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Abstract

The intestinal epithelium exhibits remarkable rates of self-renewal to protect the
small intestine and colon from damage during digestion and facilitate nutrient
absorption. This monolayer of epithelial cells is maintained by the crypts of
Liehberkühn, test-tube-shaped glands that are robust in morphology and structure,
undergoing significantly large deformations, despite comprising a heterogeneous
composition of cells with varying proliferative capacities and mechanical properties.
While the genetic and molecular processes governing crypt morphogenesis have been
studied in detail, there is a lack of understanding regarding the evident contribution
of biomechanical factors, leading to a poor understanding of crypt morphogenesis
as a whole. Additionally, it is not known how the crypt’s unique, yet incredibly
robust, proliferation structure arises. However, morphoelastic rod theory allows
one to consider the interplay between growth and tissue mechanics in a unified
framework, where we can exploit the slenderness aspect of the crypt and model
the tissue as a growing, elastic rod.

In this thesis, we use the framework of morphoelastic rods, which extends the
classical Kirchhoff rod theory to account for local tissue growth, to explore various
aspects of morphogenesis, growth, and homeostasis that are motivated by the crypt.
We restrict ourselves to a planar geometry to model the transverse deformations of
the crypt epithelium. Morphogenesis is modelled by the buckling and subsequent
deformation of an elastic rod tethered to an underlying foundation, representing
the crypt and the supporting extracellular matrix and stroma.

First, we consider an abstracted model of the crypt, a morphoelastic rod
supported by an elastic foundation. We consider crypt morphogenesis in the
context of buckling, exploring how growth and spatial heterogeneous properties—
two key aspects of the crypt—impact mechanical pattern formation. We investigate
the buckling and post-buckling behaviour of the simplified crypt model, extending
previous linear stability analyses with a weakly nonlinear analysis and comple-
menting the analysis with numerical continuation of the full nonlinear system. We
analyse how incorporating spatial heterogeneity in growth, rod and foundation
stiffness affects the underlying bifurcation structure.

Then, we specialise the framework to simulate tissue morphogenesis more
realistically. We develop different models for the processes that are believed to play



a role in crypt morphogenesis, but were not previously included, such as tissue
relaxation, chemical signalling, self-contact, and so on. We use simulation results to
determine which of these models contribute most significantly to a realistic crypt
morphology. By combining several of these processes, we show that a realistic crypt
morphology, which is highly-invaginated but narrow in structure, can be generated.

To close, we consider a simplified 1D geometry to analyse how the unique growth
structure of the crypt rises in development and subsequently is maintained in
homeostasis. We develop a minimal mechanochemical model for tissue growth that
captures the proliferation structure observed in the crypt, where proliferation activity
is maximal away from the crypt base and the crypt top and is thus bimodal in shape.
We finish by identifying the necessary conditions for dynamic tissue homeostasis, in
which the proliferation structure is fixed with respect to the observable reference
frame, but there is a continuous flux of tissue material due to the balance between
growth and cell death, modelled through the sloughing of material.
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1
Introduction

1.1 Motivation

The crypts of Liehberkühns are a canonical example of growth and homeostasis

in biology. These test-tube-shaped invaginations renew and maintain a protective

epithelial layer, called the intestinal epithelium, for the small intestine and colon.

In the context of disease, colonic cancer originates in the crypts [88], while during

inflammation, crypts facilitate rapid regeneration of the epithelium [154]. Therefore,

crypt function is crucial to a healthy gut. While the numerous genetic and

biochemical signalling pathways governing crypt homeostasis have been slowly

deciphered, in part due to the insight gained from mathematical and computational

modelling, there are many aspects of crypt morphogenesis and homeostasis that

have not been fully explored.

The first significant aspect is the crypt’s highly-invaginated morphology. Crypts

exhibit incredibly large deformations, and possess a long, narrow morphology (see

Figure 1.1). However, it is not fully understood what may cause these crypts

to initially form during development. An amenable framework to study such

deformations is continuum mechanics. In continuum mechanics, the governing

equations come from first principles and deformations arise naturally due to

mechanical forces and torques. We can exploit morphoelasticity theory [74, 147] to

1



2 1.1. Motivation

account for biological tissue growth. Morphoelasticity has been used successfully

to study the mechanics of many biological processes, such as wound healing [24],

vascular artery modelling [43], and brain cortical folding, [29], the latter of which

shares many similarities with crypt invagination. However, such ideas have not

been widely applied to the crypt. Several continuum-mechanics-based models for

crypt and/or villi buckling do exist in the literature [14, 19, 56, 124, 125], but they

lack the biological specificity required to be of value to experimentalists. This

thesis aims to use a continuum mechanics framework in order to identify essential

components that may contribute to crypt morphogenesis.

The second aspect concerns the notions of growth and homeostasis. The

homeostatic structure of the crypt is robust and consists of functionally-distinct

subpopulations of stem cells, transit-amplifying cells, and differentiated cells,

with varying proliferative capacities and mechanical properties. Even though

key biochemical signalling pathways, such as the Wnt signalling pathway, have been

proposed to govern proliferative capacity, the observed proliferative capacity does

not correspond to the observed concentration of Wnt signalling [69, 162]. Moreover,

in homeostasis, the crypt population appears to be static and unchanging. However,

when individual cells are labelled and tracked over time, there is a clear migration

of cells out from the base to the top, indicating continuous turnover [84, 107]. To

date, no continuum models appropriately capture this dynamic feature of tissue

homeostasis. Therefore, a secondary aim of this thesis is to investigate the role

of mechanical processes in shaping the crypt’s unique proliferative structure and

subsequently maintaining it in homeostasis.

Most crypt models in the literature are cell-based in nature. One reason

continuum models of the crypt are less prevalent may be because it is difficult to

incorporate individual cell detail. Biological tissues, such as the crypt, are spatially

heterogeneous in many ways, including their growth capacity and stiffness, and these

properties can evolve over time. In order to develop specialised continuum models

for the crypt that account for deformation at the tissue scale, one must consider a

range of chemical, biological and mechanical processes spanning subcellular and
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cellular scales. This in turn introduces significant model complexity. In order to

ameliorate model complexity, when appropriate, the number of spatial dimensions

considered may be reduced. Filamentary structures are particularly well-suited

for such dimensional reductions. Filaments, by definition, have one length scale

much longer than the other two—such as the size of a single crypt cell compared

to the length of the crypt epithelium—and hence are well suited to a spatially 1D

description. Kirchhoff theory for elastic rods has been applied to a diverse range of

filamentary systems, such as DNA coiling [172], neurite motility [145], plant tendril

twisting [78], and many more. The theory of morphoelastic rods, formulated by

Moulton et al. [120], extends Kirchhoff theory to account for axial growth and can

be used to model biological tissue growth. In this thesis, we will explore the steps

necessary to specialise the morphoelastic rod framework to that of an intestinal crypt.

The remainder of this chapter is structured as follows. First, we outline the

biological background, highlighting crypt structure and the key signalling pathways

known to contribute to homeostasis. We then discuss relevant studies of buckling

and growth, with the intention of framing crypt morphogenesis as a buckling

problem. Following this, we discuss previous modelling approaches for the crypt,

which can be distinguished as discrete (individual-based) or continuum, along

with their strengths and limitations, and a summary of the advances they have

enabled. We continue with a general description of morphoelastic rod theory, which

will be employed throughout this thesis. We close this chapter by outlining the

structure for the following thesis chapters.

1.2 Biological background

The intestinal epithelium undergoes continuous, rapid renewal to maintain a

protective epithelial barrier for the small intestine and colon during digestion

and to facilitate nutrient absorption [1, 183]. This monolayer is maintained by the

crypts of Liehberkühn, uniformly-spaced invaginations lining the gut which are vast

in number. Each gland houses a pool of multipotent stem cells that coordinate cell

proliferation, cell death, migration, and mechanical processes to facilitate constant
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renewal of the epithelium. A human colonic crypt houses approximately 2000 cells

[140] and is approximately five times as long as it is wide (Figure 1.1(a)). Despite

this continuous turnover, crypts are robust in structure, their proliferative structure

being conserved across each crypt (see Figure 1.1(b)).

Within the small and large intestines, stem cells are found in the crypt bases,

a feature that has established the crypt as a canonical example for stem cell

dynamics [141]. Furthermore, these stem cell pools are the only places where cells

within the gut can persist long enough to accumulate mutations that could lead to

cancer [88]. That is, certain mutations within stem cells may confer a competitive

advantage, leading to a takeover of the crypt and allowing further mutations to

occur [88]. Consequently, crypts are the sites of origin for colorectal cancer [16].

More generally, along the intestinal epithelium, proliferative cells are localised in

the crypts. Hence, when gut tissue is affected by injury or inflammation, crypts

are crucial to restoring barrier function by regenerating new, healthy tissue [98].

It is clear that understanding crypt dynamics and how these may be disrupted

is of incredible clinical significance.

While considerable research attention has been directed towards the crypt, many

fundamental questions remain unresolved. Much research has focussed on how the

structure of proliferating and non-proliferating cells is maintained during homeostasis

[69, 162], but it is not clear how this structure arises initially. Moreover, while crypt

morphogenesis involves great physical changes and deformations, most attention

has focussed on subcellular mechanisms, gene regulation and protein signalling

pathways [69, 162], while little attention has been directed towards elucidating

the role of mechanical cues in the gut. Finally, there is increasing evidence that

mechanical forces have a role in guiding morphogenesis of the crypt and homeostasis

[71, 155], yet the exact mechanisms are unclear.

1.2.1 Crypt development and structure in homeostasis

The intestinal epithelium forms via a well-defined series of events, and crypts do

not form until several days after birth [183]. Crypt formation only begins after
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Figure 1.1: Structure and essential components of the colonic mucosa and
crypt. (a) Histology of the human colonic mucosa, adapted with permission from Taylor
et al. [170]. The scale bar represents 100µm. (b) A schematic of the colonic crypt and
the different components contributing to homeostasis.

the formation of villi, protruding glands designed to maximise surface area for

nutrient absorption [44, 167, 183]1. Once the villi have been established, crypt

morphogenesis occurs in the regions between villi. It is not fully understood what

triggers crypt formation, but it has been shown that crypt formation is marked by

apical constriction in the inter-villous tissue [65, 167]. In the colon, the villi-like

structures are shed, leaving flat regions of epithelial tissue between crypts.

During homeostasis, crypts possess a unique yet remarkably robust population

hierarchy of cell types, with slight variations between small intestinal and colonic

crypts. These variations can be attributed to the functional differences between

the small intestine and colon—the function of the former is primarily nutrient

absorption, while the latter is primarily for water absorption and waste processing.

In the base reside a pool of stem cells, with active cell cycle times ranging between

24 and 48 hours. Unusually, these cells are not actively proliferating, but rather

reside in a paused state [35]; this non-cycling behaviour was initially thought to be
1As a side note, it is not completely clear whether villus formation is primarily driven by

mechanical processes due to differential growth [158] or chemical signal patterning [181].
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characteristic only of the conserved ring of quiescent stem cells around the crypt

base, which only activate during injury [185], but has since been to apply to the

whole crypt base. As stem cell progenitors migrate out of the base, these so-called

transit-amplifying cells begin to cycle faster, between 12 and 24 hours, albeit for a

finite number of divisions [114]. As the transit-amplifying cells move further away

from the base, they differentiate into non-dividing, mature cells with specialised

functions designed to aid gut health [183]. Eventually, these differentiated cells

are shed into the lumen, the inner intestinal cavity, and undergo apoptosis [1, 183].

Unusually, in the small intestine, differentiated Paneth cells reside in the base

alongside stem cells in an alternating arrangement. These cells have been shown to

provide signalling factors that enhance stem cell renewal [150]. In the colonic crypt

base, terminally-differentiated goblet cells have been identified, which are thought

to have a similar role [148]. It is not known why the crypt’s internal structure is so

robust, given the enormous amounts of tissue renewal taking place. Nor are the

mechanisms that generate this population structure fully understood. However,

a study by Itzkovitz et al. [93] using optimal control theory showed that a sharp

transition from symmetric stem-cell-driven cell population growth to transit-cell-

driven cell population growth, indicated by asymmetric division, minimises the

time taken for the mature crypt population to develop, suggesting an optimising

role for rapid transit-amplifying cell divisions.

In addition to the complex internal structure of the crypt, external factors

contribute to maintaining its structure and function. Directly lining each crypt

is the basement membrane, a thin layer of extracellular network proteins. The

basement membrane provides an adhesive surface on which epithelial cells can

polarise and migrate, and a channel of communication between the crypt and the

surrounding environment [175]. Further underneath is a heterogeneous composition

of non-epithelial stromal cells that provide external signalling factors to support the

stem cell niche and guide cell differentiation, as well as structural stability for the

crypt [45, 97, 142]. More recently, it has been shown that the stroma undergoes

significant remodelling during inflammation and injury [103, 118, 165]. Situated
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underneath the tissue stroma is a thin layer of smooth muscle, referred to as the

muscularis mucosae [1]; as a whole, the epithelium, stroma, and smooth muscle

layer constitute the intestinal mucosa, the innermost layer of the gastrointestinal

tract. The mucosa structure is illustrated in Figure 1.1.

1.2.2 Important contributors to crypt growth and main-
tenance

The crypt has long been viewed as a canonical example of stem cell dynamics; as

such, the underlying signalling pathways contributing to crypt homeostasis have

been studied extensively. Several significant pathways have been discussed in detail

in comprehensive reviews such as Kershaw et al. [100] and Spit et al. [162]. We will

briefly discuss arguably the most important signalling pathway, namely the Wnt

signalling pathway. Other important signalling pathways that we do not mention

here include BMP signalling, which regulates proliferation by driving terminal

differentiation, and Notch signalling, which governs cell differentiation fate [69, 162].

Wnt signalling is responsible for regulating proliferative capacity [39], differenti-

ation [137], and adhesion properties [126]. From a clinical perspective, colorectal

cancer onset is most commonly linked with dysregulation of Wnt signalling [21]. In

each healthy crypt, there is a decreasing gradient of Wnt signalling originating from

the base [67]. It is not entirely clear how this gradient is formed or maintained,

for there are multiple sources of Wnt signalling, such as Paneth cells within the

small intestine [150] and cKit+ cells within the colon [148], and extrinsic sources

from the surrounding stroma [45, 97, 104]. However, it has been shown that Wnt

signal ligands do not spread via diffusion, but rather through cell-cell contact and

that they are diluted in concentration through cell division [61].

While Wnt signalling is proposed to be the primary regulator of proliferation,

the proliferative structure in the crypt does not correspond to Wnt signalling

concentration. Although Wnt signal concentration is maximal in the crypt base,

where the stem cells are situated, proliferation activity is highest in the transit-

amplifying cell region, which is towards the middle of the crypt. It is not understood
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why this is the case, nor why this proliferative structure is so robust amongst the

millions of crypts lining the gut.

1.2.3 The role of mechanics in the crypt

Although the majority of research attention has been directed towards genetic and

signal transduction processes, which occur at the subcellular scale, it is becoming

increasingly clear that mechanical forces have considerable influence on crypt

morphogenesis and homeostasis, at the cellular and tissue scales. At the cellular

level, tissue is created by the proliferation of stem cells and their progenitors.

These newly-created cells, in turn, exert forces on neighbouring cells, which creates

mechanical competition that leads to a ‘conveyor belt’ of cell migration out of

the crypt base. This mechanical competition also leads to cell death in the form

of anoikis (cell extrusion) to relieve internal tissue stress. Moreover, cell types

differ in mechanical properties, such as their mechanical stiffness, cell-substrate

adhesion, or cell-cell adhesion. These differences may, in turn, affect the forces

that cells exert on each other.

At the tissue level, the role of mechanics is even more evident. Crypts are

highly-invaginated structures; such significant deformation can only be generated by

an interplay between tissue growth and mechanical forces [167]. However, perhaps

the most compelling evidence for the role of mechanics in the crypt is the process

of crypt fission. Crypt fission occurs during development and in homeostasis and

is marked by a splitting of the crypt base, which pulls the underlying basement

membrane and stroma upwards [31]. This bifurcation continues to deform, leading

to the branching of two new crypts. This unique deformation process, akin to

buckling, gives strong evidence for the role of mechanics in shaping crypt tissue.

The lack of attention directed towards understanding the role of mechanics in

the crypt may stem from the difficulty in characterising the mechanical properties

of biological tissue. Although technology has advanced considerably so that it is

now possible to measure forces at the cellular and tissue level in vitro [139, 166], it

is impossible to perform such measurements in vivo. However, mathematical and
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computational modelling provides a tractable framework in which one can develop

and validate possible models of mechanics within the crypt.

1.3 Modelling challenges

Crypt morphogenesis is but one of many remarkable examples of mechanical pattern

formation. The marked transition from a trivial ‘base state’ to a more complex

morphology can be found in myriad structures across biology and engineering.

While these structures may be functionally distinct, they are typically governed by

the same underlying physical principles. By abstracting the crypt and extracting

its fundamental physical processes, we can draw analogies with previous studies

of buckling in the modelling literature.

From a modelling perspective, considering crypt morphogenesis as a buckling

problem opens many doors, as the literature for buckling and mechanical pattern

formation is extensive and mature. There are a wide range of analytical tools from

which one can draw, such as linear stability analysis [86, 120], weakly nonlinear

analysis [86], and imperfection sensitivity [90], and numerical tools such as numerical

continuation [36]. While crypt formation has previously been treated as a buckling

problem [56, 124], there are several notable aspects of crypt formation that are

worth investigating in more detail.

The first and foremost aspect is the impact of tissue growth. In the crypt

and other biological systems, mechanical pattern formation is driven by internal

tissue growth, rather than an externally-applied force. Therefore, in this scenario,

buckling occurs at a critical growth that is characterised by both the geometrical

and mechanical properties of the system [120]. Investigating the similarities and

differences between growth-induced buckling and standard load-induced buckling

is itself of mathematical interest. In particular, how does the presence of growth

change the underlying bifurcation structure?

Second, the crypt is a highly-deformed structure with a length that is, on

average, five times its width [170]. Such deformations extend well beyond the

onset of buckling. As such, standard linear stability analyses that are used to
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predict the onset of buckling are inadequate to characterise such large deformations.

Therefore, to fully characterise crypt evolution, nonlinear analysis techniques such

as weakly nonlinear analysis and numerical solutions are required to investigate

the post-buckled behaviour.

Finally, the crypt is a spatially-heterogeneous material. The crypt tissue is

heterogeneous, consisting of cells with varying proliferative capacities and mechanical

properties, such as cell stiffness and cell-substrate adhesion. Generally, spatially

heterogeneity in material parameters is often neglected in continuum mechanics, as

it reduces analytical tractability in models. As such, it is not fully understood what

impact spatial heterogeneity in material parameters (such as growth and stiffnesses)

may have on the underlying bifurcation structure and post-buckled behaviour.

1.3.1 Buckling

Buckling has been studied since the 18th century, when Euler first calculated the

famous buckling load for a column under vertical compression [60]. Historically, in

engineering studies, buckling has been associated with structural failure. Therefore,

the focus of many buckling studies in the literature is the onset of buckling, which

can be determined through a linear stability analysis. Our focus on the subsequent

deformation after buckling thus differs from these engineering studies, as we wish

to understand the post-buckled behaviour of the crypt due to growth. By analysing

the post-buckled behaviour, we can gain insight into the full growth evolution and

understand which parameters are most influential in driving morphogenesis.

One of the best known models for the study of buckling is a bilayer system, most

commonly represented by a rod tethered to an underlying foundation. This setup,

dating back to the works of Timoshenko [173] and Biot [22], continues to be relevant

to many systems, particularly in biology. Indeed, when Edwards and Chapman [56]

proposed the first continuum mechanics model of the crypt, it was of an elastic rod

supported by a foundation. The rod-on-foundation model has also found use in

describing other biological processes, such as the folding of brain tissue [29], the

formation of seashell spines [37], to name but two examples. A common aspect of this
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system is the restriction of deformations to the x-y plane. While this appears to be

an oversimplification, when modelling the transverse deformations of 2D sheets, the

governing equations often reduce to these of the planar system [29, 47, 48, 85, 125].

As such, following the works of Edwards and Chapman [56] and Nelson et al. [124],

we will model the transverse deformations of the crypt by considering a growing

rod upon a foun dation that is confined to a planar geometry, where the foundation

represents the mechanical effects of the supporting extracellular matrix and tissue

stroma. Later, we will demonstrate how this framework can be used model the

crypt’s unique growth structure and crypt homeostasis.

A common feature of systems that undergo buckling is a pitchfork bifurcation

[86, 90, 131]. The pitchfork bifurcation is indicative of the inherent symmetry of

the system; when buckling, the system can, in theory, buckle ‘up’ or ‘down’ with

equal preference. Moreover, in several systems, these pitchforks can be supercritical,

indicating a smooth change from the unbuckled to buckled state, or subcritical,

where the change from unbuckled to buckled is discontinuous. While such structures

have been extensively studied for systems that buckle under an externally-applied

force [89, 90], it is not known whether similar bifurcation structures arise when

growth is modelled. In particular, understanding whether subcritical pitchfork

bifurcations can occur due to growth is important as it implies that small changes

in growth can lead to large deformations, which suggests rapid morphological

changes during morphogenesis.

It was arguably the introduction of imperfection sensitivity, which quantified

the predisposition of structures to buckle at drastically reduced loads due to small

structural imperfections, that highlighted the need to understand post-buckling

behaviour in more detail [4, 90]. First pioneered by Koiter [105], the analysis was

developed to understand why thin-walled shell structures buckled at significantly

lower loads than those predicted by standard linear analysis techniques. One

useful feature of imperfection sensitivity analysis is that it reveals which buckled

mode will be selected due to the (spatially-varying) imperfection. For systems

that exhibit a pitchfork bifurcation in the absence of imperfections, this indicates
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that the underlying imperfection ‘breaks’ the symmetric pitchfork, predisposing

the system to a particular solution branch [4, 90]. In this thesis, it will be of

interest to investigate whether the spatial heterogeneities that are present in the

crypt can be interpreted as structural imperfections, thus rendering them amenable

to imperfection sensitivity analysis.

While many of the techniques developed to study buckling and post-buckling have

existed for a long time, buckling and mechanical pattern formation continues to be

an active research area. In particular, following initial computations of mechanical

instability due to growth alone [18], many recent applications of buckling in a

biological context have appeared, where the buckling is driven by internal growth

[6]. This has only been possible due to recent developments in the continuum

mechanics field, namely, the development of morphoelasticity [74].

1.3.2 Descriptions of tissue growth

Growth is a fundamental process that shapes numerous biological structures and has

been modelled for a long time [6]. One significant continuum mechanics model of

growth was proposed by Rodriguez et al. [147]. In this work, growth is incorporated

into nonlinear elasticity theory by decomposing the deformation gradient tensor

into sequential growth and elastic tensors. This multiplicative decomposition, which

has become standard in the mechanics literature, is the fundamental assumption

of what is now known as morphoelasticity, an extension of continuum mechanics

to incorporate volumetric growth.

A branch of morphoelasticity, which was originally developed for 3D nonlinear

elasticity theory, that is of particular relevance is the theory of morphoelastic rods.

Originally presented by Moulton et al. [120], morphoelastic rod theory extends

classical Kirchhoff rod theory to account for axial growth along filamentary struc-

tures, using a 1D version of the multiplicative decomposition principle introduced

in Rodriguez et al. [147]. As tissue growth occurs primarily along the crypt axis,

modelling proliferation through axial growth is appropriate in this case. It is this

morphoelastic rod framework that forms the theoretical foundation for this thesis.
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An alternative model of tissue growth is that of surface growth [159, 176,

189, 190], which is in contrast to the volumetric growth typically considered in

morphoelastic frameworks. Surface growth is typically modelled as an accretive

process, where material is deposited over time, updating the unstressed, reference

configuration. While this type of growth is not used to model tissue growth in this

thesis, this concept of an evolving reference configuration will be explored when

we discuss the concept of tissue homeostasis in Chapter 4.

One of the fundamental challenges in growth modelling is determining the

most appropriate ‘growth law’ [74]. That is, what are the minimal contributions

that capture the essential growth structure of the biological system in question?

For the crypt, no such growth laws exist in the modelling literature. However,

a common mechanism that is often proposed to regulate growth is mechanical

feedback. In Chapter 4, we will explore whether mechanical feedback can generate

the observed proliferative structure of the crypt.

Mechanical feedback on growth

It has long been hypothesised that biological tissue grows in response to mechanical

stress [5]. Consequently, a number of mathematical and computational models that

incorporate mechanical feedback on tissue growth have been applied to a variety of

biological systems, such as plant tissue [5], tumour spheroids [6], Drosophila wing disc

formation [157], and bone tissue [42]. In several computational models of the crypt,

mechanical feedback in the form of contact inhibition is included to regulate cell

proliferation, allowing the cell population to reach a steady state during homeostasis

[52, 54]. However, the role of mechanical stress in shaping and maintaining the

crypt’s proliferative structure has not been investigated in any detail. One of the

goals of this thesis is to determine whether mechanical feedback can help to explain

how the unique proliferative structure of the crypt arises and is maintained.

In 1D, the simplest mechanosensitive growth law takes the following form [168]:

γ̇γ−1 = µ(n− n∗), (1.1)
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where the overdot denotes the derivative with respect to time; γ describes local

growth; µ describes the strength of mechanical feedback; n is the stress; and n∗

is the homeostatic stress. For this growth law, it is clear that growth reaches

a steady state when n = n∗; this state is often referred to in the literature as

mechanical homeostasis [59, 168]. However, in the crypt, the presence of Wnt

signalling and other signalling pathways means that there is a constant ‘background’

contribution to tissue growth. Therefore, one goal of this thesis is to investigate how

signalling pathways, such as the Wnt pathway, and mechanical regulation combine

to maintain tissue homeostasis in the crypt, which occurs when cell proliferation

and cell death balance each other.

