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1 PREFACE

This thesis is meant to be a summary of my research over the last three
years; not a summary of my PhD. The latter is impossible to capture
in this one text. It would require me to go way beyond the scope of
Quantum Machine Learning (QML), and talk about self-learning, both
the investigative process and resulting outcomes of discovering my personal
values. It would require me to provide pictures of the 1004 beds I slept in
while nomad-ing across 15 countries. I would want to share what I learned
at each iteration step; the words documented in 20 handwritten journals
that I dedicated to the closest people in my life. And perhaps the biggest
thing that couldn’t be expressed is the amount of gratitude that I have
felt, and continue to feel, for the privilege of learning and teaching in every
environment I became a part of. Overall, the QML research conducted was
only a part of the PhD, as I believe it should be - although I never like
the use of “shoulds” - and it is here that I combine these findings, that
currently exist as several publications with my co-authors, into one body
of work. As for the insights gained from the other parts of my PhD, that
remains a work in progress for now.
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2 INTRODUCTION

Around 2019, the Quantum Computing (QC) community experienced
the “quantum advantage” boom, where higher quality QC devices were
becoming more accessible to the public with a promise for solving problems
that would be intractable for classical computers [1]. This rapidly became
a unified goal for the Quantum Algorithms community, where applications
in chemistry [2, 3, 4, 5, 6], quantum simulation [7, 8, 9], and machine
learning (ML) [10, 11, 12] were identified as key targets for near-term
advantage.

As such, quantum machine learning (QML) originated as an application
for quantum computers, and has only recently been recognized as a
separate field, combining elements from sub-areas as shown in Figure 1,
that aims to understand how to design and evaluate quantum models
for learning tasks. The goal of the field is still to build models that can
rival or enhance classical networks in some meaningful way; however, the
approach to achieving this goal is now more diverse among researchers.

Quantum Physics Learning Theory
~ Early 1900s ~ Early 1980s

QML
~ 2016

Information Theory
and Computation

~ Early 1930s

Fig. 1: Representation of the field of Quantum Machine Learning (QML) as a combination
of other sub-areas.

The PhD research contributions presented here focus on enhancing the
scientific community’s understanding of how quantum computers could
be useful for generative artificial intelligence (AI). These are powerful
algorithms that can identify patterns among datasets and generate
new data with the same underlying feature pattern. We have seen
useful applications in classical generative Al across various fields such as
molecular design and discovery [13, 14|, image synthesis and deepfakes
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generation [15, 16], risk communication for malware defense [17], and secure
modeling of private data across industries [18]. With the development
of quantum-inspired methods such as Tensor Network Born Machines
(TNBMs) [19] and quantum models such as Quantum Circuit Born
Machines (QCBMs) [20], generative models have been identified as
leading candidates for quantum advantage applications. There have been
several contributions that study the potential benefits and limitations of
using quantum generative models as alternative or enhancers to classical
models [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. These insights, along
with the contributions in this thesis, aim to answer a very exciting broad
question:

Do quantum models make good generative learners?

Throughout this thesis, we will construct a “meta-model” of sorts as
we attempt to answer this question with structured evidence. In the next
two chapters, Chapter 3 and Chapter 4, we will provide an introduction
to classical and quantum generative learning. These sections are meant
to give technical background and present unified definitions for the most
commonly referenced concepts throughout this thesis (e.g. what is a
generative learner, an inductive bias, or a quantum neuron?). In Chapter
5, Chapter 6, and Chapter 7, we will begin to answer the broad question
with results selected from the manuscripts and publications submitted
during the PhD [32, 33, 34, 35]!. More specifically, in Chapter 5, we
will put forth a novel definition and evaluation method for determining a
good generative learner. This framework for assessing quantum advantage
with respect to generative modeling will then set the stage for Chapter
6, where we will use this method to assess one of the most promising
quantum generative models in the literature. Following this, in 7, we will
discuss intentional designs for quantum generative models, and put forth
a novel hardware-aware and classically-inspired quantum architecture.
We will demonstrate with numerical evidence and initial theoretical
results that this model is a promising generative learner, and that this
model can also be utilized to evaluate near term quantum hardware. To
conclude, in Chapter 8, we claim that while the evidence presented here
indicates a positive answer to our broad research question, there are future
investigations to conduct such that we can obtain stronger support. We
will end with a classification of the current research approaches within the
QML community for generative learning, highlighting their relevance and

I Even though I am the primary author on these works; the results presented in this thesis would not be possible without
the contributions of my collaborators. Specific contributors can be found in the Acknowledgements.
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challenges.

3 WHAT IS GENERATIVE LEARNING?

In this chapter, we will breakdown generative learning into three main
components: the data, the model, and the cost-based optimization
procedure. Using these general components, we will discuss specific types
of generative learners that have been proposed - specifically classical
or quantum-inspired ones. The section will end with a review of how
these models have been traditionally evaluated in the literature for their
generalization performance. We will discuss theoretical and application-
based approaches, which are important for the subsequent chapters that
explore evaluation schemes for quantum generative learners relative to
their classical counterparts.

3.1 The Learning Process

3.1.1 Definition

The general learning process consists of an internal model updating its
representation of external data through an iterative feedback loop of
guidance. As shown in Figure 2, the three necessary components are data,
the model architecture, and the objective function ? with an optimizer.
Each element contains assumptions and biases that influence the overall
learning process. Typically, we take the inductive bias of a model to be
any intentional bias in the model architecture or training optimization
scheme that encourages the model to more efficiently approximate the
data. For example, an architecture that is attempting to learn movie
preferences based off of the co-occurrence of features within previously
watched media could start with a bias of another human’s features who is
your similar age or in your local area. Correct inductive biases can make
training more efficient, whereas incorrect assumptions can require even
more data to get the archiecture back on track.

3.1.2 Data

Data can be anything from the color of a t-shirt, to the name of a book
purchased on Amazon, to the price increase of a pumpkin spice latte
near Halloween. Data is simply information, and a dataset that can
used in ML, is simply a large amount of structured information. To

2 Throughout this thesis, we will use the words ”objective”, ”cost”, and ”loss” function interchangeably.
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Parameterized Model

Data x Stores relationships
that exist in the

Observations, akie
Measurements, Images, i
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Guides the model towards the optimal \ /
approximation.

Fig. 2: Visual diagram of the learning process: the feedback loop between three components
such that the model is guided towards storing the optimal relationships with a given
dataset.

make it clear, structured information indicates that the dataset contains
underlying patterns among its samples; we are working with datapoints
that contain mutual information. Whether the dataset is labelled or un-
labeled determines the classification type of the learning process - either
supervised or unsupervised 3. An example of an unsupervised training set
is shown in Figure 2, where each picture does not contain a label of ”bed”
or "couch” like it would in a supervised setting . Most of the data that is
collected in the world does not come with a label assignment, which makes
unsupervised learning a useful process for general pattern recognition.

Also, whether the dataset is discrete or continuous influences the learning
process. The difference is that discrete datasets are composed of countable
units (e.g. number of objects, individual molecules, etc.), while continuous
datasets are composed of measurable units (e.g. temperature, time, etc.)
in a spectrum. From here on out, we will focus on discrete datasets in the
form: Dpaia = {21, 29, ..., Tk}, where each sample x; is an N-dimensional
binary vector such that z; € {0,1}" with i = 1,2,..., K. Each datapoint
is modeled as an i.i.d sample from a probability data distribution Praygeet ().
A sub-set of data belonging to this set is known as the training set, which
we can denote as Dryain = {1, T9, ..., z7}. Some ML algorithms utilize an
additional subset of data vectors as a test or validation set for performance
checking at the end of the learning process.

3 One can also have semi-supervised learning where only a portion of the dataset contains labels.
4 These images are a part of a dataset collected of the 100+ places I slept during my nomad journey.
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Lastly, data can be classified depending on the system it is coming from,
e.g. classical or quantum data. For the remainder of this thesis, we can
make this distinction in the following way: quantum data is generated from
a quantum system, governed by the theory of quantum mechanics [36];
classical data is simply everything else. It is possible for some quantum
data to be represented classically, and to also map classical data to a
quantum Hilbert space, which often times makes the distinction between
the decision-boundary of what is considered classical or quantum blurry. If
the data from a quantum device can be represented classically efficiently,
while it is still quantum data, it may not be data that is most useful
to be processed on a quantum processor. As in, perhaps using classical
computation is still more advantageous. Further discussion on quantum
advantage will be provided in Chapter 5.

3.1.3 Models

A model is a structured representation of information. Examples of such
representations are fully connected graph networks, Bayesian-decision
trees, and feed-forward layers of artificial neurons. Each model type
contains different building blocks as nodes to store parameter values,
as well as a varied structure of activation potentials plus connectivities
between nodes to exchange information. Examples of this are shown
in Section 3.2.2. The information holders in the structure that can be
tuned in the learning process are known as the model parameters, and
this number determines the amount of expressivity that the model has
to represent the data. Under-parameterizing does not provide the model
with enough resources to represent the data; whereas over-parameterizing
can make it more challenging for the optimal representation to be found
during the training procedure.

As an example, let’s consider a feed-forward Bayesian network. In
this model, each parent node is only connected to its children’s nodes,
allowing all nodes in the same layer to be independent of one another. One
can visualize it as a parameterized binary decision-tree with subsequent
generational layers. Once trained on a dataset, the model represents a
joint probability distribution Pyggel() over the nodes in the output layer,
such that when sampling the model, one obtains a generated datapoint
Dgen = {21, 2, ..., v}, where each x, is an N-dimensional binary bitstring,
with ¢ = 1,2,...,G, and z; € Pyiodel(®) = Prapget(z). This method
of obtaining data from a trained model is known as sampling, and the
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computational hardness ° of the sampling method depends on the model
type as well. Note that the decision-tree structure of a Bayesian network
is an example of a model having a specific inductive bias towards learning
a dataset containing that particular structure. If the inductive bias does
match the data, it can be extremely useful for narrowing the parameter
space towards an optimal solution. Otherwise, an incorrect inductive bias
can lead the model down a significantly poor parameter path. In Section
, we will discuss specific examples of generative models, outlining their
structure and sampling capabilities.

3.1.4 Objective Function & Optimizer

One can think of an objective function as a validation checker for the model,
where it provides an optimizer with information, such that both guide the
model in the optimal direction of the data. We call this optimization
scheme, training, where we typically observe the number of iterations
required for the model to minimize the difference between a representation
of the training set and a representation of the model samples. The objective
function C(x) = Diff( Pryain (), Puodel()) may be computed at each step
for the training evaluation, and the analytical or approximated gradient is
typically used in a gradient-descent update rule for the model’s parameters:
0' = 0—nVC(z), where 8’ is a new vector set of individual parameters 6; for
the next training iteration, © is the vector set from the previous iteration,
and 7 is the learning rate that controls the size of the overall parameter
shift in the direction defined by the gradient. Other hyper-parameters,
variable controls in the optimization, can be defined and exploited to tune
the optimization.

Different objective functions C(x) exist with varying degrees of
computational hardness when the dimension size of the problem increases.
Additionally, there are optimizers with more or less degrees of freedom,
which allows for hyper-parameter tuning beyond just that of adjusting the
learning rate. These hyper-parameters influence the model’s trainability -
i.e. the model’s ability to find a global optimium in the parameter space
or a "good enough” local minimum. As objective functions and optimziers
are typically discussed in the context of specific learning algorithms,
specific examples for generative models will be discussed in Section 3.2.

3.2 Generative Learners

5 We will always use computational hardness to indicate an exponential number of resources required to do a computation.



3 WHAT IS GENERATIVE LEARNING? 11

3.2.1 Definition

A more specialized case of the learning process is the wunsupervised
generative learning process. In this process, a model aims at capturing
implicit correlations among unlabeled training data in order to generate
samples with the same underlying features [37]. In other words, a
generative model is trained on a limited set of data to learn optimal
parameters that make the model a faithful approximation of the original
target distribution Pryeet(z), implying that the model has the ability to
generate data x, from both inside and outside of the training set that are
distributed according to this underlying distribution.

Nowadays, we can see large-scale classical generative models being
used for challenging tasks such as recommendation systems [?], drug
discovery [38], and image generation [39]. Models that vary in structure,
unsurprisingly vary in functionality. Below, details of generative learners
that will later be referenced in the research results of this thesis, are
described in more detail.

3.2.2 Feed-forward Neural Networks

The basic building block of an Artificial Neural Network (ANN) is a
neuron, containing parameter values 0¥ that are either fixed or adaptable
throughout training (visual representation in Figure 3). In a feed-forward
network, neuron j in layer [ is connected to every node in layer [, _q;
however, neurons in the same layer [, are not connected. As for the
optimized parameters 65 wfz is the weight between neuron j in layer
[ and neuron ¢ in layer [, 1, and bf is the bias for neuron ¢ in layer [j.
Activation functions exist between neurons in the previous layer and the
output neuron in the next layer such that the output neuron’s parameters

0% are a non-linear function of the previous layer’s inputs:

Tk—1

0F = b + > whol ™, (1)
j=1

where 0% is the total output value of neuron i in layer I, prior to the
activation function, 0;‘5_1 denotes the value for neuron j in layer l;_1, rz_1
is the number of nodes in layer k& — 1, b¥ is the bias for neuron i in layer Iy,
and wfl is the weight for neuron j in layer [;_; for the incoming neuron 1.
After this computation, an activation function q(6%) is performed to

provide a value for the output neuron ¢ in layer [j.
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Activation
Function q(Hl.k)

0.0.0.0.0000

J

Input
Layer

COl0.0.0.00.0.000000000000000000D0ODDODDO

Hidden Layer

Fig. 3: Visual diagram of a feed-forward neural network: each neuron i in layer [;_; is
connected to a single neuron j in layer [; prior to an activation function on a the
output 6% .

3.2.3 Generative Adversarial Network (GAN)

The Generative Adversarial Network (GAN) is a model architecture with a
normal prior distribution and an adversarial training scheme, as described
in the literature [40, 41, 37]. GANs are trained as two neural networks,
a discriminator D and a generator (G, competing against one another
for optimal performance in an adversarial game. Samples from a prior
distribution ¢(z) are fed into the generator’s input layer, and throughout
training the generator attempts to produce new data x that can fool the
discriminator into classifying x as a real rather than an artificially created
data point. The goal of training is to maximize the generator’s score and
minimize the discriminator’s score as described by the loss function:

Loax = minmax[B,._p,, (x)[log D(x)] (2)
1B,y llog(1 — D(G(2)))]]

For both the generator and the discriminator utilized later in this work,
a feed forward architecture, as described in 3.2.2, is utilized with fully
connected linear layers.

While GAN architectures have demonstrated great promise for image
generation tasks [39], they typically fall short when it comes to generating
diverse samples and are prone to mode-collapse behavior when training.
This behavior is the result of the generator learning a single sample that
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fools the discriminator every time, such that it gets stuck on that sample
and does not learn anything new [37].

3.2.4 Tensor Network Born Machine (TNBM)

A Tensor Network Born Machine (TNBM), is a quantum-inspired
generative model whose underlying architecture is chosen to be a Matrix
Product State (MPS), a well-known 1D tensor network characterized
by a low level of entanglement [19]. A TNBM takes unlabelled N-
dimensional training bitstrings from the dataset {z;}.;, and aims to
encode the underlying probability distribution in a quantum wavefunction
|1}, expressing the correlations between samples in the amplitude of a
quantum state, namely:

) = ) A AZ AN [s150...5x). (3)
{s} {o}

To motivate this representation, we note that an N-dimensional bitstring
can be interpreted as a possible realization of the spin state (0,1) of N
particles |s15s...5y), and therefore the full quantum state can be written
as a superposition of all the possible spin states. Rather than using the
exact coefficient matrix to build |¢), it can be approximated by the product
of smaller parametrized single-particle matrices A%, where the dimensions
{a} are known as bond dimensions. The summation across « determines
the probability amplitude for each superposition state of individual sites;
thus, the bond dimensions controls the expressivity of the TNBM.

The training method is further described in Ref. [19], where models are
trained via a DMRG-like algorithm with the log-likelihood cost function:

£06) =~ > los(ps(). (1

During training, samples are generated from the wavefunction according
to the Born Rule:
po(r) = (2 )], ()
and the goal of the learning process is to find an optimal TNBM
parametrization 6 such that pg(z;) — Pryain(¢).
A TNBM is known as a quantum-inspired technique as it builds upon

fundamental concepts and formalism of the quantum-mechanical theory,
but it is executed entirely on a classical platform.
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3.3 Evaluating Models

Generative models are powerful and widespread algorithms, but the
evaluation of their performance, especially on real-world datasets, is an
open challenge. A huge variety of metrics and studies have been proposed
to evaluate generative models, which can be found in two distinct sub-fields
of machine learning (ML) research: computational learning theory [42,
43, 44] and models’ performance benchmarking [45, 46, 18, 47, 38]. Here,
we give a brief overview of these two areas of research, and to draw a
clear distinction between them, we point to the advantages and challenges
of each for evaluating unsupervised generative models. Subsequently, we
focus on providing an overview of the main evaluation strategies that exist
in this literature domain, pointing to Ref. [46, 46] for a thorough review.

3.3.1 Measuring Generalization

The language utilized in the sub-fields of computational learning theory
and models’ performance benchmarking varies greatly when discussing the
evaluation approaches of unsupervised learning algorithms. There is a
common goal of finding the best model (i.e., the one that ‘generalizes’ best);
however, the optimal criterion and the generalization definition differ in the
two perspectives.

In the context of computational learning theory, the optimal model is
the one that has best approximately learned the ground truth probability
distribution from the available training data [48]. Thus, generalization
coincides with good inference capability. Upon taking this to be the
definition of generalization, the model is able to achieve high-quality
performance if its output distribution post-training is sufficiently close
to the (unknown) ground truth. By using the Probably Approximately
Correct (PAC) approach [48], one can derive worst-case generalization
error bounds for a very broad range of models. These insights are
incredibly useful for identifying clear cases in which models will not
provide value, especially in the search for circumstances where quantum
algorithms might exhibit an advantage over classical ones [30, 31, 44]. On
real-world datasets, this definition of generalization can be extended to
evaluating the difference between the trained model distribution and the
empirical approximation of the ground truth, using a quantitative distance
metric of choice.

However, this is where the definition of generalization in the context
of computational learning theory diverges from that of the models’
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performance benchmarking domain. For many practical problems, indeed,
the optimal generative model is the one that can generate unseen high-
quality data points that are solutions to a specific task, i.e., samples drawn
from the ground truth distribution, but that did not exist in the empirical
distribution used for training [49, 13, 38]. This implies that the emphasis
is on the model being able to produce samples that come from the unseen
part of the ground truth distribution: this capability of generating novel,
diverse and good solutions is what is defined as generalization in this
practical context [38]. Hence, if a model is provided with the complete
set of solutions in the training process, it cannot generalize. Instead,
since all the samples from the support of the ground truth distribution
are given, the model would be restricted to exhibiting a behavior that we
will later define as memorization, in even the best training scenario. In
computational learning theory, this behavior would still be seen as a form
of high-quality generalization performance, as long as the model learned
the right features of the distribution. This is usually a case of interest
in density estimation tasks; however, in many contexts, this behavior is
distinct from practical generalization such that it can be detected when
it is not useful for specific real-world applications, where the generative
model is trained with the purpose of generating novel samples from the
ground truth distribution.

In summary, the main difference between the two approaches is that
in the models’ performance benchmarking domain, the goal is to capture
the model’s generalization performance as a novel samples generator from
the ground truth ( “efficient generator”), not as a ground truth learning
algorithm( “efficient learner”), as it is the case in computational learning
theory. It is important to consider that an “efficient learner” does not
always imply an “efficient generator” for a practical task at hand, and
vice versa. The exact relation between the two approaches, especially
its rigorous proof, is out of the scope of this thesis, but it is certainly
an exciting avenue to bridge the gap between the two communities.
The practical evaluation schemes, further described in Section 3.3.2,
can augment the understanding of models’ performance by providing a
detailed picture, based on evaluating specific desired features of generated
data, as well as by highlighting their tendency to exhibit training failures.
However, this practical evaluation does not provide the same insights
with regards to scaling complexity as those in computational learning
theory. This is a regime where computational learning theory adds a
large amount of value to our existing knowledge. Therefore, it should be
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strongly emphasized that both research sub-fields are necessary to fully
evaluate generative models, and that when possible, results from both
realms should be included.

3.3.2 Alternative Metrics

A common approach to evaluate generative models uses statistical
divergences, such as the Kullback-Leibler divergence [33] and the Total
Variation Distance [31]. Unfortunately, the sample complexity of such
quantities scales poorly with the dimensionality of the distribution under
examination, proving them inadequate in high-dimensional spaces. To
overcome this limitation, alternative evaluation metrics with polynomial
sample complexity have been proposed, such as Inception Score (IS) [50],
Frechét Inception Distance (FID) [51], and Kernel Inception Distance
(KID) [52]. Additional strategies include utilizing kernel methods such
as measuring the Maximum Mean Discrepancy (MMD) [43], or neural
networks to estimate statistical divergences [53].

The main limitation affecting divergence-based metrics lies in that a
single number summary is used to score a model, thus being unable to
distinguish its different modes of failure. In light of this consideration,
Ref. [54] introduced precision and recall as metrics to evaluate generative
models, hence proposing a 2D evaluation to disentangle the various
scenarios that can arise after training. Follow-up contributions have
attempted to extend this idea from discrete to arbitrary probability
distributions [55], and to improve precision and recall definitions and
computation [56, 57].

This plethora of methods suggests how challenging it is to evaluate
generative models. Evaluating the evaluation metrics themselves is an even
more complicated task, despite the paramount importance of choosing the
right metric for drawing the right conclusions [58]. Ref. [59] addresses such
a problem, identifying a few necessary conditions that a metric should
satisfy in order to qualify as a good performance estimator. One of these
conditions is the ability of a metric to detect overfitting. As highlighted
by Ref. [60], overfitting is basically equivalent to memorization, i.e., anti-
generalization, and it is not always well defined, despite its importance.

While being well established in the context of image classification,
notions of generalization are less standardized for generative models.
Initial studies on this topic in the context of generative models can be found
in Refs. [61, 53]. Nonetheless, none of the available metrics is specifically
tailored to assessing generalization capabilities, or, in other words, to
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detect overfitting upon occurrence [47]. So far, very few contributions
have been proposed to address the interesting problem of studying and
quantifying generalization from a real-world application perspective for
generative models. This knowledge gap becomes exceedingly evident when
looking at the recent literature contributions to the field of quantum
generative modeling. Several of these works have hinted at the concept of
generalization, but have ultimately restricted their results to replicating
a given target probability distribution [19, 62, 63, 64, 49]. Leaving such
a question for future research indicates the difficulty in benchmarking
both classical and quantum models on real-world datasets for their
generalization capabilities.

3.4 Chapter Summary

In this chapter, we explored a general definition for generative learning, as
well as provided specific examples of generative learners, such as Artificial
Neural Networks, Generative Adversarial Networks, Restricted Boltzmann
Machines, and Matrix Product States. We introduced terminology that will
be used throughout the rest of this thesis, as we transition to the discussion
of quantum generative learners. We ended this chapter by discussing
various approaches found predominantly in the classical ML literature for
evaluating generative learners. In subsequent chapters, we will build upon
these approaches to introduce a novel quantitative framework that can
compare the performance of quantum and classical models on more equal
ground.
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4 WHERE DOES QUANTUM COMPUTING FIT-IN?

In this chapter, we will introduce quantum computation, and where this
theory fits into the generative learning framework. We will focus on
theoretical quantum models for computing, and then build upon these
constructions to discuss quantum models for learning. Starting with a
single bit of quantum information, we will build larger circuits that can
be trained as generative learning algorithms.

4.1 Quantum Models for Computing

4.1.1 Quantum Bits

Quantum computers are composed of fundamental information units
known as qubits [36]. Individual qubits are modeled using a 3D Bloch
Sphere, where there are three parameters for an individual pure vector, or
quantum state, that exists in some superposition of information states |0)
and |1) represented as:

[Yquit) = cos(61)|0) + e sin(6)|1) (6)

This state is the representation prior to measurement, where the
outcome is interpreted as a |0) or |1) with some probability such that
| cos(61)]* + | sin(f)|> = 1. Thus, we consider quantum hardware units to
be probabilistic in comparison to our current transistor-based computing
hardware.  Rotations Rx(61), Ry(02), Rz(03) around the sphere axes
correspond to single qubit gates. These are modeled physical interactions
that can change the state of the quantum system - i.e. manipulate
the information in the system. These rotations are represented by

unitary operations of a set of Pauli observables {ox,oy,0z7} such that
U(0) = R,,(0) = exp{(=42=}) for m € {X,Y, Z}.

