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Abstract

The problems of non-slipping contacts between dissimilar elastic solids are
studied under the conditions of plane strain. When two dissimilar solids are
incrementally pressed into contact, a relative tangential displacement along the
contact interface emerges because of the material property mismatch. The spatial
derivative of the relative tangential displacement is referred to as the interface
mismatch eigenstrain, which is separately investigated according to the non-adhesive
and adhesive surface conditions. The explicit solutions of the interface mismatch
eigenstrain for non-slipping contacts with symmetrical indenter profiles are obtained,
which enable a thorough analysis of the non-slipping contacts. These results provide
the foundation for improved precision contact deformation modelling at the macro-,

micro-, and nano- scales.

Keywords: Contact mechanics; non-slipping contact; interface mismatch eigenstrain;

symmetric profile.

1. Introduction

The non-slipping contact can be simply described as below. When two bodies are
brought into contact, pair-wise correspondence is established between points on the
two surfaces that meet at the contact interface. Provided the level of friction is high

enough, the two points will always maintain contact during subsequent incremental
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loading. The path of a surface particle entrained in a non-slipping contact is
schematically illustrated in Fig. 1, where a contact between an elastic substrate and a
rigid indenter is considered. Note that, apart from the readily apparent normal
displacement induced by the indentation, a relative tangential displacement will also
be spontaneously introduced and “frozen-in” along the contact interface, due to
material property mismatch. The derivative of this displacement with respect to the
lateral distance from the axis is referred to as the interface mismatch eigenstrain (Ma
and Korsunsky, 2012), which is believed to reflect the strain’s physical origin and

characteristic of non-slipping contacts.

. Path of surface particle
Elastic substrate y

\
\

Free surface

ﬁ Rigid indentor

Fig. 1 Path of surface particle of non-slipping contact during incremental normal load

(Adopted from the reference paper by Spence, 1968)

In order to improve the accuracy of modelling practical contact problems such as
fretting fatigue (Nowell and Hills, 1988), nano-indentation (Borodich and Keer, 2004;
Luan et al.,2006), bio-adhesion (Dartschet al., 1986; Yang and Saif, 2005; Ma and
Korsunsky, 2012; Borodich et al., 2021), the non-slipping contact models were
adopted in which the interface mismatch eigenstrain is taken into account. Apart from
these practical requirements, more importantly, the study on non-slipping contact has
evident theoretical significance in Contact Mechanics (Barber, 2018). The background
to this study can be traced back to the work of Mossakovski (1954, 1963) and
Goodman (1962). A frictional rigid-to-elastic axis-symmetric contact model with no
slippage was initially studied. A step-by-step incremental approach was used, and the
contact stresses were computed alongside the time evolution of the contact radius.
Mossakovski presented the problems for a flat-ended cylinder and a parabolic punch.
Goodman (1962) presented an approximate solution to the non-slipping Hertzian
contact problem. The problems of this kind belong to the typical elastic mixed
boundary-value problem. An important consideration arises concerning whether the

solution should be independent of the load process. Spence (1968) proposed an
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elegant self-similarity approach and made a significant contribution to this problem.
He extended the range of rigid indenter profiles considered to include polynomials.
Non-slipping contact problems then were formulated with an integral equation which
can be solved using the Wiener-Hopf technique.

This approach was later on used to study the symmetric partial-slipping contact
with the finite friction in the case of a two-dimensional problem (Spence, 1973; 1975).
Spence found that the slip radius is the same for all power-law indenters and that the
slip half-width is a function of the friction coefficient. If the friction is large enough,
the analytical solution for fully non-slipping contacts can be obtained. Using the
Wiener-Hopf technique, Zhupanska and Ulitko (2005) revisited this two-dimensional
problem, and the exact solution to the problem of indentation with
friction of a rigid cylinder into an elastic half-space was obtained in the
form of an infinite series. It should be pointed out that when slipping is considered,
the contact will be related to and dependent on the load history. The topic of
interfacial slipping lies beyond the scope of the paper. Our attention is focused on the
completely non-slipping contact problems.

For the non-slipping contacts, to find the interface mismatch eigenstrain plays a
crucial role in entire process of solving problems. Soldatenkov (1996) has conducted
an initial theoretical analysis for more general non-slipping elastic contact with rigid
indenters. The contact gap function was represented in terms of a complicated
functional transform, and a single complex-valued singular integral was formulated to
specify the contact tractions. Clearly a direct and elaborate analysis on this problem
needs to be carried on. Furthermore, at the micro- or nano- scale, the significant
surface adhesive effect, i.e. the Van der Waals force, should be considered in contacts
(Johnson et al., 1971). These small scale adhesion problems have been the subject of
active research, e.g., in nano-indentation (Bhushan, 2017) and bio-adhesion (Arzt et
al., 2003) studies. The deformation and traction distributions in adhesive non-slipping
contacts will differ significantly from the ordinary non-slipping contacts at the
macro-scale, which highlights the need for more careful consideration of the interface
mismatch eigenstrain within them.

