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Abstract

This thesis is about recent developments in the study of perimeter mini-
mizing sets in RCD spaces, based on the works [94, 70] and an unpublished

note.

After the introduction presented in Chapter 1, where we motivate the
study of perimeter minimizing sets in RCD spaces and give an overview
of our contributions, in Chapter 2 we collect the background material

relevant to our purposes.

In Chapter 3 we present a monotonicity formula for perimeter minimiz-
ers in RCD(0, N) metric measure cones and derive a few applications,
most notably a stratification result for the singular set of perimeter min-
imizing sets in non-collapsed RCD(K, N) spaces. We also show that if
(X,d,H") is a non-collapsed RCD(0, N) space with Euclidean volume
growth containing an entire perimeter minimizer, then every blow-down
of X contains a globally perimeter minimizing cone. This last result is
new even in smooth Riemannian geometry. This chapter is based on a

joint work with Mondino and Semola [94].

Chapter j is based on a joint work with Cucinotta [70]. We prove a reg-
ularity result for perimeter minimizing sets in spaces arising as pointed
Gromov-Hausdorff limits of Riemannian manifolds with uniform two-sided
bounds on the Ricci curvature. More specifically, we show that the Haus-
dorff dimension of the singular set of perimeter minimizers is at most
n — 5, where n is the dimension of the ambient space. We also provide an

example showing that our estimate is sharp.

Chapter 5 presents some results regarding Modica-Mortola-type approxi-
mations of the isoperimetric problem in non-collapsed RCD metric mea-
sure spaces. Specifically, we show how the perimeter functional can be
approximated by suitable Cahn-Hilliard functionals [51, 141, 140]. We
also explore the case where the approximating functionals are defined on

a sequence of pointed Riemannian manifolds converging in the pointed



Gromov-Hausdorff sense to a limit space (X, d, p), on which the perimeter

functional is defined.



Contents

1

2

Introduction

1.1 An overview of Ricci curvature. . . . . . . ... ... .. ... ...
1.2 A synthetic notion of Ricci curvature bounds . . . . . . .. ... ...
1.3 Finite perimeter sets in RCD spaces . . . . . . .. ... ... .....
1.4 Contributions . . . . . . . ... ...

Preliminaries

2.1 Analysis on metric measure spaces . . . . . . . ... ...
2.1.1 Basic definitions and notation . . . . ... ... .. ... ...
2.1.2 Hausdorff measures . . . . . . .. ... ... L.
2.1.3 Absolutely continuous curves . . . . .. ... ... ...
2.1.4 Sobolevcalculus. . . .. ... ... ... .. . .
2.1.5 Infinitesimal Hilbertianity . . . . . .. ... .. .. ... ...
21.6 Heat flow . . ... ... .. .
2.1.7  Optimal transport tools . . . . . . .. ... ...

2.2 Convergence of metric measure spaces. . . . . . . . . . . . .. .. ..
2.2.1 Basicdefinitions. . . . . .. Lo L oo
2.2.2 Ricci limit spaces . . . . .. ..o oo
2.2.3 Convergence of functions . . . . . . .. ... ...

2.3  RCD metric measure spaces . . . . . . . . . . it
2.3.1 Curvature dimension conditions . . . . . . .. ... ... ...
2.3.2 RCD condition . . ... ... ... ... .. . ... ...
2.3.3 Some properties of RCD spaces . . . ... ... ... .....
2.3.4 Regularity theory of RCD metric measure spaces . . .. ...
2.3.5 Heat flowin RCD spaces . . . . ... ... ... ........
2.3.6  Stability properties of functions . . . . .. ... ... .. ...
2.3.7 Non-collapsed RCD spaces . . . . . . ... .. ... ......
2.3.8 Metriccones . . . . . ..o

S S

11



2.3.9 Tangent modules . . . . .. .. ... oL 45

2.3.10 Quasi-continuous vector fields . . . . ... ... ... .. ... 48

2.4 Finite perimeter sets in RCD metric measure spaces . . . . . . .. .. o1
24.1 BV functions . .. ... ... ... oo 51
2.4.2 L'convergence of sets . . . . ... . ... ... ... ..., o4
2.4.3 Finite perimeter sets in RCD spaces . . . . . . ... ... ... 55
2.4.3.1 Operations on finite perimeter sets . . . . . . .. .. 61

2.4.4  Perimeter minimizing sets . . . . .. ... ... 63
2.4.5 Isoperimetric regions . . . . . . .. ... 66

3 Monotonicity formula and stratification 69
3.1 Introduction . . . . . . . ... 69
3.1.1 Monotonicity Formula . . . . ... ... ... 000 71
3.1.2  Stratification of the singular set and other applications . . . . 72

3.2 Monotonicity formula . . . . .. ... 0o 75
3.3 Stratification of the Singular Set and further applications . . . . . . . 90

4 On the dimension of the singular set of perimeter minimizers in

spaces with a two-sided bound on the Ricci curvature 108
4.1 Introduction . . . . . . . . .. . 108
4.2 Second variation formula in Euclidean spaces . . . . . .. .. .. ... 111
4.3 Proof of the main results . . . . . .. .. .. ... 0L 113
5 Approximation of the perimeter functional in RCD spaces 125
5.1 Introduction . . . . . . . .. ... 126
5.2 Fixed ambient space . . . . . ... .. oo 132

5.3 Variable ambient space . . . . . .. ... Lo 140

i



Chapter 1

Introduction

This thesis covers topics related to the structure of perimeter minimizers in RCD
spaces. In the following chapters, we present results obtained in collaboration with
Alessandro Cucinotta, Daniele Semola and Andrea Mondino in [70, 94] and in an
unpublished work.

The aim of this chapter is to provide some motivations for the results presented
in this thesis by offering a concise overview of the developments that underpin the
results presented in the other chapters. It draws inspiration from [171], as well as [7,
59, 179, 109, 185].

1.1 An overview of Ricci curvature

Curvature is a fundamental concept in non-Euclidean geometry, describing how a
space deviates from the Euclidean model. This deviation is captured by the full
curvature tensor, a complex four-tensor whose complete understanding remains chal-
lenging.

A useful way of interpreting the curvature tensor is through the sectional curva-
ture. Given a Riemannian manifold (M, g), the sectional curvature is a smooth real-
valued function K on the Grassmannian of two-dimensional planes over the tangent
space. A heuristic on the sectional curvature is the following: given two orthonormal
tangent vectors u, v € T,M at a point p € M, the sectional curvature K (u, v) (that is,
applied to the plane spanned by u and v) provides the dominant term in the deviation

from the Euclidean case of the distance between geodesics starting from p:
K
(W0) O(t3))

as t — 0. Therefore, positive sectional curvature corresponds to a contraction of

dy(exp,(tu), exp,(tv)) = V2t <1 —

distances. This can also be seen in Topogonov’s theorem, which, briefly put, states



that on a complete Riemannian manifold (M, g) with non-negative sectional curvature
geodesic triangles are “fatter” than their Euclidean counterparts. More precisely,
given three distinct points p,q,r € M, let cg,cy,co denote the minimal geodesics
connecting p to ¢, p to r and q to r, respectively, all parametrized by arc length.
Notice that |co| < |e1| + |c2|, where |¢;| denotes the length of ¢; for i = 0,1,2. Let
a; € [0, 7] for i = 0,1 denote the angle at p and ¢ formed by the geodesics, respectively.
Then there exist p, §,7 € RY with corresponding minimal geodesics &y, ¢1, G2 such that
le;| = |&] for i@ = 0,1,2 and the corresponding angles &; satisfy &; < «;, i = 0, 1.
Moreover, dgyua (7, ¢o(t)) < dy(r,co(t)) for any ¢t € [0, |¢o|]. Conversely, if all geodesic
triangles in (M, g) are “fatter” than the Euclidean ones, then (), g) has non-negative
sectional curvature. Therefore, Toponogov’s theorem fully characterizes non-negative
sectional curvature just in metric terms.

Another important geometric object that quantifies the distortion from Euclidean
spaces is the Ricci curvature. The Ricci curvature is a smooth tensor which is a
symmetric bilinear form on the tangent space T,M at each p € M. It is an average
of the sectional curvature in the following sense: given u, eq, ...,en € T, M such that

{u, es,...,en} forms an orthonormal basis of 7, M, then

N
Ric(u,u) = Z K(u,e;),
i=2

where N € N is the dimension of the manifold. If v = 0, set Ric(u,u) = 0.
Analogously to how the sectional curvature provides a way to quantify the dis-

tortion of distances from Euclidean geometry, the Ricci curvature determines the

deviation of volumes. Namely, given a set of normal coordinates centered at p € M,

the volume element has the following expansion

N
1 :
dvol, = (1 ~ 3 E Ric;jxiz; + O(]a:|3)> :

ij=1
where Ric;; denotes the ¢, j-th coefficient of the Ricci curvature in local coordinates
and z; denotes the i-th coordinate of the point we are evaluating the volume form
at in local coordinates. Consequently, if Ric(u,u) > 0, the area swept by a tightly
focused family of geodesics emanating from p with direction close to u will have locally
smaller volume than its Euclidean counterpart.

Another classical way of thinking of the Ricci curvature is as a negative Laplacian
of the metric ¢g. Indeed, given a suitable set of harmonic coordinates xz; about p, one
has

1
Ric;; = _iAgij + lower order terms.



This is often cited as a heuristic for the regularization properties of the Ricci flow
Egt = —QRZ'CQ“

given the analogy with the heat equation.

We present two further formulas where the Ricci curvature codifies the distortion
from the flat Euclidean behavior, which we borrow from [184, chapter 14].

Given a smooth function ¢y : M — R, consider the family of deformations given
by

Ti(x) = exp(tV4).
Let J(t) := det(D,Ti(x)). We can interpret this quantity as the infinitesimal

volume distortion of the map T;. Up to regularity issues given by the presence of cut

loci, one can infer that

d? ny |, Ric(¥,7) n
o () + FA (<o
where 4 := £T,(x). Moreover, the following inequality, known as the Bochner in-

equality, can be obtained

V[ (Ay)?

n

A — Vi VAY > + Ric(V), V).

Let us point out that, contrary to results involving lower sectional curvature
bounds, results regarding the lower Ricci curvature bounds are often coupled with
upper bounds on the dimension of the manifold. We say that the Ricci curvature is
bounded from below by k € R if Ric > kg. The better known consequences of such
bounds are Myers theorem [151], stating that a manifold with Ricci curvature posi-
tively bounded from below has finite diameter; the Bishop-Gromov inequality [110]
on monotonicity of volume ratios; the splitting theorem due to Cheeger-Gromoll [64];
the heat kernel bounds obtained by Li-Yau [129]; several spectral gap results and
the Lévy-Gromov isoperimetric inequality [110]. On the other hand, it was shown
by Lohkamp [131] that any manifold of dimension greater or equal to three admits a
complete metric having Ricci curvature bounded from above and below by negative
constants. This suggests that having an upper bound on the Ricci curvature has no
topological implication for a manifold.

In [110], Gromov was able to show that volume doubling (implied by the Bishop-
Gromov inequality in the case of Riemannian manifolds with non-negative Ricci cur-
vature) is a sufficient condition for precompactness in the topology induced by the

pointed Gromov-Hausdorff convergence, which is an intrinsic notion of convergence



for pointed metric spaces. This renowned observation inspired the study of limit
points in the Gromov-Hausdorff topology of Riemannian manifolds with a uniform
lower bound on Ricci curvature and an upper bound on dimension, known as Ricci
limit spaces. The theory of Ricci limit spaces was developed by Cheeger-Colding in
[61, 62, 63] and it soon attracted plenty of interest. Many authors contributed to the
field, which is still an active field of research. We recommend the excellent survey
[152] for an overview of the topic. The study of the properties of Ricci limit spaces
has proved fruitful in understanding smooth Riemannian manifolds with a lower Ricci
curvature bound. For instance, in [66, 117] the absence of certain types of singularities
in Ricci limit spaces was one of the core steps needed to show uniform L? bounds on
the Riemannian curvature for Riemannian manifolds having bounded Ricci curvature
and volume bounded from below.

A natural question about Ricci limit spaces is whether lower bounds on the Ricci
curvature and upper bounds on the dimension can be formulated in a synthetic sense
(that is, without relying on smoothness) and whether Ricci limit spaces satisfy such
a formulation in a meaningful way. This question gained further motivation from
the success of Alexandrov space theory [2, 50, 172], where lower sectional curva-
ture bounds are encoded through the triangle comparison inequalities of Toponogov’s

theorem.

1.2 A synthetic notion of Ricci curvature bounds

The key insight for formulating a synthetic notion of lower Ricci curvature bounds
and upper dimension bounds emerged from optimal transport, which enables the
localization of these conditions along individual directions. The origins of optimal
transport trace back to Monge (1781) and Kantorovich (1942). At its core, optimal
transport seeks to address the following problem. Given two Polish spaces (X,d) ,
(Y, p), a lower semicontinuous function ¢ : X xY — [0, co] known as the cost function,
and probability measures 1 and ¥ on X and Y respectively, determine the existence

and the properties of the distribution that achieves the infimum in

inf {/ny c(z,y) dﬂ(ay)} ,

where the infimum is taken over all probability measures m on X x Y whose first and
second marginals coincide with p and v, respectively.

A case of interest is when X =Y and ¢ = d?. A breakthrough was obtained by
McCann [138], who realized that certain entropy functionals over (Po(RY), Ws) are
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convex, where Wy is the Wasserstein distance, which is naturally induced by optimal
transport. Later, in [68, 163] it was shown that a Riemannian manifold (M, g) has a

lower bound on the Ricci curvature if and only if the entropy functional

In(p) dvol, if u = pdvol,,
gm(u)::{fxp (p) dvoly if p = pdvol,

00 otherwise

satisfies suitable convexity properties along Ws-geodesics in Po(M). For instance,
non-negative Ricci curvature corresponds to usual convexity. Consequently, in in-
dependent works, Sturm [179, 180] and Lott and Villani [132] recognized that the
K-convexity of the relative entropy functional above could be used as a synthetic def-
inition of Ricci curvature bounded from below by K, and introduced the CD(K, o)
condition. The theory attracted plenty of interest and grew rapidly. For an overview,
see [7] and the references therein. However, it was soon understood that Finslerian ge-
ometries where not excluded by the CD(K, N) condition. For instance, (RY, |- ||, LY)
satisfies the CD(0, V) condition regardless of the chosen norm || - ||. Moreover, con-
trary to Ricci limit spaces, no splitting theorem was available for CD(K, N) spaces.
In [16] Ambrosio, Gigli and Savaré introduced the Riemannian Curvature Condi-
tion RCD(K, 00) by requiring the Sobolev space H? to be a Hilbert space. Such
a condition is known as infinitesimal Hilbertianity [99]. In [16] the authors required
the reference measure to be finite and assumed a stronger version than the standard
CD(K, 00) condition. Soon afterwards, the paper [23] extended the results to the
case of o-finite measures, also relaxing the assumption to the standard CD(K, o)
condition. The field of RCD spaces developed quickly and many properties of RCD
spaces were soon established. Again, we recommend [7] for an overview of the theory.

In [183, Remark 4] it was pointed out by De Philippis, Mondino and Topping
that, following the topological manifold regularity of three dimensional non-collapsed
Ricci limit spaces obtained by M. Simon [174] and by M. Simon and Topping [175],
there are examples of RCD spaces which are not the non-collapsed limit of smooth
Riemannian manifolds with non-negative Ricci curvature. This suggests that the
class of RCD spaces might be larger than that of Ricci limit spaces, implying that
it does not provide a sharp synthetic characterization of the latter. However, recent
developments have confirmed that the interest in RCD spaces is not limited to their

relationship with the theory of Ricci limit spaces.



1.3 Finite perimeter sets in RCD spaces

Following the contributions [80, 142, 47], among others, a comprehensive understand-
ing of the structure of RCD (K, N) spaces, up to sets of null reference measure, had
been achieved. It seemed natural to pursue the analysis further and understand the
structure of these spaces up to a codimension-1-negligible set. Such goal was initiated
by Ambrosio, Brué and Semola in [11].

Let us start this section by giving a brief overview of the theory of minimal sur-
faces in the smooth setting. The Plateau problem consists in finding the surface of
least area spanning a given contour. It consists of one of the most classical problems
in the calculus of variations. It lies at the intersection of many branches of math-
ematics, and it has generated a vast amount of mathematical theory over the past
one-hundred years. It is the prototype of various applications in mathematics and
physics. Notably, Schoen and Yau [169, 170] relied on the theory that stemmed from
it in their celebrated proof of the positive mass theorem. It has also been generalized
in several ways. Its very formulation has proven challenging. For instance, how gen-
eral are the surfaces that one should consider? Several different theories have been
proposed. Any satisfactory variational theory should address two main problems:
existence and regularity. These properties allow us to compute interesting geometric
quantities and draw additional conclusions.

One of the first successful variational theories to tackle a version of the Plateau
problem in codimension one is that of finite perimeter sets. It was originally de-
veloped by De Giorgi in [74] after Caccioppoli. Sets of finite perimeter are general
enough to naturally provide an existence theory. For this reason, they are not neces-
sarily smooth. Nonetheless, they satisfy an important structural property known as
De Giorgi’s structure theorem [74]. This theorem states that the boundary of a finite
perimeter set, interpreted in a suitable measure-theoretic sense, is rectifiable (see also
[136, chapter 15] for a modern introduction to the topic). An alternative approach
was adopted by Federer and Fleming [93], who considered integral currents. Loosely
speaking, k-dimensional currents are defined as the dual of k-forms. In codimension
one, such theory is equivalent to that of finite perimeter sets as it can be shown that
integral currents are countable integer combinations of boundaries of sets. The theory
of integral currents provides a robust existence theory of minimizers in every codi-
mension and to related variational problems. The regularity theory in codimension
one was studied by several authors between the sixties and the nineties, most notably

De Giorgi, Almgren, Fleming, Pitts, Simons, Federer, Bombieri, Giusti, Simon. Let



us mention that, briefly put, a point x on the boundary of a finite perimeter set E is
regular if there exists > 0 such that 0E N B,(z) is a smooth hypersurface. A point
is said to be singular if it is not regular. A summary of the best theorems available in
the smooth setting is as follows (see [77] for an introduction to the topic of regularity

of minimizing currents). Here, N denotes the dimension of the ambient space.

e When N < 7 the singular set is empty. This result was obtained in subsequent
works [74, 95, 75, 5, 176].

e When N = 8 the singular set consists of isolated points. See [92].

e When N > 9 the singular set has Hausdorff dimension less or equal to N — 8
([92]) and is countably N — 8 rectifiable ([173]).

e For every N > 8 there are area minimizing integral currents in the Euclidean
space RY that have N —8 Hausdorff measure of their singular set strictly greater
than zero ([40]).

Given a Riemannian manifold (M, g), a hypersurface ¥ C M and a smooth com-
pactly supported vector field X, one may consider the first and second variation of
the area ¥ along X. This can be generalized to the setting of finite perimeter sets
and currents. Y is said to be stationary if its first variation is equal to zero along
all compactly supported smooth vector fields. Moreover, ¥ is said to be stable if
it is stationary and its second variation is greater or equal than zero for all smooth
compactly supported vector fields. An important tool used in the regularity theory of
perimeter minimizing sets is the monotonicity formula obtained by testing the first
variation formula with radial vector fields. It states that, given a stationary finite
perimeter set £ C RY (analogous results hold in the setting of integral currents), the

quantity
Per(E, B,(z))

CUNTN_l
is increasing for all x € RY and r > 0. One of the consequences of the monotonicity
formula is that the density
Per(E, B, (x
On_1(E,z) = lim (—w
r—=>0  WN_1T -1
is defined at every point € RY. Another important consequence of the monotonic-
ity formula is that the rescalings of perimeter minimizing sets at boundary points
converge to perimeter minimizing cones, called tangent cones. In his fundamental
work [74], De Giorgi realized that the existence of one flat tangent cone at a point is

sufficient to conclude that such point is regular.

7



The study of the structure of the singular set of minimizing integral currents is
one of the main subjects of regularity theory. A fundamental result in that direction,
which also constitutes a first step of the results in higher codimension due to Almgren
[6] is the stratification of the singular set of minimizing integral currents. Loosely
speaking, given k € N, the k-singular stratum is the set of points whose tangent
cones split at most R*. The Almgren stratification (cf. [188]; see also [92]) states
that the k-stratum has at most Hausdorff dimension k. This result is widely used to
analyze singularities in geometric analysis, for instance in the field of mean curvature
flow and harmonic maps ([188]).

The regularity theory of minimal surfaces has been extended to different settings.
When the codimension is greater than one, Almgren ([6]) showed that the singular
set of minimizing integral currents of dimension m > 2 has Hausdorff dimension at
most m — 2. In [91] Federer showed that there exist minimizing integral currents of
m — 2 Hausdorff dimension greater than zero in R™"2 for every m > 2. In the setting
of stationary varifolds, Allard [4] showed that the singular set is meager. For stable
hypersurfaces a deep regularity theory has been developed in [167, 168, 189]. Many
questions remain open in higher codimensions.

A related problem to that of minimal surfaces is that of approximating the area
functionals by smoother functionals in an appropriate sense. To this end, Mod-
ica and Mortola [141, 140] showed that suitably rescaled phase-transition energies,
known as Cahn-Hilliard energies, ['-converge to the perimeter functional with a vol-
ume constraint. Without going into the details, let us mention that, under suitable
compactness properties, if a sequence of functionals I'-converges, then a subsequence
of the minimizers of such functionals converges to a minimizer of the limit functional.
The theory saw many developments. Notably, we report the result of Pacard and
Ritoré [157], who showed that one may construct solutions to the Allen-Cahn equa-
tion (the Lagrange equation of the unconstrained Cahn-Hilliard energy) by assuming
the existence of a stationary hypersurface and other suitable assumptions. On the
other hand, Guaraco [112, 96|, building on a deep regularity theory obtained in [115,
189, 182], was able to show that solutions to the Allen-Cahn equation converge to
(unstable) minimal surfaces. This result provided an alternative proof of Yau’s con-
jecture [190], which states that every three-dimensional manifold contains infinitely
many (immersed) stationary surfaces. This conjecture was previously solved by [137,
116, 177] who relied on a min-max construction of stationary hypersurfaces due to
Almgren and Pitts (see the introduction of [78]).



A natural first step in studying objects that minimize the area in the non-smooth
setting is to study finite perimeter sets. In the non-collapsed RCD(K, N) setting, in
[11] the authors studied sets of finite perimeter in RCD spaces. Let us point out that
the problem of understanding the structure of RCD spaces up to a codimension-1-
negligible set was also studied in [80, 118, 43], where the authors provided a satisfac-
tory definition of the boundary of an RCD space, linked to the behavior of tangent
cones, and investigated its structural properties.

In [11], the authors succeeded in obtaining stability properties of finite perimeter
sets under a suitable notion of convergence along sequences of RCD spaces converg-
ing in the Gromov-Hausdorff sense. They also obtained that the tangent to a finite
perimeter set is unique and equal to a half space up to a set of zero perimeter measure.
The theory was taken further by Brué, Pasqualetto and Semola in [46, 44]. There,
the authors showed that a De Giorgi-type structure theorem holds in the non-smooth
setting of non-collapsed RCD spaces. Moreover, they obtained a Federer-type char-
acterization of the reduced boundary of finite perimeter sets. An important role was
played by vector calculus, introduced by Gigli in [102]. The authors of [46] succeeded
in extending the theory up to sets having zero perimeter measure, allowing them to
define unit normal vectors to sets of finite perimeter.

Minimal surfaces in the non-smooth setting were recently studied by Lytchak-
Wenger [133, 135, 134] in the case of two-dimensional surfaces. In [121] Ketterer
studied structural properties of RCD(0, V) spaces with subsets that have mean con-
vex boundaries. In [144], Mondino and Semola extended the study of perimeter
minimizing sets to RCD metric measure spaces of higher dimensions. One of the
cornerstones of minimal surface theory in Euclidean spaces is the first variation for-
mula. However, it is not clear in the non-smooth setting which one-parameter family
of diffeomorphisms one should use. Moreover, it is not clear if the perturbed finite
perimeter sets would even have locally finite perimeter. Therefore, an alternative
approach was needed. A key insight used in [121, 144] to circumvent this problem is
that, given a mean convex hypersurface in a Riemannian manifold with non-negative
Ricci curvature, its interior equidistant hypersurfaces are mean convex too. See [109]
for a proof. This fact inspired the authors of [144] to obtain Laplacian bounds on the
distance from a perimeter minimizing set, which allowed them to show strong regu-

larity properties of perimeter minimizing sets in non-collapsed RCD spaces. Namely,

e They showed an e-regularity theorem, which states that if a point of the bound-
ary of a perimeter minimizer is sufficiently close (in the Gromov-Hausdorff

sense) to a rigid model, then there is a neighborhood of such point which is



C°-homeomorphic to the ball B;(0) C R¥~! where N € N is the dimension of
the ambient space. The Euclidean counterpart of this result is the e-regularity
theorem of De Giorgi [74], which states that a minimal boundary contained in

a sufficiently small strip around a hyperplane is analytic.

e They proved sharp Hausdorff dimension estimates on the singular set of perime-
ter minimizers, showing also that in the set of regular points of the ambient

space, the estimate achieved is the same as in the Euclidean case.

e They were able to prove quantitative regularity estimates using sharp perimeter

bounds on the perimeter of sets equidistant from a minimal boundary.

The long term goals of the theory of perimeter minimizing sets in RCD metric
measure spaces is to kickstart a theory of geometric analysis in non-smooth spaces
with a lower bound on the Ricci curvature. Many questions remain open, such as
whether it is possible to define critical points of the area functional and if the existence
of metric currents is implied by the RCD condition. If these questions could be
answered in the affirmative, then a host of problems in geometric analysis could be
approached in the non-smooth setting, possibly leading to a better understanding of
their Euclidean counterparts and of the structure of RCD spaces themselves.

A further motivation for the study of perimeter minimizing sets is their stability
property (shown in [144]): if a sequence of non-collapsed RCD metric measure spaces
each having a locally perimeter minimizing set converge in an appropriate sense (see
Definition 2.4.8), then the limiting finite perimeter set is itself locally perimeter min-
imizing. This fact can be exploited to show results for perimeter minimizing sets
in the class of smooth Riemannian manifolds satisfying a lower bound on the Ricci
curvature and on the volume of unit balls, and an upper bound on the dimension.
An arbitrarily bad behavior for perimeter minimizers in this class could be ruled out
by arguing that otherwise, by compactness (see Corollary 2.4.15, which relies on Gro-
mov’s compactness theorem, and Proposition 2.4.33), there would exist a perimeter
minimizing set in an RCD limiting space having a type of singularity that would

contradict the regularity theory of perimeter minimizing sets in non-smooth spaces.

1.4 Contributions

In this section we summarize the new results reported in this thesis.
In Chapter 3 we present the results obtained in a joint work with Mondino and

Semola [94]. We refine the analysis of the structure of perimeter minimizing sets in
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non-collapsed RCD metric measure spaces obtained in [144]. In such work, the au-
thors showed sharp Hausdorff dimension estimates on the singular set of a perimeter
minimizing set, among other regularity results for minimal boundaries in RCD metric
measure spaces. The proof of such estimates relies on a Federer reduction argument
[92] and a monotonicity formula for cones that are the product of at least one Eu-
clidean factor and a cone with a Riemannian manifold with Ricci curvature bounded
from below by N — 1 as cross-section, where N € N is the dimension of the cone (see
(148, Theorem 9.3], [90, Theorem 5.4.3] and [147]). A more tailored monotonicity
formula is needed to refine the analysis further and obtain a stratification of the sin-
gular set of minimal boundaries. It is a priori not known if such a formula exists in
the setting of RCD metric measure spaces, as the Riemannian counterpart includes
error terms which depend on the injectivity radius, which can be arbitrarily close to
zero in the non-smooth setting. In [94] we establish a rigid monotonicity formula for
(locally) perimeter minimizing sets in cones having an RCD metric measure space for
cross-section. In the second part of the chapter, we present some applications of such
result to the study of perimeter minimizers in RCD metric measure spaces. Firstly,
we show how the monotonicity formula can be used to obtain a stratification of the
singular set of a (locally) perimeter minimizing set in a non-collapsed RCD space.
Namely, we show a sharp bound on the Hausdorff dimension of the singular strata
(that is, points whose tangent split at most a fixed number of Euclidean factors).
Lastly, using the monotonicity formula, we show that if (X, d, H") is a non-collapsed
RCD(0, N) space with Euclidean volume growth containing an entire perimeter mini-
mizer, then every blow-down of X contains a globally perimeter minimizing cone. We
highlight that this last result is new even in smooth Riemannian geometry. A natural
question that could arise at this point is if a version of the Bernstein theorem holds for
RCD. This was answered in the affirmative in some specific cases [71, 69]. A future
direction could be to establish the rectifiability of the singular strata. This fact that
is known for the singular set of Ricci limit spaces [65], but not for the singular set of
RCD metric measure spaces themselves let alone for the strata of the singular set of
a perimeter minimizing set.

The fourth chapter is based on a joint work with Cucinotta [70]. This work
is inspired by and builds upon [66, Theorem 1.4], where the authors proved that
the singular set of a non-collapsed limit space with a two-sided bound on the Ricci
curvature has at most Hausdorff dimension N — 4, where N is the dimension of the
space. To put this in perspective, the Hausdorff dimension of the singular set of a
non-collapsed RCD(K, N) without boundary can be at most N — 2. In the deep
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work [65] the authors were able to improve such estimate by being able to exclude
certain types of singularities that occur in the case where there is only a lower bound
on the Ricci curvature. Let us recall that in [144] the sharp Hausdorff estimate on
the singular set of a minimal boundary in an RCD metric measure space that was
obtained is N — 3. Additionally, the known examples that show that N — 3 is sharp
are based on the type of conical singularities that were excluded in [65] in the case
of a two-sided bound on the Ricci curvature. Therefore, it seemed natural to wonder
whether, by adding an upper bound on the Ricci curvature of the ambient space,
one could improve the estimate on the Hausdorff dimension of the singular set of
perimeter minimizing sets. In [70], we answer this question in the affirmative. We
show that the Hausdorff dimension of the singular set of a perimeter minimizer in a
non-collapsed limit space with a two-sided bound on the Ricci curvature is at most
N — 5. The proof is based on showing that certain types of singularities cannot
arise in this setting. An application of the stratification result of [94] allows us to
conclude. This result should be interpreted as a precise and quantified version of
the intuitive guess that “perimeter minimizers wish to avoid most singularities of the
ambient space”. A future research direction is to examine whether the Hausdorff
dimension of the singular set of minimal boundaries is always exactly one less than
that of the ambient space. When is it true that if the ambient space has a singular set
of Hausdorff dimension k, then the singular set of minimal boundaries in that space
has a singular set of dimension at most & — 17

In the fifth chapter we study a Modica-Mortola-type approximations of the isoperi-
metric problem in the metric setting. See [1] for an introduction to the topic. The
notion of I'-convergence (sometimes referred to as epi-convergence) of functionals is
first attributed to De Giorgi [76, 73]. Let E, : X — R, k € N be a sequence of
functionals I'-converging to F., : X — R, where X is some function space. An im-
portant property of I'-convergence is that, if {fx}x C X converges to some function
f € X and f; minimimizes Fj, for each k € N, then f minimizes E. A classical in-
stance of I'-convergence is that of Modica and Mortola [141, 140], who showed that the
Cahn-Hilliard phase transition energies [51] converge to the perimeter functional when
suitably rescaled. In light of the previously mentioned property of I'-convergence, this
result yields itself to applications to the study of perimeter minimizers. The Cahn-
Hilliard minimizers, which are smooth functions by elliptic PDE theory, constitute
approximations of perimeter minimizing sets and can be even used as a procedure
to construct them. For this reason, the field attracted plenty of interest quickly.

However, the result of Modica and Mortola does not tell us much about the other
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critical points of the area functional, that is, minimal surfaces. More recently, re-
lated PDE approaches based on min-max theory [112, 96] (building on the regularity
theory of [115, 189, 182]) have been used as an approach to tackle minimal surfaces
problems, and have yielded a new proof of the existence of minimal hypersurfaces in
closed Riemannian manifolds originally proved by Almgren, Pitts, and Schoen—Simon
[159, 168] and an alternative proof of Yau’s conjecture [190] to those based on the
Almgren-Pitts theory [137, 116, 177]. This PDE approach to the construction of min-
imal surfaces has attracted the interest of the RCD community, since, as previously
mentioned, in the RCD setting no satisfactory analogue of the first variation of area
formula is available. The hope is that these novel PDE approaches can be adapted to
the RCD setting and be used as a way to study minimal surfaces in such setting, and
even lead to a better understanding of the structure of RCD metric measure spaces
themselves. In this chapter, we aim at taking a step in this direction. We show some
['-convergence results of the Cahn-Hilliard energy to the perimeter functional in the
non-smooth setting. Firstly, we show that the I'-liminf inequality holds in general in
non-collapsed RCD metric measure spaces. We are only able to show the I'-limsup
inequality for volume-constrained perimeter minimizing sets by exploiting some regu-
larity results regarding the Laplacian of the distance function obtained in the setting
of non-collapsed RCD metric measure spaces in [34], which do not hold in general
for finite perimeter sets. However, this result is sufficient to prove that any volume-
constrained perimeter minimizer can be approximated in the perimeter sense by a
sequence of functions minimizing the approximating Cahn-Hilliard functionals. More-
over, we prove that any sequence of minimizers of the approximating Cahn-Hilliard
functionals have a subsequence which is converging in the BV sense to a volume-
constrained perimeter minimizer with the same L' norm if the ambient space has a
volume-constrained minimizer of the given volume. Lastly, exploiting the stability of
the RCD condition under (pointed) Gromov-Hausdorff convergence, we “approximate
the perimeter both in the functional and in the space sense”. Namely, we deal with
the case where the Cahn-Hilliard functionals are defined on a non-collapsing sequence
of Riemannian manifolds having a lower bound on the Ricci curvature converging to
some space (X,d). We are able to show that such functionals I'-converge, up to a

constant, to the perimeter functional on the limit space X.
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Chapter 2

Preliminaries

The aim of this chapter is to provide context for the results presented in this thesis
by offering a concise, though not exhaustive, overview of the underlying theory.

In Section 1 we review some basic analysis tools in metric (measure) spaces. We
also recall some definitions and basic results regarding the heat flow, infinitesimal
Hilbertianity and optimal transport in the metric setting. In Section 2 we report the
concept of Gromov-Hausdorff convergence of sequences of metric (measure) spaces.
This notion can be used to provide a metric on metric (measure) spaces. We also
briefly present Ricci limit spaces and some of their properties which are relevant for the
rest of the thesis. Briefly put, Ricci limits are the closure of the space of Riemannian
manifolds with a lower bound on the Ricci curvature in the topology induced by the
Gromov-Hausdorff convergence. In Section 3 we report the Riemannian curvature
dimension (RCD) condition. Loosely speaking, this consists of a synthetic notion
of a lower bound on the Ricci curvature. We recall some of the properties enjoyed
by metric measure spaces satisfying this property, review the construction of metric
cones and briefly mention how higher order calculus and vector spaces (in a weak
sense) can be defined on such spaces. Lastly, in Section 4, we review finite perimeter
sets in RCD spaces and their structural properties. This theory mirrors the theory
of finite perimeters sets in Euclidean spaces, albeit with some caveats. We also recall

the known properties of perimeter minimizing sets in such setting.

2.1 Analysis on metric measure spaces

In this section we report some calculus rules in metric spaces needed for our purposes
and provide some background on the theory. We then present the class of absolutely
continuous curves in metric spaces. We also recall the properties of the heat flow

and of optimal transport needed in this setting. Lastly, we report the infinitesimally
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Hilbertian condition, which “rules out Finslerian geometries”, and we present some
of its consequences on metric calculus. For a more complete review of the theory, we
recommend the books [107, 113].

2.1.1 Basic definitions and notation

In this work, a metric measure space (m.m.s. for short) is a triple (X,d, m), where
(X, d) is a complete and separable metric space and m is a non-negative Borel measure
on X of full support (i.e. suppm = X)), called the ambient or reference measure, which
is finite on metric balls. We write B, (z) for the open ball centered at z € X of radius
r > 0. We implicitly assume metric spaces to be proper unless explicitly stated.

We denote by LP(X;m) := {u X = R: [ |ufdm < oo} the space of p-integrable
functions; sometimes, if it is clear from the context which space and measure we are
considering, we will simply write L? or LP(X).

Given a function u : X — R, we define its local Lipschitz constant at x € X as

o u(e) — u(y)
ip(w)e) =bmse g0y

and lip(u)(x) = 0 otherwise. We indicate by LIP(X) and LIP),.(X) the space of

Lipschitz functions, and locally Lipschitz functions, respectively. We also denote

if x € X is an accumulation point,

by Cp(X) and Cys(X) the space of bounded continuous functions and the space of

continuous functions with bounded support, respectively.

Definition 2.1.1 (Doubling Metric Measure Space). We say that a metric mea-
sure space (X,d,m) is locally doubling if there exists a non-decreasing function C :
(0,00) = (0,00) such that

m(By,(2)) < C(R)m(B.(z)), forall0<r< R andzx € X.

Moreover, if C' can be chosen to be constant, we will say that the space is doubling.

Let us point out that if a m.m.s. is doubling, then all spheres, i.e. sets of the
form {y € X : d(y,z) = r} are m-negligible for £'-a.e. r > 0, and m-a.e. z € X.

Moreover, the following characterization holds.

Proposition 2.1.2. A metric measure space (X,d, m) is doubling if and only if there

exist constants C', s > 0 such that

( r@)) (TN
mmnon =< (5)"

forany R>r >0 andy € X, z € Bg(y).
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Given two subsets A, B C X we say that their Hausdorff distance, denoted by
dH(A7 B)a 18

dn(4,5) = sup (supdi(o) supda(e) )

€A z€B
where d4 and dg are the distance function from the sets A and B, respectively.
We say that (X, d, m) supports a 1-p Poincaré inequality if there exist constants
C, > 0, A > 1 such that

/ [u(y) — up, (z)| dm(y) < Cpr (/ lip? (u) dm) , (2.1.1)
Br(z) Bir(z)

where up, (z) := m fBT(x) u(z) dm = fBT(x) u(z)dm.

=

Definition 2.1.3 (PI space). A PI space is a metric measure space (X,d, m) which

18 doubling and supports a 1-2 Poincaré inequality.

Given an integer k > 0, we denote wy, := F(”m where

1+k/2)°

[(k) = / th=te~t dt
0

is the Gamma function.

2.1.2 Hausdorff measures

This section is devoted to the notion of Hausdorff measures on metric spaces. These
measures are one of the key objects of Geometric Measure Theory (see [90]).

Given a metric space (X, d), the diameter of a subset A C X is

diam(A) := sup{d(z,y) : x,y € A}.

Definition 2.1.4 (Hausdorff measure). Let (X, d) be a metric space and A C X. We
define the k-Hausdorff -pre-measure of A to be

HE(A) = inf {% Z diam(A;)*: A C U A; and diam(4;) < 5} .
iel i=1
where the infimum is taken over all countable covers of A by sets A; C X satisfying
diam(A;) < & for every i € N. The k-Hausdorff measure of the set A, denoted by
HE(A), is
H*(A) = sup HE(A).

6>0
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Remark 2.1.5. Let us point out the following facts regarding Hausdorff measures.

o When k is a non-negative integer, the k-Hausdorff measure corresponds to the

Lebesgue measure on RF.

e Both the Hausdorff measures and the Hausdorff pre-measures are outer mea-

sures, but the former is a measure on the Borel sets.

o For k >k it holds
HE(A) >0 = H¥(A) = oco.

o HY is non-increasing as a function of §.

The k-oo-Hausdorff-pre-measure, which we sometimes denote by oo-Hausdorff-
pre-measure when k > 0 is clear from the context, is defined on subsets A C X
as

HE(A) = 6132(} HE(A).

We here state, without proof, some properties of the k-oo-Hausdorff-pre-measure

(see [90]).

Lemma 2.1.6 (Upper semi-continuity of H ). Let (X,d) be a metric space and let
{A;}; be a sequence of Borel subsets of X such that dy(A;, A) — 0 for some A C X
Borel and compact, where dy stands for the Hausdorff distance. Then
HE (A) > limsup HE (A;).
i—r oo
Lemma 2.1.7 (Density of H* [90, Theorem 2.10.17]). Let (X,d) be a metric space
and E C X a Borel set. Then for every k > 0 there exists Cy, > 0 such that for

HF-almost every x € E we have

k(ENnB
lim sup Pl ﬂk ()
r—>0 r

> C.

We report two more properties of k-oo-Hausdorff-pre-measure, whose proof is

straightforward.

HMNX) =0 <= H'(X xR) =0, (2.1.2)
HE(X)=0 <= H"X)=0 (2.1.3)
for any (X, d) metric space.

Lastly, we recall the notion of Hausdorff dimension, which is used to quantify the

size of sets in some of the main results presented in this manuscript.
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Definition 2.1.8. Let A C X. Then the Hausdorff dimension of A is
dimy(A) = inf {k >0 : H"(A) =0},

where we use the convention inf ) = co.

2.1.3 Absolutely continuous curves

In this section we report a few basic concepts regarding absolutely continuous curves

in metric spaces and their properties. This section is based on [10, Chapter 9].

Definition 2.1.9 (Absolutely continuous curve). Let (X,d) be a metric space and
a,b € R, a <b. A curve v : [a,b] = X is said to be absolutely continuous, and we
write v € AC([a, b]; X), if there exists g € L'([a,b]) such that

d(v(s),v(t)) < / g(r)ydr foralla<s<t<b.

Let us point out that, when X = R, the definition above is equivalent to the

classical notion of absolute continuity of functions.
Theorem 2.1.10 (Metric derivative). For any v € AC([a,b]; X) the limit

_d(y(t,t+h)) :
Jim S
exists for L'-a.e. t € (a,b). Moreover, up to L'-negligible sets, |y'| is the minimal g

we can choose in Definition 2.1.9. We call || the metric derivative of .

The length of a curve v € AC([a,b]; X) is I(v) := fab |7|(t) dt. Moreover, we say
that v € AC([a,b]; X) has constant speed if |7| is equivalent to a constant. Let
us point out that, given v € AC([a,b]; X), there exists a reparametrization 5 €
AC(]0,1]; X) with constant speed equal to [(7). That is, there exists an increasing
onto map ¢ : [0, 1] — [a, b] such that ¥ := yop with |¥/| = I(y) L -almost everywhere.

Definition 2.1.11 (The space Geo(X)). A curve v € AC([a,b]; X) is a geodesic if
I(y) = d(v(a),v(b)). The space of geodesics Geo(X) is the space of constant speed

geodesics on [0, 1].

Throughout this thesis we denote by e; : C([0,1]; X) — X the evaluation map
defined by

where ¢ € [0, 1].
We say that a metric space (X,d) is geodesic if for all x,y € X there exists
v € Geo(X) with v(0) = z and (1) = y.
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2.1.4 Sobolev calculus

In this section we briefly introduce Sobolev functions on metric measure spaces. Let us
point out that there are alternative ways to define Sobolev spaces on metric measure
spaces. For their equivalence, see for instance [22]. We adopt the approach a la
Cheeger, that is we view the norm of the gradient of a Sobolev function as the minimal
relaxed slope of the Cheeger energy. We will be working on with the integrability
exponent p = 2. For a more detailed treatment, see [12] and [107, 113].

Definition 2.1.12 (Cheeger energy). Let (X,d,m) be a metric measure space. The
Cheeger energy Ch : L*(X,m) — [0,00] is the convex lower semi-continuous func-
tional defined by

Ch(f) := %inf {liminf/xlin(fi)dm A{fi}i C PNLIPY(X), fi — f in L2} :

i—>00

The Sobolev space H'?(X) is the finiteness domain of the Cheeger energy. The

vector space H?(X) is Banach when considered with the following norm

1llee = (LF122 + 2CRh(f))?.

Moreover, if (X,d, m) is doubling, H'? is reflexive and standard analytic argu-
ments show separability and density of Lipschitz functions. All these results, and
more, can be found in [12].

We briefly also mention an alternative version that we will make use of in Section
2.3.9. We will use this notation to report the notion of tangent modules, which

correspond to “vector fields” in the Euclidean setting. See [107, Chapter 2].

Definition 2.1.13 (Test Plan). A probability measure = € P(AC|0, 1], X) is said to
be a test plan on X if

e there exists C > 0 such that (e;).m < Cm for every t € [0,1];

o fo [ @) Pdr () dt < .

Definition 2.1.14 (Sobolev class). The Sobolev class S*(X) is defined as the space
of all Borel functions f : X — R for which there exists G € L*(X), G > 0 m-a.e.
such that

/ If(71) = f(yo)|dm(y) < G(y() | ()| dr () dt  for every test plan © on X.

We say that f € HY2(X) if f € S3(X) N L?(X).
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The analogy with the Euclidean case is straightforward: given f € C'(R”) and
G € C(RY) then G > |V f| if and only if

[f(v(1)) = F(2(0)] < /0 G(v(t)Y ()]t for every v € C'([0,1], RY).

2.1.5 Infinitesimal Hilbertianity

In this section we report the definition of infinitesimal Hilbertianity of a metric mea-
sure space. We also recall some metric calculus rules that hold under such an as-
sumption. This concept was introduced in [16], see also [99]. This condition rules out
Finslerian geometries, which the CD condition (see Section 2.3.1 below) alone does

not exclude.

Definition 2.1.15. A metric measure space (X,d,m) is said to be infinitesimally
Hilbertian if its Cheeger energy is a quadratic form, or, equivalently, if H“*(X) is a
Hilbert space.

For any function f € H'?(X) there exists a unique minimal upper gradient (see

[107]) |[Vf| € L*(X) such that

1

Ch(f) = /X V£ dm.

Furthermore, if (X, d, m) is also doubling and supports a 1-2 Poincaré inequality
then |V f| = lip(f) m-almost everywhere for all f € H"?(X) N LIP),.(X). This was
first shown in [58]. See also [12]. See [99] for a proof of why, in the infinitesimally
Hilbertian setting, this is allowed.

A consequence of infinitesimal Hilbertianity is the following.

Proposition 2.1.16. If (X,d, m) is infinitesimally Hilbertian the operator
[: HY2(X) x HY*(X) — LY X) defined by

i VU 9P — VP
L(f,9) = lim o :

where the limit is understood in L'(X), is well defined, symmetric and bilinear.

For further information on Dirichlet forms, the reader may consult [41]. For the
rest of this thesis, we will denote I'(f, g) by Vf - Vg.

Let us present a few calculus rules for Sobolev functions. A more detailed pre-
sentation can be found in [107]. In the following f and g denote two functions in

H'2(X).
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e Locality: |V f| = |Vg| m-almost everywhere on {f = g}.

e Chain rule: Let ¢ € LIP(R) with ¢(0) = 0. Then |V(po f)| = |¢' o f|IVf]
m-almost everywhere.

o Leibniz rule: Let h € LIP,(X). Then Vf - V(hg) = hVf-Vg+ gV f-Vh

m-almost everywhere.
Let us recall the definition of Laplacian in this setting.

Definition 2.1.17 (Laplacian). We say that a function f € HY*(X) is in D(A) if
there exists a function g € L*(X) such that

/ghdm:—/Vf-Vhdm for all h € HY*(X).
X X
We then define Af :=g.

Let us point out that A : D(A) — L*(X) is a densely defined linear operator.

2.1.6 Heat flow

We recall the definition of heat flow in the setting of metric measure spaces. Because
of its regularizing nature, the heat flow is often used to obtain what would correspond

to “smooth fuctions” in the Euclidean setting.

Definition 2.1.18 (Heat flow). The heat flow P, : L*(X) — L*(X), t > 0 is the
L?(X)-gradient flow of the Cheeger energy.

The Brezis-Komura theory provides the existence of gradient flows of lower semi-
continuous convex functional on a Hilbert spaces. For more details, see [10].

