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Abstract

This thesis consists of two parts, both being concerned with operads re-

lated to the ribbon braid groups.

In the first part, we define a notion of semidirect product for operads
and use it to study the framed n-discs operad (the semidirect product
D, = D, xSO(n) of the little n-discs operad with the special orthogonal
group). This enables us to deduce properties of fD,, from the correspond-

ing properties for D,

We prove an equivariant recognition principle saying that algebras over
the framed n-discs operad are n-fold loop spaces on SO(n)-spaces. We
also study the operations induced on homology, showing that an H(fD,,)-
algebra is a higher dimensional Batalin-Vilkovisky algebra with some ad-
ditional operators when n is even. Contrastingly, for n odd, we show that
the Gerstenhaber structure coming from the little n-discs does not give

rise to a Batalin-Vilkovisky structure.

We give a general construction of operads from families of groups. We then
show that the operad obtained from the ribbon braid groups is equivalent
to the framed 2-discs operad. It follows that the classifying spaces of

ribbon braided monoidal categories are double loop spaces on S!-spaces.

The second part of this thesis is concerned with infinite loop space struc-
tures on the stable mapping class group. Two such structures were discov-
ered by Tillmann. We show that they are equivalent, constructing a map
between the spectra of deloops. We first construct an “almost map”, i.e
a map between simplicial spaces for which one of the simplicial identities
is satisfied only up to homotopy. We show that there are higher homo-
topies and deduce the existence of a rectification. We then show that the

rectification gives an equivalence of spectra.
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Introduction

This thesis is centred on two main topics: the first is to study and describe the
framed discs operad, and the second to compare the two infinite loop space structures
known on the stable mapping class group. The framed discs and the mapping class
group, as operads, have a common relative: the ribbon braid group operad. Hence
the title.

The little discs operad, created by Boardman and Vogt in the early seventies,
represents the first important application of the theory of operads, as it is relevant
to the study of iterated loop spaces. The framed discs operad, which carries an
additional rotational structure, had not been much studied. The original motivation
was to understand the following fact: algebras over the little discs operad are iterated
loop spaces, which are themselves algebras over the framed discs operad. So an extra
structure seemed to be coming for free. This led us to formulate an equivariant
recognition principle, to describe the operations induced on homology, and also to
show the equivalence between the two-dimensional framed discs and a ribbon braid
groups operad. Our main tool is a notion of semidirect products for operads.

The second part of this work answers a question left open in [40]. The mapping
class group I'y; of a surface Fj; of genus g with one boundary component is of
special interest as, when g > 0, the classifying space of I'; ; is homotopy equivalent to
the moduli space of Riemann surfaces of topological type Fj ;. U. Tillmann showed
the existence of an infinite loop space structure on BT'L, the classifying space of
the stable mapping class group after plus construction in two different ways. The
first proof uses a disjoint union structure while the second relies on pairs of pants
multiplication. The first structure actually lives on the first deloop, which makes the
comparison less obvious. We construct a map between the spectra of deloops and

show that it is an equivalence.

In chapter 1, after reviewing the main definitions and examples used in the text,
we give in detail a construction of operads built out of families of groups. The outline
was given by U. Tillmann in [40]. We give here explicit conditions for families of
groups to give rise to an operad this way. When fed with symmetric groups, the
machinery produces Barratt and Eccles E., operad T' [1]. We are interested in the

operads obtained from braid and ribbon braid groups (for chapter 1 and 2), and the



mapping class groups (for chapter 3). The construction provides categorical operads,

of which we take the classifying spaces to get topological operads.

In section 1.3, we define and study a notion of semidirect products for operads.
This notion arose naturally from studying the framed discs operad. We originally used
the name “twisted operads” (in [42]). However, it was independently discovered by M.
Markl [21], and he uses the more appropriate name of semidirect product operads, so
we follow his terminology. We define semidirect products in any symmetric monoidal
category S. If M is a cocommutative bimonoid in S (Hopf type object), the category
of M-modules is again a symmetric monoidal category. For any operad P in that
category, one can define a new operad P x M in S, the semidirect product of P and
M. For example, the framed discs operad is the semidirect product D,, x SO(n),
where D,, denotes the little discs operad.

We will use throughout chapters 1 and 2 the following property of semidirect
products: an object X is a P x M-algebra if and only if it is a P-algebra in the
category of M-modules (proposition 1.3.5).

In section 1.4, we show that the algebras over the braided and ribbon braided cat-
egorical operads constructed in section 1.2, are precisely braided and ribbon braided
strict monoidal categories (theorems 1.4.4 and 1.4.7). We use Joyal and Street co-
herence results for braided and ribbon braided monoidal categories, as well as the

formalism of semidirect products to deduce the ribbon braid case from the braid one.

In section 1.5, we show that the topological ribbon operad is equivalent to the
framed little 2-discs operad. To show this, we follow Fiedorowicz’s ideas, extending
his similar result for the braid and little discs operad. We define a notion of R
operads, which is a ribbon braid version of F., operads. As in the case of F
operads, one shows that any two R., operads are equivalent. The equivalence stated
above then follows from the fact that the universal covers of the framed discs (theorem
1.5.8) and ribbon operads are R, operad.

We also give a characterisation of fFs operads, i.e. operads equivalent to the
framed little 2-discs (theorem 1.5.16).

In the second chapter, we use the tools and results of the first chapter to give a
description of the algebras over the framed discs operad and the algebraic structure

of their homology.
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May’s recognition principle says that algebras over the little n-discs operad are n-
fold loop spaces after group completion. In section 2.1, we show that algebras over the
framed n-discs operad are n-fold loop spaces on SO(n)-spaces (theorem 2.1.1). This
is done by setting the original recognition principle in the category of SO(n)-spaces,
and using our theory of semidirect products.

It follows then from sections 1.4 and 1.5 that the classifying space of a ribbon
braided monoidal category, after group completion, is a double loop space on an
S'-space (theorem 2.1.2).

In section 2.2, we give a description of the homology of the framed n-discs operad
(theorem 2.2.7). We show that in the even-dimensional case, one gets a Batalin-
Vilkovisky structure with some additional differential operators. In the odd case, the
Gerstenhaber structure coming from the little discs does not give rise to a Batalin-
Vilkovisky structure. Once more, the formalism of semidirect products allows us to
deduce the homology from the known results for the little discs. The homology of
SO(n) gives the new operators. The relations they satisfy with the Gerstenhaber
structure are obtained directly from the geometry, by analysing the action SO(n)
induces on the homology of the little discs. We give thus a conceptual proof of a

result which was known in the case n =2 [9].

In the first annex to chapter 2, we attempt and fail to construct fDs-structures
on D,-spaces. The idea was to try to use the S'-action appearing in the recognition

principle, or the action existing on the free Dy-algebra on any space X.

In the second annex, we give a theory of twisted monads, which are a generalisation
of semidirect products of topological operads. The motivation is to construct a monad
“0%%2 % ST which would be the group completion of fDy, = Dy x St. Double loop
spaces are algebras over 22%2 x S* and proposition 2.4.3 tells us that one can deloop
the S'-action existing on those algebras.

With this new monad, we formulate a framed recognition principle, which is a

variant of the equivariant recognition principle (theorem 2.1.1) and yields the same
result. It is obtained by working with fD, and 2%2 x St instead of Dy and Q2%2

Some parts of chapters 1 and 2 appear in a preprint which is joint work with
Paolo Salvatore [29]. T include only results which T personally worked on. Chapter 1

and the equivariant recognition principle originate in my work, whereas section 2.2
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originates in Paolo’s work. My results were improved through my collaboration with
Paolo and I want to thank him for that.

In Chapter 3, we show that the two infinite loop space structures discovered by
Tillmann on the classifying space of the stable mapping class group are equivalent.
The first proof of the existence of an infinite loop space structure uses a cobordism
2-category S: the objects are one dimensional manifolds, the 7-morphisms are cobor-
disms between them and 2-morphisms are diffeomorphisms of the cobordisms. This
category has a natural symmetric monoidal structure given by disjoint union. The
result follows from the fact that QBS is equivalent to Z x BI'Y . The second proof
uses an operad M associated to this category, considering only the surfaces with n
“incoming” and one “outgoing” boundary components. This operad is an infinite

loop space operad.

In section 3.1, we describe the construction of the infinite loop space operad M,
following [40] and spelling out the details needed further on in the text. At the end
of the section, we give explicitly the spectrum of deloops we will work with and show

that it is equivalent to the one produced in [40] (proposition 3.1.4).

In section 3.2, we give a description of the category S, adapted to our needs. Our
category is a variant of [39], which we modify to make it more like M to help the

comparison.

In section 3.3, we compare the two infinite loop space structures. To do this, we
first construct in 3.3.1 an “almost map” between the spectra. The spaces defining
the spectra are realisations of simplicial spaces. We construct a map which is almost
simplicial in the sense that the relation 0, f, = f,-19, is satisfied only up to homotopy,
all the other required relations being satisfied (proposition 3.3.1).

In 3.3.2, we rectify the map obtained in the previous section using ideas of Dwyer
and Kan. A commutative diagram can be thought of as a functor from a discrete
category to Top. A “not quite commutative” diagram can then be thought of as
a functor from a thicker category to Top, i.e. with larger morphism spaces. We
construct the categories relevant to our situation and show in theorem 3.3.4 that the
data given in the previous sections provide a map from this category to Top. This
theorem shows the existence of higher homotopies. It follows (corollary 3.3.5) that
our map can be rectified, i.e. we obtain an actual map between spaces equivalent to

the ones we started with.
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These ideas and techniques of rectifications were kindly explained to the author
by Dwyer at the conference in Skye in June 2001.
In 3.3.3, we show that the rectified map is a map of spectra. Finally, in 3.3.4 we

show that it is an equivalence.

This last chapter is a first attempt to write up a new result. We believe that all
the important points are correct but the exposition and the technical details should

not be considered as in final form.
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Chapter 1

Operads, discs, braids and ribbons

1.1 Basic definitions and examples

This first section is meant as a reference section. Some of the main definitions and
examples used throughout the text are given here. In 1.1.1, we recall what symmetric
monoidal categories are and introduce notations for the main categories we use. We
begin 1.1.2 by an informal discussion of operads. It is followed by a formal definition
in a general context. However, the informal definition should be enough for the
understanding of the text. We also give details of some examples of operads relevant
to the text. In 1.1.3, monads and their algebras are defined. The monad associated
to an operad is constructed. We also recall the two-sided bar construction, which will

be used on several occasions.

1.1.1 Categories

Throughout the text, we will be working in various categories. Most of them will
be monoidal categories, often symmetric. Also, most of them have an internal Hom-
functor, i.e. the set of morphisms between any two objects of the category is again
an object of the category. For a category S, we will denote by S(A, B) the set of
morphisms from A to B. We recall here what a symmetric monoidal category is and
give a list of the main category we will be working with.

A monoidal category (S,X,a,1) is a category S equipped with a tensor product
K:SxS8—S, (A,B) — AX B,
which is associative, i.e. there is a natural isomorphism

a:(ANB)RC — AR (BXRC)



satisfying a pentagonal condition [19], and unital, i.e. there are natural isomorphisms
AR =5 A< 1R A,

satisfying a triangular condition.

The triangular and pentagonal conditions are such that all diagrams involving the
associativity and the unit that should commute actually commute.

A strict monoidal category is a monoidal category for which the associativity and
unit morphisms are the identity.

A symmetric monoidal categoryis a monoidal category equipped with an involutive
natural isomorphism

AX B — BKX A.

We will denote (symmetric) monoidal categories simply by (S,X) or even just S

when the product structure we are working with is clear.
Here is a list of most of the categories we will be using:

e Top=(Top, x) is the symmetric monoidal category of compactly generated
Hausdorff topological spaces, with x the product of spaces. It will be called the

category of topological spaces;
e Top, is the category of based topological spaces;

e G—Top, for G a group, is the symmetric monoidal category of G-spaces, where

the G-action on a product of G-spaces is given by the diagonal action;

e Simp=(Simp,x) is the symmetric monoidal category of simplicial spaces with
(Xi x Ya)p = X, X Y3

o CAT=(CAT,x) is the symmetric monoidal category of small categories;

o gVect=(gVect,®) and dgVect=(dgVect,®) are the symmetric monoidal cate-

gories of graded and differential graded vector spaces with tensor product;

e H—Mod, for H a graded Hopf algebra, is the category of (differential) graded
vector spaces equipped with an H-module structure. The comultiplication of

H induces a monoidal structure on H —Mod.



1.1.2 Operads

For this section, let (S, X) be a symmetric monoidal category. We think of S as being
Top, Simp, CATor dgVect.

An operad in S is a sequence P(k), k € N, of objects of S such that P(k) admits
an action of the symmetric group ¥ for each k. One can think of P(k) as a set
of k-ary operations and the symmetric group action as permuting the entries. The

operad is then equipped with composition maps of the form
v:Pk)XPn)X...XP(ng) — Py + -+ - + nyg).

The k operations of arity nq,...,n; are “plugged in” the operation of arity k to give

an operation of arity ny+...+ ny (see figure 1.1).

1
2

1
2

g ny ey

_/

Figure 1.1: Composition in an operad

The basic example, of which operads are a generalisation, is the endomorphism
operad &ndy of an object X of §. It is defined by

Endx (k) = {f : X®* — X},

where the symmetric group acts by permuting the entries, and the maps v are given
by composition of morphisms. In the definition of an operad, we require the maps ~
to satisfy natural associative, unit and ¥-equivariance conditions which are properties
of this example. By X-equivariant, we mean equivariant with respect to the action of
appropriate symmetric groups.

The meaning of the life of an operad is in the existence of its algebras. An algebra
over an operad P is an object X for which the operations encoded by the operad

“make sense”, i.e. X is equipped with maps
O : P(k) R X — X,

which are again associative, unital and Y-equivariant in an appropriate sense.



For example, X is an &ndx-algebra. In fact, a P-algebra structure on a space X

is the same as a morphism of operads P — &ndx.

The simplest example of an operad in Top, the category of topological spaces, is
given by the operad Com, where Com(k) = {*} for all k, with trivial 3-action and
composition maps. An algebra over Com is a commutative monoid. The multiplication
is given by Com(2) x X?* — X and the unit by Com(0) — X. The commutativity is
a consequence of the ¥-equivariance condition. The associativity and unit properties
of the operad map imply those properties for the multiplication defined above. The
associativity also implies that the operations coming from Com(k) for k > 2 are
actually induced by Com(2).

Similarly, we can consider the operad Ass = X of (associative) monoids, where
Ass(k) = X(k) = Xy, with Yg-action by right multiplication. We give the operad
structure maps in example 1.1.2. This well-known operad is usually denoted Ass as its
algebras are associative, not necessarily commutative, algebras. Indeed, there are two
multiplications (i.e. two binary operations) i, 2 and the Y-equivariance condition
requires that pi(x,y) = pe(y,x). If X is an associative algebra with multiplication
i, define p; = p and po(x,y) = p(y,z). We will however refer to this operad as
3 because we want to emphasise the groups involved. We will in fact define similar

operads with braids and ribbon braid groups.

We give below a general definition of operads, valid in any symmetric monoidal cat-
egory. A reader not familiar with (heavy) diagrams, might want to skip the diagrams
involved in the definition below, which only express in details the natural associative,
unital and Y-equivariance properties mentioned above. On the other hand, a reader

who wants more details about this section (and more diagrams) should refer to [25].

Let (S,X) be a symmetric monoidal category with unit object 1.

Definition 1.1.1. An operad in S consists of a sequence of objects P(k), k > 0, a
unit map n : 1 — P(1), a right action of the symmetric group ¥y on P(k) for each

k, and product maps
v:Pk)RPn)X...KP(ng) — Pny + - +ny),

which are associative, unital and ¥-equivariant, i.e. the following diagrams commute:



(i) associativity:

. X .
Pk) B (RE, P(n,)) B (R, P() T P(n) R (R, (1))
shuﬂ‘lel
Pk) R (RE_, (P(ns) RGP (i, 144))) g
id&(IZS'y)J
P(k) R (RE_, P(hy)) - P (),
where n =ny+...+ng, ] =71+ -+ Jn, s = Jio_y 41+ -+ Jin, with 15 = J1+. ..+ Js.
(it) unit:  P(k) K 1F ——P(k) 1R P(k) ——— P(k)
id&nkl / n&idl /
P(k)XP(1)k P(1)XP(k)

(111) ¥-equivariance:

Pk)RP(ny) 8 ... BP(n) —Z s P(k) K P(ngmy) B ... BP(nyw)

vl K

P(ni+ -+ ) P(ny+ -+ n)

PR P(n)B... KP(ny) 2% Dy RP(ny) K. .. K P(ny)

d |

P(nl + -+ nk) n& T P(nl + -+ nk),

where 0 € L, T; € L,y 0(N, ..y Nk) € Xy 4oin,, PErmMutes k blocks as o permutes

k letters, and 7y @ -+ @ Tg € Ly gogn, 1S the block sum (see figure 1.2).

X X

ny Mz N3

1M

AR e

Figure 1.2: Block sum and block permutation

1D T2 D T3

A morphism of operads is a sequence of ¥j-equivariant maps, k > 0, which respect

the unit and commute with operad structure maps .

b}



NoTATION: We will sometimes write yp for the operad map + of P when we want to

make clear which operad we are using.

In May’s original definition of an operad, which was in the category of topological
spaces, P(0) was required to be trivial (P(0) = {*}). These operads are called unital
as their algebras come equipped with a base point or unit (P(0) — X).

Most of the topological operads we will encounter have this property, but not all

of them (the mapping class group operad defined in chapter 3 is not unital).

We give now a couple of examples of topological operads, selected for their rele-

vance to the text.

Example 1.1.2. The symmetric groups operad 3

The symmetric groups {X; }ren give rise to an operad ¥ the following way :

and the operad map v : Xj X X, X -+ X X, — Xy, 4.4, 1s defined by
Yoy, k) = 0(Nay e ) (T D - D Ty,
where o(nq,...,ng) and (13 @ - -- @ 75) are defined as above (see figure 1.2).

The little n-discs operad, due to Boardman and Vogt, was one of the first impor-
tant example in the theory of operads. Its importance comes from its relevance to

the study of iterated loop spaces.

Example 1.1.3. The little n-discs operad D,,
Let D™ be the n-dimensional open unit disc (in R™). Define the spaces D, (k), for
k € N, to be the space of embeddings
f: H D" — D"
1<i<k
of k disjoint discs in a disc, where f is a composition of translations and dilations
only.

The operad structure map is by composition :
’Y<fugla"‘7gk): H D" glu.;.u)gk HDNLDH’
ni+etng k

where LI denotes the disjoint union of the maps. Thinking of an element of D(k) as
a disc with k holes, the composition can be thought of as “sticking in the &k discs g;
in the k£ holes of f”.



Operads encode operations. An algebra over an operad is an object having those

operations as part of its structure.

Definition 1.1.4. Let P be an operad in the category S. An algebra over P or
P-algebra is an object X of S together with maps

0:Pk)RX® — X

for each k > 0 which are associative, unital and X-equivariant in an appropriate
sense.

If § has an internal Hom functor, a P-algebra is precisely an object X together
with a morphism of operads P — Endy, where Endx (k) = S(X®*, X) and Yenay 15

the composition of morphisms in S.

So an algebra over an operad P is an element of the category S for which P(k)
encodes a set of k-ary operations, for each k, in a coherent way, i.e. coherent with
the composition of operations (associativity) and permutation of the variables (3-

equivariance).

We have already mentioned that X is clearly an algebra over &ndx. Also, we
explained how the Y-algebras are exactly the associative algebras. We explain here

what are the algebras over the little n-discs.

