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Abstract

Two special classes of solutions to the Yang-Mills
equations are studied in this thesis; Hermitian-Einstein
connections on holomorphic bundles over Kahler manifolds,
and self-dual connections on bundles over Riemannian 4-
manifolds.

We give a new proof of a theorem of Narasimhan and
Seshadri, which characterizes those holomorphic bundles
over an algebraic curve admitting projectively flat connecticns,
and describe a conjecture of Hitchin and Kobayashi that would
extend this to Hermitian-Einstein connections over any smooth
projective variety. This conjecture is proved to be true for
the simplest interesting case: bundles of rank 2 over GPZ.

Moduli spaces of self-dual connections are studied from
the point of view of differential topology. | For bundles of
Chern class -1 over a simply connected 4-manifold this
moduli space can be compactified in a straightforward way and
is,in a generic sense, an orientable manifold with guotient
singularities. Applying the theory of cobordism to this
moduli space we deduce that there are severe constraints on

the matrices which can be realised by the intersection pairing

on the second homology group of a smooth 4-manifold.
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INTRODUCTION.

The Yang-Mills equations are a system of partial
differential equations for a connection on a bundle over a
Riemannian or Lorentzian manifold. We shall be concerned
with the Riemannian version, and we will suppose also that
this base space is compact. Then, as in the Hodge Theory
of harmonic forms, the solutions to the Yang-Mills equations
can be viewed as the critical points of an "energy" functional
(the Yang-Mills functional); and,like the Hodge Theory, the
properties of these solutions are related to the geometrical
and topological structure of the underlying manifold. In
this thesis we study two of these relations.

The first problem that we discuss concerns the theory
of connections on holomorphic bundles over a Kdhler manifold.
Kobayashi [3], [4] and independently Hitchin [2] defined the

notion of a Hermitian-Einstein connection (this name was chosen

because, for the torsion free connection on the tangent bundile,
the condition reduces to the Einstein equation; from our point
of view they are special examples of Yang-Mills connections),
and they conjectured that a holomqrphic bundle admits such a
connection precisely when it is stable in the sense defined by
Mumford and Takemoto.

When the base space is a Riemann surface the Hermitian-
Einstein condition takes a very simple form (the connections
are then projectively flat) and the truth of the conjecture
follows from a comparatively old theorem of Narasimhan and
Seshadri. The structure of connections on bundles over
Riemann surfaces, and this relation with stability in algebraic

geometry, were extensively studied by Atiyah and Bott in [1] and



it is explained in that paper that the theorem of Narasimhan
and Seshadri can best be understood as an infinite dimensional
example of a general relation between complex, Riemannian and
symplectic geometries under a group action. We will not use
this infinite dimensional geometry very explicitly but we
recall briefly the following facts ([5] page 158).

Suppose that G is a compact Lie group and that the
complexification GG acts on a smooth projective variety
A c ¢Pn via some representation of G¢ on ¢n+1. Then in
algebraic geometry there is a criterion for selecting "stable"

c

orbits of G in A, in such a way that the set of stable

orbits is parametrised by a Hausdorff moduli space.

On the other hand we may give A a K&hler metric (or
equivalently symplectic structure) invariant under the action
of the compact group G. Then there is a way to define a
positive G-invariant function f on A, the norm of the

moment mapping:

alk L(G)* = dual of the Lie algebra of G.

With the property that the gradient flow of £ on A lies
within the G¢ orbits.

Then by following the gradient flow one finds, for each
GQ orbit o, a critical point v of £f within the closure
of o, and it turns out that the stability criterion is
precisely that required to ensure that, if o 1is a stable
orbit, v 1lies within o and is moreoever an absolute
minimum of £ on A,

Stability of algebraic vector bundles over a polarised

variety was defined in algebraic geometry, again in order to



get a good moduli space. As we shall see in Chapter 2 we

may describe the theory of connections on holomorphic bundles

over a Kdhler manifold as a formal analogue of the situation
described above, the analogue of the function £ is essentially
the Yang-Mills functional (in fact one has a choice of functionals
to use, which we exploit in Chapter 1) and finding the corres-
ponding critical points (Hermitian-Einstein connections) becomes

a problem in the Calculus of Variations.

Whereas the Hodge Theory leads to linear partial differential
equations, and the results apply equally well in all dimensions;
the Yang-Mills equations are sensitive to the dimension of the
base space and the "critical dimension", above which the direct
method of the calculus of variations fails to apply, is (real)
dimension 4. This is explained in the work of K.K. Uhlenbeck
which we shall appeal to frequently throughout this thesis.
There is a general survey of this work in [61].

First, in Chapter 1, we give a new proof of the theorem of
Narasimhan and Seshadri for bundles over algebraic curves. In
Chapter 2 we define Hermitian-Einstein connections, set down
some of their basic properties and explain briefly why one
should expect to modify the proof given in Chapter 1.

For Kdhler surfaces the Hermitian-Einstein condition
coincides with the notion of a (projective) anti self-dual
connection, which is defined in purely Riemannian geometry.
These connections share many of the properties of stable holo-
morphic bundles, in particular they are parametrised by a
moduli space. In Chapter 3 we change course and carry out a
detailed analysis of these moduli spaces under purely topological

hypotheses on the four manifold. As we shall explain in the



introduction to Chapter 3 the motive for this study is
a theorem that we shall prove on the matrices realised by

the intersection pairing:
H2 (X;Z ) x HO(X;Z) + Z

on a smooth 4-manifold. This goes some way towards settling
various long-standing problems in differential topology.

Of course in this more general case there is no complex
structure present, but part of the interest of this subject
is the close connection between the Riemannian and complex
analytic points of view, generalising, in a way, the well
known connections between the Hodge Theory on a K&hler manifold
and sheaf cohomology. Thus in Chapter 3 the key point of the
proof is the fact that a family of self-dual connections can
only degenerate by acquiring " point singularities". The
analogue in algebraic geometry is a family of sheaves whose
generic member is locally free,but containing some sheaves
with singularities along co-dimension 2 subvarieties.

We do not develop this correspondence explicitly here
but in Chapter 4 we use the underlying ideas to establish a
continuity property for familieé of Hermitian-Einstein
connections, and deduce from this the truth of the conjecture

of Hitchin and Kobayashi for bundles of rank two over ¢P2.
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CHAPTER ONE,

A NEW PROOF OF A THEOREM OF NARASIMHAN AND SESHADRI

§l. Introduction

In 1965 Narasimhan and Seshadri proved that the stable
holomorphic vector bundles over a compact Riemann surface
are precisely those arising from irreducible projective
unitary representations of the fundamental group [5]. I
shall give here a different, more direct, proof of this fact
using the differential geometry of connections on holomorphic
bundles. This complements, in a small way, the recent paper
by Atiyah and Bott [1l] in which the result of Narasimhan and
Seshadri is used to calculate the cohamology of the moduli
spaces of stable bundles,and which I take as a general‘ref—
erence for background and notation.

Let X be a compact Riemann surface with a Hermitian
metric normalised to unit volume. If E 1is a vector bundle
over X Wwe write:

M (E) = degree (E)/

rank (E)
(here the degree is obtained by evaluating cl(E) on the

fundamental cycle). A holomorphic bundle E? is defined to be

indecomposable: if it cannot be written as a proper direct

sum,



stable: if for all proper holomorphic sub-bundes ’}:< EL
U(}-) < p\(,g), or equivalently u(E/}') >u(&).

Certainly a stable bundle is indecomposable. The theorem

to be proved is:

THEOREM: An indecomposable holomorphic bundle éz over X

is stable if and only if there is a unitary connection on

g having constant central curvature : *F ='2ﬂi.u(gz. Suc_h

a _connection is unique up to iscmorphism.

Note: If deg(él) = O these connections are flat and so are
given by unitary representations of the fundamental group.
In the general case it is easy to prove the equivalence of
this form of the result with the statement of Narasimhan and

Seshadri ([1] Section 6).
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§2. Definitions and notatjion, outline of proof.

If E is a C~ Hermitian vector bundle over X a
unitary connection A on E gives an operator

d QO(E) -> Ql(B) which has a (0,1) component

A

%

structure é;A on E (see [1l] Section 5 for a proof that

there are sufficiently many local solutions of 3As = 0).

O’l(E), and this defines a holomorphic

Q°(E) > Q

Conversely if é; is a holomorphic structure on E there is
a unique way to define a unitary connection A such that
£.¢ .

A connection on E induces a connection on all associ-
ated bundles, in particular on the bundle of endomorphism
End E. The "gauge group" S of unitary automorphismsof E
acts as a symmetry group on the affine space 7& of all

unitary connections on E by
u(A) = A — dAu u-l u ef;,.A e#% .

The action extends to the complexification g;m = group of

general linear automorphisms of E:
— - —_ -1 *
g(A)=A—(3Ag)gl+ ((3Ag)9 ) gegc,AeA

and connections define isomorphic holomorphic structures
precisely when they lie in the same 80: orbit. Thus the
set of orbits parametrise all the holomorphic bundles of
the same degree and rank as E (there are no further
topological invariants of bundles over X). Given a
holomorphic bundile Ej, I write o(g) for the corresponding

orbit of connections on the appropriate c” bundle.
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Each connection A has a curvature F(A) ¢ Qz(End E),
and F(A + a) = F(A) + dAa + aAn a.

The plan of the proof is this : we suppose inductively
that the result has been proved for bundles of lower rank
(the case of line bundles being an easy consequence of the
Hodge Theory), then we choose a minimising sequence in
o(e,) for a carefully constructed functional J of the
curvature and extract a weakly convergent subsequence.

Either the limiting connection 1is in o(é;) and we deduce
the result by examining small variations within o(é?)cn:

in another orbit 0(37) and we deduce that éﬁ is not stable.
The main ingredient in this approach is a result of

K. Uhlenbeck 1[6] on the weak compactness of the set of
connections with L2 bounded curvature.

In the intermediate stages of the argument we have to
allow generalised connections of class L2

1
from some fixed C connection by an element of the Hilbert

(i.e. which differ

7
space with norm |laf|, = Halﬁ + || vo|®) with curvature
L
in L2 and gauge tran%formations in Lg. As explained in

({6] Section 1, [1] Section 14) the group actions and
properties of curvature that we use extend without essential
change (in particular Lg‘:—+co so the topology of the bundile
is preserved),and it is proved in ([1] Lemma 14.8) that each
Li connection defines a holomorphic structure. For

simplicity I shall work throughout with these more general

objects with only occasional further comment.



Definition of the functional J

The "trace norm" 1is defined on (n x n) Hermitian
matrices by:
1 n
v(M) = Tr(M*M)* = I |A,]
i=1
where {Ai} are the eigenvalues of M, repeated according
to multiplicity. We shall need to know that v defines a

A B
norm and that if M 1is written in blocks: M = ( )

B* D
then v(M) = |TrA| + |TrD|. Both properties follow easily
fran the characterization:

n

v(M) = max I | <Me,,e; > |
le;} i=1

n
where {ei} runs over all orthonormal frames for Q7.
(There is a complete account of such convex invariant functions
in (1] Section 12).

Applying v 1in each fibre we define, for any smooth

self-adjoint section s in QO(End E):

N(s) = ( J‘ v(s)%)*
X

Then N 1is a norm equivalent to the usual L2 norm and so

extends to the L2 cross sections. For an Li connection
A set:
J@) = N (E_ 4 4.1 h
( ) - (2,".1 He ) where H = ]J(E) .

Thus J(A) = O if and only if the connection is of the

type required by the theorem. For bundles of rank 2 and
degree O, J is essentially the Yang-Mills functional HFIIZ.
For larger ranks the definition of J 1is chosen to make thg

inductive step (lemma 3) carry through easily, although the
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connections we find in the end are of course Yang-Mills
connections. Although J is not smooth it does have the
semi-continuity property : if Ai + A weakly in Li, SO

F(Ai) + F(A) weakly in L2, then J(A) < limsup J(Ai)

*F (A)
211

closed convex set {o|N(a + ul) < J(A) - €} by a hyperplane).

(because for each € > o we can separate from the
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§3. Proof of main lemma

This section contains the main part of the argument
for which we need to extract the following proposition from

({61 Thm. 1.5).

PROPOSITION: Suppose that Ai e'¢\ is a sequence of Li

connections with [[F(Ai)H2 bounded. Then there is a

/
subsequence {i } < {i} and Lg

gauge transformations u
i

such that u ,(A /) converges weakly in Li.
i i

From this I deduce:

LEMMA 1: Let ET be a holomorphic bundle over X. Then

either inf JlO(E) is attained in o(g) or there is a

holomorphic bundle tF # ¢, of the same degree and rank as

£ and with inf Jlom < inf Jlo(a_) ; Howm (€, F) # O.

Proof

Pick a minimising sequence Ai for J o(E) " Since

N is equivalent to the L° norm we have HF(Ai)H2 bounded
L

and can apply the proposition to deduce that, without loss

of generality, Ai + B weakly in Li and

J(B) < lim sup J(Ai) = inf JIO(E)'

Since B defines a holomorphic structure g; the lemma

will follow if we show Hom (fié;) # 0. (The two alternatives
holding as 5?5 EB or not). To see this define for any

A,A' € %\ a connection d on the bundle Hom(E,E) = E* & E

AA'
built from the connection A on the left hand factor and A"

on the right, with a corresponding:
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3 : 2%Hom(E,E)) » °’! (Hom (E,E))
AA'
Thus solutions of 3 s = O correspond exactly to elements
AA'!
of Hom (gA’gA') .
If in fact Hom(g,c%) = 0 then 9 has no kernel

AOB

and since it is a first order elliptic operator:

HBAOBSlle 2 C “SHL2 for some C, all s.
1

5 2
1

13, s 1l 5 2 ¢y llsll, say.
AOB L2 1 L4

By the Sobolev inequality ||s||, 2 Const |[s]| , so :
L L

on the other hand L2 C— L4 is compact so Ai - B in

1l

LY norm ana 3 -3 is the algebraic operator
AOB AOAi
S » (B - Ai)o,l's . Thus

|l (_gAOB ~ -é-AoAi) S “L‘z <C, |l A, - B iy | s || L4 so for

each i and all s : |[|9 s || . (c, = c.lla; = B|| D]s]!
AoAi L2 1l 201 L4 'L4

Si . 4 . . ) E g

ince Ai - B in L norm this implies that Hom(C, % ) =0

1

for large enough i, contradicting gA = g
i



§4. Curvature and holomorphic extensions

We have to show that if E? is stable the second
alternative of lemma 1 does not occur. In general if
o £ +‘;'is a (non-zero) holomorphic map of bundles over
X there are proper extensions and a factorisation : (c.f.

[5] Section 4).

0o - é>+ £?+ g)+ o)

* Yo B

Q+M+-F<—M<—O

With rows exact, rank Q = rank)’z., det BZ O, deg@ < deg){..

The next two lemmas give bounds on the curvature of
bundles expressed as extensions- the first exactly as in
([1] Section 8), the second a little stronger, exploiting
the special properties of J.

First some generalities : if we have any exact sequence
of holomorphic bundles O > 8-+’Z:*14+-0 then any unitary
connection A on '[ has the shape:

Ag B

A = with A_., A connections
% S u

B Aﬁ

on S ’ 7./( and 8 in Qo’l(q* Q S) because 9 is a holomorphic

sub-bundle (B is a representative of the extension class in

" ¥
H* (N Qfa)). In the corresponding curvature matrix:
*
F(AS) -B A B ds -
F(A) =
2% »
—dB F(A) -8 A B

(Here d : Q‘(u} ® S) > Qz(uf R S) is built from Au,AS)

the guadratic terms have a definite sign (this is the principle



that "curvature decreases in holomorphic sub-bundles and
increases in quotients"). For convenience normalise soO
* . 2
that *Tr(® A g) =-2mi|B|° .
Conversely, connections on 8, M and a representative
B of the extension class define a unique connection on 7,
and any non-zero multiple of B also gives a bundle

isomorphic to T(although a different extension class).

