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Fast dual loop nonlinear receding horizon
control for energy management in hybrid electric
vehicles

Johannes Buerger, Sebastian East, and Mark Cannon

Abstract— This paper proposes a receding horizon op-
timization strategy for the problem of energy management
in plugin hybrid electric vehicles. The approach employs
a dual loop Model Predictive Control (MPC) strategy. An
inner feedback loop addresses the problem of optimally
tracking a given reference trajectory for the battery state of
energy over a short future horizon using knowledge of the
predicted driving cycle. An outer feedback loop generates
the battery state of energy reference trajectory by solving
approximately the optimal energy management problem for
the entire driving cycle. The receding horizon optimization
problems associated with both inner and outer loops are
solved using a specialized projected Newton method. The
controller is compared with existing approaches based on
Pontryagin’s Minimum Principle and the effects of impre-
cise knowledge of the future driving cycle are discussed.
The paper contains a detailed simulation study: first, this
assesses the optimality of the associated uncertainty-free
approach and its computational load. Secondly, the effects
of imprecise knowledge of the future driving cycle are
illustrated.

Index Terms— Automotive controls, Energy manage-
ment, Receding horizon control, Nonlinear programming,
Hybrid electric vehicles.

[. INTRODUCTION

The automotive industry has been steadily moving towards a
stronger electrification of the powertrain over recent years [1].
A particular focus in industry is on Plugin Hybrid Electric
Vehicles (PHEVs), in which the battery is usually charged
prior to the trip and gradually emptied towards the end of the
trip. While the improvement in efficiency of PHEVs relative to
conventional vehicles relies on many factors, it is in particular
dependent on how the engine load point is shifted by using
the electric machine to minimize a strategic objective, such
as fuel and/or emissions, over a driving cycle. Typically this
optimization must be performed subject to the constraint that a
desired energy level is reached at the end of the driving cycle.
This problem has been tackled by a variety of approaches
[2], and methods based on optimal control formulations have
been particularly successful. These can be grouped into three
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classes: methods based on dynamic programing (DP) [3], [4],
methods based on Pontryagin’s Minimum Principle (PMP) [5],
[6] and those based on Model Predictive Control (MPC) [7].
In principle, DP-based methods can determine the optimal
strategy for a given driving cycle. However the approach is
computationally expensive, and its complexity typically scales
exponentially with relevant problem dimensions (in particular
with the horizon length). The price to be paid for this is either
the high computational demand of solving an online DP or the
high memory storage requirements of offline map-based DP
approaches. On the other hand, methods based on PMP, in
particular the Equivalent Consumption Minimization Strategy
(ECMS) [5], are suitable candidates for production vehicles
since the required optimization can be performed at each time
instant given knowledge of the battery state of energy and the
optimal costate variable. Unfortunately, the optimal costate is
highly sensitive to the driving cycle and the method requires
careful initialization and adaptation of the costate in order
to ensure that the target state of energy is reached [8]. In
contrast, MPC approaches have the advantage that the tuning
required for ECMS methods is avoided and information about
the future driving cycle obtained from the navigation unit
can be systematically included in the receding horizon MPC
optimization. This allows the predicted power and speed to be
updated during the journey, resulting in a greater degree of
inherent robustness to uncertainty in the driving cycle.
Robustness to uncertainty in the predicted drive cycle is a
key aspect of controller performance. Control strategies that
account explicitly for uncertainty in future driver demand have
previously been proposed, and methods based on stochastic
MPC (e.g. [9], [10]) are potentially useful in this context.
However these approaches can be very computationally in-
tensive and may not be suitable for applications with limited
computational resources. Specifically the online optimization
in stochastic MPC algorithms typically involves large numbers
of decision variables and constraints because stochastic mod-
els of driver demand are used either to enumerate scenario
trees [9] or to generate scenarios for use with sampled convex
programming techniques [10]. As a result these approaches
have so far been limited to linear models obtained by lin-
earising around operating points for the PHEV powertrain
components. The emphasis of the current paper is on devel-
oping a computationally simple nonlinear MPC strategy for
the optimal energy management problem without resorting to
linear models of engine efficiency and electrical losses in the
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hybrid powertrain. Rather than incorporate explicit knowledge
of uncertainty in the driver demand into the control strategy,
the paper demonstrates instead the implicit robustness of the
approach to various types of model and drive cycle uncertainty.

The contributions of this paper are as follows. First, a non-
linear MPC scheme is proposed using a specialised projected
Newton method. This minimizes at each sampling instant
the predicted fuel consumption, which is derived from the
predicted driving cycle, subject to an end-point constraint
on battery state of energy and pointwise-in-time bounds on
electrical and engine power. The approach is able to account
explicitly for electrical losses, and it provides a more general
and more accurate treatment than [7], where the MPC problem
is approximated directly as a linearly constrained quadratic
programming problem. Secondly, the MPC method is applied
to a charge depleting optimal control problem, in which a
“short-horizon™ target state of energy is determined from
a reference trajectory that decreases linearly over time, as
proposed in the context of PMP in [11] (known as “blended
mode”).

