Regularity for multi-phase variational problems
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Abstract

We prove C' regularity for local minimizers of the multi-phase energy:
W f|Dw|” + a(x)|Dw|? + b(x)|Dw|* dx,
Q

under sharp assumptions relating the couples (p, ¢) and (p, s) to the Holder exponents of the modulating
coeflicients a(-) and b(-), respectively.

1 Introduction and results

The aim of this paper is to analyze the regularity properties of non-autonomous variational integrals of the
type
WHfF(x,Dw)dx, (1.1
Q

where Q € R" is a bounded open domain with n > 2, and emphasize a few new phenomena emerging when
considering non-uniformly elliptic operators. Let us briefly review the situation. In the case of functionals
satisfying standard polynomial growth and ellipticity of the type

F(x,Dw) ~ [Dwl’  and  8.F(x,Dw) ~ |Dw|P~%Id , (1.2)

as for instance
W f a(x)|Dw|? dx , O<v<alx)<L, (1.3)
Q

the regularity of minimizers is well-understood. In particular, assuming that the partial function x — F(x,-)
is Holder continuous with some exponent (for example, a(-) is locally Holder continuous in the case of
(1.3)), then it turns out that the gradient of minima is locally Holder continuous. This is a well established
theory, both in the scalar and in the vectorial case, for which we refer for instance to [30, 31, 34, 38]. The
situation drastically changes when considering non-uniformly elliptic functionals. These are functionals so

that the ellipticity ratio

highest ei lue of 0. F(x,
R(z. B) = sup,.p highest eigenvalue of 0., F(x, z)

infcp lowest eigenvalue of 8, F(x,z)

where B C Q is a ball, might become unbounded with |z|. This is the case, for instance, of the double phase
functional given by

WHOQ) s w f IDw|? + a(x)|Dw|? dx . (1.4)
Q

This functional has been introduced by Zhikov in the context of Homogenization and its integrand changes
its growth - from p to g-rate - depending on the fact that x belongs to {a(-) = 0} or not (here is where the
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terminology double phase stems from). In the first case we have, following a terminology introduced in
[11], the p-phase, in the other we have the (p, g)-phase. In the case of (1.4), the regularity of minimizers is
regulated by a subtle interaction between the pointwise behaviour of the partial function x — F(x, -) and the
growth assumption satisfied by z — F(-, z). For instance, as established in the work of Baroni, Colombo and
Mingione [2, 3, 4, 11, 12], sufficient and necessary conditions for regularity of minimizers of the functional
(1.4) are that

q @

a() € C**(Q)  and , <1+ ~. (1.5)

Specifically, if (1.5) holds, then minimizers of the functional (1.4) are locally C'#-regular, for some By €
(0, 1), otherwise, they can be even discontinuous; see also [23, 24]. After these contributions, functionals
with double phase type have become a topic of intense study, see for instance [7, 8, 9, 16, 17, 28, 29, 39, 40].
The condition in (1.5) plays a role also when considering more general functionals of the type in (1.1),under
so called (p, g)-growth conditions, i.e.:

IDw|P < F(x,Dw) < |Dw|?  and  |Dw|P21d < 8..F(x,Dw) < |Dw|?21d .

For this we refer to [10, 21, 23]. Moreover, it intervenes in the validity of a corresponding Calderén-
Zygmund theory [13, 15]. We refer to the papers of Marcellini [35, 36, 37] for more on general functionals
with (p, g)-growth. The aim of this paper is to study a significant generalization of the functional (1.4),
considering a functional that exhibit three phases. We shall indeed consider the following Multi-Phase
variational energy

WHOQ) 5 w i H(w, Q) = f H(x,Dw)dx, 1< p<g<s, (1.6)
Q
with
H(x,2) := 2" + a(x)lz|? + b(x)lzl*, (1.7)
and where the functions a(-) and b(-) satisfy the following assumptions
aeC™Q), a()=0, a<(0,1], be CY¥Q), b(-)>0, Be(0,1]. (1.8)

As not to trivialize the problem, we specifically focus on the case in which the strict inequality (1.6), holds.
The analysis of this functional then opens the way to that of functional exhibiting an arbitrary number of
phases, and involves several subtle points. The main one can be described as follows. In the double phase
case of the functional (1.4) the main game is to control the interaction between the potentially degenerate
parte of the energy a(x)|Dw|? (here degenerate means that it can be a(x) = 0) with the non-degenerate one
|Dw|?, that always provides a solid rate of ellipticity. This is done in [4, 11, 12] via a careful comparison
scheme built in order to distinguish between the two phases. Here the situation changes and the matter
becomes more delicate. Indeed, the problem is to control the interaction between the two possibly degenerate
parts of the energy, that is a(x)|Dw|? and b(x)|Dw|*. A new aspect in fact emerges here. We see that, in
presence of a finer structure, conditions of the type in (1.5) can be in a sense relaxed. In fact, an immediate
application of (1.5) would provide us with the conditions a(-), b(-) € C>*(Q) with ¢/p, s/p < 1 + a/n, by
considering the global regularity of x — F(x, -). Instead, we see that the new condition coming into the play
takes into account more precisely the way the presence of x affects the growth with respect to the gradient
variable. Specifically, we shall assume that

214+ aa S<14f (1.9)
p n p n

In other words, less regularity is needed on the coeflicient affecting the g-growth, intermediate part of the

energy density. The main result of the paper is the following (see the next section for more definitions and

notation):



Theorem 1 (C'-local regularity) Ler u be a local minimizer of the functional (1.6) under assumptions
(1.8) and (1.9). Then there exists v = v(data) € (0, 1) such that u € Cl’V(Q).

loc

We remark that the sharpness of both conditions in (1.9) can be obtained by the same counterexamples in
[23, 24]. Moreover, as it is well-known from the regularity theory for the standard p-Laplacean case, the one
in Theorem 1 is the maximal regularity obtainable for u. A worth singling-out intermediate result towards
the proof of Theorem 1 is an intrinsic Morrey decay estimate, which reduces to a classical estimate in the
case of the p-Laplacean and that extends to the multi-phase case the one proved in [4, 11, 12] for minima of
functionals with a double phase.

Theorem 2 (Intrinsic Morrey Decay) Let u be a local minimizer of the functional (1.6) under assumptions
(1.8) and (1.9). Then, for every 9 € (0, n), there exists a positive constant ¢ = c(data(Qy), ?) such that the
decay estimate

f H(x,Du)dec(g)n_ﬁ f H(x, Du) dx (1.10)
B, r B,

holds whenever B, C B, € Qo € Q are concentric balls with) <o <r < 1.

Let us quickly describe the techniques we are employing to obtain the aforementioned theorems. The starting
point is the recent proof of regularity of minimizers of double-phase variational problems appeared in [4],
and based on a suitable use of harmonic type approximations lemmas (see also [12] for a first version).
This is just a general blueprint we move from to treat the the real new difficulty here. Indeed, as we are
dealing here with the presence of several phase transitions, and we have to carefully handle the regularity
of solutions on the zero sets {x € Q: a(x) = 0} and {x € Q: b(x) = 0}, that is, when the functional tends
to loose part of its ellipticity properties and switch their kind of ellipticity. Therefore we have to handle
the presence of two different transitions. We come up with a delicate scheme of alternatives and of nested
exit time arguments, carefully controlling the interaction between the two phase transitions. It is then clear
that the techniques introduced in this paper allow to prove regularity results for functionals with an arbitrary
large numbers of phases, for instance,

m
w»—>f |Dw|p+Za,~(x)|Du|p’ dx
Q i=1
with
0,a; Di a;
a() e ™), 1< <1+ 1<p<pi<-- < pm. (1.11)
p n

Finally, let us compare our result with the one obtained in [22, Theorem 1.1]. Both essentially give optimal
regularity for the gradient of minimizers, but there are some evident differences. Even if [22, Theorem
1.1] treats a larger class of functionals than the one covered by our Theorem 1, we do not require any
differentiability for the coefficients a(-) and b(-), cf. assumption (1.8). Moreover, we allow various rates of
ellipticity, as prescribed in (1.11). As anticipated above, asking that 1 < % < % <1+ M would result
in a trivialization of the problem. With minor modification, see [4, 16, 33], our procedure also covers the

regularity theory for minimizers of functionals with multi-phase structure, i.e. variational integrals of the
type

WHOW@Q) s w i Fw, Q) = f
Q

m
FoDw) + > @) fp(DW)| dx, 1<p<pi << pp,
i=1

with f,(z) ~ 121?, fp,(z) ~ |z|P" for all z € R", a;() € Co%(Q)and 1 < % <1+ % foranyie{l,---,m}.



