if t is in the ith disk

? otherwise

]

for (s, a) ∈ fD2(k) and xi ∈ X.

The map α is given by the same formula with s ∈ Rk (multiplication by s−1
i being

then a dilation without rotation).

Note that α and β are injective.

Let C −→ D be a morphism of monads and let X be a C-algebra. A map

of double bar constructions B(D,C,X) 7→ B(D′, C ′, X ′) is given by a morphism

of monads ψ : C −→ C ′, a natural transformation D −→ D′ and a morphism of

C-algebras X −→ ψ∗X ′ such that the following diagram commute

DC //

��

D′C ′

��

DD // D′D′.

In our case, this diagram will always commute because we work only with the inclu-

sions D2 ↪→ fD2 ↪→ Ω2Σ2 and their composition. Also, we will always be in the case

X = X ′ and use the pull back structure on X (from X ′ = X). In the case X = Ω2Y ,

the D2- and fD2-algebra structures we defined are in fact the pull back structure of

the Ω2Σ2-structure on Ω2Y .

Let X be a D2-algebra. Recall from section 2.1 that, for the recognition principle,

May uses the following resolution of X:

B(D2, D2, X) ' X.
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The map α defined above induces a map

B(D2, D2, X)
B(α,1,1)−→ B(Ω2Σ2, D2, X)

'−→ Ω2B(Σ2, D2, X),

the first map being a (weak) homotopy equivalence whenever X is group like.

On the simplicial level, B∗(Ω2Σ2, D2, X) = Ω2B∗(Σ2, D2, X). The S1-action on

Ω2B(Σ2, D2, X), as a double loop space, is simplicial as the boundary maps are of

the form δi(f) = δi ◦ f , for f ∈ Ω2Σ2Dq
2X, while the circle action is of the form

f s = f ◦ rs, where rs denotes the rotation by s ∈ S1. So we also have an action on

the space B(Ω2Σ2, D2, X). We would like to pull back this action on B(D2, D2, X).

We explain how we fail miserably.

Note that the S1-actions in our setting are part of a richer structure, an fD2-

algebra structure. So S1-maps should actually be fD2-maps.

We have the following commutative diagram:

B(fD2, D2, X)�S
1

fD2−map

))TTTTTTTTTTTTTTT

B(D2, D2, X)

55llllllllllllll
// B(Ω2Σ2, D2, X)�S

1
.

This diagram suggests that we won’t be able to pull back the S1-action from

B(Ω2Σ2, D2, X) to B(D2, D2, X), as the natural pull back of the action is on

B(fD2, D2, X), not on B(D2, D2, X). The action is encoded in the framed discs and

the set of unframed discs, the discs with s ∈ Rk, is not stable under this action.

In particular, our attempts to construct a circle action on B(D2, D2, X) respecting

or not respecting May’s map, all failed... The following phenomena happens: we

want to construct a simplicial action on B(D2, D2, X). We think of Bq(D2, D2, X) =

Dq+1
2 X as having q + 2 “levels”, the first being the element of D2 coming from the

first D2 (counting from the left), the second being composed of the elements coming

from the second D2, up to the last level which is formed of elements of X. If you want

to rotate the first component of an element of B(D2, D2, X), the boundary maps tell

you that you have to rotated the next level as well, and the next, etc. Eventually,

the last boundary maps tells you that you have to rotate the elements of X in a way

which is compatible with its D2-structure, which is precisely the sort of rotation we
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are trying to construct! And we want to rotate the first component because it is

largely suggested by what the action is on B(Ω2Σ2, D2, X) or B(fD2, D2, X).

The idea is that in the two last mentioned spaces, the rotation is “remembered”

by the first factor (fD2 or Ω2Σ2), so that it does some sort of rotation to what follows

when you do the first boundary map. If the rotation is not recorded, as it is the case

with D2, then you have to rotate what follows “in advance”.

2.3.3 S1-action form D2X

We would want to think that it should be possible to use the S1-action on D2X to

get one on X. More precisely, for x = θ(c, y1, . . . , yk) and s ∈ S1, we would want

to define xs as being θ(cs, y1, . . . , yk). This would become the problem of finding a

section X −→ D2X. We know a section (x 7→ (1, x)), which induces the trivial action

of S1 on X, which is not compatible with the D2-structure. This is unfortunately

true in general. Whatever the section is –if ever we could find another one–, the

action induced would not be compatible. Indeed, we need xs = θ(cs, ys1, . . . , y
s
k),

not xs = θ(cs, y1, . . . , yk). Note also that a tricky sort of induction (deciding some

elements as fixed points and then induce the rest) sounds rather hopeless...
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2.4 Annex 2: Twisted monads and another recog-

nition principle

In this section, we work in the category of pointed topological spaces. “Twisted

monads” generalise the notion of semidirect product for topological operads. Recall

that any unital operad has an associated monad which has the same algebras as the

operad. Proposition 1.3.7 tells us that the monad associated to a semidirect product

operad is of the form P (G+ ∧X), where P is the monad associated to an operad and

G is a topological monoid. We know that the algebras over this monad are G-spaces

with a G-equivariant P -algebra structure. Now not all monads come from operads.

We give in this section a larger class of monads having a property of this type for

their algebras. We call these twisted monads, rather than semidirect products, for

historical reasons.

The motivation for extending semidirect products to more general monads is that

we wanted to define a monad “Ω2Σ2oS1” which would correspond to fD2 = D2oS1.

Clearly, as a functor, we want (Ω2Σ2oS1)X to be Ω2Σ2(S1
+∧X). We define its monad

structure through a general theory of twisted monads. Studying this particular monad

more closely, we obtain a characterisation of its algebras: on double loop spaces, we

show that we can “deloop” the S1-action induced by the (Ω2Σ2 o S1)-structure.

Having constructed this twisted version of Ω2Σ2, we can now write a “framed

recognition principle”, which is a variant of the equivariant recognition principle. For

the equivariant recognition principle, we constructed group actions on the spaces used

in the original recognition principle. In this other version, we change the spaces so

that they come directly equipped with a framed discs algebra structure. In the bar

constructions, we replace D2 by fD2 and Ω2Σ2 by Ω2Σ2 o S1. As in the equivariant

principle, we obtain a double loop space with an explicit S1-action on the deloop.

We study only the case n = 2 for simplicity.

2.4.1 Twisted monads

Let G be a monoid. Note that we can consider G as a monad by defining G(X) =

G+ ∧ X, µG to be the multiplication of G (multiplication by the added base point

gives the base point) and ηG the inclusion X ↪→ G+ ∧ X, mapping x to (e, x). A

structure of algebra over this monad λ : G+ ∧X → X is then precisely a base point

preserving G-action on X.
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Let (M,µM , ηM ) be a monad. Suppose that we are given a continuous homomor-

phism

ρ : G −→ EndMon(M),

from G to the monad endomorphisms of M . So, for each g ∈ G, the map ρ(g) is a

natural transformation from M to M commuting with the structure map ηM and µM

of M . In the case of µM , this means that

MMX
ρ(g)ρ(g)

//

µM
��

MMX

µM
��

MX
ρ(g)

// MX

commutes.

For any space Y we want an assembly map

a : G+ ∧MY −→M(G+ ∧ Y ).

Such a map always exists but might not be continuous: each g ∈ G defines an inclusion

ig : Y ↪→ G+ ∧ Y . Fitting the M(ig)’s together, this induces a map G+ ∧ Y −→
M(G+ ∧ Y ). We ask this map to be continuous. It is the case for example if M is a

continuous functor and M(∗) = ∗.
The map a is natural in Y in the sense that for f : Y −→ Z, the following diagram

commutes:

G+ ∧MY a //

id∧Mf

��

M(G+ ∧ Y )

M(id∧f)
��

G+ ∧MZ a // M(G+ ∧ Z).

The diagram commutes as for each g ∈ G, we have (id∧f)◦ ig = ig ◦f . The assembly

map also commutes with ηM and µM in the following sense:

G+ ∧ Y id∧ηM//

ηM
''NNNNNNNNNNN

G+ ∧MY

a

��

G+ ∧MMY a2
//

id∧µM
��

MM(G+ ∧ Y )

µM
��

M(G+ ∧ Y ) G+ ∧MY a // M(G+ ∧ Y )

commute. This is obtained, for each g ∈ G, using the naturality of ηM and µM

respectively.

Define the functor

(MoG)(X) := M(G+ ∧X),
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and the natural transformations µ and η via the following diagrams

M(G+ ∧M(G+ ∧X))
µ

//

M(∆∧id)
��

M(G+ ∧X)

M(G+ ∧G+ ∧M(G+ ∧X))

M(id∧a)
��

M(G+ ∧M(G+ ∧G+ ∧X))

M(ρ)
��

MM(G+ ∧G+ ∧X),

µMµG

99tttttttttttttttttttttttttttttttttttttttt

X
η

//

ηG
''PPPPPPPPPPPPPP M(G+ ∧X).

