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Abstract 

The problems of non-slipping contacts between dissimilar elastic solids are 

studied under the conditions of plane strain. When two dissimilar solids are 

incrementally pressed into contact, a relative tangential displacement along the 

contact interface emerges because of the material property mismatch. The spatial 

derivative of the relative tangential displacement is referred to as the interface 

mismatch eigenstrain, which is separately investigated according to the non-adhesive 

and adhesive surface conditions. The explicit solutions of the interface mismatch 

eigenstrain for non-slipping contacts with symmetrical indenter profiles are obtained, 

which enable a thorough analysis of the non-slipping contacts. These results provide 

the foundation for improved precision contact deformation modelling at the macro-, 

micro-, and nano- scales. 

Keywords: Contact mechanics; non-slipping contact; interface mismatch eigenstrain; 

symmetric profile. 

 

1. Introduction  

The non-slipping contact can be simply described as below. When two bodies are 

brought into contact, pair-wise correspondence is established between points on the 

two surfaces that meet at the contact interface. Provided the level of friction is high 

enough, the two points will always maintain contact during subsequent incremental 
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loading. The path of a surface particle entrained in a non-slipping contact is 

schematically illustrated in Fig. 1, where a contact between an elastic substrate and a 

rigid indenter is considered. Note that, apart from the readily apparent normal 

displacement induced by the indentation, a relative tangential displacement will also 

be spontaneously introduced and “frozen-in” along the contact interface, due to 

material property mismatch. The derivative of this displacement with respect to the 

lateral distance from the axis is referred to as the interface mismatch eigenstrain (Ma 

and Korsunsky, 2012), which is believed to reflect the strain’s physical origin and 

characteristic of non-slipping contacts.  

 
Fig. 1 Path of surface particle of non-slipping contact during incremental normal load  

(Adopted from the reference paper by Spence, 1968) 

In order to improve the accuracy of modelling practical contact problems such as 

fretting fatigue (Nowell and Hills, 1988), nano-indentation (Borodich and Keer, 2004; 

Luan et al.,2006), bio-adhesion (Dartschet al., 1986; Yang and Saif, 2005; Ma and 

Korsunsky, 2012; Borodich et al., 2021), the non-slipping contact models were 

adopted in which the interface mismatch eigenstrain is taken into account. Apart from 

these practical requirements, more importantly, the study on non-slipping contact has 

evident theoretical significance in Contact Mechanics (Barber, 2018). The background 

to this study can be traced back to the work of Mossakovski (1954, 1963) and 

Goodman (1962). A frictional rigid-to-elastic axis-symmetric contact model with no 

slippage was initially studied. A step-by-step incremental approach was used, and the 

contact stresses were computed alongside the time evolution of the contact radius. 

Mossakovski presented the problems for a flat-ended cylinder and a parabolic punch. 

Goodman (1962) presented an approximate solution to the non-slipping Hertzian 

contact problem. The problems of this kind belong to the typical elastic mixed 

boundary-value problem. An important consideration arises concerning whether the 

solution should be independent of the load process. Spence (1968) proposed an 
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elegant self-similarity approach and made a significant contribution to this problem. 

He extended the range of rigid indenter profiles considered to include polynomials. 

Non-slipping contact problems then were formulated with an integral equation which 

can be solved using the Wiener-Hopf technique.  

This approach was later on used to study the symmetric partial-slipping contact 

with the finite friction in the case of a two-dimensional problem (Spence, 1973; 1975). 

Spence found that the slip radius is the same for all power-law indenters and that the 

slip half-width is a function of the friction coefficient. If the friction is large enough, 

the analytical solution for fully non-slipping contacts can be obtained. Using the 

Wiener-Hopf technique, Zhupanska and Ulitko (2005) revisited this two-dimensional 

problem, and the exact solution  to  the  problem  of  indentation  with  

friction  of  a  rigid  cylinder into  an elastic  half-space was obtained in the 

form of an infinite series. It should be pointed out that when slipping is considered, 

the contact will be related to and dependent on the load history. The topic of 

interfacial slipping lies beyond the scope of the paper. Our attention is focused on the 

completely non-slipping contact problems.   

