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Abstract

Description Logics form a family of powerful ontology languages widely used by
academics and industry experts to capture and intelligently manage knowledge about
the world. A key advantage of Description Logics is their amenability to automated
reasoning that enables the deduction of knowledge that has not been explicitly stated.
However, in order to ensure decidability of automated reasoning algorithms, suitable
restrictions are usually enforced on the shape of structures that are expressible using
Description Logics. As a consequence, Description Logics fall short of expressive
power when it comes to representing cyclic structures, which abound in life sciences
and other disciplines.

The objective of this thesis is to explore ontology languages that are better suited
for the representation of structured objects. It is suggested that an alternative ap-
proach which relies on nonmonotonic existential rules can provide a promising can-
didate for modelling such domains.

To this end, we have built a comprehensive theoretical and practical framework
for the representation of structured entities along with a surface syntax designed to
allow the creation of ontological descriptions in an intuitive way. Our formalism is
based on nonmonotonic existential rules and exhibits a favourable balance between
expressive power and computational as well as empirical tractability. In order to
ensure decidability of reasoning, we introduce a number of acyclicity criteria that
strictly generalise many of the existing ones. We also present a novel stratifica-
tion condition that properly extends ‘classical’ stratification and allows for capturing
both definitional and conditional aspects of complex structures. The applicability
of our formalism is supported by a prototypical implementation, which is based on
an off-the-shelf answer set solver and is tested over a realistic knowledge base. Our

experimental results demonstrate improvement of up to three orders of magnitude



in comparison with previous evaluation efforts and also expose numerous modelling
errors of a manually curated biochemical knowledge base.

Overall, we believe that our work lays the practical and theoretical foundations
of an ontology language that is well-suited for the representation of structured ob-
jects. From a modelling point of view, our approach could stimulate the adoption of
a different and expressive reasoning paradigm for which robustly engineered mature
reasoners are available; it could thus pave the way for the representation of a broader
spectrum of knowledge. At the same time, our theoretical contributions reveal use-
ful insights into logic-based knowledge representation and reasoning. Therefore, our
results should be of value to ontology engineers and knowledge representation re-

searchers alike.
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Chapter 1

Introduction

Description Logics form a family of powerful ontology languages widely used by re-
searchers and industry experts to capture and intelligently manage knowledge about
the world. A key advantage of Description Logics is their amenability to automated
reasoning that enables the deduction of not explicitly stated knowledge. However, in
order to ensure decidability of automated reasoning algorithms, suitable restrictions
are usually enforced on the shape of structures that are expressible using Description
Logics. As a consequence, Description Logics fall short of expressive power when
it comes to representing cyclic structures, which abound in life sciences and other
disciplines.

The objective of this thesis is to explore ontology languages that are are better
suited for the representation of objects with cyclic structure. It is suggested that
an alternative approach which relies on nonmonotonic existential rules can provide
a promising candidate for modelling such domains. This is demonstrated by the
definition of an ontological framework for the representation of structured entities
that builds upon nonmonotonic existential rules and that exhibits an encouraging

balance between expressive power and computational as well as empirical tractability.
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1.1 Logical Background of Knowledge Representation

Knowledge representation technologies play a substantial role in intelligently manag-
ing the rapidly growing amount of information readily available nowadays. Logic lies
at the heart of modern knowledge representation systems as it provides the formal
underpinnings of numerous ontology languages. Ontology languages are formalisms
extensively used by researchers and industry experts to store human knowledge in
knowledge bases, which are machine-processable information repositories. A key ad-
vantage of knowledge bases is their amenability to automated reasoning that enables
derivation of implicitly stated information by means of logical inference. However,
increasing the expressive power of ontology languages can come at a significant com-
putational price for the corresponding reasoning algorithms. Therefore, achieving a
favourable balance between expressiveness and tractability is one of the most pursued
questions within ontology language design and one of the main focuses of this work.

The beginning of practical knowledge representation can be traced back to the
early 1970s when artificial intelligence researchers developed the first expert sys-
tems such as DENDRAL [38] and MYCIN [216] to perform elucidation of molecular
structures and diagnosis of blood diseases, respectively. These systems had the dis-
tinguishing advantage of relying on a separate knowledge base that could be updated
and extended with new information while keeping intact the code for interpreting and
using that knowledge. Since then, extensive research has been carried out throughout
several generations of knowledge representation systems with many efforts concen-
trated on the design of suitable formalisms for creating knowledge bases. Description
logics and rule-based formalisms are two of the major language paradigms that have
shaped logic-based knowledge representation over the past few decades. We provide

a high-level overview of foundations and applications of these logics next.

1.1.1 Description Logics

Description logics (DLs) form a family of ontology languages with well-defined syn-

tax and semantics, so that reasoning tasks can be automated using logical deduction
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[12]. Ontology engineers can thus build DL knowledge bases to formalise knowledge
domains. One can create elements of a DL knowledge base by combining the main
DL constructs and a set of logical connectives in expressions valid according to the
DL syntax; the main DL constructs are concepts, roles and individuals while logical
connectives include symbols, such as conjunction (M), disjunction (L) or negation
(=), depending on the specific expressivity of each DL variant. In a nutshell, con-
cepts are used to describe entities with common characteristics and roles are used
to associate pairs of these entities with relationships, while individuals are used to
describe instances of concepts. For example, Panda is a concept capturing all the an-
imals belonging to that species, and Bamboo is a concept describing the eponymous
plants. Similarly, mostlyEats is an example of a role associating entities with their
main diet component. One can combine concepts and roles with logical construc-
tors to compose concept expressions, such as dmostlyEats.Bamboo, which denotes all
entities that mainly feed on bamboo. A DL knowledge base usually consists of two
components, a TBox that contains concept inclusions and an ABox that contains
assertions. A concept inclusion is a subclass/superclass relation between concepts,
e.g.

Panda C dmostlyEats.Bamboo

is a concept inclusion which specifies that pandas mainly feed on bamboo. Similarly,
if Plant and Herbivore are concepts describing plants and herbivorous organisms re-
spectively, the following is an example of a concept inclusion, stating that everything

that has plant as its main diet component is a herbivore.
JmostlyEats.Plant C Herbivore

On the other hand, an assertion is a statement that relates individuals with concepts
or pairs of individuals with roles; for example, if chichi is an individual, Panda(chichi)
is an assertion declaring the entity denoted by chichi to be a panda.

A significant strength of DLs is the availability of reasoning algorithms that are
able to automatically check the consistency of DL knowledge bases and deduce knowl-

edge that has not been explicitly stated. This is due to the formally specified seman-
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tics of DLs that strictly define the justifiably entailed statements. For example, if
a DL knowledge base contains the previously mentioned concept inclusions and the
concept inclusion Bamboo C Plant, which states that bamboo is a kind of plant, then

a reasoning algorithm can discover that
Panda C Herbivore

because it logically follows from the previously described axioms. Importantly, it can
be proved that many of the available reasoning algorithms are sound, complete and
terminating, which guarantees that every derived subsumption is correct, that every
correct subsumption is derived and that the derivation process always terminates,
respectively. A useful application of a reasoning algorithm is that it can be used to
classify a knowledge base, that is to automatically construct the complete hierarchy
of concepts induced by the TBox concept inclusions.

DLs can also be seen as decidable fragments of first-order logic. In particular,
DL semantics follows the first-order logic convention and adopts the open-world as-
sumption according to which missing information is treated as mot known rather
than false. For example, if one replaces the axiom dmostlyEats.Plant T Herbivore
with ImostlyEats.(—Meat) C Herbivore, then the subsumption Panda C Herbivore is
no longer derivable, as that would require to explicitly state that Plant and Meat are
disjoint concepts.

Historically, one of the early occurrences of DLs in knowledge representation was
the K1L-ONE language [32] and its implementation NIKL [183] in the beginning of
the 1980s, although the subsumption problem for KL-ONE was eventually proved to
be undecidable [214]. Following KL-ONE, a wide range of DL variants and corre-
sponding systems were proposed, a comprehensive overview of which is provided by
Woods and Schmolze [248]. In the mid-1990s the GRAIL system [205] was designed
and implemented to support reasoning for the GALEN ontology [203], a large medical
terminology aiming to provide a common hierarchical schema which could be used
by application designers. However, it was soon discovered that GRAIL’s subsumption

reasoning was incomplete [124] which led to the development of a new DL system
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to replace it, the FACT reasoner [125]. FACT was one of the first systems to im-
plement a sound and complete classification algorithm for a relatively expressive DL
and at the same time to behave well in practice [126]. Following that, a significant
amount of research was invested in continuously improving the theories and systems
of DLs, which sparked more interest in DLs by ontology engineers. As a result, DLs
were established as the formal foundations of the Web Ontology Language, which in
2004 became the W3C standard ontology language for representation of World Wide
Web objects [130, 23]. The DL SHOZN (D) was selected as the logical underly-
ing formalism of OWL, the subsumption problem for which is NEXPTIME-complete
[229]. A wide range of OWL conformant and efficient reasoners were thus devel-
oped such as FACT++ [231|, RACERPRO [107], PELLET [219] and HERMIT [95]. A
stream of feature requests in the subsequent years resulted in the standardisation
of a more expressive version of OWL in 2009—OWTL 2 [63, 193], which drew upon
the DL SROZQ(D), the subsumption problem for which is N2EXPTIME-complete
[127]. Since then, reasoners for (subsets of) OWL 2 are being constantly developed,
examples of which include Owlgres [226], CB [136], ELK [137] and MoRe [207].!
One of the major application of DLs has been the automatic construction of hier-
archies for life science applications. This is a direct consequence of the numerous ben-
efits that taxonomical structures bear, such as the ability to easily navigate through
hierarchically organised information or to extract statistical similarity measures by
processing the taxonomy tree [84]. Moreover, OWL bio-ontologies can provide a
framework to catalogue, represent and index bioscience data—which is currently be-
ing generated at an astonishing rate—by acting as common reference terminologies;
prominent OWL life science vocabularies include the GALEN project (23,141 con-
cepts as of January 2007 [204]), the Gene Ontology (39,311 concepts as of May 2013
[52]), the National Cancer Institute Ontology (97,547 concepts as of April 2013 [218])
and SNOMED CT (395,036 concepts covering clinical knowledge as of February 2013

[60]).2 Fields where DL-based technologies have been used in the ways described

LA list of OWL reasoners is maintained by the W3C OWL Working Group at http://www.w3.

org/2007/0WL/wiki/Implementations.
%A catalogue of life sciences OWL ontologies can be found at BioPortal [190].
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above for biological knowledge management include but are not limited to:
e drug discovery [242, 250];
e biomedical information integration [61, 244, 119, 74];
e cheminformatics [58, 243, 55, 56, 110];
e biochemical pathways [118];
e proteomics [245, 247];
e genomics [117, 120, 93];
e neuroanatomy [192, 182].

Other examples of application areas for DLs include grid computing [198], optics
[187], geoscience [86], natural language processing [235]|, multimedia [224], cultural

heritage [151] and the so-called Semantic Web [81].

1.1.2 Rule-Based Formalisms

Rule-based formalisms originated with logic programming, which emerged in the early
1970s as a new programming paradigm that promoted a declarative approach [160].
The main modelling constructs of logic programs are rules and facts. Rules can be
thought as conditional sentences consisting of a premise and a conclusion, such that
if the conditions specified by the premise are true for a certain configuration, then
the conclusion must also hold for the same configuration. Rules resemble TBox con-
cept inclusions in that they conceptually model some aspect of the world. In logic
programming, a rule is formalised as a first-order logic Horn implication where func-
tion symbols may occur. Facts on the other hand are similar to ABox assertions
and are used to capture concrete instances of the world. Although the initial moti-
vation for logic programming was natural language processing, later applications of
the language spanned a wide range of fields such as computer-aided manufacturing,
software engineering, transportation and telecommunication [69]. In the late 1980s,

the stable model semantics was introduced for logic programming [92]. Since then
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the focus of logic programming applications has shifted towards solving difficult (i.e.
NP-hard) search problems, which gave birth to the area of answer set programming
[48]. In the mid-1990s, Prolog, the principal language for logic programming became
an ISO standard [69]. Unlike OWL, reasoning tasks for Prolog are undecidable, i.e.
posing a query to a Prolog program may result to a non-terminating computation or
an incomplete answer.

Logic programming also gave rise to datalog, a purely declarative language whose
purpose was to serve as a query language for deductive databases [4, 50]. Similarly to
logic programming, datalog programs consist of facts and rules; however, datalog rules
are function-free and have an additional safety restriction, which prohibits occurrence
in the head of variables that do not occur in the body. These limitations render
unnecessary the examination of (potentially infinite) fresh terms during reasoning
and provide a way to establish decidability. An example of a datalog rule is the

following, which specifies a sufficient condition for a bear to be a panda:

bear(x) A hasPart(x,y) A hasPart(x, z)

A blackFur(y) A eyes(z) A isAround(y,z) — panda(x)

The rule above encodes the following natural language statement: every bear that has
black fur around its eyes is a panda. The main reasoning tasks over datalog programs
are EXPTIME-complete w.r.t. the number of the rules and P-complete w.r.t. the
number of the facts [65]. Reasoning becomes harder for more expressive variants of
datalog, such as the ones that allow for negated atoms in the body. Many optimisation
techniques have been developed for evaluation of datalog programs [4] which makes
datalog reasoners highly efficient in practice. Datalog formalisms have thus been
applied to a number of domains including declarative networking [161]|, program
analysis [33], security [133] and web data extraction [97]; Huang et al. provide a
survey on datalog applications [131].

Similarly to DLs, pure datalog can be seen as a decidable fragment of first-
order logic; in fact, there is a significant overlap between the expressive power of

datalog and various DL languages. However, there are still statements that can
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be formulated in only one of the two formalisms. For example, the DL axiom
Panda C dmostlyEats.Bamboo cannot be expressed in plain datalog as this would
require the occurrence in the head of an existentially quantified variable. At the
same time, the panda recognition datalog rule above does not have an equivalent
DL formulation as most DLs preclude the description of structures containing cycles.
As a consequence, numerous combinations of datalog-based and DL-based languages
have been investigated in an effort to exploit the strengths of both, representative
examples of which include Description Logic Programs [105], the Semantic Web Rule
Language (SWRL) [129] and DL-safe rules [186]. However, these hybrid formalisms
usually result in undecidability or significant limitations in expressivity. In the same
vein, various extensions of datalog have appeared recently, such as Datalog™ [42]
or existential rules 17|, with the objective to capture expressive features typical of
DLs—mainly existentially quantified variables in the head. A notable application of

Datalog® is extraction of relevant information over unstructured web data [87].

1.2 Modelling Beyond Tree-Shapedness

Albeit very successful in the representation of various domains, DLs exhibit a funda-
mental inability to faithfully represent cycles. This is a consequence of a generalised
tree-model property characterising DLs, according to which each DL knowledge base
is satisfied by at least one tree-like interpretation. This property accounts for the
robust computational properties of DLs [233], but at the same time hinders the de-
scription of non-tree-like structured entities, such as physically composed objects that
abound in life sciences and other disciplines. As a consequence, these entities tend
to be modelled in an approximate way, which results in missing subsumptions and,
thus, incomplete hierarchies.

A typical example of a domain where DLs fall short of expressive power when it
comes to representing its objects is the chemical domain. Since molecular structures
are often highly cyclic, chemical ontology engineers can only provide underconstrained

DL descriptions of them which lead to poor taxonomies of the chemical space. This
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restriction became particularly apparent within the development of ChEBI, one of
the most established biochemical ontologies created and maintained by the European
Bioinformatics Institute (EBI) [111]. Due to the limitations outlined above, the
ChEBI ontology engineers failed to model molecular graphs in the ontology level,
excluding thus the main content of ChEBI from logical reasoning and delegating the
tedious task of chemical classification to biocurators.

Besides the chemical domain, the inadequacy of DLs to express cycles has mani-
fested itself in a variety of contexts and applications [164]. For instance, in the area
of mechanical engineering one often needs to describe objects whose parts are ar-
ranged in a cyclic way, such as for example a vehicle that has an engine part and
a tank part where the two parts are linked together [102]. For analogous reasons,
human anatomy structures, e.g. the human heart that consists of four interconnected
chambers, cannot be modelled with sufficient precision either [184]. A similar case
emerges from the software engineering domain where one needs to identify design
patterns with an intricate non-tree structure from source code [6]. Further examples
involve event recognition applications, where parthood and temporal relations inter-
mingle into cyclic patterns [241], and logic-based representation of legal knowledge
where diamond-shaped structures are omnipresent as they encode the core notion of
a transaction [121].

As we saw earlier, a number of hybrid formalisms combining DLs and rule-based
modelling has been suggested in order to address this lack of expressive power. SWRL
rules [129] extend DL knowledge bases with rules that can encode structured entities;
nevertheless, adding rules to even a subset of OWL makes the basic reasoning prob-
lems undecidable [155]. One can ensure decidability by imposing suitable restrictions
with DL-safe rules [186]; however, this solves the problem only partially since it re-
stricts inferences to individuals explicitly named in the ABox instead of classifying the
conceptual axiomatisation of structures. In order to remedy this effect, a Description
Graphs (DGs) framework was proposed that encompasses DLs and rules for describ-
ing non-tree-like structures. Nonetheless, the DGs approach enabled derivation of

only some of the subsumptions missing from the taxonomy and introduced other
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limitations, such as restricted use of roles and an impractical acyclicity condition (a
more detailed technical discussion with examples appears later in Section 3.1.3).

Furthermore, while assessing the suitability of the DGs formalism and through dis-
cussions with EBI ontology engineers, we discovered that the open-world assumption—
which is in principle adopted by DLs—complicates the modelling of classes that are
essential to perform structure-based classification. In fact, it is much easier to define
classes that depend on the absence of certain characteristics (such as objects that
lack certain kinds of parts) with nonmonotonic negation, which—unlike first-order
logic negation—assumes information that does not occur in the knowledge base to be
false.

Given the expressivity requirements outlined above, our hypothesis is that dat-
alog rules with existentials in the head and nonmonotonic negation in the body are
a promising candidate for the representation of complex structures. Our claim is
substantiated by the availability of numerous state-of-the-art datalog engines that
can be exploited for reasoning over such rules [153, 89]. The scope of this work is to
investigate the theoretical feasibility and assess the practical usability of an ontology
language based on nonmonotonic existential rules for the representation of structured

objects.

1.3 Key Features of an Ontology Language

In the previous section, we expressed our intention to explore the potential of non-
monotonic existential rules as an ontology language for structured domains. In this

section, we list what we consider to be the core requirements of an ontology language.

e The reasoning problem (computation of subsumptions in our case) must be
decidable, i.e. there should exist a sound, complete and terminating algorithm
deciding the problem; low computational complexity of the problem is an ad-

vantage.

e An ontology language should be expressive enough to cover the needs of ontol-

ogy modellers (these were described in Section 1.2 for our setting).

10
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e An ontology language should be empirically tractable, that is it should exhibit

acceptable performance in real-world scenarios.

e Finally, an ontology language should be accessible to application experts, i.e.
it should allow knowledge engineers to create ontological descriptions using
intuitive constructs that are, e.g. closer to natural language rather than first-

order logic notation.

As the requirements outlined above can be subjective and application-dependent, we
choose to investigate them in the context of a real application which we consider to
be representative of the various applications that focus on logic-based classification

of structured objects and which was discussed in Section 1.2.

1.4 Thesis Outline

A synopsis of the remainder of this thesis is provided next:

Chapter 2 Provides preliminary definitions covering the syntax and stable model
semantics of nonmonotonic existential rules, introduces the reasoning problems that
we are interested in and recapitulates some computational complexity notions that

are relevant to our work.

Chapter 3 Conducts an overview of existing logic-based formalisms for the repre-
sentation of structured objects. Thereafter, it suggests nonmonotonic existential rules
as an alternative framework for formally describing complex structures and identifies
a number of difficulties that arise in that context, such as undecidability, existence of

multiple stable models and the limited adoption of these rules by application experts.

Chapter 4 Presents a number of acyclicity conditions that ensure decidability for
expressive fragments of existential rules with and without negation in the body; it
also pinpoints the computational complexity for checking these conditions and for

reasoning over the aforementioned fragments. It also analyses the relationship of

11



Chapter 1. Introduction

other acyclicity conditions originating from a variety of areas with our conditions

and proves that our criteria strictly capture many of the existing ones.

Chapter 5 Introduces a novel stratification condition that guarantees stable model
uniqueness for rule sets and properly generalises classical stratification. Tight com-
plexity bounds are established for testing this condition and for the corresponding
reasoning tasks. The chapter concludes with a discussion over a number of stratifi-

cation conditions suggested in the 1990s and related work on nonmonotonic rules.

Chapter 6 Describes strengthenings of the previously introduced acyclicity and
stratification conditions by exploiting positive constraints. Upper and lower complex-
ity bounds are proved both for checking the extended conditions and for reasoning

over the formalisms induced by the new conditions.

Chapter 7 Provides a high-level description of the sets of rules that were used for
empirical evaluation; it also describes by means of examples the DGLP syntax—a
‘surface syntax’ for a fragment of nonmonotonic existential rules that was designed
to make it easier for ontology developers to produce logical expressions for structured

entities.

Chapter 8 Describes LoPStER, which is a DLV-based prototype that we developed
for testing nonmonotonic existential rules in practice. The results of the experimen-
tal evaluation that involved classification of chemicals are presented and discussed.
Previous efforts in the field of logic-based chemical classification are also reviewed

and discussed.

Chapter 9 Summarises and highlights the significance of the results presented in

this thesis. It concludes with suggestions for future work.

Appendix A Defines the DGLP syntax by a set of BNF derivation rules and their

translation mappings to nonmonotonic existential rules.

12



Chapter 2

Foundational Definitions

The purpose of this chapter is to recapitulate some well-established definitions from
the areas of logic programming and computational complexity. The formulation of
these notions will serve as the basis for the knowledge representation formalisms
presented in the following chapters as well as for the study of their properties.
Section 2.1 introduces the syntax of function-free Horn rules with negation in the
body and existentially quantified variables in the head; Section 2.2 presents the stable
model semantics; Section 2.3 describes the reasoning tasks which are of importance
to the applications we describe and for which we are interested in providing suitable
algorithms; finally, Section 2.4 reiterates a few computational complexity definitions

that are relevant to our work.

2.1 Syntax of Nonmonotonic Existential Rules

In this section, we recall the definition of logic programming syntax for rules where
non-monotonic negation is allowed in the body and skolemised existentially quantified
variables in the head. For a detailed introduction and discussion of logic programming
and answer set programming we refer the interested reader to the articles by Gelfond
[91], Lifschitz [158] and Ferraris and Lifschitz [83].

Let S = (P, V,C,F) be a first-order logic signature where P is a set of predicate

symbols, V is a set of variables, C is a set of constant symbols, F is a set of function

13
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symbols and P, V, F are countably infinite and pairwise disjoint sets and C C F.
Let also ar : PUF — N be a mapping that associates each predicate and function
symbol with a unique arity that is a non-negative integer. For each f € F, if ar(f) = 0,
then f is also in C. For each predicate symbol Q such that ar(Q) = n we say that
Q is an n-ary predicate symbol (similarly for function symbols). For each first-order
logic signature S and unless otherwise stated, we assume that P contains the nullary
predicate 1, which denotes a contradiction. The set of terms of a first-order logic

signature S is the smallest set defined as follows:
1. Each variable and constant symbol is a term.

2. If t1,....t, are terms and f is an n-ary function symbol such that n > 1, then

f(t1,...,tn) is a term.

For each term t, the depth of t is a non-negative integer that is written as depth(t) and
is defined as follows: if t is a variable or constant symbol, then depth(t) = 0; otherwise
t is of the form f(t1,...,tn) and depth(t) = 1 + max!_, depth(t;). We abbreviate a list
of items ty,...,tn with t and define [t] = n; we treat lists as sets when order is
irrelevant. A term t is a subterm of t’ if t is the same as t’ or if t’ is of the form f(t)
and t is a subterm of some t” € t. A term t; is a proper subterm of a term to if t;
is a subterm of ta and depth(t;) < depth(tz). A term tis ground if t has no subterm
which is a variable.

The set of atoms of a first-order logic signature S is the smallest set defined as

follows:
1. If Q is a nullary predicate symbol, then Q is an atom.

2. If ty,...,t, are terms and Q is an n-ary predicate symbol with n > 1, then

Q(ty,...,t,) is an atom.

A term t occurs in an atom a, if a is of the form Q(t) and t is a subterm of some
t' € t. An atom « is ground if each term that occurs in « is ground. A ground atom
is also called a fact. In what follows, if the signature w.r.t. which a term (atom) is

defined is clear from the context or irrelevant, then we simply refer to a term (atom).

14
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For each atom a of the form Q(t), we define Pred(a) = {Q}; also, we define Var(a),
Const(a) and Terms(a) as the set of variables, constant symbols and terms that
occur in a, respectively. For a set of atoms A, we set Pred(A) = (J,ca Pred(a) and
Var(a), Const(a) and Terms(«) are defined analogously. An atom « is function-free
if Terms(a) = Var(a) U Const(«).

A nonmonotonic existential rule (or just rule) r is an expression of the form
VXNVZ.[B1L A ... ABm Anot Bmi1 A... Anot B, — Jy.hy Ao Ahy] (2.1)

where [B1,...,0n,h1,...,hy are function-free atoms, such that Bi1,...,08,, m,n >0,
¢>0 and X, y, Z are pairwise disjoint; also, Var(ﬁ) = XUZ Var(Fl) C XUy and
y C Var(ﬁ). In the remainder of this thesis, when we refer to a rule we imply a
rule of the form (2.1) unless otherwise stated. We denote r with (B, B, H) where
Bt ={g}",, B~ = {6} 1 and H = {hi}{_,. We refer to BT (B™) as the positive
(negative) body of the rule and to H as the head of the rule. In order to simplify the
presentation we usually omit the universal quantification VX.VZ. in front of the rule;
most of the time, we identify a conjunction of atoms with a set of atoms. We set
fr(r) = X and we call fr(r) the frontier of r. If m = n, then r is a positive rule and if
additionally |y| = 0, then r is a datalog rule; finally, if H = {_L}, then r is a constraint.
For a rule r = (B*,B7,H), we set Pred(r) = Pred(B*)U Pred(B~) U Pred(H) and
Var(r), Const(r) and Terms(r) are defined analogously. A logic program (or just
program) P is a set of rules; a positive program is a set of positive rules and a datalog
program is a set of datalog rules.

A substitution o is amapping 6 : V. — T. Application of a substitution o is recur-
sively defined as follows; for a variable v we set vo = o(v); for a constant symbol ¢ we
set co = c and for a function term f(ty,...,t,) we set [f(t1,...,tn)]o = f(ti0,..., th0);
for a vector t consisting of n terms we set to = ty0,...,t,0; moreover, for an atom
Q(t) we set [Q(t)Jo = Q(to) and for a set of atoms A we set Ao = (J,cq{ac}
For two sets of atoms A and A’, a homomorphism from A to A’ is a substitution
0 : Var(A) — Terms(A’), such that A9 C A’. For each set of rules P we assume

w.l.0.g. that for each r,7" € P different from each other we have Var(r) N Var(r') = 0.
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Let r be a rule of the form (2.1); the skolemisation sk(r) of r is the rule
VXVZ[BL A ... ABmAnot Buni1 A... Anot B, —(hy A...Ahg)f)] (2.2)

where 6 = {y — f,(X)) | y € ¥} such that f, is an |X|]-ary function symbol unique
for each y € y; we say that sk(r) is a skolemised rule. For a logic program P, we
set sk(P) = {sk(r) | » € P}; a logic program P is skolemised if every rule in P is

skolemised.

Example 1. Let P be a program that consists of the rules ri—rg and the fact
mercuryChloride(m). Rule 71 describes the structure of mercury chloride, which is a
toxic chemical compound, in terms of chemical elements of its atoms and chemical
bonds. Rules 75 and 73 define the chemical classes of organic and inorganic molecules,

whereas r4 and 5 model knowledge about toxicity.

3
T mercuryChloride(x) — Jy1,ya, y3./\ hasAtom(x, yi) A molecule(x) A
i=1
chlorine(y;) A mercury(y2) A chlorine(ys) A

singleBond(y1,y2) A singleBond(ya, y3)
Ty singleBond(x1,x2) — singleBond(x2, x1)
r3:  hasAtom(xs,z3) A carbon(z3)— organic(xs)
r4 : molecule(x4) A not organic(x4)— inorganic(x4)
5 mercuryChloride(xs)— highlyToxic(xs)
6 : highlyToxic(x¢)— Jyes.hasProperty(xg, ys) A highToxicity(ys)

Note that ry, o, r3, r5 and rg are positive rules and ry, rs3 and r5 are datalog rules.

The skolemisations of 71 and rg are as follows.

3
sk(71) : mercuryChloride(x) — /\ hasAtom(x, fi(x)) A molecule(x) A
i=1
chlorine(f (x)) A mercury(fa(x)) A chlorine(fs(x)) A
singleBond(f1(x), f2(x)) A singleBond(f2(x), f3(x))

sk(rg) : highlyToxic(xg) — hasProperty(xg, fs(xs)) A highToxicity (fs(xs))

The skolemisation of P is sk(P) = {sk(r1),r2,7r3,74,75,5k(rg)}. Please note that

the rules provided here are guarded, that is each rule has a body atom where all
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universally quantified variables occur. However, as we will see later in this thesis
(e.g. Example 5 on page 50) non-guarded rules are also essential for the modelling of

the domains we are interested in. &

2.2 Stable Model Semantics

We next introduce the stable model semantics, which is one of the most widely adopted
semantics for logic programming rules. For a detailed presentation and extensive
discussion of stable model semantics, one can consult the article where stable model
semantics were defined for the first time [92].

Let P be a skolemised logic program. The Herbrand Universe of P (written
HU(P)) is the set of all terms that can be formed using Const(P) and the function
symbols of P; if Const(P) is empty, then an arbitrary constant symbol ¢y is used.
The Herbrand Base of P (written HB(P)) is the set of all ground atoms constructed
using the predicates in Pred(P) and the terms in HU(P). The grounding of a rule
r w.r.t. a set of terms T is the set of rules obtained by uniformly substituting the
variables of r with the terms of 7" in all possible ways. The program ground(P) is
obtained from P by replacing each rule r € P with its grounding w.r.t. HU(P).

Let I C HB(P) be a set of ground atoms. Then, I satisfies a ground rule
r=(B",B™,H) (written I = r)if Bt C T and B~ NI = () imply H C I. We
say that I is a model of a program P, written I = P, if L ¢ I and I satisfies each
rule r € ground(P). The set I is a minimal model of P if I = P and no I’ C I exists
such that I’ = P. The Gelfond-Lifschitz reduct GL(P,I) of a logic program P w.r.t.
I is obtained from ground(P) by removing each rule (B, B~, H) € ground(P) such
that B~ NI # (), and removing all atoms not ; in all the remaining rules. A set I
is a stable model of P (written I =gm P) if I is a minimal model of GL(P,I). Please
note that a program P can have more than one stable models. Given a fact a, we

write P =« if o € T for each stable model I of P; otherwise, we write P [~ a.

Example 2. For the program P given in Example 1, the only stable model of

sk(P) U mercuryChloride(m) is the following set M.
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M = {mercuryChloride(m), molecule(m), hasAtom(m, f;(m)), hasAtom(m, fa(m)),
hasAtom(m, f3(m)), chlorine(f; (m)), mercury(f2(m)), chlorine(f3(m))
singleBond(f;(m), f2(m)), singleBond(f2(m), f;(m)), singleBond(f2(m), f3(m)),
singleBond(f3(m), fa(m)), inorganic(m), highlyToxic(m), hasProperty(m, f5(m)),

highToxicity(f5(m))}

In order to verify that M is the stable model of sk(P) U {mercuryChloride(m)}, let
us consider P’ = {r;}11, which is the subset of ground(sk(P) U {mercuryChloride(m)})
such that P’ is not trivially satisfied by M—that is for each rule (BT, B~,H) € P’

it holds that BT C M and B- N M = (.

3
6 : mercuryChloride(m) — /\ hasAtom(m, f;(m)) A molecule(m) A
i=1
chlorine(f;(m)) A mercury(fa(m))) A
chlorine(fs(m)) A singleBond(f1(m), fa(m)) A

singleBond(f2(m), f3(m))

re: singleBond (1 (m), f2(m)) — singleBond(f2(m), f1(m))
rg : singleBond (fz(m), f3(m)) — singleBond(f3(m), f2(m))
ro : singleBond (f(m), f1(m)) — singleBond(fi (m), f2(m))
r1o ; singleBond (f3(m), f2(m)) — singleBond(f2(m), f3(m))

r11 : molecule(m) A not organic(m) — inorganic(m)
r12 mercuryChloride(m) — highly Toxic(m)

T13 highly Toxic(m) — hasProperty(m, f5(m)) A highToxicity(f5(m))

The GL-reduct of P’ w.r.t. M is GL(P', M) = {r¢, 77,78, 710, 711, 712, 13, 14}, Where

r14 18 defined as follows.
714 : molecule(m) — inorganic(m)

M is clearly the minimal model of GL(P’', M). &
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2.3 Reasoning Tasks

In this section, we describe the reasoning tasks that we will be studying in the sub-
sequent chapters. All reasoning tasks that we define next can be directly reduced
to fact entailment, i.e. for a program P and a fact « deciding whether sk(P) | « is
true; fact entailment for a program P can be decided by computing all stable models
of sk(P) and checking if « is in each such model.

Let P be a program, let A and B be unary predicates such that A, B € Pred(P)
and let ¢ be a constant such that ¢ ¢ Const(sk(P)). We say that A is subsumed
by B w.r.t. P (written P = ALC B), if sk(P) U {A(c)} = B(c). The problem of
subsumption entailment for P and A,B is to determine whether P = A C B. The
problem of subsumer computation for P and A consists in retrieving the set S of

unary predicates such that S C Pred(P) and P = A C B for each B € S.

Example 3. For the program P of Example 1, it is P = mercuryChloride C inorganic
and P |= mercuryChloride C highlyToxic. These two subsumptions are a consequence
of the entailment sk(P) U {mercuryChloride(m)} k= inorganic(m) and the entailment
sk(P) U {mercuryChloride(m)} k= highlyToxic(m)} which in turn hold by the inclusion
{inorganic(m), highlyToxic(m)} C M and the fact that M is the only stable model
of sk(P) U {mercuryChloride(m)} (uniqueness of M follows from the fact that P is

stratified—stratification is a notion that will be introduced in Section 3.3.2). &

2.4 Computational Complexity

We assume some core computational complexity notions whose formal definition is
beyond the scope of this thesis, such as decision problems, decidability, complexity
classes, (non-)deterministic Turing machines (often abbreviated with (N)DTM) and
oracle calls. Comprehensive introductions to the theory of computational complexity
can be found in the textbooks by Garey and Johnson [88] and Papadimitriou [194].
We also assume the definition of the complexity classes that appear in Figure 2.1 and

which are the classes considered in this thesis.
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For the classes P, EXPTIME and 2EXPTIME, it follows from the time hierarchy
theorem [109] that P C EXPTIME C 2EXPTIME. The subclass relations P C NP and
P C coNP also hold; although it is not known whether they are strict, most experts
believe that both inclusions are proper [115]. Moreover, the inclusions NP C A
coNP C AP AP € ©F and AP C I hold, but it is not known whether they are
strict; if they are not, then NP = coNP = AY = 3P = Hg. Figure 2.1 also illustrates
the hierarchy among the discussed complexity classes; a pair of lines with at least one
interrupted line denotes a superclass relation that is not known to be proper; a pair

of continuous lines is used when the inclusion has been proved to be strict.
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Figure 2.1: Complexity classes considered in this thesis, where a pair of lines with at least one
interrupted line denotes an inclusion that is not known to be proper and a pair of continuous

lines denotes a proper inclusion

In the context of logic programming languages and in particular for the decision
problems where part of the decision problem instance is a logic program P and a set

of facts F, the focus is on three main kinds of complexity [232]:

e The data complexity which is measured in the number of facts, that is the size

of F.

e The program complexity which is measured in the number of rules with non-
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empty body, that is the size of P.

e The combined complexity which is measured in the number of both facts and

rules, that is the size of PU F.
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Chapter 3

Modelling Structured Objects:
State of the Art

The scope of this chapter is to present the state of the art w.r.t. available logic-based
languages for the modelling of structured entities. Furthermore, it suggests a new
approach for the representation of complex structures and it highlights some open
problems that arise from this suggestion; it also investigates a number of solutions to
these problems.

Section 3.1 surveys various ontology languages that can be used for the description
of structured objects and points out the main strengths and shortcomings of each
language by means of a running example; Section 3.2 presents a new proposal for the
representation of structured objects by introducing modelling based on nonmonotonic
existential rules; lastly, Section 3.3 discusses the difficulties that emerge in the context
of modelling and reasoning with nonmonotonic existential rules and enumerates a

number of solutions that have been proposed to tackle them.

3.1 Survey of Available KR Formalisms

The current section offers an overview of logic-based formalisms for the representation
of structured objects. In most cases, the syntax and semantics for a decidable frag-

ment of the language is presented; this is followed by an assessment of the expressivity
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of the said languages for the purposes of our modelling by means of a realistic use
case. Our modelling example is taken from the chemical domain and is first described

after introducing the syntax and semantics of OWL.

3.1.1 OWL

The Web Ontology Language (OWL) [130] and its latest version OWL 2 [63] are
families of W3C standardised languages that have played a pivotal role in the advent
of Semantic Technologies—a set of datacentric techniques and algorithms that seek
to derive meaning from information while processing it. Due to the availability of
highly optimised OWL reasoners [136, 137, 231, 95, 219], OWL has been extensively
used in the deployment of numerous knowledge management systems spanning from
proof-of-concept ontologies to large-scale knowledge bases.

As we saw earlier, Description logics (DL) [12] constitute a family of logic-based
formalisms with robust computational properties that form the theoretical foundation
of the OWL family of languages. The DL syntax defines axioms with the help of
concepts, roles and individuals. Individuals are similar to constants, that is names for
elements of the domain; concepts (unary predicates) describe common characteristics
shared by a set of individuals; finally, roles (binary predicates) denote links between
pairs of individuals. The DL semantics is based on first-order logic (FOL) and as such
does not impose any minimality condition on the models and adopts the open-world
assumption.

We formally introduce the syntax of SROZQ [127], which is the description logic
language underpinning OWL 2 DL, the latest most expressive and decidable variant
of OWL. Let Sp. = (N¢, Ngr, N1) be a description logic signature where N¢ is a set
of concept names, Ng is a set of role names and Ny is a set of individual names, such
that No, Nr and Ny are countably infinite and pairwise disjoint.

The set of roles is the set Np U{R™ | R € Nr}U{U}, where U ¢ Np is a
special role that we call the universal role. A role ariom « is defined as indicated by
Table 3.1. A regular order < is an irreflexive transitive relation on the set of roles

such that S < R if S~ < R where R and S are roles. Let < be a regular order. A
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Name Role axiom « Condition for 7 = «

Role inclusion Rjo...oR, C R R%O...ORggRI

Disjointness Dis(R, S) RTINSt =40

Table 3.1: Syntax and semantic of role axioms in SROZQ

role inclusion axiom (RIA) of the form Ry o...0 R, C R is <-regular if R is a role

name and
1. n=2and R =Ry =R or
2. n=1and R = R™ or
3. R <Rfor1<i<nor
4. Riy=Rand Rj < Rfor2<i<nor
5. R,=Rand R, < Rfor1<:<n-—1.

A role hierarchy is a finite set of RIAs. A regular role hierarchy Ry, is a role hierarchy
if there exists a regular order < such that each RIA in Ry, is <-regular. For each role

hierarchy Ry, the set of non-simple roles is given by the following rules [150]:
1. The universal role U is non-simple.
2. If Ry, contains an axiom of the form R;o...0 R, C R, then R is non-simple.

3. For each R € Ng, if R is non-simple, then R~ is also non-simple (if R is of the
form S~, then R~ should be read as S).

4. For each R,S € Ng, if R is non-simple and Rp contains an axiom of the form

R C S, then S is non-simple.

All other roles are called simple.
For each set of disjointness axioms Ry, Ry is simple if each role appearing in Ry
is simple. An RBoz is a set R = Ry U Ry, where Ry, is a regular role hierarchy and

R is a finite, simple set of disjointness axioms.

25



Chapter 3. Modelling Structured Objects: State of the Art

Given a (possibly empty) RBox R, the set of concepts is recursively defined using
the constructors listed in the middle column of Table 3.2, where A € Ng, C and D
are concepts, R is a role, S is a simple role, a € Ny and n is a non-negative integer.
A concept inclusion ariom is an expression of the form C' C D, where C' and D are

concepts. A TBox 7 is a finite set of concept inclusion axioms.

Name Syntax Semantics

Concept name A AT

Top T AT

Bottom L 0

Negation -C AT\ C*

Nominal {a} {a®}

Conjunction cnbD ctnpD*

Disjunction cub ctuD?

Existential JR.C {zxe AT |FyeAT: (z,y) e REAycCT)
Self concept 35.Self {x € AT | (z,z) € ST}

Universal VR.C {re AT |Vyec AT: (z,y) e RT —ycCT)
At least (>n)S.C {zxeAT|#{yecAT: (z,y) € ST Ay e CT} >n}
At most (<n)S.C {zeAl|#{ycAT: (z,y) e ST Ayec CT} <n}
Exactly (=n)S.C {ze AT |#{ycAT: (z,y) c ST Ayc C?} =n}

Table 3.2: Syntax and semantics of concepts in SROZQ

An assertion is an expression of the form R(a,b), =R(a,b), C(a) and a % b, where
a,b € Ny, Ris a role and C is a concept. An ABoz A is a finite set of assertions.
An aziom is a role axiom, a concept inclusion axiom or an assertion. A SROZQ
knowledge base is a triple of the form K = (R,7,.A), where R, 7, A is an RBox,
TBox and ABox, respectively.

An interpretation is a pair Z = (A, -Z), where A is a non-empty set which we call
the domain of 7 and -T is a mapping which we call the valuation. The valuation maps
each role R to a binary relation RY C AT x A such that (R™)% = {(b,a) | (a,b) € R}

and UL = AT x AT, each C € N¢ to a set CT C AT and each i € N7 to a member of
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AZ. The concepts are interpreted as indicated in the righthand column of Table 3.2.
For a role axiom «, Z = « if the corresponding condition of Table 3.1 holds, where o
when applied to binary relations denotes composition thereof; for a concept inclusion
axiom C C D, Z |= C C D if C* C D%; we have T |= R(a,b), T = —R(a,b),
Tk -C(a) and T |= a # b if (aZ,b?) € RE, (a?,b?) ¢ RY, o € CT and of # V7,
respectively. For an axiom «, we say that Z satisfies a if 7 = . For a SROZQ
knowledge base K = (R,7,.A), we say that Z is a model of K (written Z = K) if
7 = afor each a € RUT UA; RBox, TBox and ABox models are defined analogously.
For a SROZQ knowledge base K and an axiom «, we say that K entails « (written
K | «) if for every model Z of K, we have Z | «; entailment of an axiom by an
RBox, TBox or ABox is defined analogously.

Some common inference problems w.r.t. a knowledge base K are:

1. Checking whether a knowledge base K is consistent, that is whether IC has a

model (knowledge base consistency).

2. Checking whether a concept A is satisfiable, that is whether AZ is non-empty

for some model Z of K (concept satisfiability).

3. Checking whether a concept A is subsumed by a concept B w.r.t. a knowledge
base K (K | A C B), that is if AZ C BT holds for every model Z of the

knowledge base IC (subsumption).

The problem of concept satisfiability for a SROZQ knowledge has been proved to be
decidable [127] and N2ExpPTIiME-complete [135]; given that knowledge base consis-
tency and subsumption are polynomially reducible to concept unsatisfiability [14], it
is coN2EXPTIME-complete to decide them.

Before embarking on a discussion about the expressive power of OWL we introduce
the chemical domain example that we will use throughout the rest of this chapter.
Our modelling scenario is that of an ontology engineer who wishes to formally describe
the molecules of benzene and cyclobutane whose arrangement of atoms and bonds is
depicted in Figures 3.1(a) and 3.1(b), respectively. Furthermore, the engineer would

like to create ontological descriptions for the chemical classes of
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(i) hydrocarbons, that is carbon-containing molecules that consist exclusively of

hydrogen or carbon,

(ii) molecules with a six-membered ring, that is molecules that contain a cyclic

arrangement of six atoms and

(iii) molecules with a benzene ring, that is molecules that contain a six-membered

ring of carbon atoms with alternating single and double bonds.

Finally, the engineer wants to use an automated reasoning tool that will infer that
benzene and cyclobutane are hydrocarbons, that benzene is a molecule with a six-
membered ring and a benzene ring, and nothing else.

Let us now have a closer look at the expressive power of OWL regarding the rep-
resentation and classification of structured objects. We identify two main limitations.