The third contribution is a dual loop MPC framework to
overcome the limitations of a linearly decreasing reference
state, since in the presence of changing predicted driving
conditions such as altitude variations caused by varying road
gradients, a linear profile can be significantly suboptimal [12].
We propose to solve a low-sampling rate MPC problem for
the entire predicted driving cycle to obtain the long-term
reference state trajectory (high level MPC) and feed this to
a short-horizon MPC controller (low level MPC). Preliminary
results on this approach were presented in [13]. Relative to
this contribution, the current paper employs a more realistic
powertrain model, includes additional constraints in the op-
timal power management problem, and provides a detailed
simulation study demonstrating the practical usefulness of
the dual loop method. This analysis focuses on optimality,
robustness and computational aspects of the approach.

[I. MODELLING AND PROBLEM FORMULATION

We consider the parallel hybrid electric vehicle configura-
tion illustrated in Figure 1. This system consists of an electric
motor, a combustion engine, a clutch, and a gearbox. When
the clutch is disengaged, only the electric motor contributes
to the powertrain; when it is engaged, the engine and motor
contribute additively. The motor shaft speed we,, is calculated
from the road speed, v, of the vehicle assuming a simple gear
selection strategy (in ¢th gear, wey, = 70 and v; < v < V41,
for given gear ratio r; and threshold speeds v;, v;y1). The
engine speed, wWeng, is identical to the motor speed when
the clutch is engaged, i.e. Wepg = Wem, and equal to some
minimum value, w,,,, when the clutch is disengaged. The
clutch is assumed to be disengaged when the motor speed
falls below the engine idle speed w,,, .

A fixed fraction, 7, € (0, 1), of the available braking power
is assumed to be recovered (via the electric motor-generator)
during braking, and we assume that the motor and engine
do not provide power when the vehicle is stationary. We
further assume that while the power demand is positive and

the clutch is disengaged, the engine is idle and the vehicle is
operating in an all-electric mode. Therefore, a control strategy
for load balance is only required when the power demand,
Py,.,, is positive and the motor speed is greater than the engine
stall speed. These statements are summarized in the following
conditions

Pdrv > 07 Wem > Wen = Peng + Pem = Pdrv (1&)
= Peng = 07 Pepy = Pyryy  (1b)

= Peng =0, P = 'yderv(lc)

g
Pury >0, wem < Wen

Pdrvgo

g

where P, , and P, are, respectively, the power supplied to
the drivetrain by the engine and by the motor (Fig. 1).

Our goal is to minimize a primary objective over a driving
cycle with predefined power demand and speed profiles. To
this end, we consider the minimization of a quasistatic map
that depends on the instantaneous engine power Pe,q, and
engine speed wepq. In this paper we focus on minimizing fuel
consumption and hence we assume a static fuel power map,
Py, (see e.g. [7]):

Pf = Pf(Pengaweng) = hLHme(Peng7weng) (2)

where 7y is the fuel flow rate and hr v denotes the lower
heating value of the fuel. (Note that this model accounts for
the fuel consumed while the vehicle is braking or the engine is
idling, since Py may be non-zero when P, , = 0.) Secondly,
the losses incurred in the conversion of electrical power, P, to
mechanical power, P.,,, of the electric machine are assumed
to be given by a static map (e.g. [7]):

P, = Pb(Penuwem)- 3)

Both maps Pf(P.ng,Weng) and Py(Pem,wem) are assumed
to be available to the controller, for example in the form of
lookup tables. Furthermore the mapping between the rate of
change of energy stored in the battery, Ps, and the electrical
power, P, is determined using an equivalent electrical circuit
model of the battery [2]:

4R

2
pszh 1— /11— ——
Ubc

o f%] “4)

where Upc is the open circuit voltage of the battery and R is
the internal resistance.

In line with standard optimal control approaches to strategic
power-split problems in hybrid vehicles [2], the lower level
powertrain dynamics are neglected and only the battery energy
content F' is considered as the relevant state variable (i.e. the
battery state of energy). Changes in the energy level result
from the battery usage Ps:

E=—P,. (&)

The energy management problem consists of the minimization
of the primary objective (2) over a driving cycle (given
information about the current and future driver demand P,
and the current and future longitudinal vehicle speed v). We
assume that a gear selection is performed using a separate
powertrain function and this is not therefore considered in
the energy management problem. Relevant constraints in the
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Fig. 1. Power flows in parallel hybrid vehicle configuration.

context of this problem are given by the dynamics (5), by the
actuator input constraints and by state path constraints and
state boundary conditions on the battery energy level.

We consider an optimal control formulation as the following
constrained optimization problem [2], [7]:

T

pminimize [ PPy (0).weng () At (69
subject to E(t) = —Py(t) (6b)
P < Pong(t) < P (6¢)

P < Pop(t) < P (6d)

Epmin < B(t) < Epas (6e)

E(0) = Einit (6f)

E(T) > Eierm (62)

which is to be performed subject to the algebraic constraints
(D), (@), 3), (4), and for given trajectories weng(t), Py (t)
for 0 < t < T, where T denotes the length of the driving
cycle. Through appropriate choice of terminal conditions, the
above problem formulation can be employed in both charge
sustaining (CS) and charge depleting (CD) modes of operation,
namely E(T) = Eierm = Einit for CS and E(T) = Eterm <
FEinqi for CD, respectively.

