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Abstract. We develop the analysis of finite element approximations of implicit power-law-like
models for viscous incompressible fluids. The Cauchy stress and the symmetric part of the velocity
gradient in the class of models under consideration are related by a, possibly multivalued, maximal
monotone r-graph with 1 < r < oo. Using a variety of weak compactness techniques, including
Chacon’s biting lemma and Young measures, we show that a subsequence of the sequence of finite
element solutions converges to a weak solution of the problem as the finite element discretization
parameter h tends to 0. A key new technical tool in our analysis is a finite element counterpart of
the Acerbi—Fusco Lipschitz truncation of Sobolev functions.
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1. Introduction. Most physical models describing fluid flow rely on the as-
sumption that the Cauchy stress is an explicit function of the symmetric part of
the velocity gradient of the fluid. This assumption leads to the Navier—Stokes equa-
tions and its nonlinear generalizations, such as various electrorheological flow mod-
els; see, e.g., [Lad69, Lio69, Ruz00]. It is known, however, that the framework of
classical continuum mechanics, built upon the notions of current and reference con-
figuration and an explicit constitutive equation for the Cauchy stress, is too narrow
to enable one to model inelastic behavior of solid-like materials or viscoelastic prop-
erties of materials. Our starting point in this paper is therefore a generalization
of the classical framework of continuum mechanics, called the implicit constitutive
theory, which was proposed recently in a series of papers by Rajagopal; see, for ex-
ample, [Rajo3, Raj06]. The underlying principle of the implicit constitutive the-
ory in the context of viscous flows is the following: instead of demanding that the
Cauchy stress is an explicit function of the symmetric part of the velocity gradi-
ent, one may allow an implicit and not necessarily continuous relationship between
these quantities. The resulting general theory therefore admits fluid flow models
with implicit and possibly discontinuous power-law-like rheology; see, [M4l08, Mal07].
Very recently a rigorous mathematical existence theory was developed for these mod-
els by Bulicek et al. in [BGMSGO09]. Motivated by the ideas in [BGMSG09], we
consider the construction of finite element approximations of implicit constitutive
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models for incompressible fluids and we develop the convergence theory of these nu-
merical methods by exploiting a range of weak compactness arguments.

Let Q C R%, d € N, be a bounded open Lipschitz domain with polyhedral bound-
ary. For r € (1,00) we define ' € (1,00) by the equality 2 + & =1 and we set

dr ifr<d
(1.1) 7= min{r’, 7" /2}, where r* =< d-r wr X
00 otherwise.

We refer the reader to the first paragraph in section 2.1 for the definitions of the
various function spaces used in /the paper and for a list of our notational convgntions.
Problem. For f € W1 (Q)? find (u,p, S) € W, " (Q)% x Li(Q) x L™ ()4x4
such that
diviu@u+pl—S)=7f in D'(Q),
(1.2) divu =0 in D'(Q),
(Du(z),S(z)) € A(x) for almost every z € Q.

The symmetric part of the gradient is defined by Du = £(Vu + (Vu)T). As is
implied by the choice of the solution space VVO1 (Q)? for the velocity, a homogeneous
Dirichlet boundary condition is assumed here for w.

The implicit law, which relates the shear rate Du to the shear stress S, is given
by a nonhomogeneous maximal monotone r-graph A : z — A(x). In particular, we
assume that the following properties hold for almost every = € €

(A1) (0,0) € A(x).
(A2) For all (1,01),(d2,02) € A(x),

(1 —032): (01 —082) >0 (A(z) is a monotone graph),

and if 1 # 02 and o1 # o9, then the inequality is strict.
(A3) If (§,0) € R4 x REXd and

sym Sym
(6—0):(6—-8)>0 forall (§,5)c Ax),

then (4,0) € A(z) (i.e., A(x) is a maximal monotone graph).

(A4) There exists a constant ¢ > 0 and a nonnegative m € L*(§) such that for
all (8,0) € A(z) we have

o:8>c(|8] + o) — m(z) (i.e., A(zx) is an r-graph).

(A5) (i) For all § € R¥X%:= {¢ e R¥*4: ¢ = ¢}, the set

sym

{o e R (5,0) € A(z)}

sym

is closed.
ii) For any closed C € RZXd the set
(ii) y

sym?

{(x,6) € @ x R&Y : there exists o € C, such that (6,0) € A(z)}
is measurable relative to the smallest o-algebra £(Q) ©® B(RL<Y) of
the product of the o-algebra £(£2) of Lebesgue measurable subsets of
Q and all Borel subsets B(RZX4) of RIXd

Sym sym *
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The class of fluids described by (1.2) is very general and includes not only
Newtonian (Navier-Stokes) fluids (S = 2u.Dv with . being a positive constant)
but also standard power-law fluid models, where S = 2u,|Dv|"~2 Dv, 1 < r < oo,
and their generalizations (S = 2/i(|Dv|?) Dv), stress power-law fluid flow models and
their generalizations of the form Dv = «(|S|?) S, fluids with the viscosity depending
on the shear rate and the shear stress § = 2/i(|Dv|?,|S|?) Dv, as well as activated flu-
ids, such as Bingham and Herschel-Bulkley fluids. For further details concerning the
physical background of the implicit constitutive theory we refer the reader to the pa-
pers [Raj03, Raj06, RS08], and the introductory sections of [BGMSG09, BGMSG11]
and [BMS12].

It is proved in [BGMSGO9] that under the assumption r > dz—f2 problem (1.2) has

a weak solution. The proof in [BGMSGO9] uses a sequence of approximation spaces
spanned by finite subsets of a Schauder basis of an infinite-dimensional subspace of a
Sobolev space, consisting of exactly divergence-free functions. Since such a Schauder
basis is not explicitly available for computational purposes, here instead we shall ap-
proximate (1.2) from two classes of inf-sup stable pairs of finite element spaces. The
first class contains velocity-pressure space pairs that do not lead to exactly divergence-
free velocity approximations. For finite element spaces of this kind our convergence re-
sult is restricted to r > %. In the case of exactly divergence-free finite element spaces
for the velocity we show that the resulting (sub)sequence of finite element approxima-
tions converges to a weak solution of the problem for any r > dQ—fQ, as in [BGMSG09)].

The paper is structured as follows. In section 2 we introduce the necessary analyti-
cal tools, including Young measures and Chacon’s biting lemma. In section 3 we define
the finite element approximation of the problem with both discretely divergence-free
and exactly divergence-free finite element spaces for the velocity. A key technical
tool in our analysis is a new discrete Lipschitz truncation technique, which can be
seen as the finite element counterpart of the Lipschitz truncation of Sobolev functions
discovered by Acerbi and Fusco [AF88] and further refined by Diening, Mdlek, and
Steinhauer [DMS08]; see also [DHHR11, BDF12, BDS13]. The central result of the
paper is stated in Theorem 18 in section 4 and concerns the convergence of the finite
element approximations constructed in section 3.

2. Preliminaries. In this section we recall some known results and mathemat-
ical tools from the literature. We shall first introduce basic notation and recall some
well-known properties of Lebesgue and Sobolev spaces. We shall then discuss the ap-
proximation of an z-dependent r-graph by a sequence of regular single-valued tensor
fields using a graph-mollification technique by Francfort, Murat, and Tartar [FMT04]
(which the authors of [FMTO04] attribute to Dal Maso). We close the section by re-
calling a generalization from [Gwi05, GZGO07] of the so-called fundamental theorem
on Young measures; cf. [Balg9).

2.1. Analytical framework. Let C(Q)¢ be the space of vector-valued contin-
uous functions on Q and let Co(REXT) denote the space of continuous functions with
compact support in ngxn‘f. For a measurable subset w C R? we denote the classi-
cal spaces of Lebesgue and vector-valued Sobolev functions by (L*(w), || - ||sw) and
(W ()4, || - [|1,50), 8 € [1,00], respectively. Let D(w) := C§°(w)? be the set of in-
finitely many times differentiable functions with compact support in w; we denote by
D'(w) the corresponding dual space, consisting of distributions on w. For s € [1, 00),
denote by W,*(w)? the closure of D(w) in Wh*(w)? and let Wy25 (w)? == {v €

Wy (w)?: dive = 0}. The case s = 0o has to be treated differently. We define
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Wy Q)4 == Wy () n e ()
and
1,00 il 100
Woai ()7 = Wy gy, (DT N WE=(Q)7.
Moreover, we denote the space of functions in L*(w) with zero integral mean by L§(w).
For s,s' € (1,00) with 1 + L =1, L*(Q) and L§ (Q) are the dual spaces of L*(12)
and L§(Q), respectively. The dual of Wy * ()% is denoted by W15 (Q)4. For w = Q
we omit the domain in our notation for norms; e.g., we write || - || instead of || - ||,
Inf-sup condition. The inf-sup condition has a crucial role in the analysis of

incompressible flow problems. It states that for s, s’ € (1, 00) with % + 5 =1, there
exists a constant as > 0 such that

(2.1) sup > agllqlls for all g € LY ();

0£vEW,® ()4 [[v]

compare with [DRS10, Bog79].

Korn’s inequality. According to (1.2) the maximal monotone graph defined
in (A1)-(A5) provides control only over the symmetric part of the velocity gradient.
Korn’s inequality states that this is already enough to control the norm of a Sobolev
function; i.e., for s € (1,00), there exists 75 > 0 such that

(2.2) Ysllvll1,s < || Dv]s for all v € Wol’S(Q)d;

compare, for example, with [DRS10].