For the non-slipping contacts, to find the interface mismatch eigenstrain plays a 

crucial role in entire process of solving problems. Soldatenkov (1996) has conducted 

an initial theoretical analysis for more general non-slipping elastic contact with rigid 

indenters. The contact gap function was represented in terms of a complicated 

functional transform, and a single complex-valued singular integral was formulated to 

specify the contact tractions. Clearly a direct and elaborate analysis on this problem 

needs to be carried on. Furthermore, at the micro- or nano- scale, the significant 

surface adhesive effect, i.e. the Van der Waals force, should be considered in contacts 

(Johnson et al., 1971). These small scale adhesion problems have been the subject of 

active research, e.g., in nano-indentation (Bhushan, 2017) and bio-adhesion (Arzt et 

al., 2003) studies. The deformation and traction distributions in adhesive non-slipping 

contacts will differ significantly from the ordinary non-slipping contacts at the 

macro-scale, which highlights the need for more careful consideration of the interface 

mismatch eigenstrain within them.  

The aims of the present study are: (i) to seek the explicit solutions for the 

interface mismatch eigenstrain of non-slipping contacts with symmetrically profiled 

indenters, separately for non-adhesion and adhesion conditions; (ii) to extend the 

conventional rigid-to-elastic contact models found in the literature to a general 
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elastic-to-elastic non-slipping contact model, striving for a broader application; (iii) to 

present example solutions of non-slipping contacts such as e.g., for wedge and 

parabolic indenters. It is expected that this study may shed some light on all kinds of 

contacts where non-slipping conditions are observed. 

The remainder of this paper is constructed in the following steps. In § 2, the basic 

knowledge on two-dimensional contact, boundary conditions, and external load 

conditions are presented. In § 3, a dissimilar elastic-elastic contact model without 

adhesion is formulated in terms of the Kolosov-Muskhelishvili complex formulae, and 

the interface mismatch eigenstrain is derived with the so-called consistency condition. 

Then the solutions for contacts with wedge and parabolic indenters are deduced in § 4. 

Similarly, in § 5, a dissimilar elastic-elastic adhesive contact model is formulated, and 

the corresponding interface mismatch eigenstrain is derived, with the assumption of 

constant stress intensity factor at the contact edges. The pull-off force is examined and 

the wedge and parabolic contacts are exemplified as an implementation. Finally, a 

concise summary is given in § 6. 

2. Preliminary formulae for dissimilar contact  

2.1 The Kolosov-Muskhelishvili complex potential formulae    

In the Kolosov-Muskhelishvili complex formulation of plane elasticity, all 

components of stress and displacement can be expressed in terms of two 

Kolosov-Muskhelishvili complex potentials  and . Here we express them, 

alternatively, with ,  as follows 

(Muskhelishvili, 1953),  

,            (2.1) 

where, , , ,  is shear modulus, 

the Kolosov constant  for plane strain,  is Poisson’s ratio, the comma 

followed by a subscript i indicates differentiation with respect to , and the bar over 

a function denotes its complex conjugate. The Kolosov-Muskhelishvili complex 

potential formulae for contact problems have been extensively studied in literatures 

(see, e.g. Muskhelishvili, 1953; Galin, 1953; England, 1971; Gladwell, 1980; Hills et 
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al., 1993), but it is always confined within the rigid-to-elastic contact models. The 

present authors (Ma and Korsunsky, 2012) have extended this formula to the 

elastic-to-elastic contact models as shown in Fig. 2, by the continuity of traction along 

x-axis as  

,              (2.2) 

where a is the contact half-width, the subscripts ‘#1’ and ‘#2’ refer to the tractions 

respectively on the upper and lower surfaces. Its expression is as follows  

,     (2.3) 

where, small size of the contact area compared to the dimensions of the contacting 

bodies and their relative radii of curvature is assumed; ,  and , 

denote the potentials for Solid #1 and Solid #2 respectively; all potentials are 

expressed in terms of one holomorphic function . 

