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Chapter 1

Introduction

The era of modern quantitative finance began in 1900, when Louise Bachelier de-
veloped a theory of option pricing in his Doctoral thesis, based on the assumption
that stock prices follow a driftless Brownian motion. Although the importance of
this work did not receive immediate recognition outside the mathematical commu-
nity, and continued to be largely ignored by economists for almost half a century, the
early 1950’s saw a surging interest in Louise Bachelier’s thesis, eventually leading to
the seminal works of Samuelson [94] and Black and Scholes [10], which established
an explicit formula for the price of call option based on geometric Brownian motion.
Since then, this approach to option pricing and hedging through finding the expected
value of payoff under a risk neutral measure, called the model-specific approach, has
revolutionised the financial industry and became the dominant paradigm for both
practitioners and researchers in quantitative finance. Accordingly, we refer to it as

the classical approach.

The ability to obtain unique prices and hedging strategies, which is the strength of the
model-specific approach, relies on its primary weakness — the necessity to postulate
a fixed probability measure P giving a full probabilistic description of future market
dynamics. In particular, model mis-specification, a type of risk that arises from this
fundamental weakness, can wreak havoc on a trading business due to the model’s
failure to capture some known risk, or complete ignorance of some unknown risk —
which is almost inevitable and even more dangerous. Realising the shortcomings of
this approach, significant efforts have been made to either generalise this pricing—
hedging framework or to develop new ways of thinking. Such activities reached the
peak in the wake of financial crisis. Among them, there is a growing research interest

in the model-independent approach, a pricing-hedging paradigm which is in stark



contrast to the model specific approach, as it is only “based on assumptions sufficiently
weak to gain universal supportﬂ’. This idea can be traced back to Merton [77] but
was not considered practically relevant at the time, as it produced outputs which

were too imprecise.

In this thesis, we are concerned with a robust approach to pricing and hedging, which
is along the lines of the model-independent approach. In particular, we are interested

in establishing general robust pricing—hedging duality.

1.1 Model-independent approach

The model-independent approach originated from Merton’s seminal contribution [77],
in which a number of results concerning necessary price restrictions on option pricing
formulas were established based on the weak economic assumption that investors
prefer more to less. As one might expect, there is usually no uniquely agreed option
pricing rule among agents and in fact the resulting price bounds of options tend to
be wide. Hence, this ideologically appealing framework always gives way to model-

specific approach.

1973 was a milestone year in both the financial industry and the academic commu-
nity. The Black Scholes model became the Nobel Prize-winning solution of option
pricing problem, and the first listed options exchange opened its doors in Chicago.
At that time, option pricing studies, focusing on call and put options (which were
once considered exotic), were still at a preliminary stage, and the amount of time and
space devoted to the development of a pricing theory was constantly questioned “be-
cause options are specialized and relatively unimportant financial securities?”. Since
then, the financial landscape has transformed dramatically. Within a decade, option
trading had turned itself into a multi-billion industry, with expansion seen from both
the volume and the range of contracts traded. These numbers continue to grow and
according to the estimates of The Wall Street Journal in 2007, global market capital-
isation of the derivatives markets exceeded 450 trillion dollars. Moreover, in contrast
to the time when Merton [77] was examining the model-independent approach, at
present call and put options are very liquidly traded in the market, and the bid-ask

spreads are almost negligible due to high competition among market makers.

Merton [77]



Accordingly, it is becoming increasingly more demanding for a bank to calibrate its
models to European prices, where calibration here refers to the procedure of find-
ing the optimal parameters of a parametric family of measures {P}oco to fit the
observed prices of target instruments. This has very significant implications for the
theory of option pricing and hedging, and the re-examination of the roles European
options play in the pricing and hedging framework has been considered for some
time. As argued by many academic researchers (including Dupire [42, [43] and Hob-
son [60]), liquidly traded European options should be treated as inputs and hedging
instruments, rather than outputs, the receiving end of a pricing-hedging framework.
It has the advantage of reducing the possible universe of no-arbitrage scenarios and
pushes model-independent approaches to produce results which are closer to being
practically relevant. A series of endeavours to putting this idea on a more rigorous
and well-defined footing began when Hobson [60] in his pioneering work considered
an idealised scenario where all European options for a given maturity are available,
and showed in this case how to use the model-independent approach to compute
pricing bounds and hedge strategies for lookback options. Hobson [60] used the ob-
servation in Breeden and Litzenberger [13] that if many (all) European options for
a given maturity trade then this is equivalent to fixing the marginal distribution of
the stock under any equivalent martingale measure (EMM) in a classical setting. As
a result, the option pricing problem could be approached using the Skorokhod em-
bedding techniques, which had been well studied. In particular, if there is a single
stock and we are ready to assume that its associated price process is continuous, then
the pricing problem of any time invariant option is in fact equivalent to a Skorokhod
embedding problem as any continuous martingale is a time change of a Brownian
motion by the Dubins-Schwartz Theorem, see Section 1 of Hobson [59]. Following
this idea, other exotic options were analysed in subsequent works, see Brown et al.
[14], Cox and Wang [27], Cox and Obidj [25]. In these papers, optimal solutions to
the pricing and hedging problems were established and consequently pricing—hedging
duality were shown: the infimum of prices of super-hedging strategies is equal to the
supremum of expectations of the payoff under calibrated martingale measures. Note
that the superhedging property here is understood in a pathwise sense and typically
the optimal strategies involve only buy-and-hold positions in options and simple dy-
namic trading in the underlying. The associated hedging strategies were shown to
perform remarkably well when compared to traditional delta-vega hedging, see Obldj
and Ulmer [84], despite the fact that the resulting no-arbitrage price bounds could

still be too wide even for market making.



These papers above could be seen as studies of particular examples by constructing
pathwise inequalities and solutions to Skorokhod embedding problems that exhibit
some desirable optimality properties. While this approach has proven successful, there
were no systematic ways of studying general pricing-hedging duality and robust ver-
sion of the fundamental theorem of asset pricing (FTAP), until the ground-breaking
work of Beiglbock et al. [6], which re-interpreted the study of upper price bounds on
option as a primal problem related to the martingale optimal transport problem:
Pa(G) = sup Es[G(S))
PeEM
where S denotes the canonical process on R G is an upper-semi continuous payoff
function and M is the set of martingale measures [P starting in a given point sg
and having fixed marginal distribution(s) as fi, which are derived from the option
prices via the Breeden and Litzenberger [13] formula. The dual elements here are
super-hedging strategies of the option payoff, i.e., a static position (a portfolio of call
options) X plus a dynamic hedging strategy (H;);<, such that
n—1
Uy r(S) = X(S)+ > Hj(S)(Sje1—8;) = G(S), VS € Qi={weR 1wy =so},
=0

with the initial cost of financing the operation equal to the cost of establishing the
static position, which we here denote by P(X). The main result of Beiglbock, Henry-
Labordere and Penkner [6] is a general discrete-time pricing-hedging duality as an
analogue of the Kantorovich duality in the optimal transport: for each upper-semi

continuous payoff function G
Ba(G) = Va(G)
where V;(G) is the minimal super-hedging cost (market price) of G, i.e.,

Vi(G) = inf{P(X) : ¥x g > G on 2 for some admissible (X, H)}.

Also in discrete time, Acciaio et al. [I] considered a frictionless market where there is
an arbitrary set of market traded options with prices known at time zero, and obtained
pricing—hedging duality and robust FTAP under significant technical assumptions. In
continuous time, a duality result that is analogous to the one in Beiglbock et al. [6],
was first obtained by Dolinsky and Soner [39], in which they considered a single-
maturity case and assumed the underlying has continuous price paths. Here the

primal elements are martingale measures P on the space of continuous functions and
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the dual elements again consist of a static hedging part X and dynamic hedging

strategy v which has the super-replicating property:
X(S)+ (yoS)r 2 G(S)

where yoS is a well-defined pathwise integral. More recently, Dolinsky and Soner [41]
and Guo et al. [51] enlarged the path space to the Skorokhod space and established a
pricing—hedging duality to include multiple maturities and price processes in higher

dimensions.

1.2 Developments in the model-specific approach

Since the original model of Black and Scholes was invented in 1973, the model-specific
approach to option pricing and hedging has undergone rapid development, mainly
in two directions. On one hand, as explained above, the complexity of financial
markets has been increasing. To be able to calibrate the model to many European
options, the model itself needs to be flexible enough, especially if these European
options have different maturities. This gave rise to the ground-breaking work of
Dupire [43]. By assuming that the underlying price process is a state-dependent
time-inhomogeneous diffusion process and that call options for all possible maturities
and strikes trade, he showed that, under regularity conditions, such a diffusion process
is uniquely determined and hence unique pricing and hedging of options is preserved.
This unique process is often called the local volatility model and has the advantage
of matching the entire implied volatility surface. While appealing at first, it has
been criticised heavily for producing the wrong dynamics for the price process and
hence is not suitable for pricing and hedging exotic options e.g. cliquet options. As a
solution to this, adding stochastic volatility is often considered. Such a generalisation
usually leads to market incompleteness and lack of unique rational warrant prices.
Nevertheless, no-arbitrage pricing and hedging was fully characterised in the body
of works on the Fundamental Theorem of Asset Pricing (FTAP), culminating in the
work of Delbaen and Schachermayer [34]. The feasible prices for a contingent claim
correspond to expectations of the (discounted) payoff under equivalent martingale
measures (EMM) and form an interval. The bounds of the interval are also given by
the super- and sub- hedging prices. Put differently, the supremum of expectations of
the payoff under EMMs is equal to the infimum of prices of super-hedging strategies.
We refer to this fundamental result as the pricing—hedging duality.



The other direction of extension is mainly concerned with model uncertainty, also
called Knightian uncertainty, see Knight [71]. Accordingly, researchers extended
the classical setup to one where many measures {P, : @ € A} are simultaneously
deemed feasible. This can be seen as weakening assumptions and going back from
the model-specific towards model-independent. The pioneering works considered un-
certain volatility, see Lyons [75] and Avellaneda et al. [3]. More recently, a systematic
approach based on quasi-sure analysis was developed with stochastic integration based
on the capacity theory in Denis and Martini [37] and on the aggregation method in
Soner et al. [99].In addition, Galichon et al. [49] applied the methods of stochastic con-
trol to deduce the model-independent prices and hedges, see also Henry-Labordere
et al. [56]. In discrete time a corresponding generalisation of the FTAP and the
pricing—hedging duality was obtained by Bouchard and Nutz [12] and in continuous
time by Biagini et al. [§], see also references therein. We also mention that setups

with frictions, e.g. trading constraints, were considered, see Bayraktar and Zhou [5].

1.3 Robust approach: model-independent approach
with beliefs

In this thesis, we propose a robust approach which interpolates between the model-
specific setting and the model-independent setting, the two ends of the spectrum
considered by Merton [77]. In contrast to the quasi-sure approach, which can be seen
as moving from model-specific towards model-independent by adding more and more
possible scenarios {P, : a € A}, the robust approach subsumes the model-independent
setting. However, instead of starting from a “universally accepted” setting as pro-
posed by Merton [77], inspired by Mykland [78]’s idea of incorporating a prediction
set of paths into pricing and hedging problems, we here design a pricing and hedging
framework which allows the modeller to include modelling beliefs by specifying a set
of paths 8 to be considered. More precisely, the modeller can exclude certain paths
which are deemed impossible from the analysis: the superhedging property is only

required to hold on the remaining set of paths B.

On a philosophical level, we can start with a “universally acceptable” setting, e.g.
weak economic assumptions and path space. We can then consider an intermedi-
ate step: gathering all public information or easily accessible information to form
information space, e.g. when the price processes contain both underlying assets and

derivatives, any possible price path should respect future payoff constraints. The last



step is to include our beliefs by ruling out more and more scenarios as impossible,
see also Cassese [22]. We may proceed in this way until we end up with paths sup-
porting a unique martingale measure, e.g. a geometric Brownian motion, giving us
essentially a model-specific setting. This can be seen as an extreme example of how
the robust approach can connect with the model-specific approach. In this case, they
have the same pricing problem. In contrast, the hedging part, which we emphasise
here, is the key difference between these two approaches. For robust hedging, the
sub- or super-hedging arguments are always required for all the paths which remain
under consideration, and a (strong) arbitrage would be a strategy which makes pos-
itive profit for all remaining paths, see also the recent work of Burzoni et al. [20].
In contrast, the quasi-sure framework is purely probabilistic, leading to probabilistic
(quasi-sure) hedging and different notions of no arbitrage, see Bouchard and Nutz
[12].

1.4 Trading restrictions

In an ideal market, trading can take place at any time, at any volume and at a unique
price without additional costs. This is usually the starting point when considering
pricing and hedging problems. In reality, a market is much more complicated. Not
only trading frequently at high volume results in significant expenses due to trans-
action costs and bid-ask spreads, it is usually not possible to trade freely according
to one’s will as there are all types of trading restrictions imposed on financial assets.
These, among many others, pose extra challenges for practitioners and academic re-
searchers, and to produce results which are closer to being useful, these frictions in
the market ought to be taken into account. In this thesis, with the main focus re-
maining on the case of markets where there are no trading restrictions, we will make
an endeavour to extend the frictionless robust pricing—hedging framework to include

trading restrictions.

Among all types of trading constraints, a ban on short selling has always been the
centre of study due to its popularity among regulators. This is reflected in the fact
that fewer than half of the more than 150 financial exchanges worldwide allow short
selling. In addition, during times of financial crisis, the short-selling ban has been
commonly used by developed economies as a regulatory tool to stabilise markets and
curb speculation. On the other hand, it is often criticised by academic researchers

and some central bankers because of the role it has played in magnifying the decline



of asset prices and creating financial bubbles. The controversy around this ban makes
it particularly interesting to study. In Chapter 3, we will study robust pricing and
hedging under a ban on short selling and provide some insights into the impact of

short selling bans on stocks and derivatives from a robust pricing—hedging perspective.

In a classical pricing-hedging framework, the problem of finding superhedging prices
under various constraints on the set of admissible portfolios has been extensively
studied. Questions of this type arise in Cvitani¢ and Karatzas [28], where convex
constraints in the hedging problem lead to a dual problem where the auxiliary markets
are a modification of the original markets reflecting the trading constraints. In the
special case of markets where participants may not short sell assets, the class of
auxiliary markets corresponds to the class of supermartingale measures. Further
results in this direction were established in Jouini and Kallal [68]; Cvitani¢ et al.
[29]; Pham and Touzi [86]; Pulido [89], among many others. In Cvitani¢ and Karatzas
[28], only deterministic convex constraints were considered. It was later extended by

Follmer and Kramkov [4§] to include general constraints for semi-martingales.

In contrast to the model-specific world, the model-independent approach to pricing
and hedging with frictions is much less studied, even if it has undergone rapid develop-
ment in recent years. Several authors have considered trading constraints in discrete
time, see Fahim and Huang [46]. We also note that a version of pricing-hedging
duality theorem in a discrete-time setting with transactions costs was established in
Dolinsky and Soner [38]. More recently Dolinsky and Soner [40] have extended their

original results to continuous time via an asymptotic approximation.

1.5 An overview of the thesis

The subsequent content in this thesis is concerned with robust fundamental theorem
of asset pricing, pricing-hedging duality and their applications. We will assume that
Q) is a Polish space with d,, being one of the possible metrics that can give rise to
the topology, and F = B is the Borel g-algebra induced by the metric d,,. The
market has d risky asset S := (S®, ..., S@) and a numeraire S (e.g. the money
market account) with the initial price Sy known. All prices are denominated in the
units of the numeraire, so that S = 1. We fix a finite time horizon [0, 7] and a
set I to index the time when trading stocks can take place. Examples of I include
I ={0,1,---,n} and I = [0,7]. In the former, S is traded in discrete time, say
at 0 =Ty < T1 < --- < T,, while in the later S can be traded continuously in



time and we let T, = t for every t € [0,7]. The price process S := (S;)es is a
R?-valued (or R%-valued) process on (€2, Ba). To model the information stream, we
can enrich the financial market by the specification of a o-algebra F and a filtration
F := {Fi}ier C F with the minimum requirement that the process S is F-adapted.
Therefore, a simple model of a financial market is given by the quadruple (2, F,F,S).

In a robust setting, a typical choice of the quadruple (2, F,F,S) is to have €2 be the
canonical space with a fixed starting point, S = (S;)c; be the canonical process and
F = (F7)ter be its natural filtration. In discrete time, Q = {(wp, ..., w,) € (RL)"
wo = So} and in continuous time Q = {w € C([0,T],R%) : wy = sp}, and S is a

canonical process, i.e.:

St . Q%Ri, St(w):wt,tef

The specification of F is related to the set of admissible dynamic hedging strategies.
With Ht(i) denoting the number of S® that we hold at time T}, H := (H,);c; with
H, = (Ht(l), . .,Ht(d)) is a trading strategy, and the wealth process from trading
S according to H is denoted by (H o S). In discrete time, there are no technical
difficulties in defining (H o S) pathwise. Indeed, we simply put

3

d m—1
(HoS)p,) = (HoS)n SIS -8y =Y H - AS Ymel
t=0

t

I
=)

Jj=1

However, in continuous time, to define this integral properly, we need to impose some
regularity condition on the dynamic trading strategy. For example, we might follow
Dolinsky and Soner [39] and consider H that is of finite variation for which, using

integration by parts, for any continuous path S we set

t t
(HoS), = / H,(S)dS, = Hy - S, — Hy - Sy — / S,dH,,
0 0

where the last term on the right hand side is a Stieltjes integral. In either case, we
require H to be measurable and adapted to F. That means trading in S at time ¢
can only be based on information available at time ¢. There are also admissibility
conditions on H, where the exact meaning of admissibility usually depends on the
context and whether there are trading restrictions. For example, in a discrete-time
setting where there is a short selling ban on S, apart from being adapted, H = (H;)ses
also needs to be a nonnegative process, while in continuous time, it is not uncommon
that (H oS) is required to be bounded below by another process or simply uniformly.

Finally, we use A(F) to denote the set of admissible dynamic trading strategies.

9



In addition to S which may include some derivative products that are very liquidly
traded, we assume that there are some other options which may be less liquidly traded
with prices P(X), X € X, known at time zero, are only available for static hedging
(trading at the initial time). These are European derivatives which can be seen as
Fr-measurable R-valued random variables on 2. The set of market options available
for static trading is denoted by X and we assume they are linearly independent and

can be traded frictionlessly so that in particular P is a linear operator on X.

An admissible (semi-static) trading strategy is a pair (X, H) where

X=ao+ Y aX; and H € A(F)
i=1
for some m € N, X; € X and Fy-measurable random variables a; : Q@ — R, ¢ =

0....,m. The total payoff associated to (X, H) is given by
Uyp(w):=X+(HoS)p, (w),

and the cost of following such a trading strategy is equal to the cost of setting up
its static part, i.e., of buying the options at time zero, and is equal to P(X) =
ap+ > v, a;P(X;). We denote the class of admissible (semi-static) trading strategies
by Ax(F).

We also include in our setup modelling beliefs by allowing the specification of a set
of paths B to be considered, i.e., paths we deem feasible and for which the hedging

strategies are required to work.

We call the quadruple (X, P,B, F) of market traded options X, their prices, prediction
set and filtration the robust modelling inputs. The fundamental financial notions
defined in this thesis, e.g. the arbitrage or the super-replication price, are implicitly

relative to these inputs.

One of our aims here is to have a better understanding of arbitrage. There are
various notions of arbitrage but in principle arbitrage opportunities are situations
where it is possible to construct a portfolio (X, H) € Ax(F) with zero initial costs,
i.e., P(X) = 0, such that the final wealth is always nonnegative, i.e., ¥x g(w) > 0 for
all w € Q (or w € P), and shows positive gains in some scenarios, i.e., Uy g(w) > 0
for some w € ). The disagreement among notions of arbitrage usually lies in how
“positive gains in some scenarios” is defined. It is clear that the more w are required

for Wx g to be positive, the stronger is the notion of arbitrage. It is then interesting to
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understand what no-arbitrage condition is equivalent to the existence of a reasonable

pricing system via a calibrated risk-neutral probability measure.

Our prime interest of this thesis is to study the robust pricing-hedging duality problem
in both discrete and continuous time. We always focus on the case that Fq is trivial,
ie., Fo = {@,Q}. Note that in this case, P(X) is a constant and we can define the

(minimal) super-replicating cost of a payoff function G' on P by
Vepp(G) :=inf{P(X) : I(X,H) € Ax(F) such that ¥x 5 > G on B}.

On the other hand, in a market where trading can take place subject to no restriction,
the pricing problem is to find the supremum of the expected value of the derivative’s
payoff over all measures P on P calibrated to (X, P) such that the canonical process
S is an F-martingale. Denoting M x p 3(IF) by the class of such measures, the primal

value or the (maximal) modelling price is defined as

P£7p7m(G) = sup [Ep[G].
PeM e p g (F)
In the presence of portfolio constraints, the classification of the appropriate space
of dual problem is more involved. Analogous to the classical pricing problem under
portfolio constraint, it amounts to finding the supremum of the expected value of
the derivative’s payoff in a class of auxiliary markets, where the auxiliary markets
are a modification of the original markets reflecting the trading constraints. The
special type of constraint that we focus on in this thesis is a short selling ban on the
underlying asset. In this case, the class of auxiliary markets correspond to the class

of supermartingale measures, and hence

P};Pm(G) = sup  Ep[G],
PEM, 1 o (F)

where My po(F) is the class of supermartingale measures P on P calibrated to
(X, P).

Throughout the work, when the filtration F is chosen to be F°, which is the filtra-
tion generated by S, we drop F from any notation which is dependent on filtration.
For example, in this case, we write Ax and Pxpsgp instead of Ax(F) and P};,Pm

respectively.
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1.5.1 Chapter 2: Robust pricing and hedging in discrete time

In this chapter, we consider an abstract discrete-time setting, with the price process
of the risky assets defined on a Polish space. As mentioned above, we assume that the
risky assets, which can include stocks and options, are available for dynamic trading,
and in addition there are some options which can only be traded statically. All the
trading is frictionless. We first review several notions of arbitrage in the model-
independent finance literature. In particular, our focus is on the so called Arbitrage
de la classe §, which is a flexible notion of arbitrage, generated by a class S of
significant sets. It was first introduced by Burzoni et al. [20] in a setting where only
dynamic hedging is allowed, and shown therein that with the flexibility of specifying
S, it can include many notions of arbitrage that already appeared in the literature.
We then discuss another important contribution therein, which is a characterisation
of the existence of a martingale measure through a decomposition of {2 into 2* and
Q)¢ with (2%)° identified as the largest polar set for martingale measures. It is
maximal in the sense that every w € (Q*)E can not be charged by a finitely supported

martingale measure, i.e.
() ={w eQ:P{uw}) =0 VPe M}

where M/ := {P € M : supp(P) is finite}. Following this, we look at a robust
pricing-hedging duality result in Burzoni et al. [18], which states that for any mea-

surable contingent claim G,
Po(G) = Vo (G).

Namely, the minimal capital required for a strategy to superreplicate the contingent
claim on the compliment of the largest polar set (which is hence the maximal sup-
port of martingale measures) is equal to the supremum of the expected value of the

contingent claim over all the martingale measures.

The rest of Chapter 2 is concerned with several important generalisations of the
results from Burzoni et al. [I8, 20]. Firstly, a prediction set 9 is introduced into
the framework of Burzoni et al. [20], and the FTAP and pricing-hedging duality
result from Burzoni et al. [I7] are generalised accordingly. Secondly, static hedging
in options is included in the pricing and hedging framework, which leads to the
consideration of pricing and hedging problem with semi-static strategies. Although

in the absence of static hedging, due to Burzoni et al. [20] [I8] the topic is now well
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understood, in the presence of static hedging, a generalised FTAP and a pricing—
hedging duality theorem are still missing, and our main contribution here is to fill the
gap in the literature. Our results are presented in Sections [2.4] and 2.67

1.5.2 Chapter 3: Robust pricing and hedging under trad-
ing restrictions and the emergence of local martingale
models

In Chapter 2, we considered the robust approach to pricing and hedging in the case
that only finitely many options are available. In this chapter’] we pursue the same
approach but focus on the case that call or put options with different maturities and
all strikes can be traded initially at their market prices. In addition, the underlying
asset S, whose price process is modelled as the canonical process on the canonical
space with a fixed starting point Q = {(wp, ..., w,) € R 1wy = 50}, may be traded
at any time, however there is a no short-selling ban on it. We also allow for inclusion

of robust modelling assumptions by specifying the set of feasible paths.

In Chapter 2, a version of discrete-time robust fundamental theorem of asset pricing is
established when finitely many options are traded statically. However, with infinitely
many call options or put options traded, a different notion of arbitrage is needed. We
borrow the notion of weak free lunch with vanishing risk (WFLVR) from Cox and
Obt6j [25] and show that in the absence of WFLVR, if only call options trade, the
robust pricing—hedging duality is preserved:

Py py(G) = Vypgp(G)  for upper-semi continuous G.

Here primal elements are calibrated super-martingale models. By denoting by MP_K,P,‘JB
the set of such models,
Pypp(G) = sup [Ep[G]

PeMy pog

is the modelling/fundamental price of G. For the super-hedging problem,

Ve pgp(G) =inf{P(X) : Uxy > G on P for some admissible (X, H)}

2The original research presented in Sections and will be published as part of a joint
work in Burzoni et al. [T7].

3The original research presented in this chapter will be published as part of a joint work in Cox
et al. [24].
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is the minimal super-hedging cost (market price) of G, where X is a semi-static
position (a portfolio of options), H is a nonnegative dynamic hedging strategy and

n—1

Uy =X+Y Hij(Sj1—5;)
j=0
In contrast, if only put options are traded a duality gap may appear, i.e., Vy p5(G) >
Py p(G) for some G. This misalignment of market price and modelling price has
rather interesting financial interpretations. This is related to the notion of rational
bubbles in asset pricing and economic literature and suggests that a rational bubble
could arise when market prices of options are misaligned while an arbitrage does
not arise because of trading restriction. Subsequently, embedding the results into a
continuous-time framework, we show that the duality gap can be again interpreted
as a financial bubble and link it to strict local martingales. This provides an intrinsic
justification of strict local martingales as models for financial bubbles arising from a

combination of trading restrictions and current market prices.

1.5.3 Chapter 4: Robust pricing—hedging duality without
options and dynamic programming principle

We shift our focus from discrete time to continuous time. In this chapter, we consider
a very simple market where only stocks are available for trading, and we also assume
that those stocks have continuous price paths and can be traded without frictions. We
work on the canonical space, which is the space of nonnegative continuous functions,
and the stock price process is modelled as the canonical process. In addition,we only

consider the natural filtration, which is the one generated by the price process.

Our first aim is to show an “unconstrained” pricing—hedging duality. In the absence
of options and beliefs, the infimum of the capital needed to superreplicate an option

with payoff G is
inf {x : 3y € A s.t. v superreplicates G — = on Q},
and we denote it by V(G). On the other hand, the robust price for G is given as

P(G) := sup Ep[G(S)],
PeM
where the supremum is taken over all martingale measures for S. It can be shown

that for any bounded and uniformly continuous G



This “unconstrained” duality is proved by a discretisation method which is inspired
by Dolinsky and Soner [39, B38]. The duality result can serve as a crucial building
block for the general pricing-hedging duality that we will establish in Chapter 5 via

a variational approach as in Galichon et al. [49)].

Our second contribution in this chapter is to establish a dynamic programming prin-
ciple (DPP), which relates the time-0 superhedging cost (resp. model price) to any
later time-t supherhedging cost (resp. model price). We prove that looking at the
pricing and the hedging problems on [0, 7] is the same as first looking at the pricing
and the hedging problems on [T3, 7] and then on [0, 7}].

1.5.4 Chapter 5: Robust pricing—hedging duality with op-
tions in continuous time

Following Chapter 4, we consider in this chapter a continuous-time setting where
there are some underlying assets and options available for dynamic trading without
trading constraints, and a further set of European options X, possibly with varying
maturities available for static trading. As before, we assume assets have continuous
price paths and can be traded frictionlessly. Following the philosophy of robust ap-
proach, described in Section [1.3] we first form an information space Z by excluding
those price paths which do not respect future payoff constraints, and then include be-
liefs — a subset of paths 8 C 7 to be considered, by further excluding paths which are
deemed impossible. By assuming a suitable structure for X and existence of market

calibrated models, we obtain an approximated pricing—hedging duality result:

ﬁXﬂam(G) = ‘~/X77;733(G) for uniformly continuous and bounded G .

Here
ﬁx,pm(G) =lim sup Ep[G]
0 PEM?, 5 oy

is the approximated modelling pricing, where MZCP,‘I? is the set of martingale measure
calibrated to (X, P,) subject to a calibration error 7, and ‘N/X,p,qg(G) is the limit of
minimal super-hedging cost of G on an 7 neighbourhood of B as 7 tends to zero. In

particular, when 8 = 7 and X is finite, we can show that

Py p1(G) = Prp1(G) = Vapz(G) = Ve p1(Q).

Moreover, when X is the set of all put options, the pricing problem is connected to the

martingale optimal transport problem and our duality results in this paper include
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the martingale optimal transport duality of Dolinsky and Soner [39] and extend it to
multiple maturities and multiple assets. Furthermore, in this case, under a stronger

assumption on payoff functions and P, we show that

Py psp(G) = Pypp(G) = Vapp(G) = Vapy(G).
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Chapter 2

Robust pricing and hedging in
discrete time

In this chapter, we consider robust pricing and hedging in discrete time, where we
take the idealised assumption on the market that trading financial assets is always
frictionless. First, we discuss the simplest case, that is every financial asset can be
traded discretely at any time without any constraint. Later on, we extend our analysis
to include a finite number of financial derivatives which can only be traded at time
zero. In both cases, the main focuses of our discussion are on a generalised version of

the robust fundamental theorem of asset pricing and the pricing-hedging duality.

Mathematically, an idealised financial market can be simply described by (2, F,F,S),
where € is the event space, S = (S;)}_, is used to model to price process of financial
assets and I is the filtration, which is a mathematical way of modelling the informa-
tion stream on which any investment decision is based. Additionally, the information
stream is always required to contain the price information given by S, or equivalently
S is adapted to F = (F;)},. The way of describing a market through (Q, F,F,S) has

always been the basis of any asset pricing theory.

Among all the studies of asset pricing theory in the risk-neutral framework, the study
of no arbitrage lies in the centre. Although there are many variations in the notions of
arbitrage, conceptually an arbitrage opportunity is a strategy which requires no initial
capital or new funds in succeeding period and can yield, through a combination of
buying and selling financial securities, a positive gain in some circumstances without
a countervailing treat of loss in other circumstances. Such a strategy, if one exists,
represent a plan of generating profit without any risk, and would be exploited by

arbitrageurs who are actively seeking such opportunities and hence can only live for
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a short period. Therefore, a market containing arbitrage opportunities would not be
sustainable and hence cannot be the one in which an economic equilibrium exists.
Such argument can be formalised to form a version of the Fundamental Theorem
of Asset Pricing, which is usually the foundation of any pricing theory. Roughly
speaking, the Fundamental Theorem of Asset Pricing asserts that the absence of a
(suitably defined) arbitrage opportunity is equivalent to the existence of a reasonable

price system, which can be established under some (risk-neutral) probability measure.

The theory was first developed for the case of no static hedging in options. A first
intuition for this equivalence can be traced back to De Finetti for his work on co-
herence and previsions (see De Finetti [33]), while the first systematic approach for
understanding the deep relation among no-arbitrage pricing and risk-neutral pricing
can be found in the work of Ross on Arbitrage Pricing Theory (see e.g. Ross [92], [93])
and further developments in Huberman [62]. Later on in the case of € being a finite
set of events a version of the FTAP was proved in Harrison and Pliska [54] (see also
Harrison and Kreps [53]; Kreps [72]) using geometric arguments and separation in

finite dimensional spaces.

Theorem 2.0.1 (Theorem 2.7 in Harrison and Pliska [54]). Assume € is finite. Let
F be a filtration such that Fy = {@,Q} and F, is the set of all subsets, and S =

(SW ... 'S@) be the price process such that S is adapted to F.
A F-adapted H such that 3 Q € II such that
(HoS),(w)>0Vwe Q and <= Sis an F-martingale under (2.0.1)
(H 08S),(w) > 0 for some w € and Q(w) > 0 Vw € 0
where (H o8S),, := ?:_01 2?21 Ht(j)(Sgi)l — Sﬁj)) = ?:_01 H; - AS;;; and II is the set

of probability measures on 2.

The result above requires no specification of a reference probability measure and hence
fits into the robust framework. However, in the classical setting, when €2 is uncount-
able, then a reference probability measure P is introduced, and is used to define an
arbitrage as an F-adapted trading strategy H with P((H o S),(w) > 0) = 1 and
P((H o S),(w) > 0) > 0. This notion of arbitrage is well known and here we refer to
it as P-Classical Arbitrage. Notice that in the case that €2 is finite, if P is chosen such
that P(w) > 0 for any w € €2, then the left hand side of equivalence above is in fact
absence of P-Classical Arbitrage, and Theorem can be restated as

There is No P-Classical Arbitrage <= 3Q ~ P such that S is a martingale under Q
(2.0.2)
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Later, Dalang et al. [30] extended the FTAP to the case of a general infinite dimen-
sional €2, using measurable selection arguments. However, for a infinite dimensional
), the equivalence between arbitrage in the classical setting and robust setting is lost
since it is well known that on an uncountable dimensional €2 it is impossible to find

a single measure Q such that Q({w}) > 0 for any w € Q.

The classical approach to option pricing and hedging problems gained popularity
after the seminal works of Samuelson [94] and Black and Scholes [10]. Since then, the
use of a reference measure has became a dominant approach across the whole field of
Mathematical Finance, which leads to substantial developments in the no-arbitrage
theory along this direction. We already mentioned above the discrete-time extension
of FTAP in Dalang et al. [30]. In continuous time, no-arbitrage pricing and hedging
was fully characterised in the body of works on the Fundamental Theorem of Asset
Pricing (FTAP), culminating in the work of Delbaen and Schachermayer [34] where
the famous no free lunch with vanishing risk was introduced. In recent years, we also
saw generalisation of the FTAP in both discrete-time and continuous-time to settings
where more than one reference probability measures are considered simultaneously.

See Bouchard and Nutz [12] and Biagini et al. [§], and also references therein.

In contrast, there had been relatively fewer studies of the generalization of
without a reference probability measure, until the recent years which have witnessed
an increasing interest in the robust pricing and hedging. An interesting contribution
to the generalisation was given by Riedel [90], where the existence of a 1p-arbitrage
was studied in a one-period setting. We say a strategy trading H is a 1p-arbitrage if
(HoS)(w) >0forallwe Qand (HoS);(w) > 0 for some w € Q. The idea there
is to replace the use of a reference probability by the use of topology of 2. Under
the assumption that €2 is a Polish space and S is a continuous function of w, it was
shown in Riedel [90] that the absence of 1p-arbitrage is equivalent to the existence
of a martingale measure with full support. Clearly “no 1p-arbitrage” condition is
the strongest that one can assume in the robust framework. Indeed, it was shown in
proposition 17 of Burzoni et al. [20] that the absence of 1p-arbitrage automatically
implies not only the existence of a martingale measure but also the existence of a
martingale measure which has a positive probability on every open set. However,
the inverse implication is not true in general. Even if continuity of S is assumed, in
a multi-period setting, the existence of a martingale measure with full support can

only guarantee the absence of the so called open arbitrage but not 1p-arbitrage, see
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section 4.1 and section 6 in Burzoni et al. [20] for counterexamples and explanation

of open arbitrage.

In fact, before Riedel [90], some stronger notions of arbitrage were already suggested
and considered by other authors. Among them, perhaps the most popular one is the
model-independent arbitrage, which is also called robust strong arbitrage here. It is
defined as a portfolio H such that (H o S),(w) > 0 for all w € Q. In particular,
in contrast to 1p-arbitrage, model-independent arbitrage has been mainly studied in
the settings where there are some vanilla options available for static hedging, and the
aims of the research are usually to derive no-arbitrage conditions on the prices of these
vanilla options and the implications of these additional options on robust pricing—
hedging bounds, see Davis and Hobson [31], Cox and Obldj [25], Acciaio et al. [1] and
the references therein. In spite of the differences of settings and research focuses, many
of the implications of the results from those papers shall be universal, considering
that in a one-period setup, there is no difference between dynamic and static hedging
in options. In those papers, the results usually state that under some conditions
concerning either the initial prices of the options or the existence of some “special
” options, absence of model-independent arbitrage is equivalent to the existence of
a market calibrated martingale measure. However, as shown in Davis and Hobson
[31], for the case of a market with a finite collection of call options, if the call options
fail to satisfy some conditions on the initial prices, then there might be situations
where there is no market calibrated martingale measure, but at the same time model-
independent arbitrage is also impossible E| In fact, it was pointed out by the authors
that in this case for every reference probability P, P-Classical Arbitrage exists, but the
trading strategy which can realize it depends on P and it is not possible to aggregate
them when considering canonical filtration. In more financial terms, it is the exact
situation where every agent agrees that certain inefficiencies exist in the market but
they cannot agree on the trading strategies to realize the arbitrage opportunities.
On the other hand, in a canonical setup, it was shown in Acciaio et al. [I] that when
there is an option with convex and superlinear payoff in the market, the existence of a

market calibrated model is equivalent to the absence of model-independent arbitrage.

We just reviewed two extreme notions of arbitrage in the robust framework: 1p-

arbitrage and model-independent arbitrage. On one hand, 1p-arbitrage is too weak

!The model-independent arbitrage defined in Davis and Hobson [31] and Cox and Obtdj [25] is
required to be uniform in outcomes and hence in fact slightly stronger than the model-independent
arbitrage defined in Acciaio et al. [T] and here. To distinguish it from model-independent arbitrage
defined here, we call it robust uniformly strong arbitrage.
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in the sense that the absence of 1p-arbitrage is too strong to assume for the existence
of a martingale measure, even for the existence of a martingale measure with full sup-
port. On the other hand, model-independent arbitrage is too strong, which can be
reflected on the fact that the absence of model-independent arbitrage cannot guaran-
tee the existence of a martingale measure in general. However, for different notions of
arbitrage, including the two aforementioned, specific analysis can be applied to show
that the no arbitrage condition is equivalent to the existence of a market calibrated
model under a suitably chosen setting, in spite of the fact that the equivalence might
fail in a different setting. This peculiar phenomenon seems to suggest that in general

there is still a lack of fundamental understanding of arbitrage in our ways of thinking.

In the absence of static hedging, this phenomenon was noted and rigorously exam-
ined in Burzoni et al. [20] with many examples and new insights into the topic. In
addition, the authors provided a new way of understanding arbitrage. The novelty
there is to require a specification of subsets of the event space on which a positive
gain everywhere is deemed significant. Then with the specification of significant sets,
arbitrage is defined as a strategy H such that (H oS),, > 0 and there exists a signifi-
cant set such that (H oS),, > 0 on it. The definition of arbitrage there is relative to
the significant sets and has great flexibility. As shown in Burzoni et al. [20], many
existing notions of arbitrage are nothing but special cases corresponding to different
choices of significant sets, and the main result in the paper states the equivalence of
absence of arbitrage with respected to a properly enlarged filtration is equivalent to
the existence of martingale measures such that none of the significant sets are polar

sets for the martingale measures.

The enlargement of filtration there is both technical and important. It is somewhat
technical as the filtration is only “slightly” enlarged so that the set of pricing models
— martingale measures with respect to the canonical or the enlarged filtration, stays
unchanged. At the same time, it plays a very crucial role in allowing the arbitrage
strategies which only work on parts of €2 to be aggregated into a single strategy,
while as explained before, it is not always possible to do that when the filtration
is canonical. To define an enlargement of filtration, it could be done by first defin-
ing an multifunction H denominated Universal Arbitrage Aggregator, whose task as
suggested by its name is to capture all the inefficiencies of the market. Then the
filtration could be enlarged progressively with respect to H and hence H is adapted

to the enlarged one.
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One of the important implications of the FTAP in Burzoni et al. [20] is that the
possible significant sets which can guarantee the absence of arbitrage relative to them
is determined by the class of polar sets for the martingale measures. In Burzoni
et al. [20], the maximal M-polar set was also studied. The complement of it is the
maximal support of M and is denoted by *. As shown in the subsequent paper
Burzoni et al. [18], this set is very important for studying the pricing—hedging duality
problem — a problem that is often closely related to the FTAP. For an introduction
to the pricing—hedging duality problem, we refer the reader to Chapter 1. In Burzoni
et al. [18], instead of considering superhedging on the whole space €, superhedging is
only required on 2*. In this case, the main result states that in the absence of static
hedging there is a pricing—hedging duality for any general measurable payoff function
G. In addition, the minimal superhedging cost could be attained by some optimal
strategy. Moreover, a dynamic programming principle for the pricing and hedging

problems was implicitly shown, despite not being explicitly stated.

It is not unusual to consider superhedging not on the whole space € but on a subset
of it, as can be found in Mykland [78], Beiglbock et al. [7], Nadtochiy and Obldj [79],
Hou and Obl6j [61] and Spoida [I00]. However the motivations there are different. In
those papers, the consideration of a subset 3 is to incorporate agent’s beliefs into the
robust framework. Through specifying the set S C 2 of “possible paths”, i.e., paths
the agent deems feasible and for which the hedging strategies are required to work,
the maximal support of the plausible models is specified. The same consideration
could also be taken in the framework of Burzoni et al. [20] and Burzoni et al. [18]. In
fact, when the prediction set ¥ C (2 is analytic, like in the case of no beliefs, 8 can
be decomposed into PB* and (&B*)E, with 3* being the maximal support of martingale
measures which are supported on . P* has the natural financial interpretation as
the efficient beliefs, since, using their previous results, it could be shown that among

all the subset of %3 it is the largest one on which there is no Ip-arbitrage opportunityP}

In this Chapter, we have two objectives. First, we give a detailed review of the existing
notions of arbitrage and the results in Burzoni et al. [20]. We shall also see how a
prediction set 8 could be incorporated into the framework of Burzoni et al. [20]. In
particular, a generalised version of FTAP and a pricing—hedging duality result will
be discussed in details. Our second objective is to fill a gap in the current literature.

Although in the absence of static hedging, due to the contributions of Burzoni et al.