The aims of the present study are: (i) to seek the explicit solutions for the
interface mismatch eigenstrain of non-slipping contacts with symmetrically profiled
indenters, separately for non-adhesion and adhesion conditions; (ii) to extend the

conventional rigid-to-elastic contact models found in the literature to a general
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elastic-to-elastic non-slipping contact model, striving for a broader application; (iii) to
present example solutions of non-slipping contacts such as e.g., for wedge and
parabolic indenters. It is expected that this study may shed some light on all kinds of
contacts where non-slipping conditions are observed.

The remainder of this paper is constructed in the following steps. In § 2, the basic
knowledge on two-dimensional contact, boundary conditions, and external load
conditions are presented. In § 3, a dissimilar elastic-elastic contact model without
adhesion is formulated in terms of the Kolosov-Muskhelishvili complex formulae, and
the interface mismatch eigenstrain is derived with the so-called consistency condition.
Then the solutions for contacts with wedge and parabolic indenters are deduced in § 4.
Similarly, in § 5, a dissimilar elastic-elastic adhesive contact model is formulated, and
the corresponding interface mismatch eigenstrain is derived, with the assumption of
constant stress intensity factor at the contact edges. The pull-off force is examined and
the wedge and parabolic contacts are exemplified as an implementation. Finally, a

concise summary is given in § 6.

2. Preliminary formulae for dissimilar contact
2.1 The Kolosov-Muskhelishvili complex potential formulae
In the Kolosov-Muskhelishvili complex formulation of plane elasticity, all

components of stress and displacement can be expressed in terms of two

Kolosov-Muskhelishvili complex potentials ¢(z) and y(z). Here we express them,

alternatively, with ®(z)=¢'(z) , Q(z)=[z#(z)+y(z)] as follows
(Muskhelishvili, 1953),
0'“+c722—2[ (D(z}
0nic, =0()+ Q)+ (z-2) (7). e
ouli i) w0 (2) () - -~
where, i=v—1, z=x+ix,(=x+iy), ®'(z)=d®(z)/dz, u is shear modulus,

the Kolosov constant x =3—4v for plane strain, v is Poisson’s ratio, the comma

followed by a subscript i indicates differentiation with respect to x;, and the bar over

a function denotes its complex conjugate. The Kolosov-Muskhelishvili complex
potential formulae for contact problems have been extensively studied in literatures

(see, e.g. Muskhelishvili, 1953; Galin, 1953; England, 1971; Gladwell, 1980; Hills et
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al., 1993), but it is always confined within the rigid-to-elastic contact models. The
present authors (Ma and Korsunsky, 2012) have extended this formula to the
elastic-to-elastic contact models as shown in Fig. 2, by the continuity of traction along

Xx-axis as

N (0 —io,),, =(0n —i0,),, [x[<a
(0-22 1612) - {O, |x| > q ) (22)

where a is the contact half-width, the subscripts ‘#1° and ‘#2’ refer to the tractions

respectively on the upper and lower surfaces. Its expression is as follows

q)](z):H(z), ze#l ( ):{Ql(z)z—ﬁ(z),ze#l

q)(Z):{q)z(Z):_H(Z)’ZE#Z’ QZ(Z)ZE(Z), ze#2 (&2)

where, small size of the contact area compared to the dimensions of the contacting

bodies and their relative radii of curvature is assumed; ®,(z),Q,(z) and @ (z),
Q, (z) denote the potentials for Solid #1 and Solid #2 respectively; all potentials are

expressed in terms of one holomorphic function H(z).

#1

Fig. 2. Schematic diagram of a two-dimensional dissimilar contact, where #1 and #2

denote the upper and lower solids, respectively.