LEMMA 2. If F is a holomorphic bundle over X which

can be expressed as an extension: ) +M—> :F-*/\/—» O and

if uM) = w(F (so also u(F) = p¥)) then for any unitary

connection A on '}.:

J@a) = degM M) - w(F)) + aegMwE - uM), = J_ say,

with equality occurring only if the extension splits.

Proof. Using the property of v on block matrices mentioned

in 83 and the notation of the discussion above we have:

*
| F(By) -8 AB
VOTRE + ) = | T+ w |
F (A,,)~BAB -
(Here u = u(§))
So J(A) = j\’(% + ul)
X

*F(A,,) -
z]f{Tr(—;;—‘;‘— + p.l) = IBIZ}I
X

+ | {Tr (

*F (a) ,
—5 t ouel) + BT

o —



3a11

FRy) :
But I Ty (—5-1—&—) = deg/yz £y f TrlM by hypothesis,

X X
so the first term on the right is : rk(M) W™ - ud) +]8 i|2

Similarly for the second term.

LEMMA 3. Suppose that E is a stable holomorphic bundle

and make the inductive hypothesis that the main theorem has

been proved for bundles of lower rank. If E can be

expressed as an extension : O ->(P -> 8—» Q + O (so from the

definition of stability uf®) < u &) < u@@)) then there is

a connection A on 8 with:

g@a) <tk @@ - u@) + rxQu® - w)

= Jl say.
Proof. Observe first that for a general extension:

o~ S, T—> M—> O the connections in O(T) given by
triples (AS,A“,tp) converge in c® as t > o to a
connection in o(SeBM). Now it is not hard to prove
(1] Section 7, [2]) that any holomorphic bundle @ has

a canonical "semi-stable filtration":

O=PO <F < oo <P]<=P

1

with P/Gf_; semi-stable and u(P ) decreasing with i.
(4 /€1
Each quotient Goi/@ has in turn a filtration [2]
i-1

with associated quotients Gij stable and

u([)ij)= u(é)i/Pi-l) < “(6)1)' If P < E are the bundles



in the statement of the lemma we must have
u(Cij) < u(g) since é; is stable. Also rank

Clj < rank E: so we can suppose inductively that each C?ij

has a connection with constant central curvature.
Applying the observation to each of the steps in the

filtrations we f£find connections A;,e 0(65 (t # o)

converging as t »+ 0o to <§; € Oo(® Cij)' And
iJ
*F(Ag) =-2ni”AF where AaD is the constant diagonal

matrix with entries the u(Cij) < u(E).

Similarly there are AE -> AO, *F (AZ) ==-2T1i Ao

and the entries of A.Q are greater than u({ﬁ.

t t

For each t Ae, AGl give an operator dt on the

forms with values in the C° bundle corresponding to
Q* 2 P. For t # o choose the harmonic representative
B't of the extension class corresponding to g i.e.
4,8, = 0, scaled to ”BtlkZ = 1.

Since dt - do as t » o and the d are elliptic

t
©/1  there is a uniform bound HBtllo < Const

c
(because for each t we have the usual elliptic bounds

on {

|| IIL;_ & Ct(lldtalle + Ilalle)
K+1 | K K

and the Ct can be uniformly bounded since the dt converge).

By our general discussion the triples (A?,A;,sat)
(s,t > o) give connections A(s,t) e o(g) with curvature:
t 2 %
F(Bp)=s Byrby o
F(s,t) =
_ t 2 %
o) F(AGR-S BTABt



It is clear that J(A(s,t)) - Jy as s,t » O. We have

to check that for suitably chosen small s,t; J(A(s,t)) < Jq-
Since ﬁP - u.%P has all its eigenvalues negative, the

same is true for nearby matrices, and for such matrices

v( ) = - Tr( ). Using the unform bound on the Bt and

FL%;) > ﬁp » together with the corresponding facts for the

other component, we have for small s,t:

*F(s,t)

. a2y, 2
et u.l) =30, - 2s7[B [T + e(t)

v (

where ¢€(t) - o with t. So:

Jas,en? = [ @l - 2878
) _

Choosing s so small that s* f lBt|4 is much less than
X

t

52 f IBtlz = g2 (using the uniform bound again), and then
X

t .small enough for the terms in € to be negligible

gives J(A(s,t)) . < Jl.



§5. Proof of the theorem

First, the final clause of Lemma 2 shows that if
E? is an indecomposable bundle with a connection of the
type required by the theorem (i.e. J = o) then 8 must
be stable.

Conversely if E: is stable and if the theorem has
been proved for bundles of lower rank then inf JIO(G)
is attained in 0(6). For if not, lemma 1 constructs a
bundle ‘F with deg }_ = deg & , Trank F = rank E ’

Hom (8,3:) # 0o and inf J

O(E) > inf Jlo(?). In the

corresponding diagram (*) we have

pM) =2 0 Q) > u(&) = u(F

So we can apply lemma 2 to the bottom row of (*) to deduce

inf Jlo(.F) > Jo.

And lemma 3 to the top row to deduce:

inf JIO(E) < Jl.

But: rk Q = rx M, rk P = rkM
deg Q > deg}/l_ deg C < deg/v

implies Jl s,JO and we obtain contradiction.
So suppose inf J o (£) is attained at A ¢ o(f).
The operator dXdA acting on L% self-adjoint sections

of End E has kernel the constant scalars (because any

other element of the kernel would have eigenspaces that



would decompose E? holomorphically), and the projection
of *F/21Ti onto the scalars is u(E). Thus by the Hodge
Theory (in a version [4] adapted to the case where the
coefficients need not be smooth) there is a self-adjoint

section h ¢ Lg such that:

* = - 1%
dAdAh 2T i*F (4a).

For small t; 1 + th = = egm; let A, = gt(A) e o(£)

SO we can compute the curvature:

_ _ = -1, , = , -1
FQA,) = F(A) =~ 3, ((3,9)97 ) + 3,(97 " (3,9))

2 1

— - -1 _ -
~ 3,9 9 79,9 — 97 78,93,99

= F(A) - t(aABA - BASA)h + g(t,h) say,

2

with [[a(e,h) ][, <c([n],) . t° for small t.
L L,
. * - .* ~ - ~ -
Since dAdA i (BAEA QAB ) Wwe get:
*F(A,) x|
N ( zmt + 0 = N(—%%—)-ﬂl) . (1 - t) + o(t?)

And if J(At) is to be a minimum at t = o we must have

*E(R) -

STi U as required.

Referring again to the paper by Uhlenbeck ([ 6] Corollary
l.4) we find that in some gauge the solution s smooth
(i.e. there is u e-s’ with u(A) smooth). Thus in each

stable orbit <3(£J there is at least one connection of the

required type.



Finally, to see that A is unique up to the action
of g on o(g), recall that any § egd: can be factored
g =g.u with g = g*,llesg so if A,B are distinct
solutions we can suppose B = g(A) g = g*, One computes
the forumla:

2

F(A) = F(B) = u.1 = 3,3,g

_ = 2. -1, ,% 2, -1l*
= - 1(3,9%) g H(@,9% 97}

Taking the trace Tt = T;(gz) of this gives : At <0 with

equality if and only if §Agz = 0. By the maximum principle

the only possibility is AT = O everywhere and

5Ag2 = 8A92 = Q. Again since E:is indecomposakle we must
have g a constant scalar and A = B. This completes the

proof of the theorem.
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CHAPTER TWO

Stable holomorphic bundles and Hermitian-Einstein connections

We suppose now that (X,w) is a compact K&hler manifold
of complex dimension n (usually 22) and carry over the
notation of the previous chapter ; so that E is a U(r)
vector bundle over X and 7A is the space of connections
on E. We will also denote by"gE: the bundle of Lie
algebras corresponding to skew-adjoint elements of End E.

In the usual way we assign real numbers to the characterf

istic classes of E, for example:

c, = (¢, (B) v [wI™%)[x]

2 -
ci = (cl(E)\/ [w]n 2)[X].

In the first section we relate these numbers to the Yang-Mills

functional on %\ :

l!F!!z = [ IFlzdu F = F(a).
X
§1. Decomposition of the curvature

First there is a natural orthogonal decomposition of the
bundle ‘9E into its' central and trace-free components, and

sO a corresponding splitting of the curvature of any connection:
» + 1
F=F + (-E)(TrF).lE

|2 = [|F7|F + & 1er|f.



Only the trace-free part F* has any real interest
since the central component may be freely varied within
the linear constraint given by the first Chern class, just
as for line bundles.

On the other hand the complex structure of X gives

a decomposition of the complexified 2-forms:

2,0 1,1 0,2

R, = Q ® Q7' 6 Q

2
C
and the (1,1) forms decompose further into the components
parallel and perpendicular to the Kdhler form w. Thus

for a e Qé we write:

A

1
— + — N
o = Q + a:,z a + (Za.w

~

where o = M 1s a scalar.
There are two natural Hermitian forms on Qé; the

norm |a|? and the form ¢ defined by:

d(a).vol = o A o A w2

which are related to the decomposition above by the following
equations (particular cases of the Hodge-Riemann bilinear

relations [7], Chapter 5).

2 2 p) 2 1,7,2
o012 = Jay ol + lag 517 + 1,12 + Ea]
0o = (- 20 (g ,1% +loy o7 + EH[al? - o |%.

(The decomposition is irreducible so one only need checks

one term in each factor).



2.3.

The norm used to compute the Yang-Mills functional
comes from the tensor product of the Killing form
M > -Tr(Mz) on.gE with the Hermitian norm on 2-forms.

Using the form ¢ instead (on real 2-forms) we set:

¢(F+).vol = —Tr(F+ A F+) A wn—2

n-2

(% Tr(F)2 - Tr(FA F)) A w

-1/ 5 Tr(F A F) is the Chern-Weil form corresponding to the
4T
. . 2
characteristic class cl(E) - 202(E), and —l/2ﬂi Tr (F)
to cl(E), hence on integrating we have:

4 2

[ oFHau = -((x - ;)ci - 2rc,).
X

Whereas by the discussion above:

- ~ g 2 1
[ o (ENan = (- 200dlrg LIP + lIFy OIF + ESDIETS - IFLE.

X

This gives two lower bounds for the Yang-Mills functional
depending upoh the sign of the topological invariant
2rc2 - (r - l)ci (this is in fact an invariant of the

projectivized bundle associatea to E). When this number

is positive we have:

PROPOSITION 1l: If 2rc, - (r - l)c

2
||F+Hz > ___4"“_

=277 (2rc, - (r-1)c

+  _ .+ T+
0,2 - F2,O = F = 0.

Conversely if E admits a connection with these components

of the curvature vanishing,then 2rc2 - (r - l)ci

(The calculation above was performed in more detail in [41]).

with equality if and only if F

2 O.




§ 2., Holomorphic bundles and the Hermitian-Einstein condition

In the previous chapter any connection A on E

induced a holomorphic structure EA on E via the operator

QA' Over a manifold of larger dimension this remains true

for those connections satisfying the integrability condition:
2

QA = 0

that is,with F and so also everywhere zero.

0,2’ Fy07

This is plainly necessary for a connection to be compatible
with a holomorphic structure, that is it is sufficient
follows from the Newlander-Nirenberg theorem, as in [1]
Prop. 3.1. We denote by f\(l’l) the subset of such
integrable connections in A ; so by the calculation of §1

for any A in f\(l’l):

R = oA (e

2 ~4 2
r(n-2)° - (r - Dey) +[[F ]|

2

or, replacing the central component :

2
2 2 2
IFIP = wigyr (2, - )+ [IF Q.

Thus within each topological type the Yang-Mills

functional on A(l’l)

~

component F,

can be recovered from the single

DEFINITION 2: A unitary connection on a holomorphic bundle

over X 1is a Hermitian-Einstein connection if the
FaN

component F = AF of the curvature is the constant central

endomorphism

- 2T
- T U(E).le.



Here, as in Chapter 1,

u(g) = 3§gk(§é) = % (cl(E)\J wn-l)[X].

Clearly this definition reduces to that of Chapter 1
if we take X to be a Riemann surface. In higher
dimensions we see by proposition 2 that there is a

2

necessary topological condition: 2rc2 - (r - l)cl > 0 for

a bundle to admit a Hermitian-Einstein connection.

§ 3, Geometry in the space of connections

We shall explain briefly why the same formal properties
hold in the problem of finding Hermitian-Einstein connections
as were present in the Riemann surface case.

If M is some (compact) manifold we may form the space
%x of ‘connections on some unitary bundle over M, it is
naturally a real affine space. Then any one of the

three structures:

(1) Complex,
(2) Riemannian,

(3) Symplectic,

on M induces a corresponding structure on ﬁ‘, invariant
under the group of automorphisms g . For example if

(Mzn,w) is symplectic then we define a skew pairing by:

n-1

(a,B) =—[Tr(a/\8)/\ w (a8 € 91(9}3)).
M
(The Riemannian (Euclidean) structure comes likewise by

integration, whereas the complex structure is defined pointwise).



We regard QO(SE) as the Lie algebra of g,, and

an(sE) as its dual, then we have:

PROPOSITION 3. The map #—2 _Q_zn(gE)

m(A) = F A wn-l

is a "moment map" for the action of g on A .

Proof: 1In general if a group G acts by symplectic diffeo-

morphisms on a symplectic manifold N, then a map:
H ¢ N> L(G)*

is a moment map for the action if for each element v in
the Lie algebra L(G) the corresponding vector field:
v(n) on N is identified via the symplectic form with the

derivative of the function:
(n(n),v) on N.

In our case, 1if Vv ¢ QO(gE) then the associated vector

field (infinitesimal gauge transformation) on #A is:

v(a) = -4,V < Ql(gE)

Whereas the function (m(A),v) is [ Tr (VF) A wn_l.
X

Hence (m(A + a),v) - (m(A),v)
= I Tx (v(F(A + a) - F(A)] A wn-l
X

n-1

= I Tr(vdAa) AW + O(a)2

X



Integrating by parts andusing dg = O, this is:

n-1

- [ Tr(dAV A a) A w + O(a)2

X

= (v(A),a) + O(az) as required.

When the base space X 1is a Kdhler manifold the affine
space A inherits a (flat) Kdhlerian structure as above,

and the moment map is:

F A wn_l = (n - 1)! F.vol.

So the moment map associated to the action of the gauge
group is essentially the compoment of the curvature discussed
above.

(1,1) is a complex subvariety of #\,

The subspace f\
cut out by the zeros of the smooth, complex differentiable

map:

75\ +S}?’2(.End E)
A » FOr%(a).

and restricted to this subspace the norm of the moment map
squared is linearly related to the full Yang-Mills functional
above. Then a Hermitian-Einstein connection Aez%\(l’l) on
a holomorphic bundle E?A is an absolute minimum of this norm,
when the moment map is the constant harmonic element of the

centre of L(g) prescribed by the degree of the bundle E.

PROPOSITION 4: (i) Any Yang-Mills connection on a holomorphic

bundle over X corresponds to a direct sum of Hermitian-Einstein

connections.




(ii) The Yang-Mills flow preserves the subspace %&(l’l)

and the holomorphic structure is invariant under the flow.

(1iii) If an indecomposable holomorphic bundle E: admits

a Hermitian-Einstein connection then:

H°(Ena€) = ¢ .
If also deg (£) <0 then H9(E) =o0 .