G+ ∧X
ηM

55kkkkkkkkkkkkkk

Note that, in the definition of µ, using the naturality of ρ, we can reverse the order of

a and ρ. This is also the case for the multiplication maps µM and µG, a consequence

of the naturality of µM , so that the notation µMµG is not ambiguous.

Proposition 2.4.1. This defines a monad structure on MoG.

Proof. The fact that η is a left unit for µ is an easy consequence of the same property

for ηM and µM , and of the naturality of ηM . To prove that it is also a right unit, we

need furthermore the commutation of a and ρ with ηM , as well as the commutation

of a with ρ.

The associativity of µ follows from the associativity of µM , µG, the fact that ρ is

a group homomorphism and ρ(g) is a morphism of monads (commutation with µM),

and from the naturality of µM , a, and ρ.

A monad map between twisted monads

MoG −→M ′oG′

consists of a group map G −→ G′ and a monad map M −→M ′ commuting with the

group actions on M and M ′ and with the assembly maps. This is a straightforward

consequence of the definition of µ and η for a twisted monad.

The twisted monad MoG was constructed so that its algebras are precisely the

algebras over M having a G-action which commutes with their M -algebra structure

in a sense we make precise in the following proposition.
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Proposition 2.4.2. (X, ξ) is an M oG-algebra if and only if X is equipped with

an M -algebra structure λ : MX → X and a G-action Ψ : G+ ∧ X → X such that

ξ = λ ◦Ψ and the following diagram commutes:

G+ ∧MX l //

id∧λ
��

M(G+ ∧X)
M(Ψ)

// MX

λ
��

G+ ∧X Ψ // X,

where l = ρ ◦ (id ∧ a) ◦ (∆ ∧ id) (see definition of µ for MoG above).

Proof. Suppose first that λ and Ψ are given and that the diagram of the proposition

commutes. Define ξ to be λ ◦ Ψ. We have to check that ξ defines an MoG-algebra

structure on X. This follows easily from the fact that λ is an M -algebra structure on

X, Ψ is a group action and the maps are natural.

For the converse, we suppose that ξ is an MoG-algebra structure map for X.

Define

λ : MX //

M(ηG) &&MMMMMMMMMM X.

M(G+ ∧X)
ξ

88rrrrrrrrrr

Using the map M(ηG) : MX −→ M(G+ ∧ X), the required properties of λ are

obtained as a consequence of the same properties for ξ with respect to MoG, the

fact that ρ(e) is the identity and the naturality of ηM and µM .

Define

Ψ : G+ ∧X //

ηM
''OOOOOOOOOOO X.

M(G+ ∧X)

ξ

99sssssssssss

The fact that Ψ is a G-action follows from the fact that ξ is an algebra structure map

for X and from the naturality and unit property of ηM .

Mapping M(G+ ∧ X)
η−→ M(G+ ∧M(G+ ∧ X)) and using the properties of ξ

(diagram involving µ and ξ), and the fact that µ ◦ η = id, one obtains that ξ =

λ ◦Ψ.

2.4.2 Some examples and their properties

From the operad case, we know already a few examples of twisted monads: fDn =

DnoSO(n), BCRβ = BCβoBZ. We are interested in the following —non-operadic—
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examples: Ω2Σ2 o S1, with the endomorphisms of Ω2Σ2 defined in the first case as

being trivial (i.e. ρ1(s) is the identity for each s ∈ S1), and in the second case as

ρ2 : S1
+ ∧ Ω2Σ2X −→ Ω2Σ2X

(s, [σ(t), x(t)]) 7→ [s.σ(t.s−1), x(t.s−1)],

where t ∈ D2, s ∈ S1, considering S1 ⊂ D2 ⊂ C, and [σ(t), x(t)] denote the element

of Ω2Σ2X which maps t to [σ(t), x(t)] ∈ Σ2X. The S1-action on Ω2Σ2X given by ρ2

is actually defined the make the map fD2X = (D2oS1)X −→ (Ω2Σ2oS1)X induced

by α : D2X −→ Ω2Σ2X into a monad map. In particular, α is an S1-map with this

action.

If X = Ω2Y is a double loop space, it is an algebra over Ω2Σ2 with a canonical

map

λ : Ω2Σ2Ω2Y −→ Ω2Y ; [σ(t), [y(t, u)]] 7→ [y(t, σ(t)],

where [y(t, u)] denotes for each t ∈ D2 the loop u 7→ [y(t, u)]. If this structure extends

to an Ω2Σ2oS1-algebra structure, the circle action on X has to be of a specific form,

as stated below.

Proposition 2.4.3. If X = Ω2Y is a double loop space whose canonical Ω2Σ2-algebra

structure extends to an Ω2Σ2oS1-algebra structure, then the induced S1-action Ψ on

Ω2Y factors in an action on D2 followed by an action on Y . In the first case (trivial

twisting of Ω2Σ2 and S1), the action on D2 is trivial:

Ψ(s, [y(t)]) = [sy(t)];

and in the second case (monad structure obtained with ρ2), Ψ rotates the disc before

acting on Y :

Ψ(s, [y(t)]) = [sy(t.s−1)].

In particular, the action on Y can be trivial, so any double loop space is an algebra

over Ω2Σ2 o S1 in both cases.

Remark 2.4.4. We can formulate a similar statement for Ω2Σ2 o G, where G is

any group acting on the disk D2 for which Ω2Σ2 o G is well-defined. We could also

consider ΩnΣn.

Proof. The commutativity of the diagram of proposition 2.4.2 provides, in the first

case, the following equality : Ψ(s, [y(t, σ(t))]) = Ψ(s, [y(t, u)])(σ(t)), where the right
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hand side is, for a fixed t, the image of the action of s on the double loop u 7→ y(t, u),

evaluated at σ(t). In particular, taking [y(t, u)] = [y(u)], and σ(t) = t0, we have

Ψ(s, [y(t0)]) = Ψ(s, [y(u)])(t0). (∗)

It follows that, if [y(u)] is a constant loop, Ψ(s, [y(u)]) is also constant. We then have

a well-define S1-action on Y given by sy = Ψ(s, [y])(0), where [y] denotes the constant

loop at y. Clearly, 1 acts as the identity. Moreover, s1s2y = Ψ(s1, [Ψ(s2, [y])(0)])(0) =

Ψ(s1,Ψ(s2, [y]))(0) as Ψ(s2, [y]) is a constant loop. Now this is Ψ(s1s2, [y])(0) as Ψ

is an action. Using (∗) again, we obtain that Ψ(s, [y(u)])(t0) = Ψ(s, [y(t0)]) which is

[sy(t0)] by definition of the action on Y .

In the second case, the diagram of proposition 2.4.2 gives Ψ(s, [y(t, σ(t))]) =

Ψ(s, [y(t.s−1, u)])(s.σ(t.s−1)). Again, taking [y(t, u)] = [y(u)], and σ(t) = t0, we

have

Ψ(s, [y(t0)]) = Ψ(s, [y(u)])(s.t0). (∗∗).

For the same reason as above, this allows us the define the same action on Y . The

equation (∗∗) gives then that Ψ(s, [y(u)])(to) = Ψ(s, [y(t0.s
−1)]), which is [sy(t0.s

−1)]

by definition of the action on Y .

We have encountered the monads D2, fD2 = D2oS1, Ω2Σ2, and Ω2Σ2oS1

(considered here with the non-trivial twisted structure). They are related as shown

in the following commutative diagram :

fD2X
β

// Ω2Σ2X

D2(S1
+ ∧X) α //

∼=
OO

Ω2Σ2(S1
+ ∧X)

f

OO

D2X
α //

i

OO

Ω2Σ2X,

i

OO

where α and β were defined in 2.3.2 and f is given by

f([σ(t), s(t), x(t)]) = [σ(t).s(t)−1, x(t)].

All maps are monad maps but only the top diagram is composed of S1-maps.
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Remark 2.4.5. Except for D2, all the monads involved have “their” circle action as

part of their monad structure, i.e of the form µ(m(s), ), for m(s) “in the monad”. For

example, in the case of Ω2Σ2, the action Ψ(s, [σ(t), x(t)]) = µΩ2Σ2([u.s, [σ(t), x(t)]]).

Thus, as we have monad maps, those circle actions are sent to circle actions. However,

there might be several circle actions of that sort for a monad and so a monad map is

not always an S1-map. This is the case for i : Ω2Σ2 −→ Ω2Σ2oS1.

2.4.3 Framed recognition principle

If X is an fD2-algebra, we can consider two forms of “recognition principle”. One

form is by taking the recognition principle for D2-algebras and define appropriate

circle actions on the spaces used in that case. This is what we did for our equivariant

recognition principle (theorem 2.1.1). The other possibility is to use more appropriate

monads to construct the spaces involved. We explain this other approach here.