2.2. Approximation of maximal monotone r-graphs. In general an
z-dependent maximal monotone r-graph A satisfying (A1)—(A5) cannot be repre-
sented in an explicit fashion. However, based on a regularized measurable selection,
it can be approximated by a regular single-valued monotone tensor field. Following
[FMTO04], there exists a mapping S* : Q X ngxn‘f — R‘Siyxn‘f (a selection) such that for
all 6 € RYXY, (8, 8%(x,0)) € A(x) for almost every x € Q and

(al) S* is measurable with respect to the product o-algebra £(€2) ® B(REXT);

(a2) for almost all z € Q the domain of S* is R%X4;

sym )

dxd

(a3) 8" is monotone, i.e., for every d1,d2 € R and almost all z € Q,

(23) (S*(x,&l) - S*(x,dg)) : (61 - 52) 2 0;

(ad) for almost all z € Q and all § € REXY the following growth and coercivity
conditions hold:

(24)  |S*(#,0)| <c1 |8 +k(z) and S*(x,8):8 > 2|8 — m(x),

where ¢1, ¢, > 0, and k € L™ () and m € L'(Q2) are nonnegative functions.
Let n € Co(ngxn‘f) be a radially symmetric nonnegative function with support in

the unit ball B1(0) C ngxn‘f and ngerf nd¢ = 1. For n € N we then set n"(¢) =
n®n(n¢) and define

(2.5) 8"(x,8) := (S % ") (x,0) :/

dxd
Rsym

'@ Qw6 -0dc= [ @0

sym
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Here, thanks to the equality fRdXd 7™ d¢ = 1 and the nonnegativity of 7, for each
§ € R dul := n™(6 — ¢)d¢ defines a probability measure that is absolutely

sym ’
continuous with respect to the Lebesgue measure with density n™(d — (+)).
We recall the following properties of the matrix function S"™ from
[GMS07, BGMSG09, GZG07].
LEMMA 1. The z-dependent matriz function S™, defined in (2.5), satisfies
(Sn(ﬂi,él) — S"(x,éz)) : ((51 — 52) >0 fO’I‘ all (51,62 S RdXd

sym*
Moreover, there exist constants ¢1,¢a > 0 and nonnegative functions m € LY(Q),
k€ L™ (Q) such that, uniformly in n € N, we have
1S™(z,8)| <& 6] + k(z)  for all & € RS

sym>

S™(x,8): 8 > & |8 — m(x) for all § € RYXd

sym*

Remark 2. The selection S™ enters in the definition of the finite element method
in the form of 8™ through the Galerkin ansatz; compare with section 3.4 below. The
natural question is then how one can gain access to such a selection. In fact, in most
physical models it appears that the selection S™* is given and A(z) is defined as the
maximal monotone graph containing the set {(D, S*(D)): D € RZX4}; compare with

sym
[BGMSG09, GMS07] and the references therein.

2.3. Weak convergence tools. The result in [Gwi05, GZGO07] extends [Bal89)
from limits of single distributed measures to limits of general probability measures.
To this end we need to introduce some standard notation from the theory of Young
measures. We denote by M(R%X?) the space of bounded Radon measures. We call

sym

w:d— W(ngxn‘f), T+ i, weak-+ measurable if the mapping z — [axa h(¢) dpz(C)
o

is measurable for all h € CO(R‘SinH‘f). The associated nonnegative measure is de-

fined by |uz| (C) := uf + p, via the Jordan decomposition p, = pf — u, into two
bounded nonnegative measures u;, ;. By means of the norm H,LLHLOO(Q_W(RM(;)) =
w 5 sym

esSSUP,cq fpaxa d |z | the space L3 (€ M(RE%T)) of essentially bounded, weak-+ mea-

sym
surable functions turns into a Banach space with separable predual L (2, Cy (deyxn‘f)).
The support of a nonnegative measure is defined to be the largest closed subset of

RZ%4 for which every open neighborhood of every point of the set has positive measure

and supp fi, := supp p;- U supp i .
THEOREM 3 (Young measures). Let €2 be an open and bounded subset of RY.
Suppose that {7} jen C L (Q; M(REXD)) is such that vl is a probability measure on

sym

R?;Tg for all j € N and a.e. © € Q. Assume that v converges to v in the weak-x

topology of L (S M(RIXD)) for some v € L (L M(RIXDY).

sym ) sym
Suppose further that the sequence {17 }jen satisfies the tightness condition

lim sup |[{z € Q: supp v2 \ Br(0) # 0} — o0,
R—o0 jeN

where Br(0) denotes the ball in REXS with center 0 € R and radius R > 0.
Then, the following statements hold:
(i) va is a probability measure, i.c., ||Va gy gaxa) = Jpaxad|ve| =1 a.e. in Q;
(ii) for every h € L>=(; Cy(RIX4)),

sym

/ b i) / B, ¢)dua(¢)  weakex in L¥(Q);
R

Rdxd

sym sym
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(iii) for every measurable subset w C Q and for every Carathéodory function h
such that

(2.6)  lim sup / [{ . Ih(z, ¢)| A (¢)dC = 0

R—o00 jeN R |h(z,O)|>R}

we have that
/d ) h(z,¢)dvi(¢) — h(z,¢) dv.(€) weakly in L*(w).
R

LEMMA 4 (Chacon’s biting lemma). Let Q be a bounded domain in R? and
let {v"}nen be a bounded sequence in L'(2). Then, there exists a nonincreasing
sequence of measurable subsets E; C Q with |Ej| — 0 as j — oo, such that {v"}nen
is precompact in the weak topology of L*(Q\ E;), for each j € N.

3. Finite element approximation. This section is concerned with approxi-
mating problem (1.2) by a finite element method. To this end we introduce a general
framework covering inf-sup stable Stokes elements, which are discretely divergence-
free, as well as exactly divergence-free finite elements for the velocity. These two
classes of velocity elements require different treatment of the convection term. The
discussion of these, including representative examples of velocity-pressure pairs of fi-
nite element spaces from each class, is the subject of sections 3.2 and 3.3. The finite
element approximation of (1.2) is stated in section 3.4. We close with a new Lipschitz
truncation method for finite element spaces, which plays a crucial role in the proof of
our main result, Theorem 18.

3.1. Finite element spaces. We consider a family {V", Q" },cn C Wy > (Q)%
x L>(Q) of pairs of conforming finite-dimensional subspaces of Wy ()¢ x L>(Q).
To be more precise, let {G,, }nen be a sequence of shape-regular partitions of Q, i.e., a
regular finite element partition of Q satisfying the following structural assumptions:
e Affine equivalence. For every element FE € G,,, n € N, there exists an invertible
affine mapping

Fp:E— E,

where E is the closed standard reference d-simplex or the closed standard unit
cube in R,
e Shape-regularity. For any element E € G,,, n € N, the ratio of its diameter to
the diameter of the largest inscribed ball is bounded uniformly with respect to
all partitions G,,, n € N.
For a given partition G,,, n € N, and certain subspaces V C C(Q)? and Q C L>(Q),
the finite element spaces are then given by

(3.1a) V' =V(G,) = {V €EV: VigoFy €Py, E€G, and Vg = 0},
3.1b) Q" =Q(G,) = {Q €Q: QpoFy by, Ec gn} :

where Py ¢ WY°(E)? and Pg C L*®°(E) are finite-dimensional subspaces with
dimPy = ¢ and dimPy = J, respectively, for some ¢, 7 € N. Note that Q" C L*>(Q)
and since V" < C(Q)¢ it follows that V* C W, >°(Q)%. Each of the above spaces is
assumed to have a finite and locally supported basis; e.g., for the discrete pressure
space this means that for n € N there exists N,, € N such that
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Q" = span{QY,...,Qy, }
and for each basis function Q7, i« = 1,..., N,, we have that if there exists £ € G,
with @' # 0 on E, then
supp Q7 C U{E’ €0, | E'NE#0} = QF.
We introduce the subspace of V[, = of discretely divergence-free functions by
Hv = {V eV (divV, Q) =0 for all Q € Q"}

and we define
Qg = {QEQ":/dezO}.
Q

Throughout the paper we assume that all pairs of velocity-pressure finite element
spaces possess the following properties.
Assumption 5 (approximability). For all s € [1, 00),

‘}Q£H|\U—V||1,S—>O for all v € Wy * ()% as n — oo and

inf —Qlls—0 for all g € L?(Q)) as n — oo.
nginlq Ql rall ¢ (€2) as n — o0

Assumption 6 (projector II7, ). For each n € N there exists a linear projection
operator % : Wy ' ()% — V" such that for all s € (1, 00),
o I, preserves divergence in the dual of Q", i.e., for any v € Wol’r(ﬂ)d we have

(divw, Q) = (diviIg,v, Q)  forall Q e Q™
o 117 islocally W' stable, i.e., there exists ¢; > 0, independent of n, such that
(3.2)
]i VIS, v| do < Cl]in |Vo| dz  for all v € W, *(Q)? and all E € G,,.
B

Here we have used the notation fB- de := I_}3\ J - dz for the integral mean-value
over a measurable set B C R%, |B| # 0.

It was shown in [BBDR10, DRO7] that the local W!!-stability of II7%,  implies
its local and global Wh*-stability, s € [1,00]. In fact, by noting that the power
function ¢ — ¢° is convex for s € [1,00), we obtain by the equivalence of norms on
finite-dimensional spaces and standard scaling arguments that

VI 0(2)] < VI 0] 1o () < f VI o] dz
E

< c][ |[Vu| dz < c<][
Q Q

where we have used Jensen’s inequality in the last step; recall that |Q%| < c¢|E| with
a constant depending solely on the shape-regularity of G,. Raising this inequality to
the sth power and integrating over E yields

1
|Vol® dx) ,

n n
E E

VI ol de < c/ Vol da.
Q

n
E
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Summing over all elements FE € G,,, accounting for the locally finite overlap of patches,
and noting Friedrichs’ inequality yields, for any s € [1, 00), that

(3.3) M5 vlls < cslvllis for all v e W 5(Q)4,

with a constant ¢s; > 0 independent of n € N. Note that for s = co the inequality
(3.3) follows from an obvious modification of the argument above.

Hence, by invoking the approximation properties of the sequence of finite element
spaces for the velocity, stated in Assumption 5, we obtain that

(3.4) lv — g vll1,s = 0 for all v € Wy * ()¢ as n — oo and s € [1,00).