4.1.2 Quantum Circuits

Sets of qubits with logical operations, known as quantum circuits, in
superposition and entangled with one another via multi-qubit gates,
create large, general quantum states |¢) that become difficult to store
a classical representation of. If the system is in the general pure state
|V) = a;|a;), then we leverage a general model from quantum theory that
the expectation value for some physical observable A to be measured on a
quantum system is:



4 WHERE DOES QUANTUM COMPUTING FIT-IN? 19

(¥]A[y) (7)

Performing a measurement lands us in one of the eigenvalues of the
system. Because the operators representing observables are self- adjoint,
the spectral theorem for self adjoint operators allows us to write A as:

A= Z a; P (8)

Y

where a; are the eigenvalues associated to the observable A and P/
are the projection operators onto the subspaces corresponding to those
eigenvalues. We have that P/ = |a;)(a;|. The probability of measuring A
and getting the result a; is given by:

P(ai) = (¥|P/[v) (9)

In this kind of measurement, we completely collapse the quantum state
to a probability of obtaining an eigenvector according to the observable
in question - known as Born’s Rule. This theory is extended to quantum
computers, where large entangled quantum states are generated on
quantum hardware (e.g. trapped-ions [65], superconducting materials [1],
photons [66], etc.) and then measured in the computational basis (the
Z eigenbasis as convention), outputting discrete data bitstrings x where
xr; € {0,1}Vi. The benefit of utilizing the quantum hardware is clear
when we obtain large degrees of entanglement that become non-classically
simulatable. Thus, one way in which quantum computers are predicted
to be useful for problems where the amount of entanglement grows
exponentially with the system size.

When the operator according to the observable is parameterized A —
A(8), the matrix elements become a tunable variable for optimization. In
the variational quantum circuit model [67], the observable is composed of
many parameterized individual and multi-qubit gates acting on designated
qubits. The structure in which these qubits are connected, or entangled,
largely determines the ansatz of the model . Other factors that influence
the ansatz are the specific gate choices and the parameter initialization.

Algorithms of this nature became known as Noisy Intermediate Scale
Quantum (NISQ) algorithms [68, 69], such that we could leverage current,

6 The ansatz is essentially the initial starting point, or guess for the quantum state prior to the optimization. If the
anstaz contains information of the dataset prior to optimization, this can be considered as an inductive bias that we discuss
in classical ML models.
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limited quantum resources to perform classically challenging tasks.
The Parameterized Quantum Circuit (PQC) became the predominant
computational model for a quantum computer that could be optimized
with classical methods post-measurement to obtain solutions to interesting
problems in quantum chemistry [2], finance [70], and ML [71].

Now one can make two connections to previous models. The first is that
the TNBM, discussed in Section 3.2.4, is a reduced representation of a
quantum state, where the operators do not contain complete information
regarding the entanglement. There have been many works mapping
TNBM’s to quantum circuits, and even using them as ML models to
find good initial inductive biases for quantum circuits [72]. Second, a
parameterized single qubit is the simplest form of a variational quantum
circuit.

4.2 Quantum Models for Generative Learning

4.2.1 Definition

PQC models can be used as the model component in the learning
process discussed in Section 3.1.1, meaning that it can be trained to
represent correlations within a dataset [71]. As shown previously that
quantum circuits represent a probability distribution over a support of
discrete bitstrings x, we now see that each quantum measurement in the
computational basis is akin to generating a sample [71]. Thus, designing
these parameterized circuits for generative modeling tasks is a natural
idea. There is also theoretical evidence that generative models with
certain quantum gate structures have more expressive power than classical
networks [73]. However, the optimal design of these models for both NISQ
and fault-tolerant hardware regimes is an open question. Some of the
more prominent model architectures are further outlined below.

4.2.2 Quantum Circuit Born Machine (QCBM)

In the literature, QCBMs are one of the most popular quantum generative
learners due to their highly expressive power [73] and the ability to perform
direct sampling from the circuit as opposed to Restricted Boltzmann
Machines (RBMs) that require a costly Gibbs sampling. This model
family takes advantage of the Born rule of quantum mechanics to sample
from a quantum state |1) learned via training of a Parameterized Quantum
Circuit (PQC) unitary U(0), where 6 is the vector of parameters for all
of the single and entangling gates in the circuit. While alternative ansatz
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connectivities may be implemented, we showcase a line topology in Figure
4 as a conventional choice for training circuits with very large depths. As
the number of entangling gates scales linearly in the number of qubits for
each layer, one can increase the number of layers with fewer number of
parameters compared to other topologies. Note that alternative topologies,
such as the all-to-all entangling connectivity available in ion-trap devices
[20, 74, 75, 76], may be better for alternative tasks when the circuit depth
can remain low. For a total number of layers L in the line circuit ansatz,
each layer alternates between parameterized single-qubit rotation gate and
multi-qubit entangling gate sequences until the final layer is reached. Each
single-qubit gate sequence consists of an appropriate combination of Pauli
X and Pauli Z rotations, Rx(#) and Rz(#) respectively on each of the
qubits, with R,,(0) = exp{(_w%}). After each single-qubit gate layer, the
entangling layer containing parameterized X X couplers between nearest
neighbour qubits is executed, forming a line structure. Other topologies
have also been explored (see e.g., Ref. [74]
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Fig. 4: A visualization of the QCBM algorithm. Starting with randomly initialized parameters,
the 12-qubit circuit ansatz with a line topology of parameterized gates for an even number of
layers L is shown (note that both single-qubit and entangling gates are taken to be parametrized).
Measuring in the computational basis provides samples distributed according to the probabilities
encoded in the quantum state |¢) that results from performing the unitary operation U(6) on an
initial quantum state |tg). Iterative training is implemented up to a number of iyj.y iterations in
order to optimize the circuit parameters via minimization of the cost function C(8;).

To minimize the number of variational parameters of the circuit and
favor its trainability without sacrificing its expressive power, we can utilize
the following strategy to carefully design the single-qubit layers [20], for an
even L. In the first single-qubit gate sequence, we choose to decompose the
arbitrary single-qubit transformation as Rz(01) Rx(02) Rz(03). Since our
initial state is [00---0 >, the first sequence of Rz(#;) only adds a global
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phase to the quantum state, which is irrelevant since it will get washed
out once we consider the Born’s probabilities. Therefore, we can remove
this first sequence of Rz(#1) on each qubit without reducing the circuit’s
expressive power. For the next single-qubit sequences after the very first
one, we use a decomposition of the form Rx(6;) Rz(02) Rx(f3): it can be
seen that the commutation of Rx with X X would lead to “collapsing” one
sequence of Ry from the single-qubit sequence right before the entangling
layer into the one right after it. Leveraging this commutation-and-collapse
trick, all the single-qubit sequences after the first can also be reduced to 2N
gates, except for the last one that has 3/V gates as the final Rx doesn’t have
any following rotation to collapse into. For N qubits and an even L, this
ansatz choice gives a total number of parameters P = (3L/2+1)N —(L/2).
When L = 2, the parameter count is simply given by P = 3N — 1 as
there are only 2N single qubit gates in the first single-qubit sequence, as
previously explained, followed by N — 1 parametrized XX gates.

During each training iteration ¢, up to iya.x, the quantum circuit
is simulated or run on quantum hardware with the current iteration
parameter values 6;, and is then queried to generate samples z, according
to the following model distribution [20]:

Pytodel(w4]0:) = [{zq[ (). (10)

The generated samples are input into a classical cost function that
measures the distance between the model output samples z, and the
training samples x; taken from the underlying target distribution. Typical
cost functions include the negative log likelihood (NLL) and the Maximum
Mean Discrepancy (MMD) loss [26]. The NLL cost function at each
iteration defined as:

C(0;) =— Z Pryain(74) log{max [€, Pyioder(%40:)] }, (11)

TtEDTrain
where € = 1078 mitigates the singularity that occurs when Pyroqe(2¢]60;) =
0.
Another version of this cost function is known as the Kullback-Leibler
Divergence [77] defined as:

KL= zx: Prasger () log ( Pruget (@) ) , (12)

max(Pyoder (), €)

where € ~ 107! such that the function remains defined for Pyoqa () = 0.
When training the model, the desire is to obtain the following:
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KL(PTarget(x)a PModel(x)) =0 (13)

This means that the model’s distribution is identical to the target, and thus
the model can fully express the target distribution. A limitation of these
cost functions is that they require explicit access to Pyiogel(%4), Where we
are only able to approximate this value with a finite number of queries @)
taken from the trained model. Thus, this cost function is prone to the curse
of dimensionality; it becomes challenging to approximate when scaling to
larger data dimensions. Once computed, the cost is utilized in a gradient-
based or gradient-free optimization scheme that updates the parameter
values and feeds them back into the circuit for the next iteration. After
a specified number of iterations iy (once a cost-threshold « is reached
or some other convergence criterion is satisfied), the trained model can be
queried and its output is used for evaluation.

There have been several proposals to mitigate the singularities and
scalability issues arising from the use of the NLL (or, equivalently, the KL
Divergence). The first proposal to mitigate this was to use the Maximum
Mean Discrepancy (MMD) cost function [26]. Other researchers have
proposed other types of divergences, such as the Sinkhorn divergence
and the Stein discrepancy [21], and other f-divergences [78]|. Although
changing the cost function might mostly help to reduce significantly the
resources needed to estimate the cost function itself from the quantum
device’s samples, this might not suffice to address other trainability issues
such as the presence of barren plateaus - i.e. vanishing gradients during
training. This is precisely the regime where initialization ([72] and [79])
and constructing intentional ansazte (inductive biases) becomes a priority.

4.2.3 Quantum Neuron

As the basic building block of the classical feed-forward neural network,
discussed in Section 3.2.2, is the neuron, it is only natural to consider a
quantum version of this model. This is a more intentionally constructed
model in contrast with the general PQC framework models presented
above. There have been many proposed models for the quantum neuron
[80, 81, 82], and finding the optimal analogue is still an open research
question [11]. Here, we discuss the most relevant neuron proposal to
this thesis, which was proposed by Ref [82]. In this proposed quantum
neuron (QN) circuit, each neuron is assigned a qubit, so the QN circuit
has an input register |x;,) representing the previous layer, an output qubit
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initiated in the state |t,,:) representing the neuron of the next layer, and
also an ancilla qubit, initially in |0,). A visual is displayed in Figure 19.

Input State | x;,,) by
in

Ancilla [0,) - Ry20) —T— RA-3) — Rj@0) 1x2)
i

Output Qubsit | ¥, ¥

|X;',,> T

[0)  — Ry@w) — Ry@wy) oot Ry@w) — Ry2b) —

Fig. 5: An example of a single quantum neuron circuit Left: Quantum Neuron circuit, connecting
neurons (qubits) from previous layer to a single neuron in the next layer. If the ancilla measurement
outcome is 0, the circuit has successfully applied Ry (2¢(#)) to the output qubit, and if the
measurement outcome is 1, one needs to apply Ry(—n/2) to the output qubit, a NOT gate
to the ancilla, and apply the circuit again. Hence the Quantum Neuron circuit is a repeat-until-
success circuit. Right: implementing Ry (26), where 0 is a function of weights, biases, and input
neuron values.

Suppose initially that |z;,) is a single bitstring, rather than a
superposition of bitstrings. Then, just before the measurement (see
Figure 19 left), the combined quantum state is:

) = |zin) ® (v/P(0) |0a) ® Ry (2¢(0)) [tout)
‘l‘\/l_p |1a ®RY 7T/2) ‘¢0ut>>7

where 6 is the weighted sum of neuron activations in the previous layer:

(14)

0 = wixy + wors + ... + wyx, + b, (15)

w, € (—1;1) are the weights and b € (—1;1) is the bias. Notice the
argument of the y-rotation is not 26, but 2¢(6): this is the activation
function

q(0) = arctan(tan®(0)). (16)

The activation function has a sigmoid shape, and is determined by the
sequence of quantum gates applied. In any case, by simply measuring the
ancilla qubit to be |0,) with a probability p(d) > 3 [82], we end up in the
right state for the next layer:

) = |2in) ® |0a) @ Ry (29(0) [Yout) - (17)
Importantly, when probability 1 — p() >= % we will end up in the state:
W> — ‘xm> ® |1a> ® RY(W/Q) ‘¢0ut> ) (18)

which can be returned to the pre-circuit state with a NOT gate on the
ancilla and Ry (—=/2) applied to the output qubit. The process will then
be repeated until the ancilla measurement yields |0,), thus the Quantum
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Neuron circuit belongs to the class of Repeat Until Success (RUS) circuits
(83, 84].

Importantly, if we allow the input register to be in a general state -
as a superposition of bitstrings > . |x’>, then the circuit will successfully
apply the appropriate transformations to each of the bitstrings in the
superposition, resulting in the final state:

D Fi[rh) © 10.) © Ry (29(6) [Yous) (19)

Here, F; refers to an amplitude deformation in the input state during
the RUS mapping. These QN building blocks have been previously used
for designing small-scale quantum networks for supervised learning tasks
[82]. In Section 6, we will extend off of this model to construct a novel
quantum generative learner.

4.3 Chapter Summary

In this chapter, we discussed how quantum computers fit into the
generative learning framework by introducing theoretical models for
quantum computation and learning, previously defined in the literature.
These models will be references in later research-focused chapters that
investigate and improve upon these models.



5 WHAT IS A GOOD QUANTUM GENERATIVE LEARNER? 26

5 WHAT IS A GOOD QUANTUM GENERATIVE LEARNER?

5.1 Background

The question where does quantum fit-in? is fundamentally different from
asking do quantum models make good generative learners?. In order
to address this question, we must first define the most unambiguous
component - what we mean by good.

As quantum ML began as a potential advantage application for quantum
computers, it has been natural for utility to mean that a generative learner
provides some form of quantum advantage over a classical alternative.

Quantum advantage is generally intended as the capability of
quantum computing devices to outperform classical computers, providing
exponential speedups in solving a given task, which would otherwise be
unsolvable, even using the best classical machine and algorithm [1, 85,
86, 68, 87, 88]. In recent years, a large part of the quantum computing
community has been gravitating toward a more concrete definition of
quantum advantage, namely practical quantum advantage (PQA), also
propelled by the growing interest from technology firms and companies in
various application domains. Practical quantum advantage indicates the
quest for quantum machines that can solve problems of practical interest
that are not tractable for traditional computers [8, 89]. In other words,
practical quantum advantage is the ability of a quantum system to perform
a useful task faster or better than is possible with any existing classical
system [90]. As long as the superiority is demonstrated in the real-world
setting, under the real constrains and problem size of interest, one can
waive the need for demonstrating an asymptotic scaling with problem size,
which is the usual emphasis in algorithmic quantum speedup [91].

In this chapter, we build off of this general definition to evaluate
generative learning algorithms for quantum advantage - work that was
published in [32]. In this framework, we suggest that generative models’
performance be assessed by their capability to generalize, i.e., generate
new high-scoring diverse solutions for the task of interest [38, 49]. We
highlight that our proposed definition of generalization differs from the
one outlined within the theoretical setting of computational learning
theory [42, 30, 29, 31|, i.e., a model’s ability to learn the ground
truth probability distribution given a limited set of training data. Our
approach follows closely the definitions and frameworks used by other ML
practitioners (see e.g., [45, 38]) discussed in Section 3.3.1, which focus on
scalable and practical methods to evaluate the performance of generative
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models.

To the best of our knowledge, this is the first proposal of an approach
that combines a heuristic-based analysis with an application-based dataset
to quantitatively evaluate generalization of unsupervised generative models
and to directly compare classical and quantum-inspired models side by side
in search for practical quantum advantage.

5.2 New Evaluation Framework

5.2.1 Definitions

Since the goal is to compare the generalization performance of models
for measuring practical quantum advantage, here, we introduce formal
definitions to quantify different aspects of the practical behaviours that
arise when we sample from the generative model. To further distinguish
these definitions from those in computational learning theory, we provide
the contextual names: validity-based and quality-based generalization.

Pre-Generalization We define pre-generalization as the generative
model’s ability to go beyond the training set Dy, by producing unseen
outputs. More precisely, for any level of generalization to occur it is
necessary - but not sufficient - that there exist some points z, such that

Ty € DGen AN Tg §é DTrain- (20)

However, these outputs may not be samples distributed according to
Praeet(x); for example, they may just be meaningless noise instead. In
other words, pre-generalization is the model’s ability to generate any new
output - whether it is distributed according to Praget(x) or not (shown in
Figure 6). Note that this behaviour is a prerequisite for a model to be
able to generalize, and not generalization in and of itself. As mentioned
above and further specified below, to have any kind of generalization, a
model must first be able to generate data beyond the training set, and
the generalization potential is higher if the amount of unseen data is
maximized. This implies that the training set cannot be exhaustive, i.e.
the number of unique’ training bitstrings must be less than the number
of unique bitstrings that can be sampled from Pryet(z). To discover new
data, the training dataset should not consist of all of the bitstrings that
could be sampled from the original distribution (i.e. its support).

7 Bitstrings = {00, 00, 11}, unique bitstrings = {00, 11}.
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Fig. 6: A visual representation of generalization-related concepts. The figure shows the different
behaviours a model can exhibit when generating data, using a 3x3 Bars and Stripes dataset as
an example. The top two rows display a set of samples = distributed according to the data
distribution Prarget(); note that only a subset of the 3x3 Bars and Stripes dataset is displayed,
rather than the full set of patterns. The third row contains samples that do not belong to this
dataset (Noise). The fourth row contains a subset of samples x; € Dryain used for training and
distributed according to Pryain(2¢), while the bottom row shows a new set of samples x, produced
by the model and living in Dge,. Note that each sample contains an associated toy-score that
corresponds to the samples’ associated cost. In this toy example, the samples are assigned a
real-valued score in (0, 1), except for noisy samples that don’t have an associated cost as they are
not part of the valid solution space. The bottom row displays four samples from the generated
queries, each of which is tagged with a different model behaviour: memorizing data from Dryain
(blue dot), producing data outside of Dry,in that may be noise (yellow dot), generalizing to new
data distributed according to Prarget(z) (purple dot), and generalizing to new data distributed
according to Prayget () that contains a minimum value to an associated cost function (red dot).

The pre-generalization behaviour can be verified with the exploration
metric F, defined in Section 5.2.3, that quantifies how many generated
samples were not included in the training set. Note that this quantity has
a similar definition to the authenticity metric in Ref. [18], that captures
sample novelty. However, the exploration metric is computed directly
from samples rather than requiring an embedding scheme and a separate
classification network. This quantity allows one to investigate the general
questions: “Can the model reach out-of-training data points? And with
which frequency?”.
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Validity-Based Generalization We definevalidity-based generalization as
the generative model’s ability to go beyond the training set Dy, and
effectively produce new bitstrings living in a given solution space with the
underlying distribution Praget(2) (shown in Figure 6). In other words,
the model is able to learn a fixed particular feature about bitstrings drawn
from Prapget(2) and produce new samples with the same feature, where this
feature is specified via a constraint on the bitstrings. More precisely, the
generative model outputs samples x, such that:

Ty & Dvain N\ T4 € support of Prayget (). (21)

This approach for validity-based generalization is task-independent,
as the metrics are exclusively sample-based and agnostic to the specific
use case, or more specifically, independent of the quality associated to
each bitstring. In Section 5.2.3 we highlight the essential conditions one
needs to meet when defining an appropriate task to study validity-based
generalization.

The validity-based generalization behaviour is evaluated with three
metrics: fidelity F', rate R, and coverage C. In a nutshell, ' quantifies
the probability that a model generates unseen samples that are valid
results rather than unwanted noise. R quantifies the frequency at which
a model produces unseen and valid results. C' quantifies the fraction of
unseen and valid results retrieved among all the potential valid and unseen
samples. These metrics allow one to answer the following general questions,
respectively linked to the three generalization estimators presented above:

e F: “How effectively can the model distinguish between noisy and valid
unseen results?”

e R: “How efficiently can the model reach unseen and valid results?”

e (1 “How effectively can the model reach all unseen and valid results?”

Quality-Based Generalization We define quality-based generalization
as the generative model’s ability to go beyond the training set Dryain
and effectively produce bitstrings living in a given solution space with
underlying distribution Prayget (), where the new bitstrings can be mapped
to a real number indicating their quality. While there can be many
examples of functional maps that one could use to assign each bitstring a
score to be maximized, we emphasize optimization as a natural choice for
assigning such a value to each sample, as proposed by Refs. [49, 92, 38]. In
this case, the score is quantified by a cost to be minimized. In other words,
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optimization provides a natural framework to introduce quantitative
estimators of generalization, as a generative task can be equipped with
a well-defined cost function, indicating the quality of samples. The
framework presented here combines generalization and optimization as
a promising strategy towards the definition of quantitative metrics. We
highlight that if one uses a generative model as an optimizer, the success
of the algorithm depends on the generation of high-quality solution
candidates, rather than inferring the ground truth data distribution as it
is the case in computational learning theory.

When focusing on quality-based generalization, one is interested
in generating samples that satisfy a wvalidity criterion, but also have
associated costs that minimize a given objective function (shown in Figure
6).

A generative model thus exhibits quality-based generalization if it is able
to produce at least some unseen and valid samples that have on average
similarly low (or lower) cost values than the ones associated to at least
some of the training samples. More precisely,

x, satisfies Eq. 21 A f(Dgen, ¢(2)) < f(Drvain, c()), (22)

for a given suitable function f (e.g., the minimum sample cost ¢(x) in each
sample set) that depends on how strict the cost minimization requirements
are for the problem under examination.

Developing metrics for assessing quality-based generalization is a task-
dependent challenge as it allows one to evaluate the model’s sample quality,
according to a specific task and measured by its associated cost function.

In Section 5.2.3, we introduce two versions of the sample quality metric,
induced by a different choice of f: the first one evaluates the model’s
ability to generate a minimum cost value that is lower than anything in
the training set, whereas the second accounts for a diversity of samples
whose cost is below a user-defined percentile threshold. Even though the
former could seem more adequate to quantify the generator’s ability to go
beyond the sample quality available in the training set, it may be the case
that producing the lowest cost value is not the only desired behaviour of
the task. For instance, it may be that the desired behaviour is to generate
diversity of new samples with a cost comparable to the lowest values
found in the training set. In this scenario, the latter version allows one
to reward alternative solutions without restricting the model only toward
values below the training threshold. Since for many practical optimization
tasks one cares about reaching a diverse pool of high-quality solutions, we
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also see value in considering the number of unique samples with a lower cost
value than a user-defined threshold in the training set (e.g., the minimum
value in the training set).

The quality-based generalization metrics allow us to investigate the
general question: “Can the model reach unseen and valid results that are
more or just as valuable than the best in the training set?”.

5.2.2 Requirements

In order to properly assess generalization from the practical perspective,
the generative model’s task must meet some essential requirements. Such
assumptions do not limit the scope of our approach as they simply provide
a robust definition of the task at hand.

As previously specified, we focus the analysis on binary encodings of
discrete datasets Dran = {71, 22,...,27}, with 2; € {0,1}¥. One can
thus identify a search space U of size 2V, that contains all possible N-
dimensional bitstrings. For validity-based generalization, there must exist
a subspace of U containing the set of bitstrings we would like our trained
model to generate. We can refer to this as the valid solution space S,
that includes all the samples that exhibit a given desired feature. Hence,

the model aims to approximate the underlying unknown data distribution,
defined as: .
S|

The notion of validity produces a non-trivial distribution of wvalid
samples across the overall search space U, adding complexity to the
problem despite the data distribution being uniform over the solution
space §. we emphasize that this general solution space S will contain
different bitstrings for various representational datasets of interest. For
instance, Figure 6 displays samples from the well-known Bars and Stripes
dataset [93]: in this case, the solution space S would contain all valid bar
and stripe patterns, some of which are shown in the top row of the figure.
Alternative datasets could focus on solution spaces defined by a parity
constraint, by a cardinality constraint or by any other property of interest.
The solution space must have a well defined notion of validity that can be
evaluated for each of the bitstrings in U to verify whether or not they live
in its subset S.

The model’s task is therefore to generate novel samples in S, after a
learning process involving a limited number 7" of unique training samples,
ie., T = €|S|, where the seen portion ¢ < 1 is a small parameter

Praget () = 7,V € S. (23)
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quantifying the percentage of & that gets seen during training. Note that
this is a necessary requirement for generalization because it guarantees
that the training set is not exhaustive.

With T training samples, the model has access only to an approximated
version of the data distribution, that we denote as the training distribution:

1
PTrain(x) = f,VZL’ € DTrain- (24)

For quality-based generalization, there is an additional requirement as
this behaviour depends not only on the validity of the bitstrings, but also
on the value associated to each pattern, according to a cost function ¢(x).
As such, in order to assess quality-based generalization, it is necessary for
the task of interest to have a well-defined objective function that indicates
the cost of each bitstring, in search for minimum values.

As the objective is for the model to learn the valid bitstring patterns as
well as to generate patterns with low-cost values, it is integral to re-weight
the dataset distribution in Equation 23. Here we use a softmaz function
in order to introduce cost-related information in the training data set. In
this scenario, the training samples approximate the following re-weighted
training distribution:

P(W) (x) —

i - ,V €D rain - 25
Train ZT_1 efﬁmc(m) Xz T ( )

Following Ref. [49], Bl_m was chosen to be the standard deviation of the
costs in the training data, whereas ¢(x) is the cost of each sample bitstring.

In summary, the two main essentials for evaluating respectively validity-
based and quality-based generalization are the following:

e There exists a well-defined solution space S, containing bitstring
patterns that are valid according to easy to specify and verify
constraints.

e There exists a well-defined cost function ¢(x) that can be computed to
assess the generalization for all valid bitstring patterns.

