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ABSTRACT

Generative modelling is a cornerstone approach of modern deep learning for
modelling the distribution of a complex random variable from samples. It has
seen applications in a wide range of settings, including the modelling of images,
text, and video. Orthogonally, the field of geometric deep learning has developed
to incorporate prior knowledge about the geometric structure of a problem into
the solutions deep learning systems learn. The intersection of these domains
has proved highly applicable to solving scientific modelling problems with deep
learning.

In this thesis we study a particular class of generative models, known as diffusion
models, or score-based generative models. Typical diffusion models model densities
supported on a Euclidean space. We generalise this to a series of settings in
Riemannian geometry.

Firstly, we extend the continuous-time diffusion modelling framework to model
densities supported on Riemannian manifolds.

Secondly, we extend it to model densities supported on Riemannian manifolds
with boundaries. As a means to accomplishing this we also introduce a new
discretisation technique for reflected stochastic differential equations.

Finally, we extend it to model densities supported on the spaces of tensor fields on
Riemannian manifolds, and on the spaces of paths on Riemannian manifolds. In
tandem with this we introduce new techniques for conditionally sampling from
diffusion models.

In total these contributions allow for the application of diffusion models to a wide
range of scientific problems, and we demonstrate this applicability in numerous
settings.
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1 | INTRODUCTION

HE last decade has seen an explosion in the research and application of machine
learning algorithms to academic and real-world problems. The majority of
this progress has been driven by the rise of deep learning as an effective tool
to learn to approximate very complex functions from data via gradient-based
optimisation. Although the roots of deep learning are much older, the beginning
of the modern rise can be traced to the period 2010-2012. Existing algorithms were
made significantly cheaper to run by reducing hardware costs and investing in
engineering efforts to have them run on graphics processing units (GPUs).

This enabled a significant rise in the number of training iterations and data points
that could be used in deep learning models. The increase in computation power,
along with the flexibility of deep learning models, allowed them to surpass other
classes of models. For example, Gaussian processes (Williams and Rasmussen, 2006)
and support vector machines (Boser et al., 1992), for which training and inference
scale poorly with the number of data points or there is a restriction on the class
of learnable functions. The essay “The bitter lesson” (Sutton, 2019) reflects this
evolution; general purpose methods with little built-in knowledge, given enough
data and training resources, outperform more methods in which we try to encode
partial human knowledge into the modelling solution.

A strong contender for the first moment of significant success in deep learning
is the Alexnet convolutional architecture (Krizhevsky et al., 2012) outperforming
classical methods in the ImageNet competition (Russakovsky et al., 2015). There
are many other notable successes from recent years. Game-playing agents have
matched or beaten top-ranked humans in 49 Atari games (Mnih et al., 2015), Go
(Silver et al., 2016), Starcraft (Vinyals et al., 2019), DOTA 2 (Berner et al., 2019), and
in a Diplomacy tournament against human players ((FAIR)7 et al., 2022). Machine
learning algorithms have made breakthrough progress on scientific problems,
such the protein structure prediction (Abramson et al., 2024), and have started to
show progress on algorithm finding (Fawzi et al., 2022) and controlling plasma
instabilities in fusion reactors (Degrave et al., 2022). Machine learning models are
producing realistic images and videos (Saharia et al., 2022a; Betker et al., 2023), and
answering complex questions about text, images, and videos from users (OpenAlI
et al,, 2024; Gemini-Team et al., 2024).

Early efforts in deep learning focused on for the most part classification and re-
gression problems, where we attempt to associate with some input x some output
y. Examples include sorting images into categories or predicting the price of a
house given information about its location and features. In these tasks, from a

Deep learning

Graphics processing
units

Classification

Regression



Deep generative
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1 INTRODUCTION

probabilistic point of view, we are aiming to learn the distribution p(y|X = x) from
a dataset of examples drawn randomly from p(x, y).

Typically, x is of very high dimension, such as an image, and y, is a single scalar
drawn from a categorical distribution, such as an image label. In addition, the
distribution of p(y|X = x) often either takes a single point value or is tightly
clustered around one. We do not then need particularly complex methods to
specify the output of the model we learn since the function we need to learn is
relatively simple.

Beyond the supervised tasks of classification and regression, deep generative mod-
elling has become a mainstay of deep learning. The core task of generative mod-
elling is similar to that of density estimation. Both focus on fitting a mode to samples
we have obtained from a distribution p, {xi}l{il, x; ~ p, and both aim to generate
new samples x ~ p(x), or to extract information about this distribution. Where
they differ is that deep generative models use the flexibility and generalisation
capabilities of deep learning to learn complex distributions. This leads to models of
complex data, such as images or structured text, that have remained out of reach
for non-deep learning approaches.

Deep generative modelling often aims to be able to sample the reverse of the
distribution learnt in the classification or regression setting, p(x|Y = y). While this
seems like a semantic point, it flips the complexity of the problem. It takes us from
predicting a low-dimension summary of a high-dimension object to predicting
a distribution of high-dimension objects given a low-dimension summary. This
allows generative modelling to answer some incredibly powerful questions. We can
learn to generate images given a class or text prompt, to generate structured text
that answers a question provided by a user, or to generate the three-dimensional
structure of a protein given the DNA sequence that specifies it. Cornerstone
approaches in deep generative modelling include generative adversarial networks
(Goodfellow et al., 2020), variational auto-encoders (Kingma and Welling, 2013;
Rezende et al., 2014), normalising flows (Rezende and Mohamed, 2015; Tabak and
Vanden-Eijnden, 2010; Tabak and Turner, 2013), and continuous normalising flows
(Chen et al., 2018).

The high dimension of the prediction targets and complexity and diversity of
outputs corresponding to the same input to a model however makes the task of
generative modelling significantly more difficult. This is a common feature of
many problems, known as the curse of dimensionality (Bellman, 1958, page ix). As
the dimension of the problem scales, even with large amounts of data available to
the practitioner, the volume of the problem space grows exponentially. These large
datasets can end up still being sparse in the observation space of the problem.

Similar to many classical approaches, one key way to surpass this curse is the
exploitation of the structure of the problem at hand. Typically, the space of possible
solutions to a problem can be reduced significantly by placing conditions on our
solutions derived from prior knowledge about the problem.

Firstly we may consider certain symmetries that a problem possesses. In many
image recognition problems, the output of a model should not change if we translate
an image. Respecting this structure results in convolutional neural networks



(Fukushima, 1980; Waibel et al., 1989; LeCun et al., 1989). In time series problems
temporal shift invariance leads to recurrent neural networks (Hochreiter and
Schmidhuber, 1997; Rumelhart et al., 1986). On set-like inputs, for which the
order in which elements are presented is not important, we arrive at transformers
(Vaswani et al.,, 2017), graph neural networks (Sperduti, 1993) and other order
invariant architectures.

Secondly, standard deep learning algorithms assume the data they process live in a
standard Euclidean space. In many applications, however, particularly in physical
and social science domains, data lives on non-flat manifolds, or discrete structures
such as graphs. Examples include meteorological data living on the surface of
the earth, a sphere, and social interaction networks being well represented by
graphs. Extending algorithms to data that live in these non-standard spaces is key
to learning well on these problems. While these two goals might seem initially
disparate, they have significant overlap on many common spaces, particularly
homogenous spaces of Lie groups, such as the sphere, torus, projective spaces and
hyperbolic spaces.

The field of geometric deep learning (Bronstein et al., 2017; Bronstein et al., 2021)
aims to tackle these two problems. Firstly it aims to unify these seemingly disparate
architectures that each encode some property of the data into a single framework,
understanding the invariances in terms of group theory, and providing tools for
building new architectures with the desired invariances. Secondly it considers
these architectures in the light of non-Euclidean data, either on continuous spaces
that have differentiable and geometric structures, but are not “flat” like Euclidean
space, or on discrete spaces such as grids and graphs.

The intersection of generative modelling and geometric machine learning has been
of significant interest as it provides a tool to tackle complex problems in various
scientific domains, for example, protein structure prediction (Jumper et al., 2021),
lattice quantum chromodynamics modelling (Abbott et al., 2024) and material
discovery (Merchant et al., 2023). All of these methods exploit the symmetry of
the physical problem at hand to drastically reduce the space of solutions, making
the problem tractable.

Recently the development of diffusion models or score-based generative models
(Sohl-Dickstein et al., 2015; Song and Ermon, 2019; Ho et al., 2020) have shown to
be an extraordinarily powerful class of deep generative models. They are however
limited in their application to Euclidean data as the diffusion processes used in
their construction are inherently Euclidean objects.

The overarching aim of this thesis is to generalise score-based models from Eu-
clidean space to more general continuous geometries, namely Riemannian mani-
folds, Riemannian manifolds with boundaries, and more complex geometric objects
on Riemannian manifolds. This allows for the application of these models to
non-Euclidean data and for the incorporation of symmetries into the modelled
densities.

The rest of this thesis is in the following format:

Chapter 2 introduces the topics of geometric machine learning, with a focus on
learning on manifolds, and deep generative modelling, with a focus on score-based

Geometric deep learning

Diffusion models
Score-based generative
models



1 INTRODUCTION

generative models. We provide both a brief technical introduction to the areas
and a literature review of the state of the field relevant to this thesis. In addition,
appendices A and B contain more in-depth background material on the topics of
Riemannian manifolds and stochastic differential equations, aimed to make the
thesis self-contained and give a gentle introduction to the mathematics.

Chapter 3 investigates how one can define a score-based generative model for
distributions supported on a Riemannian manifold. There are several motivating
problems for this extension. For example, modelling data that lives on Lie groups,
such as the poses of objects, states of quantum systems, and internal angles of
molecules and proteins covers a wide range of scientific problems. On more general
manifolds, modelling geospatial data such as the distribution of natural disasters
and weather patterns on the surface of the earth, and modelling tree-like hierarchies
in hyperbolic space are other interesting applications. The core contributions of
this chapter are extending the theoretical framework of score-based models to
Riemannian manifolds by proving new score-matching loss and time-reversal
results extended to the case of manifolds. We also provide practical choices for
the various components of score-based models on manifolds and demonstrate the
applicability of these methods on a series of problems.

Chapter 4 investigates how to define a score-based model supported on a Rieman-
nian manifold which is not geodesically complete. This lack of completeness comes
in one of two ways. Firstly properties of the solution desired may place constraints
on the support of the density modelled. Alternatively, the manifold that the data
lives on may come with a natural boundary, forming a manifold with boundary.
Motiving modelling problems include modelling data that lives inside a bounded
range, such as pixel intensity, modelling data that lives on the simplex, the manifold
containing categorical distributions, modelling paths of robotic movements with
constraints on the speed of their movement, and modelling rigid link loops, such as
cyclic peptides. The core contributions of this chapter are the proposal of two new
noising processes for score-based models that remain contained inside a boundary
specified, namely reflected Brownian motion and log-barrier diffusion processes.
We prove new score-matching results and time reversal results applicable to these
new noising processes, and provide practical methods for learning score functions
near boundaries. Finally, we demonstrate the capabilities of these methods on a
series of problems.

Chapter 5 revisits the reflected Brownian motion scheme of chapter 4. The dis-
cretisation schemes typically used in discretising reflected Brownian motion are
computationally expensive, and limit the speed of diffusion model training. In this
chapter we propose a new discretisation scheme for reflected Brownian motion, a
Metropolised scheme, that significantly speeds up the discrete approximation of
reflected stochastic differential equations. We prove that this Metropolised scheme
is a valid discretisation of the reflected Brownian motion and demonstrate its
practical performance relative to the regular discretisation of reflected stochastic
differential equations when used in diffusion models on constrained domains.

Chapter 6 goes beyond modelling densities on manifolds to model densities over
more complex geometric structures on manifolds. We tackle two main classes.
Firstly, spaces of sections of vector bundles on manifolds, which includes smooth



functions on manifolds and vector fields on manifolds. Motivating problems in
this case include modelling weather data, such as temperature, pressure, and wind
velocity. Secondly, we model distributions on paths on manifolds. Motivating
problems in this case include modelling the trajectory of storms over the surface
of the earth, and modelling path planning for robots with rotating joints. Core
contributions of this chapter are providing a framework to model these complex
data types, and introducing methods to incorporate symmetries of distributions
into the models. We also propose a new Langevin sampling based conditional
sampling scheme for score-based models to provide an alternative existing methods.
Unlike most other conditional sampling schemes for score-based models, we show
that this method in a limit will sample the correct conditional distribution of
the score-based model. We finally demonstrate the empirical performance of the
method on a number of tasks.
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N THIS CHAPTER we provide an overview of two areas of machine learning. In
I section 2.1 we focus on geometric machine learning and in particular its appli-
cation to Riemannian manifolds (section 2.1.3). In section 2.2 we focus on deep
generative modelling, with a focus on diffusion models (section 2.2.1).

2.1. GEOMETRIC MACHINE LEARNING

Geometric machine learning is a field of machine learning concerned with pro-
ducing models that preserve the geometric structure of the space they are applied
to.

This is achieved by carefully considering the space in question, the structure it has
that we wish to preserve, and the symmetries that lead to this. This approach has
two main benefits.

Firstly, it greatly reduces the problem space of possible solutions. Typical deep
learning models can learn to approximate any function, proved by ubiquitous
universal approximation theorems (Cybenko, 1989; Leshno et al., 1993; Ismailov,
2023; Maiorov and Pinkus, 1999). However, the curse of dimensionality (Bellman,
1958) means that as we expand the dimension of a problem space, the number
of data samples needed to accurately estimate a function in reasonable classes,
such as Lipschitz functions or Sobelov spaces, grows exponentially fast with the
dimension of the space (Tsybakov, 2009).

This poses a problem for the generalisation of machine learning models in high
dimension to data not previously seen. Function regularisation schemes can help
significantly with regularising the learnt function and improving generalisation,
either explicitly via a penalty, e.g. L, weight decay (Krogh and Hertz, 1991), or
implicitly via the mechanics of stochastic gradient descent (Vardi and Shamir,
2021), but this is not always enough. Enforcing that models respect the structure
of a given space greatly reduces the space of solutions, which in turn reduces the
quantity of data needed to achieve a given accuracy.

For example, consider a simple image recognition task. We aim to recognise if a cat
or a dog is in the image. If we apply a typical multilayer perceptron to this image,
it will need to explicitly learn what a cat or dog is in every position in the image.
This is because it treats all pixels uniquely, preserving all the structure of the input.
On the other extreme, we can apply a network that is invariant to the position of
pixels, treating their intensities as a histogram, such as a transformer. This erases

Universal
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Image recognition
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all spatial structure in the input. This will fail to learn however as it cannot identify
how pixels are arranged with respect to one another, preventing the recognition
of relative multi-pixel structures such as ears and eyes. In the middle of these is
the standard convolutional neural network (LeCun et al., 1989). This respects that
images can be translated up and down, left and right, and remain the same, but that
if pixels are rearranged more than this, then it is a different image. This strikes the
right balance between preserving all structure of the input and preserving none.
As a result, a convolutional neural network takes significantly fewer parameters
and computation to produce the same or better performance than a multilayer
perceptron, and significantly outperforms a set-based model on this task.

The second result of this consideration is the application of machine learning
models to non-Euclidean data. Typical models make an implicit assumption that the
data they are dealing with are vectors living in Euclidean space. This is convenient
as Euclidean vector spaces come with many mathematical tools. There exists a
significant number of problems that do not natively lie in Euclidean space, however.
By considering the inputs more carefully, we can expand the input spaces of models
to a wide variety of geometric spaces, such as sets, graphs, grids, and manifolds.
This opens up the application of machine learning to a wide range of new problem
domains, for example applications to social networks, molecular science, quantum
physics, and climate sciences.

Overall, geometric machine learning aims to view the space that particular data
lives on through its geometric structure and the symmetries they possess. It
allows us to unify common machine learning models such as convolutional neural
networks, recurrent neural networks, graph neural networks, and many others
into a single theory. This also allows us to quickly design networks for new types
of geometric spaces and transfer tools between them.

2.1.1. Geometric priors. Let us consider a set X on which we are going to place a
machine learning model. X may come with additional information.

Firstly it may come with a geometric structure, a set of relations telling us about
how the points in the set are related to each other. Secondly it may come with a
set of symmetries, telling us how the elements can be permuted while preserving
the geometric structure the space.

Two modelling scenarios arise in geometric deep learning. Firstly, for geometric
spaces X and Y each with their own geometric structure we may be interested in
learning functions between geometric spaces of the form f : X — Y. For example,
consider a two dimension grid, X = Z, X Z,. The grid has a natural structure
of points and their neighbours. The structure is preserved if we translate the
grid up/down or left/right, if we rotate the grid, or if we mirror the grid through
an axis. The grid structure therefore encodes translation, rotation and reflection
symmetries, and tells us that models on a grid should preserve such symmetries.

Secondly, we may be interested in learning functions of signals on X. A signal on a
space is a function that assigns a value in some space Z to every point in the space X,
a function f : X — Z. Continuing the grid example, a signal f : Z, x Z,, — [0,1]?
assigning three intensity values to each point on the grid makes up an image. We
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can denote the space of signals on X taking values in Z as X(X, Z). A model that
takes as input an image should respect the symmetries of the underlying grid.

Symmetry groups

Symmetries of spaces are encoded naturally in mathematical group. The basic
principle of a group of symmetries is that symmetries can be composed, i.e. that
application of one symmetry after another is itself a symmetry, that symmetries
can be undone, i.e. they are operations that preserve the information of the object,
and that there is a symmetry that leaves the object unchanged.

Formally this can be summarised as

DEFINITION 2.1. A group (G, -) is a set G along with an operation - : GXG — G
such that it has the following properties:

AssocIATIvITY For element f,g,h,e G, f-(g-h) = (f-g) - h.

IDENTITY There exists an element e € G such that for every element g € G,
€e-g=g-e=g

INVERTIBILITY There exists for every element g € G and element g’ € G such that
g-g =g -g=e. Thisis typically denoted as G™'.

Crosure Foreveryg,h € G,g-h e G.

Groups can have significant extra structure in addition to this basic definition. For
example some group actions are commutative, g - h = h - g, known as Abelian
group, some are continuous functions, known as topological groups, and some have
Riemannian manifold structure, known as Lie groups. Often the group operation,
like the multiplication symbol, is omitted, and instead operations are written as

g-h=gh.

For example, the cyclic group of order n is defined by element {0, ..., n}, has group
composition - : (g,h) — g+ h mod n, and has identity element 0. Taking a
product of this group, C, X C,, = C2 defines a group of cycles in two directions.
The dihedral group D, represents cycles with an additional flip operation. It has
elements (1, 1), ..., (1,n), (=1,0), ..., (—1, n) where the first index indicates if there
is a flip or not, and the second a cycle of order n. It has group composition
-:(a,9), (b,h) — (a*b,g+h mod n) and identity element (1,0).

Group actions and representations

Groups in the abstract are often not the objects we want to study. Instead, we are
interested in their action on some space. The (left) action of a group on a space X is
a function » : G X X — X that is compatible with the group operation, that is

g5 (h>x) = (g-h) > x (2.1)

forgheG,x e X.

To continue the grid example, the group CZ defines the translation symmetries
of a two dimension grid of size n, wrapping around at the edges. The group D4
represents the rotation and reflection symmetry of the grid. Their semi-direct
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Figure 2.1. lllustration of a vector field f : Z? — R? being transformed by a group
element g = (r,h) € C2 = D,.

product! C% = Dy represents the combined translation, rotation, and reflection
symmetries of the grid.

A representation of a group is a specific type of action of a group acting linearly
on a vector space. A (real) representation of a group is a map p : G — GL(n),
a map from the group into the space of invertible n X n matrices. This map
must obey p(g - h) = p(g)p(h) where the right-hand side is standard matrix
multiplication. Their action on R” and the group composition operations are
given by the usual matrix multiplication. There also exist complex representations,
action on complex vector spaces. Representations that map to orthogonal or unitary
matrices are called orthogonal or unitary representations. An introductory text to
linear representations is Serre (1977).

Representations are useful in building actions on signals. Let us consider a signal
on X taking values in R”, f € X(X,R"). If we have a group action G on X and a
representation of X acting on R", then an action of the group G on this signal can

be defined by
(gor ) x) =p(@)f(g~" »x x) (2.2)

for a representation of G, p. This states that if we transform our signal by g, then
this involves mapping the underlying space X under the group action, and also
mapping the observations under the same group action. This whole operation can
be seen as a single group action, and so again we can view the space of signals just
as a geometric space in its own right.

To again continue the image grid example, the action of C2 will and translate an
image, and the action of D4 will rotate and flip it. The representation action on the
colour channels of the image however is simply the identity action, leaving the
channels unchanged. This representation is the trivial representation, p(g) — 1.

To see the action of a more complex representation, consider different data attached
at each point on the grid, for example a vector representing the wind direction at
each point. In this case, we might expect that when we rotate the grid, the wind
vector will rotate with it. This is given by the faithful representation, a representa-
tion that is a bijection, of Dy. If we let h = (a,r) € Dy, with a representing the flip
component and r € [0, 2] the rotation component, then a faithful representation
is given by

1A type of group product that means any element of the group can be decomposed as successive
actions of one group and then the next
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) (2.3)
sinr acosr

p(h) = [

cosr —asin r]

If we place the action of this representation on the wind vectors attached to each
point, then for g = (¢, h) € C,zl = Dy, the action on the wind field is given by

(9> ) (x) = p(h)f(g~"»x). (2.4)

This is illustrated in figure 2.1.

Symmetric functions

Two classes of function are of interest to us in geometric deep learning. Consider a

space X with a symmetry group G, and a space Y with the same symmetry group.

X and Y could be underlying geometric spaces, or spaces of signals.

Invariant functions are functions f : X — Y such that

flgexx) = f(x). (2.5)

In the image analysis case an example of this is assigning a label to an image
regarding its contents, for example “cat” or “dog”. The label does not change if the
image is translated, rotated or reflected.

Equivariant functions are functions f : X — Y such that

f(gex x) =gry f(x). (2.6)

An example of this might be locating where in the image a cat or a dog is. If we
translate or rotate the image, the location of the cat or dog will also translate or
rotate.

The goal of many geometric deep learning architectures is to produce models that
respect either the invariance or equivalence of the problem at hand. In doing so, we
automatically allow models to generalise to examples that they have seen before,
but under a different group symmetry.

This is exactly how we can use geometric principles to reduce the size of the
hypothesis space of functions that we try to learn from. If we consider a hypothesis
space of functions H between some spaces X and Y with a shared symmetry group
G, then the invariant and equivariant hypothesis spaces are

Hinvariant = {f : X =Y : f(grxx)=f(x)Vxe€X, ge G} CH, (2.7)
and
7—{equivariant = {f X =Y f(g X X) = gry f(x) VxeX ge€ G} cH. (28)

Depending on the original hypothesis space of functions and the group symmetry
G, this can be a significant reduction in the hypothesis space. There exist various
learning theory (Vapnik, 2000; Hastie et al., 2009) results that guarantee that under
the assumption that the problem at hand does possess the specified symmetry,
a model that respects this symmetry exhibit guaranteed better generalisation
performance (Elesedy and Zaidi, 2021; Elesedy, 2021; Lyle et al., 2020; Behboodi
et al.,, 2022).
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2.1.2. Some types of geometric priors. Here we briefly discuss a number of com-
mon geometric priors used in geometric deep learning. We discuss the case of sets,
graphs, grids, homogenous spaces and manifolds.

Sets

The simplest of geometric architectures concerns sets. Typically, we only consider
finite sets. With no additional geometric structure, any network processing sets
should not take into account the order in which elements are presented. In building
networks for sets then, we need architectures with permutation equivariant layers.

DeepSets (Zaheer et al., 2017) and transformers (Vaswani et al., 2017) are the two
most common architectures for learning on sets.

Graphs

Graphs bring one additional element over sets. Graphs consist of a set of nodes V
and a set of edges connecting some nodes together, &. Similar to sets, the goal is
to create an architecture that is invariant to permutations of the inputs. Each node
and each edge may carry some information in the way of features.

Given the size of graphs typically processed, architectures aim not to use a global
permutation equivariant function as it would be too expensive. Instead, they use
successive layers that apply local operations to nodes, their neighbours, and the
edges connecting them. These layers, combined with non-linearities and sometimes
pooling operations, form the backbone of graph neural networks.

Convolutional graph neural networks apply a convolution to the features of the
local neighbourhood to produce updated features. Examples of this include Kipf
and Welling (2016), Defferrard et al. (2016), and Wu et al. (2019). Attentive graph
neural networks apply attention between nodes and their neighbours’ features.
Examples of this include Velickovic et al. (2017), Monti et al. (2017), and Zhang et al.
(2018a). Message-passing graph neural networks construct messages between pairs
of nodes from the features of each node, and aggregate them to produce updated
features. Example of this include Gilmer et al. (2017) and Battaglia et al. (2018).
These kinds of networks are useful for modelling structures social networks and
other interactions.

In addition to basic graphs, a common extension is geometric graphs. These are
graphs that in addition to node features and edges include a spatial position at each
node. In addition to being equivariant to permutations of the nodes, we require that
networks processing this kind of graph are also equivariant to global transforms
of the locations of each node. Examples of approaches to this type of structure
include Satorras et al. (2021) and Fuchs et al. (2020), taking message passing and
attention-based approaches respectively. Such models are useful for example in
models of physics for modelling systems of particles interacting with one another.

Grids

Grids are a regular lattice of points in n dimensions, where each point is connected
to its neighbours. This can be considered a restriction of a graph which has a
specific structure.



2.1 GEOMETRIC MACHINE LEARNING

Figure 2.2. Common manifolds: The torus, T2, and sphere, S 2,

Most commonly in machine learning we deal with one dimension grids, represent-
ing time series of points, and two dimension grids representing images. Higher
dimension grids are also possible to represent three dimension structures and more.

The primary natural group action on grids is translation. In each dimension of
the grid, we can translate the coordinates, moving each point to the point next to
it. This additional structure allows us to require translation equivariance of maps
on grids, and this greatly reduces the space of linear operators to that of discrete
convolutions.

In one dimension, recurrent neural networks exploit the grid structure to process
each element in the grid in turn (Elman, 1990; Jordan, 1997), including extensions
such as long-short term memory networks (Hochreiter and Schmidhuber, 1997;
Rumelhart et al., 1986) and gated recurrent units (Cho et al., 2014).

This structure is also exploited in convolutional neural networks (Fukushima, 1980;
Waibel et al., 1989; LeCun et al., 1989) and residual networks (He et al., 2016), along
with a multitude of other works.

Beyond the translation symmetry of grids (Cohen and Welling, 2016; Cohen and
Welling, 2017) extend the capabilities of two dimension convolutional neural net-
works to be equivariant to 90° rotations and reflections of the grid as well.

2.1.3. Manifolds.

Topological manifolds

We now give a more in-depth look at Riemannian manifolds and geometric machine
learning on them, as they are the main setting of study in this thesis. In this section
we aim to give an introduction to the core concepts without delving into the details.
A more complete introduction can be found in appendix A.

A useful introductory series of textbooks on the subject are Lee (2010), Lee (2013),
and Lee (2006) and the lecture notes Schuller (2013). Other useful texts are Kolar
et al. (2013) and Thorne et al. (2000). Bronstein et al. (2021) also contains a machine
learning oriented introduction to Riemannian manifolds.

Like other geometric priors manifolds are sets equipped with extra geometric
structure. There are three main levels that we discuss. Topological manifolds admit
topological properties such as continuous functions. Smooth manifolds in addition
gain differentiable structure, allowing for the construction of differentiation and
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linear structures on the manifold. Finally, the addition of a Riemannian metric
adds usual geometric notation like distance, angles, and straight lines.

A topological space is a tuple (X, Ox). This is a set X along with a topology Ox,
a collection of subsets of X closed under pairwise intersections and arbitrary
unions, called open sets. Topologies allow for the definition of notions of continuity,
convergence of sequences and locality, amongst others. Maps between topological
spaces that preserve the topology are homeomorphisms.

A d-dimension topological manifold is a topological space with additional conditions.
It must locally be homeomorphic to d-dimension Euclidean space, and it must
be second-countable and Hausdorff. These properties make the topology of the
manifold non-pathological. Amongst other things, the Hausdorff property implies
that the limits of sequences are unique, and the second countable property makes
the notion of topological convergence and sequential convergence coincide.

On topological manifolds we may define charts. Charts are tuples (U, ¢), where U
is an open set in Ox and ¢ : U — R? is a map from U into an open subset of R”. A
collection of charts such that the open sets cover the manifold is an atlas of X, Ax.
An atlas that contains all possible charts is a maximal atlas. Transition functions are
defined on the region where for two charts (U, ¢), (V, 1) overlap. The transition
function ¢ o ! : R — R is a map between open sets of Euclidean space.

Unlike Euclidean space, manifolds do not come with a canonical choice of coor-
dinates. We can induce a system of local coordinates through a chart, but since
there are no canonical charts, there are no canonical coordinates on manifolds. For
this reason when working with manifolds we must define our various operations
in a coordinate-free manner. This is a large part of the difficulty presented when
working with manifolds.

A d-dimension topological manifold with boundary is defined the same as a topo-
logical manifold, except that it may be locally homeomorphic to the Euclidean
half-plane. This notion encodes the idea that a manifold may not continue forever
in a given direction. The points on the manifold homeomorphic to the edge of the
half-plane are known as the boundary of the manifold, denoted 90X, and themselves
form a manifold.

Figure 2.3. Two charts of the atlas Ax of X, the unit disk, a manifold with boundary.
(U, ¢), a chart mapping into a subset of R", and (V, ), a chart mapping into a
subset of the upper half-space H?.
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Figure 2.4. The projection of the earth onto a flat map is the prototypical example
of a chart. While the Mercator projection it looks like the chart covers the whole
globe, but mathematically it is in fact missing the poles and a line connecting them
as we need the set to be an open one.

Smooth manifolds

A smooth manifold or differentiable manifold (X, Ox, Ax) is a topological manifold
(X, Ox) along with an atlas for which all the transition maps between charts are
infinitely differentiable. This allows us to define notions of differentiation on the
manifold. Maps between manifolds that preserve the smooth structure of the
manifold are called diffeomorphisms.

If we can restrict the atlas of a smooth manifold to charts where the determinant
of the Jacobian is positive for all pairs we call this an orientable manifold as it is
allows for a consistent choice of handedness of local bases on the manifold.

On smooth manifolds we can define smooth functions f € C*(X) from the manifold
to the real numbers as functions such that for any chart in the atlas, (U, ¢), the
composition function f o ¢~ : R? — R is infinitely differentiable.

The tangent space of a point, p, on a manifold, denoted T, X, can be thought of as
a local linear approximation of the manifold, like placing a plane tangent to the
surface of the manifold. Formally it is made up of the vector space of directional
derivatives of smooth functions at the point on the manifold. Tangent spaces are
isomorphic to R?. Unlike R? however, it does not come with a canonical choice of
basis, again necessitating working in a coordinate-free manner.

Figure 2.5. The tangent space of the point e € S, with example tangent vectors.

The cotangent space at a point on a manifold, T;X is the vector space dual of the
tangent space. By taking arbitrary tensor products of the tangent and cotangent
spaces we can construct tensor spaces at each point on the manifold. These are
denoted T; X for the tensor product of p copies of tangent space and g copies of
the cotangent space.

The differential of a smooth function between manifolds F : X — Y is a linear map
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F. : T,X — Tg(p)Y that connects the tangent space T, X to Tr(,)Y. The pushforward
map denoted F,, is another name for the differential. The differential of a smooth
function f € C*(X) is a notion similar to the gradient of function in standard
multivariate calculus, except it maps a function to a cotangent vector, not a tangent
vector as one might expect.

Figure 2.6. A smooth map between smooth manifolds F : X — Y induces a natural
map between the tangent spaces of p and F(p), the differential dF},.

The union of all tangent spaces on the manifold, TX = {J,¢ X{(p, v) 1 veTX }
combined with the projection operation projy : (x,0) — x, and the manifold
itself gives rise to the tangent bundle of the manifold, (TX, projy, X). This is itself
a smooth manifold with a structure inherited from X. A vector field is a map
0 : X — TX such that the composition projy oo = idx. In other words, it assigns a
tangent vector at a given point on the manifold to every point. We denote the space
of vector fields as I'(TX). While each tangent space on the manifold is isomorphic
to R4, a vector field cannot be expressed as a function o : X — R4, This is down
to issues with choosing a globally smooth basis on I'(TX).

The tangent bundle is an example of a fibre bundle. This is a triple (E, projg, B),
consisting of a total space manifold E, a base space manifold B and a projection
projg : E — B. The fibre of a point b € B is defined as proj;' (b). The fibres of all
points in B are isomorphic to one another. A vector field is an example of a section
of a fibre bundle, a map that assigns every point in B a point in its respective fibre.
Stronger than this, it is an example of a vector bundle, a fibre bundle where the
fibre is a vector space.

Figure 2.7. Examples of a vector fields on the torus and sphere.

From the cotangent and general tensor spaces at a point on a manifold we can
construct other vector bundles, namely the cotangent bundle and arbitrary tensor
bundles. Sections of these are known as covector fields and (p, q) -tensor fields re-
spectively. The spaces of these fields are denoted I'(T*X) and F(T(‘]D X) respectively.
The study of more advanced topics on manifolds involve the study of tensor fields.
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As the vector space dual of tangent spaces, the elements of the cotangent space
define linear maps over elements of the tangent space. Covector fields similarly
define linear maps over vector fields, where the linear map is defined pointwise
on the manifold. This operation is denoted by the interior product, 4 : T(TX) X
['(T*X) — C*(X). Tensor fields are multilinear maps over combinations of vector
and covector fields, and we can generalise the interior product to this case.

Differential forms are (0, k)-tensor fields that at each point on the manifold are
alternating tensors, also known as k-forms. As it turns out differential forms are
particularly suitable to analysis. The exterior derivative is a natural notion of
differentiation that maps k-forms to (k + 1)-forms. On smooth functions, which
are 0-forms, it agrees with the differential.

A nowhere vanishing d-form on a d-dimension manifold is known as a volume
form. The existence of these is guaranteed on an orientable manifolds. These allow
us to define a notion of the volume spanned by a set of vectors. Using this we can
define a consistent notion of integration of smooth functions on manifolds. The
choice of volume form is not unique on smooth manifolds however, and different
choices of volume form lead to different integrals of the same smooth function. Via
the Riesz-Markov-Kakutani representation theorem we can connect a volume form
to a measure-theoretic Radon measure on the manifold, a measure compatible with
the topology of the manifold, known as the volume measure. This generalises the
Lebesgue measure to manifolds.

It should be noted it is possible to define a notation of integration on non-orientable
manifolds also via densities on the manifold.

Riemannian manifolds

Riemannian manifolds add one additional point of structure over a smooth manifold.
They are a quadruple (X, Ox, Ax, g), containing a topology, smooth atlas and a
Riemannian metric.

Intuitively a Riemannian metric is a smooth choice of inner product on each tangent
space. More precisely is a smooth non-vanishing symmetric (0, 2)-tensor field.
These are guaranteed to exist for all smooth manifolds. The metric also defines a
Riemannian norm |[o||, = 4/g(v,v) on the tangent space.

A choice of Riemannian metric allows us to canonicalise a series of choices we had
to make on smooth manifolds. Such choices as called intrinsic choices. For example,
it allows us to define a unique volume form on the manifold, voly, giving a unique
notion of integration on Riemannian manifolds.

This unique choice of integration also lets us define an inner product on smooth
functions on the manifold, (f,h), = fo(p)h(p) dvol, for f,h € C*(X). Using
this inner product we can define the Hilbert space L?(X) of L?-integrable functions
on the manifold as the completion of C*(X) under the inner product. We can
extend this to vector bundles on the manifold, for example for vector fields by
(V. W) = [ g,(V(p), W(p)) dvol, for V,W € T(TX).

By the Riesz-Fréchet representation theorem, which states that every dual vector
can be expressed as an inner product with a vector, we can define a tangent-

19

Interior product

Differential forms

Exterior derivative

Volume form

Integration of smooth
functions

Volume measure
Lebesgue measure

Densities

Riemannian metric

Riemannian norm

Intrinsic choices

Inner product on
smooth functions

L%-integrable functions



20

Tangent-cotangent
isomorphism

Riemannian gradient

Divergence of a vector

Stoke’s theorem

Connection

Levi-Civita connection

Curve on a manifold

Velocity of a curve

Geodesic
Length of a curve

Geodesics distance

2 BACKGROUND

cotangent isomorphism. We identify the covector w € T7X with the vector v € T,X
if

o(w) =g(o,w) VweTX. (2.9)
Using this we can define the Riemannian gradient of a smooth function f € C*(X)
as the unique map V, : C*(X) — I'(TX) such that

df 2V =g(Vf.V)

This is also denoted grad,. This definition of the gradient is now more similar to
the usual multivariate calculus case as it results in a vector field, not a covector
field.

VV e I(TX). (2.10)

We can also define the divergence of a vector on a Riemannian manifold via its
volume form. It is the unique map div, : I'(TX) — C*(X) such that

d(V Jvoly) = divyvol, V. VV € T(TX). (2.11)

The divergence is also notated as Vg, as it is the dual of the Riemannian gradient
in the sense that for V € T'(TX) and f € C*(X)

(VofiV), = <f, VZV> (2.12)

,
This definition of divergence lets us state a version of Stoke’s theorem on a manifold
with boundary.

/dingdvolgz/ g(V,N) dvol,, (2.13)
X X

where N is a vector field normal to the boundary. If the manifold has no boundary
then the right-hand side is zero. This has the same intuitive meaning as in the
Euclidean case. It tells us that the integral of the divergence of a vector field inside
a volume is equal to the flux passing through the boundary of the volume.

To define further geometric concepts on Riemannian manifolds we need another
construction, a connection. A connection is a map V : I'(TX) X I'(TX) — I'(TX)
that is linear, distributive in the second argument and compatible with scaling. It
defines a differentiation of one vector field with respect to another. As such, the
operation V(V, W) is usually written VyW.

On smooth manifolds we can choose many connections. With a metric however
we can make a canonical choice, the Levi-Civita connection, that is compatible with
the metric. We will assume to always be using this connection.

A curve on a manifold is amap y : I — X, where I is a connected subset of R. The

velocity of a curve is given by y’ = %. We say that a vector field is parallel to a
curve if V,,V = 0.

A geodesic generalises the notion of straight lines to manifolds. We say that a curve
is a geodesic if its velocity is parallel to the curve, that is V|,y" = 0. We define the
length of a curve by the integral L(y) = f1||y’(t) ll; dt. A geodesic passing through
two points on a manifold is provably the shortest path between those two points.
This allows us to define a geodesics distance on the manifold as

dy(p,q) = arg myinL(y), st.y(0)=p, y(1) =q, y: [0,1] > M. (2.14)
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Figure 2.8. Left: Geodesic (solid) and non-geodesic (dotted) paths from p to q.
Middle: The exponential map of v € T,X at p € X along the geodesic y,, to gq.

Right: The parallel transport of a tangent vector is path dependant. Transporting a
vector at p to q directly (orange) vs via r (purple) results in a different vector at r.

The exponential map at a point is a map exp : TX — X that maps (p,v) > yp(1)
where y, , is the unique geodesic with y(0) = p and y’(0) = v. The inverse of the
exponential map is the logarithm map, log : X x X — TX that maps (p,q) — v
such that exp(p,v) = q.

In order to be able to compare tangent vectors in different tangent spaces we need
a notion of parallel transport. For a path y and (p,v) € TX, there exists a unique
vector field V € I'(TX) such that V,,V = 0 and V(p) = v. We say that the parallel
transport of v along y is simply V(y(¢)). Note that parallel transport is entirely
dependent on the path, and as such there is no canonical way to compare tangent
vectors in different tangent spaces. The norm of a vector is preserved by parallel
transport. If we parallel transport two tangent vectors along the same path, the
Riemannian inner product of them is preserved along the path also.

On manifolds with boundary we can define a boundary intersection operation
that defines when a geodesic will hit the boundary of the manifold. For a point
p € X and a unit tangent vector v € T,X we can define this as the function
i: X XTX — R* such that

i(p,v) = arg ;relulq{r} expp(tv) € 0X. (2.15)

Finally, can define a notion of reflection of tangent vectors in a plane. For a point
p € X, a vector to be reflected v € T, X, and a unit vector normal to the plane of
reflection n € T, X, we can define the reflection of v by the plane of n as

v —2g(v,n)n. (2.16)
This is particularly useful for reflecting tangent vectors on the boundary of a
manifold.
The Laplace-Beltrami operator

Fourier analysis and its analogues are key components in creating geometry-aware
models on standard geometric structures such as graphs, grids, and homogenous
spaces. As such, we want to develop a similar analysis on Riemannian manifolds.

The Laplace-Beltrami operator is a key differential operator on Riemannian mani-
folds allowing this, and generalises the standard Euclidean Laplace operator.
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It is defined as the operator
Ag: CT(X) = C¥(X) Ay =V, V, = divg grad, . (2.17)

This can also be defined via its expression in local coordinates, or via the trace
of the second covariant derivative on the manifold. This operator is coordinate-
independent, and importantly commutes with isomorphisms of Riemannian mani-
folds, making it ideal for use in models respecting such isometries (Canzani, 2013,

p- 46).

The operator self-adjoint in the sense that for f € C*(X)
<ng’ ng>g = (Agf’f>g = <f’ Agf>g- (2.18)

This can be extended further to L? -integrable functions on the manifold, and also to
L*-integrable vector fields on the manifold where —A, is a self-adjoint unbounded
positive-definite operator (Strichartz, 1983, theorem 2.4).

Since these are Hilbert spaces, we can leverage spectral theory to decompose
functions in the Hilbert space over eigenvalues and eigenfunctions of —A,. In
particular for compact manifolds, the spectrum of —A, is countable.

THEOREM 2.2. Let (X, g) be a compact manifold. Then there exists an orthonormal
basis of L*(X), f, € L*(X), n € Z*, such that

~Agfy = (2.19)

and that the basis is ordered in the sense that 0 < g < Ay < A3 < ..., and A, — o
asn — oo.

Proof. Chavel (1984) [

This means we can write any function f € L?(X) on a compact manifold as the
infinite sum f = 332, (f, fu),fn- This basis expansion can be truncated to a finite

length fy ~ SN (f, fi) g/n- The error of this basis truncation can be bounded.

THEOREM 2.3. Let (X, g) be a compact Riemannian manifold, and (f,, 1), be the
eigen-spectrum of —=Ay. Let f € L*(X). Let fi be the truncated expansion of f. Then

If = fwlly <

v 2
Vo1 (2.20)
+

AN+1

Proof. (Aflalo and Kimmel, 2013) [

It can also be shown that this approximation is optimal in the sense that no
other basis will obtain a better error bound than the truncated Sturm-Liouville
approximation (Aflalo et al., 2015).
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Riemannian isometries

For two Riemannian manifolds (X, ¢g*) and (Y, g¥) and a map between them F :
X — Y, we define the pullback metric F*g,, a metric on X point wise via the
pullback

F*gg(v, w) = gg(p)(de(v),de(w)) Y (p,0), (p,w) € TX. (2.21)

We call a map F such that g* = F*g¥ a Riemannian isometry.

Such isometries and particularly the group of isometries of a manifold, denoted
Isomy(X), onto itself, are key symmetries of study when producing geometry-
aware deep learning models.

The Nash embedding theorem
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Figure 2.9. A sphere isometrically embedded into Euclidean space. An ambient
Euclidean vector field (left) projected onto the surface of the sphere (right).

THEOREM 2.4. Given a d-dimension smooth Riemannian manifold (X, g), there exists
a smooth embedding F : X — R" such that

9=Fgrn, (2.22)

where grn is the standard Euclidean metric, forn < w.

Proof. (Nash, 1956) [

The Nash embedding theorem is a cornerstone result of Riemannian geometry. It
allows us to take any manifold and embed it into Euclidean space while preserving
the geometric properties of the manifold.

From a technical point of view embeddings are avoided as there is no canonical
choice. However, it is useful in a few ways in machine learning.

Firstly for smoothly parametrising machine learning models, it provides a global
way to smoothly specify the inputs to a function on a manifold via Euclidean
coordinates, real numbers, and therefore a way to parametrise globally smooth
functions on the manifold in a computer.

It also allows for an easy way to specify smooth vector fields on manifolds. We
cannot express a vector field on a manifold as a function V : X — RY, see
section 3.2.8.
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Finally, it lets us compute differential operators on parametrised functions more
easily using automatic differentiation. For example, for a vector field on an isomet-
rically embedded manifold the ambient Euclidean divergence coincides with the
intrinsic divergence (Rozen et al., 2021).

2.1.4. Geometric deep learning on manifolds. There are several distinct chal-
lenges when constructing deep learning models that act on manifolds.

Firstly, due to the lack of a canonical choice of coordinates for the manifold and
for the tangent space, it is key to develop models that are independent of a specific
parametrisation of the manifold and tangent space.

Secondly, we may want a method to respect the group of self-isomorphisms of
a Riemannian manifold. These symmetries are typically not global symmetries
for most manifolds, and a large class of real-world manifolds do not have any
symmetries.

Lastly, and most rarely, we may wish to develop methods that are invariant to
diffeomorphisms of manifolds, ignoring the metric structure and looking simply at
the shape of the manifold.

Most of the architectures developed for manifolds deal with signals supported on
the manifold, scalar functions on the manifold or sections of tensor bundles. These
approaches are based on manifold-aware convolutions. Weiler et al. (2023) treats
this topic in great detail, with a comprehensive development of these methods, and
a deep coverage of the literature on this topic.

There is also some literature on methods for learning functions of the manifold
itself. Methods have been developed for functions of Lie groups (Huang et al., 2017),
Grassmann manifolds (Huang et al.,, 2018; Zhang et al., 2018b), and general mani-
folds (Fang et al., 2023). There is also significant literature for learning functions
on meshes, discretised two dimension manifolds, for the purpose of representing
textures (Koestler et al., 2022; Baatz et al., 2022; Chibane and Pons-Moll, 2020;
Oechsle et al., 2019) and displacement maps (Yifan et al., 2022).

2.2. DEEP GENERATIVE MODELLING

Deep generative modelling aims to combine the flexibility of deep learning with
classical density estimation. The aim is to overcome the rigidity of classical methods
such as kernel density estimation (Rosenblatt, 1956; Parzen, 1962), and to overcome
the curse of dimensionality present in these estimation problems.

The most common application of deep generative models include images (Saharia
et al., 2022a; Ramesh et al., 2021), text (Team et al., 2023; OpenAl et al., 2024),
and video (Brooks et al., 2024), and these application spaces are beginning to see
widespread deployment in the real world.

In addition, there has been recently strong interest in applying deep generative
modelling to scientific problems. Applications have arisen in molecular physics
(Zheng et al., 2024; Klein et al., 2024), particle physics (Louppe et al., 2019; Paganini
et al., 2018), quantum mechanics (Cheng et al., 2024; Pfau et al., 2020; Pfau et al.,
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2024), statistical mechanics (Noé et al., 2019), protein modelling (Abramson et al.,
2024; Krishna et al., 2024).

At a high level, the deep generative modelling task has access to a series of samples
{xi}L), Xi ~ Pdata from some ground truth data distribution, to which we have no
access. We aim to learn a parametrised model, gg, which is close to pgat, in some
sense. This closeness is measured by a statistical divergence, D, and the goal is
therefore

arg min D (paata || o)- (2.23)
2C)

Since we do not have access to pgata, this is approximated by the empirical distribu-
tion

1 &
Pdata ® ; IZI: 5xl—; (2.24)

replacing the data distribution by a mix of delta distributions of the data we have
available. Typical statistical divergences include the Kullback-Leibler divergence
(Kullback and Leibler, 1951) (which can be seen as performing maximum likelihood
inference), f-divergences (Rényi, 1961), the Wasserstein distance (Kantorovich,
1960), maximum mean discrepancy (Gretton et al., 2012) and integral probability
metrics (Miiller, 1997).

Typically, we want to be able to generate new samples from this distribution and
evaluate the likelihood of samples under our model. In addition, we may want to
perform conditional generation from our models. If our data distribution is a joint
distribution pgat. (%, y) where x is some high dimension observation such as an
image, and y is a low dimension label or summary of x, such as a text description,
then we may want our models to be able to generate samples from a distribution
qo(x|Y = y), trying to match as closely as possible pgaa (x]Y = 7).

There exist a wide variety of deep generative models. Almost all of them exploit a
strategy of taking random noise in some base space, z ~ ppior and transforming it
through some function to produce samples.

These can be categorised into a series of main methods. Generative adversarial
networks (Goodfellow et al., 2014) train two models, one generator G to create
samples from noise, and one discriminator D which tries to distinguish between
model samples and real data samples. The two models are jointly trained by
minimising

mén max Ex~paua [10g D(x)] + Ez~p i [log(1 = D(G(2)))], (2.25)

where p, is typically Gaussian noise. These models are known to be unstable to
train (Wiatrak et al., 2019) however, and do not allow for likelihood evaluations.

Variational autoencoders (Kingma and Welling, 2013; Rezende et al., 2014) apply
a probabilistic perspective to autoencoders (Rumelhart et al., 1986). The data is
assumed to be the marginal of some joint distribution pg,sq(x) f Pjoint (x, 2) dz,
where again for a sample z; is a low dimension summary of x;. A prior is placed
over the latent space, pprior(z). The decoder, go(x | z) attempts to model the
conditional distribution pgecoder (X | 2), such that gg(x | 2)pprior(2) = Pjoint (x, 2).
The encoder, g4 (z | x) aims to match the reverse distribution, pencoder (2|) so that
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44 (z | X)pdata(x) = Pjoint (%, z). One observed drawback of variational autoencoders
is that they tend to produce fuzzy or blurry samples, particularly in the image
domain.

Normalising flows (Rezende and Mohamed, 2015; Tabak and Vanden-Eijnden, 2010;
Tabak and Turner, 2013) exploit the fact that for an invertible function f and
a distribution pprior(2), the density of the pushforward of pprior(z) through f,
Pmodel = f*Pprior, is given by

det

10g pmodel(x) = 10g Pprior (f_l (x)) + 103 (2-26)

df!(x) ’
dx |

f is designed to be parametrisable, invertible, and have a fast to compute the
log-det-Jacobian. With this we can compute the likelihood of the data under this
model quickly and therefore train it via maximum likelihood. The requirement
that f be invertible places significant difficulty on designing flexible f. To add
complexity to the model, we can stack multiple transformations on top of one
another. However, this can be increasingly expensive and normalising flows can
suffer from expressiveness issues and poor training dynamics.

Continuous normalising flows (Chen et al., 2018; Grathwohl et al., 2019) are an
extension of normalising flows that replace the transformation f with a neural
ordinary differential equation (Chen et al., 2018), an ordinary differential equation
with a vector field parametrised by a neural network. This creates a model that
continuously deforms noise into samples from the model. They are also trained
by maximum likelihood, and requires the computation of the change in likelihood
induced by an ordinary differential equation. This step can be expensive, and so
continuous normalising flows can struggle to scale to higher dimensions.

Diffusion models or score-based models (Song and Ermon, 2019; Sohl-Dickstein et al.,
2015; Ho et al., 2020) are a class of model that define a forward noising process
that corrupts samples from p4at, under a specific nosing process. These models
then learn to reverse this noising process through a denoising process in order
to generate samples. We will explore these models in more detail in section 2.2.1.
Diffusion models have proven to be very effective. They are fast to train, produce
sharp, high quality samples, and place very few restrictions on the types of neural
networks that can be used to produce them. One drawback is that computing
likelihoods under these models is either impossible, or very slow and non-exact.

2.2.1. Score-Based Generative Modelling. In this section we give a presentation
of the score-based generative modelling framework.

There are two perspectives on diffusion models; discrete-time diffusion models
(Sohl-Dickstein et al., 2015; Ho et al., 2020) and continuous-time diffusion models
(Song et al., 2020b). These are related, and the discrete-time models can be seen as
a discretisation of the continuous-time framework. As such, this presentation will
focus only on the continuous-time version. Throughout we will work with a state
space of dimension d, such that a data point is an element X € R?.

The core of diffusion models are stochastic differential equations. These are random
variables, denoted for example (X;),c[o 1], that place a distribution on time-indexed
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dX; = -X;dt +V2dB, dX¢ = [X¢ +2Vlogp;_,(XP)| dt + V2dB,

XI} ~ pprior
X(()_ ~ Pprior

5 -
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t t
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Figure 2.10. An illustrative diagram of the main concepts of a diffusion model. Top: Histogram plots of the
path density of the evolution of the stochastic differential equations, with example trajectories. Bottom:
Time-marginal densities, p; and p} of the path densities. Left: The forward noising stochastic differential
equation. Right: The reverse denoising stochastic differential equation.

X0_> ~ Pdata

0.2 0.4

The forward noising process is initialised with pj = pgata = %N (3,1%) + %N (-3,0.5%) and converges
to p] = Pdata = N(0, 1) via the stochastic differential equation dX; = —X; dt + V2 dB, over the time interval
[0, 1]. The reverse denoising process is initialised with pj = p7 = pprior and converges to p] = py = pdata Via

the stochastic differential equation dX§ = [Xj + 2V log p?_t(Xj)] dt + V2 dB; over the time interval [0, 1].
Note how p; = p$_,.

paths through a state space. They are driven by an instantaneous change formula,
in a common form given by

dXt =b(t, Xt) dt+2(t, Xt) dBt (227)
b : R xR? — RYis a drift term, like an ordinary differential equation, and Drift term
(t, X;) : R x R4 — R¥9 is a diffusion term controlling the instantaneous noise Diffusion term

added into the stochastic differential equation, and B; is a Brownian motion. A
technical introduction to measure theory, stochastic differential equations and
various tools useful in the study of score-based models can be found in appendix B.

A summary of the diffusion modelling strategy is:

1. First we evolve pgaa under a stochastic differential equation, which we
shall term the noising or forward stochastic differential equation. We require Forward stochastic
that this stochastic differential equation converges to a known reference differential equation
distribution, ppior at large time scales. This gives us a path between the data
distribution and the reference distribution.

2. Using a time reversal result, we can obtain a stochastic differential equation
that has the same sample paths as our forward noising stochastic differential
equation, but reversed in time. Using this denoising or reverse stochastic dif-
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ferential equation we can create a map from pprior t0 pdata, giving a generative
model.

3. All the terms in the reverse stochastic differential equation are known, except
for the “score” term, Vlog p;, of the stochastic differential equation. We
therefore need a method to approximate or learn this term. Fortunately, with
the large score matching toolbox we have available to us there are several
options for learning this score.

4. Using the standard toolkit of discrete sampling schemes for stochastic differ-
ential equation we can sample the reverse stochastic differential equation in
practise.

5. Using the connection between a stochastic differential equation and an
associated ordinary differential equations we can evaluate the likelihood of
a sample under the model, using standard ordinary differential equation
solving toolkits.

See figure 2.10 for an illustration of this summary. Let us in detail look at each of
these steps.

The forward noising stochastic differential equation

The first stage of a diffusion model is to corrupt the data towards a known and
tractable noise distribution, pyrior. The point of this step is to define a path be-
tween pyata and pprior, With the intent later on of following this path in the reverse
direction.

Langevin dynamics (see appendix B.7) are a type of stochastic differential equation.
If we have access to a density of the form p(x) oc exp(—U(x)), then the stochastic
differential equation

dX, = VU(X) dt + V2 dB, (2.28)

will in the limit of infinite time converge to p, regardless of the distribution we
initialise the stochastic differential equation with.

We can also rescale this stochastic differential equation by a time dependant noise
factor, f(t), and obtain the same result, giving a stochastic differential equation of
the form

dX; = B(t)VU(X) dt + v/2(t) dB,. (2.29)

This time rescaling can be useful in diffusion models for optimising the efficiency
of the discretised model rollouts and focusing the majority of the learning power
of the score network on important regions of the stochastic differential equation.

Langevin dynamics gives us an option for our stochastic differential equation that
converges to a known distribution. Choosing the unit Gaussian as our reference
distribution, pr(X) o exp(—%X X ), we arrive at U(X) = —X, and thus a forward
noising stochastic differential equation of the form

dX; = -X; dt + V2 dB,. (2.30)

This is the well known Ornstein-Uhlenbeck process which converges exponentially
quickly towards the unit Gaussian. In the literature this is typically known as
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the variance preserving stochastic differential equation or “VP-SDE”. A property
that will be useful later is that the transition density in the forward direction,
Ps¢(Xs | X;), s > t has analytic density and sampling. For a stochastic differential
equation with noising schedule S(¢) this is given by

Par(Xs | X) = N(X, | el P@ ey, (1 - 2P0 1) (3

Another other common alternative is the variance exploding stochastic differential
equation or “VE-SDE”. In this we simply apply Brownian motion as the noising
stochastic differential equation,

dXt = dBt (232)

The transition density of this stochastic differential equation is given by

pslt(Xs | Xt) = N(Xs

X, [ () drI). (2.33)

The variance of this will continue to grow with time and eventually the variance
of this transition density will dominate the variance of pqat,. The distribution

pr(Xr) = /PTo(XT | Xo)p(Xo) dXo (2.34)

will therefore be well approximated by N (XT ’ 0, /ts p(r)drI ), and we can use this

as the reference distribution.

A final alternative way to choose the forward stochastic differential equation is to
start with the forward transition density and work backwards to the coefficients

of the stochastic differential equation, which we will call the « — o parametrisation.

We restrict ourselves to stochastic differential equations with transition densities
of the form
Peio(Xe|1Xo) = N (X 0 Xo, 07). (2.35)

Let a; : R — R be a differentiable mean function, with the restriction that ag = 1.
Let 0; : R — R be a differentiable noise function, with the restriction that oy = 0.

Then the stochastic differential equation that has this forward transition density is

dx, o?| dB;. (2.36)

dt dr

_ dloga, di s [ddc;f dlczlfi o

If we pick a; and o; such that as ¢t — T, a; — 0, then the process will converge to
the distribution N (0, 0%), giving us a reference distribution to work with.

The VP-SDE and VE-SDE fit into this framework, with
¢ t
a; = exp(—/ B(7) dr) or=1- exp(—Z/ B(1) dr) VP-SDE (2.37)
0 0
t
ar=1 o; = / B(r)dr VE-SDE. (2.38)
0

It also allows us to easily explore other schedules such as the cosine schedule

where we set a; = sin(g—’}), = cos(;—’T[), or even linear schedules where we set
_ T—t t

@ =701 =7
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The choice of forward noising stochastic differential equation can have a significant
impact on performance of a diffusion model. Interesting empirical studies can be
seen for example in Karras et al. (2022), Karras et al. (2024), Nichol and Dhariwal
(2021), and Hoogeboom et al. (2023).

Applying a time reversal result

The crucial step to be able to follow backwards the path defined by our forward
noising stochastic differential equation is the application of a time reversal result.

We prove a simple result showing that we can indeed create such a stochastic
differential equation in the following, leveraging the Fokker-Plank equation.

THEOREM 2.5. Let (X;),s, be stochastic differential equal, with initial distribution
Xo ~ po and equation

dXt = b(t, Xt) dt + Z(t, Xl’) dBt (239)

Let p(t, x) denote the density of X; at timet. Then

W _
a TP
p(0,x) = po(x) (2.40)

where L* f = —div(bf) + %ZZTAf and A is the Laplace operator.
Proof. See theorem B.12. [

The crux of these results is that for a stochastic differential equation, we can find
another stochastic differential equation with the same time-marginal distributions,
but reversed in time.

THEOREM 2.6. Let a stochastic differential equation, (X;)
noising stochastic differential equation, be given by

reloT] called the forward

dX; =b(X;, t)dt + o(t) dB;y, X ~ Pdata (2.41)

with time-marginal densities p}(X). Let another stochastic differential equation,
(X5) re[0.T]’ called the reverse-time stochastic differential equation, be given by
dX; = [-b(X},t) + o (t)*Vieg p,(X;)| dt + o(t) dB,, X5 ~ p3 (2.42)

with time-marginal densities p; (X).

Then the time-marginals are equal but reversed in time, in the sense that p; =
Py, Vtel[oT]

Proof. The Fokker-Plank equation for the forward stochastic differential equation
is given by

2PI) _ aiv(b(X. 0p7()) + 30 (0107 (X) (243)
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Looking at Ap;(X) we see that

Ap?(X) = div Vp?(X) (2.44)
—d v[p (X) Vp*(X)] (2.45)
pr(x) !
= div[p; (X)V log p; (X)| (2.46)
= div(p; (X)V log p; (X)) (2.47)

Adding and subtracting this identity we get

ap;(X) (2.48)
ot ’

= —div(b(X, )p7 (X)) + 30°(1) Ap7 (X) — o (1) div(p} (X)V1og p7 (X)) (2.49)

= —div([b(X. 1) - a(£)*Vlog p} (X) ] p7 (X)) — 36° (1) Ap; (X) (2.50)

Taking the negative of this last expression we define

apéix) = div(=[-b(X. 1) + 0 (1)*Vlog p} (X)] p? (X)) + 30° (AP} (X)  (251)
By definition then

opi(X) _ api(X)
ot o
If we assume that for some ¢ € [0, t] p7 = p%._,, then by the Picard-Lindeléf theorem
(see appendix B.3) we have that p; = p%._, for all # € [0, T]. Since eq. (3.32) is the
form of the Fokker-Plank equation of the reverse stochastic differential equation
specified, the claim follows. [}

(2.52)

This proof is inspired by one found in Nelson (1967, chapter 13).

This theorem states only that the time-marginals the of the forward and reverse
distributions match. For generative modelling this is all that matters as we only
care that we can recover pgata-

More commonly cited in the score-based modelling literature are stronger results
that guarantee the whole distribution on paths of the forward and reverse stochastic
differential equations match. A discussion of commonly cited time reversal results
can be found in appendix B.8. See figure 2.10 for the difference between the
matching of time marginals and the path distributions.

Learning the score

The next step in producing a diffusion model is learning the score term that
appears in the reverse stochastic differential equation, Vx, log p;(X;). At first
glance this may seem difficult, but a strong literature exists on learning this term,
known as score matching. In order to estimate this score function, we will use an
approximation taking inputs X, and t. We will denote this s : R?x [0, T] — R¢. We
will also use the notion s; : R? — R to refer to this function partially evaluated
at time t, s,(-) = s(-, t). Typically, we will make this a neural network of some
kind, and look to optimise it via gradient-based learning.

Hyvérinen (2005) proves the following result:
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THEOREM 2.7. Consider a density p,(A) supported on R? relative to the Lebesgue
measure. Then,

Valogpa(A) = argmin  Ea[3llg(A)|I* +div(g)(A)]. (2.53)

g measurable in L?

Using this we can learn the score of a distribution p, if we just have access to
good samples from p, as we can approximate this expectation with Monte Carlo
estimation.

We can apply this to our stochastic differential equation setting to say that the
score at a given time is given by

Vx, log p:(X;) = argmin Ex, [% lls: (Xz) ||2 + diV(St)(Xt)]- (2.54)

St
We denote then this loss function as £1™.

In order to draw samples from p,(X;) we can utilise the fact that

pr(X0) = / prio(Xo)po(Xo) dXo. (2.55)

We can sample then from this joint density as we have samples from py = pgata,
and we have access to sampling from the transition density p;| from the forward
noising stochastic differential equation. We then discard the samples from p, to
obtain samples from p;.

A limitation of this objective is that it requires computation of the divergence of
the score. While this is achievable using automatic differentiation packages, it is
expensive in high dimension, scaling in cost with O(d?).

It is possible to apply to this the Hutchinson trace trick estimator (Hutchinson,
1989) to stochastically approximate the divergence to get a loss function that scales
with O(d) at the cost of higher variance, as detailed in Song et al. (2020a), where it
is called sliced score matching (SSM). We denote this loss function £*™. In practise
this additional variance does not seem to be too important, as the variance of the
Monte Carlo estimation of the integral over p; is larger.

Denoising score matching (DSM) (Vincent, 2011) is an alternative approach to
implicit score matching that typically has lower variance. However, applying this
objective requires additional tractability on the forward noising process. Recall that
the definition of the conditional distribution states that for L?-integrable random
variables A and B, the conditional expectation map

g b Es[A]| B=0b] (2.56)
is given by the minimiser

g'= argmin  Eug[llA-g(B)I] (2.57)

g measurable in L?

where E4[A | B = b] is the conditional expectation of A given a value of B. We
apply this by putting A = Vlog p.|4(C | D) and B = C for new random variables C
and D, assuming they have densities relative to the Lebesgue measure, and so

9(C) = Ep|[Vlogpeia(D | O) | C]. (2:58)
We can then apply the Tweedie identity.
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LEMMA 2.8.
Ep[Vclogpea(C | D) | C] = Velogpe(C) (2.59)

Proof.
Ep [Vc logpc|d(c | D) | C]

_ /[R V10g peia(C | D)pae(DIC) dD

:/ Vepea(C | D) peja(C | D)pa(D)

dD
re  Pcla(C | D) p:(C)

) pt(lc) /Rd pa(D)Vepeia(C | D)dD
1

) Ve /Rd pa(D)pcja(C | D) dD

_ Ver(©) _

= () Velospe(©)

Combining this we see that

argmin Ecp|[[Velogpea(C | D) = g(Of| = Ep[Velogpea(C1 D) | €]

g measurable in L2

= Ve log pe(O), (2.60)

and therefore we can learn the score for V¢ log p.(C) if we have access to
1. samples from the joint distribution p. 4(C, D) and
2. access to the analytic conditional score V¢ log p.14(C | D).

To apply this to our stochastic differential equation setting, we pick C = X; and
D = X, with s < t. We have access to samples from p; (X}, X;) by using the fact
that

PeXu X = [ praaXe | Xo Xopan (X, | Xopa(Xa)dXo (260
= [P (X1 X0pin (X, | Xa)po(Xo) X 262)
R

where the second line follows as stochastic differential equation transitions satisfy
the Markov property. We have access to samples from p, from our data, and the
stochastic differential equation tells us how to sample from the transitions. We
also need access to the analytic form of Vx, log p;s(X; | X;). For most stochastic
differential equations used in the literature, such as the variance exploding and
preserving, this is available. If it is not available, often good approximations are
available over for short time steps between s and t.

The most common form of this loss in the literature is to set s = 0. This simplifies
the sampling as then we only need to sample a single transition. This is the
denoising score matching described in Song et al. (2020b). We describe the more
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general scheme here as it is useful when we only have access to an approximation
of p;|s over short times.

We shall label this loss {’: 'S in the general case and {’tt 1 When using s = 0.

To summarise:

Loss REQUIRES COMPLEXITY VARIANCE
Samples from p;;  Analytic Vlog p;s

o v X 0(d) Highest

gism v X 0O(d?) Middle

l’fls v t — s small 0(d) Lowest

£ v v 0(d) Lowest

Table 2.1. A comparison of score-matching objectives for diffusion models

The objectives detailed match the score at given time ¢ only. In order to match the
score at all times, we integrate this objective over all times ¢ € [0, T].

£(s) = /[ . A(1)£,(s;) dt. (2.63)

Notice there is a weighting function applied over all t. While this weighting does
not affect the minima of the objective, it does rebalance where a network will
prioritise learning the score most. Many choices for A(t) exist and can be tuned to
optimise different objectives.

A common feature of all of these objectives is that they are
1. stable regression objectives and
2. require evaluation of the score network at a given time ¢ only.

Compare this to the objectives of normalising flow models, VAE models, or GANS.
These objective functions require us to run a full generation of samples from the
model in order to evaluate the objective. In contrast, the score matching objectives
only need us to evaluate the generative model at one point in the generative
process.

Additionally, the score matching objectives at a given time are stable with respect
to other times. That is, the minima at a given time will not change as we optimise
the score function at other times. This is in comparison to most objectives of
other deep generative models, where changing the weights at one point in the
network changes the optimum weights at other points in the network are. This is
exacerbated in GANSs, as changing the discriminator function changes the objective
the generator function is trying to learn, leading to well known instabilities. This
property ensured by the fact that in diffusion models we specify the path we wish
the model to take from noise to data. In other models it is left to the model to find
this path.

There is one drawback to score-matching objectives however, and that is the Monte
Carlo sampling required to evaluate them makes them particularly noisy. This can
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be mitigated however by taking an average of the weights throughout training.
Typically, exponential moving averages have been used, and the smoothing rate
requires tuning. Recently, Karras et al. (2024) proposed new averaging schemes, and
importantly a method to perform hyperparameter optimisation of the smoothing
rates post training, requiring only a single training run of the model.

Likelihood training of score-based models

Typically, generative models are trained by minimising the forward Kullback-
Leibler divergence between the data distribution and the model. That is they
minimise the following objective

Dk (pdata | 90) = / log(%) dpdata (2.64)
= / logpdata dpdata - / 103 q0 dpdata (2.65)
= —Ep,,. [log go] + constant (2.66)
> —Epy.[96] by Jensen’s inequality. (2.67)

This objective can therefore be seen also as maximising the average log-likelihood
of the model under the data, or maximising a lower bound on the likelihood of the
model under the data. It may be that we want to train a score-based model via
maximum likelihood. It is not immediately obvious how to connect score-matching
to this objective, however it is possible to do so.

Let us denote the measure placed on the space of diffusion paths defined by the
data distribution and the forward noising stochastic differential equation as Py, =
PdataQ” .0 Where Q7. is the conditional path measure given an initial data point
in the diffusion. Let us also denote Q7 = PpriorQ€9(+|T) as the measure on paths
defined by initialising the parametrised reverse stochastic differential equation
with the reference distribution the forward noising process converges to. Then we
can write

Z)KL(pdata | q0) < DKL(Pdata | QG) (2-68)

by the data-processing inequality. Huang et al. (2021) and Song et al. (2021) show
that by applying the chain rule for path measures (Léonard, 2014, theorem 2.4) and
Girsanov’s theorem (@ksendal, 2003, section 8.6), for a forward noising process
with diffusion term o (t),

DKL(Pdata | QO) =DkL (PT |Pprior) (2'69)

+é'/0T0(t)2[Ept[

showing that optimising any score-matching objective with time weighting A(f) =
o(t)? maximises the same lower bound on the maximum likelihood of the data as
other generative models.

2
Vx, log pi(X) =/ (X)) | at.  270)

Likelihood ordinary differential equations

The final aspect that we are missing is the ability to compute the likelihood of a
sample from a diffusion model. In order to do this we will leverage the Fokker-Plank
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equation again (theorem B.12). Recall that for a stochastic differential equation of
the form
dXt = b(Xt, t) dt + Z(Xt, t) dBt, (271)

the time-evolution of the density is given by

d d d
ap:(X) 9 1 § T
—_— == — (X, t)p: X] + - 2(X )2(X, ¢ X)|.
" ;axi[( X143 2,2 G, DR T (0]
(2.72)
Using this, we can obtain the following result:
THEOREM 2.9. For a stochastic differential equation of the form
dXt = b(Xt, t) dt + Z(Xt, t) dB[ (273)

initialised with Xy ~ po, the ordinary differential equation

1
dX; = |b(X;,t) - 5 [div[Z(X, )Z(X, )] + 2(X, )E(X, 1) Vx, log p: (X;) ] | dt
initialised with Xy ~ po has the same marginal density at all timest € [0, T]

Proof. Due to Maoutsa et al. (2020) and Song et al. (2020b, appendix D). [

In diffusion models we typically use X(X,t) = o(t)I, a simple time-dependant
scalar noise. With this, the likelihood ordinary differential equation simplifies to

1
dX; = |b(Xe.1) = Z0(1)*Vx, log pr(Xy) | dr. (2.74)

Fortunately there already exist tools to allow us to compute the change in likelihood
induced by an ordinary differential equation trajectory, assuming the ordinary
differential equation describes the flow of a density.

TuEOREM 2.10. Let (X;) (o) be an ordinary differential equation with governing
equation
dX; = b(X;,t)dt (2.75)

and time marginal densities p;(X;). Assume that b is uniformly Lipshitz continuous
in X; and continuous in t.

Then, the instantaneous change in log probability is given by

810gpt (Xt) _ db _ .
o =—tr dXt (Xt’ t) = leb(Xt, t) (276)
Proof. Proved in Chen et al. (2018, appendix A). ]

Using this, we can evaluate the likelihood of a point under our diffusion model at
t = 0. For a given point X is equal to the change in likelihood over the course of
the ordinary differential equation, plus the likelihood of the point at the other end,

0
log po(Xo) = / divh(X,, t) dt +log pr(Xr) (2.77)
T
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where X, is the path the point X follows under the ordinary differential equation
and pr is the reference distribution of the diffusion model.

In practice, we solve these as a joint ordinary differential equation to take advantage
of error tolerant solvers on the joint system,

Xy | b(Xnt)
‘ [IOgP(Xt)] B [divb(Xt, t)] (2.78)

This is in fact how continuous normalising flows (CNFs) (Chen et al., 2018) work. The
model is defined by a parametrised drift function by, and is trained by maximum
likelihood by backpropagating through the ordinary differential equation solver
(Chen et al.,, 2018). There exist a number of strategies for backpropagating through
ordinary differential equation solvers. These are discussed well in Kidger (2021),
which has accompanying it the python library diffrax for handling ordinary
differential equations and other differential equations easily.

To apply this scheme for computing the likelihood to diffusion models we simply
use our modified drift function in eq. (2.74) and use the reference distribution from
our diffusion model for pr.

This also gives us an additional method to sample from our diffusion model. Instead
of solving the stochastic differential equation approximately (appendix B.10) we
can sample from pr and solve this ordinary differential equation in reverse to draw
samples from the model. This can outperform sampling the stochastic differential
equation in certain scenarios (Karras et al., 2022; Song and Ermon, 2019).

2.2.2. Deep generative modelling on manifolds. Finally, we discuss prior work
on deep generative modelling on manifolds.

We discuss two settings of generative modelling on manifolds. Namely, the setting
of modelling a density on the manifold itself, and also the setting of modelling a
density on signals on the manifold. Here we cover methods for which the manifold
structure is prescribed, in contrast with methods that jointly learn the manifold
structure and density (e.g. Brehmer and Cranmer, 2020; Caterini et al., 2021).

Densities on a manifold

Simple classical methods exist for fitting mixture of distribution models on mani-
folds, for example (Peel et al., 2001) fit mixture of Kent distributions and Mardia
et al. (2007) fit mixtures of von Mises distributions. These models struggle with
representation power and generalisation in high dimensions.

A series of methods have been proposed that modelled densities on manifolds by
defining them as a pushforward of densities modelled on Euclidean space. For
this to work exactly we require a homeomorphism ¢ : R” — X. This can only
exist if the manifold is topologically homeomorphic to R", and so is quite limiting.
Falorsi et al. (2019) propose a method of this form for reparametrising densities
on Lie groups. Bose et al. (2020) propose a method for modelling densities on
hyperbolic space using Euclidean normalising flows pushed onto hyperbolic space.
Gemici et al. (2016) propose a similar method for generic manifolds. In addition
to the homeomorphism restriction, these methods do not respect the underlying
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geometry of the space well. In order to map Euclidean space onto these manifolds,
a significant distortion of the metric is required. This can cause regions of the
space that are significantly stretched or squashed by the homeomorphism to be
difficult to model accurately.

Methods based on normalising flows have become a popular choice for intrinsically
modelling densities on manifolds. Rezende et al. (2020) produce a method for
discrete normalising flows that operate on tori and spheres directly. Cohen et al.
(2021) and Rezende and Racaniére (2021) build normalising flows on manifolds
via optimal transport concave potential maps. Schemes for general equivariant
normalising flows on manifolds have also been developed (Katsman et al., 2021).
A significant line of work has been developed for normalising flows on products
of the group SU(3) (Abbott et al., 2022a; Abbott et al., 2022b; Abbott et al., 2023),
generic SU(n) (Boyda et al., 2021) and U(1) (Kanwar et al., 2020). One drawback to
normalising flow methods is the difficulty in designing invertible layers for nor-
malising flows. This makes designing transferable methods for generic manifolds

difficult.

Methods based on continuous normalising flows are much easier to design for
generic manifolds. They remove the need to design specific invertible layers to build
the flow models, and instead simply require the specification of a time-varying
vector field. Methods extending continuous normalising flows to Riemannian
manifolds have been developed by lou2020eural; Falorsi and Forré (2020), Falorsi
(2021), and Mathieu and Nickel (2020). A significant drawback of continuous
normalising flows is the need to solve an ordinary differential equation and back-
propagate through it at each step of training since this is computationally expensive.
Rozen et al. (2021) develop an extension of Riemannian continuous normalising
flows by placing a divergence free condition on the vector field. This allows them
to circumvent the need to compute the ordinary differential equation at the cost of
enforcing the divergence free condition via a regulariser.

Signals on manifolds

While the literature for modelling densities on Riemannian manifolds is reasonably
developed, and there exists significant literature on generative modelling of signals
in Euclidean space (Goodfellow et al., 2014; Kingma and Welling, 2013; Rezende
et al., 2014; Rezende and Mohamed, 2015; Tabak and Vanden-Eijnden, 2010; Tabak
and Turner, 2013; Chen et al,, 2018; Grathwohl et al., 2019; Song et al., 2020b;
Sohl-Dickstein et al., 2015; Ho et al., 2020) there exists little work on generative
modelling of signals on manifolds.

There is a line of work in Gaussian process modelling that can model scalar fields
on manifolds (Borovitskiy et al., 2020; Azangulov et al., 2023a; Azangulov et al.,
2023b) and vector fields (Hutchinson et al., 2021c). These are limited however
in their expressive power and scalability due to the nature of Gaussian process
models.

Holderrieth et al. (2021a) develop an equivariant neural process model on signals
on Euclidean space, and could be extended to modelling signals on manifolds with
the kernels defined in Hutchinson et al. (2021c).
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Work in this chapter is based on

V. De Bortoli*, E. Mathieu®, M. J. Hutchinson®, J. Thornton, Y. W. Teh, and A. Doucet.
Riemannian score-based generative modeling. In Advances in Neural Informa-
tion Processing Systems, 2022.

and has been rewritten for this thesis with additional material.
Personal contributions:
1. Project conception with Emile.
2. Development of practical approach with Emile, Valentin.
3. Development of the code base with Emile.

4. Running of experiments: Earth and climate science, synthetic data on tori,
and synthetic data on hyperbolic space experiments.

5. Mathematical results: The simplified time-reversal result on manifolds, theo-
rem 3.5, and the implicit score matching on Riemannian manifolds, proposi-
tion 3.7.

6. Original manuscript writing with Emile and Valentin.

3.1. INTRODUCTION

N THE BACKGROUND we introduced a type of generative model called score-based
I generative models, also called diffusion models (Song and Ermon, 2019; Song
et al., 2020b; Ho et al., 2020; Dhariwal and Nichol, 2021). They formulate generative
modelling as a denoising process. Noise is incrementally added to data using a
diffusion process until it becomes approximately Gaussian. The generative model is
then obtained by simulating an approximation of the corresponding time-reversal
process, which progressively denoises a Gaussian sample to obtain a data sample.
This process is also a diffusion whose drift depends on the log gradients of the
noised data densities, i.e. the Stein scores, estimated using a neural network via
score matching (Hyvérinen, 2005; Vincent, 2011).
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3 SCORE-BASED MODELLING ON RIEMANNIAN MANIFOLDS

Score-based generative models have been primarily applied to data living on
Euclidean spaces, i.e. manifolds with flat geometry. However, in a large number
of scientific domains the distributions of interest are supported on Riemannian
manifolds. These include, to name a few, protein modelling (Shapovalov and
Dunbrack Jr, 2011), cell development (Klimovskaia et al., 2020), image recognition
(Lui, 2012), geological sciences (Karpatne et al., 2018; Peel et al., 2001), graph-
structured and hierarchical data (Roy et al., 2007; Steyvers and Tenenbaum, 2005),
robotics (Feiten et al., 2013; Senanayake and Ramos, 2018) and high-energy physics
(Brehmer and Cranmer, 2020).

In this chapter we develop Riemannian score-based generative models, an extension
of score-based generative models to Riemannian manifolds. The objective is to in-
corporate the geometry a given problem into the model. This requires constructing
a noising process on the manifold that converges to an easy-to-sample reference
distribution. We establish that, as in the Euclidean case, the corresponding time-
reversal process is also a diffusion whose drift includes the Stein score which is
intractable but can similarly be estimated via score matching. Methodological
extensions are required as in most cases the transition kernel of the noising process
cannot be sampled exactly. For example on compact manifolds it is typically only
available as an infinite sum through the Sturm-Liouville decomposition (Chavel,
1984). To this end, we develop non-standard techniques for score estimation and
rely on the use of geodesic random walks for sampling (Jergensen, 1975). We
provide theoretical convergence bounds for Riemannian score-based generative
models on compact manifolds and demonstrate our approach on a range of man-
ifolds and tasks, including modelling a number of natural disaster occurrence
datasets collected by Mathieu and Nickel (2020). We show that Riemannian score-
based generative models achieve better performance than recent baselines (Mathieu
and Nickel, 2020; Rozen et al., 2021) and scale better to higher dimensions than
these approaches also.

3.2. RIEMANNIAN SCORE-BASED GENERATIVE
MODELLING

In this section, we introduce new tools and techniques to generalise score-based
models from Euclidean space to Riemannian manifolds (without boundary).

More specifically our setting will be a complete (see appendix A.10.5), orientable
(see appendix A.9.2), connected (see appendix A.1), Riemannian (see definition A.36)
manifold without boundary (see definition A.5), (M, g).

Four components are required to extend score based generative models to this
setting:

i) a forward noising process on M which converges to an easy-to-sample
reference distribution,

ii) a time-reversal formula on M which defines a backward generative process,

iii) a method for approximating samples of stochastic differential equations on
manifolds,
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iv) a method to efficiently perform score matching on Riemannian manifolds.
We provide these tools, and detail them now.

If we assume that a density of a measure exists at any point, we assume that it
exists relative to the Riemannian volume measure (see appendix A.9.4), vol,, the
measure induced by the Riemannian volume form on the manifold. This is the
generalisation of the Lebesgue measure on Euclidean space to manifolds.

3.2.1. Stochastic differential equations on manifolds. The core technical tool
of diffusion modelling in Euclidean space are stochastic differential equations.
Appendix B gives an introduction to this topic. These tools do not immediately
generalise to manifolds, the core obstacle being that general manifolds do not have
vector space structure, and therefore the notion of an expectation is not defined for
manifold-valued random variables. The general strategy for studying such random
variables is to view them through test functions, functions that map the random
variables on a Euclidean space where expectations can be defined. By choice of the
class of test function, and showing that certain properties hold for all test functions,
we can make conclusions about the random variables under study.

