DIRAC INDUCTION FOR RATIONAL CHEREDNIK ALGEBRAS

DAN CIUBOTARU AND MARCELO DE MARTINO

ABSTRACT. We introduce the local and global indices of Dirac operators for the rational Cherednik
algebra H¢ (G, ), where G is a complex reflection group acting on a finite-dimensional vector space b.
We investigate precise relations between the (local) Dirac index of a simple module in the category O
of H¢ (G, h), the graded G-character of the module, the Euler-Poincaré pairing, and the composition
series polynomials for standard modules. In the global theory, we introduce integral-reflection modules
for H¢,c(G,H) constructed from finite-dimensional G-modules. We define and compute the index of a
Dirac operator on the integral-reflection module and show that the index is, in a sense, independent of
the parameter function c¢. The study of the kernel of these global Dirac operators leads naturally to a
notion of dualised generalised Dunkl-Opdam operators.

1. INTRODUCTION

1.1. Rational Cherednik algebras are a particular example of the symplectic reflection algebras introduced
by Etingof and Ginzburg [EG]. They appear as rational degenerations of the double affine Hecke algebra
introduced by I. Cherednik [Ch]. We denote them by H:.(G,b) or simply H;., see section 2. Their
definition depends on a finite complex reflection group G acting on a finite-dimensional complex vector
space b (and on its dual h*), as well as on parameters ¢ € C and a G-conjugation invariant function ¢
on the set of reflections of G. As a C-module, H; . has a Poincaré-Birkhoff-Witt decomposition H; . =
Clh] ® CG ® C[h*] and the analogy in structure with that of a universal enveloping algebra of a complex
semisimple Lie algebra has led to the theory of category O for H; . [GGOR], denoted here as O .(G,b).
This is the category of left H; .-modules that are finitely generated and h-locally nilpotent (see Definition
2.9). This category has standard modules, denoted My .(7), where 7 is a (finite-dimensional) simple CG-
module, and the simple modules, L; .(7), are the unique irreducible quotients of M, .(7) [GGOR, Go]. The
standard modules have an easy description: as a vector space over C, M, .(7) = C[h] ® 7. The composition
series and the behaviour of the simple modules, on the other hand, is complicated and sensitive to the
parameters. For example, when ¢ = 1, this ranges from L; .(7) = My (7) when the parameter c is regular
(see [DO, Definition 2.15]) to cases in which L; .(7) is finite dimensional (see, e.g., [BEG], [Et], [BP]), which
is always the case if ¢ = 0. A basic problem is to compute the multiplicity of L; .(7) in a Jordan-Hélder
series of M .(0), or equivalently, to compute the graded G-character of L; (7).

In this paper, we introduce what we call a graded local theory and a global theory of Dirac operators for
rational Cherednik algebras. Here the “local/global” names are motivated by the analogy with the setting
of real reductive groups, where the local picture would be the Dirac cohomology theory for Harish-Chandra
modules [HP, Vo], while the global setting refers to the Dirac operators acting on spaces of sections of
spinor bundles over the real symmetric space [AS, Pa]. Our present work builds on the results of [Cil],
where ungraded local Dirac operators were studied for symplectic reflection algebras, and it is motivated
by the Dirac operator results obtained for graded affine Hecke algebras in [BCT, CT, COT].

In the present setting, the Dirac operators are defined with respect to the Clifford algebra C = C(V),
associated to the vector space V = §h @ h* (and the symmetric bilinear pairing given by extending the
natural bilinear pairing h* x h — C) and its irreducible spin module S realised on the exterior algebra A b.
For the class of graded modules of O, .(G,h) with infinitesimal character (see Definition 3.4), we define
and study (G-invariant) graded Dirac operators and the Dirac cohomology (introduced in the ungraded
setting in [Cil]), and compute the index, Ip(X), of such a module X with infinitesimal character. We also
introduce the notion of Dirac index polynomials, d, »(q) (see (3.5), below), given as the graded multiplicity
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of the irreducible CG-module o in the local index Ip(L; .(7)). The problem of computing the graded G-
character, which has been investigated before by several authors (for example, [BEG] when ¢ = 1 and
[Be],[Go],[Th],[Th2] when ¢ = 0) can be recast in terms of Dirac theory as follows:

Theorem 1.1. Let L, .(7) be a simple Hy .-module. Its graded G-character equals
Ch(ID(Lt,c(T))v 9, q)
dety+(1 - gq)
Moreover, the matriz of Dirac index polynomials [d; »(q)] is inverse to the matriz [n.(q)] of the graded

multiplicity of Ly (o) in My.(7).

ch(Ltc(7),9,9) = , geq.

We also relate the Dirac index polynomials to the graded Euler-Poincaré pairing (see Corollary 3.19):

EPngtyC (Mt,c(7)7 Lt,c(a)) = do’,'r(q)y

and furthermore to a graded elliptic pairing on the space of G-representations, Theorem 3.18. Theorem
3.10 and Proposition 3.11 give necessary conditions on the irreducible G-representations that may appear
in the numerator of the character formula above. Theorem 1.1 should be regarded as the rational Cherednik
algebra analogue of the character formulae proved for graded affine Hecke algebras in [CT]. At the end of
section 3, we exemplify these formulae in the case of the restricted Cherednik algebra for G = W (B3) and
G =W(Gs).

1.2. The starting point of the global theory is an adaptation of the notion of integral-reflection modules
from the graded affine Hecke algebras setting [COT, Section 6.3] (see also [EOS]) to the present setting of
the rational Cherednik algebra H;.. In section 4, we introduce two types of integral-reflection modules,
which we denote by M (o) and X; (o), with o ranging over the finite-dimensional modules of CG. The
first one is a realisation of the costandard modules in O, .(G,H) while the second one is crucial to the
theory of global Dirac operators.

To define them we adapt to the case of a complex reflection group (see section 4) the ideas from [Gu]. In
particular, we introduce and describe the main properties of certain operators in the space of polynomial
functions on b (an on h*) associated to any reflection of the complex reflection group G. These operators,
called integral operators, and denoted by I or I, (depending if it acts on C[h] or C[h*], respectively), with
s a reflection of G, are dual to the divided difference operators (also known as BGG operators), under
the natural polynomial pairing (see (4.1)) between C[h] and C[h*] (see Proposition 4.4). We then use the
polynomial pairing and the operators above mentioned, to define representations of H;. which are dual
to the standard modules in the category O for the “dual” Cherednik algebra H; s = H?}Z. This procedure
is inspired by the “integral-reflection” representations studied in [EOS, COT] (they also appear in [HO],
without the name integral-reflection). Unlike 9, ., the graded H; .-module X; .(7) is not in category O,
but it is shown in Proposition 4.26 that there is an ascending filtration Fo(X; (7)) C Fi(X¢c(7)) € ---
whose union U, F), (X, ..(7)) equals X; .(7) and each filtered piece F,,(%;.(7)) is in category O (these filtered
pieces can also be shown to be dual versions of the more general standard modules A, () described in
[GGOR, Section 2.3.3]). A feature that both families of integral-reflection modules 9, .(7) and X; .(7)
have in common is that the action of h has a very simple description by h-directional derivatives as opposed
to the conventional left action of h on H; . by means of deformed derivations in the direction of y € h (i.e.,
by Dunkl-Opdam operators). This yields an easy description of the h-singular vectors (see Definition 4.16)
in both cases.

A global Dirac operator, see section 5, depends on an irreducible module 7 of CG and it is defined as a
linear map

DT : %t,c(T ® S) — xt,c(T X S)
that commutes with the integral-reflection H; .-action constructed. We prove:

Theorem 1.2. When t =1, the kernel and the cokernel of D, are in Oy (G, b).

In other words, the global Dirac operator satisfies a “Fredholm” condition: even though D, is an
endomorphism of X; .(7 ® S) and this space is not finitely generated over C[h], the kernel and cokernel of
D, are finitely generated (Theorem 5.12 and Corollary 5.13). An important step in the proof of Theorem
1.2 is a precise formula for the square D2 (Proposition 5.9).
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When ¢ = 0, we may work with the restricted rational Cherednik algebra Hg . [Go]. In that case, all the
standard and simple modules are finite dimensional, and so is the restricted integral-reflection Hp .-module.
Hence, automatically, the kernel and cokernel of the restricted operator D, are finite dimensional.

1.3. For both ¢t = 0 and ¢ = 1, the module X, .(7®S), as well as the kernel and cokernel of D, are objects
in the category of locally h-nilpotent H;.-modules. We define the global indez, I(T), as their difference
in the Grothendieck group of this category (actually not for D, but for its even part D) and we then
prove:

Theorem 1.3. The global index of T is I(1) = My o(T), for all the parameters t, c.

This result should be regarded as a manifestation of the rigidity of the Dirac index. A second principle
in this theory is that the local Dirac kernel should control the global Dirac kernel, and this provides the
bridge between the two settings. More precisely, we have the following result:

Theorem 1.4 (see Proposition 5.29). Let Y be a module in Oy (G, bh). Then
Homgry, (Y, ker D) = Homgrg (7", ker Dy+),
Homgrq (7", coker Dy ) < Homgry, (Y, coker Dy),
where YT is the contragredient module of Y and Dy+ is the local Dirac operator with respect to it.

It is an interesting problem to determine the kernel (and cokernel) of the global Dirac operators and to
provide in this way realisations of the simple H; .-modules. The occurrence of simple modules in ker D,
is controlled by the h-singular vectors in ker D,. As mentioned before, the space of h-singular vectors of
X,c(T®8) is easy to determine and a preliminary study of the kernel of D, on that space, when t = 1 (see
subsection 5.4), has led us to consider a complex of G-modules that depends on the parameter function ¢
and that is dual to the one studied in [DO, Sections 2.2 and 2.3]. We obtain (see Theorem 5.20) a result
analogous to the one obtained by Dunkl and Opdam [DO, Theorem 2.9 and Corollary 2.14], which may be
used to characterise the singular parameters ¢ (see Remark 5.21). This indicates that the determination
of the nontrivial homology groups of this generalised Dunkl-Opdam complex is closely related to the
realisation of the simple H; .-modules in the kernel of the Dirac operator. We shall study these questions
in future work.

1.4. Acknowledgements. We would like to thank U. Thiel for pointing us towards the references [Th, Th2]
and to potential applications of our results in the case t = 0. We are grateful to the referees for the
suggestions to improve the text and for bringing to our attention several references, especially [BR] and

[BT2).

2. THE RATIONAL CHEREDNIK ALGEBRA

In this section, we recall the definition of the rational Cherednik algebra [EG] and of its category O.
For ¢ # 0 the main reference is [GGOR], see also [EM, section 3] for an expository account. When ¢ = 0,
we refer to [Gol, [BT2] and [BR).

2.1. Definitions. Let b be a finite-dimensional C-vector space of dimension r and let T(h @ h*) be the
tensor algebra on the symplectic vector space h @ h*. Let also G C GL(h) be a finite group generated by
reflections. We shall assume throughout that G acts irreducibly on h. Thus, for example, if G = S,,, we
have r =n — 1 and not n. Denote by S C G the set of reflections. Given s € S we let )\5—17 As € C be the
unique nontrivial eigenvalues of s on h and h*, respectively. We choose eigenvectors o € h* and o) € b
such that as(a)) = 2. Let ¢: S — C be a conjugation invariant function.

Definition 2.1. The rational Cherednik algebra H; .(G, ) is the unital, associative algebra over C given
as the quotient of T(h @ h*) ® CG modulo the relations

[y, 9] =0=[z,2], v,y €b,z,2" €,
gy =9(y)g, gz =g(x)g, yehreh'ged, (2.1)
[y, ] = tx(y) = > els)as(y)z(a))s, yebhzeh

S
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Remark 2.2. We shall consistently use the shorthand notation H,. = H. .(G,h). Given a parameter
function ¢, we define ¢ : S — C so that ¢(s) = c(s™1). Since G is naturally a subgroup of GL(b*) we can
also consider the algebra H, :(G,b*). We shall use the abbreviated notation H; : for H, :(G,b*). It will
be important to us to consider certain naturally defined dualities between He . and Hes. In formulae, we
have As — A1 if we exchange Hy . and Hyz. We shall always write y,y' € b,z,2' € h*,p,p’ € C[h] and
q,q" € Clb*]. Furthermore, if p # 0, we have Hy o = Hyy e, so the important cases aret =0 and t = 1.

2.2. Formulae. As vector spaces, we have H, . = C[h] @ C[h*|  CG, see [EG]. It is useful to have a formula
for the last relation in (2.1) with « € h* replaced by a polynomial p € C[h] = Symbh*. We proceed in a
similar fashion as was done in [Go, Section 3] (in the ¢ = 0 case) and also in [Gr, Proposition 2.3].

Lemma 2.3. With the choices of eigenvectors made, we have, for all x € h* and y € b, that
3(1") =T — dsx(aZ)QM S(y) = y - dZ@s(y)al/v
where dg = O_T)‘) and dY = %

Proof. Clearly s fixes every x € (aY)1, and also s(as) = as — (1 — A\s)as = Asas. Similar for s(y). O

S

Remark 2.4. For the formulae for s=1, we use that ;-1 = A\;1. When G is a real reflection group, we
have ds =1 =d,.