Example 1.1.5. Any n-fold loop space is an algebra over the little discs operad D,,:
thinking of QY as {f : (D", 0D") — (Y, )}, the maps 0, : D, (k) x (Q"Y )k — QY
are obtained by evaluating the ith n-fold loop on the ith embedded disc and sending
the rest of D™ to the base point.

The recognition principle actually tells us that those are the only D, -algebras.

Theorem 1.1.6. Recognition principle ([27], Theorem 13.1) If X is a D, -algebra,
the group completion of X is weakly homotopy equivalent to an n-fold loop space Q™Y

as D,,-algebras.

1.1.3 Monads

The concept of monad is related to the concept of operad in many ways. Operads
can be defined as monads in the category of X-collections [10]. We are interested
here in the free algebra functor associated to an operad, which has a monad structure
induced by the operad structure.

We are also interested in certain monads not coming from operads.

7



Definition 1.1.7. A monad (M, u,n) in a category S is a functor M : S — S
together with natural transformations p : MM — M and n : Id — M such that

the following diagrams commute:

nM Mn Mp
M—MM+—M and MMM —MM

ka7

M MM—M

As for operads, we have a notion of an algebra over a monad:

Definition 1.1.8. An algebra over a monad M, or M-algebra, (X, &) is an object X
of 8 together with a map & : MX — X such that the following diagrams commute:

s

X X and MMX - MX

RN SR

X MX—X.
For an operad P in &, the free algebra over P in S is given by

FpX = [[P(k) Ry, X*.

The operad structure of P induces a monad structure on Fp.

For topological operads with a pointed O-space, i.e. with x € P(0), it is more
natural to consider a reduced version of this free monad. Indeed, algebras over a such
operads are pointed spaces via the map P(0) — X. We consider the free monad in

the category of pointed spaces (rather than spaces):

Example 1.1.9. Let P be a unital operad in Top. Define the monad P associated

to P as follows: for a space X with base point *y,

px = HuzoP() X, X7

~

where = is the base-point relation (o;c,z) ~ (¢, s;2) defined for all ¢ € P(j), z =
(z1,...,2;_1) € X7V and 0 < i < j, where ;¢ = y(¢,1,...,1,%,...,1) and s;z =
(X1, Tiy %X, Tty - o Tjo1).

The multiplication x4 and unit map 7 of the monad are induced by the maps ~

and 7 of the operad.

Proposition 1.1.10. [25] Let P be a unital operad. Consider the category of P-
algebras as a subcategory of Top,. Then the identity functor on Top, restricts to an
isomorphism of categories between the category of algebras over the operad P and the

category of algebras over the monad P.



Not all monads come from an operad. Here is an example of a non-operadic

topological monad which will be used further on.

Example 1.1.11. We consider the following functors in Top,: let €2 be the based loop
functor and ¥ the (reduced) suspension. We think of the iteration of those functors
as
Q"X ={(D",0D") — (X,*)}
D" x X
OD"™ x X U D" x %

For each n > 1, the functor 2"¥" is a monad with unit map n: X — Q"¥"X given
by n(x) = {t — [t, ]} and multiplication p : Q"¥X"Q"¥"X — OQ"¥" X induced by the
evaluation of the “internal iterated loop” on the “external iterated suspension”:

p{t = o1 (1), {s = [oa(t, 5), 2(t, 5)]}]}) = {t = [o2(t, 01(1)), 2(L, 01(1))]}-

X =

1.1.3.1 Two-sided bar construction

This construction will be used several times in the text. We give here a summary of
May’s definition in [27].

Let S, S8’ be two categories and let (M, i, n) be a monad in S.
An M-functor (F,\) is a functor F' : § — &’ with a natural transformation
A : FM — F such that the diagrams

P ey and FMM S EM

RN b

F FM———F

commute.

Note that any monad M is an M-functor. More generally, if M — M’ is a
morphism of monads, M’ is an M-functor.

We will also consider the following example: the iterated suspension X" is an
Q¥ "functor. The natural transformation A : X"Q"¥" — ¥ is defined similarly to

the multiplication of ">,

We will only be interested in the case S = &’ = Top. Consider a monad M in Top,
an M-functor F' and an M-algebra (X,&). Define the simplicial space B,(F, M, X)
by
B,(F,M,X)=FMX,



with face and degeneracy operators given by
Oy=N: FMX — FM?1X
Oy = FM= y, p:MITHX - MI7X, 0<i<gq
0, =FMI¢ ¢:MX — X,
si=FM'n, n:MT™'X — MI—HX 0>i>q.
A morphism (7, ¢, f) : B.(F,M,X) — B.(F',M', X') is a triple consisting of a
morphism of monads ¢ : M — M’ a morphism of M-functors 7 : F' — ¢*(F’) and
a morphism f : X — ¢*(X’) of M-algebras, where ¢* gives the natural pull-back

structure.

Definition 1.1.12. Let X, be a simplicial space, i.e. a simplicial set in Top. The

geometric realisation of X, denoted | X| is the topological space

X] =) Xy x A/ =,

q>0

where A, is the standard topological q-simplex
Ag={to,... . t)0<t; <1,) t; =1} CRH

and = is defined for x € X, by
(87;l‘, (to, Ce ,tq_1>) ~ (27, (to, Ce ;ti—h 0, . ,tq_l)), and
(Sil’, (to, . ,tq+1)) ~ (l’, (to, S ti+17 e ,tq+1)).

The geometric realisation is functorial and respects the product of spaces:

Proposition 1.1.13. Let X,Y be two simplicial spaces. Then the map |my| X |ma| :

| X X Y| — |X| x |Y]| is a natural homeomorphism.
Definition 1.1.14. We call
B(F,M,X) = |B.(F, M, X)|
the two-sided bar construction (or double bar construction) of F, M and X.

We will use the following properties of the bar construction:

Proposition 1.1.15. Let M be a monad, X an M -algebra, F' an M-functor and G

a functor. We have
(i) B.(GF,M,X)=GB.(F,M, X);

I3

(1)) B(M,M,X) =— X is a strong deformation retract.
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1.2 Operads from families of groups

We construct operads from certain types of families of groups. The construction given
here is adaptable. In section 1.5, we will replace the symmetric groups by the ribbon
braid groups, and in chapter 3, we will replace groups by groupoids. This section
provides a detailed study of a construction given in [40].

The operads of this section are obtained through a categorical construction: from
groups, we construct categories, which form an operad in CAT. The classifying space

of those categories provides then a topological operad.

Let N : CAT — Simp be the nerve functor and | | the geometric realisation.

Proposition 1.2.1. Let CAT-Op, Simp-Op and Top-Op be the categories of categor-

ical, simplicial and topological operads respectively. Then N and | | induce functors

CAT—0p X Simp—0p L Top—0Op.

Moreover, we have the following relations on the algebras:

Proposition 1.2.2. Let P be a categorical operad and A a category. Then A is a
P-algebra if and only if NA is a NP-algebra.
Let D be a simplicial operad and S a D-algebra. Then |S| is a |D|-algebra.

Let G be a group and H a subgroup of G. Let C$ denote the category with objects
G/H, the left cosets of H, and morphisms given by left multiplication by elements
of G. The set of morphisms C%(aH,bH) is in one-one correspondence with H: an
element h € H can be identified with left multiplication by bha=!. We will think
of a morphism from o = aH to f = bH in G/H as an element g € G such that
7w(g)a = 3, where m : G — G/ H is the projection on the quotient. We will denote
such a morphism by < a.

If H is a normal subgroup of G, G/H acts freely on the right by multiplication
on objects and on morphisms by (ag <— a1)f = o <— a1 .

A p-simplex in NC§ is of the form ag <~ ... &= qa,. Let BCS = |NC$| be the

classifying space of this category.

An example we have in mind is the braid group J; sitting over the symmetric

group X:

11



Example 1.2.3. Let C,(R?) be the configuration space of n points in the plane,
i.e. the space of unordered subsets of R? of cardinality n. The braid group (3, is
the fundamental group of C,(R?). It can be alternatively described as the set of

deformable strings from n points to n other points.

H

There is a natural projection 3, — ,, sending a braid to the permutation it

induces on the points. We call pure braid group the kernel P, of this projection:
PBy — B — .

Taking G = py and H = Pf, the category Cg’“ﬁk has objects G/H = Y. A

morphism between two permutations o and 7 is a braid whose underlying permutation

is 7oL,

1.2.0.2 The category operad

Let (G, Hy), k € N, be pairs of groups as above, with Hy, < Gy and G/ Hy = %y

Denote by 7 or simply 7 : Gy — ;. the projections on the quotient spaces.

Suppose that for all k,nq,...,n, € N, we have a map

w: G X Gy X X G — Gpygoiny,

which preserves the product on {Gy, X Gy, X --+ X Gy, |n;; € N} when it is defined,

i.e. when the following product makes sense:

(f7 gi,- .- 7gk)‘(flvg/17 v 792) = (f'f/7g(7rf’)(1)'g£7 s 79(7rf’)(k)g;g)

Suppose that w satisfies the unit and associativity conditions of an operad struc-

ture map (definition 1.1.1, conditions (i) and (ii)) and that the following diagram is

12



commutative :

w
G X Gy X o+ X Gy =2 Gy,
7rk><7rn1><--.><7rnkl lﬂnlerJrnk
=
S X Dy X oo X D 2 N

where 7y is the operad map of the symmetric groups operad (example 1.1.2).

Gn Gy toin :
Define I : Cfl’; X ani X e X CHn: — C,,"* 7™ on objects by

Hn1+-<-+nk
C(o, 1,y Tk) = (0, 71, oo oy TR
and on morphisms by
f 1,91 1 k9% _k
D(oy «— 00, 7p «— To,y..., Ty “— Ty) = w(f, Jozl(1) - - ’9061(’€)>'

Proposition 1.2.4. ' is a functor inducing a categorical operad structure on the

sequence {Cg: Fnen-
Corollary 1.2.5. {Bcgz }nen is a topological operad.

Remark 1.2.6. For any space X, 3, acts on X7 by permuting the components,

oz

(T1,...,2j) — (96071(1)7 e 7%*1(3‘))'
It iS a left action’ SO (ﬂ’ja—l(l), e ,xo-—l(j)) L} (xo-—l(r—l(l))7 e ,xa—l(r—l(j)))-

Proof of the proposition.  The functoriality of I" is a consequence of the commuta-
tivity of the diagram above and the multiplication preserving property of w.

The group ¥ acts (freely) on the right of Cg: The conditions for I'" to be an
operad structure map are satisfied on objects as it restricts to the symmetric groups
operad. On morphisms, the unit and associativity conditions come as a consequence

of those properties for w, and the Y-equivariance so obtained using remark 1.2.6. [

Example 1.2.7. The E -operad I' = {BC{%} (constructed by Barrat and Eccles in
[1]) is a special case of the above construction, taking the pairs of groups (3, {e}),

where {e} is the trivial group and with the map w = ~s.

Example 1.2.8. The braid categorical operad C” = {Cf—,’“ﬁk} and its classifying space
BCP = {Bcﬁ%k} are obtained from the pairs (8, P3), with the map w defined by

w(a7bl7"'7bk) :a’(nh"'ank)(bl SPRE @bk>7

where a(ny,...,n;) and (by @ - - ®by) are defined as in the symmetric case (see figure
1.2).

13



We will denote by RSy the ribbon braid group on k elements, the fundamental
group of the configuration space of k unordered particles in R3* with label in S*.
One can think of an element of R, as a braid on k ribbons, where full twists of the
ribbons are allowed (see figure 1.3).

The pure ribbon braid group PRp is the kernel of the surjection R3; — .

The groups R, and PR3, are isomorphic to 3, x Z* and P, x Z* respectively,

where ZF encodes the number of twists on each ribbon.

Example 1.2.9. The ribbon categorical operad C = {C ﬁg’;}k} and its classifying
space BCT = {BCﬁg%k} are obtained from the pairs (RS, PR0), with the map w
defined by

W(T,Sl,...,8k> :T(nh‘"ank)(sl @@Sk)7

similarly to the symmetric and braid case.
We will describe algebras over the braid and ribbon braid operads in section 1.4.

Remark 1.2.10. For all n, we have functors

/Bn I Rﬁn 11 En

Cps, — Cprs, — €

giving rise to morphisms of operads in the categorical and topological cases. Both
functors are the identity on objects. On morphisms [ is the inclusion of the braid
group in the ribbon braid obtained by replacing the strings by flat ribbons, and IT is

the canonical projection.
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1.3 Semidirect product of operads

Studying the framed discs operad fD,,, which is a variant of the little discs we already
encountered, lead us to consider a notion of semidirect product for operads. This
notion was introduced independently by Markl in [21]. We introduce the notion by

giving a detailed description of this first example.

Example 1.3.1. The framed discs operad, fD,, is defined similarly to the little n-
discs operad D,, (example 1.1.3), with the only difference that fD, (k) consists of the
embeddings from the disjoint union of k£ n-discs to a discs, obtained by composing
translations, dilations and rotations. The composition of embeddings provides again

an operad structure.

One can think of an element of D, (k) as a configuration of k£ discs in a disc, each
of the k discs having a distinguished marked point (see figure 1.4). The composition
maps are then defined by “plugging in” the discs matching the marked points.

2 - ((EO)ner

Figure 1.4: Element of fDy(3) = Dy(3) x (S*)?

As spaces, fD, (k) = D,(k) x (SO(n))¥, the ith element of SO(n) encoding the
rotation of the ith disc. In fact, as operads, we have a structure of semidirect product.
We write fD,, = D, x.SO(n). Indeed, the composition maps are twisted by an action
of SO(n) on Dy:

7+ (Da(k) X (SO(n))*) x (Dn(n1) x (SO(n))™) X -+ x (Dy(ng) x (SO(n))™)
— Dp(ng + - +nyg) x (SO(n))mt+m

is given by

7((617 2), (bbﬁl)a ceey (bk>ﬁk)) = (’YA(G, glbh s 7gkbk)7 glﬁ1> s 7gkhk)7
where b’ = (hi,.. ., hi.) and gi.h' = (quhi, ... ,g1ht ). So each of the k copies of
SO(n) acts by rotation on the corresponding D,,(n;).

A notion of semidirect product for operads, inspired by this example, can be

defined in a general context. In Top, one can define an operad P x G for an operad

15



P and a group G whenever P admits a G-action such that its structure maps are
G-equivariant. Studying the operad P x G is then made easier by the following fact: a
space X is a P x G-algebra if and only if X is a P-algebra in the category of G-spaces.
As a result, working with P x G comes down to working with P but in the category
of G-spaces. This is will allow us to deduce results for fD, from known results for
D,.

In this section, we will define semidirect products for operads in the general setting

as we will need the notion in CATand gVectas well as in Top.

1.3.1 Definition and properties

Let S be a symmetric monoidal category and let (M, i, n, ¢, €) be a bimonoidin S. So
M is an object of S equipped with an associative, unital multiplication (y : M XM —
M, n:1— M) and a coassociative, counital comultiplication (¢ : M — M X M, € :

M — 1) which is a morphism of algebras, i.e. such that

MM —E SV RMRMRM —EH VMR MR M

‘| =

M c MX M

Example 1.3.2. (1) In Top, take G a topological group with ¢ : G — G x G
defined by c(g) = (g,9)-

(2) In gVect, consider the homology of a topological group, H.(G), which is a
Hopf algebra and in particular a bimonoid. The comultiplication is defined by
clx) =1®z+2®1, where 1 € Hy(G) is the generator in the component of the
unit of G.

(3) In CAT, consider the category Z with one object and Z as set of morphisms.

The group structure of Z induces a bimonoid structure on Z (as in (1)).

For a bimonoid M, the category of M-modules, denoted M-Mod, is a monoidal
category. We will consider the case where M is cocommutative, so that the category
M-Mod is symmetric. We can thus consider operads and their algebras in M-Mod.
We will call those operads M -operads.

An M-operad P can be considered as an operad in S by forgetting the M-module

structures. The M-equivariance of the operad structure maps of P is given by the
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commutation of the following diagram:

idX0;,

M X P (k)R XHE MRXX
shufﬂeockJ(
MRPERMRXK.. KMXX v
qﬂxpml
P k) & X o X,

Definition 1.3.3. Let P be an M-operad. Define P x M, the semidirect product of
P and M, to be the following operad in S: for k € N,

(P x M)(k) = P(k) &K M

with ¥y acting diagonally on the right, permuting the components of M®* and acting
on P(k), and the map

Y:(PxM) (k)X (P xM)(n)X..."(PxM)(ng) — (PxM)(n +--+ng)
given by

(P(k) X M) X (P(ng) ®MS) K. K (P(ny) K ME)
shuffleo((1dXcP*)RidX...Kid)

ng))) B (MK MR K M K M)

—~

(P)R (MR P(n))R... R (MRP
(1dROBFYR(uB7 0 shuffleo (™1 Kid... Rk Kid))
(P(k)XP(ni) W...KP(ng)) K (M K. K M)

vypXid

P(nl 4ot nk) X ]\4&711—‘,-...-1-7%7

where ® : M R P(k) — P(k) gives the M-module structure of P and ~yp its operad
structure map. To see precisely what the shuffle does, see the description of v in

example 1.5.1, where it 1s given on elements.
The unit in P x M(1) is formed of the units of P and M.

The associativity of ypyps follows from the associativity of p, yp and the M-
equivariance of yp. This can be seen in an enormous diagram which would not fit in

the margin.

Remark 1.3.4. Any monoid M gives rise to an operad M, where M(k) = M*
and the maps 7 are defined as the “right half” of vpyy. If G is a topological
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group, explicitly we have vg : GF x G™ x ... x G™ is defined by Ya(g, b, ... hF) =
(g1, gihy - ,gkhﬁk).

So, in a sense, Ypsyr = Yp X Y-

Proposition 1.3.5. Let P and M be as above. An object X of S is a P x M-algebra
if and only if X is a P-algebra in M-Mod, i.e. if and only if X is an M-module and

a P-algebra with M -equivariant structure maps.

Proof. Suppose X is a P-algebra in M —Mod with structure map 6p, and let ¥ :
M X X — X denote the M-module structure of X. Define

o - PRMPR X 2 PR (MR XS PRX™ L X

The associativity of Opy s is a consequence of the equivariance of the P-algebra struc-
ture maps.

Conversely, if X is a P x M-algebra, define the M-module structure on X by
T:MRYX 2 PUORMREX 2 X

and the P-algebra structure on X by
Xk
Op - P(k) K XB 0 p(k) @ VB R XEE Py

where np and 7, are the unit maps of P as an operad and M as a monoid respectively.
The M-equivariance of 6p follows, with some efforts, from the associativity of Opyn;.
Note also that this definition of ¥ and 0p gives again 0pyy = Opo(idXU*)oshuffle. [

Proposition 1.3.6. A morphism of P x M-algebras is a morphism of P-algebras

which is an M -equivariant map.

Proof. Let X, Y be P x M-algebras and f : X — Y be a P-algebra map and an

M-module map. Then f is a P x M-algebra map as the following diagram commutes:

idX Xk
P(k) R MB* g x B ) PRIRXH -2 x
lid& T J{id& & Jf
idX Xk
P(k) R M= Ry ) PRYRYBE Py

Conversely, suppose that f is a P x M-algebra map. Then, in particular, f is an
P-algebra map and an M-equivariant map as those structures on X and Y can be

expressed in terms of the P x M-algebra structure. O
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Let P be a topological operad with a base point * € P(0). If moreover P is an
M-operad with the M-action preserving *, we can describe the free monad associated
to a P x M in terms of the monad associated to P.

Let X A'Y denote the smash product of X and Y, i.e.

X xY

XANY =
(*XXY)U<XX*Y>7

and let X, denote X with a formally added base point.