2The generalisation of the FTAP and pricing-hedging duality result from Burzoni et al. [I7]
Burzoni et al. [20] to include a prediction set is recently discussed in Burzoni et al. [I9]. The results
will be published as part of a joint work in Burzoni et al. [I7].
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[20, 18] the topic is well understood, in the presence of static hedging, a generalised

FTAP and a pricing-hedging duality theorem are still missing. These are developed
in Sections [2.4 and 2.6

This chapter is organised as follows. Section discusses the general robust frame-
work in discrete time. Sections [2.2| reviews the existing notions of arbitrage in the
literature. In particular, it includes a discussion of Arbitrage de la classe S which was
introduced in Burzoni et al. [20]. Section [2.3|specialises to robust FTAP and pricing—
hedging duality without static hedging in the presence of prediction set, which is an
extension of the results in Burzoni et al. [18]. Subsequently Sections [2.4|and [2.5|focus
on the contribution that we made — extend the FTAP and pricing-hedging duality
theorem to the case that a finite number of options are allowed for static hedging.
Section [2.6]is devoted to FTAP and pricing-hedging duality theorem in the case that
an arbitrary number of options are allowed for static hedging. Several proofs are

relegated to Section [2.7]

2.1 Market setup

Our setting is largely similar to Burzoni et al. [20] but we adopt different notation for
consistency with other chapters. We consider a financial market with d risky asset
S = (SW, ..., S@) and a numeraire S (e.g. the money market account). All prices
are denominated in the units of the numeraire. In particular, S© = 1. We assume
initially that S is traded discretely in time at 0 =Ty < Th < Ty < ... < T, =T
with the initial price Sy known. Here, instead of having €2 as the canonical space and
the prices of risky assets as the canonical process, we consider a more general and
abstract setting, where the space €2 is Polish with d,,, being one of the metrics that can
give rise to the topology, Bq be the Borel o-algebra induced by d,,, and S = (S;)?,
is a Ri-valued process on (£2,Bg). In order to model the information stream, we
shall then enrich the financial market by specifying a o-algebra F and a filtration
F:= {F}7, C F with the requirement that the process S := (S;)}, is F-adapted.
In particular, the requirement is the same as that F is larger than F* := {Fo}n ) —
the natural filtration generated by S. Later, we shall see that in some situations it is
crucial to consider a filtration F that is strictly larger than FS. Therefore, a simple
financial market is modelled by the quadruple (Q2, F,F.S).

3The original research presented in Sections and will be published as part of a joint
work in Burzoni et al. [I7].
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In the model independence literature, a popular choice of the quadruple (2, F,F,S)
to study the pricing and hedging problem, which can be found in [I} 46; 24] among
many others, is to have ) as the canonical space with a fixed starting point 2 =

{(wo, - -, wy) € (RL)™ 1wy = 50} and S = (S;)7, being the canonical process, i.e.,
St : Q= RL, Sy(wo,wi, .-y wn) =wy, t=0,...,7,

with F = (F2)"_, being its natural filtration.

The specification of F is often related to the set of admissible dynamic hedging.
With Ht(i) denoting the number of S® that we hold at time T}, H := (H,)}~, with
H, = (Ht(l), ce Ht(d)) yields a capital gain from trading S by

n—1 d n—1
(HoS), = Z Z Ht(J)(SEi)l - Sl(t])) = Z Hy - ASpyy.
t=0 j=1 t=0

We require H to be adapted to F. That means trading in S can only take into
account information available to us up-to-date. Finally, we use A(FF) to denote the

set of admissible dynamic trading strategies.

In addition to S, which may include some derivative products that are liquidly traded,
we assume that there are some other options which may be less liquidly traded with
prices P(X), X € X, known at time zero, which are only available for static hedging
(trading at the initial time). These are European derivatives which can be seen as
Fr-measurable R-valued random variables on 2. The set of market options available
for static trading is denoted by X and we assume they are linearly independent and

can be traded frictionlessly so that as discussed before P is a linear operator on X.
An admissible (semi-static) trading strategy is a pair (X, H) where
X =ag+ ZaiXi and H € A(F)
i=1
for some m € N, X; € X and Fy-measurable random variables a; : 2 — R, ¢ =
0....,m. The total payoff associated to (X, H) is given by

Uy p(w):=X(w)+ (HoS),(w),

and the cost of following such a trading strategy is equal to the cost of setting up
its static part, i.e., of buying the options at time zero, and is equal to P(X) =
ap+ > v, a;P(X;). We denote the class of admissible (semi-static) trading strategies

by .A)((F)
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We also incorporate beliefs into the robust framework through specifying the predic-
tion set P C (), i.e., paths we deem feasible and for which the hedging strategies are

required to work.

We call the quadruple (X, P, B, F) of market traded options X, their prices, prediction
set and filtration, the robust modelling inputs. To present the existing notions of
arbitrage in literature and results in Burzoni et al. [I8, 20], we shall rewrite them in

our notations defined below, which are implicitly relative to these inputs.

Definition 2.1.1. In the case that Fj is trivial, the superreplication cost of a deriva-
tive given by a payoff function G : 0 — R, denoted by V}(F’Pm(G), is the smallest
initial capital required to finance an admissible semi-static trading strategy which

superreplicates G for every path in ‘B, i.e.,

Vipp(G) = inf {P(X) : (X, H) € Ax(F) 5.t Ux(w) > G(w) Vo € P .

In the case that Fy is trivial, P(X) is a constant and hence V 5 5(G) is well defined.
However, it is not straightforward to extend the definition to non-trivial Fy. Also,
there had also been very little discussion of the superreplication cost in the robust
framework, until the recent paper Aksamit et al. [2], where a general framework to
express the superhedging and market model prices for an initially enlarged filtration
was established. The motivation there is to study the informed agent problem and the
framework allows quantification of the value of new information. In this chapter, for
the superhedging problem, we shall focus on the case that Fq is trivial and hence we
refrain from introducing the general framework to define the superreplication cost of a
derivative when Fj is non-trivial. Our aim is to understand when a pricing—hedging
duality holds, i.e., when the superreplication price can be computed through the

supremum of expectations of the payoff over a suitable class of probabilistic models.

Definition 2.1.2. We let IT be the set of all probability measures on (2, F) and for
any 3 C () define

M(F):= {QeIl| S is an F-martingale under Q},
My(F) = {QeM(F) | QF) =1},
Mupy(F)i=  {Q € My(F) | BglX] = P(X) VX € X},
I .=  {Q eI |supp(Q) is finite},
M (F):=  M(F)n1l’,
MY(F) = My(F) T,
My pp(F) = Mapg(F)NI,
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where the support of P € II is defined by supp(P) = ([{C € F | C closed,
P(C) = 1}. For any Iy C II, the family of Ilp-polar sets is given by N (Ily) :=
{NCAeF | QA =0VQ eIy}

2.2 Arbitrage

We first present a series of notions of arbitrage which have been in use in the literature.
They were introduced by various researchers in different settings. Many were actually
written in settings where there are no options or static hedging in options is not
considered, while here all of them are defined relative to the input (X, P,3, F). From

this perspective, our definitions could be seen as natural generalisations.

Definition 2.2.1.

1. (X,H) € Ax(F) is a robust uniformly strong arbitrage (RUSA) if Je > 0 such
that
\I’X7H(CU)—P(X)>E VwG‘B.

2. (X, H) € Ax(F) is a robust strong arbitrage (RSA) or model-independent arbi-
trage if
\IJX,H<W) — P(X) >0 VYwe ;B

3. (X, H) € Ax(F) is a robust np-arbitrage if
\IIX’H(w) — P(X) > 0 VYwe (B
and ¥ ;NP has at least n elements, where ¢y ,; = {w € Q| ¥x gy(w) > P(X)}.

4. We say that there is a weak free lunch with vanishing risk (WFLVR) if there exist
trading strategies (X, Hy) € Ax(F) and (X, H) € Ax(F) such that ¥y, , — 0
pointwise on B, limg P(Xy) is well defined with lim; P(Xy;) < 0 and ¥y, g, >

\I/XJ.].

Remark 2.2.2. When B = Q, A robust strong arbitrage is often called as a model-
independent arbitrage; see Davis and Hobson [31], Cox and Obldj [25] and Burzoni
et al. [20, 18]. Note that these papers did not consider a path restriction through a
prediction set, as we do here. Hence we here refer the model-independent arbitrage
to the robust strong arbitrage in the absence of prediction set. WFLVR is another

notion of arbitrage that appeared in the literature before. It, alongside with various
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others weaker notions of arbitrage, was introduced mainly to study the pricing and
hedging problem when there are infinitely many call or put options, see Cox and
Obldj [25] and Cox et al. [24].

From the definition it is clear that RUSA is also a RSA. In general, robust uniformly
strong arbitrage and robust strong arbitrage are two different notions. We illustrate

this with two (motivating) examples, where we assume that 2 is the canonical space.

Example 2.2.3. Consider n =1, B ={s € Q: s =1, sy > 1}, Fy is trivial and no

options are traded.

We know for any Hy > 0,
H()(Sl — 80) >0 on q3,

and this yields a robust strong arbitrage. However, it is also straightforward to see

that there exist no robust uniformly strong arbitrages on ‘.

Example 2.2.4. Consider n = 1, B = Q, Fy is trivial and X = {f(S;)} with
P(f(S1)) = 0, where f : R, — (0,00) is a given positive function such that
lim, o f(z) = 0 and lim,_,, f(z) = 0.

Then in this case, it is straightforward to see that (f(S1),0) € Ax is a RSA. However,
there is no RUSA as for any Hy € R, and a € R,

lim (af(s1) 4+ Ho(s1 — so)) < limoaf(sl) =0.

s1—0 S1—

2.2.1 Arbitrage de la classe S.
Recall from above that
w;_(,H = {CL) € Q ’ \IJX,H(CL)) > O}

Let S be a class of measurable subsets of €2 such that @ ¢ S.

Since, loosely speaking, an arbitrage opportunity is a a riskless portfolio which yields
a positive profit in some circumstances (denoted by w;& ), without a countervailing
treat of loss in other circumstances. In order to formally describe this economic
principle we need to specify the meaning of a “riskless portfolio”and that of a “true

gain”. While, in a robust setup, the former can be naturally considered as a strategy
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whose returns are nonnegative in any state of the world (i.e., Vw € B), the meaning
of a true gain can be more subjective and depend on agents’ personal feelings and

opinions. This is exactly the role that we attribute to S.

Definition 2.2.5 ( Burzoni et al. [20] ). A trading strategy (X, H) € Ax(F) is an
Arbitrage de la classe S if

o Uy py(w)>0Vw e Q (i.e. never loses);

e 1)} ; contains a set in S (i.e. on a significant set).

2.2.2 Fundamental theorem of asset pricing without static
hedging

Recall that F® := {FF}"_, is the natural filtration generated by S.

Through the rest of the chapter, instead of considering general F, we will only focus
on the case that F = FS.

For ease of notation, without specifying filtration explicitly, objects which depend on
the filtration are all with respect to F, for example we write M = M(F) , My =
My (F) and A = A(F).

We now present the connection between the absence of arbitrage de la classe S and
the existence of a martingale measure with nice properties. It is clear from the
definition that the absence of 1p-arbitrage is the strongest condition that one can
assume in this robust framework. In fact, it has been shown in Proposition 17 of
Burzoni et al. [20] that this no arbitrage condition not only implies there exists a
martingale measure but also guarantee the existence of a martingale measure with
full support. On the other hand we are interested in characterising those markets

which can exhibit 1p-arbitrages but nevertheless admit a martingale measure.

In a one-period setting, 1p-arbitrage has been studied in Riedel [90] and connection
between the absence of 1p-arbitrage and the existence of martingale measures has
been established. In a multi-period setting, while it is not difficult to show that the
absence of 1p-arbitrage implies M # &, as we shall see from the following example,

the converse is not true in general:
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Example 2.2.6. Consider a one-period market with three assets and let S be the

canonical process on (2, where

Q={we R*? :w=(1,0,0),
(1) @) _ B _ (0
wy’ 20, w” = ﬂ{wg)zg,}a Wi = (W = 3); - Leswsalt
It described the situation where there are three assets: The first one is a stock. The
second one is a digital option which pays off when the stock exceeds 3 and the third
one has the same payoff as a portfolio which consists of a long position in a call option
with strike 3 and a short position in a digital option which pays off when the stock

exceeds 2.

One immediately sees that in this example M # @&. For one who believes that Sgl) >
3, Long one unit of the second asset (i.e., H' = (0,1,0)) is the arbitrage strategy
that can realise a profit if their belief proves to be true. In fact H' - (S; —S;) > 0 on
), and therefore there exists a 1p-arbitrage for this market. It is also interesting to
notice that for those who believe that 2 < Sg) < 3, they just need to short one unit
of the third asset and long any amount of the second asset (i.e., H?> = (0,a,—1)).
However, for whichever a they choose, H? - (S; — Sg) becomes negative when Sgl) is

sufficiently large.

Therefore, with the canonical filtration FS, H' and H? cannot be aggregated into one.
This reflects on the disagreement of the arbitrage strategies among agents, which is
similar in spirit to the example [ studied in Davis and Hobson [31] that lead to what

was called weak arbitrage.

These situations are managed in Burzoni et al. [20] with the enlargement of the
original filtration. Generally it is shown in Burzoni et al. [20] that it is both necessary
and convenient to adopt a filtration enlargement of F, with respect to which the
class of martingale measures remained “unchanged”. Such filtration enlargement has

properties defined below.

Definition 2.2.7. We say that a filtration F is an arbitrage aggregating enlargement
of F, in which case we write M(F) < M(F), if F C F and the following are satisfied

e the restriction of any Q € M(F) to F, belongs to M (F);

4The example there is in addition to a stock there are two call options with different strikes but
traded at the same initial price which is strictly positive. In this example, robust strong arbitrage
is shown to be impossible but model dependent arbitrage always exists.
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e any Q € M(F) can be uniquely extended to an element of M (F).

The way to progressively enlarge the filtration of F by adding a special process H was
considered in Burzoni et al. [20], ic. the enlarged filtration F = {F,}7, is given by
Fo:=F Vo Hy,...,Hy), te{0,....,n—1
Foi=Fovolts o ted J (2.2.1)
.Fn : :.Fn\/O'(Hl,...,anl).
The process H that was introduced and constructed there was called the Univer-
sal Arbitrage Aggregator, which is a process of multifunctions that exploit all the

inefficiencies of the market with the following property: (H -S) > 0 with
+ _ +\C
wH - (Q ) )

where ()¢ is the largest M (F)-polar set in the sense that every w € (Q*)¢ can not

be charged by a finitely supported martingale measure, i.e.
) ={w eQ:P{uw*}) =0 VPe M}

where M7/ := {P € M : supp(P) is finite}. In particular, it has been shown in Bur-
zoni et al. [20] that F is an arbitrage aggregating filtration enlargement (see Definition
2.2.7). Moreover, it is clear that H is adapted to the enlarged filtration F. Finally,
we have the framework for the formulation of the Fundamental Theorem of Asset

Pricing in Burzoni et al. [20].

Theorem 2.2.8 ( Theorem 1..2 in Burzoni et al. [20] ). No Arbitrage de la classe S
in .A(]f’) < M(F) # @ and N (M(F)) does not contain sets of S.

In this context an arbitrage opportunity is not anymore a strategy which is directly
implementable but it is, more properly, a situation where different agents (represented
by different probabilities P) agree that there is an opportunity for a risk-free profit

but, nevertheless, may disagree on how to achieve it.

Note that Theorem [2.2.8] shows that all the possible choices for S can be studied
simultaneously and this is reflected in the properties of the class of M (F)-polar sets
N(M(F)). The maximal M-polar set have been studied in [20] and denoted by Q*.
This set is very important for Superhedging Duality Theory that we present in the

next section.
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2.3 Robust FTAP and pricing—hedging duality with-
out static hedging in the presence of prediction
set

In the previous section, we discussed the use of an arbitrage aggregating filtration
enlargement F and the so-called Universal Arbitrage Aggregator which is a set-valued
f—adapted stochastic process which allows to characterise those markets which can
exhibit 1p-arbitrages but nevertheless admit martingale measures. In particular, for
the extreme case of S = {2}, Theorem asserts that the absence of model-
independent arbitrage is equivalent to {2 not being an M-polar set, which simply
reduces to M # &, i.e.,

No A(F)-robust strong arbitrage < M(F) # .

Analogously, we might consider the cases of & = {8}, where P is a subset of Q.
The motivation of such consideration is to add agents’ beliefs into the framework via
B, which is a selection of paths that is deemed feasible paths. In this section, we
are interested in generalising the aforementioned characterisation to 3 and establish
the connection between robust strong arbitrage on 3 and the existence of martingale
measures supported on . Moreover, by giving a geometric decomposition of % into
P* and (‘B*)C with P* being the maximal support of Mg(IF), we provide a pricing-
hedging duality with superhedging required on 33*.

In this section and the following, we will make use of F4, the sigma algebra generated
by analytic sets of (2, Bq) (see [36] Chapter III). Also define FM := {FM},.; as

Fl= () FVNOFD. (2.3.1)

PeMg, ¢ (F5)

We also want to extend the definition of arbitrage aggregating filtration enlargement
in Definition to depend on input (X, P,R).

Definition 2.3.1. We say that a filtration G is a (X, P,B)-arbitrage aggregating
enlargement of F, in which case we write My pp(G) S My pg(F), if F C G and

the following are satisfied
e the restriction of any Qe Mxp3(G) to F, belongs to My pp(F);
o any Q € My py(F) can be uniquely extended to an element of My p.5(G).
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Remark 2.3.2. Consider two filtrations F' and F? satisfying FS C F! C F? C FM.
Then any Q € My p3(F') can be uniquely extended to a measure Qe My p o (F?);
viceversa, for any Q € My p(F?), the restriction @‘Fl belongs to My p g (F'). Since
in this Chapter we only consider such filtrations, with a slight abuse of notation, we
will write My pp(F') = My pyp(F?) = My pg, and analogously for va,P,ma and
Mg and ./\/lf;3 (when there are no options to statically trade).

2.3.1 Efficient Belief 3" and Universal Arbitrage Aggregator

The main results in Burzoni et al. [20] concerns the Polish space 2 rather than a sub-
set of it, but nevertheless the main technical tools there are for a generic analytically
measurable set 3. Therefore, to decompose B into P* and (‘]3*)'3 and construct a
Universal Arbitrage Aggregator, it is recently shown that the same tools and proce-
dures could be applied with only small modificationg’] In the following, we shall give
a review of the techniques used to construct 8* and a Universal Arbitrage Aggregator

which has positive gains on (*)C.

For technical reasons, we will make use of the filtration F4 := (F)", where F
is the sigma algebra generated by the analytic sets of (Q, F°) (see Dellacherie and
Meyer [36] Chapter III). Clearly, F¥ C F4.

Lemma 2.3.3 (Lemma 3.1 in Burzoni et al. [17]). Fixany ¢t € {1,...,n}and ' € FA.
There exist an index 8 € {0,...,d}, random vectors H',... H? € L(Q, FA;R9),
FA-measurable sets E°, ..., E? such that the sets B' := E'NT,i=0,...,03, form a
partition of I' satisfying:

1.if f>0andi=1,...,8 then: B* # @&; H' - AS;(w) > 0 for all w € B and
H'- ASy(w) >0 for all w € U]_,B7 U B
2. VH € L(Q, FA;RY) s.t. H-AS, >0 on B° we have H - AS, = 0 on B°.

Remark 2.3.4. Clearly if 8 = 0 then B® = T' (which include the trivial case I' = &).
Notice also that for any I' € F4 and t = {1,...,n} we have that H* = H"" B’ =
B, 3 = I depend explicitly on ¢ and T.

°The generalisation of the FTAP and pricing-hedging duality result from Burzoni et al. [20]
Burzoni et al. [I8] to include a prediction set is recently discussed in Burzoni et al. [I9]. The results
will be published as part of a joint work in Burzoni et al. [I7].
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Define
B = B
B
Y= P\JB, te{l...,n}
i=1

where B} := BT B = AL are the sets and index constructed in Lemma with
' =99, for 1 <t < n. Note that we can iteratively apply Lemma [2.3.3 at time ¢t — 1

since I' = B, is FA-measurable.

Corollary 2.3.5 ( Corollary in Burzoni et al. [17] ). For any t € {1,...,n}, B € FA
and @ € Mgy we have U B is a subset of a Q-nullset. In particular U™ B! is an
Mg polar set.

We set
P = Po. (2.3.2)

The proposition below provides a geometric decomposition of 3 in two parts, P =
P U (*)C, which is an generalisation of Q = Q* U (Q*)¢. The set 98* contains those
events w supported by martingale measures, namely, for any of those w it is possible
to construct a martingale measure (even with finite support) that assigns a positive
probability to it. Therefore, it could be interpreted as the efficient version of ¢ and
here we call it the efficient beliefs. Observe that such a decomposition is induced by

S and it is determined prior to arbitrage considerations.

Proposition 2.3.6 (Lemma 3.8 in Burzoni et al. [I7]). We have the following

My #£ 2 =P # 0 = ManIl/ = M|, £ 2.

If My # @ then for any w, € B* there exists Q € M{B such that Q({w.}) > 0.

A version of the Universal Arbitrage Aggregator can also be constructed from Bf’mt

and Hf’mt provided by Remark [2.3.4]

Definition 2.3.7. We call (a selection of) the Universal Arbitrage Aggregator the

process

Bt
Hy 1 (w) = Z HP (w)le,qst (w) (2.3.3)
i=1
for t € {1,...,T}, where H B B, are provided by Remark .
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Remark 2.3.8. Observe that from Lemma item [I] Wy (w) > 0 for all w € P
and Wy (w) > 0 for all w € (P*)E. Also note that by construction we have that H, is
FA-measurable for every t € {0,...,n — 1}

The strategy H := (H,)"= is adapted to the enlarged filtration F = {F,}", given by

F = FAVo(Hy,...,H), te{0,....,n—1},

~ (2.3.4)
.FT = f:l\/O'(Ho,...,anl).

It is straight forward to see that it follows from Corollary m that F is an arbitrage
aggregating enlargement of F. (See Definition for the definition of arbitrage

aggregating enlargement. )

We now provide the version of the fundamental theorem of asset pricing in this frame-

work with no static hedging.

Theorem 2.3.9 (General FTAP). Let 8 € FA. Then, there exists a filtration F
such that FS C F C FM and

No A(ﬁ)—robust strong arbitrage & My # @ & M;i; #+ .

Furthermore, for any w € 3, there exists Q € ./\/lé;3 such that Q({w}) > 0 if and only
if w € P*. In particular,

No 1p-Arbitrage on 2 in A(F) < B* = P.

2.3.2 Pricing—hedging duality without static hedging

Let g be a contingent claim, e.g., an Asian option or a lookback option. We say that

a particular strategy H superreplicates g on 3 with initial capital = if
r+Vg(w) > g(w) Vw € B. (2.3.5)

If superhedging is required for every w € 3, then there might be a duality gap
for some measurable function g, meaning the infimum z over all B-superreplicating
strategies is strictly larger than the supremum of expectation of g over all Q € M.
Examples could be found in section 4 of Burzoni et al. [I8], where the authors studied
model-independent pricing and hedging without beliefs (i.e., B = Q) and argued that
to recover exact pricing-hedging duality for any measurable function g one needs to
relax the requirement of to hold on the smaller set Q2* C 2. To demonstrate

the issue of superhedging everywhere, we give another simple example below:
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Example 2.3.10. Consider a canonical setup. Let Q = {w € R} : wy = 1} be
the canonical space, S = (Sg,S;,S3) be the canonical map and F be the canonical

filtration. Suppose g : {2 — R is a contingent claim defined by

g(w) = Ta(w),

where A = {w; = 0 and wy > 0}.

Note that A is an M-polar set. In fact, ()% = A. Hence Py = supgem Eglg] = 0.
However, to be able to superreplicate g, we need Hy > 0 otherwise the loss can be
unbounded since the path space is unbounded from above. Also H; is a constant on
the Fi-atom {w € Q : w = 0}. Hence no matter how large H; is, by choosing an
w € A such that wy > 0 is small enough, we show that it is necessary to require an

initial capital equal to 1. Therefore, we conclude that Vo (g) > Pa(g) = 0.

The causes of the duality gap are not a single factor but multiple. On one hand,
superhedging is required everywhere while we know the option pays off only on im-
possible events (i.e., w € (%)), On the other hand, the payoff function g here has no
desirable continuity property around the boundary between 2 and ¥, which makes
the cost to hedge those impossible events considerable. We also notice that the filtra-
tion can also play a part here. For example, the duality gap could disappear if instead

we use a technical filtration even larger than the arbitrage aggregating enlargement
of F given by (2.2.1). For example we can build an H by hand: Hy = 0 and

Hy(w) =) 27"14,(w),
neL
where A, = {w € Q : w; =0, wy € (2",2""!]}. Note that Uy (w) > g(w). In a non-
canonical setup, there are even more factors that potentially affect the appearance of
duality gap. But nevertheless, a version of pricing—hedging duality result also requires

a delicate tradeoff among many factors including those we already mentioned above.

In Burzoni et al. [I§], a version of the pricing—hedging duality theorem is established
where the authors relax the superhedging requirement to be on €, instead of €2 and
consider the universal filtration. In this formulation, they demonstrate that there
is always a pricing—hedging duality for any measurable claim and the value of the

superhedging problem could be attained by some strategy.

The same procedure could be applied to 8 and a generalised pricing-hedging duality

theorem was then shown in Burzoni et al. [17].
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Theorem 2.3.11. Let B € F* be an analytic subset of (2, Bg). We have that P*,
defined in (2.3.2)) belongs to F4, and for any g € £(Q, F4; R)

Vi (9) = Py(g) = sup Eqlg]. (2.3.6)
QeM;
with Vi« (g) = inf {z € R | 3H € A(F*) such that z + (H o S),(w) > g(w) Yw € P*}.
In particular, the LHS is attained by some strategy H € A(F4).

Remark 2.3.12. Another by product of the result is a dynamic programming prin-
ciple for the pricing and hedging problems.

2.4 Robust FTAP and pricing—hedging duality with
semi-static strategies for finitely many options

In this section’, we present our contribution to the literature, that is to extend the
results in the last section to allow for static trading in a finite number of options. We
fix an arbitrary analytic set of paths ¥ C 2, where (2 is a Polish space. Note that
B* defined in is analytic (by Theorem . We now add to the previous
market &k options X = (X, ..., X}) and assume without loss of generality that they
have zero initial cost, i.e., P(X;) = 0 for any ¢ < k. We also assume that each X;
is F“4-measurable, superreplicable and subreplicable on %, i.e., Vip=(X;) < oo and
Vs (—X;) < co. Define h- X = Y% h;X;, h € RF. Recall from Definition [2.1.2
that

which are the market calibrated models with finite support. Define
T = {w € P |3Q € M,y (F) s.t. Q) > o} C P, (2.4.1)

We have by definition that for every Q € Mﬁ;’Pm(F) the support satisfies supp(Q) C
Pr. Recall from Definition that Vx p s, (9), the superhedging price of g on P%,
is defined by

inf {P(X) | IX, H) € Ax(F4) s.t. Uy y(w) > g(w) Yw € Pi },

6The original research presented in Sections and will be published as part of a joint
work in Burzoni et al. [I7].
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which is also equivalent to

inf{z € R|3(h, H) € R¥ x A(F4) s.t. 2 + (H 0 S),(w) + h - X(w) > g(w) Yw € P }.
(2.4.2)

We first present the robust FTAP on B C 2 with semi-static strategies. The technical
details needed to establish it will be deferred to Section 2.5

Theorem 2.4.1 (Robust FTAP on 8 C Q, Theorem 2.3 in Burzoni et al. [I7]). Fix
P € FA and X a finite set of statically traded options. Then, there exists a filtration
F such that FS C F C FM and

No Ax-robust strong arbitrage on P <= My pq # 0 < P4 # 0.

Further, 9% € F* and there exists an Arbitrage Aggregator (o, H*) € Ax(F) such
that o* - X + (H* 0 S)7 > 0 on P.

Proof. 1t follows from Theorem and Remark below. O

Theorem 2.4.2. Let f C Q, P € FA and X be the vector of statically traded
options. Suppose /\/lgmpﬂ3 # & and

maX{ng;( (Xj), Vsp}(—X])} < 00, Vj < k. (243)
Then, for any F“-measurable g,

Vaps(9) = Prpyp(g) = sup  Eg[g] (2.4.4)
QEM ooy

and, if finite, the left hand side is attained by some strategy (X, H) € Ax(F4).
Moreover, if g satisfies Vo: (9) < oo then the result holds also without assuming

2-4.3).

Proof. See Section [2.7.1] O

Remark 2.4.3. In fact, when (2.4.3) is not satisfied, if g is F*4-measurable and
satisfies that Vip: (9) < oo, then the pricing-hedging duality in (2.3.6) would still

hold, and moreover the superhedging cost Vi p g+ (g) is attained by some strategy
(X, H) € Ax(F4).
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Remark 2.4.4 (On the structure of the proofs and analyticity of % ). We provide
a detailed description of the logical flow of the proofs in Section 2.7 We point out
only that showing 3% € F* is involved. The case without options follows from the
construction and is given in Lemma [2.3.6, However, in the case with options, we
first establish Theorem [2.4.2] assuming this property which allows us then to deduce
Proposition in which 3% = B which belongs by assumption to F4. Only this
in turn allows us to establish in Lemma that in all cases % € FA. This then
completes the proof of Theorem in the general setting.

2.5 FTAP with semi-static strategies for finitely
many options

In this section, we focus on the case where
max{ Vg (X;), Vg (= X;)} <0, Vj <k

Proposition 2.5.1. Suppose B € FA. Then there is no Ip-arbitrage on P with
respect to F4 if and only if P = L%

Proposition 2.5.2. Suppose P € F4 and X is not perfectly replicable on 3. Then
absence of 1p-arbitrage on B with respect to F* is equivalent to the existence of an
¢ > 0 such that M£(7P+fm # @ for any ¥ € B.(0), where B.(0) is a uniform ball
around 0 with radius € and P + Z denotes the pricing system on Lin(X’) such that

Proof of Propositions|2.5.1] and [2.5.2.

We first prove Proposition [2.5.1]

“«<" is clear since, by definition in (2.4.1), we can take a martingale measure which
assigns a positive probability to w on which the 1p-arbitrage has strictly positive
payoff leading to a contradiction. We prove “=" by iteration on number of options
used for static trading. No 1p-arbitrage using dynamic trading and X in particular
means that there is no 1p-arbitrage using only dynamic trading which, from Theorem
implies that P = P* and hence for any w € P there exists Q € /\/lg;} such that
Q({w}) > 0. Note also that if, for some j < k, X is replicable on * by dynamic
trading in S then Eg[X;] = 0 for every Q € J\/l?;3 With no loss of generality we
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assume that (X7i,..., X},) is a vector of non-replicable options on B* with k; < k.
We now apply Theorem [2.3.11 to X; and argue that

mq = mln{Vsp* (Xl), Vsp*<—X1)} > 0.

Indeed, if m; < 0 then we would have a robust strong arbitrage and if m; = 0,
since superhedging price is attained, in order to avoid 1p-arbitrage we have to have
X, = (HoS), on P for some H € A(F*), which is a contradiction since X; is not
replicable. This shows that m; > 0 which in turn implies there exist Q;, Qs € M%
such that Eg,[X;] > 0 and Eg,[X;] < 0. Then, for any Q € M{;}, there exist
a,B,v€0,1], a+ B+~ =1 and Eyg,+80,++0[X1] = 0. Thus, for any w € P* there
exists Q € M/ such that Q({w}) > 0. In particular, Piy , = P and we may

{XI}J’,‘B
apply Theorem to P and X;. Define now

By absence of robust strong arbitrage we necessarily have m;; > 0 for every j =
2,... k. Let je I, ={j=2,...,k | my; =0}, by no 1p-arbitrage, we have perfect
replication of X; using semi-static strategies with X; on B and in consequence for any
Qe M{Xl},P,m we have Eg[X;] = 0 for all j € I,. We may discard these options and,
up to re-numbering, assume that (X, ..., X},) is a vector of the remaining options,
non-replicable on B with semi-static trading in Xy, with ks < k. If ks > 2, my9 >0
by Theorem and absence of 1p-arbitrage using arguments as above. Hence,
there exist Qq, Qs € M{Xl},P,‘B such that Eq,[Xs] > 0 and Eg,[Xs] < 0. As above,
this implies that m? X1,X} = ‘43?)(1} = P. We can iterate the above arguments and

the procedure ends after at most k& steps showing B% = B as required.
We now prove Proposition [2.5.2

Write X_; = (Xq,..., X; 1, Xi41, ..., Xi). We now suppose there is no 1p-arbitrage
on P with respect to F4. In this case, we know from above that = P* = P%.

Indeed, when X" is not perfectly replicable on 3, we have

€ 1= min{VXﬁ’pm* (Xj), VX,J‘,P,‘I?*(_X])} >0 Vj=1,...,k,
which by Theorem [2.4.2] implies for any 7 = 1,...,k, there exist @Sf) and Q(_j) €
M.{Y_]-,’P,‘,B* such that EQEg) [Xj] = 6/2 and EQ(E) [X]] = —6/2 Take e = minlgigk{ej}/Qn

and fix any 7 € B.(0). Let QU) = Q(j) if x; > 0 and Q(,j) otherwise. It is clear that

n

Z |2;1QY + (1 - Z |z;)Q® e Mﬁ’,?ﬂz‘m’
j=1 j=1
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where Q) is any element in MfX,Pm' Therefore MQ’P Laqp 7 @ forany 7 € B(0).
The other direction is obvious. Therefore we have the equivalence as required.

]

Definition 2.5.3. A pathspace partition scheme R(a®, H*) of B is a collection of
trading strategies H',..., H? € A(FA) , Universal Arbitrage Aggregator HC, ... H?,
a',...,a? € RF, for some 5 =0,...,k, such that

(i) of, 1 <4 < 3, are linearly independent,

(ii) for any ¢ < 3,
(HioS),+ ;- X >0on A},
where Ag =P, A; ;== {(H'0S), +a'- X =0} N A;_; and A} is the set P* in
(2.3.2) with P = A; for 1 <i < 5,

(iif) for any ¢ = 0,...,, H' is the Universal Arbitrage Aggregator, as defined in
(2.3.3]) substituting B with A;,

(iv) if B < k, then either A} = &, or for any a € R¥ orthonormal to the plane
spanned by o', ..., a®, there do not exist H such that

(HoS), +a-X >0on Aj.

We note that as defined in (i) above, each A; € F* so that A in (iii) is well
defined. The purpose of a pathspace partition scheme is to iteratively split subsets of
pathspace on which a robust strong arbitarge strategy can be identified. For existence
of a calibrated martingale measure it will be crucial to see whether this procedure

exhausts the pathspace or not.

Definition 2.5.4. A pathspace partition scheme R(a®, H*) is successful if A} # @.

Note that if a partition scheme is successful then there are no lp-arbitrage on Aj.
When 8 < k this follows from (iv) in Definition and in the case of § = k this
follows from Theorem 2.4.1]

Lemma 2.5.5. For any R(a*, H®), Al = &B’faj.ijSi} for any i < 3. Moreover, if
R(a®, H®) is successful, then A% = P
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Proof. If P* = @, then the claim holds trivially. We now assume B* # &, fix
R(a®, H*) and prove the claim by induction on i. For simplicity of notation, let
LBr o= {oixjeiy- We have Aj = B§ = P* by definition. Suppose now A} ;, =
Pr , for some ¢ < B. Then, by definition, P; C P; , = A; ,. Further, since
(H;08),+a"-X >0 on A ;| with strict inequality outside of A;, it follows that
Pr C A;. Finally, from the properties of Universal Arbitrage Aggregator, we also
have P C A;. For the reverse inclusion consider w € Aj \ B;. By definition of A}
and Theorem [2.3.9|, there exists Q € Mﬁz with Q({w}) > 0. Since on A?, all options

ol - ®, 1 < j <i, are perfectly replicated, it follows that Q € M{aj.XZjSi}’Pm so that
w € P

Suppose now R(a®, H*) is successful. In the case § = k, ‘B3 = Aj by the above.
Suppose 3 < k so that the above shows P53 C Pjs = Aj. Observe that A € FA
by construction and Theorem and there is no 1p-arbitrage on Aj. Then, by
Proposition , we have Py = Aj as required. ]

Remark 2.5.6. The above lemma implies relative uniqueness of R(a®, H®) in the
sense that either every R(a®, H®) is not successful or all R(a®, H®) are successful and
then A} = P%. It follows also from Theorem [2.3.11] that A} = ‘B*{‘aj@:jgi} belongs
to FA for any ¢ < 8. In particular, if Mﬁ(,@gp # @ then P in (2.4.1)) is in F* and

assumptions of Theorem [2.4.2] are satisfied.

Definition 2.5.7. Given a pathspace partition scheme we define the Universal Ar-

bitrage Aggregator as

B B B
(a®, H*) = (Z(o/ X)L, > H'lg + ZHilAi\A;) ,
i=1 i=1 0=1
with (a®, H*) = (0, H'1pg-) if 3 = 0. To make the above Universal Arbitrage
Aggregator adapted we need to enlarge the filtration. We therefore introduce the
arbitrage aggregating filtration F given by
Fo=FAV{ Ao, Ay, Ap, YV o(HY, .. Hy, .. HY . HY) t<n,

Fo=FAV{Ag Ay, Ag, A5y Vo(HY, ... HY,...,H) ... H ).

n

(2.5.1)

Remark 2.5.8. It follows trivially from Lemma that F defined in (2.5.1) is a
(X, P,B)-arbitrage aggregating filtration enlargement of F.

Theorem 2.5.9 (Robust FTAP on 8 C Q). Let P € FA, R(a®, H*) be a pathspace
partition scheme and F be given by ([2.5.1)). Then the following are equivalent:
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1. R(a®, H*®) is successful.
2. Moy #2.

3. M)(’pm %+ @,

4. No Ay (F)-robust strong arbitrage on .

If the above hold then in particular the assumptions of Theorem [2.4.2] are satisfied
and the pricing-hedging duality (2.3.6) holds.

Proof. By remark A% =B and hence & follows by definition of €23 in
. = is obvious. To show = , observe that under Q € MfX,P,‘B’
expectation of Wy y for any semi-static trading strategy (X, H) € Ayx(F) is zero
which excludes the possibility of existence of a robust strong arbitrage. Finally, for
= , note that since, for any 1 < i < 3, (H'0oS), +a'- X > 0on A;_; \ 4;
the selection of the Universal Arbitrage Aggregator, defined in Definition m, (cf.
Remark [2.3.8]) satisfies

B
> (H'oS),+a'- X+ (HoS), >0 on (43"
i=1
The hypothesis implies therefore that A} is non-empty and hence the pathspace
partition scheme is successful. We note that by Lemma [2.5.5, % = A3 € F4 and

the assumptions of Theorem [2.4.2] are satisfied.

]

2.6 Superhedging and FTAP for arbitrarily many
options

In this section, we want to recover and extend the main result in Acciaio et al. [1I] and
possibly extend it to a non-canonical setting. Fix an arbitrary set of paths 8 C €,
P € FA, where 2 is the enveloping Polish space. Recall that, by Theorem , Pty
defined in belongs to FA and we assume it is non trivial. Here we allow for
the possibility of static trading in options whose payoffs X;, i € I, are F“-measurable
functions, where I here is an index set (which can be uncountable). These options
are traded at time ¢ = 0 and, since the payoffs can be shifted by a constant, without

loss of generality, we may assume that all these options have zero initial prices.
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Given any X C X := {X,}ic; and a o-algebra G, we let Lin(X)(G) denote the set of

finite linear combinations of elements of X , l.e.

Lin(X)(G) = {Z%Xi :m €N, a; is G-measurable, X; € f\?}

i=1
Therefore, an admissible (semi-static) trading strategy is a pair (X, H) where
X € Lin(®)(F7) and H € A(FA).

The total payoff associated to (X, H) is given by X +(H oS),,, and the cost of following
such a trading strategy is equal to the cost of setting up its static part, which is zero.

We denote the class of admissible (semi-static) trading strategies by Ax(F4).

Assumption 2.6.1. In this section, we assume all the options X; are continuous

derivatives on the underlying assets S, more precisely

X; =¢g;0S for some continuous g; : Rix(nﬂ) —+R, i€l

In addition, we assume 0 € I and Xy = ¢o(S,) for a convex super-linear function gg

on R, such that the other options have a slower growth at infinity:

m 9:(2) =0, Viel/{0}, wherem(xg,...,x,) = igo(xt).

|z| =00 m(T)

The presence of X has the effect of restricting non-trivial considerations to a com-
pact set of values for S and then then continuity of X; allows to aggregate different
arbitrages without enlarging the filtration. This results in the following special case
of the Robust Fundamental Theorem of Asset Pricing. Denote by M xpryp i={Q¢€
My, pop | Eg[Xi] = 0fori € I\ {0}}, where we write Xy = {X,} and the closure
is in the weak sense. Consider F = {j-:t}te[, the enlarged filtration given in (2.3.4)).
We have the following series of results concerning Robust Fundamental Theorem of
Asset Pricing. First, we look at the case that only the option with the super-linear

payoft is traded for static hedging.

Proposition 2.6.2. Consider B € F# is such that P = PB*, Vip-(Xo) > 0 and there
exists an w* € P such that Sp(w*) = S;(w*) = ... = S,(w*). Then the following are

equivalent:

(1) There is no robust uniformly strong arbitrage on B in Ay, (F):
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(2) There is no robust strong arbitrage on B in Ax, (F);
(3) Mxypyp # 2.

where we write Xy = {Xo}. Moreover, when any of these holds, for any upper semi-

continuous g : Rix(nﬂ) — R that satisfies

9+ ()
|z|s00 m(T)

—0, (2.6.1)

where m(xo, ..., z,) = Y 1 go(z:), the following pricing-hedging duality holds:

Vi (08) = s Folg®) = sw  Elg®)  (262)
QEMxy,pp QeMxy, Py

We now turn to the general case.

Theorem 2.6.3. Under Assumption and conditions of Proposition [2.6.2] if in

addition we assume that the set of laws of S under measures Q € My, py is a closed

n+1)

subset of the space of probability measures on ]Rix( in the weak topology, then

the following are equivalent:

(1) There is no robust uniformly strong arbitrage on B in Ay (]f‘ );
(2) There is no robust strong arbitrage on 3 in AX(I?‘);

(3) Mapy # @

Moreover, when any of these holds, for any upper semi-continuous g : Rix(nﬂ) - R
that satisfies (2.6.1)), the following pricing duality holds:

Vaps(9(S)) = sup  Eglg(S)]. (2.6.3)
QeMx px

Remark 2.6.4. The set of laws of S under measure Q € M, Xo,P.p 1s a closed subset

dx(n+1)

of the space of probability measures on R in the weak topology, as soon as we

assume that S is continuous with respect to w.

