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Abstract
In 1878, theDutch physicist Hendrik Antoon Lorentz first addressed the calculation of the local
electricfield at an atomic site in a ferroelectricmaterial, generated by all the other electric dipoles
within the sample. This calculation, which applies equally well to ferromagnets, is taught in
Universities around theWorld.Herewe demonstrate that the Lorentz concept can be used to speed up
calculations of the local dipolarfield in square, circular, and elliptical shapedmonolayers and thin
films, not only at the center of the film, but across the sample. Calculations show that long elliptical
and rectangularfilms should exhibit the narrowest ferromagnetic resonance (FMR) linewidth. In
addition, discrete dipole calculations show that the Lorentz cavityfield m( )/M 30 does not hold in
tetragonal films. Depending on the ratio (b/a), the localfield can be either less/greater than m( )/M 3 :0

an observation that has implications for FMR. 3D simple cubic (SC) systems are also examined. For
example, whilemost texts discuss the Lorentz cavity field in terms of a Lorentz sphere, the Lorentz
cavity field still holdswhen a Lorentz sphere is replaced by a the Lorentz cube, but only in cubic SC,
FCC andBCC systems. Finally, while the primary emphasis is on the discrete dipole–dipole
interaction, contact ismadewith the continuummodel. For example, in the continuous SCdipole
model, just onemonolayer is required to generate the Lorentz cavity field. This is inmarked contrast
to the discrete dipolemodel, where aminimumoffive adjacentmonolayers is required.

1. Introduction

In recent years there has been growing interest into incorporating thinmagnetic films (100 μm–100 nm) into
metamolecules [1–4] andmagnonic devices [5, 6]. The properties of thin patternedmagnetic films are therefore
of importance. In general, such devices rely on exciting ferromagnetic resonance (FMR), which is dependent on
the local dipolar field ( )B rloc generated at site r by all the other dipoles within the sample (not themacroscopic
field m= +( )B H M ,o see the discussion byKittel [7, 8]). Here, we first review the calculation of the localfield,
as laid downby Lorentz [9]5 and Brown [10]. Secondly, we adapt the Lorentzmethod tomonolayers and thin
films. Thirdly, an extension of the Lorentzmethod is used to speed up calculation of local dipolar fields, as a
function of positionwithin a given thinfilm. Fourthly, we compare local dipolar fields in square, rectangular,
circular, and elliptical shapes, paying particular attention to the local dipolar fields at the edges. In essence, the
work presented here can be seen as an attempt to identify that shape offilm (pattern)which should yield the
narrowest FMR linewidth. Such experiments should have relevance inmagnetic hybrid split ring resonator
(SRR)metamolecules, where strong photon–magnon coupling occurs [2–4]. In the latter experiments, the
permalloy and othermagnetic filmswere simply patterned into small circular disks of∼100 μmdiameter,
primarily to suppress eddy currents. Little regardwas paid as to how to strengthen the FMR/SRR (magnon/
photon) interaction. In this paper, it is argued that the use of long rectangular or elliptical shapes should lead to
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sharper FMR resonances, and hence stronger photon–magnon coupling.However, while the above provides
somemotivation for the present work, the results presented here, advance the Lorentz concept in basic
magnetism, particularly inmonolayers and thin films.

2. Brief review ofmagnetostatics

Using a uniformlymagnetized ferromagnetic slab as an example, the local dipolar field at a target site ri can be
expressed in the form:

= + + +( ) ( ) ( )B r B r B B B . 1i iloc dip Lor demag app

A schematic diagram, illustrating the origin of the ( )B r B B, , andidip Lor demag terms, can be seen infigure 1.
Here:
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where the remaining symbols take on their usualmeanings. So in addition to the appliedfield B ,app the actual
local dipolarfield ( )B riloc at the target atom consists of three terms.One, a contribution generated by all the
dipoles within the Lorentz sphere: ( )B r .idip Two, the Lorentzfield BLor generated by the free poles at the edges of
the spherical hole (often referred to as the Lorentz cavity or remagnetizing field m /M 30 ). Three, a
demagnetization field B ,demag generated by uncompensatedmagnetic poles at the extreme left and right of the
slab. The contribution fromall other dipoles, the vastmajority, amounts to zero by a fundamental theoremof
electrostatics (see appendix A). This theorem rests on two pillars. One, themagnetization in the sample with the
Lorentz sphere removed, can be considered as continuous, as viewed from the center of the Lorentz sphere. Two,
the divergence of themagnetization =Mdiv 0, i.e. uniformmagnetization regardless of shape.

In the following sections, we apply the Lorentzmethod to thin films andmonolayers, where the concept of a
Lorentz sphere is nowmeaningless.

3.Monolayermagnetostatics

For thinfilms, the dipole–dipole contribution to the localfield ( )B rloc at a given site canbe determinedby summing
over all thefields generated bydipoles,within individualmonolayers, and subsequently adding all themonolayer
contributions together. Thismethodworks in thinfilms because, in general, onlyfivemonolayers are required [11].

Specifically, if all themagneticmoments within a givenmonolayer are parallel, the localfield at the origin
(0, 0, 0) in a simple cubic (SC) compound can bewritten in compactmatrix form:

Figure 1. 2D schematic diagram showing a Lorentz sphere in a thickfilm. In reality, the 2Ddisk (2D rectangle) should be a 3D sphere
(3D slab), respectively.
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Here (i)D =k 0 refers to thatmonolayer which contains the target atom = ( )r 0, 0, 0 ,whileD =  k 1, 2
refers to themonolayers above and below the targetmonolayer, etc, (ii) the dimensionless term D

xx
k is a

shorthand notation for the planewise summations
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(iv)The {i, j} refer specifically to the positions of themoments {x, y}within a given plane k, (v)D = - ¢( )k k k ,
(vi) the z-axis is normal to thefilm, in the direction ofDk, (vii) because of cubic symmetry  =D D andyy

k
xx

k
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k (viii) thematrix is traceless, and (ix) all other symbols possess their usualmeanings.