The first limitation arises from the forest-likeness that characterises the models
of Description Logics ontologies. Assume that our knowledge engineer wishes to
describe with the help of OWL the benzene and cyclobutane molecules. We describe
the modelling for benzene; the case of cyclobutane is similar. One can represent
benzene as a molecule that has at least six carbon atoms each of which has exactly
one single bond with a carbon atom and exactly one double bond with another carbon

atom. Axiom «; encodes this description in DL.

Benzene C Molecule M (> 6)hasAtom.[Carbon(= 1)singleBond.Carbon

M(= 1)doubleBond.Carbon] (o)

Let Ry = {singleBond C singleBond~, doubleBond C doubleBond~}, that is let
singleBond and doubleBond be symmetric roles, and let X1 = (Rq1,{a1},0). Fig-
ures 3.1(d) and 3.1(e) illustrate two interpretations Z; and Zs, where the squares
correspond to distinct objects of the interpretation domain, the set of squares la-
belled with a concept C is the interpretation of C and the set of edges labelled with
a role R is the interpretation of R (the label assigned to each edge is provided by
the key and arrowless edges are assumed to be bidirectional). One can readily check

that both interpretations satisfy Xy. However, only interpretation Z; is the canon-
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Figure 3.1: Chemical structures and OWL models of benzene molecule

tcal model of K1, that is the model that will be constructed by standard tableaux

reflect the cyclic structure of benzene, since Z; captures the fact that benzene con-
tains six carbon atoms but not that they are arranged in a ring. In fact, it is not
possible to faithfully describe cyclic structures using a DL-based language because
of a variant of the forest-model property [233, 98] that is exhibited by Description
Logics. The forest-model property, to which favourable computational properties of
Description Logics such as decidability are attributed, obliges each satisfiable DL
knowledge base to have at least one forest-like model. Additionally, since the DL
syntax does not offer access to variables, one is not able, e.g., to recognise structures

that contain a six-membered ring (that is a ring of length six) such as benzene. As

29

Nevertheless, interpretation Z; does not



Chapter 3. Modelling Structured Objects: State of the Art

Water, Molecule

AL

., N
’ ~
’, N

0 0O 0
Hydrogen Oxygen, Hydrogen
Carbon

Figure 3.2: Interpretation Zs (OWL additional model)

a consequence, one is not able provide a suitable definition for a concept with, e.g.,
the name MoleculeWithSixMemberedRing and then use a DL-based reasoner to derive
Benzene C MoleculeWithSixMemberedRing.

The second expressivity shortcoming results from the first-order logic semantics
of Description Logics that do not impose any minimality condition on the size of the
models of a DL knowledge base. Suppose that a modeller wants to represent the class
of hydrocarbon molecules; that is, all the compounds that consist entirely of carbon
or hydrogen atoms. One may use the universal concept constructor for this purpose,

that is extend K7 with axiom as.
Molecule M VhasAtom.(Hydrogen LI Carbon) C Hydrocarbon ()

Let also the following axiom be used to identify all molecules that contain an oxygen

atom
Molecule M FhasAtom.Oxygen T OxygenMolecule (a3)

Now, let Ko = (R1,{a1,a2,a3},0). In order for Ky to entail that benzene is a
subclass of hydrocarbon, for every interpretation Z such that Z = Ky we need to have
7 |= Benzene C Hydrocarbon. However, there exists at least one model of Ko, namely
interpretation Z, from Figure 3.1(e), that does not satisfy the said subsumption, that
is

Iy | Ke (3.1)

7, ~ Benzene C Hydrocarbon (3.2)

This is due to the open-world assumption (OWA) adopted by Description Logic se-

mantics, according to which missing information is treated as not known rather than
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false. Treating non-provable statements as not holding corresponds to the closed-
world assumption (CWA), also known as negation-as-failure, where failing to entail
a statement implies the falsehood of the statement. In the context of the benzene
example, there is no evidence as to whether benzene does not contain an oxygen
and, so, the interpretation where it also contains an oxygen is still a model of Ks.
Consequently, an OWL reasoner would fail to classify benzene as a hydrocarbon for

the given knowledge base, that is
K2 [~ Benzene C Hydrocarbon (3.3)

Note that one could turn (3.3) into an entailment by changing the cardinality restric-
tion of axiom «a; from ‘at least 6’ to ‘exactly 6’. However, a similar problem that
is less easy to repair arises, when e.g. one wants to classify water as an inorganic
molecule, that is a molecule that does not contain carbon. One can model the water

molecule using axiom (3.4) and try to recognise it as inorganic using axiom (3.5).

Water CMolecule M (= 1)hasAtom.Oxygen M (= 2)hasAtom.Hydrogen (3.4)

Molecule M YhasAtom.(—=Carbon) T Inorganic (3.5)

In that case, the additional interpretation Z3 from Figure 3.2 still satisfies axiom 3.4,
which prevents water from being recognised as inorganic. In order to derive this
subsumption, one can insert a disjointness axiom such as Carbon M Oxygen C L that
eliminates model Z3. However, in such a scenario one would need to add similar
disjointness pairs for all chemical elements. Given that there are as many as 118
elements, this is clearly a cumbersome solution that may even be infeasible when the
parts of a complex object are labelled with elements of a much broader domain, such
as genes.

The failure of the OWL knowledge bases above to entail the subsumptions with-
out extra axioms does not imply that FOL-based semantics are inherently ill-suited
for formal representation of knowledge. The design of a semantics for an ontology
language—and by extension the choice between open- and closed-world assumption—

should be driven by the requirements of the target domain. For example, opting for a
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first-order logic semantics in a web setting where the available descriptions of objects
are usually incomplete is a well-justified decision. At the same time, for domains
such as life sciences where most often the entire structure of entities is known, CWA-
based semantics may be a reasonable option because it enables the performance of
tasks, such as structure-dependent classification, that are difficult to achieve with
FOL semantics.

An alternative approach to choosing between open and closed world assumption
is to adopt closed world assumption only partially by ‘locally closing’ a role with the
help of the autoepistemic operator K [104]. The use of K-operator in front of a role r
changes the semantics so that Kr is interpreted as the intersection of role extensions
over all first-order interpretations. For example, we could exploit this construct to

define hydrocarbon as
Molecule M YKhasAtom.(Hydrogen LI Carbon) = Hydrocarbon

and obtain that benzene is a subclass of hydrocarbon. However, this approach would

still be problematic for inferring that benzene has a six-membered ring.

3.1.2 OWL and SWRL Rules

The fundamental inability of OWL to represent cycles has motivated numerous re-
search efforts towards enriching DL languages with the expressive power of rules
[155, 105, 128, 129, 186, 77, 147]. In the current section we discuss SWRL (Semantic
Web Rule Language) rules, which is one of the most well-known formalisms extend-
ing Description Logics with rules. Initially, we introduce the syntax and semantics
of SWRL rules [105] and discuss their computational properties. Next, we present
DL-safe rules [186], which is a fragment of SWRL rules that compromises some ex-
pressive power for decidability, and examine the applicability of DL-safe rules to the
representation of structured objects.

Let SswrL = (N¢, Nr, N1, Nv) be a SWRL signature where N¢ is a set of concept
names, Ng is a set of role names, Ny is a set of individual names and Ny is a set of

variables, such that No, Nr, Ny and Ny are countably infinite and pairwise disjoint
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sets. A SHOZQ knowledge base is a SROZQ knowledge base £ = (R,7,.A) such
that role axioms are either transitivity axioms or RIAs of the form R C S for all roles
R and S. Let (R,7,A) be a SHOZQ knowledge base w.r.t. (N¢, Nr, N7).The set

of SWRL atoms w.r.t. Sswre is the smallest set defined as follows:
1. C(t), where C' is a concept and t € Ny U Ny.
2. R(t,t'), where R is a role and t,t' € Ny U Ny.
3. t~t/, where t,t’ € Ny U Ny.
4. t £ t/, where t,t' € Ny U Ny.
A SWRL rule is an expression of the form
X1y oy Xm-[B1 A o A By —h1 AL A hy] (3.6)

where n,m, £ >0, B1,...,0n,h1,...,h; are SWRL atoms, Var(f3i,...,0,) = {xi}";
and Var(hy,...,hy) = Var(fi,..., (), where Var is defined over a set of SWRL atoms
as expected. In addition to role axioms, concept inclusion axioms and assertions, a
SWRL rule is also considered an axiom. A SWRL knowledge base is a quadruple of
the form K = (L, R, 7T, .A), where L is a set of SWRL rules.

For an interpretation Z and a SWRL rule r of the form (3.6) we say that Z
satisfies v (written Z = r) if for each vector of domain elements 3 = (ay,...,am) we
have that Z |= {80}, implies Z |= {hi#}_,, where § = {x; > a;}",, for a,b € N,
we have T = a~ b (Z |=a #b) if a¥ = b? (a? # b?) and satisfaction of variable-free
SWRIL atoms by an interpretation Z is the same as for ABox assertions. For a SWRL
knowledge base K = (£, R,7,.A), we say that Z is a model of K (written Z = K) if
T = (R,T,A) and T |= r for each r € £. For a SWRL knowledge base K and an
axiom «, we say that K entails a (written K = «) if for every model Z of K, we have
TE .

The definition of the basic inference problems w.r.t. a SWRL knowledge base is
analogous to the definition of inference problems for a SROZQ knowledge base. It has

been shown that determining consistency of a SWRL knowledge base is undecidable
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[128], as one can reduce the domino problem, which is known to be undecidable
[25], to SWRL knowledge base consistency. In particular, the domino problem can
be encoded as a SWRL knowledge base consistency problem by building an infinite
two-dimensional grid using DL axioms and SWRL rules. Since there is provably no
sound, complete and terminating algorithm for reasoning over a SWRL knowledge
base, we do not consider SWRL rules to be a suitable formalism for the purposes of
our scenarios.

In order to regain decidability, language fragments of SWRL rules have been
identified where some expressivity is traded for decidability, such as DL-safe rules
|186] and DL-+safe rules [147]. We next focus on DL-safe rules which is a proper
subset of SWRL; we restrict our presentation to rules with non-disjunctive heads,
which are sufficient to assess the suitability of DL-safe rules for describing complex
objects.

A SHOIN knowledge base is a SHOZQ knowledge base K = (R, T, .A) such that
each ‘at least’, ‘at most’ and ‘exactly’ concept is of the form (> n)S.T, (< n)S.T and
(= n)S.T where T is the top concept. Let K = (R,7,.A) be a SHOZN knowledge

base w.r.t. (No, Nr, N1). A DL-safe rule is an expression of the form
VX1, ey Xm JO(X1) Ao AO(Xm) A B1L A oo A Bn —hi Ao Ahy] (3.7)

where the same restrictions as for a SWRL rule apply and additionally (i) each SWRL
atom that occurs in (3.7) is either of the form C(t), where C € N¢, or of the form
R(t,t'), where R is a simple role (ii) O € N¢ and O does not occur in K. As usual, we
omit the universally quantified variables in the front to simplify the presentation. A
SHOZIN DL-safe knowledge base is a quadruple of the form K = (£, R, 7, A), where
L is a set of DL-safe rules and {O(i) | i € Ind(A)} C A, where Ind(A) is the set of
individuals that occur in A. Please note that a DL-safe rule is a SWRL rule and a
SHOIN DL-safe knowledge base is a SWRL knowledge base, so for a SHOZN DL-
safe knowledge base IC and an axiom «, the expression K = « is well-defined. Motik
et al. |186] show that checking satisfiability of a SHOZN DL-safe knowledge base

is decidable and Rosati [208] proves that the same problem is NEXpPTIME-complete
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(where DL-safe rules are of the form (3.7), i.e. without disjunction).

Intuitively the additional O(x) atoms in the body of each DL-safe rule ensure
that inferences are restricted to individuals explicitly mentioned in the ABox of the
knowledge base. On the one hand, this limitation secures decidability because it
implies a bound on the number of atoms derivable by the DL-safe rules, but on the
other hand it prevents the deduction of knowledge that refers to objects that are
unknown or implied by existential quantifiers.

Now let us approach our example with the help of a SHOZN DL-safe knowledge
base. Let r1 and r9 be two DL-safe rules, let oy and a5 be two TBox axioms and let

Ro be an RBox, defined as follows.

6 6

/\ O(xi) A /\ hasAtom(xg, i) A
i=0 i=1
6
Molecule(xg) A /\ bond(xi,X(i mod 6)+1) — MoleculeWithSixMemberedRing(xo) (1)
i=1

6
/\ O(xi) A Molecule(xg)A

6 6
/\ hasAtom(xg, xi) A /\ Carbon(x;) A

i=1 i=1
/\ singleBond(x;, xi+1) A
i=1,3,5
/\ doubleBond(xi, X(i mod 6)+1) — MoleculeWithBenzeneRing(xo) (r2)
i=2,4,6
Benzene C Molecule ()
Cyclobutane C Molecule ()

Ro = {singleBond L singleBond ™, doubleBond C doubleBond ™,

singleBond C bond, doubleBond C bond}

Consider the knowledge base Ky = ({r1,r2}, Ro, {a4,a5}, Ap U Ac), where Ay, and A¢

are defined in Figure 3.3. By definition of SWRL semantics, we have

K4 = {MoleculeWithSixMemberedRing(b), MoleculeWithBenzeneRing(b)}  (3.8)
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Benzene
,//:;E:\\\\ Ap = {Benzene(b)} U
Conor bsk/jéabri ::bl Carbon {hasAtom(b, b;), Carbon(b;)}¢_; U
19 Y | v {singleBond(b;, bis1), }iz1.35 U
Carbon iy b Carbon {singleBond(bis 1, by), }ic1.3.5 U
Carbon {doubleBond (bi, b(i mod 6)+1) }i=2,4,6 U
(a) Graphical depiction of A, {doubleBond(b(i mod 6)+1, bi) Fi=2.46

Cyclobutane

FAVARRYAN A. = {Cyclobutane(c)} U

Carbon 1 €4 — €11 Carbon
y } {hasAtom(c, c;), Carbon(ci) 1Ly U

Carbon €3 — €2 Carbon {singleBond(bi, b mod 4)+1) }ieq U

(b) Graphical depiction of A {singleBond (b(i mod 4)+1, bi) }iLs

Figure 3.3: Definition of Ay, and A,

Despite K4 entailing that individual b is a molecule with both a six-membered and
a benzene ring, the described representation of benzene presents the following three

drawbacks. First, we have
K4 E {MoleculeWithSixMemberedRing(c)} (3.9)

which is obviously undesired, because ¢ has only a four-membered ring. This is a
result of the symmetry of bonds, which causes every individual with two atoms that
are connected with a bond in both directions to have a six-membered ring. In order
to prevent this effect, one needs to add inequality atoms—a feature not available for
DL-safe rules—in the body of r; for the variables representing the atoms of the ring.
Note that this is not problematic for r9 because of the alternation of single and double
bonds. Second, we infer the classes of a particular instance of benzene instead of the

concept Benzene, that is

K4 [~ Benzene C MoleculeWithSixMemberedRing M MoleculeWithBenzeneRing (3.10)
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(3.10) means that we fail to classify the conceptual axiomatisation of benzene. To
tackle this problem, one can check subsumption by adding Benzene(a), where a is a
fresh individual, to the ABox and test whether Iy = MoleculeWithSixMemberedRing(a)
and K4 = MoleculeWithBenzeneRing(a) hold. However, in that case we would have
K4 = MoleculeWithSixMemberedRing(a) and K4 = MoleculeWithBenzeneRing(a), as
there is no axiom that encodes the chemical structure of benzene. As a consequence,
there are no guarantees that every object in the interpretation of benzene is also
in the interpretation of molecules with a six-membered and a benzene ring, which
clearly does not fulfill our requirements. Third, because of the first-order semantics
of SWRL rules, we are still not able to model in a satisfactory manner hydrocarbon
(see Section 3.1.1) and detect either its subclasses (e.g. Benzene, Cyclobutane) or its
instances (e.g. b,c). In order to address the latter inadequacy of DL-safe rules, a for-
malism that extends Description Logic and rule knowledge bases with nonmonotonic
negation has been suggested, known as hybrid Minimal Knowledge and Negation as
Failure (MKNF) [185]. Nevertheless, hybrid MKNF draws upon DL-safe rules and,
thus, inherits their limitation that constrains inferences only to the individuals as-

serted in the ABox.

3.1.3 OWL and Description Graphs

Description graphs (DG) are knowledge engineering constructs, which in combination
with description logics and rules can provide a schema-level description of objects,
whose components are arbitrarily interconnected [184|. Additionally, by applying
suitable syntactic restrictions to the logic, reasoning tasks over DG-enriched knowl-
edge bases can become decidable.

In this text, we refer to the description graphs framework presented by Motik et al.
[184] as Description Graph Description Logics (DGDL). We adopt this name in order
to distinguish DGDL from a DG-based syntax that we introduce in Chapter 7. In
order to avoid misunderstandings, we also refer to the DGs described in this section
as FOL description graphs (due to their first-order logic semantics) as opposed to

simply description graphs that we use in Chapter 7.
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Let SpepL = (N¢, Ngr, N1, Ny') be a DGDL signature where N¢ is a set of concept
names, N is a set of role names, Ny is a set of individual names and Ny is a set of
variables, such that No, Nr, Ny and Ny are countably infinite and pairwise disjoint.
The set of literal concepts w.r.t. SpgpL is N, = Noe U{—=A | A € N¢}. An n-ary FOL
description graph G is a quadruple (V, E, X\, M) where V = {1,...,n} is a non-empty
set of vertices, ' C V x V is a set of edges, A is a mapping that assigns to each vertex
i € V a set of literal concepts A(i) C N, and to each edge (i,5) € E a set of role
names (i, j) € Ng and, finally, M C |J!; A(¢) is a set of main concepts for G. A
graph box (GBoz) is a finite set of FOL description graphs. A graph-enriched ABox
is an ABox such that assertions of the form —R(a,b), where R € N and a,b € Ny,
are disallowed and where assertions of the form G(a1, ..., ay), such that G is an n-ary
description graph and {o; | 1 <i < n} C Ny, can be added.

For an n-ary DG G, a graph atom is an expression of the form G(ti,...,t,) where
ti € NtUNy for 1 < i < n. A graph rule is an extension of a SWRL rule w.r.t.
(N¢, Ngr, N1, Ny) such that graph atoms are allowed in the body and in the head
of the rule, and all concepts and roles that occur in the rule are concept and role
names, respectively. For a graph rule r, variables x and y are directly connected
in r if they both occur in a body atom of r; connected is the transitive closure of
directly connected. A graph rule is connected if each two variables that occur in r
are connected.

A DGDL knowledge base is a quintuple (G, L, R,T,.A), where G is a graph box,
L is a finite set of connected graph rules, (R, 7,0) is a SHOZQ knowledge base and
A is a graph-enriched ABox. A graph-enhanced interpretation 7 is an extension of an
interpretation (AZ,-7), such that - also maps each n-ary description graph G € Ng
to an n-ary relation GZ C (A%)". A graph-enhanced interpretation Z satisfies a FOL
description graph G = (V, E,\, M) (written Z |= G) if

1. For each (ay,...,a,) € GF and (by,...,b,) € GT we have

2. For each (ay,...,a,) € GT and (by,...,b,) € G we have a; # bj, where
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1<i<y<n.
3. For each concept name A € M and for each = € A we have

. Z _
Jdai,...,an : (a1,...,a,) € G" A \/ x = ag
kEV 4

where Vy ={ie V| Aec A9}

4. For each (a1,...,a,) € GT we have

/\ a; € BT A /\ (ai,aj) e rR?
ieV,Be(i) (4,9)EE,REN(i,5)

A graph-enhanced interpretation Z satisfies a graph assertion G(az, ..., a,)if (of, ..., «

G?. Satisfaction of a connected graph rule by a graph-enhanced interpretation Z is de-
fined analogously to satisfaction of a SWRL rule by an interpretation Z. Additionally,
a graph-enhanced interpretation Z satisfies a DGDL knowledge base (G, £, R,7T,.A)
if 7 satisfies each FOL description graph in G, each connected graph rule in £, each
graph assertion in A and, also, 7 satisfies the SHOZQ knowledge base (R, 7, Ap, ).
where Apy is the maximal subset of A with no graph assertions. Finally, entailment of
(a set) of axioms by a DGDL knowledge base and consistency of a DGDL knowledge
base are defined as usual.

Determining satisfiability of a DGDL knowledge base K = (G, L, R, T, A) is un-
decidable; the problem remains undecidable even when one considers K with £ = ()
or when one considers K with 7 UR = 0 [184]. In order to regain decidability of
reasoning, Motik et al. suggest restrictions on the syntax of a DGDL knowledge base
[184]. In particular, an acyclicity and a strong separation condition are proposed
which we present next.

Let K =(G,L,R,T,A) be a DGDL knowledge base. Let G; € G and G2 € G
be an n-ary and an m-ary FOL description graph, respectively, such that n < m; let

(G1 <1 Gy if there exists a rule in £ of the form

Go(X1y -+ s Xny vy Xm) — G1(X1, ..., Xn)
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and let < be the reflexive and transitive closure of <1. The knowledge base K is acyclic
if an irreflexive and transitive order < on G exists such that, for each G = (V, E, \, M)

and G' = (V/,E', N, M') where G,G’ € G and G A G’ and for each A’ € M’ we have
e (' <G implies =A" € A\(i) for each i € V' \ V' and
e G' AG implies A’ € \(i) for each i € V.

Furthermore, let N7, Nf and NE’T be the set of role names that occur in G, in
L and in R and 7T, respectively. The knowledge base K is strongly separated if
(NJUNE)NNET =0.

The satisfiability problem of an acyclic and strongly separated DGDL knowledge
base is decidable [184]. Intuitively, the acyclicity condition ensures that the GBox
has an interpretation of finite size by requiring entailment of a contradiction for each
model that contains graph instances repeated in a cyclic way. On the other hand, the
strong separation condition prevents any interaction between the GBox definitions
and the TBox axioms that may cause the existence of unbounded arbitrarily shaped
models of the knowledge base, which in turn can result in undecidability of the main
reasoning tasks.

Since DGDL knowledge bases allow for modelling non-tree-like structures on the
schema-level, i.e. not restricted to the individuals explicitly named in the ABox,
one can apply them to the representation of structured entities. Returning to the
example of structure-based chemical classification, the chemical graphs of benzene
and cyclobutane can be described with the FOL description graphs Gpenzene and
Geyclobutane that appear in Figure 3.4, where the labellings of the nodes appear in
curly brackets and the labellings of the edges are provided by the key. The negative
literals in the labellings of the nodes are required to make the knowledge base acyclic
by ensuring the existence of a suitable order < (which in this case is the empty
relation). Additionally, the following connected graph rules can be used to model
the class of molecules that contain certain types of rings as well as the subsumption
relations for single and double bonds. Please note that rules r5 and r¢ cannot be

expressed as role inclusion axioms of the RBox because of the strong separation
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M= {Benzene} {Benzene, =Cyclobutane}

- ~
- ~
’ m ~

kY a\l’t‘)on, —~Cyclobutane}
'{Carbon, =Cyclobutane}

{Carbon, =Cyclobutane} {Carbon, =Cyclobutane}

{Carbon, =Cyclobutane}

(a) FOL description graph Gpenzene

{Cyclobutane, ~Benzene}

M= {Cyclobutane} @

{Carbon, ~Benzene}: i{Carbon, -Benzene} ~ ---------

\ ‘ ! {Sing|eBond}
{Carbon, =Benzene} {Carbon, =Benzene}

{doubleBond}

(b) FOL description graph Geyclobutane (c) Edge labels key
Figure 3.4: Definition of Gpenzene and Geyclobutane

condition.
6
Molecule(xg) A /\ hasAtom(xg, x;) A
i=1

6
/\ bond(xi, X(i mod 6)+1) — MoleculeWithSixMemberedRing(xo)  (r3)
i=1
6
Molecule(xg) A /\ hasAtom(xg, xi) A
i=1

6
/\ Carbon(x;) A
i=1
/\ singleBond(x;, xij4+1) A
i=1,3,5
/\ doubleBond(xi, X(i mod 6)+1) — MoleculeWithBenzeneRing(x) (ra)
i=2,4,6
singleBond(x,y) — bond(x,y) (r5)
doubleBond(x, y) — bond(x, y) (16)

From the DGDL knowledge base K5 = ({Gpenzene, Geyclobutane } {ri}% 5,0, {a4, as},0),
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it can be checked that the following subclass relations follow.

K5 |= Benzene C MoleculeWithSixMemberedRing

K5 |= Benzene C MoleculeWithBenzeneRing

It is important to observe that the above subsumption axiom for benzene is entailed
by a knowledge base with an empty ABox, that is we have succeeded to classify the
concept representing the benzene molecule rather than a specific instance of it.

The DGDL approach advances the state of the art for the representation of struc-
tured objects; however, it also presents some weaknesses that we discuss next. First,
since inequality atoms are not permitted in the body of connected graph rules, we
are not able to specify in rule r3 that the atoms of a six-membered ring need to be

distinct, which gives rise to the following undesired entailment:
K5 = Cyclobutane T MoleculeWithSixMemberedRing

A second disadvantage is the strong separation restriction that prevents the modeller
from mixing roles used in the TBox with roles occurring in the GBox or the set of
rules. This constraint can limit the applicability of the formalism as, for example,

axiom ag cannot be added to the TBox of Ks.
JhasAtom.(Oxygen M Ibond.Hydrogen) C 3hasFunctional Group.HydroxyGroup  (as)

Axiom ag is essential in order to infer, e.g. chemical classes of molecules depending
on containment of functional groups [234]; functional groups characterise molecules
in terms of chemical reactivity and are thus important molecular descriptors. For

instance, with the additional axiom
JhasFunctionalGroup.HydroxyGroup C Alcohol (ar)

one could build a knowledge base g = ({Gbenzenes Geyclobutane }» {7 ?:3, 0, {O‘i}Z:& 0)

that would entail the following subsumption.

JhasAtom.(Oxygen M 3bond.Hydrogen) C Alcohol (ag)
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However, this is not feasible, because Kg violates the strong separation requirement.
Third, as a consequence of the first-order logic semantics of the DGDL formalism
and similarly to the case of a SROZQ and a SHOZQ DL-safe knowledge base, one
is not able to model classes that are based on the absence of certain characteristics;
for example, one cannot effectively recognise chemical classes such as hydrocarbons
or inorganic molecules. Fourth, the mentioned acyclicity condition lacks practicality
because it requires the modeller to extend the labellings of the DG nodes with a—
potentially large—mumber of negative literals. Computing the appropriate negative
literals can complicate the construction of FOL description graphs—although this
problem could be resolved by suitable ontology development tool support. Finally,
by the definition of the acyclicity condition, models containing a cyclic chain of de-
scription graph instances are precluded by making the knowledge base inconsistent,
which makes it difficult to distinguish whether the inconsistency of a knowledge base

stems from a conceptual modelling error or from the acyclicity check.

3.1.4 Further Rule-Based Approaches

An additional language that integrates DL axioms with rules containing nonmono-
tonic negation is dl-programs [77]. Nonetheless, no function symbols are allowed in
the structure of the rules which implies the same restrictions as the ones imposed by
DLs and their extensions with DL-safe rules. In the same spirit, Eiter et al. consider a
nonmonotonic rule-based ontology language under stable model semantics, but with
no use of function symbols either [78].

A knowledge representation formalism that combines nonmonotonic negation and
rules but allows use of function symbols (function symbols can be used to simulate
existential restrictions of Description Logics) is FDNC programs [79]. In order to
ensure decidability of reasoning over FDNC programs, the structure of rules is re-
stricted to one of seven predefined forms. However, rules that are essential for the
representation of structures (such as the rules describing the cyclic atom arrangement
of cyclobutane) violate these restrictions which makes FDNC programs not suitable

for the purposes of our modelling.
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Nonmonotonic extensions of rules with existentially quantified variabels in the
head have also been considered using stratified negation [40, 174] and more recently
using well-founded semantics [96]. In the latter, the so-called equality-friendly well-
founded semantics for nonmonotonic existential rules is defined and complexity results
are provided for query answering over guarded rules interpreted under the newly
defined semantics. However, as we explain in Section 3.3.1 non-guarded rules are
essential for modelling in our setting.

Although we have discussed the abilities of several logic-based frameworks to rep-
resent complex structures, no exhaustive literature survey on all rule-based ontology
languages is provided here; such overviews can be found in the works by Krotzsch

[147] and Motik and Rosati [185].

3.2 Nonmonotonic Existential Rules as a Description Lan-
guage

After having examined a number of well-established knowledge representation for-
malisms for modelling structured entities, we suggest a completely different approach
that draws upon nonmonotonic existential rules. We demonstrate how the structures
discussed in the examples of the previous section can be described and automati-
cally classified with the help of logic programs consisting of nonmonotonic existential
rules and how the obstacles resulting from the expressivity limitations of OWL and
its extensions can be overcome. In a nutshell, the methodology we suggest is to
represent knowledge about structured objects with a program comprising rules of
the form (2.1) and, then, identify the entailed subsumptions by checking the stable
models of a suitably extended program, as defined in Section 2.3.

One can use rules r%, and rg next to represent the chemical graphs of benzene and
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cyclobutane respectively.
benzene(x) —3%_yi.molecule(x) A /\ hasAtom(x, yi) A /\carbon i) A

/\ singleBond(x;, Xj4+1) A
i=1,3,5

/\ doubleBond(xi, X(; mod 6)+1) (r7)
i=2,4,6

4
cyclobutane(x) —3%_,y;.molecule(x) A /\ hasAtom(x, yi) A
i=1

/\carbon /\/\smgIeBond(x,, Xit1) (rg)
i=1

The skolemised versions of r’7 and ré are as follows.

6
benzene(x) —molecule(x) A /\ hasAtom(x, fi(x)) A
i=1

/\carbon /\ singleBond(fi(x), fi+1(x)) A
i=1,3,5
/\ doubleBond(fi(x), fi mod 6)+1(x)) (r7)
i=2,4,6
4

cyclobutane(x) —molecule(x) A /\ hasAtom(x, gi(x)) A
i=1

/\carbon (gi(x)) A /\smgleBond(g.( ), 8i+1(X)) (rg)
i=1 i=1

Furthermore, we can exploit the nonmonotonic negation of the stable model semantics
to model hydrocarbons, that is the class of molecules that consist only of hydrogens

or carbons and contain at least one carbon atom.

hasAtom(x,y) A carbon(y) — carbonMolecule(x) (r9)
hasAtom(x,y) A not carbon(y) A not hydrogen(y) — notHydrocarbon(x)  (r19)

carbonMolecule(x) A not notHydroCarbon(x) — hydroCarbon(x) (r11)

One can model molecules that contain a six-membered ring with a rule similar to rs.
Thanks to the fact that rules allow for negated atoms in the body, we are able to

add inequality atoms in the body of r3 and, thus, prevent molecules that contain a
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pair of atoms connected with a bond from being classified as molecules with a six-
membered ring. We define equality as a predicate =, such that (i) for every constant
c in the program or set of facts, the set of facts also contains ¢ = c and (ii) for every
existentially quantified variable y in the head of a rule, the head also contains the
atom y =y. Since all equality atoms are identities, we do not need to axiomatise
properties of equality such as replacement, transitivity or symmetry. In the rest of
this thesis, we treat equality as implicitly defined and do not include it in sets of
facts, stable models and rule heads; we also abbreviate inequality atoms of the form
not x =y with x #y. We are now ready to define rule ri3 for molecules with a

six-membered ring.

6
Molecule(xg) A /\ hasAtom(xg, xi) A
i=1

/\ Xi 7 Xj A

1<i<j<6

6
/\ bond(xi, X mod 6)+1) — MoleculeWithSixMemberedRing(xo) ~ (r12)
i=1

Finally, we can reuse rules r4— ¢ (page 41) to model molecules with a benzene ring
as well as the subproperty relation for single and double bonds. Inequality atoms are
not necessary in the body of rule r4 because of the alternation of single and double
bonds. Finally, we add rules r13 and 714 to establish symmetry of single and double

bonds.

singleBond(x,y) — singleBond(y, x) (r13)

doubleBond(x,y) — doubleBond(y, x) (r14)

Let P = {r; | 4 < i < 14}. We can derive the subsumers of benzene by extend-
ing P with the fact benzene(b) and identify in the intersection of stable models of
P U {benzene(b)} all the unary atoms that have b as their argument (similarly for

cyclobutane). It is easy to verify that P U {benzene(b)} has only one stable model,
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which is M.

My, ={benzene(b)} U {hasAtom(b, f;(b)), carbon(f;(b))}*_; U
{singleBond(fi(b), fi+1(b)), singleBond(fi+1(b), fi(b)) }i=1,35 U
{doubleBond(fi(b), f(i mod 6)+1(b)), doubleBond(fi;1(b), fi(b)) }i=2,4,6U
{bond(fi(b), i mod 6)+1(b)), bond (i mod 6)41(b), fi(b))}; U
{molecule(b), carbonMolecule(b), hydrocarbon(b), } U

{moleculeWithBenzeneRing(b), moleculeWithSixMemberedRing(b)}

From the atoms contained in My, entailments (3.11)-(3.15) follow.

P = benzene C molecule (3.11)
P = benzene C carbonMolecule (3.12)
P |= benzene C hydrocarbon (3.13)
P = benzene C moleculeWithSixMemberedRing (3.14)
P = benzene C moleculeWithBenzeneRing (3.15)

Similarly for cyclobutane, the stable model and the entailed subsumptions appear

next.
M. ={cyclobutane(c)} U {hasAtom(c, gi(c)), carbon(gi(c))} U
{singleBond(g(i mod 4)+1(c), gi(c)), singleBond(gi(c), & mod 4)+1(¢))}iz1U

{bond(g(i mod 4)+1 (C>7 gi(c>)7 bond<gi (C)7 g(i mod 4)+1 (C))}?zlu

{molecule(c), carbonMolecule(c), hydrocarbon(c)}

P |= cyclobutane C molecule
P |= cyclobutane C carbonMolecule

P = cyclobutane C hydrocarbon

By adopting nonmonotonic existential rules, we tackle many of the problems outlined

in the previous section. First, the use of negation-as-failure enables the definition of
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classes that are difficult or complicated to define using formalisms equipped with first-
order logic semantics, such as OWL or its extensions with DL-safe rules and descrip-
tion graphs. Second, we are capable of representing and recognising cyclic structures
with precision without, for instance, overestimating the subsumees of structures with
a ring of fixed length. Additionally, there is no need for a separation condition that
enforces use of binary predicates only in certain types of rules, e.g. we can model
the knowledge captured by axioms ag and a7 using rules. Finally, in the framework
presented so far there is no need for an acyclicity condition that requires addition of
extra negative literals labelling the nodes of the objects that we represent.

In the following section, we detail complications that emerge from the use of
nonmonotonic existential rules as an ontology language and approaches that have

been taken in the past to remedy them.

3.3 Difficulties of Nonmonotonic Existential Rules

A number of challenges that show up when using nonmonotonic existential rules as a
knowledge representation formalism appears next. First, every knowledge representa-
tion language requires a formally defined procedure for automated reasoning. For the
case of nonmonotonic existential rules, a sound, complete and terminating algorithm
for stable model computation is needed in order to check the entailed subsumptions.
There are two main difficulties when developing such algorithms: one is related to
the calculation and representation of stable models of infinite size and the other to
the existence of more than one stable model; we discuss both problems next. An
additional problem that we identify is that quite often natural definitions require us-
ing multiple non-intuitive rules, e.g. rules rig and rq; for the class of hydrocarbons,
which hinders adoption by domain experts, who are the professionals that mainly
develop ontologies. In the remainder of this section, we examine these difficulties in

more detail and review approaches that have been taken to handle them.

48



Chapter 3. Modelling Structured Objects: State of the Art

3.3.1 Stable Models of Infinite Size

We next turn our attention to stable model computation for sets of nonmonotonic
existential rules and how this computation becomes impractical for stable models of
infinite size. Initially, we study the problem in the context of positive logic programs
and we also discuss the approaches taken for rules with non-empty negative bodies.

Chase |4] is the standard forward-chaining algorithmic procedure for performing
bottom-up computation of stable models for existential rules. The chase algorithm
was introduced in the late 1970s for query answering under database dependencies
|134, 176, 24| and bears a strong resemblance to the tableau reasoning algorithm [85],
one of the standard algorithms for DL reasoning [125, 12]. The main idea behind
chase which operates under a set of rules is to extend the initial set of facts with
suitably instantiated atoms so that no rule is further applicable. Several variants
of the chase have been suggested, including the restricted chase (also known and as
nonoblivious chase [176, 80]), where a rule is applicable only if its head is not satisfied
by the set of facts derived so far, the oblivious chase [134, 39|, where such a check is
not required, and the skolem chase [177, 99|, where chase is defined as a fixed point
computation over the skolemised version of the rules. In the former two cases when
adding instantiated rule heads existentially quantified variables are replaced by fresh
constants (an infinite supply of which is assumed), whereas in the latter case function
terms are added instead due to skolemisation. In the current thesis, we adopt the
skolem chase because of its intuitive declarative definition and of the advantage that
it can capture in the structure of functional terms the history of rule application.

Next, we formally introduce the chase procedure.
Definition 4 (Skolem Chase). For a skolemised positive rule r = (BT,0, H) and a
set of facts F', the application of r to F, written r(F), is defined as

r(F)= |J Ho

BtOCF

where 0 is a substitution from Var(r) to Const(F'). For a set of skolemised positive
rules P, we define P(F) = J,epr(F). Let F be a set of facts, let P be a set of

positive rules and let Py be the set of datalog rules in P and let Py = P\ Py. The
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chase sequence of P w.r.t. F is a sequence of sets of facts F}g, F}D, ...such that

Fg:FandforiZO

pir FpUPi(Fp),  if Pa(Fp)  Fp

Fi U Pi(F}),  otherwise.
The chase of P w.r.t. I is Chasep(F) = U;>¢ Fb,.

It is straightforward to see that the chase of sk(P) w.r.t. F' coincides with the

(unique) stable model of sk(P)U F.

Example 5. Assume that one wants to model chemical knowledge about toxicity

of molecules, such as botox,! using the following rules.

botox(x;) — highlyToxic(x1) A metabolite(x;) (r1)
highly Toxic(x2) — Jyo.hasProperty(xa,y2) A
highToxicity(y2) (r9)
hasProperty(xs, z3) A highToxicity(z3) — highlyToxic(x3) (r3)

highToxicity(x4) — Jys.hasToxicityDegree(x4,y4) A

toxicityDegreeOne(y,) (rq)
hasToxicityDegree(xs, ws) — hasProperty(xs, ws) (r5)

metabolite(xg) A hasProperty(xg, zg) A
hasToxicityDegree(zg, wg) — toxin(xg) (r6)

toxin(x7) A hasProperty(x7,z7) A
hasProperty(z7, wr) A toxicityDegreeOne(wz7) — lethal Toxin(x7) (r7)

Let f and g be the function symbols used to skolemise yo and y,4 respectively, let

Py = {ri,sk(ra),r3,k(r4),r5,76,77} and let F' = {botox(b)}. It follows that

'Botox is the trade name of botulinum toxin, the most acutely toxic substance known [11].
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Fp =F

F}, = Fp, U {highlyToxic(b), metabolite(b)}

F]%b = Fll% U {hasProperty(b, f(b)), highToxicity(f(b)) }

Fj%b = FJ%b U {hasToxicityDegree(f(b), g(f(b))), toxicityDegreeOne(g(f(b)))}
Fﬁb = ng U {hasProperty(f(b), g(f(b))), toxin(b) }

Fp, = Fp, U {lethalToxin(b)} = Chasep, (F)

Chasep, (F') is the only stable model of P, U F' from which we can infer the following

entailments:

Py [= botox C highlyToxic
P, = botox C metabolite
P, = botox C toxin

P, |= botox L lethal Toxin

¢

One can easily see that for a logic program P, if P consists only of datalog rules,
then there is a bound on the size of Chasep, (F). However, if P contains even one

existential rule, Chasep, (F') can be of infinite size as Example 6 shows.

Example 6. Let F' = {person(alice)} and let r be defined as follows.

person(x) — 3Jy1,y2.hasMother(x,y1) A person(y;)A

hasFather(x, y2) A person(ys) (r)

Chaseyg(,)} (F) contains infinitely many facts. O

Therefore, a decision problem that naturally arises is, given a set of positive rules
P and a set of facts F', is Chasep(F) finite? It has been proved that this decision
problem, also known and as chase termination, is undecidable [71]. Moreover, the

problem of query answering under arbitrary existential rules is undecidable [24, 53].
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As a consequence, an extensive line of research has been dedicated to identifying de-
cidable fragments of existential rules. Due to the applicability of existential rules to a
wide range of modelling problems, relevant contributions have emerged from a variety
of domains such as theory of databases, logic programming and rule-based knowledge
representation. Techniques for ensuring decidability are usually inspired by one of
three different paradigms, each of which is associated with a generic property that
characterises sets of rules and that is not decidable to recognise [42, 17]|. A discussion
of these three paradigms follows; the first two paradigms that we discuss suggest
conditions that confine the structure of the rules so that their—potentially of infi-
nite size—models have finite representations, whereas the latter suggests conditions
sufficient for the finiteness of the models.

The first paradigm hinges on the finite unification property, which is defined
in the context of a backwards chaining procedure [16]. Informally, a set of rules
exhibits this property if query answering can be performed via a finite rewriting of
the initial query which can subsequently be evaluated over the initial set of facts.
This provides a finite representation of the part of the model which is relevant to the
query. Prominent classes of this paradigm include sticky rules [43, 45] and greedy
bounded treewidth sets of rules [19]; it is decidable to recognise whether a set of rules
belongs to these classes. The finite unification property follows by limitations on the
form of the rules. For example, stickiness requires—among other things—that each
rule that has a double occurrence of a certain variable in the body has at least one
occurrence of the same variable in the rule head; e.g., rule r3 of Example 5 violates
stickiness.

The second paradigm relies on the bounded treewidth property [39] which char-
acterises rule sets, such that the application of chase to them gives rise to a graph
of bounded treewidth. Intuitively, the graph induced by chasing such sets of rules
has a ‘forest-like’ shape. This category includes guarded rules [40] and generalisa-
tions thereof such as weakly guarded rules [39], weakly-frontier-guarded rules [16] and
glut-frontier-guarded rules [149]. As before, these classes impose restrictions on the

shape of the rules. For instance, guardedness requires that each rule contains a body
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atom that covers all the universally quantified variables of the rule; thus rules such
as r7 of Example 5 are disallowed.

The final paradigm is related to the finite expansion (or finite model) property [18]
and focuses on acyclicity conditions. Acyclicity conditions analyse the information
flow between rules and try to detect cyclic applications of rules that may incur non-
termination of the chase. Therefore, applying the chase to an acyclic set of rules is
guaranteed to terminate. We already saw that conditions from the first two paradigms
are overly restrictive for the rules of Example 5. Moreover, since we are interested
in representing structures that are modelled up to a certain level of granularity and
thus consist of a finite number of subparts, we choose the acyclicity paradigm as
the most suitable for our setting. Next, we present an overview of conditions that
are sufficient for chase termination and have been motivated by problems related to

database dependencies, rule-based knowledge representation and logic programming.

3.3.1.1 Acyclicity for Databases

Acyclicity conditions were initially developed in the context of databases for the
purposes of data exchange [80|, where data structured under a source schema are
transformed into data conforming to a target schema using existential rules. An-
other domain of usage for existential rules and databases is ontology-based data access
(OBDA) [197], where classical extensional databases are enriched with an ontological
layer consisting of existential rules in order to enable more sophisticated query answer-
ing. Existential rules in a database setting are usually referred to as tuple-generating
dependencies (tgds); tgds form the foundation of Datalog® [42], a prominent formal-
ism applications of which include data exchange and query answering over knowledge
bases and databases.

Next, we present two chase termination conditions designed for database applica-
tions: weak acyclicity [80] and super-weak acyclicity [177]. After formally introducing

them, we examine their applicability to Example 5.

Definition 7 (Weak Acyclicity). A position is an expression of the form pl; where p is

an n-ary predicate and 1 < i < n. For a set of rules P, the set Pos(P) contains each p|;

93



Chapter 3. Modelling Structured Objects: State of the Art

such that p € Pred(P) and 1 <i < ar(p). For a variable v and a rule r = (B*,0, H),
the set Posp(v) contains all the positions p|; such that p(ti,...,tn) € B and tj = v;
the set Posg(v) contains all the positions p|; such that p(ti,...,tn) € H and tj = v.
For a set of rules P, the weak acyclicity graph of P (written WAG(P) ) is a directed
graph whose set of vertices is Pos(P) and whose set of edges contains for each r € P,

for each x € fr(r) and for each existentially quantified variable y of r
e ¢ normal edge from each position in Posp(x) to each position in Posg(x) and
e q special edge from each position in Posg(x) to each position in Posg(y).