On Euclidean space semimartingales (see appendix B.2) form the core object of study.
To extend this definition we view manifold-valued random processes through test
functions.

DEFINITION 3.1. Let M be a d-dimension differentiable manifold and (Q, ¥, P)
be a probability space with a filtration of ¥, (F;);cp+- A continuous M-valued
stochastic process (X;)eefor], T € R, is an M-valued semimartingale if f(X;) is a
semimartingale with respect to the filtration for all f € C*(M).

To define an M-valued stochastic differential equation we take inspiration from
eq. (B.60). For a collection of ¢ time-dependent vector fields on M, V3, .., V}, and
an ¢-dimension Euclidean semimartingale we write

dX; = Vi(X;) 0 dZ} (3.1)

as the evolution of the stochastic differential equation, with the Einstein summation
(see appendix A.4.5) over i implicit. We define the meaning of this through the
definition of the solutions to this stochastic differential equation on a manifold.

DEFINITION 3.2. An M-valued semimartingale X is a solution to this stochastic
differential defined by vector fields Vi, ..., V; and R*-valued semimartingale Z if for
all f € C*(M) and Xy a random variable taking values in M,

FOX0) L F(X0) + / (Vif) (X s) 0 dZ. (3.2)

Vif is the directional derivative of f with respect to V; and the equality is an equality
as distributions.

We typically use the Stratonovich integral in the definition of manifold-valued
stochastic differential equations as it obeys a simpler chain rule than the It6 integral,
making working with test functions and charts much simpler (see appendix B.5.1).
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Using these definitions we can extend the tools presented in appendix B to the
manifold setting, replacing Euclidean components with their geometric counter-
parts. Most importantly we can generalise diffusion processes (see appendix B.6) to
manifolds, allowing us to connect manifold-valued stochastic differential equations
with differential operators.

DEFINITION 3.3. For an M-valued stochastic process X defined on a probability space
(Q, 7, P) and adapted to a filtration (F;),c[o 1) of ¥, we say it is a diffusion process
generated by L if

E[f(X)] = E[f(Xs)] +E / Lf(X:) df] (3.3)

forall f € C2(M), t > s € [0,T], where L is a smooth second order elliptic operator
on M.

We can then work with this generator and the Kolmogorov forward and backward
equations to analyse manifold-valued stochastic differential equations.

The generator of a manifold-valued diffusion process gives us one way to define
a Brownian motion on a manifold, BM, as a stochastic process generated by %Ag,
where Ay is the Laplace-Beltrami operator (see appendix A.10.8) (Hsu, 2002, chapter
3).

For the rest of the chapter we will work with stochastic differential equations of
the form
dX; = b(X;, t) dt + o(t) dBBM (3.4)

where b is a time-varying smooth vector field on the manifold and o a scalar noise
term. This is a diffusion, and is generated by the operator L defined by

Lf = (b.Vof),+ TAf V[ eCM) (3.5)
with adjoint defined by
L*f = —divy(bf) + TA,f V f € CHM). (3.6)

For a complete treatment of stochastic processes on manifolds, and in depth detail
of analysis techniques, we refer to appendix C.2 and Hsu (2002).

3.2.2. Noising processes on manifolds. The first necessary component is a suitable
generic noising process on manifolds that will converge to a convenient stationary
distribution. In the background material we showed how the common noising
processes used in Euclidean diffusion models are instances of Langevin dynamics
(see appendix B.7). Recall these are given for a stochastic differential equation in
Euclidean space by

dX, = -VU(X,)dt + V2dB, (3.7)

where U : R — R with some regularity. This stochastic differential equation will
converge in distribution to a density, relative to the Lebesgue measure, proportional
to exp(—U(X;)) (Roberts and Tweedie, 1996, theorem 2.1).
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On Riemannian manifolds, we have very similar results for the equivalent Langevin
stochastic differential equation.

dX, = -V,U(X,) dt + V2dBM (3.8)

where V, is the Riemannian gradient and dBY is a Brownian motion on the
manifold. For example, we can prove that a very similar stationary distribution
exists.

THEOREM 3.4. For a stochastic differential equation of the form
dX, = -V,U(X,) dt + V2dBY, (3.9)

the distribution uy with Radon-Nikodyom derivate with respect to the Riemannian

volume measure
duy

dvoly

is invariant under the evolution of the dynamics.

= exp(-U) = pu (3.10)

Proof. Applying the adjoint of the generator of this diffusion to the Fokker-Plank
equation (see theorem B.12) we see that

L*py = —divy(-V4U exp(-U)) + Ay exp(-U) (3.11)
= —divy(-V4U exp(-U)) + div, V,exp(-U) using eq. (A.188) (3.12)

= —divy(-V4U exp(-U)) + divy(-V,U exp(-U)) = 0. (3.13)

|

Further, results such as Gatmiry and Vempala (2022, theorem 1) show that the
stochastic differential equation converges in distribution to the desired density.
Immediately then, this motivates using a form of Langevin dynamics as our nois-
ing process. The difficulty then is how to choose a U to suit our needs. In the
Euclidean setting the Gaussian distribution is the natural choice given its many
useful properties. We therefore look at a number of ways of adapting the Gaussian
to manifold.

One option is the heat kernel on a manifold, the solutions to

oK

E = AgK, K: R+ X M X M (314)
Unfortunately there is not typically a closed from solution for the heat kernel on
most manifolds, making accessing U difficult. In general there is also not a cheap
algorithm to sample from this distribution. Instead, more expensive MCMC, such

as Langevin dynamics, must be used to sample from this distribution.

Instead, we could target the Riemannian normal distribution (Pennec, 2006). We
achieve this by setting

U(x) = dy(x, p)?/(2y), (3.15)

where dj is the geodesic distance (see appendix A.8.3) under the metric g and y € M
is an arbitrary mean location. This induces the drift

VU(X:) = —expx, (1) /y* (3.16)

43

Stationary distribution
of Langevin dynamics
on Riemannian
manifolds

Heat kernel on a
manifold

Riemannian normal



44

Exponential wrapped
Gaussian

Jacobian

3 SCORE-BASED MODELLING ON RIEMANNIAN MANIFOLDS

where exp,. : Ty M — M denotes the exponential map (see appendix A.10.5) on
the manifold. Again however, in general there is not a cheap algorithm to sample
from this distribution, and so we have to resort to MCMC methods.

Finally, we can target the exponential wrapped Gaussian, under the assumption
that the manifold in question is geodesically complete (see appendix A.10.5). This is
the pushforward of a Gaussian distribution in the tangent space of an arbitrarily
chosen mean location 1 € M through the exponential map, giving

p(x) = expy, N(0,0%) (3.17)

for a chosen variance ¢2. Sampling this distribution is very simple, we sample a
regular Gaussian and pass the samples through the exponential map.

Computing the density, and therefore the required U is only simple in the case
where the exponential map is a bijection between the tangent space at a point
and the manifold. This is true for some non-compact manifolds such as Euclidean
space and hyperbolic space, but not others such as the circle, S;. In this case we
can write the density as

p(x) = N(exp;l(x);o, o‘z) x e M. (3.18)
Applying the change of variable formula, we arrive at a potential given by

U(x) = dpi(x, 1)*/(2y%) +logldet|D exp™" () (3.19)
= dyi(x 12/ (2¢%) + 1/log|det|D exp u(x), (3.20)

where D denotes the Jacobian (see appendix A.5.4) of the log map.

Where the exponential map is not a bijection, but the manifold is still geodesically
complete, the exponential map multiple points in the tangent space to the same
point in the manifold. The inverse exponential map is not well-defined in this case,
but we can instead replace this with summation over preimage of the exponential

maps. Let us denote this as P (x) = {expy(y) =x :y€ TyM}. Then the density
is given by

plx) = Z N(y;O,aZ) x e M. (3.21)
yeP(x)

One recovers the standard Ornstein—Uhlenbeck noising process (Song et al., 2020b)
for all three of the options for U when M = R? and p = 0 since then the drift
b(t, X;) = % exp)_{f(O) = —% X;.

3.2.3. Time-reversal on Riemannian manifolds. Next we show that time reversal
results can be extended to the case of Riemannian manifolds. We present here two
theorems.

The first is a simple proof in the spirit of theorem 2.6, which shows that the time-
marginals of a reverse process match those the forward process. This is all we
need for generative modelling as we only care that the initial distribution and final
time distributions match
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THEOREM 3.5. Let (M, g) be a Riemannian manifold. Let BM be a Brownian motion

on M.

Let the manifold-valued stochastic differential equation X, called the forward stochas-
tic differential equation, be given by

dX? =b(X7,t)dt + o(t) dBM, X ~m te[0,T], (3.22)

with time-marginal distributions p;(X). Let the manifold-valued stochastic dif-
ferential equation X, called the reverse stochastic differential equation, be given

by
dX§ = [-b(X5, T = t) + o(T - t)*Viog p3_,(X{)| dt + o(T - t) dBM,
X5 ~p7, tel0,T], (3.23)
with time-marginal distributions p§(X).

Then the time-marginals of these two stochastic differential equations match, but
reversed in time, in the sense that p7 = p5._, V t € [0,T].

Proof. The Fokker-Plank equation for the forward stochastic differential equation
is given by

—apg(tX) = — div, (B> (X, ))p; (X)) + 307 () Agp; (X) (3.24)

Looking at Agp; (X) we see that

Agp? (X) = divy Vgp7 (X) (3.25)
| pr(X) }
=d V,p7 (X 3.26
lvg[P?(X) gpt( ) ( )
= divy[p} (X)V,log p7 (X) ] (3.27)
= div, (p? (X) V4 log p? (X)) (3.28)
Adding and subtracting this identity we get
ap; (X) . 5 N 5
PtT = —div, (b(X, )p} (X)) = 16* (1) Agp7 (X) + o* (1) Agp7 (X) (3.29)
ap7 (X) . R R
PL= = = divy (b(X. 0} (X)) = 30 ()89} (X)

+0(1)? div,y (p7 (X) Vg log p; (X)) (3.30)
= —divy([b(X, 1) - 0(1)*V,log p} (X)|p7 (X)) - 1o* (1) Agp;(X) (3.31)

Taking the negative of the right-hand side of this equation we define,

a (_(X) . <« <« <
th = — divy([-b(X, 1) + 6 (£)*Vlog pf (X) | p§ (X)) +30° (1) Agp (X). (3.32)
By definition then

op;(X) _ 9pi(X)
o ot
If we assume that for some ¢ € [0, t] p7 = p%._,, then by the Picard-Lindeléf theorem
(see appendix B.3) we have that py = p%._, for all ¢ € [0, T]. Since eq. (3.32) is the
form of the Fokker-Plank equation of the reverse stochastic differential equation
specified, the claim follows. ]

(3.33)
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Next we also provide a generalisation of stronger results available in the Euclidean
case, see appendix B.8 for an explanation of these. The main difference between
these stronger results and theorem 3.5 above is that theorem 3.5 only guarantees
that the marginal distributions, the distribution of the stochastic differential equa-
tion at given times, match. The stronger results tell us that the distribution on the
whole space of paths, the joint distribution of the value of the stochastic process at
all times, of the forward and reverse stochastic differential equations match. This
result is in the spirit of Cattiaux et al. (2023), and we also provide an alternative in
the spirit of Haussmann and Pardoux (1986).

THEOREM 3.6. Let (B{w) be a Brownian motion on M such that B(/)w has distribu-
£>0

tion the volume formvol,'. Let T be a timeT > 0. Let (X7)
differential equation governed by

te[0T] be the stochastic

dX; = b(X7)dt + dBM. (3.34)

Let (Xf)te[0 = <X;—t)te[0 7 Assume that KL(P Q) < +co, where Q is the
distribution on the paths of (Bfw)te[o,T] and P the distribution of (X})se[o,r]- In
addition, assume that P, = L(X?), the distribution of X7, admits a smooth positive

density p; with respect tovoly for anyt € [0,T]. Then, (X) is associated with

te[0,T]
the stochastic differential equation
dX§ = [-b(XF) + Vlog pr_.(X7)] dt + dBM. (3.35)
Proof. Delayed to appendix C.3. [ ]

This result is stronger than necessary for the purposes of generative modelling,
but allows for more developed analysis to be carried out on a diffusion model.
Theorem 3.5 is however a clear corollary of theorem 3.6 as the time marginal
distributions are simply projections of the distribution on paths at a given time.

3.2.4. Score approximation on Riemannian manifolds. As with the time reversal
in the Euclidean setting, the reverse process from eq. (3.35) involves the Stein score
V log p; of the stochastic differential equation. We will need to again approximate
this quantity through a score matching loss. This quantity at a specific time ¢ is a
map from a point on the manifold to a tangent vector at that point on the manifold,
making it a vector field. As a function of time and a point on the manifold, we can
see this as a time-dependent vector field on the manifold.

In this section we will assume that we have an M-valued stochastic process
(Xt) (o] defined by

dXt = b(t, Xl’) dt + O'(t) dBt, X() ~ Po. (336)
We denote

« P, as the distribution of X;, with density p;.

+ Py, as the joint distribution of X, X, with density ps ;.

INote that in the case of a non-compact manifold volg is only a measure and not a probability
measure.
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+ Py, as the conditional distribution (see appendix B.1) of X; given X, with
density p;|s.

We assume all the densities exist relative to the Riemannian volume measure (see
appendix A.9.4), voly. We willlet s : [0, T|Xx M — T M be an arbitrary smooth time-
varying vector field on M, representing the approximation we learn to the score
function. We discuss methods of parametrising this vector field in section 3.2.8.

The denoising score matching (see section 2.2.1) loss carries over naturally to the
manifold setting, nothing about its derivation presents difficulties when transiting
to more general geometries. In the manifold setting the denoising score matching
loss £, is given by

fﬂs(s):/M2||s(t,xt)—V1ogpt|s(Xt|Xs)|]3duﬂ>s,t (3.37)

where ||-||, is the Riemannian norm (see appendix A.8.1). Unfortunately however,
on general geometries, for the forward noising processes given by taking Langevin
dynamics with either the Riemannian normal distribution or the wrapped Gaussian
distribution the forward transition kernels, p;|o, do not have analytic forms. This
makes application of the denoising score matching loss on general geometries
difficult unless the specific manifold and forward noising process in question has a
tractable form.

We instead turn to implicit score matching (see theorem 2.7) as this avoids need-
ing access to the forward transition kernel. The derivation of the implicit score
matching loss does not carry over to the manifold setting as it uses calculus results
specific to the Euclidean setting. Here we prove a version of the implicit score
matching result suitable for manifolds.

ProrosiTION 3.7. Lett,s € (0,T] witht > s. Under sufficient regularity conditions
of the product p;s(X:|Xs)s(t, X;),

ftls(st):Z[ism(st)+A2|’VXt logpt|s(Xt|Xs)”;d[F°s,t (3.38)

where £5™(s;) is given by

) 1 _
£ (s,) = /M [Enst(mn; +divg(s)) (X,) | d Py, (3.39)
where ||-||, is the Riemannian norm and div, the Riemannian divergence.
Proof. Appendix C.5 [ ]

The main difference from the Euclidean case is the application of manifold di-
vergence theorems on non-compact manifolds (Gaffney, 1954). The regularity
conditions on py|s(X;|X;)s(t, X;) require that this product, its absolute value, and
its determinant are L; integrable, a very mild condition usually satisfied by the
field decaying suitably fast away from some point.

Since the second term is independent of s; for any ¢ € (0, T], the minimizers of the
loss £/°™ on T'(T M) are the same as the ones for .
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This loss requires computing the Riemannian divergence of a vector field. How we
compute this depends on the parametrisation of the vector field we use, and this is
discussed in section 3.2.8.

Again as in the Euclidean case and following Song and Ermon (2020) and Nichol
and Dhariwal (2021), these losses match the score for a single time ¢. The losses are
therefore integrated over time and can be weighted with a term A; > 0 to produce
a loss function that matches the score over all times.

3.2.5. Likelihood computation. Similarly to Song et al. (2020b), with access to
V log p; we can compute the likelihood a Riemannian score-based diffusion model
places on a particular sample.

Appendix B.9 shows how we can relate a stochastic differential equation with
general coefficients,
dXt = b(t, Xt) dt + O'(t) dBt, X() ~ Po (340)
, to an ordinary differential equation with the same time-marginal distributions
given by
1
dX, = |b(t,X;) — Ea(t)leogpt(Xt) dt, Xo ~ po. (3.41)
Section 2.2.1 shows how we can also compute the instantaneous change in like-
lihood of an ordinary differential equation trajectory, defined by drift field b :

R"™ x [0,T], via

dlogg; e div(b)(X;, t). (3.42)

Combining these two ordinary differential equations we can produce an ordinary
differential equation that when run forward in time allows us to compute the
likelihood of a given point, and when run backwards in time allows us to sample
from the score based diffusion model.

We can quickly generalise this to the manifold setting. Previous works, such as
Mathieu and Nickel (2020, proposition 2) for example have already shown that the
manifold equivalent of eq. (3.42) is given by

TOBLUT) — _divy ()X, ). (343)

We can then also prove the following

THEOREM 3.8. For a manifold-valued stochastic differential equation
dXt = b(t, Xt) dt + O'(t) dBt, Xy ~ Po (344)
with time-marginal distributions p;(X), the ordinary differential equation

1
dX; = |b(t, X;) — Ea(t)zvg logp:(Xy) | dt,  Xo ~ po (3.45)

has the same time-marginal distributions p;(X) as the forward-time stochastic dif-
ferential equation.
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(a) A single step of a (b) Many steps yield an ap- (c) Gaussian random walk [Left] and the Brownian
Geodesic Random Walk.  proximate trajectory. motion density [Right] agree well for small time steps.

Figure 3.1. Geodesic random walks can be used to approximate Brownian motion and more generally stochastic
differential equations on manifolds. (a) At each step, tangential noise is sampled (red), which is added the drift
term (not pictured). This tangent vector is then pushed through the exponential map to produce a geodesic
step on the manifold (blue). (b) Iterating this procedure yield approximate sample paths from the process.

Proof. Apply the same method as theorem B.16, by applying the identity

Af(X) = div(Vyf (X)) = div(f(X)V, log f(X)) (3.46)

from theorem 3.5. [ |

Using this we arrive at a likelihood ordinary differential equation for Riemannian

score-based generative models by solving the joint equation Likelihood ordinary
differential equation for

[ dX; } _ [b(t, X;) — 30(1)*Vlog p: (X;) it (3.47) Riemannian score-based

dlog p:(Xs)| —divy(h) (X, t) ‘ ' generative models

3.2.6. Approximate sampling of diffusions. Obtaining samples from stochastic dif-
ferential equations on a manifold is non-trivial in general. As in the Fuclidean case,
we cannot sample the continuous time dynamics of a manifold valued stochastic
process, and so must resort to finite time step approximations.

The simplest approach would be to isometrically embed the manifold into Euclidean
space and apply the Euclidean space techniques of appendix B.10 to sample the
resulting Euclidean stochastic differential, an extrinsic approach. Unfortunately
with a discrete step size, the discretisation is guaranteed almost surely to leave the
surface of the manifold, where the process becomes undefined. While this can be
corrected by taking small step sizes and projecting samples back onto the surface
of the manifold, these projections can be expensive and the procedure inaccurate.

Here instead we consider an intrinsic approach based on geodesic random walks,
see Jorgensen (1975) for a review of their properties. Geodesic random walks
can approximate any well-behaved diffusion on M. Hence, we introduce them
in a general framework and consider discretisations of any M-valued stochastic
differential equation. This generalisation is key to sampling the backward diffusion
process defined in theorem 3.6.
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DEFINITION 3.9. Let X} ~ po be an M-valued random variable. Let b : R* x M —
T M be a drift function and o : R* — R™* a noise term. Let X; be a manifold-valued
stochastic differential equation governed by

dX; = b(t, X;) dt + o(t) dBM. (3.48)

For anyy > 0, we define (XD)xen -0 such that
Xpy = expyr [yb(ky, Xp) + ViVea |, (3.49)

where (Vi )ren is a sequence ofTXzM—valued random variables such that for any
keN,
E[Vis1 | Fnl =0 and E[ViV,, | Fi] =00, (3.50)

where Ty is the filtration generated by {XZ}Z:O.
We say that the M-valued process (X]):)kEN is a geodesic random walk of eq. (3.48).

This definition gives us a clear blueprint to sample M-valued stochastic differential
equations. We initialise the geodesic random walk with X(’)/ ~ po, and then iterate
the geodesic random walk using the drift and noise coefficients of the stochastic
differential equation.

Algorithm 3.10 summarises the implementation of this algorithm for sampling the
stochastic differential equation. Figure 3.1 provides a graphical illustration of this
procedure.

Importantly, there are results available for this scheme that guarantee a certain
level of accuracy between the discretised process and the continuous process. For
example, see Kuwada (2012) and Cheng et al. (2022) for quantitative error bounds in
the time-homogeneous case. These error bounds depend on a number of constants
encoding the curvature of the manifold, but importantly in order to ensure that
the expected distance between the approximate dynamics and the continuous time
dynamics are bounded by €, one needs to use a number of discretisation steps that
scales with é This rate is the same order as required to achieve the same accuracy
with Euler-Maruyama discretisation of Euclidean stochastic differential equations,
and so we do not lose any sampling efficiency by being in the manifold setting. We
can therefore, with increasing numbers of steps, obtain arbitrary precision for the
use case we have.

In addition, we extend these results of Cheng et al. (2022) to cover the time-
inhomogeneous setting that we use in diffusion modelled. See appendix C.4.2 for
these results.

3.2.7. Predictor-corrector scheme. In addition to presenting geodesic random
walks as a general framework for discretising stochastic differential equations on
manifolds, in this section we present a predictor-corrector scheme, adapting the
techniques of Allgower and Georg (2012) and Song et al. (2020b) to the manifold
setting.

For a given step in the geodesic random walk approximation of a stochastic differ-
ential equation, the variable X]): may not be exactly sampled from the distribution
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Algorithm 3.10

Require: T,K,X’,b,0,P

1. y=T/K > Step-size
2: fork e {0,...,K—1}do

3: Zi+1 ~ N(0,T) > Sample a Gaussian in the tangent space of X};
4 Wis1 = yb(ky, XZ) ++fyo(ky, X}:)Zkﬂ > Compute the Euler-Maruyama step on

tangent space
5: Xl)c/+1 = expyy [Wi+1] > Move along the geodesic defined by Wy, and X}C/ on M

. YK
6: return {X; };"

of its continuous time counterpart, X, . The aim of the corrector step is to try and
reduce this error.

Let k € N be a step in a geodesic random walk with step size y. Let X]’: be a sample
from the geodesic random walk, and approximate sample of X, . Let px, be the
density of X,. We introduce a second geodesic random walk defined by

X\ = expyry |V Vglog puy (k. X[1) + vzy'zkf], (3.51)

where Z is a unit variance Gaussian vector.

Letting y* — 0, we obtain that under mild assumptions, see (Kuwada, 2012, Theo-

rem 3.1), (X]};’]};,)k converges to the stochastic differential equation
k eN

dX¥ = 1Vlog pr, (X) ds +dBM X}V = X (3.52)
This is a Langevin dynamics with stable distribution py,, as desired. By running
this geodesic random walk for small step sizes between steps of the main geodesic
random walk, we can improve the overall sampling quality. Typically, we might
run a single step of correction for every step of the geodesic random walks. This
scheme is the manifold equivalent of the predictor-corrector scheme found in Song
et al. (2020b).

3.2.8. Parametric family of vector fields.. Finally, we need to choose a method to
approximate (V log p;)se[o,r] by a parametrised function sg : [0, T|xM — T'(TM),
that is differentiable with respect to its parameters.

Coordinate vector fields

One strategy is to parametrise the score function in a chart to give coordinate
vector fields. If we choose a chart (¢, U) we can define a set of local vector fields
{E,—}fl:1 = {a,-¢}§’:1. These span the tangent bundle inside the chart, but not outside
it.

We can then define a score function on the chart as

d
so(t, X) = Z 5 (1, X)Ei(X) (3.53)

i=1
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L(X())/) = po

Figure 3.2. Illustration of the effect of a corrector step on stochastic differential
equation rollouts. The black line corresponds to the dynamics of the noising
process (p;)sefo,r]- The blue dashed lines correspond to the predictor step and the
red dashed lines correspond to the corrector step (projecting back onto the initial
dynamics). Steps from whole integer to half integers are prediction steps, and from
half to whole correction steps.

where §é(t, X):[0,T] xM — R%isa parametrised neural network.

To compute the divergence of this we can use the coordinate expression for the
divergence in a chart (¢, U), see eq. (A.155),

1
divV =

detga¢i( detg V) (3.54)

We can use an automatic differentiation package to compute this divergence. This
is achieved by interpreting 9¢; ( detg V,v) as the Euclidean divergence of the vector
field

\det (@1, ... Pn) Vi(P1, ..., Pn)
vdetg(¢1, ... $n) Va(P1, ... o)

and this can be computed by an automatic differentiation package if we have the
expression for the metric and the components of the vector field in the chart.

V(1o Pn) = , (3.55)

As in the Euclidean case the computation of a divergence in an automatic differen-
tiation package requires d Jacobian-vector calls. This can again be sped up with
Hutchinson’s trace trick (Hutchinson, 1989) by applying it to the computation of
the Euclidean divergence component of eq. (3.55).

The main issue with this approach is patching together different charts. Ideally
we would have a chart that covers the manifold except for a set of measure zero.
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Figure 3.3. A sphere isometrically embedded into Euclidean space. An ambient
Euclidean vector field (left) projected onto the surface of the sphere (right).

Examples of charts that could be used on the sphere in this way are latitude-
longitude charts on the sphere, or polar coordinates. Even with such a chart
however the vector fields will be non-smooth around the seams of the charts.

Projected vector fields

A second approach is to use projected vector fields. Let M be a d-dimension Rie-
mannian manifold and let

F:M—-R"  dF,:TpM — TR" (3.56)

be an isometric embedding (see appendix A.8.3) into R", guaranteed by the Nash
embedding theorem (see theorem A.37). Choosing a basis e;(p) on T, M, and using
the canonical basis on TF(p)R”, €;, We can create a projection matrix, Pr : M —
R4*" defined by

Pp(p)} = (dFy(e:). €5). (3.57)
This projects a tangent vector in Tr(,)R", v = Y7L, v'e; into a tangent vector in
weTM w= Z?Il wie;(p), via

wi =" PL(p)io. (3.58)
j=1
The transpose of this map,
Pp(p)} = (dFy(e)), &), (3.59)

allows us to project a tangent vector w € T, M, w = Zflzl we;(p) tov € dF(TyM) C
Tr(p)R", 0 = 3L, v'e;, via

- Zl P (p)iw’. (3.60)
]:

We can additionally use this two maps to compute the tangential projection of
a vector v € Tp(,)R" into the linear subspace dF,(T,M) C Tp(,)R", via the
coordinate expression

n

PL(p)ijPr(p) jxo". (3.61)

d
Jj=1 k=1
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Global basis fields

Parallelisable

Finitely generated
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This construction is in fact independent of the chosen basis on T, M and so gives a
coordinate-free projection, see figure 3.3.

We can construct a score network via

d n
so(t, X) = Z Z Pr(X)'s) (1, X)ei(X) (3.62)

i=1 j=1

where Eé(t, X) : [0,T] x M — R" is a parametrised neural network specifying a
vector field in the ambient Euclidean space on the surface of the manifold.

We can compute the divergence of this vector field by computing the Euclidean
divergence of this vector field projected back into Euclidean space via the projection

n d n
D3 PEIEPR(X) ]} (1 X)epsiloni (F(X)) (3.63)

k=1 i=1 j=1
as these divergences coincide (Huang et al., 2022).

The main drawback of this approach is that it relies on a known isometric embed-
ding of the manifold, which may not always be available.

Global basis fields

A final most general strategy is to parametrise a vector field as a finite sum of
global basis fields weighted by smooth functions on the manifold. That is,

V =fE, fe€C®(M), EieT(TM). (3.64)

In d-dimension Euclidean space there exists a set of d smooth basis fields (Ei)l‘i1
which space the tangent space, as it is parallelisable (see appendix A.6.1), creating
a bijection between the tangent bundle and C® (M, R¢). We can then express the

score function as
d

so(t, X) = ) 5h(t, X)E«(X) (3.65)

i=1

where §é(t, X) : [0,T] x M — R" is a parametrised neural network. This is not
true in general for manifolds, most are non-parallelisable, and the space of vector
fields forms a module, not a vector space (see appendix A.6.1) meaning we do not
have a Hammel basis for the space of vector fields.

Fortunately however the space of vector fields is finitely generated (see defini-
tion A.24) for any Riemannian manifold, meaning that can find a set of fields that
do span the tangent space, but with some redundancy. We can rely on this larger
set of smooth vector fields {E;(x)}!, with n > d to parametrise sections of the
tangent bundle. This does not create a bijection between the tangent bundle and
C*(M,R™), but does create an injection, so any vector field can be represented.
Then it suffices to construct a smooth neural network sy : [0,T] Xx M — R" to
parametrise the score network as

n

so(t,x) = Z 55 (1, X)Ei(x). (3.66)

i=1
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The divergence of such a vector field can be computed by

div, V = div, Z fE; (3.67)
i=1
= Y E(f)+ ) fidivy Ei (3.68)
i=1 i=1
= > dfiE) + ) fidivy(Ey). (3.69)
i=1 i=1

df; can be computed with automatic differentiation, although it requires n backward
passes, and we look for sets of vector fields where div, E; is simple to compute
(Falorsi and Forré, 2020, chapter 5).

We use one example of this approach for for Lie groups. For any Lie group G we
can use a set of divergence-free vector fields. We can immediately use a global basis
of smooth frames of size d as Lie groups are parallelisable. This is useful as we can
define a smooth score function using d basis fields.

To construct this let

Ly:G—G, Li(g)=9-9 (3.70)

the left translation of a Lie group. We call a vector field V € T'(TG) on a Lie group
left-invariant if

(dLy)y (Vg = Vyy). (3.71)

For any vector v € T,G, where e € G is the identity element, there exists a left-
invariant vector field V € I'(TG) (Lee, 2013, Chapter 8). We can therefore use any
basis of a single tangent space T.G, (v;)! |, to create a left-invariant global basis of
I'(TG), (E,~)lf1:1 such that E;(e) = v;.

As a result of the left invariance of the basis fields, we have that for any i €
{1,...,d}, divy4(E;) = 0, simplifying the divergence computation in eq. (3.69). Note
that this simplified divergence computation can be extended to any homogeneous
space of G by projecting the divergence free vector fields from the Lie group onto
the homogeneous space, where they remain divergence free.

Further examples of this approach can be found in Falorsi and Forré (2020, chapter
5).

3.2.9. Riemannian score-based generative models. Combining the parametri-
sation of the score function in section 3.2.8 with the score matching losses of
section 3.2.4, the time-reversal formula of theorem 3.6 and the sampling of forward
and backward processes described in section 3.2.6, we define our Riemannian
score-based generative modelling algorithm in algorithm 3.11. This algorithm can
also benefit from a predictor-corrector scheme as in Song et al. (2020b), detail in
section 3.2.7.

In the next two sections we propose two simple additions to this model.
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Riemannian score-based  Algorithm 3.11
generative models

Require: ¢ T, N, {X/"}M_ loss,s, 0o, Niter, pinv, P

1: /// TRAINING ///

2: forn € {0,..., Njter — 1} do

3: Xo ~ (1/M) Z’,\n’le Oxm > Random mini-batch from dataset
4: t~U([eT]) > Uniform sampling between ¢ and T
5: X; = GRW(t, N, Xy, b,I,P) > Approximate forward diffusion with algorithm 3.10
6 £(6,) = (T, N, X, X;,loss,sp,) > Compute score matching loss from table 3.1
7
8
9

: 0,41 = optimizer_update(8,, £(6,)) > ADAM optimizer step

(0% =0 epoch

: /// SAMPLING ///
10: Yo ~ Piny > Sample from uniform distribution
11: by (t,x) = s~(T — t,x) forany t € [0,T], x € M > Reverse process drift
12: {Yk}lkv= 0= GRW(T, N, Yy, bg~, L, P) > Approximate reverse diffusion with

Algorithm 3.10
13: return 6*, {Yk}kN:0

3.2.10. Amortised conditional modelling. We can easily extend Riemannian score-
based generative models to the conditional sampling setting. By amortising the
conditioning of score-based models with respect to an observation y it is possible
to approximately sample from a given posterior distribution.

In the Euclidean setting this idea has been successfully applied for several image
processing problems such as de-blurring, denoising or in-painting (see for instance
Kawar et al., 2021a; Kawar et al., 2021b; Lee et al., 2022; Sinha et al., 2021; Batzolis
et al., 2021; Chung et al., 2022).

Similarly, RSGM can be amortised to handle such situations in the case where
the underlying posterior distribution is supported on a manifold. Practically, this
requires for the score network takes an additional input, i.e sy (¢, x;y), and we
simply train this score function with standard score-matching losses.

3.2.11. Invariant distribution modelling. We can also extend Riemannian score-
based generative models for modelling probability distributions with known in-
variances. Let G be a subgroup of the Riemannian isometries of the manifold being
modelled on, Isomy. We assume that a given data distribution, 7 is invariant under
the action of this group. That is

(g - x) = m(x) (3.72)

for all g € G and x € M. Following Kohler et al. (2020), we have that if pyrior, a
reference distribution, is invariant with respect to G and ¢ : M — M is equivariant
with respect to G, then the pushforward probability density p = pprior © ¢~ is
invariant with respect to G.

Let us consider the probability flow ¢ associated with the reverse diffusion, eq. (3.35),
dX§ = [-b(X}) + Vlog pr_,(X{)| dt + dBM. (3.73)

We know this is also given by the solution of the following ordinary differential
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equation, see section 3.2.5,
1

In order to make the solutions to this ordinary differential equation equivariant
it is sufficient to make the drift of the ordinary differential equation equivariant
(Kohler et al., 2020). This invariance of the modelled density transfers to the reverse
diffusion map as it shares the same time-marginals as the likelihood flow.

To enforce this we require that the drift term b and the Stein score approximation
with a score network sy(t,-) are both equivariant. If we are using a Langevin
dynamics with an invariant target as the noising process then by construction
the drift term will be equivariant to the same transformations as the targeted
distribution is invariant. It is sufficient then to parametrise the score network so
that it is equivariant with respect to its manifold valued argument.

3.3. RIEMANNIAN SCORE-BASED GENERATIVE
MODELLING ON COMPACT MANIFOLDS

Assuming compactness of the manifold M, we can leverage a number of special
properties to implement a specific case of our algorithm.

3.3.1. Forward noising process. In the compact case we can choose U(x) = 0,
giving Brownian motion,

dx, = dBM. (3.75)

This will converge to a density proportional to the Riemannian volume form, sim-

ply the uniform distribution on a compact manifold given by y = /vdo—lgol. This
m ¢V

is well-defined as a compact manifold has finite volume. Regardless of the start-
ing distribution the stochastic differential equation will converge to the uniform
distribution exponentially quickly (Baudoin, 2013).

3.3.2. Learning the score. Targeting the uniform distribution is additionally useful
as the transition kernel of the resulting Langevin stochastic differential equation is
the heat kernel.

Contrary to the Gaussian transition density of Brownian motion in the Euclidean
setting, it is typically only available as an infinite series on compact manifolds.

In order to circumvent this issue we consider two techniques: i) a truncation of
the Sturm-Liouville decomposition, ii) a Taylor expansion around ¢ = 0 called a
Varadhan asymptotics.

Sturm-Liouville decomposition

In the case of compact manifolds the heat kernel can be represented by a Sturm—
Liouville decomposition, see theorem A.58. For any t > 0 and xp,x; € M the
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Varadhan’s asymptotics
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expansion of the heat kernel is given by

prio(xelxo) = ) e (xo)j (x,). (3.76)

jeN

The convergence occurs in L*(vol; ® voly), and (4;);en and (¢;) jen are the eigen-
values, respectively the eigenvectors of —Ay, the Laplace-Beltrami operator (see
appendix A.10.8) on the manifold (Saloff-Coste, 1994, Section 2). When the eigen-
values and eigenvectors are known, we rely on an approximation of the logarithmic
gradient of p;|o by truncating the sum in eq. (3.76) with J € N terms to obtain for
any ¢ > 0 and xy, x; € M

J
Vo, log prjo(x¢lx0) = Syt (x0,x;) = Vy, log Z e M1 (x0)h; (x:)- (3.77)

Jj=0

Under regularity conditions on M it can be shown that for any x,y € M and
t > 0,limy_, 00 Sy ¢ (x0, ;) = Vy, log psjo(x¢|x0) (Jones et al., 2008, Lemma 1). For
many compact manifolds then eigenvalues and eigenvectors are computable, see
appendix A.10.9 for examples of d-dimension tori and sphere.

Varadhan’s asymptotics

When the eigenvalues and eigenvectors are unknown or not tractable, we can still
derive an approximation of the heat kernel for small times ¢. Using Varadhan’s
asymptotics, see Bismut (1984, Theorem 3.8) or Chen et al. (2023, Theorem 2.1), for
any x,y € M with y ¢ Cut(x) (where Cut(x) is the cut-locus of x in M (Lee, 2018,
Chapter 10)) we have that

lim,_,q tVy, log pejo(x:]x0) = exp;tl(xo). (3.78)

It should be noted that Varadhan’s asymptotics are only accurate over small time
scales, and therefore should only be used with £ for small ¢t — s to preserve
accuracy.

Using the previously defined score-matching losses for generic manifolds and the
approximations to the heat kernel in this section, we highlight the various methods
to compute V log p; in table 3.1, along with the requirements to use the losses and
their computational complexity.

Mixture of approximations

One final improvement we can make to these approximations is to use a suitable
mixture of approximations. As demonstrated in figure 3.4, at small diffusion
times Varadhan’s asymptotics are significantly more accurate than the Sturm-
Liouville decomposition with a small truncation. At larger times, the Sturm-
Liouville decomposition is accurate even with a small truncation, but Varadhan’s
asymptotics are quite inaccurate. Using these opposing accuracies, we can first
choose a number of basis functions we wish to use to truncate the heat kernel
with, and then numerically find the diffusion time where Varadhan’s asymptotics
becomes more accurate than the expansion. We can then choose during each
training step the more accurate expression of the heat kernel for the given time
step of the diffusion.
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Loss Approximation Loss function R;qulremer;;sp_l Complexity
£lo X,

None 3 E [Is(X2) = V1og prjo(X: 1 X0) 1] v X o)
bio OSM)  Truncation (3.77) | L E [lIs(Xy) = S7.0(Xo, X)) |I?] bl X 0(1)
Varhadan (3.78) | LE [||s(Xt) — expil(Xo) /t||2] X v o(1)
£ OSM)  Varhadan (3.78) | 1E [lls(Xt) — expil (Xo) /(¢ - s)||2] X v o(1)
£m (ISM) Deterministic E [%||S(Xt)||2 + div(s) (Xt)] X X o(d)
t Stochastic E [3lIs(X)II? + T as(X,)e| X X oQ1)

Table 3.1. Computational complexity of score matching losses with respect to score network forward and backward
passes. ¢ is a random variable on Tx, M such that E[¢] =0 and E[ee"] = 1.

t=0.01 t=0.1 t=3
154 1.5 0.09 q " ——
> 0.08 4 Sturm-Liouville (5)
£ 101 1.0 1 . .
5 . Sturm-Liouville (10)
GCJ 0.079 === Sturm-Liouville (50)
o 1 i -
5 0.5 0.06 1 Varadhan development
01= ; 0.0 . i R Kl
-n/4 0 /4 —n/4 0 /4 —n/4 0 /4
Signed distance(xg, x) Signed distance(xg, x) Signed distance(xg, x)

Figure 3.4. Slice of heat kernel p;|o(x;|x9) on S? for different approximations.

3.3.3. Convergence results in the compact setting. We now provide a theoretical
analysis of Riemannian score-based generative models under the assumption that
M is compact. The following result ensures that Riemannian score-based genera-
tive models generates samples whose distribution is close to the data distribution
result relies on the following assumption, which is satisfied for a large class of
manifolds M such as the d-dimensional sphere and torus, compact matrix groups
and products of these manifolds.

ASSUMPTION 3.12. There exist C,a > 0 such that for anyt € (0,1] and x € M,
Prjo(xlx) < Ct=%/2, where pr1o(+|x0) is the density of the heat kernel, i.e. the density
ofow with initial condition x, 2.

THEOREM 3.13. Assume assumption 3.12, that py is smooth and positive and that there Error bound on the

existsM > 0 such that for anyt € [0,T] andx € M, ||sg»(t,x) — Vlog p;(x)|| < M, learnt density of a

with sgx € c([0,T], X(M)). Then if T > 1/2, there exists C > 0 independent on T  Riemannian socre-based

such that gerneative model
Wi (LX), po) = Cle™ T +[T/2M+eTy!?), (3.79)

where W is the Wasserstein distance of order one on the probability measures on M.

The proof is postponed to Appendix C.4. In particular, for any ¢ > 0, choosing

2The diagonal upper-bound is implied by Sobolev inequalities which control of the growth of
some functions by the growth of their gradient. Assumption 3.12 is satisfied in our experiments, see
Saloff-Coste (1994) and Gross (1992).
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Ingredient \ Space Euclidean ‘Generic’ Manifold Compact Manifold
Forward process dX; = -1X,dt + dBM ~1Vx,U(X;)dt + dBM dBM
Easy-to-sample distribution Gaussian Wrapped Gaussian Uniform
Time reversal Cattiaux et al. (2023) Theorem 3.6
Sampling forward process Direct Geodesic Random Walk (Algorithm 3.10)

Sampling backward process ~ Euler-Maruyama Geodesic Random Walk (Algorithm 3.10)

Table 3.2. Differences between SGM on Euclidean spaces and Riemannian score-based generative models on Riemannian

manifolds.

Stereographic baseline
model

T > 0 large enough, M small enough (which can be achieved using the universal
property of neural networks) and y small enough, we get that Wy (L(X§,), po) < ¢.
This result might seem weaker than the result obtained for Moser flows in Rozen
et al. (2021, Theorem 3), but we emphasize that our bound takes into account the
time-discretization contrary to Rozen et al. (2021) which considers the continuous-
time flow. If we consider the time-reversed continuous-time stochastic differential
equation then we recover a bound in total variation distance, see Appendix C.4.
Note that the upper bound M encompasses both the bias introduced by the use of
a neural network and the bias introduced by the use of an approximation of the
score.

3.3.4. Comparison of score-based model types. Finally, in table 3.2 we sum-
marised the main differences between score based models on Euclidean space,
general Riemannian manifolds, and compact Riemannian manifolds.

3.4. EXPERIMENTS

In this section we benchmark the empirical performance of Riemannian score-based
generative models along with other manifold-valued methods, Peel et al. (2001),
Rozen et al. (2021), and Mathieu et al. (2019). We also compare to a ‘stereographic’
score-based model, introduced in section 3.4.1. First, we assess their modelling
capacity on earth and climate science spherical data. Then, we test the methods’
scalability with respect to manifold dimensions with a synthetic experiment on
the torus T¢. Finally, we evaluate the models’ regularity and time complexity
with a synthetic SO3;(R) target. Additional experimental details are provided in
Appendix C.6. The code used to run the experiments can be found at HTTPs:
//GITHUB.COM/OXCSML/RIEMANNIAN-SCORE-SDE.

3.4.1. Stereographic baseline method. Here we briefly present the stereographic
baseline model used in our experiments. This is a novel method, and an alternative
to a fully intrinsic Riemannian score based method, instead relying on a non-
bijective mapping between the manifold and Euclidean space, where we can use
typical score-based modelling methods. The purpose is to demonstrate the benefits
of incorporating geometry in to score-based models correctly.

We use as an example here for presentation the sphere, but the method can be used


https://github.com/oxcsml/riemannian-score-sde
https://github.com/oxcsml/riemannian-score-sde

3.4 EXPERIMENTS

METHOD TRAINING LIKELIHOOD EVALUATION SAMPLING

RCNF Solving ODE O(dN) Solving augmented ODE O(dN)  Solving ODE O(N)
MosEgR FLow | Computing div O(dk) or O(k)  Solving augmented ODE O(dN)  Solving ODE O(N)
RSGM Score matching O(d) or O(1)  Solving augmented ODE O(dN) Solving SDE O(N*)

Table 3.3. Summary of computational complexity (with respect to neural network forward and backward passes) for
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different methods. d is the manifold dimension, k the number of Monte Carlo batches in Moser flow’s regulariser, N is
the number of steps in the (adaptive) ODE solver, whereas N* is the number of steps in the SDE Euler-Maruyama solver—
which can usually be lower than N. Moser flow and Riemannian score-based generative models training complexity
varies if the Hutchinson stochastic estimator is used. See table 3.1 for score matching losses’ complexity.

on other manifolds.
In general these models work as follows:

1. Project the data points from the manifold, up to a set of measure zero, A,
to Euclidean space through an invertible function f : M \ A — R¢. This
function should cover Euclidean space and be a smooth function. For example
for the sphere we use the stereographic projection of the earth onto the plane,
which misses out a single point at the pole.

2. Train a Euclidean score-based generative model on the data points projected
to Euclidean space, giving a density py on R¢ (where 6 are the parameters
of the density).

3. Define the density on the manifold as the pushforward of the density in
Euclidean space under the inverse of the bijection, Py o = f. ' pe.

One can also apply these models to tori. By using the bijection f : 6 — tan(6) we
can project each coordinate of a torus onto the real line.

This method is inspired by the approach taken in Gemici et al. (2016) to place
normalizing flows on spheres and tori.

In general, we found that these models perform less well than their intrinsic
counterparts. In order to map density near the seams of the bijection, it requires the
model to send data points off to infinity in the Euclidean space. This is numerically
challenging and leaves artefacts in the pushforward density on the manifold. In
addition, the models tend to under and overestimate the density of densities in
regions warped by the map onto Euclidean space.

3.4.2. Geologic and weather datasets on the sphere. We start by evaluating
Riemannian score-based generative models on a collection of simple datasets, each
containing an empirical distribution of occurrences of geologic and weather events
on the surface of the earth. These events are: volcanic eruptions (NGDC/WDS),
2022b), earthquakes (NGDC/WDS), 2022a), floods (Brakenridge, 2017) and wildfires
(EOSDIS, 2020).

We compare to previous baseline methods: Riemannian Continuous Normalizing
Flows (Mathieu and Nickel, 2020), Moser Flows (Rozen et al., 2021), a mixture

of Kent distributions (Peel et al., 2001), and our stereographic baseline method.
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(a) Volcano (b) Earthquake (c) Flood (d) Fire

Figure 3.5. Trained score-based generative models on earth sciences data. The
learned density is coloured green-blue. Blue and red dots represent training and
testing data points, respectively.

We evaluate the log-likelihood of each model, extending to the manifold setting
the likelihood computation techniques of score based generative models, see Sec-
tion 3.2.5.

Table 3.4 shows that all benchmarked methods have comparable performance
when evaluated on these simple tasks with Riemannian score-based generative
models performing marginally better on most datasets. However, we empirically
notice that Moser flows are slow to train and additionally that both Moser flows
and stereographic score based generative models are computationally expensive to
evaluate. Figure 3.5 visually compares the fits of Riemannian score based generative
models to the data.

METHOD VoLcANO EARTHQUAKE FrLoop FIRE
MIXTURE OF KENT —0.8040.47 0.33.0.05 0.73+0.07 —1.1840.06
RiemanNiaN CNF —6.0540.61 0.14.9.03 1.1140.19 —0.80.40.54
MosEgR FLow —4.2149.17 —0.1640.06 0.5740.10 —1.28.49.05
STEREOGRAPHIC SCORE-BASED  —3.80.¢.27 —0.194005 0.594007 —1.2840.12
RIEMANNIAN SCORE-BASED —4.92.0.25 —0.194¢.07 0.4540.17 —1.33.40.06
DATASET S1ZE 827 6120 4875 12809

Table 3.4. Negative log-likelihood scores for each method on the earth and climate
science datasets. Bold indicates best results (up to statistical significance). Means
and confidence intervals are computed over 5 different runs. Novel methods are
shown with blue shading.

3.4.3. Synthetic data on tori. We now move to another manifold, that is the torus
T? = S x--- x S, to assess the scalability of the different methods with respect
to the dimension d.

The main method we compare to is Moser flows (Rozen et al., 2021) as it was the
most competitive method in the previous experiment. As a target distribution we
consider a wrapped Gaussian on T¢ with a random mean and unit variance. Moser
flows’ (Rozen et al., 2021) loss involves a regularization term which involves an
integral over the manifold, approximated by a Monte Carlo estimator with uniform
proposal. This term regularizes Moser flows towards probability measures i.e. with
unit volume. We therefore expect Moser flows to fail in high-dimension as the
number of samples K required for the MC estimator to be accurate will grows
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M =16 M =32 M =64
METHOD
LOG-LIKELTHOOD NFE LOG-LIKELIHOOD NFE LOG-LIKELIHOOD NFE
MoseR FLow 0.8540.03 23405 0.17+0.03 23409 —0.4910.02 7.3414
Exp-wRAPPED SGM 0.8740.04 0.5401 0.16.0.03 0.540.0 —0.58.40.04 0.540.0
RSGM 0.8940.03 0.1400 0.204003 0.1400 —0.494002 0.1490

Table 3.5. Test log-likelihood and associated number of function evaluations (NFE) in 10° on the synthetic
mixture distribution with M components on SO3;(R). Bold indicates best results (up to statistical significance).
Means and standard deviations are computed over 5 different runs. Novel methods are shown with blue

shading.

as O(ed). Additionally, the memory required to compute this estimator grows
either in O(Kd) for exact divergences or O(K) for approximated divergences (see
table 3.3).

In figure 3.6, we observe that Riemannian score-based generative models are able
to fit the target distribution well even in high dimension, with a linear or constant
computational cost—depending on the divergence estimator. In contrast, Moser
flows scale poorly with the dimension, to the extent that we are unable to train
them for d > 10. This is due to the combination of the complexity which grows
linearly with both the dimension d and the number of MC samples K, which itself
ought to grow exponentially with d—as discussed in the previous paragraph. This
is illustrated by the gap between the ‘Moser’ and ‘ODE’ likelihoods which increases
with the manifold dimension (see left Figure 3.6).
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Figure 3.6. Comparison of Moser flows and Riemannian score-based generative models training speed and
performance on the synthetic high-dimension torus task. Moser flows trained with Ay, = 1. We report two
likelihoods, the ‘Moser’ closed form density—not guaranteed to be normalized—and the ‘ODE’ likelihood given
by solving an augmented ODE (as in CNFs) with the vector field induced by the Moser flow density—which is
guaranteed to have unit volume.
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(a) Histograms of SO3(R) samples from a target mix-
ture distribution with M = 4 components, repre-
sented via their Euler angles.
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Figure 3.7. Trained score-based generative models on synthetic SO;(R) data.

3.4.4. Synthetic data on the Special Orthogonal group. In order to demonstrate
the broad range of applicability of our model we now turn to the task of density
estimation on the special orthogonal group

SO(d) = {Q e R . QQT =1, det(Q) = 1}. (3.80)

We consider the synthetic dataset consisting of samples in SO3(R) from a mixture of
wrapped normal distributions with M components. We compare Riemannian score-
based generative models against Moser flows and a wrapped-exponential baseline
inspired by Falorsi et al. (2019)—where we parametrise a standard Fuclidean SGM
on $0(3) that is then pushed-forward on SO(d). Riemannian score-based generative
models are trained using the £;y (DSM) loss with the Varadhan approximation (see
table 3.1).

In addition to demonstrate the conditional modelling extension described in sec-
tion 3.2.10, we model the distribution conditioned on the wrapped normal modes
that a sample came from.

From table 3.5 we observe that, Riemannian score-based generative models perform
consistently, whether the target distribution has few or many mixture components
M, as opposed to Exp-wrapped SGMs and Moser flows which only perform well
in some range of M. Similarly to section 3.4.3, we find Moser flows to be much
slower to train due to the large number of Monte Carlo samples needed in the
regulariser (K = 10*). We also note from table 3.5 that the number of score network
evaluations (NFE) is significantly lower for Riemannian score-based generative
models, and is particularly detrimental for Moser flows (> 10%).

3.4.5. Deeper comparison with Moser flows. Having observed the empirical
poorer performance of Moser flows (Rozen et al., 2021) in the previous experiments,
sections 3.4.3 and 3.4.4, we now analyse this discrepancy from a theoretical angle.
In Moser flows and score-based models we are aiming to interpolate between two
distributions, pgata and pprior. In Moser flows this is given by the linear interpolation,

moser

P = tpprior + (1 - t)Pdata’ (3.81)
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assuming we are interpolating over the time interval t € [0,1]. By contrast in
score-based models the interpolated density is given by

p(tiiffusion:/pdata(x)ptlo(.p() dX. (3.82)

These interpolations are compared in figure 3.8.

Moser flow Score-based generative model
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Figure 3.8. Interpolated density between the reference ppior = N(0, 1) and target
Pdata = N(8, 1) distributions.

The difference between these two approaches is that Moser flows perform interpo-
late in density space, whereas score-based models interpolate in sample space. In-
terpolation in the density space results in spontaneous creation of density, whereas
interpolation in sample space corresponds to a displacement of the density. In
that respect, Moser flows can be seen as performing vertical displacement whereas
score-based models correspond to horizontal displacement, see Santambrogio (2017).

There is a significant drawback with the ‘spontaneous creation of density’ of Moser
flows. When solving trajectories in sample space— as we typically do for sampling
or likelihood evaluation purposes—the Stein score’s amplitude can get extremely
high where the prior and target distributions have little overlap as shown on
figure 3.9. This results in very stiff differential equations to solve, resulting in high

Moser flow Score-based generative model
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Figure 3.9. Expected norm of the Stein score along trajectories interpolating
between reference and target p, = N(a, 1) distributions for different target mean.

numbers of function evaluations needed and poorer rollout accuracy. Additionally,
it makes learning the vector field parametrising the flow more challenging.

This gives us an additional reason, beyond the difficulty of enforcing the divergence
free vector field condition required by Moser flows, to prefer the framework of
score-based models.
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3.4.6. Synthetic data on hyperbolic space. Finally, we demonstrate Riemannian
score-based generative models on a non-compact manifold: the two-dimension
hyperbolic space H?, which is defined as the simply connected space of constant
negative curvature. We use Langevin dynamics as the noising process and target
a wrapped Gaussian as the invariant distribution. We again consider a synthetic
dataset of samples from a mixture of exp-wrapped normal distribution. From
figure 3.10, we can qualitatively see that both score-based models are able to fit
the target distribution.

- P -

(a) Target distribution.  (b) Exponential wrapped (c) Riemannian score-
score-based  generative based generative models.
models.

Figure 3.10. Samples from different probability distributions on H? coloured with
respect to their density.

3.5. CONCLUSION

In this chapter we introduced Riemannian score-based generative models, a class
of deep generative models that represent target densities supported on Riemannian
manifolds, as the time-reversal of Langevin dynamics. The main benefits of our
method stems from its scalability to high dimensions, its applicability to a broad
class of manifolds due to the diversity of available loss functions, and crucially
its capacity to model complex datasets while incorporating the geometry of the
data. We also provided theoretical guarantees on the convergence of these models.
There is a large class of manifold that we cannot target with this method however,
namely manifolds with boundary (see definition A.5). The next chapter of this
thesis focuses on this unresolved case.
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CONSTRAINED DOMAINS

Work in this chapter is based on

N. Fishman, L. Klarner, V. De Bortoli, E. Mathieu, and M. J. Hutchinson. Diffusion
Models for Constrained Domains. Transactions on Machine Learning Research,
2023.

and has been rewritten for this thesis with additional material.
Personal contributions:
1. Project conception with Valentin, Nic.

2. Development of practical approaches with Nic, Leo, Valentin, including the
problem-specific details.

3. Development of the code with Nic and Leo.
4. Running experiments: Robotics experiment.

5. Supervision of the project.

4.1. INTRODUCTION
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Figure 4.1. The behaviour of different types of noising processes considered in this chapter defined on the

unit interval. B;: Euclidean (unconstrained) Brownian motion. B;: Log barrier forward noising process. B;:
Reflected Brownian motion. All sampled with the same initial point and driving noise. Black line indicates the
boundary.

KEY ASSUMPTION made in the previous chapter when generalising score-based
models to Riemannian manifolds is that the stochastic processes considered
as noising processes are defined for all times. While this holds for a large class of
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stochastic processes and manifolds, it is not the case for most manifolds with bound-
ary defined via a set of inequality constraints. The key assumption that allowed this
to hold was that the manifolds were geodesically complete (see appendix A.10.5).

For instance, in the case of the hypercube, (-1, )¢ equipped with the Euclidean met-
ric, the Riemannian Brownian motion coincides with the Euclidean d-dimensional
Brownian motion (B;);e(o,r} as long as B; € (—1,1). However, with probability
one (B;);»¢ escapes from (-1, 1%, meaning that the Riemannian Brownian motion
is not defined for times after this escape, and the framework of the chapter 3 does

not apply.

Such constrained manifolds comprise a wide variety of settings—including polytopes
and convex sets of Euclidean spaces—and are studied across a wide range of
disciplines, ranging from computational statistics (Morris, 2002), robotics (Han
and Rudolph, 2006) quantum physics (Lukens et al., 2020), and computational
biology (Thiele et al., 2013). Deriving principled diffusion models that are able to
operate directly on these manifolds is thus of significant practical importance. This
enables generative modelling in data-scarce and safety-critical settings in which
constraints on the modelled domain may reduce the number of degrees of freedom
or prevent unwanted behaviour.

As sampling problems on such manifolds are important, a flurry of Markov chain
based methods have been developed to sample from unnormalised densities (Kook
et al,, 2022; Heirendt et al., 2019). Successful algorithms include the reflected
Brownian motion (Williams, 1987; Petit, 1997; Shkolnikov and Karatzas, 2013), log-
barrier methods (Kannan and Narayanan, 2009; Lee and Vempala, 2017; Noble et al.,
2023; Kook et al., 2022; Gatmiry and Vempala, 2022; Lee and Vempala, 2018) and
hit-and-run approaches in the case of polytopes (Smith, 1984; Lovasz and Vempala,
2006).

In this chapter, we study the generative modelling counterparts of these algorithms
through the lens of diffusion models. Among existing methods for statistical sam-
pling on constrained manifolds, the geodesic Brownian motion (Lee and Vempala,
2017) and the reflected Brownian motion (Williams, 1987) are continuous stochastic
processes, and thus well suited for extending the continuous Riemannian diffusion
framework developed in the previous chapter. In particular, we introduce two
principled diffusion models for generative modelling on constrained domains based
on

(i) the geodesic Brownian motion, leveraging tools from the log-barrier methods,
discussed in section 4.2, and

(ii) the reflected Brownian motion, discussed in section 4.3.

In both cases, we show how one can extend the ideas of time-reversal and score
matching to these settings. We demonstrate the practical utility of these methods
on a range of tasks defined on convex polytopes and the space of symmetric
positive definite matrices, including the constrained conformational modelling of
proteins and robotic arms. While both models extend classical diffusion models to
inequality-constrained settings, they exhibit very different behaviours. We discuss
their practical differences in section 4.6.
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Figure 4.2. A convex polytope defined by six constraints {f;};c 7, along with the
log barrier potential, and geodesics under the log-barrier metric and under the
Euclidean metric with and without reflection at the boundary.

4.1.1. Technical setting. In this chapter, we are concerned with what we shall
term constrained manifolds. More precisely, given a Riemannian manifold (N, h),
we consider a family of real functions {f; : N — R};cs indexed by 7. We then
define

M={xeN : fi(x)<0,iel}, (4.1)

and derive models such that their densities are constrained to be in the set M.

In this scenario, {f;};c s are interpreted as a set of constraints on N. For example,
choosing N = R and affine constraints f;(x) = (a;, x) — b;, x € R?, we get that
M is an open polytope as illustrated in figure 4.2. This setting naturally appears
in many areas of engineering, biology, and physics (Boyd et al., 2004; Han and
Rudolph, 2006; Lukens et al., 2020).

This setting is very similar to that of a manifold with boundary (see definition A.5).
If the interior of the constraints form an open set on the manifold then we can
consider this as exactly as a manifold with boundary. We consider the constraints
in the way set out as it allows us to consider a slightly larger setting of constraints.
In light of this we term the set

oM={xe M : fi(x)=0foranyi e Iand fi(x) # 0foranyi e I} (4.2)

the boundary, although this slightly abuses the terminology of a manifold with
boundary.

While the two methods we introduced in this chapter can be applied to arbitrary
constraints, in our applications we focus on two specific settings:

(a) polytopes—N = R? with linear boundaries forming a convex set,

(b) symmetric positive definite matrices (SPD) under maximum trace conditions—
N = 8%, a quadratic boundary on the elements of the matrix.

4.2. LOG-BARRIER DIFFUSION MODELS

First we consider a method based on barrier methods. Barrier methods work by
constructing a smooth potential ¢ : M — R such that it blows up on the boundary
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Original space ’ Constrained space ‘
N.h) || M. V%)

dX; = 3 div(g™)(X,) dt + g(X;)""/? dB,

Figure 4.3. Convergence of the barrier Langevin dy- Figure 4.4. Illustrative diagram of the barrier method
namics on the unit interval to the uniform distribution. and the change of metric.

Log barrier methods

of a desired set, see Nesterov et al. (2018). Such potentials are at the basis of interior
methods in optimisation (Boyd et al., 2004).

For a single boundary, dM to define a barrier function it is sufficient to be able to
measure the distance to the boundary,

= mi 4.
d(x,oM) yrg;%d(x,y), (4.3)

and a monotone decreasing function ¢ : R* — R such that lim,_,y ¢(z) = oo (plus
some technical conditions, see (Nesterov and Nemirovskii, 1994)). We can then
define the barrier function as ¢(d(x, IM)).

In the setting with multiple constraints we can define the barrier as
¢(mind(x, f)), (4.4)
where f; is the set defined by f;(y) = 0,y € N. We can also define the barrier as
> bld(x, £)). (4.5)
iel

If ¢ is smooth this guarantees the barrier function to be smooth, unlike the first
construction.

Of the functions we can choose for ¢, ¢(x) = —log(x), is the most common, and
methods based off this are known as log barrier methods (Lee and Vempala, 2017).

In general solving the minimum distance to the boundary of a set is a highly
non-trivial optimisation problem. Linear boundaries are one case which admits a
simple closed form. For a convex polytope M defined by the constraints Ax < b,
with A € R™9 and b € R™, giving m constrains, the distance to i boundary is
given by

d(x, f;) = (A, x) — b;. (4.6)

The log barrier ¢ : M — R, is therefore given by
$(x) == > log((A; x) = b), (47)
i=1

assuming that ||A;|| = 1.

The core idea of barrier methods is to ‘warp the geometry’ of the constrained space,
stretching it as the boundary is approached so it is never hit. This bypasses the
need to explicitly deal with the boundary.
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4.2.1. Hessian metrics. Let us assume that ' = R, that the constraints (f;),. s
form a convex compact set, and that we have a barrier function ¢ which is strictly
convex and smooth on M, the interior of the constraints.

Assuming this, the Hessian V24 is positive definite and thus defines a valid Rieman-
nian metric on M. We endow M with g = V?¢ as a Riemannian metric, making it
into a Hessian manifold (Shima and Yagi, 1997). It can be proved that for such a
metric the resulting exponential map is defined on the whole tangent space for all
points and therefore the manifold (M, V2¢) is a manifold without boundary (Lee
and Vempala, 2017).

In the special case where the barrier is given by eq. (4.7), we get for any x € M
g(x) = ATS7?(x)A with S(x) = diag(b; — (A, x));. (4.8)

While developed and most commonly used in optimisation, barrier methods can
also be used for sampling (Lee and Vempala, 2017).

4.2.2. Forward noising process. Let us consider a compact set of Euclidean space
equipped with a Euclidean metric, a set of constraints, and a Hessian non-Euclidean
metric described above.

We consider the following Langevin dynamics, relative to the Euclidean metric, as
a forward process

dX, = 1div(g™")(X,)dt + g(X,) 7 dB,, (4.9)

where the divergence of the metric divg~! is given by the generalisation of the
divergence to tensor fields (see appendix A.10.2). On Euclidean space this is given
by the column-wise divergence of g~!.

Under mild assumptions on M, div(g™!) and g~ we get that (X;);> is well-defined
and for any t > 0, X; € M. In particular, for any ¢t > 0, X; does not reach the
boundary.

In addition, (X};);»0 is irreducible as a Markov process. Hence, assuming that M
is compact, the uniform distribution on M is the unique invariant measure of
the process (X;);»0 and (X;);>o converges to the uniform distribution as t — oo,
giving us a tractable reference distribution for score-based modelling. We refer the
reader to appendix D.2 for a proof of these results.

This stochastic process was first proposed by Lee and Vempala (2017) in the context
of efficient sampling from the uniform distribution over a polytope. Under similar
conditions, X; admits a density p, with respect to the Lebesgue measure, and we
have that

apr = 3Tr(g~'VPpy). (4.10)

4.2.3. Time-reversal. Assuming that g~! and its derivative are bounded on M,
the time-reversal of eq. (4.9) is given by theorem 3.5, in particular we have

1 1
dXx; = [—Ediv(g_l) +div(g ) +g ' Viog pr_(XF) |dt + g(XF)"2dB;  (4.11)

1 1
= [Ediv(g_l) +¢ 'V log th} (X5)dt + g(X$) 2dB,. (4.12)
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X is initialised with the uniform distribution on M (which is close to the one of
X for large T).

We refer to section 4.4 for details on the training and parametrisation of the score
function.

4.2.4. Sampling. Sampling from the forward eq. (4.9) and backward eq. (4.12)
processes, once the score is learnt, requires a discretisation scheme. We use geodesic
Geodesic random walks  random walks (see section 3.2.6) for this purpose, introduced in section 3.2.6.

However, contrary to the previous chapter, we will not have access explicitly to the
exponential map of the Hessian manifold. Instead, we rely on an approximation,
using a retraction in place of the explicit exponential map. A retraction takes
a step in a given direction with a first order approximation of the exponential
map, and if the sample ends outside the constraints it is projected back inside the
constraints. See Absil and Malick (2012) and Boumal (2023) for a deeper discussion
and alternatives.

4.2.5. Extending the technical results. In this section we have made two strong
assumptions: that the underlying manifold is a Euclidean space, and that the set of
constrains form a compact, convex set.

Relaxing the assumption that the underlying manifold is a Euclidean space seems
possible as there exists results on Hessian metrics for non-flat space, e.g. see
Sustretov (2022), but these results are not well-developed in a general setting.

Relaxing the compact assumption is possible if we can factorise the space into a
compact set and an unconstrained set. We can then apply the method in this section
to the constrained part and the method from chapter 3 to the unconstrained part.
Relaxing the compact assumption when this is not the case would be challenging
as the definition of a suitable reference distribution would become difficult.

Relaxing the convexity assumption is likely to be difficult, but possibly if one
can find a suitable way of defining a Hessian metric and proving the geodesic
completeness of such a manifold. It is likely other assumptions would be required
on the set, such as being star-shaped.

4.3. REFLECTED DIFFUSION MODELS

/]

dB, = dB, — dk, e

Figure 4.5. Left: Convergence of the reflected Brownian motion on the unit interval to the uniform distribution.
Right: Value of |k|, for the trajectory samples on the left through time.

Another approach to deal with the geometry of M is to use the standard metric
h and forward dynamics of N, constraining it to M by reflecting the process
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whenever it would encounter a boundary. This results in a reflected stochastic
differential equation. We will first assume that M is compact and convex. To
simplify the presentation we focus on the Euclidean case N' = R? with smooth
boundary oM*.

The key difference between this approach and the barrier approach is that in the
reflected case we leave the geometry unchanged. All we need to do is show that the
dynamics induced by reflecting the forward process whenever it hits the boundary
leads to an invariant distribution and admit a time-reversal.

It is worth noting that while barrier approaches have received considerable the-
oretical attention in the sampling literature (Lee and Vempala, 2017; Noble et
al., 2023), reflected methods have remained comparatively undeveloped from the
methodological and practical point of view.

In the next section, we recall the technical basics of reflected stochastic processes.

4.3.1. Skorokhod problem. We define a reflected Brownian motion as the solution
to the Skorokhod problem. A solution to the Skorokhod problem (Skorokhod, 1961)
consists into two coupled processes (B, k;);>o. (Bt)s>o acts locally as a Euclidean
Brownian motion, (B;);>0, and (k;);>o compensates for the excursion of (B;);>¢
outside the boundary so that (B;);»¢ remains in M.

We say that (By, k;);»o is a solution to a specific Skorokhod problem if (k;);>o and
(B:)s>0 are two processes satisfying mild conditions, see appendix D.3, such that
forany t > 0,

Bt = B() +Bt - kt S M, (413)
and

1. |k|; = /Ot 15.comdlkls, where 1 is the indicator function, and

2. ke = [ n(By)dlkl,,

where (|k|,)>0 is the total variation of (k;);>¢ and n is the outward normal vector

field to M2

When (B;);>¢ hits the boundary, the first condition, k; = /()t n(B;)d|k|, tells us
that —k; “compensates” for B; by pushing the process back into M along the inward
normal —n(Bjs). The second condition, |k|, = fot 15,comdlk|s can be interpreted as
k; being constant when (B;);>¢ does not hit the boundary. As a result (B;);»( can
be understood as the continuous-time counterpart to a reflected Gaussian random
walk. The process (k;);>o can be related to the notion of local time (Revuz and Yor,

2013) and quantifies the amount of time (B;);>( spends at the boundary oM.

Lions and Sznitman (1984, theorem 2.1) ensure the existence and uniqueness of
a solution to the Skorokhod problem. One key observation is that the event
{B; € dM} has probability zero (Harrison and Williams, 1987, Section 7, Lemma
7).

IWWe refer to appendix D.6 for a definition of smooth boundary.
2We extend the normal n to the whole space by letting n(x) = 0 if x ¢ IM.
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As in the unconstrained setting, one can describe the dynamics of the density of B;.

PROPOSITION 4.1. For anyt > 0, the distribution of B; admits a density with respect
to. the Lebesgue measure denoted p;. In addition, we have for any x € int(M) and
X9 € oM

9P (x) = 3Api (%), Onpi(x0) =0, (4.14)

where we recall that n is the outward normal to M.
Proof. Burdzy et al. (2004, theorem 2.2) [

Note that contrary to the unconstrained setting, the heat equation has Neumann
boundary conditions, that the change in density on the boundary is tangential to
the boundary.

As a consequence of proposition 4.1, similar to the compact Riemannian setting
(Saloff-Coste, 1994), it can be shown that the reflected Brownian motion converges
to the uniform distribution on M exponentially fast (Loper, 2020; Burdzy et al.,
2006), see section 4.3. Hence, (B;);>( is a candidate for a forward noising process
in the context of diffusion models.

4.3.2. Time-reversal. In order to extend the diffusion model approach to the
reflected setting, we need to derive time-reversal for (B;);e[o,r]- Namely, we need
to characterise the evolution of (X§);c[01] = (Br-¢):e[0,7]- It can be shown that
the time-reversal of (B;);e[or] is also the solution to a Skorokhod problem.

THEOREM 4.2. There exist (k);>o a bounded variation process and a Brownian motion
(B;)¢s>o such that

t
X¢ = XS+ B, + / V log pr_s(X6)ds — k¢ (4.15)
0

In addition, for anyt € [0,T] we have
t t
K15 = [ txeondikls, ki= [ nOXdKE (@16
0 0

Proof. Appendix D.6. ]

This proof follows Petit (1997) which provides a time-reversal in the case where
M is the positive orthant. It is based on an extension of Haussmann and Pardoux
(1986) to the reflected setting, with a careful handling of the boundary conditions.
In particular, contrary to Petit (1997), we do not rely on an explicit expression of
p; but instead use the intrinsic properties of (k;);»o.

Informally, theorem 4.2 means that the process (X7 );c[o,7] satisfies
dX; = Vlog pr_;(X;)dt + dB; — dkj, (4.17)

which echoes the usual time-reversal formula of theorem 3.5. In practice, in order
to sample from (X7});e[07], one needs to consider the reflected version of the
unconstrained dynamics dX§ = Vlog pr_,(X§)dt + dB;.
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Algorithm 4.3 Discretisation of the stochastic differential equation dX; =
b(t,X;)dt + dB; — dk;.

Require: T (simulation time), N (number of steps), X(’)/ (initial point), {fi}icr
(boundary functions)
y=T/N
fork € {0,...,N—1} do
Ziw1 ~ N(0,T)
X};H = ReflectedStep [XIZ, VY Zis1s {fitier] > See algorithm 4.4.

VAN
return {X },_

Algorithm 4.4 The algorithm operates by repeatedly taking geodesic steps until
one of the constraints is violated or the step is fully taken. Upon hitting the
boundary we parallel transport the tangent vector to the boundary and then reflect
it against the boundary. We then start a new geodesic from this point in the new
direction. The arg intersect; function computes the distance one must travel along
a geodesic in direction s until constraint f; is intersected. For a discussion of
boundary intersection, paralleltransport, exp, and reflect please see section 2.1.3.
Require: x € M, v € TM, {fi}ier

£ oll,

s ool

while ¢ > 0 do

d; = arg min;cr+ exp,,(tv) € 9f; > Boundary intersection.
i < argmin; d; s.t. d; > 0 > Select minimum boundary distance.
o «— min(d;, ) > Minimum distance to boundary or end of transport.
x"  expy(x, as) > Exponential map step.
s « paralleltransport, (x,s,x") » Transport tangent vector to the boundary.
s « reflect(s, f;) > Reflect on the boundary.
t—{—a > Reduce step size by distance travelled.
x —x
return x

4.3.3. Sampling. In practice, we approximately sample the reflected dynamics by
considering the Markov chain given by algorithm 4.3. We refer to Pacchiarotti
et al. (1998) and Bossy et al. (2004) for weak convergence results on this numerical
scheme in the Euclidean setting. This makes use of a discretised reflection step,
detailed in algorithm 4.4.

4.3.4. Likelihood evaluation. It is possible to extend the likelihood ordinary dif-
ferential equation approach to computing the likelihood of a model sample in the
reflected Brownian motion case, similar to section 3.2.5.

PROPOSITION 4.5. Assume that M C R is a bounded open set with smooth boundary.
Assume that (t,x) — Vlog p;(x) is smooth on [0, +00) X IM.

Let (B;);»0 be the reflected Brownian motion with By ~ po smooth and supported in
M. Let (X;)>0 be given for anyt > 0 by
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Figure 4.6. Reflection against a linear boundary. For a step s with magnitude
|s| and direction § the distance to the boundary described by the normal 7 and

offset bis d = % The reflected direction is given by § = § — 2(3, A).

Figure 4.7. Reflection against a spherical boundary. For a sphere of radius r,
the distance to the boundary from x; in direction s is given by d = %((§, x:)%+

4(r? — |lx||*)? - %<§, x¢). The normal at the intersection can be computed
as the unit vector in the direction —2(d$ + x;), and then §’ as above.

and Xy ~ po, where p; denotes the density of B; with respect to. the Lebesgue measure
foranyt > 0. Then for anyt € {0,T}, B; and X; have the same distribution.

Proof. Appendix D.5 ]

4.3.5. Extending the technical results. In this section we have made three strong
assumptions: that the underlying manifold is a Euclidean space, and that the set of
constrains form a compact, convex set, and that the boundary of the set is smooth.

Relaxing the assumption that the underlying manifold is a Euclidean space seems
possible as the definition of Skorokhod problems extends naturally to the Rieman-
nian manifold setting. The main difficulty in analysing Skorokhod problems is
careful analysis of the behaviour on the boundary, which should be possible on
manifolds. There exists little literature on this topic at present, however.

Similar to the barrier methods, relaxing the compact assumption is possible if we
can factorise the space into a compact set and an unconstrained set.

Relaxing the convexity assumption is likely to be difficult, and would require
significant new results on the convergence of reflected Brownian motion on non-
convex sets. This may be possible with other assumptions on the set, such as being
star-shaped.

Relaxing the smoothness assumption is also likely to be very difficult as the tech-
nical complexity of dealing with such boundaries becomes high. We note however

Figure 4.8. Left: A square with non-smooth corners. Right: A square with
e—smoothed corners.
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that this is not a significant practical limitation. For any non-smooth regions of a
boundary, for example a corner, we can apply an e—smoothing to the corner to
make the boundary smooth, resulting in extremely minor practical differences, see
figure 4.8.

4.4. TRAINING AND PARAMETRISING SCORE
FUNCTIONS FOR CONSTRAINED DIFFUSIONS

In order to train log-barrier and reflected diffusion models we need a tractable
score matching loss on constrained manifolds. We will prove that the implicit
score-matching loss can be extended to the constrained manifold setting so long
as we enforce that the score is zero on the boundary. This proof holds for both the
log-barrier and the reflected process.

PROPOSITION 4.6. Let s € C®({0, T} x R%, R¥) such that for any x € oM and t > 0,
(s¢(x),n(x)) = 0. Then, there exists C > 0 such that

E[IIVlogps — s:lI®] = E[llsell® + 2 div(sy) | +C, (4.19)

where E is taken over X; ~ p; and t ~ U([0,T)).
Proof. Appendix D.4.1 ]

This result immediately implies we can optimise the score network approximate the
score function using the implicit score matching loss function so long as we enforce
a Neumann boundary condition, which naturally arises from proposition 4.5 and
so is a constraint on the score function that does not reduce the modelling capacity
of the model.

Following Liu et al. (2022a) we can accommodate this boundary condition in our
score parametrisation by scaling the score output of the neural network by a
monotone function h(d(x, dM)) where d is the distance from x to the bound-
ary, where h(0) = 0. In particular, we use a clipped ReLU function: sp(t,x) =
min(1, ReLU(d(x,dM) — §)) - NNg(t, x) with § > 0 a threshold so the model is
forced to be zero “close” to the boundary as well as exactly on the boundary. The
inclusion of this scaling function is necessary to produce reasonable results as we
show in appendix D.4.2.

While this scheme enforces a stronger condition on the score function then Neu-
mann conditions, that it is zero on the boundary, not just tangent to the boundary,
we find in practise that this works well, and is cheaper than enforcing Neumann
conditions only.

The forward processes (eq. (4.9)) and (eq. (4.15)) for the barrier and reflected
methods cannot be sampled in closed form, so at training time samples from the
conditional distributions p(X;|Xj) are obtained by discretising these processes.
To take the most of this computational overhead, we use several samples from
the discretised forward trajectory (X;,,- - -, X |Xo) instead of only using the last
sample.
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4.5. RELATED WORK FOR SAMPLING ON
CONSTRAINED MANIFOLDS.

Sampling from a distribution on a space defined by a set of constraints is an
important ingredient in several computational tasks, such as computing the volume
of a polytope (Lee and Vempala, 2017). Incorporating such constraints inside
MCMC algorithms while preserving fast convergence properties is an active field
of research (Kook et al., 2022; Lee and Vempala, 2017; Noble et al., 2023). In this
work, we are interested in sampling from the uniform distribution defined on
the constrained set in order to define a proper forward process for our diffusion
model. Log-barrier methods such as the Dikin walk or Riemannian Hamiltonian
Monte Carlo (Kannan and Narayanan, 2009; Lee and Vempala, 2017; Noble et al.,
2023) change the geometry of the underlying space and define stochastic processes
which never violate the constraints, see (Kannan and Narayanan, 2009; Noble et al.,
2023) for instance. If we keep the Euclidean metric, then unconstrained stochastic
processes might not be well-defined for all times. To counter this effect, it has been
proposed to reflect the Brownian motion (Williams, 1987; Petit, 1997; Shkolnikov
and Karatzas, 2013). Finally, we also highlight hit-and-run approaches (Smith,
1984; Lovasz and Vempala, 2006) which generalise Gibbs’ algorithm and enjoy
fast convergence properties provided that one knows how to sample from the
one-dimensional marginals.

4.6. EXPERIMENTAL RESULTS

To demonstrate the practical utility of the constrained diffusion models introduced
in sections 4.2 and 4.3, we evaluate them on a series of increasingly difficult syn-
thetic tasks on convex polytopes, including the hypercube and the simplex, in
section 4.6.1. We then highlight their applicability to real-world settings by consid-
ering two problems from robotics and protein design. In particular, we show that
our models are able to learn distributions over the space of d X d symmetric positive
definite (SPD) matrices S¢, under trace constraints in section 4.6.2. This setting
that is essential to describing and controlling the motions and exerted forces of
robotic platforms (Yoshikawa, 1985). In section 4.6.3, we use the parametrisation
introduced in Han and Rudolph (2006) to map the problem of modelling the con-
formational ensembles of loops of proteins with fixed endpoints to the product
manifold of a convex polytope and a torus.

We refer to appendix D.7 for more details on the experimental setup. The code used
for the experiments in this chapter can be found at HTTPS://GITHUB.COM/OXCSML/
CONSTRAINED-DIFFUSION.

4.6.1. Method characterisation on convex polytopes. First, we aim to assess the
empirical performance of our methods on constrained manifolds of increasing
dimension. For this, we focus on polytopes and construct synthetic datasets that
represent bimodal distributions. In particular, we investigate two specific instances
of polytopes: hypercubes and simplices. In appendix D.7.1 we also present results
on the Birkhoff polytope. We quantify the performance of each model via the
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Table 4.1. MMD metrics between samples from synthetic distributions and trained constrained and uncon-
strained (Euclidean) diffusion models. Means and confidence intervals are computed over 5 different runs.