[1l. OPTIMIZATION ALGORITHM

The solution of the PHEV optimal energy management
problem is likely to be affected by inaccuracies arising from
discrepancies between the assumed and actual future driving
cycles, and from model approximations resulting from the
use of quasistatic maps to represent the fuel power map
and electrical losses. To reduce the effects of these sources
of uncertainty, a Model Predictive Control implementation
provides feedback by recomputing, repeatedly, online, the
optimal predicted future power flows using current information
on the state of energy of the battery and the driving cycle. The
MPC strategy proposed in this paper is based on a specialized
Newton method for solving approximately the underlying
optimization problem (6); this is the main topic of the current
section. The online implementation of the associated control
law, and a hierarchical approach for handling long prediction
horizons based on the proposed Newton method are treated in
Section IV.

We begin by translating the optimal control problem (6)
into an approximate discrete time MPC formulation. For a
given sampling interval §; = t;1 —tx Where ¢ is the current
time, let Yy, Wem, ik, and wen g,k TESpectively denote the values
of Py (tr), Wem (tx), and weng(tx), predicted at time ¢ for
k=1,..., N, where Z,ZLO dr = T—t, and T is the predicted

end time. Also define =y, as the k steps-ahead predicted value
of P4 at time ¢ and let z;, denote the k steps-ahead predicted
value of P.,,. The values of 1o, Wem,0, and weng,0 are not
taken from the predicted drive cycle as they are known as the
current driver power demand, motor state, and engine state
respectively. Therefore, at each interval the calculated values
of zg and zy are implemented as the P,,, and P, control
inputs during simulation. The indices k are grouped into sets
based on the conditions (1a-c)

P={k:yr>0and wemr > Wepy}
C = {]{; Yk > 0 and Wem,k < Qeng}
B={k:y, <0}

Note that each k € {0,..., N} lies in either P, C, or B.

For a given engine speed profile we,,(t), t € [0,T], we
approximate the fuel power map (2) appearing in the objective
function (6a) in terms of a time-varying quadratic function of
the engine power output: Py(Zj, Weng k) = oz;wi +oq pxE+
oo k- Therefore, the predicted fuel consumption during each
interval is given by fi(x), where

fre(zr) = Ok (a2 g2} + g g2k + aok) (7

with a; ; = @;(Wengx) for i =0,1,2 and £k =0,...,N. We
likewise approximate the mapping (3) between the electrical
power P, and the mechanical power P, in the electric
machine as a time-varying quadratic function of motor power
demand: Py (2, Wem k) ~ B2.x2i +B1.k2k + Bo k- By also con-
sidering the electrical circuit battery losses (4), the predicted
loss in battery energy is given at each interval by g (zy ), where

hi(z1) = Bakzi + B1kzk + Bok (8a)

2
gr(zr) = 516% [1 —4/1- ;éihk(zk)] (8b)
with 83; x = Bi(Wemk) for i =0,1,2 and k =0,..., N. The
MPC approach of [7] approximates the optimization (6) as a
quadratic program through the use of a quadratic approxima-
tion of the overall map from Py to Ps and by specifying the
decision variables as the predicted samples of P;. However
the two quadratic approximations in (7) and (8a), combined
with the equivalent electrical circuit model of the battery (4),
provide more accurate representations of the power flows in
the powertrain.
The current formulation allows the bounds (6¢,d) on Feyq
and P,,, to be imposed via simple bounds on the decision
variables xy, given by:

T = min{Tengweng,kv Yk — Iemwem,k}

L = max{zengweng,k7 Yk — Temwem,k}

where T and T denote the upper and lower limits on the engine
and motor torque. However we neglect the energy storage
bounds (6e), which constitute state constraints in the optimal
control problem (6). This is motivated by the observation that
the upper and lower limits of the battery state of energy are
not reached by PHEVs under normal operating conditions (see
e.g. [14]), since these vehicles typically have batteries with
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large capacity and short-term violations of state constraints
are therefore unlikely.

With these considerations, a discrete time approximation of
Problem (6) over the interval [¢t,T] is given by

N
,, minimize kZ:O fr(zr) (9a)
N
subject to Z gr(zx) < AE (9b)
k=0
2+ X =
BTk = keP (9
z, <, < T,
T = 0 k ¢ P (9d)
2k = Yk kel (%)
2k = VbYk keB (9f)

where AE = E(tg) — Eterm. For given yg, the variables
and zj in the minimization (9) are fully specified at all times
k ¢ P. Hence (9) is equivalent to the following optimization
over xi, k € P,

minimize l;)fk(xk) (10a)
subject to Z ge(ye — ) < AEp (10b)
keP
z, <ap < Tp (10c)

where

AEp = AE — ng(yk) - ng(’)’byk)~
keC keB

and clearly no optimisation is required if P = ().