Instead of using the monads D2 and Ω2Σ2, we can rewrite the recognition prin-

ciple for fD2-algebras using the monads fD2 and Ω2Σ2oS1. The point is that the

equivalence α : D2X −→ Ω2Σ2X for X connected, provides an equivalence

α : D2(S1
+ ∧X) −→ Ω2Σ2(S1

+ ∧X),

i.e. fD2X
'−→ (Ω2Σ2oS1)X for X connected. Hence we have

X
'←− B(fD2, fD2, X)

'−→ B(Ω2Σ2oS1, fD2, X),

where both maps are fD2-algebra maps and weak equivalences for X connected. This

time, the fD2-actions are obtained by acting on the left factor of the bar constructions.

This provides the following double deloop of X:

B(Ω2Σ2oS1, fD2, X)
'−→ Ω2(B(Σ2oS1, fD2, X)),

where Σ2oS1 is the functor sending X to Σ2(S1
+ ∧ X). Again, the circle action

on this double loop space is both by rotating the disc and by rotating the deloop

Y = B(Σ2oS1, fD2, X).

The inclusion B(Σ2, D2, X) −→ B(Σ2oS1, fD2, X) is an S1-map which provides

an equivalence of deloops. So we obtain a deloop equivalent as S1-space to the one

obtained in theorem 2.1.1.
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Chapter 3

Infinite loop space structures on
the stable mapping class groups

Let Fg,1 be a surface of genus g with one boundary component. The mapping class

group Γg,1 is the group of components of diffeomorphisms of Fg,1 which fix the bound-

ary pointwise. The groups Γg,1 are of special interest as, when g > 0, the classifying

space of Γg,1 is homotopy equivalent to the moduli space of Riemann surfaces of

topological type Fg,1.

By attaching a torus with two boundary components to Fg,1, one can define a

homomorphism Γg,1 → Γg+1,1. A theorem of Harer [12] improved by Ivanov [13] says

that this map induces an isomorphism on homology groups in dimension less than

g/2. Tillmann used this fact to show the existence of an infinite loop space structure

on BΓ+
∞, the group completion of the classifying space of the stable mapping class

group Γ∞ = limg→∞Γg,1.

She has two different proofs of this fact. The first one uses a cobordism 2-category

S: the objects are one dimensional manifolds, the 1-morphisms are cobordisms be-

tween them and 2-morphisms are diffeomorphisms of the cobordisms. This category

has a natural symmetric monoidal structure given by disjoint union. The result fol-

lows from the fact that ΩBS is equivalent to Z × BΓ+
∞. The second proof uses an

operad M associated to this category, considering only the surfaces with n “incom-

ing” and one “outgoing” boundary components. This operad is an infinite loop space

operad.

We show that the two infinite loop space structures are equivalent by producing

an equivalence of spectra.
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3.1 The mapping class groups operads

We give in this section a summary of Tillmann’s construction of the mapping class

group operad M, as given in [40], spelling out some of the details we will need in

section 3.3.

Let Fg,n+1 denote an oriented surface of genus g with n+1 boundary components.

One of the boundary components is marked; we call the n other components free. Each

free boundary component ∂i comes equipped with a collar, a map from [0, ε) × S1

to a neighbourhood of ∂i; for the marked boundary component, there is a map from

(ε, 0]× S1 to a neighbourhood of the boundary. Let Diff+(Fg,n+1; ∂) be the group of

orientation preserving diffeomorphisms which fix the collars, and let

Γg,n+1 = π0(Diff+(Fg,n+1; ∂))

be its group of components, the associated mapping class group. There is a normal

extension

Γg,n+1 ↪→ Γg,(n),1 � Σn.

The extension Γg,(n),1 is the group of components of the orientation preserving dif-

feomorphisms that may permute the n free boundary components, preserving the

collars.

Consider the groupoids

Gn =
∐

g≥0

Γg,(n),1 and Hn =
∐

g≥0

Γg,n+1

for n ≥ 0.

We want to construct an operad with those groupoids, using the techniques given

in section 1.2. There are maps

ω : Γg,(k),1 × Γh1,(n1),1 × . . .× Γhk,(nk),1 → Γg+h1+···+hk,(n1+···+nk),1

induced by gluing the marked boundary of the k surfaces Fhi,ni+1 to the k free bound-

aries of the first surface. However, these maps cannot be made associative on the level

of the mapping class groups. In order to rectify this, we need to enlarge the groupoids

and so consider larger categories than the categories CΓg,(n),1

Γg,n+1
(in the notation of section

1.2).
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3.1.1 Construction of the categories Eg,n,1
Pick three atomic surfaces with fixed collars of the boundary components: a disc

D = F0,1, a pair of pants surfaces P = F0,3 and a torus T = F1,2 with two boundary

components (see figure 3.1).

3

1

2

D TP

Figure 3.1: Basic surfaces

Define a connected groupoid Eg,n,1 with objects (F, σ), where F is a surface of type

Fg,n+1 constructed from D,P and T by gluing the marked boundary of one surface

to one of the free boundaries of another using the given parametrisation, and σ is an

ordering of the n free boundary components. Note that each boundary component of

F comes equipped with a collar. The set of morphisms from (F, σ) to (F ′, σ′) are the

homotopy classes Γ(F, F ′) = π0Diff
+(F, F ′; ∂) of orientation preserving diffeomor-

phisms preserving the collars and the ordering of the boundaries. The group Σn acts

freely on Eg,n,1 and there is a homotopy equivalence BEg,n,1 ' BΓg,n+1.

By construction, gluing of surfaces induces now an associative and Σ-equivariant

structure map on the categories. Thus on the classifying spaces, we have maps

γ : BEg,k,1 × BEh1,n1,1 × . . .× BEhk,nk,1 → BEg+h1+···+hk,n1+···+nk,1,

which are associative and Σ-equivariant. However, {∐g≥0BEg,n,1}n∈N does not pre-

cisely form an operad yet as there is no unit.

The operad M is obtained by applying two quotient constructions on the cat-

egories Eg,n,1 and taking the classifying spaces of the modified categories. Those

constructions provideM with a unit and make the product induced by the gluing of

a pair of pants associative and unital. This ensures compatibility with the operads
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Γ, BCβ and BCRβ constructed in section 1.2 and gives an actual monoid structure to

M-algebras.

For the first quotient construction, fix isotopies φ1 : γ(P ;D, )
'−→ γ(P ; , D),

and φ2 : γ(P ; , P )
'−→ γ(P ;P, ). Define two surfaces F and F ′ to be equivalent

if F can be isotoped to F ′ by applying φ1, φ2 and their inverses to its subsurfaces.

Let F 0 be the unique representative in each equivalent class having no subsurfaces of

the type γ(P ;D, ) or γ(P ; , P ) and consider the full subcategory generated by these

surfaces. The isotopies φ1 and φ2 define a isotopies φF : F → F 0 for every F to the

representative of its equivalent class. Define the new structure maps γ0 on objects by

taking the unique representative of the image of γ on the surfaces. On morphisms,

γ0(ψ, ψ1, . . . , ψk) = φF ′γ(ψ, ψ1, . . . , ψk)φ
−1
F , where F and F ′ are the images by γ of

the sources and target surfaces of the maps ψ. The map γ0 is again associative.

For the second quotient construction, choose an isotopy φ : γ(P ; , D)→ S1×[0, 1]

and denote by φ its composition with the projection map S1×[0, 1]→ S1. Now replace

every occurrence of γ(P ; , D) by S1, yielding surfaces F , and identify the mapping

class groups Γ(F, F ′) and Γ(F , F ′) via the homotopies φF : F → F and φF ′ : F ′ → F ′

generated by φ. The structure maps γ0 induce maps γ0 on this new category as we

are working on the level of the mapping class groups. The map γ0 has now a unit,

the only object S1 in E0,1,1 (with automorphism group Z thought of as generated by

the Dehn twist around S1).

There are operad maps

BCβ −→ BCRβ −→M π−→ Γ,

where π is given on objects by the projection on the labels.

3.1.2 Infinite loop space structure

U. Tillmann showed in [40] that M is an infinite loop space operad, i.e. that the

group completion of any M-algebra is weakly homotopy equivalent to an infinite

loop space. She first identified the free M-algebra on any space X.

Let G denote the group completion functor, let M denote the monad associated

to the operadM (definition 1.1.9) and let Q(X) = limn→∞ΩnΣn. Barrat and Eccles

show in [1] that GΓX is naturally homotopy equivalent to Q(X).

Theorem 3.1.1. [40] The maps M(X)→M(∗) and M(X)→ Γ(X) induce a natural

homotopy equivalence on group completion:

GM(X) ' (Z×BΓ+
∞)×Q(X).
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In particular,

GM(∗) ' Z×BΓ+
∞.

The map τ : GM(X)→ GM(∗), induced by X → ∗, is a map of simplicial groups

and hence a Kan fibration. Let GF(X) be its fibre. The inclusion ∗ → X induces

a splitting GM(∗) → GM(X) of τ which is also a map of simplicial groups. Thus

GM(X) splits as a simplicial set.