SPACE d LOG-BARRIER REFLECTED EucLIDEAN
MMD % in M MMD % in M MMD % in M

2 .066 £+ .006 100.0 .055 £+ .015 100.0 .062 +.011 98.8
[-1, l]d 3 .209 £+ .077 100.0 .080 £+ .004 100.0 .076 = .004 98.5
10 .330 +.004 100.0 313 +.048 100.0 .081 £+ .005 96.4
2 .050 £+ .012 100.0 .043 £+ .002 100.0 .055 +.013 96.4
A4 3 .238 +.009 100.0 .181 +.007 100.0 .068 +.014 96.3
10 .275 £ .015 100.0 .290 £+ .009 100.0 .060 £+ .003 92.6

Maximum Mean Discrepancy (MMD) (Gretton et al., 2012), which is a kernel-
based metric between distributions. We present a qualitative comparison of the
log barrier and reflected Brownian motion models in figure 4.9, and observe that
both methods recover the data distribution on the two-dimensional hypercube
and simplex, although the reflected method produces a better fit. In table 4.1, we
report the MMD between the data distribution and the learnt diffusion models
across a range of dimensions. Here, we similarly observe that the reflected method
consistently yields better results than the log-barrier one.

In addition, we compare both of these models to unconstrained Euclidean diffusion
models. We note that they are outperformed by the constrained models in lower
dimensions, but generate better results in higher dimensions. In contrast, however
we do see that the unconstrained models do not keep their modelled density
inside the boundary, and this gets worse with increasing dimension. There are a
number of potential explanations for this: First, we note that the mixture of Normal
distributions we use as a synthetic data-generating process places significantly
less probability mass near the boundary as its dimension increases, more closely
resembling an unconstrained mixture distribution that is easier for the Euclidean
diffusion models to learn, while posing a challenge to the log-barrier and reflected
diffusion models that initialise at the uniform distribution within the constraints.
Additionally, we note that the design space and hyperparameters used for all
experiments were informed by best practices for Euclidean models that may be
suboptimal for the more complex dynamics of constrained diffusion models.

4.6.2. Modelling robotic arms under force and velocity constraints. Accurately
determining and controlling the movement and exerted forces of robotic platforms
is a fundamental problem in many real-world robotics applications. A kinetostatic
descriptor that is commonly used to quantify the ability of a robotic arm to move
and apply forces along certain dimensions is the so-called manipulability ellipsoid =~ Manipulability ellipsoid
E € RY (Yoshikawa, 1985) which is naturally described as a symmetric positive
definite (SPD) matrix M € R%*? (Jaquier et al., 2021). The manifold of such d x d
SPD matrices, denoted as Sf+, is defined as the set of matrices {x '"Mx > 0, x €

R?: M e R4},

In many practical settings, it may be desirable to constrain the volume of E to
retain flexibility or limit the magnitude of an exerted force, which can be expressed
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Data Log-barrier

(a) 2D square data.

Data Log-barrier Reflected
(b) 2D Dirichlet data.

Figure 4.9. Histograms of samples from the data distribution and from trained
constrained diffusion models.

as an upper bound on the trace of M, i.e. as the inequality constraint Z?zl M;; <C
with C > 0. Constraining the rest of the entries of the matrix to ensure it is SPD is
non-trivial.

Alternatively, we can parametrise the SPD matrices via their Cholesky decomposi-
tion. Each SPD matrix has a unique decomposition of the form M = LLT, where L is
a lower triangular matrix with strictly positive diagonal (Golub and Van Loan, 2013,
p.143). Constraining the entries of this matrix simply requires ensuring the diago-
nal is positive. The trace of the SPD matrix is given by Tr(M) = Tr(LL") = ¥, L?j,
and results in the constraint on the entries of L to live in a ball of radius C. We
additionally model the two-dimensional position of the arm.

In summary, the space over which we parametrise the diffusion models is defined
as

LeRMDZ 1,503 12 <C| xR (4.20)

i’j
Under the Euclidean metric, we can apply both our log-barrier and reflected ap-
proaches. The positive diagonal (linear) constraint is handled similarly to the

polytope setting. The reflection on the ball boundary is defined and illustrated on
figures 4.6 and 4.7.

Using this framework, we model the datasets presented in Jaquier et al. (2021). This
consists of demonstrations of a robotic arm drawing different letters in the plane,
providing the respective positional trajectories (R?) and velocity manipulability
ellipsoids (S2,).

We use the processing routines provided by Jaquier et al. (2021) to interpolate
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(a) Samples from (b) Samples from (c) Samples from (d) Samples from
the data distribu- ourlog-barrier dif- our reflected diffu-  the uniform distri-
tion. fusion model. sion model. bution.

Figure 4.10. Samples in 2, x R? from (a) the data distribution, (b) our log-barrier
diffusion model, (c) our reflected diffusion model and (d) the uniform distribution.
Each sample is visualised as the manipulability ellipsoid encoded by the SPD matrix
M € SZ, placed at the corresponding location in R%. Additional results and full
correlation plots are postponed to appendix D.7.2.

the trajectories into 10* distinct points, for each of which we derive the position
x € R? and the PSD matrix e € S2,. parametrising the velocity manipulability
ellipsoid M € R?. The resulting data is split into training, validation, and test sets
by trajectory. We add a small amount of Gaussian noise to these trajectories.

We visualise samples from this distribution as ellipsoids respecting the SPD matrix
placed at a point in the plane. The dataset, samples from the trained log-barrier
and reflected diffusion models, and the uniform distribution are shown in fig-
ure 4.10. We qualitatively observe that the reflected method is able to fit the joint
data distribution better than the log-barrier method. Quantitatively, the reflected
method achieves an MMD of 0.161.¢ 093 With respect to the dataset as opposed to
0.247.¢.012d for the log-barrier method.

4.6.3. Modelling protein loops with anchored endpoints. Polypeptides and pro-
teins constitute an important class of biogenic macromolecules that underpin most
aspects of organic life. Accurately modelling their conformational ensembles,i.e.
the set of three-dimensional structures they assume under physiological conditions,
is essential to both understanding the biological function of existing and designing
the enzymatic or therapeutic properties of novel proteins (Lane, 2023). Motivated
by the success of diffusion models in computer vision and natural language pro-
cessing, there has been considerable interest in applying them to learn and sample
from distributions over the conformational space of protein structures (Watson
et al., 2022; Trippe et al., 2022; Wu et al., 2024a).

Problem parameterisation

Proteins are biopolymers in which a sequence of N amino acids is joined together
through N — 1 peptide bonds, resulting in a so-called polypeptide backbone with
protruding amino acid residues. As the deviation of chemical bond lengths and
angles from their theoretical optimum is generally negligible, the problem of mod-
elling the three-dimensional structure of this polypeptide chain is often reframed in
the space of the internal torsion angles ® and ¥, see figure 4.11a for an illustration,
which can be modelled on a (2N — 2)-dimensional torus T2V =2,
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O R @) @)

(@) A commonly-used approximate (b) As peptide bond orientations can be
parametrisation of backbone geometry inferred relatively reliably, researchers
only considers the C, torsion angles ®  often only model the C, traces.

and ¥.

Figure 4.11. Standard approaches to modelling the conformations of polypeptide
backbones.

In many data-scarce settings such as antibody or enzyme design, it is often unneces-
sary or even undesirable to model the structure of an entire protein, as researchers
are primarily interested in specific functional sites with distinct biochemical prop-
erties. However, generating conformational ensembles for such substructural
elements necessitates positional constraints on their endpoints to ensure that they
can be accommodated by the remaining protein scaffold. While it is conceivable
that a diffusion model could derive such constraints from limited experimental
data, we argue that it is much more efficient and precise to encode them explicitly.

For this purpose, we adopt the distance constraint formulation from Han and
Rudolph (2006) and interpret the backbone as a spatial chain with N spherical
joints and fixed-length links, see figure 4.12a for an illustration. After selecting a
suitable anchor point, the geometry of the polypeptide chain is fully specified by
(a) the set of link lengths ¢ = {¢; ﬁ.\il, (b) the set of vectors r = {r(1, j) }97:2 between
the anchor point and each atom in the chain, and (c) the set of dihedral angles

e TVN=® (4.21)

T = {arccos (l(r(l,j) xr(L,j+1),r(1,j+1)xr(1,j+ 2)>|)}N—2
Ir(1,j) x r(1, j+ DI|r(1,j + Dr(1,j +2)|

j=2

between any three consecutive vectors. After specifying the fixed bond lengths
¢, including an arbitrary anchor point distance danchor = 8 = (1, N), the set of
valid vectors r is given by the convex polytope P € RN=3 defined by the following
linear constraints (see figure 4.12b for an illustration):

7(1,3) 1+ 0o,

<
- 4.22
-r(1,3) < -\t -6, (4.22)

r(Lj)-r(1,j+1) < ¢
—r(Lj)+r(L,j+1) < ¢, (3<j<N-2 (4.23)
-r(j)-r(j+1) < -t
r(1,N - 1) < fn-1t danchora (4.24)
-r(L,N-1) < —|fNn-1— danchor| -

This means that the set of all valid polypeptide backbone conformations is defined
by the product manifold P x TN=3, enabling us to train diffusion models that
exclusively generate conformations with a fixed anchor point distance dpchor-
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(a) An illustrative diagram of the pro- (b) The convex polytope constraining
posed parametrisation for modelling the diagonals of the triangles for the
the C, trace geometry of the cyclic given bond lengths in the illustrated
peptide c-AAGAGG. molecule. The total design space is

the product of this polytope with the
4D flat torus.

Figure 4.12. Parametrising the conformational space of polypeptide backbones
under anchor point distance constraints.

Data generation

As a proof-of-concept for the practicality of our methods, we chose to model the
conformational distribution of the cyclic peptide c-:AAGAGG. Cyclic peptides are
an increasingly important drug modality with therapeutic uses ranging from an-
timicrobials to oncology, exhibiting circular polypeptide backbones (i.e. danchor = 0)
that confer a range of desirable pharmacodynamic and pharmacokinetic proper-
ties (Dougherty et al., 2019). To reduce the dimension of the problem, we only
consider the C, traces (with fixed C,-C, link distances of 3.6 A) instead of the full
polypeptide backbone (see figure 4.11b), although we note that our framework is
applicable to both settings.

To derive a suitable dataset, the product manifold P X T describing the conforma-
tions of cyclic C, traces of length N = 6 was constructed, see figures 4.12a and 4.12b
for an illustration, and used to generate 107 uniform samples satisfying the anchor
point distance constraint danchor = 0. Subsequently, an estimate of the free energy
E; of each sample i was obtained by (1) reconstructing the full-atom peptide from
each C, trace using the PULCHRA algorithm (Rotkiewicz and Skolnick, 2008), (2)
relaxing all non-C,, backbone and side-chain atoms (keeping the C,, positions fixed),
and (3) quantifying the potential energy of each of the resulting conformations
using the OPENMM suite of molecular dynamics tools (Eastman et al., 2017), and
the AMBER force field (Hornak et al., 2006). These free energy estimates were then
used to approximate the Boltzmann distribution over conformational states

pr(i) o exp (- ) (4.25)

where temperature was set to T = 273.15K and kg = 1.380 649 x 1072* JK™! is the
Boltzmann constant. We then apply a very minor amount of smoothing to the
resulting distribution by running forward Brownian motion on both the polytope
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(a) Samples from (b) Samples from (c) Samples from (d) Samples from
the data distribu- our log-barrier dif- our reflected diffu- the uniform distri-
tion. fusion model. sion model. bution.

Figure 4.13. Planar projection of the modelled C, chains from (a) the training
dataset, (b) our log-barrier diffusion model, (c) our reflected diffusion model and (d)
the uniform distribution. Additional results and full correlation plots are postponed
to appendix D.7.3.

and the torus for 10 steps, using a small step size of 5 x 10~% and the respective
metrics. Finally, a subsample of 10° C, traces was drawn from this distribution
and used for training and evaluating our models.

Modelling the problem

To learn a distribution over this space, we leverage the methodology introduced
in sections 4.2 and 4.3 for the polytope component P? and chapter 3 for the torus
component T4,

A qualitative comparison of samples from the data distribution, our log-barrier and
reflected diffusion models, and the uniform distribution is presented in figure 4.13.
For enhanced visual clarity, we project the modelled spatial chain onto the 2D plane
by removing the (unconstrained) torus component of the product manifold and
only plotting the planar chains encoded by the (constrained) polytope component
(a correlation plot of the full product manifold is presented in figure D.8).

It is immediately obvious that the data distribution is highly multimodal, encom-
passing a large number of locally optimal conformational clusters. Nevertheless,
both our reflected and log-barrier diffusion models are able to robustly approximate
this challenging energetic landscape, producing samples that reflect key confor-
mational states and yielding similar MMD metrics of 0.032.¢.2; and 0.032..901,
respectively. As a point of comparison, the uniform distribution on the polytope-
torus product has an MMD of 0.112. go1. The improved relative performance of
the log-barrier method seems likely due to the fact that the data for this experiment
is largely in the interior of the constrained set, not close to the boundary.

4.7. CONCLUSION

Learning complex distributions supported on constrained spaces is a crucial task in
many natural and engineering sciences, including computational statistics (Morris,
2002), robotics (Han and Rudolph, 2006), quantum physics (Lukens et al., 2020) and
computational biology (Thiele et al., 2013). In this chapter we extend continuous
diffusion models to this setting, proposing two complementary approaches—one
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based on log-barrier methods and the other on the reflected Brownian motion.

For both approaches, we derive the time-reversal formula, propose discretisation
schemes and extend the score-matching toolbox. We demonstrated the utility
of our methods on a range of synthetic and real-world tasks. This including
the constrained conformational modelling of proteins and robotic arms, and find
that reflected methods, while enjoying fewer theoretical guarantees than their
log-barrier counterparts, often yield preferable results.

We conclude by highlighting important future directions. First, the computational
cost of performing the reflection when discretising the reflected Brownian motion
is high. Finding numerically efficient approximations of the reflected process is
therefore necessary to extend this methodology to high dimension settings. Second,
the retraction used in place of the exponential map for the barrier method leads to
a high number of discretisation steps to ensure a good approximation. Designing a
faster forward process for the log-barrier method is key to targeting more complex
distributions.
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5 | EFFICIENT SCORE-BASED
MODELLING ON CONSTRAINED
DOMAINS

Work in this chapter is based on

N. Fishman, L. Klarner, E. Mathieu, M. J. Hutchinson, and V. De Bortoli. Metropolis
Sampling for Constrained Diffusion Models. In Advances in Neural Information
Processing Systems, 2023.

and has been rewritten for this thesis with additional material.
Personal contributions:
1. Project conception with Valentin, Nic, Leo.

2. Development of practical approaches with Nic, Leo, Valentin, including the
problem-specific details.

3. Development of the code with Nic and Leo.
4. Running experiments: Robotics and convergence speed experiments.

5. Supervision of the project.

5.1. INTRODUCTION

—— Unconstrained
o » _NA
) p s
Vo '/ A . &l}

——: Metropolis

Time

Figure 5.1. Visual comparison of a discretisation of the unconstrained Brownian motion, two discretisations
of the reflected Brownian motion: one based on a reflection scheme and the other based on our Metropolis
sampler. The Metropolised trajectory is very close to that of the reflected one, while being significantly easier
to implement and cheaper to compute.
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N THE PREVIOUS CHAPTER we extended the applicability of diffusion models to
I inequality-constrained manifolds by investigating the generative modelling
applications of classic sampling schemes based on log-barrier methods (Kannan
and Narayanan, 2009; Lee and Vempala, 2017; Noble et al., 2023; Kook et al., 2022;
Gatmiry and Vempala, 2022; Lee and Vempala, 2018) and the reflected Brownian
motion (Williams, 1987; Petit, 1997; Shkolnikov and Karatzas, 2013). While empiri-
cally promising, the proposed algorithms can be computationally and numerically
burdensome, and require bespoke implementations for different manifolds and
constraints.

In this chapter, we propose a new method for generative modelling on constrained
manifolds based on a Metropolis discretisation of the reflected Brownian motion.
This Metropolised discretisation has two main advantages:

1. From a technical perspective it is lightweight: the only additional require-
ment over those outlined in chapter 3 that is needed to implement a con-
strained diffusion model is a binary function that indicates whether any
given point is within the constrained set. This is in contrast to the methods
of chapter 4 which require significantly more components.

2. From a computational perspective it is much cheaper to compute, and more
numerically stable than the methods proposed in chapter 4.

Our core theoretical contribution is to show that this new discretisation converges
to the reflected stochastic differential equation by using the invariance principle
for stochastic differential equations with boundary (Stroock and Varadhan, 1971).

To the best of our knowledge, this is the first time that such a process has been
investigated in a machine learning context, or elsewhere. We demonstrate that
our method attains improved empirical results on manifolds with convex and non-
convex constraints by applying it to a range of problems from geospatial modelling,
robotics and protein design.

5.2. DIFFUSION MODELS FOR CONSTRAINED
MANIFOLDS VIA METROPOLIS SAMPLING

In section 5.2.1, we highlight the practical limitations of existing constrained
diffusion models in section 5.2.2 propose an alternative Metropolis sampling-based
approach. In section 5.2.3, we outline our proof that this process corresponds to a
valid discretisation of the reflected Brownian motion, justifying its use in diffusion
models. An overview of the samplers, and the various operations required to
run them, we cover in this section are presented in table 5.1. Table 5.2 compares
the computational cost of training various instantiations of constrained diffusion
models, and the geometric domains they cover.

The technical setting we consider in this chapter is the same as in chapter 4.
Briefly, given a Riemannian manifold (N, h), we consider a family of real functions

{fi : N > R}ics indexed by 7. We then define

M={xeN : fi(x) <0,ie I}, (5.1)
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W oy,

(a) Reflected Brownian motion (b) Metropolised approximation of
Brownian motion

Figure 5.2. Evolution of the density of the reflected Brownian motion and its
Metropolis sampling-based approximation on the unit interval starting from a
delta mass.

and derive models such that their densities are constrained to be in the set M. A
more detailed description of the setting can be found in section 4.1.1.

5.2.1. Practical limitations of existing constrained diffusion models.

Barrier metrics. In the barrier approach, section 4.2, the constrained manifold
is transformed into an unconstrained space via a barrier metric. This metric is

defined by
g=V(x), ¢(x) =) $(d(x f)), (5.2)

iel

where d(x, f;) is the minimum distance from the point x to the set defined by

fi(x) = 0 and ¢; is a monotone decreasing function such that lim,_, ¢;(z) = .

Under additional regularity assumptions, ¢ is called a barrier function, see (Nesterov
and Nemirovskii, 1994). This metric replaces the original metric on the space,
warping the geometry. This definition ensures that the barrier function induces a
well-defined exponential map on the manifold, making the Riemannian diffusion
model framework chapter 3 apply.

In practice, evaluating ¢ requires computing d(x, df;) (and its derivatives), which
can be prohibitively expensive. Furthermore, since the exponential under the
induced manifold is not easy to compute, in the barrier method it is approximated

by projecting the exponential of the original metric back into the constrained set.

This incurs additional bias and necessitating a step projecting samples back inside
the constraints, which can itself be computationally intractable, see Absil and
Malick (2012) and Boumal (2023).

Mirror diffusion models (Tae, 2023; Liu et al., 2024) work on similar principles to
the barrier methods in section 4.2. Instead of modelling on the original space, they
project the data space under the map V¢ : M — R?. For convex M c R this is a
bijection. This allows for the placing of a diffusion model on Euclidean space and
pulling it back onto the original constrained space, a procedure reminiscent of the
baseline introduced in section 3.4.1. It suffers from the same issue as the barrier
method, warping the underlying geometry of M, but does enjoy faster training.

Reflected stochastic processes. The alternative approach explored in chapter 4
is based on reflected Brownian motion. One possible discretisation of the reflected
SDE is to (i) consider a classical step of the Euler-Maruyama discretisation (or
the Geodesic Random Walk in the Riemannian setting) and (ii) reflect this step
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according to the boundary defined by oM. To compute the reflection, one must
check whether the step crosses the boundary. If it does, the point of intersection
needs to be calculated, the ray reflected at this point, and the step continued in
the reflected direction. This can require an arbitrarily large number of reflections
depending on the step size, the geodesic on the manifold, and the geometry of the
bounded region within the manifold. We refer to section 4.3 and algorithm 4.4 for
the detail of the typical reflection discretisation.

Lou and Ermon (2023) also consider a reflected Brownian motion for diffusion
modelling. By considering a restricted setting of the hypercube they obtain an
analytic form of sampling for the forward noising process and denoising score
matching. However, to model more complex constraints they require a step to
warp the constraints into the hypercube, modifying the geometry of the problem.

An alternative approach to discretising a reflected stochastic differential equation
is to replace the reflection with a projection, see (Stominiski, 1994) for instance.
However, the projection still requires the most expensive part of the reflection
algorithm: computing the intersection of the geodesic with the boundary.

5.2.2. Metropolis approximation of reflected Brownian motion. As outlined in
the previous section, both of the existing approaches for constrained diffusion
models require manifold- and constraint-specific implementations, and become
computationally intractable as the complexity and dimension of the modelled
geometry increases.

This limits their practical usefulness even for relatively simple manifolds with well-
defined exponential maps and linear inequality constraints (such as e.g. polytopes).

In algorithm 5.1 we introduce a method that aims to solve both of these problems.

Algorithm 5.1

Require: p € M, {fi}ier
Sample v ~ N(0,I) € T,M
p’ — exp,(v)
if f;(p’) < 0V ithen

’

«—
return p

The discretisation step sampler we propose is similar to a classical Euler-Maruyama
discretisation of the Brownian motion, except that, whenever a step would carry the
Brownian motion outside the constrained region, we reject it. This is a Metropolised
version of the usual discretisation and is almost trivial to implement compared to
the existing barrier, reflection, and projection methods. Hence, this method enables
the principled extension of diffusion models to arbitrarily constrained domains at
virtually no added implementation complexity or computational expense.

5.2.3. Convergence of the Metropolis sampler to the reflected Brownian motion.
In this section, we prove that the proposed Metropolis sampling-based process (al-
gorithm 5.1) corresponds to a valid discretisation of the reflected process, eq. (4.15),
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Table 5.1. Comparing the requirements of different constrained diffusion models. Distance to boundary and
intersection operations are typically significantly more expensive to compute, and in some setting intractable.
Set indicator functions are typically more lightweight and more commonly available on any given domain.
Methods that rely on set indicator functions only are therefore computationally efficient.

SET INDICATOR INTERSECTION DISTANCE TO
SAMPLING METHOD
FuncrioNn OPERATOR BouNDARY

BARRIER METHOD (CHAPTER 4) v v v
MIRROR DIFFUSION (LIU ET AL., 2024) v v v
REFLECTED METHOD (CHAPTER 4, LoUu AND ERMON (2023)) v v X
PROJECTION SAMPLER (LOoU AND ERMON, 2023) v v X
METROPOLIS SAMPLER (THIS CHAPTER) v X X

Table 5.2. Comparison of the advantages and disadvantages of the different constrained (Riemannian) diffusion
models covered in Section 5.2.1 with regard to training the score function and preserving the geometry of
the domain. The methods proposed in chapter 4 and this chapter can be applied to arbitrary manifolds while
preserving the underlying geometry of the manifold. However, this comes at the cost of making denoising
score matching intractable and falling back on implicit score matching. By contrast the methods of Lou and
Ermon (2023) and Liu et al. (2024) allow for the use of denoising score matching, but are limited to being
applied ot Euclidean space, or warping the underlying geometry of a space. It should be noted that if the
reflected method of chapter 4 is applied to the same setting as Lou and Ermon (2023) then we can make use of
denoising score matching in the same way.

Both required for fast DSM loss
I

DIFFUSION MODEL TRACTABLE SIMULATION-FREE MODELLING PRESERVES
CONDITIONAL SCORE FORWARD SAMPLING DOMAIN METRIC OF M
REFLECTED DIFFUSIONS
Lou anD ErmON (2023) v v convex C R? X
CHAPTER 4 X 0(d? convex C any M v
THIS CHAPTER X o(d) convex C any M v
BARRIER DIFFUSIONS
CHAPTER 4 X X convex C any M X
L1vu ET AL. (2024) v v convex C R? X

justifying its use in diffusion models. Here we focus on a concise presentation of
the core concepts and the main results. A full proof can be found in appendix E.1.

Technical setting of the result

For simplicity, we restrict ourselves to the Euclidean setting with smooth convex
boundaries. More specifically, for a function ® : R” — R defining the constrained
set, M = {x eR? : O(x) > 0}, we assume that this set is bounded and that
® € C*(R? R) concave. In addition, we assume that for any x € oM, ||[VO(x)]| = 1.
These assumptions match those Stroock and Varadhan (1971) use for their study
of the existence of solutions to the reflected Brownian motion.

While it seems possible to relax the global existence of ® to a local one, i.e. local
concavity, the global regularity assumption of the domain, ® € C?(R% R), is
key. This regularity is essential to establish proposition 5.7 and the associated
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geometrical result on tubular neighbourhoods. The smoothness of the domain
boundary is central in the results of Kang and Ramanan (2017) on the equivalence
of two definitions of reflected Brownian motion which we rely on. As in chapter 4,
we note it is possibly to infinitesimally smooth non-smooth boundaries to match
the technical setting with very minimal practical impact.

It also seems possible to extend these results to the more general manifold setting,
but this is technically challenging and outside the scope of this work.

In section 5.4.3 we show however that the proposed algorithm does appear to
practically work on a non-Euclidean manifold with non-convex, non-smooth
boundaries.

High level proof

We begin with a definition of the Metropolis approximation of reflected Brownian
motion.

DEFINITION 5.2. Foranyy > 0 andk € N, letX(’]/ € M and

14 Y ; 14 Y
& :{Xk+WZk if X/ +¥Z eM (5.3)

X ]’; else

For Zy. ~ N(0,I). The sequence (le )ken is called the METROPOLIS APPROXIMATION
OF REFLECTED BROWNIAN MOTION.

For any y > 0, we consider (X!);xo, the linear interpolation of (X,f )ken such that
for any k € N, XZY = XZ . The following result is the main theoretical contribution
of this section.

THEOREM 5.3. Under assumptions on M, foranyT > 0, (X)) e o1} weakly converges
to the reflected Brownian motion (B;)e (o1} asy — 0.

The rest of the section is devoted to a high level presentation of the proof of
theorem 5.3.

It is theoretically impractical to work directly with the Metropolis approximation
of reflected Brownian motion. Instead, we introduce an auxiliary process, show this
converges to the reflected Brownian motion, and finally prove that the convergence
of the auxiliary process implies the convergence of our Metropolis discretisation.
We define this auxiliary process now.

e Y Y Y
DEFINITION 5.4. For anyy > 0 and k € N, let X € Mand X, . = X +\yZ,
with Z}: a Gaussian random variable conditioned on XZ + \/)72}: € M. The sequence
()A(}: )ken IS called the REJECTION APPROXIMATION OF REFLECTED BROWNIAN MOTION.

We call this process the rejection approximation of reflected Brownian motion since
in practice, ZI): can be sampled using rejection sampling, see algorithm 5.5.
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Algorithm 5.5

Require: p € M, {fi}icr
Sample v ~ N(0,I) € T,M
p’ — exp,(v)
while f;(p’) > 0 for any i do
Sample v ~ 1d(0,1) € T,M
P’ exp,(v)
return p’

The key difference between the rejection and Metropolis approaches is that where
the Metropolis approach will leave the point stationary if the update falls outside
the boundary, the rejection approach will resample the update until it lies inside
the boundary. This leaves the transition measures of these two processes the
same, except the Metropolis version contains a Dirac component at the initial
point. While it is possible to implement the rejection approach practically, it is less
desirable as it results in loops of unknown length in the sampling.

For any y > 0, we also consider ()A{Z) t>0, the linear interpolation of (X’]’: )ken such
that for any k € N, X}; = X! In appendix E.1, we prove the following result.
Y k

THEOREM 5.6. Under assumptions on M, foranyT > 0, (Xg/)te{o)]‘} weakly converges
to the reflected Brownian motion (Bt)te{O,T} asy — 0.

Proof. For the full proof see appendix E.1. Here we give some elements of the
proof.

Our approach is based on the invariance principle of Stroock and Varadhan (1971).
More precisely, we show that we can compute an equivalent ‘drift’ and ‘diffusion
matrix’ for the interpolated discretised process and that, as y — 0, the drift
converges to zero and the diffusion matrix converges to I.

In the Euclidean setting, this result, accompanied by mild regularity and growth
assumptions, ensures that the discretisation weakly converges to the original
stochastic differential equation. However, the case with boundary is much more
complicated, primarily because the approximate drift might explode near the
boundary, thus we need to verify exactly how the drift behaves as y — 0 and as
the process approaches the boundary.

We show that the normalised drift converges to the inward normal near the bound-
ary. This ensures that

(a) in the interior of M the drift converges to zero, i.e. locally in the interior of
M the Brownian motion and the reflected Brownian motion coincide,

(b) on the boundary, the drift pushes the samples inside the manifold according
to the inward normal, mimicking (k;);»¢ in eq. (4.15).

Finally, with results from Stroock and Varadhan (1971) and Kang and Ramanan
(2017), we show the convergence to the reflected Brownian motion. [
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Having established that the rejection process converges to the reflected Brownian
motion, our next step is to show that the approximate drift and diffusion matrix of
the Metropolised process are related to the approximate drift and diffusion terms
of the rejection process via multiplication by the term

a¥(x) = IP’[x + \/}7Z] eM (5.4)

for Z ~ N'(0,I). Having established this, we can conclude the proof by noting that
the approximate drift and the diffusion matrix in the rejection and Metropolis case
coincide as y — 0. This is enough to apply the same results as in the rejection
process, giving the desired convergence.

This requires the following result.

ProrosiTION 5.7. Under assumptions on M,V ¢ > 0, 3 y > 0 such that for any
y € (0,7) and for any x € M, we have P(x++fyZ € M) > 1/2—¢, withZ ~ N(0,1).

Proposition 5.7 tells us that locally the boundary looks like a half-space when
integrating with respect to. a Gaussian measure. The assumption on the smooth-
ness of the boundary is key in proving this result. A corollary is that, for y > 0
small enough and for any k € N, the probability that X}:H = Xl’: is upper bounded
uniformly with respect to. X}: € M. The proof of proposition 5.7 uses theorem E.2
whose proof relies on the concept of tubular neighbourhoods (Lee, 2013).

5.3. RELATED WORK ON APPROXIMATIONS OF
REFLECTED STOCHASTIC DIFFERENTIAL
EQUATIONS

Several schemes have been introduced to approximately sample from reflected
stochastic differential equations. They can be interpreted as modifications of
classical Euler-Maruyama schemes used to discretise stochastic differential equa-
tions without boundary. One of the most common approaches is to use the
Euler-Maruyama discretisation and project the solution onto the boundary if
it escapes from the domain M. In this case, mean-square error rates of order
almost 1/2 have been proven under various conditions (Liu, 1995; Chitashvili and
Lazrieva, 1981; Pettersson, 1995; Stominski, 1994). Concretely this means that
E[lIB; - X!/"||2] = O(n~1**) with & > 0 arbitrary small and where (X )ken is the
projection scheme.

The rate 1/2 is tight (Pacchiarotti et al., 1998). It is possible to use the Euler-Peano
method to get slight improvements for a mean-square error rate of order of 1/2,
but this is impractical as it assumes that one can solve a (simplified) Skorokhod
problem, which is usually intractable.

Liu (1993) introduced a penalised method which pushes the solution away from
the boundary and shows a mean-square error of order 1/4, see also (Pettersson,
1997). Weak errors of order 1 have been obtained in Bossy et al. (2004) and Gobet
(2001) by introducing a reflection component in the discretisation or using some
local approximation of the domain to a half-space. We refer to Pilipenko (2014)
for an introduction to the discretisation of reflected SDEs. Closer to our work,
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Table 5.3. Log-likelihood () of a held-out test set from a synthetic bimodal dis-
tribution over convex subsets of R? bounded by the hypercube [-1, 1]¢ and unit

simplex A?. Means and standard deviations are computed over 3 different runs.
Training time in hours is listed in parentheses.

CONSTRAINT d REFLECTED (HOURS) METROPOLIS (HOURS)
2 2.25 + .01 (8.95) 2.32 +.05(0.72)
[-1,1]¢ 3 3.77 + .13 (8.97) 415 + .15 (0.71)
10 7.42 .77 (10.15) 10.80 = .34 (0.90)
2 1.01 + .01 (9.17) 1.06 + .02 (0.82)
A¢ 3 2.64 + .01 (9.43) 3.23 + .17 (0.78)
10 7.00 + .13 (10.53) 7.81 .20 (0.97)

Burdzy and Chen (2008) consider three different methods to approximate reflected
Brownian motions on general domains (two based on discrete methods and one
based on killed diffusions). Only qualitative results are provided. To the best of
our knowledge, no previous work in the probability literature has investigated the
Metropolised scheme we propose.

Our Metropolis scheme is also related to the ball walk (Applegate and Kannan,
1991), which replaces the Gaussian random variable with a uniform over the ball
(or the Dikin ellipsoid). Applegate and Kannan (1991) and Lovasz and Vempala
(2007) have studied the asymptotic convergence rate of the ball walk, but, to the
best of our knowledge, its limiting behaviour when the step size goes to zero has
not been investigated.

5.4. EXPERIMENTAL RESULTS

To demonstrate the practical utility and empirical performance of the proposed
Metropolis diffusion models, we conduct a comprehensive evaluation on a range
of synthetic and real-world tasks.

In section 5.4.1, we assess the scalability of our method by applying it to synthetic
distributions on hypercubes and simplices of increasing dimension, similar to
section 4.6.1. In section 5.4.2, we extend the evaluation to real-world tasks on
manifolds with convex constraints by applying our method to the robotics and
protein design datasets presented in sections 4.6.2 and 4.6.3.

In section 5.4.3, we additionally demonstrate that our method extends to con-
strained manifolds with highly non-convex boundaries—a setting that is intractable
with existing approaches. As we found—in line with chapter 5—that log-barrier
diffusion models perform strictly worse than reflected approaches across all exper-
imental settings, we focus on a more detailed comparison with the latter here and
postpone additional empirical results to appendix E.3.1.

The code required to run the experiments in this chapter can be found HTTPS:
//GITHUB.COM/OXCSML/SCORE-SDE/TREE/METROPOLIS. Details of the experimental
set up can be found in appendix E.3.2.


https://github.com/oxcsml/score-sde/tree/metropolis
https://github.com/oxcsml/score-sde/tree/metropolis
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(a) Data distribu-(b) Metropolis (c) Reflected model (d) Uniform distri-
tion model bution

Figure 5.3. Qualitative comparison of samples from the data distribution, our
Metropolis model, a Reflected model and the uniform distribution for a synthetic
bimodal distribution on [-1, 1]2.

(a) Data distribu-(b) Metropolis (c) Reflected model (d) Uniform distri-
tion model bution

Figure 5.4. Qualitative comparison of samples from the data distribution, our
Metropolis model, a Reflected model and the uniform distribution for a synthetic
bimodal distribution on AZ?.

5.4.1. Synthetic distributions on simple polytopes. In this section, we investigate
the scalability of the proposed Metropolis diffusion models by applying them to
synthetic bimodal distributions over the d-dimensional hypercube [-1,1]¢ and
unit simplex A%, A quantitative comparison of the log-likelihood of a held-out test
set is presented in table 5.3, while visual comparisons of the fitted distributions are
shown in figures 5.3 and 5.4.

We find that our Metropolis models outperform reflected approaches across all
dimensions and constraint geometries by a substantial and statistically significant
margin while training in one tenth of the time.

The degree of improvement seems to scale with the dimension of the problem; the
larger the dimension of the experiment, the larger the gain in performance from
using our proposed Metropolis scheme.

We observe a similar difference in the scaling properties of reflected and Metropolis
models when measuring the convergence times of the respective forward noising
processes to the uniform distribution on hypercubes [—1,1]¢ and simplices A of
increasing dimension. The results are presented in figure 5.5 and show that the
convergence time of the Metropolis process scales linearly in the dimension, while
the reflected process scales quadratically.

5.4.2. Modelling proteins and robotic arms under convex constraints. In addition
to illustrating our method’s scalability on high-dimensional synthetic tasks, we
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Figure 5.5. Convergence time of the Reflected (green) and Metropolis (red) forward
noising processes to the uniform distribution on the hypercube [~1,1]¢ and unit

simplex A?. The lines indicate functions fit with the PYSR symbolic regression
package (Cranmer, 2023) and correspond to empirical runtime complexities of
O(d?) and O(d), respectively, matching the superimposed scaling law isocontours.

(a) Data distribu- (b) Metropolis sam- (c) Reflected sam- (d) Uniform distri-
tion. ples. ples. bution.

Figure 5.6. A qualitative comparison of 10°> samples from the data distribution, our
Metropolis diffusion model, a reflected diffusion model and the uniform distribution
for the constrained conformational modelling of cyclic peptide backbones. For
visual (élarity, the figures only show the constrained planar projections encoded by
P cR.

follow the experimental setup from sections 4.6.2 and 4.6.3 to demonstrate its
practical utility and favourable empirical performance on two real-world problems
from robotics and protein design. We follow an identical problem set up, data, and
model hyperparameters.

We quantify the empirical performance of different methods by evaluating the
log-likelihood of a held-out test set and present the resulting performance metrics
in table 5.4.

Again, we find that our Metropolis model outperforms the reflected approach by a
statistically significant margin while training 7-8 times as fast. Qualitative visual
comparisons of samples from the true distribution, the trained diffusion models and
the uniform distribution are presented in figures 5.6 and 5.7, with full univariate
marginal and pairwise bivariate correlation plots postponed to appendices E.3.3
and E.3.4.
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(a) Data distribu- (b) Metropolis sam- (c) Reflected sam- (d) Uniform distri-
tion. ples. ples. bution.

Figure 5.7. A qualitative comparison of 10°> samples from the data distribution, our
Metropolis diffusion model, a reflected diffusion model and the uniform distribution
for the constrained modelling of manipulability ellipsoids of robotic arms. For
visual clarity, the figures show the SPD matrices plotted.

Table 5.4. Log-likelihood (T) of a held-out test set for the robotics and protein
applications. Means and standard deviations are computed over 3 different runs.
Training time in hours is listed in parentheses.

DATASET DomAIN REFLECTED (HOURS) METROPOLIS (HOURS)
RoBOTICS Sz, x R? 8.39 + .06 (9.52) 9.13 + .03 (1.36)
PROTEINS PcR3xT* 15.20 + .06 (24.80) 15.33 + .02 (3.12)

5.4.3. Modelling geospatial data within non-convex country borders. Motivated
by the strong empirical performance of our approach on tasks with challenging
convex constraints, we investigate its ability to approximate distributions whose
support is restricted to manifolds with highly non-convex boundaries—a setting
that is intractable with existing approaches. To this end, we derived a geospatial
dataset based on wildfire incidence rates within the continental United States
and train a Metropolis diffusion model constrained by the corresponding country
borders on the sphere S?.

Dataset

To create the dataset we retrieved the rasterised version of the wildfire data provided
by Welty and Jeffries (2020). This was converted it to a spherical geodetic coordinate
system using the CARTOPY library (of the United Kingdom, 2015), and drew a
weighted subsample of size 1 X 10°. We then retrieved the country borders of
the continental United States from Natural Earth (2023) and mapped them to the
same geodetic reference frame as the wildfire data. A visualization of the resulting
dataset are presented in figure 5.8a.

Point-in-spherical-polytope algorithms

The support of the data-generating distribution we aim to approximate is restricted
to a highly non-convex set on the sphere, P € S?, given by the country borders of
the continental United States. In order to apply our Metropolis method we need
an efficient binary function to tell us if a point on the sphere lies inside this set.

To do so we adapt an efficient reformulation of the point-in-spherical-polygon
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algorithm (Bevis and Chatelain, 1989) presented in (Ketzner et al., 2022). The
algorithm requires the provision of a reference point r € S? known to be located in
[P and determines whether g is inside or outside the polygon by checking whether
the geodesic between r and g crosses the polygon an even or odd number of times.

Letting £ € R® denote the Cartesian coordinates of a point x € S? embedded in
Euclidean space. (Ketzner et al.,, 2022) rely on a Cartesian reference coordinate
system Q (with its z-axis given by 7) and the corresponding spherical coordinate
system Q to decompose the edge-crossing condition of Bevis and Chatelain (1989)
into two efficiently computable parts. That is, the geodesic between g and r crosses
an edge e; = (v;,0;) of the polygon if:

(i) the longitude of q in Q is bounded by the longitudes of v; and v; in Q, i.e.

$o(q) € {min(fo(v;), $o(v))), max(¢po (v:), $o(v))) }, (5.5)

(ii) the plane specified by the normal vector p; = 9; X 9; represents an equator
that separates g and r into two different hemispheres, i.e.

sign((pi F) - (pi- §)) = 1.

Especially when P is fixed and the corresponding coordinate transformations
and normal vectors can be precomputed for each edge, this algorithm affords an
efficient and parallelisable approach to determining whether any given point on
S? is contained by a spherical polytope.

In order to discretise Brownian motion on the manifold we use modified geodesic
random walks, section 3.2.6, by including the Metropolis step, algorithm 5.1, to
account for the reflection of the process.

Results

A qualitative visual comparison of samples from the true distribution, our model,
and the uniform distribution is presented in figure 5.8 and a quantitative compari-
son to an unconstrained Riemannian score-based model from chapter 3 is given
in table 5.5. This demonstrates that our approach is able to successfully model
challenging multimodal and sparse distributions on non-flat constrained manifolds
with highly non-convex boundaries.

Table 5.5. MMD (]) of a held-out test set for the geospatial modelling dataset. Means
and standard deviations are computed over 3 different runs. Average training time
is provided in hours.

MoDEL DomaIN MMD RUNTIME % IN BOUNDARY

Unconstrained S? 0.1567+¢ 013 0.81 63.3
Metropolis PcS? 0.1388+¢015 3.86 100.0
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(a) Data distribution. (b) Metropolis samples. (c) Uniform distribu-
tion.

Figure 5.8. Orthographic projection of 10° samples from (a) the data distribution, (b)
our Metropolis diffusion model, and (c) the uniform distribution, for geospatial data
(wildfire incidence rates) within a non-convex boundary (the continental United
States). The projections are aligned with the geometric centre of the boundary and
zoomed in ten-fold for visual clarity.

5.5. CONCLUSION

Accurately modelling distributions on constrained Riemannian manifolds is a
challenging problem with a range of practical applications. In this chapter, we have
proposed a mathematically principled and computationally scalable extension of
the existing diffusion model methodology to this setting. Based on a Metropolisation
of random walks in Euclidean spaces and on Riemannian manifolds, we have shown
that our approach corresponds to a valid discretisation of the reflected Brownian
motion, justifying its use in diffusion models. To demonstrate the practical utility of
our method, we have performed an extensive empirical evaluation, showing that it
outperforms existing constrained diffusion models on a range of synthetic and real-
world tasks defined on manifolds with convex boundaries, including applications
from robotics and protein design. Leveraging the flexibility and simplicity of our
method, we have also demonstrated that it extends beyond convex constraints and
is able to successfully model distributions on manifolds with highly non-convex
boundaries.

While we found our method to perform well across the synthetic and real-world
applications we considered, we expect it to perform poorly on certain constraint
geometries. For instance, the current implementation relies on an isotropic noise
distribution which could impede its performance on exceedingly narrow constraint
geometries, even with correspondingly small step sizes. In this context, an impor-
tant direction of future research would be to investigate whether we can instead
sample from more suitable distributions, e.g. a Dikin ellipsoid, while maintaining
the simplicity and efficiency of the Metropolis approach. More general topics of
future work include the derivation of quantitative weak and mean square errors
of our proposed discretisation scheme, as well as its application to more semantic
constraints, for example with the objective of imposing sparsity in a basis or fixing
the colour or style of an image.
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Geometric neural diffusion processes. In Advances in Neural Information Process-
ing Systems, 2024.

and has been rewritten for this thesis with additional material.
Personal contributions:
1. Project conception with Emile.

2. Development of geometric nerual diffusion process framework with Emile,
Vincent.

3. Development of code with Emile, Vincent.

4. Running of experiments: Global tropical cyclone trajectory prediction exper-
iment.

5. Developed the conditional sampling approaches.

6. Mathematical results: Those regarding the invariance/equivariance of the
proposed models, and the results regarding the equivariance of the posterior
maps of invariant measures.

7. Original manuscript writing with Emile and Vincent.

6.1. INTRODUCTION

RADITIONAL denoising diffusion models are defined on finite-dimension Eu-
T clidean spaces (Song and Ermon, 2019; Song et al., 2020b; Ho et al., 2020;
Dhariwal and Nichol, 2021). Extensions have recently been developed for more ex-
otic distributions, such as those supported on Riemannian manifolds, developed in
the previous chapters, and on function spaces of the form f : R* — R¢ (Dutordoir
et al,, 2023; Kerrigan et al., 2023; Lim et al., 2023a; Pidstrigach et al., 2023; Franzese
et al., 2024; Bond-Taylor and Willcocks, 2023) i.e. modelling stochastic processes.
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In this chapter, we extend diffusion models to further deal with distributions over
functions that incorporate non-Euclidean geometry in two different ways. This
investigation of geometry also naturally leads to the consideration of symmetries
in these distributions, and as such we also present methods for incorporating these
into diffusion models.

Firstly, we look at tensor fields (see appendix A.6.2). Tensor fields are geometric
objects that assign to all points on some manifold a value that lives in some vector
space V, approximately functions f : M — V. These objects are central to the
study of physics as they form a generic mathematical framework for modelling
natural phenomena. Common examples include the pressure of a fluid in motion
as f : R® > R, representing wind over the Earth’s surface as f : S* — TS?, f €
[ (TS?), sections of the tangent bundle, or modelling the stress in a deformed object
as f : Object —» TR?® ® TR?, where ® is the tensor product (see appendix A.4.3)
of the tangent spaces. Given the inherent symmetry in the laws of nature, these
tensor fields can transform in a way that preserves these symmetries. Leveraging
this symmetry can drastically reduce the amount of data required to learn from
and reduce training time (Elesedy and Zaidi, 2021; Elesedy, 2021; Lyle et al., 2020;
Behboodi et al., 2022).

Secondly, we look at functions with manifold codomain, and in particular, at func-
tions of the form f : R — M, representing paths on manifolds. The challenge in
dealing with manifold-valued output, arises from the lack of vector-space struc-
ture. In applications, these functions typically appear when modelling processes
indexed by time that take values on a manifold. Examples include tracking the eye
of cyclones moving on the surface of the Earth (section 6.5.3), or modelling the
joint angles of a robot as it performs tasks (Jaquier et al., 2021).

The lack of data or noisy measurements in the physical process of interest motivates
a probabilistic treatment of such phenomena, in addition to its functional nature.
Arguably the most important framework for modelling stochastic processes are
Gaussian processes (Rasmussen, 2003), as they allow for exact or approximate
posterior prediction (Titsias, 2009; Rahimi and Recht, 2007; Wilson et al., 2020).
These can be viewed as generalisations of the typical multivariate Gaussian distri-
bution, specified by a mean and covariance kernel. In particular, when choosing
equivariant mean and kernel functions, Gaussian processes are invariant to the
symmetries their mean and kernel function encode (this is commonly referred to
as ‘stationary’) (Terenin, 2022; Holderrieth et al., 2021b; Azangulov et al., 2023a;
Azangulov et al., 2023b).

The limited modelling capacity of Gaussian processes and the difficulty in de-
signing complex, problem-specific kernels motivated the development of neural
processes (Garnelo et al., 2018), which learn to approximately model a conditional
stochastic process directly from data. Neural processes have been extended to
model translation invariant (scalar) processes (Gordon et al., 2020) and more generic
E(n)-invariant processes (Holderrieth et al., 2021b).

In this chapter we develop two sets of contributions. Firstly, we produce a frame-
work for placing score-based generative models on the spaces of tensor fields on
manifolds, and on the spaces of paths on manifolds. We accomplish this by consid-
ering the finite marginals of a noising process defined on the infinite dimension
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Figure 6.1. Illustration of a vector field f : R?> — R? being steered by a group
element g = uh € E(2) = R? < 0(2).

space of functions, targeting a Gaussian process as the reference distribution. We
investigate a series of methods of parametrising the score function for such a pro-
cess. We also derive the constraints required on the score function to ensure that
the modelled density is invariant, or if we are modelling a conditional distribution,
equivariant.

Secondly we design a new series of conditioning methods to sample the posterior
distribution of a prior diffusion model, conditioned on a partial observation. This
method relies on exploiting a decomposition of the score function and an applica-
tion of Langevin dynamics. We explore a series of hyperparameter settings for this
algorithm, trading off sampling cost with sample quality.

At the end, we empirically evaluate these contributions on a series of experimental
tasks.

6.2. GEOMETRIC NEURAL DIFFUSION PROCESSES

For ease of presentation we begin with our method specialised for tensor fields on
Euclidean space. Later we will generalise this to tensor fields on manifolds.

6.2.1. Euclidean tensor fields. Our aim is to model tensor fields on Euclidean
space. These are an example of a signal on a space (see section 2.1.1).

Recall that a signal on a space consists of an input space X, a set of symmetries
of X, G, and an output space, Y. We call tuple (f, p) with f as above and p a
representation (see section 2.1.1) of G, a group action of G on Y, a feature field.
Recall the action of G on a signal is given by

[9>f1(x) =p(9)f(g7'x), x€X, geG. (6.1)

In our setting X is RY, Y areal vector space, isomorphic to R¥ and G the Euclidean
group, the space of rigid symmetries of R%. p is given by the problem being
modelled.

The elements g € E(d) admit a unique decomposition g = uh where h € O(d) is a
d X d orthogonal matrix and u € T(d) is a translation which can be identified as an
element of R?; for a vector x € R% and g = (h,u) € E(d), g - x = hx + u denotes
the action of g on x, with h acting from the left on x by matrix multiplication.
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The action of E(d) on the feature field f given by eq. (6.1) specialises in this case to

g-f(x) = (uh)- f(x) = p(W)f(h (x —w)). (6.2)

Typical examples of feature fields include scalar fields, Y = R with pyiy(g9) = 1,
such as temperature fields, and vectors fields, Y = R4 with p1a(g) = h, such as
wind or force fields. For an example of a vector field, see figure 6.1.

6.2.2. Continuous diffusion on function spaces. We construct a diffusion model
on functions f : X — Y by defining a diffusion model for every finite set of
marginals. Most prior works on infinite-dimensional diffusions consider a noising
process on the space of functions (Kerrigan et al., 2023; Pidstrigach et al., 2023; Lim
et al., 2023b). In theory, this allows the model to define a consistent distribution
over all the finite marginals of the process being modelled. In practice, however,
only finite marginals can be modelled on a computer and the score function needs
to be approximated, and at this step consistency over the marginals is lost. The
only work to stay fully consistent in implementation is Phillips et al. (2022), at the
cost of limiting functions that can be modelled to a finite-dimensional subspace.

With this in mind, we eschew the technically laborious process of defining diffu-
sions over the infinite-dimension space and work solely on the finite marginals
following Dutordoir et al. (2023). We find that in practice consistency can be well
learned from data see, section 6.5, and this allows for more flexible choices of score
network architecture and easier training.

For the modelling problem, we assume that there exists an underlying distribution
over tensor fields, f ~ y, for y € P(C(X,Y)), where P is the space of probability
measure on the space of continuous functions f : X — Y. From this we have a
finite set of observations, observed on a random or static finite index set, that is a
dataset

N; N
((xi,j: Yij = ﬁ(xi,j))j:jl)izl’ xij €X, yij €Y, fi~p (6.3)

for a dataset size N with N; observations per function sample in the dataset.
Examples of this sort of data might include wind observations at sparse weather
stations, or pixels making up an image.

It should be noted that a measures on general function spaces f : X — Y, not just
when X = R, are termed stochastic processes also. We will refer therefore to the
distribution over the data functions as a stochastic process, as well as the stochastic
processes defining the forward and reverse stochastic differential equations.

Noising process

We denote a stochastic differential equation on the space of functions as (Y;),s,
For a given data point (x;,y;)j-; = (x,y) of n observations we denote the noising
process on the marginals as (Y;(x)),s, and consider the following forward noising
process defined by the following multivariate stochastic differential equation

dY,(x) = 14, [m(x) - Y:(x)] dt + yB:K(x, x)? dB,, (6.4)

where m(x); = m(x;) with m : X — R a mean function and K(x, x); j = k(x;, x;)
with k : X X X — R a kernel. This will converge with geometric rate to
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N(m(x),K(x, x)). Using the results of Phillips et al. (2022), this convergence
extends to the diffusion on function space Y;, which will converge to a Gaussian
process with mean function m and covariance kernel k. We choose to noise towards
a Gaussian process (Rasmussen, 2003) as they are the function-space generalisation
of a multivariate Gaussian. We hypothesise that by introducing structure into the
reference distribution of the diffusion model we can make the sampling process
simpler.

In the specific instance where k(x;, x;) = dy,(x;), then the limiting process Y, is
simply white noise, whilst other choices such as the squared-exponential or Matérn
kernel would lead to the associated Gaussian processes. Note that the white noise
setting is not covered by the existing theory of functional diffusion models, as a
Hilbert space and a square integral kernel are required, see Kerrigan et al. (2023)
for instance.

To draw a sample from p;|o(Y;(x)|Yo(x)) we can sample from the multivariate
Gaussian

Y, (x) ~ N((1 - e—%B“))m(x) + e—%B“)Yo(x), (1 - e—B“))K(x, x)) (6.5)
= N (mapo(x), 0 K. 2)). (6.6)
where B(t) = fot B(s) ds. This can be quickly sampled simply via
Yi(x) ~ myo(x) + orjoKeo(x, x) 28, &~ N(0, ). (6.7)
The conditional score of the process is given by

Vy, log pr (Y (%)[Yo (%)) = =%, (Ye(x) = myjo(x)) = 0, K (, x) "%, (6.8)

allowing for the use of denoising score matching. See appendix F.2.1 for these
results.

Denoising process

Using the results presented in section 3.2.3, the time-reversal process (Y} )¢ also
satisfies a stochastic differential equation, given by

dy; (x) = [%(m(x) -Y:(x)) +K(x,x)V logp’T‘_t(Yf(x))] dr + \/EK(x, x)% dB;,

with py the density of Y;(x) with respect to. the Lebesgue measure. In practice,

the Stein score V log pr_; is not tractable and is approximated by a neural network.

We then consider the generative stochastic process model defined by first sampling

with Y5 ~ N(m(x),K(x,x)) and then simulating the reverse diffusion (6.9) (e.g.

via Euler-Maruyama discretisation).

Score parametrisation and training loss

As the reverse stochastic differential equation (6.9) involves the preconditioned
score K(x, x)V log p;, we directly approximate it with a neural network (Ks)g :
[0, T] x X" xY" —» TY".
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We learn the preconditioned score (Ks)p by minimising the following denoising
score matching (DSM) loss (Vincent et al., 2010) weighted by A(t)

L(0;A(1) = E[llsa(£,Y;) — Viog pe (Ye[Yo) 13, ]
= E[lloro - (Ks)g(t,Y;) + K(x, %) /2|2, (6.9)

with A(t) = atme(x, x)"K(x, x) where ||x||5 = xT Ax. Note that when targeting a
unit-variance white noise, k(x;, x;) = J, (x;), the loss (6.9) reverts to the denoising

score matching loss with weighting A(¢) = 1/ 0z2| , (Song et al., 2020b).

In appendix F.2.3 we explore several preconditioning terms and associated weight-
ing A(t). Overall, we found the preconditioned score K(x, x)V log p; parametrisa-
tion, in combination with the above loss, to perform best, as shown by the ablation
study in appendix F.4.1.

A discussion on model consistency

So far we have defined a generative model over functions via distributions over

sets of finite marginals Y, (x). These finite marginals arise from a stochastic pro-

cess if, as per the Kolmogorov extension theorem (@ksendal, 2003), they satisfy
Exchangeability exchangeability and consistency conditions.

Consistenc
Y Exchangeability can be satisfied by parametrising the score network such that the

score network is equivariant with respect to permutation, i.e. sg(t,c 0 x,0 0 y) =
oo sy(t,x,y) for any o € %y,.

Additionally, we have that the forward noising processes on the marginals (Y, (x))xex.,
where X is the set of all finite index sets trivially consistent for any ¢ € R, since
these are the marginals of a stochastic process as per proposition F.1. Consequently,
so is the (true) time-reversal marginals (Y (x))xex.

When approximating the score sy = V log p; however, we lose the consistency over
the generative process Y; (x) as the constraint on the score network is non-trivial
to satisfy. The consistency constraint is very strong constraint on the model class,
and as soon as one goes beyond linearity (of the posterior with respect to the
context set), it is non-trivial to enforce without directly parametrising a stochastic
process, e.g. as Phillips et al. (2022) do. We therefore avoid this and aim to learn
consistency from data. Empirically there seems to be a strong trade-off between
satisfying consistency, and the model’s ability to fit complex process and scale to
large datasets.

6.2.3. Invariant and equivariant geometric neural diffusion processes. So far the
model defined does not build in any symmetries desired. In this section we show
how we can incorporate such symmetries. In particular, we aim to incorporate the
symmetries of tensor fields as described in section 6.2.1.

Invariant stochastic processes

Let (F, XF) be a measurable space, and let G be a group with a group action on F.
Let Ar be the space of probability measures on F. For i € Ap we define the action
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of G on y via the measurable sets of £f as

[g- W] (F) =p(g™" -F)=p({g™" -f : feF}) (6.10)
for g € G, F € ¥p. This action implies
lg- ul(g - F) = u(F) (6.11)

forg e G,F € 3p.

A probability measure p on F is said to be G-invariant measure if

g p=p (6.12)

This definition naturally covers stochastic processes of the form we are studying
with F as a space of function. In the Gaussian process literature an invariant
Gaussian process is often termed as a ‘stationary’ stochastic process.

Let v be a measure on sets of finite marginal, that is it a distribution on sets
(x1, ..., x,) for variable n and randomly generates sets of marginals to evaluate
the stochastic process on. Assume this is invariant under the group action g -

(15 s xn) = (g - X150 - X)-

The invariances of y and v together mean that for a given set of observations of
the stochastic process, (x,y) = ({x:}/o;, {yi = f(x:)}1;) for f ~ pand x ~ v, we
are as likely to see this observation as we are to see the transformed observations
g - (x,y). The transformation of observations is defined in the Euclidean tensor
field case by

g (x,y) = ({9 X ?:v {P(h)yi}i=1")’ (6.13)
where p is a representation of O(d) ¢ G. We aim therefore to define a model that
preserves this G-invariance.

Invariant diffusion processes

First, we recall such a necessary and sufficient condition for Euclidean Gaussian
processes to be invariant.

PrROPOSITION 6.1. We have that a Gaussian process GP(m, k) is G-invariant if and
only if its mean m and covariance k are suitably G-equivariant—that is, for all
xx' €X,geG

m(g-x) = p(g)m(x) and k(g-x.g-x")=p(9)k(xx")p(9)" (6.14)

Trivial examples of E(n)-equivariant kernels include diagonal kernels k = koI
with ky invariant (Holderrieth et al., 2021b), but see appendix F.4.2 for non-trivial
instances introduced by Macédo and Castro (2010).

Building on proposition 6.1, we then state that our introduced neural diffusion
process.

PROPOSITION 6.2. We denote by (Y (x))se[o,r] the process induced by the time-
reversal stochastic differential equation (6.9) on the marginals x. The score is approx-
imated by a score network

sg: [0, T] x X" xY" > TY" (6.15)
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, and the law of the limiting process is given by
L(Y5) ~ GP(m, k)(x) (6.16)

, a G-invariant Gaussian process evaluated on the marginals x (proposition 6.1).
If we additionally assume that the score network is G-equivariant vector field, i.e.
so(t,g-x,p(g9)y) = p(g)se(t,x,y) forallx € X,g € G, then for anyt € [0,T] the
law of (Y; (x)) ,cxn is G-invariant in the sense that

9- LY;(x)) = L(p(WY; (g - x)) = LY (x)). (6.17)

Proof. This result can be proved in two ways, from the probability flow ordinary
differential equation perspective or directly in terms of stochastic differential
equation via the Fokker-Planck, see appendix F.3.2. [ ]

Suitable architectures to produce such equivariant score functions on points include
the E(n)-Equivariant Graph Neural Networks of Satorras et al. (2021).

Equivariant posterior maps

The invariant model in the previous section defines a model over a stochastic
process. Often in generative modelling we wish to model the conditional distribution
of a stochastic process. That is, given a partial observation of a sample from g,
C = (x,y.) = ({xc)i, UYe,i =f(xc,i)})?:1, f ~u x. ~ v, we want to model the
conditional measure of y given C, u(-|C). Explicitly learning the conditional
distribution is known as amortised conditioning.

When the prior process p is G-invariant, the map from the conditioning set to the
posterior, P : C +— p(+|C), inherits a symmetry from p. It is G-equivariant in the
sense that

P(g-C)=g-P(C)=g-p(l0) VC g€G. (6.18)

This is equivalent to saying it satisfies
p(g-Alg-C) =pu(AlIC) VCgeGAE€Zp, (6.19)

and so we could also as that the posterior is invariant in this sense.

A version of this statement specialised for Euclidean Gaussian processes was first
proved in Holderrieth et al. (2021b). We prove a generalisation of that result to
measures on tensor fields on general manifolds, theorem F.2.

This implies for a context set C = (x.,y.) and a set of observations from the
posterior O = (x,,Y,), X, ~ v, we are as likely to see the observations O given
we already observed C as we are to see the observation g - O given we already
observed g - C. Consequently we want to define a conditional generative model
that respects this invariance.
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Equivariant conditional diffusion processes

In order to construct a diffusion model respecting the conditioning equivariance
of the posterior we need to construct a score function of the form

Sg: [0, T] Xx X™ x Y™ x X" x Y™ — TY", (6.20)

where n, is the number of new observations we are modelling the distribution on
and n, is the size of the conditioning set. This score function takes the conditioning
observations as an auxiliary input.

In order to encode the observed invariance in likelihood, it is sufficient to apply a
minor extension of proposition 6.2. The conditional model will be conditionally
equivariant if the reference density is invariant and the conditional score function
satisfies

so(t,g- Orlg - C) = p(W)so(1,0IC) (6.21)

for all context sets C € X™ X Y, (partially denoised) observation sets O €
XM x Y™, timest € [0,T] and g € G.

6.2.4. Extension to tensor fields on manifolds. In the previous section we de-
scribed the construction of symmetry preserving diffusion models for Euclidean
tensor fields. Here we preset how this can be generalised to tensor fields on
manifolds.

Significant work has been done on performing convolutions on feature fields
on manifolds (a superset of tensor fields on manifolds), core references being
Cohen (2021) for the case of homogeneous spaces and Weiler et al. (2023) for more
general Riemannian manifolds. We recommend these as excellent mathematical
introductions to the topic and build on them to describe how to formulate diffusion
models over these spaces.

Tensor fields as sections of bundles

Formally the fields we are interested in modelling are sections o of associated tensor
bundles of the principle G-bundle on a Riemannian manifold (M, g) for a given G
structure on the manifold. We shall denote such a bundle BM and the space of
sections I'(BM). The goal, therefore, is to model random elements f € T'(BM) from
this space of sections. For a clear understanding of this definition, please see Weiler
et al. (2023, pages 73-95).

The symmetries we shall want to preserve are the Riemannian isometries (see
appendix A.8.3) of the manifold, Isom ;). Unlike Euclidean symmetries these
may not be global symmetries of the manifold.

Prior work looking at this setting is Hutchinson et al. (2021c) where they construct
kernels for tensor fields on manifolds, allowing for the use of Gaussian processes
in this setting.

Stochastic processes on spaces of sections

Given we can see sections as maps ¢ : M — BM, where an element in BM is a tuple
(m, b), m in the base manifold and b in the typical fibre, alongside the condition
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that the composition of the projection proj; : (m, b) — m with the section is the
identity, proj; oo = Id it is clear we can see distribution over sections as stochastic
processes with index set the manifold M, and output space a point in the bundle BM,
with the projection condition satisfied. The projection onto finite marginals, i.e. a
finite set of points in the manifold, is defined as 7, _m, (o) = (6(my), ..., a(my)).

Noising process

To define a noising process over these marginals, we can use Gaussian processes
defined in Hutchinson et al. (2021c) over the tensor fields. The convergence results
of Phillips et al. (2022) hold still, and so using these Gaussian processes as noising
processes on the marginals also defines a noising process on the whole section.

Reverse process

The results of Cattiaux et al. (2023) are extremely general and continue to hold
in this case of stochastic differential equations on the space of sections. Note we
don’t actually need this to be the case as we work with the reverse process on the
marginals only, which are much simpler objects. It is good to know that it is a valid
process on full sections though should one want to parametrise a score function
on the whole section akin to some other infinite-dimension diffusion models.

Score function

The last thing to do therefore is parametrise the score function on the marginals.
If we were trying to parametrise the score function over the whole section at once
(akin to a number of other works on infinite dimension diffusions), this could
present some problems in enforcing the smoothness of the score function. As we
only deal with the score function on a finite set of marginals, however, we need
not deal with this issue and this presents a distinct advantage in simplicity for our
approach. All we need to do is pick a way of numerically representing points on
the manifold and pick a basis for the tangent space of each point on the manifold.
This lets us represent elements from the tangent space as element of Euclidean
space, and therefore also elements from tensor space at each point as elements of
Euclidean space as well. This done, we can use the standard Euclidean score-based
modelling framework to model these quantities.

Encoding symmetries

A general recipe for encoding symmetries into this generalisation is unlikely to be
available. The symmetry acting on sets of observations of sections of tensor bundles
on manifolds are more complex than in the Euclidean case. The generalisation of
eq. (6.13) is given by

9 (xy) = ({g-x}p {p(h(g. %) - Yi}izin), (6.22)

where i € Isom(yq) and h : Isom(M,g) X M — G is a function of the global
isometry and the specific point x;.

One case where this simplifies is when there exists an isometric embedding of the
manifold into Euclidean space that also preserve the symmetry of the manifold
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Figure 6.2. Illustration of Langevin corrected conditional sampling. The black
line represents the noising process dynamics (p;)sefo,r}. The time reversal (i.e.
predictor) step, is combined with a Langevin corrector step projecting back onto
the dynamics.

such that the symmetry in the embedding is a subgroup of the Euclidean group.
Examples of this include n-spheres 8", such as the circle and the sphere. In this
case we can use an architecture that is equivariant to Euclidean transformations
and project the outputs onto the tangent space of the embedded manifold.

6.2.5. Extension to manifold-valued functions. So far we have defined our gen-
erative model for tensor fields f : M — Y with Y = R¢. We now extend our
methodology to model functions of the form f : X — M where M is a Riemannian
manifold.

In this case M does not have the vector space structure necessary to define Gaussian
processes. Fortunately we can still target a know distribution independently on
each marginal, since this is well-defined, and as such revert to the Riemannian
diffusion models introduced in chapter 3 with n independent Langevin noising
processes

dY, (x;) = —1 B, VU (Y, (x))dt + /B dBM (6.23)

applied to each marginal. Hence, in the limit ¢t — oo, Y;(x) has density (assuming
it exists) which factors as (“?TI{,,M oc [T, eV,

Since the space of this diffusion is the product of finitely many Riemannian mani-
folds, the time reversal and parametrisation of the score function approaches of
chapter 3 also apply, giving us a ready method to define a diffusion model on paths.

6.3. LANGEVIN CONDITIONAL SAMPLING OF
DIFFUSION MODEL

Conditional sampling, or posterior sampling, is the problem of sampling from
a prior distribution, conditioned on some partial observations, as discussed in
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section 6.2.3 already. This is a long-standing problem in Bayesian machine learning
and Bayesian statistics in general.

Several previous schemes exist for conditional sampling from diffusion models,
each with some limitations. These include:

« Replacement sampling (Song et al., 2020b), where the reverse likelihood
ordinary differential equation or the reverse stochastic differential equation
is evolved but by fixing the conditioning data during the rollout. This method
does produce visually coherent sampling in some cases, but is not an exact
conditional sampling method.

+ SMC-based methods (Trippe et al., 2022), which are an exact method up to
the particle filter assumption. These can produce good results but can suffer
from the usual SMC methods downsides on highly multimodel data such as
particle diversity collapse.

« The RePaint scheme of (Lugmayr et al.,, 2022). While not originally proposed
as an exact sampling scheme, in ?? we show that this method is a specific
instantiation of our newly proposed method, and is therefore exact.

« Amortisation methods, e.g. Phillips et al. (2022) and section 6.2.3. While
they can be effective, these methods can never perform exact conditional
sampling, by definition, and can take significant model capacity to learn
approximate conditioning maps.

Our goal in this section is to produce an exact, performant, sampling scheme that
does not rely on SMC-based methods. Instead, we base our method on Langevin
dynamics. For the initial presentation in the section we consider a distribution
over a fixed state space, x € X". We will adapt this to the setting of modelling the
marginals of a stochastic process later. Consider the setting where we have partially
observed x, x¢ € X™, and we wish to sample x° € X", such that n, + n, = n. If
we have a score function trained over the state space x = [x¢, x°] we exploit the
following score breakdown:

Vo log p(x°]x€) = Vyo log p([x°, x]) — Vyo log p(x°) = Vo log p(x). (6.24)

This means that if we have access to the score on the joint variables, we have
access to the conditional score by simply taking the joint score and ignoring the
gradient for the variables we are conditioning on.

In a score-based model we learn the time-dependent score function sg(t,x) =
V, log p;(x). We could use this to perform Langevin dynamics at t = €, some time
very close to 0. Similar to Song and Ermon (2019) however, this produces the twin
issues of how to initialise the dynamics, given a random initialisation will start the
sampler in a place where the score has been badly learnt, and very slow mixing
times for complex distributions, producing inaccurate sampling.

Instead, we follow a scheme of tempered Langevin sampling detailed in algo-
rithm 6.3. Starting at t = T we sample an initialisation of x° based on the reference
distribution. Progressing from t = T towards t = € we alternate between running a
series of inner Langevin corrector steps to sample from the distribution p; (x?|xy),
and a single outer backwards stochastic differential equation step to sample from



6.3 LANGEVIN CONDITIONAL SAMPLING OF DIFFUSION MODEL

Algorithm 6.3 Conditional sampling with Langevin dynamics.

Require: Score network sy (¢, x,y), conditioning points (x°, y“), query locations x°

x =[x x°] > Augmented inputs set
Y5 ~ N(m(x°), K(x° x°)) > Sample initial noise
fort € {T, T -y,...e} do
Y5~ pf‘:"( 1y©) > Sample context noise from forward SDE
Z ~N(0,]) > Sample tangent noise
Loty = lww] + r{-2 m@® - v 52]) + K@ Do (05 [55.95]))} +
VYK (x,x)12Z > Euler-Maruyama step
forle{1,...,L} do
Yiy ~ px v Clyp) > Sample context noise from forward SDE
Z ~ N(0,1) > Sample tangent noise

[_, gg_y] = [_} g;’_y] + 1K (%, %)sp(t - 1. %, [y;;),, gj_y]) F K 02Z
Langevin step
Y, =Y,

return y?

pe(x7_, |x7) with a step size y. At each inner and outer step, we sample a noised
version of the conditioning variables x{ based on the forward stochastic differential
equation applying noise to these context points, p;|o(x7|x). For the exactness of
this scheme, all that matters is that at the end of the sampling scheme, we are
sampling from py(x°|x¢). The rest of the scheme is designed to map from the
initial sample at t = T of x° to a viable sample through regions where the score has
been learnt well.

We apply this scheme to the problem of sampling from conditional distributions
on the marginals of a diffusion model modelling a stochastic process by applying
it to a fixed set of marginals at a time. Consider that we have a set of conditioning
observations, (x¢, y°), and a set of index locations we wish to sample conditional ob-
servations at, x°. A score-based model on the marginals has learnt the distribution
Vye yo log pfc’xo (y¢,y?). We can therefore compute the conditional score

x| x°

Ve log pr ™ (ySly?) = Vyeo log pI™ 1 ([yS, y7)), (6.25)

again by ignoring the gradients of the conditioning variables from the learnt score
function. The algorithm for doing this conditioning is laid out in algorithm 6.3.

6.3.1. Noising schemes. Given the noising scheme applied to the context points
does not actually play into the theoretical exactness of the scheme, only the practical
difficulty of staying near regions of well-learnt score, we could make a series of
different choices for how to noise the context set at each step.

The choices that present themselves are

1. The initial scheme of sampling context noise from the forward stochastic
differential equation every inner and outer step.

2. Only re-sampling the context noise every outer step, and keeping it fixed to
this for each inner step associated with the outer step.
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Fully independent noise,
every inner step

Fully independent noise,
every outer step

SDE path noise,
every outer step

Fixed context set

Outer step Inner step

Figure 6.3. Comparison of different context noising schemes for the conditional
sampling.

3. Instead of sampling independent marginal noise at each outer step, sampling
a single noising trajectory of the context set from the forward SDE and use
this as the noise at each time.

4. Perform no noising at all. Effectively the replacement method with added
Langevin sampling.

These are illustrated in figure 6.3. The main trade-off of different schemes is the
speed at which the noise can be sampled vs sample diversity. In the Euclidean case,
we have a closed form for the evolution of the marginal density of the context point
under the forward SDE. In this case sampling the noise at a given time is O(1)
cost. On the other hand, in some instances such as nosing stochastic differential
equations on general manifolds, we have to simulate this noise by discretising
the equation. In this case, it is O(n) cost, where n is the number of discretisation
steps in the stochastic differential equation. For N outer steps and I inner steps,
the complexity of the different noising schemes is compared in table 6.1. Note the
conditional sampling scheme other than the noise sampling is O(NI) complexity.

6.3.2. Likelihood evaluation. The likelihood ordinary differential equation formu-
lation for computing likelihoods of the marginals in section 6.2 applies immediately.

For conditional samples using the Langevin sampling method however a similar
formulation is not possible. Instead, we rely on the conditional probability rule
to evaluate conditional likelihoods, pyo|xc(y°|Y°) = pxo xc(y°,y°)/pxe(y°). This
can be done by solving two probability flow ordinary differential equations on the
joint evaluation and context set, and only on the context set.



6.4 RELATED WORK

SCHEME CLOSED-FORM NOISE  SIMULATED NOISE
Re-sample noise at every inner step O(NI) O(N?%I?)
Re-sample noise at every outer step O(N) O(N?)

Sampling an SDE path on the context O(N) O(N)
No noise applied -

Table 6.1. Comparison of complexity of different noise sampling schemes for the
context set.

Given that our model does not enforce consistency on the marginals this computa-
tion will not be exact, only up to the degree that the model has learnt consistency
from the data.

6.4. RELATED WORK

Gaussian processes and the neural process family. One important and powerful
framework to construct distributions over functional spaces are Gaussian processes
(Rasmussen, 2003). Yet, they are restricted in their modelling capacity and when
using exact inference they scale poorly with the number of datapoints. Recently
introduced autoregressive Neural Processes (Bruinsma et al., 2023) alleviate this
limitation, but they are disadvantaged by the fact that variables early in the autore-
gressive generation only have simple distributions (typically Gaussian). Finally,
(Dupont et al., 2022) model weights of implicit neural representation using diffusion
models.

Stationary stochastic processes. The most popular Gaussian process kernels (e.g.
squared exponential, Matérn) are stationary, that is, they are translation invari-
ant. This idea can be extended to the entire isometry group of Euclidean spaces
(Holderrieth et al., 2021b), allowing for modelling higher order tensor fields, such
as wind fields or incompressible fluid velocity (Macédo and Castro, 2010). Later,
Azangulov et al. (2023a) and Azangulov et al. (2023b) extended stationary kernels
and Gaussian processes to a large class of non-Euclidean spaces, in particular all
compact spaces, and symmetric non-compact spaces. In the context of neural
processes, (Gordon et al., 2020) introduced CoNvCNP to encode translation equiv-
ariance into the predictive process. They do so by embedding the context into a
translation equivariant functional representation which is then decoded with a
convolutional neural network. Holderrieth et al. (2021b) later extended this idea
to construct neural processes that are additionally equivariant with respect to
rotations or subgroup thereof.

Spatial structure in diffusion models. A variety of approaches have also been pro-
posed to incorporate spatial correlation in the noising process of finite-dimensional
diffusion models leveraging the multiscale structure of data (Jing et al., 2022a;
Guth et al., 2022; Ho et al., 2022; Saharia et al., 2022b; Hoogeboom and Salimans,
2023; Rissanen et al., 2023). Our methodology can also be seen as a principled way
to modify the forward dynamics in classical denoising diffusion models. Hence,
our contribution can be understood in the light of recent advances in generative
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modelling on soft and cold denoising diffusion models (Daras et al., 2023; Bansal
et al., 2022; Hoogeboom and Salimans, 2023). Several recent works explicitly intro-
duced a covariance matrix in the Gaussian noise, either on a choice of kernel (Bilo$
et al., 2022), based on Discrete Fourier Transform of images (Voleti et al., 2022), or
via empirical second order statistics (squared pairwise distances and the squared
radius of gyration) for protein modelling (Ingraham et al., 2022). Alternatively,
(Guth et al., 2022) introduced correlation on images leveraging a wavelet basis.

Functional diffusion models. Infinite dimensional diffusion models have been
investigated in the Euclidean setting in Kerrigan et al. (2023), Pidstrigach et al.
(2023), Lim et al. (2023b), Bond-Taylor and Willcocks (2023), Hagemann et al. (2023),
Franzese et al. (2024), Dutordoir et al. (2023), and Phillips et al. (2022). Most of these
works are based on an extension of the diffusion models techniques Song et al.
(2020b) and Ho et al. (2020) to the infinite-dimensional space, leveraging tools from
the Cameron-Martin theory such as the Feldman-Héjek theorem (Kerrigan et al.,
2023; Pidstrigach et al., 2023) to define infinite-dimensional Gaussian measures
and how they interact. We refer to Da Prato and Zabczyk (2014) for a thorough
introduction to Stochastic Differential Equations in infinite dimension. Phillips
et al. (2022) consider another approach by defining countable diffusion processes
in a basis. All these approaches amount to learn a diffusion model with spatial
structure. Note that this induced correlation is necessary for the theory of infinite
dimensional stochastic differential equation (Da Prato and Zabczyk, 2014) to be
applied but is not necessary to implement diffusion models (Dutordoir et al., 2023).
Several approaches have been considered for conditional sampling. Pidstrigach
et al. (2023) and Bond-Taylor and Willcocks (2023) modify the reverse diffusion
to introduce a guidance term, while Dutordoir et al. (2023) and Kerrigan et al.
(2023) use the replacement method. Finally, Phillips et al. (2022) amortise the score
function with respect to. the conditioning context.

6.5. EXPERIMENTAL RESULTS

Our implementation is built on jax (Bradbury et al., 2018), and is publicly available
at HTTPS://GITHUB.COM/CAMBRIDGE-MLG/NEURAL_DIFFUSION_ PROCESSES. Addi-
tional details for each experiment can be found in appendix F.4.

6.5.1. 1D regression over stationary scalar fields. We evaluate GEoMNDPs on
several synthetic 1D regression datasets. We follow the same experimental setup as
Bruinsma et al. (2020) which we detail in appendix F.4.1. In short, it contains Gaus-
sian (Squared Exponential (SE), MATERN( %), WEAKLY PERIODIC) and non-Gaussian
(SawTooTH and MIXTURE) sample paths, where MIXTURE is a combination of the
other four datasets with equal weight. Figure 6.4 shows samples for each of these
datasets. The Gaussian datasets are corrupted with observation noise with variance
o2 = 0.05% Table 6.2 reports the average log-likelihood p(y*|x*, C) across 4096 test
samples, where the context set size is uniformly sampled between 1 and 10 and
the target has fixed size of 50. All inputs x¢, x* are chosen uniformly within their
input domain which is [-2, 2] for the training data and ‘interpolation’ evaluation
and [2, 6] for the ‘generalisation’ evaluation.


https://github.com/cambridge-mlg/neural_diffusion_processes
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Figure 6.4. Prior and posterior samples (in blue) from the data process and the GeomNDP model, with context

points in red and posterior mean in black.

We compare the performance of GeomNDP to a GP with the true hyperparameters
(when available), a (convolutional) Gaussian NP (Bruinsma et al., 2020), a convolu-
tional NP (Gordon et al., 2020) and a vanilla attention-based NDP (Dutordoir et al.,
2023) which we reformulated in the continuous diffusion process framework to
allow for log-likelihood evaluations and thus a fair comparison—denoted NDP". We
enforce translation invariance in the score network for GeomNDP by subtracting
the centre of mass from the input x, inducing stationary scalar fields.

On the GP datasets, GNP, CoNnvNPs and GeomNDP methods are able to fit the
conditionals perfectly—matching the log-likelihood of the GP model. GNP’s perfor-
mance degrades on the non-Gaussian datasets as it is restricted by its conditional
Gaussian assumption, whilst NDPs methods still performs well as illustrated on
figure 6.4. In the bottom rows of table 6.2, we assess the models’ ability to generalise
outside of the training input range x € [-2, 2], and evaluate them on a translated
grid where context and target points are sampled from [2, 6]. Only convolutional
Neural Processes (GNP and ConvNP) and T(n)1-GeEoMNDP are able to model
stationary processes and therefore to perform as well as in the interpolation task.
The NDP’, on the contrary, drastically fails at this task.

Non white kernels for limiting process. The NDP methods in the above experiment
target the white kernel 1(x = x’) in the limiting process. In appendix F.4.1, we
explore different choices for the limiting kernel, such as SE and periodic kernels
with short and long lengthscales, along with several score parametrisations, see
appendix F.2.3 for a description of these. We observe that although choosing
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Table 6.2. Mean test log-likelihood (TLL) (T) + 1 standard error estimated over 4096 test samples are reported.
Statistically significant best non-GP model is in bold. “* stands for a TLL below —10. NP baselines from

Bruinsma et al. (2020).