1.4 Mathematical and computational models of
the crypt

The crypt has become a canonical example for studying stem cell dynamics. In order

to understand the role of stem cells in maintaining crypt homeostasis, it is vital that

they and their respective lineages can be monitored over time. Indeed, experimental

techniques are continuously being refined to track different cell types in the crypt

at finer temporal and spatial resolutions [84, 107]. As colorectal cancer originates

in crypts, it is important also to understand how alterations in cell properties,

such as proliferative capacity and biomechanical properties, may confer selective

advantages in mutant cell clones, perturbing homeostasis. Despite this, monitoring

cell lineages in vivo and altering cell properties via gene knockout experiments can

be time-consuming and costly. However, this is not an issue for mathematical and

computational models, where individual cells can be tracked and their properties

can be varied systematically through model parameters. Consequently, considerable

modelling efforts have been directed towards the crypt, employing a variety of

geometries and modelling approaches. A timeline of notable models from the

literature is shown in Figure 1.2, while common crypt model geometries are shown

in Table 1.1. In terms of approaches, models can be broadly classified into four
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categories: continuum non-spatial (typically compartmental models); discrete non-

spatial (typically stochastic processes); discrete spatial (either on-lattice or off-

lattice); and continuum spatial (typically continuum mechanics models). Each

approach has its strengths and limitations; we discuss these in the following sections.
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Continuum

non-spatial

Continuum 

spatial

Discrete

on-lattice

Discrete

off-lattice

Discrete

non-spatial

2001

1985

1982

1992

2007

Britton et al. 

Compartmental 

model

Edwards and Chapman 

Elastic beam on 

foundation

Loeffler et al. 

CA model as

2D cylinder

Hannezo et al. 

Thin plate buckling 

by pressure gradient

Meineke et al. 

2D cell-centre model

Van Leeuwen et al. 

Cell-centre model with 

Wnt-dependent properties

Drasdo and Loeffler 

Individual-based model

of crypt buckling

Buske et al. 

3D overlapping spheres 

basement membrane

Johnston et al.

Compartment and

age-structured models

Wong et al.

2D CPM model

2010

Dunn et al.

Explicit modelling of

supportive tissue stroma

2009

2011

2012

2011

2012

2013

Zhang et al.

Reaction-diffusion-driven

pattern formation

Nelson et al.

Pattern selection

in growing thin plate

Fletcher et al. 

Top-down view 

projection from 3D

2015

Du et al. 

3D subcellular

element method

2017

1986

Meinzer and Sandbland

1D cellular automaton

Ingham-Dempster et al. 

3D overlapping cylinders

Murray et al. 

Continuum derivation

from 1D discrete line

2007
Tomlinson and Bodmer

Compartmental 

model

1995

Paulus et al.

Stochastic

compartment model

Nicolas et al.

Coalescent model of

cell lineages

2007

Gerike et al. 

1D line; diffusion

of growth-factor

1998

2016

Figuereido et al.

Homogenisation model

with top-down view

2011

Itzkovitz et al.

‘Bang-bang’ model of 

stem cell division

2010

Lopez-Garcia et al.

Clonal dynamics of

stem cells in base

2010

Osborne et al.

Cell-centre, cell-vertex

and continuum models

Dunn et al.

2D sheet, cross-section,

and 3D models

2013

2014

Baker et al.

Quantification of 

stem cell clones

2014

Graudenzi et al.

CPM with gene

regulatory network

Osborne et al.

Cell-based comparison

2018

Muraro et al. 

3D model of 

multiple crypts and villus

2002

Nowak et al.

Chromosomal instability

in CRC initiation

2019

Almet et al.

Post-buckling analysis of

effect of spatial heterogeneity

Figure 1.2: A history of the different modelling approaches that have been applied to the crypt.
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1.4.1 Non-spatial models

As the name suggests, non-spatial models only consider the temporal dynamics of

the crypt. As such, these frameworks tend to focus on population-level quantities,

such as cell number (or cell density in a continuum setting), or on regions that

are not large in space, such as the crypt base.

Discrete non-spatial

Discrete non-spatial models generally consider cell number and focus on problems

relating to clonal evolution. These models focus on questions relating to stem cell

homeostasis within the base, for example, the robustness of the stem cell pool

to genetic mutations. A variety of stochastic theories can be employed, such as

branching processes, to study how cell clones may evolve over time. These theories

are most useful when considering small cell numbers, such as the number of stem

cells in the crypt base. These models are also a popular choice for studying the

effects of mutation accumulation within cells [23, 106, 116, 127, 128]. Recent work

using these models has suggested that intestinal stem cells divide symmetrically

during homeostasis and follow neutral drift dynamics; that is, in healthy crypts,

clonal competition is effectively random [112, 160]. The main benefit of using these

models is that they are straightforward to parametrise, as cell clone data have

become more readily available in recent years as imaging technologies have advanced

[13, 180]. However, their simplicity, particularly their neglect of spatial effects,

means that quantitative insight is obtained at the cost of mechanistic insight.

Continuum non-spatial

Compartmental models decompose the cell population into distinct subpopulations

and account for transitions between these compartments. Arguably, the first model

of the crypt was a compartmental model, by Britton et al. [27]. In Johnston et

al. [96], the first age-structured model of crypt dynamics was introduced, relaxing

the assumption of ‘synchronous’ division that is an artefact of compartmental

models. Non-spatial continuum models capture population dynamics during
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homeostasis and because cell populations are assumed to be spatially well mixed,

steady state behaviours can be studied. Using this analysis, Johnston et al.

[96] demonstrated that modelling transitions between cell populations, which

represented cell differentiation, as a saturating mechanism allows the population

to destabilise and grow unboundedly due to mutations. However, it is difficult

to gain insight beyond the population-level conclusions, as it is very hard to

incorporate details about individual cells, and spatial heterogeneity and mechanical

processes are neglected.

1.4.2 Spatial models

Spatial models attempt to capture the highly-specialised geometry of the crypt and

model the inherent spatial aspects of processes such as proliferation, death, and

migration. It is therefore no surprise that spatial models comprise the largest class

of crypt models in the literature. When developing spatial models of biological

tissues, such as the crypt, two important decisions must be made: what is the

spatial geometry and are cells are viewed as discrete entities or a coarse-grained,

continuous quantity? The different geometries that have been applied to the crypt

are presented in Table 1.1. As might be expected, each geometric abstraction

comes with its respective benefits and drawbacks.
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Geometry Representative works Notable applications Strengths Weaknesses

1D line
Gerike et al. [70];
Murray et al. [122]

Growth-factor-driven
proliferation [70];

Mutant accumulation [188];
Population dynamics [122]

Easy to use;
Can derive continuum

approximations

Spatially restricted;
Over-simplified;

Cannot model cell sorting

2D cross
-section Drasdo and

Loeffler [50];
Edwards and
Chapman [56];
Dunn et al. [52];

Signal-driven morphogenesis [187];
Crypt buckling [50, 52, 56, 124];
Mechanical effects of basement

membrane and stroma; [50, 52, 53, 56, 124];
Cell migration [52, 53]

Models tissue deformation well

Spatially restricted;
Limited scope for mutations

and clonal evolution;
Cannot model cell sorting

2D sheet,
top-down view

Fletcher et al. [64];
Hannezo et al. [85];
Figueiredo et al. [62]

Stem cell hypotheses [64];
Monoclonal conversion [64];

Buckling morphogenesis [85, 125];
Aberrant crypt foci [62]

Can model multiple crypts;
Can model 3D effects in 2D

Over-simplified cell-cell
interactions;

Difficult to model cell sorting

2D rolled-out
cylinder

Loeffler et al. [111];
Meineke et al. [115];

Van Leeuwen et al. [178];
Osborne et al. [134]

Dynamics during
homeostasis [82, 115, 178];

Monoclonal conversion [117, 134];
Mutant takeover [117, 134];

Well-suited for clonal dynamics;
Produces many observed features

Difficult to model
mechanical heterogeneity;

Difficult for cells to rearrange

3D crypt

Buske et al. [30];
Dunn et al. [54];
Du et al. [51];

Ingham-
Dempster et al. [92];

Pin et al. [136]

Anoikis distribution [92];
Stem cell niche maintenance [51];

Cell lineages [30, 136, 171];
Post-irradiation recovery [54];

Cell migration [53];
Post-division cell separation [34]

Can model crypt base;
Cells can rearrange;

Can inform correct cell numbers

Current models
have fixed geometry;

Can be computationally
expensive

Table 1.1: The different geometries that have been used to model the crypt. Images have been reproduced with permission from (top to
bottom): Zhao and Michor [188]; Edwards and Chapman [56]; Fletcher et al. [64]; Osborne et al. [134]; and Buske et al. [30].
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Discrete spatial models

Discrete spatial models are generally referred to as cell-based models. This broad

class of models treat each cell individually. Consequently, features such as cell

lineages, mitotic indices, and migration velocity can be tracked over time and

validated against analogous experimental data [183]. Moreover, cellular processes

can be specified with a wide range of complexity, from simple, logic-based rules

[82] to direct coupling of cellular behaviour to mathematical models that describe

subcellular signalling pathways [178].

Cell-based models can be classified as either of on-lattice or off-lattice type.

In on-lattice models, cells are constrained to move along a regularly-spaced grid

of lattice ‘cells’, and may occupy one or multiple lattice sites. Off-lattice models

relax this assumption, so that cells can move freely through Euclidean space, with

cell shapes either fixed or defined via partitions, such as the Voronoi tessellation,

that remodel as the distances between cells vary [9].

The first multicellular model of the crypt was an on-lattice, cellular automaton

model, by Loeffler et al. [111]. The crypt was modelled as a 2D rectangular tissue

with periodic vertical boundaries, representing an ‘unfolding’ of the crypt surface.

This geometry was used in a series of papers [110, 111] and has become popular

for tracking cell populations and different cell lineages [115, 117, 133, 134, 178]. In

the cellular automaton model, each cell occupied at most one lattice site. Loeffler,

Paulus, Potten, and colleagues used this approach to investigate possible migration

mechanisms induced by cell division and compared their simulation results to

experimental mitotic labelling data. While this model has been used in recent

applications [8, 10, 25], the off-lattice implementation of this 2D sheet has become

more prevalent [115]. However, we do note the work of Zhao and Michor [188], who

simplified the 2D rectangle to a 1D lattice to investigate how proliferation kinetics

affected the rate at which cells acquired the mutations necessary for colorectal

cancer. This geometric reduction retains the average behaviour of cells migrating

along the crypt axis, but sacrifices detail on lateral cell movement. In general,

cellular automaton models are computationally efficient and straightforward to
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implement, but are spatially restricted and highly idealised, as individual cells are

restricted in movement and mechanical effects are ignored.

An extension of cellular automaton models, where cells occupy at most one

lattice site, is the Cellular Potts model, originally proposed by Graner and Glazier

[81]. This model allows cells to span multiple lattice sites, as determined through

a Hamiltonian energy function describing constraints on cell volume, area, and

adhesive capacity. One of the key strengths of the Cellular Potts model is that

cell shapes evolve dynamically. Coupling this with adhesion constraints allows

cell sorting to be simulated straightforwardly. This is an important feature of

confluent tissues, particularly the crypt, that is absent from many multicellular

models. However, as is the case with on-lattice models, it is not clear how other

forces and mechanical effects may be incorporated.

Off-lattice models relax the lattice-based assumption of on-lattice models, and

can be categorised into cell-centre and cell-vertex models. Cell-centre models

consider cells as points in space, encapsulated by a region defined either through

a spatial partitioning or fixed shape. As such, cell-vertex models view each cell

as a collection of points encapsulating a cell region. To date, there has only been

one cell-vertex implementation of the crypt [134]; it was primarily used as a point

of comparison between a cell-centre model and a continuum model of the crypt,

as there is negligible difference between cell-centre and cell-vertex models of the

crypt, aside from the increase in computational complexity.

Off-lattice, cell-centre models are a popular framework for studying the crypt,

and exist in a variety of geometries. In 2D, cell areas are modelled through the

Voronoi region, which allows cell-cell connectivity to be defined straightforwardly

through its dual, the Delaunay triangulation. Force balances are imposed at each

point through an over-damped version of Newton’s Second Law. Overlapping object

models treat each cell as a point in space, with a radius of interaction specified

by a fixed shape, typically spheres [30] or cylinders [92]. These have natural

generalisations to 3D. Moreover, one could extend these to accommodate variable

cell shapes by using the subcellular element method [51], or deformable cell model
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[179]. However, overlapping object models do not have well-defined connectivities,

rendering the implementation of spatially-dependent forces difficult.

The first off-lattice cell-centre model for the crypt was presented by Meineke et al.

[115]. This paper modelled the crypt using the same 2D geometry as Loeffler et al.

[111]. However, by relaxing the lattice-based assumption, cell migration behaviour

reflective of the crypt emerged with fewer contrived modelling assumptions than

for the on-lattice counterpart. The framework of Meineke et al. was extended

later by Van Leeuwen et al. [178]; a Wnt signal profile was prescribed along the

crypt axis and a Wnt-dependent cell cycle was included. This work set the stage

for a number of investigations on monoclonal conversion, such as in Mirams et

al. [117] and Osborne et al. [134]. One drawback of the cylindrical model is that

the crypt base is neglected. An alternative, top-down geometry, was employed

by Fletcher et al. [64] in order to explicitly model the crypt base. Here, forces

are defined via a law that accounts for the 3D crypt geometry, but is projected

down to the 2D model geometry. It was shown that the monoclonal conversion

results depend on the assumed geometry of the model.

Tessellation-based models are generally implemented in 2D and become com-

putationally expensive in 3D. Hence, 3D models are, by and large, of overlapping

object type. The first 3D model of the crypt was that of Buske et al. [30], who

modelled each cell as a deformable sphere. Additionally, they accounted for the

different cell types that appear within intestinal crypts, and used a simple, rule-based

model to relate cell fate specification to local levels of Wnt and Notch. The crypt

surface was modelled using a surface of revolution. Adhesion to the surface was

enforced by a triangular fibre network, representing the basement membrane, which

determined cell death through anoikis. In the majority of 3D crypt models, cells

are treated as deformable spheres that interact via distance-based forces. However,

Ingham-Dempster et al. [92] showed that when cells are modelled as cylinders rather

than spheres, different spatial distributions of cell death events are observed. In Du

et al. [51], a subcellular element model is presented, where cells are modelled as
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collections of deformable spheres, resulting in more realistic simulated cell shapes

and greater spatial control of subcellular properties.

One aspect of the aforementioned cell-based models is that the crypt geometry

is fixed. However, there are a select few models with a deformable crypt geometry.

The first deformable crypt model was proposed by Drasdo and Loeffler [50]. In

this paper, the crypt is presented as a U-shaped chain of individual cells. Notably,

a bending force, based on spontaneous curvature, is applied in order to stabilise

the crypt shape. Simulation results showed that a stable crypt shape can be

disrupted by decreasing the bending stiffness and increasing cell proliferation rates

simultaneously. Following this work, Dunn et al. [52] presented the first deformable

crypt model that explicitly modelled the presence of the underlying tissue stroma.

A curvature-based force is presented to model the effects of the underlying basement

membrane, which anchors the epithelium to the tissue stroma. The authors showed

that it is possible to deform the flat epithelium into a buckled crypt shape. However,

this is only possible by imposing a spatially-heterogeneous target curvature, rather

than the shape ‘naturally’ emerging.

1.4.3 Continuum spatial

One of the most common features of discrete, individual-based models is the

assumption of a pre-determined, fixed geometry. That is, the crypt geometry does

not evolve naturally over time. Despite their infrequent use, an evolving tissue

geometry is possible within continuum spatial models. These frameworks can also

capture mechanical deformations in a way none of the other frameworks can. By

adopting a continuum mechanics approach, crypt morphogenesis can be viewed as

the buckling and further deformation of a thin elastic material, a rod in 1D and

a plate in 2D. Edwards and Chapman [56] were the first to consider a continuum

mechanics model of crypt formation. They treated the crypt epithelium as a

growing elastic beam supported by a foundation force, representing attachments

to the underlying extracellular matrix and stroma. A linear stability analysis was

conducted, investigating how crypt formation is affected by parameters relating
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to tissue growth, foundation stiffness, and substrate relaxation. This work was

extended by Nelson et al. [124], who performed a more extensive buckling analysis

and considered heterogeneities to growth and beam stiffness. In an analogous 2D

setting, Nelson et al. [125] combined Foppl-von-Kárman thin plate theory with a

nonlinear elasticity description for soft tissue growth [147] to investigate pattern

formation due to growth and substrate heterogeneity. Hannezo et al. [85] also

considered crypt-villus formation within the Foppl-von Kárman framework, who

modelled tissue growth through a pressure gradient along the sheet caused by

differences in cell division and cell death rates.

Part of the reason that continuum mechanics models of the crypt are scarce

is the challenge of accounting for tissue growth and, in particular, the residual

stresses induced by growth. Only more recently has it been possible to construct

well-defined mathematical models of biological tissue growth within a continuum

mechanics framework [74, 147]. Moreover, biological tissues contain a number of

spatial heterogeneities, at the cellular and subcellular levels, which are inherently

difficult to incorporate into continuum models as, by construction, there is no

cellular unit. However, in order to faithfully model the crypt from a mechanical

perspective, it is vital that spatial heterogeneities and nonlinearities in geometry

can be readily captured. As previously discussed, this becomes more feasible when

one simplifies the geometry to a 1D setting by exploiting the ‘slenderness’ ratio

of the crypt epithelium; that is, the size of a single cell compared to the length

of the epithelium. As this ratio is small, the Kirchhoff theory of elastic rods is

an attractive candidate for considering crypt deformations, where heterogeneities

and nonlinear geometries can be readily modelled. The morphoelastic rod theory,

originally developed by Moulton et al. [120], extends this theory to include axial

tissue growth. The goal of this thesis will therefore be to develop a morphoelastic

rod model of the crypt, the theory of which we will now outline.
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1.5 Morphoelastic rod theory

Throughout this thesis, we will draw upon the morphoelastic rod framework that was

initially developed in [120]. Accordingly, we will describe the general mathematical

theory, before specialising the model to be of greater biological relevance to the crypt.

For brevity, we do not present the complete, generalised framework; instead we only

state the equations needed for future analysis. In particular, we restrict attention

to extensible and unshearable rods in quasi-static mechanical equilibrium. We

note that this general framework also encapsulates the previous works of Edwards

and Chapman [56] and Nelson et al. [124].

The shape of a rod is described with respect to its centreline, denoted by the

smooth space curve r(S), where S is the material parameter in an unstressed

configuration. Typically, S is taken to be the arc length in this configuration. The

current arc length s is subsequently defined by

s =
∫ S

0

∣∣∣∣∣∂r(σ)
∂σ

∣∣∣∣∣ dσ. (1.2)

At each material point S along the centreline, we define a local orthonormal

basis {d1,d2,d3}, generally referred to as the director basis. The basis vectors

will be defined such that d3 is aligned with the tangent vector of the rod at S,

while d1 and d2 are taken to lie in the plane of the rod cross-section at S along

the principle axes of inertia. A schematic representation of the director basis

construction is shown in Figure 1.3.

The geometry of the rod can be completely described by the following equations,

which are a generalisation of the Frenet-Serret equations [40, 76, 77, 120]:

∂r
∂S

= αd3, (1.3)
∂di
∂S

= u× di, i = 1, 2, 3. (1.4)

Here, α is the elastic stretch, and we have defined the basis vector d3 to align

with the tangent direction. The Darboux vector u = u1d1 + u2d2 + u3d3 describes

the bending and twisting of the rod: u1 and u2 are associated with the former

and u3 with the latter.
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Figure 1.3: Definition of the local director basis. The vectors d1 and d2 lie
in the cross-section at the material position S, while d3 is normal to the cross-section.
See Section 1.5 for more details.

Rod growth is incorporated into the framework by applying a multiplicative

decomposition approach [18, 120, 147]. In order to do this, we consider three different

configurations of the rod: the pre-grown and stress-free configuration, hereafter

called the ‘initial configuration’, which is parametrised by the arc length S0; the

grown (and still stress-free) virtual configuration, parameterised by S and referred

to as the ‘reference’ configuration; and the current configuration, parametrised by s.

This framework is summarised in Figure 1.4. In the initial, reference, and current

configurations, the total rod lengths are L0, L, and l, respectively (Figure 1.4). The

rod arc length is assumed to evolve through some growth process, described by

the growth stretch2 γ(S0) = ∂S/∂S0, followed by an elastic response, encapsulated

by the elastic stretch α = ∂s/∂S. We can therefore write the total stretch of the

rod λ from initial to current configuration (see Figure 1.4) as

λ = αγ ⇐⇒ ∂s

∂S0
= ∂s

∂S

∂S

∂S0
. (1.5)

This is the 1D analogue of the multiplicative decomposition of the deformation

gradient tensor employed in 3D morphoelasticity [18, 120, 147].

We follow Moulton et al. [120] and initially define the kinematics and mechanics

with respect to the reference configuration, before using (1.5) to recast the equations
2Here we follow standard terminology [79] in referring to γ as the growth ’stretch’, the rationale

being that growth acts to ‘stretch’ the arc length by adding new material. That is, the word
‘stretch’ does not refer to a ‘stretching’ of old material, but rather an increase in reference arc
length by the addition of new material.
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in the initial configuration, where it is analytically and computationally easier

to perform calculations.

Mechanics

A balance of linear and angular momentum leads to the following equilibrium

equations for the resultant force and moment, n and m, respectively:

∂n
∂S

+ f = 0, (1.6)
∂m
∂S

+ ∂r
∂S
× n + l = 0. (1.7)

Here, the quantities f and l represent the body force and couple per unit reference

length, respectively. The model is considered in the absence of any body couple—

that is, no force is exerted on the surface of the rod—and therefore l = 0. The

body force f is to be specified later by a constitutive assumption.

We close the system by introducing constitutive relations describing the elastic

properties of the rod and its behaviour due to bending, stretching and twisting.

Following Coleman et al. [40], Goriely and Tabor [76, 77], and Moulton et al.

[120], m is related to the Darboux vector u by

m = EI1(u1 − û1)d1 + EI2(u2 − û2)d2 + µJ(u3 − û3)d3, (1.8)

where E is the Young’s Modulus; µ is the shear modulus; I1 and I2 are respectively

the first and second moments of area; and J is a parameter depending on the shape

of the rod cross-section and I1 and I2. The vector û = (û1, û2, û3) is the unstressed

Darboux vector, describing the rod shape when it is experiencing no stress. In

general, it is assumed that the rod is naturally straight and hence û = 0. However,

in Chapter 3, we will explore the effects of an evolving and hence non-zero û.

We can model rod extensibility by relating the axial stress to the elastic stretch α

by

n3 = n · d3 = EA(α− 1). (1.9)

Here, A is the cross-sectional area of the rod. Note that this is analogous to Hooke’s

law.
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Figure 1.4: The different morphoelastic rod configurations. A rod
that is initially confined to a (finite) interval grows in a virtual, unstressed
reference configuration, before being mapped to the current configuration,
where it is subject to boundary conditions and loads. The rod is parametrised
by a different arc length in each configuration. The respective rod lengths
have been indicated. The parameters γ, α and λ denote the growth, elastic,
and total stretches, respectively.

Our objective is to explore several important aspects of crypt morphogenesis and

homeostasis within the morphoelastic rod framework. For example, in the context

of buckling and morphogenesis, we will explore how spatial variations in growth, γ,

and rod stiffness, E, which are both known properties of the crypt, impact the onset

of buckling and post-buckled behaviour. Other examples include: different growth

laws, modelled through the incremental growth γ̇γ−1, which reflect mechanochemical

contributions, and different laws for the foundation force f , which can be used to

model tissue relaxation, and how these different growth and foundation forces may

affect the resulting morphologies during morphogenesis. Such modelling choices

have not been investigated in detail previously.

One subtle issue that has not been explored in detail is how these different

processes and material properties should be parametrised. In this framework, there

are two main parametrisation choices: by the initial arc length S0, the Lagrangian

representation, or the current arc length s, the Eulerian representation. Modelling

a Lagrangian or Eulerian representation reflects the underlying assumption about

the material property. For instance, in the former case, modelling heterogeneous

stiffness by E = E(S0) reflects stiffness as an ‘inherent’ property of the rod. In
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the latter case, modelling stiffness as E = E(s) reflects stiffness that remains

fixed with respect to current position. A key question is whether the simulated

morphologies are markedly different for Lagrangian and Eulerian representations.

We will explore this concept in Chapter 3.

1.6 Discussion

Colonic crypts are of great clinical significance, for they serve as the sites of

origin of colorectal cancer [143] and facilitators of regeneration from injury [154],

which is particularly important in the context of inflammatory diseases. In both

cases, disrupting crypt homeostasis—subcellular processes, cellular properties, and

morphology—is key. However, while much is known at the genetic and molecular

level, very little is known about the emergent effects of these processes, coupled

with biomechanical factors at the cellular and tissue scales, on crypt morphogenesis.

Is what is observed in the crypt due to the underlying genetic and molecular

mechanisms, or the result of forces and spatial effects? Understanding how these

biomechanical effects are coordinated and give rise to a healthy crypt is crucial to

understanding how the gut transitions from healthy to diseased. Mathematical and

computational modelling provide valuable frameworks in which different aspects

of crypt morphogenesis can be investigated in a systematic and detailed manner.

However, each model comes with its own set of assumptions, and, consequently, its

own set of strengths and limitations. At present, no single model captures all the

important aspects of the crypt. However, by exploring different aspects of the crypt

within a unified continuum mechanics framework, we can gain further insight into

the role of mechanics in shaping crypt morphogenesis and homeostasis.

In this thesis, we aim to address three particular questions:

1. What drives the initial formation of crypts? Moreover, what is the

impact of material heterogeneities on both the initial onset of crypt formation,

and its subsequent evolution? To answer these questions, we will consider the

crypt in the context of mechanical pattern formation and analyse the buckling

and post-buckled behaviour of an idealised crypt model.
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2. How does the crypt generate a narrow, highly-invaginated morphol-

ogy? From a modelling perspective, what are the essential modelling choices

that are needed to replicate these observed morphologies? These modelling

choices must also capture the underlying processes—which may be of biological,

chemical, or a mechanical nature—governing crypt morphogenesis.

3. How is the crypt’s unique growth structure generated and subse-

quently maintained? In particular, can we replicate the unique growth

structure using mechanical models? Consequently, can we use these mechanical

models to identify the essential conditions needed for homeostasis in the crypt?