2.2 Contact boundary conditions
The boundary conditions to specify contact solution are listed below:

(i) Contact displacement condition. When two bodies are pressed together,
deformation must occur so that the deformed bodies conform within the contact. The
difference between the displacement derivatives of the two surfaces, with respect to

the lateral coordinate (x-axis) within the contact surface, can be evaluated as



(Aul,1 +iAu2’1): (ul’, +iu2’1) = g(x)+if(x),

—(u,,] + iuz’l) x| <a.24)

upper surface lower surface

For general cases, the function f (x) is directly determined by the profiles of the
two contact bodies, but the function g(x) is difficult to specify. For non-slipping
symmetric contacts, the function g(x) is always an even function and the

function f'(x) is anti-symmetric odd function. The function g(x) is the interface

mismatch eigenstrain we mentioned before, which is to be determined.
(ii) Remote loading condition. To solve the boundary value problem, remote
loading condition must be known, so that the contact width 2a may be determined.

The external load equals to the resultant force of interfacial traction given by
F,—iF = J.,L,(O-ZZ —ioy, )dx . (2.5)
(iii) Traction behavior at contact edges. For the non-slipping contact with no
adhesion, we suppose that the traction at the edges will vanish, while for the
non-slipping contact with adhesion, we suppose that the traction at the edges will be

singular. These conditions will be used to choose the branch functions to determine

the contact traction behavior in following Sections.
Then by use of these conditions, we may specify the function H (x) Once the
complex function H (x) is obtained, the deformation states of the two contacting

bodies are ready to be solved through Egs. (2.3) and (2.1).

3. The interface mismatch eigenstrain in non-slipping contact

For non-slipping contacts, the following condition pertains
0 .
a[g(x)Jrlj‘(x)}:O, (|x|<a) (3.1)
which means that the function f (x) and the interface mismatch eigenstrain g(x)

within the non-slipping contact is independent of the variation of contact width 2a.
This condition is crucial to fix the function g (x)
3. 1 Complex potential for the contact

Eq. (2.4) can be represented from the third equation of (2.1) and further be expressed

in terms of the solution (2.3) as

H(x*)—i—(%jH(x) = %[g(x)wf(x)] = [g(/;c()1+_l;()x)] . G2




where, superscripts ‘“+’ and ‘=’ respectively stand for the limits y —>0"and y >0,
the compliance parameter 4 and the Dundurs’ parameter £ are used, given by

(K‘l+1)+(K‘2+1) :,ul(lcz—l)—,uz(lq—l)
4, 4, H (Kz +1)+:u2 (Kl +1) ’

(3.3)

and subscripts 1 and 2 refer to the two materials. Since the traction at the two contact
edges vanishes for non-slipping contact with no adhesion, it is reasonable to choose a

branch function (Hills et al., 1993)

X(Z) = (Z+a)5 (z—a)lfﬁ (3.4)

where
5=l e L U2A) (3.5)
2 2r (1+8) ‘

So that Eq. (3.2) can be rewritten as
H(x+) H(x_) _ 1 I:g(x)-‘rl‘f(x):l (3‘6)

in which the properties
X(x*) =ie”™ (x+ a)(S (a—x)

X(x’) =—ie™ (x+a)§ (a —x)

1-0

(3.7)

1-6

are used. Eq. (3.6) is a standard Hilbert equation and its solution is

L X(2) e [+ (1)] ar
1-B) 2ni I X(t) -z G-9)

H(z)=
The interface mismatch eigenstrain g (x)is to be determined below.

3.2 Interface mismatch eigenstrain

The interface mismatch eigenstrain g(x) can be specified by the following
consistency condition (Muskhelishvili, 1953; Hills et al., 1993)

Ceg()rif(t), o g(aT)+if (aT)
0_I—“Wdt_'[“ie‘”‘g(T+1)5(1—T)l6dT. G2

This condition indeed is an assumption for traction behavior at contact edges for

non-adhesive contacts we mentioned in sub-Section 2.2. This ensures that both

tractions o, (x,0)and o,,(x,0)along the contact surface simultaneously vanish at

the two contact ends (points x ==xa). It should be emphasized that the condition (3.9)



intrinsically attaches the unknown function g(r) to the given function f(¢),
resulting in an expression potentially to be fixed. Because f (x) is an anti-
mirror-symmetric odd function and g(t) is a mirror-symmetric even function with
respect to y-axis, they can be expressed in series as

f(t)=f(aT Zc sgn(T”“) (aT)' zc Sgn(Tn+1)Tn "
- " (~1<T<1) (3.10)

0

g(t)=g nZ(;d sgn( ") aT =Z

n=0

ﬂ l’l

where ¢, and d, are constants. The evident advantages of expression (3.10) are that

each term at the same order may independently represents a contact case, and at the

same time, the entire series can be understood as two Tylor’s expansions, respectively,

for any functions f(¢) and g(¢)with respect to the origin.