Let X; = {z € [z, %k : hi(yr — 2) < U3 /4R} denote
the domain of f(-) and gx(yx — -) for k € P. We make the
following convexity assumptions on fj and gg.

Assumption 1: For k € P and all z € X}, fi(x) is strictly
convex and gx(yr — x) is convex in x.

Remark 1: The definitions of fj, hi and g in (7), (8a) and
(8b) imply that Assumption 1 holds if ag ;, > 0 and B2 > 0
for k € P.

The optimization (10) has the form of a continuous non-
linear knapsack problem, for which various solution methods
are available (see e.g. [15]). To exploit convexity we pro-
pose an approach with rapid convergence properties based
on the projected Newton method [16]. Before discussing this
approach, we first note that the optimization is decoupled at
k=0,..., N if the energy constraint (10b) is inactive. In this
case the optimal solution is given for k € P by

(1)

where, for any real vector u and elementwise bounds u, u, we
define [u]" as the elementwise saturated version of w:

o =[], ) =—Loii/ook

[u]" = min{@, max{u, u}}.

It is therefore relatively easy to determine whether con-
straint (10b) is inactive at the solution of Problem (10) by

checking the condition:

> gk(k — [23]7) < ABp.
keP

12)

To initialize the solution when the constraint (10b) is
active we consider a simplified problem in which the bounds
z;, < x, < Ty are ignored and the losses in the battery and
electric motor are neglected, i.e. P; = P, = P.,, and hence
gk (z) = dxz. Defining the Lagrangian function

L(x,p) = ) fulwr) +p{z gr(ye — x) — AEp|, (13)

keP keP

where x = {z}, k € P}, and p > 0 is the costate (namely
the Lagrange multiplier associated with constraints (9b) and
(10b)), the optimality conditions V4L = 0, V,L = 0 are
equivalent to

(14a)
(14b)

(k) —pgr(ys — ) =0, keP

> gr(yr — z1) = AEp.
keP

For the simplified problem with g (z) = d2, these yield
26k042,k$k: + 6]@0[1’}6 —pék =0, keP
Z 6k(yk — .Tk) = AEP
keP

from which we obtain the closed form solution [7]:
>kep OrYk + 5 Dopep(Oraip/azi) — AEp

%Zkep(‘;k/alk)
T = %(ﬁ*()q’k)/azk, keP

p= (15a)

(15b)

where ap j, > 0 for all k£ by Assumption 1. An initial guess
of the solution of (9) and the corresponding costate is then
provided by ([X]T, ).

Returning to the original problem, which includes the
bounds z;,, < x;, < T}, and incorporates electrical and mechan-
ical losses in the model, we define a projected Newton iteration
as follows. Let A be the subset of P defined by

A= {k: € P:{ax =1z and f'(z;) —pg' (yx — ;) > 0}
or {l‘k =T}, and f/(fk) —pg/(yk —fk;) < 0}}, (16)

so that A denotes the set of indices k € P for which the
constraint z;, < xy < Ty is active, and define (Ax, Ap) via

_ Zkep gk(yk: - mk) + ZkG'P\A 'Uk(bk/dk - AE’P

Ap

ZkeP\A Vit di
(17a)
0 ke A
where

A
Vg = —9g
!
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Then the update at each iteration is given by

X « [x + Ax]T
p < p+ Ap.

(18a)
(18b)

Remark 2: The computation required to perform the pro-
jected Newton iteration (16)-(18) scales linearly with V.

The following result, based on [16] and [17], describes the
convergence properties of the iteration (18).

Proposition 1: Let x* and p* denote respectively the opti-
mal argument of (10) and the optimal value of the costate
in (13), and assume that p* € (0,00). Then (x,p) is a
fixed point of the iteration (18) if and only if (x,p) =
(x*,p*). Furthermore the iteration converges superlinearly in
a neighbourhood of (x*, p*) if no constraints are weakly active
at the solution.

Proof: At a minimum point of (10) the solution (x*,p*)
must satisfy the first order optimality conditions:

fi(@r) = p"gp(yr — a3) =0 if 2}, € (2, 7)  (192)
fi(@}) = p*gi(yr — xj) > 0 if 2}, =z, (19b)
fi(@y) =g (yr — a3) <0 if 2 =Ty (190)

and since p* > 0 is assumed, (10b) must be active, i.e.
> gilyr — af) = ABp. (19d)

