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Abstract.

In the present work, we revisit the topic of translational eigenmodes in discrete mod-
els. We focus on the prototypical example of the discrete nonlinear Schrédinger equation,
although the methodology presented is quite general. We tackle the relevant discrete sys-
tem based on exponential asymptotics and start by deducing the well-known (and fairly
generic) feature of the existence of two types of fixed points, namely site-centered and
inter-site-centered. Then, turning to the stability problem, we not only retrieve the
exponential scaling (as efﬂg/@e), where € denotes the spacing between nodes) and its
corresponding prefactor power-law (as e/ %), both of which had been previously ob-
tained, but we also obtain a highly accurate leading-order prefactor and, importantly,
the next-order correction, for the first time, to the best of our knowledge. This method-
ology paves the way for such an analysis in a wide range of lattice nonlinear dynamical
equation models.

1. Introduction. It is well-known (and has by now been extensively studied) that
lattice nonlinear dynamical equations of dispersive type arise in a wide range of appli-
cations. These emerge, among others, in the dynamics of the electric field of light in
optical waveguides [24], as well as in the mean-field dynamics of atomic Bose-Einstein
condensates (BECs) in deep optical lattices [25]. They are also relevant to nonlinear
coupled lattices of electrical circuits governed by Kirchhoff’s laws applied to nonlinear
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elements (such as capacitors) [31], as well as to coherent structures arising in elastic me-
dia and mechanical metamaterials such as granular crystals and variants thereof [26, 33].
Further settings of considerable impact involve the arrays of superconducting Josephson
junctions in condensed matter physics [6, 35], as well as the denaturation models of the
DNA double strand [30, 29].

Admittedly, there exists a wide variety of associated models, with different ones among
them being of interest/relevance to different applications. For instance, the quintessen-
tial —within nonlinear science— models of the Fermi-Pasta-Ulam-Tsingou type [14, 36]
are particularly well suited to granular systems, while discrete Klein-Gordon (variants
of sine-Gordon) lattices [20] are tailored to superconducting Josephson junctions. How-
ever, arguably, a central envelope model that emerges in a wide range of applications
consists of the discrete nonlinear Schrédinger (DNLS) equation [21, 12]. For the latter,
the most canonical framework consists of arrays of optical waveguides where its relevance
and extensive findings, including in experiments, have been summarized in various re-
views [24, 1]. The DNLS has also been of value to other fields such as BECs with optical
lattice potential wells forming the effective lattice nodes [25, 3].

In all of these models bearing on-site potentials (discrete Klein-Gordon (DKG) and
DNLS ones, for instance), there exist some principal features that clearly distinguish the
discrete case from the continuum one. Arguably, the most notable one is the breaking of
a fundamental continuum symmetry of the problem, the translational invariance thereof.
The latter is well-known through Noether theory to be associated with the conservation
of momentum [27]. This, in turn, has significant consequences as concerns the prototyp-
ical solitary waves of the models [8]. Indeed, typically it is found that such models bear
two discrete analogues to the continuum wave, instead of a single one. One of them is
referred to as site-centered and the other as bond-centered or inter-site-centered. Perhaps
even more importantly, one of these states is found to be spectrally stable (typically in
DKG and DNLS models it is the site-centered one) and one is spectrally unstable (typ-
ically, the inter-site-centered one). This is because the invariance of translation within
the continuum is reflected in a zero eigenvalue (pair — as the system is Hamiltonian
and eigenvalues come in pairs), which in the discrete setting can either move along the
imaginary axis, in the spectrally stable site-centered case, or along the real axis, in the
spectrally unstable bond-centered alternative.

It was realized a considerable while ago [17] (see also references therein) that the
relevant bifurcation of this translational eigenmode has to be exponentially small. A
heuristic argument to that effect hinges on the Taylor expansion of the second difference
(see also below), which to all algebraic orders in the relevant lattice spacing parameter can
be approximated by a sum involving even derivatives, none of which breaks translational
invariance. Hence, the bifurcation of the relevant eigenvalue from the origin of the
spectral plane of eigenvalues needs to be exponentially small. Indeed, the work of [17]
sought to approximate this eigenvalue that was also observed in numerous other works,
including, e.g., in [16, 21] etc. However, the relevant work developed a perturbative
argument from the integrable analogue of the equation —the so-called Ablowitz-Ladik
model [2]. This had, however, a distinct drawback: while it seemed to capture the correct
exponentially small term (and even the prefactor thereof as concerns its scaling power
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on the lattice spacing), it was argued therein that the prefactor could not be properly
captured, nor could corrections to this leading order behavior be assessed.

In the present work we definitively address the relevant problem. Indeed, we utilize an
exponential asymptotics technique based on [9, 28, 22] (partially reminiscent of what was
done for continuum problems with periodic potentials in the work of [15]) that enables
us to identify the two different possible stationary solitary waves of the lattice. We then
bring the corresponding result to the spectral stability analysis problem and observe its
implications on the (formerly zero translational) eigenvalue. Our technique allows us to
indeed compute definitively the relevant prefactor and even lends itself to the calculation
of the next order correction. By using the rather numerically stringent test of multiplying
the eigenvalue by the relevant exponential (and leveraging an accurate computation of
the relevant eigenvalue down to the limit of double precision), we are able to showcase
the asymptotic agreement of our prediction with the numerical findings. What’s more,
this methodology provides the reader with a tool that is expected to naturally generalize
to other models carrying this generic —within lattice dynamical settings— feature.