Inserting the representative terms c, sgn(T ”“)T "a" and d, |T |" a" in Egs. (3.10)

into (3.9), we can get

" +ic, sgn(T"“)T”
(T+1)"(1-T)"°

a +1 1 d,
o= £00 ae

Eq. (3.11) is held for any value of a, which actually requires

dr |a", (n=0,1,2,3).(3.11)

"+ic, sgn(T"” )T"

-1, (1+7)° (1-17)"°

dr, (n=0,1,2,3....). (3.12)

This implies that
d,=Yc,, (n=0,1,2,3) (3.13)

n n-n?

where

e Sgn(Tn+1)Tn 1 |Tn -
e l[L(HT)&(l—T)l'de]Ul(nT)ﬁ(l—T)””J B

In view of Eq. (3.5), we can find

(T Q) = ) ossm {5 s 7

1

-7y (1+7)\" = 1+T% l—T% cos¢ln T+l +isingln T+l
1-T 1-T

(3.15)

By using Eq. (3.15), Eq. (3.14) can be written in to a standard form as



1 ( T+1j T"
J.sm gln——

0 l_T I_TZ

1 T+1 T"

cos| eln—— |——dT
IO ( 1—T)\/1—T2

This is one of the key results obtained in this paper. It is important to note that for an

Y, =Y, ()= (n=0,1,2,3...) (3.16)

arbitrary bi-material combination |,B|£1/2 , and from Eq. (3.5) we may find

|5|Siln(3)z0.1784. By virtue of Eq. (3.16), the approximate value of Y, for

different number # can be obtained as follows.

&Catalan
= ¢

Y, =Y,(¢) ~

+0(g) 23325 ¢

Y, =Y,(¢)= m+0(s) =3.1416 ¢

)= 4(1+2Catalan ) ;

Y,=Y,(&)= +0(g) =3.6057¢ (3.17)

T

Y,=Y,(¢)="2e+0(¢) =3.9270 ¢

where Catalan is referred to as the Catalan’s constant

00

Catalan Zz(_—1)2=0.915965594177219015.... (3.18)
m=0 (211 + 1)

It can be interestingly found that the correlation coefficient Y, is gradually

increasing with the order of the indenter profile function, for a fixed bi-material

combination.

4. Non-slipping contacts

Owing to the expression of interface mismatch eigenstrain in hand, the general
solution for non-slipping contact can be straightforward derived, and then two typical
contact models - with wedge and parabola indenters will be constructed.
4.1 General solution for non-slipping contact
To derive the traction distribution along the contact interface, from Eq. (3.8) one has

AL X)) 1 e+ (x)
H(x )‘A(l_ﬂ)_z_m-.[ug x(r) t—deEg x(x)

4, 4.1)

XN [ 1 p g @) 1, 1200 ()
e

A(1-B)| 27i () —x 2 x(x)




and then from Egs. (2.1) and (2.3) the contact traction is given by
o, —ialzzH(x+)—H(x')
AL ] ool o) [g ol 1, @D
- dt
A(1-£) A(1-p “(a=t)" (r+a) (1-x)

With the aid of Egs. (A2) and (3.5), after a straightforward manipulation, Eq. (4.2) can

be rewritten as

Gzz_io_u:_l_{(x+a)§(a—x)l5%.[:[8'(( ‘ilf ] [g x)+if (x )]dt}. 43)

A(1-5) ) (1+a)’ (1-x)

) 1 .
Inserting 6 = 5 —ig into (4.3) leads to

O, —10), =1

()ancz)%i'g (a—x)%ﬂ'g lJ-a [g +lf ] [g )+if (x )]dt (44
AQ=F) AT e (ra) (1 x)
It can be observed from Eq. (4.4) that: (i) the tractions decrease to zero as x
approaches from one inner point within the contact surface to the two ends =a; (i7) at
the same time, the tractions show an obvious oscillatory behavior as x approaches the
two ends ta, which is quite like the one of an interface crack-tip. This behavior was
first found by Abramov (Zhupanska and Ulitko, 2005).
Substituting Egs. (4.2) into (2.5), exchanging the order of integrals, and with the
aid of Egs. (A2), (3.5), (3.9) and ( [ +tanh 72'8) =0, after a straightforward

manipulation, one can relate the external load as

zcoshﬂgj- [g +lf()]

t+a) (a— t)Hs

__icojmgra[g )+ (1)]¢ (“”j dt

F,—iF = I_:(O-zz lo—lz)d == dt

(4.5)

- a’ -t a—t
Furthermore, with consideration of the odevity of functions and the symmetry of
integral domains, it follows

F=0

cosh e 1 . a+t a+t (4.6)
F, = y \/ﬁ[ (¢ )sm(sln;j+f(t)cos(glna_tﬂtdt

Evidently, the interface mismatch eigenstrain is involved in the resultant force F,.