Given s € S, let A, denote the divided difference operator
p—s(p)
As(p) = —=.
) ="
Actually, we have A; = A(s, as), but we shall typically omit the dependence on the choice of as. One

checks that p— s(p) € asC[h], so that this is a well-defined map C[h] — C[h]. We shall write AY : C[p*] —
C[b*] for A(s,a).

(- /\)

Proposition 2.5. Fory € b and p € C[h], we have, where ds = , that

[y, p] = tdy(p) — > CC(Z) as(y)As(p)s.

Proof. The proof will be by induction on the degree of p. We can assume p is a monomial. From Lemma
2.3, it is clear that the last relation of (2.1) can be written as

[y, 2] = td,(

Ag(z)s,

d

so the formula holds when degp = 1. Further, we note that for any p’,p € C[h], we have A (p'p) =
P’ As(p) + Ag(p')s(p). That said, assuming the result is true for a monomial p of degree d, we have, for
any x € h*, that

[y, zp| = [y, x|p + z[y, p]
=t(9y(x)p + 20y (p)) — 0 as(y)(As(w)s(p) + 2As(p))s,

S

and the claim follows. O
Proposition 2.6. For z € b* and q € C[h*], we have, where d} = (1# that
c(s)
la.2) = t0a(q) = Y _ —w(ad) A (9)s.
Proof. The proof is similar to the previous proposition. (I

Remark 2.7. The formulae of Propositions 2.5 and 2.6 do not depend on the choice of as and o made.
Similar equations hold, mutatis mutandis, for H,: = Clh*] @ Clh] ® CG.
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2.3. Grading. One regards H; . as a Z-graded algebra by giving z € h* degree 1, y € b degree —1, and
g € G degree 0. Define the Fuler element

t c(s
eu = Zmywr?dlmf);sfls)s € Hy,

where {z;} and {y;} are dual bases of h* and b, respectively. When G is a real reflection group, eu =
1 . . .
5 > i(®iys +yix;). The element eu is G-invariant and has the property that

[eu, x] = tz, [eu,y] = —ty, =z €h*, yebh.

This means that, for ¢ # 0, the grading considered for H; . is inner, given by eu. When ¢ = 0, eu is in fact
central in H ..

Throughout, we shall adhere to the following notation regarding graded modules for a graded C-algebra
A. If " is an abelian group such that A is I'-graded and X,Y are I'-graded A-modules, then we shall write
Homgry (X,Y) = {f € Hom4(X,Y) | f(X,) C Y, for all v € '} and Homgr, (X,Y) = Homgr’ (X, Y (7)),
in which Y () is the I'-graded module equal to Y as a vector space and that satisfies Y ()5 = Y5, for
all § € ' . Then, Homgr (X,Y) (or Homgr® (X,Y), if T is clear from the context) will be given by

Homgry (X,Y) = @Homgr}(X, Y).

yeT

2.4. Duality. We recall (see, e.g., [EM, Section 3.11]) a natural duality between H; . and H; ;.

Lemma 2.8. The map v : HY% — Hy . given by y|y=id =~ 1

op
between Hy: and Hy ..

b= and y(g) = g+, extends to an isomorphism

Proof. We have to check that the map - preserves the relations in (2.1). We have, for example,
gy) =yg~" =97 9(y) =1(9(y)9)-

Also,
Y[y, 2lP) = v([z,y]) = ta(y) = > é(s)z(a)as(y)s ",
and thus the relation follows, as as-1 = pa, and aY_, = p~tay for a nonzero p € C. |

Thus, if X is an Hy .-module, the linear dual X* is endowed with an H; s-action via

(h(v™),v) = (7, y(h)(v)),
for all h € Hyg, v* € X* and v € X, where (-,-) denotes the bilinear pairing between X and X*. This

yields an H z-action for any Hi z~invariant subspace X’ C X*. Denote also by ~ the similarly defined
homomorphism Hy% — Hy ..

2.5. The centre of Hy.. The centre of H; . is C when ¢ # 0 [EG]. When ¢t = 0, the algebra Hy . has a large
centre, in particular [EG, Go]

Clb)? @ C[H7] € Z(Ho.c)-
As in [Go], consider the dual morphism
T : X.(G) = Spec Z(Ho,.) — /G x h*/G.

The space X.(G) is called the generalised Calogero-Moser space [EG]. We are mainly interested in the fibre
T~1(0) over {0} x {0} € h/G x b*/G considered in [Go]. As in loc. cit., define the restricted Cherednik
algebra
Ho.c = Ho.o/(C[0]$ ® C[h*]S),

where C[h]§ denote the positive degree part of C[h]¢ and similarly for C[h*]¢. The algebra Ho . is graded
(with the grading inherited from Hy ), finite dimensional and it is isomorphic as a vector space with
Clhle ® Clb*]¢ ® CG. Here, Clh]¢ and C[h*]¢ are the spaces of G-coinvariants. The simple modules for
Ho,. are precisely the simple Hg .-modules on which Z(Ho,.) acts by an element of T=1(0).
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2.6. Category O. Let Rep(G) denote the set of finite-dimensional modules of CG and Irr(G) C Rep(G) be
a (finite) set of representatives of the equivalence classes of the simple ones.

Definition 2.9. Let O, (G, b) denote the full subcategory of left H; .-modules that are:

(1) CI[b]-finitely generated, and

(2) C[b*]-locally nilpotent.
Let Otg,rc(G, h) be the category of Z-graded Hy .-modules satisfying (1) and (2) above. Similarly, one also
defines the categories Oy :(G,b*) and OF(G,h*) of Hy z-modules.

C

The standard modules in O, .(G,h) are defined as follows. If 7 € Rep(G) we shall consider the Hy .-
module

Hec
M; (1) = Hie ®cppince T = Indgg” 7.

where h* acts as 0 on 7. The costandard module associated to 7T is defined as
Mt\,/c(T) = Homgré[h]xCG(Ht,ca T)'

In the case t # 0, the category O, (G, h) was introduced and studied in [GGOR]. For such ¢, let L .(7)
denote the unique simple quotient of M; (), or equivalently, the unique simple submodule of M’ (7).
Then Ly o(7) 2 Lio(7') if 7 2 7' and every simple module in O, (G, b) is isomorphic to an Ly .(T) as
an ungraded H;.module. Following the standard notation (e.g., [EM, section 3.7]), denote for every
irreducible G-representation o:

N(o) =Y CC(Z)S by heoo) = L~ No(o).

S

In [GGOR, Theorem 2.19], it was shown that O, (G, ) is a highest-weight category (see also [BR, Theorem
F.2.10]) whose poset of standard objects is {M; (1) | 7 € Irr(G)} partially ordered by 7 < o if N.(o) —
N.(7) is a positive integer. When ¢ # 0, we shall say that L; (o) and L;.(7) are in the same block of
O:c(G,b) if

N.(o) — N(1) € Z.
We write 0 ~ 7 when this is the case.

When t = 0, the category (’)(gfc(G, h) is a highest-weight category [BR, Theorem 7.1.2 and Theorem F.2.7]
whose poset of standard objects is {Mp (7(n)) | 7 € Irr(G),n € Z} partially ordered by 7(n) < o(m)
if n < m. Specifically in the case t = 0, we consider the restricted algebra Hg . [Go]. We let O denote
the category of finite-dimensional modules for Ho,c- The standard modules are the so-called baby Verma
modules

M (1) = Ho.c ®cfp]axca T

)
with unique simple quotients L.(1), T ¢€ Irr(G). Every simple module is isomorphic to one and only one
L.(7), [Go, Proposition 4.3]. We can view L.(7) as a finite-dimensional simple module of Hg . anihilated
by the (two-sided) ideal generated by the elements of C[h]“ ® C[h*]¢ without constant coefficient. We
shall denote this module of O (G, h) by L()’C(’T)l. Consider the central character map:

cc: Irr(G) — Y71(0), 7+ the central character of L.(7).

The fibres of this map are called the Calogero-Moser (CM) families of Irr(G). We write o ~ 7 if 0 and 7
are in the same CM family. We say that L.(c) and L.(7) are in the same block of O if o ~ 7.

Finally, the category O8' of finitely generated Z-graded Hp .-modules was shown to be a highest-weight
category (with similar poset as for Of'.(G, b)) by Bellamy and Thiel [BT2].

IBoth M,(7) and L.(7), when viewed as Hg,-modules, are quotients of Mo (7).
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3. THE DIRAC INDEX: LOCAL SETTING

3.1. The Clifford algebra. Set V.= bh & h*. We extend the natural bilinear pairing h* x h — C to a
symmetric bilinear pairing (-,-) : V x V. — C, by declaring (y,y’) = 0 = (z,2’), for all y,y’ € b and
xz,2' € h*. Let C = C(V,(-,-)) be the Clifford algebra over C associated to V' and the bilinear pairing
indicated, with the relation

v’ +v'v = =2(v,0"). (3.1)

Since V = bh @ bh* is even dimensional, C has S = A b as the irreducible spin module with Clifford action
5 :C — Endc(S) given by

5(y)(w) = :uy(w) =yAw, S(JJ)(OJ) = _2891(0‘))’ (32)

forally € h,x € hb* and w € S. Here, 9, is the odd-derivation on S characterised by 9,y = x(y), as usual.
Now let S* = A b*. Since the determinant pairing (-,-) : S* x S — C defined by

(Tiy Ao Ny g, Ao Ny, = det(wg, (y5,))

and extended bilinearly to S* x S is nondegenerate, S* is identified with the dual of S. By means of

the transpose map v! = —v for all v € V and (ab)! = bta! for all a,b € C, the formula for the action
5% : C — Endc(S*) on S*, dual to (3.2), becomes
s'(y)(w') = =0y(w"), s (x)(W") = 2pua(w7), (3.3)

for all w* € §* and =z € h*,y € h. By restricting the Clifford action to C*V*", we get a decomposition
S = ST 4 S~ for C®*"-invariant subspaces ST of S. Explicitly, ST = A" h and S~ = A°*p.

Fix a basis {y1,...,y-} of b* and a dual basis {z1,...,z,} of h. We define elements D, and D, in
Ht,c ® C by

D,=) z;®y;, Dy=) y;®@u;
J J

and we set D = Dy + D,. These elements were studied in [Cil, Section 4.6]. There, formulae for their
square were computed and invariance with respect to G was established. We recall these results next.

3.2. A formula for D?. Define the following elements of C:

asa

2

ay ag
2
k=Y (zigi +1).

K2

) =dY +1, 75=ds +1, (s€S8);

(3.4)

As in [Cil, Section 4.5], each one of the maps s — 7, and s — 7,/ define embeddings of CG into C. Let
pc : CG — Hy . ® C be defined by extending

S S Ts.
Then, D is G-invariant:

pclg) - D-pelg”')=DinH,.®C, forall g € G.

Proposition 3.1 (¢f. [Cil, Proposition 4.9]). $D? = —eu®1+t(1®0%)—pc(Qc), where Qe =Y o5 cc(lj)s.

Proof. Since the notation is different than in loc. cit., we present the short calculation. Firstly,

1<J
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where we used that y;y; = —y;¥; in C. Similarly, D; = 0. Hence

1 1 1
-D*=_-D,D, + -D,D,
2 2 2

= _szyz®1+ Zyg,% Q x;Y; (uSing Yix; = —%.%-2)
:_szyz®1+ Zl®xzyz Z 3®Zas yj xz x]yz
:—gﬂfiyi®1+§;1®$iyi—526(8)(9@04501;/

K asay 1
:—eu®1+t(1®2>—¥c(s)s®( 5 +ds>

K
:—eu®1+t<1®2>—§s:c(s)s®7's,

as required. O

Notice that Q)¢ is G-invariant, hence it acts by a scalar on every irreducible G-module o. It is also
important to recall that in the spin module S = A b,

K R r ¢
5 acts by scalar multiplication by (—5 + €> on /\ b,
7. acts by the reflection s,

while in the realisation S* = A b*,

K C e r £,
5 acts by scalar multiplication by (5 — K) on /\ h*,
Ts acts by the reflection s.

3.3. The local Dirac operator. We recall the definition of Dirac cohomology [Cil]. Let X be a module in
O:¢(G,h). The action of the Dirac element D defines a local Dirac operator

Dx: X®858 = X®S5
Definition 3.2 ([Cil]). The Dirac cohomology of X is Hp(X) = ker Dx /ker Dx Nim Dx.

For every X in O .(G,h), Hp(X) is a finite-dimensional G-module. We may refine this notion by
noting that the action of D maps X ® S*% to X ® $*~. Denote the corresponding operators and Dirac
cohomologies by

Di:X®S8"* - X®S5"F, Hi(X)=ker Df /ker DE Nim DF.
Definition 3.3. The local Dirac index of X is Ip(X) = H}(X) — Hp(X), a virtual G-module.