1.7 Thesis structure

This thesis is structured as follows. In Chapter 2, we consider a planar morphoelastic

rod tethered to an elastic foundation as an abstracted model for a buckling

crypt. We perform a comprehensive post-buckling analysis to understand how

material parameters affect growth-induced pattern forming, particularly when

spatial heterogeneity is considered. Following this, in Chapter 3, we develop several

new models for the processes that play an important role in crypt morphogenesis and

homeostasis (as well as other epithelial structures) and adapt pre-existing models

from the literature. Through numerical simulation, we investigate the effect of these

different models on the growth evolution and morphologies. Then, in Chapter 4,

we specialise the morphoelastic rod framework to that of a crypt, and investigate

how the crypt’s unique growth structure arises and is maintained in homeostasis.

We close with a discussion of the main results and future extensions in Chapter 5.

1.8 List of publications

Parts of Chapter 1 have been used in a literature review article, which has been

accepted for publication [3]. A significant portion of Chapter 2 and Appendix

A has been published in Almet et al. [2].



2
Post-buckling behaviour of a

morphoelastic rod

2.1 Introduction

In this chapter, we treat crypt formation during morphogenesis as a buckling

problem, investigating how growth can lead to mechanical pattern formation. We

consider a 1D model system of a growing planar rod on an elastic foundation,

serving as an abstracted framework for the intestinal crypt. The rod is subject

to growth in the axial direction and clamped boundary conditions, which drive

buckling at a critical growth. We use the morphoelastic rod framework originally

presented in Moulton et al. [120] and outlined in Section 1.5 to extend the results

of Edwards and Chapman [56] and Nelson et al. [124] and analyse unexplored

features that are of general relevance. A focal point for our analysis is the behaviour

of the crypt beyond the initial buckling.

We aim to extend previous analyses in two main ways. First, we aim to extend

the previous linear stability analyses, which predicts the onset of buckling, and

perform a weakly nonlinear analysis, considering growth evolution well beyond the

onset of buckling. In other words, we are interested in the post-buckled behaviour

of the rod, particularly at large deformations. By analysing the rod growth at

large deformations, we can begin to understand how varying model parameters,

31
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such as the foundation stiffness or rod length, impact the resulting morphology.

We will show that the system undergoes a pitchfork bifurcation at the onset of

buckling, which depends on two parameters that quantify the finite length of the rod

and the stiffness of the foundation. Second, we investigate how both the buckling

and post-buckling behaviour changes in the presence of spatial heterogeneity in

material properties, obtaining explicit relations for how the pitchfork bifurcation

that arises is impacted by heterogeneity, and exploring the shape evolution in

the nonlinear post-buckled regime.

Both of these features—large deformation beyond buckling and heterogeneity—

pose significant mathematical challenges. To capture post-buckling behaviour

requires analysis of a nonlinear system of equations, as opposed to the linear

stability analysis that can be used to detect buckling. Furthermore, including

heterogeneity complicates the use of many analytical tools, either rendering the

system analytically intractable or complicating attempts to unfold bifurcations.

Here, rather than rely fully on computational techniques, our approach is to analyse

post-buckling behaviour and the effect of heterogeneity through a combination of

a weakly nonlinear analysis and numerical solution. This approach yields a broad

understanding of the role of heterogeneities in growth, material properties, and

adhesion, and reveals features of post-buckling pattern formation not described

in previous analyses.

The remainder of this chapter is structured as follows. In Section 2, we outline

the framework of a planar morphoelastic rod tethered to an elastic foundation.

Then, in Section 3 we summarise the linear stability analysis before extending

to a weakly nonlinear analysis. The results of the weakly nonlinear analysis and

numerical analysis of the full nonlinear model are presented in Section 4, first in a

homogeneous setting, then with the addition of different material heterogeneities.

Finally, we close by discussing the implications of our results and directions for

future model extensions that we will consider in Chapter 3.
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2.2 Model setup

As a model system to investigate post-buckling in growing slender structures, we

consider in this paper an extensible and unshearable planar rod in quasi-static

mechanical equilibrium. The rod is constrained geometrically by clamped-clamped

boundary conditions, and is also adhered to an elastic (Winkler) foundation. Growth

of the rod is modelled under the morphoelastic rod framework that we described

in Section 1.5.

Let the rod’s centerline be given by (x, y), and let θ denote the angle between

the tangent vector, d3 = cos θex + sin θey, and the x-axis. This is expressed by

∂x

∂S0
= αγ cos θ, ∂y

∂S0
= αγ sin θ, (2.1)

(The scale factor αγ accounts for the fact that we parametrise the system by the

initial arclength parameter S0, as opposed to the current arclength parameter

s.) Defining the resultant force and moment in the rod by n = nxex + nyey and

m = mez, the balance of linear and angular momentum give

∂nx
∂S0

+ γfx = 0, ∂ny
∂S0

+ γfx = 0, (2.2)

∂m

∂S0
+ αγ(ny cos θ − nx sin θ) = 0. (2.3)

Here f = fxex + fyey is the external body force, which is assumed to be solely

due to the underlying foundation.

To this system we add a constitutive equation relating moment to flexure:

m = EI

γ

∂θ

∂S0
, (2.4)

The parameter E is the Young’s modulus of the rod, and is taken for now to

be constant, and I denotes the (second) moment of inertia. For an extensible

rod, we take the axial stress to be related to the elastic stretch α via a linear

constitutive relation

nx cos θ + ny sin θ = EA(α− 1), (2.5)
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where A is the cross-sectional area of the rod.

The foundation is assumed to be a Winkler foundation occupying an interval

along the x-axis, as is the rod. Initially the foundation is a distance y0 from the

rod centreline and the rod is glued to the x-axis; that is, a point (S0, 0) along the

x-axis is attached to a point (S0, y0) on the rod. We can set y0 = 0 without loss of

generality. No remodelling takes place, so these two points are still connected in

the reference (grown) configuration, and are now at (S/γ, 0) and (x, y) respectively.

Therefore the body force acting on the rod (as a force per initial length) is

f = fxex + fyey = −Ekf
γ

[(x− S0)ex + yey] , (2.6)

where we assume the foundation stiffness is proportional to that of the rod, with

the dimensionless positive parameter kf comparing the stiffness of the foundation to

that of the rod. The factor of 1/γ indicates that the body force is parametrised with

respect to the initial configuration, and that no remodelling occurs after growth.

The system is closed with the clamped boundary conditions at S0 = 0 and L∗0:

x(0) = 0, x(L∗0) = L∗0, y(0) = y(L∗0) = 0, θ(0) = θ(L∗0) = 0. (2.7)

2.2.1 Non-dimensionalisation

Next, we non-dimensionalise the system using the standard Kirchhoff scaling [40,

76, 77] and circumflexes to denote non-dimensional quantities:

(S0, x, y) = (A/I)1/2
(
Ŝ0, x̂, ŷ

)
, (nx, ny) = EA (n̂x, n̂y) , m = E(AI)1/2m̂.

(2.8)

Dropping the circumflexes of independent and dependent variables for notational

convenience, Equations (2.1)–(2.3) simplify to

∂x

∂S0
= αγ cos θ, ∂y

∂S0
= αγ sin θ, (2.9)

∂nx
∂S0

= k(x− S0), ∂ny
∂S0

= ky, (2.10)

∂θ

∂S0
= γm,

∂m

∂S0
+ αγ(ny cos θ − nx sin θ) = 0. (2.11)
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The constitutive law for extensibility now reads

nx cos θ + ny sin θ = α− 1. (2.12)

The dimensionless boundary conditions are

x(0) = 0, x(L0) = L0, y(0) = y(L0) = 0, θ(0) = θ(L0) = 0, (2.13)

where the remaining (non-dimensional) parameters are

L0 = L∗0(A/I)1/2, k = kfI

A2 . (2.14)

Note that the non-dimensional rod length L0 depends on the ratio of two length

characteristics of the rod: its initial total length L∗0 and the thickness, characterised

by (I/A)1/2. For instance, for a rod with circular cross-section of radius r, we have

I = πr4/4, A = πr2, and hence L0 = 2L∗0/r � 1.

2.3 Stability Analysis

In this section, we present the analytical tools that we will use to investigate

the buckling and post-buckling behaviour of the morphoelastic rod. We first

adapt and summarise the linear stability analysis from [120], used to calculate

the growth bifurcation value, γ∗, before unfolding the bifurcation with a weakly

nonlinear analysis.

2.3.1 Linear stability analysis

We first determine the critical growth stretch γ∗ and corresponding buckling mode

using a linear stability analysis. The calculations in this section are also present in

Moulton et al. [120], but are summarised here for completeness and to motivate the

weakly nonlinear analysis. Inspecting the system (2.9)–(2.13), for all γ > 1 there

exists a base solution corresponding to a straight, compressed rod; that is, with

θ ≡ 0 and the total stretch λ = αγ = 1 (implying an elastic compression α = 1/γ):

x(0) = S0, y(0) = 0 n(0)
x = 1− γ

γ
, n(0)

y = θ(0) = m(0) = 0. (2.15)
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Expanding each variable about the base solution so that, for example, x = x(0) +

δx(1) +O(δ2), where δ is an arbitrary small parameter, and considering O(δ) terms,

leads to the linearised system

x(1)′ − γn(1)
x = 0, y(1)′ − θ(1) = 0, (2.16)

n(1)′
x − kx(1) = 0, n(1)′

y − ky(1) = 0, (2.17)

θ(1)′ − γm(1) = 0, m(1)′ + (γ − 1)
γ

θ(1) + n(1)
y = 0, (2.18)

where ′ = ∂/∂S0. We observe that {x(1), n(1)
x } are decoupled from {y(1), n(1)

y ,m(1), θ(1)},

and that (2.16)-(2.18) can be expressed as two ordinary differential equations

for x(1) and y(1),

Lx(1) := x(1)′′ − b2x(1) = 0, (2.19)

My(1) := y(1)′′′′ + 2ay(1)′′ + b2y(1) = 0, (2.20)

where the coefficients a and b are defined by

a = γ − 1
2 , b = (kγ)

1
2 . (2.21)

Solving Equation (2.19) subject to x(1)(0) = x(1)(L0) = 0 leads to the trivial

solution x(1) ≡ 0 (and subsequently n(1)
x ≡ 0). Turning to Equation (2.20), our

linearised boundary conditions are

y(1) = y(1)′ = 0 at S0 = 0, L0. (2.22)

Seeking solutions of the form y(1) ∼ eiωS0 (valid on an infinite domain) leads to

the following oscillation frequencies

ω2
± = a±

(
a2 − b2

) 1
2 . (2.23)

We remark that in order for non-damped oscillations to exist over the (finite)

domain, we require a ≥ b. Applying the four boundary conditions for y(1), specified

by Equation (2.22), yields the solution

y(1) = C1 [cos(ω+S0)− cos(ω−S0) + C2 sin(ω+S0) + C3 sin(ω−S0)] , (2.24)
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where the constants C2 and C3 are given by

C2 = ω−(cos(L0ω−)− cos(L0ω+))
ω− sin(L0ω+)− ω+ sin(L0ω−) , C3 = ω+(cos(L0ω+)− cos(L0ω−))

ω− sin(L0ω+)− ω+ sin(L0ω−) ,

(2.25)

and the critical growth value γ∗ must satisfy the relation

a sin(L0ω+) sin(L0ω−) + b cos(L0ω+) cos(L0ω−)− b = 0. (2.26)

If (2.26) is satisfied, then the buckled solution is given by (2.24), but with arbitrary

constant C1. For later convenience, we thus define the function ŷ to be the

determined part of this function, i.e.

ŷ := C−1
1 y(1). (2.27)

The smallest value of γ > 1 that satisfies (2.26) occurs when a = b (and, hence,

ω1 = ω2), giving

γ∗inf = 1 + 2k + 2
(
k + k2

) 1
2 , (2.28)

where k = kfI/A
2. Although it appears that γ∗inf does not vary with any length scale,

this is not entirely true. For example, for a rod with circular cross-section of radius

r, then from (2.14), k ∝ kf . However, for a rectangular cross-section with height h

and width w, k ∝ kfh/w. Additionally, this value of γ only leads to oscillations if

the rod length L0 is infinite, and results in the trivial solution over a finite domain.

Therefore the critical growth value γ∗ is the first value of γ > γ∗inf that solves (2.26).

2.3.2 Weakly nonlinear analysis

Having summarised the above results from [120] that are key for us, we now carry

out a weakly nonlinear analysis. For a given root of (2.26), the buckled solution is

only determined to within the arbitrary constant C1. In order to understand the

behaviour of the buckled rod as it continues to grow, it is necessary to determine

how the buckling amplitude C1 depends on γ, which we accomplish through a

weakly nonlinear analysis. We unfold the bifurcation by introducing the ansatz

γ = γ∗ + εγ(1), (2.29)
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where ε is a fixed small parameter (whereas δ is small, but arbitrary) and γ(1) = O(1)

is a control parameter describing the proximity to the growth bifurcation point

γ∗. Substituting (2.29) into (2.11), re-expanding θ and m and retaining higher-

order terms in θ reveals that the nonlinearities will be balanced by growth if

ε = O(δ2). Setting ε = δ2 and re-expanding our variables about the trivial solution

(2.15) as a power series in δ leads to the following system of differential equations

for each order O(δn), n ≥ 1,

x(n)′ − γ∗n(n)
x = hx(n) , y(n)′ − θ(n) = hy(n) , (2.30)

n(n)′
x − kx(n) = h

n
(n)
x
, n(n)′

y − ky(n) = h
n

(n)
y
, (2.31)

θ(n)′ − γ∗m(n) = hθ(n) , m(n)′ + (γ∗ − 1)
γ∗

θ(n) + n(n)
y = hm(n) . (2.32)

Here, the functions hx(n) , hy(n) , h
n

(n)
x
, h

n
(n)
y
, hθ(n) , and hm(n) denote inhomogeneities

due to lower order terms. As was the case in Section 2.3.1, the system decouples

into two linear operators acting on x(n) and y(n),

Lx(n) = h′x(n) + γ∗h
n

(n)
x

=: Hx(n) , (2.33)

My(n) = h′′′y(n) + 2ah′y(n) + h′′θ(n) + γ∗
(
h′m(n) − hn(n)

y

)
=: Hy(n) . (2.34)

For general n ≥ 1, the boundary conditions for y(n) are now given by

y(n) = 0, y(n)′ = hy(n) at S0 = 0, L0. (2.35)

Observe that the homogeneous problems, (2.19) and (2.20), along with the boundary

conditions—x(1)(0) = x(1)(L0) = 0 and (2.22), respectively—are self-adjoint. When

n = 1, we recover the linearised system described by Equations (2.16)–(2.18), i.e.

Hx(1) = Hy(1) ≡ 0. At n = 2 we find that Hy(2) ≡ 0, giving us no further information

on the buckling amplitude C1; however, as x(1) is trivial, the Fredholm Alternative

Theorem is immediately satisfied thus a non-trivial solution for x(2) exists. Hence,

we must consider O(δ3) terms to obtain the amplitude equation for C1. This leads

us to consider the inhomogeneities Hy(3) , which can be expressed solely in terms of
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x(2) and y(1) and their derivatives. Then, by the Fredholm Alternative Theorem, a

solution for y(3) exists if and only if the following solvability condition is satisfied:
∫ L0

0

(
My(3)

)
ŷ dS0 =

∫ L0

0

(
Hy(3)

)
ŷ dS0 = 0, (2.36)

where ŷ solves the homogeneous problem, defined by (2.27). The only unknown

quantity in (2.36) is the coefficient C1; hence this solvability condition for y(3)

provides a relation between the buckling amplitude C1 and the distance from the

critical buckling growth parameter, expressed by γ(1). Simplifying this condition

(see Section A.1) leads us to deduce that

C1
(
K1C

2
1 +K2γ

(1)
)

= 0. (2.37)

The constants K1, K2 are tedious to compute analytically, but nevertheless only

depend only on the material parameters k and L0, and through them the critical

growth γ∗. It can also be shown (Section A.1) that K2 > 0 for all parameter choices.

Equation (2.37) shows that the system exhibits a pitchfork bifurcation, a known

property of similar systems [90, 124]. The three branches of the pitchfork are given by

C1 = 0, C2
1 = −K2

K1
γ(1). (2.38)

This suggests that the bifurcation will be supercritical if K1 < 0, and subcritical

if K1 > 0. Dynamical stability analysis of these solution branches confirms that

this is indeed the case; the details of this analysis can be found in Appendix A.4.

In the next section, we explore the dependence of K1 on k and L0 and its effect

on the buckling and post-buckling behaviour.

2.4 Buckling and post-buckling behaviour

Having established a relationship for the post-buckling amplitude, we now explore

the effect of material parameters and heterogeneity on the buckling and post-buckling

behaviour. First we examine the form of bifurcation in a homogeneous setting,

effectively by analysing how the critical buckling growth γ∗, the buckling mode,

and the pitchfork constants K1 and K2 vary with the two free parameters in the
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non-dimensional system, L0 and k. We then adapt the weakly nonlinear analysis to

incorporate heterogeneity and investigate the impact of non-uniformity in foundation

stiffness, rod stiffness, and growth. In each case, we complement the analytical

work by solving the full nonlinear system (2.9)–(2.13), using the numerical package

AUTO-07p [49]. AUTO-07p uses pseudo-arclength continuation to trace solution

families and solves the system with an adaptive polynomial collocation method.

2.4.1 Effect of length and foundation stiffness

In Figures 2.1–2.2, we plot bifurcation diagrams for varying values of the dimen-

sionless foundation stiffness k and the dimensionless rod length L0, respectively,

for increasing growth. The horizontal axis in each case is the growth parameter γ,

and the vertical axis plots the non-trivial branches, ±‖y‖ := ±maxS0|y(S0)|, which

is closely related to the value of the constant C1 but more representative of the

post-buckling amplitude. The solid lines are determined from the weakly nonlinear

analysis, while the dashed lines are numerical results. We also plot the buckled

shape (x(S0), y(S0)) at the specified points for each branch.

As k increases, the buckling occurs for increased mode number, reflecting the

energy trade-off that as the foundation stiffness is increased, a large amplitude

is penalised more by a high foundation energy, and hence higher bending energy

is sacrificed to have a lower amplitude. An increased value of k also leads to an

increase in γ∗, which shows that the foundation is serving to stabilise the rod against

buckling. This can again be understood in terms of an energy trade-off, but in

this case it is the compressive energy in the grown but unbuckled state that is

being sacrificed. It is important to note that this feature could not occur in an

inextensible rod, for which the trivial state does not exist for any γ > 1.

Considering length L0 leads to similar changes in both critical buckling growth

and mode number. However, while the buckling mode increases for increasing length,

the critical buckling growth decreases. Recalling the scaling L0 = L∗0(A/I)1/2, this

reflects the notion that a short or thick rod can endure more growth before buckling,
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Figure 2.1: Bifurcation diagram for varying foundation stiffness. Bifurcation
diagram plotting ±‖y‖ = ±maxS0 |y(S0)| against γ from weakly nonlinear analysis (blue,
dotted lines) and numerical continuation (red) of the full model (2.9)–(2.13); stable
solutions are marked with solid lines, while dashed lines represent unstable solutions.
Each non-trivial branch denotes a continuation in γ for a fixed value of k. The buckled
shape (x(S0), y(S0)) is plotted at the point ‖y‖ = 1 (orange dot) for (a) k = 10−3, (b)
k = 0.15, (c) k = 0.375, and (d) k = 0.625. The dimensionless rod length is fixed to be
L0 = 20 for all cases.

and will buckle at lower mode. We note also that as L0 →∞, γ∗ → γ∗inf , the critical

growth value for buckling on an infinite domain (2.28).

Perhaps most notable is the transition from supercritical to subcritical bifurcation

evident in both diagrams. We find initially that subcritical bifurcations occur for

large enough k or small enough L0. We find through numerical continuation that the

subcritical branches then fold back, a feature not captured by the weakly nonlinear

analysis at order O(δ3). A linear stability analysis (see Section A.4) confirms that

the portion of the subcritical branch before folding back is unstable, while the

portion after the fold-back is stable. (As would be expected, the curved branches are

stable in the supercritical case.) This implies that a subcritical bifurcation signifies

a discontinuous jump from the trivial flat state to the finite amplitude stable branch,

as well as the presence of a hysteresis loop if γ is subsequently decreased. Moreover,

as we will show in the next section, multiple transitions between supercritical and

subcritical pitchfork bifurcations can actually occur.
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Figure 2.2: Bifurcation diagram for varying rod length. Bifurcation diagram
plotting ±‖y‖ = ±maxS0 |y(S0)| against γ from weakly nonlinear analysis (blue, dotted
lines) and numerical continuation (red) of the full model (2.9)–(2.13); stable and unstable
solutions are marked with solid and dashed lines respectively. The buckled shape
(x(S0), y(S0)) is plotted at the point ‖y‖ = 1.5 (orange dot) for (a) L0 = 20, (b) L0 = 14,
(c) L0 = 9, and (d) L0 = 7. The dimensionless foundation stiffness k is set to k = 0.1 for
all cases.

2.4.2 Locating the pitchfork transition

For given parameters k and L0, the weakly nonlinear analysis enables us to determine

the type of pitchfork bifurcation simply by computing the sign of K1. Figure 2.3

shows the regions in k-L0 space where supercritical and subcritical pitchforks occur.

Note that despite having an explicit expression for K1, the actual computation

of its value was done numerically as it requires root finding for the eigenvalue

γ∗. Hence, to produce Figure 2.3 we computed K1 over a discrete grid in the

k-L0 plane. The transition boundary was then verified at several points through

numerical path following in AUTO-07p.

Unexpectedly, we do not find a simple monotonic transition boundary, as seen

in similar studies [89], but rather an intricate pattern with an oscillatory structure.

This structure implies that multiple transitions between super- and subcritical

buckling can occur for a fixed k and varying L0 (or vice versa); that is, simply

increasing the length of the rod monotonically can create repeated transitions

between super- and subcritical bifurcation. For an infinite rod, the transition can
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be computed as k ≈ 0.38196 (see Section A.2); this point is included as a dashed,

horizontal line in Figure 2.3, and it appears that as L0 →∞, the oscillations dampen

and the transition boundary approaches this constant value. By contrast, as L0

decreases, the oscillation amplitude increases, although the slenderness assumption

of the rod breaks down as L0 ∼ O(1).

This intricate structure, which to our knowledge has not been reported before,

has interesting potential implications. The defining characteristic of the subcritical

regime is a discontinuous bifurcation: a small change in growth beyond the critical

value leads to a potentially large jump in amplitude; while the bifurcation is smooth

in the supercritical regime. Hence, the fact that the transition boundary oscillates

in the parameter space implies a sort of non-robustness to the instability. The

effects of subcritical bifurcations have been studied in the biological contexts of

biochemical Turing patterns [26], epidemics [149], and even neuroscience [108]. The

phenomenon seems to be less-well studied in mechanical models of morphogenesis,

despite clear analogies with engineering structures where subcritical buckling is

well-documented, e.g. [113]. This may be in part due to the difficulty in observing

the actual instability event in biological morphogenesis, hence classifying the form

of bifurcation is not straightforward. Subcritical bifurcation in a mechanical context

has however been observed in a model of the buckling of a lipid bilayer vesicle

between two plates [144]. It remains an interesting open question whether or not

the transition region in Fig. 2.3 could be physically realised. Of course the model

system presented here is highly idealised, and the complexities of the structure

may either not exist in a real system or be detectable within experimental error;

nevertheless the framework could in principle be tailored to a particular biological

setting to explore the form of bifurcation in greater detail.

2.4.3 Parameter heterogeneity

Thus far, we have assumed spatial homogeneity in model parameters. However, in

many biological systems, heterogeneities are inherent in the system. This raises the

question of how a given heterogeneity is manifest in the buckled pattern. To explore
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Figure 2.3: Phase diagram of pitchfork bifurcations. The regions have been
determined by computing the sign of K1 at each point on a discretised grid of k and L0.
Subcritical pitchfork bifurcations (K1 > 0) have been labelled with dark blue crosses,
while supercritical pitchfork bifurcations are labelled with an orange dot (K1 < 0). The
dashed line corresponds to the transition value of k in the infinite-length case, k ≈ 0.38196
(see Appendix A.2).

this, we initially consider three distinct forms of heterogeneity in: the foundation

stiffness, the rod stiffness, and the growth. Each heterogeneity has a clear biological

interpretation. For example, in the intestinal crypts, these heterogeneities would

correspond to: the different types of extracellular matrix secreted by the cells

comprising the underlying tissue stroma (foundation heterogeneity), the mechanical

properties of epithelial cells in the crypt (stiffness heterogeneity), and the variations

in the proliferative capacity of these cells (growth heterogeneity). In order to

understand the effect of each type of spatial heterogeneity, we examine heterogeneity

for each parameter in isolation.

With parameter heterogeneity, it becomes increasingly difficult to obtain analyt-

ically tractable results with a weakly nonlinear analysis, especially if the amplitude

of the heterogeneity is pronounced. Nevertheless, when the parameters are close
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to homogeneous, we can extend the weakly nonlinear analysis and, in particular,

ask how the heterogeneity impacts the pitchfork bifurcations observed in the

homogeneous case. We complement this analysis with numerical solutions of the

full system defined by Equations (2.9)–(2.13). For computational convenience,

heterogeneity is incorporated via a sequence of numerical continuations in the

growth and heterogeneity parameters.

We model heterogeneity as a spatial deviation from a baseline homogeneous

state. In general, for an arbitrary parameter µ, we consider

µ(S0) = µ0 + ε̂µ0ξ(S0). (2.39)

Here, the constant µ0 corresponds to the baseline homogeneous value, and the

function ξ(S0) captures the spatial variation, modulated by the amplitude factor

ε̂ and constrained only by the requirement that µ ≥ 0.

With heterogeneity introduced, the weakly nonlinear analysis can be viewed as a

two-parameter unfolding, both in the distance from the critical buckling growth, via

γ = γ∗+εγ(1), and in the distance from homogeneity, characterised by ε̂. We are thus

faced with balancing three small parameters: ε, ε̂, and the order of the expanded

variables, which we denoted by δ, e.g. as in y = δy(1) +O(δ2). In the homogeneous

case the correct balance is given by ε = δ2. With ε̂ > 0, numerous balances could

be sought, and a full analysis of the two-parameter unfolding is beyond the scope

of this paper. Our approach involves starting from homogeneity, and increasing the

order of ε̂ to see when and how it first impacts on buckling. Hence, we again take

ε = δ2, and consider ε̂ = δβη, with β > 1 and η an O(1) control parameter.