 
Fig. 2. Schematic diagram of a two-dimensional dissimilar contact, where #1 and #2 

denote the upper and lower solids, respectively.   

2.2 Contact boundary conditions  

The boundary conditions to specify contact solution are listed below:  

 (i) Contact displacement condition. When two bodies are pressed together, 

deformation must occur so that the deformed bodies conform within the contact. The 
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, .(2.4) 

For general cases, the function  is directly determined by the profiles of the 

two contact bodies, but the function  is difficult to specify. For non-slipping 

symmetric contacts, the function is always an even function and the 

function  is anti-symmetric odd function. The function  is the interface 

mismatch eigenstrain we mentioned before, which is to be determined.  

(ii) Remote loading condition. To solve the boundary value problem, remote 

loading condition must be known, so that the contact width 2a may be determined. 

The external load equals to the resultant force of interfacial traction given by  

.                         (2.5) 

(iii) Traction behavior at contact edges. For the non-slipping contact with no 

adhesion, we suppose that the traction at the edges will vanish, while for the 

non-slipping contact with adhesion, we suppose that the traction at the edges will be 

singular. These conditions will be used to choose the branch functions to determine 

the contact traction behavior in following Sections. 

Then by use of these conditions, we may specify the function . Once the 

complex function  is obtained, the deformation states of the two contacting 

bodies are ready to be solved through Eqs. (2.3) and (2.1).  

3. The interface mismatch eigenstrain in non-slipping contact 

For non-slipping contacts, the following condition pertains 

,                      (3.1) 

which means that the function  and the interface mismatch eigenstrain  

within the non-slipping contact is independent of the variation of contact width 2a. 

This condition is crucial to fix the function .   

3. 1 Complex potential for the contact   

Eq. (2.4) can be represented from the third equation of (2.1) and further be expressed 

in terms of the solution (2.3) as  

,     (3.2) 
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where, superscripts ‘+’ and ‘-’ respectively stand for the limits and , 

the compliance parameter A and the Dundurs’ parameter  are used, given by  

,  ,           (3.3) 

and subscripts 1 and 2 refer to the two materials. Since the traction at the two contact 

edges vanishes for non-slipping contact with no adhesion, it is reasonable to choose a 

branch function (Hills et al., 1993) 

                           (3.4) 

where  

,  .                       (3.5) 

So that Eq. (3.2) can be rewritten as   
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in which the properties  
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are used. Eq. (3.6) is a standard Hilbert equation and its solution is  

.                (3.8) 

The interface mismatch eigenstrain is to be determined below.  
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intrinsically attaches the unknown function  to the given function , 

resulting in an expression potentially to be fixed. Because  is an anti- 

mirror-symmetric odd function and  is a mirror-symmetric even function with 

respect to y-axis, they can be expressed in series as   

 (3.10) 

where and  are constants. The evident advantages of expression (3.10) are that 

each term at the same order may independently represents a contact case, and at the 

same time, the entire series can be understood as two Tylor’s expansions, respectively, 
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Inserting the representative terms  and  in Eqs. (3.10) 

into (3.9), we can get  
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.            (3.16) 

This is one of the key results obtained in this paper. It is important to note that for an 

arbitrary bi-material combination , and from Eq. (3.5) we may find 

. By virtue of Eq. (3.16), the approximate value of  for 

different number n can be obtained as follows. 