Assumption 7 (projector H&) For each n € N there exists a linear projection
operator 117 : L1(©2) — Q" such that for all s’ € (1, 00), 115 is stable. In other words,
there exists a constant ¢y > 0, independent of n, such that

IT3glls < évllglls  for all g € L¥(Q).

The stability of Il and the approximation properties of Q" C LS/(Q), stated in
Assumption 5, imply that IIf) satisfies

(3.5) llg — Mgglls — 0 asn — oo forall g€ L* (Q) and s’ € (1,00).

As a consequence of (2.1) and Assumption 6 (compare also with (3.3)) the fol-
lowing discrete counterpart of (2.1) holds; see [BBDR10)].

PROPOSITION 8 (inf-sup stability). For all s,s’ € (1,00) with X + L5 =1, there
exists a constant Bs > 0, independent of n, such that

divV
sup < wv, Q>Q

> B |1Q]] s for all Q € Qf and all n € N.
oxveve  [Vis

This property is in turn equivalent to the existence of a discrete Bogouvskii oper-
ator; compare with [BF91, section II, Proposition 1.2].

COROLLARY 9 (discrete Bogovskii operator). Under the conditions of this sec-
tion, there exists a linear operator B™ : divV"™ — V" and a positive constant B,
independent of n, such that

H
div(B"H)=H  and  B,||B"H|1s < sup L, Q)g

~eeor Qs

forall H € divV™, n e N.

It follows from Corollary 9 by Holder’s inequality that S ||B"H|1,s < ||H|s-
However, we shall need in the proof of Lemma 20 the stronger statement from
Corollary 9.

3.2. Discretely divergence-free finite elements. As in [Tem84] we wish
to ensure that the discrete counterpart of the convection term inherits the skew-
symmetry of the convection term. In particular, upon integration by parts, it follows
that

(3.6) —/Q(v®w) : Vhdxz/ﬂ(v@h) : Vw + (divo)(w - h) dz
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for all v, w, h € D(2)?%. The last term vanishes provided that divw = 0, and then

/(v@v):Vvdsz.
Q

It can be easily seen that this is not generally true for finite element functions V"€ V",
even if

(divV, @)y =0 for all Q € Q",

i.e., if V is discretely divergence-free. However, we observe from (3.6) that
(3.7) —/(v@w) :Vhdx = %/(v@h) :Vw — (v@w) : Vhdx =: Blv, w, h]
Q Q

for all v, w,h € W(}’fﬁ,(ﬂ)d. We extend this definition to W1°°(2)? in the obvious
way and deduce that

(3.8) Blv,v,v] =0  for all v € WH>(Q).

We further investigate this modified convection term for fixed r,’ € (1, 00) with
1 4+ L =1; recall the definition of 7 from (1.1). We note that 7 > 1 is equivalent to
the condition r > dQ—fQ. In this case we can define its dual 7 € (1,00) by 1 + & =1
and we note that the Sobolev embedding

(3.9) W (@) — L7 ()

holds. This is a crucial condition in the continuous problem, which guarantees
(3.10) / (v©w) : Vhde < clfollyllw]. Al
Q

for all v,w, h € WH>(Q)?; see [BGMSG09] and section 3.3 below. Because of the

extension (3.7) of the convection term to functions that are not necessarily pointwise

divergence-free, we have to adopt the following stronger condition in order to ensure

that the trilinear form B[-,-,] is bounded on W17 (Q)4 x WL (Q)4 x WH™ (Q)?. In
2d

particular, let 7 > =% in order to ensure that there exists s € (1,00) such that

% + % + % = 1. In other words, we have for v,w, h € W1H>°(Q)? that
/Q(divv) (w-h)dz < [ divoll[|wl2z]k]s < cllv]firllwlhlL

with a constant ¢ depending on r, 2, and d. Here we have used the embeddings (3.9)
and Wy'™ (Q)% — L3(Q)?%. Consequently, together with (3.10) we thus obtain

(3.11) Blv, w, h] < c|v|vr[|wll1 [R5

Ezample 10. In [BBDRI10] it is shown that Assumptions 6 and 7 are satisfied by

the following velocity-pressure pairs of finite elements:

e the conforming Crouzeix—Raviart Stokes element, i.e., continuous piecewise
quadratic plus bubble velocity and discontinuous piecewise linear pressure ap-
proximations (compare, e.g., with [BF91, section VI, Example 3.6]);

e the Mini element; see [BF91, section VI, Example 3.7];

e the spaces of continuous piecewise quadratic elements for the velocity and piece-
wise constants for the pressure [BF91, section VI, Example 3.6].

Moreover, it is stated without proof in [BBDR10] that the lowest order Taylor—-Hood
element also satisfies Assumptions 6 and 7.
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3.3. Exactly divergence-free finite elements. Another way of retaining the
skew-symmetry of the convection term and ensuring that (3.8) holds is to use an
exactly divergence-free finite element approximation of the velocity. In addition to
Assumptions 6 and 7 in section 3.1 we suppose that the following condition holds.

Assumption 11. The finite element spaces defined in section 3.1 satisfy

divV™ C Qyp, n € N.

This inclusion obviously implies that discretely divergence-free functions are automat-
ically exactly divergence-free, i.e.,

Vi ={V e V*: divV =0}, n e N.

According to (3.6), in this case we define
(3.12) Blv, w, h| := —/(v@w) : Vhdx
Q
for all v, w, h € W, (2)¢ and obtain

(3.13) Blv,v,v]=0 forallve Wgﬁ’;(ﬂ)%

Recalling (3.10), with Assumption 11 the convection term can be controlled under
the weaker restriction r > 2% i.e., for v,w, h € WH*(Q)?, we have that

d+2>
(3.14) Blv, w, h] < c[lv|lrllw], Rl
where, as before, % + % = 1 with 7 from (1.1). The constant ¢ > 0 only depends on

r, Q, and d.

Admittedly, finite element spaces that simultaneously satisfy Assumptions 6, 7,
and 11 are not very common. Most constructions of exactly divergence-free finite
element spaces in the literature are not very practical in that they require a suf-
ficiently high polynomial degree and/or restrictions on the geometry of the mesh;
see [AQ92, SV85, QZ07, Zha08]. In a recent work [GN11] Guzmdn and Neilan pro-
posed inf-sup stable finite element pairs in two space dimensions, which admit ex-
actly divergence-free velocity approximations for r = 2. A generalization of the
Guzman—Neilan elements to three dimensions is in progress [GN13]. We shall show be-
low that the lowest order spaces introduced in [GN11] simultaneously satisfy
Assumptions 6, 7, and 11 for r € [1, c0).

Ezample 12 (Guzmén—Neilan elements [GN11]). We consider the finite element
spaces introduced by Guzmén and Neilan in [GN11, section 3] on simplicial triangu-
lations of a bounded open polygonal domain €2 in R2. In particular, we define

Py :=Py(E) & span{curl(h;) :i=1,2,3} & span{curl(B;):i=1,2,3}.

Here Pl(E) denotes the space of affine vector-valued functions over E. Further let
{5\1-}1:1273 be the barycentric coordinates on E associated with the three vertices
{Zi}i=1,2,3 of E, ie., 5\1(2]) = 0;5. Then, for ¢ € {1,2,3}, we set b; = 5\12+15\1-+2, and
B; denotes the rational bubble function
AR,
i + e )i + Aiga)

7 -
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which can be continuously extended by zero at Z;11 and Z;;2; the index i has to be
understood modulo 3. Thanks to properties of the curl operator, the local pressure
space

]f”@ = div ]f”v

is the space of constant functions over E.

It is clear from [GN11] that the related pairs of spaces {V",Q"},en (compare
with (3.1)) satisfy Assumption 11. For IIfj we can use a Clément type interpolation
or simply the best approximation in Q"; clearly, both satisfy Assumption 7. The
approximability assumption, Assumption 5, follows with the mesh size tending to
zero. It remains to verify Assumption 6. To this end we analyze the interpolation
operator proposed in [GN11]. In particular, let II% : Wol’l(Q)2 — L™ be the Scott—
Zhang interpolant [SZ90] into the linear Lagrange finite element space L™ := L(G,,)
over the shape-regular triangulation G, of Q, n € N. Then 1%, : W' (Q)? — V" is
defined by

(I§v)(2) = (Ugv)(z),  zeN",
(3.15)

/ giv'vdS :/'UdS, SESTL,

S S

where N™ and 8™ denote the vertices, respectively, edges, of the triangulation G,
n € N. This operator is a projector and thanks to [GN11, (3.14)] and the fact that
L™ C V™ it thus remains to prove the stability estimate (3.2) in Assumption 6.

To this end we fix n € N. Although the claim can be proved using the techniques
in [GN11], this would necessitate the introduction of additional notation. Thus, for
brevity of the presentation, we give an alternative proof. According to [GN11] the in-
terpolation operator I} is correctly defined by (3.15). Let {Z;},—1,2,3 be the vertices
of F and let {S’i}i:LQ’g be its edges. Then, any function V e Py is uniquely defined
by V(éz) and fSﬁ V' ds, i = 1,2,3. This implies that the mapping

) VEIEDVa

3
VoS V) +‘/ V ds
i=1 Si

is a norm on Py. Hence, equivalence of norms on finite-dimensional spaces together
with (3.15) yield that

3
/E }H(’jivv o F;31| dz < CZ (}Hgivv o Fgl(él)} + | /s Tyvo FEl ds|)
i=1 i

3
:CZ(}HgvoFgl(éi)|+}/§voF;Jlds}), ve W, ()2
=1 i

By a scaled trace theorem and properties of the Scott—Zhang operator we arrive at

/Elﬂzﬁvm do < /Q ol + B [Vol do, v € WiH(Q)2.
E

Note that TI%, : W, ()2 — V™ is a projector and that L™ C V™. Thus the inequal-
ity (3.2) follows from a standard inverse estimate and the Bramble-Hilbert lemma;
compare also with [BBDR10, Theorem 3.5].
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3.4. The Galerkin approximation. We are now ready to state the discrete
problem. Let {V"* Q"},cn be the finite element spaces of section 3.2 or 3.3 and let
B: Wy Q) x Wy ()4 x Wy ™ (Q)? — R be defined correspondingly.