Proof of Proposition [2.6.3,
(3) = (2) and (2) = (1) are obvious.

Step 1. To show (1) implies (3). We suppose there is no robust uniformly strong
arbitrage on B in Ay, (F). We now apply Theorem [2.3.11| to Xy = {X,} and argue
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that Vig«(—Xo) > 0. Indeed, if Vig- (—X,) < 0, since the superhedging price is attained
and P = P*, there exist H € F4 and x < 0 such that

x4+ (HoS),(w) > —Xy, YweP

which is clearly a robust uniformly strong arbitrage on 3.

Step 2. We first consider the case that that Vi-(—Xo) > 0. By Theorem
2.3.11} SUPge Eg[—Xo] = Vg-(—Xo) > 0. Similarly, due to the assumption that
Vip-(Xo) > 0, inf@erg
bound formed by SUPgef, Eg[Xo] and inf@e/\/tg; Eg[Xol, ie.,

Eg[—Xo] < 0. Hence, we have 0 is in the interior of the price

sup Eg|Xp] >0 and inf Eg|Xg] < 0.
QGM% Q[ 0] QGM%; Q[ 0] (2.6.4)

Therefore we know M{VOPW # &. Moreover, for any w € P* and Q € /\/l?); such
that Q({w}) > 0, we can find Q € M;/J; and a € [0, 1] such that E g, _4)a[Xo] = 0.

Hence it is straightforward to see that in this case B5, = ‘B*.

The remaining case is Vig«(—Xo) = 0. In this case, by considering the w* such
that sp = Sp(w*) = S;(w*) = ... = S, (w*), we can rule out the possibility that
go(s0) < 0 as super-relicating — X would require an initial capital of at least —go(so)
and it contradicts Vig-(—Xo) = 0. We now look at the two sub-cases: go(so) = 0 or
go(so) > 0. In the former case, it is obvious that the Dirac measure ,« € Mon,P,‘B and
hence MonP,‘B # &. For the later, we are going to argue that it is impossible. Indeed,
if go(so) > 0, note that by convexity of go, for any I € 0,1,...,n— 1, go(S,(w)) —
S gh(Sic1(w)) (Si (w) — Si_l(w)> > go(Si(w)) for any w € B, where g} here is the

right derivative of gy. In particular, when [ = 0,

—go(s0) — Zg()(SH(w)) (Sz‘(w) - SH(W) > —go(Su(w))) Vw €,

which is a robust uniformly strong arbitrage on B. It is a clear contradiction to our

assumption.

Step 3. We now show the pricing-hedging duality (2.6.2]) for any ¢ that is mea-

surable and bounded. Again, we need to consider the two cases: Vi«(—Xj) > 0 or

Vg (—Xo) = 0. For the former, we know from Step 1 that % = B*. Therefore, it

follows from Remark that for any g that is measurable and bounded from above,
Vapyp-(9(S)) =  sup  Eqg[g(S)].

QeMx,, P,y
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In the later case, note that it follows from Step 1 that go(sg) = 0, where sg = Sp(w*) =
Si(w*) = ... =8, (w*) for some w* € P. In fact, due to the strict convexity of go, for
any Q € /\/lX P the law of S,, under any Q is just the Dirac measure d(y,, . 4,) on
Rix ("1 " Otherwise, by Jensen’s inequality, Eg[—90(Sn)] > —g0(Eg[S,]) = 0, and it
would contradict Vap-(—Xo) = 0 as Vo (—Xo) > supgeum,, Eg[—Xo] > 0. Therefore,
we have

sup  Eq[g(S)] = g(s0,- -, 50).
QeMy,y, P,
On the other hand, it is possible to super-replicate g with any initial capital larger

than g(so, ..., S0). To see this, note that by convexity of go,

Zgo si—1)(8i — si-1) > go(s0) = 0,

for any s = (so,...,s,) € Rix (n+D) , with a strict inequality for any s € Rdx(nﬂ) such

that s is not a constant path, i.e., s; # sg for some i € {0,...,n}. In fact, it is
bounded away from 0 outside any small ball of (sq,...,s). Hence, due to the upper

semi-continuity and boundedness of g, for any € > 0, there exists a sufficiently large

K such that
g(s0,--- )+6+K{go Zgo i1 ( (w) Si_l(w))} > g(S(w)) Yw e P~

Therefore, Vy, py+(9) < g(so,...,S0) = SUPQer, g Eglg(S)]. The reverse inequal-
ity is easy and hence we obtain Vi, py-(g) = supge s Eglg] as required.
X0, PP

Step 4. It remains to argue that the duality still holds true for any g that is upper
semi-continuous and satisfies . We first argue that any upper semi-continuous
g : Rix(nﬂ) — R, satisfying , can be super-replicated on B* by a strategy
involving dynamic trading in S, static hedging in gy and cash. Define a synthetic
option with payoff m : Rix(nﬂ) — R by

n n

o, wn) = D {golen) = 3 ghlwi) (i~ wi0) |- (2.6.5)

=0 1=l+1

By convexity of g, we know that

n

m(zo, ..., T,) = Z{go(xn)— z": go(xio1)(xi— iy } Zgo x) = m(xg, ..., 2,).

=0 i=l+1

Since we assume there is no robust strong arbitrage, it is clear that Vi, » p- (m(S)) = 0.

46



For any K > 0, it follows from (2.6.1) that {z € Rix(nH) : Km(z) < g(z)} is

bounded. Hence we know from the semi-continuity of m and g that

Jxo € Ry such that o + Km(S(w)) > ¢(S(w)) Yw € P*. (2.6.6)

Hence by sublinearity of Vi, »p+(-), we have

Vo ppe(9) <Vaopa (9(S) — Km(S)) + Vi p - (Km(S))

< s Egly(S)— Kin(S) +0
QeEMxy,pp

< sup  Eg[g(S)],
QeMx,, P,

where the second inequality follows from the pricing—hedging duality for bounded
claims that we established above and the fact that Vy, p g+ (Km(S)) = KV, pp-(m(S)) =
0.

The reverse inequality is always true and hence we obtain Vi, pp-(g) = supge Mag.pep Eglg]

as required.

It remains to show that

sup  Eglgl= sup Eglg].
QeEMxy,pp QEW

It is obvious that

sup  Eglg] > sup  Eglg].
QeEMxy Py QeEMx,,Pp

For the inverse, note that from (2.6.6)) ¢ — K'm is bounded from above. Hence for any
sequence {Q,} in My, pp such that Q, — Q as n — oo,

lim inf Eg, [¢(S)] = liminf Eq, [¢(S) — Km(S)] > Eglg(S) — Km(S)].  (2.6.7)

n—o0 n—o0

On the other hand, as m is bounded from below,

Eq[(S)] < liminf Eq, [f(S)] = 0.

n—0o0

Combining this with (2.6.7)), we have

lim inf Eq, [¢(S)] > Eq[g(S)]

n—oo

Therefore

sup  Eglg] <  sup  Eglg].
QeMuxy,p.p QeEMxy,P.p
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and we have

sup  Eglgl = sup Eglgl.
QeMxy,p.p QeMx,,p.p

Proof of Theorem |2.6.5.
(3) = (2) and (2) = (1) are obvious.

Step 1. To show that (1) implies (3). Suppose there is no robust uniformly strong
arbitrage on P in Ax(F). We first know from Proposition that My, pp # @
and hence, in particular, My, pqg 7 . We can use a variational argument to deduce

the following equalities:

V «(q(S)) = inf V (g(S)— X
X, PP (g( )) XeLinl(I/-{’/{Xo}) Xo0,P, B (g( ) )
= in su E S) — X 2.6.8
XeLin(X/{Xo}) QEMXIO),P,‘.B Q[Q( ) ] ( )
= inf E S) — X|. 2.6.9
SUp XELinl(I/'lY/{Xo}) aly(S) ] ( )

QeMxy,p,p

where the equality between and is an application of min—max theorem
(see Corollary 2 in Terkelsen [102]). To justify this, denote Q by the set of laws of S
under measures Q € My, pp and write Lin({g; }icr/(0}) to be the set of finite linear
combinations of elements in {g;}icr/{0y- By assumption, Q is closed. Observe that
M, psp is asubset of {Q € Mg | Eg[Xo] < 0}. From Step 1 of the proof of Theorem
1.3 in Acciaio et al. [I], Q is weakly compact.

Notice that

inf sup  Eglg(S) — X| = inf sup Eglg(S) — G(S)],
XeLin(¥/{X0}) Qe pas Q) =X = ndE o 3D Eolg(5) — G(S)
where S := (S;)}-, is the canonical process on Rix ) We apply min-max theorem

(see Corollary 2 in Terkelsen [102]) to the compact convex set Q, the convex set

Lin({g: }icr/{0y), and the function
f(Q,G) = /d (g(so, R R €1 G TR sn)>d(@(30, ey Sn).
R+><(n+1)

Clearly f is affine in each of the variables. Furthermore, f(-,G) is upper semi-

continuous on Q. To see this, fix K > 0 and G € Lin({g;}icr/0}), and let g =
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g — G — Km, where m : Rix(nﬂ) — R is defined in (2.6.5). It follows from the
definition of m that for every Q € Q,

f(@Q, G) = Eg[g(S)]. (2.6.10)

It follows from ([2.6.6) that g is bounded from above. Hence, for every sequence of
{Qn}n € Q with Q, — Q as n — oo for some Q weakly, we have

lim Eq,[94(S)] = Eq[g+(S)]
by Portmanteau theorem, and

lim inf B, [g-(S)] = Eq[g(S)]

n—oo

by Fatou’s lemma, where g := g, — ¢g_ with g, = ¢V 0. Then

limsup £(Q, G) = limsup Eg, [§(S)] < Eq[§(S)] = /(Q. G).

n—oo n—oo
Therefore, the assumptions of Corollary 2 in Terkelsen [102] are satisfied and we have
inf sup  Eglg(S) — X| = inf sup Eglg(S) — G(S
XeLin(X/{Xo}) Qe M, p.q Q[ ( ) ] GeLlin({gi}ier/{0}) QeQ Q[ ( ) ( )]

= su inf E S) — G(S
QegGeLin({gi}iel/{O}) alg(®) )]

= sup inf E S) — X1,
QEMXOJD,Q} XeLin(X/{Xo}) Q[g( ) ]

Take g = 0. If My pg = &, then

sup inf Eg[—X] = —o0,
QeMu,,p,p XELIN(X/{Xo}) Q[ ]

and hence Vy p g+ (0) = —o0, which contradicts the no arbitrage assumption. There-

fore we have (1) implies (3).

Step 2. To show the pricing-hedging duality, suppose now My pq # <&. Then,
from Proposition [2.6.2 we know Vi p.g-(g(S)) is finite. If Q ¢ My pq, then

inf E S) — X| = —o0.
XeLinl(g/{Xo}) Q[g( ) ] >

Therefore, in (2.6.9)) it suffices to look at measure in My pq # @ only, and hence we

obtain

Vepg-(9(S)) = sup Eglg(S)]
QeMx px

as required. O
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2.7 Complementary

In this section, we give the proof of Theorem [2.4.2]

2.7.1 Proof of Theorem [2.4.2|

Write X, = (X1,...,Xn), 1 < m < k with &, = X. We prove the statement
by induction on the number of static options used for superhedging. For this we
consider the superhedging problem with additional options X, on 3% and denote its
superhedging cost by Vi, p g+ (¢) which is defined as in but with &, replacing
X.

We first assume that B% € FA for allm < k. This will be justified at the end.

The case m = 0 corresponds to super-hedging on ‘B% without options. Since by
assumption % € FA, the pricing-hedging duality follows from Theorem [2.3.11]

Now assume that for some m < k, for any F*-measurable g, we have the following

pricing—hedging duality

Vi, pp:(9) = sup  Eglg] (2.7.1)

f
QEMy,, p oy,

when either Vip- (g) < oo or (2.4.3) is satisfied, and Vi, pgp+ (g) is attained by some
strategy (o, H) € R™ x A(F4) when Va,, pg (g) is finite. We show that the same

statement holds for m 4+ 1. The proof proceeds in four steps.

Step 1. First observe that if X, is replicable on 3% by semi-static portfolios with
the static hedging part restricted to &,,, i.e. x4+ h- X, (w)+ (H oS),(w) = X1 (w),
for any w € P%, then necessarily x = 0 (otherwise Mﬁfﬂ?m = ). Moreover since
any such portfolio has zero expectation under measures in Mﬁfm,Pm} we have that

Eo[Xms1] = 0VQ € fom’pm}. In particular M£m7p’m} = ./\/lem+17pm} and (2.7.1))
holds for m + 1.

Conversely, if the latter holds than A,,,; is replicable. Indeed, by the inductive
hypothesis it follows from (2.7.1]) and the fact that Va,, »q= (g) can be attained that
there exists some (H,h) € A(F4) x R™ such that

h-Xn(w)+ (HoS),(w) > X (w) Yw € Ph.
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If the above inequality is strict for some w € P% then by taking expectation under
Q¢ Mi,pm such that Q(&) > 0 we obtain

Eglh - X + (H0S),] > Eg[Xpia] = 0. (2.7.2)

But Eg[h - X + (H 08),,] = 0, which gives a contradiction.
As a consequence of the equivalence result we just verified, it is straightforward to

see the claim holds for m + 1 if &}, is replicable.

Step 2. We now look at the more interesting case, that is X, is not replicable.
In this case, by a similar reasoning as above, we have
sup  Eg[Xpmi1] >0  and %{nf Eg[Xm+1] <O. (2.7.3)

f eM
QeMXm,P,‘B} Q Xm P.B%

Indeed, in the case that Vx,, py+ (Xmy1) < 0o, using the induction hypothesis that
Vx,, paps, (Xmy1) is attained implies that Va,, pqs (Xmi1) > 0 as otherwise we would
obtain a contradiction as in above. Hence Vx,, pays, (Xmy1) is always strictly
positive. Similarly Vi, p g (—Xmi1) is always strictly positive. Therefore,
follows from ([2.7.1)).

Given (2.7.3)), we now show that also in the case that X™T! is not replicable, for any

g measurable

Vo pps(9) = sup  Eglg],

f
QM 1P,

when either Vi (9) < oo or (2.4.3) is satisfied

We first use a variational argument to deduce the following equalities:

V/\’m+1,73,‘13} (g> = }gﬂg VXm,’P,‘ﬁ*X (g - le+1) (274)
=inf sup  Eglg —1Xn]
QEMY,  paps,
= inf inf Eglg — I1X,
inf inf  sup 0lg — 1 Xum 1]
QM Py,
= inf  sup inf Eglg — (X1,
N l
QGMQWP’% ll<N

The first equality follows from Theorem [2.3.11] the second from the inductive hy-
pothesis and the last one is obtained with an application of min—-max theorem (see
Corollary 2 in Terkelsen [102]).
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Note that for any Q € Mfmjm we have Vi, paqs (9) > Eglg] > —oo. Similarly,

Vx,..pp5(g) > —0o. Suppose Vax,, payps (9) < 0o. Then in this case Vx, ., pp= (9) <
Vx,, P, (9) < oo. When N is sufficiently large,

sup inf EQ[g — 1 X — VXmH,P,‘B} (9) <1

f <N
QEML,, P,

By taking ¢ = 1+ [V, pap (9)] + |V, 1.2 (9)], We can argue that it suffices for us
to consider Q € M{\’m,Pm} such that |Eg[X,,11]| < ¢/N, a set we denote Mf’:q/’gm}
below. Indeed, for any Q € ./\/leum} such that |Eg[X,41]| > ¢/N,

inf EQ[g - le+1] < sup EQ[Q] —c< VXm+1,P,‘J3§( (g)

<N f
QEM %,

It follows that

VXerl,P,‘ﬁ} (g) = H]\l[f Sfup “1‘2% EQ [g - le+1]
QMY oo

= lim sup inf Eglg — (X411

N—oo fre/N [lI<N
QEMom P,
< lim sup  Eglg].
N—oo QEMf’C/N
X PR

f) N
Now take a sequence {Qn}n € MX;/P,‘B} such that Eq, [g] > SUPge pefer Eglg] —
ms T X

1/N VN. From (2.7.3), we know 0 is in the interior of the price bound formed by
Eg[X,41] and inf Eg[Xmi1). Take Qup € MY, pg. and

.
PP

Qint € fomﬁpm} such that

SUWPgentf, Qer’,

.
PP

1 1 .
EQup[Xmt1] > 5 sup  Eg[X,ny1] and  Eg [Xpa] < 5 inf  Eq[Xmy1]-
2 gem! 2 gem!

fomm s, o P
For every N, set Qn = Qu if Eg[Ximt1] > 0, and Qg otherwise. Then for N
sufficiently large we can find Ay € [0, 1] such that Qn = (1 —AN)Qn + AvQy €
MmeH,Pm}' Moreover, these Ay satisfy Ay — 0, which leads to Eg_[g] —Eqy[g] — 0

as N — oo.
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Hence

lim  sup  [Eglg] = lim Eq,g]

N—o0 ¢ N—o0
QeME/T s
= lim Ej4
N—o00 @n [g]
< sup Eqlg]
QEM, | pan,
Therefore, Vi, ., py3,(9) < Supge AP, Eglg]. The reverse inequality is easy and
hence we obtain Vy,, ., g+ (9) = supge s Eglg] as required.
Xm+1v7):(p*x

Suppose Vx,, s (g) = oo. In this case, Vips (9) > Va,, paps, (9) = 0o. Hence, to show
the pricing—hedging duality, we only need to consider the case that (2.4.3)) is satisfied.
First, it is clear that Vx,, paqs (Xmi1) < Vipe(Xing1) < 00 and Va, poaps (= Xpg1) <

Vips (= Xm11) < oo. Then, by super-linearity of Vx,, p s, we have

Va, paps, (9 — 1 Xomy1)
>V, s (9) = Vi ps, (1Xmt1)
>V, paps (9) — [l max{Vx,, ppr (Ximi1), Va,, s, (= Xony1)} = o0,

Therefore, it follows from (2.7.4)) that Vx,,,, pqs: (9) = 0o. On the other hand, we
can take a sequence of measures {Qy}y € Mme P, Such that Eq, lg] > N. Again,
using the same argument as above, we can construct a sequence of measures {@ NIN E

/\/lf)(m+ | P, Such that
Eg [Xm+1] = ANEqy [Xims1] + (1 = An)Eg, [Ximt1] = 0

and therefore

E@N [Xerl]
E@N [Xerl] - EQN [Xm+1]
1min{Va, payy (Xmi1), Vi, pay (= Ximga)}
— 2 Ve (Xmga) + Va, pps (= Xing1)

AN =

=:a > 0.

Since we can only have Eg_[g] = Eq,,, [g] or Eg, [g] = Eq,,[g] then for N sufficiently
large Eq, [9] — Eg, [g] > 0. From

Egyl9] = An(Eqy 9] — Eg, [9]) + Eq, [9] > a(Eqylg] — Eg, [9]) + Eq, [9]

we deduce Eg [g] — +00 as N — oo. Therefore, SUPQEMQ,,LH,P,m;( Eglg] = oco.
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Step 4. It remains to show that if either (2.4.3) or Vig«(g) < oo is satisfied,
Vi, 1.paps (9) is attained by some strategy (o, H) € R™ ™ x Ay, ., (F4) when Vy, ., p.a (9)
is finite. Consider F': R — R U {—00, 00} defined by

F(l) = Vx, pps (9 — 1 Xomp1).

We first consider the case that (2.4.3)) is satisfied. In this case, it is clear from above
that Vax,, g+ (9) < oo. It is straightforward to see that F' is continuous. Indeed, by
super-linearity of Vi, pgp- (-), we know that Vi;,l, € R,

F(l) = F(ly) < Vi paps (= (I — 1) Xos1 ), (2.7.5)

which can lead to

|F<l1) — F(l2)| < |l1 — l2| maX{VXum} (Xm+1), VXm,P,‘D}(_Xm-&-l)} \V/ll, I, € R.

Moreover, since X™*! is not replicable, mey,qy;((XmH) > 0and Vx,, pyp, (—Xme1) >
0. Hence, by ([2.7.5) that F'(I) — oo as |l| — oo. Therefore, F' achieves its minimum
in some I* € R for which Vx,, ., paq= (9) = Va,, o (g — X,

In the case that is not satisfied, we consider g such that Vx,, pqs (9) < oo.
When Vx, pas (Xing1) = Va, paps (—Xmi1) = 00, Va, payps (9 — [ Xpy1) = +oo
for any [ # 0, and hence F' is minimised at 0. When Vx, pp+ (X;ni1) = 0o and
Va,, s (= Xiny1) < 00, F(I) = oo for any [ < 0, while by similar argument as above
we can show that F' is continuous on [0, 00) such that F'(I) — oo as | — oo, and hence
F achieves its minimum in some [* € R, . Similarly, when Vz,, p g+ (Xp11) < 00 and
Va,, Pz (= Xiny1) = 00, F'is continuous on (—o0, 0] such that F'(I) — oo as | — —oo,

and hence F' achieves its minimum in some [* € (—o0, 0].
It then follows from the inductive hypothesis that Vx,, , py= (9) is attained.

Finally we come to our initial assumption that B% € FA for all m < k. Observe
that in the setup of Proposition [2.5.1] this assumption is automatically satisfied since
we show that P = P75 . Pmpositz’on mn turn allows us to establish Lemmam
which, see Remark then gives the required property B3 € FA for allm < k.
The proof is complete.
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Chapter 3

Robust pricing and hedging under
trading restrictions and the
emergence of local martingale
models

In this chapterl] we combine trading constraints with concepts from robust derivative
pricing in discrete time. In the discrete-time setting, our results can be summarised
as follows: we suppose that we are given a sequence of call price functions at maturity
dates T} < Ty < --- < T,,. We show that these prices are consistent with absence of
(suitably defined) arbitrage opportunities if and only if they give rise to a sequence
of probability measures ji, ..., u, on R} which satisfy natural ordering properties.
These then, correspond to the implied marginal distributions of the asset under feasi-
ble risk-neutral measures. (Note that here and throughout, we assume that all assets
are denominated in units of some numeraire, for example discounted by the money
market account.) Classically, the measures would be in convex order. However, in
the absence of the ability to short sell the asset, it is not possible to generate an
arbitrage when my, = [xu,(dz) > [ 2pgy1(de) = myiq, and so the expected value
of the asset according to the (implied) risk-neutral measure may be smaller at later
maturities. We then show that the minimal price of a portfolio involving call options
and long positions in the asset, and which superhedges a derivative for every path in
B, is equal to the supremum of the expected value of the derivative’s payoff, where
the supremum is taken over all supermartingale measures which have full support on

B, and under which the law of the asset at T} is equal to . This result generalises

!This chapter has been published as Cox et al. [24]. The version here, except some minor
adjustments to make it a coherent part of the thesis, is identical with the published work.
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Corollary 1.1 in Beiglbock et al. [6] by including a restriction to a certain set of paths
B and a short selling constraint. Observe also that in the case where the measures
(i all have the same mean, which is equal to the initial stock price sg, the class of

supermartingale measures is simply the class of martingale measures.

We also consider the case where the set of call options is replaced by put options with
the same maturities. Since short selling of the asset is not permitted, one cannot
immediately compare to the case where the call options are available to trade, even if
the set of possible implied marginal laws remains the same. In this case, we show that
a duality gap arises when the initial asset price sq is strictly larger than the implied
mean my for some maturity 7. In particular, there is no longer equality between
the cheapest superhedge and the largest model-consistent price — rather, we see a
difference which can be characterised in terms of the limit behaviour of the put prices

as the strike goes to infinity.

The easiest example of this duality gap arises in considering the difference between
the implied price of a forward contract written on the asset — if we take the forward
to be a contract which pays the holder the value of the asset at some future date Ty,
then the forward contract will have a model-implied price my, = [ @y (dz), which in
the cases of interest will be strictly smaller than the initial price of the asset sq. In
the case where call options are traded, the forward may be superhedged for m; using
call options (the call option with strike 0 has the same payoff as the forward). In
the case where put options are traded, this is not the case — instead, the cheapest
superreplicating strategy will simply be to purchase the asset at time 0, which has

cost sg.

Embedding the results into a continuous-time framework, we show that the duality
gap may be interpreted as a financial bubble and link it to strict local martingales.
This provides an intrinsic justification of strict local martingales as models for finan-
cial bubbles arising from a combination of trading restrictions and current market

prices.

Finally, we note that in parallel to our research Fahim and Huang [46] and Bayrak-
tar and Zhou [5] considered discrete-time robust pricing and hedging with trading
restrictions. Fahim and Huang [46] use concepts from optimal martingale transport
but assume a market input in the form of distributions p; already satisfying a set of
assumptions which in our paper are characterised in terms of arbitrage opportunities.
Bayraktar and Zhou [5] adopt the quasi-sure analysis of Bouchard and Nutz [12] with
finitely many traded options. As a result, in both cases the pricing—hedging duality
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holds and no links are made to modelling of financial bubbles in discrete or continuous

time. The focus of both papers is on general convex portfolio constraints.

This chapter is organised as follows. Section discusses the robust modelling frame-
work in discrete time. Sections |3.3| and specialise respectively to the case when
call or put options are traded. The latter in particular explores when a duality gap
arises. Subsequently Section focuses on the continuous-time setup. Several proofs
are relegated to the Section 3.6

3.1 Introduction and Preliminaries

3.1.1 Monge—Kantorovich duality and martingale optimal trans-
port

The original setup of Monge—Kantorovich optimal transport problem is a two dimen-
sional problem with probability spaces (Xi, 1), (X2, p2). The problem is to find a
“cheap” way of transporting p; to ps among all stochastic transport plans, where
following Kantorovich, a stochastic transport plan can be formalised as probability

measure m on X; X Xy which has Xj-marginal p; and Xy-marginal ps.

The transport problem can be naturally extended to a multi-dimensional setting. Let
I1; be the set of all Borel probability measures on RTI with marginals 0, f1, . . -, fn,
where pq,--- , i, are probability measures on R, which have a finite first moment.
Given a measurable cost function G : R} — (—o00,00], the primal objective is to

minimise

I.(G) ::/]R G(z1,...,xy)m(dxy, ..., dx,)

n
over m € IIz. On the other hand, provided that there exist p;-integrable functions wu,,
1 =1,---,n such that

ur(s1) + .. F up(sn) < G(s1,...,8,) Vs1,...,8, € Ry, (3.1.1)

a dual problem is to maximise

/uldﬂ1+---+/ Upd iy
Ry Ry

over all p;-integrable functions w; : R, — R subject to the constraint (3.1.1)).
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In the literature, starting already with Kantorovich, a few results have been estab-
lished in different settings to show that the optimal values of the primal and dual
problems agree with each other, including Theorem 2.14 in Kellerer [70] which states
that for every Borel measurable G : R — [0, o0]

ﬂienri I,(G) = sup{Z/uidui cup B Buy, <G g is py-integrable}.  (3.1.2)
i=1

Another duality result of this type is Proposition 2.1 in Beiglbock et al. [6], which
essentially says that if the cost function G is taken to be lower semi-continuous and
G > —oo, then the value of the dual problem is still preserved if dual maximisers
u;’s are restricted to piece-wise linear functions. For the purpose of application in the
financial context, this result has certain advantages as piece-wise linear functions u;’s
here have a natural interpretation as a static hedging portfolio of call options. For a
more complete account of the history of the problem and theory of optimal transport,
see Villani [103], [104].

In the financial context, as already pointed out in Section (1.1, Breeden and Litzen-
berger [13] first made the observation that if many (all) European options for a given
maturity trade then this is equivalent to fixing the implied marginal distributions
of the assets under any risk neutral measure. Then, given pq, ..., u, as the implied
marginal distributions and G as the payoff of an option, a modified primal problem,

known as the martingale optimal transport problem, is to maximise
]E]P’[G(Sb T 7Sn)]

over measures [P such that S, the canonical process on R”} , is a martingale with respect
to the canonical filtration, starts in a given point and has fixed marginal distributions
as fi. We denote the set of all such martingale measures P by M. The dual problem
of this is also a modification of the original one above. This can be formalised to
minimise the setup cost of strategies among all super-hedging strategies of the option
payoff, i.e., a static position (a portfolio of call options) (u;)1<i<n plus a dynamic
hedging strategy H = (H;);<, with bounded measurable functions H; : R, — Ry,
7 =0,...,n—1 such that

> (8 + Y Hi(S) S~ 8) 2 )

Here and throughout, R} := {0}, which simply means that H, is a nonnegative

constant.
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Following the consideration above, the natural question arises under which conditions
M # @. It turns out this is a classical problem and was solved in Strassen [I01]. It is
now well understood that M # @ if and only if y4, ..., u, have a finite first moment,
mean sg and increase in convex order. Taking this as a starting point, Beiglbock et al.
[6] showed that the pricing-hedging duality is an analogue of the Kantorovich duality
in the optimal transport: for each upper semi-continuous payoff function G' subject

to linear growth

sup Ep[G(S)] = inf { Z/uidm : Ux g > G on  for some admissible (X, H)}
PEM@ i=1

3.1.2 Supermartingale optimal transport

In this chapter, different from Beiglbock et al. [6], we start with no arbitrage con-
sideration and show that the prices of call options are consistent with absence of
(suitably defined) arbitrage opportunities if and only if they give rise to a sequence
of probability measures p1, ..., u, on R, satisfying natural ordering properties and
nonincreasing means. In the absence of the ability to short sell the asset, the dual
problem becomes to find the minimal price of a portfolio involving call options and
long positions in the asset. Accordingly, the primal elements considered here are
supermartingale measures under which the law of the asset at T} is equal to u; and

hence the primal problem is a supermartingale optimal transport problem.

Historically, there has been relatively little study of asset prices which are strict super-
martingalesﬂ under the risk-neutral measure in the literature. Their main appearance
has been as models for the study of financial bubbles, where strict local-martingales
are considered. We believe that our results, both in discrete time and in continu-

ous time, contribute to and provide a novel perspective on the existing literature on

financial bubbles.

3.1.3 Financial bubbles and local-martingale models

Bubbles, often defined as a deviation of the market price from the asset’s fundamental

value, were introduced by academic researchers as a concept to explain the failure of

2 A strict supermartingale is a supermartingale which is not a martingale. Since we only consider
nonnegative processes over finite time-horizons, a strict supermartingale is therefore a supermartin-
gale which has a non-constant expected value. Similarly, a strict nonnegative local martingale is a
local martingale which is also a strict supermartingale.
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classical asset valuation models, e.g. present-value models. Perhaps the most famous
and earliest known example was the tulip bubble in Holland that started in 1634. At
the peak of the bubble, a single tulip bulb sold for an equivalent of 60,000 US Dollars
today. More recent and financially relevant examples include the internet bubble of
the 1990s — a speculative growth in stock prices of companies in the internet sector
and related fields amid a surging supply of new internet IPOs, and the put warrant
bubbles observed in China’s financial market. The latter was concerned with put
warrants with long maturities traded in the 2005-2008 period, and was documented
and studied in Xiong and Yu [107]. These warrants were deeply out-of-money so
almost certain to expire worthless, yet they traded in high volumes and at inflated

prices throughout the contract lives. See Malkiel [76] for more examples.

In mathematical finance, the modelling of financial bubbles using local-martingale
models can be traced back to Heston et al. [58], with subsequent contributions in-
cluding Cox and Hobson [20]; Jarrow et al. [66, 67]. Our work also has interesting
parallels to the recent work of Herdegen and Schweizer [57]. Before Heston et al.
[58], a number of authors observed that in certain circumstances, models which were
only strict local martingales arise naturally and/or are interesting of their own right
(and can be attributed some financial interpretation); see Lewis [73]; Delbaen and
Schachermayer [35]; Loewenstein and Willard [74]; Sin [97]. One of the most common
examples of a naturally occurring class of local-martingale models is the class of CEV
models, dS; = S;'dB;, Sy = sg, where a@ > 1. In the case where o = 2, one recov-
ers the inverse of a 3-dimensional Bessel process, which was studied in Delbaen and
Schachermayer [35]. More recently, quadratic normal volatility (QNV) models have
also been studied, which are mostly strict local-martingales, but typically calibrate

well to market data; see Carr et al. [21].

We build our contribution to this literature by embedding the discrete-time results
into a continuous-time framework. Consider a continuous-time framework with dy-
namic trading in the asset and call or put options traded initially for certain fixed
maturities. Then the discrete setup is naturally included by considering trading
strategies which only rebalance at the maturity dates of the options. Discrete-time
supermartingale measures are obtained as projections of local-martingale measures
which meet the given marginals. The duality gap is preserved when put options trade,
and this gap has a possible interpretation as a financial bubble. To make this gen-

eralisation, it is necessary to introduce a pathwise superhedging requirement which
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enforces a collateral requirement. A similar requirement has already been consid-
ered in Cox and Hobson [26]. We therefore believe that an important consequence
of this paper is the following interpretation of local-martingale models in financial

applications: local-martingale models naturally arise due to trading constraints.

This has an impact on the existing literature on financial bubbles: intrinsically, we
believe that models where asset prices are strict local martingales (under a risk-neutral
measure) are models which arise due to constraints on possible trading strategies.
They thus correspond exactly to rational or speculative bubbles in the asset pricing
and economics literature. These are usually driven by short selling constraints and /or
disagreement between the agents on the fundamental values due to heterogenous
beliefs or overconfidence, see Hugonnier [63], Harrison and Kreps [52] and Scheinkman
and Xiong [95]. Strict local martingale models are a very natural class of models for
bubbles, since there is a natural notion of a ‘fundamental” price which diverges from
the traded price. However, as we show, this divergence is ‘rational’ and driven by the
absence of arbitrage combined with trading restrictions, as in speculative bubbles.
This is different from the case of an ‘irrational bubble’ when divergence between the
market price of an asset and its fundamental price is driven by some behavioural
aspect of market participants, rather than specific market features. In this sense, an
important contribution of this article for the literature on bubbles is to divorce any

notions of ‘irrationality’ from the financial study of strict local martingale models.

We also make the observation that although we present results on local martingale
models in continuous time, our approach is firmly rooted in a discrete-time setup,
and all pricing results in continuous time follow essentially from the corresponding
discrete-time results. One interpretation is that these models therefore are the natural
discrete-time analogues of local martingale models (in this sense, our results provide
an alternative response to the first criticism that local martingale models for bubbles
are only a feature of continuous-time models, as discussed in Protter [88]; see also
Jarrow and Protter [65]). However, it seems to us that the implication more naturally
runs in the other direction: in discrete time, our models are very natural and easily
specified. In continuous time, however, local martingales are very subtle processes,
and the difference between a local martingale and a martingale is not easy to de-
tect — our paper provides a clear specification of a discrete-time setup which could
be interpreted in continuous time as a local martingale model. As a result, in our
setup local martingale phenomena arise naturally, and reflect specific market condi-

tions. This contrasts with the arguments of e.g. Guasoni and Résonyi [50], who argue
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against local martingale models on the basis that they can always be approximated

by martingale models.

3.1.4 Short selling bans

Short selling bans as a regulatory tool to discourage speculation and stabilise markets
have proved to be popular among emerging markets and during times of financial
crisis. During the US subprime mortgage crisis, short selling of 797 financial stocks
in US markets was banned by the SEC between September 19, 2008 and October 8,
2008. Around the same time, the South Korean Financial Supervisory Commission
imposed an outright prohibition of short selling of any listed stocks in an attempt to
curb the spread of malignant rumours in the market. The ban was lifted for non-
financial stocks about a year later, while the constraints on financial stocks remained
until November 2013. Interestingly, the US and South Korea both have very active
derivatives markets and, in both examples, the bans on short selling did not extend
to derivative markets. This allowed market makers and investors to use options to
hedge portfolios and express pessimistic views. In light of a series of short selling bans
across the globe, the question of their impact on stocks and derivatives markets is
once again a matter of concern to academics and policy makers, see e.g. Battalio and
Schultz [4], Hendershott et al. [55]. The current paper thus represents a theoretical
contribution to this literature. Battalio and Schultz [4] study the US short selling ban
in September 2008 and find that synthetic share prices for banned stocks, computed
separately for puts and for calls, become significantly lower than the actual share
prices, accompanied by increases in bid—ask spreads. The findings correspond to the

setting of our paper with m; < sg, making it particularly interesting.

3.2 Robust framework for pricing and hedging

We consider a financial market with two assets: a risky asset S and a numeraire (e.g.
the money market account). All prices are denominated in the units of the numeraire.
In particular, the numeraire’s price is thus normalised and equal to one. We assume
initially that S is traded discretely in time at maturities 0 =Ty < T} < Tp < ... <
T, = T. This is extended to a continuous-time setup in Section [3.5] The asset starts
at Sy = sp > 0 and is assumed to be nonnegative. We work on the canonical space

with a fixed starting point Q = {(wp,...,w,) € R : wy = s¢}. The coordinate
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process on €2 is denoted by S = (S;)I, i.e.,
Si : Q= Ry, Si(wo,wr, ... wp) =w;, 0 =0,...,n,

and F = (F;), is its natural filtration, F; = o(Sy, ...,S;) for any i = 0,...,n.

We pursue here a robust approach and do not postulate any probability measure
which would specify the dynamics for S. Instead we assume that there is a set X' of
market traded options with prices P(X), X € X, known at time zero. The trading
is frictionless and options in X may be bought or sold at time zero at their known

prices. Hence we extend P to a linear operator defined on

Lin(X) = {GO‘i‘Zain‘ :m € N,ag,a;, € R, X; € X for all i = 1,...,m}.
i=1

As explained above, the numeraire has a constant price equal to one. Finally, the
risky asset S may be traded at any T;, i = 0,...,n; however, short selling is not

allowed.

We consider two cases, namely when X is composed of call options or of put options:

X.={(S;—K) :i=1,...,n, KR},
X,={(K-S)":i=1,...,n, Ke R, }.

An admissible (semi-static) trading strategy is a pair (X, H) where X € Lin(X)
and H = (H;) are bounded nonnegative measurable functions H; : Ri - Ry, 7=
0,...,n — 1. Here and throughout, R} := {0}, which simply means that H is a
nonnegative constant. The total payoff associated to (X, H) is given by

n—1

Uy (S) == X(S)+ Y Hi(S1,....S,)(Sj1 —S)).
j=0
The cost of following such a trading strategy is equal to the cost of setting up its static
part, i.e., of buying the options at time zero, and is equal to P(X). We denote the
class of admissible (semi-static) trading strategies by Ax. We write A, (resp., A,) for
the case X = A, (resp., X = X,). Note that since short selling is not allowed, these
are genuinely different and, as we shall see, will give very different results. Indeed,
note that in the former, the short selling of call options is allowed, including the strike
zero i.e., the forward, providing a superreplication of the asset .S, possibly at a strictly

cheaper price than sy. This feature is not present when dealing with put options.
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We are interested in characterising and computing superhedging prices. All the quan-
tities we have introduced are defined pathwise and the superhedging property is also
required to hold pathwise. We have also made only mild assumptions on the market
mechanisms (e.g. no frictions), but no specific modelling assumptions on the dynam-
ics of the assets. A natural way to incorporate beliefs into the robust framework is
through specifying the set S C €2 of “possible paths”, i.e., paths we deem feasible
and for which the hedging strategies are required to work. This can be thought of as
specifying the maximal support of the plausible models. In this way, with the support
ranging from all paths to e.g. paths in a binomial model, the robust framework can
interpolate between model-independent and model-specific setups. The set 3 might
be obtained through time series analysis of the past data combined with modelling
and a given agent’s idiosyncratic views, and is referred to as the prediction set. Note
that since there is no probability measure specified and hence no distinction between
the real and the risk-neutral measure, it is very natural to combine two streams of
information: time-series of past data and forward-looking option prices. This idea
goes back to Mykland [78] and we refer to Nadtochiy and Obldj [79], Hou and Obt6;
[61] and Spoida [I00] for more details and extended discussion.

We call the triplet (X, P,9) of market traded options X, their prices and prediction
set the robust modelling inputs. The fundamental financial notions defined below, e.g.

the arbitrage or the superreplication price, are implicitly relative to these inputs.

Definition 3.2.1. The superreplication cost of a derivative given by a payoff function
G : Q2 = R, denoted by Vx pg(G), is the smallest initial capital required to finance

an admissible semi-static trading strategy which superreplicates GG for every path in

B, ie.,

Vaepp(G) = int {P(X) D 3(X,H) € Ay st TUxy > G on m}.

Note that since wy = sg for all w € €1, it is equivalent to see G as a function from
2 or from R”}. We shall be tacitly switching between these viewpoints; the former is
used when writing G(S), the latter when imposing conditions on G, see e.g., (3.3.1)

below.

Our aim is to understand when a pricing-hedging duality holds, i.e., when the su-
perreplication price can be computed through the supremum of expectations of the

payoff over a suitable class of probabilistic models.
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Definition 3.2.2. A market-calibrated model is a probability measure P on (€2, )
satisfying P(B) = 1 and for any (X, H) € Ay

Ep[Uy 1(S)] < P(X), (3.2.1)

where here and throughout, we make the convention that oo — co = —o0 so that the
LHS in (3.2.1)) is always well defined. The set of market-calibrated models is denoted
by M?_K,P,‘B'

Remark 3.2.3. It follows from the definition that if M, 5 5 7 @ then for any Borel
function G : Q@ — R

Pypy(G):= sup Ep[G(S)] < Vrpgp(G). (3.2.2)
PEMy .oy

We sometimes refer to the LHS of the above inequality as the primal value and to
the RHS as the dual value. The convention is borrowed from the literature on the
martingale optimal transport problem. Both sides of could be interpreted as a
notion of “price” of the asset. The superhedging price Vy p q3(G) arises from (efficient)
trading. The primal value Py p5(G) arises from modelling. Indeed, it represents the
worst model price, among models consistent with the prices observed in the market,
can be thought of as the fundamental price of G. We also emphasise that either
or both of these may be different from the market prices, which are observable and
equal to sg for the dynamically traded asset and to P(X) for X € X. The case of
strict inequality in admits an interpretation as a financial bubble — an issue

we consider in detail further below.