5.2.3 Metrics

As described in Section 5.2.1 and Section 5.2.3, practical generalization
occurs when a model generates novel samples that display desired features
and belong to the support of some underlying distribution. To give a
quantitative definition of the validity- and quality-based generalization
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metrics, We first need to clarify the nomenclature of all the spaces involved.
We have already defined the collection of all queries generated by a trained
generative model as Dgen, where |Dgen| = Q. We can then call Gy, the
multi-set of all valid and unseen queries, which reflect the model’s validity-
based generalization capability. Now, we can further define a subset of
Gsol that contains all its unique bitstring solutions as g, thus the only
difference between Gy, and g, is that in the latter each bitstring appears
only once, whereas in the former there can be many occurrences of the
same sample. Lastly, we can define the multi-subset of unseen queries
as GOnew, Wwhere some of these queries might be unwanted noise and hence
reflect the model’s exploration capability. Note that we will use uppercase
variables for multi-sets and lowercase variables for unique sets, and a visual
representation of the sets in play can be found in Figure 7.

Having clarified the nomenclature of the spaces involved in the task, we
can now proceed to the definition of the generalization metrics.

Search Space U

Fig. 7. A visual representation of all possible spaces where a generated query might be
located. Each query is represented by a color-coded dot, where the color-code is the same as in
Figure 6 (Data-Copying: blue, Pre-Generalization: yellow, Validity-Based Generalization: purple)
and the color-shade represents a unique bitstring sample. One can take all non-unique queries
outside of the training set to be in the multi-subset Gyey (inside the yellow oval), whether they
are in the solution space S or not. Furthermore, we take Gy, to be all non-unique queries that
exist in the solution space (inside the pink oval) and gs, to be all of the unique queries among
Gsol (zoomed-in). Lastly, if a query exists in Dryain, it is a memorized count from the training set.
Note that the quality-based queries (not shown) must exist inside of the solution space.

Evaluating Pre-Generalization While a model’s capability to generate
unseen samples that are not valid or valuable solutions to the task at hand
is not considered generalization behaviour in and of itself, it is an important
prerequisite for generalization from the practical perspective. If the model
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is not able to go beyond the training set, even just to produce noisy outputs,
then the model is not passing the first requirement for generalization -
the ability to produce novel data points. To conduct a pre-generalization
evaluation prior to assessing for any kind of validity-based or quality-based
generalization, we introduce the exploration metric E, that quantifies the
fraction of generated queries that are new data points, namely:

‘ gnew |

Q

If £ =~ 0, the model will not pass the first required check for practical
generalization. This may be due to an intrinsic property of the model, i.e.,
the inability to generate novel data, or it can be an artifact of the training
set being (almost) exhaustive, because nothing new can be generated if the
training data covers (almost) all the entire valid space.

E —

. (26)

Evaluating Validity-Based Generalization Here, we introduce three
sample-based metrics that describe each model’s validity-based generalization
behaviour after training: fidelity F', rate R, and coverage C.

Fidelity describes the model’s ability to distinguish an unseen and valid
sample in S from a meaningless output (i.e., noise) and it quantifies the
fraction of unseen queries that fall into the unseen solution space. It is
defined as follows:

. ‘gsol‘

B |gnew| .

Rate describes the model’s ability to efficiently produce unseen and valid
samples and it quantifies the fraction of all queries that fall into the unseen
solution space, namely:

F

(27)

|gs01|
R = . 28
0 (28)

Coverage describes the model’s ability to recover all unique unseen and
valid samples and it quantifies how much of the solution space that was

unexplored gets covered by the generative model’s queries. It is defined as
follows, where we highlight that the ratio does not take into account the
queries’ frequencies, as a single occurrence has the same weight as a one
that appears multiple times:

Jso
C = ‘S‘| _I‘T. (29)

One should expect the value of these metrics to depend on the number
of queries () that are retrieved from the trained model. For example, to
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have a quality coverage of a space, i.e., C' — 1, one should have enough
samples that fall in the entire unexplored space. However, this dependency
does not constitute a limitation for drawing a comparison between models,
as we can fix the number of queries for all the models under investigation,
and evaluate and fairly compare their generalization performance at the
given number of queries. Moreover, in 36, we further showcase the values
of C' as we increase the number of queries toward and beyond the size of
the solution space. There is a clear trend towards the metric ideal limit
C' — 1 as we increase the number of queries. Conversely, in Appnedix ||
it is observed that fidelity and rate are not dependent on the number of
generated samples, despite being sample-based metrics.

Note that the different metrics are not completely independent, as there
are mutual relations between them. For instance, it can be noted that
rate and fidelity are correlated, as R = EF. Rate is the same as fidelity
whenever a model generates exclusively unseen queries, which only holds
in the case of perfect generalization (or in pathological cases such as mode
collapse to unseen and valid queries). Another example of mutual relation
between the metrics is that C' < %, which implies that C' < E for large
solution spaces and limited queries budget.

To further clarify the expected metrics’ values for a well-generalizing
model, we highlight that these metrics will be exactly 1 when evaluated for
a model that exhibits the highest validity-based generalization. However, in
a practical sense, this might be difficult to achieve; there exists a theoretical
upper bound of 1 for all metrics, with the understanding that one should
aim to reach this limit to obtain a robust model for generalization.

Model Behaviour E | (F, R, C) | Extra Check
Perfect Generalization 1 (1,1,1) N/A
Perfect Memorization 0 | (null, 0, 0) |dgen| ~ T
Anomalous Pre-Generalization | ~ 1 (0, 0,0) |dgen| ~ T
MC (unseen and valid) ~11 (1,1,~0) N/A
MC (unseen and invalid) ~1 (0, 0,0) |dgen| << T
MC (seen and (in)valid) 0 | (null, 0, 0) |dgen| << T

Tab. 1: Metrics’ values across various model behaviours. The table displays the E and
(F,R,C) values one obtains across different model behaviours such as perfect generalization,
perfect memorization/overfitting, generating predominantly noise referred to as anomalous pre-
generalization, and mode collapsing (MC) on various bitstring types. We see that F' will be null
in the cases where the number of unseen generated samples is zero. Additionally, we provide an
extra check allowing to distinguish between cases in which the generalization metrics yield the
same results.

Lastly, note that the pre-generalization condition in Equation 20
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impacts the validity metrics; hence, exploration E is directly related to
(F,R,C). For F, the pre-generalization condition in Equation 20 must be
met in order for the metric to be well-defined. When the condition is not
met, [ will be null, and C, R = 0. Therefore, these metrics rely on the
model’s ability to go beyond the training set, and will indicate if the model
is only data-copying. Other properties from the model can be inferred
from these metrics as demonstrated in Table 1. For example, a metric
which measures the degree of data-copying could be defined as D =1— F,
hence perfect memorization would mean E = 0. In this framework, one
can additionally use these proposed metrics to detect alternative and
complementary behaviours to generalization and define additional metrics
that are tailored towards specific properties one would like to investigate.

Evaluating Quality-Based Generalization To quantify the quality-based
generalization properties of a generative model, we propose adequate
metrics addressing the sample quality of the generated samples, which
speaks to how many of the queries are more valuable results in the context
of a specific application domain, i.e., how many bitstrings have a low
enough associated cost. Since the quality of a result depends on a given
cost function, this metric is task-specific, as opposed to the validity-based
generalization case that only requires the notion of validity of a query,
according to a well-defined hard constraint.

More precisely, there exists different nuances of this sample quality
metric for the quality-based generalization assessment, providing two
different versions with slightly different implementations of f in the
right-hand side condition of Equation 22.

Firstly, we can consider the Minimum Value (MV') of the costs
associated to the queries generated by the model as a relevant evaluation
metric, since in many optimization applications the main goal is to find
the solution that minimizes the cost, or equivalently, the sample with the
best quality. This corresponds to choosing f = min, so that the condition
of Eq. 22 becomes:

x4 satisfies Eq. 21 A min ¢(z,) < min c(xy). (30)

Zg€DGen 2¢€DTrain
Despite its practical impact, this punctual metric can be highly unstable if
it is not supported by enough statistics as the metric relies on generating
one specific value, the lowest. Since generating the query with the lowest
cost is highly dependent on the selected batch b of queries, we define this
metric as an average across B batches of queries to avoid biasing the results
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due to an anomalous batch. In other words, for each generative model
evaluated, we define:
| B
MV =— min c(z,).

B b
1 zg€g

sol

Including such average in the definition of the MV metric itself contributes
to alleviate its intrinsic instability, thus making it more robust for quality-
based generalization evaluation.

Secondly, the Utility U can be defined as the average cost of a user-
defined set P; of unseen and valid samples from the generative model.
Specifically, P;(D) is the set obtained from taking the t% of samples with
the best quality (lowest costs) in D. Setting ¢ = 5, this corresponds to
choosing f = - on the set P5, and the condition of Equation 22 reads:

x4 satisfies Eq. 21 A
(31)
C(xg)$g€P5<gsol) < C(xt)xtep5(DTrain).

Given its set-based definition, this metric is much more stable than the
previous one.

Lastly, note that it is possible to give another definition of sample quality,
which simply consists in counting the number of unseen and valid queries
whose cost is lower than a specific critical cost value ¢/(x) in the training
set. For example, one could take ¢'(z) to be the lowest cost value in the

training set i.e., d(x;) = min c¢(z;). When utilizing this estimator, one
t Train
is interested in verifying the following condition:

{x, s.t. c(zy) < (x4)}| > 0, for 24 € Dryain, (32)

where clearly a higher value of the left-hand side implies a better sample
quality. Even though this quantity can carry interesting information, we
don’t include it among our quality-based generalization metrics as it is a
harsh restriction to impose and may only be important for optimization
tasks that are looking for many potential MV bitstrings. This framework is
not limited to the metrics proposed so far, but allows one to define several
other figures of merit which can be relevant for specific applications at
hand.
These metrics introduce insights into a model’s quality-based generalization

capabilities, and determine which models are able to generate the most
value for task-specific challenges. Again, this approach can be utilized
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beyond cost minimization problems, as long as there is a quantitative
quality scale associated to each bitstring in the valid subspace.

5.3 TNBM vs. GAN
5.3.1 Learning Task

To demonstrate a practical application of the approach, we run the TNBM
and the GAN, discussed in Section 3.2, on an important use case in
the finance sector that addresses the challenge of cardinality-constrained
portfolio optimization. The goal of such task is to minimize the risk o
associated to a collection of assets, randomly selected from the S&P500
market index, for a fixed desired return p. Below, we highlight how this
task is amenable to the framework and requirements described in Section
5.2.2.

Given a fixed size N of the asset universe, a portfolio candidate can
be encoded into a bitstring of length /N, where each bit corresponds to an
asset either being selected in the portfolio (1) or left out of the portfolio (0).
Therefore, the search space U of all possible portfolios grows exponentially
with the asset universe size, i.e. |U| = 2".

To assess validity-based generalization within this task, the solution
space S is comprised of all bitstrings containing a fixed number k = N/2
of selected assets, i.e., a candidate solution must be a bitstring with a
fixed Hamming weight equal to k. With such k-cardinality constraint, the
problem solution set & contains all possible portfolio bitstrings = that fit
this constraint. Thus, its cardinality is:

5= () ()

To further assess quality-based generalization, an objective function is
defined that encodes the quality of each bitstring, namely the financial
risk o associated to each portfolio, which in the case of the Mean-Variance
Markowitz model [94] can be efficiently computed by means of Mixed
Integer Quadratic Programming (MIQP) [70]. Unlike when investigating
validity-based generalization, we use o to re-weight the training dataset
with the softmax function described in Equation 34.

As such, this task satisfies both the previously introduced conditions
necessary to evaluate validity-based and quality-based generalization. This
framework can be applied to any task that meets the essential requirements
in Section 5.2.2, and is not limited to this financial application.
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5.3.2 Simulation Details

For our experiments, we consider a specific instance of a cardinality
constrained portfolio optimization task, where we aim at minimizing the
associated risk o for a given target return p = 0.002, such that the asset
universe from which one can pick to build a new candidate portfolio has
size N = 20. Here, assets are randomly selected from the S&P500 index,
as previously done in Refs. [49, 70], and the return level p is the same as
used in previous studies. We impose the cardinality constraint that each
portfolio must have a fixed Hamming weight £ = N/2 = 10. As previously
stated, such an essential restriction creates a subset of the search space U,
of size 2V ~ O(10°), defining a solution space S of size (jZ) ~ O(10°). The
choice of these values allows for a big enough space so that generalization
capabilities can be probed.

Given the solution space of portfolio candidates, the data distribution
Prareet () given in Equation 23 used to assess validity-based generalization
is automatically defined. To build a non-exhaustive Pryi(z) as in
Equation 24, only a fixed number 7' = ¢|S| of training samples are
randomly selected from the solution space, thus making the task of
learning the distribution Praget(2) highly non-trivial (despite it being
defined as a uniform distribution over the valid bitstrings). Specifically, all
generative models are trained for a fixed number of epochs nepoms = 100
with a fixed value of T" that equals 1% of the solution space (i.e., ¢ = 0.01) ,
leaving the remaining 99% of the space available for testing generalization
capabilities. Several values of this hyperparameter have been investigated,
and we found this particular percentage to be a good choice as it gives
the models many chances of generalizing, while providing enough samples
T ~ O(10%) for the learning process to be successful. In order to assess
quality-based generalization, we conduct the same process outlined above,
with the addition of a pre-processing step that uses a softmax function to
introduce risk-based information in the training dataset, so that low-risk
portfolios are assigned a higher probability, and sampled with higher
frequency.

We investigate the generalization behaviours of different versions of the
TNBM and GAN architectures, using various hyperparameter sets. In the
case of the TNBM, we consider different values for the bond dimension «,
as this is the main parameter that affects the model quality. For GANs, the
choice of hyperparameters is significantly more challenging [95]. Therefore,
in addition to identifying hyperparameters via a trial-and-error procedure,
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we investigate whether automated hyperparameter optimization using
Optuna [96] could significantly improve the performance. We propose
three different GANs that only differ in their hyperparameters as shown
in Table 2, and show generalization behaviours for all of them. From here

onward, we will refer to a GAN that has mode collapsed onto one seen and
valid bitstring as GAN-MC and to the Optuna enhanced GAN as GAN+.

Hyperparameter GAN | GAN-MC | GAN+
Prior Size 20 8 12
Hidden Size (G) 20 6 6
Number of Layers (G) 1 4 1
Learning Rate (G) 0.02 0.051 0.001
Hidden Size (D) 20 9 9
Number of Layers (D) 1 3 1
Learning Rate (D) 0.02 0.008 0.006
Negative Slope (D) 0.02 0.007 0.010
Dropout (D) 107° 0.024 0.107
Batch Size 50 71 96

Tab. 22 GAN hyperparameter values. The values labelled with G(D) refer to the

generator(discriminator). The hidden size indicates the number of nodes in each hidden layer
within G and D, approximated to the same significant digit.

As mentioned above, all models have been trained for a fixed number
of epochs and the associated generalization metrics have been computed
based on a fixed number Q = 10° of queries retrieved from the trained
model returned after the last epoch. Other strategies can be employed,
such as considering the set of weights associated to the lowest loss function
during training, or including more advanced training techniques such as
early stopping. We decided to leverage a simple training scheme to avoid
introducing any training bias and allow for the fairest comparison of the two
models under examination. We also chose to sample this high magnitude
of queries since this was not a limitation for the problem size considered
here. However, in Appendix 10.1.3 we present the behaviour of our sample-
based metrics as a function of the number of queries. All of the numerical
experiments in this work were carried out with Orquestra® 8 for workflow
and data management.

8 https://www.orquestra.io/
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5.3.3 Metric Robustness

The first step to validate our approach consists in showing the robustness
of our sample-based metrics. To verify this, we conduct a statistical
analysis of the generalization metrics’ values and investigate the statistical
errors associated to them. In addition, we propose an initial numerical
investigation of the relationship between the values of our sample-based
metrics and the distance measure from the model’s distribution to the
ground truth data distribution, in order to understand how the models’
performance benchmarking approach connects with that of computational
learning theory.
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Fig. 8: Robustness of the generalization metrics. The plot shows the relative percentage error
associated to each of the generalization metrics proposed in Section 5.2.1, listed on the x axis.
The errors are estimated as the relative standard deviation of independent metric values computed
on 30 sets of queries generated by trained TNBM (pink) and GAN (green) models. The proposed
metrics show their statistical robustness: the associated error is small, suggesting that our
approach is sample-based but not sample-dependent. Henceforth, new independent same-size
query batches from the trained model will produce similar metric results.

We focus the robustness analysis on one instance of each of the two
generative models presented in Section 5.3.2. Specifically, we consider a
TNBM model with fixed bond dimension o = 7, which has proven to be
a good choice for generalization purposes as will be explained in Section
5.3.4. For GAN, we consider the set of hyperparameters displayed in the
first column of Table 2, which were selected as reasonable values via a trial
and error procedure (i.e., without leveraging automated hyperparameter
optimization). The analysis can be extended to other instances to further
strengthen the evidence of the robustness of our metrics.
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After training these two model instances using gradient-based optimizers
(see Table 2), we perform 30 independent query retrievals and compute our
generalization metrics on these distinct sample sets. We then evaluate the
relative percentage error’ associated to each of the metrics to assess their
statistical robustness. For each of the two models, the error values for both
validity-based and quality-based metrics are shown in Figure 8.

The errors associated to the different metrics assume similar values for
the TNBM and GAN: this supports our claim that our metrics are model-
agnostic and can be used to evaluate generalization capabilities for any
generative model of interest. Furthermore, we can see in Figure 8 that
the relative errors are less than 1%, thus suggesting that our metrics show
significant robustness when computed on different sets of queries. Hence,
we can affirm that the metrics proposed in this work are sample-based but
not sample-dependent across different query batches of the same size.
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Fig. 9: Coverage trends for increasing number of queries. The plot displays the behaviours of the
coverage metric for both TNBM (pink) and GAN (green) as we increase the number of queries
@ retrieved from the trained models. The dashed black line shows the upper bound U B for each
number of queries selected - i.e., the number of queries selected over the total size of the solution
space. In the case of the TNBM, we observe that the coverage value follows the UB curve and
saturates to the ideal value of 1 for large numbers of ), corresponding to the scenario in which
the trained model is able to generate all unseen and valid samples. In the case of the GAN, we
still observe that the coverage value gets closer to U B and the ideal threshold of 1 when more and
more queries are drawn from the model. However, it remains further from U B and never reaches
the desired threshold, suggesting that our GAN requires more queries than the TNBM to be able
to reach all the unseen samples in the solution space.

The latter statement requires further clarification in the case of the
coverage metric in Equation 29. In this case, even though the coverage

9 Relative percentage error is defined as the standard deviation of the metric values over their average.
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does not depend on the set of queries, it does depend on the number of
queries that are retrieved from the trained model. The ideal coverage value
of 1 is reached in the limit of a large number of queries, when the trained
model has the opportunity to generate enough samples to cover most of
the solution space. However, we note that, given a query budget (), the
effective upper bound U B to the coverage value is set by

min(Q), |S])

S|
thus implying that the ideal value of 1 can be reached only with a
sufficiently high number of queries, i.e., @ > |S|. We investigated if the
models considered so far show this trend as we increase the number of
queries retrieved after training from 10* to 3 - 10%. The results of the
simulations are displayed in Figure 9; in Appendix 10.1.2] we compare
them with the baseline given by random sampling from the search space
U. Results for how the other metrics vary with the number of queries ()
are shown in the Appendix 10.1.3.

The data shows that the TNBM coverage closely resembles the UB
trend for any given value of () and saturates to the ideal value of 1 for
a large enough number of queries, implying that this model is able to
achieve excellent coverage. Conversely, the GAN coverage is further from
the UB and slowly increases without getting to the desired threshold,
thus suggesting that significantly more queries would need to be taken
to achieve a perfect coverage of all the unseen and valid patterns. Since
there is no guarantee that the desired threshold is reached with a finite
number of queries, this result might as well indicate that the model is
quite poor at generalizing due to a high number of unreachable patterns.
This is particularly relevant in the case of very large solution spaces S. In
this circumstance, the coverage metric has an intrinsic limitation: its low
value might indicate that the number of generated queries is insufficient
(Q << |S] = T), rather than being due to poor generalization (|gs,1| = 0).
Therefore, in order to mitigate the above issue when evaluating single

UB = <1,

models in the case of large problem sizes, we envision the denominator
in C to be replaced by the number of queries (). This solution will slightly
distort the meaning of coverage in Equation 29 to a new metric quantifying
the rate at which the model generates unique unseen and valid samples.
When extending to large problem sizes, we see this as a more relevant
evaluation metric as one cares more about the diversity of unique unseen
and valid samples the model can reach rather than reaching all of them,
which would be impossible without the number of queries being at least
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the size of the solution space. However, as our experiments are conducted
with a mid-sized problem space, we stick to the definition in Equation 29
for our evaluation.

Even though the coverage metric is dependent on the number of queries
and its interpretation in terms of generalization is affected by the size of
the solution space, we can draw a fair comparison between the coverage
of different models. Indeed, we can compare TNBM and GAN models
if we keep the number of queries generated from each fixed, as reported
in Section 5.3.5, where it will be shown that the quantum-inspired model
outperforms this GAN model when given the same sample budget.
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Fig. 10. TNBM’s generalization performance throughout training across various ¢ values.
Here, we show the relationship between the model’s ability to learn the ground truth distribution
with access to a restricted portion e of the solution space, and the (F, R,C) values computed
throughout the model’s training. In panel (a), we see the K Ly, is always higher than the
K Larget across e values - indicating good inference performance. Panels (b), (c), and (d) show
that the model’s (F, R, C) values increase throughout training (note that coverage is not defined
(nan) for e = 1). The concurrent relationship between approximating the ground truth and
obtaining high (F, R, C) values suggests a positive correlation between our practical models’
performance benchmarking approach and computational learning theory.

Lastly, we put forth an initial investigation on the correlation between
our metrics and the model’s ability to infer the ground truth, as is the goal
in computational learning theory discussed in Section 3.3.1. In Table 3,
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we report the average values of (F, R, C') that result from five independent
trainings of TNBMs with a = 7. To take into account the fact that we span
over a few e values, we also show a normalized version of the rate value,
given by R = R/(1 —¢). Alongside the (F,R,C) values, we record two
versions of the KL divergence: the quantity K Lrv.,, computed as usual
between the model’s output distribution and the training distribution in
Equation 24, and the quantity K Lrage;, computed between the model’s
output distribution and the uniform ground truth data distribution in
Equation 23. Note that the latter is not usually available in real-world
scenarios, since the ground truth is unknown; however, we find it relevant
to analyze this quantity to validate our practical approach to generalization
by relating it to computational learning theory. We see that with access to
very little data (e = 0.01), the model yields high (F,R,C) values and
gets closer to the data distribution than the training distribution - as
K Lrarget < K L1rain. When we increase € to half of the solution space,
we see that the (F,R,C) metrics increase and the model is also able
to approximate the ground truth more closely, since K Lraget decreases.
Hence, we see a promising correlation between our metrics’ values and the
model’s ability to infer the ground truth in both of these data regimes.

Metric e=0.01 e=0.5 e=1.0

F 0.979(0.38%) | 0.986(0.06%) 0.0

R 0.969(0.39%) | 0.497(0.28%) 0.0

R 0.979(0.39%) | 0.993(0.28%) nan

C 0.405(0.52%) | 0.416(0.32%) nan
KLtain | 4.575(0.07%) | 0.702(0.01%) | 0.009(0.36%)
K Larger | 0.074(13.28%) | 0.009(0.56%) | 0.009(0.36%)

Tab. 3: The relationship between the validity-based metrics and learning the ground truth
for the TNBM. Down each column, we record the final average (F,R,C) metrics’ values
(including the normalized rate R) along with the average KL divergences of the model output
distribution relative to the training distribution, denoted as K Lryain, and to the data distribution,
denoted as K Lrarget- We see that there is a good correlation between the high-scoring metrics’
values and learning the ground truth distribution, even in multiple data regimes. We see that the
largest discrepancy between the two frameworks exists when ¢ = 1, where K Lmuget = K L1vain
reaches a low value, but the other metrics are either zero or undefined. This is a case of
memorization, where the model still scores high in the context of learning the ground truth, while
demonstrating poor performance from a practical generalization standpoint. This is expected
from a practical perspective: the generative model cannot add value in terms of generating novel
samples, since all of them were given as part of the training set. All relative percentages errors
are computed across five independent trainings.

The main discrepancy between the two approaches occurs when the
model is provided all of the data during training (e = 1). In this case
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that, we see that K Lmyget = K Ltrain, and thus there is no room for
generalization to occur, as defined in Section 5.2.1. Therefore, the metrics’
values are either zero or undefined (nan) in this instance. Despite this,
we still see that the model is able to learn the ground truth well, as
indicated by a low KL value. The ability to assess this memorization
behaviour is the main distinction between our practical approach in
evaluating generalization and the one utilized in computational learning
theory. From a practical standpoint, being able to identify this behaviour
is highly relevant, thus supporting the need for a more practical approach
to generalization to be considered in parallel to the theoretical one.
In Figure 10, we show multiple plots that report our metrics’ values
throughout the entire training alongside the K Ltyin, K LTareer values for
a more complete analysis. Remarkably, the different panels in Figure 10
demonstrate excellent correlations between the theoretical and practical
approaches, while also highlighting the value of having a multidimensional
evaluation perspective, which provides enhanced explainability when
assessing strengths and weaknesses of generative models. We note that
while this example indicates a good correlation between our metrics’
values and the ground truth inference ability, more investigations are
necessary to strengthen the understanding of this relationship, potentially
including theoretical proofs that establish precise connections between the
two approaches.