            (3.17) 
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and then from Eqs. (2.1) and (2.3) the contact traction is given by 

.     (4.2) 

With the aid of Eqs. (A2) and (3.5), after a straightforward manipulation, Eq. (4.2) can 
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,                (4.7) 

.                              (4.8) 

 

4.2 Non-slipping symmetric wedge contact  

 
Fig. 3 Non-slipping indentation of a semi-infinite plane by a wedge, in which #1 

stands for the upper plane material and #2 stands for the lower plane material   

As shown in Fig. 3, for the non-slipping wedge contact, Eq. (3.10) allows 
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results (Hills et al., 1993). 

 

4.3 Non-slipping symmetric parabola contact  

A non-slipping contact between a half-plane and a parabola as shown in Fig. 4 

will be explored. 

 
Fig. 4 Non-slipping contact between a semi-infinite plane and a parabola indenter, in 

which #1 stands for the upper plane material and #2 stands for the lower plane 

material 

For this case, the functions  and  can be expressed as   

,                   (4.14) 

Substituting Eqs. (4.14) into (4.3) and (4.6) leads to 

,  (4.15) 

       (4.16) 

If , Eqs. (4.15) and (4.16), respectively, degenerate to 

,                       (4.17) 

.                                (4.18) 

These degenerate results are can be found in literature (Barber, 2018). 

5. Non-slipping adhesive contact 
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Following the Hertzian contact assumptions (Hertz, 1881), the well-known JKR 

model has been proposed to deal with the adhesion problems (Johnson et al., 1971), in 

which the frictionless contact assumption is inherited. To adopt the interface mismatch 

eigenstrain in non-slipping contact without adhesion to the corresponding 

non-slipping adhesive contacts, at present, seems not appropriate. This is because the 

interface tangential action is taken into account and the boundary conditions for the 

two scenarios are far different. Thus, the interface mismatch eigenstrain in 

non-slipping adhesive contact should be alternatively sought first. Similar to the JKR 

contact model, the contact traction near the contact edges is supposed to be singular, 

and the contact width will be determined by the combination of the Griffith energy 

balance near the contact edge and external load.  

5. 1 General solution  

As already derived in subsection 3.1, the equation concerned with the undetermined 

function as Eq. (3.2) is  

.                (5.1) 

Since the traction at the two contact edges is singular for non-slipping adhesive 

contact, this time we employ the branch function (Hills et al., 1993) 

                           (5.2) 

where 

 , ,                            (5.3) 

so as to find . It should be pointed out that the expression for  in Eq. (5.3) is 

different from the one in Eq. (3.5). Of course, this branch function will result in a 

singular traction at the two contact edges. By use of  

   ,              (5.4) 

Eq. (5.1) can be rewritten as  

.                (5.5) 

The solution to Eq. (5.5) is 
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          (5.6) 

The constant complex number  and the contact half-width a are to be 

determined below. 

From Eq. (5.6), one has  

.(5.7) 

Similarly, the contact traction along the interface from Eqs. (2.1), (2.3) and (5.7) is 

.   (5.8) 

This is a general solution for the interface traction of non-slipping adhesive contact. 

The external load equals to the resultant force of interfacial traction given by  

.   (5.9) 

By exchanging the order of integration in the third term, and considering Eqs. (A2) 

and , Eq. (5.9) can be simplified to  

.                 (5.10) 
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.   (5.11) 

5.2 Stress intensity factor and interface mismatch eigenstrain  

As mentioned before, the stress distribution behavior at the edge of non-slipping 

dissimilar adhesive contact is always singular as the one of an interfacial crack tip. 

The stress intensity factor at the reversible contact edge (see Fig. 1) is supposed to be 

always equal to a constant critical value in non-slipping adhesive contact, namely,  

.                (5.12) 

where  is a constant number for a specific material combination. This assumption 

plays a crucial role in adhesive contact as the consistency condition (3.9) for 

non-adhesive contacts. It should be explained here that if there is no this assumption, 

the boundary conditions presented in Sub-section 2.2 are not sufficient to solve this 

contact problem.  