Proposition 1.3.7. For P and M as described above and for any space X,
(PxM)X = P(MNX).

In particular, DX = D,(SO(n)+ N X).

Proof.
(P ) = Pt M) xs, X
RpxM
[, (P(k) x M*) x5, X* 1, P(k) x5, (My A X)"
N NPxM N ~p '

The smash product occurring in the last equality comes from the base point rela-
tion (R pqy gives a relation whenever the base point of X appears, regardless of the

element of M associated to it). O

1.3.2 Examples

We first give a “trivial” example. Recall from remark 1.3.4 that any monoid M give
rise to an operad M with M(k) = M*. If P is the trivial operad, M is isomorphic
to P x M. We express this precisely in the topological case:

Proposition 1.3.8. Let M be a topological monoid and M its associated operad.
Then M = Com x M. In particular, an M-algebra is an M -space with an M-

equivariant commutative multiplication.

Our main example of semidirect product is the framed discs operad: [D, =
D,, x SO(n) defined in example 1.3.1. We will in fact consider a more general version

of this semidirect product.

Proposition 1.3.9. The natural action of the orthogonal group O(n) on D,(k), for

all k, is such that the operad structure maps are O(n)-equivariant.
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Proof. The group O(n) acts on D, (k) by the restriction of its action on R™. The
equivariance of the maps yp, follows from the fact that the action restricts to the
same action on sub-discs of the disc (after rescaling). So one can act equivalently

before or after plugging in the discs. O

Example 1.3.10. Let G be a topological group and ¢ : G — O(n) an n-dimensional

orthogonal representation of G. One can construct the semidirect product
Dn N¢ G ,

often just denoted by D,, x GG, where G acts on D,, through its orthogonal represen-
tation. A D,, x G-algebra is a G-space X which is a D,-algebra with structure maps
satisfying

gOk(c, 1, ... x) = Ok(P(9)c, g1, . . ., gy),
where ¢ € D, (k), z; € X and g € G.

We will use the following examples of algebras over D,, x4 G-

Example 1.3.11. Let Y be a pointed G-space. Let D,Y be the free D,-algebra on
Y in Top,, and let Q"Y = {(D",0D") — (Y,*)}. We already saw in example 1.1.5
that the space QmY carries a natural D,,-algebra structure.

Let ¢ : G — O(n) be a continuous group homomorphism. The spaces D,Y and
O"Y are D,, x4, G-algebras, with the action of g € G

on [¢;y1, ..., Yk € DY, where c € D,(k), y; € Y, given by

9[07 Yty - - 7y/€] - [¢(g)cvgy17 v 7gyk]7

and on [y(t)] € Q"Y, where t € D" and [y(t)] denotes the n-fold loop t +— y(t),
given by
aly®)] = lgy(e(9) ™' (t)]-

If P is a topological operad, its homology H(P) := {H.(P(k))}kren, with any
coefficient, is again an operad. We consider here field coefficients because we want an

isomorphism.

Proposition 1.3.12. Let G be a topological group and P a G-operad. Then for any

field k, we have the following isomorphism.:
H(P x G, k)= H(P) x H(G).
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This will allow us, in chapter 2, to identify the homology of the framed discs

operads.

Another example is given by the ribbon operad we constructed in section 1.2:

Example 1.3.13. In CAT, we have CRB =CP x Z,

where Z is the category with one object and 7Z as set of morphisms.

Clearly, cﬁg%k = Clﬁg’“ﬁk x Z*. The action of Z on Cgkﬁk is trivial on objects. On

morphisms, Z x CP(o,7) — CP(0o,7) is defined by 2.b = t*b, where t the full twist of
the k strings in P(). The braid ¢ is actually the generator of the centre of 3.

We will use this fact to describe algebras over C*8 in section 1.4.

Proposition 1.3.14. Let M be a cocommutative bimonoid in CATand C be an M-
operad. Then
B(C x M) = BC x BM.

In particular, BC?? = BCP x BZ.
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1.4 Braided and ribbon braided categories

Braided monoidal categories are “not quite symmetric” monoidal categories. More
precisely, they are equipped with a natural isomorphism c4 5 : AKX B — BX A which
is not required to be involutive. Instead, ¢ is required to satisfy braid type relations.

Braided monoidal categories arise in the theory of quantum groups and their
associated link invariants [30]. Braided categories also appear in higher dimensional
category theory. For example, a 3-category with only one object and one 1-morphism

is a braided monoidal category [17].

Ribbon braided categories are braided monoidal categories with an additional
twist, i.e. a natural isomorphism, 74 : A — A, compatible with the braiding. Those
categories give the right general setting for the introduction of dual objects in a

braided monoidal category [35].

It has been known for a long time that the group completion of the classifying
spaces of symmetric monoidal categories are infinite loop spaces ([34, 26]). In our
notations, symmetric (strict) monoidal categories are precisely the algebras over the
operad C* = {C{Eek}} The result follows from the fact that I' = BC* is an E,, operad.
In particular, it detects infinite loop spaces.

In this section, we show that algebras over the operads C°? and C?® are pre-
cisely braided and ribbon braided (strict) monoidal categories respectively. Following
Fiedorowicz’s ideas, we will use this later on to relate the classifying spaces of these
categories to double loop spaces.

We use Joyal and Street coherence results for braided and ribbon braided cat-
egories [15] as well as the formalism of semidirect products to deduce the ribbon
braided case from the braided one. Note that Joyal and Street call ribbon braided
categories “balanced categories”. Not knowing why these authors chose this termi-
nology, and being confronted with the fact that symmetric and braided monoidal
categories are what they are, we could not resist calling ribbon braided categories by

their obvious name, natural from our point of view.

1.4.1 Braided categories

Recall from section 1.1.1 that a monoidal category (A, X) is a category A equipped
with an associative, unital product X. We will denote by a the associativity isomor-

phisms and by 1 the unit.
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Definition 1.4.1. [15] Let (A,X) be a monoidal category. A braiding for A is a

natural family of isomorphisms
c=cap: AXB — BXA

in A such that the two following diagrams commute (see figure 1.4.1 for an illustration

of those relations):

RA)RC—»BK(AKC)

Xid idXc

X,
A

(ARB)RC BR (C'K A)

/
\

AR (BRC)—— (BRC)K A

AR (CRB)-“5(ARC)X B

=

X B)KC — CK (AKX B)

We call (A,X, c) a braided monoidal category (or shortly a braided category). It is
called a braided strict monoidal category if the monoidal structure is strict, i.e. if

the assoctativity isomorphisms are all the identity.

AX B AXBXC AXBKC AXBXC AX BXC
/) . (& = % ﬁ : \%

5 Nowl (]
BRA BXRXCXA BXRCKA CXAXB CXAXB

Figure 1.5: Braiding and braid relations

Let B be the category with N as set of elements and [,, the braid group on n
strings, as set of morphisms from n to n.

Then ‘B is a braided monoidal category. The product is given by addition on the
objects, and by block sum on the morphisms, i.e. putting the braids “side by side”.
The braiding b, ,,, is given by the element of /3,1, shown in figure 1.6.
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; - ////
S

Figure 1.6: Braiding b, ,, of B

Now, for any category A, one can construct a braided monoidal category
(B [A,®,b), which is a wreath product of A and B. The objects of B [A are finite
sequences of objects of A. An arrow (o, f1,...,fn) i A1... Ay, — B1...B,

Figure 1.7: Arrow in B [ A

consists of a € 3, and f; € Hom (A, Bx(a)(i)), Where 7 : 3, — ¥, is the natural
projection. An arrow is thus a braid having its strings labelled by arrows of A (see
figure 1.4.1). The tensor product is defined on objects and morphisms by block sum.
The braiding of B [ A is defined by

C;h...An,Bl...Bm = (bn,m7 idAm cee 7idAn7 idBm cee 7idBm)'
So it is the braiding given in figure 1.6 with identity morphisms on the strings.
Let (A, X, ¢) be a braided strict monoidal category. By a result of Joyal and Street

(in [15]), there exists a unique strict monoidal functor 7' : B [ A — A such that the
following triangle commutes and T'(¢) = ¢, for ¢ the braiding of B [A :

A—LB[A
I

RT
¢ <

A

Let a be an element of 3,. For each A;... A, € B f A, « defines an arrow

fa = (CY, Zd, . ,Zd) : Al Ce An E— Aﬂ(a)—l(l) . Aﬂ.(a)—l(n)
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where the strings are labelled by identities in A.

Define the following arrow in A :
da = T(fa) : Al X...X An e Aﬂ.(a)—l(l) X...X Aﬂ.(a)—l(n)

We will use the following properties of d,:

Since fa1 © fa2 = fa1a2 and T(fal © faz) = T(fal) © T(fcm)v we have the relation
Ao, 0dpy, = doyasy- (1.1)

AsinB [A, foolid, g1,. .., 9n) = (id, gu(a)-1(1)s - - - » Gr(a)~1(n) ) © fa fOT g; morphisms
in A, we have that

doo (g1 XM...™¥gn) = (Gra)-11) ¥ ... W Gria)-1(n)) © da- (1.2)

Another property of the maps f, is that
fa((Al IX N IX AJl) e (Az & e IE A])) - f&(jl ’’’’’ ]k)(Al e A]);

da<<A1|X&Ajl)lxgl(Az&&Aj)):da(ﬁ .... Jk)<A1|X&A]) (13)

And for o; € B;,, with j; + -+ + ji = j, we have that
for® oy (A1 Aj) = for @+ @ fo, (A1 Ay @+ @ Ajipoijy_i1 - Ay),

where X and ® are the products in B and B [ A respectively. Since T" is a monoidal

functor, it follows that
do, ¥ ... Xd,, =dnR. Ka,- (1.4)

Let C? be the operad defined in section 1.2.

Lemma 1.4.2. Let (A,X,¢c) be a braided strict monoidal category. Then for all
Jj > 0 there exists a X;-equivariant functor d; : C?Jb}, x Al — A defined on objects

and morphisms respectively by

dj((f, Al, ces ,Aj) = AU—I(l) X... IXAU—I(

7)

and
d](T & U?fla R 7f]) - dcx o (fo'_l(l) X...X fo_l(j))

where 0,7 € X;, a € ngﬂj (o,7), A; € A and f; are arrows of A.
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Proof. The functoriality of d; is a result of the two first properties of d, given above.
The Y;-equivariance of d; on objects is a direct consequence of the remark 1.2.6.

We check here the equivariance on morphisms. Let p € X;. We have

dj(Tp(ﬂo—paflv"'afj):dao(f(ap)—l( &fap) 13))
And
dj(T <L g, fp—l(l), ce f -1 ])) d o) (fp—l(o.—l (1)) X... K fp—l(a.—l(j))). ]

Lemma 1.4.3. For A and d; as above, the following diagram is commutative for all
j>0,k>0andyj; >0 with X5, =7 :

Br Biy ﬁ]k j g xid Bj J
Cp, X Cp,, X -+ X Cpy, X A —_— Cpy, X A
|
idXp A
J«
. . idxdj, X---Xd;
Clly X Cos X A o x O x Al TS ol g

where  is the shuffle and U5 is the operad functor of CP.

Proof. The commutativity on objects follows from the commutativity of certain per-
mutations. We check more precisely the commutativity on morphisms.
d;(Ts x (1 +— 0,1y <6—1u1,...,uk O Wi, f1, -5 f))
—d; (<N L)
=dgo(frr1yX... X fram),
where (= oz(jaq(l), o Jo1ky) 0oy B B G- (ry)
and A =0 (1, -, Jk) (1 ® -+ D ).
dp((1 xdj, x---xdj,)
(1< o (1 < s fry o i) U 2 s it aats -0 1))
= di(7 «— 0,ds, o (fufl(l) X...X fufl(ﬁ))?
.., dgs, © (fj1+-~~+jk,1+u,;1(1) X... X fj1+"'+jk71+,u]:1(jk)))

= da o ((disa—l(l) o (f‘u 1) IX IX f _il(l)(-]o_l(l)))) & st & (d50—1(k)

O(fja*1(1)+"'+Jo*1(k)—1+/"‘;71(k)(1) & e &
Using 1.3 and defining & = a(ji, - - -, j),

=z 0 (ds, 1, B Bds )0 (for, B Bfo )8 K

L
fjafl<1>+"'+ja*1(k>—1+“;1(k>(ja*1(k>))))'

(fj071(1)+."+j071(k)71+'u“o'71(k)71(1) & e & fjgfl(l)"l‘""‘!‘]gfl(k)_l‘f'l'b;ll(k)(jgfl(k))>))’
which, by 1.4,

=daods _, \R.R5, 1,
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O(f“;im)(l) o K fjv—l(1)+'”+ja—1(k>71+“;1(k)(jv‘l(m)))’

and by 1.1
— dd'((sa*l(l)&"'&do*l(k)) (@) (f)\—l(l) & e & f)\—l(j)) D

We then have the following result :

Theorem 1.4.4. Let A be category and CP = {nggj}jeN be the braid categorical
operad. Then A is a braided strict monoidal category if and only if A is a C®-algebra.

Corollary 1.4.5. If (A,X,c) is a braided strict monoidal category, then BA is a
BCP-algebra.

Proof of the theorem. If A is a braided strict monoidal category, then lemma 1.4.2
and 1.4.3 imply that A is a C-algebra, the maps d; giving the action of the operad
(the unit condition is clear, lemma 1.4.2 gives the -equivariance and lemma 1.4.3
the associativity condition).

For the converse, let A be a category and 6 be the action of C on A :
0;:Cply x A — A.

Define the product on A on objects by AKX B = 0;(id, A, B), where id is the identity
element of 35, and on morphisms by fX g = 6;(id Mo id, f,g). The unit is given by
1 =6q(1).

The functoriality of 6, and its associativity property imply that (A, X, 1) is a strict
monoidal category.

The braiding is then defined by

cap =Oo(0c < id,idy,idg): ARB — BR A,

where o is the non-trivial element of >y and b is the generator of ;.
Using the functoriality, the ¥-equivariance and the associativity property of 6, one

can show that the two diagrams of definition 1.4.1 commute. O

1.4.2 Ribbon braided categories

We want a similar result for ribbon braided categories, i.e. we want to prove that the
ribbon braid operad Cf# = {cﬁﬁgn }nen detects ribbon braided monoidal category.

We will use the proposition 1.3.5 and the example 1.3.13 to deduce this result
from the result just obtained in the braid case.

We first recall from [15] the definition of a ribbon braided category.
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Definition 1.4.6. Let (A,X,c) be a braided monoidal category. A twist for A is a

natural family of isomorphisms
T=T4:A— A

such that 7, = id; and the following diagram commutes (see figure 1.4.2 for an illus-
tration of this relation):
ARB—"%BRA

TA&BJ{ lTBgTA

AX B«—BXA

CB,A
(A,X,c,7) is called a ribbon braided monoidal category (or shortly ribbon braided
category ). If the monoidal structure is strict, it is called a ribbon braided strict

monoidal category.

AX B
AKX B _IQ
1) Oy
TARB = 75 X T4
! g
ANX B
AX B

Figure 1.8: Compatibility between the twist and the braiding

Theorem 1.4.7. Let A a be category and CTF = {Cﬁzﬁ{ﬁj }ien be the ribbon braid cat-

operad. Then A is a ribbon braided strict monoidal category if and only if A is a
CFB_algebra.

Corollary 1.4.8. If (A,X, c) is a ribbon braided strict monoidal category, then BA
is a BCTP-algebra.

Proof of the theorem. Recall that Z denotes the category with only one object *
and with Z as set of morphisms.

Using proposition 1.3.5 and example 1.3.13, we have that
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A is an CfP-algebra
<~

A is a CP-algebra which has a Z-action commuting with 5.
Thus, using now theorem 1.4.4, the theorem 1.4.7 can be reformulated as

A is a ribbon braided strict monoidal category
<~

A is a braided strict monoidal category which has a Z-action commuting with 6.s.

Suppose first that (A, X, ¢, 7) is a ribbon braided strict monoidal category. Define
U :ZxA— Ato be the identity on objects, U(x, A) = A, and on a morphism
f:A— Bby
U(z, f) = fol(ra)”.
This defines an action of Z on A as (14)% o (14)* = (74)

2/ +z
We now have to check that this action commutes with 6.5. Note that
TA = ‘11(1, ZdA)
and
U(z, f) = foW(zida). ()

We consider 0cs @ CP(k) x A¥ — A. In the case k = 1, the commutativity of
U and 6ps is trivial because 05 is trivial. We study the case k = 2. Observe that
we only have to worry about morphisms as the action is trivial on objects. As 7 is a

twist, we have that
Tarpe = cp,A© (T X T4)0cCap, (%)
which translates in our case to
U(1,005(id,ida,idg)) = Ocs(b,idg,ida) 0 Ops(id, T, Ta) © Ops (b, ida, idp).

Using the Y-equivariance and the functoriality of .5, we deduce from the last equality
that
U(1,005(id,ida,idp)) = Ocs (P(1,id), U(1,id4), ¥(1,idg)),

where ® gives the action of Z on C®. This provides the commutativity required for
Ocs(id,ida,idg) and ¥(1,—). The equation (*x*) inverted gives the commutation for

U(—1,—). As ¥ is an action, we can deduce the commutativity above for all z € Z.
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Now, if b is any braid in 5, and f: A — B, g : C' — D any morphisms in A,
we have by (x)

U (z,0cs(b, f,9)) = Ocs (b, f,9) 0 U(z,0cs(id, id s, idc))

= 0cs(b, f,9) 0 Ocs(P(z,1d), ¥ (z,ida), ¥(z,idc))

— 0o (D(2,5), U (=, £), V(= g)).

Hence, the case k = 2 is proved. For k > 2, we first remark that any braid in 35 can be
obtained by compositions (internal and external) of the operad structure functor I'¢s
with itself applied exclusively on element of 5, and [35 (this is a form of quadraticity
for the operad C?). This can be seen by writing a braid in terms of the canonical
generators of ;. The result follows then by remarking that

Ocs(Lea (V' 01,b2), fu, -5 f5) = Oca (Vs Ocs (by, fry -, fi), Ocs (bay five, .-, f5)
and

U(z,0c5(bobl,f,g)) =V (z,005(b, f,9)) 0 W(z,0cs(l,ida,idc)).

Suppose now that (A4, X, ¢) is a braided strict monoidal category which has a Z-
action given by a functor ¥ and commuting with 6.5. We want to show that in this
case A is a ribbon braided monoidal category.

Define a twist on A € A by

TA = \I’(l,idA) A — A
As W is an action, this is a natural family of isomorphisms. We have to check that
TaRB = ¢B,A ° (T3 X T4) 0 ca B,

for all A, B € A. This is easily checked by translating it in terms of 6,5 and ¥ as

above, using this time the fact that we know that ¥ commutes with 6.s. O
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1.5 Framed discs and ribbons

This section gives an extension of results of Z. Fiedorowicz for the braid groups [7].

Fiedorowicz proved that the braid groups give rise to an operad equivalent to the
little discs. To do this, he defined “B., operads”, which are braid equivalents of the
E, operads. By definition, E,, operads are operads with contractible spaces and a
free symmetric group action. They are equivalent to the infinite little discs operad
Ds. Any operad map between two E,, operads is an equivalence of operads [26].
Considering the product P x Q of E,, operads, and the maps P «+— P x Q — Q,
one deduces that any two E,, operads are equivalent. Algebras over F., operads are
infinite loop spaces after group completion.