P is weakly acyclic (WA) if WAG(P) does not contain a cycle going through a special

edge.
botox|; highly Toxic|;
)
metabolite|; *
)
toxin|; «—————— hasProperty|; hasPro%/ highToxicity|;
/ * *
lethal Toxin|y highToxicityDegree|; highToxicityDegree|s toxicityDegreeOne|;

Figure 3.5: Weak acyclicity graph for program P = {r;}7_, of Example 5

Figure 3.5 depicts WAG(P) for the set of rules P = {r;}7_; of Example 5, where
the symbol x is used to distinguish special edges from normal edges. One can observe
from the edges of WAG(P) that P is not WA due to the existence of a cycle that goes
through a special edge (from highlyToxic|; to highToxicity|1). As a consequence, weak
acyclicity fails to guarantee that chasing P over a set of facts is going to terminate.
We next describe super-weak acyclicity that conducts a more fine-grained analysis of
the propagation of values among the rules. Super-weak acyclicity is based on a more
realistic estimate as to when one rule depends on another by requiring satisfaction
of all body atoms that contain a frontier variable in the dependent rule and by

performing unification checks.
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Definition 8 (Super-weak acyclicity). A place is an ezpression of the form («,1i),
where a is an n-ary atom and 1 < i < n. For a rule r = (B,0, H) and a variable v
of r, we define
In(r,v) = {{p(t1,... ta). i} | p() € B.ty = v}
Out(r,v) = {(p(t1,...,tn)0sk, i) | p(t) € H,t; = v}

where O is the substitution such that rOsgc = sk(r). For two sets of places Q and
Q', we have Q T Q' if for each {(«,i) € Q there is (¢/,i) € Q' such that there exist
substitutions 0 and 0" for which af = af’.

Let P be a set of positive rules. For o rule v € P and an existentially quantified

variable y of r, the set Movep(r,y) is the minimal set such that
e Out(r,y) C Movep(r,y) and

e Out(r’,v) C Movep(r,y) for each rule v’ € P and each variable v € fr(r) with

In(r’,v) C Movep(r,y).

For two rules r,r" € P, we have that r triggers 1’ under P (written r ~p ') if there
exists an existentially quantified variable y of v and a variable x € fr(r’) such that
In(r’,x) C Movep(r,y). P is super-weakly acyclic (SWA) if the transitive closure of

~»p 15 irreflexive.
Let us consider again program P = {r;}’_; of Example 5. For rule ro we have

In(ra,x2) = {(highlyToxic(x2), 1)}
Out(ra,y2) = {(hasProperty(x2,y2), 2), (highToxicity(y2), 1) }
Movep(ra,y2) = Out(re,y2) U {(hasToxicityDegree(x4, y4), 1),

(hasProperty(xs, ws), 1), (highly Toxic(x3), 1) }
For 6 = {x3 — b} and ¢ = {x3 — b} we have
highlyToxic(x2 )@ = highlyToxic(x3)6’

from which we derive In(r2,x2) E Movep(ra,y2); thus, ro ~p 79 and P is not SWA.
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Super-weak acyclicity strictly captures weak acyclicity in terms of expressive
power [178] and both conditions can be checked in polynomial time. In the same
spirit, safety [180] is a polynomially checkable condition that inspects only a sub-
graph of the weak acyclicity graph for cycles, where the subgraph consists only of
affected positions; affected positions were first introduced by Cali et al. in order to sin-
gle out positions where function terms may occur during the chase run [40]. Another
chase termination condition that draws upon weak acyclicity is <-stratification [71],
where the program is split in subsets and each subset is checked for weak acyclicity;
testing <-stratification is coNP-complete. A different approach proposes checking
chase termination by rewriting the set of rules and then applying any of the known
acyclicity condition to the rewritten program; however, no complexity bounds are

provided for these conditions [221].

3.3.1.2 Acyclicity for Rule-Based Knowledge Representation

A number of acyclicity criteria have also emerged from the field of rule-based knowl-
edge representation. We next present joint acyclicity, a condition sufficient for chase

termination that has been motivated by information integration applications [149].

Definition 9 (Joint Acyclicity). For a set of positive rules P, a rule r € P and an
existentially quantified variable y in r, the set jMovep(r,y) is the minimal subset of

Pos(P) such that
e Posy(y) C jMovep(r,y) and

e Posy(x) C jMovep(r,y) for each v € P and for each x € fr(r) such that

Posp(x) C jMovep(r,y).

Let P be a set of rules. The joint acyclicity graph of P (written JAG(P)) is a
directed graph that contains the existentially quantified variables in P as its vertices
and also contains an edge from an existentially quantified variable y1 of a rule r1 to
an ezistentially quantified variable yo of a rule ro if there exists xo € fr(re) such that
Posp(x2) C jMovep(r1,y1). P is jointly acyclic (JA) if JAG(P) does not contain a

directed cycle.
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One can check that for the program P = {r;}’_, of Example 5, JAG(P) contains
a self-edge from y, to ys because of Posp(xa) = {highlyToxic|;} and jMovep(ra,y2) =
{hasProperty|2, highToxicity|1, hasToxicityDegree|;, hasProperty|, highly Toxic|; }; so, P
is not JA.

Other approaches for testing finiteness of models include identifying dependencies
between rules, that is examining whether it is possible for one rule to trigger another;
one can easily guarantee termination of the chase for sets of rules such that for each
rule no chain of dependencies is observed from a rule to itself. Baget et al. have
formulated such a chase termination criterion that draws upon dependencies and is
known as acyclic graph of dependencies (aGRD) |17|. Baget et al. have also suggested
refinements of aGRD that capture strictly more sets of rules by taking into account
whether a rule triggers another one after repeatedly applying chase for a fixed number
of steps k; such dependencies were coined as ‘farsighted dependencies’ [17, 20]. We
will discuss more in depth this group of dependency-based acyclicity conditions in

Chapter 4.

3.3.1.3 Acyclicity for Logic Programs

Acyclicity conditions were formulated in the logic programming setting in order to
identify logic programs with function symbols whose grounding is finite. Since exten-
sions of logic programming languages support a variety of additional features such
as nonmonotonic negation, disjunction and arbitrary use of function symbols, the
corresponding acyclicity conditions were designed to deal with these features. In this
section, we recapitulate the definition of finite domain condition, which is a decidable
condition for recognising logic programs with stable models of finite size; Calimeri et
al. [47] describe an algorithm which checks the finite domain condition in polynomial
time. Since we are only interested in logic programs with nonmonotonic negation
and function symbols that are a result of skolemising existential rules, we suitably

simplify the definition of finite domain condition and adjust it to our setting.

Definition 10 (Finite Domain Condition). Let P be a set of rules; moreover, let

P, ={(B",0,H) | (B*,B~,H) € P}. A position p|; is P-recursive with another
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position q|j if WAG(Py) contains a directed cycle (consisting of normal and/or special
edges) that goes through pli and q|;. The set of finite domain positions of P (written
Pospp(P)) is the mazimal subset of Pos(P) such that for each p|; € Pospp(P), for

each rule v, for each atom p(t1, . ..,tn) occurring in the head of r and fori € {1,...,n}
e if t; € fr(r), then Posp(ti) N Pospp(P) # 0 and

e if tj is an existentially quantified variable, then for each x € fr(r) there is

ql; € Posg(x) N Posgp(P) such that qlj is not P-recursive with pl;.
P is finite domain (FD) if Pospp(P) = Pos(P).

Let us now examine the set of finite domain positions for program P = {r;}!_, of
Example 5. We have botox|; € Pospp(P) because the predicate botox does not occur
in the head of any rule. However, one can observe that hasProperty|; ¢ Pospp(P)
because in rule ry we have Posg(x2) = {highlyToxic|; } and hasProperty|; is P-recursive
with highlyToxic|; as one can infer from the cycle that goes through highlyToxic|; and
hasProperty|; in Figure 3.5. Therefore, P is not FD.

We next discuss argument-restrictedness, which is another acyclicity condition
formulated for logic programs, which strictly subsumes FD [157]. Lierler and Lifschtiz
prove that argument-restrictedness guarantees finiteness of the stable model and can

be checked in polynomial time.

Definition 11 (Argument-restrictedness). Let P be a set of rules; moreover, let
P, ={(B",0,H) | (B*,B~,H) € P}. An argument ranking is a mapping « from
Pos(P) to the set of nonnegative integers such that the following conditions are sat-
isfied for each rule r € P, each variable x € fr(r) and each existentially quantified

variable y in r:
1. for each p|i € Posg(x), some q|; € Posg(x) exists such that a(pli) > a(ql;) and
2. for each p|; € Posg(y), some q; € Posp(x) exists such that a(pli) > a(ql;).

P is argument restricted (AR) if an argument ranking for P exists.
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We next show that P is not AR. Assume for brevity that n; = a(highToxicity|;),
ny = a(hasProperty|y), ng = a(highToxicity|; ) and ny = a(hasToxicityDegree|;). By ra
and r3, we have no > n; and n; > no that imply ny = ne. By ro, r4 and r5, we
have respectively ng > ni, ng > ng and ngy > nyg, which imply ng > n;. The latter in
conjunction with n1 = no results in a contradiction.

The treatment of functional terms has received much attention from logic pro-
gramming researchers due to the direct applicability of finite grounding conditions to
the implementation of logic programming engines [215, 67|. Further such conditions
that have been proposed include w-restrictedness [228] and A-restrictedness [227]| but
without any complexity considerations for checking them (the articles that intro-
duced w-restrictedness and A-restrictedness do not mention whether checking them
is decidable). The conditions of w-restrictedness, A-restrictedness and argument-
restrictedness have been incorporated in the SMODELS [227], GRINGO [89] and DLV
[153] answer set systems, respectively. A more recent acyclicity condition for logic
programs with function symbols is T'-acyclicity [103] which involves a check simi-
lar to the one used for <-stratification discussed above; I'-acyclicity is proved to be
decidable but no complexity estimation is provided for it. However, given that <-
stratification is coNP-hard, verifying I'-acyclic programs should be no easier than
that.

Regarding the expressive power of these conditions Gebser et al. [89] prove that
A-restrictedness subsumes w-restrictedness, whereas Calimeri et al. [47] show that
the finite domain condition strictly generalises A-restrictedness; Lin and Wang [159]
also suggest an answer set programming formalism with function symbols but their
language is strictly contained in the class of w-restricted programs. On the other
hand, Lierler and Lifschitz [157] demonstrate that argument-restrictedness strictly
captures both A-restrictedness and (as we already saw) the finite domain condition.
I-acyclicity generalises the finite domain condition, but neither does I'-acyclicity con-
tain argument-restrictedness nor does argument-restrictedness contain I'-acyclicity
[100]. In Section 4.3 of Chapter 4, we will provide a detailed technical comparison

between the various acyclicity conditions originating from all three areas.
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3.3.2 Limitations Imposed by Stratified Negation-as-Failure

In this work, we are interested in logic programs with at most one stable model.
Uniqueness of the stable model is a desirable property, because it implies that rea-
soning tasks can be carried out using a deterministic procedure. A class of logic
programs that often have more than one stable model is the class of disjunctive logic
programs |75]. Disjunctive logic programs are extensions of logic programs such that
disjunctions of atoms are allowed in the head of the rules and such that the stable
model semantics have been appropriately modified to take into account the disjunc-
tions [201]|. The use of disjunction permits to encode situations where more than one
scenario needs to be considered in parallel. In this thesis, we focus on the modelling of
complex objects with a uniquely determined structure and we, thus, do not consider
disjunction. Another source of non-determinism that may result in more than one
stable model is the recursive use of nonmonotonic negation. For instance, consider

the logic program P = {a(0),714,r15}, where r14 and r15 are defined as follows.

a(x) A not b(x) — c(x) (714)

a(x) A not c(x) — b(x) (715)

P has exactly two stable models, namely M; = {a(0),b(0)} and My = {a(0),c(0)}.
Nevertheless, in all the other examples discussed so far, we extensively used negation
within programs with exactly one stable model. This is because every logic program
that we presented exhibits an important property that guarantees existence of at
most one stable model at the presence of negation. This is the well-known property

of stratification, which we formally introduce next [8].

Definition 12 (Stratification). Let P be a logic program. A stratification of P is
a sequence of disjoint programs P = Py, ..., P, such that Ulgign P, = P and for
all programs P;, P; € P, rules (Bf,By,H) € P; and (B, By, Hs) € P;, and every

predicate R € Pred(Hy), we have:
e if R € Pred(By), then i < j and
e if Re Pred(B,), then i < j.

60



Chapter 3. Modelling Structured Objects: State of the Art

The elements of P are called strata. P is stratified if 4t has a stratification.

As pointed out above, stratified programs are satisfied by at most one stable
model, the computation of which relies on the stratification of the programs and the

use of the consequence operator which we introduce next [9].

Definition 13 (Consequence Operator). For a rule r € P with sk(r) = (BY,B~, H)
and a set of facts F, the application of r to F', written r(F'), is defined as
r(F) = U HO
B+OCF, B-0NF=0)
where 6 is a substitution from Var(B™) to Const(F'). Also, let Tp(F) = F U, cpr(F)

and define TH(F) = F, THH (F) = Tp(Tp(F)) and T3 (F) = | | TH(F).
>0

Please note that Definition 13 supersedes Definition 4 for the application of r to F
which makes r(F') uniquely defined and does not cause any notation conflict. As we

see next, the Tp operator can be used to characterise stable models [9].

Proposition 14. For a program P, a set of facts F' and a stable model M =gy PUF,

we have M = e

L (E):

For stratified programs the Tp operator provides us with a deterministic computation

procedure [9].

Proposition 15. Let P be a program P and let I be a set of facts; if P= p,....P,
is a stratification of P, then M =Tgo(...Tg.(F)...) is the unique stable model of P
if L & M; otherwise P has no stable model.

Therefore, stratification is a sufficient property for uniqueness of the stable model,
that allows us to employ a deterministic algorithm for the standard reasoning tasks.
Note that programs that consist entirely of positive rules are stratified by default
and therefore have at most one stable model too. However, stratification is not a
necessary condition to guarantee determinism of the computation, that is stratified
programs are strictly contained in the class of logic programs that have at most one

stable model for every set of facts. Next, we present Example 16 which highlights
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(b) Organic hydroxy part (d) Representation of methanol by P

Figure 3.6: Chemical structures and models of Example 16

a case where stratification fails to characterise programs with a unique stable model

whose rules are essential for the representation of structured objects.

Example 16. As we have already seen, structured objects can be modelled with
nonmonotonic existential rules for the purposes of automatic logic-based classifica-
tion. Similarly to the molecules of benzene and cyclobutane, one can represent the
molecular structure of methanol (see Figure 3.6(a)) using rule gp,.

6
methanol(x;) —3°_,y;.molecule(x;) A /\ hasAtom(x1,y;) A carbon(y;) A oxygen(ya) A
i=1
5

6
/\ hydrogen(y;) A /\ singleBond(y1,yi) A singleBond(ya, ys) (gm)
i=3 i=2

Moreover, one can recognise organic hydroxy chemicals (i.e. structures with the C-O-
H subpart as depicted by Figure 3.6(b)) with 71, structures that contain oxygen with

The and molecules that contain exactly one or more than one carbon atoms with 7.
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and 7., respectively.

3
/\ hasAtom(u, vi) A carbon(vy) A oxygen(va) A
i=1

hydrogen(vs) A singleBond(vy,ve) A
singleBond(va, v3) — organicHydroxy(u) (r1)
hasAtom(x, z) A oxygen(z) — hasOxygen(x) ("ho)
molecule(x) A hasAtom(x,z;) A carbon(z;) A
hasAtom(x, z2) A carbon(zz) A z; # za — multiCarbonMolecule(x) ()
molecule(x) A hasAtom(x,z) A
carbon(z) A not multiCarbonMolecule(x) — oneCarbonMolecule(x) (Toc)
By computing the stable model M, of P,, = {sk(gm),71,7ho,"oc,Tme} When extended
with methanol(m) one can classify methanol.
M = {methanol(m), carbon(f; (m)), oxygen(fo(m))} U {hasAtom(m, fi(m)}&_, U
{hydrogen(f;(m))}°_5 U {singleBond(f; (m), f;(m)) }2_, U {singleBond(fy(m), fs(m))} U

{molecule(m), organicHydroxy(m), hasOxygen(m), oneCarbonMolecule(m)}
By the atoms contained in M,,, one can infer that

P,, = methanol C molecule
P,, = methanol C hasOxygen
P,, = methanol C organicHydroxy

P,, = methanol C oneCarbonMolecule

However, one is usually interested not only in the subclass relations between mole-
cules and chemical classes (two-level hierarchy) but also in subsumptions between
the chemical classes themselves. So, in order to determine the subsumers of organic

hydroxy molecules, one needs to use a rule such as ro to describe their structure.

9
organicHydroxy(x2) —>Eli9:7y;./\ hasAtom(xa,yi) A carbon(y7) A oxygen(ys) A
i=7

hydrogen(yg) A singleBond(y7,ys) A singleBond(ys,y9)  (r2)
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As usual, one can classify organic hydroxy using the stable model My, of the program

Py, = {sk(r2), Tho,Toc,Tme } extended with the fact organicHydroxy(h).

My, ={organicHydroxy(h)} U {hasAtom(h, fi(h))}%_. U {carbon(f7(h)), oxygen(fs(h))} U

{hydrogen(fg(h)), singleBond(f7(h), fg(h)), singleBond(fg(h), fgo(h)), hasOxygen(h)}

We can thus deduce that Pj, = organicHydroxy C hasOxygen. Nevertheless, in case
we want to uncover the subsumers of both methanol and organic hydroxy with the
same program the stable model of P,,, U P, U {methanol(m), organicHydroxy(h)} is not
M, UMy, but M’ instead.

M’ =(M,, \ {oneCarbonMolecule(m)}) U M, U {hasAtom(m, f;(m)}?_ U
{carbon(f7(m)), oxygen(fs(m)), hydrogen(fg(m))} U

{singleBond(f7(m), fs(m)), singleBond(fs(m), fo(m)), multiCarbonMolecule(m)}

As a consequence, we have P, U P, ~ methanol C oneCarbonMolecule and also that
P,,U P, |= methanol C multiCarbonMolecule since m contains an additional carbon in
M. This is a consequence of the fact that two instantiations of ry have to be satisfied:
one for generating the structure of organic hydroxy h (rule body organicHydroxy(h))
and once for generating the C-O-H part of methanol m (rule body organicHydroxy(m))
that has been recognised as an organic hydroxy. So, methanol is no longer faithfully
represented as it contains extra atoms, which incurs missing (‘methanol is an one-
carbon molecule’) and wrong (‘methanol is a multi-carbon molecule’) subsumptions.
In order to overcome this problem, one can insert suitable auxiliary atoms in 71 and 7o
which will ensure that the stable model of the knowledge base is the intended one.
Rules r; and ro can be rewritten into r,;, and g, as follows.

3
/\ hasAtom(u, vi) A carbon(vy) A

i=1
oxygen(va) A hydrogen(vs) A
singleBond(vy, v2) A singleBond(va, v3) A

not gon(vi) A not gon(vz2) A not gon(vs) — organicHydroxy(u) A ron(u) (7o)
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9
organicHydroxy(x2) A not rop(x2) — 3 7yi. /\ hasAtom(xz, yi) A carbon(y7) A
i=7

oxygen(ys) A hydrogen(yg) A

singleBond(y7,ys) A singleBond(ys, yg) A

goh(Y7) /A 8oh(Ys) A goh(Y9) (gon)

The program P = {sk(gm ), Toh,Sk(Gon),ThosToc,Tme} €xtended with methanol(m) and
organicHydroxy(h) has M, U Mj U {gon(f7(h)). gon(fs(h)), gon(fo(h)), ron(m)} as its
only stable model, from which all desired subsumptions follow. Although P has
a unique stable model it is obviously not stratified (due to the use of predicates gon
and rop) which means that there exists no stratification of P that allows deterministic

computation of the stable model. &

Example 16 demonstrates the need for a more fine-grained notion of stratification
that goes beyond disallowing recursive use of negation and is able to identify a broader

class of programs for which deterministic reasoning procedures exist.

3.3.3 Intricate Syntax for Application Experts

The design of knowledge bases using rules such as the ones introduced in Section 3.2
can be counterintuitive for knowledge engineers that are not familiar with them.
Graphical languages instead have been somewhat easier to use (albeit they do present
problems such as lack of reading order and scalability) and thus more popular for
describing scientific knowledge. This is witnessed by the wealth of diagrammatic lan-
guages adopted by life scientists, such as chemical graphs [230] or biological graphical
notation [152]. For an ontology language, a human-friendly syntax that is based on
a few keywords and can produce text-based legible expressions can be of help to
ontology engineers. For instance, the following expression models the ‘hydrocarbon’

concept in a more natural way than rules r19 and 711 (page 45) do.

hydrocarbon SuperClassOf

carbonMolecule AND  hasAtom (carbon  OR  hydrogen)
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As similar problems had been encountered by ontology developers when modelling
knowledge with OWL, Horridge et al. designed the Manchester OWL Syntax—a ‘less
logician-like’ syntax for creating OWL axioms that was well received by application
experts [123]. Similar efforts have been made for extensions of OWL with rules
and with FOL Description Graphs [94]. In the same vein, a surface syntax for our
setting that is less complicated than logic programming rules, but closer to natural
language and uniquely translatable to logical axioms could enhance the usability of

nonmonotonic existential rules by ontology developers.
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Stable Model Finiteness

In this chapter we present and analyse a number of sufficient conditions that ensure
finiteness of the stable model(s) for a logic program. Initially, we outline condi-
tions for programs that consist exclusively of positive rules; these conditions can
also be viewed as chase termination criteria (published in [99]). Subsequently, we
shift towards programs that may contain nonmonotonic negation and introduce new
conditions for them (published in [170]). We conclude the chapter by analysing the
relationship between the newly suggested and previously known termination condi-
tions originating from areas such as databases, logic programming and rule-based
knowledge representation (published in [100]).

Section 4.1 focuses on chase termination criteria for positive existential rules,
whereas in Section 4.2 we turn our attention to acyclicity criteria for rules that also
contain negative bodies. Section 4.3 contains discussion and comparison across a

range of acyclicity conditions.

4.1 Acyclicity Conditions for Positive Existential Rules

We begin our presentation by introducing two novel acyclicity conditions for negation-
free programs. In spite of the initial motivation being representation of complex
objects, our results are of a wider interest and can be exploited for a variety of

applications such as data exchange, logic programming and query answering over
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description logic ontologies.

Initially, in Section 4.1.1 we formulate a general but expensive to check acyclicity
condition; in Section 4.1.2 we sacrifice some generality in order to define a more
tractable condition. Thereafter, in Section 4.1.3 we prove upper and lower complexity

bounds for reasoning over acyclic programs of different kinds.

4.1.1 Model Faithful Acyclicity

The acyclicity conditions we presented in Section 3.3.1 attempt to determine whether
an application of a rule may generate facts that can repeatedly (directly or indirectly)
trigger the same rule infinitely many times. The main difference between the various
criteria is how rule applicability is estimated. The majority of these conditions con-
sider each input variable of a rule in isolation and thus do not check satisfaction of
all body atoms at once; as a consequence, the existing conditions fail to detect chase
termination for many programs, such as program P = {7"1'}1'7:1 from Example 5.

In order to obtain more precise chase termination guarantees, one needs to trace
rule applicability more faithfully. This can be attained by exploiting the execution
of the skolem chase so as to dynamically identify cyclic computations. Since it is
not straightforward to determine what constitutes a ‘cyclic computation’, we treat
an execution as cyclic when a term of the form f(t), where f occurs in t, is derived.
This condition can be further refined, e.g. by considering whether f occurs nested in
a term some fixed number of times. In the current work, we only consider the case
where f appears nested in a term at least once; it would be interesting for future
work to relax this restriction by allowing f to occur nested within a term more than
once. Next, we provide the definition of a cyclic term, which will be used later to
characterise programs as acyclic if and only if their chase does not contain such a

term.

Definition 17 (Cyclic term). A term t is cyclic if it has a subterm f(t) that has a

proper subterm of the form f(s).

We next present a novel declarative notion of acyclicity that tracks rule applicabil-

ity by recording rule application. In order to check whether a set of rules P is acyclic,
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P is converted into a new set of rules P’ where fresh predicates are used to mark
newly generated terms and the subterm relation between them. We define a program
P to be acyclic if the transformed version of P does not entail a special propositional
symbol Cycle. Since acyclicity is defined via entailment, it is not algorithm-specific
and can be decided using any theorem proving procedure for existential rules that
is sound and complete. We adopt for our condition the name model-faithful acyclic-
ity (MFA) because it estimates rule application rigorously, by examining the actual
structure of the minimal Herbrand model of P.

Before proceeding, let us provide some preliminary notation that we omitted from
Chapter 2 so that it appears closer to where it is used for the first time. An extended
substitution is a mapping from a set of terms to another set of terms; we define
application of an extended substitution to an atom and a set of atoms in a way
similar to application of a substitution. For two sets of atoms A and A’, an extended
homomorphism from A to A’ is an extended substitution o : Terms(A) — Terms(A'),
such that Ao C A’. Moreover, a Boolean conjunctive query (BCQ) is a formula of the
form 3y.¢(y), where ¢(y) is a conjunction of atoms and each variable that occurs in
¢(y) isin y. For a set of rules P and a set of facts F', we have FUP |= 3y.¢(y) if there
exists a homomorphism from ¢(y) to Chasegpy(F). For each n-ary predicate P, let
P be a fresh n+ l-ary predicate unique for P. For each term t and set of atoms R, let
Aster(t, R) = {P(t,t) | P(t) € R, [t] > 0}. Finally, for a set of rules P and a variable
w let Aster(P) be the smallest set of rules containing Aster(w, B) — Aster(w, H) for
each rule B — H in P.

For the remainder of Section 4.1, we denote each rule r of the form (2.1) with
B(X,Z) — Jy.H(X,y), such that B(X,Z) and H(X,y) are conjunctions of atoms; for the
time being we restrict our discussion to positive rules, i.e. in the rest of this section

when we mention a rule we imply a positive rule.

Definition 18. For each rule r = B(X,Z) — 3y.H(X,y) and each variable y; € ¥, let

Ni be a fresh unary predicate unique for r and y, let Succ and Desc be fresh binary
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predicates and let Cycle be a fresh nullary predicate. MFA(r) is defined as follows:

B(X,Z) — 37. [HX %) A\ |Nityi) A /\ Suce(x;, yi)

Yi€Y X €X
For a set of rules P, MFA(P) is the smallest set that contains MFA(r) for each rule
r € P, rule (4.1), rule (4.2) and rule (4.3) instantiated for each N, such that y; is

the i-th existentially quantified variable occurring in the head of some rule r:

Succ(xq,x2) — Desc(x1, x2) (4.1)
Desc(x1,x2) A Succ(xe, x3) — Desc(x1,x3) (4.2)
N (x1) A Desc(x1, x2) A N (xo) — Cycle (4.3)

P is model-faithful acyclic (MFA) w.r.t. a set of facts F if F'UMFA(P) i~ Cycle.
The critical instance I} is the set of facts that can be constructed using Pred(P),

Const(P) and a special fresh constant ; P is universally MFA if P is MFA w.r.t. I}.

Before we embark on analysing the computational properties of MFA we demon-

strate the following proposition, which will be used later on.

Proposition 19. For each set of rules P, we have that P is universally MFA if and
only if P is MFA w.r.t. every set of facts F.

Proof. Let Q = sk(MFA(P)); we first show the following lemma.

Lemma 20. Let P be a set of rules and let F be a set of facts. For eachn > 0, there

exists an extended homomorphism from F{) to (I;;)g

Proof. We prove the claim by induction on n.

For n = 0, we define an extended homomorphism ¢ as follows: for each term
te Terms(Fg), we set o(t) =t if t € Const(P) and o(t) = * otherwise; for such o,
we have Fga - (I}E)OQ.

Next, we assume that the claim holds for n = k and we prove it for n = k+1. By
induction hypothesis, there exists an extended homomorphism o from FCS to (I;S)’Z2
Let o’ be the extended substitution from Terms(F(SH) to Terms((I}';)gH) defined as

follows:
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o Ifte Terms(ch), then o/(t) = o(t).

o Ifte Terms(FSH \ FS), then t is of the form f(t) and o’(f(t)) = f(to).

We show that o’ is an extended homomorphism from FSH to (I]E)]Z;l.

o If a € Fj, then ao € (Ip), € (I5)5

-

o Ifa e FS‘H \Fg, then there exists a rule r € @ of the form B(X,Z) — H(X, f(X))
and substitution § such that B(X,2)0 C F5, H(X,(X))0 € F}5 and a € H(%,f())6.
By induction hypothesis, (B(X,Z)f)o C (I}‘;)IZ), which by definition of chase im-

—

plies (H(X,f(X))0)o C (I};)kQ+1 and yields ao’ € (I};)Igl as desired.

We are now ready to prove Proposition 19.

Assume for a contradiction that P is universally MFA and there exists a set of
facts F' such that P is not MFA w.r.t. . Then Chaseg(F') contains Cycle which by
Lemma 20 implies that Cycle € Chaseg(/}) and gives us the required contradiction.

Assume that P is not universally MFA. Then, P is not MFA w.r.t. the critical
instance Iy, which implies that there exists at least one set of facts F' such that P is

not MFA w.r.t. F', where F' is the critical instance. O

Example 21. Let us revisit Example 5, which lists a set of rules for which chase
terminates but which is not found acyclic by any of the conditions introduced in
Section 3.3.1. We have that MFA(r;) = r; for i = 1,3,5,6,7 because these are

datalog rules; moreover, we set 1, = MFA(r2) and r; = MFA(ry).

botox(xy) —highlyToxic(x;) A metabolite(x;) (r1)
highly Toxic(x2) —Jys.hasProperty(xa,y2) A
highToxicity(y2) A
NZ, (y2) A Succ(xa, y2) (r3)

hasProperty(xs, z3) A highToxicity(z3) —highly Toxic(x3) (73)
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highToxicity(x4) —3Jy4.hasToxicityDegree(x4, y4) A

toxicityDegreeOne(y4) A

N7, (y4) A Succ(xa, ya) (r%)
hasToxicityDegree(xs, ws) —hasProperty(xs, ws) (rs5)

metabolite(xg) A hasProperty(xg, zg) A
hasToxicityDegree(zg, wg) —toxin(xg) (r)

toxin(x7) A hasProperty(x7,z7) A
hasProperty(z7, wr) A toxicityDegreeOne(wz) —lethalToxin(x7) (r7)

Let P, = {r1,r9,73,74,75,76,77} and F = {botox(b)}; MFA(P,) cousists of the rules
in {MFA(r;)}"_,, rule (4.1), rule (4.2) and rule (4.3) instantiated for N2, and N#,. In
order to check whether P, is MFA w.r.t. F it is sufficient to compute Chaseg, (F),
where @, = sk(MFA(P)), up to a step where the computation stops or Cycle is

derived. Let f and g be the function symbols used to skolemise yo and yy.

FQ, = F = {botox(b)}

Fp, = F{, U {highlyToxic(b), metabolite(b)}

F3, = Fp, U {hasProperty(b, f(b)), highToxicity(f(b)), Succ(b, f(b)), N2, (f(b))}

F§, = Fj, U {hasToxicityDegree(f(b), g(f(b))), toxicityDegreeOne(g(f (b)) ),N7, (8(f(b)))}
U {Succ(f(b), g(f(b))), Desc(b, f(b))}

Fg, = F§, U {hasProperty(f(b), (f(b))), toxin(b), Desc(f(b), (f(b))), Desc(b, g(f(b)))}

F%b = Fé—}b U {lethalToxin(b)} = Chaseq, (F)

Since Cycle ¢ Chaseqg, (F'), P, is MFA w.r.t. F. Moreover, P, is universally MFA as

it is indicated by the chase sequence of Qp w.r.t. I :

(I}‘;b)%b = [Ip = {botox(x), highlyToxic(x), metabolite(x), hasProperty (*, *) }
U {highToxicity(x), has ToxicityDegree(x, %), toxicityDegreeOne(x) }

U {toxin(x), lethal Toxin(x, *) }
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(Ip),, = (I}Sb)%b U {hasProperty (x, f(x)), Succ(*, f(x)), high Toxicity (f (x)),N2, (f(x))}

U {hasToxicityDegree(x, g(*)), Succ(*, g(*)), toxicityDegreeOne(g(x)) }
U N, (g(+))}
(I5,)3, = (I5)L, U {hasProperty(x, g(+)), hasToxicityDegree(f(x), g(f(+)))}
U {toxicityDegreeOne(g(f()))}
U {Suce(f(+), g(f(+))), N, (g(f(+))), Desc(x, f(x)), Desc(+, g(+))}
(I5)8, = (I5)?, U {hasProperty(f(x), g(f(x))), Desc(F(+), g(f(+)))}

(I)h, = ()7, U {Desc(x.g(f(x)))} = Chaseq, (I7,)
%

A preliminary version of MFA appeared in our previous work under the name
semantic acyclicity; however, that approach suffered from the disadvantage of not
being able to handle positive existential rules of an arbitrary shape and of requiring
the existence of an ad-hoc ordering among the rules in order to determine acyclic-
ity [175]. These deficiencies were overcome by introducing an improved notion of
acyclicity which is MFA. Moreover, MFA has the benefit of allowing to merge the
acyclicity check with the computation of the model, which implies that if a set of
rules P is acyclic w.r.t. a set of facts F' then reasoning comes ‘for free’: the model of
P U F can be easily extracted from Chasesk(MFA(p))(F). In Section 4.3 we compare
MFA with existing acyclicity conditions and show that MFA strictly captures many
of them. The following proposition shows that MFA characterises the runs of the
skolem chase that do not give rise to a cyclic term; this property will serve as the

basis for establishing complexity bounds for checking MFA.

Proposition 22. A set of rules P 1s MFA w.r.t. a set of facts F' if and only if the

chase of sk(MFA(P)) w.r.t. F' does not contain a cyclic term.

Proof. Let Q = sk(MFA(P)) and let FC%, Fé, ... be the chase sequence of QQ w.r.t. F;
furthermore, let f. be the function symbol used to skolemise the i-th existentially
quantified variable in rule r. We next prove that the following claims hold for each

k > 0 and for k = oo, where F5° = >0 FS = Chaseq(F).
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1. For each term t of the form fi(t) occurring in Fg, we have Ni(t) € Fg; vice

versa, if Ni(t) € Chaseg(F), then t is of the form fi(t).

2. For each term t of the form fi.(t) occurring in Fé and each term t’ € t, we have
Succ(t/,t) € Fg; vice versa, if Succ(t’,t) € Chaseg(F), then t is of the form fl (%)

and t' € t.

3. For all terms t and t’ occurring in Fg such that t’ is a proper subterm of t, we
have Desc(t/,t) € FSH; conversely, Desc(t’,t) € Chaseg(F) implies that t' is a

proper subterm of t.

(Claims 1 and 2, first part for & > 0) We prove them by induction on k. Since
Fc% does not contain functional terms, the claims hold trivially for £ = 0. For the
induction step, we assume that both claims hold for Fg and we show the claims
for FC’SH. Since FCIB - Fg“, both claims clearly hold for each term t that occurs in
Fg Consider an arbitrary term t of the form fl(t) that does not occur in Fé, and
that occurs in FSH and an arbitrary term t’ € t. There exists » € P such that t is
introduced into FSH by an application of sk(MFA(r)). Since the head of sk(MFA(r))
contains atoms Ni.(fi(X)) and Succ(x;, f.(X)) for each x; € X, we have Ni.(t) € FSH and
Succ(t',t) € FSH for each t' € t.

(Claims 1 and 2, second part) Each predicate Ni. and the predicate Succ occur in Q
only in the head of some rule sk(MFA(r)) and in the form Ni(fl(X)) and Succ(x,f(X)),
where x € X, which establishes the claim.

(Claim 3, first part for k> 0) We prove it by induction on k. Since FC% does
not contain functional terms, the claim follows directly for £ = 0. Assume now that
the claim holds for some k and consider an arbitrary term t = f.(t) occurring in F(S
such that t’ is a subterm of some t; € t. By Claim 2, we have Succ(tj,t) € FCS We
distinguish two cases: if t' € t, then t; =t' and Desc(t/,t) € FSH by rule (4.1).
Otherwise, t' is a proper subterm of some t; € t and since t' and t; both occur in
FS_I by induction hypothesis Desc(t', ;) € chS the latter implies Desc(t/,t) € FSH
due to rule (4.2).

(Claim 3, second part) The ‘proper subterm’ relation is transitive and rules (4.1)
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and (4.2) effectively define Desc as the transitive closure of Succ, which implies the
claim, using the second part of Claim 2.

(Claims 1, 2 and 3, first part for & = oco) Let t be a term of the form f.(t)
occurring in Chaseg(F) and let t' be a term such that t' € t. Since t occurs in
Ukzo Fg, there exists k& > 0 such that t and t’ occur in Fg and, so, by Claims 1
and 2 and since FCS C Chaseq(F) for each k > 0, we have Ni(t) € Chaseg(F) and
Succ(t’,t) € Chaseg(F). Similarly, for all terms t’ and t, if t’ is a proper subterm of t
and they occur in Chaseg(F'), then there exists £ > 0 such that t and t’ occur in Fg,

which by Claim 3, implies Desc(t',t) € FCSH and, so, Desc(t’,t) € Chaseg(F).

We are now ready to prove the main claim. If Chaseg(F) contains a cyclic
term, then there exist terms t; and ty such that t; = fi(5) is a subterm of t and
ty = (i) is a proper subterm of t;. By Claims 1 and 3, these statements imply
{Ni (t), Desc(ta, t1), Ni.(t1)} C Chaseg(F). Since @ contains rule (4.3), the latter in-
clusion implies Cycle € Chaseg(F') , which holds if and only P is not MFA w.r.t. F.
For the converse claim, assume that P is not MFA w.r.t. a set of facts F'. Then, by
Definition 18 we have that F'UMFA(P) |= Cycle. Since the special nullary predicate
Cycle occurs only on the right-hand side of rule (4.3), there exist terms t; and tg, a rule
r € P, and a predicate Ni. such that {Ni(t;), Desc(t, t2), Ni.(t2)} C Chaseq(F). Since
Ni(t;) and Ni(ts) are contained in Chaseg(F), Claim 1 implies that t; and t are of
the form t; = fl(uj) and to = fi.(u3), respectively. Finally, Desc(t1,t2) € Chaseq(F)
and Claim 3 imply that t; is a proper subterm of ta, so Chaseg(F) contains a cyclic

term. 0

We next show that this characterisation imposes a doubly exponential bound on
the number of distinct terms and atoms that can be generated during execution of the
skolem chase over an MFA set of rules. Consequently, this bound implies termination
of the skolem chase over MFA rules in 2EXPTIME. This bound is not a surprising
one, given that boolean conjunctive query answering over a weakly-acyclic set of rules

has been proved to be 2EXPTIME-complete [44].

Proposition 23. For a set of rules P and a set of facts F, if P is MFA w.r.t. F,
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then Chaseg(py(F') can be computed in doubly exponential time in the size of P U F.

Proof. Let @ = sk(MFA(P)), let a be the maximum arity of a function symbol in @
(we assume that a > 1, the special case a = 1 is studied later), let b, ¢ and d be the
number of distinct predicate, constant and function symbols, respectively, occurring
in Q and let e be the maximum arity of a predicate symbol in ). Consider now
an arbitrary term t occurring in Chaseg(F); the term t can be seen as a tree with
branching factor a labelled by constants in the leaf nodes and function symbols in
the internal nodes; furthermore, since t is not cyclic by Proposition 22, depth(t) < d,
so the tree has at most a? leaves and a¢ inner nodes. Thus, the number of different
terms occurring in Chaseg(F') is bounded by ¢ = det . o = (d- c)ad and the number
of different atoms in Chaseg(F') is bounded by b-£¢ =b- ((c- d)*)e = b (c-d)e’,
which makes the maximum size of Chaseg(F') doubly exponential in the size of P and
F. Moreover, for an arbitrary set of facts F’ and skolemised rule r, the set r(F”’) can
be computed by examining all mappings of the variables in r to the terms occurring in
F’, which can be done in exponential time in the size of 7 and polynomial time in the
size of F'. Therefore, Chaseg(F') can be computed in time that is doubly exponential
in the size of P and F. Finally, one can verify that Chasegp)(F') C Chaseq(F), so

Chasegy(p)(F) can be computed in doubly exponential time as well. O

We subsequently use Proposition 23 to prove that checking MFA for a program
P and a set of facts F'is in 2EXPTIME; moreover, we show that checking whether a
program P is universally MFA is 2EXPTIME-hard. The two results combined imply
that for a program P deciding whether P is universally MFA and whether P is MFA
w.r.t. a set of facts F' is 2ExpTiME-complete. This is because, if checking whether a
program P is MFA w.r.t. a set of facts F'is in 2EXPTIME, then checking whether P is
universally MFA is also in 2ExpTIME. Similarly, if we can solve an 2EXpPTIME-hard
problem by reducing it to checking whether a program P is universally MFA, we can
also solve it by checking whether P is MFA w.r.t. a set of facts F' (i.e. the critical

instance).

Theorem 24. For a set of rules P and a set of facts F, checking whether P is
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MFA w.r.t. F is in 2EXPTIME for combined complexity and checking whether P is

universally MFA is 2EXPTIME-hard for program complexity.

Proof. (Membership) Let Q@ = sk(MFA(P)), let Fg, Fé, ... be the chase sequence for
Q wor.t. F, and let £, b and e be as defined in the proof of Proposition 23. As we
already saw, the number of different atoms that can be constructed from ¢ terms is
bounded by k = b- £¢. Let k' = k + 3; we next show that one can decide whether P is
MFA w.r.t. F by constructing Fg and then checking whether Cycle € Fg. As shown
in the proof of Proposition 23, Fg can be computed in doubly exponential time in
the size of P and F.

If Fi=Fp,

Otherwise, we have FE C Fg; but then, FSH contains at least one cyclic term t

then Chasep(Q) = FCS, so P is MFA if and only if Cycle € Fg

of the form fi(t) such that there exists t; € t that has a subterm t' of the form
fi(5). Since FSH satisfies Claims 1-3 from the proof of Proposition 22, we have
{Ni(t'), Desc(t',t), Ni.(t)} C FSH; by rule (4.3) and the fact that rules without func-
tional terms are applied before rules with functional terms, we have Cycle € Fg; thus,

Cycle € Chaseq(F), so P is not MFA.

(Hardness) In order to establish hardness, we draw upon a result by Cali et al.
according to which query answering over a weakly acyclic set of rules is 2EXPTIME-
hard [44]. Specifically, Cali et al. prove that for a weakly acyclic set of rules P, a set
of facts F' and a Boolean conjunctive query ¢, deciding F'U P |= ¢ is 2ExpT1ME-hard.
We demonstrate our claim by reducing the problem of checking F'U P |= ¢ for such
P, F and q to checking whether a program P’ is universally MFA. We next construct
such P’

For a constant c, let v¢ be a fresh variable unique for c, let v be the vector of
all variables corresponding to constants in F, let w’ be a variable and let F(vV.) be

defined as follows:

Fo) = A PWive,.ove) (4.4)
P(Cl,...,ck)EF

Let g be of the form Jy.4(y), let U be a fresh unary predicate and let B be a fresh

binary predicate. Rules 1 and 7y are defined as follows (Aster(...) is defined in the
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beginning of the chapter).

Aster(w, (7)) — U(w) (1)

U(w) — 3w/, Ve.B(w,w') A F(Ve) (r9)

Let f and gc be the function symbols used to skolemise w’ and v, for each v € Vi,
respectively. We set P’ = Aster(P) U {r1,r2}.
We next show that F'U P = ¢ if and only if P’ is not universally MFA by proving

the following two equivalences:

FUPEq < U(f(x) € Chasegpry(Ip) (4.5)

U(f(x)) € Chaseg(py(I5) <« P'is not universally MFA (4.6)

We first show (4.5). We have U(f(x)) € Chasegpr)(I}) if and only if there ex-
ists a substitution 6 such that 6(w) = f(x) and Aster(w, ¢(y))0 C Chasegp)(Ip).
Due to the definition of Aster(w, ¢(y)) the latter is true if and only if the substitu-
tion 6 is a homomorphism from Aster(f(*), #(Y)) to Chaseg(aster(p))(F'(Veo)), where
o ={w - f(*)} U{vc > gc(*)}v.ev.- The latter holds if and only if there exists a
homomorphism from ¢(y) to Chaseg,py(F'), which is equivalent to F'U P = q.

Finally, we demonstrate (4.6) in two steps.

Assume that U(f(x)) & Chaseg(pr)(I7/). Then, the term f(f(x)) does not occur
in Chasegy( p/)(II"S/). Moreover, since P is weakly acyclic, P is super-weakly acyclic
[177] and as implied by Theorems 34 and 55 (that we show later), we also have that
P is universally MFA. Due to the definition of Aster(P) this implies that Aster(P) is
universally MFA, that is Chasesk(Aster(p))(I}Z,) does not contain a cyclic term either.
Since {U, B} N Pred(Aster(P)) = 0 and U(f(x)) ¢ Chaseg(pr)(I}), rules r1 and 7o
are not applied for a substitution o such that o(w) = f(x) and, so, Chaseg(pr)(I})
does not contain a cyclic term either. By Proposition 22, the latter implies that P’
is universally MFA.