5.3.4 Spotting Pitfalls in Generative Model Training

We further demonstrate that we can use our metrics to detect common
pitfalls that are known to affect the training of the TNBM and GAN
models. This result strengthens the validity of our approach, which turns
out not only to be a good framework for quantifying generalization of
generative models, but also to enhance the study of their trainability.
In the following sections, we show an example of this study for each of
the models. For the TNBM, we analyze the relation between the bond
dimension «, our generalization metrics, and the trainability of the model.
Conversely, for the GAN, we investigate the relation between our metrics
and mode collapse. Additional results to compare the training stability of
the two classes of models are shown in Figure 40 in Appendix 10.1.1.

TNBM Bond Dimension and Trainability In the TNBM architecture,
the bond dimension a of the MPS plays an important role in the model’s
ability to generate good quality samples as it is directly correlated with the
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expressive power of the model. Typically, increasing the bond dimension
leads to a better model approximation. We take this one step further and
directly connect bond dimension to the model’s generalization behaviour
and trainability.

VAL AP, SRR (7 AP AU S
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Fig. 11: Training and generalization behaviours of the TNBM with different bond
dimensions. The plot displays the 3D evaluation of the validity-based generalization capabilities
of the TNBM models with various « € {3,5,7,9,11}. Each data point corresponds to the average
metrics’ values, whose associated error is too small to be visible on the plot. The legend connects
each « to the last KL divergence value in the training after 100 epochs. The plot demonstrates
that for various a values, there is a connection between KL divergence values of the model
distribution to the training distribution, thus establishing a link between this capability and
trainability properties of generative models.

In light of this goal, we train five different instances of the TNBM
architecture on a fixed training dataset with various bond dimensions
a € {3,5,7,9,11}. For a given « value, we select a typical’® training and
build a model with the last set of parameters retrieved after the learning
process. We then generate 15 independent query batches from the trained
model and compute our validity-based generalization metrics (F, R, C).
We show the results in Figure 11, where we display the average metric
evaluations for each bond dimension «. In the plot legend, we report the
last loss function value during training (complete training loss curves can
be found in Appendix 10.1.1.

From Figure 11, it can be seen that the median value of the KL
divergence occurs for a = 7: this result motivates the usage of such value

10 A typical training instance is identified as the resulting model from the median value of the loss function (i.e., KL
divergence) at the last epoch, out of 30 independent trainings.



5 WHAT IS A GOOD QUANTUM GENERATIVE LEARNER? 48

in Section 5.3.3, as it suggests that the training is most typical for this
choice of the hyperparameter value. It is not surprising that the lowest
value of the loss function, obtained for @ = 5, does not correspond to
the best validity-based generalization performance, as shown in Figure
11, because this loss is relative to the training rather than the data
distribution. If the model was to perfectly fit the training distribution,
we would see data-copying rather than generalization behavior - which is
a form of overfitting. We expect that our metrics will be able to identify
similar overfitting behaviours when associated to an extremely successful
training curve (Table 1).

As the bond dimension grows, we see an increase in (F, R, C') up toa = 7,
and then the metrics’ values begin to decrease. Thus, it seems that we are
hitting a trainability Goldilocks region around o =~ 7, with a < 7 leading
to underperforming models and o > 7 being too expressive for the model
to be able to generalize successfully. These results demonstrate that we
can use our metrics to identify thresholds in hyperparameter tuning and to
get insights on the trainability of the model as it relates to generalization.

Mode collapse in GAN One of the major issues that affects GAN
training is the so-called mode collapse behaviour [97]. This undesired
phenomenon occurs when the generator learns to produce a very limited
number (sometimes only one) of highly plausible outputs, thus affecting
the ability of the generative model to further explore the solution space.
Since mode collapse is a well-known pitfall, several strategies have been
proposed to mitigate this issue in the context of GANs, among which a
promising algorithm is the Wasserstein GAN [98, 99].

We propose an example of how the metrics are able to detect mode
collapse, when it occurs. We fine tune our hyperparameters such that the
GAN exhibits mode collapse behaviour (see details in Table 2 in Appendix
10.1.1) for a fixed training dataset. We run a typical'! training of this
GAN-MC architecture, and then sample 15 query batches from the trained
model to compute our generalization metrics (F, R, C).

We display the validity-based metrics for the GAN and GAN-MC in
Table 4. For the GAN-MC, we see that fidelity and rate are the ideal value
of 1, thus suggesting that the model generates exclusively unseen samples
with the desired cardinality. However, the coverage value is close to 0, thus

11 A typical training instance is identified among 30 independent trainings as the one whose mode collapse shows the
correct cardinality and whose last associated Hausdorff distance [?] during training is the median. We highlight that the
training is performed via an adversarial strategy, hence we use the Hausdorff distance only as a figure of merit to monitor
the training.
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Fig. 12: Visualization of mode collapse in GAN training. Figure 12a shows the cardinality
distribution of generated queries for GAN and GAN-MC, indicating that GAN-MC produces
only samples with the desired cardinality (dashed line), whereas the GAN queries populate a
larger subset of the cardinality domain. Hence, GAN-MC is associated to perfect fidelity F' =1
and rate R = 1. However, in Figure 12b the queries’ diversity is displayed, where the x axis
represents the set of distinct generated bitstrings (for readability, bitstrings labels are not shown,
and only bitstrings with counts > 50 have been included in the histogram). We can see that
GAN-MC always generates the same unseen and valid query (mode collapse phenomenon), as
opposed to GAN, which is able to cover a significantly larger portion of the solution space, as

reflected by the metrics’ value in Table 4. Note the different scales for the y axes in both Figure
12a and Figure 12b.

it is far from its ideal threshold, since the model is only able to produce
one single pattern and does not have the ability to explore the solution
space and cover it as much as possible. Such anomaly in the validity-
based generalization metrics’ values is not present if the training of a GAN
doesn’t exhibit training pitfalls, as displayed by the GAN results in the
same table.

We note that these metrics’ values only capture mode collapse behaviour
for models that collapse onto an unseen and valid bitstring. If the model
were to collapse onto a seen bitstring (in-training mode collapse), F' would
be not well-defined and both C' and R would equal zero. These metrics’
values would be indistinguishable from the perfect memorization regime.
In order to avoid this, one should also compare the number of individual
queries generated, |dgen|, to the size of the training set 7. This would
provide the additional information necessary to detect any form of mode
collapse. Expected metrics’ values for various mode collapse behaviours
along with other model training pitfalls are displayed in Table 1. In
summary, our metrics reflect mode collapse upon occurrence and therefore
they can provide insights on the training progress of generative models.

In order to better visualize the difference between the two aforementioned
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models and detect the mode collapse phenomenon, in Figure 12a we
display the cardinality distribution of the generated queries for the two
GAN variants under examination: for GAN, the distribution is centered
around the correct cardinality but shows a larger spread as compared
to the case of GAN-MC, where all the queries satisfy the cardinality
constraint. Nevertheless, Figure 12b allows one to identify the occurrence
of mode collapse onto an unseen and valid bitstring: the GAN-MC model
generates always the same query, as opposed to the diversity of samples
retrieved from GAN.

These results demonstrate that we can use our metrics to identify
the occurrence of a very well-known pitfall affecting the learning process
of GANs, thus providing an insightful tool for the challenging task of
monitoring the training of generative models.

5.3.5 Evaluating and Comparing Models

We use our quantitative metric-based approach to evaluate the validity-
based and quality-based generalization capabilities across different
generative models and compare their performance.

We run 30 independent trainings for a fixed training dataset and choose
the best run, which we define as the run with the lowest loss function at the
end of the trainings. Then, we generate 15 query batches from such trained
model, for each of the generative models under examination. We note that
while we use a fixed training dataset to compare models, this evaluation
method holds across multiple training datasets that could be selected from
a specific problem instance. Indeed, each dataset is characterized by the
same asset universe, cardinality, and seen portion ¢, but different datasets
can be built by simply uniformly drawing independent bitstring subsets
from the support of Praget(x). We perform this analysis in Appendix
10.1.3, showing that validity-based and quality-based generalization
metrics for 15 different training datasets display similar values, thus
showcasing the robustness of the models’ behaviour, and the conclusions
shown in this work.

For validity-based generalization, we construct Dyy,in by sampling from a
Prareet () that is uniform over the solution space of cardinality-constrained
bitstrings, whereas for quality-based generalization, Dy, is re-weighted
with cost-related information, i.e., from PT(;QD(I), as in Equation 34. As
stated previously, we use one fixed dataset for our evaluation in Section
5.3.2. Post training, Q = 10° queries are collected from each model for
comparison.
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Validity-Based Generalization We first show the validity-based
generalization results for each type of model. While we present these
results as both an evaluation and comparison of models, we would like to
emphasize that our results do not speak for all GAN or TNBM models, as
each type of model may contain various hyper-parameters, multi-layered
architectures, and other variances that would lead to different results. We
choose to focus on using these models to demonstrate the robustness of our
framework and metrics, such that when exploring various GAN, TNBM,
or alternative model architectures, this approach can be replicated.

Results for (F, R, (') are listed in Table 4, along with the values of the
exploration E; the corresponding results for the metrics’ baseline given by
random sampling from the search space are reported in Appendix 10.1.2.
Additionally, we visualize the average validity-based metrics in Figure 14
through a 3D representation. Lastly, Figure 13 gives an intuition of how
the two models perform and allows to visualize their different abilities
in reconstructing the data distribution Pryyeet(), showing the remarkable
performance of the TNBM as reflected in the metrics” values.

In evaluating our models, we see that the TNBM is a clear winner with
average values (0.989,0.978,0.409). The model achieves near-perfect rate
and fidelity. As the maximum coverage one can achieve is the number
of queries over the size of the solution space (UB = 0.54), the TNBM
performs remarkably well. Indeed, the ratio of the average coverage to the
upper bound UB for the TNBM is high, i.e. C/UB = 76%. However, we
note that the upper bound represents a scenario that would rarely happen
in practice, thus representing a pessimistic reference value. A more realistic
reference can be derived if one considers the ideal expected coverage C
when sampling from the data distribution Pryeet(2). By means of simple
statistical considerations (see e.g., [100, 101]), it can be shown that

C=1-(1 !

— —)Q

S| =17 "
and this estimator indicates which coverage C one should expect when the
generative model has perfectly learned the data distribution and generates
samples accordingly. When comparing the average TNBM coverage to this
more realistic reference value, we obtain a surprisingly high value of 97%),
which shows that the model has learned an extremely good approximation
of the data distribution Praget(x). In Table 4, we include C /C values for
all models in order to highlight how well each model’s average coverage
compares to the ideal expected coverage. The limit of C'//C' — 1.0 holds

for models with perfect generalization.
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Fig. 13: 2D Visualization of distributions. Figure 13a shows the 2D visualization of the exact data
distribution defined by the solution space S, where we see that a specific pattern emerges from
the cardinality. In Figure 13b, we display the 2D visualization for the training distribution, where
the same distribution was given to both the TNBM and the GAN models. As shown in Figure
13c, it is very remarkable that with this very limited number of training patterns provided to
each model, the TNBM is able to generate the pattern from the data distribution almost exactly
(as reflected in the metric values too). On the contrary, in Figure 13d we see that while the GAN
is able to learn portions of the pattern, it struggles to reproduce this data distribution.
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Fig. 14: 3D evaluation of validity-based generalization metrics for different generative
models. The plot displays results for four models, namely the TNBM with a = 7 (pink),
GAN (light green), GAN-MC (medium green) and GAN+ (dark green). The solid points show
the average (F, R,C') values across 15 query batches, whose associated error is too small to be
visible in the plot. We see that our TNBM is the clear winner compared to our GAN models.

As shown in Figure 9, the TNBM is able to achieve an improved coverage
when sampling up to 3 million queries. The model has a high exploration
rate of 98.9%, i.e. E = 0.989, such that most of the generated samples were
not fed to the model during training. The GAN has much poorer average
(F, R, () values with a slightly higher exploration rate than the TNBM,
thus showing that neither of them is performing mere data-copying. The
GAN achieves metric values (0.263,0.261,0.006), but 99.5% of its generated
samples are outside of the training set. One can conclude that while the
GAN has the potential to produce novel samples, it requires improved
optimization strategies in order to avoid generating noisy samples - i.e.
samples that do not match the cardinality constraint - so that fidelity
and rate can grow to larger values. The GAN is not able to learn the
underlying features as well as the TNBM, and thus is not able to generalize
as well. Lastly, we compute the TNBM-to-GAN ratios for the validity-
based metrics, and see that the TNBM is (3.76,3.75,68.2) x better than
the GAN, respectively across (F, R, C') values. We would like to highlight
that using metric ratios, rather than absolute values, allows one to have a
clearer picture of the relation between different models, and this strategy is
especially useful when considering the coverage, whose absolute value has
been shown to be more heavily affected by the number of collected queries

0.
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As explained in Section 5.3.4, we further show visually that our metrics
detect mode collapse in GANs. The GAN-MC has an exploration rate
of 100% (E = 1), demonstrating that the single generated sample was
not introduced in the training set. Without the prior knowledge that the
model exhibits mode collapse, we can use the average (F,R,C') values
(1.0,1.0,5.5e-6) to detect this behaviour. If perfect fidelity and rate are
achieved, with a coverage near zero, we can conclude that the model has
focused in too closely on one or a few unseen and valid bitstrings. In
general, whenever C' — 0 we can safely identify the behaviour as mode
collapse. Then, we consider the (F, R,C') values of the GAN+ and see
that while the GAN+ is able to explore slightly more than the GAN,
the (F, R, (') values are very similar, namely (0.243,0.243,0.001), showing
that the optimization scheme with Optuna doesn’t bring a significant
improvement for our specific GAN model in terms of generalization.

Metric TNBM GAN GAN-MC | GAN+
E 0.989(0.02%) | 0.995(0.02%) 1.0 1.0(0.003%)
F 0.989(0.03%) | 0.263(0.6%) 1.0 0.243(0.4%)
R 0.978(0.03%) | 0.261(0.6%) 1.0 0.243(0.4%)
C 0.409(0.15%) | 0.006(1.7%) | 5.5-107% | 0.001(2.5%)
Cc/C 0.971 0.014 1.0-107° 0.002

Tab. 4: Pre-Generalization and validity-based generalization metrics for all models. We
display the average exploration F and the average (F, R, C') values for each best model run with
an average and the associated relative percentage error across 15 query batches. All the models
exhibit a high exploration rate, thus showing that data-copying is not occurring. We see that our
TNBM model outperforms our GAN and GAN+ models by more than 70 percentage points for
F and R. C is about 68x larger for TNBM than the GAN models. We further include the ratio
of the coverage C to the ideal expected coverage C to highlight the large difference between the
TNBM and the GAN’s ability to successfully learn the underlying data distribution Prayget().
Additionally, for GAN-MC, we see perfect F' and R and a near zero C' value, indicating mode
collapse behaviour. Note that no error is provided for the GAN-MC as all the models produce
exactly the same values for the metric, except for the coverage whose associated error is negligible.

Lastly, we note that ' and R are highly correlated for each trained
model. This is the case only because in all of the models studied here the
exploration F is quite high (F & 1). In this limit, and given that R = E'F,
then we have R ~ F. It is important to note that there is no reason to

expect a value of F/ to be similar across all models, as it happened for the
GAN and TNBM explored here.

Quality-Based Generalization We evaluate our generative models’
ability to generate high quality samples using our quality-based approach
and metrics. The models (TNBM and GAN) are evaluated across the two
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sample quality metrics described in Section 5.2.3: Minimum Value (MV')
and Utility (U). Note that for calculating the MV, as discussed in Section
5.2.3, five batches of Q = 10° queries were used. Hence, the total number
of query retrievals used to compute this metric is 5x the number of query
sets one would desire for gathering statistics (in our case, 15 x 5 = 75
query sets, but this can be adjusted according to the available sampling
budget).

When averaged over the 15 independent query retrievals, both the
TNBM and the GAN meet the conditions in Equation 30 and in Equation
31, as shown in Table 5.

Metric TNBM GAN Threshold
MV 0.1017(0.01%) | 0.1024(0.17%) 0.1035
U 0.1049(0.017%) | 0.1048(0.02%) 0.1059

Tab. 5: Quality-based generalization metrics for TNBM and GAN models. The first column
shows values obtained by averaging over all 15 query retrievals for the TNBM’s sample quality
performance, along with the associated relative percentage error. The second column displays
the metrics’ values and relative percentage error for the GAN model. The last column displays
the training threshold, defined as the MV and U computed for the samples in Drya,. We see
that both the TNBM and the GAN meet the conditions in Equation 30 and Equation 31.

We see that our TNBM exhibits a lower MV than our GAN, even though
both beat the training set on average. Thus, our TNBM model shows
slightly enhanced performance when searching for a minimum value of the
cost function ¢(z), which is assumed to be the financial risk o(z) in the
specific application we are considering. While this may be relevant when
one aims at finding the lowest possible minimum in an optimization task,
it may not be the most important condition for alternative tasks that are
simply looking for multiple low cost options - not necessarily the lowest.
For example, when looking for a large frequency of low cost samples, the
condition in Equation 31 may be more important and robust for comparing
models. Note that the value of the utility threshold parameter ¢ can be
set according to the task at hand. In our task, we take ¢ = 5% as an
appropriate threshold for demonstrating the model’s ability to obtain the
tail-end of the distribution over low-risk samples.

From Table 5, we observe that the GAN and the TNBM have practically
the same U, despite having such a large difference in (F, R,C) values.
We conclude that while both models generate new portfolios that happen
to be similarly low in risk when taking the smallest 5% of unseen and
valid portfolio risks, the TNBM is simply able to generate more of them
than the GAN (TNBM: 4556, GAN: 843, i.e., 5.4x). We display these
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Fig. 15: Visualization of quality-based metrics for TNBM-generated queries. The plot displays
the number of portfolio counts associated to given risk values. The pink spikes represent valid
TNBM queries, whereas the gray spikes represent the samples from the training set. Note
that for calculating our metrics, we used @ = 10° queries, but the training distribution only
contains O(10%) samples. We normalize the counts on the y axis to provide a fair visual
comparison between distributions, and we set the utility threshold to ¢ = 5%. Because the
training distribution is re-weighted to favor lower risk values, the model distribution learns this
feature in the dataset, and generates an even higher frequency of low risk values. The model
queries have a lower utility (pink dashed) than the training set (black dashed), and the model
is able to produce samples that have lower risks than those in the training set. We see that our
TNBM model is able to effectively generalize to low-risk samples.

utility samples for TNBM in Figure 15, demonstrating the comparison of
U relative to the training distribution Pry.;,. We include the same figure
for the GAN in Appendix 10.1.4.

Hence, the GAN is able to generalize to similarly low risk portfolios
as the TNBM, but fewer in number and less diverse than those of the
TNBM. Our (F, R, C) metrics support that this generalization diversity is
one of the largest differences between our TNBM and our GAN. Therefore,
our TNBM model achieves superior performance when looking to produce
a large diversified batch of new low-risk valid portfolios. We note that
it remains an open question as to why the TNBM'’s performance is of
such high quality. Investigating the nature of the model’s inductive bias
remains an ongoing research effort and opens an interesting opportunity
to understand the power of quantum and quantum-inspired model when
compared to their classical counterparts.

Lastly, we calculate the number of unique portfolios each model is able
to produce that have a lower associated risk than a critical cost in the
training set ¢(x). When this critical value is equivalent to the sample with
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the lowest risk in the training set, our TNBM on average is able to beat
our GAN with a 61:4 ratio. In other words, our TNBM model is able to
generalize to 61 unique portfolios that have a lower risk than the lowest risk
in the training set, while the GAN can only produce 4 (i.e., ~ 15x). We
introduce this condition in Equation 32 on top of the other two metrics in
order to have an additional layer to determine whether a model is suitable
for generalization. Note that one could adjust this critical cost threshold
d(z) to relax the restriction. For example, when ¢/(x) is equivalent to the
risk taken at cutoff of the lowest 5% of samples in the training set, the
TNBM-to-GAN ratio becomes 6709:345 on average (i.e., ~ 19x).

While the model might meet the sample quality requirements Equation
30 and Equation 31, it might be poor at finding many samples with lower
cost than ¢/(x), which is not ideal when one is not only concerned with
the global minimum, but also with generating a large quantity of low-cost
samples. Our GAN works well under these requirements. On the other
hand, our TNBM model shows good quality performance for generalizing to
both valid and quality-based portfolios with high diversity and frequency.

5.4 Summary & Implications

In summary, the most prominent contribution of the research outlined in
this chapter is the introduction and demonstration of a framework that
unambiguously defines generalization-based practical quantum advantage
in the generative modeling domain. Generalization is the gold standard
for measuring the quality of a machine learning model. With generative
modeling having an edge over supervised models in the race for quantum
advantage [10], and we hope this work opens the possibility to start this
race on a solid ground, and on datasets with commercial relevance [102].
This framework provides a strong definition of what is good? in the context
of quantum generative modeling; it will be used in the Chapter 6 to evaluate
the potential advantage of QCBM’s (discussed in Section 4.2.2) and it has
already been used in subsequent works [103] and [104].

As shown here, training GANs and other state-of-the-art classical
generative models can be challenging to the point that we report a
superior performance from the quantum-inspired generative models used
here. Although we expect potentially better results from other classical
proposals, there is room as well to improve the quantum-inspired versions
explored here. We hope this work incites both quantum and classical ML
experts to use this framework to enhance the performance and design
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of their models, in this now quantitative race towards demonstrating
practical quantum advantage in generative modeling.
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6 ARE QCBMS GOOD GENERATIVE LEARNERS?

6.1 Background

One of the most popular quantum circuit families for generative
tasks, known as Quantum Circuit Born Machines (QCBMs) [20], have
demonstrated remarkable capabilities in modeling target distributions
for both toy and real-world datasets [20, 26, 74, 105, 106, 70, 107,
108, 28, 75]. It has been shown that these models have the ability
to express distributions that are difficult for classical probabilistic
models [21, 73, 109, 30, 110], further motivating an investigation into
these models for quantum advantage applications.

So far in the literature, assessing the quality of these QCBM'’s, discussed
in Section 4.2.2, has been almost entirely limited to how well they can
memorize or reproduce a known target distribution. Despite its intrinsic
value for benchmarking purposes, by sticking to a reproducibility /data-
copying metric such as minimizing the empirical Kullback-Leibler (KL)
divergence [77] or negative log-likelihood (NLL - shown in Equation 11)
as the primary method of evaluating a generative model, we are not
properly assessing the model’s true ability to generalize - and hence, its
true potential for quantum advantage.

The clear question to consider is: Do QCBMs provide an advantage?; or
circling back to the much larger question Are these widely accepted models
good generative learners?

More recent works have attempted to evaluate QCBM’s learnability
from a data complexity perspective. For example, Ref [111] specifically
claims to focus on a learning theory, deriving theoretical generalization
bounds for the model trained via Maximum Mean Discrepancy; however,
their approach (based on Ref. [112]) does not explicitly take into account
the crucial feature of novelty, which constitutes an essential ingredient
to define advantage, as discussed in Chapter 5. The generalization error
proposed in [111] quantifies the deviation of the empirically optimized
probability distribution encoded by a model after training from the best
probability distribution the model can represent, given its expressivity
and a desired target distribution 2. When this deviation is minimized,
the learning performance is maximized. However, if a generative model
is simply memorizing data, such deviation will be exactly zero, hence
implying that this metric is not sensitive to the novelty of the generated

12 In practice, the target distribution is unknown, so including it in the model evaluation process is only feasible from a
theoretical perspective.
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samples. Since the comparison between training set and generated queries
is out of the scope of Ref. [111], the model’s true ability to generalize is
not fully assessed. Also, recently, theoretical rigorous results were obtained
for certain output distributions from local quantum circuits, proving some
challenges in achieving a separation advantage with respect to classical
models within this family [31].

In other words, most proposals fail to conduct a complete investigation
as to how the QCBM learns features of complex target distributions from
a finite set of training data, and as a result ignore the role that important
resource requirements (e.g., circuit depth and amount of training data)
play in understanding the model’s generalization capabilities in tasks
of practical relevance. In this Chapter, we leverage the framework
introduced in Chapter 5 to evaluate the generalization capabilities of
QCBMs, presented for the first time in Ref. [33]. We demonstrate the
QCBM’s generalization performance as an integral component of its
evaluation as a good generative model, and its ability to perform well with
limited training data.

6.2 Experiment Details

For all numerical experiments, we train a 12-qubit QCBM circuit with a line
topology to learn a cardinality-constrained target distribution Prayget(2).
This dataset has a solution space S defined by bitstrings that have a specific
number k of 1s (e.g. ‘10001011° for k£ = 4). Thus the target distribution is
uniform over the solution space, as shown by Equation 23.