Proof: Except perhaps for the vanishing of H° (E) these
may all be proved in axiomatic fashion from the definition
of a moment map and the interplay between the Euclidean,
complex and symplectic structures on ﬁ\. However we give
direct proofs:

We introduce the "twisted derivative" d¢ on bundle

A
valued forms , for example:
C _ a0 1
dy = 927Gy S Gg)
c - 3 -— -
dA = 1(3A 2. ) (see [7] page 191-2).

A
so that, just as for ordinary forms, we have the basic

Kdhler identity:

= | c P
dz = LA,dA] on (qE) (L71 (Cor. 4.9).

For A e *\(l’l) the curvature F 1is of type (1,1) so

that tne Bianchi identity

d,F = 0
implies dSF = 0, hence d*F = -dCAF
p A ' A A
A
= -dSF .



So, for (i), if AeA(l’l) is Yang-Mills, i.e. djF = O

~ ~

gF = dAF = O and the eigenspaces of F decompose

then d
the connection into Hermitian-Einstein factors. Similarly

for (ii) the Yang-Mills flow:

oA _ ..
ot dAF

becomes, on A(l’l): %% = dgF .

And, just as the tangent space to the 9 orbits is
Im(d, : 2°(q.) ~ 9 (q.))
A ° SE 3E

the tangent space to the Eaa—orbits is its complexification
Im dA ® Im dg. The action of QQ on A , complexification
of the action of g , 1s just as in Chapter 1, Section 2,
and as there the orbits parametrise holcomorphic structures,
so the Yang-Mills flow preserves the g(ll orbits, i.e. the
holomorphic structure is invariant under the flocw. (We
treat the flow formally here, without considering questions
of existence and uniqueness).

To prove part (iii) we compute the three Laplacians:

= * ' = "=-'_~“‘E
Bp = dx dps Aa Gy Ap SN

on $°(End E) or °(E).

Using the Kihler identities : 98* = il[ A, 9,1

= ~il A,BA]

we get

by = iM(3, - 3,)(F, + 3,) = &) + A"

. c
A 1AdA dA



Whereas:

| I, L N N =-A
AA AA 1A(3A 3A+ aA BA) iF .

So if A is Hermitian-Einstein then AA = 2A£ on

QO(End E). Hence for any section s
= 2 " 2
| 3,s]]” = <Ays,s> = y<A,s,s> = ¥[d,s|[" .

So a holomorphic endomorphism is covariant constant and,
if not a multiple of the identity, decomposes A.

Similarly on QO(E) we have:

= - 112 i 2 !
13,s1P = slia,sIP - 2 |Is|P .

So if u <O there are no holomorphic sections and if

H = O any such section again decomposes the bundle.

(This is a special case of a vanishing theorem of
Kobayashi and Wu [3]).
The following proposition extends the calculation alluded

to in the last paragraph of Chapter 1.

PROPOSITION 5: Let A ¢ fﬁl’l), and let g be an element

of the complexified gauge group €;¢ c °(End E). Then if

we write:

h = g*g B = g—l (A) T Trace (h) = Iglz

we have:
. C,. _ * -1 =
(1) dAdAh = 2gFBg (hFA + FAh) + 2@8Ah)h (aAh)

. Pa ’~ N . —l
i 1 = - * - -
(ii) AAh 1(29FBg (hFA + FAh)) 21(3Ah)h (BAh).



iy ae o o S N i
(iii) AT 2i Tr(g*gF, - hFp) 21ATr(3Ah)h (3,h) -

Here (i) is a direct calculation, starting from

1_

- __l__
= + -
B=A+9g 0,9 - (g 9,9)*

FB= FA + dA(B - A) + (B - A) A (B-Aa).

(ii) follows by applying A : Ql’l(End E) -» QO(End E), and
(1iii) by taking the trace in the bundle.

The force of each of these is that the quadratic term:

L3, n

Q = i(BAh)h ah

is positive (i.e. for any v e TX Q(v A Vv) is a positive

endomorphism of the bundle) and in (iii):
Tr AQ 2 O
with equality if and only if BAh = 9.h =0,

COROLLARY 6: If E: is an indecomposable holomorphic bundle

over a compact Kdhler manifold,and if a Hermitian-Einsten

connection on<£jexists)it is unique up to isomorphism.

Proof: Same argument as the last paragraph of Chapter 1,

using Proposition 5 (iii).

Thus most of the formal properties of the Yang-Mills
functional on the space of connections over a Riemann
surface hold in general for connections in holomorphic
bundles over a Kdhler manifold. We describe next the

definition of a stable bundle in this case.



§4. Stable holomorphic bundles

To motivate the definition recall that in Chapter 1
we used the fact that for any holomorhic map a : €'+‘F
between bundles over a Riemann surface there are bundles

«2,/4,of the same rank and a factorisation:

€ 2Q-M*F

(p a projection, i an inclusion). It is easy to see that
this will not be true for bundles g, ]: over a complex
manifold of larger dimension, but one can still make such a

factorisation of the corresponding sheaves.

DEFINITION 7 ([61,[5]p.160): Let V be a smooth projective

algebraic variety and H an ample line bundle over V. Then

a vector bundle E: over V 1is H semi-stable if, for all

coherent subsheaves S’ c Q(f) we have

(S < u

if strict inequality holds then Ez is H-stable.

Notes: (i) Any such sheaf E; is locally free except over a

codimension two singular set. Thus the rank and degree and
hence:
L ¢ (8)
degree (3 -t
S = =32 2

rank. (S) - rank (3S)

can be defined, for example by restricting to the generic

hyperplane section.

(ii) Only the polarisation (i.e. cohomology class Cl(H))

corresponding to H is used in the definition. Thus there



is an obvious generalisation of this definition to bundles
over any Kdhler manifold, using the cohomology class

determined by the metric.

The main property of stable bundles that we shall use is:

PROPOSITION 8 (L5] Corollary to Lemma 1.2.8.). Let a : £.+ T

be a non-zero holomorphic map between two semi-stable holomorphic

bundles of the same rank and degree. Then if at least one of

g,‘F is stable a 1is an isomorphism.

This is proved by factorising o and applying the numerical
criteria for stability to the resulting sub and quotient
sheaves. We note finally that for bundles of rank two one

need only consider sub-sheaves Sg of a very simple type:

PROPOSITION 9 ([L[5] Lemma 1.2.5 for the case when V =1Pn,

the proof is general). Let E:_be a holomorphic bundle of

rank 2 over V. Then E: is stable (resp. semi-stable) if

and only if for all line bundles Ae over V with a non-zero

holomorphic map f > 8 we have:

L) < u( (resp. 1 (&) < n(€)).

§ 5, The conjecture of Hitchin and Kobayashi

It seems now very likely that the precise relationship
that holds between Hermitian-Einstein connections and stable
bundles over algebraic curves extends to varieties of all

dimensions, perhaps in the form of:

CONJECTURE (Hitchin, Kobayashi: references cited in the

Introduction). If )< is a smooth complex projective variety




with an ample line bundle H over X and a Kihler metric

W defining the same cohomology class as cl(H), then a

holomorphic bundle é? over X 1is H stable if and only

if it admits a Hermitian-Einstein connection with respect

to w.

Strong circumstantial evidence for the truth of the
conjecture is given by the inequality of Proposition 1 above.
A 2-plane bundle admitting a Hermitian-Einstein connection

must have:

2
1~ 4c2 <0

c
and in algebraic geometry this same inequality has been shown
to hold for, say, any stable bundle over op”. ([51 p.234,
Corollary to a Theorem of Barth).

Moreover Takemoto has provel ([6] Prop. 2.1.) that if
E; is a stable 2-plane bundle (over a minimal surface) with
ci - 4c2 2 0 then the stability condition is independent of
the ample line bundle H chosen. This too is consistent
with the conjecture, since any Hermitian-Einstein connection
on a bundle with ci - 4c2 = 0 must be projectively flat.
In Chapter 4 we will prove the conjecture for bundles

of rank 2 over ¢P2. We observe next that, at least for 2-

bundles, one half of the conjecture is easy to prove:

PROPOSITION 10. Let X,H,0 be as in the conjecture above

and E? a holomorphic bundle of rank 2 over X admitting a

Hermitian-Einstein connection with respect to w. Then

is semi-stable and, if indecomposable H stable.




Proof: If £ -> 8 is a non zero map of a line bundle £ to
E: then £)Q L:l has a non-zero section, and also admits

a Hermitian-Einstein connection. Then by Proposition 4 (iii):
Eer™ =
p(ee L ) = u(® - u) =0

with strict inequality if S'Q,[-l is indecomposable. By

Proposition 9 this completes the proof.

§6. General discussion of the conjecture for varieties of

dimension at least two.

According to the analogy with the finite dimensional
situation sketched in the introduction there should be a
critical point of the Yang-Mills functional within the closure
of any orbit o(€) < A(l’l) corresponding to a holomorphic
bundle g .

In Chapter 1 (Lemma 1) we essentially found this critical
point by using the "weak compactness" theorem of Uhlenbeck
and then showed, by considering extensions, that the stability
condition was precisely that required to ensure that the
critical point was contained in the orbit and was Hermitian-
Einstein.

On the other hand, in the Riemann surface case discussed
in Chapter One, if the bundle we chose was not stable, for

example a 2-bundle given by an extension:

0’*[‘*6'*(9}(*0 wd) = u®.

Then we would expect to find a critical point within the

closure of cﬂ,g) corresponding to the bundle:

Lol



and again this agrees with the finite dimensional analogy.
When we go to manifolds of larger dimensions relatively
few bundles may be expressed as extensions of line bundles:
for example over @P"™ all such extensions are trivial.
Instead the typical phenomenon is for a 2-bundle to appear
in a Koszul complex for the ideal sheaf J of some sub-

Y

variety Y of codimension 2; that is (up to twisting with

a line bundle) as:
0+0(Z)+(9(€)+JY+0 (61 Ch. I1I.5)

(so E?* = E?Q (det E:)-l has a section vanishing along Y).
Of course this is the same bhenomenon encountered in the
.definition of stability above.

Supposing then that E? is not stable and appears in
such a Koszul complex with p([) > u( f’). Then rough
calculations, along the lines of Lemma 2 in Chapter 1,
indicate that a minimising sequence Ai of connections an
g converges tc a connection on La ® @x except over the
subvariety Y, and that the curvatures of the Ai are un-

bounded over Y; so that as currents of type (2,2):

CZ(Ai) >~ T ([3] p.386).

Y

Thus if we wish to associate a critical point with such an
unstable bundle E? it has to be some kind of formal connection,
with a singularity along Y.

This is entirely consistent with the work of Uhlenbeck
since in real dimensions >4 the weak compactness theorem

does not hold true in the straightforward sense of Chapter 1.



Thus it is of interest to study examples of families
of Yang-Mills connections whose curvature is unbounded, and
in the next chapter we shall do this in some detail in the
rather different setting of four-dimensional Riemannian
geometry. To relate that chapter to this one we observe that

if X 1is a K8hler surface we have the complex decomposition:

2,0 2 1,1

Q% = Q & 0°'° o Cw O T

2
C
Whereas, regarding X simply as a Riemannian 4-manifold there

is a decomposition of 92 into self-dual and anti self-dual

parts:

o =92eceolacd (defined in Chapter 3,I.3)

and it is easy to check that:

e =too a0 e o0?
e’ e e =a't .

Thus, in the language of Chapter 3, a connection on a
holomorphic bundle (with c, = O) 1is anti self-dual if and
only if it is Hermitian-Einstein, and conversely an anti self-

dual connection defines a holomorphic bundle together with a

Hermitian-Einstein connection.
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CHAPTER THREE.

An application of gauge theory to the topology of 4-manifolds

I.1.

Introduction

The homotopy type of a compact, simply connected, oriented

4-manifold X is entirely determined by the intersection form:

Q : H2(X;ZZ) > Z

Q(a) = (a~ a)lX]

(dually, realised on homology by the self-intersection of

cycles) a quadratic form on the free abelian group Hz(X;E) '

with determinant +1 by Poincaré duality. Many writers

([111,012] for example) have discussed the problem of finding

which forms may arise from 4-manifolds of various types.

Very recently M.H. Freedman has given a ccmplete

classification of simply connected topological 4-manifolds

L81].

According to this classification such a manifold is

specified, up to homeomorphism, by any form of determinant

+1

some

and, if that form is of odd type (i.e. Q(o) odd for

a) the value of the Kirby-Siebenmann obstruction in

21/2 (this is an obstruction to smoothing the

5-manifold X x Sl). We show here that there are severe

constraints on the forms that may be realised by smooth

4-manifolds, in sharp contrast to the topological case.

This is the theorem we shall prove, fulfilling the announce-

ment in [7]:



THEOREM 1: Let X be a compact, smooth, simply connected

oriented 4-manifold with the property that the associated

form Q is positive definite. Then that form is equivalent,

over the integers, to the standard diagonal form, so in some

. _ .2 2 2
base: Q(ul,uz,...,ur) = uy + U, ... + u .

In the arithmetic of quadratic forms, there is a clear
difference between the indefinite forms which are all explicitly
known and are classified by three invariants: rank, signature
and type, and the definite forms which occur in a large
number of distinct isomorphism classes [16 Chapter 5]. Thus
Theorem 1 implies that most of the manifolds constructed in
[8] cannot be given a smooth structure.

The most obvious problem remaining in this area is to
find for which values of m,n the manifold with quadratic
form:

o 1
2mE8 + n( )

1 o
can be given a smooth structure. In particular if m = 1,
then the form with n = 3 1is realised by a K3 surface
which is smooth; while for n = O the form cannot,by
Theorem l, be realised by a smooth simply-connected 4-manifoid
since 2E8 is definite. It is not yet clear whether the
methods we use here can be extended to the intermediate cases.

On the other hand the fundamental group does not seem to
play a very crucial role in the proof of Theorem 1, and ore
could hope to extend the result a long way in this direction.
It will appear that the present proof works under the weaker,
but rather strange, hypothesis that there be no non-trivial

representations of Trl(X) in SU(2).



3.3.

I.2, Method of proof

The bare structure of the proof of Theorem 4 is much
simpler than the more technical material which makes up the
bulk of this paper, so we give it now.

We will find associated to X a space MY(X) which
can be compactified to an orientable 5-manifold with boundary
‘X and a certain number of point singularities, one singularity

for each pair +o of solutions of:
— 2
Qa) =1 e H (X;Z) .

Call this number n(Q). A neighbourhood of one of these
singular points in ﬁﬂ?(x) will have the form of a cone on

EPZ, so if we remove these neighbourhoods we get an orientable
manifold with boundary the disjoint union of X and n(Q)
copies of ¢E>2. We do not know, at this stage of the
argument, how the orientations of the copies of EI’Z compare.

The only arithmetical fact about quadratic forms that

we use is this observation:

LEMMA 2: If Q is any positive definite guadratic form

over Z then:

n(Q) < rank(Q)

with equality if any only if Q 1is equivalent to the

standard form.

Proof: By induction on r = rank(Q). If o is any

solution of Q@) = 1 we may split:



3.4,

Zﬂr = 7Z .00 aJ'

B > (B.a)a & (a - (B.a)a)

and, because Q 1is definite: n(Q) = n(Q J? + 1,
o
rk Q = rk(Q} ) + 1.
. ot

On the other hand the signature of the manifold X

is 0(Q) = rank (Q) (since Q 1is definite), and signature

is an invariant of oriented cobordism so:
rank(Q) < n(Q) . 0(¢K’2) = n (Q)

Thus, by our observation, we must have o(Q) = n(Q) and

Q is the standard form.