The three cases we wish to consider for heterogeneity are:

• Foundation heterogeneity, for which µ = k;

• Rod stiffness heterogeneity, for which µ = E, the Young’s modulus1;
1In this case heterogeneity is incorporated prior to non-dimensionalization, and scaling proceeds

using the baseline value. Note also that we do not vary the Young’s modulus E present in the
definition of the foundation force (2.6), so that we may distinguish the material properties in the
foundation from material properties of the rod itself.
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• Growth heterogeneity, for which µ = γ.

Perturbing each of these parameters via (2.39) has a similar effect on the

weakly nonlinear analysis. In each case, it is easy to show that for β > 2, the

heterogeneity does not affect the weakly nonlinear analysis up to O(δ3), and therefore

does not affect the buckling amplitude C1. Consequently, the bifurcation relation

(2.38) is unaffected. When β = 2, the heterogeneity first has an impact (up to

O(δ3)) and, hence, it is for this case that we adapt the analysis. At O(δ3), the

corrective term y(3) now satisfies

My(3) = Hold
y(3) + ηHnew

y(3) . (2.40)

The first term on the right hand side, Hold
y(3) , corresponds to the inhomogeneities in

the homogeneous case, while Hnew
y(3) describes the effects of the heterogeneity (2.39).

For each parameter considered, evaluating the solvability condition (2.36) leads

to a new equation for C1:

C1
(
K1C

2
1 +K2γ

(1) +K3η
)

= 0. (2.41)

The constants K1 and K2 are identical those in Equation (2.37) (see Appendix A.1).

The heterogeneity is fully encapsulated in the term K3, defined straightforwardly by

K3 = C−1
1

∫ L0

0
Hnew
y(3) ŷ dS0. (2.42)

The heterogeneous model, hence, undergoes a translated pitchfork bifurcation,

where the branches are given by

C1 = 0, C2
1 = −K2

K1
γ(1) − K3

K1
η. (2.43)

Observe that since ξ appears in Hnew
y(3) only, and hence in K3 only, it does not

affect the type of pitchfork that occurs, but merely translates it. That is, setting

C1 = 0 in the non-trivial branch gives γ(1) = −(K3/K2)η; recalling (2.29), the

critical growth γ∗ is now shifted to

γ∗ = γ∗0 − δ2K3

K2
η, (2.44)
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where γ∗0 is the critical growth stretch for the rod in a homogeneous setting, as

determined from the linear stability analysis in Section 2.3.1. Hence, we see that

the material heterogeneity (2.39) results in an O(δ2) shift in γ∗. Since K2 > 0,

the direction and degree of the shift is determined by K3. Generally, K3 provides

the ‘metric’ for whether the heterogeneity has a net effect of strengthening or

weakening the effect of the material parameter.

In order to investigate greater amplitudes of heterogeneity and the post-buckling

shape evolution, we perform numerical continuation on the full model. As an

illustrative example, we apply the same form of heterogeneity for each of the three

parameters: ξ(S0) = cos(2πS0/L0) and ε̂ = 0.9, characterising a significant decrease

in the middle region and increase in the outer regions. Figure 2.4 depicts the

resultant rod shapes. As evident in Figure 2.4, the heterogeneity has a markedly

different effect for each material parameter.

Foundation stiffness heterogeneity Here, the modified foundation is softer

in the middle and stiffer near the endpoints, causing a significant increase in

amplitude in the middle of the rod, where the resistance to deformation is weaker.

This phenomenon can be generally understood and quantified by applying the

weakly nonlinear analysis. Note from Equation (2.20) that the operator M on

the left hand side of Equation (2.40) is the linearised (beam) equation, i.e. the

vertical force balance for an extensible rod upon a foundation. Consequently, the

term Hnew
y(3) captures additional forces due to the imposed heterogeneity. In the

case k(S0) = k0(1 + δ2ηξ(S0)), at O(δ3) this term takes the particularly simple

and instructive form:

Hnew
y(3) = −k0γ

∗ξ y(1). (2.45)

The heterogeneity thus acts as an amplifying force where ξ(S0) < 0, and a resistive

force where ξ(S0) > 0. This is apparent in Figure 2.4(b): the magnitude of y(1)

is largest in the middle, with ξ(S0) < 0, reducing the effects of Hold
y(3) and leading

to an increase in amplitude.
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Figure 2.4: The effect of heterogeneity on the post-buckled shape (x(S0), y(S0))
and the underlying foundation. The baseline foundation stiffness k0 and rod length
L0 have been set to k0 = 0.04 and L0 = 20, respectively. (a) The growth stretch γ (γ0 for
γ(S0)) has been continued until ‖y‖ = 2.75 for the homogeneous case. The heterogeneity
function ξ(S0) has been set to ξ(S0) = cos

(
2πS0
L0

)
for each of (b) foundation stiffness

heterogeneity k(S0), (c) rod stiffness heterogeneity E(S0), and (d) growth heterogeneity
γ(S0). The heterogeneity amplitude ε̂ has been continued to ε̂ = 0.9 from the homogeneous
state (ε̂ = 0).

Rod stiffness heterogeneity In the case of rod stiffness, the dominant trend

is compression in the middle region, leading to a significant decrease in amplitude

and arclength, and formation of a near cusp-like point, reflecting the reduced

energy cost of both bending and stretching in the middle region. We have also

examined the competing energies within the system: bending versus stretching

versus foundation (defined in Appendix A.5). Figure 2.5 shows that both the

bending and foundation energy are reduced as ε̂ increases, despite the cusp-like

formation, while the stretching energy increases. The total energy remains roughly

constant through most of this tradeoff, but eventually, at large values of ε̂, the

stretching penalty outweighs the benefit to the bending and foundation energies

and a sharp rise in the total energy occurs for ε̂ & 0.7.
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Figure 2.5: Energy plot for heterogeneous rod stiffness. The
bending energy Ebend (blue, solid), stretch energy Estretch (green, dashed),
E foundation (brown, dotted), and total energy Etotal (pink, dot-dashed) have
been plotted. The parameters are the same as those in Figure 2.4. We
see that Estretch increases while Ebend and E foundation decrease for increasing
heterogeneity.

Growth heterogeneity In the case of growth heterogeneity, note that for the

form of heterogeneity considered, ξ(S0) = cos(2πS0/L0), the net growth, defined by

γ = 1
L0

∫ L0

0
γ(S0)dS0, (2.46)

is unchanged from the homogeneous case, γ(S0) = γ0. Thus, for varying ε̂, there

is no change in net growth, merely a redistribution of material from the middle

region to the sides. Accordingly, Figure 2.4(d) shows a significant change in shape:

the middle region flattens while the left and right regions, with increased material,

show an increase in amplitude and curvature. The loss of material from the middle

also has the effect of increasing the elastic stretch α, resulting in a transition from

compression to tension. An intuitive explanation for this can be seen by examining

the flat solution (2.15): a growth stretch of γ < 1 implies that the horizontal force

n(0)
x > 0, i.e. the rod is in a state of tension. For growth heterogeneity, we observe

behaviour in energy that is qualitatively opposite from rod stiffness heterogeneity:
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Figure 2.6: The effect of growth heterogeneity on energy for
ξ(S0) = cos

(
2πS0
L0

)
. The bending energy Ebend (blue, solid), stretch energy

Estretch (green, dashed), E foundation (brown, dotted), and total energy Etotal

(pink, dot-dashed) have been plotted. The parameters are the same as
those in Figure 2.4. As growth heterogeneity increases, Estretch decreases
drastically, with Ebend and E foundation increasing slightly.

as heterogeneity is increased, both bending and foundation energies increase, while

stretching and total energies decrease. The flattening of the middle region caused

by loss of material to the edges reduces the compressive energy locally, due to the

transition to tension in the middle region, while the redistribution of material to the

sides leads to a net increase in bending and foundation energy, as shown in Fig. 2.6.

It is worth comparing these results to similar studies. In Nelson et al. [124],

bending stiffness heterogeneity and growth heterogeneity were considered. In

the case of growth heterogeneity, Nelson et al. concluded that net growth affects

the post-buckling behaviour more than heterogeneity, whereas we have found a

significant change in morphology due to growth heterogeneity, even with no change

in net growth. This discrepancy may be partially due again to the inextensibility

assumption present in [124]. More likely though, the behaviour may be attributable

to viscous relaxation. Nelson et al. have modelled the foundation as viscoelastic

springs, thus incorporating a stress relaxation not present in our model. Indeed,

they presented an example (see Fig. 11 of [124]) in which a change in morphology
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does initially occur due to growth heterogeneities, but the difference is then lost once

stresses are allowed to relax. Some form of viscous relaxation is almost certainly

present in development of the colorectal crypt, and incorporating such effects in

our framework is the subject of Chapter 3.

The role of extensibility

It is important to note that many of the above trends are reliant on the assumption

of rod extensibility. In an inextensible model, axial compression is not permitted,

as the arclength is fixed, which is equivalent to the geometric constraint α ≡ 1. For

explicit comparison, we consider the same stiffness heterogeneity in an inextensible

rod. Consequently, only bending is affected by the heterogeneity (2.39). In Figure

2.7, we compare the shape evolution with increasing ε̂ in both inextensible and

extensible models, for ξ(S0) = cos(πS0/L0) and ξ(S0) = cos(2πS0/L0). For the

inextensible models, we take an equivalent foundation stiffness, k = 0.04, but set

γ = 1.1 to obtain a similar initial amplitude. In an inextensible rod, the arclength

is fixed and thus the response to heterogeneity is to alter the shape towards aligning

points of minimal and maximal curvature with material points of maximal and

minimal stiffness, respectively. Hence in Figure 2.7(a) the inextensible rod shifts to

have maximal amplitude on the soft region on the right side, whereas the extensible

rod (Fig. 2.7(b)) compresses on the right side, thus producing a completely different

morphology with minimal amplitude. In Figure 2.7(c), the inextensibility leads

to a localisation of curvature in the soft middle region, as opposed to the strong

compression in the extensible case, shown in Figure 2.7(d). These simulations

illustrate the dramatic effect that extensibility can have on shape morphology and

the response to material heterogeneity.

We note that Nelson et al. [124] also considered bending stiffness heterogeneity,

finding that localised regions of softened bending stiffness leads to a localisation

of buckling. This result is similar to Figure 2.7 for the inextensible case, where

the rod shape shifts towards points of softened rod stiffness.
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Figure 2.7: The effect of extensibility on rod shape. The specified heterogeneities
are (a)–(b) ξ(S0) = cos

(
πS0
L0

)
and (c)–(d) ξ(S0) = cos

(
2πS0
L0

)
. The dimensionless

foundation stiffness and rod length have been set to k = 0.04 and L0 = 20, respectively.
The growth parameter γ was set to γ = 1.1 and γ = 1.8 for the inextensible and extensible
cases respectively. Continuation in ε̂ is over the interval ε̂ ∈ [0, 0.85]. The resulting forms
of E(S0) (brown, dashed line) have also been plotted. Arrows in the plots indicate the
evolution of the rod shape (blue, sold lines) in the increasing direction of the continuation
parameter, while darker blue lines correspond to higher values of ε̂. When rod stiffness
is asymmetric, competition in curvature causes the inextensible rod to redistribute its
material more so than the extensible rod. In the symmetric case, extensibility leads to
compression at the locations of maximal curvature, which is not seen for the inextensible
rod.

Foundation imperfection

The heterogeneities we have considered thus far, while having significant impact

on the post-buckling shape evolution, have had a relatively minor effect on the
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bifurcation itself, only serving to translate the pitchfork, and by modest amounts.

This is in contrast to typical results in a Koiter imperfection sensitivity analysis

[4, 90], in which material imperfections may shift the bifurcation to occur at

significantly reduced loads and in an imperfect fashion (a ‘broken pitchfork’). Here,

the small change in bifurcation can be understood within the framework of our

model by considering the form of heterogeneity imposed. As derived in section

2.3.2, the base (homogeneous) equation for the pitchfork bifurcation is

K1C
3
1 +K2C1γ

(1) = 0.

Perturbations to the system in the form of heterogeneities have the potential

to change this to

K1C
3
1 +K2C1γ

(1) +K3C1 +K4 = 0.

The cases we have examined lead to K4 = 0 and K3 6= 0, which merely translates

the pitchfork (as C1 = 0 is still a solution branch). Breaking the pitchfork would

require K4 6= 0. The reason that the additional term obtained has a factor of C1

is that we have only considered multiplicative heterogeneity, i.e. we have imposed

heterogeneity in terms that multiply dependent system variables: foundation stiffness

k multiplies x and y in the force balance, stiffness E multiplies θ′ as well as α, and

growth γ appears in the system multiplicatively in multiple places (as evident in

Equations (2.1)-(2.3)). Thus, at the relevant order in an asymptotic expansion, a

perturbation to these parameters always appears multiplicatively with the base

solution y1 = C1ŷ, and thus the additional term in the solvability condition that

provides the bifurcation condition is of the form K3C1.

In order to produce a non-zero added term K4, independent of C1, we must

consider additive heterogeneity. One possible type of additive heterogeneity, com-

monly considered in imperfection analyses, is in the shape of the foundation; that

is, we consider the foundation to have spatially-varying imperfections present. That

is, we modify the force balance equations (2.10) to
∂nx
∂S0

= k(x− S0), ∂ny
∂S0

= k(y − ε̂ξ(S0)), (2.47)
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where ξ(S0) is the shape of the imperfection and ε̂ captures the magnitude. This

form of heterogeneity first affects the weakly nonlinear analysis when ε̂ = O(δ3).

Setting ε̂ = δ3η, where η acts as a control parameter away from homogeneity,

the solvability condition (2.36) is shifted by a factor independent of C1, and

the bifurcation now satisfies

K1C
3
1 +K2C1γ

(1) +K4η = 0. (2.48)

The constant K4 is defined by

K4 = kγ∗0

∫ L0

0
ξŷdS0. (2.49)

(The constants K1 and K2 are the same as in the homogeneous case (2.37).) Note

the loss of both the trivial amplitude branch and the symmetric nature of the

non-trivial amplitude branches. Therefore, with this underlying imperfection, the

model undergoes an asymmetric (or imperfect) pitchfork bifurcation, with the

branch selected determined by the sign of K4. As η is increased, so is the deviation

from the homogeneous amplitude equation (2.37), and hence the splitting of the

initially-symmetric non-trivial branches is amplified. Note also that K4 involves a

simple inner product with ξ and the buckling mode ŷ. The heterogeneity thus has

maximum effect when the imperfection to the foundation is of the same shape as

the buckling mode, i.e. when ξ ∝ ŷ. Figure 2.8 displays the bifurcation diagram

for ±‖y‖ against γ for various values of η, both from the weakly nonlinear analysis

(dashed curves) and numerical solution of the full system (solid curves). We have

taken the heterogeneity ξ(S0) = ŷ(S0). As expected, increasing η further splits

the branches and increases the predisposition to the upper branch2. Due to the

scaling ε̂ = δ3, large values of η are needed to observe a noticeable difference in

the bifurcation. In Figure 2.8 we have taken η = O(105), which grossly violates

the asymptotic assumption that η = O(1); since in this plot δ = 10−2, even with

η = 105, ε̂ = 10−1, i.e. the perturbation is still small, and we find that the weakly
2Setting ξ(S0) = −ŷ(S0) biases the buckled rod to the lower amplitude branch, as seen by

setting D1 = −1. (Note that numerical continuation, increasing γ from the flat rod state, cannot
be used to detect the split branches.)
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Figure 2.8: Bifurcation diagram for additive foundation heterogeneity (2.47).
The foundation stiffness and rod length have been set to k = 0.04 and L0 = 20, respectively,
while the foundation heterogeneity ξ(S0) has been prescribed to ξ(S0) = ŷ(S0), as defined
by Equation (2.27). The amplitudes ±‖y‖ = ±maxS0 |y(S0)| against γ from weakly
nonlinear analysis (blue, dotted lines) and numerical continuation (red, solid lines) have
been plotted for different values of η. For numerical calculations, the small parameter δ is
set to δ = 0.01 for all cases. Increasing η further biases the rod to γ = 1 to the upper
non-trivial amplitude branch.

nonlinear analysis matches the full model reasonably well. Also evident is that

as heterogeneity is increased, a larger deflection is observed for a given γ. This

is consistent with typical results that imperfection deforms load-deflection curves

so that higher deflections occur under smaller loads [90].

As a final point of interest, we wish to measure which form of heterogeneity has

the greatest impact on the bifurcation. As a ‘metric’ for comparison, following the

typical engineering analysis of load-deflection, here we consider the compressive

force as a function of growth. To examine this, we define the net axial stress

n3 = 1
L0

∣∣∣∣∣
∫ L0

0
n3dS0

∣∣∣∣∣ = 1
L0

∣∣∣∣∣
∫ L0

0
nx cos θ + ny sin θdS0

∣∣∣∣∣ . (2.50)
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Figure 2.9: Effect of the considered heterogeneities on compressive stress. The
net axial load n3 is plotted against γ. As before, the foundation stiffness and rod length
have been set to k = 0.04 and L0 = 20, respectively, while the foundation heterogeneity
ξ(S0) has been prescribed to ξ(S0) = ŷ(S0) (see Eq. (2.27)). The homogeneous case (blue,
solid line) is compared against the foundation stiffness heterogeneity (orange, dashed lines);
rod stiffness heterogeneity (pink, open circles); growth heterogeneity (green, dash-dotted
lines); and foundation imperfection (2.47) (brown dots). For numerical calculations, the
small parameter δ is set to δ = 0.01 and η is set such that ε̂ = 0.1 for all cases. The
additive foundation heterogeneity is quickest to relieve the axial stress induced by rod
growth.

In Figure 2.9, we compare the net axial stress with increasing growth for each of

the four heterogeneities considered. In each case we have imposed ξ = ŷ, and due

to the different nature of the perturbation schemes, we have chosen the scale factors

such that the total perturbation from the uniform state is equivalent across the four

cases. The perfect buckling case appears as the solid blue line, with the sharp cusp

appearing at γ∗ and signifying that buckling occurs at a critical compressive stress,

which is relieved partially through the buckling. Each of the heterogeneities produces

a similar curve, though we see that the additive heterogeneity in foundation shape

just considered has the most significant effect, followed by growth heterogeneity.

Both foundation and stiffness heterogeneity follow the perfect case very closely;
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zooming in on the cusp region (see inset) shows that these forms lead to a delayed

bifurcation, and, in the case of foundation stiffness, the bifurcation occurs at slightly

larger stress before subsequently compensating and dipping below the perfect case.

Why do crypts always invaginate downwards?

The predisposition to a particular solution branch shown in Figure 2.8 leads to an

interesting hypothesis about crypt invagination. In the intestines, crypts always

invaginate downwards, away from the lumen (inner cavity) while in the small

intestine, villi always protrude outwards into the lumen [183]. While functional

differences between the two glands—the crypts house and protect a stem cell pool,

while the villi maximise surface area for nutrient absorption [1]—may suggest

why these directional biases are useful or necessary, it is not known how these

preferential directions for deformation occur. However, it has been observed that

during gut development, villi formation occurs first, which is followed by crypt

formation in the regions between villi [167]. As villi protrude out towards the lumen,

the intervillous tissue regions curve away from the lumen and are thus convex in

shape [167]. This suggests an inherent imperfection in the ‘foundation’, where the

foundation is represented by the underlying extracellular matrix and stroma, such

that ξ(S0) ∝ −ŷ(S0). This leads to a natural preference for crypts to invaginate

downwards, away from the lumen. It is worth noting that these biases may be

exacerbated by the differences in considered tissue geometries, as the gastrointestinal

tract is cylindrical in shape, whereas our analysis is considered along a 1D line.

2.5 Discussion

We have investigated the buckling and post-buckling behaviour of a planar mor-

phoelastic rod attached to an elastic foundation, an abstracted model of a buckling

intestinal crypt. We extended the original linear stability analysis by Moulton et

al. [120] by conducting a weakly nonlinear analysis, complemented with numerical

solutions of the full, nonlinear model. We first considered a homogeneous setting,

and then explored the effect of heterogeneity in material parameters.
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In the homogeneous case, we obtained a classic pitchfork bifurcation, with

buckling occurring at a critical growth. The nature of the bifurcation (its location

and type—supercritical or subcritical) could be characterised via two dimensionless

parameters, one (L0) relating to length of the finite rod, and another (k) comparing

the relative stiffness of foundation and rod. Increasing length was found to destabilise

the rod, causing bifurcation at a smaller value of growth and with increased mode

number. Increasing the foundation stiffness, on the other hand, stabilises the rod,

increasing the critical growth and the mode number. The influence of foundation

stiffness on the buckling mode and the onset of instability shows how variations in

system parameters, even in a heterogeneous setting, can have a dramatic impact

on the resulting morphology. Such results may have strong relevance in the crypt,

where its invaginated structure is crucial to functionality.

The general trends we have found in the homogeneous case are consistent with

previous analyses of a similar nature, e.g. [131]. The type of bifurcation, however,

was non-standard: the boundary between supercritical and subcritical bifurcations

exhibited an unexpected complexity. In a biological context, where monotonically

increasing growth is a natural driver of the formation and subsequent evolution of

spatial patterns, this transition has critical importance, signifying where a smooth

shape evolution (supercritical) can be expected, as opposed to a discontinuous jump

from a flat state (subcritical). Here the effect of a finite domain is also apparent, as

the complexity of the transition becomes less pronounced as L0 increases.

Multiplicative heterogeneity with respect to three different material properties

was then considered: the foundation stiffness, the rod stiffness, and growth. A

modified weakly nonlinear analysis showed that in each case the heterogeneity

served to translate the bifurcation point, but did not alter its nature. Explicit

relations for the shift in bifurcation allowed us to determine how the form of the

heterogeneity influences the direction and degree of the translation. For example,

the simplest relation appeared with heterogeneity in the foundation stiffness, in

which case the greatest effect occurs when the heterogeneity is aligned with the

square of the buckling mode. This reflects the intuitive notion that weakening
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the foundation attachment in regions where the uniform rod deforms maximally

has the strongest impact.

To complement the weakly nonlinear analysis, the full nonlinear system was

solved with numerical continuation; this enabled us to investigate the post-buckling

behaviour for more pronounced heterogeneity and at large growth values. A common

feature was an induced ‘asymmetry’ of the buckled shape. With heterogeneous

foundation stiffness, softer (stiffer) parts of the foundation give rise to increased

(decreased) rod amplitudes, as might be expected. With heterogeneity in rod

stiffness, the situation is less straightforward. Softer parts of the rod are more easily

curved, and thus it might be reasonable to expect such regions to correspond to

higher amplitude; however, compression is also less costly in the soft regions. In all

cases we have examined, the rod flattens through compression in the soft regions,

a deformation that increases stretching energy, but is compensated by a decrease

in both bending and foundation energies. Here, the assumption of extensibility is

crucial, as compression is not permitted in an inextensible model. Indeed, a direct

comparison of an inextensible and extensible model post-buckling revealed significant

morphological differences, highlighting the importance of a critical assessment of

when the inextensible assumption is warranted. In the case of non-homogeneous

growth, we showed that even with zero net growth, heterogeneity, interpreted as a

redistribution of rod material from spatial regions with decreased γ to those with

increased γ, can significantly impact the post-buckling behaviour. The general

trend is not surprising: the rod flattens in regions where material is lost. What is

perhaps surprising is that the distribution of material seems to play as important a

role in the shape evolution as the total amount of material added through growth.

Having examined the effect of heterogeneity on post-buckled shape, two natural

and related questions follow from this: (i) can one tailor the heteregeneities to

achieve a desired shape? And (ii) given a particular shape, can one infer the form

and type of any material heterogeneity present? These questions, with significant

relevance both from morphogenetic and tissue engineering perspectives, are related

to the mathematical inverse problem. Such a problem is inherently complex, as the
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Figure 2.10: Inverse problem example. (a) Different forms of heterogeneity in rod
stiffness (brown, dashed), and growth (blue, dot-dashed) are chosen to approximately
match the morphology produced by foundation stiffness heterogeneity (red, solid). (b)
Despite the similar shape and amplitude in the edge region, growth heterogeneity gives
rise to tension (n3 > 0). (c) Foundation stiffness heterogeneity decreases the foundation
energy density UF in the central region where the foundation has been weakened.

shapes considered are (partial) solutions of a high-order nonlinear boundary value

problem, only achieved in the forward direction through numerical path continuation.

In order to develop some intuition, here we provide a simple but illustrative example:

we take a candidate shape with embedded heterogeneity—foundation heterogeneity

following Figure 2.4(b)—and we try to match that shape, in a trial-and-error manner,

by varying the heterogeneity in either the rod stiffness or the growth (as well as the

net growth), guided by the results of Section 2.4.3; we then consider characteristics

other than the shape itself and seek distinctive differences, i.e. signatures of the

heterogeneities (more details provided in Appendix A.6).

The result of this exercise is summarised in Figure 2.10. In Figure 2.10(a) we plot
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the ‘matched’ shapes; clearly the match is imperfect, highlighting already the non-

trivial nature of tailoring the heterogeneity to achieve a specific shape. Figure 2.10(b)

shows the axial stress n3 in the outer region. We observe that growth heterogeneity

produces disparate regions of tension, n3 > 0 (where growth is reduced), and

compression, n3 < 0 (where growth is increased). In contrast, the rod remains in

compression for foundation and rod stiffness. In distinguishing foundation stiffness

heterogeneity, the foundation energy density UF, defined explicitly in Appendix A.5,

provided the clearest indicator. Figure 2.10(c) plots UF in the middle section of

the rod, where the shapes are qualitatively most similar, and we find a significant

decrease in the case of foundation heterogeneity.

In a thought experiment where the morphology is given and the task is to

determine the heterogeneity, these differences could in principle be detected by

cutting experiments that release residual stress, as is done for instance in arteries

[38] and solid tumours [164]. However, while this example suggests the possibility

of distinguishing between forms of heterogeneity and using heterogeneity to tailor

properties, it is clear that this is not a straightforward problem, and a more rigorous

treatment would be needed to reach firm conclusions. Moreover, we observed

no features that clearly distinguished the case of rod stiffness heterogeneity from

the other two heterogeneities. In a 3D setting, more measurable quantities are

available, for example, stress in transverse directions, which could potentially yield

measurable differences in behaviour. On the other hand, the general complexity

of the inverse problem will increase as the number of variables increases. In any

case, modelling studies and computational and/or analytical results such as those

provided by a weakly nonlinear analysis can provide important insights in a tissue

engineering context, e.g. determining the right ‘ingredients’ to generate desired

tissue morphologies; as well as for building intuition for how different regions

of a heterogeneous elastic tissue with evolving material properties will behave.