The definition of such target distribution is only formal: in reality, it
is not needed to have a priori knowledge of |S| for our metrics to be
determined. The coverage metric (Equation 29) seems to require such
knowledge. This requirement can be met when addressing benchmarking
instances, such as the ones investigated in this work. However, in real-world
cases, one is usually interested in comparing models (either different models
or two different versions of the same model), hence one can simply compute
their C ratios, which mitigates the fact that |S| is not known. Additionally,
if one is aiming at estimating the coverage of a standalone model, one
could simply use the asymptotic limit of the normalized coverage, given by
Equation 36, which quantifies the total number of unique unseen and valid
samples over the total number of queries and does not require knowledge
of |S|. This value would provide a sufficient estimation with regards to
the number of unique values covered from the solution space that were not
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seen during training. The important notion in this framework is having a
target distribution which is uniform and whose support is given by samples
in a well-defined valid sector. Although in the case of the cardinality-
constrained data set |S| can be estimated exactly, there are several real-
world instances where it is easy to determine whether a sample belongs to
the valid space, but it is intractable to determine a priori the size of the
support. Examples of this class of problems can be found in Appendix 6 of
Garey and Johnson’s comprehensive book on NP-Complete problems [113].
For example, the zero-one integer programming problem described as MP1
in Appendix 6 is an NP-Complete problem where it is easy to check whether
a given sample satisfies the constraints, but where it is intractable to find
the whole set of bitstrings which satisfy the constraints.

We note that for this specific study, it is important to have a large
|S| for assessing generalization, so that we can have appropriately sized
training sets when spanning over €. As such, we choose k = 6 for all
runs, where |S| = (162) = 924. The circuits are trained via a gradient-free
Covariance Matrix Adaptation Evolution Strategy (CMA-ES) optimizer
[114] with a NLL loss function (defined in Equation 11) on the Qulacs
quantum simulator [115]. While we optimize with NLL, we display the
cost values in the form of the KL Divergence, as it is easier to visualize the
success of the training process. Indeed, we know that for Pruin = Puodels
we have KL = 0. Each circuit is initialized randomly, and the maximum
number of training iterations is 7.y = 10,000. Lastly, 10,000 samples are
generated for the generalization evaluation procedure.

To assess the QCBM’s quality-based generalization in Section 6.4, we
introduce a re-weighted Fvens dataset, where the solution space § is
defined by bitstrings containing an even number of 1s (e.g. ‘01010011’),
and a cost is assigned to each sample that quantifies the sample’s degree of
separation v. We define separation as the largest bit-separation between
Is in the bitstring (e.g. (‘11010001’) = 4). As we would like to optimize
for the samples with the lowest cost, we focus on the negative separation
¢ = —v. We utilize this cost to reweight the training distribution via a
softmax function on the training set bitstrings, namely:

_ exp(—fe(x))
Sy exp (= ()
Following Ref. [49], we set § = f; = 1/T where T is the standard

deviation of the costs that is interpreted as a ‘temperature constant’ [70].
Note that by adjusting 3, one can tune the degree of reweighting introduced

Py(x) (34)
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into the uniform distribution: for instance, choosing 5§ = [, = 2/T
increases the impact of the reweighting procedure. The artifact of
reweighting the target distribution allows one to determine whether or
not the model is able to learn this ‘bias’ induced by the bitstring costs in
addition to the validity constraint.

The only additional change from the numerical experiments in Section
6.3 is that we use an all-to-all . = 2 ansatz rather than a line topology.
In our numerical experiments, we found that using an all-to-all topology
provided better validity-based generalization performances compared to
the line topology. This observation is possibly related to a trainability
issue of the latter topology at the number of layers needed to describe the
reweighted dataset, since the uniform even distribution can be constructed
exactly using a two-layered QCBM with a line topology. In general, for
an arbitrary real-world dataset or more generic cases where one does not
necessarily have an intuition of the type of circuit ansatz which might
be suitable for the data, one needs to treat the exploration of the ansatz
as an additional hyperparameter to be adjusted. Additionally, we use a
fixed value of €, with ¢ = 0.1. As the Fvens dataset is easier for the
QCBM to learn, we use fewer layers and are thus able to avoid having too
many parameters by implementing the all-to-all ansatz. We also remark
that the choice of all-to-all compared to line topology on the Fvens dataset
improves trainability significantly even though the line topology is sufficient
to represent this state.

Note that because the Evens solution space for the quality-based
generalization assessment is much larger, 10% of the solution space
accounts for a similar number of samples as used in the validity-based
investigation. This might have helped in seeing a comparable performance
with less percentage of data than the former dataset, although in reality
the properties of each distribution to be learned can play a significant role
and this data efficiency capability needs to be studied on a case-by-case
basis. For the validity-based generalization demonstration in this work,
we emphasize that the model is able to learn from a few training data,
and as such, we span over ¢ intentionally. In a practical context, however,
there is no need to know this percentage since all the metrics, quality and
validity-based, can be computed without its knowledge.

6.3 Validity-Based Generalization
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6.3.1 Expanding the Framework

As for this QCBM study, we are looking to vary the portion of training
data , it becomes necessary to expand upon the framework introduced in
Chapter 5. Note that when one is varying the size of the training set D,
which can be controlled by increasing or decreasing the variable e such
that D = €|S|, the metric computations may be individually affected as
discussed below.

When computing the coverage metric across €, we propose to use a
normalized coverage C=C /C, where C is taken to be the expected value
of coverage, computed by:

6:1—(1—@)? (35)

This estimator, factoring in € and the number of queries (), indicates which
coverage C' one should expect when the generative model has perfectly
learned the target distribution and generates samples accordingly [32].
When the number of queries is much smaller compared to the number
of unseen solutions, i.e., Q@ < |S|(1 — ¢€), we can approximate C as ‘SK?_e).

In this regime, the normalized coverage can be estimated as

~ |gsol|
C = : 36
0 (36)
Interestingly, this expression does not need an explicit knowledge of |S].
We additionally propose a normalized rate R = R/R, where:

R=1-c¢ (37)
The latter is the rate one should expect if the target distribution is learned
perfectly. More specifically, the probability that a generated query is valid
and unseen (i.e, rate) corresponds to the portion of the valid space that is
unseen for a given ¢, i.e., (§ — D)/S.

For the fidelity F', we note that proposing a normalized F' is non-trivial
as this metric does not have an ideal value that depends on €. If the target
distribution is learned exactly, then we should see ' = 1 independently of
e. But there is a non-trivial dependence on € for any other model which is
not perfect. To illustrate this dependence, imagine one obtains the same
model after training under two different values of €. These two models
will yield, for example, the same values for the precision, since p does not
depend on the size of the training set but only on the probability of a query
being in the valid sector. Since a larger € implies that the portion of seen
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and valid data (the training set) is larger, this automatically implies that
the sector of unseen and valid data is smaller and therefore the probability
for a query to land there is smaller. Since the probability of landing in noise
(unseen but invalid) remains the same, but the fraction of unseen and valid
which appears in both the numerator and denominator of I’ changes, this
yields different values for F' for the same model. We leave the development
of a normalized fidelity to future work, and highlight that this comment
only becomes relevant when comparing across different ¢ values. When
comparing models with the same ¢, or assessing individual models, the
metrics can be still used for accessing generalization.

6.3.2 Increasing Expressivity

We show an example of the validity-based generalization for QCBM
models trained with various circuit depths L € {2,4,8,16}. We only ran
experiments with an even number of layers, where, as explained before,
every layer of single qubit gates is followed by a layer of entangling gates.
For the expressivity study presented here, we utilize only 30% (e = 0.3)
of the solution space in all runs, where the training data is uniformly
sampled from all valid data (i.e., the solution space). In Figure 17, we
demonstrate that this is an adequate value for seeing good generalization
performance. We run 5 independent trainings of each model, and plot the
result averages with error bars in Figure 16.

Across all results, we see that the deepest QCBM with L = 16
produces the best performance. Indeed, we see a direct correlation
between increasing the number of layers, or the expressivity of the
circuit, and a higher generalization performance quantified by the validity-
based metrics. For shallower circuits with L € {2,4}, we barely see
any increase in generalization performance across the average (F, R, C’)
values throughout training. Additionally, we see very little training in
general as evident from looking at both the corresponding KL divergence,
exploration, and precision trends. These models barely beat the random
baseline 3. After increasing the expressivity to L € {8,16}, we begin
to see the model learn. The average (F, R, C’) values steadily increase,
where we see that the L = 16 model is able to reach the average values
(0.65,0.67,0.92), thus achieving high quality performance well above the
average random baseline (0.17,0.23,0.91). These metrics clearly show that
the L = 16 QCBM is producing more unseen and valid samples with each

13 The random baseline for each metric is computed from samples randomly drawn from the set of 2N possible
bitstrings [32].
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new iteration step, and is learning the valid samples, distinguishing them
from the noise. At the same time, the model’s total exploration decreases
as expected, as it begins to produce both valid samples from inside and
outside of the training set. Table 17 displays individual values for the
different metrics and Table 18 includes values for the random baseline.

While not always an attainable metric, due to the fact that the
target distribution is typically unknown, one can compute the target KL
Divergence KLtaget = KL(Prarget||Paoder) and compare it to the usual
KL Divergence, relative to the training set KLqyam = KL(Pryain||Prodel),
in order to see if the QCBM’s output distribution is closer to the target
than the training distribution. We see in Figure 16 that for L = 16, we
have KLyget 1s smaller compared to KLry,n, indicating that the model
is not overfitting to the training set. Note that we take the definition of
overfitting to be memorization of the training distribution. We highlight
that the values for KL are quite high compared to KLaee, and
according to this metric alone we could infer that the model does not
have good generalization. However, displaying this metric alongside the
(F, R, C) values, we are able to see that good generalization performance
occurs even when KLy, is higher than zero. These numerics further
support that achieving a KLy, = 0 does not necessarily mean the model
is producing good generalization performance: this metric alone should
not be utilized to assess a generative model unless one is interested only
in its data-copying capability.

We make a similar argument with the precision p and the exploration FE.
While simply providing p or E¥ would not be enough to quantify the model’s
generalization performance, observing these values alongside the (F, R, C)
metrics give us a broader picture. As the fidelity increases, despite the
exploration decreasing, we can infer that this is simply because the model
is disregarding noisy unseen samples. Additionally, as the rate increases
alongside increasing precision, we can infer that a decent-sized portion of
the valid samples being generated are unseen.

Interestingly, circuits with both two and four layers produce a similar
KLTarget, and even though the 2-layers circuit displays a higher coverage,
it contains more noise (less rate and fidelity than the 4-layers circuit).
Although the models happen to have roughly the same KL value, our
metrics allow one to disentangle the different generalization contributions
and provide insights into the strengths and weaknesses of the models. This
example also shows how judging performance just based on KLy, can be
very misleading (with the 4-layers circuit largely outperforming the 2-layers
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Fig. 16: The QCBM’s validity-based generalization performance throughout training across
various circuit depths. For each model with a different circuit depth L € {2,4,8,16} and
for € = 0.3, we show various metrics per training iteration including: the KL divergence of the
model distribution relative to both the training and the target distribution (top left), the fidelity
F (top middle), the exploration E (top right), the normalized coverage C' (bottom left), the
normalized rate R (bottom middle), and the precision p (bottom right). Note that these are
average values over 5 independent trainings, where the error bars are computed by o/v/5. We
see that the generalization performance increases throughout training, and that while for the
majority of metrics all models are able to beat the random search baseline, the generalization
performance is best for the deepest circuit model.

one), while the generalization metrics are more faithful to the KLrypget.

6.3.3 Reducing the Amount of Training Data

We investigate the effect of the size of the training set on the model’s
ability to learn the valid correlations and generalize accordingly. We span
over various portions of the solution space ¢ € {0.1,0.3,0.5,0.7,0.9} to
use in the training set. Figure 17 showcases the average generalization
performance at the last training iteration across 5 independent trainings
for circuit depths L € {2,4,8,16}. We see that the trend of increasing
circuit depth for enhanced performance extends to multiple € values, thus
suggesting that having enough expressivity is crucial for generalization to
occur in this data set. Independent of the number of layers, it seems
that when e = 0.1, the amount of training data is too low for the model to
properly learn. When € = 0.9, we enter the regime where there is too much
training data, which leaves very little room for generalization. Overall, we
see that the model achieves good performance with access to 30% of the
solution space during training. Table 17 displays individual values for the
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different metrics and Table 18 includes values for the random baseline.

For increasing e, we see that the average exploration E decreases. Such
behaviour is expected as we are artificially decreasing the number of unseen
bitstrings that the model can generate by reducing the size of the unseen
space. For the average (F, R, C') values, we note some interesting individual
trends. F decreases after € = 0.3, whereas R and C, and even the precision
p, continue to increase slightly before decreasing at e = 0.9. We believe
this discrepancy in the fidelity is related to the increase in the number
of noisy unseen samples relative to the number of valid samples that the
model could generate as we increase e.
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Fig. 17: The QCBM’s validity-based generalization performance on various training dataset
sizes. For each model with a different circuit depth L € {2,4,8,16}, we show various metrics
across € € {0.1,0.3,0.5,0.7,0.9} values at the last iteration in training: the KL divergence of
the model distribution relative to both the training and the target distribution (top left), the
fidelity F (top middle), the exploration E (top right), the normalized coverage C' (bottom left),
the normalized rate R (bottom middle), and the precision p (bottom right). Note that these are
average values over 5 independent trainings, where the error bars are computed as o/v/5. We see
that the generalization performance increases for increasing circuit depth across all € values. We
see that for L = 16, with as few as 30% of the solution space used for training, the QCBM is able
to exhibit great generalization performance on average: (F, R, C’) = (0.65,0.67,0.92), compared
to that of the random baseline (in red): (0.17,0.23,0.91).

The models achieve better performance than the random search baseline,
with the only exception of coverage when the circuit depths are too low
(L = 2,4). We see that KLy, tends to decrease with decreasing e, and
never encounters a turning point or a plateau. However, although KLty get
presents the same decreasing trend until € = 0.5, it begins to plateau or
change less dramatically until the largest value explored of € = 0.9. These
two trends confirm that the QCBM model is indeed generalizing and not
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memorizing the data set, as memorization would imply an increased value
for KLmureet- The fact that KLryget < KLmyain is the expected behaviour
for a model which is generalizing since this means that the learned model
distribution is closer to the target distribution than to the distribution
from the training set. The decreasing in the value of KLy, can be easily
explained from this behaviour since the training set is closer as well to the
target distribution for larger values of €. This in turns explain the closing
of the gap between the values of KLty and KLyt

In summary, we demonstrate that QCBMs are able to go beyond
memorizing a training distribution, and learn valid features in an
underlying target distribution. @ They exhibit strong validity-based
generalization across (F, R, C’) values.  However, we note that the
QCBM requires deeper circuits in order to obtain good generalization
performance, and this may pose a challenge for obtaining good results on
near-term hardware.

6.4 Quality-Based Generalization

We assess the QCBM’s quality-based generalization capability to see if
the model is able to go beyond learning validity features in a dataset and
learn an adequately reweighted version of it. As defined in Section 6.2,
each bitstring in the Fvens dataset’s solution space is given an associated
score for its negative separation ¢ = —~, such that we can create a re-
weighted training distribution according to the softmax function defined
in Equation 34. For 12 qubits, the negative separation cost is ¢ € [—11, —1]
with ¢(*100000000001") = —11 and ¢(‘111111111111") = —1 as the limiting
cases'?.

In Figure 18, we show the results of the typical behaviour, which we take
to be the median value of the (F), R, C’) results across 15 independent runs.
Starting from the left, the first three distributions are the histograms of the
valid samples generated after training the QCBM on the inset distributions
(green). Across all € = 0.1 training sets (204 samples), the models do not
see bitstrings with an associated ¢ < —7. The distribution in the rightmost
panel corresponds to 10,000 queries from the underlying uniform target
distribution across all bitstrings in the Ewvens dataset mapped to their
negative separation score. We share the average metric values across 15
independent runs in Table 19 and for the typical run in Table 20.

For all output distributions the precision and the validity-based

14 When there is only one or no ‘1’ in a bitstring, the cost is assigned to be zero. Those are only marginal cases, and they
do not affect our analysis.
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Fig. 18: QCBM median output probability distributions when learning uniform vs. re-
weighted datasets over 15 independent runs. Each model is trained on a set of bitstrings
in the Evens dataset, where each bitstring is mapped to its respective negative separation score,
and to each training set a different degree of reweighting is applied. Note that we showcase the
typical run across all models, as computed by the median (F, R, C~') scores. We also note that
the number of queries used to plot the histograms is 10000, except for the (green) histograms
in the insets which correspond to the 204 samples used as the training sets (¢ = 0.1) for each
degree of reweighting. Starting from the left, we show: the QCBM output when trained on a
uniform training set; the QCBM output when trained on a re-weighted training set via a softmax
function at inverse temperature 51 = 1/T; the QCBM output when trained on a re-weighted
training set via a softmax function at inverse temperature 8y = 2/T; and 10,000 samples from
the underlying uniform target distribution. While it is possible to observe values up to ¢ < —7
when we sample 10,000 from the target distribution, across all training sets containing only 204
samples, the models do not “see” bitstrings with an associated ¢ < —7. We highlight the quality-
based generalization metric U for each distribution as well as the cumulative probability for
generating samples where P.._7. With these two values, we are able to detect that the QCBM
is able to achieve a lower U when we increase the level of reweighting in the training set, as well
as a higher P.._7. Therefore, we see that the QCBM is able to effectively learn the ‘reweighting
bias’ and generalize to data with lower negative separation costs than that of the training set.

generalization performance are very high, as supported by the results
in Table 20. However, the distributions differ in their quality-based
generalization capabilities, which we assess by computing the utility U
metric described in Equation 77 and the cumulative probability for ¢ < —7,
denoted as P.._7;. We introduce the latter metric as a method to ensure
that we are not simply reaching the lowest scores due to over-sampling,
as upon sampling enough, it is reasonable to assume that the model will
reach bitstrings with scores ¢ < —7. If the model’s P.._7 is higher than
that of the uniform target, we see this as a fair way to assess that the
model has learned the ‘reweighting bias’ introduced in the training set.
When trained on a uniform training set, the model generalizes to the
underlying uniform target distribution and generates some missing low
cost bitstrings such that it has a U = —6.88 and a P.._; = 0.008 for
the median run. ' When trained with a re-weighted softmax training
set, we see that the utility decreases to U = —6.96, while P.._7 stays the
same. However, when we turn up the degree of reweighting in the softmax
function by halving the temperature constant 7', we see that the model

15 We take the median run to be the median value out of all F + R + C values, where we use the sum as a combined
optimal score.
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begins to learn beyond the validity-based features and on average generates
more valid and unseen bistrings that have a lower associated cost than the
minimum shown to the model through the training set. Remarkably, we
see that the utility drops to U = —8.89 and the cumulative probability
grows to P.._7 = 0.056. These results support that the QCBM is able
to effectively learn the ‘reweighting bias’ in the distribution, provided it
is strong enough, and generalize to data outside of the training set with
lower associated costs than that of the training set. This non-negligible
quality-based generalization performance indicates that the QCBM may
be useful for practical tasks in optimization, where one is interested in
generating samples of minimal cost, by using them in the Generator-
Enhanced Optimization (GEO) framework proposed in Ref. [49]. In future
work, it would be beneficial to see if we can model higher-dimensional
distributions with QCBMs for performing practical tasks with constrained
optimization problems.

6.5 Summary & Implications

In the pursuit of obtaining a better fundamental understanding of whether
or not QCBMs are good generative learners, it is imperative to investigate
not only their data-copying capability, but also their learning capabilities
via the assessment of generalization performance. The results here show
that the QCBM exhibits good validity-based generalization performance
when learning a desired feature in a cardinality-constrained dataset.
Overall, we see generalization performance trade-offs when tuning various
parameters. For instance, we show that one needs to increase the circuit
depth, thus enhancing its expressivity, to obtain improved generalization
performance. Additionally, we see that the model only requires access to
30% of the solution space to generalize well. We put forth these trends as
an initial investigation into the QCBM’s generalization capabilities. These
results also beg the question: what is a good percentage of the solution
space? This will be investigated in the future as we compare QCBMs
with other models using this framework. As we scale up the circuit width,
we believe these trends will serve as a good starting point for testing and
comparing with other classical models.

We see that the QCBM’s generalization performance is highly dependent
on the number of valid data given to the model during training, and as
such, it is of interest to dive deeper and conduct a more thorough future
investigation into the QCBM’s scarce data regime. In general, obtaining
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an improved understanding on the selection of challenging distributions
that QCBMs can learn well is an important part of future work. As we
scale to larger quantum circuit models and aim to use QCBMs in a more
practical sense, it is paramount to obtain a better understanding of what
practical tasks could be handled well by QCBMs. The quality-based
generalization results indicate that QCBMs are a good candidate for
constrained optimization tasks, as the model can learn the correlations
behind valid samples with associated low costs. In future work, it is
important to scale up the size of the QCBM models and assess their
capabilities on practical optimization tasks, such as portfolio optimization,
where generalization capabilities have been shown to be a wvaluable
asset [32, 49]. We foresee more elaborate training techniques for assessing
the generalization performance of larger and deeper circuit sizes would
be needed. This is one of the most fundamental challenges in quantum
generative learning today, as will be discussed in more detail in Chapter 8.

As this study is the first formal assessment of QCBM’s generalization
performance, we hope our investigations will open the door for tackling
future questions regarding the interplay of trainability [116, 117],
expressibility [118], and generalization [32, 111, 31] in these models.
In our study, we fail to see signs of over-parameterization, and in
accordance with classical ML, we feel that this behavior might come to
light if we continued to increase the number of layers. It remains an open
research question to understand over-parameterization in quantum models,
especially in the context of quantum generative models. For example, it
would be interesting to see if phenomena such as double-descent which
is present in deep learning models [119] due to over-parametrization
happens in QCBMs as well. Additionally, we believe it will be important
to investigate the generalization performance of QCBMs on quantum
hardware, and investigate how noise impacts the training resources
required.

Additionally, a consequence of this work is to motivate the scientific
community to place importance on assessing the generalization over
memorization capabilities when introducing a new quantum or classical
generative model. We hope to see a shift in emphasis in the evaluation
scheme towards prioritizing (or at least including) generalization
performances.
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7 HOW DO WE DESIGN GOOD QUANTUM GENERATIVE
LEARNERS?

7.1 Background

As demonstrated in previous Chapters, learning complex probability
distributions is a challenging problem for a classical computer, which
is why improvements in quantum computing technology have prompted
investigations into quantum generative modeling [21, 26, 20, 111, 28, 32,
120, 106, 105]. While QCBMs were the first algorithms for quantum
generative modeling, they are not the only quantum generative learner
that can be designed and investigated. QCBMs typically contain a very
general ansatz with respect to the dataset to be learned. To design
new quantum generative learners with intention, we can consider two
interesting approaches 9

1. Classical-Inspired: The model contains a quantum circuit method to
mimic a classical behavior that we know to be important for networks
to learn complex datasets.

2. Hardware-Aware: The model takes advantage of novel complex
functionalities that are being implemented in the latest quantum
computing hardware - such as mid-circuit measurements and classical
control [121, 122].

Classical-Inspired In the classical-inspired approach, one designs a
quantum circuit that replicates some learning property or behavior that
we see classically. Utilizing quantum building blocks for a desired behavior
allows one to investigate the performance of this property directly and
compare the resource complexity between the quantum circuit and the
classical analogue that are designed to produce similar outcomes. One can
then use this evidence to answer the question: Is this classical generative
learning property useful for designing quantum generative learners?

Hardware-Aware In the hardware-aware approach, one designs a
quantum circuit that intentionally uses complex functionalities that have
been experimentally implemented in quantum computing devices. This
approach allows one to take directly advantage of the known capabilities of
quantum hardware, rather than elements from quantum theory that have
not been experimentally realized. One can then use this evidence to answer

16 Keep in mind that these are not the only approaches. This will be further discussed in Chapter 8
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the question: Is this quantum hardware functionality useful for designing
quantum generative learners? In addition, one can use algorithms of this
type to benchmark and stress test the hardware capabilities.

In this Chapter, we explore the classical property of non-linearity in
quantum generative learner, as shown in Refs. [34, 35]. To do this,
we introduce the Quantum Neuron Born Machine (QNBM) - a quantum
generative model that mimics the connectivity and non-linear activation
of classical neural networks. With a significant amount of numerical, and
some initial theoretical evidence, we first show the effects of introducing
non-linearity into the state evolution of a quantum generative learner, and
then we provide a deep investigation into the QNBM'’s potential to be a
good quantum generative learner.

7.2 Non-Linearity in Quantum Generative Learners

7.2.1 Introducing the QNBM

One of the most fundamental differences between QCBMs and classical
generative models is the presence (or absence) of linearity. Any classical
neural-network-based generative model needs non-linear activation
functions of neurons to learn non-trivial data [123, 124]. In contrast,
QCBMs generate probability distributions through projective measurements
of quantum states, which have been evolved in an entirely linear fashion.
Therefore, it is interesting to see whether introducing non-linearities
to the quantum state evolution can improve the quantum generative
model’s ability to learn challenging data distributions. Also, as new
trapped-ion quantum computing devices have recently developed mid-
circtuit measurements and classical control capabilities, it is useful to
take advantage of these functionalities in a practical algorithm. As
such, we introduce the Quantum Neuron Born Machine (QNBM) as a
classical-inspired and hardware-aware quantum generative learner.