If U(f(*)) € Chaseg(pry(I}), then by ro we have B(f(x), f(f(x))) € Chasegpry(I5),

which by Proposition 22 implies that P’ is not universally MFA. O
Corollary 25. Let P be a set of rules such that the predicates in P are of bounded
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arity and let F' be a set of facts. Checking whether P is MFA w.r.t. F is in 2EXPTIME
for combined complexity and checking whether P is universally MFA is 2EXPTIME-

hard for program complexity.

Proof. Membership follows by repeating the membership argument for Theorem 24
and observing that for e being constant, the bound on the number of atoms remains
doubly exponential. Hardness is a direct consequence of the fact that Cali et al. [44]
prove that query answering under a weakly-acyclic set of rules is 2EXPTIME-hard

even in the case of bounded arity. O

The complexity results of Theorem 24 are not particularly encouraging since the
majority of existing acyclicity conditions can be checked in P or NP. In order to
mitigate this problem, we suggest two solutions. First, we single out a fragment of
existential rules for which the cost of checking MFA is lower. The second approach

is to suitably modify MFA, which is presented in Section 4.1.2.

Definition 26 (3-1 rule). A rule r is an 3-1 rule if |fr(r)| < 1 or if r is a datalog

rule. A program P is an 3-1 program if each rule in P is 3-1.

Since 3-1 rules have frontier of size at most one, the arity of function symbols after
skolemisation is at most one, which—as we show next—reduces the computational
complexity by one exponential factor. Moreover, 3-1 rules are a practically relevant

class of existential rules since all of the examples presented so far involve 3-1 programs.

Theorem 27. For a set of 3-1 rules P and a set of facts F', determining whether P
is MFA w.r.t. F' is in EXPTIME w.r.t. combined complexity and determining whether

P is universally MFA is EXPTIME-hard, even if the arity of the predicates is bounded.

Proof. (Membership) Let a, b, ¢, d and e be defined as in the proof of Proposition 23.
For 3-1 rules we have a = 1 which implies that the bound on the number of differ-
ent terms becomes ¢ - d¢ and the bound on the number of different atoms becomes
k=b-c-d® which is exponential in the size of P and F, even if e is fixed. Sim-
ilarly to the membership proof for Theorem 24, MFA can be checked by computing
the chase sequence of sk(MFA(P)) w.r.t. F for k' steps, where k' = k + 3.
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1. Initialisation: ifw=qaq...an
mink(x0) A Ag<i<m NeXt(xi, Xi+1) — stateq, (xo) A Ag<i<m SYmbola; (xo, xi)
A symbolg(xo, Xm+1)

ming(xo) A symbolg(xg, x) A next(x,y) — symbolg(xo,y)

2. Transition rules: forall § = (q,a,q’,a/,m) € A
stateq(v) A head(v,x) A symbol, (v, x) A
nexty(y,x) A nexty (v, V') — statey (V') A head(v,y) A symboly (V) x) if m=1
stateq(v) A head(v,x) A symbolg (v, x) A
nexty(x,y) A nexty (v, V') — statey (V') A head(v,y) A symboly (V,x) ifm=r
3. Imertia: forallaeX
nexty (v, v') A head(v, x) A nextt(x,y) A symbol,(v,y) — symbol,(V',y)
nexty (v, V') A head(v, x) A nextt(y, x) A symbol,(v,y) — symbol,(V',y)
4. Acceptance: for each accepting state q, € @

stateq, (Vk) A Ag<i<p, childi(vi, vit1) — accept(vo)
accept(v) — Jug, u2.T(v,u1,uz) Aso(ur) Aso(uz) A

nexto(uy, uz) A ming(uy)
Figure 4.1: Program P;”7P simulating computation of a DTM 7 over w

(Hardness) To prove EXPTIME-hardness w.r.t. combined complexity, we show
that for every deterministic Turing machine (DTM) 7 = (Q, X, A, qo), word w € X*

and number k > 1, we can construct an 3-1 program P ,, ; such that
T accepts w in time 2F < Pr 1 is not universally MFA (4.7)

Let T = (Q, %, A, qo) be a DTM such that the transition function A consists of
tuples of the form (q, a, q’, &/, m), where q,q' € Q, o,/ € ¥ and m € {l,r} depending
on whether the head moves left or right.

First, given k > 1, we construct an 3-1 program P, " of polynomial size, which
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encodes a chain of 2¥ elements. We use this exponentially long chain to model both
the tape of cells and the timeline of instants. Pg " contains the following rules for

eachi€{0,...,k—1}:

si(x) = Jy1, y2.bi(x, y1) Ari(x,y2) (r:)
li(x1,x2) — sit1(x2) A childi(x1,x2)
ri(x1,%2) — sit1(x2) A childi(xy, x2)
li(z,x1) A ri(z,x2) — nextit(x1,x2)
ri(z1,x1) A 4i(za,x2) A nexti(z1,22) — nextitq(x1,x2)

min;(z) A ¢i(z,x) — minj;1(x)

We extend P with the following two rules, which transitively close the precedence

relation that arises from the binary predicate nexty between the elements of the chain:

nexty (x1,x2) — nextt(xy, x2)
nextt(xy, z) A nextt(z, xa) — nextt(xy,x2)

Next, we build P77'P which simulates the computation of 7 on w. We use the

following predicates for our encoding:
e stateq(v) for g € Q, when 7 is at state q at time v;
e head(v,x), when the head of 7 is on cell x at time v;
e symbol,(v,x) for a € 3, when cell x contains symbol « at time v;

e accept(v), when the computation of 7 on w has reached an accepting state at

some instant vy, such that v is the subterm of v, with depth(v,) — depth(v) = n.

The rules of ch—?ln;p are shown in Figure 4.1; also, let Py, = Py U PYC—‘?I"JP. One can
easily check that Pr 1 is an 3-1 program. Finally, the size of Pr,, j is polynomial
in the size of 7, w and k and the predicates in Pr  are of bounded arity which

causes the result to hold even if the arity of predicates from P is bounded.
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We now prove that (4.7) holds. Before that, we set P = Pr ,, to simplify the
notation; let also g, go, fi, fi be the function symbols used to skolemise u; and us
in the second acceptance rule and y; and ys in rule r;.

Assume that 7 accepts w; we prove that P is not universally MFA by showing that
Chasegy(p)(Ip) contains a cyclic term. By definition of I}, we have accept(x) € Ip

and, so,

{s0(g1(*)),s0(g2(*)), nexto(g1(*), g2(*)), ming(g1(*)) } € Chaseg(p)(Ip).

By definition of P;™® the facts above give rise to a chain containing 2F elements.
Therefore, by definition of P;?ij, if 7 accepts w in time 2%, then we have that
{accept(g1(*)),accept(ga(*))} N Chasegpy(I5) # 0. By the head of the second ac-
ceptance rule, this implies that a cyclic term of the form gq(gi(*)) or go(ga(*)) is
generated which entails that P is not universally MFA.

Assume that 7 does not accept w; we prove that P is universally MFA. By
Proposition 22 it is sufficient to prove that Chaseg(p)(If) does not contain a cyclic
term. Given that the only rules that can give rise to a cyclic term are the sec-
ond acceptance rule and rule r; for i € {0,...,k — 1}, it is sufficient to prove that (i)
{accept(g1(*)), accept(ga(*)) }NChasegpy(Ip) = 0 and (ii) si(t) & Chaseqp)(I) for a
term t that contains fi or fi. By definition of P;?:;p and P;® and the fact that all rules
that appear in P are connected (in the same sense that graph rules can be connected
on p. 38) (i) does not hold only when an atom of the form state, (fltj e (fi% (gi(%)))...),
where q, is an accepting state and ig,...,ik—1,i € {1,2}, is derived. The latter
is true only when 7 accepts w which shows (i). Due to the conjunction of atoms
No<i<r, childi(vit1,vi) in the body of the first acceptance rule, the only derived atoms
whose predicate is so are of the form sy(x), so(g1(*)) or so(ga(*)) which combined

with the definition of Py and the fact that 7 does not accept w implies (ii). O

4.1.2 Model Summarising Acyclicity

The high cost of checking MFA for a set of rules P is due to the fact that the arity

of function symbols in sk(P) is unbounded and that the depth of cyclic terms can

82



Chapter 4. Stable Model Finiteness

be linear in P. To obtain an acyclicity condition that is easier to check, we can
coarsen the structure used for cycle analysis. To this end, we next introduce model-
summarising acyclicity (MSA), which ‘summarises’ the model of P by reusing the
same constant to satisfy an existential quantifier instead of introducing terms with
complex internal structure. We thus trade some faithfulness for tractability in order

to design a condition that is more efficient to check.

Definition 28. Let Succ, Desc and Ni. be as specified in Definition 18; furthermore,
for each rule r = B(X,Z) — 3Y.H(X,Y) and each variable y; € ¥, let ¢ be a fresh con-
stant unique for y; and r. Then, MSA(r) is the following rule, where Ousa is the

substitution that maps each variable y; € ¥ to cl.:

B(%,2) — H(%, ¥)0msa A \ [Ni.(yi)0umsa A /\ Succ(xj, yi)fmsa

i€y X EX
For a set of rules P, MSA(P) is the smallest set that contains MSA(r) for each rule
r € P, rule (4.1), rule (4.2) and rule (4.3) instantiated for each predicate Ni.. Set P
is model-summarising acyclic (MSA) w.r.t. a set of facts F' if F'UMSA(P) [~ Cycle;
furthermore, P is universally MSA if P is MSA w.r.t. I}.

Similarly to MFA, if a program is universally MSA, then it is guaranteed that it

is MSA w.r.t. every set of facts.

Proposition 29. For a set of rules P, we have that P is universally MSA if and

only if P is MSA w.r.t. every set of facts F.

Proof. The statement can be proved similarly to Proposition 19; the only difference
is that when we define the extended substitution ¢’ for t € Terms(F,\]lesri(P) \ F,@ISA(P))

and the term t is of the form ci., we set o/(t) = cl.. O

Example 30. In the previous Section, we demonstrated that the set of rules
arising from Example 5 (which is not identified as acyclic by most known acyclicity
conditions) is universally MFA. Next, we show that it is also universally MSA. We

have that MSA(Py) contains r1,75, 13,7, 75,76, 77 (Where 4 and | are defined next),
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rule (4.1), rule (4.2) and rule (4.3) instantiated for N2, and N7,.

botox(x;) —highlyToxic(x1) A metabolite(x;) (r1)
highly Toxic(x2) —hasProperty(x2, ¢z, ) A
highToxicity(cZ,) A
Succ(xz, ) AN (c2) (r})
hasProperty(xs, z3) A highToxicity(z3) —highlyToxic(x3) (r3)
highToxicity(x4) —hasToxicityDegree(x4, cf4) A

toxicityDegreeOne(cy,) A

Succ(xq, cp,) AN7 (cf,) (r)
hasToxicityDegree(xs, ws) —hasProperty(xs, ws) (rs5)

metabolite(xg) A hasProperty(xg, zg) A
hasToxicityDegree(zg, wg) —toxin(xg) (r¢)

toxin(x7) A hasProperty(x7,z7) A
hasProperty(z7, wy) A toxicityDegreeOne(wr) —lethal Toxin(x7) (r7)

Let R, = MSA(P,). By the chase sequence of Ry w.r.t. I}, below, we conclude
that Cycle ¢ Chasep, (If, ) and thus P is universally MSA.

([}Sb)ORb = Ip = {botox(x), highlyToxic(*), metabolite(x), hasProperty(x, x) }
U {highToxicity(x), hasToxicityDegree(x, *), toxicityDegreeOne(*) }

U {toxin(x), lethal Toxin(x, *) }

(I}b)}%b = (I}Eb)OR U {hasProperty(, r2) high Toxicity(c? ) Succ(*,cr2) N2( )}
U {hasToxicityDegree(, ¢ ) toxicityDegreeOne(c;} ) Succ(*,cﬁi)}
U (N (ch)

(I}Bb)f%b = (I}Sb)}% U {hasProperty (x, c; ), hasToxicityDegree(c 32,c44)}
U {Succ(c? Crys C ) Desc(x, c? , ), Desc(x, ch o)

(J;;b)i;b = (I}éb)?% U {hasProperty(c},, cr,), Desc(c?,, cf,),} = Chasep, (I},)
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Let us consider now what are the gains we obtain in terms of complexity. For
a program P, the set MSA(P) consists exclusively of datalog rules. Thus, MSA
can be checked using a datalog reasoner. This connection with datalog provides the
upper complexity bound for checking MSA, which is EXPTIME; the matching lower
bound follows from the complexity of checking entailment of a ground atom by a
datalog program as shown in the article by Dantsin et al. [65]. The complexity of
datalog reasoning is O(r - n¥) where r is the number of rules, v is the maximum
number of variables in a rule and n depends on the number of constants contained
in the set of facts and rules; thus, checking MSA should be feasible if the rules in
P contain a small number of variables. Theorem 31 pinpoints the complexity costs
for checking MSA, both universally and w.r.t. a set of facts. The proof is similar to
the proof of Theorem 24; the difference is that the complexity has dropped by one
exponential factor due to the replacement of function symbols by constants in the

MSA transformation.

Theorem 31. For a set of rules P and a set of facts F, checking whether P is
MSA w.r.t. F is in EXPTIME for combined complexity and checking whether P is

universally MSA is EXPTIME-hard for program complexity.

Proof. (Membership) Let R = MSA(P) and note that P is MSA w.r.t. F if and only
if F'U P [~ Cycle which holds if and only if Cycle ¢ Chaser(F'). The total number of
atoms occurring in Chaser(F') is b - ¢®, where b is the number of predicates, ¢ is the
number of constants and a is the maximum arity of the predicates in R, which is
exponential in the size of P and F'. The rest of the membership proof is the same as

in Theorem 24.

(Hardness) For a set of datalog rules P, a set of facts F' and a ground atom «,
checking whether F'U P |= « is ExpTiME-hard [65]. Let P’ and F’ be defined from
P as in the hardness proof of Theorem 24; similarly to that proof one can show that

P’ is not universally MSA w.r.t. F’ if and only if FU P = a. O

Moreover, a further drop in the cost of checking MSA can be achieved by fixing

the arity of predicates, which is a reasonable assumption given that we have not
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used a predicate with arity more than two in any of the so far motivating examples.
Hardness for this case can be proved by repeating an argument similar to the one

provided for Theorem 24.

Theorem 32. For a set of rules P whose predicates are of bounded arity and o set
of facts F, checking whether P is MSA w.r.t. F is in coNP for combined complezity

and checking whether P is universally MSA is coNP-hard for program complexity.

Proof. (Membership) Let R = MSA(P) and let a,b and ¢ be defined as in the proof
of Theorem 31. If a is bounded, then the number of ground atoms in Chaser(F)
becomes polynomial in the size of P and F. Furthermore, by the definition of the
chase, Cycle € Chaser(F) if and only if there exist a sequence of rules rq,...,7, of
the form r; = B; — H; and a sequence of substitutions o1, ..., o0, such that for each
1 <i <n we have Bo; C FU{H,o; | j <i} C Chaser(F') and H,0, = Cycle. By the
bound on the size of Chaseg(F’), we can assume that n < b - ¢*, where n is polynomial
in the size of the program. Thus, we can guess the two sequences in polynomial
time and check whether Bo; C F U {H;o; | j < i} C Chaser(F) for each 1 <i<n
in polynomial time. Therefore, F'U R |= Cycle can be checked in nondeterministic

polynomial time, so checking whether P is MSA w.r.t. F'is in coNP.

(Hardness) Dantsin et al. [65] prove that checking F'U P = « for a set of datalog
rules P with bounded arity, a set of facts I’ and a ground atom « is coNP-hard;

NP-hardness thus follows from a reduction similar to the one used in the proof of

Theorem 24. O

Next we see that, in contrast to the complexity for checking MFA, there is no
improvement for checking acyclicity of 3-1 programs; this is expected since MSA(P)
no longer contains any function symbols and, so, restricting the arity of the function
symbols does not bear any benefit. We obtain a tight complexity bound by following

the same argument as the one in proof of Theorem 31.

Corollary 33. For a set of 3-1 rules P and o set of facts F, checking whether P
is MSA w.r.t. F is in EXPTIME for combined complezity and checking whether P is

universally MSA is EXPTIME-hard for program complezity.
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Proof. Both membership and hardness proofs are identical to the ones of Theorem 31.
For the hardness case, the constructed program P’ is 3-1 because it contains only one

existential rule with frontier of size 1. O

Before concluding this section, we present Theorem 34 and Example 35, which

together show that MFA is strictly more general than MSA.

Theorem 34. For a set of rules P and a set of facts F, if P is MSA w.r.t. F, then
P is MFA w.r.t. F' as well.

Proof. Let QQ = sk(MFA(P)), let R = MSA(P) and let h be the extended substitution
from HU(Q) to HU(R) such that h(t) = ¢\ if t is of the form f.(...) and h(t) = t if t is
a constant. Note that R differs from @ only in that the former contains the constant
c. in place of each functional term f!(t). Thus, by an induction on 4, one can show
that h(Q%) C Rj} for each ¢; this implies that A is an extended homomorphism from
Q% to R%.. Consequently, if Cycle ¢ Chaser(F), then Cycle ¢ Chaseg(F); hence, if P
is MSA, then P is MFA as well, as required. O

Example 35. Let P consisting of the rules r1, ro, r3 and r4.

A(x) = Jy1.R(x,y1) A B(y1) (r1)
B(x) — Jy2.5(x,y2) A T(y2,x) (r2)
A(z) AS(z,x) — C(x) (r3)
C(z) A T(z,x) — A(x) (rq)

Let @ = sk(MFA(P)) and let R = MSA(P); let also f and g be the function symbols
used to skolemise y; and ys and let N1, N2, ¢c; and co be the corresponding predicates

and constants needed for building MFA(P) and MSA(P). The chase sequence of @
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w.r.t. I appears below.

Up)g= Ip = {A(*),B(x),C(+), R(, %), S(%, %), T(x, %)}

(Ip)g = (I5)g U {R(xf(+)), B(F(x)), Suce(x, (%)), Ny (f(x))}
U {S(+,8(+)), T(g(*), %), Succ(x, g(*)), Na(g(*)) }

(U= (Ip)gU{SE(x),8(f(+)), T(g(f(x)),f(x)), Succ(f(x), g(f(+))). N (g(f(+))}
U {Desc(, f(+)), Desc(x, g(+)), C(g(*)) }

(Ip)g = (Ip)g U {Desc(x,g(f(x))), Desc(f(x),g(f(x)))} = Chaseq(I})

By Cycle ¢ Chaseg(/}) we conclude that P is universally MFA; however, P is not
universally MSA as shown next by the atom Cycle derived in the chase sequence of

Rwrt. Ip.

Up)r= Ip = {A(),B(x),C(x),R(%,%),S(x, %), T(x, %)}
(Ip)r = ()R U{R(x,c1),B(c1), Suce(x, c1), Ny (c1)}
U {S(*, c2), T(ca, %), Succ(*,c2), Ny(c2) }
(Ip)h = (Ip)k U {Desc(x,c1), Desc(x, cz), S(c1, c2), T(ca, 1), C(cz), Succ(cr, c2)}
(Ip)r=(Ip)z U {Desc(ci,ca), Alc1)}
(Ip)r = (Ip)rU{R(c1,c2),B(c2), Desc(cr, )}
(Ip)r = (Ip)g U{S(ca,c2), T(c2, ca), Suce(ca, c2)}
(Ip)r = (Ip)x U {Desc(ca, c2), Alea)}

(Ip)r = (Ip)% U {Cycle,R(ca,c1), B(c1), Succ(ca, c1)}

4.1.3 Complexity of Reasoning for Positive Programs

We now pinpoint the computational costs for reasoning over programs that are MSA
or MFA. To this end, we establish tight bounds w.r.t. both combined complexity for
(un)bounded arity and data complexity. In particular, we focus on the problem of

boolean conjunctive query answering; it is straightforward to see that the problem of
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subsumption entailment can be polynomially reduced to fact entailment which is an
instance of boolean conjunctive query answering. Table 4.1 provides a summary of
the complexity results for reasoning over different types of logic programs. First, we
examine the general case for which the input program is MSA or MFA but without

requiring any further restriction on the shape of the rules.

Type of program Data complexity | Combined complexity
for BCQ answering (un)bounded arity
MFA /MSA program P-complete 2ExPTIME-complete
with unrestricted rules (Theorem 36) (Theorem 36)

MFA /MSA program P-complete ExPTIME-complete
with 3-1 rules (Theorem 37) (Theorem 37)

Table 4.1: Complexity of reasoning for decidable classes of positive existential rules

Theorem 36. Let P be an MFA program, let F' be a set of facts and let q be a
BCQ. Deciding P U F = q is 2EXPTIME-complete w.r.t. combined complezily for

(un)bounded arity and P-complete w.r.t. data complexity. The complexity bounds are

the same if P is MSA.

Proof. (Membership) Let a,b, ¢c,d and e be defined as in the proof of Proposition 23;
by the same proposition, Chaseg(p)(F') is bounded by b - (c - d)e'ad which is doubly
exponential in the size of P and F, even if e is fixed. For data complexity, the bound
only depends on ¢ and, thus, becomes polynomial. Moreover, testing whether there
exists a homomorphism from g to Chaseg(p)(F') can be done in time polynomial in
the size of Chaseg(p)(F') and exponential in the size of ¢ which yields the required
bounds. Finally, by Theorem 34, if P is MSA, then P is MFA, which implies that

the bounds carry over when P is MSA.

(Hardness) By Theorem 34 and Theorem 55 (which appears later in Section 4.3),
we have that if P is WA, then P is MSA and, also, P is MFA. Therefore, 2EXPTIME-
hardness follows by reducing the problem of BCQ answering over a WA set of rules

(which is proved to be 2EXPTIME-hard even for bounded arity [44]) to BCQ answering
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over an MFA or MSA set of rules. P-hardness for data complexity is a consequence
of the fact that checking F'U P |= a for a set of facts F', a datalog program P and a
ground atom « is P-hard when fixing the program P. Thus, P-hardness can be shown
by reducing ground atom entailment over a set of datalog rules to BCQ answering

over a set of MFA or MSA rules. O

As shown by the subsequent theorem, the complexity bounds drop by one expo-
nential factor for 3-1 programs. This result could be of practical importance because,
as our use cases suggest, 3-1 rules can be used to describe complex entities with suf-
ficient precision. The proof is similar to the one of Theorem 27 for the membership

result and to the one of Theorem 24 for the hardness result.

Theorem 37. Let P be an MFA 3-1 program, let F' be a set of facts and let q be
a BCQ. Deciding P U F = q is EXPTIME-complete w.r.t. combined complezity and
P-complete w.r.t. data complezity, even when the arity of the predicates is bounded.

The complezity bounds are the same if P is MSA.

Proof. (Membership) Similarly to the proof of Theorem 27, the set Chaseg(p)(F) is
bounded by b- ¢ - d*¢; therefore, the limit on the size of Chasegy(py(F) drops to single
exponential in the size of P and F'; moreover, for bounded arity e becomes constant
but without reducing the size of Chasesk(p)(F). By Theorem 34, the same bound
holds for MSA. Regarding data complexity, the restriction on the number of atoms
remains polynomial, both for MSA and MFA.

(Hardness) In order to prove ExPTIME-hardness we adjust the result by Cali et
al. [44] used in the proof of Theorem 24 for the case of weakly acyclic set of 3-1
rules. We adopt a Turing machine construction similar to the one used in the proof
of Theorem 27, with the difference that the constructed program is now 3-1 and

weakly acyclic.

Lemma 38. For a weakly acyclic set of 3-1 rules P, a set of facts F' and a Boolean
conjunctive query q, determining F'U P |= q is EXPTIME-hard w.r.t. combined com-

plexity, even if the arity of the predicates is bounded.
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1. Initialisation: ifw=qaq...an
mink(x0) A Ag<i<m NeXt(xi, Xi+1) — stateq, (xo) A Ag<i<m SYmbola; (xo, xi)
A symbolg(xo, Xm+1)

ming(xo) A symbolg(xg, x) A next(x,y) — symbolg(xo,y)

2. Transition rules: forall § =(q,a,q’,a/,m) € A
stateq(v) A head(v,x) A symbol, (v, x) A
nexty(y,x) A nexty (v, V') — statey (V') A head(V,y) A symboly (V) x) if m=1
stateq(v) A head(v,x) A symbolg (v, x) A
nexty(x,y) A nexty (v, V') — statey (V') A head(v,y) A symboly (Vi x) ifm=r
3. Inertia: forallaeX
nexty (v, V') A head(v, x) A nextt(x,y) A symbol,(v,y) — symbol,(V',y)
nexty (v, v') A head(v, x) A nextt(y, x) A symbol, (v,y) — symbol,(V',y)
4. Acceptance: for each accepting state q, € Q
stateq, (v) — accept

Figure 4.2: Program P7,° simulating computation of a DTM 7 over w; the program is the

same as in Figure 4.1 modulo the acceptance rule

Proof. To prove ExPTIME-hardness w.r.t. combined complexity, we show that for
every deterministic Turing machine (DTM) 7 = (Q, %, A, qo), word w € ¥* and
number k > 1, we can construct a WA 3-1 program Pr ,, j, with a special propositional

symbol accept and a set of facts F' such that
T accepts w in time 28 < FU Pr 1 = accept (4.8)

Let T = (Q, %, A, qo) be a DTM such that the transition function A consists of
tuples of the form (q, a, q’, &/, m), where q,q' € Q, o,/ € ¥ and m € {l,r} depending
on whether the head moves left or right.

First, given k& > 1, we construct a WA 3-1 program P of polynomial size,
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which encodes a chain of 2* elements. We use this exponentially long chain to
model both the tape of cells and the timeline of instants. F contains the facts
so(co), so(c1), nexto(co, 1), ming(cy) and Py ® contains the following rules for each

ie{0,....k—1}:

si(x) = Jy1, y2.bi(x, y1) Ari(x, y2)
li(z,x) = si1(x)
ri(z,x) = sit1(x)
li(z,x1) A ri(z,x2) — nexti1(xq,x2)
ri(z1,x1) A 4i(z2,x2) A nexti(z,z2) — nextit1(x1,x2)

mini(z) A ¢i(z,x) — minj;1(x)

We extend P;® with the following two rules, which transitively close the precedence

relation that arises from the binary predicate nexty between the elements of the chain:
nexty (x1,x2) — nextt(xy, xa)
nextt(xy, z) A nextt(z, xa) — nextt(xy,x2)

Next, we build P;OZJP which simulates the computation of 7 on w. We use the

following predicates for our encoding:

stateq(v) for q € @, when 7 is at state q at time v;

head(v,x), when the head of 7 is on cell x at time v;

symbol,, (v, x) for a € 3, when cell x contains symbol « at time v;

accept, when the computation of 7 on w has reached an accepting state.

The rules of P;OIEP are shown in Figure 4.2; also, let Pr 1 = P,:’Xp U P;O;?p. One can
easily check that Pr 1 is a WA 3-1 program. Indeed, the program P;® is WA by

construction and its predicates do not occur in any rule head of P;OZJP. Moreover,

P;oz P is WA since it does not contain existential quantifiers. Finally, the size of

Pr 1 is polynomial in the size of 7, w and k and the predicates in Pz, are of
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bounded arity which causes the lemma to hold even if the arity of predicates from P
is bounded.

It is easy to see that 4.8 holds: 7 accepts w if and only if the computation
ends in an accepting state ga. This holds if and only if Chasep, , , (F) contains
the fact stateg,(t) for some instant t and some state q, € @ which is equivalent to

F'U Pr 1 = accept. O

ExpTiME-hardness is established by reducing BC(Q answering over an WA 3-1
program (which by Lemma 38 is ExpTiME-hard even for bounded arity) to BCQ
answering over an MSA 3-1 program (by Theorem 55 if P is WA, then P is MSA);
the proof is the same for MFA. The lower bound for data complexity is obtained by
reducing fact entailment over datalog rules to BCQ answering over 3-1 MSA or 3-1
MFA rules: the former problem is known to be P-hard and the reduction is possible

since every datalog program is both 3-1 MSA and 3-1 MFA. O

4.2 Acyclicity Conditions for Nonmonotonic Existential

Rules

After introducing chase termination conditions for positive existential rules, we focus
on acyclicity criteria that are suitable for rules with negative bodies. In particular, we
present a condition that guarantees finiteness of the stable model for programs that
consist of nonmonotonic existential rules, as opposed to Section 4.1 where we only
examined rules without negation. Furthermore, the conditions that follow are based
on an analysis of whether one rule relies on another, in the sense that it might be
‘triggered’ by the other rule’s application. To this end, we formalise in Section 4.2.1
a notion of positive reliance between rules which we use in Section 4.2.2 to define R-
acyclicity as a condition that ensures boundedness of stable models. We conclude with
Section 4.2.3 where tight complexity bounds for reasoning over R-acyclic programs

are established.
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4.2.1 Introducing Positive Reliances

As recalled in Proposition 14, every stable model of a logic program can be obtained
from a (possibly infinite) sequence of consecutive rule applications. Insights about
the semantic properties of a program can thus be gained by analysing, for all pairs of
rules r1 and ro, whether an application of r1 can potentially enable a later application

of r9.

Definition 39 (Positive Reliance). Let r1 and ro be two rules of the form (2.1)
such that sk(r1) = (B, By, H1) and sk(r2) = (B5, By , H>); w.l.0.g. we assume that
Var(r1) N Var(ry) = (). Rule ro positively relies on r1 (written r1 5 r9) if there exists

a set of facts F that contains no skolem terms and o substitution 0 such that:

BfoCF (P1) BN (FUHH) =0 (P4)
BiONF =1 (P2) Bfo¢Z F (P5)
B0 C FUH0 (P3) Hy0 ¢ FUH;0 (P6)

Thus, 71 5 79 holds if there is a situation (defined by F') where r; is applicable

(conditions (P1) and (P2)), ro is not applicable (condition (P5)) and applying rq
allows 72 to be applied ((P3) and (P4) indicate applicability of ro that depends on
the execution of r;) and to derive something new ((P6) requires r2 to deduce a fresh

atom).

Example 40. Consider rules 1 and r9 obtained from Example 16.

3
/\ hasAtom(u, vi) A carbon(vy) A oxygen(va) A
i=1

hydrogen(vs) A singleBond(vy,va) A

singleBond(va, v3) — organicHydroxy(u) (r1)

9
organicHydroxy(x2) —>Eli9:7yi./\ hasAtom(xa, yi) A carbon(yz) A oxygen(yg) A
i=7

hydrogen(yg) A singleBond(y7,ys) A singleBond(ys,y9)  (r2)
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We find that r1 £ ry since there exist F and 6 defined below that satisfy (P1)—(P6).

F ={hasAtom(a, b;)}2_; U {carbon(by), oxygen(bs), hydrogen(bz)} U
{singleBond (b1, b2), singleBond(bs, b3)}

0 ={u— a,V > b,x; — a}

In contrast, re 3 r1. Intuitively, r; can only derive facts that are already necessary
to apply 79 in the first place, thus violating (P6). More formally, suppose that
ry & r1 could be shown using F’ and ¢'. By (P1) and (P6), F’ and 6 need to
satisfy By ¢/ C F' and H10' € F' U Ha0' which imply ¢’(x) # €'(u). Additionally,
by (P3) we have B¢ C F'UH»6’ which implies {hasAtom(u,v;)¢'}2_, C F” and, thus,
B¢ C F'. However, the latter violates condition (P5), which requires By ¢’ ¢ F’.

&

Various previous works consider similar notions. The activation relation by Greco
et al. [103] is most similar to Definition 39, but allows F' to contain function terms
to accommodate arbitrary logic programs with functions. Our stronger restriction is
needed to show ry 2 r1 in Example 40. This illustrates how we can take advantage
of the specific structure of existential rules to discard certain potential interactions.
Another similar notion, which has also inspired our definition of positive reliance, is
the rule dependency' by Baget et al. [15, 17] that is formulated only for positive
rules; nonetheless, Baget et al. omit condition (P6) which is needed to show ro S rq
in Example 40. Along the same lines, Deutsch et al. independently suggested the
<-stratification relation for pairs of rules which includes condition (P6) but does not
cover negation either.

We prove that checking positive reliance for two rules is NP-complete. Similar
results are shown by Deutsch et al. [71] and by Baget et al. [20] for rules without
negation, whereas no computational analysis is provided for the activation relation.
The complexity refers to the size of the two involved rules rather than to the size of the

whole program: in practice, positive reliances can be checked efficiently by checking

'For our definitions we selected the term ‘reliance’ instead of ‘dependency’ (which one could claim

is more intuitive) as in the context of databases a dependency usually refers to a rule [176].
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the applicability of one of the rules to a linear number of facts. NP-hardness is shown
by reducing the problem of checking the existence of a homomorphism from a set of

atoms to another to testing a positive reliance.

Theorem 41. Given rules r1 and ro, the problem of deciding whether r1 5 ro is

NP-complete.

Proof. In order to show the complexity for deciding r1 = 7o, let sk(r1) = (B, By, Hy),
sk(ro) = (B, By, Ha) and Var(r1) N Var(rz) = 0.

(Membership) Assume that 71 & ro. Then there exists a set of facts F and a
substitution € that satisfy the conditions of Definition 39. By conditions (P1) and

(P3) we can assume w.l.o.g. that
F C (B uBy)0 (4.9)

Thus the size of 6 is Var(B;” U By) which, like the size of F, is polynomial in the
size of r1 and ro. It is thus possible to guess F' and 6 and to verify all conditions of

Definition 39 in polynomial time.

(Hardness) The problem of checking whether there exists a homomorphism from a
set of atoms to another set of atoms is known to be NP-complete [188]. Therefore we
reduce the problem of homomorphism checking to the problem of checking positive
reliance. In order to do that, we assign to each instance of the homomorphism problem

for two sets of atoms @ # () and @’ a pair of rules 1 and 79, such that:
3 homomorphism h: Q — Q' & r; 1y (4.10)

Let Q and Q' be two such sets of atoms with Var(Q) = % and Var(Q') = x. Rules r
and 7o are defined as follows (recall that Aster(...) is defined in the beginning of the
chapter):

T Start — Hy’,Q.Aster(y’, Q")

ro Aster(y, Q) — Goal

where Start and Goal are fresh nullary predicates and y and y’ are distinct fresh

variables. Clearly, the size of r; and 7o is polynomial in the size of Q' and Q.
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Consider a substitution o = {y’ — ¢y} U{X = cu | X € x'}, where ¢, and ¢y are the
constant and the vector of constants used to skolemise y’ and X/ , respectively.

First, we show = of (4.10). Given a homomorphism h : Q — @', let F' = {Start},
let 7= {x— h(x) | x€eX}U{y—y'} and let § = o o 7. To show the claim, we check

whether the conditions of positive reliance are satisfied:
(P1) Bf 6 C F because {Start} C {Start}.
(P2) B{ONF = because B] = 0.

(P3) By 6 C F U H0 by Aster(y, Q)8 C Aster(cy, Q' 0), which is a consequence of
h(Q) € Q and O(y) = cyr.

(P4) B, 0N (FUH;0) =0 because B, = ().
(P5) By 6 ¢ F because F = {Start} and there is no propositional atom in B3 6.
(P6) Ho0 £ F'U H16 by {Goal} Z {Start} U Aster(c,,Q'0).

Now we show < of (4.10). If r; &5 ro, then there exists a set of facts F' and a
substitution # such that (P1)—(P6) hold. By conditions (P3) and (P6), there exists at
least one atom o € By and an atom o € Hy, such that af = o/. Since o and o are
of the form Is(y,‘a and Is(cy/,c_{/), we have f(y) = c;. Additionally, since y occurs in
every atom of By, 6(y) = ¢, and c} is a skolem constant, we have By § N F = . Now
by By N F = () and (P3), we have By 0 C H;. Thus, for every atom in By of the
form P(y,t) there exists an atom of the form Is(cy/, cv) such that P(y,t)0 = Is(cy/, ).
Since 6(y) = ¢y, for every atom P(t) € @, there exists an atom P(cy) € @', such that
P(t)0 = P(ct). So, the function h = 0~! 0 @ is a homomorphism from @ to Q'

This shows (4.10) and establishes the claimed hardness result. O

4.2.2 R-acyclicity

One can assume that if a finite program has an infinite stable model, some rule with an
existential quantifier must be applicable an infinite number of times. This, however,

requires that there is a cycle in rule reliances, motivating the following definition.
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Definition 42 (R-Acyclic). A program P is R-acyclic if there is no cycle of positive

reliances 1 = ... & r, I r1 that involves a rule with an existential quantifier.

Example 43. Let P = {gm,71,72,7hosTocs"me}, as specified in Example 16.

6
methanol(x;) —>Eii6:1y;.molecule(x1) A /\ hasAtom(xy,yi) A carbon(y;) A oxygen(ya) A
i=1

6 5
/\ hydrogen(yi) A /\ singleBond(y1,y;) A singleBond(ya, ys) (gm)
i=3 i=2

9
organicHydroxy(x2) HEI?ﬂy;./\ hasAtom(xa,yi) A carbon(y7) A oxygen(ys) A
i=7

hydrogen(yg) A singleBond(y7,ys) A singleBond(ys,y9) (72)

3
/\ hasAtom(u, vj) A carbon(vy) A oxygen(va) A
i=1

hydrogen(vs) A singleBond(v1,va) A
singleBond(va, v3) — organicHydroxy(u) (r1)
hasAtom(x, z) A oxygen(z) — hasOxygen(x) (Tho)

molecule(x) A hasAtom(x,z;) A carbon(zy) A
hasAtom(x, za) A carbon(za) A z; # za — multiCarbonMolecule(x) ()

molecule(x) A hasAtom(x, z) A

carbon(z) A not multiCarbonMolecule(x) — oneCarbonMolecule(x) (roc)

The complete list of positive reliances appears in Figure 4.3; we thus infer that P is

R-acyclic. &

Similarly to R-acyclicity, Baget et al. proposed the aGRD chase termination con-
dition that characterises positive programs with an acyclic graph of rule dependencies
[17]. On the other hand, Deutsch et al. used their <-stratification notion to split a
positive program into a set of connected components and then apply weak acyclicity

to each of the components [71].
Theorem 44. Checking whether a program P is R-acyclic is coNP-complete.
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Figure 4.3: Positive reliances for program P of Example 43

Proof. Membership is a consequence of the fact that it can be checked in NP whether
P is not R-acyclic. Indeed, if P is not R-acyclic, it has a cycle of length n < |P|.
One can guess such a cycle 19 + ... &5 7,1 & ro and justifications Fj, §; for each
of the positive reliances r; & T(i+1) modn; these choices can be verified in polynomial
time. For hardness, consider a rule rg : Goal — Start and rules 1 and r9 and atoms

Q@ and Q' as specified in the hardness proof of Theorem 41. Clearly, the program

{r1, 72,73} is not R-acyclic if and only if there exists homomorphism h: Q — Q'. O

Please note that similarly to the so-far acyclicity conditions, R-acyclicity does not
recognise only programs with stable models of infinite size, that is it is possible for a
program to be R-acyclic and have a finite stable model; Example 57 provides such a

case.

4.2.3 Complexity of Reasoning for R-Acyclic Programs

The main result of this section shows that entailment under stable model semantics
is decidable for R-acyclic programs. In particular, we prove that fact entailment
for R-acyclic programs is coN2EXPTIME-complete w.r.t. program complexity and
coNP-complete w.r.t. data complexity; hardness for coN2EXPTIME can be shown
by reducing the word problem of 2ExPTiME-bounded non-deterministic Turing ma-

chines to cautious entailment.

Theorem 45. Let P be an R-acyclic program, let F be a set of facts and let o be a
fact. Ewvery stable model of PU F has size doubly exponential in the size of P and
polynomial in the size of F'. Deciding P U F = « is coN2EXPTIME-complete w.r.t.

program complexity and coNP-complete w.r.t. data complexity.
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The subsequent proof of this theorem involves a contradiction argument: we show
that if a desired property does not hold, then there must be reliances that violate R-
acyclicity. According to Definition 39, in order to show the existence of a reliance we
need to define a suitable set of facts F' and substitution 6, where F' does not contain
skolem terms. Facts that are obtained during a derivation usually do not have this
property, but a suitable set of facts can still be obtained by replacing skolem terms
with fresh constants. This replacement is used in proofs in this and the following two

chapters, so we give a formal definition.

Definition 46. For a set of facts F', the mapping vr on ground terms is recursively

defined as follows:
e ift is a constant, let yp(t) = t;
o ift € Terms(F) \ Const(F), let vr(t) = c; be a unique fresh constant symbol;

o ift=1(S) & Terms(F), let yp(t) = f(yr(S)).

We apply vr to (sets of ) formulae and to substitutions by applying it to all terms in

these structures.

Proof of Theorem 45. We first prove a lemma according to which the stable models
of P U F never contain any fact that uses a cyclic term; next we use this lemma to
establish an upper bound on the number of distinct terms that such a model may

contain.

Lemma 47. For an R-acyclic program P and a set of facts F, every stable model of

P U F does not contain a cyclic term.

Proof. Suppose for a contradiction that there is a stable model M of P U F and
a fact @ € M, such that Terms(a) contains a cyclic term. By Proposition 14,
we have M = TE‘E(P’M)(F). Thus, « is derived by some finite chain of applica-
tions of rules from GL(P, M) to F. Let rq,...,7, be a minimal sequence of rules
r; € GL(P, M) that derive «, that is, a € rp(...71(F)...) and this property does

not hold if any of the rules is omitted from the sequence. Let F; = F and let
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Fiy1 =ri(F;) for all i € {1,...,m —1}. Let r; € P be a rule and let §; be a substi-
tution such that r; € GL(P, M) is obtained from r}6; by removing the negative body
atoms. We show that, for every ¢ € {1,...,m — 1}, there is a reliance r; & 7/, ;.
Let sk(r}) = (B;", B; ,H;) and sk(r},;) = (B, Bii1,Hiy1) and set G = v, (F;)

and 0 = yF,(0; U 6;41) (it might be necessary to rename variables in r; ; to ensure

Var(r;) N Var(r;, ;) = ). We show that the conditions of Definition 39 are satisfied.
(P1) Bj'o C G since r; = sk(r})0; is applicable to F;.
(P2) B;oNG = 0 since r; = sk(r})8; € GL(P, M).

(P3) B

w10 € GU Ho since GU Hio = vy, (Fiy1).

(P4) B, 0N (G U H;o) = () since riy1 = sk(rj,,)0iy1 € GL(P, M).

(P5) B

10 € G since otherwise r; would not be required to derive a.

(P6) H;110 € GU H;o since otherwise 7;11 would not be required to derive a.

+ +

Thus, we obtain a chain of reliances ] = ... & r/ .

Since F' does not contain
functional terms of the form g(s), every such term that occurs in o must have been
introduced by the application of some rule r;. There is only one rule g € P that can
introduce a term of the form g(s). Thus, if a contains a cyclic term that contains a
subterm f(t) such that f occurs in t, then there are two distinct indices k < £ < m
such that 7}, = r;, = r¢. The reliances shown above thus yield a cycle r, & ... &

r)_4 < rj = r}. Since r¢ contains an existential quantifier, this shows that P is not

R-acyclic, contradicting our assumptions. O

Now we compute an upper bound on the number of distinct atoms that a stable
model of P U F may contain. Similarly to the proof of Theorem 24, let ¢ be the
number of constants in F'U P, let e be the maximal number of variables in any rule
of P, assume that sk(P) contains d distinct function symbols and let @ > 1 be an
upper bound for the arity of function symbols. We have already shown in the proof
of Theorem 24 that there are at most ¢ - %" = (c- d)“d distinct terms that occur in

any stable model of P U F' that does not contain a cyclic term, which by Lemma 47
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is the case. Moreover, grounding P with (c - d)“d terms yields a maximal number
of ((c- d)ad)e = (c- d)e'“d propositional rules. The entailments of P agree with the
entailments of this propositional program. Cautious entailment for propositional logic
programs with negation can be decided in coNP [65], so entailment over P can be
decided in coN2EXPTIME. If the size of P is fixed, the bound on the number of
grounded rules is of the form k; - ck2 where ki and ko are constants. The size of the
grounded program is thus polynomial in the size of F', so entailment can be decided
in coNP w.r.t. data complexity.

The claimed coNP-hardness w.r.t. data complexity is an immediate consequence
of the fact that entailment is coNP-hard w.r.t. data complexity for datalog with
negation (i.e., rules without existential quantifiers or function symbols) [65]. Indeed,
every datalog program with negation is clearly R-acyclic, since it does not contain
existential quantifiers.

To prove coN2EXPTIME-hardness w.r.t. program complexity, we show that for
every non-deterministic Turing machine (NDTM) 7 = (Q, %, A, qo), word w € X*
and number k£ > 1, we can construct an R-acyclic program Pr , , with a special

propositional symbol reject such that
7T accepts w in time 92" o Pr i V- reject. (%)

The proof adapts standard reduction techniques [26, 65, 46, 149].