If (X,d, m) is assumed to be infinitesimally Hilbertian, then we can characterize
the heat flow as the operator P, : L*(X) — L?*(X) such that for any f € L*(X)
P,f € D(A) for any t € (0,00), and for which the curve [0,00) > t — P,f is

continuous, absolutely continuous on (0, c0) and satisfies

%ptf:APtf for £1- a.e. t >0,
Rf=17t

In the infinitesimally Hilbertian setting, it can also be shown (as first shown in the
[16, proof of Theorem 6.1]) that the heat flow is a linear, continuous and self-adjoint
contraction semigroup on L?(X) which extends to a linear and continuous contraction
semigroup (which we still denote by F;) on LP(X) for any p € [1,00). Let us also

point out that P, and A commute when they are well-defined.
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2.1.7 Optimal transport tools

We here recall some definitions and results from optimal transport theory. The books
[184, 10] provide an excellent introduction to the topic for our purposes.

Given a metric space (X,d) and p € [1,00), we call the space of p-integrable
probability measures the set of all Borel measures on X that have finite p-moments.

We denote such space by P,(X).

Definition 2.1.19 (Kantorovich-Wasserstein distance). Let (X, d) be a metric space,
p € [1,00) and po, 1 € Py(X). The p-Kantorovich-Wasserstein distance between fi

and iy 18
1
Wy (po, p1) = (h;f/dp(x,y) d’y(q:,y)) , (2.1.4)

where the infimum is taken over all v € P(X x X) whose first and second marginals
are fig and py, respectively. That is, 71'51#’7 = MO,W;W = p1y, where 7, i = 1,2 denote

the projection to the first and second marginals, respectively.

It can be shown that the p-Wasserstein distance induces a metric on the space
of Borel probability measures with p-finite moments. Moreover, if (X, d) is a Polish
space, so is (P,(X), W,,).

An elementary fact about Wasserstein geometry is that if (X,d) is a geodesic
space, then so is (P,(X), W,).

Any geodesic {pt}: of (Pa(X), Ws) can be lifted to a measure v € P(Geo(X))
such that (e;)sv = p, for all t € [0,1]. The measure v is referred to as a dynamical
optimal plan. Given two measures po, i1 € P2(X), we denote by OptGeo(p, p11) the
space of all v € P(Geo) such that (e, e1),v realizes the minimum in (2.1.4). If (X,d)
is geodesic, then OptGeo( o, (1) is non-empty for all ug, g1 € Pao(X).

For more results linking properties of metric spaces and their corresponding Wasser-

stein spaces, see [184].

2.2 Convergence of metric measure spaces

In this section, we recall the definition of Gromov-Hausdorff distance and associated
convergence. Briefly put, the Gromov-Hausdorff distance between two metric spaces
(X,d) and (Y, p) is the infimum over all possible embeddings iy,iy in a common
metric space (Z,dz) of the Hausdorff distance between ix(X) and iy (Y).

We also discuss some of the basic properties of the Gromov-Hausdorff distance.

The reader may consult [49, 184] for a thorough introduction to the topic. Let us
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point out that in [104] the authors showed that the RCD(K, c0) condition is stable
under pointed measured Gromov-Hausdorff convergence (see Section 2.3.2 below).
We then recall the notion of Ricci limit spaces, which are the Gromov-Hausdorff
closure of the space of Riemannian manifolds with a lower bound on the Ricci cur-
vature. These spaces have attracted plenty of interest partly due to Gromov’s pre-
compactness theorem, which implies that the space of Riemannian manifolds with a
lower bound on the Ricci curvature is precompact in the Gromov-Hausdorff topology.
Lastly, we recall some definitions and results concerning the convergence of se-
quences of functions defined on a Gromov-Hausdorff converging sequence of metric

spaces.

2.2.1 Basic definitions

Let (X, d) be a metric space and x € X. We call the triple (X, d, z) a pointed metric
space. Analogously, let (X,d,m) be a m.m.s. and x € X. We call the quadruple
(X,d, m, z) a pointed metric measure space (or p.m.m.s. for short). For our purposes,
we always suppose that the measures have full support. We say that the pointed
m.m.s. (X,d, m,x) is isomorphic to (Y, p, i1, y) if there exists an isometry 7': X — Y
which is measure preserving, that is T»m = p, and such that T'(z) = y. Our main
goal in this section is to recall an intrinsic distance between pointed metric (measure)
spaces considered up to isomorphisms. We say that a pointed metric measure space
(X,d, m, z) is normalized if fBl(x)(l —d(-,z))dm = 1. Let us point out that there

exists a unique constant ¢ > 0 that turns a p.m.m.s. into a normalized one.

Definition 2.2.1 (Pointed (measured) Gromov-Hausdorff convergence). A sequence
of pointed metric spaces {( X, dx, Tx)}r is said to converge in the pointed Gromov-
Hausdorff topology to (X,d,x) if there exists a separable metric space (Z,dz) and
1sometric embeddings iy - X, — Z and i : X — Z such that, for any e >0 and r > 0
there exists k € N such that for for every k > k we have

i (BX(z)) c B? (zk (Biiz(xk))) :

and

i (BX*(2;)) € B? (¢k<3§€<x>)).

We denote the pointed Gromov-Hausdorff convergence by X, P X and we say that

Z is the space realizing the convergence.
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A sequence of p.m.m.s. {(Xy,dy, My, zg) b is said to converge in the pointed mea-
sured Gromov-Hausdorff topology to (X,d, m, x) if it converges in the pointed Gromov-
Hausdorff sense and

lim (,Dd((Zk)#mk) = / god(z#m), fOT’ all p e Cbs(Z),
k—roo |, 7

where (Z,dz) and iy : Xy, — Z,i : X — Z are the space and the immersions,

respectively, realizing the pointed Gromov-Hausdorff convergence.

Let us recall the definition of tangent space in the setting of metric spaces. These

are obtained through a blow-up procedure.

Definition 2.2.2 (Tangent space to a metric space). Let (X,d) be a metric space
and let x € X. We call the space of tangent spaces at z, denoted by Tan,(X,d), to
be the set of all (Y, p,y) such that there exists a sequence 1 > 1 > 0, rp, — 0 that
satisfies

(X, d/rx, 2) 5 (Y, p,y).

Let (X,d,m) be a metric measure space and fix + € X, r > 0. The rescaled

normalized pointed metric measure space is (X,d/r,m?, x) where

o ([, (- te) ) =

Definition 2.2.3 (Tangent space to a metric measure space). Let (X,d,m) be a
m.m.s. and v € X. The space Tan,(X,d,m) of tangent spaces at x is the set of
p.m.m.s. (Y, p, pn,y) that satisfy

lim (X,d/r,my x) = (Y, p, 1, y) (2.2.1)
pmGH k

for some sequence (ry), C (0,1) with r, — 0.

The elements of the tangent spaces are sometimes referred to as blow-ups. When
the limit in (2.2.1) is taken as r — oo instead, the limit spaces are sometimes referred
to as blow-downs. Blow-downs, if they exist, do not depend on the base point x.

The pointed (measured) Gromov-Hausdorff convergence is induced by a distance,
called the (measured) Gromov-Hausdorff distance. We report the definition of (mea-

sured) Gromov-Hausdorff distance below.
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Definition 2.2.4 (Pointed Measured Gromov-Hausdorff distance). Let (X, d, m,z)
and (Y, p, i, y) be two locally compact pointed metric measure spaces with measures of
full support. Let (Z,dyz) be a proper metric space and let Vi : X — Z and Vs : Y — Z
be isometric embeddings. For any k € N [et

Diwyw, (X, d,m,2), (Y, p, 1, y)) = diy (qfl <X mm) 0, (Y n Bk(y)>> Al

m(Bk(x)) z X By (x) m X By (y)
bg(mBk(y)))‘A“Wl ((‘Pl) m(By(x)) ’<‘I’2>#M<Bk<y>>">’

where dy is the Hausdorff distance between compact subsets of Z and W¥ denotes the
1-Wasserstein distance in (Z,dz AN 1). We say that the distance between (X,d, m,x)

+

and (Y, p, p, y) is
dpmGH((Xadamv iIZ') (y P, K, y)) =

, - 1
mf{dZ(\If Z_k k1,0 X,d,m,x),(Y,P7M,y))},

where the infimum is taken over all proper metric space (Z,dz) and isometric embed-
dings ¥y, Us.

Let us briefly unpack definition 2.2.4. Dy, g, v, above (and, therefore, the pointed
measured Gromov-Hausdorff distance) takes into account both the metric structure,
by considering the Hausdorff distance of embeddings of the spaces, and the measures
through the 1-Wasserstein distance (which can be shown to metrize the topology of
P, induced by weak convergence of measures in duality with the bounded continuous
functions defined on the space realizing the convergence). This is by no means the only
intrinsic distance between metric measure spaces that can be found in the literature.
For example, one may disregard the Hausdorff distance in definition 2.2.4, and obtain
the pointed measured Gromov distance. If we assume the p.m.m.s. to be doubling,
then the pointed measured Gromov distance is equivalent to the pointed measured
Gromov-Hausdorff distance.

Lastly, let us report a compactness result that can be found in [49, Theorem 7.3.8],
for instance. Let (X)) the space of Borel subsets X endowed with the Hausdorff

distance.

Theorem 2.2.5 (Blaschke [49, Theorem 7.3.8)). If X is compact, so is M(X).
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2.2.2 Ricci limit spaces

In this subsection we briefly review the theory of Ricci limit spaces. Loosely speaking,
Ricci limit spaces are the Gromov-Hausdorft closure of the space of Riemannian man-
ifolds with a lower bound on the Ricci curvature. The study of Ricci limit spaces, that
is metric spaces arising as Gromov-Hausdorff limits of Riemannian manifolds with a
uniform lower Ricci curvature bound was carried out in [61, 62, 63], among others.
The theory had many contributors since then, and is still an active field of research.
For Ricci limits with a two-sided bound on the Ricci curvature a non-exhaustive list
of works where such spaces have been studied is [26, 36, 181, 24, 60], other than the
works just mentioned. For an overview of topic, see [152].

Let M be the space of p.m.m.s. which are locally doubling at the reference
point with a non-decreasing function C' : (0,00) — (0,00). A remarkable result due

to Gromov in [110] shows the following.
Proposition 2.2.6 (Gromov compactness). The space (Me, dpman) is compact.

Let us point out that, in view of proposition 2.2.6, Tan,(X,d, m) is never empty
if (X,d, m) is locally doubling. However, Tan,(X,d, m) may contain more than one
element.

An important class of spaces which is pre-compact with respect to the pGH dis-
tance is the space of Riemannian manifolds having a fixed dimension and a positive
uniform lower bound on the Ricci curvature.

We report the definition of Ricci limit spaces used in this manuscript below. Given
a Riemannian manifold (M, g), where g denotes the Riemannian metric on M, we

write d to mean the distance on M induced by g and sometimes refer to a Riemannian
manifold as (M, d).

Definition 2.2.7 (Non-collapsed limits of manifolds with two-sided bounds on the
Ricci curvature). Let {(My, dx, k) i be a sequence of pointed Riemannian manifolds
of fized dimension N > 2 such that

Ricy, > —(N — 1). (2.2.2)

Suppose there exists a metric space (X,d,x) such that My P9 X Then we say that
(X,d,z) is a (pointed) Ricci limit space. If condition (2.2.2) is strengthened to

IRicy, | < N —1, (2.2.3)
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we say that X is a limit of manifolds with two-sided bounds on the Ricci curvature.
Moreover, if

vol(Bi(x)) > v (2.2.4)
holds for some v > 0, we say that (X,d,x) is non-collapsed.

As previously mentioned, Ricci limit spaces were studied extensively in [61, 62,
63]. In particular, it was shown that the non-collapsing assumption (2.2.4) forces the
Hausdorff dimension of the limit space and that of the approximating sequence to be
the same.

In [61] it was shown that for non-collapsed Ricci limit spaces all tangent spaces

are metric cones. Given a metric space (X,d), the metric cone over X is the set
C(X) := (X x [0,400))/~ with (x,0) ~ (y,0) for every z,y € X,

equipped with the cone metric. The point (z,0) € C(X) is called the tip of C(X).
See [49] and Section 2.3.8 for more on the topic.

Definition 2.2.8. Let (X, d) be a Ricci limit space of dimension N € N. The regular
set of X, denoted by R, is the set of points x € X such that

Tan, (X, d) = {(RY, dewar) }-
We call the set of singular points S == X \ R.

In the remainder of this section, we report some structure theory results which

are relevant to the present thesis. The following result follows from [61].

Theorem 2.2.9. Let (X,d,z) be a non-collapsed limit of manifolds with a uniform

lower bound on the Ricci curvature of dimension N > 2. Then
We now report the notion of singular stratum of a Ricci limit space.

Definition 2.2.10 (Singular strata of Ricci limit spaces). Let (X,d) be a non-
collapsed Ricci limit space. For every k € N the k-singular stratum Si(X) is the
set of points v € X such that no tangent space is isometric to RET! x Y for some

metric space (Y, p).

It was proved in [61] that the Hausdorff dimension of the k-singular stratum of
a non-collapsed Ricci limit space Sg(X) is always less or equal to k. The analogous
result in the more general case of non-collapsed RCD space is reported in Theorem
2.3.25.
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Theorem 2.2.11. Let (X,d) be a non-collapsed Ricci limit space and k > 2. Then
dimy, (Sp(X)) < k.

In [65], the authors further improved the analysis of the singular strata of non-

collapsed Ricci limit spaces. We report their result here.

Theorem 2.2.12. Let (X,d) be a non-collapsed Ricci limit space. Then
o Si(X) is k-rectifiable;
o for Hr-a.e. x € Si.(X) every tangent cone at x splits an R¥ factor isometrically.

The structure of singular strata of non-collapsed limits of manifolds with two-
sided bounds on the Ricci curvature was studied in [66]. A key result used in the
proof of Theorem 4.1.1 of Chapter 4 is Theorem 2.2.13 below, which was shown in
[66, Theorem 5.12]. Briefly put, it states that by also assuming an upper bound on
the Ricci curvature we may exclude certain types of singularities from arising and

improve the Hausdorff dimension estimate of the singular set.

Theorem 2.2.13. Let (X,d,z) be a non-collapsed limit of manifolds with two-sided
bounds on the Ricci curvature of dimension N > 2. For every o € (0,1), X is an

open C1* Riemannian manifold outside of Sx—_4. In particular,
The following result follows from [24, 60].

Theorem 2.2.14. For every N € N, N > 2 and §,a € (0,1), there exists ¢ >
0 satisfying the following. Let (MY,g,p) be a pointed Riemannian manifold with
|Ricys, | < €, and such that Bs(p) is e-close in the GH-distance to the Fuclidean ball

By(0N). Then there exists harmonic coordinates in M around p such that

1gij — dijllcram, 0vy) < 6.

2.2.3 Convergence of functions

We report here some definitions regarding the convergence of functions defined on a
sequence of pointed metric (measure) spaces. See [18, 17] and the book [113] for a more
detailed introduction to the topic. Throughout this section, we consider a sequence
of pointed metric (measure) spaces { (X, di, vx) b ({(Xk, dk, Mg, 1) }) converging in
the pointed (measured) Gromov-Hausdorff sense to a pointed metric (measure) space
(X,d,z) ((X,d,m,z)). We also denote by (Z,dz) and iy : X;, — Z,i: X — Z the

space and the embeddings realizing the convergence, respectively.
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Definition 2.2.15 (Pointwise and uniform convergence). Let f : Xj — R fork € N
and f: X — R. We say that {fx}r converges to f pointwise if fr(xy) — f(x) for
every sequence of points xy, € Xy, x € X such that ix(zy) — i(x) in Z. Moreover, if
for every e > 0 there exists 6 > 0 such that |fy(zx) — f(2)| < € for every k > 3 and
x € Xy, © € X with dz(ig(xr),i(x)) <6, then we say that fi, — f uniformly.

The following result is obtained similarly to the classical Ascoli-Arzela theorem.

Its proof can be found in [184, Proposition 27.20].

Proposition 2.2.16 (Ascoli-Arzela). Fiz R, L > 0. For any sequence of L-Lipschitz
functions f3 : Bg‘“(:vk) — R such that supy, | fr(xr)| < oo there exists a subsequence

that converges uniformly to some function f : Ba(z) — R which is also L-Lipschitz.

We now report the definition of LP convergence along a converging sequence of

pointed metric (measure) spaces. This notion of convergence was first studied in

104].

Definition 2.2.17 (L? convergence). Letp € [1,00). We say that the sequence { fi }.,
fr € LP(Xy) converges LP-weakly to f € LP(X) if limsup,— || fellzr(x,) < 00 and
frmp — fm as k — oo weakly in duality with Cys(Z), where (Z,dz) is the space
realizing the pointed measured Gromov-Hausdorff convergence of {Xy}r to X.

Moreover, we say that the sequence { fy}r, converges LP-strongly if

limsup || fillzex) = [1fllzecx)
k—roc0

also holds.
An analogous type of convergence can be defined for Sobolev functions.

Definition 2.2.18 (H'? convergence). We say that {f.}r, fr € H"*(X}) converges
to f € HY3(X) in the HY?-weak sense if { fx}x converges in the L?-strong sense to f
and supy, Chy(fr) < oo.

Furthermore, we say that { fx}x converges in the H%“?-strong sense if it converges
in the H*-weak sense and Chy(fx) — Ch(f) as k — oo.

2.3 RCD metric measure spaces

In this section, we give a brief introduction to the topic of RCD spaces. The field has

progressed rapidly since its inception, and it is now a deep theory. It is beyond the
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scope of this manuscript to provide an exhaustive survey of the topic. We refer to [7]
and the references therein for an overview of the subject.

Briefly put, CD spaces are metric measure spaces with a synthetic notion of lower
bounds on the Ricci curvature. The lower bounds are enforced using optimal transport
tools by assuming that “given two measures absolutely continuous with respect to
the ambient measure, the entropy along the geodesic connecting the two measures
is convex”. In the smooth setting, this constitutes a characterization of lower Ricci
curvature bounds that does not require “taking derivates”. The RCD condition is a
refinement of the CD condition that rules out Finslerian geometries.

In the remainder of this section, we report some properties of RCD condition rel-
evant to this thesis. We start by recalling its stability with respect to the pointed
measured Gromov-Hausdorff distance and a splitting theorem. We then report some
regularity theory that these spaces enjoy. We also recall some of the additional prop-
erties that the heat flow and the convergence of functions along sequences converging
in the GH sense enjoy in the more regular setting (as compared to the bare metric set-
ting) of RCD spaces. We then recall the construction and properties of metric cones
over RCD spaces, a crucial component for the analysis of the singular sets presented
in this thesis. Lastly, we revise the definition of tangent modules, which correspond

4

to “vector fields” defined in an L? sense. Introduced by Gigli, they are an important

tool for the analysis of perimeter minimizing sets in RCD spaces.

2.3.1 Curvature dimension conditions

In this section we briefly introduce the curvature dimension condition (commonly
referred to as CD condition). The CD condition provides a synthetic notion of Ricci
curvature lower bounds. The spaces satisfying these conditions were partly inspired
by Alexandrov spaces, which correspond to metric spaces with a synthetic definition
of lower sectional curvature bounds. The starting point of the CD theory is [138],
in which displacement convexity was shown in RY. The work in [156] further devel-
oped the theory. Subsequently, the Riemannian manifolds case was covered in [68,
163]. This motivated Lott, Villani in [132] and independently Sturm in [179, 180] to
introduce the CD condition 2.3.2.

For the rest of this thesis, we implicitly suppose that every metric measure space

(X,d, m) satisfies the following volume growth condition:
m(B,(z)) < aexp”” forall z € X and r > 0,
for some z € X, a,b > 0 and for all r > 0.
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The logarithmic relative entropy €% : Py(X) — (—o0, 00| is

g () = | Jx Plog(p)dm if = pm, (23.1)
' 400 otherwise. o

Definition 2.3.1 (CD(K, 00) condition). Let K € R. A m.m.s. satisfies the
CD(K,00) condition if £ is geodesically K-convex on (Pa(X), Ws), that is, if for
every fo, ft1 € Pa(X) with £ (o), £°(11) < 00, there exists (ji)icpp,1] € Geo(P2(X))
connecting o to j1 such that

s(1—s)

E%(ps) = (1= 5)E%(po) + % (1) — K=

W5 (po, f11)- (2.3.2)

An important regularity property shown in [161] is that CD(K, c0) m.m.s. satisfy
the 1-1 Poincaré inequality (2.1.1).

The CD condition was extended to cover the case of an upper bound on the
dimension. Given N € (1,00) we say that the Rényi relative entropy £V : Py(X) —

[—00, 0] is
EN(u) = —/Xpl_llvdm (2.3.3)

where p = pm + pt is the singular decomposition of y with respect to m.
In order to report the CD(K, N) condition for finite N, we need to recall the
following functions. Given K, N € R, § € [0,400) and ¢t € [0, 1], the functions

T ;(?N(Q) are defined as

(

+00 if K62 > (N —1)m?,
1-1/N
£ (sin (\/550) /sin (\/559)) if 0 < K6% < (N — 1)72,
m050) = { t if K62 =0

’

or K6? <0and N =1,

\tl/N (sinh (Etﬁ) / sinh (\/g@)l_lm if K0?> <0and N > 1.

Definition 2.3.2 (CD(K, N) condition). Let K € R and N € (1,00). A m.m.s.
(X,d, m) satisfies the CD(K, N) condition if for any po = pom, p1 = pym € Po(X)
with compact support there exists v € OptGeo(po, pt1) such that (e;)yv < m for all
t €10,1] and

EN' () <
- /X [ @O0), 7105 ¥ (10)) + i (1 (0), A (1)) s ¥ (1(1)] (),
for any N' > N and t € [0,1], where p; := (e;)3v.
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An important geometric property CD(K, N) metric measure spaces satisfy is the

Bishop-Gromov inequality (see [179]), namely

BR(iL‘)
B,.(x)

Vi n(R)
VK’N(T’) ’

< (2.3.4)
forall 0 <7 < R and « € X, where Vi y(s) is the volume of a ball of radii s > 0 in
the model space of dimension N and constant Ricci curvature K. As a consequence,
CD(K, N) spaces are locally doubling and proper. Moreover, if K > 0, they are

doubling with constant 27V:
(B (1)) < 2¥m(B, (x)

for all x € X and r > 0.
Lastly, let us point out the following scaling property of the CD condition.

Remark 2.3.3. Let (X,d,m) be a CD(K, N) space and let ¢y, co > 0. Then the space
(X, c1d, com) satisfies the CD(K/c?, N).

2.3.2 RCD condition

In this section we briefly recall the Riemannian curvature dimension (RCD) condition.
We also report some properties that follow from such condition which we use in the
following chapters. The RCD condition was first introduced in the N = oo case in
[16] and then proposed in the N < oo case in [99]. We refer the reader to the original
papers [16, 99, 23, 89, 20, 54], or to the survey [7] for more details.

Definition 2.3.4 (RCD condition). A m.m.s. (X,d,m) satisfies the RCD(K, N)
(respectively, the RCD(K, 00)) condition if (X,d, m) satisfies the CD(K, N) (respec-
tively, the CD(K, 00)) and if it is infinitesimally Hilbertian.

There are equivalent definitions to the RCD condition we have reported. Most
notably, we have the following “Eulerian” equivalent condition. See [15], where the

equivalence was shown for the case N = oo and [89, 20] for the N < oo case.

Theorem 2.3.5 (Equivalence of RCD and BE). A metric measure space (X,d, m)
satisfies the RCD(K, N) condition if and only if
o it is infinitesimally Hilbertian;

o any f € HY(X) with |Vfl(x) < 1 for m-a.e. x € X admits a Lipschitz

representative with Lipschitz constant 1;
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e a weak Bochner inequality is satisfied: for any f € D(A) with Af € HY?(X) it
holds

1 1
5/){ IV f?Agdm > /X (Vf VAf+K|Vf*+ N(Af)2> gdm
for any g € D(A) N L>®(X)" with Ag € L=(X).

Remark 2.3.6. The Eulerian condition was originally shown to be equivalent to a
variant of the RCD(K, N) condition known as RCD*(K, N). In the search for better
globalization properties, Bacher and Sturm [35] introduced the CD*(K, N) condition.
Even though CD*(K, N) is weaker than CD(K, N), the two conditions were shown
to be equivalent under the essentially non-branching assumption. Given a metric
space (X,d), a geodesic v : [0,1] — X is said to be non-branching if the existence of
7 € Geo(X) and t € (0,1) such that |jg = Ao, implies v =75. A m.m.s. (X,d, m)
is essentially non-branching if for any pi,pe € Po(X), which are both absolutely
continuous with respect to m, any optimal transport map p € OptGeo(pu, jio) is con-
centrated on a set of non-branching geodesics. This assumption was also introduced
in [162], and it is not stable under GH convergence. The essentially non-branching
assumption was shown to be necessary for the equivalence to hold in [160]. In [5}]
the authors proved that in essentially non-branching spaces having finite reference
measure, the CD*(K,N) condition is equivalent to the CD(K, N) condition. This
result was extended to the case of o-finite measures in [130]. It follows from [23, 72,
162] that RCD(K, N) spaces are essentially non-branching. More recently, in [84] it
was shown that RCD*(K, N) are actually non-branching. Therefore, RCD(K, N) and
RCD*(K, N) are equivalent.

2.3.3 Some properties of RCD spaces

Let us illustrate a few properties enjoyed by RCD(K, V) spaces. For the purposes of
this thesis we are only concerned with finite dimensional RCD spaces. Therefore, we
focus on the case N < oo, unless explicitly stated. Let us remark once again that it
goes beyond the scope of this thesis to be exhaustive. For a survey on the topic, see
[7] and the references therein.

We begin by pointing out that the RCD(K, N) condition is stable under pmGH

convergence. The following result was obtained in [104].

Theorem 2.3.7 (Stability of the RCD condition). Let (X, dg, my, 1) be RCD (K}, Ny)
spaces, k € N. Suppose that K, — K and Ny — N for some K € R and N > 1
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and that the sequence {(Xy,dy, Mg, xx) }r converges to some p.m.m.s. (X,d,m,x) as
k — oo. Then (X,d,m) is an RCD(K, N) space.

Remark 2.3.8. It follows from Gromouv’s compactness argument and the scaling prop-
erties of the RCD(K, N) that Tan,(X,d, m) is non-empty for any RCD(K, N) space
(X,d,m) and x € X.

However, tangent cones may not be unique. They do not even need to be home-

omorphic.

Example 2.3.9 ([67]). There exists a Ricci limit space of (X°,d) such that there
exists & € X° with Tan,(X?,d) containing both R® and the cone with (CP*#CP?) as

cross-section.

A crucial geometrical result obtained in [100] is the splitting theorem in the RCD

setting reported below. See [60] for an analogous result in the setting of Ricci limits.

Theorem 2.3.10 (Splitting). Let (X,d, HY) be an RCD(0, N) metric measure space.
Suppose that X contains a line, that is a curve v : R — X which is minimizing
between any two of its points. Then there exists an RCD(0, N — 1) metric measure

space (Y, p, i) such that (X,d, m) is isomorphic to (R X Y,dewa X p, L1 X ).

For the purposes of this thesis, we use a slightly different version of the theorem

above, which we report below.

Lemma 2.3.11 ([28, Lemma 1.21}). Let (X,d,m) be an RCD(0,N) space and let
g € D(A) be a function such that Ag =0 and |Vg| = 1. Then (X, d, m) is isomorphic
to (Y x R,dy X deyar, my X L) where (Y, dy, my) is an RCD(0, N — 1) space.

We sometimes say that a metric measure space (RCD(0, N) space) (X, d, m) splits
off a Euclidean factor when it is isomorphic to (Y x R,dy X deue, my x £1) for some
metric measure measure space (RCD(0, N — 1) space) (Y, dy, my).

2.3.4 Regularity theory of RCD metric measure spaces

In this section, we state a structure theory result which is the culmination of many
different works [142, 47] and others. Let us first recall a few definitions.

Definition 2.3.12 (Regular points). Let (X,d, m) be an RCD(K, N) space with N €
N and let n € N. The set of n-reqular points s

Rn = {r € X : Tan,(X,d, m) = {(R", dewer, H") } }
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We call Ry the set of reqular points, which we denote by R. The set of singular
points is S := X \ R.

Let us point out that the set of regular points R,, is Borel.

Definition 2.3.13 (Strong rectifiability). Given N € N, a m.m.s. (X,d, m) is said
to be N -strongly rectifiable if for every e > 0 there exists a countable collection {Uy}
of Borel subsets of X and of (1 + €)-bi-Lipschitz maps oy : Uy — RY such that

HY (X \ (UpU)) = 0.

Theorem 2.3.14 (Structure theory, [103, 81, 119, 142, 47, 106]). Let (X,d, m) be an
RCD(K, N) space with K € R, N > 1. Then there ezists a unique 1 <n < N, called
the essential dimension of (X,d, m), such that

o for m-a.e. x € X, Tan,(X,d, m) = {(R", deye, H")};
o X is n-strongly rectifiable;

e there exists a non-negative density 0 € Li (X, H"LR,) such that

loc

m=0H"LR,.

Let us remark that, for an RCD(K, N) metric measure space (X, d, m) of essential
dimension n, (R* de, H*) ¢ Tan,(X,d,m) for any & > n. This follows from the
lower semicontinuity of the essential dimension [45, 124].

The essential dimension and the Hausdorff dimension of an RCD(K, N) space do
not always coincide, as shown in [158].

Let us also point out the following dimensional gap result taken from [80, Theorem
1.4].

Theorem 2.3.15 (Dimensional gap). Let (X,d,m) be an RCD(K,N) space with
N € N. Then either dimy(X) = N or dimy(X) < N — 1.

RCD spaces also enjoy tensorization properties [16, 21, 132] and admit a universal
cover [145]. Moreover, a fully developed second order calculus was developed by Gigli
in [102]. See also [83].
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2.3.5 Heat flow in RCD spaces

We now present some of the properties of the heat flow in RCD(K, 00) spaces. The
books [107, 10] provide excellent introductions to the topic. In the last part of this
section, we recall some other important properties of RCD metric measure spaces and
provide some references on the topic.

In [16, 23] it was shown that on RCD(K, co) metric measure spaces the dual heat
semigroup P : (Po(X), Wa) — (Po(X), Wy) of P, defined by

/ fdP,u = / P, fdp  for every p € Po(X) and f € LIP,(X),
X X

is K-contractive, and maps probability measures into probability measures absolutely
continuous with respect to the ambient measure for any ¢ > 0. The authors in [16, 23]
also showed some regularization properties of the heat flow on RCD(K, 00) spaces.

In particular, they were able to show the Bakry-Emery contraction estimate:
IVEf]? <exp MBIV m-ae.

for any ¢ > 0 and any function f € H?(X). It was later proved in [166] that the
Bakry—Emery contraction estimate extends to all exponents p € [1, 00).

Another important regularization property of the heat flow is the L>-LIP regu-
larization. Namely, for any f € L>°(X) it holds P, f € LIP(X) with

t
\/2/ exp?Xs ds LIP(P.f) < ||f|lzee(x) for any t > 0.
0

Lastly, we recall the Sobolev to Lipschitz property: any f € H*(X) with |V f| €
L>°(X) admits a Lipschitz representative f such that LIP(f) < ||V |1 (x)-

2.3.6 Stability properties of functions

Let {Ki}r C R be a sequence converging to some K € R as k — co. In this section,
we are concerned with the stability properties of functions along a fixed sequence
of RCD(K}, o0) p.m.m.s. {(Xy,dx, mg, zx)}r converging to an RCD(K, N) p.m.m.s.
(X,d,m,z) in the pmGH sense as k — oo. We assume that the convergence is
realized by means of isometric embeddings of the spaces into a common separable
metric space (Z,dz) and denote the corresponding embeddings by iy : Xy — Z. The
main references for this section are [104, 18, 17].
We report [18, Proposition 3.3] here. See also [104, 114].
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Proposition 2.3.16. Let p € [1,00). The following hold:

o Let ¢ € LIP(R) with p(0) = 0. If fi converge LP-strongly to f, then ¢ o fy
converge LP-strongly to ¢ o f.

o If fi, gr converge LP-strongly to f,g respectively, then fi + gp converge LP-
strongly to f + g.

o If fi, gr converge L%-strongly to f, g respectively, then firgi converge L'-strongly
to fg.
o If {fi}r is uniformly bounded in L> and is L'-strongly convergent to f then
limp—soo || fellzr(x) = | fllzr(x) for all p € [1,00).
Proposition 2.3.17 ([18, Corollary 5.5]). The following stability results hold:

o If f € HY*(X}), fr € D(A) for all k € N converge in L*-strong to f and
Ay fre are uniformly bounded in L*, then f € D(A), Ayfr converge L? weakly
to Af and fi, converge H'? strongly to f.

o If fi, converge L? strongly to f, then P,f, converge H'? strongly to P,f for all
t>0.

Proposition 2.3.18 ([18, Theorem 5.7]). Let fi, gx € HY*(X}) converge to f,g €
HY2(X) in the H“? strong sense, respectively. Then V fi, - Vgi, converge to Vf -Vg

in the L' strong sense.

Theorem 2.3.19 ([104, Theorem 6.3], [18, Theorem 7.4]). Suppose that f, € H*(X},)

are such that

sup il 2y < 00

Moreover, suppose that

lim lim sup/ | fel?d((ix)pmy) =0 for some z € Z.
Rr00 k=00 J2\Bg(2)

Then there exists a subsequence, that we do not relabel, and a function f € H“?(X)

such that f;, converge strongly in L? to f.
Lastly, let us report some useful results regarding local Sobolev convergence.

Lemma 2.3.20 ([17, Lemma 2.10]). Let f € LIP.(Bg(z),d). Then there exists a
sequence of functions fr € LIP.(Bgr(xy),dy) satisfying

sup 19 ful = < 20
and converging to f strongly in the H'? sense.
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Theorem 2.3.21 ([17, Theorem 4.4]). Suppose f € D(Ay, Br(xy)) with
SUP( fellzr2(Baay) + 1Akl 2Bt < oo
Let us also assume that there exists f € L*(X) such that fi, converge to f strongly in
L? on Bg(x). Then:
e /€ D(A, Br(y));
o Afy, — Af on Br(x) weakly in L?;
o |Vfi]> = |Vf]? on Br(x) strongly in L'.

2.3.7 Non-collapsed RCD spaces

We briefly mention the class of non-collapsed RCD metric measure spaces, which
were introduced in [80]. Briefly put, non-collapsed RCD(K, N) m.m.s. have H" as

ambient measure and their essential dimension coincides with V.

Definition 2.3.22 (Non-collapsed RCD condition). A m.m.s. (X,d,m) satisfying
the RCD(K, N) condition is said to be non-collapsed if m = HN.

We start by reporting a volume rigidity result on non-collapsed spaces.

Theorem 2.3.23 (Volume rigidity, [80, Corollary 1.7]). Let (X,d,H") be a non-
collapsed RCD(0, N) space. Then for all x € X and r > 0,

HY (B, (x)) < wyr?. (2.3.5)

Furthermore, if there exists * € X and v > 0 such that the equality is achieved in
(2.3.5), then By/o(T) is isometric to BE}Z(O). Consequently, € R if and only if

lim HY (B ())

=1.
r—0 riN

That is, Tangy(X,d, HY) = {(RY,dgea, LY)} if and only if the volume of the balls

centered at v € X converges to the volume of balls in RY.

Let us report the notion of strata of the singular set. In the Euclidean setting,
this concept dates back to Federer [90]. Their study proved crucial in improving our

understanding of the structure of the singular set.
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Definition 2.3.24 (Singular Strata). Let (X,d, H") be an RCD(K, N) metric mea-

sure space and k =1,...,N. Then we define the k-singular stratum to be

Sp(X) :={x € X : for every tangent space (Y, p, p,y) € Tan,(X,d, m)

dan(BY (y), BX " *Z(0"1, 2)) > 0 for any pointed space (Z,dz, )}
Let us point out that the following chain of inclusions holds:
So CS C ...CSy_1CSy_1 =8

In the non-collapsed setting, an estimate on the Hausdorff dimension of the sin-

gular strata holds.

Theorem 2.3.25 (Stratification, [80, Theorem 1.8]). Let (X,d, H") be an RCD(K, N)

metric measure space and k =1,...,N. Then

We conclude this section by collecting some results regarding the boundary of
non-collapsed RCD(K, N) metric measure spaces. See [80, 118, 43].

Definition 2.3.26 (Boundary). Let (X,d,H") be an RCD(K, N). The boundary of
X is
8X - SN,1 \SN,Q.
In [43] it was shown that this notion (proposed in [80]) is equivalent to that found

in [118] in the following sense: the boundary in the former sense is empty if and only

if the boundary in the latter sense is empty.

Theorem 2.3.27 (Boundary structure, [43, Theorem 1.4]). Let (X,d,H") be an
RCD(—(N — 1), N) space with x € X such that HN(By(z)) > v > 0. Then, if
(Sy—1\ Sn_2) N By(x) # 0, the following hold

e 0X is N — 1 rectifiable and HY (B, (z) N 0X) < C(N,v)r¥=! for any z €
OX N By(x) and r € (0,1);

o HY(B.(0X)) < CrN=1 for some C = C(n,v) > 0 and for any x € X and
r e (0,1);

o for any x € Sy_1\ Sn_2 the tangent cone at x is unique and isomorphic to Rf;

e for any 0 < a < 1, there exists a closed set C,, C Sy_o(X) such that
1. dimy(X \ Cp) < N —2;
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2. X\ Cy, is a topological manifold with boundary and C*-charts.

We remark that Theorem 2.3.27 fails in codimension greater than 1. Specifically:

e The measure estimate for the full singular stratum and the volume estimates
for the tubolar neighborhood of the full singular stratum fail, as there exists a
two-dimensional Alexandrov spaces whose singular set Sy does not have locally

finite H%-measure (see [65, Section 3.4]).

e In [67, Theorem 1.2] the authors showed that there exists a non-collapsed Ricci

limit space with a point z € Sy_5 \ Sy_3 with multiple tangent cones.

e In [65, Example 3.2] the authors report an example, based on [128], of an N-
dimensional Alexandrov spaces such that Sy_s is a Cantor set, which implies

that no point has a neighborhood in which Sy_s is a topological manifold.

See the discussion in [43] after Theorem 1.4.

2.3.8 Metric cones

In this section we recall the construction of metric (measure) cones, that is cones
having a metric measure space as cross-section endowed with an appropriate cone
measure. For an introduction to the topic, see [49].

We start by recalling the definition of a warped metric measure space. For more
on the subject, including tensorization properties of the RCD spaces, see [16, 21, 102],

among others. We follow [102] closely in our presentation here.

Definition 2.3.28 (Warped length of curves). Let (X, d), (Y, p) be two metric spaces,
and let wy : X — [0,00) be a continuous function. Let v = (vX,4Y) € AC([0,1]; X) x
AC([0,1];Y). The warped length of curves on the product space X XY is

N

byt = sup Y /Ay X (Ei1), 7N (1))? + wa(7X (6i-1)p(3Y (1), 7Y (1)

0<tp<..<tny<1 i=1

- / VIFXR(E) + wa (VX (0) 3 (¢t

Suppose now that X, Y are length spaces, that is metric spaces in which the
distance between two points is given by the infimum of the lengths of curves that join
them. The following holds

d((l’, y)? (1’1, yl)) ;= inf lwm
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where (z,9), (z1,71) € X X Y and the infimum is taken over v € AC([0,1]; X x Y))
with 7(0) = (z,y) and (1) = (21,v1). It can be shown that d defines a pseudo-
distance on X x Y. In order to get the definiteness property of distances we need to
consider the quotient space X X, Y := X x Y/ ~, where (x,y) ~ (x1,;) if and only

if dw((ma y)7 ($1, yl)) =0.
We now recall the definition of warped product of metric measure spaces.

Definition 2.3.29 (Warped metric measure spaces). Let (X,d,m), (Y, p, u) be two
metric measure spaces, and let wy,wy : X — [0,00) be continuous functions. The wqy-
wm warped product of the metric measure spaces (X,d,m) and (Y, p, p) is the metric

measure space
(X %, Y, d,,my,),

where (X X, Y,d,) is defined as in definition 2.3.28 and m,, := 7. (wam X u), where
m: X XY — X x,Y s the projection map.

An N-metric measure cone over a measure metric space (X, dy, mx) is defined as
the warped product
C<X) = ([07 OO) Xc XadC7mC)

obtained with wy(r) = r? and wy(r) = r¥~1. See [102] for some background.

We denote by O € C(X) the tip of the cone, given by {O} := 7 ({0} x X) C C(X).
In what follows we will use a slight abuse of notation and denote 7 (¢, z) by (¢, x). In
particular, O = (0,z) for any x € X. Moreover, we shall adopt the more intuitive
notation de, me to denote the distance and the reference measure on C'(X), when
there is no risk of confusion.

There is an explicit expression for the distance between two points on a cone:
dZ((r1,21), (ro, 12)) = 77 + 73 — 2179 cos(dx (21, 79) A 7). (2.3.6)
In particular, we have
de(O, (r,z)) =r. (2.3.7)

The following result, due to [79], is the rigidity case of the Bishop-Gromov in-
equality. See also [120].

Theorem 2.3.30 (Volume cone implies metric cone). Let (X,d, m) be an RCD(0, N)
space. Suppose that there exist x € X and 0 < r < R satisfying

TN

w(5,(2) = ( v ) w(Ba(e))

Then one of the three occurs:
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R
27

Then (X,d) is isometric to a 1-manifold with boundary and x is a boundary

1. Sg (x), that is the sphere centered at x of radius contains exactly one point.

point.

2. Sg (x) contains exactly two points. Then (X,d) is isometric to a 1-manifold

and x is an interior point.

3. Sk (x) contains at least three points. Then N > 2 and there exists an RCD(N —
2, N—1) m.m.s. (Z,dz,m) such that Bg(x) is locally isometric to a ball centered
at the tip of C(Z) of radius R. Moreover, the restriction of such local isometry

to B (x) is an isometry.

A consequence of the result is the following fundamental fact about tangent cones
of RCD spaces.

Theorem 2.3.31 (Tangent cones are metric measure cones). Let (X,d,HY) be a
non-collapsed RCD(K, N) space and x € X. Then any tangent cone at x is a metric

measure cone.
The following result was obtained in [120].

Proposition 2.3.32. Let (X,dx, mx) be a metric measure space and let N > 2.
Then (C(X),dc, me) is an RCD(0, N) m.m.s. if and only if (X,dx, myx) is RCD(N —
2, N — 1) and, in the case N =2, diam(X) < 7.

Remark 2.3.33. If N > 2, then the diameter bound diam(X) < 7 follows already
from the RCD(N —2, N —1) condition, by the Bonnet-Meyers theorem for CD spaces.

Next, we show a result relating radial derivatives of functions defined on cones
and the distance from the tip of the cone. The gradient of such distance function, in
some sense, corresponds to the position vector field in the Euclidean setting. Some
of the identities in the proof, obtained using basic calculus in the metric setting, will
be used later in this work. The following result uses the BL characterization found
in [102], Section 3.2.

Proposition 2.3.34. Let (C(X),dc, m¢e) be an RCD(0, N) cone over some RCD(N —
2, N — 1) space (X,dx, mx) and f € H"*(X). Let f)(x) := f(r,z) and f@(r) :=
f(r,x), for (r,z) € C(X). Then

IVF@|(r) = %|Vf(r, x)-Vd%(0, ) (r,z)| for m-a.e. x € X and L'-a.e. v € (0,00).
(2.3.8)
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Proof. By [102], Section 3.2, f € H%?(X) and f@ ¢ H%2(([0,00), deyer, 7V "1dr))
for L'-a.e. r € (0,00) and m-a.e. * € X, respectively. By using the BL characteriza-
tion of H'*(C(X)) functions (cf. [102], Section 3.2) and the polarization identity, we

have

Vf(r,z) Vdi(0,)(r,z) =

1 1
= V(f + 420, )(r,2) — 5]V ~ (0, ) P(r,)
=510,/ + dr )P~ S10(FO0) — dr )P (239)
:%@f@) +2r|* — %@f@ (r) — 2r|? (2.3.10)

=27 9, O () = 2r sign(d, £ () [V F@|(r)

where we have denoted dc(O, (r,2))® by de(,)(r). Moreover, we have used the fact
that |V (f™) + (d%(0, )" %(z) = |[VF"|(z) since (dc(O, )" is constant. We have
also exploited the identification between different notions of derivatives (by, say, [107,
Theorem 2.1.37]) |Vg| = |0,¢g] for smooth functions g : [0,00) — R and the explicit
formula for the radial sections of the distance function from the origin given by (2.3.7).
Let us also point out that (2.3.9) shows that

Vf(r.a) - V(d2(O, (r,2))) = VI (r) - V(dz (2))(r). (2.3.11)

Lastly, we point out that the following equality

Vde (O, -)|(r, z) = |0rde(r, x)| = %IVd%(O, )I(r, ), (2.3.12)

implies
VFONr) = [V (r,2) - V(do(O, (r,2))]. (2.3.13)
See [79, Corollary 3.6]. O

2.3.9 Tangent modules

In this section we briefly recall the notion of tangent modules. These correspond
to “vector fields defined in an L? sense”. We start by reporting the definition of
L?-normed L°°-modules, which constitutes the tool used by Gigli to construct a dif-
ferential structure in non-smooth spaces. They were introduced in [98], inspired by
[164, 165, 186, 187]. Subsequently, we recall the definition of cotangent module of a
metric space, which provide an abstraction of the concept of “l1-form on a Rieman-

nian manifold”. We also report the definition of tangent module of a metric measure
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space, obtained by duality from the cotangent space, and report the definition of the
divergence operator. The book [107] provides an excellent introduction to the topic.
Lastly, we briefly mention the existence of Sobolev vector fields (see [107, Chapter
6]) and, in the next section, spaces of vector fields having quasi-continuous represen-
tatives (see [83]).

Throughout this section, (X, d, m) is a metric measure space.
Definition 2.3.35 (L?(X)-normed L>®(X )-module). An L*(X)-normed L>(X)-module
is a quadruple (M, || - ||m, -, | - |) with the following properties

o (M,|-|m) is a Banach space.

e The multiplication by L (X)-functions - : L>°(X) x M — M is a bilinear map

such that
f(g-v)=(fg) v for every f,g € L=(X) and v € M,
id-v=w for every v € M where id = 1 m-almost everywhere.

e The pointwise norm |- | : M — L*(X) satisfies

lv] > 0 m-a.e. for every v e M,
\f vl =|fllv] m-a.e. for everyv € M and f € L™(X),
lvlame = (vl z2ex) for every v e M.

We now report the definition of the cotangent module of a metric measure space,
whose elements, loosely speaking, correspond to ‘square integrable 1-forms’ when the

ambient space is a Riemannian manifold.

Theorem 2.3.36 (Cotangent module). There ezists a unique couple (L*(T*X),d),
where L*(T*X) is an L*(X)-normed L>®(X)-module and d : S*(X) — L*(T*X) is a
linear operator that satisfies

o |df| = |V f] holds m-a.e. for every f € S*(X).

o L*(T*X) is generated by {df : f € S*(X)}.
The uniqueness part of the statement is to be intended up to module isomorphisms

®: LX(T*X) = M such that ® od = d.

As previously mentioned, the tangent module is defined as the dual of the cotan-
gent module. Therefore, we need to introduce what the dual of an L?(X)-normed

L*>(X)-module is. In order to do so, we first report the notion of essential supremum.
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Lemma 2.3.37 ([107, Lemma 3.2.1)). Let fr : X — R U {xoo} be given Borel
functions, with k € 1. Then there is a unique (up to equality m-a.e.) Borel function
g: X = RU{£oo} such that

® g > fi holds m-a.e. for every k € I;
o Ifh > fr holds m-a.e. for every k € I, then h > g m-almost everywhere.

Moreover, there ezists an at most countable subfamily { fx, }nen C {fx}rer such that

g = sup,, fr,. Such function g =: ess supy, fr ts called the essential supremum of the
famzly {fk}ke[.
See [107, Lemma 3.2.1] for a proof of this fact.