By substituting Eq. (5.11) into the first equation of (5.12), it follows  

. (5.13) 

Considering Eq. (3.10) and, for convenience, taking the representative terms 

 and  in (3.10) into (5.13), we have   
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Taking derivative of two sides of Eq. (5.14) by a yields  
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At the critical pull-off moment (namely, ), the pull-off force can be 

expressed as 

,       (5.16) 

where  is the corresponding contact half-width at the pull-off moment. Eq. (5.16) 

actually exerts a constraint to . Namely, the left-hand side of Eq. (5.16) is a real 

number and thus the imaginary part of the right hand side must vanish. In order to 

separate the imaginary part and real part, after a straightforward manipulation, Eq. 

(5.16) can be rewritten as  

.  (5.17) 

Because the imaginary part is equal to 0, the parameter  can be identified from Eq. 

(5.17) as  

,                         (5.18) 

where 

.    (5.19) 

The approximate value of for different n number can be obtained as follows. 
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5.3 Pull-off force  

It should be noted that Eq. (5.16) also satisfies Eq. (5.14) at the pull-off 

moment, and thus combining them together leads to 

.                    (5.21) 

By employing the Griffith energy balance at the interfacial crack tip (Malyshev and 

Salganik, 1965), the interface surface energy at the adhesive contact edge can be 

written in terms of stress intensity factor as  

,      (5.22) 

where  is the interface surface energy. Thus, the critical contact half-width at the 

pull-off moment can be resolved from Eq. (5.22) as  

 .                    (5.23) 
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of frictionless models ( ). Because  for an arbitrary bi-material 

combination, we may find  from Eq. (3.5). This implies 

that the influence of the interface mismatch eigenstrain on the pull-force is quite 

limited and the adhesive contacts can be approximately modelled by frictionless 

contact models. 

6. Concluding remarks  

The problems of non-slipping contact between dissimilar elastic solids have been 

studied under the plane strain theory. Separately considering the situations with and 

without surface adhesive effect, the interface mismatch eigenstrain has been derived 

for non-slipping contacts with symmetric indenter profile. Its explicit expressions 

enable the boundary-value problems to be thoroughly analyzed and addressed. In 

details, it laid a foundation for fretting fatigue analysis for the contacts at the 

macro-scale. At the same time, it theoretically validated the application of frictionless 

adhesive contact models at micro-, and nano- scales.  

It is expected that the solutions developed in this paper can be useful for the 

further modeling non-slipping contacts elsewhere. 
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Appendix:  Singular integrals 

Some singular integrals are frequently encountered in contact mechanics. One 

representative form of singular integrals is 

,   ( )           (A1)  

where , and  can be any polynomial 

expression. Formula (A1) should be understood in the sense of Cauchy principal value 

or Hadamard finite part integration if required. Integral (A1) will be inevitably 

involved in all non-slipping contact solutions. 

The following formula for Jacobi polynomials is found powerful in solving the 

above integral (Erdogan et al, 1973; Ma and Korsunsky, 2006): 
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 (A2) 

where , and the Jacobi polynomials are defined 

from the hypergeometric function as (Szegö, 1975) 

.   ( )       (A3) 

From this definition, one can find  

,   ( )                        (A4) 

and 

.(A5) 

The recurrence relation for the Jacobi polynomials is 

 (A6) 

and 

.                           (A7) 

Now suppose that the polynomial  in (A1) can be expanded into a series of 

Jacobi polynomials in the form  

.                               (A8) 

The coefficients  can be determined by Jacobi polynomial’s orthogonal 

relationship  
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.   (A10) 

Inserting (A8) into (A1), one can find the general solution as 

. ( )   (A11) 

This implies that if  is a finite polynomial, the closed-form analytical solution 

of  can be obtained.  

Additionally, from the formula (A11), the following two identities can be derived   

, ( )   (A12) 

, ( ).  (A13) 
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