We may regard these definitions in the graded setting as follows. In the Clifford algebra C(V), assign
degree 1 to x € h* and degree —1 to y € h. Since the defining relations are (see (3.1))

ar' = —a'z, yy' = —y'y, sy +yr=-2x,y), z,2"€h’, yy €,
this assignment defines a Z-grading on C(V'). The standard gradings on S = A h (with degree —1 on b)
and S* = A b* (with degree 1 on h*) make S, S* into graded C(V')-module.

We regard H, . ® C(V') as a Z-graded algebra (not bi-graded) with respect to the grading given by the
total degree. Thus D is an element of degree 0 in H; . ® C(V'). This implies that Dx is a graded operator
for every graded module X in O, .(G,b), and then Hp(X) (respectively, Ip(X)) is naturally a graded
G-module (respectively, virtual G-module).

Definition 3.4. Let X be a module in Ogr (G,h). We say that X has an infinitesimal character if:

(1) whent # 0, eu acts on the d-th degree subspace Xq of X by scalar multiplication by td+kx , where
kx is a constant independent of d;
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(2) when t =0, the centre of Hy . acts by scalars xx on X.

Remark 3.5. A graded module in category O is of finite type [GGOR], i.e., it is degree-wise of finite
dimension.

Lemma 3.6. Suppose that X is a graded H.-module with infinitesimal character and o an irreducible
G-representation. If o appears in Xg ® /\eh*, then

1
§D§( lo= —t(d +{) — kx + he(0).

Proof. This is immediate from Proposition 3.1 since —eu acts by —td — kx on this copy of ¢ and /2 acts
by t(r/2 —{). O

Proposition 3.7. For every graded module X which has an infinitesimal character,
IpX)=X®5*"t - X®85%,
as virtual graded G-modules.

Proof. The proof is analogous to that from the setting of graded affine Hecke algebras [COT, Lemma
4.1] but we need a little more care because the modules are infinite dimensional. Let n € Z be a degree
and consider D;n, the restriction of the operators D;n to the degree n components (X ® S*%), of
X ® S**. Notice that dim(X ® S*%),, < oo so that we are now in a finite-dimensional setting. Let o be
an irreducible representation of G and let (X ®S*¥),, , denote the isotypic component of o in (X ® S*%),,.
Write (X ®@ S*%), 0 =Y ) o(Xn—t ® ANb)o. If v € (Xn_y @ A'B*),, by the assumption that X has an
infinitesimal character, we see that:

(1) 1D%*(v) = —tn — kx + he(o), when t # 0;

(2) 4D%*(v) = —xx(eu) — Ne(o), when ¢ = 0.
The point is that in both situations, D?(v) depends at most on n, hence D?(v) = 0 for some v € (X ®
S*’i)nya if and only if D? = 0 on all (X®S*’i)nyc,. Therefore, either D)_(OD;E is invertible on (X ®5*1),, »,
in which case there is no contribution from o in degree n to Ip(X), or else Dy o DY is identically 0 on
(X ®5%7), 0. In the latter case, we have the complex of finite-dimensional G-representations:

D} D
0—kerDY, , — (X©8"),, == (X®5% )., —>imDx, , —0.

The claim in the proposition follows by the Euler-Poincaré principle (see, for example, [KV, Appendix
C.5] and also [We, Proposition 6.6]). O

Corollary 3.8. Suppose that

(1) X is a subquotient of a standard module in O o(G,h), when t # 0;
(2) X is any graded H, .-module with infinitesimal character, when t = 0.

Then, the index formula from Proposition 3.7 applies to X .
Proof. The corollary follows by noticing first that, when ¢ # 0, every standard module satisfies the infini-

tesimal character condition. Secondly, since eu acts semisimply on a standard module, every subquotient
also satisfies the infinitesimal character condition. O

Corollary 3.9. If X has an infinitesimal character (in particular, X could be L, (7)), then the graded
G-character of X equals

ch(Ip(X), 9.q)
dety- (1 — gq)

Here q is an indeterminate that we use to keep track of the degrees.

ch(X,g,q) = , g€G.

Proof. This is immediate from Proposition 3.7, since ch(ATh* — A" b*, g,q) = dety+ (1 — gq). O
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3.4. Dirac cohomology and infinitesimal characters. The main general result about the Dirac cohomology
Hp(X) of a module X is that it determines the infinitesimal character of X. In the setting of rational
Cherednik algebras, this is proved in [Cil], and it is the analogue of the theorem proved by Huang-Pandzié
(see [HP]) and conjectured by Vogan [Vo] for (g, K)-modules of real reductive groups.

Theorem 3.10 (¢f. [Cil]). Suppose that o and T are two irreducible graded G-representations. If
Homgrg (o, Hp(Lt,o(7)) # 0 then T ~ 0.

Proof. When t # 0, this claim follows simply from Lemma 3.6. When ¢ = 0, the proof is nontrivial and
this is done in [Cil, Theorem 5.8 and Corollary 5.10] in the ungraded setting. The proof in the graded
setting is identical. O

3.5. Character formulae. We can refine the character formula from Corollary 3.9. Recall that dim b = r.

Proposition 3.11. Let 7 be an irreducible G-representation. There exist finite-dimensional graded G-
representations it o(7)" and iyo(7)” such that

ch(ite(1)",9,q) — ch(ite(r)”,9,9)

9 € Ga
dety- (1 — gq) g

Ch(Lt,c(T)v 9, q) =

(1) Homg(it,o(7)},irc(7);) =0 for each degree d;

(2) If o is an irreducible G-representation which occurs in s o(7)" or iy o(7)”, then o ~ T;

(3) If Ly.o(7) is finite dimensional?, then dimi; .(7)" = dimi; (1)~ as ungraded representations, and
moreover, if r is even, then

ch(iso(T)5* @ dety, g,q) = q "ch(iso(7%)%, g, q),
while if v is odd, then
ch(iv,o(1)™* @ dety, g, ) = g~ ch(ire(r) T, 9. ).
Proof. Since the Dirac index is a virtual finite-dimensional graded G-module, we may write it as
Ip(Lee(7)) = iee(1)" —ire(r) 7,

where i, .(7)* are finite-dimensional graded G-representations satisfying (1). Part (2) follows from The-
orem 3.10, since if o occurs in the Dirac index, it must occur in the Dirac cohomology. The claim
about dimensions in (3) is obvious since Ip(Li (7)) = Ly o(7) ® S*F — Ly o(7) ® %7, and S*F, $*~
have the same ungraded dimension. The last claim follows by tensoring with dety- in the formula
Lio(1)® (8T —®@8%7) = i.(7)" —it(7)” and using that

ch((S** —®8*7) ® dety+,9,q) = (=1)"q "ch((ST —®57),9,q).
This finishes the proof. O
3.6. Composition numbers. The Dirac index of a standard module is easy to determine.
Lemma 3.12. Ip(M, (7)) =7, as graded G-modules.
Proof. As graded G-representations M .(7) = C[h] ® 7. By Proposition 3.7:

Ip(Myo(7)) = Cll @ (A5 = A\ b*) @

The claim follows since the graded G-character of C[h] is g — m. (]
If 7 and o are two irreducible G-representations, define the multiplicity polynomials
nro(q) = the graded multiplicity of L; (o) in My (7).
We introduce the Dirac index polynomials
ds-(q) = the graded multiplicity of 7 in Ip(Ly . (0)). (3.5)

2This is always the case when ¢t = 0.
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Proposition 3.13. The matriz of Dirac index polynomials [dy . (q)] is inverse to the matriz of multiplicity
polynomials [ne o (q)].

Proof. In the Grothendieck group, we write

Mtc ZnTO' Ltc )

Apply the Dirac index, which by Proposition 3.7, is additive:
ID Mtc ano ID LtC( ))

From Lemma 3.12 and the definition of the Dirac index polynomials, we get
T = Z nT,U(q) Z do,a’ (q)alv

hence
Z nT,o’(q)da,U’ (q) = 57‘,0’;

which proves the claim. O

Remark 3.14. The similar results (and proofs) hold for the restricted algebra |:|0,c. The difference is that

Ip(M;.) = Ps(q) -7, where Pg(q) = H(l - qd"),

Pc(q)

with d; being the fundamental degrees of G. This is because the graded character of C[h]g is g — Tete-(1—ga) "

Consequently, in |:|07C,
[do,00()] - [no,0 (q)] = Pa(q) - 1d. (3.6)
We mention that a systematic study of the multiplicity polynomials for restricted rational Cherednik algebras

in terms of extension groups, projective and tilting modules, has recently been provided by [BT2].

3.7. The Euler-Poincaré pairing. Let X be an H, .-module. The Koszul-type resolution of X is ([EG, proof
of Theorem 1.8], also [Cha, section 3.2] for graded affine Hecke algebras)

€ 2
04 X < Hyoe ®ca X |64 Hie ®ca (V@ X |g) <% Hee ®ca (/\ VeXx |G) e (3.7)

The map € is given by the H; .-action: h ® z — h - z. The maps d are given by
d: h®uvi A.. /\vp®xr—>z j lhv QUIN. AN AVRT

—h®U1/\.../\’Uj/\.../\1)p®vj.x)_

Proposition 3.15 ([EG]). In (3.7),
d?> =0,
and the complex is a projective resolution of X .

Proof. This is proved in [EG, Theorem 1.8(i)]: the identity d? = 0 is proved by a direct calculation, while
the exactness of the complex by the standard technique of passing to the associated graded complex with
respect to the filtration where the elements of V' are given degree 1. (]

Let Y be another H; .-module. To compute Extyy, (X,Y), apply Homy, ,(—,Y) to the resolution (3.7)
and take the cohomology of the resulting complex. "We do this in the graded setting, where H; . comes
with the grading from before. Regard V' = 0§ & h* as a graded G-representation, where b has degree —1
and b* has degree 1 (same as in Hy ).

Assume that X and Y are graded H; .-modules which are finite dimensional in each degree. Notice that

the differential d preserves degrees, i.e., it maps (H; @ca (NV @ X |¢))n to (Hee ®ca (/\p‘lv X |¢))n



12 DAN CIUBOTARU AND MARCELO DE MARTINO

for each degree n. Hence, (3.7) is a projective resolution in the graded complex. Apply Homngt,C(—, Y)
and get the complex:

d* : Homgry, (Ht’C ®ca (/\pV ® X |G) ,Y) — Homgry, _ <Ht’c ®ca (/\pHV ®X G) ,Y) )

which, by Frobenius reciprocity, is equivalent to

p p+1
d* : Homgree (/\ VeXl|gY |G> — Homgreq (/\ VeXleY |G> . (3.8)

Here, the induced maps d* are given by

p+1
(@)1 A Aoy @) =Y (1) (0 Gur A ADI AL A Upp @)
=1
7(15(’()1/\.../\’171'/\.../\’01;4_1@1)1"l‘)),

where ¢ € Homgre(NV @ X |6,Y |g).
Definition 3.16. Let X,Y be graded H; .-modules of finite type. The graded Euler-Poincaré pairing is
EPgry, (X,Y) =) (-1)’dimgrExt}; (X,Y).
p=>0

By the previous discussion, this sum is finite and well defined.

Corollary 3.17. For X,Y graded H; .-modules of finite type,
+ —
EPgry, (X,Y) = dim Homgreg ((/\ V- V) ®X e Y |G) . (3.9)
Proof. This is immediate by the Euler-Poincaré principle applied in (3.8). (]

3.8. Elliptic pairings. Consider the Grothendieck group of graded G-representations R(G)$" with the
graded character pairing

(0,0")8 = dim Homgr (0, 0').
Define the V-elliptic pairing

Vel + - &
(0,005 = (e (NV-\V).o) . (3.10)
The previously defined notions can be related as follows:

Theorem 3.18. Suppose that X,Y are graded Hy .-modules of finite type.
(1) EPgry, (X,Y) = (X [, |a)g "
(2) If in addition, X andY have infinitesimal characters, then

EPgry, (X,Y) = (X |a,Y [¢)¢ ™" = {Ip(X), In(Y))§. (3.11)
Proof. The first formula follows immediately from the definitions and Corollary 3.17. For (3.11), notice
first that N B N B N B
AV-ANV=(No-Aov)e(ANv-Av).
hence
(X e, Y la)g™ ! = (X @ (S"F = 5%7), Y @ (5*F = 57 )& = (Ip(X), In(Y))&
by Corollary 3.8. O

Corollary 3.19. For every irreducible G-representations o and T,
EPgry,  (Mi,o(7), My,e(0)) = 07

and
EPgry, (My,c(7), Li,c(0)) = dor(a),
where d, -(q) is the Dirac index polynomial.

Proof. Immediate from Theorem 3.18, Lemma 3.12, and the definition of d, (q). |
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3.9. Some examples. The problem of computing the decomposition numbers and graded characters when
t = 0 has been considered before by many authors (C. Bonnafé, G. Bellamy, I. Gordon, M. Martino, R.
Rouquier, U. Thiel and others.) In [Th, Th2], U. Thiel computed the graded characters for all dihedral
groups (and other examples). The next examples serve as an illustration of the usage of Dirac theory to
address such questions. It is an interesting problem to compute the matrices [d,,(q)], but, at present, we
do not have a systematic way of doing this.