2 Notation and preliminaries

In this section we establish some basic notation that we are going to use for the rest of the paper. As in
the Introduction, Q will denote an open, bounded subset of R" with n > 2. As usual, we shall denote by
¢ a general constant larger than one, which can vary from line to line. Relevant dependencies from certain
parameters will be emphasized using brackets, i.e.: ¢ = c¢(n, p, g, s) means that ¢ depends on n, p, g, s. We
denote with B,(xg) = {x € R": |x — xo| < r} the n-dimensional open ball centered at xo and with radius r > 0;
when non relevant or clear from the context, we will omit to indicate the centre as follows: B, = B,(xp).
When not differently specified, in the same context, balls with different radius will share the same center. If
A C R" is any measurable subset with finite and positive Lebesgue measure |A| > 0 and f: A—»RN, N > 1 is
a measurable map, we shall denote its integral average over A as

1
(Fa = f £ dx = - f £00) d.
A Al Ja

When A = B,, we shall write (f), := (f)p,. The integrand H(-) has already been defined in (1.7). With abuse
of notation we shall denote H(x, z) when z € R" and when z € R, that is when z is a scalar, so that we shall
intend both H: Q X R" — [0,00) and H: Q X R — [0, o0). The modulating coefficients a(-) and b(-) will
always satisfy (1.8). Here we recall that, if f: Q—R is any y-Holder continuous map with y € (0, 1) and
A c Q, then its Holder seminorm is defined as

[floy:a :== sup M [floy = [floy:a-

X,YEA, XY lx =yl

With ”9” we denote the partial derivative with respect to the z-variable. We are going to use several tools
from the Orlicz space setting, therefore we start with the following preliminaries.

Definition 1 A function ¢: [0, c0) — [0, c0) is said to be a Young function if it satisfies the following condi-
tions: ¢(0) = 0 and there exists the derivative ¢, which is right-continuous, non decreasing and satisfies

&0)=0, ¢@®>0 fort>0, and tlim ¢'(t) = .

Remark 1 In order to extrapolate good regularity properties for minimizers of functionals with ¢-growth,
we need to assume something more. Precisely, from now on, in addition to the basic assumptions listed in
Definition 1 we will also suppose that ¢ € C'[0, c0) N C2(0, o) and that

. _ (1)
YEow

This is equivalent to the so-called A, condition, since ¢ — ¢(f) is non decreasing, see [19], Section 2.

< s, unifornly in 7. 2.1)

Definition 2 Let ¢ be a Young function in the sense of Definition 1 and Remark 1. Given  C R", the Orlicz
space L¥(Q) is defined as

L?(Q) := {u: Q — R such that f o(Jul) dx < oo}
Q

and, consequently,

W(Q) := {u e W"(Q) N L¥(Q) such that Du € LA(Q,R")}.
The definitions of the variants WS’“’(Q) and WIL’Z(Q) come in an obvious way from the one of whe Q).
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In connection to H(-), we also consider the following Orlicz-Musielak-Sobolev space

W],H(-)(Q) = {M e W],l(Q): H(’Du) (= l,1 (Q)} . (2.2)

with local variant defined in an obvious way and Wé’H(')(Q) = WHOW@Q) N Wé”’ (Q); we refer to [4, 28, 29]
for more on such spaces. For later uses, we introduce also the auxiliary Young functions

Ho(2) := zIP + aolzl? + bolzl*,
H(2) = 2P + bolzl,

H{(2) == |2l + aolzl?,

H{(2) == [P

(2.3)

The values of the constants ag, byp > 0 will vary according to the necessities, in particular they shall often
assume the values ag = a;(B,) and by = b;(B,), where

a;(By) := inf a(x) and b;(B,) := inf b(x). 2.4)
X€B, X€EB,
In accordance to this terminology, we also mention the auxiliary Young functions
Hy (2) := 2P + ai(B)lz|? + bi(B)lzl,

H (2) =7 + 2|2 +

inf inf b §
)chelQa(X) )ICIGIQ (X)] |zl

In the following we will often use the vector field
Vi(z) = 72, 1eipg.s). (2.5)
We recall from [19] important features of (2.5): there exists ¢ = c¢(n, t) > 0 such that
Vi(z1) = izl < el 21 = leal 22) - (21 = 22), (2.6)
Viz1) = Vel ~ (aal + lz2) F lzt = 22, 2.7
where the constants implicit in (2.7) depend only on n, t and, for all z € R"
Vi@P =l 2.8)

We also introduce the following auxiliary functions

Vo(z1,22)% 1= [Vp(z1) = Vp(22)I* + aolVy(z1) = Vy(z2)I* + bolVi(z1) = Vi(z2)%,
(VS(Zl,Zz)Z = |Vp(z1) = Vp(22)? + bolV(z1) = Vi(z2)I%,

Viz1,22)% = [Vp(21) = Vip(22)l + aolVy(z1) = V(22

V021, 22)* := [Vp(z1) = V().

2.9

Let us also recall some important tools in regularity. The first one is an iteration lemma from [25].

Lemma 1 Let h: [0,Ry] — R be a non-negative bounded function and 0 < 8 < 1, 0 < A, 0 < 8. Assume
that h(r) < A(d — r)™ + 6h(d) for o < r <d < Ry. Then h(o) < cA/(Ry — 0)? holds, where ¢ = c(6,3) > 0.

Along the proof we shall make an intensive use of the regularity properties of ¢-harmonic maps, so we recall
definition and some reference estimates from [19].



Definition 3 Let U € Q be an open set and ug € Wllo’f(Q, RN) be any function. With @-harmonic map, we
mean a map h € ugy + WS"F(U, RN) solving the Dirichlet problem

uo + Wy *(U,RY) 3 w > min f @(IDw)) dx.
U

The next proposition reports a Lipschitz type estimate for the gradient of ¢-harmonic maps.

Proposition 1 [/9, Lemma 5.8] Let Q C R" be open and ¢ € C2(0, ) N C0, o) be a Young function
satisfying (2.1). If h € WY(Q,RN) is p-harmonic on Q in the sense of Definition 3, then for any ball B,
with By, € Q there holds

sup (IDh]) < ¢ f o(1Dh)) dx,
BV BZr

where ¢ depends only on n, N, iy, s,.
We conclude this section by giving the definition of a local minimizer of (1.6).

Definition4 A map u € Wllo’f(‘)(Q) is a local minimizer of the variational integral (1.6) if and only if
H(-,Du) € LIIOC(Q) and the minimality condition H(u, supp(u —v)) < H(v, supp(u — v)) is satisfied whenever
v € W2 (Q) and supp(u —v) c Q.

3 First regularity results

In this section we collect a few basic regularity results which can be proved with minor adjustments to the
proofs contained in [4, 11, 12, 28, 39]. We start with the proof of Sobolev-Poincaré inequality.

Lemma 2 (Sobolev-Poincaré inequality) Ler 1 < p<g<sand a,B € (0, 1] verifying (1.8), (1.9). Then there
exist a constant ¢ = c(n, p, q, ) and an exponent d = d(n, p, q, s) € (0, 1) such that for any w € WLHO(B,)
withr <1,

1

_ d
§ 15 2200 v (1 iy, + wasowi ) £ s owras] ey
B, B,

-
Furthermore, the same is still true with w — (w), replaced by w if we consider w € WS’H(')(Br).

Proof. We first look at the case

sup a(x) < 4[alo.r® and  sup b(x) < 4[blogr”, (3.2)

XEB, X€EB,

and notice that, by virtue of (1.9), g. < p and s, < p, where

n+t

t
t. ::max{ " ,1}, tef{p,q,s}.

Then it follows from the classical Sobolev-Poincaré inequality, Holder inequality and (1.9) that

q
— q — q qx
J[ a(x)M dx <4[alpr* J[ M dx < claloor® (J[ |Dw|q*dx)
B, rd | B, rd ’ B,



1

-
P da
<clalo.a ( f |Dw|? dx) ( f |Dw|Pda dx]
B, B,

1
dq
<c[a]0,1||Dw||U(B)( J( |Dwi?% dx) : (3.3)
B,

with ¢ = ¢(n,q) and d, := % < 1. In a similar fashion,

J(b( )Md <4[blog f v = (W) 3 dx < c[b] oﬁrﬂ (J[ |Dw|s*dx)s
B
b]Oﬁ(J( |Dwl|? dx] (J[ |Dw|P% dx]

o db
<c[blogllDwlly, Ly | ( f \Dw{P dx) : (3.4)
B,

where ¢ = c(n, s) and dj, := s; < 1. In addition, it is clear that

)4 1

_ P s dy

J( W= < c( )( |Dw|”*dx) - c( f \Dw{P% dx) ’
B, rP B, B,

for ¢ = ¢(n, p) and dy := % < 1. We remark from (1.6) that p,<g.<s.. Combining estimates (3.3)-(3.4), we
get

1
w—=W); a,
J(H(x, w) )d < c(l + [a]OQHDw”Lp(B) [b]Oﬁlllele(B) (J( Ilepd”dx)
B, r .