If =0, Egs. (4.2) and (4.6) become, respectively, as
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O,y —i0y, =—i “A;x L,[g )+ ()] 1 dr. (4.7)

Jat - (t-x)

F =0

1 ¢a 1 (4.8)
F, =— d
o

Fig. 3 Non-slipping indentation of a semi-infinite plane by a wedge, in which #1

stands for the upper plane material and #2 stands for the lower plane material

As shown in Fig. 3, for the non-slipping wedge contact, Eq. (3.10) allows

{f(x):c0 sgn (x)=—¢@sgn(x) (|x|<a).
g(x) =d,=c, Y, =—¢Y, ’
Inserting Eqgs. (4.9) into (4.3) gives

(4.9)

0, —10, =6

(x+a)5 (a—x)lwsl ; I:sgn(t)—sgn(x)] . (I <a
A(1-5°) ”I“(a—t)(lﬁ)(Ha)‘y(t—x)d’ (<a) @10

Eq. (4.6) degenerates to

h sm(glntj cos(glnt)
F, =257 1, ”—“tzdm ‘ A1) yae 4.11)
2 A 0 0 0
(az_tz)g (az_tz)g

Iff=0,and ¢ isverysmall, Egs. (4.10) and (4.11), respectively, degenerate to

o, —ic, =— 29 cosh- '(a/|), (|x/<a) (4.12)
wA
and
2
F=- 7¢a (4.13)

These degenerate results are completely consistent with the results for frictionless
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results (Hills et al., 1993).

4.3 Non-slipping symmetric parabola contact
A non-slipping contact between a half-plane and a parabola as shown in Fig. 4

will be explored.

Fig. 4 Non-slipping contact between a semi-infinite plane and a parabola indenter, in
which #1 stands for the upper plane material and #2 stands for the lower plane

material

For this case, the functions f(x) and g(¢) can be expressed as

{f(x) =c¢x=-x/R

4.14
e()=d = yr’ (1<) 19

Substituting Egs. (4.14) into (4.3) and (4.6) leads to

oy =iy T T g _AUR)_ er
“(a-t)

A(1-p) = '(t+a)’ (t-x)  coshzs

a+t a+t
e d |t|sm(gln_t)+cltcos[51n)
F=2 [ a-t) : tdt (4.16)
4 T (t+a)2(a—t1)

If =0, Egs. (4.15) and (4.16), respectively, degenerate to

—io,, = \/ (4.17)

2 2
_cqa za
=— . 4.18
2= T TR (4.18)

These degenerate results are can be found in literature (Barber, 2018).

5. Non-slipping adhesive contact
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Following the Hertzian contact assumptions (Hertz, 1881), the well-known JKR
model has been proposed to deal with the adhesion problems (Johnson et al., 1971), in
which the frictionless contact assumption is inherited. To adopt the interface mismatch
eigenstrain in non-slipping contact without adhesion to the corresponding
non-slipping adhesive contacts, at present, seems not appropriate. This is because the
interface tangential action is taken into account and the boundary conditions for the
two scenarios are far different. Thus, the interface mismatch eigenstrain in
non-slipping adhesive contact should be alternatively sought first. Similar to the JKR
contact model, the contact traction near the contact edges is supposed to be singular,
and the contact width will be determined by the combination of the Griffith energy
balance near the contact edge and external load.

5. 1 General solution

As already derived in subsection 3.1, the equation concerned with the undetermined

function H (z)as Eq. (3.2) is

H(x") +(%jH(x) _Ls (j();_i;()x)] . .1)

Since the traction at the two contact edges is singular for non-slipping adhesive

contact, this time we employ the branch function (Hills et al., 1993)

X(z)=(z+a)”’ (z=a) " (5.2)

where
s=Liic g:lln(l_ﬂ) (5.3)
2 7 2 (1+B) ‘

so as to find H (z). It should be pointed out that the expression for & in Eq. (5.3) is

different from the one in Eq. (3.5). Of course, this branch function will result in a

singular traction at the two contact edges. By use of

X(t*) = (t+ a)_(s (a —t)(y—l (—i)e’*’”

X(t_) = (t+a)7§ (a —l‘)ﬁf1 ie”

t

<a (5.4)

Eq. (5.1) can be rewritten as

H(x) H(x) 1 [e()+ir(x)] (5.5)

The solution to Eq. (5.5) is

13



H(z)=X(Z)L(l 2ng () 1 p (5.6)

() t—z

The constant complex number P (=P, —iF,) and the contact half-width a are to be

determined below.