keP

Let A* denote the active set at the solution (x*,p*), then
from the optimality conditions (19) and the definition of A
in (16) it follows that: (i) P \ .A* must be non-empty (since
constraints (10c¢) cannot be active for all k£ € P if (19d) holds
because of the assumption that no constraint is weakly active
at the solution), (ii) ¢ = —f}.(x}) + p* g}, (yx — x5) = 0 for
all k € P\ A*, and (iii) vy = —g(yx — x}) # 0 for some
k € P\ A* (since p* is by assumption finite). Therefore (17a)
implies Ap = 0 while (17b) implies Az, = 0 for all k € P,
and hence (x*,p*) must be a fixed point of (18).
Conversely, if (x,p) is a fixed point of (18), then Az =0
for all £k € P and Ap = 0. In this case, from (17b) we have
that ¢ = —fi.(vx) + pgy(yr — xx) = 0 for all k € P\ A
so that (17a) implies D, 5 gr(yx — x) = AEp. From these
conditions and the definition of A in (16) it follows that the
first order conditions (19a-d) are satisfied, and, by convexity
(Assumption 1), (x,p) must therefore be optimal for (10).
To complete the proof we note that if there are no weakly
active constraints at the solution of (10), then there must exist
a neighbourhood of (x*,p*) within which the active set is
constant, so the iteration (16)-(18) coincides with Newton’s
method applied to a subspace (namely {x : z, = z; or
2 = Ty for all k € A}). A superlinear convergence rate can
then be shown using the standard arguments for unconstrained
optimization (see e.g. [18]). ]
Stronger convergence results may be obtained under less
restrictive assumptions if Az and Ap are multiplied by a
variable stepsize parameter « in (18). For a similar problem
formulation, it is shown in [16] that o can be chosen at each
iteration so as to ensure convergence to the optimal solution
starting from any feasible initial point. In the current context
this modification appears to be unnecessary since simulation

results demonstrate consistent and rapid convergence of the
iteration with a fixed stepsize o = 1 (see Section V).

IV. CONTROL ALGORITHM

This section considers the definition of MPC algorithms
based on the receding horizon implementation of the opti-
mization method proposed in Section III. We start by listing
the major steps of the MPC algorithm:

Algorithm 1: At each sampling instant ¢:

(i). Given the current and minimum end-point values of
battery state of energy, E(t), Eterm, and the postulated
future power and speed demands Py, Wem, determine
AF and quadratic approximations fx, g, k =0,..., N.
Compute the solution (11) of Problem (10) without the
energy constraint (10b). If (12) is satisfied go to step (v).
(iii). Compute an initial solution estimate using (15a,b).
(iv). Perform the iteration (16)-(18) until either: (i) |Ap| is
less than a given tolerance ¢, or (ii) A = P (in this case
the problem is infeasible).
(v). Implement Pe,4(t) = x¢ and P.,,(t) = Py (t) — 2o.

(i).

The preceding controller setup assumes that the prediction
horizon of the MPC optimization (10) extends across the entire
driving cycle. When applied to problems with realistic journey
times this is likely to result in excessively long prediction hori-
zons. For example the optimization (10) uses 1800 decision
variables to optimize a driving cycle of 30 min with a sampling
interval of 1s; problems of this size are unlikely to be solvable
within time constraints using the computing hardware that is
currently available onboard a typical production vehicle. To
address this computational challenge, two alternative solutions
are discussed: first by pre-defining a linearly decreasing long-
term battery energy reference, and secondly by computing an
optimal long-term battery energy reference.

A. MPC with linear reference

In order to avoid high computational loads associated with
long prediction horizons, it could be advantageous to use a
prediction horizon much shorter than the driving cycle and
to assume a given reference trajectory for the battery stored
energy. This is analogous to the approach that was proposed
for PMP in [11], with a battery state of energy profile that
varies linearly with time. A predefined reference trajectory of
this kind can be used to determine the end-point stored energy
Eierm in the MPC optimization solved in steps (ii)-(iv) of
Algorithm 1. Choosing the horizon, N, of (9) to be in the range
50-100 will then optimize performance over a future interval
of 1-2min (for which the predicted driver power and speed
demands are likely to be relatively accurate) while allowing
the battery stored energy to track a linearly varying reference
profile. This setup is illustrated in Figure 2.

B. Dual loop MPC

Although computationally convenient, MPC strategies based
on predefined reference trajectories for the battery state of
energy can be highly suboptimal when the optimal stored
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Fig. 3. Dual loop MPC scheme for PHEV Energy Management;
Pgrv,pred and wpreq denote the sequences of predicted future driver
power and speed demands.

energy profile deviates from the assumed reference. For ex-
ample, failure to account for changes in vehicle altitude in the
design of the reference trajectory has a significant effect on
the performance of PMP approaches (see e.g. [12]), and, as
discussed in Section V, the same is true of MPC strategies.
Furthermore, although it may not be possible to predict the
driver power and speed demands with a high degree of
accuracy over a long horizon, relevant information such as the
predicted variation in altitude is likely to be available from an
onboard navigation unit.

To make use of this information we therefore propose a
hierarchical MPC scheme consisting of an outer loop MPC
optimization over a long prediction horizon and an inner loop
short horizon MPC optimization. The prediction horizon of the
outer loop covers the entire driving cycle and therefore shrinks
over time, whereas that of the inner loop is held constant over
the duration of the driving cycle. The outer and inner loop
optimization problems are expected to involve similar numbers
of decision variables at the start of the driving cycle.