This is of particular relevance to intestinal tissue health, where deformation of

the epithelium plays a significant role in facilitating wound healing [154] and

adenoma expansion [143].
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In the final section, we have examined a fourth type of heterogeneity, with

a view to establishing why the impact of heterogeneity on the bifurcation itself

was relatively minor in the previous scenarios. Here we made the key distinction

between multiplicative and additive heterogeneity. A multiplicative heterogeneity

appears in a term that multiplies dependent variables in the system; due to the

nature of the perturbative expansion, such terms only serve to shift the pitchfork

bifurcation. An additive heterogeneity, for which a perturbation is applied to a

term that does not multiply dependent variables, can have a significant effect,

creating an imperfect bifurcation (broken pitchfork) and creating a larger deviation

from the perfect, homogeneous, case. Here we considered an imperfectly-straight

foundation, and showed that the effect is maximal when the form of the imperfection

matches that of the buckling mode. These results suggested that crypts always

invaginate downwards because the inherent imperfections along the epithelium

that arise after villi formation.

This framework provided a preliminary setting in which we could an perform

analysis that was motivated by observations on the intestinal crypt and other,

physiologically similar structures. The buckling and subsequent deformation we

considered could be interpreted as a proxy for crypt morphogenesis, in which the

intestinal epithelium undergoes significant deformation, leading to crypt formation.

However, in order to properly link the insights and results gained from Chapter 2 to

processes such as morphogenesis or homeostasis, greater biological detail needs to

be included. That is, we need to account for the various biological, chemical, and

mechanical processes that may be present in the crypt. These include processes

such as: chemical signalling, tissue relaxation, cell-type-dependent heterogeneity,

and cell turnover. However, there are no established models of these processes

within the morphoelastic framework. Moreover, many of these processes are not

unique to the crypt, and are essential aspects of epithelial structures in general

(and even non-epithelial structures). Thus, in Chapter 3, we aim to build on the

analysis in Chapter 2 by developing models that capture the various features that

may be present in a growing epithelial tissue, such as the crypt.
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We note that the spatial forms of heterogeneities that were considered in this

chapter were for illustrative purposes. While we briefly discussed how one may

tailor these heterogeneities to a given morphology, the spatial profiles were not

reflective of any particular growth or stiffness properties in the crypt. A natural

extension to the work in Chapter 2 is to then model spatial heterogeneous properties

that are actually indicative of the different properties of the crypt. The question

of how to appropriately extend this work brings up several points of discussion.

First, all material properties that were considered were static and fixed in form.

For instance, it is clear that in biological tissue, growth is an evolving process over

time. Other features that may evolve over time could be the intrinsic rod curvature

or the foundation attachments, which could be used to model tissue relaxation,

an important feature of many biological tissues. Second, all heterogeneity was

modelled as a function of the initial arc length, S0, i.e. a Lagrangian parametrisation.

In biological tissue, a Lagrangian parametrisation reflects the notion that the

heterogeneity as an inherent property of cells. However, if we are modelling

heterogeneity based on observations from biological experiments, then these profiles

are observed in the current Eulerian configuration, which is parametrised by the

current arc length s. We aim to explore the effect of modelling evolving properties

and different spatial parametrisations on rod morphology in the next chapter.
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3
Fundamentals of continuum epithelia

modelling

3.1 Introduction

In Chapter 2, we explored (mechanical) pattern formation and the effects of

spatially heterogeneous tissue mechanics within a growing rod tethered to an elastic

foundation. This model served as an abstracted description of tissue-on-substrate

bilayers, such as the intestinal crypt. We treated the buckling and subsequent

deformation of the rod as an analogy for crypt morphogenesis. We now wish to

build upon the insights gained from Chapter 2 and make the link between the growth-

induced deformation of the rod and epithelial morphogenesis more concrete, by

modelling the different processes that are suspected to play a role in morphogenesis.

Notable processes that drive morphogenesis include: biochemical signalling,

which leads to spatial heterogeneity in growth; tissue relaxation, in which the

system adapts to changes in stress; cell type specification, which governs different

material properties; cell turnover, which balances growth and induces a homeostatic

state, where the morphology is unchanging; and self-contact, which allows continued

invagination and prevents the growing material from self-penetrating. However,

for many of these processes, which span the cellular and subcellular spatial scales,

there are no established models within a continuum mechanics framework. As
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such, it is not clear how to best incorporate each process, nor how significant of

an effect each will have on the resulting morphology.

We now proceed as follows. In Section 3.2, we briefly summarise the gener-

alised morphoelastic rod framework for the inextensible case. In Section 3.3, we

outline possible models of the different components that may contribute to crypt

morphogenesis. While we are ultimately interested in modelling the intestinal crypt,

these models can be applied to a number of epithelial bilayer systems, such as the

hair follicle [68], Barrett’s Esophagus [161], and even non-epithelial structures, such

as the brain [75] and seashell spine formation [37]. In Section 3.4, we perform a

range of simulations, varying parameter values and model choices, such as for the

foundation. We close with a discussion of the biological implications of our results.

3.2 Model set-up

Our aim is to extend the framework considered in Chapter 2 to model the growth and

subsequent large deformation of a buckling epithelial tissue attached to a substrate,

considering the effects of relevant biomechanical factors that may contribute to

its morphogenesis and homeostasis. In order to shift our focus from the analysis

of buckling and post-buckled bifurcation structure that we examined in Chapter

2, to the various additional processes involved in epithelial morphogenesis, we

will assume the rod is inextensible.

3.2.1 Mechanics

We build upon the general framework for growing elastic rods described in Chapter

2. As before, the rod’s shape is described by its centreline curve in 2D Cartesian

geometry, such that r = xex + yey. For an inextensible rod, the elastic stretch

α = ∂s
∂S
≡ 1. Therefore, by the multiplicative decomposition (1.5), the total stretch,

λ, is equal to the growth stretch γ:

α = ∂s

∂S
= 1 =⇒ λ = γ(S0, t) = ∂s

∂S0
. (3.1)



3. Fundamentals of continuum epithelia modelling 67

In morphogenesis, tissue growth is not a fixed quantity, but rather evolves over

time. Therefore, we model tissue growth via an evolution equation for γ of the

generalised form:

γ̇

γ
= G, (3.2)

where the overdot represents partial differentiation with respect to t. The quantity

γ̇γ−1 on the left hand side of Equation (3.2) describes the incremental change in

growth. This quantity is a closer analogue to proliferation than γ, which describes

the total amount of material accumulated over the entire growth history. Hence,

we can relate γ̇γ−1 to biologically meaningful contributions contained within the

function G. The function G can depend on a number of variables, such as spatial

position, time, stresses, strains, chemical signalling, and so on.

In order to describe both the resistive effects of the underlining extracellular

matrix and supporting stroma, as well as how attachments may change over time,

we model the combined mechanical effects of the extracellular matrix and stroma

via a foundation force. We generalise the linear elastic foundation model used

in Chapter 2, treating the foundation as a smooth curve p = pxex + pyey, which

is either elastically or viscoelastically attached to the growing rod. The resistive

effects of the attachments are specified through a constitutive law for stress induced

by the foundation and described by the function σ, while any remodelling of the

attachment shape, p, can be specified by an appropriate evolution equation. Within

this framework, all foundation forces are prescribed via the body force, f , using

the following constitutive law:

f = σ

∆(p− r) + f ext, (3.3)

where ∆ = ‖p− r‖2 is a measure of the rod strain with respect to the foundation,

where ‖ · ‖2 denotes the Euclidean two-norm, and f ext describes any additional

external forces, such as self-contact or spatial competition due to neighbouring

epithelial tissue. Note that we assume that there is no twisting effect induced by

p; hence, pz ≡ 0. Let n = nxex + nyey and m = mez denote, respectively, the
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resultant force and bending moment in the growing rod. The equations describing

geometric constraints and balance of linear and angular momentum are:

x′ = γ cos θ, (3.4)

y′ = γ sin θ, (3.5)

n′x = γ
σ

∆(x− px), (3.6)

n′y = γ
σ

∆(y − py), (3.7)

m′ = γ(nx sin θ − ny cos θ). (3.8)

Here, the primes ′ denote (partial) differentiation with respect to the initial

arclength parameter S0 (hence the presence of factors of γ in Equations (3.4)–(3.8)).

The bending moment m is assumed to depend on curvature via the standard

constitutive relation

m = Ebγ
−1θ′, (3.9)

where Eb is the (nondimensional) bending stiffness parameter. To close the system,

we assume the rod is clamped horizontally at the boundaries:

x(0) = 0, y(0) = 0, θ(0) = 0, x(L0) = L0, y(L0) = 0, θ(L0) = 0.
(3.10)

As the rod is inextensible, it is no longer appropriate to scale the resultant

rod force with respect to the extensibility assumption (2.5). Therefore, scaling the

system by the standard Kirchhoff scaling (2.8) does not result in the most effective

reduction in the number of parameters. Instead, throughout this chapter, the model

is scaled using the following nondimensionalisation [37]:

(S∗0 , x∗, y∗,∆∗, p∗x, p∗y) = L∗0(S0, x, y,∆, px, py)

(n∗x, n∗y) = E(I/L∗2

0 )(nx, ny),

σ∗ = E(I/L∗3

0 )σ,

m∗ = E(I/L∗0)m,

t∗ = τt. (3.11)
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Here, L∗0 is the initial rod length; E is the Young’s Modulus; I = wh3/12 is the

(second) moment of inertia, for an assumed rectangular cross-section with width

w and height h; and τ is a typical timescale for tissue growth, on the order of a

day (i.e. τ = 24 hours). Henceforth, we take L0 = 1.

Simulating morphogenesis

In this framework, morphogenesis is modelled as the subsequent deformation after

growth-induced buckling. Given that tissue growth occurs on longer timescales than

elastic deformations, we assume that at every time step during the growth evolution,

the system is in quasi-static mechanical equilibrium. Hence, for all simulations,

we first update growth via Equation (3.2), then update any other mechanisms

that evolve in time, such as viscoelasticity or intrinsic curvature relaxation. The

corresponding force balance equations, Equations (3.4)–(3.8), are then solved to

obtain the resulting morphology.

For a linear elastic foundation, we have shown previously that the shape upon

buckling is dependent on both the foundation stiffness and initial rod length (see

Chapter 2 or Almet et al. [2]). As we have scaled the spatial coordinates by the

initial rod length L∗0, the stiffness of the foundation determines the buckling mode.

This will be an important aspect to note, as we begin to explore the effect of

different foundation models on tissue patterning.

3.3 Biological specifications

In this section, we discuss the factors that may contribute to epithelial morphogenesis

and how they may be incorporated into mathematical models. We focus on

biological processes that are believed to play a role in driving morphology. In

the context of our mechanical framework, they can be modelled through material

properties such as the bending stiffness, through tissue growth itself, or through

the development of new constitutive laws.
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3.3.1 Sources of tissue relaxation

Tissue relaxation is defined as a dynamic functional adaptation to applied stresses

or strain. It may also be a response to the stresses and strains induced by growth of

the tissue itself. This is a well-established feature of soft biological tissues [66, 87].

Therefore, in order to develop a realistic model of a buckling epithelial tissue, some

form of tissue relaxation must be present. However, there are several ways in which

relaxation could occur. It may occur in the epithelium itself, through a plastic

remodelling of its intrinsic shape or, given that epithelial tissue is typically tethered

to a basement membrane and surrounding tissue stroma, relaxation may occur

through the mechanical interactions between the epithelium and the surrounding

media. Therefore our first task is to explore and contrast alternative mechanisms

of tissue relaxation within the morphoelastic rod framework.

Relaxation through the foundation

As stated, the contributions of the basement membrane and stroma are reduced to a

foundation force, f . In continuum models of the crypt, the basement membrane and

stroma are often modelled by a constitutive law describing the bulk behaviour of

the underlying attachments to the epithelium [56, 124, 125], although models that

describe both explicitly do exist [85]. Nevertheless, there are several possible choices,

ranging on a spectrum from completely static, in terms of stress and foundation

attachment evolution, to complete remodelling of the foundation attachments.

(a) (b)

Figure 3.1: The two different models of foundation relaxation. (a) The
attachments are viscoelastic, modelled using a standard linear solid model, but the
foundation shape p does not change over time. (b) The attachments are linearly elastic,
but the shape of the attachments, p, remodels over time.
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Stress relaxation. It is well documented that cells and biological tissue are able

to adapt to stress [66]. A fundamental modelling question is whether this relaxation

occurs within the tissue itself or with respect to the external environment to which

the tissue is anchored. In the context of modelling tissue as a 1D elastic rod,

internal tissue relaxation can be modelled through the evolution of the intrinsic

rod curvature, corresponding to plastic relaxation.

We first consider relaxation of the external foundation force, which represents

the tethering of the epithelium to the extracellular matrix and surrounding tissue

stroma. We consider two distinct models, illustrated in Figure 3.1. As the foundation

force encapsulates the mechanical effect of the surrounding biological tissue and

extracellular matrix components, it is natural to assume that the foundation may

behave viscoelastically. We note that the works of Edwards and Chapman [56]

and Nelson et al. [124] have both explored the effects of viscoelasticity within the

crypt, through the prescription of a Maxwell foundation. However, key aspects

of viscoelasticity are stress relaxation and the phenomenon of creep, where strain

continues to relax under a constant stress [86], which a purely Maxwell-type law fails

to capture. Our approach is to prescribe a foundation law through the body force

vector, f , and a constitutive law satisfied by the foundation attachments, and then

project into its separate components, e.g. the x and y−components, to obtain the

force terms in the rod balance equations (3.4)–(3.8). We describe the viscoelasticity

of the foundation stress using a standard linear solid model [109] (Fig. 3.1(a)). For

simplicity, at present we assume that the foundation curve p does not evolve over

time. The standard linear solid model is constructed by connecting a Maxwell unit

in parallel with another elastic spring. In dimensional terms, both the Maxwell unit

and the spring contribute to the total foundation stress, with equal strains:

σ∗ = σ∗E + σ∗M , ∆∗E = ∆∗M , ṗ = 0, (3.12)

where σ∗E is the stress of the non-damped spring, obeying the constitutive equation

σ∗E = E1∆∗, (3.13)
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where E1 is the spring stiffness, and σ∗M is the stress of the Maxwell unit, satisfying

1
E2
σ̇∗M + 1

ησ
σ∗M = ∆̇∗, (3.14)

with a spring stiffness of E2 and a viscous relaxation rate η−1
σ . Substituting (3.13)

and (3.14) into (3.12) yields the dimensional evolution equation for σ∗:

1
E2
σ̇∗ + 1

ησ
σ∗ = E1

ησ
∆∗ +

(
E1 + E2

E2

)
∆̇∗. (3.15)

We write E1 = (1 − β)Ekf and E2 = βEkf , where E is the rod stiffness, kf
quantifies the bulk foundation stiffness, and β ∈ [0, 1] quantifies the weighting in

elastic response between the Maxwell and non-damped spring. This is so that the

buckling mode is equivalent to that for a linear elastic foundation constitutive law

(2.6). Applying the nondimensionalisation (3.11) to Equation (3.15) yields

σ̇ + βνσ = β(1− β)kν∆ + k∆̇, (3.16)

where

ν = Ekfτ

ησ
, k = kfL

∗4
0

I
. (3.17)

In terms of the weighting parameter, β, the case β = 0 results in an elastic foundation,

while β = 1 corresponds to a Maxwell foundation. An elastic foundation is also

obtained in the limiting cases ν → 0 and ν →∞. The initial foundation attachments

are made along the x−axis, i.e. p(S0, 0) = S0ex. Hence, the force balance equations

for a standard linear solid foundation are

n′x = γ
σ

∆(x− S0), n′y = γ
σ

∆y, (3.18)

where σ evolves according to Equation (3.16).

Foundation attachment remodelling. Alternatively, we can consider an evolu-

tion law for the foundation shape, p(S0, t), itself. This law has been used previously

to describe seashell spine formation [37] and cytoskeleton remodelling within a

cell [121]. We assume that p(S0, t) relaxes to the current rod shape, r(S0, t), as
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shown in Figure 3.1(b). The foundation stress, σ, and evolution equation for p

are given in dimensional form by

σ∗ = Ekf∆∗, ṗ∗ = 1
η

(r∗ − p∗), (3.19)

where p∗(S∗0 , 0) = S∗0ex. Therefore, after nondimensionalisation, the force balance

equations in this case are given by

n′x = kγ(x− px), n′y = kγ(y − py), (3.20)

where the foundation attachment components px and py evolve according to:

ṗx = ρ(x− px), ṗy = ρ(y − py), where ρ = τ

ηp
, (3.21)

with initial conditions px(0) = S0, py(0) = 0.

It is possible to combine the viscoelastic law (3.16) with a remodelling foundation

as described by Equations (3.21); we refrain from doing so here in order to compare

the relaxation effects of each model on the morphology and internal stresses, namely,

the stress relaxation parameter, ν, for the viscoelastic foundation, and ρ for the

remodelling foundation law.

Relaxation within the epithelium

Aside from relaxation within the foundation, we can consider relaxation of the

epithelium stress-free shape through the evolution of an intrinsic rod curvature.

We relax the assumption that the rod has zero intrinsic curvature, i.e. that the

epithelium will be flat in the absence of any forces. Following Moulton et al. [120],

we modify the moment-curvature relation (3.9) to include an intrinsic curvature, κ̂

m = Eb(κ− κ̂) = Eb(θ′γ−1 − κ̂), (3.22)

where κ̂ relaxes to the current curvature, κ = θ′γ−1, via the following evo-

lution equation

˙̂κ = χ(κ− κ̂) = χ(θ′γ−1 − κ̂), where χ = τ

ηκ̂
. (3.23)

We take the intrinsic curvature to be initially zero, i.e. κ̂(0) = 0, as the pre-buckled

rod is flat. This type of plastic remodelling of the intrinsic curvature has been

used in previous models of plant stem growth [72, 132, 153].
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3.3.2 Modelling tissue growth

Previously, in Section 2.4.3, we demonstrated that spatially heterogeneous growth,

modelled through the growth stretch γ(S0, t), can significantly impact the mor-

phology by redistributing material along the rod. As epithelial invaginations often

have a highly-specialised and consistent proliferative structure [1], we expect that

these variations in proliferative capacities affect the resulting growth evolution and

morphology. Therefore, it is important to capture these proliferative structures with

an appropriately-specialised growth law. In our framework, growth is specified by

the evolution equation, Equation (3.2). Here, we discuss some of the key processes

that contribute to G, and how they may be incorporated.

Chemical signalling

Chemical signalling plays a significant role in morphogenesis. For example, Wnt

signalling is known to be the primary driver of proliferation within intestinal

crypts [146]. However, as the timescale of chemical reactions is much faster than

that of tissue growth, it is reasonable to assume that, on the timescale of tissue

growth, the concentration of any chemical signalling is effectively in steady state

[187]. The simplest growth law to model spatial dependence on Wnt signalling

would be the following:
γ̇

γ
= W, (3.24)

where W is the (steady-state) sensitivity to Wnt signal ligand. A key challenge

in modelling chemical concentration is deciding how the tissue interprets chemical

signals such as Wnt—is it an inherent property of cells at birth, or is it a dynamically-

varying signal? In other words, in the crypt, would Wnt signal sensitivity be a

function of the initial arc length parameter, W = W (S0), corresponding to an

inherent material property of cells, or is sensitivity a function of the current position,

via the current arc length parameter W = W (s). Figure 3.2 shows schematically

how this choice affects the spatial distribution of these material properties over

time, as the rod grows. In what follows, we will show that the choice of spatial

parametrisation can have a significant effect on the resulting morphology.
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3.3.3 Mechanical properties

In Section 2.4.3 we demonstrated that rod stiffness heterogeneity can have a

significant impact on morphology, depending on the extensibility assumption. The

effect of rod stiffness heterogeneity is important in a biological context, as cells within

a tissue vary not only in their proliferative capacity, but also in their mechanical

properties. Examples include the increase of rigidity of epithelial cells due to

maturation over time [20], or the reduced stiffness of metastatic cells [184]. From the

results of Chapter 2, we suspect that accounting for these differences in mechanical

stiffness in a model of epithelia affects the resulting morphology significantly.

For an inextensible rod, the mechanical properties of the rod are characterised

by the bending stiffness, Eb, which regulates the ease with which the rod can bend.

In this chapter, we will focus on the effect of heterogeneity within the bending

stiffness, Eb, rather than heterogeneity within the foundation stiffness k, as it

describes the mechanical properties of the epithelial tissue itself. Many epithelial

glands, such as the intestinal crypt, hair follicles, or skin epidermis, house stem

cells in the base which are mechanically less rigid than the differentiated cells that

are positioned at the top of these glands. It is therefore natural to investigate the

effect of these regions of softened tissue on buckled morphologies. However, as we

discussed in the previous section, it is not entirely clear whether these properties,

which model the cellular properties within the tissue, should be parametrised with

respect to the Lagrangian frame, Eb = Eb(S0), representing stiffness as an inherent

t = 0

t = T

Figure 3.2: Possible frames of reference for material properties. If the material
property, M , is parametrised by the initial arc length parameter S0, M = M(S0), then
the material property values at t = 0 propagate as the rod grows to t = T . However, if
M = M(s), then the material properties at t = T is updated so that the values are the
same as at t = 0. The red dashed boxes indicate the regions of the rod that have grown
at t = T .
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property of cells, or with respect to the Eulerian frame, Eb = Eb(s), representing

cells remodelling in stiffness according to their current position.

We will consider Gaussian forms for the Lagrangian parametrisation of the

nondimensional bending stiffness:

Eb(S0) = 1− b exp
[
−
(
S0 − 0.5

σb

)2]
, (3.25)

and for the Eulerian parametrisation,

Eb(s) = 1− b exp
−(s− 0.5l

σb

)2
 , (3.26)

where b ∈ [0, 1) controls the amount of stiffness variation, while σb specifies the

width of the region of softened tissue, and l =
∫ 1

0 γdS0 is the total rod length. Figure

3.2 shows how these parametrisations will lead to different distributions of stiffness

along the rod. From a modelling perspective, we aim to understand which of the

parameters b and σE contribute most to shaping the growing morphologies, and to

compare different spatial parametrisations; that is, parametrising Eb = Eb(S0)

or Eb = Eb(s).

3.3.4 Population control

A drawback of using a continuum framework is the difficulty in incorporating

biological detail at the cell level. For instance, how does one specify cell type

and heterogeneity in cell properties, such as proliferation and mechanical stiffness?

Moreover, it can be difficult to incorporate control of cell populations through

mechanisms such as cell death. Here, we will present methods to incorporate cell

death within the morphoelastic framework, and discuss how the definition of a

continuous quantity can serve as a proxy for cell type.

Cell turnover

A key feature of the crypt is turnover through cell death. This arises through

either apoptosis of differentiated cells at the top of the crypt, where cells are

‘sloughed’ via ejection into the lumen, or through anoikis, where overcrowding can
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drive cellular extrusion from the monolayer and detachment from the basement

membrane [57, 182].

To simulate sloughing, we ‘discount’ the ends of the rod, shifting the points at

which the clamped boundary conditions, (3.10), are applied. The new boundaries

are denoted by S0 = 1− Lµ ≥ 0 and S0 = Lµ ≤ 1. We now only apply the balance

equations (3.4)–(3.8) within the region [1− Lµ, Lµ], ignoring regions outside these

boundaries. That is, cell death at the boundary is accounted for by shrinking

the reference domain.

We denote by the quantity µ the amount of material sloughed. Then we can

relate µ to Lµ and γ by the relation

µ =
∫ 1−Lµ

0
γdS0 +

∫ 1

Lµ
γdS0. (3.27)

We can specify criteria to determine cell death through µ based on biologically-

motivated mechanisms for cell death. Alternatively, differentiating Equation (3.27)

with respect to time yields a differential equation for Lµ, in terms of a sloughing

rate µ̇ and γ̇, which is specified by Equation (3.2):

µ̇ = −L̇µ [γ(1− Lµ, t) + γ(Lµ, t)] +
∫ 1−Lµ

0
γ̇dS0 +

∫ 1

Lµ
γ̇dS0. (3.28)

Having cell turnover allows us to achieve a quasi-steady state in the growth

evolution, so that the morphology can attain a steady state even as growth

processes continue to evolve.

Specifying cell type

A typical drawback of continuum models is the difficulty in specifying subcellular

and cell-level detail. This means that material properties must either be imposed,

or phenomenological evolution equations must be specified. One approach to rectify

this is to specify cell type through a continuous proxy, such as age. At a cell

level, age can be assumed to be regulated by the growth activity of a cell. For

instance, stem cells, when proliferating actively, can delay ageing through continuous

cycling and division, whereas transit-amplifying cells and mature, differentiated
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Continuum

t = 0

t = T

Discrete

t = 0

t = T

Newly-divided
‘young’ cells

Dividing cell Increase
in growth

Decrease
in age

Figure 3.3: Ageing within the continuum framework. Local growth leads to a
decrease in age.

cells will experience more rapid turnover. Therefore, at a continuum level, one

may propose the following law:

Ȧ = a− γ̇

γ
A, (3.29)

where A = A(S0, t) denotes the age at material position S0 and time t, and a is the

‘base rate’ of ageing compared to the growth timescale. Equation (3.29) describes

the concept that all cells within the tissue are cycling through a ‘clock’ at a rate

which is modulated by the cell’s proliferative activity. For instance, if γ̇γ−1 is high,

corresponding to high proliferative activity, then the cell will age slower than one

with minimal proliferation. This concept is illustrated in Figure 3.3. Introducing

ageing as a proxy for cell type may allow more biologically realistic criteria for

cell death to be specified through Equation (3.27).

3.3.5 Facilitating realistic crypt morphologies

The morphologies of epithelia present a unique modelling challenge. For example,

in the human colon, crypts are roughly five times as long as they are wide [170].

This means consideration of the growth evolution of the rod well beyond the point

of buckling. Evolving the system this far into the post-buckled regime increases

the chance of self-contact occurring significantly. Typically, in models assuming
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planar deformation, such as ours, simulations will be stopped long before self-

contact occurs, as evolving the system any further risks the formation of ‘loops’ that

result in the material self-penetrating. However, it is biologically unrealistic that

this geometric feature is a biological stopping criteria for the growth of epithelia.