Definition 2.3.38. The dual of an L*(X)-normed L>(X)-module M 1is
M= {L : M — LYX)|L is linear and continuous,
L(fv) = fL() for allv e M, f € LOO(X)}

endowed with the operator norm ||L||. := sup, <1 [|L(v)[|z1(x). The product between
a function f € L>®(X) and an element L € M* is defined as

(fL)(v) := fL(v) for everyv € M.
The pointwise norm of L € M* is defined as
|L|. := ess sup L(v),

where the essential supremum is taken over all v € M such that |v| < 1 m-almost

everywhere.

See [107, Proposition 3.2.2] for a proof of the fact that M* is an L?(X)-normed
L>(X)-module.

Definition 2.3.39 (Tangent module). The tangent module L*(TX) is the L*(X)-
normed L>(X)-module dual of L*(T*X). We call its elements vector fields.

We are now ready to report the notion of divergence of a vector field on a metric

measure space.

Definition 2.3.40 (Divergence). The space D(div) is defined as the set of all vector
fields v € L2(TX) for which there exists h € L*(X) such that

—/ fhdm:/ df (v)dm  for every f € H"*(X).
X X

The function h € L*(X), which is unique by density of H“*(X) in L*(X), is denoted
by div(v).
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We point out that a similar construction can be done by assuming |v| € L>(X).
We refer to the module thus obtained as L>(TX).

In the last part of the section we suppose that (X, d, m) is an RCD(K, 0o0) metric
measure space, whose definition we reported in Section 2.3.2. In [98, 97|, Gigli in-
troduced second order calculus in RCD(K, 00) metric measure spaces. An important
notion he introduced is that of vector fields that have a square integrable covariant
derivative. To report their definition, we start by recalling the concept of test func-
tions and test vector fields, which correspond to smooth functions and smooth vector
fields in the FEuclidean setting.

The space of test functions on an RCD(K, 00) space is defined as

Test(X) :={f € D(A)NL®(X): |Vfl € L™(X),Af € H?*(X)}.

These functions are dense in H'?(X). Moreover, Vf - Vg € H"“?(X) for every
f,g € Test(X). Moreover, the class of test vector fields TestV (X)) is defined as

TestV (X)) := {Z 9V fr : fr, gr € Test(X),m € N} )
k=1
On a Riemannian manifold (M, (-, -)), for any vector field v and any f, g € C*>°(M)
it holds
<VVfU, v9> = <V<U7 VQ>, vf) - Hg(U, vf)7

where Hg is the Hessian of g. This fact was exploited to introduce a notion of
covariant derivative of test vector fields in RCD(K, c0) metric measure spaces, which
was in turn used to define H5*(TX). Namely, the space H5*(TX) is defined as the
closure of TestV (X) C L?(TX) with respect to the norm

0200y = M0l Z2grx) + 1V 0l 2200

See [107, Section 6.3] for an introduction to the topic.

2.3.10 Quasi-continuous vector fields

In this section we report the concept of quasi-continuous vector fields. All the results
here presented were obtained in [83, 42]. Loosely speaking, quasi-continuous vector
fields consist of vector fields that are continuous outside a set of arbitrarily small
capacity. As pointed out in [83], in the RCD setting it is not clear what it means for

a vector field to be continuous (or what the value of the vector field at a point is).
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We also remark that a result in [82] suggests that it might be pointless to look for
‘many’ continuous vector fields even in Alexandrov spaces.

This section is structered as follows: we start by reporting the concept of capacity.
We then recall the definition of L°(Cap), QC(X) and L¢,,(TX). These correspond to
Borel functions, quasi-continuous functions and Borel vector fields, respectively. We
then revise the definition of QC(T'X), which, much like in RY quasi-continuous func-
tion are the L°(Cap)-closure of smooth ones, is the L¢, (T X)-closure of TestV (X).
Lastly, we report the definition of the space QC™(TX) of quasi-continuous vector
fields that are Cap-essentially bounded.

Throughout this chapter (X, d, m) denotes an RCD(K, 0o) space, unless otherwise

specified.

Definition 2.3.41 (Capacity). Let (X,d,m) be a metric measure space, and E C X.
The capacity of the set E is defined as the quantity Cap(E) € [0, +00) U {+o0} given
by

Cap(E) = inf || f[[gr2(x),

where the infimum is taken over all f € H“?(X) such that f > 1 m-a.e. on some

open neighborhood of E, and it is understood to be +o0o when such class is empty.
Let us point out that Cap is an outer measure.

Definition 2.3.42 (The space L°(Cap)). Let (X,d, m) be a metric measure space.
L°(Cap) is defined as the space of all equivalence classes up to Cap-a.e. equality of
Borel functions on X. Given an increasing sequence { Ag}r of open subsets of X with
finite capacity such that for any bounded set B C X there is k € N with B C Ay, the
distance between two functions f,g € L°(Cap) is

1
deap(/f, 9) ::ZQk(Cap(Ak)\/l) /Ak |f — g| A 1dCap.

keN

Let us point out that dcap(f, g) does not depend on the particular representatives
of f and g. Moreover, (L°(Cap),dcap) is a complete metric space and the topology
induced by dc,p, does not depend on the choice of {Ay}x. Since m is absolutely con-
tinuous with respect to Cap, there is a natural projection Pr : L%(Cap) — L°(m) that
assigns the equivalence class Cap-almost everywhere of a function to its equivalence
class m-almost everywhere. Analogously to Definition 2.3.42, we denote with L%(m)

the space of Borel functions defined m-almost everywhere.
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Definition 2.3.43 (Quasi-continuous functions). Let (X,d,m) be a metric measure
space. A function f : X — R is quasi-continuous if for every e > 0 there exists a set
E C X with Cap(E) < € such that the function fi,. X \ E — R is continuous.

If two functions agree Cap-a.e. and one of them is quasi-continuous, then so is
the other. We also point out that, as shown in [83, Theorem 1.20], if continuous
functions in H'?(X) are dense in H%?(X), there exists a unique continuous map
QCR : H"?(X) — QC(X) such that ProQCR is the inclusion map H'*(X) C L%(m).

Next, we report the definition of L°(Cap)-normed L°(Cap)-module and of L2, (T X).

Cap
The latter object correspond to Borel vector fields defined Cap-almost everywhere.

Definition 2.3.44 (L°(Cap)-normed L°(Cap)-module). Let (X,d,m) be a metric
measure space. We say that a quadruple (M, 1,-,|-|) is a L°(Cap)-normed L°(Cap)-

module over (X,d,m) if the following conditions are satisfied.

e (M, 7) is a topological vector space.

e The bilinear map - : L°(Cap) x M — M satisfies [ - (g-v) = (fg) - v and
1-v=w for every f,g € L°(Cap) and v € M.

e The map | |: M — L°Cap), called the pointwise norm, satisfies

lv| >0 for every v € M, with equality if and oly if v =0,
v+ w| < |v| + |w| for every v,w € M,
|f vl = |f]|v] for every v € M and f € L°(Cap),

where all equalities and inequalities are intended Cap-almost everywhere.
o The distance dpq on M, given by

1
dm(v, w) == Z 2k(Cap(Ax) V1) Ja,

keN

v —w| A1dCap for all v,w € M,

1s complete and induces the topology 7.

Theorem 2.3.45 (Tangent L°(Cap)-module, [83, Theorem 2.6]). Let (X,d, m) be

(TX),V), where
(T'X)

an RCD(K,00) space. Then there exists a unique couple (LY

Cap
L2, (TX) is an L°(Cap)-module over X and the operator V : Test(X) — LY

Cap
15 linear, such that the following properties hold:

o For any f € Test(X) we have that the equality ]@f\ = QCR(|Vf]) holds Cap-

a.e. on X.
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o The space of e X5V fr, with {fi}x C Test(X) and {Ey}x Borel partition
of X, is dense in L2, (TX).

Cap
Uniqueness is intended up to module isomorphism that fizes V. The space L%ap(TX)
is called tangent L°(Cap)-module associated to (X,d, m).

Throughout the rest of this thesis, we use the abuse of notation Vf = Vf when

dealing with functions defined only Cap-almost everywhere.

Definition 2.3.46 (Quasi-continuous vector fields). Let (X,d, m) be an RCD(K, o)

metric measure space and let Test(V)(X) C L2, (TX) be defined as

Cap

n

Test(V)(X) :== {Z QCR(gi)Vfe :n e N {fu}r_, {gr}i, C Test(X)} .

k=0
Then the space QC(TX) of quasi-continuous vector fields on X is defined as the
dro_ (rx)-closure of TestV(X) in LY, (TX).

OCap( Cap

Let us point out that, if v € QC(TX), then |v| € QC(X). See [83, Proposition
2.12]. Lastly, we denote with QC>°(T'X) the space of Cap-essentially bounded quasi-

continuous vector fields, which is defined as

QC™(TX) ={veQC(TX):|v] € L(Cap)}.

2.4 Finite perimeter sets in RCD metric measure
spaces

In this section we recall the main results achieved in the study of finite perimeter sets
in RCD metric measure spaces. Sets of finite perimeter have been a very important
tool in the developments of Geometric Measure Theory in Euclidean and Riemannian
contexts in the last seventy years. In [11, 46, 44], and the more recent [42, 27], most
of the classical Euclidean theory of sets of finite perimeter has been generalized to
RCD(K, N) metric measure spaces. Moreover, [144] began a study of locally perime-
ter minimizing sets in the same setting (see also [105]). Due to the compactness of the
class of RCD(K, N) spaces with respect to the (pointed) measured Gromov-Hausdorff
topology, these developments have been important to address some questions of Ge-
ometric Measure Theory on smooth Riemannian manifolds. For instance, see [33,
34].

We begin this section with an overview of some properties of BV functions in RCD

m.m.s. and their distributional gradient, which we use in the proof of the monotonicity
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formula Theorem 3.2.1 for an approximation of the perimeter of a minimal boundary.
We then report a notion of convergence for sets defined on a sequence of RCD m.m.s.
converging in pmGH sense. We then recall the theory of finite perimeter sets in
RCD metric measure spaces. We report some tools, such as the coarea formula,
Gauss-Green, cut-and-paste. We also report some of their properties, such as De
Giorgi’s structure theorem in the RCD setting. Subsequently, we recall some results
concerning perimeter minimizing sets in RCD m.m.s., particularly their stability along
L' convergent sequences and some of the regularity results obtained in [144]. Lastly,
we report some results concerning isoperimetric sets in the non-smooth setting which

are needed for our study of the Modica-Mortola approximation in Chapter 5.

2.4.1 BV functions

Let (X,d, m) be a metric measure space, v € L'(X) and Q C X an open set. The

total variation norm of u evaluated on €2 is defined by
|Vu|(Q) = inf{liminf/ lip(u;)(y) dm} : (2.4.1)
j—oo Jq

where the infimum is taken over all sequences {u;}; C LIP(X) N L*(X) such that
u; — u in LY(X).

A function v € L'(X) is said to have bounded variation if its total variation
|Vu|(X) is finite. In this case one can prove that |Vu| can be extended to a Borel
measure on X. The space of functions of bounded variation is denoted by BV (X).

We say that a function u € BVe.(X) if u € L{, .(X) and is such that for all open
bounded sets 2 € X it holds fio € BV(X) for some function fio with f = fo in Q.

We report here a few results on BV functions and their associated vectorial vari-
ational measures. Given a measure p < Cap, then one may consider the natural
projection map 7, : L°(Cap) — L%(u). In [46, Section 1.3] it was shown that, given
an L°(Cap)-normed L°(Cap)-module M and the equivalence relation ~, on M de-
fined by v ~,, v if [v—w| = 0 p-almost everywhere, then the quotient module Mg is an

L°(pr)-normed L°(p)-module. Moreover, we call M? := {v € M} : [v| € LP(p)} where

0
Cap

finite on balls such that p < Cap, we set LE(TX) := (L¢,,(TX))h. When (X, d, m)

Cap

p € [1,00]. In the particular case in which M = L, (TX) and p is a Borel measure
is an RCD(K, oo) space the total variational measure of a function f € BV(X) is ab-
solutely continuous with respect to Cap (see [42] for a proof of this fact). Therefore,
one may consider the tangent modules Lfv f|(TX ). This will be particularly useful
in the context of finite perimeter sets in the section below: it allows to talk about

‘vector fields defined up to perimeter negligible sets’.
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Proposition 2.4.1. Let (X,d,m) be an RCD(K,00) space and f € BV(X). Then
there exists a unique vector field vy € Lig (T'X) with |vg| =1 |V f|-a.e. such that

/ fdivodm = —/ v-ved|Vf|,  forallve QC™(TX)N D(div). (2.4.2)
be be

In what follows, for f € BV(X) we will denote Vf := v¢|Vf|. If E is a set
of locally finite perimeter, we denote vg := v,,. This definition of unit normal is
consistent with the one introduced above via the Gauss-Green formula, see [46]. For
a function f: X — R, let

A — ap limi _ w . WMB(2) N {f <t})
ff=ap hgn_gﬁlff(y)—Sup{tG]R.rlgn>0 w(B.(2)) =0

m(B,(x) N {f > t}) }
m(B,(x

fY =ap limsup f(y) = inf {t eR: lim
y—>z r—>0
and, lastly,

A+ Y
2 b

f= (2.4.3)
with the convention oo — oo = 0.
Lemma 2.4.2 (Leibniz rule for BV). Let (X,d,m) be an RCD(K,oc0) space and
f,9 € BV(X)NL>®(X). Then fg € BV(X) and

V(fg)=fVg+3gVf. (2.4.4)
In particular, [V (fg)| < |f|[Vgl + |3l[V f].

Proposition 2.4.3 (BV extension). Let (X,d, m) be an RCD(K, o0) space, E C X
a set of locally finite perimeter (see Section 2.4.3 below) and f € BV(X) N L¥(E).

Then
{f(a:) ifrekl,

0 elsewhere
belongs to BV(X) and Vf = fVxg + Vf|g.
Proof. The result immediately follows by applying (2.4.4) with ¢ = xg. ]

Lemma 2.4.4 (Cut and paste of BV Functions). Let (X,d,m) be an RCD(K, c0)
m.m.s. and E C X a set of locally finite perimeter. Let f € BV(E) and g €
BV(X \ E). Let h: X — R be defined as

2) = flx) ifreE;
M) : {g(m) ifre X\ E.

Then h € BV(X). Moreover, called f,g the representatives given by (2.4.3), it holds

Vh =V flg+ Vglx\g + (f —3)Vxe-
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Proof. Let f and g be the extensions by zero given by Proposition 2.4.3. Then
h=f+3. 0
Lastly, we recall a compactness criteria for BV functions along sequences of RCD

spaces converging in pmGH, shown in [18, Proposition 7.5].

Definition 2.4.5 (Infinitesimal isoperimetric profile). Let (X, d, m) be a metric mea-
sure space with m(X) < oo. We say that T : (0,00) — (0,1/2] is an infinitesimal
isoperimetric profile for (X, d, m) if for all € > 0 the following implication holds

m(A) <Z(e) = m(A) < ePer(A) (2.4.5)
for any Borel set A C X.

Proposition 2.4.6 ([18, Proposition 7.5]). Let {(Xy,dy, my, zx) }r be a sequence of
pointed RCD(K, 0o) metric measure spaces with my(Xy) < oo for all k € N converging
in the pmGH topology to (X,d, m, x) and having a common infinitesimal isoperimetric
profile. Suppose that the sequence { fr}r, fr € BV(X) for all k € N satisfy

k X

Then there exists f € BV(X) and a subsequence (k;) such that fy, converges L'-
strongly to f. Moreover, it holds

[VAX) < Gminf [ D fi, |x, (Xi,)- (2.4.7)

The following criteria for having a common infinitesimal isoperimetric profile is
taken from [18, Theorem 7.2].

Theorem 2.4.7 ([18, Theorem 7.2]). The class of spaces (X,d, m) with m(X) < oo
having an isoperimetric profile includes:

e RCD(K,00) spaces with K > 0.

e RCD(K,00) spaces with finite diameter.

2.4.2 L' convergence of sets

In this section, we report the definition of L! convergence of sets and recall how such
convergence is induced by a metric. These definitions can be found in [11].

Let (X,d, m,z), (Y, p, i, y) be pointed metric measure spaces and let £ C X, F' C
Y. We say that the quintuples (X,d, m, z, E') and (Y, p, i, y, F') are isomorphic if there
exists a pointed metric measure isomorphism i : X — Y such that u(i(E)AF) = 0.

52



We report here a notion of convergence of sets. We refer to [104, 18, 11] for more
details.

Definition 2.4.8 (Convergence of sets). Let {(Xg,dr, Mg, k) }r be a sequence of
pointed metric measure spaces converging in the pointed measured Gromov-Hausdorff
sense to (X,d,m,z). Let By, C X and E C X be Borel sets such that my(Ej) < oo,
m(E) < oo for each k € N. We say that the sequence { Ey}, converges in the L' strong
sense to E if the measures xg,my, — xgm in duality with Cns(Z), where (Z,dz) is
the space realizing the convergence, and my(Ey) — m(FE) as k — oo.

We also say that a sequence of Borel sets { Ex}r, Ex C Xy for all k € N converges
strongly in Li.. to a Borel set E C X if Ex N B,.(x)) converges in the strong L' sense

to EN B.(z) for all r > 0.

This convergence can be metrized by a distance D defined on (isomorphic classes

of) quintuples (X,d, m, z, F), see [11, Lemma A.4]. Let us briefly recall its definition.

Definition 2.4.9 (Distance between sets). Let = := (X,d,m,z, F) and Z; :=
(Y, p, i, y, F) be two pointed RCD(K, N) spaces with E C X and F C'Y sets of lo-
cally finite perimeter. Let (Z,dz) be a proper metric measure space and ¥, : (X,d) —
(Z,d,), Uy : (Y,p) = (Z,dy) be isometric embeddings. For any k € N we define

oo [ P(Br(x) z XByr) XBy(w)
! g(u(Bk(y))) AL (@”#m(Bk(x)) ’(%’#uwk@»“)
m(By(x) N E)
* log<u(3k(y)ﬂF)>’M
Z X By (z) X B (y)
+ Wi ((‘Pl)#mwk )N E)m’ <‘I’2)#M(Bk(y) NF) “) ’

where dy is the Hausdorff distance between compact subsets of Z and W¥ denotes the

1-Wasserstein distance in (Z,dz A1). We say that the distance between =, and =5 is

- = : ZOO 1 - =
D(:l, :,2) = Hlf {dz(\lll(l'), \Ijg(y)) + ﬁpkﬂl’l,‘l’z(:‘l’ :2)} s
k=1

where the infimum is taken over all proper metric spaces (Z,dz) and isometric em-
beddings Uy, Ws.
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We point out that Definition 2.4.9 is similar to Definition 2.2.4, but also takes
into account a distance between sets.

It can be shown that D is a distance on the space of quintuples (X,d, m,z, E)
considered up to isomorphisms. Furthermore, a sequence {(Xy,dy, my, z, Fx)}y con-
verges in the topology induced by D to (X,d, m,z, F) if and only if {( Xk, dx, mg, xx)}

converges in the pointed measured Gromov-Hausdorff sense to (X, d, m,z) and {E} }

1

converges to I in the L; .

sense. See [11, Lemma A.4] for a proof of these facts.

2.4.3 Finite perimeter sets in RCD spaces

Let (X,d, m) be a metric measure space. A set £ C X is of (locally) finite perimeter
if xg € BV(X) (xg € BVioc(X)). We denote the perimeter measure of a locally finite
perimeter set E by Per(E,-) := |Vxg|(+).

The following lemma follows immediately from the definition of locally finite

perimeter sets.

Lemma 2.4.10. Consider two metric measure spaces (X, d,HN) and (Y, p, HN) for
some N € N and suppose there exists a bijective isometry i : X — Y. Then for every
A, B C X we have

Per(A, B) = Per(i(A),i(B)).

An important tool for what follows is the coarea formula (cf. [139, Theorem 2.16]).

Theorem 2.4.11 (Coarea Formula). Let (X,d, m) be an RCD(K, N) space and u €
BV (X). Then {u > r} has finite perimeter for L'-a.e. r and for any Borel function

f:X =R it holds
/de|Vu| - /R (/X f dPer({u > r})) dr, (2.4.8)

where the term d|Vu| in the right hand side denotes that the integral is computed with

respect to the total variation measure |Vul.

Given a function v € BV(X), we define the set E; := {x € X : u(z) > t, t € R}.

As a consequence of the coarea formula, it holds
V() = / Per(Ey: C) dt
R

Related to the coarea formula (2.4.8) is the following local, relative isoperimetric

inequality, which can be found in [126, Theorem 3.3].
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Theorem 2.4.12. Let (X,d,m) be an RCD(K, N) metric measure space. Then there
exists A\ > 1, C' >0 and rq > 0 such that

min{m(E N B,(z),m(B,(z) \ E)} < CrPer(E, B).(z)),
forallz e X, 0<r <rg.

We now look at a particular type of locally finite perimeter sets: cones inside
cones. Let (C(X),dc, me) be as in Proposition 2.3.32, r > 0, € X. An important

family of sets for the purposes of this manuscript is the following
C(BX(x)) :={(t,y) € C(X):y € BX(zx)}. (2.4.9)

Lemma 2.4.13. The sets C(BX(z)) C C(X) are of locally finite perimeter for any
r>0.

Proof. We prove the claim by exhibiting an explicit sequence of Lipschitz functions

converging to Xc¢(px(z))- Let

1 if y € BX(x);
frlt,y) = ¢ kr+1—kd(y,2) ify e B, (2)\ B (v); (2.4.10)
0 ify € X\ BY, ().

Clearly, fi is Lipschitz with bounded support, |fi] < 1, hence f, € HL*(C(X)).

loc

Moreover, fr = Xc(BX (2)) 1 Li,(C(X)). Indeed, for p = (s,2) € C(X), R>0

loc

| fe — XoBX ()] dmC:/ | frlx dme
/BR(p) () Br(p) C(BX (96)\35(66))

< me (Ba(p) N C (BY, () \ BY(0)))

Using the Bishop-Gromov inequality [180], we have

m BX 1 (:IZ') N 1
T+ —
m (Bﬁ%(l’) \ Bf(@) = m(B} (z)) W — 1| <m(BX(x)) ( praa
Therefore,
1
me (BR(p) ne (Bﬁ%@) \ Bﬁf(x))) ) (E) , (2.4.11)
which implies fk — XC(BX (z)) in Llloc(O(X))
Let us now show that
lim sup/ lipfr dme < o0, (2.4.12)
k—roo  JBr(p)
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for any p = (s,2) € C(X), R > 0, which directly implies that C(BX(x)) is a set of
locally finite perimeter.

It is elementary to check that

; X X .
k lnyBT.Jr%(x)\Br (x)v

(2.4.13)
0 otherwise.

Therefore, using (2.4.11), we obtain
/ lipfy dme = k me (BR(p) ne <Bfil(x) \ ij(x))) —0(1), ask— 0.
Br(p) F

]

Definition 2.4.14 (Tangent to a set of locally finite perimeter). Let (X,d, m) be an
RCD(K,N) m.m.s. and E C X be a set of locally finite perimeter.

We say that (Y, p, p,y, F) € Tan, (X, d, m, E) if (Y, p, p,y) € Tan,(X) and F C Y is

1

a set of locally finite perimeter of positive measure such that xg converges in the Ly,

sense of Definition 2.4.8 to I along the blow-up sequence associated to the tangent
Y.

Let us report an important compactness result for sets of finite perimeter, which

in particular guarantees the existence of tangent cones.

Corollary 2.4.15 ([11, Corollary 3.4]). Let {( Xy, dg, my, zx)} be a sequence of RCD(K, N)
p.m.m.s. converging in the pmGH topology to (X,d, m,z). Let Ey C Xi be sets of

locally finite perimeter such that
sup Per(Ey, Br(zg)) < oo for every R > 0.
k

Then there exists a subsequence, which we do not relabel, and a locally finite perimeter
set E C X such that E, — E in the Ll . sense (see Definition 2./.8).

loc

We report a result on the uniqueness (up to a set of zero perimeter measure) of

tangents to sets of locally finite perimeter, which can be found in [11], appendix A.

Proposition 2.4.16 (Uniqueness of Tangents). Let (X,d,H") be an RCD(K, N)
metric measure space and E C X a set of locally finite perimeter. Then for Perg-

almost every x € X it holds
Tan, (X, d, H"Y, E) = {(RY, deyer, LY, 0V {zn > 0})}.
The following result was also obtained in [11], appendix A.
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Theorem 2.4.17 (Iterated tangents). Let (X,d,m) be a an RCD(K, N) m.m.s. and
let E C X be a set of locally finite perimeter. For Perg-almost every x € X we have
that if (Y, p, u,y, F) € Tan,(X,d, m, E) then

Tang (Y, p, i, F') C Tan, (X, d, m, E) for every y € supp Perp.

We report here a De Giorgi-type structure theorem for finite perimeter sets ob-
tained in [11] and [46]. To simplify our discussion, we restrict ourselves to the non-
collapsed RCD setting. We start by recalling the notion of reduced boundary, which
hinges on our notion of blow up in the RCD setting definition 2.4.8.

Definition 2.4.18 (Reduced boundary). Let (X,d, HY) be an RCD(K, N) space and
E C X a set of locally finite perimeter. For k =1,..., N the reduced boundary OpE is
defined as

OrE = {x € X : Tan, (X, d, HY, E) = {(R", deyer, cx LF, 0, {x, > 0})}}.
We denote O*E := O\ E.

Let us point out that the reduced boundary recalled in Definition 2.4.18 does not
fully coincide with the reduced boundary in the classical Euclidean sense. Namely, it
allows the possibility that different half spaces arise as blow-ups when rescaling along

different sequences of radii converging to 0.

Theorem 2.4.19 (Rectifiability). Let (X,d,H") be an RCD(K,N) m.m.s. and
E C X a set of locally finite perimeter. Then O*E is strongly (Perg, N —1)-rectifiable.

Let us also report a stronger version of the above Theorem 2.4.19 specific to the

non-collapsed setting.

Theorem 2.4.20 (De Giorgi structure theorem). Let (X,d, H") be an RCD(K, N)
space and E C X a set of locally finite perimeter. Then it holds

1. Perg is concentrated on the reduced boundary 0*E;
2. the reduced boundary O*E is strongly (Perg, N — 1)-rectifiable;

3. PerE = HN_l

O*E -

An important tool for our analysis is the Gauss-Green formula for sets of finite
perimeter in the RCD setting. We refer to [46] for the proof and for some background
material. Given a set of finite perimeter F, for the essentially bounded vector fields
defined Perg-a.e. we use the following notation: L%(TX) := L% (TX).

IVxEel
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Theorem 2.4.21 (Gauss-Green formula, [46, Theorem 2.4]). Let (X,d,m) be an
RCD(K,N) m.m.s. and let E C X be a set of finite perimeter with m(E) < oo.
Then there exists a unique vector field vy € L%(TX) such that |vg| = 1 Perg-almost

everywhere and
/ div(v)dm = — /trE(v) - vg dPer(E),
E
for allv € HS*(TX) N D(div) with |v| € L®(|Vxz|).

Let us now report a version of the Gauss-Green formula for vector fields that are
bounded and have measure-valued divergence, but that do not necessarily belong to
HY(TX).

Definition 2.4.22 ([48, Definition 4.1]). Let (X,d, m) be an RCD(K, N) metric mea-
sure space. A vector field V € L*(TX) is an essentially bounded divergence measure
vector field if its distributional divergence is a finite Radon measure, that is if div(V)

1s a finite Radon measure such that

/ gddiv(V) = —/ Vg -Vdm
b b

for all g € LIP.(X). We denote the class of essentially bounded divergence measure
vector field by DM™(X).

A useful regularity result is the following.

Lemma 2.4.23 (Brue-Naber-Semola, Theorem 7.4). Let (X,d, m) be an RCD(K, N)
metric measure space and V. € DM™(X). Then div(V) is absolutely continuous with

respect to HN 1.

Since the divergence of a vector field V' € DM (X) may have a singular part
with respect to the reference measure, it could assign positive mass to the boundary
of a set of finite perimeter. Therefore, it is crucial for a Gauss-Green formula in
this setting to specify whether we integrate the divergence of a vector field only over
the interior of the set of finite perimeter or over its closure. Moreover, contrary to
vector fields in H5*(TX), DM (X)-vector fields do not have a pointwise-a.e. defined
representative over boundaries of sets of finite perimeter. However, it is possible to
define the interior and exterior normal traces of a vector field V- € DM (X).

Let E C X be a set of finite perimeter and let V' € DM™(X). It was proved
in [44, Section 5] and [48, Section 6.5] that there exist measures Vxg(xgV) and
Vxe(xgeV) such that

VFExe - (xV) = Vxe(xsV)
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and
VPixe - (xeeV) = Vxe(xecV)

as t — 0. Moreover, Vxg(xgV) and Vxg(xgcV) are both absolutely continuous
with respect to Perg. Hence, we can consider their densities (V- vg)in and (V- Vg ) ext
defined by

1
Vxe(xeV) = §(V - Vg)intPerg

and )
VXE(XECV) = §(V : VE)extPerEa

respectively.
The theorem below can be found in [48, Section 6.20] and [44, Theorem 5.2]. In

the latter, sharp bounds were given.

Theorem 2.4.24 (Gauss-Green for DM, [44, Theorem 5.2]). Let (X,d, m) be an
RCD(K, N) metric measure space. Moreover, let E C X be a set of finite perimeter
and let V-€ DM>(X). Then the following hold

fddiv(V) + / Vf-Vdm=— f(V - vg)indPerg,
E

EM) O*FE

/ fddiv(V) + / Vf-Vdm=— f(V - vg)extdPerg,
EMUOE E o*E
for all f € LIP.(X). Furthermore, we have

(V- vE)mtll 2o vxel) < IV Lo @m),

IV - vE)extll oo (o) < N1V o (50 m)-
2.4.3.1 Operations on finite perimeter sets

We next recall a useful cut and paste result proved in [44, Theorem 4.11]. To this
aim, let us first fix some notation. We denote by H” the codimension one Hausdorff
type measure induced by m with gauge function h(B,(z)) := m(B,(x))/r, see [46] for
further details. We write the total variation measure pp using the polar factorization

pup = vgPerg. Given t € [0, 1], we also recall the following

0y MENB@)
B { X M (B () t}‘

We say that the set E() is the measure theoretic interior and E© is the measure
theoretic exterior of a Borel subset £ C X.

We begin the section by recalling the following Federer-type result.
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Proposition 2.4.25 ([44, Proposition 4.2]). Let (X,d,m) be an RCD(K, N) metric
measure space and let E C X be a set of finite perimeter with finite measure. Then

we have

o For Hh-a.e. 1€ X

(B (@)

ENB, 1
mEOBED  f 1),
2
o Up to a H" negligible set it holds 0*F = E(1/?);
o For H'-a.e. v € X we have limy—yq P,xp € {O, %, 1};
o Up to a H" negligible set it holds

* . 1
8E—{:EEE.th_I§10PtXE(I)—§}.

Let us now report [44, Theorem 4.11], which provides a formula for the perimeter

measure of sets obtained through cut and paste operations on finite perimeter sets.

Theorem 2.4.26 (Cut and paste, [44, Theorem 4.11]). Let (X,d, m) be an RCD(K, N)
m.m.s. and E, F C X be sets of finite perimeter. Then ENF, EUF and E\ F are

sets of finite perimeter. Moreover, it holds

HENF = ME|F(1> + ,UF|E<1) + VEHh|{VE=VF} ;
pror = pE|po + pelpo + VvEH fpmue ;

HE\F = ME\F(0> - MF‘Eu) + VEHh\{VE:_VF} .

Let us clarify that we interpret the first of the equations above (and the same
applies for the other two) in the following sense: for any vector field v € HS*(TX) N
D(div) such that |v| € L*>°(X), it holds

/ div(v) dm = —/ trp(v) - vp dPerg — / trp(v) - vp dPerp
ENF F@) E®

— / trg(v) - vp dPerg.
El/Qmpl/Q

We also report the following version of cut and paste operations for sets of finite

perimeter for vector fields of essentially bounded divergence.
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Proposition 2.4.27 ([44, Proposition 5.4]). Let (X,d,m) be an RCD(K, N) metric
measure space. Let E, F C X be sets of locally finite perimeter and let V€ DM™(X).

Then
(V-vegar)ine = (V- ve)ig, Perg —a.e. on F(l),

(V-vear)ine = (V - Vp)ing, Perp —a.e. on EW,
(V-veap)mt = (V - Vg)int, Perg —a.e. on EY2 N pQ/2),
Analogous results hold for the exterior normal traces and for the interior and exterior

normal traces on EUF and on E\ F.

Lastly, we report a technical result that states that outward-pointing unit normal
to a sub-level set of a distance function is the gradient of the distance function at

that point.

Proposition 2.4.28 ([44, Proposition 6.1]). Let (X,d,m) be an RCD(K, N) metric
measure space. Let  C X be an open domain compactly contained in Q' C X, which

is itself a domain. Let ¢ : ' — R be a 1-Lipschitz function such that
e [Vy|=1m-a.e;

e © has measure valued Laplacian on ) with m-essentially bounded positive (or

negative) part.

Then for L'-a.e. t such that {o =t} N Q # (0 it holds that {x < t} is a set of locally

finite perimeter in €. Moreover, if holds
(Vgp : V{¢<t})im = (Vgp . V{%0<t})ext = —1 Perg,cp-a.e. on Q.

2.4.4 Perimeter minimizing sets

In this subsection, we recall the notion of perimeter minimizing set in an RCD(K, N)

space. We also report some regularity results relevant to our purposes.

Definition 2.4.29 (Local and Global Perimeter Minimizer). Let (X,d,m) be an
RCD(K, N) space. A set of locally finite perimeter E C X is a

e Global perimeter minimizer if it minimizes the perimeter for every compactly

supported perturbation, i.e.
Per(E, Br(x)) < Per(F; Br(x))

forallz € X, R>0 and F C X with F = F outside Br(z);
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e Local perimeter minimizer if for every x € X there exists r, > 0 such that E
minimizes the perimeter in B, (x), i.e. for all F C X with F = E outside
B, (z) it holds

Per(FE, B, (z)) < Per(F; B,,(z)) .

We report here the definition of quasi-minimal set of finite perimeter.

Definition 2.4.30 (Quasi-minimal sets, [144, Definition 2.34]). Let (X,d, m) be an
RCD(K, N) metric measure space. Let E C X be a finite perimeter set and let Q@ C X

be an open set. Given any k > 1 we say that F is a k-quasi-minimal set if for any
U € Q) and for all Borel sets F' C X such that EAF € U it holds

Per(E,U) < kPer(F,U) .

We say that E is a local k-quasi-minimal if for every x € X there exists r, > 0 such
that for all F C X with F = E outside B, (x) it holds

Per(E, B, (z)) < Per(F; B,,(z)) .

Let us point out that

e perimeter minimizing sets are also quasi-minimal sets. The definitions coincide
if Kk =1;

e solutions to the prescribed mean curvature problem are quasi-minimizers (under
suitable assumptions);

e isoperimetric sets are quasi-minimizers, as shown in [31, Theorem 3.4].

For an overview of the theory of quasi-minimal sets in Euclidean spaces, see [136,
Chapter 21].

The following result states that a quasi-minimal set of finite perimeter, up to a
modification on a negligible set, has a measure theoretic boundary coinciding with

the topological boundary. This result was first shown in the Euclidean setting in [74].

Theorem 2.4.31 ([122, Theorem 4.2]). Let (X,d,m) be an RCD(K, N) metric mea-
sure space. Let E C € be a quasi-minimal set of finite perimeter. Then, up to

modifying & on a set of m-negligible set, there exists v > 0 such that

m(E N B, (x)) m(E\ B, (x))
mB,@) ~ " wB(x) -

for any r > 0 such that By, (z) C Q.
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A consequence of the above result and of the local relative isoperimetric inequality

Theorem 2.4.12 is the following density estimate.

Lemma 2.4.32 (Density, [122, Lemma 5.1]). Let (X,d,m) be an RCD(K, N) m.m.s.
and let E C X be a quasi-minimal set in 2 C X. Then there exists rq, C' > 0 such
that

Cflm(E N Br(x» S Per(E, BT(JI)) S Cm(Eﬂ Br(l‘)) 7

r r
for all0 <r <1y and x € OE N Q) whenever By, () C §.

Let us report a stability of minimality along L' convergence of sets. This result
in particular shows that the class of locally perimeter minimizing sets in RCD spaces
is non-empty, as it includes limits of locally perimeter minimizing sets in sequences
of manifolds. Like in the Euclidean setting, it shows that the convergence of sets of

finite perimeter can be improved if they are perimeter minimizers.

Proposition 2.4.33 (Stability of minimality, [11, Proposition 3.9]). Let {(Xg, dg, my, zx) }&
be a sequence of RCD(K, N) metric measure spaces converging in the pmGH sense to
(X,d,m,x) and let (Z,dy) be the space realizing the convergence. For any k € N, let
ki > 1 and Ry > 0 be such that k, — 1 and Ry — oo. Moreover, let B, C X be a
Ki-quasi-minimal set in B, (vg). Assume that there exists E C X such that E, — E

in the L' sense. Then

e I is an entire perimeter minimizer, that is
Per(E, B,(x)) < Per(F, B,(x))

for all F C X such that EAF € B,(z) € X and for all r > 0;

e Pergy, — Perg in duality with C.(Z) as k — oo.

In [144, Theorem 2.42] Proposition 2.4.33 was extended to a more general class
of minimizers. The authors also proved the Hausdorff convergence of the topological
boundaries (referred to as Kuratowski convergence) or, equivalently, of their measure-
theoretic boundaries.

We also report an estimate on the Hausdorff dimension of the singular set of a

local perimeter minimizer. See [11].

Definition 2.4.34 (Regular and singular sets of a locally finite perimeter set). Let
(X, d,HN) be an RCD(K, N) metric measure space and E C X a locally finite perime-
ter set inside By(z), for some x € X with OX N By(x) = 0. Then the reqular set R
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and singular set S of the locally perimeter minimizing set E are, respectively,

RE = {z € 0F : (RY,deyar, LY,0", {zx > 0}) € Tan, (X, d, H", E)};
S¥ =0E\ R

The following two regularity results were obtained in [144].

Theorem 2.4.35 (Topological regularity of the regular set, [144, Theorem 6.21]). Let
(X, d,HN) be an RCD(K, N) metric measure space and E C X a locally perimeter
minimizing set inside Bs(z), for some x € X with 0X N By(x) = (0. Then for every
a € (0,1) there exists a relatively open set O, C OE N By(x) such that R¥ C O, and

O, is a-bi-hdlder homeomorphic to an open, smooth (N — 1)-dimensional manifold.

Theorem 2.4.36 (Hausdorff dimension of the singular set, [144, Theorem 6.30]). Let
(X,d,HY) be an RCD(K, N) metric measure space and E C X a locally perimeter

minimizing set inside €2, where Q C X is an open set. Then
dimy(SEFNRNQ) < N 8.
Moreover, under the additional assumption 0X NQ = 0, then it holds
dimy (SF N Q) < N - 3.

Let us mention that in [144, Theorem 6.8 an epsilon-regularity result for locally
perimeter minimizing sets and a Minkowski-type estimate of the singular set was
obtained [144, Theorem 6.39].

2.4.5 Isoperimetric regions

In this section we report some results regarding isoperimetric sets in the RCD setting,
which we use in Chapter 5. The results recalled here are based on the works [143,
153, 56, 30, 31, 33, 34, 31].

Let us report the definition of a volume-constrained minimizer for compact vari-

ations, which we sometimes refer to volume-constrained perimeter minimizer.

Definition 2.4.37 (Volume-constrained minimizer for compact variations). Let (X, d, m)
be a metric measure space. A finite perimeter set E C X s said to be a volume-

constrained minimizer for compact variations in X if, for any finite perimeter set
F C X withm(F) =m(E) and EAF € X, it holds

Per(E) < Per(F).

64



Definition 2.4.38. Let (X, d, m) be a metric measure space. The isoperimetric profile
of X is
Ix(v) := inf Per(A)

where the infimum is taken over all A C X Borel measurable sets with m(A) = v
and v € (0,m(X)). A set E C X such that Ix(m(E)) = Per(F) is said to be an

1SOPETIMELTLC TEGLON.

Let us point out that isoperimetric regions are volume constrained minimizers for
compact variations. When the ambient space (X,d, m) is compact, the existence of
isoperimetric regions of each volume follows by applying the direct methods in the
calculus of variations. The non-compact case has been studied in [143, 153, 30, 31,
33, 34, 31], among others.

An important property satisfied by the isoperimetric profile in the case the ambient
space is a smooth compact N-dimensional Riemannian manifold (M, g) having Ricci

curvature bounded from below by K € R is that the function i y := I satisfies

KN 2=n
¢K1,VN (2.4.14)

VRN T N7
in a weak sense. This fact was shown in [150, 37, 38, 39, 154]. In [34], the authors
showed that (2.4.14) holds when the ambient space is a non-collapsed RCD(K, N)
metric measure space (X,d, HY) satisfying H" (B1(z)) > v, for all z € X for some
vg > 0. In particular, it holds for non-compact Riemannian manifolds with Ricci
curvature bounded from below and volume of unit balls bounded away from zero.

Another celebrated result related to isoperimetric regions is the Lévy-Gromov
isoperimetric inequality. We report here the version of it that can be found in [56],

which holds for general CD* (K, N) spaces.

Theorem 2.4.39 ([56, Theorem 1.1]). Let (X,d,m) be an RCD(K, N) metric mea-
sure space for some N € N and K > 0 with m(X) = 1. Then for every Borel subset

E C X it holds N
lip MED) =mE) gy > OB)

=0 € — HN(S)
where B is a spherical cap in the model sphere S (that is, S is the N-dimensional
sphere of constant Ricci curvature equal to K) chosen so that ZJZ,—((';)) = m(E) and
Ef:={x € X :d(z,y) < e for somey € E} is the e-enlargement of E.

Let us report a topological regularity result found in [31, Theorems 1.3, 1.4]. First,
let us recall the definition of Ahlfors regularity.
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Definition 2.4.40 (Ahlfors regular subset). Let (X,d, m) be a metric measure space,
SC X and k> 0. We say that S is k-Ahlfors reqular if there exists constants C > 1
and ro > 0 such that

C~lrk <HM(S N B,(z)) < Crk,

for every x € S and r < ro such that B,(x) € X.

Theorem 2.4.41. Let (X,d,H") be an RCD(K,N) space and let E C X be a
volume-constrained minimizer for compact variations. Then EM is open and 0*F =
I(EW) is locally uniformly (N —1)-Ahlfors reqular in X. Suppose that H (By(x)) > v,
also holds for some vy > 0 and every x € X and that E is an isoperimetric region.
Then EW is bounded and O(EW) is (N — 1)-Ahlfors reqular in X.

In the remainder of this work, whenever (X,d, H") is an RCD(K, N) space and
E C X is a volume-constrained minimizer for compact variations, we assume that E
coincides with its open representative E(1.

Let N > 1, H, K € R. Then the Jacobian function is (cf. [34, Equation 2.14])

H N-1
Juni(r) = (COSN}L(T) + N1 sian_l(r)>+ : (2.4.15)

Let (X,d,H") be an RCD(K, N) metric measure space and let £ C X be a volume-
constrained minimizer for compact variations in X. The distance function from the
closed set E is denoted by dj. Given t > 0, we denote by E; the set {z € X : dg(z) <

t}.
Let us recall [34, Proposition 3.11], which is one of the regularity results used in
Chapter 5. It allows us to compare the perimeter of an isoperimetric set with the

perimeter of its equidistant sets.

Proposition 2.4.42 ([34, Proposition 3.11]). Let (X, d, H") be an RCD(K, N) met-
ric measure space and let E C X be a volume constrained minimizer for compact

variations. Then there exists ¢ € R such that for any t > 0 it holds

Per(E;) < J.xn(t)Per(E). (2.4.16)
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Chapter 3

Monotonicity formula and
stratification

In this chapter, we present the results obtained in a joint work with Mondino and
Semola [94]. There we proved a monotonicity formula for perimeter minimizing sets
in RCD(0, N) metric measure cones, together with the associated rigidity statement,
namely that if the monotonicity function is constant, the perimeter minimizing set is
itself a cone.
Among the applications, we established sharp Hausdorff dimension estimates for the
singular strata of perimeter minimizing sets in non-collapsed RCD spaces. We also
proved the existence of blow-down cones for global perimeter minimizers in non-
collapsed RCD(0, N) spaces with Euclidean volume growth. The result is also new
for Riemannian manifolds.

Section 1 is dedicated to an overview of the main results of the chapter and
provides some context to the theory. In Section 2 we show the monotonicity formula
for perimeter minimizing sets passing through the tip of an RCD(0, N) cone. The

last section is dedicated to some applications of the monotonicity formula.

3.1 Introduction

In this section, we briefly contextualize the setting of the chapter and discuss in more
detail the main results reported and their relevance.

The work presented in this chapter refines the analysis of perimeter minimizing
sets started in [144]. In the second section of this chapter we show a monotonicity
formula for cones over RCD(N — 1, N) metric measure spaces. The result states

that, for an entire local perimeter minimizer E in a cone on an RCD m.m.s. passing
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through the tip of such cone, the quantity

Per(E, B,)

is non-decreasing. We also obtain the analogue of the classical rigidity result that
comes with this monotonicity formula: if the aforementioned function (3.1.1) were
to be constant, then £ would need to be a cone itself. This is an important lemma
in the classical theory of analysis of singularities of local perimeter minimizers in
R™. It allows to show that the blow-up of a perimeter minimizer in the Euclidean
setting at a singular point is a singular cone. See [136, Theorem 28.6]. We use the
monotonicity formula to bridge density estimates and a characterization of cones by
means of properties of their normal vector field, a result which we show in the RCD
metric measure spaces setting. Contrary to the Euclidean case, the proof makes use
of both the rigidity and the monotonicity statements as the density results in the
non-smooth setting are not as strong.

In the last section of this chapter we show an application of the monotonicity
formula obtained in [94]. We refine the analysis of the singular set of perimeter
minimizers of [144] by providing a dimensional estimate on the singular stratum of
the local perimeter minimizer. For each integer k& < N the k-singular stratum is
defined as the set of points of OF at which there does not exist a tangent having both
the space and the perimeter minimizer split a factor of R¥*!. The stratification of the
singular set of non-collapsed RCD m.m.s. has been carried out in [80, Theorem 1.8]
(reported as Theorem 2.3.25 in the preliminaries). We employ some of the techniques
developed there. For RCD metric measure spaces, the k-singular stratum is defined
to be the set of points of the space that do not have a tangent splitting R**!. The
dimensional estimate obtained in [80] is analogous to ours, showing that perimeter
minimizers achieve, in this sense, the same regularity of the ambient space.

To perform analysis of singularities, analogously to Geometric Measure theory
in RY, singular cones play an important role. In the non-smooth setting, we need
to deal with the fact that blow-ups need to be performed both for the set of finite
perimeter and the ambient space. It is a now classical fact that the tangent to an
RCD m.m.s. is a cone over an RCD space (see Theorem 2.3.31), which follows straight
from the rigidity in the Bishop-Gromov inequality and from the “volume cone implies
metric cone” shown in [79], which is based on the previous work [120] and that we
recalled in Theorem 2.3.30. Monotonicity formulas for perimeter minimizers hold in

the Euclidean setting as well as in Riemannian manifolds, where one needs to take into
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account a remainder term depending on the norm of the curvature tensor. In the non-
smooth setting, it is not clear whether a monotonicity formula for locally perimeter
minimizing sets holds in general. For the purposes of dimensional estimates of the
singular set and stratification, a monotonicity formula for cones over RCD spaces is
sufficient. Indeed, it is possible to reduce ourselves to a local perimeter minimizer

inside a cone by performing a first blow-up, where then our monotonicity formula
holds.

