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1 Introduction

The intrinsically strongly-coupled nature of 5d A/ = 1 SCFTs [1-3] makes the study of them
a challenging problem in quantum field theory. New insights into this class of theories has
been made possible by the application of methods from string theory, where the 5d SCFTs
arise in type IIB on (p, ¢)-5-brane-webs [4-18], or in M-theory on (non-compact) Calabi-Yau
3-fold singularities [19-52]. The two descriptions are, in principle, related by duality, which
is furnished by a one-to-one map between the brane-web and a Generalized Toric Polygon
(GTP), also known as a dot diagram [53-58]. In the toric case, the latter is precisely
associated to the Calabi-Yau singularity in M-theory, whereas a geometric interpretation
in the general case remains an interesting open problem, on which some headway has been
made in [57-59].

The 5d N' =1 SCFTs have a rich moduli space composed of the Higgs branch (HB)
and Coulomb branch (CB), which are respectively parametrized by the vacuum expectation
values (vevs) of the scalars in the hyper- and vector-multiplets. In M-theory, the (extended)
Coulomb branch is mapped out by resolutions of the Calabi-Yau 3-fold singularity, and the



Higgs branch is realized as its deformation space. In the brane-web, the moduli space is
described by continuous deformations of the branes, with motion in the plane of the web
corresponding to movement on the Coulomb branch, whereas motion in the transverse di-
rections maps out the Higgs branch. The Coulomb branch is well-understood from both an
M-theory and brane-web perspective. The Higgs branch, on the other hand, is particularly
difficult to characterize, because it receives quantum corrections from instantons in 5d.
Recently, there has been progress in this endeavor, which is due to the description in terms
of magnetic quivers (MQ) and Hasse diagrams [60-84]. The magnetic quiver represents a
3d N = 4 quiver gauge theory, whose Coulomb branch is identified with the Higgs branch
of the 5d theory Tsq,

CBIMQ)] = HB([Tsq], (L1)

which solves the problem of accounting for instantons, since the Coulomb branch of the
magnetic quiver can be examined in detail by computing its Hilbert series [60, 85, 86].

The focus of this paper is on 5d SCF'Ts originating, via dimensional reduction, from 6d
world-volume theories of M5-branes probing an M9 wall wrapped on an A-type singularity.
We concentrate on these models since their Higgs branch can always be described by unitary
magnetic quivers (see [87]). By successive decoupling of matter in the 5d KK-theories, we
can flow to other SCFT fixed points, thus generating a tree of descendant SCFTs. The
principal motivation for this work is to understand how the geometry of the 5d Higgs branch
is transformed, as we move around the extended Coulomb branch. The most literal way
to answer this question is to work directly with the magnetic quiver, and understand, for
instance, how to decouple matter or take a weak coupling limit explicitly in the magnetic
quiver. We show that this is achieved by Fayet-Iliopoulos (FI) deformations, and argue that,
for any extended Coulomb branch deformation of the 5d SCFT, implemented as partial
resolutions of the GTP [31, 41, 58], there is an FI deformation that enacts the corresponding
change in the magnetic quiver, thus extrapolating between the Higgs branches emanating
from the two points in the extended Coulomb branch.

Remarkably, although we always start from a star-shaped magnetic quiver describ-
ing the Higgs branch of the 6d SCFT [87], FI deformations allow us to generate all the
ingredients observed in magnetic quivers of 5d theories, namely edges with nontrivial mul-
tiplicity, quivers with loops, adjoint matter and free hypermultiplets. As is well known,
many SCFTs are described by a collection of quivers since their Higgs branch is made of
multiple components. For such models the mirror map is not well-defined, but we find in
several nontrivial cases that each quiver describes the mirror dual of the low-energy effec-
tive theory at a singular point in the Coulomb branch of the SCFT dimensionally reduced
to 3d. We therefore have in this cases an interpretation in terms of a local mirror symmetry,
in which different singular points in the Coulomb branch lead to different quivers.

In section 2 we explain how to turn on FI parameters in a generic unitary quiver and
propagate the non-zero vevs in a consistent (but highly non-unique) way. The strategy
we implement in section 3 for matching 5d mass deformations and FI deformations in the
magnetic quiver makes use of the GTP realization of the 5d SCFT. A partial resolution
of a GTP P moves us onto the extended Coulomb branch, described by a new polygon



P’. In any such phase of the 5d theory, we can use the map in [57] to determine the
associated magnetic quiver, and identify the FI deformation that connects the two points.
The method can be represented diagrammatically as

resolution

p = P

J (1.2)

FI deformation

We discuss the concept of local mirror symmetry in the context of SQCD with spe-
cial unitary gauge group in section 3.6. Section 4 illustrates the method in the case of
(Dn42, Dn12) conformal matter, and in section 5 we analyze the T theory. Moreover,
in many cases, one can use symmetry considerations to constrain the possible FI deforma-
tions, allowing us to bypass the construction of P’. The method then provides a useful
tool for obtaining new quivers, e.g. of descendant SCF'Ts, or finding new weakly coupled
5d gauge theory descriptions, as we do in section 5.3.

2 FI deformations

In this paper we are concerned with 5d SCFTs originating from orbi-instanton theories of
type A, i.e. the 6d theories on the world-volume of M5-branes probing an M9 wall which
wraps a C2/Z, singularity (transverse to the M5 world-volume) in M-theory. The Higgs
branch of all these theories is described by a unitary magnetic quiver, or a collection of them
whenever the moduli space of the theory exhibits multiple branches. Upon dimensional
reduction of the 6d theory we get a 5d SCFT whose Higgs branch is a single cone described
by a star-shaped unitary quiver, which can be identified with the mirror dual of the theory
dimensionally reduced to 3d, called EQs3,. By activating mass deformations of the 5d SCFT
we can move along the decoupling tree of the theory, and, for the first few decouplings, we
can exploit the mirror map dictionary. In particular, we are guaranteed that turning on a
mass deformation in the 5d SCFT (which may correspond to a decoupling or to turning on a
gauge coupling) results in a mass deformation of the 3d theory, which in turn corresponds
to a Fayet-Iliopoulos deformation in the mirror dual quiver. The duality between the
magnetic quiver and EQs, breaks down typically as soon as we reach theories whose Higgs
branch consists of multiple cones. Remarkably, we find that the correspondence between
mass deformations of the 5d SCFT and FI deformations of the magnetic quiver remains
true even when the magnetic quiver cannot be identified with the mirror dual of EQs,.

2.1 FI deformations of unitary quivers

We would now like to understand FI deformations in a unitary quiver. Let us start by
reviewing how FI deformations affect the equations of motion at a given gauge node in
the quiver. We turn on a (say complex) FI parameter A in a U(N) gauge theory with



k fundamental hypermultiplets ]Sf and Py (in four supercharges notation) and we denote
with ¥ the adjoint chiral in the N' = 4 vector multiplet.

v (7]

After the FI deformation the superpotential reads
W=PUP/ £ \Tr v, (2.1)
and consequently we have to solve the following F-term and D-term equations:

P/P; = Ay,

PIPf— PP =0, (22)

where the summation over flavor indices implies a summation over all the bifundamental
hypermultiplets charged under the U(NN) gauge group, when this is embedded as a node
inside a bigger quiver. From F-terms we can deduce that

Tr(P/P;) = N. (2.3)

Considering each node in the larger quiver in turn, and combining this with the identity
Tr(Pf Py) = Tr(PfPf ), we conclude that for any quiver with unitary gauge groups and
bifundamental hypermultiplets the FI parameters should obey the relation

NN =0, (2.4)

where N; denotes the rank of the ¢’th node. We therefore see that we always need to turn
on FI parameters at multiple nodes. We will mainly focus on the minimal option with only
two FI parameters, although sometimes it is convenient to turn on more than two. We will
see examples of this below.