For n € N we call a triple of functions (U™, P", §"(DU")) € V" xQgxL" (Q)4*?
a Galerkin approximation of (1.2) if it satisfies

(3.16)
/ S"(-,DU™) : DV dz + B[U", U, V] — (divV, P"), = (f, V)
Q
foral V e V",

/ QdivU"dx =0 forall @ € Q".
Q

Restricting the test functions to V};, the discrete problem (3.16) reduces to finding
U" € V3., such that

(3.17) /S"(-,DU"):Dde+B[U”, U™ V)= (f,V) forall VeV
Q

Thanks to (3.8), respectively, (3.13), it follows from Lemma 1 and Korn’s inequal-
ity (2.2) that the nonlinear operator defined by the left-hand side of (3.17) is coercive
on VY, . Since the dimension of V},  is finite, Brouwer’s fixed point theorem ensures
the existence of a solution to (3.17). The existence of a solution triple to (3.16) then
follows by the discrete inf-sup stability implied by Proposition 8.

Of course, because of the weak assumptions in the definition of the maximal
monotone r-graph, (3.16) does not define the Galerkin approximation U™ uniquely.
However for each n € N we may select an arbitrary one among possibly infinitely
many solution triples and thus obtain a sequence

(3.18) {(U", P, 8"(.DU")}, _..

3.5. Discrete Lipschitz truncation. In this section we shall present a modified
Lipschitz truncation, which acts on finite element spaces. This discrete Lipschitz
truncation is basically a composition of a continuous Lipschitz truncation and the
projector from Assumption 6. For this reason we first introduce a new Lipschitz
truncation on W, ' ()¢ based on the results in [DMS08, BDF12, BDS13], which
provides finer estimates than the original Lipschitz truncation technique proposed by
Acerbi and Fusco in [AFS8S].

For v € L*(R%) we define the Hardy-Littlewood maximal function

(3.19) Mv)(x) := 18{1;%71[3 » |v| dy.

For s € (1, 00] the Hardy-Littlewood maximal operator M is continuous from L?®(R?)
to L*(R%), i.e., there exists a constant ¢ > 0 such that

(3.20) | M (v)|| Lo ray < ¢s 0]l poray  for all v € L*(R?),

and it is of weak type (1, 1), i.e., there exists a constant ¢; > 0 such that

(3.21) sup A|[{M(v) > A} < crl|v]| L1 re) for all v € L'(R%);
A>0
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see, e.g., [G04]. For any v € WHH(RY)? we set M(v) := M(|v|) and M(Vv) =
M(vel)

Let v € W, ' ()% we may then assume that v € W(R?)? by extending v by
zero outside (2. For fixed A > 0 we define

(3.22a) Ur(v) .= {M(Vv) > A}
and
(3.22b) Ha(v) =R\ (Ur(v) N Q) = {M(Vv) < AU R\ Q).

Since M (Vw) is lower semicontinuous, the set Uy (v) is open and the set Hj(v) is
closed. According to [DMS08] it follows that v restricted to #H(v) is Lipschitz con-
tinuous and therefore also bounded. More precisely, we have that

(3.23) lv(x) —v(y)| < cAlz -y

for all z,y € Hx(v), where the constant ¢ > 0 depends on (.

It remains to extend v)3, (») to a Lipschitz continuous function on R?. The result
in [DMSO08] is based on the so-called Kirszbraun extension theorem (cf. Theorem
2.10.43 in [Fed69]) and uses an additional truncation of v with respect to M (v). This
can be avoided by proceeding similarly as in [BDF12, BDS13], i.e., extending |y, (v)
by means of a partition of unity on a Whitney covering of the open and bounded
set Uy (v). To this end, we assume w.l.o.g. that Uy(v) # 0; otherwise v does not
need to be extended since Hy(v) = R? According to [G04, BDF12] there exists a
decomposition of the open set U\ (v) into a family of (dyadic) closed cubes {Q;}jen
with side lengths ¢; := £(Q;), j € N, such that

(W1) Ujen Qj = Ua(v) and the Q;’s have pairwise disjoint interiors;

(W2) 8Vd((Q;) < dist(Q;, U (v)) < 32Vd€(Q;);
(W3) if Q; N Qy # 0 for some j, k € N, then

L.
k

<.

<7+ <2

(SIS
|

(W4) for a given Q; there exists at most (3¢ — 1)2¢ cubes Qj with Q; N Qy # (.
For a fixed cube Q € R¢ with barycenter z and any ¢ > 0, we define

cQ = {x € R%: max |z; — 2] < cZ(Q)} .

i=1,...,
Hence, it follows from (W2) with 6, := 2 + 64+/d that

(3.24) (04Q;) N Hr(v) # 0 forall j € N.

Let Q7 := \/ng and Q** := 3Q;. Thanks to (W4), the enlarged cubes Q%"
j € N, are locally finite, i.e., they satisfy Zj Xgr+ < ¢ with a constant ¢ > 0, which
depends on d only. Thanks to the overlaps of the Q7’s, there exists a partition of
unity {9;}jen subordinated to the family {Qj};en with the following properties:
. Zj’lr/)j = Xt (v) and 0 < 1/)j <1forall j€N;
* Xig, < P < Xe: for all j € N;
o ;€ C5°(Q;) with [Vi| < e ! for all j € N.
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The Lipschitz truncation of v is then denoted by vy and is defined by

(3.25a) vy = Zjerjvj in Uy (v),
v elsewhere,
where
sod if *ch7
(3.25D) v = fo;-vde if Qj
0 elsewhere.

We emphasize that the definition of the functions v;, 7 € N, here differs from the
one in [BDF12], since we need to preserve the no-slip boundary condition for the
velocity field on 92 under Lipschitz truncation. Combining the techniques of [DMS08]
and [BDF12] we obtain the following result. For ease of readability of the main body
of the paper, the proof of Theorem 13 is deferred to the appendix.

THEOREM 13. Let A > 0 and v € Wol’l(Q)d. Then, the Lipschitz truncation
defined in (3.25) has the following properties: vy € Wy ™ (Q)%, and

(a) vy =v on Hr(v), i.e., {v# vy} CUNV)NQ={M(Vv) > A} NQ;

() |lvalls < cllv|s for all s € [1,00] with v € L¥(Q)9;
(c) [[Vorlls < c||Vo|s for all s € [1,00] with v € Wy*()%;

(d) [Voal < e A, w)ne + V0] X34, (0) < €A almost everywhere in RY.
The constants appearing in the inequalities stated in parts (b), (c), and (d) depend on
Q and d. In (b) and (c) they additionally depend on s.

We next modify the Lipschitz truncation so that for finite element functions the
truncation is again a finite element function. To this end we recall the definition of
the finite element space V" = V(G,,) of section 3.1 or 3.3.

Let A > 0 and fix n € N. Since V" C Wol’l(Q)d, we could apply the truncation
defined in (3.25). However, since in general the Lipschitz truncation V) of V € V"
does not belong to V", we shall define the discrete Lipschitz truncation by

(3.26) Vo =I5,V € V7

According to the next lemma the interpolation operator II},, is local, in the sense
that it modifies V' in a neighborhood of U, (V') only.
LEMMA 14. Let V € V™. With the notation adopted in this section, we have that

(Var # V) CQNV) = interior (U (| E € Gy with ENUNV) £ @}) .

Proof. The stated inclusion follows from (3.2) in Assumption 6. In particular, let
E € G, be such that E C R¥\ Q}(V); then, Q% C H, (V). Consequently, by Theorem
13(a), we have V' = V on QF%. Hence we deduce from (3.2), our assumption that
V € V", and the fact that 1I7;  is a projector, that

][ IV — 1%V, do = ][ I2(V — V)| dz < c][ IV - V| dz =0,
E B on
ie, V=V, =1}, ,V\ on E. This proves the assertion. O
The set Q3 (V') from Lemma 14 is larger than ¢ (V) N Q. However, the next

result states that we can keep the increase of the set under control. This is the key
observation for the construction of the discrete Lipschitz truncation.
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LEMMA 15. Forn e N, V. € V* and A > 0, let Q% (V') be defined as in Lemma 14.
Then, there exists a k € (0,1) only depending on Py and the shape-regularity of G,
such that

Ur(V)NQ C QYY) C UAV)NQ.

Proof. Thanks to the definition of Q%(V'), the first inclusion is clear. It thus
remains to show the second inclusion. In order to avoid problems at the boundary
00 we extend V' to R? by zero outside Q. Let x € Q%(V); then there exists F € G,,,
ENUNV) # 0 such that z € Q7. Consequently, by (3.22a) and (3.19), there exists
an rg € F and an R > 0 such that

][ [VV| dy > A.
Br(zo)

Suppose that Br(zo) C (% U (R?\ Q)); then, thanks to norm equivalence in
finite-dimensional spaces, we have by a standard scaling argument that

A <][ IVV| dy < ||VV||L00(Q%) < 51][ [VV] dy,
Br(zo Qn

where the constant & depends solely on Py and the shape-regularity of G. Let B,(z)

be the smallest ball with B,(z) D Q} and observe that |B,_ (z)| < & |Q%| with a
constant ¢ > 0 depending only on the shape-regularity of G. Consequently,

M(VV)(z) > ][

1 1
IVV| dy > ~—f VV]dy > —A\.
B, (z) €2 Jan, C1C2

In other words, we have that = € Uz, z,)-1A(V) N

We now consider the case Bg(zo) ¢ (% U (R?\ Q)). Since zo € E, it follows
that ¢sR > diam(FE) with a constant ¢ > 0 only depending on the shape-regularity
of G,. As x € Q, there exists a constant ¢4 > 1 such that Bz, r(z) D (E U Bgr(zo)).
Hence,

Mwmmzf

Wwwzqﬁf YV dy > &,
Bzyr(z) (z0)

and we deduce that = € Uz—a L (V)N Q. Combining the two cases, the claim follows
with & := min{(é1é2)~',é;%}. O
We are now ready to state the following analogue of Theorem 13 for the discrete
Lipschitz truncation (3.26).
THEOREM 16. Let A > 0, n € N, and V € V™. Then, the Lipschitz truncation
defined in (3.26) satisfies Vo x € V", and the following statements hold:
(a) Vor =V on R¥\ Q}(V);
(B) IVaalls < cl|Vs for 1 <s < oo;

(©) [VVinal < cXxapv) + [VV]xravar(v) < ¢ almost everywhere in R4,

The constants ¢ appearing in the inequalities in parts (b) and (c) depend on Q, d, Py
and the shape-regularity of {Gn}nen. In (b) the constant ¢ also depends on s.