L

- — dp
Sc(l+[a]o,a||DW|Z,,{’B,)+[b]o,ﬁHDwuLpf’B»)( jg H(%Dw)‘”’dx] . 63

where ¢ = c(n, p, q, s). We now turn to the case

sup a(x) > 4laloor® and sup b(x) > 4[blogr*, (3.6)
X€B, X€EB,
and notice that
1 1
inf a(x) > - sup a(x) and mf b(x) > — sup b(x). 3.7)
X€B, 2 XEB, 2 X€EB,

So, if we set ag := a(xg) and by := b(xy) for xo € B,, we obtain

11 < 2|inf,ep 11 < 2apt? < 4a(x)t?
{ a(x) [m XEB; a(x)] 40 (%) forall xe B,, t > 0. (3.8)

b()r* <2 [infrep, b(0)| £ < 2bor* < 4b(x)t°

The content of the above display and the Sobolev Poincare inequality valid for the Young function Hy, see
[18, Theorem 7], gives

1 1

f H(x, i (w)r) dx < 2‘][ Hj (x, i (w),) dx < c(f H()(Dw)dl dx]dl < C(J( H(x, Dw)d1 a’x)d1 ,
B, r B, r B, B,

(3.9




with ¢ = ¢(n, p,q, s) and d| = d (n, p, q, s) < 1. Let us examine the case

sup a(x) > 4[alor® and sup b(x) < 4[b]()’lgl’ﬁ (3.10)

X€EB, X€EB,

and notice that, by (3.10), (3.7); and (3.8); hold true. This, (3.4) and the Sobolev-Poincaré inequality valid
for the Young function Hg render that

1
w—(w) w — (w) .
Jg H(x, - r) dx §2£ Hg( - r) dx + C[b]oﬁHDw”Lp(B ) (Jg |Dw]|Pde dx)

1 1

7

(f Hq(DW)dq dx) +c b]0ﬂ||Dw||L,,fB ) (f IDWlpdb dx) b
B, "\ JUB,

1
dy
<c 1+ [blogiDwlh, ( { How dx) g G311
B,

with ¢ = ¢(n, p,q, s), d, = d,(n, p,q) < 1 and d, := max{d,,dp} < 1. Finally, we look at the case

sup a(x) < 4[alo.r® and  sup b(x) > 4[blogr*. (3.12)

XEB, X€EB,

Inequality (3.12), validates (3.7), and (3.8),, therefore, using this time (3.3), the Sobolev Poincaré inequality
holding for the Young function Hj we get

1
_ i B
]( H(x’ ot ) dx <c[aloolDWII], (5 (Q))( |Dyw|Pda dx) + 2f H) (W (W)’) dx
B d B B, r

! 1
da 5
<clalo oDl o) ( Jf H(x, Dw)* dx) +C( )( H(Dwy" dx)
B, B,

1
oy
(1+[a0(,||Dw||L,,(B @ (J[ H(x, Dw)® dx] : (3.13)
B,

with ¢ = ¢(n, p,q, s), ds = dy(n, p,s) < 1 and d3 := max{d,,ds} < 1. Setting d := max{dp,d;,d>,d3} < 1,
from estimates (3.5), (3.9), (3.11) and (3.13) we obtain (3.1). O

Remark 2 An inequality of the type of (3.1) holds for general Sobolev maps w € W0 such that w = 0
on a set A such that |A| > y|B,|. Precisely, we have that

J( H(x,ﬁ) dec(J( H(x,Dw)d dx)d, (3.14)
B, r B,

where d < 1 is the same as the one appearing in (3.1) and ¢ = c(y, n, p, q, s, [alo.e, [Dlog, IDWl|Lr(B,))-
Next, we have a Caccioppoli-type inequality, which proof can be retrieved from those in [11, 28].

Lemma 3 (Caccioppoli Inequalities) Ler u € W."(Q) be a local minimizer of (1.6), with a("), b(-) and
D, q, s satisfy (1.8) and (1.9) respectively. Then there exists a constant ¢ = c¢(n, p,q, s) > 0 such that

J( H(x, Du) dx < cf H(x, 4 (”)’) dx, (3.15)
B, B, r—e

8




and for k € R,

f H(x, D(u — ).) dx < cf H(x, s K)+) dx. (3.16)
B,

r-e
o r
A direct consequence of (3.15) and (3.1) is the following inner local higher integrability result.
Lemma 4 (Gehring’s Lemma) There are ¢ = c(n, p, q, s, [alo,a. [Plog. [|[Dullr8,)) > 0 and a positive inte-

grability exponent 6, = 64(n, p,q, s, [alo,a, [Plog, [|DullLr,)) such that if u € Wllo’f(Q) is a local minimizer of
the integral functional (1.6) under assumptions (1.8)-(1.9), then

Trog
H(-, Du) € Lllofg(g) and ( f H(x, Du)'*% dx] <c f H(x,Du) dx, forall B, € Q. (3.17)
Br/2 B,

From (3.17), it follows that u € Wllof (Hag)(Q), so u € Whrli+3)(Qq) for Qo € Q. Moreover, by Holder

inequality, (3.17) is true if d, is replaced by any o € (0, ,). The next one is an up to the boundary higher
integrability result for a solution of Dirichlet problems related to the multi-phase energy H(-). Clearly, when
a(-) = ap = const and b(-) = by = const, it extends to the auxiliary Young functions H?, Hg , H(“)' and Hy. In
this case, [aloe = [aolo,. = 0 and [blog = [bolog = 0, so constants and exponents do not depend either on
[alo,a» [Plog nor on ||Dv|zr(s,).

Lemma 5 (Higher integrability up to the boundary) Let assumptions (1.8)-(1.9) be in force, B, € Qy €
Q, andv e WJ’H(')(B,) be a solution to the Dirichlet problem

u+ WS’H(')(B,) ERUISY minf H(x, Dw) dx, (3.18)
B,

and 6o > 0 be such that u € WIHOM (By). Then there exists 0 < oy < 6q, so that v € WLHO (B,) and
f H(x,DV)'*7 dx < cf H(x,Du)'*" dx forall o € (0,0,], (3.19)
B, B,

Where c= C(I’l, ps qa s, [a]O,m [b]O,ﬁ’ ”H(’ Du)”Ll(B,)) and O-g = O-g(n3 p7 q’ S, [a]O,m [b]O,ﬁ> ||H(7 Du)”Ll(Br))

Proof. With xo € B,, let us fix a ball B,(xo) C R". We start with the case in which it is |B,(xo) \ B,| > 2232
Let us fix 0/2 < t < s < o and take a cut-off function 5 € Cg (Bs(x0)) such that xp,(x,) < 17 < XB,(x,) and
|Dn| <2/(s—1). Sincev—u € W(;’H(')(Br) and n|6Bs(x0) = 0, the function v — n(v — u) coincides with v on B,
and on 0B;(xp) in the sense of traces and therefore, by the minimality of v and the features of  we obtain

f H(x,Dv)dx <c f H(x, Dv) dx+f H(x,Du)+H(x,v_u) dx?y,
By(x0)NB, (Bs(x0)\Br(x0))NB; By(x0)NB, r

with ¢ = ¢(n, p, g, s). By the classical hole-filling technique and Lemma 1, we can conclude that

f H(x,Dv)dx < cf H(x, Du) + H(x,
By/2(x0)NB, By (x0)NB

for ¢ = ¢(n, p, q, s). Notice that we can extend v — u as zero outside B, since u — v € Wé’p (B,), so there are
|Bg(x0)|

vV—u

) dx, (3.20)

no discontinuities on d(B, N By(x0)) and recall that [B,(xo)| > |By(xo) \ B,| > —5—. Poincaré’s inequality
(3.14) applies, thus getting
1
v—u a .
J[ H(x, ) dx < c J[ H(x, D dx| + f H(x, Du) dx 3.21)
By(x0)NBr r By (x0)N B, By(x0)NBr



with ¢ = ¢(n, p, q, s, [alo.a, [Plog, IH(-, Du)l|1(p,))- Here we dispensed ¢ from the dependence of || Dvl|.r(s,)
by using the minimality of v, the fact that v — u € Wé’H(')(Br) and observing that the constant appearing
in (3.1) depends in an increasing fashion from the L”-norm of the gradient. Merging (3.20) and (3.21) we
obtain

1

d
f H(x,Dv)dx <c (f H(x, Dv)d dx| + J( H(x,Du) dx} .
Bg/Z(x(J)mBr B,(x0)NB, By(x0)NB,

O ©

We next consider the situation when it is By(xo) € B,, in which case the proof is analogous to the one for
the interior case. As mentioned in Remark 2, we can assume that the exponent d < 1 from (3.1) and (3.14)
is the same. The two cases can be combined via a standard covering argument. In fact, let us define

d . '
V(x) = { Hx Do) %n b and U(x) = { H(x, Du(x)) Tn B, ,
0 in R\ B, in R*\ B,

we get

1

1
i
V()7 dx < ¢ [ f V(x) dx] + J[ U(x)dx},
0/2(X0) B, (x0) 'B,(x0)
with ¢ = ¢(n, p, q, s, [aloa, [Plog, IH(-, Du)ll;1(p,)) and O < d < 1. At this point the conclusion follows by a
standard variant of Gehring’s lemma, see [26, Theorem 3 and Proposition 1, Chapter 2]. O

Furthermore, u is locally bounded.