From Eq. (5.6), one has

. . 1 1 o g(t)+if(¢) 1 1 g(x)+if (x)
) =) g s B - L),

157

H(x*)zX(x*) (11 B) £2ﬁl‘[“g J(rtlf)( )t—lxdtJr%g())C()E:g)(X) P

Similarly, the contact traction along the interface from Egs. (2.1), (2.3) and (5.7) is

0, —icy, =H(x")-H(x")
_BLe(x)+if (x)] 2(x+a)’(a=x)""e" (iR, +R)

A(l—ﬂz) (1 ﬂ) (5.8)
_(a—x) (x+a d t+a5(a t)lﬁ[g +if ( )]
A=) _L, t—x a

This is a general solution for the interface traction of non-slipping adhesive contact.

The external load equals to the resultant force of interfacial traction given by

F—if =" (0 —ioy, )
[ ﬂ[g +lf X)), 2" (iB+R)
~F) (1-5)
.J-a (a—x)‘“(x+a) d I t+a (a—t - 6[g +lf(t):|
i -
A A E
By exchanging the order of integration in the third term, and considering Egs. (A2)
and (8 +tanh z¢) = 0, Eq. (5.9) can be simplified to

J‘:(era)_& (a—x)s_ldx - (59

dt dx

FZ—iFlzf (0, —ioy, Jdx==27(iP,+R). (5.10)
Since this contact is a symmetric contact, F; =0, so that B, =0 in Eq. (5.10). Then Eq.

(5.8) can be rewritten as

14



0,, —io}, =H(x+)—H(x’)
_Bla@)+if(¥)], Fe

A(1—ﬂ2) ,T(1_ﬂ)(x+“) (a—x)" . (5.11)
_.(a—x)‘s—l(x+a)—r>‘l (t+a [g :' »
A(-p7)  xh P

5.2 Stress intensity factor and interface mismatch eigenstrain

As mentioned before, the stress distribution behavior at the edge of non-slipping
dissimilar adhesive contact is always singular as the one of an interfacial crack tip.
The stress intensity factor at the reversible contact edge (see Fig. 1) is supposed to be
always equal to a constant critical value in non-slipping adhesive contact, namely,

K, = lim x/_(x+a) (o), —ic,)=K,
o’ . (5.12)

K, =lim \/_ﬁ(a—x)lf (0, —io,)=K,

x—a

where K_ is a constant number for a specific material combination. This assumption
plays a crucial role in adhesive contact as the consistency condition (3.9) for
non-adhesive contacts. It should be explained here that if there is no this assumption,
the boundary conditions presented in Sub-section 2.2 are not sufficient to solve this
contact problem.

By substituting Eq. (5.11) into the first equation of (5.12), it follows

e a&—l erm N 1 1 t+a [g ‘Hf :I
K=o (2a) {n(l—ﬂ) A(l—/f)”I } (>-13)

o B a1 ) =) [elen) @], |
_\/E(%z) {Jz(l—ﬂ)_lA(l—ﬂz)ﬁJ.l (T+g1) dT}

Considering Eq. (3.10) and, for convenience, taking the representative terms

c, sgn(T’”1 )T”a”

"a" in (3.10) into (5.13), we have

i ol e e 1 (TR (=T 4 i sen (1) ]| s g
K. =27 (24) {ﬂ(lﬂ)lA(lﬁz)Zjl (T+1) ar (19

Taking derivative of two sides of Eq. (5.14) by a yields

(6-1)Fe™ ae”™ OF, (5+n)a"" 1 p (T+1)5 (I_T)HS |:dn|T|n+icn Sgn(TM)TnJ

R () B (7 E PR (o B (7+1)

dT -

(5.15)
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At the critical pull-off moment (namely, 0F,/da=0), the pull-off force can be

expressed as

(e [ (T+1) (1-7)"[ d, |1 +ic, sgn(T””)T"LT 5.16)
=1 N .
o (5-1)4e” (1+ B) (T+1)
where a, 1is the corresponding contact half-width at the pull-off moment. Eq. (5.16)
actually exerts a constraint to d . Namely, the left-hand side of Eq. (5.16) is a real

number and thus the imaginary part of the right hand side must vanish. In order to
separate the imaginary part and real part, after a straightforward manipulation, Eq.