Consider the case of FI parameters turned on at two abelian nodes. Because of (2.4),
the two FI parameters are A and —A. The deformation induces a nontrivial expectation
value for a chain of bifundamentals connecting the two nodes. This follows from the con-
straint on the trace of bifundamental bilinears in (2.3). Finding an explicit solution to the
F- and D-term equations in this case is simple. First, we choose a subquiver beginning and
ending at the nodes at which we have turned on the FI parameter. All the bifundamentals
along the subquiver, which we denote B; and B, acquire a nontrivial vev and modulo
gauge transformations we can set

(Bi) = VA(v1,0,...,0);  (B;) = (B;)T, (2.5)

where vq is the unit vector whose entries are all trivial except for the first. Of course the
size of the matrix (B;) is dictated by the rank of the gauge groups under which the bifun-
damental is charged. If two nodes are connected by j > 1 bifundamental hypermultiplets,
modulo a flavor rotation, we can turn on the vev (2.5) for one of them, and set the vev of



all the others to zero. All the unitary gauge groups along the subquiver are spontaneously
broken as U(n;) — U(n; —1), whereas the other nodes in the quiver are unaffected. Among
all the broken U(1) factors, the diagonal combination survives and gives rise to a new U(1)
node, which is coupled to all the nodes of the quiver connected to those of the subquiver.
Overall, this is equivalent to subtracting [65] an abelian quiver, isomorphic to the sub-
quiver described above, and the new U(1) is identified with the rebalancing node. Notice
that if one of the bifundamentals has multiplicity j we should also include j — 1 adjoints
for the rebalancing node. These become j — 1 free hypermultiplets which are identified
with the Goldstone multiplets arising from the global symmetry breaking. Notice that
this deformation reduces the dimension of the Higgs branch of (the interacting part of)
the quiver.

Generalizing to the case of FI parameters turned on at two nodes of the same rank
k > 1 is straightforward. The vev for the bifundamentals is obtained from (2.5) by picking
the tensor product with the k x k identity matrix I. All the groups along the subquiver are
broken as U(n;) — U(n; — k) and finally we need to add a U(k) node associated with the
surviving gauge symmetry. This operation corresponds to a modified quiver subtraction,
where we subtract a quiver with U(k) nodes only and rebalance with a U(k) node. Again,
if one of the bifundamentals has multiplicity j the rebalancing node has j — 1 adjoint
hypermultiplets.

We can also write down a more elaborate variant of the above deformation which
involves three nodes. Say we turn on FI parameters at the nodes U(n), U(m) and U(n+m).
The FI parameters satisfy the relation (2.4) and we further impose the constraint A, = Ay,
so that we still have only one independent parameter. The equations of motion can be
solved as follows: we set the vev of all the bifundamentals in the subquiver connecting the
nodes U(m) and U(n + m) to be

(Bi) = VAm(I;m,0,...,0);  (By) = (B))T, (2.6)

and the vev of the bifundamentals in the subquiver connecting the nodes U(n 4+ m) and

U(n) to be
(Bi) = VAm(In,0,...,0);  (B;) = (B;)". (2.7)

Here we are assuming that the two subquivers meet at the U(n + m) node only.! Overall,
the higgsing of the theory can be described in terms of a sequence of two modified quiver
subtractions: we first subtract a quiver of U(n) nodes going from U(n) to U(n+m) and, as
in the previous case, we rebalance with a U(n) node. Then we subtract from the resulting
quiver a quiver of U(m) nodes going from U(m) to U(n + m) and rebalance with a U(m)
node. A careful analysis of the higgsing reveals that the U(n) node we introduced at
the first step should not be rebalanced when we perform the second subtraction. Let us

I This assumption can actually be relaxed without any major changes, provided that all the nodes in the
intersection have rank at least n + m. We will shortly see an example of this in figure 1.
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Figure 1. One FI deformation leading from the SO(12) x U(1) SCFT to its low-energy gauge
description, namely SU(3) SQCD with 6 flavors.

illustrate the procedure for m = 1 and n = 2 in the case of the Fg quiver:
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We turn on FI parameters at the nodes in red. We first subtract an Ag quiver with U(2)
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The node in blue is used to rebalance. Then we subtract an A3 abelian quiver, obtaining

2
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The U(1) node in blue is introduced to rebalance in the second subtraction, and, as we
have explained before, is not connected to the blue U(2) node. Overall, this FI deformation
describes the transition from the Fg to the E7 theory.

Finally, let us consider the example of the UV completion of SU(3) SQCD with 6
flavors and Chern-Simons (CS) level 2. The corresponding magnetic quiver is depicted on
the left in figure 1. We want to turn on a finite gauge coupling in 5d and therefore keep a
balanced A subquiver. This can be done by turning on an FI parameter at the top U(2)
node. We then also have to turn on FI parameters at the abelian nodes on the right. The
simplest choice is to turn on the same FI parameter —\ at both abelian nodes. Because
of (2.4), we then conclude that the U(2) FI parameter is A. If we denote the U(1) x U(3)
bifundamentals as ]5172 and Py o, all F-terms are solved by setting

(P1) = (VX,0,0); (P1) = (P)T;  (P2) = (0,VX,0); () = (Py)T. (2.11)

The U(3) x U(4) and U(4) x U(2) bifundamentals have instead a nonvanishing 2 x 2 block
equal to v/ AI. The result of the higgsing is the quiver on the right of figure 1. Notice that
the same RG flow can be implemented by turning on an FI deformation at the two U(2)
nodes. We clearly see here that generically there are multiple choices of FI deformation
which implement a given mass deformation.
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Figure 2. The SO(12)-preserving FI deformation of the rank 1 E7 theory. This corresponds to
turning on the gauge coupling in 5d. We turn on FI parameters at the red nodes, and we indicate
in blue the node of the E; quiver which is not higgsed but is connected to a higgsed node. The
extra U(1) node is coupled to the blue node only.

2.2 More general FI deformations

So far we have discussed only a particular set of FI deformations. Most mass deformations
in 5d can be understood using the methods described above, however, it is also interesting
to identify more general possibilities not considered in [75]. When the quiver contains a
tail of the form U(1) — U(2) — -+ we can turn on FI parameters at these U(1) and U(2)
nodes only. As before, the generalization to the case U(k) — U(2k) —- - - is straightforward.
Because of (2.4), we set \; = —2X2 = 2\. If we denote the U(1) x U(2) bifundamentals as
@, Q@ and the other U(2) fundamentals as ]5f, P7, the relevant F-terms are

(QQ) =2X; (PrP!) —(QQ) = Ay, (2.12)

where we are summing over flavor indices. These equations are solved by

~ ~ ~ 100... 010...
(@) = VAL 1); (@) = (@) (P) =V F(P)T =V ; (2.13)
010... 100...
This vev spontaneously breaks U(1) x U(2) to a diagonal U(1) subgroup. It is easy to check

that D-terms are satisfied as well. The vev for the U(2) fundamentals is

<ﬁfpf>:<gé>=<gg>+<gg> | (2.14)

This propagates along the quiver, breaking all the groups as U(n) — U(n — 2), until we
find a junction where we can “decompose” the vev as above. The two nodes connected to
the junction are higgsed as U(n) — U(n — 1) and the vev does not propagate any further.
All the nodes connected to the subquiver of nodes which are (partially) higgsed are now
coupled to a new U(1) node, which is left unbroken by the vev. We give an example of this
process in figure 2, which constitutes an alternative way to understand the flow from the
E7 theory to SU(2) SQCD with 6 flavors at the level of the 3d mirror theory.