3.1.1 Monotonicity Formula

The first main result of this chapter is a monotonicity formula for perimeter mini-
mizers in cones over RCD(N — 2, N — 1) spaces, with the associated conical rigidity
statement. We recall that, by [120], the metric measure cone over a metric measure
space (X,d, m) is an RCD(0, N) metric measure space if and only if (X,d, m) is an
RCD(N — 2, N — 1) metric measure space.

Our main result is the following:

Theorem 3.1.1 (Monotonicity Formula). Let N > 2 and let (X, d, m) be an RCD(N—
2, N —1) space (with diam(X) <, if N =2). Let C(X) be the metric measure cone
over (X,d,m) and let O denote its tip. Let E C C(X) be a global perimeter mini-
mizer. Then the function ® : (0,00) — R defined by
_ Per(E, B,(0))

)
T’N_l

O(r) :

is non-decreasing. Moreover, if there exist 0 < ry < ry < 0o such that ®(r1) = ®(rq),
then EN (B,,(0)\ B,,(0)) is a conical annulus, in the sense that there exists A C X
such that

EN (BTQ (O) \ Brl(O)) = C(A> N (BTQ(O) \ BT1(O)) )
where C(A) = {(t,x) € C(X): xz € A} is the cone over A C X. In particular, if ® is

constant on (0,00), then E is a cone (in the sense that there exists A C X such that

E =C(A)).

The above monotonicity formula with rigidity generalizes the analogous, cele-
brated result in the Euclidean setting, see for instance [90, 149, 136]. On smooth
Riemannian manifolds, it is well known that an almost monotonicity formula holds,
with error terms depending on two-sided bounds on the Riemann curvature tensor
and on lower bounds on the injectivity radius. For cones over smooth cross sections,

the monotonicity formula is a folklore result, see for instance [25, 87]. Some special
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cases of Theorem 3.1.1 have been discussed recently in [86, 144]. We also mention
that in [57] an analogous monotonicity formula in RCD metric measure cones has
been obtained for solutions of free boundary problems, generalizing a well known Eu-
clidean result.

In the proof, we adapt one of the classical strategies in the Euclidean setting. The
implementation is of course technically more demanding, in particular for the rigidity

part, due to the low regularity of the present context.

The relevance of Theorem 3.1.1 for the applications, that we are going to discuss
below, comes from the fact that tangent cones of non-collapsed RCD(K, N) metric
measure spaces (X,d,HY) and blow-downs of RCD(0, N) spaces (X,d,H") with
Euclidean volume growth are metric measure cones, see [79, 80, 120] for the present
setting and the earlier [60, 61, 49] for previous results in the case of Ricci limit spaces

and Alexandrov spaces.

It is an open question whether an almost monotonicity formula holds for perimeter
minimizers in general RCD (K, N) spaces, possibly under the non-collapsing assump-

tion. In particular, we record the following:

Open question: let (X,d,H") be an RCD(K, N) space and let £ C X be a

local perimeter minimizing set. Is it true that the limit

lip LerE: Br(z)) (3.1.2)

r—0 rN-1

exists for all z € OE?

3.1.2 Stratification of the singular set and other applications

It is well known that monotonicity formulas are an extremely powerful tool in the
analysis of singularities of several problems in Geometric Analysis. We just mention
here, for the sake of illustration and because of the connection with the developments

of this chapter:

e the Hausdorff dimension estimates for the singular strata of area minimizing

currents in codimension one, originally obtained in [92];

e the Hausdorff dimension estimates for the singular strata of RCD(K, N) spaces
(X,d, HY), obtained in [80] and earlier in [61] in the case of non-collapsed Ricci

limit spaces.
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The proofs of the aforementioned results are based on the so-called dimension reduc-
tion technique, which relies in turn on the validity of a monotonicity formula with
associated conical rigidity statement.

In the present work, building on the top of Theorem 3.1.1 we establish analogous
Hausdorff dimension estimates for the singular strata of perimeter minimizing sets
in RCD(K, N) spaces (X,d,H"). Below we introduce the relevant terminology and

state our main results.

Definition 3.1.2 (Singular Strata). Let (X,d,H") be an RCD(K, N) space, E C X
a locally perimeter minimizing set and 0 < k < N — 3 an integer. The k-singular
stratum of E, SF, is defined as

SF :={x € OE: no tangent space to (X,d, H",z, E) is of the form (Y, p, HY,y, F),
with (Y, p,y) isometric to (Z x R*™ d; x dewal, (2,0)) for some pointed (Z,dy, 2)

and F = G x R* with G C Z global perimeter minimizer}.

The above definition would make sense also in the cases when k > N —2. However,
it seems more appropriate not to adopt the terminology singular strata in those

instances, since they are used to define the boundary of a non-collapsed RCD space.

Definition 3.1.3 (Interior and Boundary Regularity Points). Let (X,d,H") be an
RCD(K, N) space and let E C X be a locally perimeter minimizing set. Given x €

OF, we say that x is an interior regularity point if
Tan, (X, d, H", E) = {(R", dewa, ", 0, RY)}. (3.1.3)

The set of interior reqularity points of E will be denoted by RE.
Given x € OF, we say that x is a boundary regularity point if

Tan,(X,d, HY, E) = {(RY, dewa, H", 0, {z1 > 0})}, (3.1.4)

where x1 is one of the coordinates of the RN™! factor in RY = RY~! x {zy > 0}.

The set of boundary regularity points of E will be denoted by REx.

It was proved in [144] that the interior regular set R is topologically regular, in
the sense that it is contained in a Holder open manifold of dimension N —1. By a blow-
up argument it is not hard to show that dimyR5y < N — 2 (see Proposition 3.3.3).
An application of the stratification of the singular set of perimeter minimizers and the
definition of boundary of a non-collapsed RCD m.m.s. [43] is that the complement of

SE 5 in OF consists of either interior or boundary regularity points.
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Theorem 3.1.4. Let (X,d,HY) be an RCD(K, N) space and let E C X be a locally

perimeter minimaizing set. Then
OFE\ Sy s =RFEURE,. (3.1.5)

The main result of this section is the stratification of the singular set of locally
perimeter minimizing sets Theorem 3.1.5 below. As mentioned in the introduction
of this thesis, the stratification of the singular set of objects that minimize the area
in a suitable sense in the Euclidean setting [92, 188] is a fundamental result for the
regularity theory of such objects. It was used as a step in understanding the regularity
of minimizing integral currents of codimension greater than one, and it is widely used
to analyze singularities in geometric analysis (see, for instance [188]). Moreover, it
furthers our understading of the structure of the singular set of minimal boundaries.
The proof of Theorem 3.1.5 builds on the monotonicity formula Theorem 3.2.1: the
monotonicity formulas for cones over Riemannian manifolds (see [148, Theorem 9.3],
[90, Theorem 5.4.3] and [147]) used in [144] to show the sharp Hausdorff dimension
bounds on the singular set of locally perimeter minimizing sets are not strong enough
to obtain Theorem 3.1.5.

Theorem 3.1.5 (Stratification of the singular set). Let (X,d, HY) be an RCD(K, N)
space and E C X a locally perimeter minimizing set. Then for any 0 <k < N —3 it
holds

dimySE < k. (3.1.6)

We point out that the Hausdorff dimension estimate for the top dimensional singu-
lar stratum had already been established in [86] (for limits of sequences of codimension
one area minimizing currents in smooth Riemannian manifolds with Ricci curvature
and volume lower bounds) and independently in [144] (in the same setting of non-
collapsed RCD(K, N) spaces having 0X = ()). Elementary examples illustrate that
the Hausdorff dimension estimates above are sharp in the present setting.

With respect to the classical [92] or [61, 80], in the proof of Theorem 3.1.5 we
need to handle the additional difficulty that a monotonicity formula does not hold
directly in the ambient space.

Another application of the monotonicity formula with the associated rigidity is
that if an RCD(0, N) space (X,d,H") with Euclidean volume growth contains a
global perimeter minimizer, then any asymptotic cone contains a perimeter minimiz-

ing cone.
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Theorem 3.1.6. Let (X,d,HY) be an RCD(0, N) metric measure space with Eu-
clidean volume growth, i.e. satisfying for some (and thus for every) v € X:

o P (B@)

> 0.
r—>00 TN

Let E C X be a global perimeter minimizer. Then for any blow-down (C(Z),dc(z), HY)
of (X,d, H™) there exists a cone C(W) C C(Z) which is a global perimeter minimizer.

The conclusion of Theorem 3.1.6 above seems to be new also in the more classical
case of smooth Riemannian manifolds with non-negative sectional curvature, or non-
negative Ricci curvature. We refer to [25] for earlier progress in the case of smooth
manifolds with non-negative sectional curvature satisfying additional conditions on
the rate of convergence to the tangent cone at infinity and on the regularity of the
cross section, and to the more recent [87] for the case of smooth Riemannian manifolds
with non-negative Ricci curvature and quadratic curvature decay.

Related to the open question that we raised above, to the best of our knowledge
it is not currently known whether in the setting of Theorem 3.1.6 any blow-down of

the perimeter minimizing set must actually be a cone.

3.2 Monotonicity formula

A classical and extremely powerful tool for studying sets which locally minimize the
perimeter in Euclidean spaces is the monotonicity formula for the perimeter. The goal
of this section is to generalize such monotonicity formula (with the associated rigidity
statement) to perimeter minimizers in cones over non-collapsed RCD(K, N) spaces.
In the next section, we draw some applications on the structure of the singular set of
local perimeter minimizers.

Recall that given an RCD(N — 2, N — 1) space (X,dx,my) the metric-measure
cone over X, denoted by (C(X),dc, me), is an RCD(0, V) space (if N = 2, we also
assume that diam(X) < 7). We denote by O = (0,2) € C(X) the tip of the cone
(see Section 2.3.8 for more details) and B,.(O) the open metric ball centered at O of
radius r > 0.

When we consider a local perimeter minimizer F, we shall always assume that
E = EW is the open representative, given by the measure theoretic interior. See [122]

for the relevant background.

Theorem 3.2.1 (Monotonicity formula). Let N > 2 and let (X,d, m) be an RCD(N —
2,N — 1) space (with diam(X) < w, if N = 2). Let C(X) be the metric measure
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cone over (X,d,m). Let E C C(X) be a global perimeter minimizer in the sense of
Definition 2.4.29. Then the function ® : (0,00) — R defined by

B(r) = Per(ff;@) , (3.2.1)

is non-decreasing. Moreover, if there exist 0 < r; < ry < oo such that ®(r1) = ®(rq),

then EN (B,,(0)\ B,,(0)) is a conical annulus, in the sense that there exists A C X
such that

EN(B,(0)\ B,,(0)) = C(A) N (B,,(0)\ B, (0)) ,
where C(A) = {(t,x) € C(X): xz € A} is the cone over A C X. In particular, if ® is

constant on (0,00), then E is a cone (in the sense that there exists A C X such that
E = C(A); see Section 2.3.8).

Remark 3.2.2. In the case where E C C(X) is a locally finite perimeter set, mini-
mizing the perimeter for perturbations supported in Bry1(O), then the monotonicity
formula holds on (0, R), i.e. the function ® defined in (3.2.1) is non-decreasing on
(0, R). Also the rigidity statement holds, for 0 < r1 < ry < R. The proofs are

analogous.

Proof of Theorem 3.2.1. Let us first give an outline of the argument. The first two
steps are inspired by the approach used in the lecture notes [146], which provide a
proof of the monotonicity formula for local perimeter minimizers in Euclidean spaces
by-passing the first variation formula. Classical references for this approach are [90,
149].

The main idea is to approximate the characteristic function of E by regular func-
tions f; and approximate ® by the corresponding ®, ; show an almost-monotonicity
formula for ®; and finally pass to the limit and get the monotonicity of ®. This
is achieved in steps 1-3. In step 4 we relate the derivative of ® with a quantity
characterizing cones as in Lemma 3.2.3.

Throughout the proof, we write B, in place of B,.(O) for the ease of notation.

Step 1: Approximation preliminaries.
In this step we show that, up to error terms, regular functions approximating xg
preserve the minimality condition. The argument requires an initial approximation.
Let f € LIP(C(X)) N Dioc(A)(C(X)) be non-negative. We introduce two functions

a, b:[0,00) — [0,00) to quantify the errors in the approximation:

a(r) := ||Df|(B,) — Per(E, B,)| , b(r) = /aB trys Xe — trop, f| dPer(B,),
' (3.2.2)
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where trg xp is the trace of xp from the exterior of the ball B,.

We remark that the interior and exterior normal traces can be defined by considering
the precise representative of xp - x5, and xg - xx\5, respectively. See [14] for the
Euclidean theory.

Notice that trgy f = trap, f = flos,, since f is continuous. Fix R > 0. Let
0 <7< Rand g € BV},.(C(X)) be any function such that

g = tro, f and g =xp on C(X)\ B,

int

where tryp g is the trace of g from the interior of the ball B,. The minimality of £

implies
Per(E, Bg) < Per({qg € C(X) : g(q) > t}; Bg),

for any 0 < ¢ < 1. Integrating in ¢ and using the coarea formula (2.4.8) we obtain

1
Per(E, Bp) < / Per({q € C(X) : g(q) > t}: Br) dt < |Dg|(Br).
0
Therefore, using Lemma 2.4.4 and the definition of g, we obtain

Per(E, B,) = Per(E, Bg) — Per(E, Bg \ B,) < |Dg|(Bgr) — Per(E, B \ B,)

— |DgI(B,) + / 6055 X5 — tros, f| dPer(B,) = |Dg|(B,) + b(r)
OB,

Finally, for any such g it holds

IDf|(B,) < Per(E, B,) + a(r) < |Dg|(B,) + a(r) + b(r). (3.2.3)

Step 2. Main computation.
In this step we show the monotonicity, up to error terms, of an approximation of ®,
denoted below by @, obtained by replacing xg with the regular approximation f of
step 1.

Fix f as in step 1 and r > 0. By [102],

IVt x) = VDR + 2V D)?(2), for m-ae. © € X and Ll-ae. t > 0.

Let h : C(X) — R be defined by h(t,z) := f")(z) for all ¢ > 0. Notice that h is

locally Lipschitz away from the origin and it is elementary to check that it has locally
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bounded variation.
By [102, 101], it holds

Dhl(t,x) = r ViM|(z), for mae. zand Ll-ae. t.
| t

By integrating over B, and using the coarea formula, we obtain

|Dh|(t,a:)dmcz/ / |Dh|(t,a:)dPer(Bt)dt:/ tNl/ "\ 0| () dm dt
B, 0 0B 0 X t

_/T t];Z/ IV £ () dPex(B,) dt (3.2.4)
0 T

_ r (r)
_ N_l/aBr IV £ () dPer(B,)

Let us point out that the latter expression can be viewed as the integral on 0B, of
the analog of the tangential derivative of f in the smooth case, while h is the radial
extension of the values of f on 0B, to the whole of C(X). Given r > 0, let us

introduce the quantity

I = [ v x)dmc—/ $N- 1/ IV F((t,x) dm d |

B

which will approximate r¥~1®(r). Notice that J is a Lipschitz function, hence it is
almost everywhere differentiable. Using the identity (3.2.4), we obtain that for a.e. r
it holds

J(r) = /8 |V|(r.z) dPer(B)

,

(3.2.5)
We notice that trgp, h = trgp, f. By defining h : C'(X) — R to be equal to h inside
B, and yg outside, we observe that (3.2.4) and (3.2.5) still hold if we replace h by
h (here it is key that B, is the open ball). Therefore, in step 1 we can choose g = h
and (3.2.3) reads as

/B \DR|(t, 2) dme + a(r) + b(r) > J(r). (3.2.6)

Substituting (3.2.6) into (3.2.5) and rearranging, yields
N -1 N -1

r

J'(r) - (a(r) +b(r)).

(3.2.7)

J(r) > /a (19S1() = [Vl (w) dPex(B,) -
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With a slight abuse, in order to keep notation simple, below we will write Vd¢ (O, (7, z))
to denote V(de¢(O,-))(r,z). Using Proposition 2.3.34 together with the fact that
1 -+v1—-s2>3, for 0 <s <1, the BL characterization of the norm [102, Def. 3.8]
of |[Vf] and the identification between minimal weak upper gradients for different

exponents on RCD spaces from [101], we have

V1 2) = [9SO\@) _ | \/1 _(Y(0) - Vo (O, (1,2)))’
IV I(r, z) VI(r, )
(Vf(r,z) - Vde (O, (r,x)))* (3.2.8)
B 21V f](r; x)?
(V/(r,2) - V(52,(0, (r,2))))"
2r2 |V f|(r, )"

for m-a.e. © € X and a.e. r € (0,400). Above, we understand that all the terms
vanish on the set where |V f| = 0.

Let us now define the function

fBT IVfI(t, ) dme _ J(r)

Dy(r) == N1 N—1

)

which will approximate the function ® in the statement of the theorem. Notice that
® is Lipschitz and differentiable almost everywhere by the coarea formula (2.4.8).
Taking its derivative and using (3.2.7) and (3.2.8) we obtain that for a.e. r it holds

) = L0

(Vf(T, ZU) -V (%d%’(07 (T7 Q?)))) dPer(Br) _ N-1 (a(r) + b(?“)) .

(3.2.9)

>

_/8& 2rNHUY f(r, x)

Integrating (3.2.9) from 0 < 7 < ry < 0o, and using coarea formula, we get

Vi z) -V (242 (0, (r,2)))’
(I)f(%)_q)f(rl)Z/B \B( I 2)7“N+1|(VfigT,x<) ))))

_ / B Nr; La(r) + b(r)) dr.

1

dmc
(3.2.10)

Step 3. Approximation.
In this step we carry out an approximating argument, using step 2 and in particular
(3.2.10). This allows us to conclude the monotonicity part of the theorem.
Let {fr}ren C LIP(C(X)) N Dic(A) be a sequence of non-negative functions
converging in BV,.(X) to xg. That is,
i = xels) =350, [Dfil(B,) =5 [Dys|(B,),  forallr>0. (3.2.11)
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Such sequence can be easily constructed by approximation via the heat flow, see for
instance [15] for analogous arguments.

Let us start by showing that the errors defined in (3.2.2) relative to fi go to zero
as k tends to oo.

The term ay(r) := || D fi|(B,) — Per(E, B,
XE, i.e. (3.2.11).

To deal with the error term by(r) := [, [tr§ Xz — trop, fe|dPer(B,), we can use

)| — F%e) by BVj,-convergence of fj to

the coarea formula (2.4.8) to show that

|fk—XE|dmC :/ bk(s) ds.
0

By

Together with the L'-convergence of f, to xp, this shows that by(r) — 0 for £!-
a.e. 7 > 0.

Lastly, let us show that ®@;(r) — ®(r) for L'-a.e. 7 > 0. By BV}, convergence of
fr to xg (3.2.11), we have

lim @y, (r) = lim / |D fr|dme = ! 1/3 dPer(E) = ®(r). (3.2.12)

k— o0 rN 1 p—oo
Consequently, letting k& — oo in the estimate (3.2.10) with f replaced by fx, we obtain
D(ry) — ®(ry) >0, for £'-almost every ry > 71 >0, (3.2.13)
thanks to the non-negativity of the term

/ (V fulr,z) - V (3d2(0, (r,2))))?
Boy\Bry 2rNHV fiel (r, @)

dme > 0. (3.2.14)

To conclude that ® is monotone, we need to extend (3.2.13) to every 5 > 11 > 0.
Let {ry }ren be any sequence such that 74 1T r. Since B, is open, B,, 1 B,. Hence,

by the inner regularity of measures
Per(E, B,,) — Per(E, B,).

Let ro > 1, > 0. Since the set of radii for which (3.2.13) holds is dense, we can find
{r1x}ren and {ro;}ien for which (3.2.13) holds and such that ry, 1T 7 and ro; 1 7.
Then
< 1 T _ _ ‘
0< lli{go D (r9,) kh_r)nooq)(rlvk) D(ry) — D(ry)
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Step 4. Rigidity.
In this step we focus on the rigidity part of the statement. We show that if there
exist rp > 1 > 0 such that ®(ry) = ®(ry), then £ N (B,, \ B,,) is a cone.

The first step is to prove the following claim:

2

.. (vfk(ra :L‘) -V (ld%’(O’ (T,ﬁ))))
l}crgloréf /BTQ\BT1 27“N+1|V2fk|(7‘, x)

(ve(r,2) - V (3d2(0. ()’
> /BQ\BT1 2r2N+1

dmc
(3.2.15)

dPer(E),

where vg is the unit normal to E, see Theorem 2.4.21. Subsequently, we will be able

to conclude using the characterization of cones provided by Lemma 3.2.3.

The plan is to apply Lemma 3.2.6 to prove (3.2.15). Using the notation of Lemma

3.2.6, we define the measures

Mk = |ka|mc I_ (BT2\37T1) y [1/ = Per(E, ) L (Brz\Birl) . (3216)

The BV),-convergence of fi to xg (see (3.2.11)) ensures that pp — p in duality with
Cp(C(X)). The functions

_ V-V (342(0.))
V2r |V il
satisfy (3.2.46). Indeed,

- X{vhs0p € LAH(C(X); k)

Vi)V (30.(10)) < VA0 VO, ()] = rTAl(r2).

for me-almost every (r, ).
Therefore, using (2.3.12),

(Vi V (32(0,)))°
Hng%Q(C(X);uk) = /B B QTNJj\VfH * X{|V >0y dme
7'2 7'1
1
g/ —— |V fi|dme < C < 400,
BQ\BH QTN—I

for some C' > 0 independent of k£ € N thanks to the BV ,.-convergence (3.2.11).
Consequently, Lemma 3.2.6 provides the existence of g € L*(C(X); ) and a subse-
quence k(1) such that

Vi -V (342(0. )

CX{I o} ey — g Per(E, )L 5\, (3.2.17)
\/57’%|ka(1)! {IVfr@!>0} HE(1) (Bry\Bryp)
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in duality with C,(C(X)). Up to relabeling the approximating sequence fi, we can
suppose that the whole sequence satisfies (3.2.17). We next determine the limit
function g¢.

Fix a test function ¢ € LIPND(A)(B,, \ B,,) with compact support contained in
B, \ B,,.

We apply the Gauss-Green formula (Theorem 2.4.21) and use that ¢ has compact
support in B,, \ B,, to obtain

1
/B - frdiv <—\/§va <§d20(0, ))) dme

S _P o(lei.
N /BTQ\BH V2 (vf'“ v (QdC(O’ ))) dme (3.2.18)

_ _/ ViV (342(0.-)
Bry\Bry \/ﬁr%‘vfk’

Using the L!-convergence of f, to xg and that
’ div(pV(3d2 (0, )

Vor'e
lim Fodiv (—2—v (242(0,)) ) dm
k—>oo Br2\Br1 * \/57‘% 2 ¢ ’ ¢

1
= — . ﬁ V (5dé(07 )) ' VE dPer(E) s

where in the last equality we used the Gauss-Green formula (Theorem 2.4.21). Com-
bining (3.2.18) and (3.2.19) we obtain

< 00,
L (Bry\By,)

we infer that

: ViV (3d%(0,)) o (1 )
lim vl " du = —V ~d2,(0, (- - ve dPer(E).
koo C(X)SD V2r' V| Pe= ) V2 (0, () | - ve dPer(E)

That is,
ViV (362(0,)) Y (3d2(0.()) v

i
V2r T |V il Vor's
in duality with C.(B,, \ B,,), by approximation. By the uniqueness of the weak limit

 Per(E) (3.2.20)

and from (3.2.17) we can conclude that
Vorts

) v

g= Per(E)| B,,\B,;-almost everywhere .
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From (3.2.48) in Lemma 3.2.6, we have

o 2 2
1}€H_1>101<1>f ”ngL?(C(X);,uk) 2 ||g||L2(C(X);u) :
That is, we have shown the claim (3.2.15).

We are now in position to improve the estimate (3.2.13) and use it to show the
rigidity part of the theorem. By taking the inferior limit in (3.2.10), recalling (3.2.12)

and that the error terms go to zero from step 3, we use (3.2.15) to infer

(vi(r,z) - V (3d2(0, (r,2))))?

2rN+1

B(ry) — () 2/ dPer(E) >0,  (3.2.21)

Bry\Br,

for every ro > r; > 0. Since we are assuming ®(r1) = ®(rq), if follows that
V(de(O,-)) -vg =0 Per(E)-a.e.on B, \ B, .

By applying Lemma 3.2.3, we can conclude that &N (Br2 \B_Tl) is a conical annulus.
O

Let us now prove a useful characterization of conical annuli contained in cones
over RCD spaces. The characterization is based on the properties of the normal to
the boundary of the subset. A subset is conical if and only if its normal is orthogonal
to the gradient of the distance function from the tip of the ambient conical space.
In case the ambient space is Euclidean, the result is classical (see for instance [136,
Proposition 28.8]).

Lemma 3.2.3 (Characterization of conical annuli). Let (X,d, m) be an RCD(N —
2,N — 1) space and let C(X) be the cone over X. Let E C C(X) be a locally

finite perimeter set and let 0 < r; < ry < co. Then the measure theoretic interior
EW N (B,,(0)\ B,,(0)) is a conical annulus if and only if

V(de(0,-)) - vg =0 Per(E)-a.e. on B,,(0)\ B, (0). (3.2.22)

Proof. As in the proof of Theorem 3.2.1, to keep notation short we will write B,
to denote the open ball of radius » > 0 and centered at the tip of the cone, i.e.
B, = B,(0). Also, we write BX(x) for the open ball in X, of center z and radius
r > 0. For simplicity of presentation we will show the equivalence only in the case
ry = 0, 79 = 0o. The general case requires minor modifications. Moreover, in order
to simplify the notation, we assume without loss of generality that E = E® | as the

condition (3.2.22) is independent of the chosen representative.
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Step 1.
We start with some preliminary computations aimed at establishing the identity
(3.2.28) below, which will be key in showing the characterization of conical annuli
in C(X).

Using the Gauss-Green and the coarea formulas, we will express the derivative of
the function

u(s) == me(ENC(BX(2)) N By)

(suitably rescaled) as the product between the unit normal of £ and the gradient of
the distance function from the tip of C'(X).

Let € X, r,s > 0. By Lemma 2.4.13 and Theorem 2.4.26 the set F' := E N
C(BX(z)) N By is a set of finite perimeter with

Dxr =Dxel csx@)ns, + V(dc(O,-))Per(Bs) L presx @)
+ vo(sx @) Per(C(BX () L g, -

Using the Gauss-Green formula (Theorem 2.4.21), the equality for the laplacian of
the distance function from the tip on cones [79, Prop. 3.7], and cut and paste of sets

of locally finite perimeter (Theorem 2.4.26), we obtain

N - u(s) :/A Gd?(o,.)) dme
r 2
- / v <1d2(o,.)> . v dPer(E)
C(BX (2))NBsnO*E 2

1
—i—/ \% <—d2(0, )) - Vgp, dPer(Bs)
ENC(BX (2))N9B; 2

1
ENB,nIC(BX (x)) 2

(3.2.23)

We now study separately the three integrals on the right hand side of (3.2.23), starting
from the last one.

Fix a function ¢ € LIP(C(X))ND(A) with compact support. By applying the Gauss-
Green Theorem 2.4.21 on the set of locally finite perimeter C'(BX (x)), we obtain

1
[ v (—d2<o, ->) dPer(C(BX (2)))
9C(BX (x))

1
— _/ V-V ( d*(0, )) dme —i—/ ©A (—d2(0, )) dme
C(BX(x)) C(BX (z)) 2
/ / Dy ar( diy (r )) rNhdr dm(y) + / ©Ndmg
BX(x) C(BX (x))

—/ / W (Y NrN"Ldr dm(y) + / @Ndme =0,
BX(z) Jo C(BX(x))
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where we have used (2.3.11), the definition of m¢c and integration by parts on R.

Since ¢ was arbitrary, we infer that

eV (0.)) =0 Per(CBY o)) ae

and thus

1
ENB,nOC(BX () 2

Let us now deal with the second integral appearing in the right hand side of (3.2.23).
By the chain rule, we have V (%dQ(O, q)) =d(0,q)Vd(O, q). Therefore, we obtain

1
/ \Y (—d2(0, -)) - vgp, dPer(By)
ENC(BX (2))N0B, 2

d(0,-) Vd(O, ") - vsp, dPer(By) (3.2.25)

/Eﬁc(Bf( (2))NOBs
= sPer(B,; EN C(B(2))),

where we used [44, Prop. 6.1]. Inserting (3.2.24) and (3.2.25) into (3.2.23), yields

u(s) = i/ v (ldQ(O, .)) . vp dPer(E) + —Per(B,: E N C(BX(x))).
N Jemx@yns,  \2 N

(3.2.26)
By the coarea formula (2.4.8), u is Lipschitz and differentiable almost everywhere and
it holds s
u(s) = / Per(B;; ENC(BX(x)))dt . (3.2.27)
0

We now compute the derivative of % Combining (3.2.26) and (3.2.27), we obtain

that for a.e. s it holds

i@ B M _ u(s) - fC(Bﬁf(x))mBs \ (%d2(0, )) Ve dPer(E). (3.2.28)

ds SN SN SN+1 SN+1

Fix 0 < r < min(s,1). In the following steps, we consider the sets
A((S, l‘), T‘) = C(Bg( (x)) N Bs(1+r) \ Bs(l—r) . (3.2.29)

By Lemma 3.2.4 below, the family of sets {A(q,r) : ¢ € C(X), r > 0} generates
the Borel o-algebra of C'(X), since for any ¢ € C(X), r > 0 there exist r,, 7, > 0
such that

B(q,r.) C Alq,r) C B(q,1) - (3.2.30)
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Step 2.
In this step we show that if £ is a cone, then (3.2.22) holds with 7 = 0,7, = co. We
will first show that % is constant, and then conclude using (3.2.28).

Since F is a cone, there exists a set F' C X such that £ = {(t,z) € C(X) : x €
F, t > 0}. Note that E N C(BX(z)) is a cone for any z € X, r > 0. Thus, for any
s > 0, it holds:

s N
me(EN OB (@) N B =m(P B (a)) [ 4 dp = Som(F 0B @),
0
yielding that s — s~ Nu(s) is constant.
From (3.2.28) it follows that for all r > 0, p € C(X) we have
1
/ \Y% (—d2(0, -)) - vg dPer(E) = 0. (3.2.31)
A \2

By the Lebesgue differentiation Theorem (see for instance [27, Rem. 2.19)), for Per(E)-
a.e. p € C(X) it holds

1

v (540.0) - ve(a) = ¥ (30.)) - ()| aPer(E)a) =0,

lim
2 2

T'_>0 Br (p)

From (3.2.30) and (3.2.45) (see also [11, Proposition 4.8], which holds more gen-

erally for finite perimeter sets) we infer

i[9 (5010.0) w50 - ¥ (3600 st aperte e
<cinf 19(580.0) v -7 (3800 vetp)] B
—0,

where 7, and 7, are as in Lemma 3.2.4. We can now conclude recalling (3.2.31):

1 1
=i V (=d*0,") ) - vg dPer(E
L Per(E, A(p,7)) /A(m) <2d ©, )) ve dber(E)

-V (%dQ(O,p)) ve(p),

for Per(E)-a.e. p.

Step 3.
In this last step we show that (3.2.22) for r; = 0,75 = oo implies that E is a cone.
We will show that given (s,z) € E and A > 0, then (As,z) € E.
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Combining the assumption (3.2.22) with (3.2.28), we obtain that s — u(s)/s"Y =
me(E N BX(x) N By)/s" is constant. Therefore, for A > 0
mc(E N A((S, SC), 7’)) =mg (E N Bf((x) N Bs(l—l—fr)) — Mg (E M Bi((l’) N Bs(l—r))
_ m¢ (E N Bf((x) N B)\s(l—i—r)) _ mge (E N Bg(&:) N BAs(l—r))

AN AN
me(ENA((As,x),r))
pr— AN .
(3.2.32)
Moreover,
At(147) t(14r)

me(A((M, ). 1)) = m(BX (@) [

A(1—r)
= )\ch(A((ty 37)7 7”)),

sV tds = \MVm(BX(z)) / sV s

t(l—r)

(3.2.33)
The combination of (3.2.32) and (3.2.33) gives
mo(ENA((s,z),7))  me(ENA((Xs,x),7))
me(A((s,2),r))  me(A((As, z),7))
We next show that if (s,z) € F then (As,z) € E. Thanks to (3.2.34), it is enough to
show that ¢ € F if and only if

(3.2.34)

lim me(E N A(g,r))
r=0  mc(A(g, 7))

Assume by contradiction that (3.2.35) holds but ¢ ¢ E. Then,
mo((X\ E) N B (q))

~1. (3.2.35)

o ey 2
Using Lemma 3.2.4, we infer that
lim inf me((X\ E) 0 Alg, 7))
r—0 me(A(g,r)) 5230
> tlim ing PN E) O Bro@n(@) me(Braen(a) B
= imr me(Br, (4,0 (4)) mo(Bry(gr)(9))

Since C(X) is an RCD(0, N) space, the Bishop-Gromov monotonicity formula [180]

gives

Therefore, from (3.2.36) we may conclude

i XN E) NV Alg, ) e (TalgT) M - me((X\ E) 0 Bryen (@)
lim jnf me(A(g,r)) 2 lim jntf (rb(q, r)) lim fnf mo(Bry ()
> (Ce>0,
(3.2.37)
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where C' := liminf, s (T“(q’r))N > 0 thanks to (3.2.39). Clearly, (3.2.37) contradicts

rb(qu)

(3.2.35). The proof that ¢ € F implies (3.2.35) is analogous. O
The following technical lemmas was used in the proof of Lemma 3.2.3 above.

Lemma 3.2.4. Let N > 2, let (X,d,m) be an RCD(N — 2, N — 1) space and let
(C(X),dc, m¢g) be the cone over it. If N = 2, assume also that diam(X) < w. For
r € X and 0 <r < s, consider the sets

A((s,z),7) :== C(B (x)) N By141(0) \ By1-r)(O). (3.2.38)
Then:
e The family of sets {A(q,r): q € C(X), r > 0} generates the Borel o-algebra of
C(X);
e For any q € C(X), r > 0 there exist 1o, = r4(q,7) and 1y, = (g, 7) > 0 such
that
By, (q) € Alg,r) C By, (q)
and .
Ta
lim — = ——=. 3.2.39
r—0 Ty 4\/§ ( )

Proof. The first claim follows from the second one; thus let us determine r, and r, > 0
that satisfy the second statement. To this aim, we compute the minimal and maximal
distance of ¢ = (¢,x) from the set A(q,r). Let us start from the minimal distance.
We deal with the shell part first: given (¢t(1 +1),y) € 0By14r) N OA it holds, using
(2.3.7)

de((t,2), (t(L +7),y)) = 8+ (1 +7)" = 267(1 +7) cos(d(z, y)) (3.2.40)
2 t2 —|—t2(1 —|—7“>2 o 2t2<1 +7‘) — t27’2,

where the equality is achieved at y = z. Let now (s,y) € 0C(BX(z)) N 0A(q,7):
dz((t,2), (s,y)) = t* + s> — 2st cos(r) . (3.2.41)

This defines a differentiable function of s € [t(1 — r),t(1 + r)]. Its derivative
0,d%((t, ), (s,y)) = 2s—2t cos(r) is increasing and vanishes at s = ¢ cos(r). Therefore,
we have

d%(q,0A(q, 7)) = t*sin*(r). (3.2.42)

We may pick . .
re =ra(q,r) = §dc(q, 0A(q,r)) = §tsin(r) : (3.2.43)
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Next, let us compute the maximal distance of ¢ from 0A(q,r). Since the maxi-
mal distance is attained at the intersection of the shell with the side part of A (by
monotonicity of both formulas (3.2.40) and (3.2.41) with respect to d(x,y) and s,
respectively), we can simply compute the maximum by looking at the distance from

the top shell. We again compute, for d(z,y) =,

dZ((t,z), (t(1+7),9)) = 2 + 2(1 +7)? — 2t*(1 + r) cos(r)
=124+ 2r + 7% = 2(1 + 1) cos(r)).

Consequently, we may pick

ry = 713(q,7) == 2t/ (2 + 2r + 72 — 2(1 + 1) cos(r)) . (3.2.44)
It is easy to check that 74,7, > 0 defined in (3.2.43), (3.2.44) satisfy (3.2.39). O
Lemma 3.2.5. Let (X,d, m) be an RCD(N —2, N —1), (C(X),dc, me) be the metric

measure cone having X as cross-section and E C C(X) a locally finite perimeter

cone. Then for any r > 0 it holds
Per(E, By,) < 28 Per(E, B,). (3.2.45)
Proof. Fix & > 0. There exists a sequence {f}x C LIP(C(X))N LY (C(X)) such that
fre = xg in LY(C(X)) and likrgioréf /BT lip(fx) dme < Per(E, B,).

Let ¢ : C(X) — C(X) be the dilation defined by ¢(t,z) = (2t,z). We show that
frop — xg in LY(C(X)). Indeed,

/ |XE—ka<,0!dmc=/ tN_l/ Ixe(t,z) — fr(2t,2)|dmdt =
c(X) 0 X

1 o0
L / N1 / s (5/2,2) — fuls, )] dm ds —
2 0 X

1

k—oo
o IXE — fil dme —" 0,
2% Jox
where we have used xg(s/2,z) = xg(s,z) for mg-a.e. (s,t) € C(X), which holds
since L' is a cone.

Moreover,

/Brhp(fk)dmc:/OrtN_lélip(fk)(t,x)dmdt:

1
2N Jo

1 2r B ] 1 )
W/O SN 1/Xllp(fk090)(8,l')dmd82 W/BQTIIP(kaSO)(sz)dmC-

2r
le/ lip(fx)(2s,z) dmds =
b
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Therefore, we obtain

Per(E, B,) + € > lim inf/ lip(fx) dme
k—r o0 B,

.. . : 1
~ 9N+1 lim inf /B2 lip(fi 0 ¢)(s, ) dme > 2N+1Per(E7B2r)-

k—>o0

Since € > 0 is arbitrary, we conclude (3.2.45). O

A useful technical tool, used to prove the rigidity statement of the monotonicity

formula, is the following lemma (see [10, Lemma 10.1] for the proof).

Lemma 3.2.6 (Joint Lower Semicontinuity). Let (X, d) be a Polish space. Let i, py €
M (X)) with pup — p in duality with Cy(X). Let g, C L*(X;ux) be a sequence of
functions such that

sup [|gr [l 22 (x ) < oo (3.2.46)
keN

Then there exists a function g € L*(X; ) and a subsequence k(1) such that

k) Py — gH (3.2.47)

in duality with Cy(X) and

limint {lgi |l 12 (x,,) 2 19022050 - (3.2.48)

3.3 Stratification of the Singular Set and further
applications

The first goal of this section is to prove sharp Hausdorff dimension estimates for the
singular strata of locally perimeter minimizing sets in RCD(K, N) spaces (X,d, H").
The statement is completely analogous to the classical one for singular strata of
minimizing currents in the Euclidean setting, see [92], and for the singular strata of
non-collapsed Ricci limits [61] and non-collapsed RCD spaces [80]. The proof is based
on the classical Federer’s dimension reduction argument, and builds upon the mono-
tonicity formula and associated rigidity for perimeter minimizing sets in RCD(0, V)
metric measure cones, Theorem 3.2.1. Though, a difference between Theorem 3.3.5
and the aforementioned papers is that the monotonicity formula is available only at
the level of blow-ups and not in the space X; this creates some challenges that are
addressed in the proof.

The second main goal is to present an application of the monotonicity formula and
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the associated rigidity for cones, to the existence of perimeter minimizing cones in
any blow-down of an RCD(0, N) space (X, d, H") with Euclidean volume growth.
Below we introduce the relevant definition of singular strata and of interior and

boundary regularity points for a locally perimeter minimizing set £ C X, when
(X,d,HY) is an RCD(K, N) metric measure space.

Definition 3.3.1 (Singular Strata). Let (X,d, H") be an RCD(K, N) space, E C X
a locally perimeter minimizing set in the sense of Definition 2.4.29 and 0 < k < N—3

an integer. The k-singular stratum of E, S, is defined as

SF :={x € OF : no tangent space to (X,d,HN, x, E) is of the form (Y, p,H" ,y, F),
with (Y, p,y) isometric to (Z x R*™ dz x deya, (2,0))
for some pointed metric space (Z,dz, z)

and F = G x R¥ with G € Z global perimeter minimizer}.
(3.3.1)

The above definition would make sense also in the cases when k£ > N —2. However,
it seems more appropriate not to adopt the terminology singular strata in those

instances.

Definition 3.3.2 (Interior and Boundary Regularity Points). Let (X,d,H") be an
RCD(K, N) space and let E C X be a locally perimeter minimizing set in the sense
of Definition 2.4.29. Given x € OFE, we say that x is an interior regularity point if

Tan, (X, d, H", E) = {(R", dewa, ", 0, RY)}. (3.3.2)

The set of interior reqularity points of E will be denoted by RE.
Given x € OF, we say that x is a boundary regularity point if

Tan,(X,d, HY, E) = {(RY, dewa, H", 0, {z1 > 0})}, (3.3.3)

where 1 is one of the coordinates of the RV~ factor in RY = RV~' x {zy > 0}.

The set of boundary reqularity points of E will be denoted by REy .

It was proved in [144] that the interior regular set R¥ is topologically regular, in
the sense that it is contained in a Holder open manifold of dimension N — 1. By a

blow-up argument, in the next proposition, we show that dimyR5y < N — 2.

Proposition 3.3.3. Let (X,d, H") be an RCD(K, N) space. Let E C X be a locally
perimeter minimizing set and let REy be the set of boundary regularity points of E,
in the sense of Definition 5.5.2. Then

dimyRjy < N —2. (3.3.4)

89



Proof. We argue by contradiction. Assume there exists k£ > N — 2, k € R such that
H* (REx) > 0. (3.3.5)

Let € > 0. We define the quantitative e-singular set to be
SE(F) =

{ze X : D(BX),d,H",z, E),(BX" dewat, 0,RY)) > er, for all r € (0,¢)}.
(3.3.6)
Recall that the definition of the distance D was reported in Definition 2.4.9. Notice

that S€'(E) D S°2(FE) for 0 < g1 < &5 and that

OE\R" = | ] S*(E), (3.3.7)

neN

for any sequence ¢,, — 0. It is also clear that
REy C OF \ RE. (3.3.8)

The combination of (3.3.5), (3.3.7) and (3.3.8) implies that there exists £ > 0 such
that
HF (SY(E)NREx) > 0. (3.3.9)

By [90, Theorem 2.10.17], there exists x € S°(E) N R5y such that

. ML, (Br(z) N S°(E) N Ryy)
lim sup

r—0 rk

> C) >0, (3.3.10)

where we denoted by H%_ the k-dimensional co-pre-Hausdorff measure (recall Section
2.1.2).

By the very definition of R5y, for every sequence r; — 0, E C (X,d/r;, HY /r¥, z)
converges in the sense of Definition 2.4.8 to a quadrant {z; > 0}, where x; is one of
the coordinates of the RV~ factor in RY = RN~! x {zy > 0}.

Embedding the sequence of rescaled spaces X; and their limit Rf into a proper
realization of the pGH-convergence, by Blaschke’s theorem (cf. [49, Theorem 7.3.8])
there exist a compact set A C Rf and a subsequence, which we do not relabel, such
that S¢(F) N R5y N Bj(x) converges to A in the Hausdorff sense.

Moreover, it is elementary to check that A C S%({z; > 0}) in RY. Therefore, we

obtain

He (ST({21 2 0})) > HE, (A) > limsup HE, (S7(E) N Ry N Bi(x))
i—>00
k BTA ﬂsé E mRE (3311)
i—>00 r;
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where we relied on the classical upper semicontinuity of the pre-Hausdorff measure
with respect to Hausdorff convergence in the second inequality and on (3.3.10) in the
last one. However, it is easy to check that S¢({x; > 0}) = {z1 = xx = 0} which has
Hausdorff codimension 2, contradicting (3.3.11). ]

The main result of this section is the stratification of the singular set of locally
perimeter minimizing sets Theorem 3.3.5 below. As mentioned in the introduction
of this thesis, the stratification of the singular set of objects that minimize the area
in a suitable sense in the Euclidean setting [92, 188] is a fundamental result for the
regularity theory of such objects. It was used as a step in understanding the regularity
of minimizing integral currents of codimension greater than one, and it is widely used
to analyze singularities in geometric analysis (see, for instance [188]). Moreover, it
furthers our understading of the structure of the singular set of minimal boundaries.
The proof of Theorem 3.3.5 builds on the monotonicity formula Theorem 3.2.1: the
monotonicity formulas for cones over Riemannian manifolds (see [148, Theorem 9.3],
[90, Theorem 5.4.3] and [147]) used in [144] to show the sharp Hausdorff dimension
bounds on the singular set of locally perimeter minimizing sets are not strong enough
to obtain Theorem 3.3.5.

An application of the stratification of the singular set of perimeter minimizers and
the definition of boundary of a non-collapsed RCD m.m.s. [43] is that the complement
of SE . in OF consists of either interior or boundary regularity points. We present

such result here.

Theorem 3.3.4. Let (X,d,HY) be an RCD(K, N) space and let E C X be a locally

perimeter minimizing set in the sense of Definition 2.4.29. Then
OFE\ Sy s =RFEURE,. (3.3.12)

For ease of the reader, we restate here the stratification of the singular set of local

perimeter minimizer 3.1.5.

Theorem 3.3.5 (Stratification of the singular set). Let (X,d, H") be an RCD(K, N)
space and E C X a locally perimeter minimizing set. Then, for any 0 < k < N — 3
it holds

dimySE < k. (3.3.13)

Another application of the monotonicity formula with the associated rigidity is
that if an RCD(0, N) space (X,d,H") with Euclidean volume growth contains a
global perimeter minimizer, then any asymptotic cone contains a perimeter minimiz-

ing cone.
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Theorem 3.3.6. Let (X,d,H”") be an RCD(0, N) metric measure space with Eu-
clidean volume growth, i.e. satisfying for some (and thus for every) v € X:

lim inf —HN(Br<x>>

iminf =" > 0. (3.3.14)

Let E C X be a global perimeter minimizer in the sense of Definition 2./.29. Then
for any blow-down (C(Z),dc(z), HY) of (X,d, H"N) there exists a cone C(W) C C(Z)

which 1s a global perimeter minimizer.

Remark 3.3.7. The conclusion of Theorem 3.3.6 above seems to be new also in the
more classical case of smooth Riemannian manifolds with non-negative sectional cur-
vature, or non-negative Ricci curvature. We refer to [25] for earlier progress in the
case of smooth manifolds with non-negative sectional curvature satisfying additional
conditions on the rate of convergence to the tangent cone at infinity and on the reg-
ularity of the cross section and to [87] for the case of smooth Riemannian manifolds

with non-negative Ricci curvature and quadratic curvature decay.

Proof of Theorem 5.5.4. Let us consider a point z € IE\S%_,. By the very definition
of the singular stratum S¥_,, there exists a tangent space to (X,d, H", E) at = of
the form (RY=2 x Z,deua X dz, HY,y, G x RY=2), where (Z,dz, H?) is an RCD(0,2)
metric measure cone (because all tangent cones to an RCD(K, N) space (X,d, H") are
metric measure cones [80], recall Theorem 2.3.31) and G C Z is a globally perimeter
minimizing set (in the sense of Definition 2.4.29) thanks to [144, Theorem 2.42].

By Lemma 3.3.8 there are only two options. KEither x is an interior point and a
tangent space is (RY, deyer, HY, O,Rf ), or x is a boundary point and a tangent space
is (RY, deyer, Y, 0, {z1 > 0}).