Lemma 6 Letu € Wllo’f’” (')(Q) be a local minimizer of (1.6) under assumptions (1.8) and (1.9). Then u is
locally bounded in Q and for any Qg € Q there holds that

llullz=p) < c(n, p, g, s, [alo.as [Dlog, IH(:, Du)llLiqp))- (3.22)

Proof. If n < p(1 + 6g), where ¢, is the higher integrability exponent coming from Lemma 4, then
p(1+dg)—n
there is nothing to prove. In fact, by Morrey’s embedding theorem u € oy (Q), therefore we can

assume n > p(l + 6g). The boundedness result can be obtained as in [11, Section 10], as a conse-
quence of (3.16) or by noticing that the generalized Young function in (1.7) under the assumptions (1.8)
and (1.9) satisfies hypotheses (A0), (A1), (Alnc) and (ADec) of [28, Theorem 1.3]. In fact, with the
notation used in [28] (keep in mind also the terminology described in Section 2), it is easy to see that

H*©®) < 1 < H(1) for § := min{s‘%,a+||a||Lm<Q))‘ﬁ,(1+||b||Lm(g))‘fn} € (0,1). (Al) is true

q-p Tsp
b

_nls=p) -1
(2diam(9)ﬁ ’ [b]o,ﬁw,,") €0, 1),

n(g=p) —%
P [a]O,awn ’

by choosing 6 := min 3_;’,(2 diam(Q)*~

where w, is the volume of the unit ball B; ¢ R". (Alnc) clearly holds with y~ = p > 1 and (ADec) is
verifiedby y* =s>¢g>p> 1. i
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4 Different alternatives

For later uses, recall the quantities introduced in (2.4), which will play an important role along the proof. In
fact, when dealing with those so called non uniformly elliptic problems, the question of the degeneracy of
the coefficients is crucial. Precisely we will look at four different scenarios:

deg(B,): ai(B,) < 4laloor®  and bi(B,) < 4[blosr®
deg,(B,): ai(B,) < 4[aloqr®  and bi(B,) > 4[blogr®
degg(B,): ai(B,) > 4laloor®?  and bi(B,) < 4[blogr®™
ndeg(B,): ai(B,) > 4[alor® "  and bi(B,) > 4[blogr’ 7

where
0 if n>p(l+d,)
Ya = - So(g-p) . 4.1)
‘ { - MED ¢ el i n< p(1+6y)
and
0 if 0> p(l+6,)
Vb = - So(s— . > 4.2)
{ p— o)y e 53 if < p(l+5,)

where ¢, is the higher integrability exponent given by Lemma 4. The above four cases, suitably combined,
will render the desired regularity. To shorten the notation, we shall summarize the dependencies from the
characteristics of the integrand we are dealing with, as

datay) (1. . 4. 5. [alo.. [blog, IHC, Dl . 1HC, D)l 1452y ) if 1> p(1+6,)
0) -— . B
(I’l, p.q,S, [a]O,m [b](),ﬂ, [u]co/lg(QO)? ”H('a DM)HLI(QO)? ”H(a Du)”Ll*ag(QO)) lf n< p(l + 6g)
n,p,q,s, lalow [Plog, |H(:, Du if n>p(l+6
datag(Qy) i— (1. 4. 5. [@lo.a- [Plog. IHC. D)1 0y)) if n 2 p(l+6,)
(n, P-4, s, [alo.a, [blog, [u]o,ag;go) if n<p(l+36,)
and
data:= (n,p,q,s,a,B).
Here, 4, := 1_[)(++(5g) is the Holder continuity exponent coming from Sobolev-Morrey’s embedding theorem

when n < p(1 + 6,) and Q) € Q is any open set compactly contained in €. This will be helpful, since all
the existing results we are going to use are of local nature. Exploiting the different phases (deg)-(ndeg) we
obtain the various forms of Caccioppoli’s inequality contained in Lemma 3. We collect them in the next
Corollary. Moreover, the constants ag and by appearing in the definition of the auxiliary Young functions
Hg, Hg, Hg and H( will take the values ag = a;(B,) and by = b;(B,).

Corollary 3 Let u € Wllo’f(‘)(Q) be a local minimizer of (1.6) under assumptions (1.8)-(1.9), and B,,
r € (0, 1) be any ball such that By, € Qg € Q. Then the following is verified:

deg(B,) =>J( H(x,Du) dx < cJ( H] (@) dx, (4.3)
B, B>,

deg,(B,) zf H(x,Du) dx < CJ[ H; (%M)Zr) dx, (4.4)
B, B>,

11



degy(B,) = )( H(x, Du) dx < ¢ J( HY (“ - (”)2’) dx, 4.5)
B, By,

.
ndeg(B,) = J( H(x,Du) dx < ¢ J[ HO(” - 5”)2’) dx, (4.6)
B, B>,

Jor ¢ = c(datay(€)) and ¢ = ¢(n, p,q, s, [alo.qe [Dlog)-
Proof. First, notice that, by (1.9), y, > 0 and y;, > 0. Moreover, if n > p(1 + 6,) we see that

a—7a+p—q2@—(q—p)zég(q—pba 4.7)

,B—yb+p—s2@—(s—p)z%(s—p)>0, 4.8)

while, if n < p(1 + 6,),

Io) —
a—ya+ug—1)(q—p)=%> , (4.9)
8

o) —
B=7o+ (g = (s = p) = Zpg((ls—m”; (4.10)
8

Assume deg(B,). We observe that for any x € By, a(x) < 8[aloor* 7 and b(x) < S[b]o,ﬁrﬂ‘”’, since
Ya¥p» = 0and r € (0,1). If n > p(1 + &), from (3.15), Lemma 6, (4.7) and (4.8) we get,

J( H(x, Du) dx SCJ[ H (x, 4 (u)zr) dx
B, By r

A~Yatp=q||;, |4~ P Yt p=5|| 1| S=P
<c ‘fB; (1 + 8[61]0,(1/7' ”M”LM(QO) + S[b]O,ﬁfﬂ b ”u”Lm(QO))

ScJ( Hg(u — (u)Zr) dx,
B>, r

where ¢ = c(datap(€p)). To determine the dependencies of ¢ we also used (3.22). On the other hand, if
n < p(l + d,) proceding as before but using Sobolev-Morrey’s theorem and (4.9), (4.10) instead of (4.7),
(4.8), we obtain

J( H(x, Du) dx SCf H(x, 4 (u)zr) dx
B, B, r

a=Ya+(Ag—1)(q—p)r,197P
=¢ :fs;. (1 + 8laloar ' (] coss g

u-— (”)2;’ b dx

p

u-= (u)2r dx

R

O (Q)
u—(u
Scf Hg( ( )Zr) dx,
B2r r

where ¢ = c(datayp(€2p)). Now suppose deg,(B,). If n > p(1 + d,), we see from (3.15), (4.7), (4.8) and
Lemma 6 that

J( H(x, Du) dx SCJ[ H(x, w) dx
Br BZr r
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)4
u— (U)o
< Jg (1 + 8tatoar =i, )| =2 ax
re f b(x) - b [ 4y P2 g
By r

< J[ u— (|’ (M)Zr + bi(B,) u— (U J

B>, r r
Scf il 23 A T 134 Scf Hg(”_(”h’) dx,

B>, r r By, r

since, being r € (0, 1), P < #77 . Here, ¢ = c(datag(Q)). If n < p(1 + 0¢) we have, by exploiting (4.9) and

(4.10),
J( H(x, Du) dx SCJ( H(x, 4 (u)zr) d
B, By r

@—Ya+(Ag=1)(g—p)
SCJJ[B; (1 + 8lalo,o” [u ]ng(Q ))

p
u- (u)Zr
r

dx

(u)zr u— (o[’

+ bi(B;) dx

e f Ib(x) = by(B)l|
_(M)Zr

(”)Zr

IA
)

bi(Br)

<cJ[ cl)cscjr Hg(u_(u)zr) dx,
B>, By, r

with ¢ = c(datag(€d)). If degg(B;) is in force, then, as before, for n > p(1 + d,), we have

J( H(x, Du) dx <CJ[ ( — (u)zr) d
B>, r

1+ 8[b]0ﬁ7'8 Ll S” ||L°°(QO))

u— (U)o d
r

u-— (u)Zr u— (o |’

+ bi(By)

u-—- (u)Zr P d

<c
( )2r u— (u)Zr 1
+c J[ la(x) — a; (Br)l + ai(By) dx
2)
<c (u)2r ai(Br) (u)Zr f Y (’4 (M)Zr) dx,
B>, B>,
where ¢ = c(datag(£2y)). Moreover, if n < p(1 + 6,) we obtain
f H(x, Du) dx SCJ( H(x, “- (u)zr) dx
B, B, r
)4
Yt (Ag=1)(5=p) u— oy
_ _ q
ve f la() - asB S =2 4 3y AL g
B, r
SCJ( U= W + a;(By) U= W dx < cf Hg(u (u),) dx,
B, B, r
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with ¢ = c(datap(€2)). Finally, if ndeg(B,) holds, then by (3.15), (1.8), the fact that either if n > p(1 + 6,)
orifn < p(1+0d,), @ > a—7y, and B > 8 -y}, and the very definition of ndeg(B,) we have

J( H(x,Du) dx SC‘J( H(w) dx
B, B, r
)4
<c f +la(x) - ai(B,)|
B,
+1b(x) — bi(B))|
p
SCJ( + [aloor®
B,
+CJ( Ho(w) a’xséf Ho(w) dx,
B>, r B>, r

with ¢ = &(n, p, g, s, [aloa, [Plop)- =

u— (M)Zr (q_p)+p

2r

u-—= (M)Zr
r

(s—=p)+p
+ a;(B,)

q

+ bi(Br) dx

u-— (M)Zr
r

u— (u)), u— (U)o
r r

N

u-— (”)Zr dx

u— (i), u— ()
r r

q
+ [blogr”

We conclude this section by recalling a quantitative Harmonic-approximation type result from [4]. We
shall report it in the form that better fits our necessities.