Proof. Assertion (a) is proved in Lemma 15. Estimate (b) is a consequence of
Theorem 13 and the W' 4-stability of II%, ; compare with (3.3). The bound (c) follows
from Theorem 13(d) and the W stability of II7; ; see (3.3). O
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The following corollary is an application of the discrete Lipschitz truncation to
(weak) null sequences. It is similar to the results in [DMS08] and [BDF12]. Its
analogue for Sobolev functions is stated in Corollary 25 in the appendix.

COROLLARY 17. Let 1 < s < oo and let {E™}en € Wy * ()4 be a sequence,
which converges to zero weakly in Wy * ()%, as n — oc. _ _

Then, there exists a sequence {\, j}njen C R with 22 < Anj < 22" =1 such
that the Lipschitz truncations E™ = Ey ,» 1 J € N, have the following properties:

(a) E™ € V" and E™ = E" on R\ Q) (E™);
(b) [IVE™ ||oo < cAnyj:

(c) E™ — 0 in L>®°(Q)? as n — oo;

(d) VE™ —* 0 in L=(Q)¢ as n — oo;

VE"|,.

The constants ¢ appearing in the inequalities (b) and (e) depend on d, €2, Py, and the
shape-regularity of {Gn}nen. The constant in part (e) also depends on s.

Proof. We first construct the sequence A, ; and prove (e). Let x > 0 be the
constant in Lemma 15. Then, for g € L*(R?), we have

s _ > S o45—1 s, oms
/Rd 9" do = /Rd/o RSt T X (g5 ey dE d > /Rd 37 RSS2 X (gl da

meN

(e) For alln,j € N we have ||)\n7jXQz\znyj (Bmlls <c27%

29+t _1

ZZ Z 143882’”8‘{|g|>2m+1}‘.

JEN m=2J

We apply this estimate to g = M(VE™) and use the boundedness of the maximal
operator M (cf. (3.20)) to obtain

2Ji+1_q
R Y 2 HM(VE") > 2| <o |M(VEY)|; < o[ VE" 3.

JEN m=27

For fixed n,j the sum over m involves 2/ summands. Consequently, there exists an
integer A, ; € {2%',...,22"" 71} such that

Ao {M(VE™) > kA j} < 2776 %c[VE™|)3.

This, together with Lemma 15, proves (e). Assertions (a) and (b) are then direct
consequences of Theorem 16(a) and (b). It remains to prove (c) and (d).

Let j € N be fixed. From (b) we deduce that the sequence { E™7},, is bounded
in W, >°(Q)?. Hence, there exists a (not relabeled) subsequence such that VE™J
converges weak-x in L>°(Q)4*? and E™’ converges strongly in L®(Q)?% as n — oo.
Thus we have proved part (c).

To prove (d), we proceed as follows. Thanks to the uniqueness of the limits, it
suffices to prove that E™J — 0 weakly in W, *(Q)?. To this end, we note that the
compact embedding W, *(Q)? << L3(Q)¢ implies that

E" -0 in L*(Q)? as n — oco.

Let {EY,  }nen be the sequence of Lipschitz-truncated functions, defined according

to (3.25). Then, thanks to the boundedness of {E"},cx in Wy**(2)?, Theorem 13(c)
and (b), we have that
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EY .~ —0 weaklyin Wy s () as n — oo.

Thanks to the definition of the discrete Lipschitz truncation in (3.26), the desired
assertion follows by observing that the norm continuity (3.3) of I in Wy*(Q)¢ is
equivalent to continuity of II7},, in the weak topology of WO1 #(Q)9 (see, for example,

Theorem 6.17 in [AB2006]). a

4. The main theorem. After the preceding considerations, we are now ready
to state our main result. Its proof is presented in subsections 4.1-4.4.

THEOREM 18. Let {V™ Q"},.en be the sequence of finite element space pairs from
section 3.2 (respectively, 3.3) and let {(U”, P™ S"(., DU")) }neN be the sequence of
discrete solution triples to (3.16) constructed in (3.18).

Ifr > f—fl (respectively, r > f—fz), then there exists a solution (u,p,S) €
Wy ()4 x Li(Q) x L™ (Q)4%d of (1.2) such that for a (not relabeled) subsequence,
we have

U'—u weakly in W, (Q)%,
P"—p weakly in L} (),
s*"(.,DU™) —~ S weakly in LT/(Q)dXd.

4.1. Convergence of the finite element approximations. We begin the
proof of Theorem 18 by showing the existence of a weak limit for the sequence of
solution triples.

LEMMA 19. Let {V",Q"},en be the sequence of finite element space pairs from
section 3.2 (respectively, 3.3) and let {(U",P", S"(-,DU")) }neN be the sequence of

discrete solution triples to (3.16) constructed in (3.18).

Ifr > ﬁdl (respectively, r > d2—f2), then there exists (u,p,S) € Wy (Q)? x

Liy(Q) x L™ ()44 such that for a (not relabeled) subsequence, we have

Ur—u weakly in W, (Q)%,
P"—p weakly in L (),
S"(-,DU") —~ S weakly in L" ()44,

Moreover, the triple (u,p, S) satisfies
S:Dv—(u®u): Vodr — (divw, p), = (f, v) forallv e Wol’f,(Q)d,
(4.1) 79
/qdivudxz() for allqELr,(Q).
Q

Proof. We divide the proof into four steps.
Step 1. From (3.16) we see that U™ is discretely divergence-free and thus, thanks
to (3.17) and (3.8) (respectively, (3.13)), we have that

/ §"(,DU"): DU"dz = (f, U") < [|fl| -1 [|U"[|1.0-
Q

The coercivity of S (Lemma 1) and Korn’s inequality (2.2) imply that the sequence
{U"}en € Wy ()% is bounded, independent, of n € N. This in turn implies, again
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by Lemma 1, the boundedness of {S™(DU™)},cx in L™ (2)%%4. In other words, there
exists a constant ¢ > 0 such that

(4.2) o™

1+ I1S"(, DU)|~ < ¢ for all n € N.

As 7 € (1,00), the spaces Wy ()% and L™ (Q)?*? are reflexive and thus for a (not
relabeled) subsequence there exist u € W, " ()% and S € L™ (2)4*¢ such that

(4.3) U" —~u  weakly in W, " (Q)?
and
(4.4) S"(-,DU") = S  weakly in L" (Q)4*¢

as n — 0o. Moreover, using compact embeddings of Sobolev spaces, we have that

e(L#L) ifr<a,
(4.5) U™ —wu  stronglyin L°(Q)¢ for all ° ( d=r nr
s € (1,00) otherwise.

Thanks to (4.3) we have by (3.5), for arbitrary ¢ € L" (Q), that
(4.6) 0= /( 0¢) divU" dz — / gdivudez,
Q Q

i.e., the function u € VVO1 T(Q)? is exactly divergence-free.
Step 2. Next, we investigate the convection term. Let v € Wol’oo(Q)d be arbi-
trary and define V" := II}}; v. We show that

(4.7) BU", U, V"] — _/(u®u) Vo da.
Q

Thanks to the assumption r > 2% and (4.5), it follows that

U'U" wu®u in L5(Q)™? forallsc[l,7)

with 7 > 1 as in (1.1). By (3.4), we have that V" — v in WOLSI(Q)d, s’ e (7, 00),
and hence we obtain that, as n — oo,

(4.8) —/Q(U" @U"™): VV™dz — —/Q(u®u) : Vode.

This proves (4.7) for the exactly divergence-free approximations from section 3.3. We
emphasize that we have only required so far that r > dQ_-gZ'
In order to prove (4.7) for the finite element spaces of section 3.2 and thus for the

modified convection term defined in (3.7), we recall from (3.6) that

/ U™ V"): VU dz = — / U™ & U™ : VV" + (divU™) U™ - V" da.
Q Q
For the first term we have already shown convergence in (4.8). In view of the definition
of B in (3.7) it thus remains to prove that the second term vanishes in the limit n — oo.
To this end, we observe by (4.5) and Assumption 6 that

e (1, Td) it r < d,
U"- V" s wu-v stronglyin L°(Q) for all {S ( d=r nr
s €

1, 00) otherwise.
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Thanks to the stronger restriction r > j—fl now, this last statement holds in particular

for s = 1. Hence, together with (4.3) and (4.6), we deduce that
/(divU”) Uu"-vide — /(divu)u cvdr =0
Q Q

asn — 0o.