Corollary 3.1.2. [40] GM(X) = GM(∗)× GF(X) and GF(X)
'−→ GΓ(X).

Theorem 3.1.3. [40] If X is an M-algebra, G(X) is weakly homotopy equivalent to

an infinite loop space.

The theorem is proved by constructing a space equivalent to G(X) for which one

can give explicit deloops. We give here a precise description of the deloops we will

use for the comparison.

Consider the space |GM(M ∗(Y ))|, which is equivalent to Y . On each simplicial

level, we have GM(Mn(Y )) = GM(∗)×GF(Mn(Y )). The space |GM(M ∗(Y ))| carries

a free GM(∗)-action which gives rise to the principal fibration

GM(∗) −→ |GM(M ∗(Y ))| −→ |GF(M ∗(Y ))|,

where the simplicial space GF(M ∗(Y )) is defined to be GM(M ∗(Y ))/GM(∗). We

know that on each level, (GF(M ∗(Y )))n = GF(Mn(Y )). It inherits a simplicial

structure from GM(M ∗(Y )), with δ0 induced by GFMX
µM−→ GMX

p−→ GFX. Now

consider Y = M(∗)×X and compare the above fibration to

GM(∗) −→ GM(∗)× GX −→ (GM(∗)× GX)/GM(∗),

where GM(∗) acts diagonally on GM(∗)×GX, acting on GX via the map GM(∗)→
GM(X) → GX. The equivalence |GM(M ∗(Y ))| '−→ Y , induces a map of principal

fibrations:

GM(∗) //

=

��

|GM(M ∗(M(∗)×X))| p
//

'
��

|GF(M ∗(M(∗)×X))|
λ

��

GM(∗) // GM(∗)× GX // (GM(∗)× GX)/GM(∗)
'

��

GX
i

kkVVVVVVVVVVVVVVVVVVVVVV

We deduce that λ is an equivalence. Furthermore, the map GX i−→ GM(∗)×GX j−→
|GM(M ∗(M(∗) × X))| p−→ |GF(M ∗(M(∗) × X))| '−→ (GM(∗) × GX)/GM(∗) '−→
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GX is the identity. It follows that the map p ◦ j ◦ i, which sends x to (1, D, x) ∈
|GF(M ∗(M(∗)×X))|, where D is the disc, induces the equivalence

GX '−→ |GF(M ∗(M(∗)×X))|.

The ith deloop of GX is then given by |GF(Si ∧M∗(M(∗)×X))|. We give below

in details the simplicial structure of the case X = M(∗). This is the case we are

interested in as the group completion of M(∗) is equivalent to Z × BΓ+
∞. We will

in fact consider a slight variant of the deloops because of base point problem in the

map we construct in the next section. We will also work with GΓ rather than GF to

simplify the comparison map.

For i ≥ 0, define

Ei := |GΓ(Si ∧M∗((M(∗)×M(∗))+))|.

Proposition 3.1.4. The map |GF(Si ∧ M∗(M(∗) × M(∗)))| −→ Ei induced by

GF(X)
'−→ GΓ(X) and M(∗) × M(∗) ↪→ (M(∗) × M(∗))+, gives an equivalence

of spectra.

Proof. Consider first the group completion of (M(∗)×M(∗))+.

As M(∗) '∐g≥0BΓg,1, the monoid of components of (M(∗)×M(∗))+ is (N×N)+. Its

group completion is Z×Z. Also, since the limits on the components of (M(∗)×M(∗))
and (M(∗)×M(∗))+ are the same, a calculation similar to the calculation of GM(∗)
yields

G((M(∗)×M(∗))+) ' Z× Z×BΓ+
∞ ×BΓ+

∞ ' G(M(∗)×M(∗)).

We have again a principal fibration

GM(∗) −→ |GM(M ∗((M(∗)×M(∗))+))| −→ |GF(M ∗((M(∗)×M(∗))+))|.

Comparing this fibration to the fibration GM(∗) → GM(∗)× GM(∗) → GM(∗), we

deduce that |GF(M ∗((M(∗)×M(∗))+))| ' GM(∗). Comparing it in addition to the

fibration for |GM(M ∗(M(∗) × M(∗)))|, we deduce that the map |GF(M ∗(M(∗) ×
M(∗)))| → |GF(M ∗((M(∗)×M(∗))+))|, induced by the inclusion, gives the equiva-

lence.

Now |GF(Si ∧M∗(X))| → |GΓ(Si ∧M∗(X))| is a map of spectra. So the map

given in the proposition is a map of connective spectra which induces an equivalence

on the first spaces. Hence it is an equivalence of spectra.
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Let µM , ηM and µΓ, ηΓ denote the monad structure maps of M and Γ (induced

by the operad structure) and let θ denote the M -algebra structure map of (M(∗)×
M(∗))+. Let π :M→ Γ be the projection of operads.

For any operad P, there is a map φ : A×P (X)→ P (A×X), sending an element

(a, p, x1, . . . , xk) to (p, (a, x1), . . . , (a, xk)). As Γ(∗) = {∗}, the sequence of maps

Γ(A×M(X))
φ−→ Γ(M(A×X))

π−→ ΓΓ(A×X)
µΓ−→ Γ(A×X)

induces a map on smash products

λ : Γ(A ∧M(X)) −→ Γ(A ∧X).

The simplicial structure on Ei, i ≥ 0, is defined as follows.

Ei
p = GΓ(Si ∧Mp((M(∗)×M(∗))+)

and
δ0 = G(λ) : Ei

p → Ei
p−1;

δi = GΓ(Si ∧M i−1(µM)) : Ei
p → Ei

p−1 for 1 ≤ i < p;
δp = GΓ(Si ∧Mp−1(θ)) : Ei

p → Ei
p−1;

si = GΓ(Si ∧M i(ηM) : Ei
p → Ei

p+1 for 0 ≤ i ≤ p.

3.2 Infinite loop space structure via disjoint union

U. Tillmann’s first proof of the existence of an infinite loop space structure on BΓ+
∞

was through the construction of a symmetric monoidal 2-category. A 2-category is a

category whose sets of morphisms are again categories and composition is given by

functors. Taking the classifying spaces of those morphism categories yields a category

enriched over Top. We denote by BS the resulting category for S. As we will not use

the structure of 2-category of S, we will only give here a precise description of BS.

We will actually construct a variant of the one given in [39], which was itself a variant

of [38]. The 2-category S has the natural numbers as set of objects, thought of as

the set of closed one-dimensional manifolds. The “1-morphisms” in S are cobordisms

between them, and the “2-morphisms” are diffeomorphisms of the cobordisms which

preserve the boundaries (in [39]) or elements of the corresponding mapping class

group (in [38]). We use here the mapping class groups as 2-morphisms. Also, we

will apply to the morphism categories the same quotient constructions we applied to

the categories Eg,n,1 when constructing the operad M in 3.1.1. This is to help the

comparison of the two infinite loop space structures.
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Tillmann showed that ΩBS ' Z×BΓ+
∞, where BS denotes the classifying space

of BS. As disjoint union induces a symmetric monoidal structure on BS, BS is an

infinite loop space, which yields the second infinite loop space structure on BΓ+
∞.

The monoidal category BS is defined as follows. The objects of S are the natural

numbers 0, 1, 2, . . . , with monoidal structure given by addition.

To define the morphism spaces, we first construct categories E(n,m) for each

n,m ∈ N with m 6= 0. An object of E(n,m) is a couple (F, σ) where F is a surface

with n ‘in-coming’ and m ‘out-going’ boundary component, obtained from the basic

surfaces D,P and T (see figure 3.1), as in 3.1.1, by gluing the marked boundary of

one surface to a free boundary of another, with the additional possibility here to take

disjoint union, and σ is a labelling of the n free boundary components and of the m

marked components (see figure 3.2). So F = F1

∐ · · ·∐Fm where Fi is an object of

Egi,ki,1 for some gi, ki with Σki = n.

1

2

2

3
1

5

4

Figure 3.2: Object of E(5, 2)

The set of morphisms between F and G in E(n,m) is empty unless F and G

are diffeomorphic. In that case, it is the group of components π0Diff+(F,G, ∂) of

orientation preserving diffeomorphisms which fix the boundaries preserving the labels.

In particular, E(n, 1) =
∐

g≥0 Eg,n,1.

Now apply to E(n,m) the quotient constructions defined for the categories Eg,n,1
in 3.1.1. So we apply the quotient on each component of the objects and take the full

subcategory containing the chosen reprensentatives. Note that the modified version

of E(n, n) now contains the symmetic group, represented by disjoint copies of the

circle with labels “on each side”.

The morphism space BS(n,m), for m 6= 0, is defined to be the classifying space

of the resulting quotient category. BS(n, 0) is empty unless n = 0, in which case it is
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just the identity. Composition in BS is induced by gluing the surfaces according to

the labels, which can be done using the operad map γ on each component. This is

well-defined as γ is well-defined on the quotient categories.

Disjoint union of surfaces induces a symmetric monoidal structure on BS.