SE MATERN—% WEAKLY PER. SAWTOOTH MIXTURE
. GP (oPTIMUM) 0.70%0.00  0.31=0.00 —0.32+0.00 - -
E T(1)-GEoMNDP  0.72+0.03  0.32+0.03 —0.3840.03  3.39+0.04  0.6440.08
g NDP’ 0.71+0.03  0.30%+0.03 —0.37=+0.03 3.39+0.04  0.64+0.08
£ GNP 0.70+0.01  0.30%0.01 —0.47=+0.01 0.42+0.01 0.10+0.02
Z ConNnvNP —0.46+0.01 —0.67=+0.01 —1.02=+0.01 1.20%0.01  —0.50=+0.02
. GP (oPTIMUM) 0.70%0.00  0.31=+0.00 —0.32+0.00 - -
% T(1)-GEoMNDP  0.70+0.02  0.31+0.02  —0.38+0.03  3.39+0.03  0.62%0.02
5 NDP* * * * * *
2 GNP 0.69+0.01 0.30+0.01 —0.47=+0.01 0.42+0.01 0.10=+0.02
© ConvNP —0.46+0.01 —0.67=+0.01 —1.02+0.01 1.19+0.01 —0.53=+0.02
MoDEL SE CURL-FREE Di1v-FREE
GP 0.56.0.00 0.66-0.00 0.6640.00
NDP 0.5540.00 0.6240.01 0.6240.01
E(2)-GEoMNDP 0.56+0.01 0.65+0.01 0.66+0.01
GP (DIAG.) —1.564¢.00 —1.47 +0.00 —1.47 +0.00
T(Z)-CONVCNP —1.7140.01 —1.77 +0.01 —1.7640.00
E(Z)-STEERCNP —1.61.¢.00 —1.5710.00 —1.5710.01

Table 6.3. Quantitative results comparing fitting neural diffusion process models
and regular neural process models to samples from GP vector fields. Mean predic-
tive log-likelihood (T) and confidence interval estimated over 5 random seeds.

such kernels gives a head start to the training, it eventually yields slightly worse
performance. We attribute this to the additional complexity of learning a non-
diagonal covariance. Finally, across all datasets and limiting kernels, we found the
preconditioned score KV log p; to result in the best performance.

Conditional sampling ablation. We employ the SE dataset to investigate various
configurations of the conditional sampler as we have access to the ground truth
conditional distribution through the GP posterior. In figure F.2 we compute the
Kullback-Leibler divergence between the samples generated by GEoMNDP and the
actual conditional distribution across different conditional sampling settings. Our
results demonstrate the importance of performing multiple Langevin dynamics
steps during the conditional sampling process. Additionally, we observe that the
choice of noising scheme for the context values y, has relatively less impact on
the overall outcome.

6.5.2. Regression over Gaussian process vector fields. We now focus our at-
tention to modelling equivariant vector fields. For this, we create datasets us-
ing samples from a two-dimensional zero-mean GP with one of the following
SE(n)2-equivariant kernels: a diagonal Squared-Exponential (SE) kernel, a zero
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Figure 6.5. Quantitative results for an ablation study fitting models to samples from
GP vector fields with varying numbers of training data samples. Mean predictive
log-likelihood (T) and confidence interval estimated over 5 random seeds.

curl (CurL-FREE) kernel and a zero divergence (D1v-FREE) kernel, as described in
appendix F.3.1.

We equip our model, GeomNDE with a E(2)-equivariant score architecture, based
on steerable CNNs (Thomas et al., 2018; Weiler et al., 2023). We compare to NDP’
with a non-equivariant attention-based network (Dutordoir et al., 2023). We also
evaluate two neural processes, a translation equivariant CoNvCNP (Gordon et al.,
2020) and a C4 =< R? C E(2)-equivariant STEERCNP (Holderrieth et al., 2021b).
We also report the performance of the data-generating GP, and the same GP but
with diagonal posterior covariance GP (D1aG.) . We measure the predictive log-
likelihood of the data process samples under the model on a held-out test dataset.

We observe in table 6.3 that the CNPs performance is limited by their diagonal
predictive covariance assumption, and as such cannot do better than the GP (D1ag.).
We also see that although NDP" is able to fit well GP posteriors, it does not reach
the maximum log-likelihood value attained by the data GP, in contrast to its
equivariant counterpart E(2)-GEoMNDP . To further explore gains brought by the
built-in equivariance, we explore the data-efficiency in figure 6.5 and notice that
E(2)-GEoMNDP requires few data samples to fit the data process, since effectively
the dimension of the (quotient) state space is dramatically reduced.

6.5.3. Global tropical cyclone trajectory prediction. Finally, we assess our model
on a task where the domain of the stochastic process is a non-Euclidean manifold.
We model the trajectories of cyclones over the earth, modelled as sample paths of
the form R — S? coming from a stochastic process. The data is drawn from the In-
ternational Best Track Archive for Climate Stewardship (IBTrACS) Project, Version
4 (Knapp et al., 2010; Knapp et al., 2018) and preprocessed as per appendix F.4.3,
where details on the implementation of the score function, the ODE/SDE solvers
used for the sampling, and baseline methods can be found.

Figure 6.6 shows some cyclone trajectories samples from the data process and from
a trained GEOMNDP model. We also demonstrate how such trajectories can be
interpolated or extrapolated using the conditional sampling method detailed in
section 6.3. Such conditional sample paths are shown in figure 6.7. Additionally,
we report in table 6.4 the likelihood ! and MSE for a series of methods. We see
that the Gaussian Processes (modelled as f : R — R?, one on latitude/longitude

IWe only report likelihoods of models defined with respect to the uniform measure on S2.
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Figure 6.6. Left: 1000 samples from the training data. Right: 1000 samples from the trained model.

MODEL TEST DATA INTERPOLATION EXTRAPOLATION
Likelihood Likelihood MSE (km) Likelihood MSE (km)
GeoMNDP (R — S?) 8025 535.4 162.¢ 5364 49614
STEREOGRAPHIC GP (R — R?/{0}) 393,43 2663 261913 245, 6587 155
NDP (IR — IR2) - - 166492 - 769143
GP (R — R?) - - 6852441 - 813857

Table 6.4. Comparative results of different models on the cyclone dataset, comparing test set likelihood,
interpolation likelihood and mean squared error, and extrapolation likelihood and mean squared error. Mean
and standard deviation are estimated over 5 data splits / random seeds.

coordinates, the other via a stereographic projection, using a diagonal RBF kernel
with hyperparameters fitted with maximum likelihood) fail drastically given the
high non-Gaussianity of the data. In the interpolation task, the NDP performs as
well as the GEoMNDP , but the additional geometric structure of modelling the
outputs living on the sphere appears to significantly help for extrapolation.

6.6. DISCUSSION

In this chapter, we have extended diffusion models to model invariant stochastic
processes over tensor fields. We did so by (a) constructing a continuous noising
process over function spaces which correlate input samples with an equivariant
kernel, (b) parametrising the score with an equivariant neural network. We have

S

(a) Interpolation (b) Extrapolation

Figure 6.7. Top: Examples of conditional trajectories sampled from the GeomNDP model. Blue: Conditioned
sections of the trajectory. Green: The actual trajectory of the cyclone. Red: conditional samples from the model.
Purple: closest matching trajectories in the dataset to the conditioning data.



6.6 DISCUSSION

empirically demonstrated the ability of our introduced model GEoMNDP to fit
complex stochastic processes, and by encoding the symmetry of the problem at
hand, we show that it is more data efficient and better able to generalise.

We highlight below some current limitations and important research directions.

First, evaluating the model is slow as it relies on costly SDE or ODE solvers. In that
respect our model shares this limitation with existing diffusion models. Second,

targeting a white noise process appears to over-perform other Gaussian processes.

In future work, we would like to investigate the practical influence of different
kernels. Third, we wish to apply our method for modelling higher order tensors,
such as moment of inertia in classical mechanics (Thomas et al., 2018) or curvature
tensor in general relativity. Fourth, strict invariance may sometimes be too strong,
we thus suggest softening it by amortising the score network over extra spatial
information available from the problem at hand.
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7 | CONCLUSION

7.1. CONTRIBUTIONS AND APPLICATIONS

HIS THESIS has focused on extending the capabilities of score-based generative
models to Riemannian manifolds. Chapter 3 developed methods for modelling
on geodesically complete manifolds. Chapters 4 and 5 extended these ideas to
geodesically incomplete manifolds, allowing for modelling in the presence of
constraints. Chapter 6 looked at modelling data structures that live on manifolds,
namely tensor fields and paths on manifolds. This has been achieved by generalising
technical results to the manifold setting from the Euclidean setting, proposing
practical modelling choices needed to make the manifold setting tractable, and
efficient implementations of the algorithms proposed. The main motivation for this
has been tackling scientific problems with generative modelling and throughout
we have demonstrated practical examples on scientifically relevant tasks.

The work presented in this thesis has already seen a range of applications in
scientific modelling problems. The problem of modelling the three-dimension
structure of a protein given its amino acid sequence has been studied by Watson
et al. (2022), Watson et al. (2023), Wang et al. (2024), and Yim et al. (2023). This
involves modelling over products of the group SE(3). The design of novel proteins,
with the additional complexity of modelling the protein backbone residue types has
been tackled by Anand and Achim (2022) and Luo et al. (2022). Urain et al. (2022)
also consider this setting for the modelling of robotics trajectories. This involves
modelling over products of the group SE(3) as well as a categorical distribution for
the amino acid type. Modelling proteins (Wu et al., 2024b) and small molecules (Jing
et al., 2022b) by their internal bond rotation angles has also been studied, involving
modelling over products of SO(2). The problem of predicting the interaction
between multiple proteins and small molecules has been considered in Corso et al.
(2023) and Ketata et al. (2023). Applications in material science have also been
considered by Jiao et al. (2024) which involves modelling over Euclidean space
with periodic boundary conditions and E(3) symmetries. Modelling in hyperbolic
space has also been considered for modelling tree structures (Wen et al., 2024) and
molecules (Wen and Wei, 2023).

7.2. CONCURRENT WORK

In the field of machine learning there is never a single group working to tackle
a given idea. I would like to briefly touch on other works that tackled similar
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problems at similar times to the work presented in this thesis, or made direct
theoretical improvements.

Huang et al. (2022) developed methods to tackle a similar setting as presented in
chapter 3. The approach taken by the authors differs from chapter 3 in a number
of ways. The authors prove a time-reversal result similar to theorem 3.5. In order
to define a valid training loss they take a maximum likelihood perspective and
generalise the work of Huang et al. (2021) and Song et al. (2021), resulting in an
implicit score matching like objective, but not denoising score matching. Finally,
in discretising the stochastic differential equations they rely on embedding the
manifold into Euclidean space and solving the stochastic differential equation as a
Euclidean stochastic differential equation. This relies on expensive nearest point
projection operations to keep points on the skin of the manifold, and so can lead to
slower and less accurate results than the scheme based on geodesic random walks
developed in chapter 3.

Lou et al. (2023) extend the work of chapter 3 and Huang et al. (2022) by providing
better tools for heat kernel estimation and sampling on Riemannian manifolds,
making these models more tractable.

Lou and Ermon (2023) also worked on the constrained domain setting explored in
chapters 4 and 5. The focus of this work is on the hypercube. By exploiting the
specific product structure of the hypercube and the tractability of the unit interval
they arrive at a tractable approximation to the heat kernel on the hypercube and
therefore a denoising score matching objective, and a simulation free forward
noising process sampling method. This improves on the implicit score matching
objective and the need to simulate the forward noising process. The method is
however limited to the hypercube, and domains that can be projected into it, and
would not apply to domains with non-zero curvature. By contrast our approach
is designed to handle a wider range of settings, such as non-convex polytopes in
Euclidean space, or non-Euclidean geometries, where such approximations are not
tractable.

Tae (2023) and Liu et al. (2024) also build on the constrained setting of chapters 4
and 5. They explore using mirror maps to project a constrained space into an
unconstrained space where unconstrained diffusion modelling is then done. This
is similar to the log-barrier method proposed in this thesis, but making use a
different map to an unconstrained space. The specific forms of the mirror map can
be exploited to allow for a denoising score matching objective and simulation free
forward noising process sampling, but at the cost of warping the geometry of the
underlying space.

7.3. FUTURE WORK

7.3.1. Beyond diffusions: flow and bridge matching on manifolds. The paradigm
of diffusion modelling starts with samples from an unknown distribution and uses
a stochastic differential equation to noise samples from this distribution to a stable
reference distribution. By exploiting stochastic differential equations with analytic
forward transition densities and sampling, we arrive at efficient score matching
training objectives. This has the drawback of limiting us to noising processes
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that are aprticularly tractable. When these are not available we have to resort
to simulating the forward noising process and either making approximations to
the transition density for denoising score matching, or resorting to implicit score
matching. This limits the possible maps between target and noise distributions.
This is particularly true in the manifold case, as highlighted in chapter 3, where
even simple noising processes such as Brownian motion are not analytic.

Flow matching (Lipman et al., 2023; Liu, 2022; Albergo et al., 2023) and bridge
matching (Peluchetti, 2023; Liu et al., 2022b; Albergo et al., 2023) take a different
perspective. Instead, for samples from two distributions these methods define a
deterministic and stochastic map between these points respectively. From these
tractable score matching-like objectives can be obtained to define ordinary and
stochastic differential equations mapping between the two distributions. The dif-
fusion modelling paradigm can be recovered from the bridge matching paradigm
when one of the distributions is a tractable target distribution and can be analyti-
cally integrated out of the training objective.

There are two main advantages to these paradigms. Firstly the ability to map
two intractable distributions to each other, rather than an intractable one to a
tractable one, and secondly a much greater choice in the mapping specified between
distributions. For example one can try to match the optimal transport map between
distributions, or match the Schrodinger bridge between distributions (De Bortoli
et al., 2021; Vargas et al., 2021; Shi et al.,, 2024; Chen et al., 2022).

These methods potentially provide a way to deal with the additional intractability
imposed by modelling on Riemannian manifolds. For example Chen and Lipman
(2024) provide a flow matching method that relies only on analytic exponential and
logarithm maps on the manifold, rather than needing a tractable noising stochastic
differential equation, resulting in significantly better scaling to high dimension
problems. Thornton et al. (2022) extends the Schrédinger bridge matching methods
to manifolds. There remains ground to explore in this direction for more scalable
and efficient generative modelling methods on manifolds.

7.3.2. Energy-based training. In this thesis we have explored diffusion modelling
methods in the setting where we have a collection of samples {x;}Y, from an
unknown distribution . In many scientific problems however the problem setting
is that we know a target distribution up to a constant, g o 7, without knowing the
normalising constant that would allow us to recover . Classically such problems
are sampled with Markov chain Monte Carlo methods (Metropolis et al., 1953)
such as Hamiltonian Monte Carlo (Neal, 2011), sequential Monte Carlo (Doucet
et al., 2001) techniques, annealed importance sampling (Neal, 2001) and parallel
tempering (Geyer, 1991).

Most generative modelling frameworks throw away such an unnormalised target
g. It contains significant information however and a number of methods have been
developed to make use of this (Noé et al., 2019), most commonly in normalising
flow models by mixing these with classic sampling techniques (Midgley et al., 2023;
Matthews et al., 2022; Gabrié et al., 2022; Wirnsberger et al., 2022).

For diffusion models it seems natural to be able to incorporate this unnormalised
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target into the model as the score at the data is given exactly by V, log w(x) =
V. log g(x). This has been exploited in a number of ways.

Zheng et al. (2024) use the known score at the data, Vlog g, to train the score
function at t = 0 and then use the continuity equation to enforce path consistency
on the rest of the score function. While an exact method, the training objective to
enforce consistency both involves the computation of a divergence of the score
network, an O(d®) cost operation in dimension, and is also not a stationary re-
gression objective, eliminating some of the key performance benefits of diffusion
models.

Where in section 2.2.1 the forward Kullback-Leibler divergence between the de-
sired diffusion process and the parametrised process, Dk (Pdata Pglo del), is used

to derive a maximum likelihood objective for diffusion models, Zhang and Chen
(2022) and Vargas et al. (2021) utilise the reverse Kullback-Leibler divergence,

Dk (Pio del } Pdata), to arrive at algorithms that incorporate q and do not require

samples from 7 to compute. The reliance on the reverse Kullback-Leibler diver-
gence however means the algorithms suffer from mode seeking behaviour, and the
use of importance sampling presents difficulties in high dimension.

Phillips et al. (2024) develop a particle filtering scheme in which the series of
distributions traversed by the particles is defined by a diffusion path, and the score
of this path approximated with a simple linear approximation. This approximation,
and therefore efficiency of the particle filter, can be improved by training the
approximation using samples from the particle filter, bootstrapping the model to
generate self-training data.

Akhound-Sadegh et al. (2024) similarly develop a model bootstrapping approach
to sampling. They derive an importance sampled loss function incorporating q
allowing for arbitrary samples to be used to train the diffusion model.

De Bortoli et al. (2024) introduce a new score matching loss, the target score
matching loss, that depends only on q. They show that this loss has lower variance
near the start of the noising diffusion, and that denoising score matching has lower
variance further into the noising process. By combining these two losses and
varying their weights over time they obtain a loss with the best of the properties
of denoising and target score matching over time.

This current body of work shows that there is strong promise in combining clas-
sic sampling techniques for unnormalised densities with diffusion model ideas.
Given that solving many scientific problems requires good unnormalised density
sampling further combining the power of diffusion modellings generalisation ca-
pabilities with the statistical accuracy of classical sampling techniques seems like
an appealing direction for pushing the bounds of science.
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A | MANIFOLDS

In this chapter, we provide background material on manifolds. Manifolds are a
natural generalisation of Euclidean space that allow us to describe spaces that
are not flat in the usual sense. Many types of real-world data naturally exist on
non-flat manifolds. Incorporating the geometry of the manifolds that data lives on
provides a more accurate and insightful representation of the underlying data, and
allows machine learning algorithms to perform better.

First appendix A.1 contains an introduction to topological spaces and contains
definitions and concepts useful for the rest of this section. Appendix A.2 introduces
the concept of topological manifolds, abstract spaces that locally resemble Euclidean
space. This concept allows us to generalize the familiar notions of continuity and
smoothness to curved spaces.

Appendix A.3 explores smooth manifolds, which equip topological manifolds with
a differentiable structure, paving the way for the application of calculus and differ-
ential geometry. After this we explore this differential structure. Appendix A.4.3 re-
views linear algebra and tensors, in preparation for the next section. Appendix A.5
introduces tangent, cotangent, and tensor spaces at each point on the manifold,
key objects in the study of differentiation on manifolds at a point. Appendix A.6 in-
troduces tangent, cotangent, and tensor bundles, structures that attach elements of
tangent, cotangent, and tensor spaces to each point on the manifold. Appendix A.7,
explores Lie groups, symmetry groups that are also themselves manifolds.

Finally, in appendix A.8, we delve into Riemannian manifolds and metrics, which
introduce a notion of distance and curvature, enabling us to explore the intrinsic
geometry of the underlying data. Appendix A.9 studies how to do integration
on manifolds. We build up the notions of differential forms, the types of objects
that we can integrate on manifolds, and orientations. Appendix A.10 introduces
connections, a way of differentiating tensors, how they lead to geodesics, straight
paths on manifolds, and parallel transport, a method for comparing tangent vectors
at different points on a manifold.

A.1. ToPOLOGICAL SPACES

Intuitively, the study of topology is the study of spaces that we identify as the
same if we can “continuously” deform one into another - as if the space is made
of rubber that can be stretched and deformed. Another way to think about it is
the weakening of the structure of a metric space that allows us to extend certain
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tools to new spaces. It allows us to discuss whether points are “near” each other
without needing to being able to say how far apart exactly they are.

DEFINITION A.1. A metric space (X, d) is a space X with a two argument function
d: X XX — Ry such that d satisfies:

1. d(x,x) =0 forx € X.

2. Ifx #y forx,y € X thend(x,y) > 0 (Positivity)

3. d(x,y) =d(y,x) forx,y € X (Symmetry)

4. d(x,z) < d(x,y) +d(y, z) forx,y,z € X (Triangle inequality)

This encodes in its structure our intuitive notion of a distance function in d between
points in the space X. On top of this we can create two notions.

First is that of open sets.

One motivation behind the modern definition of a topology comes from the “open
set criterion”, the observation that continuous functions between metric spaces
(defined in the (¢, §) sense, Tao (2022, chapter 9)) can be defined by knowing only
the open sets of the metric spaces and throwing out the metrics that generated the
open sets in the first place.

DEFINITION A.2. A topological space (X, Ox) is a set X along with a collection of
subsets Ox of X, called the oPEN SETS of X that satisfy the following:

« X and @ are elements of Ox.
« Oy is closed under FINITE intersections.
« Oy is closed under ARBITRARY unions.

A point in a topological space can be said to be “near” another is it is in a neigh-
bourhood of the point. A neighbourhood of x € X is simply an open set containing
x. The neighbourhood of a set S C X is an open set containing S.

This definition of a topology takes open sets as the primary element. Relatedly
of importance are closed sets. A set in a topology is closed if its compliment in X,
X\S is open. Note despite the name, these properties are not opposite. Sets can be
neither, just closed, just open, or both. In all topologies X and @ are both open and
closed. A topology can just as well be defined by its closed sets, but by convention
we specify the open ones.

On any given space we can define many topologies, although only some are useful.
We say that a topology is coarser than another if it is a subset of the other topology.
Conversely, a topology that contains another topology is said to be finer than that

topology.

The interior of a set S, Int S is the union of all open sets in Ox contained in S. The
interior of any set is open.

The exterior of a set S, Ext S, is the union of all open sets in Ox contained in X\S.
The exterior of any set is open.

The closure of a set S, S, is the intersection of all closed set in Ox containing S. The
closure of any set is closed.
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The boundary of aset S, S, is the set of all points not in Int S or Ext S. The boundary
of any set is a closed set.

A point p € S is said to be isolated in S if p has a neighbourhood in Ox such that
UnsS={p}.

A point p € X (not S) is said to be a limit point of S if every neighbourhood of p
contains a point in S that is not p. Topologically closed sets contain all such limit
points within themselves.

A set S is said to be dense in another set T if S = T. A classic example is that the
rational numbers Q are dense in the reals R.

Figure A.1. From left to right: S, Int S, Ext S, S, 8S.

A topological space is disconnected if there exists two disjoint open sets whose
union is the whole space. The converse is a connected space.

A.1.1. Continuity & Convergence. The two most important notions in topology
are those of continuous functions and sequential convergence.

Continuous functions between two topological spaces preserve in one direction
only the structure of the topology of the two spaces.

DEFINITION A.3. A function f : X — Y between two topological spaces (X, Ox)
and (Y, Oy) is CONTINUOUS if for every open set V € Oy, its preimage is open in X,
(V) € Ox.

fiv)y=u Ve Oy

Compositions of continuous functions are continuous, and so are their restrictions
to open sets. Continuity can be proved by proving continuity just for a basis on

Oy.

If a bijective function and its inverse are both continuous, then that function is
said to be a homeomorphism, as it preserve the topological structure of the two
spaces. If there exists a homeomorphism between X and Y then we say that X and
Y are homeomorphic, denoted X =, Y (isomorphic in the topological sense).

A weaker but important notion is that of a local homeomorphism. A function f
is a local homeomorphism if for every point x € X has a neighbourhood U such
that the restriction of f to U, f|;, is a homeomorphism from U to f(U). If there
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exists a local homeomorphism between X and Y then we say they are locally
homeomorphic.

Convergence in the topological sense implies a sequence becomes arbitrarily close
to a point in the sense of neighbourhoods of the point. The point x € X is said
to be the limit of a sequence {x;}2, if for every neighbourhood U of x, there is
and Ny € N such that for all i > Ny, x; € U. Alternatively we might say that
{xi}i2 converges to x, denoted {x;};-x or even x; — x for short. A set S is said

Figure A.2. The sequence {®;} converges to the point x. We see that on the
neighbourhood ", for i > Ny, @; €

to be sequentially closed if it contains the limits of all sequences in S. This notion
is different to that of topologically closed introduced earlier, and is different to the
notion of containing all of its topological limit points. Topological closure implies
sequential closure, but not the converse.

A useful combination of these notions is the convergence of sequences under
continuous maps. If a sequence x; — x, and we have f : X — Y continuous, then

fxi) = f(x).

A.1.2. Goldilocks topologies. The definition of a topology along with the notions
we have introduced can sometimes lead to paradoxical results. On one end if we
endow X with the topology with the least sets, the trivial topology, Ox = {X, @},
then every sequence converges to every point in X. By contrast if we endow X
with the discrete topology, the topology that defines every subset of X as open, then
it is totally disconnected, i.e. that every point is completely separated from every
other point. In order to avoid these pathologies in “nice” spaces, we introduce a
some more notions so that our topologies have the right amount of open sets to be
useful to us.

A Hausdorff space ensures that we have enough open sets in our topology. A space
is said to be Hausdorff if for any two points x1, x, € X, we can find two open sets
Ui, Uy such that x; € Uy, x; € Uy, but Uy NU, = @. Intuitively this says if I have any
two points, I can always separate them into two distinct neighbourhoods. Being a
Hausdorff space implies two very useful properties:

1. Every 1-point set {x} is closed.
2. If a sequence {x;} in X converges to a limit x, then this limit is unique.

On a finite set, only the discrete topology is Hausdorff. On infinite sets, many
might be. The Hausdorff property is not the only possible “separability” criteria, it
exists in a scale of strictness, but it is the most useful to us.
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Secondly we have the notion of countability. This ensures we don’t have too many
open sets in our topology. To introduce this, we first introduce the notion of a
basis of a topology.

A topology can often be constructed by specifying some special set of open sets,
and “completing” this in a suitable manner. A basis 8 of X is a collection of subsets
such that their union is X, and for all B;, B, € B, there is a B3 € B such that
B; C By N B,.

A basis can be completed into a topology by adding to it all possible unions of
the sets in the basis. This topology is said to be generated by the basis. Bases are
useful as they give us something simpler from which we can reconstruct the whole

topology.

In some sense opposite, we have the notion of a neighbourhood basis. If we consider
all the neighbourhoods of a point or set, N'(x), then a neighbourhood basis B is a
subset of ¢N(x) such that for any neighbourhood U € N (x) there is an element
in the neighbourhood basis V € 8B such that V c U. This says that for any
neighbourhood we can find a set in the neighbourhood basis that is contained
within it. This is useful as it allows us to study properties only “very close” to the
point, forgetting about the rest of the topology.

In the discrete topology, the set {{x} : x € X} is a basis and the set {x} is a
neighbourhood basis of x as all points are separated from each other.

A space is first-countable if every point has a countable neighbourhood basis.
First countability implications regarding sequential closure and topological closure.
Previously we had that topological closure = sequential closure, but topological
closure =5 sequential closure. First countability results in topological closure
&= sequential closure, i.e. the topological and sequential notions of closure
become identical. Every metric space is first countable, but not necessarily the
converse.

A space is second-countable if its topology has a countable basis. Second countability
implies first countability, as it must contain a countable neighbourhood basis for
each point.

This condition is often used to reduce the number of sets on needs to “cover” a
space X. A collection of subsets U is called a cover of X if for every point in X,
there is a U € U such that x € U. An open cover is a cover where all the subsets
are open. A subcover is a subset of a cover that remains still a cover. In a second
countable space, every open cover of the space has a countable subcover.

If we can further reduce every open cover to having a finite sub-cover, then we say
the space is compact. This generalise the notion of a set being closed and bounded
in metrics spaces.

A.1.3. Constructing topologies. Many import spaces can be constructed out of
other spaces. When doing this we need to define the topology on these new spaces.
4 examples of particular importance are: subspaces, products, disjoint unions and
quotients. We will choose canonical ways to define these new topologies that
preserve sensible properties on the new spaces.
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Subspaces

If wehave S C X, then the subset topology is the topology Os = {U NS : U € Ox} =
S N Oy, i.e. the intersection of the topology of X with S. We define the inclusion
map is : S < X as the restriction of the identity of X to S, id|s.

A continuous, injective map f : X — Y is called a topological embedding if it is
a homeomorphism onto its image in Y, f(X) C Y, endowed with the subspace

topology.

This definition is motivated by the characteristic property of the subset topology: if
Y is a topological space, f : Y — S is continuous if and only if the composition

vy L s x (A.1)

is continuous. The subset topology is the unique topology satisfying this property.

This induces a number of properties with respect to Ox and the subset topology
onS, SN Ox:

The inclusion map is a topological embedding.

The closed subsets of S are the intersection of the closed subsets of X with S.
If f: X — Y is continuous, then f|s:S — Y is continuous.

If B is a basis of X, then B85 = {BNS : B € B} is a basis of S.

If we have T C S C X then the topology T N (S N Ox) agrees with T N Ox.
If X is HausdorfT, then S is Hausdorff.

If X is first countable, then S is first countable.

If X is second countable, then S is second countable.

NN WD

The converse of 3. allows us to show that continuity is local. If we have f : X — Y,
and for every point x € X we have a neighbourhood U such that f/;; is continuous,
then f is continuous.

Alternatively, we can glue continues maps together. If we have a) By, ..., B,, a
finite collection of closed sets or b) {B;};c 4, any collection of open sets such that
UgeaBa = X, and a continuous function for each B, f; : B; — Y, and these functions
agree on intersections, f;(B; N B;) = fj(B; N Bj), then there is a unique continuous
function f : X — Y such that f|z = f;. An important corollary of this is that to
check continuity it is sufficient to check continuity on a basis of X.

Product spaces

Now consider the product of a finite collection of spaces Xj, ..., X;,. Define a basis
by

B={U; x..xU, : U € Ox,i=1,.,n}, (A.2)
the Cartesian product of each combination of sets from each topology. The topology
generated by this basis is the product topology.

The characteristic property of the product topology is that, for any topological space
Y, f: B - Xj; X..X,is continuous if and only if the composition with each
projection function 7z; : x1,...,x, = Xj, f; = m; o f is continuous. The product
topology is the unique topology for which this holds.

This induces a number of properties with respect to product topology on Xj X...XX},:
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—_

. Each projection map 7; is continuous.

2. For continuous functions f; : X; — Y;, the product map fi X ... X f, + X1 X
XXy = Y XX Yy, f(x, e xn) = (1, ... Xp) S continuous.

3. If we have subspaces S; € X;, then the product topology S;NOx;, X...XS,NOx,
coincides with the subspace topology (S; X ... X S;) N Ox,x...xx,-

4. For any i, and picking a; € Xj,i # j, then the map x > (ay,...,x,...,a,) ita
topological embedding into the product space X; X ... X X,.

5. If B; is a basis for each X;, then B{B; X ... X B, : B; € 8;} is a basis of
X1 X ... X Xp.

6. Every finite product of Hausdorff spaces is Hausdorff.

7. Every finite product of first countable spaces is first countable.

8. Every finite product of second countable spaces is second countable.

For products of an infinite collection of spaces, a piece of subtly creeps in. We want
all the properties above to continue to hold. But, as it turns out the basis we defined
earlier is not a good choice. On infinite spaces this is known as the box topology,
where we take the products of all the open sets of each space. This topology fails
in a number of ways. The box topology fails to preserve compactness through
products. For example, functions we expect to be continuous fail to be continuous,
and topological convergence becomes a significantly strict condition under the
box topology.

Instead, we introduce the concept of cylinder sets. For collection of spaces, each
with a collection of subsets, (X, Sq)qca, we take the Cartesian product of these
to give X = [[,c4.- We get a canonical projection for each a, 7, : X; — X, that
elements of X, to its component in X. A cylinder set is then a set

n
(V7' Sa)s Say € Sapai € A (A3)
i=1

Note this is a finite intersection. Alternatively we can see the cylinder sets as
{U1 XUy X ... : Ui € Ox,,i=12,..U; # X; for finitely many i}, (A.4)

products of subsets of each X, where only finitely many of the subsets are not the
whole space X,.

We then define the product topology on infinite products to be the one generated by
the basis of cylinder sets on the product of (X;, Ox,)qseca. This topology is the one
compatible with the previously stated conditions, and is the default topology on
infinite products. In the product topology, topological convergence coincides with
the notion of pointwise convergence, i.e. a sequence of functions converge if and
only if each of the component functions f; converge.

On finite products, we can see that these two definitions coincide, and so we can
use the cylinder sets to define the topology on finite products too.

Disjoint unions

An alternative way to join sets together from the Cartesian product is the disjoint
union. For a collection of sets {X,},c 4, the disjoint union is given by appending a
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to each element of X,.

LIX ={(x,a) : a€ A x € X,}. (A.5)
acA
We can define a canonical inclusion map 1, : X; — [[,c4 X, for each a by 4, :
x > (x, a). We define the open sets of the disjoint union topology to be the set that
when intersected with each X,, are open in Ox,. Note this is defined for infinite
index sets A.

The characteristic property of the disjoint union topology is that for a topological
space Y, a function f : [[,c4 X; — Y is continuous if and only if f o1, — Y is
continuous for each a € A. The disjoint union topology is the unique topology
satisfying this property.

This induces a number of properties with respect to disjoint union topology on
HaeA Xa:

1. A subset of [[,c4 X, is closed if and only if its intersection with each X, is
closed.

Each injection 1, : X; — [[,c4 X5 is a topological embedding.

Every disjoint union of Hausdorff spaces is Hausdorff.

Every disjoint union of first countable spaces is first countable.

Every disjoint union of second countable spaces is second countable.

ARl

Quotient spaces
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Figure A.3. Left: The quotient map 7 maps fibres of blue into points in orange.
Right: The set U is a saturated set in blue, as it is the preimage of S. V is not.

Finally, we discuss creating quotient spaces. If we have a topological space X, a
set Y, and a continuous surjective map 7 : X — Y, called a quotient map, then
we define the open sets of the quotient topology Oy to be the sets U C Y such the
preimage 7! (U) is open in Ox. Denote this topology Ox \ 7.

The most common quotient spaces are induced by an equivalence relation, ~. This is
a truth operation on two elements on X such that it is reflexive (x ~ x for all x € X),
transitive(x ~yandy ~ z = x ~ z), and symmetric (x ~y & y ~ x). We
denote the equivalence class of x, [x], as all the elements y of X such that x ~ y.
The set of all equivalence classes partitions X into disjoint sets. If we denote the
set of all equivalence classes on X as X\ ~, then there is a natural quotient map
m:X > X\~ 71:x [x]

A fibre of a quotient map 7 : X — Y is the preimage of a point in Y, 77! (y) c X.
A saturated set is a union of fibres. Alternatively, it is a subset U € X such that
U=nYn)).
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The characteristic property of the quotient topology is that, for any quotient map
7w : X — Y, for any topological space B, amap f : Y — B is continuous if and
only if the composition f o 7 : X — B is continuous. The quotient topology is the
unique topology satisfying this condition.

This induces a number of properties with respect to quotient topology on Y:

1. K C Y is closed if and only if 77!(K) is closed in X.

2. If 7 is injective (and therefore bijective), it is a homeomorphism.

3. If U € X is a saturated open or closed set, then |, : U — 7 (U) is a quotient
map.

4. Any composition of quotient maps is a quotient map.

Importantly, quotient topologies do not necessarily play nicely with products,
subspaces or disjoint unions, and do not necessarily preserve the properties of
Hausdorff, first or second countability, these have to be checked.

Quotients have two important properties that will be important later.

Passing to the quotient. If 7 : X — Y is a quotient map, B a topological space, and
we have a continuous function f : X — B such that it is constant on the fibres of
w, ie. that 7(p) = n(q) = f(p) = f(q), then there is a unique continuous map
f:Y—>Bsuchthatf:fon.

Homeomorphic quotient spaces can be detected by analysing their quotient maps.
If for two quotient maps 7; : X — Y; and 1, : X — Y, we have that m;(p) =
m1(q) & m(q) = m(q), then Y; and Y, are homeomorphic, and there exists a
homeomorphism ¢ : Y; — Y, such that m, = ¢ o .

A.2. ToPOLOGICAL MANIFOLDS

DEFINITION A.4. An n-dimension TOPOLOGICAL MANIFOLD is a HAUSDORFF and
SECOND-COUNTABLE topological space for which EVERY POINT HAS A NEIGHBOURHOOD
HOMEOMORPHIC TO AN OPEN SUBSET OF R".

This definition tells us that these new curved spaces we are interested in should
locally look like Euclidean space, but that they do not have to globally. The
Hausdorff and second-countable conditions are conditions on the topology of
the manifold that neatly prescribe the space to be “nice” enough, and prevent
certain pathological spaces being classed as manifolds. It should be noted that
some definitions of topological manifolds, second countability, and therefore the
implication of paracompactness is omitted. Examples that fit this reduced definition
include the long line, manifolds in general relativity near black holes, or various
infinite dimension manifolds such as the manifold of smooth functions. We are not
interested in any spaces like this, and so stick with keeping second countability in
the definition, but other sources may differ.

This last condition is also stated as being locally Euclidean of dimension n. Note that
the requirement of second countability is sometimes replaced with paracompactness.
In locally Euclidean Hausdorff spaces, these two notions imply each other and so
this is a moot point.
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This means therefore a manifold X is in fact a tuple (X, Ox), containing a set along
with a suitable topology.

Euclidean space of dimension n is clearly a topological manifold of dimension n,
when endowed with the topology induced by the usual Euclidean metric.

We may also be interested in manifolds that have edges, aptly names manifolds
with boundary.

DEFINITION A.5. An n-dimension TOPOLOGICAL MANIFOLD WITH BOUNDARY is a
HAUSDORFF and SECOND-COUNTABLE topological space for which every point has a
neighbourhood homeomorphic to an open subset of the n-dimension H",

where H" is the upper half-space, H" = {(x1, ...,x,) € R" : x, > 0}. We call any
point that has a neighbourhood homeomorphic to the upper half-space a boundary
point, and denote the collection of these the boundary, denoted 0X. Points that are
not boundary points are call interior points.

The interior of a manifold with boundary, Int X, is an n-dimension topological
manifold without boundary. The boundary of a manifold with boundary, 0X, is an
n — 1-dimension topological manifold without boundary, and typically properties
of 9X are induced by corresponding properties on Int X.

The required structure of a manifold (with boundary) implies additional proper-
ties: all topological manifolds (with boundary) are locally path-connected, locally
compact, and paracompact.

Using the previously outlined ways of producing topological spaces from other
topological spaces, it is clear we can create new manifolds automatically via taking
subspaces of manifolds, taking products of manifolds, or by taking direct products
of manifolds. We can also produce new manifolds via quotients, however we must
check that this quotient preserves the Hausdorff and second countable properties
manually.

A.2.1. Bundles and Sections. The operations just discussed can create many types
of new manifold. However, there exist a very useful class of manifold that we can
study that while locally look like the direct product of two manifolds, globally they
do not. The prototypical example of this is the Mdbius strip.

Figure A.4. The Both the Mdbius strip and the cylinder look a bit like the direct
product of the circle and the unit interval. The cylinder is exactly this, but the
MGobius strip has an additional “twist” in it.

We can make this notion more precise with the study of bundles.
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DEFINITION A.6. A BUNDLE is a triple (E, &, B) consisting of a topological space E
the TOTAL SPACE, p : E — B the PROJECTION, a continuous surjective map, and a
topological space B the BASE SPACE.

The fibre at a point p € B, F,, is given by the preimage of the point under the
projection, F, = 77! (p). In the other direction, the projection map will send all
points in the fibre F,, to p.

Intuitively, we can think about this bundle as having “glued” all the fibres to each
point on the manifold, and, in addition, we have specified thought E how fibres
next to each other are to be glued together. This is glueing of the fibres to each

other is how we procure the difference between the Mobius strip and the cylinder.

The simplest example of a bundle is the direct product, (BX F,x : (b, f) — b, B).

This is also the simplest example of a fibre bundle, which is a restriction of the idea
of a bundle, where every fibre is homeomorphic to some canonical fibre.

DEFINITION A.7. A FIBRE BUNDLE is a quadruple (E, &, B, F) where the first three
arguments are a bundle such that

' (p)=F, S FVYpeB (A.6)
op

for an additional topological space F.

The Mabius strip and the cylinder are both examples of fibre bundles. The have
the same base space, S!, and canonical fibre, [0, 1], but different total space and
projection.

One concept that will be very important to us is the notion of a section of a bundle.

DEFINITION A.8. A SECTION of a bundle (E, ., B) is a continuous map o : B — E
such that the composition of the section with the projection is the identity, i.e. that

moo=idg (A7)

Intuitively, a section defines a map that assigns to every point in p € B a point in the
fibre F,,. In the sense of fibre bundles, we can see this as a way of defining functions
from the base space into the typical fibre, but where the sense of continuity for
this function can be different to that of a typical continuous function from B — F,
which would correspond to the product bundle of B and F.

A.2.2. Charts and atlases. While we can view manifolds as their whole, it is useful
to look at them only as a patch at a time. We can formalise this notion via charts,
where we map some part of the manifold onto a subset of R™.

We call any open subset of X along with the homeomorphism ¢ : U — ¢ R"a

open
chart of X. A collection of charts {(Uy,, #,) : a € A} such that U U, = X an atlas
of X, denoted Ax. For any two charts (U, ¢y ), (V, ¢y) in an atlas Where Unv +@
we can define the transition map between them as the map ¢yv : pp(UNV) —

¢v (U NV) as the composition ¢yy = ¢y o ¢;;'. An atlas is called a maximal atlas
if it is not a subset of some larger atlas.
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Figure A.5. Two charts of the atlas Ax of X, the unit disk, a manifold with boundary.
(U, ¢u), a chart mapping into a subset of R", and (V, ¢v), a chart mapping into a
subset of the upper half-space HZ.

Figure A.6. The projection of the earth onto a flat map is the prototypical example
of a chart. While the Mercator projection it looks like the chart covers the whole
globe, but mathematically it is in fact missing the poles and a line connecting them
as we need the set to be an open one.

While not required for the definition of a manifold, the concept of charts and
atlases is key to the study of additional structure we can impose on a manifold. In
addition, from a computational perspective they are incredibly useful as they give
us one way of representing points on a manifold as a series of real numbers.

A.2.3. Partitions of unity. A very common strategy, both when defining properties
and proving theorems, on manifolds, is to break apart the manifold into an open
cover (see appendix A.1.2), define or prove things locally, and then using for example
the gluing lemma (see appendix A.1.3), patch the result back together. We run into
issues when using any cover however, as at any given point we try to glue together
an uncountable number of functions. A partition of unity is the type of structure
we need to reduce this problem.

DEFINITION A.9. Let X be a topological manifold, and U = {U,},c4 be an open
cover of X. A PARTITION OF UNITY, {4} ,c 4 is a collection of continuous functions
Vo : X — [0,1] such that

1. supp Y, € U, each function is non-zero only on some set in the cover,
2. For a point p € X, only finitely many psi,(p) are non-zero,

3 YaeaW(p)=1forallp € X.

THEOREM A.10. Let X be a topological manifold, and U = {U,} ,c 4 be an open cover
of X. Then there exists a partition of unity subordinate to U.
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A.3. DIFFERENTIABLE AND SMOOTH MANIFOLDS

To add additional structure to our manifolds, we might require that the atlas we
specify has some additional properties. For any property, B, we say that an atlas
is l-compatible if for all pairs of charts in the atlas the transition map between
charts has the particular property. We call a manifold equipped with an atlas that
is l-compatible a #-manifold.

By definition, all atlases are C° and so all manifolds are C°-manifolds. In addition,
we could require our manifold to be a (C*)-differentiable manifolds, where all the
transition maps are C¥, i.e. they have up to k differentials. Of most interest to
us will be smooth manifolds, manifolds for which the transition maps are infinity
differentiable, i.e. they are in C*.

A smooth structure on X is a maximal smooth atlas, and so a smooth manifold (with
boundary) is a triple (X, Ox, Ax) with the right properties. Every coordinate chart
of a smooth manifold is itself smooth. The smooth structure of a smooth manifold
with boundary can be determined entirely by a smooth structure on the interior
Int X by continuously extending the charts of the interior to cover the boundary
also.

Showing a manifold is smooth is not always simple from the definition. The
following is useful as it lets us create a smooth manifold with suitable charts:

LEmMMA A.11. Suppose X is a set, and we have a subset of collections {U}, along with
maps ¢q : U — R™. If the following are satisfied:

1. for each a, ¢, is a bijection between U, and an oPEN subset of R" with the
usual topology.

2. Foreach a, b, the sets ¢,(U, N Up) and ¢p(U, N Up) are open in R"™ with the
usual topology.

3. Foralla,b whereU,NU, # @, the map ¢, o ¢y, : pa(UsNUp) — ¢ (U, NUp)
is smooth.

4. Countably many U, cover X.

5. Whenp,q € X, p # q, there exists some U, containing p and q, or there exist
disjoint U,, Up with p € Uy, q € U,,.

Then X has a unique smooth manifold structure such that each (U,, ¢4) is a smooth
chart.

Proof. (Lee, 2013, p.22) [

The topology of the structure is induced by the topology on R” and the (U,, ¢,) (1-3).
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4. ensures second countability, and 5. Hausdorff.

We can define smooth functions on manifolds. f : X — R is a smooth function if
for every point p € X and chart (U, ¢) € Ax the function f o ¢~ : $(U) — RF
is smooth. Typically, we denote the space of smooth function f : X — R as
C*(X,RF),and f : X — R C®(X). Like continuity, smoothness is a local property,
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and it suffices to check that for a sub-atlas of the atlas on a smooth manifold that a
function is smooth on the restriction to each chart to show it is globally smooth.

We can define smooth functions between manifolds as well. f : X — Y, where X, Y
are smooth manifolds, is smooth if for each pair of charts (¢, U) € Ax, (¢, V) € Ay
the composition iy o f o ¢~ : $(U) — (V) is smooth. We denote the space
of smooth functions between X and Y as C* (X, Y). A diffeomorphism between
manifolds is a smooth bijection with smooth manifolds. A pair of manifolds for
which a diffeomorphism exists are said to be diffeomorphic, X =4 Y.

Etop

#aiff

Figure A.7. Diffeomorphism is a stronger condition that homeomorphic. The disk
is homeomorphic to the square, but not diffeomorphic, as one runs into smoothness
difficulties with the sharp corners.

A.4. TENSORS

Having introduced differentiable structure to manifolds, we are ready to start
talking about derivatives on manifolds. Derivatives naturally form a vector space
in multivariate calculus. Therefore, we briefly recap vector spaces, and discuss
the notion of tensors. Tensors will be central to the study of deep structure on
manifolds later.

A.4.1. Algebraic structures. Briefly, we recall the definitions of a few algebraic
structures.

DEFINITION A.12. A GROUP is a set G and an operation - : G X G — G such that
1. Fora,be G,a-beG.
2. The operation is ASSOCIATIVE, fora,b,c € G, (a-b) -c=a- (b-c).
3. There exists an IDENTITY ELEMENT e € G such that foranya € G,e-a =a-e = a.

4. For every element a € G, there is another element al'eGsuchthata-a ' =

e =a" ! a, its INVERSE.

DEFINITION A.13. An ABELIAN GROUP is a group (G, -) where in addition - is coMMU-
TATIVE, i.e. fora,b € G,a-b=b-a.

DEFINITION A.14. A FIELD is a set F equipped with two maps, + : F X F — F and
% : F X F — F such that

« (F,+) is an Abelian group, with identity element 0.

« (F\{0}, %) is an Abelian group with identity element 1.
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In addition, the operations DISTRIBUTE in the following way, fora,b,c € F,

(a+b)xc=a*xc+bxc (A.8)

The prototypical example of a field is the real numbers, R, equipped with the usual
addition and division, excluding division by zero. The complex, C, and rational, Q
numbers are also fields.

Also of use the weaker definition of a ring.

DEFINITION A.15. A RING is a set F equipped with two maps, + : F X F — F and
% : F X F — F such that

« (F,+) is an Abelian group, with identity element 0.

« For (F \ {0}, %), the = operator only satisfies associativity, for a, b,c € F \ {0},
(a-b)-c=a-(b-c).

This definition is useful for when discussing spaces of functions, for example the
square integrable functions on some domain D, L?(D). In this case, if we define the
addition operation in the usual pointwise way, the identity function (the constant
zero function) is not the only function we need to exclude to make division by a
function sensible. We would need to exclude any function with a zero at any point.
For this same reason, defining the inverse of a function under multiplication is not
sensible, as the inverse of the points in a function that are zero are undefined. If
we were to restrict ourselves to strictly positive L? functions, then we could form a
field from these. As it stands however this is not so useful, so we satisfy ourselves
with a ring.

A.4.2. Vector Spaces.

DEFINITION A.16. A VECTOR SPACE over a field F is a set V equipped with a VECTOR
ADDITION operation & : V. XV — V and a SCALAR MULTIPLICATION operation
®: FxV — V such that

« (V,®) is an Abelian group.
« O is an AcTION on (V, ®) such that

1. Scalar multiplication distributes over vector addition, for A € K,v,w € V,
AC(vdw)=(AL00v)® (A0 w).

2. Field addition distributes over vector addition, for L,y € K, v € V,
A+p)o0v=(LA00)® (pOD).

3. Field multiplication is compatible with scalar multiplication, for A, i € K,
veV,(Axu)Quv=10(z00).

4. The field identity is preserved, forv € V,10 v = v.

When discussing different vector spaces over the same field, properly one should
denote their vector addition and scalar multiplication operations with different
notation, e.g. @, &, to differentiate these operations from each other and the field
operations. Typically, however this is suppressed and the same symbol is used for
field multiplication and addition, as well as the vector counterparts on different
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vector spaces as one can infer the correct operation from context. We will use this
convention.

A topological vector space is a vector space over a topological field, equipped with a
topology so that vector addition and scalar multiplication are continuous. Most
commonly we deal with vector spaces over the real numbers R, but sometimes also
over the complex numbers C. From now on we will only discuss real vector spaces.

A subset of a vector space that is closed under the vector operation is called a
linear subspace, distinct from a topological subspace. If we have a finite set of
vectors S = {v1, ..., 0n},0; € V, a linear combination of them is denoted by >}7, a;0;
with a; € R. The span of a set of vectors, denoted span(S) is the set of all linear
combinations of the vectors, and is a linear subspace. If V = span(S) then S spans
V. A set S is said to be linearly dependent is there exist a; € R such that the linear
combination is 0 € V. Otherwise, they are linearly independent.

A linear map between vector spaces V and W are maps T : V — W such that they
preserve the structure of vector addition and scalar multiplication. Le. T (av+bw) =
aTl (v) + bT(w). Amap T : V — R is called a linear functional. The image of T,
imT isthe setimT = {w =T(v) : v € V}. The kernel of T, ker T is the preimage
of Ounder T,kerT ={v : T(v) =0,0 € V}.

If V, W are vector spaces over the same field, a bijective linearmap T : V —» W
then T is called a vector isomorphism, T has an inverse, and V, W are said to be
(vector) isomorphic, V = W.

The space of all linear maps from a vector space V to a vector space W over the
same field is denoted as Hom(V, W), the homeomorphisms from V to W. This space
of homeomorphisms can in fact be itself turned into a vector space by defining
vector addition

& : Hom(V, W) x Hom(V, W) — Hom(V, W) (A.9)
(fEg)(v) = f(v) +g(0) (A.10)
and scalar multiplication
@ : K X Hom(V, W) — Hom(V, W) (A.11)
(A3 f)(0) = Af(0) (A.12)

An endomorphism of V is a linear map onto itself, and the space of these End(V) =
Hom(V, V). An automorphism of V is a linear isomorphism onto itself, and the
space of these is Aut(X) = {f € EndV : f is an isomorphism}.

For any vector space V, we can define a covector as a linear map w : V. — R.
We call the space of covectors the dual space of V, denoted V*, and it is equal to
Hom(V, K), where V is a vector space over the field K.

For any linear map A : V — W, we can define its dual map, transpose, or adjoint
A" : W* — V* as the map

(A"w)(v) = w(Av), ©weEW" ven. (A.13)

This adjoint distributes over composition, but reverse terms, (A o B)* = B* o A",
and preserves the identity, (idy)* = idy-.
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The double dual of V, V** = (V*)*, the dual of the dual, for finite dimension vector
spaces is isomorphic to the original space V. There is a natural map £ : V.— V** as

E)(w) =w(®) ,weV,50eV. (A.14)

Because we can unambiguously identify V with V** for finite dimension vector
spaces, we typically only talk about V and its dual V*. Sometimes one may see
the inner product between a vector and a covector written as {w, v) or (v, w). The
second denotes the action of £(v) on w, but the result of both are identical.

A.4.3. Tensors. Covectors defined linear maps over vector spaces. Tensors allow
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us to define multilinear maps. For vector spaces Vi, ..., Vi, W, a multilinear map is a Multilinear maps

map f : Vi X ... X Vp — W if for any i,

f(v1, .y avi + bol, ..., 0k) = af (v1, ..y Vg, oo 0) + b (01, .0, 0, .oy V). (A.15)

Tensors are multilinear maps over copies of the same vectors space and its dual.
We can define the following spaces of multilinear maps

Map NOTATION “ARCHAIC” NAME
f:VXx.xXV->R Tk (v*) = TR (V) covariant k-tensor on V
AR
k copies
f:V'x..xV'>5R T*(V) = T*O) (V) contravariant k-tensor on V
AR
k copies
VX XVIXV X XV =R T®D (V) mixed (k, [)-tensor on V
k copies I copies

The “archaic” name refers to how the basis coefficients transform with the basis
vectors. Covariant tensor basis coefficients transform with them, and contravariant
opposite to them. In the modern setting where we typically work basis-free these
make less sense. By convention, and for sensible reasons, the a tensor in 70 jg
just a scalar.

The tensor product is an operation ® : T6D (V) x TP (V) — T+ (V) Tt is Tensor product
defined by its evaluation

(F® G) (w0, ..., o8, Y, oy P, 01, o 01, 0141, o Uligq) (A.16)

= F(o" ... 0 01, .o 0) G(*H, ..y 0P, 0ps s Ul4q)- (A.17)

This is an associative but not a commutative operation.
Some immediately interesting tensor spaces arise
0 _ _*
« 'V=Hom(V) =V

« T}V =V ® V*. This is in fact isomorphic to End(V*). To see this, note that
forafixedw e V¥,and T € TllV, T(-,w) : V — F, and since this is a linear
map, this must be an element of V*.

A.4.4. Bases. The concepts introduced so far are abstract, and have no easy way
to be represented in a computer or on paper and manipulated numerically. In order
to do this, we will need to express vectors in a basis.
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A Hamel basis for V is a linearly independent subset S C V such that span(S) = V.
Every v € V has a unique expression as a linear combination of the basis. The
choice of basis is non-unique, although often there is a sensible choice. All bases
of a vector space are of the same cardinality, called the dimension of the space,
dim V. If the basis is finite of size n, the space is said to be finite-dimension or
n—dimension. If it is infinite, infinite-dimension. If we can ascribe an order to a
basis (if it is finite or countable) then we call it an ordered basis, and we can identify
the elements v € V of the vector space with the ordered set of field coefficients
(a;i1,...) such that }; a'v; = v. This is called the basis representation. All bases of
the same vector space are of the same dimension.

For a finite dimension vector space then it is common to express a vector as an
ordered list of numbers, with each element of the list being a basis coefficient of
the vector expressed in a basis,

n U1
v = Zviei =|: (A.18)
i=1

Un

For a finite dimension vector space, if we have a basis on V, ey, ..., e,, then we
can define the standard dual basis €', ...,e" on V* by ei(ej) = 5} showing it is
also n-dimension. Note the use of upper indices, inline with Einstein summation
notation. We write basis vectors of the dual space with upper indices so that they
appear once upper and once lower when computing the interaction of a vector and
a covector.

w(v) = (wiei)(vjej) = wivjei(ej) = wivjcS{ = ;o' (A.19)

We can build a basis on a tensor space then out of the basis on V and V*, giving
basis elements of the form

e, ®..0¢€, ®€,®...0¢€, ig € [1,...k], jp € [1,...1] (A.20)
with the obvious action on basis vectors
e, ®..0¢, ®e",®. @l (.., e% e, ..ey) = 513115?:5{115{; (A.21)

This makes a T®)V an n**'-dimension vector space. For a tensor T € T(f V, we
can express this in basis coefficients

n n
T= Z Z T e ® .. ® g, B ® ... @€ (A.22)
a=l  bg-1 !
——
p+q sums

For alinear map f between finite dimension vectors spaces, V, W, each with a basis

v VoW w .
I MY SRy M the components of the map can be expressed by the coefficients
fi= f(el, eJW). For a vector v € V expressed in the basis, v = Y}/ v’e), its image

under the linear map f, f(v), can then be expressed in coordinates in the basis on

Wasw = f(v) = T:1(Z?:1f,-jvi)ejw =3, wJ'e]W.
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A change of basis of a vector can be performed between two different bases ey, ..., e,
and éy, ..., é,. Each basis vector €; can be expressed as a linear combination of the
first basis, €; = Aj,ei. Any vector expressed in the first basis, v = v’e; can then be

re-expressed in the second basis via v = 3/&; where 3; = 1]0’. As such we can see
a change of basis as an automorphism of V.

We can classify bases into two equivalence classes, called an orientation. To do so,
we pick a basis to be the reference. We called another basis positively oriented if

the determinant of the transition matrix /1{ is positive, and negatively oriented if
this is negative.

A.4.5. Einstein summation convention. Einstein summation convention is a no-
tation method for reducing the notation overhead when dealing with vector spaces
and linear maps. It consists of suppressing explicit summation signs and replac-
ing them with the implicit assumption that repeated indices in an expression are
summed over. Indices can appear in subscript or superscript, and can only appear
in each position at most once in an expression. For example, we can write

n
v= Z v'e; = v'e; (A.23)
i=1
for the expression of a vector in a basis, and
d d d -
T = Z Tlijfkei ® ej = Tkljfkei ® €j (A24)
i=1 j=1 k=1

for the more complex construction of a (2, 0)—tensor.

Indices that are summed over are called dummy indices. They appear in pairs and
it is not important what letter we choose to label them with. Indices that appear
once, and are therefore not summed, are called free indices, and must appear on
both sides of an expression. For example

T/ =1 (A.25)
represents a trace-like summation.

There is an additional convention to which indices are superscript and which are
subscript.

« Basis vectors of a vector space are subscripted.
« Basis vectors of dual vector spaces are superscripted.
« Other placements are derived from the above two rules.

As an example of the last rule, coefficients of a vector in a basis must be in super-
script so that they are correctly summed with the basis vectors, and the opposite
for covector coeflicients.

When working with Einstein summation convention and maps, care should be
taken to only apply the notation to linear maps, or take additional care. For example,
for the bilinear map ¢ : VX W — R we can write this as

P(o,w) = p(v'e;, wjéj) =o'w/¢(e;, €j). (A.26)
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We can then represent the map ¢ via the set of coefficients ¢;; = ¢(e;, €;), and
write
d(v, w) = 0'w/ ¢;;. (A.27)

This is only true however if ¢ is bilinear. This makes Einstein summation conven-
tion very suitable in linear algebra, and by extension the study of tensor fields in
geometry, as linear maps are omnipresent.

A.4.6. Symmetric tensors. For the space of tensors of one type only (TX(V*) =
TR (V) or TK(V) = TR0 (V)) we can define two special types of tensor. We will
focus here on T*(V*) tensors, but the same applies identically to T (V) tensors.

A symmetric tensor is one such that if you take any set of vectors vy, ..., v and
permute a pair, then the evaluation of the tensor remains the same. ILe.

F(v1,0i, .., 0., ) = F(01,0j, .., 04, .., UF). (A.28)

This implies any permutation of arguments by o € S, the group of permutation
of k elements, leave it unchanged. We denote this linear subspace of T*(V*) as
»K(V*). The tensor product does not preserve symmetry. We can symmetrise a
tensor, denoted Sym F by

1
(SymF)(vy,...,0r) = o Z F(05(1)s -+ Vo(k) ) - (A.29)

oeSk
We can then define the symmetric product of F € 3X(V*),G € Z}(V*) as
FG = Sym(F ® G), (A.30)

FG e T* (v*). This is a bilinear, associative, commutative operation. On 2 1-
tensors this gives

1
wn = E(w®q+ry®w). (A.31)

All 0- and 1-tensors are symmetric trivially.

A.4.7. Alternating tensors. An alternating tensor is one such that if you take any
set of vectors vy, ..., vk and permute a pair, then the evaluation of the tensor flips
sign. Le.

F(v1,0i, .., 0., 0k) = =F (01,0, ..., 04, ..., k). (A.32)

This implies that even permutations of Sx (made up of an even number of pair flips)
leaves the sign unchanged and that odd permutations flip i,

F(0g(1)s - U5 (k)) = sgn(0)F(vy, ..., vg). (A.33)

We denote this linear subspace of TX(V*) as AK(V*). The tensor product does not
preserve alternation. We can define the alternation of a tensor, denoted Alt F by

1

(AltF)(vy,...,0) = o Z sgn(0)F(05(1)s - Vo (k) ) - (A.34)

oeSk

For any tensor, this returns us an alternating tensor.
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Let I = (iy, ..., ig) define a multi-index. Let I, = (ig(l), ig(,,)). Assume we have a
basis for V*, €1, ..., €. We can define an elementary alternating tensor by its action
on k vectors, vy, ..., Uk

e(vy) ... €1(v)
el (vy, ..., ) = det . : (A.35)
€*(v1) ... €*(vy)
where det is the usual determinant. If we express the vectors vy, ..., v in the dual
basis to €, ..., €", ey, ..., e,, then this is

el(oy, .. o) =det| : .. o], (A.36)

Clearly this is an alternating tensor, as swapping any two columns in the de-
terminant results in the change in a sign, and it is zero if any two vectors are
co-linear.

Evaluating an elementary alternating tensor on basis elements e;,, ...e;, gives
i i!
&, ... 6
e, me) =1 . 1 |=4] (A.37)
i* ik
&, .. 0
where J = (ji, ..., jk)-

By picking a subset of the elementary alternating tensors we can produce a basis
on the space of alternating tensors. We need to exclude any that are zero (I with
repeated indices) and any I that is a permutation of another element of the basis
set. For the space alternating tensors A*(V*) over an n-dimension vector space V*,
we can therefore pick the basis

l= {61 : Iis a strictly increasing multiindex of size k}. (A.38)
The wedge product of two alternating tensors, denoted by A, maps two alternating
tensors to an alternating tensor of higher dimension,
A ARV x ALV = ARV, (A.39)
For F € AX(V*),G € AL(V*), is is defined as

_ (k+D)!

FAG==1n

Alt(F ® G), (A.40)

FAG € Ak+l(V*). This is a bilinear, associative, anti-commutative (F A G =
(-)*G A F) operation. All 0- and 1-tensors are alternating trivially.

The interior product is an operation 1 : AK(V*) x V. — A¥~1(V*) defined by

(0 2 0) (W1, oo, W_1) = (0, Wi, ..., Wi_1). (A.41)
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Finally, we define the notion of a volume form. For an n-dimension vector space
V, a volume form is a tensor w € A"V. For a series of vectors vy, ..., v,, the volume
they span is given by

vol(vy, ...,v,) = w(vy, ..., 05) (A.42)

If the set of vectors are not linearly independent, this volume spanned will be zero.
Intuitively this makes sense as then the vectors span a hyperplane in V, which
should have zero volume in the whole of V.

Using a particular choice of a volume form defines an orientation of an ordered basis.
If the volume form w applied to an ordered basis ey, ..., e, is positive then the basis
is positively oriented, otherwise it is negatively oriented.

A.5. TANGENT, COTANGENT, AND TENSOR SPACES

A.5.1. Tangent spaces and derivations. One of the key advantages of studying
smooth manifolds is that it allows us to bring the notions of calculus to the study
of manifolds. The most basic concept is that of the tangent vector.

We can begin looking at tangent vectors on manifolds by first looking at tangent
vectors on R”. Since all we have defined on smooth manifolds so far is smooth
functions and smooth charts, we will need a definition that works in terms of these.
Consider the set R} = {p} X R". We will call this the geometric tangent space at p.
We call an element of this, (p,v), v € R”, usually written at o] p OI Up, @ geometric
tangent vector. This is clearly a vector space with operations

0p +Wp = (0+w)g c(vp) = (cv)p. (A.43)

The subscript p is to allow us to differentiate between tangent spaces at different
points p and g. Given the canonical basis of R", ey, ...., e, = (1,...,0), ..., (0, ..., 1), we
can put a natural basis on [R; as e; |p =(p,e1), ..., enlp = (p, ey) via the canonical
isomorphism 1, : R" — {p} X R", 1, : 0 = (p,0).

For a smooth function f € C*(R") we can define the directional derivative D,,, :
C®(R") —» R as

d
Dy, f =Dyf(a) = —| f(a+to). (A.44)
dt |,
This operation obeys the product rule
Dy, (f9) = f(a)Dy,f +g(a)Dy,f (A.45)
For the basis vectors ¢;| p
o f=Lip) (A46)
eilp - axl p > °

simply the partial derivative with respect to the ith input. So for v, € R} expressed
asv =10 eil,, we have that

Dy, f =" 02 (p) (A.47)

ox;
i=1 !
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Figure A.8. Directional derivative.

Tangent vectors as algebraic structures

With this intuitive definition in mind, let us take another look at the space of
smooth functions, C*(R"). We recall a few more algebraic definitions.

DEFINITION A.17. An ALGEBRA A over a FIELD F is a set A with 3 operations, Algebra over a field
+:AXA—A
tFXA—>A
e AXA—- A
where
« (A, +,-) forms a VECTOR SPACE over F
« and e is BI-LINEAR product with respect to the field F.

Additionally, this can be associative if the product is associate, unital if the product
has an identity element, and commutative if the product commutes.

We can make the space of smooth functions C*°(R") an associative, unital, com-
mutative algebra over the field R by setting

+: C*(R") x C*(R") — C*(R") to be pointwise addition of functions.
- RXC®(R") — C*(R") to be pointwise multiplication by a scalar.
o : C¥(R™")XC®(R™) — C*(R") to be pointwise multiplication of functions.

Often for this particular algebra, we will suppress the notation of f e g to simply
fgfor f,g € C*(R").

DEFINITION A.18. For an algebra A, a DERIVATION is a linear map D : A — A Derivation on an
satisfying the product rule over the algebra product, for f,g € A, algebra
D(f eg) =D(f) eg+fD(g) (A.48)

We denote the space of derivations as Der A.

For our algebra of smooth functions C*(R"), we can restrict these derivations to
a point p € R”



184

Derivation on C*(R")
atp e R”

Der, C*(R") =yec [Rz

Tangent space

Tangent space at a point
on a manifold
Deviation on C*(U) at
peU

A MANIFOLDS

DEFINITION A.19. For the algebra C*(R") and a point p € R", a DERIVATION AT P
is a linear map D : C*(R") — C*(R") satisfying a reduced product rule over the
algebra product, for f,g € C*(R"), at a point p € X,

D(f » g)(p) = (D(f) » g)(p) + (f ® D(9))(p) (A.49)

We denote the space of derivations as Der, C**(R"). This space of derivations at a
point from a vector space over the field R by defining vector addition of derivations

by

[(D+D)f1(p) = [Df1(p)+[Df1(p). D.D € Der, C™(R"), f € C7(R"), p € R”
(A.50)
and scalar multiplication as

[(AD)f1(p) = AIDFI(p), D € Der, C*(R™, f € C*(R™), p € R", A€ R,
(A.51)

We can then prove that our directional derivative and the derivations at p are
isomorphic.

ProrosIiTION A.20.
1. Foreachuv, € RZ, Dvp is a derivation.

2. The map vy > Dy, is an isomorphism from RY onto Der, C*(R").
Proof. (Lee, 2013, proposition 3.2) [ ]

This therefore connects the intuitive idea of directional derivatives that we are
used to when working with Euclidean space with the more abstract definition of
the vector space of derivations on the algebra of smooth functions at a point. We
call the space of derivations at a point the tangent space, and denote it T,R" =
Der, C*(R").

This then give us a natural way to define the tangent space at a point on a manifold.
For a manifold and an open set of the manifold U c X, we say that a deviation on
C*(U) atp € U is alinear map D : C*(U) — R satisfying

D(fg) = D(f)g(p) + f(p)D(9), (A.52)

and we denote this space of derivations as Der, C*(U).

We define the tangents space at a point on the manifold T, X = Der, C*(U). We
can prove that the choice of chart is independent of the final object, and therefore
is not notated. For an n-dimension manifold, the tangent space is n-dimension
vector space, isomorphic (in the vector space sense) to R" using the same vector
operations as for Euclidean space.

Intuitively, this is the space of all possible directions one could move in from p.
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S

Figure A.9. The tangent space of the point e € S, with example tangent vectors.

A.5.2. The differential. If we have a smooth function between manifolds F : X —
Y, we can also define a natural map between their tangent spaces at a point p € X
and F(p) € Y. We call this the differential of F at p, denoted dF : T,X — Tr(,)Y,
and it is defined by its action on a tangent vector v € T,X and a smooth function
onY, f e C*(Y).

[dF, (0)|(f) =o(f o F)(p), ©eT,M, fe€C(Y). (A.53)

This is a linear map that distributes over compositions of maps between manifolds,
dy(F o G) = dFgp) © dGy, and preserves the identity map, d(idx), = idz,x. Impor-
tantly if F is a diffeomorphism, then dF is an isomorphism between tangent spaces

and (dF)~' = d(F 7).

It is worth thinking about what the differential means intuitively. It says that if we
have a smooth function f on Y, we can take a derivation of this with respect to
tangent vector v € T,X by first transporting the function f from Y to X via F, and
then take the derivation of this new function with v.

Sometimes the differential is referred to as the pushforward of a tangent vector by
F, and is denoted
(F)p : T,X = T,Y (A.54)

dF, dF,(v)

F(p)

Figure A.10. A smooth map between smooth manifolds F : X — Y induces a
natural map between the tangent spaces of p and F(p), the differential dF,,.

A.5.3. Submersions, immersions, and embeddings. The definition of the differ-
ential allows us to classify smooth maps between manifolds. If we have a map
F: X — Y, at any point we can define the rank of a map F at a point p € X to be the
rank of the linear map dF,. This is the dimension of the image of the differential,
dimimdF, C Tr(,)Y. The rank of a linear map is bounded by the minimum of the
dimensions of its domain and codomain, so rank F, < min{dim X, dim Y}. If F has
the same rank everywhere, it is said to be of constant rank, rank F.

A smooth submersion is a smooth map F : X — Y with rankF = dimY. The
simplest example of this is the Euclidean projection onto a subset of coordinates,
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F:R™" — R™ F:(x1,..., Xmen) > (X1, ..., Xm). A smooth immersion is a smooth
map F : X — Y with rank F = dim X. The simplest example of this is the Euclidean
inclusion of coordinates, F : R™ — R™" F : (x1,...,%m) > (X1, ..., Xmen). Of
most importance to us will be smooth embeddings. These are smooth immersions
F : X — Y that are also topological embeddings(appendix A.1.3), an immersion
that is a homeomorphism when inheriting the subspace topology in its image
F(X)cY.

Smooth embeddings are particularly useful when we can embed the manifold into
Euclidean space. This is useful from a technical perspective as it allows us to
transfer tools from the simplified setting of Euclidean space onto the surface of the
manifold easily, and from a computational point of view as it allows us to represent
points on the surface of the manifold in a global way. Instead of having to pick
a collection of charts to cover the manifold and represent, we can pick a global
(but slightly redundant) coordinate system. In addition, from a deep learning
perspective, embeddings make it much easier to define smooth maps between
manifolds. Again if we were to use charts, we would need to pick more than one to
cover most manifolds, and as such we would need to ensure that the function we
define (usually a learnable function) smoothly agrees on the overlap of the charts.
With a pair of embeddings for the input and output manifolds into Euclidean space,
we can instead define a single smooth function from Euclidean space to Euclidean
space and restrict its inputs and outputs to the embedded manifolds.

A question then remains, can we always embed a smooth manifold smoothly into
Euclidean space? The answer is yes.

THEOREM A.21. Every smooth n dimension smooth manifold (with or without bound-
ary) admits a proper smooth embedding into R*"*1.

Proof. Whitney (1936, Theorem 1) [ ]

Note the proper part of this definition additionally restricts the preimage of compact
sets under the embedding to also be compact.

A.5.4. Local coordinates. The concepts of tangent vectors and differentials just
introduced are very abstract. To understand them better, and make them compu-
tationally useful, we can introduce the concept of coordinate vectors to produce a
basis on tangent spaces.

For the special case of R", we already know how to define a basis on the tangent
space at p € R”, T,R". We simply take the partial differentials with respect to each

a 2

input at the given point, - R

. Any derivation can then be expressed as
P

n

v = E ot —

P v € T,R", v; € R. (A.55)
i=1 !

p

Their action on a smooth function f € C*(R") is simply

of

ox i

7]
axi

(f) =

(p)- (A.56)

P
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Using this basis on T,R", we can place a basis on a tangent space of a manifold
T,X at point using a smooth chart (U, ¢) € Ax containing that point. Remember
that a smooth chart ¢ : U — R” is a diffeomorphism onto its image. Therefore,
the differential d¢,, : T,X — Ty(,)R" is an isomorphism. We can define a basis on
T,X then as the preimage of the standard basis on Tj(,)R" under ¢. Let us then
define the basis vector

d
IPi

0

(dgyp) ™ ( Foy

J
=d(¢! (— ) (A.57)
¢(p>) 9 g I%i |y )

is denoted as aixi|p’ obscuring the dependence on ¢ and potentially

p

Often, i|
i »

For

confusing it with the basis vector of Tj(,)R" that it is related to 2 o)
p

> aXi

further simplicity, the notation is often shortened further to

7}

% opil, = oxil, = ail, (A.58)

p

when the chart and local coordinates are implied. The action of one of these basis
vectors on a function f € C*(X) is then

d
o9;

F=2

B axi

(fog™). (A.59)

p $(p)

We can then express any tangent vector v € T,X as

n
v= vy — veT,X, v; eR (A.60)
= il
Tp X a¢lat| p xlatl¢(P) Xlat
X
T¢(P) R™ Xlon
Y cR"”

¢

Figure A.11. Using a chart on the sphere that maps from points on the sphere to
their latitude and longitude, we can induce a basis on the tangent space on the
sphere in the latitude and longitude direction via the differential of the chart.

We can also study how the differential in local coordinates looks. First again let us

consider the special case of F : U € R" — V C R™, with the standard basis for

E g
the tangent spaces = R o

9 9 . e
) and i R Applying the definition of
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—y —

e s 7

i

Figure A.12. Taking the differential of f, a bump function, evaluated at p in the
i’th direction. Push the function f onto the chart U through ¢ to give the function

fo¢!:RF — R. Then restrict this function to the i’th component to give
fo ¢‘1|i : R — R. Finally, evaluate the derivative of this as usual, in purple here
at the i’th coordinate of ¢(p).

the differential and the chain rule to a function f € C*(R™), we get

d 0
de(r )f: —| (fop)
Xilp Yilp
- df F;
=) —FP)—/
jZ:; 8y] 8xl-
1 OF; 9
(p) — )f- (A.61)
(]Z:; ox; y; F(p)
Therefore,
9  OF; d
de(; ) :Z p j_(P)y (A.62)
Xilp) = o YilF(p)
If we have v = Y., 0; 22| , then its image under the differential, w = dF(o) in
tp
basis coeflicients is
wi Z_Q(P) 371:,1(17) (4}
W %(p) %(p) Un

So we see in local coordinates the differential is associated with a matrix with
entries %. This is exactly the Jacobian matrix of F. The differential is therefore
the coordinate-free definition of the Jacobian.

In order to apply this to the differential of F : X — Y, we again look at the
behaviour with respect to charts. Pick two charts (U,¢) € Ax, p € U, and
(V,¢) € Ay, F(p) € V, and write that F = y o Fo ¢~', s0 F = "' o F o . We

know that dﬁ¢(p) in coordinates is the matrix described above, ZTFf We can then
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write
d - 2 . - P
dFP(aTh p) - d(‘b °oFe ¢)p(975i p) =AY p(p) 0 dFp(p) © d¢p(875i p)
(A.64)
d
= dl// F(p) o) dF¢(p)( E (A.65)
tg(p)
2 9F; 9
=dy~ (A.66)
F(P)(Z ax; ay] /)
" OF;
Y9 (A.67)
1 ax,- al//] p

So again we see that the differential is associated in local coordinates with the

Jacobian matrix a_ . The rank of this Jacobian matrix in the usual matrix sense is
equal to the more abstract rank of the differential, dimim dF, C Tg(,)N.

One particular example of the differential in coordinates is in the effect on tangent
vectors under a change in chart, called a change in coordinate. If we have p in
two charts (U, ¢), (V,¥) and a vector v at p, in the two different chart bases,

=5, b , then the basis coefficients are related by b;

1
a;. As a small abuse of notation I will write l//x% = a%

_yn 0
v =24y ail,
1
n 9Yod;
i=1 ox;
know this differential is an isomorphism, so must its Jacobian, i.e. is 1t full rank, so

37‘{; e GL(n).

lal//

. Since we

A.5.5. Cotangent and tensor spaces. On a manifold, we denote the cotangent
space at p, T;X to be the dual of the tangent space

;X = (T,X)".

; (A.68)

Elements of this are called cotangent vectors.

With the tangent space and cotangent space defined at a point p, we can define
also define the tensor space (1)), X as
(T)pX = T (T,X)

=T,X®..0 L,X®T,X ®..® X" (A.69)

r copies s copies

Given a chart (U, ¢), and the induced basis on the tangent space, {8¢>,— | P}’ we can
define a basis on the cotangent space, {d¢i| p} by d¢i|p( 9¢; |P) = 5}

Previously, we saw how under a change of coordinates from (U, ¢) to (V, )

the coefficients of a tangent vector v € T,X transformed under the Jacobian of
the differential. The coefficients of a cotangent vector also transform under the
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Jacobian, but in the opposite way. For v € T,X, v = 0’ 9¢;|, = 3" 9s|, and € T, X,

w = w;deg;|,, = &;dy;|, we get the transforms

by by

) 3¢] ) alpj
v = —(p)o’ wi=—(p)®; . A.70
pYe (») = o (p)&; (A.70)
Tangent vector transformation Cotangent vector transformation

This transform definition is equivalent to saying that &; = (‘%IJ- ( p)) 1a),~. Plugging
this into the definition of the cotangent vectors and working it through in coor-
dinates, we see that this leave the action of the cotangent vector on the tangent
vector in coordinates invariant to the choice of coordinates, as we would expect.

Previously we saw the definition of the pushforward of a tangent vector along a

Pullback diffeomorphism F : X — Y from T, X to T,Y. We can instead pullback a covector
from T,,Y* to T, X" via the pullback (F*), : T,Y* — T,X", defined by its action on
avector v € T, X,

(F)p(0))(0) = w((F.)p(0).) (A.71)

A.6. TENSOR BUNDLES

A.6.1. Tangent bundles and vector fields. We have just considered the tangent
space of a point p on a manifold X. What if we want to consider the tangent space
at every point on a manifold simultaneously? This leads us to the notion of the
tangent bundle.

Tangent bundle We construct the tangent bundle by taking the set disjoint union of the tangent
spaces,
TX = | | L,X={(xv) : x€X,0eTX}. (A.72)
peX
Canonical projection Along with this we have a canonical projection & : TX — X, defined by 7 : (x,0)

x. The topology we place on this is not however the disjoint union topology. The
disjoint union topology would leave each tangent space topologically disconnected

Natural topology from each other. Instead, we give it a natural topology that renders the tangent
bundle itself also a manifold of dimension 2n.

The tangent bundle isa ~ PrROPOSITION A.22. For any smooth n-dimension manifold X, the tangent bundle is a
smooth manifold 2n-dimension smooth manifold with a natural topology and smooth structure. With
respect to this structure, the projection m : TX — X is smooth.

Proof. To do this, we construct charts that satisfy the smooth chart lemma (lemma A.11).
We construct our charts on TX out of the atlas of the base manifold Ax.

Take any chart (U, ¢) in Ax. We construct a new chart ® : TU — R?" (TU =
[ ,ecu TpX) by taking the coordinate functions ¢; : U — R and the induced basis
on the tangent space T, X, 9¢;|,,. Defining

O(p, 0" 3il,) = ($1(P), s (), V1, s Vn). (A.73)
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This is a bijection as its inverse is

O (x1, ooy X, U1, oy Up) = (gb_l(xl, . xn),Ui¢)i|¢—1(xl,m,xn)). (A.74)

For ¥ constructed similarly to @, the transition function ¥ o ®~1! is given by

Yo CIJ_l(xl, ey Xy U1, o0y Up) = (xp o ¢>_1)(x1, s Xn), an a—%vi, ey Zn: Y 0;
= 99 = i

(A.75)

which is smooth.
To satisfy the smooth chart lemma:
1. For any chart (TU, ®), this is a bijection onto ¢(U) x R* C R” xR", an
open

open set of R",

2. Similarly, for (TU,®), (TV,¥), ®(TU N TV) and ¥(TU N TV) are open
subsets of R".

3. The transition maps ¥ o ®~! are smooth as shown.

4. We can pick a countable cover of TX by taking a countable cover of X and
use those charts to construct our charts on TX.

5. If we have (p,v1), (p,v2) and a set p € U, then (p,v;), (p,v2) € TU. If we
have (p,v), (g, w), p # g, then from the charts of X we have U,V such that
they are disjoint and p € U, q € V. Therefore (p,v) € TU, and (¢, w) € TV,
but TU, TV are disjoint.

To show that 7 is smooth, note that 7 : (x,0) + x. In charts (U, ¢), (TU, ®) this
is simply a restriction to the first half of the coordinates, with is smooth. ]

This object we have constructed is an example of a fibre bundle introduced earlier
(definition A.7), as the triple (TX, 7, X).

The sections of the tangent bundle are called vector fields. In the Euclidean setting,
this amounts to continuous map from R” — R” (or open subsets of), that can
be visualised as an “arrow” at each point. In the sense of the direction derivative
discussed earlier, this akin to attaching a directional derivative to each point. A
vector field on a smooth manifold is then a section of the tangent bundle instead.

A smooth vector field is one that is a smooth function between X and TX. A rough
vector field is one that is not.

We will denote the space of vector fields as I'(TX). Sometimes it is written as
X(X).
Algebraic structure of the tangent bundle

In the previous section we saw that tangent spaces at a point can be viewed as
a specific algebraic structure, namely as the vector space of derivations at a point
over the algebra of smooth functions (C*(X), +, -, ®). Recall that we had:

o +:C¥(X) X C®(X) — C*(X) to be pointwise addition of functions.

o R XC®(X) » C*(X) to be pointwise multiplication by a scalar.
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¢ 0:C7(X) X C¥(X) — C*(X) to be pointwise multiplication of functions.
Let us then define:

¢« & : T(IX)xI(TX) - T(IX), (c®1)(p) — o(p) + z(p), pointwise vector
addition of vector fields.

« O:C(X)XT(TX) > T(TX), (foo)(p) — f(p)o(p), pointwise scaling
of a vector field by a function.