Step 3. We combine the above results. Recall that by (4.6) we have divu = 0,
which is the second equation in (4.1). For an arbitrary v € W&’ﬁ,(Q)d let V" =
% v, n € N. Thanks to (3.4), we have that V" € V2% and V" — v in W,*(Q)¢
for all s € (1,00). Therefore, using (4.3), (4.4), and (4.7), we obtain

/ S"(,DU"): DV"dz+ BU", U™, V"] = (f, V")
Q
i +
/S:Dv+div(u®u)-vdx (f, v)
Q

as n — co. Since § € L™ (Q)™ f e WL(Q) and uw ® u € L7(Q)%*4, by a
density argument, we arrive at

/S:Dv+div(u®u)-’vdx: (f, v)
Q

for all v € Wol’gv(Q)d.
Step 4. We now prove convergence of the pressure. Thanks to the restriction

r> dz—J'fil we have, as in (3.11), that

(divV, P">Q:/S”(-,DU”):Dde+B[U", U™, V]—(f, V)
Q
< |18"(, DU |DV || + U1V 1150+ [ =1 IV |1,

for all V- € V", By (4.2) and the discrete inf-sup condition stated in Proposition 8, it
follows that the sequence {P"},cn is bounded in the reflexive Banach space L ().
Hence, there exists p € Li(€2) such that for a (not relabeled) subsequence, P* — p
weakly in Lj(€2). On the other hand we deduce for an arbitrary v € W, *°(2)¢ that

(dive, P")q = (divII}, v, P")q + (div(v — [T, v), P,
:/ §"(-,DU") : Dl v dx — (f, 1§, v) + BU", U", 1, v]
Q
+ (div(v — IIg;,v), P™")q

—>/S:Dv—|—div(u®u)-’vdaj—<f, v)+0
Q

as n — 0o, where we have used (4.4), (4.7), (3.4), and the boundedness of the sequence
{P"}en in LY(Q). This completes the proof of the lemma. O
For the main result, Theorem 18, it remains to prove that

(4.9) (Du(z), S(z)) € A(z)

for almost every = € . The proof of this is the subject of the rest of section 4.
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4.2. Identification of the limits. In this section we shall first briefly discuss
properties of the maximal monotone r-graph introduced in (A1)—(A5). Here we follow
the presentation in [BGMSGOQ]. Application of the fundamental theorem on Young
measures (cf. Theorem 3) leads to a representation of weak limits, which is a crucial
step in proving (4.9).

According to [FMT04] there exists a function ¢ : Q x R4X? such that

sym
(4.10) A(z) ={(8,0) e RUI X REI 0 — 6 = p(x,0 + )},
and
(a) ¢(x,0) =0 for almost every = € §;

dxd.
sym

)
(b)
()

)

(d) the functions s,d : Q x REX4 — RIX4 defined as

¢
&(-,x) is measurable for all x € R
f

or almost all € Q2 the mapping ¢(z, ) is 1-Lipschitz continuous;

Sym Sym ?
satisfy, for almost every = € Q and all x € R%%Y, the estimate

s(z.X) : d(z.x) = —m(a) + (|d(z, x)|" + s, 0" ) -

We emphasize that this is in fact a characterization of maximal monotone r-graphs
A satisfying (A1)-(A5) without the second part of (A2). )
We recall the selection S™ from section 2.2 and, as in [BGMSGO09], we define

(4.12) bp(z) == /RdXd (8*(2,¢) — 8*(z, Du)) : (¢ — Du(z))du2(C),
oty

where we have used the abbreviation p := u%u(w . The next result, whose proof is
postponed to the next section, states that b,, vanishes in measure.

LEMMA 20. With the definitions of this section we have that b, — 0 in measure.

Actually, employing the above characterization of A, the limit of the sequence
{bn}nen can be identified in another way by using the theory of Young measures. To
this end we introduce

(4.13) G.(¢) = 8*(z,¢) +¢, z€Q, ¢eRYY
and define the push-forward measure of the measure ¢ from (2.5) by setting
(4.14) v (€)= pg(G;1(C))  forall C € BRLY).

We recall from (al) in section 2.2 that S* is measurable with respect to the product
o-algebra £(Q) ® B(RL:Y), and therefore so is G,. Consequently, the measure vy e
is well-defined and thanks to properties of the mollifier n™ from section 2.2, it is a
probability measure. From the definitions of the functions s and d it follows that
S*(z,¢) = 8(z,G,(€)) and ¢ = d(x, G,(¢)). We thus have, by simple substitution,
the identities

(4.15a) S"(z, DU™) = /Rdm s(z, ) dv2 (<),
(4.15b) DU (z) = /R A a0,

sym
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as well as

@150 ()= [ (s(0.0) = (o Dulw) : (d(e,¢) ~ Dule) v (<),

sym

where we have used the abbreviation v := v} DU (2)"

In order to identify the limit we apply the generalized version of the classical
fundamental theorem on Young measures stated in Theorem 3. Recall from section
2.3 that L (Q; M(RLXY)) is a separable Banach space with predual L' (Q, Co(RE<)).

Sym
For every n € N the mapping = — v belongs to L (Q; M(RET)). To see this let
g e LY(QC (deyxn‘f)). In view of (4.14) and (2.5), a simple substitution yields

[, o@0a2) = [ (DU -0 g(r G
R R

sym sym

It remains to prove that 2 — [paxa 0" (DU"(x) — () g(z, Gz(¢)) d¢ is measurable and

integrable. It follows from (A5), the definition (4.13) of G, and property (al) of S*
that h is £(Q) ® B(R¥X?) measurable. Moreover, ™, n > 1, are smooth functions

sym

and g € LY(Q, Cy (R‘Siyxrfll)), and therefore integrability follows from Fubini’s theorem.
Thanks to the properties of n™ it is clear that v} is a probability measure a.e.

in Q. Hence |||} qommaxd) = 1 and thus the sequence {v"}nen is bounded

sym

in Lgg (€ M(RE<Y)). Therefore, by the Banach-Alaoglu theorem, there exists v €
L2°(Q; M(REIX)) such that for a (not relabeled) subsequence,

sym

(4.16) vt ="y, weak-* in LS (€; M(RIX DY),

sym

The next Lemma follows from the generalization of the fundamental theorem on
Young measures from [Gwi05] (see Theorem 3) and Chacon’s biting lemma (Lemma 4).
Its proof is postponed to section 4.4.

LEMMA 21. With the notation of this section, v, is a probability measure a.e.
in Q0 and there exists a nonincreasing sequence of measurable subsets Ei C 0 with
|Ex| — 0 such that for all k € N we have for a (not relabeled) subsequence that

(4.17) bp(z) — i (s(z,¢) = 8§*(z,¢)) : (d(z,¢) — Du(z)) dvy(¢) =: b(x)

weakly in L*(Q\ Ei) as n — 0o. Moreover, we have that

S(z) = /RdXd s(z,¢) dv,(¢) and Du(z) = /Rdmd(x,() dv,(¢).

sym sym

We deduce from (4.9) and Lemma 21 that to complete the proof of Theorem 18,
we need to show that

(4.18) <Du(x), /Rdm s(x, )dVI(C)> € A(z) for a.e. z € Q.

sym

This follows from the two preceding Lemmas exactly as in [BGMSGOS), p.131ff]. To
be more precise, the proof is based on noting that for each § € R%*? the set

(4.19) Cs:={o e R (5,0) € A(x)} is convex for a.e. z €

sym
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compare with (A2) and (A3). Combining Lemmas 20 and 21 we deduce that b = 0
a.e. in €. Hence it follows from (A2) that

{C € ngxn‘f: (s(z,¢) — S*(x, Du(z)) : (d(x,¢) — Du(x)) > 0} ¢ supp v
We split supp v, into the two sets
wi(z) :={¢ € suppvy: s(z,¢) = S*(z, Du(x))} and wa(x):=suppv, \ wi(z).

We investigate the pairing in (4.18) on the two sets wy(z) and ws(z) separately. On

wa(x) we have by (A2) that d(z,{) = Du(z). Therefore, on noting that Uzlgz(f(;)) is

a probability measure on wy(x), one can show with (4.10), (4.11), and (4.19) that

<Du(x), / s(z,¢)d(5 'Z:(C(i)))> € A(z) fora.e. z €.
wa () w2
On the other hand it follows from the definition of w;(x) that
/ » s(z,¢) dvy(¢) = vo (w1 () S* (2, Du(x)).

Thanks to the properties of S*, we have that (Du(z), S*(z, Du(z))) € A(x); com-
pare with section 2.2. Using the fact that v, is a probability measure, we deduce that

/Rdxd S(xaC)de(C)Z/wl(z)s(x,C)de(C)—F/ s(z,¢) dv,(€)

Sy wa(x)

1) (@ Du(o) +valoa(@) | sl 005 5)

wa ()

is a convex combination of functions. Moreover, due to the above observations, for
a.e. x € ), each of the two functions in this convex combination is an element of the
set Cf)u(w). Hence, by (4.19), this completes the proof of Theorem 18.

As in [BGMSG09] we can establish from the above observations strong conver-
gence of the symmetric velocity gradient and the stress on the subsets

Qp = {z € Q: for all (61,81) € A(z) with (o1 — S*(2, Du())) : (61 — Du(z)) =0
implies that §; = Du(z)} and

Qg :={z € Q: for all (¢1,681) € A(z) with (o1 — §*(z, Du(x))) : (61 — Du(z)) =0
implies that oy = 8™ (z, Du(x))},

respectively. Since the proof is identical to the proof of [BGMSG09, Lemma 5.2] we
omit it here and we only state the result.

COROLLARY 22. Assume the conditions of Theorem 18 and let r' € (1,00) be
such that %—l—% =1. Then foralll <s<randl < s <71, we have that, as n — oo,

DU" - u strongly in L*(Qp)?*9,
S" — S*(-, Du) strongly in L* (Qg)?*%.
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4.3. Proof of Lemma 20. The proof of this assertion is motivated by the proof
of [BGMSG09, Lemma 4.6]. However, since we are approximating problem (1.2)
with finite element functions here, we need to use the discrete Lipschitz truncation
from section 3.5.