Let 7 = (Q, X, A, qo) be an NDTM such that the transition relation A consists of
tuples of the form (q, o, q’, &’, m), where q,q" € Q, o,/ € P and m € {l,r} depending
on whether the head moves left or right.

First, given k > 1, we construct an R-acyclic program P,feXp of polynomial size,
which encodes a chain of 22" elements. We use this double-exponentially long chain
to model both the tape of cells and the timeline of instants. Our construction follows
Cali et al. [46]. PI®® contains the facts ro(co), ro(c1), succo(co, €1), ming(co), maxo(c1)

and the following rules for each i € {0,...,k—1}:
ri(x) Ari(y) — 3z.si(x,y, z)
Si(X7 Y, Z) — fi+1 (Z)
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1. Initialisation: ifw=qag...anm

mink(xo) A Ag<i<m SUcck(Xi, Xi4+1) — stateq, (xo0) A Ag<i<m Symbola, (xo, xi) A
symbolg(xo, Xm-+1)

mink(xp) A symbolg(xg, x) A succk(x,y) — symbolm(xg,y)

2. Transition rules: for all § = (q,a,q’,a/,m) € A with
Ald] ={e e A|e=(q,a,q, s, ms), € # 0}

stateq(v) A head(v,x) A
symbol, (v, x) A succk(y, x) A

succk(v, V') A Acafs) not selecte(v) —  selects(v) A stateq (v') A head(V,y) A

symbol (V) x) ifm=1

stateq(v) A head(v,x) A
symbol, (v, x) A succk(x,y) A

succk (v, V') A Aceafs) Dot selecte(v) —  selects(v) A stateq (v/) A head(v)y) A

symbol, (V/, x) ifm=r
3. Imertia: forallaoe¥ andd e A
succk (v, V') A head(v, x) A succt(x,y) A symboly(v,y) — symbol,(V',y)
succk (v, V') A head(v, x) A succt(y,x) A symboly(v,y) — symbol, (V' y)
4. Acceptance: for each accepting state q, € @

stateq, (v) — accept

Figure 4.4: Program P;"7° simulating computation of an NDTM 7 over w; the program is
the same as in Figure 4.1 apart from nexty that is used in place of succk and negation that

is used in the transition rules to simulate the non-determinism of the Turing machine

si(x,y,2) Asi(x, Y, Z) Asucc(y,y') — succiyi(z,Z)
Si (Xa Y, Z) A Si(Xla y,’ Z/) A

max;(y) A min;(y’) A succi(x,x') — succii1(z, 7))
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min;(x) A si(x,x,y) — mini11(y)
max;(x) A si(x,x,y) — maxjy1(y)
We extend P,S P with the following two rules, which transitively close the precedence
relation that arises from the binary predicate succy between the elements of the chain:
succk(x,y) — succt(x,y)
succt(x,y) A succt(y, z) — succt(x, z)

Next, we build P;ogp which simulates the computation of 7 on w. We use the

following predicates for our encoding:

e stateq(v) for g € ), when 7 is at state q at time v;

head(v,x), when the head of 7 is on cell x at time v;

symbol, (v, x) for a € ¥, when cell x contains symbol « at time v;

selects(v) for § € A, when the transition 0 is selected at time v;

accept, when the computation of 7 on w has reached an accepting state.
The rules of P°)" are shown in Figure 4.4. The program Py, is defined as follows
Prok = P,fex" U PP U { not accept — reject}

where the latter rule is added to ensure entailment of reject only when none of the
computation branches reaches an accepting state. One can verify that Pr 1 is an
R-acyclic program. Indeed, the program PIS P is clearly acyclic by construction and
its predicates do not occur in any rule head of P;OZJ P Moreover, P;OZ}] P is R-acyclic
since it does not contain existential quantifiers. The size of Pz, is polynomial in
the size of 7, w and k.

It is easy to see that () holds: 7 accepts w if and only if at least one branch of
the computation tree contains in its leaf an accepting state q,. This holds if and only
if at least one of the stable models of Pr,, ; contains a fact of the form stateq, (t) for
some instant t; due to the acceptance rule, the latter is true if and only if there exists
one stable model of Pr ,,  that does not contain reject, which on its turn is true if

and only if Pr ,  F~ reject. O
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4.3 Acyclicity Zoo

In this section we compare acyclicity conditions for positive rules. Figure 4.5 depicts
the relationship between many of the acyclicity conditions discussed so far w.r.t.
checking costs and generality. We have only considered conditions for which (some)
computational bounds are known in order to better illustrate the trade-off between
complexity and expressive power. For this reason, conditions such as A-restrictedness
[89], w-restrictedness |228] and I'-acyclicity [103| are not included here, but a com-
parison between them can be found at the end of Section 3.3.1.3. The occurrences of
MSA and MFA in Figure 4.5 refer to universal MSA and universal MFA | respectively.
MFABA and MFA#! stand for MFA programs whose predicates are of bounded arity
and that consist of 3-1 rules, respectively (similarly for MSA). MFAPA and MFA!
appear in Figure 4.5 in order to demonstrate the drop (or not) in complexity when

checking for MFA in special cases (similarly for MSA).

2ExPTIME-complete

ExPTIME-complete

(MFABA)

(MFAZ! MSA¥!)

coNP-complete (MSABA) R-acyclicity Th.55
PR R K\ T -
P WA /;DL’/ Af{ \\MJA \USVVA
Th.48 [157] Th.52 [146]
— <--->
strictly captured by incomparable

MFABA: MFA for programs with bounded arity
MFA#!: MFA for 3-1 programs
MSABA: MSA for programs with bounded arity
MSAF!: MSA for 3-1 programs

Figure 4.5: Comparison of acyclicity conditions w.r.t. (combined) complexity of checking and

expressive power (FD, AR and R-acyclicity considered only for positive rules)

In this section, we compare R-acyclicity, FD and AR with other conditions only
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in the context of positive rules. As a consequence, R-acyclicity can be viewed as a
strengthened version of aGRD [17] or a weakened version of < -stratification [71].
As we mentioned earlier, R-acyclicity is stronger than aGRD due to the extra con-
dition (P6) and the requirement for the cycle to involve an existential rule; it is
also weaker than <-stratification because of the further weak acyclicity check that
<-stratification specifies. Extending R-acyclicity in a way similar to <-stratification
by performing an additional acyclicity check is possible and could be of interest for
future work. Cuenca Grau et al. [99] provide some further insights about the rela-
tionship between <-stratification and enhanced versions of aGRD. For the purposes
of our related work discussion, when we refer to R-acyclicity we imply the condition
defined by Definition 42.

In the remainder of the section, we provide all the necessary proofs to support

the relationships depicted in Figure 4.5.
Theorem 48. If a set of positive rules P is WA, then P is FD.

Proof. Let P be a set of rules that is not FD. Then, there exist a rule r € P, an
atom q(t) in the head of r, a j-th term of ¥ equal to an existential variable y, and a
variable x € X such that each position p|; € Posp(x) is P-recursive with q|;. The set
Posp(x) is not empty (X contains precisely those variables occurring both in the body
and the head of the rule), so let p|; be a position in Posg(x). The WA dependency
graph WAG(P) then contains a special edge from p|i to ql;. Furthermore, since q;
is P-recursive with pl;, WAG(P) contains a cycle going through p|; and q|;. Thus,

WAG(P) clearly contains a cycle containing a special edge, so P is not WA. O

Theorem 48 in combination with the following Example show that WA is strictly
subsumed by FD.

Example 49. Let P be the set containing rules r; and ra.

R(z,x) A A(x) — Jy.S(x,y) (r1)

S(Xl,Xg) — R(Xl,Xg) (7”2)
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P is not WA since the WA dependency graph contains a special edge from R|2 to S|,
and a regular edge from S|z to R|z. However, P is FD because position S|z is not

P-recursive with A|; € Posp(x). &

Regarding the next strict containment Lierler and Lifschitz [157] show that if a
program is FD, then it is AR. Together with Example 50, we derive that FD is strictly

captured by AR.

Example 50. Let P be the set consisting of the following rules:

A(x) — Jy.R(x,y) (r1)
R(x1,%2) — S(x1,x2) (r9)
S(z,x) A B(x) — A(x) (r3)

WAG(P) contains a special edge from Al; to R|y as well as regular edges from R|o
to S|e and from S|y to Aly; thus, R|y is P-recursive with A|;. Consequently, rule
cannot satisfy the conditions in Definition 10, so we have R|y & Pospp(P) and thus

P is not FD. In contrast, P is AR, as evidenced by the following argument ranking:
a={A1—0,Bj1—0,R1 —=0,Rj2—1,S|; — 0, S|z +— 1}

o

We next show that JA is strictly more general than AR. Towards this goal, we
first prove an auxiliary lemma that establishes a relationship between the set jMove
from the definition of JA and an argument ranking; next, we use this lemma to prove
that AR implies JA; moreover, we present Example 53 that shows this inclusion to

be proper.

Lemma 51. Let P be a set of positive rules, let o be an argument ranking for P,
let y be an existentially quantified variable in a rule v € P and let jMovep(r,y) be
the set of positions used in the definition of JA. For each position p|; € jMovep(r,y),

position qlj € Posy (y) exists such that o(pli) > a(q];).

Proof. Let y be an existentially quantified variable occurring in some rule r € P and

consider an arbitrary position p|; € jMovep(r,y). We prove the claim by induction
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on the definition of jMovep(r,y). The base case when p|;i € Posg(y) is immediate.
Assume now that p|; € Posg(x) for some variable x occurring in a rule 7 € P and that
Posp(x) C jMovep(r,y), so p|; needs to be added to jMovep(r,y). By the definition
of an argument ranking and since pl; € Posg(x), position p’[; € Posp(x) exists such
that a(pli) > a(p’|¢). But then, since p'|; € Posg(x) C jMovep(r,y), by the induction
hypothesis we have that position q|; € Posg (y) exists such that a(p’|¢) > a(ql;). Thus,

a(pli) > a(qlj), as required. =
Theorem 52. If a set of positive rules P is AR, then P is JA.

Proof. Assume that P is AR and let a be an argument ranking for P. We next prove
the following claim: for each edge in JAG(P) from a variable y; to a variable ys and
for each position q|; € Posy(y2), there exists a position p|i € Posg(y1) such that
a(pli) < a(qlj). Consider an arbitrary edge from y; to y2 in JAG(P) and an arbitrary
position q|j € Posg(y2). By the definition of the JA dependency graph, the rule r
that contains ys also contains a universally quantified variable x such that x occurs
in the head of r and Posp(x) C jMovep(r,y1). Since « is an argument ranking for P,
position p’|y € Posp(x) exists such that a(p’|s) < a(qlj). Since p'|; € jMovep(r,y1),
by Lemma 51 position p|; € Posg(y1) exists such that a(pli) < a(p’le). Thus, we
have a(pli) < a(q|;) and so our claim holds. But then, this claim implies that the JA
dependency graph JAG(P) is acyclic and therefore P is JA. O

Example 53. Let P be the set consisting of the following rules:

R(z1,x1) — 3y1.5(x1,y1) (r1)
R(z2,x2) — Jy2.5(y2,x2) (r2)
S(x3,x4) — T(x3,%4) (r3)
T(x5,%6) A T(x6,%5) — R(xs,x6) (ra)

Let « be an argument ranking for P and let ny = «(R|2), na = a(S|1), n3 = a(S|2),
ng = a(T|1) and ns = «(T|2). By 71 and ro, it is ny < ng and n; < ng, respec-

tively. Moreover, due to r3, ny < ng and nz < ns hold. Finally, by r4 we have
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n4 < np or ns < n1 which in combination with the inequalities above yield a con-
tradiction. Therefore, such a cannot exist and P is not AR. In contrast, we have

jMovep(r1,y1) = {Sl2, T|2} and jMovep(ra,y2) = {S[1, T1} and so P is JA. ¢

Krotzsch and Rudolph [146] show that if a program is JA, then it is SWA. In
particular, the two conditions differ only if at least one rule contains a body atom
in which at least one variable occurs more than once, as it is shown by the following

example. As a consequence, JA is strictly contained in SWA.

Example 54. Let P be the set of the following rules:

A(x) — Jy.R(x,y) A R(y, x) A R(x,x) (r1)
R(x,x) — B(x) (r2)
B(x) — A(x) (rs)

By Movep(r1,y) = {(R(y,x), 1), (R(x,y),2)} we have that P is SWA; however, P is
not JA because jMovep(ri,y) = {R|1,R]2,BJ1,Al1}. &

Subsequently we show that MSA subsumes SWA which together with program

P, from Example 5 entail that SWA is property captured by MSA.
Theorem 55. If a set of positive rules P is SWA, then P is universally MSA.

Proof. Let @ = MSA(P), let I°,I',... be the chase sequence of @ w.r.t. I} and let
I*° be the chase of Q w.r.t. I,. Furthermore, let h be the extended substitution from
HU(sk(P)) to HU(Q) such that h(t) = c!. if t is of the form fi.(...) and h(t) =t if t is
a constant.

We prove the following property (f): for each rule r € P, each existentially quan-
tified variable y; occurring in 7, each p(t) € I° where p & {Succ, Desc, Cycle} if there
exists tj € t such that t; = ci, then a substitution o and a place (a, j) € Movep(r,y;)
exist such that p(t) = h(ac). The proof is by induction on the length of the chase.
Since I° = I3 does not contain a constant of the form c!, property (1) follows imme-
diately for I9. Assume now that property (1) holds for some I*~! and consider an

arbitrary rule r € P, an existentially quantified variable y; in 7, a fact p(t) € I¥\ I¥~!
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with p & {Succ, Desc, Cycle} and a term tj € t such that t; =cl.. The fact p(t) is
derived in I* from the head atom «; of some rule r; € Q). Let o be the substi-
tution used in the rule application; clearly, we have ayo = p(t). Furthermore, let
rg € P be the rule such that r; = MSA(r2), let 73 = sk(r2) and let ag be the head
atom of r3 that corresponds to ai; clearly, we have p(t) = h(aso). Now if ay con-
tains ci,, in position j, then r = r; since r; is the only rule that contains CL; thus,
(g, j) € Out(r,yi) € Movep(r,y;), so property () holds. Otherwise, « contains at
position j a universally quantified variable x such that o(x) = cl.. Let £1,..., 3, be
the body atoms of r; that contain x; clearly, {310, ..., 8,0} C I*~1. All these atoms
satisfy the induction assumption, so for each 3 € {f1,...,,} and each ¢ such that
variable x is the ¢-th argument of 3, a place (3',¢) € Movep(r,y;) and substitution 7
exist such that Bo = h(8'7). Let ¢’ be the substitution obtained from o by setting
o'(v) = 7(v) for each variable v for which 7(v) is a functional term; clearly, B0’ = 3'7.
But then, In(r1,x) © Movep(r,y;); hence, by the definition of Movep, we have that
(a3, j) € Movep(r,y;), so property (T) holds.

We additionally prove that if Succ(ci,c’,) € I for some i and ', then 7 ~»p 7.
Consider an arbitrary such fact, let y; be the existentially quantified variable of r cor-
responding to c.. and let k be the smallest integer such that Succ(c!., cirl,) € I*. Clearly,
Succ(cl, ci:,) is derived in I* from the head atom Succ(x, ci:/) of rule r’, where x € fr(r’).
Let o be the substitution used in the rule application; thus, o(x) = c'.. Let 31,..., 3,
be the body atoms of 7 that contain x; clearly, we have {310, ..., 8,0} C I¥~1. All
these atoms satisfy property (1), so for each 5 € {f1,...,0,} and for each variable
x that is the (-th argument of 3, a place (5',¢) € Movep(r,yi) and substitution 7
exist such that So = h(8'7). But then, as in the previous paragraph we can take
substitution o/ = o o h™! and have B0’ = 7 which yields In(r’,x) T Movep(r,y;)
and, thus, r ~p 7/,

Assume now that P is not MSA. As a consequence Cycle € I°° and therefore there
exist t and t’ such that {Ni(t), Desc(t,t'), NL(t')} C I*® holds for some Ni. due to rule
(4.3). But then, since predicate NI occurs in @ only in an atom Ni(cl), we have

t =t = c.. Finally, since Desc is axiomatised in @ as the transitive closure of Succ
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and by the claim proved in the previous paragraph, we derive r ~p r and so P is
not SWA. O
We now proceed to showing that MFA strictly generalises R-acyclicity.
Theorem 56. If a set of positive rules P is R-acyclic, then P is universally MFA.

Proof. Let P be a program that is not universally MFA. Then, the chase of P w.r.t.

I}, contains a cyclic term, which by Lemma 47 implies that P is not R-acyclic. [

The next example shows why R-acyclicity does not generalise weak acyclicity.

Example 57. Let P = {ry,rq,r3} where ri, 3 and r3 are defined next.

A(x) — Jy.R(x,y) (r1)
R(Xl,Xg) — S(Xl,Xz) (1"2)
S(x3,2z) A B(z) — A(x3) (r3)

The program P is WA as inferred by WAG(P) that appears in Figure 4.6. However it
is not R-acyclic, since 11 & r9, 79 & r3 and r3 & 7 as witnessed by the following
sets of facts and substitutions for each pair of rules, respectively (where f is the

function symbol used to skolemise y).

F, ={A(a)} 01 = {xr—a,x; — a,xg — f(a)}
F, = {R(a,b),B(b)} Oy = {x1 +— a,xg +— b,x3 — a,z+> b}
F35 ={S(a,b),B(b)} 03 = {x3 — a,z+— b,x — a}
¢
Al - Rl2 S|z
R[1 Sh

Figure 4.6: WAG(P) for program P of Example 57

111



Chapter 4. Stable Model Finiteness

By the containment relationships depicted in Figure 4.5, we derive that P from
Example 57 is also FD, AR, JA, SWA, MSA and MFA. Therefore, Example 57 and
Theorem 56 justify the strict containment between R-acyclicity and MFA. Moreover,
Example 57 also provides a case that is not R-acyclic but WA, FD, AR, JA, SWA
and MSA. Therefore, we only need an example that is R-acyclic but neither WA, nor
FD, nor AR, nor JA, nor SWA, nor MSA to establish the incomparability of MSA
with WA, FD, AR, JA, SWA and MSA. This is given next.

Example 58. Let P be the set consisting of the following rules:

R(x1,x1) A U(x1,2) A U(x2,2) — R(x1,x2) (r1)
R(z,x) — Jy.T(x,y) (r9)
T(z,x) — Jy.U(x,y) (r3)

It is obvious that 7 5 ro, r1 J 13, 1o I 71, 79 1o, 79 s 13, T3 I 1o, and
r3 S r3. We next argue that r3 2 7, which implies that P is R-acyclic.

To see that r3 JZs 71, assume that r3 is applicable to a set of facts F' and that the
rule application derives a fact of the form U(a,f(a)). Now let F/ = F U {U(a,f(a))}
and assume that a substitution o’ exists that makes 71 applicable to £’ but not to EF';
this rule application must ‘use’ the fact U(a,f(a)), which implies o/(x1) = ¢/(x2) = a
and o’(z) = f(a). Furthermore, rule 7 is applicable only if R(a,a) € F; but then, the
rule application does not derive ‘something new’ since R(xq,x2)0’ = R(a,a). Conse-
quently, we have r3 s rq.

Let Q@ = MSA(P) and consider the chase of @ w.r.t. I}, where N2 | N3 c22 and

727 r3? T

c3. are the predicates and constants found in MSA(r2) and MSA(r3).

T3
Up)g = Ip = {R(x%),U(x, %), T(x, %)}
(I}‘;.)é2 = (I})% U{T(*,c,,),Succ(*,c,), N?z (cry)s U(*,¢c,y), Succ(x, c,, ), Nyg(c,S)}
(I}Z)QQ = (I}S)IQ U{U(c,,,¢,), Succ(c,,, c,, ), Desc(*, c,, ), Desc(*,c,.)}
(Ip)y = (Ip)H U{R(xc,), Desc(c,,.c,,)}
(Ip)g= (Ip)gU{T(e,s ), Succ(e,,c,,)}

(Ip)g = (Ip)gU{Desc(c,,c,)}
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(Ip)g = (Ip)g U {Cycle}

The chase result contains Cycle, so P is not MSA.
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Chapter 5

Stable Model Uniqueness

In this chapter, we introduce a novel stratification condition called R-stratification
that ensures stable model uniqueness and we prove that R-stratification extends the
classical notion of stratification. Moreover, we define a deterministic procedure for
computing the stable model of R-stratified programs which yields a semi-decision
procedure for fact entailment. If an R-stratified program is also R-acyclic, this pro-
cedure results to an algorithm that is a promising candidate for efficiently reasoning
over R-acyclic, R-stratified programs, such as the ones that arise from the previ-
ously presented chemistry examples. Part of the results presented in this chapter are
published in [170].

The remainder of the chapter is organised as follows. In Section 5.1, we define
negative reliances—a relation that captures when a rule can prevent the execution of
another rule; we use negative reliances to define R-stratification. Then, in Section 5.2,
we prove that R-stratified programs have at most one stable model and describe how
one can compute this stable model. Next, in Section 5.3, we establish tight complexity
bounds for reasoning over R-acyclic, R-stratified programs. In Section 5.4 we revisit
various previously proposed stratification conditions and we conclude in Section 5.4

with a discussion on related work for nonmonotonic rules.
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5.1 Negative Reliances and R-Stratification

While positive reliances defined in Chapter 4 allow us to estimate if one rule can
‘trigger’ another rule, the use of nonmonotonic negation may also give rise to the
opposite interaction where one rule ‘inhibits’ another. In this section, we formalise
this by defining negative reliances between rules. This suggests a new kind of strat-
ification, which generalises the classical notion but can still be decided efficiently.
This new kind of stratification emerges from the existence of negative reliances be-
tween rules and suggests an order of rule application towards computing the stable
model. The impact of the new stratification condition on the existence of unique

stable models is discussed in Section 5.2.

Definition 59 (Negative Reliance). Let 1 and ro be two rules of the form (2.1)
such that sk(r1) = (B, By, H1) and sk(r2) = (B5, By , H2); w.l.0.g. we assume that
Var(r1) N Var(ry) = 0. Rule ro negatively relies on rq (written r1 = ro) if there

exists a set of facts F' that contains no skolem terms and a substitution 0 such that:

BfoCF (N1) By 0N H0 0 (N4)
BiONF =10 (N2) B;O0NF =10 (N5)
BfgCF (N3)

Example 60. Consider rules r,, and g, from Example 16.

3
/\ hasAtom(u, vi) A carbon(vy) A
i=1

oxygen(va) A hydrogen(vs) A
singleBond(vy1,v2) A singleBond(va, v3) A

not gon(vi) A not gon(va) A not gop(vs) — organicHydroxy(u) A rop(u) (ron)

9
organicHydroxy(x2) A not rep(x2) —37_-yi. /\ hasAtom(xa,yi) A carbon(y7) A
i=7

oxygen(ys) A hydrogen(yg) A

singleBond(y7,ys) A singleBond(ys, yg) A

goh(Y7) /A Boh(Ys) A goh(Y9) (9on)
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We can show 7,5, — gop using

F ={hasAtom(a, b;)}2_; U {carbon(by), oxygen(bs), hydrogen(bz)} U
{singleBond(b1, b2), singleBond(bs, b3), organicHydroxy(a) }

0 ={u— a,V > b,x; — a}

Conversely, gon - Ton follows from conditions (N3) and (N5) and the fact that F' is

not allowed to contain skolem terms. %

The following definition is inspired by the classical notion of stratification in logic

programming. It uses the notion of positive reliances from Definition 39.

Definition 61 (R-Stratification). Given a program P, a sequence of disjoint programs
P= Py, ..., P, is an R-stratification of P if P = J'_, P; and, for every two programs

P, P; € P and rules r1 € P; and ro € Pj, we have:
if r1 I rg then i < j and if r1 = 1o then i < j.

P is R-stratified if it has an R-stratification.

Example 62. For P consisting of rules r,, and g, that appear above and rules gy,

Tho, Tme and 7, that appear below we obtain the reliances depicted in Figure 5.1.

6
methanol(x;) —3%_;y;.molecule(x;) A /\ hasAtom(xy,y;) A carbon(yi) A
i=1

6
oxygen(y2) A /\ hydrogen(y;) A

i=3
5
/\ singleBond(y1, yi) A singleBond(ys, ys) (gm)
i=2
hasAtom(x, z) A oxygen(z) — hasOxygen(x) (Tho)

molecule(x) A hasAtom(x, z;) A carbon(z;) A

hasAtom(x, z2) A carbon(zz) A z; # za — multiCarbonMolecule(x) (mc)

molecule(x) A hasAtom(x,z) A

carbon(z) A not multiCarbonMolecule(x) — oneCarbonMolecule(x) (roc)

An R-stratification of P is therefore given by P = {gm, ron}, P2 = {Tho» Gohs Tme }
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Figure 5.1: Positive and negative reliances for program P of Example 62

and P3 = {roc}. In contrast, P is not stratified (according to Definition 12) due to

predicates gon and reop in rules 7., and gop. &

Together with the previous example, the next result shows that R-stratification

properly generalises stratification.
Proposition 63. If P is stratified, then P is R-stratified.

Proof. Let P be a stratification of P = P,...,P,. We show that P is an R-
stratification of P. Clearly, P = |J_; P;. Now consider arbitrary programs P;, P; € P
and rules r1 € P, and 1o € P;. If 11 &5 ry then, by (P3) and (P5), there is a predicate
in the head of r; that occurs in a positive body atom of ro. Therefore ¢ < j, since P
is a stratification. Similarly, if r; = r9, (N4) implies that there is a predicate in the

head of r1 that occurs in a negative body atom of r9 and thus ¢ < j. O

The graph structure that is induced by reliances, defined next, can be used to

decide R-stratification in practice, as shown in Proposition 65 below.

Definition 64 (Graph of Reliances). For a program P, the graph of reliances GoR(P)
is a directed graph that has the rules of P as its vertices and two sets of edges: positive
edges that correspond to the positive reliances of P and negative edges that correspond

to the negative reliances of P.

For example, Figure 5.1 illustrates the graph of reliances for program P of Example 62.
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Proposition 65. P is R-stratified if and only if its graph of reliances GoR(P) con-

tains no directed cycle with a negative edge.

Proof. Consider a program P. First, assume that GoR(P) has no cycles with negative
edges. Let ~ be an equivalence relation on P defined by setting r; = ro if r1 and 79
occur on a cycle of positive edges in GoR(P). Let GoR(P)~ be the graph defined as

follows:

e vertices of GoR(P)x~ are equivalence classes defined by the equivalence relation

~, where each equivalence class is denoted as [r|]x = {r' € P | r =~ 1'};

e GoR(P) contains an edge [r1]~ - [r2]~ whenever 7| £ 7)) for some r1 € [r1]~

and some 9 € [ro)~;

e GoR(P)x contains an edge [r1]~ — [r2]~ whenever rj = 74 for some 1 € [r1]~

and some 73 € [ro]~.

Since any cycles in GoR(P) must consist of positive edges only, GoR(P)x is a directed
acyclic graph. Therefore, there exists an antisymmetric, transitive and total order of
the vertices of GoR(P)x~, such that for every (positive or negative) edge from vertex
v1 to vertex vy, v1 comes before vy in the order. It is clear that such an order satisfies

the properties of an R-stratification.

Conversely, assume that GoR(P) has a cycle rg = ... & 1)y = rppy 5 ... 5
re—1 2 ro. Suppose for a contradiction that P has a stratification Pi,. .., P,. For

each rule r; (i = 0,...,£ — 1), let p(i) denote an integer such that r; € P,;. By the
properties of R-stratification, we have p(k) < p(k+ 1) but also p(i) < p((i+1) mod¢)
for each i € {0,...,f—1}. The latter implies p(k+1) < p(k), which is a contradiction.

Hence, P has no R-stratification. 0l

From the previous result it is clear that, given the graph of reliances, one can
decide R-stratification in polynomial time. The overall complexity is therefore dom-
inated by the complexity of checking individual reliances—in this sense, it is poly-

nomial in the total number of rules and coNP-complete only in the maximal size of

119



Chapter 5. Stable Model Uniqueness

a rule. Moreover, in contrast to the NP-completeness of checking positive reliances

(Theorem 41), negative reliances can be detected in polynomial time.

Theorem 66. Given rules r1 and ra, it can be decided in polynomial time whether

r1 — ro. Checking whether a program P is R-stratified is coNP-complete.

Proof. We first show that r;1 = ro can be decided in polynomial time. Let r; and
r2 be two rules with sk(r1) = (Bf", By, H1) and sk(r2) = (B, By, H2); w.lo.g.
we assume that Var(r1) N Var(rg) = 0. To check r; = rg, we apply the following
algorithm: for each o € Hy and each 3 € B, , check if the following conditions are

satisfied:
(i) there exists a most general unifier o of a and f3;
(ii) there are no skolem symbols in By o U By o;
(iii) (B{oUByo)N(BfoUBS o) =0.

If these conditions hold for at least one pair of o and 3, return r;1 = ro; else return
r1 -5 To.

The above algorithm clearly runs in polynomial time: at most |H| x |B; | pairs
of atoms need to be considered, their most general unifier can be computed in linear
time and the remaining checks are easy to perform in polynomial time.

We now show that the algorithm is correct. For soundness, assume that the
algorithm returns r;y — ry and let ¢ be the unifier considered in the algorithm
when terminating. We define a substitution 6 = 6. o o, where 6. is the substitution
that maps every variable x to a fresh constant ¢, unique for x and a set of facts
F = B0 U B; 0. 1t is easy to see that conditions (N1)—(N5) hold for this choice of
F and 6.

To show completeness of the algorithm, assume that r; — ry. Then there exist F
and @ satisfying the conditions of Definition 59. We can assume that F' = BTHUBSFB,
which is w.l.o.g. since only conditions (N1) and (N3) require F' to contain atoms.
By (N4), there exists a € H; and 3 € B, , such that af = $6. Thus, in particular

a and 3 have a most general unifier o, that is, 8 = 6’ o o for some #’. Thus, since
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there are no skolem symbols in F' = B 0 U By 0 by Definition 59, condition (ii) is
also satisfied. Likewise, condition (iii) follows from (N2) and (N5).

It remains to show that deciding if a program is R-stratified is coNP-complete.
The proof is similar to the proof of coNP-completeness for R-acyclicity in Theo-
rem 41. Membership is immediate by verifying the existence of a problematic cycle
as in Proposition 65, which can be done in NP. Hardness was shown in Theorem 41
by constructing two rules of the form ry : Start — H; and ry : Ba — Goal that sat-
isfy the equivalence (4.10). Clearly, (4.10) still holds if we modify 7 to the rule
r] : Start A not Goal — Hj. Then ro = 7| and hence {ry, 72} is R-stratified if and
only if 71 % 7 which in turn holds if and only if there is no homomorphism from @

to Q. O

5.2 Computing Stable Models for R-Stratified Programs

It remains to show that R-stratified programs have at most one stable model and that
this model can always be obtained by repeated application of rules according to their
stratification. This leads to a semi-decision procedure for entailment. If the program
is also R-acyclic, we obtain a decision procedure and tight complexity bounds. Please
note that R-stratification is a sufficient but not necessary condition for stable model
uniqueness, that is there are programs that have a unique stable model but are not
R-stratified.

Observe that Definition 59 does not include a condition that corresponds to (P6)
from Definition 39. Indeed, as the next example shows, such a condition would not

lead to a notion of R-stratification that ensures unique stable models.

Example 67. Given the rules 71 : not p — qand ro : q — p, we find that r; 25 ry

and r9 = r1, so that the program is not R-stratified. Indeed, it has no stable models
for the empty set of facts. Yet, if we would require that H26 € F in Definition 59 then
ro = r1 would not hold and the program would be R-stratified. Intuitively speaking,
negative reliances do not just consider the case where ry could derive something new,

but also the case where 79 has already been used in a derivation that is no longer
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justified after applying r;. %

We now define a computation scheme that can be used to obtain the unique stable

model of R-stratified programs or to derive a contradiction L if no such model exists.

Definition 68. For a set of facts F' and a set of rules P with R-stratification

P=~P,..., P, define Sg(F) =F and

SQI(F): I%fH(Sé(F)) for 0<i<n.

For the remainder of this section, let P denote an R-stratified program with
R-stratification P = P, ..., P, and let F denote a set of facts. We use the abbrevia-
tions P" = JI", P, P? = () and Sé = S%(F). Moreover, for sets of facts F, Bt and
B, we define F |= BT if Bt C F and F = not B~ if B~ N F = {); we also define
FEBY, not B if FE=B"and F = not B™.

We first show that Sg is a (not necessarily unique) stable model of F'UP, provided
that L ¢ Sg. The next two lemmas are key ingredients to this proof. Intuitively
speaking, Lemma 69 asserts that, if the body of a rule r € P; is satisfied at some
point while computing Slis, then it will remain satisfied in all later stages of the
computation. The crucial claim is that the negative part of the rule will not be

derived at any later stage. The proof of Lemma 69 relies on the definition of =.

Lemma 69. Consider numbers 1 < i < j <k <nand{ >0, a rule r € P; with
sk(r) = (B*,B~, H) and a substitution 6. Then Tféj (Sé_l) = BT6, not B0 implies
Sé = B10, not B70.

Proof. For brevity, define M = Tﬁj(Séfl) and M’ = Sé. Let M = BT, not B™4.
Suppose for a contradiction that M’ f&£ B0, not B~6. Since M C M’, we find that
M’ = B*6. Hence M’ [£ not B0, that is, M’ N B~0 # (). Thus there are m > j
and o > 0 such that TI%m(Sg’*l) NB~0 = () and T]?,Il(Sg%l) NB~0 # (. Hence there

is a rule r| € P, with sk(r1) = (Bfr, Bi, H;) and a substitution ¢; such that

Bioy T, (S0") (5.1)
BroinTg (S5 =10 (5.2)
H0,NB 0+ 0 (53)
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Let F' = Tgm(Sg_l); we show that G = VF'(Tﬁ,n(Sg_l)) and 0 = vp/(0; U 0)

establish the conditions for ;1 = r in Definition 59:
(N1) Bff o C G by (5.1).
(N2) BjonNG =0 by (5.2).

(N3) Bto C G by Th(S5") = BY0 and Tp (S57') € Tp (S§"); if m = j, then
¢ < o which follows from ngj (S%_l) NB~60 =0 and ngl(sg‘l) NB~0 # 0.

(N4) B~o N Hyo # 0 by (5.3); note that for every skolem term f(X)f; in H16;, the
definition of ypr ensures v (f(X)61) = f(7yp/(X01)) (the former occurs in B~ o,

the latter occurs in Hjo).
(N5) B-onG =0 by T;m(sg—l) NB~0 =.

Thus r1 = r. However, r € F;, 11 € Py, and ¢« < j < m, which contradicts

Definition 61. 0

Lemma 70 complements the previous result. Intuitively speaking, it states that a
rule r € P;, which is clearly satisfied after computing Sé, will remain satisfied in all
later stages of the computation. The key part of this claim concerns the case that r
is satisfied because its positive body is not satisfied. In this case, the positive body
will never become satisfied later on, unless the head of the rule becomes satisfied as

well. This argument hinges upon the definition of *.

Lemma 70. Consider numbers 1 <i < j <k <mn, aruler € P; and a substitution

0. Then S |= sk(r)0 implies S& k= sk(r)0.

Proof. Letsk(r) = (BT, B~, H) and suppose for a contradiction that S% = sk(r)0 and
Sé b~ sk(r)@. Since Sé C Sé, neither B_GHS*; # () (that would imply B_GﬂSg #0)
nor Sé = (BT UH)6, not B~ (that would imply Sg E (BT UH)H, not B~6) may
hold. Therefore, BT0 ¢ Sé. By Sé b~ sk(r)f, we have Sg = B10, not B~6 and
Sé K= HO. As a consequence, there exists a maximal non-empty set of facts A such

that A C Bt and AN Sé = (). Hence there are numbers ¢ > 0 and m such that
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j<m<k,aruler € P, with sk(r;) = (Bfr,Bl_,Hl) and a substitution 6; such

that
Bf6: C Tp, (SE) (5.4)
By 6 NTp, (S =0 (5.5)
H61NAZTp (S (5.6)

Let F' =Tf, (Sg‘_l) U(A\ H1601). We claim that the set of facts G = yp/ (F”) and

the substitution o = g/ (61 U #) meet the conditions for 71 & r in Definition 39.

(P1) Bfo C G by (5.4).

(P2) Bjo NG = 0 by (5.5) and By 6; N A = (); note that the latter follows from
A C S’g and S’é = Bfﬁl, not B 0; which is a consequence of Lemma 69,

T}, (Sg~) | B 61, not By 6y, 11 € Py and k > m.
(P3) Bto C GUHyo by BY0 C F' U Hy6;.
(P4) B~oN(GUHy0) =0 by S§ = B*0, not B~6.
(P5) BTo Z G by (5.6).
(P6) Ho £ GUHyo by GU H 6, C Sé and S]Ff; K HO.

Thus, by r1 € P,,, » € P; and m > i we derive a contradiction and show our initial

claim. O
Using Lemmas 69 and 70, we can show the following result.
Proposition 71. If 1 ¢ Sg, then Sg Fsum FFUP.

Proof. We show that L ¢ S§ implies (%) 5 is a model of F'U GL(Pr, Sg) and ()
the model SZ of F'U GL(P, Sg) is minimal.

(%) We prove Sé = FUGL(P}, Sg) for all k € {0,...,n} by induction over k.

If £k = 0, then Plk = () and Sg = F. Clearly, F'is a stable model of F', since
GL(0, F) = 0 and Tjo(F) = F.
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For the induction step, let Sé be a model of FUGL(P,, Sg) and we prove that Sg“
is a model of U GL(PF Sé“). Note that Sg“ = FUGL(PF, Sé“) is equiva-
lent to SE*! |= FUsk(P{H!). Since ST = T3 | (SE), we find S5 |2 F U sk(Py1)-
It remains to show Sg“ I= sk(Pf). Thus consider an arbitrary rule » € PF. By in-
duction hypothesis, Sg = sk(Pf) and thus Sé = sk(r). By Lemma 70, Sé“ = sk(r).
Since r was arbitrary, this shows the claim.

(#) Suppose for a contradiction that there is set of facts M C S% such that
M ):FUGL(P{‘,SE). Then there are ¢ > 0 and j, where 1 < j < n, such
that Tf_i,j(Sé_l) C M and Tﬁjl(Sé_l) ¢ M. Thus there is a rule » € P; with

sk(r) = (B*,B~, H), and a substitution § with

BY9 C Tp (S57) (5.7)
B ONTp (55" =10 (5.8)
HOZ M (5.9)

By T, (55 ') € M and (5.7), we infer that B¥9 C M. Together with (5.9) and
M = FUGL(P}', S3), this implies (B*0,0,HO) ¢ GL(P{",55) and so B~ N ST # 0.
However, by (5.7), (5.8) and Lemma 69, Sg = B10, not B~0, which yields the

required contradiction. O

The next lemma captures the main statement that is needed to prove the claimed
uniqueness of the stable model. The statement is that every stable model of P U F
coincides with Sg and the implication is demonstrated by showing inductively that,

for all k € {0,...,n}, Sé = TEE(P{C,M)(F)'

Lemma 72. If M |=sm PUF, then S; =M.

Proof. We show by induction that, for each k € {0,...,n}, it is S’; = TGOTi(P{C’M)(F).

This establishes the claim since the latter is equal to M if k = n.
For k = 0, the claim is immediate: we have Sg =F, P =0 and GL(P), M) = ()

that imply T¢7

For the induction step, assume that the claim has been shown for k. We show

k+1 __
that SE = T2 i (F).
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k+1 00 : i
We first show that Sﬁ C TGL(PI’““,M)(F)' For brevity, we use 7" to denote

Tgl‘i(Pi M)(F)' Suppose for a contradiction that Séﬂ ¢ T*+1. Then there are num-
1

bers m € {1,...,k+ 1} and £ > 0 such that

Tp, (S571) < TH! (5.10)
Tpit(se—h ¢ T (5.11)

By the induction hypothesis, Sé C T*+1 50 (5.11) implies m = k + 1. Thus there is

arule r € Pyyq with sk(r) = (BT, B~, H) and a substitution 6 such that

B*9 C Th,,,(SE) (5.12)
B ONTh, ,(SF) =10 (5.13)
HO ¢ TFH (5.14)

Together, (5.12), (5.10) (where m = k + 1) and (5.14) imply
B oNnTH £ (5.15)

Thus there is a rule ry with sk(ry) = (B}, By , H1), a substitution ¢; and a number

7 such that
B 6, C T (PfH,M)(F) (5.16)
BN M=0 (5.17)
B_HﬂTéL(Pf“,M)(F) = (5.18)
BT 0N H6, 7&@ (5.19)
Define F' = T(];L(Pl’“+1,M)(F> U Tf,kﬂ (Sg). We claim that the set of facts G = g (F')

and substitution o = yp (0 U ;) satisty the conditions for 11 = 7 in Definition 59.

By definition, G does not contain function symbols.

(N1) Bfo C G by (5.16).

(N2) B{oNG =0 by (5.17) and F' C M, obtained from (5.10) (where m =k + 1).
(N3) Bto C G by (5.12).
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(N4) B~o N Hjo # 0 by (5.19).
(N5) B~0 NG =0 by (5.13) and (5.18).

Thus r; = r and therefore 7 € PF by Definition 61. By (5.17) and T* C M, we
have By 61 NT* = (). By the induction hypothesis, T% = S’E so By 61N Sa = (. By
(5.19) and (5.13), H16, £ S’E. Together, these observations imply that B;6; Sé.
Using again TF = Sk we find that B 6; ¢ T*.

From B{0; ¢ T* and (5.16), we conclude that there is a rule ry € Pyyq with

sk(ra) = (By, By , Hs), a substitution f2 and a number o < j such that

By 6y C T F) (5.20)

L
By6NM=10 (5.21)

HQGQQBT& ZT

By (5.18) and (5.19), there is @ € H16; \ T (F), and by (5.22), there is

GL P M)

B € (Hab2 N B o)\ T Let F”" = M\ {a, 8}. We claim that the set

GL(PkH M)( )-
of facts G' = ypn(F") and substitution ¢’ = ypr (01 U 05) satisfy the conditions for

ro & r1 in Definition 39. By definition, G’ does not contain function symbols.

(P1) Bf o' C G’ by (5.20) and TS, (F) C F”. For the latter, note that

GL(P, M)
6 ¢T GL ph M)( ) and that a ¢ T GL ph M)(F) since « ¢ T GL(P’““ M)(F)

and T? (FYyCT’

GL(P11€+17M) GL(Plk+1,M)( ) (by o< ])

(P2) By o' NG' =0 by (5.21).

(P3) Bifo’ C G’ U Hsyo' by (5.16) and o ¢ T (F).

GL(Pk“ M)

(P4) By o' N(G'U Hyo') =0 by (5.17) and Ha02 C M.
(P5) B o’ € G’ by our choice of §.

(P6) Hio' € G’ U Hyo'! by our choice of o and a ¢ T (F).

GL P M)
Thus ro = r1. This contradicts the assumption that r, € Plk while ro € Py41, and

thus refutes our initial assumption that Séﬂ ¢ Tkt We have thus shown that

Skrl C ket
5 C
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For the converse, recall that SSH is a stable model of PlkJr1 (by Proposition 71
and | ¢ S®™! which is a consequence of L ¢ T*+1). Thus St =71 . . (F).
P P GL(P*1,5k+1)
Now since S’éﬂ C T+l C M, we find that

GL(PY™H, SEFY) 2 GL(PFH, TFY) O GL(PFF, M)

Thus Sé“ =T (F) 2T (F) = T*+! as required. O

GL(P{+1,sE™) GL(Pf T M)

Summing up, we obtain the main result of this section, according to which stable

models of R-stratified programs are unique.

Theorem 73. If L ¢ Sg, then Sg 1s the unique stable model of F'U P. Otherwise

F U P does not have a stable model.

Proof. Assume that L ¢ Sg. By Proposition 71, Sg Fsw FUP. By Lemma 72,
every stable model of P U F' is equal to Sg, which establishes uniqueness.

If Le S’g, then let P/ = P\ Pg, where Pg is the set of constraints that are in P.
P’ is clearly R-stratified, so SE \ L is the unique stable model of F'U P’. Since there
exists at least one constraint ¢ € P¢ such that Sg ¥~ ¢, F'U P does not have a stable

model. O

5.3 Complexity of Reasoning for R-Acyclic, R-Stratified

Programs

We can further improve the complexity results of Theorem 45 for programs that
are both R-acyclic and R-stratified. The Turing machine reduction used to show
Theorem 45 can directly be used to show hardness: the constructed program is R-

stratified precisely if the Turing machine is deterministic.

Theorem 74. Let P be an R-acyclic, R-stratified program, let F' be a set of facts and
let a be a fact. Deciding P U F = «is 2EXPTIME-complete w.r.t. program complezity

and P-complete w.r.t. data complezity.