Moreover, epithelial glands experience spatial competition due to the presence of

neighbouring tissue. Therefore, we also require models that can account for both

self-contact and spatial competition induced by neighbouring epithelial tissue.

Modelling self-contact

In order to observe deformations akin to those witnessed for epithelial tissue, it is

important that growth is allowed to continue on biologically realistic timescales,

without being hindered by geometric constraints such as self-contact. Self-contact is

an important feature of long biological filaments that undergo significant deformation,

such as DNA supercoiling and polymer knotting [41, 172]. While the mechanics

of self-contact is well outlined in the literature [41, 46, 73, 80, 152, 163, 172, 177],

it is a complex and computationally intensive feature to add. Our purpose is to

allow deformations to continue ad infinitum, which requires a clear description

of self-contact, both at a point and along a region. For the sake of clarity, we

only outline the main mathematical principles behind this framework; the full

details are described in Appendix B.

In this framework, self-contact is assumed to be both frictionless and symmetric.

The principle is as follows and is illustrated schematically in Figure 3.4. Initially, the

planar rod grows in the absence of self-contact, until it is close to self-penetrating. At

this point, self-contact occurs at an isolated point, S0 = Sc, which is defined such that

x(Sc) = x0 > 0, where x0 the half-width of the self-contact opening. We incorporate

this constraint into the total energy of the system, which can be decomposed:

E = E rod + λc(x(Sc)− x0), (3.30)

where E rod is the total energy of the rod in the absence of self-contact and λc

is a Lagrange multiplier that enforces the self-contact condition. The resulting
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force balance equations are obtained by minimising the total variation of E . In

Appendix B, we show that modelling self-contact in this manner leads to a jump in

the horizontal force component nx about S0 = Sc, indicating that self-contact acts

as a repulsive horizontal force to maintain planarity. Note that our assumption of

symmetric self-contact means that we need only consider self-contact at one point

along the half-interval, rather than two points along the full interval.

After further growth, the self-contact point may expand to a finite region of

self-contact, denoted by [S(1)
c , S(2)

c ], which is defined such that x(S0) = x0 in the

self-contacted region. By modelling the expansion of the self-contact point, we

aim to capture the ‘zippering’ process of tissues such as the crypt, which become

enclosed during developmental growth, but continue to invaginate downwards. This

type of self-contact is modelled by replacing the point contact condition in (3.30)

with a pointwise Lagrange multiplier:

E = E rod +
∫ S

(2)
c

S
(1)
c

λc(S0)(x(S0)− x0)dS0. (3.31)

Minimising the total variation of E reveals that self-contact is enforced through

a pointwise horizontal repulsion force along [S(1)
c , S(2)

c ]. Consequently, along the

self-contact region, the bending moment m(S0) = Ebγ
−1θ′(S0) = 0. More complete

details are given in Appendix B. Hence, the transition from self-contact at a point

to self-contact along a region is marked by the condition m(Sc) = 0.

Spatial competition

While we have focussed on modelling the growth of a single epithelial gland, epithelial

glands do not grow in isolation. Rather, multiple, adjacent tissue structures form

simultaneously, and are tightly packed [183]. It is hence worth exploring the

consequences of spatial competition induced by neighbouring epithelial structures

on the growth of the gland in consideration. The presence of adjacent glands, such

as crypts, combined with the resistive effects of underlying extracellular matrix

networks and substrates, prevent the tissue from bulging outwards excessively.

We illustrate this concept schematically in Figure 3.5. As a proof of concept,
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Figure 3.4: The key features of the self-contact model. This ensures that as
growth continues, the planarity assumption is not violated. The self-contact width is
given by 2x0 > 0. Eventually, the self-contact point expands to a region.

we model this competition through a horizontal repulsion force, modifying the

horizontal force balance as such:

n′x = γ
σ

∆(x− px) + γq

[
1

(x− 1)2 H(1− x)− 1
x2 H(x)

]
, (3.32)

where the second term on the right hand side describes a repulsion force, where

H(x) is the Heaviside step function. The force pushes the rod away from the vertical

boundaries, x = 0 and x = 1, and towards the invagination’s axis of symmetry,

x = 1/2. The functions x−2 and (x− 1)−2 have been chosen so that regions along

the rod that are farther from x = 0 and x = 1 experience a reduced repulsive effect

compared to regions that are closer to x = 0 and x = 1. The step functions have

been incorporated in order to prevent further deformation if any internal region

of the rod crosses x = 0 or x = 1. The rate of spatial decay of the repulsive

force is controlled by the parameter q, which we assume to be equal from both

the left and right neighbouring structures.

We note that the type of spatial competition induced by the force law in Equation

(3.32) is possible even in the absence of self-contact. Another feature that may

be relevant following the onset of contact is the entrapment of material, such as

extracellular fluid, that becomes enclosed by the gland. For example, in the crypt,

the opening that connects to the inner intestinal lumen is very small, approximately
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6µm [69], suggesting that any material enclosed by the crypt remains entrapped after

self-contact. Therefore, we consider a model of self-contact where the enclosed area

after self-contact is constant. Letting Ac denote the area enclosed by self-contact

and assuming a symmetric morphology about x = 1/2, by Green’s Theorem, for

the case of self-contact at a point, this constraint can be formulated as such:

Ac =
∫ 1

Sc
xy′dS0 = A0 > 0, (3.33)

where A0 is prescribed by the area enclosed at the first moment of self-contact. For

self-contact along a region, we replace Sc by S(2)
c . The imposition of a constant

self-encapsulated area is also considered by Jambon-Puillet et al. [94], who modelled

the folding of an elastic rod at a liquid-fluid interface due to compression. We

show in Appendix B that the constraint (3.33) introduces a normal pressure, akin

to that modelled in Flaherty et al. [63].

Growth

(a) (b)

Figure 3.5: Mechanical effects induced by neighbouring tissue. (a) In the crypt,
it is likely that the presence of adjacent crypts enforces spatial constraints on the growing
crypt. By symmetry, we model these effects as repulsive forces from the domain boundaries,
x = 0 and x = 1. (b) We can also impose that the self-encapsulated area is constant after
self-contact. As the rod grows, while the self-contact point S0 = Sc may change over time,
the self-encapsulated area A0 does not change once self-contact occurs.



3. Fundamentals of continuum epithelia modelling 83

3.4 Results

In this section, we present simulation results for the effects of the different models

we have proposed within the morphoelastic rod framework for a growing, epithelial

tissue. In all cases, the foundation stiffness scaling parameter kf has been set to

kf = 0.01, which produces a mode 1 shape upon buckling. This shape represents

the morphogenesis of a single epithelial gland, such as the crypt or hair follicle. As

our over-arching motivating example is the intestinal crypt, we use dimensional

parameters based on estimates from histological images of human colonic crypts

[170]. Accordingly, the slenderness scale has been chosen such that we assume a

rectangular cross-section of height h = 15µm, width w = 10µm, and initial rod

length L∗0 = 125µm. Unless specified, all material parameters, i.e. growth γ, the

bending stiffness Eb, and foundation stiffness k, are homogeneous. For homogeneous

growth, the growth stretch γ is updated according to the equation γ̇ = 1.

For all simulations, morphogenesis is triggered through growth-induced buckling.

As we assume the rod is inextensible, buckling occurs at t = 0. All time derivatives

are discretised using the Forward Euler method. For each time step, the governing

equations (3.4)–(3.8) are solved numerically using the MATLAB package bvp4c,

which employs a fourth-order spatial collocation method [101, 156]. The initial

guess used for all simulations is obtained by solving the model for a linear elastic

foundation [2, 120]. The time step increment δt is chosen such that there is no

jump in solution branch and stability as the simulation progresses; as such, δt

is set in the range δt = 0.01 − 0.05.

As data related to the mechanical properties of epithelial tissue are extremely

limited, we gauge the efficacy of our modelling choices on morphological charac-

teristics and aspects that we can measure, such as the internal stresses. Assuming

a symmetric solution about x = 1/2, with y(1/2) < 0, Figure 3.6 illustrates the

morphological features that we extract. These include:

• The local peak,

Py = max {y(x) : x ∈ [0, 1]} .
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• The invagination depth,

Dy = min {y(x) : x ∈ [0, 1]} .

• The invagination width

Wy

2 = 1
2 −min

{
x(S0) : θ(S0) = π

2

}
.

• The aspect ratio Ay = Wy/Dy.

We use criteria based on these measurements to evaluate model choices. For example,

a typical crypt morphology contains a narrow, highly-invaginated structure, with

minimal, to no, peaks. Consequently, in an accurate model, we would expect the

peaks Py to be small, the invagination depth Dy to be large, and the aspect ratio

Ay to be small. Moreover, as the rod grows over time and Dy increases, Ay should

decrease over time, while Py should not increase significantly.

We also track the net axial stress, originally defined in Equation (2.50), for L0 =

1:

n3 =
∣∣∣∣∫ 1

0
n3dS0

∣∣∣∣ =
∣∣∣∣∫ 1

0
nx cos θ + ny sin θdS0

∣∣∣∣ , (3.34)

and the net foundation stress, σ, which is defined in a similar manner:

σ =
∣∣∣∣∫ 1

0
σdS0

∣∣∣∣ . (3.35)

We measure these components rather than the horizontal and vertical forces, because

of the highly nonlinear geometry of the resulting morphologies. For example, the

axial stress n3 provides a measure of the compressive or tensile stresses that cells

experience along the direction of the epithelium.

3.4.1 Comparison of foundation relaxation models

We now explore the effect on overall morphology of the different foundation relaxation

mechanisms (i.e. stress relaxation and attachment remodelling). We focus on

the effect of varying separately the respective stress and foundation relaxation
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parameters, ν and ρ. For a viscoelastic foundation, the parameter ν describes the

competition between the growth timescale and the viscoelastic stress relaxation

timescale. Large ν indicates shorter viscoelastic timescales (compared to the

growth timescale), resulting in rapid relaxation of the viscous attachments. For

a remodelling elastic foundation, for large ρ, the foundation attachments quickly

relax to the current rod shape.

In both cases, for a given value of ν or ρ, we consider two regimes. First, when

the foundation is relaxing during growth, which we simulate according to γ̇ = 1

up to to t = 1, and subsequently, when we pause growth (γ̇ = 0) and allow the

foundation to continue evolving up to t = 2.

Foundation stress relaxation For the viscoelastic foundation, the parameter

β quantifies the weighting of the stiffnesses between the Maxwell and the purely

elastic units. For 0 < β < 1, the viscoelastic attachments will exhibit creep under a

constant applied stress. However, it is unclear how this parameter will affect the

system during, and after, growth. In Figure 3.7, we plot the net axial stress, n3,

and the net foundation stress, σ, for different β. There is very little difference in

the evolution of the stresses for different values of the parameter β. That is, under

constant growth, the effect of introducing creep through β is minimal. Henceforth,

Figure 3.6: Morphological features of interest. For each grown morphology, we
measure the local peaks Py, the invagination depth Dy, the invagination width Wy, and
the aspect ratio of the invagination, Ay = Wy/Dy.
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for the viscoelastic stress case, fixed β = 0.5, balancing the contributions between

the Maxwell and purely elastic units.

Figure 3.8 displays the effect of increasing the foundation stress relaxation, ν,

on the resultant morphology. As the rod grows (Fig. 3.8(a)), increasing ν enables

a larger invagination depth Dy to develop, while diminishing the growth of local

maxima Py. However, the same is not observed when growth is paused. In Figure

3.8(b), growth is halted and the foundation stress σ is allowed to relax. We observe

that unless ν is large, the relaxation of σ leads to an overall decrease in post-buckled

amplitude, reducing Dy and increasing Py significantly. We note that for ν = 0.01,

self-contact occurred during the pure relaxation phase. The differences in behaviour

can be explained by the discrepancies between the growth timescale of the rod and

viscous timescale of the foundation attachments. As the rod continues to grow,

the elastic force increases in magnitude. Once growth is arrested, if the viscous

attachments have not relaxed sufficiently quickly, the effects of the elastic force

dominate, pulling the rod back to the initial attachment location.

Figure 3.9 displays the corresponding net axial forces, n3, and foundation stress,

σ, during growth and post-growth foundation relaxation. Consistent with previous
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Figure 3.7: Viscoelastic creep does not influence internal or external founda-
tion stress. (a) The net foundation stress γ has been plotted for various values of β,
during growth, 0 ≤ t ≤ 1, and pure relaxation of foundation stress, 1 < t ≤ 2. (b) The net
axial stress within the rod, n3. The choice of the parameter β does not have a significant
effect on stress behaviours.
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Figure 3.8: Increasing the rate of viscoelastic foundation stress relax-
ation deepens rod invagination. (a) The resultant morphology at times t =
0.1, 0.2, . . . , 0.9, t = 1 has been plotted for ν = 0.01, 0.05, 0.1, and 0.5, with homogeneous
growth and stiffnesses. Each plot along the x-axis is a separate simulation. The viscoelastic
weighting parameter β has been set to β = 0.5. Solutions are plotted at the same times,
with each time corresponding to a displayed line colour. Dark brown lines denote earlier
times, while dark green lines denote later times. Increasing the rate of stress relaxation in
Equation (3.16) results in deeper invagination lengths. (b) Growth has been paused, and
the foundation stress σ continues to evolve up to t = 2.

results, growth-induced buckling relieves stress within the rod [2]. Moreover, as ν

is increased, the net amount of axial stress and foundation stress both decrease.

However, once growth has stopped and σ continues to evolve, for all cases except ν =

0.01, the net axial stress does not change significantly, nor does the net foundation

stress, σ. The behaviour for ν = 0.01, can be attributed to the rod undergoing self-

contact during the pure foundation relaxation phase, which introduces a horizontal

repulsion force about the point of self-contact. As the foundation stress continues to

relax, the repulsion force increases in magnitude to maintain self-contact, resulting

in the observed increase in net axial stress after growth.

Foundation attachment remodelling We now examine the effect of relaxation

through the foundation attachments, as per Equation (3.19). Figure 3.10 shows

the growth evolution of rod shapes for various values of the parameter ρ, which
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Figure 3.9: Viscoelastic foundation stress relaxation relieves internal stress.
(a) The net axial stress n3 is plotted for ν = 0.01, 0.05, 0.1 and ν = 0.5 during growth
and pure foundation relaxation. (b) The foundation stress σ, where σ evolves according
to Equation (3.16).

characterises the rate of foundation attachment relaxation. In Figure 3.10(a), the

rod is grown until t = 1.0 for each specified value of ρ. Increasing ρ has a similar

effect to increasing the foundation stress relaxation parameter ν; as the foundation

can relax to the current rod shape more rapidly, the resistance to deformation

imposed by the elastic foundation diminishes. Therefore less growth is required

to increase the overall rod amplitude. In Figure 3.10(b), we arrest growth and

allow the foundation attachments p to relax. For all values of ρ > 0, if there is any

change, we observe an increase in rod invagination depth Dy and a decrease in rod

local maxima height Py. This behaviour is in contrast to that for the viscoelastic

foundation model, where Py increased significantly after growth. Moreover, the

effect of increasing ρ saturates—for ρ ≥ 5, the invagination depth Dy and width

Wy do not increase significantly.

Figure 3.11 demonstrates that the remodelling foundation law relieves stress

within the rod and external foundation stress, both during growth and relaxation.

The net axial and foundation stresses are tracked during the growth and relaxation

phases of the shape evolution. In Figure 3.11(a), increasing ρ decreases the net
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Figure 3.10: Foundation attachment remodelling increases rod invagination.
(a) The rod morphology has been plotted for ρ = 1, 5, 10, and 50, with homogeneous
growth and stiffnesses, over times t = 0.1, 0.2, . . . , 1.0 . Each plot along the x-axis is a
separate simulation. Line colours correspond to the same times; dark brown lines denote
earlier times, while dark green lines denote later times. Increasing the rate of attachment
relaxation results increases the invagination depth Dy and decreases the local maxima
height Py. (b) Growth has been paused, and the foundation attachments p are allowed
to relax up to t = 2. For all values of ρ, the rod invagination deepens.

amount of axial stress within the rod, as well as the rate of decay, during both

growth and pure relaxation. The same behaviour is observed in the foundation

stress, where the rapidly-relaxing foundation shape leads to a decrease in foundation

stress. As we have modelled the attachments to be linearly elastic, the foundation

stress scales with the distance between the rod shape and foundation shape. Hence,

if the foundation shape can relax rapidly to the current rod shape, the foundation

stresses will correspondingly be reduced.

Comparing foundation models Figure 3.12 compares the rod morphologies

after growth to a fixed time and relaxation, for an elastic, viscoelastic, and remod-

elling foundation. Here, the viscoelastic parameter has been set to ν = 0.1, while

the remodelling parameter is set to ρ = 10, corresponding to equivalent dimensional

timescale ratios. That is, for a viscoelastic foundation, the viscous relaxation
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Figure 3.11: Foundation attachment remodelling relieves internal and exter-
nal stresses. The parameter ρ dictates how rapidly the foundation attachments remodel.
(a) The net axial stress, n3, during the growth phase, 0 ≤ t ≤ 1, and pure relaxation
phase, 1 < t ≤ 2. A rapidly-remodelling foundation shape quickens the rate of internal
stress relaxation. (b) The net foundation stress, σ, shows that remodelling the foundation
attachments also reduces external foundation force.

timescale ησ = 0.1τ , where τ is the growth timescale, while for the remodelling

foundation, the attachment relaxation timescale ηp = 0.1τ . In Figure 3.12(a), the

viscoelastic and remodelling foundation morphologies are comparable, although

the remodelling foundation law results in quicker invagination. Figure 3.12(b)

highlights the main differences in behaviours. After relaxation, the invagination

depth of the rod that is attached to a viscoelastic foundation decreases. This

demonstrates that an evolving foundation shape may provide a better model to

generate deeply-invaginated morphologies, even with a linear elastic constitutive law.

3.4.2 Morphological effects of intrinsic curvature relaxation

The intrinsic epithelium shape has thus far been assumed to correspond to a flat

shape. This assumption is modelled in the constitutive relation for the bending

moment (3.9): m = Eb(κ − κ̂), where κ = θ′γ and κ̂ = 0. If κ̂ is prescribed to

be equivalent to a deeply-invaginated shape, then the resulting force and moment

balance will produce this shape (in the absence of a foundation). This then begs
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Figure 3.12: Foundation attachment relaxation yields the deepest invagina-
tions. (a) Solutions for the elastic foundation case (solid line); the standard linear solid
foundation case (dotted), for β = 0.5 and ν = 0.1; and the remodelling foundation case
(dashed), for ρ = 10, have been plotted at t = 1. (b) The morphologies after foundation
relaxation mechanisms have evolved up to t = 2.

the question: it is possible for κ̂ to evolve naturally to such a shape? Moreover, is

it sufficient to describe the evolution of κ̂ through Equation (3.23), ˙̂κ = χ(κ− κ̂)?

Concluding our study of relaxation, we examine the effect of an evolving intrinsic

curvature, κ̂, according to Equation (3.23). This is equivalent to the epithelium

itself exhibiting plastic relaxation. Figure 3.13 displays the resulting morphologies

for different values of the intrinsic curvature relaxation parameter χ. In Figure

3.13(a), we grow the rod until t = 1 for each value of χ. As χ increases, the

invagination depth Dy decreases with the magnitude of this reduction increasing

with χ. After allowing κ̂ to relax to a steady state in Figure 3.13(b), the decrease

in Dy and increase in Py is exacerbated further. Moreover, for χ = 1 and χ = 5,

we observe a ‘bifurcation’ in the base, which leads to an increase in the mode.

This behaviour stems from the significant reduction in the bending energy. As κ̂

relaxes rapidly to the current curvature, the contributions to the total energy due

to bending decrease, which leads to a reduction in invagination depth. Moreover,

when growth is paused and Equation (3.23) continues to evolve, varying χ changes
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Figure 3.13: The effect of intrinsic curvature remodelling. We consider the cases
χ = 0.1, 1, 5, where χ is the parameter which in Equation (3.22)controls how rapidly the
intrinsic curvature κ̂ remodels. For each value of χ: (a) the rod is tethered to an elastic
foundation and grown up to t = 1; (b) the intrinsic curvature κ̂ is allowed to evolve to
a steady state, according to Equation (3.23). Each plot along the x-axis is a separate
simulation. Line colours correspond to the same times; dark brown lines indicate earlier
times, while dark green lines indicate later times. A rapidly-relaxing intrinsic curvature
counteracts growth-induced invagination.

the profile for κ̂ at t = 1. While this ‘fissioning’ feature is interesting, it does not

lead to a deeper invagination. Therefore, it is unlikely that a relaxation of intrinsic

curvature contributes to a realistic crypt morphology.

3.4.3 Exploring contributors to epithelial tissue growth

Having established feasible mechanisms of relaxation for buckling epithelia, we

now turn our attention to exploring models of tissue growth. Henceforth, we

employ a remodelling foundation law (3.19), with the relaxation parameter set to

ρ = 10. We aim to establish the mechanisms that generate the most realistic

proliferative structures and morphologies for the crypt and related biological

systems. We showed in Section 2.4.3 that heterogeneous growth redistributes

material towards regions where γ(S0) is large and away from regions where γ is

minimal, producing a morphology significantly different from that observed under

homogeneous growth. Here, we investigate whether growth-related processes, such
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as chemical signalling, are more appropriately defined with respect to the Lagrangian

or Eulerian reference frames, which are parametrised by the initial arc length S0

and current arc length s, respectively.

During simulations, we track the relative growth rate, γ̇γ−1, as defined by

Equation (3.2). This provides a better measure of proliferation within the epithelium

than the growth stretch, γ(S0, t), which describes the total growth over the entire

growth history, at each point S0.

Chemical signalling parametrisation affects morphology

As a case study, we examine growth due to Wnt signalling within the crypt. As

it is established there is a decreasing spatial profile of Wnt proteins along the

crypt axis [67], it is appropriate to define the Wnt signal concentration through

a Gaussian function. However, from a modelling perspective, it is not clear how

rapidly this profile decreases, or whether it is fixed with respect to Eulerian or

Lagrangian coordinates, i.e. the current arc length parameter s or initial arc

length S0. In other words, it is not clear how wide the imposed Gaussian function,

dictated by the parameter σW , should be.

In Figure 3.14, we show how biohemically-regulated growth affects the mor-

phologies that emerge. The simulation results were generated by defining the Wnt

signal functions, W , in terms of either initial or current arc length parameters,

S0 and s, in the following manner:

γ̇

γ
= W, (3.36)

where

W (S0) = exp
[
−
(
S0 − 0.5
σW

)2]
, or W (s) = exp

−(s− 0.5l
σW

)2
 , (3.37)

where l = l(t) =
∫ 1

0 γdS0 is the total rod length at time t. If W = W (S0), then

the region of enhanced incremental growth expands as the rod grows, resulting

in greater net growth at each time step. Consequently, the rod invaginates at a

quicker rate, but the increasing accumulation of material away from the base leads
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Figure 3.14: Chemical signalling parametrisation affects morphology signifi-
cantly. The morphologies under chemical-signal-driven growth, γ̇γ−1 = W , are shown
for the cases W = W (S0) (left) and W = W (s) (right), as per (3.37). Plots are shown at
times t = 0.1, 1, 2, where both profiles invaginate down for increasing time. The Gaussian
width parameter has been set to σW = 0.16. An Eulerian parametrisation W = W (s)
generates a more realistic crypt morphology.

to a significant increase in local peak height, Py, that coincides with the increase

in invagination depth Dy. By contrast, setting W = W (s) models a compartment

of enhanced incremental growth that is fixed in size over time. While this leads

to a smaller invagination depth Dy for a given growth time, peaks do not develop

during this growth phase, i.e. Py(t) = 0, since the growth is always focussed in the

central region. This shows a strong morphological difference between the Lagrangian

Wnt signal W (S0) and the Eulerian Wnt signal W (s). In the context of the crypt,

Eulerian signalling leads to a more realistic crypt morphology. Moreover, from a

biological perspective, chemical signal concentrations can be directly monitored

and remodel over time, depending on spatial position [162], suggesting that the

Eulerian parametrisation is, in general, a more accurate modelling choice. Therefore,

in Chapter 4, we will employ an Eulerian parametrisation to model the Wnt

signal profile in the crypt.
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3.4.4 Varying mechanical stiffness

The results in Section 2.4.3 demonstrated that for an inextensible rod, heterogeneity

in rod stiffness redistributes the rod curvature towards reasons where Eb(S0) is

minimal, corresponding to softened regions of the rod. In the context of crypt

morphogenesis, we once again ask whether or not defining Eb as a Lagrangian or

Eulerian quantity makes a difference to the resulting morphology.

We consider the effect of heterogeneous epithelial cell stiffness, modelled through

the bending stiffness Eb. In particular, we consider the effect of introducing softened

tissue regions on buckling and growth evolution. We do this by assuming the

following functional forms for the bending stiffness Eb from Equation (3.26):

Eb(S0) = 1− b exp
[
−
(
S0 − 0.5

σb

)2]

or

Eb(s) = 1− b exp
−(s− 0.5l

σb

)2


where we vary the parameters b and σb, which control the degree of stiffness variation

and width of the softened region of epithelial tissue, respectively.

Stiffness parametrisation does not affect morphology for small stiffness
variations

We compare simulation results for Lagrangian versus Eulerian heterogeneity, Eb =

Eb(S0) versus Eb = Eb(s). When Eb = Eb(S0), the mechanical properties of the

epithelial tissue propagate along the rod as the rod grows. In a line of individual cells,

this is analogous to newly-divided daughter cells inheriting mechanical properties

from the parent cell. For the latter, the mechanical properties depend on the current

position. To quantify the morphological differences between the parametrisations,

we use the following two-norm

N = ‖rEb(s) − rEb(S0)‖2 =
√

(xEb(s) − xEb(S0))2 + (yEb(s) − yEb(S0))2, (3.38)

where rEb(s) = (xEb(s), yEb(s)) is the shape of the rod subject to Eb = Eb(s) for a

given value of b and σb (for σE = 0.08 and σE = 0.24), with a similar definition
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for Eb = Eb(S0). Figure 3.15 illustrates how the differences change as the stiffness

variation parameter, b, is varied. A common feature of both cases is the minimal

difference in morphology when b is small. Only when b & 0.7, that is, when the

base of the invagination is much softer than the top, do differences in morphology

become apparent. Moreover, the differences between the two frames of reference

are greater for σb = 0.24. This is because when σb = 0.08, the region of softened

tissue is initially very thin. When Eb = Eb(S0), as the rod grows, this region does

not expand greatly. However, for σE = 0.24, as the rod grows, for Eb = Eb(S0),

the region expands such that the rod is nearly ‘homogeneously’ soft. This is not

the case for Eb = Eb(s), when the region of softened tissue is the same at all times.