Also, note that (i) thismethod onlyworks, if all themagneticmoments mk within a givenmonolayer are parallel

to each other, and (ii) in the Lorentz limit, the dipolar sums D
xx

k will give rise to the localfield ( )B r ,loc as
described by equations (1)–(2).

In [11], it was shown that for a SC squaremonolayerfilmwith + ´ +( ) ( )m m2 1 2 1 spins (m integer), the
D ( )mxx

k converge asymptotically according to:

 a= -D
D( ) ( )m

m

2 2
. 6xx

k
k

In practice, the constants aDk are essentially zero for D >∣ ∣k 2.Thus for a SC ferromagnetic thin film, only
three numbers are required:

a a a= = - = -  ( )4.516 811; 0.163 7329; 0.000 278 402. 70 1 2

So for an infinite film,  ¥( )m :


p
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This is exactly the same cavity or remagnetizing Lorentzfield as that found at the center of the Lorentz sphere
(see figure 1).

Finally, before leaving this section, we state that in themainwe shall concentrate primarily on the properties
of the dimensionless dipolar terms D ( )m .xx

k In practice, such terms can be rapidly converted into dipolar fields
using equations such as equation (9). However, this involves additional prefactors that reduce clarity of
presentation. In addition, we shall also concentrate primarily on the properties of D ( )mxx

k withD =k 0, since it
is thismonolayer which contributes the largest contribution to the local dipolar field.

4. The Lorentzmethod inmonolayers

In [11] it was shown that the slowly converging term /m2 2 in equation (6) originates fromdemagnetizing
fields at the edges of the film. This result allows us to adapt the Lorentzmethod to a squaremonolayer of spins, as
illustrated schematically infigure 2.

Here, the Lorentz square, defined by + ´ +( ) ( )m m2 1 2 1Lor Lor spins, is located in the center of the square
film >( )m m .Lor Thus for the target atom at the center of the film:

 = + -D D( ) ( ) ( )m m
m m

2 2 2 2
. 10xx

k
xx

k
Lor

Lor

Thefirst term D ( )mxx
k

Lor is the discrete contribution from all the dipoles within the Lorentz square, the second
term /m2 2 Lor is themonolayer equivalent of the remagnetizing Lorentz field, while the third term is the layer-
equivalent demagnetizing contribution, arising from the free poles on the edges of the ´m m square film. All
contributions fromother dipoles (the vastmajority) amount to zero, as in the Lorentzmethod (see appendix A).
Equivalently, in terms ofmagnetic field, for a uniformlymagnetizedmonolayer,magnetized along the x-axis:
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However, there is one big difference between the original Lorentzmethod and that of themonolayermethod
presented here. In the original Lorentzmodel, the sumover all the dipoles enclosed by the Lorentz sphere is zero:

º( )B r 0idip for a SC lattice. However, this is not the case for the sumover the spins in a SC Lorentz square.

Indeed, this term is themajor contributor to the value of   ¥D ( )m :xx
k a point illustrated in tables 1(a), (b) for

 ,xx
0  ,xx

1 respectively.

Next, we observe that the Lorentzmethod allows for a fast determination of   ¥D ( )m .xx
k From

equation (10), for  ¥m ,   ¥  +D D( ) ( ) ( )/m m m2 2 .xx
k

xx
k

Lor Lor Thuswe should be able to

determine the value of   ¥D ( )m ,xx
k using relatively small values of m .Lor This trick is illustrated in tables 1(a),

(b). For example, if thismethod is towork the last column in say table 1(a), should read 4.516 81. For
m 1000,Lor the error is negligible. However, even for mLor as small as 50, the deviation from the saturation

value is only+1.2%. Similar conclusions also hold for 
xx

1 (see table 1(b)).
In conclusion, it is clear that the Lorentzmethod can be used to examine and speed up the determination of

the local dipolar fields in a givenmonolayer, using relatively small values of the Lorentz square + ´( )m2 1Lor

+( )m2 1 .Lor It is also clear that such tables can be used to answer the question: ‘what is the value of mLor required
for a given accuracy?’However, rather surprisingly, we find that quite small values »m 50Lor are sufficient.

Figure 2. Schematic representation of the Lorentzmethod for a squaremonolayer of spins, showing the uncompensatedNorth and
South poles.

Table 1. (a)The Lorentzmethod applied to a SCmonolayer using Lorentz
squares of differing sizes: xx

0 as a function of m .Lor (b)The Lorentz
method applied to a SCmonolayer using Lorentz squares of differing
sizes: 

xx
1 as a function of m .Lor

mLor  ( )mxx
0

Lor /m2 2 Lor  +( ) /m m2 2xx
0

Lor Lor

20 4.378 87 0.141 421 4.520 29

50 4.460 80 0.056 5685 4.517 37

100 4.488 67 0.028 2843 4.516 95

250 4.505 52 0.011 3137 4.516 83

500 4.511 16 0.005 657 4.516 82

1000 4.513 98 0.002 828 4.516 808

2000 4.515 40 0.001 414 21 4.516 811

3000 4.515 87 0.000 943 4.516 811

(b)

20 −0.301 261 0.141 421 −0.159 840

50 −0.219 711 0.056 5685 −0.163 142

100 −0.191 872 0.028 2843 −0.163 588

250 −0.175 023 0.011 3137 −0.163 709

500 −0.169 383 0.005 657 −0.163 726

1000 −0.166 559 0.002 828 −0.163 731

2000 −0.165 146 0.001 414 21 −0.163 732

3000 −0.164 675 0.000 943 −0.163 732
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Indeed, this observation allows us to examine the variation of the local dipolar field across a givenmonolayer or
thinfilm, as discussed in the next section.