I.3. Connections and self-duality

The space M ° =/W?(X) will be defined by using the
ideas and methods developed for the study of the "gauge
theories" of Mathematical Physics. There are now several
thorough expositions ([5],[13] for example) of these ideas
so we will only say enough here to fix notation and the basic
facts that we shall use.

P

If G 1is a compact Lie group’ + a principal G
X

bundle over the 4-manifold X onemay define the space 74

of all connections on P. Any two connections A,B

differ by an element:
A-Be szl(g),

of the vector space of 1l1l-forms with values in the bundle
of Lie algebras associated to P, so VA is an affine
space. For any vector bundle V associated to P a

connection A induces a differential operator:



3050

a, : aP(v) » aP*t(y)

and if X has a Riemannian metric we get adjoints:

di : Qp+l(V)-’Qp(V) . and covariant derivatives
v. : Pwv) - aPv) e al.

The curvature F(A) of any connection is an element of

Q2 () and:
_ 1
F(A + a) = F(A) + dAa + %[a,al. ae Q (%).

The group g; of automorphisms of P acts as a symmetry

.group on all this structure and connections are equivalent

if they are in the same orbit of g on }A . Considering

g as T (P xAdG) this action is given by:

o -1
g(A) = A (dAg)g .

We will be concerned with the cases G = SU(2), U(l) and
only very briefly with the second. The topological

classification of such bundles is by:

G =5SU(2); P classified by c,(P) ¢ H (X;Z) 2 =

G

U(l) ; P classified by c,(P) e HZ(X;ZU .
In the second case we summarise all we need in:

PROPOSITION 3. If P is a U(l) bundle over X, A

any connection on P, then the image of Cl(P) in

Hz(XﬂR) is represented in de Rham cohomology by the closed

2-form -l/ZTri F (A) ( % is in this case a trivial bundle);
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all 2-forms within this cohomology class occur as the

curvature of some connection and,on the simply connected

manifold X, any two connections with the same curvature

are isomorphic. In particular, if X has a Riemannian

metric, there is a unique connection on P, up to equivalence,

with harmonic curvature; AF = 0.

The corresponding characteristic class representation

for an SU(2) bundle is:

c,(P) = 1/ JTr(F(A)/\ F(B)) e =
8
m
L
which also has a version for manifolds with boundary. If

Y is a compact oriented 3-manifold, A a connection on an

SU(2) bundle over Y there is an invariant:
Tc2 (A) € ]R/ZZ (See [5] Appendix 3)

with the property that any time Y =932 and A extends to

a connection A over the oriented 4-manifold Z:

TCZ(A) = -1/ 9

TP_(F(;) A F(Z;)) mod 7Z .
8t
Z

(The analogous invariant for U(l) connections over

circles is the holonomy around the circle).

Self-duality

On an oriented Riemannian 4-manifold the 2-forms decompose:

into the spaces of "self-dual" and "anti self-dual" forms,
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defined by the +1 eigenspaces of the operator * : Q° » Q°,

thus by the property:

ae 9 if aAr o= +(aAr *) = i[a[z.vol. (1) .

2
*
There is a similar decomposition of bundle valued forms and

so of the curvature F(A) of a connection on P.
F(A) = F, (A) + F (Aa) 92( ) ® 92( )
+ - e g -9/

The tool which we shall use to prove Theorem 1 is the

notion of a self-dual connection [2], that is to say a

connection with self-dual curvature, F_(A) = O. These
were defined and studied for the following reason: for

an SU(2) connection A the "Yang-Mills action"

IF @)%, [ F@) |7 au
' L

X

2 2
[|F+| + |F_|* au
X

is bounded below by the absolute value of

-8ﬂ2 CZ(P)

I

I-Tr(F A F)

X

[ |F+|2 -~ |F_J2du by (1) above,

X
and for C, = O there is equality if and only if A is
self-dual. Conversely if the bundle P admits a self-dual

connection then c, < O; and if c, = O, so P 1is

topologically trivial, any self-dual connection is flat i.e.




F = 0. In general a flat connection over a manifold is
(up to isomorphism) equivalent to a representation of ™
in the structure group,so for the simply connected manifold
X of the theorem any flat connection is isomorphic to the
standard product connection on SU(2) x X, we call this
connection §.

This decomposition into self-dual and anti self-dual

parts gives a differential operator acting on l-forms:

a Ql-*QE, the composite ol 4 92 T o2

Similarly if we have any connection A there is:

a; : ot » 2?2 w).

A
. . o 1, 2 :
With Laplacians ZSA on {Q7(v), Q7(v), QZ(V) given
: * * *3 T3k . ;
respectively by dAdA, dAdA + dAdA’ dAdA’ and associated
harmonic spaces HZ, Hi, Hi (if A is self-dual, these

are the harmonic spaces associated to the elliptic complex:

d . d
Q%) —&s ot(v) —2sa2(v))

For the rest of this paper we suppose that X is

P

given some Riemannian metric and that + 1is an SU(2)
X

bundle with c2(P) = -1,

I.4. Instantons, and conformal invariance

All the self-dual connections on the bundle P
(cz(P) = =-1) over the standard Riemannian S4 are explicitly
known, and this example provides the basic model for the

general theory.
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Notice first that the self-duality condition depends

only upon the conformal class of the Riemannian metric.

Moreover the action:

J |F|4 au

U
contained in any open set U is likewise independent of
conformal changes. This means on the one hand that the

4 acts on the set of self-

conformal group SO(S,lfk of S
dual connections on P; on the other hand that any self-dual
connection on S4 can be interpreted as a self-dual connection
or "instanton" on ZR4 , by the conformal equivalence

r? - S4\{pt}, and that the Chern class can be recovered from:

J [F|% au. = -87° c, . (2)
4

A theorem of Uhlenbeck implies that the converse is also

true. For later use we state a form of this result as:

PROPOSITION 4 ([20] Thm. 4.1). If A is an SU(2) connection

(on the trivial bundle) over the punctured ball B4\{O}, self-

dual with respect to some smooth Riemannian metric on B4

and with finite action:

|F (a) |2 dp. <
B4 \{0}

then there is a bundle automorphism g : B4\{O} + SU(2) such

that g (A) extends smoothly over B4.

Hence we may recover a self-dual connection on P (up

to isomorphism) from an instanton on R? with total action 82
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According to the classification, established in [2] for

example, the equivalence classes of self-dual connection on

P

+4 form a single orbit under the conformal group. There is
S

a single SO(5) invariant class (coming from the natural
7

f ), hence the set of these
4

S

equivalence classes is parametrised by a moduli space

,fQ(S4) = SO(5,l)/SO(5) = B5, the open 5-ball. Interpreted

4

connection on the fibration

as instantons on R

a "centre" in ZR4, about which they have S0(4) symmetry,

these connections can be specified by

and a scale which we can measure, for example, by the radius
2

of the ball about the centre containing action 4nu (i.e.
one half of the total). Then the conformal group acts by
translations oﬁ the centres and dilations x + a.xX on the
radii. The instanton Ik with centre O and radius A

can be given by the explicit connection matrix:

_;iég;_ ) 4

I, (x) = Im ( {Using quaternionic notation: R = H
A l2+lX|2
su(2) = Im H}
with curvature: F(I,) = Az dxdx (We shall not make
A (A2+|x|)2

any use of these equations).

e o . =5 _ 4 4

Thus one sees that the compactificatiam B —/%}S ) uS

has an intrinsic interpretation in terms of the connections;
a point x of S4 represents the limit point of a sequence
of connections whose curvature becomes concentrated in
diminishing balls about x. The whole object of Sections II
and III of this paper is to show that an analogous moduli

space M (X) exists for the manifold X of the theorem, and

that it may be compactified in the same way.



I.5. Taubes' Theorem on the existence of self-dual connections

According to the Hodge Theory the second real cohomology
group of any compact Riemannian manifold is represented by the
space of harmonic 2-forms. The * operator commutes with
the Laplacian A; so on a 4-manifold these harmonic forms
decompose into self-dual and anti self-dual parts;

)(2 =){3 6){3. By the defining property (1) the dimensions
of these two spaces are just the numbers of positive and

negative eigenvalues in a diagonalisation of the quadratic form:

qR(a) = ( 0O A O : Oc€ Hz(XﬂR).
)
X

(This is very close to some of the earliest applications of the
theory of harmonic forms [9] Sec.52.2); so an equivalent
form of the hypothesis in Theorem 1 that the intersection form
is positive definite is the statément that the space )(E(X)
of anti-self dual harmonic forms vanishes.

In the recent paper [18] C.H. Taubes constructs self-
dual connections on the bundle P under precisely this
hypothesis ([18] Theorem 1.1). | They are constructed there
by means of an "implicit function theorem" which we state here

for later use:

PROPOSITION 5 ([18] Theorem 2.2)

P
Let AO be a connection on + . There are constants
X
C,eo > 0, depending only on the Riemannian structure of X,

the L -norm HF_(AO)H 5 and the 1st eigenvalue u of the
L



operator [ﬁA =d, d4d* on 93(9) such that if:
o o o

s (a) = llF_(Ao)lle + HF(AO)HL4 lr_a)ll ; <e
L

then there is a self-dual connection AO + di U = AO + a = q(Ao)
o

with U e Qz(g) and:
(i) ||V a|| < C.6 (A )
A0 L2 (o)

(ii) ||all < C.||lF_(a)|
L2 o L4 3

The construction is (;—invariant and q(AO) varies smoothly
L%

with A .
o)

Given any point of X and A > O, Taubes applies this
to a connection Ao constructed to have most of its curvature
in a ball of radius A around that point . The hypothesis

){E(X) = 0 means that the lst eigenvalue of A on Q% is

positive and ensures that u(AO) is bounded away from zero
as A = O.

A much easier observation, which we need to complete
these preliminaries, is that for the 4-manifold X with
positive definite form each U(l) bundle has a unique self-
dual connection, up to isomorphism. This follows directly

from Proposition 3 and the fact that the harmonic curvature

form is automatically self-dual.
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II.1. Sobolev spaces, reducible connections and properties

of the space &3.

We shall need to refer to Sobolev spaces LE (p 21, ke N)

of sections of bundles associated to P; that is of sections

locally represented by functions with their first k derivatives

in P, A smooth connection A gives definite norms
|| H on these spaces for example
LY (a)
2 2 2
lls |l = v Il + sl -
Li(A) aS 1.2 | L2

J‘(I VAslz + |s|%)au.

X

Moreover it is convenient in this Section II to widen the
definition of ¢\ to allow A differing from a smooth
connection by an element of Lg(Ql(g)). This differentia-
bility is high enough not to make-any essential differences in
the properties discussed in Sect. I (and also the norms

|| “ 5 are defined for k £ 3) but allows us to work in
Lk(A)

Banach spaces.

We define the moduli space ﬂQ(X) to be the set of equi-

valence classes of self-dual connections on P, that is to

say a subset of the quotient space:

B =A/6

and use the notation p : A > 6
A » [A],
The techniques that we use here to study the moduli space
/Nl are essentially those of [2], but we emphasise the

role of the ambient space &3 rather more.



We distinguish first the reducible connections on P;

they are characterised by any one of the properties:

(1) The holonomy group reduces to a subgroup of SU(2).
Since P 1is topologically non-trivial the only possibility is
that this subgroup be a copy of U(l).

(ii) The ¢2 vector bundle E associated to P decomposes
1

as EZ Lo L and the connection on P 1is induced from a

U(l) connection on the principal bundle corresponding to L.

(iii) Hg = (Ker AA c Qo(s)) # O, then for the same reason
as (i) H° is one dimensional, generated by an element (iu)

A

say, where the +1 eigenspaces of u decompose E as in (ii).
(iv) There is a non-trival stabiliser FA # {+1} of A in

g. Once we have chosen a generator iu, T is canonically

A
isomorphic to U(l) by ele + exp(iud).
From (ii) the possibilities for reducing P are classified,

topologically, by line bundles L with:

cl(L)z = —c, (L ® L™ = —c, (B) =1

except that we must identify L with L'—l in this classification
(corresponding to a choice of +u in (iii)). Hence the number
of such reductions is given in terms of cohomology by the number
n(@) =% |[loe B2(X;2) : Q@) = 1} of Section I.2 and by
Proposition 3 and the observation at the end of 1I.5 there is

a unique self-dual connection for each of ‘these n(Q) reductions.

THEOREM 6 (i) 63 is a Hausdorff space and the open subset (*¥*

of equivalence classes of irreducible connections forms a Banach

manifold, with charts constructed from "slices":
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Tp,e = &+ aldza =0, llaIIL2 <e}. (e sufficiently small).
3

Moreocever p : p-l(a*) -~ @* 1is a principle g/j_l bundle.

(ii) If A 1is reducible I‘A acts on T, _ and the map
aces on ,E

T

A,c/ > 6 is a homeomorphism to a neighbourhood of [A] in
T
A

£, smooth off the fixed point set of T,.

Proof

Results of this type are now standard ([21,[13]), so we
shall be brief,

First, the groups (;)g/il are Lie groups in the Li
topology and have Lie algebra Li(ﬂo(g)), moreover they act
smoothly onA . Second, we may always reduce the problem to
a local one, in the following sense: if A eﬂ , € sufficiently
small, ,then any g e g for which there is an A + a with
Ha“L2 s llg(a + a) -A]lL2 both less than € may be factored

as: 3 3

g =y§ with ye T, ., |lg -1 , <conste.
Ly

To see this, consider 9 as a subset of Li (Qo(c\‘ Q GI)) and write

g =49 + 95 , gle HZ s 95 € Hf\l (1 with respect to L2
inner product). So : dAgl =0
and HdAgzlle 2 const. |[g,|| , xk =0,1,2,3.
k L+l
- - -1
Then : b =g(A+a) ~-A=d,99 +gag
dA92 = dAg = bg - ga.

so, from ||b| ,, |[ld|l , <& we deduce in turn that
L3 L3



“92“ 2 < const.e for k =1,2,3,4 s and so that the constant
L
compo%ent 91 differs from an element Y € PA by Of(g).

Then write:

g=gl+g2=Y+(gl—Y+gz)

-~

x|
= Y(1 +Y{gl - Y + 92}) = Yg.

By the same argument, if A,Bez#\ then for small enough ¢
any g € g moving an element within € of A to an element
within € of B can be factored into an automorphism sending
A to B and an automorphism close to 1, so B is Haussdorf
in the quotient topology.

Now the proof is by standard calculus:

(1) The set B* ¢ 3 representing irreducible connections is
open since the condition Hg = O 1is an open condition ("semi-
continuity of cohomolcgy"), and 9/@1 acts freely cn p-l(B*).

The smooth map

S 3 TA,exg/il-) A

S(A + a,g) = g(a + a)

has derivative at a = 0, g = 1l:

o 1l
DS : Ker dz X (9) > Q (8).

(a,v) - a + dAv

which is an isomorphism since Ker dA = HZ = 0 and

2l(q) = In d, ® Ker df. Hence S is locally a diffeomorphism
and so, appealing to the discussion above, a diffeomorphism to
its image. The cited properties of p-l(®*) +'Q* follow

easily from this.
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(ii) This time DS is surjective but has Kernel H Thus

o)
A.
the restriction:

ol
s:T, _xexp QH > A

1
(HX the complement in the L2 inner product) is a local

diffeomorphism. Similarly, multiplication :
I‘A X exp (Hg ) Q has derivative 1 at the identity so
there is a unique splitting of g e g’ close to 1 as

g =Yg Y € FA d € e€xp (Hgl). So in this case a neighbour-

hood of [A] in (3 is homeomorphic to T and

A,e/n !
r
A

*
p : T +.§3 is clearly smooth off the fixed point set of FA.