Remark 3.2.4. It follows from the definition that under any market-calibrated model
P, the canonical process S = (S;), is a supermartingale. Such a measure is called a
supermartingale measure. Furthermore, for any X € X, holds for both (X, 0)
and (—X,0) so that P is calibrated to options in X, i.e., P satisfies Ep[X] = P(X)
for any X € X.

Definition 3.2.5. We say there is a robust uniformly strong arbitrage if there exists
a trading strategy (X, H) € Ay with a negative price P(X) < 0 and a nonnegative
payoff Wx y(s) > 0 for all s € P.

Remark 3.2.6. By definition, it is clear that the market admits a robust uniformly
strong arbitrage if and only if Vx p5(0) < 0. When P = € the notion of robust

uniformly strong arbitrage corresponds to a model-independent arbitrage; see Davis
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and Hobson [31] and Cox and Obléj [25]. In a general robust setting, the existence of
an arbitrage in the above sense may depend on the modelling assumptions, expressed
through B C €2, which justifies the terminology. Equally, we stress that the arbitrage
is required to be uniform in outcomes w € P to distinguish from a slightly weaker
notion, used in Acciaio et al. [1], of a strategy (X, H) € Ay with P(X) < 0 and a
positive payoff Wx y(s) > 0. We refer to the latter as robust strong arbitrage. See
Definition [2.2.1. The two notions are not equivalent in general. However, we can
show that they are equivalent in our setup when X = A&),. Likewise, when & = X,

we can show they are equivalent in our setup when either 8 = Q or property (iii) in
Condition B.3.1] below holds]

The three papers mentioned in the above remark also showed that typically absence of
robust uniformly strong arbitrage is not sufficient to guarantee a (robust) fundamental
theorem of asset pricing holds, and introduced various weaker notions or additional

assumptions. Here we follow Cox and Obl6j [25]:

Definition 3.2.7. We say that there is a weak free lunch with vanishing risk (WFLVR)
if there exist admissible trading strategies (X, Hx) € Ax and (X, H) € Ay such
that Wx, u, — 0 pointwise on B, lim; P(X}) is well defined with lim;, P(X}) < 0 and

Vx,.m = VYxu.

Note that the requirement that limy P(X}) exists is made with no loss of generality as
we could always pass to a subsequence of strategies. Note also that a robust uniformly
strong arbitrage is by definition also a WFLVR. A version of the fundamental theorem
of asset pricing in our context, given below in Proposition for the case X = &,
and in Proposition for the case X = &), states that absence of WFLVR is
equivalent to existence of a market-calibrated model. Further, as in Davis and Hobson
[31] and Cox and Obldj [25], we can characterise absence of WFLVR through the
properties of P. This is insightful and is one of the reasons why we prefer to keep the
option payoffs fixed, e.g. call options in X, and discuss their prices P, as opposed
to considering shifted payoffs X — P(X) and eliminating P from the discussion as in

e.g. Acciaio et al. [I].

3We chose not to present these argument here as they are lengthy and deviate from the main
focus of this Chapter. Instead they will be part of a separate note on arbitrage in a robust setting,
available on request or through the authors’ webpages.
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3.3 Robust pricing—hedging duality when call op-
tions trade

In this section we consider the market in which call options are traded, i.e., X = X..
Our main result states that we recover the duality known from the case when short

selling restrictions are not present. Throughout we assume that Y is a closed subset
of €.

3.3.1 Market input and no arbitrage

We start by establishing a robust fundamental theorem of asset pricing for our setting
which links absence of arbitrage, properties of call prices and existence of a market-

calibrated model.

Condition 3.3.1. Let X = &, and ¢;(K) = P((S; — K)"), i1 =1,...,n, K > 0.
Then

(i) ¢;i(x) is a nonnegative, convex, decreasing function of x on Ry,
(i) so > c1(0) > ... > ¢,(0) > 0 and ¢;(0+) > —1, where ¢, is the right derivative,
(iii) ¢;(K) — 0as K — oo,

(iv) for any = € Ry, ¢;(0) — ¢;(x) is nonincreasing in 4.

A robust fundamental theorem of asset pricing in our setup reads as follows.

Proposition 3.3.2. Suppose B is a closed subset of 2 and X = X,. Then there is
no WFLVR if and only if there exists a market-calibrated model, which then implies
Condition holds. Furthermore, if 3 = €2, then Condition implies absence
of WFLVR.

Proposition 3.3.3. Suppose P = Q and X = X,.. Then Condition [3.3.1] (i),(ii) and
(iv) are necessary and sufficient for absence of robust uniformly strong arbitrage. In
consequence, when these conditions hold but Condition [3.3.1] (iii) fails, there is no

robust uniformly strong arbitrage, but a market-calibrated model does not exist.

We defer the proofs of Propositions |3.3.2 and [3.3.3| to Sections [3.6.2| and [3.6.4]
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Remark 3.3.4. If we assume that there is no robust uniformly strong arbitrage, then
we can immediately deduce that ¢;(0) is nonincreasing in 7. Indeed, if there exists
some ¢ such that ¢;(0) < ¢;41(0), then by taking H, = 1, H; = 0 for j # i and
X =(S;—0)" = (Siz1—0)", we have P(X) = ¢;(0) — ¢;11(0) < 0 but ¥x g = 0 which
shows that (X, H) is a robust uniformly strong arbitrage.

3.3.2 Robust pricing—hedging duality and (super-)martingale
optimal transport

Our main theorem in the section states that the pricing—hedging duality is preserved

under a ban on short selling restrictions when call options are traded.

Theorem 3.3.5. Suppose the market input (X, P,) admits no WFLVR. Let G :

R} — [—00,00) be an upper semi-continuous function such that
G(S1y..y8n) S K141+ ...+ sp) (3.3.1)

on R? for some constant /K. Then the pricing-hedging duality holds, i.e.,

Remark 3.3.6. Our proof of this result follows closely Beiglbock et al. [6] and is an
application of the duality theory from optimal transport, which allows us to express
the dual problem as a min—max calculus of variations where the infimum is taken over
functions corresponding to the delta hedging terms and marginal constraint, and the

supremum is taken over all market-calibrated models. The proof will be given in

Sections [3.6.3] and [3.6.5

Remark 3.3.7. Recall from Remark that the case of strict inequality in ((3.2.2)
may be thought of as a natural model for a financial bubble. From (3.3.2)) we see that
this never happens when call options are traded, X = X,. It is still possible that

50 > ¢n(0) = Prx, pp(Sn) = Va.pp(Sn)

so that the market price for the asset S, which is sy is strictly greater than its
fundamental price ¢,(0). However it is not clear if this could be seen as a bubble.
In this case the market does not satisfy the no dominance principle of Merton [77]:
the asset S is strictly dominated by a call with zero strike and one could argue that

¢n(0) is in fact the correct market price for S. This situation is akin to the case of
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bubbles in complete markets described in Jarrow et al. [66]. We shall see in Section
below that bubbles appear in a meaningful way when put options and not call

options are traded.

Note that, by Proposition no WFLVR is equivalent to M3 54 # & and it
implies Condition [3.3.1] Following classical arguments going back to Breeden and

Litzenberger [13], we can then define probability measures p; on R, by
wi([0,K]) =1+ c(K) for KeR,. (3.3.3)

Naturally the market prices P, or ¢;(K), are uniquely encoded via p; with

6 (K) = P((S; — K)') = / (s — K)* ua(ds).

To make the link with the (super-)martingale transport explicit, we may think of
(11;) as the inputs. Note that by Remark the set of market-calibrated models
M?_QP,‘B is simply the set of probability measures P on R} such that Sy = sg, S is
a supermartingale and S; is distributed according to the measure p;. Accordingly
we use the notation My o = Mz and Prqp(G) = suppe M Ep[G]. Likewise
we write Vy p(G) = Vzp(G). Note that we have dropped the explicit reference to
call options. This is justified since in fact we can allow any u,-integrable functions
for the static part of trading strategies. To state this as a corollary, we first rewrite

Condition [3.3.1] in terms of p1, ..., , as follows:

Assumption 3.3.8. The probability measures p, ..., 1, on R, satisfy

Loso > [o zu(de) > ... > o zpa(de);

2. the sequence ( [ ¢ dp;)1<i<y, is nonincreasing for any concave and nondecreasing
function ¢ : R — R,..

Then Theorem |3.3.5) may be restated as follows.

Corollary 3.3.9. Assume 1, ..., i, satisfy Assumption and Mz, # &. Let
the function G : R} — [—00, 00) be upper semi-continuous and satisfies (3.3.1)). Then

P:5(G) =inf { Z / wi(s)pi(ds) : u; : Ry — R with linear growth and
i=0

: (3.34)
H; : R — R, bounded s.t. ¥(,,) ) = G on ‘B}

:Vﬁv(‘p(G>’
where py := d5,. Further, if [ap,;(dz) = so for i = 1,...,n, then (3.3.4) also holds
with H; : Ri — R.
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Proof. By taking expectations in the pathwise superhedging inequality, we have for
any P € M and any superhedging strategy ((u;), (H;)) as in (3.3.4) that

BelG) < ) / wi(s)pa(ds)

and hence an inequality “<” follows in the first equality in (3.3.4)), see also Remark
. The inequality “<” in the second equality in (3.3.4]) is obvious because we
take the infimum over a smaller set of superhedging strategies. The result
then follows by Theorem [3.3.5] The last statement is clear since in the special case
that fu, ..., pu, have the same mean, M7 is the set of martingale measures with

marginals ;. O]

Remark 3.3.10. (3.3.4)) is a general statement of Corollary 1.1 in Beiglbock et al. [0]
in the presence of a prediction set 3, while Py 5(G) = Vig(G) follows directly from
Theorem [3.3.5

The implication of Corollary is that in a market without bubbles, a short-
selling ban does not make any difference to the robust superhedging prices, and the
martingale transport cost of G with prediction set B is equal to the robust (3)-
superhedging price of G.

3.4 Put options as hedging instruments

We specify now to the case X = &}, when put options are traded. The set of semi-
static trading strategies (X, H) is denoted by A,. In this case, the options can not be
used to superreplicate the asset. This, as we shall see, has important consequences

for pricing and hedging.

3.4.1 Pricing—hedging duality for options with bounded pay-
offs

We start with a brief discussion of the market input, no arbitrage and existence of

market-calibrated models.

Condition 3.4.1. Let X = X, and p;(K) == P((K —S;))"), i =1,...,n, K > 0.
Then

(i) pi(z) is a nonnegative, convex, increasing function of x on R,
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(i) so > limyseo(z — pi(z)) > ... > limgoo(® — pu(z)) > 0 and for every i
0<pi(0+) <1,

(iii) pi(K) — 0as K — 0,

(iv) for any x € R, p;(z) is nondecreasing in i.

A robust fundamental theorem of asset pricing analogous to the one in Proposition
holds also in this setup.

Proposition 3.4.2. Suppose P is a closed subset of {2 and X = A),. Then there is
no WFLVR if and only if there exists a market-calibrated model, which then implies
Condition Furthermore, if B = €2, then Condition implies the absence of
WFLVR.

A direct analogue of Proposition [3.3.3| holds also in this setup. Further, if Condition
is satisfied, similarly to (3.3.3)), we can define probability measures y; on R, by

([0, K]) = pi(K) for K € Ry, (3.4.1)

which satisfy the same properties as before, namely Assumption [3.3.8, The set
of market-calibrated models is simply Mz'_\fp,P,‘B = M;;,‘B and only depends on the
marginals p; and not on whether these were derived from put or from call prices. In

consequence, we have Py, pqp(G) = Pp(G).

The situation on the dual side — the superhedging problem — is different. Indeed, we
have seen in Corollary that in the case of call options, we could relax the static
part of the portfolio from combinations of call options to combinations of any functions
with linear growth without affecting the superhedging price. In contrast, when put
options are traded, their combinations are always bounded and such a relaxation is
not possible. We stress this in the notation and write V;%(G) = Vy, pp(G). Our
first result shows that when G is bounded, then trading puts instead of calls has no

impact on the superhedging price, as one would expect.

Theorem 3.4.3. Suppose the market input (&}, P,B) admits no WFLVR or equiv-
alently that M., # @. In particular, Condition is satisfied and ([3.4.1)) defines
measures which satisfy Assumption [3.3.81 Let G : R} — [—00,00) be an upper

semi-continuous function bounded from above. Then

Pas(G) = P, p(G) = Va, pp(G) = VIR(G). (3.4.2)

Ky
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The proof is given in Sections [3.6.3] and [3.6.5] and is similar to the proof of Theo-
rem [3.3.0l

The above result may be extended to functions GG which are not necessarily bounded,
but have sub-linear growth. We state one such extension which is used later. In
contrast, the duality in (3.4.2) will fail for G which has linear growth — a theme we

explore in the subsequent sections.

Corollary 3.4.4. In the setup of Theorem [3.4.3, assume that G is an upper semi-
continuous function such that Gy (s1, ..., s,) == G(s1,...,8,)— (>, si)/M is bounded
from above for any M > 1. Then (3.4.2)) holds for G.

Proof. We have

)

VIG) <V (Gar) + VIL(S1 + -+ +5,)/M)
<Pag(Gar) + VE((S1 + - +8,)/M)
ns
SP*,%(G) + ﬁov

where we used the obvious inequality 0 < V;%(Si) < Sp, 4 = 1,...,n. By letting
M — oo, we get Véf%(G) < P;3(G). The other inequality fof%(G) > P;p(G) is true
in all generality (see Remark [3.2.3)), and we conclude that V;%(G) = Pip(G). O

3.4.2 Duality gap and bubbles

We come back to the topic of financial bubbles considered in Remarks [3.2.3] and
[3.3.7 We start with a motivating example of a simple one-period model, n = 1. The
prediction set is of the form P = {so} x Py for some P; C R,. We assume the
market admits no WFLVR which is equivalent to saying that u defined via is
a probability measure supported on 9y and satisfies [ zu(dz) < sp. We assume the
prediction set 37 is unbounded and consider an option with an upper semi-continuous
payoff function G : Ry — [—o0, 00) such that |G(x)| < K|z| for some K and let

lim sup Glr)

r—o0,zCPy L

=: f € [—00,00).

A semi-static trading strategy (X, H) € A, here is a pair with X € &}, and H > 0.

If it superreplicates G, i.e.,

\I/X,H(Sl) = X(81)+H(81—80) > G(Sl), S1 €q31,
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then necessarily H > 8% since X is bounded, where ™ = 3V 0. Therefore, we find
VM(%(G) :inf{/X(sl),u(dsl) (X,H)e A, st Ux g > G on &B}

= inf (H()So + inf { /X<81>M<d81> (X, H) € A, st

Ho>p+
Uy p(s1) > G(s1) — Hps1 Vs € q31})

— inf {H030+PM,513(G(S)—H081)}

Ho>p+

— inf <H050+ /R (G(sl)—Hosl)u(dsl)) (3.4.3)

Ho>p+

:/R+ G(s1)u(dsy) + Hirzlg+ <Ho(80 - /}R+ Slﬂ(dsl))>
:/R+ G(s1)u(dsy) + BF(so — / sip(dsy))

R4

—Pun(@)+ 8" [ suulds))

Ry

It follows that if the mean of y is strictly smaller than sy, then we have a duality gap
for G with linear growth. The intuitive reason is clear: buying the asset directly is
implicitly more expensive than constructing a position using put options. If G' has a
bounded payoff then the latter is feasible as seen in Theorem [3.4.3 However, for G
with a linear growth, any superhedging portfolio has to include the asset S and is hence
more expensive, as seen above. When G(s1) = (s1—K)*, limsup, , . ,eq, G(7)/2 =1

and we obtain

VIR(G) = Pup(G) + (so— /R x,u(dx)).

.
Likewise, taking G(s1) = s;, we have
so=VP(S1) > Pug(S1) = fo := / rp(dr).
R

The market has a bubble — a misalignment of market and fundamental prices — if
the forward price fy implied by the put options is strictly smaller than the spot price
Sg. This should be contrasted with the situation in Remark [3.3.7, where the bubble

arose due to dominated assets.

The difference between these situations can be summarised as follows: in order to

have a financially meaningful market, we must always have the following inequalities
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for assets with quoted prices:

market . .
price > cheapest superreplication price
> sup {model-implied prices}
_ fundamental
price.

The first inequality here follows from the fact that we can superreplicate an asset
by purchasing it, and we may have a strict inequality without a simple arbitrage if
it is not possible (due to portfolio constraints) to short-sell the asset. However, in
the case where there is a strict inequality here, the market contains a dominating
portfolio — that is, the super-replicating strategy strictly dominates the purchase
of the asset at the market price, and so Merton’s no-dominance principle fails. In
general, one would not expect such markets to exist — even if arbitrage were not
possible, one would expect equilibrium to close the gap, since no (rational) market
participants would purchase the asset at its market price. On the other hand, the
second inequality here is rational — there is no a priori need for the superreplication

price and the model-implied prices to agree.

As a result, markets where the fundamental price and the market price differ for
some assets, but where the fundamental price and the superreplication price always
agree, are mathematically possible, even if they are not economically plausible. This
corresponds to the setup described in Section [3.3] A second case is also possible, and
economically more plausible, where the superreplication price of an asset coincides
with its market price but is different from the fundamental price. This corresponds
to the setup described in Section 3.4 One of the main contributions of this paper
is that we provide specific characterisations of markets where both behaviours are

possible.

In a more classical framework, the two cases described above are encapsulated in the
difference between the complete setting of Cox and Hobson [26] and Jarrow et al.
[66], and the incomplete models of Jarrow et al. [67]. In the former, completeness
of the markets implies that equality always holds between the cost of the cheapest
super-replicating strategy for an option and the model-implied price of the option. In
contrast, in the latter, Merton’s no-dominance condition implies that the inequality
between the market price and the superreplication price is an equality. However, in
Jarrow et al. [67], the existence of a bubble depends on the choice of some pricing
measure to determine the “market-price”. In the current (robust) setting, we are

able to define the fundamental price in a concrete manner (dependent only on the
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market prices and the prediction set), leading to a possibly clearer characterisation

of a bubble, which does not need some external “selection” procedure.

We now extend the above discussion to a general n-marginal setting. In the one-
period case above, G was a European option and the size of the gap between its
market and fundamental prices was given simply as a product of its linear growth
coefficient and the bubble size sy — fy. In the general setting, we can not compute
explicitly the duality gap for an arbitrary payoff G. We give below a characterisation
which then allows us to obtain explicit expressions for most of the typically traded

exotic options.

Theorem 3.4.5. Assume pyq, ..., i, satisfy Assumption [3.3.8 Suppose the payoff
function G : R, — [—00,00) is upper semi-continuous and satisfies (3.3.1) on R” for
some K. Define §; : R}, — R recursively by setting /3, = 0 and

62'(81, e ,Si>
= sup lim sup <<ﬁi+1(517 cey Siy x) (3 4 4)

Si42,..,5n€ERL  z—00

G(S1,- -+, 8i, T, Sixo,. .-

; ’Sn>>][q3<81,...,Si,$,8i+2,...,Sn)) V0,
for i = 0,...,n — 1. If G5(S) := G(S) — X7 BilS1,...,S:)(Siy1 — Si) is upper
semi-continuous and bounded from above then

n—1

V;—E’;‘%(G) = sup E]}D [G — Z Bi(Sh Ce 7Si)(Si+1 — Sz)] = Pﬁﬂg‘(Gﬁ).

IP’GME,% i=0

More generally, the result remains true if there exists a sequence (0, 5V)) € A, such
that G (S) is upper semi-continuous, bounded from above on ‘B for every N and

G (S) — G(S) pointwise as N — oo.

The proof is reported in Section Here we show how the above result applies in

the case of an Asian or a lookback option when P = €.

Remark 3.4.6. This result stands in stark contrast with the existing literature on
pricing under constraints on short-selling. For example, in a general (classical) setting,
where prices are assumed to be locally bounded semimartingales under some proba-
bility measure P, and under a restriction on short-selling, Pulido [89, Theorem 4.1]

shows that there is no duality gap.
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Ezample 1 An Asian option has payoff function G : R} — R, defined by

G(S1y--y8n) = (& — K>+.

n
In this case, as for any ¢ = 1,...,n and s1,...,5;, Siv2,...,S, € Ry, we have
lim G(51,...,85,%,8i42,.-.,5,) 1
T—00 s n’

(3.4.4) can be simplified to
Bi(s1,. .., 8:) = sup limsup Bi1(s1, .-, 8i, @) +

Sid2yeeny Sn €R+ T—r00 n

This yields 8; = (n —i)/n for i =0,...,n — 1. It is clear that

n

Ga(S) = G(S) = Y Bi(Sis — ) = (Z=_18 _ K)* ~ Zizl Si

is continuous and bounded from above. Therefore, by Theorem |3.4.5

n—1
Vﬁ(p)(G) = psiﬁ)* Ep [G — Z Bi(Siy1 — Sz)}
€ s =0
1 n
= Pil.;/ll); Ep[G] + o ; (So - /R+ :p,ui(dx))

Ezample 2 The second example we consider is a lookback option with a knock-in

feature, whose payoff function G : R} — R, is given by

+
G(S1y- -+, 8n) :(max si—K) l{min s; < B}

Osisn 0<i<n

In particular, when B = oo, it is just a lookback call option with strike K. By (3.4.4]),

G(S1y-++ySn_1,7)

Bn-1(81,...,8,-1) = sup limsup =1 . , :
" ( ’ " ) sn€Ry  x—00 xr {Ogr%lilil 8i < B}
Since for ¢ =0,...,n —2 and sq,...,s; € R,, we have
G(S1,-.,Si,TySi12, .-+, 8
a;(s1,...,8):= sup lim (51,3800 T, 842y o 5n) = 1.
Sit25e,SnERy T x

(3.4.4) can then be simplified to

Bi(s1y...,8;) = sup limsup Biy1(81, ..., 85,2)+1, i=0,...,n—2

Si4+2,..,Sn€RL  T—00
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from which we can derive
Bi(s1,-..,8i) = (n—l—z)JrIL{mmS < B} 1=0,...,n—1.
0<5<i I =

It is not hard to see that

G,B(S): () 6081_50 ZB@SM---’ % z+1 S)

n—2

=G(S) + Boso — Z (Bi(S1,.--,Si) = Bixa(St, .-, Si41))Sia

1=0

— ﬁn—l(Sla s 7Sn—1)Sn
+ n
:nso—i-(maxSi—K) Iy . _ — S;
0<i<n {orélilgnn S; < B} Zzl
+ Z l{minogjgi_l S]>B}IL{S1§B}SZ
i=1
is bounded from above. Now define continuous functions BZ-(N) :RY — Ry by

v n—1 1for£111<13J§B
ﬁi( )(317--'731'): . . + ==
n—i—1+ N(B + & — ming<;<; sj> otherwise.

Similarly, we can show Gy (S) = G(S) = X1 8™ (S, - ., 80 (Sip1 —Sy) is bounded
from above. Also 52»(N) — Bias N — oo for any i = 0,...,n — 1. Then Ggw) — Gg
pointwise as N — oo and hence by Theorem

n—1
VIP(G) = sup Ep|G— > Bi(St,....S1)(Sis1 — )
PeM i=0

As shown in the lookback option example above, the duality gap is not only dependent
on G and the marginal distributions p;, but also on how the u; are (optimally)
transported. In the case that P is a strict subset of {2, it may become increasingly
hard to calculate 5 and check the assumption of Theorem We develop now an
argument which connects asymptotically the duality gap of G in the presence of a
prediction set and the duality gaps of penalised functions of G in the absence of a
prediction set. In particular, it provides an alternative way to compute the duality

gap when ‘B is an arbitrary closed set.
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Assume the market input (&, P,B) admits no WFLVR and G is upper-semi contin-

uous subject to
G(s1y.oySn) S KA +s14+...45,), (s1,...,8,) € Ry.

Under this assumption, we argue first that if P;u(G) = —oo, then Vﬁ(i’%(G) = —00.
By Proposition , absence of WFLVR is equivalent to My pgq # @. It follows
from the sublinearity of Vﬁ(’f% and Theorem [3.4.3| that

VIG) SVI(G = K(1+S; + - +8S,)) + VAR (K(1+S1 + -+ +8,))
<Pip(G—K(1+S;+---+8S,)) +nksy+ K = —o0c.

From now on we make an additional assumption that P;p(G) > —oo. Define G :

R? — [—00,00) by
G (sy, ... . 5n) = G(81,...,8,) — NAg(s1,...,5n),

where Ap(S) :== (1 +S1 + ...+ S,) s,
that

s.ygp) 1s as defined in (3.6.9). Then note

.....

VI(G) = inf VP(GW), (3.4.5)

Ry N>1

The inequality “<” is clear. On the other hand, “>” follows from the fact that G®V)
is decreasing in N and given any (X,H) € A,, Uxpy > —N(1 + SN S;) for N
sufficiently large.

-----

is upper semi-continuous. Then the problem is reduced to the case that 3 = €, for
which we have a formula to calculate the duality gap if the contingent claim satisfies

all the assumptions in Theorem |3.4.5 Now let

YN = ﬁ(p)(G(N)) — sup Ep[GM)].
]P’EME

It follows by ((3.4.5) that

Vﬁ(q%(G) = inf { sup ]EP[G(N)] +7N} = lim { sup EP[G(N)] +7N}_

N21 L pe N=oo L pepm-
I I
In addition, we can deduce that

inf sup Ep[G™N)] = sup inf Ep[G™Y)] = sup Ep[G],
N2l pem; per; V21 PEM o,
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where the first equality is achieved by using the min—max theorem (Corollary 2 in
Terkelsen [102]) and the second equality holds as infy>1 Ep[G — NAg] = —oo for any
P e (M; \ M) but

inf sup Ep[G™N] > sup Fp[G] > —oo0.
N2 pen; PEM 4

Hence, the limit of vy exists and by writing v = limy_, vn, we have

v;gg(c:): sup Ep[G] + 7.

PEM; g

3.5 Continuous time: local martingales, bubbles
and pricing

We now turn to continuous-time models to explore the link between options’ prices,
trading constraints, speculative bubbles and strict local martingales. Let Q@ = ID([0,T],R)
be the space of nonnegative right-continuous functions with left limits on [0, 7] and

S = (S; : t <T) be the canonical process on  with (F;) denoting its natural
filtration.

Now consider the case when put options are traded for n > 1 maturities 0 < T} <
<1, =T,

X, ={(K-Sp)":1<i<n,K>0}, p(K):=P(K-Sp)").
We need to impose some assumptions on the prediction set ‘.

Assumption 3.5.1. The prediction set P C 2 satisfies w(0) = s¢ for every w € P

and
for any w € P and any stopping time 7, w™ = (Wt AT(w)):t <T) €*P.

Further the set Bz := {(wo, wry, ..., wn,) : w € P} is closed.

The first condition corresponds to B being closed under stopping and will imply that
any superhedging strategy in fact satisfies a collateral requirement, see Remark
below. The second point is technical and will enable us to compare the continuous-

time setting to the discrete-time setting.
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There are several possible choices for the class of admissible dynamic trading strate-
gies. They will typically lead to the same superhedging price, provided the admissi-
ble class is large enough, but to different sets of market-calibrated models. Here, to
make the connection with discrete-time setup clearer, we consider dynamic trading
strategies H which are predictable piecewise constant processes with finitely many
jumps. More precisely, we consider H : [0,7] x £ — R such that for any w € Q,
H(w) : [0,T] — R is a simple nonnegative function (piecewise constant with finitely
many jumps) and for any ¢ € [0, 7] and for any wy,ws € € such that wy(s) = wq(s) for
s € [0,t) we have Hy(w;) = H¢(wy). We call such H is admissible and write H € A.
Note that for H € A, the stochastic integral f(f H,_dS, is a sum and hence defined

pathwise.

An admissible semi-static trading strategy is a pair (X, H) with a linear combination
of put options X(w) = ag+ > v, @; X;(w), m >0, a; € R, X; € &, and H € A. Its
payoff at time T is given by

T
Uy n(S)=X(S)+ / H,_dS,.
0

We recall that the family of admissible semi-static trading strategies is denoted by

A, = Ay, and the superreplication price Vy, pg was given in Definition [3.2.1]

Remark 3.5.2. Note that because B is closed under stopping (cf. Assumption |3.5.1)),
it follows that if (X, H) € A, superhedges G on 3, then in fact

t
Uy n(SH = X(S +/ H,dS,>G(S), t<T, onp, (3.5.1)
0

where S' = (S, : u < T). In other words, (X, H) satisfies a collateral requirement.

As we shall see below, this feature will contribute towards the emergence of bubbles.

Static trading arguments, as in the proof of Propositions|3.3.2] show that absence of
WFLVR implies that p;(K) satisfy the properties listed in Condition and hence
we can use to define probability measures i = (p;); which satisfy Assumption
3.3.8. The set of market-calibrated models M7 p is as given in Definition m
Note that Remark is in force, with the convention co — oo = —oo. Finally, let
M%)SJB denote the set of all calibrated local martingale measures on (€2, Fr), i.e., all P
such that S is a P-local martingale and Ep[(K —S7,)*] = p;(K), K > 0, or equivalently
St ~ piy, 1 <@ < n. It is easy to see that M},P,m is the set of measures P under

which Sz, ~ pand S is a P-supermartingale and in particular /\/l}j?%3 C My py
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Consider now a European option with payoff G(w) = G(wr,), or more generally an
upper semi-continuous G(w) = G(wr,,...,wr,). We can then compare the present
setting to that of a discrete n-period model with traded put options at prices P, where
short-selling is prohibited, and with a prediction set 33z, as considered in Section .
Denote the corresponding primal and dual values by ngp,P,mTa and Vfgp?mf' Note that
the discrete superhedging problem naturally embeds into the continuous-time one. A
discrete-time trading strategy corresponds to a nonnegative (H;) constant on every
[T;, T;+1) fori =0,...,n—1, which is in A. On the primal side, for any P € ME“{B the
vector (Sg, Sty ..., Sr,) is a market-calibrated discrete-time model; so for G as above,

continuous-time calibrated models are embedded in discrete ones. In summary,

PXp,P,‘B(G) < Pﬁ?p,P,mf(G) and VXp,Pm(G) < Vfclp,PmT—<G)-

In some cases we can establish an equality in the first inequality. For example, when

P ={weQ:w0)=-sp}

then any discrete-time market model may be seen as a continuous-time one with the
asset being constant on any [T}, T;11). We can then conclude that there is no duality
gap in the continuous-time setting from the results Theorem [3.4.3]and Corollary

in discrete time.

However, our prime interest is in the case when the pricing-hedging duality fails. We
can use the results of Section to understand the case of European options.

Proposition 3.5.3. Suppose that the prediction set B satisfies Assumption [3.5.1
and Pr = {w(T) : w € P} is unbounded, and that market prices are such that
M5 # . Consider a continuous function G : Ry — [—o00, 00) with linear growth
(i.e., holds) such that the limit 5 := lims_ o0 sepy @ is well defined and

nonnegative. Then,

VXP,P,‘ﬁ(G> = sup lim EP[GJF(ST/\TE) —-G_ (ST)]

loc M—00
PEMES

_ / G(s)un(ds)+ﬁ<so— /]R sun(ds)),

+

where we implicitly set G(w) = G(w(T)), (7F) is a localising sequence for S under P,
and Gy =GV0,G_=—(GAO).

We first give two remarks before proving the above result.
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Remark 3.5.4. If the forward price implicit in the put options,

K—oo

fo = / Stn(ds) = lim (K — p,(K)),

is cheaper than the spot, sg > fp, then the market has a bubble. The market price

S is strictly greater than the fundamental price, given by

sup Ex(G(Sr)] = [ Gls)(ds)
PeM2S,

The correction is equal to 57 (sg — fo). This is the same correction as exhibited
in Theorem 5.2 in Cox and Hobson [26], see also Section 6.1 in Jarrow et al. [67].
In Cox and Hobson [26], the bubble was driven by a collateral requirement and a
strict local martingale property. While the former is a natural trading restriction the
latter appears artificial. In our robust framework a bubble is triggered by trading
restrictions and properties of market prices of options. The difference is that we take
market prices as given and adopt a robust framework. A bubble arises when these
prices are misaligned with the asset price, so > fy, while an arbitrage does not arise
because of the trading restrictions. In our setup, the trading restrictions take the
form of a short selling ban and, as highlighted in Remark above, a collateral

requirement.

Remark 3.5.5. The assumption Mig?p # @ is an implicit assumption on P and
market prices. It is satisfied e.g. when 3 is equal to all paths, or all continuous paths,
which start in sy, and put prices p;(K) satisfy the properties listed in Condition |3.4.1|

The latter is equivalent to i = (p;),, defined via (3.4.1]), satisfying Assumption|3.3.8|

Proof of Proposition[3.5.5. As explained above, we can directly compare the continuous-
time setting with a discrete-time setting from Section with the same put prices

and prediction set
PBr = {(wo,wr,,...,wr,) 1w € P}.
Using (3.4.3), which is a one-marginal result, we immediately have

Vi, (G) £ V0, (G) = [ Glonls) + 5% (s0 = [ smala)

Ry

and hence we conclude that

Va,pp(G) < /G(s)un(ds) + Bt (80 _/

Ry

sun(ds)>. (3.5.2)
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Consider a superhedging strategy (X, H) and P € ./\/lg’?43 with a reducing sequence
(1) for S under P. If G(Srns,) > 0, it follows from (3.5.1) and G_ > 0 that

T ATy,
X(Stnn,) + / H,_dS, > G (Star,) — G_(Sp).
0

Otherwise, G(Sya-,) < 0 and then

T
X(Sr) + / H,_dS, > G(Sy) > G (Srrr,) — G_(Sr)
0
Therefore

G+ (Srar,) — G-(St) < X(Sr) + (X (Star,) — X(S1)) Lic(sran,)>0}

T ~
+ / H,_dS,,
0

where H, = Holju<ronry + Hul fusroarmy Ly )<0}- We note that H € A and hence

the expectation of the integral is nonpositive under P. Further, 7, AT = T for n large

ST/\‘rn

enough (which may depend on the path) and X is bounded so we may apply the
dominated convergence theorem to conclude that

limsup Ep[G 4 (Srar,) — G-(Sr)] < Ep[X(Sr)] = P(X) (3.5.3)

n—oo

and hence the LHS is a lower bound on Vx pq(G). Finally we compute the LHS.
Note that for any € > 0, G(s) — (8 — €)s is bounded from below on Pr. It follows,

applying Fatou’s Lemma and noting that IP € ./\/l%?;3 implies Sy and Spp,, are almost
surely in Pr, that

liminf Ep[G 4 (S7ar, )] > Uminf Ep[G 1 (S7ar, ) — (8 — €)Star,] + (8 — €)so

n—oo n—o0

>Ep[G(S7) — (B — €)Sr] + (B —€)so

~ [+ -0 (s0- [smias)).

We conclude that the upper bound in ([3.5.2)) coincides with the lower bound obtained
by taking € N\, 0 and the infimum over superhedging strategies in (3.5.3)), as required.
]

The above statement may be extended to G which depends on the values of the asset
at the intermediate maturities, i.e., G(S) = G(Spy, ..., Sz, ), by using Theorem [3.4.5|

We do not pursue this here.
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3.6 Proofs

3.6.1 Preliminary Results

In this section and in Sections [3.6.3| and [3.6.5 we assume that puq, ..., @, are prob-

ability measures on R, which have a finite first moment. Let II; be the set of all

Borel probability measures on £ with marginals ds,, pi1, ..., 1o and denote by M7
the set of probability measures P on {2 such that S is a supermartingale and S; is
distributed according to p;. We also write C’b(Ri, R.) to denote the set of continu-
ous, bounded and nonnegative functions f on Ri and C'C(IRZF,]RJF) for the subset of

continuous nonnegative and compactly supported functions.
Lemma 3.6.1. Let m € II;. Then the following are equivalent:
L. me Mz.

2. For 0 < j <n—1 and for every H € CC(RLRQ, we have

/ H(zy,...,25)(xj41 — zj)dm(zq, ... 2,) <O (3.6.1)
Q

Proof of Lemmal[3.6.1. Claim (1) asserts that whenever A C Ri, j <n—1,is Borel

measurable, then

/ La(zq, ... z)(zjq — xj)dm(zy, ..., 2,) < 0. (3.6.2)
Q

S0

To see (3.6.2) = (3.6.1), we fix any j =0,...,n — 1 and H € C.(R},R,) and define
simple functions f, : R, — R by fi = 27%|2FH|. Then 0 < f, 1 H and it follows
from the dominated convergence theorem and (3.6.2]) that (3.6.1)) is satisfied.

To show (3.6.1) = (3.6.2), first consider A € R’ such that A is open and bounded.

Since 14 is lower semi-continuous, there exists a sequence (fi)g>1 C C’C(Ri, R, ) such

that 0 < f < 14 and fr T 14. Therefore, the dominated convergence theorem
implies that

[ Lator ) @ = 2dn(an, ) <0
Q

Now consider an arbitrary open set A € Ri. We can write A = UnzlA(") with
A = AN {S € R’ : ||S|| < n} being open and bounded. Then by the dominated

convergence theorem

/ La(zy, ... x) (241 — xj)dm(xy, ..., z,) <0,
Q
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Finally, if A C Ri_ is a Borel set, then by Corollary 3.12 in Bruckner et al. [15], for

every N > 0, there is an open set Ay C Ri such that A C Ay with m(Ay) < W(A)—i—%.
It follows that
/Q La(zjp1 — xj)dm(zq, ..., xp)

:/Q Lay(zjs1 —zj)dm(zq, ... 2,) — /Q Lapa(@jpr — zj)dm(ze, ..., 2p)

< /Q Lapaz;dm(zy, ..., z,)

= /AN\A Il{sz\/ﬁ}xjdw(xl, ceyTp) /AN\A ]l{xj<\/ﬁ}xjd7r(x1, ey Ty

< /R+ ﬂ{szﬁ}xjpj(dx) + g — 0 as N — o0.

[

Lemma 3.6.2. For a closed P C €2 the set M is compact in the weak topology.

Proof. Since Mggp is a subset of the compact set Il;, it suffices to prove that M;m
is a closed subset of I1I;. By Lemma [3.6.1],

n—1
Mz = ﬂ ﬂ {WGHﬁ : H(zy,...,z5)(zj41 — xj)dm(xq, ..., xp) §O}.

. . R™
7=0 HeCy (R, Ry) +

Therefore, by Lemma 2.2 in Beiglbock et al. [6], M is a closed subset of Il in the
weak topology.

To show Mﬁ,m is a closed subset of ./\/lEL, we take any sequence (Q,) € M such that
Q,.(B) =1 and Q, — Q for some Q € Mj as n — oco. Then by weak convergence of
measures, for P C Q closed, Q(P) > limsup,,_,., Q,(P) = 1. It follows that My is
a closed subset of M and hence closed in II; in the weak topology. O

To prove Theorems[3.3.5|and [3.4.3] we use the following version of Monge-Kantorovich
duality theorem, which is essentially proposition 2.1 in Beiglbock et al. [6]. The

proposition is rewritten here to suit the notation and purpose of this paper.

Lemma 3.6.3. For any G that is upper semi-continuous and bounded from above

we have

sup E;[G] =inf{P(X): X € A,, st. X > G on Q}, where o € {¢,p}.

ﬂ'GHﬁ
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Further, the result remains true with o = ¢ for any upper-semi continuous G that

satisfies B.3.11

The call option case is just Proposition 2.1 in Beiglbock et al. [6]. The put option
case follows from Equation (A.1) in the proof of Proposition 2.1 in Beiglbock et al.
[6], which in our notation simply states that for any G that is upper semi-continuous

and bounded from above

TrEHﬁ

sup E,[G] =inf { Z/uid,ui cu; € Cp(Ry,R) s.t.
= (3.6.3)
>~ ui(S:) > G(S) on Q}

Note that given any f € C,(R;,R), e >0and i =1,...,n, there is some u : Ry — R
of the form ag + 37" a;(Kj — s;)* with u > f and [(u — f)du; < e. Therefore we
may change the class of admissible functions in from Cy(R_,R) tow : R, — R
taking the form ag + > 7", a;(K; — s)*.

3.6.2 Proofs of FTAP in the setting with traded calls or puts:
case where ¢ = ()

The proofs of Propositions |3.3.2| and |3.4.2| are virtually identical; so we only give the
proof of Proposition We include with it the proof of Proposition [3.3.3] In this
section, we only give the proof in the case where 8 = (2. This allows us then to
prove Theorem when P = Q which in turn is used to establish the results when
PcQ

Step 1: “J MCM (market-Calibrated Model) = no WFLVR”

First we show that the existence of a market-calibrated model implies no WFLVR.
Fix a market-calibrated model P and any (Xj, Hy) € Ay and (X, H) € Ay such that
Uy, m, — 0 pointwise on B, limy P(Xy) is well defined and ¥, y, > VYx . Then

by Fatou’s lemma, we get
hmkmf EP[\IJXk,Hk] 2 E]p [hmkll’lf quk,Hk] =0
and hence
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Step 2: “no WFLVR = Condition [3.3.1]’

It is straightforward and classical that the absence of a robust uniformly strong ar-
bitrage implies Condition [3.3.1] (i)—(ii). Note that since ¢;(-) are convex ¢;(0+) is
well defined. Let oy := limg o ¢;(K) which is well-defined by Condition (i)
with a; > 0 for any @ = 1,...,n. If a; > 0 for some i = 1,...,n then (X, (0))
with X}, = —(S; — k)T is a WFLVR since X}, — 0 pointwise as k& — oo and
P(Xy) = —ci(k) = —a; < 0. If Condition B.3.1] (iv) is violated, then for some
K eR, and 4, ¢;(0) — ¢;(K) < ¢i41(0) — ¢;41(K). Consider

X = (Si— 0" — (Si — K)* — (Sis1 — 0) + (Sip1 — K)* € &,
Hi = ]]_{gi<[(} and Hj =0 for ] 7£ 1.

Then (X, H) is a robust uniformly strong arbitrage since Uy y > 0, but P(X) < 0.
We conclude that no WFLVR implies Condition |3.3.1. Moreover, absence of a robust
uniformly strong arbitrage implies Condition m (i), (ii) and (iv).

Step 3: “If P = Q then Condition = 4 MCM”

Next we show that Condition[3.3.1]implies the existence of a market-calibrated model
when P = Q. Tt follows from Condition [3.3.1] (i), (ii) and (iii) that we can derive
from the observed prices of call options probability measures ji = (1, ..., it,) with
w; on (R, B(R,)) such that for any i =1,...,n and K € R,

G(K) = /(I—K)Jr,ui(dx) and ¢;(0) = /x,ui(dx),

where B(R, ) is the Borel o-algebra of R,. In fact, due to Breeden and Litzenberger
[13], p; can be defined via

wi([0,K]) =1+ c(K) for K € R,.