Fiedorowicz’s B, operads are braid operads, i.e. like usual operads but with braid
group actions instead of symmetric group actions, which have contractible spaces and
free braid group actions. By an argument similar to the above, he shows that any two
B, operads are equivalent. He then shows that Ds, the universal cover of the little
discs operad and a certain braid operad are B, operads. A corollary of the equivalence
thus obtained is that the classifying space of a braided monoidal categories is a double
loop spaces after group completion.

Fiedorowicz also uses B, operads to characterise Fy operads, i.e. operads equiv-
alent to the little discs Ds.

In this section, we extend these results to the ribbon braid groups, exhibiting
an equivalence between the framed discs operad and the ribbon operad BCTS. We
also provide a description of “fFEjy operads”, i.e. operads equivalent to the framed
little 2-discs. We will deduce a description of the classifying spaces of ribbon braided

monoidal categories in section 2.1.

1.5.1 Ribbon operads

Definition 1.5.1. A ribbon operad P is a collection of spaces {P(j)}jen with P(0) =
{*}, an identity element 1 in P(1), a right action of the ribbon braid group RS3; on
P(j) for all j, and with maps

v:Pk) x P(ny) X -+ X P(ng) — P(ny + -+ ng)

such that the unit and associativity conditions of usual operads are satisfied (defini-

tion 1.1.1, (i) and (ii)), as well as the following equivariance conditions :

V(7 di, e di) = (€ dnry-1(1)s - s Dn(ry-1)) I
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and
v(e,dit, ... . dF) = (e, dy, . .. ,dk)(sl@'"@s’“),

for all c € P(k),d; € P(ji),r € RBy,si € RB,,, where m : RBy — ¥y is the natural
projection.

A ribbon operad P is called unital if P(0) = {x}.

A morphism of ribbon operads is a family of maps ¢; : P(j) — Q(j) which are

RBj-equivariant and commute with vp and vg.

To avoid confusion, we will sometimes call the usual operads “symmetric operads”.
On the other hand, we will sometimes use “operad” for ribbon operad when it is not

confusing.

Remark 1.5.2. Asin the symmetric case, it is possible to define ribbon braid operads

in a more general context. We will actually encounter a categorical ribbon operad.

Note that any symmetric operad is a ribbon operad, with the ribbon braid groups
acting on the spaces through their projection to the symmetric groups. Remark that
the converse is not true, as there is no natural group inclusion of the symmetric groups
in the ribbon braid groups.

Hence, the symmetric operad of endomorphisms of X, &ndy, where Endx(j) =
{f: X7 — X}, can be considered as a ribbon operad.

We can thus use it to define algebras over a ribbon operad like in the symmetric

case:

Definition 1.5.3. Let P be a ribbon operad. A P-algebra structure on a space X is

a morphism of ribbon operads ¢ : P — Endx .

As in the symmetric case, the last definition is equivalent to requesting that there
exist maps 0; : P(j) x X/ — X satisfying unit and associativity conditions (exactly
the same as before) and such that 0;(c",x1,...,2;) = 0;(c, Zrpr)-1(1), - - - Tr(r) -1 ()

for all € RB;.

Example 1.5.4. The ribbon braid groups give rise to the following ribbon operad :

Rﬁ = {R/BJ}JEI\U

with the action of R3; given by right multiplication and with the operad maps defined
by 7(T7 1500y Sk) = r(.jh v 7jk)(81 DD Sk)‘
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Definition 1.5.5. A ribbon operad P is called an R, operad if the ribbon braid
groups act freely and properly on P and if each space P(k) is contractible.

Let ERB,, be the translation category of Rf3,, i.e. Rf, is the set of objects and
there is only one morphism 70! from o to 7. In the notation of section 1.2, we have
the groups G,, = Rf, and H, = {e}, and ERB,, = Cfﬁ”. Note that we now have
G,/H, = R[3,, so the ribbon braid groups will play the role of the symmetric groups

in the construction.

Example 1.5.6. ERB = {BC{E@" }nen, the sequence of the classifying spaces of the

categories ERB,,, forms an R, operad.

It is well-known that the spaces ERB, are contractible. Also, the R(,-action,
defined by right multiplication, as the symmetric case, is free. The operad structure
is defined on the categorical level, i.e. by a functor I' on {ERB,,}. We need to specify
I' only on objects, on which it is defined to be the operad map on the ribbon braid
groups given in example 1.5.4.

The categorical ribbon operad ERB acts on any ribbon braided strict monoidal
category (A, X, ¢, 7) through the action of C¥ (theorem 1.4.7) via the natural pro-
jection ERB — CRP,

Note that this projection induces a covering map on the classifying spaces.

Example 1.5.7. Let R be the set of the real numbers. As R is a group, we know
that it gives rise to a symmetric operad (see remark 1.3.4). We define here a ribbon

operad with R. Take again the collection of sets R = {R7},cy and the maps

v Rk X R™ % ... x R™ — RMT+nk
(Z’x_l""’x—k) — ('%% —"_Tl’""x?];,l +r1a'-'>$]1€+rk7"'7x7]2k +Tk)7
and define the action of the ribbon braid groups by
(7’1, . ,Tk)s — (Tw(s)(l) + FATERR 7rw(s)(k) -+ Zk),

where z; is the number of twists on the ith string.

1.5.2 Framed discs

Let fDy(k) denote the universal cover of fDy(k). The proof of the following propo-
sition is an adaptation of Fiedorowicz’s proof for the universal cover of the little

cubes.

33



Theorem 1.5.8. The sequence of spaces fDsy = {fD;(k)}keN forms an Ru.-operad.

Proof. Recall that Dy(k) is a K(PB,1). So fDy(k) = Da(k) x (SH)* is a K(PRfB, 1)
and its universal cover fbg — D, x R* is contractible.

We want to lift the operad structure of fD, to a ribbon operad structure on fDs.
As there is no possible consistent choice of basepoints for the spaces fDs(k), we
consider instead the contractible subspaces defined by the horizontal inclusion of the
“non-symmetric operad” DY of unlabelled little intervals, in fD, shown in figure 1.9,
seeing DY as the component of D; with the intervals ordered in the canonical way,

from left to right.

Figure 1.9: Horizontal inclusion of DY(3) in fDy(3)

Denote by p : fDy(k) — fDo(k) the universal covering. We thus have that
p Y (DY(k)) C fDy(k) is a disjoint union of contractible components, each homeomor-
phic to DY(k) via p. For each k, choose one of these components and denote it by
DY (k).

Now, define % on fD, to be the unique lifting of v o p

fb2(k) X fi)2<n1) X e X be(nk) S —>f1~)2(n1 4t nk)
fD2(k) X fD2<n1) X oo X fDQ(”k) 74)]01)2011 R nk)

which takes DO(k) x DY(ny) x -+ - x DY(ng) to DOny + - - + ny).

Define the unit element 1 € fD5(1) to be the unique element in 1 € 25?(1) such
that p(1) = 1 € fDy(1).

We are now left to define an action of Rfj, on fDy(k). We define the action of
each generator r;,t; € Rfy fori=1,...,k—1and j=1,...,k (see figure 1.10).

For r;, consider the path a; in fDy(k), from a point x to its translate zo;, where
o; = m(r;) € 3y, as shown in figure 1.11.

Let & be the point in DY(k) such that p(Z) = z and let d; be the lift of oy
starting at . Define the action of r; on f,~D2<]€) to be the unique lift of the map
poo;: fDy(k) — fDy(k) which takes z to d;(1).
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- 080 [

Figure 1.10: Generators of Rf

Figure 1.11: Path a; in fDsy(k)

Simiarly, define the action of ¢; by considering the lift at & of the path (; from z
to x shown in figure 1.12.
This data provides fbg with a ribbon operad structure as all commutative dia-

grams lift to commutative diagrams UJ

1.5.3 Ribbon monads

We want to show that R, operads are all equivalent in the sense that their categories

of algebras are equivalent. We do this by comparing their associated monads.

Definition 1.5.9. Let P be a unital ribbon operad. For any pointed space X, define

[1.50P(n) XRg, X"

Y

CX =

~
~

where RfB, acts on X" wia its projection to ¥, and the equivalence relation ~ is
defined as in the symmetric case by (o;c,y) ~ (c,s:y) for c € P(j), y € X/~ and
0<i<j, where oic="y(c,1,.... 1, *,....1) and s;y = (Y1, -, Yi, % Yit1, - - -, Yj—1)-

The ribbon operad structure of P induces a monad structure on P.

A morphism of ribbon operads induces a map of the associated monads.
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Figure 1.12: Path §; in fDy(k)

Example 1.5.10. The monad associated to fD, as a ribbon operad is the same as

the monad associated two fDy as a symmetric operad:

f~D2X = (ano(ﬁ2(n) X R™) X gg, X")/ ~
= (ILz0(Da(n) x (S1)") X, X")/ ~

= ([Lag(Pali) % (87) x5, X7) [~ = fDax

A similar equality holds for the ribbon operad ERS = {BC’ﬁ?n} and the operad
BCRB:
ERBX = (ano ERB(n) x g, X”) / ~

— (ano BChw, Xs, X") / ~ = BCWX.

R, operads have essentially the same properties as F,, operads, having con-
tractible spaces carrying a free group action. The next result is an extension of a
result of J.P. May in the E., case (proposition 3.4 p22 in [27]). The proof is essen-
tially identical to May’s proof .

Proposition 1.5.11. Let ¢ : P — Q be a morphism of Rs-operads. Then the
induced map v : PX — QX is a weak homotopy equivalence for any connected
pointed space X, with (X, ) an NDR-pair.

Now, remark that the product of any two R, operads P and Q is again an R,
operad. And the projection maps P «— P x Q — Q are morphisms of R., operads.
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Proposition 1.5.12. Let P and Q be R, operads. For any P-algebra X, there exists
a Q-algebra X' with X' weakly homotopy equivalent to X.

Proof. Define X’ to be the double bar construction B(Q, P x @, X) (see section
1.1.3.1). We have the following equivalences:

X B(PxQ,PxQ,X)—BQ,PxQ,X)=X"

By example 1.5.10, we have the following corollary:

Corollary 1.5.13. If X is an fDs-algebra (respectively a BCTP-algebra), there exists
a space X' weakly equivalent to X such that X' is a BC®-algebra (respectively an
[Ds-algebra).

1.5.4 fFE,-spaces

We want to characterise operads equivalent to the framed 2-discs. We consider the

following notion of equivalence:

Definition 1.5.14. An operad map A — B is an equivalence if each map A(k) —
B(k) is a Lg-equivariant homotopy equivalence.

An operad A is a E,-operad (respectively fE,-operad ) if there is a chain of
equivalences connecting A to D,, (respectively fD,,).

Fiedorowicz gave the following characterisation of the little discs operad:

Theorem 1.5.15. [8] An operad A is an Ey operad if and only if its operad structure

lifts to a B, operad structure on its universal cover A.
We will prove here a similar statement for fFE, operads:

Theorem 1.5.16. An operad A is an fE5 operad if and only if its operad structure

lifts to an Re operad structure on its universal cover A.

We have encountered two examples of operads having an R, structure on their
universal cover: fD,, which is clearly an fFEs operad, and the ribbon braid operad
BCTS,

Lemma 1.5.17. If P is an R, operad, the sequence of quotient spaces {P(n)/PR[,}

forms a symmetric operad equivalent to the framed discs.
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Proof. As the operad maps v are Rf-equivariant, they induce operad maps on the
quotient spaces having the same associative and unital properties. The R(,-action on
P(n) induces an Rf,/PRf, i.e. ¥,-action on P(n)/PRf, and the maps 7 induced
on the quotient spaces are Y-equivariant.

The equivalences of R, operads are Rf-equivariant and so induce equivalences

on the quotients:

1) = Pbe2:—>fb2
P/PRB«————"P xppg fDy——— [Ds

0J

Proof of the theorem From the lemma, we know that if the operad structure of P lifts
to an R, structure on its universal cover, P is an fFE, operad. We are left to show
that if P is an fE, operad, one can lift its operad structure to its universal cover P.
This will then be an R, structure as P is ¥-equivariantly equivalent to fDs.

To lift the operad structure, we need a consistent choice of base-points in {P(k)}.

As P is equivalent to fD,y, we know that there exists an equivalence of operads
W fD, — P,

where W fD, is a cofibrant resolution of fDs constructed by Boardman and Vogt
2, 41]. As the W-construction is functorial, using the map given in figure 1.9 we have

the following maps of operads
WD) — WfDy, — P,

where WDY(k) is a contractible space for each k. Now we can proceed as in theorem
1.5.8 with WD? playing for P the role of D? for fDs,. O
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Chapter 2

Equivariant recognition principle
and Batalin-Vilkovisky algebras

2.1 Equivariant recognition principle

Let ¢ : G — O(n) be an orthogonal representation of a group G and let X be a
grouplike D,, x G-algebra, i.e. the components of X form a group by the product
induced by any element of D,,(2). By proposition 1.3.5, as X is a D,, x G-algebra, it
is in particular a D,-algebra.

Note that we dropped ¢ from the notation of the semidirect product.

May introduced a deloop functor B,, from D,,-algebras to pointed spaces defined by
B,X = B(X",D,, X), where B is the double bar construction (see section 1.1.3.1),
and ¥ the (reduced) suspension. May’s recognition principle (theorem 1.1.6) says
that X is equivalent to "B, X. The equivalence is a weak homotopy equivalence
and a map of D,-algebras. May also showed that, conversely, B,, applied to an n-fold
loop space 2"Y provides an equivalent delooping (B,2"Y ~Y').

In what follows, we consider the behaviour of 2" and B,, with respect to G-actions

and provide a recognition principle for algebras over D,, x G.

Let D, x G —Top,, D, x G—Top, and G —Top, be the categories of grouplike,
connected D,, x G-algebras and n-connected pointed G-spaces respectively. Those
three categories are closed model categories with weak homotopy equivalences as
weak equivalences [31]. For a model category C, we will denote by Ho(C) its associated

homotopy category, obtained by inverting the weak equivalences.

For any G-space Y, we have seen in example 1.3.11 that Q"Y has a D,, x G-algebra

structure induced by the diagonal action of G. On the other hand, we will define a
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G-action on B,X for any D, x G-algebra X. Hence, Q" and B, will be functors

between the categories of pointed G-spaces and of D,, x (G-algebras.

Theorem 2.1.1. For each continuous homomorphism ¢ : G — O(n), we have

functors
Qp =Q": G-Top,, | — D, x G-Top,,

BY =B, : D, x G—Top, — G—Topj,_,

which induce an equivalence of homotopy categories
Ho(G—Top, ) ~ Ho(D,, x G—Top,,).
This equivalence restricts to
Ho(G—Top;) ~ Ho(D,, x G—Topy).
Proof. May’s recognition principle is obtained through the following maps:
X « B(D,,D,,X) > B(Q"Y",D,,X) — Q"B(X",D,, X) = Q"B, X,

where all maps are D,-maps between D,-spaces. When X is a D, x G-algebra,
we want to define GG-actions on the spaces involved which induce D,, x G-algebra
structures and such that all maps are G-maps.

The functors D,,, X" and Q" restrict to functors in the category of G-spaces,
where, for any G-space Y, we define the action on D, Y, ¥"Y and Q2"Y diagonally as
in example 1.3.11. Hence for any G-space Y the G-action on Q2"X"Y is given by

glo(t), y(t)] = [6(9)a(6(9)~"1). gy(d(9) 1),

where g € G, t,o(t) € D" and y(t) € Y. One gets a D,, x G-algebra structure on
Q"3"Y such that May’s map « : D, Y — Q"¥"Y is a G-map, and thus a D,, x G-
map, where the D,, x G-structure on D, Y is given in example 1.3.11.

We extend these actions on the simplicial spaces B(D,, D,,, X), B(Q"~", D,,, X)
and Q"B(X", D,,, X) as follows.

Recall from 1.1.3.1 that the double bar construction B(F,C, X) is defined sim-
plicially, for a monad C, a left C-functor F' and a C-algebra X by B(F,C, X) =
|B.(F,C, X)|, where B,(F,C,X) = FC?X, with boundary and degeneracy maps
using the left functor, monad and algebra structure maps. The group G acts then

on B,(F,C,X) through its action on the functors F' and C, which comes to “rotate
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everything”. For example, the action of g € G on a 1-simplex of B(Q2"¥", D,,, X) is
given by glo(t), c(t), z1(t), ..., xzk(t)]

= [8(9)a(d(9)'t), p(g)c(d(9)'t), g1 (d(g) 1), - . ., gr(d(g) "))

With these actions, all maps above are G-maps between D,, x G-spaces and B, X
is equipped with an explicit G-action.

On the other hand, we have a weak homotopy equivalence [27, 5]
B.Q"Y = B(2", D,,, "Y) 2L snony <Ly

for any (n — 1)-connected space Y. If Y is a G-space, then this composite is a G-map
with the actions on B,2"Y and X"Q"Y defined as above. O

Consider the monoid RS xz EZ C Fy(1) X pra, |R|(1). There are monoid maps
S'= (RB xz%) «— RBxzEZ — (x x4 EZ) = BZ.

So any Sl-space or BZ-space is canonically an R3 x; EZ-space. The above maps
are restrictions of the operad maps fDy «— Fy X prg |R| — |R| in arity 1. Using

our recognition principle, theorem 1.4.7 and theorem 1.5.13 we obtain the following:

Theorem 2.1.2. The nerve of a ribbon braided monoidal category C, after group
completion, is weakly homotopy equivalent to a double loop space Q2Y on an S-space
Y. The St-action on'Y is induced by the twist on C and the equivalence given by
RG Xz EZ-equivariant maps.

Proof. Let C be a ribbon braided monoidal category and let C’ be the strictification
of C as a monoidal category. The category C’ then inherits a ribbon braided structure
from the one existing on C. Its nerve |C’| is an |R|-algebra. The space |[C| is not
necessarily an |R|-algebra, but it admits a BZ-action induced by the twist on C, and
the equivalence |C| — |C'| is BZ-equivariant.

Now the space X = B(fDs, fDy X prs |R|,|C']) is weakly homotopy equivalent to
|C’| and is an fDs-algebra. The equivalence is obtained through the following diagram

of weak equivalences in R x5 EZTop.

B(f Dy, fDy X prs | R, |C') «—— B(fDy X prg |R|, f D X prs | R, |C"])

|

B(|R|, R[], |C]) — [C],

The group completion of X is then equivalent to a double loop space Q2Y, where
Y = B(X?% Dy, X) and the S'-action on X now induces one on Y, as explained in
theorem 2.1.1. O
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2.2 Algebraic semidirect products and Batalin--
Vilkovisky algebras

We work for this section in dgVect, the category of chain complexes over a field k
(possibly with trivial differential). For an element = of a chain complex, we denote
by |z| its degree. We call operads in this category differential graded operads, or dg-
operads. We will consider only dg-operads P with P(0) = 0, which comes to working

without units for the algebras.

2.2.1 Semidirect products of algebraic operads

Let H be a graded associative cocommutative Hopf algebra over k. The category of
differential graded H-modules, denoted H-Mod, is a symmetric monoidal category
with product the ordinary tensor product. We call operads in this category operads
of H-modules.

For P an operad of H-modules, we have seen in section 1.3 that one can construct
a dg-operad P x H with (P x H)(n) = P(n) @ H®".

Recall from proposition 1.3.12 that if A is an operad in G—Top there is a natural
isomorphism of homology operads H(A x G) = H(A) x H(G).

Note that, in our convention, we consider H((.A x G)(k)) only for k > 0, setting
H(A x G)(0) to be 0.

2.2.1.1 Quadratic semidirect products

Suppose now that P is a quadratic dg-operad, namely has binary generators and 3-
ary relations [11]. We will restrict ourselves to the case where P(1) = k, concentrated
in dimension 0. Explicitly P = F(V)/(R), where F'(V) is the free operad generated
by a k[¥s]-module of binary operations V' and (R) is the ideal generated by a k[¥3]-
submodule R C F(V)(3).