A,c
We see from Theorem 6 (ii) that in the decomposition,

for reducible A ,of:
Ker df c 91(3) = ol (<iu>) @ ol @?)

into real and complex spaces; the real component, on which

T acts trivially, corresponds to the deformations of [A]

A
within the space of equivalence classes of reducibie connections
and that there is a quotient singularity along this set in

EB, given locally by the action of FA on the complex component.

11.2. Local properties of the moduli space

If A e~A is self-dual the self-dual connections wWithin

the slice TA€ are given by the set 2(®) of zeros of the
!

map:
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= ¢ 2,.2
Ta, g = {A + ald}a = O,HaHL2 <e} — L (Q_'(g))
3

(A +a) =F_(A + a) = d;a + Y a,al.

The essential fact that we use is that the derivative of ©¢:

da

(Do), : (Ker ax < 1] (at(g)) —&> r2(a%(g)

is a Fredholm operator (recall that a bounded linear map is

Fredholm if it has finite dimensional Kernel and cokernel

and a closed range). This is an immediate consequence of the
ellipticity of the differential operator: dz + d; since it
is well known that elliptic operators are Fredholm. Thus,

first, it has an index:
index (DI>)A = dim Ker (D<I>)A - dim coker(D@)A

w3 - . ol 5> 0° 2 : o
= index(d} + 4, : 27 (q) QA(g) ® Q_(g)) + dim Hj.

The index of dz + dA is independent of A G}Q and can be
computed by the Atiyah-Singer index theorem in terms of the

original data X, P to be [2]:

index (dy + d;) = 8|cz(P)| - % (X(x) = T(X))
=5
(since by our assumptions on X ; X = 2 + bz,T = b2).
Thus the index of (D@)A is 5 or 6 as A 1is irreducible or not,
corresponding as we shall see to the fact that if A is
reducible we have to divide Z(%¢) by PA to get a true
neighbourhood of [A] in 3.

Second, it is a general property of non-linear maps of

this type that we may reduce them, locally, to a linear part



and a finite dimensional non-linear part. This was done
by Kuranishi in [10] and by Smale in [16]; we shall use
the following simple lemma, .in which all maps are to be

interpreted as germs about the origin.

Lemma 7: Let E —£€>F f(o) = O be a smooth map between

I

Banach spaces with the property that L (Df)O is a Fredholm

operator of index k > O. If we choose complements:

H
]

ker L & E!

F=ImL ® F'

(so that dim Ker L = dim F' + k), there is a diffeomorphism

v of E and a smooth map ¢ : E > F' such that
f o w—l(x) =Lx + ¢(x) ¢ ImL & F' = F.

Proof: By the open mapping theorem LIE, : E' » Im L has
a bounded inverse i which we can extend to F in the
obvious way, so that Li =1-m; w: F > F' the projecticn.
Then ¢ : E » E
P(x') = x' + L(E(x') - Lx')
has derivative lE at the origin and is thus a local

diffeomorphism with:

Ly (x') = Lx' + LL(f(x') - Lx')

Lx' + (1 - m)(f(x') - L(x"'))

1l

f(x') - m(f(x') - Lx")

so if x' =yl : £ Tx)) = x + (e x)) - W Tx))

= Lx + ¢(X)

as required.
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Note also that, with the obvious definition (cf.[161]), a

point y =y; +y,e¢ ImL ® F' =F is a regular value for f

if and only if Y5 is a regular value for the

finite dimensional map ¢|  and for any such regular
-1
L "(yq)
value the pre-image f—l(y) is a smooth sub-manifold of E of

dimension K.
Applying this first to the self-duality equations in

TA ¢ and choosing the harmonic space Hi as the complement
14

of Im d;, we have:

PROPOSITION 8: For any self-dual A, € sufficiently small

there is a map ¢ from a neighbourhood of the origin in the

harmonic space Hi to the harmonic space Hi such that: if

%/ is irreducible a neighbourhcod of [A] in fi is carried by

a diffeomorphism onto

2(6) = ¢ T(0)c HY (and dim H} - dim B2 = 5)

A A A
. . . 1 2 .
and if A is reducible so HA’ HA are complex spaces, ¢ is
PA equivariant and a neighbourhood of [A] is modelled on
2(6)/. = 2(6)/.n (and dim .. HX - dim . H® = 6)
T s¥ '*=——RrR"A —/—DR A )

This position follows straight from the lemma : the

second part because the symmetry group FA acts on the whole

procedure.
Thus, just as H§ detects the reducibility of a connection,
the vanishing of the space Hi signals whether or not 0 1is a

regular value for ¢, and so whether or not the moduli space

has generic behaviour about A : either a smooth 5 manifold
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z g3 by T, = gt, The 1st eigen-
value u of AAO = dAO dxo on QE(Q) in Taubes implicit
function theorem (Prop. 5) appears for essentially the same

or the quotient of H

|

reason. Anticipating here Prop. 18 we can say that the sub-

set K <M of classes where Hi # O is compact.

IT.3. Perturbation of the moduli space

For the proof of the main theorem used in Section I.2
we have to establish the existence of a smooth 5-dimensional
space with only finitely many, explicitly known, singularities.
If the harmonic space Hi vanishes for all self-dual A then
the moduli space )1 would have this property, but in general
we know very little about these spaces so we argue that one
may find a perturbation o of the self duality equations such
that the corresponding zero setj’l0 has generic form.

This is the formal setting for the perturbation: the group

5 /+l acts on the Banach spaces:
2,.2 2 2
Ly (& (q) ) & L (QC (ca) )

So we get a pair of bundles g3<—+€2 say, over the manifold
d}*, associated to the principle bundle p_l(ﬁﬁ); and the

anti-self dual component of the curvature induces a canonical

section ¢ of E}z. The allowable perturbations ¢ are to

be smooth sections of é23 : the "uniform norm" ||o(a)|] 5

Ly (A)
in the fibre over [A] 643* is well defined as is the

. [ » ,, .
"covariant derivative: (Va) a linear map:

Al

(Vo) [,q: Ker ax ’-:(T(B')m ' %E“A = L%(QE(S))
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(in effect the slices T, ¢ define a connection on E?k).
4

If we interpret ¢ as a section of 2?2, V(¢ + o) 1is Fredholm
and of the same index as V¢, Since Vo factors through

2
L3, and L§C+IL§ is compact.

All of this makes sense over the whole of {3 provided

that o is defined in a TA c with the appropriate PA
[
symmetry. We give such ¢ the topology of uniform convergence
of HG{[Z and convergence of Vo in operator norm,
L5 (A)
3

uniformly on compact sets.
It is convenient to treat the reducible connections first.

Suppose that A 1is a reducible self-dual connection with

Hi = ¢P,p > O 8o that we have an Sl equivariant map:
1~ 3tp _¢ 2 ~ aP
H, = ¢7 > H, = C
with (D¢)o = O by construction. Pick a complex linear epi-
morphism o : Hi > Hi and for sufficiently small n > O define

¢, also equivariant, by:

5@ =o@ +ng(lE) @ em, 8 acut o

n
function. Then in a small enough neighbourhood of O,
37 1(0) is a smooth 6 dimensional manifold and

$_1(O)/ 1 = ¢3/ 1 is a cone on EJPZ. In the notation of
S S

Lemma 7 we replace

2,.2
® : TA,:, + Lo (Q2(9))

o (7 IX) = Lx + ¢ (x)

by ¢ ’



3.23.

;(w—lX) = Lx + §(x), equal to & outside a small
neighbourhood of A.

Doing this for each cf the n(Q) reducible self-dual
connections we can pass, without loss of generality, to the
case when the compact set K is contained in @ * (since all
our subsequent perturbations will be supported indg *). It

is convenient then to prove:

Lemma 9. If V cc U c ®* are open sets with U covered by

finitely many slices ‘I‘A . then the set G of good perturba-
4

tions o0, supportedin U and such that the zero set

V nZ(® + o) is cut out transversally (i.e. (V{(& + o)) 1is

onto for all [Ale VA Z(@ + g)) is open and dense.

Given lemma 9 we can find three open sets K c Ul cc U2 cc U3,

each covered by finitely many slices T, . (since K 1is compact).
4

The set of good perturbations over Ul supported in U2 is
open and dense, and by applying lemma 9 to (U, \‘ﬁl) c U3_\ﬁl
and the fact that & is already good outside Ul' we can find
the required small perturbations ¢ such that /ﬂ? = 2(d + 0)

is a smooth 5-manifold with n(Q) singular point, equal to

ﬁﬂ outside a compact set.

Proof of lemma 9

If ¢ is any perturbation, bounded in || || 5, and
L
3
0 < R <w, the set of [A]l in V such that || @ + o) @)|| , < R
L3 (A)
3
. . . . @ 2
is compact (for in each of the slices TAqe covering U an L3
(1) Footnote. We ought, here,to suppose that the slices TA c
4
are centred on smooth connections A - this is possible since

the smooth connections are dense in f&.



bound on ¢ + ¢ gives an L° bound on (d; + dx)a and

3
2
SO an L4 bound on a by ellipticity, then LiCa»Lg is

compact) .

That G 1is open, in the topology we defined, follows
almost immediately from this and the fact that the set of
surjective operators on a Banach space is open in operator
norm.

Similarly, using this compactness, to prove any given o

is in G we may reduce to the case when U 1is contained in

some TA c and the local representation
[
f=¢ + 0 : E = Ker 4* n‘L2 -+ L2 = F
A 3 4

can be decomposed in the manner of Lemma 7 over U (since a
finite intersection of open dense sets is open and dense).
We may then suppose that the finite dimensional complement
F' 1lies in Lg and so choose a regular value of £ in F!
arbitrarily small in Lg norm, by applying the usual Sard
lemma to ¢ : Ker L » F', Then we extend this to get an

element of G by using a bump function B8 (||al) .

1I.4. Orientability of ﬁ«g.

To prove that the 5-manifold ﬁ\o n3* is orientable, for
any good perturbation o, we again use a general fact about
Fredholm operators ([11,0(31]). Suppose V,W are bundles
over some (compact) manifold M and that T 1is a compact

parameter space with bundles V, W over M x T such that

-~ ~ ~

Vt =V M% (£} — v, Wt = W. Then if we are given a family
{L .} of Fredholm operators:
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L, : P(Vt) -> F(Wt)
varying continuously with t ¢ T, there is an element
ind L.} ¢ KO(T)

which has the property that if dim Ker Lt is constant for
t» in some closed subset S < T - so that Ker{Lt},
coKer{Lt} form vector bundles over S -

ind{Lt}S = Ker{L, } - CoKer{L,} ¢ KO(S). (*)

(The numerical index used previously is then the image of this
KO index under the augmentation : KO(T) » Z ).

The reducible connections are a nuisance here, so we
choose a base point X, € X and form the restricted gauge
group goc 9 of automorphisms equal to the identity on Px .

(o}

Then S° acts freely on A so we get bundles:

~__~- T o~ —

V() 89, W=ger’(Tx ey

over the product ‘A/ x X =@ x X by glueing; and a family

[\
of operators:

L[A] = d;; + dA + (VO)A : (V[A]) -+ T (W[A]).

Note first that the natural projection:

A

g+ B

becomes a fibration when restricted to the dense open subset
®* c 63 ofirreducible connections, with fibre S0(3); hence
the tangent bundle to m° q § * will be orientable if and only

if its lift to 71 5(m% a@ *) is,



Second we recall that the characteristic class vvl

is defined on KO and since by definition:
* o) — : ~1 a *
T*(Tm*) = Ind{L[A]} in KO(r “(m~ n @ *))

it suffices to prove that wl(Ind L = 0 e Hl(%;ZZ/Z).

(A}
Thirdly observe that for all t e [0,1] the operator

—>L2

2

is Fredholm, so that by forming the corresponding family of

operators over a cylinder, we have:
= * N L
Ind {L[AJ} Ind {dA + dA} e KO(Q@).

Now the next lemma, together with these preliminary

remarks, proves that M%A G* is orientable.

LEMMA 10. Let M be a simply-connected 4-manifold, P

— K
an SU(n) bundle over M with Chern class c, = K. Then
if we form the space:

@ (M,n,k)
of equivalence classes of connections on PK’ and the

corresponding family of operators d* + d~ on Lie algebra

valued forms we have:

w,(Ind(a* + a7)) = O« H1 (@ M,n,k); /) -

Proof: The lemma is stated in more generality than we need

since the proof will use the stable range n 2 3.
The adjoint representation of SU(3) on Su(3), when

restricted to SU(2) decomposes into the direct sum:
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Sw2) erR o v

where V 1is a complex vector space. This means that if

we regard

@@ (M;2,k) as being included as a subset of reducible

connections in @ (M,3,k), in the obvious way, the stable

‘real vector bundle:
ind {d* + 4 }(,3,k)

when restricted to Qg(M,Z,k), differs from
ind{d* + 4 }(M,2,k)

by the sum of (*#) a trivial real bundle and a complex stable

bundle. Hence:
wl(ind{d* +d }m,2,k))

is the restriction of wl(ind{d* +d }M,3,k)) € Hl(é(M,3,k),Z§/2)
to B BM,2,%);:z/,).

Then I claim that 6§(M,n,k) is simply connected for
n > 3; this will obviously complete the proof of the lemma.
QL = g;(M,n,k) acts freely on the contractible affine space
of connections so ﬂl(&(M,n,k)) is isomorphic to the set of
connected components of g;(M,n,k).

The 4-manifold M is simply connected so it is, homo-
topically, a wedge of 2-spheres with a 4-cell attached [12].
The bundle P is trivial over the 2-skeleton and, since

K
nz(SU(n)) =, any element of So can be deformed to be the
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identity on a neighbourhood of the 2-skeleton. Thus,
collapsing the 2-skeleton, we may reduce to the case when

4

M=G5", Similarly P is trivial on the complement of a

K
point, so we may reduce to the case .when k = O and the
bundle is trivial. Then the components of g;(s4,n,0) are

the homotopy groups:
m, (SU(n))
which vanish for n 2> 3.

Notes
(i) ind{d* + 4"} is not, strictly, defined on the non-
compact space 3. However, this plainly does not affect

the argument, which only involves compact subsets.

(ii) For the case at hand; when k =1, n = 2, one may

alternatively argue that.the full quotient 8 = 3/50(3) is

simply connected.

(iii) The point to this proof is that we may regard the
group SU(2) as being the first member of either the family
of symplectic groups Sp(n) or of the special unitary groups
SU{n). For the manifold S4, or more generally for any
spin manifold, there is an essential loop in the spaces
corresponding to the symplectic groups; and it is detected

by the index of the Dirac operator [3]; whereas this loop

does not persist in the other family, as we have seen above.
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Section III

In this section we prove:

THEOREM 11. There is an open subset fQA_ of the moduli
o)
EBEES.ﬂt =/W(X) of self-dual connections on P which is

a smooth 5-manifold diffeomorphic to X X (0,2) (A5 > 0)

and with the property that the complement M \)1A is
compact. 7

Once this has been done the proof of Theorem 1 will be
complete - since the perturbed space/\"L0 of Section IT is
identical to M outside a compact set and so may be compact-
ified to have boundary X by using the collar of Theorem 11l.

The proof that we give may be regarded as an essay on
the fundamental results of C.H. Taubes and K.K. Uhlenbeck

(18]1,020],[21]; and is divided into four parts:

III.1 Convergence of a sequence of connections over the 4-ball.
I11.2 Convergence of a sequence of connections over X.