3.9.1. An ezample: t = 0, G = W(Ba). For Hg . of type By and with constant parameter ¢, there is an
interesting CM family consisting of the irreducible W (Bz)-representations {11 x 0,0 x 2,1 x 1} (here we
use Carter’s notation via bipartitions for the irreducible W (B, )-representations). This is a particular case
of the cuspidal CM families studied in [BT] and [Ci2]. The graded W (Bs)-structures of the corresponding
simple modules are:
L(11x0)=11x0
L(0x2)=0x2
LAx1)=1+qg*)1x1)+q2x0+0x11).

These are obtained as follows. The modules L(11 x 0) and L(0 x 2) can be constructed by requiring h and
b* to act identically by zero, see loc. cit.. Then, to determine the graded character of L(1 x 1), we can
look at the graded characters of M (11 x 0) and M (0 x 2), for example.

The graded character of /\ﬂ‘) — AN his2x0—q(lx1)+q?(0x 11). Applying Proposition 3.7, we find
that the matrix of Dirac polynomials for the cuspidal block of {11 x 0,0 x 2,1 x 1} in this order is:

1 q* —q
[dor(q)] = q 1 —q
—(a+9*) —(q+4q*) 1+q*

As an illustration of formula (3.6), the matrix of multiplicity polynomials for this block is

1 q* q

[na,r(q)] = PW(BZ)(q) ' [daﬂ'(q)]_l = q4 1 q ;
q+q’ q+q’ 1+q

here Py (p,)(q) = (1 — a*)(1 —q*).

3.9.2. Another example: t = 0, G = W(G3). We use Carter’s notation for irreducible representations of
W(G?2). These are: ¢10, ¢ 3, 97 3, 1,6, P2,1, and ¢z 2, where the first number is the dimension of the rep-
resentation and the second is the lowest harmonic degree. For I:onc of type G2 and with constant parameter
¢, there is a cuspidal CM family consisting of the irreducible W (G)-representations {¢} 3, ¢7 3, ¢2,2, d2,1}-
The graded W (Gz)-structures of the corresponding simple modules are:

The modules E((ﬁi,g)), L( 13); L(¢2.2) can be constructed by requiring h and h* to act identically by zero,
see [BT] and [Ci2]. The structure of L(¢2,1) can be obtained by analysing the structure of the standard
module M ( 1.3)- The graded character of /\+f) — N\ bis ¢1.0 —ad21 + q’¢16. Applying Proposition 3.7,
we find that the matrix of Dirac polynomials for the cuspidal block of {¢] 3,¢7 3, ¢22,#2,1} in this order
is:

1 q° —q 0
2
q 1 -q 0
dO'T -
[ , (CI)] -q —q (1+q2) q
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As another illustration of formula (3.6), the matrix of multiplicity polynomials for this block is

L q° q+ q: qi
_ 1 q+q q
o,T =P - |do,r = 4 )

a+q* *+q*  q(l+g?)? (14+4q%)

here Py (a,)(q) = (1 — ?)(1 - q°).

4. INTEGRAL-REFLECTION REPRESENTATIONS
We construct, for the rational Cherednik algebra, analogues of the integral-reflection representations as

in the theory of affine Hecke algebras and trigonometric Cherednik algebras [HO], [EOS].

4.1. Integral operators. In this subsection, we extend the ideas of [Gu] to the case of a complex reflection
group. Denote by (-, ) : C[h] x C[h*] — C the bilinear pairing defined by

(p,q) = (p(9)q)(0), (4.1)

for all p € C[p] and ¢ € C[h*]. Here, an element = € h* acts on h by the derivative d,(y) = =(y), which
is extended to any ¢ € C[h*] by linearity and the Leibniz rule. We shall use the notation z(9) = 9. We
also have a similarly defined operator d, on C[h] for any y € . Note that the bilinear pairing above is an
extension to Sym(h*) x Sym(h) = C[h] x C[h*] of the duality between h* x h — C. The following lemma
is well known:

Lemma 4.1. Ifz € b* and y € b, let p, : C[h] = Clb] and p, : C[h*] — C[h*] denote the corresponding
multiplication operators. Then i is dual Oy and Oy is dual to p,, under the pairing (-,-) of (4.1).

Definition 4.2. For each s € S and choice of eigenvectors {as, oY} with ) (as) = 2, define the integral
operators Iy = I(s,as) : C[h] — C[p] and I = I(s, ) : C[h*] — C[h*] by

0
(Lp)y) = / ply + taY)dt

_d:/, as(y)

0
/ q(z + tag)dt,

—d—1z(ay)

(4.2)

(IS ) ()

where dg—1 and dZ,l are as in Lemma 2.3.

We shall typically leave implicit the choice of pair of eigenvectors for s. Any other choice {pas, = taY}
scales the integral operators, I(s,ucs) = pl(s,as) and I(s,p~taY) = p~1I(s,a). Similarly to the
heuristics of Gutkin [Gu], we can think of these operators as the line integral from s~1(y) to y, respectively
s71(z) to x:

Y T

(Lp)(y) = / pand  (IVg)(x) = / ‘.
s~ (y) s™i(x)

Lemma 4.3. For all x € h* and y € by, the integral operators defined above satisfy
(1) Isoaasv = 1—8,

(2) [aya Is] = dsas(y)57

(3) I 0,, =1—3,

(4) [0z, 1] = dix(af)s.

Proof. Our arguments are similar to those of [Gu]. For the first two identities, pick a pair of bases
({z;},{y;}) in duality with the property that x; = «,/2 and s(x;) = z;, if j > 1. Note that y; = o).
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Write n; = x;(y), so that we can write y = (n1,...,7,), with respect to (z1,...,,), where r = dimb.
Then,
0 m
(Lsp)(y) = (Lsp) (M1, - -y 1r) = / p(m +t,m2,...,m0)dt = / p(t, 2, - .. ny)dt
—(1=2s)m Asm1

after a change of variables. Since 9,, is the j-th partial derivative in these coordinates, it is then clear
that [0,,, ;] = 0, if j > 1. This and s(y;) = y; for j > 1 implies
(Is 0 00y (P) () = p(1,m2 1) — P(As1, 2, -, mr) = p(y) — p(s™H (y)),
from which we conclude I o d,v = 1 — s, establishing (1). Similarly, Oay oIy = 1 — Ags. If we write
y=z1(y)y1 + 2,1 ;(y)y;, it follows from the above that
1— )
87
2

[ayvlé\;/} = aST(y)[aag/;Is] = as(y)

proving (2).
For the last identities, we use the pair of basis ((y;), (z;)) in duality with v = /2, s(y;) = y; for
7 > 1, which implies 1 = as. The integral operator can be written as

&1
Ro@) = [ bt &
Aste
where z = (&1, ...,& ) with respect to the coordinates (y1,...,y.). The rest is similar. a

Proposition 4.4. Via the pairing (-,-) of (4.1), the operators A(s,as),I(s,as) : C[h] — C[b] are dual to
IV(s71aY),A(s71 aY) : Ch*] — C[h*], respectively.

S S

Proof. If A € End(CI[h]), let us denote by A® the uniquely defined endomorphism of C[h*] that satisfies
(Ap,q) = {p, A®q). We note that s* = s~ ! for any s € S. That said, we follow the arguments of [Gu] in
the case of real reflection groups. The operator Ay = A(s, a;) is defined by the equation

1 —s=pqa, o A(s,ay)

in End(C[h]). We note that this equation is independent of the choice of as. Therefore, the operator dual
to A(s, as) must verify the equation

1 -5t = A(s,a5)® 0 0a,

in End(C[h*]). From Lemma 4.3, it follows that I(s~1, o) satisfy this equation, and, since 9, is surjective,
we conclude that I(s™1, ) is dual to A(s, o). The proof that I(s, as) is dual to A(s™1, oY) is similar. O

Remark 4.5. If we assume that the choices of {as,a)} are such that ag = ag, for all j € Z and all
reflections, we have that Ay, I are dual to I ., AY_,. We assume this to be the case in what follows.

Proposition 4.6. For any g € G, s € S and eigenvectors {as, Y } such that o/ (as) = 2, we have
gl(s,as)g™" =1(gsg™",g(s)) and  gI(s,a)g™" =1(gsg™" g(e)).
Proof. For any p € C[h] and y € h*, we have

0

s(1a)e o)) = [ @ e )+ )

—dY_, au(g™ ()
= (1939~ 9(02) (1)) ),

as required. The proof for I(gsg™!, g(a)) is similar. O
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Proposition 4.7. A reflection s € S has an expansion in the formal completion of the Weyl algebra acting

on C[b] as
0 dgv

Ha,
n>0

Proof. Let p € C[h]. We shall show that
—ds)" n(an
so) = S B o), (4.3

n>0

which is a finite sum. The proof will be by induction on d = deg(p). By linearity, it is sufficient to assume
that p is a monomial. From Lemma 2.3, the result is true for d = 1. Now suppose (4.3) holds for a
monomial p of degree d. Write d = d,v and note that

0" (px) = (9"p)x + n(0"~'p)(ay). (4.4)
Then, from s(px) = s(p)s(z) and using (4.3), we compute
s(pz) = s(p )éE*S( Jdsz(ay)as
n+1

— _5 n n Dt (on Vv
,;) (9" w+Z [ (n+1Day (@ p)a(ay)

pet Y EE (@ m@ ),

m!
m>1
and the result follows from (4.4). O
Corollary 4.8. The following expansions hold in the formal completion of the Weyl algebra acting on
Clb]-
-1 n+1
(1-9=3 D oo,
=
-1 n+1
A=Y %dsuzzl 00,
n>1 :
-1 n+1
I, = Z ( ) n . a
n>1 n!
Proof. Tt is immediate from Proposition 4.7 and from jio, 0 Ay =1 — 5= I500,y. ([l

As indicated in the proof of Proposition 4.7, the expansions above are well defined in End(C[h]), as
they end up being a finite sum. By exchanging o and o) (and using d instead of dy), similar formulae
for the actions on C[h*] also hold.

We collect some other simple facts that follow from the definition of I (similarly for I):

Lemma 4.9. Given a reflection s and q € C[h*], then IYq = (1 — s)q, where § is any polynomial such
that 0n.G = q.

Proof. Tt is clear from Lemma 4.3, as I 0 d,, =1 — s. Such ¢ always exists as d,, is surjective. a
Lemma 4.10. If 0,.q =0, then s(q) = q. In particular, IYq = dYaYq.

Proof. Choose a basis of  so that y; = /2 and s(y;) = y; for j > 1. Then, 9,,q = 0 means that ¢ is

a polynomial in ys, ..., y,, from which s(q) = ¢. Furthermore, let ¢ = a2sv q- The last claim follows from

Lemma 4.9. O

Lemma 4.11 (Integration by parts). For any q1,q2 € C[h*], it holds that

I (01(0a,42)) = (1 = s)(q1a2) — I ((Oa. 1) q2)-
Proof. We have I (0a.(q1g2)) = (1 — s)(g192), from Lemma 4.3, and thus the claim. O
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4.2. Dualised induced modules. If 7* € Rep(G), we shall consider the standard H; ;~-module

* * H: &
Mtﬁ(T ) = Ht,é Rcpxce T = Ind(CG T*

and the projective H; ;-module

Xt)é(T*> = Ht,é ®(CG T* = IndthC T

As linear spaces, we have M, :(7%) = C[h*] @ 7* and X ;(7*) = (C[b ] ® C[h] @ 7*. Denote by (-,-) the
nondegenerate bilinear pairing between C[h*] ® C[h] ® 7* and C[h] ® C[h*] ® 7 given by the products of
the pairings in (4.1) and the natural pairing between 7* and 7:

(aep@z"p' ®d @z) = ((¢0)r')(0)((p(9)g)(0))z"(2), (4.5)

for all p,p’ € C[h], ¢,¢' € C[h*] and (z*,2) € 7* x 7. We shall also denote by (-,-) the similarly defined
nondegenerate pairing between C[h*] ® 7* and C[h] ® 7. Dualising the natural left multiplication action of
H;.: using ({-,-),7), we obtain modules for H; .

Theorem 4.12. The linear space My (7) = C[h] @ 7 endowed with operators Q(x),Q(y) and Q(s), for
rebh*, yehand s €S defined by
Q) (p®2) =t(p) @2 =Y
Qy)(p©z) =9y(p) ® 2
Qs)(p©z) = s(p) ® s(2)

extends to a module for the Cherednik algebra Hy .. As before, ds = 1_;“".

c(s)

d. x(a:)[s(p) ® s(2)

Proof. The Q-operators above are dual to the operators on M, (7*) induced by the left multiplication on
H;:. But, one can actually check the defining relations by hand. Note that, for all y € h,x € h*,p € C[h]
and z € 7, we have

[Q), Q@))(p ® 2) = 10y, pal(p) © 2 = Y %)w(ai)[@y, I5)(p) @ s(2)

S

= ta(yp @z — Y _ c(s)x(a))as(y)s(p) ® s(2)

S

= Q[y; z])(p @ 2),

where we used Lemma 4.3. For the other relations in (2.1), using that sod,0s™ = dy(,) and sopzos™ =

[s(x)> One can easily show that Q(s)Q(y)Q(s™') = Q(s(y)) and that Q(s)Q(z)Q(s™!) = Q(s(z)). It is also
straightforward to show [Q(y), Q(y")] = 0. It is less straightforward but still true that [Q(z), Q(z)] = 0,
as will be shown next. g

Proposition 4.13. For all z,2’ € b*, we have [Q(x),Q(z")] = 0.