Let BS denote the classifying space of BS:

BS := B(BS).

Theorem 3.2.1. [39] ΩBS ' Z×BΓ+
∞.

The proof of [39] can be applied to our modified version of BS. Indeed, our

morphism spaces are equivalent to the ones constructed in [39], except for BS(n, n),

which has an added base point in [39]. However, the telescopes of BS(1, 1) and

BS(1, 1)+ are equivalent and this is enough to adapt the proof.

As BS is a symmetric monoidal category and BS is connected, we know that BS
is an infinite loop space [34]. Thus ΩBS is an infinite loop space. So we get another

proof of the existence of an infinite loop space structure on the stable mapping class

group:

Corollary 3.2.2. Z× BΓ+
∞ is an infinite loop space.

In this case, we use Barrat and Eccles machinery to get the deloops of Z× BΓ+
∞

[1]. They are given, in our notations, by the following formula:

F i = |GΓ(Si−1 ∧ Γ∗(BS))| for i ≥ 1,

where the simplicial structure is defined similarly to the one of E i, which is given in

detail at the end of section 3.1.

3.3 Comparison of the two structures

The existence of an infinite loop space structure on Z × BΓ+
∞ is a surprising fact.

The existence of two such structures would be even more surprising! U. Tillmann

showed in [38] that the first deloops are the same. We construct here a map of

spectra from the “pair of pants” spectrum to the “disjoint union” spectrum, which is

an equivalence. The map we construct is different from the map constructed in [38].
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The deloops are given as realisation of simplicial spaces E i
∗ and F i

∗. We will first

construct maps fp : Ei
p → F i

p on the p-simplices. The maps fp almost form a simplicial

map. All commutations required for f∗ to be a simplicial map are satisfied except

that δpfp is homotopic to fp−1δp rather than equal. Thanks to the existence of higher

homotopies, we will show how this map can be rectified. Once the map rectified, we

show that it gives an equivalence of spectra.

3.3.1 Construction of the maps f ip

We want to construct a map from E i
p = GΓ(Si ∧ Mp((M(∗) × M(∗))+)) to F i

p =

GΓ(Si−1 ∧ Γp(BS)) for i ≥ 1. By construction, to an element of M(∗) = M(0)

precisely corresponds a morphism from 0 to 1 in the category BS. In particular, two

such elements define a loop in BS. This is what we will use fact to construct our

map.

, ,
φ

x1

y2y1

x0

1

0

Figure 3.3: Map from S1 ∧ (M(∗)×M(∗))+ to BS

We construct first a bisimplicial map

φ̃p,q : S1
p × (Mq(∗)×Mq(∗)) −→ Bp,qS,

where S1 is viewed as a simplicial space with two 0-simplices x0, x1 and two non-

degenerate 1-simplices y1, y2 (see figure 3.3), and BS is viewed as the bisimplicial

space Bp,qS = Bp(BqS), where the second simplicial dimension is from the simplicial

structure of the morphism sets. Let F = F0
f1←− . . .

fq←− Fq and G = G0
g1←− . . .

gq←−
Gq be q-simplices of M(∗).
Define

φ̃0,q(xi, F ,G) = i for i = 0, 1;

φ̃1,q(y1, F ,G) = 0
F−→ 1;

φ̃1,q(y2, F ,G) = 0
G−→ 1.
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This induces a map

φ : S1 ∧ (M(∗)×M(∗))+ −→ BS,

where φq = φ̃q,q is given explicitly by

φq(sjq−i . . . sj1z, F ,G) = sjq−i . . . sj1φ̃i,q(z, F ,G),

for any i-simplex z of S1 with i = 0, 1, and sj : S1
p → S1

p+1 on the left hand side and

sj : Bp(BqS)→ Bp+1(BqS) on the right, with 1 ≤ p ≤ q − i.
The basepoint of M(∗)×M(∗) is (D,D) and its image under φ̃ is a contractible

loop, but it is not actually the trivial loop. This is why we work with (M(∗)×M(∗))+

rather than M(∗)×M(∗).

Recall from [1] that for Γ there is an assembly map

a : A ∧ Γ(X)→ Γ(A ∧X).

Combining a, φ and the projection of operads π, we get a map

GΓ(Si ∧Mp((M(∗)×M(∗))+))
f ip

//

GΓ(Si∧πp)
��

GΓ(Si−1 ∧ Γp(BS))

GΓ(Si ∧ Γp((M(∗)×M(∗))+))
GΓ(Si−1∧a)

// GΓ(Si−1 ∧ Γp(S1 ∧ (M(∗)×M(∗))+)).

GΓ(Si−1∧Γp(φ))

OO

Proposition 3.3.1. Let δj and sj denote the boundary and degeneracy maps of both

simplicial spaces Ei
∗ and F i

∗. Then the maps f ip : Ei
p → F i

p satisfy

δjf
i
p = f ip−1δj for 0 ≤ j < p

and

sjf
i
p = f ip+1sj for 0 ≤ j ≤ p.

Proof. The boundary maps δi, for 0 ≤ i < p, and the degeneracies for E i
∗ and F i

∗ are

defined in terms of the operad structure maps of M and Γ. The map f∗ commutes

with all of those maps because f maps M to Γ via an operad map.

The last commutation relation necessary to have a simplicial map, δpfp = fp−1δp

is not satisfied in our case, but it is satisfied up to homotopy. What happens is more

easily understood by looking at figure 3.4. The last boundary map uses theM-algebra

structure of M(∗)×M(∗) in Ei
∗ and the Γ-structure of BS in F i

∗. When doing first δp,

the elements of each copy of M(∗) are glued together by a surface F (the same in each
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component, shown as a pair of pants in the figure). If one starts by applying f ip, the

surface F is sent to an element of Γ which will act by disjoint union. So we get two

different loops in BS, one going along morphisms defined by disjoint unions of the

surfaces, the other going along the morphisms where the disjoint surfaces are glued

to F . Now F also defines a morphism in BS which provides a homotopy between

the two loops in BS. Indeed, the loops are seen to be the boundaries of a couple of

2-simplices.

The other reason why this map is promising is that it would be a map of spectra

if it was a map. We explain this in more details.

The spaces Ei and Fi for i ≥ 1 form two spectra. This means that there are

equivalences εiE : Ei '−→ ΩEi+1 and εiF : F i '−→ ΩF i+1. We will denote both maps

simply by εi. Both adjoints εi can be expressed simplicially by maps

εip : ΣGΓ(Si ∧Mp((M(∗)×M(∗))+)) −→ GΓ(Si+1 ∧Mp((M(∗)×M(∗))+))

εip : ΣGΓ(Si−1 ∧ Γp(BS)) −→ GΓ(Si ∧ Γp(BS)),

where both maps are induced by Barrat and Eccles assembly map A ∧ GΓ(X) →
GΓ(A ∧X). Note that this is possible because for any simplicial space X∗, we have

|ΣX∗| = Σ|X∗|.
The following proposition is a direct consequence of the definitions of f ip and of

the spectrum structure maps.

Proposition 3.3.2. For p ≥ 0 and i ≥ 1, the following diagram commutes:

ΣGΓ(Si ∧Mp((M(∗)×M(∗))+))
Σf ip

//

εip
��

ΣGΓ(Si−1 ∧ Γp(BS))

εip
��

GΓ(Si+1 ∧Mp((M(∗)×M(∗))+))
f i+1
p

// GΓ(Si ∧ Γp(BS))

3.3.2 Rectification of the maps f ip

We show in this section how one can rectify the maps f ip to get simplicial maps (f ′)i∗.

For this, we use a special case of the theory of rectification of diagrams of Dwyer

and Kan [6]. The idea is to look at a commutative diagram as a functor from a

discrete category D to Top, and a not quite commutative diagram as a functor from

a category D̃ to Top, where the maps in D̃ are “thicker” than in D. The construction

they use to rectify the functor is actually a form of double-sided bar construction.

The same construction was used by Segal in [34] to compare his Γ-spaces to the
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operadic approach to infinite loop spaces. We give here a proof of the result we use

(proposition 3.3.3) as we need to know more about it than what is spelled out in [6]

or [34].

We then construct the categories D and D̃ relevant to our situation and show in

theorem 3.3.4 that we do have a functor from D̃ to Top. The existence of a rectification

follows immediately.

Formally, let D be a discrete category and let D̃ be a category enriched over Top,

which has the same objects as D and such that D̃(x, y) ' D(x, y) for any pair of

objects x, y.

The projection functor p : D̃ → D, which projects D̃(x, y) to D(x, y), induces a

functor

DTop p∗−→ D̃Top,

from D-diagrams to D̃-diagrams. The functor p∗ has a left adjoint:

DTop p∗←− D̃Top,

where (p∗F )(x) is defined as the realisation of a simplicial space whose nth space is

(p∗F )(x)n =
∐

(y0,...,yn)

F (y0)× D̃(y0, y1)× . . .× D̃(yn−1, yn)×D(p(yn), x),

where the yi, 0 ≤ i ≤ n, are objects of D̃ and x is in D.