I11.3 The definition of/%.x and of a covering map

o
M)‘o B> x x (0,1,).

I1I.4 Proof that p 1is l-sheeted, hence a diffeomorphism.

III.1.

PROPOSITION 12. There is a constant C > O such that if

'{mi} is a sequence of metrics on the 4-ball B4, each

sufficiently close to the Euclidean metric, and converging

in Cw(§4) to a limiting m _; and if '{Ai} is a sequence

of connections (on the trivial bundle) over B4 with Ai

self-dual with respect to metric m; and satisfying:
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J IF@)f2an <c

B4

Then there is a subsequence {i'} < {i}, and Ai equivalent

to Ai such that A, converge in c” on the half sized

4
ball: %B° = {XLeZRAllX[ <%} to a limiting connection A_;

self-dual with respect to the metric m_ -

This proposition follows from Theorem 1.3 of [21].
Identifying in the usual way a connection on the trivial bundle
with a matrix of 1l-forms, we may suppose by that result that

the Ai are chosen to satisfy:

. * -
(i) a Ai 0

(ii) “Ai“Lp < const. ”F(Ai)“Lp any p = 2.

1

Just as in Section II the constraint (i), together with the

self-duality condition:

0]

- 1
d Ai + 2[Ai,AiJ_

gives an elliptic system of equations and, for C sufficiently
small the standard convergence argument applies (by the a
priori inequality Theorem 3.5 of [20] we can take [|F(a,)|| p?
L .
and so HAiH » bounded for any given p).
LP
1
III.2. The local result of III.l1 above allows us to prove

the following theorem for a sequence of connections defined

over X:

THEOREM 13. Let Aiesfx be a sequence of self-dual connections

on the bundle P over X. Then there is a subsequence {i'}

such that either:
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(i) each ‘A

o0
C to a self-dual connection A_ on Pj; hence

i is equivalent to an Ai. € 79\ , converging in

(a1~ 03,1 inM< @ .

or

(1i) There is a point x € X and on the complement K of

any geodesic ball about x bundle isomorphisms

pi. : KX su(2) » Pl
K

such that p;, (Ai,) > E) (the product connection) in C” (K).

There is considerable overlap in this theorem with the
results of [15], one may compare also [1l4]. We prove a

combinatorial lemma first.

LEMMA 14. Given L,C > O and a sequence of functions

fi 20 on X with

I fidp <L

X

one may find a subsequence {i'} < {i}, a finite set

'{xl,xz,...,xz} c X and a countakle collection '{Ba} of

small geodesic balls in X such that the half sized balls

cover X \ {xl,...,xz} and for each a:

I(a,i') = f £.4 du

Ba
is eventually less than C.

proof of Lemma 14. X has a countable base of neighbourhoods

{Bq}qéN made up of small geodesic balls, and for each q:



I(g,i) = J fi du <L . 3.32,
B

Thus we may find, for each fixed g, a subsequence i' such
that 1I(g,i') converges; and by a "diagonal argument" we
can arrange that this happens for all g simultaneously:
I(gq,i') ».I(q) say. This is just the standard fact that
some subsequence of the fi converge in the sense of distri-
butioné.

Suppose that XpreoesX are points ocf X each of which
lies in no ball Bq with I(q) < c/2 (i.e. the limiting

distribution "contains ¢ -functions" at the points xj).

Then we may choose disjoint balls Bj containing xj and having:

I fi' du > c/2 for all large enough 1i';
B

hence L = f f [ f., dy = 2.c/2 .
X

So £ 1is at most 2L/C and in particular there are only
finitely many points of this type. Then we can select the

required cover of X \ {xl,xz,...,xz} from amonjthe balls Bq.

Proof of Theorem 13.

Suppose that B c X is any geodesic ball of radius r.

We can find a geodesic coordinate system x* in B such that:

as? = (5.. + o[x]?%) ax® ax?
1)
Then if we expand this by a factor r—l to give a map:
4
Xg B - B |
yl _*ryl - %,

. 2 2 i 3 .
The induced metric on B4 is r2(6ij + r O|y| ) dy dyJ which
is conformally equivalent to a metric differing, with all its

derivatives, by O(rz) from the Euclidean metric.
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Thus we may apply Lemma 14 to the sequence of action

densities:

= A )2 — 82
£, IF(Ai)l [ £, du = 81" by I.3,

X
with the constant C of Prop. 12 and choose the balls Ba
so small that the hypotheses of Proposition 12 apply to the

metrics on B4 induced by these "conformal charts"

Because of the conformal invariance of the Yang-Mills action

we may apply Proposition 12 to deduce that, for each o, some
sub-sequence of the Xa(Ai') converge after suitable bundle
automorphism on %B4 (all ensuing subsequences will be
suppressed in the notation), and by a diagonal argument we may
-suppose this is true for all o simultaneously.

Thus in terms of local representations for the connections

Ai' over the cover %Ba; we have connection matrices:
. oo ;’B
Asy(a) > A (@) in C (3B))

with transition functions gi,(a,B) : %Ba n %BB -~ SU(2)

satisfying the compatability condition:

(2) Ai.(a) =’dgi.(a,8) gi.(a,B)_l + gi.(a,B)Ai.(B)gi.(a.B)—l

The gi,(a,B) are bounded since SU(2) is compact, and the
Ar(a) converge in c”; so dgi,(a,B) is uniformly bounded

and we may thus find a subsequence converging uniformly.
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Then equation (2) implies that this convergence is in C
Once again we may arrange the sub-sequence so that this
happens for all (a,8) simultaneously.

Then the data (A_(a), g (a,8)) represents a self-dual
connection on a bundle Q over X“\ ﬁxi,...,xz}; and if
Bj is some small ball centred on xj (3 =1,...,2)
(3) IF(Aw)Izdu < lim lF(Ai,)Izd/vS gm?

Bj\{xj} Bj\{xj}

The bundle Ql is topologically trivial, so by Uhlenbeck's

B.\{x.}
Removeability o% S;ggularities Theorem (Proposition 4) the
connection A, and the bundle Q extend over all of X.

Thus there is strict inequality in (3) above (by the definition

of xj in Lemma 14). On the other hand; all connections

are self-dual so:

J Tr(F A~ F) = -Tcz(Ai ) mod 7 .

(4) ———17[ |7 (a;) | 2an =
8m
B

J
: B.
J J

Finally given any compact K c X \'ﬁa,...,xz} we may construct

bundle isomorphisms:

~ (o o]
such that DI. (Ai') > A, in C (K), by induction on the

number of balls %Ba covering K Jjust as in [21] Section 3.

In particular:
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Tc, (A ) = lim Tc, (A, , )
2 3B iv 201 3B

so from (3),(4) £ =0 or 1 and we have either

(i) & =0,0 =P; so we find the convergent sequence

(ii) 2 =1,0Q is trivial and so by the discussion of 1I.3

A_ = 08 and we find the required bundle maps over each K.

ITI1.3. Theorem 13 shows that one needs to consider connecticns
with curvature concentrated in small balls in order to compactify
the moduli spaceA)Q (Just as for the case X = S4 in I.4).
Taubes constructs self-dual connections of this type depending

upon a point in X and a scale Ao > X > 0, thus he

constructs a map:
X x (0,A) > M

and one can prove directly [19] that this map is a diffeomorphism
to its image. However we find it easier here to define a map
p from an open subset of /Nt representing these concentrated
solutions to X X (O,Ao) - thus approximately inverse to Taubes
construction. The definition of any such map is bound to be
rather arbitrary; the one we choose is slightly complicated
but suits our later needs.

weé could define tae "radius" and position of a self-dual
connection by taking the smallest ball that contains one half of
the total action, just as for the instantons. However we .will

"smooth" this definition in the following way.

Let B be a smooth, even, bump function approximating,

and dominated by, X[—l,l] and for any pair. X, vy of points

in a Riemannian manifold and s > o set:
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B¢ (x,y) =g (¥,

Then for the basic instanton action density:

£=|F()|? on R

the function RI : IR4 xR - R

Rp(x,s) = f B /) £(y) adu
Eﬁ

has, as one can very easily see, the following properties:

oR
(i) _5§ # O, so by the implicit function theorem and the fact

that R i1s monotone there is a smooth function s(x) on ]R4

I
such that R_(x,s(x)) = 4n2.
(ii) s(x) (which is rotationally symmetric) has a unigque non-
degenerate minimum at O with minimum value K say.

Each of these is an open property so will be shared by

functions sufficiently close to RI‘

DEFINITION 15. For any connection A over a Riemannian define:

2
(a) RA(XIS) = [BS(XIY) l F(A)l duy

1

- 2
(b) A(a) = K 'min{s|] x,R (x,s) = 4n°}.

Thus A (A) is essentially the radius of the smallest ball
containing action 4ﬂ2, but this definition has been smoothed
by B8. Clearly, by Theorem 13, any sequence [A:] € A

without convergent subsequences has A(Ai) -+ 0,
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Suppose that A is a self-dual connectiqn on P
A(A) = X and we pick a point x ¢ X where the minimum in
Def. 15(b) is attained. Then for some fixed small r > O
we can take a "conformal chart" in the manner of Theorem 13,

but this time scaling by a factor A

Xy (r/x) B4 c]R4 + B(x,r) c X

Define A = XK(A) and let the induced metric on. '(r/x)B4 be

~

A‘m., s0 as in Theorem 13 . tends to the Euclidean metric as

A > 0 , uniformly with all its derivatives on bounded regions

in 1R4.

4 A - I

THEOREM 16: (i) On each bounded region of R 1

uniformly in ¢, for [aleM ,as A() -+ o,

(ii) There is a function ¢§ (r), tending to zero as r > O

such that the curvature densities satisfy a bound:

[F(;\(y))l < const. /|y|{4 - 8% Y € IR4.

(Note: We use the convention of writing const. for a generél
constant, depending at bottom only on the Riemannian metric

of X and always independent of = A).

Proof: (i) We apply proposition 12 again. If Ai is a

sequence of self-dual connections on P with AAL) > O,

~ ~

then the corresponding Ai are self-dual in metric m 4 and

have:

I |F(a) |2au < 8n° .
R

4
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o

The metrics m, converge to the Euclidean metric on IR4

14

thus we may run the argument of Theorem 13 again to deduce
that there is a convergent subsequence with limit a self-
dual connection on 2R4. This time we do not have curvature
gathering over points because of the normalisation chosen:
A(Ri) = 1. The convergence is uniform on bounded regions
and again by the choice of normalisation the limit must be
the instanton Il (by the classification discusséd in

Sect. I.4 and the property (ii) of R above) .

1
Since the limit is the same for every possible subsequence

the rate of convergence depends only upon A.

(ii) This bound will become rather important in our development

of III.4. To preserve continuity we give the proof in Che

Appendix .

COROLLARY 17: There is a AO > O such that if A is a self-

dual connection on P with A(A).<:Ao then the minimum in

Definition 15(b) is attained at a unigque point x(A) in X

and the map:

I S I R
p(A) = (x(a),x(A))

extends to a smooth map on some neighbourhood of AQA in 43.

_ o
If [Atj is any smooth path in B , AO € MAo there is a bound:

d d
l = p(At)l sconst. A (A))|| I F(At)||L2 '

both derivatives being evaluated at t = Q.
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Proof: Any two minima must be separated by a distance of at
most 2)\ (since the ball of radius )\ about each contains

more than % of the total action); since the question is

7

also conformally invariant we may change scale and pass to A.

The curvature densities |F(A)|3 converge uniformly on
m

bounded regions of IR4 to the instanton action density

~

f = |F(Il)|2, as does the metric m ; so by the openness of
the two properties of RI noted before Def. 15 there will be
a unique ynimimum corresponding to % for sufficiently small
A, and the position of a non-degenerate minimum varies smoothly
with parameters so the map p defined above is smooth.

Likewise for the second part; the statement is again scale

”~

invariant so we may pass to the corresponding path A

tl
£, = IF(Rt)[z. Then:
d (a) A ;
= B, (x(A),y) £ _(y) dAi
dt tt=0 [ 1 ! ey t=o0 Y
Eﬁ

< const. f I%t(y)lduy <const “F(A)”LGgf F(Rt)HLZ

]R4

And similarly:

d N _ -1 .
3T X (A) - = H {[ [grad v Bl(o,y)] £, (y)l duy}
=0 4 t=0
R

where H 1is the Hessian corresponding to the minimum at t = O.
To conserve notation we will allow ourselves to rechoose

the positive number AO, throughout the rest of this section,
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to give the space‘ﬁlx the desired properties. In any case
o

M\ M,  is compact by Theorem 13.
o

PROPOSITION 18: For [AleM, :
O

(1) Given r >0 : [A]l + 6 in C (X \B(x(a),r)) as

A(Aa) > o.

(ii) The first eigenvalue u(Aa) of AA on QE(S) tends to

2

of A on QT as A(A) - O,

the first eigenvalue ul oI on

Since “1 > O’,ﬂlxi is a smooth 5-manifold for Ao
o

sufficiently small by the discussion of Section II.

(1ii) |IF@)l , < const. a(a)7t.

L

Proof: (L) 1is just a re-statement of Theorem 13, alternative

(ii), with uniformity in X Jjust as in Theorem 1lé6.

(ii) If w 1is the first (normalised) eigenfunction of AA'

SO “d£9”22 = HW(A), we compare w with w' = (1L - B_)w where
L r
Br is supported in B(x(A),r), equal to 1 in the half-sized
ball. Since l|d*w1|2 2 ullw112 , and A > 6 on supw' by
0 L2 1 L2

(i) above, we deduce the result by taking r sufficiently small.
This goes precisely as [18] Prop. 8.8 so we omit the details.
(iii) The L4-norm on 2-forms transforms by a factor A-l under
a scale change of A, so it plainly suffices to show

”F(;)H 4 bounded; but this follows from Theorem 16 (ii) once
r, ang so §(r), is taken small enough for

1/l [l4 - s(r)e LT @w \ BY
y

THEOREM 19: For sufficiently small AO;

p My > Xx(©OA)

is a covering mdp.
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Proof: First note that Theorem 13 implies that p is a
proper map, and it is easy to see that a proper local homeo-

morphism is a (finite) covering, so it suffices to prove

that:

dp : (TMN (TX) x R

[A]+ x(A)

is an isomorphism for [A]e‘ﬁl’ A(A) sufficiently small. By
the application of the index theorem described in II.2 we
know each space is 5-dimensional so it suffices again to

exhibit a linear map:

o (TX)X x IR - (TM)[A]

(A)

such that dp o a is invertible, which will certainly be true

if
| (dp o @)§ - g| < |g] for all £ € TX xR (1).

To define o, <choose r so small that J§(r) <1 say, and
take geodesic co-ordinates xt in B(x(dA),r) < X. Then
given : § = (vi,9) € TX x R let ft be the flow on X

given by the vector field, in local cc-ordinates:

] 8 a
V=B (Vi + ¢n)
r axl op
Thus £, = 1 outside B(x(a),r). Lifting to the bundle £

t
defines a flow on B , set [At] = q(¢t(A)) e}n where q is

t

Taubes' map as in Proposition 5, so A, 1is defined for
sufficiently small t (depending on A).
d
Then put o(f) = ¢ [Atjltzo ¢ (TM) [,
a is plainly linear since the whole process varies smoothly

with §&. To check property (1) : observe first that if m
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4

is a path of Euclidean structures on R with nﬂo the standard

one , then for we A%R4:

d dm,
Sele - *WEPI < const. |w|m (g

(derivatives at t = O), where 1 1is the projection onto the

"trace free" part. Hence on X:

%E IF_(ft(A)I < const. IFé(A)||ﬂ£V"\|

in this proof are to be understood as

Q-alQ-a
p~

(All derivatives
being evaluated at t = 0).