To do this, we expand upon previous work [82] that utilizes repeat-
until-success (RUS) circuits [83, 84, 125] as quantum analogues of neurons.
Building off of the quantum neuron discussed in Section 4.2.3, we discuss
how connecting layer k to layer k — 1 to design a feed-forward generative
learner is a logical extension - one can repeat the QN circuit for every
neuron in layer £ (as shown in 19). Note that we restrict this work to
k = 3, where the number of neurons in the input, hidden, and output
layers are denoted as (N, Npia, Nout), respectively. Also, notice that the
ancilla qubit can be reused for every RUS circuit, since after every circuit
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the ancilla is always in |0,), and it is disentangled from all neurons. Thus,
subsequent ancilla measurements do not affect already connected neurons.
Likewise, connecting the whole network simply amounts to repeating the
above for every pair of neighbouring layers.

Initialize Layer 2 Layer 3 Sample RUS, Ancilla |0,) ”
10,) Layer k, Neuron 1 |0) —| RUS(6,)
|0)®N H®M Layer k, Neuron 2 | 0) RUS(6,)
oo — ws f
| 0>®N3 ’TUSZ Layer k, Ne.uron N,|0) RUS(6,) —
' : Layer k — 1 |yg_;)®Ne *

Fig. 19: Quantum circuit component of the Quantum Neuron Born Machine Left: QNBM
circuit with 3 layers, where RUS1 and RUS2 represent connections between layers. The input
neurons are initialized in a uniform superposition, and the output probability distribution is
generated by measuring the output layer. Right: connecting two layers of a QNBM. This amounts
to running RUS quantum neuron circuits for every neuron in layer k.

The quantum neural network proposed here is application-agnostic, and
could, for example, be used in classification by adding data embedding
and a cost calculation. To use it as a generative model, we make two
alterations. First, the quantum state of the input layer: we initialize the
first layer in a uniform superposition of bitstrings with Hadamard gates, as
it is able to input some inherent structure into our circuit as an analogue
to a classical prior distribution. Secondly, we only measure the qubits
representing the output layer, in analogy to classical neural networks. The
resulting probability distribution is then the output of the QNBM, and is
optimized exactly the same way as in a QCBM (discussed in 4.2.2, with
the weights and biases acting as the free parameters).

7.2.2 Variations & Scaling

It’s interesting to consider the effect of non-linear activation not just in
a binary way (is non-linearity useful?), but also in a quantitative way (is
more non-linearity better?). It is, in fact, possible to alter the activation
function and make it arbitrarily close to a step-like function, that acts as
identity for # < 7/4 and as a NOT gate for § > w/4 [82]. This can be
done by recursively implementing the RUS circuit such that one produces
a nested activation function

q¢™"(0) = q(q(.-(q(0)). (38)
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However, this comes at a cost of having n ancillas instead of one, as well
O(2") measurements and an increase in gates by a factor of O(2"). It
is possible that the advantages of a more non-linear (n > 1) activation
could outweigh the exponential resource requirements for larger datasets;
however, in this paper we limit ourselves to a binary comparison of linear
and non-linear models, and only use n = 1.

As a quantum circuit, the QNBM has O(F) two-qubit parameterized
gates, O(NN) one-qubit parameterized gates, and O(N) two-qubit and one-
qubit fixed gates, where E and N are the number of total edges and
nodes (neurons) in the network, respectively. The circuit gets longer if any
Quantum Neuron subroutines need to be repeated; [82] show, however, that
the expected number of repetitions for each Quantum Neuron is bounded
from above by 7, regardless of total network size.

Lastly, we note that the circuit also has N+1 (or in the case n > 1, N+n)
qubits, of which only N,,; neurons are measured to obtain the output. This
results in a qubit overhead not present in other Born Machines. The larger
total Hilbert space makes classical simulations of the QNBM longer than
for a similarly-sized QCBM, but we do not expect the qubit overhead to
increase the time resources of the model when realized experimentally.

7.2.3 Investigating Trends of Non-Linearity

To obtain a first understanding of our QNBM as a generative model, we
assess the model’s ability to express a target distribution that is defined
by a cardinality constraint over discrete bitstrings. Given a search space
of 2MVeut discrete bitstring samples, we define a sub-space S of valid samples
z that have the desired cardinality ¢ = |£2¢| (e.g. '0011", ¢ = 2). The
target distribution is uniform over these valid samples, and the goal of each
QNBM is to generate high quality samples as a result of approximating the
following distribution:

Ps(z) = — VaeS. (39)
S|

We note that while we use these seemingly toy distributions to
benchmark our small-scale QNBMs, learning larger cardinality-constrained
distributions is shown to be a difficult and important task in combinatorial
optimization, for instance problems with financial datasets [70, 32]. Each
model is trained with a KL Divergence cost function, comparing the
overlap of the target distribution P(z)raget and the generated distribution
by the model P(z)yoqe during each training iteration. Post-training,
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we assess the quality of the generated samples with the commonly used
precision P metric. We take P to be the ratio of the number of valid
samples (), to the total number of queries generated from the model Q.
To demonstrate perfect learning of the target distribution, we should see
the following behavior:

P:@—M. (40)

Q

We show results for architectures with N,,; € {2, 3,4}, spanning over the
number of neurons in the input and hidden layer. Note that we restrict the
scope of these results to investigating one hidden layer, and leave a study
of adding additional layers to future work. All simulations are run with an
Adam optimizer with a learning rate a = 0.2 and a step size € = 0.1 for a
specified number of maximum iterations iy.. For Ny, = 2, we set iyax =
200 and for all other simulations N,,; > 2, we set iy.x = 500 as we need to
increase the training time in order to accommodate for introducing more
tunable parameters into the model. We initiate the QNBMs with uniformly
random weights and biases from (—1,1). In order to demonstrate training
robustness, we optimize each model over five different training seeds, and
provide the average P values along with their standard deviations for ) =
10* generated model samples. These results are shown in Table 6. All
simulations are run on IBMQ’s Qiskit Aer Simulator with N = 10* shots.

Due to difficulties in simulating quantum circuits with classical control,
we run each Quantum Neuron subroutine once (instead of repeating
until success) and post-select experimental runs where every mid-circuit
measurement produces the favorable outcome. To fairly quantify the
model’s time resources, we use the number of shots before post-selection as
the appropriate measure in our circuit simulations and model comparison.

We display the performance of all the networks with N,,; = 4 in Figure
20, where the networks are sorted by input and hidden layer size, as well as
grouped into thirds by number of parameters: 8-12, 16-20, and 22-28. The
data does not suggest significant trends from parameter number alone, but
we do observe some trends when both parameter number and layer sizes
are taken into account. Notably, the best performing networks have no
hidden layer at all; the 3-0-4 and 4-0-4 achieved by far the best training,
with over 95% precision and KL < 0.04. Both of these networks were
in the top two thirds in terms of parameter number - this suggests that
while the extra parameters from hidden layers appear to be redundant for
QNBMSs, one needs an input layer similarly sized to the output layer to
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Fig. 20: 2D grid visualization of the KL Divergence vs. network layer size for a QNBM with
a 4-dimensional output layer. Each grid square corresponds to a specific number of input N,
and hidden layers Nj;q4 in the network, where the color indicates the average KL cost value across
5 training seeds, such that the networks with darker squares reproduce the target distribution
with a higher accuracy. We additionally highlight the number of tunable parameters associated
with each network structure with a specific shape. The worst performance occurs when N;,, = 1
(lightest shades), indicating that that the size of the input network is too small. However, we
see that when increasing N,,, it is not necessarily advantageous to increase Np;q or simply the
number of tunable parameters. Overall, we achieve the best performance when Np;q = 0 and for
Ni = Noyt OF Nzn = Nout — 1.

sufficiently parameterize the model; this point is further strengthened by
the N, < 4 data left out from the plot, but shown in Table 6. We believe
the claims about optimal network arrangement have sufficient evidence for
small-scale models, but we acknowledge the possibility that hidden layers
could become useful for large-scale problems.

7.2.4 Investigating Linear vs. Non-Linear

In addition to investigating the amount of non-linearity that exists in the
network design, we study how introducing non-linearity into the quantum
circuit model enhances the model’s ability to learn a more complex,
cardinality-constrained distribution. To achieve this, we compare our
non-linear QNBM to a linear QCBM with the same N,,; = 5, and a
comparable number of tunable parameters: P, = 25 for the QNBM
with the topology (4,0,5) and Py, = 20 for a QCBM with an all to all
connected 1 single and 1 entangling layer. We select this QCBM topology
as it has demonstrated great success in the literature [20]. Both models
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(Nin, Nnid, Nouwt) Ppum Nqubits KL Precision
(1, 0, 2) 4 4 0.0041 £ 0.0001 0.9961 £ 0.0002
(1, 1, 2) 6 5 0.06 %+ 0.02 0.94 %+ 0.02
(2, 0, 2) 6 5 0.102 £ 0.002 0.903 £ 0.002
(1, 0, 3) 6 5 0.62 £+ 0.01 0.59 £ 0.03
(1, 1, 3) 8 6 0.49 £+ 0.03 0.66 £ 0.02
(1, 2, 3) 13 7 0.019 £+ 0.004 0.984 + 0.005
(2, 0, 3) 9 6 0.051 + 0.002 0.951 + 0.002
(2,1, 3) 9 7 0.446 £+ 0.003 0.665 £+ 0.007
(2, 2, 3) 15 8 1.0£1.0 0.6+0.3
(3,0, 3) 12 7 0.0517 £ 0.0008 0.946 + 0.003
(1, 0, 4) 8 6 0.808 + 0.009 0.460 + 0.007
(1, 1, 4) 10 7 0.87 + 0.05 0.44 %+ 0.02
(1, 2, 4) 16 8 0.8+0.1 0.49 + 0.06
(1, 3, 4) 22 9 0.8+ 0.2 0.53 £ 0.06
(2, 0, 4) 12 7 0.59 + 0.03 0.64 %+ 0.02
(2, 1, 4) 11 8 0.78 + 0.04 0.45 + 0.03
(2, 2, 4) 18 9 0.5+ 0.1 0.56 £ 0.07
(2, 3, 4) 25 10 0.4+0.2 0.7+0.1
(3,0, 4) 16 8 0.0373 £+ 0.0005 0.960 + 0.004
(3,1, 4) 12 9 0.9+0.1 0.49 £+ 0.05
(3,2, 4) 20 10 0.48 +0.09 0.63 £+ 0.05
(3, 3, 4) 28 11 0.7+0.1 0.5+0.1
(4, 0, 4) 20 9 0.0389 £ 0.0002 0.959 + 0.003

Tab. 6: Average Precision and KL values for various QNBM network structures. Here, we
provide the average results with their associated standard deviations across 5 training seeded
runs. For a given 3-layer QNBM network with the structure (N, Nhid, Nout), we provide the
number of tunable parameters in the circuit, the number of qubits required, the output precision
for 10 samples, and the KL divergence from the computed model output probability distribution.
Ideal model performance is reached when we achieve P = 1 and KL = 0. For various N, we see
that optimal structures occur when Np;q = 0 and N;;, = Noyt, Nowt — 1, indicating that hidden
layers may not be advantageous to the performance of the model at small-scales.

are trained with an Adam gradient-based optimizer with a learning rate
a = 0.2 and a step size ¢ = 0.1 for the same number of iterations. We
alm to keep the number of quantum and classical resources similar across
both models to evaluate the models on equal ground to the best of our
ability. We conduct 5 runs of each model with various training seeds, and
use the best training for each model in our results, where we take the best
training to be the model whose last loss is the lowest across the seed trials.
All simulations are run on IBMQ’s Qiskit Aer Simulator with Ng,ots = 10*
shots.

We evaluate both models for their ability to produce two different
probability distributions: one trivial distribution and one with added
complexity. We take the trivial distribution to be one that is completely
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uniform over the search space U, such that:

1
|

We take the second distribution to be the same as Equation 39 with

Py(x) Yz e U. (41)

Ny = 5 and ¢ = 2, as introducing a cardinality constraint adds more
complexity to the distribution by enhancing the difficulty of the learning
problem. In Figure 21, we show the performance comparison of the QNBM
to the QCBM on the two distributions by displaying their model output
probability distributions produced at the end of training, and their KL
training curves. We see that for the uniform target, both the QCBM
and the QNBM are able to accurately model the probability distribution
(QCBM: KL = 0.0068 QNBM: KL = 0.0157). Additionally, we see
that throughout training, the QCBM takes fewer iterations to converge.
However, when adding a constraint to the distribution and thus increasing
the complexity, we see that the non-linear QNBM outperforms the linear
QCBM with almost 3 times smaller error rate 1 — P (QNBM: 0.05, QCBM:
0.14). In monitoring the loss throughout training, we see that the QCBM
hits a plateau earlier on in training, while the QNBM is able to continue
on in the training process and generate higher quality samples.

In addition to our comparison where we keep the allocated resources as
similar as possible, we note that adding a second layer of single-qubit and
two-qubit parameterized gates to the QCBM increases its performance.
We display the probability histograms for the N,,; = 5 QCBM with
multiple layers, specifically 2 single qubit gate layers and 2 entangling
layers of the topology mentioned in Section 4.2.2. In Figure 22, we compare
these histograms with the target probability distributions for the uniformly
distributed case and the cardinality constrained ¢ = 2 case in order to
detect if adding more expressibility to the circuit increases the training
capabilities. As always, we use the Adam gradient-based optimizer with
learning rate @ = 0.2 and step size ¢ = 0.1, and we run the optimizer
for 1000 iterations for the cardinality constrained distribution and for 200
iterations for the uniform distribution. While for the uniform distribution,
we see that the model is able to learn the target distribution either just as
well or better than the QCBM with 1 layer (single plus entangling), the
cardinality constrained distribution becomes more difficult to learn with
additional layers. In the case of the best training (the lowest KL across 5
seed training runs), we see that the model does not train well (K L = 1.08)
and precision performance decreases (P = 0.35). Hence, increasing the
expressibility does not help the QCBM outperform the QNBM for this
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Fig. 21: A visual comparison between the Non-Linear QNBM and Linear QCBM in modeling
uniform and constrained target distributions. All probability histograms contain ordered
binary bitstring samples on the x-axis. (a) The target uniform distribution. (b) The QNBM
model output with 10 samples. (c¢) The QCBM model output with 10* samples. (d) The
KL divergence loss throughout training for the QNBM and the QCBM. (e) The cardinality
constrained target distribution. (f) The QNBM model output with 10* samples. (g) The QCBM
model output with 10* samples. (h) The KL Divergence loss throughout training for the QNBM
and the QCBM. We see that the QCBM and the QNBM are both able to learn the trivial uniform
distribution well, where the QCBM even outperforms the QNBM in achieving the lowest KL value
in the fewest iteration steps. However, we see that with added complexity, the QNBM is able
to outperform the QCBM and continue learning after the QCBM reaches its plateau in training,
resulting in almost 3x smaller error rate.

task.

To further support that this training enhancement is due to non-
linearity rather than just the neural network structure of the quantum
circuit, we additionally train a ”linearized” QNBM where Quantum
Neuron subroutines are replaced with linear Pauli-Y rotations. The only
effect of this is to substitute non-linear rotations Ry (2¢(#)) with linear
rotations Ry (20). We use the same cardinality-constrained distribution
with N, = 5 and ¢ = 2 for the target. Again, we use the same optimizer,
hyperparameters, and number of iterations as before. In Figure 23, we
show that this model also struggles to learn the cardinality constrained
distribution as well as the QNBM, suggesting that non-linear activation
functions are essential to the good performance of the QNBM.

With this implementation, we are able to further support that it is not
only the neuron structure that gives rise to the QNBM’s good performance,
but the combination of structure and the non-linearity. The model does not
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Fig. 22: The QCBM model performance when given more expressivity. (a) The uniform target
probability distribution. (b) The 2-layer trained QCBM output probability distribution with
@ = 10k samples. (c) The cardinality constrained ¢ = 2 target probability distribution. (d) The
2-layer trained QCBM output probability distribution with @ = 10k samples. We see that for
the uniform distribution, the QCBM is able to reproduce the target distribution well, but for the
constrained distribution, the QCBM performs very poorly. Overall, the expressibility does not
provide an enhancement for the QCBM to potentially outperform the QNBM.

train well at all, and has poor precision when sampled post-training. Over
5 seed runs, the best model achieves a KL = 2.15 with a corresponding
precision of P = 0.173. We thus conclude that for this neuron structure,
non-linear transformations into the state evolution is a requirement to
achieve quality performance.

7.3 QNBMs for Hardware Evaluation

Part of the benefit of developing hardware-aware algorithms is the value of
utilizing them to evaluate the most recent hardware capabilities. Quantum
technologies have progressed rapidly over the past few years, including
Quantinuum’s recent advancement in quantum volume and features with
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Fig. 23: The linear QNBM model performance on the cardinality-constrained distribution.
(a) The cardinality constrained ¢ = 2 target probability distribution. (b) The linear QNBM
output probability distribution with ) = 10k samples. We see that without the non-linearity,
the model greatly suffers in training and learning the target distribution. Therefore, we consider
the non-linearity to be a necessary resource in addition to the ansatz structure.

their H-series devices [126, 127, 121, 122, 128]. Alongside this progression
comes the responsibility to challenge these machines with functionally
complex algorithms that align with the new hardware capabilities. For
example, NISQ algorithms [68, 69], while primarily developed to leverage
limited quantum resources to perform classically challenging tasks, have
also served as useful evaluation tools for present day quantum hardware
[129, 105, 20, 130, 131, 132, 133]. As we now make the transition from
NISQ towards fault tolerance '7 prior to , it remains useful to “stress test”
- identify the non-obvious breaking points of - the hardware when running
algorithms containing these more complex features at scale.

Stress Testing The intention behind stress testing is to assess a system
by pushing it beyond its specified thresholds to identify the load under
which it breaks down [134]. In software systems, stress tests can include
an increase in concurrent virtual website users or a spike in client
requests from a database. Stress testing can take on a slightly different
interpretation when we consider stretching the load of a quantum system.
In our case, the system to stress test is the Quantinuum H1 device, and we
push the system by intentionally increasing the number of NISQ resources
within the QNBM, an application-focused algorithm. In other words,
using the QNBM model, we linearly scale the functional complexity by

17 These transitional devices are capable of running algorithms containing non-trivial operations that are not typical
of traditional NISQ algorithms like variational eigensolvers [?] and circuits designed for optimization [?]. The numeric
quantity of a particular non-trivial operation (e.g classical control, mid-circuit measurements, etc. [122]) in the algorithm
is the metric we utilize in this work for measuring functional complexity.
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adding more RUS circuits (linear increase of input and output neurons)
and then execute these various model sizes on the device. The total
number of qubits required is equivalent to the total number of neurons,
plus the ancilla. For each RUS circuit, there is an additional mid-circuit
measurement of an ancilla, as well as an additional classical register to
hold the value for a classically controlled operation. With each additional
input-output neuron, there is an additional RUS circuit, where all other
RUS circuits will have two additional parameterized two-qubit gates.
For example, a (2,0,3) contains 12 parameterized two-qubit gates, 3
fixed single qubit gates, and 3 fixed two-qubit gates. Whereas, a (3,0,4)
contains 24 parameterized two-qubit gates, 4 fixed single qubit gates, and
4 fixed two-qubit gates. Increasing the number of neurons also increases
the number of measurement shot requirements as shown in Table 8.
Thus, one can see that increasing the neuron size of the QNBM places an
incrementally larger quantum gate, classical register, and measurement
(mid-circuit and final shots) load for stress testing. We then assess if
the hardware is able to execute a model of a particular size, how well
it performs based on the algorithm output, and the point at which the
system reaches its maximum capacity.

Quantum Computing Hardware Quantinuum uses the Quantum
Charged-Coupled Device (QCCD) architecture for the H-series hardware
[122], which allows for high gate fidelities and scaling. Within the device,
ions are arranged in linear chains called ionic crystals confined on a surface
trap. These crystals have the ability to be split, and their ions can be
rearranged to execute entangling and single qubit gates on either a specific
pair or individual ion, depending on the required operations. The ions
can also be transported to other locations within the machine to minimize
cross-talk when applying gates and measurements.

When a quantum circuit is submitted from a user to the device,
qubits are assigned to physical ions such that the number of transport
operations is minimized. The circuit is executed by conducting a series of
transport and gating procedures, suitably pairing and isolating qubits for
single-qubit and two-qubit gates, as well as measurements. Once all the
operations are finished, the ions are restored to their original arrangement
within the crystals, enabling the circuit to be repeated for the collection of
measurement statistics. These results are then sent back to the user [122].

Due to the hardware’s ability to spatially isolate ionic crystals, mid-
circuit measurements as well as gate operations can be performed on the
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target qubits with minimal risk of affecting the other ions, allowing for
low cross-talk errors. The rearrangement and transport of ionic chains
also allow for entangling operations on any pair of qubits, regardless of
the spatial separation. This enables Quantinuum’s machine to have all-
to-all connectivity which reduces circuit depth and allows for high-fidelity
computations.

Table 7 below provides insight into the current error and fidelity rates
of Quantinuum’s H1 machine.

Parameters Min Typ Max
Single-qubit gate infidelity 1x107° 4x107° 3x10~*
Two-qubit gate infidelity 1.7x1073% 2x107% 5x1073

State preparation and measurement (SPAM) error 2x1073 3x107% 5x1073

Mid-circuit measurement and cross-talk error 5x 1076 1x107° 2x10°*

Tab. 7: Quantinuum H1-1 Specifications

Here, we specifically conduct a quantitative and qualitative performance
evaluation of the Quantinuum HI1-1 trapped ion device [128] with an
interpretation of a Stress Test (used in software engineering)[134] driven
by the QNBM algorithm. The QNBM algorithm can be tuned in functional
complexity by scaling the algorithm’s number of RUS routines. Using
this proposed method, we (a) assess the hardware’s capacity to manage a
computationally intensive Quantum Machine Learning (QML) algorithm
and (b) evaluate the hardware performance as the functional complexity
of the algorithm is scaled. Alongside the quantitative performance results,
we provide a qualitative discussion based on the insights obtained from
conducting the stress test with the QNBM - i.e. we put forth the specific
road blocks that appear when scaling the functional complexity of the
algorithm.

7.3.1 Stress Test Quantitative Results

Target Distribution To investigate the QNBM’s performance on
hardware, we first train the model to express a target probability
distribution Pryget of our choosing and then extract the trained parameters
(weights and biases) that encode Pryge. For our case, we choose a
cardinality-constrained target distribution. A cardinality-constrained
distribution is one that assigns the same probability p to all bitstrings
that contain a certain number ¢ of binary digits equivalent to 1. The
probability p is defined based on the set of bitstrings that fit this criteria,
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To satisfy the constraint of all probability distributions ) p(x) = 1, all
other bitstring probabilities will be zero.

For our case, we choose the cardinality ¢ to be 1 for all target probability
distributions given to our models. For instance, the target distribution for
a (1,0,2) QNBM neuron structure where ¢ = 1 will be {*00’: 0.0, ‘01’: 0.5,
‘10’: 0.5, ‘117: 0.0}.

We utilize this target distribution to first obtain the optimal weights and
biases for the model structure, using a high quality training procedure on
the device simulator. The simulated training losses are demonstrated in
Appendix Fig. 41; one can see high quality performance - i.e. low final KL
values - for the parameters chosen to run on the hardware. To ensure that
the hardware results are evaluated fairly, we compare the output of the
hardware to a new target distribution Pfarget, which is the model output
distribution given from the simulated training. All target distributions
that are compared to the hardware generated distributions are taken to be
P/

Target

(42)

Model Structure Given that we want to assess how the devices perform
as we gradually scale the functional complexity of the algorithm - i.e. the
size of the target distribution (number of output neurons) - we choose the
following QNBM neuron structures: (1,0,2), (2,0,3), and (3,0,4). These
specific structures contain no hidden layers, as networks without hidden
layers have demonstrated the best training performance according to
previous results in the literature [34].

We utilize 500 iterations to train all model structures, as these resource
constraints were found to be sufficient for training QNBMs in Gili et al.[34].

Training Metric Each model size is then trained on a noiseless simulator
using the Kullback—Leibler (KL) Divergence metric displayed in Equation
13 8 which quantifies the distance between the target probability
distribution Pryee; and the distribution being trained Pyiodel-

The goal when training the QNBM model is to tune the weights and
biases such that the distance between the distributions Pryyeet and Piodel
converges to zero (KL =~ 0). In other words, when the KL Divergence

18 Due to the size of models we consider, the KL Divergence metric is sufficient. For larger models, we encourage the use
of other probability distance measures such as Maximum Mean Discrepancy Loss.
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reaches a near-zero value, the model has learned and can express the target
distribution.

Resource Estimation and Training We utilize 500 iterations to train
(1,0,2),(2,0,3) and (3,0,4) model sizes, as these resource constraints were
found to be sufficient for training QNBMs in Ref. [34].