Two functors F and G are said to be equivalent, denoted F ' G, if there is a chain

of natural transformations F ←− . . . −→ G inducing an equivalence F (x) ' G(x) on

each object x.

There is an equivalence of functors

p∗p∗F ' F

for any F in D̃Top. As D and D̃ have the same objects, it means in particular that

p∗F (x) ' F (x) for any object x. The functor p∗F is thus a “rectification” of F .

The equivalence above can be given by the following maps:

Proposition 3.3.3. For a functor F : D̃ → Top, define the functor p∗p∗F from D̃ to

Top simplicially by

(p∗p∗F )(y)n =
∐

(y0,...,yn)

F (y0)× D̃(y0, y1)× . . .× D̃(yn−1, yn)× D̃(yn, y),
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where the yi’s and y are objects of D̃. Then there are natural transformations

p∗p∗F ←− p∗p∗F −→ F

inducing equivalences p∗p∗F (y) ' p∗p∗F (y) ' F (y), for all y in D̃.

Moreover, the natural transformations are natural in F .

Proof. The equivalence p∗p∗F → p∗p∗F is clear because it is induced by the projection

functor D̃ → D which is a homotopy equivalence on the space of morphisms.

Now p∗p∗F is of the form of a two-sided bar constructionB(F,D,DX), which gives

a resolution of FX. May gives an explicit simplicial homotopy for the equivalence

B(F,D,DX) ' FX in [27]. It can be adapted to our case. Indeed, consider the

inclusion i : F (y) ↪→ p∗p∗F (y) defined by y 7→ (y, idy) ∈ F (y) × D̃(y, y), and the

map d : p∗p∗F (y)→ F (y) defined by “doing all the boundary maps” and evaluating

F (y0)× D̃(y0, y)→ F (y), using the fact that F is a functor from D̃ to Top. Clearly,

d ◦ i = id. We are left to show that i ◦ d is homotopic to the identity. This can been

done by giving simplicial homotopies. Explicitly on q-simplices, the homotopies hi

for i = 0, . . . q are given by

hi = sq . . . si+1 ◦ η ◦ δi+1 . . . δq,

where η : (p∗p∗F )i → (p∗p∗F )i+1 is defined by adding idx ∈ D̃(x, x) on the right of

the simplex.

Both natural transformations are natural in F as the first one “doesn’t touch

F” and the second is by applying F to a morphism of D̃, which is natural in F by

definition of natural transformations.

Note that the inclusion i : F (y) ↪→ p∗p∗F (y) is not natural in y.

Let ∆op denote the simplicial category, i.e. the objects of ∆op are the natural

numbers and there are maps δi : p → p − 1 and si : p → p + 1 for each i = 0, . . . , p,

satisfying the simplicial identities. So ∆op is such that (∆op)Top is the category of

simplicial spaces. Note that any morphism in ∆op(p, q) can be expressed uniquely as

a sequence sjt . . . sj1δis . . . δi1 with 0 ≤ is < · · · < i1 ≤ p and 0 ≤ j1 < · · · < jt ≤ q

and q − t+ s = p [28].

We will consider the category D whose D-diagrams are precisely a couple of sim-

plicial spaces with a simplicial map between them. Informally, we write

D = [∆op −→ ∆op].
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More formally, D has two copies of the natural numbers as set of objects. We will

denote those objects Ep and Fp for p ∈ N (Ep and Fp will be mapped later on

to the spaces Ei
p and F i

p defined earlier, hence the notation). The full subcategory

of D containing Ep for each p is isomorphic to ∆op. So D(Ep, Eq) = ∆op(p, q), and

similarly for the Fp’s. Finally, there is a unique map fp ∈ D(Ep, Fp) which satisfies the

simplicial identities δifp = fp−1δi and sifp = fp+1si for i = 0, . . . , p. So any morphism

in D from Ep to Fq can be written uniquely as a sequence sjt . . . sj1δis . . . δi1fp where

the indices are as above.

We now define a category D̃ whose diagrams are a “relaxed” version ofD-diagrams.

D̃ is in fact defined in such a way that the data given at the beginning if this section

will induce a functor from D̃ to Top.

Informally,

D̃ = [∆op =⇒ ∆op],

by which we mean that we have again two copies of ∆op as full subcategories, but now

we have “thicker” maps between the two sides. Formally, D̃ has the same objects as

D and we will again denote them by Ep and Fp. The spaces of morphisms between the

Ep’s and the Fp’s are as before: D̃(Ep, Eq) = D(Ep, Eq) and D̃(Fp, Fq) = D(Fp, Fq).

To define D̃(Ep, Fq), we first define the degeneracy degree d(g) of a morphism g ∈
D(Ep, Fq). Let g = sjt . . . sj1δis . . . δi1fp. Then d(g) is the biggest k such that ik =

p − k + 1, and d(g) = 0 if no such k exists. In other words, d counts the number of

“bad” maps, i.e. last boundary maps, occurring in g.

Now define

D̃(Ep, Fq) =
∐

g∈D(Ep,Fq)

∆d(g),

where ∆d is the standard d-simplex

∆d = {(td, . . . , t0)|ti ≥ 0,Σti = 1},

which we write backwards to fit with the indices of the δi’s. For each g ∈ D(Ep, Fq),

there is a bijection

g̃ : ∆d(g) −→ D̃(Ep, Fq)

whose image is p−1(g), the space of morphisms “sitting over g”.

Composition in D̃ is simplicial and is best understood by describing what happens

on the vertices.

Recall that all the simplicial identities between δi’s and sj’s are satisfied in D̃.

Also, note that there is a unique map (0-simplex) between Ep and Fp sitting over
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the simplicial map fp ∈ D(Ep, Fp). We denote this map again by fp and we set the

relation sifp = fp+1si for 0 ≤ i ≤ p and δifp = fp−1δi for 0 ≤ i < p. Because the

last relation, when i = p, does not hold in D̃, there are exactly d(g) + 1 maps formed

of compositions of δi’s, sj’s and an fk projecting down to g = sjt . . . sj1δis . . . δi1fp

in D. We define those compositions to be the vertices of ∆d(g). More precisely, for

0 ≤ k ≤ d(g), define

gk := sjt . . . sj1δis . . . δik+1
fp−kδik . . . δi1 := g̃((0, . . . , 1, . . . , 0)),

where 1 is in the kth position counting backwards.

Note that the edges of the simplex then represent the homotopies between those

maps, i.e. the relations δik+1
fp−k = δp−kfp−k ' fp−k−1δp−k. The rest of the simplex

give the higher coherence, making the space of maps over g contractible.

Now composition in D̃ is determined by the vertices of the simplices. Indeed, a

map in D̃(Ep, Fq) can only be pre-composed by a map in D̃(Er, Ep) or post-composed

by a map in D̃(Fq, Fs). Using the identities given above, we know how those compo-

sitions are defined on the vertices of the simplices of D̃(Ep, Fq). We then extend the

composition simplicially. We give here more details of what happens, in a case by

case description.

Consider g, g̃ and gk as above and set d = d(g).

Composition with sj : Ep−1 → Ep.

By definition,

gksj = sjt . . . sj1δis . . . δik+1
fp−kδik . . . δi1sj,

= sjt . . . sj1δis . . . δid+1
δp−d+1δp−d+2 . . . δp−kfp−kδp−k+1 . . . δpsj.

We want to write gksj in canonical form to know in which simplex it lies.

case 1: j ≥ p− d.

As δisj = sjδi−1 for i > j + 1, δj+1sj = id and fksj = sjfk−1, we can move sj to

the left until it meets δj+1, which it kills, having changed all the previous δl to δl−1.

We thus have

gksj = sjt . . . sj1δis . . . δid+1
δp−d+1δp−d+2 . . . δp−kfp−kδp−k+1 . . . δp−1

if j ≥ p− k, and

gksj = sjt . . . sj1δis . . . δid+1
δp−d+1δp−d+2 . . . δp−k−1fp−k−1δp−k . . . δp−1

if p− d ≤ j < p− k.
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Hence the map g̃(∆d)
.sj−→ ˜g.sj(∆d−1) is the jth degeneracy ∆d → ∆d−1 (if j =

p − l, gl and gl−1 have the same image). In our example, pre-composing by sj will

actually give a degenerate d-simplex, so the map will be the obvious one.

case 2: j < p− d.

In this case, while moving sj down to the left, either sj will meet δj or δj+1 and

kill it, or it will take its place with the other sl’s. Thus

gksj = sj′
t′
. . . sj′1δi′s′ . . . δi

′
d+1
δp−dδp−d+1 . . . δp−k−1fp−k−1δp−k . . . δp−1,

where either t′ = t and s′ = s − 1 or t′ = t + 1 and s′ = s. Note that d(gsj) = d

as i′d+1 = (id+1 − 1 or id+2). So the map g̃(∆d)
.sj−→ ˜gsj(∆d) is the identity on the

d-simplex.