Let us define the auxiliary function

(4.20) an(z) := (8" (x, DU"(x)) — S*(z, Du(x))) : (DU"(x) — Du(x))
and observe that

(4.21) / |an —by| dz — 0 as n — 00.
Q

Indeed, thanks to (2.5) and the properties of 1™, we have that

/Q|an—bn| da:z/Q‘/Rdm(s*(x,C)—S*(a:,Du)) : (DU"™ — Du)dv}(¢)

sym

- [, (8"@.0 =8 @.Dw): (¢~ Du) d2(©)] da

sym

- / | / L (8%(@,8) ~ 8°(r, Dw)) - (DU" — ) dw(¢)|

sym

< /Q/R |8*(2,¢) — §*(z, Du)| |[DU™ — {|dv2 () da

sym

<& / sup |S*(2.¢) - §*(z, DU™)| dx <
nJQ|¢-DU (x)|< L

Slo

Consequently, in order to prove that b, — 0 in measure it suffices to prove that
an, — 0 in measure. We shall establish the second claim in several steps.

Step 1. First we introduce some preliminary facts concerning discrete Lipschitz
truncations. For convenience we use the notation

E" =1I},(U" —u) =U" — II};,u € V"

and let {E"’j tn,jen C V™ be the sequence of Lipschitz-truncated finite element func-
tions according to Corollary 17. Recall from Lemma 19 that E" — 0 weakly in
Wy (), i.e., we are exactly in the situation of Corollary 17. Although E" € V7, |
i.e., it is discretely divergence-free, this does not necessarily imply that E™ ¢V
and thus we need to modify E™’ in order to be able to use it as a test function in
(3.17). Recalling Corollary 9 we define

(4.22a) Wi = B"(div E™?) € V",
The “corrected” function
(4.22b) o™ = E™T - w™I e VT

is then discretely divergence-free. We need to control the correction in a norm. To
this end we recall from section 3.1 that Q™ = span{Q7, ..., Q}(,n} for a certain locally
supported basis. Then, thanks to properties of the discrete Bogovskii operator and
Corollary 9, we have that
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BT, < sup VB Q) {di v E", Q)

Qeqr 1Rl Qeqr ([[@]1F%
div E™ — div E", p;Q"
C ( o pQt)g

Q=1 Q7 \ supp QnC (Emi—E") el
* > (div B™7 — div B, mQ?>ﬂ>
supp QFN{E™ I £E"}#£( ”Q”r’

s < 5 (div E™ — div E", piQ?>Q>

Q:Zy:nl i QT supr;lﬂ{En’jiE"}#@ HQHTI

B (divE™, p;Qm),,
oo ( 2 1Qll-

Q:Z«ILV:”1 PiQF \ supp QrN{E™I#£E"}#£()

I supp @pnBn s 2By 20 PiQT Il

< || div E™ xqn

I, |- sup

Q=3 piQ7 QI
Hr <c ||VEn’j xXaon

{(En.J£EN}

< ¢l div E™ xqn

{E"vj¢En} ||’l“7

where yon is the characteristic function of the set
{EMizE}

Ugniny = \J{% | E € Gu such that B ¢ {E™ £ E"}}.

Note that in the penultimate step of the above estimate we have used norm equivalence
on the reference space Pg from (3.1b). In particular, we see by means of standard

scaling arguments that for Q = Zii"l piQ7} the norms

N,

’ / /T/
Qe (Slal 1) @@l
=1

are equivalent with constants depending on the shape-regularity of G,, and ]f"@. This
directly implies the desired estimate.

Observe that |Q%| < c|E| for all E € G,,, n € N, with a shape-dependent constant
¢ > 0; hence, Q?En,jiEn} < c|{E"’j # E"}

Corollary 17(e) that

, and it follows from Theorem 16 and

(4.23) Brll ™l < | Anjxar Ir < 279/ | VE" ;.

{(EnJ£EN}

Moreover, we have from Corollary 17 and the continuity properties of 8™ (see Corol-
lary 9) that

(4.24a) O™ P (0 weakly in W, (Q)? for all s € [1,00),
d

(4.24b) ®™J W 0 strongly in L*(Q)¢  for all s € [1,00)

as n — oQ.
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Step 2. We claim that

limsup/ |ap| dz < ¢279/7
{E":E"‘j}

n—oo

with a constant ¢ > 0 independent of j. To see this we first observe that |a,| =
an + 2a,, with the usual notation a;, () = max{—an(z),0}, z € Q. Therefore, we
have that

lim sup / |an| dz < limsup / ap, dz
n— 00 {E"=E"™J} n— 00 {E"=E™J}

+ 21im Sup/ a,, dz.
n—00 {E"=E"J}

We bound the two terms on the right-hand side separately. As a consequence of (4.21)
and the fact that b,(xz) > 0 for a.e. x € Q (cf. (4.12)) it follows that

/ a;dxﬁ/a;dx§/|an—bn|dx—>0 as n — oo.
{(E"=Em™i} Q 0

The bound on the first term on the right-hand side of (4.25) is more involved. In
particular, recalling the definitions (4.20) and (4.22) we have that

/ a,, dx
{E"=E™7}

= /  (8"(z, DU (z)) — 8" (z, Du(x))) : (DI u(z) — Du(x))dz
{En=pn3)

(4.25)

+/ S"(.,DU"™) : D®™ dx +/ S"(.,DU") : D¥" dz
Q Q
—/ S*(-, Du) : DE™ dx
Q
+/ (S*(-, Du) — S"(-,DU™)) : DE™ dz
{E"#E"7}
=17+ 117 + ™ + IV 4 V™7,
Thanks to (3.4) and (4.2) we have that, as n — oo,
| < / |S" (z, DU" (x)) — §*(z, Du(x))| |[DIL§j, u(x) — Du(z)| dx
{E"=E"J}
< |8"(-,DU" (")) = §*(-, Du(:)||» | DI, u — Dul|, — 0.

In order to estimate 11"/ we recall that ®"7 € V.  is discretely divergence-free, and
we can therefore use it as a test function in (3.17) to deduce that

"y = —BU", U", "]+ (f, ®"), -0  asn — oc.

Indeed, the second term vanishes thanks to (4.24a). The first term vanishes by arguing
as in (4.7) — observe that for (4.8) the weak convergence (4.24a) of " is sufficient.
The term III™ can be bounded by means of (4.23); in particular,

lim sup |III"’j| < lim sup||S(-, DU™)| | D®"™]|, < ¢279/7,

n—oo n—oo
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where we have used (4.2). Corollary 17 implies that
lim IV™/ = 0.

n—00

Finally, by (4.2) and Corollary 17, we have that

lim sup [V™7| < lim sup (|[S"(-, D)l + 8™ (-, DU")[|:) | DE™ X (g s gn I

n—00 n—oo

< c279/m,

In view of (4.25) this completes Step 2.
Step 3. We prove for any ¢ € (0, 1) that

lim / |an|” dz = 0.
n—oo Q

Using Holder’s inequality, we easily obtain that

/ |’ da = / | da +/ | do
Q (En—Eni} (En£E™i}

v 9
< |Q|1—19 (/ . |an] dx) + </ |an]| da:) ‘{E" #+ En,j}|149.
{E"=E"7} Q

Thanks to (4.2), we have that ([, |a,| dz)” is bounded uniformly in n and by Corol-
lary 17 we have that

: IE"[i, _ ¢

E"#FE"}| <c——F" < ——

|{ # }|7C A;J 722_7747

where we have used that {E"},cy is bounded in Wy ()¢ according to (4.2) and
Assumption 6. Consequently, from Step 2 we deduce that

c

. 9 1-9 5—59/r
< J P OT I
lim sup/Q lan|” dz < |77 2 + 92 r(1-9)

n—oo
The left-hand side is independent of j and we can thus pass to the limit j — oo.
This proves the assertion and actually implies that a,, — 0 in measure as n — oo.
According to (4.21) we have that b,, — 0 in measure and thus we have completed the
proof of Lemma 20.

4.4. Proof of Lemma 21. The proof of this lemma is given in [BGMSG09]. In
order to keep the paper self-contained, we shall reproduce it here.

The assertion is an immediate consequence of the result on Young measures
from [Gwi05] stated in Theorem 3. It therefore suffices to check the assumptions
therein. The first assumption has already been verified in (4.16).

Step 1. We prove that the sequence {v"},cn satisfies the tightness condition.
From the definition of v (cf. (4.14)) it follows that

V(@)= max ()= max |Gu(C)] < max ([¢]+]|S"(x C)).

¢Esuppv? ¢{Esupp pl CEsupp uz

We deduce from the inclusion supp py C By, (DV"(z)) that [[v"||s < ¢ for some
constant ¢ > 0 and s = max{r,r'} > 1. Since § is bounded, the sequence is uniformly
bounded in L(Q), and for M > 0 we have
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M

This yields the tightness of {v"},en and it follows from part (i) of Theorem 3 that
v, is a probability measure, i.e., ||Vw||m(ng><n§i) =1 for a.e. z € (.