Our presentation is structured as follows. In section II, we briefly provide the model’s
mathematical setup and notation. In section III, we focus on the existence problem and
its corresponding solitary wave solution. Section IV details our stability findings. Finally,
in section V, we summarize our results and present some possibilities for future studies.

2. Model Setup. The 1D discretized nonlinear Schrodinger (DNLS) equation is
given by [21]
. dQy,
99 Q410,00 =0 (21)
where the discrete Laplacian associated with the spacing e reads:

AsQ,, = Qn-1—2Q, + Qnt1 . (2.2)

2

The continuous 1D nonlinear Schrodinger (NLS) equation, i.e., the continuum limit
of the model as € — 0 assumes the form:

igs + qua + |Q|2q = 0. (23)

While we will not tackle them in the present work, it is relevant to point out that
our considerations can be extended firstly to the setting of the 1D discretized nonlinear
Schrédinger equation involving next-to-nearest neighbors:

1 4 ) 4 1
A = ——Qn_ —Qn_1— = - - — . 2.4
2Qn 12Qn 2+ 3Qn 1 QQn + 3Qn+1 12Qn+2 ( )

and secondly to the more general realm of next-nearest neighbor interactions (cooperating
or potentially competing with the nearest neighbor ones) in the modeling form:

dQn
dt

which is inspired by setups in the form of zigzag waveguide arrays [11, 34].

U(Qn+2 - ZQn + Qn—Q) +i + A2Qn + |Qn|2Qn =0 (2'5)
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3. Series Solution. Let us use the well-known standing wave form @,, = e“!q, in
(2.1) to obtain the stationary DNLS,

1
—Wqn + ?(anrl - 2% + anl) + |qn|2Qn =0. (31)
We take a continuum limit by setting z = en and letting ¢, = ¢(z) to obtain
1
—wq(z) + 5 (a(z +¢) = 2q(2) +q(z —€)) + la(2)[*a(z) = 0. (3.2)

Expanding this as a power series in € gives the infinite-order differential equation

& 2m2d2m()

—wq(z +2Z o sz" + lg(2)]2q(2) = 0. (3.3)

We expand ¢(z) as an asymptotic power series in & such that
o0
z) ~ ZEQqu(z) as ¢ —0. (3.4)

The leading-order solution go(z) satisfies the (ODE resulting from the standing wave
ansatz within the) continuous nonlinear Schrédinger equation (2.3). We select the soliton
solution, given by

qo(2) = V2w sech[v/w(z — 20)]. (3.5)

Notice that here without loss of generality, and taking advantage of the phase/gauge
invariance of the model [21, 8], we have selected the real solution to the relevant problem.
For simplicity in the subsequent analysis, we define Z = z — 2, and write our equations
in terms of this shifted variable. Substituting (3.4) into (3.3) and noting that gq is real
and positive gives the recurrence relation

S 1 dZmQj—mH 2 2
—wgq; + 2; Gm)l i + 2q5lq5] + qp9; = 0. (3.6)

It will be useful to identify certain asymptotic properties of gg. The tail asymptotics of
qo are given by
Q0 (3) ~ 2V2we V9% as i — oco. (3.7)

The leading-order solution is singular at

5, = j:% [7;1 + k:m] , (3.8)

where k € Z. We will denote specific choices of k as Z; ;, where appropriate. Near these
points, we find

Go(Z) ~ —— iv2 +1°’\f( %) as F 3. (3.9)

Z—Zs

The dominant exponentially small oscillations will arise from the singularities Z; o and
Zs,—1. By rearranging (3.6), we can see that each term ¢; is obtained by repeatedly
differentiating previous terms in the series, and we therefore expect singularities in g; for
j > 0 to also be located at the points in (3.8). The singularities will become stronger as
7 increases.
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Continuing the calculated terms using the recurrence relation (3.6) gives
g | 1 d'q
dz?2 12 dz*

Solving this gives the particular solution

w3/2(9 — 7cosh(2y/) + VwZsinh(2V/w3))
241/2 cosh® (y/wZ)

Near the singularities at z = Z;, this has the asymptotic behaviour

iv2 mw L

Z)~ ——— + as zZ — Zs. 3.12

A T Y e ° (3.12)

3.1. Late-Order Asymptotics. We now need to determine the asymptotic behaviour of
g;(2) as j — oo. In singularly perturbed equations such as (3.3), obtaining g¢; requires
repeatedly differentiating earlier terms in the series. This repeated differentiation causes

(3¢5 —w)q1 = 0. (3.10)

¢ = (3.11)

the singularity strength to increase at subsequent orders, and the series terms to diverge
in a predictable factorial-over-power fashion [10]. Based on this observation, [9] proposed
that the asymptotic behaviour of g; as j — oo can be written a sum of factorial-over-
power terms with the form

o QEI2j+1)
where x(z) = 0 at some Z = Z,, and each singular point Z; generates late-order terms in
the asymptotic behaviour.