In addition, given pyq, ..., u, derived from the observed market prices of call options,
Strassen’s Theorem ([101]) states that Condition (iv) holds if and only if for any
convex nonincreasing function ¢ : Ry — R, the sequence ([ ¢ dy;);>1 is nondecreas-
ing, which is the necessary and sufficient condition for the existence of a nonnegative
supermartingale having marginals i, ..., u,. Therefore, when B = €2, the absence
of WFLVR implies the existence of a market-calibrated model which happens if and
only if Condition |3.3.1] is satisfied.

Step 4: “Additional arguments for Proposition |3.3.3[’
Given the above steps, to show Proposition [3.3.3] it remains to argue that Condition

3.3.1| (i), (ii) and (iv) imply that there is no robust uniformly strong arbitrage when
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P = Q. Suppose to the contrary that there exists a semi-static strategy (X, H) such
that Ux iy > 0 and P(X) < e < 0. As X is a finite linear combination of elements of
X, we let K. be the largest among the strikes of call options present in X. Then,

for any 0 > 0 small enough, there exists a sequence of functions (cl@)?:1 satisfying

Condition m (i)—(iv) and such that |¢;(K) — CZ@(K)] <, forany i =1,...,n and

K < K. In fact, we can construct functions (cﬁ‘”)g;l in the following way. For any

i=1,...,n, we can first define a function & by &(K) = ¢;(0)—(1—522)(c;(0) —ci( K))

Zns
if {(0+) < 0, &(K) = (c:(0) — L= K) v 0 otherwise. Note that if ¢(0+) = 0,
then ¢; = ¢;(0) for any j > i. Then |&(K) — ¢;(K)| < §/2 for K < Kp.x, and
for ¢ sufficiently small, (&), satisfies Condition [3.3.1] (i)—(iv) and & (K) — &(0) is
strictly decreasing in i for K € (0, Kiax]. Then, for any i < n, we can find a convex,
(9)

satisfies CZ(-(S)(O) = ¢;(0), ¢41(0) — €31 > cl@(()) — Cl@) > ¢;(0) — ¢; and CZ@(K) — 0 as
K — o0o. By the arguments above, with P corresponding to prices (cl((s)), PO and

decreasing function ¢;”/ which approximates ¢ arbitrarily closely on [0, Kpax] and

(CZ@) satisfy no WFLVR and hence there is no robust uniformly strong arbitrage, so

PO (X) > 0. However, we can take § small enough so that |P(X) — P (X)| < ¢/2

which gives the desired contradiction and completes the proof of Proposition |3.3.3

3.6.3 Proof of Theorems and [3.4.3; case where ‘3 = ()
and G is bounded

We now give the proof of Theorems [3.3.5] and [3.4.3] for bounded and upper semi-
continuous G in the case where Y = (). In this case, we can apply Proposition
or [3.4.2l The proof of the general case will be postponed. Since the proof of
Theorem [3.4.3|is virtually identical to that of Theorem [3.3.5] we only give the proof

of Theorem [3.3.91

Proof of Theorems[3.3.5, We first prove Theorem for bounded and upper semi-

continuous G in the case where o = (2.

By Proposition [3.3.2] in the case where B = (), absence of WFLVR is equivalent
to My pq # 0, for which to hold Condition is both necessary and sufficient.
Following the classical arguments in Breeden and Litzenberger [13], by defining prob-
ability measures p; on R via p;([0, K]) = 1+ ¢;(K) for K € Ry, we can encode the
market prices P, or ¢;(K), via (y;) with ¢;(K) = P((S; — K)*) = [(s — K)"pi(ds).
Hence My, p o = M.

By Remark [3.2.3] to show (3.3.2)), it suffices to show Vx, p o(G) < Px, pao(G).
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Define G : R} — [—00,00) by
GH(S) = G(S)— Hj(Sl7"'7Sj)(Sj+l_Sj>-

It is clear that if H; € C’C(Ri,RJF) for every j, then Gy(S) is upper semi-continuous
and bounded, and hence satisfies (3.3.1)). We can deduce that
ch,p,Q(G) == inf P(X) (364)

(X,H)EA, s.t. \I}X,HZG

< inf  inf {P(X) X €A, st. X >Gyon Q} (3.6.5)

H; EC’C(R]+ Ry)

= inf sup {
Hj ECC(RZ‘_ Ry) TI'EH,I

Gulsi, ... sn)dn(sy,. .. ,sn)} (3.6.6)

R}
_ inf { Gulsy,. .. s,)d n} 3.6.7
felli Hjeci](am,w) /Rg (51 Sn)dm(s: 5n) ( )

where the equality between (3.6.5) and (3.6.6]) is guaranteed by Lemma [3.6.3| In

order to justify the equality between (3.6.6)) and (3.6.7) we apply min—max theorem
(see Corollary 2 in Terkelsen [102]) to the compact convex set II;, the convex set

Ry X Co(Ry,Ry) x ... x C.(RT,R,), and the function

f(m, (H))) = Gu(si, ..., 8n)dm(s1,...,85).

RY

Clearly f is affine in each of the variables. Furthermore, by the Portmanteau theorem,
f(-,(H;)) is upper semi-continuous on II;. Therefore, the assumptions of Corollary 2
in Terkelsen [102] are satisfied.

The last step is to establish the following equality

sup  inf { s GH(sl,...,sn)dﬂ(sl,...,sn)}: sup Ex[G(S)].  (3.6.8)

m€ll; HjeCo(R) Ry) PeM;

If ¢ M, then by Lemma 3.6.1} there is a H; € CC(RZr, R, ) for some j such that

B= Hj(Sl,...,Sj>(Sj+1—Sj)dﬂ'(Sl,...,Sn) > 0.

RY

By scaling, B can be arbitrarily large. Hence, if 7 ¢ M;, then

inf { /
HjECC(Ri,R+) R

Gr(siy...,sp)dm(sy, ..., sn)} = —00.

n
+
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Since G is bounded and M7 # &, Vi, p(G) > sup Ep[G] > —oo. Therefore, in the
PEM3
LHS of (3.6.8), it suffices to consider m € M and then

n—1

in Z/Hj(Sl,...,Sj)(Sj—$j+1)d7T:O.

H;€C:(R%, Ry)

Hence

sup inf {/ GH(sl,...,sn)dﬂ(sl,...,sn)}
+

WEM; Hj GCC(R{{- 7R+)

< sup Ep[G]+ sup inf Z/H Sy, 85)(85 — Sj41)dm
IPGME TI'EM Hj;eCc( R JRy)

= sup Ep[G].
PEM;

3.6.4 Completing the proof of Proposition [3.3.2]

In this section, we complete the proof of Proposition in the case where B C €.

Step 5: “no WFLVR = 4 MCM”

It remains to argue that when ‘B is a closed subset of €2 such that 3 C 2 and Condition
3.3.1] is satisfied, the non-existence of a market-calibrated model concentrated on B
implies the existence of a WFLVR. In fact, in this case, it is a robust uniformly strong

arbitrage. Define a lower semi-continuous function Ay : R} — R by

)\qg(sl, Ce ,Sn) == 1{(51 77777 sn) 2R} (369)

Then we apply Theorem to the prediction set {2 and —Ay and find that

Ve.pa(=Ap) = sup Ep[—Ap] =«
IP’e/vt;fcﬂ,yQ
If a = 0, then there exists a sequence (Pr) € My 5 such that P.(P%) — 0. By
Lemma 2, My, pq is compact and closed. Hence (Py)ren has a subsequence con-
verging to some P € M . In fact, by weak convergence of measures, P(p%) =0
and hence P € M}, pg. This shows that in the absence of a market-calibrated
model, we have a < 0. Therefore we can conclude that no market-calibrated model

concentrated on B implies the existence of a robust uniformly strong arbitrage (and
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hence WFLVR). Together with the results of Section [3.6.2] this completes the proof
of Proposition [3.3.2]

With the complete proof of Proposition |3.3.2, we are now able to give a proof of
Theorem [3.3.5] in the general case where B # €.

3.6.5 Completing the proof of Theorems|3.3.5/and |3.4.3: case
where 13 C ()

We now complete the proof of Theorems (3.3.5(and |3.4.3| for G satisfying (3.3.1]) in the
case where P C ). Again, since they are virtually identical, we only give the proof
of Theorem [3.3.5] here.

If (3.3.2) holds for G, then (3.3.2) is still true for any function G' = G + X with X of

the form ag + Y, a;(S; — K;)". Therefore, without loss of generality, we may and

do assume that G is bounded from above.

Recall from (3.6.9) that Ap(si,...,5,) = Li(s,..sn)ep} is bounded and lower semi-
continuous and hence G V (—N) — N g is bounded and upper semi-continuous for
each N € N. We also notice that

Va, pp(G) < Va,po(GV (=N) — N)g)

for each N € N, since any super-replicating portfolio of G vV (=N) — NAg on 2
naturally superreplicates G on B. Thus
Va,pp(G) < inf Vi po(GV (=N) = NAg)
= ]{]Ilzf;] PXC,’})7Q<G V (—N) — N/\gp)
= inf sup Ep[G'V (=N)— NAg].

N20 PeM;
Define fy : M; — (—00,00) by fn(P) = Ep[G V (=N) — NAy|. Note that fy is
upper semi-continuous on My and fy > fy+1 for every N € N. Hence, applying the
min-max theorem (see Corollary 1 in Terkelsen [102]) to the compact convex set M

and (fy)nen, we have

inf sup Ep[GV (=N)— NAg] = sup inf Ep|G V (—=N) — NAgql.
N20pem; pem; V2
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Define Gog by Gy = G on B and —oo elsewhere. Note that Gy is the pointwise limit
of GV (=N) — NAy as N — oco. Then by Fatou’s lemma,
sup inf Ep[G'V (=N) — NAgp] < sup Ep|Gg] = sup Ep[G].
pem; V20 PeM; PEM o
Therefore, we have Vy, p (G) < Px, p3(G), which together with Remark leads

us to conclude that
Vi, pp(G) = P, pyp(G).

3.6.6 Proof of Theorem [3.4.5|

Proof. Given a semi-static superreplicating strategy (X, H) we have by definition for
any (s1,...,8,) €PB

n—1

X(S1y...y80) + ZHi(sl, ey $)(Siv1 — 8i) > G(S1,. -+, Sn)- (3.6.10)

i=0
We start with the following

Claim: If (X, H) is a semi-static super-replicating strategy of G on the prediction set
B, then H; > B for any1=0,...,n— 1.

We prove the claim by mathematical induction. When j = n — 1, we fix §, 1 :=
(S1,.-+,8n-1). Letting s, € B(S,—1,n) :={z : (s1,...,8,-1,2) € P} go to infinity,

it follows from (3.6.10]) that

H, 1(s1,...,80-1) > lim sup

x—00, tEP(Spn—1,n) T

This, together with H,,_; > 0, yields

G(S1y- -y Sn—1,7)

Glsr,... sur,
Hn71(81,...73n71)thsup{ (51,...,8n-1,)

Z—00 x

]133(81, ey sn,l,x)} V0
:571—1(51, S 7Sn—1)-
Now suppose the claim holds for j = ¢+ 1 with ¢« < n — 2. We fix a vector s, 1 :=
(S1y. -+, Sis Sita,--.,S,) and denote
PB(Sp-1,i+1):={x : (s1,...,8,2,Sit2,...,5,) € P}
If B(S,, 1,7+ 1) is unbounded, then by taking x € (5, 1,7 + 1) to infinity, (3.6.10)
implies

Hi(sy,...,8:) > lim sup (Hi+1<51;-~73i7$)
x—00, 2EP(8p—1,i+1)

G<Sl) <oy Sy Ly 842,y - '7871))
. .
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If the right hand side is nonnegative, then

G(sl,...,si,x,siﬁ,...,sn))

lim sup <Hi+1(31, ce S )+ .

x—00, EP(8r—1,i+1)

=limsup ( Lp(s1,...,5i, T, Sit2, .., 5n)
Tr—r00

G(Sl,...,Si,x,Si_i_Q,...,Sn)))

X (Hi+1(517"'75i7x)+ T

Hence, as H; > 0, when P(8,,_1,7 + 1) is unbounded, we have

Hi(Sl,...,Si>
> lim sup <<Hi+1<317 ey 80y T)
T—00
+ (31 S; 281-1—2 871))1;’;3(817...,Si,SL’,Si_,_Q,...,Sn)) V0

2 lim sup ((/Bi+1(817 <oy Siy I)

T—00

+ G(Sla"'>Si7$75i+2a---75n)

>]lqg(sl, ST Sings e sn)> Vo, (3.6.11)
T

On the other hand, when B(3,,_1,7 + 1) is bounded, we notice that

G(S1y- -3 8i, Ty Sigay - ,sn)>

lim sup ((@'H(Sh ey 85, T) F
T

T—r00

X Lg(s1,-.., 8, %, Sita, - - '78n>> —0.

Hence, the inequality in (3.6.11]) is true in either case. In addition, as it holds for all

81y, SiySita, ..., Sy € Ry, we can conclude that

Hi(817 ey Si)

G 79 5 97 g9 On
> sup  limsup ((Hi+1(81,...,8i,93)+ (81,-- -5 80, T, Sia S ))

Sit+2,..,Sn€ERYL  xT—00 x

X Ilqg(sl,...,si,x,siﬂ,...,sn)) V0

=0i(s1,-.., ), for any s1,...,s € R,.

This ends the induction and the proof of the claim.

It follows from the claim above that for any (X, H) € A, that superreplicates G on
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P and any P € My, we have
n—1
Ep[G] <Ep [X(S) + Z Hi(Sy,...,S)(Siz1 — Sz)]
=0

<Ep [X(S) + ”Z_l Bi(S1,- .., 8i)(Sig1 — Sz):| :

which implies that

n—1
VG > swp Er[G =3 4G 8B — 8],
PEM o i=0

For the converse inequality, we let B,(R%, R, ) be the set of all bounded and measur-
able functions f : ]Rﬂlr — R, and denote by Z the collection of all tuples of functions
(H;)5=y € Ry x By(R,Ry) x ... x By(R} !, Ry) such that

Gu(S) = G(S) - Hi(S1, ..., 8)(Siv1 —Si)
is upper semi-continuous and bounded from above on 3. Note that Z is a convex

subset of R, X By(Ry, Ry ) x...x By(R! R,). Then we can apply min-max theorem

(Corollary 2 in Terkelsen [102]) to the compact convex set M, Z and the function

[y

n—

f(m, (Hj)):/(G(Sl,...,Sn)— Hy(s o) (si = 50))dn(sn, . 5,).

7

Il
=)

Clearly f is affine in each of the variables and by the Portmanteau theorem f(-, (H;))
is upper semi-continuous on ./\/lgm. So the assumptions of Corollary 2 in Terkelsen
[102] are satisfied, and we find that

VO(G) = inf {P(X) C(X,H) € Ay st Uy > G on qs} (3.6.12)
< il inf {P(X) (X H) € Ayst. Wy q > Gon fp} (3.6.13)
— inf inf {P(X) (X, H) € Ayst. Wy g > Gy on sp} (3.6.14)
= inf P:;gm Er[Gu(S)] = Pg;};m Inf Bp [Gu(S)]

where the inequality between (3.6.12) and (3.6.13]) is by restricting the delta-hedging

terms to a smaller set, and the equality between (3.6.13) and (3.6.14]) follows from
Theorem [3.4.3
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To conclude, from the assumption we know there exists a sequence {3} in Z such
that Gy (S) = G(S) — S BZ-(N) (S1,...,S:)(Sit1 — S;) is upper semi-continuous,
bounded from above on P and Gz — Gp pointwise as N — co. Hence, by Fatou’s

Lemma

n—1
lim sup Ep[G ) (S)] < Egp [G — S BilSt -, S)(Sins — SZ-)}
=0

N—oo

holds for any P € M, and therefore we have

n—1

s B[Gu(®)] < sw Ee[G -3 (81,898 — 8],
eMﬁ,‘B PGM[L‘D i=0

which leads us to conclude that

n—1

VING) < sup By |G =3 BilSt,. ., 8)(Si — 8)].

PGME,‘B i=0
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Chapter 4

Robust pricing—hedging duality
without options and dynamic
programming principle

4.1 Introduction

The robust approach to pricing and hedging in continuous time has been an active
field of research in mathematical finance over the recent years. However, compared
to discrete time, it is relatively less well understood due to all the technical issues
concerning measurability, admissibility etc. involved in building up a well defined
stochastic integral to represent the capital gain from trading, which could arise in the
classical approach to the pricing and hedging problems once one extends the analysis

from discrete time to continuous time.

So far in the literature, there have been three main approaches to resolve the issues of
defining a pathwise integral. The first one is the closest to the classical approach. It
is considered in the quasi-sure setting where a family of probability measures is con-
sidered simultaneously and the integral constructed therein needs to be well defined
and consistent with the classical stochastic integral under any probability measure,
see e.g. [37; Q9 12 8 82 80 87 80} 85 8I] and the references therein. As shown
in these papers, among many others, the main difficulty usually lies in aggregating
the integrand. In contrast, the second and third ones are to construct an integral
pathwise without any direct reference to a probability measure. The difference be-
tween these two is that the former focus on building a pathwise integral for a more
general class of integrators which, instead of being well-defined for every path, could

work well for paths with desirable regularity, for example paths that admit pathwise
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quadratic variations, see e.g. [105 [69; [9 [47], while the later puts more restrictions
on the integrands, usually concerning a certain degree of smoothness of the paths
of integrands, and as a result usually the regularity of path is not needed and the

pathwise integral therein can be defined for any path, see e.g. [39; [41].

In this chapter and the following, we follow the third approach to define a pathwise
integral that represents the gain from continuous trading, and then a continuous-time
superhedging problem can be defined. One of our contributions here is to establish
an “unconstrained” pricing—hedging duality, which states that for any derivative with
bounded and uniformly continuous payoff function G, the minimal initial set-up cost
of a portfolio consisting of cash and dynamic trading in the risky assets which super-
hedges the payoff G for every nonnegative continuous path, is equal to the supremum
of the expected value of G over all nonnegative continuous martingale measuresﬂ
This result is shown through an elaborate discretisation procedure built on ideas in
[39; [41].

The duality result involves neither static trading nor dynamic trading in options, but
can serve as a critical building block to establish a general pricing—hedging duality via

a variational approach as in Galichon et al. [49], as will be seen in the next chapter.

Our second contribution is to provide a dynamic programming principle (DPP), which
relates the time-0 superhedging cost (resp model price) to any later time-t supher-
hedging cost (resp model price). We show that looking at the pricing and the hedging
problems on [0, T is the same as first looking at the pricing and the hedging problems
on [11,T] and then on [0, 77].

Note that the pricing and the hedging problems on [T}, T| shall naturally depend on
the information given at T; or in our case the price path up to time 77 as we choose
the filtration to be canonical. Hence, a properly defined superhedging cost and model
price on [T, T] shall reflect the path dependence, and that requires us to extend the
robust framework in Dolinsky and Soner [39] to have the flexibility to incorporate
the case that the filtration has a non-trivial initial o-algebra. However, as we shall
emphasise here, the case of a filtration with a non-trivial initial o-algebra is not the
main subject studied here. Neither is the case of a non-canonical filtration. Our focus
here and in the next chapter is on the case when trading strategies are adapted to
the natural filtration [ of the price process S. For consideration beyond this, we refer
the reader to Aksamit et al. [2].

!Note that here and throughout, we assume that all assets are discounted or, more generally, are
expressed in terms of some numeraire.
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The chapter is organised as follows. Section introduces our robust framework for
pricing and hedging and defines the primal (pricing) and the dual (hedging) problems.
In Section[4.3] we present the unconstrained pricing—hedging duality in Theorem [4.3.1]
Then in Sections [4.4] we establish the dynamic programming principle for pricing and
hedging problems with proofs. Theorem is proved in Sections and [£.6] The
proof proceeds via discretisation: of the primal problem in Section and of the dual
problem in Section [£.6] Proofs of two auxiliary results are relegated to the Appendix.

4.2 Robust Modelling Framework

4.2.1 Traded assets

We consider a financial market with d+ 1 assets: a numeraire (e.g. the money market
account) and d underlying assets S ..., 8@ which may be traded at any time
t < T. All prices are denominated in the units of the numeraire. In particular, the
numeraire’s price is thus normalised and equal to one. We assume that the price path
Slfi) of each risky asset is continuous. The assets start at Sop = (1,...,1) and are
assumed to be nonnegative. We work on the canonical space C([0,7],R%), the set of

all R%-valued continuous functions on [0, 7.

We pursue here a robust approach and do not postulate any probability measure

which would specify the dynamics for S.

4.2.2 Trading strategies

We now discuss the notion of atoms of a o-field and introduce the right class of
trading strategies with respect to the canonical filtration F. We refer to Dellacherie
and Meyer [36] Chapter 1 Section 9-12 (pages 14-16) for useful details.

For a measurable space (2, Fr) and a sub o-field G C Fr we introduce the following

equivalence relation.

Definition 4.2.1. Let w and w be two elements of €2, and G C Fr be a o-field. Then
we say that w and w are G-equivalent, and write w ~g w, if for each G € G we have
]lg(w) = ]l(;((;)

We call G-atoms the equivalence classes in €2 with respect to this relation. We denote
by A“ the atom which contains w: AY =({A: A€ G,w e A}
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Note that if G is countably generated, G = o(B, : n > 1), then each atom is an
element of G as A* = (), C, is a countable intersection, where C,, = B, if w € B,
and C,, = B¢ if w € BS. Also, it is then enough to check the relation from Definition
on the generators of G. Finally, we note that in our setting, w ~# w if and only

if w, = w, for each u < t¢.

We only consider trading strategies v which are of finite variation. This allows us,
similarly to Dolinsky and Soner [39], to define stochastic integrals pathwise simply

via the integration by parts formula:

t t
/ ’yudSu = St — % - SO - / Sud7u7
0 0

where we write a - b to denote the usual scalar product for any a,b € R? and the last

term on the right hand side is a Stieltjes integral.

Further, ~ is required to be progressively measurable with respect to a filtration
which, in our context, is the natural filtration generated by the canonical process.

More precisely, we have:

Definition 4.2.2. (i) We say that a map v : Q — D([0,7],R?) is measurable, if
the mapping (t,w) — ~(w) is measurable on [0,7] x £ with respect to the product
o-algebra B([0,T]) ® Fr.

(ii) ~ is an F-adapted process if w — v, (w) is Fi-measurable for every ¢t < T.

(iii) Finally, 7 is an F-progressive measurable process if for every ¢ < T the mapping
(s,w) — 7s(w) is measurable on [0,¢] x © with respect to the product c-algebra
B([0,1]) ® Fi.

Remark 4.2.3. Galmarino’s test states that for a measurable 7, it is an F-stopping
time if and only if for every ¢, the properties 7 <t and w; = v, for any s < ¢, imply
that 7(w) = 7(v). Moreover, given an Fr-measurable random variable ¢ : Q — R4

and an F-stopping time 7 < T, ¢ is F,-measurable if and only if
Vo,w e, v, =w,, Yue[0,7(v)] = o¢v)=¢(w).

For more details, see Dellacherie and Meyer [36] Chapter IV. Then it is clear that for

a measurable map 7, it is F-adapted if and only if
Vo,we, t<T, vy,=wy,, Yuel0,t] = 7v)="n). (4.2.1)

In particular, every F-adapted measurable process is progressively measurable and

even optional. (For detailed explanation of the properties above and more properties
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of the stopping times and processes on the canonical space paired with the canonical
filtration, we refer the reader to Chapter 4 of Dellacherie and Meyer [36].)

We say 7 is admissible if v : Q — D([0,T],R%) is progressively measurable and of

finite variation, satistying
t
/ Y (9)dS, > —M, VS eQ,tel0,T], for some M > 0. (4.2.2)
0

Let A be the set of such integrands. The set of simple integrands, i.e., v € A such that
v(w) is a simple function Yw € 2, is denoted A*P. Later, we consider hedging only on
some time interval [T7, T] and hence we need to extend the admissibility to filtration
with non-trivial initial o-algebra: ~ is admissible on [T7,T] if v : @ — D([0, 7], R%)

is progressively measurable on [T, 7] and of finite variation, satisfying

t
/ Y. (8)dS, > —M(S), VSe€Q, te[l,T], forsome M € L°(Q, Fr,). (4.2.3)

Ty

When the admissibility (4.2.3) is only required on some time interval [T}, T3] we write
A([T1,T5]) for the respective sets of trading strategies.

We are now in a position to define the main quantities of interest: the robust pricing

and hedging prices of an option.

We start with superhedging problem.

Definition 4.2.4.
1. v € A is said to superreplicate G on € if

/ L (8)0S. > G(S), VS € Q. (4.2.4)

2. The (minimal) superhedging cost of G is defined as

V(G) := inf {x : Iy € A s.t. v superreplicates G — = on Q} (4.2.5)

3. Finally, we let V*P(G) denote the super-replicating cost of G in (5.2.3)) using
v € AP,

100



4.2.3 Market models

We now turn to the pricing problem. In the classical approach markets with no arbi-
trage are modelled using martingale measures. We denote by M the set of probability

measures P on (2, Fr,F) such that S is an F-martingale under P.
Whenever we have P € M it provides us with a feasible no-arbitrage price Ep|G(S)]
for a derivative with payoff G. The robust price for G is given as

P(G) = sup Er[G(S)],

where throughout the expectation is defined with the convention that co — oo = —o0.

In some instances, for technical reasons, it will be convenient to consider only P
arising within a Brownian setup. We denote by M the collection of P € M such
that P = P" o M~! for some continuous martingale M defined on some proba-
bility space satisfying the usual assumptions (Q", BV FW, PV) with a finite di-
mensional Brownian motion {W;};>¢ which generates the filtration FV. We write
P = suppc  Ep[G(S)].

4.3 Pricing—hedging duality

Our prime interest here is in establishing a robust pricing—hedging duality in the
unconstrained case, that is when there are no options available for hedging purpose.
Given a non-traded derivative with payoff G we have two candidate robust prices
for it. The first one, V(G), is obtained through pricing-by-hedging arguments. The
second one, P(G), is obtained by pricing-via-expectation arguments. In a classical
setting, the analoguous two prices are equal. This is trivially true in a complete market
and is a fundamental result for incomplete markets, see Theorem 5.7 in Delbaen and

Schachermayer [34].

Theorem 4.3.1. For any bounded and uniformly continuous G : {2 — R we have

V*(G) = V(G) = P(G) = B(G).

An analogous duality in a quasi-sure setting was obtained in Possamai et al. [87]
and earlier papers, as discussed therein. However, while similar in spirit, there is no
immediate link between our results or proofs and these in [87]. Here, we consider a

comparatively smaller set of admissible trading strategies and we require a pathwise
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superhedging property. Consequently, we also need to impose stronger regularity
constraints on G. The inequality
V(G) > sup Ep[G(S)]
PeM
is straightforward. Indeed, since every v € A is progressively measurable, the integral
Jo 7u(S)dS,, defined pathwise via integration by parts, agrees a.s. with the stochastic

integral under P. Then, by (4.2.2)), the stochastic integral is a P-super-martingale
and hence Ep [ fOT Y (S)dSu] < 0. The result follows since v and P were arbitrary.

Sections and are mainly devoted to the proof of the much harder reverse
inequality

V(G) < sup Ep|G(S)], (4.3.1)
PeM

which then implies Theorem [4.3.1] The proof proceeds through discretisation of both
the primal and the dual problems.

4.4 Dynamic programming principle

In optimisation, dynamic programming is an approach that transforms a complex
global optimisation problem into a sequence of sub-problems. In our context, to
analyse the pricing and the hedging problems, we provide a dynamic programming
principle (DPP), which relates the time-0 superhedging cost V (resp P) to any later
time-t supherhedging cost (resp model price), which will be defined later.

More formally, we divide our problems into two time intervals: [0,73] and [T3,T].
First we look at the pricing and the hedging problems on [T}, T] and then on [0, T}],
and we will show that it is the same as looking at the pricing and the hedging problems
on [0, 7.

We begin with two propositions where we develop the dynamic programming principle

for two cases: superhedging cost and market model price. We will first show the time-¢

supherhedging cost (resp model price) is uniformly continuous with respect to || - |04,
where || - |4 is the sup norm on €2 such that ||v —v||jo = supg<s<, |v¢ — V¢, for any
v,v € 0. We also write | - || to denote || - [|j0,77-

Proposition 4.4.1. Let B* denote the F,-atom containing w. Then for a bounded

uniformly continuous £ the following hold.
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(i) The mapping VIt T1(¢) :  — R defined as

T
VIT(6) (w) == inf{z € R: 3y € A([T},T]) such that = + / v,dS, > £ VS € B*}
T
is uniformly continuous with respect to | - ||p,7], and Fr,-measurable.

(ii) The dynamic programming principle holds in the form:
VIOTl(g) = vIon] (V[Tl,T] ©)).

Proof. In the proof we denote & := VT:71(¢).
(i) Let v := (v}, ...,v%) € Q and ¥ := (?',...,2¢) € Q. Note that

d
(v, .., vh) — &((@, ..,a;d))‘ <y \E((al, LT R o)) — E(@ LT 0 Lot
k=1

Thus, to establish uniform continuity of E, it is enough to consider v and v which
differ on one coordinate only and, without loss of generality, we may assume that
d=1.

Consider a small § > 0. Suppose that |[v — 0|0, < 0, |vp, — V| =D >0, vy, >0
and vy, > 0.

In the first step we show that {(v) < £(v)+¢ for an appropriately chosen €, depending
only on ¢ and §. For each 1 > 0 there exists an admissible strategy v such that

_ T
&(v) —I—/ vdS; > & —non BY.
T

Let A = vp, /Op, € (0,00) and define the path modification mapping a”¥ by

U|[0,T1] X %WHTLT] we BY
a(w) == a""(w) = V|pn @ %Wl[TLT] w e BY (4.4.1)
w w ¢ BYUBY

where \w is a multiplicative modification of w by X in ©Q and v|j7,] ® Aw|ir, 7] means
that the path is equal to v on [0,77] and to Aw| on [17,T]. Note that « is a bijection

satisfying & = a~!. Introduce a stopping time

1nf{t > T1 LW — 5T1 Z 5T1D_%} AT we B5
Fw) =7"%w) = inf{t > T : w—vp, v, D 2}AT we BY . (44.2)
T w¢ B*UBY
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1 ~
To show that £(v) < &(v) + ¢ we will consider a strategy Ay o a + %ﬂmﬁ) on B".
1
Both terms of this strategy are clearly F-adapted.

Then, we obtain

Ew) + / +(0(@))dS, (@) + 2 (ws — Ty

= &)+ [ (a)a(Sa(@)i+ 2w )
> €oaw) — 1+ o (s~ )

where the first equality is due to our definition of integration. In the case that

T(w) = T one has

Di Di _

— (wr — Up) > — =g, = —DY/*

UTl Ty
and

lo(w) —w|| <6V (A= 1) (D72 +1) < 262, (4.4.3)
Thus, for 7(w) =T, it follows that
D1 ~ 1/2 1/4
§oa(w) —U+E(WT—UT1) > {(w) —eg(2077) =n—D
1

where e¢ is modulus of continuity of . Hence, for 7(w) = T, we deduce £(v) <
£(v) + €¢(207%) + DY4. In the case that 7(w) < T one has

D1 _ Di_ .
= (w; — UTl) = ,\,—’UTlDi5 = D71/4
UTl UT1
and
Di _ _
§oa(w)—n+ 5 (wr = 0py) > — €] —n+ D7

which, for D small enough (D < (2[|¢]|)™), is larger than £(w). We deduce that
E) < &) + ec(26'2) + DV,

Therefore, £ is uniformly continuous on {w € Q : ||w| > 0}.

To complete the proof, we now consider the case where vy, = 0. Let, for some
small 6 > 0, ||[v — v|[pny < 6 and vy, = D > 0. Firstly notice that v must satisfy
£(0) = £ 0,11] ® Oy, 77) since we can buy any amount of stock at price 0 at time 7}

thus only constant path is relevant, and therefore £(v) < £(v) 4 e¢(d). Now consider
the strategy v for w € BY defined as

Y(w) ==y yy where o(w) = inf{t > Ty : w, —vp, > 61}
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Then, whenever o(w) < T,

&) + / +(@)edS,(w) = &) + 52w, — vry) = E@) + 67

T

which, for d small enough, is larger than £(w). Otherwise, if o(w) =T

&) + / (@)idSi(w) > E(F) — 02 > €(w) — eg(2674) — 6172

T

since |[0 — wl|| < 26Y4. Therefore, £(v) < £(D) + eg(251/4) + §1/2.

(ii) Let V! := VIOTI(¢) and V2 := VIOT(€). For each n > 0 there exists a strategy
v € A([0,T]) such that

Ty T
v1+/ fytdSmL/ wdS, >&—n on Q.
0

Ty

Let 7(S) :=inf{t >0 : V1 + fg YudSy > supyeq&(w) —n} AT. It is a stopping time.

Hence 7 := vl € A([0,T]) and satisfies that
T T
V1+/ %dStJr/ 7dS,>&é—n on Q.
0 T
Moreover, for any t > T7,

t
/ :Y/udsu > 5 - supf(w) on Qa

Ty weN

and therefore ¥ € A([Ty,T]).

In particular, for a fixed w € Q, the superhedging holds on B¥. Since V! + fOTl .S,
is constant on B, we deduce that Vl—l-fOTl 5,dS, > € on Q|jo,ry) and therefore V1 > V2.

To prove the reverse inequality take z > V2. First, there exists v € A([0, T1])
such that z + fOTl vt(l)dSt > E on 2. If, for each § > 0, there exists a strategy
v € A([Ty, T]) such that z + fOTl ~+Vds, + ffl a8, > € — 8, then clearly z > V1.

We now show the existence of such v for every n > 0. Fix § > 0. Let {w"},en
be a countable dense subset of Q|7 and B" := B“", and denote the closed ball
around w” of radius § by B"(0) = {w : SUpyeory) |wr — wi| < ). Define the path
modification mapping a™* by o™ := o*"“ where a*"* is given in . Note that
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™ is a bijection satisfying o™ = (a™*)~!. We now take {7"},, a set of strategies
in A([T3,T7]), such that

_ T
E(w™) —|—/ Yu(S)dS, > & —0  on B". (4.4.4)

T

Let us consider 3" : Q — defined by 3, (w) = 0 if w & B*(D) and for w € B"(D)

LdTl

wh Di .
() = {—7 00+ Bl ey i 20,

571/21@170(“,)) if w?ll“l < 5,

where o(w) 1= inf{t > T} : w; —wp, > §/4}. It follows from above that there exists a
constant €(D, ) which depends on D and ¢ with €¢(D,d) — 0 as D, — 0, such that

&s) + / 57(S)dS, > £(S) — (D, ).

T

The strategy 7" is clearly Fr-measurable. We also notice that it is adapted to [F on
[T1,T] since it is straightforward to see that for any w,v € € such that w, = v, for
any u < [t,T] with ¢t > T, 7 (w) = 3*(v) on [T3,t]. Hence, 7" € A([T1,T]). In

addition, we know that for any n, t € [T},T] and S € B™, there exists S such that
§u = 5, for any u <t and §u = 5, for any u > t, and therefore

/t Yy (5)dS, = / (8)dS, > £(S) — 6 — E(w™) > QUiJIGIgf(w) —1. (4.4.5)

T T

Let us now define v by
7D (w) = Z Ien(w)Y"(w) where C™:= B™\ U BF.
n k=1

It is then straightforward to see that v(?) is progressively measurable and satisfies the
admissibility condition in (4.2.2]).

Define the set of measures Mgl’ﬂ concentrated on A € Fr as follows:
MEL‘T“T} = {P: S is an F-martingale on [7},7] and P(A) = 1}.

Also write MTTT = Mgl’ﬂ.
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Proposition 4.4.2. Let B“ denote the Frp-atom containing w and assume that
Mgi’ﬂ =+ & for each w. Then for a bounded uniformly continuous & the following
hold.

(i) The mapping P71(¢) defined as P 7I(¢)(w) = sup,,_ ML Ep[¢] is uniformly
continuous and JFp,-measurable.

(ii) The dynamic programming principle holds in the form:

PLT() = PERIPTT(S)).

Proof. In the proof we denote E:: PITTl(g),
(i) Let v := (v}, ...,v%) € Q and ¥ := (?',...,0%) € Q. Note that

(0, v) = €@, )| < i\é ) = €@ T ).

Thus, to prove uniform continuity of E, it is enough to consider v and v which differ
on one coordinate only and, without loss of generality, we may assume that d = 1.
Suppose that |[v — ?|[pr) < 0 and vy, — vp| = D > 0. It is enough to show
that 2(17) < g(v) + ¢ for an appropriately chosen e depending only on £ and 4.
Take P € MUV je, P(BY) = 1, where B” := {w : w, =, fort € [0, T3]},

P(Sy, = vr,) = 1 and Ep[S;15| = Ep[Sslp] for each Ty < s <t < T and F € Fi.
Define measure IP’ aS P = Poa with path modification a given in . Then P is an
element of ./\/le since P(B?) = P(a(B®)) = P(B?) = 1, it is a martlngale measure
on [T1,T] asfor T3 <s<t<Tand F € F,

E@[Stﬂp] = EP[(S e} Oé)t]la(F)] = EP[(S ¢ Oé)s]la(F)] = ]EH_I[SSHF],

where the second equality follow by a(F) € Fs. The latter is true since, for any Borel
set B, one has a({Z € B} N BY) = BN {Z € A}; the o-field F, coincides with
trivial o-field up to P-null sets and up to P-null sets; the general case follows from
the monotone class argument. Hence, with 7 defined in ,

|Ep[§] — Ep[¢]| = [Ep[¢] — Ep[§ 0 ]|
=Ep[(§ —{oa)lz=ry] + Ep[(§ — {0 ) lzery]

< ¢c(26"?) + 2/ ] (4.4.6)

D
D + D2’
where in the last inequality we used (4.4.3), Doob’s inequality and the fact that

- - _ U D
P(7<T)=P| sup S;>0p(1+D7 )] <= - = :
(7' ) (te[T},)T] t = T( ) = UT1(1 +D—1/2) D + D1/2
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(ii) To prove that PT1(¢) < POT(PITLTI(€)) it is enough to note that:

sup Ep[¢] = sup Ep[Ep[¢]] < sup Ep| sup Ep[¢]
Pe[0.T] PeM[0.T) Pe[0.T] EDEM[BT&),T]

where {P,} is regular conditional distribution with respect to Fr, and where in the
last step we used measurability implied by assertion (i).

Now we will show the remaining inequality. Let {w"}, be a countable dense subset of
Qo) and B := B*". Define the path modification mapping o/ by o™ := "
where a*"* is given in . Note that o™ is a bijection satisfying o™ = (™).
For any P, € ME;”;’T} the measure P, o a™* belongs to Mgi’T]

to (4.4.6)), we obtain that

. Moreover, similarly

)
[Ee, [€] — Ep,cans[€]] < eg(20"/%) + 20lEl 55

whenever |[w™ — w||jor,] < 6. Let us consider probability kernel N, : @ — M1T]
defined by N,(w) := P, o a™“. The kernel N,, is Fp-measurable, i.e., N,(w, F) =
P, o a™¥(F) is Fpr-measurable for any F' € Fr, since (w,w) — 1p o a™¥ (@) is
Fr ® Fr-measurable and bounded thus Ep [17 o o™*] is an Fp-measurable (see [11,
Section 3.3]). Then, since N, is constant on atoms of Fr,, we deduce from Blackwell’s
Theorem (see Theorem 8.6.7 in Cohn [23] or Chapter III §26 pages 80-81 in Dellacherie
and Meyer [30]) that N, is Frp,-measurable probability kernel.

Denoting the closed ball around w™ of radius § by B"(8) = {w : SUPyejo 7y [we —wi| <

d}, we observe that

~ o~

sup Epl{] = sup sup Ep[¢]= sup &(w) < E(W")+e(d)

[TlaT] En 5 [Tl 7T] En 6
PEM ) weB™(8) PEM L weB™(9)

where the inequality follows from uniform continuity of E

Fix € > 0. Then we can chose 0 > 0 and family of measures P}, € /\/lgi’T] for each n
such that

-~

/2 + Ep: [€] > E(w) Yw e BY8) and  ee(26Y2) + 2[€]|6/(5 + 6Y/2) < e/2.

Let us now define the F7,-measurable probability kernel N¢ as

n—1
N*(w) := Len(w) P 0 @™ where C™:= B™\ U B*.
k=1
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The probability kernel N¢ is constructed such that it satisfies

-~

e+ EBnei)(€) > Ew) YweQ and N°(w) e MG,

There as well exists a measure P° € M%7l such that ¢ + Ep- [E] > SUPpe pqlo.7y) Ep [é’\]
The concatenation of measures P° := P ® N¢ (see Section 3.1 in El Karoui and Tan
[45]), defined, for each F' € Fr, as

F) = Ep [Z ILCnNE(F)}

is a probability measure. Note that regular conditional probabilities of P* w.r.t Fr,
are equal to N¢ and dIF’5|fT1 = dIP’€|;T1. Thus, for s <t and F, € F,, we have

Ep- [(St — Si)1r,] = Epe [En<[(St — Ss)15,]]
= Ep: [En:[(Sovr, — Ss)1r,]]
= Es- [(Sevry — Ss)1r,]
= Ep- [(Sevry — S)1r,]
=0

which shows that S is a P*-martingale. Moreover P* satisfies

Ep-[¢] = Ep- [ENS [5]] > Epe [E] —e>  sup EP[E] — 2¢.
PeMI0:T1]

The proof is completed. O

Remark 4.4.3. The dynamic programming principle for P stated in Proposition[4.4.2]
(ii) is linked to conditional sublinear expectations studied in Nutz and van Handel
[82] (see Theorem 2.3 in Nutz and van Handel [82]). Since there is more structure in
our set-up we prove it relying on uniform continuity of £ instead of a general analytic

selection argument.