Let us now consider a more complicated example, namely the UV completion of SU(3)
SQCD with 8 flavors and CS level 1. The SCFT has global symmetry SO(16) x SU(2).
We wish to turn on a mass deformation which breaks the symmetry to SU(8) x SU(2),
leading to another SCFT whose gauge theory phase is given by SU(3) SQCD with 7 flavors
and CS level 1/2. In other words, we are decoupling by sending a hypermultiplet mass to
—o00. In order to preserve an A7 x A; balanced subquiver we turn on FI parameters at a
U(2) and U(4) node as shown in figure 3. The F-terms are solved as explained above. The
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Figure 3. The SU(8) x SU(2) preserving mass deformation of the rank 2 SO(16) x SU(2) theory.
We turn on FI parameters at red nodes. As a result of the higgsing a new U(2) node appears,
coupled to the blue nodes.

only difference is that we have to tensor all the matrices in (2.13) by the 2 x 2 identity
matrix. The central node is higgsed to U(2) and the neighbouring nodes are higgsed as
U(n) — U(n — 2). We further need to add a U(2) node attached to the unhiggsed U(1)
and U(4) nodes.

Finally, let us consider a variant of the above construction involving nodes which are
not next to one another. We illustrate this with an example based on the Fg quiver:

3

(2.15)

O L 4 O @ O
1 2 3 4 5 6 1 7
If we turn on FI parameters at the U(2) and U(4) nodes, we can solve the equations of

motion by setting the expectation value for the U(2) x U(3) bifundamental to?

V2 0

<st>=<\g§\0@8>; (B =1 0 v2|. (2.16)

0 O
and the vev of the U(3) x U(4) bifundamental to
1
o o
(Bga) = 0101 ]; (Bas)= 100 (2.17)
0000 010

The U(2) x U(4) gauge symmetry is spontaneously broken to a diagonal U(2) and the
U(3) in between is broken to U(1). The vev propagates in the rest of the quiver as in the
case of a U(2) node followed by a U(4) node; all the groups along the tail are higgsed as
U(n) — U(n—4). It turns out that this deformation is equivalent to a weak coupling limit
of the 5d theory:

o O—Qw
@)
N@)
~0O

O O———O+
~O

~0
@
~@
o

(2.18)

2Here we have normalized the FI parameter to one at the U(4) node for simplicity.



2.3 FI deformations of the higher rank E-string theory

As an application of the above discussion, we will now see that using the set of rules we
have explained, we can identify the FI deformations which implement decouplings and weak
coupling limits of all rank 1 SCFTs, namely the E-string theory and its descendants. The
analysis can be easily extended to higher rank E-string theories and therefore we directly
discuss this case. The general answer is given in figure 4.

3 Mass deformations in 5d via FI deformations

5d N/ = 1 SCFTs can be engineered in M-theory on a canonical Calabi-Yau 3-fold singu-
larity or, alternatively, one can study the world-volume theories of type IIB 5-brane-webs,
where the extended Coulomb branch and Higgs branch are respectively associated with
continuous deformations of the branes in and transverse to the plane of the web. Since
only supersymmetric and charge-conserving subwebs may move independently, the trans-
verse deformations are determined by the set of maximal subweb decompositions, which
in turn encode the magnetic quiver. The gap between the two descriptions is bridged by
the Generalized Toric Polygons, which are the dual diagrams to the brane-webs, and, in
the toric case, realize the M-theory compactification space. This is the representation we
will work with, as we study the transformation of the Higgs branch under mass deforma-
tions and RG flow. The magnetic quiver is determined from the GTP through means of
a refined Minkowski sum decomposition, realizing the dual of the subweb decomposition.
Our aim is to describe, using the map between GTP and magnetic quiver, how the Higgs
branch emanating from one point in the extended Coulomb branch is changed as we move
to a different point. We focus first on describing transitions in the magnetic quiver as-
sociated to decoupling matter, and then discuss gauge theory phases. Finally, we open
up general extended Coulomb branch directions that include turning on vevs for the 5d
vector-multiplet scalars.

Because any significant change in the structure of the GTP, i.e. to its shape or distri-
bution of vertices, will result in a major change to the combinatorial data contained in the
magnetic quiver, a unified treatment of all 5d SCFTs is not feasible at this point and thus, a
case by case analysis is necessary. Therefore, rather than aiming for generality, we demon-
strate the correspondence with FI deformations focusing on a representative example. On
the other hand, the mechanisms of the correspondence are themselves general, meaning
that they carry over from our example to any other 5d SCFT, whose magnetic quivers
have only unitary nodes, without any conceptual changes to the analysis. In sections 4
and 5 we give more examples, including the UV fixed points of higher CS level SQCD the-
ories, the T theory and its parent SCFTs Py and G, and new lagrangian descriptions
of Py given by quiver gauge theories with fundamental and anti-symmetric matter.

3.1 Generalized toric polygons and magnetic quivers

For a strictly convex toric Calabi-Yau singularity, there is a beautiful and complete picture
relating the M- /string theory realizations of 5d SCFTs by a one-to-one map, and where
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both branches of the moduli space can be determined in general from either perspective.
That is, starting e.g. from a 5-brane-web in type IIB such as

the moduli space of the corresponding 5d theory can be studied in terms of its planar and
transverse deformations. The brane-web is dual to a strictly convex toric polygon, whose
resolutions and deformations are known in general [88, 89] and equivalently map out the
moduli space of the 5d theory. In particular, the one-to-one map of the type IIB and
M-theory representations associates to each face (compact and non-compact) in the brane-
web a vertex in the polygon, and every 5-brane is related to an edge drawn transverse to
the brane:

(3.2)

That being said, many 5d SCFTs have brane-web descriptions whose duals do not fall
into the class described above or even the class of toric polygons. In general, the brane-
web may contain a sector where more than a single 5-brane ends on the same 7-brane,
for which the dual diagram is a Generalized Toric Polygon: a convex polygon, describing
an SCFT, that can have lattice points along its edges that are not vertices. Where a
gauge theory description is available, this phase is represented by a non-convex lattice
polygon with a ruling, called a pre-GTP, to which we can apply a (non-unique) series of
monodromy-preserving edge-moves [58], dual to Hanany-Witten brane creation [4], to cure
the non-convexity. We then go to the strong coupling point by removing the ruling, and,
in this way, arrive at a GTP.

One such theory is SU(N); + 2NF whose pre-GTP and brane-web realizations are

2 N 2

N+1 }Vl oO—O0O— - —ONJFI\Z iNlONi.QH 00

(3.3)
where we have drawn the pre-GTP for N = 3. The label indicates the length of the edge for
general NV, if it is greater than 1. Likewise, in the web, we note the number of individual
branes in a stack next to the segment representing it, if it is greater than 1. We take
the strong coupling limit of SU(N); + 2NF by performing an edge-move to remedy the
non-convexity in the pre-GTP and subsequently removing the ruling. Equivalently, we can

- 11 -



perform a Hanany-Witten move in the web to arrive at

Vo

N+1 N C O~ " O ~ Onoi’ 2° O (3-4)

Notice the empty vertex on the bottom edge of the GTP, dual to the two NS5-branes
ending on a single (0, 1)-7-brane.

A GTP is specified by a set of edges E, in a Z? lattice, which we refer to as having
length A\, = ged(E,). Each edge is equipped with a partition e of A, ordered in descending
magnitude, which carries information about the filled and empty vertices. For the example
in (3.4) these are

?a = ((07 —N — 1)7 (270)7 (O’ N)v (_17 1)’ (_1’0))’ (3‘5)

=(N+1,2,N,1, l)a Ha = ({1N+1}7 {2}7 {1N}v {1}7 {1})7

where we label the edges starting from vy and moving counter-clockwise. Note that toric
polygons have only minimal partitions in terms of dominance ordering.