(5.16) can be rewritten as

(1+n)z€_[1 d, cos(glnﬂj—cn sin(slnT—Hj T—dT
’ -7 1-T ) J\1-17
1 T+1 T+1Y\| T
+(g2=L_1p {cncos(gln j+d,,sin(gln—ﬂ dT 517
F _2af“cosh7rg ( v )'[0 1-T 1-T ) |J1—712 . (5.17)
x <€2+%)A

n).[1 d, cos(glnT—H]—cn sin(alnﬂj T—dT
’ 1-T 1-7)J\1-1?
1 Tn+1

1
1 T+1 T+
—(1+n)e| | c,cos| eln—— |+d sin| eln—— dr
(+n) J.O[ ! ( 1—Tj ! ( 1—TH\/1—T2

Because the imaginary part is equal to 0, the parameter d, can be identified from Eq.

2_1_
(G

o=

(5.17) as
d =8c,, (n = 0,1,2,3....) (5.18)
where
[ T+1\| 1" (1+n)e 1{ ( T+1H !
sin| ¢ln dT + cos| eln—— dr
lg_j‘[ ( I—Tﬂ\/l—Tz (sz—i—én)J‘) -T)NVi- . (5.19)

i , 41 T (1+n)g 1| . T+1 7!
J.o{cos(glnl—TH\h_TQ dT_(£2—i-i”)j‘[sm(glnl—TﬂﬁdT

The approximate value of 4, for different » number can be obtained as follows.

8(Catalan —1) ;

T

3 :91(5):§8+0(5)3 ~1.0472 ¢

9,=9(¢)= +0(g) = 02140 ¢

9, =9,(s)= 4(loca5talan_3) £+0(£) 15685 & . (5.20)
T
=,93(g)=127—g g+0(s) =1.9074 ¢
g =9(¢)=.....
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5.3 Pull-off force
It should be noted that Eq. (5.16) also satisfies Eq. (5.14) at the pull-off

moment, and thus combining them together leads to

B 54& 1 (1+l’l)
K, =27(2a,) - —(1_ﬂ)_(§+n)ph. (5.21)

By employing the Griffith energy balance at the interfacial crack tip (Malyshev and

Salganik, 1965), the interface surface energy at the adhesive contact edge can be

written in terms of stress intensity factor as
A1-p) A(1+n)

K[ =—""KK

A
4 4 ‘ 6_47zac(5+n)(é_‘+n

4cosh?® e

)(cm ). (5.22)

where y is the interface surface energy. Thus, the critical contact half-width at the
pull-off moment can be resolved from Eq. (5.22) as
A(1+n)
a,= —
‘ 47r7/(5+n)(5 +n

)(FZC )y (5.23)

Inserting Eqgs. (5.23) into (5.17) to eliminate the critical contact half-width, we can

obtain a governing equation to solving the pull-off force as
Tl‘l

1 T+1 T+1
n+ 1 d 1 - i 1 - —dT
1_( A(l+n)2 J I(FZL_)M+l cosh e ( +n)€.|.0{ ,,COS(S nI—Tj o Sm(g n1—Tﬂ N1-T7
 ( )

N 2n+l 2,1 n+l
5+n)(5+n 2 (8 +4)A +(62—%—%n)jl[cncos(glnﬂ}rdnsin(elnﬂﬂT—dT
0 1-T T

N1-T?

L (5.24)

Now let’s exemplify two simple cases: the wedge non-slipping contact (7 =0) and
the non-slipping Herzian contact (n=1).

For the wedge non-slipping contact (7 =0), from Eq. (5.24), we have

2
F,=—2 |1+ 4-Z |22+ 0(e) z2(1—0.934832). (5.25)
2¢, 2 2¢

For the non-slipping Herzian contact (n =1), similarly from Eq. (5.24), we have

1 1

2 \3 2 Py

cm=—§[w JS {1+£(2—3Catalan)g2 +O($)3}z§(ﬂ7/ RT (1—0.221682). (5.26)
2\ Ac, 27 20 4

Clearly, the pull-off force of two-dimensional JKR model can be achieved by setting
e =0 1in Eq. (5.26). It can be ascertained from Egs. (5.25) and (5.26) that the pull-off

forces of non-slipping adhesive contacts are smaller than the corresponding solutions
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of frictionless models ( £=0). Because |[8|<1/2 for an arbitrary bi-material

combination, we may find |¢9|2 < (—ﬁln 3)2 ~0.03057 from Eq. (3.5). This implies

that the influence of the interface mismatch eigenstrain on the pull-force is quite
limited and the adhesive contacts can be approximately modelled by frictionless

contact models.