5. Local dipolarfield spatial variation in a uniformlymagnetized square thinfilm

So far, we have concentrated on calculating the local dipolar field at the center of say a sphere or thin film.Here,
we show that the Lorentzmethod can be used to speed up the calculation of the local dipolar-field variations
across a uniformlymagnetized thin film.

Instead offixing the position of the Lorentz square in the center of the film, we now allow the Lorentz square
to travel (metaphorically) in both the x and y directions. This situation is illustrated schematically in figure 3.
Herewe can think of the Lorentz square as a Lorentz probewhichwemove around the film.Next, we use the
surface charge analogy of demagnetization fields, towork out the value of the demagnetizing field at a given
positionwithin the film, arising from the free poles on the edges of thefilm.Note that a free north (south) pole,
corresponds to a negative (positive) charge, respectively. Thus the demagnetizing field is in the same direction as
the equivalent electric field.

If we setσ equal to the charge per unit length the charge dq at y in a small region dy is given by:

s= ( )q yd d . 12

This chargewill give rise to an electricfield dE at the target atom, located in the center of the Lorentz square
(red)

s
= -( ) ( )E r

y

r
d

d
. 13

2

Next, we observe that:

q =
-

-( )
( )

y m a

m m a
tan . 14

y

x

Thus:

q
q=

-( ) ( )y
m m a

d
cos

d . 15x
2

Also:

q = -( ) ( )r m m acos . 16x

Figure 3. Schematic diagram showing the Lorentz probe (magenta) inside amonolayer squarefilm. The integersmx andmy determine
the direction of travel. The actual size of the Lorentz probe on the right is grossly under-exaggerated.
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Consequently, on combining equations (12)–(16)wefind:
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Here the angle θ is swept from q1 to q- ,2 as indicated by the dotted red lines infigure 3, specifically:
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Likewise from the negative charges at the bottomof the film:
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So, for example, at the center of the square, = =m m 0,x y yielding q q q q p= = ¢ = ¢ = /41 2 1 2 Thus:
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in accordwith [11].
Proceeding in thismanner, wehave calculated ( )m m,xx x y

0 as a functionof positionwithin a squarefilmwith
m set equal to 5000, i.e. in excess of a 108 spins. Todo thiswehave set the size of the Lorentz square (the probe)
mLor=50.This small value does not yield themost accurate value of  ¥( )m .xx

0 However it does allowus to
approach the edge of thefilm towithinΔm=−50. The results are detailed infigure 4(a), where itwill be observed
thatmost of thefilm is characterized by a constant value, close to 4.516, except at thefilmedgeswhere it falls
sharply.We shall refer to these two sharp falls as the cliff edges at theNorth andSouth poles of thefilm.

Concomitantly, in addition to the changes in themagnitude of  ,xx
0 transverse fields (y-axis) are also

generated by the demagnetization fields. Their amplitudes, whichwe shall denote by the cross term  ,xy
0 are

summarized infigure 4(b). Note that the amplitude of the xy
0 is close to zero formost of thefilm, except at the

corners where it changes quite rapidly.
Finally, the local dipolarfield, across the sample, can be determined using thematrix formulation:
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Here it is understood that (i) the D
xx

k etc are nowposition dependent, and (ii) the demagnetization fields are
now all included in the D

xy
k etc terms.However it is also clear from an inspection offigures 4(a), (b) that the

magnitude of the off-diagonal terms, at least for square films, is generallymuch smaller than their diagonal
counterparts. Another notable features infigure 4(a) is the apparent constancy of xx

0 (top and bottom) at the
edges parallel toM. Of course, itmust be stressed that both diagrams (figures 4(a), (b)) only detail themagnitude
of the xx

0 and xy
0 towithin 50 atoms from the edges of the film. Sowhile these figures detail the variation of the

two terms across the vastmajority of the 108 spins in the film, there is the possibility that both xx
0 and xy

0 may
change evenmore dramatically as we approach the actual edges of the film. To investigate this situation, inmore
detail, we have examined the properties of a smallerfilm of 501×501 spins, this time going right up the edge of
thefilm. The results can be seen infigures 5(a), (b).

From an examination offigure 5(a) it will be seen that the variation of xx
0 parallel to themagnetizationM,

changes dramatically (4.51→1) at theNorth and South pole cliff edges of thefilm.However, perhaps
surprisingly, xx

0 perpendicular to themagnetizationM, is relatively constant, only changingmodestly right at
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the very edge of the film (4.51→4.66). These observations therefore, suggest that if wewish tomaximize the
number of spins with the same local dipolar field, it is best to choose elongated rectangular filmswith the long
axis parallel to themagnetizationM. In fact, it is possible to put this statement on a semi-quantitative footing, by
calculating themean value and variance of say xx

0 across the sample. The results can be seen infigures 6(a), (b),
for ever increasing rectangular shapes.

From the k=0 FMRpoint of view, the actual situation is, of course,more complicated than that implied by
mean values and standard deviations. In practice, both theNorth and South pole cliff edges, will almost certainly
lead to pinning at these edges of the film (different FMR frequency). This situation is examined inmore detail in
appendix B, where it is argued that (i) if the spinwavemode p= /k l is excited, where l is the length of thefilm in
the direction of themagnetization, and (ii) the shift in resonance is say 1/10th of the inhomogeneous linewidth,
thenKittel’s FMR equations are still, essentially, valid. Of course, both theNorth and South pole cliff-edges can
be avoided entirely, if a long rectangular strip is turned into aflattened ring.However, such 3D geometries will
limit applications.

In the next section, we examine the local dipolar field across elliptically shapedmonolayer or thin films. In
practice, there are significant differences between rectangular and elliptical thinfilms.

6. Local dipolarfields in a uniformlymagnetized elliptical disk

First, we obtain an expression for the demagnetization factor for a target atom at the geometric center of a
monolayer in the formof an elliptical disk.