While the differences in morphology are more noticeable for larger values of b and

σb, the differences between morphologies are not significant. Therefore, in this

framework, a heterogeneous bending stiffness does not contribute significantly to

a deeply-invaginated morphology. As such, we will not consider heterogeneous

stiffness in the next chapter, when investigating the possible links between growth

and mechanical stress.

3.4.5 Cell turnover induces a morphological steady state

As epithelial tissues display remarkable rates of self-renewal, it stands to reason that

growth processes are continuously active and dynamic. Therefore, other mechanisms

must contribute to maintaining the ‘steady-state’ morphologies observed during

homeostasis. Here, we investigate the effect of cell turnover on morphology as

represented by the sloughing equation (3.27), which describes how the domain of

deformation is altered to balance growth and turnover.

To demonstrate this idea, we consider homogeneous and constant growth and

assume that sloughing occurs at a constant rate but only after a fixed time, T . In

more detail, we specify the following growth and sloughing rates, γ̇ and µ̇:

γ̇ = 1, µ̇ = 1
2 [1 + tanh(10(t− T ))] , (3.39)
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Figure 3.15: Differences between stiffness parametrisations increase with
stiffness variation. For heterogeneous stiffness (3.26), the norm N , defined in Equation
(3.38), measuring differences between the morphologies for Eb = Eb(s) and Eb = Eb(S0)
at t = 1, for b = 0, 0.1, . . . , 0.9, for σE = 0.08 (dark green, dashed) and σE = 0.24 (dark
brown) is plotted. Spatially heterogeneous stiffness only affects morphology significantly
when the variation in stiffness is high.

where T > 0 describes the time at which cells start to be sloughed from the tissue.

The functional form for µ̇ models a rapid transition from zero to non-zero sloughing.

Figure 3.16 shows how the total length, l, changes over time as Lµ evolves

according to Equation (3.39) for T = 2.5. For 0 < t < 2.5, there is no cell death

and the rod invagination depth increases with the total rod length. For t ≥ 2.5, cell

death acts to balance the material gain from growth γ, and there is no net gain

in the total length l. This results in a regime during which the rod morphology

does not change significantly, despite the fact that growth continues. This simple

example illustrates how our sloughing framework can generate a transition from

tissue development, characterised by large morphological changes, to homeostasis,

when the morphology is static. Moreover, despite the static morphology there

is, nevertheless, a movement of material points, reminiscent of cell migration out

of the tissue. This suggests a possible method to parametrise growth and cell

death in our model, based on migration data. In Chapter 4, we will develop a
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more complete framework of tissue homeostasis, from which this sloughing process

emerges as a condition of homeostasis.

3.4.6 Ageing as a proxy for cell properties

One noticeable aspect of our investigations of growth and mechanical stiffness is

that heterogeneity has been imposed from the outset and, while spatial profiles

of heterogeneous growth and stiffness may rearrange over time, the functional

forms of growth and stiffness are fixed. However, in the context of epithelia, these

heterogeneous stiffness and growth properties are not present at the beginning

of development, but rather emerge over time. Moreover, these properties likely

correspond to those of different ‘cell types’ which, in the context of the crypt, are

robust and well established. Hence, it is a valuable exercise to understand how

cell types may be incorporated within the morphoelastic framework and affect

the growth evolution of the tissue.
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Figure 3.16: Cell sloughing balances active growth. The total rod length l and
sloughing boundary, Lµ, as determined by (3.27), are shown over time for homogeneous
growth and time-dependent sloughing (3.39). The morphologies at t = 1, 2, 4, 6 are also
plotted. The positions of the material points that are initially at S0 = 0.6 (orange circle),
S0 = 0.7 (yellow circle), and S0 = 0.9 (blue circle) have been marked. Sloughing prevents
further invagination, resulting in a quasi-steady state, while also inducing ‘migration’ of
material points.
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To this end, we endow each material point with an age, A(S0, t), which evolves

according to Equation (3.29),

Ȧ = a− γ̇

γ
A,

where we set the base ageing rate a = 1 and growth evolves according to an

Eulerian chemical signal, γ̇γ−1 = C(s). The profiles of A(S0, t) and γ̇γ−1(S0, t)

have been plotted along the growing rod morphology (x, y) in Figures 3.17(a)–(b).

The external signal profile causes a spatially-varying age structure to emerge over

time. In the base of the tissue, where C(s) is highest, high proliferative activity

causes this region of tissue to age slowly, while material points towards the ends

of the rod age faster. Figure 3.17(b) shows that modelling age through Equation

(3.29) results in the expected age structure. Therefore, we now have an internal

structure which we can couple to other mechanical properties, allowing a stiffness

gradient to emerge over time, or to other biological properties, such as cell death.

For example, the sloughed region in Equation (3.27) can be modelled as a function

of both the age and ageing rate of cells, to model differences in apoptosis between

young and mature cells within the tissue.

3.4.7 Self-contact reveals the importance of spatial com-
petition

For most of the previous results, simulations have been paused before the rod

has undergone self-contact. However, modelling a fully-invaginated crypt requires

extending simulations beyond the point of self-contact. We thus consider the effect

of allowing self-contact to occur, and thus allowing deformations to continue for

longer times, has on the rod morphology. Ultimately, as we are aiming to model

intestinal crypts, which exhibit long invagination depths Dy, but are narrow in

width Wy, resulting in a small aspect ratio Ay, we are interested in which of the

different self-contact models can produce morphologies reminiscent of the crypt.

To ameliorate issues relating to numerical convergence of the self-contacted

solutions, we reduce the mechanical effect of the foundation by setting k = 50 which,
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Figure 3.17: Ageing allows cell type to be incorporated. (a) The incremental
growth γ̇γ−1 is tracked for Wnt-based growth (3.37). (b) The growth-dependent age
A(S0, t), obtained by solving (3.29) for a = 1, is plotted over time. The morpholo-
gies, which are invaginating downwards, have been plotted at times t = 0.1 and
t = 0.5, 1.0, . . . , 3.0. In both (a) and (b), the morphologies are invaginating downwards as
time increases.

in turn, allows for larger deformations to be considered. We compare three distinct

self-contact mechanisms: self-contact without any additional constraints; self-contact

with the imposed constraint of a constant enclosed area, modelled through (3.33);

and self-contact with additional horizontal repulsion, modelled through (3.32).

Figure 3.18 illustrates the effect of the different self-contact mechanisms on the

rod morphology at t = 5. Self-contact alone, represented by the green, dotted

line in Figure 3.18, results in the shallowest rod invagination, with the widest

invagination. In the absence of additional constraints, for long growth times, the

foundation has rapidly relaxed to the rod shape. As the attachments remodel in the

x and y directions at the same rate, there is no mechanical preference for the rod

invagination to expand in the x or y direction. As such, self-contact alone can result

in excessive horizontal bulging, which is not observed in crypt morphologies. This

effect is ameliorated when imposing the constraint of a constant self-encapsulated

area (orange, dashed line in Figure 3.18), reducing both the invagination depth

and width, due to the normal force exerted on the self-contacted area. While the
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Figure 3.18: Morphologies for different self-contact mechanisms. Profiles
(x(S0), y(S0)), are taken at time t = 5 to simulate large deformations. The morphologies
are shown for: self-contact alone (green, dotted), self-contact with a constant self-contacted
area (orange, dashed), self-contact with horizontal repulsion for q = 1 (brown, dot-dashed)
and self-contact with horizontal repulsion for q = 10 (brown, solid). Self-contact alone
results in excessive horizontal bulging, while imposing a constant self-contacted area or
modelling spatial repulsion results in more narrow structures.

invagination depth Dy is smaller than that for self-contact alone, the reduction in

Wy is greater, resulting in a reduced aspect ratio Ay. However, we note that the

resultant normal force strength cannot be varied, but rather is determined by solving

the relevant force balance equations. However, when modelling horizontal repulsion,

the strength of the repulsive force can be varied explicitly through the parameter q.

We observe that increasing q biases the rod to deform more along the y−axis than

the x−axis. Thus, increasing q reduces the invagination aspect ratio significantly.

When modelling self-contact, two possible questions arise. First, is it possible

to transition from self-contact along a point to self-contact along a region? This
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feature is important as it is observed in the crypt that continued invagination results

in a ‘zippering up’ of the tissue, in which the crypt becomes self-encapsulated,

but continues to invaginate, stretching out the self-contacted region. Second, if

self-contact along a region is possible, how long is the transition from point contact

to region contact? For this set of model parameter values, simulations reveal that

it is indeed possible to transition to solutions involving region contact for each of

the self-contact models considered. The respective times, relative to the time the

rod first undergoes self-contact, are plotted for each self-contact model in Figure

3.19. Self-contact alone is observed to require the longest time to reach region

contact. This occurs because, in the absence of additional spatial constraints, it is

just as mechanically favourable for the rod invagination to widen as it is to deepen.

Therefore, more growth is required for the bending moment at the self-contact

point, m(Sc), to eventually decay to zero, which is the criterion for the transition to

contact along a region. Contrastingly, when the rod grows and a constant enclosed

area is imposed, the region about the self-contact point flattens, resulting in a

rapid transition to m(Sc) = 0, indicating region contact. Modelling a horizontal

repulsion has a similar effect and is either slower or faster than the constant area

model, depending on the repulsive strength q.

Additionally, in the case of the horizontal repulsion model, varying the repulsive

strength also varies the initial time taken for self-contact at a point to occur, as

shown in Figure 3.20. This is not the case for the constant self-contact area model,

where the time to self-contact is the same as that for self-contact alone and is

equivalent to the q = 0 case. Increasing q rapidly reduces the time, until the effect

saturates for larger q. These results, combined with the results shown in Figures

3.18–3.19, demonstrate that incorporating spatial competition has a significant effect

on the rod morphology for large deformations, as well as time to self-contact events.

In the context of the crypt, this suggests that the presence of neighbouring tissue,

such as adjacent crypts, contributes to its narrow and highly-invaginated structure.
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Figure 3.19: The time taken to reach self-contact along a region for different
self-contact mechanism. Times are plotted relative to the time when the rod first
undergoes self-contact at a point. Self-contact along a region occurs when the bending
moment at the self-contacted point, m(Sc), reaches zero. The cases considered are: self-
contact alone (green, dotted), self-contact with a constant self-contacted area (orange,
dashed), self-contact with horizontal repulsion for q = 1 (brown, dot-dashed) and self-
contact with horizontal repulsion for q = 10 (brown, solid). The transition to region
contact is quickened with additional spatial constraints.

3.4.8 Putting it all together: simulating crypt morphogene-
sis

Thus far, we have investigated potential modelling assumptions and the resulting

morphological effects for a number of different processes, but with each process

explored in isolation. Having demonstrated which features may be most relevant for

modelling crypt morphogenesis, we conclude by providing two examples in which

different features are combined to yield interesting and more realistic properties.

Generating a crypt morphology

As we have gauged morphologies based on their similarities to the morphology

of the crypt, we first ask whether we can generate a realistic crypt morphology.

In particular, we consider the remarkable morphological feature of the crypt: it

forms an invagination that is five times as long as it is wide without excessive
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Figure 3.20: Horizontal spatial repulsion quickens the time to initial self-
contact. Note that the case q = 0 corresponds to the times for self-contact alone and
self-contact with a constant self-contacted area.

horizontal bulging.

Based on previous results, we simulate the growth of a rod with the follow-

ing components:

• A remodelling foundation, where, for proof of concept, the stiffness is set to k =

50 and the remodelling parameter is set to ρ = 10. This choice is based on the

results of Figure 3.10, in which we found that a rapidly-remodelling foundation

produced a deeper invagination than that of a viscoelastic foundation, as

compared in Figure 3.12.

• Eulerian Wnt-driven growth γ̇γ−1 = W (s), where W (s) is defined analogously

to (3.37) for σC = 0.16. This localises growth at the tip of the invagination

and prevents local peaks from developing, as was shown for W = W (S0) in

Figure 3.14.

• Horizontal spatial repulsion (3.32), where the repulsion strength is set to

q = 10. This ensures that the rod does not bulge excessively in the x-direction
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at large deformations, as demonstrated in Figure 3.18.

Figure 3.21 shows the resulting morphology over time. We see that it is indeed

possible to generate a realistic crypt morphology. However, this is only possible

if, in addition to the modelled processes above, the rod is allowed to undergo

self-contact. Moreover, the time taken to generate a realistic crypt invagination

depth results in the rod undergoing self-contact along a region. After extended

growth for region contact, the region of non-zero curvature localises to the tip

of the invagination. This feature is not unlike that observed by Demery et al.

[46], who modelled the folding of a thin film upon a liquid substrate. Figure 3.21

demonstrates that this set of morphogenetic processes is sufficient to generate

realistic crypt morphologies within the morphoelastic rod framework, where each

of these processes alone does not the observed morphology.

Cell-type-dependent sloughing

In Section 3.4.5, we demonstrated how a quasi-homeostatic state, where the

morphology was unchanging but growth was still evolving, could be obtained

when the sloughing rate, µ̇, balanced the growth rate γ̇. In this example, we

imposed that sloughing began when t > T , where T was an imposed time with

no biological significance. However, a more natural way of imposing sloughing

is to model sloughing based on the biological properties of the actual cells (or

points along the tissue, as is the case in our continuum setting). That is, cells

will die when they pass a certain age. As we observed in Figure 3.17, the age

A(S0, t) for Wnt-based growth γ̇γ−1 = W (s) is highest at the ends of the rod and

minimal in the base. Following this observation, as a proof of concept, we propose

the following age-dependent sloughing law:

γ̇

γ
= W (s), µ̇ = 1

2 [1 + tanh(10(A(Lµ)− A∗))] , (3.40)

where A(Lµ) is the age of the rod at S0 = Lµ and A∗ is the threshold boundary age

at which sloughing begins to occur. The sloughing law (3.40) models sloughing to

begin only when A(Lµ) > A∗. The resulting evolution of the sloughing boundary,
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Figure 3.21: A simulation of crypt morphogenesis. Here, the horizontal repulsion
strength has been set to q = 10 and growth evolves according to γ̇γ−1 = W (s), where
W (s) is given by (3.37). The profiles have been plotted at t = 0.5, 1, 1.5, . . . , 5, 5.25,
where t = 5.25 is the earliest time to reach an invagination depth that reflects a typical
crypt morphology and the rod invaginates downwards as t increases. We have plotted the
reflections of the rod solutions about x = 0 and x = 1 to underlie the implicit assumption
that neighbouring crypts are growing simultaneously. Note that the rod has undergone
self-contact along a region.

Lµ, and the total rod length, l, are plotted in Figure 3.22. For this coupling

between growth and death, we observe that the decrease in Lµ also decreases l.

That is, when A(Lµ) > A∗, the sloughing rate µ̇ = 1, which exceeds the increase

in material due to growth. Therefore, the rod morphology begins to shrink in

amplitude due to sloughing. While we do not observe a static morphology, this

example demonstrates how we can straightforwardly couple sloughing to processes

that represent biological properties, such as the age A(S0, t). For future work,
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Figure 3.22: Evolution of sloughing boundary for age-dependent sloughing.
The total rod length, l, and sloughing boundary, Lµ, are shown over time for Wnt-based
growth and age-dependent sloughing (3.40), where sloughing only begins once A(Lµ) > A∗.
The morphologies at t = 1, 2.5, 2.8 are also plotted. Here, the sloughing rate is faster than
the growth rate, which decreases the invagination depth once sloughing begins.

it would be worthwhile to explore which couplings between processes result in a

static morphology, such as that in Figure 3.16.

3.5 Discussion

In this chapter, we have considered a number of modelling choices within a

morphoelastic framework of epithelial tissue that accounts for the complex interplay

between tissue growth, internal stresses, external forces due to a substrate, and

mechanical deformation. Building upon the work of Chapter 2, we considered how

various chemical, biological, and mechanical processes can be incorporated within

the morphoelastic rod framework to simulate crypt morphogenesis more faithfully.

We first investigated how different mechanisms of tissue relaxation, either

within the epithelium or in relation to its external environment, affect the resulting
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morphology. For a viscoelastic foundation, increasing the relaxation rate, ν, of the

viscoelastic attachments deepened the rod invagination during growth. However,

when growth was paused and the foundation attachments continued to relax, the

invagination depths shortened for smaller relaxation rates. For higher viscoelastic

relaxation rates, the rod invagination did not change. For a remodelling foundation,

increasing the attachment remodelling parameter, ρ, also resulted in a deeper

invagination during growth. However, in contrast to the viscoelastic foundation,

allowing the attachments to continue to relax after growth increased the invagination

depth, for all values of ρ. Modelling relaxation within the rod led to different

behaviour from each foundation relaxation models. When we introduced an evolving

intrinsic curvature, increasing the rate at which the intrinsic curvature remodelled

to the current rod curvature shortened the invagination depth. When growth was

paused and the intrinsic curvature continued to evolve, the rod base fissioned.

Hence, for generating a long crypt invagination, a remodelling foundation is the

most appropriate model for tissue relaxation.

We then investigated how defining material properties, such as growth or stiffness,

with respect to the Lagrangian or Eulerian reference frames, may impact the

resulting morphology. In a biological context, modelling material properties with

a Lagrangian parametrisation reflects the notion that the quantity is an inherent

property of cells, which then spreads along the tissue due to growth, while an

Eulerian parametrisation implies that cellular properties remodel over time and

are position-based. Motivated by the importance of Wnt signalling in the crypt,

we showed that changing the spatial parametrisations of chemical signal affects

the emergent morphology significantly. Moreover, an Eulerian parametrisation of

the chemical signal generated the most realistic, crypt-like morphology. However,

this was not the case for mechanical stiffness, where the differences in morphology

between Lagrangian and Eulerian stiffnesses was only relevant when the variation

in stiffness is high. Thus, we conclude that, for the crypt, an Eulerian Wnt signal

is required to generate a realistic crypt morphology, but it is not important to

model heterogeneous stiffness.
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Following on from heterogeneity, we showed how biological processes such as

cell death and ageing (as a proxy for cell type), which play an important role in

epithelial development and maintenance, can be modelled within the continuum

framework—something which, to our knowledge, has not been done previously. We

modelled cell death through a sloughing mechanism that shrunk the initial domain

to accommodate for growth. Selecting a sloughing rate that balanced the growth

rate led to a morphological steady state, even as growth continued evolving. This

concept of an ‘observable’ steady state but with dynamic growth is an important

one that we will revisit in more detail in Chapter 4, when we construct a framework

to model non-static tissue homeostasis. We then showed that modelling age via

Equation (3.29) produced the correct age structure for heterogeneous growth, where

the ‘youngest’ points along the rod were growing most rapidly.

As all previous simulations had been stopped long before self-contact, we

investigated the morphological effects of allowing continued deformation after

self-contact. Modelling such deformations allowed us to consider morphogenesis on

biologically-realistic timescales. In particular, we investigated whether prolonged

growth would result in the ‘zippering’ feature observed in crypts. When modelling

self-contact alone, the rod exhibited excessive horizontal bulging. However, when

additional constraints were incorporated, such as a constant self-encapsulated area

or spatial competition due to neighbouring tissue, the resulting morphologies were

both more invaginated and narrower. This indicated the importance of spatial

competition, that may be present within or around the growing tissue.

Finally, we combined several of the model components that were previously

considered in isolation to demonstrate more concrete examples of morphogenesis.

First, we considered a rod subject to an Eulerian chemical signal, supported by

a remodelling foundation and subject to significant spatial repulsion. We showed

that when simulating the system over long times—in dimensional terms, growth

continued for almost a week—the resulting morphology was similar to that observed

of a crypt. That is, we produced a narrow invagination that was five times as long

as it was wide. Second, we extended the preliminary investigation of sloughing in



110 3.5. Discussion

Section 3.4.5 by coupling the sloughing rate to the age structure of a rod subjected to

heterogeneous growth, demonstrating how sloughing can be modelled to depend on

biological properties and arise more naturally. However, in this case, as the sloughing

rate did not balance the growth rate, a morphological steady state was not achieved.

Rather, the invagination began to shrink over time due to the imbalance between

growth and sloughing. We will show in Chapter 4 why the sloughing and growth

rate need to balance when we construct a model for dynamic tissue homeostasis.

We have demonstrated that care is needed when translating biological processes

to a modelling framework, in particular to a continuum setting, and we have

investigated in detail the impact of modelling choices and ingredients on the resulting

morphology. While tissue morphogenesis is a complex process, by developing math-

ematical models for the different components and investigating their morphological

effect, we can suggest which components contribute most significantly to the

morphogenesis of the system in question. As the crypt is our motivating example,

our results were framed in the context of crypt morphogenesis; that is, which of

these processes may contribute to a deep, narrow invagination? From the results of

this chapter, the model components required to simulate crypt morphogenesis are:

a rapidly-relaxing foundation; a concentrated position-based Wnt signal; and, for

large deformations, horizontal repulsion induced by neighbouring crypts.

In the next chapter, we will shift our focus from simulating realistic crypt

morphologies to modelling the unique growth structure of the crypt and the crypt

in homeostasis. In order to investigate these concepts of growth and homeostasis in

detail, we will uncouple the rod from the 2D geometry and consider a 1D unbuckled

rod. However, based on the results of this chapter, our starting framework will

be a rod that is tethered to a remodelling foundation, while the starting point

for growth will be due to an Eulerian Wnt signal.
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Growth and homeostasis in the crypt

4.1 Introduction

In Chapter 2, we investigated how spatial heterogeneity within the material

properties of a growing, deformable rod impacted pattern formation initiated

by growth. In Chapter 3, we considered different biochemical and mechanical

processes that act within an epithelial tissue, and investigated how these models

may be incorporated within our continuum framework. We now take these findings

and specialise them for the colonic crypt. In this way, we aim to answer two

key questions relating to the crypt.

The first question concerns one of the unique and robust aspects of the crypt,

namely its proliferative structure. In the base of the crypt reside a pool of stem

cells, which produce progenitors that migrate upwards. Transit-amplifying cells are

the first progenitor cell type to emerge, proliferating rapidly for a fixed number of

divisions as they migrate from the base. Transit-amplifying cells will differentiate

into non-proliferating specialised cells, which reside at the top of the crypt. Despite

this hierarchical structure being robust, it is not fully understood how it emerges.

Wnt signalling is known to be a primary driver of proliferation within the crypt

[39] and forms a decreasing spatial profile from the crypt base to the top [67]. If

proliferation within the crypt is driven solely by Wnt and proliferation responds

111
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Figure 4.1: The internal proliferative structure of the crypt. The proliferative
structure is bimodal shape, i.e. maximal away from the crypt base, which contradicts the
proposal that Wnt signalling is the primary governor of proliferation, as it is maximal at
the base (assuming growth is a linear function of Wnt signalling).

linearly to Wnt, then we would expect proliferative activity to be highest in the base

and thus observe a ‘unimodal’ curve of proliferative capacity, we showed in Chapter

3. However, the bulk of proliferative activity is driven by transit-amplifying cell

proliferation, leading to a ‘bimodal’ shape. This concept is illustrated in Figure

4.1. Therefore, the first significant goal of this chapter is to develop a parsimonious

growth law that gives rise to the proliferative structure observed in the crypt, by

determining what additional mechanisms may regulate the rate of proliferation.

Specifically, we wish to determine whether or not this structure can be captured

with a growth law that incorporates regulation through mechanical stimuli.

The second question concerns the concept of tissue homeostasis, which we define

as a state in which the rate of cell proliferation throughout a crypt is balanced exactly

by the rate of cell death to maintain a ‘morphological’ steady state, where the stress

and material velocity have fixed profiles in the current configuration. Previously, in

Section 3.4.5, we demonstrated that introducing sloughing shrinks the initial domain,

which can balance material increase due to growth and render the rod morphology

static. However, while the observed system appeared to be static, there was a

continuous flux of tissue material. The of homeostasis is important to the crypt and

other biological systems, for disruption of homeostasis marks the onset of disease.

Thus, it is important to identify conditions under which homeostasis in the crypt is

maintained. However, to our knowledge, such a ‘dynamic’ tissue homeostasis model



4. Growth and homeostasis in the crypt 113

has not been rigorously considered in a continuum framework. The challenge with

modelling tissue homeostasis is indeed its non-static feature, as there are actively-

evolving growth and removal processes. Hence, tissue homeostasis of the type

described above cannot be defined simply as the evolution towards a steady state, in

which dependent variables do not change over time. Tissue homeostasis also stands in

contrast to the principle of mechanical homeostasis, where growth remodels towards

a preferred mechanical stress state [59, 168]. Within the crypt, Wnt signalling is

always present as a heterogeneous ‘background’ regulator of growth that competes

with other mechanisms are contributing to the convergence to a homeostatic stress

state. Thus, the second goal of this chapter is to develop a mathematical model

that, building on the growth law developed, captures tissue homeostasis within

the crypt and to derive the necessary conditions under which homeostasis occurs.

Moreover, we will show how the the sloughing mechanism defined in Chapter 3

emerges naturally as a consequence of the constructed homeostasis model.

One important aspect of the work in Chapters 2–3 is that we have focussed on

studying the effects of different models on the resulting morphology. As pattern

formation within the morphoelastic rod framework is initiated through buckling,

the patterns subsequently give rise to geometric nonlinearities. This leads to

an increase in computational cost, particularly when exploring the coupling of

different processes. In order to maintain a level of computational tractability, we

will uncouple these processes from the nonlinear geometry caused by buckling by

focussing on a straight, unbuckled rod.