6. Concluding remarks

The problems of non-slipping contact between dissimilar elastic solids have been
studied under the plane strain theory. Separately considering the situations with and
without surface adhesive effect, the interface mismatch eigenstrain has been derived
for non-slipping contacts with symmetric indenter profile. Its explicit expressions
enable the boundary-value problems to be thoroughly analyzed and addressed. In
details, it laid a foundation for fretting fatigue analysis for the contacts at the
macro-scale. At the same time, it theoretically validated the application of frictionless
adhesive contact models at micro-, and nano- scales.

It is expected that the solutions developed in this paper can be useful for the

further modeling non-slipping contacts elsewhere.
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Appendix: Singular integrals
Some singular integrals are frequently encountered in contact mechanics. One
representative form of singular integrals is

I (x):%f (1-0)" (1+)" 0 (1)

-1 t—x

dt, (-l<x<l) (A1)

where —1<Re(a,f)<la+f=%1,0 , and Q(¢) can be any polynomial

expression. Formula (A1) should be understood in the sense of Cauchy principal value
or Hadamard finite part integration if required. Integral (Al) will be inevitably
involved in all non-slipping contact solutions.

The following formula for Jacobi polynomials is found powerful in solving the

above integral (Erdogan et al, 1973; Ma and Korsunsky, 2006):
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2(a+,6')

1o (1=0) (1+2)" B (1) e .
L o s e (=) () B ()=

PLeA (1) (A2)

n+(a+[})
where Re(a, p ) >-lL,a+f=%1,0;a #0,1, and the Jacobi polynomials are defined

from the hypergeometric function as (Szegd, 1975)

o) ()= L@t len) (—n - I—_Zj 0 A3
h ()_F(a+l)F(n+1)F Avasfrmatl 2 (n20) (A3)

From this definition, one can find

P )=0, (n<0) (A4)
and
Po(aﬁ)(t)zl
. a+pf+2
B (x) = (a+1)+ 2FHE*2) f ) (x-1) a9
Pz(a’ﬂ)(x)Z(a+1)2(a+2)+(a+2)(z+ﬂ+3)(x—1)+(a+ﬂ+3)2(a+ﬁ+4)(x2_1j

Pl.(a’ﬁ) (x) =..(i= 2,3,...n)
The recurrence relation for the Jacobi polynomials is

(2n+a+ﬂ—1){(2n+a+ﬂ)(2n+a+ﬁ—2)x+a2—ﬂz}

(a.8) - (¢.8)
B (%)= 2n(n+a+p)2n+a+p-2) BT ()
_2(n+a—1)(n+,8—1)(2n+a+,3)Rgﬂ)(x) (A6)
2n(n+a+p)(2n+a+f-2)
(n=2,3,...)
and

P (=x) = (=1)" P (x). (A7)
Now suppose that the polynomial Q,(¢) in (A1) can be expanded into a series of

Jacobi polynomials in the form
0,(1)=>d,h""(1). (A8)

The coefficients d  can be determined by Jacobi polynomial’s orthogonal

relationship

"(1=1)" # pla.p) (@.5) _ P I(n+a+1)(n+B+1) A
B e eor (t)dt_(2n+a+,3+1)F(n+a+ﬁ+1)F(n+1)5mn (A9)

as
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4 :(2n+a+ﬂ+1) (n+a+ﬂ+1 (n+1) J- 0.(¢

(a.8)
" Sape Tneasn)l n+ﬁ+1 1+t)P (t)dr.  (A10)

Inserting (A8) into (A1), one can find the general solution as

(24 ﬂ
Il(x)=%fll(1_t) (:j;) Ql(t)dt
o (~l<x<l) (All)

=cot(za)(1-x)" (1+x)ﬂ 0, (x)- :

>d, P (x)

sinar 4

This implies that if Q, (t) is a finite polynomial, the closed-form analytical solution

of 7, (x) can be obtained.

Additionally, from the formula (A11), the following two identities can be derived

1o (1=2)" (1+2) . , 2l
,[.[_1 p—— dt cot(ﬂa)( x) ( +x) pre—

P(’“”ﬂ)(x), (-1<x<1) (Al2)

(a+p)

l l—t(l_t)a(lth)ﬁd = 7a)(1-x)" (1+x) x
7r"-‘ t—x ! COt( a)( ) ( " ) ,(-l<x<1). (Al13)
B 20 { 2 P(-a,—,&)(x)+ B-a P(_a’_ﬂ)(x)

sinar| a+p+2 "7 a+p+2 7
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