Using post-selection, we obtain the following shot requirements. Given
that we have N,,; output neurons, the model distribution (as well as the
target) will be over 2¥ou possible bitstrings. Therefore, we need at least
Nee . = 2Now x K samples from the model to obtain the full probability
distribution, where K is an arbitrary constant. If we have N, output
neurons in our model, we have the same amount of RUS routines (given
that there are no hidden layers). Each RUS circuit has py.—success = %
Consequently, the probability that all N,,; RUS subroutines are successful

. _ 1
1S Psuce = Nout *

Therefore, if the expected amount of samples needed from the QNBM
is 2Veut % K and the success probability of the entire model is pyyee = wﬁ,
then the total amount of samples needed on the noiseless simulator using
post-selection' is

NE o= (2% % K) [Dsuce (43)

In Table 8, we show the number of shots required using post-selection
rather than utilizing mid-circuit measurement capabilities.

(1,0,2) (2,0,3) (3,0,4)

Classical Control 400 800 1600
Post-Selection 1600 6400 25600

Tab. 8: Shot amounts required for each model size depending on whether ones uses post-selection

(NP? ..) or classical control (N ,.)-

Performance Questions

1. How does the hardware perform when executing an algorithm of this
complexity?

Here we demonstrate the high-quality results from the execution of the
(1,0,2) QNBM model with the trained parameters on Quantinuum’s H1
QPU and the QPU emulator, comparing both results with the target

19 Tn our work, post-selection involves executing all RUS circuits (regardless of ancilla measurement result). Then, we
only select the trials where all ancilla measurements were successful to collect statistics.
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distribution Pr, ... As shown in Figure 24, the results from the hardware
closely approximate the target distribution, reaching a KL value of 0.05.
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Fig. 24: Quantinuum’s H-1 hardware and emulator results for a 2 Output neuron QNBM
algorithm. We show the (a) target probability distribution and (b) emulator and (c) hardware
results from running on Quantinuum’s H-1 series device. We see that both the emulator and the
hardware achieve high accuracy relative to the target, and that the emulator and hardware are
near identical.

This result highlights the exceptional performance of the algorithm
on the hardware, specifically the novel classical control and mid-circuit
measurement functionalities. Additionally, the results from the emulator
and hardware have a massive overlap (KL = 0.0028). Therefore, due to
scarce quantum and classical resources, we found it sufficient to execute
the larger-scale models (2,0,3) and (3,0,4) on the emulator. We ran 8
independent trials on the emulator and chose the best performing model
to display; the small standard deviation bars are present in 26. As shown
in Figure 25, we can see that the generated probability distribution using
classical control begins to diverge from the target distribution as the model
size grows larger, and still, we see similar KL values for a (2,0,3) and a
(3,0,4). For a (2,0,3), we observe a KL value of 0.37 and for a (3,0,4),
we observe a KL value of 0.39. Even though these KL values are higher
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than a (1,0,2), one can easily identify the bitstrings that the model was
executed to output.

Here, we show how the KL values of the target distribution Pr, .
and the hardware/emulator output distribution scale as we increase the
complexity of the algorithm via the number of output neurons. Again,
we note that scaling the number of neurons directly translates to a linear
increase in the number of classical control and mid-circuit measurement
operations of the algorithm. Given Figure 26, we can see the linear leap
in the KL values when scaling the number of output neurons. With this
small set of data, we observe a linear trend-line of y = 0.178x + 0.053. It
is difficult to make any concrete claims on scaling here because we have
such a small set of data to analyze; although we can conclude that, as
the model grows larger and despite the low noise levels in the hardware,
the algorithm’s performance does suffer. However, even with the higher
KL values for these slightly larger models, we can still distinguish the
cardinality constraint on the distribution by comparing the probability
weights of the different bitstrings. For instance, in Fig 25b, one can see
that the probabilities for the bitstrings 0001, 0010, 0100, and 1000 are
significantly higher than the rest, despite the divergence from the target
distribution. In future work, when the hardware is resource-ready for larger
scale models, we can obtain a more clear trend in the decrease of the loss
with respect to the number of neurons.
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Fig. 25: Emulator results for three and four output neuron QNBM algorithms. Due to the
similar performance of the emulator and hardware as well as limited quantum resources, we
find it sufficient to execute the larger-scale models on the emulator. We demonstrate the output
probability distributions (green) relative to the target (orange) when scaling the number of output
neurons. The performance only worsens from a (1,0, 2) as we scale the functional complexity of
the algorithm, and still, we are able to see with decent clarity the model output bitstrings that
were relevant to the problem over noise.

2. How does the hardware perform when we scale the algorithm complezity
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and add more RUS routines?
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Fig. 26: The relationship between the KL Divergence and increasing functional complexity
of the algorithm (the number of neurons). With three model sizes, we detect a linear trend
in the data and see that the hardware’s performance seems to moderately decrease according to
the function y = 0.1782x 4 0.053 as we scale the number of mid-circuit measurement and classical
control operations.

7.3.2 Stress Test Qualitative Results

Limited Amount of Classical Resources Within a quantum device,
there are quantum registers that define the qubits, and there are classical
registers used for holding runtime values such as integers or supporting
conditional branches. We realized that, as our problem grew, the target
machine H1 did not have enough classical registers to hold non-qubit
values. Although counterintuitive, classical resources became a bottleneck
for the quantum algorithm.

In prior literature, it has been shown that the average amount of
executions of an RUS circuit needed for success is bounded above by
seven [82]. However, due to the constraint of classical resources, we
instead bound our Repeat-Until-Success algorithm above by six, giving
the algorithm fewer branches and tries to succeed. Additionally, the
resource constraint also placed a limit on the model sizes we could execute
on the quantum hardware. Therefore, we found that executing a (3,0,4)
model was the maximum size for the capacity of the current quantum
device.

Cost Finally, executing on ion trap hardware is expensive and testing
large-scale QNBM models beyond a (3,0,4) proved difficult. The costs for
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each model size with the respective shot amount (Table 8) are shown in
Table 9 as H-System Quantum Credits (HQCs).

(1,0,2) (2,0,3) (3,0,4)

Classical Control 93 500 1570
Post-Selection 36 269 1822

Tab. 9: Cost given in H-System Quantum Credits (HQCSs) to execute each model size depending
on whether we perform post-selection or classical control. It is important to note how for smaller-
scale models, post-selection seems more feasible and, as the model size grows, the benefit of
classical control becomes apparent.

7.4 Is the QNBM a Good Generative Learner?

7.4.1 Investigating Trainability

In this section, we evaluate the QNBM'’s ability to effectively train on
and express three target probability distributions typically utilized in
the literature for benchmarking: Bars and Stripes (BAS), cardinality-
constrained, and discrete Gaussian. Each distribution is defined on the
set of 2V bistrings. All simulations in our work are conducted with
distributions of dimension N = 6, as this constitutes the size of each
network’s output layer. A BAS distribution is composed of uniform
probabilities over bitstrings that represent either a bar or a stripe in a
2D binary grid. In this encoding, each binary digit represents a white (0)
or black square (1) such that these patterns emerge [20]. For an N = 6
distribution with a 2 x 3 grid, there are 20 patterns for the model to learn
[26]. A cardinality-constrained distribution contains uniform probabilities
over bitstrings that fit a given numerical constraint in the number of
binary digits equivalent to 1 (e.g. 7001011” has a cardinality of 3). For
a cardinality of ¢ = 3, we have (g) = 20 patterns for the model to learn.
Lastly, for the discrete Gaussian, we simply ask the model to learn the

function f(x) = a\/lﬁ exp(—%(xag )2), where p is the chosen mean and o

is the chosen standard deviation. For all simulations, the distributions
are peaked at the central bitstring with ¢ = 7, as these values were
appropriate for the distribution support size.

For this part of our investigation, we provide the model with complete
access to the underlying probability distribution, rather than using a
finite number of training samples. This method, prominently used in

the literature to investigate alternative generative architectures such as
Quantum Circuit Born Machines (QCBMs) [111, 20, 26], allows us to
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investigate two important attributes regarding the model’s ability to learn
a wider range of distributions: the model’s expressivity and its ability to be
effectively trained. We want to emphasize that this is not a generalization
investigation yet; however this is a start to understanding the model’s
potential to generalize.
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Bitstring Integer Values

Fig. 27: The QNBM training performance on the Cardinality Constrained distribution. The
QNBM is able to achieve a KL value of KL = 0.04.

The model’s performance can be evaluated by computing the overlap
of the model’s output probability distribution Pyjoqei(x) with that of the
target distribution Pryget(), using the KL Divergence shown in Equation
13.

Here, we provide the distribution learning performance of a ( Ny, Npig, Nout)
= (5,0,6) QNBM on the three distributions. It has been shown in previous
work that QNBMs at small scales perform optimally when no hidden layers
on introduced [34], and so we use this structure with small randomly
initialized parameters. We train the QNBM with 2,000 iterations and
10, 000 shots per iteration, for a total of 20 million shots throughout the
training. When simulating the QNBM, we utilize postselection rather than
implement mid-circuit measurements with classical control for each RUS
sub-routine. The number of shots quoted is the number of shots before
postselection. In practice, a quantum device running the QNBM would
require the capacity for mid-circuit measurements and classical control to
avoid an exponential shot cost.

We report the values of the best performing model across 5 independent
trainings. The QNBM is able to achieve very low KL values with
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Fig. 28: QNBM training performance on a discrete Gaussian distribution. The QNBM is able
to achieve a KL value of KL = 0.019.

KL = 0.04 for the cardinality-contrained distribution, KL = 0.019 for the
discrete Gaussian distribution, and KL = 0.099 for BAS. In Figure 27 and
Figure 29, we see the distribution outputs for each model trained on the
cardinality-constrained and the BAS distributions respectively.
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Fig. 29: The QNBM training performance on the Bars and Stripes distribution. The QNBM
is able to achieve a KL value of K'L = 0.099.

From these results we observe that the QNBM has high enough
expressivity to represent these distributions and that it can be effectively
trained to do so. Furthermore, we see that the QNBM is able to capture
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representational patterns in discrete bitstrings very well. Thus, we have
demonstrated initial evidence that the QNBM is decently expressive and
capable of capturing two very important types of patterns: representational
features within discrete bitstrings distributed uniformly and distribution
shapes that arise from non-uniformity over a support of discrete bitstrings.

While the QNBM is able to achieve quality expressive performance
across all distributions, it does not have the same stability in training on all
three distributions. As shown in Figure 30a, the trainings are very stable,
and that for the BAS distributions in Figure 30c, the simulations are stable
in only 3/5 trials. For the discrete Gaussian in Figure 30b, the training
stability varies greatly from the best performing to the worst performing
model. It is unclear as to why the model is more unstable on this type of
distribution, and we see value in investigating the training stability of this
model as important future work, especially for understanding its scaling
limitations and performance on other distributions.
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Fig. 30: The KL Divergence vs. the number of training iterations for the QNBM across
independent trials for three distributions. Here, we see that the QNBM is very stable on
all trials of the cardinality-constrained distribution, while it becomes very unstable when training
on the discrete Gaussian distribution.

Overall, the QNBM is able to achieve good expressivity, but can
have volatile training performance when given access to the underlying
distribution during training. Note that we are not using this evidence to
claim that the QNBM is superior to all classical models, as we believe
finding more theoretical bounds is necessary to make any such statements
around quantum advantage.
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7.4.2 Investigating Generalization

We take one step further in understanding the QNBM’s capability to be a
good generative learner by assessing its generalization performance, i.e. its
ability to learn an underlying distribution Prye(2) from a finite number
of training samples. This is in contrast to the previous section, where all
models were trained on the underlying distribution itself.

We assess generalization performance using an approach previously
detailed in the literature [33, 135]. This approach is different to the one
that is outlined in Chapter 5 and is more closely related to the one that
is used in Figure 10 to provide additional support for the QCBM’s ability
to generalize. This is a better approximator of the model’s potential in
this context, as we are dealing with such small scale model sizes. For
benchmarking models with samples dimensions << 12 it becomes difficult
to utilize the framework proposed in Chapter 5; there simply aren’t
enough non-training samples to take robust sample-based estimates.
As such here, we do not take a sample-based approach, and compute
the generalization based on computing the differences between exact
probability distributions.

More specifically, this method consists of training the model on a
finite number of samples from the underlying probability distribution and
evaluating whether it can more closely approximate the true distribution
from this limited training set. Concretely, at the end of the training, one
can compare the overlap between the model and the training distribution
Pryin with the overlap between the model and the true distribution Pryye.
If the model’s encoded distribution is closer to the true distribution than
to the training distribution, one can conclude that the model has indeed
generalized to the true distribution from the training set. Concretely, the
model has generalized if:

K L(Pryue(), Pitoda(2)) <
KL(PTrain(x)a PMOdel(‘r))

We will refer to the term on the left side of the inequality as K L1y and
the term on the right side as K Lyain.

We probe the QNBM’s ability to generalize samples from a superposition
of three univariate Gaussian distributions. The three Gaussian distributions
have means and variances (u, o) of (8,5), (24,12), and (48,7). We take
200 and 300 samples from the underlying distribution to construct two
different training distributions and refer to these distributions as dsyy and

(44)
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dspp respectively. We show the underlying distribution as well as the two
training distributions in Figure 31. Note that K L(Prue(),da) = 3.10
and KL(PTrue(l'), dgoo) = 0.703.
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Fig. 31: The QNBM’s generalization performance on various training distributions sampled
from the ground truth. (a) The ground truth probability distribution Pryue(x). (b) A
training distribution containing 200 samples from the true distributions, defined as dagg. (c) A
training distribution containing 300 samples from the true distributions, defined as dsoo. (d) The
generalization performance for the training distribution dagg. (e) The generalization performance
for the training distribution d3gg. Throughout training, the model gets closer to both the ground
truth and each training distribution, but for the training distribution dzgg, the model’s True
KL (K Lyye) is able to dip below the Training KL K Ly, more consistently, providing more
concrete evidence for generalization.

We train the (5,0,6) QNBM with 2 - 10 iterations and 10* shots per
iteration on each training distribution. We ran the QNBM on each
training distribution over five independent trials with randomly initialized
parameters. Since one typically does not have access to K Lt but
can easily compute K L1y, we report the performance of the model
on the trial with the lowest final K Lty,, and assess the generalization
performance. We provide numerical values from all trials in Tables 10 and
11. In Figure 31, we showcase the model’s training performance on this
trial. The final K Ly, value is achieved by the model when training on
dogp is 0.109, and the corresponding final K Lty value is 1.72. Since the
final K L1 is much larger than the final K Lyy,;,, we cannot conclude
that the model generalizes to the underlying distribution in this instance.
Since the KL between dsyy and the true distribution is 3.10, it is likely that
the training distribution is simply too different from the true distribution
for the model to generalize. In other words, the model likely does not have
enough information to approximate the ground truth well.

In contrast, the optimal final K Ly,;, value achieved by the model
when training on dzy is 0.105, and the corresponding final K Ly, value
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Seed KLTrain KLTrue
11 0.131 0.211
19 0.231 0.294
20 0.440 0.586
70 0.109 1.722
123 | 0.186 0.974

Tab. 10: The final values of KLtyain and KLrpye for each independent training after the
QNBM trains on each training distribution. The final values of K L., and K Lrye
after training on dsgg. Note that the lowest value of K L1y, ever attained is 0.211, and in this
case we still do not have evidence for generalization as K Ltvue > K Lvain.

Seed | KLmvain | KLTrue
11 0.239 0.454
19 0.105 0.085
20 0.560 0.553
70 0.359 0.353
123 0.206 0.176

Tab. 11: The final values of K Lyain and K Lryye after training on dsgg. Note that in four out of
the five independent trainings, the model achieves K Lyye < K Lyain, providing strong evidence
that the QNBM is able to generalise the true distribution when training on dsgg-

is 0.0853. The final KLy, value is less than the K Ly, value by a
margin of 0.0197, indicating that the model is able to generalize to the
underlying distribution. Since dsyy contains more information about the
true distribution than dyg, it is not surprising that the model demonstrates
a stronger propensity for generalization when training on d3qy.

This result suggests that the QNBM is indeed capable of generalizing.
However, a more rigorous study with practical datasets is required to make
stronger claims about the model’s generative capabilities. In addition,
rigorous generalization bounds are required to make any formal claims on
quantum advantage for a particular distribution.

7.4.3 Investigating Implications of Deferred Measurement

The deferred measurement principle states that an unconditioned qubit
can be measured at any point in the computation and it’s probabilistic
outcome will not change [36]. As the RUS non-linearity within the QNBM
maps input qubits to the next layer of output qubits through a mid-
circuit measurement protocol, it is possible to think that this mid-circuit
measurement would provide one with information that can be used to
simulate the probabilities classically. Here, we show that the RUS sub-
routines do not allow us to trivially map this quantum model to a classical
one, whereas a model without RUS sub-circuits containing mid-circuit
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measurements could be mapped to a classical Bayesian network due to
the deferred measurement principle of quantum mechanics.

Suppose we have a QNBM with n layers, where the first £ < n layers are
connected, and we want to connect a neuron in the k + 1’th layer to the
network. The combined state of the first £ layers, the qubit in the £+ 1’th
layer, and the ancilla can be generally written as

2Nk

|¢k+1 ZOQ ‘sz X ‘xz X ‘0>k+1 ® ‘0>a7 (45)

where each |¢;) describes the first & — 1 layers, and each |z;) is a single
bitstring state representing the k' layer. Notice that if the network
terminates at the k' layer, then the probabilities of the various output
bitstrings x; are given by |a;|?. By applying the gates as described in
secd:qnn, we get the pre-measurement state

2Nk

[Vrt1) = Z%‘ |9i) @ i)y, ® (0052 0; |O>k+1 ®|0),

+sin 6; cos 0; |0), ., ® [1), (46)
+sinf; cos0; 1), ® [1),
+sin?6; (1), ©10),),
where §; = (Z?Zkl w;;xj) + b; . If we measure the ancilla and obtain result
zero, then up to normalization the state becomes

2N

[Yrn) = D ) @ [z © (cos” 6:10),, @ [0}, (47)

+sin® 0; 1), @ 0),).

The probability of finding the connected neuron in the zero state and one
state respectively become

B Z2Nk |vi|? cos? 6;
Z2Nk |a;|?(cost ; + sin 9)
B S o L |ai|? cost 6;
Z2Nk |a;|?(cost 0; + sin 9)
Let us compare these expressions to those from a ”linearized” QNBM,

discussed in [34], where quantum neuron sub-routines are simply replaced
with unitary Pauli-Y rotations. If we connect a neuron in the k + 1** layer

(48)

(49)
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to the &' layer of neurons (starting from the same state as before), we
obtain

2Nk
|’¢k+1 (lin Z o |¢Z |'TZ (COS 91 ‘O>k‘+1 +
(50)
sin 92 |1>k+1)’
such that
| 2% |2 cos? 6, <
pllin) _ MZM |xi]” cos = lai’ cos6;, (51)
2 imt |@il*(cos? 0; +sin” 6;)
| 2|0, 12 6in? 6, S
Pl(lm) _ Zzzl ’Oﬁz‘ S0 %% - Z ‘Oéi|2 SiIl2 91 (52)

ZZQ]:VI; |vj|2(cos? 0; + sin? 6;)
Notice that the probabilities are linear combinations of the values |a;|?
which also correspond to output bitstring probabilities if the network was

terminated at layer k. Then the factors of cos?#6; and sin?; correspond to
conditional probabilities. In other words,

2Nk

Piyy = ZP (J]2) P (53)

where P(j]i) means ”probability to find a neuron in the k + 1 layer in
state j, given that the neurons in the k' layer have been found in state
i. The probabilities are P(i) = |ay|?, P(j|i) = cos?*(§;) for j = 0 and
P(j|i) = sin?(6;) for j = 1.

Since we are able to write the probabilities Pi(lm) in this form, sampling
bitstrings from the k + 1" layer of the network is equivalent to the
process of sampling bitstrings from the k' layer, classically calculating
the probabilities for the k+ 1" layer, and then sampling it from those. The
calculation of probabilities and subsequent sampling requires O(FEjx 1)
calculations, where Fj_ ;.1 is the number of edges connecting layers k and
k + 1; therefore, such sampling is efficient. This is true for any pair of
previously connected layers (Eq. 45 describes a completely general QNBM
state), and as such, one can sample efficiently and classically from the
whole network with O(F) calculations, where F is the number of edges in
the whole network.

In fact, this construction is precisely a Bayesian network [136]. Bayesian
networks can be sampled from efficiently, and therefore the ”linearized”
QNBM can be efficiently sampled from as well.
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Clearly the same construction does not work for the non-linear QNBM
as the probabilities for the connected neuron are not linear combinations
of the output probabilities for the layer that precedes it, and so there
are no well-defined ”conditional probabilities”. While of course there
may be other classical models equivalent to the QNBM, we believe the
connection is certainly very non-trivial and not due to the principle of
deferred measurement.

7.5 Summary & Implications

We feel that overall, our work with the QNBM provides further insight as
to how non-linearity, a feature from classical ML, can be used to create
a potentially good quantum generative learner. It additionally provides a
framework for assessing more advanced quantum hardware. Still, some
interesting questions remain for future investigation. While we now know
that the mid-circuit measurement outcomes do not allow us to map the
quantum model to a classical Bayesian one; we can investigate if those
outcomes do provide us with any meaningful information that would help
regularize the optimization. This is especially important if we see that non-
linearity makes the training more unstable. Additionally, we could more
theoretically investigate the inductive bias of the QNBM architecture and
consider what datasets align well with its structure - i.e. what specific
kinds of distributions is this model useful for? Is the non-linearity even
necessary or does it only cause us more training pain at large scales?

Because the model is so structurally close to that of a Bayesian network,
we find it interesting to compare the two. Do the learning problems that
we typically use Bayesian networks for also align well with these quantum
networks? Do the quantum networks exhibit any advantages that are
detectable? As Bayesian networks are useful for modeling cognition, are
these models also useful for for this task [137, 138]7 Does the non-linearity
introduced into quantum circuit structure allow us to model states of
cognition?

Overall, we hope this work sheds more insight as to whether introducing
non-linearity into quantum circuits for generative models is useful. While
it’s more clear that the model requires a quantum device, it is also now less
clear that the model will be stable across general learning tasks at larger
scales. Further evidence is required to make larger claims around whether
this feature of classical ML is important for quantum architectures.
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8 CONCLUSION: DO QUANTUM MODELS MAKE GOOD
GENERATIVE LEARNERS?

As we continue to build quantum technologies that push the limits of
computational power, it is important to consider the role that these devices
could play in learning algorithms. In this thesis, we attempt to answer the
very broad question: do quantum models make good generative learners?
To do this, we showcase evidence from the Refs. [32, 33, 34, 35].

We first define good in the context of quantum generative learners,
provide an evaluation framework, and demonstrate the approach on state-
of-the-art models. This is important to challenge the idea that just because
we have a quantum model that fits into the framework, it can produce
results that are valuable. In the proposed framework, both classical and
quantum generative models can be evaluated against other models for their
quality generalization performance. We note that this is not the only
quantitative method to call a quantum model good; it simply provides
us with a road-map of what we want and how to evaluate it in a more
practical, and less idealized data setting.

Next, we utilize the framework to benchmark the state-of-the-art
quantum generative learner, the Quantum Circuit Born Machine, showing
evidence that it has the potential to be a good generative learner for
practical applications. Lastly, we put forth a novel generative model that
is intentionally designed with a classically-inspired and hardware-aware
approach, and provide a large amount of numerical evidence and some
theoretical support that it has the potential to be a good generative learner.
Note that we use the phrase potential to be in the above statements; this is
because all of our evidence has been conducted at small-scale in comparison
to the size of classical generative networks today. At small-scale, quantum
models are good generative learners. However, for them to be practically
useful with large amounts of data, or outperform classical networks in
some meaningful way, we either need to discover a method to efficiently
train large scale networks, or uncover where the specific, small-scale
models might be valuable.

Other than obvious access limits to high fidelity, large capacity quantum
computers, trainability of general large scale quantum models remains
one of the biggest challenges in the QML field. This is a challenge that
specifically exists for models such as QCBMs, where the ansatz does not
contain an intentional inductive bias towards the dataset. We know high
expressivity can lead to barren plateau phenomena, where gradients of the
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cost exponentially vanish [116]. Emphasizing quantum learning settings
with trainability guarantees, is a prominent area of research in the QML
community. In this setting, one can ask the question: For a given initial
circuit design and optimization method, is the model efficiently trainable?.
There have been many insights from from a trainability perspective that
remain highly useful [116, 118, 139, 117, 140]. For example, we know that
our current methods for training general quantum models will not be more
efficient than classical backpropogation [141]. We also know that models
with pre-trained parameters and local costs can avoid BP phenomenon
(72, 142]. Lastly, there is research focused around the development and
benchmarking of new, efficient optimization schemes for general quantum
learners.

Outside of trainability-focused research, we classify alternative
intentional approaches into three categories as displayed in Figure

32.

Solution-Based

Find a learning setting where quantum can solve the problem and
we have yet to see a classical solution.

Resource-Based

Find a learning setting where quantum can learn a better solution in
fewer resources than classical.

Feature-Based

Find a learning setting where a quantum only feature is intentionally
useful.