We will determine Q(Z), x(2) and v. By substituting this expression into (3.6), we

obtain
_wQI2j+9) - [P Qr<2] +2+49) ()P QT2 +1+7)
T Z It T 2m—1) 2ty
()72 QT(2j+9) | | 366QT(2j+)
(2m — 2)! X2+ X2+ Y
(3.14)

where the terms that we have retained are all O(g;) as j — oo, and all omitted terms
are smaller in this limit than those retained, and g¢;(Z) is taken to be real-valued. Note
that we omitted any term proportional to x”, which would appear at order O(g,1/2),
because we will find at O(g;11) that x’ is constant, and therefore x” = 0.

3.1.1. Calculating the singulant, x. Balancing terms of O(g;11) in (3.14) as j — oo
gives

Jj—1 (X/)Qm
2 =0. 3.15
QY )] (3.15)
m=1
We can determine the leading-order solution of this in the limit that j — oo by extending
the upper bound of the summation term to infinity. This gives cosh(x’) =1, or

X =2mil (3 — %), (3.16)
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FIGURE 1. Stokes structure for the discrete solitary wave solution.
We could pick the exponentially small term to be zero on either the
left or the right-hand side of the Stokes line, shown as a solid blue
line; this choice does not affect the final result. There are additional
singularities further along the imaginary axis in both directions that
produce additional Stokes lines on the line Re(2) = 0, represented as
dotted blue lines, but these Stokes lines switch on asymptotic contri-
butions that are exponentially small compared to those considered
here.

where ¢ € Z and the final term corresponds to the positive choice of sign in (3.8) with
k = 0. We select £ = 1 as the solution of interest, as this corresponds to the largest
exponentially small term associated with the singularity at Z; o.

From this, we conclude that there is a Stokes line in the solution, along the curve
satisfying

Im(x) =0, Re(x) > 0. (3.17)

This configuration is shown in Figure 1, with the Stokes line being represented as a solid
blue line. Without loss of generality, we will select the contribution so that it is zero on
the left-hand side of the Stokes line, and is switched on as the line is crossed from left
(2 < 0) to right (z > 0).

From (3.16), we see that x*, or the complex conjugate of x is a solution to this
equation, and this corresponds to the largest exponentially small term associated with
the singularity at Z; _1. This will produce a second Stokes line along the curve Re(2) = 0,
across which another exponentially small contribution appears. This contribution will
be the complex conjugate of the contribution associated with x on the real axis, meaning
that the total exponentially small contribution is real for z € R.

3.1.2. Calculating the prefactor, Q. At O(gj11/2) as j — oo, we balance terms in
(3.14) to obtain

Jj—1 1~ \2m—1
2> % =0. (3.18)

m=1
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As x' = 2rwil, this statement is always true when j — oco. This is a generic feature
of such discrete systems, and appears in any discrete equation with only second-order
differences.

Balancing terms at the next order, O(g;), gives

Jj—1 Q//(X/)Qm—Q

@m 2] + (3¢2 —w)Q = 0. (3.19)

m=1

Extending the summation term to infinity gives, after some algebraic manipulation,

Q" + (6sech?(vwz) — 1)wQ = 0. (3.20)
This can be solved to give the prefactor
Q(2) = K1Q1(2) + K2Q2(2), (3.21)

where K7 and K5 are constants that have yet to be determined, and

Q1(2) = § tanh(v/wZ) sech(vwz), (3.22)
Q2(2) = sech(ywz) (6v/w?z tanh(v/wz) + cosh(2v/wz) — 5) . (3.23)

The limiting behaviour as Z — oo of these solutions is

Qi(2) ~ e VRE L Qu(3) ~eV¥E (3.24)
The asymptotic behaviour of these solutions as zZ — Z; is,
- i 3
Q1(2) ~ - Q2(2) ~ (3.25)

20(% — )2’ w(z— 72

3.1.3. Calculating . We use (3.9) in (3.20) to obtain the local governing equation
near zZ = Zg,

6Q
" —2 3.26
(2 7 23)2 bl ( )
which tells us that the asymptotic behaviour of the solution is
A
~ ~ ~\3 2
Q) ~M(Z-Z2)" + m, (3.27)

where Ay and A are arbitrary constants yet to be determined. The asymptotic behaviour
of g; near the singularity is dominated as j — oo by the term containing A;. Setting
Q ~ A1 (z — z5)® near the singular point gives the local behaviour

A (2 - 2)°T(2) +7)

g ~ iz = L) E as j — 00, Z — Z. (3.28)

In order to be consistent with the leading-order asymptotics for go from (3.9), we require
that the singularity have strength of 1 when j = 0. This gives v = 4. An equivalent
analysis for the term containing Ay gives v = —1. The large-j asymptotic behaviour of
g; is therefore dominated by the late-order expression in (3.28), in which the factorial
term has larger argument.
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The constants A; and As may be used to determine the constants K7 and K in (3.21).
We expand this expression for @ in (3.25) about the point Z = Z; to obtain

—1K1 +31K, —1K, + 31K,
(2 —2,)? 6
T(—3Ky +3nKs) ., 4, .,
- 130 (2 - Zy) +€K2(Z—ZS) +... (3.29)
Comparing this expression with (3.27) gives Ay = 4iK5/5 and Ay = —iK;/2 4 37 K,.
We therefore know that the asymptotic behaviour of ¢;, described in (3.13), as j — oo

Q) ~

is dominated by factorial-over-power terms with the form

5 AUa(2)T(2 +4)
G 4 ri(z - 2,)%+4]

as j — oo. (3.30)

In subsequent analysis, we will omit the subscript on and A; and Us.