Proposition 2.2.1. Let H be a cocommutative Hopf algebra and
P =F(V)/(R) a quadratic operad. Then P is an operad of H-modules if and only if

(1) V is a (H, k[Xs])-bimodule;
(ii)) R C F(V)(3) is a (H, k[X3])-sub-bimodule.

In this case, we will call P a quadratic operad of H-modules.

42



Proof. An element of the free operad on V' is described as a sum of trees with vertices
labelled by V' [22]. Define the action of H on such a tree by acting on the labels of the
vertices, using the comultiplication of H. This is well defined as H is cocommutative.
It induces an H-module structure on F(V'), which induces one on P(n) for all n by

condition (ii). The operad structure maps are then H-equivariant by construction. [

Let ¢ : H - H ® H be the comultiplication. For ¢ € H we write informally
(c®id)(c(g)) =22 9 © 9 @ g

Proposition 2.2.2. Let P = F(V)/(R) be a quadratic operad of H-modules as above.
A chain complex X is an algebra over P x H if and only if

(i) X is an H-module
(i) X is a P-algebra

(i1i) for each g € H, v €V and z,y € X,

g(v(z,y)) =Y _(=D)lerllerHo 10D g7 ) (g7 (2), 61" ().
Proof. The H-equivariance of the algebra map 0, : P(2) ® X ® X — X is given by

the commutativity of the following diagram:

id®02

HoP2)e X®X HoX
Jshufﬂeo(c@id)oc
HRPR2)e H X H® X ¢
J¢®¢®¢
PR)oX®X ” X,

where ¢ and 1 give the action of H on X and P(2) respectively. This diagram
translates, for the generators of P(2), into condition (iii) of the proposition. The
H-equivariance of the structure maps 0, for k > 2 is a consequence of the fact that V'
generates P(k), that the operadic composition is H-equivariance and that the map 6

1S associative. L]
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2.2.2 Batalin-Vilkovisky algebras

From now on we work over a field k of characteristic 0. As first application we give a
conceptual proof of a theorem of Getzler [9]. Recall that a Batalin-Vilkovisky algebra
X is a graded commutative algebra with a linear endomorphism A : X — X of degree
1 such that A% = 0 and for each x,y, 2 € X the following BV-axiom holds.

A(zyz) = Alzy)z + (—1)"zA(yz) + (-1) Iy A(2z) — A(z)yz

(2.1)
~(=)¥zA(y)z — (=) MayA(z) = 0.

Theorem 2.2.3. [9] Let H(fDy) = H(Dy)x H(SO(2)) be the homology of the framed
little 2-discs operad. An H(fDs)-algebra is exactly a Batalin-Vilkovisky algebra.

Proof. Let X be an algebra over H(fD,). By proposition 2.2.2 (condition (i)), X is
an H(SO(2))-module. As an algebra, H(SO(2)) = k[A]/A?, where A € H,(SO(2))
is the fundamental class. This provides X with an operator A of degree 1 satisfy-
ing A? = 0. Condition (ii) of proposition 2.2.2 tells us that X is an algebra over
H(Dy). The operad H(D,), called the Gerstenhaber operad, was identified by F.
Cohen [4]. This operad is quadratic, generated by the operations * € Hgy(D3(2))
and b € Hy(D(2)), corresponding to the class of a point and the fundamental class
under the SO(2)-equivariant homotopy equivalence Dy(2) ~ S*. The class * induces
a graded commutative product on X, while b induces a Lie bracket of degree 1, i.e.
a Lie algebra structure on on XX, the suspension of X, defined by (XX); = X; 1,
with bracket [z,y] = (—1)*lb(x,y). Cohen proved that the product and the bracket

satisfy the following Poisson relation:
[,y % 2] = [, y] % 2+ (1)WY e 2] (2.2)

In order to unravel condition (iii) of proposition 2.2.2, we must understand the
effect in homology of the SO(2)-action on Dy(2) ~ S'. Clearly A(x) = b because
the rotation of the generator in degree 0 gives precisely the fundamental 1-cycle.
Moreover A(b) = 0 by dimension. As A is primitive, condition (iii) (or the diagram
in the proof) applied respectively to (A, *,z,y) and (A, b, x,y) provides the following
relations:

Az xy) = A@)(2,y) + Alz) xy + (1)1 A(y); (2.3)
A(b(z,y)) = A®)(z,y) = b(A(x),y) + (=) b(z, Ay)) . (2.4)

As A(x) = b, equation 2.3 expresses the bracket in terms of the product and A :
[z, y] = (=DFA@ + y) = (~DFA(@) 5y — 2 % Ay). (2.5)
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If we substitute this expression into the Poisson relation 2.2 we get exactly the

BV-axiom 2.1. We can re-wright equation 2.4 as
Alz,y] = [A(x), y] + (=) [z, Ay)] (2.6)

which says that A is a derivation with respect to the bracket. To conclude we must
show that 2.4 and the Lie algebra axioms follow from the BV-axiom. This is shown
in Proposition 1.2 of [9]. O

Figure 2.1: Lantern relation

Remark 2.2.4. The lantern relation, introduced by Johnson for its relevance to the
mapping class group of surfaces [14] is defined by the following equation: Tp, =
T, T, Tp,To,To, Ty, where T denotes the Dehn twist along the curve C. See figure
2.1 for the relevant curves on a sphere with four holes, or equivalently on a disc with
three holes. The mapping class group of a sphere with 4 ordered holes, is the group of
path components of orientation preserving diffeomorphisms which fix pointwise the
boundary. The group is isomorphic to the pure ribbon braid group PR(3. The lantern
relation is thus a relation in PR3 and gives rise to a relation in H;(fD2(3)) which is
the abelianisation of PRf33. It was noted by Tillmann that, with this interpretation,
one gets precisely the BV-axiom 2.1. Indeed, up to signs, the curve E; represents
the operation (z,y,z) — Az %y x z. Moreover Ey corresponds to z * Ay * z, E3 to
rxyxAz, By to Alzxyx2z), Cp to A(xxy)xz, Cy to xxAy*2z) and Cs to y*x A(z*2).
This geometric interpretation shows that any H(fDs)-algebra is a BV-algebra.
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We will use alternatively the notations e, and H(D,) for the homology of the
little n-discs operad, by which we mean

{ en(k) := H (D,n(k)) k>1
en(0) = 0.

Algebras over the operad e,, n > 2, are called n-algebras. By assumption they
have no units. F. Cohen’s study of H(D,) in [5] implies that an n-algebra X is a

differential graded commutative algebra with a Lie bracket of degree n — 1, i.e.
(L1) [r,] + (=1) et n- 0 en 0y, ] = o,

(L2) Olz,y] = [0w,y] + (1)~ [z, 9y,

(L3) [z, [y, 2]] = [[z,y), ] + (=1){=Hn= D=y [z 2],

satisfying the Poisson relation

(P1) [x,y 2] = [z, y] % 2 + (=1)WIeln=Dy « [z 2]

Gerstenhaber algebras correspond to the case n = 2.

Note that D, (2) is SO(n)-equivariantly homotopic to S™!. In an n-algebra, the
product comes from the generating class x € Hy(D,(2)) = k and the bracket from
the fundamental class b € H,_1(D,(2)) = k, if we define [x,y] = (=1)Dllp(x, y).
The operad e, is quadratic [10].

In order to determine the homology operad H(fD,,), we need to know the Hopf
algebra structure of H(SO(n)) and the effect in homology of the action of SO(n) on
D,(2). For dimensional reasons, one always has d(b) = 0 for each 6 € H(SO(n)).
On the other hand 6(x) = 7.(0) is the action in homology of the evaluation map
7m:50(n) — S" !, by D, (2) ~ S" L.

Let us give two further examples:

Example 2.2.5. (i) An H(fDs3)-algebra is a 3-algebra together with an endomor-
phism § of degree 3 such that 6> = 0 and & is a derivation both with respect to the
product and the bracket.

(1) An H(fD,)-algebra is a commutative dg-algebra together with two linear endo-
morphisms o, 3 of degree 3, such that a®> =0, 2 =0, o = —Ba, o and the product
satisfy the BV-axiom 2.1, and [ is a derivation with respect to the product.
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Proof. (1) H(SO(3)) = A(9) is the free exterior algebra generated by the fundamental
class § € H3(SO(3)), and m.(0) = 0 by dimension. By proposition 2.2.2, X is
an H(fDs)-algebra if and only if X is a 3-algebra admitting an H(SO(3))-module
structure, i.e. an operator § of degree 3 with 62 = 0, such that the following relations
hold:

S(zxy) =z xy+ (—1)zxdy (2.7)

oz, y] = [0z, y] + (=1)"![z, dy], (2.8)

where those equations are obtained by plugging (§,*,z,y) and (d,b,z,y) in turn in
the diagram of proposition 2.2.2. In this case the operator b is equal to the bracket
and lies in degree 2 and 6(b) = 0.

(i) The evaluation fibration SO(3) — SO(4) — S? splits as a product. So
H(SO(4)) = Ao, B), with both generators in degree 3. The class a comes from the
basis, so m,(«) = b, whereas (3 comes from the fibre, so 7.(f) = 0.

As in the previous case, we know that an H(fD,)-algebra X is a 4-algebra with
two operators a and 3 both in degree 3, satisfying o? = 0 = 3? and a3 = —fa
and relations obtained by plugging («, *, z,vy), (a,b,z,y), (5,*,z,y) and (5,b,z,y)
in turn in the diagram. Using the identification b(x,y) = (—1)I*/[z,y], this gives the

following equations:

a(zxy) = (=1)z,y] + ax xy + (—D)Plz « ay (2.9)
afz,y] = az, y] + (1) [z, ay] (2.10)
Blany) = Brwy + (—1)Fla x By (2.11)
Blz,y] = [Bz,y] + (—1)* [z, By]. (2.12)

Note that equations 2.9 and 2.10 correspond precisely to the equations we had for A
and the bracket in theorem 2.2.3. So, by the same calculations, we know that a and
the product form a Batalin-Vilkovisky algebra of higher degree, i.e. a and * satisfy
equation 2.1 but the operator « is now in degree 3. There is an additional operator
0 of degree 3. Equation 2.11 says that [ is a derivation with respect to the product.
Using equation 2.9, one can rewrite equation 2.12 in terms of «, 3 and the product.

This shows that equation 2.12 is a consequence of equation 2.11. O
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2.2.3 General case

We need a lemma in order to state the general case.

Lemma 2.2.6. Forn > 1, over a field of characteristic 0, the Hopf algebra
H(SO(2n)) = N(bi, ..., Ba-1,q0n_1) 1 the free exterior algebra on primitive genera-
tors B; € Hy—1(SO(2n)) and ap—1 € Hop—1(SO(2n)). Moreover, m.(5;) = 0 for all i
and T, (qgn_1) = b € Ho, 1(S?"7Y) is the fundamental class.

The Hopf algebra H(SO(2n + 1)) = N(B1, ..., Bn) is the free exterior algebra on
primitive generators 5; € Hy—1(SO(2n + 1)), and m.(5;) = 0 for all .

Proof. The homology Serre spectral sequence of the principal fibration
SO(n) — SO(n+1) — S™ collapses at the Es term if n is odd; if n is even then there
is a non-trivial differential d(b) = a,,—; [24]. O

If a Hopf algebra H acts trivially, via the counit, on an operad P, we call the
semidirect product just the direct product and denote it by P x H. Note that a P x H-
algebra is an H-module X with a P-algebra structure satisfying an H-equivariance
condition which is trivial only if H acts trivially on X. In particular, any P-algebra
is a P x H-algebra with the trivial H-module structure.

Let us denote by BV,,, for n even, the Batalin-Vilkovisky operad with the operator
A in degree n — 1. Hence a BV,-algebra is a differential graded commutative algebra
with an operator A of degree n — 1 such that A? = 0 and the BV-equation (2.1)
holds.

Note that there is no non-trivial ¥s-equivariant map from Hy(Ds,41(2)) to
Ho,(D2n41(2)). So (2n+1)-algebras do not give rise to BV -structures like in the even

case.

Theorem 2.2.7. For n > 1 there are isomorphisms of operads
H(fDQnJrl) = H(D2n+1) X H(SO(Z” + 1))

and

H(fDon) = BVa, x H(SO(2n — 1)).

Hence an H(fDs,1)-algebra is a (2n + 1)-algebra together with endomorphisms
f3; of degree 4i — 1 for i = 1,...,n such that 82 =0, 3;3; = —3,0; for each i, j, and
each (; is a (2n + 1)-algebra derivation, i.e. a derivation both with respect to the

product and the bracket.
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On the other hand, an H(fDy,)-algebra is a BV;,-algebra together with endo-
morphisms J; of degree 4i — 1 for i = 1,...,n — 1 squaring to 0 and anti-commuting
as in the odd case, which moreover anti-commute with the BV operator A and are

derivations with respect to the product.

Proof. We have seen that the theorem is true for H(fD,), with n = 2,3,4. The
general case differs from example 2.2.5 (i) and (ii), for odd and even case respectively,
only by the presence of more operators, all of the same type in the odd case, and of
the type (8 in the even case. The degree of the operators varies, but they are all of
odd degree and so the equations they satisfy do not change.
More precisely, in the odd case, by lemma 2.2.6, we know that the

H(SO(2n + 1))-module structure gives operators (3;, i = 1,...,n, squaring to 0 and
anti-commuting. Having the same properties as § in example 2.2.5 (i), they all satisfy
equation 2.7 and 2.8, replacing § by ;.

The even case is similarly deduced from example 2.2.5 (ii). O

We already saw that iterated loop spaces are algebras over the framed discs operad.

We deduce the following example:

Example 2.2.8. The homology of an n-fold loop space H(2"(X)) is an algebra over
H(fDy).

Another interesting class of algebras over H(fD,,) is given by the space A"(X) of
unbased maps from S™ to a space X. Chas and Sullivan showed that the homology
of a free loop space AM on an oriented manifold M is a Batalin-Vilkovisky algebra
[3]. Sullivan and Voronov generalised it to higher dimension and have a geometrical

proof involving the so-called cacti operad.

Theorem 2.2.9. [36] Let M be a d-dimensional oriented manifold. Then the d-fold
desuspended homology X ~4H(A"M) of the unbased mapping space from the n-sphere
into M is an algebra over H(fD,1).
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2.3 Annex 1: How Ds-algebras are almost [D,-
algebras

Or attempts to construct S'-actions.

Consider the two following facts:

1) the group completion of any D,-algebra is an n-fold loop space, and n-fold loop
spaces are fD,-algebra.

2) the free D,-algebra on any space X is an fD,-algebra.

Our first attempt to understand the situation, before looking at an equivariant recog-
nition principle, was to try to use these facts to construct an fD,-structure on any
D,-algebra X, or at least on a space equivalent to X, without group completing. For
simplicity, we consider here only the case n = 2, thus trying to construct an S'-action
compatible with the existing Ds-structure.

In 2.3.2, using the first fact, i.e May’s recognition principle, we try to carry the
Sl-action existing on the double loop space Q?B(X?, Dy, X) back to B(Ds, Dy, X),
which is a space equivalent to X. Extending the map Dy X — Q%¥? to a map
fDyX — Q%32 we first show how the pull back of the action naturally lives on
B(f Dy, Dy, X) rather than on B(Ds, Dy, X). After this pessimistic observation, we
explain how the natural action one would construct on B(Dy, Dy, X) leads to requiring
the existence of an action on X precisely of the form we are trying to construct! In
other words, we arrive at the modest conclusion that if X is an fDs-algebra, so
is B(Ds, Dy, X). We actually construct the fDs-structure used in the equivariant
recognition principle (theorem 2.1.1).

In 2.3.3, we try to construct an S'-action on X using the second fact mentioned
above. The idea is to use the map Dy X — X. We show that finding any sec-
tion/splitting of this map is actually useless in the sense that the induced action on
X will not be of the right form.

We begin the section by giving an explicit description of fD; in terms of complex
numbers. It is followed by a detailed description of the situation.
As our two attempts failed, the question of finding, for any D,-algebra, an equiv-

alent fD,-algebra, stays open.
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2.3.1 Detailed description

The framed little 2-discs operad fD, can be described explicitly as follows: Consid-
ering D? as the unit disc in the complex plane, an element of fDy(k) is determined
by a pair of vectors (s,a) € C* x CF, where (s,a) represents the embedding which
sends the ith disk D? to s;.D? +a;. So for each i, s; encodes the dilation and rotation
applied to the ith disc and a; encodes the translation. Note that, of course, not any
couple (s,a) defines an element of fD,. In these notations, the operad structure map
is given by 7((s, a), (t',0"), ..., (t*,b"))

= ((s1t1, 8101 + a1), ..., (s1th,s1by, 4+ ar), ..., (spth  spbf 4+ a))

Note that Dy is the sub-operad consisting of the (s,a) € fDy with (s,a) € R x C.

As fDy = Dy x S, to construct an fDs-structure on a Ds-algebra, we need (and
it is sufficient) to give an action of the circle S* which is compatible with the existent
Ds-structure in the following sense : if X is a Dy-algebra, with structure maps 6p,,

for any ¢ € Dy(k), z; € X and s € S, the action must satisfy

s(0p,(c,z1,...,x)) = Op,(sc, sxy, ..., sTE),

where the action of S! on an element of Dy is by rotation of the discs around its

centre. In the above notations, for ¢ = (r,a) € R¥ x C*, s.(r,a) = (r, s.a).

We have such an action on DX, the free Dy-algebra on the pointed space X (see
example 1.3.11). For ¢ € Dy(k), s € S* and z; € X, the action is defined by

s(c,xy, ..., xx) = (s¢,xq,. .., xx).

Also, any double loop space admits an fDs-structure. In this case, the S!-action

on f:D? — X is given by

s[f®)] — [f(ts71)],

still considering D? and S! as a subsets of the complex numbers.
Using May’s recognition principle, we deduce that the group completion of any
Ds-space X is weakly homotopy equivalent to an fDs-space.

2.3.2 May’s circle action

May defined a map of monads « : Dy — Q2?32 This map can be extended to fDs,

i.e. there exists a monad map 3 : fDy; — Q2?%2 such that the following diagram
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commutes :
D, \
fD,—2 Sy,
where ¢ is induced by the natural inclusion of Dy into fDs. The maps « and [ are
given by
a=0p,ongs: and [ =0;p, ongsz,

where 0p, and 8;p, are the Dy- and fDy-algebra structure maps on 0?¥%2X (as a
double loop space). Explicitly, 8 : fDy X — Q222X is given by

if ¢ is in the ¢** disk
otherwise

B((s,a), 21, ..., x) = [t € D? — { [*Sz‘1<t — a;), i

for (s,a) € fDy(k) and z; € X.
The map « is given by the same formula with s € R¥ (multiplication by s; ' being
then a dilation without rotation).

Note that o and (3 are injective.

Let ¢ — D be a morphism of monads and let X be a C-algebra. A map
of double bar constructions B(D,C,X) — B(D’,C’", X’) is given by a morphism
of monads ¢ : C — (', a natural transformation D — D’ and a morphism of

C-algebras X — ¢* X’ such that the following diagram commute

DC ——D'C'

|

DD ——D'D'.

In our case, this diagram will always commute because we work only with the inclu-
sions Dy < fDy < 2232 and their composition. Also, we will always be in the case
X = X’ and use the pull back structure on X (from X’ = X). In the case X = Q?Y,
the Ds- and f Ds-algebra structures we defined are in fact the pull back structure of
the Q2X2-structure on Q2Y.