Proof. In the proof of Theorem 45, we have already shown that there is a maximal

number n of terms that may occur in any stable model of an R-acyclic program P,
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where n is double exponential in the size of P U F' and polynomial in the size of
F. If a is the maximal arity of predicates in P and b is the number of predicate
symbols, then the size of the computed stable model is bounded by b - n®, which
is still double exponential in P U F' and polynomial in . By Theorem 73, we can
compute the unique stable model of P U F' as in Definition 68, where we only need
to consider substitutions that map to the bounded set of relevant ground terms. The
applicability of one ground rule over a set of facts of size at most b-n® can be checked
deterministically in time b-n®. As discussed in the proof of Theorem 45, the number
of ground rules considered in each step is again double exponential in the size of PUF
and polynomial in the size of F'; the number of steps has the same bound, since each
rule can be applied at most once. Hence, Sg can be computed in time that is double
exponential in the size of P U I’ and polynomial in the size of ' and the claimed
upper bounds for complexity follow.

Hardness for 2EXPTIME w.r.t. the size of P U F follows by the same Turing
machine construction as in the proof of Theorem 45, applied to deterministic Turing
machines only. The resulting program is R-stratified since the transition rules do not
contain negation for deterministic Turing machines. Hardness for P w.r.t. the size of
F follows from P-hardness w.r.t. data complexity of fact entailment for datalog rules

(i.e., rules without negation, existential quantifiers or function symbols) [65]. O

5.4 Revisiting Stratification Conditions

From a logic programming point of view, stratification (as specified in Definition 12,
also known and as predicate stratification) has been acknowledged as a rather re-
strictive condition for identifying logic programs with unique stable models [9]. As a
consequence, several criteria that strictly extend stratification were proposed in the
nineties, such as local stratification [200|, weak stratification [199], effective stratifica-
tion [26], modular stratification [210] and left-to-right dynamic stratification [213].
Local stratification generalises stratification by considering the (infinite) ground-

ings of normal logic programs [200, 92]. This condition is defined for programs that
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may contain function symbols either in the body or in the head and, thus, are different
from the programs considered here where function symbols only occur in the head
as a result of skolemisation. Additionally, Przymusinski defines the perfect model

semantics—a semantics that characterises locally stratified programs.

Definition 75 (Local Stratification). Given a program P, a sequence of disjoint
programs P = Py, ..., P, is a local stratification of P if Ground(P) = Ui, P; and,
for all programs P;, P; € ﬁ, rules (B, By ,H1) € P; and (By, B, ,H>) € P; and
every atom « € Pred(Hy), we have: (i) if a € Pred(By) then i < j and (ii) if
a € Pred(By) then i < j. P is locally stratified if it has a local stratification.

Local stratification is undecidable |[59] and does not generalise R-stratification as
Example 76 below shows. Moreover, Example 76 demonstrates that R-stratification

strictly extends predicate stratification, even when considering the restricted case of

datalog programs with nonmonotonic negation.

Example 76. Let r; and ro be defined as follows:

T A(x) AS(x,y) A not A(y) A not B(y) — R(x,y)

ro A(u) A T(u,v) A not R(v,u) — B(u)
We have 11 2% r9 because there are no F' and 6 that satisfy (N1)—(N5) for 11 = 7o,
as this requires 0(u) = (y), A(u)0 € F but A(y)0 ¢ F; by Pred(Hy) N Pred(By) = 0
it is 7y & ro. Moreover, by 11 2 ry and ro & r9, we derive that P = {ry,ro} is
R-stratified. P is not locally stratified as shown by the following instantiation of P.

o A(a) AS(a,b) A not A(b) A not B(b) — R(a,b)

Th A(b) A T(b,a) A not R(a,b) — B(b)
Since B(b) occurs both in the negative body of 7} and in the head of r and R(a,b)

occurs both in the negative body of 7 and in the head of |, it is not possible to

define a local stratification for {r],r5}. O

Further to that, Przymusinska and Przymusinski define the class of weakly strat-
ified logic programs, which properly contains the class of locally stratified logic pro-

grams [199, 200]. Additionally, a weakly perfect model semantics is described, such
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that if a program is weakly stratified, then it has a unique weakly perfect model;
however, the class of programs with a weakly perfect model is strictly broader than
the class of programs that are weakly stratified. Similarly, the class of programs
that are weakly stratified is strictly contained in the class of programs with a unique
stable model. Weak stratification of a program can be checked by inspecting how
an iteration that involves construction of models ends, where the construction takes
countably many steps [199]. Finally, weak stratification is studied for programs with
arbitrary use of function symbols, but no complexity bounds are provided.

In the same vein, modularly stratified programs were introduced as an extension
of locally stratified programs [210|. In a nutshell, a program is modularly stratified if
after grounding and splitting the program into components and removing those rules
whose body cannot be satisfied, one ends up with mutually recursive components
that are locally stratified. Ross shows that every modularly stratified program has
a unique stable model [210]. However, modular stratification is considered only for
function-free programs and without any complexity results for testing it; in fact,
Sagonas et al. state that checking modular stratification is undecidable and prove
that weakly stratified programs are strictly more general than modularly stratified
programs [213].

In addition to the above, left-to-right dynamically (LRD) stratified programs [213]
extend stratified programs but under the well-founded semantics [90]. The idea of
dynamic stratification consists in constructing the components of the program dynam-
ically so that atom dependencies that can never be satisfied are eliminated. Sagonas
et al. prove that LRD stratified programs strictly contain the modularly stratified pro-
grams; nonetheless, no complexity bounds are established for checking left-to-right
dynamic stratification [213].

An even more general notion of stratification that strictly captures weak stratifica-
tion is suggested by Bidoit and Froideveaux, who define effectively stratified programs,
a class of programs with a unique stable model [26]. Intuitively, effective stratifica-
tion is decided in two steps: first, the logic program is instantiated and, then, the

‘relevant’ ground rules are extracted, where the relevance of the rules depends on the
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facts contained in the program. An interesting feature of effective stratification is
that it is data dependent, i.e. a program might no longer be effectively stratified after
updating its set of facts. Bidoit and Froideveaux consider function-free rules, but do
not pinpoint the complexity for checking effective stratification [26].

Our notion of R-stratification can be combined with many existing works to obtain
more general criteria. In particular, the graph of reliances can be used to induce a
partition of a program into sub-programs so that each problematic reliance cycle is
fully contained in some part. One can then apply other acyclicity or stratification
criteria to each part to extend our results to even wider program classes. As we
have already seen, Deutsch et al. exploit this idea to obtain broader classes of acyclic
programs with the help of weak acyclicity [71]. It would be interesting to apply
similar techniques to design more comprehensive stratification conditions.

Regarding the suitability of different stratification conditions for different use
cases, it is difficult to favour one stratification criterion over another, mostly due to
the lack of complexity results for previously suggested generalisations of stratification.
This is further exacerbated by the undecidability of some of these conditions in the
presence of function symbols. For the purposes of structure-based classification which
is the main focus of this work, we adopt R-stratification because it provides us with

a deterministic and straightforward to implement reasoning algorithm.

5.5 Related Work on Nonmonotonic Rules

Eiter et al. [77] define description logic programs (dl-programs for short), which is
a unifying framework for integrating DL knowledge bases and logic programs with
negation-as-failure. A suite of semantics is suggested for these programs such as
strong and weak answer set semantics and it is shown how dl-programs under these
semantics can be used to support closed-world reasoning. Moreover, complexity re-
sults are provided for reasoning over dl-programs. For a knowledge base KB = (L, P),
where L is a set of DL axioms and P is a logic program, answer set existence is proved

to be ExpTiME-complete if L is in SHZF (D) and KB is positive or stratified and
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NExpPTIME-complete if KB is arbitrary; if L is in SHOZN (D), answer set exis-
tence becomes NEXPTIME-complete if KB is positive and PNEXPTME_complete if
K B is stratified and arbitrary. Since dl-programs consist only of function-free rules,
they do not contain function symbols and thus are not well-suited for performing the
reasoning tasks discussed in Chapter 3.

Lukasiewicz [163] suggests a further approach for rules with nonmonotonic nega-
tion that combines disjunctive logic programs with DLs. A new semantics is provided
that faithfully extends both disjunctive logic programs under answer set semantics
and DLs under the standard first-order semantics. Also, algorithms are designed
for answer set existence and brave/cautious reasoning and a computational analy-
sis of the suggested framework is conducted. However, only function-free rules are
considered which distinguishes this work from our approach.

In a similar spirit, Eiter et al. [76] introduce well-founded semantics for dl-
programs. Under the well-founded semantics, it is proved that literal inference for
dl-programs w.r.t. program complexity is ExpPTIME-complete for SHZF(D) and
PNEXPTIME_complete for SHOZN (D); the same problem w.r.t. data complexity is
shown to be AZ-complete for SHZF (D) and SHOZN (D). Moreover, two interest-
ing data tractable cases are singled out: the abovementioned problem becomes (i)
P-complete when all dl-queries in a dl-program can be evaluated in polynomial time
and (ii) in LOGSPACE when evaluation of dl-queries in a dl-program is first-order
rewritable and the dl-program is acyclic. In the considered dl-programs no function
symbols occur, which differentiates the suggested formalism from our framework.

A first step towards enriching rules with existentially quantified variables in the
head is taken by Cali et al. [41] who introduce the family of Datalog® formalisms.
It is shown that fact inference for guarded Datalog® rules is P-complete w.r.t. data
complexity; it is also proved that boolean conjunctive query answering for Datalog™
rules with a single body atom is in ACy w.r.t. data complexity. Furthermore, these
results are preserved when rules are extended with stratified non-monotonic negation.
This is of interest to our work, but as discussed in Section 3.3.1, non-guarded rules are

essential for the representation of our domain of graph-shaped structures. Moreover,
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as it is shown in Section 3.3.2, non-stratified negation is necessary too.

In order to extend Datalog® with non-stratified negation, Gottlob et al. [96] define
a new well-founded semantics for Datalog® that adopts the unique name assumption
(UNA) and is called equality-friendly well-founded semantics (EFWFS). It is thus
shown that answering a normal boolean conjunctive query (i.e. containing both posi-
tive and negative atoms) in guarded Datalog® under EFWFS is 2EXPTIME-complete
in the general case and EXPTIME-complete in the case of bounded arities and acyclic
queries. However, this approach is restricted to guarded rules and non-guardedness
is indispensable for representing objects of our domain.

In the same vein, Hernich et al. [116] define an additional well-founded semantics
for non-stratified Datalog® rules but this time with the UNA. In this work, it is
shown that answering normal boolean conjunctive queries for guarded Datalog® under
well-founded semantics with UNA is 2ExPTIME-complete (EXPTIME-complete for
predicates of bounded arity) w.r.t. combined complexity and P-complete w.r.t. data
complexity. Similarly to before, the formalism is restricted to guarded rules and thus

it does not fulfill the requirements for representing structured objects.
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Enhancing Acyclicity and

Stratification with Constraints

We next propose a generalisation of R-acyclicity and R-stratification by examining
the structure not only of the rules, but also of the facts that the program contains.
To this end, we relax the notions of positive and negative reliances using constraints
that capture all sets of facts that e.g. arise in the context of a given application. Part
of the results presented in this chapter are published in [170].

We start this chapter by defining in Section 6.1 positive and negative reliances
under constraints and by pinpointing the computational complexity for checking such
reliances. Then, in Section 6.2, we introduce R-acyclicity under constraints and, in
Section 6.3, R-stratification under constraints; we establish tight complexity results
for checking both conditions and provide examples which demonstrate that our newly
defined acyclicity and stratification notions properly extend the previous ones. In
Section 6.4 we recapitulate and discuss the derived complexity results for decision

problems emerging in the context of reliances and discuss some related work.

6.1 Positive and Negative Reliances under Constraints

To widen the classes of recognisable logic programs with unique stable models, it

has been proposed to study stratification for a particular set of facts [26]. However,
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notions that depend on a particular set of facts do not easily capture a wider class
of relevant sets of facts, making it hard to develop logic programs that are robust to
changing inputs. In order to overcome this we use constraints, that is, rules of the
form B* — | where BT is a set of atoms. As illustrated by the following example,

constraints restrict the possible types of input so that more programs are stratified.

Example 77. Let P = {ri,r2,r3} state that organic molecules are those containing

carbon and that each inorganic entity is a molecule of geological origin:

T molecule(x) A hasAtom(x,y) A c(y) — organic(x)
ro molecule(x) A not organic(x) — inorganic(x)
r3 inorganic(x) — molecule(x) A geoOrigin(x)

It is easily checked that m — 7o & r3 & 7, so P is not R-stratified by Proposi-
tion 65. Although the program has a unique stable model for all sets of facts, there is
no order of rule applications arising from an R-stratification that produces the stable
model in all cases. In particular, the set of facts {inorganic(a), hasAtom(a,b),c(b)}
requires us to apply rs before r1. This situation is undesired, since inorganic mole-
cules usually do not contain carbon and a refined notion of reliance should take this

into account. &

To formalise this idea, we extend our earlier definitions of positive and negative

reliances with constraints.

Definition 78 (Reliances under Constraints). Let r1 and ro be rules and let C be a

set of positive constraints.

e 79 positively relies on r; under C' (written r1 5o 12) if there exists a set of
facts F and a substitution 0 that satisfy the conditions in Definition 39 and
where F' = C.

e 79 negatively relies on r; under C' (written 11 —c 12) if there exists a set of
facts F and a substitution 0 that satisfy the conditions in Definition 59 and
where F = C.
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The classes of programs that are R-acyclic under C and R-stratified under C are

defined as in Definition 42 and 61, respectively, but using ¢ instead of L.

It should be noted that our earlier results treat constraints like any other rule
of P. When considering reliances under constraints, it is still possible to treat some
constraints of the input as part of the program P, especially if these constraints are
not deemed to be relevant for showing stratification. Indeed, the fewer constraints

are part of C, the fewer additional tests are needed to check reliances.

Example 79. Consider the rules of Example 77 and the constraint
¢ : inorganic(x) A hasAtom(x,y) A c(y) — L

With C = {c}, we find 73 J&¢ r1 and indeed Py = {ri}, P, = {rs,r3} is an R-

stratification of {71, 72,73} under these constraints. &

The consideration of constraints increases the complexity of checking positive
reliances from NP to ¥ i.e. the check can be performed in polynomial time by
a nondeterministic Turing machine using an NP oracle. Yet, as before, the NP
computations correspond to checking the applicability of a rule or constraint to a
small set of facts, for which efficient implementations exist. A lower bound can be
shown by reducing satisfiability of a quantified Boolean formula 3p.Vq.p to testing a

positive reliance under a set of constraints (our hardness proof is original).

Theorem 80. Given rules 1 and ro and a set of constraints C, deciding whether

r1 So e is Zf—complete,

Proof. We first show the complexity for deciding r1 ¢ r9.

(Membership) As in the proof of Theorem 41, we can guess a set of facts F' and a
substitution # with size polynomial in the input and then check in polynomial time
whether the conditions of Definition 39 are met. Given a constraint ¢ € C, we can
check F' |= ¢ by invoking a (co)NP oracle that decides the existence of a substitution
under which the body of ¢ is included in F' (which would show F' [~ ¢). Since the

number of oracle calls is linear in |C|, the overall check is in X%
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(Hardness) We consider quantified Boolean formulae (QBF) of the form 3p.vq.¢p,
where p and § are lists of propositional variables and ¢ is a propositional formula
over pUq. Deciding the satisfiability of such a QBF is ©4-hard, even if it is of the
form

EIﬁVcT(EH Af1a A [13) V...V (gnl A Lpa N Eng)

where each ¢;; is a propositional variable or a negated propositional variable [22].
Given a QBF 3p.Vq.¢ of this form, we construct rule rq, rule ro and constraints C

such that
Jp.Vq.p is satisfiable & ] Doy (6.1)

Let p = (p1,...,px) and § = {(q1,...,qm). Rules r; and ry are defined as follows,

where 0 and 1 are constants and where all other terms are variables:
71 V(X1,. .oy Xk) A
N(0,0,0) AN(0,0,1) AN(0,1,0) A
N(0,1,1) AN(1,0,0) AN(1,0,1) AN(1,1,0) A
Lpos(0,0) A Lpos(1,1) A Lneg(0,1) A Lneg(1,0) — Jy.Bi(y,1,x1) ABi(y,0,x1)

VANAAN Bk(y, 1,Xk) VAN Bk(y, O,Xk)

T2: Bl(wvylvyl)/\"'/\Bk(waykvyk) — Goal

Facts matching the atom V(xi,...,xx) in 71 will be interpreted as truth assign-
ments for p. Facts about N enumerate all cases in which a conjunction of three truth
values evaluates to false, while facts about Lyos and Lyeg yield a convenient way to
compute the truth value of positive and negative propositional literals. The predi-
cates Bj are used to constrain the possible truth assignments: the body of ro can only
match the head of r1 if each variable x; is mapped to 0 or 1.

To define C, we consider variables &1, ..., & (representing p), (i,...,(m (repre-
senting ) and uji,uq2,u1s,..., Unl,Un2, Ung (representing truth values of literals).
Given any literal £;; of the QBF, let Lj; = Lpos if 455 is a positive literal and Ljj = Lpeg
otherwise, and let vjj = if £;; contains the existentially quantified propositional

variable pj and vj; = (i if ¢;; contains the universally quantified propositional vari-
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able g;. We define C to consist of a single constraint c:

c: V(& .. &) A

N(uq1,ui2,u1z) A ... AN(Un1, Un2, Unz) A

Li1(vi1,ui1) A Lia(viz, ui2) A Liz(vig, uiz) A

Ln1(Va1, Un1) A Ln2(Vn2, Un2) A Ln3(Vng, Un3)  — L
First, we show = of (6.1). Assume that 3p.Vq.p is satisfiable, i.e., there exists a
truth assignment v3 : p — {0, 1} such that for every truth assignment vy : ¢ — {0, 1},
we have v3 U vy = . We define a substitution 6 by setting 0(x;) = v3(p;) and a set

of facts I as follows:

F={V(v3(p1), .-, va(pr))} U
{LPOS(()? 0)7 LPOS(L 1)? Lneg(ov 1)a Lneg(17 0)} U

{N(Vl,VQ,Vg) | V1,Va,V3 € {0, 1}} \ {N(l, 1, 1)}

It is easy to check that conditions (P1)-(P6) are satisfied. Suppose for a contradiction
that F' = ¢ and let ¢ denote the body of ¢. Then there exists a substitution o for the
variables in ¢, such that 1o C F. Since V(&1,...,&) € ¥, we obtain v3(p;) = o(&)
for alli=1,..., k. Similarly, define vy : § — {0, 1} by setting vy(¢;) = o(¢;). Clearly,
the truth value for every literal ¢;; under v3 U vy is o(ujj). By vo C F, we find
vz Uy & lin Alig A3 for all i =1,...,n. Thus v3 Uwy [~ ¢, which contradicts the
assumption on vg. Thus F' |= ¢ as required.

Next, we show < of (6.1). Assume that r, F5¢ 79 is witnessed by a set of facts
F' and substitution 6. By (P1), V(xi,...,xx)0 € F and, by (P3) and (P5), we have
Bi(w,yi,yi)0 € {Bi(f(X),1,x)0, Bi(f(X),0,x;)0} for every i € {1,...,k}, where f is the
skolem function used when skolemising 7. This implies that 6(x;) € {0,1} for all
ie{l,...,k}. We define v : p — {0,1} by setting v3(p;) = 6(x;). Suppose for a
contradiction that there is a truth assignment vy : ¢ — {0, 1} such that vz U vy = ¢.
Let o be the substitution for the variables in ¢ defined by setting o(&) = v3(pi),

o(G) = v(g), and o(uj) = 1 if v3Uwy = £4;; and o(u;;) = 0 otherwise. It is easy to
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see that ¢o C F, where 9 is the body of ¢ as above. This contradicts r; ¢ 3, so

we conclude that no such vy exists, i.e., that 3p.Vq.¢ is satisfiable. O

Similarly to the case without constraints, checking negative reliance under a set
of constraints is less computationally hard than checking positive reliance under con-
straints: in Theorem 85 we prove that testing whether one rule negatively relies on

another one under a set of constraints is in AL’

Theorem 81. Given rules r1 and ro and a set of constraints C, the problem of

deciding whether r1 =¢ 19 is in A;

Proof. In the proof of Theorem 66, we showed that r1 = 79 can be decided in
polynomial time by describing a polynomial, correct and complete algorithm. We
extend the same algorithm to check r; —¢ 79, by checking for each F' and 6 such
that 11 = ro (F and 6 as defined in the correctness part of Theorem 66 proof)
whether F' = C. In order to decide whether F' |= C, we need to check for each
¢ € C whether F' | ¢, which requires a call to an NP-oracle. Since the number of
possible F' and 6 pairs that the algorithm tests is polynomial in the size of the input,
the algorithm needs at most a polynomial number of steps, each of which invokes a
polynomial number of calls to an NP-oracle. As a consequence, a polynomial number

of calls to an NP-oracle is required overall and the problem lies in A% O

The lower bound for checking negative reliance under constraints is left open, as
the complexities for checking both R-acyclicity and R-stratification are dominated
by the complexity for checking positive reliance under constraints, for which tight

bounds have been proved.

6.2 R-Acyclicity under Constraints

Similarly to checking R-acyclicity without constraints, the complexity of deciding R-
acyclicity given a set of constraints is dominated by the complexity of testing positive
reliances under these constraints. We thus show next that determining whether a

program is R-acyclic under constraints is IT'-complete.
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Theorem 82. Let P be a program and let C' be a set of constraints. Checking whether

P is R-acyclic under C is T1{ -complete.

Proof. Membership follows since one can check in ¥’ that P is not R-acyclic under
constraints, analogously to the case of R-acyclicity in Theorem 41. For hardness,
consider the rules r; and ro and constraints C' as constructed in the hardness proof
of Theorem 80, as well as the rule r3 : Goal — Start. Let 7} be obtained from r; by
adding Start to its body atoms. Clearly, the program {r},rs,73} is R-acyclic under

C' if and only if 3p.Vq.¢ is not satisfiable. O

Examples 77 and 79 already shows that R-stratification under constraints strictly
extends R-stratification. The following example, where rules are used to represent
properties of pharmaceuticals, demonstrates that also the class of R-acyclic programs

under constraints strictly extends the class of R-acyclic programs.

Example 83. Consider the following program P consisting of rules rq, ro, 73 and
r4 modelling knowledge about drugs. The example is motivated by the extensive use
of has role relationships within ChEBI ontology (more than 25,000 as of November
2012 [111]), where such expressions are used to describe biochemical roles of molec-
ular structures. The classes analgesic (CHEBI id 35480), opioid analgesic (CHEBI id
35482) and non-narcotic analgesic (CHEBI id 35481) are used to characterise drugs
with a pain relieving effect and whose mechanism of action involves binding to an
opioid receptor or not, respectively. One can represent this knowledge, which appears

in natural language definitions within ChEBI, with rules r;—ry4.

T analgesicDrug(x) — Jy.hasRole(x,y) A analgesic(y)
r9 : hasRole(x, z) A analgesic(z) A not opioid(x) — hasNonNarcoticAnalgesicRole(x, z)
r3 hasNonNarcoticAnalgesicRole(x1, x2) — hasAnalgesicRole(x, x2)

Ty opioid(x) A hasAnalgesicRole(x,z) — opioidDrug(x) A analgesicDrug(x)

One can verify that r; &5 7o 5 73 & r4 & r; which implies that P is not R-acyclic.

Yet, for sets of facts F; = {analgesicDrug(a)} and F» = {analgesicDrug(a), opioid(a)}

both programs P U F} and P U F5 have a finite stable model. Consider now the
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following constraint ¢ that yields a contradiction every time that an opioid is linked

to a non-narcotic analgesic role.
¢ : opioid(x) A nonNarcoticAnalgesicRole(x,y) — L

We have that r4 no longer positively relies on 73 under {c} which results in P being

R-acyclic under the constraint above. &

Theorem 45 can be generalised to programs that are R-acyclic under constraints:

Theorem 84. For a set of facts F', a fact o and a program P that is R-acyclic under
a set of constraints C, deciding PU F U C = « is coN2EXPTIME-complete w.r.t.

program complexity and coNP-complete w.r.t. data complexity.

Proof. Since extending P with constraints does not increase the bound on the number
of terms and checking satisfaction of constraints is in NP w.r.t. program complexity

and polynomial w.r.t. data complexity, the claims follows from Theorem 45. O

6.3 R-Stratification under Constraints

Similarly to the case for & and =, the relations = and —s¢ induce a graph of
reliances under constraints. Analogously to Proposition 65, we can show that P is
R-stratified under constraints if and only if this graph does not contain cycles that
involve = . This is the basis for deciding R-stratification under constraints, leading
to the following result. The proof of Theorem 85 is similar in spirit to the proof
of Theorem 66: the complexity results for checking reliances serve as the base for

checking R-stratification under a set of constraints.
Theorem 85. Checking whether a program P is R-stratified under C is 11 -complete.

Proof. Membership follows by the fact that it can be checked in ¥¥ whether a program
P is not R-stratified under a set of constraints C. Indeed, as discussed above, this
can be detected by finding a cycle of the form o £ ... o 1 e Thil eSO

. I i1 E6 o, where £ < |P|. One can guess such a cycle and justifications
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F, 0; for each of the reliances r; £s¢ T(i+1) mod ¢ and these choices can be verified by
a polynomial number of calls to an NP-oracle.

For hardness, we show that checking satisfiability of a quantified Boolean formula
3p.Vq.¢ can be reduced to checking whether a program P is not R-stratified under a
set of constraints C'. In the proof of Theorem 80, we constructed a set of constraints
C and rules 1 : By — Hy and ry : By — Goal satisfying (6.1). If we modify 71 to
ri : B1 A not Goal — Hjp, then 3p.Vq.¢ is satisfiable if and only if {r], 72} is not

R-stratified under C', which proves our claim. O

Given an R-stratification of P under a set of constraints C, we can again define
a computation scheme to obtain unique stable models. C in this case is evaluated on

all strata, though one can also defer constraint checking to the highest stratum.

Definition 86. For a set of facts F' and a program P with R-stratification P =

Py, ..., P, under constraints C, define SgC(F) =Tc(F) and

S;“Cl(F) =T5,,00(Sp o(F)) for 0<i<n.

In the rest of the section, we abbreviate SE’C(F) with Sé,c'

The following result can be shown using the same overall proof structure as in
Section 5.2. The main difference is that in all arguments that discuss potential
reliances between rules, we also need to show satisfaction of the constraints. This is

usually a consequence of the assumption that L is not derived.

Theorem 87. If | ¢ SQC(F), then SQC(F) is the unique stable model of FUPUC

or else ' U P UC has no stable model.

We first show some intermediate results that we will use for proving the main claim.
Lemmas 88 and 89 are analogous to lemmas 69 and 70; the only difference is that
we assume satisfaction of constraints C after having completed the saturation of the

stratum.

Lemma 88. Consider numbers 1 < ¢ < j < k <nmand f >0, a rule r € B
with sk(r) = (BT, B™,H) and a substitution 0 such that L & Sgc. It holds that

T,éjuc(sg;}) = BY6, not B0 implies S, , = B0, not B6.
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Proof. To simplify the presentation, define M = TﬁjUC(SéTC}) and M’ = Ssc. We
assume M = BT6, not B~0; suppose for a contradiction that M’ j= BT, not B~#.
Since M C M’ we find that M’ = B™6. Hence M’ £ not B™6, that is,
M' N B76 # (. Thus there are m > j and o > 0 such that Tf)mUC(nggl) NB=0=10
and TIZZ&JC(SQ;) NB~0 # (). So there is a rule ry € P, with sk(r1) = (B, By, H1)

and a substitution 6y such that

B0, € Th, (S5 1) (6.2)
By 6y N Tp,u0(S5 ") =0 (6.3)
H00.NB™0 75 0 (6.4)

We show that r; —¢ r. For brevity, let F' = T]%muc(SgL(_jl). We demonstrate that
G =p (TIO:mUC(SgL;)) and o = v/ (01 U 0) establish the conditions for r1 =¢ 7 in

Definition 59:
(N1) Bffo C G by (6.2).
(N2) BjoNG =0 by (6.3).

- - B

(N3) B*o C G follows from ngjuc(b’jﬁ’c) = B0 and TﬁjUC(SJﬁ’ o) < Tlgmuc(sgfcl);
. . . j—1 _

note that if m = j, then £ < o which follows from ngjuc(sjﬁc) NB~0 =0 and

T3c(Sk ) N B0 #10.

(N4) B~o N Hyo # () by (6.4); note that for every skolem term f(X)f; in H16;, the
definition of v ensures v (f(X)01) = f(vp/(X01)) (the former occurs in B~ o’,

the latter occurs in Hyo').
— o m—1 —

Since L ¢ G, we have G |= C. Thus ry =¢ r. However, r € P;, 11 € P, and

1 < j < m, which contradict Definition 61. 0l

Lemma 89. Consider numbers 1 <i < j <k <mn, aruler € P; and a substitution

0 such that L ¢ Sﬁ,C' Then SI3,C = sk(r)0 implies Sﬁ,C = sk(r)0.
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Proof. Let sk(r) = (B*,B~, H) and suppose for a contradiction that Séc = sk(r)6

P,C’
J + - + J k -
or Sﬁ,C = (BT UH)0, not B 6. So, BT0 ¢ 5’570. By Sﬁ,o = sk(r)f, we derive

k ; J k : — J
and Sﬁ,c = sk(r)f. Since Sﬁ,c C S% . we cannot have either B~6 N SI3,C # 0
Séc = B"6, not B~0 and Sgc K= HO. Therefore, there exists a maximal non-
empty set of facts A such that A C BT and AN Sé o= (). Hence there are numbers
¢ >0 and m such that j < m < k, a rule r; € P, with sk(r1) = (B}, B, H1) and a

substitution 67 such that

B 6, C Tﬁmuc(nggl) (6.5)
Bréin Tfémuc(SQfgl) =10 (6.6)
Hi61NAZ Tp uc(SE") (6.7)

Let F/ = Tf;muc(ngl) U(A\ Hiby), let G = ’YF’(T}Z:mUC(S;;l) U(A\ H16:)) and
let 0 = v (01 UH). We show that G and o meet the conditions for r; ¢ 7 in

Definition 39.
(P1) Bifo C G by (6.5).

(P2) Bjo NG = 0 by (6.6) and B; 61 N A = (); note that the latter follows from
AC Sé o and Séc = Bf@l, not B 0 which is a consequence of Lemma 88,

Tﬁmuc(sgfgl) = B 61, not By 61, 1 € P, and k > m.
(P3) Bto CGUH0 by Bt C F' U H16;.
(P4) B~oN(GUH0) =0 by S;C = BT6, not B76.
(P5) Bto ¢ G by (6.7).
(P6) Ho ¢ GU Hyo by GU H16;, C S’gvc and SI’;,C = HO.

Also L € G, so, G = C. Thus, by r; € Py, r € P, and m > i we derive a

contradiction and show our initial claim. O

Proposition 90 is analogous to Proposition 71; the only difference is that we now refer

to a set of derived facts that also satisfy the constraints in C.
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Proposition 90. If 1 ¢ Sgc, then Sgc Fsm FUPUC.

Proof. We show that L ¢ S5 ., implies (%) S5 ., is a model of F'U GL(PruUC, S5 C)
and (s) the model Sg,C of FUGL(PrUC, Sg,c) is minimal.

(%) We prove Sé c Esm FUGL(PFUC, S{; C) for all k € {0,...,n} by induction
over k. If k = 0, then P} = () and Sé o=F (since L ¢ S5 C). Clearly, F is a stable
model of F'UGL(C, F), since Tgl‘i(cyF)(F) =F.

For the induction step, let Sé o be a model of F'U GL(PfuUC, Sg C) (induction
hypothesis). We claim that Ség is a model of F U GL(PM! U C, ng}). Note
that ngcl = FUGL(PF! U C,S’g.fcl) is equivalent to Séfcl = FUsk(PFu Q).
Since Séjg = TISE+1UC(SI’§70), we find Sé}l = F Usk(Pgy1). It remains to show
SQE} = sk(PFUC). Since L ¢ St o
an arbitrary rule r € PF. By induction hypothesis, S]S'C = sk(Pf U C) and thus

we have | ¢ Séz}. Moreover, consider

Sgc = sk(r). By Lemma 89, Séffcl = sk(r). Since r was arbitrary, this establishes
the claim.

(#) Suppose for a contradiction that there is M C Sgc such that it satisfies
MEFUGLPrUC, Sgc). Then, there are ¢ > 0 and j, where 1 < j < k, such
that Tﬁqu(Sévc) C M and ng;_ﬂc(S%,C) ¢ M. Thus, there is a rule r € P; with

sk(r) = (B*,B~, H) and a substitution 0 with

B9 C Tpu0(Sk ) (6.8)
B 6N Tﬁjuc(Sﬁ{cl) =0 (6.9)
HO ¢ M (6.10)

By Tf—,jUC(S]ﬁc) C M and (6.8), B0 C M; also due to M = FUGL(P*UC, Sﬁ,c)
and (6.10), it follows that (B*6,0, H) ¢ GL(P] U C, S§ ) and thus B~=0NSE 0.
However, by (6.8), (6.9) and Lemma 88, S§ = BT, not B0, which yields the

required contradiction. O

Lemma 91 is analogous to lemma 72. The difference is that in this case the sta-
ble model coincides with the computed set of facts Sg o which have the additional

property of satisfying the constraints in C.
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Lemma 91. If M |=sm FUPUC, then Sgc =M.
Proof. We inductively show that for each k € {0,...,n},itis ngc = TSE(P{“UC,M)(F)'
This establishes the claim since the latter is equal to M if kK = n.

For k = 0, it is sg}c = Fand T} (F)=C(F). Since M [=em FUPUC,

(POUC, M)
we have L ¢ C(F).

For the induction step, assume that the claim has been shown for k. We show

k+1 __ oo
that S5 = T& (pr+1uc,an F):
k+1 00 ; 7
We first show that Sﬁ,c - TGL(P{““UC,M)(F)' For brevity, we use 1" to denote
Tgloi(PfuC,M)(F)' Suppose for a contradiction that ng} ¢ T**'. Then there are

numbers m € {1,...,k+ 1} and £ > 0 such that

Th,uo(Sgg') € TH (6.11)
Tﬁibc(sgfgl) g TF (6.12)

By the induction hypothesis, S{;C C TF+1, 50 (6.12) implies m = k + 1. Thus there

is a rule r € Py, 1 with sk(r) = (BT, B~, H) and a substitution § such that

B9 C TﬁkHUC(Sg o) (6.13)
B~ AN TﬁkHUC(SQ o) =0 (6.14)
HO g TF! (6.15)

Together, (6.13), (6.11) (where m =k + 1) and (6.15) imply
B=ONTF L (6.16)

Thus there is a rule ry with sk(ry) = (B}, By, H1), a substitution ¢; and a number

7 such that
B 6, C TéL(Pl,MUc’M)(F) (6.17)
BioiNnM=10 (6.18)
- j _
B76nN TGL(PI,MUQM)(F) =0 (6.19)
B 0N H0, # 0 (620)
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Define F/' = T’

¢
GL(PftuC, M)(F) VI

k

+1UC(Sg C). We claim that the set of facts
G = vp/(F") and the substitution o = v/ (6 U 61) satisfy the conditions for 11 ¢ r

in Definition 59. By definition, G does not contain function symbols.

(N1) B o C G by (6.17).

(N2) ByoNG =0 by (6.18) and F' C M, obtained from (6.11) (where m =k + 1).
(N3) Bto C G by (6.13).

(N4) B~o N Hyo # 0 by (6.20).

(N5) B~ o NG =0 by (6.14) and (6.19).

By M= FUPUC and T gMitisJ_géTé F);

GL(Pk“uc M)( ) L(Pf“uc,M)(

by (6.11) (where m =k + 1) we have Tf,kHUc(Sé C) T(];L(P’““uc M)(F> and, so

1 ¢Ts +1UC(S§’C). Therefore, | ¢ F’ and, thus, L ¢ G, which implies G = C.

k

As a consequence, r1 — 7 and therefore 71 € Pf by Definition 61. By (6.18) and
TF C M, we have B 6 NT* = (). By the induction hypothesis, T% = Sﬁc,
Biopn Sg,c = (. By (6.20) and (6.14), H 6, £ Sé,c' Together, these observations
imply that By 6, 5’3 Using again TF = S’; o e find that B 6, ¢ T*.

From B '0; ¢ T* and (6.17), we conclude that there is a rule ry € Pyyq with

sk(ra) = (By, By , Hs), a substitution f2 and a number o < j such that

+ o
By 02 T (pr+1u0,m)

(F) (6.21)
ByoNnM=10 (6.22)

Hs0, ﬂBfrgl Z T

gL(Pl’““UC,M)(F) (6.23)

By (6.19) and (6.20), there is o € H161 \ T
ICAS (H292 ﬂB+01>\

GL PEHUE M)( ) and by (6.23), there is

eL(PH e M)(F). Let F” = M\ {a, }. We claim that the set

of facts G' = ypr(F") and substitution o’ = vp» (01 U 02) satisty the conditions for

ro ¢ 71 in Definition 39. By definition, G’ does not contain function symbols.

(P1) Byo' C G’ by (6.21) and T F) C F”. For the latter, note that

(P’““UC,M)(
Bé¢T GL PFIUC M)( )and a ¢ T GL PkHuC’M)(F) since o ¢ T GL(Pk+1Uc M)(F)

and T¢) prr o () € TGL(P{““UC,M)( ) (by 0 <J).
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(P2) By o' NG =0 by (6.22).

(P3) B¢’ C G'U Hao' by (6.17) and a ¢ TéL(PMUC (-
1 ’

(P4) By o’ N(G' U Hyo') =0 by (6.18) and Haby C M.
(P5) Bi o’ € G’ by our choice of 3.

(P6) Hyio' € G'"UHy0" is a consequence of our choice of o and o ¢ TéL(Plk’"'luC,M)(F)'

Since M sy FUPUC, we have L ¢ F” and, so, G’ = C. As a consequence,
re 5o ri. This contradicts the assumption that r; € Plk while r9 € Pgyq, and
thus refutes our initial assumption that SéJrcl ¢ T+l We have thus shown that
k+1 k-+1
Sﬁ,() CTrF
By S:;Jg C TF+1 we have L ¢ Sé*g. The latter combined with Proposition 90
: k+1 k+1 k+1 _ oo :
yields Sﬁ,c Esmv FFU P UC. Thus Sﬁ,c = TGL(PI’“+1UC7S§+01)(F)' Now since
ng} C T+ C M, we find that

GL(P{™ U O, SER) 2 GL(PTT U O, TH ) 2 GL(PTH U O, M),

So, Skt — o

D
P.C GL(Pf“uC,S’gt})(F) 2T

é’f<pf+1u c. M)(F) = Tk*1 as required. O
Proof of Theorem 87. If L ¢ SS,C’ then by Proposition 90, SSC Fsw FUPUC,
which together with Lemma 91 implies that Sg c is the unique stable model.

Ifle 537 (o, assume for a contradiction that there exists set of facts M, such that

M Esy FUPUC. By Lemma 91, M = Sgc which is not possible since no stable

model may contain bottom. O

Theorem 74 can be extended to programs that are R-acyclic, R-stratified under

constraints:

Theorem 92. For a set of facts F', a fact a and a program P that is R-acyclic and R-
stratified under a set of constraints C, deciding PUFUC |= « is 2EXPTIME-complete

w.r.t. program complezity and P-complete w.r.t. data complexity.

Proof. By an argument similar to the one used in the proof of Theorem 84, the claims

follow from Theorem 74. O
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6.4 Complexity Results for Reliances and Discussion

We conclude this chapter by providing an overview of the complexity results for

reliance-related decision problems and a short discussion on related work.

Condition to check

No constraints

Under constraints

Positive reliance

NP-complete
(Theorem 41)

P -complete
(Theorem 80)

Negative reliance

P
(Theorem 66)

A7
(Theorem 85)

coNP-complete
(Theorems 44 and 66)

I1%-complete
(Theorems 82 and 85)

R-acyclicity /R-stratification

Table 6.1: Complexity of checking reliances, R-acyclicity and R-stratification

Table 6.1 illustrates complexity bounds for checking positive and negative re-
liances as well as R-acyclicity and R-stratification. We observe that checking positive
reliances comes at a higher cost than negative (unless P = NP) which is intuitively
explained as follows. For the positive case one needs to check the existence of a match-
ing from an atom of the positive body of a rule, to the head of another, where that
head may contain skolem terms; if skolem terms are present, then since the witness set
of facts is not allowed to contain any skolem terms the matching needs to be extended
so that it also covers atoms of the positive body that share variables with the ini-
tially considered positive body atom. In other words, a graph homomorphism check
is needed in the worst case. However, for the negative case it is sufficient to identify
just one atom whose predicate occurs in both the negative body and the head and
subsequently perform a linear time unification check; the head atom may not contain
skolem terms, since that would contradict the safety condition and (N3), according
to which the witness set of facts is required to satisfy the positive body of the second
rule. Since the number of atoms that have predicates in common is bounded by the
size of the two rules, the check for negative reliance remains polynomial.

On the other hand, the derived complexity bounds for testing R-acyclicity and

R-stratification coincide because both conditions require positive reliance checks. At
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Type of program Data complexity Combined complexity

for fact entailment

R-acyclic coNP-complete coN2ExPTIME-complete
(no/under constraints) (Theorems 45 and 84) | (Theorems 45 and 84)

R-acyclic and R-stratified P-complete 2ExPTIME-complete
(no/under constraints) (Theorems 74 and 92) | (Theorems 74 and 92)

Table 6.2: Complexity of reasoning for decidable classes of nonmonotonic existential rules

the same time, testing reliances under constraints is computationally harder (unless
the polynomial hierarchy collapses), which is justified by the additional check of
constraints satisfaction that needs to be performed after identifying a witness set of
facts and substitution. Given that the constraints check is equivalent to solving an
instance of the graph homomorphism problem, which is NP-complete, a polynomial
number of calls to an NP-oracle is required, which accounts for the complexity rise.

Table 6.2 depicts the complexity of reasoning for fragments of nonmonotonic exis-
tential rules that are defined using reliances. The drop in computational complexity
is a straightforward consequence of the unique stable model property exhibited by

programs with an R-stratification.

I[1-complete R-stratification under constraints
WAEX. 77,79
coNP-complete R-stratification
TTh.63

2 Stratification

S —
strictly captured by

Figure 6.1: Comparison of stratification conditions w.r.t. (combined) complexity of checking

and generality

Figure 6.1 illustrates the ‘stratification zoo’ for some of the stratification condi-

tions presented here, similarly to the ‘acyclicity zoo’ of Section 4.3.
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Regarding related work, this is not the first time that constraints are exploited
to achieve more efficient reasoning. Ross [211] introduces a stratification condition,
called universal constraint stratification, that extends local stratification by requir-
ing the satisfaction of a set of monotonicity constraints by a set of facts, which—in
his setting—is a relational database. Monotonicity constraints [36] are constraints
different from the ones considered here; monotonicity constraints require the exis-
tence of a strict partial order on the set of database constants, such that the order
complies with a set of inequalities specified w.r.t. certain predicates and rules. Ross
proves that universal constraint satisfaction extends local stratification and can be
efficiently recognised; however, he only considers function-free rules. In addition to
the work by Ross, the use of constraints on sets of facts to enhance R-acyclicity and
R-stratification resembles the use of dependencies, called exiensional constrainis, on
ABoxes for DL query rewriting optimisation [209, 206]. Finally constraints can be
used in a similar way to generalise MFA and MSA (which were introduced in Chap-
ter 4), because for a program that satisfies a set of constraints checking universal

MFA and MSA would be sufficient using a ‘relaxed’ critical instance.
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Knowledge Base Design

In this chapter we provide a high-level description of the knowledge bases (KBs), i.e.
the set of nonmonotonic existential rules, that we used for our empirical evaluation.
Due to lack of available test data, we assembled our own KBs and used them to
conduct experiments. The rules of these KBs mainly capture knowledge of chemi-
cal nature and the experiments consist in structure-based classification of molecular
entities. In this chapter we introduce the shape of the rules that form part of the
constructed KBs using examples.

In order to facilitate the creation of ontological descriptions by application ex-
perts not familiar with logical formulas, we designed a ‘less logician-like’ syntax for
nonmonotonic existential rules—the DGLP syntax. Axioms constructed using DGLP
syntax are uniquely translatable to nonmonotonic existential rules. In spite of the
fact that we do not provide automated support for converting DGLP axioms into
rules, we provide the DGLP descriptions for a number of examples to illustrate the
style of the syntax. The technical specification of the DGLP syntax can be found in
Appendix A.