It is not known how or whether one can associate a Calabi-Yau singularity to a generic
GTP, and consequently a general geometric analysis of the deformation space remains
out of reach. However, the duality with the brane-web extends to the decomposition that
determines the magnetic quiver, generalizing the work of [88, 89] to include the non-minimal
partitions po. We refer the reader to [57] for details of the algorithm but summarize the
main points here. The map from GTP to magnetic quiver relies on an edge coloring, given
in terms of a refined Minkowski sum P, & P, defined such that the edges agree with those
of an ordinary Minkowski sum and

pe T = e 4l (3.6)

The edge coloring divides the GTP into closed sub-polygons S¢, where ¢ counts the number
of colors. Each sub-polygon S¢ is some higher multiple of an irreducible polygon that obeys
the s-rule minimally. A polygon is said to be irreducible if it cannot be written as a refined
Minkowski sum of two other polygons, whereas minimality implies that we cannot remove
any vertices, and replace them with a white dot, without violating the s-rule. The colored

sub-polygons S¢ carry their own partitions ué defined analogously to the partitions of the
GTP which obey

{na} < {uel, (3.7)

where the inequality is the dominance partial ordering. A GTP may have several consistent
edge colorings, each of which will give rise to a magnetic quiver comprising a cone of the
Higgs branch.
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Let us consider the strong coupling limit of SU(N); + 2NF again, which has a unique
edge coloring given by

Vo

N+l N<k@-—-@ N (3.8)

*—0O0—o

where @ is the refined Minkowski sum, and the blue S°, turquoise S* and green S9 sub-
polygons are specified by

AZ: (17170’1’0)7 Ng:({1}7{1}7_7{1}7_)7
)‘ta = (Ov 1,0,0, 1)7 Mg = (-, {1}a T {1})7 (3.9)
)\g:(N,O,N,0,0), Ngz:({N}’_v{N}v_v_)‘

Once all valid edge colorings have been identified, the magnetic quiver is obtained by
associating to each sub-polygon S¢ a U(m¢) node with m¢ = ged(AS,). Furthermore, vertices
along an edge E, (i.e. non-corner vertices) give rise to tail U(mq, ;) nodes in the magnetic
quiver with
x
Maw = (z oy~ u) . (3.10)
y=1 c

Tail nodes pertaining to the same edge intersect their nearest neighbour once. The color
node intersections receive a positive contribution from the mixed volume of the associated
sub-polygons and a negative contribution from the colors sharing an edge,

1

merme?

EC1c2 —

(MVSC1 5¢2) E:pUxuam> : (3.11)
A color node and tail node intersect as
1
Koo = — (Wow — HEarr) - (3.12)
For the example above,

mb=1, mt =1, m? =N,
(3.13)
mlx—(NN—l 1), m37x:(N—1,N—2,...,1),

and
K9=1, k{,=k,=1, Kk 6 =1, (3.14)

with all other vanishing. Hence, the magnetic quiver is

1([ Tl
. o (3.15)
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The flavor symmetry algebra can be obtained from the magnetic quiver as the Dynkin
diagram(s) composed of the balanced nodes, with the balance of the i’th U(m;) node
given by

J#
with £; the number of adjoint loops and k;; bifundamentals between the i’th and j’th node.
The U(1) factors are given by the number of overbalanced U(1) nodes in the magnetic quiver
minus a diagonal U(1). The flavor symmetry algebra of strongly coupled SU(N); +2NF is

su(2N + 1) @ u(l). (3.17)

3.2 Decoupling

5d SCF'Ts can be deformed away from the fixed point either by turning on a gauge coupling
or a mass parameter. The latter decouples a matter multiplet from the theory, which will
then flow to a new SCF'T. In this way, the 5d SCFTs fall into trees of descendants related by
mass deformations. In the M-theory realization, decoupling is implemented geometrically
by performing flop transitions on curves in the geometry [31]. In [58] it was shown that the
application for toric models in [41] can be directly generalized: decoupling can be achieved
in the pre-GTP by flopping a curve, which connects an internal vertex along the ruling to
an external vertex. Sending the mass to infinity corresponds to removing the section of
the polygon that the matter curve separates from the gauge nodes along the ruling after
the flop. As we perform the edge-moves necessary to arrive at the SCF'T point, we can
keep track of the matter curve, identify the corresponding curve in the GTP, and decouple
the associated sector. We discuss how a decoupling curve in the GTP is associated to a
(non-unique) FI deformation in the magnetic quiver, so that the deformation extrapolates
between the Higgs branches before and after decoupling.

We study the UV completion of SU(/V) with CS level 1 and 2N fundamentals, with
GTP P, and consider the theories resulting from sending a hypermultiplet mass to m —
+oo, namely SU(NV) with 2N —1 fundamentals and CS level 1/2 or 3/2. We label the GTPs
of the descendants by their CS levels. Let us first consider the transition to SU(N )3/, +
(2N —1)F. The decoupling curve is indicated in P in red, and the descendant and magnetic
quivers are

vo
Vo
: Py 3.18
P N+1 N 3/2 N N ( )
—o—e —o—e

10 01 1 1
O_ “ e _O_K)_ .« e _O O_ o “ e _O (3‘19)
1 N N 1 1 N—-—1 N—-1 N-1 1

su(2N + 1) du(l) su(2N) @ u(l)
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Decoupling the triangle (vo,vi,vanys), defined by the matter curve, changes the edges
and partitions from (3.5) to

Eﬁ = ((07 N)v (2,0), (03 N)a (_L 1)7 (_17 _1)) >
Hp = ({1N}7 {2}7 {1N}7 {1}7 {1})7

with 8 =1,...,4,int. The effect of the decoupling on the map to the magnetic quiver can

(3.20)

be described as follows. Shortening F; by 1 segment reduces the rank of the tail nodes
associated to E by 1 along the entire tail. The intersections of the blue and green nodes
with one another and the tail nodes are preserved by the internal edge, but the rank of the
green node is reduced by 1. The turquoise sub-polygon does not appear in the Minkowski
sum decomposition of Py/5. Instead the decomposition of P/ contains the new triangle
shown in maroon in (3.18). The appearance of the maroon triangle gives an new U(1) node,
which intersects with the blue triangle and the first tail node from FE3. The FI deformation
that accomplishes these changes in the magnetic quiver is

1 1
(3.21)
’_... _..._O
1 N N 1

We reach the other descendant SCEF'T by partially resolving and decoupling as

vo Vo

P: N+1 N Pip: N }V—l (3.22)
1
1 1 1 1
L (3.23)

O_ “ e . e _O O_ oo “ e _O
1 N N 1 1 N—-1 N-1 1

su(2N) @ u(1) su(2N — 1) ®su(2) ®u(1)

The new GTP is characterized by the data
E, = ((07 _N)7 (27 0)7 (O’ N — 1)7 (_17 1)7 (_170)) s
Ky = ({1N}’ {12}7 {1N_1}7 {1}3,{1}),

with v = 1,int, 3,4, 5. Decoupling the sector below the matter curve has the effect of short-

(3.24)

ening both tails by 1, and decreasing the rank of the green sub-polygon by 1. Furthermore,
the vertex at the bottom of the polygon is filled in, producing an additional length 1 tail,
connected to the blue and turqoise nodes. This is precisely the effect of the FI deformation

1 1
(3.25)
?_... _..._?
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3.3 Weak coupling

The SCFTs that we consider admit a weakly coupled gauge theory description. This is
reached from the UV by turning on a Super Yang-Mills term for a gauge group, which is
a relevant operator and thus triggers an RG flow. In the GTP we go to the gauge theory
phase by identifying the ruling, whose vertices correspond to the Cartan subgroups of the
gauge group. A UV fixed point often admits of multiple gauge theory descriptions. When
a set of 5d gauge theories have the same SCFT fixed point we say that they are UV dual
to each other.