3.1.4. Calculating A. To calculate A, we must match the asymptotics of the late-order
terms (3.28) with an inner expansion near the singularity at Z = Z;. From the expression
(3.4) we see that the series fails to be asymptotic if ¢j(2) = O(¢72) in the small ¢ limit,
as the terms are no longer well-ordered. We see from (3.28) that this corresponds to
Z — Z, = O(g). Motivated by this scaling, we define a new inner coordinate 7 and inner
variable ¢(n) such that

- . q(z

Z-Zy=en, )= (5 ) (3.31)
The rescaled inner equation becomes
o~ L d*™q(n)
2, - ~ 2 A
— 2 —_—— =0 3.32
wi(n) + mZ:l @l T lAPam) =0, (3.32)
Taking only the leading-order asymptotic behaviour of (3.32) gives the inner system
o 1 dPq(n) >

2 — + ¢ j(n) = 0. 3.33
mz::1 Gl g+ A@Fm) (3.33)

The value of w does not influence the calculations at this scaling. Note that the inner
scaled variable n has returned the original discrete scaling, and this system is equivalent
to

2[q(n+1) = q(n) + q(n = 1)] + lg(n)q(n) = 0. (3.34)

This is the leading order reduction for the discrete equation (2.1) in the vicinity of
singular points. This observation connects the outer scaling in terms of z with the large-
n asymptotics of the original discrete problem in terms of n.
We apply the asymptotic series in the limit that |n| — oo,
)~ nT]“ as  |n| — o0 (3.35)
j=0
Based on the local behaviour of leading-order solution (3.9), we set gg = —iv/2. We can
then substitute (3.35) into (3.33) and balance powers of 7 to obtain a recurrence relation
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FIGURE 2. First 100 approximate values of A.

for g, given by
"L 20+ 2\ . -
22( % >an+1+

=1

n—j

> Girln—j—r = 0. (3.36)
=0 k=0
These equations may be repeatedly solved for ¢, up to arbitrary order. To determine
the value of A, we match the value of ¢, for large values of n with the late-order term
ansatz (3.28). By expressing the inner series (3.35) in terms of the outer variables, we
find that matching §,, with the late-order ansatz requires that the asymptotic matching

condition X
in AZ—-Z)°T(25+4
¢ AC 2T +4) (3.37)
(Z — z5)2nH1 [27i(Z — Z,)]%9+4
be satisfied as n — oo. By rearranging this, we find that
i 2n+4 An
A= qim TG (3.38)

n— 00 F(Qj + 4)
To approximate this value, we calculate ¢, numerically for large values of n. These values
are then substituted into the expression from (3.38) to obtain an approximate value for
A, denoted A,pp. Figure 2 shows evidence that A,p, converges as n — oo. Calculating
up to n = 500 gives A ~ —358.513i.

3.2. Stokes Phenomenon. This procedure is essentially identical to King & Chapman
[22]; however, that is a nonstandard application of the ideas from Olde Daalhuis et al
[28], and we therefore outline the details in Appendix A. The general procedure is to
truncate the asymptotic series (3.4) so that the truncation remainder is exponentially
small, giving

N-1
q(%) = Z €2nq”(2) + Gexp> (339)
j=0

where IV is the truncation value that minimizes the series approximation error, and gexp
is the remainder after truncation, which is exponentially small if N is chosen optimally
[5, 4]; in this case, we find that the correct value is N = |x|/2¢ + a, where a € [0,1)
is chosen so that N is an integer. We substitute the truncated series (3.39) into the
governing equation (3.3) to obtain an equation for gexp, given in (A.2), that we write
in terms of the late-order ansatz (3.13) to obtain an equation (A.5) which we can study
using asymptotic methods as € — 0.
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We apply matched asymptotic expansions to study gexp in a neighborhood of width
O(y/€) near the Stokes line in order to determine the exponentially small change in
the asymptotic contribution that occurs within this neighborhood as the Stokes line is
crossed from left to right. We are free to set goxp to be zero on the left-hand side of the
Stokes line, meaning that the change (A.16) gives the value of the exponentially small
contribution on the right-hand side.

In this analysis we find that for Z > 0 the exponentially small contribution to the
asymptotic behaviour, denoted gexp, satisfies

Jexp ~ —SQ@‘X/(E‘/‘;) +cc. as &—0, (3.40)

where we have included the complex conjugate quantity that switches on due to the singu-
larity at zs _1. Simplifying this expression using (3.16) and (3.8) gives the exponentially
small contribution for z > 0 as

2 2nz
Gexp ~ E—ZQe*”rz/(E\/‘:) sin <:Z> as €—0. (3.41)

There is no exponentially small contribution present in the solution for z < 0.