The outer loop optimization is formulated using a long
sampling interval, which is greater than that of the inner
loop by a factor defining a window size of e.g. win = 50,
and with predicted power and speed demands averaged over
each of these sampling intervals. The optimal battery stored
energy profile computed by the outer loop is used to generate
the reference target Fie,n, for the inner loop (Fig. 3). Both
inner and outer loop optimizations can be implemented using
Algorithm 1 with the modification that, for the outer loop, step
(v) should determine the target terminal state of charge for the
current inner loop optimization. This setup is also illustrated
in Figure 2.

V. SIMULATIONS

This section presents the results of simulations performed
using data for a 1800kg passenger vehicle with a parallel
hybrid electric configuration. The hybrid powertrain consists
of a 100 kW gasoline internal combustion engine, a 50 kW AC
electric motor and a 21.5 Ah lithium-ion battery. We consider
the FTP-75 driving cycle with and without altitude variations.
The altitude variations take the form of a positive gradient (2°)
for the first half of the driving cycle, followed by a negative
gradient (—2°) for the remainder or vice versa. In all cases
the battery state of energy is initially at 60% and the target
state at the end of the driving cycle is set at 50%. The fraction
of available braking power that is recovered by regenerative
braking is assumed to be fixed at 40%, so that v, = 0.4.

A. Optimality assessment and computational load for
uncertainty-free conditions

Three variants of the MPC algorithm described in Sec-
tion IV are considered in this section: (i) a single loop
controller with a shrinking prediction horizon that covers the
entire driving cycle; (ii) a single loop controller with a horizon
of N = 50 sample intervals and a linearly varying battery state
of energy reference; (iii) a dual loop MPC strategy with an
inner loop prediction horizon of N = 50 sample intervals and
a shrinking horizon outer loop optimization with a sampling
interval equal to win = 50 inner loop sample intervals.

These are compared with a controller based on Pontryagin’s
Minimum Principle applied to the optimal control problem (6),
implemented with a fixed costate to minimize the associated
Hamiltonian (see [12] for details). The Hamiltonian is mini-
mized online using the battery loss function (4) and quadratic
approximations of the fuel power map (2) and the electric
motor power map (3). We note that the use of quadratic
approximations (7) and (8a) in the PMP-based strategy re-
sults in negligible performance degradation relative to a PMP
approach in which the Hamiltonian is minimized by directly
interpolating on the fuel power map and the electric motor
power and battery loss maps.

0.6

0.58

0.56

State of Charge (%)
o
g

0.52 J

PMP
05k MPC (linear SOC reference) il
' MPC (dual loop)

MPC (shrinking horizon)

048 L L L

0 500 1000 1500 2000
Time (s)

Fig. 4. Variation of battery state of energy for driving cycle with zero
gradient.
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For any given driving cycle, the PMP controller with a
fixed costate optimized offline for that driving cycle neces-
sarily achieves the best possible performance. Therefore, by
comparing PMP with the response of the single loop shrinking
horizon MPC strategy we obtain an indication of the effects of
the approximation errors that are introduced by the quadratic
maps in (7) and (8a). For these two strategies, the state of
energy profiles remain at all times within 0.6% of each other
(Fig.s 4 and 5) and the average fuel consumptions also lie
within 0.6% (Table I), indicating that these approximations
cause a degree of suboptimality no greater than 0.6%.

For the zero gradient case, the performance of MPC with
a linearly varying reference for the battery state of charge is
similar to the other methods (Fig. 4 and Table I) and the fuel
consumption is only marginally increased, to 3.70kg/100 km.
However, when the gradient is non-zero, the fuel consumption
for MPC with a linear state of charge reference increases
dramatically to 4.45kg/100 km. This is due to the highly sub-
optimal state trajectory (Fig. 5), which, unlike the optimal
trajectories for PMP and MPC with shrinking horizon and
with dual loop optimization, reaches a final state of charge
greater than 50% due to its over-cautious strategy during the
first half of the driving cycle.

0.6
PMP
0.58 | MPC (linear SOC reference)| |
MPC (dual loop)
MPC (shrinking horizon)

— 0.56 1
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5 0.54 | B
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o
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D o5t .
0.48 4
0.46 ! ! !

0 500 1000 1500 2000
Time (s)

Fig. 5. Variation of battery energy state for driving with +=2° gradient.

The dual loop MPC strategy works well for both zero and
non-zero road gradients, as can be seen in Table I, achieving
a fuel consumption within 1% of the optimal value that is
obtained with PMP with a fixed optimized costate in all cases.
We note that this near-optimal performance is obtained without
the need for the extensive offline tuning that is required to find
the optimal costate for the PMP approach.