Composition with δj : Ep+1 → Ep.

case 1: j ≥ p− d+ 1.

In this case, δj brings one more “bad” map, so the degeneracy degree increases.

The map g̃(∆d)
.δj−→ ˜gδj(∆d+1) is the jth face map (if j = p− l, the map does not hit

(gδj)l).

case 2: j < p− d+ 1.

Now gkδj = sjt . . . sj1δi′s+1
. . . δi′d+1

δp−d+2 . . . δp−k+1fp−k+1δp−k+2 . . . δp+1,

where i′d+1 is either j or id+1 + 1, so the degeneracy degree does not increase. The

map g̃(∆d)
.δj−→ ˜gδj(∆d) is the identity on the d-simplex.

Composition with sj : Fq → Fq+1.

One gets g̃(∆d)
sj .−→ ˜sjg(∆d) is the identity on the d-simplex.

Composition with δj : Fq → Fq−1.

Here, while moving δj to the right, two things can happen: either δj gets killed

by an sl before reaching its place among the δi’s, or it reaches its place. In the last

situation, either the degeneracy degree go up by one, or it does not. Hence either one

gets an identity on the d-simplex, or a face map.

Theorem 3.3.4. Let D̃ be the category defined above. For each i ≥ 0, there is a

functor

Li : D̃ −→ Top
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such that Li(E∗) = Ei
∗, Li(F∗) = F i

∗, where E∗ and F∗ denote the two subcategories

of D̃ isomorphic to ∆op, and Li(fp) = f ip.

Proof. As Ei
∗ and F i

∗ are simplicial spaces, the restriction of Li to each copy of ∆op

in D̃ is a well-defined functor. As the map f ip satisfies the identities satisfied by fp

with the boundary and degeneracy maps, Li is also well defined on the vertices of the

simplices of the morphism spaces D̃(Ep, Fq). We have to show that we can extend

the definition of Li to the whole simplices. To do this, we will exhibit the edges of

a generic simplex. It will then be clear from the structure of BS that we can fill in

the simplex: as BS is the realisation of the nerve of a category, it is made out of

simplices. We will just map simplices to simplices.

Let d = d(g) and consider

gk = sjt . . . sj1δis . . . δik+1
fp−kδik . . . δi1 and

gl = sjt . . . sj1δis . . . δik+1
δik . . . δil+1

fp−lδil . . . δi1 .

To simplify the writing, set

X = (M(∗)×M(∗))+ and A(Y ) = GΓ(Si−1 ∧ Γp−d(Y )).

Consider the following diagram:

Ei
p

GΓ(Si∧πp−d)
��

GΓ(Si ∧ Γp−dMd(X))

a

��

A(S1 ∧Md(X))

δil ...δi1
��

A(S1 ∧Md−l(X))

δik ...δil+1

��

A(a◦πd)
// A(Γd−l(S1 ∧X))

AΓ(φ)
// A(Γd−l(BS))

δik ...δil+1

��

A(S1 ∧Md−k(X))
A(a◦πd−k)

// A(Γd−k(S1 ∧X))
AΓ(φ)

// A(Γd−k(BS))

A(δid ...δik+1
)

��

A(BS) = F i
p−d

sjt ...δid+1

��

F i
q .

The maps gk and gl are obtained by following the bottom and the top of the square

respectively. So for each k, gk can be factorised as

gk : Ei
p

α−→ A(S1 ∧Md(X))
A(hk)−→ A(BS) = F i

p−d
β−→ F i

q ,
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with α and β independent of k.

We first construct a simplex of maps S1 ∧Md(X) → BS having the maps hk as

vertices. For 0 ≤ l < k ≤ d, hk and hl are given by the two sides of the following

diagram:

S1 ∧Md−kMk−l(X) //

δik ...δil+1

��

Γd−kΓk−l(S1 ∧X) // Γd−kΓk−l(BS)

δik ...δil+1

��

Md−k(S1 ∧X) // Γd−k(S1 ∧X) // Γd−k(BS) // BS

Note that in what follows, when we say “surface”, we generally mean a chain

of surfaces and morphisms between them, which are elements of the mapping class

groups. As earlier, we use the notation F for such a chain. Gluing surfaces then

means “gluing” those elements of the mapping class group as well. This operation

induced on the mapping class group by gluing the surfaces gives both the operad

structure map of M and the composition in BS.

We think of Md(X) as being formed of d + 1 levels d, . . . , 0: level d having the

surface coming from the M the most on the left, level d− 1 being composed of md−1

surfaces coming from the second M , and so on up to level 0 which is composed of

m0 elements of X. In the above diagram, we start with the levels l, . . . , 0 glued to

X. The map δik . . . δil+1
on the left then glues similarly the levels k, . . . , l + 1, then,

following the bottom of the diagram, hk takes the disjoint union of the surfaces thus

obtained, producing a couple of morphisms F k,0, Gk,0 from 0 to mk in BS. If, on the

other hand, we follow the top of the diagram, we obtain the map hl which, once the

levels l, . . . , 0 glued to X, sends the surfaces to their disjoint union, producing two

morphisms F l,0, Gl,0 from 0 to ml in BS.

Now the surface Hk,l obtained by gluing together the levels k, . . . , l + 1 gives a

morphism from ml to mk in BS which is such that Hk,l ◦F l,0 = F k,0 and Hk,l ◦Gl,0 =

Gk,0. This produces two 2-simplices in BS (see figure 3.4).

Now all the surfaces Hk,l, for 0 ≤ l < k ≤ d, fit together as the edges of the

d-simplex in BS
md

Fd←− md−1 ←− . . .
F 1←− m0,

where F i is the disjoint union of the surfaces of level i. Define

hk,l : I × S1 ∧Md(X) −→ BS

80



0

2

1

0

F k,0 Gk,0

mk

ml

Hk,l

Gl,0F l,0

Figure 3.4: Homotopy Hk,l

by
hk,l(I, x0,F) = 0,
hk,l(I, x1,F) = Hk,l,
hk,l(0, S

1,F) = gk(S
1,F) = F k,0

()
Gk,0

hk,l(1, S
1,F) = gl(S

1,F) = F l,0

()
Gl,0,

where F = (F d, . . . , F 1, (F 0, G0)), and extending simplicially (by filling the two 2-

simplices as in figure 3.4).

Now all the images of the maps hk,l are 2-dimensional faces of a couple of (d+ 1)-

simplices:

md
F d←− . . .

F 1←− m0
F 0←− 0

and

md
F d←− . . .

F 1←− m0
G0←− 0.

So we can extend the above to a map

h̃ : ∆d × S1 ∧Md(X) −→ BS

with the 1-skeleton of ∆d given by the maps hk,l (we are forming a simplex of maps

hd
hd−1,d−→ . . .

h1,0−→ h0) and with

h̃(∆d, y1,F) = md
F d←− . . .

F 1←− m0
F 0←− 0

h̃(∆d, y2,F) = md
Fd←− . . .

F 1←− m0
G0←− 0.
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The is determined by the image of the 1-skeleton of ∆d.

We finally obtain the map

g̃ : ∆d × Ei
p −→ F i

q

by composing

∆d × Ei
p
id×α−→ ∆d × A(S1 ∧Md(X))

a−→ A(∆d × S1 ∧Md(X))
A(h̃)−→ A(BS)

β−→ F i
q ,

where a is the assembly map for A, defined pointwise (each point of ∆d defines a map

A(S1 ∧Md(X)) → A(∆d × S1 ∧Md(X))). This gives a continuous map as A is a

continuous functor.

Using proposition 3.3.3, we have the following corollary:

Corollary 3.3.5. There exist simplicial spaces (E ′)i∗ and (F ′)i∗ equivalent to the sim-

plicial spaces Ei
∗ and F i

∗ and a simplicial map (f ′)i∗ : (E ′)i∗ → (F ′)i∗ such that the

following diagram commutes:

Ei
p

fp
// F i
p

(E ′)ip

��

'
OO

(f ′)ip
// (F ′)ip

��

'
OO

In particular, |(E ′)i∗| ' |Ei
∗| and |(F ′)i∗| ' |F i

∗|.

Proof. Let L′i = p∗(Li) : D → Top be the rectification of the functor Li defined

in theorem 3.3.4. Denote by (E ′)ip, (F ′)ip and (f ′)ip the images of Ep, Fp and f ip
via L′i. By definition of the category D, (E ′)i∗ and (F ′)i∗ are simplicial spaces and

(f ′)i∗ : (E ′)i∗ → (F ′)i∗ is a simplicial map.

We know that p∗L′i ' Li : D̃ → Top. Now note that p∗(L′i)
∣∣
∆op = (L′i)

∣∣
∆op : ∆op →

Top, for each copy of ∆op in D̃ and the corresponding one in D, as p is the identity

on those subcategories. So L′i
∣∣
∆op ' Li

∣∣
∆op, which precisely says that the simplicial

spaces (E ′)i∗ and (F ′)i∗ are equivalent to Ei
∗ and F i

∗ respectively.