3.3. Site selection. The oscillations in (3.41) are exponentially small when they switch
in amplitude across the Stokes line; however, as z — oo, the exponentially small oscil-
lations in (3.41) grow as a consequence of to the exponentially growing behaviour of @
described in (3.24). As Z — oo and € — 0, the remainder satisfies the expression

2m (BA 2\ 2 . [ 2%z
Gexp ~ 1 <416\/az> e ™ /(v gin <5) . (3.42)
We can write this in the original discrete scaling using Z = e(n — ng), and using the fact
that A is a negative imaginary number, to obtain

5m|A
Jexp ~ —%eeﬁ(”_"“e_ﬂz/(eﬁ) sin(27(n —ng)) as n—o0,e—0. (3.43)

The presence of a slowly growing oscillatory tail in the asymptotic solution indicates that
this solution can only exist if ng is chosen in a way such as to eliminate the oscillations
entirely for integer values of n. There are only two values in ng € [0, 1) that achieve this;
ng = 0, or on-site pinning, and ng = 1/2, or inter-site pinning. In this way we retrieve
the well-known result about the existence of solely site-centered and inter-site-centered
stationary solutions in the discrete lattice setting [12, 16, 21].

4. Stability. In the previous section we determined that as e — 0, if z > zp then

N-1 .
- P 2 e . [ 27Z

q(2) ~ Z e¥q;(2) + 6—4626 (V@) gin (5) . (4.1)

=0

We will subsequently refer to this steady solution as gs(Z). As Z — oo, this asymptotic
behavior is

.=, o (51N o2\ e 23
4s(2) ~ 2V 2we™V¥E 4 Z e¥q;(z) — (e\/“jz> e /(Y@ gin <€> . (4.2)
j=1
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as z — 00, € — 0. We assume that ng, and hence zg, is chosen so that we have either a
site-centered or inter-site-centered solution. We introduce perturbations of the form

Q _ eiwt {CIS +f€>\t+g*6)\ t} ) (43)

By direct substitution, we obtain

& EQm 2d2mf

221 OGS +a;(2f +9) —wf =\, (4.4)

> 2m 2 d2m

Z 2m|d2m+qs(29+f)—wg—1/\g (4.5)

We make the transformation v = f + g, w = f — g, giving

Lov = —idw, Liw = idv, (4.6)
where
o E277172 d2m o 52m 2 d2m
) P L 2 NS
‘CO — (2m)| d227n +3q5 w, Ll ) (2m)' dZQm +q9 ( 7)

We expand v and w as power series in the eigenvalue A in the limit A — 0, giving the
leading-order equations

ﬁovo = 0, £1w0 =0. (4.8)

We consider two eigenfunctions; one associated with translation and one associated with
phase invariance. We can study these by setting (as is well-known [19, 8])

dgs
vy = ) wy = 0, 4.9
P LR (4.9
for the eigenvector associated with translation invariance, and
v = 0, wo = igs, (4.10)

for the one associated with phase invariance. These choices solve (4.8).

4.1. First eigenvalue.

4.1.1. Leading order. To calculate the eigenvalue associated with translation invari-
ance, we apply (4.9) to obtain wy = 0 and

5|A 2
vg ~ — ‘Elﬂ- VwEeom /(E\F)cos< ZZ> as zZ — 00, e — 0. (4.11)
We now balance terms in (4.6) at O(\) to obtain
dgs
L =0 L = —i . 4.12
ov1 =0, 1wy = —i—s (4.12)
The first equation gives v;1 = 0. Using g5 ~ qo as € — 0, we find

2
dd:}; + 2w sech? (Vwz)w; — ww; ~ —iv2w sech (v/wz) tanh (vwz). (4.13)

The homogeneous solutions Wy and W5 are

Wi(z) = sech(vwz), Wy (z) = Vwzsech(v/wz) + sinh (vw?z). (4.14)
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The general solution is
wy = ——Wl / Wa(s) sech(v/ws) tanh (v/ws)ds
—Wg / Wi (s) sech(y/ws) tanh (v/ws)ds. (4.15)

where we are free to choose a and b. These integrals can be evaluated exactly using
(4.14). The function Ws(z) — oo as z — £oo. We therefore select b so that the second
integral vanishes in this limit, or b = —oo. The resulting expression is

2w

(Zsech(vwz) + aWi(2)), (4.16)

where « is a constant determined by the choice of a in (4.15). As Wy (z) decays in both
directions, we do not obtain a condition on the choice of a. The resulting expression for
w1 (2) decays as Z — to00.

Balancing terms in (4.6) at O(A\?) gives

w, = —

,CorUg = —iwl, £11U2 =0. (417)
We see that we = 0, and vy satisfies

9 V2w

1 (3u = s = ~ Y22 (5 + ) sech(v52). (415)

dz?
The homogeneous solutions to this equation were given previously in (3.22)—(3.23). For
consistency in notation within this section, we define

Vi(Z) = & tanh(v/wZ) sech(vwz), (4.19)
Va(2) = sech(vwz) (6v/w?z tanh(v/wz) + cosh(2y/wz) —5) . (4.20)

The general solution is

1 E
vg = 2\—@% (z)/ Va(s)(s + ) sech(vws)ds

_7{/2 / Vi(s s+a)sech(fs) (4.21)

where we are free to choose a and b. The first term decays as V1 (Z), so we do not obtain
any conditions on a. The second term grows as z — +oo. We can select b to suppress
growth on one side, but not both. We choose b = —o0o, which ensures that the second
integral vanishes as Z — —o0. As Z — oo, we have

Va(2) _eﬁg
4/2 42"

We are now able to predict the behaviour of the tail as Z — oco. On lattice points, we
have

5|A 2
v~ vy + A2vg ~ — ‘Elﬂ- VWE g /(E‘F)cos< 7:;)_

Vg ~ _%Vz(z) /_z Vi(s)(s + ) sech(\/ojs)ds =— (4.22)

)\26\/52
42

as z— oo, e—0.