We can construct a ring (definition A.15) from the smooth functions on a manifold
as (C*(X), +, e). The triple (I'(TX), ®, ©) then satisfies the conditions of a vector
space with respect to this ring. Vector spaces over rings are very different to vector
spaces over fields, and are often called modules.

It is possible to define I'(TX) as a vector space over the field R by using global
scaling of a vector field by a constant, but the basis of this vector space necessarily
becomes uncountably infinite and difficult to work with. By contrast I'(TX) as
a vector space over the ring C*(X) by using local scaling of a vector field by a
function is more natural and pleasant to work with. See (Schuller, 2013).

As a summary:
T,X is a vector space over the field R of derivations at a point of the algebra C*(X).
['(TX) is a module over the ring C*(X) of derivations of the algebra C*(X).

This algebraic description of the space of vector fields in fact is an alternative way
to define the space, in lieu of the previously presented construction.

Lie brackets

One additionally useful method of combining vector fields is the Lie bracket. For
two vector fields V, W € I'(TX) the Lie bracket is defined by its action on a function
feC>(X),

[V.WIf =V(Wf) -W(Vf) (A.76)
The Lie bracket of two smooth vector fields is again a smooth vector field.
In addition to being a product, the Lie bracket is
« antisymmetric, [V,V] =0
« and satisfies the Jacobi identity, [V, [W,X]] + [W, [X,V]] + [X, [V, W]] = 0.

More general than this application to vector fields, any product which is also
antisymmetric and satisfies the Jacobi identity is said to be a Lie bracket. An
algebra whose product is a Lie bracket is termed a Lie algebra.

As it stands, (T'(TX), ®, ©) is not a vector space over a field, it is a vector space
over a ring. As such, the combination of the tangent bundle and the Lie bracket is
not a Lie algebra. It is important to point this out as later we will meet a class of
manifold called Lie groups for which a subset of vector fields do form a Lie algebra
under the Lie bracket.
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Local bases for vector fields

We can write a vector field using its component functions at a given point using the
basis vectors induced by a chart (U, ¢),

7}

V, = 21 Vi) 55 (A.77)

P
This defines the component function V;(p) : U — R. A vector field is smooth if
and only if its component functions in each chart are smooth.

A chart induces coordinate vector fields on U C X by the assignment p +— 6%5,- R

a%ﬁ- = d¢; = 9; where the rest of the information is implicit.

Together, the coordinate vector fields 9¢1, ...0¢,, produce a smooth local frame called
a coordinate frame. A smooth local frame a set of smooth (restricted to an open set
U) vector fields that at each point span the tangent space. We can similarly define
continuous local frames, with the vector fields being only continuous.

These are denoted as

If U = X, this is a global frame, and we can have a global choice of basis for the
tangent space, although these do not exist for most manifolds. For example,

THEOREM A.23. There exists no non-vanishing smooth vector field on even dimension
n-spheres.

Since there are no non-vanishing smooth vector fields, none of these can be a basis
field globally, and so there is no smooth global basis.

For some specific manifolds there exists a set of d vector fields that span the tangent
bundle. Such manifolds are called parallelisable

The lack of existence of a global basis for I'(TX) initially makes it difficult to see
how to parametrise smooth vector fields on manifolds in a computer, as patching
together local chart while maintaining smoothness without a basis is tricky.

The failure of the existence of a smooth global basis is exactly due to I'(TX) being a
module rather than a vector space. The solution to this lies in the study of modules.

DEFINITION A.24. Let (M, ®, ®) be a module over the ring (R,+,-). A GENERATOR
of the module is a subset G C M such that for any element m € M there exists
coefficients (ry)gec, rg € R such that

m = Z 1. (A.78)

geG

If there exists a generator of M that is finite we say that it is FINITELY GENERATED

The generator of a module is similar to the basis of a vector space, but we give up
injectivity between coefficients in the ring and elements of the module. That is,
there may be more than one set of coeflicients in the ring that lead to the same
element in the module.

Fortunately for working with vector fields on manifolds, we have the following
result.
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THEOREM A.25. Let X be a second countable smooth manifold. Then the module
of smooth vector fields T'(TX) over smooth functions C*(X) is a finitely generated
module.

Proof. Falorsi and Forré (2020, see). The proof is an application of the fact that
we can for a second countable manifold arrive finite size local trivialization of the
manifold. We can use these charts to create local bases for the tangent bundle, and
a partition of unity (see definition A.9) subordinate to the trivialisation to smoothly
glue together local vector fields represented in these local bases into a global vector

field. ]

This gives us a strategy to parametrise smooth vector fields on manifolds.
1. Pick a finite generator of I'(TX), (V;)1Z,
2. Parametrise smooth functions 7 : X — R.

3. Define the vector field as
V=fV (A.79)

Using this result therefore, we will always be able to pick a finite set of fields from
which we can parametrise the space of vector fields.

Tangent and non-tangent vector fields

Supposed we have X, and a submanifold Y ¢ X, immersed or embedded, with
inclusion map ¢ : Y — X. The differential of the inclusion map d: : I'(TY) —
['(TX) identifies T'(TY) with a linear subspace of I'(TX). We can then project any
vector field V € I'(TX), restricted to the surface of Y, into I'(TY) by projecting
onto this linear subspace. We say that a vector field is V € I'(TX) tangent to a
submanifold if this projection leave the vector field unchanged, and that is it normal
to a submanifold if the vector field is zero under this projection.

For manifolds with boundary, X, we say that an inward-pointing vector field is a
vector field V' e I'(TX) if at every point on its restriction to the boundary it is
normal to the boundary and the tangent vectors point into the interior. We define
the converse for outward-pointing vector fields.

A.6.2. Tensor bundles and fields. The tangent bundle is one of the most funda-
mental bundles we deal with in geometry. We can however introduce a wider
range of bundles by bundling arbitrary tensors over the manifold (appendix A.4.3).
All of these bundles will be examples of vector bundles, which are fibre bundles
where the typical fibre is isomorphic to R"” with the usual vector structure.

In constructing these bundles, it is very handy to have the following lemma.

LEMMA A.26. Let X be a smooth manifold (with boundary), and suppose that for each
p € X we have Ep, a k-dimension vector space. Let E = [ [ ,ex Ep, and 7 : E — X be
the map such that v : E, — p. If we have the following:

1. an open cover of X, {Uyz} 4ea-
2. foreach a € A, a bijection ® : 77 (U,) — U, x RF,
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3. foreacha,b € A withU, NUy, # @, a smooth map t,,U, N U, — GL(k,R)
such that the map ®, o @;1 (U, NUp) X RE — (U, NUp) x R¥ is of the form

@, 0 0, (p,0) = (p, Tan(p)0) (A.80)

Then E has a unique topology and smooth structure making it into a smooth manifold
with or without boundary and a smooth rank-k vector bundle over M; with w as
projection and {(U,, ®,)} as smooth local trivializations.

Using this we could have constructed the target bundle by creating the transition
maps as we did, and applying this lemma.

Identically to the tangent bundle then, we can build the cotangent bundle, denoted
by T*X, from cotangent spaces. This too is a 2n-dimension manifold and a vector
bundle. We build the natural coordinates again out of the basis induced by charts,
in this case from the dual basis of the tangent basis. Sections of this are called
covector fields, denoted w € T'(T*X). The action of a covector field w € I'T*X on a
vector field V € T'(TX) is defined by

o(V): X =R, o(V)(p) = wp(Vp). (A.81)

One central example of a covector field is the gradient of a smooth function. Re-
member that a smooth function f € C*(X) is a smooth function f : X — R. The
differential of this is then a smooth function df : I'(TX) — R, and therefore exactly
a covector field. We in particular term the differential of a smooth function as its
gradient. This is in contrast to normal multivariate calculus where the gradient of
a function is a vector field.

More generally we can bundle tensor spaces at every point to give tensor bundles,
denoted by T; TX. We gain construct this using the vector bundle chart lemma,
and use a basis everywhere from the basis of the tangent bundle and cotangent
bundle, the same as in appendix A.4.4.

There are a series of special cases.

The tangent bundle is denoted TX = T/TX

The cotangent bundle is denoted T*X = T)TX

The bundle of covariant k-tensors is denoted TFT*X = TI?TX.

The bundle of contravariant k-tensors is denoted TKTX = TOkTX.
The bundle of symmetric k-tensors is denoted *T*X = Sym TISTX .
The bundle of alternating k-tensors is denoted AFT*X = Alt T,?TX.

A tensor field is then a smooth section of a tensor bundle. The space of smooth
sections of a tensor bundle is denoted F(T,f T). I (T{TX) is simply the space of
smooth functions C*(X).

Bases for sections of tensor bundles

For tensor bundles we can again define smooth local frames. If we have a smooth
local frame for the tangent bundle e, ..., e,, then we can define the local dual
coframe as the vector fields €', ..., " such that €’ (e;) = 5; If we have a chart (¢, U)
and therefore tangent frames d¢;, then the dual frames are the differentials of the
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chart, d¢;. From this we can construct smooth local frames on any tensor bundle
in terms of a local frame of the tangent bundle. For a Té’ TX bundle, the smooth
local frames are given by

€, ®.0¢,0 ®..0". (A.82)
For a given chart (U, ¢), a tensor field F can be expressed locally as

F= FJ’.::::;’; i, ® ... ® 0, ® AP ® ... ® d¢p/e (A.83)

,,,,,

One of the most important interpretations of tensor fields is as smooth multilinear
maps over C*(X). For a T}IOTX tensor field F € F(T;TX), this can be seen as the
map

F:T'XX..XT"mXTX X ...xTm — C*(X). (A.84)

p covector fields p vector fields

This map is smooth, and multilinear. In fact, all smooth multilinear maps of this
form are induced by tensor fields (??Lemma 12.24 extends naturally to mixed tensor
fields]lee2013smooth).

Pullbacks of tensor fields

Previously we say how using the differential we could pushforward and pullback
tangent and cotangent vectors between the tangent spaces of two manifolds related
by a smooth function F : X — Y. For generic tensor fields we can’t define the
pushforward, but we can define, the pullback of a covariant tensor field pointwise.
For A € T(T*T*Y), the pointwise pullback of dF(A) € T(T*T*X) is given by

[dF*(A)],(v1, ... 0n) = Ap(dFy(01), ..., dF, (vi)) (A.85)

for vy, ..., v € T(TX).

A.6.3. Lie derivatives. Now we have defined tensor fields, a question remains -
can we take derivatives of these? In Euclidean space, if we restrict ourselves to
vector fields, there is a natural notion of the direction derivative of the vector field.
For a vector field W € T'TX and a vector V € R", the directional derivative of a
vector field is given by

Wyiro — W,
AL (A.86)

d .
[D,W] (P) = E Wp+tv = }1_>0 ;

=0

for D, : T(TX) — T(TX) and this can be show to be equal to
[DW1(p) = DuW'(p) o'l (A.87)

where on the right-hand side, D, is acting as the derivative of the scalar component
functions of the vector field, W! € C*®(R").

A few things hint that this will not immediately generalise to manifold settings.
Firstly, the sum on the right-hand side violates the einsum notation convention,
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indicating we are not respecting geometric rules. Secondly, we are taking the
difference between W,,;, and W), elements of two different tangent spaces, an
operation that is not possible. We get away with this in Euclidean space as we can
canonically identify all tangents spaces with one another, but this does not work
on manifolds.

To define this kind of derivative on manifolds, we need a few more definitions.

Integral curves

A curve on a manifold is a smooth function from an open subset of R to the manifold,
Y : (a,b) € R — X. The derivative of this curve is an element of the tangent space
of the manifold, [% y] (t) € T,(1)X. We call the point y(0) € X the starting point
of a curve.

An integral curve of a vector field V € T'(TX) is curve for which its derivative at
any point is equal to the vector field at that point,

d

—y() =V, . A.88
= v =V, (A85)
Viewed in any chart, this defines an ordinary differential equation for the coordinates
of the curve. Under the right conditions, ordinary differential equation have smooth,
unique solutions.

THEOREM A.27. For any vector fieldV € T'(TX) and any point p € X, there exists an
integral curvey : (—€,€) — X of V such that y(0) = p, fore > 0.

Using the definition of integral curves we can relate vector fields on two different
manifolds. For a smooth map between manifolds F : X — Y and two vector fields
V e T(TX) and W € T(TY), we say they are F-related vector fields if and only if
for any integral curve y of V, then F o y is an integral curve of W.

We can shift the time value of an integral curve as we please.

LEMMA A.28. For an integral curvey : (a,b) — X of V € I'(TX) ands € R, the
function j : (a+s,b+s) — X given by y(t) = y(s +t) is also an integral curve of V.

Flows

Theorem A.27 does not guarantee that the integral curve for a vector field will
exist for all time, only on (—¢, €¢). For now, let us assume that V € I'(TX) is such
that the integral curves of it do exist for all times. We define the flow of a vector
field V as the map 6; : X — X as the map that sends each point on the manifold to
¥p(t) where y,(0) = p, the unique integral curve that starts at p.

Using lemma A.28 we see that the composition 6;(p) o 65(p) = 0;+s(p) combining
this with the fact that 6y(p) = idx (p) = p, we see that this forms a group with the
additive structure of the real numbers, (R, +). Consequently, we see that the map
0 : R x X — X also has additive group structure, since 0(s, 0(t,p)) = 0(s + t, p)
and 6(0, ) = idy.

This motivates the definition of a global flow. A global flow is a smooth map
0 : R x X — X which under composition of the second argument has the additive
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group structure of the reals in the first. Le.

0(s,0(t,p)) = 0(s + 1, p),

The infinitesimal generator of a global flow is defined as a (not necessarily smooth)
vector field V € T'(TX) such that

0:RxM— M, 0(0, ) = idy (A.89)

d
Vp= 2 6(t.p) (A.90)

t=0

We can show that all global flows are generated by smooth vector fields.

ProprosITION A.29. Let 0 : R X X — X be a global flow on X. Then the generator of
0 is a smooth vector field V € T(TX) and each curve (-, p) : R — X is an integral
curve of V.

The converse of this is not true. Not every smooth vector field generates a global
flow. A local flow 0 : D — M is the flow generated by a smooth vector field
V € T'(TX) that is only defined on a subset D C R X X. A complete vector field is a
vector field that generates a global flow.

Lie derivatives of vector fields

With this definition of a flow, we can produce a coherent definition of a derivative
of a vector field. Instead of differentiating with respect to a single tangent vector,
we will differentiate with respect to another vector field.

DEFINITION A.30. For vector fields V,W € T'(X), the LiE DERIVATIVE of W with
respect to'V is given by

d
(LvW), = m d(6-1)g,(p) (Wov () (A91)
£=0
d(6- W, -Ww,
- lig ( t)e,(m(t 0:p) = Wp (A.92)

where this limit exists.
where 0, is the flow induced by V.

Unpacking this a little, this says we take a point p € X and evolve it under the flow
of the vector field V for time ¢. At this new point we evaluate W. In order to bring
this point into the tangent space of p, we map this under the differential of the
flow for time —¢. We then compare this tangent vector to the value of W at p. The
limit of this operation as t — 0 defines the derivative.

LEmMMA A.31. Let X be a smooth manifold, and V,W € T(TX) be smooth vector fields.
Then the Lie derivative (LyW), exists for all p, and LyW is a smooth vector field.

Computing such a derivative however seems a tricky task. Fortunately however,
this derivative is exactly given by the Lie bracket, giving this a geometric interpre-
tation.

THEOREM A.32. Let X be a smooth manifold and V,W € IT'TX. Then

LyW = [V, W]. (A.93)

This gives the Lie derivative therefore all the structure of a Lie algebra.
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Lie derivatives of tensor fields

With the Lie derivative of vector fields defined, we can define the Lie derivative
for general tensor fields.

DEFINITION A.33. For vector field V € T(X) and A € T(TKT*X) tensor field on X, Lie derivative of a
the LIE DERIVATIVE of A with respect to V' is given by tensor field
. d(6:);, (A6, (p)) = Ap
(LvA)p = o | d(0),(Agp)  =lim— (A.94)
t =0 t—0 t
; . (6;A)(p) - Ap
= 3| @0 = lim = (A95)

where this limit exists.

This definition is almost identical, except we have used the pullback of a covariant

tensor field.

LEMMA A.34. Let X be a smooth manifold, V € T(TX) a smooth vector field, and Existence of the Lie
A € T(T*T*X) a smooth tensor field. Then the Lie derivative (LyA), exists for all p, derivative for tensor
and LyA € F(TkT*X) is a smooth tensor field. fields

This definition of the Lie derivative is compatible with a number of operations:

« For f € C*(X),
Lyvf=Vf, (A.96)

since C*(X) = T'(T°T*X).
« For A e I'(T*T*X), B € I(T'T*X),

Ly(A®B)=(Ly(A) ® B+ A® (LyB) (A.97)

« For smooth vector fields Xy, ..., X, € T'(TX),

-EV(A(XI: ,Xn)) = .EV(A) (X1> ...,Xn)+A(.£VX1, ....,X1)+...+A(X1, ey -EVXH)-

A.7. LieE Groups

Next we introduce Lie groups. These are interesting as manifolds in their own
right, but are incredibly important in the study of manifolds more generally. Firstly,
they act as global symmetry groups. For example the group SE(3) is the symmetry
group of the sphere S,. They also act as local symmetry groups on manifolds.
We have already seen how elements of the group GL(n) acts as change of basis
transforms under a change in chart for vectors expressed in a basis.

A Lie group G is a smooth manifold that is also an algebraic, and in this case also Lie group
topological, group. That is, they come equipped with an operator - : G X G — G,

an identity element e € G such thate-g=g¢g-e =g for all g € G, and an inverse

operator i : G — G such that g-i(g) = g-g~! = e, and that all these are continuous

maps. Typically, the notation of - is suppressed.
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A subgroup of a Lie group is a subset H C G of the group that is itself a group
under -, and that has a topology and smooth structure that make it an immersed
submanifold of the parent group.

The most important example of a Lie group for our purposes is the group GL(v, R)
and its subgroups. There do exist Lie group that are subgroups of GL(v, C), but
we will not consider these. This is the group of n X n invertible matrices with real
entries, and this forms a group under matrix multiplication. As we have seen, this
provides the space of possible change of basis transforms of a basis for a tangent
space under a change in chart.

Important subgroups of GL(n) include
« GL(n)*, the subgroup of GL(n) with positive determinant.
« O(n), the subgroup of GL(n) with determinant of +1.

« SO(n), the subgroup of GL(n) with determinant 1.

A.7.1. Homogeneous spaces. For a subgroup H of a group G, the set of elements
gH ={g-h : h e H} is called the left coset of g. The left cosets of G by H partition
G into equivalence classes of G, if two elements g;, g2 have the same left coset
g1H = g,H.

The resulting quotient space, X = G/H is called a homogeneous space. The action
of GonX, - : GXX — X is defined by mapping the original group action to
the quotient space. For a point x € X and a representative element g, € G,
g x = ggxH = g,H = y. This action is independent of the choice of g, made, and
so is well-defined. This action is a transitive action as using it the group G maps
every point in X to every other point in X.

A common example of this is that the n-sphere is a homogeneous space of O(n),

S, ~ O(n)n+1/0(n).

A.7.2. Group actions and equivariant maps. While the action of a group on a
homogeneous space is a global symmetry, manifolds can have symmetries that
don’t map every point to every other point. A symmetry, or a G-action, is a map
-+ G X X — X such that

g1-(g2-x)=(g1-92) -x forallx € X g1,9, € G (A.98)

and
e-x=x forall x € X and e is the identity element of G. (A.99)

If there is only one orbit, the action is transitive and the space a homogeneous
space. Such a symmetry partitions the manifold into a set of orbits,

G-x={g-x : geG}. (A.100)
For each point, we can define the stabiliser as

Gy={9-x=x : geG}, (A.101)
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the set of elements that leave x in place. An action is said to be a free action if the
stabiliser of each point is the identity element only, i.e. that no non-identity group
element leaves a point stationary.

Suppose that we have two manifolds X, Y, and a group G, and each manifold has a
left G-action. A map F : X — Y is said to be equivariant with respect to G if

F(g-x)=¢g-F(x) forallxe X, geG. (A.102)

Sometimes it is said that the function F intertwines the action of G on X and Y.

A.7.3. Semi-direct products. In addition to the typical direct product of group
actions, there is a construction called the semi-direct product of two Lie groups. For
Lie groups H and N, supposed we have a left actionof Hon N, 0 : HX N — N.
Ifforallh € H 6, : N — N is an isomorphism on N, then we can define a joint
group action of H and N together by

(hyn)-(W,n)y=(h-W,n-0in). (A.103)

Using this action we define a new group G = H g N. Often this is written as
H = N where the action 6 is implied. As a manifold this has the direct product
structure H X N.

The most important example of this the Euclidean group, E(n). This is given
by the semi-direct product of T(n), R” considered as a Lie group of translation
actions, and O(n), to give E(n) = O(n) < R". The action of O(n) on T(n) is given
by the usual rotation of vectors. E(n) action on R” by (R, t) - x = Rx + t for
ReO(n), t € T(n), x € R™.

A.7.4. Representations. Many Lie groups can be realised as subgroups of GL(n).
We can extend the analysis of groups in general by considering (linear) repre-
sentations of a group, which is any group homeomorphism p : G — GL(n), i.e.
that

p(9)p(g) =p(g-9) (A.104)

where the left hand side is matrix multiplication. It is also possible to have complex
representations, but again we will not consider these.

A faithful representation is one that is an injection into GL(n). Many representa-
tions are not injections however, and will map multiple group elements of G to the
same element of GL(n).

The theory of representations if vast and spans harmonic analysis, differential
equations, number theory, and has major applications in differential geometry also.

A.8. RIEMANNIAN METRICS

We now turn our study to Riemannian manifolds. So far we have defined manifolds
with notions of topology, smoothness, and differentiation. However, we are yet
to introduce geometry, in simple terms the study of lengths and angles. In metric
spaces such ideas are studied through the direct definition of a metric. On manifolds
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however the more natural object to study these concepts through is a Riemannian
metric.

For the rest of this section, we assume that X is a smooth manifold with or without
boundary.

A.8.1. Riemannian metrics. The most important concept to transfer from Eu-
clidean space is the notion of lengths of vectors, and inner products between
vectors.

DEFINITION A.35. A RIEMANNIAN METRIC ¢ is a smooth section of the symmetric
covariant 2-tensor field on X. That is,

geTX (A.105)

DEFINITION A.36. A RIEMANNIAN MANIFOLD (with or without boundary) (X, g) is
a smooth manifold (with or without boundary) X along with a Riemannian metric
g € S2TX.

It should be noted a Riemannian metric is not the same as a metric in the metric
space sense and we will distinguish these by calling them distance functions.

By looking at the metric restricted to a particular point on the manifold, g, :
T,X X T,X — R, we see that this defines an inner product on the tangent space,
as the metric is a symmetric tensor and therefore g, (v,v) > 0 for v € T, X.

We can express the metric in the coordinates of a chart (U, ¢) as
g = gij dgbl ® d¢j = gij d¢l d¢] (A.106)
The simplest metric is the Euclidean metric,
g =38;;d¢" dp’ = (d¢")’ (A.107)
and from this we recover all the usual notations of Euclidean space. In particular

note that the inner product defined for two vectors v, w € T, X is given by

n
gp(v,w) = Sijo'w! = Z o'w', (A.108)
i=1
the usual dot product. Note how the last expression violates the index convention
of einsum notation, necessitating the use of explicit sums, revealing how the usual
definition of the dot product leave some inaccuracy in geometric terms. Often an
alternative notation is used, g, (v, w) = (v, w),.

The metric naturally extends to a map on vector fields,
g:T(TX) xT(TX) > C°(X), V,W eTI(TX). (A.109)
Every smooth manifold admits a metric (Lee, 2013, proposition 13.3). Every smooth

manifold admits a huge variety of metrics in fact, and as such there is no canonical
choice of Riemannian metric.
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We can define the product metric on a product of Riemannian manifolds by applying
each metric to the components of the tangent vectors that cam from each manifold
in the product, and so define product Riemannian manifolds.

From the definition of a Riemannian metric, we can then define the length of a
tangent vector as

1/2
loll, = (0,0)3* = g, (0, 0)"/2, (A.110)
called the Riemannian norm and the angle between tangent vectors as

(v, w)

cosf = .
|U|g|W|g

(A.111)

We can say that two tangent vectors are orthonormal if (v, w) = 0. An orthonormal
frame on a manifold is a frame for which at each point on the manifold, the basis
on the tangent space consists of vectors orthonormal to each other. The existence
of smooth locally orthonormal frames is guaranteed (Lee, 2013, corollary 13.8), but
the existence of smooth globally orthonormal frames is not guaranteed, and in fact
only exist for a very small class of manifolds, such as Euclidean space.

A.8.2. Tangent-cotangent isomorphism. The Riemannian metric on a manifold
allows us to specify an isomorphism between the tangent and cotangent spaces of
a manifold.

Define the map
g :TX > TX, [g°(0)(w)] = gp(v, W),

which maps elements of the tangent space to elements of the cotangent space.
Using this then we define a bundle homeomorphism between TX and T*X, and so
also create an isomorphism between I'(TX) and T'(T*X) via

o,w e T,X (A.112)

g :T(TX) > T(T*X), [¢*(V)](W), = gp(V, W), V,WeT(TX) (A.113)
In a chart (U, ¢) where V = V’Dqﬁi, W = Wiagf)i, we have that
[g°(VI(W) = g;V'W/ (A.114)
and so in charts o _
g'(V) = g;;V' d¢/ = V; d¢/ (A.115)

where V; = g;;V'. This is the motivation for the notation g*, as this operation is
said to lower an index of the coefficients of the vector field in charts. Since this
operation is unique on a manifold, we will use as shorthand

VY =g"(V). (A.116)
The inverse of this operation is called raising and index. We define
g" = (g") " I(T"X) - I(TX). (A.117)
In a chart (U, ¢) for a covector field w € T'(T*X) this is given by
7" (0) = g7 0;0¢; = ' d¢; (A.118)

203

Product metric

Product Riemannian

mapioly

Riemannian norm
Angle between tangent
vectors

Orthonormal
Orthonormal frame

Locally orthonormal
frames

Globally orthonormal
frames

Lower an index

Raising and index



204

Gradient of a smooth
function on a
Riemannian manifold

Pullback of the
Riemannian metric

Riemannian isometry
Isometric

Locally isometric
Riemannian geometry
Flat

Induced Riemannian
metric

Nash embedding
theorem

A MANIFOLDS
where w' = g w;, and gV are the coefficients of the matrix inverse of g;;, such that
g7gik = 5;'(, and we have the same shorthand that

o =g"(w). (A.119)

The most important use of this isomorphism is to define the gradient of a smooth
function on a Riemannian manifold as

grad, f = (df),  f e C™(X),

This makes the gradient the unique vector field (not covector field) satisfying

(A.120)

g(gradg f, x) = Xf, feC®(X), X eI(TX), (A.121)
and in a chart (U, ¢) it is given by
0
grad, f = g”—fagbl- (A.122)

aP;

A.8.3. Pullback metrics and submanifolds. If we have a smoothmap F: X — Y
and a Riemannian metric on Y, then the pullback of the Riemannian metric F*g
is a Riemannian metric on X if and only if F is a smooth immersion (Lee, 2013,
proposition 13.9).

If we have two Riemannian manifolds (X, g) and (X, §), and a diffeomorphism
F : X — X, then F is a Riemannian isometry if F*§ = g. If there exists such
an isometry between two manifolds, we say they are isometric. If this property
only holds locally for two manifolds, but not globally, then they are said to be
locally isometric. The study of properties that are invariant under global or local
Riemannian isometries is called Riemannian geometry. One such property of a
manifold is if it is flat. A manifold is flat if it is locally isometric to Euclidean space
equipped with the Euclidean metric.

In particular, when the isometry is a map between the same manifold, F : X — X,
this is an automorphism of the manifold, a self-isomety. We denote this set of
isomorphisms Isom,(X). These are the intrinsic isometries of the manifold. For
example for homogeneous spaces (see appendix A.7.1) of Lie groups, this will be the
original Lie group. For most manifolds it will not be a global isometry group.

The most useful case for pullback metrics is for inducing metrics on submanifolds.
If we have a Riemannian manifold (X, g) and a submanifold S ¢ X, immersed or
embedded, with or without a boundary, then this manifold automatically inherits
a metric, 1*g, the induced Riemannian metric, where 1 : S — X is the inclusion map.

Previously we saw that the Whitney embedding theorem (see theorem A.21) allowed
us to always find an embedding of a smooth n-dimension manifold in to at most
2n + 1-dimension Euclidean space, while preserving the smooth structure of the
manifold. A cornerstone result of Riemannian geometry says that we can do one
step better with Riemannian manifolds, and preserve the metric as well.

THEOREM A.37. Let (X, g) be an n-dimension Riemannian manifold. Then there
exists a Ck isometric embedding of X into R™, f € C*(X,R™), such that g = f*ge,
where g, is the Euclidean metric on R™, and m > n(n+1)(3n+ 11)/2.
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The bound on the dimension of Euclidean space needed to embed a manifold into
is not strict. For example, the n-torus can be embedded into 2n Euclidean space,
and the n-sphere into n + 1 Euclidean space.

This theorem is incredibly useful. On the theoretical side, it allows us at any
time to transfer the manifold into Euclidean space as an embedding. We can then
(with care) use mathematical tools that apply to Euclidean space and use them for
analysis on manifolds.

On the practical side, this gives us a good way to represent Riemannian manifolds
in a computer. We can simply pick an isometric embedding of the manifold.
Particularly, this means that if we are careful, computational geometric operations
will be compatible. For example, if we have a function f : X — R and compose
this with the inverse inclusion to get a function 1! o f : ((X) c R™ — R, we
can represent this in a computer, and we can then also apply operations such
as automatic differentiation to the function. As long as we project the resulting
tangent vectors back into the tangent space of X immersed in the tangent space of
R™, then this will give us exactly the function ™! o grad, f. Le.

projrycrrm grad(t "o f) =17 o grad, f (A.123)
Where grad is the usual Euclidean gradient, equal to grad, , the Riemannian
gradient with Euclidean metric. This also applies to more complex operators,
such at the divergence and Laplace-Beltrami operators.

Riemannian distance function

Using the metric, we can also define a sense of the length of a given curve on a
manifold, and from this, a notion of a distance between two points on a manifold.
Let a continuous function y : I — X be a curve on X where I C R is an inter-
val. A smooth curve is a one that is smooth as a function. A regular curve is a
curve for which the velocity y’(¢) # 0 everywhere, so that it has no “kinks”. An
admissible curve is a curve that can be split into a partition of regular curves. A
reparametrisation of a curve is amap ¢ : I’ — I such that y = y o ¢ is also a curve.

We then define the length of a curve for any admissible curve y : [a,b] — X as

b
Lo = [ ol,d. (A124)
a
This definition obeys a few natural properties; it is additive if we split a curve into
sections, it is independent of any reparametrisation of [a, b], and it is invariant
under isometries.

We define the speed of a curve as ||y’ (¢)|| g» and a unit-speed curve as one such that
its speed is one everywhere. Any regular curve can be reparametrised to have unit
speed.

We have the important result

ProrosiTION A.38. If X is a connected smooth manifold, then any two points on X
can be connected by an admissible curve.
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Using this, we can define the Riemannian distance function as

dg(p. q) = inf Ly(y), p.gqeX. (A.125)

y is an admissible curve
This definition is also invariant under isomorphisms.

This distance function defines a metric in the sense of metric spaces, and so
equipping a smooth manifold with a Riemannian metric turns it into a metric space
as well. Bringing us full circle, the topology generated by this metric is exactly the
manifold topology we chose initially in constructing the topological manifold.

A.9. DIFFERENTIAL FORMS, ORIENTATIONS, AND
INTEGRATION

In this section we will study a particular subset of tensor fields, namely section of
the alternating tensor bundles AKT*X = Alt TIS TX. These are typically called dif-
ferential k-forms, or k-forms, and the space of them is denoted Q*(X) = T'(AKT*X).
The integer k is called the degree of the k-form.

While this may seem odd, it turns out that differential forms are exactly the type
of objects to which we can apply a coherent theory of integration to on smooth
manifolds, and also differentiation, but in a different sense to that of Lie derivatives.
This notion is called the exterior derivative and it is a generalisation of the notion of
the gradient of a smooth function. This sense of derivative generalises the notions
of divergence, cross products and curl.

In appendix A.4.7 we saw two ways of mapping alternating tensors to alternating
tensors of different degrees, the wedge product and the interior product. Both
generalise immediately to differential forms by applying them pointwise. For
w € QF(X), n € Q(X), the wedge product N : QF(X) x Q(X) — QF(X) is
defined as

(© A)(p) = (p) An(p), (A.126)

aslong as k +1 < n. For w € QF(X) and V € I'(TX) the interior product 1 :
QF(X) xT(TX) — QK 1(X) is defined as

(w2 V)(p) =w(p) s V(p), (A.127)

aslongas1 <k <n.

We can express a differential form in a chart via basis functions. 1-forms are exactly
the space of covector fields on a smooth manifold. For the chart (U, ¢) the basis of
1-forms is given by the derivatives of the coordinate functions, d¢y, ..., d@,. For a
k-form, we can produce the elementary k-forms similar to generating the basis for
alternating tensors (see appendix A.4.7) by taking wedge products of d¢y, ..., d¢,.
We can then write the k-form in coordinates as

0= word, (A.128)

I€l

remembering that [ is the set of strictly increasing multi-indexes, and d¢! =
d@’i A ... A dg'*, and wr are smooth functions.
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We can apply naturally the pullback of tensor fields to differential forms. One result
that gives a hint as to how we will define coordinate free integration is by looking
at the pullback of top forms in charts. A top form is an n-form on an n-dimension
smooth manifold. The basis if a top form at every point is one dimension and so a
top form in a chart (U, ¢) can be written as

w=fdp' A...Adgp" (A.129)
for a smooth function f € C*(X).

ProPoOSITION A.39. For a pair of n-dimension smooth manifold X, Y, a smooth map
F:X — Y, two charts (U, §) € Ax and (V, ¢$) € Ay, and a continuous real-valued
function f : VN F(U) — R, then

F*(fdy' A ... Ady™) = (det DF)(f o F)d¢' A ... A p" (A.130)
where det DF is the JACOBIAN MATRIx of F in the two charts (appendix A.5.4).
In particular, if we look at two charts of the same manifold, and set F = idx,
COROLLARY A.40. For an n-dimension smooth manifold X, two charts (U, ¢), (V, ¢) €

Ax, then
oy’

dy' A Ady” det( 2

)d¢ A AP" (A.131)

A.9.1. Exterior derivatives. Exterior derivatives are a type of differential operator
that we can apply to k-forms to turn then into k + 1-forms. We have already met the

start point for exterior derivative in the form of the gradient of a smooth function.

A smooth function is a 0-form, the differential (see appendix A.6.2) maps it to a
covector field, all of which are 1-forms.

More generally, we can build on of this to extend the differential to higher forms.

The exterior derivative of a k-form is defined by its action in a chart. For w € Q!(X)
in a chart (U, ¢),

do = Z dowr A d¢! (A.132)
I€l
aw’ ¢! (A.133)
Iel i=1

Where dw! is the differential of the I coordinate function, and the second line is its
expansion into basis covector fields. The exterior derivative

« Is linear over R.

. For w € QF(X), n € QX(X),

d(w An) =dw An+(-1)*w A dn. (A.134)
e dod=0.
« For a smooth map F : X — Y and w € QF(X),

dF*(w) = F*(dw). (A.135)
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We call a k-form o for which dw = 0 a closed k-form, and if there is a (k — 1)-form
n such that w = dy an exact form. Since d o d = 0, all exact forms are closed, but
not necessarily the converse.

A.9.2. Orientations. Recall that the definition of an orientation of a vector space
(see appendix A.4.4) involves picking a particular basis to label as “positively
oriented” and defining the orientation of all other bases relative to this, and that
we can equivalently define this by choice of a volume form (see appendix A.4.7).

We want to apply this definition to the space of vector fields of smooth manifolds.
Here, instead of an isolated vector space, we have a smooth continuous collection
of vector spaces. Remembering that we commonly do not have a smooth global basis
for vector fields (see theorem A.23), we make this definition by patching together
orientations of local bases on the tangent space. A local orientation is defined by a
continuous local frame (see appendix A.6.1), given by the orientation at each point
defined by the local frame.

DEFINITION A.41. An ORIENTATION ON A SMOOTH MANIFOLD, Ox is a continuous
choice of orientation of each tangent space T, X such that for every neighbourhood on
X the orientation is defined by a continuous local frame.

The existence of an orientation of a smooth manifold however is far from guar-
anteed, to the extent that we classify manifolds as orientable or non-orientable.
An orientable manifold is a manifold for which an orientation exists. An oriented
manifold is a smooth manifold, along with a particular choice of orientation.

Relative to an orientation Oy, a chart of a smooth manifold (U, ¢) is said to
be positively oriented if the coordinate frame (see appendix A.6.1) of the chart is
positively oriented. An atlas of X is said to be consistently oriented if the determinant
of the Jacobian transition map between two charts, det % is positive everywhere.
The implication of this is that the coordinate frames (see appendix A.6.1) of all
that charts will have the same orientation. This in fact lets us have an alternative

definition of an orientation.

PrOPOSITION A.42. For a smooth manifold X and a CONSISTENTLY ORIENTED ATLAS
Ax, there exists a unique orientation on X, Ox, such that every chart in Ax is
positively oriented.

Similar to a vector space, we can also define an orientation by an n-form.

DEFINITION A.43. Let X be an n-dimension smooth manifold. A VOLUME FORM
w € Q"(X) is a NON-VANISHING n-form on X.

The non-vanishing part of this definition is key, it means our volume form is not
allowed to assign zero volume to any point on the manifold.

PROPOSITION A.44. Let X be an n dimension smooth manifold. Any non-vanishing
n-form p € Q™(X) determines an orientation on X by setting any ordered basis for a
tangent space, ey, ..., en € T, X, to be positively oriented if

u(eq, ...en) > 0. (A.136)

If X is orientable, then such a form exists.
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For a pair of oriented manifolds, X, Y, a diffeomorphism F : X — Y is orientation-
preserving if the pullback of a positively oriented volume forms F*w is also posi-
tively oriented, or orientation-reversing they are negatively oriented. Note we can
flip which maps preserve and reverse orientation reversing the orientation on one
of X and Y.

One important property of manifolds with boundary X is that the orientation on
the boundary 9X is entirely determined by the orientation on Int M.

DEFINITION A.45. Let X be an n-dimension manifold with boundary with non-
vanishing volume form w € Q"(X), and let N € T(TX) be an OUTWARD-POINTING
VECTOR FIELD (see appendix A.6.1). Then the (n—1)-form 1}, (N 1 w) is a volume form
on 90X, and induces the same orientation for any choice of N, where ', : T'(TX) —
['(ToX) is the pullback of a differential form from X to 9X.

Riemannian volume form

The choice of volume form on an orientable manifold is not unique. We can how-
ever, make a unique choice on Riemannian orientable manifolds. On Riemannian
manifolds, we are always able to pick smooth, orthonormal local frames on the
manifold.

ProrosiTION A.46. Ley X be an n-dimension orientable Riemannian manifold (with
or without boundary). Then there exists a smooth n-form, dvol, € Q"(X), such that
for any local, oriented, orthonormal frame e, ..., ep,

dvoly(ey,....en) = 1. (A.137)

This is called the RIEMANNIAN VOLUME FORM

In a chart (U, ¢), the Riemannian volume form has the form

dvol, = /det(g;;) dg A ... Adg", (A.138)

a very handy expression for being able to compute with. Our choice of notation
d vol, will be motivated shortly, but it does not mean that the Riemannian volume
form is the exterior derivative of an (n — 1)-form.

A.9.3. Integration on manifolds. Finally, we arrive at how to define integration
on manifolds. The objects that we are going to integrate are volume forms (see
definition A.43), and we will do so by relating integration on a smooth manifold to
integration in a chart.

DEFINITION A.47. Let X be a smooth oriented manifold and o € QF(X) with
COMPACT SUPPORT, i.e. it is non-zero only on a compact set. Let (U, ¢) be a smooth
chart of X such that supp w C U. Then the integral of w is defined as

1 1y 2 e dpt A Adgn 2 c dgl...dg" (A
/U‘” /W)w Yo /Wf $ A A dg /W)f ol dg" (A139)

Lets unpack this a little. Step 1 pulls back the n-form onto Euclidean space. Step 2
rewrites the n-form by its expression in coordinates in the chart, using the canonical
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n-form on Euclidean space given by dx! A ... A dx™, which is a volume form. Step
3 equates this integration by the Euclidean volume form to multiple Lebesgue
integration. Using the orientable property of the manifold, it can then be shown
this integration is independent of the choice of chart.

To then integrate generic n-forms, we split the form into a series of compactly
supported forms.

PrROPOSITION A.48. Let X be an oriented manifold, and w € Q"(X) a coMPACTLY

supPPORTED n-form. Let {(U,, gba)}’(;:1 be a finite set of charts covering the manifold,
and {(Ug, ¢a), pa}];:1 a PARTITION OF UNITY (see definition A.9) subordinate to this
cover. Then the integral of w is given by

k
_ —1yx
[o =23 (6 w0) (A.140)

and this does not depend on the choice of chart or partition of unity
This integral obeys a number of properties

1. It is linear, for w,n € Q"(X), a,b € R,

/aw+bn:a/a)+b/17 (A.141)
X X X

2. A reverse in orientation causes a reverse in integral sign. Denote —X as X
with the reverse orientation. Then

'/sz—/_xw (A.142)

3. Positive volume forms have positive integral. If w is a positively oriented
volume form, then /X w > 0.

4. It is diffeomorphism invariant. For oriented manifolds X, Y, an n-form v €
Q"(Y), and an orientation preserving diffeomorphism F : X — Y, /Y W=

. N . . _ .
fX F*w. If F is orientation-reversing, then fY W= /X Fro.

Integrable forms on manifolds

The definition of integration in proposition A.48 motivates our choice of notation
for the Riemannian volume form by dvol,. This, or any other volume form w,
defines a measure in the measure-theoretic sense (see appendix B.1) of the Borel
o-algebra (see appendix B.1) of the open sets on the manifold. On a chart (U, ¢),
for any open set V C U, the local measure s is defined by

— — 1 n
pw,U(V)_/Vw_/qS(V)fwdqs A A (A.143)

We then patch together the local measures into a global measure via a partition of
unity ((Us, ¢4)) and hence the d in d vol, denotes that this is integration against a
measure.
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Proposition A.48 also only allows us to define the integral of compactly supported
n-forms. This is somewhat limiting, and not strictly necessary. Taking a hint from
the measure theoretic measure a volume form denotes, we can extend the types of
forms that are integrable.

For a given volume form on a manifold w, we can write any n-form n as n = fw
for f € C*(X). Let y, be the measure induced by w. We say n is L? integrable

with respect to p,, if
1
P
(/ Iflpuw) < o0 (A.144)
X

Stoke’s theorem
The most central result of integration on manifolds is Stoke’s theorem.

THEOREM A.49. Let X be an orientable smooth n-dimension manifold with boundary,
and w a compactly supported n — 1-form on X. Then

./de = wa (A.145)

where dX has the STOKE’S ORIENTATION (see definition A.45), and w on the right-hand
side is understood as v, «, the pullback on & onto the boundary.

This is a very generic theorem that generalises the fundamental theory of calculus,
and a number of other classical results.

For example, is we set X = [a, b] and pick a function f € C*([aq, b]), then Stoke’s
theorem states

= - =f() - A.146
'/[‘a,b] f L[a)b]f '/{‘{a},{b}}f f( ) f(a) ( )

which is exactly the fundamental theorem of calculus.

Integration on Riemannian manifolds

Adding the structure of a Riemannian metric to an orientable manifold allows us
to extend the results of integration further. The primary reason for this is the
canonical choice we can make for the volume form we use for integration, namely
the Riemannian volume form (see proposition A.46). Using this canonical choice,
we can produce a canonical correspondence * : C*(X) — Q"(X) between smooth
functions f € C*(X) on the manifold and n-forms on the manifold, namely

*f = fdvol,. (A.147)

We see then that the integral of a smooth function on a Riemannian manifold in a
chart (U, ¢) is simply given by

/fdvolng G dgt A A dg". (A.148)
U $(U)
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We use this correspondence to define the divergence on a Riemannian manifold
div: T(TX) — C*(X) by

divX = %' d(X 2 dvoly) (A.149)
and using Stoke’s theorem we arrive at a generalisation of the divergence theorem,

THEOREM A.50. Let (X, g) be an oriented Riemannian manifold with boundary, and
V e I'(TX) with compact support. Then

/(div V)dvol, = / (V,N),dvoly (A.150)
X ax

where N is the outward-pointing normal vector field on 90X, g is the induced metric
on 0X and X on the right-hand side is restricted to 0X.

The divergence has a very geometric interpretation; it tells us how much a particular
piece of space contracts or expands under a vector field. If D is a compact, regular
domain of X, that is, a compact submanifold of X of the same dimension as X,
then the rate of change of the volume of D under the flow induced by X (see
appendix A.6.3) is exactly the integral of the divergence of X over D,

/ dvolg:/(diVX)dvolg (A.151)
t=0 J O (D) D

There are a number of other ways of defining the divergence on a manifold. We
can generalise the % operator, called the Hodge star operator, to map any k-form to

= vol(ef (D)) _ 4

dt

t=0

an (n — k)-form. For any w, n € AKT*X,
w A1 ={w,n),dvoly. (A.152)
We can then define the divergence as
div(X) = x 1d % X. (A.153)
We can also define it via the Lie derivative as

1
5 trg(Lx9) (A.154)

and also via the Levi-Civita connection (see appendix A.10.7). These three are
equivalent definitions.

In a particular chart (¢$, U) the Riemannian divergence can be expressed as

1

ydetg

where V; are the components of V in the chart ¢.

divV =

a¢l~( detg V,) (A.155)
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A.9.4. Measures induced by volume forms. In order to work with measure theory
on manifolds (appendix B.1), and therefore deal with probability formally, we need
to define a base measure on a Riemannian manifold. We can construct this on a
Riemannian manifold using the Reisz representation theorem and the integration
defined by the volume form.

THEOREM A.51. Let X be a locally compact Hausdorff space, and let A be a positive
linear functional on C(X). Then there exists a o-algebra, Xx, on X containing all
open sets on X, and there exists a unique positive measure y1 on Xx which represents
A in the sense that:

1. Af = /dey for every f € C(X), in the Lebesgue integration sense.
2. u(K) < oo for every compact set K C X.
3. For every Ay € Ex, we have that
1(Ay) =inf{u(V) : ECV, V open} (A.156)
4. The relation

u(E) = sup{u(K) : K C E, K compact} (A.157)
holds for every open set E, and for every E C Xx with u(E) < oo.

5 IfEe€Xx,ACE, and u(E) =0, then A € Xx.
Proof. Rudin (1987, Theorem 2.14) ]

To apply this, we simply let A : f — /M f dvoly, and the result follows. This allows
us to place a base measure on a Riemannian manifold against which we can define
densities, with a o-algebra compatible with the topology of the manifold.

This is an example of a Radon measure, defined by properties 2, 3, 4 and 5.

We therefore define the Riemannian volume measure to be the measure induced by
the Riemannian volume form by theorem A.51.

A.10. CONNECTIONS, GEODESICS, AND PARALLEL
TRANSPORT

Previously we saw in the Lie derivative (see definition A.33) one way of differenti-
ating tensor fields with respect to a vector field on a manifold. Intuitively, the Lie
derivative measures how a tensor field changes as one moves along the flow defined
by a vector field. We are now going to introduce a different way of differentiating
tensors with respect to a vector field, namely via connections. Intuitively, this is
a generalisation of the notion of a directional derivative (see appendix A.5.1) to
tensor fields. The Lie derivate fails to be a directional derivative, most obviously
because it is not linear with respect to multiplication by a smooth function,

Lix # fLx, feC>(X), X e T(TX) (A.158)

To recover a notion of directional derivative then, we define a new type of object
with all the explicit properties we want it to have.
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DEFINITION A.52. Let X be a smooth manifold. Let leX be a tensor bundle over X.
Then a connection is a map

V : T(TX) X F(leX) = I‘(T/‘X), (A.159)
usually denoted
VxA, X eT(TX), A e r(T,kX) (A.160)

satisfying

1. V is LINEAR in the first argument over THE MODULE (I'(TX), ®, ®) (see ap-
pendix A.6.1),
VﬁV+ﬁwA = iVvA+ LV A (A.161)

for fis fr € C™(X), V,W € T(TX), A € I‘(leX)
2. V is LINEAR in the second argument over THE FIELD R,

Vv(aA+bB) =aVyA+bVyB (A.162)

k
forabeR, V eT(TX), AB e I’(Tl X).
3. V satisfies the product rule

Vx(fA) = fVxA+ (Xf)A (A.163)

forf € C®(X), V e T(TX), A € F(leX).

Importantly, the choice of connection on a smooth manifold is not unique. Different
choices of connection will lead to different properties. We can however prove that
a connection exists on any smooth manifold.

A.10.1. Connections on the tangent bundle and tensor bundles. Since there are
many different tensor bundles, it would seem that we need to pick a connection for
each one. Fortunately, if we make a choice of connection on the tangent bundle,
we can extend this choice to any tensor bundle.

If we have a connection on the tangent bundle V : I'(TX) XI'(TX) — T'(TX), then
we can express it in a chart (U, ¢) on coordinate fields by

Vop, 99 = T ox. (A.164)

For two vector fields V, W € T'(TX), using the properties of the connection, then
we have in the chart that the coordinate expression of a connection is

VoW = (V(W) + VWL o (A.165)

To extend this to any tensor bundles we note a few things.

1. On smooth functions, the action of any connection is given by the usual
derivative, Vy f = Vf for f € C*(X), V € T(TX).
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2. V obeys a product rule over tensor products,

Vv(A®B) =AQ® (VyB)+ (VyA) ® B (A.166)

3. For V,W e I'(TX) and w € T(T*X),

Vyo(W) = [Vyol](W) + o(VyW) (A.167)

Using these we can clearly extend the connection on the tangent bundle to any
tensor bundle, using 4. to define the connection on covector fields, and 2. to build
up the operation to any tensor field from there.

In addition, V commutes with the trace operation,

tr(VyA) = Vy (tr A) (A.168)

A.10.2. Covariant derivatives. We can view a connection in a slightly alternative
manner by not passing the vector field we want to differentiate with respect to. In
this case we see it as a map
. k k
v r(1x) - 1 (1, x) (A.169)

by partially evaluating the connection on the tensor field only, leaving the vector
field un-inserted. This form is called the covariant derivative.

In this way, the connection can be seen as a generalisation (in the sense of the
type of function it is) of the exterior derivative, as it will also map (0, [)-tensors to
(0,1 + 1)-tensors. In this case, note then that for a smooth function f € C*(X),

Vf =df. (A.170)

It is possible to choose a connection that agrees with the exterior derivative. The
action of a connection on 0-forms will always agree, and typically its action on
1-forms as well. On higher order forms however it will usually not be made to
agree, and will not map alternating tensors to alternating tensors, as we run into
geometric issues when generalising to non-forms.

For a vector field X and covector field w, the coordinate expression of the covariant
derivative in a chart (U, ¢) is given by

v = [ag;(vi) + V’fr;'k]a@ ®dy Vo= [8¢j(wi) - Tl | d¢' @ dg

The covariant derivative gives us a way to define the Riemannian gradient of a
tensor field. We define it as

grad, : T(T7) — r(T;’“) grad, : T > (VT)' (A171)

, i.e. the raising of an index of the covariant derivative of the tensor field. We can
also use it to define the divergence of a tensor field as

divy : TT? > TT?™ divy : T+ tr(VT) (A.172)
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i.e. the trace of the covariant derivative of the tensor field.

Having defined the covariant derivative, we can also define the second covariant
derivative as
VZA = AA = V(VA) (A.173)

for a tensor field A. This can be evaluated on two vector fields V, W by inserting
them into the last 2 slots of the resulting tensor. It should be noted though that

Vi wA = [VPA](.. V. W) # Vy(VwA) (A.174)

instead
Vi wA = Vy(VwA) - Vy,wA. (A.175)

The most common example of the second covariant derivative is the second covari-
ant derivative of a scalar function, which is a (0, 2)-tensor field, and is the hessian
of a smooth function, encoding how it fast the gradient of a function varies in a
particular direction.

A.10.3. Vector fields on curves. The most important application of connections is
that they tell us how to transport tensors, and in particular vectors, along a path
on a manifold in a coherent way. To do so, let us consider a vector field on a curve.

Let y : I — X be a smooth curve on the manifold, and let a smooth vector field
on a curve be a smooth map V : I — TX such that V(t) € T, X. Such a vector
field is said to be extendable if there exists a smooth vector field W € T'(TX) such
that V(t) = W, (;). This definition is necessary as if our path crosses itself, we may
assign two different vectors to the same location. We say that an extension of an
extendable vector field on a curve is any vector field V such that V(¢) = f/},(t). We
can similarly define extendable smooth tensor fields on a curve.

Using this concept, we can define the covariant derivative along a curve.

DEFINITION A.53. Let X be a smooth manifold with a connection V. Lety : [ — X

be a smooth curve on X, and let V be a smooth extendable vector field on y. Let V be
an extension of V. The COVARAINT DERIVATIVE OF V ON 'y is given by

[D,V1(t) = [V, VI(y(1) (A.176)
where y’ is the DERIVATIVE OF THE CURVE (see appendix A.6.3)

This definition is independent of the choice of extension.

A.10.4. Geodesics. Using the definition of the covariant derivative on a curve, we
can define the acceleration of a curve simply as

Dy, (A.177)
i.e. the covariant derivative of the velocity of the curve.

A geodesic on a manifold is very simply then any curve y for which the acceleration
of y is zero everywhere. That is, that a geodesic is a curve that follows a ’straight’
line over the manifold with respect to the connection specified.

Importantly, geodesics exist, and are unique.



A.10 CONNECTIONS, GEODESICS, AND PARALLEL TRANSPORT

THEOREM A.54. Let X be a smooth manifold with a connection V. For every point
p € X,w e T,X, andty € R there exists an open interval I C R containing t, and
a geodesicy : I — X satisfying y(to) = p and y’(tp) = w. I is not unique, but for
another geodesic y with domain I, they agree on 1N I.

A.10.5. The exponential and logarithm maps. With geodesics in mind, let us
denote y : TX x R — X as the map (p,v),t — y,(t), where y, is the unique
geodesic satisfying y,(0) = p and y,(0) = v. This assignment obeys the rescaling
lemma, that is

Yeo(t) = vo(ct), ¢ teR, veTX. (A.178)

This allows us to say a few things: Firstly the map v — y, creates a map between
TX and the space of geodesics. Secondly it tells us that straight lines through
the origin in the tangent space map to geodesics. Lastly, it means we can restrict
ourselves to evaluating y, at ¢ = 1 and still arrive at any point we could have before,
by application of the rescaling lemma.

If we define then the domain
&E=(veTM : the domain of y, contains [0, 1]) (A.179)
then we can define a map
exp: TX — X, exp(v) =y,(1) (A.180)
as the exponential map.

The domain & is by no means guaranteed to cover the whole of TX. Manifolds for
which & = TX are said to be geodesically complete. The Hopf-Rinow theorem is a
cornerstone result that states for any connected Riemannian manifold, geodesic
completeness and completeness in the metric sense (i.e. that all Cauchy sequences
converge) are equivalent.

The inverse of the exponential map is the logarithm map, defined by
log: X xX —TX, exp(log,(q)) =g, log,(q) € T,X (A.181)

and provides a map from points on the manifold g to the tangent space T, X, giving
the tangent vector at p that under the exponential map sends p to g.

A.10.6. Parallel transport. Lastly, we can use a connection to define a what it
means for a vector field to be parallel along a curve, and consequently a way of
transporting vector from one tangent space to another.

For a vector field V on a curve y, we say that V is parallel along y if
D,V =o0. (A.182)

In this way, we can define a geodesic as a curve for which the velocity is parallel
along the curve. Since a connection can be extended to work on any tensor field,
this notion of parallel naturally extends to any tensor field.

To map tensors along curves in a parallel fashion, we need a way to extend a
tensor at a point to a tensor field along a curve. This can be done uniquely by the
following theorem.
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THEOREM A.55. Let X be a smooth manifold and V a connection on X. Given a smooth
curvey : I — M, ty € I, and vy € TIkTy(tO)X, there exists a unique parallel tensor field
A along y such that A is parallel along y with respect to V such that V (y(ty)) = .

We then define the parallel transport of a tensor along a curve as
Pl T Ty = T Ty, 0 V(p(h)). (A.183)

This map provides an isometry between tangent spaces. We can use this map to
create a parallel basis along a curve by parallel transporting a the basis vectors of
the tangent space at one point along the curve, to produce parallel basis fields.

It should be noted that this parallel transport is strongly dependent on the path
taken. A connection for which parallel transport is path independent is called a flat
connection. The existence of a flat connection on a smooth manifold is equivalent
to the tangent bundle being parallelisable (see appendix A.6.1), as we can define
non-vanishing coordinate fields on the manifold by parallel transporting a frame
at a given point around the manifold.

Parallel transport in coordinates

A.10.7. The Levi-Civita connection. On Riemannian manifold, with the additional
structure of the Riemannian metric, we can require a connection to be compatible
with the metric on the manifold in the following way:

DEFINITION A.56. Let (X, g) be a Riemannian manifold. A connection V : T(TX) X
I['(TX) — I'(TX) on the tangent bundle is COMPATIBLE WITH THE METRIC if for any
vector fields U, V,W € T'(TX)

Vug(V,W) =g(VyV, W) +g(V,VyW) (A.184)

There are a few other properties that are equivalent to this definition:
1. Vg =0, i.e. the metric is parallel under the connection.
2. The coefficients of the connection in a chart (U, ¢) satisfy
TLg1j + T i1 = 06i(gs). (A.185)
These are called the Christoffel symbols.
3. Parallel transport of a vector along a curve preserves their Riemannian norm.

4. Parallel transport of a pair of vectors along a curve preserves their Rieman-
nian inner product.

5. Parallel transport of an orthonormal frame along a curve remains orthonor-
mal.

Unfortunately, this does not uniquely specify a connection. There remains a degree
of freedom in the choice of connection, described by its torsion. The torsion tensor
of a connection is given by

t(V,W) = VyW = Vi V + [V, W]. (A.186)

If a connection has zero torsion for all vector fields, it is said to be torsion free or
symmetric.
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Figure A.13. Left: We can understand torsion intuitivly, but not precisely, via the above diagram. For vectors v,
and u,, we extend these to smooth vector fields on an infinitesimal neighbourhood. If we take an infinitesimal
step in each direction, r = exp,, €v,, and g = exp,, €1/, and parallel transport the step vectors along the opposite

step vectors, €v|| = Pe,, (€v)) and €u)| = Pe,, (€1,), then, ignoring the issues of adding vectors in different

€V, .
2
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€0
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tangent spaces, the torsion, €%z (v, u,), is the lack of agreement between €v, + €u|| and eu, + €v)|. Right:
An example a connection with torsion on two dimension Euclidean space. On the left we see a basis frame
transported around the plane, twisting from point to point. On the right, the basis representation of the
connection, and a diagram showing the non-zero torsion in red.

THEOREM A.57. Let (X, g) be a Riemannian manifold. Then there exists a unique Fundimental theorem of
connection V that is both METRIC-COMPATIBLE (see definition A.56) and TORSION-FREE Riemannian Geometry
(see appendix A.10.7).

We call this unique connection the Levi-Civita connection, and when ambiguous Levi-Civita connection
we denote it V4, however when we refer to a connection without specifying it, we

always refer to the Levi-Civita connection as it is the canonical choice on a manifold.

In addition, when we refer geodesics (see appendix A.10.4), the exponential (see

appendix A.10.5) and logarithm (see appendix A.10.5) maps and parallel transport

(see appendix A.10.6) on a Riemannian manifold, they are with respect to the

Levi-Civita connection unless otherwise specified.

A.10.8. The Laplace-Beltrami operator. One particular operator that is of great

use and is well studied is the Laplace-Beltrami operator. This operator is the Laplace-Beltrami
coordinate free generalisation of the Laplace operator, a second order differential operator
operator, given by

n az
A C¥(R™) — C®(R) Af:V.(Vf)=v2f=Z ]; (A.187)
= o%i
On Riemannian manifolds we can define this in two ways,
A: C¥(X) = C¥(X) Af = divy(grad, f) = tr(V2f), (A.188)

either the Riemannian divergence (see appendix A.9.3) of the Riemannian gradient
(see appendix A.8.2) of a smooth function, or as the trace of the second covariant
derivative (see appendix A.10.2) of the Levi-Civita connection (see appendix A.10.7).
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In local coordinates, we can write this operator as

\/ﬁ Z a(/’;l( \/@aqu) (A.189)

This can also be generalised to tensor bundles using the generalisations of the
Riemannian gradient and divergence to tensor fields specified earlier.

The operator self-adjoint in the sense that for f € C*(X)

(VF V), = (Af. g = (F 0, (A.190)

This can be extended further to Lz—integrable functions on the manifold, and also
to L%-integrable vector fields on the manifold where —A is a self-adjoint unbounded
positive-definite operator (Strichartz, 1983, theorem 2.4).

A.10.9. Eigenspectrum of the Laplace-Beltrami operator. Since the space of
L%-integrable functions are Hilbert spaces, we can leverage spectral theory to
decompose functions in the Hilbert space over eigenvalues and eigenfunctions of
—A. In particular for compact manifolds, the spectrum of —A is countable.

THEOREM A.58. Let (X, g) be a compact manifold. Then there exists an orthonormal
basis of L*(X), f, € L*(X), n € Z*, such that

—Afy = Ay (A.191)

and that the basis is ordered in the sense that 0 < g < Ay < A3 < ..,and A, — o
asn — oo,

Proof. Chavel (1984) [ ]

This means we can write any function f € L?(X) on a compact manifold as the
infinite sum f = 332, (f, fu) ,fn- This basis expansion can be truncated to a finite

length fy ~ f\=r1< £, fu) g¢/n- The error of this basis truncation can be bounded.

THEOREM A.59. Let (X, g) be a compact Riemannian manifold, and (fn, An),—, be the
eigen-spectrum of —A,. Let f € L*(X). Let fy be the truncated expansion off Then

If = fwlly <

(A.192)

[v,/1
/1N+1 '
Proof. (Aflalo and Kimmel, 2013) [

It can also be shown that this approximation is optimal in the sense that no
other basis will obtain a better error bound than the truncated Sturm-Liouville
approximation (Aflalo et al., 2015).

Since they will be of use to us, we give example of these eigen-spectrum on the
d-dimension torus and the d-dimensions sphere.
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The d-torus

Let {bi}f:1 be a basis of R¢. We consider the associated lattice on R?, je. T =
{Z?zl a;b; - {0{,4}1”.121 € Zd}. Finally, the associated d-dimensional torus is defined
as the quotient Tr = R /T

Denote B = (by,...,by) € R4 Let {b;}%, € (RY) such that (B™")T =
(by,...,by). We define T'* = {Zle a;b; - {ai}le € Zd} as the dual lattice. Note
that for any x € T and y € T* we have that (x,y) € Z and that if {bi}?zl is an

orthonormal basis then I' = T'*.

As a result, the torus R¢/T is a (flat) compact Riemannian manifold. The set of
eigenvalues and functions of the Laplace—Beltrami operator are associated with
the dual lattice I'*. For each element of the dual lattice, y € I'* the eigen-value is
given by

Ay = =47yl (A.193)
For each element of the dual lattice there are two eigenfunction, given by
1.2 (x) = sin(27(x,y)) (A.194)
and
$a(x) = cos(21(x, y)). (A.195)

The d-sphere

Next, we investigate the case of the d-dimensional sphere (see Saloff-Coste, 1994).
The set of eigenvalues of the Laplace-Beltrami operator is given by

(~k(k+d—1) : keN}. (A.196)

Note that Ax = k(k+d — 1) has multiplicity dy. = (k+d—2)!/{(d—1)'k}(2k+d—1),
i.e. that it has this many eignefunctions associated with it.

The eigenfunctions of the Laplace-Beltrami operator are known as the spherical
harmonics and can be defined in terms of Legendre polynomials. When inves-
tigating the heat kernel on the d-dimensional sphere, we are interested in the
product

(y) - > $x)(y) (A.197)

Pped,

, where ®,, is the set of eigenfunctions associated with the eigenvalue A,, for n € N.
This function can be described using the Gegenbauer polynomials (see Atkinson
and Han, 2012, Theorem 2.9). More precisely, we have that for any n € N and
x,yeS?

Ga(x,y) = > $(x)$(y) (A.198)
$ed,
DR - o)y

=n!T((d-1)/2) ; 4kk!(n — 2k)'T(k + (d — 1)/2)°

(A.199)

where here T' : R, — R is given for any v > 0 by I'(v) = /OJM t°~le~!dt. In the
special case where d = 1, then the heat kernel coincide with the wrapped Gaussian
density and can be easily evaluated.
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B | STOCHASTIC DIFFERENTIAL
EQUATIONS

Stochastic differential equations are the second core technical area used in this
thesis. They form the mathematical foundation for dealing processes that evolve
randomly in time through some state space. The core mathematics of diffusion mod-
els are built on stochastic differential equations, and so having an understanding
of the underlying mathematical tools is helpful for making advances.

In this chapter I aim to give a gentle introduction to the formalisation of stochastic
differential equations. First I provide a review of measure theory basics needed to
fully formalise stochastic processes. I then provide an introduction to stochastic
processes, then stochastic differential equations, including definitions of stochastic
integrals and tools for working with them. These include the Kolmogorov equations,
Langevin dynamics, connections with ordinary differential equations and methods
to approximately sample stochastic differential equations. Finally, we discuss how
to define, and tools to work with, stochastic differential equations on manifolds.

B.1. A REVIEW OF MEASURE THEORY BASED
PROBABILITY

It is necessary when talking about stochastic processes to work with probability
under the measure theory approach. Without this, there is no clear way to discuss
probability on infinite dimension spaces, such as the space of continuos functions
on interval [0, 1]. There are a number of other motivations for studying measure
theory, particularly concerning technical difficulties that arise with the usual
definitions of probability that one encounters.

The presentation is based on Kallenberg (1997), and takes inspiration from Terenin
(2022).

A o-algebra, much like a topology, is a collection of sets obeying a set of rules. The
definition even looks very similar. But this is where the similarity ends.

DEFINITION B.1. A measurable space (X,Xx) is a set X along with a collection of
subsets Xx of X, called a SIGMA/o-ALGEBRA, that satisfy the following:

o X € 2x, and is called the UNIVERSAL SET.

« Xx is closed under COMPLIMENTS.
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o X is closed under COUNTABLE unions.

From this it also follows that a o-algebra is closed under countable intersections,
and that @ € .

The definition of a o-algebra means that it contains within itself the limits of any
sequence of sets contained in it, which allows us to define some sensible concepts
of convergence of random variables, to be discussed later.

Of particular relevance are Borel o-algebras. For a topological space (X, Ox), the
Borel o-algebra, B((X, Ox)) is the smallest sigma algebra containing the topology
Ox. On a Riemannian manifold this is given by the Riemannian volume form (see
proposition A.46)

A measure on a measurable space is a function y : Zx — R that is also non-negative,
is zero on the empty set, and is countably additive. This is that for disjoint sets
Es, ... € 2x, p(U; E;) = X; p#(E;). With this in mind we can interpret the o-algebra
as the set of sets we can measure. The restriction we place on this set of measurable
sets is exactly designed to avoid technical issues that can appear. For example,
on the real numbers R for a particular subset [a, b] we would make this simply
|b — a|. In this way, we are measuring the length of this set. A measure space is a
measurable space along with a metric, (X, Zx, p1).

We can take products of measurable spaces. For a countable sequence of spaces
(Xi, Zx,)2, the product o-algebra (X); Ex, is given by the smallest o-algebra con-
taining the cylinder sets (eq. (A.4)) of the Xx,. Note the similarity to the definition
of the product topology. Indeed, for Hausdorff (appendix A.1.2) (and other types of
separability) the product o-algebra and the product topology interact nicely.

B

ﬂ(x,-,oxg) = ® B((X,0x)) (B.1)

A function f : X — Y between two measurable spaces, (X,Xx), (Y,Zy), f :
X — Y is said to be a measurable function, denoted Xx/>y-measurable, if for
any U € 3y, f71(U) € Zx. This says if I can measure a set in Y, then I can
measure its preimage in X. Notice again the similarity to this definition to the
definition of continuity. Indeed, for any pair of topological spaces with the Borel
o-algebra, (X, Ox, B(Ox)), (Y, Oy, B(Oy)), any continuous function f : X —
Y is B(O0x)/B(Oy)-measurable. Like continuous functions, the composition of
measurable functions is again measurable.

For measurable functions on product spaces the function f : X - Y XY isZx /3y ®
Yys-measurable if each component function is measurable. The converse is not
true. f : X X X’ — Y is not necessarily measurable if f(-,x") : X — Y and
f(x,-) : X’ = Y are measurable.

A probability measure is a measure y1 : X — R on a measurable space (X, Xx) such
that x (X) = 1. A probability space, (Q, ¥, P) in standard notation, is a measurable
space along with a probability measure. In this way, we can think about 7 as the
set of sets of events A, C Q that we can ask questions about probability about.
We are precluded from asking questions about sets that are not in 7 as it creates
technical issues. In this sense a probability measure describes the uncertainty
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we have about the events w € Q. Typically, when dealing with probabilities, the
space Q is very abstract, and we simply choose one with “enough elements” and a
o-algebra with enough sets in be able to achieve what we want to. We can see Q
as a bag of random numbers and P as a random generator function from this bag,
not dissimilar to a random number generator influencing events in a computer
simulation.

We define a random variable as a measurable function X : Q — X from a probability
space into a measurable space. A random variable can then be thought as mapping
abstract randomly generated events w € Q into real observations in X. The
distribution of a random variable is given by mx = X* P, where this denotes the
pushforward of P through X, defined by (X* P)(Ay) = P(X"!(Ay)) for A, € =x.
The probability of a collection of events A, happening in X is then the probability
of their preimage happening in Q. The fact that X is measurable guarantees this is
well defined.

To expand on the point of being able to choose Q to include enough events to be
interesting, it is not guaranteed that for a given probability space (Q, 7, P) and
distribution mx that there exists a random variable X : Q — X such that 7y = X* P.
However, given a ix and a probability space (Q, 7, P) it is possible to find a bigger
probability space (Q’, 7', [P") along with a measurable surjection i : Q" — Q such
that i, P’ = P and a random variable X ;" Q — X exists with distribution .

The expectation of a random variable is only defined is the space of the random
variable has enough structure, namely vector space structure. For real valued
random variables, X : Q — R, E[X] can be thought of as the weighted average
value of X under the values of X generated by P. For a suitable notion of integration,
namely Lebesgue integration, this is

E[X] = /X x dry(x) = /Q X(w) dP(0) (B.2)

where this integration happens against the measure 7.

For manifold-valued random variables, X : Q — M, however this structure is rarely
presents, and so the expectation is undefined. In order to study such random
variables we often look at their behaviour under composition with measurable test
functions f : M — R as we can then take the expectation of the random variable
foX:Q — R. This definition of expectation applies clearly to real vector-valued
random variables as well.

The covariance of a pair of random variables, if it exists, is then given by Cov(X, X’) =
E[XX'] — E[X]E[X’]. This definition also extends to real vector-valued random
variables as well by applying it component-wise.

For a pair of random variables, X, X’ on a measurable space (X, Xx) relative to a
probability space (Q, 7, P), we can define equality in a number of ways. We say
that they are equal surely, denoted X = X', if X(w) = X’ (w) for all w € Q, i.e. they
are equal as functions. As it turns out this definition is generally too strict.

We say that they are equal almost-surely, denoted X = X" a.s., if P(X = X’) = 1. This
means that they agree as functions except on sets of probability zero. Almost-sure
equality is implied by sure equality.
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fi:Q—-X L Q—-X f:Q—-X

a 1 a 1 a 1
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Q X Q X Q X

Figure B.1. Consider random variables fj, f2, fs, with Q = {a,b,c,d} and X =
{1,2,3,4}. Since this is a finite set, we can make the o-algebra 7 the power set
(the set of all subsets) of Q (this does not work on uncountable spaces like R
), and the same for 3. Let P({a}) = P({b}) = 0.5 and P({c}) = P({d}) = 0.
Clearly then f;, f2, f5 are equal to themselves surely. f; and f; are equal almost
surely as the only sets they don’t agree on are {c}, {d}, and these are measure 0
under P. fi, f; are equal to f; in distribution only. The measures 75, 75, 7, all
assign the same probabilities to sets of X (77 ({1}) = mp({2}) = 0.5, 7 ({1,2}) = 1,
7r({3}) = mr({4}) = 0.0, etc ), but the are not the same as functions on sets of

non-zero measure, (f1,2({a}) # ({a}), fi2({2}) # £({2}))

Weaker than this, we say that two random variables are equal in distribution,

denoted X 4 X', if the measures nx = X, P and 7y = X, P are equal. In other
words this implies that X(A) = X"(A) YA € Xx. This means that they assign the
same probabilities to events in X, but these events may not have been generated
by the same random events in Q. Equality in distribution is implied by almost-sure
equality.

These notions of equality also lead to definitions of limits of sequences of random
variables. Let us consider a random variable X and a sequence of random variables
(Xn) ey On a probability space (Q, F,P).

Sure convergence or pointwise convergence implies that X,, converges as a function
to X, that is

lim X,(w) = X(w) Vw € Q, andisdenotedby X, — X. (B.3)

As before, this notion is often too strong, and so we define almost sure convergence
as
IP( lim X,, = X) =1, andisdenotedby X, N x (B.4)

n—oo

which means that X}, need not converge to X on sets of measure zero. Almost-sure
convergence is implied by sure convergence.

If X has metric space structure we can define convergence in probability as, for all €
lim P(d(X,X,) =€) =0, andisdenotedby X, 2 x. (B.5)
n—oo

Convergence in probability is implied by almost-sure convergence.

We define convergence in distribution as

p
lim P(X, € A) =P(X € A), andisdenoted by X, % x. (B.6)
n—oo
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Convergence in distribution is implied by convergence in probability.
Finally, if we have structure that allows for expectations we can define convergence
in LP-norm, if E [||Xn||£] and E [||X||§] exist, as

lim E[IIX, - XII5] =0, andis denoted by X, = X. (B.7)

Convergence in L? for p > 1 implies convergence in probability, and is usually
easier to work with directly.

Interactions between random variables

We will often need to work with the interaction between one or more random
variables.

Consider a joint random variable Z : Q — X X Y, a F/3x ® Xy measurable
function, with distribution 77 : X X Y — R.

The marginal random variable X : Q — X is given by
projyoZ : Q — X, where projy : X XY — X, (x,y) — x, (B.8)

where the proj, function projects onto the X coordinate. We can create from the
marginal distribution 7y : X — R, given by

mx(Ax) = mz(Ax X Y), Ay € 3x. (B.9)

A probability kernel is a function 7y)y : 2x X Y — R is a function that 1) 7y x (- |
y) : X — R is a probability measure and 2) mxx(Ax | -) : ¥ — R is 2y /B(R)-
measurable. These are useful for a few reasons, defining stochastic processes, but
also conditional distributions.

We define the conditional distribution, mrx|, : X X Y — R, where it exists, as the
unique probability kernel satisfying

xx(Ax X Ay) = / 7x x (Ax|y) drx (y) (B.10)
Ay
where 7x x is a joint distribution and 7y is the marginal distribution of y.

This can also be viewed from the perspective of disintegration of a measure (Chang
and Pollard, 1997).

Densities

When we have two measures on the same measurable space (X,Xx), we can
sometimes relate them to one another through a simple function. For measures y,
v, if for every A € 3x, if v(A) = 0 implies that p(A) = 0, we say that y is absolutely
continuous with respect to v. This is often denoted p << v. If this is the case, then
there exists a 2x /B(R)-measurable function f such that

/1(A+x):/A f(x)dv(x). (B.11)
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Such an f if called the Radon-Nikodym derivative of u with respect to v, and is

often denoted as g—"f The existence of this is not guaranteed, however. Note it is

also possibly that both v << g and y << v at the same time, so that g—’vl and g—;
. -1 . ..
both exist, and g—’: = % , but again this is not guaranteed.
m

The existence of Radon-Nikodym derivates lets us connect the measure theory
formalisation back to the more comment density based formulation. We say that a
distribution 7 : X — R has a distribution with respect a measure A : X — R if its
Radon-Nikodym derivative exists, i.e. 7 << A.

If we have a joint distribution 7xy : X X Y — R that has a density with respect to
product measure A : X XY — R,ie. A(AxXAy) = Ax(Ax)Ay(Ay), with fxy = dg%,
then

+ The marginal distribution 7x has a density fx with respect to the measure
A(- X Y) = Ax(-), and is given by fx(x) = foX,y(x, y) dA(x, y) and the same

for my.

+ The density of the conditional distribution x|y is given by fx|y = %, and
the same for 7y x.

This gives us exactly the usual Bayes rule, as we can write from this fxjy = % =

FxSx
N

B.2. STOCHASTIC PROCESSES

Let (Q, 7, P) be a probability space, (S,Xs) be a measurable space, called the
observation space, and (I, %) a measurable, called the index set.

A stochastic process is a function X : Q X I — S that 1) X(+,1) : Q — S is a random
variable for all i € I and 2) X(w,-) : I — S is measurable for all w € Q. The index
set and observation space can be any measurable space that we like, restricting
our choices avoids many technical difficulties, however. We will limit ourselves to
the case of Polish spaces as they poses many nice properties.

Typically, the observation space is Euclidean space of some dimension, S = R". We
will begin with this, and then later study the case where S = X, a Riemannian
manifold. The stochastic process can even take values in more abstract spaces,
such as the tangent space at a point on a manifold.

In the simple case, the index set could be a finite collection of indices, 1, ..., n, or a
countable number of points 1, 2, ... with the discrete o-algebra. Random variables
over R, and multivariate distributions fall into these camps. More interesting is
when the index set is uncountable, and comes with some additional structural
information, such as a topology or a metric. The index set I is often chosen to be
time and can be [0, o) or [0, T], but can also be other spaces such as Riemannian
manifolds or other metric spaces. For now, we will use time, t € [0,00) or t € [0, T]
as our index set. This index set is both a metric space, and so has a topology, and
is also totally ordered, such that for any two elements in the set we have access to
boolean comparisons <, >, <, >.
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By fixing the index argument to a specific value a stochastic process can be thought
of as an indexed collection of random variables {X; : Q — S = X(-,i) : i € I}. By
fixing the w argument, we can think of the sample paths of X as the functions
X(w,-) : I — S. From this point of view we can see a stochastic process as a
function-valued random variable.

The law of a stochastic process is the distribution, defined as y = PoX™! = X, P,
where the pushforward is in the Q argument. This can be thought of as a dis-
tribution on the space of all possible functions f : I — S. The finite-dimension
marginals of a stochastic process are the pushforwards the law onto a finite index
set by the projection onto a finite set of coordinate. This can be thought of as
a distribution on space of values functions f : I — S can assume a some finite
subset of I. For 7 (iy,...,ix) C I, pj,,..i, = (projz).p. This is equivalent to saying
Uiy, (F1 X o X F) =P{o : X(w,i1) € Fy,...,X(w,i1) € F,}]. When the index
set for a stochastic process is uncountable, the law will not have a density with
respect to any measure. The finite dimension marginals may well have densities
however with respect to the products of some reference measure on the state
space. For the typical example of functions f : R — R¢, products of the Lebesgue
measure. This makes the finite dimension marginals significantly easier to work
with as we can manipulate these densities.

One of the most important theorems in the study of stochastic processes is the
Kolmogorov extension theorem. Opposite to the projection from law of the process
to law of the marginals, it tells us that if we can write down all sets of finite-
dimension marginals, and they agree properly, then we can conclude the existence
of a stochastic process. There exist many statements of this theorem, often with
specific index sets or observation space. A more generic statement for topological
spaces is

THEOREM B.2. Let ((Xa, ZXa), OXa)aeA be an arbitrary collection of measurable spaces
(Xa, Zx,) each equipped with topology Ox,,. For each finite B C A, let ug be an inner
regular probability measure on the sigma algebra Xx, = [ ,cp 2x, with the product
topology Ox,; = [14ep Ox,. Let C C B. If for all C, B, the measures are compatible in
the sense that

(Tc—B)«fiB = HC (B.12)

then there exists a unique probability measure jis on Xx, such that

(7B)+pia = B (B.13)
for all finite B C A.

Proof. Tao (2011, theorem 2.4.3) [

This is very useful as it lets us specify the finite marginals of a stochastic process
we wish to construct, and then prove that the process does exist. We can then ma-
nipulate these marginals to prove properties of the stochastic process. A common
example of this in machine learning is the study of Gaussian processes, where the
finite dimension marginals are multivariate Gaussian distributions.

The above generally does not uniquely specify a unique stochastic process though.
There is a lot of “wiggle room” in the choice of X; that still matches the right
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marginals and law. The Kolmogorov continuity theorem states that we can choose
X}, under certain conditions, that is continuous almost surely, i.e. for any set of non-
zero measure, A, € ¥, the functions X(w,-) : I — S, w € A, are topologically
continuous. This means we can restrict the law of the process to be a measure on
the space of continuous functions. This is extremely useful as this is again a Polish
space with its useful properties. One other property that continuity brings is that
the stochastic processes will now be measurable ¥ ® 3;/3x, not just individually
measurable in each argument.

An important class of stochastic process if that of martingales. In order to define
this, we need the concept of a filtration. A filtration on a sigma algebra ¥ is a
collection of sigma algebras indexed by a totally ordered set {;};<;, such that for
allo <i<j,

2 C Ej c 2. (B14)

We say that a stochastic process (X;);-, on a measurable space (X,Xx) with a
probability space (Q, 7, P) is adapted to a filtration (),s, if forall £, X; : Q — X
is an ¥; /¥ x-measurable function. Being adapted to a filtration says that a random
variable at time ¢ is only dependent on events in the “history” (times < t) of the
filtration, and not its “future” (times > t). For any stochastic process we can give
its natural filtration, which is made of us at each time ¢ the smallest o-algebra that
makes all past events of the stochastic process measurable. A stochastic process
is always adapted to its natural filtration, and we say one stochastic process is
adapted to another if it is adapted to the natural filtration of the other process.