TABLE |
MEAN FUEL CONSUMPTION (kg/100 km)

Gradient: 0°  Gradient: +2°

PMP 3.67 4.11
MPC (linear reference) 3.70 4.45
MPC (dual loop) 3.69 4.14
MPC (shrinking horizon) 3.67 4.12

The performance of the outer and inner loop MPC strategy
is even more remarkable when its computational requirement

is taken into account. Table II compares the online compu-
tation times required at each time step for PMP (with fixed
costate) and dual-loop MPC, with each algorithm implemented
in Matlab on a 2.6 GHz Intel Core i7 processor. Mean and Max
denote the average and greatest computation times over the
whole cycle. This shows that dual-loop MPC provides an order
of magnitude improvement in computational time against the
shrinking horizon MPC formulation. Dual-loop MPC remains
an order of magnitude slower than PMP. However this increase
in computation is the price to be paid in order to avoid the
offline tuning required for the PMP method; as we show in
Section V-C, this results in a degree of robustness that is not
achievable using PMP.

TABLE Il
COMPUTATION TIMES (ms) AT INDIVIDUAL TIME STEPS

Mean Max
PMP 0.80 2.36
MPC (inner loop) 7.75 19.52
MPC (outer loop) 3.28 20.28
MPC (dual loop) 11.03 30.67
MPC (shrinking horizon)  158.39  604.35

B. Optimality assessment for variations in electrical loss
model

This section investigates the degree of sub-optimality caused
by neglecting aspects of electrical losses in the prediction
model. This is shown for two cases: neglecting the electrical
losses in the battery (by setting gi(zx) = hi(zg) in the
prediction model), and neglecting the electrical losses from
in the battery and electric motor (by setting gx(zx) = 2k in
the prediction model). In each case, all electrical losses are
retained in the powertrain model that is used to simulate closed
loop behaviour. It can be seen in Figure 6 that neglecting both
losses causes a far greater deviation from the optimal MPC
state trajectory than the battery losses alone, which implies
that the motor losses are more important in establishing an
optimal control formulation. Despite the deviations from the
nominal MPC method, the final SOC constraint is still met in
both cases.

Furthermore, table III shows that the optimization ne-
glecting all electrical losses results in the fuel consumption
increasing from 4.12kg/100km to 4.16kg/100km, whereas
neglecting the circuit losses reduces the fuel consumption to
4.11kg/100km. This slight improvement is caused by the
state trajectory for MPC without battery losses following
a trajectory closer to the optimum PMP curve shown in
Figure 5, and is due to a coincidence of the sub-optimality
from both the MPC formulation and the model reduction
cancelling out, rather than due to any systematic improvement.
It would be expected that during a longer or higher power
cycle that the effect of this sub-optimality would increase,
and therefore increase the fuel consumption compared to the
nominal MPC. The results do suggest, however, that optimal
control formulations that neglect the battery losses can produce
near optimal results.
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Fig. 6. Variation of battery energy state for driving with 4=2° gradient.

TABLE Ill
MEAN FUEL CONSUMPTION (kg/100km)
MPC (shrinking horizon) 4.12
MPC (shrinking horizon no battery losses) 4.11
MPC (shrinking horizon no electrical losses)  4.16

C. Optimality assessment for variations in dual loop
MPC parameters

This section considers the effects of varying two funda-
mental parameters in the dual loop MPC setup, the inner loop
horizon length N and the outer loop sampling window size
win for a driving cycle with non-zero road gradient. We first
compare outer loop window sizes of win = 10 and win = 100
with the inner loop horizon length fixed at NV = 100. Figure
7 illustrates that with the smaller value of win, the dual loop
solution more closely resembles the shrinking horizon MPC
solution and, as can be seen in Table IV, achieves a marginally
better average fuel consumption.
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Fig. 7. Optimality assessment for varying outer loop sampling window.

Secondly, the outer loop window size is fixed at win = 100
and the inner loop horizon length is set to N = 100 and
N = 200, respectively. Figure 8 does not indicate a clear effect
of this variation. The most likely explanation is that the overall
dual loop performance is mostly dominated by the outer loop
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Fig. 8. Optimality assessment for varying inner loop horizon length N.

D. Optimality assessment in the presence of uncertainty

The dual loop MPC strategy demonstrates a degree of
robustness to uncertainty in predicted driver demand, which
is investigated in this section. We consider the driving cycle
with an upward/downward altitude profile and dual loop MPC
with N = 50 and win = 50. First we consider the effect
of introducing discrepancies between the predicted and actual
values for the power demand and speed demand. This is done
by perturbing the predicted power and predicted speed demand
for the outer loop by factors of 0.5 and 1.5 respectively
(Fig. 9), while keeping the actual driver power and speed
demand unchanged. For the inner loop optimization the actual
power and speed demands are assumed to be known. This
models the situation in which a large amount of uncertainty
is present in the predicted drive cycle for the outer loop MPC
(with a horizon of up to 30 min), whereas the predicted power
and speed demands for the inner loop (with a horizon of 50s)
are accurate. These perturbation factors are enforced globally
by uniformly scaling the predicted power and speed demand
sequences. For both types of uncertainty, MPC achieves
the target end-point battery energy level to within 0.25%;
however discrepancies are found in the corresponding fuel
consumption. The fuel consumption for MPC deteriorates from
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4.14kg/100 km to 4.17kg/100 km for the case of scaled power,
and to 4.15kg/100km for the case of scaled speed.