(4.23)
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Both terms grow large in the limit z — oo, and can only be avoided if the terms cancel
precisely. This gives the condition that

v~ =My as e —0. (4.24)

Solving this expression for A and writing the result in terms of the original discrete
variable n gives

40\[\A|7r

2
AT~ — — Q=

/(v cos (2m(n — ng))  as & — 0. (4.25)
For on-site pinning ng is an integer, so A> < 0. The eigenvalues are imaginary, and the
on-site standing wave is stable. For inter-site pinning ng is a half-integer, so there is a
positive real value for A and the corresponding waveform is unstable. In both cases, the
eigenvalue has magnitude as € — 0
27/451/27r|A|1/2e—ﬂ2/<26@ 316.355¢ 7/ (2V)
Al ~ £5/2 25/2
To validate this prediction numerically, we will require the first correction term to A
in the limit ¢ — 0. It is also worthwhile to note that this prediction shares both the
exponential dependence and the prefactor e-scaling of the work of [17], yet has a different
numerical prefactor than the 116.2 of the latter work.
4.1.2. First correction term. To determine the correction to the eigenvalue, we must

(4.26)

match the asymptotic solution for ¢ with two terms of an inner expansion in the neigh-
borhood of the singularity at Z = Z,. To do this, we apply the trick introduced in [22]
and find the first correction to the pole locations in ¢(2).

Combining the local expansions from (3.9) and (3.12) near Z = Z, gives

iv/2 w o V2 @
R A A (3(5_;35)3 24f<z-zs)> 2

as ¢ — 0 and Z — Z,. Expressing this in terms of the inner variables en = Z — Z, and
4(n) = eq(z), we find that

oy (V2 V2 emy/w
i) ( 7 n>+24fn+

as € — 0. We instead define the alternative inner variable e7) = z — Z — miy/we?/48. This
inner variable is chosen to precisely cancel the O(g) correction term, leaving

é(n)~< vz, M>+o<e> (4.29)

q~ =

O(£?) (4.28)

0o 302

as € — 0, which is accurate to the required two terms. This tells us that the true
pole location has an O(g?) correction, and we set Z; 0 = im/2\/w + imy/we?/48. This
adjusts the value of x = 27i(Z — Z;) in (A.17), which in turn produces the adjusted
exponentially-small remainder as ¢ = 0 and z — oo

R~ — 572T|£| VWEZ =T 2/ (ev/w) —5W2\F/2451n<2::z> (4.30)
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This allows us to determine the first correction in € to the eigenvalue A. We find that

25/451/27r\A|1/26*“2/(25\/@

757‘(’2 w
IA| ~ 573 eTET Vw/48 (4.31)
25/451/27r\A|1/26*”2/(25\/“7) szﬁ
~ 572 (1— pr) > as € —0. (4.32)

Evaluating this expression gives the numerical approximation

- en?y/w e ™/ (2eV)
48 g5/2

|A| = 316.355 ( (4.33)

4.1.3. Numerics. In order to examine the validity of the original prediction of Eq. (4.26)
and the associated first correction term of Eq. (4.33), we have performed computations of
the relevant eigenvalues for the case of the site-centered solitary waves and their associ-
ated stability. Such computations are admittedly not new, as they have earlier appeared
in [16, 17, 21], however the distinguishing feature here is that we push further towards
the relevant limit than was previously considered and, in addition, we plot them in a way
that clearly brings forth the agreement with our theoretical predictions. Indeed, looking
already at the right panel of Figure 3, the agreement between the original prediction of
Eq. (4.26) (black dash-dotted line) and the full numerical results seems very good. This
agreement seems to be even further improved by the presence of the first correction term
(red dashed line). It is important to appreciate here that the variation of the relevant
eigenvalue occurs over more than 6 orders of magnitude for the interval of spacings ¢
shown.

However, the true accuracy of our findings is much more clearly underscored by the
far more demanding test of multiplying the eigenvalue findings by %/ 2o7°/(2eV@) | This
rescaling not only strips the theoretical prediction of its dominant functional dependence,
clearly distinguishing between the original form of Eq. (4.26) (which is now just a con-
stant) and of Eq. (4.33) (which is now just a straight line). It also imposes a multiplication
by a growing exponential which would be extremely sensitive towards a potential error
in the relevant exponent. This clearly confirms not only the accuracy of the exponential
dependence and of the power law prefactor; it also showcases the systematic approach to
our asymptotic prediction in a quite definitive manner. It is relevant to note here that
we have use a diverse palette of tools for obtaining these eigenvalues accurately to about
10~7. Seeking a further probing of the asymptotics requires tools that are considerably
more refined at the level of the eigenvalue solver which, while not impossible, is outside
the scope of the present work.