Let X be a Dy-algebra. Recall from section 2.1 that, for the recognition principle,

May uses the following resolution of X:

B(DQ,DQ,X) ~ X.
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The map « defined above induces a map

B(a,1,1

B(Ds, Dy, X) P8V B(Q252, Dy, X) =5 Q2B(52, Dy, X),
the first map being a (weak) homotopy equivalence whenever X is group like.

On the simplicial level, B,(Q?Y2, Dy, X) = Q?B,(X?, Dy, X). The S'-action on
O?B(X?% Dy, X), as a double loop space, is simplicial as the boundary maps are of
the form ;(f) = d6; o f, for f € Q*¥2DIX, while the circle action is of the form
f¢ = for,, where ry denotes the rotation by s € S'. So we also have an action on
the space B(Q2*X2, Dy, X). We would like to pull back this action on B(Dy, Dy, X).

We explain how we fail miserably.

Note that the S'-actions in our setting are part of a richer structure, an fD,-

algebra structure. So S'-maps should actually be fDy-maps.

We have the following commutative diagram:

B(fDs, Dy, X)©5'

B(Dy, Dy, X) B(Q2%2, Dy, X)05".

This diagram suggests that we won’t be able to pull back the S'-action from
B(Q?Y% Dy, X) to B(Ds, Dy, X), as the natural pull back of the action is on
B(f Dy, Dy, X), not on B(Ds, Dy, X). The action is encoded in the framed discs and

the set of unframed discs, the discs with s € R*, is not stable under this action.

In particular, our attempts to construct a circle action on B(D3, Dy, X) respecting
or not respecting May’s map, all failed... The following phenomena happens: we
want to construct a simplicial action on B(Ds, Ds, X). We think of B,(Ds, Dy, X) =
DgHX as having ¢ + 2 “levels”, the first being the element of Dy coming from the
first Dy (counting from the left), the second being composed of the elements coming
from the second Dy, up to the last level which is formed of elements of X. If you want
to rotate the first component of an element of B(Ds, Dy, X), the boundary maps tell
you that you have to rotated the next level as well, and the next, etc. Eventually,
the last boundary maps tells you that you have to rotate the elements of X in a way

which is compatible with its Ds-structure, which is precisely the sort of rotation we
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are trying to construct! And we want to rotate the first component because it is
largely suggested by what the action is on B(Q?%?, Dy, X) or B(f Dy, Dy, X).

The idea is that in the two last mentioned spaces, the rotation is “remembered”
by the first factor (f Dy or 2%%:?), so that it does some sort of rotation to what follows
when you do the first boundary map. If the rotation is not recorded, as it is the case

with Dy, then you have to rotate what follows “in advance”.

2.3.3 Sl-action form D> X

We would want to think that it should be possible to use the S!-action on Dy X to
get one on X. More precisely, for z = 0(c,y1,...,y:) and s € S, we would want
to define z* as being 6(c®,y1,...,yx). This would become the problem of finding a
section X — Dy X. We know a section (z +— (1, x)), which induces the trivial action
of S' on X, which is not compatible with the Ds-structure. This is unfortunately
true in general. Whatever the section is —if ever we could find another one—, the
action induced would not be compatible. Indeed, we need x® = 6(c%,yj,...,y3),
not =° = 6(c®,y1,...,yr). Note also that a tricky sort of induction (deciding some

elements as fixed points and then induce the rest) sounds rather hopeless...
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2.4 Annex 2: Twisted monads and another recog-
nition principle

In this section, we work in the category of pointed topological spaces. “Twisted
monads” generalise the notion of semidirect product for topological operads. Recall
that any unital operad has an associated monad which has the same algebras as the
operad. Proposition 1.3.7 tells us that the monad associated to a semidirect product
operad is of the form P(G4 A X), where P is the monad associated to an operad and
G is a topological monoid. We know that the algebras over this monad are G-spaces
with a G-equivariant P-algebra structure. Now not all monads come from operads.
We give in this section a larger class of monads having a property of this type for
their algebras. We call these twisted monads, rather than semidirect products, for
historical reasons.

The motivation for extending semidirect products to more general monads is that
we wanted to define a monad “Q?%2% xS which would correspond to fDy = Dy S?.
Clearly, as a functor, we want (222 % 51) X to be Q*X?(SLAX). We define its monad
structure through a general theory of twisted monads. Studying this particular monad
more closely, we obtain a characterisation of its algebras: on double loop spaces, we
show that we can “deloop” the S'-action induced by the (2?X? x S')-structure.

Having constructed this twisted version of 22, we can now write a “framed
recognition principle”, which is a variant of the equivariant recognition principle. For
the equivariant recognition principle, we constructed group actions on the spaces used
in the original recognition principle. In this other version, we change the spaces so
that they come directly equipped with a framed discs algebra structure. In the bar
constructions, we replace Dy by fDy and 92222 by 92%2 x St. As in the equivariant
principle, we obtain a double loop space with an explicit S*-action on the deloop.

We study only the case n = 2 for simplicity.

2.4.1 Twisted monads

Let G be a monoid. Note that we can consider G as a monad by defining G(X) =
G+ N X, ug to be the multiplication of G (multiplication by the added base point
gives the base point) and ng the inclusion X — G, A X, mapping z to (e,z). A
structure of algebra over this monad A : G4 A X — X is then precisely a base point

preserving G-action on X.
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Let (M, ppr, mar) be a monad. Suppose that we are given a continuous homomor-
phism
p: G — End o, (M),

from G to the monad endomorphisms of M. So, for each g € G, the map p(g) is a
natural transformation from M to M commuting with the structure map 1y, and gy,

of M. In the case of u,, this means that

MMX =299 x

HM\L J/NM
p(g)

MX ———MX

commutes.

For any space Y we want an assembly map
a:Gi ANMY — M(GLAY).

Such a map always exists but might not be continuous: each g € G defines an inclusion
ig © Y — G4 ANY. Fitting the M(iy)’s together, this induces a map G4 AN Y —
M(G4+ ANY). We ask this map to be continuous. It is the case for example if M is a
continuous functor and M (%) = .
The map a is natural in Y in the sense that for f : Y — Z, the following diagram

commutes:

Gy ANMY —= M(G, A\Y)

idAM fJ lM (idAf)

Gy NMZ —5 M(G, NZ).

The diagram commutes as for each g € G, we have (idA f)oi, = i,0 f. The assembly

map also commutes with 7, and iy, in the following sense:

G, AY MG A MY Go ANMMY —%5 MM (G4 AY)
M J/a Z‘d/\'u,]\/[J J/H']VI
M(G4 NY) G ANMY —*— M(G,AY)

commute. This is obtained, for each ¢ € G, using the naturality of ny and

respectively.

Define the functor
(MxG)(X):=M(G: NX),
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and the natural transformations p and 7 via the following diagrams

M(GL AM(GyLAX)) - MG AX)

M (ANid)
M(Gy AGyAM(Gy A X))
M (idAa)

MG ANM(GL NG A

X 7 M(G4 A X).

ne M
G NX
Note that, in the definition of u, using the naturality of p, we can reverse the order of
a and p. This is also the case for the multiplication maps uy; and ug, a consequence

of the naturality of uys, so that the notation pps g is not ambiguous.
Proposition 2.4.1. This defines a monad structure on M xG.

Proof. The fact that 7 is a left unit for p is an easy consequence of the same property
for nyr and pyy, and of the naturality of n,,. To prove that it is also a right unit, we
need furthermore the commutation of a and p with 7y, as well as the commutation
of a with p.

The associativity of u follows from the associativity of s, pa, the fact that p is
a group homomorphism and p(g) is a morphism of monads (commutation with g,),

and from the naturality of uys, a, and p. O

A monad map between twisted monads
MxG — M'xG’

consists of a group map G — G’ and a monad map M — M’ commuting with the
group actions on M and M’ and with the assembly maps. This is a straightforward

consequence of the definition of 1 and 7 for a twisted monad.

The twisted monad M x G was constructed so that its algebras are precisely the
algebras over M having a G-action which commutes with their M-algebra structure

in a sense we make precise in the following proposition.
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Proposition 2.4.2. (X, ) is an M x G-algebra if and only if X is equipped with
an M-algebra structure A : M X — X and a G-action V : G N X — X such that

&= AoV and the following diagram commutes:

GoAMX — b m@G, A x) MY yx

] I

GiNX v X,

where [ = po (id A a) o (A ANid) (see definition of u for M xG above).

Proof. Suppose first that A and ¥ are given and that the diagram of the proposition
commutes. Define £ to be A o W. We have to check that ¢ defines an M x G-algebra
structure on X. This follows easily from the fact that X is an M-algebra structure on
X, W is a group action and the maps are natural.

For the converse, we suppose that £ is an M x G-algebra structure map for X.
Define

A MX X.

M(ng) /

MG NX)
Using the map M(ng) : MX — M(G4 A X), the required properties of A are

obtained as a consequence of the same properties for & with respect to M x G, the
fact that p(e) is the identity and the naturality of ny, and .
Define
U: Gy ANX X.

M(Gy N X)

The fact that ¥ is a G-action follows from the fact that £ is an algebra structure map
for X and from the naturality and unit property of n,.

Mapping M (G4 A X) — M(G, A M(G4 A X)) and using the properties of &
(diagram involving p and &), and the fact that pon = id, one obtains that £ =
Ao W, O

2.4.2 Some examples and their properties

From the operad case, we know already a few examples of twisted monads: fD, =
D,xSO0(n), BC® = BCPx BZ. We are interested in the following —non-operadic—
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examples: 222 x S!, with the endomorphisms of Q2X? defined in the first case as

being trivial (i.e. p;(s) is the identity for each s € S1), and in the second case as

p2 i STAQPYEX — 22X
(s,[c(t),z(t)]) +— [s.o(t.s™h),z(t.s7h)],
where t € D? s € S, considering S' C D? C C, and [o(t), z(t)] denote the element
of 22%2X which maps t to [o(t), z(t)] € ¥?>X. The S'-action on Q*%2X given by p,
is actually defined the make the map fDyX = (DyxS1)X — (0222 % S1) X induced
by a : Dy X — Q232X into a monad map. In particular, a is an S'-map with this

action.

If X = Q%Y is a double loop space, it is an algebra over Q?%? with a canonical
map

A IERYY — QY5 [o(t), [y(t w)]] = [y(t o (1),

where [y(¢, )] denotes for each ¢t € D? the loop u +— [y(t, u)]. If this structure extends
to an Q232 x St-algebra structure, the circle action on X has to be of a specific form,

as stated below.

Proposition 2.4.3. If X = Q%Y is a double loop space whose canonical Q?X2-algebra
structure extends to an 2°X2 x S'-algebra structure, then the induced S*-action ¥ on
Q%Y factors in an action on D? followed by an action on'Y . In the first case (trivial
twisting of Q*%% and S'), the action on D? is trivial:

U(s, [y@)]) = [sy@)];

and in the second case (monad structure obtained with ps), W rotates the disc before

acting on Y :
U(s, [y(t)]) = [sy(t.s™)].

In particular, the action on'Y can be trivial, so any double loop space is an algebra

over 232 x St in both cases.

Remark 2.4.4. We can formulate a similar statement for Q22 x G, where G is
any group acting on the disk D? for which Q?Y? x G is well-defined. We could also

consider Q"X

Proof. The commutativity of the diagram of proposition 2.4.2 provides, in the first
case, the following equality : U(s, [y(¢,0(t))]) = (s, [y(t,u)])(c(t)), where the right
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hand side is, for a fixed ¢, the image of the action of s on the double loop u +— y(t, u),

evaluated at o(t). In particular, taking [y(t,u)] = [y(u)], and o(t) = to, we have

U(s, [y(to)]) = W(s, ly(w)])(to). (%)

It follows that, if [y(u)] is a constant loop, ¥(s, [y(u)]) is also constant. We then have
a well-define S'-action on Y given by sy = ¥(s, [y])(0), where [y] denotes the constant
loop at y. Clearly, 1 acts as the identity. Moreover, s152y = ¥(s1, [¥(s2, [y])(0)])(0) =
U(sy, W(sq,[y]))(0) as U(sq, [y]) is a constant loop. Now this is U(sise, [y])(0) as ¥
is an action. Using (x) again, we obtain that W(s, [y(u)])(to) = V(s, [y(to)]) which is
[sy(to)] by definition of the action on Y.

In the second case, the diagram of proposition 2.4.2 gives V(s, [y(t,0(t))]) =
U(s, [y(t.s7u)])(s.o(t.s71)). Again, taking [y(t,u)] = [y(u)], and o(t) = to, we
have

U(s, [y(to)]) = V(s [y(w)])(sto).  (+).
For the same reason as above, this allows us the define the same action on Y. The
equation (**) gives then that W(s, [y(u)])(t,) = ¥(s, [y(te.s™1)]), which is [sy(te.s™1)]
by definition of the action on Y. O

We have encountered the monads Dy, fDy; = Dy xSt Q232 and Q2X2 x S1
(considered here with the non-trivial twisted structure). They are related as shown

in the following commutative diagram :

fDy X ey

q i

Dy(S1 A X) —5 Q282(SE A X)

Do X —— % 232X,

where v and (3 were defined in 2.3.2 and f is given by

All maps are monad maps but only the top diagram is composed of S!-maps.

60



Remark 2.4.5. Except for Dy, all the monads involved have “their” circle action as
part of their monad structure, i.e of the form p(m(s),-), for m(s) “in the monad”. For
example, in the case of Q22 the action U(s, [o(t), z(t)]) = pazse([u.s, [o(t), z(1)]]).
Thus, as we have monad maps, those circle actions are sent to circle actions. However,
there might be several circle actions of that sort for a monad and so a monad map is

not always an S'-map. This is the case for i : Q2X? — 2¥2 % St

2.4.3 Framed recognition principle

If X is an fDs-algebra, we can consider two forms of “recognition principle”. One
form is by taking the recognition principle for Ds-algebras and define appropriate
circle actions on the spaces used in that case. This is what we did for our equivariant
recognition principle (theorem 2.1.1). The other possibility is to use more appropriate

monads to construct the spaces involved. We explain this other approach here.

Instead of using the monads D, and 9232, we can rewrite the recognition prin-
ciple for fD,-algebras using the monads fD, and Q22 x S!. The point is that the

equivalence o : Do X — Q22X for X connected, provides an equivalence
a: Dy(SE A X) — Q°2%(SL A X),
ie. fDoX — (2222x SN X for X connected. Hence we have
X < B(fDs, fDy, X) — B(Q*%*x S, D, X),

where both maps are fDsy-algebra maps and weak equivalences for X connected. This

time, the fDy-actions are obtained by acting on the left factor of the bar constructions.

This provides the following double deloop of X:
B(Q*%%*x S, fDy, X) — Q*(B(X?%x S, fDy, X)),

where Y2 xS! is the functor sending X to X*(S} A X). Again, the circle action
on this double loop space is both by rotating the disc and by rotating the deloop
Y = B(X2x S, fDy, X).

The inclusion B(X? Dy, X) — B(X2x S, fDo, X) is an S'-map which provides
an equivalence of deloops. So we obtain a deloop equivalent as S'-space to the one

obtained in theorem 2.1.1.
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Chapter 3

Infinite loop space structures on
the stable mapping class groups

Let F,; be a surface of genus g with one boundary component. The mapping class
group I'y ; is the group of components of diffeomorphisms of F, ; which fix the bound-
ary pointwise. The groups I'y; are of special interest as, when g > 0, the classifying
space of I'y; is homotopy equivalent to the moduli space of Riemann surfaces of
topological type Fy ;.

By attaching a torus with two boundary components to Fj;, one can define a
homomorphism I'y; — I'j111. A theorem of Harer [12] improved by Ivanov [13] says
that this map induces an isomorphism on homology groups in dimension less than
g/2. Tillmann used this fact to show the existence of an infinite loop space structure
on BT}, the group completion of the classifying space of the stable mapping class
group I'eg = limg_,oI'g 1.

She has two different proofs of this fact. The first one uses a cobordism 2-category
S: the objects are one dimensional manifolds, the 1-morphisms are cobordisms be-
tween them and 2-morphisms are diffeomorphisms of the cobordisms. This category
has a natural symmetric monoidal structure given by disjoint union. The result fol-
lows from the fact that QBS is equivalent to Z x BI'Z. The second proof uses an
operad M associated to this category, considering only the surfaces with n “incom-
ing” and one “outgoing” boundary components. This operad is an infinite loop space
operad.

We show that the two infinite loop space structures are equivalent by producing

an equivalence of spectra.
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3.1 The mapping class groups operads

We give in this section a summary of Tillmann’s construction of the mapping class
group operad M, as given in [40], spelling out some of the details we will need in

section 3.3.

Let F,, 41 denote an oriented surface of genus g with n+ 1 boundary components.
One of the boundary components is marked; we call the n other components free. Each
free boundary component d; comes equipped with a collar, a map from [0,¢) x S*
to a neighbourhood of 0;; for the marked boundary component, there is a map from
(¢,0] x S* to a neighbourhood of the boundary. Let Diff"(F, ;) be the group of

orientation preserving diffeomorphisms which fix the collars, and let
Lynt1 = 7TO<Diff+<Fg,n+l; d))

be its group of components, the associated mapping class group. There is a normal
extension

Fg,n+1 — T 1 — En

g,(n),

The extension I'y )1 is the group of components of the orientation preserving dif-
feomorphisms that may permute the n free boundary components, preserving the
collars.

Consider the groupoids

Gy =[] Toma and Hy=]]Tgnn
g>0 g>0
for n > 0.
We want to construct an operad with those groupoids, using the techniques given

in section 1.2. There are maps

W g1 X Dhy o) X X Dy ni) 0 = Db (na 4 1

induced by gluing the marked boundary of the k surfaces Fj, ,+1 to the k free bound-
aries of the first surface. However, these maps cannot be made associative on the level
of the mapping class groups. In order to rectify this, we need to enlarge the groupoids
and so consider larger categories than the categories Cﬁj”:ﬁf (in the notation of section
1.2).
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3.1.1 Construction of the categories &,

Pick three atomic surfaces with fixed collars of the boundary components: a disc
D = Fy1, a pair of pants surfaces P = F{3 and a torus 7' = F} 5 with two boundary

components (see figure 3.1).

@D@

P T

EZroy

Figure 3.1: Basic surfaces

Define a connected groupoid &, ,,; with objects (F, o), where F' is a surface of type
F,,+1 constructed from D, P and T by gluing the marked boundary of one surface
to one of the free boundaries of another using the given parametrisation, and o is an
ordering of the n free boundary components. Note that each boundary component of
F comes equipped with a collar. The set of morphisms from (F, o) to (F’,0’) are the
homotopy classes I'(F, F') = moDif fT(F, F'; 9) of orientation preserving diffeomor-
phisms preserving the collars and the ordering of the boundaries. The group ¥,, acts

freely on &, ,, 1 and there is a homotopy equivalence BE, ,, 1 ~ B’y ,41.

By construction, gluing of surfaces induces now an associative and Y-equivariant

structure map on the categories. Thus on the classifying spaces, we have maps
v - ng7k71 X thlvnhl X ... X thkﬂk,l — ng—l—hl—i---~+hk,n1+~--+nk,1a

which are associative and Y-equivariant. However, {]] 450 BE, 1 tnen does not pre-
cisely form an operad yet as there is no unit.

The operad M is obtained by applying two quotient constructions on the cat-
egories &;,1 and taking the classifying spaces of the modified categories. Those
constructions provide M with a unit and make the product induced by the gluing of

a pair of pants associative and unital. This ensures compatibility with the operads
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', BCS and BCT8 constructed in section 1.2 and gives an actual monoid structure to
M-algebras.