4.5 Discretisation of the dual

This and the subsequent section, are devoted to the proof of which in turn
implies Theorem |4.3.1l The strategy of the proof is inspired by Dolinsky and Soner
[39] and proceeds via discretisation, of the dual side in this section and of the primal
side in Section [£.6] The duality between discrete counterparts is obtained using

classical probabilistic results of Follmer and Kramkov [48].
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We start by describing a discretisation of a continuous path, often referred to as the

“Lebesgue discretisation” which will often used. In particular, it will be central to

Section [4.5]

Definition 4.5.1. For a positive integer N and any S € (2, we set TéN)(S) =0 and
m(()N)(S ) = 0, then define

| 1
V(8) = int {t = 7M)(S) 1 18, = 8,00 5| = 2_N} M

and let m®™)(S) = min{k € N : T,gN)(S) =T},

Following the observation that m(¥)(S) < 0o ¥.S € Q, we say the sequence of stopping
times 0 = TéN) <M <. < TT%)V) = T forms a Lebesgue partition of [0, 7
on Q. Similar partitions were studied previously, see e.g. Vovk [105]. Their main
appearances have been as tools to build a pathwise version of the Itd’s integral.
They can also be interpreted, from a financial point of view, as candidate times for

rebalancing portfolio holdings, see Whalley and Wilmott [106].

Remark 4.5.2. Note that mN=2(S) < m®)(S) for any S, S € Q such that ||[S—3|| <
2-N. To justify this, notice that for each i < mN=2(S), {S; : t € (rN72(9), 7N (9)N
{k/2" . k € N.}} has at least three elements, which implies that for each i <
mN=2)(9) there exist at least one j < m®)(S) such that Tj(N)(S') e (rN72(9), 7V (9)].
In consequence, for any sequence (P*)) k>1 converging to [P weakly and bounded non-

increasing function ¢ : N — R
Ep [qﬁ(m(N)(S))} < lim inf Ep [gb(m(N_z) (S))} . (4.5.1)
4.5.1 A discrete-time approximation through simple strate-
gies

Denote by Ay the set of v € A for which we only allow trading in the risky assets
to take place at the moments 0 = 7, (5) < 7M(9) < -+ < Tr(njtfj)v)(s)(S) =T and
|v] < N. Set

VM(@Q) := inf {:L‘ : Iy € Ay s.t. vy superreplicates G — x}

Then it is obvious from the definition of VIV) that VIM)(G) > VIV2)(G) > V(G)
for any N, > Np, and in fact, the following result states that VIV)(G) converges to
V(G) asymptotically.
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Theorem 4.5.3. For uniformly continuous and bounded G,

lim VIM(G) = V(G).

N—oo

Theorem 4.5.4. For any uniformly continuous and bounded G, o, 6 > 0 and D € N
V(G —aA(BVmP)) <P(G—aA(BYVmP-2)),

where m(?) is defined in Definition 4.5.1

4.5.2 A countable class of piecewise constant functions

In this section, we construct a countable set of piecewise constant functions which
can give approximations to any continuous function S to a certain degree. It will
be achieved in three steps. The first step is to use the Lebesgue partition defined in
the last section to discretise a continuous function into a piecewise constant function
whose jump times are the stopping times. Due to the arbitrary nature of jump
times and jump sizes, FV) (9), the piecewise constant function generated through this
procedure, will take values in an uncountable set. To overcome this, in the subsequent
two steps, we restrict the jump times and the jump sizes to a countable set and hence
define a class of approximating schemes. Note that the final approximation also
involves a shift of FV)(S) to the left, both in time and space. It is for the purpose
of dealing with some delicate questions of measurability. Later, we use the final
approximation to lift predictable maps defined on D([0, T],R%) to the initial space
), and the shifts can result in the lifted maps on €2 being progressively measurable.
The lifting procedure is defined in Definition and the measurability is proved in
Lemma [4.5.8 below.

Step 1. Let T,iN)(S) and m™)(S) be defined as in Subsection m To simplify

notations, in this section we often suppress their dependences on S and N and write

m =mM(9), Tk:TIEN)(S) for any k, N.
Our first naive approximation FV) : Q — D([0, T], R?) is as follows:
FNS) =3 8 Uy meony () + Splgny (1) for t € 0,77, S € Q. (4.5.2)
Note that FN)(S) is piecewise constant and ||FV)(S) — S| < 1/2V.
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Step 2. Define a map 7™ : RT — AWM .= {27°Nk : k= (ky,...,kq) € N} as
™ (z); =27N[2;], i=1,...,d

We then define our second approximation FV) : Q — D([0, T],R%) by

m—2

FEN(S) =(80 = n¥H(50)) + 2 S e (1)
+ NS, V1 E)t) e [0,7).
Step 3.
We now construct the shifted jump times Tk :Q — QU {T}. Firstly, set Té ' = 0.
Then, for any S € Qand k =1,--- ,m™(S), let
A%,EN) = % with (pg, qr) = argmin{p +q : (p,q) € N?, T,EJ_Vf _ A]gNl) <2 p < AT(N)}
if k <m®™(S) and otherwise
A%IEN) =T - A(]YJ)V) 1
where AT(N) = T,EN) T,ﬂ Lastly, define %,EN) = Zle A%Z-(N). Here we also suppress

the dependences of these shifted jump times on S and N and write

T = A,EN)(S) for any k, V.

Clearly 0 =Tg <1 < T <Tpm=T, 1< < Vk<mand 7, =7,=T.
These 7’s are the shifted versions of 7’s, and are uniquely defined for any S. We are

going to use 7’s to define a class of approximating schemes.

We can define an approximation F™) :  — ([0, T], R?) by

—2
~(N
FM(S) =(So — 7N HD(S,,)) + Zw N (S Ve ()
=0
+7T(N+m)(s ) [Frm— 1T]<t) [OuT]'

3

Notice that FF(N)(S) is piecewise constant and

IEN(S) =S| <[|FM(S) = EM(S)[| + | EX(S) = FOS)] + [ FP(S) — S|
1 1

2
§W+2_N+2_N < m (453)
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Definition 4.5.5. Let D) c D([0, 7], R%) be the set of functions f = (@)%, which
satisfy the following,

1. forany i =1,...,d, f9(0) =1,

2. f is piecewise constant with jumps only at times ty,--- ,t;,1 € Q, for some
[ < o0,
where tg =1, =0 <t <tg <--- <ty <T,

3. foranyk=1,...,l—landi=1,...,d, fO(ty)— fO(ty_1) = j/2N** for j € Z
with [j] < 2%,

4. infyepo1, 1<i<d fOt) > —27N+3,

5. if f@O(ty) = =273 for some i < dand k <11, then f(t;) = f(ty) Vk < j <.

It is clear that D) is countable.

4.5.3 A countable probabilistic structure

Let  := D([0,T],R?) be the space of all right continuous functions f : [0,7] — R?

with left-hand limits. Denote by S = (St)ogtST the canonical process on the space Q.

The set D) is a countable subset of (. There exists a local martingale measure P®)
on Q which satisfies PM(D®™) = 1 and PM({f}) > 0 for all f € DM, In fact,
such a local martingale measure P™) on D™ can be constructed ‘by hand’. Indeed,
we can construct a continuous Markov chain that undergoes transitions in the finite
number of allowed values in the way that the mean is preserved, with jump times
decided via an exponential clock. Let FOV) .= {ﬁt(N)}ogth be the filtration generated
by the process S and satisfying the usual assumptions (right continuous and contains
P(M)-null sets).

)

In the last section, we saw definitions of %,EN on (). Here we extend their definitions

to Unen D@ Define the jump times by setting 7o(S) = 0 and for k > 0,
#(S) =inf {t > 7 1(S) : S, #Si- AT (4.5.4)
Next we introduce the random time before T’

m(S) := min{k : 7%(S) = T}.
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Observe that for S € Q, FM)(S) € DM 7, (FM(S)) = 7,,(S) for all k and m(F™(S)) =

mW)(S). Tt follows that the definitions are consistent.

In this context, a trading strategy (3)7_, on the filtered probability space (Q, FOV), (V)
is a predictable stochastic process with respect to ), Thus, 4 is a map from
D([0, 7], R%) to D([0,T],R%). Choose a € D([0,T],R%) such that a ¢ 5(D™) and
then define a map ¢ : ([0, T],R%) — D([0,T],R%) by ¢(5) = 4(S) if S € D), and
equal to a otherwise. Since PV has full support on D™, 4 = ¢(S) PM-as.. In
particular, for any A € B(R), the symmetric difference of {5, € A} and {¢(S), € A}

is a null set for P, Thus ¢ is a predictable map. Furthermore, since P charges
all elements in I@(N), for any v, v € DM and t € [0,T7.

Indeed, suppose there exist t € [0,7] and v,0 € D™ such that v, = o, for all
u € [0,t) and ¢(v); # ¢(0):. Since 4 is predictable, we have

FN'5 {4, = ()} N {Su = v, u < t} = {3 = ()} N {Su = v, u < t} N{S; # &},

which is a contradiction since {§; = ¢(v);} N {S, = vy, u < t} is not a null set and
hence not in .7:"75(1\[). We conclude that any predictable process 4 has a version ¢ that
is predictable in the sense of (4.5.5)). In what follows we always take this version.

In this section, we formally define the probabilistic super-replicating problem and
later build a connection between the probabilistic super-replication problem on the
discretised space and the pathwise discretised robust hedging problem. For the rest

of the section, we write fttf to mean f(tl bl

As (G is defined only on €2, to consider paths in Q, we need to extend the domain of G
to (2. For most of the financial contracts, the extension is natural. However, here we

pursue a general approach. We first define a projection function 4: Q — C ([0, T], R%)
by

S if S is continuous
Q m(8)—1 [ St —5% A Q L N
3(8) = e (TR (= 7 + 5 ) T (8) 5 € Uyey DW
wt otherwise,

where w! is the constant path equal to 1. In fact, when S € Unen D). _-I(S') is the
minimum of 0 and the linear interpolation function of

~
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We then can define G : Q0 — Q via this explicit projection 4 by G(S) = G(J(S) v 0),
where SV 0 := ((5}(1) vo,..., S't(d) Vv 0)) for any S € Q.

0<t<T
Note that G and G are equal on 2. In addition, for every N € N and S e DW ), we
have

14(5) — S| < 27N+ (4.5.6)

Therefore, we can deduce that

I3(F(S)) v 0= S|l <[H(E(S) VO —F(S) VOl + | F(S) vO -S|
<o NFL L 97N yg e Q. (4.5.7)

where the last inequality follows from (4.5.3) and (4.5.6)).

Similarly, for each D € N, we define mP) : O — Q by mP)(S) = mP)(4(S) v 0).
Then by Remark and (4.5.7), when N is sufficiently large,

mP=A(EFM(8)) <mPN(S) VS eq. (4.5.8)

Definition 4.5.6.
1.4 : Q — D([0,T],R?) is PM-admissible if 4 is predictable and bounded by
N, and the stochastic integral ([ 4,(S)dS,)o<i<r is well defined under POV,

satisfying that 4 M > 0 such that

t
/ 4(8)dS, > —M PW) —as., te[0,T). (4.5.9)
0

2. An admissible strategy 7 is said to PW )-superreplicate G if
T A A A A A
/ 4(S)dS, > G(S), PW) —as.. (4.5.10)
0
3. The super-replicating cost of G is defined as
YN = inf{z : Iy s.t. ¥ is P™)_admissible and P™)-superreplicates G — x}
For the rest of the section we will establish connections between probabilistic super-

hedging problems and discretised robust hedging problems. Our reasoning is close to

the one in Dolinsky and Soner [39)].
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Definition 4.5.7. Given a predictable stochastic process (5;)L, on (€, F™ P(M),
we define v") : Q — D([0, T], R%) by

%(N)<S) = A‘?k(F(N)(S))H(Tk,‘rmﬂ(t)’ (4'5'11)

where 75, = T,EN)(S), m = mW)(S) are given in Definition and 7, = 7,(FMN(9))

are given in (4.5.4]).

Lemma 4.5.8. For any admissible process 4 in the sense of Definition m AN
defined in (4.5.11]) is F-predictable.

Proof. We first show that equipping Q and D([0, 7], RY) with respective o-algebras
Frand F2Y FO) - — D([0, T], RY) is measurable.

Since P™) has full support on D) for any A € ﬁi(FN),

A

{F(N) c A} = US‘ED(N){S e : F(N)(S) = S}

(N) (N

It is clear from the construction that 7,7 ", m N-+k)

) and 7 are all Fp measurable,

and we notice that for any S € DOV
{(SeQ: FME$) =8 ={5eQ:m™ =m, 2™ =, 7™V = 5.vk < m}

for some m, t, s.. Therefore, we can conclude that F®) has the desired measurability.

To prove v¥) is F-predictable, we need to show Y4, © FY) g F+, measurable, or

equivalently (due to Remark |4.2.3)) that for any w,v € € such that w, = v, for any
e Ny (V)

u S 0= Tk (w) = Tk (U>7

Ao (FM(w)) = 49 (FM(v)).
It follows from the definition of F®Y) that

EN(w) = FN(v) Vu e [0,0).

Hence, by
Fo (F™M (W) = 36 (F™ (v)).

Therefore, we conclude that ) defined in ([4.5.11]) is F-predictable. n
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The following theorem is crucial. It states that the probabilistic super-replicating

value is asymptotically larger than the value of the discretised robust hedging problem.

Proposition 4.5.9. For uniformly continuous and bounded G, ,, 3 > 0 and D € N,

we have

hNHLio%fV(N ( )—aA(By/m ) < hmlan(N) <é(§)—a/\(ﬁ m<D—2>(S))).
(4.5.12)

Proof. See Section 4.7.1] O

4.5.4 Duality for the discretised problems

Definition 4.5.10.

1. Let II®™ be the set of all probability measures @ which are equivalent to PW

2. For any k > 0, denote MW )(k) by the set of all probability measures Qe M
such that
m) d p
(% (N) & (i)
e D DS -8 1] < &
k=1 i=1

where 7, = 74,(S) and m = m(S) are as defined in (4.5.4).

Lemma 4.5.11. Suppose G is bounded by x — 1. Then, there are at most finitely
many N € N such that M(™) (2x) = & and

liminf VV(G(S)) < liminf  sup  E4[G(S)]. (4.5.13)

N—o0 N—o0 @EM(N)(2H)

Proof. Since for any Q € IM™ the support of Q is D™, of which elements are
piece-wise constant, the canonical process S is therefore a semi-martingale under Q

Moreover, it has the following decomposition, S = M2 + AQ where

m(S)

~AA ~ A N A

AP - Z [EQ[SWLF;CJ] - Sﬁc—1 ﬂ[f'kﬁ'kﬂ)(t): t<T,
k=1

AQ . 1: Q

Ar =g
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is a predictable process of bounded variation and MQis a martingale under (@ Then,
similar to Dolinsky and Soner [41], it follows from Example 2.3 and Proposition 4.1
in Follmer and Kramkov [48)] that

~

VW(GS)) = sup Ey [G(S)—N YT IEGSYIEM 8D . (45.14)

By Proposition [4.5.9]

lim inf VM(G(S)) >liminf VIV(G) > P(G) > —k.

N—o0 N—oo

Then, in (£.5.14)), it suffices to consider the supremum over M@ )(2k). In particular,
M®)(2k) # @ for N large enough.

[]

4.6 Discretisation of the primal

4.6.1 Approximation of Martingale Measures

Next, we show that we can lift any discrete martingale measure in M@ )(c) to a
continuous martingale measure in M such that the difference of expected value of
G under this continuous martingale measure and the expected value of G under the
original discrete martingale measure is within a bounded error, which goes to zero
as N — oo. Through this, we connect the primal problems on the discretised space
to the approximation of the primal problems on the space of continuous functions

asymptotically.

Proposition 4.6.1. If G is uniformly continuous and bounded by x — 1 for some
k > 1, then for any o, 5 >0, D € N

limsup  sup  Eg[G(S)—an(By/mP)(S))] < sup Ep[G(S)—an(By/mP-2)(S))].
N—=oo  QeM®) (2k+a) Q[ | Pem 7l |

(4.6.1)
Proof. Let f.: RY — R, be the modulus of continuity of G, i.e.,

|G(w) — G(v)| < fe(lw—wv]) for any w,v € Q
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and lim,~ o f.(z) = 0. Recall from Lemma 4.5.11|that M) (2k 4 2a) # @ for N large
enough. Hence, to show (4.6.1)), it suffices to prove that for any Q e MW )(2k + 2a)

Eg[G(S) — a A (By/m®)(S))] < sup Bp|G(S) —an (5 mP=2)(8))] + g(1/N),

(4.6.2)

for some g : Ry — Ry such that lim, o g(z) = 0. We now fix N and Q € M™ (2x +
2a) and prove (4.6.2)) in four steps.

Step 1. We will first construct a semi-martingale Z = M + A on a Wiener space
QW FW_ PW) such that

[Eo[G(S)] — EV[G(2)]| < w2™NT, (4.6.3)

where M is constructed from a martingale and both have piece-wise constant paths.

Since the measure (@ is supported on DW ), the canonical process Sis a pure jump
process under @, with a finite number of jumps @—a.s. Consequently there exists a

deterministic positive integer my (depending on N) such that
Q((S) > mp) < 27V, (4.6.4)
It follows that
[Eg[G(S)] — Eg[G(S™)]| < k27T, (4.6.5)

Notice that by definition of D@, the law of S™0 under Q is also supported on D).

Let (QW, FW, PW) be a complete probability space together with a standard mg + 2-

o0

dimensional Brownian motion {Wt = (I/Vt(l)7 e Wt(m°+2))} and the natural filtra-
tion F}V = o{W|s < t}. With a small modification to Ler;:r%a 5.1 in Dolinsky and
Soner [39], we can construct a sequence of stopping times (with respect to Brownian
filtration) o < 09 < -+ < 0,y, together with Fg -measurable random variable Y;’s

such that

Erv(o1ong T Td) (4.6.6)
:ﬁ@((Tl, .. 77'7—,10,8%1 - Sf—o,. .. 7S7ﬁm0 _Sf'm071))‘

(Detailed construction is provided in the Section [£.7.2])
Define X; as

X;=EVY|FY Vo(o)], i=1,...,my.
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Note that | X;| <27V, Also by construction of o;’s and Y;’s, we have
EVY|\FY v o(o)] = EV[Yi|&, Vi),

where &; := (01,...,0;), Y, = (Y1,...,Y;) and EV is the expectation with respect to
PV,

From these, we can construct a jump process (flt)tT:O by

mo
At - Z Xj]]_[o-j’T}.
7j=1

In particular, for & < my

k
A, =) X,
j=1
Set a martingale (M;)L, as
mo
M, =1+ EY [Z(Yj - Xj)mw], t e [0, 7). (4.6.7)
7=1

Since all Brownian martingales are continuous, so is M. Moreover, Brownian motion

increments are independent and therefore,
k
My, =1+ (Y;=X;), PV —as, k<m;
j=1

We now introduce a stochastic process (Mt)fzo, on the Brownian probability space,
by setting M, = M,, for t € [0k, 0%41), k < mg and M, = Mamo for t € [on,, T]. Note
that as |V; — X;| < 27N for any k <mgand t < T

Mt/\a'k+1Va'k - Mt/\Uk+1\/0'k ‘

mo
= Z EW[(Y7 - Xj)|‘E‘j\/0'k+1\/a'kj|

j=k+1

= Y EV[EY((Y; - X)IFY v olo)F, | + BY [Yieer — Xea | X,

tACK41 \/O'k]

tAogy1Vog
j=k+2
= EW[Yk+1 - Xk+1|ft‘;l\/o'k+1\/a'k] S EWHYk‘i’l - Xk+1‘|£lj\/ak+lvak] S 27N+1
and hence
|M — M|| < 27V+2, (4.6.8)
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We also notice that Z = M + A satisfies Zo = SO and

A

St — Sts -+ Sty — Stner))-

1 Tmg

Lpw (01,3 0me, Y1, Yimg)) = Lo/ (71, -+, Fng,

It follows that

EY[G(Z)] = Eg[G(S™™)]. (4.6.9)

In particular, by (4.6.5)) we see that (4.6.3]) holds.

Step 2. We will shortly construct a continuous martingale M% from M such that
M?% is bounded below by —2~N+2 — N=2 and

[EW[G(M®)] —Eg[GS)]| < N2 + 2f(N72 +27V+2) 4 27N, (4.6.10)

As the law of Z is the same as S™ under Q, it follows from the fact that @ is
supported on D) and any f € D@ is above —27V*3 that

Z >Nt pPW.as. (4.6.11)

Then, by combining this with (4.5.6) and (4.6.8), we can deduce that
14(2) = M|| <[ 4(2) = Z VO + 2V 0 = Z| +||Z - M|
<274 2N |V — M|+ [|A]

1
< 27N+4 + N7§7
1<i<d

mo

whenever max Z XD < N3,
k=1

It follows that

A

G(M) = G(2)| =|G(M Vv 0) = G(3(Z) v 0)

mo
<f.(27N** 4 N72),  whenever max Z X < N3,
k=1

1<i<d

where we use the fact that [[4(Z) V0 — M Vv 0|| < [|4(Z) — M||. Hence, since G is
bounded by &

[EVIGOM)] — BY[G(2)]] < £+ N73) + 26PY (max i X0 > N3,
- k=1

1<i<d
Note that

Xi = EY [i|6r, Yia] &



where ASk = S;k - S;k, for £ < mg and hence

d mg mo d '
R s |

i=1 k=1 k=1 i=

By Markov inequality and definition of M(®)(2x), we have

d mo d mo
PS> 6 8) <VREY Y S X0
=1 k=1 =1 k=1
m d o o
<VNE, {Z > B[SV F 1] - S%)l]} < 2kN73,

k=1 i=1

(4.6.12)

Therefore, we have
IEW[G(M)) — EV[G(2)]| < £(27VT + N72) + 4N . (4.6.13)

By (4.6.8), (4.6.11]) and (4.6.12))

PY( inf min MY > —27Nt _ N3 and max |[MO| < k414 27V+2 +N*%)
0<t<T 1<i<d d<i<d

>1—2kN~ 2, (4.6.14)
Hence the stopped process M?%, with

0o := inf {t > 0: min MY < —2"NH_N"3 or max IMO|| > k142" N+2—|—N*§}

1<i<d d<i<d

satisfies
|EV[G(M)] — EV[G(M™)]] < 4> N3 (4.6.15)

By (4.6.5), (4.6.13)) and (4.6.15)), it follows that
[EV[G(M™)] - Eg [G(S)]|

<|EV[G(M®)] — EV[G(M)]| + | EV[G(M)] = EV[G(2)]| + [Eg[G(S™)] — Eg[G(S)]]
SARPNT2 + 4k2N77 + f(27NH 4 N73) 4 27N (4.6.16)
Similarly, by (4.6.8) and (4.6.12)), we have

V(1 Z = M| > 2 N2 4 N72) < 26N 2 (4.6.17)

Step 3. The next step is to modify the martingale M% in such way that I, the

new continuous martingale, is nonnegative.
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Write ey = 27¥ 4 N~2 and define a nonnegative F¥-measurable random variable
A by A= (MT/\GO + GN)/(l + 6N>. Then

1 - MT/\@Q

A — My, pg| =
| Tundo] = |€N T en

< en(1 4 | Mppg,|)-

Note that for any i > d [[AQ] < k+14+2V2 4 N7z + ey < 5+ 2 for N large
enough. We now construct a continuous martingale from the A by taking conditional

expectations:
L, =EY[ARY], teloT]

and A > 0 implies that I' is nonnegative and F(()i) = 1Vi < d. Hence PWN) .=
PW O (Pt>71 € M

We first notice that
EY(|My g, ) = BV M7y, — 2(M),) ] SEVMy)y, +2] =3 Vi=1,....d
Then by Doob’s martingale inequality
PYV(IT = M%| > e?) < ey? ZEW 1A — MY, 1] < ex'aden = Adey’.
=1
(4.6.18)
This together with (4.6.16]) yields
|EVGI)] - Eg[GS)]]
<EV[|G(T) = GM™)[] + |E"[G(M™)] - E4[G(S)]|
<EV[|GT) — G(M™ v 0) \IL{”F Mo <e 1/2}]

+ 8rdey? + 8KENT2 + fo (27N 4 N73) 4 g2 NF1
§fe(611\{2) + 8/{de%2 + 9/{26%2 + fe(e]l\;z) < 2fe(e]1\{2) + 17/{2de%2.

Finally, we can deduce from (4.6.17)) and (4.6.18) that

V(I Z=T|| > 2 Y2 4 N2 + ex/%) < 26N"2 + ddey”. (4.6.19)

Notice that when N is sufficiently large such that 2=V+2 + N—2 + 61/2 < 2 bP=1"on
the event {w € QW - HZ( ) = T(w)]| < 27 V%2 4 N=2 + ¢/ and Z(w) € }, we

can deduce from (4.5.6)) and ( m ) that

S V0T <HZ)VO0— (D) +|42) - 21 +17 - T)
<27N+3+27N+1_'_27D+1 S 27D'
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and hence by Remark [4.5.2] the inequality /7P (Z) > m®=2(I') holds on {w € QW :
|Z(w) = T(w)|| <27 N2+ N~z 4 ¢)/* and Z(w) € DV .

It follows that

Egla A (By/m®(8))] Egla A (B1/m® (§mo))]

=E" [a A (B mP)(2))]

>EV[a A (B/m@P-2(T))] — Oé<2/£N_% - 4de]1\;2>.

4.7 Proofs

4.7.1 Proof of Proposition [4.5.9

Proof. Fix N > 6. Choose f. : Ry — R, such that |G| < &, |G(w) — G(v)| <
fo(lw —v]) for any w,v € Q and lim,_o f.(z) = 0. Define G : Q — R as

. 6dN
GO(S) = G(S) — ful2 )~ BT
and
dN
V(G = a A (BVimT) = VOGN — o A (Vi) + £(2V ) + 2.
Hence, to show , it suffices to show
VI(GW) — o A (BVmD))) < T (G —aA (ﬁ\/mw—m)). (4.7.1)

The rest of proof is structured to establish . Given a probabilistic semi-static
portfolio 4 which superreplicates G—an (6 Vin(P=2) )—z, we will argue that the lifted
progressively measurable trading strategy v superreplicates GO —a A (BvVm(D)) —
x. To simplify notations, throughout the rest of the proof, we fix S € Q and write
F = FMN(S).

Super-replication:

We first notice that for any j <m — 1

A

|(S7'j+1 - STj) - (Ff'j - Ffj71)|
. . 1 1 3
S[Sr = By |+ 15, — FL | < ON+j+1 + ONtj  9Ntj+1°
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It follows that for any k < m,

k—1 k—1
S ’%ﬁj (F) ’ (S’fﬁ-l ST]) - ’%’J-«-l (F) ’ (F’rﬁ-l FT])
=0 7=0
k—2
R . 2dN
< Z %J+1 ’ Tg+2 - STj+1) - <Ffj+1 - Ffj))‘ + 9N-1
> 2dN 5dN
_Z2N+]+2 QN-1 < gN (4.7.2)
In addition,
T A A
'f_'mfl
R . R . Nd
=5 (F) - (St = S y) = A (F) - (Fr — Fr )| < N (4.7.3)
Hence,
T T
- 5dN  dN
x +/ 7N (8)dS, > +/ W(F)AE, — oN TN (4.7.4)
0 0

SG(E) — a A (Bym®-2)(F)) — (ZZ—NN (4.7.5)

>G(S)—an (B mD) (9)) — fe(Q_N+4) o @

= (4.7.6)
=G"(S)

where the inequality between (4.7.4)) and (4.7.5)) follows from the super-replicating
property of 4 and the fact that P& )(f) > 0, Vf € D™ the inequality between

[E73) and @70 is justified by @57 and [@E53).
Admissibility:
Now, for a given t <T,let k < m be the largest integer so that 74(S) < ¢. It follows

from (4.7.2)) and - that
t Tk t
/ 1SS, = [ (S, + [ M(S)as,
0 0 Tk

L dN : ,
> / Yo (FYAE, — 52— — dN max 5 — 5@ (4.7.7)
0
6dN
> =M~ (4.7.8)
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where the inequality between (4.7.7) and (4.7.8)) follows from the admissibility of 4
and the fact that POV (f) > 0,Vf € D). Hence, v™) is admissible.

O
4.7.2 Construction of ¢’s and Y in Proposition [4.6.1
We first introduce the notation @, := (z1,...,x,,) for any integer m and denote I1(E)
by the set of probability measures on E. In addition, set
T:=Q:U{a>0:a=T-0>forsomebe Q,},
1 .
S = {W(al,...,ad) ca; €7, |ag| <28 5 =1,...,d}.
For k =1,...,my, define the function ¥, : T* x S; x ... x Sy — II(R) by
U (dk; Br) = Lo(Frs1 — 7lfi — Fic1 = 05,85 — S, = Bi,i < k) (4.7.9)

and @ : TF x S x ... x S_1 — II(R?) by

A A A

Oy (Q; Br1) = E@(Si-k =S5 T =T =085, =85, = B < ki <k —1),
(4.7.10)
where we set Lg(-|@) = 5. Next, let B be the set of barriers, where a barrier R is a
closed subset of [0, 400] X [—00, +00] such that (+o0,z) € R for all z € [—o0, +00],
(t,+00) € R for all t € [0,4+00], and satisfies that if ({,2) € R then (s,z) € R
whenever s > t. Then, for any k& < myg, we can find Ty : T* xS X ... xS — [—00, 0]
and By : TF x 8; X ... x Sy — B such that

Lpw ( lz(; Sl+1]l{Tk(&k;gk—l75k,l)<W£c}€><Tk(&k§gk—178k71+1)}) = Oy (ak; Br), (4.7.11)
where {sj1,8k2,...,5k, ...} Is an enumeration of S, and
Lpw (TBk(d‘k;Ek)(W(l)>> = Wy (ak; Br). (4.7.12)

where TBk(&k;Ek)<W(l)) is the first hitting time of By, (d; 5i) by WO, Here the exis-
tence of By(dy; f) can be justified by Theorem 2.3 in Ekstrom and Janson [44].

Now we set 0y = 0 and define the random variables oy, ..., 0., Y1, ..., Y, recursively

as follow

A= TBifl(Aifl;Yifl)({Wt(i)a'i—l B W(Szl}tzo)
0; =051 + A, (4.7.13)

(e e}

Y, =1y, E Si i1 —_— ; ; ¥

¢ {ou<T} b {Tz‘(Aﬁyifl?51',]'71)SW££’2+1)_W§ZJ:?<Ti(Ai§Yi—1?Si,j)}7
=1
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Note that o; are stopping times with respect to the Brownian filtration. Fix & < my
and (&k;ﬁk_l) € TF x 8 x ... x S_1. By the strong Markov property and the
independence of the Brownian motion increments, it follows from (4.7.12) that

Lpw (Ak\(AkA, ?kq) = (@kfl,gkfl)) = Uy 1 (Qp1; B)k71>~ (4.7.14)
Similarly, from (4.7.11)) and (4.7.14)), we have
Lpw (Yklﬁk = G, Yy = gkq) = O(@; ). (4.7.15)

Therefore, using (4.7.9)-(4.7.10)) and (4.7.14])-(4.7.15), we conclude that

LPW ((5mo; ?mg)) = E@((;mo; ASmo))7

A

where AS;, = ka — S5, k < my.
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Chapter 5

Robust pricing—hedging duality
with options in continuous time

5.1 Introduction

In the previous chapter, we studied the continuous-time robust pricing and hedging
problems in a market where only dynamic trading in stocks is allowed. In this chapter,
we follow the same robust framework as before but add both static and dynamic
hedging in options into the framework. The typical trading strategy therefore shall
consist not only of dynamic trading in stocks, but also dynamic trading in some
options with static hedging in others. Our main interest here is to establish general
pricing-hedging duality results. In particular, we shall look at two important cases:
The first one is when there are only finitely many options traded; the second one is
when all European call options for multiple maturities are traded. The later one is
closely related to the so called martingale optimal transport problem and the setup
often assumed in many papers of the model-independent finance literature, including
Dolinsky and Soner [39] which has inspired our studies of the robust pricing and

hedging problems.

Our second main contribution is to propose a robust approach which subsumes the
model-independent setting but allows to include assumptions and move gradually to-
wards the model-specific setting. In this sense, we strive to provide a setup which
connects and interpolates between the two ends of spectrum considered by Merton
[77]. In contrast, all of the above works on model-independent approach stay within
Merton [77]’s “universally accepted” setting and analyse the implications of incor-

porating the ability to trade some options at given market prices for the outputs:
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prices and hedging strategies of other contingent claims. We amend this setup and
allow one to express modelling beliefs. These are articulated in a pathwise manner.
More precisely, we allow the modeller to deem certain paths impossible and exclude
them from then analysis: the superhedging property is only required to hold on the
remaining set of paths 3. This is reflected in the form of the pricing—hedging duality

we obtain.

Our approach to establishing the pricing-hedging duality involves both discretisation,
as in Dolinsky and Soner [39], as well as a variational approach as in Galichon et al.
[49]). We first prove an “unconstrained” duality result: Theorem [5.3.2]states that for
any derivative with bounded and uniformly continuous payoff function GG, the minimal
initial set-up cost of a portfolio consisting of cash and dynamic trading in the risky
assets (some of which could be options themselves) which superhedges the payoff G for
every nonnegative continuous path, is equal to the supremum of the expected value of
G over all nonnegative continuous martingale measuresﬂ This result is shown through
an elaborate discretisation procedure building on ideas in [39; 41]. Subsequently, we
develop a variational formulation which allows us to add statically traded options, or
specification of prediction set B, via Lagrange multipliers. In some cases this leads
to “constrained” duality result, similar to ones obtained in works cited above, with
superhedging portfolios allowed to trade statically the market options and martingale
measures required to reprice these options. In particular Theorems [5.3.10] and [5.3.14]
extend the duality obtained respectively in Davis et al. [32] and [39]. However in

general we obtain an asymptotic duality result with the dual and primal problems
defined through a limiting procedure. The primal value is the limit of superhedging
prices on e-neighbourhoods of B and the dual value is the limit of supremum of
expectation of the payoff over e-(miss)calibrated models, see Definitions and
316l

The chapter is organised as follows. Section [5.2| introduces our robust framework
for pricing and hedging and defines the primal (pricing) and dual (hedging) prob-
lems. Section [5.3| contains all the main results. First, in Section [5.3.1, we present
the unconstrained pricing—hedging duality in Theorem and derive constrained
(asymptotic) duality results under suitable compactness assumptions. This allows
us in particular to treat the case of finitely many traded options. Then in Sections

5.3.2(5.3.3] we apply the previous results to the martingale optimal transport case.

INote that here and throughout, we assume that all assets are discounted or, more generally, are
expressed in terms of some numeraire.
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All the results except Theorem [5.3.2] are proved in Section Theorem is
proved in Section [5.5

5.2 Robust Modelling Framework

5.2.1 Traded assets

We consider a financial market with d+ 1 assets: a numeraire (e.g. the money market
account) and d underlying assets S, ..., S@  which may be traded at any time
t <T,. All prices are denominated in the units of the numeraire. In particular, the
numeraire’s price is thus normalised and equal to one. We assume that the price path
St(i) of each risky asset is continuous. The assets start at Sp = (1,...,1) and are
assumed to be nonnegative. We work on the canonical space C([0, T,,],R% ), the set of

all R%-valued continuous functions on [0, 7,].

We pursue here a robust approach and do not postulate any probability measure
which would specify the dynamics for S. Instead we assume that there is a set X
of market traded options with prices known at time zero, P(X), X € X. In all
generality, an option X € X is just a mapping X : C([0,7,,],R%) — R, measurable
with respect to the o-field generated by coordinate process. However most often we
will consider European options, i.e., X(S) = f(Sz,) for some f and for maturities
0<T)<...<T,="T. The trading is frictionless so prices are linear and options in

X may be bought or sold at time zero at their known prices.

Further, we allow some of the options to be traded continuously. We do this by aug-
menting the set of risky assets so that there are d + K assets which may be traded
at any time ¢t < T),: d underlying assets S and K options Xl(c)(S), . ,X}?(S). We
assume that X l(c), e ,X}?) are European options with maturity 7,, and have contin-
uous price paths. In addition, they have nonnegative payoffs and their prices today
P(Xi(c))’s are strictly positive. Hence, by normalisation, we can assume without loss
of generality the price of each option starts at 1 and never goes below 0. We now

consider a natural extension of the path space
Q={feC(0,T,),RT™) : fo=(1,...., 1)}
The coordinate process on € is denoted S = (S;)o<i<7, i-€.,

S = (SW,..., Sy 1 [0, T] — RIK,
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and F = (Fi)o<t<r, is its natural filtration. However, not every w in € is a good
candidate for price path of these assets. It can be seen from the fact that the prices
of option XZ-(C) and S at time 7, should always respect the payoff function XZ-(C).
Therefore, for the purpose of pricing and hedging duality, we only need to consider
the set of possible price paths of these d + K assets, denoted Z, i.e.,

IT={we: wgﬂ) = X.(C)(wé}n), o ,wg,fi))/P(Xi(C)) Vi< K}.

)

7, called the information space, encodes not only the prices of these underlying assets

and options at time zero, but also future payoff constraints.

5.2.2 Trading strategies

A trading strategy consists of two parts. The first part is static hedging X, which is
a linear combination of market traded options. In contrast, the other part, known as
the dynamic trading, features a potentially continuous trading in the underlying asset
and a few selected European options. Heuristically, the capital gain from this trading
activity takes the integral form of [,(S)dS,. To define this integral properly, we
follow Section and consider 7 : Q — D([0, T;,], RE™) which is of finite variation
and progressively measurable with respect to a filtration which, in our context, is
the natural filtration generated by the canonical process. Moreover, 7 is admissible if

v : Q — D([0, T,,], RE™) is progressively measurable and of finite variation, satisfying

t
/ Y (8)dS, > —-M, VSeZ tel0,T,], for some M > 0. (5.2.1)
0

Let A be the set of such integrands. The set of simple integrands, i.e., v € A such
that y(w) is a simple function Yw € €, is denoted A®P. For precise definitions and

more details, we refer the reader to Section [4.2.2

An admissible (semi-static) trading strategy, in our context, is a pair (X,v) where
X =ap+ Y ", a;X;, for some m, X; € X and ap,a; € R, i=1,...,mand v € A
The cost of following such a trading strategy is equal to the cost of setting up its

static part, i.e., of buying the options at time zero, and is equal to
P(X)=ao+ Y _aP(X)).
i=1

We denote the class of admissible (semi-static) trading strategies by Ax and A% for

v € A or AP respectively.
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5.2.3 Beliefs

As argued in the Introduction, we allow our agents to express modelling beliefs. These
are encoded as restrictions of the pathspace and may come from time series analysis
of the past data, or idiosyncratic views about market in the future. Put differently,
we are allowed to rule out paths which we deem impossible. The paths which remain
are referred to as prediction set or beliefs. Note that such beliefs may also encode one

agent’s superior information about the market.

We will consider pathwise arguments and require that they work provided the price
path S falls into the prediction set 3 C Z. Any path falling out of *J3 will be ignored in
our considerations. This binary way of specifying beliefs is motivated by the fact that
in the end we only see one path and hence we are interested in arguments which work
pathwise. Nevertheless, the approach is very parsimonious and as 8 changes from all
paths in Z to a support of a given model we essentially interpolate between model-
independent and model-specific setups. It also allows to incorporate the information
from time-series of data coherently into the option pricing setup, as no probability
measure is fixed and hence no distinction between real world and risk neutral measures
is made. The idea of such a prediction set first appeared in Mykland [7§]; also see
Nadtochiy and Obtéj [79] and [24] for an extended discussion.

As the agent rejects more and more paths, i.e., takes 8 smaller and smaller, the
framework’s outputs — the robust price bounds, should get tighter and tighter. This
can be seen as a way to quantify the impact of making assumptions or acquiring

additional insights or information.

5.2.4 Superreplication

Our prime interest is in understanding robust pricing and hedging of a derivative with
payoff G : 2 — R whose price is not quoted in the market. Our main results will
consider bounded payoffs G and, since the setup is frictionless and there are no trading
restrictions, without any loss of generality we may consider only the superhedging

price. The subhedging follows by considering —G.

Definition 5.2.1.
1. A portfolio (X,~) € Ay is said to superreplicate G on P if

X(8) + / (S)dS, > G(S). VS € P, (5.2.2)
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2. The (minimal) super-replicating cost of G on B is defined as

Vypp(G) :=inf {P(X) : (X, ) € Ay s.t. (X, ) superreplicates G on ‘43}
(5.2.3)

3. The approximate super-replicating cost of G on *J is defined as
Vx’p,m(G) = inf {P(X) IH(X, ’)/) € Ay s.t.

(X, ) superreplicates G on B¢ for some € > 0},
(5.2.4)

where B¢ = {w € 7 : inf,eq ||w — v]| <€}

4. Finally, we let V35 52(G), respectively V;?Pm(G), denote the super-replicating
cost of G in (5.2.3)), respectively in (5.2.4)), but with (X,~) € AY.

5.2.5 Market models

Our aim is to relate the robust (super)hedging cost, as introduced above, to the
classical pricing-by-expectation arguments. To this end we look at all classical models

which reprice market traded options.

Definition 5.2.2. We denote by M the set of probability measures P on (2, Fr,,, F)
such that S is a P-martingale and let Mz be the set of probability measures P € M
such that P(Z) = 1.

In this Chapter, a probability measure P € Mz is called a (X', P,B)—market model,
or simply a calibrated model, if P() = 1 and Ep[X]| = P(X) for all X € X'. The set
of such measures is denoted My p .

More generally, a probability measure P € M7z is called an n — (X, P,)—market
model if P(P") > 1 —n and |Ep[X] — P(X)| < n for all X € X. The set of such

measures is denoted M7, p .

Whenever we have P € My pyp it provides us with a feasible no-arbitrage price

Ep[G(S)] for a derivative with payoff G. The robust price for G is given as

PX,’P,&B(G) = sup ]E]}D[G(S)],

PeMx p

where throughout the expectation is defined with the convention that co — oo = —o0.
In the cases of particular interest, (X, P) will determine uniquely the marginal distri-

butions of S at given maturities and Py pq(G) is then the value of the corresponding
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martingale optimal transport problem. We will often use this terminology, even in

the case of arbitrary X.

In practice, the market prices P are an idealised concept and may be obtained from
averaging of bid-ask spread or otherwise. It might not be natural to require a perfect
calibration and the concept of n—market model allows for a controlled degree of mis-

calibration. This leads to the approximate value given as

Prpp(G) :=lim sup Ep[G(S)].