Further, if X is a adapted to the filtration 77, it is a martingale if

1. E[|X¢l],] < oo for all t.
2. E[Xs | ] = X; foralls > t.

These conditions effectively say that the distribution of the process 1. that it
is integrable, and 2. that the best guess for the process into the future is the
last observed value. The properties of martingales make them both a practically
reasonable case to study, and technically easier to manage than general stochastic
processes.

We can relax the definition of a martingale a little to arrive at the definition of
a semimartingale This is a stochastic process that can be decomposed into two
more stochastic processes, W; = M; + A;, where M; is a local martingale, a relaxed,
localised, version of the martingale property , and A, is a stochastic process with
bounded total variation. Again, the technical properties of semimartingales make
them attractive to study.

One final class of stochastic processes of interest are Markov processes. For a
stochastic processes (X;);s, on a measurable space (X, Xx) with a probability
space (Q, ¥, P) adapted to the filtration (%), it is Markov if

E[f(X)]Fs =E[f(Xy)]oXs forall f:X — R bounded and measurable
(B.15)
where o(Xj) is the smallest o-algebra that makes X; measurable. Interpreting this,
it means that the expectation of a function of the process at time ¢, given the path
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the process takes up to time s, encoded in 75, depends only on the value of the
process at time s, encoded by o(X;). In essence, the process is memoryless.

The most important process that is both a martingale and Markov studied is that
of the Brownian motion. The Brownian motion on R" can be defined via its finite
dimension marginals. Let

1 R

p(t,x1,x2) = me 2 for x;,x; € R”, t > 0. (B.16)
Tt

For 0 < t; < ... < tx we define the finite dimension marginal v; _, by picking
some x to start the Brownian motion at and setting

(B.17)
We use the convention that p(0,x;,x2) = 6y, (x2), and that dx;...dx, is the

k
Lebesgue measure on R™ .

This satisfies the conditions of Kolmonogorov’s extension theorem, giving us a
stochastic process, B;, with these marginals, and with law we denote P* such that

[l:Dx(Btl S Fla ceey Btk S Fk) = th,...,l‘k(Fl’ ceey Fk) (Blg)

There remains however the previously mentioned ambiguity, there exist multiple
B;, P* that satisfy this. Using the Kolmogorov continuity theorem we pick the
Brownian motion that has continuous paths.

B.3. STOCHASTIC DIFFERENTIAL EQUATIONS

Differential equations are a wide class of equations that relate an unknown function
f to its derivatives.

Ordinary differential equations (ODEs) are equations of a function of a single vari-

n

able, f(x), and its derivatives, jx—{:.

Partial differential equations (PDEs) are equations of a function of multiple variables,

. . . o i1+ in f
f(x1, ...x,), and its various partial derivatives —————.
ox!' . oxyin
Linear differential equation are differential equations that are linear combinations
of derivatives, with coeflicients that are differentiable functions x, ..., x,.

The order of a differential equation is the highest order derivative that appears in
the equation.

Finding solutions to differential equations is often difficult or impossible analyti-
cally, although for a larger class of equations solutions can be found via numerical
integration.

One of the most common settings for differential equations is when one of the
input to is function is time and its output some state space, f : R — X, making f
a path through the space X. For now, we will consider the state space X = R%.
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One of the more simple differential equations can be written as

df ()

T b(z, f(1)), (B.19)
t

with f : R — R" and b : R X R™. This is a first order, non-linear differential

equation. Coupled with an initial point (f(#) = fy) and conditions on b, that it

is continuous in t and Lipschitz-continuous in X, this constitutes an initial value

problem.

By the Picard-Lindelof theorem, also known as the Cauchy-Lipschitz theorem, this
has a unique solution, defined by the integral equation

F() = f(t) + / b(s, £(1)) ds (.20)

for times [ty — €, ty + €]. More strongly, if b is bounded, i.e. that ||b|| < K for some
finite K, then the solutions are guaranteed to exist for all times.

If we are lucky, the integral may be analytic. More likely we will need to use
numerical solvers to approximate the solution to this equation. In a small abuse of
notation, this ODE is typically written as

df (t) = b(t, f(t))dt. (B.21)

From now on we will replace f(t) with X; to denote the path through a space X
over time.

The study of stochastic differential equations aims to make rigorous the modification
of differential equations with the addition of a “noise” term. Le. how can we make
the equation
dX;
dr

rigorous, and how can we integrate this to give us solutions so that the integration

=b(t,X;) + o(t,X;) - “noise” (B.22)

¢ ¢
Xy =X+ / b(s,X;)ds + / o(s,Xs) - "noise” ds (B.23)
0 0

makes sense.

A stochastic process seems the natural notion to use for the “noise” as it is a time-
indexed random variable, so let us denote this (W;),,. A natural set of conditions

for this might be that
o Wi, AL W, for t; # to.

+ W, is stationary, i.e. the distribution of the marginals Wy, ..., Wpy, does
not depend on ¢.

- E[wi] =0.

However, it turns out there is no stochastic process that satisfies the first two
conditions and has continuous paths. If we add another condition, that the process
have unit variance, E[W;] = 1, then the function (w, t) — W;(w) cannot even be
measurable with respect to joint sigma algebra ¥ ® X; to g (Kallianpur, 1980, p.
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180). It is possible to construct such a white noise process satisfying these conditions,
however it is defined on a very different, larger space of generalized functions, a
space where notions such as the Dirac delta can be made rigorous.

In order to come up with a coherent way of integrating a noise term, and to avoid the
difficulty of the white noise process described above, we generalise a specific theory
of integration of deterministic integrals, namely the Riemann-Stieltjes integral, to
stochastic integrals. Briefly, we recap the construction of this.

B.4. THE RIEMANN-STIELTJES INTEGRAL

The Riemann-Stieltjes integral is one of a number of useful theories of integration.
It is a generalisation of the Riemannian integral that fixes a number of issues. While
not as general in some senses as Lebesgue or Lebesgue-Stieltjes integration, the
analogy of Riemann sums will be useful when trying to define stochastic integrals.

The Riemann-Stieltjes integral of a function f : [a,b] € R — R with respect to
another function g : R — R is denoted by

b
/ F(x) dg(x). (B.24)

Given a partition P = {xy = a, x1, ..., X, = b}, x; < x;=1, of the interval [a, b], we
approximate the integral with a summation by

n—1
S(P.f.9) = " f(elg(xiss) — g(xi)], (B.25)
i=0

where ¢; € [x;, X;+1]. The norm of a partition (or mesh) is the length of the largest
subinterval, max; x;11 — x;. To define the integral, define a sequence of partitions
such that lim,_,«||P,|| — 0. The the Riemann-Stieltjes integral is defined as

b
[ redg = tim s f.9) (®.26)

where this converges for all choices of ¢; € [x;, x;41] and for all sequences of
partitions with norm converging to 0.

The class of integrands f and integrators g that are integrable is not simple and a
number of different conditions exist under which f is integrable by g. One major
class is when g is of bounded variation (on [a, b]).

The total variation of a function f : I — R on [a,b] C I is given by

|P|-1

TVE(f) = sup D 1f (xi1) = f (xs)] (B.27)

PeP 13

where P is the set of all finite size partitions of [a, b]. A function is said to be of
bounded variation if its total variation is bounded. If g is of bounded variation, then
all continuous functions f are integrable.
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B.5. THE ITO AND STRATONOVICH INTEGRALS

To define a stochastic integral, we follow a similar process to the Riemann-Stieltjes
integral. The Riemann-Stieltjes integral is not immediately applicable however,
for example because the types of object we will want to integrate against, such as
Brownian motion, are not of bounded variation, and are not continuous.

First let us focus on the one dimension setting, where we have a drift function
b:R X [0,T] — R and a noise functions ¢ : R X [0, T] — R. In this case we are
studying a stochastic process with index set [0, T] and state space R.

First we need to choose something to be our noise which we can integrate against.
Consider a discretisation of the stochastic process X; as

Xir1 — X = b(tg, Xp) Aty + o (t, Xi) “noise” Aty (B.28)

on a partition 0 = fp < ... < t, = t, X = Xy, Wi = Wy, Aty = tgq — tr. Let us
replace “noise”At; with AVy = V;, ., —V;,, the difference between some time points
of a stochastic process (V;),s, as this seems another reasonable choice for the
noise.

If we review our previous conditions for the “noise” term (stationary, independent,
mean 0) and instead apply them to the increments AVg, it turns out that exactly one
stochastic process that satisfies these conditions if we make another requirement,
that of the increments being Gaussian, and that is Brownian motion.

Thus, we approximate our stochastic differential equation by

k-1 k-1
Xie=Xo+ Y bty X;)At; + > o(t;, X;)AB;, (B.29)
= =0

giving rise to and integral of the form

t t
X =Xo+ / b(s,Xy)ds+ / o(s,Xs) dB”. (B.30)
0 0
The first term is the usual Riemann-Stieltjes integral, but the second is something
we will need to see find a way to define this integral.

For a sequence of partitions P, such that lim,—«||Py|| = 0, define

n—1

S(Pp, f. (Bt) 1500 @) = Z flei, ) [Br,, = By ] (@), (B.31)

i=0

again with ¢; € [t;, t;41], and then define the integral as

t
[ £6.0)88.(0) = lim S(Pa £ (B ) (8.32)
0 —00
where the limit converges in L?-norm (see appendix B.1). This limit is independent
of the choice of P,.

As it has been alluded to, this definition is not well behaved with respect to the
choice of ¢;, as, although we can choose the paths of our Brownian motion to
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be continuous, it is nowhere differentiable, and the total variation of the paths
is almost surely infinite, making it very poorly behaved as a Riemann-Stieltjes
integral.

As an example of this, choose f(t,w) = B;(w), and choose ¢; = t; + a(t;+1 — 1),
where « interpolates between choosing the start and end of the intervals in the
discretisation. Then

n—1

E[S(Pp, f, (Bt)ys0 @)| = E f(ci, ®) B, — B ] (w) (B.33)
0

i=l

S
—_

E [Bt,-+a(t,-+1—ti) (w) [Bt,»ﬂ - Bt,—] (60)] (B.34)

- o

S o~

E [ [Bt,-+a(ti+1—ti) - Bti] (w)z] (B.35)

1

I
o

t. (B.36)

Il
Q

Seeing as this is independent of the discretisation, we see that the choice of «
affects greatly the value the integral converges to. Nonetheless, we can develop a
coherent theory of integration for stochastic integrals by fixing an « and working
through the consequences. There is much debate in the literature as to whether this

choice of « is philosophically important, or if it is simply a modelling assumption.

While theory exists for a € [0, 1], the two choices that prove most useful are The
It6 integral, a = 0, usually denoted by

b
/ f(t, ) dBi(w), (B.37)

along with the abuse of notation differential equation form
dXt = O'(t, X[) dBt (B38)

and the Stratonovich integral, a = % usually denoted

b
/ f(t, @) o dBi(w), (B.39)

along with the abuse of notation differential equation form
dX; = o(t,w) o dB;. (B.40)

For a € [0, 1] I will use o,.

As mentioned earlier, we have introduced these integrals for integrating against
Brownian motion, however we can be more general than this. It can be shown
that these integrals can be defined (i.e. the Riemann-Stieltjes sums converge in
probability on L? in the limit) for any integrator (W;),, that is a semimartingale
(see appendix B.2).

Against a semimartingale (W;),-, we can integrate any stochastic process (H;);s
that has left-continuous, locally bounded paths that is adapted (see appendix B.2)
to (Wr);0-
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It should be noted that the time function W; = ¢ is a semimartingale, and so the
drift term and its integrals can also be defined in terms of an Itd or Stratonovich
integral. We can therefore write any stochastic differential equation as a collection
of semimartingales (Z})",, coefficient functions, (¢;)™_,, and a start point X, with
defining equation

tn
X, = X, +/ Z ci(t,X;) o dZL. (B.41)
0 =1

The previously presented form with a drift and diffusion term are given by Z =
(t,By) and ¢ = (b(t, X;), o(t, X;)).

Given this, we can also rewrite our stochastic process X; as (X;,t), add an ad-
ditional coeflicient function c,41, constant in the time index, and add another
integrator dZ"*! = dt. This allows us to incorporate the time variable into the
state space variable, and therefore our coefficient functions can depend only on
the state-space variable, as time is explicitly included in this. While it seems like
trickery, much of the study of stochastic differential equations is made easier with
time-homogenous coefficient functions, those that do not have an explicit time
dependence separate for a state space dependence. Using this trick we can easily
map between the notational convenience of an explicit time dependence, and the
technical convenience of time-homogenous coefficients.

B.5.1. Advantages to different stochastic integrals. How then should we choose
the value of « to use? Both choices of @ have advantages and disadvantages. The
Itd integral primarily is attractive as function evaluations, f(c;, ), are independent
of the Brownian motion increments, [By,,, — By, |. Firstly, this is attractive in
definition as the process doesn’t “look ahead” to evaluate the integrand. Secondly,
if we look at It6 processes, stochastic processes that can be written as stochastic
differential equations of the form

t t
X =Xp + / b(s,w)ds + / o(s,w) dBy, (B.42)
0 0
and the fact that E [ fot f(t, ) dBt] = 0 we arrive at the martingale representation
theorem, which gives the connection that

X; is a martingale <= X; is an Itd process (B.43)

(@ksendal, 2003, theorem 4.3.4). This property is very useful mathematically and
makes proving statements about It6 integrals much easier.

On the other hand, the It6 integral behaves clunkily with a change of variable.

THEOREM B.3. For an It6 process (X;) ;s

t t
Xy =X+ / b(s,w)ds + / o(s,w) dB; (B.44)
0 0

and a twice differentiable function g : R X [0,00) — R (i.e. g € C*(R X [0, 0)))
1 (Yy)iso Yr = g(Xy, t) is also a Ito process and
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2. they are related by the stochastic differential equation

9 9 182
dy, =a—f<t,xt) dt + g(r,xt) dx, + ——9<t,xt) (dX)?  (B45)
d 9 o(t,Xs)? g
=1 21,5 4 b X0 2 1,30) + u 9 1,x)|d
t ox 2

ag

+ O'(t, Xt)a—(t, Xt) dBt (B46)
X

Proof. @ksendal (2003, theorem 4.1.5). A sketch is as follows:

1. Approximate the integral of Y; via elementary sums, as per appendix B.5

9(t.X;) = g(0.Xo) + Y Ag(t, X)) (B.47)
2. Apply a Taylor expansion to this

9, .99 2, 1 %9 199\ no
:g(O,Xo) + Z EAtl AX + EE(AE) 2 mABlAtl + E@(ABJ
J

(B.48)

plus higher order terms.

3. We then prove that }; a,—(At,-)2 — 0 and ); a;At;AB; — 0, but that remark-
ably 3, a;(ABy)? — [ a(s) ds.

4. We can then expand the above sum in terms of At; and AB;, and take the
limit. Collecting the various terms results in the two above formulas.

The term-complexity of this change of variable formula can make working with
It6 integrals unwieldy.

By contrast, the Stratonovich integral, even against Brownian motion, is in general
not a martingale. They also “look into the future” in the sense that the evaluation
of the integrand in the discretised intervals is statistically dependent on the value
of the jump of the integrator. It instead has a different intuitive interpretation.
If we define a series of stochastic processes, (Btf) 500 that converge to the white
noise process in the limit 7 — 0, for example a Gaussian process with kernel

(tiet;)?
2ij = exp [%], and we define a series of stochastic differential equations as

dX7 dB}
prale =b(t,X]) +o(t, Xf) , (B.49)

then the solutions to this series of differential equations converges to the solution
to the Stratonovich differential equation

dXt = b(t, Xt) dt + U(t, Xt) o dBt (BSO)
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Change of variable The change of variable formula for Stratonovich integrals is much nicer to work
formula for with. It is given by the formula
Stratonovich integrals

d d
dY, = 22 (1, %) dt + 22 (1, ;) 0 dX, (B.51)
ot ox

d 0d 0
- l—g(t, X) +b(X) 2 x) | dt + o6 X)L (1,X,) 0dB,. (B52)
ot ox ax

More generically, for any «, the change of variable formula is given by

a a 1 82
a4, =2 (1, ;) dt + 2L (£,X,) 0q dX; + (" - a)_g(t’Xt) oq (dX;)?  (B.53)
ot Ix 2 )oxt
J 9 1 &
= a—f(t,Xt) + b(t,Xt)%(t,Xt) + (5 - Ot)O'(t,Xt)za_xg(t’Xt) dt

7]
+o(t, Xt)a_z(t’ Xt) 0q dB; (B.54)

B.5.2. Connections between different stochastic integrals. From a technical and
philosophical point of view, it is useful that there is a connection between integrals
defined with « € [0, 1]. For a stochastic differential equation of the form

dXt = b(t, Xt) dt + O'(t, Xt) Oq dBt, (B55)
Modified It6 equation with solution (X;),>, then X; is also the solution to a modified It6 equation
0
dX; = |b(t, X;) + aa—”(t, X))o (s, X,)| dt + (£, X;) dB,. (B.56)
X

Using this connection we can map between using any o we desire, particularly
between the It6 and Stratonovich forms for the technical properties.

One very useful observation here is that when the noise is spatially constant,
Additive noise known as additive noise, the solutions for all a € [0, 1] coincide.

B.5.3. Multi-dimension stochastic differential equations. The mathematics we

have developed extends to multi-dimension settings as well.

Now consider that we are studying a stochastic process with again index set [0, T],
but state space RY. We have a drift function b : R¢ x [0, T] — R and a noise func-
tion ¥ : RY x [0, T] — R, where this function is matrix positive semi-definite
everywhere. Define a vector of Brownian motions B(w, t) = (B;(w, t), ..., Bg(®, t)).
We can the define a vector of stochastic processes as

dX;1 =by(t, X;) dt +211(¢, X;) 0 dBy s + .21 4(t, X;) 0 dBg

dX;q =ba(t, X;)dt +X4,1(t, X;) 0 dBy; + ..2q04(t, X;) 04 dBgy, (B.57)
or, in matrix notation,

dXt = b(t, Xt) dt + Z(t, Xt) Oqx dBt, (B58)
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where the stochastic integral of the matrix coefficient ¥ against the vector of
Brownian motions B; can be understood as the column-wise sum Z?Zl Yi(t, X;) oq
dB., in the manner of eq. (B.41).

The change of variable formula can also be extended to the multi-dimension and
any « setting.

THEOREM B.4. Let (X;)_t > 0 multivariate stochastic process defined by the stochastic
differential equation

dXt = b(t, Xt) dt + Z(t, Xt) Oq dBt (B59)

, and assume that it has a solution and that it is unique.

For a coordinate-wise twice differentiable function g : R? x [0, T] — R, the stochastic
process (Yi);so, Yr = g(t, X;) is given by

9 1
dy; = a—f(t, X;)dt + Vg(t, X;) - dX; + (5 - a)VVTg(t, X,) : dX, dX;
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9 1 1
= a—f(t, X;) +Vg(t, X;) - b(t, X;) + (5 - a)VVTg(t, X;) : EZ(t, X)X(t, X;) " | dt

+Vg(t, X;) - %(t, X;) dB;

Where - is the dot product, : is the matrix dot product, A : B+ 3, ; A; j, B; j, V is the

gradient operator, (Vf); = g—i:, and VV7 is the Hessian operator, (VVTf)l.j = %.

This can be extended to functions g : R? — R” by applying the formula to each
output coordinate.

The quantity %Z(t, X;)%(t, X;)" appears very commonly, and for compactness,
this will be written as D(X}, t) where appropriate from now on.

Similar to eq. (B.41) we can write the most general form of a multi-dimension
stochastic differential as
t .
X=Xy + / Ci(t, Xt) Ou dZ; (B60)
0

where now c; are time-dependent vector fields, not just scalar coefficients.

B.5.4. Solutions to stochastic differential equations.

An important question to ask is when a stochastic differential equation that we
write down has a solution, and when these solutions are unique. This can be
summarised neatly for Euclidean stochastic differential equations via the following
theorem

THEOREM B.5. Let T > 0 and

b:[0,T] xR? —» R4
« 32:[0,T] x R — R9*d

Existance and
uniqueness of solutions
to a stochastic
differential equation
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be measurable functions satisfying
16(t, )l + o (e, %)l < C(1+Ixll),  x € RY ¢ € [0,T] (B.61)
for some constant C, and
16(t, x) = bt y)ll, + 12(2, x) = 2(£,y)ll; < Dllx - yll, (B.62)

for some constant D.

Let Fo be the o-algebra generated by an m-dimension Brownian motion (B;) ;s
defined on a probability space (Q, ¥, P). Let Z be a random variable independent of
this o-algebra such that [E[||Z||§] < oo.

The stochastic differential equation
dXt = b(t, Xt) dt + Z(t,Xt) dBt, 0<t< T, X() ~Z (B63)

has a unique t-path-continuous solution X;(w) such that at t, X;(w) is adapted to
the filtration F;7 generated by Z and (Bs),<,. In addition,

T
[E[ [ ixgar
0

Proof. @ksendal (2003, theorem 5.2.1) [

< oo. (B.64)

The conditions of this theorem are reasonably natural. Condition B.61 tells us
that the coefficients of the process do not blow up too fast, and so the process
does not explode, i.e. that || X;||, < oo for finite time. Condition B.62, effectively a
joint Lipschitz condition, says that the coefficients don’t change too rapidly, and
guarantees the solutions to the stochastic differential equation is unique, in the
sense that if X; (¢, w) and X,(t, w) are two solutions to the stochastic differential
equation, then

Xi(t,w) =Xo(t,w) forall0 <t <T, as. (B.65)

B.5.5. Weak solutions. By contrast, we can also have weak solutions to a given
stochastic differential equation. In a strong solution to the differential equation

dXt = b(t, Xt) dt + Z(t,Xt) dBt, 0 <t< T, X() ~7Z (B66)

We specified a specific Brownian motion B; and probability space (Q, ¥, P) for
which the solution X; needs to be adapted to.

By contrast for a weak solution all we specify is the form of the differential equation.
We simply require that for a weak solution there exists some Brownian motion and
probability space for with the stochastic differential equation has a solution that is
adapted to the filtration of the Brownian motion. It is often possible to prove the
existence of weak solutions without explicitly finding this Brownian motion.



B.6  THE KOLMOGOROV EQUATIONS

B.6. THE KOLMOGOROV EQUATIONS

We now turn to studying how functions of It6 processes, the transition density of
Itd processes, and the marginal density of Itd processes evolve over time. We will
see that we can connect these quantities to standard partial differential equations.
Particularly the last of these studies is very useful.

A diffusion process is a Markov stochastic process that have almost-surely continu-
ous sample paths.

We will study these in the particular setting of It6 diffusions. These are stochastic
differential equations of the form

dXt = b(t,Xt) dt + O'(t,Xt) dBt, 0<t< T, X() ~Z (B67)

that satisfy the conditions of theorem B.5.

Consider the Itd change of variable formula for a Borel function f : R X RY > R,
f € C¥(R x R%), on the stochastic differential equation (X;),,.

df (t, X;) :(Z—J;(t, X;) +b(t, X;) - Vf(t,X;) +D(t, X;) : VA (¢, Xt)) dt  (B.68)
+VF(t, X,)"2(t, X;) dB, (B.69)

This gives us the integral formula

t(af (t, X;) +b(u, X,,) - VF(X,) +D(u, X,,) : sz(Xu)) du

rax)-fex= [ (2

N

+ /t Vf(X,) 2(u,X,)dB, (B.70)

Taking expectations, and denoting X;” as the process X, conditioned on X; = v,
we get that

E[f(eX0")] - ELf (s X5 ] = E[f (6. X;%)] = f(s.9)

el 15

as the last term disappears due to the properties of the It6 integral, and the operator
L is defined by

(u, Xu)] du (B.71)

(LF)(t,x) = b(t,x) - VF(t,x) + D(t,x) : V2f(L,x) (B.72)

B.6.1. The Kolmogorov backward equation. In short, the Kolmogorov backward
equation tells us how the expectation of Borel functions of an Itd diffusion will
evolve over time, and how the transition density will evolve in the conditioned
argument. We study the backward equation first as it is better posed than the
forward equation, and the forward equation will follow from the backward.

THEOREM B.6. Let f € Cg([Rd) and let X; be an It6 diffusion. Define

u(s,y) = [E[f(Xiy)] (B.73)
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Then u(s,-) € C2(RY) foralls < t and

(8 ) ou
—+Llu=—+Lu=0, s<t (B.74)
s s

u(t,y) = f(y) (B.75)

where Lu is interpreted as L applied to the function x — u(s,y). Conversely, if
eq. (B.74) and eq. (B.75) are satisfied then u(s,y) is the unique solution to these
equations.

Proof. Weinan et al. (2021, page 3) ]

Note how we are differentiating with respect to the time of the initial condition of
the diffusion we specify, not the time at which we evaluate the expectation. This is
where the backward name of this equation is derived from.

One interesting way to view this result is as follows. Define a new operator
Qsy:fHE [£(X7Y)]. Then both of the following are true

d )

= (Qiy f) - Qﬁ)y((g + L) f) by egs. (B.71) and (B.73) (B.76)

4 (Qf f) N (Qf f) by eq. (B.74) (B.77)

ds \&>Y s >y v ed- & '
and so in this sense the operator evaluating the expectation of f on X; given an

initial condition X = y and the operator % + L commute.

Assuming for the diffusion there exists a transition density, p;|s(x|y) , and that this
density has continuous bounded derivatives in s and y, then we can prove a result
about how this transition density changes as we vary s.

THEOREM B.7. Let X; be an It6 diffusion and assume that it has a transition density
Pr1s(x|y) with respect to the Lebesgue measure. Then

aptls
as

+Lyprs =0, s <t pys(xly) = x(y) (B.78)

where the operator L, is the operator L acting on the y argument of p;|s(x|y)

Proof. Letu(s,y) = ff(x)pt‘s(x|y) dx. Then

(% +L)u(s, y) = (% +L) /f(x)pns(xly) dx (B.79)

_ apt|s
- [ s+ tpnat | ax - wso)

Where exchanging the integral and differential operators holds as we made as-
sumptions about the boundedness and continuity of the derivatives. Since this
holds for all test functions f, this holds as the operator and the result follows from
theorem B.6. From the same the terminal condition also follows. |
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B.6.2. The generator of a diffusion. We can arrive at the differential operator in
the Kolmogorov backwards equation in a slightly different way. We can define the
generator of a time-homogenous diffusion, one for which the diffusion coefficients
are independent of time, as

DEFINITION B.8. Let (X;),s be a time-homogenous diffusion in RY. The (infinitesi-
mal) generator A of X, is defined by its action on a function f € Cg([Rd),

Elf(x)] - f&

N

(B.81)

A = li

(Af)(x) fim
The set of functions for which this converges at x € R? is denoted D4 (x) and the set
of functions for which it converges everywhere is denoted D,.

For It6 diffusions, we can compute the generator in terms of the diffusion’s coeffi-
cients.

THEOREM B.9. Let X; be a time-homogenous It6 diffusion with equation

and let f € Cg([R{d), where Cg(le) is the set of twice differentiable functions that
vanish as ||x|| — infty. Then the generator of this stochastic process is given by

(Af)(x) =b(x) - Vf(x) +D(x) : V*f (x) (B.83)

Proof. To see this,

E|F(X2)] - f(x) s
(Af)(x) = lim i s)] Y o lime! / Lf(XZ) du = (L)(x) (B.84)
s 0

Giving the desired form. The first equality follows from the argument in eq. (B.71)
and removing the partial derivative with respect to ¢, and the second by the
dominated convergence theorem (Kallenberg, 1997, Theorem 1.21). [ ]

The adjoint operator of the generator of a diffusion, A* or L*, is also very interesting
to us. This is the operator that for any f € CZ and g € C?, (g, Af) = (A%g, f), for
(-,-) being the L? norm on the space of L? integrable functions.

THEOREM B.10. The adjoint of the generator of an It6 diffusion
(Af)(t,x) = b(t,x) - Vf(x) + D(t,x) : V*f(x) (B.85)

is given by
(A*f)(t,x) = =V - (bf)(t,x) + V> : (Df)(t,x) (B.86)

Proof. Using the standard chain rule
b-Va=V-(ab)—aV-b, a:RY SR, b:R! 5 R? (B.87)
and setting a = f and b = gb, and using the identity

C:V2a=V-(C-Va)-V-(aV-C)+aV?:B, a:R? 5 R, C:RY - R¥*? (B.88)
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and by setting a = f and C = %gZZT = gD, we see that

(x) dx (B.89)

(g, Af) = /Rd[g(b -grad f + %ZZT : (V2f))
= ./[Rd [b -grada+C: (Vza)](x) dx (B.90)

:/ [V-(ab)—aV-b+V-(C-Va)-V-(aV-C)+aV*:B|(x)dx
Rd
(B.91)

:/ (a(-V-b+V?*:C)+V-(ab)+V-(C-Va)-V-(aV-C))(x)dx
R4

(B.92)

=/ (a(=V-b+V?:C))(x) dx (B.93)
R4

:/Rd [f(=V - (bg) + V* : (¢D))] (x) dx (B.94)

The second group of terms in eq. (B.92) are all divergences. Applying the divergence
theorem (see theorem A.50) and assuming that all these terms tend to 0 as ||x|| — oo,
the integral of these terms are zero.

This gives the form of the adjoint operator as required, and is also the form of the
adjoint of the L operator. ]

It should be noted that a generalisation of the generator exists, called the charac-
teristic operator (Jksendal, 2003, section 7.5). This converges on a strictly larger
set of functions than the generator, and they coincide on functions where they
are both defined. Importantly the form of theorem B.9 holds not just for functions
fe Cg(Rd), but for all functions f € C?(R%). This greatly expands the space of
functions we can study.

The notions of the generator of a diffusion gives us a way of defining Brownian
motion via its generator. Note that in the form of the generator of an Ité diffusion
(see theorem B.9), if we have no drift and a diffusion coefficient given by the
identity, then the generator of the diffusion is simply the Laplace operator, A =
vi=y4, =2 We can therefore define Brownian motion as the diffusion with the
Laplace operlator as its generator.

B.6.3. The Kolmogorov forward equation. The backward Kolmogorov equation
told us how the expectations of Borel functions of a diffusion evolve over time, or
how the transition density changes with respect to the time we are transitioning
from. The forward equation tells us how the transition density changes with respect
to the time we are transitioning to, and as a knock on how the time-marginal density
of the diffusion will evolve with time given an initial density.

THEOREM B.11. Let X; be an It6 diffusion and assume that it has a transition density
Pr)s(x|y) with respect to the Lebesgue measure. Assume that the derivative of p;|s(x|y)
with respect to t is bounded and continuous. Then

a *
Eptls = prt|s, s <t, psls(x|y) = 5x(y) (B.95)
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where the operator L}, is the adjoint operator L* acting on the x argument of p;|s(x|y)

Proof. Under the assumption that the transition density exists,

E[f (X)) = flsy) = /R S@pas(xy) de - f(y) (8.96)
=/ Ad(Lf)(u,x)pu|s(x,y) dx du (B.97)

Taking the partial derivate with respect to time of both sides,

o[ rwptian-s) = 2{ [ [ @nenpiemn axa
(B.98)

— [ fogtpaxn) dx= [ CHC0px) dx ©.99)

Applying the adjoint to the integral on the right hand side,

— [ oo dr= [ 0 Lpntxn)de G100

Since this holds for all test functions f, it holds as an operator. This then defines a
weak solution to the problem [

We now apply this to the evolution of a density p; given some initial distribution

Po

THEOREM B.12. Let X; be an It6 diffusion, with initial distribution X, ~ po, where
po is a density with respect to the Lebesgue measure on R%. Let p(t, x) denote the
density of X; at time t. Then

W _
-
ot p
P(0,x) = po(x) (B.101)
Proof. Remember
Pt = [ praCelupal) dy (3.102)

If we integrate both sides of eq. (B.95) by po(y), we recover exactly eq. (B.101). =

Theorem B.12 was in fact discovered in physics before the discovery of the more
general Kolmogorov equations. There it is known as the Fokker-Plank equation,
and as such is referred to as this sometimes.

The Fokker-Plank equation is a very powerful tool in the study of stochastic
processes as we will see in the next two sections.
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B.7. LANGEVIN DYNAMICS

Langevin dynamics is a type of stochastic differential equation for which we can
show that the density to which the equation will converge over time is a distribution
we can control.

DEFINITION B.13. Let U : R? — R be a function often called the ENERGY FUNCTION.
The LANGEVIN DYNAMICS defined by U is given by the time-homogenous stochastic
differential equation

dX, = -Vx,U(X,) dt + V2 dB, (B.103)

We can prove that under these dynamics, the distribution p(x) o exp(-U(x))
is invariant. Le. that if the distribution of the solution of stochastic differential
equation at a specific time is given by this, then it will not change over time.

THEOREM B.14. For the stochastic differential equation
dX; = —Vx,U(X,) dt + V2dB, (B.104)
, under the condition that
-VU(X)-X < alX[*+b (B.105)

for some constants a, b, the density py(x) = %exp(—U(x)) is stable under the
evolution of the stochastic differential equation.

Proof. We require that %p( t,x) = 0 when p(t,x) = py(x). Applying the Fokker-
Plank equation, theorem B.12, we see that this implies that L*py = 0

L'py ==V - (bpu) (£ x) + V2 : (Dpu) (1, %) (B.106)
—_v. (—VU(x)% exp(—U(x)))(t, X)+ V2 (% exp(—U(x))I)(t, %)

(B.107)

o« =V - (Vexp(=U(x)))(t,x) + VZ : (exp(=U (x))I)(t, x) (B.108)

= =V2: (exp(=U(x)))(t,x) + VZ: (exp(=U (x))I)(t, x) (B.109)

=0 (B.110)

where in eq. (B.109) we substituted b(t,x) = —VU(x) and D(t,x) = %\/EZI,
eq. (B.109) follows from the gradient of the exponential, and eq. (B.110) from
the fact that for scalar functions a : R - R, V- Va = V% : al. [ ]

Moreover, the stochastic differential equation initialised from any point is guaran-
teed to converge in infinite time to py (Roberts and Tweedie, 1996, theorem 2.1).
With slightly stronger conditions on U, this convergence will be exponentially
quick (Roberts and Tweedie, 1996, theorem 2.2).
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B.8. TIME-REVERSAL RESULTS

A series of very remarkable results exist show that for a given stochastic differential
equation, under certain conditions, there exists a process that follows the same
dynamics as the process, but in reverse.

Let us have a forward stochastic differential equation
dX? =b>(X},t)dt + 27 (X7, t)dB;, Xj ~ 7, (B.111)

where B” is a Brownian motion. Let the densities of the time-marginals of this
SDE be denoted p;, and we let it run from ¢t =0uptot =T.

We are then going to look for a “reverse” process

dX; = b (X5, t) dt + (X, t)dB,, X5 ~ pr (B.112)

such that for all times ¢ € [0,T], X} 4 X5

S_ple their time-marginal densities are
equal, but in opposite time order.

THEOREM B.15. Let the stochastic differential equation X, called the forward stochas-
tic differential equation, be given by

dX; =b(X;,t)dt +o(t)dB;, X;~m, te][0,T], (B.113)

with time-marginal distributions p;(X). Let the stochastic differential equation,
called the reverse stochastic differential equation, X be given by

dX; = [-b(X},t) + o(t)*Vieg p,(X;)| dt + o(t) dB;, X5 ~pr, te€[0,T],
(B.114)
with time-marginal distributions p€;(X).

The time-marginals of these two stochastic differential equations match, but reversed
in time, in the sense that p; = p%._, Vt € [0, T].

Proof. The Fokker-Plank equation for the forward stochastic differential equation
is given by

ap?a(tX) = —div(b>(X, 1)p (X)) + 30% (AP} (X) (B.115)

Looking at Ap7(X) we see that

Ap;(X) =V - Vp;(X) (B.116)
X ]
. Vpi (X B.117
=V [p(X)Vlogp;(X)] (B.118)
= div(p; (X)V log p; (X)) (B.119)
Adding and subtracting this identity we get
ap; (X) (B.120)
ot '

= div(b(X, 1)p; (X)) + 30° (1) Ap} (X) — o(t)* div(p; (X)VIog p; (X)) (B.121)
= div([b(X,t) - o(t)*Vlog p; (X)|p7 (X)) — 2*(t) Ap; (X) (B.122)
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Taking the negative of this term we see that the evolution of the time-marginal
density of a stochastic differential equation, but with the evolution happing in
reverse, is given by

o) _
ot

div(=[b(X, 1) + o(t)*Viog p; (X) | p7 (X)) + 30°(1)Ap7(X)  (B.123)

which is exactly the Fokker-Plank equation of a stochastic differential equation of
the form
dX§ = [-b(X;,t) + o(t)*Vlog p; (X;)] dt + o(t) dB,. (B.124)

The instantaneous change of the forward and reverse time-marginal densities are
therefore equal.

Since by assumption the time-marginal of the reverse stochastic differential equa-
tion at time 0 is exactly pr(X), and the evolution of the time-marginals match, but
in reverse by the form of the Fokker-Plank equation, it follows that p7 = p%._,, t €
[0, T]. [

This proof is not the same as, but is very related to, one found in Nelson (1967,
chapter 13). This can easily be extended to the case where the noise is an arbitrary
full rank matrix, not just o(t)I, and to the case where the noise also depends on
the position also, although an additional term appears (Song et al., 2020b).

For the purposes of this thesis, and diffusion modelling generally, this is in fact
the only time reversal result we need. There do exist however a series of stronger
results that are commonly cited in the literature. The main difference between the
result presented and these stronger results is that the stronger result show that
not only do the time-marginals of the reverse-time stochastic differential equation
match those of the forward-time stochastic differential equation, the paths of the
forward- and backward-time also match in distribution. Variations on this result
can be found in Anderson (1982), Haussmann and Pardoux (1986), Millet et al.
(1989), Follmer (1985), and Cattiaux et al. (2023)

B.9. CONNECTIONS TO ORDINARY DIFFERENTIAL
EQUATIONS

We will make one other note-worthy observation using a similar technique to the
proof presented for the reverse-time stochastic process in the last section.

THEOREM B.16. For a stochastic differential equation
dXt = b(t, Xt) dt + O'(t) dB[, X() ~ Po (B125)
with time-marginal distributions p;(X), the ODE

1
dX; = |b(t.X,) = Zo(1)*Viogpr(Xo)| L. Xo ~ po (B.126)

has the same time-marginal distributions p;(X) as the forward-time stochastic dif-
ferential equation.
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Proof. The Fokker-Plank equation for the forward stochastic differential equation
is given by
apr(X
p;(t ) __ div(b(X, 1)p:(X)) + 3°(1) Ape (X) (B.127)
As before, Ap;(X) = div(p,(X)Vlogp,;(X)). Adding and subtracting half this
identity we get

—apia(tx) = - diV([b(X, ) - %a(r)zvmgpt(x)]pt(x)) + 0% 3% (AP (X)

(B.128)

This is exactly the form of the Fokker-Plank equation for a stochastic differential
equation of the form

dXt = lb(Xt, t) — %O'(t)ZVIngt(Xt) dt + 0 * O'(t) dBt (B129)

= [b(Xt, £) - %a(t)zwog pt(Xt)} dt. (B.130)

Since by assumption the time-marginal of this stochastic differential equation at
time 0 is exactly po(X), and the evolution of the time-marginals of this stochas-
tic differential equation match those of the forward time stochastic differential
equation, it follows that at all times the time-marginals of the two match. ]

This gives us an interesting way of connecting a stochastic differential equation
to a deterministic ordinary differential equation. Note however the paths of this
ordinary differential equation are wildly different to that of the stochastic differ-
ential equation, unlike in the reverse-time case. If all one cares about is sampling
independently of each time marginal however, this is not an issue. If one has access
to the quantity Vlog p,(X;) and samples from p, it would be possible to use out
of the box equation solvers with guaranteed error tolerance to sample from each
marginal.

B.10. APPROXIMATE SAMPLING FROM STOCHASTIC
DIFFERENTIAL EQUATIONS

We cannot in a computer represent the continuous paths of a stochastic differential
equation exactly. Nor can we typically find closed form solutions to stochastic
differential equations. Therefore, we need to approximate stochastic differential
equations in discrete time.

For approximating an ordinary differential equation of the form

with an initial condition X, the most simple approximate solution is Euler integra-
tion. Picking a temporal step size At, we iteratively take steps of the form

X1 = X + f(nAt, X)) At (B.132)
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to produce an approximate solution (X,)_,, where X,, corresponds to time nAt.

This scheme has discretisation error of O(At), and so we can increase precision
arbitrarily with decreasing step size.

Analogously for a stochastic differential equation of the form
dXt :b(t,Xt) dt+2(t,Xt) dBt (B133)

with initial condition X, we can apply the Euler-Maruyama integration to ap-
proximate the solution. For a chosen step size At we iteratively take steps of the
form

X1 = X +b(8, X)) At + V2(1, X))z VAL (B.134)

where z ~ N(0,I), a random Gaussian vector of the dimension of the Brownian
motion.

Let X7 be the solution to the stochastic differential equation at time T, and let X7
be the solution to the discretised scheme of n steps from 0 to T, giving a step size
of At = T/n. Under the condition that the elements of b and X are C* functions
with bounded derivatives, and for any measurable and bounded function f, we
have that

E[f(X7)] - E[f(X})] = —AAt + B(At)? (B.135)

where the constants A, B depend on f, T (Bally and Talay, 1996, Theorem 3.1). As
such, the Euler-Maruyama scheme converges in distribution (see appendix B.1) to
the solution to the original stochastic differential equation as we decrease step size
of the solution.



C | SCORE-BASED MODELLING ON
RIEMANNIAN MANIFOLDS

ORGANIZATION OF THE APPENDIX

In this supplementary we first introduce notation in Appendix C.1. We gather the
proof of Theorem 3.6 as well as additional derivations on score-based generative
models and Riemannian manifolds. In appendix C.2, we recall basics on stochastic
Riemannian geometry following Hsu (2002). In section 3.2.5, we introduce an
extension to the Riemannian setting of the likelihood computation techniques
in diffusion models. We present an extension of Algorithm 3.11 using predictor-
corrector schemes in Section 3.2.7. In appendix B.8, we prove the extension of the
time-reversal formula to manifold in Theorem 3.6. We prove the convergence of
RSGM, i.e. Theorem 3.13, in Appendix C.4. The proof of the manifold implicit score
matching loss, drawing links between the denoising score matching loss and the
implicit score matching loss, is presented appendix C.5. Experimental details are
given in appendix C.6

C.1. NoTATION

We refer to Appendix C.2 for more details about the basic concepts of Riemannian
geometry and stochastic processes. In this section, we merely introduce the no-
tation used in our work. We postpone an introduction to stochastic processes on
manifolds to Appendix C.2.2.

In this work we always consider a smooth, connected and complete manifold M.
We focus on the case of Riemannian manifolds, namely manifolds equipped with
a metric g. Metrics g are smooth scalar product on the manifold allowing us to
define the notion of distance on a manifold. We refer to Appendix C.2 for a precise
definition and a discussion on metrics. Given a smooth map f € C*(M,R), the
gradient Vf is defined for any f : M — R, x € M,v € T, M, (Vf,0), = df (v).
The distance d((x, y) is defined as the infimum of the length of all the curves on
M joining x and y. Geodesics are path defined on M by a second order equation
(and a starting point and speed). This second order equation corresponds to the
first order minimization of an energy functional whose minimizers also minimize
the length. In Appendix C.2, we introduce the notion of geodesics using parallel
transport. The exponential mapping exp, : UM — M with U C T, M is such that
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exp, (v) = y(1) with y(1) the geodesics with initial condition (x, v) at time t = 1.
Finally the volume form is a differentiable form of same degree as the dimension of
M. Since M is an orientable Riemannian manifold there is a natural volume form
defined using the metric g, namely w(x) = | g(x)ll/ 2dx; A ... dxg. In this paper, we
abuse notation and denote by the volume form this natural volume form.

C.2. PRELIMINARIES ON STOCHASTIC RIEMANNIAN
GEOMETRY

In this section, we recall some basic facts on Riemannian geometry and stochastic
Riemannian geometry. We follow Hsu (2002), Lee (2018), and Lee (2006) and refer
to Lee (2010) and Lee (2013) for a general introduction to topological and smooth
manifolds. Throughout this section M is a d-dimensional smooth manifold, TM
its tangent bundle and TM” its cotangent bundle. We denote C* (M) the set of
real-valued smooth functions on M and X (M) the set of vector fields on M.

C.2.1. Tensor field, metric, connection and transport.

Tensor field and Riemannian metric For a vector space V let T®!(V) = V& @
(V*)® with k,£ € N. For any k,f € N we define the space of (k,¢)-tensors
as TMM = I_IpeMTk"’(TpM). Note that T(M, T*°M) = C°(M), X(M) =
I'(M, TH° M) and that the space of 1-form on M is given by I'(M, T*! M), where
I'(M,V(M)) is a section of a vector bundle V(M) (see Lee, 2013, Chapter 10).
For any k € N, we denote T*IM = IJ;?:OTj’k_jM. M is said to be a Riemannian
manifold if there exists g € T'(M, T*?* M) such that for any x € M, g(x) is positive
definite. g is called the Riemannian metric of M. Every smooth manifold can
be equipped with a Riemannian metric (see Lee, 2018, Proposition 2.4). In local
coordinates we define G = {g;}1<ij<a = {9(Xi, X)) }1<ij<d» Where {Xi}l”.l:1 isa
basis of the tangent space. In what follows we consider that M is equipped with a
metric g and for any X, Y € X(M) we denote (X, Y) s = g(X,Y).

Connection A connection V is a mapping which allows one to differentiate vector
fields with respect to other vector fields. V is a linear map V: X(M) x X(M) —
X(M). In addition, we assume that i) for any f € C*(M), X,Y € X(M),
Vix(Y) = fVxY,ii)forany f € C*(M),X,Y € X(M), Vx(fY) = fVxY+X(f)Y.
Given a system of local coordinates, the Christoffel symbols {I“i’fj}l <i jk<d are given
forany i, j € {1,...,d} by Vx,X; = ZZ=1 I Xk. We also define the Levi-Civita
connection V by considering the additional two conditions: i) V is torsion-free,
ie. for any X,Y € X(M) we have VxY — VyX = [X, Y], where [X, Y] is the
Lie bracket between X and Y, ii) V is compatible with the metric g, i.e. for any
XY, Z € X(M), XY, Z)pm) = (VxY,Z)pm + (Y, VxZ)p. We recall that the
Levi-Civita connection is uniquely defined since for any X, Y, Z € X (M) we have

2(VxY, Z) = XY, Z) () + Y((Z, X) 1) = Z(X, Y) ) (CI)
+<[X,Y],Z>M_<[Z,X],Y>M_<[Y,Z],X>M (CZ)
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In this case, the Christoffel symbols are given for any i, j, k € {1,...,d} by

d
Fi]fj = % Z gkm(ajgm,i +9iGm,j — OmYi.j)» (C.3)

m=1

where {g"'}1<;j<a = G™'. Note that if M is Euclidean then for any i, j,k €
{1,...,d}, Fi]fj = 0. We also extend the connection so that for any X € X (M) and
f € C*(M) we have Vx f = X(f). In particular, we have that Vx f € C*(M). In
addition, we extend the connection such that for any « € T(M,T*'M), X,Y €
X (M) we have Vxa(Y) = a(VxY) — X(a(Y)). In particular, we have that Vxa €
T'(M, T M). Note that for any X € X(M) and a, f € TI'' M we have Vx(a ®
B) = Vxa ® fp+ a ® Vxp. Similarly, we can define recursively Vxa for any

a € T(M, T M) with k, £ € N. Such an extension is called a covariant derivative.

Parallel transport, geodesics and exponential mapping Given a connection, we
can define the notion of parallel transport, which transports vector fields along a
curve. Let y : [0,1] — M be a smooth curve. We define the covariant derivative
along the curve y by D; : X(y) — X(y) similarly to the connection, where
X(y) = T(y([0,1]),TM). In particular if y and X € X(y) can be extended to
X (M) then we define D; (X) = V; X € X(M). In what follows, we denote D = V

for simplicity. We say that X € X (y) is parallel to y if for any ¢ € [0, 1], V; X (t) = 0.

In local coordinates, let X € X(y) be given for any t € [0,1] by X = Zflzl a;(t)E;(1t)
(assuming that y([0, 1]) is entirely contained in a local chart), then we have that
forany t € [0,1] and k € {1,...,d}

d
ar(t) + Y T (x(0)xi(t)a; () = 0. (C.4)

ij=1

A curve y on M is said to be a geodesic if y is parallel to y. Using eq. (C.4) we get
that

d
(1) + ) TE (e(0)x: (D)%, (1) = 0, (C5)
ij=1

For more details on geodesics and parallel transport, we refer to Lee (2018, Chapter
4). In addition, we have that parallel transport provides a linear isomorphism
between tangent spaces. Indeed, letv € T, M and y : [0,1] > M with y(0) = x
a smooth curve. Then, there exists a unique vector field X° € X(y) such that
X?(x) = v and X" is parallel to y. For any t € [0,1], we denote I} : T.M —
Ty ()M the linear isomorphism such that T (v) = X°(y(t)).

For any x € M and v € T, M we denote y*° : [0, e*?] the geodesics (defined on
the maximal interval [0, £°°]) on M such that y(0) = x and y(0) = v. We denote
U¥ = {v e T,M : £°° > 1}. Note that 0 € U*. For any x € M, we define the

exponential mapping exp, : U* — M such that for any v € U¥, exp, (v) = y*9(1).

If for any x € M, U¥ = T,y M, the manifold is called geodesically complete. As
any connected compact manifold is geodesically complete, there exists a geodesic
between any two points x, y € M (see Lee, 2018, Lemma 6.18). For any x,y € M,
we denote Geoy,, the sets of geodesics y such that y(0) = x and y(y) = 1. For
any x,y € M we denote I/(y) : TxM — T,M the linear isomorphism such
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that for any v € T, M, I/ (v) = X°(y(1)), where y € Geoy,,. Note that for any
x € M there exists V¥ ¢ M such that x € V¥ and for any y € V¥ we have that
|Geox’y| = 1. In this case, we denote I} = I}{ (y) with y € Geoy .

Orthogonal projection We will make repeated use of orthonormal projections
on manifolds. Recall that since M is a closed Riemannian manifold we can use
the Nash embedding theorem (Gunther, 1991). In the rest of this paragraph, we
assume that M is a Riemannian submanifold of R? for some p € N such that its
metric is induced by the Euclidean metric. In order to define the projection we
introduce

unpp(M) = {x € R : there exists a unique &, such that ||x — & = d(x, M)}

(C.6)
Let &(M) = int(unpp(M)). By Leobacher and Steinicke (2021, Theorem 1), we
have M c E(M). We define p : E(M) — M such that for any x € E(M), p(x) =
&x. Using Leobacher and Steinicke (2021, Theorem 2), we have p € C* (R, M) and
for any x € M, P(x) = dp(x) is the orthogonal projection on Ty M. Since R? is
normal and M and &(M)€ are closed, there exists f open such that M c f ¢ E(M).
Let p € C*(R?,R?) such that for any x € f, p(x) = p(x) (given by Whitney
extension theorem for instance). Finally, we define P : R? — R? such that for any
x € RP, P(x) = dp(x). Note that for any x € M, P(x) is the orthogonal projection
T, M and that P € C*(R?, RP).

C.2.2. Stochastic Differential Equations on manifolds.

Stratonovich integral For reasons that will become clear in the next paragraph,
it is easier to define Stochastic Differential Equations (SDEs) on manifolds with
respect to the Stratonovich integral (Kloeden and Platen, 2011, Part II, Chapter 3).
We consider a filtered probability space (Q, ()0, P). Let (X;)r»0 and (Yy):o0
be two real continuous semimartingales. We define the quadratic covariation
([X,Y]:)s>0 such that for any t > 0

t t
[X,Y]: = X,Y; — XoY, — / X,dY, — / Y,dX;. (C.7)
0 0

We refer to Revuz and Yor (1999, Chapter IV) for more details on semimartingales
and quadratic variations. We denote [X] = [X, X]. In particular, we have that
([X,Y]:)s»0 is an adapted continuous process with finite-variation and therefore
[[X,Y]] = 0. Let (X;);>0 and (Y;);>0 be two real continuous semimartingales,
then we define the Stratonovich integral as follows for any ¢ > 0

t t
/ X, odY, = / X,dYs + 2 [X, Y], (C.8)
0 0

In particular, denoting (Z});so and (Z?);s, the processes such that for any ¢ > 0,
VAR /Ot X, odY; and Z? = fot X,dY;, we have that [Z'] = [Z?]. We refer to Kurtz
et al. (1995) for more details on Stratonovich integrals. Note that if for any ¢ > 0,
X, = [} f(X;)0dY, with C'(R,R), then [X, Y], = [ f(X,)f’(X,)dY;. Assuming
that f € C3(R, R) we have that (Revuz and Yor, 1999, Chapter IV, Exercise 3.15)

FOXD) = F(Xo) + / F(X,) 0 dX,. (€9)
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The proof relies on the fact that for any t > 0, d[ X, f"(X)]; = f”(X;)d[X];. This
result should be compared with It6’s lemma. In particular, Stratonovich calculus
satisfies the ordinary chain rule making it a useful tool in differential geometry
which makes a heavy use of diffeomorphism. Finally, we have the following
correspondence between Stratonovich and It6 SDEs. Assume that (X;);e[o,r] is
a strong solution to dX; = b(t, X;)dt + o(t, X;) o db;, with b € C*(R¢ R%) and
o € C®°(R? R¥*4) Then, we have that

dX, = {b(t, X;) + b(X;)}dt + o(t, X;)db,, b =(-1/2)[div(cc") — adiv(c")].

(C.10)
where for any A € C°(R¢, R*?) we have that div(A) € C*(R% R%) and for any
ie{l,...,d} and x € RY, div(A);(x) = 2?21 0jA; j(x). In particular, note that if
for xo € R¥, o(xo) is an orthogonal projection, then & (x()b(x,) = 0.

SDEs on manifolds We define semimartingales and SDEs on manifold through
the lens of their actions on functions. A continuous M-valued stochastic process
(X¢)e»0 is called an M-valued semimartingale if for any f € C*(M) we have that
(f(X¢))eso is a real valued semimartingale. Let £ € N, V¥ = {V;}{_ € X(M)!
and Z¥ = {Z i}le a collection of ¢ real-valued semimartingales. A M-valued
semimartingale (X;);»¢ is said to be the solution of SDE(V!, Z¥, X) up to a
stopping 7 with X, a M-valued random variable if for all f € C*(M) and t € [0, ]
we have

14 t
£ = FX0+ ), [ WX 0z 1)
=1

Since the previous SDE is defined with respect to the Stratonovich integral we
have that if (X;);s¢ is a solution of SDE(V¥ Z1 X)) and ® : M — N isa
diffeomorphism then (®(X;));( is a solution of SDE(®, V', Z1, ®(X))), where
®, is the pushforward operation (see Hsu, 2002, Proposition 1.2.4). Because the
vector fields {V;}_, are smooth we have thatforany ¢ € N, V¥ = {V;}{_ € X(M)*
and Z¥ = {Z! }le a collection of ¢ real-valued semimartingales, there exists a
unique solution to SDE(V!¥, Z1¢ X;) (see Hsu, 2002, Theorem 1.2.9).

C.2.3. Brownian motion on manifolds. In this section, we introduce the notion of
Brownian motion on manifolds. We derive some of its basic convergence properties
and provide alternative definitions (stochastic development, isometric embedding,
random walk limit). These alternative definitions are the basis for our alternative
methodologies to sample from the time-reversal. To simplify our discussion, we
assume that M is a connected compact orientable Riemannian manifold equipped
with the Levi-Civita connection V. We denote p7 the Hausdorff measure of
the manifold (which coincides with the measure associated with the Riemannian
volume form (see Federer, 2014, Theorem 2.10.10) and prer = plre/pref(M) the
associated probability measure.

Gradient, divergence and Laplace operators Let f € C*(M). We define
Vf € X(M) such that for any X € X(M) we have (X,Vf iy = X(f). Let
{Xi}?zl € X(M)? such that for any x € M, {X;(x) }?:1 is an orthonormal basis
of Ty M. Then, we define div : X(M) — C*(M) (linear) such that for any
X € X(M), div(X) = Z?:1<VXiX, Xi>M- The following Stokes formula (also
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called divergence theorem, see Lee (2018, p.51)) holds for any f € C*(M) and
X € X(M), [, div(X)(x)f (x)dprer(x) = — [, X(F)(x)dprer(x). Let X = YL, a;X;
in local coordinates. Using the Stokes formula and the definition of the gradient
we get that in local coordinates

d d
Vf= Z g afX;,  div(X) = det(G) /2 Z 3 (det(G)2a;).  (C.12)

ij=1 i=1

The Laplace-Beltrami operator is given by Ay : C*(M) — C*(M) and for any
f € C®(M) by Ap(f) = div(grad(f)). In local coordinates we obtain A p((f) =
det(G)~1/2 Z?zl 9;(det(G)1/? Z;l:l g"79;f). Using the Nash isometric embedding
theorem (Gunther, 1991) we will see that A y( can always be written as a sum
of squared operators. However, this result requires an extrinsic point of view as
it relies on the existence of projection operators. In contrast, if we consider the
orthonormal bundle OM, see (Hsu, 2002, Chapter 2), we can define the Laplace—
Bochner operator Agp : C*(OM) — C®(OM) as Aop = Z?zl H?, where we
recall that for any i € {1, ...,d}, H; is the horizontal lift of e;. In this case, Agp is
a sum of squared operators and we have that for any f € C*(M), Aom(f o) =
A pm(f) (see Hsu, 2002, Proposition 3.1.2). Being able to express the various Laplace
operators as a sum of squared operators is key to express the associated diffusion
process as the solution of an SDE.

Alternatives definitions of Brownian motion We are now ready to define a
Brownian motion on the manifold M. Using the Laplace—Beltrami operator, we
can introduce the Brownian motion through the lens of diffusion processes.

DErFINITION C.1. Let (th[)tZO be an M-valued semimartingale. (th)tzo is a Brow-

nian motion on M if for any f € C*(M), (M{)tzo is a local martingale where for
anyt >0

M] = f(bM) - f(bM) - 1 / A (C.13)

0

Note that this definition is in accordance with the definition of the Brownian motion
as a diffusion process in the Euclidean space R¢, since in this case Ay = A. A key
property of frame bundles and orthonormal bundles is that any semimartingale on
M can be associated to a process on FM (or OM) and a process on R, The proof
of the following result can be found in Hsu (2002, Propositions 3.2.1 and 3.2.2).

ProrosiTiON C.2. Let (th)tzo be an M-valued semimartingales. Then (th)tzo is
a Brownian motion on M if and only on the following conditions hold:

a) The horizontal lift (Uy);»0 is a Aom/2 diffusion process, i.e. for any f €
C*(OM), we have that (Mtf)tzo is a local martingale where for any t > 0

M/ = £0) W = [ o f (s (C14)

b) The stochastic antidevelopment of(th)tZO is a R%-valued Brownian motion
(Bt)e>o-
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In particular the previous proposition provides us with an intrinsic way to sample
the Brownian motion on M with initial condition bgw. First sample (U;);»o solution
of SDE(H" 4 b, Uy) with H*? = {Hi}l?l:1 and () = béw and b"? the Euclidean d-
dimensional Brownian motion. Then, we recover the M-valued Brownian motion
(b)120 upon letting (b;");50 = ((Uy)) 0.

We now consider an extrinsic approach to the sampling of Brownian motions on
M. Using the Nash embedding theorem (Gunther, 1991), there exists p € N such
that without loss of generality we can assume that M C R?. For any x € M, we
denote P(x) : R? — T, M the projection operator. In addition for any x € M, we
denote {P;(x) }le = {P(x) e,-}le, where {ei}lfz1 is the canonical basis of R”. For any
ie{1,...,p}, we smoothly extend P; to R?. In this case, we have the following
proposition (Hsu, 2002, Theorem 3.1.4):

ProrosiTiOoN C.3. For any f € C*(M) we have that Ap(f) = Zle P;(P;(f)).
Hence, we have that (th)tzo solution ofSDE({Pi}le,blip,béw) with béw a M-
valued random variable and b** a RP -valued Brownian motion.

The second part of this proposition, stems from the fact that any solution of
SDE({V;}_,,b", X;), where X, is a M-valued random variable and b'* a R‘-
valued Brownian motion is a diffusion process with generator A such that for
any f € C®(M), A(f) = X, Vi(Vi(f)). The extrinsic approach is particularly
convenient since the SDE appearing in proposition C.3 can be seen as an SDE on
the Euclidean space R?.

We finish this paragraph, by investigating the behaviour of the Brownian motion in
local coordinates. For simplicity, we assume here that we have access to a system
of global coordinates. In the case where the coordinates are strictly local then
we refer to Ikeda and Watanabe (1989, Chapter 5, Theorem 1) for a construction
of a global solution by patching local solutions. We denote {Xi, X ;}1<ijk<d
such that for any u € FM, {Xi(u),X; j(u) }1<ijk<a is a basis of T,FM, Using
properties of the horizontal lift, see (Hsu, 2002, Chapter 2), we get that (U;);»0 =
({Xk, E;J }1<i,jk<a) obtained in proposition C.2 is given in the global coordinates
forany i, j,k € {1,...,d} by

d d d
dXf =Y Efodbf,  dE =->{ ) E{"E[T],(X)}odb!. (C.15)

j=1 n=1 {,m=1

By definition of the Stratonovich integral we have that for any k € {1,...,d}

d
dXf = )" (E;/dbf + Ld[E/, b]1,}. (C.16)

j=1
Let (My);>0 = ({Mf}zzl)tzo such that for any t > 0 and k € {1,...,d} Mf =
Z?:l fot Ef’jdbf. We obtain that dM; = G(Xt)_l/zdbt for some d-dimensional

Brownian motion (b;);»¢, using Lévy’s characterization of Brownian motion. In
addition, we have that for any k, j € {1,...,d}

d t ) )
0

f,m=1
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Hence, using this result and the fact that Z?:l Ef’j E" J = g"™(X,), we get that for
any k € {1,...,d}

d
Xk =1 g (X)TE, (X)dt + (G(X,)™VV?db,)*. (C.18)

{,m=1

Note that this result could also have been obtained using the expression of the
Laplace-Beltrami in local coordinates.

Brownian motion and random walks In the previous paragraph we consider
three SDEs to obtain a Brownian motion on M (stochastic development, isometric
embedding and local coordinates). In this section, we summarize results from
Jorgensen (1975) establishing the limiting behaviour of Geodesic Random Walks
(GRWs) when the step size of the random walk goes to 0. This will be of particular
interest when considering the time-reversal process. We start by defining the
geodesic random walk on M, following Jergensen (1975, Section 2).

Let {vy}xem such that for any x € M, vy : [ (T, M) — [0, 1] with v, (T, M) =1,
ie. for any x € M, v, is a probability measure on T, M. Assume that for any
xeM, fM||U||3dvx(v) < +00. In addition assume that there exists u(! € X(M)
and p® € X(M)deux, where X (M)deux is the section T(M, Uye yL(TxM)),
such that for any x € M, /M odvy(v) = p™V (x) and fM 0 ® vdvy(v) = p® (x). In
addition, we assume that for any x € M, 3(x) = @ (x) — p (x) ® gV (x) is
strictly positive definite and that there exists mL > such that for any x,y € M,
||vx - vy”TV < mLdp(x,y). Where we have that for any v; € P(T,M) and
v, € P(TyM),

||vx - vy”TV = sup{vl [F]1 -TZ(p)avalf] : v € Geoy,y, f € C(TxM)}. (C.19)

Note that if d p((x,y) < ¢ then for some ¢ > 0 we have that fGeox,y| =1.

DEFINITION C.4. Let X, be a M-valued random variable. For anyy > 0, we define
(X))o such thatX(’)/ = Xy and foranyn € Nandt € [0,y], Xpy4t = expy,,. [ty{pn+
(1/¥) (Vi = pin) }]1, where (Vi) nen is a sequence of random variables in such that for
anyn € N, V,, has distribution VX,y conditionally to X, .

For any y > 0, the process (X} )nen = (X}l/),)neN is called a geodesic random walk.
In particular, for any y > 0 we denote (R})),cn the sequence of Markov kernels such
that for any n € N, x € M and A € | (M) we have that SR(A) = P(X} € A), with
Xg = x. The following theorem establishes that the limiting dynamics of a geodesic
random walk is associated with a diffusion process on M whose coefficients only
depends on the properties of v (see Jorgensen, 1975, Theorem 2.1).

THEOREM C.5. Foranyt > 0, f € C(M) and x € M we have that

1im”R;f/ "[f] = Pker,[ f]” —0 (C.20)

y—0 (o]

, where (Pker;);>¢ is the semi-group associated with the infinitesimal generator
A C®(M) — C®(M) given for any f € C°(M) by A(f) = (uV,Vf)m +
&V Im
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In particular if ) = 0 and y® = I then the random walk converges towards
a Brownian motion on M in the sense of the convergence of semi-groups. For
any x € M in local coordinates we have that ®;v, has zero mean and covariance
matrix G(x), where ® is a local chart around x and G(x) = (g;j(x))1<; j<a the
coordinates of the metric in that chart.

Convergence of Brownian motion We finish this section with a few considera-
tions regarding the convergence of the Brownian motion on M. Since we have
assumed that M is compact we have that there exist (®f)xen an orthonormal
basis of —A ¢ in L2(pyef), (Ak)ken such that for any i, j € N, i < j, ; < A; and
Ao = 0,99 =1 and for any k € N, Ay = A4 Dy. Forany t > 0 and x,y € M,
Prio(ylx) = Zken e ! @y (x) Dy (y) where for any f € C* we have

E[76)] = [ piotx ) @)ty (21
M

where (th’x)tZO is the Brownian motion on M with béw * = x and pyf is the
probability measure associated with the Hausdorff measure on M. We also have
the following result (see Urakawa, 2006, Proposition 2.6).

ProrosiTiOoN C.6. For anyt > 0, Pker; admits a density p,o with respect to prer
and prefPKer; = pref, i.6. pref is an invariant measure for (Pker;);>o. In addition, if
there exists C,a > 0 such that for any t € [0, 1], p;o(x]x) < Ct=%/? then for any
po € P(M) and for anyt > 1/2 we have

l|poPker; — prefllpy < C'2eM/2e™M, (C.22)

where A is the first non-negative eigenvalue of —A p( in L?(prer) and we recall that
(Pker;);s is the semi-group of the Brownian motion.

A review on lower bounds on the first positive eigenvalue of the Laplace-Beltrami
operator can be found in (He, 2013). These lower bounds usually depend on the
Ricci curvature of the manifold or its diameter. We conclude this section by noting
that in the non-compact case (Li, 1986) establishes similar estimates in the case of
a manifold with non-negative Ricci curvature and maximal volume growth.

C.3. TIME-REVERSAL FORMULA: EXTENSION TO
RIEMANNIAN MANIFOLDS

In this section, we provide the proof of Theorem 3.6. The proof follows the ar-
guments of Cattiaux et al. (2023, Theorem 4.9). We could have also applied the
abstract results of Cattiaux et al. (2023, Theorem 5.7) to obtain our results. Note
that the time-reversal on manifold could also be obtained by readily extending
arguments from Haussmann and Pardoux (1986), however the entropic conditions
found by Cattiaux et al. (2023) are more natural when it comes to the study of the
Schrédinger Bridge problem. For the interested reader we provide an informal
derivation of the time-reversal formula obtained by Haussmann and Pardoux (1986)
in appendix C.3.1. The proof of Theorem 3.6 is given in appendix C.3.2. Finally,
we emphasize that Garcia-Zelada and Huguet (2021) have developed a Girsanov
theory for stochastic processes defined on compact manifolds with boundary in
order to study the Brenier-Schrédinger problem.
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C.3.1. Informal derivation. In this section, we provide a non-rigorous derivation
of Theorem 3.6 following the approach of Haussmann and Pardoux (1986). Let
(X¢)reqo,r) be a continuous process such that for any f € C*(M) we have that

(M;X’f )tefo,] is a X-martingale where for any ¢t € [0, T]

MY = f(x,) - /0 {(B(X), VFX)) + Apf(X)Yds.  (C23)

Let (Y:)reror] = (Xr-t)refor]- Our goal is to show that for any f € C*(M),
(MtY f )tefo7] is a Y-martingale where for any t € [0, T]

M = f(v) - /0 {(=b(Y,) + Vlog pr—s(Y.), VF(Ye)) + 2Apf (Vo) }ds. (C.24)

Note that here we implicitly assume that for any t € [0, T], X; admits a smooth
positive density with respect to. pr.r denoted p;. In other words, we want to show
that for any g € C2(M) and s,t € [0, T] with t > s we have

Elg(Ys)(f(Yr) — f(¥s))] (C.25)
= [E[Q(Ys)/ {(=b(Y) + Viog pr_u(Y), V(Y)) + A pmf (Yo) }du|.
(C.26)

We introduce the infinitesimal generator A : C?(M) — C(M) given for any
f € C3(M) and x € M by

A (x) = (b(x), V() + 30 mf (x). (C.27)

Similarly, we introduce the infinitesimal generator At : [0, T] x C2(M) — C(M)
given for any f € C>(M), t € [0,T] and x € M by

AL(t, )(x) = (=b(x) + Vlog pr—(x), Vf(x)) + A mf (). (C.28)

With these notations, (C.29) can be written as follows: we want to show that for
any g € C3(M) and s, t € [0,T] with t > s we have

Elg(Yo)(f(Ye) - f(Ys))] = [E[g(Ys)/ At (u, Yu)du}- (C.29)

The rest of this section follows the first part of the proof of Haussmann and Pardoux
(1986, Theorem 2.1). Let t,s € [0, T] with t > s. We have

E[g(Ys)(f(Y:) — f(Y5))] (C.30)
= Elg(X1-s) (f (X7-1) = f(XT-1))] (C.31)
= E[E[g(XT-s) | X1-t]f (X7-1)] = E[9(X7-5) f (XT-5)] (C.32)
= E[o(T - t, X7-0) f (X7-1)] = E[o(T = 5, X7-5) f(X1-5)], (C.33)

witho: [0,T —s] x M — R given for any u € [0,T — s] and x € M by v(u,x) =
E[g(Xr-s) | Xu = x]. We have that v satisfies the backward Kolmogorov equation,
i.e. we have for any u € [0, T — s] and x € M

duo(u, x) = —Av(u, x). (C39)
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Note that it is not trivial to show that v is regular enough to satisfy the backward
Kolmogorov equation. In this informal derivation, we assume that v is regular
enough and will provide a different rigorous proof of the time-reversal formula in
appendix C.3.2. However, note that it is possible to show that v indeed satisfies
the backward Kolmogorov equation by adapting arguments from Haussmann and
Pardoux (1986) to the manifold framework.

Leth: [0,T —s] x M — R given for any u € [0,T —s] and x € M by h(u,x) =
v(u, x) f(x). Using (C.34), we have for any u € [0,T —s] and x € M

auh(u, x) + Ah(u, x) (C.35)
= f(x)o,0(u, x) + f(x)Av(u,x) +o(u, x) Af (x) + (Vf(x), Vo(u,x)) (C.36)
= o(u, x)Af(x) +(Vf(x), Vo(u,x)). (C.37)

In addition, using the divergence theorem (see Lee, 2018, p.51), we have for any
ue[0,T-s]

|E[<Vf(Xu)s VU(u’ Xu))] = //;A<Vf(xu)a Vv(u, xu)Pu (xu)>dpref(xu) (C~38)
. /M o0 (u, )&V (P ¥ ) () dPrec () (C39)
. /M 0ty ) Ay £ () P () dpre () (C.40)

- /M 0, 5)(V £ (), V 1og pu(xu))pu () dprec(v)  (C.A1)

= —Efo(u, Xu) Amf(Xu)] = Elo(u, Xu)(Vf(Xu), Viog pu(Xu))].

(C42)
Therefore, using this result and (C.37) we get that for any u € [0,T — s]
Elouh(u, Xy) + Ah(u, Xy,)] (C.43)
= Efo(u, Xu) {(b(Xu) = Viog pu(Xu), V(X)) - 3Amf (X} (C49)
= —Elo(u, X, ) At(T —u, f)(Xy)]. (C.45)

Combining this result and (C.23) and that for any u € [0,T —s] and x € M,
0(u,x) = E[g(Xr_s) | X, = x] we get

E[o(T = t, X7-1) f(X7-1)] = E[o(T = 5, X7-5) f (X7-5)] (C.46)
=E[A(T —t,X7_¢) — h(T — 5, X7_4)] (C.47)
T-s
= / Elo(u, X,) At(T —u, X,,)]du (C.43)
T—¢
T-s
=E [g(XT_S) AT — u, Xu)du]. (C.49)
T—¢

Using this result, (C.33) and the change of variable u — T — u we obtain

T-s
9(X7—s) At(T — u, Xu)du] (C.50)
Tt

E[g(Ys)(f(Yy) — f(Ys)] =E

= [E[g(YS)‘/tﬂt(u,Yu)du}. (C.51)
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Hence, (C.25) holds and we have proved Theorem 3.6. Again, we emphasize that
in order to make the proof completely rigorous one needs to derive regularity
properties of v.

C.3.2. Proof of Theorem 3.6. In this section, we follow another approach to prove
the time-reversal formula. We are going to use the integration by part formula
of Cattiaux et al. (2023, Theorem 3.17) in a similar spirit as Cattiaux et al. (2023,
Theorem 4.9) in the Euclidean setting. In order to adapt arguments from Cattiaux
et al. (2023) to our Riemannian setting, we use the Nash embedding theorem in
order to embed our processes in a Euclidean space and leverage tools from Girsanov
theory. The rest of the section is organized as follows. First in appendix C.3.2,
we recall basic properties of infinitesimal generators and recall the integration by
part formula of Cattiaux et al. (2023, Theorem 3.17). Then in appendix C.3.2, we
extend some Girsanov theory to compact Riemannian manifolds using the Nash
embedding theorem. We conclude the proof in appendix C.3.2.

Diffusion processes and integration by part formula

In this section, we state a simplified version of Cattiaux et al. (2023, Theorem 3.17)
for Markov continuous path (probability) measure on Polish spaces. Let (X, X) be a
Polish space. We say that P is a path measure if P € P (C([0, T], X)). Let (X¢):e[0,7]
with distribution P. We denote (%7);e[o,r] the filtration such that for any t € [0, T],
Fr = 0(Xs, s € [0,t]). Let (M;);c[0,r] be a Polish-valued stochastic process. We
say that (M;);c[o,r] is a P-local martingale if it is a local martingale with respect to.
the filtration (7;);e[0,7]- A function u : [0,T] X X — R is said to be in the domain
of the extended generator of P if there exists a process (Abpu(t, X{o]))ee[0.T]
such that:

(@) (Abpu(t, X[0,]))tefo,1] is adapted with respect to. (F;);ef0,7]-
(b) [ [ Abpu(t, X{o,)|dt < +o0, P-as.

(c) The process (M;);c[o,r] is a P-local martingale, where for any t € [0, T]

t
M; =u(t, X;) —u(0, Xy) — / Abpu(s, X[1)ds. (C.52)
0

The domain of the extended generator is denoted dom(Abp). We say that (u, v)
with u,0 : [0,T] X X — R is in the domain of the carré du champ if u,v,uv €
dom(Abp). In this case, we define the carré du champ Yp as

Yp(u,0) = Abp(uv) — Abp(u)v — Abp(v)u. (C.53)

Note that if X = M is a Riemannian manifold, C?>(M) C dom(Abp) and for any
u € C2(M) Abp(u) = (Vu,X) + %AMu with X € T(TM) then we have that
C%(M) x C3(M) c dom(Yp) and for any u,0 € C*(M), Tp(u,0) = (Vu, Vo).
Assume that there exists Up € dom(Abp) N Cp(X) such that Up is an algebra.
We denote Up; such that

Up,y = {u € Up : Abpu € LA(P), Yp(u,u) € Ll([P’)}. (C54)
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Finally we denote R(IP) the time-reverse path measure, i.e. forany A € | (C([0, T], X))
we have R(P)(A) = P(R(A)), where R(A) = {t — wr_; : @ € A}. In what fol-
lows, we assume P is Markov. It is well-known, see (Léonard et al., 2014, The-
orem 1.2) for instance, that in this case R([P) is also Markov. In addition, since
P is Markov, for any u € dom(Abp) and t € [0,T] there exists Ap such that
Abpu(t, X)) = Apu(t, X;) with Apu : [0,T] x X — R. Similarly, we define
Yp(u,0) : [0,T] XX — R from Yp(u,0).

We are now ready to state the integration by part formula, (Cattiaux et al., 2023,
Theorem 3.17).

THEOREM C.7. Letu,v € Up,. The following hold:
(a) Ifu € dom(Ag(p)) and Arpyu € L'(P) then for almost anyt € [0,T]

E[{Apu(t, X;) + Areyu(T — t, X;) }o(X;) + Yp(u,u) (£, X;) | = 0. (C.55)

(b) If the following hold:
i) Yp(u,0) € C([0,T] X X, R).
ii) Uz p determines the weak convergence of Borel measures.

iii) u defines a finite measure on [0, T] x X where for any w € Uy p we have

T
o] = [E[‘/0 Yp(u, wy)(t, X;)dt |, (C.56)

where Uyp = {w e C([0, T] X X,R) : w(t,:) € Uyp foranyt € [0, T]}.
Thenu € dom(Ag(p)) and Agpyu € L' (P).

Note that this theorem is a simplified version of Cattiaux et al. (2023, Theorem 3.17)
where we restrict ourselves to the case of Markov path measures. In what follows,
we wish to apply Theorem C.7 to diffusion processes on manifolds. To do so, we will
verify that under a finite entropy assumption, the conditions u € dom(Ag(p)) and
Arpyu € L'(P) are fulfilled for a class of regular functions u. These integrability
results are obtained using Girsanov theory.

Girsanov theory on compact Riemannian manifolds

In this section, we will consider two types of martingale problems: one on Euclidean
spaces and one on the compact Riemannian manifold M. Let P € P(C([0, T], R?)).
We say that P satisfies the (Euclidean) martingale problem with infinitesimal
generator A : [0,T] x C*(R?) x R? — R if for any u € C2(RP), (M)e[o1] is a
P-martingale where for any ¢ € [0, T] we have

M, =M, + /t A(t,u)(X;)ds, (C.57)
0

where (X;);eo7] has distribution P and /OT|3I(t, u)(X,)dt| < +oo, P-a.s. Let
P e P(C([0,T], M)). We say that P satisfies the (Riemannian) martingale problem
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with infinitesimal generator At : [0, T] x C3(M) x M — R if for any u € C2 (M),
(M;)sefo,] is a P-martingale where for any ¢ € [0, T] we have

M, = My + / tﬂt(t, u)(X,)ds, (C.58)
0

where (X;);c[o,r] has distribution P’ and fOT|ﬂt(t, u)(X;)dt] < +oo, P-a.s. We now
prove the following theorem.

ProrosiTION C.8. Let Q be the path measure of a Brownian motion on M. Let P
be a Markov path measure on C([0, T], M) such that KL(P | Q) < +co. Then there
exists § such that for anyt € [0,T] and x € M, B(t,x) € Ty M and we have that
P satisfies the martingale problem with infinitesimal generator A where for any
t € [0,T],u € C*(M) and x € M we have

A(t,u)(x) = (B(t,x), Vu(x)) + %AMu(x). (C.59)

In addition, we have that

T
KL(P | Q) = KL(Py | Qo) + 1 /0 E[I1B( X)), (C.60)

where (X;):eqo,1] has distribution P.

Proof. First, we extend (th)teloj | to R? using the Nash embedding theorem (see
Gunther, 1991). (th[)te[O,T] can be seen as a process on R? (for some p € N) which
satisfies in a weak sense

p
dpM = Z P;(bM) o dbi = P(b™) o db,, (C.61)
i=1

where (b;)se[o] is a p-dimensional Brownian motion and P € C%(R?, RP*?)
is such that for any x € M, P(x) is the projection onto TxM and for any i €
{1,...,p}, P; € C*(RP,R?) with P; = Pe; where {e; }';.):1 is the canonical basis of
R?. We refer to Appendix C.2.1 for more details on the projection operator and
its extension to R?. Using the link between Stratonovich and It6 integral, there
exists b € C*(R?, RP) such that (th)te[o,T] can be seen as a process on R? which

satisfies in a weak sense
dbM = b(bM)dt + P(b)db,, (C.62)

where b is given in (C.10) and satisfies Ph(x) = 0 for any x € M, see the remark
following (C.10). For any u, v € C2(M), we consider i, 3 extensions to C2(R?) and
we have for any s,t € [0, T]

[E[z‘z(bsM) / t%AMu(b,jw)du} (C.63)
=[E[a(bsM) / t{<va(b£‘>,5(b£‘>>+%<P<b%,v2a(b%>}dw . (C64)

In particular, we get that for any x € M, A pqu(x) = 2(Vi(x), b(x))+(P(x), V?i(x)).
Note that (b[/w)te[o,T] (seen as a process on RP) satisfies the condition (U) in
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Léonard (2012), i.e. uniqueness of the trajectories given an initial condition. There-
fore applying (Léonard, 2012, Theorem 2.1), (Cattiaux et al., 2023, Claim 4.5), there
exists f: [0, T] X R? — R? such that

T
KL(P | @) = KL(P, | @0)+§/0 E[”P(Xt)ﬁ_(t,Xt)Hz]dt. (C.65)

In addition, P (seen as a process on R?) satisfies a martingale problem with in-
finitesimal generator Ab : [0, T] x C2(R?) x R? — R such that for any ¢ € [0,T],
i € C5(RP) and x € R?