Proof. First of all, we claim that there exists an operator ¥, € End(CI[h]) such that for any x € b and any
reflection s € S we have [I5, p,] = z(a))Vs. Indeed, let

i} :Zﬂ dr 8"2
3 n(n —2)! °7% '

n>2

Then, one computes using Corollary 4.8 that

(_1)n+1 1 1
s, pa] = Z Td?(ﬂgs 090y 0 he = Hhz 0 pg, ©0577)
n>1 ’
n+1

- Z n:u’a [an\/ 7#&6}

n>1
= 33(04;/)\1’8,
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where we used that [0, j1,] = (n — 1)z(aY)9", 2. We then compute

c(s

) @@l ] + (0 L )

[Q(x), Q)] = *[pa, par] @1 — £y
+ Z M(x(av)x’(avﬂs ol ®sr—a'(a))x(a)), o Is @7s).
— dsdr S T T S
The first and last summands clearly vanish, as well as the middle one, since [u,, Is] = —z(a))¥s and

s, par] :x/(a;/)ll'& U

Remark 4.14. One can similarly show that there exists an operator ®, € End(C[b]) so that [Ag,0y] =
as(y)Ps. One can then adapt the proof of the previous proposition to give an elementary proof of the

commutativity of the Dunkl-Opdam operators Ty = 0, — >, céf)ag(y)As.

Lemma 4.15. The Hy .-modules My (1) and M/ (1) = Homgrgy) wce (He,e, T) are isomorphic.

Proof. Tn this proof, we shall use that H; . = C[h] ® CG ® C[h*] and that the action of H; . on M’ (7)
is given by h-¢o(p®a ® q) = ¢((p ® a @ q)h), for any ¢ € Homcpy)uca(Hee,7) and h € Hy.. Note
that p ® a € C[h] x CG acts on 7 by p(0)a (p(0) is the constant coefficient of p). All that said, given
po®z €My (1) = C[b] @ 7, define J : M; (1) — M,'.(1) by

J(po @ 2)(p ® a ® q) = p(0)(po, )a(z),

for all p € C[h],q € C[h*] and a € CG. Here, (-,-) is the polynomial pairing of (4.1). Note that
J(po ® z) is indeed C[h] x CG-linear. Moreover, if py is homogeneous of degree d, then J(py ® z) €
Homgr(‘é[h]NCG(Ht,c,T) >~ Homc(C[h*]4,C) ® 7 = C[h]q ® 7, where = here means linearly isomorphic.
Therefore, J is a well-defined map that induces bijections in each degree. All that is left to show is that

J intertwines the H; .-action. It is immediate to check that J(Q(y)(po ® 2)) =y - (J(po ® 2)). Also,
s (J(po®2)(p@a®q)=J(po®2)(p®a®qs) =p(0){po, s~ (q))as(z) = J(Q(s)(po @ 2))(p ® a ® q).
And finally, we have
z- (J(po®2))(p®a®q) = J(po®2)(p©a®q,z])
= I 2)p©a® 10.(0) ~ Y ae!) I © e ae Ag)s)

s s

= p(O) 1112 0). 0)a(2) — 3 (0 )p(O) (L1 s(00)). g)as ).

S

Since d%Is_l os = diIs, it follows that the last expression equals J(Q(z)(po® 2))(pRa®q), as required. [

In particular, when t # 0, 9 .(7) has a unique irreducible submodule, namely, L; .(7). When ¢ = 0,
there is a copy of Lo .(7) generated by C ® 7, as will be shown below, in Proposition 4.18.

Definition 4.16 ((GGOR]). Let M be an H; .-module. A vector in M is called (h-)singular if y-v =0,
for all y € h. We denote the space of all singular vectors by p(M). This is a CG-module.

For the next Lemma, we let H := H; . when t # 0 or H := Hg ., when t = 0. If 7 € Irr(G) we let M (1)
be the standard module of H at 7 and L(7) is its unique simple quotient (see Subsection 2.6). We will
still denote by p(M) the space of singular vectors of M in the Hg .-case. We have:

Lemma 4.17. Let M be an H module, with H as explained above. Then M = L(7) if and only if
M =H - (p(M)) and p(M) = 7 with T € Irr(G).

Proof. When t # 0, this is [GGOR, Lemma 2.12]. The key features are that (i) dime¢ Homg (M (1), L(0)) =
dr.0 and (ii) every simple module L is isomorphic to L(7) for a unique 7. These properties were shown to be
true when ¢t = 0 in [Go]. We now sketch the argument of the proof of the present lemma, for convenience.

Suppose that M = L(7) is simple. Then, (i) and Frobenius reciprocity imply p(M) = 7. Hence,
0# H-p(M) C M yields M = H - p(M). Conversely, the fact that M = H - p(M) implies that M is a
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locally nilpotent module. Therefore, if N is a nonzero submodule of M we get 0 # p(N) C p(M ) Since
p(M) = 7 is simple, it must be that p(N) =p(M) and N = M. By (ii), M 2 L(c) and by (i) o 7. O

Proposition 4.18. Suppose T € Irr(G). Then, Q(H.)(C® 1) = Ly (7).

Proof. Since the action of hh on 9 .(7) is by directional derivatives, it is clear that p(9; (7)) = C® 7.
When t # 0, the result follows immediately from Lemma 4.17.

When t = 0, the result would certainly be true for I:Io,c instead of Hp ., using Lemma 4.17. However,
note that if pg € (C[b]+, we have

(Q@po)(p®2),q@2") = (p®2,po- (¢®27) = (PR 2,qpo ®27) =0,
for all p € Clh],q € C[h*],z € 7 and 2z* € 7*, since the Q(Ho)-action on My -(7) is dual to the Hg s
action on My #(7*) induced by left multiplication. Also, Q(qo)Q(h)(1® z) = Q(h)Q(qo)(1 ® z) = 0, for all
g0 € C[h*]§,h € Ho and z € 7. It follows that Q(Ho,.)(C ® 7) = Q(Ho,.)(C ® 7), and we are done. ~ [J

Lemma 4.19. Suppose € is a character of the complex reflection group G and let (. = ZS Cc(l Le(s)(1—s).

Then, (e acts on the reflection representation b by a scalar he.c, and in its dual h* by h? These scalars
satisfy
2
hee = — det
o= )@ detn)(5)
9 ) (4.6)
hi.=-
-2 el
Proof. Using that (.. is in the centre of CG, it is straightforward, by computing the traces. O

Remark 4.20. When G is a real reflection group, we have that h = h* and both scalars above agree.

Proposition 4.21. The simple H; .-module L, () is one dimensional if and only if T = € for a character
e and (t — h} ) =0, with h} . as in Lemma 4.19.

C,€

Proof. Certainly, dim7 = 1 if dimL; (1) = 1. From Proposition 4.18, if z. is a fixed nonzero vector
in C., we have that L; .(¢) =2 Q(H;.) - (1 ® z.). On the one hand, Q(y)(1 ® z.) = 0 for all y € h and
Q(s)(1®z.) € C(1® z), for all s € S. On the other, for any = € h*, we have

Q) (1®z) =tz ®z. — Z ?z(a!)dsa(@ ® €(8)ze

S
S

=z (t — (e(n)) @ 2e.
The result follows from Lemma 4.19. O

Corollary 4.22. Suppose G is a real reflection group and ¢ € C. Then, Ly .(€) is one-dimensional if and
only ¢ = e(so)%, where h is the Cozeter number of G and sy is any reflection in G.

Proof. In this case, hee = (2|S|/7)ce(so) = hee(so). O

Remark 4.23. The issue of finding one-dimensional representations of Hy . is known and has already
been addressed before. When t # 0 see, for example, [BEG, Proposition 2.1].

4.3. The module X; (7). We now construct an integral-reflection representation dual to the projective
module X; z(7*).

Theorem 4.24. The linear space X .(7) = C[h] @ C[h*] @ T endowed with operators Q(x), Q(y) and Q(s),
forzeb*, yebhand s €S defined by

Q)P ©12) =p©0.(0) © 2+ t1ap) 24 © 2 — 3 () )1,(p) © 3(a) © 5(2)

S
S

Q)(p®q®z)=0y(p) ®q® =
Q) (P®qa®2) = s(p) @ s(q) ®s(z)

extends to a module for the rational Cherednik algebra Hy .. As before, ds =

1—X,
5 -
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Proof. The proof of this theorem is similar to the (Q, 9, .(7))-case. O

We note that X, .(7) is not in O, (G, h). Now, for any n € Z>¢ denote by C[h*]<,, the subspace of
CIlh*] consisting of polynomials of degree at most n and C[h*],, the subspace of homogeneous degree n
polynomials. Note that C[h*],, is a CG-module for each n € Z>.

Definition 4.25. Let 7 € Rep(G). Put F_1(X:.(7)) =0 and for each n € Z>¢, define
Fp(X4,0(1)) = C[h] @ Clh*]<n ® T
This defines an ascending filtration of X,..(7) of C-vector spaces
0 C Fo(Xe(1)) C F1(Xe(7)) C Fo(Xe(7)) C -+
with Unezs o Fn(Xe.e(7)) = X (7).

Proposition 4.26. Let 7 be a finite-dimensional representation of G and n € Z>y. Then:
(1) Fo(Xc(7)) is an H .-module.
(2) F0<%t,c(7—)) = mt,c(T) is in Ot,c(Ga h)
(3) Fr(Xio(1))/Fre1(Xre()) = My (C[h*],, @ T) is in O (G, h).
(4) Fn(Xt,c(T)) s 1n Ot,c(Gv h)

Proof. Ttem (1) follows directly from the expressions of the Q-operators defined in Theorem 4.24. For (2),
note that
c(s)

0 z(a))(p) ®1 @ s(z),

Q)(p@1®2) =tu(p) @12 -

which coincides, upon identifying C[h] ® C® 7 = Clh] ® 7, with the H; .-action on M, .(7) as in Theorem
4.12. The proof of (3) is similar. For (4), assuming by induction that F,,_1(X:.(7)) € O:(G, ), from the
exact sequence

0= Fo1(Xpe(1)) = Fo(Xeo(1)) = My (CH],, @ 7) = 0,
the result follows as Oy -(G, ) is closed for extensions. O

Lemma 4.27. The space of h-singular vectors of X;.(7) is C @ Clb*] @ 7. Let o be an irreducible G-
representation occurring in C @ C[h*]q @ 7. Then Q(Hy.)(0) = Ly (o).

Proof. The first statement is clear since Q(y) = 0, ® 1 ® 1. The second part follows from Proposition
4.18. |

5. DIRAC OPERATORS: GLOBAL SETTING

5.1. The global Dirac operator. Let T be any finite-dimensional representation of G and 7* the contragre-
dient representation. Start with the module X, :(7*) for 7% = 7* @ S*. The Dirac element D yield an
operator D, on X; +(7*) by

D (qep®z @w) =) (¢@pr;®2" @5 (y,)(W") +q@py; ® 2" @57 (z;)(w")), (5.1)
J
for all ¢ € C[h*],p € C[h],z* € 7" and w* € S*. Because the action of z; and y; on the H; s-part is by

right multiplication, it is clear that the natural action of H;: by left multiplication commutes with the
operator D,.

Definition 5.1. Let 7 € Rep(G) and put 7 = 7R S € Rep(G), where S = A\ is the spin module of C(V).
The global Dirac operator Dy : X, .(T) — X1.(T) is defined by the equation

(6, D+ (8)) = (Dr(9), ),
for all € € X .(T) and ¢ € Xs(T*). Here, (-,-) is the pairing of (4.5).
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It follows from the definition that D, commutes with the Q-action of H, . on X, (7). Our next task is
to compute an explicit formula for the action of this operator. In order to do so, for each 1 < j < r, define
the elements

6 =0, ®1®1, and 6/ =1®09,, @1 (5.2)
of End(C[h] ® C[h*] ® 7). We also make the following:

Definition 5.2. For each y € by, define the operator T,/ (1) : C[h*] @ 7 — C[h*] @ 7 by

Ty()_my@uzd (NI @ s. (5.3)

For 1 < j <r, we put T}/(7) = T,/ (7). We shall view T}'(7) € End(C[h] ® C[h*] ® ) by letting it act
trivially on C[b].

Lemma 5.3. The operators {T;' (1)} commute.

Proof. The proof is completely analogous to that of Proposition 4.13. O

Remark 5.4. We may refer to the operators T,/ (1) defined in (5.3) as generalised dual Dunkl-Opdam
operators. Whent =1 and 7 = triv, they are the dual (with respect to the pairing between C[h] and C[h*])
of the Dunkl-Opdam operators for complex reflection groups studied in [DJO] and [DO].