The equation of an ellipse takes the form:

+ =⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ ( )x

a

y

b
1. 24

2 2

Figure 4. (a)Variation of xx
0 as a function of positionwithin a uniformlymagnetizedmonolayermagnetized along the positive

x-axis. (b)Variation of xy
0 as a function of positionwithin a uniformlymagnetizedmonolayermagnetized along the positive x-axis.

This will give rise to small displacements of the spins away from the x-axismagnetization in the±y directions.

7

New J. Phys. 21 (2019) 073063 G JBowden et al



Figure 5. (a) xx
0 parallel to themagnetizationM, as a function of distance from the edge of thefilm. The dots signify the discrete value

of  ,xx
0 in the direction of travel. The continuous line is the saturation value at the center of thefilm. (b) xx

0 perpendicular to the
magnetizationM, as a function of distance from the edge of thefilm. The dots signify the value  ,xx

0 in the direction of travel. The
continuous line is the saturation value at the center of thefilm.

Figure 6. (a)Mean value of xx
0 for rectangularfilms. The saturation value is  = 4.516 81.xx

0 (b) Standard deviation of xx
0 and xy

0

for rectangular films. Themean value for xy
0 is always zero (seefigure 4(b)).
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Here, we observe the usual convention that the axes (a, b) are associatedwith the (long, short) axes, respectively,
i.e. the ellipticity e = /b a 1.Unfortunately, this symbolism clasheswith our earlier definition of a as the unit
length of the SC lattice. So ultimately, it will be necessary to replace the elliptical length a bymaa, wherema is an
integer.

In practice, it is convenient to use the parametric representation of an ellipse:

f f= = ( )x a y bcos , sin , 25

where f ismeasured from the long axis of the ellipse, and a b.The situation is illustrated infigure 7.
First, we need an expression for the charge distribution around the edges of the ellipse. In the parametric

representation, the tangent to the ellipse at a general point (x, y) takes the form:

f f f f= + = - + ( )t i j i jx y a bd d sin d cos d . 26

So a normalized vector n̂, normal to the tangent t , is given by:

e f

f e f

f

f e f
=

+
+

+
ˆ ( )n

i jcos

sin cos

sin

sin cos
. 27

2 2 2 2 2 2

For the charge distribution as a function of f,we are interested in the projection of the normal onto the
direction ofmagnetization (the a (x)-axis). Thus the charge distribution scales as:

s f
s e f

f e f
=

+
( ) ( )cos

sin cos
. 28

2 2 2

Note that if e = 1, s f s f( ) cos , i.e. that for a circle, as expected [11].
Next, from equation (25)wehave:

f e f= + ( )r a cos sin . 292 2 2

So a portion sd around the ellipse is given by:

f e f f= + ( )s ad sin cos d . 302 2 2

Given that the charge on the ellipse scales as s f( ) sd ,a we obtain:

^ ^s f f e f

f e f
=

- -

+

( ) ( )E
i js

r
d

d cos sin

cos sin
. 31

2 2 2 2

Thus:

s e f
f e f

f= -
+

⎛
⎝⎜

⎞
⎠⎟( )

( )
/

E
a

cos

cos sin
d . 32a

2

2 2 2 3 2

On integrating therefore:

 ò
s e f

f e f

f e= -

+

p
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

( )
( ) ( )E

a

cos

cos sin
3
2

d , 0 1 . 33a
0

2 2

2 2 2

In practice, analytic forms can be obtained for the above integrals, if the ellipticity e can be expressed in the
formof a fraction:

Figure 7.The parametric representation of an ellipse. The red circle is used as a construct for the blue ellipse.
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e = ( )p

q
. 34

Wefind:

 se
e= -

-
-

-
-⎡

⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥( ) ( )E

a

q

q p

q p

q
E

q p

q

4
K 0 1 , 35a

2

2 2

2 2

2

2 2

2

where K and E are elliptic integrals. Alternatively, in terms ofα andβ exponents, we have:

 a
b

= -D D( ) ( )m
m

, 36xx
k

a xx
k a

a

where the exponent ba is given by:

b = -
-

-
-

-⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )p

q

q

q p
K

q p

q
E

q p

q

4
. 37a

2

2 2

2 2

2

2 2

2

Similarly, formagnetization along the shorter b-axis:

 a
b

= -D D( ) ( )m
m

, 38yy
k

a yy
k b

a

where bb is given by:

b = -
-

-
-

-⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )p

q

q

q p
K

q p

q

q

p
E

q p

q

4
. 39b

2

2 2

2 2

2

2

2

2 2

2

Note that if the eccentricity e = 1, b b p= = ,a b i.e. that for a circle. Also if e  0, i.e. a b, then
b  0,a which is to be expected. As the ellipse becomesmore andmore ‘rod-like’, the charge is now
concentrated at the ends of the rod.

Next, some numerical calculations for an ellipse with e = /1 2, are summarized in table 2. Once again, as
with squaremonolayers, it is clear that the value of   ¥D ( )mxx

k can be obtained using quite small elliptical
disks. Aswith squaremonolayers discussed earlier, small elliptical Lorentz disks can be used to probe the
variation ofmagnetic fields across larger ellipticalmonolayers.

Finally, before leaving this sectionwe state that  ( )mxx a
0 and  ( )myy a

0 terms can befittedwith the
asymptotic formula:





= -

= -

( )
( ) ( )

/

/

m m

m m

4.516 81 2.520 75

4.516 81 7.168 31 . 40
xx a

yy a a

0
a

0

Thefirst number a a= =D D 4.516 81xx
k

yy
k is, of course, to be expected. The ba (bb) exponents can be

calculated using equations (37) and (39).Wefind 2.521 23 (7.167 22), respectively, which compare favorably
with the exponents of equation (40), obtainedwith a least squares fitting program.

In summary, we have obtained expressions for the local dipolar field at the center of an ellipse. In the
following section, we use our extension of the Lorentzmethod to examine the local dipolar field at points other
than that at the center of the ellipse.