In the first case, it was shown in [144] that the tangent space at x is unique and hence
r € RE. If the second possibility occurs, then by [43] we infer that the tangent cone to
the ambient space (X,d, H") is unique. The uniqueness of the tangent cone to the set
of finite perimeter can be obtained with an argument completely analogous to the one
used for interior points in [144], building on top of the classical boundary regularity
theory (cf. for instance with [111]) instead of the classical interior regularity theory
for perimeter minimizers in the Euclidean setting. Hence z € RSy is a boundary

regularity point. O

Proof of Theorem 5.5.5. We argue by contradiction via Federer’s dimension reduction
argument. The proof is divided into four steps. In the first step we set up the

contradiction argument and reduce to the case of entire perimeter minimizers inside
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RCD(0, N) metric measure cones. In the second step we make a further reduction to
the case when the perimeter minimizer is a cone itself, building on top of Theorem
3.2.1. Via additional blow-up arguments we gain a splitting for the ambient space
and for the perimeter minimizing set in step three, thus performing a dimension
reduction. The argument is completed in step four. A key subtlety with respect to
more classical situations is that the monotonicity formula holds only for perimeter
minimizers centered at vertices of metric measure cones, resulting into the necessity

of iterating the blow-ups.

Step 1.
We argue by contradiction. Suppose that the statement does not hold for some
0 <k < N — 3. Then there exists ¥’ > k, ¥’ € R such that

HY (SF) > 0. (3.3.15)
Let € > 0. We define the quantitative (k, ¢)-singular stratum to be

SEE = {l’ €X: D((Bf(;p),d,?{N,x,E% (B}?M—lxzadeucl X dZaHNa (072)7 F)) > €r
for all » € (0,¢), (Z,dy, z) pointed metric spaces and

F =RM! x G with G C Z global perimeter minimizer} .
(3.3.16)
Recall that the distance D was introduced in [11, Definition A.3], which we reported
in Definition 2.4.9. Moreover, we notice that S,fgl ) 5,552 for 0 < g1 < &9 and that
SF = U,en SEe,, for any sequence &, — 0.
The contradiction argument assumption (3.3.15) implies that there exists £ > 0
such that

HY (SE2) > 0. (3.3.17)

By [90, Theorem 2.10.17] (see Section 2.1.2), there exists « € Sf; such that

o HE (Br(r) N S8
lim sup ’
r—>0 r

> C >0, (3.3.18)

where we denoted by H¥ the k’-dimensional co-pre-Hausdorff measure.

Then there exists a sequence 7; — 0 such that £ C (X,d/r;, HY /rN z) con-
verges in the sense of Definition 2.4.8 to a global perimeter minimizer (in the sense of
Definition 2.4.29) F' C (C(Z),dc, H"). Here we used [11, Corollary 3.4] (Corollary
2.4.15) in combination with the density Lemma 2.4.32 for the compactness, [144, The-
orem 2.42] (Theorem 2.4.33) for the perimeter minimality of F' and [104] (Theorem
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2.3.31) to infer that the ambient tangent space is a cone. Here (Z,dz, H¥™1) is an
RCD(N — 2, N — 1) metric measure space.

Embedding the sequence of rescaled spaces X; and their limit C'(Z) into a proper
realization of the pmGH-convergence, by Blaschke’s theorem (cf. [49, Theorem 7.3.8],
reported in Theorem 2.2.5) there exist a compact set A C C(Z) and a subsequence,
which we do not relabel, such that S,fs_ﬂ Bi(x) converges to A in the Hausdorff sense.

Moreover, it is straightforward to check that A C S,f - Therefore, we obtain

HE (SE.) > HE (A) > limsup HE, (SE. N Bi(x))

i—700
fHk’ Br' T ﬂSE, (3319)
= lim sup — ( Z(k,) ke) >0,
i—>00 r;

where we relied on the classical upper semicontinuity of the pre-Hausdorff measure
with respect to Hausdorff convergence in the second inequality and on (3.3.18) in the
last one.

Lastly, (3.3.19) implies that

MW (Bf<z) N S,fjg) > 0. (3.3.20)

Step 2.
In this step, by performing a second blow-up, we apply the monotonicity formula
Theorem 3.2.1 to show that we can also suppose that the global perimeter minimizer
is a cone (with respect to a vertex of the ambient cone). For the sake of clarity, we
recall that the set of vertices of C'(Z) is the collection of all points y € C'(Z) such that
C(Z) is a metric cone centered at y. Moreover, we remark that the set of vertices is

isometric to R* for some 0 < k < N.

We claim that there is a point O € C'(Z) such that O is a vertex of C(Z) and the

following density estimate holds:

Mo (B-(0) N SE) >Cp >0. (3.3.21)

lim sup -
r—>0 r

If the claim does not hold, then by (3.3.20) there are points of density for H’;é re-
stricted to S]i - and none of them belongs to the set of vertices of C'(Z). Hence we
can repeat the argument in step 1, blowing up at a density point for ’H’;; restricted to
S ,f - which is not a vertex in the ambient cone. In this way, the dimension of the set
of vertices of the ambient space, which is isometric to a Euclidean space, increases at

least by one.
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The procedure can be iterated until one of the following two possibilities occurs: the
ambient is isometric to RY, with standard structure, in which case (3.3.20) contra-
dicts the classical regularity theory, or there is a density point for H’;; restricted to

Sf - which is also a vertex of C(Z).

Let now O denote any such vertex of C'(Z). By the monotonicity formula Theorem

3.2.1 and the density estimates in Lemma 2.4.32, the map

.., Per(F; B,(0)) (3.3.22)

rN-1

is monotone non-decreasing, bounded and bounded away from 0. Therefore, there

exists the limit
Per(F; B.(0))

0 <a:= lip ——— == < oo (3.3.23)

We perform a second blow-up at the tip O € C(Z) and obtain a global perimeter
minimizer G C C(Z). By (3.3.23) and the rigidity part of the monotonicity formula
Theorem 3.2.1, G is a cone. Indeed, let (C(Z),d¢/r;, mi) be an element of the blow-
up sequence for some {r;};, r; > 0, r; 2% 0, and let Per,,, lip,. and Bj(O) denote
the perimeter measure, the Lipschitz constant functional and the ball of radius R > 0

centered at the tip of (C(Z),d¢/ri, mi), respectively. Then

Per,,(F, B;(0)) = inf lim inf/ lip,, (fi) dmg =
By (0)

k—>o0
inf Tim inf — N lip(fi) dmdp = (3.3.24)
inf lim,in ) p szlp k) dmdp = 3.
1
riNilPer(F, Br.,(0)),
where the infimum is takes over all sequences {fx}» C LIP(C(X)) N LL.(C(X))
converging in L. to xg and where we have used
. rNm(X)
mli = 1 —do(O, ;) dm me=————"me=r,"me. 3.3.25
c /BM(O)( c(0,y)/ri) dme(y) me NN +1) c =T Mo ( )
The last equality in (3.3.25) follows from fBl(O)(l —d(0,y)) dme(y) = % =1,
which holds since we are assuming that (C'(X),d¢, me) is normalized.
By dividing both sides of (3.3.24) by RV~ we obtain
Per, (F, B1(0))  Per(F, Bg,. (O
er z( R( )) — er( R z( )) . (3326)

N—-1 N-1
R Rri

By [144, Theorem 2.42] it follows that the left-hand side of (3.3.26) converges to

Per(G,Bgr(0))

i —= as 1 — 00, whereas the right-hand side of (3.3.26) converges to a > 0
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by (3.3.23). Therefore, we can apply the rigidity part of the monotonicity formula
Theorem 3.2.1 to infer that G is a cone.
Moreover, by repeating the arguments in step 1, taking into account that O was

chosen to be a density point for H¥ restricted to S,fi =, it holds
HY (Sg2) > 0. (3.3.27)

It follows from (3.3.27) that there exists a point in Sg2 \ {O}.

Step 3.
The goal of this step is to show that the ambient cone and the perimeter minimizer
both split a Euclidean factor by considering a blow-up of G at a density point for
H¥ restricted to S,S’:g that is not a vertex. Roughly speaking, we will achieve this
by showing that the unit normal of the blow-up is everywhere perpendicular to the
gradient of a splitting function obtained with the help of Lemma 3.3.9 below, cf. [136,
Lemma 28.13].

Our setup is that G C C(Z) is a globally perimeter minimizing cone with vertex
O, a vertex of the ambient cone. Moreover, ”Hk/(S,fé) > 0. In particular, by the very
same arguments as in Step 2, there exist a point O’ € C(Z), O" # O and a sequence

r; — 0 such that
. HE (B (0)NSE)
lim o ’
i—>00 rh

1

> Cy > 0. (3328)

Up to taking a subsequence that we do not relabel, we can assume that the
sequence (C'(Z),dc/ri, HY, 0, G) converges to (C(Z'),dcr, HN, 0", H), where
(C(Z"),dcr, HY) is an RCD(0, N) metric measure cone splitting an additional R factor
with respect to C'(Z) and H C C(Z’) is a global perimeter minimizer. Moreover,

H* (B, (0")NSH) > 0. (3.3.29)

Consider the sequence of functions f; : C(Z) — R defined as

fi(z) = 4c(0,2) ~ d6(0,0) (3.3.30)

T

that we view as functions on the rescaled metric measure space (C(Z),d¢/r;, HN,O").
By Lemma 3.3.9 below, the functions f; converge to some splitting function ¢ :
C(Z") — R in H.?, see [18] or Section 2.3.6 for the relevant background. More-

loc?

over, A; f; converge to 0 uniformly.
We claim that, for any function ¢ € LIP(C(Z")) N H“?(C(Z")), it holds

/ Vo -VgdHY =0. (3.3.31)
H
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To see this, let ¢; € LIP(X;) N H“?(X;) converging H'?-strongly to ¢ along the se-
quence (C(Z),dc/ri, HY,0'), whose existence was shown in [18] (see Lemma 2.3.20).
Then by using the Gauss-Green formula (Theorem 2.4.21) and the characterization

of cones Lemma 3.2.3 we obtain

0= / oivs - Vif; dPery(G)
oa (3.3.32)

. / Vigi - Vifs dHY / i Ay dHY
G G

where the Hausdorff measure H is computed with respect to the rescaled distance

dC/TZ'.
By (3.3.49) below and (3.3.32)

/ Vipi - Vifi dH" = —/ ei - Aif; dHY = 0. (3.3.33)
G G

On the other hand, by [18, Theorem 5.7] (reported in Theorem 2.3.18), it follows that
/ Vigi - Vifi dHY — / V- Vg dHY. (3.3.34)
e} H

Combining (3.3.33) and (3.3.34) we obtain (3.3.31); see [46, 44] for analogous argu-
ments.

Our next goal is to use (3.3.31) to show that the perimeter minimizer H splits
a Euclidean factor in the direction of the ambient splitting induced by the splitting
function g (see [28, Lemma 1.21], reported here as Lemma 2.3.11).

Let us set Y := C(Z') = R x Y’, and assume that R is the splitting induced by g.

Given any ¢ € W,22(Y) let us also denote ¢ (y) := @(t,y) and o) () := ¢(t,y).
If o € WL2(Y), then o® € HL(Y') and @ € W2(R), for Ll-a.e. t and HV -

a.e. y respectively (see [102]). Up to the isomorphism given by the splitting induced
by g, it holds

V-Vt y) =0 (t), for HY-ae. (t,y) €Y.

Let P, denote the heat flow on Y. Then

/ Poxu(t,y)Ve - Vg(t,y) dHY = / Poxn(t, y)owe™ (t) dHN
Y Y (3.3.35)

= / P,0,pW (t) dHY = / 9, (Py) W (t) dHN,
H H

where in the second equality we have used the self-adjointess of the heat flow and in

the last equality we have used Lemma 3.3.10.
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By (3.3.31) and (3.3.35) it follows that
/ Poxu(t,y)Ve - Vg(t,y) dH™ = / V(P.p) - VgdHN = 0. (3.3.36)
Y H

Since ¢ € LIP(Y) N H“?(Y) is arbitrary, using the splitting ¥ = R x Y’, Fubini’s
theorem and integrating by parts the final expression of (3.3.35), we obtain from
(3.3.36) that

(Poxm)¥ () =0 for Llae teR, for HV tae yeY'.

By the L _(Y) convergence of Pyxy to g for s — 0 and the closedness of H, we

conclude that X%’) is constant in ¢ for every y € Y’. That implies the existence of a

set H' C Y’ such that

xu(t.y) = xm(y). (3.3.37)
By Lemma 3.3.11, H' C Y is a set of locally finite perimeter.
Let us show that H’ is a global perimeter minimizer, by following the classical Eu-

clidean argument, cf. [136, Lemma 28.13]. Suppose not. Then there exist ¢ > 0 and
a set H) C Y’ such that H'AH{ CC B,(y) for some r > 0 and y € Y’, such that

Per(H/; B.(y)) + ¢ < Per(H'; B,(y)) . (3.3.38)
Let t > 0. We define the sets
I =R\ (—t,1) Hy = (Hy x (—t,¢)) U (H" x L) . (3.3.39)

At this stage, we can use the formulas for the cut and paste of sets of finite
perimeter (Theorem 2.4.26), observe that HAHy C B,(y) X (—t,t) := A and conclude
by Lemma 3.3.11 that

Per(Hy; A) — Per(H; A) = 2t(Per(H}; B,(y)) — Per(H; B,(y))) + 2HN Y (H,AH')
< —2te + 2HN (B, (y)) < 0,

where we have chosen ¢ > 0 large enough so that HY=(B,(y)) < te.
Therefore, H' is a global perimeter minimizer, as we claimed.
If £ = 0, the above argument leads to a contradiction. Indeed we found a point
in S{! such that some tangent space splits a line.
Step 4.
If k > 0, then it is straightforward to see that (t,y) € Si. if and only if y € S,f_’lf
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since the splitting R factor is invariant under blow-ups.

In particular, from the assumption that
HY (B (0") N SEL) >0, (3.3.40)

we conclude that
T (Bl(O”) nSH 175) > 0. (3.3.41)

Therefore the steps from 1 to 3 prove that if there exist an RCD(K, N) metric mea-
sure space (X,d,H"™) and locally perimeter minimizing set £ C X such that for
some 0 < k < N — 3 it holds dimy(SF) > k, then there exist an RCD(0, N — 1)
space (X', d’,HYN~!) and a locally perimeter minimizing set £’ C X’ such that
dimy(SF,) > k — 1. The dimension reduction can be iterated a finite number of

times until we reduce to the case k = 0, that we already discussed above. [

Proof of Theorem 3.3.6. First of all, up to modifying £ on a set of measure zero if
necessary, we can assume that E is open.
Step 1. Fix a point z € 0F. We claim that there exists C' > 1 such that

N
% <HNM(ENB,(z)) <CrN, foralr>0, (3.3.42)

N-1
< Per(E, B.(z)) < C r¥=' for all r > 0. (3.3.43)

Recall that an RCD(0, V) space is globally doubling (thanks to the Bishop-Gromov
inequality [180]) and satisfies a global Poincaré inequality [161] (see also Section 2.3.1).
Since, by assumption, £ mimimizes the perimeter on every metric ball then by [122,
Theorem 4.2] (reported in Theorem 2.4.31) there exists a constant vy > 0 (depending
only on the doubling and Poincaré constants of (X,d, H™)) such that

HY(E N B,(2)
HY (B (@) —

HY (B, (z) \ E)
HN (B, (x))

> forallr>0andxedF.
(3.3.44)

Recall that the ratio HY (B,(x))/r" is monotone non-increasing by the Bishop-Gromov

Yo and

inequality, it is bounded from above by the value in RY and it is bounded from below
by a positive constant thanks to the assumption (3.3.14). Hence (3.3.42) follows from
(3.3.44). The perimeter estimate (3.3.43) follows from (3.3.42) and [122, Lemma 5.1]
(reported here as Lemma 2.4.32).

Step 2. The argument is similar to those involved in the proof of Theorem
3.3.5 above and therefore we only sketch it. Let r; — oo be any sequence such
that (X,d/r;, HY,z) converges to a tangent cone at infinity (C(Z),dc(z), HY,O) of
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(X,d,H"). By the Ahlfors regularity estimates (3.3.42)-(3.3.43) and the compactness
and stability [144, Theorem 2.42] (Theorem 2.4.33), the sequence (X,d/r;, HY, E, z)
converges to (C(Z),de(z), HY, O, F) for some non-empty perimeter minimizer F C
C(Z). At this stage, we are in position to apply Theorem 3.2.1 and obtain a perimeter
minimizing cone in C'(Z), up to possibly taking an additional blow-down to apply the

rigidity part of the monotonicity formula. ]

In the remainder of the section, we present some technical results that have been

used in the proof of Theorem 3.3.5.

Lemma 3.3.8. Let (Z,dz, H?*) be an RCD(0,2) metric measure cone and let G C Z
be a globally perimeter minimizing set, in the sense of Definition 2.4.29. Then one

of the following two possibilities occur:
i) (Z,dz, H?) is isomorphic to (R?, dewet, H?) and G is a half-plane;
i) (Z,dz, H?) is isomorphic to the half-plane (R%, deyer, H?) and G is a quadrant.

Proof. We distinguish two cases: if Z has no boundary, then we prove that it is
isometric to R? and i) must occur; if Z has non-empty boundary, then we prove that

it is isometric to R? and that ii) must occur.

Let us assume that (Z,dz, H?) has empty boundary. Then by [125] Z is isometric
to a cone over S'(r) for some 0 < r < 1. Moreover, by Theorem 3.3.6 there exists
a blow-down of G which is a global perimeter minimizing cone C(A), with vertex in
the origin and A C S'(r). We show that A C S'(r) is connected. Suppose not. Fix a
point in S*(r) and consider the mapping ¢ : S'(r) — 277 that assigns to each point
in S'(r) the clockwise arc-length distance from the fixed point. Let a,b € [0, 27|
be the infimum and supremum of ¢(A), respectively. Then one can check that, for

sufficiently large R > 0 and small ¢ > 0, the set

5. ¢ ([a,b)) inside Br(O),
RV outside Bg(O)

is a competitor for A in Br,.(O) with Per(A, Bry.) > Per(B, Br..).

Let 27rf be the length of A, where 0 < # < 1. Let G’ C Z be a set of finite
perimeter such that G' = G outside By and G N By is composed by the geodesic
connecting the two points in 0G N IB; = {z1,x2}. Such geodesic is contained in By

as can be verified through the explicit form of the metric. Using (2.3.6)

Per(G’; By) = \/2(1 — cos(dz(x1, 25) A )

(3.3.45)
< 2 = Per(G; By).
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Equality in (3.3.45) is achieved for 216 = dgi(y (21, x2) > m, that is for 1 > 76 > 1.
Let us notice, by symmetry of S'(r), that we may suppose that 6 < % Indeed,
for every fixed 0, we may find a comparison set with perimeter equal to the one
constructed above corresponding to 1 — . Hence equality is only achieved at r = 1,
0= %, corresponding to the case where Z = R? and C'(A) is a half space. Notice that
once we have established that Z is isometric to R?, it is elementary that G’ must be

a half-space.

In the case where Z has non-empty boundary, by [125] again, Z is isometric to a
cone over a segment [0,!] for some 0 < [ < 7. The upper bound for the diameter is
required in order for the cone to verify the CD(0, 2) condition. We claim that it must
hold [ = .

As above, by Theorem 3.3.6, there exists a blow-down of G which is a global perime-
ter minimizing cone C'(A), with vertex in the origin and A C [0,!] some set of finite
perimeter. If A is not connected, then one can check as above that C(A) is not glob-
ally perimeter minimizing. Notice also that the complement of a global perimeter
minimizer is a global perimeter minimizer.

By minimality and symmetry we can suppose G = C([0,1')], for some 0 < [’ < é
By considering a suitably constructed competitor in By, let us show that the only
possibility is that Z is a half-space and C'(A) is a quadrant. Consider the set G’
coinciding with G outside of B; and whose boundary inside Bj is the geodesic mini-
mizing the distance between 0By N0G and 0Z. Then Per(G’; By) < Per(G; B;), with
equality achieved only if [ = 7 and I' = 7. As above, once we have established that

Z is isometric to R?, it is straightforward to check that G must be a quadrant. [

It follows from the splitting Theorem 2.3.10 that any blow-up of a cone centered
at a point different from the vertex splits a line. For our purposes it is important to
observe that the blow-up of the squared distance function from the vertex is indeed

a splitting function in the blow-up of the cone.

Lemma 3.3.9. Let (X, d, m) be an RCD(IN—-2, N—1) space and let (C(X),dc(x), Me(x))
be the metric measure cone over X, with vertex O € C(X). Fiz O' € C(X) with

O #£ O. Let r; — 0 and consider the sequence of rescaled spaces
Yi = (C(X), dC’(X)/Tiv mC(X)/m(Bn(O/>>? OI)

converging in the pmGH topology to a tangent space Y of C(X) at O'. Then the

functions

2 D) A2 !
£y o B0~ &) (0.0) 516

T
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viewed as functions f; : Y; — R, have Laplacians uniformly converging to 0 and con-

verge in Hﬁ)’cz to a splitting function g : Y — R, up to the extraction of a subsequence.

Proof. Let us set
f() = d%(X)(O7 ) = dé(X)(Oa o), (3.3.47)
in order to ease the notation. On C'(X) it holds (see [79])

Af=2N, |Vf(z)]=2dcx)(z,0), forae. onzeC(X). (3.3.48)
By scaling, we obtain that
Aifi =2Nr;, |Vfi(z)| =2dex)(z,0), forae zeY;, (3.3.49)

where it is understood that the Laplacian and the minimal relaxed gradient are com-
puted with respect to the metric measure structure
(C(X),dexy/ri, mex)/m(B,,(0')),0"). Notice that x — 2d¢(x)(z, O) is a 2r;-Lipschitz
function on Y;, by scaling.
Hence the functions f; : Y; — R are locally uniformly Lipschitz, they satisfy f;(O") =
0, and they have Laplacians locally uniformly converging to 0. Up to the extraction
of a subsequence, thanks to a diagonal argument, we can assume that they converge
locally uniformly and in Hllo’f to a function ¢ : Y — R in the domain of the local
Laplacian, and that A, f; converge to Ag locally weakly in L2 thanks to [18, 17] (see
Theorem 2.3.21). We claim that ¢ is a splitting function on Y, which amounts to say
that Ag = 0 and |Vg| is constant almost everywhere and not 0.

The fact that Ag = 0 follows from the weak convergence of the Laplacians and
the identity Af; = 2Nr; that we established above.
Analogously, employing the identity |V fi(x)| = 2d¢(x)(z, O) a.e. on'Y;, and the local
H'? convergence of f; to g, we have that |[Vg| = 2d(-,0) a.e. on Y. O

The next result relates the heat flow on product spaces with one dimensional

derivatives.

Lemma 3.3.10 (Heat flow and derivative in the splitting direction commute). Let
(X,d, m) be an RCD(K, 00) space and let X xR be endowed with the standard product
metric measure space structure. Let o € HY*(X x R). Then for every s > 0 it holds

Psat(p(im t) = 8t(PS(p) (xa t) ) (3350)

formyx ® Ll-a.e. (x,t) € X x R.
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Proof. The statement follows from the tensorization of the Cheeger energy and of the
heat flow for products of RCD(K, c0) metric measure spaces, see for instance [15,
16], and from the classical commutation between derivative and heat semigroup on

R endowed with the standard metric measure structure. O

It is a well known fact of the Euclidean theory (see for instance [136]) that the
perimeter enjoys natural tensorization properties, when taking an isometric product

by an R factor. The next lemma establishes the RCD counterpart of this useful
property.

Lemma 3.3.11 (Perimeter of Cylinders). Let (X,dx, mx) be an RCD(K, N) space
and let F C X be a Borel set. Under these assumptions, E == F xR C X xR is a
set of locally finite perimeter (where the product X x R is endowed with the standard

product metric measure structure), if and only if F C X is a set of locally finite

perimeter. Moreover, for any open set A C X and for any R > 0 it holds
RPer(F;A) =Per(E,Ax[0,R]). (3.3.51)

Proof. By the very definition of perimeter it holds

R
Per(E, A x [0, R]) = inf {li‘minf/ / lip i(t, x) dmx dt} ,
i—roo  Jq A

where the infimum is taken over all sequences ¢; € LIPj..(A x [0, R]) such that
(A x [0, R]). We are going to prove (3.3.51) and the first part of the

statement will follow immediately.

©; — xp in L

loc

Step 1. Let us start by showing the inequality
RPer(F;A) > Per(E, A x [0,R]). (3.3.52)

Let {t¢;}; C LIP,.(A) be a competitor for the perimeter of F' in A, i.e. ¥, — xp
in Ll _(A,mx) and all the functions 1; are locally Lipschitz. Define ¢(¢,z) := 9 (z)
for 0 <t < R and x € A. Then by Fubini’s Theorem {¢;}; is a competitor for the
perimeter of E in A x [0, R]. Therefore,

Per(F; A) = {gn}? {hm 1nf/ lip () dmx}

— inf hmlnf / / li x)dm dt}
{wz}l{ po.” X

> l inf {hmmf/ /hp(pZ (t,z) dmx dt} = %Per(E;A x [0, R]),

{‘Pz i
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where the inequality follows from the fact that, on the right hand side, we are taking
the infimum over a larger class.

Step 2. We prove the opposite inequality in (3.3.51).
Let us fix £ > 0. There exists a sequence {¢;}; C LIP,.(A x [0, R]) with ¢; — xg in
Li, (A x [0, R]) such that

loc
R

lin_1>inf/ / lip ¢;(t, ) dx dt < Per(E; A x [0, R]) +¢. (3.3.53)

(2 o0 0 A

It is straightforward to check that lip o\” (z) < lip ;(t, z) for every (t,z) € R x X.
Moreover, the sequence {gogt)}i is a competitor for the variational definition of the
perimeter of F' in A for L£!-almost every ¢, by the coarea formula. Therefore, by

Fatou’s lemma,

R
RPer(F;A) < / hmmf/hpapz x)dmy dt

<11m1nf/ /hpgp x) dmy dt

< li.n_1>inf/ / lip ¢;(t, x) dmyx dt < Per(E, A x [0, R]) +¢
oo Joo JA
Since € > 0 was arbitrary, we conclude. O

Lastly, let us point out a few consequences of our proofs which will be used in the
following chapter.

The first is a technical lemma. A proof of the equivalent statement in Euclidean
spaces can be found in [136, Lemma 28.13], whereas a proof of Lemma 3.3.12 can be

found by repeating the argument at the end of Step 3 in the proof of Theorem 3.3.4.

Lemma 3.3.12. Let (X,d,H") be a non-collapsed RCD(K, N) space. Let k € N and
let A x RF € X x RF be a perimeter minimizing set, then A C X is also perimeter
Minimizing.

We conclude the section by reporting a useful result regarding tangent spaces to

perimeter minimizing sets in cones.

Lemma 3.3.13. Let (C(X),d) be a metric cone such that (C(X),d, HN) is a non-
collapsed RCD(0, N) metric measure space. If E C C(X) is a perimeter minimizing
set whose boundary contains the tip of the cone O, then there exists a set A C X such

that C(A) C C(X) is a perimeter minimizing cone, whose boundary contains O, and
such that

(C(X),d,0,C(A)) € Tan,(C(X),d).
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The proof of this result follows from step 1 in the proof of Theorem 3.3.4: it is
a consequence of the rigidity part of the monotonicity formula Theorem 3.1.1 and
a density estimate for locally perimeter minimizing sets shown in [123, Lemma 5.1]

(reported here in this manuscript as Lemma 2.4.32).
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Chapter 4

On the dimension of the singular
set of perimeter minimizers in
spaces with a two-sided bound on
the Ricci curvature

This work is based on a joint work with Cucinotta [70]. We show that the Hausdorff
dimension of the singular set of perimeter minimizers in non-collapsed limits of man-
ifolds with two-sided bounds on the Ricci curvature is at most N — 5, where N is the
dimension of the ambient space. The estimate is sharp.

We outline here the structure of the chapter. In Section 1, we present our contri-
butions and give an overview of the problem and of related results. We also describe
the main results our contributions are based on.

In Section 2, we review some classical results regarding the second variation formula
of perimeter minimizers in Euclidean spaces. We decided to report them here for ease
of the reader, as our results heavily rely on them.

Lastly, in Section 3 we present the proof of our results.

4.1 Introduction

In this chapter, we consider non-collapsed limits of manifolds with two-sided bounds
on the Ricci curvature. These are pointed metric spaces (X, d, z) arising as pointed
Gromov-Hausdorff limits of sequences of pointed Riemannian manifolds (M}, d, xx),

where di denotes the Riemannian distance, satisfying

[Ricyn| <N =1, and vol(By(xg)) >v >0 for every k. (4.1.1)
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A non-exhaustive list of works where spaces satisfying the conditions above were
initially studied is [26, 36, 181, 24, 60]. The study of metric spaces arising as Gromov-
Hausdorff limits of Riemannian manifolds with a uniform lower Ricci curvature bound
was carried out in [61, 62, 63], among others. See also Section 2.2.2.

We are concerned with perimeter minimizing sets in non-collapsed limits of mani-
folds with two-sided bounds on the Ricci curvature. The notion of perimeter in metric
measure spaces was studied in [9, 8, 139, 19, 13], among others. In recent years, the
theory of sets of finite perimeter was further studied in [11], [46], [44] (among others;
see Section 2.4) in the setting of metric measure spaces with a synthetic notion of
Ricci curvature lower bounds, known as RCD spaces. The Riemannian Curvature
Dimension condition RCD(K, 00) was introduced in [16] (see also [99, 23]) while its
finite dimensional counterpart RCD(K, N) was formalized in [99]. For a thorough
introduction to the topic we refer to the survey [7] and Section 2.3.2.

Some fundamental steps towards understanding perimeter minimizing sets in the
context of RCD spaces and Ricci limit spaces were carried out in [144] and [86, 85]
respectively. Other properties were then investigated in [94], [71], [69]. See Section
2.4.4 for a brief introduction to the topic. Let us point out that minimal hypersurfaces
in Riemannian manifolds are locally boundaries of locally perimeter minimizing sets.
Moreover, the study of sets of finite perimeter in the RCD setting, due to their
convergence and stability properties, allows to deduce new results about classical
area minimizing hypersurfaces and isoperimetric sets in Riemannian manifolds (see,
for instance, [34], [32], [144], [71]).

One of the key advances in the study of perimeter minimizing sets in Euclidean
spaces was understanding the Hausdorff dimension of their singular set. A funda-
mental result obtained by De Giorgi [74] and refined by Federer following the work of
Simons shows that a perimeter minimizing set £ C RY is smooth outside a closed set
of Hausdorff dimension at most N — 8. The regularity of perimeter minimizing sets
in RCD spaces was studied in [144]. To report here the relevant result, we introduce
some notation.

We recall that a point x € JF is regular if it is a regular point for the ambient
space X, and additionally the tangent of E' at x is a half space. This definition is
slightly different from the classical one in the Euclidean setting: if one exploits the
non-smooth definition in the smooth setting, the usual uniqueness requirement for
the tangent space needs to be dropped, as different half spaces are all isometric.

The sharp estimate for the Hausdorff dimension of the singular set of local perime-

ter minimizers in non-collapsed RCD(K, N) spaces shown in [144] states the follow-
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ing: if (X,d,H") is an RCD(K, N) space without boundary and F C X is a locally

perimeter minimizing set, then
dimy(SF) < N — 3. (4.1.2)

The Hausdorff dimension of the singular set of a non-collapsed RCD(K, N) space
without boundary is at most N — 2, as shown in [142]. The analogous result for non-
collapsed Ricci limit spaces was shown in [61]. In the case of non-collapsed limits of
manifolds with two-sided bounds on the Ricci curvature, a stronger estimate on the
Hausdorff dimension of the singular set holds. It was shown in [66] that if (X,d,z)
is a non-collapsed limit of manifolds with two-sided bounds on the Ricci curvature of
dimension N, then the Hausdorff dimension of its singular set is at most N — 4.

Comparing the estimates for dimy (S¥) and dimy(S(X)) when E C X is a locally
perimeter minimizer in a non-collapsed RCD(K, N) space, a question that arises is
whether, under the stronger assumption that X is a non-collapsed limit of manifolds
with two-sided bounds on the Ricci curvature, it holds that dimg (S¥) < N —5. This

is the content of the main result of this note.

Theorem 4.1.1. Let (X,d) be a non-collapsed limit of manifolds with two-sided
bounds on the Ricci curvature of dimension N. If E C X is a locally perimeter

minimizing set, then S¥ = SE .. In particular, it holds
dimy(S¥) < N — 5. (4.1.3)
Let us point out that Theorem 4.1.1 is sharp, as shown in Example 4.3.14.

Remark 4.1.2 (On the behavior of OF in R(X)). Let E C X be as in Theorem
4.1.1. By [144], the Hausdorff dimension of S¥ N R(X) is at most N — 8. By
exploiting the double bound on the Ricci curvature, one obtains a finer description of
OE NR(X). By [24, 60], the metric space X is a CY* manifold for every a € (0,1)
outside of its singular set. By means of classical reqularity results, one can then show
that OE N R(X) is a CY* hypersurface of R(X) for every a € (0,1) outside of a

closed set of Hausdorff dimension at most N — 8 (see Proposition /.5.15).

Before outlining the proof of Theorem 4.1.1, we mention that the key step in the
proof is Theorem 4.1.3, which is a Bernstein-type theorem for cones over manifolds

of constant curvature 1.
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Theorem 4.1.3. Let (M,g) be a manifold of constant sectional curvature equal to
1 and of dimension N < 6. Let C(M) be the metric cone over M and let O be its
tip. If E C C(M) is a perimeter minimizing set such that O € OF, then M = SV,
C(M) 2 RN and E C C(M) 2 RN s a half space.

The proof of the previous theorem follows by adapting a classical result of Simons
from [176]. Let us mention that in Theorem 4.1.3 the assumption on the dimension
is sharp, as shown by Example 4.3.13.

We now outline the proof of Theorem 4.1.1. The estimate on the Hausdorff dimen-
sion (4.1.3) follows from the stratification result [94, Theorem 4.1] and S¥ = S¥_..

We divide the proof of S¥ = 8§ . in two steps. We first show that S¥ = S§_,.
We rely on the following argument: suppose by contradiction that x € S¥\ S§_,.
Then by [66, Theorem 5.12] the tangent space to X at x is isometric to RY. Moreover,
by assumption, a tangent space to E at x is of the form RY=3 x A, where A C R? is
itself a perimeter minimizer. Therefore, by a classical Bernstein-type theorem (see,
for instance, [136, Theorem 28.17]), it follows that A is a half space. This provides
the desired contradiction and shows S¥ = S _,.

In a second step of the proof we show S¥ _,\ S&¥_. = 0. To this end, we suppose
by contradiction that x € S¥_, \ S¥_.. Then by [66] and [24] (see also [65, Theorem
1.16] or Theorem 4.3.3) a tangent space of X at z is RV =4 x C'(S3/T"), where I' C O(4)
is a discrete group of isometries of the sphere acting freely.

Moreover, a tangent space to E at z is of the form RY=% x A, where A C C(S3/T")
is itself a perimeter minimizer.

Therefore, by Theorem 4.1.3, we are able to conclude I' = {idgs }, C(S?/T") = R,

and A 2R3 x [0, +00), contradicting the initial assumption z € S§_, \ S§_.

4.2 Second variation formula in Euclidean spaces

In this section we collect some technical results on perimeter minimizing sets in Eu-
clidean spaces that are used in the proof of Theorem 4.1.3. The topic is classical and
we refer to [136] and [108] for an account of the theory.

Let us recall the notion of tangential derivatives to the boundary of a smooth
open set £ C RV, Let v : OF — SV~! be the outward normal vector on dF and let
g € C®(RY). On a point x € OF the tangential derivative of ¢ is defined as

Veg:=Vg—v(Vg-v).
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Given any integer 1 < ¢ < N, the i-th component of the tangential derivative of ¢ is
defined as
VEig:=0,9—vi(Vg-v).

Similarly, the tangential Laplacian of g is defined as

N
Agpg = Z VEiVEg.

i=1
Both Vgg and Agg depend only on the restriction of g to OF; for this reason we
consider tangential derivatives and tangential Laplacians of functions that are defined
only on OF, assuming implicitly that we are extending the functions smoothly to R¥
before applying such operators.

We denote by |IIg| : OE — R the norm of the second fundamental form of F in
RY. This coincides with the square root of the sum of the squares of the principal
curvatures of 0F. One can check that |Tg|* = 37, .(Vg,v;)? (see [108, Remark 10.6]).
Whenever OF is not smooth, we assume that the aforementioned objects are defined
in the largest smooth subset of 0E. We mention that in [108] the objects Vg, Vg,
Ag, |IIg| are denoted respectively by 6, d;, D, and c.

We say that a set £ C R¥ is a cone with tip O if it is invariant under dilations
which fix O. This notion is consistent with the one of metric cone previously intro-
duced. Without loss of generality, in the remainder of this work we suppose that O

coincides with the origin 0 € R .

Remark 4.2.1. By inspecting the proof of [108, Lemma 10.9] one realizes that if
E C RY is a cone which is both smooth and has zero mean curvature in RY \ {0},

then |Tg|? is homogeneous of degree —2.

We now recall the second variation formula for sets with vanishing mean curvature,
which can be found in [108, Identity (10.13)].

Proposition 4.2.2. Let E C RY be an open set such that OF is smooth and has

zero mean curvature in an open set A CC RN, Let v : A — SN~ be an estension

of the outward unit normal of OF to A, and let ( € C*°(A). Define Fy : A — RN by

Fi(z) ==z 4+ t({(z)v(z) and set Ey := F,(E). Then

d’ 2 22 N-1
(GpPer(AB)) = /8E(|VE§| — T 2¢%) dH N,

We conclude the section by recalling that tangential derivatives satisfy an inte-

gration by parts formula and that Ag|Ilg|? is well behaved on minimal sets that are

invariant under dilations. The next result can be found in [108, Lemma 10.8].
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Lemma 4.2.3. Let £ C RY be such that OF is a smooth hypersurface and let ¢ €
C>(RY). Then
VeiddH Yt = — | oudHN .

oFE oF

The next result can be found in [108, Lemma 10.9].

Lemma 4.2.4. Let E C RY be a cone which is both smooth and has vanishing mean
curvature in RN\ {0}. Then in OE NRY \ {0} we have

2|l
|22

1
§AE|HE|2 > —|p|* + |VE|g||* +

4.3 Proof of the main results

The goal of this section is to prove Theorem 4.1.1 and Theorem 4.1.3, which we restate

for the reader’s convenience. The proofs will be given at the end of the section.

Theorem 4.3.1. Let (X,d) be a non-collapsed limit of manifolds with two-sided
bounds on the Ricci curvature of dimension N. If E C X is a locally perimeter

minimizing set, then S¥ = SE .. In particular, it holds
dimy (SF) < N — 5. (4.3.1)

Theorem 4.3.2. Let (M, g) be a manifold of constant sectional curvature equal to
1 and of dimension N < 6. Let C(M) be the metric cone over M and let O be its
tip. If E C C(M) is a perimeter minimizing set such that O € OF, then M = SV,
C(M)=RN* and E C C(M) 2 RN s a half space.

We begin by reporting a result obtained in [117, Theorem 1.15] (see also [66, 65]
and [24]), which is the starting point of the proof of Theorem 4.1.1. We also report

the proof here for ease of the reader.

Theorem 4.3.3. Let (X,d,z) be a non-collapsed limit of manifolds with two-sided
bounds on the Ricci curvature. Then for any x € Sy_4 \ Sn_5 there exists a tangent
space at x which is isometric to RN =4 x C(S3/T"), where T C O(4) is a discrete group
acting freely.

Proof. Let x € Sy_4 \ Sny_5. By the definition of singular strata Definition 2.2.10
there exists a tangent space to X at x isometric to RN=% x C(Y), for some metric
space (Y,dy). We argue that YV is a C'® manifold. If not, by [26] C(Y) would

have a singular set of Hausdorff dimension at least 1 and, since C'(Y') is a Ricci limit
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space with a two-sided bound on the Ricci curvature, it would contradict Theorem
2.2.13. By [24] C(Y') is smooth and Ricci flat outside of its tip. By relating the Ricci
curvature of C(Y) with that of Y (for instance, see [155, Corollary 43]) we can infer
that Ricy = 2gy. By a classification result of 3-dimensional Einstein manifolds (see
[53], for instance) Y is isometric to S3/T", where I' C O(4) is a discrete group acting
freely. ]

Let us fix some notation. In this section N € N, N > 2 and I is a discrete group of
isometries of S™V~1 acting freely. Moreover, I induces an action on R given in polar
coordinates by g - (w,r) := (g(w),r). We denote by 7 : RY — RY /T the projection
on the quotient space. Since I' acts freely on SV~1, it follows that it also acts freely
on RN\ {0}. Consequently, mg~ (o is a covering of (RY \ {0})/T. Therefore, it is
also a local isometry.

We say that an open set U C (R \ {0})/T is a cover chart if its preimage through
7 is a finite union of disjoint open sets {U;}._; (where [ is the cardinality of I') such
that my, : Uy — U is a bijective isometry for every 7. Given a subset £/ C RY and
g €T, wedenote g- E:={g-e:e€ E}. Moreover, given a subset £ C RY (RV/T)
and ¢t > 0, we define the rescaled set E/t :== {z € R¥N(RY/I") : tx € E}.

Definition 4.3.4 (I'-symmetric sets). We say that a set E C RY is I-symmetric if
for every g € I' we have g- E = FE.

The next lemma shows that ['-symmetric sets arise as preimages via m of sets in
RV /T.

Lemma 4.3.5. If E C RY is T-symmetric, then 7= (w(E)) = E. Conversely, if
F C RN/T, then 7= 1(F) is T-symmetric and w(71(F)) = F.

Proof. We start by showing that if £ C RY is I-symmetric, then 7= (7 (F)) = E.

Observe that 7=!(w(E)) D E trivially, so that we only need to prove the other
inclusion. If z € 7~ Y(x(F)), then n(z) = n(y) for some y € E. Therefore, there
exists g € I" such that g -z = y, giving that x € E as this set is ['-symmetric.

Let us show that, if £ C RY /T, then 7~ 1(F) is I-symmetric and w(7~1(F)) = F.

Consider z € 7~ }(F). We show that for every g € T we have g -z € 7~ }(F). To
this aim, note that m(x) = 7(g - x) so that in particular g -z € 7~ *(z) C 7 '(F).
Conversely, let z ¢ 7' (F). We show that for every g € ' it holds g - = ¢ 7 '(F).
Indeed, if g -z € 7~ }(F), then z € 7~ 1(F).

Finally, 7(7~}(F)) = F since 7 is surjective. O
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Definition 4.3.6 (I'-symmetric sets minimizing the perimeter against I'-symmetric
competitors). We say that a I'-symmetric set E C RN minimizes the perimeter

against T'-symmetric competitors if for every I'-symmetric set A C RY and r > 0

such that EAA CC B,(0) we have
Per(E, B,(0)) < Per(A, B.(0)).

The following key lemma allows us to compare the perimeter of subsets of RY /T

with the perimeter of their preimage through the projection map 7.

Lemma 4.3.7. If F C RY/T and | € N is the cardinality of T, then for every
measurable set U C RN /T, it holds

[Per(F,U) = Per(x Y(F), 7= 1 (U)).

Proof. We claim that we can find a countable collection of disjoint measurable subsets
{B;}ien of RY /T which covers (RY \ {0})/T" and is such that each set B; is contained
in a cover chart of (RV\{0})/T. To this aim, let { 4;};en be a covering of (R¥\{0})/T
with cover charts, which exists as every point has a neighborhood which is a cover
chart. To obtain a disjoint cover we define By := A; and B;1 1= A;4 \ U;'-:lAj.

For every i € N the preimage 7 !(A;) coincides with the disjoint union UzzlA‘Z,

and for every integer 1 < j <[
Mai Al = A
is a bijective isometry. In particular, by Lemma 2.4.10
Per(F,B;NU) = Per((W‘AJ;)*l(F), (7T|Aj)*1(Bi NU)) forevery j=1,..,1.

Since

A0 (m0) " (F) = Al N (F),

7 .
7

it holds
Per(F, B; N U) = Per(r *(F), (W‘AJ-)_I(BZ- NU)) forevery j=1,..,1
Summing over j we then get that for every ¢ € N it holds

[Per(F, B;NU) = Per(z Y(F), 7' (U N By)).
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The collection {77! (B;)}ien is also a disjoint cover of RY \ {0} so that, taking into
account that Per(F,{0}) = Per(7~1(F), {0}) = 0, we obtain

[Per(F,U) =Y IPex(F,UNB;) = Y Per(x '(F), 7 (B;nU))
€N €N
= Per(rH(F), nH(U)).

]

The next lemma shows that there exists a correspondence between perimeter min-
imizers in RY /" and I'-symmetric sets minimizing the perimeter against I'-symmetric

competitors in RY.

Lemma 4.3.8. Let F C RY/T be a perimeter minimizing set, then ©—'(F) is a
[-symmetric set minimizing the perimeter against I'-symmetric competitors in RY.
Conversely, if E C RY is a I'-symmetric set minimizing the perimeter against I'-

symmetric competitors, then m(E) C RN /T is a perimeter minimizing set.

Proof. Let F C RN /T be a perimeter minimizing set. Then 7—!(F) is a [-symmetric
set by Lemma 4.3.5. We now show that 7—!(F) also minimizes the perimeter with
respect to I'-symmetric competitors. Let r > 0 and £’ C R" be a I'-symmetric set
such that 7~1(F)AE" cC B,(0). Since n(B,(0)) = B,(0) ¢ RY/T, using Lemma
4.3.7 we obtain

Per(n ' (F), B,(0)) = ["'Per(F, B,(0)) < " 'Per(n(E’), B,(0)) = Per(E’, B,(0)).

Since r > 0 is arbitrary, we conclude that 7=!(F) is a I' symmetric set minimizing
the perimeter against I'-symmetric competitors in RY.

In an analogous fashion, one can show that if £ C R" is a ['-symmetric set
minimizing the perimeter against I'-symmetric competitors, then 7(E) C RY/I" is a

perimeter minimizing set. O

The next proposition shows that ['-symmetric sets minimizing the perimeter against

[-symmetric competitors in RY are locally perimeter minimizing in R™ \ {0}.

Proposition 4.3.9. Let E C RY be a I'-symmetric set minimizing the perimeter
against T-symmetric competitors in RY, then E is locally perimeter minimizing in
RN\ {0}. In particular, in RN\ {0} the set E admits an open and a closed represen-
tative sharing the same topological boundary. Moreover, if N < 7, then E has smooth

boundary with vanishing mean curvature in RN \ {0}.
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Proof. By Lemma 4.3.8, the set m(E) C RY /T is perimeter minimizing. Since the
restricted projection map 7 : RV \ {0} — (RY/T) \ {0} is a local isometry, E is then

locally perimeter minimizing. O

When we refer to a I'-symmetric set minimizing the perimeter against I'-symmetric
competitors in RY, we implicitly mean its open representative. In the next lemma we
deal with tangent spaces to sets of finite perimeter in R and R /T". In both cases,

when referring to elements of the tangent space at a point, we omit the distance.

Lemma 4.3.10. Let E C RY be a I'-symmetric set which minimizes the perimeter
against I'-symmetric competitors and whose boundary contains 0. Then there exists
a T-symmetric cone E' C RN which minimizes the perimeter against I'-symmetric

competitors, whose boundary contains 0, and such that
(RY,0, E') € Tang(RY, E).

Proof. By Lemma 4.3.8, 7(E) C RY/TI" is a perimeter minimizing set. In particular,
by Lemma 3.3.13, there exists a perimeter minimizing cone 7(E)* C RY /T, whose

boundary contains 0, and such that
(RY/T,0,7(E)>) € Tang(RY /T, 7(E)).

We claim that
(RN, 0,77 (7(E)>™)) € Tang(RY, E). (4.3.2)

We fix € (RV \ {0})/T and we consider a bounded cover chart A C (RY \ {0})/T
containing z. The preimage 7 '(A) coincides with the disjoint union of open sets
UézlAj such that the restricted maps m4; : A; — A are bijective isometries. Since
(RN /T,0,7(E)>) € Tang(RY /T, 7(E)), there exists a sequence ¢, — 0, independent
of A, such that

I Xr(E)te — Xn(B)e|lL1(a) = 0 as & — 0.