The effects on the PMP-based strategy of the same scaling
perturbations applied to predicted driving cycles are much
more severe (Fig. 10). In each case the costate is optimized
for the predicted driving cycle, which includes a scaling factor
on either the power or speed demand, and the PMP approach
is applied to the actual driving cycle without scaling. Clearly
PMP is very sensitive to uncertainty in the initial costate value
(Table V).

TABLE V
OPTIMAL COSTATE VALUES FOR PERTURBED DRIVING CYCLES
Costate
Nominal power and nominal speed 1.64
Scaled power (x1.5) and nominal speed 1.70
Scaled speed (x0.5) and nominal power 1.82

0.7 T T
Nominal power nominal speed
Scaled power (1.5) and nominal speed
0.65F Scaled speed (0.5) and nominal power| |

State of Charge (%)

0.45 ! !
0 500 1000

Time (s)

Fig. 9. Robustness of dual loop MPC to global scaling perturbations of
driver demand and speed.

I
1500 2000
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Scaled power (1.5) and nominal speed S g
0.65F Scaled speed (0.5) and nominal power /,/ 1

State of Charge (%)

0.45 : . :
0 500 1000 1500 2000
Time (s)
Fig. 10. Effect of global scaling perturbations of driver demand and

speed on the PMP-based strategy.

Figure 9 shows that the battery energy state trajectories
for the nominal case and the case of scaled speed demand
are highly correlated, however there is a large discrepancy in
the state trajectory for the case in which the predicted power

demand is scaled. This is because the power consumption
during the uphill phase of the cycle is then lower than what
is predicted by the controller, hence less electrical energy is
consumed and the battery energy level is generally higher
than in the nominal case. As it approaches the mid-point
of the simulation the controller determines that additional
battery energy can be consumed without violating the terminal
constraint on battery stored energy, and after the mid-point
of the simulation, the trajectories are again correlated. Both
perturbations in the predicted driving cycle result in increased
fuel consumption as they push the battery energy state away
from the optimal trajectory.

We next consider robustness against final time uncertainty.
To model this type of uncertainty the duration of the predicted
drive cycle is scaled so that the predicted horizon is of length
T — AT while the length of the actual drive cycle remains
equal to 7. To account for the error AT thus introduced in
the final time of the predicted driving cycle, the magnitude of
the predicted speed demand is scaled to maintain the original
total distance (Fig. 11). We also adjust the prediction time at
which the road gradient is expected to switch between uphill
and downhill to (T — AT)/2.
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T T
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Fig. 11. FTP75 drive cycle scaled for AT of 500 seconds.

2000

The scaled drive cycle is simulated using PMP and MPC
using two different methods. For the strategy based on PMP,
the unscaled drive cycle is used for simulation but the costate
is optimised using the scaled drive cycle. For dual-loop MPC,
the unscaled drive cycle is also used for simulation, but at
each time step the predictions are generated by re-scaling the
remaining drive cycle in order to model the effect of improving
information on the drive cycle duration towards the end of
the journey. Therefore the effective AT is constant for PMP,
whereas it reduces linearly to zero during the simulation for
MPC. This is a fair comparison as feedback is available for
MPC but not for PMP, and the error in estimated arrival time
would be expected to reduce to zero during a journey (although
not necessarily linearly). Both the outer-loop window and
inner-loop horizon for the dual-loop MPC implementation are
set to 50s.

Figures 12 and 13 show the battery energy state trajectories
for PMP and MPC with the initial AT varying from Os to
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Fig. 13. Robustness of MPC to predicted time of arrival error.

800s in steps of 100s. It can be seen that MPC robustly
satisfies the inequality constraint (6g) on the final battery
energy level for all initial values of AT, whereas the PMP
method does not meet the constraint on the final state of
energy if there is any uncertainty in the arrival time. For MPC,
the final battery energy state remains at the lower limit of
50% for all AT values between 0 and 500s, but for AT >
500 the initial conservatism in the predicted battery energy
state results in the later predictions using the unconstrained
optimum solution to problem (10). This is illustrated by the
predicted trajectories shown in Figure 14 for AT = 600 s: the
end-point battery energy levels predicted at time steps £ < 600
are at 50%, but they rise above 50% for k > 600.

VI. CONCLUSIONS AND FURTHER WORK

A nonlinear MPC strategy which provides near-optimal
energy management for plugin hybrid electric vehicles is
presented. The proposed dual loop strategy avoids the offline
tuning that is required by popular PMP methods such as
ECMS and does not suffer from the suboptimality caused by a
predefined reference trajectory for the battery state of energy.
This paper demonstrates the advantages of the method in terms
of its computational convenience, performance and robustness.
Therefore we believe it is of particular practical interest.

to account explicitly for stochastic uncertainty in the predicted
driving cycle and in estimates of the battery state of energy.
Obviously, these modifications will make the optimization
problem more challenging, but they could significantly im-
prove the performance and applicability of this control strat-

cgy.
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