Section 7.1 introduces the DGLP syntax and discusses a potential extension of
it with the SMILES chemical notation. Section 7.2 discusses the implicit hydrogens
assumption and the impact that it has on the construction of our KB. Sections 7.3, 7.4
and 7.5 describe the types of rules that form part of the KBs; these rules correspond

to representation of molecules, chemical classes and functional groups, respectively.
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Finally, Section 7.6 presents an example of subsumption computation.

7.1 DGLP Syntax

As we pointed out in Section 3.3.3, introducing a notation for the representation of
structures that is closer to natural language than to mathematical logic could assist
ontology developers in the design of knowledge bases. Such a notation could enable
knowledge modellers to produce succinct statements that are less verbose than natural
language sentences but still avoid the use of special symbols. For instance, a core
feature of our syntax is the use of shortcuts for representing labelled graphs, which
usually have a complicated mathematical definition. To this end, we present a ‘surface
syntax’ for nonmonotonic existential rules—that is a syntax designed to facilitate the
creation of ontological descriptions by users not familiar with logic programming.

We specify this syntax by means of a BNF grammar. We refer to a DGLP
expression, which is defined recursively by the rules of tables A.1, A.2 and A.3 (given
in Section A.1l of the appendix), as a DGLP (Description Graph Logic Programs)
aziom and to a set of DGLP axioms as a DGLP ontology. The union of the sets of
BNF rules contained in these tables is the DGLP syntax. DGLP syntax is largely
inspired by the OWL Manchester syntax and the syntax suggested for OWL 2 rules
[123, 94]. Our intention is to maximise the overlap between the syntaxes suggested
for OWL and the syntax presented here in order to exploit previous experience of
knowledge engineers with these notations.

In order to support ontology developers with reasoning services, we additionally
need to define a mapping from DGLP axioms to nonmonotonic existential rules.
Tables A.4-A.13 (given in Section A.2 of the appendix) present the transformation
operator NER that maps a set of DGLP axioms as defined from Tables A.1-A.3 to a
set of nonmonotonic existential rules. The style of the definitions listed in Tables A.4—
A .13 is influenced by the W3C recommendation that specifies the mapping from OWL
axioms to RDF graphs [101].

To define objects with complex internal structure, DGLP axioms use the inter-
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mediate definition of a description graph, i.e. a construct that encodes a non-empty
labelled graph with the additional restriction that edges must have non-empty labels.
For example the molecular structure of housane (Figure 7.1 on the left) can be repre-
sented with the following DGLP axiom, where the expression Graph(...) represents
a description graph. Please note that in the following DGLP axiom, we have inserted
some additional whitespaces and newlines to enhance readability; in the remainder
of this chapter, we take the liberty to add or remove whitespaces and newlines where

appropriate for the sake of clarity.
housane SubClassOf

molecule AND
hasAtom Graph(Nodes (1 carbon, 2 carbon, 3 carbon, 4 carbon, 5 carbon)
Edges (1 2 singleBond, 2 3 singleBond, 3 4 singleBond,

4 5 singleBond, 5 1 singleBond, 2 5 singleBond)
Using the mappings from DGLP axioms to rules, the above DGLP axiom can be

translated to the following rule.

5 5
housane(x) — 32_,yi. /\ hasAtom(x,yi) A /\ carbon(y;) A
i=1 i=1

5
/\ singleBond(Yi, ¥i mod 5) A singleBond(y2,ys)
i=1

In spite of the fact that DGLP syntax restricts the shape of the rules, it does
not offer any acyclicity or stratification guarantees for the constructed knowledge
base. As a consequence, after transforming a DGLP ontology into rules one needs
to perform an acyclicity and a stratification check in order to ensure finiteness and
uniqueness of the stable model. It would be an interesting subject for future work
to design and implement support that would guide users to convert a cyclic DGLP

ontology into an acyclic one (if that is possible).

7.1.1 DGLP/SMILES Notation for Chemistry

We next suggest how DGLP syntax could be further extended with SMILES,! a

compact, widely used chemical notation for the representation of molecular graphs.

!SMILES stands for Simplified Molecular-Input Line-Entry System
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C 1 C

12

2

CcC—C C --C
CcC—C CcC—C
Figure 7.1: Housane structure (left) and SMILES cycle breaking (right)

SMILES was developed in the late 1980s as a specification for the description of
chemical structures with short ASCII strings [238, 240, 239]. Reproducing the full
SMILES specification is beyond the scope of this thesis. What we provide next is a
brief summary of the key SMILES features and how the SMILES notation could be
incorporated to the DGLP syntax in the future.

In a SMILES string, atoms are denoted with the IUPAC chemical element ab-
breviation and bonds with the symbols —, =, # and : for single, double, triple and
aromatic bonds, respectively; if no bond is specified, a single bond is assumed by
default. Moreover, the SMARTS notation,? which is a query language for SMILES
strings, permits the use of wildcard atoms and bonds with the symbols * and 7, re-
spectively. The SMILES string of a chemical graph is obtained by concatenating the
atom symbols encountered in a depth-first tree traversal of the graph. If the chemical
graph contains rings, the rings are broken to turn the graph into its spanning tree; in
that case, the symbols of the atoms, whose bond has been removed to break a cycle,
are extended with numeric suffix labels. During the traversal, parentheses are used
to enclose branches of the tree that hang off the main backbone.

Figure 7.1 on the right shows the cycle breaks for the two rings of housane that
suggest a depth-first tree traversal of the remaining tree of the graph; the broken
bonds are indicated with a dashed line. A possible SMILES string for housane is
C1C2CCC12, where the last carbon has both numerical suffixes ‘1’ and ‘2’.

DGLP syntax can be extended with SMILES strings, by replacing the rule that

2SMARTS stands for SMiles ARbitrary Target Specification [3].
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defines DescriptionGraph of Table A.1 with

DescriptionGraph ::= ‘Graph’ ‘(’ NodeSet EdgeSet ‘)’

| ‘Smiles(” SmilesName ¢)’

where SmilesName is a valid SMILES string enhanced with the additional SMARTS
features that allow for atoms and bonds of any kind. A DGLP axiom can then be
mapped to a nonmonotonic existential rule by first converting the SMILES string into
a description graph and then applying the NER mapping as defined in Table A.4. For
the conversion into a description graph, translation into a labelled graph representa-
tion would suffice; this could be performed by one of the many off-the-shelf conver-
sion software tools® that implement an algorithm designed for this purpose (known as
Structure Diagram Generation [114]) and subsequently convert the names of atoms
and bonds into strings starting with a lowercase letter. For example, a DGLP axiom

extended with SMILES for housane could be the following:
housane SubClassOf

molecule AND hasAtom Smiles(C1C2CCC12)
Finally, an advantage of describing molecules with DGLP axioms (extended with

SMILES) instead of SMILES strings is that multiple SMILES strings might exist for
the same molecule, whereas DGLP axioms can be translated into formulae that are

logically equivalent.

7.2 Implicit Hydrogens Assumption

As we will see in Chapter 8, we carried out different kinds of experiments in some
of which we adopted the implicit hydrogens assumption and in some of which we did
not. The implicit hydrogens assumption is an optimisation frequently encountered in
computational chemistry applications according to which hydrogens of molecules are
not represented explicitly but are maintained as an implicit hydrogen count associated

with each atom. Since the number of hydrogens in a molecule is usually half of the

3A list of downloadable and web-based conversion utilities can be found at http://www.

opensmiles.org/opensmiles.html
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Figure 7.2: Molfile (left), chemical graph (top right) and labelled graph abstraction (bottom

right) encoding the molecular structure of ascorbic acid.

total number of atoms, a significant performance improvement can be gained due to
reduced memory consumption. However, as we discuss in Section 7.5 in certain cases
we have to drop the implicit hydrogens assumption as it compromises R-stratification
of the KB. In the description of the rules that follows we state clearly how the implicit

or explicit representation of hydrogens influences the construction of the rules.

7.3 Representation of Molecules

Next, we describe how molecules can be represented by rules; we use as an example
the molecule of ascorbic acid (commonly known as vitamin C). The chemical graph of

ascorbic acid is depicted in the top right corner of Figure 7.2; the numerical table in
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the left column of the same figure is the molfile of ascorbic acid, one of the standard
chemical file formats (molfiles specify the atoms, the coordinates of the atoms and the
bonds of a molecule using a well-defined table format). Conceptually, the structure
of ascorbic acid can be abstracted with the help of a labelled graph such as the one
that appears in the bottom right of Figure 7.2. In order to simplify the presentation
of that graph a legend is used for the edge labels and the node labels are abbreviated;
all arrowless edges are assumed to be bidirectional. For our chemical setting, the
description graph of a molecule is a labelled graph whose nodes correspond to the
atoms of the molecule (nodes 1-13 for ascorbic acid) plus an extra node for the
molecule itself (node 0) and whose edges correspond to the bonds of the molecule
(e.g. (1,7)) plus some additional edges that connect the molecule node with each
one of the atom nodes (e.g. (0,1)); additionally, the atom nodes are labelled with
the respective chemical elements (e.g. oxygen for node 1) and the bond edges with
the corresponding bond order (e.g. singleBond for (1,7)); finally, the molecule node
is labelled with molecule and the edges that connect the molecule node with each of
the atom nodes are labelled with hasAtom. Both the nodes and the edges can have
multiple labels allowing us to also capture molecular properties such as charge values
for atoms.

Ascorbic acid can be described by the following DGLP axiom.
ascorbicAcid SubClassOf

molecule AND
hasAtom Graph (Nodes (1 oxygen, 2 oxygen, 3 oxygen, 4 oxygen,
5 oxygen, 6 oxygen, 7 carbon, 8 carbon,
9 carbon, 10 carbon, 11 carbon, 12 carbon,
13 hydrogen)
Edges (1 2 singleBond, 1 10 singleBond, 2 7 doubleBond,
3 8 singleBond, 4 9 singleBond, 5 12 singleBond,
6 11 singleBond, 7 1 singleBond, 8 7 singleBond,
9 8 doubleBond, 10 9 singleBond, 11 10 singleBond
12 11 singleBond, 13 10 singleBond ) )
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The following is the result of converting the above DGLP axiom into a rule and
then skolemising it; in fact in our implementation we need a separate rule for each
conjunct in the head but we use only one rule here to simplify the presentation
(since the splitting into several rules happens after skolemisation, it does not affect
the computed stable models). In the description that follows, we include only one

direction of the bonds in order to simplify the presentation.

13 6
ascorbicAcid(x) — molecule(x) A /\ hasAtom(x, fi(x)) A /\ oxygen(fi(x)) A
i=1 i=1

12
/\ carbon(fi(x)) A hydrogen(fi3(x)) A singleBond(fg(x), f3(x)) A
i=7

singleBond(fg(x), f4(x)) A /\ singleBond(f10(x), fi(x)) A

i=1,9,11,13
/\ singleBond(f12(x), fi(x)) A /\ singleBond(f7(x), fi(x)) A
i=5,11 i=1,8

singleBond(f1(x), fs(x)) A doubleBond(f2(x), f7(x)) A

doubleBond(fg(x), fg(x))

Depending on whether we adopt the implicit hydrogen assumption or not, we
have additional hydrogen nodes in the graph and, thus, in the corresponding rule
(the actual ascorbic acid molecule contains eight hydrogens in total). In the ascorbic
acid descriptions of Figure 7.2, hydrogens are implicit (the hydrogen in node 13 is an

exception because it participates in a stereochemical bond).

7.4 Representation of Chemical Classes

Before presenting the modelling of various chemical classes, we demonstrate how we
can encode background chemical knowledge with DGLP axioms that can subsequently

be mapped to rules. Three such axioms appear next.

bond SuperPropertyOf
singleBond OR doubleBond OR tripleBond
charged SuperClassOf

positive OR negative

160



Chapter 7. Knowledge Base Design

horc SuperClassOf

hydrogen OR carbon

Examples of such knowledge include the fact that single and double bonds are
kinds of bonds and that atoms with positive or negative charge are charged; we can
also denote a particular class of atoms, e.g. atoms that are hydrogens or carbons.

The translation of the abovementioned DGLP axioms into rules appears below.

singleBond(x1,x2) — bond(x1, x2)
doubleBond(x1, x2) — bond(x1, x2)
tripleBond(x1,x2) — bond(x1, x2)
negative(x) — charged(x)
positive(x) — charged(x)
hydrogen(x) — horc(x)

carbon(x) — horc(x)

Next we describe representative examples of the classes we captured using rules;
our chemical modelling was based on the textual definitions found in the ChEBI
ontology.* The classes that we covered can be categorised into four groups depending
on the feature that is used for their definition: existence of subcomponents, exact
cardinality of parts, exclusive composition and cyclicity. Here we show in full detail

only some of the rules; the complete logic programs are available online [2].

7.4.1 Existence of Subcomponents

The great majority of the existing chemical classes is defined via containment of
atoms, functional groups or other atom arrangements. Next we show surface syntax
axioms that define classes which depend on contained parts such as carbon molec-
ular entities, polyatomic entities, carboxylic acids, esters, molecules that contain a
four-membered ring and heteroorganic entities. In the following axioms we use the

keyword ‘GraphNL’ in contrast to the previously used ‘Graph’ as the DGLP syntax

‘http://www.ebi.ac.uk/chebi/
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grammar requires the use of the former when specifying nodes that are either labelled
with negative literals or are specified to be disjoint. Please note that the use of the
keyword in the axioms below is different than in the previous axioms as it
originates from an existential quantification enclosed in the body of a rule, which is
in fact a universal quantification. Also, we choose to use the additional keywords
SuperClassOf and SuperPropertyOf instead of reversing the order of expressions, as
it is more intuitive to state upfront the entity to be defined or recognised. Textual

explanations of the DGLP axioms can be found after them.

carbonEntity SuperClassOf

hasAtom carbon

polyatomicEntity SuperClassOf
molecule AND hasAtom GraphNL (DisjointNodes ( 1, 2)

Edges ( ) )

middleOxygen SuperClassOf
oxygen AND bond GraphNL (DisjointNodes ( 1, 2)

Edges () )

carboxylicAcid SuperClassOf
hasAtom GraphNL (Nodes ( 1 carbon, 2 oxygen, 3 oxygen
NOT middleOxygen NOT charged,
4 horc)
Edges ( 1 2 doubleBond, 1 3 singleBond,

1 4 singleBond ) )

carboxylicEster SuperClassOf
hasAtom Graph (Nodes ( 1 carbon, 2 oxygen,
3 oxygen, 4 carbon, 5 horc)
Edges ( 1 2 doubleBond, 1 3 singleBond,
1 5 singleBond, 3 4 singleBond ) )
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fourMemberedRingEntity SuperClassOf
hasAtom GraphNL(DisjointNodes (1,2 ,3 ,4)
Edges ( 1 2 bond, 2 3 bond, 3 4 bond, 4 1 bond ) )

heteroOrganicEntity SuperClassOf
hasAtom GraphNL(Nodes (1 carbon, 2 NOT carbon NOT hydrogen)
Edges (1 2 bond ) )

We define as carbon molecular entities the molecules that contain carbon; poly-
atomic entities are the entities that contain at least two different atoms. Carboxylic
acids are defined as molecules containing at least one carboxy group (carboxy group
is a functional group with formula C(=0)OH, see Figure 7.3) attached to a carbon
or hydrogen; in the representation described here we follow the implicit hydrogens
assumption and thus we are not able to distinguish between an oxygen and a hydroxy
group and, so, we need to specify that the oxygen of the hydroxy group is not charged
( NOT charged) and participates in only one bond ( NOT middleOxygen). Similarly,
carboxylic esters contain a carbonyl group connected to an oxygen ((C=0)0O) which
is further attached to two atoms that are carbon or hydrogen. Finally, heteroorganic
entities are entities which contain a carbon connected through a bond to an atom that
is neither carbon nor hydrogen. One can find below the corresponding translations

into rules.

molecule(x) A hasAtom(x, z) A carbon(z) — carbonEntity(x)

molecule(x) A hasAtom(x,z;) A hasAtom(x,z2) A z; # zo — polyatomicEntity(x)

2
oxygen(x) A /\ bond(x,z;) A z; # zo — middleOxygen(x)
i=1
4
/\ hasAtom(x, zj) A carbon(z;) A
i=1

oxygen(za) A oxygen(zz) A horc(zy) A
double(zy, z2) A single(z1,z3) A single(zi,z4) A

not middleOxygen(z3) A not charged(z3) — carboxylicAcid(x)
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5
/\ hasAtom(x, z;) /\ carbon(z;) A
i=1 i=1,4

/\ oxygen(z;) A horc(zs) A double(zy,22) A

i=2,3
/\ single(z1, zj) A single(zs,z4) — carboxylicEster(x)
i=3,5
4 4
/\ hasAtom(x, z;) A /\ bond(zi, Z(i mod 4)41) A
i=1 i=1

/\ z; # z; — fourMemberedRingEntity(x)
1<i<j<4
2
/\ hasAtom(x, z;) A carbon(z;) A not carbon(zz) A
i=1

not hydrogen(zz) A bond(z1,z2) — heteroOrganicEntity(x)

Apart from the examples of chemical classes given above, we are also able to
recognise compounds that satisfy a disjunctive condition. E.g. in order to recognise
molecules that contain one functional group or another, we can add two rules with
the same head and different bodies. However, the inverse—that is classes defined
with a disjunction—would not be possible because it would lead to multiple stable
models.

Besides class recognition using atom containment, we can recognise classes de-
pending on the containment of functional groups. To achieve that, we would need

rules that identify the existence of functional groups, e.g. for the case of hydroxy

group:

hasAtom(x, z;) A oxygen(z;)
hasAtom(x, z3) A hydrogen(zz)
singleBond(z1,z2) — Jy.hasFunctionalGroup(x,y) A hydroxyGroup(y)
Nevertheless, this could lead to incorrect modelling as it could derive multiple terms
for groups with symmetric structure. One can amend that using rules with equality

atoms in the head, but since this is not covered by our formal framework, we omitted

this approach in the design of our knowledge base.
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7.4.2 Exact Cardinality of Parts

||
00w
Figure 7.3: Chemical structure of carboxy group

Chemical classes can also be defined by specifying the exact number of contained
atoms or functional groups, similarly to qualified number restrictions in Description
Logics [13]. Examples include molecules that contain only one atom, molecules with
exactly two carbons and dicarboxylic acids, that is molecules with exactly two carboxy
groups (see Figure 7.3 for the structure of carboxy groups). DGLP axioms for the
definition of molecules with exactly two carbons and for the definition of dicarboxylic

acids appear next.

twoCarbonMolecule SuperClassOf

molecule AND hasAtom 2 carbon

diCarboxylicAcid SuperClassOf
molecule AND
hasAtom 2 GraphNL(Nodes (1 carbon, 2 oxygen, 3 oxygen,
4 hydrogen)
Edges (1 2 doubleBond, 1 3 singleBond,
3 4 singleBond ) )

The translation into rules follows. One can readily verify that the DGLP syntax

formulation is more direct and intuitive than its equivalent translation into rules.

3 3
/\ hasAtom(x, z;) A /\ carbon(z;) A
i=1 i=1

71 # 29 N 29 # z3 N\ 21 # z3 — atLeastThreeCarbon(x)

165



Chapter 7. Knowledge Base Design

2 2
molecule(x) A /\ hasAtom(x, z;) A /\ carbon(z;) A
i=1 i=1
Azi # zo A not atlLeastThreeCarbon(x) — twoCarbonMolecule(x)

12
/\ hasAtom(x, z;) A /\ carbon(z;) A
i=1 i=1,5,9

/\ oxygen(z;) A /\ singleBond(z, zi12) A
i=2,3,6,7,10,11 i=1,4,8

/\ singleBond(z;,zj+1) A /\ hydrogen(z;) A
i=3,7,11 i=4,8,12

/\ doubleBond(z;,zj+1) A /\ zj # z; — atLeastThreeCarboxy(x)
i=1,4,8 1<i<j<12
8
molecule(x) A /\ hasAtom(x, z;) A

i=1

/\ carbon(z;) A /\ oxygen(z;) A

i=1,5 i=2,3,6,7
/\ hydrogen(z;) A /\ doubleBond(z;,zj+1) A
i=4,8 i=1,4
/\ singleBond(z;, zj12) A /\ singleBond(z;, zi+1) A
i=1,4 i=3,7

/\ zi # z; A not atlLeastThreeCarboxy(x) — diCarboxylicAcid(x)
1<i<j<8

7.4.3 Exclusive Composition

We next present classes of molecules such that each atom (or bond) they contain
satisfies a particular property. These features are usually very naturally modelled
with the help of nonmonotonic negation. Examples include inorganic molecules that
consist exclusively of non-carbon atoms. In spite of the fact that there are many
compounds with carbons considered inorganic, in this thesis we align our encoding
with the ChEBI definition of inorganic molecular entities (ChEBI id 24835), according
to which no carbons occur in these entities; however, if the modeller wishes it, it
is straightforward to declare exceptions with the help of nonmonotonic negation.

Another example is the class of hydrocarbons which only contain hydrogens and
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carbons; also saturated compounds are defined as the compounds whose carbon to

carbon bonds are all single. The corresponding DGLP axioms appear next.

inorganic SuperClassOf

molecule AND hasAtom ( NOT carbon)

hydroCarbon SuperClassOf
carbonEntity AND hasAtom (hydrogen OR carbon)

unsaturated SuperClassOf
molecule AND hasAtom Graph (Nodes ( 1 carbon, 2 carbon)
Edges ( 1 2 doubleBond ) )

unsaturated SuperClassOf
molecule AND hasAtom Graph (Nodes ( 1 carbon, 2 carbon)
Edges ( 1 2 tripleBond ) )

saturated SuperClassOf

molecule AND NOT unsaturated

The DGLP axiom for hydroCarbon is translated into two rules, where an auxiliary
predicate is used, as specified by Table A.8. Please note that one can use more than
one DGLP axioms (and thus rules) to define classes that emerge as a result of different
structural configurations, which is the case for unsaturated molecules. Below we list

the respective translation into rules.

molecule(x) A not carbonEntity(x) — inorganic(x)
hasAtom(x,z) A not carbon(z) A not hydrogen(z) — AuxhydroCarbon(x)
carbonEntity(x) A not AuxhydroCarbon(x) — hydroCarbon(x)
molecule(x) A hasAtom(x,z1) A carbon(z;)
hasAtom(x, z2) A carbon(zz) A doubleBond(z;,z2) — unsaturated(x)
molecule(x) A hasAtom(x,z;) A carbon(z;)

hasAtom(x, z2) A carbon(zz) A tripleBond(z;,z2) — unsaturated(x)
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molecule(x) A not unsaturated(x) — saturated(x)

7.4.4 Cyclicity-Related Classes

These chemical classes include the definition of molecules containing a ring of any
length as well as other definitions that depend on the cyclicity of molecules, such as
alkanes. We define cyclic molecules as molecules containing a loop of length at least
three. To this end, one first needs to identify an atom that participates in such a
loop (or one of its neighbours) and subsequently flag the molecule that contains it as

cyclic. The following rules encode this effect:

bond(x,y) A bond(y,z) Ax #y Ay # z Ax # z — path3DistNodes(x,y,z) (r1)
path3DistinctNodes(x, y,z) A bond(z,w) A

Xx=wAy#wAz#w — path3DistNodes(x,z, w) (r2)

path3DistNodes(x, y, z) A bond(z,x) — loopAtLeast3Atoms(x) (73)

molecule(x) A hasAtom(x,y) A loopAtLeast3Atoms(y) — cyclic(x) (ra)

DGLP syntax allows for arbitrarily shaped nonmonotonic existential rules that do not
need to be transformed as it is indicated by the definition of the Rule expression
in Table A.1. This is useful for the rules r1—r4 which can be expressed in the DGLP
syntax by enclosing them into parentheses and adding the NERule prefix. Please
note that rules r1—ry recognise molecules that contain cycles but cannot be used
to enforce containment of cyclic parts by cyclic molecules. Also, rules ri—r4 may
recognise entities with cycles of unbounded length or entities that satisfy a disjunction
of conditions (e.g. containing a cycle of length three four), but cannot be used to
define such entities. Once cyclic molecules are defined one can exploit nonmonotonic
negation to recognise other classes such as alkanes, which are saturated, non-cyclic

hydrocarbons. The DGLP axiom for alkanes and its rule translation appear next.

alkane SuperClassOf
saturated AND hydroCarbon AND NOT cyclic

saturated(x) A hydroCarbon(x) A not cyclic(x) — alkane(x)
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7.5 Representation of Functional Groups

@
Tt e

Figure 7.4: Epoxy group structure

Chemical entities containing functional groups are structured objects that can act
both as superclasses and subclasses of other entities. For example, epoxide, which is
an entity containing epoxy (epoxy’s chemical structure appears in Figure 7.4), can
be a superclass of molecules that contain the epoxy group and at the same time a
subclass of more generic classes such as carbon-containing entities. Epoxide can be

represented with the following DGLP axiom.

epoxide EquivalentTo
hasAtom Graph(Nodes (1 oxygen, 2 carbon, 3 carbon, 4 hydrogen,
5, 6, 7 hydrogen)
Edges (1 2 singleBond, 2 3 singleBond, 3 1 singleBond,
2 4 singleBond, 2 5 singleBond, 3 6 singleBond,

3 7 singleBond ) )
The translation of the above axiom into rules appears next.

7
/\ hasAtom(x, z;) A oxygen(zi) A /\ carbon(z;) A
i=1 i=2,3

)

3
/\ hydrogen(z;) A /\ singleBond(zi, Z(i mod 3)41) /\
i=4,7 i=1

/\ singleBond(z2, zj) A /\ singleBond(z3,z)) A
i=4,5 i=6,7

7
/\ not newEpoxide(z;) — epoxide(x) A recEpoxide(x)
i=1
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7
epoxide(x) A not recEpoxide(x) — EILlyi./\ hasAtom(x, y;i) A oxygen(y1) A
i=1

/\ carbon(y;) A /\ hydrogen(yi) A
i=2,3 i=4,7
3

/\ singleBond(y;, Y( mod 3)+1) A
i=1

/\ singleBond(y2,yi) A
i=4,5

7
/\ singleBond(ys, yi) A /\ newEpoxide(y;)
i=6,7 i=1

Similarly, we can represent a variety of classes depending on functional groups
such as phosphate, disulphide and hydrazone. Armengol and Plaza [10] provide a
useful resource for frequently encountered functional groups. For this setting we do
not operate on the implicit hydrogens assumption, because this would result in a
violation of R-stratification as is indicated by the following example, which involves
the modelling of carboxylic acid.

2
oxygen(x) A /\ bond(x,yi) Ay1 # y2 — middleOxygen(x) (rs)
i=1

4
/\ hasAtom(x, y;) A carbon(y1) A oxygen(yz2) A
i=1

oxygen(ys) A horc(ys) A doubleBond(y1,y2) A
singleBond(y1,y3) A singleBond(y1,y4) A

not gea(y1) A not gea(y2) A not gea(ys) A
not ge,(y4) A not middleOxygen(ys) A

not charged(ys) — carboxylicAcid(x) A rca(x)  (76)
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Input fact: ascorbicAcid(a)

Stable model: ascorbicAcid(a), hasAtom(a,af) for 1 <i < 13,

oxygen(af) for 1 <i <6, carbon(af) for 7 <i < 12, hydrogen(afs),
singleBond(af, af), singleBond(af, a!}), singleBond(af,, al) for i € {5,11},
singleBond(af, af) for i € {1,8}, singleBond(af;,af;), doubleBond(af, af),
bond(af, af), singleBond(af,af) for i € {1,9,11,13}, doubleBond(af, af),
bond(af, a%}), bond(af,,af) for i € {5,11}, bond(af,,af) for i € {1,9,11,13},
bond(af, af) for i € {1,8}, bond(af, af), bond(ah, af), bond(af,af),

horc(af) for 7 < i < 13, molecule(a), organic(a), polyatomicEntity(a), cyclic(a),

middleOxygen(af), carboxylicEster(a), unsaturated(a), heteroOrganicEntity(a)

Table 7.1: Stable model of the KB with the input fact ascorbicAcid(a) and the rules of
Section 7.3 and 7.4; f;(a) is abbreviated with af for 1 <i < 13.

4
carboxylicAcid(x) A not re,(x) — FL,yi. /\ hasAtom(x, y;) A carbon(y;) A
i=1

oxygen(yz2) A oxygen(ys) A horc(ys) A

doubleBond(y1, y2) A singleBond(y1,y3) A

singleBond(y1,y4) A /\ gea(yi) (r7)
i=1

singleBond(x,y) — bond(x,y) (r7)

+, rg & 15, that is {rs, 76,77, 78} is no longer R-stratified.

We have r5 = r¢ — 77
However, if we choose to explicitly represent hydrogens, rule r5 can be removed thus

restoring R-stratification.

7.6 Determining Subclass Relations

We have already demonstrated how meaningful subsumptions can be derived by rea-
soning over programs under the stable model semantics. Let us revisit this pro-
cess by means of an example. For the case of ascorbic acid, if we append the fact

ascorbicAcid(a) to the KB that consists of the rules appearing in Sections 7.3 and 7.4,
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we obtain the stable model that appears in Table 7.1 (for simplicity we have omit-
ted atoms whose predicates are path3DistNodes and loopAtLeast3Atoms that are too
many). From the contained unary atoms we can infer the superclasses of ascorbic
acid, that is we deduce that ascorbic acid is—among others—a polyatomic, cyclic,
heteroorganic molecular entity that contains carbon and a carboxylic ester. If there
is no relevant atom for a chemical class in the stable model, then we conclude that
class not to be a subsumer, e.g. since carboxylicAcid(a) is not found in the stable

model, carboxylic acid is not a superclass of ascorbic acid.
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Empirical Evaluation

In this chapter we assess the practical feasibility of nonmonotonic existential rules
by applying them to the automatic construction of chemical taxonomies. In partic-
ular, we test how efficiently we can compute chemical class subsumers of chemical
entities using state-of-the-art datalog reasoners and the knowledge base presented in
Chapter 7. To this end, we present LoPStER., a prototypical tool for ontology-based
classification of chemicals, and we test its performance by carrying out a number of
classification experiments.

The chapter is organised as follows. Section 8.1 introduces the problem of chemical
classification and provides an overview of related work. Section 8.2 provides a high-
level description of our implementation, Section 8.3 presents the experimental results
of our evaluation and Section 8.4 discusses the derived subsumptions. Section 8.5
compares our work with previous logic-based approaches on chemical classification

and concludes with potential applications of our framework to other domains.

8.1 The Chemical Classification Problem

Taxonomies provide a compelling way of aggregating information, as hierarchically
organised knowledge is more accessible to humans. This is evidenced, e.g. by the
pervasive use of the periodic table in chemistry, one of the longest-standing and

most widely adopted classification schemes in natural sciences [181]. Additionally,
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organising a large number of different objects into meaningful groups facilitates the
discovery of significant properties pertaining to that group; these discoveries can then
be used to predict features of later detected members of the group. For instance, esters
with low molecular weight tend to be more volatile and, so, a newly found ester with
low weight is expected to be highly volatile, too. Moreover, taxonomic structures have
practical applications to life sciences, e.g. they can be exploited by bioinformaticians
to produce background sets for enrichment analysis tasks [154]. As a consequence,
grouping objects on the basis of shared characteristics forms an integral part of many
life sciences data management systems [220]. Due to the availability of numerous
performant logic-based reasoners, life scientists can employ ontological systems to
drive fast, automatic and repeatable classification processes that produce high quality
hierarchies [246, 57]. Therefore, in areas such as biology and chemistry with a long
tradition of taxonomy use, a wealth of knowledge bases with hierarchy facilities exist
and steadily grow.

A prominent example of a knowledge base for the chemical domain is the ChEBI
ontology, an open-access dictionary of molecular entities that provides high qual-
ity annotation and taxonomical information for chemical compounds [68, 66, 111].
ChEBI fosters interoperability between researchers by acting as the primary chem-
ical annotation resource for various biological databases such as BioModels [156],
Reactome [62] and the Gene Ontology [52]. Moreover, ChEBI supports numerous
tasks of biochemical knowledge discovery such as elucidation of metabolic networks
[84], analysis of metabolomic data [51] and identification of disease pathways [118].

A prerequisite for the automatic construction and maintenance of hierarchies is the
availability of ontological formalisms that are expressive enough to model the entities
destined for classification. As we argued in Section 3.1, state-of-the-art ontology
technology falls short of expressive power when it comes to representing objects with
internal structure. More precisely, the ‘tree-likedness’ and the open-world assumption
of OWL hinder the representation of biological knowledge [189] and—as we discussed

in Section 3.1—also the ability to define classes in the chemical domain. These

! Chemical Entities of Biological Interest
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inadequacies obstruct the full automation of classification for chemical ontologies,
such as ChEBI, which is curated by human experts who manually annotate and
determine the chemical classes of new molecular entries. Currently, ChEBI describes
32,801 fully annotated entities (release 103) and grows at a rate of approximately
4,500 entities per year (estimate based on previous releases?). Given the size of
other publicly available chemical databases, such as PubChem [236] that contains
records for 1.6 million molecules and ChemSpider [196] that encompasses more than
26 million unique molecules, there is clearly a strong potential for ChEBI to expand
by speeding up the curating tasks through automation of chemical classification [132].

As the classification of compounds is a key task of the drug development process
[237|, the construction of chemical hierarchies has been the topic of various inves-
tigations [113]| that go beyond logic-based knowledge representation (KR). In par-
ticular, prominent contributions towards automatic chemical hierarchy construction
build upon statistical machine learning (ML) techniques [223, 70, 138] and algorith-
mic classification systems [5, 21]. As we already saw, in KR approaches molecule
and class descriptions are represented with logical axioms produced by experts and
subsumptions are identified with the help of automated reasoning programs; on the
other hand, statistical algorithms require training through annotated datasets in or-
der to be able to classify new entries. So, KR approaches are based on the explicit
axiomatisation of knowledge, whereas ML algorithms act as a ‘black box’ that assigns
to new entries superclasses that are likely to be correct. As a consequence, the tax-
onomies produced using logic-based techniques are provably correct (as long as the
modelling of the domain knowledge is faithful), but the statistically produced hierar-
chies (although usually faster) need to be evaluated against a curated gold standard.
Moreover, KR and ML techniques tend to classify chemical entities on the basis of
different features: KR approaches usually exploit structural information to perform
classification (e.g. saturated molecules), whereas ML techniques try to predict fea-
tures from functional characteristics such as carcinogenicity [223]. Therefore, the two

approaches are not directly comparable. Here, we focus on logic-based chemical clas-

*http://www.ebi.ac.uk/chebi/newsForward.do
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sification [234, 144, 112, 172, 173], which in certain cases can complement statistical
and algorithmic approaches [84, 110, 82, 28|.

One of the first ontology-based approaches to chemical classification is reported by
Villanueva-Rosales and Dumontier [234| where molecules were classified using func-
tional group containment. Villanueva-Rosales and Dumontier manually built a hier-
archy of chemical classes based on functional groups using OWL TBox axioms; sub-
sequently, they extracted OWL ABox assertions from molecular descriptions (given
in a chemical file format) and proceeded with assigning molecules (i.e. OWL indi-
viduals) to chemical classes (i.e. OWL classes) with the help of an OWL reasoning
engine. However, due to the inherent inability of OWL to represent cycles, it was im-
possible to model classes depending on cyclic functional groups such as benzene; the
authors suggested the use of DL-safe rules as a workaround, which was only partially
satisfactory for reasons that we explained in Section 3.1.2.

Further to that, Konyk et al. [144| implemented a similar classification method-
ology, where nominal-based class expressions instead of OWL ABox assertions were
used to represent molecules. However, Konyk et al. concluded that this solution had
the drawback of precluding the definition of multiple instances of the same molecule.
As an alternative, they suggested the adoption of the FOL Description Graphs ex-
tension, which however suffers from the deficiencies that we listed in Section 3.1.3.
As a natural continuation, Hastings et al. [112] applied the FOL Description Graphs
framework [184] to the representation of non-tree-shaped molecular structures. How-
ever, this allowed only for the identification of cycles with alternating single and
double bonds and created a number of other modelling problems, as we explained
through examples in Section 3.1.3. More recently, Dumontier outlined a modelling
methodology for the inference of subsumptions depending on molecular symmetry
and atomic connectivity that draws upon OWL classes [73].

In Chapters 4, 5 and 6, we laid the theoretical foundation of a new expressive
ontology language that relies on nonmonotonic existential rules and is suitable for
the representation of graph-shaped objects and, thus, molecules. In the remainder

of this chapter, we test the nonmonotonic existential rules framework in practice
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by presenting experimental results of a two-fold empirical evaluation conducted over
data extracted from the ChEBI ontology. The objectives of our experiments are
to assess the feasibility of logic-based techniques in order to compute (i) chemical
class subsumers of molecules and (ii) chemical class subsumers of molecules and of
chemical classes. These hypotheses are tested by the first and second part of our

implementation, respectively.

8.2 Implementation Architecture

This section provides an overview of LoPStER,® the prototype we developed for
structure-based chemical classification. The implementation is based on the DLV
system, a powerful and efficient deductive databases and logic programming engine
[153]. DLV constitutes the automated reasoning component used by LoPStER for
stable model computation of a rule set. Figure 8.1 depicts the basic processing steps
as well as the different files that are parsed and produced by LoPStER. LoPStER is
implemented in Java and is available along with the input datasets and obtained

results online [2]. Next, we describe in more detail the several stages of execution.

1. File parsing. LoPStER parses the molfiles [64] of the molecules to be classified
using the Chemistry Development Kit Java library [225]. The molfile is a widely
used chemical file format that describes molecular structures with a connection
table; e.g., the molfile of ascorbic acid appears in the left of Figure 7.2. For
each molecule, a labelled graph (e.g. bottom right of Figure 7.2 on page 158)
representation is generated from its molfile according to the transformation
outlined in Section 7.3. In this stage, text files that contain functional group
descriptions (if any) are also parsed and converted into nonmonotonic existential

rules as described in Section 7.5.

2. Compilation of the KB. For each molecule the labelled graph representation
is used to produce a set of rules that encode its structure; similarly, pairs of

rules are created for the functional group descriptions. These rules along with

3Logic Programming for Structured Entities Reasoner
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DLV system

A

3. Invoke DLV for stable model computations

" pwv || Stable

. programs | models
f 7
2. Compilation of the KB 4. Stable model storage
) 1. Files parsing | ¢ L ] ¥ 5. Subsumptions

p
- Chemical class rules
X

/;» extraction
\/ Functional group files\%» LoPStER

4

\/ Molfiles \E

_ |Chemical
" | hierarchy

Figure 8.1: Architecture of LoPStER

the chemical class rules and the facts necessary to determine subclass relations
are combined to produce DLV programs that are stored as plain text files on

disk.

3. Invoke DLV for model computation. DLV is invoked to perform stable

model computations.

4. Stable model storage. The stable model computed by DLV is stored in a file

on disk to enable subsequent processing.

5. Subsumptions extraction. This is the final phase where the stable model
file is parsed in order to detect the superclasses of each chemical entity. All the

subsumee /subsumer pairs are stored in a separate spreadsheet file on disk.

8.3 Experimental Results

In this section, we describe the experimental results we obtained by testing our frame-
work in practice. The conducted empirical evaluation is divided into two parts. In the

first part (Section 8.3.1 [165, 169]), hydrogens are represented implicitly and we ob-
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tain termination guarantees with the help of an MSA check (presented in Chapter 4);
uniqueness of the stable model follows from the fact that the KB is (classically) strati-
fied. Subsumptions obtained within this setting refer to molecule/chemical class pairs.
For the second part (Section 8.3.2 [171]), hydrogens are explicitly stated; finiteness
and uniqueness of the stable model is guaranteed by R-acyclicity and R-stratification,
respectively. In this case, we infer subclass relations both for molecule/chemical class
and chemical class/chemical class pairs. For both parts of the evaluation, the exper-
iments were performed on a desktop computer (2GHz quadcore CPU, 4GB RAM,

2GB Java heap size) running Linux.

8.3.1 Tests with Implicit Hydrogens

In this part of the evaluation, we measured the time required by LoPStER to perform
classification of molecules. To obtain test data we extracted molfile descriptions of
500 molecules from the ChEBI ontology and converted them into rules as described
in Section 7.3; for each molecule, we extended the KB with a suitable fact (e.g.
ascorbicAcid(a)) to enable subsequent discovery of the molecules superclasses. The
represented compounds were of diverse size, varying from 1 to 59 atoms. The selected
500 compounds consisted of ChEBI ids provided by Janna Hastings during a research
visit at EBI and of molecules extracted from the ChEBI database using SQL queries.
In the SQL queries a bound of 60 atoms per molecule was imposed due to limitations
by DLV on the number of variables accepted per rule (these limitations were lifted
in a later version of DLV). Moreover, we modelled chemical classes using rules such
as the ones presented in Section 7.4. For these experiments no rule pairs such as
the ones presented in Section 7.5 were used, that is chemical classes depending on
functional groups were represented only by recognition rules (that is chemical class
rules) and not by definition rules.

Since the KB that we created contains rules with function symbols in the head
(such as the rule used to encode the molecular structure of ascorbic acid), we ensured
termination of our reasoning process by performing an MSA check on the constructed

KB. Since MSA guarantees finiteness only for positive rules, we stratified the program
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(in the classical sense) and tested MSA on the lowest stratum of the KB which consists
only of positive rules; let P be that set of rules. Since every existential rule of the
program was in P, the MSA check was sufficient to guarantee finiteness of the stable
model of the overall program. In order to perform the MSA check, we transformed
P into MSA(P), used DLV to compute the stable model of MSA(P) and checked
whether Cycle occurred in that model.

We investigated the scalability of our prototype by altering two different param-
eters of the knowledge base, namely the number of represented molecules and the
type of modelled chemical classes. Initially, we constructed 10 DLV programs each
of which contained rules encoding 50 - ¢ different compounds, where 1 < ¢ < 10, and
rules defining chemical classes, excluding the cyclicity-related classes (48 classes in
total). Next, we repeated the same construction but this time including the rules for
the cyclicity-related classes (51 classes). In the rest of the section, we refer to the
first setting as ‘no cyclic’ and to the second as ‘with cyclic’. Table 8.1 depicts the

number of rules obtained for each of the aforementioned DLV programs.

No of molecules | No of rules ‘no cyclic’ | No of rules ‘with cyclic’
50 3614 3620
100 6832 6838
150 18072 18072
200 23746 23752
250 28502 28508
300 31892 31898
350 35046 35052
400 38095 38101
450 41536 41542
500 43629 43635

Table 8.1: Number of rules for programs of different size when testing with implicit hydrogens

Additionally and in order to optimise the performance, we explored how stable

model computation times fluctuate depending on the size of DLV programs. In par-
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No of molecules | 5-mod. | 10-mod. | 20-mod. | 25-mod. | No-mod.
50 3.998 3.444 3.188 3.084 3.400
100 3.158 2.957 2.800 2.742 3.201
150 3.579 3.315 2.939 2.946 3.768
200 4.398 4.432 3.593 3.648 4.714
250 5.682 5.111 4.935 5.085 8.061
300 7.485 6.465 5.723 5.861 8.791
350 7.446 6.416 6.392 6.619 9.471
400 8.467 8.773 8.229 7.832 11.138
450 9.955 9.531 8.770 8.588 12.655
500 10.616 9.973 9.024 9.053 12.833

Table 8.2: Classification times in seconds for programs of increasing size when split into

modules of different size for ‘no cyclic mode’ when testing with implicit hydrogens
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Figure 8.2: Curves of classification times for ‘no cyclic’ mode and testing with implicit

hydrogens
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ticular, we partitioned the DLV programs into modules, we measured classification
times for each module separately and we summed up the times. Each module con-
tained the facts and the rules describing a subset of the molecules represented in
the initial DLV program; the rules defining chemical classes were included by each
module. Thus, the size of each module depended only on the number of encoded
molecules. We tested modules of size 5, 10, 20 and 25 as well as DLV programs
without any partitioning for both ‘no cyclic’ mode and ‘with cyclic’ mode. We refer
to each of these configurations with the names 5-mod., 10-mod., 20-mod., 25-mod.
and No-mod., respectively.

All the KBs that were tested passed the MSA check. Table 8.2 summarises the
classification times for the ‘no cyclic’ mode and for all the module-dependent exper-
imental settings. The first column displays the number of molecules and the second
to sixth columns show the time needed to perform classification where the size of the
module is indicated by the column name. The time measurements of Table 8.2 count
the time spent from before the molfiles parsing until after the MSA check and sub-
sumptions extraction. Figure 8.2 illustrates the plots of the time intervals appearing
in Table 8.2 with regard to the number of molecules represented by the respective
DLV program. Performing classification with the modularised knowledge base tends
to be faster than with the non-modularised one; we observed the shortest execution
time for module sizes 20 and 25 in ‘no cyclic’ mode.

Table 8.3 lists analogous time measurements for ‘with cyclic’ mode; similarly, Fig-
ure 8.3 depicts the curves resulting from these times. Once more we observe a slight
improvement in performance when splitting the program into modules. Similarly to
before, the execution is optimal for module size 20. Finally, Figure 8.4 illustrates
graphically the optimal classification times (module size 20) with respect to both the
number of molecules and number of rules.