Proposition 5.5. Let 7 € Rep(G). The operator D, : X, .(T) — X4,0(T) satisfies the equation

—D, =) 6/ ®s(y;) +6; @s(x;) + T} (1) @ s(a;). (5.4)
J
Proof. We can assume that £ = pp ® qo ® 2z ® w, for pg € C[h],q0 € C[h*],z € 7 and w € S. Now, for any
p=qRpR =z @w* with ¢ € C[h*],p € Clb],z* € 7* and w* € S*, we have,

(¢, D-(€)) = (D+(9),€)

=D (a®pr; ® 2" @5 (y;)(W") + ¢ @ py; ® 2" @ 5" (25) ("), €). (5:5)
J
From (3.3), we have ¢ ® pr; ® 2" ® 5" (y;)(w*) = —q¢ @ pig, (p) ® 2* ® 9,, (w*) which when dualised yield
(q@pr; @2 @5%(y;)(W*), &) = (¢, —Po ® 0z, (q0) ® 2 ®5(y;)(w)). This takes care of the first term of (5.5).
For the second term, we have

D q@py; @2 @8 (x))(W") = 22 {1y,(0) @ P © 2" @ iz (W) + ¢ @ [p, ;] ® 2" @ pr; (W)} -
j
Expanding the bracket [p,y;] in H; « (using Proposition 2.6), dualising, exchanging s by s~
1-X .1
25

in the sum,

using as = ), as(y;)z; and observing that ds-1 = = dY, we obtain the equation

D, =) {100, ®1@s(y;) +0,, ®1®1®s(z;) + 1@ ty, ®1®s(z;)}
i
c(s
_stv)1®1;/ ®@s®@s(as)os. (5.6)

Since s(w) = §(7))(w), we have s(c;) o s = s(as7)). From the straightforward equation 2 TrOT = — Qs
(in C), we can rewrite (5.6) as

D, =Y (180, 105+ (0, &1 +tom)o1os@) + 3 D101 osos). (5.
J s F

From (5.7) and, again, the fact that as = 3~ as(y;)x;, we obtain the desired equation. O
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5.2. The square of D,. Define the following elements:
degy- = > juy; 0, (in End(C[h"]))
J
V=Y 0,®0,®1 (inEnd(Clh®C[h*]@r)).
J
With respect to (5.2), we have V = 37, 46/d; = >>,6;0;. We shall use equation (5.4) to compute D% A
large number of cancellations occur:

(5.8)

Lemma 5.6. The following identities hold in End(X(7)):
Zévév@)ﬁ viy;) = 0, Zé-é-@s(wixj) =0,

ZTV T)® s(x;x;) =0, ZTV )0; ® s(x;zj) = 0.

Proof. Clear, since in each case the part that acts on C[h] ® C[h*] ® 7 commutes while the Clifford algebra
part anti-commutes. (Il

For the next identities, given 7 € Rep(G), if convenient we shall omit from the notation the factors in
which an operator of X; .(7 ® S) acts as the identity (e.g., k =1 ®1® 1 ® &, etc., where k was defined in

(3.4)).
Lemma 5.7. Suppose that T € Irr(G). The following identities hold in End(X; .(T®S5)), where r = dim b:

> 66 @s(yixy) + 6,0, @ s(wiy;) = —2V (5.9)

]
Z 1 ® Op,phy; @1@5(yiz;) + 1@ py, 0p; @1 @ 5(259;) = —2degy. —1 — & (5.10)
Yie (amjsv ® 5 @ 5(ysas) + [V, @ s @5(%%—)) —20(50s50s—10s®1). (5.11)

Proof. In this proof, we let o(i,j) denote the summand of the left hand side of the first two equations in
the statement. For (5.9), we break the sum >, - o(i,j) = >2,_; 0(i,j) + 32, ,; 0(i, j) and write

D olig) =Y (i) + > 0y @0, @ 1@ 8(ysws + 1) + Oy, ® O, ® 1 @ s(wpys + 1) — 2V
i,j i#j k
e\

as ;y; = —y;x; if i # j, causing >3, 0(i,j) = 0. For (5.10), using again }>, ;o(i,j) = > ,_;0(i,j) +
> iz 0(i,J) we obtain, since Oy, iy, + iy, Or, = 241y, Oz, + 1 in the Weyl algebra, that

D olid) = 0(i,0) + > 1@ 0uypy, @ 1@ s(ypar +1) + 1@ p1y, 00, ® 1 @ 5(wpyp + 1) — 2degy. —r
i, i#] k
= —2degy. —r — 3 1@ [0n,, f1y,] @ 1@ 8(zpye + 1) + Y 1® [Oa,, 1] @ 1 ® 5(yi;),
k i#j
and thus the claim. Finally, for the last equation, we get that the left hand side equals:
Z[%, L ®s@s(yias) =2 asy)ly0., ®s@1,  (using azy; = —yics — 205(yi) in C)

= Z dlzi(a))s ® s @ s(yics) — 2100, @ s® 1 (using Lemma 4.3)

= d!s ®s®s(ayas) —2(1-s)®@s®1 (again by Lemma 4.3)
=2(s@s@7: —1®s®1),
finishing the proof. |
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Corollary 5.8. We have
c(s
Z (5;/ij(7)®5(yixj)+TiV(T)§jV ®5(yix]—)) = —2t(degy- +7/2+K/2) —2®Z %(1@5@1 —5S®s®S).
2% s s
Proof. Just apply (5.10) and (5.11), in view of the definition of the dualised Dunkl-Opdam operators in
(5.3). O
Proposition 5.9. If 7 € Irr(G), we have the following formula for the square of D; in End (¥, (7 ® 5)):

c(s

d)s®s®s. (5.12)

1
—5 D7 =V + t(degy- +5/2+1/2) + Ne(r) ~ 1@ >

Proof. When we compute D?, using (5.4), the terms that survive the cancellations of Lemma 5.6 are
Z ((51(5]\/ ®5(yil‘j) + 5l6]V ®5(l‘iyj))
,J
> (YT (1) @ s(yiay) + T (1)) @ s(yiay) ),
)

which were treated by Lemma 5.7 and Corollary 5.8. O

Corollary 5.10. Let 0,7 € Irr(G). Suppose that o occurs in the subspace C ® C[h*]; @ 7 ® /\Zh of
Xi.o(r®S). Then, D? acts on this copy of o as the scalar

—%DE lo=t(d+£) + Nc(1) — Ne(0).

In particular, Ly o(0) 2 Q(Hy.)(0) is in the kernel of D2 if and only if
N.(0) = N(1) =t(d + £).

Proof. This is because on C® C[h*]4 @ 7 ® /\eh, V acts by 0, degy. acts by d on C[h*]4, and » acts on /\Zb
by 2¢ — r. For the second claim, recall that L; .(0) = Q(H¢)(0) by Lemma 4.27. O

5.3. The kernel and cokernel of D,. Since D, commutes with the @-action of H, ., it is clear that both
the kernel and the cokernel of D, are H; .-modules. In this subsection, we show that when ¢ # 0, actually,
they lie in category O. Before that, we state a corollary from the constructions made so far:

Corollary 5.11. Let z # 0 be a fized vector in 7. Then, the operator D, € Endc(X:..(T)) satisfy

D:(p@q@201) ==Y pd, (9 ®zy;.

J
It follows that the kernel of D, contains a copy of My .(T) realised on the subspace Chl @ C@ 7 ® C.

Proof. The formula is clear from (5.4). As for the second statement, it follows from the description of the
Q-operators action on the subspace Chl@ C@ 7@ C = Clh| ® T. O

We recall that H; , ® C is viewed as a Z-graded algebra graded by total degree, in which h has degree
—1, b* has degree +1 and CG has degree 0 (note, in passing, that the elements 7 and 7, of (3.4) are,
therefore, in degree 0, which is consistent with the fact that they act as s or s~! in the spin modules). We

give the module X(7) a similar grading. Denote

X(F)a = Clolm @ Cly* a0 7 \'b,

and for each n € Z let X(7), = @m,d,g:n%(?)fmd. This is the grading we shall be considering in this
subsection. Two observations are important for what comes next: (i) the operator D, is homogeneous of
degree 0 and (ii) D, commutes with the G-action (by means of the Q-operators). It follows that D, is an
operator on the isotypic components X(7)n,oc = X¢,c(T)n N Xy,c(T)o, for each o € Irr(G) and n € Z.

Theorem 5.12. Suppose t # 0. The kernel and the cokernel of D2 are in Oy (G, b).
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Proof. We start with the kernel. Fix o € Irr(G). For n,m € Z write

XAnoimy= B XDha (5.13)

(d,):d+L=m—n

That is, X(7)n,o{m} is the direct sum of all spaces in the degree-n piece X(7), , with a fixed m € Z,
which we can assume to be in Z>o. Note that D? does not preserve X(7),,,{m}. However, from (5.12) it
satisfies the equation

—1D2|x@), . my= V + p(m)Id, (5.14)

where V was defined in (5.8) and pu(m) = N¢(7) — Ne(0) + t(m — n) is a scalar that only depends on m
(we recall that d + ¢ = m — n in the space we are considering). Now let £ =" /&{m} be any element
in X(7)n,o, written in terms of the decomposition (5.13). Assume that the element {{mo} in the biggest
m-indexed part is nonzero. We then have

mo—1

~1D2(¢) = ulmo)e{mo} + Y (V(elm+1}) + pu(m)e{m}).
m=0
The assumption & € ker(D?) implies p(mg) = N.(7) — Ne(0) +t(mo —n) = N(7) — Ne(o) +t(do + o) = 0.
Since there are only finitely many possibilities for d € Z>( for which an equation

No(r) = No(0) + t(d + £) = 0 (5.15)

is true, it follows that there exists dy € Z>g such that £ € Fy,(%.,.(7)) (see Definition 4.25). It follows
that ker(D?) is itself contained in Fy(X; (7)) for a sufficiently large d. This last module is in category O,
by Proposition 4.26. This settles the claim for the kernel.

Now we consider the cokernel. Write coker(D?) = &,K,, where Ko = (X¢,0(7)s/(Xt,c(T)s Nim D).
We shall show that there exists a sufficiently large d € Z such that Fy(X;.(7),) surjects onto K, when
we take the canonical projection. Fix n € Z and o € Irr(G). Decompose X(7),,» as in (5.13). We have
two possibilities: either the scalar p(m) of equation (5.14) is nonzero, for all m € Zx, or there exists
values of m for which it becomes zero. The first case implies that X(7),,, is actually in the image of DZ.
Indeed, starting with m = 0, we have DZ‘X(?)n,o{O}: 1(0)Id is invertible. Assuming, by induction, that
X(T)n,o{m} is in the image, (5.14) together with p(m + 1) # 0 implies that X(7), ,{m + 1} is also in the
image. It follows that X(7),,, — 0 under the quotient map, in this case. On the other hand, assume that
there exists values of m for which u(m) = 0. Necessarily, there are only finitely many possible values of m
for which p(m) = 0. If my is the largest possible one, the previous inductive argument can be applied to
show that X(7), ,{m} C im(D?) for m > my.

Just as in the case of the kernel, since p(m) = N.(7) — Nc(o) + t(m —n) = No(7) — Ne(o) + t(d + £),
there are only finitely many possibilities for d so that (5.15) holds. Thus, for a sufficiently large d € Z>o,
we have that Fy(X;.(7T),) surjects onto K., and, since Irr(G) is finite, we are done. O

Corollary 5.13. Suppose t # 0. The kernel and the cokernel of D, are in O (G, b).

Proof. Clear since ker D, is a submodule of ker D? and coker D? surjects onto coker D.. (]

Remark 5.14. When t = 0, we may work with the category O of finitely-dimensional Ho .-modules. In
that setting, there are analogous modules for the ones considered here and they are all finite dimensional.

Similarly to the local case, let us write X;.(7)* = X;.(r ® S*). We may also define Df, D> as
the restrictions of D, to X;.(7)" and X;.(7)~, respectively. To work with all three types of operators
simultaneously, let us denote them by DZ, where € could be +, —, or empty. Then,

Di : xnc(;)a — Xtvc(?)fs.

Note that X;,c(7) is an element of the category O}".(G,h) [GGOR, Section 2.2] of locally nilpotent left
H c-modules (not necessarily finitely generated). A priori, the kernel and the cokernel of D, are just in
OP".(G, ). Define the global indices

I(1)* = ker D — coker DZ.



DIRAC INDUCTION FOR RATIONAL CHEREDNIK ALGEBRAS 25

Since the Euler-Poincaré principle also holds in this category [We, Chapter II, Proposition 6.6], we obtain,
I+ - %tyc(?)+ - %t,c(?)7 - —Ii,
identities in Grothendieck group of O,lfc(G, B). Therefore, the indices defined above agree, up to a sign.

Definition 5.15. The global Dirac index of 7 is defined as I(1) = ker D — coker D}, an element in the
Grothendieck group of Of".(G, ).