Lemma7 Let B, C R" be a ball, ¢ € (0, 1), H be one of the Young functions defined in (2.3) and v €
WVH(B,,) be a map satisfying the following estimates:

J[ H(Dv) dx < &, 4.11)
By
and
f H(Dv)'"7 dx < &, (4.12)
B,

where ¢1,¢y = 1 and o > 0 are fixed constants. Moreover, assume that

< &llDyllr=s,) forall p € C(B,), (4.13)

J( AOH(Dv) - Dy dx

B,

or some € € (0,1). Then there exists a function h € v + W]’FI(Br) such that the following conditions are
0
satisfied:

f OH(Dh) - Dy dx =0 forall ¢ € CZ°(B,), 4.14)

B,

f H(DR)'™" dx < ¢(n, p, g, s, 00)¢2, (4.15)
B,

f V(Dv, Dh)? dx < ce™, (4.16)
B,

where V is the corresponding auxiliary function defined in (2.9), ¢ = ¢(n, p,q, s,¢1,¢2), 01 = o1(n, p,q, s,00) €
(0,00), m = m(n, p,q, s,o0) > 0.
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Proof. The cases of H = H}), Hi, H} are treated in [4, Lemma 1], so we focus on H = Hy. The proof we
provide is in some sense a simplified version of the original one since we do not need a powerful result
such as [13, Theorem 5.1]. In fact we can recover some extra boundary integrability from Lemma 5. Define
ho € WHH0(B,) to be the solution to the Dirichlet problem

v+ Wy™(B,) 3 w - min f Hy(Dw) dx. (4.17)
B,

By minimality (4.14) is verified, since it is the Euler-Lagrange equation associated to the above variational
problem. Moreover, it follows from (4.11) that

J[ Ho(Dho) dx < J( Ho(Dv) dx < 2"¢,. (4.18)
B, B,

Now, by the previous inequality, Lemma 5 with a(-) = const and b(:) = const, and (4.12), we obtain

1 +D’g

J[ Ho(Dho)' "¢ dx <c¢ J( Ho(Dv)'*7s dx < c&,"™ := &3, (4.19)

for some 0 < oy < 09, which is (4.15) with o7y = o,. Here ¢3 = ¢3(n, p,q, s,0,4,¢1,02). Setw = hg —v €
Wé’HO(Br) and let A > 1 to be fixed later and consider w, € W(l)"x’(B,), the Lipschitz truncation of w given by
the main result in [1] and satisfying

[[Dwallr=,) < c(m)d  and  {w, # w} C {M(Dw|) > A} U negligible set. 4.20)

Using such properties, the fact that r — Hy(¢) is increasing, Markov’s inequality, (4.12), (4.19) and the
maximal theorem we deduce that
ftwa # wll _ 1B, 0 (M(Dwl) = )| _
1B, |B| Ho(/l)“fr

C
<— % | HyDw)"*7 dx < —J(H Dho) s + Ho(Dv)'*7% dx
TR f o(DW) o ], HoI) o(DV)

f Ho(M(Dw))'** dx

1 1+og

140
W J( Ho(Dhg)'*7s dx+( f Ho(Dv)! dx) ’
0

I+og

~ ~ I+ - ~
cé+¢c, ) < c(C3 + )

Ho()'*7s = Ho()'*es’ @20
where ¢ = c¢(n, p,q, s, 0,,00). Now we test (4.14) against w,, which is admissible by density, to get
I := )E (0Ho(Dho) — 8Ho(DV)) - DWax () dX
—Jg O0Hy(Dv) - Dw, dx — Jg(BHo(Dho) — 0Ho(DV)) - DW X {ww, dx =: (IT) + (III).
The properties of Hy and (2.6) give
D =c £ Vo(Dv, Dho)x w,=w) dX, (4.22)
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where ¢ = c(n, p, q, s) > 0. Moreover, by (4.13) and (4.20); we see that
|dD)| < ceA, (4.23)

with ¢ = c(n). Before estimating term (III), we recall a standard Young type inequality holding for Hy, see
[4]: forall o € (0, 1),

xy < o' T Ho(x) + o HY (), (4.24)

where Hj(y) = sup,.o{yx — Ho(x)} is the convex conjugate of Hy. Furthermore, there holds: H (m) <
Hy(1), see [5] for more details. Now, using (4.20),, (4.11), (4.18), (4.24) and (4.21) we estimate, for a certain
fixed o € (0, 1),

Hy(Dho)  Ho(Dv)
III)| <s||Dwllr(B. +
|(LD] <s[[Dw |1 (B,)Jg( Dl Dyl

" J( 11 [ Ho(Dho) (Hov)\| | cHollDwlli=,) liwa # il
= e | O\ DRyl o\ IDv] o1 |B, |

)X{W/l #w} dx

SO’J( Hy(Dhgy) + Hy(Dv) dx + ¢ < 2”+10'E'1 + ¢ 4.25)
B,

O-s—lHO(/l)o—g oS o’

where we also used the fact that Hy(1) > A” since A > 1. Here ¢ = c(n, p, q, s, 0). Collecting (4.22), (4.23)
and (4.25) we obtain

J( Vo(Dv, Dho) X, dx <c(ed + o + o' A777), (4.26)
B,

for ¢ = ¢(¢1,C2,C3,n, p,q,5,0¢) and o € (0, 1) to be fixed. For 6 € (0, 1), by Holder’s inequality and (4.26)
we estimate

g
(J( Vo(Dv, Dho)*%x ty=w) dx) <c (8/1 +o0+ al_sxl_””g) )
B,

Again, by Holder’s inequality, (4.21), (4.11) and (4.18) we have

1-6
4
) f Vo(Dv, Do)? dx
B

1
9
( f VoDv, Dho) X e dx) (—“W” il
B,

|B/|

(I+0g)(1-0) p(1-6)
s

<cHp(A)™ 7 J( Ho(Dhg) + Hy(Dv) dx < cA™ "0 4.27)
B,

po
where ¢ = ¢(¢1, &, 8,1, p,q, 5, 7). Setting in (4.26) and (4.27) A = &2 and o = £7-1 we obtain that

1
G
( f Vo(Dv, Dho)* dx] < g™, (4.28)
B,

with ¢ = ¢(¢1,¢2,¢3,n, p,q, 5,0¢) and m := % min {%, %, 45;?1), p(ége) } Notice that in the above estimates

2(1+0,)
1+20’§ and 2(1 + o)

we still have a degree of freedom in 6. Applying Holder’s inequality with exponents

we obtain

1+20g 1

2(1+0g) m 1+0
)( Vo(Dv, Dhy)? dxs( Vo(Dv, Dhy) 77 dx] ‘ ( )( Vo(Dv, Dho2#70 dx|
B, B,

B
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Trog
<ce" (J( (Hy(Dhg) + H()(DV))H%’ dx) ’ <cg™,
B,

with ¢ = ¢(¢1,C2,¢3,n, p,q, s,0,). Here we used (4.12), (4.19), and (4.28) with 6 = 11:2?,3 < 1. Recalling
(2.8), we can conclude from the previous estimate that
f Vo(Dv, Dho)? dx < c&™,
B,
which is what we wanted. O

S Morrey decay and Theorem 2

The proof of Theorem 2 goes in two moments: first, we prove that a suitable manipulation of a local min-
imizer u of (1.6) satisfies the assumptions of Lemma 7, then we exploit this to start an iteration which will
eventually render the announced decay.

Step 1: Quantitative harmonic approximation. Define the quantities

P
E:= E(u,By) = ( J( H(x, Du) dx) and v:= 2.
BZr E

where u € WI{)’CH(')(Q) is a local minimizer of (1.6) and B;, € Qg € Q is any ball of radius r < % From now
on, we will consider the following auxiliary Young functions

Ho(2) := |2l + ai(B)l2l? + bi(B)lel*s  Ho(2) := I2lP + ai(BIET P2l + bi(B)E*PIl°,

Hy(2) := [z|P + bi(B))lzl*, H3(2) = [zl + bi(B)E*PIe)", 5.1)
Hi(2) := 2P + ai(B)lzl?, Hl(2) := |2l + ai(B)ET |zl '
H{(z) == |2,

and

Vo(z1,22)* = [Vp(a1) = Vo)l + ai(B)IVy(z1) — V(@) + bi(B)IVi(z1) = Vi(22),
Vi1, 22)% := Vp(a1) = Vp(22)? + bi(B)IVi(z1) — Vi),

Ve.22)? = [Vp(ar) = V@) + ai(B)Vy(z1) — V()

V(1,207 = V(1) = V22,

where a;(-) and b;(-) are defined as in (2.4). Since « is a local minimizer of (1.6), a straightforward compu-
tation shows that v is a local minimizer of the functional

Hw,Q) := f IDWIP + a(x)E™P|Dw|? + b(x)E*™P|Dwl® dx.
Q
Then, by scaling, it is easy to see that Lemma 4 holds true also for v with the same extra integrability
exponent 6, = 0g(n, p,q, s, [alo,a, [blog, IDullirs,)) as u. For any open set U € Q it satisfies the Euler-

Lagrange equation

0= f (p|Dv|p_2 + qa(x)ETP|Dv|"7? + sb(x)Es_”IDvls_z) Dv-Dgdx forall p € CX(U). (5.2)
U
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Moreover, if H denotes H{), H!, H} or Hy, we see from the definition of v that

J( HDv)dx < E™P J[ H(x,Du)dx < 1, (5.3)
B>, B>,

which is (4.11) and, by (5.3) and Lemma 4 we obtain, for some & € (0, 6g),

—(1+67) ~
J( H(Dv)'*% dx SJ[ H(x, Dv)'*% dx = (J[ H(x, Du) dx) (f H(x, Du)'*%s dx] <ec, (54
B, B, B>, ‘B,

where ¢ = c(n, p, q, s, [alo,a» [Plog, [|DullLr(y)) 18 the constant appearing in Lemma 4 and this verifies (4.12).
So we see that conditions (4.11)-(4.12) of Lemma 7 are matched with oo = &, no matter what degeneracy
(or non degeneracy) condition holds on B,,. Clearly we have no problems of integrability, since 6, < d,,
which is the exponent coming from Lemma 4. We now define