The abovementioned performance results are encouraging for the practical fea-
sibility of our approach: the time measurements for 500 molecules suggest that the
entire set of molecular entities that are currently represented by the ChEBI ontology

(20,961 3-star entities as of release 95 [111]) could be classified in 22 minutes for
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No of molecules | 5-mod. | 10-mod. | 20-mod. | 25-mod. | No-mod.
50 11.563 | 10.989 7.562 7.836 17.380
100 13.807 | 10.333 8.872 9.707 10.069
150 15.287 | 16.272 10.200 11.948 14.488
200 20.499 | 17.229 12.267 14.435 14.930
250 35.529 | 24.979 17.620 21.147 23.042
300 44.655 | 28.650 20.797 22.453 25.643
350 45.436 | 34.085 20.119 26.434 27.521
400 53.751 | 37.015 26.881 30.300 32.461
450 53.146 | 46.209 31.683 31.577 37.398
500 63.913 | 46.008 31.588 43.612 46.422

Table 8.3: Classification times in seconds for programs of increasing size when split into

modules of different size for ‘with cyclic mode’ when testing with implicit hydrogens
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Figure 8.3: Curves of classification times for ‘with cyclic’ mode and testing with implicit

hydrogens
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Figure 8.4: Curves of optimal classification times (module size 20)

the suite of 51 modelled chemical classes. One can observe that the rules encoding
cyclicity-related classes introduce a significant overhead for the classification times.
In fact, it is the class that recognises molecules with cycles of arbitrary length that
incurs the greatest performance penalty. Rules r1-r4 in Section 7.4.4 (page 168) that
encode the class of cyclic molecules need to identify patterns that are extremely fre-
quent in molecular graphs; as a consequence, detecting ring-containing molecules is
computationally expensive. However, since our class definition for cyclic molecules
detects compounds with cycles of variable length, which is a significant property for

the construction of chemical hierarchies, we consider this overhead acceptable.

8.3.2 Tests with Explicit Hydrogens

Similarly to before, we created rule representations of 500 molecules, with sizes rang-
ing from 1 to 138 atoms; the higher number of atoms is due to the explicitly repre-
sented hydrogens. We also defined 30 functional group classes that are characterised
by small substructures (functional groups of 2 to 8 atoms), e.g. organic hydroxy. We

modelled each with two rules of the form r,;, and g, (page 64), using distinct pred-
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icates r and g for each pair of rules; hydrogens were represented explicitly for that
modelling. Moreover, we modelled the same chemical classes as in Section 8.3.1, but
for some of them the definition was slightly adjusted due to the explicit statement
of hydrogens. Some of the chemical classes recognition rules from Section 8.3.1 were
superseded by the modelling of the functional group classes. These modifications
resulted in 43 chemical classes for the ‘no cyclic’ mode and 46 for the ‘with cyclic’
mode. Similarly to the previous tests, we constructed 10 DLV programs each of which
contained rule descriptions of 50 - ¢ different molecules, where 1 < ¢ < 10; in addition,
we generated 50 - 4 facts for the molecules (e.g. ascorbicAcid(a)) and 30 facts for the
functional group classes (e.g. organicHydroxy(m)) that allowed us to compute super-
classes of molecules and functional group classes, respectively. Table 8.4 provides
the number of rules for each program. In contrast to the previous case, we did not
execute an MSA check (as MSA is designed only for positive existential rules), but

we verified manually that the assembled program was R-stratified and R-acyclic.

No of molecules | No of rules ‘no cyclic’ | No of rules ‘with cyclic’
50 7283 7289
100 16382 16388
150 24214 24220
200 32623 32629
250 39625 39631
300 47031 47037
350 54288 54294
400 62153 62159
450 71119 71125
500 78939 78945

Table 8.4: Number of rules for programs of different size when testing with explicit hydrogens

Let 1 <4 < 10 and let P be the program containing the rules describing 50 - ¢
molecules, the 30 functional group classes and the 43 chemical classes (‘no cyclic’

mode); let also F' be the set comprising the 50-i+ 30 facts of molecules and functional
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group descriptions, respectively. In a first experiment and for ¢ = 1, we tried to
compute a stable model of P U F using DLV, but the system failed to compute this
result within a time limit of 600 seconds. In a second experiment and for ¢ such that
1 <4 <10, we split P into R-strata in order to consecutively compute the stable
model of each R-stratum. This resulted in five R-strata of P, the first stratum P;
of which contained the majority of the rules, while the rules of the remaining four
R-strata formed a stratified program Py. We thus used DLV to compute the stable
model of P; U F, converted the result into a new set of facts Sé, and used DLV
to compute the stable model of Sé U Py (we use here the notation introduced in
Chapter 5 according to which Sé is the stable model of the first R-stratum P; of
an R-stratified program P). Detailed results for the second experiment (which was
also repeated for ‘with cyclic’ mode and for different modularisation settings) are
presented next.

We applied splitting into modules and distinction between ‘no cyclic’ and ‘with
cyclic’ mode as usual; each module contained the chemical classes rules and the
functional group rule pairs. Tables 8.5 and 8.6 depict the corresponding time mea-
surements, whereas figures 8.5 and 8.6 illustrate the same results graphically. In
Table 8.6, ‘MEM-EX’ indicates memory exhaustion, that is the program exited be-
fore completing the classification due to memory constraints.

Overall we observe that the explicit representation of hydrogens comes at the price
of deteriorated performance. However, the drop in performance is counterbalanced by
the additional chemical class/chemical class subsumptions that were discovered (e.g.
epoxide is a carbon-containing entity). Similarly to before, computing the subsumees
of the cyclicity-related classes is less tractable than the subsumees of the remaining
classes; here this is further exacerbated by the presence of significantly more atoms
(i.e. the hydrogens). Moreover, modularisation enabled completion of the classifica-
tion process for the ‘with cyclic’ mode, whereas memory exhaustion was reported for
the non-modularised KB. The best performances for the ‘no cyclic’ and ‘with cyclic’
mode were observed for the modularised KB with module size 25. Finally, Figure 8.7

provides the curves for the shortest classification times in the ‘no cyclic’ and ‘with
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No of molecules | 5-mod. | 10-mod. | 20-mod. | 25-mod. | No-mod.
50 3.235 2.931 3.915 3.154 2.934
100 3.926 3.380 4.391 3.27 3.092
150 5.509 4.630 7.300 4.409 4.896
200 7.323 6.204 8.839 6.084 6.036
250 8.881 7.386 11.953 6.941 7.821
300 11.282 8.870 13.606 8.32 9.568
350 12.197 | 10.215 17.142 9.566 12.492
400 13.876 | 11.645 20.588 11.567 14.724
450 15.643 | 13.298 20.350 12.621 15.508
500 17.543 | 15.140 22.585 14.497 15.644

Table 8.5: Classification times in seconds for programs of increasing size when split into

modules of different size for ‘no cyclic mode’ and testing with explicit hydrogens
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Figure 8.5: Curves of classification times for ‘no cyclic’ mode and testing with explicit hy-

drogens
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No of molecules | 5-mod. | 10-mod. | 20-mod. | 25-mod. | No-mod.
50 10.031 | 11.394 9.229 11.427 7.191
100 19.394 | 18.320 16.965 16.244 15.940
150 27.879 | 25.711 22.801 27.447 24.807
200 42.924 | 32.109 33.552 33.595 35.784
250 51.758 | 42.352 36.921 39.880 46.966
300 61.955 | 47.147 50.860 46.973 55.780
350 68.026 | 58.610 57.867 52.234 77.321
400 74.257 | 65.175 66.045 56.987 84.352
450 81.307 | 67.974 75.047 66.554 | MEM-EX
500 89.728 | 80.272 77.587 77.574 | MEM-EX

Table 8.6: Classification times in seconds for programs of increasing size when split into

modules of different size for ‘with cyclic mode’ and testing with explicit hydrogens
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Figure 8.6: Curves of classification times for ‘with cyclic’ mode and testing with explicit

hydrogens
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Figure 8.7: Curves of optimal classification times and testing with explicit hydrogens

8.4 Computed Subsumptions

While conducting the experiments with implicit hydrogens we computed 6,768 non-
trivial subsumptions (excluding reflexive subsumptions and subsumptions with aux-
iliary predicates) of the form molecule/chemical class (not transitively inferred).
Among them, we discovered by manual inspection a number of missing and inconsis-
tent subclass relations from the manually curated ChEBI ontology, a few of which we
present next. As one can infer from the chemical graph of ascorbic acid appearing in
the top right of Figure 7.2 (page 158), ascorbic acid is a carboxylic ester as well as
a polyatomic cyclic entity. In spite of the fact that these superclasses were exposed
by our classification methodology, we could not identify them in the ChEBI hierar-
chy. Figure 8.8 shows the ancestry of ascorbic acid (ChEBI id 29073) in the OWL
version of the ChEBI ontology; none of the concepts cyclic entity (ChEBI id 33595),
polyatomic entity (ChEBI id 36357) or carboxylic ester (ChEBI id 33308) is among
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the superclasses of ascorbic acid. Moreover, ascorbic acid is asserted as a carboxylic
acid, which is not the case as can be deduced by the lack of a carboxy group in the

chemical graph of ascorbic acid.

chemical entity

molecular entity

polyatomic entity s-block molecular entity main group molecular entity
hydrogen molecular entity heteroatomic molecular entity p-block molecular entity
hydroxides chalcogen molecular entity carbon group molecular entity heteroorganic entity
oxoacid organic oxo compound oxygen molecular entity organochalcogen compound  organic molecular entity

carbonyl compound  carbon oxoacid organooxygen compound  organic acid
carboxylic acid carbohydrate

carbohydrate acid monosaccharide

ketoaldonic acid
ascorbic acid

L-ascorbic acid

Figure 8.8: Superclasses of ascorbic acid for the ChEBI OWL ontology release 102, as illus-
trated by the ChEBI graph-based visualisation interface

While carrying out the experiments with explicit hydrogens we obtained 7,567
non-trivial subsumptions (excluding reflexive subsumptions and subsumptions with
auxiliary predicates) of the form molecule/chemical class and chemical class/chemical
clags. Comparing these subclass relations with the manually created taxonomy of
ChEBI also revealed omissions in ChEBI’s hierarchy. For instance our prototype
discovered that every organic hydroxy compound (ChEBI id 33822) is an organooxy-
gen compound (ChEBI id 36963), which is not captured by the ancestry of organic
hydroxy as specified by ChEBI (Figure 8.9). We interpret the revealing of these

modelling errors as an indication of the practical relevance of our contribution.
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Figure 8.9: Superclasses of organic hydroxy compound for the ChEBI OWL ontology release

102, as illustrated by the ChEBI graph-based visualisation interface
8.5 Related Work and Discussion

Concerning expressive power, the current approach allows for the representation of
strictly more chemical classes in comparison with other logic-based approaches to
chemical classification. As we already saw in Section 8.1, Villanueva-Rosales and
Dumontier [234], Konyk et al. [144] and Hastings et al. [112| proposed and tested in
practice ontology-based solutions for automatic construction of chemical taxonomies.
However, all these works drew upon OWL and were thus hindered by the inherent
inability of OWL to represent cycles. In the current approach we are able to recognise
molecules containing cycles of both arbitrary and fixed length.

Moreover, in all the previous approaches outlined above the adopted open world
assumption of OWL prevented the definition of structures based on the absence of
certain characteristics. In our approach we operate under the closed world assump-
tion which permits for the definition of a broad range of chemical classes that were
not expressible before, such as the class of inorganic, hydrocarbon or saturated com-
pounds.

In terms of performance, the classification results appear more promising than
previous and related work. Hastings et al. [112] reported that a total of 4 hours was

required to determine the superclasses of 140 molecules, whereas LoPStER identifies
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the chemical classes of 500 molecules in less than 33 seconds (three orders of magni-
tude improvement). Further to that, LoPStER is quicker in comparison with some
preliminary experiments that we conducted [175], where the XSB logic programming
engine [202] was used instead and where 450 seconds were needed to classify 70 mole-
cules (two orders of magnitude improvement). Both cases mentioned above considered
a subset of the chemical classes used here. Regarding the significant speedup in com-
parison with our previous work, we identify the following two factors. First, DLV is a
more suitable reasoner for our setting due to its bottom-up computation strategy; on
the contrary, XSB adopts a top-down evaluation strategy which required a separate
test in order to discover the subsumees of each chemical class subsumer. Second,
we employed a more efficient termination condition (model-summarising acyclicity
[99] instead of semantic acyclicity [175]) which reduced the time needed for this part
of the computation. Finally, our modularisation technique also resulted in a slight
improvement of the performance times; it would be interesting in the future to inves-
tigate the behaviour of this optimisation in a more systematic way and in answer set
solvers other than DLV.

Overall, we consider the following three points as the most interesting contribu-

tions of our empirical evaluation

1. We presented a prototype for logic-based classification of chemical structured
entities that exhibited a significant speedup and an important expressivity ad-
vance in comparison with previous ontology-based chemical classification im-

plementations.

2. We identified examples of missing and contradictory subsumptions from the
manually curated ChEBI ontology that are present and absent, respectively,

from the hierarchy computed by our prototype.

3. We demonstrated that our special condition for stratification (R-stratification)
can be exploited to allow the DLV reasoner to scale to the large number of rules
of our experiments and thus dramatically increase the performance of existing

answer set programming engines.
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For the future it would be interesting to further apply our framework towards
supporting classification of other complex structures. For instance, one can exploit
the expressive power of rules to represent biochemical processes and infer useful re-
lations about them. Figure 8.10 depicts a labelled graph abstraction of a chemical
reaction example discussed by Bolling et al. [29]. The process consists of parts that
are arbitrarily interconnected and can thus be naturally modelled using our formal-
ism. In the same vein, our methodology could provide rigorous definitions for the
representation of lipid molecules, which are entities that can be systematically clas-
sified on the basis of their constituent functional groups. Low et al. [162] introduced
the OWL DL Lipid Ontology which contains semantically explicit lipid descriptions.
One could achieve more accurate modelling by casting lipids in nonmonotonic exis-
tential rules that are able to capture frequent cyclic patterns in a concise way; for
example, Figure 8.11 illustrates a description graph for jasmonic acid, which is one

of the lipids encountered in the abovementioned OWL ontology.
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Figure 8.10: Labelled graph describing a transport reaction.

Another potential application is the use of nonmonotonic existential rules as an
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Figure 8.11: Chemical graph of jasmonic acid (left) and labelled graph abstracting jasmonic

acid based on the functional groups partonomy (right).

ontology language within the ‘Digital Aristotle’ project,* a joint academic and indus-
trial effort that aims to develop a conceptual model for chemistry, biology and physics
via formalisation of university textbook knowledge [106]. Our formalism could aid
in the modelling of highly interconnected objects found in that context such as the

biological concept of mitosis or the eukaryotic cell structure [54].

‘http://www.projecthalo.com/
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Chapter 9

Outlook

In this final chapter, we review the scope of the thesis (Section 9.1), we sum up
the major results and we discuss their significance (Section 9.2). We conclude by

outlining a number of suggestions for future research (Section 9.3).

9.1 Thesis Overview

The objective of this thesis was to explore ontology languages suitable for modelling
structured domains and to demonstrate that nonmonotonic existential rules can serve
as a suitable basis for such languages.

To this end, we provided a theoretical and practical framework for the repre-
sentation of structured entities that draws upon nonmonotonic existential rules and
exhibits a favourable balance between expressive power and computational as well as
empirical tractability. In order to ensure decidability of reasoning, we introduced a
number of acyclicity criteria that strictly generalise many of the existing ones. We
also presented a novel stratification condition that properly extends ‘classical’ strati-
fication and allows for capturing both definitional and conditional aspects of complex
structures. The applicability of our formalism was supported by a prototypical imple-
mentation, which was tested over a realistic knowledge base and which outperformed
by up to three orders of magnitude previous evaluation efforts; additionally, our

experiments identified missing and incorrect subsumptions of the manually curated
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ChEBI classification.

In this work, we only considered logics for constructing knowledge bases with
models of finite size, as opposed to other languages that also allow infinitely large
but finitely representable models. The reason is that representing objects that are
cyclic and at the same time of arbitrarily large size typically leads to undecidability for
the main reasoning tasks of the underlying formalisms. Since our initial motivation
was to perform classification for cyclic objects of bounded size, our investigations were
focused on languages that guarantee finiteness of the stable models. Since our target
domain mostly consisted of objects with a uniquely defined structure, we explored

techniques for ensuring uniqueness of the stable model as well.

9.2 Summary and Impact of Results

The major results of this thesis are presented and their significance is discussed next.

9.2.1 Nonmonotonic Existential Rules as a Description Language

After surveying existing ontological formalisms, and concluding that none of them
met the modelling needs of our motivating scenarios, we proposed a new framework
based on nonmonotonic existential rules and showed how this framework enables the

definition and recognition of concepts based on a wide range of structural features.

9.2.2 Acyclicity Conditions

Various acyclicity conditions were identified to ensure decidability of reasoning for
nonmonotonic existential rules. Initially, MFA was formulated as an acyclicity condi-
tion that guarantees model finiteness for positive existential rules; it was proved that
MFA is a very general condition that strictly subsumes most of the existing acyclicity
criteria. However, as MFA is computationally expensive to check, we additionally
formulated MSA| a slightly weaker condition that is easy to check. It was shown that
MSA is still more general than many of the known acyclicity conditions. In order

to accommodate rules with nonmonotonic negation in the body, R-acyclicity was in-

196



Chapter 9. Oultlook

troduced. R-acyclicity was further extended by exploiting constraints that take into
account the shape of the input facts. Tight complexity results were established for
checking all of the acyclicity conditions described above as well as for reasoning over
sets of rules satisfying the previously mentioned conditions.

MSA and MFA have the distinguishing advantage of being formulated as semantic
conditions, which implies that they can be checked using any sound and complete
logic programming engine. Further to that, MFA has the additional benefit of allow-
ing to merge the acyclicity check with the computation of the model: if the set of
rules is MFA | then the model can be extracted from the set of facts that was derived
to perform the check. In addition to supporting sound and complete reasoning pro-
cedures for nonmonotonic existential rules, acyclicity conditions are also of interest

to a broad variety of fields including:

e Verification of knowledge action bases. Hariri et al. employ acyclicity conditions
to enable verification of temporal properties over DL knowledge bases enriched

with information about actions [108].

e Implementation of logic programming engines. Answer set solvers often perform
an acyclicity check on the input logic programs to ensure that inputs which
give rise to stable models of infinite size are ruled out. Examples include w-
acyclicity, A-acyclicity and argument-restrictedness that have been incorporated
in the SMODELS [227], GRINGO [89] and DLV [153] logic programming systems,

respectively.

e Finiteness of target schema instances in data exchange. Positive existential
rules can be used to capture tuple-generating dependencies, which are rules
used in data exchange specifying how to translate data structured under a
source schema into data conforming to a target schema. To this end, acyclicity
conditions can be used to guarantee finiteness of the target instance and thus

feasibility of the transformation [80].

e Query answering over DL knowledge bases. Conjunctive query answering over

DL ontologies can be of high computational complexity, such as query answer-
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ing over Horn-SHOZQ ontologies which is 2ExXpPTIME-complete [191]. One
approach to improve the efficiency of query execution is to adopt the so-called
combined approach, that is to rewrite both the query and the knowledge base
[143]. Other practical applications solve this problem using materialisation,
where ontology consequences are precomputed using chase and stored in a se-
mantic data store for subsequent query evaluation; examples of such systems
include Oracle’s Semantic Data Store [249|, Sesame [37|, Jena [49], OWLim
[139] and DLE-Jena [179]. Since this approach requires termination of the
chase, materialisation is usually restricted to OWL 2 RL axioms (i.e. datalog
rules), which can lead to missing answers. In spite of the fact that there are
systems, such as OWLim [27] and Jena, that partially support existential rules,
such support typically fails to provide any completeness or termination guar-
antees. Acyclicity conditions can be exploited to address these issues, since a
complete materialisation of an acyclic ontology can be computed without the
risk of non-termination. In a recent evaluation over a corpus of 336 DL ontolo-
gies, 63.8% of them were found to be MSA [100] which suggests that acyclicity
conditions can be used to enable materialisation-based query answering beyond

the OWL 2 RL profile.

In addition to designing new acyclicity conditions, we revisited many of the exist-

ing ones and compared them both with each other and with our own conditions. We

thus brought together and clarified the relationship between several acyclicity criteria

originating from a variety of backgrounds such as databases, logic programming and

rule-based knowledge representation. The map that was charted associating acyclic-

ity conditions w.r.t. complexity of checking and expressive power can act as a useful

guide to researchers across all the fields outlined above.

9.2.3 Stratification Conditions

A novel stratification condition, R-stratification, that ensures uniqueness of the stable

model for nonmonotonic existential rules was presented and it was shown that R-

stratification properly extends classical stratification. A strengthened version of R-
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stratification was further defined by taking into account a set of constraints that
reflects restrictions on the input facts. Upper and lower complexity bounds were
proved for testing the two stratification conditions as well as for reasoning over R-
stratified and R-acyclic sets of rules, both with and without constraints. The benefits

arising from introducing R-stratification are manifold.

e First, as we explained in Section 5.1, R-stratification permits one to encode and
reason about both definitional and conditional aspects of classes depending on
structural features. It thus yields a powerful ontology language for modelling

complex structures.

e Second, R-stratification specifies a way to augment existential rules with non-
monotonic negation under stable model semantics while retaining the same com-
plexity for the basic reasoning tasks, i.e. 2EXPTIME-completeness for combined
complexity and P-completeness for data complexity. This is a result of general
interest, since extending existential rules with negation is an active research
topic due to the applicability of such rules to tasks such as query answering of

ontological knowledge bases [96] and of databases [116].

e Third, our stratification notion could be exploited to optimise the performance
of answer set programming engines as it could serve as a tool to guide the
evaluation order among the rules of the program. This is strongly evidenced
by our experiences with the DLV reasoner, where we failed to compute the
stable model of an R-stratified program; however, when we partitioned the
same program into R-strata and calculated the stable model of each R-stratum
separately, the computation was completed in a few seconds. Further to that,
since deciding R-stratification was proved to be coNP-complete w.r.t. the size
of each rule separately, it is expected that checking R-stratification in practice

should not be prohibitely expensive.
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9.2.4 Practical Considerations

In order to facilitate the use of our ontology language by application experts the
DGLP syntax was designed, which is an intermediate representation language for
structured entities closer to natural language than to first-order logic notation. To this
end, the shapes of the most frequently used rules were identified, a BNF grammar was
presented for them and mappings of DGLP expressions to nonmonotonic existential
rules were defined. The objective of that effort was to equip ontology developers
with a ‘less logician-like’ syntax in the same path as the OWL Manchester syntax—a
language that has successfully aided non-logicians to write OWL ontologies in an
intuitive way.

The DGLP syntax can be of great benefit to domain specialists, as it is designed to
help them read and write nonmonotonic existential rules in a quick and easy way. In
fact, discussions with EBI researchers revealed that such a syntax should be an essen-
tial component of any ontology editor. Moreover, DGLP syntax intentionally follows
as faithfully as possible the OWL Manchester syntax in order to exploit familiarity
that ontology developers might already have with it.

In order to assess our framework in practice, an empirical evaluation over a bio-
chemical knowledge base was carried out. Due to lack of knowledge bases consisting
of rules, the ChEBI database and ontology was selected as a starting point to create a
pragmatic knowledge base: molecular graph files retrieved from the ChEBI database
were programmatically converted into rules and ChEBI chemical classes with human-
readable but not machine-processable descriptions were manually formalised as rules.
LoPStER , a prototype that performs logic-based computation of subsumptions over
the constructed knowledge base, was developed. LoPStER implements the reasoning
procedure for rules that was presented earlier by relying on the DLV logic program-
ming engine for stable model computation.

Two series of experiments were conducted, in the first of which subsumptions of
the form molecule/chemical class were identified and in the second of which subclass
relations of the form molecule/chemical class and chemical class/chemical class were

computed. In the former setting, 500 molecules were classified under 51 chemical
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classes in less than 32 seconds, whereas in the latter 500 molecules and 30 chemical
classes were classified under 76 chemical classes in 78 seconds. A significant speedup
was exhibited in comparison with previous ontology-based chemical classification im-
plementations, such as the one that was based on OWL and Description Graphs [112].
Moreover, in our case a much broader—in terms of expressive power—range of chem-
ical classes was axiomatised. Further to that, numerous missing and contradictory
subsumptions from the manually curated ChEBI ontology were identified that were
present and absent, respectively, from the hierarchy computed by our prototype. The

experimental results described above are interesting for a number of reasons.

e First, it was demonstrated that reasoning about non-tree-shaped entities us-
ing nonmonotonic existential rules is practically feasible, especially given the

availability of numerous highly optimised logic programming reasoners.

e Second, our prototype could form the basis of a logic-based application to assist
biocurators of the ChEBI ontology towards the sanitisation and the enrichment
of the existing chemical taxonomy. Similarly, such a tool could contribute to a
more rapid development of the ChEBI ontology and to the efforts of the ChEBI
team to make annotated chemical datasets available to the public. We are
currently in communication with ChEBI developers for the design and imple-

mentation of a software framework that would serve that purpose.

e Third, our experiments revealed a novel application of logic programming en-
gines that have typically been oriented towards solving intractable search prob-
lems. In fact, our chemical classification problem was selected to form part of
the problem suite for the fourth answer set programming competition,! which
is a venue for comparing the performance of answer set solvers by testing them

over a range of diverse problems with varying degrees of difficulty.

"https://www.mat.unical.it/aspcomp2013/ChemicalClassification
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9.3 Future Directions

The work presented in this thesis settles only some of the issues related to representa-
tion of structures; it could thus be extended in several ways, both with a theoretical

and a practical focus. Some suggestions related to implementation are provided next.

e The most pressing need is to provide better tool support to ontology developers
for modelling structured domains with nonmonotonic existential rules. That
would imply the development of an ontology editor with a surface syntax parser
that would allow for the creation of DGLP expressions and their automatic
conversion into nonmonotonic existential rules. Currently LoPStER is only
designed to handle rules in the DLV syntax and chemical table files stored as
input files; a future system should be able to accept input axioms provided
via a user interface. Moreover, LoPStER only performs an MSA check over the
provided set of rules; it would be useful to also implement and incorporate in the
system other checks introduced in this thesis, such as MFA, R-acyclicity and R-
stratification; in particular for the last two conditions, an efficient algorithm for
checking positive and negative reliance between rules needs to be implemented
first. Given that the sets of rules provided by the user might be found to be non-
acyclic or non-stratified, it would be interesting to explore justification services
that would guide ontology engineers through changing their knowledge base
into acyclic or stratified ones; such services have a long tradition in ontology
environments and have been proven to be useful in practice [122]. Moreover, it
would be practically relevant to turn such a tool into a plug-in for Protégé [142]
in order to maximise the outreach of our framework to the ontology engineering
community; it could also be of interest to explore integration with life sciences

platforms [222] or chemical structure visualisation tools [1, 145].

e It would be useful to define a mapping of the introduced formalism to RDF [141]
in order to formalise the exchange of rule-based ontologies; the RDF Concrete

Syntax of SWRL rules could provide a basis for such an effort [129].
e More extensive testing of LoPStER over other rule-based ontologies is needed.
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Due to lack of test data, our experiments were centered around the ChEBI
ontology, but it would be equally interesting to cast OWL ontologies describ-
ing complex structures (such as GALEN [204] and FMA [212] but also see
Section 8.5) into our framework and carry out classification experiments. An
interesting technique about how this could be done is provided by Motik et al.
[184].

It would be promising to integrate our reliance approach into existing rule

engines and investigate the impact that this has on their performance.

A number of suggestions to address open issues arising from the theoretical con-

tributions presented in this thesis follow.

Devise algorithms that given a non-R-stratified program identify a suitable set

of constraints such that the program becomes R-stratified under them.
Clarify the relationship between R-stratification and weak stratification.

Extend MSA and MFA so that they become applicable to rules with nonmono-

tonic negation in the body.

Appropriately modify MFA so that it marks as cyclic a program whose chase
contains a term with a function symbol nested more than once as opposed to
a term with a function symbol nested once which is the case for the current

definition.

Compare FD, AR, I'-acyclicity and R-acyclicity for rules that contain negative
bodies.

Identify complexity bounds for reasoning over R-acyclic and/or R-stratified

programs that are 3-1 or have bounded predicate arity.

A number of more foundational problems could be explored to obtain an even

more expressive formalism for structured domains.
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e One could extend acyclicity and stratification conditions to take into account
rules that contain equality in the head; this could be a technically involved
problem as such rules usually lead to numerous additional reliances and more
sophisticated mechanisms need to be devised in order to treat such effects; a
first step towards analysing the effects of equality when combined with non-
monotonic negation appears in Krotzsch et al. [148]. A use case where rules

with equality in the head can be useful is discussed at the end of Section 7.4.1.

e Another natural direction would be to extend nonmonotonic existential rules
with disjunction in the head so as to enable the encoding of disjunctive infor-
mation; there have already been works investigating the impact of disjunction
on existential rules [30, 7|—it would be interesting to study what happens when

this is combined with nonmonotonic negation.

e A further promising extension would be to investigate how nonmonotonic ex-
istential rules could be extended with concrete domains in order to capture
definitions depending on numerical values [166, 167, 168|; that could allow for
representation of descriptors that are much needed in life sciences domains,

examples of which include molecular weights or angles of chemical bonds.

e Our formalism is well-suited for the specification of structures that are of fixed
size; an important challenge is to extend it so that it can represent structures
that are arbitrarily large but of bounded size such as molecules consisting of an

unspecified number of fused rings.

e Finally, it remains open how one could use a logic-based formalism to capture
classes based on advanced structural features, such as compounds consisting of
exactly n rings of arbitrary size (where n > 1) or cyclic compounds with ring

atoms belonging to a particular element.

From the discussion above, it follows that our work has opened up a whole range
of problems in the intersection of logic and knowledge representation that are worth

exploring. Overall, in the course of this thesis we laid the theoretical foundation of
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a sound and complete as well as expressive ontology language for the representation
of structures that at the same time proved promising in practice. We thus made a
step forward in advancing the state of the art of knowledge representation technolo-
gies. From a modelling point of view, our approach could stimulate the adoption
of a different and expressive reasoning paradigm for which highly optimised mature
reasoners are available; it could thus pave the way for the representation of a broader

spectrum of knowledge about the world.
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Appendix A

Definition of DGLP Syntax

A.1 BNF Rules for DGLP Syntax

For the following BNF derivation rules, terminal symbols appear surrounded by single
quotes and non-terminal symbols are shown in bold face; symbols that may appear
zero or one time (optional) are enclosed in square brackets ([...]) and symbols that
may appear zero or more times are enclosed in curly brackets ({...}); the vertical
bar (|) indicates an alternative choice and an expression of the form s;..s, denotes
choice between the elements of the interval from s; to s, inclusive. For Table A.1 we
require that for each DescriptionGraph the nodes are provided sequentially w.r.t.
the node identifier and that the node identifiers NI wused in the definition of each
Edge should occur in the definition of a Node of the same DescriptionGraph ;
similarly, for each DescriptionGraphNegLabels expression. Finally, for Table A.1

we require that B — H is an expression of the form (2.1).
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UppercaselLetter ::= ‘A’ .. ‘7’
LowercaselLetter ::= ‘a’ .. ‘7
Letter ::= UppercaselLetter | Lowercaseletter
Digit := ‘0’ .. ‘9
Alphanumeric ::= Letter | Digit
LowercaseString ::= LowercaseLetter{Alphanumeric}

NaturalNumber ::= Digit{Digit}

ClassName ::= LowercaseString
PropertyName := LowercaseString
NI ::= NaturalNumber

Literal ::= ClassName | ‘NOT’ ClassName

Ontology ::= DGLP {, DGLP }
DGLP := Rule | Implies | ImpliedBy | ImpliesAndimpliedBy

Rule ::= ‘NERule’ ‘" B— H ‘)’

Implies ::= ClassName ‘SubClassOf’

{ ClassName ‘AND’ } Consequent

Consequent ::= Property ° ’ DescriptionGraph
Property ::= PropertyName | ‘Inverse’ ‘(’ PropertyName ‘)’
DescriptionGraph ::= ‘Graph’ ‘(’ NodeSet EdgeSet ‘)’
NodeSet ::= ‘Nodes’ ‘(" Node {, Node } ‘)’
Node := NI { ClassName }
EdgeSet ::= ‘Edges’ ‘(' [ Edge {, Edge }] ‘)’
Edge ::= NI NI PropertyName { PropertyName }

Table A.1: BNF rules for the definition of structured objects
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ImpliedBy ::

ClasslmpliedBy ::

Antecedent ::

ClassExpression ::

Predicate :

Existential ::

Predicative ::
DescriptionGraphNegLabels ::
NodeSetNL ::

NodesMode ::

NodeNL ::

EdgeSetNL ::

EdgeNL ::

PropertylmpliedBy ::

PropertyExpression ::

ClasslmpliedBy | PropertylmpliedBy
ClassName ‘SuperClassOf’

Antecedent { ‘OR’ Antecedent }
ClassExpression

| [ ClassExpression ‘AND’ | Predicate
ClassName { ‘AND’ Literal }

Existential | CardinalityRestriction | Universal

¢

Property " [ Predicative ]
ClassExpression | DescriptionGraphNeglLabels
‘GraphNL’ ‘(” NodeSetNL EdgeSetNL ‘)’
NodesMode ‘(" NodeNL {, NodeNL } )’
‘Nodes’ | ‘DisjointNodes’

NI { Literal }
‘Edges’ ‘(’ [ EdgeNL {, EdgeNL }] ‘)’

NI NI PropertyName

{ PropertyName } { ‘NOT’ PropertyName }
PropertyName ‘SuperPropertyOf’
PropertyExpression { ‘OR’ PropertyExpression }

PropertyName { ‘AND’ PropertyName }

{ ‘/AND> ‘NOT’ PropertyName }

| PropertyName ‘o’ PropertyName

{ ‘0’ PropertyName }

| ‘Inverse’ ‘(’ PropertyName °)’

Table A.2: BNF rules for recognition of classes and properties
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NonZeroDigit ::
NonZeroNaturalNumber ::
N :

ZN :

CardinalityRestriction ::

Universal ::
Disjunction :

ImpliesAndImpliedBy ::

APPENDIX A. DEFINITION OF DGLP SYNTAX

‘1LY

NonZeroDigit {Digit }
NonZeroNaturalNumber

NaturalNumber

Property ° ’ N [ Predicative |

| ClassName ‘AND’ Property ¢ ’
ZN [ Predicative |

| Property ° ’ N [ Predicative |

3

ClassExpression ‘AND’ Property " Disjunction
‘(" Literal { ‘OR’ Literal } )’

ClassName ‘EquivalentTo’

Consequent { ‘AND’ ClassName }

Table A.3: BNF rules for cardinality constraints and equivalence axioms
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A.2 Mappings of DGLP Axioms to Nonmonotonic Exis-

tential Rules

The mapping of the following translation rules is defined recursively, that is in certain
cases the mapping of a construct relies on the mapping of its subconstruct(s), where
the logical expression generated by the recursive invocation of the mapping is placed
in the position of the recursive invocation. Additionally, the auxiliary operator HA
is used to specify that the elements upon which HA operates shall be translated into

head atoms; the operator BA is analogous for body atoms.

Element E of the BNF grammar Logical expression NER(E)
DGLP; ,..., DGLP, {NER( DGLP; )} " ,
ClassName SubClassOf ClassName (x)
ClassName; AND ... AND — AL, ClassName; (x) A
ClassName,, HA( Consequent )

AND Consequent

Element E of the BNF grammar Logical expression HA(E)
PropertyName Graph ( 3"_,vi. AL, PropertyName (x,y;)
Nodes ( Node; ,..., Node, ) A Ai_;HA( Node; )

EdgeSet ) A HA( EdgeSet )

Inverse( PropertyName ) Graph ( | 3,yi. AL, PropertyName (y;,x)
Nodes ( Node; ,..., Node, ) A AL;HA( Node; )

EdgeSet ) A HA( EdgeSet )

( NI ClassName; ... ClassName, ) AL, ClassName; (yn|)

Edges ( Edge; ,..., Edge, ) AL;HA( Edge; )

( NI1 NI2 PropertyName, AL, PropertyName; (yni1,yni2)

PropertyName,, )

Table A.4: Mappings to NER for Implies expressions; we have n > 1 where applicable
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Element E of the BNF grammar

Logical expression NER(E)

ClassName SuperClassOf

Antecedent; OR ... OR Antecedent,

BA( Antecedent; )
— ClassName (x)

i=1,...,n

NERule ( B — H)

B—-H

Element E of the BNF grammar

Logical expression BA(FE)

ClassName; AND ... AND ClassName,
AND NOT ClassNamey ;1 ...
AND NOT ClassName,

AL, ClassName; (x) A

A1 not ClassName; (x)

ClassExpression AND Predicate

BA( ClassExpression ) A
BA( Predicate )

PropertyName

ClassName; AND ... AND ClassNamey
AND NOT ClassNamey,; ...

AND NOT ClassName,

PropertyName (x,z) A
/\ik:1 ClassName; (z) A

/\f:kJrl not ClassName; (z)

Inverse( PropertyName )

ClassName; AND ... AND ClassNamey
AND NOT ClassNamey,; ...

AND NOT ClassName,

PropertyName (z,x) A
/\ik:1 ClassName; (z) A

/\f:kJr1 not ClassName; (z)

Table A.5: Mappings to NER for ImpliedBy expressions; we have n > 1, n > m > 1 and

¢ >k > 0 where applicable
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Element E of the BNF grammar

Logical expression BA(FE)

PropertyName GraphNL (

Nodes ( NodeNL; ,..., NodeNL, )

EdgeSetNL )

AL, PropertyName (x,z) A
AL, BA( NodeNL; ) A
BA( EdgeSet )

Inverse( PropertyName ) GraphNL ( AiL, PropertyName (z;,x) A
Nodes ( NodeNL, ,..., NodeNL, ) AL;BA( NodeNL; ) A
EdgeSetNL ) BA( EdgeSetNL )
PropertyName GraphNL ( /\1§i<j§n z #z; \
DisjointNodes ( NodeNL; ,..., NodeNL, ) AiL, PropertyName (x,z) A
EdgeSetNL ) AiL;BA( NodeNL; ) A

BA( EdgeSetNL )
Inverse( PropertyName ) GraphNL (| Ai<icj<n Z # Z A
DisjointNodes ( NodeNL; ,..., NodeNL, ) AiL, PropertyName (zj,x) A

EdgeSetNL )

AiL;BA( NodeNL; ) A
BA( EdgeSetNL )

( NI ClassName; ... ClassName,

NOT ClassNamep;1 ... NOT ClassName, )

A, ClassName; (zni) A

A=y, not ClassName; (zy)

Edges ( EdgeNL, ,..., EdgeNL, )

A™,BA( EdgeNL; )

( NI1 NI2 PropertyName; ...
PropertyName,,

NOT PropertyName;,;; ...

NOT PropertyName, )

Ai~, PropertyName; (zn1,zni2) A

A1 not PropertyName; (zni1, zni2)

Table A.6: Mappings to NER for DescriptionGraphNeglLabels expressions; we have n > 1

and n > m > 1 where applicable
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Element E of the BNF grammar

Logical expression NER(E)

PropertyName SuperPropertyOf
PropertyExpression; OR ... OR

PropertyExpression,,

BA( PropertyExpression; )
— PropertyName (xg,xn)

i=1,...,n

Element E of the BNF grammar

Logical expression BA(E)

PropertyName; AND ... AND
PropertyName,,

AND NOT PropertyName;,;; ...
AND NOT PropertyName,

A", PropertyName; (xg,xn) A

ALmy1 not PropertyName; (xo,xn)

PropertyName; o ... o PropertyName,

AL, PropertyName; (xi_1,x)

‘Inverse’ ‘(" PropertyName ¢)’

PropertyName (xn, xg)

Table A.7: Mappings to NER for

n > m > 1 where applicable

PropertylmpliedBy expressions; we have n > 1 and

Element E of the BNF grammar

Logical expression NER(E)

ClassExpression AND PropertyName
( ClassName; OR

ClassName,, OR
NOT ClassName;,+; OR

NOT ClassName, )

BA ( ClassExpression ) A
not AuxClassName (x)

and also add the following rule
PropertyName (x,z) A

not ClassName; (z) A... A
not ClassNamey, (z) A
ClassNamen 1 (z) A ... A
ClassName,, (z)

— AuxClassName (x)

Table A.8: Mappings to NER for Universal expressions; we have m > 0 and n > 0 where

applicable
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Element E of the BNF grammar

Logical expression BA(FE)

NodesMode ( NI; NodelLabel,; ,
NI, Nodelabel,, )
Edges ( S; D; Edgelabel; ,

ey

S¢ Dy, EdgelLabel, ) )

Property N BA ( Property GraphNL (
CN; AND DisjointNodes (1 CN; ... CNg

NOT CNgsp ... NOT CNg,
CNy AND
NOT CNgy1 AND N CN; ... CNg

NOT CNysq ... NOT CN; )
NOT CNg Edges () ) )
Property N GraphNL ( BA ( Property GraphNL (

DisjointNodes ( NI Nodelabel, , ...,
NI. NodeLabel,, ,...,
NIN NodeLabel,, )
Edges ( Si D! Edgelabel, ,...,
S, D, Edgelabel, ...,
S)' D) EdgeLabel, ) ) )

ClassName AND

BA ( ClassName AND NOT AuxClassName )

Property ZN Predicative | and also add the following rule
NER ( begin AuxClassName SuperClassOf
Property ZN + 1 Predicative
end )
Property N Predicative BA ( Property N Predicative

AND NOT AuxClassName )

and also add the following rule

NER ( begin AuxClassName SuperClassOf
Property ZN + 1 Predicative

end )

Table A.9: Mappings to NER for CardinalityRestriction expressions; we have k > 0, m > 1

and ¢ > 0 where applicable, AuxClassName is a fresh ClassName and ZN +1 is ZN

increased by 1
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Element Eyer of the BNF grammar

ClassName EquivalentTo
PropertyName Graph (
Nodes ( NI; NodelLabel] ... NodeLabeIll(l,
NI, NodeLabel{ ... NodeLabel, )
Edges ( S; D; Edgelabel! ... EdgeLabel.

my

ey

S, D, EdgelLabel} ... EdgelLabely, ) )
AND ClassName; AND ... AND ClassNamey,

Table A.10: ImpliesAndIimpliedBy expression; we have £ > 1, n >0, k; > 0for 1 <i </,

m>1forl<i<nandh>0

Logical expression NER(FEyef)

ClassName (x) A not RecClassName (x)

— 3y /\ig:1 PropertyName (x,y;) A /\f:1 {/\jki:1 NodeLabeI} (yi)| A
A1 |AZ EdgeLabel; (ysi,yDi)} A AL, ClassName; (x) A
A, NewClassName (y;)

AL, PropertyName (x,z) A AL, [/\J!“:1 NodeLabel; (z;)] A
ALy /\Jm:'1 EdgeLabeI} (zs”zDi)} A /\Ihz1 ClassName; (x) A
AL, not NewClassName (z)

— ClassName (x) A RecClassName (x)

Table A.11: Mappings to NER for ImpliesAndlmpliedBy expressions; we have £ > 1, n > 0,
ki>0for1<i<{ mi>1forl<i<nandh?> 0; RecClassName and NewClassName

are fresh unary predicates unique for each ClassName
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Element Egef_iny of the BNF grammar

ClassName EquivalentTo

Inverse ( PropertyName ) Graph (

Nodes ( NI} NodeLabel] ... NodeLabel
NI, NodeLabel{ ... NodeLabelﬁé )

Edges ( Si D; Edgelabel} ... Edgelabel, ,

ey

Sn Dn EdgelLabel} ... EdgelLabely, ) )

AND ClassName; AND ... AND ClassNamey

Table A.12: ImpliesAndlmpliedBy expression with inverse property; we have £ > 1, n > 0,

ki>0for1<i<{, my>1forl<i<nandh> 0

Logical expression NER(Egef_iny)

ClassName (x) A not RecClassName (x)

— 3y /\f:1 PropertyName (y;,x) A /\f:1 {/\jki:1 NodeLabeI} (yi)| A
Aiz1 |\, EdgeLabel; (ysi,yDi)} A AL, ClassName; (x) A
/\f:1 NewClassName (y;)

/\f:1 PropertyName (z;,x) A /\f:1 {/\}(‘:1 NodeLabeI} (zi)] A
A1 |AZ EdgeLabel; (zsi,zDi)} A AL, ClassName; (x) A
AL, not NewClassName (z)

— ClassName (x) A RecClassName (x)

Table A.13: Mappings to NER for ImpliesAndlmpliedBy expressions with inverse prop-
erty; we have £ > 1, n > 0, kg > 0for 1 < i< ¢ m >1forl <i<nandh>0;
where RecClassName and NewClassName are fresh unary predicates unique for each

ClassName
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