4.2. Second eigenvalue. We may repeat the previous procedure in order to determine
the second eigenvalue, using the perturbation

vg = 0, wo = . (4.34)
Following the analysis from before, w; = 0 and the equation for v; at leading order as

Ae—0is

d21)1 2
12 + (Bu; — w)v1 = up. (4.35)
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FIGURE 3. In the left panel we show the asymptotic predictions of
our analysis herein, namely Eq. (4.26) by a black dash-dotted line,
and its leading order correction of Eq. (4.33) by a red dashed line.
These eigenvalue predictions (as a function of the lattice spacing
) have been multiplied by 55/2e“2/(2€\/‘3), so that the former one
amounts to a constant and the latter to a straight line. These are
compared to the correspondingly plotted eigenvalues associated with
the site-centered solitary wave, plotted by blue circles. To illustrate
how stringent of a test the left panel represents and showcase how
close these 3 curves are as concerns the original eigenvalue itself, we
can observe the same predictions/findings for A as a function of the
coupling ¢ in the right panel.

The homogeneous solutions are identical to (4.19)—(4.20). The general solution is given
by
Vi(2) /Z~ Va(2) /g
=——" V5 (s) sech(s) ds + Vi(s) sech(s) ds. (4.36
[t secntsyas + 20 v sects) )

We select b = —oo to suppress growth V5 as 2 — —oo, giving

*78%11(\/(;2) — Vw(Z + a) tan wZz
1= s (1 — Vw(Z + ) tanh(Vwz)) , (4.37)

where « is a constant that depends on the choice of a. Balancing terms at O(\?), we
find v9 = 0 and

d2
dzuf + (u? — w)wy = —vy. (4.38)

The homogeneous solutions are given in (4.14). The general solution is

i

2V 2w

wo =

Wi (2) / Wi(s) seeh (vs) (1 — V(s + a) tanh(vis)) ds

e / W (s) sech (vas) (1 — va(s + a) tanh (vas)) ds. (4.39)
2V 2w b

As before, we suppress the growing Wj term as Z — —oo by setting b = —oco. As Z — oo,

the first integral vanishes for any choice of a. This leaves

Wa(Z) /_OO Wi (s)sech(vws) (1 — vw(s + ) tanh(v/ws)) ds
o iWA(3) ievw?
YA

i

2V 2w

Wo ~ —

(4.40)
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We now calculate

w ~ wo + )\2’11)2 ~ —weﬁfe—ﬂ'z/(e\/a) sin (271'2) B
€ g

iN2eVw?
42
as Z — oo and € — 0. As this expression grows exponentially as Z — oo, we need to
determine X such that wg + A?wy = 0. The expression in (4.41) is similar to (4.22);
however, there is an important distinction. In this case, the first term contains

sin <2“) = sin(2n(n — no)). (4.42)

3

(4.41)

The value of ng can be an integer (on-site pinning) or a half-integer (inter-site pinning).
In both cases, this term is equal to zero. This means that the only value of A that solves
wg + Awy = 0is A = 0. This is naturally what is expected in this case: in particular
(and contrary to what is the case for the translational invariance leading to the eigenvalue
computed in section IV.A), here the eigenvector pertains to a symmetry that is preserved
in the presence of discreteness. Hence, we expect the corresponding eigenvalue to indeed
“stay put” at A2 = 0, in line with our numerical observations.

5. Conclusions & Outlook. In the present work we have revisited the time-honored
problem of the breaking of translational invariance and its existence and spectral stabil-
ity implications in nonlinear lattice dynamical equations. We have used as a prototype
for our analysis the discrete nonlinear Schrédinger equation, although we have alluded
throughout our presentation to the generality of our considerations, for instance in the
large class of models that involves discretizations of the Laplacian operator, such as, for
instance, discrete Klein-Gordon, as well as other discrete NLS variants. Our exponential
asymptotics formulation has enabled us to infer the ability of the lattice to center the
solution either on-site or inter-site at the level of the existence problem. The subsequent
consideration of these states in the stability analysis has prompted us to conclude the
stability of the former and instability of the latter, but importantly to also offer defin-
itive information on not only the exponential dependence (on the lattice spacing), but
also its power law form multiplying it. Indeed, our work went far further than these
features that were previously known, e.g., to [17]. More specifically the prefactor of this
composite (exponential multiplying power law) dependence was accurately identified and
the demanding leading order correction to this asymptotic form was also inferred and
confirmed through numerical computations extending over several orders of magnitude
of eigenvalue data.