For the first quotient construction, fix isotopies ¢ : y(P;D,.) — ~(P;_, D),
and ¢y : y(P;_, P) — ~(P;P,.). Define two surfaces F' and F’ to be equivalent
if F' can be isotoped to F’ by applying ¢, ¢» and their inverses to its subsurfaces.
Let F° be the unique representative in each equivalent class having no subsurfaces of
the type v(P; D, _) or (P; _, P) and consider the full subcategory generated by these
surfaces. The isotopies ¢, and ¢, define a isotopies ¢ : F — F° for every F to the
representative of its equivalent class. Define the new structure maps 7" on objects by
taking the unique representative of the image of v on the surfaces. On morphisms,
VO, 1, k) = dpy(W, 1, ..., )¢5, where F and F” are the images by ~ of
the sources and target surfaces of the maps 7). The map 7 is again associative.

For the second quotient construction, choose an isotopy ¢ : v(P; , D) — S1x 0, 1]
and denote by ¢ its composition with the projection map S'x[0,1] — S!. Now replace
every occurrence of y(P;_, D) by S!, yielding surfaces F, and identify the mapping
class groups I'(F, F’) and I'(F, F') via the homotopies ¢5 : F — F and ¢pr : F' — F'
generated by ¢. The structure maps 7 induce maps 70 on this new category as we
are working on the level of the mapping class groups. The map +° has now a unit,
the only object St in & 1 (with automorphism group Z thought of as generated by
the Dehn twist around S').

There are operad maps
BCP — BC* — M TS T,

where 7 is given on objects by the projection on the labels.

3.1.2 Infinite loop space structure

U. Tillmann showed in [40] that M is an infinite loop space operad, i.e. that the
group completion of any M-algebra is weakly homotopy equivalent to an infinite
loop space. She first identified the free M-algebra on any space X.

Let G denote the group completion functor, let M denote the monad associated
to the operad M (definition 1.1.9) and let Q(X) = lim,,_,,2"¥". Barrat and Eccles
show in [1] that GT'X is naturally homotopy equivalent to Q(X).

Theorem 3.1.1. [40] The maps M (X) — M(x) and M(X) — I'(X) induce a natural

homotopy equivalence on group completion:

GM(X) ~ (Z x BI'L) x Q(X).
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In particular,
GM(x) ~7Z x BT'L.

The map 7 : GM(X) — GM (%), induced by X — #, is a map of simplicial groups
and hence a Kan fibration. Let GF(X) be its fibre. The inclusion ¥ — X induces
a splitting GM (x) — GM (X)) of 7 which is also a map of simplicial groups. Thus
GM (X) splits as a simplicial set.

Corollary 3.1.2. [{0] GM(X) = GM(x) x GF(X) and GF(X) — GI'(X).

Theorem 3.1.3. [/0] If X is an M-algebra, G(X) is weakly homotopy equivalent to

an infinite loop space.

The theorem is proved by constructing a space equivalent to G(X) for which one
can give explicit deloops. We give here a precise description of the deloops we will
use for the comparison.

Consider the space |GM (M*(Y))|, which is equivalent to Y. On each simplicial
level, we have GM (M™(Y')) = GM (x) x GF(M™(Y")). The space |GM (M*(Y'))| carries

a free GM (x)-action which gives rise to the principal fibration
GM (x) — [GM(M"(Y))| — [GF(M"(Y))],

where the simplicial space GF(M*(Y)) is defined to be GM(M*(Y))/GM (x). We
know that on each level, (GF(M*(Y))), = GF(M"™(Y)). It inherits a simplicial
structure from GM (M*(Y)), with dy induced by GFMX 4 gM X 2 GFX. Now

consider Y = M (%) x X and compare the above fibration to
GM(x) — GM (%) x GX — (GM (%) x GX)/GM (%),

where GM (x) acts diagonally on GM (%) x GX, acting on GX via the map GM (x) —
GM(X) — GX. The equivalence |GM (M*(Y))| — Y, induces a map of principal

fibrations:

GM (%) —— [GM (M*(M (+) x X))| —— |GF(M*(M(x) x X))|

| : :

GM (%) ————— GM (%) x GX ———— (GM (%) x GX)/GM (%)

‘\lz

gXxX

We deduce that ) is an equivalence. Furthermore, the map GX —— GM (x) xGX ,
(GM(M(M(x) x X)| == |GF(M*(M(x) x X))| = (GM(x) x GX)/GM (x) —
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GX is the identity. It follows that the map p o j o4, which sends = to (1,D,x) €
|GF(M*(M(x) x X))|, where D is the disc, induces the equivalence

GX = |GF(M*(M (%) x X))|.

The ith deloop of GX is then given by |GF(S* A M*(M(x) x X))|. We give below
in details the simplicial structure of the case X = M(x). This is the case we are
interested in as the group completion of M (x) is equivalent to Z x BI'l . We will
in fact consider a slight variant of the deloops because of base point problem in the
map we construct in the next section. We will also work with GI" rather than GF to
simplify the comparison map.

For ¢ > 0, define

E' = |GT(S" A M ((M(x) x M(x))))l.

Proposition 3.1.4. The map |GF(S* AN M*(M(x) x M(x)))| — E* induced by
GF(X) — GI'(X) and M(x) x M(x) — (M(x) x M(x))s, gives an equivalence

of spectra.

Proof. Consider first the group completion of (M () x M (x)),.

As M (x) =[] 5o BT'y,1, the monoid of components of (M (x) x M (x)) 4 is (NxN) ;. Its
group completion is Z x Z. Also, since the limits on the components of (M () x M (x))
and (M (x) x M(x)), are the same, a calculation similar to the calculation of GM (x)

yields
G((M(%) x M(x))4) ~Z x Z x BT% x BTE ~ G(M(x) x M(x)).
We have again a principal fibration
GM (%) — |GM (M (M () x M(x))))| — [GF(M"((M () x M(x))1))I-

Comparing this fibration to the fibration GM (x) — GM (%) x GM (x) — GM (%), we
deduce that |GF(M*((M (%) x M(x))4))| =~ GM (). Comparing it in addition to the
fibration for |GM (M*(M(x) x M(x)))|, we deduce that the map |GF(M*(M (%) x
M) — |GF(M*((M () x M(x))4))|, induced by the inclusion, gives the equiva-
lence.

Now |GF(S* A M*(X))| — |GT(S* A M*(X))| is a map of spectra. So the map

given in the proposition is a map of connective spectra which induces an equivalence

X
X

on the first spaces. Hence it is an equivalence of spectra.
O
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Let par,may and pp, nr denote the monad structure maps of M and I' (induced
by the operad structure) and let § denote the M-algebra structure map of (M () x
M (x))4. Let m: M — T be the projection of operads.

For any operad P, there is a map ¢ : A x P(X) — P(A x X), sending an element
(a,p,x1,...,x) to (p,(a,x1),...,(a,x)). As I'(x) = {x}, the sequence of maps

T(A x M(X)) -2 T(M(A x X)) - ITT(A x X) 5 T(A x X)
induces a map on smash products
AMT(AANM(X)) —T(ANX).
The simplicial structure on E?, i > 0, is defined as follows.
= GI(S" A MP((M(x) x M(x)))

and
(50 = g()\) EZ — El

p—1’ . .
0; = grI’ ’/\MZ Yuar)) E,— E, , forl<i<p;

(S
5, _gr( A MPY(0)) - B B
Gr(s

pla
A MY (mar) E—>E for 0 <i <p.

3.2 Infinite loop space structure via disjoint union

U. Tillmann’s first proof of the existence of an infinite loop space structure on BI'1
was through the construction of a symmetric monoidal 2-category. A 2-category is a
category whose sets of morphisms are again categories and composition is given by
functors. Taking the classifying spaces of those morphism categories yields a category
enriched over Top. We denote by BS the resulting category for S. As we will not use
the structure of 2-category of S, we will only give here a precise description of BS.
We will actually construct a variant of the one given in [39], which was itself a variant
of [38]. The 2-category S has the natural numbers as set of objects, thought of as
the set of closed one-dimensional manifolds. The “l-morphisms” in § are cobordisms
between them, and the “2-morphisms” are diffeomorphisms of the cobordisms which
preserve the boundaries (in [39]) or elements of the corresponding mapping class
group (in [38]). We use here the mapping class groups as 2-morphisms. Also, we
will apply to the morphism categories the same quotient constructions we applied to
the categories &, ,1 when constructing the operad M in 3.1.1. This is to help the

comparison of the two infinite loop space structures.
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Tillmann showed that QBS ~ Z x BT'L, where BS denotes the classifying space
of BS. As disjoint union induces a symmetric monoidal structure on BS, BS is an

infinite loop space, which yields the second infinite loop space structure on BT'L.

The monoidal category BS is defined as follows. The objects of § are the natural
numbers 0, 1,2, ..., with monoidal structure given by addition.

To define the morphism spaces, we first construct categories £(n,m) for each
n,m € N with m # 0. An object of £(n,m) is a couple (F, o) where F' is a surface
with n ‘in-coming’ and m ‘out-going’ boundary component, obtained from the basic
surfaces D, P and T (see figure 3.1), as in 3.1.1, by gluing the marked boundary of
one surface to a free boundary of another, with the additional possibility here to take
disjoint union, and ¢ is a labelling of the n free boundary components and of the m
marked components (see figure 3.2). So F' = Fy [[--- ][ F» where F; is an object of
Eg, ki for some g;, k; with Xk; = n.

Figure 3.2: Object of £(5,2)

The set of morphisms between F' and G in £(n,m) is empty unless F' and G
are diffeomorphic. In that case, it is the group of components myDiff" (F, G, d) of
orientation preserving diffeomorphisms which fix the boundaries preserving the labels.
In particular, £(n,1) =[5 Egn1-

Now apply to £(n,m) the quotient constructions defined for the categories &,
in 3.1.1. So we apply the quotient on each component of the objects and take the full
subcategory containing the chosen reprensentatives. Note that the modified version
of £(n,n) now contains the symmetic group, represented by disjoint copies of the
circle with labels “on each side”.

The morphism space BS(n,m), for m # 0, is defined to be the classifying space

of the resulting quotient category. BS(n,0) is empty unless n = 0, in which case it is
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just the identity. Composition in BS is induced by gluing the surfaces according to
the labels, which can be done using the operad map v on each component. This is

well-defined as v is well-defined on the quotient categories.
Disjoint union of surfaces induces a symmetric monoidal structure on BS.

Let BS denote the classifying space of BS:
BS = B(BS).
Theorem 3.2.1. [39] QBS ~ Z x BT'Y.

The proof of [39] can be applied to our modified version of BS. Indeed, our
morphism spaces are equivalent to the ones constructed in [39], except for BS(n,n),
which has an added base point in [39]. However, the telescopes of BS(1,1) and
BS(1,1), are equivalent and this is enough to adapt the proof.

As BS is a symmetric monoidal category and BS is connected, we know that BS
is an infinite loop space [34]. Thus QBS is an infinite loop space. So we get another

proof of the existence of an infinite loop space structure on the stable mapping class

group:
Corollary 3.2.2. Z x BT'L is an infinite loop space.

In this case, we use Barrat and Eccles machinery to get the deloops of Z x BI'l,

[1]. They are given, in our notations, by the following formula:
F' = |GT(S™ ' AT*(BS))| fori>1,
where the simplicial structure is defined similarly to the one of E?, which is given in

detail at the end of section 3.1.

3.3 Comparison of the two structures

The existence of an infinite loop space structure on Z x BI'l is a surprising fact.
The existence of two such structures would be even more surprising! U. Tillmann
showed in [38] that the first deloops are the same. We construct here a map of
spectra from the “pair of pants” spectrum to the “disjoint union” spectrum, which is

an equivalence. The map we construct is different from the map constructed in [38].
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The deloops are given as realisation of simplicial spaces E% and F!. We will first
construct maps f, : £} — F} on the p-simplices. The maps f, almost form a simplicial
map. All commutations required for f, to be a simplicial map are satisfied except
that 9, f, is homotopic to f,_10, rather than equal. Thanks to the existence of higher
homotopies, we will show how this map can be rectified. Once the map rectified, we

show that it gives an equivalence of spectra.

3.3.1 Construction of the maps f;

We want to construct a map from Ef = GI'(S* A MP((M(x) x M(x))4)) to F) =
Gr (St AT?(BS)) for i > 1. By construction, to an element of M(x) = M(0)
precisely corresponds a morphism from 0 to 1 in the category BS. In particular, two

such elements define a loop in BS. This is what we will use fact to construct our

map.
1 1

Y2
Zo 5

Figure 3.3: Map from S* A (M (x) x M(x)), to BS
We construct first a bisimplicial map
Qgp,q 5 S; X (My(*) X My(*)) — BpeS,

where S! is viewed as a simplicial space with two 0-simplices zg, z; and two non-
degenerate 1-simplices yi, yo (see figure 3.3), and BS is viewed as the bisimplicial
space B, ,S = B,(B,S), where the second simplicial dimension is from the simplicial
structure of the morphism sets. Let F = Fj Ju Jo F,and G = G &S
G, be g-simplices of M (x).

Define
gl F,G) = i fori=0,1,;
5 F
¢17Q(y17E7Q) — 0 —_— 1’

5 G

¢1,Q(y27E7Q) = 0—1.
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This induces a map

¢ STA(M(¥) x M(%)), — BS,
where ¢, = éq,q is given explicitly by
¢Q(qu—i s Sj127E7 Q) = Sjgi - Sjlgz;LCI(Z?E? Q)?

for any i-simplex z of S with ¢ = 0,1, and s; : S} — S}, on the left hand side and

s; : Bp(B,S) — Bpy1(B,S) on the right, with 1 <p < ¢ —i.

The basepoint of M (%) x M (x) is (D, D) and its image under ¢ is a contractible
loop, but it is not actually the trivial loop. This is why we work with (M (x) x M (%)),
rather than M () x M (x).

Recall from [1] that for I" there is an assembly map
a: AANT(X) —>T(ANX).

Combining a, ¢ and the projection of operads 7, we get a map

GL(S' A MP((M (%) x M(#)))) —— gr (s AT?(BS))
QF(S"AwP)l TgF(S“AFW))
GL(S"ATP((M (%) x M(3)1)) — 512 GT (S ATP(ST A (M (%) x M(x)),.)).

Proposition 3.3.1. Let §; and s; denote the boundary and degeneracy maps of both
simplicial spaces E' and F'. Then the maps f; : E; — F; satisfy

5]](; = ;71(% fOT 0 <j<p

and

sjf;;: ;i+13j for 0< 75 <np.

Proof. The boundary maps ¢;, for 0 < i < p, and the degeneracies for E? and F! are
defined in terms of the operad structure maps of M and I'. The map f, commutes

with all of those maps because f maps M to I' via an operad map. O

The last commutation relation necessary to have a simplicial map, 6,f, = fp—19,
is not satisfied in our case, but it is satisfied up to homotopy. What happens is more
easily understood by looking at figure 3.4. The last boundary map uses the M-algebra
structure of M (*) x M (x) in E? and the I-structure of BS in F'. When doing first d,,
the elements of each copy of M (x) are glued together by a surface F' (the same in each
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component, shown as a pair of pants in the figure). If one starts by applying f;, the
surface F' is sent to an element of I' which will act by disjoint union. So we get two
different loops in BS, one going along morphisms defined by disjoint unions of the
surfaces, the other going along the morphisms where the disjoint surfaces are glued
to F. Now F also defines a morphism in BS which provides a homotopy between
the two loops in BS. Indeed, the loops are seen to be the boundaries of a couple of

2-simplices.

The other reason why this map is promising is that it would be a map of spectra
if it was a map. We explain this in more details.

The spaces E; and F; for ¢« > 1 form two spectra. This means that there are
equivalences €, : Bf — QF™! and €, : ' — QF*'. We will denote both maps

simply by €. Both adjoints € can be expressed simplicially by maps
€ SGL(S' A MP((M(%) x M(%));)) — GT(S™ A MP((M(%) x M(+));))

€ NG (S" ' AT?(BS)) — GI'(S' AT?(BS)),

where both maps are induced by Barrat and Eccles assembly map A A GI'(X) —
GI'(A A X). Note that this is possible because for any simplicial space X,, we have
XX, = 2| X,

The following proposition is a direct consequence of the definitions of f; and of

the spectrum structure maps.

Proposition 3.3.2. Forp > 0 and i > 1, the following diagram commutes:
S

SIGT(SP A MP((M (%) x M()),)) —2—— XGT (S AT?(BS))

=i —i
it+1

GT (S A MP((M(%) x M(%))4)) 22— GT(SI AT?(BS))

3.3.2 Rectification of the maps f;

We show in this section how one can rectify the maps f;; to get simplicial maps (f')%.
For this, we use a special case of the theory of rectification of diagrams of Dwyer
and Kan [6]. The idea is to look at a commutative diagram as a functor from a
discrete category D to Top, and a not quite commutative diagram as a functor from
a category D to Top, where the maps in D are “thicker” than in D. The construction
they use to rectify the functor is actually a form of double-sided bar construction.

The same construction was used by Segal in [34] to compare his T-spaces to the
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operadic approach to infinite loop spaces. We give here a proof of the result we use
(proposition 3.3.3) as we need to know more about it than what is spelled out in [6]
or [34].

We then construct the categories D and D relevant to our situation and show in
theorem 3.3.4 that we do have a functor from D to Top. The existence of a rectification

follows immediately.

Formally, let D be a discrete category and let D be a category enriched over Top,
which has the same objects as D and such that f)(x,y) ~ D(z,y) for any pair of
objects x,y.

The projection functor p : D — D, which projects D(z,) to D(x,y), induces a
functor

DTop p_*) bTop
from D-diagrams to D-diagrams. The functor p* has a left adjoint:
DTop (p_* nzaTop

where (p,F')(x) is defined as the realisation of a simplicial space whose nth space is

(P ) (), = H F(yo) X D(yo,y1) X -+ . X DWn_1,yn) X D(p(yn), x),
(Y05+-Yn)

where the y;, 0 < i < n, are objects of D and z is in D.

Two functors F' and G are said to be equivalent, denoted F' ~ G, if there is a chain
of natural transformations F' «— ... — G inducing an equivalence F'(z) ~ G(z) on
each object x.

There is an equivalence of functors
p'puF ~F

for any F in D™P. As D and D have the same objects, it means in particular that
p«F'(z) ~ F(x) for any object x. The functor p,F' is thus a “rectification” of F'.

The equivalence above can be given by the following maps:

Proposition 3.3.3. For a functor F : D — Top, define the functor p*p,F from D to
Top simplicially by

)W = ] Fwo) x Do, 1) X - X D1, Yn) X D, y),
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where the y;’s and y are objects of D. Then there are natural transformations

p'pF — p'p FF — F

inducing equivalences p*p, F(y) ~ p*p.F(y) ~ F(y), for all y in D.

Moreover, the natural transformations are natural in F.

Proof. The equivalence p*p, F' — p*p, F is clear because it is induced by the projection
functor D — D which is a homotopy equivalence on the space of morphisms.

Now p*p, F is of the form of a two-sided bar construction B(F, D, DX ), which gives
a resolution of FX. May gives an explicit simplicial homotopy for the equivalence
B(F,D,DX) ~ FX in [27]. It can be adapted to our case. Indeed, consider the
inclusion i : F(y) < p*p.F(y) defined by y — (y,id,) € F(y) x D(y,y), and the
map d : p*p.F(y) — F(y) defined by “doing all the boundary maps” and evaluating
F(yo) x ﬁ(yo, y) — F(y), using the fact that F'is a functor from D to Top. Clearly,
doi =1d. We are left to show that ¢ o d is homotopic to the identity. This can been
done by giving simplicial homotopies. Explicitly on g-simplices, the homotopies h;

for i = 0,...q are given by

hi:Sq...8i+107705i+1...5q,

where 7 : (p*poF); — (0" poF)ig1 is defined by adding id, € D(z,z) on the right of
the simplex.