Ab(t,4)(x) = (b(x) + P(x)B(t, x), Vir(x)) + %(P(x), VZa(x)). (C.66)

Let § : [0,T] X M such that for any t € [0,T] and x € M we have f(t,x) =
P(x)B(t,x). In particular, we have that for any x € M, B(t,x) € TyM. Let
u € C2(M) and consider an extension @ to C2(R”). For any ¢ € [0,T] and x € M
we have

Ab(t, 1) (x) = (b(x) + P(x)B(t, x), Vir(x)) + %(P(x), VZi(x)) (C.67)
= (B(t,x), Via(x)) + %AMu(x) (C.68)
= (B(t,x), Vu(x)) + %AMu(x). (C.69)

In particular, we have that P (seen as a process on M) satisfies a martingale problem
with infinitesimal generator A : [0,T] x C%(M) x M — R such that for any
t€[0,T],u € C*(RP)and x € M

At a)(x) = (B(t,x), Vu(x)) + %AMu(x). (C.70)

In addition, rewriting (C.65) we have

T
KL(P | @) =KL(Py | Qo) + 3 / E[IIB(t, X,)II?]dt, (C.71)
0
which concludes the proof. ]

We also derive the following useful lemma, which will be used in the proof of
convergence of RSGM.

COROLLARY C.9. Assume Assumption 3.12. Let P!,P?> be a Markov path mea-
sure on C([0,T], M) with P} = P2. In addition, assume that there exist by, b, €
C*([0,T], X(M)) such that (X})re[o1] and (X?)reqor] are associated to P' and P*
respectively and satisfy weakly dX! = by (t, X!)dt + db; fori € {1,2}. Then, we have
that

T
KL([P’1|[P>2):%/ [E[||b1(t,xg)—bz(t,x})”z]dt. (C.72)
0

Proof. Upon, using the Nash embedding theorem (see Gunther, 1991), we can
assume that M is a sub-manifold of R? with p € N such that the Riemannian
metric on M is induced by the Euclidean metric on R?. Since M is compact, there
exists R > 0 such that M c B(0,R). Let ¢ € C*(RP?,[0,1]) such that for any
x € B(0,R), ¢(x) = 1 and for any x € R? with ||x|| > R+ 1, ¢(x) = 0. Consider

265



266 C SCORE-BASED MODELLING ON RIEMANNIAN MANIFOLDS

b1, by € C%([0, T] X R?,R?) such that for any ¢ € [0, T] and x € M, b;(x) = b;(x)
with i € {1,2}. Consider (X!);c[o1] such that for any i € {1,2}

dX} = o(XD{P(XD' (1, X;) + b(X,)}dt + (X)P(Xp)db,  (C.73)

where b € C*(R?, RP) is defined in the proof of Proposition C.8. Let X} ~ P} for
any i € {1, 2} then for any i € {1, 2}, (X[);e[o,7] (seen as a process on M) is such
that L((X})te[or]) = P'. Indeed, denote {AbL};c[o1] the generator of (X})se[o1]
for any i € {1,2}. Let f € C*(M,R) and f € C*(R?,R) an extension to R”. We
have that for any i € {1,2},x € M andt € [0,T]

Ab(f)(x) = (' () + b(x), V(%)) + 3(P(x), V2f(x)) (C.74)
= (bi(t,x),Vf(x)>+%AMf(x). (C.75)

Hence, for any i € {1, 2}, (X});e[o1] (seen as a process on M) and (X});c[or] have
the same infinitesimal generators. Hence, £((X!);c[o7]) = P’ for any i € {1,2}.
For any i € {1,2}, denote P* = L((X});e[o,r]) (seen as a process on R?). Note
that since for any x € R? with ||x]| > R+ 1, ¢(x) = 0 we have that (Liptser and
Shiryaev, 2001, Equation (7.137)) is satisfied. In addition, since for any x € R? with
llx]l = R+1, (x)+]|Ve(x)|| = 0, we have that (Liptser and Shiryaev, 2001, Equation
(4.110), Equation (4.111)) are satisfied. In addition, letting for any ¢t € [0, T] and
x € RP, a(t,x) = bl (t,x) —b?(t, x) = P(x)(b'(t, x) — b*(t, x)), we have that for any
t € [0,T], P(x)a(t,x) = P(x)(b'(t,x) — b?(t, x)). Therefore, we can apply (Liptser
and Shiryaev, 2001, Section 7.6.4) and using that P(x)b(x) = 0 for any x € M (see
the proof of Proposition C.8), we have that

T
(dP!/dP*) (X} )refor)) = exp [/ (b'(t, X;) - b*(t, X;),P(X;)dX;) (C.76)
0

T
1 / (BH (1, XY — B2, X1), P(XH) (B (1, X2) + B (1, X1)))dt]
0

(C.77)
T
—exp [ (B(6XD - (e XD PO (X)) + B e
' (C.78)
T
¥ / (B (5, XY) — B(t, K1), P(X))db,) (79
0
T
- [ @R - XD PR (1. XD + B X))
" (C.80)
T T
= expl} / 164 X2 — B2t Xt + / (B (1, X)) - (1, 1), P(X))dby)].
0 0
(C.81)
Therefore, we have that
T
KL(P' | P?) = %/ [E[||El(t,X}) —Ez(t,X})Hz]dt. (C.82)
0

Hence, we get

T
KL(P' | P?) = %/ [E[”bl(t,th) —bz(t,xg)||2]dt. (C.83)
0
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which concludes the proof. ]
Once Proposition C.8 is established, we can obtain the following straightforward
extension of Cattiaux et al. (2023, Proposition 4.6).

ProrosiTion C.10. Assume Assumption 3.12. Let Q be a Brownian motion with
Qo = pr and P a path measure on C([0,T], M) such that KL(P | Q) < +oo.
Then, there exist fp, frepy : [0, T] X M — such that for any t € [0,T] and
x € M, Bp(t,x), Prep) (t, x) € Tx M. In addition, we have that P and R(P) satisfy
martingale problems with infinitesimal generator Ap, respectively Ag(p) where for
anyt € [0,T],u € C2(M) and x € M we have

Ap(t,u)(x) = (fp(t,x), Vu(x)) + 3 A pu(x), (C.84)
Areey (t,u) (x) = (Brep) (2, %), Vu(x)) + 3A pu(x). (C.85)

Finally, we have that
T T )
/ [E[||ﬁp(t,Xt)||2]dt+/ E|[1Brce (8 Xr-0)| | at < +e0, (C.86)
0 0

where (X;):eq0,1] has distribution P.

Proof. The proof is straightforward upon combining proposition C.8 and the fact
that KL(P | Q) = KL(R(P) | R(Q)) = KL(R(P) | Q) < +oo, using that Q is sta-
tionary. [ |

We conclude this section, with the following application of Theorem C.7.

ProrosiTioN C.11. For anyu,v € C;° (M), we have that for almost any t € [0,T]

E[o(X:)({(Br(t, Xe) + Brpy (T — £, X2), Vu(Xy)) + Apu(Xy)) + (Vu(X;), Vo(X,))] = 0.

(C.87)

Proof. Remark that C2(M) c dom(Yp) and C2(M) C dom(Yg(p)). In addition,
we have that for any u,0 € CZ(M), Yp(u,v) = Yrp)(4,0) = (u,v). Note that by
Proposition C.10 and Theorem C.7 we have that for any u,o € CZ°(M), (C.87)
holds. [

Concluding the proof

Using proposition C.11 we can now conclude the proof of Theorem 3.6. First,
remark that we can identify fp = b. Let u,0 € C* (M), we have that

E[o(X0)(b(Xy) + Prpy (T — £, Xp), Vu(Xp)) + Apqu(X)o(Xy) + (Vu(Xy), Vo(X,))] = 0.

(C.88)
Using that for any t € [0, T], P; admits a smooth positive density with respect to.
Pref denoted p; and the divergence theorem, see (Lee, 2018, p.51), we have that for
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any t € [0,T],
/M {(Bree) (T — £,2), Vau(x)) + (b(x), Vaa(x)) o (x)pe () dpet () (C.89)
. / (Vu(x)pe (x), Vo () dpre(x) — / At ()0 () e (x) dpe ()
M M
(C.90)
= ./M<V log ps(x), Vu(x)o(x) pr(x)dpres(x). (C.91)

Therefore, we get that for any ¢t € [0,T] and x € M, (frp)(T — t,x), Vu(x)) =
(=b(x) + Vlog p;(x), Vu(x)), which concludes the proof.

C.4. CONVERGENCE OF RSGM

In this section, we study the convergence of RSGM and prove Theorem 3.13. We
state our main results in Appendix C.4.1 and give discretization bounds following
the recent work of Cheng et al. (2022) in sec:discr-bounds-grw.

C.4.1. Main results. In this section, we prove Theorem 3.13. We start by recalling
the sequence considered in RSGM. Let (Yi)ke(o,...N} be given by Yy ~ prer and for
any k € {0,...,N — 1}

Yirr = expy, [yso« (T = ny, Yi) + V2Zp1], (C.92)

where {Zi})nen is a sequence of independent square integrable random variables
with zero mean and identity covariance matrix. For ease of reading, we restate
Theorem 3.13.

THEOREM C.12. Assume Assumption 3.12, that py is smooth and positive and that there
exists Mtt > 0 such that for any t € [0,T] and x € M, ||sg=(t,x) — Vlog p;(x)|| <
Mtt, with sgx € C([0,T],X(M)). Then if T > 1/2, there exists C > 0 independent
on T such that

Wi (L(Yn), po) = Cle™MT +[T/2M+eTy1/?), (C.93)

where W1 is the Wasserstein distance of order one on the probability measures on M.

Proof. For any k € {1,..., N}, denote R such that for any x € R, A € [ (R?) and
ke {0,...,N -1} we have

E[Rps1 (Y, A)] = E[1a(Yis1)]. (C.94)

Define for any ko, k; € {1,..., N} with ky > ko Ok, = ]_[’;iko Rk, +k,—¢- Finally, for
ease of notation, we also define for any k € {1,..., N}, Qr = Qk+1.N. Note that
for any k € {1,..., N}, Y; has distribution 7. Q, where 7., € P (M) with density
with respect to. the Hausdorff measure p.¢. Let P € $(C) be the probability
measure associated with (b;);c[o,r] With by ~ m, where 7y € P (M) admits a
density with respect to. the Hausdorff measure given by po. We denote (i/t)te[o,T]
the process defined by the diffusion dY; = sg« (T — t,Y;)dt + db; and Yy ~ 7. We
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also denote PR € P(C) the probability measure associated with (Y;) tefo,1]- First
note that using that Py = 7y we have for any A € [ (M)

P10 (PX)110(A) = Pr(PR)10(A) = (PR)o(PF)710(A) = (PF)7(A) = mo(A).
(C.95)
Hence we have that
70 = P10 (PX)1)0- (C.96)

Let ¢ € C(M) with is 1-Lipschitz, i.e. for any x,y € M, |p(x) — ¢(y)| < d(x,y).
Since M is compact, we have that ¢ is bounded. Using this result, (C.96), the data
processing theorem (Kullback, 1997, Theorem 4.1) and Pinsker’s inequality (Bakry
et al., 2014, Equation 5.2.2) we have

‘[E[qo(YN)] - /M ¢(x)po(x)dpa(x) (C.97)
< [Elp(bo)] - Elp(YD)]| + [E[0(¥7)] - E[e(YDI||E[0(¥7)] - E[o(¥a)]|
(C.98)
< el = 70 (PR)1i0]|py + [E[0 (Y1) | = E[@(YD)]| + [E[@(Y1) ] - E[o(Ya)]|
(C.99)
< ||<P||oo||7fo|]j’T|o(PR)T|o - ﬂoo(”j’R)ﬂo”Tv (C.100)
+|E[e(¥D)] - E[p(¥D)]| + |E[e(¥1)] - E[0(¥n)]| (C.101)
< llollo|lmPrio = oollpy + [E[0(¥)] = Elo(YD)]] + |E[@(¥1)] - Elp(Ya)]]
(C.102)
< lolleoll7oPrio = oy + V2l KLY oo P oo P + [E [0 (Y1) ] = El0(Yn)]]-
(C.103)

We now control each one of these terms. The first term can be easily controlled
using the geometric ergodicity of the Brownian motion on compact manifolds.
The second term can be controlled using the Girsanov theory on isometrically
embedded manifolds. For the last term, we rely on the convergence of the GRW to
its associated diffusion as presented in Appendix C.4.2. We now control each one
of these terms.

(a) Using Proposition C.6, we have that ||71'0|PT|0 - ”‘X’”Tv < CM2eM/2e=MT where
A1 is the first positive eigenvalue of —A 5 in L?(7s). Therefore, we get that

lellallmoPrio = ooy < CV2M 2ol e ™7 (C.104)

(b) Recall that we have that Pﬁ) is associated with the process dY; = Vlog pr_;(Y;)dt+

dth and that uiﬂf) is associated with the process d¥; = sg« (T -1, Yt)dt+dth. Using
Corollary C.9 we have that

T
KL(nmPfg | mx,lF’lo) = %/ E[llsex (T — ,Y) — Vlog pr_.(Y:)|I?] < M?T.
0
(C.105)

(c) Let us define {Yk}szo such that for any k € {0,..., N}, ¥¥ = ¥; = Y; and for
any t € [0, ky] we have that Y? = Y;. For any t € [ky, T], we have that Y} = Y, ,
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where Yy, = Yk), and for any j € {k,...,N— 1} and t € [0,y]
Yiysek = expy,  [tse=(T = jy, Yy i) + VEE} Z)], (C.106)

where {Z j}ﬁ.‘[: ! are independent Gaussian random variables with identity co-
variance matrix and zero mean and Ef is a frame of Ty;,, M such that for any
. Y' + —_ . .

je{k+1,...,N -1}, Ef“ = I“Yj’:: 1E§? and {E?}j.‘]:ol is such thatAfor any j €
{0,...,N — 1}, E? is a frame of Ty, M. One [0,ky], we define (Ytk)tE[O,ky] as
follows. For any k € {0,...,N — 1}, we set (Ytk+1)t€[0,ky] = (Ytk)te[o,ky]~ For

any k € {0,...,N — 1}, we set (Y;)xy,(k+1)y as in Proposition C.17 (taking the

notations of Proposition C.17, Xf = Y(kkﬂ)}/ and X, = Ylfy). Note that we have

{Yﬁ,o}ﬁo = {YJN};\]:() and {Y; n}re(o.1] = {Yi}re[or]- Therefore, we have that
lo(Y7) = 9(Yn)| = [0(¥D) — o (V1)) (C.107)
N-1 N-1
< 3 |0 () - oV < Vol Y dOE V). (C.a08)
k=0 k=0

In addition, using Proposition C.17 and Proposition C.18, we have that there exists
C > 0 such that for any k € {0,...,N — 1}

E[d(Yer, Yerr)| < Cexp[(N —k)yly**. (C.109)
Therefore, we get that there exists C > 0 such that

[E[0(Yr)] - E[@(Ya)]| < Cexp[T]y"2, (C.110)

Therefore, we get that there exists C > 0 such that for any ¢ € C(M) which is
1-Lipschitz, we have

E[p(Yn)] - /M 0 () po(X)dprer(x) < C(e"?|lgll e T + VT /2[lplI M+ T y'/2).
(C.111)

Let xo € M. Let Lip(M) the set of Lipschitz functions on M with Lipschitz
constant equal to 1. Let Lip(M), the set of Lipschitz functions on M with Lipschitz
constant equal to 1 and such that for any ¢ € Lip(M)y, ¢(x0) = 0. Note that in
this case, we have that ||¢||,, < diam(M). Using (C.111), we have

Wi (L(Yn), po) = sup{E[fp(YN)] - /Mw(x)po(X)dpref(X) VRS Lip(M)}
(C.112)

= SUP{E[GD(YN)] - /pr(X)Po(x)dPref(X) S LiP(M)o}
(C.113)
< c(eM?diam(M)e MT + \/T_/Zdiam(M)M + eTyl/Z), (C.114)

which concludes the proof. [ ]
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We now state a result regarding the continuous-time process (i.e. we now longer
consider discretization errors). We recall that we denote (Y;);e[o] the process
defined by the diffusion dY; = sg» (T — t,Y;)dt + db; and Yy ~ 7.

THEOREM C.13. Assume Assumption 3.12, that py is smooth and positive and that there
exists Mtt > 0 such that for any t € [0,T] and x € M, ||sg=(t,x) — Vlog p;(x)|| <
Mtt, with sgx € C([0,T],X(M)). Then if T > 1/2, there exists C > 0 independent
on T such that

|£(¥r) = pollry = Ce™T +yT/2M). (C.115)

Proof. The proof is identical to the one of Theorem C.12, except that we do not
have to deal with the discretization error. We use that for any p, v € (M)

I = vllpy = sup{plf] = vIf] : feCM)IIfll, <1} (C.116)

The result of Theorem C.13 should be compared with the one of (Rozen et al., 2021,
Theorem 3). With our result we control a L! bound between the density of Y7 and
the one of py. In (Rozen et al., 2021, Theorem 3) a L™ bound between the densities
is recovered. It can be shown that pr = L(Y7). Let k be the modulus of continuity
of pr — po, i.e. forany € > 0

k(e) = sup{|pr(x) = po(x) = pr(y) +po(y)| : x,y € M, d(x,y) < e} (C.117)

Let xo € M such that

|p1(x0) — po(x0)| = M = sup{|pr(x) — po(x)| : x € M}. (C.118)

For any x € B(xo,x(M/2)), we have |pr(x) — po(x)| > M/2. Hence, denoting
Vol,. = fB(xO,K(M/z)) dpref(x) > 0, we have

(2/Voly) /Mlﬁr(x) = Po()|dprer(x) = lIpT = polleo- (C.119)
Hence, there exists C > 0 such that for any T > 1/2

51 = polle < C(e™ T ++/T/2M). (C.120)

Therefore, we recover the same guarantees as Theorem C.13 (note that M is not
explicitly controlled using network properties in our work, but we could use
universal approximation properties as in Rozen et al. (2021) in order to obtain a
similar result).

C.4.2. Discretization bounds for GRW. In this section, we establish discretization
bounds for GRW. Our results are a straightforward extension of Cheng et al. (2022)
to the case where the drift term in the GRW is time-inhomogeneous.

Since M is compact, we have that for any x;, x, € M, there exists a minimizing
geodesic such that y € C*([0,1], M) and y(0) = x; and y(1) = x,. When this
choice is not unique we fix a minimizing geodesic. We denote Iy : Tyy M — Ty, M
the associated parallel transport. Let b € C* ([0, T], X(M)).
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We start by introducing a family of GRWs defined on progressively finer grids. Let
Yy > 0,X, € M, Ey € Fx, M (the vector space of frames at X) and consider the fam-
ilies {E[ s kefo,...,2f), te N} {X" : keA{o,... 2[} te N} suchthatXO =
Xo, X)) = epro[yb(O XJ) + \y(bi — by)E)] and EY = 1E0 (note that Ef, is not
used in the proof but defined for completeness). In add1t10n we have that for any
¢ e Nwith ¢ > 1, X{ = Xo, E{ = Ep and for any k € {0,...,271 — 1}

Xpper1 = eXpyt, [yeb(2kye, X3) + Egi (Baksnyy, = baky,)], (C.121)
E,. =T ZkHEgk, (C.122)
X2k+2 = eXpr [}/gb((Zk + 1)}/(, 2k+1) + E§k+1 (b(2k+2)y[ - b(2k+1)YF)]’ (C123)

Egpyy = FX«?'?ZE;’;J : (C.124)

where y, = y/2. For any ¢ € N, we also define (X});c[0y] such that for any
teN, k €{0,...,2" — 1}, we have for any t € [ky,, (k+1)y,) , X! = expxé[(t -
kyg)b(kyg,X,f) + E]‘;(bt — by,,)]. Note that for any £ € N and k € {0,.. L2t =1},
Xt =X

We are going to use the following useful lemma, see (Cheng et al., 2022, Lemma
62).

LEmmaA C.14. Assume Assumption 3.12. Then, there exists C > 0 such that for any
xy € M,y : [0,1] = M minimizing geodesic with y(0) = x, y(1) = y and
ueT,M,0e T,y M wehave

d(expy[v],expx[ u])? < (1+Cx?* exp[4x])d(x, y)*+C exp[4K]

|| +2(y’ (0), Tjo-u),
(C.125)
with k = ||ul| + ||o||.

We are now ready to state the main result of this section.

ProrosiTioN C.15. Assume Assumption 3.12. Then, there exists C > 0 such that for
anyt € N

[E[ sup d(X!, X2 < ¢y, (C.126)

te[0y]

Proof. Let £ € N, k € {0,...,2! =1} and t € [ky,, (k+1)y,]. We define Ulz =
d(XL XN U = sup{U]é ot € [ky, (kK+ 1))/[]} and U_; = 0. We also introduce
for any j € {0,...,2" — 1} and for ¢ € [ky, (2k + D)yp1), X/ = X5 and for

t € [(2k + 1)yes1, (K +1)ye)
Xt = EXPx i [)’f+1b(2te+1,X§;1) (C.127)
+(t = 2k + 1) yp1)b((2j + 1)yg+1,X£;T1) + (b; — bm,)E“l]. (C.128)

Using this result and that for any a,b > 0, (a +b)? < (1+279)a? + (1 + 2°)b?, we
have that for any ¢ € [ky,, (k + 1)y,]

UL, < (1+279d(X5 X% + (1+29d (XM, X2 (C.129)
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Note that for t € [kys, (2k + 1)yp41], the second term in (C.129) is zero. We now
bound each one of these terms:

(a) First, we assume that t € [(k + 1)y, (2k + 1)yp41]. Recall that

X{™ = expyen [Venb(kye X! (C.130)
(= 2k + Dyer)b((2K + Dyeen, XD + (b — by )ES], (C131)
X{ = expue [(t = kye)b(kye, X) + (b = biy, )L, (C.132)
Hence, using Lemma C.14, we have that
d(X, X)) < (1+Cxf explari ] (XL, X'’ (C.133)
X! 2 X!
+ Cexp|4ky] I“nglvk —ur|| +2(w’(0), FXZ;::lUk —ug), (C.134)

with w : [0,1] — M a minimizing geodesic between Xli and Xzfljl

ke = llukell + llokll, (C.135)
u, = (t — kye)b(kye, X{), (C.136)
O = Yertb(2kyrn, Xp8 ') + (¢ = (2k + Dye)b((2k + Dy, X501, (C.137)
ui = (b — byy,)EL, o2 = (br — bry, ) EL, (C.138)
U = u,l< + u,zc, v = v}c + vi. (C.139)
X} Xt
In particular, since El‘; = rxgleng using (C.124), we have that u,zC = I“ij,zl UIZC. There-

fore, combining this result and that t — (2k + 1)yp1 + Y41 = t — kY, We get that

Xt xt
anlv,i —u|| < vest||b(kye, X[) - I“nglb(kyg, X (C.140)
2 2
X{’
+ Yer||b(kye, Xg) = T £, b((2k + Dy, X3! (C.141)
2k
X{’
< ye|[bkye, X}) — Ty fb(kye, XoH|| + mLay; (C.142)
2k
< mLyyed(Xp, X57) + mLoy; . (C.143)

Therefore, we get that ||ux — vg|| < mLyy,d(X, Xg;l) + mLzyf. In addition, we have
that [|w’(0)[| < d(X],X};") since w is a minimizing geodesic. Combining these
results and (C.133) we get that

d(X{, X[)? < (1+ Cx} expl4re])d(Xp, Xo ) (C.144)
+ Cexp[4ri] (MLyyed (X[, X5 + mLoy} ) (C.145)

+ 2(mLyyed (X[, X5 + mLayf)d (X X5 (C.146)

< (1+ Cx} exp[4xi] + 2C exp[4xi ImLEy7)d (X, X5 ') (C.147)

+ 2(mLyyed (X[, X5 + mLoyf)d(X Xo ) + 2mLy; (C.148)

<(1+ Clci exp[4ki] + 2C exp[4Kk]mLfyf +2mLyy, + 4mLyy,)d (XE, X;Zl 24 8mL2y?,

(C.149)
Hence, there exists C; > 0 (not dependent on k or ¢) such that

(14275 d(X;™, X7)? < (14C1{x} exp[4ki]+y; exp[dxi]+27 (X}, X5 1) *+Ciy; -
(C.150)
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Next, we assume that t € [kyy, (2k + 1)y,41]. Recall that

X{* = expyen [(t = kyo)b(kye, Xi") + (b = by, )ELE], (C.151)
X{ = expye[(t = kyo)b(kye, X{) + (b; — bry,)EL]. (C.152)

Hence, using Lemma C.14, we have that

d(X, X)? < (1+Cxcf explare])d (X, Xp0h)? (C.153)
Xi i ooy %

+ Cexplaki|||T K ok — url| +2(wW'(0),T_K 0k —ug), (C.154)
Xk Xok

with w : [0,1] — M a minimizing geodesic between X; and X!

Kie = |luell + lloxll, (C.155)
u,l< = (¢t — kyr)b(kye, X,ﬁ), (C.156)
vp = (t = kyo)b(kye. X3"), (C.157)
ui = (b; — bkﬂ)E[, vi = (b; — bkﬂ)Egzl, (C.158)
up = u}c + u,zc, Vg = U,lc + Z)]ZC. (C.159)
t
In particular, since E]i = l";{(fﬂEgzl using (C.124) and t — (2k + 1) yps1 + Yer1 = t — ke,
2k
t
we have that u]i = Fj((fﬂv,zc. Therefore, we get that
2k
% 0! —ull| < yera||bCkye X0 = T, b(kye, X541 C.160
X;]:1Uk Upll = Y+ (kye, k) Xt (kyes ok (C.160)
X[
< yo||b(kye. X}) - szj‘zlb(ky[, XaH|| +mLzy? (C.161)
< mLyyed (Xg, X5 ). (C.162)

Therefore, we get that ||ux — vg|| < mLyy,d(X, Xzle). In addition, we have that
lw’ (0)] < d(Xf,Xé’;l) since w is a minimizing geodesic. Combining these results
and (C.153) we get that

d(X{H, X[)? < (1+Cxf explari])d(XL, X ')? (C.163)
+ Cexpl4rImLiy;d(Xp, X1 ') (C.164)
+2mLyy,d (Xp, X d (X, X5 (C.165)
<(1+ CK,2< exp[4ky] +2C exp 4Ky mLiy?)d (X, ngl 2 (C.166)
+2mLyy,d(X;, X5 )% + 2mL3y; (C.167)

<(1+ Cl<,2c exp 4Ky ] + 2C exp[4xg mL2y? + 2mL1y[)d(X{7,X§;1 2,
(C.1638)

Hence, there exists C; > 0 (not dependent on k or ¢) such that for any t €
[kye. (k + 1)yl

(14275 d(X;, X0)? < (14C1{x} exp[4ki]+y; exp[dxi]+27 (X}, X&) +Ciy; -
(C.169)
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(b) We recall that if t € [ky, (2k + 1)yp+1] the second term in (C.129) is zero.

Therefore in what follows, we assume t € [(2k + 1)yp41, (k + 1)y,]. We introduce

X{* = expyen [(t— (2K + 1>yf+1>rxzfrlb<<zk + 1yess, Xp7! (C.170)
(bt = b(2k+1)ye ) Esiry]- (C.171)
In what follows, we provide an upper-bound for d(X!*!, X/*!). First, we have that
d(XP XYY < d(XP XY 4 d(X X, (C.172)
We recall that

X = eXpy [Yer1b(2kyes, X, +1 (C.173)
+ (t = (2k + Dyea)b((2k + Dyerr, X5 + (be = bry ) '], (C.174)

Denote ag, by such that
ar = b(2kyess, X" + (Biaks)yen, = bry ) Egy (C.175)
bi = (¢ = (2k + D)yes)b((2k + Dyer, X5p) + (br = bagan)yn ) Egp' . (C.176)

Using (C.124), (C.171) and (C.174) we have that

t’+1

XH = = expxen lak]. X = expy e [P 2keip ], X = eXpy e [ar + bi].

2k+1 x£H
(C.177)

Using this result and (Sun et al., 2019, Lemma 3), there exists C; > 0 (not dependent
on k or £) such that

d(X{L X < Colllagll + 1Bkl (C.178)

Using this result and that for any t € [0,y] and x € M, ||b(t,x)|| < mK we get that
there exists C;3 > 0 (not dependent on k or ¢) such that

2 = 6 6
d(XH XE)? < Calyfay + [br = Beakstyyen || + [Pksnyye = Biksyy ). (€179)

Finally, we recall that

Xit = expyen [(t— (2K + 1)n+1)rxﬁfrlb((2k + 1)1, Xop! (C.180)
+ (b; - b(2k+1)YI+1)EZk+1]’ (C.181)
Xt = eXpyri. [(t = (2k + 1) yp1)b((2k + 1)W+1’X2[l:1) + (b; — b(2k+1)yf+1)E§Z‘1¥1]'
(C.182)

Let us define

i = |lekll + lldkll, (C.183)
Ck = c,l< + 012{, dy = d1 + di, (C.184)
c,l< =(t— 2k + 1Dyp1)b((2k + 1)y[+1,X§,:i1) (C.185)
dy = (t— (2k+ 1)yf+1)rxff;1b((zk + 1)y X5, (C.186)

ci = dy = (b = Biaks1)ynt) Egpyy - (C.187)
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Using Lemma C.14, we get that

d(X{, X < Cexplandller — dill® < CmLy?,, expl[andd(Xait, X%

2k+1°
(C.188)
In addition, using Lemma C.14, we get that
d(XG0 Xt H? < expl4llex]llell (C.189)

with e, = )’[+1b(k}’t’a ngl) + (b(zk+1)yp+1 - bkyf)Egzl‘

(C.188), we get that

Combining this result and

. 2
d(X{ X < Coyfu (Ve + Beaken)yen = Biyl|) expldre + llexll].  (C.190)
Combining (C.179) and (C.190), there exists Cs such that

S 2
d(X{ X2 < Csyf (Y + [Beaksnyyen = biy||) expléze + llell] - (C.191)

® + Beksnyye = sy ).

+ CS(Y?H + “bt - b(2k+1)Y€+1

(C.192)
In what follows, we denote
— +\2 2 + -
ar = C1{(x;)" exp[4xy] +y; exp[4x; ] +27}. (C.193)
2
B = €y + Co(1+ 297y (s + [Beakensyen = B[ expldey + leell] (C.199)
6
+Cs(1+2°) (y8,, + sup  {|Br = bzkryyen|| (C.195)
tefkye,(k+1)ye]
6
Hbrryye = Brsnyel): (C.19)

with 77 = sup{l[ck|l + lldkll : t € [kys, (k+1)ye]}, see (C.187). Therefore, using
(C.129), (C.169) and (C.192), we get that for any k € {0,...,2 — 1}

U1 < (1 + ap)Ug + Pr. (C.197)
Let {Rk}lzci_1 such that R_; = 0 and for any k € {0,...,2f — 1}

Ri+1 = (1 + ax)Ry + Pr. (C.1938)
Then, for any k € {0,.. ., 2¢ — 1}, we have that Ryr_; > Ry > Uy. Therefore

E[Ry] > E[sup{Ux : k €{0,...,2°}}| > E[sup{d(X}, X;*")* : t € [0,y]}].
(C.199)
In addition, using that for any k € {0,...,2 =1}, E[ax | Fx] = @ and E[Bx | F] =
B are constant, where F = o({b; : t € [0, ky]}). Therefore, we get that for any
kefo,...,26 -1}
E[Rks1] = (1+ ax) E[Re] + Pr. (C.200)

Therefore, using the discrete Gronwall lemma we get that for any k € {0, ..., 2t-1}

20—1 26-1

E[Ry] < Por_y + exp[Z anl Z Bia;. (C.201)
j=0

n=0
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In addition, there exists Cg > 0 such that for any k € {0,.. 28, ap < Cg27% and
B < Cgy*27%. Hence, there exists Cy > 0 such that

E[Ry] < Coy?27%, (C.202)
which concludes the proof upon using (C.199).

ProposITION C.16. Assume Assumption 3.12. Then, there exists (X;):c[o,y] such
that limy_, o0 sup{d(X", X;) : te]o, y]} =0 and (X¢)te[o,y] is a weak solution to
dX; = b(t, X, )dt + dbM.

Proof. The proof is a straightforward application of Proposition C.15 and (Cheng
et al, 2022, A.1 (Step 2 and Step 3), A.2). [

ProrosiTioN C.17. Assume Assumption 3.12. Then, there exists C > 0 such that
E[d(X? X,)?] < Cy’/2.

Proof. Using Proposition C.15, there exists C > 0 such that for any £ € N

E| sup d(X!, X

te[0y]

<yt (C.203)

Therefore, combining this result and Proposition C.16 we get that for any £ € N

E| sup d(X', X,)| < 2cy’/?, (C.204)

te[0y]

which concludes the proof. ]

Finally, we consider the two following processes (X,i,X,f)keN such that for any
keNandie€ {12}

X, = expyi [yb(ky, X}) + VYELZK], (C.205)
where {Z} }ren is a family of independent Gaussian random variables with zero
mean and identity covariance matrix, and for any k € N, Ell< is a frame for TX; M
and E = FXE}C.

ProrosiTioN C.18. Assume Assumption 3.12. Then, there exists C > 0 such that for

anyk € N
E[d(X.X})] < exp[Cky]l E[d(Xy, X)) (C.206)

Proof. Let k € N. Using Lemma C.14, there exists D > 0 such that

d(X,i X,fﬂ)2 <1 +D1<,2c exp[41<k])d(X1,X,f)2 (C.207)
2

1
+ 20w (0). T, Fog — ), (C.208)
k

+1°

+ D exp[4kg]

Xl
[ o —ug
Xk
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with w : [0,1] — M a minimizing geodesic between X' and X?

Kk = [lukll + lloell, (C.209)
u,lC = yb(ky, X,i), (C.210)
0,1< = yb(ky, X,f), (C.211)
ui = \yZiE,, v = \YZkE}, (C.212)
U = u,lc + ui, Vg = v,lc + 0,2<. (C.213)
Xl
We have that FXz" vlzc = v and
k
Xe 11 1 y2
I’XIz 0 — U || < mLyyd(X, Xp). (C.214)

In addition, ||w’(0)|| < d(Xl,X,f). Therefore, we get that

d(X,i X,fﬂ)2 <(1+ DK,ZC exp[4ky] + Dy? exp[4ky ] + Zy)d(Xl,X,f)z. (C.215)

+1°
Hence, using that for any ¢t > 0, V1+t < 1+1t/2, we have
d(X},. X2,,) < (1+ Dk} exp[4xy] + Dy* exp[4xi] +2y)d(X, X7).  (C.216)

+1°

Therefore, we get that there exists C > 0 such that
Eld(X}, . XF)] < (1+Cy) E[d(X] XD, (C.217)

which concludes the proof. ]

C.5. PROOF OF THE IMPLICIT SCORE-MATCHING
LOSS ON MANIFOLDS, PROPOSITION 3.7

The regularity conditions on py|s(x;|x;)s: (x;) are
o Pr)s(x¢]x5)s¢(x;) is a vector field in C; Vx;.
o |prs(xelxs)si(x:)| € Ly Vxs.
o div(pss (xs]xs)s: (x7)) € Ly Vxs.

These conditions are not difficult to show. We can manually control s; by our
choice of score network, and p;|s(x;|x;) is controlled by choice of noising process.
Under these conditions we can prove the statement.

Proof. Let t € [0,T] and s; € C*(M). Using a divergence theorem for non-
compact manifolds (see Gaffney, 1954, p.2), we have

so0= [ [10gpus b dPas ) + [ lsx P (C218)
MxM M

2 / (Vlog prgs (xe x5, 5t ey mdPss (k) (C.219)
MxM
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Looking at the last term

/ (V log prjs (xtx5), 5t (20)) P (e 1) (C.220)
MxM

= ‘//;/( M (V 10gpt|s(xt|xs), St (xt)>MPt|s(xt|xs)Ps (xs)d(Pref ® Pref) (x59 Xt)
X

(C.221)
- / { / <th|s<xt|xs),st(xt>>Mdpref(xt>}ps(xadpref(xs) (C.222)
M M
:_/ {/ div(st)(xt)pt|s(xt|xs)dpref(xt)}ps(xs)dpref(xs) by the divergence theorem
M M
(C.223)
- / div(sy) (1) APy (x4, 1) = — / div(s)(e)dPr(x)  (C.224)
MxM MxM

Therefore

fo(s1) = /M [V log e ) + /M s (e IPAP, (x,) (C.225)

+2 / div(st)(xt)d[pt(xt), (C226)
M

which concludes the proof. ]

C.6. EXPERIMENTAL DETAILS

In what follows we describe the experimental settings used to generate results
introduced in section 3.4. The models and experiments have been implemented in
Jax (Bradbury et al., 2018), using a modified version of the Riemannian geometry
library Geomstats (Miolane et al., 2020).

Models Following Song et al. (2020b), the score-based generative models (SGMs)
diffusion coefficient is parametrized as g(t) = /f(t) with f: t — Buin + (Bmax —
ﬁmin) Rz

Architecture The architecture of the score network sy is given by a multilayer
perceptron with 5 hidden layers for the Earth and SO(3) experiments, and 3 for
the high-dimension experiments with 512 units each. We use sinusoidal activation
functions. We decompose the output of the score network on the set of divergence
free vector fields as per section 3.2.4.

Loss Where not specified, SGMs are trained with the sliced score matching
(SSM) loss £I™, relying on the Hutchinson estimator for computing the divergence
with Rademacher noise described in section 3.2.4. We found that training with
the denoising score matching (DSM) loss £;|y gave similar results. Regarding the
weighting function, for DSM loss #;p we use A; = Var[X;|X,] (Where we rely
on the closed-form standard deviation available in the Euclidean setting as a
proxy for the compact manifold setting), while for the ISM/SSM losses £™ we use

A =g(t)" = B(2).
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Optimization All models are trained by the stochastic optimizer Adam (Kingma,
2014) with parameters f; = 0.9, f, = 0.999, batch-size of 512 data-points. The
learning rate is annealed with a linear ramp from 0 to 1000 and from then with a
cosine schedule.

Likelihood evaluation and sample drawing We rely on the Dormand-Prince
solver (Dormand and Prince, 1980), an adaptive Runge-Kutta 4(5) solver, with
absolute and relative tolerance of 1e—5 to compute approximate numerical solutions
of any ODEs. For the rollouts of the SGM SDEs we use a Euler Maruyama predictor
and no corrector. Unless stated we use 100 step rollouts.

Hardware Models are trained on a cluster with a mixture of GeForce RTX 1080,
1080 Ti and 2080 Ti GPU cards.

C.6.1. Sphere.

Data We randomly split the datasets intro training, validation and test datasets
with (0.8,0.1,0.1) proportions. In each case the earth is approximated as a perfect
sphere.

Models The mixture of Kent distributions (Peel et al., 2001) were optimised using
the EM algorithm and the number of components were selected from a grid search
over the range 5, 10, 15, 20, 25, 30, 40, 50, 75, 100, based on validation set likelihood
and 250 EM iterations. The number of components selected were: Volcano 25,
Earthquake 50, Flood 100 and Fire 100.

For the stereographic SGM-which is a standard SGM with an Ornstein-Uhlenbeck
process followed with the inverse stereographic projection-we found fp,i, = 0.001
and fuax = 2 to work best.

Optimization The score-based models are trained for 600k iterations for all
datasets but ‘Flood’ where 300k performed best.

Approximate forward sampling Standard Euclidean SGMs rely on a Ornstein-
Uhlenbeck (OU) forward process which can easily be simulated since X;|Xj is
Gaussian. In contrast, for most manifolds one has to rely on an approximate
sampling scheme—see section 3.2.6. First, we directly assess the quality of the
approximate samples X,|X, obtained via geodesic random walk (GRW), against
‘exact’ samples X;| X, which are obtained by using a high number of discretization
steps (N = 1000). We report on figure C.1a the discrepancy between these distribu-
tions for different values of discretization steps N, as measured by maximum mean
discrepancy (MMD) (Gretton et al., 2012). We see that from N = 5 the approximate
samples are very closely distributed to the true samples. Then, in order to assess the
impact of this approximation on the RSGMs’ performance, we report on figure C.1b
the log-likelihood when varying the number of discretization steps N. We similarly
observe that apart from very small values of N, the models’ performance is very
robust to the approximation quality of the forward sampling samples.
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distance between ‘exact’ (i.e. approxi- on the Flood dataset while varying the
mated with N = 1000 steps) X;|X, and number of discretization steps N when
approximate X;|X, at for every t € simulating forward sampling X;|X.

[0, 1].

Figure C.1. Ablation study on the impact of the forward sampling approximation
quality on S2.

DSM loss £y On figure C.2, we show how the test log-likelihood varies with
respect to the two hyparameters of the DSM loss, by training RSGMs over a grid of
values for 7 and J on the Flood dataset. We can see that the Varadhan approximation
by itself (r = 1) yields descent performance, although a wise combination of
Varadhan approximation with a truncation of the heat kernel can give even better
results. The performance is relatively robust to the choice of such hyperparameters
as long as 7 and J are high enough.

2.50
S-0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
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0.89 B 0.80 0.48 0.49 0.49 0.49 -1.00
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Negative log-likelihood

0.0

8/1.48|1.40|1.14 Wly°]

1 5 8 10 20 50

Figure C.2. Ablation study on the denoising score matching (DSM) loss ;o
when combining the heat kernel truncation and the Varadhan approximation:
Vi, log pijo(x¢]x0) =~ 1(t < 1) exp;tl(xg) + 1(t > 1)Sy,¢ (0, x¢).

C.6.2. Torus.

Data The synthetic data trained on consists of a wrapped Gaussian distribution
on T" with uniformly chosen random mean and standard deviation of 0.2. Such a
distribution is defined by taking the density of a Normal distribution in the tangent
space of the manifold at the mean and passing it through the exponential map at
the mean.
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Architecture To parametrize the vector field on T"” we use a single filed per
dimension pointing in a consistent direction around the i*" component in the
product, with unit norm.

Models All models were trained with the same 3 layer, 512 units per layer MLP
across different dimension sizes.

Optimization The models are optimized for 50k iterations. The RSGM models are
trained with both the implicit score-matching loss and the sliced score-matching
loss.

C.6.3. Special Orthogonal group. Applications of orthogonal constraints span
various fields, such as protein docking with ligands binding pose prediction (Ganea
et al., 2022), robotics and Computer vision with rigid body transformation esti-
mation (Barfoot et al., 2011; Prokudin et al., 2018), and medical imaging for data
alignment (Hou et al., 2018).

Data We consider the synthetic dataset consisting of samples in SO3(R¢)! from
the mixture distribution with density p(Q) = Il( Zle N (Q|Qx, alf) with K € N,
where for any k € {1,...,K}, we have that Q = Qy exp;[0x2] with z ~ N(0, Is)
satisfies Q ~ NW (Qg, 0x) and (-)" : R* — s0(3). For any k € {1,...,K}, we set
Qk ~ u where p is the uniform distribution on SO3(R) and cri ~IG(a =100, f =
1), where IG is the inverse Gaussian distribution. We choose K = 32 mixture
components. We showcase a conditional sampling extension of our model—see
section 3.2.10 for more details— by targeting individual mixture components p(Q|k).
Our model is trained using the £;, (DSM) loss along with the Varadhan asymptotic
approximation, see (3.78).

Architecture To parametrize the vector field, we rely on the basis of the Lie group,
so(n) = {A € Mg(R) : AT =—A} givenby E;; = U;; — Uj; for i, j € {1,...,d}
with i < j and U;; = (6;5(k, £))1<k r<d> Which induces a basis on the tangent spaces
ToSOq for any Q € SO4(R) given by {QE;;}1<i<j<q. This is the divergence-free
vector field approach described in section 3.2.4.

Models We compare our proposed approach against Moser flows (Rozen et
al.,, 2021) and a wrapped-exponential baseline (Falorsi et al., 2019) defined as

1

the pushforward along the transformation R3 Fi> RS RY D s0(3) 25
SO;3(R) with Fy ! denoting the approximate time-reversed diffusion, g denoting
the radial operator defined by g : x — 27 tanh(||x||)x/||x|l, ()" : R> — so(n) the
isomorphism given by the basis on $0(3) and exp the matrix exponential. The radial
g operator’s constant 27 is chosen as the injectivity radius of the group so that the
transformation tanh o A o exp is injective (the set of elements with no preimage is
then only the cut locus which is known to have measure zero). Henceforth, this
wrapped-exponential transformation cannot be bijective, it is either injective or
surjective depending on the choice of radius in the radial operator g.

IThis manifold is 3-dimensional.
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Optimization Models are trained for 100k iterations. The Riemannian SGM is
trained with the Varhadan approximation of the denoising score-matching loss
(DSM) section 3.2.4, and the wrapped-exponential model relies on the exact DSM
loss. After a first hyperparameter exploration, a grid search is performed over
learning_rate € [2e — 5,4e — 5], for SGMs over fir € [0.5,1,2,4,6,8,10] and for
Moser flows over K € [1000, 10000] and A, € [1, 10, 100].
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D | SCORE-BASED MODELLING ON
CONSTRAINED DOMAINS

ORGANIZATION OF THE APPENDIX

In appendix D.1 we remind the expression of the Brownian motion in local coor-
dinates. Details about the geodesic Brownian motion are given in Appendix D.2.
Background on the Skorokhod problem is given in Appendix D.3. In appendix D.4
we derive the implicit score matching loss. We give details about the likelihood
evaluation in Appendix D.5. Then in appendix D.6 we prove the time-reversal
formula of reflected Brownian motion.

Additional results, training and miscellaneous experimental details are reported in
Appendix D.7.

D.1. BROWNIAN MOTION IN LOCAL COORDINATES

We consider a smooth function f € C*(M). The Laplace-Beltrami operator A y
is given by A (f) = div(grad(f))). In local coordinates we have

d
div(X) = (det(9) /%) )" a1(det(®)"/20), 0.1

i=1
as well as
grad(f) = g"'VF. (D2)

Therefore, the Laplace-Beltrami operator is given by

d d
Am(f) =) 8} df + (det(@)%) Y ai(det(a)%a; No;f.  (D3)

ij=1 ij=1

Therefore, in local coordinates the infinitesimal generator associated with the
Laplace-Beltrami operator is given by

d
Af) = D} ouif + (V) (D.4)
i,j=1

with

d
b’ = (det(a)™/?) ) 9;(det(9)"?a;). (D.5)
Jj=1
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Therefore, the dual operator associated with A is given by
d d .
AX(f) = D aij(e}f) = > ab'f). (D.6)
ij=1 i=1

Note that by letting f = det(g)!/? we get that A*(f) = 0 and therefore we recover
that p oc det(g) is the invariant distribution of the Brownian motion.

Langevin dynamics on M. We know that the Brownian motion targets det(g)/2.
Therefore in order to correct and sample from the uniform distribution we consider
the Langevin dynamics

dX, = —gradlog(det(g)"?)(X;)dt + V2dBM. (D.7)

Note that in the previous equation grad and B{w are defined with respect to. the
metric of the manifold. In local coordinates we have

dX, = {b - gradlog(det(g)"/?)}(X;)dt + V2g(X;)"/?dB,. (D.8)
where b = {bi}fl:1 is given in (D.5). In addition, we have
gradlog(det(g)'/?) = det(g)"V?g™'V det(g). (D.9)
Using (D.5) we have
d d
b = (det(a) %) )" 9;(det(s)"/?a;}) = ) 0;0;] + gradlog(det(g)'/?); (D.10)
j=1 j=1

This can also be rewritten as

divy(g™!) = p+ gradlog(det(g)l/z), (D.11)
with
d
= 907 (D.12)
j=1

Combining this result and (D.9) we get that (D.8) can be rewritten as
dX1L = ll(Xt) + \/EdBt (D13)

Note that (up to a factor 2) this is the same SDE as the one considered in Lee and
Vempala (2017).

D.2. GEODESIC BROWNIAN MOTION

In this section, we provide some details on the geodesics Brownian motion intro-
duced in Section 4.2. In the rest of the section, we make the following assumption.

AssumpTioN D.1. M C RY is compact andg™' : M — SI* can be C*(R?, R4*?),.

First, we start by showing that the process (X;);>o defined in (4.9) exists and that
we have for any t > 0, X; € M. We recall that g = V?¢ and lim,_, g ®(x) = +oo.
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ProrosiTION D.2. Assume Assumption D.1. For any xy € M, there exists a unique
strong solution to (4.9) denoted (X;);»¢. In addition, we have that for any t > 0,
X; € M almost surely. More precisely, we have E[¢(X;)] < @(xp) +t.

Proof. A unique strong solution (X;);>¢ of (4.9) with starting point x, € M exists
since the coefficients are smooth, see (Ikeda and Watanabe, 2014, Theorem 3.1,
p-165). For any A > 0, we define 74 = inf{t > 0 : ®(X;) > A}. Note that for any
t € {0,74}, ®(X;) € M. Using It6 formula, we have for any t > 0

E[®(Xinzy)]| = (x0) + E

/MTA Tr(g™ 1 (X,) V2O (X,))ds | = D(x0) + E[t A 74].
0

(D.14)
Using Fatou’s lemma, and letting A — +o0, we conclude the proof. [ ]

In the next result, we show that the uniform distribution is the unique invariant
probability distribution for (X;);> and that (X;);>¢ converges to this invariant
distribution. We refer to (Meyn and Tweedie, 1993, Section 2, p.490) for a definition
of irreducibility. We recall that the total variation of a finite (not necessarily
non-negative) measure y1 over R? is given by |||ty = sup{,u(A) : Ae 8B ([Rd)}.

ProrosITION D.3. Assume Assumption D.1. (X;);>¢ is zw-irreducible, the uniform
distribution over M is the only invariant probability distribution and lim;_, . ||P; —
x|ty = 0, where P, is the distribution of X; for any t > 0 and 7 is the uniform
distribution over M.

Proof. Since x + div(g™')(x) and x +> g~! are smooth and g~!(x) is positive
definite for any x € M, we have that (X;);>¢ is 7-irreducible, extending (Bhat-
tacharya, 1978, Lemma 1.4) to M and using (Meyn and Tweedie, 1993, Proposition
2.1). In addition, (X});>¢ is T-Feller using (Meyn and Tweedie, 1993, Proposition
3.3). Combining these results and the fact that M is bound, we get that (X;);> is
positive Harris recurrent (Meyn and Tweedie, 1993, Theorem 3.2). The uniform
distribution 7 is an invariant distribution for (4.9). Since (X;);>¢ is z-irreducible,
we get that this invariant measure is unique. Hence, we conclude using (Meyn and
Tweedie, 1993, Theorem 6.1). ]

Note that the convergence result in total variation could be improved. In particular,
quantitative geometric results could be derived. We finish this section, by applying
results from the Malliavin calculus to show that for any ¢ > 0, X; admits a density
with respect to. the Lebesgue measure.

ProrosiTioN D.4. Assume Assumption D.1. Then, for anyt > 0, X; admits a smooth
density p; with respect to. the Lebesgue measure.

Proof. This is a direct consequence of (Nualart, 2006, Theorem 2.3.3). [ ]
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D.3. REFLECTED BROWNIAN MOTION AND
SKOROKHOD PROBLEMS

In this section, we provide the basic definitions and results to derive the time-
reversal of the reflected Brownian motion in Appendix D.6. We follow closely the
presentation of (Lions and Sznitman, 1984) and (Burdzy et al., 2004). We first define
the Skorokhod problem for deterministic problems. We consider M to be a smooth
open bounded domain. We recall that the normal vector n is defined on dM and
we set n(x) = 0 for any x ¢ IM.

Before giving the definition of the Skorokhod problem, we recall what is the space
of functions of bounded variations.

DEFINITION D.5. Let a, b € (—00,+00) and f :€ C({a, b}, R). We define the TOTAL
VARIATION of f as

n—1
Vau(f) = Sup{Z”f(xiH) = fCDl = (x ?:_01, a=x0<---<x,=b,ne N}.
i=0

(D.15)
f has bounded variations over {a, b} if V., (f) < +oo. Let f € C([0,+),R). f
has bounded variations over [0, +co) if for any b > 0, f has bounded variations over

(0,b}.

The notion of bounded variation is a relaxation of the differentiability requirement.

In particular, if f € C!({a, b}, R), we have V,(f) = fab L’ (t)]|dt. In the definition
of the Skorokhod problem, we will see that this relaxation is necessary, even in the
deterministic setting.

For any function of bounded variation f € C({a, b}, R) on {a, b}, we define |f] :
{a,b} — [0,+00) given for any t € {a,b} by |f|, = V4:(f). Note that |f| is non-
decreasing and right-continuous. Therefore, we can define the measure 7| on
{a, b}, given for any s,t € {a,b} with t > s by 7 ([s,t]) = |f|(t) = |f|(s). In

particular, for any ¢ : {a,b} — R, we define

b b
/ o(1)dIf], = / o (0)dpp (1), (D.16)

In addition, f can be decomposed in a difference of two non-decreasing processes
right continuous processes gi, g2, where for any t € {a, b}, f(t) = g1(t) — g2(1),
g1(t) = |fl, and g2(t) = |f], — f(t). Hence, for every ¢ bounded on {a, b}, we can
define

b b b
/ p(DAf (1) = / o(1)dgs (1) - / o(1)dgs (0. (D.17)

Note that these definitions can be extended to the setting where f : {a, b} — R€.
We begin with the following result, see (Lions and Sznitman, 1984).

THEOREM D.6. Let (x;);>0 € C([0,+00),R). Then, there exists a unique couple
(X't: kt)tzo such that

(a) (ki)i>o has bounded variation over [0, +c0).
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(b) (%¢)120 € C([0,+00), M).
(c) Foranyt > 0, x; + k; = X;.

(d) Foranyt >0, k|, = [ 1com(x)dlkl, and k; = [ n(x,)dlkl.

Let us discuss Theorem D.6. First, Theorem D.6-(c) states the original (uncon-
strained) process (x;);>0 can be decomposed into a constrained version (¥;)>¢
and a bounded variation process (k;);»o. The process (|k|,);>0 counts the number
of times the constrained process (X;);>¢ hits the boundary. More formally, we have
k|, = fot 1xeam (Xs)d|k|s. When, we hit the boundary, we reflect the process. This

condition is expressed in k; = /Ot n(xs)d|k|.

We now consider the extension to stochastic processes. We are given (X;);»( such
that

dX, = b(X,)dt + o(t)dB,, (D.18)

where (B;);> is a d-dimensional Brownian motion. We also assume that b and o
are Lipschitz which implies the existence and strong uniqueness of (X;);>o. We
have the following result (Lions and Sznitman, 1984).

TueoreM D.7. There exists a unique process (X, k;);»o such that
(a) (ky)i>o has bounded variation over [0, +c0) almost surely.
(b) (X1)ez0 € C([0,+00), M).

(c) Foranyt > 0,X, = Xo+ [, b(X,)ds + [ o(X,)dB; — k..
(d) Foranyt >0, k|, = [\ 1z com(xs)dlkl, and k; = [ n(x;)dlkl,.

The process (X;);>o is almost surely continuous, so we could apply the previous
theorem almost surely for all the realizations of the process,. However, this does
not tell us if the obtained solutions (X, k;);>o form themselves a process. The main
difference with Theorem D.6 is in Theorem D.7-(c) which differs from Theorem D.7-
(c). Note that in the case where b = 0 and o = I we recover Theorem D.7-(c). This
is not true in the general case. However, it can be seen that for any realization
of the process (X;);»0, we have that (X;, k;);>¢ is solution of the deterministic
Skorokhod problem by letting x; = X, + /Ot b(X,)ds + fot o(X,)dBs. The backward
and forward Kolmogorov equations can be found in (Burdzy et al., 2004). Note
that the presence of the process (k;);»¢ incurs notable complications compared to
unconstrained processes. In particular, there is no martingale problem associated
with weak solutions of reflected SDEs but only sub-martingale problems, see (Kang
and Ramanan, 2017) for instance.
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D.4. ImpLICIT SCORE MATCHING LOSS

D.4.1. Proof of ISM. Using the divergence theorem, we have

(1/2) / lIst0(x) — ¥ log ¢ ()1 pe (x)du(x) (D.19)
M
- (1/2) / 510 GO0 (0)dp(x) — / (510(x), Vog p: (x))p: (x)dpu(x) (D.20)
M M
+(1/2) / 1V Log pr ()P e (x)du(x) (D.21)
M
- (1/2) / lIst.6 (I pr () dp(x) — / (500 (0), m)pe (x)dv (x) (D.22)
M oM
+ / div(s1.0) (x)ps (x)dp(x) + (1/2) / 1V Log pe () [2pr (x)da ().
M M
(D.23)
Using that (st,g(x),n(x)> =0 for all x € IM, we get that
(1/2) / lst0(x) — ¥ log ¢ (01 pe (x)du(x) (D.24)
M
- (1/2) / lst0 (o)1 pr (x)dpa(x) (D.25)
M

+ / div(s;,p) (x)p: (x)dp(x) + (1/2) / IV log p (x)[1*pe (x)dp(x),
" " (D.26)

which concludes the proof.

D.4.2. Importance of scaling function. As discussed in Section 4.4, we include
a monotone scaling function h which is zero close to the boundary to ensure the
relevant conditions are met for the score matching loss and the boundary conditions.
This may seem like a technical detail, but is of significant practical importance.
Upon removal of the scaling function, we observe that the learned score functions
behave strangely around the boundary in the reverse process, leading to samples
that do not match the forward process. The problems are apparent when comparing
the top three plots of Fig. D.1 and Fig. D.2. Interestingly, we found that these issues
early on in the sampling are smoothed out by the end of the reverse process, but
still lead to a failure to recover the target density.



D.5 PROOF OF PROPOSITION 4.5
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Figure D.1. Reverse process samples for the cyclic peptide dataset from Section 4.6.3
at t = 1.0, 0.9 (left and right respectively) trained without the scaling function.

Figure D.2. Reverse process samples for the cyclic peptide dataset from Section 4.6.3
att = 1.0,0.9 (left and right respectively) trained with the scaling function.

D.5. PROOF OF PROPOSITION 4.5

Proof. Since the distributions of (Bt)te{gj} and (X;);e{o,r} satisfy the same Fokker-
Planck equation whenever these processes are well-defined. Therefore, we first
show that the process (X;);e(o,r} is well-defined and stay in M at all times. Using
(Burdzy et al., 2004, Theorem 2.2), we have that dp;(x) = %div(V log p;)(x), for
any t > 0 and x € M. Next, we define dX; = %V log p;(X;)dt. Note that (X;);>¢
is defined up to an explosion time T, after which we fix X; = oco. Denote Tj
the first time such that X, € dM. Note that since p, is supported on M we
have Ty > 0. We denote (Y;);cqoy = (X7y-t)te{o,}- We have that for any
t € {0,T}, dY; = —%Vlongo_t(Yt)dt. Since (t,x) +— Vlogp;(x) is smooth on
[0, +00) X IM, we get that for any t € {0, Ty}, Y; € oM. In particular, we have that
Yz, /2 = X1,/2 € 9M which is absurd. Therefore T = +co (which also implies that
T = +00). Hence, (X;)s>0 is a flow on M and therefore for any t > 0, the density
q: of X; is smooth and satisfies d;q;(x) = —%div(th log p;) (x). We conclude using
the uniqueness of the solutions to the transport equation for smooth initialisation
and coefficients on R¢. [
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D.6. TIME-REVERSAL FOR REFLECTED BROWNIAN
MOTION

We start with the following definition.

DEFINITION D.8. Let M C R? be an open set. M has a smooth boundary if for
any x € M, there exists U ¢ R? open and f € C°(U, R) such that x € U and
(@)clM)NnU={xeU : f(x) <0}, (b)) Vf(x) # 0 foranyx € U where cl(M) is
the closure of M.

We will make the use of the following lemma which is a straightforward extension
of Burdzy et al. (2004, Theorem 2.6). The surface measure is defined in (Lee,
2006, Proposition 2.43). Under mild regularity assumptions, it corresponds to the
Hausdorff measure of dM, see (Evans and Gariepy, 2015).

LEMMA D.9. Let u such thats — u(s,x) € C'((0,T),R), for anys € (0,T), x
u(s,x) € C2(M,R) and u € C'(cl(M),R). Then for any T > 0, s,t € {0,T}, we
have

[E[/tu(w,BW)dkw] = %/t/aM u(x)pr(x)do(x)dw. (D.27)

Note that we recover Burdzy et al. (2004, Theorem 2.6) if we set u = 1. We also
emphasize that the result of Burdzy et al. (2004, Theorem 2.6) is stronger than
Lemma D.9 as it holds not only in expectation but also in L? and almost surely.

We are now ready to prove Theorem 4.2. We follow the approach of (Petit, 1997)
which itself is based on an extension of (Haussmann and Pardoux, 1986). We refer
to Cattiaux et al. (2023) for recent entropic approaches of time-reversal. Recall that
(By, k)10 is a solution to the Skorokhod problem (Skorokhod, 1961) if (k;);>0 a
bounded variation process and (B;);>¢ a continuous adapted process such that for
any t > 0, B, = B, + k; € M, (B;);>0 and

t t
k|, :/ 1. comdlkls, Kt :/ n(B;)d|k|,, (D.28)
0 0

In what follows, we define (Y;);e (o1} such that for any ¢ € {0, T}, Y; = Br_;. Let
us consider the process (B;);c{o,r} defined for any ¢t € {0,T} by

T
Bt = —BT + BT—t + kT - kT—t - / Vlogps(Bs)ds (D.29)
Tt

First, note that ¢t — B; is continuous. Denote by ¥, the filtration associated with
(Br—t)refo.r}- We have that (Bt)te{O,T} is adapted to (Br—;)se(o,}- Even more so,
we have that (B;) te{o,7} satisfies the strong Markov property since (B;);e o1} also
satisfies the strong Markov property. Let g € C°(cl(M)) and consider for any
0<s<t<T E[(B—Bs)g(Br—;)|. Forany 0 < s < t < T we have

T-s
E[(B; — Bs)g(Br—;)| = E|(=Br—s + Br_; + kr—s —kr—¢ — / Vlogpu(Bu)du)g(BT—t)]-

T-t
(D.30)
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In what follows, we prove that forany 0 < s <t < Twehave E [(Bt - Bs)g(BT_t)] =
0. Therefore, we only need to prove that for any 0 < s <t < T we have

t
E|(=B, + B, + Ky — ks / Viogpu(B)du)g(B)| =0.  (D31)

Let t € (0,T]. We introduce u : {0,t} X M such that for any s € {0,t} and
x € M, u(s,x) = [E[g(Bt)|BS = x]. Using Burdzy et al. (2004, Theorem 2.8)
we get that for any x € M, s — u(s,x) € C'((0,¢),R) and for any s € (0,1),
x = u(s,x) € C3((M,R) and x — u(s,x) € C!(cl(M),R). In addition, we have
that for any s € (0,¢) and for any x € M and x, € oM

osu(s, x) + %Au(s, x) =0, (Vu(s, xp),n(x)) = 0. (D.32)
This equation is called the backward Kolmogorov equation. Using (D.32), B; =

B, — k, for any t > 0 and the It6 formula for semimartingale (Revuz and Yor, 2013,
Chapter IV, Theorem 3.3) we have that for any s € (0, t)

E[u(t, B;)B;|= E[u(s, Bs)B;| + E %/tBWAu(w,Bw)dw +E ‘/tVu(w,Bw)dw}
: ) (D.33)

-E /tBW(VU(W,BW),H(BW)>d|k|W] (D.34)
—[E-/tu(w,BW)n(Bw)dlklw] (D.35)
+[EV/tBW8Wu(w,BW)dW] (D.36)

= E[u(s, Bs)B,|+E

/tVu(w,Bw)dw}—[E[/tu(w,Bw)n(Bw)d|k|w
’ : (D.37)

In addition, using the Fubini theorem and the definition of k; we have that for any
s € (0,t)

t t
[E[/ u(w,Bw)n(Bw)dlklw] = [E[/ [E[Q(Bt)le]n(Bw)dlklw] = E[g(B:) (k: — ks)].
’ ’ (D.38)
Finally, using the divergence theorem and Burdzy et al. (2004, Theorem 2.6) we
have that for any s € (0, t)

[E[/tVu(w,Bw)dw] =/t'/ Vu(w, x)pr(x)dxdw (D.39)
s s M

—- [ [ w0 Viogtputpumdrdn+ [ [ utwxipu(oixdotu)
’ M ’ ?ADA40)

where o is the surface area measure on dM, see Burdzy et al. (2004). Using
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Lemma D.9 and the Fubini theorem we get that

/St u(w,BW)de]

(D.41)

[E[/tVu(w,Bw)dw = —/t/ u(w, x)V1og(pa(x))pw(x)dxdw + E
s s M

+2E [Q(Bt)(kt - ks)]
(D.42)

_ _[E[ / 9(B,)V log(p(B,,))dw

Combining (D.37), (D.38) and (D.42) we get that

+E [g(Bt)(kt - ks)]-

(D.43)
Therefore, we get (D.31) and (D.30). Hence, (Bt)te{O,T} is a continuous martingale.
In addition, we have that forany ¢t € {0, T}, E [B tBtT] = tI and therefore, (B )te{0,T}
is a Brownian motion using the Lévy characterisation of Brownian motion (Revuz
and Yor, 2013, Chapter IV, Theorem 3.6). Denote (ji;);e(o,r} = (kT — kr—¢)eq0,1}-
Using (D.30), we have that for any ¢t € {0, T}

E[u(t,B;)| = E|u(s, Bs)| - [E[g(Bt) /tVIngW(BW)dw

t
BT—t = YO + Bl’ + / V long_s(Ys)ds - jl’° (D44)
0

Using (D.28), we have for any t € {0, T}

t t
jl, = / tycomdlile e = / n(¥,)dljl,. (D.45)
0 0

which concludes the proof.

D.7. EXPERIMENTAL DETAILS

In what follows we describe the experimental settings used to generate results
introduced in section 4.6. The models and experiments have been implemented in
Jax (Bradbury et al., 2018), using a modified version of the Riemannian geometry
library Geomstats (Miolane et al., 2020).

Architecture. The architecture of the score network sp is given by a multilayer
perceptron with 6 hidden layers with 512 units each. We use sinusoidal activation
functions.

Training. All models are trained by the stochastic optimizer Adam (Kingma,
2014) with parameters f; = 0.9, f, = 0.999, batch-size of 256 data-points. The
learning rate is annealed with a linear ramp from 0 to 1000 steps, reaching the
maximum value of 2e — 4, and from then with a cosine schedule down to 0 after
100k iterations in total.

Diffusion. Following Song et al. (2020b), the diffusion models diffusion coefficient

is parametrized as g(t) = +/f(t) with f: t = Buin + (Pmax — Pmin) - t, Where we
found fiin = 0.001 and Pax = 6 to work best.
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Metrics. We measure the performance of trained models via the Maximum
Mean Discrepancy (MMD) (Gretton et al., 2012), which is a kernel based met-
ric between two distributions P and Q. The MMD can be empirically approxi-
mated with the following U-statistics MMD?(P, Q) = m 2i 2y k(i xj) +
m 2i 2 kK (Yiyj) - 2# 2i 2 k(xi,y;) withx; ~ Pand y; ~ Q, where kisa
kernel. For synthetic experiments we use a sum of weighted RBF kernels matching
the generating distributions for the Gaussian mixtures. For the other experiments
we use an RBF kernel. For all experiments we use 100,000 samples to compute the
MMD.

D.7.1. Synthetic data on polytopes.

Hypercube The hypercube is a specific instance of a convex polytope where the
affine constraints are given by the following coefficients:

1 0
-1 ... 0

A= .o b=l (D.46)
0 1
0 -1

Where A is a 2n X n matrix and b an n dimensional vector.

We construct the training and test datasets by sampling for both 100000 points
from a mixture of ‘wrapped normal’ distributions illustrated in figure D.3a and
which density is given by

po(x) =0.7 ReflectedStep[(0.5,0.5), -, { fi }ic 7 |#N (0, 0.25) (D.47)
+ 0.3 ReflectedStep[(—0.5, —0.5), -, { fi }ie 7 |#/N (0, 0.25). (D.48)

o 00 °
04
-05 02
-10 00

-1 [ 1 -1 [ 1 00 05 10 00 05 10
0 1 0 1

(a) On the hypercube. (b) On the simplex.

Figure D.3. Pairwise and marginals samples from the synthetic data distribution.

Simplex A". Similarly, to parametrise the simplex as a convex polytope we set
the matrix and constraints to be given by

295



296

D SCORE-BASED MODELLING ON CONSTRAINED DOMAINS

A=t Tt p2] (D.49)
0

Where A will be a n — 1 X n matrix. Essentially we perform diffusion over the first
n — 1 components of the simplex, allowing the last component to be determined by
the one minus the sum of the first n — 1.

Similarly than for the hypercube, we construct the training and test datasets from

generated data points which are illustrated in figure D.3b. The score network at
different times is illustrated in Figure D.4.

- - Generated dlstrl_

(a) t =0.01. )t =0.5. butlon

10
o
o

°n‘
o

Figure D.4. Evolution of the score on the simplex and generated distribution.

The Birkhoff polytope. The Birkhoff polytope is the space of doubly stochastic
matrices, i.e. B, = {P € [0, 1]™" : 3 P;; = 1, 3 P; j = 1}. It is a convex polytope
in R" and has dimension d = (n — 1)2.

A A A
Avr 4 ~ A
A> »oAr A

(a) Data. (b) Log-barrier. (c) Reflected.

Figure D.5. Pairwise and marginals samples on the Birkhoff polytope from synthetic
data distribution and from trained constrained diffusion models.
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E 1 T e &) R T
(a) Data. (b) Log-barrier. (c) Reflected.
Figure D.6. Pairwise and marginals distributions over the coefficients L;;, Lyj, La;

of the lower triangle matrix parametrising SPD matrices M = LLT (which represent
the manipulability ellipsoids of the robotic arms).
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(b) Log-barrier.

(c) Reflected.
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Figure D.7. Pairwise and marginals distributions over the (x, y) locations of the
robotic arms.

D.7.2. Constrained SPD matrices for robotic arms modelling.
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(a) Data. (b) Log-barrier. (c) Reflected.

Figure D.8. Pairwise and marginals distributions over the dimensions of the poly-
tope and torus used to model the conformational ensembles of cyclic peptides
generated by the reflected diffusion model.

D.7.3. Conformational modelling of polypeptide backbones under anchor point
constraints.
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E | EFFICIENT SCORE-BASED
MODELLING ON CONSTRAINED
DOMAINS

ORGANIZATION OF THE APPENDIX

In Appendix E.1, we prove the convergence of the rejection and Metropolis dis-
cretisations to the true reflected Brownian Motion. The geospatial dataset with
non-convex constraints based on wildfire incidence rates in the continental United
States is presented Appendix E.2. All supplementary experimental details and
empirical results are gathered in Appendix E.3.

E.1. CONVERGENCE TO THE REFLECTED PROCESS

In this note, we assume that M = {x eR? : O(x) > 0} is compact, with ® €
C*(R? R). We have that oM = {x eR? : d(x) = 0}. In addition, we assume
that for any x € aM, ||[V®(x)|| = 1 and that ® is concave. The closure of M is
denoted M. The assumption that @ is concave is only used in Theorem E.2-(d) and
can be dropped. We consider it for simplicity.

Let ()A(Z)keN given for any y > 0 and k € N by Xg = x € M and for )A(]’(/H =
)A(]’C/ + \/YZ}: with Z}: a Gaussian random variable conditioned on )A(];/ + \/YZ]’: € E
In practice, ZI’: is sampled using rejection sampling. We define X¥ : Ry, - M
given for any k € N by X};y = Xl}c/ and for any t € [ky, (k + 1)y), X;’ = X’l’: Note
that (X;);eqo7y isa D({0,T}, ‘M) valued random variable, where D({0, T}, M) is
the space of right-continuous with left-limit processes which take values in M.
We denote PY the distribution of (X;l)te{o’T} on D({0, T}, M).

Our goal is to show the following theorem.

TuEOREM E.1. Forany T > 0, (Xz/)te{o’j‘} weakly converges to (X;)e o,y Such that
foranyt € {0,T}

X, =x+Bi—ki,  |kl, = [ 1xecomdlkl, ko= [ n(X)dlkl. (E1)

Proof. In order to prove the result, we prove that the distribution of the Markov
chain seen as an element of D({0, T}, M) converges to a solution of the Skorokhod
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problem (E.1). In particular, we first show that the limiting distribution satisfies a
submartingale problem following (Stroock and Varadhan, 1971, Theorem 6.3). The
transition from a solution of a submartingale problem to a weak solution of the
Skorokhod problem is given by (Kang and Ramanan, 2017, Theorem 1, Proposition
2.12) and (Ramanan, 2006, Corollary 2.10). In order to apply (Stroock and Varadhan,
1971, Theorem 6.3), we define an intermediate drift and diffusion matrix, see (E.53)
and (E.49). To prove the theorem one needs to control the drift and diffusion matrix
inside M and show that it converges to 0 and I respectively. The technical part
of the proof comes from the control of the drift coefficient near the boundary.
In particular, we show that if the intermediate drift is large then we are close to
the boundary and the intermediate drift is pointing inward. To investigate the
local properties of the drift near the boundary we rely on the notion of tubular
neighbourhood, see (Lee, 2013, Theorem 6.24). ]

Some key properties of the tubular neighbourhood are stated in Appendix E.1.1.
We then establish a few technical lemmas about the tail probability of some dis-
tributions in Appendix E.1.2. Controls on the diffusion matrix and lower bounds
on the probability of belonging in M are given in Appendix E.1.3. Properties of
large drift terms are given in Appendix E.1.4. The convergence of the drift and
diffusion matrix on compact sets is given in Appendix E.1.5. The convergence of
the boundary terms is investigated in Appendix E.1.6. Finally, we conclude the
proof in Appendix E.1.7.

E.1.1. Properties of the tubular neighbourhood. Using the results of (Lee, 2013),

we establish the existence of an open set of M (for the induced topology of R%)
satisfying several important properties.

THEOREM E.2. There exist U C M open and C > 1,7 > 0 such that for anyy € (0,)
with y = 1 the following properties hold:

(a) For any x € U, there exist a unique x € dM and & > 0 such that x =
%+ avVo(x).

(b) Foranya € {0,7} andx € oM such that x+aVd(x) € M, letx = +aVO(x)
and C(x,y) such that x ++/yz € C(x,y) if
—ay P <a<r T P < (@ ra)/(Cp, (E2)

with z = aV®(x) + v, witho L VO(X). Then C(x,y) C M.
(c) V="{x+aV' () : %x€ M, a € [0} isopen in M.

(d) Foranyx € U,x ++fyz € M C(x, V)¢ then a > 7y~ Y% or |jo]|* > (ay'/? +
@)/(Cy) and ay'? + @ > 0, with z = aV®(X) + v, with X given in (a) and
v L VO(x)..

(e) There exists R > 0 such that {x eM : d(x,oM) < ZR} c V.

Proof. Let y € (0,y) with y = 1. First, note that for any X € dM, the normal space
is given by {aV®(x%) : « € R}. Using this result and (Lee, 2013, Theorem 6.24)
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there exists 7, > 0 such that Uy = {x+ aV7(%) : x€ oM, a € (—fy, %)} c R%is
open'!. We have that for any a € [~ry,0) and ¥ € IM

(3 +aVO(R)) = B(%) + 2| VO + [ V20 (% + taVD(0)) (VD () *dt
(E.3)
< a+Cya? <0, (E.4)

with r, :~min(f0, 1/(2Cy)), where we have used that ®(x) = 0, ||[V®(x)|| = 1 and
defined Cy = sup{”VzCD()? + aVCIJ(JE))H : X € IM, a e {-ro, Fo}}. Reciprocally,
we have for any a € [0,7y) and X € oM

O(% + aVd(%)) = (%) + || VO(F)||* + fol V20 (x + taVd(x)) (aVP(x))®4dt > a — Cya?,

(E.5)
where we have used that ®(x) = 0, ||[V®(x)|| = 1 and defined
Co = sup{”Vzd)(J? + anD(J?))” : x € oM, a € {-r, ro}}. (E.6)

Let r{ = min(rg, 1/(2Cy)). Then, Uy = e+ aV(3) : %€ M, a € (-r1,11)} C
RY is open and

UNnM=fet+aV () : x€aM, a0} (E.7)

In what follows, we define U = U;nM. Note that U is open for the induced topology
and that oM c U. In particular, 9IM is compact, U° is closed and oIM N U° = @
Hence, there exists r > 0 such that d(dM, U°) > 4r. Without loss of generality

we can assume that r < 1/2. We also have {x eM : d(x,oM) < Zr} c U. The
proof of (a) follows from the definition of Uy. In the rest of the proof, we define

C'? = 2max(1, sup{||V2fI>(J’c+u)|| cxeoM, ul® <r(r+1)}), F= min(1/(2C"?),r/2).

(E.8)

Let us prove (b). Consider x + 4/yz € C(x,y) with C(x,y) given by (E.2) and

x =%+ aVd(x) and z = aVO(x) + v with o L VO(x). In particular, we recall that
we have

—ay P <a <y l® < (ay'?+ @) /(Cy). (E.9)

This implies that
@ ++Jya < 2F, ylloll? < 27/C. (E.10)

First, using that C > 1, ||V®(x)|| = 1, (E.10) and (E.8), we have
||x +1yz - 3?”2 = (@+\ya) +ylol* <r*+r/C <r(r+1). (E.11)
Then, we have that

O(x ++/yz) = (%) + @ ++ya + /01 V2O(x + t(x + yz — %)) (x + \Jyz — X)®2ds
(E.12)

> a+ya — (CY?/2)((a+ vya)® +yllo]*), (E.13)

This is the tubular neighbourhood theorem which is key to the rest of the proof.
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where we recall that

C'? = 2 max(1, sup{||V2<I>(3'c+u)|| s xeoM, |lull* <r(r+ 1)}), (E.14)
7 = min(1/(2C"?),r/2). (E.15)

First, using that » < 1/2 and (E.10), we have @ + y/ya < 2r < 1. Since, lo||? <
(& ++/ya)/(Cy) and we have that llo]|? < 1/(Cy). Let P(X) = X — (CY?/2)X? —
(CY2/2)y||v]|*. We have that P(x) > 0 if and only if x € {Xmin, Xmax} With

Xmin = (1= (1=Cyllo]|*)!?)/C'2, Xmax = (1+ (1= Cy|lo]|®)/%)/C2. (E.16)
Using that for any ¢ € (0,1), (1 - t)"/2 > 1 — t we have that
Xmin < YCllo]|?/2, Xmax > 1/CY2, (E.17)

Since ||o||* < (\ya + @)/ (yC), we have that @ + \/ya > Xpin. In addition, using
that @ + yfya < 2F < 1/CY? < Xpay, We get that P(a + vya) > 0 and therefore
X +fyz € M since ®(x + \Y%) 2 0. This concludes the proof of (b). Note that the
condition & > —y~ /2@ is implied by the condition ||o||* < (\ya+a)/(yC). Using
that V C {x eM : d(x,aM) < Zr} c U, (c) is a direct consequence of (Lee, 2013,

Theorem 6.24)]. Next, we prove (d). Let x + +/yz € MnC(x, e Ifa < —ay™ 12
then since ® is concave, we have

O(x ++fyz) = O(%) + @ + \Jya + /01 V2O (x + t(x +/yz — X)) (x + \Jyz — x)®4dt < 0,
(E.18)

where we have used that ®(%) = 0. This is absurd, hence either > 7y~1/2 or
lol|? > (ay"/? + @)/(Cy) and ay"/? + @ > 0, which concludes the proof. The proof

of (e) is similar to the proof that {x eM : d(x,oM) < Zr} cUu.

The main message of Theorem E.2 is that using Theorem E.2-(d), if we move in the
direction of V&(x) (the inward normal) with magnitude « then we are allowed to
move in the orthonormal direction with magnitude !/?. In the next paragraph,
we discuss this fact in details and shows it is necessary for the rest of our study.

The necessity of Theorem E.2-(b). At first sight one can wonder if the statement
of Theorem E.2-(b) could be simplify. In particular, it would be simpler to replace
this statement with: for any @ € {0,7} and ¥ € dIM such that x + aV®(x) € M,
let x = x + aV®(x) and C(x, y) such that x + \/yz € C(x,y) if

—ay P <a <V ol? < (ayt? + @)/ (Cy), (E.19)
with z = aV®(x) + v, with o L V®(x%). Then C(x,y) C M. Note that [|o]|? <
(ay'? + @) /(Cy) is replaced by |[o||* < (ay'/? + @)?/(Cy), see Figure E.1 for an
illustration. However, in that case Theorem E.2-(d) becomes: in addition, if x+4/yz €
MNC(xy)¢ thena > ry Y2 or ||v]|? > (ay*? + @)?/(Cy) and ay'/2 + & > 0.

In what follows, when controlling the properties of large drift, see the proof of
Proposition E.13 and the proof of Proposition E.16, we need to control quantities
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Figure E.1. The grey shaded area represents M while the blue shaded area repre-
sents C(x, y) for an arbitrary value of y and x = x € oM.

of the form Px ++/yZ € C(x,y)° N M/ \/¥? Using the original Theorem E.2-(d) it
is possible to show that this quantity is bounded. However, if one uses the updated
version of Theorem E.2-(d) then one needs to show that there exists M > 0 and
7 > 0 such that for any y € (0, ) (here we have assumed that @ = 0, i.e. x € oM
for simplicity)

r/y-1/2
fo /y qu>(,—c)L 122029 ()@ (a)doda < My, (E.20)

which is absurd.

E.1.2. Technical lemmas. We start with a few technical lemmas which will allow
us to control some Gaussian probabilities outside of a compact set. We denote
¥ : Ry XN — {0,1} such that for any k € N, ¥(+, k) is the tail probability of a
x-squared random variable with parameter k, i.e. for any k € N and ¢ > 0 we have

Y(t,k)=P||Z|*> > t, (E.21)

with Z a Gaussian random variable in R¥ with zero mean and identity covariance
matrix. We will make extensive use of the following lemma which is a direct
consequence of (Laurent and Massart, 2000, Section 4, Lemma 1).

LemMma E.3. Foranyk € N andt € Ry witht > 5k, ¥(t,k) < exp[—t/5].
Proof. Let k € N. First, note that for any x > k, we have that k+2(kx)1/ 242x < 5x.

Combining this result and (Laurent and Massart, 2000, Section 4, Lemma 1, Equation
(4.3)), we have that for any x > k

P|IX||* > 5x < exp[—x], (E.22)

with X a RF-valued Gaussian random variable with zero mean and identity covari-
ance matrix. This concludes the proof upon letting ¢ = 5x. ]

Let ¢ : R? — R, given for any u € R by ¢(u) = (21) /2 exp[—||ul|*/2]?, i.e. the
density of a real Gaussian random variable with zero mean and unit variance.