Proposition 5.16. As virtual modules in O%?C(G, b), we have, for every T € Irr(G),
I(T) = My o (7).
In particular, the index is in category O for all parameters t, c.
Proof. Recall the filtration 0 C Fy(X,,.(7)%) C F1(X,c(T)¢) C --- of X,,.(7T)° (see Definition 4.25). Write
Gd(}:t,c(F)E) = Fd(xt,c(;)a)/Fdfl(:{t,c(;)s)'
From Proposition 4.26 we obtain the identity

Fa(%0,o(7 ch( Jiere \b) (5.16)
in the Grothendieck group of O (G, b). Now, if nf . , = dim Homg (o, C[h*]; ® 7 ® /\'h) we also have
Mo (ClHi @ 7@ A D) =D 08,0 Mel0): (5.17)

Using (5.16) and (5.17), we get

Fd(xt,C( ) ) Fd xtc ZZ z‘ro’)mtc( )

=0 o

On the other hand, we know that the Poincaré series of C[h*] @ 7 ® (A"h — A~ h) satisfy

=Yg Z Z )* dim Homg (C[h*]i ®T® /\gb) o

>0
= Z q_z Z(ni,r,a - n;T,U)U'
>0 o
It follows that Fy(X:.(T)1) — Fa(Xt.o(T)™) = My o(7), for all d, and we are done. O

5.4. The action of D, on singular vectors. If we are interested in the occurrence of a simple module L; (o)
in ker D, we need to determine which h-singular copies of ¢ are killed by D,. Recall from Lemma 4.27,
that @, , %(?)g_’d is the space of h-singular vectors. From (5.4), we see that on X(7 )0 4 Dr acts by

-(0,d,0) = Z(s ® 5(y;) ZTV ) @ 5(;). (5.18)
Notice that D, preserves the space of h—smgular vectors. Deﬁne:
2
0—C—Clh]=Clhleh 2 Chle b, (5.19)
and )
where

A:C[b*]d®A€h—>C *d71®/\€+1f), A:Zax]. ®s(y;),
n:C[b*]d®T®/\€h—>C d+1®7’®/\ b, n—ZT\/ T) ®s(x;).

Lemma 5.17. Consider v € X(7 )0 q- Then v € ker D, if and only if v € ker A Nkern.
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Proof. Clear by comparing the degrees of these operators. O
Recall the Koszul resolution:

0<—<C<—<C[r)*]&cm*]@mi(cm*]@/\zh(_...,

~

d(g®yi, Ao Nyi) :Z Y @y A NG A A Y

Notice that d = —1/23 " uy; ® s(z;), in other words, when ¢ # 0 the first term in n is —2¢td and we can
write n = —2td + > C{gj) IV @ s ®s(as).

Lemma 5.18. (a) A2 =0 and n* = 0;

(b) Ad + dA = deg, where deg : C[h*]g © A'h = C[h*]a ® A'b is deg(¢ @ w) = (d+ €)(q ® w). In
particular, (5.19) is a resolution and so

-1
ker A |C[b*]: C, kerA |(C[b*]d®/\eh: A <(C[h*]d+1 & /\ h) , £>1.

Proof. Formulae (a) are immediate since the terms in the left side of the tensor product defining A or 5
commute while the ones in the right side anti-commute. Part (b) is easy and well known from the classical
Koszul resolution. O

Remark 5.19. The complexn (5.20) is the dual and the generalisation (for arbitrary T) of the one defined
in [DO, sections 2.2-2.3] fort =1 and 7 = triv.

5.5. The dual Dunkl-Opdam complez. In this subsection, we assume that ¢ = 1. To emphasise the depen-
dence on the parameter ¢, write n(c) for the complex (5.20):

0(—@“)*]®7’<l@[f)*]®7'®f)<i©[h*]®r®/\2be...7

and H;(n(c)) for its homology groups, 0 < ¢ < r. In particular, (0) = —2d which has H;(n(0)) = 0 for
i >0 and Hy(n(0)) = 7. It is clear that in general, n(c)(C[h*] @ 7 ® h) C C[h*]>1 ® 7, hence

Ho(n(c)) 2 7.
The following result is the analogue of [DO, Theorem 2.9 and Corollary 2.14], with a very similar proof.

Theorem 5.20. The following are equivalent:
(i) Hi(n(c)) =0 for alli > 0;
(i) Ho(n(c)) = 7.

Proof. We follow closely the proof of [DO, Theorem 2.9]. That part (i) implies (ii) follows immediately
from the graded Euler-Poincaré principle:

> (~1)idimgr Hi(n(c)) = > _(~1)'dimgr C[h*] @ 7 ® /\b =7

i>0 i>0

For the other direction, denote for simplicity K, = C[h*],, ® T ® /\zh, and we construct inductively a
linear map
V(c) : K* — K*, such that V(c)(K%,) C K’,, and which satisfies
(1) V(c) is the identity operator on K§ = 7;
(2) V(e)pow) = V(c)p) ®w, for all pe C[h*] ® 7 and w € A b;
(3) V(e)n(e) =n(0)V(c).

Firstly, let us assume that such V(c) has been constructed. We claim that V(c) is a linear isomorphism.
Suppose not and let m be the smallest nonnegative integer such that V(c) is not an isomorphism on KJ,.
Because of (2), V(c) is not an isomorphism on K9, then. By (1), we must have m > 1, and there exists
p € K9 such that p ¢ im V(c). Because of the properties of the complex 7(0), there exists ¢ € K}, _; such
that

p=n(0)g.
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By the assumption on m, V(c) must be an isomorphism on K}, _;, so there exists a unique ¢’ € K},
such that ¢ = V(c)¢’. Then p = n(0)V(c)¢’ = V(c)n(c)q’ by (3). But this is a contradiction since we have
assumed that p is not in the image of V(c).

Similarly, one can prove that V(c) is in fact unique. Since g-V(c)-g~! for g € G also satisfies (1),(2),(3)
when V(c) does (because 7(c) is G-invariant), we see that in fact V(c) is also G-invariant.

Now, since V(c¢) gives an isomorphic intertwiner between 7(c) and 7(0), we have that the homology
groups are the same, and in particular (i) holds.

It remains to construct V(c¢) inductively under the assumption that (ii) holds. Take m > 1 and suppose
V(c) has been constructed on K for all i < m (the base case is given by (1) and (2)). Let p € C[h*],, ® 7
be given. By the assumption (ii), there exists ¢ € C[h*],,_1 ® 7 ® b such that

p=n(c)q.

By induction, V(c)n(c)g = n(0)V(c)q, where V(c)q is known, as ¢ € K} ;. Hence, define V(c)p =
17(0)V(c)g. The definition is completed by extending V(c) on K, using the required property (2). O

Remark 5.21. (1) Condition (i) in Theorem 5.20 is equivalent to the requirement that
doimTy (1) =Clh ]z @
J

(2) It would be interesting to determine the precise parameters ¢ for which the homology of the complex
18 montrivial, and in such cases, determine the homology groups. This would be a generalisation of
the results obtained in the case 7 = triv in [DJO, DO].

5.6. Particular cases. The two extreme cases when A =0 on C[h*]; ® /\eh are: (a) £ =r, the top degree,
and (b) d = 0.

Consider the particular case (a). Denote by vol = y; A ... Ay, € S, the canonical generator of the top
degree space in the spin module. Also, let

w;j = Oy, (vol) = (=1)77 1y N oNGFN ANy €S,
where, as usual, the symbol §;, means we omitted y;.
Proposition 5.22. On X(7)g 4, we have:
—EDT(O,d, r): 1@v(d7)@vols Y 1@ T) (7)(v(d, 7)) ® wj,
2 ‘ i
J
where v(d, 7) € C[h*]a @ 7. Therefore, 1 ® v(d, ) ® vol € ker D if and only if

v(d, ) € ﬂ ker T,/ (7).

Proof. The expression of D-(0,d,r) is immediate from (5.18). For the second part, notice that w; are
linearly independent in A"~ 'b. O

Example 5.23. Let € be a character of the complex reflection group G and let he be as in Lemma 4.19.
Ift + hee =0, then Ly (dety ®e€) is one dimensional and occurs in the kernel of De.

Proof. Let v(0,7) = 1® z.. Then T, (7)(v(0,7)) = (t + he,e)(y; @ zc), as I/ (1) = d/e. By the previous

proposition and since ¢ + h. . = 0, we get D (1 ® 1 ® 2, ® vol) = 0. As Fy(X;..(e ® A\'h)) is isomorphic to
M (€ @ dety ), the result follows from Proposition 4.21. O

Now consider the other extreme d = 0.

Lemma 5.24. On X(7){,, we have

D;(0,0,/) =1® Zuyj ® ((t + No(1)) 1 ® s(z5)) — Z c((lj)s ®5(51(xj))> )

J S
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Proof. It is easier to use (5.7). Since /(1) = d/a, and o) =3, x;(a))y;, we get

D, (0,0,¢) = 1®Zuyj ® ( ®5(z;)) Z 8®]}] V)g(as)> .

Then, we write A\ 'z;(ay)as; = s™!(x;) — z; and finally we use that > _° () in 7. O
For every x € h*, define
¢ -1
te(r) i@ Nb—=70 N\ b, ta(r) = (t+ Ne(7)(1 @ 5(x;)) Z d (s7Y(zy)). (5.21)

Since y; are linear independent in b, we see that D, (0,0,¢) = 0 if and only if ¢,,(7) = 0 for all j. Hence:

Proposition 5.25. The kernel of D, on X(7){ consists of C @ C @ u(r, ), where
€ ﬂkertmj(T) - T®/\ h.
J

5.7. Local-global relations. We relate the kernel of the global Dirac operator to that of the local Dirac
operator. This is, of course, inspired by the ideas from the classical setting of Dirac operators on symmetric
spaces [AS], [Pa], [Vo].

Let 7 be a G-representation. We shall use repeatedly the duality

op ~v B
Hie = Hie.

We begin by observing that our integral-reflection module X; .(7) is an explicit realisation of the (Z x Z)-
graded dual of the projective module X, :(7*) 2 C[h*| @ C[h] @ T

Xio(7) = HomngXZ(Xt’&(?*), C).

In the previous identity, the G-module 7% = C® C®7* is in degree (0, 0). Note that, even though X, :(7*)
and X .(7) are naturally (Z x Z)-graded vector spaces, we can view them as Z-graded vector spaces by
taking total degrees. We then have the following;:

Proposition 5.26. The graded module X .(7) equals the space of h-finite vectors of HomgrZ(X; +(7*), C).

Proof. We start by noting that HomZ(X; +(7*), C) = @gez Home (@ —n=dC[6*]m @ C[h],, ® 7*,C) and so
it can be identified with the space of all finite linear combinations o = ;04 in which each summand
is a formal series o4 = Zj P ® ¢; ® z; (i.e., not necessarily finitely many summands), such that p; €
ClBlm,qj € C[h*],,2; € T and deg(p;) — deg(g;) = d. Under this identification, the action of b is by the
Q-operators, and it is therefore by derivation of the polynomials {p;} in the direction of y € h. Asking for
h-finiteness is equivalent to saying that each o4 is a polynomial, yielding the desired identification with
HOngI'([Z:XZ(Xt’é(;*), (C) = xt,c(;). (I

For each (Z-)graded H¢ .-module Y (respectively, H; ;-module), denote the contragredient module
Y1 = HomgrZ(Y, C),
which is a graded module for Hy . (respectively, H¢ ¢).
Lemma 5.27. IfY is in O; (G, ), then YT is in O, (G, b*). Also, My +(7*)" =29, (1) and
Lo(r) & La(r).

Proof. This is known. See [GGOR, section 4.2.1] or [EM, Proposition 3.32 and Proposition 3.34]. O
Lemma 5.28. Suppose Y is a graded H .-module. Then

Homery, (V: X1,0(7)) = Homgrg (7, Y1 |6). (5.22)
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Proof. Since Y is in Oy .(G,b), it follows from the local h-nilpotency (which is equivalent to local b-

finiteness, when Y is graded) and from Proposition 5.26 that even though ¥; .(7) = HomgrZ*%(X, +(7*), C),

we actually have
Homgr;, (Y, %, (7)) = Homgr;, (Y, Homgrf (X, o(7*),C)).
The rest of the proof is “abstract nonsense”:
Homgram(Y, X 0(7)) = Homgram(Y, Homgr%(Xt,é(?*), C))
= Homgry;, (X¢.(7*), Homgr¢ (Y, C))
= Homgrat’é(Hm ®ca 7, Y

= Homgré(?*, yt la)s

(5.23)

where the last equality is Frobenius reciprocity. O

Let 7 be an irreducible G-representation and specialise 7 = 7 ® S. Recall the global Dirac operators
Dt : X .(T)° — X..(7)"¢, defined in the previous subsections. Each operator DS commutes with the
action of Hy ., thus it induces linear maps

DZ(Y) : Homgry, (V,X: (7 ®S%)) — Homgry, (Y,Xi(7®S579)),

for every graded H; .-module Y.

Recall also the local Dirac operator Dy : Y ® S — Y ® S for every Y in O, (G, ), and similarly, D5 .
The operator D5 is G-invariant, and thus induces linear maps Homgr(o,Y ® S¢) — Homgrs (o, Y ®S7¢),
which equivalently can be written as

D5 (o) : Homgr (o ® (S%)*,Y) — Homgrs (o ® (S7°)",Y).