Taking into account that 7= (7 (E)/ty) = E/ty, for every j =1, ..., it holds

||XE/tk — Xﬂ.—l(ﬂ.(E)oo)HLl(Aj) — 0 as tk — 0. (433)

Hence, we can construct a locally finite open cover {A;};en of RV \ {0}, such that for
every j € N condition (4.3.3) is satisfied. Setting By := A, and B, := A; \ U/Z| B; we
obtain a refinement of the cover {4;},en consisting of disjoint sets. Since {A,};en is

locally finite in R™\ {0} also { B;};en has this property. Hence, for every r,e > 0 with
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r > ¢, there exists a finite subset I, C N such that {B;};e;,. covers B,.(0) \ B:(0).
Having fixed r > ¢ > 0 we then obtain

IXE /6= X1 () 121 (8, (0))
< s = X wm) | saoy + D IXsin = Xarwimr) sy (4:3.4)

J€lr ¢

Since E/t), and 7~ (7(E)>) are both perimeter minimizing, it follows from Theorem
2.4.31 that

iug IXE/t, — Xa1r(E)o) || L1 (B.(0)) < c(NYHN(B.(0)) = 0 ase— 0.
€
On the other hand, since I,. C N is finite, it holds

D lxem = Xa-im@) s, = 0 as b, — 0.
jeln.

Hence, passing to the limit in (4.3.4), one obtains

IXE/t, — X1 (B[22 (B 0)) = 0 as b — 0,

proving claim (4.3.2).

Since m(E)>* C RY/T is a cone, 7~ }(m(F)>*) C R" is also a cone. Since 0 €
I(m(E)*®) C RY/T, then 0 € (7 1(n(E)*)) C RN as well. Finally, since 7(E)>® C
RY /T is a perimeter minimizer, 7= (m(FE)>®) C RY is a [-symmetric set minimizing

the perimeter against I'-symmetric competitors by Lemma 4.3.8. [

Definition 4.3.11 (I'-symmetric functions). Given a T-symmetric set E C RY we
say that a function f : E — R is T-symmetric if f(x) = f(g-x) for every x € E and
gel.

Lemma 4.3.12. Let E C RY be a I'-symmetric cone which is smooth in RN\ {0} and
has zero mean curvature in RY \ {0}. There exists a smooth T'-symmetric extension
of Ig|*: 0FE\ {0} — R to RV \ {0}.

Proof. Since E is a cone which is smooth in RV \ {0}, the intersection S := dENSN 1
is a N —2 dimensional closed smooth manifold in S™¥~1. We now consider the function
[TIg|? restricted to S. We show that it can be extended to a function h: SNt — R
with the property that for every g € I and every z € SV~! it holds h(g - ) = h(x).
Let U be a tubular neighborhood of S in SN¥~! and let 74 : U — S be the nearest
point projection in SV1. We define h; € C>°(U) by hi(z) := |[Ug|*(7s(z)). Let
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n € C*(U) be a function on U which depends only on the distance from S and is
identically equal to 1 on S. We define h € C°(SV~1) by

) n@)h(z) zeU
he) = {0 r U

Since S € SN¥~! is invariant under the action of I on S¥~!, so is U. Similarly, the
restricted function |IIg|? € C*(S) has the property that for every g € T’ and every
z € S it holds [[Ig|*(g - ¥) = |Ig|*(z). Consequently, the extension h; € C*°(U) is
also invariant under the action of I" on U. The same is true for h € C®(SN~1) given
the choice of n € C°(U).

Finally, we define the extension f € C*®(R™ \ {0}) in polar coordinates by
f(w,r) == r2h(w). Since |[lIgx|* : OF \ {0} — R is homogeneous of degree —2
by Remark 4.2.1, the function f € C*°(R" \ {0}) is the desired extension. O

We here prove Theorem 4.1.3. Using the results we have shown so far we are
able to reduce ourselves to studying I'-symmetric sets in RY which minimize the
perimeter with respect to I'-symmetric competitors. We are then able to follow the
computations of Simons from [176] to conclude that such sets are half spaces. We
mention that a more detailed exposition of the same computations can also be found
in [108, Theorem 10.10].

Proof of Theorem /.1.3. By a standard classification result regarding manifolds
of constant sectional curvature (see, for instance, [53, Theorem 4.1]), M is isometric
to SN /T, where T is a discrete group of isometries of SV acting freely. In conformity
with the rest of this section, we consider the induced action of I' on R¥*!. We refer
to the associated projection as 7 : RN+t — RN+L/T"

Let us point out that C'(SV/T') is isometric to R¥*1/T'. Therefore, to prove the
statement of the theorem it is sufficient to show the following: if F € RV™!/T is a
perimeter minimizing set such that 0 € F, then I' = {idgn}, and FF C RV¥*! is a
half space.

By Lemma 4.3.10 there exists a ['-symmetric cone G C R¥*! which minimizes
the perimeter against ['-symmetric competitors, whose boundary contains 0, and such
that

(RY*10,G) € Tang(RN ! 77 1(F)).

By Lemma 4.3.9 the cone G is smooth with vanishing mean curvature except at
{0}. We follow the computations of [176] for perimeter minimizing cones in R¥*! to

show that GG is a half space.
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If g € C(RN*1\ {0}) is a I-symmetric function, then the set Gy (using the nota-
tion of Proposition 4.2.2) is ['-symmetric. In particular, this holds if g € C°(RN*1\
{0}) is a radially symmetric function. Let us denote by |[[Ig|*> the I'-symmetric
extension of |IIg|* to RY*1\ {0} obtained in Lemma 4.3.12. Applying the sec-
ond variation formula Proposition 4.2.2 to the I'-symmetric product ¢|Ils|, where

g € C*(RN*1\ {0}) is a radially symmetric function, we have

/ (IValglTa P — MaP(glle))?) di > o.
oG

Using Lemma 4.2.3 we obtain
/ac Hol's” dH < /aa (|HG|2|VG9’2 + 9*IVallla|® + 29|1Ta| Ve TTg| - ch) dHY
B /8@ (M6PIVagP + #ValTTa|? + 5Vellol? - Vag?) dm™
- /aG (M6P1¥aoP + *VelTTa|? — 50 Al ) dH™.

From Lemma 4.2.4 it follows that

2 2
/‘<kal—i%)udeHN20. (4.3.5)
aG ||
The same is true by approximation for every radial function g € C°°(R¥*1!) such that
P
‘/ =g dHY < +oo. (4.3.6)
aa 7|

Since |IIg|* is homogeneous of degree —2 by Remark 4.2.1, the previous condition
holds if g € C= (R ™) satisfies

2
!/—idHN<+m. (4.3.7)
ac |z|*

A function g € C®(RN*1) of the form
g(z) = |2[* max{|z|, 1}”

satisfies (4.3.7) if

>4*N
A (4.3.8)

Plugging such g in (4.3.5) we obtain

(a>—2) / 22T P dHY + (ot B —2) / P2 TGP dHY > 0.
8GN B (0) 8G\B1(0) (459)

118



Since N < 6 we can choose o and 3 compatible with (4.3.8) and such that a® —2 < 0
and (a + )% —2 < 0. With such choice of o and 3, from inequality (4.3.9) it follows
that |TIg|? is identically 0 on G. Since the second fundamental form of G in RY
vanishes, the outer unit normal vector to G is constant on OG. Hence, G C RV*! ig
a half space.

Let us show that T' = {idgn }. Since G is a half space, 90G N SN = SV~1. Since G
is [-symmetric, 0GNSY is sent to itself by all elements of I. We claim that the poles
with respect to G N S (that is, the two points on SV at maximal distance from
0G N SN) are swapped by every element of I' which is not the identity. Indeed, the
poles cannot be fixed as the action of I' is free. Furthermore, the distance between
each pole and G N S must be preserved since all elements of I' are isometries. In
particular, all the elements of I' which are not the identity swap the poles.

Since I' acts on RY isometrically, for every g € I, g # idgn, there is a neighbor-
hood U C R¥ of one of the poles such that U C G and g-U C RY \ G. Consequently,
any such element of I' cannot map the half space G to itself. As G is ['-symmetric,
we conclude that I' is trivial.

Finally, the initial set ' C R¥*1/T" = RV*! is a half space since there are no non-

trivial perimeter minimizing sets in Euclidean spaces of dimension less than 8. O

Theorem 4.1.3 fails if N > 7 as shown by the next example.

Example 4.3.13. Let N =7 and let T := {idgr, —idg7}. Let E C R® be the Simons

cone, i.€.
E = {|z1)? 4 |zo* + |z3)? + |24* > |25]% + |26]* + |27]* + |28]*} C RE.

Let us note that E C R® is a T-symmetric set which minimizes the perimeter (and, in
particular, it minimizes the perimeter against I'-symmetric competitors). By Lemma
4.3.8, m(E) C R®/T = C(S7/T) is a perimeter minimizing set. Moreover, the bound-
ary of m(E) contains 0.

Let now N = 7+k with k € N and let T := {idgrix, —idgri7}. Let ExRF C RExRF
be the product of the Simons cone with the extra Euclidean factors. E x R¥ C R® x R¥
is a T'-symmetric set which minimizes the perimeter (and, in particular, it minimizes
the perimeter against T'-symmetric competitors). By Lemma /.53.8, m(E) C R8** /" =
C(S™F*/T) is a perimeter minimizing set. Moreover, the boundary of ©(E) contains
0.

Building on Theorem 4.1.3, we prove Theorem 4.1.1.
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Proof of Theorem 4.1.1. The proof is divided in two steps: we start by showing
SE\ SE , =0, and then prove SE_,\ 8% . = 0.

Let us show S¥\ S¥ _, = (). Suppose by contradiction that z € S¥\ S _,. Then
there exists a pointed metric space (Y,d,,y) and a perimeter minimizing set of the
form RY=3 x A € RV=3 x Y whose boundary contains (0,y) € R¥=3 x Y such that

RV 3 x VRV x A, (0,y)) € Tan, (X, E).

By Lemma 3.3.12, A C Y is a perimeter minimizing set whose boundary contains y.
Moreover, RV=3 x Y = R¥ by Theorem 2.2.13 since

(RY™? x V) € Tan,(X).

Therefore, A C R? is a half space as it minimizes the perimeter and has non-empty
boundary. We conclude that = ¢ S¥\ S§¥_,, a contradiction.

In the rest of the proof we show S§¥_, \ S¥ - = (). Suppose by contradiction that
there exists x € Sk_, \ SK_s.

By Theorem 4.3.3 the tangent space Tan,(X) has an element isometric to RY=* x
C(S?/T), where I' C O(4) is a discrete group acting freely. Hence,

(RN x C(S?/T), RN~ x F) € Tan, (X, E),

where O € C(S3/I') is the tip, and RV~ x [ ¢ RV x C(S3/T) is a perimeter
minimizing set whose boundary contains (0,0) € RV~ x C(S3/T).

By Lemma 3.3.12, F C C(S®/T) is a perimeter minimizing set whose boundary
contains O. By applying Theorem 4.1.3, we can then infer that C(S®/T) is isometric to
R* and that F is a half space, contradicting z € S¥_,\SE_.. Therefore, SE\SL =10
as claimed.

Since S = S£ ., Theorem 3.3.5 implies that dimy(S¥) < N — 5. O

Theorem 4.1.1 is sharp: as shown in the following example, there exists a non-
collapsed limit of manifolds with two-sided bounds on the Ricci curvature with a

perimeter minimizing set £ such that S§_. is non-empty.

Example 4.3.14. The cone C(RIP?), arising as the blow-down of the Eguchi-Hanson
manifold (see [66, Example 2.15] for this construction; the Eguchi-Hanson metric
was originally defined in [88, 52]), is a non-collapsed limit of manifolds with two-
sided bounds on the Ricci curvature which is singular at the tip.

By a standard calibration argument it is possible to show that the set
C(RP?) x [0, +00) C C(RP?) x R

is perimeter minimizing. Moreover the tip of C'(RP3) belongs to SL_.
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As mentioned in Remark 4.1.2; the regularity of a set £ C X satisfying the con-
ditions of Theorem 4.1.1 can be improved substantially if we consider the restriction
of OF to the regular set R(X). The following proposition follows by repeating part
of the proof of [32, Theorem A5], which in turn builds on a theorem of Allard [3,
The Regularity Theorem p. 27| (which applies to minimizers of certain parametric

integrands).

Proposition 4.3.15. Let (X,d,x) be a non-collapsed limit of manifolds with two-
sided bounds on the Ricci curvature of dimension N. Let E C X be a locally perimeter
minimizing set. The set OENR(X) is a CY* hypersurface of R(X) for every a € (0, 1)

outside of a closed set of Hausdorff dimension at most N — 8.

Proof. By [144, Theorem 6.23] (reported as Theorem 2.4.36), it holds
dimy (S NR(X)) < N - 8.

Let @ € (0,1) be fixed. By Theorem 2.2.13, R(X) is a C* open manifold. To
conclude, we fix 7y € (OF \ S¥) N R(X) and we show that OF is a C1 hypersurface
in a neighborhood of x.

Let € > 0 be fixed. Up to rescaling, by Theorem 2.2.14, we can identify a neighbor-
hood of zy in X with the Euclidean ball By(0") C RY equipped with a Riemannian
metric g such that

19i5 — disllcr(Baony) < €. (4.3.10)
With this identification, F C By(0") and 0 € 9F \ S¥. Up to restricting to a

smaller ball, we can also assume that E is perimeter minimizing in By(0V).

Let HY =1 denote the Euclidean N — 1 dimensional Hausdorff measure in By(0V).
By the area formula, the perimeter measure of E in (By(0V), g), denoted Per(E, ),
coincides with

((Cofo(ve), ve)) T HY " LO*E, (4.3.11)

where Cof, is the cofactor matrix of (g;;) at x, v, is the distributional Euclidean
unit normal to F at x, 9*E is the Euclidean reduced boundary of F, and (-, -) is the
Fuclidean scalar product.

Since 0V is a regular point for F, when one takes a blow up of (By(0V),g) in
0N, E converges to a half space H. It follows from [144, Theorem 2.42] (reported
as Theorem 2.4.33) that the perimeter of E converges weakly to the perimeter of
H. Furthermore, OF converges in the Kuratowski sense to the boundary of H. Let

7 : B1(0Y) — RY be the projection map on the normal line to H in RY.
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By the aforementioned convergence properties of OF, for every ¢; > 0, there exists
r € (0,1) such that

< Per(E, B.(0V))

1—¢ <1+e, |[7(0FEN By (0M)] < err. (4.3.12)

Wy N1

It follows from (4.3.10), (4.3.12), the representation of the perimeter functional
(4.3.11) and [3, The Regularity Theorem p. 27| that there exists a function u €
Che(H N By(0N71)) for a sufficiently small s > 0, such that E N B,(0Y) coincides
with the graph of u. m
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Chapter 5

Approximation of the perimeter
functional in RCD spaces

In this chapter, our aim is to extend some of the classical results of I'-convergence
of Modica-Mortola to the setting of RCD metric measure spaces. The notion of
[-convergence (sometimes referred to as epi-convergence) of functionals is first at-
tributed to De Giorgi [76, 73|. Let Ej : X — R, k € N be a sequence of functionals
[-converging to F, : X — R, where X is some function space. An important prop-
erty of I'-convergence is that, if {fx}x C X converges to some function f € X and
fr minimimizes Fj for each & € N, then f minimizes FE,. A classical instance of
[-convergence is that of Modica and Mortola [141, 140], who showed that the Cahn-
Hilliard phase transition energies [51] converge to the perimeter functional when suit-
ably rescaled. In light of the previously mentioned property of I'-convergence, this
result yields itself to applications to the study of perimeter minimizers. The Cahn-
Hilliard minimizers, which are smooth functions by elliptic PDE theory, constitute
approximations of perimeter minimizing sets and can be even used as a procedure
to construct them. For this reason, the field attracted plenty of interest quickly.
However, ['-convergence does not tell us much about the other critical points of the
limiting functional, which in this case are minimal surfaces. More recently, related
PDE approaches based on min-max theory [112, 96] (building on the regularity the-
ory of [115, 189, 182]) have been used as an approach to tackle minimal surfaces
problems, and have yielded a new proof of the existence of minimal hypersurfaces in
closed Riemannian manifolds originally proved by Almgren, Pitts, and Schoen—Simon
[159, 168] and an alternative proof of Yau’s conjecture [190] to those based on the
Almgren-Pitts theory [137, 116, 177]. This PDE approach to the construction of min-
imal surfaces has attracted the interest of the RCD community, since in such setting

no satisfactory analogue of the first variation of area formula is available. The hope
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is that these novel PDE approaches can be adapted to the RCD setting and be used
as a way to study minimal surfaces in such setting, and even lead to a better under-
standing of the structure of RCD metric measure spaces themselves. In this chapter,
we aim at taking a step in this direction.

In Section 5.1 we recall the notion of I'-convergence and introduce the standard re-
sult of Modica and Mortola in the smooth setting. We also define the Cahn-Hilliard
energy in the non-smooth setting and report the results obtained in this chapter.
In Section 5.2 we show, in the setting of non-collapsed compact RCD(K, N) metric
measure spaces, that volume-constrained perimeter minimizing sets can be approx-
imated by a sequence of functions converging to the characteristic function of such
sets in L' and whose Cahn-Hilliard energies converge to the perimeter of the set
up to a multiplicative constant. Moreover, we show that sequences of minimizers of
the Cahn-Hilliard energies possess a subsequence converging to a volume-constrained
perimeter minimizing set. In Section 5.3 we focus on Cahn-Hilliard functionals de-
fined on a non-collapsing sequence of closed Riemannian manifolds with a uniform
lower bound on the Ricci curvature converging in the pmGH sense to a Ricci limit
space. We prove that the Cahn-Hilliard energies I'-converge to the perimeter measure

in the limit space.

5.1 Introduction

In this section we provide a brief overview of the results obtained in [141, 140]. We
also present the main results obtained in sections 5.2 and 5.3.

The notion of I'-convergence first appeared in [76, 73]. In [141, 140] the authors
showed that suitably rescaled phase transition energies, commonly referred to as
Cahn-Hilliard energies, I'-converge to the perimeter functional. For an overview of
the topic, see [1]. Let @ C RY be an open bounded set. Fix 0 < V < vol(2) and
let Ly (2) be the set of all integrable functions u : Q — [0,1] such that [,u = V.
We denote by BV(Q;{0,1}) the set of all functions with bounded variation taking
values in {0,1}. We call Su the set of approximate discontinuity of u, that is the
complement of the set of points x € () such that there exists z € R with

lim u(y) — z|dy = 0.
Lastly, let W : R — [0, 00) be a double-well potential with wells in 0 and 1. That

is, we require W to be continuous, that W(0) = W (1) = 0, W(t) > 0 for every t €
R\ {0,1} and that lim;—y W (t) = limy—_ W(t) = oo. For instance, take W (u) :=
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su?(u — 1)%. Let us recall the result of I-convergence of Modica and Mortola [141,

140], which states that the Cahn-Hilliard energies F. (5.1.2) I'-converge to cPer(-)

where ¢ is defined as .
c:= 2/ VvV Wi(s)ds, (5.1.1)
0

and depends only on the double-well potential TW.

Theorem 5.1.1 (Modica-Mortola). Let  C RY be an open bounded set. Fix 0 <
V < LN(Q). For every e > 0 let

Fo(u) = ng‘VU‘Q—i_%fQ Wi(u) ifwe H(Q)N Ly (Q), (5.1.2)
T 4o otherwise; o
Flu) = CHNH(Su)  if u e BV(Q;{0,1}) N LL(Q), (5.13)
e +00 otherwise, o

where ¢ > 0 was defined in (5.1.1).
The functionals F. I'-converge to F' in ) as € goes to 0. That s, the following

conditions hold:

e [-liminf - For every u € BV(Q; {0,1})N L}, (X) and every {u.}.s0, u- € Li,(X)
for alle >0 and u. — u in L'(X) as € — 0 we have

. S _
hgglf F.(u.) > F(u); (5.1.4)

e I-limsup, recovery sequence - For every u € BV(Q;{0,1}) N LY, (X) there exists
a family of functions {u.}. such that u. € H**(Q) N L, (Q), u. = u in L}(Q)
as e — 0 and

5lgn>0 F.(u.) = F(u). (5.1.5)

Moreover, the following compactness condition holds.

Proposition 5.1.2 (Compactness condition). Suppose we are given two sequences
er > 0, {ue, b € LYQ) with e — 0 as k — oo such that

sup ||ue, ||peo) < 00 and sup Fy, (u.,) < oo.
keN keN

is bounded. Then {u., }r is pre-compact in L*(Q).

An important property of I'-convergence is that if u. is a global minimum of

(5.1.2), then, as F. I'-converges to F', the limit point provided by the compactness
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condition 5.1.2 is a minimizer of (5.1.3). See [140]. Therefore, the Modica-Mortola ap-
proximation theorem 5.1.1 is a powerful tool to study volume-constrained minimizers
for compact variations.

Let us give a definition of the Cahn-Hilliard energy (cf. [51]) in the metric setting.

Definition 5.1.3. Let (X, d, H") be an RCD(K, N) metric measure space. Let e > (
and 0 <V < HN(X). The Cahn-Hilliard energy F. : L'(X) — [0,400) U {+0c0} is
defined by

(5.1.6)

oy — I CITUE 4 W) dm i e HY(X) 0 L (X),
: B +00 otherwise.

We remark that the energy in (5.1.6) is composed of two terms:

. % Jx W(u) dH”, whose minimization forces competitors to take values close to

0 and 1 (phase separation);
o ¢ [ |Vul? dH", which penalizes inhomogeneous solutions.

This model was proposed by Cahn-Hilliard in [51] to describe phase transitions.

Let us give an overview of the main results presented in this chapter. In Sec-
tion 5.2 we deal with the case where the ambient space is a compact non-collapsed
RCD(K, N) metric measure space. To the best of our knowledge, the Modica-Mortola
approximation has not previously been extended to metric ambient spaces. We focus
on RCD(K, N) spaces due to recent advances in the theory of perimeter minimiz-
ing sets in this setting (see Section 2.4 for details). Our goal is for these results to
serve as a first step toward adapting the min-max methods of Guaraco [112] and
Gaspar-Guaraco [96] to establish the existence of unstable minimal surfaces. These
methods provide an alternative to the approach developed by Almgren, Pitts [159],
and Schoen-Simon [168]. Since they rely on variational formulas for the perimeter, it
is unclear how to extend the latter framework to RCD(K, N) spaces. Indeed, it re-
mains an open question whether the variation of a finite perimeter set along a vector
field preserves finiteness of the perimeter for any ¢ > 0.

The results reported in the remainder of this chapter were obtained independently
by the author and have not been published previously. To the best of our knowledge,
they are novel.

Let us recall the definition of volume-constrained minimizers for compact vari-
ations. We previously stated it as Definition 2.4.37, however here we also assume
volume-constrained minimizers for compact variations to have finite volume. In

Proposition 5.2.2 we show that the I'-limsup inequality holds for such subsets.
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Definition 5.1.4 (Volume-constrained minimizers for compact variations). Let

(X,d, m) be a metric measure space. A set E C X is said to be volume-constrained
minimizer for compact variations if m(E) € (0,00) and if for every F C X such
that EAF € K C X, where K is compact, and m(E N K) = m(F N K) it holds
Per(E) < Per(F).

Let us also report the definition of isoperimetric sets.

Definition 5.1.5 (Isoperimetric sets). Let (X,d, m) be a metric measure space. A
set B C X with m(E) < oo is said to be an isoperimetric set if for every F C X with
m(E) = m(F) it holds Per(E) < Per(F).

Let us point out that isoperimetric sets are also volume-constrained minimizers
for compact variations. Moreover, the two definitions are equivalent if the ambient

space is compact.

Proposition 5.1.6 (Compactness). Let (X,d,m) be a compact RCD(K, N) metric
measure space. Let {u.}. C H"*(X) be a family of functions satisfying
sup ||uel| Lo (x) < 00 and sup F.(u.) < oo. (5.1.7)
e>0 e>0
Then there exists a finite perimeter set A C X and a subsequence €, — 0 as k — oo

such that u., converges to xa in L*(X) as k — .

Theorem 5.1.7 (Approximation of isoperimetric sets). Let (X, d, H"Y) be an
RCD(K, N) metric measure space and let E C X be a volume-constrained minimizer
for compact variations. Then there exists a sequence {u.}. € H"?(X) N LIP(X),
e > 0, such that

0<u.<1 and / ue dHY = HN(E)  for all € > 0. (5.1.8)
b
Moreover,
Elgr}) F.(u.) = cPer(F), (5.1.9)
where ¢ > 0 was defined in (5.1.1).

Theorem 5.1.8. Let (X,d,H") be a compact RCD(K, N) metric measure space.

Let 0 < V < HN(X) and u. € H" N LIP(X) be minimizers of problem (5.1.6)

with fx u. dHN =V for all e > 0. There exists an isoperimetric set E C X with

HY(E) =V and a subsequence {e},}1, such that u., — xg in L'(X) as k — oo and
kli_r>noo Fi(ue, ) = cPer(E),

where ¢ > 0 was defined in (5.1.1).
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Let us comment on these results. We are able to show a general I'-liminf result
for locally PI spaces in Proposition 5.2.1 (see [113] for an overview of calculus on
PI spaces). We also show that the I'-limsup inequality holds for volume-constrained
perimeter minimizing subsets of non-collapsing RCD(K, N) metric measure spaces
(Proposition 5.2.2). Sets of finite perimeter in RCD(K, N) m.m.s. do not possess
the amount of regularity needed for our proof to work. The proof of the I'-limsup
inequality in the smooth setting found in [140] is based on a result which states
that every finite perimeter set can be approximated both in the volume and in the
perimeter sense by smooth sets (for instance, see [136, Theorem 13.8]). Smooth sets,
in turn, can be approximated by their tubular neighborhoods as the enlargement goes
to zero. See [140, Lemma 4], where this fact is presented.

The next result we present in Section 5.2 is Theorem 5.1.7, which states that any
volume-constrained minimizer for compact variations in a non-collapsed RCD(K, N)
m.m.s. can be approximated by a sequence of H'*N L{,(X) functions, where V' is the
volume of the set being approximated, in the following sense: the functions converge
in L'(X) to the characteristic function of the set and their Cahn-Hilliard energies
converge to the perimeter of the set up to a multiplicative constant.

Lastly, we show Theorem 5.1.8, which states that in a compact non-collapsed
RCD(K, N) m.m.s. sequences of minimizers of the Cahn-Hilliard energies of Defini-
tion 5.1.3 possess a subsequence converging in L'(X) to an isoperimetric set. More-
over, the Cahn-Hilliard energies of the approximating subsequence converge to the
perimeter of the isoperimetric set up to a multiplicative constant depending only on
the double-well potential W. In Theorem 5.1.8 we assume the ambient space to be
compact because it allows us to apply Proposition 5.1.6 and since it guarantees the
existence of an isoperimetric region of any admissible prescribed volume. The latter
requirement is needed since the I'-limsup inequality Proposition 5.2.2 holds only for
volume-constrained minimizers for compact variations.

A future direction we would like to explore is to exploit a generalized existence re-
sult found in [153, 30], where the authors showed that isoperimetric regions in non-
compact non-collapsed RCD(K, N) spaces exist in a suitable generalized sense (see
also [143] for an earlier existence result for the case of non-compact manifolds with
non-negative Ricci curvature which are locally asymptotically space forms, [33] for
the existence of isoperimetric sets of large volumes in non-compact manifolds with
non-negative Ricci curvature and Euclidean volume growth, [29] for a non-existence
result in the case of a non-compact manifold of positive sectional curvature. See

also [30] for an extension of the results obtained in [153] to the class of non-compact
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RCD(K, N) spaces). Applying these result could allow us to treat the setting of
non-compact ambient spaces.

In Section 5.3 we study a Modica-Mortola approximation in which the Cahn-
Hilliard energies are defined on a sequence of non-collapsing closed N-dimensional
Riemannian manifolds with a uniform lower bound on the Ricci curvature converging
in the pmGH sense to some Ricci limit space (X,d, HY), for some N > 2.

For the remainder of this section, we suppose that {(X, dg, xx) }x is a sequence of

pointed closed N-dimensional Riemannian manifolds with

for some K € R and
vol(By(zg)) > v

for some v > 0 and K € R endowed with their respective volume measures, converging
in the pmGH to (X,d,H",z). Moreover, given a sequence ¢ — 0 and 0 < V <
HY(X), we define the functionals Fy : L{,(X}) — R such that

F) = {ka (gkyw\? + iww) dm if ue HY2(X,) N LY (X), (5.1.10)

400 otherwise.

In Section 5.3 we show the following.

Theorem 5.1.9 (I-convergence). Let {(Xy, dy, 1)} and (X,d, HY, z) be as above.
Let ¢ > 0 be as in (5.1.1). Then,

1. (T-liminf). Let uw € LY(X), up € LY Xy), Jukllzr(xy) =V > 0 for all k and wy,
converge strongly in L' to u. Moreover, suppose that liminf,—s.. F},(up) < 0o.
Then there exists a finite perimeter set A C X such that u = ya H -almost

2. (C-limsup). Let E C X be a finite perimeter set with H™ (E) < co. Then there
exists a sequence u, € H%* N Lip(Xy, [0,1]) such that |juk| p2(x,) = HY(E) for

all k € N, wy, converge strongly in L' to u and

kh_I)Iloo Fy(uy) = cPer(u).
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We also show that volume-constrained minimizers for compact variations in the
limit space X can be approximated by a sequence of functions u; € H“* N L{,(X}) in
the strong L' sense and such that the Cahn-Hilliard energies converge to the perimeter
of the set being approximated up to a multiplicative constant. Moreover, we show
that, when X is compact, a sequence of minimizers of the Cahn-Hilliard energies for a
fixed prescribed volume having bounded energies converge to an isoperimetric subset
of X strongly in L' and have their Cahn-Hilliard energies converge to the perimeter of
the region up to a multiplicative constant depending only on the double-well potential
W. Contrary to the fixed ambient case Theorem 5.1.8, here we recover the existence
of isoperimetric sets through the proof since the I'-limsup inequality holds for any

finite perimeter set.

5.2 Fixed ambient space

The aim of this section is to prove Theorems 5.1.7 and 5.1.8. We start by showing the
[-liminf inequality Proposition 5.2.1, which holds true for general locally PI spaces.
We then show a I'-limsup inequality Proposition 5.2.2, which holds only for volume-
constrained minimizers of the perimeter. After establishing a compactness result in
Proposition 5.1.6, we conclude the section by proving Theorems 5.1.7 and 5.1.8.
The proof of the I'-liminf inequality below is an adaptation of the original argu-
ment found in [140] to the metric setting. See [113, 107] for an overview of calculus

in metric measure spaces.

Proposition 5.2.1 (I-liminf). Let (X,d,m) be a locally P1 space and let {u.}. C
LY(X) be a family of functions such that u. — u in L*(X) as e — 0. Suppose that

hgglf F.(u.) < 0. (5.2.1)
Then there exists a finite perimeter set E C X such that u = xg and
< T
cPer(E) < hgn_%lf F.(u.), (5.2.2)
where ¢ > 0 was defined in (5.1.1).
Proof. Let {u.}. C L'(X) be a family of functions such that
u, = uin L'(X) ase — 0 (5.2.3)

for some function v € L'(X) and such that

hgglf F.(u.) < oo. (5.2.4)

130



It follows from (5.2.3) that there exists a subsequence g, — 0 as k — oo such that

Ug, (x) = u(z) for m-almost every x € X. Therefore, by Fatou’s lemma
/ W(u)dm < liminf/ W (ug, ) dm
X k—roo Jx (5.2.5)
< hkn—1>i01lf ek, (ue,).
Moreover, from (5.2.4) it holds that
likrgioréf ek, (ue,) = 0. (5.2.6)

Since W is non-negative, we get

W(u) =0 m-almost everywhere,

This implies that u(x) € {0, 1} for m-almost every = € X.

Up to restricting € to an appropriate subsequence {g}; converging to 0, it follows
from (5.2.4) that F, (u.,) < oo. In particular, we have that u., € H"*(X) for all
k € N. We may also assume that 0 < u,, (z) < 1 for all x € X. Indeed, we may
substitute u., with the truncated sequence ., := min{1, max{u.,,0}}, which satisfies
F., (@) < F. (u.,) and 4., — @ = u in L'(X) as k — oo (since |, — ts] < |ue — ug]
for all §,e > 0). Consider the functions

:/ VW () dt, we = P o u,.
0

Since both the function ® € C*(R) and {u.}. is uniformly bounded, it follows that
w, = w:=®ou in L'(X). (5.2.7)

Moreover, the lower semicontinuity of the BV seminorm (see the definition of total

variational measure (2.4.1)) yields
IVw|(X) < liminf/ |Vw, |dm. (5.2.8)
k—oo Jx

By the coarea formula (2.4.8) it holds

|Vw|(X // dPer(®(u) > t)dt 5.25)

— ®(0))Per(Su) = EPer(E).
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On the other hand, since u., € H"*(X) and is pointwise uniformly bounded m-
a.e. for all k € N, by the chain rule (cf. [107, Theorem 2.1.28] or Section 2.1.5) we

have Vw,, = ®'(u., ) Vu,, m-almost everywhere. Therefore,

Vw, dm:/ Wiu,,)|Vu,, |dm
/X| Jm = [ )9

U X (5.2.10)
< - —/ W (ue, )dm + sk/ Vue, *| dm = = F,, (ue, ),
2 f‘:k; X X 2

where in the second inequality we have used ab < %(a2 +0?) for all a,b € R.
We conclude the proof of (5.2.2) by plugging in (5.2.9) and (5.2.10) in (5.2.8). O

Next, we show the ['-limsup inequality Proposition 5.2.2. We reported the classical
result in (5.1.5). The recent advances in calculus in metric measure spaces (see [107,
113] for an introduction to the topic) allow us to adapt part of the classical proof found
in [140, Proposition 2] to our setting. However, the proof of the result in the Euclidean
setting relies on the fact that any finite perimeter set can be approximated in the
perimeter by smooth sets. Smooth sets, in turn, can then be approximated by their
tubular neighborhoods as the enlargement goes to zero. In the non-smooth setting
of RCD spaces, it is not clear what the counterpart of such a smooth approximation
should be. We show that the I'-limsup inequality (5.1.5) holds for volume-constrained
minimizers for compact variations in non-collapsed RCD spaces, since they possess
sufficient regularity properties (see Proposition 2.4.42 obtained in [34], which builds

on previous results found in [55, 144]).

Proposition 5.2.2 (I-limsup inequality). Let (X,d, HY) be an RCD(K, N) metric
measure space. Let E C X be a volume-constrained minimizer for compact variations
with HY(E) < co. There exists a sequence {u.}. C HY*(X) N LIP(X) with

0<u.<1 and / u. dHY = HN(E)  for all e > 0, (5.2.11)
X
such that
u. — xp in LY(X) as e = 0, (5.2.12)
and
cPer(E) > limsup F.(u.), (5.2.13)
e—0

where ¢ > 0 was defined in (5.1.1).
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Proof. This argument follows closely the proof of [140, Proposition 2.

Throughout the proof, we use the shorthand notation u(z) := yg(z). Let dg :
X — R denote the signed distance function from FE. Since we are assuming F to
be an open set (see discussion after Theorem 2.4.41), we have u = p o dg, where

p: R — R is the Heaviside function
p(t) =0 for t <0, p(t) =1 for t > 0.

Let us point out that u = p o dg does not hold in general for finite perimeter sets.
We construct a family of functions {u.}. such that u. — u as ¢ — 0 by approx-
imating p in a way that is compatible with the energies F.. Namely, to obtain the

sharp upper bound in (5.2.13), we need the approximation p. of p to satisfy
(ep)? = e+ W(p(t)) forall e >0, (5.2.14)

where the additional term € on the right hand-side of the equation has been added
to avoid constant solutions.

To construct an explicit solution to (5.2.14), we define 1. : [0,1] — R to be

(5.2.15)

() ::/O \/des.

Let us point out that 1. in (5.2.15) is increasing as the integrand is positive. Let
. == (1) < "2, We can invert v, to obtain a function ¢, : [0,7.] + [0, 1], which
is of class C!, since W is continuous. Moreover, it is straightforward to check that ¢.
satisfies

(e )2 (t) = e + W(g.(t)) for t € [0,7.]. (5.2.16)

We continuously extend ¢. to R by imposing it to be constant outside [0, 7.]. Let us
remark that the function ®. € C'(R) defined by

B (1) = /X 6o(dp(x) + H)dHY ()

is such that
3.(0) < /X pldp(2))dHN (2) < B.(n.),

because ¢.(t) < p(t) < ¢.(t+n.) for all t € R. Therefore, for every £ > 0 there exists
0. > 0 such that

/X b-(dn(e) +0.) dHY (&) = D.(6.) = /X pldp(x)) dH (z) = HY (E).
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Let po(t) := ¢-(t + 6.) for t € R and u. := p. odp. From 0 < p. < 1 it follows
that 0 < u. < 1. Moreover, since |Vdg|(z) = 1 HN-almost everywhere,

/X Jus — uldH™ = /X [p(dE () — p(de(2))]|VdE|(z) dH" (2). (5.2.17)

Applying the coarea formula (2.4.8) to the right hand-side of (5.2.17) and recalling

the definition of p. above, we obtain

[ e =k - / " [ 10246 = plo)aPer((ds > 1) at 5218

S TIE ||Per(Et) ||Loo _667776_68)7

where E; :={x € X : dg(x) <t}
Since E is a volume-constrained minimizer for compact variations, it follows from [34,

Proposition 3.11] (reported here as Proposition 2.4.42) that

|Per(Ey; X)||zoo(=6.m—s) < sup  Jegn(t)Per(E). (5.2.19)
te(*ésﬂ?e*(ss)

By combining (5.2.18) with (5.2.19), we have
u, — uin L'(X) as e — 0.
To simplify the notation, we write
= [[Per(E)| Lo (5. me—s.)-
It follows from (5.2.19) that

limsup . < Per(F). (5.2.20)
e—0

Let us show that the sequence {u.}., sometimes referred to as recovery sequence,
satisfies the I'-limsup inequality (5.1.5). By using the coarea formula (2.4.8) and the
definition of p.(t) = ¢.(t + J.), we estimate

) = [ [ Jetol 0+ Twin >>] dPer(E,)di
Ne—0e
<o | [ew;(t #82+ Iwoute+)| a

5

<o [ |t + Zoviom + o)
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By combining with (5.2.16) we arrive at
Ne
Fo(ue) <7 / 2(W(e(t)) + 5)% . (t) dt
0
1
=27. | VW(s)+eds.
0

By taking the limsup in the inequality and using (5.2.20), we conclude

lim sup F.(u.) < 2/1 VW (t)dt Per(E).

e—0

[]

Remark 5.2.3. Let E C X be a volume-constrained minimizer for compact variations
with HN(E) < oo. If we relazed this assumption on E C X and assumed it were a

finite perimeter set, the following steps of the proof of Theorem 5.2.2 would fail:

e The characteristic function is equal H™ -a.e. to the distance from the set com-

posed with the Heaviside function.

o The perimeter of E can be approximated by the perimeter of its enlargements.

Next, we show the compactness result Proposition 5.1.6. It is one of the key steps
needed to prove Theorem 5.1.8 and it is also of indepedent interest. This result states
that if a family of functions has uniformly bounded Cahn-Hilliard energies, then it has
a subsequence converging in L'. Our approach will closely follow [140, Proposition 3].
Similar results have been shown under relaxed assumptions on the growth conditions
of the double-well potential W, see for instance [127] and the references therein.

We report here the statement of Proposition 5.1.6 for the reader’s convenience.

Proposition 5.2.4 (Compactness). Let (X,d, m) be a compact RCD(K, N) metric
measure space. Let {u.}. C HY*(X) be a family of functions satisfying

sup ||ue || pee(x) < 00 and sup F.(u.) < oo.
e>0 e>0

Then there exists a finite perimeter set A C X and a subsequence €, — 0 as k — oo

such that u., converges to xa in L*(X) as k — oo.

Proof. As in the proof of Proposition 5.2.1, let w. := ®(u.), where

(1) ::/0 vV W(s)ds.
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Since {u. }. is pointwise uniformly bounded and m(X) < oo, it follows that {w.}.
is bounded in L'(X). Moreover, the bound (5.2.10) holds, which we report here for

the reader’s convenience.

/ |Vw|dm < F.(u.) < oc.
X

Applying [18, Proposition 7.5] (reported here as Proposition 2.4.6), there exists a
function w € BV(X) and a sequence g5, — 0 as k — oo such that w., — w in L'(X).

Let W : [0,00) — R be the inverse of ®. It is straightforward to check that W is
uniformly continuous on bounded sets. Let v := W(w). Since u € BV(X) as {w.}. is
pointwise bounded, the sequence u., = ¥(w,,) converges to u in L*(X).

By Fatou’s lemma it follows that
/XW(u)dm < l'}crr_lgoréf/X W (ue, )dm < likrr_1>iorcl)f exFy(ue, ) =0,

where we have used the assumption (5.1.7) in the last equality.
Therefore, u(x) € {0,1} for m-almost every z € X. Since u € BV(X,{0,1}), we
conclude that there exists a finite perimeter set A C X such that u = x4 m-almost

everywhere. O

Let us point out that, in Proposition 5.1.6, instead of assuming pointwise uniform
boundedness of {u.}., we could have supposed a polynomial growth of the potential
W at infinity. A proof of this fact follows from an adaptation of the original proof of
[140, Proposition 3]. Let us comment on our compactness assumption: to preserve
the volume constraint we need L'(X) convergence and not simply L (X), and we
achieve this by applying [18, Proposition 7.5] (reported here as Proposition 2.4.6).
The compactness assuption on (X, d, m) in Proposition 5.1.6 can be relaxed to those
of [18, Proposition 7.5].

We now prove Theorem 5.1.7. We report the statement here for the reader’s

convenience.

Theorem 5.2.5 (Approximation of isoperimetric sets). Let (X,d, HY) be an RCD(K, N)
metric measure space and let E C X be a volume-constrained minimizer for compact
variations with HY (E) < co. Then there exists a family {u.}. C H"*(X)NLIP(X),

e > 0, such that

0<u.<1 and / u. dHY = HN(E)  for all e > 0. (5.2.21)
b
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Moreover,
6lgnm F.(u.) = cPer(E), (5.2.22)

where ¢ > 0 was defined in (5.1.1).

Proof. By Proposition 5.2.2 there exists a sequence u, € H»? N LIP(X), 0 < u. <1,
such that u. — xg in L}(X), satisfying (5.2.21) and

limsup F_(u.) < cPer(FE). (5.2.23)

e>0

By Proposition 5.2.1, there also holds

lim>ionf F.(uc) > cPer(E). (5.2.24)

By chaining (5.2.23) and (5.2.24), we obtain

limsup F.(u.) < cPer(E) < liminf F_(u.),
>0 e>0

allowing us to conclude (5.2.22). O

The following result shows that sequences of minimizers of (5.1.6) converge to
volume-constrained minimizers for compact variations. Using the direct method in the
calculus of variations it is possible to show that in a compact PI space isoperimetric
sets exist for any volume. The analogous existence statement holds true also for

minimizers of the Cahn-Hilliard energies F. for any € > 0.

Theorem 5.2.6. Let (X,d,H") be a compact RCD(K, N) metric measure space.
Let 0 <V < HN(X) and u. € HY2 N LIP(X) be minimizers of problem (5.1.6) with
[y ue dHN =V for alle > 0. Moreover, assume that sup,-q F.(u.) < co. Then there
exists an isoperimetric set E C X with HN(E) =V and a subsequence {ex}x such
that u., — xg in L*(X) as k — oo and

kh_r>noo Fi(ue,) = cPer(E),

where ¢ > 0 was defined in (5.1.1).
Proof. By Proposition 5.1.6, there exist a sequence {ex}, with ¢, — 0 as k — o0,
and a finite perimeter set £ C X with u., — xg in L'(X). Moreover, by Proposition

5.2.1, it holds
cPer(E) < likrr_1>inf F(ue,). (5.2.25)
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Suppose by contradiction that E is not isoperimetric. Then by the very definition of
isoperimetric set there exists a subset F' C X of finite perimeter such that H (F) =V
and such that

Per(F) < Per(E). (5.2.26)

By Proposition 5.2.2, there exists a sequence v., € H"* N LIP(X) with

cPer(F') > limsup Fi(v., ). (5.2.27)
k—r oo

Combining (5.2.25), (5.2.26) and (5.2.27) with the minimality of u., we obtain

cPer(E) > cPer(F) > limsup F(v., )

k—ro0

> l}{rg)ioréf Fi(ve,) > likrgioréf Fi(ue,)

> cPer(E),

which provides a contradiction. O

Let us comment again on the compactness assumption of Theorem 5.1.8. Such
assumption is needed both to apply Proposition 5.1.6 and to guarantee existence of
isoperimetric regions for every volume. Theorem 5.1.8 holds under more general as-
sumptions when these two results can be applied. A promising direction for addressing
the non-compact case is to leverage the generalized existence of isoperimetric regions
established in [30] for non-compact RCD(K, N) spaces, building on the framework
developed in [153].

5.3 Variable ambient space

In this section we consider a sequence of p.m.m.s. {(Xp,dg, my, %) }x converging in
the pmGH topology to (X,d,m,z). Let g, > 0, e — 0. We define the Cahn-Hilliard
energies I}, : L'(X;) — R as follows

2 1 N 1,2
Fy(u) = {ka <6k|Vu| + EkW(u)) dHY it ue HY(Xy),

+00 otherwise.

Our aim in this section is to prove Theorem 5.1.9, which states that under some
assumptions on the pointed metric measure spaces ( Xy, d, mg, xx) (namely, that they
are non-collapsing closed Riemannian manifolds with uniform lower bounds on the
Ricci curvature) the energies Fj, I'-converge to cPer(-), where ¢ > 0 was defined in

(5.1.1).
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This section is structured analogously to Section 5.2 and similarly to [140]. We
start by showing the I'-liminf inequality, which holds under more general assumptions
on the sequence { (X, dg, Mg, )} than Theorem 5.1.9. We then present a I'-limsup
result, which holds when (Xj,dy, mg,xx) is a pointed closed Riemannian manifold
with a lower bound on the Ricci curvature and the volume of a unit ball centered
at rj endowed with the standard volume measure for each k € N. After showing a
compactness result in the case where X is compact, we show Corollary 5.3.6, which
states that a sequence of minimizers of the Cahn-Hilliard energies in the approximat-
ing spaces X}, for k£ € N have a subsequence converging to an isoperimetric subset of
X both in the L' and in the energy sense.

In this section we make the additional assumption W € LIP(R).

Proposition 5.3.1 (I-liminf). Let {(X,dg, my, zx) }x be a sequence of RCD(K, N)
spaces converging in the pmGH sense to (X,d,m,x). Let {uy}r be a sequence of
functions up € LY(Xy) for all k € N that converges L'-strongly to u € L'(X). Let
{ek}k, €k >0 for allk € N and e, — 0 as k — co. Assume that

l}crgloréf Fi(ug) < 0.
Then there exists a finite perimeter set A C X such that uw = xa. Moreover,
cPer(A) < likrgioréf F., (ug), (5.3.1)

where ¢ > 0 was defined in (5.1.1).

Proof. By considering a subsequence of {uy}x, which we do not relabel, we can sup-
pose that

sup F;, (ug) < o0. (5.3.2)
keN

Since W € LIP(R), it follows from [18, Proposition 3.3 a)] (reported here in Section
2.3.6) that W (uy) converges L'-strongly to W (u). In particular, we have

0< / W(u)dm = lim / W (ug)dmy, < e F(ug) -0 as k — 0.
X k—ro0 X,

Consequently, u(z) € {0,1} for m-a.e. = € X or, equivalently, there exists a set
A C X such that u = x4 m-almost everywhere.