M47P) g gy = ey - SETP) (5.5)

g, = —
“ YaT o+ 6p) p(1+6,)

A simple computation shows that o, and o are both positive numbers. We first assume deg(B,). From
(5.2) we deduce that

OH{(Dv) - Do dx

SqE"_pJ( a(x)leIq_lngol dx + sES_pJ( b(x)IDv|5_1|D<p| dx=: (I)geg + (D) geg-
B,

B, r

From the very definition of condition deg, Lemma 4, (5.3), Holder’s inequality and (5.5) we get

— a—=yq —1
(Daeg <cE'7 1 7 |IDegll(5,) J( (E4Pa(x))'7 |Dv|7™" dx
B

r

a-p q=1
P4 a-y, q
<cllDellz=(8,) [f H(x, Du) dx) ra (J[ ET P 4q(x)|Dul|? dx)
B B,
‘1 P a—Ya _ n(g—p)
<cliDgll=B,)|H(-, Du)|| | roa pitg) < C”D‘P”L“(B)r ¢ (5.6)

Ll+5g Qo)

with ¢1 = c1(n, p, q, [alo.a, |H(, Du)||L1+,sg(QO)). In a totally similar way we obtain

(geg <CE 5 L ”D‘P”L‘X‘(B,)f(ES Pb(x)S DV dx

s=1

p
ps _ s
<cllDellz=(8,) (J[ H(x, Du) dx] rl% (J[ EP7b(x)|Dul® dx]
B B,

=p B=vp _ _n(s=p)

<clDell=@)IHC, Dl Vs, o 7 * 70 < el Dellzsyr™ (5.7

where ¢ = c2(n, p, s, [blog, ||H(-,Du)||L1+5g(QO)). Now we define &, := %min{q‘lo'a, s7lop) > 0 and fix a
threshold radius Rl such that max{cy, cz}(f?i)‘fl’ < % and assume that 0 < r < min{f?l, 1}. In correspondence
of such a choice, by (5.6) and (5.7) we can conclude that

<r7?||Dgllr(5,)» (5.8

OH{(Dv) - Dy dx

»
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so the assumptions of Lemma 7 are matched and there exists a Hg -harmonic map 7 p satisfying in particular

~ P
(4.16). Itis clear that, if 4, := Eh,, then h,, is still Hg—harmonic, h,—ue Wé’HO (B,) and, by (4.16),
f VP (Du, Dhy,)* dx < cr’™ J( H(x, Du) dx, (5.9)
B B,

for c = C(n, pa q7 S, [a]O,m [b]o,ﬁv ”H(’ Du)||Ll+5g(Qo)) and mp = mp(n’ p7 qs S, [a]O,m [b]o,ﬁa IIH(7 Du)”Ll(QO))
Suppose now that deg, (B;) holds. Then, by (5.2) we obtain

J[ OH(Dv) - Dp dx | <qETP ]( a(x)\Dv|? " |Dy| dx + sE*P f (b(x) — bi(B))|Dv|* ' |Dy| dx
BV Br Br

<GETP||Dgl|r~(B,) fB a()IDv™" dx + 25[blo g E* P |1Dgl| 13, Jg IDv*~! dx

::(Ddega + (H)deg(, .

As in (5.6), we estimate

q4=p g-1
Pq a—yq q
(Ddeg, <cllDellz=,) (J( H(x, Du) dx] rTy ()[ ET P 9q(x)|Du|? a’x)
BZr Br
a-p a=ya _ _n(g=p) Ta
<cllDellr=BHIIH(-, Du)|| ! ro¢ g < || Dgl|pocp,yr 4 (5.10)

L1+6g (QO)

with ¢ = ¢1(1, p. ¢, [alo.as IHC, D)l 10 ) and

S— B (s=1) . S— .
(I)geq, <cliDgllz= ) E it ( J( (ESPrB=7) S | Dyp! dx)
B,
s=1

y,(xfl) 1 _n(s—p) K 7;,(‘?—1) 1 _n(.v—p)
<clIDglmayr 5 m«w)()( E7bi(B)\Dul dx) B ) Y e,

BZr

5.11)

q° s © (146
fix a threshold radius R? such that max{cy,c2}(R*)? < 1 and assume that 0 < r < min{R!,R%,1}. In
correspondence of such a choice, by (5.10) and (5.11) we can conclude that

where ¢ = ca(n, p, 5, [blog, 1H(, Du)l| 155 (qy,))- Define & := 1 min {"—a PGV %(ﬁ n(s—p) )} > 0 and

<r”|IDgllz(3,), (5.12)

J( (9I:I(S)(Dv) - Dy dx
B,

so the assumptions of Lemma 7 are matched and there exists a Flg—harmonic map A, satisfying in particular
(4.16). Clearly, if hy := Ehy, then hy is Hé—harmonic, hy—ue€ W(;’HO(Br) and, by (4.16),

J( Vo(Du, Dhy)? dx < cr'™ J[ H(x, Du) dx, (5.13)
B, B>,

Where c= C(l’l, p’ q’ S, [a]O,m [b]o,ﬁ’ ”H(’ Du)”Ll‘*"ig(QO)) and ms = ms(n’ p7 q’ s, [a]o,af’ [b]O,ﬁ, ”H(, Du)”L](QO))‘
This time assume degg(B,) holds. Then, by (5.2) we obtain

J( OH!(Dv) - Dy dx

<SESTP f b(x)|DVI* Dyl dx + gE4™P f (a(x) — a;i(B,)) |Dv|""'|Dy| dx
B, B, B,
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:Z(I)degﬁ + (H)degﬁ-

As in (5.7), we estimate
s—1

By 5
(Ddeg, <Dl E = r (J[ E pb(x)lDulé]
B,

S P n(s—p)
(5*7'7 P(1+5g)

L1020 )r ) <cr 1Dl (B,), (5.14)

<clIDell=)IH(, Du)ll 7,
with ¢l = Cl(n’ P S, [b]O,ﬂ, ||H(9 Du)||L|+5§(QO))a and

ay Va(q D

a-p
(Ddeg, <clID@llzop)ET ri ( f (BT )T |Dvfe! dx
gq-1

Yalg-1) l(a— n(q—p)) q Yalg-1) +l(a— n(q—p))
<clIDgllp=yr @ ri\ e f EPaq;(B)Dul dx| <cr ¢ U PN|Dollrep,),
BZr

(5.15)

q p(1+6¢)

fix a threshold radius R;:’ such that max{cj, cz}(R':’)(r 1 < i and assume that 0 < r < min{f(’i,f?i,fez, 1}. In
correspondence of such a choice, by (5.10) and (5.11) we can conclude that

where ¢2 = c2(n, p, ¢, [alo.a, IH(, Du)ll 15 ). Let G4 := 2m1n{‘7b 2V q(af— g-p) )} > 0 and

OH!(Dv) - Dy dx <r711Dgll =8, (5.16)

r

so the assumptions of Lemma 7 are satisfied and there exists a I:Ig -harmonic map fzq satisfying in particular

~ q
(4.16). Clearly, if hy := Ehy, then hy is Hg—harmonic, hy—ue WS’HO (By) and, by (4.16),
f Vi(Du, Dhy)* dx < cr'™ J( H(x, Du) dx, (5.17)
B,

where ¢ = c(n, p,q, s, [aloq, [blog) and my, = my(n, p,q, s, [aloq, [blog). Finally, suppose ndeg(B,) holds.
Then, by (5.2) we obtain

f 0Hy(Dv) - Dp dx

<SE*7P f (b(x) = bi(B,)) IDV""' |Dg| dx + gEP f (a(x) — ai(B,)) IDV|""'|Dg| dx
B, B, B,

::(I)ndeg + (H)ndeg .