Proposition 5.29. Let Y be a module in Oy .(G,b). Denote by v the map providing the identification of
the two sides of (5.22). The following diagram commutes:

Homgry, (Y, Xt (7 ® S°)) it Homgry, (Y, X (1 ® S7°))

T T (5.24)

DE N (T*)
Homgrq (7% ® (S°)%, Y1) —“—5 Homgrg(7* @ (S79)*, Y1)
In particular,
Homgrg (77, ker DY+ ) = Homgry, (Y, ker D3),

5.25
Homgrq (7", coker DY;) < Homgry, (Y, coker D7). (5:25)

Proof. The commutativity of the diagram follows at once by tracing the definitions of the Dirac operators
in the chain of identifications (5.23). For the relations in (5.25), simply apply the respective hom-functors
to the corresponding exact sequence of kernel and cokernel to obtain the commutative diagram (for lack
of space, we write Hom instead of Homgr and omit the subscripts) with exact rows:

Hom(Y, ker DZ) ——— Hom(Y, X; .(7)%) D=0 Hom(Y, X4 (7)) ———— Hom(Y, coker D?)

%] LT LT P
DE T*
Hom(7*, ker D5, ) —— Hom(7* ® (S)*,YT) iQHOHl(T* ® (879)*,YT) — Hom(7*, coker D%, ).

Here, the last row is exact since 7* is projective in the category of (graded) CG-modules. It is then clear
that ¢ is an isomorphism while ¥ is injective. (]

Remark 5.30. The second relation of (5.25) is an isomorphism if and only if Homgry (Y, X (7)7%) —
Homgry, (Y, coker D7) is surjective.
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5.8. The Zs-example. For the particular case in which G = Z,, and ¢ = 1 there are many simplifications
to the formulae above. So suppose that dimh =1 and G = Zs. Fix £ = a and y = ¥ /2 basis of h* and
b, respectively. The Cherednik relation is

[y, z] =1 — 2¢s.
More generally, Proposition 2.5 reads here as
[y, 2™] = ma™ 1 —¢(1 — (=1)™)z™ s (5.26)

Fix 7 € {triv,sgn} and consider X, .(7) = C[z] @ Cly|®C, ® A h. We shall denote by 0 and p the derivation
and multiplication by x or y in the respective polynomial algebras. The formulae for (Q, X, .(7)) and D2

become
Q) =120101+pu010101-20/QsRs5®s

RQly) =0v11®1
Df =-120®1®s(y)
DI =-00101®s(x) - 10 (e 1+cl’ ®s)®@s(x),

where s(y)(-) = y A (+) and s(z)(-) = —29(-) in Ah. We now embark in the quest to determine, for
G = Zs, the kernel and the cokernel of DZ. Throughout, we shall make use of the following notation. For
m,n € Z>o and a fixed 0 # z, € C,, define the elements

Yma=a" ©y' © 2z @1 X(T), 4
bma=2"Ry'®z, @y € %(?)}md.
Lemma 5.31. In terms of the basis {{m.a} of Xic(T)" and the basis {&ma} of X1..(T)~, we have:
5D (Emak—1) = Mtpm_1,2k—1 + Vm 2k

_ 2k + 1+ 2cer(s)
1p = _ I 4 .
s Vr (gm,%) MY, 1,2k + ( 2% + 1 m,2k+1

d+1

Proof. Direct computation. Note that IV (y?) = 0 if d is odd and it equals d—ily if d is even. O

Corollary 5.32. When m =0, we have

1+ (=1)4
d+1

Thus, D7 (&,4) = 0 if and only if d = 2k and 2¢7(s) + (2k+1) = 0.

D7 (&,q) =2 (1 +c7(s) ) 10y @2 ®1.

Proposition 5.33. Fiz 0 # z; € C,. Suppose that 2¢7(s) + (2k 4+ 1) = 0 with k € Z>¢. Then, we realise
the modules

Q(Ht,c) . fO,Zk: = Lc(triv) g f{uc(sgn ®S),
if 2c =2k + 1,7 =sgn and if —2c¢ =2k + 1,7 = triv,

Q(Ht,c) : 50,2]6 = LC(SgI’l) g xt,c(triv ®S)
in the kernel of D~ . These modules are of dimension 2k + 1.

Proof. First, for ¢ and 7 arbitrary, from Lemma 5.32, D7 (§,2) = 0 if and only if 2¢ = 2k+ 1 and 7 = sgn
or 2c = —(2k +1) and 7 = triv. Hence, the submodule of X, (T ® A b) generated by & ox specified in the
statement is in the kernel. We claim that for any 0 < j < 2k, we have Q(27)(&p k) is nonzero. Indeed,
note that

Q(27)(So.2k) = (a0l @ 1+ iz @y + - + a2’ @y )y* 7 @ 2, @y,
for scalars a; € C. Note that ag = (2k)(2k — 1)+ (2k — j + 1), so Q(z7)(&0,2k) # 0 for j < 2k. We thus
obtain a polynomial expression for Q(z:%*)(&o 2x) with constant term equal to (2k)!. Applying = once more
we get

Q) (Coor) = @y + - + b @y Yy w2 @y,
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for scalars b;. Assuming that Q(z%*1)(& 2x) # 0 implies that Q(y)Q(x?*+1)(&o,2) # 0. Commuting and
applying the Cherednik relation (5.26) gives

0# Q)Q™)(€o.21) = Qly, 2** 1)) (€0,26) = (2k + 1+ 2¢7(s))Q (=) (€o,24) = 0,

which is a contradiction. O

Remark 5.34. Note that D? acts on C @ Clyl,, © Cr @ \'b as the scalar (cf. (5.12))
—2(m +1+cr(s) — er(s)(=1)™h),
which is zero if and only if m = 2k is even and (2¢7(s) + 2k + 1) = 0.

In the rest of this section, we shall say that the parameter ¢ is regular if ¢ ¢ % + Z. As is suggested by
Lemma 5.32 and we shall shortly see, the kernel of D~ will be nonzero only if ¢ is not regular. We now
explicitly determine the kernel and cokernel of the operators D.

Corollary 5.35. Let G =Zo, t =1 and 7 € {triv,sgn}. Then:

. ker DY =My (7
20 € (02040, | oD = 1y )

+ o~
otherwise, { ker D 2 Mty ()

ker D- = 0.

Proof. We just need to show that the kernel of DZ is contained in a subspace of X;.(7) as specified
since the other inclusions follow from Corollary 5.11 and Proposition 5.33. Suppose that & is in the
kernel of D, = D + D;. There are two options: either & € Fy(¥1,.(7)) or not. If yes, then £ is in
Fo(X1..(7) 2 My (r@ Nh) @My (r@ A'). From Corollary 5.11, My (7@ A’h) C ker D, for all values
of ¢. So suppose that & is in My (7 ® A'b). But note that D, = D= in that space and

D(p®1®2zQy)=20p)®1®@2, @1 +2(1+2c7(8))p @Yy ® 2z, ® 1.

This can only be zero if p € C and 1+ 2¢7(s) = 0. So § = §o,0 and Q(He¢) - (§0,0) = Ly (51 (T ® sgn).
These are the possibilities for £ € Fy(X1,.(7)).

For the other case, upon replacing £ by Q(y™)¢, for a sufficiently big m, we can assume that £ €
CoOCyl<n®C,@ABb, for an n > 0. From Corollary 5.11, we have D, is never zero on C®C[y]a@C, @ \’b,
if d > 0, so it must be that £ € CQ Cy]<, ®C, ® /\1l)7 and D, acts as D, on £. In the present case case,
we can thus write

§=10q¢®z Qy,
for a polynomial ¢ = ag+a1y+---+apy™ and 0 # 2z, € C,. Thus, £ = )", aq¢€o,q- By linear independence,
D, (&) = 0 implies agD~(£o,4) = 0 for all d. From Corollary 5.32, D(,4) = 0 if and only if d = 2k is even
and 2k 4+ 1+ 2¢7(s) = 0. We thus showed that there exists a k > 0 (we are assuming that £ ¢ Fo(X1,.(7)))
such that 2¢7(s) + (2k + 1) = 0 and our initial £ is in (Q(H¢,c) - £0,2k) = L1,(T ® sgn). O

Remark 5.36. The second case in the Corollary 5.35 includes the situation in which c is reqular and also
if ¢ is not regular, but 7(s) + ¢/|c|# 0.

We now look at the image and cokernel of D,. We shall treat the operators DF separately.
Lemma 5.37. The operator D} : X, (1 ® \'b) = Xpo(r ® \'h) is surjective.
Proof. Clear, since D = 100®1®s(y), and both & € End(C[y]) and s(y) : A’h — A'b are surjective. [

Lemma 5.38. Suppose there is no k € Z>o such that 2k+1+27(s)c = 0. Then, the image of D7 contains
the subspace

@ Clalm e Clyla® T & \'b

m—d<0
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Proof. From the assumption on ¢, we have, from Lemma 5.31, that D= (§,,4) = MWm—1,4 + b, a+1 With
b € C nonzero. It follows that the subspace @g>0X,(T )O 4 1s in the image, as D (§p,q) = bbo 441 for a
nonzero b € C. Assume, by induction on n, that the space @gs0X¢,o(T )nm+d is in the image, for n > 0. As

D (&nt1nt14d) = @Vnniitd + 0Vnit nt14ds1

with a, b nonzero, the induction hypothesis implies that X, (7 )n+1 ni14q 18 in the image for all d > 0, and
hence the space @n>0 Baso Xi,c(T )n,n+d is in the image, finishing the proof. |

Proposition 5.39. Suppose there is no k € Z>q such that 2k +1+27(s)c = 0. Then, the cokernel of D
is linearly isomorphic to Clz] ® C @ C, @ N°h. It follows that coker Dy = M,c(7), as Hy c-modules.

Proof. For each n € Z, consider the diagonal spaces P, = ®p—q=nXt.o(T )m & With m,d € Z>q. It is then

clear that X..(7 ® \’h) = @nezP,. From the previous lemma, we get that P, = 0 in coker(D;), if n < 0.
We now claim that, modulo the image of D, each subspace P, is one-dimensional and represented by
Xi,e(T)n0,0 = Clz], ® C®C, ® C, for n > 0. The claim will finish the proof. But for that, note from
Lemma 5.31 that

D7 (§ntd,a—1) = (n+ A)¥ntd—1,a-1 + b¥na,ds
for nonzero constant b € C, because of the assumption on c¢. By induction, we have that, for all d > 0,

U0 = Ad¥n+d,q in coker(D-) for a nonzero A\; € C. O

Lemma 5.40. Suppose that the parameter ¢ satisfies 2c = —7(s)(2k+1), where s is the nontrivial element
of Zs. Then, the image of DT contains the subspace

( @ Clzlm ® Clyla ® Cr ® /\Of)> ® (C[x] R Clyl<or ®T® /\Oh).

m—d<2k+1

Proof. First note that the choice of ¢ forces 3 D= (§m,26) = mPy,—1,25. This, coupled with the fact that, if
d # 2k, then

1D; (fm,d) = mwm—l,d + bwm,d—&-l (527)

with b nonzero, implies that Clz] @ Clyl<or @ 7 ® A’ is in the image.

The proof that the other part of the statement is in the image is completely analogous to the proof
of Lemma 5.38, by shifting d — d + (2k 4+ 1). Note that the equation (5.27) has b € C nonzero for all
d>2k+1. O

Proposition 5.41. Suppose that the parameter ¢ satisfies 2c = —7(s)(2k + 1), where s is the nontrivial
element of Zo. Then, the cokernel of DT is linearly isomorphic to Clz] ® Clylar+1 ® Cr ® /\Of). It follows
that coker DT = My (7 @ sgn), as Hy.-modules.

Proof. The proof is similar to the one of Proposition 5.39. We define Q,, = @m—d:n—(2k+l)xt,c(?)gz,d
(with m,d € Z>¢ and n € Z) and note that

(T@/\h) ( ] ® Cly ]<2k®7®/\h) (@neZQn)'

Then, modulo the image of D, each diagonal @,, with n < 0 becomes 0 (Lemma 5.40) while with n > 0
it is one dimensional and represented by }Cnc(?)%,% 41 It is important to remark that the equation

D (&nvd2k+d) = Ong(d—1)2k+14+(d—1) T OUnyd2k+1+ds

also has nonzero constants a,b € C, if d > 0, from which ¥, 2k4+1 = Aa¥n+d,26+1+4 I coker(D]) for a
Aqg # 0, for all d > 0. O

We summarise this example with the diagrams for

0 — s ker DS — X1.0(7)° —27s %, ,(7)"° —— coker DS — 0.
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If c = —7(s)(2k + 1)/2 we have

N
0 s M) —— X1 () 20 X1.0(F)™ 0 0

0 —— L1c(t®sgn) —— X1..(7)” L X1,(T)T —— My (T ®sgn) — 0,

while otherwise, we have

.
0 —— My (1) —— Xpo(F)F 2 Xy0(7)” 0 0
0 0 X1o(F)™ 2 Xpo(F)T —— Myo(r) —— 0.

In all cases, we have I(7) = M, .(7) = —I(7)", in the Grothendieck group of O.
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