Analogously to the proof of Proposition 5.2.1, we also assume that 0 < u;, < 1 for
all £ € N. Indeed, the function ¥(¢) := max{min{¢,1},0} for t € R is 1-Lipschitz.
Hence, by [18, Proposition 3.3 a)] (reported here in Section 2.3.6) W(uy) converges
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L'-strongly to ¥(u) = u. Moreover, F}(¥(ug)) < Fy(ug) for all & € N. Hence, if
(5.3.1) holds for W(uy), it also holds for wuy.

Let now
(1) ::/O VW (s)ds.

Applying [18, Proposition 3.3 a)] (for instance, by modifying ® to exploit the as-
sumption 0 < ug(z) < 1 for all z € X and k € N) we obtain that ®(uy) converges
L'-strongly to ®(u). From the chain rule (see Section 2.1.5) it holds

/X|V(I)(Uk)|dmk=/X VW (ug) |V | dmy,

: (5.3.3)
X €k
It follows from [18, Theorem 6.4] that
|ID®(u)|(X) < liminf/ |V P (uy)|dmy. (5.3.4)
k—roo X,

By the coarea formula (2.4.8), it also holds

a(1

x )
|D<I>(U)I(X)=/0 \DX{@<XA>>t}\df=/ | DX(@(ca)>] dt = @(1)Per(4). (5.3.5)

®(0)

Combining (5.3.3), (5.3.4) and (5.3.5) we are able to conclude
likIE)inf Fi(ug) > |[D®(u)|[(X)dm = cPer(A). (5.3.6)
[

Let us now show that a I'-limsup inequality also holds for the functionals Fj
under the assumption that the approximating p.m.m.s. (Xj,dy, zx) are Riemannian
manifolds with a uniform lower bound on the Ricci curvature and the volume of the

unit ball centered at xj for each k € N.

Proposition 5.3.2 (I-limsup). Let {(Xy,dy, zx)}x be a sequence of pointed closed
Riemannian manifolds with

for some K € R and
vol(By(zx)) > v

for some v > 0 of dimension N endowed with their respective N-dimensional Haus-

dorff measures. Suppose that there exists a pointed non-collapsed Ricci limit space
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(X,d,HN,x) such that X} converges in the pmGH topology to X. Moreover, let
E C X be a finite perimeter set with HY(E) € (0,00). Then there exists a sequence
{up}r with w, € HY* N Lip(Xy, [0,1]) and ka up dHY = HN(E) for all k € N that

converges L-strongly to xg. Moreover,
cPer(E) = kh_r>noo Fi(ug), (5.3.7)
where ¢ > 0 was defined in (5.1.1).

Proof. By [11, Theorem 3.8] there exists a sequence of finite perimeter sets Fy C X
converging to E in the L' sense (see Definition 2.4.8) and with Per(Ey) — Per(FE)
as k — oo. By the classical theory of I'-convergence [141, 140, 178], for each k € N
there exists u, € HY2NLip(Xy, [0,1]) with the following property: there exist M > 0
and w : [0, 00] — [0, M] such that lim.—sow(e) = 0 and

/ |XEk - uk|dmk < w(£k)~ (5.3.8)
Xk

Moreover, ka up dHYN = HN(E).
It follows from (5.1.5) and a diagonal argument that there exists a subsequence,

which we do not relabel, for which
|Fk(uk) — CPGF(Ek)| S w(ek) (539)

Therefore, we have
|Fy.(uy,) — cPer(E)|
< |Fy(ug) — cPer(Ey)| + c|Per(Ey) — Per(E)| (5.3.10)
< w(eg) + c|Per(Ey) — Per(E)].
Letting k — oo allows us to conclude (5.3.7). O

Combining Theorem 5.3.1 and 5.3.2 we obtain ['-convergence of F. to cPer. We

explicitly restate it here for ease of the reader.

Corollary 5.3.3 (I-convergence). Let (X,d,H™ z) and {(Xy,dw, zx)}r be as in
Proposition 5.3.2. Let ¢ > 0 be as in (5.1.1). Then,

1. (C-liminf). Let uw € LNX), u, € LY(Xy), llug| = V > 0 for all k and
converge strongly in L' to u. Moreover, suppose that lim infy— . Fr(uy) < oo.
Then there erists a finite perimeter set A C X such that u = x4 H" -almost

everywhere and
< limi .
cPer(A) < 1}€I£>10I<1)f F(ug)
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2. (C-limsup). Let E C X be a finite perimeter set with H™ (E) < co. Then there
exists a sequence uy, € H%* N Lip(Xy, [0,1]) such that |Juk| r2(x,) = HY(E) for

all k € N, wy, converge strongly in L' to u and

kh_1r>noo Fy.(uy) = cPer(u).

We now report a compactness criteria for sequences of functions having bounded
Cahn-Hilliard energies Fj. The result plays a key role in showing that sequences of
minimizers of F} converge to some volume-constrained perimeter minimizer, which is

the statement of Corollary 5.3.6. The result is also of independent interest.

Proposition 5.3.4 (Compactness). Let {(Xg,di)}x be a non-collapsing sequence of

closed Riemannian manifolds with

for some K € R of dimension N endowed with their respective N -dimensional Haus-
dorff measures. Suppose that there exists a non-collapsed compact Ricci limit space
(X,d, HN) such that X} converges in the mGH topology to X. Let up, € L'(X}) be
such that

sup [[ug|| eo(x,) <00 and  sup Fj(uy) < oo.
keN k

Then there exists a subsequence uy, which we do not relabel, and a finite perimeter

set E C X such that {uy}r converges to xg L'-strongly.

The proof of Proposition 5.3.4 follows verbatim from the proof of Proposition
5.1.6. The compactness assumption is needed to apply [18, Proposition 7.5] (reported
here as Proposition 2.4.6). Proposition 5.3.4 holds under the more general assumption
of [18, Proposition 7.5]. A consequence of the I'-convergence Corollary 5.3.3 is the
following result, which states that any volume-constrained minimizers for compact
variations can be approximated by functions both in the L' and in the Cahn-Hilliard

energies senses.

Corollary 5.3.5. Let (X,d, HY,z) and {(Xy, dg, zx) }x be as in Proposition 5.3.2. Let
0 <V < min{HM(X),inf, H¥(Xy)} and let E C X be a volume-constrained mini-
mizer for compact variations with H™ (E) = V. Then there exist u;, € H"?(X}, [0,1]),
ka up dHYN =V for allk € N such that u, — xg in the L' sense and limy— o, Fy(up) =
cPer(E), where ¢ > 0 was defined in (5.1.1).
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Proof. From the I'-limsup inequality Proposition 5.3.2 there exist u, € HY?(X}, [0, 1]),
ka up dHN =V for all k € N such that u; — x5 in the L' sense and

lim sup Fy(uy) < cPer(E).
k—>o0

The I'-liminf inequality 5.3.1 allows us to show

kh_1>noo Fy.(uy) = cPer(F),

concluding the proof. O

Another application of the I'-convergence Corollary 5.3.3 is that sequences of

minimizers for F} converge to perimeter minimizers.

Corollary 5.3.6. Let (X,d,H") and {(X,dx)}x be as in Proposition 5.5.. Let
0 <V < min{H"(X),inf, HY(Xi)} and let u, € L*(X},) be a solution to the problem

inf {Fk(u) cu € LNXy), /udHN =V and u > O}
for each k € N. Moreover, suppose
sup F(ux) < o0.
k

Then there ezists a subsequence {uy}y, which we do not relabel, and an isoperi-
metric set E C X with HN(E) = V such that {uy}s converges L'-strongly to xg
and

lim F(uy) — cPer(E),

where ¢ > 0 was defined in (5.1.1).

Proof. By Proposition 5.3.4 there exists a subsequence of {uy}y, which we do not
relabel, and u € L'(X) with 0 < u < 1 HY-almost everywhere, fX wdHY =V and
such that {uy} converges L'-strongly to u. From the I'-liminf inequality Proposition

5.3.1 it follows that u = yr HY-almost everywhere for some E C X. Moreover,
cPer(E) < l'}irginf Fi(uyg). (5.3.11)

From the I'-limsup inequality Proposition 5.3.2 there exists a sequence {wy}p C
H'2(X) such that w;, — xg L'-strongly, ka wy dHY =V for all k € N and

cPer(F) > limsup Fy(wy). (5.3.12)
k—>ro0
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By chaining the inequalities (5.3.11) and (5.3.12) and using the minimality assumption

of uy for all £ € N, we obtain

cPer(E) < liminf F(ug) < limsup Fj(wy) < cPer(FE).
k—roo k—roo

We conclude cPer(E) = limg—s, Fj(ug). Suppose by contradiction that E is not
isoperimetric. Then there exists ' C X with HY(F) = H™(E) and Per(E) > Per(F).
By Corollary 5.3.3 there exists v, € H"*(Xy, [0,1]), [y wdHY =HY(F)forallk € N
such that v, — Y strongly in L' and limj— ., Fy(vx) = cPer(F). By the minimality
of uy, it follows that

cPer(FE) kh_1>noo Fi(u) < kh_1>nOO Fi(vg) = cPer(F) < cPer(FE)
This provides a contradiction, showing that F is indeed isoperimetric. O

In contrast with Theorem 5.1.8, in Corollary 5.3.6 we do not need to assume
that a volume-constrained perimeter minimizer for compact variations exists. This
is a consequence of the full I'-convergence-type result Corollary 5.3.3, which is not
available in the fixed ambient space setting of Section 5.2. Indeed, the extra ingredient
in Corollary 5.3.3 is the existence of an approximation of the RCD space by smooth

Riemannian manifolds with Ricci bounded below.

144



Bibliography

Giovanni Alberti. “Variational models for phase transitions, an approach via
['-convergence”. In: Calculus of Variations and Partial Differential Equations:
Topics on Geometrical Fvolution Problems and Degree Theory. Ed. by Giuseppe
Buttazzo, Antonio Marino, and M. K. V. Murthy. Berlin, Heidelberg: Springer
Berlin Heidelberg, 2000, pp. 95-114. 1SBN: 978-3-642-57186-2. DOI1: 10.1007/
978-3-642-57186-2_3. URL: https://doi.org/10.1007/978-3-642-
57186-2_3.

A. D. Aleksandrov. “A theorem on triangles in a metric space and some of its
applications”. In: Trudy Mat. Inst. Steklov. 38 (1951), pp. 5-23. 1SSN: 0371-
9685.

William K. Allard. “An integrality theorem and a regularity theorem for sur-
faces whose first variation with respect to a parametric elliptic integrand is
controlled”. In: Geometric measure theory and the calculus of variations (Ar-
cata, Calif., 1984). Vol. 44. Proc. Sympos. Pure Math. Amer. Math. Soc.,
Providence, RI, 1986, pp. 1-28. 1SBN: 0-8218-1470-2. DOI1: 10.1090/pspum/
044/840267. URL: https://doi.org/10.1090/pspum/044/840267.

William K. Allard. “On the first variation of a varifold”. In: Ann. of Math.
(2) 95 (1972), pp. 417-491. 1SSN: 0003-486X. DOIL: 10.2307/1970868. URL:
https://doi.org/10.2307/1970868.

F. J. Almgren Jr. “Some interior regularity theorems for minimal surfaces
and an extension of Bernstein’s theorem”. In: Ann. of Math. (2) 84 (1966),
pp. 277-292. 1sSN: 0003-486X. DOI: 10.2307/1970520. URL: https://doi.
org/10.2307/1970520.

Frederick J. Almgren Jr. Almgren’s big reqularity paper. Vol. 1. World Scientific
Monograph Series in Mathematics. ()-valued functions minimizing Dirichlet’s
integral and the regularity of area-minimizing rectifiable currents up to codi-
mension 2, With a preface by Jean E. Taylor and Vladimir Scheffer. World
Scientific Publishing Co., Inc., River Edge, NJ, 2000, pp. xvi+955. 1SBN: 981-
02-4108-9.

Luigi Ambrosio. “Calculus, heat flow and curvature-dimension bounds in met-
ric measure spaces”. In: Proceedings of the International Congress of Math-
ematicians, Rio de Janeiro 2018. Vol. I. Plenary lectures. World Sci. Publ.,
Hackensack, NJ, 2018, pp. 301-340.

145


https://doi.org/10.1007/978-3-642-57186-2_3
https://doi.org/10.1007/978-3-642-57186-2_3
https://doi.org/10.1007/978-3-642-57186-2_3
https://doi.org/10.1007/978-3-642-57186-2_3
https://doi.org/10.1090/pspum/044/840267
https://doi.org/10.1090/pspum/044/840267
https://doi.org/10.1090/pspum/044/840267
https://doi.org/10.2307/1970868
https://doi.org/10.2307/1970868
https://doi.org/10.2307/1970520
https://doi.org/10.2307/1970520
https://doi.org/10.2307/1970520

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Luigi Ambrosio. “Fine properties of sets of finite perimeter in doubling metric
measure spaces”. In: Set-Valued Anal. 10.2-3 (2002). Calculus of variations,
non-smooth analysis and related topics, pp. 111-128. 1SSN: 0927-6947,1572-
932X. poI: 10.1023/A:1016548402502. URL: https://doi.org/10.1023/A:
1016548402502.

Luigi Ambrosio. “Some fine properties of sets of finite perimeter in Ahlfors
regular metric measure spaces”. In: Adv. Math. 159.1 (2001), pp. 51-67. 1SSN:
0001-8708,1090-2082. DOI: 10.1006/aima.2000.1963. URL: https://doi.
org/10.1006/aima.2000.1963.

Luigi Ambrosio, Elia Brué, and Daniele Semola. Lectures on optimal trans-
port. Vol. 130. Unitext. La Matematica per il 34+2. Springer, Cham, 2021,
pp. ix+250. 1SBN: 978-3-030-72161-9. por: 10.1007/978-3-030-72162-6.
URL: https://doi.org/10.1007/978-3-030-72162-6.

Luigi Ambrosio, Elia Brué, and Daniele Semola. “Rigidity of the 1-Bakry-
Emery inequality and sets of finite perimeter in RCD spaces”. In: Geom. Funct.
Anal. 29.4 (2019), pp. 949-1001. 1sSN: 1016-443X. pOI: 10.1007/s00039-019~
00504-5. URL: https://doi.org/10.1007/s00039-019-00504-5.

Luigi Ambrosio, Maria Colombo, and Simone Di Marino. “Sobolev spaces in
metric measure spaces: reflexivity and lower semicontinuity of slope”. In: Adv.
Stud. Pure Math. 67 (2015), pp. 1-58. DOI: 10.2969/aspm/06710001. URL:
https://doi.org/10.2969/aspm/06710001.

Luigi Ambrosio and Simone Di Marino. “Equivalent definitions of BV space
and of total variation on metric measure spaces”. In: J. Funct. Anal. 266.7
(2014), pp. 4150-4188. 18SN: 0022-1236,1096-0783. DOI: 10.1016/j . jfa.
2014.02.002. URL: https://doi.org/10.1016/j.jfa.2014.02.002

Luigi Ambrosio, Nicola Fusco, and Diego Pallara. Functions of bounded varia-
tion and free discontinuity problems. Oxford Mathematical Monographs. The
Clarendon Press, Oxford University Press, New York, 2000, pp. xviii+434.
1SBN: 0-19-850245-1.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. “Bakry-Emery curvature-
dimension condition and Riemannian Ricci curvature bounds”. In: Ann. Probab.
43.1 (2015), pp. 339-404. 1SSN: 0091-1798. po1: 10.1214/14-A0P907. URL:
https://doi.org/10.1214/14-A0P907.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. “Metric measure spaces
with Riemannian Ricci curvature bounded from below”. In: Duke Math. J.
163.7 (2014), pp. 1405-1490. 1SSN: 0012-7094,1547-7398. DOI: 10.1215/00127094~
2681605. URL: https://doi.org/10.1215/00127094-2681605.

Luigi Ambrosio and Shouhei Honda. “Local spectral convergence in RCD* (K, N)
spaces”. In: Nonlinear Anal. 177.part A (2018), pp. 1-23. 1SSN: 0362-546X. DOT:
10.1016/j.na.2017.04.003. URL: https://doi.org/10.1016/j.na.2017.
04.003.

146


https://doi.org/10.1023/A:1016548402502
https://doi.org/10.1023/A:1016548402502
https://doi.org/10.1023/A:1016548402502
https://doi.org/10.1006/aima.2000.1963
https://doi.org/10.1006/aima.2000.1963
https://doi.org/10.1006/aima.2000.1963
https://doi.org/10.1007/978-3-030-72162-6
https://doi.org/10.1007/978-3-030-72162-6
https://doi.org/10.1007/s00039-019-00504-5
https://doi.org/10.1007/s00039-019-00504-5
https://doi.org/10.1007/s00039-019-00504-5
https://doi.org/10.2969/aspm/06710001
https://doi.org/10.2969/aspm/06710001
https://doi.org/10.1016/j.jfa.2014.02.002
https://doi.org/10.1016/j.jfa.2014.02.002
https://doi.org/10.1016/j.jfa.2014.02.002
https://doi.org/10.1214/14-AOP907
https://doi.org/10.1214/14-AOP907
https://doi.org/10.1215/00127094-2681605
https://doi.org/10.1215/00127094-2681605
https://doi.org/10.1215/00127094-2681605
https://doi.org/10.1016/j.na.2017.04.003
https://doi.org/10.1016/j.na.2017.04.003
https://doi.org/10.1016/j.na.2017.04.003

[18] Luigi Ambrosio and Shouhei Honda. “New stability results for sequences of
metric measure spaces with uniform Ricci bounds from below”. In: Measure
theory in non-smooth spaces. Partial Differ. Equ. Meas. Theory. De Gruyter
Open, Warsaw, 2017, pp. 1-51. 1SBN: 978-3-11-055082-5.

[19] Luigi Ambrosio, Michele Miranda Jr., and Diego Pallara. “Special functions of
bounded variation in doubling metric measure spaces”. In: Calculus of varia-
tions: topics from the mathematical heritage of E. De Giorgi. Vol. 14. Quad.
Mat. Dept. Math., Seconda Univ. Napoli, Caserta, 2004, pp. 1-45. ISBN: 88-
7999-414-X.

[20] Luigi Ambrosio, Andrea Mondino, and Giuseppe Savaré. “Nonlinear diffusion
equations and curvature conditions in metric measure spaces”. In: Mem. Amer.
Math. Soc. 262.1270 (2019), pp. v+121. 1sSN: 0065-9266,1947-6221. DOI: 10.
1090/memo/1270. URL: https://doi.org/10.1090/memo/1270.

[21] Luigi Ambrosio, Andrea Pinamonti, and Gareth Speight. “Tensorization of
Cheeger energies, the space H1,1 and the area formula for graphs”. In: Ad-
vances in Mathematics 281 (2015), pp. 1145-1177. 1ssN: 0001-8708. DOI: https:
//doi.org/10.1016/j.aim.2015.06.004. URL: https://www.sciencedirect.
com/science/article/pii/S000187081500211X.

[22] Luigi Ambrosio et al. “Metric Sobolev spaces I: Equivalence of definitions”.
In: Milan J. Math. 92.2 (2024), pp. 255-347. 1SSN: 1424-9286,1424-9294. DOI:
10.1007/s00032-024-00407-7. URL: https://doi.org/10.1007/s00032-
024-00407-7.

[23] Luigi Ambrosio et al. “Riemannian Ricci curvature lower bounds in metric
measure spaces with o-finite measure”. In: Trans. Amer. Math. Soc. 367.7
(2015), pp. 4661-4701. 1SSN: 0002-9947. DOI: 10 .1090/S0002- 9947 - 2015~
06111-X. URL: https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.
1090/50002-9947-2015-06111-X.

[24] Michael T. Anderson. “Convergence and rigidity of manifolds under Ricci
curvature bounds”. In: Invent. Math. 102.2 (1990), pp. 429-445. 1SSN: 0020-
9910,1432-1297. por: 10.1007 /BF01233434. URL: https://doi.org/10.
1007/BF01233434.

[25] Michael T. Anderson. “On area-minimizing hypersurfaces in manifolds of non-
negative curvature”. In: Indiana Univ. Math. J. 32.5 (1983), pp. 745-760. ISSN:
0022-2518. DOL: 10.1512/iumj.1983.32.32049. URL: https://doi.org/10.
15612/iumj.1983.32.32049.

[26] Michael T. Anderson. “Ricci curvature bounds and Einstein metrics on com-
pact manifolds”. In: J. Amer. Math. Soc. 2.3 (1989), pp. 455-490. 1SSN: 0894-
0347,1088-6834. DOI: 10.2307/1990939. URL: https://doi.org/10.2307/
1990939.

147


https://doi.org/10.1090/memo/1270
https://doi.org/10.1090/memo/1270
https://doi.org/10.1090/memo/1270
https://doi.org/https://doi.org/10.1016/j.aim.2015.06.004
https://doi.org/https://doi.org/10.1016/j.aim.2015.06.004
https://www.sciencedirect.com/science/article/pii/S000187081500211X
https://www.sciencedirect.com/science/article/pii/S000187081500211X
https://doi.org/10.1007/s00032-024-00407-7
https://doi.org/10.1007/s00032-024-00407-7
https://doi.org/10.1007/s00032-024-00407-7
https://doi.org/10.1090/S0002-9947-2015-06111-X
https://doi.org/10.1090/S0002-9947-2015-06111-X
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1090/S0002-9947-2015-06111-X
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1090/S0002-9947-2015-06111-X
https://doi.org/10.1007/BF01233434
https://doi.org/10.1007/BF01233434
https://doi.org/10.1007/BF01233434
https://doi.org/10.1512/iumj.1983.32.32049
https://doi.org/10.1512/iumj.1983.32.32049
https://doi.org/10.1512/iumj.1983.32.32049
https://doi.org/10.2307/1990939
https://doi.org/10.2307/1990939
https://doi.org/10.2307/1990939

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Gioacchino Antonelli, Camillo Brena, and Enrico Pasqualetto. “The rank-one
theorem on RCD spaces”. In: Anal. PDE 17.8 (2024), pp. 2797-2840. 1SSN:
2157-5045,1948-206X. DOI: 10.2140/apde . 2024 .17 . 2797. URL: https://
doi.org/10.2140/apde.2024.17.2797.

Gioacchino Antonelli, Elia Brué, and Daniele Semola. “Volume bounds for the
quantitative singular strata of non collapsed RCD metric measure spaces”.
In: Anal. Geom. Metr. Spaces 7.1 (2019), pp. 158-178. 1SSN: 2299-3274. DOI:
10.1515/agms-2019-0008. URL: https://doi.org/10.1515/agms-2019-
0008.

Gioacchino Antonelli and Federico Glaudo. “Nonexistence of isoperimetric sets
in spaces of positive curvature”. In: J. Reine Angew. Math. 812 (2024), pp. 211-
228. 1SSN: 0075-4102,1435-5345. DOI: 10 . 1515/ crelle - 2024 - 0032. URL:
https://doi.org/10.1515/crelle-2024-0032.

Gioacchino Antonelli, Stefano Nardulli, and Marco Pozzetta. “The isoperi-
metric problem via direct method in non-compact metric measure spaces with
lower Ricci bounds”. In: ESAIM Control Optim. Cale. Var. 28 (2022), Paper
No. 57, 32. 18SN: 1292-8119,1262-3377. pOI: 10.1051/cocv/2022052. URL:
https://doi.org/10.1051/cocv/2022052.

Gioacchino Antonelli, Enrico Pasqualetto, and Marco Pozzetta. “Isoperimet-
ric sets in spaces with lower bounds on the Ricci curvature”. In: Nonlinear
Analysis 220 (2022), p. 112839. 1SSN: 0362-546X. DOIL: https://doi.org/10.
1016/j.na.2022.112839. URL: https://www.sciencedirect.com/science/
article/pii/S0362546X22000414.

Gioacchino Antonelli, Marco Pozzetta, and Daniele Semola. Uniqueness on
average of large isoperimetric sets in non-compact manifolds with non-negative
Ricci curvature. 2024. arXiv: 2406.07509 [math.DG]. URL: https://arxiv.
org/abs/2406.07509.

Gioacchino Antonelli et al. “On the existence of isoperimetric regions in man-
ifolds with non-negative Ricci curvature and Euclidean volume growth”. In:
Calc. Var. Partial Differential Equations 61.2 (2022), Paper No. 77, 40. 1SSN:
0944-2669,1432-0835. DOIL: 10 . 1007 /s00526 - 022-02193-9. URL: https:
//doi.org/10.1007/s00526-022-02193-9.

Gioacchino Antonelli et al. “Sharp isoperimetric comparison on non-collapsed
spaces with lower Ricci bounds”. In: Annales Scientifiques de I’Ecole Normale
Supérieure (2022). cvgmt preprint. URL: http://cvgmt . sns . it /paper/
5423/.

Kathrin Bacher and Karl-Theodor Sturm. “Localization and tensorization
properties of the curvature-dimension condition for metric measure spaces”.
In: J. Funct. Anal. 259.1 (2010), pp. 28-56. 1SSN: 0022-1236,1096-0783. DOT:
10.1016/3 . jfa.2010.03.024. URL: https://doi.org/10.1016/j. jfa.
2010.03.024.

148


https://doi.org/10.2140/apde.2024.17.2797
https://doi.org/10.2140/apde.2024.17.2797
https://doi.org/10.2140/apde.2024.17.2797
https://doi.org/10.1515/agms-2019-0008
https://doi.org/10.1515/agms-2019-0008
https://doi.org/10.1515/agms-2019-0008
https://doi.org/10.1515/crelle-2024-0032
https://doi.org/10.1515/crelle-2024-0032
https://doi.org/10.1051/cocv/2022052
https://doi.org/10.1051/cocv/2022052
https://doi.org/https://doi.org/10.1016/j.na.2022.112839
https://doi.org/https://doi.org/10.1016/j.na.2022.112839
https://www.sciencedirect.com/science/article/pii/S0362546X22000414
https://www.sciencedirect.com/science/article/pii/S0362546X22000414
https://arxiv.org/abs/2406.07509
https://arxiv.org/abs/2406.07509
https://arxiv.org/abs/2406.07509
https://doi.org/10.1007/s00526-022-02193-9
https://doi.org/10.1007/s00526-022-02193-9
https://doi.org/10.1007/s00526-022-02193-9
http://cvgmt.sns.it/paper/5423/
http://cvgmt.sns.it/paper/5423/
https://doi.org/10.1016/j.jfa.2010.03.024
https://doi.org/10.1016/j.jfa.2010.03.024
https://doi.org/10.1016/j.jfa.2010.03.024

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

Shigetoshi Bando, Atsushi Kasue, and Hiraku Nakajima. “On a construction
of coordinates at infinity on manifolds with fast curvature decay and maxi-
mal volume growth”. In: Invent. Math. 97.2 (1989), pp. 313-349. 1SSN: 0020-
9910,1432-1297. por: 10.1007 /BF01389045. URL: https://doi.org/10.
1007/BF01389045.

Christophe Bavard and Pierre Pansu. “Sur le volume minimal de R?”. In:
Ann. Sci. Ecole Norm. Sup. (4) 19.4 (1986), pp. 479-490. 1SsN: 0012-9593.
URL: http://www.numdam.org/item?id=ASENS_1986_4_19_4_479_0.

Vincent Bayle. “A differential inequality for the isoperimetric profile”. In: Int.
Math. Res. Not. 7 (2004), pp. 311-342. 1SsN: 1073-7928,1687-0247. DOT: 10.
1155/81073792804130079. URL: https://doi.org/10.1155/51073792804130079.

Vincent Bayle and César Rosales. “Some isoperimetric comparison theorems
for convex bodies in Riemannian manifolds”. In: Indiana Univ. Math. J. 54.5
(2005), pp. 1371-1394. 18SN: 0022-2518,1943-5258. DOI: 10.1512/iumj.2005.
54.2575. URL: https://doi.org/10.1512/iumj.2005.54.2575

E. Bombieri, E. De Giorgi, and E. Giusti. “Minimal cones and the Bernstein
problem”. In: Invent. Math. 7 (1969), pp. 243-268. 1SSN: 0020-9910,1432-1297.
DOI: 10.1007/BF01404309. URL: https://doi.org/10.1007/BF01404309.

Nicolas Bouleau and Francis Hirsch. Dirichlet forms and analysis on Wiener
space. Vol. 14. De Gruyter Studies in Mathematics. Walter de Gruyter & Co.,
Berlin, 1991, pp. x+325. 1SBN: 3-11-012919-1. poI: 10.1515/9783110858389.
URL: https://doi.org/10.1515/9783110858389.

Camillo Brena and Nicola Gigli. “Local vector measures”. In: J. Funct. Anal.
286.1 (2024), Paper No. 110202, 77. 1sSN: 0022-1236,1096-0783. DO1: 10.1016/
j.jfa.2023.110202. URL: https://doi.org/10.1016/j.jfa.2023.110202.

Elia Brue, Aaron Naber, and Daniele Semola. “Boundary regularity and sta-
bility for spaces with Ricci bounded below”. In: Invent. Math. 228.2 (2022),
pp. 777-891. 1ssN: 0020-9910. por: 10. 1007 /s00222-021-01092-8. URL:
https://doi.org/10.1007/s00222-021-01092-8.

Elia Brué, Enrico Pasqualetto, and Daniele Semola. “Constancy of the di-
mension in codimension one and locality of the unit normal on RCD(K, N)
spaces”. In: Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 24.3 (2023), pp. 1765-
1816. 18SN: 0391-173X,2036-2145. DOI: 10 .2422/2036-2145.202110\ _007.
URL: https://doi.org/10.2422/2036-2145.202110_007.

Elia Brue, Enrico Pasqualetto, and Daniele Semola. “Rectifiability of RCD(K, N)
spaces via d-splitting maps”. In: Ann. Fenn. Math. 46.1 (2021), pp. 465-482.
ISSN: 2737-0690,2737-114X. DOI: 10.5186/aasfm. 2021 .4627. URL: https:
//doi.org/10.5186/aasfm.2021.4627.

Elia Brue, Enrico Pasqualetto, and Daniele Semola. “Rectifiability of the re-
duced boundary for sets of finite perimeter over RCD(K, N) spaces”. In: J.
Eur. Math. Soc. (JEMS) 25.2 (2023), pp. 413-465. 18SN: 1435-9855,1435-9863.
DOI: 10.4171/jems/1217. URL: https://doi.org/10.4171/jems/1217.

149


https://doi.org/10.1007/BF01389045
https://doi.org/10.1007/BF01389045
https://doi.org/10.1007/BF01389045
http://www.numdam.org/item?id=ASENS_1986_4_19_4_479_0
https://doi.org/10.1155/S1073792804130079
https://doi.org/10.1155/S1073792804130079
https://doi.org/10.1155/S1073792804130079
https://doi.org/10.1512/iumj.2005.54.2575
https://doi.org/10.1512/iumj.2005.54.2575
https://doi.org/10.1512/iumj.2005.54.2575
https://doi.org/10.1007/BF01404309
https://doi.org/10.1007/BF01404309
https://doi.org/10.1515/9783110858389
https://doi.org/10.1515/9783110858389
https://doi.org/10.1016/j.jfa.2023.110202
https://doi.org/10.1016/j.jfa.2023.110202
https://doi.org/10.1016/j.jfa.2023.110202
https://doi.org/10.1007/s00222-021-01092-8
https://doi.org/10.1007/s00222-021-01092-8
https://doi.org/10.2422/2036-2145.202110\_007
https://doi.org/10.2422/2036-2145.202110_007
https://doi.org/10.5186/aasfm.2021.4627
https://doi.org/10.5186/aasfm.2021.4627
https://doi.org/10.5186/aasfm.2021.4627
https://doi.org/10.4171/jems/1217
https://doi.org/10.4171/jems/1217

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Elia Brué and Daniele Semola. “Constancy of the dimension for RCD(K, N)
spaces via regularity of Lagrangian flows”. In: Comm. Pure Appl. Math. 73.6
(2020), pp. 1141-1204. 18sN: 0010-3640. DOT: 10 . 1002/ cpa . 21849. URL:
https://doi.org/10.1002/cpa.21849.

Vito Buffa, Giovanni E. Comi, and Michele Miranda Jr. “On BV functions
and essentially bounded divergence-measure fields in metric spaces”. In: Rev.
Mat. Iberoam. 38.3 (2022), pp. 883-946. 1sSN: 0213-2230,2235-0616. DOT: 10.
4171/rmi/1291. URL: https://doi.org/10.4171/rmi/1291.

Dmitri Burago, Yuri Burago, and Sergei Ivanov. A course in metric geometry.
Vol. 33. Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI, 2001, pp. xiv+415. 1SBN: 0-8218-2129-6. DOI: 10.1090/gsm/
033. URL: https://doi.org/10.1090/gsm/033.

Yu. Burago, M. Gromov, and G. Perelman. “A. D. Aleksandrov spaces with
curvatures bounded below”. In: Uspekhi Mat. Nauk 47.2(284) (1992), pp. 3-51,
222. 18SN: 0042-1316,2305-2872. DOI: 10 . 1070 /RM1992v047n02ABEH000877.
URL: https://doi.org/10.1070/RM1992v047n02ABEHO00877.

John W. Cahn and John E. Hilliard. “Free Energy of a Nonuniform System.
I. Interfacial Free Energy”. In: The Journal of Chemical Physics 28.2 (Feb.
1958), pp. 258-267. 1SSN: 0021-9606. DOIL: 10.1063/1.1744102. eprint: https:
//pubs . aip.org/aip/jcp/article-pdf/28/2/258/18813541/258\ _1\
_online.pdf. URL: https://doi.org/10.1063/1.1744102.

E. Calabi. “Métriques kihlériennes et fibrés holomorphes”. In: Ann. Sci. Ecole
Norm. Sup. (4) 12.2 (1979), pp. 269-294. 1sSN: 0012-9593. URL: http://wuw.
numdam.org/item?id=ASENS_1979_4_12_2_269_0.

Manfredo Perdigao do Carmo. Riemannian geometry. Portuguese. Mathemat-

ics: Theory & Applications. Birkhduser Boston, Inc., Boston, MA, 1992, pp. xiv+300.
ISBN: 0-8176-3490-8. DO1: 10 . 1007 /978 -1-4757-2201-7. URL: https :
//doi.org/10.1007/978-1-4757-2201-7.

Fabio Cavalletti and Emanuel Milman. “The globalization theorem for the
curvature-dimension condition”. In: Invent. Math. 226.1 (2021), pp. 1-137.
1SSN: 0020-9910. pot1: 10.1007/s00222-021-01040-6. URL: https://doi-
org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-021-01040-6.

Fabio Cavalletti and Andrea Mondino. “New formulas for the Laplacian of
distance functions and applications”. In: Anal. PDE 13.7 (2020), pp. 2091
2147. 18SN: 2157-5045,1948-206X. DOI: 10.2140/apde.2020.13.2091. URL:
https://doi.org/10.2140/apde.2020.13.2091.

Fabio Cavalletti and Andrea Mondino. “Sharp and rigid isoperimetric inequal-
ities in metric-measure spaces with lower Ricci curvature bounds”. In: Invent.
Math. 208.3 (2017), pp. 803-849. 1sSN: 0020-9910. DOI: 10.1007/s00222-016~
0700-6. URL: https://doi.org/10.1007/s00222-016-0700-6.

150


https://doi.org/10.1002/cpa.21849
https://doi.org/10.1002/cpa.21849
https://doi.org/10.4171/rmi/1291
https://doi.org/10.4171/rmi/1291
https://doi.org/10.4171/rmi/1291
https://doi.org/10.1090/gsm/033
https://doi.org/10.1090/gsm/033
https://doi.org/10.1090/gsm/033
https://doi.org/10.1070/RM1992v047n02ABEH000877
https://doi.org/10.1070/RM1992v047n02ABEH000877
https://doi.org/10.1063/1.1744102
https://pubs.aip.org/aip/jcp/article-pdf/28/2/258/18813541/258\_1\_online.pdf
https://pubs.aip.org/aip/jcp/article-pdf/28/2/258/18813541/258\_1\_online.pdf
https://pubs.aip.org/aip/jcp/article-pdf/28/2/258/18813541/258\_1\_online.pdf
https://doi.org/10.1063/1.1744102
http://www.numdam.org/item?id=ASENS_1979_4_12_2_269_0
http://www.numdam.org/item?id=ASENS_1979_4_12_2_269_0
https://doi.org/10.1007/978-1-4757-2201-7
https://doi.org/10.1007/978-1-4757-2201-7
https://doi.org/10.1007/978-1-4757-2201-7
https://doi.org/10.1007/s00222-021-01040-6
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-021-01040-6
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-021-01040-6
https://doi.org/10.2140/apde.2020.13.2091
https://doi.org/10.2140/apde.2020.13.2091
https://doi.org/10.1007/s00222-016-0700-6
https://doi.org/10.1007/s00222-016-0700-6
https://doi.org/10.1007/s00222-016-0700-6

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

Chung-Kwong Chan, Huichun Zhang, and Xiping Zhu. “Monotonicity formu-
las for parabolic free boundary problems on cones”. In: Acta Math. Sci. Ser.
B (Engl. Ed.) 42.6 (2022), pp. 2193-2203. 1sSN: 0252-9602. DOI: 10 . 1007/
s10473-022-0601-2. URL: https://doi.org/10.1007/s10473-022-0601-
2.

Jeff Cheeger. “Differentiability of Lipschitz functions on metric measure spaces”.
In: Geom. Funct. Anal. 9.3 (1999), pp. 428-517. 1SSN: 1016-443X. por: 10.
1007/s000390050094. URL: https://doi.org/10.1007/s000390050094.

Jeff Cheeger. “Structure Theory and Convergence in Riemannian Geometry”.
In: Milan Journal of Mathematics 78.1 (Aug. 2010), pp. 221-264. 1SSN: 1424-
9294. por: 10.1007/s00032-010-0117-4. URL: https://doi.org/10.1007/
s00032-010-0117-4.

Jeff Cheeger and Tobias H. Colding. “Lower bounds on Ricci curvature and
the almost rigidity of warped products”. In: Ann. of Math. (2) 144.1 (1996),
pp. 189-237. 18sN: 0003-486X. DOI: 10.2307/2118589. URL: https://doi.
org/10.2307/2118589.

Jeff Cheeger and Tobias H. Colding. “On the structure of spaces with Ricci
curvature bounded below. I”. In: J. Differential Geom. 46.3 (1997), pp. 406—
480. 18SN: 0022-040X,1945-743X. URL: http://projecteuclid.org/euclid.
jdg/1214459974.

Jeff Cheeger and Tobias H. Colding. “On the structure of spaces with Ricci
curvature bounded below. I1”. In: J. Differential Geom. 54.1 (2000), pp. 13-35.
1SSN: 0022-040X,1945-743X. URL: http://projecteuclid.org/euclid. jdg/
1214342145.

Jeff Cheeger and Tobias H. Colding. “On the structure of spaces with Ricci
curvature bounded below. II1”. In: J. Differential Geom. 54.1 (2000), pp. 37—
74. 18SN: 0022-040X,1945-743X. URL: http://projecteuclid.org/euclid.
jdg/1214342146.

Jeff Cheeger and Detlef Gromoll. “The splitting theorem for manifolds of non-
negative Ricci curvature”. In: J. Differential Geometry 6 (1971), pp. 119-128.
1SSN: 0022-040X,1945-743X. URL: http://projecteuclid.org/euclid. jdg/
1214430220.

Jeff Cheeger, Wenshuai Jiang, and Aaron Naber. “Rectifiability of singular
sets of noncollapsed limit spaces with Ricci curvature bounded below”. In:
Ann. of Math. (2) 193.2 (2021), pp. 407-538. 18sN: 0003-486X,1939-8980. DOLI:
10.4007/annals.2021.193.2.2. URL: https://doi.org/10.4007/annals.
2021.193.2.2.

Jeff Cheeger and Aaron Naber. “Regularity of Einstein manifolds and the
codimension 4 conjecture”. In: Ann. of Math. (2) 182.3 (2015), pp. 1093
1165. 18SN: 0003-486X. DOI: 10.4007/annals.2015.182.3.5. URL: https:
//doi.org/10.4007/annals.2015.182.3.5.

151


https://doi.org/10.1007/s10473-022-0601-2
https://doi.org/10.1007/s10473-022-0601-2
https://doi.org/10.1007/s10473-022-0601-2
https://doi.org/10.1007/s10473-022-0601-2
https://doi.org/10.1007/s000390050094
https://doi.org/10.1007/s000390050094
https://doi.org/10.1007/s000390050094
https://doi.org/10.1007/s00032-010-0117-4
https://doi.org/10.1007/s00032-010-0117-4
https://doi.org/10.1007/s00032-010-0117-4
https://doi.org/10.2307/2118589
https://doi.org/10.2307/2118589
https://doi.org/10.2307/2118589
http://projecteuclid.org/euclid.jdg/1214459974
http://projecteuclid.org/euclid.jdg/1214459974
http://projecteuclid.org/euclid.jdg/1214342145
http://projecteuclid.org/euclid.jdg/1214342145
http://projecteuclid.org/euclid.jdg/1214342146
http://projecteuclid.org/euclid.jdg/1214342146
http://projecteuclid.org/euclid.jdg/1214430220
http://projecteuclid.org/euclid.jdg/1214430220
https://doi.org/10.4007/annals.2021.193.2.2
https://doi.org/10.4007/annals.2021.193.2.2
https://doi.org/10.4007/annals.2021.193.2.2
https://doi.org/10.4007/annals.2015.182.3.5
https://doi.org/10.4007/annals.2015.182.3.5
https://doi.org/10.4007/annals.2015.182.3.5

[68]

[69]

[70]

78]

Tobias Holck Colding and Aaron Naber. “Characterization of tangent cones
of noncollapsed limits with lower Ricci bounds and applications”. In: Geom.
Funct. Anal. 23.1 (2013), pp. 134-148. 1sSN: 1016-443X,1420-8970. DOI: 10.
1007/s00039-012-0202-7. URL: https://doi.org/10.1007/s00039-012-
0202-7.

Dario Cordero-Erausquin, Robert J. McCann, and Michael Schmuckenschlager.
“A Riemannian interpolation inequality a la Borell, Brascamp and Lieb”. In:
Invent. Math. 146.2 (2001), pp. 219-257. 1SSN: 0020-9910. por: 10 . 1007 /
s002220100160. URL: https://doi.org/10.1007/s002220100160.

Alessandro Cucinotta. Minimal Surface Equation and Bernstein Property on
RCD spaces. 2024. arXiv: 2403.02406 [math.DG].

Alessandro Cucinotta and Francesco Fiorani. “On the dimension of the sin-
gular set of perimeter minimizers in spaces with a two-sided bound on the
Ricci curvature”. In: J. Geom. Anal. 34.12 (2024), Paper No. 381, 24. 1SSN:
1050-6926,1559-002X. DOI: 10.1007 /s12220-024-01784-6. URL: https:
//doi.org/10.1007/s12220-024-01784-6.

Alessandro Cucinotta and Andrea Mondino. Half Space Property in RCD(0,N)
spaces. 2024. arXiv: 2402.12230 [math.DG].

Sara Daneri and Giuseppe Savaré. “Eulerian calculus for the displacement
convexity in the Wasserstein distance”. In: STAM J. Math. Anal. 40.3 (2008),
pp. 1104-1122. 18SN: 0036-1410,1095-7154. por1: 10 . 1137 /08071346X. URL:
https://doi.org/10.1137/08071346X.

Ennio De Giorgi. “Convergence problems for functionals and operators”. In:
Proceedings of the International Meeting on Recent Methods in Nonlinear Anal-
ysis (Rome, 1978). Pitagora, Bologna, 1979, pp. 131-188.

Ennio De Giorgi. “Frontiere orientate di misura minima”. In: (1961). Seminario
di Matematica della Scuola Normale Superiore di Pisa, 1960-61, p. 57.

Ennio De Giorgi. “Una estensione del teorema di Bernstein”. In: Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (3) 19 (1965), pp. 79-85. 1sSN: 0391-173X.

Ennio De Giorgi and Tullio Franzoni. “Su un tipo di convergenza variazionale”.
In: Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. (8) 58.6 (1975),
pp. 842-850. 1SSN: 0392-788]1.

Camillo De Lellis. “The size of the singular set of area-minimizing currents”. In:
Surveys in differential geometry 2016. Advances in geometry and mathematical
physics. Vol. 21. Surv. Differ. Geom. Int. Press, Somerville, MA, 2016, pp. 1-
83. ISBN: 978-1-57146-322-7; 1-57146-322-4.

Camillo De Lellis and Jusuf Ramic. “Min-max theory for minimal hypersur-
faces with boundary”. In: Ann. Inst. Fourier (Grenoble) 68.5 (2018), pp. 1909—
1986. 18SN: 0373-0956,1777-5310. DOI: 10.5802/aif . 3200. URL: https://
doi.org/10.5802/aif .3200.

152


https://doi.org/10.1007/s00039-012-0202-7
https://doi.org/10.1007/s00039-012-0202-7
https://doi.org/10.1007/s00039-012-0202-7
https://doi.org/10.1007/s00039-012-0202-7
https://doi.org/10.1007/s002220100160
https://doi.org/10.1007/s002220100160
https://doi.org/10.1007/s002220100160
https://arxiv.org/abs/2403.02406
https://doi.org/10.1007/s12220-024-01784-6
https://doi.org/10.1007/s12220-024-01784-6
https://doi.org/10.1007/s12220-024-01784-6
https://arxiv.org/abs/2402.12230
https://doi.org/10.1137/08071346X
https://doi.org/10.1137/08071346X
https://doi.org/10.5802/aif.3200
https://doi.org/10.5802/aif.3200
https://doi.org/10.5802/aif.3200

[79]

[30]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[33]

Guido De Philippis and Nicola Gigli. “From volume cone to metric cone in
the non-smooth setting”. In: Geom. Funct. Anal. 26.6 (2016), pp. 1526-1587.
1SSN: 1016-443X. Do1: 10.1007/s00039-016-0391-6. URL: https://doi.
org/10.1007/s00039-016-0391-6.

Guido De Philippis and Nicola Gigli. “Non-collapsed spaces with Ricci curva-
ture bounded from below”. In: J. Fec. polytech. Math. 5 (2018), pp. 613-650.
ISSN: 2429-7100. DOI: 10.5802/ jep.80. URL: https://doi.org/10.5802/
jep.80.

Guido De Philippis, Andrea Marchese, and Filip Rindler. “On a conjecture of
Cheeger”. In: Measure theory in non-smooth spaces. Partial Differ. Equ. Meas.
Theory. De Gruyter Open, Warsaw, 2017, pp. 145-155.

Guido De Philippis and Jesis Nunez-Zimbréon. “The behavior of harmonic
functions at singular points of RCD spaces”. In: Manuscripta Math. 171.1-2
(2023), pp. 155-168. 1SSN: 0025-2611,1432-1785. DOI: 10.1007/s00229-021~
01365-9. URL: https://doi.org/10.1007/s00229-021-01365-9.

Clément Debin, Nicola Gigli, and Enrico Pasqualetto. “Quasi-continuous vec-
tor fields on RCD spaces”. In: Potential Anal. 54.1 (2021), pp. 183-211. 1SSN:
0926-2601,1572-929X. DOI: 10.1007/s11118-019-09823-6. URL: https:
//doi.org/10.1007/s11118-019-09823-6.

Qin Deng. Holder continuity of tangent cones in RCD(K,N) spaces and appli-
cations to non-branching. 2020. arXiv: 2009.07956 [math.DG]. URL: https:
//arxiv.org/abs/2009.07956.

Qi Ding. “Area-minimizing hypersurfaces in manifolds of Ricci curvature bounded
below”. In: J. Reine Angew. Math. 798 (2023), pp. 193-236. 1SSN: 0075-4102,1435-
5345. DOI: 10.1515/crelle-2023-0008. URL: https://doi.org/10.1515/
crelle-2023-0008.

Qi Ding. “Minimal hypersurfaces in manifolds of Ricci curvature bounded be-
low”. In: J. Reine Angew. Math. 791 (2022), pp. 247-282. 1SSN: 0075-4102,1435-
5345. DOI: 10.1515/crelle-2022-0050. URL: https://doi.org/10.1515/
crelle-2022-0050.