Table 2.The Lorentzmethod applied to a SC lattice using an ellipticalmonolayer with
e = /1 2, for various integer ma along the a-axis. Note that the last column rapidly
approaches 4.516 811, i.e. the value of   ¥( )mxx a

0 (see [12, 14]). It will also be
observed that even for ma as small as 50, the error in  b+( ) /50 50xx a

0 is very small,
namely+1.1%.

ma  ( )mxx a
0 b /ma a   b ¥ = +D ( ) ( ) /m m mxx

k
xx a a a
0

50 4.4669 0.050 4245 4.517 32

100 4.491 73 0.025 2123 4.516 94

250 4.506 74 0.010 0849 4.516 82

500 4.511 77 0.005 042 45 4.516 81

1000 4.514 29 0.002 521 23 4.516 81

2000 4.515 55 0.001 260 61 4.516 81

3000 4.515 97 0.000 840 409 4.516 81
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7. The demagnetizingfield at an arbitrary point in a ferromagnetic ellipticalmonolayer

First, it is necessary to obtain an expression for the demagnetizing field, at an arbitrary point within the disk,
arising from free-poles on edges of a uniformlymagnetized elliptical disk.

A general point r on the edge of the elliptical disk is given by:

f e f= +( ˆ ˆ) ( )r i ja cos sin . 41

Likewise, a point within the disk can bewritten:

^ ^ f e f= +( ) ( ) ( )r i ja a acos sin , . 421 1 1 1 1

Thus the electric field at r1due to the surface charge at r is given by:

^ ^

s f

s e f

f e f
f e f f

s e f f
f f e f f

f f e f f

=
-

-

-

=
+

+
-

-

=
- + -

- + -

( )
∣ ∣ ∣ ∣

(∣ ∣ )
( ) ( )

[( ) ( ) ]

( )

/

E
r r

r r

r r

r r

r r

i j

s

a

a
a a a a

a a a a

d
d

cos

sin cos
sin cos d

3
2

cos d
cos cos sin sin

cos cos sin sin
.

43

1
2

1

1
2

2 2 2

2 2 2 1

1
2

1 1 1 1

1 1
2 2

1 1
2 3 2

Proceeding in thismanner, we find:

^

^

ò

ò

s e f f f
f f e f f

f

s e f f f
f f e f f

f

= =
-

- + -

= =
-

- + -

p

p

( )( )
[( ) ( ) ]

( )( )
[( ) ( ) ]

( )
/

/

E E i

E E j

a a a

a a a a

a a a

a a a a

cos cos cos

cos cos sin sin
d

cos sin sin

cos cos sin sin
d .

44

x a

y b

0

2
1 1

1 1
2 2

1 1
2 3 2

0

2 2
1 1

1 1
2 2

1 1
2 3 2

As a check, we set =a 0,1 and e = 1.Thuswe are calculating say Ex at the center of a circle.Wefind:

ò
s

f f
sp

= - = -
p

( ) ˆ ( )E i
a a

cos d 45x
0

2
2

as expected [11]. However, in general it will be necessary to integrate equation (44), numerically.
The results of such calculations can be seen infigures 8(a), (b), for xx

0 and  ,yy
0 where x(y) are parallel to the

(a, b)-axes, respectively.
On comparing the results for a square film, figures 4(a), (b), with those for an elliptical film, figures 8(a), (b),

we see that there are similarities and differences. For example, both square and ellipticalmonolayers show a
marked downturn in  ,xx

0 the cliff edges, as the uncompensatedNorth and South poles are approached.
However, for ellipses, the cliff edge extends into the sides of thefilm. This is also true for the xy

0 term,where the
spread inmagnitude is evenmore apparent. In summary therefore, even a visual comparison between elliptical
and rectangular films, with similar ( )m m,a b and ( )m m,x y values, suggests that the rectangular filmswill possess
a greater number of spins experiencing the same local dipolar field.

8. The localfield in a simple tetragonal system

Next, we examine the simplest tetragonal system, with unit-cell volume a2b and ask the question: ‘Is the local
field equal to the Lorentz cavity field in a tetragonal system?’

If we align the z-axis along the b-axis, previous calculations for D =
xx

k 0 still hold ( ºz 0) (only x–y
coordinates are involved). However, therewill be differences in the values of D =

xx
k 1 and D = .xx

k 2 Toprobe this
questionwe set b=1.1×a, i.e.D = Dz a k1.1 .Wefind:

 = - = -  ( )0.085 2172; 0.000 079 918. 46xx xx
1.1 2.2

Consequently, for a ferromagnetmagnetized in-plane along say the x-axis:

^ ^ ^

^

m
p

m
m
p

m m
p

h h

= + + = =

= =

 ( )

( )
( )

B i i i

i

a
D D D

a b

b

a

M

B

4

1
2 2

4
4.34622

4
4.78084

1.14 .

47xx xx xxDS
0

3
0 1.1 1.1 0

2
0

Lor

So the localfield is some 14% larger than the Lorentzfield. This observation is not difficult to understand.
The largest contribution to the localfield Bloc is positive, coming from all the in-plane dipoles D =( )k 0 .All
other planes contribute smaller negative contributions, which decrease very rapidly asDk increases. Thus in the
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case of a simple tetragonal system, with the longer b-axis perpendicular to the plane, an increase in localfield is to
be expected.