Let us consider the gauge theory descriptions of the example SCFT with GTP P. It
admits a ruling associated with the SU(V); + 2NF gauge theory, as well as another ruling
giving rise to [1] — SU(2)V~! — [3]. We denote the GTPs of the two gauge theory phases
by Psy(ny and FPgy(g)n-1, respectively. For the latter the ruling consists of N — 1 internal
edges, corresponding to consecutively turning on a SYM coupling for the N — 1 gauge
groups. The GTPs and magnetic quivers are given by

PSU(N) P N+1 N PSU(Q)NA N+1 N (3.26)

1 1
(3.27)
o— O— - —0
1 N -1 N N -1 1
su(2N) @ u(1) su(4) @ su(2)N 2 @ u(1)

The FI deformation that gives rise to the magnetic quiver of the weakly coupled SU(N)
gauge theory should reduce the length of the short tail and the rank of the green node by
1, and redistribute the intersections of the turqoise node. This is accomplished by

1 o1
(3.28)
(1)_ P ——— e e e _?

To arrive at the SU(2) quiver gauge theory from the UV, we deform the SCFT by turning
on N — 1 independent gauge couplings, each of which corresponds to an FI deformation
in the magnetic quiver. The N — 1 transitions can be implemented as follows. The top
ruling in (3.26) (right) induces a deformation in the magnetic quiver which is equivalent
to (3.28). (Indeed this implies that the Higgs branches of the two theories coincide.) The
remaining N — 2 SU(2) rulings will then simply correspond to successively turning on FI
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parameters at the U(1) nodes in the tails:

f? fil 1 1

1
N -1 N N-1 1

l (3.29)

x(N —5)

3.4 General movement on the extended Coulomb branch

We have seen that the Higgs branches, described by magnetic quivers, of theories that
are related by decoupling hypermultiplets or turning on a gauge coupling have a direct
connection in terms of an FI deformation. For any given magnetic quiver there are, however,
many more ways to consistently turn on FI parameters than is captured by decoupling or
going to weak coupling in 5d. FI deformations in the magnetic quiver can in general
be interpreted in 5d as moving along a sub-manifold of the extended Coulomb branch,
adjusting the mass matrix in such a way that a non-trivial Higgs branch emanates there.

Distinct FI deformations may give rise to the same magnetic quiver. In particular,
it is common that the more involved FI deformations may equivalently be implemented
by composing a set of simpler deformations by applying them successively. It is therefore
convenient to introduce an organizing principle that allows us to weed out some of this
intrinsic degeneracy. We conjecture that an FI deformation which decreases the rank of
the flavor symmetry group of the 5d theory by more than 1 is decomposable into several
FI deformations. We call FI deformations which are not decomposable simple. In the
following, we will focus on these simple FI deformations. However, even within this smaller
set of deformations we encounter degeneracies, where inequivalent FI deformations produce
the same magnetic quiver.

We now specialize our example further to SU(3); + 6F, so we can give a complete
treatment of the simple FI deformations of its magnetic quiver, without the exposition
becoming too tedious. We consider all the FI deformations of the type presented in sec-
tion 2, which lower the rank of the flavor symmetry group of the 5d theory by at most 1,
and show that they correspond to partial resolutions of the GTP. We have the following
choices for turning on FI parameters at two nodes of the same rank: the two U(3) nodes,
the U(2) nodes, and four distinct pairs of U(1) nodes of which we have already consid-
ered (3.21), (3.25) and (3.28), leaving the two abelian color nodes. The U(3) deformation
gives rise to the magnetic quiver of the weakly coupled SU(3); + 6F gauge theory in (3.27)
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(left). Turning on FI parameters at the U(2) nodes we find the magnetic quiver

su(4) ®su(3) du(l)

which corresponds to inserting only the bottom ruling in Psy(g)2 in (3.26) (right). The
color U(1) nodes give rise to

|

1 2 3 3

0
-0
-0

>
e
@
w2
=

which corresponds to opening the Coulomb branch as

(3.32)

/SR

There is furthermore a number of ways to turn on FI parameters at a U(n), U(m) and
U(n +m) node, as shown in section 2. However, no new magnetic quivers are produced in
addition to the ones we have already encountered. The same is true of the U(1) — U(2)—
deformation which implements a decoupling and subsequent weak coupling limit. We note
that the set of magnetic quivers we obtain from simple FI deformations of the magnetic
quiver of strongly coupled SU(3);+6F can be summarized as comprising the weakly coupled
description and

k
/—/H
1 ... 1
(3.33)
1 2 2 1
H—/
5—k

for k=1,2,3,4.

3.5 Magnetic quivers with loops

Magnetic quivers with loops are typically associated with low-flavor 5d SCFTs. The pres-
ence of a loop implies that to turn on FI parameters at a generic set of nodes, we must
specify a path for the propagation of non-zero vevs. In the context of decoupling, the
path ambiguity is associated to the existence of multiple cones in the 5d Higgs branch of
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the descendant SCFT. Furthermore, we observe that choosing a longer path, i.e. one that
implicates more gauge nodes, usually decreases the rank of the flavor symmetry group by
more than 1. We also encounter affine Dynkin diagrams, which correspond to a movement
onto the extended Coulomb branch where we turn on a mass m and a vev (¢) such that
m —(¢) = 0.

Let us consider the UV fixed point of SU(3)3/, + 5F found in (3.18). We repeat it here

for convenience:
su(6) @ u(l)

1I 1 (3.34)
O O O

Decoupling a hypermultiplet generates a theory whose Higgs branch is described by two

e ©)

*—0O0—0

cones. In the GTP the two cones arise as two inequivalent edge colorings, whereas in the
magnetic quiver the two cones appear as we turn on FI parameters at the associated set
of gauge nodes and propagate the non-zero vevs around the loop along the two possible
paths. In other words, a single matter curve can still be associated with turning on FI
parameters at a single set of nodes, and the multiple cones arise from the ambiguity in
connecting these nodes. Sending a hypermultiplet mass to 400 we obtain the UV fixed
point of SU(3)y + 4F, whose Higgs branch is described by

\ \

(3.35)
1
A\ /Z‘\
O O o) O (3.36)
1 2 2 1 1 1 1 1
su(5) su(5) ®u(1)

If the global symmetry is not simple, it is possible that only certain simple components
act on each cone of the Higgs branch. Here we see that the u(1) only acts on the cone
described by the righthand magnetic quiver, whereas the lefthand magnetic quiver does not
see it. The corresponding FI deformation is given by moving along the top, respectively

the bottom, of the loop in
10— @1

(3.37)

R O——
RO——

@ O O
1 2 i
We note that, in correspondence with our conjecture, the lefthand magnetic quiver can
also be obtained from two separate FI deformations, e.g. by identifying two adjacent U(2)

nodes in (3.34) (right) and subsequently identifying the two adjacent U(1) nodes at the
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top. Sending a hypermultiplet mass to —oo we obtain strongly coupled SU(3); +4F, whose
Higgs branch is described by

(3.38)
1

1

O 1 1

‘ ‘ (3.39)
oO———C0O——O
1 2 1 1 1 1

su(4) su(4) ®su(2) e u(l)

For this descendant, only the cone characterized by the righthand quiver sees the full flavor
symmetry, whereas the lefthand quiver only knows about the su(4) subalgebra. The FI
deformation that implements this decoupling in the magnetic quiver is given by turning on

1 1
(3.40)
? 3 '

S A
2 2 2

FI parameters at

and propagating the non-zero vevs along the top/bottom of the loop. The lefthand quiver
in (3.39) can also be obtained by composing three FI deformations, e.g. by merging the
U(2) nodes in (3.36) (left).