Qi Ding, J. Jost, and Y. L. Xin. “Existence and non-existence of area-minimizing
hypersurfaces in manifolds of non-negative Ricci curvature”. In: Amer. J.

Math. 138.2 (2016), pp. 287-327. 1ssN: 0002-9327. DOT: 10.1353/ajm.2016.

0009. URL: https://doi.org/10.1353/ajm.2016.0009

Tohru Eguchi and Andrew J Hanson. “Self-dual solutions to euclidean grav-
ity”. In: Annals of Physics 120.1 (1979), pp. 82-106. 1ssN: 0003-4916. DOI:
https://doi.org/10.1016/0003-4916(79)90282-3. URL: https://www.
sciencedirect.com/science/article/pii/0003491679902823.

153


https://doi.org/10.1007/s00039-016-0391-6
https://doi.org/10.1007/s00039-016-0391-6
https://doi.org/10.1007/s00039-016-0391-6
https://doi.org/10.5802/jep.80
https://doi.org/10.5802/jep.80
https://doi.org/10.5802/jep.80
https://doi.org/10.1007/s00229-021-01365-9
https://doi.org/10.1007/s00229-021-01365-9
https://doi.org/10.1007/s00229-021-01365-9
https://doi.org/10.1007/s11118-019-09823-6
https://doi.org/10.1007/s11118-019-09823-6
https://doi.org/10.1007/s11118-019-09823-6
https://arxiv.org/abs/2009.07956
https://arxiv.org/abs/2009.07956
https://arxiv.org/abs/2009.07956
https://doi.org/10.1515/crelle-2023-0008
https://doi.org/10.1515/crelle-2023-0008
https://doi.org/10.1515/crelle-2023-0008
https://doi.org/10.1515/crelle-2022-0050
https://doi.org/10.1515/crelle-2022-0050
https://doi.org/10.1515/crelle-2022-0050
https://doi.org/10.1353/ajm.2016.0009
https://doi.org/10.1353/ajm.2016.0009
https://doi.org/10.1353/ajm.2016.0009
https://doi.org/https://doi.org/10.1016/0003-4916(79)90282-3
https://www.sciencedirect.com/science/article/pii/0003491679902823
https://www.sciencedirect.com/science/article/pii/0003491679902823

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

Matthias Erbar, Kazumasa Kuwada, and Karl-Theodor Sturm. “On the equiv-
alence of the entropic curvature-dimension condition and Bochner’s inequal-
ity on metric measure spaces”. In: Invent. Math. 201.3 (2015), pp. 993-1071.
1SSN: 0020-9910. por: 10.1007/s00222-014-0563-7. URL: https://doi-
org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-014-0563-7.

Herbert Federer. Geometric measure theory. Die Grundlehren der mathema-
tischen Wissenschaften, Band 153. Springer-Verlag New York, Inc., New York,
1969, pp. xiv+676.

Herbert Federer. “Some theorems on integral currents”. In: Trans. Amer.
Math. Soc. 117 (1965), pp. 43-67. 1SSN: 0002-9947,1088-6850. DOI: 10.2307/
1994196. URL: https://doi.org/10.2307/1994196.

Herbert Federer. “The singular sets of area minimizing rectifiable currents
with codimension one and of area minimizing flat chains modulo two with
arbitrary codimension”. In: Bull. Amer. Math. Soc. 76 (1970), pp. 767-771.
1SsN: 0002-9904. por: 10.1090/S0002-9904-1970-12542-3. URL: https:
//doi.org/10.1090/50002-9904-1970-12542-3.

Herbert Federer and Wendell H. Fleming. “Normal and integral currents”. In:
Ann. of Math. (2) 72 (1960), pp. 458-520. 1ssN: 0003-486X. por: 10.2307/
1970227. URL: https://doi.org/10.2307/1970227.

Francesco Fiorani, Andrea Mondino, and Daniele Semola. “Monotonicity for-
mula and stratification of the singular set of perimeter minimizers in RCD
spaces”. In: Commentarii Mathematici Helvetici (2025).

Wendell H. Fleming. “On the oriented Plateau problem”. In: Rend. Circ.
Mat. Palermo (2) 11 (1962), pp. 69-90. 1sSN: 0009-725X. DpoOI: 10 . 1007 /
BF02849427. URL: https://doi.org/10.1007/BF02849427.

Pedro Gaspar and Marco A. M. Guaraco. “The Weyl law for the phase tran-
sition spectrum and density of limit interfaces”. In: Geom. Funct. Anal. 29.2
(2019), pp. 382-410. 18SN: 1016-443X,1420-8970. DOL: 10.1007/500039-019-
00489-1. URL: https://doi.org/10.1007/s00039-019-00489-1.

Nicola Gigli. “Lecture notes on differential calculus on RCD spaces”. In: Publ.
Res. Inst. Math. Sci. 54.4 (2018), pp. 855-918. 1sSN: 0034-5318,1663-4926. DOI:
10.4171/PRIMS/54-4-4. URL: https://doi.org/10.4171/PRIMS/54-4-4.

Nicola Gigli. “Nonsmooth differential geometry—an approach tailored for spaces
with Ricci curvature bounded from below”. In: Mem. Amer. Math. Soc. 251.1196
(2018), pp. v+161. 15SN: 0065-9266,1947-6221. DOI: 10.1090/memo/1196. URL:
https://doi.org/10.1090/memo/1196.

Nicola Gigli. “On the differential structure of metric measure spaces and ap-
plications”. In: Mem. Amer. Math. Soc. 236.1113 (2015), pp. vi+91. 1SSN:
0065-9266. DOI: 10 .1090/memo/1113. URL: https://doi-org.ezproxy-
prd.bodleian.ox.ac.uk/10.1090/memo/1113.

154


https://doi.org/10.1007/s00222-014-0563-7
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-014-0563-7
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s00222-014-0563-7
https://doi.org/10.2307/1994196
https://doi.org/10.2307/1994196
https://doi.org/10.2307/1994196
https://doi.org/10.1090/S0002-9904-1970-12542-3
https://doi.org/10.1090/S0002-9904-1970-12542-3
https://doi.org/10.1090/S0002-9904-1970-12542-3
https://doi.org/10.2307/1970227
https://doi.org/10.2307/1970227
https://doi.org/10.2307/1970227
https://doi.org/10.1007/BF02849427
https://doi.org/10.1007/BF02849427
https://doi.org/10.1007/BF02849427
https://doi.org/10.1007/s00039-019-00489-1
https://doi.org/10.1007/s00039-019-00489-1
https://doi.org/10.1007/s00039-019-00489-1
https://doi.org/10.4171/PRIMS/54-4-4
https://doi.org/10.4171/PRIMS/54-4-4
https://doi.org/10.1090/memo/1196
https://doi.org/10.1090/memo/1196
https://doi.org/10.1090/memo/1113
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1090/memo/1113
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1090/memo/1113

[100]

101]

[102]

[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

Nicola Gigli. “The splitting theorem in non-smooth context”. In: (2013). cvgmt
preprint. URL: http://cvgmt.sns.it/paper/2079/.

Nicola Gigli and Bang-Xian Han. “Independence on p of weak upper gradients
on RCD spaces”. In: J. Funct. Anal. 271.1 (2016), pp. 1-11. 1SSN: 0022-1236.
DOL: 10.1016/7j.jfa.2016.04.014. URL: https://doi.org/10.1016/7.
jfa.2016.04.014.

Nicola Gigli and Bang-Xian Han. “Sobolev spaces on warped products”. In:
J. Funct. Anal. 275.8 (2018), pp. 2059-2095. 1sSN: 0022-1236. DOT: 10.1016/
j.jfa.2018.03.021. URL: https://doi.org/10.1016/j.jfa.2018.03.021

Nicola Gigli, Andrea Mondino, and Tapio Rajala. “Euclidean spaces as weak
tangents of infinitesimally Hilbertian metric measure spaces with Ricci cur-
vature bounded below”. In: J. Reine Angew. Math. 705 (2015), pp. 233-244.
ISSN: 0075-4102. DOI: 10.1515/crelle-2013-0052. URL: https://doi-
org.ezproxy-prd.bodleian.ox.ac.uk/10.1515/crelle-2013-0052.

Nicola Gigli, Andrea Mondino, and Giuseppe Savaré. “Convergence of pointed
non-compact metric measure spaces and stability of Ricci curvature bounds
and heat flows”. In: Proc. Lond. Math. Soc. (3) 111.5 (2015), pp. 1071-1129.
1SSN: 0024-6115. po1: 10.1112/plms/pdv047. URL: https://doi.org/10.
1112/plms/pdv047.

Nicola Gigli, Andrea Mondino, and Daniele Semola. “On the notion of Lapla-
cian bounds on RCD spaces and applications”. In: Proc. Amer. Math. Soc.
152.2 (2024), pp. 829-841. 1ssN: 0002-9939,1088-6826. DOI: 10.1090/proc/
16550. URL: https://doi.org/10.1090/proc/16550.

Nicola Gigli and Enrico Pasqualetto. “Behaviour of the reference measure on
RCD spaces under charts”. In: Comm. Anal. Geom. 29.6 (2021), pp. 1391
1414. 18SN: 1019-8385,1944-9992. pOI: 10.4310/CAG.2021.v29.n6.a3. URL:
https://doi.org/10.4310/CAG.2021.v29.n6.a3.

Nicola Gigli and Enrico Pasqualetto. Lectures on non-smooth differential ge-
ometry. Vol. 2. SISSA Springer Series. Springer, Cham, 2020, pp. xi+204.
ISBN: 978-3-030-38612-2. DOI: 10.1007/978-3-030-38613-9. URL: https:
//doi.org/10.1007/978-3-030-38613-9.

Enrico Giusti. Minimal surfaces and functions of bounded variation. Vol. 80.
Monographs in Mathematics. Birkhauser Verlag, Basel, 1984, pp. xii+240.
ISBN: 0-8176-3153-4. DOI: 10 . 1007 /978~ 1-4684 - 9486 - 0. URL: https :
//doi.org/10.1007/978-1-4684-9486-0.

M. Gromov. “Sign and geometric meaning of curvature”. In: Rend. Sem. Mat.
Fis. Milano 61 (1991), pp. 9-123. 1sSN: 0370-7377. DOIL: 10.1007/BF02925201.
URL: https://doi.org/10.1007/BF02925201

Mikhael Gromov. Structures métriques pour les variétés riemanniennes. Vol. 1.
Textes Mathématiques [Mathematical Texts]. Edited by J. Lafontaine and P.
Pansu. CEDIC, Paris, 1981, pp. iv+152. ISBN: 2-7124-0714-8.

155


http://cvgmt.sns.it/paper/2079/
https://doi.org/10.1016/j.jfa.2016.04.014
https://doi.org/10.1016/j.jfa.2016.04.014
https://doi.org/10.1016/j.jfa.2016.04.014
https://doi.org/10.1016/j.jfa.2018.03.021
https://doi.org/10.1016/j.jfa.2018.03.021
https://doi.org/10.1016/j.jfa.2018.03.021
https://doi.org/10.1515/crelle-2013-0052
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1515/crelle-2013-0052
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1515/crelle-2013-0052
https://doi.org/10.1112/plms/pdv047
https://doi.org/10.1112/plms/pdv047
https://doi.org/10.1112/plms/pdv047
https://doi.org/10.1090/proc/16550
https://doi.org/10.1090/proc/16550
https://doi.org/10.1090/proc/16550
https://doi.org/10.4310/CAG.2021.v29.n6.a3
https://doi.org/10.4310/CAG.2021.v29.n6.a3
https://doi.org/10.1007/978-3-030-38613-9
https://doi.org/10.1007/978-3-030-38613-9
https://doi.org/10.1007/978-3-030-38613-9
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1007/BF02925201
https://doi.org/10.1007/BF02925201

[111]

[112]

113]

114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

Michael Griiter. “Optimal regularity for codimension one minimal surfaces
with a free boundary”. In: Manuscripta Math. 58.3 (1987), pp. 295-343. ISSN:
0025-2611. por: 10.1007 /BF01165891. URL: https://doi.org/10.1007/
BF01165891.

Marco A. M. Guaraco. “Min-max for phase transitions and the existence of
embedded minimal hypersurfaces”. In: J. Differential Geom. 108.1 (2018),
pp. 91-133. 18SN: 0022-040X. porI: 10.4310/jdg/1513998031. URL: https:
//doi.org/10.4310/jdg/1513998031.

Juha Heinonen et al. Sobolev spaces on metric measure spaces. Vol. 27. New
Mathematical Monographs. An approach based on upper gradients. Cam-
bridge University Press, Cambridge, 2015, pp. xii+434. 1SBN: 978-1-107-09234-
1. por: 10.1017/CB09781316135914. URL: https://doi.org/10.1017/
CB09781316135914.

Shouhei Honda. “Ricci curvature and LP-convergence”. In: J. Reine Angew.
Math. 705 (2015), pp. 85-154. 1SSN: 0075-4102,1435-5345. por: 10 . 1515/
crelle-2013-0061. URL: https://doi.org/10.1515/crelle-2013-0061.

John E. Hutchinson and Yoshihiro Tonegawa. “Convergence of phase interfaces
in the van der Waals-Cahn-Hilliard theory”. In: Calc. Var. Partial Differential
Equations 10.1 (2000), pp. 49-84. 1SSN: 0944-2669,1432-0835. DOI: 10.1007/
PL00013453. URL: https://doi.org/10.1007/PL00013453.

Kei Irie, Fernando C. Marques, and André Neves. “Density of minimal hy-
persurfaces for generic metrics”. In: Ann. of Math. (2) 187.3 (2018), pp. 963—
972. 18SN: 0003-486X,1939-8980. DOI: 10.4007/annals.2018.187.3.8. URL:
https://doi.org/10.4007/annals.2018.187.3.8.

Wenshuai Jiang and Aaron Naber. “L? curvature bounds on manifolds with
bounded Ricci curvature”. In: Annals of Mathematics 193.1 (2021), pp. 107—
222. DOL: 10.4007/annals.2021.193.1.2. URL: https://doi.org/10.
4007/annals.2021.193.1.2.

Vitali Kapovitch and Andrea Mondino. “On the topology and the boundary
of N-dimensional RCD(K, N) spaces”. In: Geom. Topol. 25.1 (2021), pp. 445—
495. 18SN: 1465-3060. DOT: 10.2140/gt . 2021 .25 .445. URL: https://doi.
org/10.2140/gt . 2021 .25 .445.

Martin Kell and Andrea Mondino. “On the volume measure of non-smooth

spaces with Ricci curvature bounded below”. In: Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 18.2 (2018), pp. 593-610. 18SN: 0391-173X,2036-2145.

Christian Ketterer. “Cones over metric measure spaces and the maximal di-
ameter theorem”. In: J. Math. Pures Appl. (9) 103.5 (2015), pp. 1228-1275.
1SSN: 0021-7824. po1: 10.1016/j .matpur.2014.10.011. URL: https://doi.
org/10.1016/j .matpur.2014.10.011.

Christian Ketterer. “Rigidity of mean convex subsets in non-negatively curved
RCD spaces and stability of mean curvature bounds”. In: Journal of Topology
and Analysis 17.02 (2025), pp. 259-294. por: 10.1142/81793525323500358.

156


https://doi.org/10.1007/BF01165891
https://doi.org/10.1007/BF01165891
https://doi.org/10.1007/BF01165891
https://doi.org/10.4310/jdg/1513998031
https://doi.org/10.4310/jdg/1513998031
https://doi.org/10.4310/jdg/1513998031
https://doi.org/10.1017/CBO9781316135914
https://doi.org/10.1017/CBO9781316135914
https://doi.org/10.1017/CBO9781316135914
https://doi.org/10.1515/crelle-2013-0061
https://doi.org/10.1515/crelle-2013-0061
https://doi.org/10.1515/crelle-2013-0061
https://doi.org/10.1007/PL00013453
https://doi.org/10.1007/PL00013453
https://doi.org/10.1007/PL00013453
https://doi.org/10.4007/annals.2018.187.3.8
https://doi.org/10.4007/annals.2018.187.3.8
https://doi.org/10.4007/annals.2021.193.1.2
https://doi.org/10.4007/annals.2021.193.1.2
https://doi.org/10.4007/annals.2021.193.1.2
https://doi.org/10.2140/gt.2021.25.445
https://doi.org/10.2140/gt.2021.25.445
https://doi.org/10.2140/gt.2021.25.445
https://doi.org/10.1016/j.matpur.2014.10.011
https://doi.org/10.1016/j.matpur.2014.10.011
https://doi.org/10.1016/j.matpur.2014.10.011
https://doi.org/10.1142/S1793525323500358

[122] Juha Kinnunen et al. “Regularity of sets with quasiminimal boundary surfaces
in metric spaces”. In: J. Geom. Anal. 23.4 (2013), pp. 1607-1640. 1SSN: 1050-
6926. DOI: 10.1007/s12220-012-9299-z. URL: https://doi-org.ezproxy-
prd.bodleian.ox.ac.uk/10.1007/s12220-012-9299-z.

[123] Juha Kinnunen et al. “Regularity of sets with quasiminimal boundary surfaces
in metric spaces”. In: J. Geom. Anal. 23.4 (2013), pp. 1607-1640. 1SSN: 1050-
6926,1559-002X. DOI: 10.1007/s12220-012-9299-z. URL: https://doi.
org/10.1007/s12220-012-9299-z.

[124]  Yu Kitabeppu. “A sufficient condition to a regular set being of positive measure
on RCD spaces”. In: Potential Anal. 51.2 (2019), pp. 179-196. 1sSN: 0926-
2601,1572-929X. por: 10.1007/s11118-018-9708-4. URL: https://doi.
org/10.1007/s11118-018-9708-4.

[125] Yu Kitabeppu and Sajjad Lakzian. “Characterization of low dimensional RCD* (K, N)
spaces”. In: Anal. Geom. Metr. Spaces 4.1 (2016), pp. 187-215. pOI1: 10.1515/
agms-2016-0007. URL: https://doi.org/10.1515/agms-2016-0007.

[126] Riikka Korte and Panu Lahti. “Relative isoperimetric inequalities and suf-
ficient conditions for finite perimeter on metric spaces”. In: Ann. Inst. H.
Poincaré C Anal. Non Linéaire 31.1 (2014), pp. 129-154. 1SSN: 0294-1449,1873-
1430. por: 10.1016/j.anihpc.2013.01.005. URL: https://doi.org/10.
1016/j.anihpc.2013.01.005.

[127] Giovanni Leoni. “A remark on the compactness for the Cahn-Hilliard func-
tional”. In: ESAIM Control Optim. Calc. Var. 20.2 (2014), pp. 517-523. 1SSN:
1292-8119,1262-3377. DOI: 10.1051/cocv/2013073. URL: https://doi.org/
10.1051/cocv/2013073.

[128] Nan Li and Aaron Naber. “Quantitative estimates on the singular sets of
Alexandrov spaces”. In: Peking Math. J. 3.2 (2020), pp. 203-234. 1SSN: 2096-
6075,2524-7182. DOI: 10.1007 /s42543-020-00026-2. URL: https://doi.
org/10.1007/s42543-020-00026-2.

[129] Peter Li and Shing-Tung Yau. “On the parabolic kernel of the Schrodinger
operator”. In: Acta Math. 156.3-4 (1986), pp. 153-201. 1SSN: 0001-5962,1871-
2509. DOI: 10 . 1007 / BF02399203. URL: https : //doi . org/ 10 . 1007 /
BF02399203.

[130] Zhenhao Li. “The globalization theorem for CD (X, N) on locally finite spaces”.
In: Ann. Mat. Pura Appl. (4) 203.1 (2024), pp. 49-70. 1SsN: 0373-3114,1618-
1891. por1: 10.1007/s10231-023-01352-9. URL: https://doi.org/10.
1007/s10231-023-01352-9.

[131] Joachim Lohkamp. “Metrics of Negative Ricci Curvature”. In: Annals of Math-
ematics 140.3 (1994), pp. 655-683. 1sSN: 0003486X, 19398980. URL: http :
//www.jstor.org/stable/2118620 (visited on 02/06/2025).

157


https://doi.org/10.1007/s12220-012-9299-z
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s12220-012-9299-z
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s12220-012-9299-z
https://doi.org/10.1007/s12220-012-9299-z
https://doi.org/10.1007/s12220-012-9299-z
https://doi.org/10.1007/s12220-012-9299-z
https://doi.org/10.1007/s11118-018-9708-4
https://doi.org/10.1007/s11118-018-9708-4
https://doi.org/10.1007/s11118-018-9708-4
https://doi.org/10.1515/agms-2016-0007
https://doi.org/10.1515/agms-2016-0007
https://doi.org/10.1515/agms-2016-0007
https://doi.org/10.1016/j.anihpc.2013.01.005
https://doi.org/10.1016/j.anihpc.2013.01.005
https://doi.org/10.1016/j.anihpc.2013.01.005
https://doi.org/10.1051/cocv/2013073
https://doi.org/10.1051/cocv/2013073
https://doi.org/10.1051/cocv/2013073
https://doi.org/10.1007/s42543-020-00026-2
https://doi.org/10.1007/s42543-020-00026-2
https://doi.org/10.1007/s42543-020-00026-2
https://doi.org/10.1007/BF02399203
https://doi.org/10.1007/BF02399203
https://doi.org/10.1007/BF02399203
https://doi.org/10.1007/s10231-023-01352-9
https://doi.org/10.1007/s10231-023-01352-9
https://doi.org/10.1007/s10231-023-01352-9
http://www.jstor.org/stable/2118620
http://www.jstor.org/stable/2118620

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

John Lott and Cédric Villani. “Ricci curvature for metric-measure spaces via
optimal transport”. In: Ann. of Math. (2) 169.3 (2009), pp. 903-991. 1SSN:
0003-486X. DOI: 10.4007/annals.2009.169.903. URL: https://doi.org/
10.4007/annals.2009.169.903.

Alexander Lytchak and Stefan Wenger. “Area minimizing discs in metric
spaces”. In: Arch. Ration. Mech. Anal. 223.3 (2017), pp. 1123-1182. 1SSN:
0003-9527. pOI: 10.1007/500205-016-1054-3. URL: https://doi.org/10.
1007/s00205-016-1054-3.

Alexander Lytchak and Stefan Wenger. “Canonical parameterizations of met-
ric disks”. In: Duke Math. J. 169.4 (2020), pp. 761-797. 1SSN: 0012-7094.
DOI: 10.1215/00127094-2019-0065. URL: https://doi.org/10.1215/
00127094-2019-0065.

Alexander Lytchak and Stefan Wenger. “Isoperimetric characterization of up-
per curvature bounds”. In: Acta Math. 221.1 (2018), pp. 159-202. 1SSN: 0001-
5962. DOI: 10.4310/ACTA.2018.v221 .n1.a5. URL: https://doi.org/10.
4310/ACTA.2018.v221.n1.a5.

Francesco Maggi. Sets of finite perimeter and geometric variational problems.

Vol. 135. Cambridge Studies in Advanced Mathematics. An introduction to ge-
ometric measure theory. Cambridge University Press, Cambridge, 2012, pp. xx+454.
ISBN: 978-1-107-02103-7. por: 10.1017/CB09781139108133. URL: https://
doi.org/10.1017/CB09781139108133.

Fernando C. Marques and André Neves. “Existence of infinitely many minimal
hypersurfaces in positive Ricci curvature”. In: Invent. Math. 209.2 (2017),
pp. 577-616. 1sSN: 0020-9910,1432-1297. DOL: 10.1007/s00222-017-0716-6.
URL: https://doi.org/10.1007/s00222-017-0716-6.

Robert J. McCann. “A convexity principle for interacting gases”. In: Adwv.
Math. 128.1 (1997), pp. 153-179. 1ssN: 0001-8708. DOI: 10.1006/aima.1997.
1634. URL: https://doi.org/10.1006/aima.1997.1634.

Michele Miranda Jr. “Functions of bounded variation on “good” metric spaces”.
In: J. Math. Pures Appl. (9) 82.8 (2003), pp. 975-1004. 1ssN: 0021-7824. DOT:
10.1016/S0021-7824(03) 00036-9. URL: https://doi.org/10.1016/
S0021-7824(03)00036-9.

Luciano Modica. “The gradient theory of phase transitions and the minimal
interface criterion”. In: Arch. Rational Mech. Anal. 98.2 (1987), pp. 123-142.
1SSN: 0003-9527. pot1: 10.1007 /BF00251230. URL: https://doi.org/10.
1007/BF00251230.

Luciano Modica and Stefano Mortola. “Un esempio di I'"-convergenza”. In:
Boll. Un. Mat. Ital. B (5) 14.1 (1977), pp. 285-299.

Andrea Mondino and Aaron Naber. “Structure theory of metric measure spaces
with lower Ricci curvature bounds”. In: J. Eur. Math. Soc. (JEMS) 21.6
(2019), pp. 1809-1854. 1SSN: 1435-9855. DOI: 10.4171/JEMS/874. URL: https:
//doi.org/10.4171/JEMS/874.

158


https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.1007/s00205-016-1054-3
https://doi.org/10.1007/s00205-016-1054-3
https://doi.org/10.1007/s00205-016-1054-3
https://doi.org/10.1215/00127094-2019-0065
https://doi.org/10.1215/00127094-2019-0065
https://doi.org/10.1215/00127094-2019-0065
https://doi.org/10.4310/ACTA.2018.v221.n1.a5
https://doi.org/10.4310/ACTA.2018.v221.n1.a5
https://doi.org/10.4310/ACTA.2018.v221.n1.a5
https://doi.org/10.1017/CBO9781139108133
https://doi.org/10.1017/CBO9781139108133
https://doi.org/10.1017/CBO9781139108133
https://doi.org/10.1007/s00222-017-0716-6
https://doi.org/10.1007/s00222-017-0716-6
https://doi.org/10.1006/aima.1997.1634
https://doi.org/10.1006/aima.1997.1634
https://doi.org/10.1006/aima.1997.1634
https://doi.org/10.1016/S0021-7824(03)00036-9
https://doi.org/10.1016/S0021-7824(03)00036-9
https://doi.org/10.1016/S0021-7824(03)00036-9
https://doi.org/10.1007/BF00251230
https://doi.org/10.1007/BF00251230
https://doi.org/10.1007/BF00251230
https://doi.org/10.4171/JEMS/874
https://doi.org/10.4171/JEMS/874
https://doi.org/10.4171/JEMS/874

[143] Andrea Mondino and Stefano Nardulli. “Existence of isoperimetric regions
in non-compact Riemannian manifolds under Ricci or scalar curvature condi-
tions”. In: Comm. Anal. Geom. 24.1 (2016), pp. 115-138. 1SSN: 1019-8385,1944-
9992. DOI: 10.4310/CAG.2016.v24.n1.a5. URL: https://doi.org/10.4310/
CAG.2016.v24.n1.ab.

[144]  Andrea Mondino and Daniele Semola. “Weak Laplacian bounds and minimal
boundaries in non-smooth spaces with Ricci curvature lower bounds”. In: Mem.
Amer. Math. Soc. 310.1568 (2025). cvgmt preprint. DOI: https://doi.org/
10.1090/memo/1568. URL: http://cvgnt.sns.it/paper/5208/.

[145]  Andrea Mondino and Guofang Wei. In: Journal fir die reine und angewandte
Mathematik (Crelles Journal) 2019.753 (2019), pp. 211-237. DOI: doi : 10.
1515/crelle-2016-0068. URL: https://doi.org/10.1515/crelle-2016-
0068.

[146] Connor Mooney. “Minimal Surfaces”. In: Unpublished lecture notes (2021).
URL: https://www.math.uci.edu/~mooneycr/.

[147]  Frank Morgan. “Area-minimizing surfaces in cones”. In: Comm. Anal. Geom.
10.5 (2002), pp. 971-983. 15sN: 1019-8385,1944-9992. DOT: 10.4310/CAG.2002.
v10.n5.a3. URL: https://doi.org/10.4310/CAG.2002.v10.n5.a3.

[148]  Frank Morgan. Geometric measure theory. A beginner’s guide. Academic Press,
Inc., Boston, MA, 1988, pp. viii+145. 1SBN: 0-12-506855-7.

[149] Frank Morgan. Geometric measure theory. Fifth. A beginner’s guide, Illus-
trated by James F. Bredt. Elsevier/Academic Press, Amsterdam, 2016, pp. viii-+263.
ISBN: 978-0-12-804489-6.

[150] Frank Morgan and David L. Johnson. “Some sharp isoperimetric theorems for
Riemannian manifolds”. In: Indiana Univ. Math. J. 49.3 (2000), pp. 1017-
1041. 18SN: 0022-2518,1943-5258. DOI: 10.1512/iumj .2000.49.1929. URL:
https://doi.org/10.1512/iumj.2000.49.1929.

[151]  Sumner Byron Myers. “Riemannian manifolds with positive mean curvature”.

In: Duke Math. J. 8 (1941), pp. 401-404. 1SsN: 0012-7094,1547-7398. URL:
http://projecteuclid.org/euclid.dmj/1077492655.

[152] Aaron Naber. “Conjectures and open questions on the structure and regularity
of spaces with lower Ricci curvature bounds”. In: SIGMA Symmetry Integra-
bility Geom. Methods Appl. 16 (2020), Paper No. 104, 8. 1sSN: 1815-0659. DOTI:
10.3842/SIGMA.2020.104. URL: https://doi.org/10.3842/SIGMA.2020.
104.

[153]  Stefano Nardulli. “Generalized existence of isoperimetric regions in non-compact
Riemannian manifolds and applications to the isoperimetric profile”. In: Asian
J. Math. 18.1 (2014), pp. 1-28. 18SN: 1093-6106,1945-0036. DOIL: 10.4310/AJM.
2014.v18.nl1.al. URL: https://doi.org/10.4310/AJM.2014.v18.n1.al.

159


https://doi.org/10.4310/CAG.2016.v24.n1.a5
https://doi.org/10.4310/CAG.2016.v24.n1.a5
https://doi.org/10.4310/CAG.2016.v24.n1.a5
https://doi.org/https://doi.org/10.1090/memo/1568
https://doi.org/https://doi.org/10.1090/memo/1568
http://cvgmt.sns.it/paper/5208/
https://doi.org/doi:10.1515/crelle-2016-0068
https://doi.org/doi:10.1515/crelle-2016-0068
https://doi.org/10.1515/crelle-2016-0068
https://doi.org/10.1515/crelle-2016-0068
https://www.math.uci.edu/~mooneycr/
https://doi.org/10.4310/CAG.2002.v10.n5.a3
https://doi.org/10.4310/CAG.2002.v10.n5.a3
https://doi.org/10.4310/CAG.2002.v10.n5.a3
https://doi.org/10.1512/iumj.2000.49.1929
https://doi.org/10.1512/iumj.2000.49.1929
http://projecteuclid.org/euclid.dmj/1077492655
https://doi.org/10.3842/SIGMA.2020.104
https://doi.org/10.3842/SIGMA.2020.104
https://doi.org/10.3842/SIGMA.2020.104
https://doi.org/10.4310/AJM.2014.v18.n1.a1
https://doi.org/10.4310/AJM.2014.v18.n1.a1
https://doi.org/10.4310/AJM.2014.v18.n1.a1

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

164]

Lei Ni and Kui Wang. “Isoperimetric comparisons via viscosity”. In: J. Geom.
Anal. 26.4 (2016), pp. 2831-2841. 18sN: 1050-6926,1559-002X. pOI: 10.1007/
s12220-015-9650-2. URL: https://doi.org/10.1007/s12220-015-9650-2.

Barrett O’Neill. Semi-Riemannian geometry. Vol. 103. Pure and Applied Math-
ematics. With applications to relativity. Academic Press, Inc. [Harcourt Brace
Jovanovich, Publishers], New York, 1983, pp. xiii+468. 1SBN: 0-12-526740-1.

Felix Otto and Cédric Villani. “Generalization of an inequality by Talagrand
and links with the logarithmic Sobolev inequality”. In: J. Funct. Anal. 173.2
(2000), pp. 361-400. 1SSN: 0022-1236. DOI: 10.1006/ jfan.1999.3557. URL:
https://doi.org/10.1006/jfan.1999.3557.

Frank Pacard and Manuel Ritoré. “From constant mean curvature hypersur-
faces to the gradient theory of phase transitions”. In: J. Differential Geom. 64.3
(2003), pp. 359-423. 18SN: 0022-040X,1945-743X. URL: http://projecteuclid.
org/euclid. jdg/1090426999.

Jiayin Pan and Guofang Wei. “Examples of Ricci limit spaces with non-
integer Hausdorff dimension”. In: Geometric and Functional Analysis 32.3
(June 2022), pp. 676-685. 1SSN: 1420-8970. DOI: 10.1007/s00039-022-00598~
4. URL: https://doi.org/10.1007/s00039-022-00598-4.

Jon T. Pitts. Existence and reqularity of minimal surfaces on Riemannian
manifolds. Vol. 27. Mathematical Notes. Princeton University Press, Princeton,
NJ; University of Tokyo Press, Tokyo, 1981, pp. iv+330. 1SBN: 0-691-08290-1.

Tapio Rajala. “Failure of the local-to-global property for C'D(K, N) spaces”.
In: Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 15 (2016), pp. 45-68. 1SSN: 0391-
173X,2036-2145.

Tapio Rajala. “Local Poincaré inequalities from stable curvature conditions
on metric spaces”. In: Calc. Var. Partial Differential Equations 44.3-4 (2012),
pp. 477-494. 18SN: 0944-2669. DOI: 10 . 1007 /s00526 - 011 - 0442-7. URL:
https://doi.org/10.1007/s00526-011-0442-7.

Tapio Rajala and Karl-Theodor Sturm. “Non-branching geodesics and optimal
maps in strong C'D(K, oco)-spaces”. In: Calc. Var. Partial Differential Equa-
tions 50.3-4 (2014), pp. 831-846. 1SSN: 0944-2669,1432-0835. DOI: 10.1007/
s00526-013-0657-x. URL: https://doi.org/10.1007/s00526-013-0657-x.

Max-K. von Renesse and Karl-Theodor Sturm. “Transport inequalities, gra-
dient estimates, entropy, and Ricci curvature”. In: Comm. Pure Appl. Math.
58.7 (2005), pp. 923-940. 1SsN: 0010-3640. DOT: 10.1002/cpa.20060. URL:
https://doi.org/10.1002/cpa.20060.

J.-L. Sauvageot. “Tangent bimodule and locality for dissipative operators on
C*-algebras”. In: Quantum probability and applications, IV (Rome, 1987).
Vol. 1396. Lecture Notes in Math. Springer, Berlin, 1989, pp. 322-338. 1SBN:
3-540-51613-1. DOI: 10.1007/BFb0083561. URL: https://doi.org/10.1007/
BFb0083561.

160


https://doi.org/10.1007/s12220-015-9650-2
https://doi.org/10.1007/s12220-015-9650-2
https://doi.org/10.1007/s12220-015-9650-2
https://doi.org/10.1006/jfan.1999.3557
https://doi.org/10.1006/jfan.1999.3557
http://projecteuclid.org/euclid.jdg/1090426999
http://projecteuclid.org/euclid.jdg/1090426999
https://doi.org/10.1007/s00039-022-00598-4
https://doi.org/10.1007/s00039-022-00598-4
https://doi.org/10.1007/s00039-022-00598-4
https://doi.org/10.1007/s00526-011-0442-7
https://doi.org/10.1007/s00526-011-0442-7
https://doi.org/10.1007/s00526-013-0657-x
https://doi.org/10.1007/s00526-013-0657-x
https://doi.org/10.1007/s00526-013-0657-x
https://doi.org/10.1002/cpa.20060
https://doi.org/10.1002/cpa.20060
https://doi.org/10.1007/BFb0083561
https://doi.org/10.1007/BFb0083561
https://doi.org/10.1007/BFb0083561

[165]  Jean-Luc Sauvageot. “Quantum Dirichlet forms, differential calculus and semi-
groups”. In: Quantum probability and applications, V (Heidelberg, 1988). Vol. 1442.
Lecture Notes in Math. Springer, Berlin, 1990, pp. 334-346. 1SBN: 3-540-53026-

6. DOI: 10.1007/BFb0085527. URL: https://doi.org/10.1007/BFb0085527.

[166] Giuseppe Savaré. “Self-improvement of the Bakry—Emery condition and Wasser-
stein contraction of the heat flow in RCD(K, 0o) metric measure spaces”. In:
Discrete Contin. Dyn. Syst. 34.4 (2014), pp. 1641-1661. 1sSN: 1078-0947,1553-
5231. DOI: 10.3934/dcds.2014.34.1641. URL: https://doi.org/10.3934/
dcds.2014.34.1641.

[167] R. Schoen, L. Simon, and S. T. Yau. “Curvature estimates for minimal hyper-
surfaces”. In: Acta Math. 134.3-4 (1975), pp. 275-288. 1SsN: 0001-5962,1871-
2509. por: 10 . 1007 / BF02392104. URL: https://doi . org/ 10 . 1007 /
BF02392104.

[168] Richard Schoen and Leon Simon. “Regularity of stable minimal hypersur-
faces”. In: Comm. Pure Appl. Math. 34.6 (1981), pp. 741-797. 1ssN: 0010-
3640,1097-0312. pO1: 10.1002/cpa.3160340603. URL: https://doi.org/10.
1002/cpa.3160340603.

[169] Richard Schoen and Shing Tung Yau. “On the proof of the positive mass
conjecture in general relativity”. In: Communications in Mathematical Physics
65.1 (1979), pp. 45-76.

[170] Richard Schoen and Shing Tung Yau. “Proof of the positive mass theorem.
I1”. In: Communications in Mathematical Physics 79.2 (1981), pp. 231-260.

[171] Daniele Semola. “Recent developments about Geometric Analysis on RCD(K, V)
spaces”. [Online]. Available: https://danielesemola.weebly.com/uploads/
1/3/2/8/132894247 /main . pdf. Ph.D. dissertation. Pisa, Italy: Scuola Nor-
male Superiore, 2020.

[172] Katsuhiro Shiohama. An introduction to the geometry of Alexandrov spaces.
Vol. 8. Lecture Notes Series. Seoul National University, Research Institute of
Mathematics, Global Analysis Research Center, Seoul, 1993, pp. ii+78.

[173] Leon Simon. “Rectifiability of the singular sets of multiplicity 1 minimal sur-
faces and energy minimizing maps”. In: Surveys in differential geometry, Vol.
II (Cambridge, MA, 1993). Int. Press, Cambridge, MA, 1995, pp. 246-305.
ISBN: 1-57146-027-6.

[174]  Miles Simon. “Ricci flow of non-collapsed three manifolds whose Ricci curva-
ture is bounded from below”. In: J. Reine Angew. Math. 662 (2012), pp. 59—
94. 18SN: 0075-4102,1435-5345. DOI: 10.1515/CRELLE.2011.088. URL: https:
//doi.org/10.1515/CRELLE.2011.088.

[175] Miles Simon and Peter M. Topping. “Local control on the geometry in 3D
Ricci flow”. In: J. Differential Geom. 122.3 (2022), pp. 467-518. 1SSN: 0022-
040X,1945-743X. DOI: 10.4310/jdg/1675712996. URL: https://doi.org/
10.4310/jdg/1675712996.

161


https://doi.org/10.1007/BFb0085527
https://doi.org/10.1007/BFb0085527
https://doi.org/10.3934/dcds.2014.34.1641
https://doi.org/10.3934/dcds.2014.34.1641
https://doi.org/10.3934/dcds.2014.34.1641
https://doi.org/10.1007/BF02392104
https://doi.org/10.1007/BF02392104
https://doi.org/10.1007/BF02392104
https://doi.org/10.1002/cpa.3160340603
https://doi.org/10.1002/cpa.3160340603
https://doi.org/10.1002/cpa.3160340603
https://danielesemola.weebly.com/uploads/1/3/2/8/132894247/main.pdf
https://danielesemola.weebly.com/uploads/1/3/2/8/132894247/main.pdf
https://doi.org/10.1515/CRELLE.2011.088
https://doi.org/10.1515/CRELLE.2011.088
https://doi.org/10.1515/CRELLE.2011.088
https://doi.org/10.4310/jdg/1675712996
https://doi.org/10.4310/jdg/1675712996
https://doi.org/10.4310/jdg/1675712996

[176]

[177]

178

[179]

[180]

181]

[182]

[183]

[184]

[185]

[186]

James Simons. “Minimal varieties in riemannian manifolds”. In: Ann. of Math.
(2) 88 (1968), pp. 62—-105. 18sN: 0003-486X. DOI: 10 .2307 /1970556. URL:
https://doi.org/10.2307/1970556.

Antoine Song. “Existence of infinitely many minimal hypersurfaces in closed
manifolds”. In: Ann. of Math. (2) 197.3 (2023), pp. 859-895. 1SSN: 0003-
486X,1939-8980. pO1: 10 .4007 /annals . 2023 .197 .3 . 1. URL: https://
doi.org/10.4007/annals.2023.197.3.1.

Peter Sternberg. “The effect of a singular perturbation on nonconvex varia-
tional problems”. In: Arch. Rational Mech. Anal. 101.3 (1988), pp. 209-260.
1SSN: 0003-9527. DOI: 10.1007 /BF00253122. URL: https://doi.org/10.
1007/BF00253122.

Karl-Theodor Sturm. “On the geometry of metric measure spaces. I”. In: Acta
Math. 196.1 (2006), pp. 65-131. 1SSN: 0001-5962. DOI: 10.1007/s11511-006~
0002-8. URL: https://doi.org/10.1007/s11511-006-0002-8.

Karl-Theodor Sturm. “On the geometry of metric measure spaces. II”. In: Acta
Math. 196.1 (2006), pp. 133-177. 1sSN: 0001-5962. DOI: 10.1007/s11511-006~
0003-7. URL: https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.
1007/s11511-006-0003-7.

Gang Tian. “On Calabi’s conjecture for complex surfaces with positive first
Chern class”. In: Invent. Math. 101.1 (1990), pp. 101-172. 1SSN: 0020-9910,1432-
1297. por: 10 . 1007 /BF01231499. URL: https : //doi . org/ 10 . 1007 /
BF01231499.

Yoshihiro Tonegawa and Neshan Wickramasekera. “Stable phase interfaces
in the van der Waals—Cahn—Hilliard theory”. In: J. Reine Angew. Math. 668
(2012), pp. 191-210. 18SN: 0075-4102,1435-5345. DOT: 10.1515/crelle.2011.
134. URL: https://doi.org/10.1515/crelle.2011.134.

Peter M. Topping. “Ricci flow and Ricci limit spaces”. In: Geometric analysis.
Vol. 2263. Lecture Notes in Math. Springer, Cham, 2020, pp. 79-112. I1SBN: 978-
3-030-53725-8; 978-3-030-53724-1. po1: 10.1007/978-3-030-53725-8\_3.
URL: https://doi.org/10.1007/978-3-030-53725-8_3.

Cédric Villani. Optimal transport. Vol. 338. Grundlehren der mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Old and
new. Springer-Verlag, Berlin, 2009, pp. xxii+973. 1SBN: 978-3-540-71049-3.
DOI: 10.1007/978-3-540-71050-9. URL: https://doi.org/10.1007/978-
3-540-71050-9.

Cédric Villani. “Synthetic theory of Ricci curvature bounds”. In: Japanese
Journal of Mathematics 11.2 (Sept. 2016), pp. 219-263. 1SSN: 1861-3624. DOTI:
10.1007/s11637-016-1531-3. URL: https://doi.org/10.1007/s11637-
016-1531-3.

Nik Weaver. Lipschitz algebras. Second. World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2018, pp. xiv+458. I1SBN: 978-981-4740-63-0.

162


https://doi.org/10.2307/1970556
https://doi.org/10.2307/1970556
https://doi.org/10.4007/annals.2023.197.3.1
https://doi.org/10.4007/annals.2023.197.3.1
https://doi.org/10.4007/annals.2023.197.3.1
https://doi.org/10.1007/BF00253122
https://doi.org/10.1007/BF00253122
https://doi.org/10.1007/BF00253122
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0003-7
https://doi.org/10.1007/s11511-006-0003-7
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s11511-006-0003-7
https://doi-org.ezproxy-prd.bodleian.ox.ac.uk/10.1007/s11511-006-0003-7
https://doi.org/10.1007/BF01231499
https://doi.org/10.1007/BF01231499
https://doi.org/10.1007/BF01231499
https://doi.org/10.1515/crelle.2011.134
https://doi.org/10.1515/crelle.2011.134
https://doi.org/10.1515/crelle.2011.134
https://doi.org/10.1007/978-3-030-53725-8\_3
https://doi.org/10.1007/978-3-030-53725-8_3
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/s11537-016-1531-3
https://doi.org/10.1007/s11537-016-1531-3
https://doi.org/10.1007/s11537-016-1531-3

187

[188]

[189]

[190]

Nik Weaver. “Lipschitz algebras and derivations. II. Exterior differentiation”.
In: J. Funct. Anal. 178.1 (2000), pp. 64-112. 1SsN: 0022-1236,1096-0783. DOT:
10.1006/jfan.2000.3637. URL: https://doi.org/10.1006/jfan.2000.
3637.

Brian White. “Stratification of minimal surfaces, mean curvature flows, and
harmonic maps”. In: J. Reine Angew. Math. 488 (1997), pp. 1-35. 1SSN: 0075-
4102,1435-5345. po1: 10.1515/¢cr11.1997.488.1. URL: https://doi.org/
10.1515/¢cr11.1997.488.1.

Neshan Wickramasekera. “A general regularity theory for stable codimension
1 integral varifolds”. In: Ann. of Math. (2) 179.3 (2014), pp. 843-1007. 1SSN:
0003-486X,1939-8980. DOI: 10.4007/annals.2014.179.3.2. URL: https:
//doi.org/10.4007/annals.2014.179.3.2.

Shing Tung Yau. “Problem section”. In: Seminar on Differential Geometry.
Vol. No. 102. Ann. of Math. Stud. Princeton Univ. Press, Princeton, NJ, 1982,
pp- 669-706. 1SBN: 0-691-08268-5.

163


https://doi.org/10.1006/jfan.2000.3637
https://doi.org/10.1006/jfan.2000.3637
https://doi.org/10.1006/jfan.2000.3637
https://doi.org/10.1515/crll.1997.488.1
https://doi.org/10.1515/crll.1997.488.1
https://doi.org/10.1515/crll.1997.488.1
https://doi.org/10.4007/annals.2014.179.3.2
https://doi.org/10.4007/annals.2014.179.3.2
https://doi.org/10.4007/annals.2014.179.3.2

	Introduction
	An overview of Ricci curvature
	A synthetic notion of Ricci curvature bounds
	Finite perimeter sets in RCD spaces
	Contributions

	Preliminaries
	Analysis on metric measure spaces
	Basic definitions and notation
	Hausdorff measures
	Absolutely continuous curves
	Sobolev calculus
	Infinitesimal Hilbertianity
	Heat flow
	Optimal transport tools

	Convergence of metric measure spaces
	Basic definitions
	Ricci limit spaces
	Convergence of functions

	RCD metric measure spaces
	Curvature dimension conditions
	RCD condition
	Some properties of RCD spaces
	Regularity theory of RCD metric measure spaces
	Heat flow in RCD spaces
	Stability properties of functions
	Non-collapsed RCD spaces
	Metric cones
	Tangent modules
	Quasi-continuous vector fields

	Finite perimeter sets in RCD metric measure spaces
	BV functions
	L1 convergence of sets
	Finite perimeter sets in RCD spaces
	Operations on finite perimeter sets

	Perimeter minimizing sets
	Isoperimetric regions


	Monotonicity formula and stratification
	Introduction
	Monotonicity Formula
	Stratification of the singular set and other applications

	Monotonicity formula
	Stratification of the Singular Set and further applications

	On the dimension of the singular set of perimeter minimizers in spaces with a two-sided bound on the Ricci curvature
	Introduction
	Second variation formula in Euclidean spaces
	Proof of the main results

	Approximation of the perimeter functional in RCD spaces
	Introduction
	Fixed ambient space
	Variable ambient space