Such observations have consequences for FMR. For a thin infinite tetragonal filmuniformlymagnetized
along the x-axis wemaywrite:

m
gm gm

g
m
m
m

h
m

m
m
m

= - ´ = - ´ + +

= - ´ +
-

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜⎜

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

( )

( )

B B B B
t

B
B

d

d

1
0
0

1 0 0
0 1 0
0 0 2

.
48x

y

z

x

y

z

eff app ex loc

app
Lor

Onmaking the usual small angle oscillation approximation namely: m m m m=w w  ( )e and e ,y
t

z
t

x
i i wefind:

m
m

g m
m

h m= -
-

+


⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎞

⎠
⎟⎟ ( )B B

0 0 0
3

0
. 49y

z

z

y

zapp Lor

Alternatively, as in amatrix equation:

w g hm
g w

m
m

+
-

=
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )
( )

B M

B

i

i
0. 50

y

z

app 0

app

Figure 8. (a)The variation of xx
0 as a function of positionwithin a uniformlymagnetized ellipticalmonolayer,magnetized along the

positive x-axis. The ellipticity e = =/b a 0.5. (b)The variation of xy
0 as a function of positionwithin a uniformlymagnetized

ellipticalmonolayer, magnetized along the positive x-axis. The ellipticity e = =/b a 0.5.
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Equation (50) possesses the uniform-mode solution [6, 7]:

w g hm= +( ) ( )B B M . 51app app 0

In practice, differences between this formula and the normal Kittel solution (with h = 1)may be difficult to
spot. Furthermore, tetragonal systemswill almost certainly exhibit anisotropy, which againwill change the
resonance condition [12]. Also, sometimes very thin layers appear to be characterized by demagnetization
factors of other than−1 perpendicular to thefilm [12]. Nevertheless, the above discussion highlights the simple
fact that only cubic systems are properly characterized by the Lorentz cavityfield of m( )/M 3 .0

9. Lorentz demagnetization factor for a cube

In the bulk of this paper, we have been concerned primarily with the properties of thin films.However, it is of
some interest to examine the situation in three dimensions. Aswe shall see, in section 10, this also has relevance
to 2Dmonolayers with continuousmagnetization.

First, imagine a ferromagnetic cube uniformlymagnetized along say the x-axis. Second, imagine that a
Lorentz box ofmagneticmoments is cut out and lifted out of the cube (metaphorically speaking), as illustrated
schematically infigure 9 below.We set the dimensions of the Lorentz box equal to (2i0+1)3 where io is an
integer.

We can nowmake the following familiar statements. One, the contribution of the dipolemoments to the
field at the center of the Lorentz box is zero: this is well known. So the field at the center of the Lorentz box is
governed by the Lorentz remagnetizing field, arising from (i) the free poles on the insides of the empty box
(which originally contained the Lorentz box of dipoles), and (ii) the demagnetization field, arising from the free
poles on the outside edges of the overall cube. Once again, the surface charge analogy can be used to calculate the
positive Lorentz remagnetizing field.Wefind:

Figure 9. Schematic diagram showing the Lorentz box extracted from a ferromagnetic cube. The free poles on the inside of the Lorentz
box give rise to the Lorentz remagnetizing field of (+4π/3)M at the target atom, whilst the free poles on outside of the cube give rise to
the de-magnetizing field of (−4π/3)M.
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x
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2
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2 2 2

2
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0
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0
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Here (i) the integers ( )i j k, ,0 are associatedwith theCartesian vectors (x, y, z), and (ii) acos is the direction
cosine of the vector Ewith respect to the x-axis. The result of this calculation as a function of the size of the
Lorentz cube, can be seen infigure 10. Once again, this data can befittedwith the asymptotic formula:

S = - ( )/i4.188 83 2.303 99 . 530 0

Thus for large i0, the double summation converges to 4π/3, i.e.

s s p
= S  ( )E

a a

2 4

3
. 54x 2 0 2

In summary therefore, for both spheres and cubes, the Lorentz remagnetizing factor of p/4 3 is obtained.
Nevertheless, even for i0 as small as∼50, the error in the Lorentz remagnetizing field is only∼1.2%. So, in
principle, similarmethods to those advanced in sections 5 and 7, can be used to examine demagnetizing fields in
uniformlymagnetized 3D samples.

Next, we note that if the surface charge s is spread uniformly over the sides of the cube, as in the continuum
model, the double summation in equation (52) is readily converted into a double integral.Wefind:

s s
= S  ( )E

a a
I

2
, 55x 2 0 2 0

where:

ò ò
p

=
+ +

= =
- -

-

( )
( )

/
I y z

x

x y z
2 d d 8 tan

1

3

4

3
. 56

x

x

x

x

0
0

0
2 2 2 3 2

1

0

0

0

0

This result holds for any value of x0, except zero. Also, if are dealingwith a tetragonal system, it will be
necessary to change the range of the integral in the z-direction.Wefind:

ò ò=
+ +

=
+- -

-

( )
( )

/

/

/
I y z

x

x y z n
2 d d 8 tan

1

2 1
. 57

x

x

x n

x n

0
0

0
2 2 2 3 2

1
2

0

0

0

0

Once again therefore, the Lorentz cavity factor of p/4 3 is obtained only in cubic systems.
As noted earlier, thefield at the center of the Lorentz cube, of any size, is always zero. In terms of

remagnetizing and demagnetizing fields, this result can be readily interpreted in terms of the remagnetizing field
Lorentz m+ /M 3,0 exactly canceling the demagnetizing field m- /M 3.0 However, this is not the case if the

Figure 10.The double summation S0 as a function of x=i0a.
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Lorentz probe ismoved away from the center of the ferromagnetic box.Here, the remagnetizing field, associated
with the Lorentz probe stays the same, while the demagnetizing field associatedwith the distant surface poles/
chargeswill change. Once again, the latter can be easily calculated using simple integrals, thereby allowing a fast
determination of the variation of the localfield across the bulk of say a ferromagnetic cube.