Both natural transformations are natural in F' as the first one “doesn’t touch
F” and the second is by applying F to a morphism of D, which is natural in F by

definition of natural transformations. O

Note that the inclusion i : F'(y) — p*p,F(y) is not natural in y.

Let A° denote the simplicial category, i.e. the objects of A° are the natural
numbers and there are maps §; :p - p—1lands; : p —p+1foreachi=0,...,p,
satisfying the simplicial identities. So A% is such that (A°)T°P is the category of
simplicial spaces. Note that any morphism in A°(p, q) can be expressed uniquely as
a sequence s, ...S;j,0;, ...0; with 0 <ig < --- <4y <pand0<j; <--- <75 <gq
and ¢ —t+s=p [28].

We will consider the category D whose D-diagrams are precisely a couple of sim-

plicial spaces with a simplicial map between them. Informally, we write

D= [A% — A%,
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More formally, D has two copies of the natural numbers as set of objects. We will
denote those objects E, and F, for p € N (£, and F, will be mapped later on
to the spaces E; and Fzﬁ defined earlier, hence the notation). The full subcategory
of D containing E, for each p is isomorphic to A?. So D(E,, E,) = A®(p,q), and
similarly for the F},’s. Finally, there is a unique map f,, € D(E,, F},) which satisfies the
simplicial identities 6; f, = f,—10; and s;f, = fp+1s; for i = 0,...,p. So any morphism
in D from E, to I, can be written uniquely as a sequence sj, ... s; 0;, ...0d;, f, where
the indices are as above.

We now define a category D whose diagrams are a “relaxed” version of D-diagrams.
D is in fact defined in such a way that the data given at the beginning if this section
will induce a functor from D to Top.

Informally,
D = [A? = A%,

by which we mean that we have again two copies of AP as full subcategories, but now
we have “thicker” maps between the two sides. Formally, D has the same objects as
D and we will again denote them by £, and F},. The spaces of morphisms between the
E,’s and the F,’s are as before: D(E,, E,) = D(E,, E,) and D(F,, F,) = D(F,, F,).
To define ﬁ(Ep,Fq), we first define the degeneracy degree d(g) of a morphism g €
D(E,, F,). Let g = sj,...5;,0i,...0; fp. Then d(g) is the biggest k such that i, =
p—k+1, and d(g) = 0 if no such k exists. In other words, d counts the number of
“bad” maps, i.e. last boundary maps, occurring in g.
Now define

ﬁ(EpaFQ) = H Ad(g)’

9€D(Ep,Fy)

where A, is the standard d-simplex
Ad = {(td, . ,t0)|t2 > O’ Etz — 1}7

which we write backwards to fit with the indices of the d;’s. For each g € D(E,, F}),
there is a bijection
9: Dag) — D(Ey, Fy)

whose image is p~!(g), the space of morphisms “sitting over ¢”.

Composition in D is simplicial and is best understood by describing what happens
on the vertices.

Recall that all the simplicial identities between d;’s and s;’s are satisfied in D.

Also, note that there is a unique map (0-simplex) between E, and F, sitting over
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the simplicial map f, € D(E,, F,,). We denote this map again by f, and we set the
relation s;f, = fy415; for 0 < i < p and 6;f, = f,—10; for 0 < i < p. Because the
last relation, when ¢ = p, does not hold in D, there are exactly d(g) + 1 maps formed
of compositions of J;’s, s;’s and an fj projecting down to g = s;,...5j,0i, ...0;, fp
in D. We define those compositions to be the vertices of Agyy. More precisely, for

0 <k <d(g), define

g ‘= Sjt Ce Sj15is . '5ik+1fp*k5ik Ce 5i1 = f]((O, ceey 1, P ,O)),

where 1 is in the kth position counting backwards.

Note that the edges of the simplex then represent the homotopies between those
maps, i.e. the relations 0, fp—r = Op—rfp—r = [fp—r—10p—x. The rest of the simplex
give the higher coherence, making the space of maps over g contractible.

Now composition in D is determined by the vertices of the simplices. Indeed, a
map in ﬁ(Ep, F,) can only be pre-composed by a map in f?(E,,, E,) or post-composed
by a map in f?(Fq, Fy). Using the identities given above, we know how those compo-
sitions are defined on the vertices of the simplices of D(E,, F,). We then extend the
composition simplicially. We give here more details of what happens, in a case by
case description.

Consider g, g and g as above and set d = d(g).
Composition with s; : F,_; — Ej,.

By definition,
gkS; = Sj; - - - Sjl(sis ce 5ik+1fp*k’5ik N 6i18j7
= Sj; .- sjldis . 5id+15p—d+15p—d+2 .. 5p—kfp—k5p—k+1 PN 5p8j-
We want to write gis; in canonical form to know in which simplex it lies.

CASE 1: j > p—d.

As §;55 = s;0;_1 for i > j 4+ 1, ;418; = id and fis; = s; fx—1, We can move s; to
the left until it meets ¢;41, which it kills, having changed all the previous d; to d;_;.
We thus have

gkS; = S5 - - - Sj15is c. 5id+16pfd+16pfd+2 c. 5pfkfp7k5p7k+1 c. (Sp,1
if j > p—k, and

gkSj; = Sjp - - - sjléis R 6id+15p—d+15p—d+2 e 5p—k—1fp—k—15p—k e 51,_1
ifp—d<j<p—k.
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Hence the map §(Ag) — 975j(A4-1) is the jth degeneracy Ay — A4y (if j =
p — 1, g; and g;_; have the same image). In our example, pre-composing by s; will

actually give a degenerate d-simplex, so the map will be the obvious one.

CASE 2: j <p—d.

In this case, while moving s; down to the left, either s; will meet ¢; or ¢;4; and
kill it, or it will take its place with the other s;’s. Thus

GkSj = Sjt, - - sjiéi;, . 5i&+151’—d6p—d+1 o Op1 p—k—10p—k - - - Op—1,
where either ¢/ =t and s =s—1ort =t+1 and s = s. Note that d(gs;) = d
as iy, = (igy1 — 1 or igy2). So the map g(Ag) BN 95;(Ay) is the identity on the

d-simplex.
Composition with §; : E,11 — E,.

CASE 1: j >p—d+ 1.

In this case, d; brings one more “bad” map, so the degeneracy degree increases.
The map §(Ay) 2, gSj(AdH) is the jth face map (if j = p — [, the map does not hit
(96;)1)-

CASE 2: j<p—d+1.

Now g0; = sj, ... 5,04

AR Ot Op—dr2 - Op—ki1Sp—kt10p—kt2 - Opi,

tay1 P
where 7, , is either j or iz4; + 1, so the degeneracy degree does not increase. The

map §(Ay) o, 90;(Ag) is the identity on the d-simplex.
Composition with s; : F, — Fyq.

One gets §(Ag) 2> 5;9(Ag) is the identity on the d-simplex.
Composition with d; : F; — F,_;.

Here, while moving ¢; to the right, two things can happen: either d; gets killed
by an s; before reaching its place among the 9;’s, or it reaches its place. In the last
situation, either the degeneracy degree go up by one, or it does not. Hence either one

gets an identity on the d-simplex, or a face map.

Theorem 3.3.4. Let D be the category defined above. For each i > 0, there is a
functor
L;:D— Top
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such that Li(E,) = E, L;(F,) = F¢, where E, and F, denote the two subcategories
of D isomorphic to A%, and Li(f,) = fi
Proof. As E! and F! are simplicial spaces, the restriction of L; to each copy of A
in D is a well-defined functor. As the map f; satisfies the identities satisfied by f,
with the boundary and degeneracy maps, L; is also well defined on the vertices of the
simplices of the morphism spaces ﬁ(Ep, F,). We have to show that we can extend
the definition of L; to the whole simplices. To do this, we will exhibit the edges of
a generic simplex. It will then be clear from the structure of BS that we can fill in
the simplex: as BS is the realisation of the nerve of a category, it is made out of
simplices. We will just map simplices to simplices.

Let d = d(g) and consider
gk = S5 - - - sjl5is . 5ik+1fp—k5ik NN 51'1 and
gr = Sj; - .- sjléis . 5ik+15ik . 6iz+1fp—l5iz . 52'1.
To simplify the writing, set

X =(M(x) x M(x))y and A(Y)=gr(S"' AT 4Y)).
Consider the following diagram:
Ep

Gr(SianP—4d)
Gr(S: ATP=IM(X))

A(S* A MA(X))

8iy i,
G/Oﬂ-d
A(SY A MA(X)) 28D, qra-t(st A x)) 2 A(rit(BS))
éik“'éil+1 5ik“"5iz+1
1 dek (3 @) kot AL(¢) d—Fk
A(S A M) T grar(g1 p X)L, Arak(BS))

A(BiyBiyy )

A(BS) = Fi

p—d

Sjt“'éid+l

The maps g and g; are obtained by following the bottom and the top of the square

respectively. So for each k, g can be factorised as

gk B - AGSY A MYX) ™ aBS) = Fi, s
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with a and 3 independent of k.
We first construct a simplex of maps S' A M%(X) — BS having the maps hy, as
vertices. For 0 <[ < k < d, hy and h; are given by the two sides of the following

diagram:

SUA MEFMEX) —— TR (ST A X) —— TR (BS)

l‘sik'"dizH J{éik“'éil+l

MAH(ST A X) —— T4HF(ST A X) —— 4*(BS) — BS

Note that in what follows, when we say “surface”, we generally mean a chain
of surfaces and morphisms between them, which are elements of the mapping class
groups. As earlier, we use the notation F for such a chain. Gluing surfaces then
means “gluing” those elements of the mapping class group as well. This operation
induced on the mapping class group by gluing the surfaces gives both the operad
structure map of M and the composition in BS.

We think of M%(X) as being formed of d + 1 levels d,...,0: level d having the
surface coming from the M the most on the left, level d — 1 being composed of my_1
surfaces coming from the second M, and so on up to level 0 which is composed of
myo elements of X. In the above diagram, we start with the levels [,...,0 glued to
X. The map 0;, ...0.

i, on the left then glues similarly the levels k,...,1 + 1, then,
following the bottom of the diagram, h, takes the disjoint union of the surfaces thus
obtained, producing a couple of morphisms F ,, G} o from 0 to my, in BS. If; on the
other hand, we follow the top of the diagram, we obtain the map h; which, once the
levels [,...,0 glued to X, sends the surfaces to their disjoint union, producing two
morphisms F, o, G, ; from 0 to m; in BS.

Now the surface H,, obtained by gluing together the levels k,... [+ 1 gives a
morphism from m; to my, in BS which is such that Hy 0 F)y = F\ g and Hy ;0G5 =
G.o- This produces two 2-simplices in BS (see figure 3.4).

Now all the surfaces Hy,, for 0 < [ < k < d, fit together as the edges of the
d-simplex in BS

Fy £,
Mg <— Mg—1 <— ... <— My,

where F'; is the disjoint union of the surfaces of level . Define

hry I x S'AMYX) — BS
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Figure 3.4: Homotopy Hy

by
hkl(I Zo, ) = 0,
hi(I, 21, F) = Hy,
hkl(o S ) = gk(SlaF) = Ek,o () Qkp
hkl(l st F) gl(Sl,F) = El,o () G
where F = (F,, ..., F,,(F,,G,)), and extending simplicially (by filling the two 2-

simplices as in ﬁgure 3.4).

Now all the images of the maps hy; are 2-dimensional faces of a couple of (d+1)-

simplices:
£y £, £y
Mg <= ... mgy——0
and
Fy £y Gy
Mg «—— ... «— mg «— 0.

So we can extend the above to a map
h:Agx S*AMYX)— BS

with the 1-skeleton of Ay given by the maps hy; (we are forming a simplex of maps

ha- h
hg <5 ... 22 hy) and with

fL(Ad,yl,F):mC“£ ...£m0<E—OO

ﬁ(Ad,yg,F):md£ &m()(Q—OO
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The is determined by the image of the 1-skeleton of A,.
We finally obtain the map

f]AdXE;—>F;

by composing

Agx EVS Ay 5 AGST A MAX)) = A(Ag x S*A MAX)) 2™ ABS) 25
where a is the assembly map for A, defined pointwise (each point of A, defines a map
A(ST A MYUX)) — A(Ag x ST A M4(X))). This gives a continuous map as A is a

continuous functor. O
Using proposition 3.3.3, we have the following corollary:

Corollary 3.3.5. There exist simplicial spaces (E'). and (F'). equivalent to the sim-

* *

plicial spaces Ei and F! and a simplicial map (f')% : (E'). — (F')! such that the

* *

following diagram commutes:

TS
(&), — (F"),

In particular, |(E),| ~ |EL| and |(F").| ~ |FY].

Proof. Let L = p.(L;) : D — Top be the rectification of the functor L; defined
in theorem 3.3.4. Denote by (E')), (F'); and (f'); the images of E,, F, and f;
via L. By definition of the category D, (E') and (F”)! are simplicial spaces and
(f))%: (E"). — (F')! is a simplicial map.

We know that p*L} ~ L; : D — Top. Now note that p*(L}) aor = (Li) | op 1 AP —
Top, for each copy of A°? in D and the corresponding one in D, as p is the identity
. , por = L A .
spaces (E'). and (F"). are equivalent to ! and F! respectively.

on those subcategories. So L which precisely says that the simplicial

Lastly, as p*Li(f,) = (f’ );, the diagram given in the corollary commutes by nat-

urality of the equivalence. O
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3.3.3 Map of spectra

We have now constructed maps (f’)’ : (E')" — (F')" for i > 1, where the families of
spaces (E')" and (F”)" are equivalent to families of spaces E* and F*, both of which
form a spectrum. In this section, we will give a spectrum structure on the (E’)"’s and
(F")”s, and show that the maps (f’)* give a map of spectra. To obtain this result, we
use proposition 3.3.2 and the naturality of the rectification. We need two lemma.

We denote by the same letter € the maps B! — QE™!' and F' — QF! and
denote by € both adjoints, which are given simplicially by

€ :YE — E* and € :XF, — F*!
(see definition before proposition 3.3.2).

Lemma 3.3.6. For each i > 1, the two sequences of maps E; induce a natural trans-

formation of functors

Ei : ELZ — LZ'+1.
Proof. Recall that XL; and L;,; are functors from D to Top, and D is the category
[A? — A°]. We already know that the E; form a couple of simplicial maps and
commute with the maps f, (proposition 3.3.2). So we just need to check that the E;

commute with all the homotopies. This is clear because the map E; is induced by an
assembly map XGI'X — GI'Y X, which is natural in X [1]. O

The last result will give us a first step towards constructing the spectrum structure
on the (E')"s and (F")"’s, as well as showing that the rectification of f gives a map
of spectra. We need however another lemma which will allow us to go from the

rectification of X L; to the suspension of the rectification of L;.
Lemma 3.3.7. For any functor F, there are natural transformations
B:E(p'pF) — p'pu(EF)

B X(p*pF) — pp.(3F)

such that the following diagram is commutative

i} (=)
S(p'p.F) —— Z(p*p. F)

BJ Bl D()

p*p*(EF) ép*p*(ZF) Z—>ZF,

where p*p, F was defined in proposition 3.5.2.

In particular, B is an equivalence.
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Proof. There is an obvious map (X(p.F')(x)), — (p«(XF)(z)), inducing [ as

(E(peF)(@))n = LIS A (F(yo) x ... X D(yn, 7)) and
(p«(BF) () = [T(SY A Fy)) X ... X D(yn,z)). The map collapses a contractible
subspace of the first space. A map (3 is defined similarly.

One then checks that the diagram commutes. O
We can now prove the following theorem:

Theorem 3.3.8. There are maps (\)' : (E') — Q(E')*! and ()’ : (F')) —
Q(F" giving a spectrum structure on both (E')" and (F')* for i > 1 such that the
maps (f')": (E")" — (F')" form a map of spectra.

Proof. The map p, is a natural transformation Topﬁ — Top”. By lemma 3.3.6, we
have a natural transformation ©L; — L;;;. We denote by (XL;)’ — L/, its image
under p,.

Define the maps A below to be € o 3 and consider the following diagram:

(£

S(E")

Sf ,
7 p % %
p p EFp p
.| E;H —— fitl A
\ N N /
\ ~ N /
ni+1
it (fp it
(£, (F"),

This diagram commutes by proposition 3.3.2 for commutation of the square in the
centre, proposition 3.3.3 (naturality in F' of the equivalence p*p,F ~ F') for the
commutation of the left and right squares, because the equivalence is a natural trans-
formation of functors for the top and bottom squares, and by lemma 3.3.7 for the two
triangles.

Now the adjoint of X are equivalences as

E(E’) RS o4 — (B, —= > E!

(E/)H-l Ez—l—l Q(E/)H-l Q(~) QEH-I
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the commutation of the left diagram implies the commutation of the right one, and

the maps € are equivalences. O

3.3.4 Equivalence

We want to show in this section that the map of spectra f’ is an equivalence. As our
spectra are connective, it is enough to show that the first (/)" is an equivalence. We
defined f!, and so (f’)!, on the first deloop of Z x BTL . Define (f')° to be

(1) = Q) (B) = (B) — (F)° = (F).

Note that Q(E")! ~ Z x BT’ ~ Q(F’")'. We will show that (f’)? induces an equiva-

lence.

Lemma 3.3.9. There are maps ¢, : M(x) — GI(MP((M(x) x M(x))+)) and ¢ :
M(x) — QBS such that the following diagram commautes.

(B} D ()}
E} = GI(S A MP((M() x M(x)),)) — gr(I?(BS)) = F!
EGL(MP((M (%) x M(x))+)) BS
(M /
S M (%)

Proof. Define ¢, : M(x) — GU(MP((M(*) x M(x));)) by F — (1,...,1,(F, D)),
where D is the disc. And define ¢ to be the map which sends an element £ of M (x)
to the loop in BS going from 0 to 1 along the morphism defined by F, and back to
0 along the morphism defined by D, taking it backwards. So

1
Y F— E()D

0

One then checks that the bottom part of the diagram commutes. The top part

commutes by naturality of the equivalence. O

Theorem 3.3.10. The map of spectra f': (E') — (F') is an equivalence.
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Proof. Thinking of M (x) as a constant simplicial space, lemma 3.3.9 yields a commu-
tative diagram of simplicial spaces (with no map from E! to F!). Taking adjoints,

we get a commutative diagram

O(E")! a0, O(F)!
Q(:)1 IQ(:)
QB! = QIGr (S A Mf((M(*) % M(0):)] QGF(F”(Bf)) _ o
~ (=)
|GT(M*((M (%) x M(x))))| OBS
\ /
M(x)

Now the map ¢ induces the equivalence GM (x) — GT(M*((M (%) x M(x))4))
(see 3.1.2).

Also, 1+ M(x) = [[,50Bly1 — QBS ~ Z x BI'J, induces the equivalence
GM (%) — QBS. Indeed, v sends the gth component to the gth component (this
can be calculated by adding up numbers involving genus and boundary components
as explained in [37]). And it is the group completion map, generalised to categories.

So we get a commutative diagram

(E/)O (e (F/)O

1 T

G+——M(x)—— H

S| AT

GM (%)

where G’ and H are group completed spaces. Hence (f)° is an equivalence. Now
the spectra (E’) and (F’) are connective. Indeed, E* and F**! are connected for
i > 1 because GI'(X) is connected when X is connected and in both case we have a
suspension. Also, F'' ~ BS is connected. The result follows from the fact that a map

of connective spectra is an equivalence if it is an equivalence on the Oth spaces. [
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