Like its parent, the 5d SCFT given by (3.34) admits two weakly coupled gauge theory
descriptions, namely SU(3)3/ + 5F and SU(2), — SU(2) — [3]. We denote the GTPs of the
two gauge theory phases by Qguy(s) and Qgu(a)2, respectively. The GTPs and associated
magnetic quivers are

Qsu) : Qsu(2)? - (3.41)
1
II—TI
o—o0 O A:o (3.42)
1 2 2 1 1 1 1 1
su(5) ®u(l) su(4) @ su(2)
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To reach the magnetic quiver of the weakly coupled SU(3) gauge theory, we turn on FI

II—II

3.43
o ~ 5 (3.43)
1 1

O \9 L)
2 2 2

parameters at

taking the shortest path around the loop. The long path gives fL, which does not cor-
respond to a decoupling or gauge theory description. This transition can be decomposed
into two separate FI deformations e.g. identify the U(1) nodes connected by a double edge
in (3.36) (right). The magnetic quiver of the SU(2) quiver gauge theory is obtained by
composing the two steps

1I—I1 1 1 (3.44)
@ 0O @
1 1

O O
2 2

corresponding to first inserting the bottom ruling and then the top in Qgy(a) of (3.41).

Which other FI deformations can we perform on the magnetic quiver of (3.34) such
that the rank of the flavor group is lowered by at most 1?7 There are four distinct ways of
turning on FI deformations at two U(1) nodes, and two ways for the U(2) nodes. We have
already studied three of the deformations using U(1) pairs, namely m — 400 in (3.37)
and (3.40), and the weak coupling limit in (3.43). The remaning set of U(1)s gives

@1 F/l\“
l Q o (3.45)

O
2

O—
= ©)

=0
[\

The long way around the loop gives As. The above transition corresponds to going onto
the Coulomb branch as

(3.46)

SR\

For the U(2) nodes we can turn on FI parameters at two adjacent nodes or at the two tail
nodes. This time it is only possible to propagate through the bottom of the loop, since a
vev for the bifundamental of U(2) x U(1) does not contain enough degrees of freedom to
solve the equations of motion. Turning on FI parameters at adjacent U(2) nodes is another
way to obtain the magnetic quiver of weakly coupled SU(3)3/, +5F. The FI deformation of
the other set of U(2) nodes is decomposable into two applications of the former transition.
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Finally, we can also turn on FI parameters at two U(1) nodes and a U(2) node. There
are ten distinct ways of choosing this set of nodes, and three of them allow for multiple
paths. A single new magnetic quiver is obtained, which can be generated in two ways

1hIl

1
O O O @
1 2

1
O
2 2 1
[T o
10— 01
l 1 1 1
? S g Q ? su(3) ® su(3) P u(l)

Note that there is no choice of path in either of these deformations. The resulting magnetic
quiver characterizes the Higgs branch emanating from the point on the Coulomb branch
described by

(3.48)

*—0O0—0

3.6 Mirror symmetry and FI deformations

Let us now discuss the 3d interpretation of the mass deformations we have just studied.
We focus for simplicity on the rank 2 example discussed above, although all we do in this
section can be generalized to higher rank models.

We consider again the magnetic quiver for the SCFT UV completing SU(3)3/, with
5F, whose mirror dual is a U(2) gauge theory with six fundamentals and one hypermulti-
plet with charge 2 under the central U(1) subgroup. This latter theory can therefore be
interpreted as the dimensional reduction to 3d of the SCFT in five dimensions.

1 1
[ Mirror (3.49)
——9—9—=9 6 F— U@

The statement (3.49) can be explained as follows: we first notice that by ungauging one
abelian node, the magnetic quiver can be equivalently described as

1

H
e
20
v
e

1 1 1 1 1 1
Pt P
1 2 2 2 (1) + 1 (1> 2 2 2 Cl)
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where fusing means gauging the diagonal combination of the topological symmetries associ-
ated with the nodes colored in blue. On the left-hand side of (3.51) one can now recognize
the mirror duals of SU(2) SQCD with 6F and a free hypermultiplet and the topological
symmetries associated with the nodes in blue are mapped to the baryonic symmetry of
SQCD and the U(1) acting on the hypermultiplet respectively. We therefore conclude
that by gauging the diagonal combination of these symmetries we find the model on the
right-hand side of (3.49).

Let us now discuss all the transitions which decrease the rank of the flavor symmetry
by 1. The easiest to describe involves FI parameters at the two abelian nodes on top, which
reduces the magnetic quiver to the mirror dual of U(2) SQCD with 6F.

1 1 1
/\ (3.52)
@, O @, O
1 2 2 2 1 1 2 2 2 1

In the dual U(2) theory this simply corresponds to turning on a mass for the hypermultiplet
charged under the central U(1) only.

It is also easy to describe the deformation to the weakly-coupled theory:

1 1 1 1

(3.53)
¢ 3 7 7 7

2 2 2 2 2

where on the right of (3.53) we recognize the mirror dual of SU(3) SQCD with 5F (see
e.g. [69]). In the dual U(2) theory of (3.49) this deformation corresponds to turning on a
mass for one of the fundamentals. This reduces the theory to the dual of SU(3) SQCD with
5F recently discussed in [90]. This represents a nice consistency check of our claim (3.49).

Let us now turn our attention to the decouplings. As we have reviewed before, the Higgs
branch of the UV completion of SU(3)2 with 4F is described by two quivers. One of them
is the mirror dual of U(2) SQCD with 5F. Let us now analyze in detail this deformation
from the perspective of the U(2) theory: we should turn on an SU(5)-preserving mass for
the six fundamentals, i.e. five of them are given the same mass, which we denote as m,
and —b5m for the sixth. We can make the first five fields massless again by tuning the vev
for the scalar in the central U(1) vector multiplet. This also has the effect of making the
hypermultiplet charged under the central U(1) massive. At low-energy we are therefore left
with a U(2) theory with 5F. Here we see that we should combine a mass deformation with
a motion in the Coulomb branch. Said differently, the FI deformation describes a motion
in the extended Coulomb branch.

The magnetic quiver describing the second cone of the Higgs branch of the UV com-
pletion of SU(3)2 with 4F arises by deforming the U(2) theory to the model

[5]-U@)—-U(1) —[1] (3.54)
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Matter Fields | I3 | U(1) Mass
By 5 | —1 | Mye+o—¢
By 3| =1 | Mgy —0—¢
q 0 2 2¢ — Mu(l)

Table 1. Masses and charges of matter fields. Bj s denote the SU(2) color components of the
fundamentals and ¢ the U(1) flavor. I3 stands for the charge under the Cartan of SU(2). We also
denote with ¢ the eigenvalue of the SU(2) scalar and with ¢ the vev of the U(1) field.

which is achieved by activating a vev for the SU(2) scalar as well. This can of course
be diagonalized thus breaking the gauge symmetry to the Cartan subgroup. For ease of
presentation we collect the charges of the various matter fields in table 1.

Choosing again the mass matrix for the flavors of the form

Mgy ) = diag(m, m,m,m,m, =5m), ¢=-3m, = DM,y/2=-2m, (3.55)

the theory reduces precisely to (3.54), where the two abelian gauge groups correspond to
the sum and difference of I3 and U(1)/2 in the table.

From the above discussion we clearly see that in 3d the two cones of the Higgs
branch of the 5d theory arise by deforming (3.49) with the SU(6) mass matrix M, =
diag(m, m, m, m,m, —5m) and then restricting to different singular loci of the Coulomb
branch of the resulting theory. The corresponding magnetic quivers are simply the mirror
duals of the low-energy effective theories at the singular loci. In particular the Higgs branch
of the magnetic quiver describes the local structure of the Coulomb branch of the theory
(dimensionally reduced to 3d) in a neighbourhood of the singular loci.