Lastly, as p∗L′i(fp) = (f ′)ip, the diagram given in the corollary commutes by nat-

urality of the equivalence.
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3.3.3 Map of spectra

We have now constructed maps (f ′)i : (E ′)i → (F ′)i for i ≥ 1, where the families of

spaces (E ′)i and (F ′)i are equivalent to families of spaces E i and F i, both of which

form a spectrum. In this section, we will give a spectrum structure on the (E ′)i’s and

(F ′)i’s, and show that the maps (f ′)i give a map of spectra. To obtain this result, we

use proposition 3.3.2 and the naturality of the rectification. We need two lemma.

We denote by the same letter εi the maps Ei '−→ ΩEi+1 and F i '−→ ΩF i+1 and

denote by εi both adjoints, which are given simplicially by

εip : ΣEi
p −→ Ei+1

p and εip : ΣF i
p −→ F i+1

p

(see definition before proposition 3.3.2).

Lemma 3.3.6. For each i ≥ 1, the two sequences of maps εip induce a natural trans-

formation of functors

εi : ΣLi −→ Li+1.

Proof. Recall that ΣLi and Li+1 are functors from D̃ to Top, and D̃ is the category

[∆op =⇒ ∆op]. We already know that the εip form a couple of simplicial maps and

commute with the maps fp (proposition 3.3.2). So we just need to check that the εip

commute with all the homotopies. This is clear because the map εip is induced by an

assembly map ΣGΓX → GΓΣX, which is natural in X [1].

The last result will give us a first step towards constructing the spectrum structure

on the (E ′)i’s and (F ′)i’s, as well as showing that the rectification of f gives a map

of spectra. We need however another lemma which will allow us to go from the

rectification of ΣLi to the suspension of the rectification of Li.

Lemma 3.3.7. For any functor F , there are natural transformations

β : Σ(p∗p∗F ) −→ p∗p∗(ΣF )

β : Σ(p∗p∗F ) −→ p∗p∗(ΣF )

such that the following diagram is commutative

Σ(p∗p∗F )

β

��

Σ(p∗p∗F )
Σ(')
oo

β
��

Σ(')

$$IIIIIIIIII

p∗p∗(ΣF ) p∗p∗(ΣF )
'oo ' // ΣF,

where p∗p∗F was defined in proposition 3.3.2.

In particular, β is an equivalence.
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Proof. There is an obvious map (Σ(p∗F )(x))n → (p∗(ΣF )(x))n inducing β as

(Σ(p∗F )(x))n =
∐
S1 ∧ (F (y0)× . . .×D(yn, x)) and

(p∗(ΣF )(x))n =
∐

(S1 ∧ F (y0)) × . . . × D(yn, x)). The map collapses a contractible

subspace of the first space. A map β is defined similarly.

One then checks that the diagram commutes.

We can now prove the following theorem:

Theorem 3.3.8. There are maps (λ)i : (E ′)i
'−→ Ω(E ′)i+1 and (λ)i : (F ′)i

'−→
Ω(F ′)i+1 giving a spectrum structure on both (E ′)i and (F ′)i for i ≥ 1 such that the

maps (f ′)i : (E ′)i → (F ′)i form a map of spectra.

Proof. The map p∗ is a natural transformation TopD̃ → TopD. By lemma 3.3.6, we

have a natural transformation ΣLi
ε−→ Li+1. We denote by (ΣLi)

′ ε′−→ L′i+1 its image

under p∗.

Define the maps λ below to be ε′ ◦ β and consider the following diagram:

Σ(E ′)ip
Σ(f ′)ip

//

β

��
;;;;;;;;;;;;;;; ee

Σ(')

%%LLLLLLLLLLLLLLLLLLLLLL

λ

��
,

,
,

,
,

,
,

,
,

,
,

,
,

,
,

,
Σ(F ′)ip

β

�����������������99

Σ(')

yyrrrrrrrrrrrrrrrrrrrrrr

λ

		�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

(ΣE ′)ip oo ' //

ε′

��

ΣEi
p

Σf ip
//

ε
��

ΣF i
p

ε

��

(ΣF ′)ip//'oo

ε′

��

Ei+1
p

f i+1
p

// F i+1

(E ′)i+1
p

{{

'
;;wwwwwwwww

(f ′)i+1
p

// (F ′)i+1
p

##

'
ccGGGGGGGGG

This diagram commutes by proposition 3.3.2 for commutation of the square in the

centre, proposition 3.3.3 (naturality in F of the equivalence p∗p∗F ' F ) for the

commutation of the left and right squares, because the equivalence is a natural trans-

formation of functors for the top and bottom squares, and by lemma 3.3.7 for the two

triangles.

Now the adjoint of λ are equivalences as

Σ(E ′)ip
Σ(')

//

λ
i
p

��

ΣEi
p

εip
��

(E ′)i+1
p

' // Ei+1
p

=⇒ (E ′)ip
' //

λip
��

Ei
p

εip
��

Ω(E ′)i+1
p

Ω(')
// ΩEi+1

p
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the commutation of the left diagram implies the commutation of the right one, and

the maps εi are equivalences.

3.3.4 Equivalence

We want to show in this section that the map of spectra f ′ is an equivalence. As our

spectra are connective, it is enough to show that the first (f ′)i is an equivalence. We

defined f 1, and so (f ′)1, on the first deloop of Z× BΓ+
∞. Define (f ′)0 to be

(f ′)0 = Ω(f ′)1 : (E ′)0 := Ω(E ′)1 −→ (F ′)0 := Ω(F ′)1.

Note that Ω(E ′)1 ' Z× BΓ+
∞ ' Ω(F ′)1. We will show that (f ′)0 induces an equiva-

lence.

Lemma 3.3.9. There are maps φp : M(∗) → GΓ(M p((M(∗) × M(∗))+)) and ψ :

M(∗)→ ΩBS such that the following diagram commutes.

(E ′)1
p

(f ′)1
p

//

OO

'
��

(F ′)1
p

OO

'
��

E1
p = GΓ(S1 ∧Mp((M(∗)×M(∗))+))

f1
p

// GΓ(Γp(BS)) = F 1
p

��

ΣGΓ(M p((M(∗)×M(∗))+))

OO

BS

ΣM(∗)
Σ(φp)

jjVVVVVVVVVVVVVVVVVVVV ψ

66mmmmmmmmmmmmmm

Proof. Define φp : M(∗) → GΓ(M p((M(∗) × M(∗))+)) by F 7→ (1, . . . , 1, (F ,D)),

where D is the disc. And define ψ to be the map which sends an element F of M(∗)
to the loop in BS going from 0 to 1 along the morphism defined by F , and back to

0 along the morphism defined by D, taking it backwards. So

ψ : F 7→ F

(1

0

)
D.

One then checks that the bottom part of the diagram commutes. The top part

commutes by naturality of the equivalence.

Theorem 3.3.10. The map of spectra f ′ : (E ′)→ (F ′) is an equivalence.
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Proof. Thinking of M(∗) as a constant simplicial space, lemma 3.3.9 yields a commu-

tative diagram of simplicial spaces (with no map from E1
∗ to F 1

∗ ). Taking adjoints,

we get a commutative diagram

Ω(E ′)1
Ω(f ′)1

p
//

OO

Ω(')
��

Ω(F ′)1

OO

Ω(')
��

ΩE1 = Ω|GΓ(S1 ∧Mp((M(∗)×M(∗))+))| Ω|GΓ(Γp(BS))| = ΩF 1

Ω(')

��

|GΓ(M ∗((M(∗)×M(∗))+))|
'

OO

ΩBS

M(∗)
φ

kkVVVVVVVVVVVVVVVVVVVVVV
ψ

66lllllllllllllll

Now the map φ induces the equivalence GM(∗) '−→ GΓ(M ∗((M(∗) ×M(∗))+))

(see 3.1.2).

Also, ψ : M(∗) ' ∐
g≥0BΓg,1 → ΩBS ' Z × BΓ+

∞ induces the equivalence

GM(∗) '−→ ΩBS. Indeed, ψ sends the gth component to the gth component (this

can be calculated by adding up numbers involving genus and boundary components

as explained in [37]). And it is the group completion map, generalised to categories.

So we get a commutative diagram

(E ′)0

OO

'
��

(f ′)0

// (F ′)0

G M(∗)φ
oo

ψ
//

��

H
��

'
OO

GM(∗)
'

ddIIIIIIIIII '

::uuuuuuuuuu

where G and H are group completed spaces. Hence (f ′)0 is an equivalence. Now

the spectra (E ′) and (F ′) are connective. Indeed, Ei and F i+1 are connected for

i ≥ 1 because GΓ(X) is connected when X is connected and in both case we have a

suspension. Also, F 1 ' BS is connected. The result follows from the fact that a map

of connective spectra is an equivalence if it is an equivalence on the 0th spaces.
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