First, we examine the case ofmoving the Lorentz box across the ferromagnetic cube in the x-direction, with
y=z=0.Herewe set the displacement along the x-axis as  -fx fwhere 1 1.0 Weobtain:

ò ò

ò ò

= -
-

- + +

-
+

+ + +

= - + - - + + +

- -

- -

- -

( ) ( )
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x f

x f y z

y z
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1
3
2

4 cot 1 3 2 cot 1 3 2 .
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x

x
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0
2 2 2

0

0
2 2 2

1 1
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0

Aplot of ( )I fx can be seen infigure 11.
At zero displacement along the x-axis ( =f 0), the Lorentz demagnetizing factor of p= = -( ) /I f 0 4 3x is

obtained.However, away from the center of the cube the strength of demagnetizing field rapidly increases,
almost doubling as it reaches the faces of the Lorentz box. This result is inmarked contrast to themonolayer
results presented earlier in section 5. Clearly, the demagnetizing field associatedwith cube/rectangular boxes is
highly non-uniform, inmarked contrast to the situation encountered in uniformlymagnetized spheres,
discussed in the next section.

10. Local dipolarfields inside a uniformlymagnetized sphere

Given the highly non-uniformdemagnetization fields inside a ferromagnetic cube, it is of some interest to
examine the case of a uniformlymagnetized 3D sphere. Here it is well-known that the demagnetizing field is
always m- /M 3,0 anywherewithin the sphere. Thus if we use a smaller 3D sphere, as our Lorentz probe, it is easy
to show that the local dipolar field is zero, at least up to the edge of the big sphere. Here, the Lorentz
remagnetizing field from the small Lorentz spherical probe exactly cancels the demagnetizing field arising from
the free poles on the edge of the big sphere. Of course, from a discrete point of view differencesmay be expected.

Infigure 12, a discrete localfield calculation can be seen for a sphere of radius 200 units. Note that the value
of xx

0 is shown right up to and beyond the edge of the sphere.
From an examination offigure 12, it is clear that well inside the sphere xx

0 is close to zero, in accordwith
expectations. However as we approach the inside edge of the sphere, xx

0 dips downbefore turning sharply
upwards to a value of  = 8.248xx

0 right at the edge (n=200).We conclude therefore that the local dipolar field
is essentially equal to the appliedfield, exceptwithin a range of10 units of the sphere radius. So despite classical
expectations, the local dipolar field at or near the edge of the sphere is not equal to that at the center.
Consequently, even for a sphere, some pinning of the FMRmodes, at the edges, can be anticipated.

Figure 11.Variation of the demagnetizing field factor ( )I fx along the x-direction, for  - f1 1.
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Finally, we note that for x-axis trajectory taken infigure 12, the local dipolarfield is given by:
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Similarly, for the y(z)-trajectories:
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Consequently, for an x-axis direction ofmagnetization:

= = -( ) ( ) ( ) ( )B B By z x0, , 0 0, 0,
1

2
, 0, 0 . 60loc loc loc

Similar identities can be established for other trajectories.

11. Continuousmagnetizationmodel

It is also of some interest to examine the case of ‘continuousmagnetization’, widely used by themagnetic
modeling community. Herewe assume that everymagnetic dipole is spread out uniformly over its unit-cell (a3),
thereby allowing discrete dipole summations to be replaced by simple integrals. For example, consider a single
monolayer, containing the target atom at the origin, as illustrated schematically infigure 13.

In order to calculate the localfield at the origin, wefirst empty the cubic cell ( )a3 at the origin, and
subsequently calculate the localfield at the origin of the empty cell, generated by all the other dipoles in the
monolayer. For an infinite film, wefind:

  + +( ) ( )I I I4 , 61xx
0

1 2 3

Figure 12.The value of xx
0 for a traverse along the x-axis for a uniformlymagnetized sphere, with a digital radius n=200. Also

shown for interest are the values outside the sphere.
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Thus in the continuummodel, the Lorentz cavity field factor at the origin is given by:

 p= + + =( ) ( )/I I I4 4 3. 63xx
0

1 2 3

Of course, onemust also consider other possible contributions fromneighboringmonolayers. For the
nearest neighbor uppermonolayer layer the contribution to the target site takes the form:

  + + +( ) ( )I I I I4 . 64xx
1

1 2 3 4

Note that this time, the integral contains the contribution arising from i=j=0 term.We find:
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Thus  = 0.xx
1 This is also true for the second nearest layer xx

2 etc. In conclusion therefore the continuous
model predicts that only thatmonolayer containing the origin contributes to the local dipolarfield, and that that
contribution is determined by  p= /4 3.xx

0 This of course, is exactly equal to the Lorentz remagnetizing field
factor, but this time arising from thewalls of a single unit cubic cell. In summary, the above constitutes a proof of
the Lorentzmethod (see appendix) as applied to a thinmagneticmonolayer. Here themagnetization is
continuous, divergence free, and the only free surface poles are those on the inside of the single-cell Lorentz box.

Figure 13.A section of a singlemonolayer with continuousmagnetization, symbolized by red, with an empty cell at the origin.

17

New J. Phys. 21 (2019) 073063 G JBowden et al



Finally, we note that the predicted FMR frequency of a singlemonolayer is equal to that of the discrete
model, providedwemake the following assumptions. One, we empty out the unit cell, as shown infigure 13.
Two, place a singlemagnetic point-dipole at the center of the empty cell. Three, calculate the localfield at the
single point-dipole arising from all other dipoles in themonolayer, now assumed to be continuous.

12. Conclusions and discussions

In this paper, an extension of the Lorentzmethod has been discussedwhich is subsequently used to study the
variation of local dipolar fields across thinfilms/monolayers, and in some 3D systems. In particular, we have
concentrated on determining demagnetizing fields arising fromuncompensatedmagnetic poles at the edges of
rectangular and ellipticalfilms, using the electrostatic analogy. Initially, it was hoped that a particular shape of
thinfilm could be identifiedwhich offered a constant demagnetization field, inside the sample. In essence, a 2D
equivalent of 3D spheres and ellipses, which both offer a constant demagnetization field inside the sample,
regardless of position. Sadly, no such 2D shape has been found.However, long thin rectangular shapes,
magnetized along the long axis, offer the best compromise, and should therefore be the choice of sample for
FMRapplications, and possible incorporation into hybridmagneticmetamolecules.