As in (5.11) we estimate

s=p B, Yp(s—D _ . s=1 _
(Dngeg <cllDyl|z=B, )E st (J( (ESPP77) 5 |Dy|* 1dx)
B,

Yp(s=1) l( _ n(s—p) ) S% Yp(s 1)+l( _ n(s=p) )
<cl|Dellpopyr s i\ e ]( EPb(B)|Dul* dx| <cr U P9)IDel|e(p,), (5.18)
BZr
with ¢y = ci(n, p, s, [blog, B, |H(:, Du)||L1+5g(QO)), and, keeping (5.15) in mind,
9P a )’a(l/ 1)) G—p.a—y. g-1
(IDngeg <cllDgllz=@ E @ re* (E r ") a IDV| dx
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gq-1

Yalg=1) l(a_ (q-p) ) Tq 7a(7*1)+1(a_ n(g=p) )
<cl|Dgllpep,yr o r\ e J[ EPai(B)Dulfdx| <cr 0 PN|Dgl| s, ),
B>,

(5.19)

where = CZ(n’ P-9q, [a]O,a’ a, ”H(’ DM)HLH‘ig (QO))' Let

L fvag=) 1 nq-p)) =D 1(, n(s—p)
70 mm{ q +Q(a P(1+(5g)]’ s +s(ﬁ p(1+6g))}>0’

fix another threshold radius R? such that max{c, c2}(RH)7 < 1 and assume that 0 < r < min{R!, R2, R3, R, 1}.
In correspondence of such a choice, by (5.18) and (5.19) we can conclude that

f 0Hoy(Dv) - Dy dx | <r7°||Dg||1(B,), (5.20)
B,

so the assumptions of Lemma 7 are satisfied and there exists a Hy-harmonic map /g satisfying in particular
(4.16). Clearly, if hg := Ehy, then hg is Hy-harmonic, hy — u € Wé’HO(Br) and, by (4.16),

J( Vo(Du, Dho)? dx < cr™ J( H(x, Du) dx, (5.21)
B, B>,

where ¢ = c(n, p, g, s, [alo,e, [Dlog, IH(:, D)l 165 () and mo = mo(n, p, q, s, [alo.a, [Dlog, IH(:, D)llL1(qp))-
Summarizing we got

deg(B,) = {1 V{(Du, Dhy)? dx < cr'™ J( H(x, Du) dx
By B

deg, (B, = J( Vy(Du, Dhy)? dx < '™ J( H(x, Du) dx
B, B,

degg(By) = ]( (Vg(Du, Dhq)2 dx < cr'™ H(x,Du) dx
B, By

ndeg(B,) = f Vo(Du, Dhy)? dx < cr'™ J[ H(x, Du) dx
B, B>,

where the above holds for 0 < r < R, := min{Rl,Rf,Ri,]?ﬁ, 1}, and all the quantities involved are as
described before. Finally, for the sake of clarity, we let m := min{m,,, m,, my, mp}. Now take a ball B, with
0<r< %R* such that B, € Qg € Q. Fix 1), € (O, %) and assume deg(B,) and deg(B;,,). Notice that, by
virtue of deg(B:,,), there holds

ai(BZ‘rpr) < S[Q]O,Q(Tpr)a_ya and bi(BZ‘rpr) < 8[b]0,,8(7—pr)ﬁ_yb- (522)

We fix @ € (0,n) and we estimate, by (4.3), (5.22), (3.1), Proposition 1 with ¢ = H?, (2.8) and (5.9),

u—
H(x, Du) dx SCf H{ (—

B4‘rpr

<c V5 (Du, Dhy)* dx + f
B4Tpr B,

dx<c Hg(Du) dx

BZT], r B4‘rp r

|V,(Dh,)? dx}

4T[;r

Sc{ ’ VP (Du, Dhy,)* dx + |Byr,| sup Hg(Dh,,)}
4‘r];r

B4Tpr
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SC{ f VP (Du, Dhy)* dx + 7/, f H{(Dh,) dx}
B, B

<th? (crmTﬂ_” + C‘rg) H(x, Du) dx, (5.23)
Boy

where ¢ = c(data(€p),#). For the ease of exposition we set o := 2r and adjusting the constants in (5.23)
we get

H(x,Du) dx < T’;—ﬂ (cgmrg_" + crg) j; H(x, Du) dx.

B‘rpg

Selecting 7, in such a way that CT}z < % and a threshold radius R! € (0, R.] such that cR’"Tg_” < %, we can
conclude that, for all ¢ € (0,R!) and all ¢ € (0, n),

f H(x,Du) dx < Tz_ﬂ f H(x, Du) dx. (5.24)
B‘rpg BQ
Now fix 74 € (0, %), assume deg, (B;) and that a;(B;,,) < 4[alo(7s5)* 7, where r < %Ri In this situation
we have

ai(Bar,y) < 8laloo(tsr)* 7 and bi(B,) > 4[blogr® . (5.25)

For ¢ € (0, n), by (4.4), (5.25), (3.1), Proposition 1 with ¢ = H?, (2.8) and (5.13) we obtain

dx+c f bi(B,)
B.

drgr

N

dx

p

u — (U)4r,
—— 4 bi(Bar,)

Tl

u-—- (M)4‘rxr u— (u)4‘rxr

TsI

H(x, Du) dx Scf

B4TSr

<c f
By

<c { V$(Du, Dhy)* dx +
Bytgr

B2‘rxr st
u-— (”)4‘51’

TslI

) dx<c Hy(Du) dx

B4TS r

i

TSl

B4‘rxr

H}(Dhy) dx}

<c { V$(Du, Dhy)* dx + |Baz,,| sup Hg(Dhs)}
Bytgr

4rgr

SC{ f V§(Du, Dhy)* dx + 7" f H(Dhy) dx}
B, B,

<t (e ver) | Hx Dwdx, (5.26)
2r

where ¢ = c(data()p),?). Again, we name o := 2r thus getting
f H(x,Du) dx < T?_ﬁ (CQmT?z_n + crf) f H(x, Du) dx,
BTA’Q BQ

where, as before, ¢ € (0,n) is arbitrary. Choose 7, small enough so that CT’S9 < % and a threshold Rf,

0< Rf < Ri such that c(Ri)’"Tf‘” < % Hence, for all o € (O,RZ] and all ¢ € (0, n) we get

J

H(x, Du) dx < 7" f H(x, Du) dx. (5.27)
BQ

TsQ
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Consider 7, € (O, %), assume degg(B;) and that bi(BTqr) < 4[b]0ﬁ(1qr)ﬁ‘7b, where r < %RZ Now,
ai(By) > 4alo.o(2r)*7* and bi(Byr,) < 8[blos(ryr)’ (5.28)

holds true. For ¥ € (0, n), by (3.15), (5.28), (4.5), (3.1), Proposition 1 with ¢ = Hg and (5.17) we obtain

q
dx + cf a;(B,)
B

drgr

p
+ ai(B2‘rqr)

u- (u)4‘rqr q

Tqr

u-—- (u)4‘rqr

Tqr

U — Uiz, r
H(x,Du) dx Scf A

B4‘rqr

u— (u)4
Scf Hg (—Tqr) dx < cf Hg(Du) dx
B4Tq}’ Tqr B4T_§'t

<c V(Du, Dhy)* dx +
B4‘rqr

BZ‘rqr Tqr

HJ(Dhy) dx}

B4‘rqr

<c { VE(Du, Dhy)* dx + |Baz,,| sup Hi (Dhq)}
B4rqr

B4Tq r

Sc{ f Vi(Du, Dhy)? dx +7) f HJ(Dhy) dx}
B, B,

STZ_ﬁ (crmTZ_” + crg) i H(x, Du) dx, (5.29)
2r

where ¢ = c(data()p), ). Again, we set o = 2r thus obtaining

L H(x,Du) dx < Tz_ﬂ (CQng_n + crg) fB H(x, Du) dx,
o

Tq0

where, as before, 4 € (0,n) is arbitrary. Take 7, sufficiently small so that crg < % and a threshold R,

0 < R} < R? such that c(Rz)ng‘" < % Hence, for all ¢ € (0, R3] and all 9 € (0, n) we get

H(x,Du)dx < 7" f H(x, Du) dx. (5.30)
B‘rqp BQ

1

Finally, select 79 € (O, g), assume ndeg(B,), where r < %R‘:’ In this scenario we observe that

ai(By) > 4laloo(r)* 7 and bi(B,) > 4[blog(ry’ . (5.3D)

For 9 € (0, n), by (4.6), (5.31), (3.1), Proposition 1 with ¢ = Hy, (2.8) and (5.21) we obtain

N

P q
H(x, DM) dx Scf M + ai(BZ‘rOr) ( )47'0" + bi(BZTOr) ( )4Tor dx
BZTO r B4T0 r Tor Tor
u—u r 1 u-—u r §
icf a;(B;) ﬂ + bi(B,) (W)az, dx
By Tor

TOr

Scf
B

<c { Vo(Du, Dhy)* dx + H(Dho) dx}
B4Tor

B4TOV

Ho (%) dx<c | Ho(Du)dx

4ror B. 475
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B47'0r

<c { f Vo(Du, Dho)* dx + 7 f H(Dho) dx}
B, B,

<t (crm‘rg_” + CTg) H(x, Du) dx, (5.32)
By

<c { Vo(Du, Dho)* dx + |Byz,,| sup Hg(Dho)}
B4T0r

where ¢ = c(data()y), ). Again, we set o = 2r thus obtaining

L H(x,Du) dx < Tg_ﬂ (cg’"‘rg_" + Tg) ‘[B H(x, Du) dx,

700

where, as before, ¢ € (0,n) is arbitrary. Take 7 sufficiently small so that CTg < % and a threshold R?,

0 < R* < R3 such that c(Ri‘)m‘rg‘" < % Hence, for all o € (0, R*] and all 9 € (0, n) we get
f H(x,Du)dx < 737" f H(x, Du) dx. (5.33)
Bryo B,

Step 2: double nested exit time and iteration
Now we are in position to develop the announced double nested exit time argument, which will connect
estimates (5.24), (5.27), (5.30) and (5.33). Take B, € Q with o € (0, R.], where R, = minie{1,2,3,4}{Ri}. For
k € N U {0}, we consider condition deg(BTZH Q) and define the exit time index

f, = min {K € N: deg(BT;HQ) fails} .
For any « € {1,--- ,1,} we apply repeatedly (5.24) to obtain