With the choice

M

su

(6) — dlag(ma m,m, —m, —m, _m) , p=-m, = MU(I) =0, (356)
we can similarly obtain the theory

-U(1) -u(1) - (3.57)

This corresponds to the transition we have discussed before (see (3.47))

1 1 1 1 1
(3.58)
@ @ @
1 2 2 2 1 1 1 1
If we ungauge one of the nodes at the center of the second quiver we get equivalently
1
T (3.59)
10— b T 1 1 U1

which is indeed the mirror dual of (3.57).
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Similarly we can discuss the decoupling to the SCFT which UV completes SU(3);
with 4F. The corresponding magnetic quivers are given in (3.39). This process involves an
SU(6) mass deformation of the form

M@y = (m,m,m, m, —2m, —2m). (3.60)

Again we find the two cones by zooming in around different loci in the Coulomb branch.
If we set
¢ = MU(I) =0, ¢=m, (361)

the U(2) theory reduces to U(2) SQCD with 4F, whose mirror dual is the quiver on the
left of (3.39). The other quiver is obtained by choosing the locus

¢=-3m/2, ¢= _m/27 MU(I) =-—-m, (3.62)

which reduces the U(2) theory to

[4]-U@) - U(1) - 2] (3.63)

Again we see that the magnetic quivers of the 5d theory can be interpreted as the mirror
duals of the low-energy theories at special loci in the Coulomb branch.

Finally, let us briefly revisit the case of trivial Mg, ). We have already seen that
choosing one path around the closed loop of the magnetic quiver (3.34) we find the mirror
dual of U(2) SQCD with 6F. Choosing the other path leads instead to the As quiver plus
one free hypermultiplet, which is the mirror dual of SQED with 6F plus one twisted free
hyper. This is the low-energy theory on the locus ¢ = ¢ = a with a arbitrary. The twisted
free hyper is identified with the variation of the modulus a. We therefore see that we have
a flat direction in the Coulomb branch and this explains why the magnetic quiver has a
one dimensional Higgs branch although the theory we are discussing has rank two.

In conclusion, this analysis illustrates the fact that the magnetic quivers describe the
structure of the theory at the singular points in the moduli space of the SCFT, dimension-
ally reduced to 3d. When the Coulomb branch is a cone we have a single magnetic quiver
which is the mirror dual of the SCFT. When instead there are multiple singular loci in the
Coulomb branch, we have for each one of them a quiver which is the mirror dual of the
low-energy theory at the corresponding singular locus. When the singular locus is not a
single point but rather a submanifold the dimension of the Higgs branch of the magnetic
quiver is lower than the rank of the SCF'T and is accompanied by free hypermultiplets, re-
flecting the presence in the low-energy theory of free twisted hypermultiplets whose moduli
parametrize the motion along the singular locus.

4 (Dpn42, Dny2) conformal matter descendant tree

In this section we study the descendants of the (Dy 42, Dy42) conformal matter theory (for
the definition of six-dimensional conformal matter see [91]). In the polygon description, we
can successively decouple fundamental matter multiplets by flopping out the corresponding
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curves. These curves are easily identified in the pre-GTP, which describes the gauge theory
phase, and can be traced through the edge-moves to the corresponding curves in the GTP.
A matter curve in the pre-GTP connects a vertex bounding the ruling to a vertex along an
external edge. Sending a fundamental mass to +0o0 or —oco corresponds to a matter curve
emanating from either end of the ruling, and respectively increases or decreases the CS by
% in the decoupling.

The pre-GTP representing the gauge theory phase of the first descendant SU(N)
(2N + 3)F is (drawn for N = 4)

+

1
2

N+2
N+1 (4.1)

To reach the SCFT point, we must remove the non-convexities by applying edge-moves.
This can be achieved by first exchanging the (—1,—1)- and (—1,0)-edge at the top, and
subsequently pruning the (1,1)- and (1, —1)-edges at the bottom of the polygon:

/ AN
Mo / N

Vot } } {

N+1 2 N+1

Taking the bottom left vertex as the origin and using the definitions in [58] the transfor-
mations are summarised as

T =My PP (4.3)

For the UV completion of SU(N)1 + (2N + 3)F the unique edge coloring is

NI

/ AN
N+1 / AN

1 | I |
Vot T T 1

N+1 2 N+1
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The data of the decomposition is

da=(2N+4,N+1,2,N+1), po = ({PVH AN + 13, {2} {N + 1}),
)‘Z(; = (2303270)3 Ml; = ({2}3*’{2}7*)’
M =2N+2,N+1,0,N+1), wh={N+1,N+1},{N+1},—,{N+1}),
(4.5)
which results in the nodes
ml =2, md=N+1, miz=(N+2,2N+2,2N +1,...,1), (4.6)
and non-zero intersections
ko=1, k=1, (4.7)

as well as nearest neighbours intersecting once in the tail. Thus, the magnetic quiver is

ON +1

T S A e e N (4.8)

su(4N + 8)

Using this theory as a starting point and with a decoupling we get either SU(N); or
SU(N)g with 2N + 2 flavors. By further decoupling (always with positive sign) we get the
two sequences SU(N) k1 with 2N + 3 — k flavors or SU(V) 1 with 2N + 3 — k flavors.
These two sequences are described by the FI deformations in2ﬁgure 5. We note that the
magnetic quivers of the descendants of (Dy42, Dy42) conformal matter are star shaped
for Ny > 2N — 1. At Ny = 2N — 1 a loop appears, which results in multiple cones for
Ny < 2N — 1. The corresponding descendant tree of GTPs is given in figure 6.

5 Ty theory

We will now study the Ty theory, its parent SCFTs and its Lagrangian descriptions. In
particular we are interested in relating the magnetic quivers describing the Higgs branches
of these 5d theories through FI deformations. The GTP of Ty is (drawn for N = 5)

where we have also given the unique edge coloring with

Ao = (N7 N, N), Mo = ({1N}a{1N}’{1N})7 (5 2)
)\ZZ(N,N,N), Hch:({N}7{N}’{N})v

which results in the nodes
my =N, Moy =N —-1,N—-2,...,1) Va (5.3)
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Figure 5. The decoupling trees for SU(N)% with 2V 4 3 — k flavors (on the left) and SU(N)%
with 2N + 3 — k flavors (on the right). We exhibit explicitly all the deformations from k& = 0 to
k = 4. Notice that apart from the first decoupling we always turn on FI parameters at two abelian
nodes and in this case the deformation is equivalent to a standard quiver subtraction. If we proceed
further with the decoupling the Higgs branch becomes the union of multiple cones, each described
by a quiver. With our procedure this arises because the magnetic quivers for k£ = 4 contain closed
loops and therefore we have multiple choices for the set of bifundamentals for which we turn on a
vev. The FI deformation leading to the k = 5 magnetic quivers is given explicitly.
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Figure 6. The GTP decoupling trees for SU(N)% with 2N + 3 — k flavors (on the left) and
SU(N)% with 2N 4+ 3 — k flavors (on the right), drawn for N = 3, corresponding to the FI

deformations shown in figure 5.

~ 99 —



and non-zero intersections
kS, =1Va (5.4)

along with nearest neighbours intersecting once in the tails. Hence, the magnetic quiver is

1

2
(5.5)
N -1
e o o oO0—0
1 2 N -1 N N -1 2 1
su(N)3

5.1 Parent SCFTs

The respective parent and “grandparent” SCF'Ts of T are the so-called Py and G theo-
ries. The GTPs of these theories can be obtained by constructing the pre-GTP representing
their low energy Lagrangian descriptions

Gn : [N+1]—SU(N—1)% — - = SU(2) — [3]
[N +2] —SUN — 1) —---—SU(2) — [2]
(5.6)
Py : [N]=SU(N —1)p —--- —SU(2) — [3]
[N—l—l]—SU(N—l)% — - =SU(2) — [2]
and performing edge-moves to reach the SCFT point. For G we find
N /| N
/ \ (5.7)
Vo — % % —
N N -1 N
with
A =BN-1,N,N—-1,N), o = {13V {N}{N =1}, {N}),
A= (N —-1,0,N —1,0), = ({N -1}, — {N —1},-), (5.8)
)\g:(2N,N,O,N), :U’gz:({NvN}?{N}’_v{N})?
which results in the nodes
mb:N—l, mId =N, miy = (2N —2,3N —3,3N —4,...,1), (5.9)
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and intersections
ko=1, k=1, (5.10)

as well as nearest neighbours intersecting once in the tail. Thus, the magnetic quiver is

.

i 5 BN e s 2 N (5.11)

su(3N)

The matter curves which give Py and Ty are

/| N\
N / N
/ N (5.12)

Resolving by either curve on its own and decoupling gives a representation of Ppy:

/

/ (5.13)

N -1 N

The two representations are related by pruning the horizontal edge, i.e. in the left polygon
we move a single segment from the bottom edge anti-clockwise through the polygon to
give the top horizontal edge in the right polygon. Three edges are created in the process,
realizing Hanany-Witten brane creation. Further decoupling using the other curve gives Tl .