2The division by /Y comes from the definition of the intermediate drift (E.53).
3In the rest of the supplementary, we never precise the dimension p € N which can be deduced
from the variable.
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While Lemma E.4 appears technical, it will be central to provide quantitative upper
bounds on the rejection probability, see Lemma E.7 for instance.

LEmMA E4. Foranyk e N, ag > 0, By € (0,1] and § > 0 we have
Y(6) = sup{/;w ¥ (ot /9, k)ﬂoq)(t —ty/6)dt : tg = 0} < Gy, (E.23)
with Cy = 5(2m)~V2(k + 1)/ (@ fo)-

Proof. Letk € N, g > 0, fp € (0,1] and § > 0. Let t5 = 5k5/ag. Note that if t > t5
then, agt/8 > 5k. In addition, we have

ST W (aot /8, k) Pg(t — to/8)dt < (2m)7V2 [T W (apt /8, k)Podt (E.24)
< (2m)712 [ W (aot /8, k)Podt (E.25)

+(2m)~V/? / - (oot /8, k)Pdt. (E.26)

ts

Using that for any w > 0, f0+°° exp[—wi]dt < (1/w), thatforanyu > 0, ¥(u, k) < 1
and that if u > 5k, ¥(u, k) < exp[—u/5], we get for any ¢, > 0

S W (et /8, k)g(t=t0/8) < (270)"V/2[5k8 /ag+58/ (aoo)] < (5(2m) 2 (k+1) / (0 fo))S,
(E.27)
which concludes the proof. ]

Finally, we have the following lemma, which is similar to Lemma E.3 but will be
used to control quantities related to the norm.

LEmMMA E5. Foranyk € N, ay > 0, By € (0,1] and 5 > 0 we have
+00 ﬁ 2
Y(6) = [ W(aot/8,k)Pr(t)dt < Cos, (E.28)
with Cy = 25(27) "1 (k? + 1)/ (ao o).

Proof. Letk € N, ap > 0, fy € (0,1] and § > 0. Let 5 = 5k8/ ;. Note that if t > t5
then, agt/d > 5k. In addition, we have

S (et 8, k) otg(1)dt < (2m)7" [ ¥ (aot /8, k) Potdt + (2m) 7! /t:’" Y (aot/5, k)Potdt.
(E.29)

In addition, using that if u > 5k then ¥(u, k) < exp[—u/5], we get

(2m) 1 ft;"" ¥(aot/8, k)Pordt < (2m) ™" [T exp[—aofot/(58)]tdt < (2m) 712582/ (a0 o).
(E.30)

Finally, using that for any u > 0, ¥(u, k) < 1, we have
(2m) 1 [ W(aot/8, k)Pordt < (2m)~125k*8% (E.31)

which concludes the proof. ]
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E.1.3. Lower bound on the inside probability and control of moments of order
two and higher.

Lower bound on the inside probability. We begin with the following lemma
which controls the expectation of 1 + || Z|| outside of C(x,y). We recall that V is
defined in Theorem E.2-(c).

LEMMA E.6. Lety =1. Letx € V,Z €~ N(0,1) andy € (0,7) then we have

max(E| L, 7 iocons | | VOO, frerinci ) < V). €32

with : Ry — Ry such thatlimsup, , §/(t)/t'/? < +oo.

Proof. Let 7 > 0 given by Theorem E.2. First, we have that

S St (1 1l + (101D 2 1120 (@) 0 (0)dardo (E33)
< de(l + |a|)1a2f/yl/z<p(o:)da <d(¥(#/y,1) +exp[-72/(2y)]). (E.34)

Second, using Lemma E.4, we have that

/R ./[Rd—l L0125 (a+yra)/ (Cy) Laryraz0p (@)@ (0)dado (E.35)
< Ja laryrazo ¥ (@ + vF@) [ (Cy),d = 1)p(a)da (E.36)
< [T (a/CyVd - De(a - alyHda < (V). (E37)

Second, using Lemma E.5, we have that

/[R /[Rd—l L) y125 (aryya) / (Cy) Latryra=z0@ (@) @ (v)dado (E.38)
= [ @¥((@+ @) /(Cy),d = Vg jazop(@)da (E.39)
< [T ¥(a/CyM? d - Dap(a)da < Ta(y'?). (E.40)

Note that we have limsup, _,, ¥ (y'/?)+%,(y'/?) < +0c0. We conclude upon combin-
ing (E.34), (E.37) and (E.40) with Theorem E.2-(d) and the fact that ||®(x)|| =1. =

The following lemma allow us to give a lower bound to the quantity E [1x iz eﬂ]

uniformly with respect to x € M.

LemMA E.7. There exists y > 0 such that for anyy € (0,7) and for any x € M,
y € (0,7) and Z ~ N(0,I) we have

E|1,, zem| 2 14 (E41)

Proof. Lety € (0,7). If x ¢ V then B(x,2R) ¢ M using Theorem E.2-(e) and

therefore E [1 > 1/4 for y > 0 small enough. Now, assume that x € V.

x+\yZeM

< ¥(y). In addition, using

Using Lemma E.6, we have that E [1x+\/)725ﬂmc(x )/)“]
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Theorem E.2-(b), we have that for any y > 0

[E[lxhﬁZeﬂ] > [E|:1x+WZ€C(x,y):| (E.42)
ry 12
2 [Cae Jeaes Tl <(asyiiza) oy (@)@ (0)dado (E.43)
r -1/2 _
> /_g:),fl/z(l - ¥((a+y"?a)/(Cy).d - 1)p(a)da (E.44)
> (1/2) =¥y 1) - 1, ¥ (@ + Y1) (Cp).d - Dp(a)da.
(E.45)

Hence, using Lemma E.3 and Lemma E.4, there exists y > 0 such that for any
y € (0,7), ¥(r?/y, 1)+/0+oo ¥(a/(Cy'?),d)p(a—y"*a)da < 1/4, which concludes
the proof. [ ]

Note that the result of Lemma E.7 can be improved to 1/2 — ¢ for any ¢ > 0.

In particular this result tells us that for y > 0 small enough, M looks like the
hyperplane from the point of view of the Gaussian with variance y centred on aM.

Bound on moments of order two and higher. In what follows, we define for any
y > 0,AY : M — R, given for any x € M by

A (%) = (11) foa Lerggee mlVT2 0(2)d2] foa Ler gremo(2)dz. (E.46)
ProrosITION E.8. We have lim, o sup{AY(x) P X € M} =0.

Proof. Let § > 0 given by Lemma E.7. Let x € M and y € (0, ). We have using

Lemma E.7
Jra Lerypzemo(2)dz = 1/4. (E.47)
We also have that
4
(1/Y) Jpa Txaygzem||V¥2|| 0(2)dz < 3yd?. (E.48)
Therefore, we get that for any y € (0,7), AY(x) < 12yd? which concludes the
proof. |

In what follows, we define for any y > 0, 3V : M- S%(R) given for any x € M
by
X (x) = fRd Lt \yzemz ® Z(P(Z)dz/fRd 1t yzEM(P(Z)dZ' (E.49)

ProrosiTiON E.9. There exists y > 0 such that for any x € M and y € (0,7) we
have
[EY ()| < 4d. (E.50)

Proof. Letx € M and j > 0 given by Lemma E.7. For any y € (0, 7), we have using
Lemma E.7

Jpa Lerypzemo(2)dz = 1/4. (E.51)
We also have that
Jea LergremlizlPp(2)dz < d (E.52)

which concludes the proof. [ ]
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E.1.4. Properties of large drift terms. Finally, we define for any y > 0, b M—
R? given for any x € M by

I;Y(x) = Y_l/z fRd 1x+\/YzeMZ(p(Z)dZ/fRd 1yt yzEM(p(Z)dZ' (E.53)

First, we show away from the boundary the drift by converges to zero.

ProrosITION E.10. There exists y > 0 such that for anyy € (0,7),r > 0 and x € M
such that d(x, dM) > r we have Hl;)’(x)” < 2d¥(r/y,d)"/?[y12,

Proof. Letx € M and 7 > 0 given by Lemma E.7. For any y € (0, y) we have using
Lemma E.7

./Rd 1yt yzEM(p(Z)dZ > 1/4. (E.54)

We also have that

”/Rd 1x+\/)72€quo(z)dz“ < ”/Rd 1||Z||§,/y1/zz<p(z)dz|| + fRd 12152 I2ll@(2)dz

(E.55)
<2 [t paparypelzllo(2)dz < 2d%(r/y, )12y 102
(E.56)
which concludes the proof. ]

We have the following corollary.

CoroLLARY E.11. There exists y > 0 such that for any § > 0 there exists Ms > 0 such

that for anyy € (0,7) and x € M, I;Y(x)H > Ms, then ®(x) < 6.

Proof. Let y > 0 given by Lemma E.7. Let f : R, — R, given foranyr > 0
by f(r) = sup{y > 0 : ¥(r/y,1)"/?/y"/?}. We have that f is non-increasing and

lim,_,o f(r) = +co. Let § > 0 and M5 = 2df(5/C) withC = sup{||V<I>(x)|| D x € M}

Let y € (0,7) and x € M such that “l;)’(x)” > M; then using Proposition E.10 we
have that d(x, aIM) < §/C. Let ¥ € dM such that ||x — x|| = d(x, IM). We have

O(x) < O(x) + [ (VO(E + t(x — %)), x — x)dt < §, (E.57)
which concludes the proof. ]

For ease of notation, for any y > 0, we define by = yl/ ZI;Y, the renormalized version
of the drift. First, we have the following result which will ensure that the drift
projected on the normal component does not vanish.

LEmMA E.12. There exists y > 0 such that for anyy € (0,7) and x € V we have

(b (x), V(%)) = [|b¥ ()] = ¥ (p), (E.58)

with : Ry — Ry such that limsup,,_,, §/(y)/+/y < +oo.
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Proof. Letx € M and 7 > 0 given by Lemma E.7. For any y € (0, y) we have using
Lemma E.7

Jpa Txryzeme(2)dz = 1/4. (E.59)
In addition, we have
/Rd 1x+Wz€M<Zs V‘I’(f»(ﬂ(z)dz 2 /Rd 1x+Wz€C(x,y) <Z, V(D(X»(P(Z)dz (E-60)

- A‘Qd 1x+Wz€MﬁC(x,y)C<Z’ V(D(X»(P(Z)
(E.61)

Using Lemma E.6, we get that

/Rd 1x+\/)72€M<Z: Vo (x))p(2)dz > /Rd Leryyzec(xy) (2, VO (x))¢(2)dz — ().

(E.62)
Let {ei}?:_l1 a basis of V®(x)*. Using Theorem E.2-(b), we have that for any i €
{1,...,d -1}
riy'?
/[Rd 1x+erC(x,y) <Z, €i>q0(2)dZ= _d/},l/z ‘/IV(D(X)L 1||z,||25()/1/2a+07)/y<0s ei>¢(0)¢(a)dvda~
(E.63)
Hence, combining this result and the Cauchy-Schwarz inequality we have for any
ie{l,...,d-1}
r/ 1/2
(/Rd 1x+\/?z€C(x,y) (Z, ei>(p(z)dz)2 = (‘/I_(;Jyl/z /‘V(I)(X.)L 1||0||22()/1/20(+0'()/y<0’ €i>(P(U)(p(0()d0d0{)2
(E.64)
iyl/2 .
< froge: @ enfo@do( 711 @+ ay'’?) fy,d - 1) p(a)da)?
(E.65)
Iy 12 B
< (11 W@+ ay'?) [y, d - 1) p(a)da)?. (E.66)
Hence, using Lemma E.4, we get that
S foa Lesgpeeciop (5 e)0(2)d2)? < (d = DY2(y), (E.67)
with ¢ given by Lemma E.4 with f; = 1/2. Therefore, we get that
([éd 1x+\/)77.€C(x,y) <Z, V(I)(Z»(P(z)dz)z (E-68)
= (ot Targpee M@ (22| (O]F = RIS T ypaccing) (2 00(2)d2)?
(E.69)
- 2
> (fa Lerypzeme(2)d2)?([BY (|| = ¥ (y)?. (E.70)
We conclude the proof upon using that for any a,b > 0, (a + b)'/? < al/? + b1/
and (E.59). [

We are now ready to state the following lower bound on the drift.

PROPOSITION E.13. There exist j > 0, M > 0 and ¢ > 0 such that for any x € M
andy € (0,7) 1f||l;”(x)|| > M thenx € V and

min((BY (x), VO(x)), (B (x), VO(%))) = CHBY(x)”. (E.71)
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Proof. Lety > 0 given by Lemma E.7 and M, = 4sup{1ﬁ(y)/y1/2 :y e (0o, )7]}. In
addition, let ¢ = 1/4. Using Proposition E.10 and Theorem E.2-(e), there exists M; >

0 such that for any any x € M, if ||By(x)|| > M; then x € Vand x = x + aVO(x)
witha < 1/(4C)and C = sup“|V2<I>(x)|| D x € M} We denote M = max(My, My).
Let y € (0,7) and x € M such that ”I;Y(x)H > M. Using Lemma E.12, we have that

(b (x), V() = [[B7 (0| - ) . (£72)
Using that ¥/(y)/y/? < M/2 < ”l;)’(x)“/z, we have
B (x), VO(%)) > (1/2)||15Y(x)||. (E.73)

Since |[x — || < @ < 1/(4C) we have (B(x), V(x)) > (1/2 — Ca)HBY(x)” >
Hl;)’(x)H/ 4, which concludes the proof. [

E.1.5. Convergence on compact sets. In this section, we show the convergence of
the drift and diffusion matrix on compact sets. We recall that M does not include
its boundary oM.

ProrosiTioN E.14. For any compact set K C M and € > 0, there exists y > 0 such
that for anyy € (0,7) we have for any x € K

HBY(x)” <e Preo-1 e (E.74)

Proof. Let K ¢ M be a compact set and y > 0. Since KN aM = 2, there exists
r > 0 such that for any x € K, d(x, 9M) > r. Therefore, we have that for any x € K

frof-r-»

Lo #0@&E| [y 0@z ®79)

In addition, using the Cauchy-Schwarz inequality we have

S 0] < | fu 0@+ [ ello(araz ©.76)
< fRd 1||Z||Zr/y1/2||2||(p(l)d2 < \/E‘P(rz/y, d)l/Z. (E77)

Using Lemma E.3 and Lemma E.7, there exists jp > 0 such that for any y € (0, y)
we have that for any x € K

HEY(x)” < 4d¥ (2 )y, 1) 2y 2 < g, (E.78)

which concludes the first part of the proof. Similarly, we have that for any x € K

forgroen(2®2 - I)(p(z)dZ” < ||de(z ®z-— I)(p(z)dz” + /M Izllp(z)dz (E.79)

c

< ‘AI’Qd 1Hz||2r/)/1/2”2 ®z— I||(p(z)dz (ESO)
< V2(1+3d)V29 (2 Jy, d) V2. (E.81)
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Using Lemma E.3 and Lemma E.7, there exists y; > 0 such that for any y € (0, j),
we have that for any x € K

[5G 1 < V21 +38) v (P ) < (E82)

which concludes the proof upon letting y = min(y, y1)- [ ]

E.1.6. Convergence on the boundary. Finally, we investigate the behaviour at
the boundary of the diffusion matrix and the drift. First, we show that there is a
lower bound to the diffusion matrix near the boundary. Second, we show that the
renormalized drift converges to the outward normal.

PROPOSITION E.15. There exist ¢ > 0 and 7 > 0 such that for anyy € (0,7), u € R?
and x € V we have
(u, 3 (x)u) > c|lu]l?. (E.83)

In particular, there exist r,e > 0 such that for anyy € (0,7) and x € M with
d(x,oM) <r
(VO(x), 3 (x)VD(x)) > e. (E.84)

Proof. First, we show (E.83). Let x € V. We have for any u € R?

@3 () = foa Leryree (2 02022/ fog Torypeemdz  (E85)

> Joa Terypzecin (2 u)p(2)dz. (E.86)
For any u € R?, let o, = (u, VO(%)). Using Theorem E.2-(b) we have for any
u e R4
/I‘Rd 1yt yzec(xy) (z, u>2§0(z)dz (E.87)
/ 1/2
= _ra}/yl/Z -/vV(D(J?)J' ((u, U> + aau)zl”vllZS(aY1/2+d)/yg0(U)q0(a)dUda (E88)

/ 1/2
= /Or ’ qu,@—c)L (<U, U>2 + azaﬁ)l”U“zs(ayl/zm)/y(p(v)(p(a)dvda
(E.89)

/ 1/2 / 1/2
>a [ @te(e)da [ [oa e 0 o< (ayiva) 0 (00 (@) dudar
(E.90)

Using Cauchy-Schwarz inequality, we have

+00

for/yl/2 o2p(a)da = (1/2) — / s a?p(a)da > (1/2) — 30(r?/y, Y2 (E.91)

rly

In addition, using the Cauchy-Schwarz inequality, we have that

r/ 1/2
Ly Jowy: @ 0) o< ayrrzaa) 0 (@)9 (@) dodar (E.92)
= foager. @00 @ds [711, p(@)da (€93)
Vo(x)+ ™ —a/y'/? :
r/ 1/2
- f—&jlyl/z qu>(5c)L (W, 0)° 125 (ayt/24a) 1, @ (0) @ (@) dudar
(E.94)
> ([lull® - a2)((1/2) = ®(r*/y, 1)) (E.95)

~V3(d - Dllull® [ ®(a/y'? d - 1)2p(a - a/y'*)da. (E.96)
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Combining this result, (E.91), (E.90) and Lemma E.4 there exists y > 0 such that
for any y € (0,7] and u € R?

Jra Lesypzecoon) (2w (2)dz = (1/4)[|ull?, (E.97)

which concludes the proof of (E.83). Finally, using Theorem E.2-(e), we have that
for any x € M if d(x,0M) < R then x € V. Let r = min(R, 1/(2C)) with C =

sup{HVZCI)(x)” : X € ﬂ} We have that for any x € M such that d(x,doM) < r
IV®(x)|| = ||[VO(x0)|| = Cr > 1/2, (E.98)

where Xy is such that ||x — %|| < r and Xy € dIM. Combining this result and (E.97)
concludes the proof upon letting ¢ = 1/16. ]
Finally, we investigate the behaviour of the normalized drift near the boundary.

ProrosiTION E.16. For any %y € M and ¢ > 0, there exist y,r, M > 0 such that for
> M

anyx € M andy € (0,7) with ||x — %o|| < r and Hl;y(x)’

HBY(x) (Y (x), VO(x)) — VO (%) | < e. (E.99)

Proof. Let y be given by Proposition E.13. Let ¢ given by Lemma E.4 and M, =
sup{y(y)/y"?* : y € (0,7)} < +oo. Let M = 16M,/(ce'/?) with c given in Propo-
sition E.13. Let R > 0 given by Theorem E.2-(e) such that for any x € M with
d(x,0M) there exist x € M and a € {0,ce/(4C)} such that x = ¥ + aVO(k)
with C = sup{”VZ(I)(x)H DX € M} and ¢ given in Proposition E.13. Let r =
min(7, ce/4, R) and x € M with ||x — %|| < r. First, since d(x, M) < R, there exist
x € oM and a € {0,¢/(4C)} such that x = ¥ + aV®(x). Therefore, we get that
|x — %o|| < &/(2C) and therefore ||[V®(%y) — V®(x)|| < ¢/2. In addition, we have
that

57 oy ), Vo)) - 67 () 67 (0, Vo )| (E.100)

< [l o[ 190 0) - Vo)1 (6 (), V)b (), Vo).

(E.101)
Using Proposition E.13, we get that
||z3Y(x) 1Y (x), VO(x)) — BY () /(B (x), ch(x))“ < /4. (E.102)
In what follows, we show that
HBY(x) 1B (x), VO(R)) — ch(;z)”2 <¢/2. (E.103)

In particular, we show that for any u € V®(x)* with |lul| = 1,

(bY (x), u)? < (e/16)(B" (x), Vd(x))>. (E.104)
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Assuming (E.104), letting u = (5 (x)— (5" (x), V®(%))) /(”Br(x)||2—<13r(x), Vo (x)2)!/2
and using that bY (x) = (b¥ (x), w)u + (b (x), VO(x))VO(x) we have

HBY(x) 1B (x), VO(x)) — vq»(x)H < HBY(x) 1Y (x), VO(%)) — ch(x)” (E.105)

#5700 487 (), V@00 - B ()57 (0, Vo )|
(E.106)
< |<BY(x),u> 1Y (), V(b(x)>| +e)d <e/2,
(E.107)

which concludes the proof. Let u € V®(x)* with ||u|| = 1 and {e,};i | an orthonor-
mal basis of V®(x)+. There exist {a; }d ! such that Zd 1 a =landu= Z?:f aie;.
Using Theorem E.2-(b), we have that for any i € {1,. -1}

/Rd Lt yyzec(xy) (2 e1)p(z)dz= a/yl/z qu:)(x)J_ 1||z,||2<(y1/2a+a)/y<0 ei)¢(v)¢(a)doda
(E.108)

riy'?
= Lapyr Joos Vo2 (izasa 1y 0 €09 (0)p(@)doda
(E.109)

Hence, combining this result and the Cauchy-Schwarz inequality we have for any
ie{l,...,d—1}

(fRd x+4/yz€C(xy) <Z ez>(P(z)dz)2 (frg/z}/yl/Z fV(D(;()J- 1”1)”22()/1/2(14.@)/)/(03 €i>(P(U)‘P(0‘)dUd05)2

(E.110)
< fragers @ ed?o@)do([70 L W((@ + ay'?) y.d - 1)V2p(a)da)?
(E.111)
Hence, we get that
S @ (foa Lerypeecon (2 e)0(2)d2)? < [ulPy2(y),  (E112)

with ¢ given by Lemma E.4. Recalling that ”I;Y(x)H > M we have

(b (x),u)? < 16¥(y)?/y < *(e/16)M? < (¢/16)(b" (x), VO(%))2,  (E.113)

which concludes the proof. [ ]

E.1.7. Submartingale problem and weak solution. We are now ready to conclude
the proof.

TueOREM E.17. There exists P* a distribution on D({0, T}, M) such thatlim,_,o Pr =
P*. In addition, for any f € C**({0, T} x M, R) with (VO (%), Vf(x)) = 0 for any
t € {0,T} and x € OM, we have that the process (f(t,w(t)))tefo,r}y given for any
te {0, T}

Fto(®) = [1(0:f(s.0(s) + LAF (5, 0(5) 1 pi((s5))ds, (E.114)

is a P submartingale.
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Proof. Condition (A) (Stroock and Varadhan, 1971, p.197) is a consequence of Propo-
sition E.8. Condition (B) (Stroock and Varadhan, 1971, p.197) is a consequence of
Proposition E.13. Condition (C) (Stroock and Varadhan, 1971, p.198) is a conse-
quence of Corollary E.11. Condition (D) (Stroock and Varadhan, 1971, p.198) is
a consequence of Proposition E.9. We fix p = 0 and condition (1) (Stroock and
Varadhan, 1971, p.203) is a consequence of Proposition E.14. Condition (2)-(iii)
(Stroock and Varadhan, 1971, p.203) is a consequence of Proposition E.15. Condition
(2)-(iv) (Stroock and Varadhan, 1971, p.203) is a consequence of Proposition E.16.
We conclude upon using (Stroock and Varadhan, 1971, Theorem 6.3) and (Stroock
and Varadhan, 1971, Theorem 5.8). [}

We finally conclude the proof of Theorem E.1 upon using the results of (Kang and
Ramanan, 2017) which establish the link between a weak solution to the reflected
SDE and the solution to a submartingale problem.

TueoreM E.18. Forany T > 0, (Xf)te{oj} weakly converges to (X;);eqo,} Such
that for any t € {0, T}

X;=x+B —ki,  |kl,= [ Ix.comdlkl, k= [ n(Xo)dlkl,. (E.115)

Proof. Using Theorem E.17 and (Kang and Ramanan, 2017, Theorem 1, Proposition
2.12), we have that P in Theorem E.17is associated with a solution to the extended
Skorokhod problem. We conclude that a solution to the extended Skorokhod
problem is a solution to the Skorokhod problem using (Ramanan, 2006, Corollary
2.10). n

E.1.8. Extension to the Metropolis process. We recall that the Metropolis process
is defined as follows. Let (X,);)keN given for any y > 0 and k € N by Xg =xeM

and for XZ}LI = XZ + Y Zk ifXZ + \/?Z}C/ € M and Xl)c/ otherwise, Zy ~ N(0,I). We
recall that b, ¥ and AY are given by (E.46), (E.49) and (E.53). In particular, denoting
K" the Markov kernel associated with ()A(]’:)keN, ie. K¥: MxB(M) - {0,1}
such that for any x € M, K¥(x,-) is a probability measure, for any A € 8(M),
K (-, A) is a measurable function and E [IA()A(}/) | )A(g = x] = K¥(x,A). We have
that for any y > 0 and x ¢ M

bY(x) = (1/y) [y (y = K (x,dy), (E.116)
¥ (x) = (1/y) [, (y = x)®*KY (x, dy), (E.117)
A () = (1/y) fylly = x|*KY (x, dy). (E.118)

In what follows, we denote a¥(x) = E [1x+WZoe M]. Denote K the kernel associ-
ated with (X]}:)keN- We have that for any A € B(M),y > 0and x e M

KY (x, A) = [E[1XZH€A1X+WZ,ME M] + (1= a () 1A(x) (E.119)
= a’(x)KY (x,A) + (1 — 2 (x))1a(x). (E.120)
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We define for any y > 0 and x € M

bY (x) = (1/y) [, (y = 0K (x, dy), (E.121)
Y (x) = (1/y) [, (y = x)®*K (x, dy), (E.122)
N (x) = (1/y) [, lly = x[I'KY (x, dy). (E.123)

Using (E.120), we get that for any y > 0 and x € M

V) =d @b (x), T =d®Fx, A& =d @M.
(E.124)
Using Lemma E.7, we have that for any y € (0,7) and x € M, a¥(x) > 1/4.

In order to conclude for the convergence of the Metropolis process we adapt
Theorem E.17 and Theorem E.18. We define X¥ : R, — M given for any k € N
by X,}:Y = X]f and for any t € [ky, (k+1)y), X! = X}:. Note that (X;);efor} is a

D({0, T}, M) valued random variable, where D({0, T},M)_is the space of right-
continuous with left-limit processes which take values in M. We denote P the
distribution of (X;);e (0,7} on D({0, T}, M).

THEOREM E.19. There exists P* a distribution onD({0, T}, M) such thatlim, o PY =
P*. In addition, for any f € C**({0, T} x M, R) with (VO (), Vf(x)) = 0 for any
t € {0,T} and x € M, we have that the process (f(t,w(t)));e(o,r} given for any
t€{0,T}

Ft o) = [ (3:f (s, 0(5) + Af (s ()1 p(w(5)ds, (E.125)

is a P submartingale.

Proof. Condition (A) (Stroock and Varadhan, 1971, p.197) is a consequence of
Proposition E.8 and (E.124). Condition (B) (Stroock and Varadhan, 1971, p.197) is a
consequence of Proposition E.13 and (E.124). Condition (C) (Stroock and Varadhan,
1971, p.198) is a consequence of Corollary E.11 and (E.124). Condition (D) (Stroock
and Varadhan, 1971, p.198) is a consequence of Proposition E.9 and (E.124). We
fix p = 0 and condition (1) (Stroock and Varadhan, 1971, p.203) is a consequence
of Proposition E.14 and that lim,_,o a¥ = 1 uniformly on compact subsets K C
M. Condition (2)-(iii) (Stroock and Varadhan, 1971, p.203) is a consequence of
Proposition E.15 and (E.124). Condition (2)-(iv) (Stroock and Varadhan, 1971, p.203)
is a consequence of Proposition E.16 and (E.124). We conclude upon using (Stroock
and Varadhan, 1971, Theorem 6.3) and (Stroock and Varadhan, 1971, Theorem
5.8). [

TueEOREM E.20. Forany T > 0, (XZ)I‘E{O,T} weakly converges to (X;)seqo,r}y Such
that for any t € {0, T}

Xe=x+Bi—kn Ikl = [ Ixeomdikle ke = [ n(X)dlkl,. (E126)

Proof. The proof is identical to Theorem E.18. [ ]
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E.2. MODELLING GEOSPATIAL DATA WITHIN
NON-CONVEX BOUNDARIES

To demonstrate the ability of the proposed method to model distributions whose
support is restricted to manifolds with highly non-convex boundaries, we derived
a geospatial dataset based on the historical wildfire incidence rate within the
continental United States (described in in Appendix E.2.1) and, using the corre-
sponding country borders, trained a constrained diffusion model by adapting the
point-in-spherical-polytope conditions outlined in (Ketzner et al., 2022) (described
in Appendix E.2.2).

E.2.1. Derivation of bounded geospatial dataset. Specifically, we retrieved the
rasterised version of the wildfire data provided by Welty and Jeffries (2020), con-
verted it to a spherical geodetic coordinate system using the CarTOPY library
(of the United Kingdom, 2015), and drew a weighted subsample of size 1 x 10°. We
then retrieved the country borders of the continental United States from (Natural
Earth, 2023) and mapped them to the same geodetic reference frame as the wildfire
data. A visualization of the resulting dataset is presented in Figure E.2.

Figure E.2. Orthographic projection of the wildfire dataset described in Ap-
pendix E.2. The projection is aligned with the centroid of the continental United
States and zoomed in ten-fold for visual clarity. All visualisations of geospatial
data were generated using the GEOVIEWS (Rudiger et al., 2023) and DATASHADER
(Bednar et al., 2023) libraries.

E.2.2. Point-in-spherical-polytope algorithms. The support of the data-generating
distribution we aim to approximate is thus restricted to a highly non-convex spher-
ical polytope P € S? given by the country borders of the continental United States.
To determine whether a query point g € S? is within P, we adapt an efficient
reformulation of the point-in-spherical-polygon algorithm (Bevis and Chatelain,
1989) presented in (Ketzner et al., 2022). The algorithm requires the provision of
a reference point r € S? known to be located in P and determines whether q is
inside or outside the polygon by checking whether the geodesic between r and ¢
crosses the polygon an even or odd number of times. Letting £ € R* denote the

315



316

E EFFICIENT SCORE-BASED MODELLING ON CONSTRAINED DOMAINS

Cartesian coordinates of a point x € S?, (Ketzner et al., 2022) rely on a Cartesian
reference coordinate system Q (with its z-axis given by 7) and the corresponding
spherical coordinate system Q to decompose the edge-crossing condition of Bevis
and Chatelain (1989) into two efficiently computable parts. That is, the geodesic
between q and r crosses an edge e; = (v;,;) of the polygon if:

(i) the longitude of q in Q is bounded by the longitudes of v; and v; in Q, i.e.
$o(q) € [min(dg(vi), Po(v;)), max(¢o(vi), po(v;))],

(ii) the plane specified by the normal vector p; = 9; X 9; represents an equator
that separates q and r into two different hemispheres, i.e.

sign({(pi, F) - (p19)) = —1.

Especially when P is fixed and the corresponding coordinate transformations
and normal vectors can be precomputed for each edge, this algorithm affords an
efficient and parallelisable approach to determining whether any given point on
S? is contained by a spherical polytope.

E.3. SUPPLEMENTARY EXPERIMENTAL RESULTS

E.3.1. Evaluating log-barrier models. Following chapter 4, we approached the
empirical evaluation of our Metropolis model by computing the maximum mean
discrepancy (MMD) (Gretton et al., 2012) between samples from the true distribu-
tion and the trained diffusion models. The MMD is a statistic that quantifies the
similarity of two samples by computing the distance of their respective mean em-
beddings in a reproducing kernel Hilbert space. For this, we use an RBF kernel with
the same length scales as the standard deviations of the normal distributions used
to generate the synthetic distribution. We sum these RBF kernels by the weights
of the corresponding components of the synthetic Gaussian mixture model.

Table E.1. Maximum mean discrepancy (MMD) (]) of a held-out test set from a
synthetic bimodal distribution over convex subsets of R? bounded by the hypercube

[~1,1]% and unit simplex A?. Means and standard deviations are computed over 3
different runs.

Constraint d Log-Barrier Reflected Metropolis
2 0.066 = 0.006 0.055 £ 0.015 0.029 + 0.002
[-1, 1]d 3 0.209 + 0.077 0.080 + 0.004 0.047 + 0.006
10 0.330 £ 0.004 0.313 £0.048 0.226 + 0.006
2 0.050 + 0.012 0.043 £ 0.002 0.032 + 0.007
A4 3 0.238 + 0.009 0.181 £ 0.007 0.121 £ 0.010
10 0.275 + 0.015 0.290 £ 0.009 0.267 = 0.003

From the results in Table E.1, it is clear that the log-barrier approach performs
significantly worse than the Reflected model across all but one and worse than
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the Metropolis models across all settings. This, in conjunction with numerical
instabilities we encountered when attempting to evaluate sample likelihoods with
the log-barrier models as presented in chapter 4, motivated us to focus on the
Reflected and Metropolis models in the main text.

E.3.2. Experimental details. We use the same architecture in all of our experi-
ments: a 6-layer MLP with 512 hidden units and sine activation functions, except
in the output layer, which uses a linear activation function. Following Liu et al.
(2022a) and chapter 4, we implement a simple linear function that scales the score
by the distance to the boundary, approaching zero within € = 0.01 of the boundary.
This ensures the score obeys the Neumann boundary conditions required by the
reflected Brownian Motion. For the geospatial dataset within non-convex country
borders, we do not use distance rescaling. Instead, we substitute it with a series of
step functions to rescale the score. This is a proof-of-concept to show that even
when computing the distance is hard, simple and efficient approximations suffice.
When constructing Riemannian diffusion models on the torus and sphere for the
protein and geospatial datasets, we follow (De Bortoli et al., 2022) and include an
additional preconditioner for the score on the manifold. We do not use the resid-
ual trick or the standard deviation trick, which are both common score-rescaling
functions in image model architectures; in our setting, we find that they adversely
affect model training.

For the forward/reverse process we always set T = 1, f; = 1 X 10~% and then tune
B1 to ensure that the forward process just reaches the invariant distribution with
a linear B-schedule. We use a learning rate of 2 X 10™* with a cosine learning
rate schedule and an ism loss with a modified loss weighting function of (1 +t),
a batch size of 256 and 8 repeats per batch. At sampling time we use N = 100
steps of the discretised process. We discretise the training process by selecting
arandom N between 0 and 100 for each example, rolling out to that time point.
This lets us cheaply implement a simple variance reduction technique: we take
multiple samples from this trajectory by selecting multiple random N to save for
each example. For all experiments, we use the ism loss with a modified weighting
function of (1+t), which we found to be essential to model training. All experiments
use a batch size of 256 with 8 repeats per batch. For training, we use a learning rate
of 2 X 107 with a cosine learning rate schedule. We trained for 100,000 batches on
the synthetic examples and 300,000 batches on the real-world examples (robotics,
proteins, wildfires).

We selected these hyperparameters from a systematic search over learning rates
(6x107%,2x107% 6 x 107>, 2% 107°), learning rate schedules (cosine, log-linear),
and batch sizes (128, 256, 512, 1024) on synthetic examples for the reflected and log-
barrier models. Similar parameters worked well for both, and we used those for our
Metropolis models to allow a straightforward comparison. We tried N = 100, 1000
for several synthetic examples but found that very large rollout times actually
hurt performance for the Metropolis model, though the log-barrier performed a
bit better with longer rollouts and the reflected was the same.

All models were trained on a single NVIDIA GeForce GTX 1080 GPU. All of the
Metropolis models presented here can easily be trained on this hardware in under 4
hours. The runtime for the log-barrier and reflected models is considerably longer.
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E.3.3. Constrained Configurational Modelling of Robotic Arms. The follow-
ing univariate marginal and pairwise bivariate plots visualise the distribution of
different samples in

(i) the three dimensions needed to describe an ellipsoid M = [ll lz} € 82, and

L 1

(i) the two dimensions needed to describe a location in R2.

Visualisation of samples from the data distribution

-
u 4000
.
: [ - o
- * -
(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 X 10° samples from the data dis- of 1 X 10° samples from the data dis-
tribution in SZ,. tribution in R?.

Figure E.3. Visualisation of the data distribution in 82, x R? using univariate
marginal and pairwise bivariate plots.
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Visualisation of samples from our Metropolis sampling-based diffusion model

(a) Plots of the univariate marginal
and pairwise bivariate distributions
of 1 x 10° samples from our Metropo-
lis sampling-based diffusion model in
sz,

12000
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8000 ]

000 3

2000 §

-1 -85 0 05 1 -1 -05 0 05 1
¥ ¥

(b) Plots of the univariate marginal
and pairwise bivariate distributions
of 1 x 10° samples from our Metropo-
lis sampling-based diffusion model in
R2.

Figure E.4. Visualisation of the distribution learned by our Metropolis sampling-
based diffusion model in S?, x R? using univariate marginal and pairwise bivariate

plots.

Visualisation of samples from a reflected Brownian motion-based diffusion

model

2

s
N\ €

(a) Plots of the univariate marginal
and pairwise bivariate distributions
of 1 x 10° samples from a re-
flected Brownian motion-based dif-
fusion model in S2,.

10000
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4000 §

2000 §

-1 -05 0 03 1 -1 -05 0 03 1
v ¥

(b) Plots of the univariate marginal
and pairwise bivariate distributions
of 1 x 10° samples from a re-
flected Brownian motion-based dif-
fusion model in R2,

Figure E.5. Visualisation of the distribution learned by a reflected Brownian motion-
based diffusion model in S?, x R? using univariate marginal and pairwise bivariate

plots.
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Visualisation of samples from the uniform distribution

o - 0

v ¥

(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 x 10° samples from the uniform of 1 x 10° samples from the uniform
distribution in SZ,. distribution in R?.

Figure E.6. Visualisation of the uniform distribution in 8%, X R? using univariate
marginal and pairwise bivariate plots.

E.3.4. Conformational Modelling of Protein Backbones. The following univari-
ate marginal and pairwise bivariate plots visualise the distribution of different
samples in (i) the polytope P c R? and (ii) the torus T* used to parametrise the
conformations of a polypeptide chain of length N = 6 with coinciding endpoints.
We refer to (Han and Rudolph, 2006) for full detail on the reparametrisation and to
section 4.6.3 for a full description of the dataset.
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Visualisation of samples from the data distribution

(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 X 10°> samples from the data dis- of 1 X 10°> samples from the data dis-
tribution in P ¢ R3, tribution in T*.

Figure E.7. Visualisation of the data distribution in P ¢ R® x T* using univariate
marginal and pairwise bivariate plots.

Visualisation of samples from our Metropolis sampling-based diffusion model

(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 x 10° samples from our Metropo- of 1 x 10° samples from our Metropo-
lis model in P ¢ R3. lis model in T*.

Figure E.8. Visualisation of the distribution learned by our Metropolis model in
P C R3 x T* using univariate marginal and pairwise bivariate plots.
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Visualisation of samples from a reflected Brownian motion-based diffusion
model

(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 X 10° samples from a re- of 1 X 10° samples from a re-
flected Brownian motion-based dif- flected Brownian motion-based dif-
fusion model in P ¢ R3. fusion model in T4

Figure E.9. Visualisation of the distribution learned by a reflected Brownian motion-
based diffusion model in P ¢ R* X T* using univariate marginal and pairwise
bivariate plots.

Visualisation of samples from the uniform distribution

5

(a) Plots of the univariate marginal (b) Plots of the univariate marginal
and pairwise bivariate distributions and pairwise bivariate distributions
of 1 x 10° samples from the uniform of 1 x 10° samples from the uniform
distribution in P ¢ R3, distribution in T*.

Figure E.10. Visualisation of the uniform distribution in P ¢ R* x T* using
univariate marginal and pairwise bivariate plots.



F | SCORE-BASED MODELLING ON
GEOMETRIC STRUCTURES ON
RIEMANNIAN MANIFOLDS

F.1. ORGANISATION OF APPENDICES

In this supplementary, we first introduce in appendix F.2 an Ornstein Uhlenbeck
process on function space (via finite marginals) along with several score approxi-
mations.

Later in appendix F.3, we derive sufficient conditions for this introduced model
to yield a group invariant process. Finally in appendix F.4, we give a thorough
description of experimental settings along with additional empirical results.

F.2. ORNSTEIN UHLENBECK ON FUNCTION SPACE

F.2.1. Multivariate Ornstein-Uhlenbeck process. First, we aim to show that we
can define a stochastic process on an infinite dimensional function space, by
defining the joint finite marginals Y(x) as the solution of a multidimensional
Ornstein-Uhlenbeck process. In particular, for any set of input x = (x1,---,xx) €
Xk, we define the joint marginal as the solution of the following SDE

dy, = %ﬁt(m(x) —Y,) dt + VEK () 1)

where m is a mean function and K a covariance kernel.

Prorosrition F.1. (Phillips et al., 2022) We assume we are given a data process
(Yo(x))xex and we denote by G ~ GP(0, k) a Gaussian process with zero mean and
covariance. Then let’s define

t t t 1/2
Y, £ e_%'fszoﬂsds Y, + (1 — e_%'fszoﬁsds) m+ (1 - e_/s:oﬁsds) / G.

Then (Y¢(x))xex is a stochastic process (by virtue of being a linear combination
of stochastic processes). We thus have that Y; a—50> Yy and Y; ialaN Yo with
r—

t—oo

Yoo ~ GP(m, k), so effectively (Y¢(x))teRr, xex interpolates between the data process
and this limiting Gaussian process. Additionally, L(Y;|Yy = yo) = GP(m;, K;) with
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t t t
m; = ¢~ 3 Jimo Bods y0+(1 — e 2 S Bsds) and>; = (1—-e” Ji=o ﬁsds) K. Furthermore,
(Y¢(x))ter, xex is the solution of the SDE in (F.1).

Proof. We aim to compute the mean and covariance of the process (Y¢);»( described
by the SDE (6.4). First let’s recall the time evolution of the mean and covariance of
the solution from a multivariate Ornstein-Uhlenbeck process given by

dYt = f(Yt, t)dt + L(Yt, t)dBt (FZ)

We know that the time evolution of the mean and the covariance are given respec-
tively by Sarkka and Solin (2019)

dmt _
I Elf(Yen) F3)
% =E[f(Ye,t)(me = Yp) "]+ E[(m; = Ye) f(Ye, 1) "] + E[L(Yy, £)L(Yp, 1) T].

(F.4)

Plugging in the drift f (Y, t) = 1/2- (m —Y;)f; and diffusion term L(Yy, t) = 4/f:K
from (6.4), we get

dm
= = Y2 (m=Yop (F.5)
d>
- =P IK-2d]. (F.6)
Solving these two ODEs we get
my = e_%'fsioﬁsdsmo + (1 - e_%'fsioﬁsds) m (E.7)
(F.8)

with mg = E[Yy] and Xy = Cov[Yy].

Now let’s compute the first two moments of (Y(x))yex. We have

E[Y:] = E e_%'fsioﬁsds Y, + (1 - e_%'/stzoﬂsds) m+ (1 - e_%'fsioﬁsds) G] (F.9)
= e_%'/sioﬁsdsmo + (1 - e_%'/stzoﬂsds) m (F.10)
= m; (Fll)

1/2
Cov[Y;] = Cov [e_%'/sio Psds Yo] + Cov [(1 - e_/st=0 ﬁsds) G} (F.12)
= e falds s (1- e*/sioﬁs‘“) K (F.13)
= K +e Sl (3, - K) (F.14)



F.2 ORNSTEIN UHLENBECK ON FUNCTION SPACE

F.2.2. Conditional score. Hence, condition on Y the score is the gradient of the
log Gaussian characterised by mean m;|o = e_%B(t)Yo and ;0 = (1 - e‘B(”)K
with B(t) = fot B(s)ds which can be derived from the above marginal mean and
covariance with my = Yy and % = 0.

Vy, log p: (Y:|Yo) = Vy, log N (Yz|my 0, Z¢)0) (F.16)
= Vy, = 1/2(Ys = myo) "0 (Ye = mgo) + ¢ (F.17)
= =30 (Ye = mypo) (F18)
= =Ly 0Ly oLelo€ (F.19)
= —L;loTe (F.20)

T

where L;|y denotes the Cholesky decomposition of >y = L,|0Lt|0,

Ll’IOE'

and Yy = my)o +

Then we can plugin our learnt (preconditioned) score into the backward SDE 6.9
which gives

dY;|x = [-(m(x) = ¥;)/2 + K(x, x)Vy, log pr—(t,x,Y;) | dt + /BK(x, x) f;dB;
(F.21)

F.2.3. Several score parametrisations. In this section, we discuss several parametri-
sations of the neural network and the objective.

For the sake of versatility, we opt to employ the symbol Dy for the network instead
of sg as mentioned in the primary text, as it allows us to approximate not only
the score but also other quantities from which the score can be derived. In full
generality, we use a residual connection, weighted by cout, cokip : R — R, to
parametrise the network

Dy(t,Y;) = Cskip(t)Yt + cout (1) Fo (2, Yz). (F.22)

We recall that the input to the network is time ¢, and the noised vector Y; = p; | +n,
where p 0 = e B2y, and n ~ N (0,%40) with X0 = (1 - e B#))K. The gram
matrix K corresponds to k(X, X) with k the limiting kernel. We denote by L;|, and
S respectively the Cholesky decomposition of >;|y = Lf\OLtT|0 and K =SST.

The denoising score matching loss weighted by A(#) is given by

£(0) = E | IDo(t, Yy) - Yy, log p, (VI ¥o) 2, (F.23)

No preconditioning By reparametrisation, let Y; = po+L; |0z, where z ~ N(0,1),
the loss from eq. (F.23) can be written as

LO) = [IDo(t,Y) + 258 (% = o) 3| (F.24)
= E[IIDo (2, Y2) + 3 Lozl . | (F.25)
= E[IIDo(t, ) + L7213 | (F.26)

(F.27)
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No precond. Precond. K Precond. ST Predict Y
Cskip 0 0 0 1
Cout (o110 +107%) 7! (0o +107)~1 (oo +107H)~1 1
Loss llot10S™ Do + 2|3 llotj0Deg + Sz|l3 llotj0De + 2|13 1Dg = Yol "
B(t
KVlog p; KDy Dy SDy _Zt_lg)(Yt —e~ 2z Dy)

Table F.1. Summary of different score parametrisations as well as the values for ¢, and coy; that we found to
be optimal, based on the recommendation from Karras et al. (2022, Appendix B.6).

Choosing A(t) = %49 = Lt|0LtT|0 we obtain

L£(0) =E [||L;0D9(t, Y,) +z||§] (F.28)
=E [llo:oSTDo(t, Y) +2I5] - (F.29)

Preconditioning by K Alternatively, one can train the neural network to approx-
imate the preconditioned score Dy = KVy, log p;(Y;|Yp). The loss, weighted by
A = 0?1, is then given by

t|0
£0) =E [IDg(t,Y) + K L7 I3, (E30)
.y [||D9(t, Y) + O't_|352||/2\(t)] (F.31)
= E [llovjoDe(t, Ys) + Szll5] . (F.32)

Precondition by ST A variation of the previous one, is to precondition the score
by the transpose Cholesky of the limiting kernel gram matrix, such that Dy =~
STVYt logpt(Yt|Yg) .

The loss, weighted by A = atzml, becomes

L) =E [||Dg(t, Y,)+ST L;lgz“zA(t)] (F.33)
= E[IDo (6, Y) + o0zl | (F:34)
=E [||‘7t|0D9(t, Y:) +Z||§] . (F.35)

Predicting Y, Finally, an alternative strategy is to predict Y, from a noised version
Y;. In this case, the loss takes the simple form

L(0) =E[IIDo(t,Yy) - Yoll2] .

The score can be computed from the network’s prediction following

Vlog pi (Y;|Yo) = =%;,(Y: = pejo) (F.36)
= =30V — e P2y (F.37)

~ -3 (Yt _ e BWI2p, (1 Yt)) (F.38)

(F.39)

Table F.1 summarises the different options for parametrising the score as well as the
values for cgip and coy; that we found to be optimal, based on the recommendation
from Karras et al. (2022, Appendix B.6). In practice, we found the precondition by
K parametrisation to produce the best results, but we refer to appendix F.4.1 for a
more in-depth ablation study.
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F.2.4. Exact (marginal) score in Gaussian setting. Interpolating between Gaussian
processes GP(my, %) and GP(m,K)

KVy, log p(Y:) = -KS7 ' (Y — my)

(

= -K[K+ e_/sio Bsds (35 = K)] 7 (Y — my) (
= —K(L:L: ") (Yy — my) (F.42)

= KL, 'L (Y - my) (

(

withY; = K+e~ ARy (20 —K) = L;L; " obtained via Cholesky decomposition.

F.2.5. Langevin dynamics. Under mild assumptions on V log pr_; (Durmus and
Moulines, 2016) the following SDE

dY, = 1KV log pr—(Ys)ds + VKdB, (F.45)

admits a solution (Ys)s>o whose law £(Ys) converges with geometric rate to pr_;
for any invertible matrix K.

F.2.6. Likelihood evaluation. Similarly to Song et al. (2020b), we can derive a
deterministic process which has the same marginal density as the SDE (6.4), which
is given by the following Ordinary Differential Equation (ODE)—referred as the
probability flow ODE

( nm)_( ${m(x) = Yi(x) = K(xx)Vlog pr (Y (x)} B,

log ps(Y:(x))] _% div {m(x) — Y;(x) — K(x,x)Vlog p; (Y:(x))} Bt

(F.46)

Once the score network is learnt, we can thus use it in conjunction with an ODE
solver to compute the likelihood of the model.

F.3. INVARIANT NEURAL DIFFUSION PROCESSES

F.3.1. E(n)-equivariant kernels. A kernel k : R? x R — R%*9 is equivariant if it
satisfies the following constraints: (a) k is stationary, that is if for all x, x’ € R"

k(x,x") = k(x —x") 2 k(x - x") (F.47)
and if (b) it satisfies the angular constraint for any h € H

k(hx,hx") = p(h)k(x,x")p(h)". (F.48)

A trivial example of such an equivariant kernel is the diagonal kernel k(x, x") =
ko(x,x")I (Holderrieth et al., 2021b), with k, stationary. This kernel can be under-
stood has having d independent Gaussian process uni-dimensional output, that is,
there is no inter-dimensional correlation.
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Less trivial examples, are the E(n) equivariant kernels proposed in Macédo and
Castro (2010). Namely curl-free and divergence-free kernels, allowing for instance
to model electric or magnetic fields. Formally we have k¢ = koA and kgiy = koB

12
with ky stationary, e.g. squared exponential kernel ko(x,x’) = o° exp (%),

and A and B given by
W _ N\ T
Ay =1- & x)l(zx *) (F.49)
4! _ T — +']]2
Bx.x) = & x)l(zx ), n—l—w)l. (F.50)

See Holderrieth et al. (Appendix C, 2021b) for a proof.

F.3.2. Proof of proposition 6.2. Below we give two proofs for the group invariance
of the generative process, one via the probability flow ODE and one directly via
Fokker-Planck.

Proof. The reverse probability flow associated with the forward SDE (6.4) with
approximate score sy(t,-) ~ Vlog p; is given by

dY;|x = % [—m(x) +Y; +K(x,x)so(T — t, x, Yt)] dt (F.51)
£ bope(t, x,Y;)dt (F.52)
This ODE induces a flow ¢? : X" x Y" — TY" for a given integration time ¢,
which is said to be G-equivariant if the vector field is G—equivariant itself, i.e.

b(t,g-x, p(9)Y:) = p(g)b(t, x,Y;). We have that for any g € G

bope(t,g- %, p(9)¥:) = § [-m(g-x) + p(9)Y; +K(g - x,9 - x) so(t,g - x, p(9)Y1) |

(F.53)

E H=p(@m(x) + p(9)Y: + p(9)K(x, x)p(9) " so(t,g - x, p(9)Y7)]
(F.54)

@ H=p(@)m(x) + p(9)Y: + p(9)K(x, x)p(9) " p(g) so(t,x,Y2)]
(F.55)

® 1p(g) [-m(x) +Y: +K(x,x) so(t,x,Yy) | (F.56)

= p(9)bope(t, x, Yy) (F.57)

with (1) from the G-invariant prior GP conditions on m and k, (2) assuming that the
score network is G-equivariant and (3) assuming that p(g) € O(n). To prove the
opposite direction, we can simply follow these computations backwards. Finally,
we know that with a G-invariant probability measure p,.f and G-equivariant map ¢,
the pushforward probability measure p__{ o ¢ is also G-invariant (Kohler et al., 2020;
Papamakarios et al., 2019). Assuming a G-invariant prior GP, and a G-equivariant
score network, we thus have that the generative model from section 6.2.3 defines
marginals that are G-invariant. [ ]
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Proof. The reverse SDE associated of the forward SDE (6.4) with approximate score
sg(t,-) = Vlogp, is given by

dY;|x = [-(m(x) = Y;) /2 + K(x, x)sg(T — t,x,Y;) | dt + VB K(x,x)dB,  (F.58)
£ bopr(t, x, Y,)dt + 2Y2(¢, x) dB,. (F.59)

As for the probability flow drift bopg, we have that bspg is similarly G-equivariant,
that is bspg (£, g-x, p(g)Y;) = p(g)bspe(t, x,Y;) for any g € G. Additionally, we have
that diffusion matrix is also G-equivariant as for any g € G we have X(t,g - x) =

PiK(g - x.g - x) = Pip(9)K(x,x)p(9)T = p(9)Z(t,x)p(g)" since K is the gram
matrix of an G-equivariant kernel k.

Additionally assuming that bgpg and ¥ are bounded, Yim et al. (Proposition 3.6,
2023) says that the distribution of Y; is G-invariant, and in particular £(Y;).

F.3.3. Equivariant posterior maps.

THEOREM F.2. Using the language of Weiler et al. (2023) our tensor fields are sections
of an associated vector bundle A of a manifold M with a G structure. Let Isomgy be
the group of G-structure preserving isometries on M. The action of this group on a
section of the bundle f € T'(A) is given by

¢pof=daofog™’. (F.60)

Let f ~ P, P a distribution over the space of section. Let ¢ > P be the law of of
¢> f. Let py = L(f(x)) = 7y P, the law of f evaluated at a point, where 1, is the
canonical projection operator onto the marginal at x, # the pushforward operator in
the measure theory sense, x € M and y is in the fibre of the associated bundle. Let
Y = LIPS () = o) = mpV = meu LIFIf(+) = ), the conditional law
of the process when given f(x') = y’.

Assume that the prior is invariant under the action of Isomgy, i.e. that

G fi = (Po) yig1 (x) = P (F.61)

Then the conditional measures are equivariant, in the sense that

Y Y -1 s(x' 1
Bo kY = (o) = A D e
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Proof. VA, B test functions, ¢ € Isomgyy,

E[B(f(x)A(($> £)(x))]
= E[B(f(x")A(peam o f o ¢~ (x)]
= E[B(f(x")) E[A(¢-a(F(671(x)))) | F(x)]]

~£[5 ) [ 4 6n) 1 @0
= / B(y') / AW) (o) by L) (Ay)pe (dy)
= / B(y') / A(y)(¢>u§,’f <x/))(dy)uxf(dy')

By invariance this quantity is also equal to

E[B((¢~'> )(x))A(($" > ¢> f)(x))]
= E[B((¢7 > /)(x)) E[A(F(x)) | B((¢7 > £)(x))]]
= E[B(¢..a(f(¢~ () [AF ) | goa(F( (x)N]]

£ |5(selFo)) [ awil™ |

:/B(y’)/A(y)u;(x’,y)(dy)(g&;lﬂ)#%(x,)(dyr)
= / B(y") / AT (dy) (71 ) (dy)

Hence
(¢ - i )) (dy)per (dy') = p”Y (dy) (67" > ) (dy)
By the stated invariance ¢! > yi,» = p1,+, hence

(601707 (dy) = w0 (dy) ae.
So
oy SO = ) (F.63)
as desired. [

In this section, we show that:

(a) Algorithm 6.3 and algorithm F.3 Repaint from (Lugmayr et al., 2022) are
equivalent in a specific setting.

(b) There exists a continuous limit (SDE) for both procedures. This SDE targets
a probability density which does not correspond to p(xy|xg).

(c) When ty — 0 this probability measure converges to p(xo|x;) which ensures
the correctness of the proposed sampling scheme.
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Algorithm F.3 REPAINT (Lugmayr et al., 2022).

Series Require: Score network sy(t, x,y), conditioning points (x y°), query locations

x*

x =[x x"] > Augmented inputs set
[y 4] ~ N(m(x), k(%, %)) > Sample initial noise
fort e {T, T-y,...e} do
¥ =y;
forle{1,...,L} do
y; ~ N(m, (x5 9°), ke (x€, x5 ¢°)) > Noise context outputs
Z ~N(0,1) > Sample tangent noise
Laiy| = w0 di] + v (=4 (mG) - [v6.6]) + Kz D0t % [, 5D} +
VYK(z,%)12Z > Reverse step
Z ~N(0,1) > Sample tangent noise
Ui =9,y {% (m(x*) - g;‘_y)} +YK(x*, x")V2Z > Forward step
Yiy =iy

Series return y;

We begin by recalling the conditional sampling algorithm we study in Algorithm 6.3
and Algorithm F.3.

First, we start by describing the RePaint algorithm (Lugmayr et al.,, 2022). We
consider (Z2, Z, Zz)keN a sequence of independent Gaussian random variable
such that forany k e N, Z ]1 and Z 1‘3 are d-dimensional Gaussian random variables
with zero mean and identity covariance matrix and Z]g is a p-dimensional Gaussian
random variable with zero mean and identity covariance matrix. We assume that
the whole sequence to be inferred is of size d while the context is of size p. For
simplicity, we only consider the Euclidean setting with K = I. The proofs can be
adapted to cover the case K # I without loss of generality.

Let us fix a time t, € {0, T}. We consider the chain (Xj)ren given by Xy € R¢ and
for any k € N, we define

Xier1/2 = €' X + 2(e¥ = 1)V, log py, ([ Xi, X{]) + (€% = 12z, (F.64)
where X,: = e_tOXg +(1- e_ZtO)l/zZlg. Finally, we consider
Xir1 = € Xpgayo + (1 —e7)V2 22, (F.65)

Note that (F.64) corresponds to one step of backward SDE integration and (F.65)
corresponds to one step of forward SDE integration. In both cases we have used
the exponential integrator, see (De Bortoli, 2022) for instance. While we use the
exponential integrator in the proofs for simplicity other integrators such as the
classical Euler-Maruyama integration could have been used. Combining (F.64) and
(F.65), we get that for any k € N we have

Xir1 = Xi +2(1 = e77) Vo log pr ([ Xi, X1) + (1 — e Y2(ZL+ Z2).  (F.66)

Remarking that (Zj )ken = ((Z ]i +Z 2) /V2)kenisa family of d-dimensional Gaussian
random variables with zero mean and identity covariance matrix, we get that for
any k € N

Xis1 = Xp +2(1 — eV log pry ([Xi, XE]) + V2(1 — e72)2 7, (F.67)
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where we recall that X{ = e™*X¢ + (1 - e_ZtO)l/ZZg. Note that the process (F.67) is
another version of the Repaint algorithm (Lugmayr et al., 2022), where we have
concatenated the denoising and noising procedure. With this formulation, it is
clear that Repaint is equivalent to Algorithm 6.3. In what follows, we identify the
limiting SDE of this process.

In what follows, we describe the limiting behaviour of (F.67) under mild assump-
tions on the target distribution. In what follows, for any x;, € R4, we denote

b(x1,) = 2 fop Vi, 108 pay (X1, X5, Dy (x5, 6 dxf. . (F.68)

We emphasize that b/2 # Vy, log p(:|x(). In particular, using Tweedie’s identity,
we have that for any x;, € R?

V10g pry (X2, |%§) = fop Vi, 108 p([xt0s x5, 11§) p (x5, I, x5) (F.69)

We introduce the following assumption.
AssumPTION F.4. There exist L,C > 0, m > 0 such that for any x;,y; € R? and

d
x,go, yt c R

”Vlogpto([xto:xfo]) — Vlog py, ([ys, yﬂ)” < L(”xto - yt” + ||xtc0 - y?“) (F.70)

Assumption F.4 ensures that there exists a unique strong are studied in De Bortoli
(2022). In the theoretical literature on diffusion models the Lipschitz assumption is
classical, see

We denote ((Xr)tzo)po the family of processes such that for any k € Nand y > 0,
we have for any t € [ky, (k+1)y), X/ = (1— (¢t - ky)/y)X]’:Y +(t—ky)/yX"

(k+1)y
and
Y —_ v A Y c,n _am2\1/25Y
Xy = X1, +201 eY)Vxltylogpto([Xky,Xky])+\/5(1 e )2zl (BT71)

where (Z]):),)keN,)»O is a family of independent d-dimensional Gaussian random
variables with zero mean and identity covariance matrix and for any k € N, y > 0,
X]i’;/ =e x5 + (1 - e_ZtO)I/ZZI(:;/, where (Z;(z;,y)keN,po is a family of independent
p-dimensional Gaussian random variables with zero mean and identity covariance
matrix. This is a linear interpolation of the Repaint algorithm in the form of (F.67).

Finally, we denote (X;);>¢ such that
dXt = b(Xt)dt + ZBt, X() = Xo. (F72)

We recall that b depends on ¢, but ¢, is fixed here. This means that we are at time
to in the diffusion and consider a corrector at this stage. The variable t does not
corresponds to the backward evolution but to the forward evolution in the corrector
stage. Under Assumption F.4, (F.72) admits a unique strong solution. The rest of
the section is dedicated to the proof of the following result.

THEOREM F.5. Assume assumption F.4. Then lim,_,« (th/”)m) = (xX¢)>0-
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This result is an application of Stroock and Varadhan (2007, Theorem 11.2.3). It
explains the continuous limit of the Repaint algorithm (Lugmayr et al., 2022).

In what follows, we verify that the assumptions of this result hold in our setting.
For any y > 0 and x € R?, we define

by(x) = (2/)[(1 =€) fau Vi, 10g pry ([xt0, X[, D) pagjo (x5, Ix5) dxf, (F.73)
14 14 —
-(1/y)E (X(k+1)y - Xky)lnx(yk“)y_x}c,y“zl|Xk), = x], (F.74)

() = (4/1) (1= )2 foq Vi, 108 pry (D, x5, 1) ¥ piryo (x5 |6 dxg, + (2/y) (1 — €711

(F.75)
¥ Y \®2 —
- (1/y) [E[(X(kﬂ)y - Xky) 1HX2//<+1)Y_XIZyH21|XkY =x]|. (E.76)
Note that for any y > 0 and x € R¢, we have
b,(x) = E|1 (xV ., - X)X, =x (F.77)
Y Hx{k+l>y—x,fyH51 (k+1)y ky” " ky '
_ Y Y \®2(y Y _
Z(x) = IE[I“X{kﬂ)y_x}c/y”g(X(k"'l)y - Xky) ley =x (F.78)
(F.79)

LEmmaA F.6. Assume Assumption F.4. Then, we have that for any R, ¢ > 0 and
y € (0,1)

;iiré sup{”EY(x) - Z(x)” : x € RY, ||x|| < R} =0, (F.80)
lim sup{||by(x) —b(x)| ¢ x e R x| < R} -0, (F.81)

lim (1/) sup{um(HX{kH)y - X,{)/H > ¢ [Xpy = x) xeRY ||x|| < R} = 0.
(F.82)

Where we recall that for any x € R¢,
b(x) =2 [, Vx, log Pro ([xtg, x5, D} (o 1) dxf (x) =41 (F.83)

Proof. Let R, e > 0 and y € (0,1). Using Assumption F.4, there exists C > 0 such
YV, logpto([xto,xfo])” < C(1+

||x§0||). Since p?ﬂl , is Gaussian with zero mean and covariance matrix (1 — e 2],

that for any x;, € R? with ||xt0H < R, we have |

we get that for any p € N, there exists Ay > 0 such that for any x;, € R? with
]| < R

/Rd

Therefore, using this result and the fact that for any s > 0, e™ > 1 — s, we get that
there exists By > 0 such that for any k, p € N and for any x,, € R with th()” <R

P
Ve 1o pry (i, 26 D|| 5 o (5 I, < Ak 1+ [g). (B89)

[E[”X(kﬂ)y ~ X, | 1Xx, = x] < By (1 + ||x¢|P). (F.85)
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Therefore, combining this result and the Markov inequality, we get that for any
x;, € R with ||xt0“ < Rwe have

lim, 0 (1/y) sup{IP(HX{kH)Y - XltyH > e[ Xy = x) s xeRY x| < R} =0,

(F.86)
~ Y _xY — |l =
hmy_’o(l/}/)H[E[(X(kH)y XkY)lHX{kH)Y_X}:yHZl|Xky = x} =0, (F.87)
- Y _xY — |l =
llmy—)o(l/y)“lE[(X(k+l)y XkY)lHX{kH)Y_X}:yHZl|Xky = x} =0 (F.88)
In addition, we have that for any x,, € R? with R > 0
12/7) (1= €7) = 21 foa Vi, 108 P (132 x5, Do o x| (F89)
<A1+ ||xp2/y)le™ = 1+yl. (F.90)
We also have that for any x;, € R¢ with R > 0
(411 = 7| fra Vo 108 pry ([ 6 )P prgo (e e | (R91)
2 -
< A (1+ ||x§]| ) (4/p) I — eV (F.92)

Combining this result, (F.86), the fact that lim, _,(4/y)[1 — e’ =0and limy,0(2/y)|e™ — 1+
0, we get that lim, sup{HZy(x) - Z(x)H s x e RY x| < R} = 0. Similarly, us-
ing (F.86), (F.89) and the fact that lim, o (4/y)|1 - e Y|? = 0, we get that lim, o sup{”by(x) —b(;
0. [

We can now conclude the proof of Theorem F.5.

Proof. We have that x — b(x) and x — 3(x) are continuous. Combining this
result and Lemma F.6, we conclude the proof upon applying Stroock and Varadhan
(2007, Theorem 11.2.3). u

Theorem F.5 is a non-quantitative result which states what is the limit chain for
the REPAINT procedure. Note that if we do not resample, we get that

beond(x) = 2V, log pe, ([ x4, x7, 1), 2(x) = 4L (F.93)

Recalling (F.83), we get that (F.93) is an amortised version of b°"¢, Similar conver-
gence results can be derived in this case. Note that it is also possible to obtain
quantitative discretization bounds between (X;);>¢ and (th/ ")¢=0 under the £?
distance. These bounds are usually leveraged using the Girsanov theorem (Durmus
and Moulines, 2017; Dalalyan, 2017). We leave the study of such bounds for future
work.

We also remark that b(xy,) is not given by Vlog py, (x4, |x;). Denoting Uy, such that
for any x;, € R?

Uto(xto) = _pr (logpto (xt()|x§0))pt|0(x§0|x8)dx§0’ (F94)
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we have that VU, (x;,) = —b(x;,), under mild integration assumptions. In addition,
using Jensen’s inequality, we have

fRd exp[_Ufo (xto)]dxt() < /Rd pr pto (xto|x§0)pt|0(x§0|x((;)dxt()dx§0 <L (F95)

Hence, m;, with density proportional to x = exp[—U;,(x)] defines a valid proba-
bility measure.

We make the following assumption which allows us to control the ergodicity of
the process (X;);>o.

AssumpTION F.7. There existm > 0 and C > 0 such that for any x,, € R% and
x5 € RP
to

(Vi Jog pr ([, x51), xe) < =il |2+ C(1 + [[x¢][). (F.96)

The following proposition ensures the ergodicity of the chain (X;);»¢. It is a direct
application of Roberts and Tweedie (1996, Theorem 2.1).

ProrosiTION F.8. Assume Assumption F.4 and Assumption F.7. Then, m;, is the
unique invariant probability measure of (X;);»¢ and limt_>o||£(Xt) — Ty, 0,
where L(X;) is the distribution of X;.

“TV =

Finally, for any ¢, > 0, denoting =, the probability measure with density Uy, given
for any x;, € R by

Ut, (x1,) = —/,Rp (log pr, (¢, [x7 ) prjo (7, [x5) dxg (F.97)

We show that the family of measures (7;,);,>0 approximates the posterior with
density xo — p(xo|x;) when t, is small enough.

ProposITION F.9. Assume Assumption F.4. We have that lim;, .o 7;, = my where m
admits a density with respect to. the Lebesgue measure given by xo = p(xo|x().

Proof. This is a direct consequence of the fact that p;jo(+|xg) — Jxe. |

This last results shows that even though we do not target x;, > py,jo(xy,|x{) using
this corrector term, we still target p(xo|x;) as tp — 0 which corresponds to the
desired output of the algorithm.

F.4. EXPERIMENTAL DETAILS

Models, training and evaluation have been implemented in Jax (Bradbury et al.,
2018). We used Python (Van Rossum and Drake Jr, 1995) for all programming,
Hydra (Yadan, 2019), Numpy (Harris et al., 2020), Scipy (Virtanen et al., 2020),
Matplotlib (Hunter, 2007), and Pandas (McKinney et al., 2010).

F.4.1. Regression 1d.
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Data generation

We follow the same experimental setup as Bruinsma et al. (2020) to generate the
1d synthetic data. It consists of Gaussian (Squared Exponential (SE), MATERN(%),
WEAKLY PERIODIC) and non-Gaussian (SAwTooTH and MIXTURE) sample paths,
where MIXTURE is a combination of the other four datasets with equal weight.
Figure 6.4 shows samples for each of these dataset. The Gaussian datasets are
corrupted with observation noise with variance ¢ = 0.052. The left column of
figure 6.4 shows example sample paths for each of the 5 datasets.

The training data consists of 2!* sample paths while the test dataset has 2'2 paths.
For each test path we sample the number of context points between 1 and 10,
the number of target points are fixed to 50 for the GP datasets and 100 for the
non-Gaussian datasets. The input range for the training and interpolation datasets
is [—2, 2] for both the context and target sets, while for the extrapolation task the
context and target input points are drawn from [2, 6].

Architecture. For all datasets, except SAWTOOTH, we use 5 bi-dimensional atten-
tion layers (Dutordoir et al., 2023) with 64 hidden dimensions and 8 output heads.
For SAwTOOTH, we obtained better performance with a wider and shallower model
consisting of 2 bi-dimensional attention layers with a hidden dimension of 128. In
all experiment, we train the NDP-based models over 300 epochs using a batch size
of 256. Furthermore, we use the Adam optimiser for training with the following
learning rate schedule: linear warm-up for 10 epochs followed by a cosine decay
until the end of training.

Ablation Limiting Kernels

The test log-likelihoods (TLLs) reported in appendix F.4.1 for the NDP models target
a white limiting kernel and train to approximate the preconditioned score K'V log p;.
Overall, we found this to be the best performing setting. Appendix F.4.1 shows an
ablation study for different choices of limiting kernel and score parametrisation.
We refer to table F.1 for a detailed derivation of the score parametrisations.

The dataset in the top row of the figure originates from a Squared Exponential
(SE) GP with lengthscale ¢ = 0.25. We compare the performance of three different
limiting kernels: white (blue), a SE with a longer lengthscale £ = 1 (orange), and a
SE with a shorter lengthscale £ = 0.1 (green). As the dataset is Gaussian, we have
access to the true score. We observe that, across the different parametrisations,
the white limiting kernel performance best. However, note that for the White
kernel K = I and thus the different parametrisations become identical. For non-
white limiting kernels we see a reduction in performance for both the approximate
and exact score. We attribute this to the additional complexity of learning a non-
diagonal covariance.

In the bottom row of appendix F.4.1 we repeat the experiment for a dataset con-
sisting of samples from the Periodic GP with lengthscale 0.5. We draw similar
conclusions: the best performing limiting kernel, across the different parametrisa-
tions, is the White noise kernel.
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Ablation Conditional Sampling

Next, we focus on the empirical performance of the different noising schemes in
the conditional sampling, as discussed in figure 6.3. For this, we measure the the
Kullback-Leibler (KL) divergence between two Gaussian distributions: the true GP-
based conditional distribution, and an distribution created by drawing conditional
sampling from the model and fitting a Gaussian to it using the empirical mean and
covariance. We perform this test on the 1D squared exponential dataset (described
above) as this gives us access to the true posterior. We use 2!2 samples to estimate
the empirical mean and covariance, and fix the number of context points to 3.

In figure F.2 we keep the total number of score evaluations fixed to 5000 and vary
the number of steps in the inner (L) loop such that the number of outer steps is
given by the ratio 5000/L. From the figure, we observe that the particular choice of
noising scheme is of less importance as long at least a couple (+£5) inner steps are
taken. We further note that in this experiment we used the true score (available
because of the Gaussianity of the dataset), which means that these results may
differ if an approximate score network is used.

Table F.2. Mean test log-likelihood (TLL) + 1 standard error estimated over 4096 test samples are reported.
Statistically significant best non-GP model is in bold. The NP baselines (GNP, ConvCNP, ConvNP and ANP)
are quoted from Bruinsma et al. (2020). “’ stands for a TLL below -10.

SE MATI:ZRN—g WEAKLY PER. SAWTOOTH MIXTURE
INTERPOLATION
GP (orTIMUM) 0.70=0.00 0.31=0.00 —0.32+0.00 n/a n/a
T(1)—GeoMNDP 0.72+0.03 0.32+0.03 —0.38+0.03 3.39+0.04 0.64+0.08
NDP’ 0.710.03 0.30+0.03 —0.37=+0.03 3.39+0.04 0.64+0.08
GNP 0.70=+0.01 0.30=+0.01 —0.47+0.01 0.4240.01 0.100.02
CoNvCNP —0.800.01 —0.95+0.01 —1.20+0.01 0.550.02 —0.93+0.02
CoNvNP —0.460.01 —0.670.01 —1.02+0.01 1.20+0.01 —0.50+0.02
ANP —0.610.01 —0.75%+0.01 —1.19+0.01 0.34+0.01 —0.69+0.02
GENERALISATION
GP (orTIMUM) 0.700.00 0.310.00 —0.3240.00 n/a n/a
T(1)—GeoMNDP 0.70=0.02 0.31+0.02 —0.38+0.03 3.39+0.03 0.62+0.02
NDP* * * * * *
GNP 0.69+0.01 0.30+0.01 —0.47+0.01 0.42+0.01 0.10=0.02
ConvCNP —0.8140.01 —0.95=0.01 —1.20=0.01 0.53=+0.02 —0.960.02
CoNVvNP —0.4640.01 —0.6740.01 —1.02+0.01 1.19=+0.01 —0.5340.02
ANP —1.4240.01 —1.34+0.01 —1.33+0.00 —0.17=0.00 —1.24+0.01

F.4.2. Gaussian process vector fields.

Data We create synthetic datasets using samples from two-dimensional zero-
mean Gaussian Processes with the following E(n)2-equivariant kernels: a diagonal
Squared-Exponential (SE) kernel, a zero curl (CURL-FREE) kernel and a zero diver-
gence (D1v-FrEE) kernel, as described in appendix F.3.1. We set the variance to
0% = 1 and the lengthscale to £ = V/5. We evaluate these Gaussian Processes on a
disk grid, created via a 2D grid with 30 X 30 points regularly space on [-10, 10]?
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(b) Periodic dataset with lengthscale £ = 0.25

Figure F.1. Ablation study targeting different limiting kernels and score parametri-
sations.

and keeping only the points inside the disk of radius 10. We create a training
dataset of size 80 x 10%. and a test dataset of size 10 x 10°.

Models We compare two flavours of our model GeomNDP . One with a non-
equivariant attention-based score network (Figure C.1, Dutordoir et al., 2023), re-
ferred as NDP'. Another one with a E(n)2-equivariant score architecture, based on
steerable CNNs (Thomas et al., 2018; Weiler et al., 2018). We rely on the e3nn library
(Geiger and Smidt, 2022) for implementation. A knn graph & is built with k = 20.
The pairwise distances are first embed into p(r,,) with a ‘smooth_finite’ basis of
50 elements via e3nn.soft_one_hot_linspace, and with a maximum radius of 2.
The time is mapped via a sinusoidal embedding ¢(¢) (Vaswani et al., 2017). Then
edge features are obtained as g, = ¥ (u(rap)||¢ (1)) V(a, b) € E with ¥(¢) an
MLP with 2 hidden layers of width 64. We use 5 e3nn.FullyConnectedTensorProduct

layers with update given by V<1 = 2beN(a,Ex) A (‘I’“(eabl [VE| |ka)) Y (74p) with
Y spherical harmonics up to order 2m ¥° an MLP with 2 hidden layers of width 64
acting on invariant features, and node features V* having irreps 12x0e + 12x00
+ 4x1e + 4x7o. Each layer has a gate non-linearity (Weiler et al., 2018).

We also evaluate two neural processes, a translation-equivariant CoNvCNP (Gordon
et al., 2020) with decoder architecture based on 2D convolutional layers (LeCun
et al., 1998) and a C4 < R? C E(n)2-equivariant STEERCNP (Holderrieth et al.,
2021b) with decoder architecture based on 2D steerable convolutions (Weiler et
al., 2023). Specific details can be found in the accompanying codebase HTTPs:
//GiTHUB.COM/PETERHOLDERRIETH/STEERABLE_CNPs of Holderrieth et al. (2021b).


https://github.com/PeterHolderrieth/Steerable_CNPs
https://github.com/PeterHolderrieth/Steerable_CNPs
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Figure F.2. Ablation noising schemes for conditional sampling.

Optimisation. Models are trained for 80k iterations, via (Kingma, 2014) with a
learning rate of 5e — 4 and a batch size of 32. The neural diffusion processes are
trained unconditionally, that is we feed GP samples evaluated on the full disk grid.
Their weights are updated via with exponential moving average, with coefficient
0.99. The diffusion coefficient is weighted by §: t — Sin + (Pmax — Pmin) - ¢, and
Prin = 1e — 4, Pmax = 15.

As standard, the neural processes are trained by splitting the training batches into
a context and evaluation set, similar to when evaluating the models. Models have
been trained on A100-SXM-80GB GPUs.

Evaluation. We measure the predictive log-likelihood of the data process samples
under the model on a held-out test dataset. The context sets are of size 25 and
uniformly sampled from a disk grid of size 648, and the models are evaluated on
the complementary of the grid. For neural diffusion processes, we estimate the
likelihood by solving the associated probability flow ODE (F.46). The divergence is
estimated with the Hutchinson estimator, with Rademacher noise, and 8 samples,
whilst the ODE is solved with the 2nd order Heun solver, with 100 discretisation
steps.

We also report the performance of the data-generating GP, and the same GP but
with diagonal posterior covariance GP (D1aG.) .

F.4.3. Tropical cyclone trajectory prediction. Models.
Four models were evaluated.

The GP (R — R?) took the raw latitude-longitude data and normalised it. Using a 2-
output RBF kernel with no covariance between the latitude and longitude and taking
the cyclone time as input, placed a GP over the data. The hyperparameters of this
kernel were optimised using a maximum likelihood grid search over the data. Note
that this model places density outside the bounding box of [-90, 90] x [-180, 180]
that defines the range of latitude and longitude, and so does not place a proper
distribution on the space of paths on the sphere.

The STEREOGRAPHIC GP (R — R?/{0}) instead transformed the data under a
stereographic projection centred at the north pole, and used the same GP and
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optimisation as above. Since this model only places density on a set of measure
zero that does not correspond to the sphere, it does induce a proper distribution
on the space of paths on the sphere.

The NDP (R — R?) uses the same preprocessing as GP (R — R?) but uses a
Neural Diffusion Process from (Dutordoir et al., 2023) to model the data. This has
the same shortcomings as the GP (R — R?) in not placing a proper density on
the space of paths on the sphere. The network used for the score function and the
optimisation procedure is detailed below. A linear beta schedule was used with
Po = le — 4 and B; = 10. The reverse model was integrated back to € = 5e — 4
for numerical stability. The reference measure was a white noise kernel with a
variance 0.05. ODEs and SDEs were discretised with 1000 steps.

The GEoMNDP (R — S?) works with the data projected into 3d space on the
surface of the sphere. This projection makes no difference to the results of the
model, but makes the computation of the manifold functions such as the exp map
easier, and makes it easier to define a smooth score function on the sphere. This
is done by outputting a vector for the score from the neural network in 3d space,
and projecting it onto the tangent space of the sphere at the given point. For the
necessity of this, see (De Bortoli et al., 2021). The network used for the score
function and the optimisation procedure is detailed below. A linear beta schedule
was used with ) = 1e — 4 and f; = 15. The reverse model was integrated back to
€ = 5e — 4 for numerical stability. The reference measure was a white noise kernel
with a variance 0.05. ODEs and SDEs were discretised with 1000 steps.

Neural network. The network used to learn the score function for both NDP
(R — R?) and GEoMNDP (R — S?) is a bi-attention network from Dutordoir et al.
(2023) with 5 layers, hidden size of 128 and 4 heads per layer. This results in 924k
parameters.

Optimisation. NDP (R — R?) and GEoMNDP (R — S?) were both optimised
using (correctly implemented) Adam for 250k steps using a batch size of 1024 and
global norm clipping of 1. Batches were drawn from the shuffled data and refreshed
each time the dataset was exhausted. A learning rate schedule was used with 1000
warmup steps linearly from 1e-5 to 1e-3, and from there a cosine schedule decaying
from 1e-3 to 1e-5. With even probability either the whole cyclone track was used
in the batch, or 20 random points were sub-sampled to train the model better for
the conditional sampling task.

Conditional sampling. The GP models used closed-form conditional sampling
as described. Both diffusion-based models used the Langevin sampling scheme
described in this work. 1000 outer steps were used with 25 inner steps. We use a
¥ = 1.0 and Ay = 2.5. In addition at the end of the Langevin sampling, we run an
additional 150 Langevin steps with t = € as this visually improved performance.

Evaluation. For the model (conditional) log probabilities the GP models were com-
puted in closed form. For the diffusion-based models, they were computed using
the auxiliary likelihood ODE discretised over 1000 steps. The conditional proba-
bilities were computed via the difference between the log-likelihood of the whole
trajectory and the log-likelihood of the context set only. The mean squared errors
were computed using the geodesic distance between 10 conditionally sampled
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trajectories, described above.
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