0 n
UAN PEME p oy

As we will show below, both the approximate superhedging cost and the approximate
robust pricing cost, while being motivated by practical considerations, appear very

naturally when considering abstract pricing-hedging duality.

In some instances, for technical reasons, it will be convenient to consider only P arising
within a Brownian setup. We denote the collection of P € M such that P = P" o M1
for some continuous martingale M defined on some probability space satisfying the
usual assumptions (2", ]-‘K ,FW, PY) with a finite dimensional Brownian motion
{W;}+>0 which generates the filtration F. We write M x.psp to denote My p MM,

My pog for My p MM and Py py(G) = SUDPEM y 50 Ep[G(S)], Pypp(G) =
limy o suppery, . o Ee[G(S)]:

5.3 Main results

In Chapter 4, we established a robust pricing—hedging duality in a simple setting
without beliefs and options. Our prime interest here, as discussed in the Introduction,
is in extending the robust pricing-hedging duality to include beliefs and options.
More precisely, in our context, given a non-traded derivative with payoff G, we have
two candidate robust prices for it: The first one, Vy pp(G), is obtained through
pricing-by-hedging arguments; The second one, Py py(G), is obtained by pricing-

via-expectation arguments. And we want to show that they agree with each other.

Within the present pathwise robust approach, the pricing-hedging duality was ob-
tained for specific payoffs GG in literature linking robust approach with the Skorokhod
embedding problem, see Hobson [60] or Obt6j [83] for discussion. Subsequently, an ab-
stract result was established in Dolinsky and Soner [39], when Q =7 =B, n=d =1,
K =0 and X is the set of all call and put options with P(X) = [ X (z)u(dz) for

134



all X € X, where p is a probability measure on R, with mean equal to 1:
Vypz(G) = Pypz(G) for a ‘strongly continuous’ class of bounded G .

The result was extended to unbounded claims by broadening the class of admissible
strategies and imposing a technical assumption on p. Below we extend this duality to
a much more general setting of abstract X', possibly involving options with multiple

maturities, a multidimensional setting and with an arbitrary prediction set ‘.

Note that, for any Borel G : {0 — R, the inequality

is true as long as there is at least one P € My p o and at least one (X, y) € Ax which
superreplicates G' on B. Indeed, since 7 is progressively measurable, the integral
Jo 7u(S)dS,, defined pathwise via integration by parts, agrees a.s. with the stochastic
integral under P. Then, by (5.2.1)), the stochastic integral is a P super-martingale
and hence Ep [ fOT" VU(S)dSu} < 0. This in turn implies that

Ep [G(S)] < P(X).

The result follows since (X, v) and P were arbitrary.

5.3.1 General duality

We first consider the case without constraints: X = @ and 8 = Z. As this context
will be our reference point we introduce notation to denote the super-hedging cost

and the robust price. We let

Vz(G) := inf {x : 3y € A s.t. y superreplicates G — x on I}, P7(G) := sup Ep[G(S)].

PeMz
(5.3.2)
We also write P7(G) for sup Ep[G(S)] and V¥ (G) for super-replicating cost of G

PeM,
using v € AP.

Assumption 5.3.1. Either K = 0 or Xl(c), e ,XI(? are bounded and uniformly
continuous with market prices P(Xl(c)), . ,P(X}f)) satisfying that there exists an
e > 0 such that for any (px)i<p<x with |73(X,£C)) —pi| <eforall k < K, M; # @,

where

(2

T=fwe it = XOwp),. .. off)/p Vi< K},
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Theorem 5.3.2. Under Assumption|5.3.1} for any bounded and uniformly continuous
G : 2 — R we have

VI(G) = Vz(G) = Pz(G) = P4(G).

The result is an extension of Theorem [£.3.1] It can be proven either directly through
a discretisation of both the primal and the dual problems, similar to the that in the
proof of Theorem |4.3.1, or using Theorem and a variation approach, which is
what we will present below and in Section 5.5 First we see that the inequality

Vz(G) > sup Ep|G(S)]
PeMz

is a special case of ([5.3.1). Section is devoted to the proof of the much harder
reverse inequality

V2(G) < sup E[G(S)], (5.3.3)
PeM,

which then implies Theorem [5.3.2]

We let Lin(X') denote the set of finite linear combinations of elements of X and

Liny(X) = {ao—l-ZaiXi -meN, X; e X, Z|ai| SN}.
=1 i=0

Then, similarly to e.g. Proposition 5.2 in Henry-Labordére et al. [56], a calculus of
variations characterisation of ‘7,\(77;;;3 is a corollary of Theorem m From that we

are able to deduce pricing-hedging duality between the approximate values.

Corollary 5.3.3. Under Assumption let 5 be a measurable subset of Z and X
such that all X € X are uniformly continuous and bounded. Then for any uniformly

continuous and bounded G : 2 — R we have:

‘7;[,)77,‘,B<G) = ‘7X,7>,‘13<G) = inf {PZ(G — X — N)g) + P(X)}, (5.3.4)

X€Liny (X), N>0
where Ap(w) := inf,ep |lw — v|| A L
Remark 5.3.4. As a by-product of the proof of Corollary [5.3.3] we show that for
any bounded G,

‘7;(,7)7413(G) = ]{[I;fo VX77)71<G—N)\413) and ‘7/\8}’)737;;3(G) = inf ‘7;{)7;71(0—]\[)\&13). (535)

N>0

Assumption 5.3.5. Lin;(X') is a compact subset of C(2,R) and every X € X is

bounded and uniformly continuous.
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Theorem 5.3.6. Given Z, 13 and X satisfy conditions in Corollary if MY p o #
& for any 1 > 0, then for any uniformly continuous and bounded G : {2 — R we have

Vepp(G) > Prpp(G), (5.3.6)

and if X' satisfies Assumption [5.3.5, then M?Y,P,‘B # @ for any n > 0 and equality
holds:

Vi psp(G) = Prpy(G) = Py py(G). (5.3.7)

Example 5.3.7 (Finite X'). Consider X = {X},..., X,,}, where X;’s are bounded
and uniformly continuous. In this case, Lin;(X) is a convex and compact subset of
C(2,R). Therefore, if M}’Pm # @ for any n > 0, we can apply Theorem to
conclude Vy p3(G) = Py pp(G).

We end this section with consideration if the approximate superhedging and robust
prices, \7, ]3, are close to the precise values V, P. First, we focus on the case of finitely

many traded put options and no beliefs. We consider

X={(KD S 1<i<d 1<j<n 1<k<mi,j)} (5.3.8)

where 0 < K,Sf; < K,S)] for any k < k" and m(i,j) € N. To simplify the notation, we

write
PKYD —SIVHY = ppis Vi gk
(( k,j Tj) ) pk,l,] 1,7, K.

Assumption 5.3.8. Market put prices are such that there exists an € > 0 such that
for any (pi;)ijk With |Prij — praj| < € for all 4, j, k, there exists a P € Mz such
that

Prig = Bal(K{) — SO Vi, gk,

Remark 5.3.9. Assumption [5.3.8 can be rephrased as saying that the market prices

(X,P) are in the interior of the no-arbitrage region.

Theorem 5.3.10. Let X be given in ([5.3.8]), prices P be such that Assumption
holds and Z satisfy Assumption [5.3.1l Then for any uniformly continuous and
bounded G : €2 — R, we have

Vepz(G) = Pypz(G).
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The above result establishes a general robust pricing-hedging duality when finitely
many put options are traded. It extends in many ways the duality obtained in
Davis et al. [32] for the case of d = n = 1 and K = 0. Note that in general
Vapz(G) = Vapz(G) so it follows from Example m that in Theorem we
also have Pypz(G) = Pypz(G). These equalities may still hold, but may also
fail dramatically, when non-trivial beliefs are specified. We present two examples to
highlight this.

Example 5.3.11. In this example we consider P corresponding to Black-Scholes
model. For simplicity, consider the case without any traded options K = 0, X =
g,d=1 and letﬂ

P = {w e Q: wadmits quadratic variation and d{w); = oc*w?dt,0 <t < T}.

Then My = {P,}, where S is a geometric Brownian motion with constant volatility
o under P,. The duality in Theorem then gives that for any bounded and

uniformly continuous G

‘733(6’) = inf{z : Iy € A s.t. 7 superreplicates G — x on B for some € > 0}
= lim sup Ep[G].

0 IP’EMQ3

However in this case, P = 2 and M3 = M for any € > 0. The above then boils
down to the duality in Theorem and we have

Ta(G) = V() = sup Eo[G] 2 Bz, [G] = Fy(G), (5.3.9)

where for most G the inequality is strict.
Example 5.3.12. Consider again the case with no traded options, K =0 and X = &

and let
P={we: |w| b} forsomebd>1.

Given a bounded and uniformly continuous payoff function G, consider the duality
in Theorem |5.3.6] For each N € N, we pick P&V) M;/N such that

Ep|G] > sup Ep|G] —1/N.

1/N
J‘P’e/\/lq3

2See also Step 4 in the proof of Theorem |5.3.21|in Section
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Let 7 be the first hitting time of b + 1/N by S and define S by SEN) = Sy +
W(SMT —Sp). By definition, PM) o (S =1 € My. Also note that PNV (1 < T) <
1/N. Hence by uniform continuity of G it is straightforward to see that

|]E[P>(N) [G(S(N))] — Epvy [G(S)” —0 as N — oo,
which leads to Py(G) = Py(G). As Vig(G) < Vig(G) = Pu(G), we then conclude that

Vp(G) = Py(G) = Py(@) = V().

5.3.2 Martingale optimal transport duality for bounded claims

We focus now on the cases when (X, P) determines uniquely certain distributional
properties of S under any P € My p . We start with the case when & is large enough
so that the market prices P pin down the (joint) distribution of (S(T1 ). ,ngl )) under
any calibrated model. Later we consider the case when only marginal distributions
of Sg) for 1 < d are fixed. In the former case we limit ourselves to one maturity
and P = Z which simplifies the exposition. It is possible to extend these results
along the lines of the latter case, when we consider prices at multiple maturities and
a non-trivial prediction set, however this would increase the complexity of the proof

significantly.

Let n =1 and T'=T,. We assume market prices for a rich family of basket options

are available. We consider

X s.t. Lin(X) is a dense subset of {f(S(Tl)7 . ,S(Td))| f:RY — R bounded, Lip. cont.}.

(5.3.10)
In particular, X is large enough to determine uniquely the distribution of Sy under
any calibrated model, i.e., there exists a unique probability distribution 7 on Ri such
that

Ep[X] =P(X) = , X(s1y...,8q)m(dsy,...,dsg), VX e X, Pe Mypr.
R

’ (5.3.11)
As an example, we could take X equal to the RHS in (5.3.10). A martingale measure
P € M7 is a calibrated model if and only if the distribution of Sg} ), e ,Sgrd ) under P
is . Accordingly we write My p 7z = M, 7 with M. 7, Pr 1 etc. defined analogously.
Note that in a Brownian setting, we can always define a continuous martingale M
valued in REX with My = 1, (MY, ..., M) ~ 7 and MIT = XMV D)
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for every ¢ < K simply by taking conditional expectations of a suitably chosen random
variable distributed according to m and satisfying payoff constraints. It follows that

the following equivalence holds.

Lemma 5.3.13. For a probability measure m on R? M, 7 # @ if and only if M, 7 #
@ if and only if
/ Sm(dsl,...,dsd) = 1, 1= 1,...,d. (5312)
Rd
+
Note that if ((5.3.12)) fails, then one of the forwards is mispriced leading to arbitrage
opportunitiesﬂ We exclude this situation from our setup. The following is then a

multi-dimensional extension of the pricing-hedging duality in Dolinsky and Soner
[39].

Theorem 5.3.14. Consider traded options X and information space Z satisfying
(5.3.10) and Assumption [5.3.1] with market prices P such that My p7 # @. Then

for any uniformly continuous and bounded G, we have

Vepz(G) = Prz(G).

It is clear that the above result holds if instead of assuming every X € X is bounded
and Lipschitz continuous, we allow bounded and uniformly continuous European pay-
offs, as long as X contains a subset made of bounded and Lipschitz continuous payoffs,

which is rich enough to guarantee uniqueness of m which satisfies (5.3.11]).

We now turn to the case when X is much smaller and the market prices determine
marginal distributions of ng) for i < d. For concreteness, let us consider the case

when put options are traded
X={(K-S)i=1...d j=1..n KeR} (5.3.13)

Arbitrage considerations, see e.g. Cox and Obl6j [25] and Chapter 3, show that ab-
sence of (weak type of) arbitrage is equivalent to My py # @. Note that the latter
is equivalent to market prices P being encoded by probability measures (,ug-i) ) with

pij(K) =P((K - S%.))Jr) = /(K — s)+,u§-i)(ds), (5.3.14)

3This may be, depending on the sign of mispricing and the admissibility criterion, a strong
arbitrage in Cox and Obl6j [25] or model-independent arbitrage in Davis and Hobson [31] and Acciaio
et al. [I] or else a weaker type of approximate arbitrage, e.g. a weak free lunch of vanishing risk; see
Cox and Obléj [25] and Chapter 3.
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where, for each i = 1,...,d, p&i), e ,pn have ﬁmte first moments mean 1 and
increase in convex order (,ugi) =< ,u() < e = Mn , Le., [oé(x) ) < ... <
[ o(x ,un (dz) for any convex function ¢ : Ry — R. In fact as noted already by
(1)

Breeden and Litzenberger [13], probability measures

; are defined by

17 (0. K) = piy(K+)  for K € Ry

We may think of (,ugl ) and B as the modelling inputs. The set of calibrated market
models My py is simply the set of probability measures P € M such that S%) is
distributed according to ugi), and P(P) = 1. Accordingly, we write My pgp = Mg

(@),

and P;p(G) = Py pp(G). Furthermore, since p;’s all have means equal to 1, under

any P € Mg, S is a (true) martingale.

Remark 5.3.15. It follows, see Strassen [L01], that M7z # @ if and only if ugi), . ,,uff)
have finite first moments, mean 1 and increase in convex order, for any i = 1,...,d.
However, in general, the additional constraints associated with a non-trivial ¢ C 7

are much harder to understand.

In this context we can improve Theorem [5.3.6{ and narrow down the class of approxi-
mate market models requiring that they match exactly the marginal distributions at

the last maturity.

Definition 5.3.16. Let M3, be the set of all measure P € M such that EP(S%)),

the law of ng) under P satisfies

Lo(SY) = p) and d,(Lp(SY), i) <, for j=1,....n—1,i=1,....d,

’I’L

and furthermore P("7) > 1 — 7. Finally, let

Pip(G) ==lim sup Ep[G(S)].
0 PEMH B,
Note that Mgq, C M XP‘B for a suitable ch01c of €(n) which converges to zero

as 7 — 0. It follows that Pj (G) < P/\{’pm(G). The following result extends and
sharpens the duality obtained in Theorem [5.3.6] to the current setting.

Theorem 5.3.17. Let P be a measurable subset of Z, X be given by (5.3.13) and P
be such that, for any n > 0, Mgy, # <&, where /i is defined via ([5.3.14)). Then for
any uniformly continuous and bounded G the robust pricing—hedging duality holds

between the approximate values:

Vapn(G) = Prpp(G) = iy (G).
“One can take €(n) = /1 + 2f(1//7) with f(K) = maxi<j<q {pin(K) — K + 1}.
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5.3.3 Martingale optimal transport duality with exact marginal
matching

Theorem extends the duality obtained in [39]. In general we obtain an asymp-
totic duality result with the dual and primal problems defined through a limiting
procedure. In this section, we want to focus on establishing a duality result without
any asymptotic approximation. As already seen from Theorem [5.3.14] in a setting
where there is a single marginal and the prediction set is absent, this type of duality
result can be obtained without imposing further conditions on the payoff function
G other than uniform continuity. However, to achieve this goal in a more general

setting, we will impose stricter conditions on the payoff function GG and prediction set

P,

Assumption 5.3.18. G is bounded, uniformly continuous w.r.t. the sup norm || - ||
and satisfies that there exists a constant L > 0 such that for all v,0 € D([0,7,], R%)
be of the form

n m;—1

Ut = Z Z Ui:jl[ti,jvti,jﬂ)(t) + Un,mn—lﬂTn (t)a
i=1 j=0

n m;—1

e = Z Z Ui’jl[ii,jvii,jJrl)(t) + U117, (¢)

i=1 j=1

where t; 0 =t 0 =T, V0 <i<n—1,¢m 1 =tim-1 =T V1 <i<n,

G(v) = G(O)] < LlfvlI” Y Y 1AL, — Adyl (5.3.15)

i=1 =1

~

where as usual Atiﬂ‘ = ti,j — ti,j—l and Ati,j = ti,j — ti,j—l-

Note that Assumption [5.3.18| is close in spirit to Assumption 2.1 in [39]. Despite
their proximity, our assumption here is strictly weaker, which can be seen from the
fact that it includes European options having intermediate maturities, in contrast to

Assumption 2.1 in [39].

Definition 5.3.19. We say ‘R is time invariant if for any nondecreasing continuous
function f : [0,7,,] — [0,7,] such that f(0) =0 and f(7;) = T; for any i = 1,...,n,
S e ‘B implies (Sf(t))te[O,Tn] c ‘43

We also need to assume that p’s admit a finite p*® moment.
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()
j
measures on R, with mean 1, admitting finite p-th moment for some p > 1 and

Assumption 5.3.20. Assume = (u;’ :i=1,...,d, 7 =1,...,n) are probability

Theorem 5.3.21. Let ji satisfy Assumption [5.3.20[and P be closed and time invari-
ant. Then, under Assumption [5.3.1], for every G that satisfies Assumption [5.3.18| the
following robust pricing-hedging duality holds

VIH(G) = ViR(G) = Pag(G) = Pay(@), (5.3.16)

(
I’L7

where p is the same as in Assumption [5.3.20]

5.3.4 Martingale optimal transport duality for unbounded
claims

We want to extend Theorems[5.3.17]and [5.3.21] to unbounded exotic options, including
a lookback option. However, the admissibility condition considered so far, and given
by , is too restrictive and has to be relaxed. To see this consider d =1, K =0,
X is given by and G(S) = supg<i<p, S;. If G could be superreplicated by
an admissible trading strategy (X,v) € Ay then, following similar arguments as for

(5.3.1]), we see that

P.(G - X) <0.

This is clearly impossible since X is bounded and there exists P € M such that
Ep[G(S)] = co. The argument is similar if instead of puts we took all call options.

We conclude that we need to enlarge the set of dynamic trading strategies A.

We fix p > 1 and, following Dolinsky and Soner [39], define the following admissibility
condition: ~ is admissible if v : Q — DJ0,T,] is progressively measurable and of

bounded variation, satisfying

t
/ Yu(S) - dS, > —M(l + sup |Ss|p), VS eI tel0,T,], for some M > 0.
0

0<s<t
(5.3.17)
To avoid confusion, we denote by A® the set of all such . We also say (X, ) € Ag’j)
if y € AP and X = ag+ Y1, a;X;, for some m and X; € X given by

WP = {f(S%_)) D f(z)| < K(1+|zfP) for some K >0, for j=1,...,n,i=1,...,d}.
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As previously with X in (5.3.13)), the above set X' is large enough to determine

uniquely the marginal distributions of S%) That is My py # @ implies that there
()
J

1,...,nfor any P € My pyp = Mgy We write V)(f ;Jm for the superreplication cost

exist unique probability measures ,uy) such that ﬁp(S%_)) =pu',t=1...,d, j =

Vy pgp(G) but with (X,v) € Ag?) and ‘Zép 33,‘43 for the approximative value.

Theorem 5.3.22. Let ji satisfy Assumption [5.3.20) B be a measurable subset of
7 such that for any > 0, Mg, # 9. Then, under Assumption [5.3.1} for any

uniformly continuous G that satisfies

[GS)| < LA+ sup [S,)),

0<t<Ty

the following robust pricing—hedging duality holds

7 (p)
Vo pp

(G) = Pag(G),

where p is the same as in Assumption [5.3.20]

5.4 First proofs

We present in this section proofs of all the results except Theorem which is

shown in Section 5.5

5.4.1 Proof of Corollary and Remark

Note that any (X,~) that superreplicates G — N Ay also superreplicates G — 1/N on
‘Bﬁ. It follows that

V;?pym(G) =inf {P(X) : (X, ) € AT s.t. (X, ) superreplicates G on ¢ for some € > O}
1

SN + inf {P(X) : 3(X,y) € AY s.t. (X, ) superreplicates G — Ny on I}.

Since it holds for any N, we have

17;1’0737%(6*) g}fgfo inf {P(X) : 3(X,y) € AY s.t. and (X, ) superreplicates G — N g on I}

= inf Vi 7(G — Ng).

N2>0

Note that by the same argument above we have

V)(J)?m(H) S ]{]gfo VX7’]D7I(H_N)\§B) and V;}’Opygp(H) S J{[Iéfo V;Z,)P,I(H_N/\m) (541)
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hold for every bounded measurable H.

Notice that

inf {P(X) : 3(X,y) € AT s.t. (X, ) superreplicates G — N Ay on I}
. : ) sp . B v
_XelLIilrf(X) {P(X) + inf {x : 3y € A s.t. 7y superreplicates G — NAgy — X — x on I}}

= inf ) {P(X)+ VPG —Nrg—X)}

Xe€Lin(X

= inf {P(X) +Pz(G-X - NA&B)},

X€Lin(X)

where the last equality is justified by Theorem as Ap and X are bounded and

uniformly continuous. Hence, we have

Viro(G) < inf {P(X) Y PG - X — N)\fp)}.

~ N>0, X€Lin(X)

On the other hand, given any (X, ~) € Ay and € > 0 such that (X, ) superreplicates
G on P, by the admissibility of (X,~) € Ay and boundedness of X and G, if N >0

is sufficiently large then
Tn
X(9) +/ Yu(S) - dS, > G(S) — N,
0

and hence (X, ) superreplicates G — N Ag. It follows that

17;(77;,;,]3(@) =inf {P(X) : (X, y) € Ay s.t. (X, ) superreplicates G on B¢ for some € > O}
zjivr;fo inf {P(X) : (X, vy) € Ay s.t. (X, ) superreplicates G — N g on I}
= inf {P(X)+Vz(G—-X—NXp)}

N>0, X €Lin(X)

= b {P(X)+ PG~ X~ Nag) |,

N>0, X€Lin(X)

where the last equality is again justified by Theorem|5.3.2L As 17;(,7;33(0) < 17;” (),
this establishes the equality in ([5.3.4)).

Note that by the same argument above we can argue that

VX,P,‘B(H) 2 ]{/'gf() V.;\/’pl(H — N/\q}) and V;?P,‘B(H) 2 ]{[Ilzfo V;]?P,I(H — N)\qg)

hold for every bounded measurable H. Therefore, combining this with (5.4.1)), we
show (|5.3.9)).
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5.4.2 Proof of Theorem [5.3.6

To establish ([5.3.6]), we consider a (X, ) € Ay that superreplicates G' on ¢ for some
e>0,i.e.,

Ty
X(S) + /0 YadS, > G(S) on P

Since X is bounded, by the definition of admissibility there exists a M > 0 such that
Tn
X(S) + / YudS, > G(S) — MAg(S). (5.4.2)
0
Next, for each N > 1, we pick PV ¢ Mic/%m such that

1
Epn[G(S)] > sup Ep[G(S)] — N

Pe/\/tfy/f;m
Since 7 is progressively measurable, the integral [ 7,(S)dS,, defined pathwise via
integration by parts, agrees a.s. with the stochastic integral under any P?Y). Then, by
(5.2.1), the stochastic integral is a P(")-super-martingale and hence Epx) [ fOT" 'yu(S)dSu} <

0. Therefore, from ([5.4.2), we can derive that

oE

EP(N) [X(S)] 2 E]P)(N) [G(S) — M)\qg(S)] Z SU]/;) EP[G(S)] —
PEMY T o

(5.4.3)

=~

Also note that X takes the form of ag + > ", @;X;. Then by definition of MZZY';P’;B
|P(X) — Ep) [X(S)]| = 0 as N — .
This, together with , yields
P(X) > Prpy(G).
As (X,7) € Ay is arbitrary, we therefore establish (5.3.6)).

To show ([5.3.7]), we first deduce from Theorem and ((5.3.4) that

Vepp(G)= it {PI(G ~ X~ Nig)+ P(X)}

X€Lin(X), N>0

= lim  inf { sup Ep[G — X — Ny +73(X)}

N—oo XeLiny (X) Upep, (5.4.4)
= lim sup Ep[G]

N_)OO]PGM;/’];;.B
:PX,'P,‘B<G)7

146



where the crucial third equality follows from (5.4.5)) in Lemma below.

Last, we show that M}’pm # @& for any n > 0. By the above and equality between
Pz = P; in Theorem we have

inf { sup Ep[G — X — Ny —i—P(X)}

X€Lin(X),N>0 Upe g,

= int{ sup Bp[G— X = Nag] + P(X) } = Vaepp(G) = Prpp(G).

X€Lin(X),N>0 \ pec a1

Then, taking G = 0, as MY, o # @ for any 5 > 0,

inf { sup Ep[—X — Ny + P(X)} = ﬁX7737r;3(0) =0.

XeLin(X),N>0 Upepy,
Therefore, it follows from the equivalence in Lemma [5.4.1, with M, = M, that

MY p oy # @ for any n > 0. In addition, by (5.4.6) in Lemma below,

vx,pm(G) = inf { sup Ep[G — X — NAg| + P(X)}

XeLin(X), N>0 PeM

= A}im sup  Ep[G] = Py pp(G).
This completes the proof of Theorem [5.3.6. It remains to argue the following which

is stated in a general form and also used in subsequent proofs.

Lemma 5.4.1. Let P8 be a measurable subset of Z, A" satisfy Assumption [5.3.5| and

M be a non-empty convex subset of Mz. Then the following two are equivalent:
(i) for any n > 0, M% p M # 2.
(11) ianeLin(X),NZO { supPeMs ]Ep[—X — N/\qg] —+ P(X)} = O

Further, under (i) or (ii), for any uniformly continuous and bounded G : Q@ — R we

have:

inf { sup Es[G — X — Ng +7?(X)} — lim  sup  Ep[G]. (5.4.5)

N—o0

X€eLin(X), N>0 \pepg, Pemy/Y wOM,
Moreover, for any o, 5 > 0 and D € N.
; _ (D) — —
e oo S0 ERIG(S) — @ n (8y/m()(8)) = X(8) ~ Naw(S)] + P(X) }

< lim  sup Ep[G(S) —an(By/mP=A(S))],
N0 PeM T M

(5.4.6)
where m(?) is defined in Definition 4.5.1]
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Proof. Choose k > 2V (|G|l + «). We first observe that

inf { sup Ep[G — a A (BVm(DP)) —X—N)xqg]+73(X)}

XeLin(X), N>0 U pe g,

— lim  inf { sup Ep[G — a A (BVm®)) — X — NAg] + P(X)}. (5.4.7)

N—o0 X€eLiny (X) PeM;

Define the function G : Liny (X)) x My — R by
G(X,P):=lim  inf  Ej [G(S) —a A (BVmP-2) —x(S) — N)\qg(S)] +P(X)
ENO Pe M., dy (PP)<e
—lim  inf  E [ —a A (5x/m<D—2>)] + Ep[G — Ny — X] + P(X).
NOPe M, dy(P,P)<e
Then by (4.5.1) in Remark for any sequence (P*));~; converging to P weakly,
Ep [ —aAN(f m(D)(S))} < lilgn inf Epe) [ —a A (By/mP-2) (S))] :
— 00

and hence

lim  inf { sup Ep[G — a A (BVmP) — X — Ng] + P(X)}

N—oo XeLiny (X) \ pepm,

< lim inf sup G(X,P),
N—o0 XeLiny (X) pe M,

with equality when o = g = 0.

The next step is to interchange the order of the infimum and supremum. Notice that
when we fix P, G is affine in the first variable and continuous due to the bounded
convergence theorem. In addition, by definition G is lower-semi continuous in the
second variable. Furthermore, G is convex in the second variable. To justify this, we
notice that P +— Ep [ —aA (ﬁ\/m(TQ)(S))] is a linear functional and it follows that
for each € > 0 and A € [0, 1]

] inf E@[—a/\(ﬁ m<D—2>(S))]
PeEMs, dp (PP +(1-N)P2)) <

<A inf IEH;,[ —a A (By/mP-2 (S))}

PEM,, dp (P PV))<e
+(1-A)  inf  Es [ —a A (B /m<D—2>(S))].
PeMs, dp(P,P())<e

Since Liny(X) is convex and compact, it follows that we can now apply min-max
Theorem (see Corollary 2 in Terkelsen [102]) to G and derive

lim  inf sup G(X,P)= lim sup inf G(X,P).

N—oo X€Liny (X) Pe M, N—o0 pc M, X€Liny (X)
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Therefore, we have

lim  inf { sup Ep[G — a A (BVm(P)) —X—N)xqg]—i-P(X)}

N—o00 XeLiny (X) PeM,

< lim sup  inf {EP[G —a A (BVmP=2) — X — NAg] + P(X)},

" N—oopepq, X€Liny (X)

(5.4.8)

with equality when a = = 0.

Now first consider the case: a = = 0. In this case, it follows from above that

lim  inf { sup Ep[G — X — Ny +73(X)}

N—oo XeLiny (X) \ pepm,

— lim sup { inf  Ep[G — X — N)g] +73(X)}. (5.4.9)

N—ooopep, L XeLiny (X)

Suppose that for any n > 0, M?Y’p,qg (M, # @. Then for any N, P € Mic/];qu and

X € Liny(X),

lX] =PI < Do [Bo () = P < 5=

where X takes the form of ag + ZZ’ZI a; X;, for some m € N, X; € X and a; € R such
that Y " |a;| < N. In addition, Ay < %ﬂ{seml/ﬂ} + H{nglmz} leads to

1 2
Ez[NAp] < -P(S € ™) + NP(S ¢ /) < -
Therefore, we can deduce that

I { inf  Ep[G— X — NA X}
Amosup ol Bl 3]+ PX)
PeMy poypNMs

3
> lim sup {EP[G] - N} = lim sup Ep[G]. (5.4.10)
N=roo PGM;/%;”MS N=eo Pe My M,

Consequently, by taking G = 0, using (5.4.7)—(5.4.10) and noting that considering a

sup over a larger set increases its value, we have

inf { sup Ep[—X — NAg] +73(X)} >0,

XeLin(X),N>0 L pc g,
which leads to
inf { sup Ep[—X — Nhg| + p(X)} =0

X€Lin(X),N>0 \ pcaq,
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On the other hand, if

inf sup Ep[—X — NAg] + P(X)

{ } 0 (5.4.11)
X€eLin(X), N>0 L pc g,

then we will argue in the following that in the sup term of it suffices to consider
probability measures P € M?{ig\f% N M. Suppose P € (M, \ M%Nm), then either
there exist X € X such that Ep[X] — P(X) > 2k/N or P(S ¢ P*/V) > 2x/N. In
the former case, since NX € Lin(X),

Ep[G — NX — NAg| + P(NX) < Ep[G] — N(Es[X] — P(X)) < —r,
and in the latter case, Ep[G — NAp] < k — 2k = —k, while

lim sup { inf  Ep[G — X — NAg| + P(X)}

N—oo PEM, X€eLiny (X)

= inf { sup Ep[G — X — N\g] +77(X)}

X€eLin(X),N>0 \ pc g,

> inf { sup Ep[—r — X — Ny +73(X)} = —K,

© XeLin(X),N>0 \ pecag,

where the last equality follows from (5.4.9)). This argument also implies that Mifqug
M, # @ for any N € N. Therefore we have the equivalence between

vn >0, M} PmﬂM # @ and inf {sup EP(—X—N)\qg)+77(X)}:O.

X€eLin(X), N>0 U pe g,

Now consider the general case: «, > 0. We begin to verify ((5.4.5) and (5.4.6). Since
My pp M, # @ V>0,

sup Ep[X — NAp] —P(X) >0, VX eX, NeR,.
PeMs

Hence for every N and X € Liny(X)

sup Ep[G — a A (BVmMP)) — X — Nyl + P(X)

PeM;
> — |Gl — @+ sup Ep[X — NAg] — P(X) > —-,
PeM;

and therefore

lim  inf {Sup Ep[G — a A (BVMP)) — X — NAgp| + P(X )} —K.

N—oo XeLiny (X) L pem,
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Then, by using the same argument as above, we can argue that in the sup term of
(5.4.8)) it suffices to consider probability measures P € M?;’N‘B N M, and hence we
have

lim inf {sup Ep[G — a A (BVmP)) — X — NAg| + P(X )}

N—o0o X€eLiny (X) PcM,

< lim  inf { sup Ep[G — a A (BVmP-2)) — X] + 73()()}
N—oo XELinN(X) PEMQXK%N&BHMS

< lim sup Ep[G — a A (BVmP=2))],
N=o pe a2/ m,

where the second inequality follows from the fact that —X € Liny(X) for every
X € Liny(X). This completes the verification of (5.4.6)). In the case that o = = 0,
combining the inequality above with ({5.4.10f), we then conclude that

inf { sup Ep[G — X — Ny + P(X)} = lim sup Ep[G].

XELin(X),NZO PeM, N*}OO]P M;{/};{Jm AM.
m
5.4.3 Proof of Theorem [5.3.10|
From Theorem [5.3.6] as worked out in Example we know that
VX,P,Z(G) = ﬁxypyz<G) = ]\}lm sup EP[G] (5412)
o PEM}(/,I;;,I
Now for every positive integer N, we pick P&Y) ¢ M},(/];I such that
EP(N) [G] + 1/N Z sup EP[G]
PEMiY/,]’I\L,I
We write
N i
Py = Epn [(KL) = S1)]
foranyi=1,...d,j=1,...,n, k=1,...,m(7,j), and deﬁneﬁgz’s by
]51(;\2[)] = \/N(pk,i,j —-(1-1/ \/N)pl(c]\z[)])
Note that
(N w, VN 1 .
B — prigl = (VN = Dlpriy — pivs| < N T UN Vi, j, k. (5.4.13)
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Then, it follows from Assumption that when N is large enough there exists a
N) € Mz such that

piy) = Epom [(K/Sf; - S;Ef})*] Vi, j, k.

ki, j

Now we consider Q := (1 — 1/v/N)P™) 4+ PM) /\/N . Tt follows that

i i i i 1 i i
Eql(Kyy = 5i5)"1 =(1 = U/VN)Eeon [(555 = S.3)* T+ —=Epon [ = 53)]

=(1 = VNI, + 50 VN = iy

and hence Q € My p 7. In addition,

1 2[|Gll
E — Epv) |G —(Epn ||G|] + Esn [|G .
|Eq[G] — Epen[G]] < (B (|Gl + Esn [|G]]) < =
Therefore, we have
2|Glloe 1
sup Ep|G] < sup Ep|G|] — - —,
11/)1\7 P[ ]_PEMEPJ P[ ] \/N N

PeEMy Pz

which leads us to conclude

ﬁx"p,z(G) = lim sup EP[G] S Px,p,I<G).
T remiy .

Together with (5.4.12)) and (5.3.1)) this completes the proof.

5.4.4 Proof of Theorem [5.3.14]

Let
Y={fSV,....8{) : feCRLR)st. 225% <1, |[flleo < 1}
Then, as Lin(X) is dense in Lin()),
Vypz(G) = Vypz(G). (5.4.14)

We now consider Yy, = {f( A M,. Sgﬁi) ANM) : fe Y} Yy is asubset of Y

for each M € N, and in consequence,

Vy77371(G) SV)}MJJJ(G), VM e N. (5415)
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Observe that, for any X € &,
9 d
1 d 1 d 7
IXSPAM,. . SPAM) - X(SY, ..., S| < T ;leSQ

and hence

2d
’ X(si AM,....sq4 A M)r(dsy,...,dsg) — X(sl,...,sd)w(dsl,...,dsd)‘S—.
R% R%
Note that by definition ), is closed and convex. Also, by Arzela-Ascoli theorem,
Y is compact. Hence Lin(Y),) satisfies Assumption [5.3.5] Therefore, applying

Theorem to YV, we have

Vyupz(G) = Py p7(G) VM > 0. (5.4.16)

Then, by putting (5.4.14]), (5.4.15) and ([5.4.16|) together

< . = — . . < . .
Veral@) < i Pyupa(©) = i i, sup EelC]< Jm s Eeld
PEM 5 1 PEMy/ " p 7

For every N € N, take PWY) ¢ M%V]\fpl such that

1
sup EP[G} < Epw [G] + N

1/N
PeEMy Pz

Let 7™) be the law of (S(Tl), . ,ngl)) under PMY). Tt is a probability measure on R%
with mean equal to 1. It follows that the family {7(¥)}y>; is tight. By Prokhorov’s
theorem, there exists {7V¥)},5, a subsequence of {7(™} x>, converging to some 7.

In the following, we are going to argue that 7 is in fact 7. For any X € Y and N € N,

Eeoo XS] = [ X(s1,..,sa)n(dsy, ., dsa)
R-‘-
< ‘EP(N) XSWAN, . SOANT— [ X(s1AN,... 54 AN)T(dsi,. .., dsq)

RY
#2000 (L 50m}) F 2 [, et T 50
_ 1 +2d+2d_4d+1
-N N N N

By weak convergence of (™) along a subsequence of {7} <1, for every X € Y

X(s1,...,s9)7 ™M (dsq, ..., dsg) — X(s1,-..,84)7(dsq,...,dsg) as N — oo.

d d
RY RY
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Therefore, for every X € )
X(s1,...,8q)m(dsy,...,dsg) = X(81,...,8q)7(dsy, ..., dsyg),
R4 R4
+ +
which implies that 7 = 7 as ) is rich enough to guarantee uniqueness of 7.

It follows that

Vypz(G) < lim sup  Ep[G] <limsup sup Ep[G] < P, ;(G),

N—oo
]PGM;/NN,P,I k—oo PEM (ny) ;

where the last inequality follows from the following lemma.

Lemma 5.4.2. Assume 7™ and 7 are probability measures on Ri such that 7(®V)

and 7 satisfies (5.3.12) and 7™ converges to 7 weakly. Then, for any bounded and
uniformly continuous G, o, 3 > 0 and D € N.

limsup P £(G(S) — a A (By/mP)(8))) < P, £(G(S) — a A (5y/mP2)(S)),

N—oo

where m(?) is defined in Definition 4.5.1

Proof. Recall that X 1(6), e ,Xﬁ{c) are the options which can traded continuously. Choose
f. i Ry — R, such that |G(w) — G)| < fo(|lw — v]|) for any w,v € Q, | X9(&) —
XD < £.(0F =) for any 7,7 € R% and limgy fo(z) = 0. Now fix N and
PN) ¢ M. v 7. By definition of M, there exists a complete probability space
QW FV FW PW) together a finite dimensional Brownian motion (W;)s>o and the
natural filtration F}V = o{W,|s < t}, and a continuous martingale M defined on
(QW, F FW . PW) such that POY) = PW o M1,

Write ey := dp(ﬂ'(N ), 7). That 7™) converges to 7 weakly is equivalent to saying that
ey — 0as N — co. Fix N. If ey = 0, then it is trivially true that P ) 7(G) =
P, 7(G). Therefore, we only consider the case that ey > 0. It follows from Strassen’s
Theorem, Corollary of Theorem 11 on page 438 in Strassen [L0I] or Theorem 4 on
page 358 in Shiryaev [96], and Theorem 1 in Skorokhod [98], by enlarging the Wiener

space if necessary, we can find a F}" measurable random variable A such that A4+ =

XZ.(C)(A(I), ..., AW) for every i < K,

(A AD) ~pw  and PV (JAY — M¥)| >2epy) <2y Vi<d (54.17)

We now construct a continuous martingale from A by taking conditional expectation,
ie.,

I, =EY[AFY], telo,T],
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where EV is the expectation with respect to PV. Note that by uniform continuity
(¢)
of X,

|AH) M§d+i)| < f.(2en) Vi< K, whenever |AY) — M}])| <2y Vj<d
Hence, for every i < K
PV (IAHD — MEFD| > £ (2en)) < 2dey. (5.4.18)
Observe that EW [AD] = EW[M{] = 1 and A® > 0 P"-a.s. Vi. Then, using (5.4.17),
EV[AD — M| = 2BW[(AD — M) — BV [AD — M)

= 2B (A = M)

w i
< d4dey +2F [A( )1{|A<i)—M¥)|>2€N}]

w 7
< dey + 2EV A )ﬂ{|A<i>_M¥>|>26N}ﬂ{A>1/\/§}] +4y/en

§4€N+2/ xiﬂ_(dxl,...,dmd>+4\/€]\77 VZ:L,d
{2>—A_}nRd
VEN

Similarly, for every i < K,

w 7
<2f.(2en) + 2E" A )1{|A<d+i>—M;d“)|>fe(2eN)}]

X
<2f.(2en) + 4d—* EN.
P(X{)
Now define ny by
X oo -
NN = 2fc(2en) + den + 4dz o N + QZ/ rim(dey, ..., dzg) + 4/en
i=1 P(Xz ) i= {xizﬁ}ﬂRi

and note that ny — 0 as N — oo. Then by Doob’s martingale inequality

d+K
PY(I0 — M| > ny?) <y >0 EV[AD — MY < (d+ Ky, (5.4.19)
=1

It follows that

|EV[G(D) — G(M)]] <2(d+ K)||Gllwny” + EV[|G(T) — G(M)|1
<2(d + K)||Glloony” + folny?).

{||F—Mu<n}v/2}}
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Note that by (4.5.1) in Remark for N sufficiently large,
EVla A (By/m@P)/(M))] = EV[a A (B1/mP-2(D)] - any”.
As PN ¢ M. 7 is arbitrary,

P (G —an(BVMP))
<P 2(G = an(BVmP) — ((d+ K)IGllaen® + fonl?) + any?).

Therefore, we can conclude that

limsup Pv) 7 (G — a A (BYVmMmP)) < P (G —an(BVmP-2)),  as required.

N—oo

]

5.4.5 Proof of Theorem

From Theorem [5.3.6 we know that
Verp(G) = Prpa(G).

We also have the observation that ﬁmg(G) < ﬁ)@pﬂg(G). Then to establish Theo-
rem [5.3.17} it suffices to show that

Ve pp(G) < Pig(G). (5.4.20)

This follows as a special case (« = f = 0) of the following crucial lemma which also
be used to prove Theorem [5.3.21| below.