H(x, Du) dx < 7" f H(x, Du) dx. (5.34)
B, B,

The failure of deg(BTfu Q) at k = tp, opens three different scenarios: either deg(,(BTfpﬂg) or degﬁ(BTrp+1Q)
g P P
or directly ndeg(BT,pHg) is in force. Since the last condition is stable for shrinking balls, and the first two
are described by similar procedures, we shall focus on the occurrence of dega(BT,,,HQ). Let us introduce a
P

second exit time index
ty = min {K e N: deg,(B ., 1+ ) fails}.
Ts Tp Q@

Iterating (5.27) with B, replaced by BTtp+l£, we obtain
p @

J

s

H(x, Du) dx < 7 f H(x, Du) dx. (5.35)
B

tp+1
’ 4

tp+l
P T

T p ©

If dega(BTH,TtpHQ) fails at x = 1, the only chance we have is to look at ndeg(BT,_THTprg). Condition ndeg is
s P K )2
stable, so we can iterate (5.33) for k € N, thus getting
H(x, Du) dx < 74" f H(x, Du) dx. (5.36)
Br‘(715+]rtp+l BT,S+1Ttp+10
0's P s P
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Now we only need to ﬁllet estimates (5.33)-(5.36). For 0 < ¢ < 0 < R, we consider the following five cases.
Case (i): 0 > ¢ > 77 Q. Then there is k € {0,--- ,1,} such that Tﬁ“g <¢< TZQ. We obtain from (5.34)

p
that,

f H(x, Du) dx Sf H(x, Du) dx
B, %,
Ko

STZ('H?) f H(x, Du) dx
B,

e

(K+l)(n 19) 9— nf H(x, Du) dx < C( ) f H(x, Du) dx, (5.37)

where ¢ = c(data(Qp), ).
Case (ii): T;,p+1Q >¢ 2> TST;,pHQ. We see that, by (5.37),

f H(x,Du) dx < f H(x, Du) dx
B, Brtp+1
14
SCTgp+])(n—z?)

f H(x, Du) dx
B,

n—19
=c(t,T ’P“)" dpln f H(x, Du) dx < C(Z) f H(x, Du) dx, (5.38)
B,

with ¢ = c¢(data(f)y), ).
Case (iii): TST; 0>¢> T’S’HTZ’ 0. Sothereisk € {1,--- 1)} so that TKT; los>¢> %
by (5.35) and (5.37),

f H(x,Du) dx < f H(x, Du) dx
Bg B tp+1

Ap@

K+1 Ip+
l’

Q. We have,

<K= f H(x, Du) dx
B 141

p

< TN on O D) f H(x, Du) dx < c( ) f H(x,Du)dx,  (5.39)

where ¢ = c(data(Qp), ?).

te+1 _tp+l te+1 _tp+l

Case (iv): 747 1, 0>¢271] 7, 700. By (5.39) we obtain

f H(x,Du) dx < f H(x, Du) dx
B, B

Tt3+l lp+|
3 p
<c(~r’“rl t”“)” ﬂf H(x, Du) dx
. ¢ n—9
<CT0 (1o TIH t”+ )y ﬂf H(x,Du) dx < c( ) f H(x, Du) dx, (5.40)
© B

with ¢ = c(data(QOP D).
11 tptl

Case (v): 19 +l Z’ 700 > ¢ > 0. This condition renders a k € N such that 7" ' 70" 7, 0 < ¢ <
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rgrfg“rjf 0. We then estimate, using (5.36) and (5.40),

f H(x,Du) dx < f H(x, Du) dx
B B

% _ts+1 _tp+l
o e

<T’6(” ? H(x,Du) dx
B

tp+1
T’,r'*'] pP

K(n ‘19)( te+1 Ip+1)(n ﬂ)f H()C DM) d.x

<t ( ) f H(x, Du) dx = c( ) f H(x, Du) dx, (5.41)
where ¢ = c(data(Qp), ).

As mentioned before, the procedure is the same if, after deg occurs degy instead of deg, and it is actually
easier if, from deg we jump directly to ndeg. All in all we can conclude that, for all 0 < ¢ < o < R, and all
% € (0, n) there holds

f H(x,Du) dx < c( ) f H(x,Du) dx, (5.42)

with ¢ = c(data(Qp),?#). Now,if 0 < R, < ¢ <o <1, we get

n—9 n—9
f H(x,Du) dx < (S) (é_)) f H(x, Du) dx
B © ) B,

n—9 n—9
< (S) (ﬁ) H(x,Du) dx < c( ) f H(x, Du) dx, (5.43)
0 R, B,

where ¢ = c(data()p),?), by recalling the dependencies of R,. Finally, if 0 < ¢ < R, < p < 1, by (5.42)
and (5.43) we have

n—-9
f H(x,Du) dx <c (i) H(x, Du) dx
B; R, B,

¢ n—9 R n—9 G n—1
<c (—) (—*) f H(x,Du) dx = c(—) f H(x, Du) dx, (5.44)
R* o B, Y B

©

for ¢ = c(data(Q)),?). Collecting estimates (5.42)-(5.44) we conclude that, for all 0 < ¢ < o < 1 there
holds

H(x,Du) dx < c( ) f H(x, Du) dx, (5.45)
B§

with ¢ = c(data(Qy), 9).

6 Gradient continuity

From (5.45) and a standard covering argument, we can conclude that for every open subset 0y € Q and
k > 0 there exists a constant ¢ = c(data(€y), k) such that

J[ H(x,Du)dx < cr™™ (6.1)
B,
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holds for every ball B, € Q € Q, r < 1. Now, if & is any of the harmonic maps given by Lemma 7 and A
is one of the Young functions listed in (2.3) with ag = a;(B,) or by = b;(B,), then, the theory in [33] applies
rendering

f A(Dh - (Dh)g,) dx < ¢ (Q)W J( A(Dh) dx < ¢ (Q)W J( H(x, Du) dx, 6.2)
Bg r B, r

By

where ¢ and ¥ depend at the most from n, p, g, s. Moreover, for B, € Qy with 0 < r < R, where R, is the
threshold radius introduced in the previous section, we obtain from Lemma 7 and (6.1) that

f ‘T’(Du, Dh)? dx < cr™ f H(x,Du) dx < cr'"™ = ¢r?,
B, B

by fixing « := 7, where Vis the corresponding auxiliary function defined in (2.9) and the constant ¢ depends
on data(€)y). Arguing exactly as in [14, Proposition 3.3], we get

]( H(Du — Dh) dx < cr (6.3)
B,

for some positive exponent k; = «1(1, p, q, 5, [@lo.a» [Dlog, |H(-, Du)l|L1q,))- In this case, ¢ = c(data(€d)).
Now, for 0 < o < r < R,, by (6.3), the minimality of 4, (6.1) and (6.2) we see that

f |Du — (Du),|” dx <c {J( |Dh — (Dh),|P dx + J( |Du — Dh|P dx}
B, B, B,
<c { )( H(Dh — (Dh),) dx + (f) J( H(Du — Dh) a’x}
B, Q B,
<c {(é—))pvf H(x,Du) dx + (f) r"’f H(x, Du) dx}
r B, Y Bo,

<c (var_pf'_'( + oMM ) , (6.4)

with ¢ = c(data(Qy), k). Now, first notice that there is no loss of generality in supposing pv < 1. Setting

PV in (6.4), we easily obtain

_ o+ —
o=r"#andk:=

]( \Du — (Du),|” dx < co o, (6.5)
By

for all o € (0, R.), with ¢ = c¢(data(Qg)). Now, by the integral characterization of Holder continuity due to
Campanato and Meyers we can conclude that Du € C %Z(Q, R"™) forv = %. The full proof of Theorem 1 is
still not complete, since v depends on data(€2y), while we announced that the Holder continuity exponent
of Du depends only on data. So we will retain that, after a covering argument, Du € L (€2, R"), therefore
the non-uniform ellipticity of (1.6) becomes immaterial. Now, for B, € Qy € Q, no matter what degeneracy

condition holds, we compare u to h € W'#0(B,) solution to the Dirichlet problem

B,

where Hy(2) := |z|P + a;(B,)|z|? + b;(B,)|z]°. Notice that, for a functional like the one in (6.6), the Bounded
Slope Condition holds, see [6], so there exists ¢ = c(n, p, q, s, ||Dull~(5,)) such that

|Dhl|L=B,) < c. 6.7)
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By strict convexity we obtain

f Vo(Du, Dh)* dx < ¢ J[ Ho(Du) — Hy(Dh) dx
B, B,

=c {J( Hy(Du) — H(x, Du) dx + J( H(x, Du) — H(x, Dh) dx + J( H(x, Dh) — Hy(Dh) dx} <cr?, (6.8)
B, B, B,

with y := min{e, 8} and ¢ = c(p, q, s, [alo.a, [Dlog, llall.=), [1bllL= @), IDull = q,)). We got this last estimate
by using (1.8), the boundedness of || Dul| 2@ and (6.7). Now we jump back to (6.4), thus getting

Py -
f \Du — (Du), P dx <c { J( H(x, Du — Dh) dx + (9) J( H(x, Du) dx} <c(o™ +0"r ), (6.9)
B, B, r B,
with ¢ = c(data(Qo), [|Dullz~q,)). Equalizing in (6.9) as we did to get (6.4), we have
f |Du — (Du),|” dx < co'?,
B,

yv
n+pv*

with v = This means, by the integral characterization of Holder continuity due to Campanato and

Mayers, that Du € C&Z(Q), and, recalling that ¥ = ¥(n, p, g, s), we see that now v = v(data). This concludes
the proof.
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