And one easily sees that, because x~ are geodesic and

so V approximately conformal:
n £

where the left hand side is evaluated at xe¢ X and

m | £ const. ¢ |&] o

IA
©
IA
H

v

e = d(x,x(Aa)). Scaling down the bounds of Theorem 16 with
§ =1 we have:
|F(a)| = const >\"2|g| o <p <A
-3
< const Ap ~|&| A £p < r.
0 2 3 t 2.p 3 %
d -2, p -
So agllFl<ft<A>>lle < const {f (pA™ ) ¥ p~dp + J‘ (Ao “)Ppag g
o A

which gives:

%E HF_(ft(A))Hszgle_(ft(A))H 4/, each bounded by
L

4/
const A.|&]. (We would improve the bound on the L 3 norm

by taking 8§ smaller, but this is not necessary here).
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So, using the bounds on q(AO) - Ao in Proposition 5; and

recalling that At = q(ft(A)):

d_

d .
Il at®e — £ B)Y] 5 < Const.{dtHFl(ft(a))“Lz N

Ll(A)|t=o

-1, d
a7 % Fog 0] 2} < const. le] .
L

Since by Prop. 18 ||F (a)|| g S const.x—l, and the eigenvalue
L
u(Z) is not small.

o : d
But this implies IIEE (F(A.) - F(ft(A))HL2 < const. |E&].
So by Corollary 17 applied to the path At - ft(A):

d d
lgc PA) - g P ft(A)l < const. A|g|

i.e I(dp o a)E - %E p ft(A)[ < cohst. A[El

If the metric on X were flat in the ball of radius r
about x(A) then,by the construction, %E p(ft(A)) would
equal g exactly. In general one easily sees that the

difference is bounded by const.A.|§| so:

| (dp o a)g - & <const.A.|&].

And property (1) is satisfied once A = A(A) is sufficiently

small.

I1I.4. The proof that p is adiffeomorphism

To prove that p ;ﬂlk - Xx(O,AO) is a diffeomorphism
o
it suffices now to show that if we pick some point XO in
X then for A sufficiently small any pair [A],[B] e/nA of

self-dual connections with
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X(A) = x(B)

il
b

A(a) =2A(B) =2

can be joined by a short path in }4 (in a sense made precise
below). The metric on X has always been at our choice and
there is a small saving of labour here if we suppose it to be

flat in some ball B(xo,r) - although this does not, of course,

affect the truth of the result as one easily sees by deformation.

First we note a small lemma.

LEMMA 20. There are constants ‘(,C:> O, independent of R,

such that if A 1is a connection defined on the trivial bundle

over the annulus

xe RYR/, < |x| <28
with ]IF(AH[CO <K/ ,, we may find a connection A over the
R

ball 2RB4, equal to A in R < |x| < 2R, and having:

IF@llgo < - IF@Ilo -

Proof: Under conformal re-scaling by factor R'_l the norms

|| F (a)]] l[F(Aﬂ[co each transform by a factor R2, so it

co’
suffices to do this when R = 1.
Then once K is small enough we may find an "exponential

gauge" in the manner of [20] Section 2 , so that without loss

of generality the connection matrix over the annulus satisfy:
[lA"co < const.[lF(AHlCo .

Then set A = (1 -B)A, whence
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2

F(A) = dA + 5[A,A] = (L -~ B)F(A) - d8 A A + 582 - 38)[A,A]

SO ||F(£)Hco < const.HF(A)l[CO as required.

This lemma is used to compare the connection A on the
bundle P over X with the instanton and with the flat
connection. First we need some more notation: for the

instanton I over ]R4 with centre y and scale v write I'
Y.V Y.

for the corresponding connection over S4. Similarly the

—lB4 4

connection A over the large ball «raA c IR has

curvature bounded by:

|F(a) (y) | < const/| |4 (since in this case we may take
Y

S

“

O in Theorem 16), Thus we may conformally map this large
ball to the complement in S4 of a small cap CA over the

north pole, of radius O(A); and the connection we get has
uniformly bounded curvature, independent of ). By lemma 20

we may extend this connection to a connection, A' say, defined

4 : . .
over all of S, and maintain a uniform bound on the curvature

of A'. Clearly A' has Chern class -1l.

Theorem 21: (i) If Al be the restricticn of the connection

A to X \ B(xo,/X) then after a suitable bundle automorphism

2/
|A; =6 < const. » P p>1
1 P
L7 (6)

(ii) Similarly, after a suitable bundle automorphism:

4/,

|a* - I < const. A , p = 2.

Sl

Proof: (i) By Theorem 16 (ii), scaled down:



2 _
IF(A)xl < const. A /p4 p = d(x,xo)

So the curvature is uniformly bounded, independent of A, on
the annulus 3/A <p < 2V Qnd,for A sufficiently small,we
may extend Al over all of X (by Lemma ZO)to a connection

on the trivial bundle, preserving a uniform bound on the

curvature.—Thus :

1/
const.[vol.B(xl,/T)] p

2/

const.A P .

IA

e @pll g

A

And)just as in Prop. l8)the eigenvalue u(Al) is not small
so we may apply the implicit function theorem of Taubes
(Prop. 5) to find a self-dual connection Al + a =c1}Al),

which is without loss of generality the product connection 6,

with |la]| , < const. A . Moroever by the form of the
L7 (A)
constructi%n : a=dzx u so that:
1
* = *
(a) dza dA1a + {u,a}

wn-

= {F_(a;) ,u} + {a,a}

and

(b) dea

it

{a,a} + F_(a,).

(We write {,} for algebraic bilinear expressions whose
particular form is not important here) . By the ellipticity

of d* + 4 :

Ia1lp - const. il @+ + aall_, + Il o)

and combined with standard estimates of the quadratic terms

in (a) (b) this gives:
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2/
llal| . < const.||F_(a,)]| < const. A T
LP A %
1
once A 1is sufficiently small. (The situation is not at all

delicate here, compared with [18], because of the uniform

bound on the curvature of Al).

(ii) We apply the same argument to the connection A' over
S4 with:

1/
const. (Vol.Ck) P

4/

< const. A p.

IN

e il

One obtains a. lower bound on the eigenvalue /U(A') by using

the Weitzenbdch formula for connections over % (18, Prop. 2.2.,

L2] P.145).

| 2 ) 2
Ayw =% V3V,w + 3 S.w ¥ F_,w} ; we Q“(S)

where s = Scalar curvature of S4 > 0.

4/

So this time we get [|A' - I < const.A P. For

YI\)“ P
Ly
some VY,V. Now in general, if A,A +7a are connections

then:

F(A + a) = F(A) + dAa + %[a,al

2
implies ||F(a + a) - F(a)|| 5 S const. {|| 4| 2 + |4l 4}
L Ll(A) L
and in dimension 4 Li(A)‘* L4 with embedding constant
independent of A ([18] Lemma 5.2). Thus, in our case:
2

!
I|F(A) - F(I§’v)“L2 < const. A
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from which one easily sees, by the normalisation A(A) = 1,
x(A) = 0, that |y| + |v - 1] < const.A?, so:

' 4/P
|| & -IO,IHLP < const.)\ p
1(17)

\Y)
o
[ )

The bounds (i), (ii) of Theorem 21 will also, of
course, be satisfied by the putative connection B, thus to
complete the proof of Theorem 11 we have to use these to
show that A and B can be joined, after suitable bundle
automorphism , by a path in 7% which is short enough to

project onto the moduli space. This is slightly easier tc

write down if we use a small modification of Proposition 5.

PROPOSITION 22: Let A be any self-dual connection on P,

—

there are constants C,e , depending only upon the first

eigenvalue /U(A) and the metric on X such that if
be a'(4 and:
§ (a,b) =||V,b]] , + W] JJF@)| , <ce
’ A L2 LZ L4

we may construct a self-dual connection A + b + gq(b,A) = A + b

ith Y < C{l{lF (A + b) + {|F(A) F (A + b) }
with ||V, alle {lF_ Il 5+ HL4H - | 4/,

L L

ta o = dir_@+wll 4,
L

The construction is (?—invariant ( 47acting on A,a,b) and
|94 [V 4

a varies smoothly with b.

This propositon follows by the method of proof of [18]
Thm. 2.2., applied to the equation F_(A + b + dgu) = 0. In

the equation corresponding to [18] (5.2) we lose the term in
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F_(AO), which means we do not need to involve | F || 3
L

in [18] (5.12.b).

LEMMA 23. Suppose that A,B are self-dual connections on P

x(A)= x(B) = X A(A) = A(B) = X . Then if A is sufficiently

small we may suppose that, after a suitable bundle automorphism:

B =A+Db with:

T

|| v < const.A .
A L2

Ip]| , = const.A *
L

Proof of Theorem 11, given Lemma 23.

Suppose that, on the contrary, p :ﬁ1x +> X X (O,AO),
which is a covering by Theorem 19, had at lgast two sheets.
Then for arbitrarily small A we could find A,B as in Lemma
23 representing different sheets. By Proposition 18 the eigen-
value 1(A) is not small and lF@) , = const.A™%; thus we

L
can apply Proposition 22 tc the path A + tb from A to B

and find a path in M, B ()] say : [8(0)] = [A]

(8 (1)1 = [B]
]
and moreover ||F(A + B (t)) - F(a)| 5 € const. X&.
L
From which one easily sees, as in Corollary 17, that:

A +B(t)) - A(A)| + a(x(A + B (L)), xo) < const. XML

so, if A is much less than XO,B(t) stays in }1 A and
o
x(B (t)) is close to X ; hence [AJ [B] are in the same

local component of the covering and so equal.
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Oon the other hand by Taubes construction there are self-
dual connections on X with A(A) arbitrarily small, which
one may see by estimating the curvature density of the

solutions in [18], in the manner above.

Proof of Lemma 23

We proceed in three stages, corresponding to the three

regions X \ B(x_,/X), B_(x,,2/k) and W = B(x_,2/A) \ B(x,, A)

(a) Using theoreom 21(i) and the Sobolev embedding theorems
in dimension 4 we may suppose that A is given over

X \ B(xo,vﬁ) by a connection matrix A, with

3/2
“Al“LZ < const. HAlH 4/, < const. A
L
1
1/2—8
and for € > 0, ||a.]] < c(e)]|a,ll < C(e) A
1 c© 1 44 €
b

)

and \\Af“\_l <  const. A

{

Similarly B 1is represented by some Bl' thus in this

region B = A + b, (up to equivalence) with iibﬂle < const.,‘\l/2
1
) 3/5
I bl“ L2 < const.A .

(b) First we transform the bounds of Theorem 21(ii) on

the connections A',B' over S4 to the small ball

B(xo,2vK), by the obvious conformal transformation. Thus
on S4 we may suppose: B' = A' + b';

4/
||| < const.A P p 2 2.

LIf(A')
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- 1
C(e)xl © < const.\? say.

IA

so: b
C

Const.kz.

IN

|| ]
L2
Taking account of conformal factors gives,over B(xO,ZZY),

B=A+Db, say, with ||b < const.\?

I, <
2 2" 2
and ||b,|| | < const.\?,
C~ (W)
The norm on l-forms ||V ( )| 5 is independent of constant scale
changes, but in going from s to B(xo,2/7) we have a

varying conformal factor which introduces a lower order term:

oneeasily calculates:

~

v boll 5 <llvy & - 1
V1,220 2 I, V2
[ Il—A 2 5
< st. ||b' + d
< comst Il e [ ] ey
LI a4
IR™\B
~ I bll
< const.k% since (A - I,;)(y) < const e (y e:R%l
’ 1 2
ly|
so also |[[b,ll , < const.k%, (Moreover

Ly (Iy)

. 2 2

it does not matter whether we usc Ll(IA) or Ll(A) here).

(c) The region W corresponds under the conformal transformation
L

of (b) to a small annulus of radius O(A*) about the north pole

of S4. Thus we may find connection matrics A2,82 for A,B

Lo .
respectively over B(xo,zxz) \ {x,} such that in W:
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3/
1RSI < const.: 2
(W)
(I) 2,1l o < const.\*
C~ (W)
HVA2" 5 < const.A?,
L (W)

(Since wemay find such a connection matrix for IA’ corres-
ponding to a stationary framing around the north pole of S4,

and then A 1is close to I by (b) abowe).

A

On W we have transition functions:

g,h : W > SU(2).
_- -1 -1
A2 = dgg + gAlg

(II1)

R -1
B2 ="dhh + hBlh .

If it so happened that g = h then we would be done, since
the pair A2 - B2, Al - Bl would represent a difference
element b ¢ Ql(g) , B=A + b after automorphism and
satisfying the required bounds by parts (a), (b). So the
final step is to check that we can find another set of data,

(Bl,Bz,gl ) say, for B: where W' is the smaller
Wl
annulus B(x EA%) \ B(x A%) with E = B outside of W
o’2 o’ 3 2 2 !
and keeping A2 -'ﬁé small.
Since the connection 6 is fixed by a constant rotation
of the bundle we may suppose that at some point w of W
g = h = 1 (note that this would not be true if we had an

irreducible flat connection in place of §8). Then (i) and

(ii), together with part (a) give:



3.53.

lfadll . < const.A®
C™ (W)

hence by integration: ||g - 1 o < const.X%.

C™ (W)

- 3
Thus if u = gh 1. exp(s), HSHCO(W) < const.A* and Lﬁ

bounds on u are equivalent to LE bounds on s. Set

then V = exp (Y s)
VA

YJT" = 0 on B(xo,ff)

= 1 outside B(x_, 3/2/T)

so that (Bl;§2’gIW') is another representation of B with:

~ o~ "l "'l
B2 = dvv + szv .

Then one may check that “B2H Y ”32“ , are appropriately
L L

1

small. For example:

VE.|| < const. {| vH] + ||, + || vov]] }
Ve, 1.2 (W) L? (W) 2712 (w) L% (W)

(since Vv ~ O uniformly)

L
< const. (A* + [[(VVy) s + ||y L V8| }
A% L2 W) At L2 W)

< const.(K% + A—I“S“ 2 + A—%HVS“ 2 }
L (wi L™ (W)

3/2

1 (Volw)% + A7TE) )

%

< const.(J\;5 + A TA

3
< const. (x% + A%+ 1) < const.k%.
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APPENDIX Curvature decay 5 Prof of Theorew 16 (i)

The removeability of singularities theorem (Prop. 4)
implies, by conformal inversion in the unit sphere, that any

self-dual connection I on 1R4 with finite action satisfies:

Yy eZR4([201 Cor. 4.2)

|F(I) (y) ]| < c(T)/ 4y

|yl

The result we need here is a small variant of this (since

our connections are only defined over large balls

A-er4 c]R4), however the method of proof of the Removeability

of singularities theorem in [20] applies. We give an outline

of this proof here for completeness,and because the proof

becomes much simpler in ourxr case(of self-dual connectionsz

than in [20] which deals with the full Yang-Mills equations.
Suppose then that [AlJeM A(A) = A and ignor

the difference between the metric m on IR4 and the

Euclidean metric. Then define, for R > O:

J(R) = 8% - IF(a)[% au 20

RaﬁdR4
i.e. the amount of action of A outside the ball of radius

AR about X. So:

~ 2
(a) %%-= - |F(a) | dug , where

S(R)

S(R) is the sphere of radius R about O in ZR4 and Hg

is the measure on S(R).