Finally, some readersmay question the usefulness or otherwise of planarmonolayer studies.We answer as
follows. Firstly, it has been shown that aminimumoffivemonolayers is required to generate the expected
Lorentz cavity field in thinfilms (see section 3 of this paper, and [11]). Secondly, recently, 2D-magnetismhas
been observed in a singlemonolayer of CrI3 [13, 14]. Here,magnetocrystalline anisotropy at theCr sites negates
the famousMermin–Wagner theorem, which states that nomagnetic order can exist in isotropic 1Dor 2D
systems [15]. Thirdly, the properties of hyper-thinfilmdielectrics are of commercial importance [16]. Here, the
Lorentzfield factor plays a crucial role in the determination of the local electric field, and hence possible
electrical breakdown.More dielectric applications of the Lorentzmethod, and the subsequent extension to the
Clausius–Mossiti relationship, can be found in [17, 18].
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AppendixA. The Lorentzmethod of surface charges

FollowingKittel and Lorentz, we use the electrostatic analogy. For convenience, the proof given here is that of
Kittel [8], p 450, but in SI units andwithminor corrections.

The electrostatic potential from a dipole with a dipolemoment =( )p p qa takes the form

 p p
= = -⎜ ⎟ ⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠( ) ( )r

p r
pV

r r

1

4

. 1

4
.grad

1
. A.1

0
3

0

Next, we adopt themacro-field approachwhere the dipolemoment p is spread uniformly over the unit cell,
giving rise to amacroscopic polarization P.Thus, in the continuummodel:

 òp
= - ⎜ ⎟⎛

⎝
⎞
⎠( ) ( )r PV

r
V

1

4
.grad

1
d . A.2

0

Here, it is understood that (i) the point r is far away from the volume of polarization in question, so that
when viewed from r the polarization looks uniform, and (ii) the integral is taken over the volume of polarized
material.

Next, we use a vector identity towrite:

 òp
= - - +⎜ ⎟⎛

⎝
⎞
⎠( ) ( )r P

P
V

r r
V

1

4

1
div div d . A.3

0

However, if the polarization P is uniform, =Pdiv 0 and so:

 òp
= -( ) ( )r

P
V

r
V

1

4
div d . A.4

0

Finally, on invoking theGauss theorem, the volume integral in equation (4) is transformed into a surface
integral:
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 ò òp p
= - = -( ) ( )rV

P

r
S

q

r
S

1

4
d

1

4
d . A.5N N

0 0

Here qN is an effective charge normal to the surface of the polarized object. Thus the determination of the
potential ( )rV , arising from a host of electric dipoles has been reduced to a calculation of the potential arising
froma surface charge distribution q .N

Finally, rather than the potential ( )rV ,weneed the electric field ( )E r :

 òp
= - = + ⎜ ⎟⎛

⎝
⎞
⎠( ) ( ( )) ( )E r rV

q

r
Sgrad

1

4
grad d . A.6N

0

The key feature in the Lorentz procedure is that from the viewpoint of r, the polarized objectmust look like a
continuumwith uniformpolarizationP.

Appendix B. Spin-wave p= /k l mode in a permalloyfilm

Herewe useWeber’s spin-wave resonance results on permalloy [19] (see alsoKittel [8], p 600) to obtain
estimates for (i) homogeneous broadening of the FMR linewidth, and (ii) the spin-wave stiffness constantD.

First, we assert that ‘damping’, as inscribed in the Landau–Lifshitz–Gilbert equation ofmotion, leads to
‘homogeneous broadening’ of the FMR resonance.Wemaintain that this sets an ultimate limit on the FMR
linewidth. FromWeber’s results on a 500 nm thick permalloy film, wefind:

D » ´ - ( ) ( )B 9 10 T . B.1Homo
3

Secondly, fromWeber’s observation of thewell separated = – ( )n n7 17 odd spin-wavemodes, in the
thickness t of the permalloy film, it is possible to obtain a value for the spin-wave stiffness constantD. Explicitly:

w g m g m
g

p
= - + = - + D D = ⎜ ⎟⎛

⎝
⎞
⎠( ) ( ) ( )B M Dk B M B n B

D

t
. B.2D Dapp 0

2
app 0

2
2

Wefind:

mD = ´ =- ( ) ( ) ( )B M8.2445 10 T ; 1.053 T . B.3D
4

0

Thirdly, if the spins in the ‘so-called’uniformmode =k 0 are pinned at theNorth/South pole cliff-edges,
there will be an additional energy shift associatedwith the presence of the p= /k l spin-wave, in the plane of the
rectangular strip. This situation is illustrated schematically, infigure B1.However if the field shift due to the spin
wave is say ten times less than the homogeneous linewidthDB ,Homo Kittel’s =k 0 FMR formulawill still be
acceptable. After someminormanipulation, we find that the length of such afilm should be l 500 nm, in the
direction ofmagnetization.

Finally, wemake twomore remarks. One, in the above discussion, it has been assumed that the ‘pinning’ is
uniform at theNorth and South pole cliff edges. However, the situation in the corners of thefilmmay lead to
extra complexity (see figure 4(b) and [20] formore exotic FMRmodes, on smaller platelets, pumped and probed
by optical techniques). Two, the Lorentzmethodmust fail, in principle, in the presence of a spin-wave. Here the
divergence of themagnetization ( )Mdiv is no longer zero (see appendix A). For small amplitudes of oscillation,

Figure B1.Amonolayer of spins precessing in the presence of an appliedfield. All the spins are precessing in-phase. However, the
amplitude of their individual precessions is now x-dependent, given that the spins are pinned at theNorth and South pole cliff-edges.
Thewavelength of the spin-wave is 2lwhere l is the length offilm in the x-direction ofmagnetization.
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this failure in principle is probably of little relevance. However for larger turn angles, of say of up to 90°, it would
constitute a serious issue.
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