Naturally, these considerations and the accuracy of the exponential asymptotics in
capturing such eigenvalues raise numerous further questions and generate various pos-
sibilities for future studies. As some of the most canonical ones among them, we note
the following. Here, we have restricted considerations to the standard Laplacian term
involving nearest neighbor interactions. However, in optical waveguide array applications
the consideration of next-nearest-neighbor lattices involving the so-called zigzag waveg-
uide arrays has not only been theoretically proposed [11]; it has been experimentally
implemented, e.g., in the work of [34]. This naturally poses the question of the poten-
tial interplay (and indeed perhaps even competition) between the role of the nearest-
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and next-nearest-neighbor interactions. While this is technically considerably more in-
volved due to the presence of additional exponentially small asymptotic contributions,
it is well within the purview of our theoretical methodology. In an additional vein,
works such as [17] and before it also such as [23, 18] have studied bifurcations of inter-
nal modes of solitary waves and have illustrated that these combine (pure) power-law
effects in the lattice spacing [23] with (modulated) exponential ones. It remains an im-
portant open question whether variants of the method proposed herein can accurately,
not just at a qualitative level, but also at a quantitative one as herein, capture the rel-
evant dependence. Finally, it is natural to recall that integrable variants of the DNLS
model remain of considerable interest for both computational and perturbative analysis
purposes. The so-called Salerno-model homotopic continuation between the two limits
(DNLS and Ablowitz-Ladik) [32] remains a popular setting in its own right. Thus, an
understanding of the translational mode behavior homotopically between the two limits
in a quantitative fashion is naturally of interest. Of course, extensions of the methodol-
ogy to DNLS models in higher dimensions [21] (where excitation thresholds [13, 37] and
associated stability changes arise) would naturally be of interest as well. Such studies
are presently under consideration and will be reported in future publications.
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Appendix A. Stokes switching calculations. Truncating the series (3.4) after N
terms gives
N-1
9(2) = ) ™an(2) + R(2). (A1)
j=0
We follow the heuristic described by Boyd [7] and choose the value of N that minimizes
(3.13) over j. This gives N = ‘QLJJFQ, where a € [0, 1) is chosen so that N € Z. R(Z) is the
remainder after truncation; if NV is chosen optimally, then this quantity is exponentially
small as € — 0. After simplification, we have

p+1

Qi52m72d2mR+(32 )R 2%62” > L d™pmir ()
@m)l dzzm 0T =, Cm)l a2 '

m=1

Applying a WKB analysis to the homogeneous version of (A.2) gives R ~ kQe~X/¢ where
k is an arbitrary constant. Using variation of parameters therefore suggests

R~8Qe ¢ to e—0, (A.3)

where S behaves as a constant everywhere except in the neighborhood of a Stokes line,
where it changes rapidly in value. Substituting this expression into (A.2) gives after
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simplification
- (2m\ ()PP AP B )
2 7R x/e 2 /e
an—:1 ( 2 ) 2m)! | dz? (SQ)e + (Buy — w)SQe
= ptl 2m
1 d*™qy it
2 -
~ —2 Z P Z (Qm)' dgme . (A4)
p=N  m=p—N+2 :

We substitute in x’ = 27i and the late-order ansatz (3.13) for u; to give

o) p+1 N\2m
[j; (SQ) + (3u3 — 1)SQ} e gy e DTG Ea+2) L,

T, e

where the omitted terms are smaller as ¢ - 0 and N — oc.
We can extend the second summation term to infinity as before, as p > N which is
asymptotically large as ¢ — 0. Hence we write

d2 e & 2m (2 2
[ (501 (3~ 5| e/~ 2 . (a0
p= m=p—

To make the scale of p apparent, we write p = N + ¢q. Swapping the order of summation
and writing x = rel’ and N = r/2¢ + a gives

2
5 (5Q) + (34 - )5Q e

co m—2 00 \2m
~ r/e+2q+2« (2771) QF(T/E + 2(] + Y +2+ 20()
2 E E cr/et2q E (Qm)!XT/E+2q+7+2+20‘ . (A

m=2 q=0 m=p—N+2

Applying Stirling’s formula gives

2
|5 (5Q) + (348 - )5Q

oo m-—2 .
(27“)2mQ 27Te_r/6 —i0(r/e+2q+v+2+2a)
2y Y G AR (A

We can evalute these sums exactly to obtain
d? 26—7"/5—19(7"/5-{-74—204)\/%Qf(e)

2
dz? (5Q) + (3q0 B w)SQ ~ ev+3/2p1/2 eX/E’ (A.Q)
where y
cos(2me™) — 1
f(0) = % (A.10)
Note that f(#) ~ —im260 as  — 0. We consider variation in the @ direction, and set
4 _ e ¢ _ T (A.11)

E Nae Ay S e

Some algebra gives

& (SQ) = — ) 0 4 <e19d (SQ)> . (A.12)
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The rapid variation across the Stokes line in the 6 direction is captured by the change in
S; @ does not change rapidly in this direction. This means that (SQ)s ~ QSy as ¢ — 0.
Hence
w0 d w0 d r? 2V/2mf(0 roo. (T T
e 19@ (e 19@ (S)) ~ = E g?i:/i(l/)? exp (—g —if (E +v+ 2a> + -e 9) .
(A.13)
To determine rapid variation in a neighborhood of the Stokes line, we set § = /2. In

this region,

1d*S r2 2V/2m(—im?el/29) r 1 r T o1z

-t o D12 = Ioiet /2

e db? (2m1)2  evt3/2p1/2 P ( A v (5 Ty 2@) * c° ) ’
(A.14)

where we have used that f(e'/29) ~ —in2e'/29 as ¢ — 0. Simplification and integrating

twice gives
dS i wr v g2

We denote the jump in a quantity across the Stokes line from Im(y) < 0 to Im(x) > 0
as [-]T, so (A.15) gives
[SIF ~ T oas eo0. (A.16)
e
We will impose the condition that the remainder is present on the right-hand side of the
Stokes line, corresponding to zZ > 0. Hence for Z > 0 we have

R~ ngefx/E. (A.17)
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