In general, if we choose a distinguished IR3 ch4 we

get natural isomorphisms:

2R 2 AR e MRS 2R e RS
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corresponding in "electro-magnetic" notation to
F » (E,B)

,and the self-duality condition kecomes E = B. Applying

this to the tangent spaces of the 3-space S(R) gives, for

self-dual A:

) |F@) |? = 2|r@y) |2

~ I
where we h ] .
ave written A, for AIS(R)

On the other hand, again because A 1is self-dual:
(c) J = —TCZ(AR) (as in I.3).

; g% depend only upon the connection AR over

S(R). Now we know from Theorem 16 (i), that as X - O

So both J

|F(A)|2 > lF(Ii)l2 (uniformly on bounded regions)so, since

|| F (1 )Il2 - 812, given € > O we may find R_ such
1 L2 4 o

that,once A 1is sufficiently small J(RO) < E.
Now the a priori bound [20] Theorem 3.5. for the
curvature F of any self-dual connection says that there

is a k > o such that if, in a ball 2B say -

|F|? <k then [|F||, £ congt' 5 .
C™ (B) radius” (B) L”(2B)

2B

Applying this to large balls outside ROB4 shows that, once

we take &€ sufficiently small:

@ |F(A)y| < const. e/l g ly| =R, -
y

That is, if we rescale the sphere S(R) to the unit sphere
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S(1) = S3 the induced connection Aﬁ on S3 has curvature
uniformly bounded by const.c€. This means that the second
order approximations in Aﬁ :
* = = -
Tc, (AR) = Tc,(AL) [ Tri{ax A (dax - [A},Ax]) }
S3
3
= * * *
[ Tr(Af A dAf) + O(AgR)
S3
and
2 > 2
lF @l 2, = rIIF @)
R L2 R L2
_ S 2 13
—J- ldARI dug + O(A%)
S3
are valid with small error. - For any w € Ql(S3)

2
(d)JwAdwsz[ldw|dus
S3 83

by the discussion of spherical harmonics in [131,[20].

e A 2
<
So  Tc,(A;) < 2R J IF(AR)I du_ + small error

S(R)

< 4R f lF(A)l2 dig + small error

S (R)

dJd

by (b); hence by (d),(a): J s -4R IR + small error.

Ignoring the "small error", which is accommodated by
iteration of the argument just as in [ 20] Theorem 4.8, this

. -4
differential inequality integrates to give J(R) < const. R -,

and hence the result by applying the a priori bound.
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A

If we take account of the curvature of the metric m
then the same argument applies with a small correction factor

S(r) » 0O as r = 0.
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CHAPTER FOUR

Hermitian-Einstein connections over ¢P2

It seems likely that the direct variational method of
Chapter 1 could be made to extend to prove the existence
of Hermitian-Einstein connections, at least on bundles over
algebraic surfaces. However, we shall revert, in this
Chapter, to a method of proof similar to that used by
Narasimhan and Seshadri, which will illustrate the connectiocn
between the Riemannian point of view of the last chapter and
the complex analytic phenomena discussed at the end of

Chapter 2. We prove:

THEOREM 1l: An indecomposable holomorphic bundle of rank 2

over EPZ admits a Hermitian-Einstein connection (with

respect to any Kdhler metric on EPZ) if and only if it is

stable, and this connection is unique up to isomorphism.

Thus the conjecture of Hitchin and Kobayashi is true for
these bundles. By Corollary 7 and Proposition 9 of Chapter

2 only the existence needs to be proved.

§1. Moduli spaces

The equivalence classes of stable holomorphic (hence
algebraic) bundles over any smooth polarised variety are
parametrised by a Hausdorff moduli space (this is not, of course,
true for all holomorphic bundles), which may have complex
analytic singularities. Many of these moduli of bundles over

projective spaces are known explicitly (L41] Chapter 4) .



Examples:

(i) The moduli space MP (0,2) of stable 2-plane bundles
2
2 _ |
over @@P° =P (V) with ¢y =0, ¢, =2 can be naturally
identified with the space of non-singular conics in the dual

space ]P(V*) .

(ii) The moduli space MP (-1,2) (obvious notation) can be
2
naturally identified with the set of unordered pairs of

distinct points in .Pz.

(1ii) The moduli space MP (0,1) of 2-bundles over 1P3 = 1P (W)
3
can be naturally identified with the set of non-singular skew

forms on W (up to scalar multiplication).

Observe that in each of these three cases the moduli
space can be compactified by adjoiring points associated to
codimension 2 subvarieties : in (i) we adjoin the set of
singular conics i.e. line pairs in iPi or eguivalently point
pairs in LPZ, in (ii) we adjoin the points of .P2 as the
"diagonal” and in (iii) we adjoin the set of lines in 1P3,
as the image of the Plilicker embedding.

We will use the following jeneral facts about the
moduli spaces MPz(cl,cz) of rank 2 bundles over EPZ.
First note that, by tensoring with a line bundle, it suffices

to consider the two cases cy = 0, cl = -1. Then we have

(4] : Lemma 1.2.7. and the remarks following, together with

Sections 4.1 - 4.2):

PROPOSITION 2: (i) There are stable 2-bundles over ZP2 with

= 0, c, = k for all k =2 2, but not for any k < 2, The

€1



corresponding moduli spaces are smooth irreducible (hence

connected) complex manifolds (Theorem of Barth).

(1i) There are stable 2-bundles over LPZ with c, = -1,
c, = k for all k > 1 but not for k < 1. The moduli
space for c, = 1 4is a single point representing the twisted

tangent bundle

T e H .

Again all the moduli spaces are irreducible (Theorem of Hulek).

We shall prove that for each of these moduli spaces the
subset representing Hermitian-Einstein connections is open,
non-empty, and closed. Since the moduli spaces are

connected this will establish Theorem 1.

§ 2. Deformation of Hermitian-Einstein connections

For Kihler manifolds of any dimension we have:

PROPOSITION 3: If (X,w) 1is a smooth projective algebraic

variety with a Kdhler metric and if E: is a stable bundle

over X admitting a Hermitian-Einstein connection with

respect to «J) then:

(i) There is a neighbourhood of the point in the moduli space

corresponding to E: such that all the holomorphic bundles

associated to this neighbourhood admit Hermitian-Einstein

connections.




(1i) For any K#hler metric o' sufficiently close to w, E

admits a Hermitian-Einstein connection with respect to w'.

Proof: We prove part (i), the second is similar.

Suppose that A 1is a Hermitian-Einstein connection on
the C* bundle E corresponding to g =€A. Then by

Proposition 5 (iii) of Chapter 2:
(o} E _ ®) o ~
H (End L) = Ker 4, : 0" (EndE) ~ @°(End E)) = C.

Observe now that it sﬁffices to construct nearby connections with
the trace-free part §+ of the curvature vanishing (for any

such connection may be modified by a diagonal element of <5¢

to a Hermitian-Einstein connection).

We have a smooth map:

5 <t t gy’
o+
¢ (g,a) = F (g(a + a))

whose derivative at g =1, a = o 1is:

D (6,a) = (AA6)+ + (dg*a)+

and since Ker AA = @ is perpendicular to the trace free
part, the partialderivative with respect to © is surjective

and we may solve, by the implicit function theorem
%(g(A +ant = 0 for g, given any sufficiently small a

(that is we use the implicit function theorem in appropriate
Sobolev spaces and then elliptic regularity gives smoothness,

c.f. Chapter 3 Section 1, (1] Section 6).



Observe that this proof does not really use the existence
or properties of the moduli space of stable bundles but only

the topology in 7&, and the result could be formulated in

those terms.

§ 3. Construction of Hermitian—-Einstein connections by the

method of Taubes.

It was explained at the end of Chapter 2 that a Hermitian-
Einstein connection on a holomorphic bundle over a Kdhler
surface is the same as an anti self-dual connection. The
theorem of Taubes discussed in Chapter 3 does not apply
directly to give anti self-dual connections over EPZ,
because the self-dual K&hler form is now an obstruction.

Indeed, since we know that any indecomposable 2-bundle admitting

a Hermitian-Einsten connection is stable (Prop. 11 of Chapter 2)

we deduce from Proposition 2 that for any Kdhler metric on
2

ap there are no anti self-dual SU(2) connections with

c, = 1.
However the proof of Taubes' theorem can easily be extended
to overcome this obstruction, as we shall now describe.
Suppose M 1is a compact, oriented Riemannian 4-manifold and
we have some anti self-dual SU(2) connection A over M
with c, = K. Then we can try to manufacture an anti self-
dual 8SU(2) connection with c, = K+ 1 by "glueing in"
an anti-instanton, in the manner of Chapter 3. Then Taubes'

proof (for the casewhen A is trivial) goes through to this

situation and the relevant space of "obstructions" is now:

Hi C Qf_(S); the harmonic self-dual



2-forms with values in the bundle of Lie algebras. More
generally if A is a U(2) connection the same argument
applies (for the whole discussion really concerns projective

connections) and the relevant obstructions are now trace free

harmonic self-dual 2-forms.
In a different direction suppose that M possesses an
orientation preserving isometry o¢ with, for simplicity,
2

o = 1. Then if we choose distinct points XqrX, = O(Xl)

we may construct, as in Taubes' paper, an "approximate

solution" AO with C, = 2, based on the points Xy 1%, and
depending upon a parameter . Moreover we may do it in such
a way that the isometry o¢ 1lifts to the bundle and O*Ao = AO.

Then Taubes' implicit function theorem,for deforming AO into
an anti self-dual connection,goes through word for word under
this ¢ action and the space of obstruction is now the +1
eigenspace of the action of ¢ on the harmonic self-dual

2-forms }(i(M). Thus:

PROPOSITION 4: Suppose that, in the situation above, o0 acts

as -1 92.}(i(M)° Then there is an anti self-dual SU(2)

connection over M with c2 = 2.

2

Now we apply this to the case when M = @P with the

Fubini-Study metric. First note that if A 1is an inde-

composable Hermitian-Einstein connection the identification:

2 0,2 2,0
2y

R C = Q & Q' 6 Cw

identifies the obstruction space Hi above with a subspace

of the sheaf cohomology groups:



o) 2
H (EndeA) ® H” (End gA)

corresponding to trace free endomorphisms. By Ch.2, Prop. 4

(iii); H® (End SA) = @€, and by Serre duality:

2 ~
H” (End EA)* H® (End SA R Iﬁpz) = 0 ; since the dual of K_IP2
has holomorphic sections.
Thus these obstructions vanish in all cases for indecomposable

Hermitian-Einstein connections over ¢P2 and so, in each of the

families cl =0, S -1, if we construct Hermitian-Einstein
connections with C, = K > 0O then, by the discussion above,
such connections will exist for all higher values of K.

2

The Fubini-Study connection on TP is Hermitian-Einstein
so this gives representatives in all the moduli spaces with
cy = -1 of bundles admitting Hermitian-Einstein connections.

For the other family, with ¢, = O, we use Proposition 4

1
above. If o0 1is any real structure on EPz, compatible
with the metric, then o0 gives an orientation preserving
isometry of GPZ which reverses the complex structure; thus

o*(w) = -w and the hypothesfs of Proposition 4 apply.

Hence in sum we have found in each moduli space of stable

2-bundles over GPZ a holomorphic bundle admitting a Hermitian-

Einstein connection.

34, A continuity argument.

Using the material developed in the previous chapter we
have a good understanding of the "boundary" of the moduli space
of anti self-dual connections, and shall now relate this to the

moduli of stable bundles.



THEOREM 5: Let X be a smooth projective algebraic surface

with a choice of polarisation. Suppose that a stable bundle

é? over X admits a Hermitian-Einstein connection with

respect to some Kdhler metric w, consistert with this

polarisation. Then:

(i) All stable bundles in the connected component of the

moduli space defined by é? admit Hermitian-Einstein connections.

(ii) For any other Kahler metric w' consistent with the

polarisation 6? admits a Hermitian-Einstein connection with

respect to w'.

Proof: (i) By Proposition 3 of this chapter it suffices to
prove that the subset of the moduli space corresponding to
Hermitian-Einstein connections is closed. Suppose that some
holomorphic bundle é? corresponds to a point in the closure
of this set. Then on a fixed C© bundle E we can find

two sequences:
(1,1)
An, Bn€ A !

such that A is Hermitian-Einstein A = gn(Bn) for some

9%16 gd: and the Bn converge in C* +to some (arbitrary)

& .

B

>0

.2

connection B00 corresponding to 8 , 1i.e. g
Now the Ai are (projective) anti self-dual connections,

so by Theorem 13 of Chapter 3 (modified in the obvious way)

we may suppose that,without loss of generality, the Ai

converge except over a finite set of points {xl,xz,...,xg}cx,

to an Hermitian-Einstein connection A, over X. As in the

previous chapter A, may,a priori,be defined on a different



bundle E', but the 2-forms:

1
Tz TFFAy)

will all be the same harmonic form, so cl(E') = cl(E).

Then A_ defines a holomorphic structure £ =EA on E'
and, since it admits a Hermitian-Einstein connectigg é;'
will be at least semi-stable by Proposition 11 of Chapter 2.

It suffices then to prove that Hom (£,€') # O (as in

Section 2 of Chapter 1). For then since cg’ is stable and
Ef’ is semi-stable,and the bundles have the same rank and
degree,we will have 55 = 67, by Proposition 9 of Chapter 2
and g will admit a Hermitian-Einstein connection.

To prove that Hom (€,€') # o, choose small balls Bj
containing xj (3 =1, 2, ..., ) and such that both é:
and E:' are holomorphically trivial in a neighbourhood of
each Bj'

Then, as in Theorem 13 of Chapter 3, we may suppose that

on the subest X ‘\(UBj):

Bn + B
in c™(x \UBj)
An -+ A
And we have endomerphisms g_  with : §Aangn =0
(in the notation of Chapter 1, Section 3). Moreover we may

normalise the by constant scale factors, so that,

In

for example llg H = 1.
’ n L4(X)

Thus since EA B EA B we may, by the standard elliptic
nn o o

estimates, suppose that (perhaps after taking a subsequence)

the g = converge to some g on X \ UBj with = 0.

BAmBmg



Then I claim that g_ # O. To see this we use

Proposition 6 (iii) of Chapter 2; that is, if 1. = lg,,
x
ATn < Tr(gngn FBn) < const. Ty

Since also T, 2 O a standard argument ([3] Theorem 5.3.1.

for example) gives:

H24 < const.

Ht | < const.||1_|| = const]|g
nieo (X) L (x)

c®(x) nL2
Hence, if the balls Bj were chosen small enough, we see
that we cannot have both Ty O in X \ UBj and
Il Il , = 1.
n L2

Thus there is a non-zero holomorphic map

£l &

X\UB X\UB

and by the Theorem of Hartogs ([2] page 7) this extends over
the balls Bj to give a non-zero element of Hom(g,fl).

The proof of part (ii) of Theorem 5 is almost identical;
we can join the metrics w,w' by a linear path W, and the
argument above shows that the set of t for which é? admits
a Hermitian-Einstein connection is open and closed. The
essential point here is that the polarisation, and so the
notion of stability does not vary with t.

Theorem 5 completes the proof of Theorem 1 at the
beginning of this chapter. The same method can obviously
be used more generally: for example it proves the conjecture of
Hitchin and Kobayashi for 2-bundles with cy = O over

1 1

ap— x @p and can probably be extended to any rational



surface. For a suitable Enriques surface we get again
SU(2) Hermitian-Einstein connections with Cy 2 2 and
soO on its double cover, a K3 surface, with cy > 4.

In both of these cases the same calculation that was used
to provéijuanon—existence part of Proposition 2 shows that
these values are the least possible, but I do not know that
the relevant moduli spaces are connected. However it does
not seem to be worthwhile to pursue these generalisations

in detail, since one could hope that similar techniques give

a more direct proof.
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