Step 2. We turn to proving (4.17). Recalling (4.15c¢), the assertion follows if
there exists a nonincreasing sequence of measurable subsets { F; };en with |E;| — 0 as
i — 00, such that the function

Wz, €) = (s(x,€) — §"(z, Du(x))) : (d(x,¢) — Du(z))

satisfies (2.6) on A = Q \ E; for each ¢ € N. This can be seen as follows. From (4.2)
it follows that | DU"||, + | Du||, is bounded uniformly in n € N. Consequently, the
sequence {c¢;, }nen, defined by

1

7 (@)

< (1DU" @) + |Du(@)] + 1),

{z € Q: suppl/;‘\BM(O)}‘:‘{xEQ:’y"(x)>M}|<‘/prj\(4)dx<—

(4.26) cn(z) = c( \DU™(z)[" " + | Du(z)|

is bounded in L'(9), where k € L™ () from (2.4) and ¢ > 0 is a constant to be
chosen later. Hence, Chacon’s biting lemma (Lemma 4) implies that there exists a
nonincreasing sequence of measurable subsets {E; };en with |E;| — 0 as ¢ — oo such
that {c, nen is weakly precompact in L'(Q2\ E;) for each i € N. Fix i € N and set
w:= 0\ E;. Thanks to the de la Valleé-Poussin theorem (see [Mey66]), there exists
a nonnegative increasing convex function ¢ : Ry — Ry such that

(4.27) @ — 00 as t— oo and sug/ d(Jen|) dz < o0.
ne w

Let us also define
H(z,¢) = (8%(x,¢) — §"(x, Du(x))) : (¢ — Du(z)).
By a simple substitution in the spirit of (4.15) it follows that

sup [ f B, ) v (¢) da
neNJw J{¢eRGLL: |h(2,0)|>R}

sym -

=5 dp(€)d
Zgg/[{geRdXd:Hzg)pR} H(z, &) dpy(§) do

sym

<sup ——

H(z,§)) dp (§) d.
t>R B(t) ilég/U‘/{ieRgﬁf: |H(w7§)\>R} ¢( v 6)) Ha(8) do

=:Jr

Thanks to the properties (4.27) of ¢ the assertion follows once Jr has been shown to
remain bounded. To this end, we observe that

Tn<swp [ sw o o(H@)de <sw [ el

neNJw ¢€By (Du(z))
where we have used that we can choose the constant in (4.26) so that

H(w,€) < ¢ (1€ + |Du(@)|" ™" + k() (€] + | Du(x)]).

The assertion then follows from (4.27).
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Finally the identities for Du and S follow similarly from the representations
(4.15a) and (4.15b) and the uniqueness of the weak limits (4.3) and (4.4).
Thus we have completed the proof of Lemma 21.

5. Conclusions. We have established the convergence of finite element approx-
imations of implicitly constituted power-law-like models for viscous incompressible
fluids. A key new technical tool in our analysis was a finite element counterpart of
the Acerbi—Fusco Lipschitz truncation of Sobolev functions, which was used in com-
bination with a variety of weak compactness techniques, including Chacon’s biting
lemma and Young measures. An interesting direction for future research is the ex-
tension of the results obtained herein to unsteady implicitly constituted models of
incompressible fluids.

Appendix: Auxiliary comments on Lipschitz truncation. Although sim-
ilar techniques were used in [BDF12] to prove the properties of the Lipschitz trun-
cation, we decided to present a complete proof of Theorem 13 for the following two
reasons:

e In contrast with the Lipschitz truncation in [BDF12], the Lipschitz truncation
in (3.25) preserves boundary values. This requires changes to the proof that
are not always obvious.

e The concept of Lipschitz truncation seems to be new to the numerical analysis
community. For this reason we have aimed to keep the presentation as self-
contained as possible.

Recall the notational conventions introduced in section 3.5 prior to Theorem 13 and
the definition (3.25) of the Lipschitz truncation. We start with some basic estimates.

LEMMA 23. Let A > 0 and v € Wy (Q)% and let {v;}jen C R? be defined as in
(3.25b). We then have for all j € N that

(a) fQ;* v;jvj dr < cfQ;* Vol dz < e M(Vo)(y) for ally € Q5*;
() four [V dz < e ;
)

(c) for k € N with Q5 N Qp # 0 we have

lv; — o] < c][ |lv — vj] da:—l—c][ |v — v da;
Q** QZ*

J

(d) for k € N with Q5 N Qp # 0 we have [v; — vi| < clj A

Proof. We extend v by zero outside ().

(a) This statement is a consequence of Poincaré’s inequality and the Friedrichs
inequality. Indeed, recalling (3.25b), for Q7 C Q we have by Poincaré’s inequality

that
..

for all y € Q7*; the constant ¢ depends only on d.

In the case Q7 ¢, it follows from the fact that € is a Lipschitz domain and o =
\/g Q7 that }Q;* \ Q} >c }Qﬂ with a constant ¢ > 0 depending on ). Hence v is zero
on a portion of Q7" whose measure is bounded below by a positive constant, which
depends on the Lipschitz constant of 9€2. Consequently, we can apply Friedrichs’
inequality (cf. [MZ97, Lemma 1.65]) to deduce that

v—'vj

dxgc][ V| dxgc][ [Vo| dz < e M(Vv)(y)
J Qr* Bdian](Q;*)(y)
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f v
- |4

(b) It follows from (W2) that (049,) N (RT\ Up(v)) = (04Q;) N {M (Vo) < A} #
0; compare with (3.22). For z € (04Q;) N {M(Vv) < A} let R; = 04V/d3¢; =
0q diam(Q5*); then, 849" C B, (2). Consequently,

dxgc][ Vol dz < ¢ M(Vo)(y) forally € QF*.

][ V| de < c][ V| de < c][ Vo] de < e M(Vo)(z) < cA
T 04Q7%* Br; (2)

(c) Observe that Q7 N Qf # () is equivalent to Q; N Q) # () and hence we obtain
from (W3) and Qf* = \/gQ;‘, i € N, that

Q5 N Q| > (4v2) " max{|Q;] , |Q}}-

Therefore, there exists a constant ¢ > 0, depending on d, such that
|vj—vk|§][ |v—vj|dx—|—][ |lv — v | dz

§c][ |vj—v|da:+c][ |lv — vg| d.
o o

(d) The claim is a combination of (c), (a), (b), and (W3). O

The next result proves that the Lipschitz truncation is a proper Sobolev function.

LEMMA 24. Let A > 0, v € W' (Q)? and let vy be defined as in (3.25). Then,
Ox ==Y b0y —v) € Wy 1(UA( )NQ)?.

Proof. 1t follows from (3.25) and properties of the partition of unity {t;};en
that vy —v = ZjeN ¥;j(v; — v) pointwise on R? and vy — v = 0 in the complement
of Ux(v). Moreover, we have that ¢;(v; —v) € Wyt (Uy(v)NQ)?. Indeed, for Q;CQ
this follows from the fact that ¢ € C(‘)’O(Q;f). If on the other hand Q;f Z €, then
this follows from v; = 0 and v € W' (Un(v) N Q). We need to show that the sum
converges in W' (Uy(v) N Q)% Since Q is bounded, it suffices to prove that the sum
of the gradients converges absolutely in L!(€2)4*¢. We have, pointwise, the equality

> V(wj (v — v)) =3 (V) (v; — v) + ;(Vo; — Vo)),
jEN jEN
where we have used that both sums are just finite sums, since the family Q7 is locally

finite. Every summand in the last sum belongs to L' (U (v) N Q)%*<. For a finite

subset I C N, we have, thanks to Lemma 23 and the locally finite overlaps of the Q7,
that

= [ oy 2 |0); =)+ 5(F0; = Vo)l

jeN\I
<CZ/ d+Z/|Vv|dx
JENT JEN\T
<c Z / [Vo| dz < e Z /\|Qj|§c/ XUjern @3 Ade.
JEN\I JEN\I Un(v)
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Note that ;e ; @5 C Un(v) and A Un(v)] = A{M(Vv) > A} < ¢ VoL by
the weak type estimate (3.21) and v € Wol’l(Q)d. Thus, XujeN\IQ;f)\ < Xt (w)A €
LY(R9). Therefore, it follows by XUjens Q5 0 and the Lebesgue’s dominated con-
vergence theorem that ¥; — 0 as I — N. Hence the sum . V(¢;(v; — v))

converges absolutely in L'(£2)?*? and the claim follows. O
Proof of Theorem 13. We shall consider parts (a)—(d) in the statement of the
theorem separately.
(a) The claim directly follows from vy — v € Wy ' (Uy N Q) (see Lemma 24).
(b) We begin by noting that

Xun(w) [0A] €D xor 5] < ZXQ;]i lv| dz.

jEN jEN j

By Jensen’s inequality and the local finiteness of the Q7* we then deduce that

/Xux [val® $<Z|Q* <][ |v| dx) Z/ dxﬁc/ﬂ|v|S dx

JjEN jeN

for s € [1,00), which then proves (b) for s € [1,00) using also that vy = v outside
of Ux(v). The case s = oo follows by obvious modifications of the argument.
(c) We define I; := {k € N : Q5N Qf # 0}. Then, on every QF we have that

Vo, = V(Zzpm) - v( 3t (vr — vj)) = (Vew) (vr — vy),
keN kel; kel
where we have used that Ekel_ P =1 on Q;. By Lemma 23 we thus obtain

Xun(v) [VUAl S c ZXQ* Z ][ da: <c ZXQ* Z ][ |Vv| dz.

jeEN kel; jEN kel;

The inequality in part (c) now follows by arguing as in part (b).
(d) Tt follows from the final chain of inequalities in the proof of part (c¢) above,
Lemma 23(b), and the local finiteness of the Q7* that

Xty (v) [Vuy| < cA.
Since vy = v on Hy(v), we get the first part of the claim
Vsl < e Axu, (v)na + VU] X3¢, (v) -

Recall that Hy(v) = (R?\ Q) U {M(Vv) < A}. Now, vy =0 on R?\ Q and |Vv| <
M (Vw) proves that [Vv| x4, (») < A. This proves the second part of the claim. O

The following theorem is the analogue of Corollary 17 for Sobolev functions.
Similar results can be found in [DMS08] and [BDF12].

COROLLARY 25. Let 1 < s < % and let {€"}nen C Wy* ()4 be a sequence,
which converges to zero weakly in VV0 *(Q)?, as n — oo.

Then, there exists a sequence {\ j}njen C R with 22 < An,j < 227 =1 aych
that the Lipschitz truncations €™ := ey r n,j € N, have the following properties:

(a) €™ € Wy™(Q)? and e™ = e" on Hy,
(b) [Ve™[loc < A,
(c) € — 0 in L>®(Q)¢ as n — oo;

n,j’
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(d) Ve™s —* 0 in L>®(Q)4*4 as n — oo;

(e) For alln,j € N we have || A jXu, (em)lls < c2-% IVe™||s with a constant ¢ > 0
depending on s.
Proof. The assertions follow by adopting the proof of Corollary 17. d
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