Lemma 5.4.3. Let 3 be a measurable subset of Z, X’ be given by ([5.3.13]) and P be
such that, for any n > 0, Mgy, # &, where (i is defined via (3.3.3). Then for any

uniformly continuous and bounded G and «, 5 > 0
Ve (G —an (BVm®)) < Pay (G - a A (8Ym®19)).

where m(?) is defined in Definition 4.5.1]

Proof. Define

(-1 = {1 e crt, R sup LO=LO < <
TAY o

and f(l'l,...,SCd) :f(l’l/\NQ,...,l’d/\N2> v<$1,...,$d) GRZ’I_}
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and let 6]\[([—]\/[7 M]) = UN>0®N([—M, M])

Let Zy = {f(SY)) : f € By(R), i=1,....d} and Yy = {f(S})) : f € Gy (R), i =
1,...,d,j=1,...,n—1}. We also write
z=\J 2y and Y= J Yu.
M>0 M>0
Notice that given any f € Cy(R,R), € > 0 and a measure  on R, which has finite

first moment, there is some u : Ry — R taking the form ag+ >, a;(s — K;)™ such
that u > f and [(u — f)dp < e. It follows that

‘N/)ap,qg (G —aA (ﬁm))

Vv (G —an(By m(D))> (5.4.21)
= ol {VI (G ~ X —a A (BVmD) — N)\m) + P(X)} (5.4.22)

< inf {
XeLin(ZUY), N>0

= _nf o inf it {P(G-Y = Z—an(BVmPD) - Nay) +P(Y +2)}

YeLin(Y), N>0 M>0 ZeLin(Z,)
(5.4.24)

< inf inf lim sup  Ep[G—a A (BVmP=9)—Y — NAp + P(Y)]
YeLin(y) Mz0,N20 L—oo, MIZ/L o1
220, P

P, (G X —a A (BVmDD) - Nx\qg) n P(X)} (5.4.23)

(5.4.25)
< inf inf sup  Ep[G —a A (BVmP=0) —Y — NAp + P(Y)].

T YeLin(y) M>0,N>0 1/M
PGMZM,P,I

(5.4.26)
where the equality between (5.4.21)) and (5.4.22)) follows from Remark [5.3.4} the in-

equality between (5.4.22) and (5.4.23) is justified by Theorem [5.5.1] Finally the
inequality between (5.4.24)) and ([5.4.25)) is given by Lemma To justify this, we

first observe that &;(R) is a convex and compact subset of C(R;,R). Then, since
Liny(Zy) = Zy for any M, Lini(Z)) satisfies Assumption Therefore, by
keeping Y and N fixed and applying Lemma to

inf {BI(G —a A (BVmDD) —Y — Z — NAg) + P(Y) + P(Z)},

ZeLin(Zy)

we establish the inequality.

For any P € M}g/]ffpl, let ep = max{dp(ugf),ﬁp(S%)L)) : 1 <4 < d}. Since d,, the

Lévy—Prokhorov’s metric on probability measures on R%, is given by

[ v~ [ san)
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where 8{(R{) := {f € C(RL,R) : || f|| < L and |f(7) — f(§)| < |7 —§] VT # g} (for
more details, see Bogachev [1 1], Chapter 8, Theorem 8.3.2), we can pick g € &%(R,)
such that

‘/ — Eplg (S%)l)]’ >ep/2 forsomei=1,...,d,
R
and define g € &4,(R,) via g(z) = Mg(z A M?). Then,
[ ot - Ep[g@éﬁm( (5.427)
.
2| [ gy~ Belg(®)]| ~ (M + DA ({Jal > M2} - (M + DE(SE)| > M)
2(M +1
2M€]}»/2 - ( M2 )

By definition of MY Mz, 'p 7
[ o ~E[g(88)]] < 1/M.
R4

Hence, ep < 1/M? + 2(M + 1)/M? < 2/M when M is sufficiently large. It follows
that P € M, 75/, and hence Mz p1r © M, 7o when M is sufficiently large.
In consequence
A14nf sup  Ep[G—a A (BVmP=0) —Y — NAg + P(Y)]
Pem/M

2220 PL

< inf  sup Ep[G—aA (BVmPH)—Y — Ny + P(Y))].

- M20 PeEM,, 1.2/m

For every M € N, take P € M,, 7,/ such that

Eponn [G —a A (BVmDP=9) Y — Nig + P(Y)]
1
> sup  Ep[G—aA(BVmP=9)—Y — Ny +P(Y)] — —.
PeMun,I,Q/M M
Let 7" be the law of (S(I) . S(d ) under P Tt is a probability measure on R%
with mean 1. It follows that the family {7rn } wm>1 1s tight. By Prokhorov theorem,

there exists a subsequence {ﬂ'n )} Convergmg to some m,. Note that the marginal

distributions of m, are u\’s. By Lemma it follows that

lim sup  Ep[G —a A (BVmP=0) —Y — Ny + P(Y)]

M—o0 PeMun I2/M

< sup Ep[G—aA (BVmP8))—Y — NAg+ P(Y)].

PeM,, 1

158



With the result above, we continue with ([5.4.26)):

% < : _ /(D=6 _ Vv _
Varpm(G) < YelLrilIf(y) leor,lﬁvzo PG/VS[}J;I]?I BplG —an(Bvm ) =V = Nag +P())
—ZnN, P, T

< inf sup Ep[G — a A (BVmP=8) =Y — Ny + P(Y)]

" Y€Lin(Y), N>0 PEM,, 1

< inf inf sup Ep[G — a A (BVmP=8) =Y — Ny + P(Y)]

T M>0Ye€Lin(Yp),N>0 PeMy, 1

< inf lim sup Ep[G — a A (BVmP~10)]

T M>0N—
- = PeMyuy 2N MY oy
< inf sup Ep[G — a A (BVm(P-10))].
M>0
= PeMy, MY

To justify the second last inequality, we first notice that MSIJM,P,‘IK # g forany M € N
and 1 > 0 since Mggq, # @ for any n > 0, and hence it follows from Lemma [5.4.1]
with M, = M, 7, that

inf inf sup Ep[G —a A (BVmP=8)) =Y — Ny + P(Y)]

M=>0YeLin(Yam),N20peM,,, 7

< inf lim sup Ep[G — a A (BVmP—10))]

M>0 N—oo 1/N
BEMyup MY, o

< inf sup Ep[G — a A (BVm(P=10)].
M0 pe M MM

Next we are going to argue that M;@{Pm NMy, 7 © Mpgpam when M is large

enough. Fix P € M;,/J\Jl\/{pm NM,, 1z and let ép = max{dp(uy), ﬁ]p(S%_))) ci1<d, j<
n}. We can pick g € 8(R,) such that

‘ / f](x)uy)(dx) - EP[Q(S%))] >ép/2  forsomei<d, j<n-—1
R

By following the same argument as above, we can show that ép < 1/M?+2(M+1)/M?3.
Hence, M;@/{pm NM,, 7 € Mggpa/m when M is sufficiently large. Therefore, we

have

VX,P,qs(G) < inf sup Ep[G — a A (BVmDP-10)]
M>0 PEM“"’IQM§/I\/IN{P,‘B

< lim  sup Ep[G —a A (BVmP-10)] = Pio(G — a A (8v/mD-10))).

~ N—oo PEM i o 2/

]
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5.4.6 Proof of Theorem [5.3.21]

We first make two simple observations.

Remark 5.4.4. If 3 is a non-empty closed subset of {2 with respect to sup norm,
then

B=1P =%

>0 e>0

where B¢ is the closure of 3.

Lemma 5.4.5. If 3 is time invariant, then for every e > 0 B¢ is also time invariant.

Proof. Fixe > 0, S € B¢ and a nondecreasing continuous function f : [0,T,,] — [0, T,,]
such that f(0) = 0 and f(7;) = T; for any ¢ = 1,...,n. By definition, there exist
SIN) € 9B such that
1
S _ S| <e+ —
IS™) 8 < e+

Now write S, = Sty and S't(N) = Sj(c](\g Note that S™) € 9 as P is time invariant.
Then it is clear that

N ~ 1
SN _ gl = |SM) — gl < —
I =1l I<e++

which implies that S € P Since S € P and f are arbitrary, we can therefore

conclude that P3¢ is time invariant. O

We now proceed with the proof the Theorem Note that the inequalities
Ve pp(G) > Vip(G) > Pig(G) hold in general. In addition, according to Theorem
5.3.17, ‘7;(,7;;1;(61) = ﬁﬁm(G). Therefore, we only need to show ﬁmg(G) = P;5(G).
Our proof of this equality is divided into six steps. First, using Lemma [5.4.3 we
argue that it suffices to consider measures with “good control” on the expecta-
tion of mP)(S). Next, we perform three time changes within each trading period
T3, T;+1]. The resulting time change of S, denoted S, allows for a “good control” over
its quadratic variation process. At the same time, we keep G(S) and G(S) “close”
and given a measure P € My, with good control on Ep[m(P)(S)], since " is time
invariant, the law of the time-changed price process S remains an element of M G-
Then, in Step 5, given a sequence of models with improved calibration precisions,

we show tightness of quadratic variation process of the time-changed price process S
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under these measures. This then leads to tightness of images measures via S. In Step
6, we deduce the duality ﬁﬁm(G) = P;(G) from tightness and conclude.

Step 1: Reducing to measures P with good control on Ep[m(P)(S)].

Let G be bounded and satisfy Assumption [5.3.18, Choose k € R, such that |G| < &
and let f. : RTK — R, be the modulus of continuity of G, i.e.

|G(w) — G(v)| < fo(Jw —v]) for any w,v € Q2

with lim,_, fo(z) = 0. Fix D € N. Consider a random variable

m(P)(S)A(26P k2) d+ K

_ 0 g 2
Xp(8) = 2 ;’Sf;m(s) ST;E’i(s)|

=1

> P \/ m®P)(S) A (26Pk2) — 1

> (272(y/m(®)(8) A 29Px2 — 1)) = k222 A

where T(D)’s and m®) are defined in Definition m

It follows from the proof of Lemma 5.4 in Dolinsky and Soner [41] that there exists a

v € A such that
_(D)
m(D) (S)A (26D 12)
/ udSu + 3(d + K) max S_00] > Xp(S)
0 J

0<5< (m(P) (§)A(26PR2)
Hence, Vag(Xp(S)) < 3(d + K)Vig (||S|\ A (k22D + 1)), and therefore
0 < Vip(Xp(S)) < 3(d+ K) Py, z([[S]) < .

since Vi (ISIA (5222 +1)) < Vi, z(ISIA (227 +1)) = Pz (ISIA (5222 +1)),
where the equality is due to Theorem [5.3.17}

It follows that from the sub-linearity of ‘7)(773’;}3(') and the estimate above

Ve (G(S)) <Vemp (0(8) - 12 A L) 4 7o (X(8)27)
<Vepy (G(S) — k2P A w) +¢y/2P
< VXM(G(S) — k2P A w> +ey)20
< ﬁm(a(g) — k2P A W) +cy/2P
— lim  sup  Ep|G(S) — k2” A W} +e0/2".



where ¢, is a constant and the last inequality follows from Lemma [5.4.3]

Next we denote /f\/lvz the set of P € M7 such that

m@D=10)(S)

Ep [sz N ] < 2K+ 2. (5.4.28)

We notice that if P € My gp1/n such that P ¢ MI, then

m(P-10)(S)

Ep | G(S) — n2” A Y

] <K—2k—2=—Kk—-2
While for N sufficiently large,

m(DlO)(S)}

sup Ep [G(S) — k2P A 53D

m(D10)<S>>

92D
> VS?’) (G(S)) — /2P > =k — 1 for alarge D .

> Pra <G(S) — k2P A

It follows that

(D-10)(§
lim sup Ep [G(S) — x2P A mT()]
N—oo PEMpqp1/N 2
(D-10)(§
i _ 2P m—U]
= ]\}1_r>r(1>o sup Ep [G(S) K27 N 52D :

PEMNMp 1 /N
In particular, Mz Miipa/n # @ for N large enough.

Step 2: First time change: “squeezing paths and adding constant paths”.
Now for every N € N, take PWY) ¢ .//\/lvz N Misp,1/n such that

Epm[G(S)] = sup Ep[G(S)] — 1/N.
PEMIﬂMﬁ,mJ/N

Define an increasing function f : [0,7,] — [0,T},] by

0= 3 (5 (7 + T o

and then a process (St)te[quﬂn] by a time change of S via f, i.e., St = Sy(y). It follows

from ([5.3.15)) that

|G(S) — G(S)]
<|G(S) — G(FP)(S))| + |G(S) — G(FP)(S))| + |G(FP)(S)) — G(FP(S))|
<of (2—D+11) i 2nL[S||
—~ e D °

(5.4.29)
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In addition, S;; = Sp, Vi < n. In particular, Lpx)(St,) = Lpw(Sr,) Vi < n and
further PV) o (S,)~! € Mspan as PBYVY is time invariant, by Lemma m

Step 3: Second time change: introducing lower bound on time step.

For ease of notation it is helpful to rename the elements of the set

6 <UL =)

as follows. We define a sequence of stopping times 7'1-(7?7) : Q — [T;4,T;] and mEN)
2 — N, in a recursive manner: set m(()N) (S) =0 and Téﬁ)l(S) =0,andVi=1,...,n

set Ti(g) (S) =T, and let

Ti(flv)(S) = inf {t >Tiq:[Si =S (V)

i—1,mN) (g)-1

(S) |:2LN}/\T%7

Ti(’jkv)(S) = inf {t > Tip-1(S) + [S¢ =S ol S)‘ = v} AT,

m{™(S) = mM)(S) + min{k € N: 73)(S) = T}

)

It follows that for any S € 7

m(D—lO) (S) <

mP=10)(8) < pP=10(§) 4y — 1. (5.4.30)

Set © = 2[k?25P] + n and 6 = 1/(4DO?). We now define a sequence of stopping

times o;; : & — [0,7,]. Fix any S €  as follows. Firstly, set 0;0(S) = T;—1 and

vie+1(S) = T;. Then, for j < O, 0,;(5) = (Ti€?710)<5> + 5]) A (T, —1/(2D)) it

j<mP9(8), and 0, ;(S) = T; — 1/(2D) otherwise.

Then it follows from the definition that 7;_1 = 0,0(S) < 0;1(S) < ... < 7;,0(S) <

0i041(S) = T;. We also note that since S is always constant on [T} — 1/D, T},
D %(S) < T; — 1/D and hence for j < © A (m"(S) — 1)

S 1 1 1
7:,4(8) < T(Zuio)m) () 45O -1)<T— =+ ox < T -

D ' 4D® 2D
Therefore, Vj = (@ A (mP1O(§) - 1))
Ui,j(g) — Ui,j—l(g) =9 + (Ti(’?_lo)(g) - 7'2(5)7110) (S)) 2 0. (5431)
Define a process S by
n—106-1 ~
=2 {ST},?*”<§>+(t—ai,j<S>—a>+ﬂ[cu,xsxoi,jH(S))(t)
i=0 j=0

+ S( Z(Dl o)+ 715 —%) AT ﬂ[ﬂi,@(g)ﬂ] (t) } :

Ti_gi,@(s)
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Equivalently, S can be obtained by time changing S via an increasing and continuous
process ¢ : [0,T,,] x Z — [0,T,], defined by

®
L

n—1

~ {(F27(8) 4 - 01(8) — 8 ) T 510 i )

I\
o

=0 7
+ T (H6017(8) + (510(8) — die-1(S) = 0)*
1 1

+ - - )110. l. t}.
Ti—t T, — 01005 0i.0(5).7i1 ()

In particular, it follows from ([5.4.31]) that

n—106-1
%(S) = {(777060) + (t =05 = ") 1y, 61 0
i=0 j=0
) 1 1
+Ti A (az-,e(S) e a-@(S)> Lo, o(5).73] (t)}-

Furthermore, ¢ is adapted to F and hence predictable with respect to FPY — the
usual augmentation of F (since g is continuous). Therefore, it is clear that S is a
local martingale with respect to FF" under P™). Moreover, Sr, = S, = Sy, for
any ¢ < n. This implies that S is a martingale with respect to FF™ under P and
further PV o (S,)~! € Mg/

Observe that for any S € € such that m{’~ 10)(5’) < O it follows from ([5.3.15) — the
time continuity property of G

G(S(S)) — G(S(9))]
<|G(S(8)) = GEPTIS(9))] +G(S(S)) = GIEPIO(S(S)))]
(S

+|GFETS)(8)) — GEPTIS(S))]
<2f.(277M) + 2nL|S(9) (06 < 2fc(27P+) + 2nL|S(S) |/ D,

(5.4.32)

when D is sufficiently large, where F(P~19) is defined in . From (5 m Markov

inequality gives

25+ 2

PM{SeZ: mP19(8) >0 —n+2}) < - (5.4.33)
and hence by ([5.4.30))
2k + 2
PM{SeZ: mP79(9) >0 +1}) < “g : (5.4.34)
K
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Furthermore, by (5.4.32) and ([5.4.34))
[Ez0 [G(S)] — Epn [G(S)]]

< 26PN (mP1(S) > ©) 4 2f.(27° ) + 2nLEpv [|IS|]]/ D (5.4.35)
4k —|— 4

< +2£.(27P) + 20 LV (|IS])/D.

Step 4: Third time change: controlling increments of quadratic variation.

We say w € C([0,T,],R) admits quadratic variation if

mV) (w)—1

2
Z (legN)( ) T WL )) converges to a limit as N — oo for any i < d + K.

Tk+1
k=0

We let (w) be that limit if w admits quadratic variation and zero otherwise. In
addition, for S € Q, we say S admits quadratic variation if S® admits quadratic

variation for any i < d + K.

It follows from Theorem 4.30.1 in Rogers and Williams [91] and its proof that for
any P € M, (S) := ((SW), ..., (S{K))) agrees P-a.s. with the classical definition of

quadratic variation of S under P.

Now Doob’s inequality gives Vi < d

Een 8917 < (25)" [ aruld(aa). (5.4.36)
P — 1 [0,00)

And, by BDG-inequalities, we know there exist constants c¢,, C), € (0, 00) such that

e Bpon [(SDY?] < B [[ISD7] < CyBpem) [(SD)27]. (5.4.37)
It follows that o
+
Epo | D (S| < i, (5.4.38)
=1

where K := (i)((z) 1) il 1f[0 2Pl dx)+K/<p>

In the following we want to modify S on
7:={S €T :S(S) admits quadratic variation } = {S € T : S admits quadratic variation }

using time change technique to obtain another process S, the law of which is in
Mig/n- In fact, S is a time change of S on each interval [0; ;(S), 7;41(S)). Then
by continuity of G, it follows that

IG(S(9)) — G(S(9))| < f.(27PFY)y  vSeIn{SeZ: mP10S(S)) <6}
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This, together with (5.4.34) and the fact that P(Z) = 1 for any P € Mz, yields
[Ezxn[G(S) = GE))| < fo(2 ) + 26PN ({S € T2 mPO(8(5)) 2 © +1})
< f (27PN 4 drtd

D
Hence, by (5.4.29) and ([5.4.35)),

[Epn [G(S) — G(S)]| < 5f(27P) +

L|S| |, 8x+8 2n LV P ([S])

D 2D D
First, for every i, j, k, define p@3*) . Q — [0, 7] by p@*)(S) = 0;;(S(S)) + 6(1 —
27M N vS e Q. Then, Vi=1,...,n,j=0,1,...,and k = 1,2, ..., consider change
of time §03%) T x [0,T,] — [0,T,] defined as follows: if S € Z, 807" () = ¢
Vit < p@akR)(S) and for t > paHk)(S)

d+K

O(8) = inf{u 2 p099(8) + Y (B0 — E(Sysn)

=1

. (5.4.39)

> 28(t = p) [6} A pY A 1 (S(S)),
otherwise 6% (S) =t on [0, T;,].

Now, by considering S — a time change of S via #3#%)’s, defined by S, := S(Ggi,j,k)(S)),l
on [p@Ik)(S), ptik+1(S)) Vi, j, k, we see that for any 7,4,k and any S € Z the
quadratic variation of $(S), grows linearly at rate 2F on [p#)(S), pl-3#+1)(S)) with
pIFD(8) — pldk) (§) = 27% if o, ;. 1(S(S)) — 0:;(S(S)) > 0 and 0 otherwise. It
follows that S is a continuous process on Z and furthermore

d+K

Z ((S(l)(5)>t—<g(l)(5)>s) < 2Ft—s|/6 Vst st 0,,(S(9)) <5<t < 0i41(S(9)),
=1
whenever S € Z is such that S75(S0(S))y, < k. Therefore, on {S € Z,:
SO (S))r, < K},

d+K . .

DSy — (8D),) < 2"t —s|/5 Vs t € [0,T,] with [t —s| <45 (5.4.40)

=1
Hence by Markov’s inequality

d+K d+K

PO (3 ED)g, > k) =PW (D89, > k)

i=1 i=
d+K

<Z]P’ (89}, > k/(d+ K))

Eeon [ SR @+ K2
- kp/2

< (d+ K"K kP2,
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Step 5: Tightness of measures through tightness of quadratic variation

processes.

Together with (5.4.40)), by Arzela-Ascoli theorem, this implies that {P™Mo((S);) '} ven
is tight (in C([0, T;,],RY). Then by Lemma 6.4.13 in Jacod and Shiryaev [64], {P(") o
(S) ™"} ven is tight (in D([0, T,,], R%)), which by Theorem 6.3.21 in Jacod and Shiryaev
[64] implies that Ve > 0,7 > 0, there are Ny € N and 6 > 0 with

N > Ny = PW(wf, (S,0) > n) <e,
where wy, is defined by

wy, (S,0) = inf{max sup  |[Si—=Ss|: 0=ty <...<t, =T, 11<1£(t1 —ti1) > 6}.

STt <s<t<t; -
Note that for S such that w7, (S,6) > 0, there exist t,...,t, with 0 =1, < ... <
t, =T, and inf,,.(t; — t;_1) > 0 such that

max sup |5y — S| < 2w, (S,60).

ST ;1 <s<t<t;

which by continuity of S implies that
wr, (S,0) :=sup{|S; — S| : 0 < s <t <T,, t—s>0} <4 (S,0).
Then we have
N> Ny = P™(wr, (S,0) > 4n) <,

which then by Theorem 6.1.5 in Jacod and Shiryaev [64] implies that {P(V) o (S,)~'}
is tight (in C([0,T,], RY)).

Step 6: Tightness gives exact duality.

Then there exists a converging subsequence {P+) o (S;)~1} such that POk o (S,)~ —

P weakly for some probability measure P on (). Consequently,

lim By [G)] = E[G(S)].
In addition, if P is an element of M q, then

mP=10)(S)

Vip(G) < VX,P,m(G) < lim sup Ep [G(S) _ 9D A -

- NooPeM; 1N

]+02/2D

<lim inf Epv) [G(S)] + ¢2/2"
N—oo

<lim inf Epv) [G(S)] + e(D)
N—oo

< lim Epon [G(S)] + e(D)

<Ep[G(S)] + e(D) < Pi(G) + e(D).
(5.4.41)

167



onLV P (|S||
X

where e(x) := 5f (27H1) + 2”63”SH 4 cABots 4 ) and the third inequality

follows from ([5.4.39)).

It remains to argue that IP is an element of Mgy, First, it is straightforward to see
that S is a P-martingale and Lp(St,) = p; for any ¢ < n. To show that P({S € B}) =

1, notice that by the portemanteau theorem, for every € > 0

P({S € P}) > limsup P ({S € P<}) > limsup PO ({S e PN }) = 1.
k—o0 k—o0
Therefore, it follows from Remark and the monotone convergence theorem that
P({S € PB}) = imP({S € P}) = 1,

and hence P € M q.

To conclude, as D is arbitrary, (5.4.41)) yields that
Vip(G) < Pagp(G),
which then implies that

Vepg(G) = Vigp(G) = Pig(G) = Pig(G).

5.4.7 Proof of Theorem [5.3.22

We start with a key lemma, analogous to the one obtained in Dolinsky and Soner
[39].

Lemma 5.4.6. Consider

maxi<i<q || S|P

5 (5.4.42)

OCD(S) = ( max ||S(l)||p + 1)1{maxlgigd ||S(i)||+12D} +

1<i<d

Then, given that (ugi)) satisfies Assumption|5.3.20} for any P € M such that EP(S%,)) =

,ug-i)‘v’igd,jgn

Eplap(S)] < e2(fin, D), (5.4.43)

~ P —d i i
where ey (fi,, D) := (ﬁ) P <2 fmz(%l)wfl) \x|pu%)(dx)+%f |x|pu£l)(d:z:)> —0
as D — oo.

Proof. First define hp : R — R by
1

_ p—
hp(z) = pD” 1(|$’ B (T>D>ﬂ{(’T)D<|x|<D} + |2 Lz 0y
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Notice that hx is convex and satisfies
[P Lje1>p) < ho(2) < |2[7Lg,s@e1ypy,  forany D >1.
- P

For any [P € M such that Lp(S})) = u{’ Vi < d, j < n, {hp(S:) := (h)(S1), ... b (S1)) }izo

is a sub-martingale under P since hp is convex. Therefore by Doob’s inequality

Ex[on(S)] < Bz [2lho1(S)]] + HER[ISIP

< Z (527)" (Bel2h-0 5.0 + e EelIS20)

1=1
d D p 1
<> (1) (z / a0 ) + 5 [ |x|m,<f><dx>>
Z p—1 jal>(251)(D-1) K
= €2 (ﬁna D)

]

We now proceed with the proof the Theorem |5.3.22 We first show that ﬁﬁm(G) <
(@
Vxﬁp),pm(G)'

Given (X,v) € AE?) such that (X, ) superreplicates G on ¢ for some € > 0, since X
is bounded, it follows from the definition of A® that there exists M; > 0 such that

Tn
X(SW,..., s _|_/ YdSy, > G(S) — Mi(14+ sup [Sy|P)Lysgpey on Z. (5.4.44)

0 0<t<T,
Next, for each N > 1, we pick P&Y) ¢ Mg/ such that

En[G(S)] > s E[G(S) — —.

PEMW‘BJ/N N

We first notice that X (SW, ..., S@) is of the form 3¢ | > iy fi (S;i)) for some f; ;
such that Vi < d, j <n f;; is continuous and bounded by M(1+ |S%)|) for some M.
Since by Jensen’s inequality, for any P € M such that EH»(S%)L) = ,uff) Vi<d

Es[|SY ] < Es[ST)["] < / 2P (dr) < oo Vi<d, j<n,

[0,00)

it follows from weak convergence of measures, the definition of My and Lemma

[5.4.6] that

P(X) = Epw [X(SY,...., S]] =0 as N — cc. (5.4.45)
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Since «y is progressively measurable, the integral [ 7,(S)dS,, defined pathwise via
integration by parts, agrees a.s. with the stochastic integral under any P4Y). Then, by
, the stochastic integral is a P(V) super-martingale and hence Epx) [ fOT” o (S)dSu] <
0. Therefore, by Lemma [5.4.6

Epon [X(S)] >Epn [G(S) — My (1 + [S|P) Lsgpey]
1
> sup Bp[G(S)] = 5 — MiBeo [(1+ [SI") Lisepey Ly <o)
PGMﬁ,mJ/N
— M Ep) [(1 + |S’p)l{5¢me}]l{||S||>N1/2P}]

1 M(1++vN) M 1/2
> sup EplG(S) - — — 0TV Mg Ny,
o BRG] -~ ) - S, )

This, together with (5.4.45)), yields
P(X) = Pigp(G).

As (X,7) € Ay is arbitrary, we therefore establish ﬁmg(G) < ‘72((’2,) P

(G).
Let D > 1 and define Gp by Gp = GADV(—D). Then it is clear that G is bounded

and uniformly continuous. Therefore, by Theorem

?ifi),p,m(GLw):lim sup  Ep|Grp(S)]

TNOPEM g,

<lim sup Ep|G(S)|+2Llim su E[1+ S|IP)1 1p},
W\OPermm PGS U\OPermm p|(L+IS17) {lslI=(2)v/»}

where the second inequality follows from G4 p(S) < G(S)+2L(1+HSHPH{HSHZ(%)W}).
We know from Assumption that any S € T satisfies ||S¥|| < & Vi > d, where &
is the smallest number such that Xi(c) / P(Xi(c))’s are bounded by x. It follows from
Lemma that for any D > Lk? and P € Mgy,

EP[(l + ||S||p)1{||5||z(%)l/p}}

=Ee | max ISP g0, o2y} | < C2(fins D/L) =0, a5 D = o0,

and therefore,

lim sup fozzj) 7MB(GDJFL) < Pap(G).
D—oo v

On the other hand, by the linearity of the market,

(Gpsr) + VT

G) < V& X(p),pm(QL(l‘f'||S||p)ﬂ{\\5||z(g)l/p})-

X@) PR
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Since Mg, # @ for any n > 0, V) p) > P; 2p(ap) > 0. Then it follows from

x() p qg(
Lemma 4.1 in Dolinsky and Soner [39] and the obvious fact that VX(?D) 7DQ(aD) >

Vil pa(ap) that

lim sup V%) p)=0.

Do x() p qg(

Hence we conclude that

Pig(G) < VP

x(® pm(G) < lim sup V)((p) Pm(GD-&-L) < ﬁﬁm(G)

D—o0

and therefore we have equalities throughout.

5.5 Proof of Theorem [5.3.2

In this section, we prove an improved version of Theorem [5.3.2]

Theorem 5.5.1. For any a,3 >0, D € N

V2(G — a A (BYmP)) < P2(G — a A (3VmPD)),
Proof. Let f.: R, — R, be the modulus of continuity of G' and choose Kk > 1V a be

such that X9 /P(X ) is bounded by x — 1 for any i and G is bounded by &.

We first notice that

V(G —a A (BVmP)) < inf Vo(G —aA (BVmP)) — NAz7)

N>0

:ingQ( —a A (BVmP)) — NAz7)

= inf sup Ep[G — a A (BVmP)) — NXz]. (5.5.1)
N>0[P’€./\/l

Define the function G : R, x M — R by

G(N,P):=lim inf EP[G()—a/\(ﬁ\/ (D=2)) — NAz(S)

ENO PeM, d,, (P,P)<e

—lim_ inf E@[ —aA (ﬁ\/mwﬂ))} 4 Es[G — N

ENO PeM, d,, (P,P)<e

Then by (4.5.1) in Remark for any sequence (P*));>; converging to P weakly,

Ep[—a/\ (8 m(D)(S))} < lim inf Epe [—04/\ (8 m(D*Q)(S))].

k—o0
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and hence

inf sup Ep[G — a A (BVmP)) — NXz| < 1nf sup G(N, P).

N>0pepm N20pem

The next step is to interchange the order of the infimum and supremum. Notice
that when we fix P, G is affine in the first variable and continuous due to bounded
convergence theorem. In addition, by definition G is lower-semi continuous in the
second variable. Furthermore, G is convex in the second variable. To justify this, we
notice that P — Ep [ —aAN(p \/m(TQ)(S))} is a linear functional and it follows that
for each € > 0 and A € [0, 1]

b B2 o)
PeEM, dp(PAPM +(1-A)P(2)) <€

<A inf B[ - an (By/mP2(9))]
PeM;, dp(P,P(M)<e

+(1-N) inf  Es [ — a A (By/mP=2 (S))].

PeMs, dp(P,P(2)<e

It follows that we can now apply min—max Theorem (see Corollary 2 in Terkelsen
[102]) to G restricted to [0, N] x M and deduce that

inf sup G(X,P) = inf sup inf G(L,P).

N>0pejm N>0 pe g 0SLEN

Therefore, we have

V(G —aAn (BVmP)) = inf sup Ep|G — a A (BVmP)) — N);]

N>0]PEM

Mo 2p GV E)

inf sup inf G(L,P)

N>0 pe pg 0SLEN

_ (D—2)
lerifoﬁél}i 0<1?£N Ep[G — a A (BVmP-2) — LA7]. (5.5.2)

IN

IN

Then we will argue that in the following that in the supremum term of (5.5.2)), it
suffices to consider P € M such that

Ep[\z] < 3#/N. (5.5.3)
Denote by MS the set of P € M such that Ep[\z] > ¢. Suppose P ¢ M3/~ Then

inf E]}D[ —a (5\/ (D-2) ) L/\I] < K— NE]P:[)\I} < 2/*{,

0<L<ZN
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while

V(G —an (BVmP)) >Pr(G—aAn (BVmP)) > -2k,

Therefore, it suffices to consider P € M*/" and we can then deduce that

V(G —a A (BVmP) < inf  sup Ex[G —a A (BVmP2).

N20 by 2n/N
Now fix N and take PW) ¢ MSK/ N such that

Epm[G —a A (BYMmP-2] > sup Ep[G —aA (BVmP-2]—1/N.

PEMSN/N

By definition of M, we know there exists a complete probability space (W, FJV, FWV PW)
together with a finite dimensional Brownian motion (W;):>o and the natural filtration
FV = o{W,|s < t}, and a continuous martingale M defined on (QV, F¥ FW PW)
such that PV) = PW o M1,

Let 7 ={t >0 : maxjei<it i Mt( D>t 1} AT be the first time that M® hits & —I— 1
for some i > d and define a stopped process I' := M7. Note that since Xi(C J/P(X Z- )
is bounded by x — 1 for any 4, it follows from ([5.5.3) that

PY(r <T) <3k/N.
Hence

[EV[G(T)] = EY[G(M))| < 6x%/N.

We now construct a new process I' from I' such that the law of I under PV is an

element of M.

We write ny = 3k/N and
P = Bpoo [X[7(S, -, 87)]

for any i = 1,... K, and define ﬁEN)’s by

b;
V1IN

Note that P®) € MY implies that

v _ PO - (- vamn™

PY (XY, ) P =T > ) < (5.5.4)

]
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Hence we can deduce that

[P = o™

¢ ! d c d+1
SEWHXZ-( )(F(T), . ,F(T)) _ P<Xi( ))Fgﬁ 0
<Py + BV [|IXO@D, ) = P

(2

<P(XDVix +2(5 + VPX D)y, Vi=1,... K.

It follows immediately that

C 1 C
P - P =(—= - 1) [P - )|
nnN
2(k + P (X )y

=2k + D)P(X /iy Vi<K. (55.5)

IN

ViIN

Then, it follows from Assumption that when N is large enough there exists a
P™) € M such that

PV = Eam [ X (SY, ..., S Wi < K.

i

Enlarging Wiener space (Q", FW PW) if necessary, then there are continuous mar-
tingales I' and M which have laws equal to P(") and P™) respectively, and an F} -
measurable random variable ¢ € {0,1} that is independent of T' and M, with

PV(¢=1)=1—ny and PV (¢ =0)= /1N
Define F)-measurable random variables A by

AD = TNy + M Lemgy Vi=1,...,d,
A = X gAY, AD)/P(X(Y) Vi d

We now construct a continuous martingale from A by taking conditional expectations:
I, = EY[AFY], telo,T)
It follows from the fact that ¢ is independent of M and M
By =E" [0 7
=(1 = Vi) BV I D) PO i BV X (M) P

1— /o)y N
P(X9)
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and
e =EV[EY 1R = BV AR = (=) EY TP+ e EV M) =1 vi <d.

Hence P := PV o (I;)"' € M. Also by independence between & and (M, M), we

have
WIAD — T = v EY (M) ~ TP < 2y Vi<d
and by (5.5.4)
Y(Tp — A9 > ny) <y + Vv <2y Vi>d,
which implies that
EV[IA® -] = 2BV [(AY — 1)) — BW[A® - T}
= 2BY[(AD - T{)7]
w [ AG) _
< 2 28 [A 1{|A<i>—r<;)|>m}}
<2y +4(k+2)/ny < Uk, Vi=d+1,... K.

Then by Doob’s martingale inequality

d+K
1/4 i 1/4
PY(IT =T > ki) < 1/4ZEW|A Il < 14(d+ K)ny

and hence

[E5[G(S)] ~ Beow [G(S)]| <| EVG(T) — G(D)]| + |EYG(D) — G|
<feliny ) + BV ||G() = GO gy oy | + 65%/N

Sfe(/mjlv/A‘) + 28k (d + K)ny V44 6K2/N.

In addition, by Remark [4.5.2] the inequality m®P~2(T") > mP~(T') holds on {w €
1
W T(w) = Tw)| < sny '}

It follows that

Esla A (B4/mP=2(8))] =E"[a A (By/mP=2/(T))]

>E [a A (B mP-9(D))] — 14a(d + K)ny*.
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Therefore,

Bz [G — a A (B4 mP=2(8))] = Eg[G — a A (By/mP=H(S))]

< Lok ™) + 28k(d + K)ni* + 14a(d + K)ny* + 65%/N.
which leads to

sup inf Ep[G — a A (BVmMP—2) — LA]

Pe 0SLEN
= sup Ep[G—aA (BVmP-2)]
PGMZN/N

<Epm[G — a A (B1/mP=2(S))] + %

< sup Ep[G — a A (By/mP~4(S))]

PeM,
1
+ ot Folrmi™) + 28k(d + K)ny* + 14a(d + K)ny* + 6x%/N.

As N is arbitrary, we can then conclude that

V(G — a A (BYm®) < P (G - a A (3VmP),
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Chapter 6

Research outlook

In this final chapter we present some interesting problems which remain to be studied
and further questions which have arisen from this and previous works, and also discuss
the possibilities of extending our results to answer some of the questions that we left

open.

6.1 Enlargement of filtration

The prime focus of our work is on the case when trading strategies are adapted to the
natural filtration [ of the price process S, or a technical enlargement of it. In general,
the information stream can contain not only the price information of the traded risky
assets so far, but also some additional information which can come initially, at a later
time or progressively. For an example of a progressive enlargement of filtration, there
are economic indicators and broad based indices which can be relevant information for
traders to make their trading decisions. On the other hand, a company announcement

which may affect share price can be modelled as an initial enlargement of filtration.

The consideration of an enlarged filtration is not only natural but also meaningful.
In particular, the enlargement of filtration can be used to study an informed agent
problem. In continuous time, a general framework built on our robust framework in
Chapter 4 was introduced in Aksamit et al. [2], and the pricing—hedging duality for a
regular agent, who only observes the stock prices, can be therein extended to agents
with additional information. Moreover, the framework therein allows us to quantify
the value of additional information. Although there are already a few interesting
results, the research on robust pricing—hedging with respect to an enlarged filtration

is still in its infancy. Only initial enlargement of filtration and the case that the
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filtration is enlarged at a later specific time are considered. Therefore, one interesting
question here is whether we can extend the analysis there further to deal with a

progressive enlargement of filtration.

Also, it would be interesting to extend our discrete-time results in Chapter 2 to a

general filtration.

6.2 Trading restriction

In Chapter 3, we study discrete-time robust pricing and hedging under a short selling
ban. In discrete time, robust pricing and hedging with frictions has undergone rapid
development in recent years. Several authors have made important contributions to
robust pricing and hedging with trading restrictions, see Fahim and Huang [46] and
Bayraktar and Zhou [5]. Robust pricing and hedging with transaction costs were also

considered. See Dolinsky and Soner [3§], Burzoni [I6] and the references therein.

In contrast, few studies of continuous-time robust pricing and hedging with fric-
tions have been done so far. Recently, Dolinsky and Soner [40] have extended their
discrete-time results in Dolinsky and Soner [3§] to continuous time via an asymptotic
approximation. However, as far as we know, there has been no study of continuous-
time robust pricing and hedging with trading restrictions. It would be interesting to

see how we could fill the gap in the literature.

It is one of our on-going projects to establish a version of robust pricing—hedging du-
ality with tradings restrictions. By examining the proof of Theorem in Chapter
4, we see that it involves the discretisation of both the primal and the dual problems,
and applying classical probabilistic results of Follmer and Kramkov [48] to connect
the discrete counterparts. The classical results of Féllmer and Kramkov [48] concern
trading restrictions. However, there are some difficulties of adapting the proof of
Theorem to address the pricing and hedging problem with trading restrictions.
The first one is the discretisation of the primal and the dual problems with trading
restrictions. In order to define the discretised problems, a good discretisation of the
trading restrictions is needed. The second one, which seems also the more difficult
one, is to connect the discretised problems with the original problems. That is to
show asymptotically the value of discretised primal (dual) problem is equal to that
of the original primal (dual) problem. Although so far only a small class of general

convex portfolio constraints can be adapted into our new construction, a preliminary
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result, nevertheless, has been obtained and it already includes many interesting cases

such as a short selling ban and a total trading ban on a selected number of stocks.

6.3 Dynamic hedging versus static hedging

In Chapter 2 and 4, we included both static and dynamic hedging into the robust
framework and establish pricing—hedging duality in both discrete time and continu-
ous time. One thing that has not been discussed is a comparison of static hedging
and dynamic hedging. While it is intuitively true that being able to continuously
trade derivatives can enrich the trading strategies and hence benefits the hedging, in
practice, due to potentially higher costs incurred by active derivative trading, there
is a need for a proper understanding of the true advantages of dynamic hedging over

static hedging on the theoretical level.

Given that the same finite set of put options that can be either statically hedged
or continuously traded, in the absence of a prediction set 3, by comparing Theorem
with Theorem [5.3.10] we see that the primal value for both cases is the same and
hence it is clear that the superhedging price of a derivative with stocks as underlying
is unchanged. In discrete time, the same conclusion can be drawn from a study of
Theorem for the two cases. In fact, it is even true that if beliefs only concerns
stock prices but not derivative prices then the superhedging price remains unchanged.
However, when there are beliefs on how derivative prices will move in a response to
a move in the prices of underlying, the ability of being able to re-adjust derivative
portfolios will be an advantage in terms of lower minimal initial capital required. This

gives one reason for preferring dynamic hedging to static hedging.

Another exciting thing about dynamic hedging is the possibility of achieving a better
result for another problem among all the superhedging strategies requiring the same
initial capital. We here give a (motivating) example, which comes from the idea
of Bruno Dupire. Let us consider the following strategy: We start with an initial
superhedging strategy at time 0; At any later time, if we find out that in the market
there is a cheaper superhedging strategy in terms of capital required, then we can close
our previous positions and build new positions according to a cheaper superhedging
strategy. Every time we spot such an opportunity, we only need to invest part of
the money into the new superhedging strategy, and the rest of the money is freed
up and can be reallocated to other business. The improvement of cash flow from

this dynamic hedging strategy can make it much more appealing than the initial
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superhedging strategy. So far, there has been every little research along this direction,

and we think it could be a very interesting topic to study.
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