The magnetic quiver of Py can be obtained from that of G by turning on FI defor-
mations at the U(N) node in the tail and the green node of the same rank (equivalently,
we could use the U(2N — 1) node in the tail and the two color nodes). Subsequently,
the magnetic quiver of T, may be obtained by turning on an FI parameter either at the
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U(N — 1) node in the long tail and the central U(N — 1) node (red), or at the two U(NV)
nodes (blue):

IN
o——_0— " —@— -+ —0O O

O
1 2 N BN-43N-32N—-2 N=1
l (5.14)
N-1
O_ “e e _._._ e .. o _O
i N—-1 N 2N-2 N NZ1 i
su(2N) & su(N)
From either of these transitions we recover the magnetic quiver of Th.
5.2 IR descriptions
Tn has a Lagrangian description as
[N] =SU(N — 1) — SU(N —2) —--- = SU(2) — [2]. (5.15)

In the toric polygon, we can go to this weak coupling description by successively introducing
a set of N — 2 internal edges as follows

N b (5.16)

The left-most ruling corresponds to turning on a SYM term for the SU(N —1) gauge group.
The magnetic quiver of this theory is obtained from that of T by an FI deformation at

two U(1) nodes
Tl Tl

N -1 Em— 1T N -2
o— —e Oo0— ' —O0—0—O0—0— - —@
1 N-—-1 N N-1 1 1 N—-2 N—-1 N—-1 N-=-2 1
(5.17)
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The second ruling from left in (5.16) is associated to the SU(N — 2) gauge group. The
magnetic quiver of this theory is obtained from the FI deformation indicated in the right-
hand magnetic quiver of (5.17). By iterating this procedure of turning on FI parameters
at the U(1) nodes in the symmetric tails, after N — 2 times, we arrive at the following
magnetic quiver for the IR Lagrangian theory (5.15):

N—2
/—/H
1V1
2 N (5.15)
i l NZ1 NZ2 D) il
1

with flavor symmetry algebra su(N)@®su(2)? for N # 3 and, for N = 3, the balanced nodes
form 55 .

In [41] a new weakly coupled gauge theory description for Tj was found, with
three SU(2) gauge groups with a trifundamental half-hypermultiplet in the representa-
tion %(2, 2,2) among them, as well as 2 fundamentals associated to each gauge group. The
corresponding partial resolution is

(5.19)

This ruling structure is associated to three transitions in the magnetic quiver, namely

01
@2 1
03 1I 2 1
O @ O O O O O O @ O
1 2 3 4 3 2 1 1 2 3 2 1
l (5.20)
1 1 1 1
1 1 —
2 ? 2 2 Cl)
T T 1 1
su(2)8
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5.3 New lagrangians from FI deformations

In this section we will see how the analysis of FI deformations can be helpful to guess new
low-energy lagrangian descriptions for 5d SCFTs. We will focus on the case of Py theory,
for which we find a new linear unitary quiver. The basic idea is to turn on FI deformations
(in one-to-one correspondence with the number of simple factors in the gauge group) until
we find the 3d mirror of a gauge theory. Notice that this argument alone does not allow
us to determine the value of the CS levels or 6 angles.

We proceed inductively, starting from the magnetic quiver of Py theory given in (5.14).
We first activate FI parameters at the U(1) and U(2) nodes on the right.

ON-—1
O_..._O_O_..._O_O_O_..._’_‘
1 N -1 N 2N-2 N N-1 2 1
(5.21)
1 IN—2
o—0— - O—O—O0— -+ —O0—0
1 2 2N — 42N — 42N —4 N -2 2 1

This deformation leads to the second quiver in (5.21), which describes (i.e. is the 3d mirror
of) an SU(2N — 4) vector multiplet coupled to 2N — 2 flavors and to an SCFT whose 3d
mirror is given by the quiver

(5.22)

1 2 2N —4 N -2 2 1

Notice that the central node is underbalanced and we can use the Seiberg-like duality
of [92]:

U(n) w/ 2n — 1 flavors ~ U(n—1) w/ 2n — 1 flavors + 1 free hyper. (5.23)
With this modification both the U(N — 2) above and the U(2N — 3) on the left become
underbalanced and we can apply the duality again. Once we get rid of all the underbalanced
nodes with this procedure, we find 4N — 8 decoupled hypermultiplets, organized into 2

flavors of SU(2N — 4), and an interacting SCFT which can be identified with Pn_3. We
therefore end up with the theory

Py_o—SU(@2N —4) —[2N]. (5.24)

By iterating the above argument, we conclude that for N odd (N = 2k + 1) after k FI
deformations we end up with the quiver

Py —SU(6) - --- — SU(2N —4) —[2N]. (5.25)
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Setting N = 3 in (5.21) we recognize the magnetic quiver of the rank-1 E7 theory, which
flows to SU(2) with 6 flavors and therefore the final answer is

SU(2) — SU(6) — --- — SU(2N —4) —[2N|. (5.26)

For N even (N = 2k) instead, after k — 1 FI deformations we get

Py —SU(8) —--- —SU(2N —4) —[2N|. (5.27)

Let us now focus on the FI deformation of P;. For N = 4 we recognize the second
quiver in (5.21) as the 3d mirror of SU(4) with 8 fundamentals and 1 anti-symmetric
hypermultiplet. Overall, the theory after k£ FI deformations becomes

—SU(4) —SU(8) —--- — SU(2N —4) —[2N|. (5.28)

We can substantiate that the new Lagrangians in (5.26) and (5.28) indeed UV complete
to Py by constructing pre-GTPs realizing the gauge theories, and showing that they can
be put into the form (5.1). The pre-GTP of the quiver gauge theory in (5.26) with (CS
levels 0) is shown to the left

N+1
2
N
v+
\ N Todd 1 o
(5.29)
. N
N
N\
\ N
1 - 1 il 1

where the SU(2) gauge node sits along the left-most ruling with no matter multiplets. The
ranks of the gauge groups increase in steps of 4 to the right, until SU(2N — 4) with its 2N
hypers sitting along the right-hand vertical edge. The (1,1) and (1, —3) edges furnish the
bi-fundamental matter. In the notation of [57], applying the edge-moves given by

Todd = MM, .. W@ , (5.30)
2

renders the polygon convex, giving exactly the GTP of Py in (5.1) (left). The pre-GTP
of the gauge theory with anti-symmetric matter in (5.28) (and CS levels 0) is shown to
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the left

% i ———7 3 e S 3

N
Vo4
\ o e i 2N
(5.31)
\\
3N N
\
AN
\ N
T

where the left-hand sector with the white vertex supplies the anti-symmetric matter, and
the SU(4) sits along the left-most ruling. Again, the ranks of the gauge groups increase in
steps of 4 to the right until SU(2N — 4), which has 2N hypers sitting on the vertical edge.
Applying the following edge-moves,

Teven =M M, ... 93@_1 , (5.32)
2
gives the GTP of Py.
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