Fig. 32: Three approaches to quantum generative research beyond trainability.

It is not surprising that one of the most popular research approach of the
last few years, borrows language and tools from computational complexity
theory to look for quantum learning settings with a built-in computational
speed-up [29, 31, 73, 143, 144, 145, 146]. This algorithmic quantum
advantage approach focuses on demonstrating that a programmable
quantum device can exactly solve a machine learning problem that no
classical computer can solve in any feasible amount of time. We refer
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to this as the solution-oriented approach, which requires one to find a
problem that fits this requirement. A similar approach is resource-oriented,
which typically attempts to find a learning setting where a quantum model
can achieve better performance with fewer resources than classical. Here,
resources can mean anything from amount of training data to the number
of training iterations, or samples. One way to investigate this is to provide
hard constraints for questions such as: Can the model express and learn
target distributions that are classically computationally hard to learn?
[29] and Does the model exhibit a speed-up in sampling complexity for
a specific target distribution? [31, 73]. This method remains incredibly
valuable for discovering a quantum model that can theoretically learn a
class of target distributions outside of classical reach. However, it makes
a lot of assumptions on the datasets and is does not predict trainability
pitfalls in practice. Another way to tackle this resource-based approach
is to ask questions that can be numerically benchmarked such as: For
a gien practical task, can the quantum model generate more valuable
out-of-training data more efficiently than the classical model?. Answering
this question often reveals insights regarding the model’s trainability
failures and specific resource needs (number of training iterations, circuit
depth, etc.) for obtaining high-quality outputs. However, it typically lacks
information regarding resource estimates once scaled.

Lastly, one can utilize a feature-based approach, where one aims to
find a learning setting containing a quantum feature (one that classical
systems do not have - e.g. superposition, entanglement, etc.) that is
useful for learning. This prompts direct investigations of how quantum
features influence learning; more specifically, we can address the potential
utility that results from introducing a circuit model governed by the laws
of quantum mechanics, into a learning problem.

In works that follow this thesis, we find it important to identify and
construct models with inductive biases that arise from an element of
quantum theory [147, 148]. This approach aims to increase our overall
understanding of the potential natural alignments between quantum
models and data structures that would lead to advantage. From this
perspective, one may ask: Does the quantum model contain an inductive
bias that more strongly influences the model towards learning a particular
structure in the dataset?. In classical ML, we have seen models designed
with an inductive bias toward the dataset outperform generic neural
networks - supporting the claim that if you can bake known information
into your model directly, that will exhibit an advantage [149, 150, 151, 152].
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As we continue to investigate the role quantum plays in machine learning,
we believe that it is essential that we understand the useful quantum
specific features of quantum generative models.

We believe this body of evidence is overall positive towards quantum
generative learners being labelled as good, and still we believe the results
prompt further investigations into quantum generative learning. We hope
going forward that other researchers are inspired to think outside of the
box to consider ways in which we can investigate the relationships between
quantum mechanics and generative learning.
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10 APPENDIX
10.1 Appendix Chapter 4
10.1.1 Training Details

Here, we provide additional details on the training process for both the
quantum-inspired and the classical model. The TNBM, whose underlying
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architecture is an MPS, is trained with a DMRG approach [19] with the
negative log-likelihood cost function Equation 3, and the optimization is
performed via Stochastic Gradient Descent with learning rate n = le-2.
The number of parameters for the worst case in the TNBM is 1864 for
our specific model of & = 7. As the bond dimensions for each site are
adjusted throughout training, we see that the TNBM does not reach the
worst case, and instead has a total number of 1152 parameters. The total
number of parameters can be calculated by summing over the squared bond
dimensions at each site, and multiplying by a factor of 2.

In Figure 33, we show the training curves for TNBM with several values
of the bond dimension «, reporting the KL divergence at each training
epoch. Once more, we stress that we can detect trainability issues with
our metrics that are confirmed by the learning curves trends. However,
if we consider models that are successfully trained, we expect that our
metrics should be able to detect the overfitting and underfitting regime
when varying the hyperparameters (e.g. the bond dimension « which
controls the TNBM expressivity).
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KL Divergence
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Fig. 33: TNBM training curves for different bond dimensions. We plot the KL divergence to
monitor the training of the TNBM for bond dimensions « € {3,5,7,9,11}. The typical KL
value is achieved for o = 7 after 100 epochs, thus motivating our choice to utilize this value
for further studies and model comparisons. The inset provides a more detailed view of the loss
curves ordering.

In the case of the GAN, the architecture is set to be a feed-forward
neural network with linear layers. The generator uses a Gaussian prior,
ReLU activation function in the hidden layers and sigmoid cost function in
the output layer. The discriminator uses Leaky ReLU activation function
in all layers, along with a dropout operation before the final layer. The
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optimization is performed via the Adam algorithm [153]. The values of the
hyperparameters are shown in Table 2. The number of total parameters
in the GAN is the sum of the parameters in the discriminator and the
generator. For our specific architecture, the number of parameters is
computed in each layer for the discriminator and generator, respectively.
For our GAN with 1 hidden layer, we have a total of 4181 parameters.

10.1.2 Random Sampling

To better characterize the performance of the generative models under
examination, we compare their generalization capabilities to a simple
baseline: we sample randomly from the search space U, thus collecting
queries to compute the validity metrics, and we compare the results to
the ones associated to the TNBM and the GAN. The metrics’ values are
summarized in Table 12: as expected, both generative models perform
better than random sampling, which suggests that during the training
process the models were indeed able to learn successfully, despite having
different degrees of success. However, the coverage metric in the case
of random sampling seems to be higher than the GAN, and this trend
persists even considering different numbers of queries (). What motivates
this behaviour is the fact that the GAN suffers from mode collapse: its
limited diversity impacts the coverage values, whereas the performance of
random sampling is favoured by its higher diversity capabilities. However,
Figure 34 shows that the GAN (Figure 34a) is able to generate more
samples in the valid space or its vicinity than the random sampler (Figure
34b), thus explaining the higher fidelity of the former as opposed to the
latter.

Metric TNBM GAN Random
E 0.989(0.02%) | 0.995(0.02%) | 0.998(0.013%)
F 0.989(0.03%) | 0.263(0.6%) 0.17(0.50%)
R 0.978(0.03%) | 0.261(0.6%) 0.17(0.50%)
C 0.409(0.15%) | 0.006(1.7%) 0.09(0.48%)

Tab. 12: Pre-generalization and validity-based generalization metrics. We display the average
exploration E and the average (F, R, C) values for each best model run with an average and the
associated relative percentage error across 15 query batches. Both the TNBM and the GAN
achieve better performance than the random sampler for all the different metrics, except for the
GAN coverage as pointed out in the main text.
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Fig. 34: Cardinality distribution for GAN and random sampler. The plots show the percentage
of queries with different cardinalities generated by the GAN (Figure 34a) and by the random
sampler (Figure 34b). We notice that the GAN is able to produce a higher number of queries with
the correct cardinality k = 10 (or its vicinity), thus showing that the training process allowed the
GAN to partially learn the validity pattern in the training dataset. The black line represents the
probability to draw a query with a given cardinality when randomly sampling from the search
space U.

10.1.3 Metrics’ Trends

To further demonstrate the power and stability of our metrics, we provide
additional details regarding how they scale as we vary the number of queries
() generated from the trained model. Specifically, in Figures 35-38, we plot
the values of the validity-based and quality-based generalization metrics
and show that most of them do not change with the number of queries -
except for coverage, as already shown in Figure 9, and for the minimum
value that is displayed in Figure 37. The validity-based trend plots display
the constant behaviour of the metrics for both TNBM and GAN as ()
increases, along with a dashed black line indicating the ideal metrics value
of 1. The quality-based trend plots display the constant behaviour of the
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utility metric for both TNBM and GAN as @) increases, and a decreasing
behaviour for the minimum value as () increases. The latter is the expected
trend: with more queries one has a higher probability of reaching a sample
with a lower cost value. For both of these plots, we include a dashed black
line indicating the training threshold. This data supports our claim that
while our metrics are sample-based, most of them are not dependent on
the number of queries.
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Fig. 35: Fidelity trends for increasing number of queries. The plot displays the constant behaviour
of the fidelity F' for both TNBM (pink) and GAN (green) as we increase the number of queries
Q retrieved from the trained models. The dashed black line shows the ideal metric value of 1.
In both models, the fidelity is independent of the number of generated queries.

We further propose an investigation on the stability of our approach
across various training datasets Drvn. Since a training dataset contains a
subset of samples of size T" drawn from the solution space S, it is possible
to build different datasets from the same problem instance by randomizing
this samples-drawing procedure.

We present the raw data of each of our metrics obtained using 10
distinct datasets built from the same fixed problem instance. Thus, all
the datasets share the same asset universe, cardinality, and seen portion
¢, and they simply differ for the training bitstrings that get sampled from
Pravget(z). Tables 13 - 14 show the results we obtained for the different
pre-generalization condition, validity-based and value-based generalization
metrics across the 10 different datasets, where each line corresponds to
one dataset. We see that the TNBM beats the GAN for all (F,R,C)
values. The relative percentage errors across the datasets for (F, R, C)
values are smaller for the TNBM (0.5%,0.5%,0.5%) than the GAN



10 APPENDIX 110

1.4 - Ideal Value
—o— TNBM
1.2 GAN

10+ ¢ - 7 et I e LRy

0.8

Rate

0.6 -

0.4 -

0.2 -

0.0 T T T T
103 10% 10° 106
Number of Queries

Fig. 36: Rate trends for increasing number of queries. The plot displays the constant behaviour
of the rate R for both TNBM (pink) and GAN (green) as we increase the number of queries @
retrieved from the trained models. The dashed black line shows the ideal metric value of 1. In
both models, the R is independent of the number of generated queries.
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Fig. 37: Minimum Value (MV) trends for increasing number of queries. The plot displays the
decreasing behaviour of the MV metric for both TNBM (pink) and GAN (green) as we increase
the number of queries ) retrieved from the trained models. The dashed black line shows the
minimum value of the training set MV . Note that both models not only produce unseen valid
samples, but also samples with better quality than those in the training set. As we increase @,
both models are more likely to produce a query with a lower cost value, even if the GAN requires
more samples than the TNBM to dip under the threshold.

(13%, 13%, 30%), demonstrating that the TNBM produces more stable
results across datasets. However, both standard deviations are small
enough to show that our metrics produce similar results across various
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Fig. 38: Utility trends for increasing number of queries. The plot displays the constant behaviour
of the utility U for both TNBM (pink) and GAN (green) as we increase the number of queries
@ retrieved from the trained models. The dashed black line shows the threshold value of the
training set U. Both the GAN and TNBM remain under the threshold, independent of the
number of queries.

training data.

For the quality-based metrics, we see that the MV for the TNBM is
always either equal or less than that of the GAN. However, for U, the
TNBM and the GAN trade-off in being the winner. This is not a surprise,
as in Table 5 the TNBM and the GAN produced very similar values for the
utility. The same argument from Section 5.3.5 holds such that both the
TNBM and GAN are able to generate low cost samples. Simply, the TNBM
contains more diversified high quality samples, which is not captured by
the metric U.

An additional analysis on the stability of the different generative models
would be the investigation of their generalization capabilities across
different problem instances, especially the ones characterized by larger
asset universes, e.g. N = 500 (which would correspond to all the assets in
the S&P500 index). We highlight here that our approach is not limited to
the relatively small universe size considered in this work, i.e. N = 20, that
was chosen to allow for a practically feasible comparison with quantum
generative models in the near term.

10.1.4 Supplementary Figures

We include supplementary figures to further demonstrate some of our
results.
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E F R C
0.989 | 0.982 | 0.971 | 0.405
0.989 | 0.978 | 0.968 | 0.406
0.989 | 0.971 | 0.961 | 0.401
0.989 | 0.984 | 0.973 | 0.407
0.989 | 0.983 | 0.973 | 0.406
0.989 | 0.985 | 0.975 | 0.407
0.989 | 0.978 | 0.967 | 0.405
0.989 | 0.977 | 0.967 | 0.404
0.989 | 0.987 | 0.977 | 0.406
0.989 | 0.987 | 0.977 | 0.409

Tab. 13: TNBM pre-generalization and validity-based generalization metrics’ values across
multiple training datasets from the same problem instance. We see that the metrics
have similar values across the 10 datasets under examination with relative percentage errors
(0.5%,0.5%,0.5%) for (F,R,C) values respectively. Thus, our metrics produce similar values
across multiple training datasets, demonstrating that they are independent of the portion of
training samples selected from the valid space.

E F R C
0.999 | 0.249 | 0.249 | 0.0062
0.996 | 0.236 | 0.235 | 0.0062
0.996 | 0.309 | 0.307 | 0.0063
0.998 | 0.233 | 0.233 | 0.0042
0.995 | 0.181 | 0.179 | 0.0049
0.999 | 0.232 | 0.232 | 0.0061
0.997 | 0.274 | 0.274 | 0.0110
0.997 | 0.276 | 0.275 | 0.0071
0.999 | 0.239 | 0.239 | 0.0066
0.994 | 0.251 | 0.249 | 0.0077

Tab. 14: GAN pre-generalization and validity-based generalization metrics’ values across
multiple training datasets from the same problem instance. We see that the metrics
have similar values across the 10 datasets under examination with mean standard deviations
(13%,13%,30%) for (F,R,C) values respectively. Despite not being nearly as stable as the
TNBM, we see that our metrics produce similar values across multiple training datasets,
demonstrating that they independent of the portion of training samples selected from the valid
space.

In Figure 39, we provide a visualization of the GAN quality-based
generalization metrics in analogy to Figure 15. By comparing the two
plots, we can see that both models reach the low-risk section of the
spectrum, but the TNBM samples exhibit more diversity than the GAN
ones.
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U Ur MV MVry
0.1049 | 0.1064 | 0.1017 | 0.1018
0.1049 | 0.1065 | 0.1017 | 0.1034
0.1048 | 0.1067 | 0.1017 | 0.1018
0.1049 | 0.1064 | 0.1017 | 0.1031
0.1047 | 0.1062 | 0.1017 | 0.1033
0.1049 | 0.1065 | 0.1017 | 0.1027
0.1051 | 0.1068 | 0.1017 | 0.1036
0.1049 | 0.1065 | 0.1017 | 0.1029
0.1048 | 0.1064 | 0.1017 | 0.1039
0.1049 | 0.1062 | 0.1017 | 0.1021

Tab. 15: TNBM quality-based metrics’ values across various training datasets from the same
problem instance. The second and last columns display the values for the training set, defined
as the U and the MV computed for the samples in Dryain. We see that the TNBM’s U and MV
is always less than the training threshold. Additionally, the same low MV value that exists in
the fixed problem universe is generated independent of the training set.

U Ur MV MVry
0.1041 | 0.1064 | 0.1032 | 0.1018
0.1040 | 0.1065 | 0.1021 | 0.1034
0.1042 | 0.1067 | 0.1019 | 0.1018
0.1038 | 0.1064 | 0.1019 | 0.1031
0.1029 | 0.1062 | 0.1017 | 0.1033
0.1044 | 0.1065 | 0.1018 | 0.1027
0.1043 | 0.1068 | 0.1028 | 0.1036
0.1048 | 0.1065 | 0.1024 | 0.1029
0.1044 | 0.1064 | 0.1017 | 0.1039
0.1056 | 0.1064 | 0.1038 | 0.1021

Tab. 16: GAN quality-based metrics’ values across various training datasets from the same
problem instance. The second and last columns display the values for the training set, defined
as the U and the MV computed for the samples in Dryain. We see that the GAN’s U is always
less than the training threshold; however, this is not always true for MV, as the GAN has a
lower MV value only 70% of the time.

In Figure 40 we display a comparison of the training stability of TNBM
and all the three GANs considered in this work, showing how good each
of the model is in capturing the correct cardinality pattern encoded in the
dataset. We can detect the higher instability affecting GAN models, as
opposed to the MPS performance, which appears remarkable. We highlight
that even if the TNBM produces only queries with a given cardinality,
similar to the GAN-MC histograms, the quantum-inspired model is not
exhibiting mode collapse onto an unseen and valid bitstring, as the coverage
is not negligible as in the GAN-MC case (see Table 4).
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Fig. 39: Visualization of quality-based metrics for GAN-generated queries. The plot displays
the number of portfolio counts associated to given risk values. The green spikes represent valid
GAN queries, whereas the gray spikes represent the samples from the training set. Note that
for calculating our metrics, we used Q = 10° queries, but the training distribution only contains
1,848 samples, hence the need for normalizing the histograms. Here, we set the utility threshold
to t = 5%. Similar to the TNBM, the model distribution learns the low-risk ‘bias’ encoded in
the training set, and generates more values of low risk. However, unlike the TNBM, the model
frequency counts per query are higher, and the sample diversity is quite low. The queries have
a lower utility (green dashed) than the training set (black dashed), thus meeting the condition
in Equation 31. Ultimately, no matter the query count, we see that the GAN can reach low risk
queries, but simply has less diversity among them in contrast to the TNBM.
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Fig. 40: Cardinality distributions of queries generated by multiple models during
independent trainings. We represent cardinality histograms obtained when taking Q = 10°
queries from three independently trained instances of each model family (TNBM, GAN, GAN-
MC, GAN+). Each plot displays the cardinality distribution of the retrieved queries, along with
the desired cardinality £ = 10. We can see that the three TNBM models generate queries that
always learn accurately the cardinality constraint, whereas the GAN models show less training
stability, which is known to be one of the issues affecting this class of classical generative models.
Specifically, for GAN and GAN+ we see that while each model always produces at least some
valid queries, the centers and tails of the distributions vary greatly for each instance. For GAN-
MC, distinct trainings collapse onto different cardinalities, implying that the model is not always
guaranteed to generate valid queries.



10 APPENDIX

116

10.2 Appendix Chapter 5

We present supplemental data for the results displayed in 6 for both validity
and quality-based generalization performance.

10.2.1 Validity-Based Generalization

Here, we show the metrics’ results for the last training iteration in Figure
16 and for the various € values in Figure 17 in Table 17. All metric values

are averages over o independent trainings, where the error is given by the
standard deviation over the square-root of the number of runs. Similarly,
the average random baseline values with corresponding errors are shown
in Figure 18.

L € F R C D KL Target KLTvain

2 (101 0.28 £ 0.04 0.29 £ 0.04 0.81 +0.04 0.31 +£0.04 1.6 £0.2 3.37+0.07
2 (03| 0.189+0.005 | 0.248 £0.007 | 0.869 = 0.007 | 0.259 £ 0.005 1.46 £0.02 2.578 £ 0.006
2 105 | 0.1524+0.003 | 0.263 £ 0.005 | 0.888 £0.007 | 0.268 £0.004 | 1.418 =0.008 | 2.079 £ 0.008
2 1 0.7 ] 0.092+£0.002 | 0.251 £0.004 | 0.891 £ 0.009 | 0.259 +0.004 | 1.427+0.006 | 1.771 £ 0.006
2 109 | 0.035+0.001 0.27+0.01 0.891 £0.03 | 0.265=+0.002 | 1.403 £0.006 | 1.506 = 0.005
4 101 0.39 +£0.05 0.41 +0.05 0.82 +0.03 0.43 +£0.05 1.4+0.2 2.89 +£0.07
4 103 0.238+0.005 | 0.30040.005 | 0.825£0.009 | 0.328 £ 0.006 1.47£0.02 2.36 £ 0.01
4 105 ] 0.190+0.004 | 0.309£0.004 | 0.863 £ 0.007 | 0.341 £ 0.008 1.33 £0.02 1.587 £ 0.008
4 1 0.7 0.125+0.001 | 0.316 =0.003 | 0.896 = 0.009 | 0.336 = 0.005 | 1.266 £ 0.005 | 1.587 = 0.008
4 109 | 0.047 £ 0.002 0.32+£0.01 0.87 +£0.01 0.344 £0.006 | 1.237+£0.009 | 1.329 £ 0.009
8 |01 0.35+0.03 0.35+0.03 0.74 +£0.03 0.41+0.03 1.6 £0.1 2.48 £0.02
8 | 0.3 | 0.491+£0.007 | 0.546 £0.009 | 0.89£0.01 0.603 £ 0.005 0.86 = 0.03 1.73£0.01
8 |05 0.43 +£0.01 0.57 +£0.01 0.941 £0.004 | 0.62+0.01 0.69 £+ 0.02 1.27 £0.02
8§ [ 07| 031%£0.02 0.57+0.02 | 0.952+0.004 | 0.61=£0.02 0.66 = 0.02 0.98 +0.02
8 0.9 | 0.119 £0.005 0.55 +0.01 0.983 £0.005 | 0.589 £0.009 | 0.662 +0.009 | 0.761 £ 0.009
16 | 0.1 0.32+0.06 0.30 = 0.05 0.71 +£0.02 0.42 4+ 0.05 1.2+0.1 2.07+0.02
16 | 0.3 | 0.64+£0.02 0.67 £ 0.02 0.92+£0.01 0.74 +£0.02 0.61 +£0.05 1.46 £0.02
16 | 0.5 0.61 +0.05 0.69+0.04 | 0.950+0.009 | 0.78£0.04 0.46 £+ 0.06 1.03 £0.04
16 | 0.7 | 0.49+0.02 | 0.708 =0.009 | 0.956 £ 0.005 0.78 £0.01 0.43 +£0.02 0.73 £ 0.02
16 | 0.9 | 0.2240.02 0.65 + 0.02 0.96 +0.01 0.76 +£ 0.02 0.45 +0.03 0.54 +£0.03

Tab. 17: Validity-based generalization values over various circuit depths and training set
sizes. The table lists the average (F,]:?,C') values, along with the precision p and the KL
divergences relative to the target and the training set, across 5 independent trainings with the
associated error for each model. Note that these are all values computed after sampling from the
fully trained model (inax = 10k) when learning the cardinality-constrained target distribution.
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€ F R C P
0.1 0.206 £ 0.002 0.224 +0.002 | 0.906 = 0.003 | 0.225 £ 0.001
0.3 | 0.169 +£0.001 0.225 £ 0.002 | 0.909 = 0.003 | 0.225 £ 0.001
0.5 0.128 £ 0.001 0.228 £0.002 | 0.914 £ 0.003 | 0.225 %+ 0.001
0.7 | 0.0790 £ 0.0007 | 0.222 £0.002 | 0.904 £ 0.005 | 0.225 4 0.001
0.9 | 0.0276 +0.0005 | 0.219+ 0.004 | 0.904 £ 0.007 | 0.225 4+ 0.001

Tab. 18: Random search baselines for the validity-based generalization metrics across various
e values. We show the average (F, R, C’) values alongside the precision p, when no training is
conducted and samples are taken at random. The results are averaged from 5 independent runs,
and displayed with their corresponding standard errors.

10.2.2 Quality-Based Generalization

We show the metrics’ results for each output distribution in Figure 18,
containing different degrees of reweighting. Note that in Table 19 all values
are averages over 15 independent trainings, where their error is given by

the standard deviation over the square-root of the number of runs.

In

Table 20, we show the median score of F + R + C for each distribution,
which directly corresponds to the model outputs displayed in Figure 18.

Distribution F R C P
Uniform 0.74 £0.07 | 0.69 £0.06 | 0.76 £0.02 | 0.77 +0.06
Reweighted T' | 0.74 +0.07 | 0.69 £0.06 | 0.74 £0.02 | 0.77 £+ 0.06
Reweighted 7'/2 | 0.85+0.07 | 0.75+0.05 | 0.59 +0.03 | 0.87 4 0.06

Tab. 19: Average validity-based generalization metrics when training on uniform vs
reweighted Fvens distributions. We show the average (F, R, C’) values, along with the
precision p across 15 independent runs with the associated error for each model. Note that these
are all values computed after sampling from the fully trained model (ipax = 10k).

Distribution F R C P U P. 7
Uniform 0.99 | 0.89 | 0.81 [ 0.99 | —6.88 | 0.008
Reweighted T' 1.0 [ 091 [ 0.79 | 1.0 | —6.96 | 0.008
Reweighted T/2 | 1.0 [ 0.82 [ 0.79 [ 1.0 [ —8.89 [ 0.056

Tab. 20: Median validity-based generalization and quality-based metrics when training on
uniform vs reweighted Evens distributions. We show the median (F, R, C’) values, along
with the precision p for 15 independent runs. Additionally, we show U and P.._7 values that
correspond to the median (F, R, é’) score. Note that these are all values computed after sampling

from the fully trained model (ipax = 10k).

10.3 Appendix Chapter 6
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10.3.1 Training Details

Here, we show the training loss curve that provides the optimal weights and
biases to utilize for our model on the H1 hardware and emulator devices.

10°4 “.\‘V\ BT et are .
10*1 4
@
o
10*2 4
103
(1,0,2)
(2,0,3)
— (3,0,4)
10744
0 100 200 300 400 500

training step

Fig. 41: The KL training curves for all model sizes on the statevector simulator. Here, we
show the convergence of a (1,0,2) (orange), a (2,0,3) (pink), and a (3,0,4) (green) QNBM
algorithm. The parameters utilized for the hardware circuit are taken from the last iteration
step. Consequently, the output probability distribution at the final training step becomes the
target distribution for stress testing the H1 hardware/emulator.
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