In this chapter, we explore different feedback mechanisms within the context

of a growing elastic rod. First, in Section 4.2, we cast the morphoelastic rod

framework in a simplified 1D setting. In Section 4.3, using this framework, we

combine numerical simulations and analytical results for special parameter cases

to develop a minimal growth law that gives rise to the unique growth structure

that characterises the crypt. In particular, we determine which form of mechanical

feedback most appropriately couples to Wnt signalling. Then, in Section 4.4, we

explore how homeostasis can be achieved by considering the balance between growth,
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cell death, stress, and velocity. By defining homeostasis as the condition when

growth is fixed with respect to the Eulerian configuration, we derive the governing

equations in homeostasis and demonstrate how homeostatic growth in the crypt

depends on key mechanical parameters.

4.2 Model set-up

We wish to preserve the key features of a morphoelastic rod without having to account

for the 2D morphology induced by buckling and further deformations. That is, we

wish to examine how growth relates to stress in a tractable setting. Geometrically,

we consider a deformed crypt and ‘unfold’ it, restricting attention to processes that

act along a 1D line and ignoring the 2D morphology. This situation is illustrated

in Figure 4.2. Using asterisks to denote dimensional quantities, independent and

dependent variables have been scaled by the following nondimensionalisation:

(S∗0 , s∗, p∗) = L∗0(S0, s, p), n∗ = Ehwn, t∗ = τt, (4.1)

where L∗0 is the initial rod length; E is the Young’s modulus; h and w are the

height and width of the rod cross-section, where we have assumed a rectangular

cross-section; and τ is the characteristic growth timescale.

In order to allow the rod to grow in a fixed domain, we take the rod to be

extensible. In this geometry, the position of the rod centreline is given by the

current arc length parameter, s. Recall that s relates to the initial arc length

parameter, S0, via the morphoelasticity decomposition (1.5):

λ = αγ ⇐⇒ ∂s

∂S0
= ∂s

∂S

∂S

∂S0
,

where α denotes the elastic stretch and γ is the growth stretch. Hence, the kinematics

of the rod are described completely by this decomposition:

s′ = αγ. (4.2)

Here, the prime ′ denotes differentiation with respect to the initial material arc length,

S0. Following the results of Section 3.4.1, we assume that the rod is attached to an
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Figure 4.2: Geometric simplification of the crypt. We exploit the symmetry of
the crypt morphology and split a deformed crypt at the base, mapping it to a straight
line. In doing so, we uncouple the rod growth from the geometry.

underlying foundation that remodels to the current position. Therefore, we model

the position of the foundation attachments as a smooth curve, p(S0, t), of linearly

elastic attachments. The force balance for the internal rod stress, n(S0, t), is given by:

n′ = kαγ(s− p), where ṗ = ρ(s− p), p(S0, 0) = S0, (4.3)

where the overdot represents partial differentiation with respect to time t. Note the

presence of the αγ factor, as we have defined the foundation force with respect to

the current configuration. The parameters k and ρ denote the foundation stiffness

and remodelling rate of the foundation, respectively, and are given by:

k = kfL
∗2
0

hw
, ρ = τ

ηp
, (4.4)

where kf quantifies the stiffness of the foundation with respect to the rod stiffness

and ηp is the relaxation rate of the foundation attachments.

We must also specify a constitutive law for the elastic stretch α and an evolution

for the growth stretch γ. We relate α to the internal stress n using a Hookean

constitutive law analogous to that employed in Chapter 2 (Equation (2.12)), so that

n = α− 1, (4.5)

By allowing the rod to be extensible, we can probe the effects of growth and other

processes on stresses while the rod remains straight and unbuckled. In line with
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Chapter 3, the growth law takes the form

γ̇

γ
= G, (4.6)

where the left hand side represents the incremental growth, the continuum analogue

of proliferative activity, and the function G comprises possible chemical and

mechanical contributions to growth.

In order to close the system, defined by Equations (4.2)–(4.3), we must have

two boundary conditions. For simplicity, we assume that the rod is fixed at

both boundaries:

s(0) = 0, s(1) = 1. (4.7)

Substituting the extensibility assumption (4.5) into Equations (4.2)–(4.3), we

obtain the system:

s′ = (1 + n) γ, (4.8)

n′ = k (1 + n) (s− p), ṗ = ρ(s− p), p(S0, 0) = S0, (4.9)

subject to the clamped boundary conditions (4.7).

4.2.1 Mechanochemical growth

In this chapter, we aim to develop a mechanochemical growth that recapitulates

the proliferation profile along the crypt axis. With this in mind, we assume that

growth satisfies an evolution equation of the form:

γ̇

γ
= G(W (s), n− n∗), (4.10)

where W (s) is the sensitivity to Wnt signalling, modelled as an imposed profile

with respect to the current configuration; n is the rod stress; and n∗ is the

homeostatic stress.
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4.3 Developing a minimal growth law for the crypt

It has been proposed that proliferative capacity in the crypt is governed primarily

by Wnt signalling, which decreases monotonically in concentration from the crypt

base to the top [67]. However, proliferation due to Wnt alone does not generate the

observed proliferative structure. Therefore, we conclude that additional regulators

modulate proliferative activity in the crypt. A natural candidate is mechanical

feedback. We will demonstrate in the following sections that Wnt signalling,

coupled with mechanical stress, can produce a proliferative structure consistent

with biological observations.

For numerical simulations, we discretise all time derivatives using a Forward

Euler discretisation, with a time step size of δt = 0.05. First, growth γ is updated

via the evolution equation (4.10). Then, we solve the resulting quasi-static force

balance equations (4.8)–(4.9) using the MATLAB package bvp4c, which employs

a spatial collocation method [101, 156]. Afterwards, the foundation attachment

positions, p, are updated by discretising the evolution equation (4.9).

Unless otherwise specified, the following model parameters are held fixed in

subsequent sections: the foundation stiffness, k = 1000, the foundation remodelling

parameter, ρ = 10, and the Wnt spatial profile parameter, σW = 0.16.

4.3.1 Wnt signalling localises growth and stress

In Section 3.4.3, we showed that a Wnt signal profile that is parametrised with

respect to the current arc length s produces a realistic crypt morphology. Hence, as

a first step, we consider the case when growth depends on a pre-existing Wnt

signal profile only, so that:

γ̇

γ
= W (s), (4.11)

where W (s) represents the cell sensitivity to the concentration of Wnt ligand

along the crypt. As Wnt decreases from the crypt base to the top, we define

W (s) to be decreasing function over the interval s ∈ [0, 1] such that W (0) = 1

and W (1) = 0. Note that defining W = W (s) models the Wnt profile as an
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environmental cue for growth. Following Chapter 3, we model the Wnt signal

concentration using a Gaussian function:

W (s) = exp
[
−
(
s

σW

)2
]
, (4.12)

where σW > 0 specifies how rapidly Wnt decreases in concentration for increasing

s. We generally consider values of σW such that the Wnt signal is concentrated

at the base and rapidly decreases for increasing s [114].

To determine the effect of Wnt-driven incremental growth on rod evolution,

in Figure 4.3 we plot the growth evolution, γ(S0, t), and the rod stress, n(S0, t),

against the current arc length s. As expected, the heterogeneous growth law

concentrates growth towards the base, s = 0, as shown in Figure 4.3 (a). This

localised growth leads to increased compression near s = 0, shown in Figure 4.3 (b).

As stem cells in the crypt base are not actively proliferating in homeostasis [35]

and transit-amplifying cells, situated outside the base, drive proliferation within

the crypt, we can conclude that Wnt signalling is not the sole spatial determinant

of growth within the crypt. Moreover, Figure 4.3 (b) indicates that cells in the

base, s = 0, where growth is highest, experience the largest amount of mechanical

stress. This correlation between stress and enhanced growth suggests the possible

role of mechanical stress as a regulator of growth within the crypt. We therefore

propose the following hypothesis: Wnt combined with mechanical stress regulates

proliferation, with the inhibitory mechanism dominant in the crypt base, and the

Wnt stimulus dominant in the transit-amplifying region.

4.3.2 Special case: an infinitely-stiff foundation

In Figure 4.3, we observed that a Wnt profile that is concentrated near s = 0 leads to

increased compression about s = 0, where stem cells reside in the crypt. Given that

stem cells are not the primary contributors to tissue growth within the crypt during

homeostasis, it is reasonable to postulate that there is a subsequent inhibitory

mechanism that restricts proliferative activity within the base, leading to the

bimodal spatial profile observed within the crypt. The notion that proliferation of
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Figure 4.3: A Wnt-based growth law leads to concentrated growth and stress.
Solutions are plotted at times t = 0.05, 0.5, 1, . . . , 4.5, 5. (a) Growth γ(S0, t) against
current arc length s for Wnt-based growth, as modelled by Equations (4.11)–(4.12). (b)
Rod stress n(S0, t) against s. In both cases, the incremental growth γ̇γ−1 has been
coloured in, with darker blue regions indicating minimal values of γ̇γ−1 and orange regions
corresponding to higher values of γ̇γ−1. The concentrated Wnt signal profile leads to
growth localising and increased compression in the base.

basal stem cells is restricted is perhaps best supported by the presence of quiescent,

‘+4’ stem cells, which only activate during injury [15, 102, 185]. One possible

mechanism for this reactivation following injury may be that the loss of epithelial

tissue acts to ‘release’ the compressive stress inhibiting these stem cells, allowing

them to proliferate. This observation from the literature, combined with the regions

of increased compression in the base that we observe due to growth in the base,

leads us to postulate that mechanical feedback is one such inhibitory mechanism.

Therefore, we aim to investigate whether growth laws that incorporate mechanical

feedback may generate the desired proliferative structure.

In order to develop intuition for appropriate mechanosensitive growth laws, we

first restrict ourselves to the special case of an infinitely rigid foundation, k →∞,

where material points do not move. In this case, the solutions for the current arc

length s and the rod stress n are given exactly by

s(S0) = S0, n(S0, t) = 1− γ(S0, t)
γ(S0, t)

. (4.13)
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The solution for this limiting case gives a closed-form expression for rod stress,

n(S0, t), which is typically unsolvable analytically when k is finite and growth is

heterogeneous. We will refer to this solution repeatedly when considering different

mechanisms of mechanical feedback.

Ever-present mechanical feedback

The first law we consider that incorporates mechanical feedback models growth as

a linear combination of Wnt, W (s), and mechanical rod stress, n:

γ̇

γ
= W (s) + µ(n− n∗), (4.14)

where µ is a parameter describing sensitivity to mechanical stress, and thus the

relative impact of mechanical feedback, and n∗ ≤ 0 is the homeostatic stress. The

law (4.14) models the constant regulation of Wnt signalling due to mechanical

feedback. Note that if n(S0, t) − n∗ > 0, indicating relative tension, incremental

growth γ̇γ−1 is increased, while if n(S0, t)− n∗ < 0, indicating relative compression,

γ̇γ−1 is decreased.

The spatial dependence of the Wnt signal parameter, W (s), means that in

general, analytical solutions to the growth law (4.14) cannot be found for the

majority of parameter values. To gain insight, we consider the k →∞ limit, where

S0 = s. Substituting for s(S0, t) and n(S0, t) from Equation (4.13) into Equation

(4.14) yields a first-order, linear ODE for γ(S0, t) in time:

γ̇ = W (S0)γ + µ ((1− γ)− n∗γ) . (4.15)

Equation (4.14) can be solved straightforwardly with the use of an integrating

factor. Recalling the initial condition γ(S0, 0) = 1, we deduce that

γ(S0, t) = µ

µ(1 + n∗)−W (S0) + µn∗ −W (S0)
µ(1 + n∗)−W (S0)e−(µ(1+n∗)−W (S0))t. (4.16)

This, in turn, gives rise to the following expression for incremental growth, γ̇γ−1:

γ̇

γ
= (W (S0)− µn∗)(µ(1 + n∗)−W (S0))e−(µ(1+n∗)−W (S0))t

µ+ (µn∗ −W (S0))e−(µ(1+n∗)−W (S0))t . (4.17)
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Observe that the long-term behaviour of γ̇γ−1 at a fixed S0 can be decomposed

into two parameter regions: if µ(1 + n∗) > W (S0), then γ̇ → 0 as t → ∞ and

consequently, γ(S0, t) tends to a finite limit. Otherwise, if µ(1 + n∗) < W (S0),

then γ̇γ−1 → W (S0)− µ(1 + n∗) and growth diverges to infinity. This behaviour

is summarised in Figure 4.4.

The growth law (4.14) has two features that may be interpreted as biologically

unrealistic. The first is demonstrated in Figure 4.5, in which we plot the incremental

growth γ̇γ−1 against the initial arc length S0 for increasing time. The figure shows

that if we set the threshold stress n∗ < 0, then at t = 0, mechanical feedback results

in incremental growth that exceeds that of Wnt-based growth, as the system is

initially in relative tension, i.e. n(S0, 0)− n∗ > 0. The second can be observed in

Figure 4.6, where we plot the profiles of γ and γ̇γ−1 against time, for fixed values of

Wnt. We observe that as the growth law (4.14) does not the alter the monotonicity

of the spatial profile of γ̇γ−1, the spatial profiles of both growth γ and incremental

growth γ̇γ−1 are qualitatively similar to the case of Wnt-only growth (4.11).

These observations lead us to hypothesise that points along the rod that are

exposed to higher Wnt signal concentration will always exhibit greater incremental

growth, even in the presence of mechanical feedback. Therefore, it will be impossible

to reproduce the ‘bimodal’ spatial profile of proliferation that is observed in the

crypt with this growth law. This can be summarised by the following:

Claim: Let γ(t) be defined by Equation (4.16), in the k → ∞ limit. Define

γw(t) := γ(t)
∣∣∣W (S0)=w and G(w) = γ̇wγ

−1
w . Then G(w) is a strictly increasing

function of w.

Proof: For G(w) to be a strictly increasing function, we must show that for

w1 > w2, G(w1) > G(w2) for all time t > 0:

γ̇w1

γw1

>
γ̇w2

γw2

. (4.18)



122 4.3. Developing a minimal growth law for the crypt

γ̇
γ → 0

γ̇
γ →W (S0)− µ(1 + n∗)

µ = W (S0)
1+n∗

(0,W (S0))

-10

0

10

−1 0.0
n∗

µ

Figure 4.4: Long-time behaviour of growth at a fixed point S0 that is subject
to an ever-present mechanical feedback and infinitely-stiff foundation (as
determined by Equation (4.16)). In the blue region, µ > W (S0)(1 + n∗)−1 and
mechanical stress dampens the growth induced by Wnt, leading to zero incremental
growth at S0 and growth γ(S0, t) tending to a finite limit as t→∞. In the orange region,
µ < W (S0)(1 + n∗)−1 and incremental growth tends to a finite limit, leading to growth
blowing up at S0.

By (4.17), γ̇w2γ
−1
w2 is given by the following expression:

γ̇w2

γw2

= (w2 − µn∗)(µ(1 + n∗)− w2)e−(µ(1+n∗)−w2)t

µ+ (µn∗ − w2)e−(µ(1+n∗)−w2)t . (4.19)

By assumption, as w1 > w2, then it follows that w2 − µn∗ < w1 − µn∗ and

e−(1+n∗)−w2)t > e−(1+n∗)−w1)t. Therefore, we can bound γ̇w2γ
−1
w2 above with the

following inequality:

γ̇w2

γw2

<
(w1 − µn∗)(µ(1 + n∗)− w2)e−(µ(1+n∗)−w2)t

µ+ (µn∗ − w1)e−(µ(1+n∗)−w1)t . (4.20)

Therefore, to prove that the inequality (4.18) holds, we must show that:

(µ(1 + n∗)− w2)e−(µ(1+n∗)−w2)t < (µ(1 + n∗)− w1)e−(µ(1+n∗)−w1)t. (4.21)

We may re-arrange (4.21) to obtain the simplified inequality:

e(w1−w2)t >
w2 − µ(1 + n∗)
w1 − µ(1 + n∗) . (4.22)
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Figure 4.5: Ever-present mechanical feedback dampens growth for an
infinitely-stiff foundation. The relative growth γ̇γ−1 against S0 has been plotted
for times t = 0.05, 0.1, . . . , 9.95, 10. Dark red lines indicate earlier times, while dark blue
lines indicate later times. The mechanical feedback parameters are µ = 1 and n∗ = −0.4.
Here, mechanical stress dampens incremental growth everywhere.

Observe that as w1 > w2, the quantity on the right hand side of (4.22) is always

less than one. Furthermore, as (w1 − w2)t > 0, e(w1−w2)t ≥ 1. Therefore, by our

assumption, (4.21) holds. Hence, the inequality (4.18) is true for all time t > 0.

That is, the incremental growth subject to the mechanical feedback law (4.14) is an

increasing function of the Wnt concentration, for an infinitely-stiff foundation.

This claim and subsequent proof demonstrate that, for the k → ∞ case,

incremental growth is always highest where Wnt signal sensitivity is highest; this

feature is not altered by the presence of mechanical feedback. This is because

mechanical feedback acts in a ‘global’ manner, affecting incremental growth at

all points simultaneously. Therefore, while the effect of mechanical feedback may

vary across the spatial position S0, it is triggered at the same time, t = 0, for

all S0 ∈ [0, 1]. Hence, the growth law (4.14), which enforces mechanical feedback

everywhere from t = 0, should be modified such that mechanical feedback is

activated at different points at different times.
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Figure 4.6: Growth at fixed Wnt values for linear mechanical feedback. (a)
The behaviour of γ(t) for fixed values of Wnt, W (s) = w, for w = 0.1, 0.5, 1. (b) The
behaviour of γ̇wγ−1

w . Profiles are plotted up to t = 10, for mechanical feedback parameter
values of µ = 1 and n∗ = −0.4. Mechanical feedback that is always present from t = 0
can lead to a monotonic decay in incremental growth rates.

Threshold-dependent mechanical feedback

We now consider a variation on the mechanical feedback law (4.14), where mechanical

feedback is triggered only when the rod is sufficiently compressed:

γ̇

γ
= W (s) + µ(n− n∗)H(n∗ − n). (4.23)

Here, H(x) is the Heaviside step function. The introduction of the Heaviside function

results in a spatially-dependent delay of mechanical feedback, as it will now only

occur at points S0 such that n(S0) < n∗.

Infinite foundation stiffness, k → ∞

As before, in the case of an infinitely-stiff foundation, k →∞, we can solve Equation

(4.23) analytically. Under this growth law, growth evolution is now described by

two phases. Initially, growth is driven purely by Wnt signalling, i.e.

γ̇ = W (S0)γ. (4.24)
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Figure 4.7: Activation times of mechanical feedback, t∗. Regions with greater
Wnt signal concentrations are impacted by mechanical feedback earlier than regions
with minimal Wnt signal. Decreasing the stress threshold, n∗, also delays activation of
mechanical feedback.

Combining the solution to (4.24) with the expression for n(t) given by (4.13) gives:

γ(S0, t) = eW (S0)t, n(S0, t) = 1− eW (S0)t

eW (S0)t . (4.25)

Mechanical feedback first occurs when n(t) = n∗. Solving n(t∗) = n∗ using Equation

(4.25) gives the switching time, t∗, and corresponding growth:

t∗ = 1
W (S0) log

( 1
1 + n∗

)
, γ(S0, t

∗) = 1
1 + n∗

. (4.26)

Observe that t∗ is smaller—indicating an earlier occurrence of mechanical feedback—

where W (S0) is higher, i.e. the Wnt signal concentration is higher, or where n∗

is smaller. In Figure 4.7, we plot t∗ against W (S0) for various values of n∗. This

figure shows that in regions of the rod where Wnt is higher, mechanical feedback

will activate earlier, due to the increase in compression induced by growth. This

feature is lost when n∗ = 0; in this case, the threshold-dependent mechanical

feedback law (4.23) is equivalent to the global mechanical feedback law (4.14).

For n∗ < 0, though, the time at which mechanical feedback begins to occur is

spatially non-homogeneous.
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For t ≥ t∗, at a fixed Wnt signal value, Equation (4.23) reduces to the

linear ODE (4.15). Solving this with the condition (4.26) gives the following

expression for γ(S0, t):

γ(S0, t) = µ

µ(1 + n∗)−W (S0) −
W (S0)e−(µ(1+n∗)−W (S0))(t−t∗)

(1 + n∗)(µ(1 + n∗)−W (S0)) . (4.27)

Hence, the incremental growth is given by

γ̇

γ
= W (S0)(µ(1 + n∗)−W (S0))e−(µ(1+n∗)−W (S0))(t−t∗)

µ(1 + n∗)−W (S0)Ese−(µ(1+n∗)−W (S0))(t−t∗) . (4.28)

The key feature of this threshold-based mechanical feedback law is the presence

of the switching time from Wnt-driven growth to mechanically-regulated growth,

t∗, which depends on the Wnt signal concentration, W (S0). As the Wnt signal

gradient W (S0) is heterogeneous, t∗ = t∗(S0). This is in contrast to the ever-present

mechanical feedback law, where t∗ ≡ 0. As such, we expect that in regions for which

mechanical feedback has switched on, growth will dampen such that regions that

are subjected to only Wnt-based growth, albeit with a weaker signal, may exhibit

greater incremental growth. This leads to us making the following claim.

Claim: Let γ(t) be defined by (4.27). Suppose that w1 > w2. Define G(w) :=

γ̇wγ
−1
w , where γw(t) := γ(t)

∣∣∣W (S0)=w . Then there exist values of t and µ such that

G(w1) < G(w2). (4.29)

Proof: Our strategy is to find a time t such that G(w1) exhibits mechanoreg-

ulated growth, while G(w2) exhibits purely Wnt-driven growth. That is, we

consider t for which

1
w1

log
( 1

1 + n∗

)
< t <

1
w2

log
( 1

1 + n∗

)
. (4.30)

By this assumption and our expression for γ(t), as given by Equation (4.17),

we seek values of µ such that

γ̇w1

γw1

<
γ̇w2

γw2

⇐⇒ w1(µ(1 + n∗)− w1)e−(µ(1+n∗)−w1)(t−t∗)

µ(1 + n∗)− w1e−(µ(1+n∗)−w1)(t−t∗) < w2, (4.31)
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where t satisfies the inequality (4.30) and t∗ = 1
w1

log
(

1
1+n∗

)
. Re-arranging this

inequality yields:

t > t∗ + 1
µ(1 + n∗)− w1

log
(
w1(µ(1 + n∗)− w1 + w2)

w2µ(1 + n∗)

)
. (4.32)

Imposing that t > t∗ leads to the following conditions on µ:

µ >
w1

1 + n∗
, if µ(1 + n∗)− w1 > 0;

µ <
w1

1 + n∗
, if µ(1 + n∗)− w1 < 0. (4.33)

Therefore, we choose µ such that the following inequality holds:

t∗ + 1
µ(1 + n∗)− w1

log
(
w1(µ(1 + n∗)− w1 + w2)

w2µ(1 + n∗)

)
< t

<
1
w2

log
( 1

+n∗
)

= t∗ +
(
w1 − w2

w1w2

)
log

( 1
1 + n∗

)
. (4.34)

This, in turn, imposes an upper bound on µ, where µ must satisfy the inequality:

w1

w2

(
1− w1 − w2

µ(1 + n∗)

)
<
( 1

1 + n∗

)w1−w2
w1w2

(µ(1+n∗)−w1)
. (4.35)

Observe that the left hand side of (4.35) tends to a finite limit as µ→∞, w1/w2,

while the right hand side is an increasing exponential function in µ. Therefore,

the inequality (4.35) is satisfied for a sufficiently large value of µ. The proof

demonstrates that, for an infinitely-stiff foundation, there is always a finite value

of µ such that, under this threshold-dependent mechanical feedback law (4.23), a

bimodal1 distribution of incremental growth can be produced. Moreover, the lower

bound on µ shows how the range of values of µ for which a bimodal distribution

will be observed depends on both the maximal Wnt signal value–in our case,

maxs∈[0,1] W (S0) = 1—and the threshold stress for mechanical feedback, n∗. For

smaller values of n∗, µ must be higher in order to ensure that regions along the rod
1Note that as we consider growth along the half-length of the crypt (see Figure 4.2, the resulting

incremental growth profile in this 1D geometry is unimodal. We refer to this profile as bimodal
because its even extension, which is used to capture the proliferative structure of the crypt, means
that incremental growth is bimodal in shape.
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Figure 4.8: Growth at fixed Wnt values for threshold-based mechanical
feedback, for µ = 1, n∗ = −0.4. (a) Growth γ(t) and (b) incremental growth γ̇γ−1(t)
for fixed Wnt signal values, W (S0) = 0.1, 0.5, 1. A non-zero n∗ delays the onset of
mechanical regulation of growth. However, µ is not high enough to dampen growth at
W (S0) = 1 so that it falls below the solutions for W (S0) = 0.1 and W (S0) = 0.5.

that are subject to a higher Wnt signal concentration, and hence grow faster initially,

will be dampened sufficiently by mechanical feedback. This feature is demonstrated

in Figures 4.8–4.9, γw(t) and γ̇wγ−1
w (t) are plotted for several fixed Wnt signals, for

µ = 1 and µ = 10, respectively. In Figure 4.8, when µ = 1, there is a delay in

mechanoregulation of incremental growth, due to the non-zero stress threshold n∗,

such that γ̇wγ−1
w is driven by only Wnt longer for the solutions corresponding to

W (S0) = 0.1 and W (S0) = 0.5 than the solution for w = 1. However, mechanical

feedback does not dampen γ̇wγ−1
w sufficiently for W (S0) = 1. Contrast this with

Figure 4.9, where µ = 10 and so mechanical feedback is strong enough to dampen

the incremental growth at W (S0) = 1, such that there exist times when γ̇wγ−1
w (t)

falls below the solutions for W (S0) = 0.1 and W (S0) = 0.5. In Figure 4.10, we

plot the resulting evolution of incremental growth for µ = 10 and W (S0) defined

by (4.12), demonstrating that a bimodal profile is indeed obtained.
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Figure 4.9: Growth at fixed Wnt values for threshold-based mechanical
feedback, for µ = 10 and n∗ = −0.4. (a) Growth γ(t) and (b) incremental growth
γ̇γ−1(t) for a fixed Wnt signal values, W (S0), where W (S0) = 0.1, 0.5, 1. Here, µ is
sufficiently high such that γ̇γ−1 for W (S0) = 1 falls below the solutions corresponding to
W (S0) = 0.5 and W (S0) = 0.1 at a finite time.

4.3.3 Finite foundation stiffness

We have shown that it is possible to obtain an incremental growth profile reminiscent

of the proliferative structure within the crypt for an infinitely-stiff foundation.

However, as infinite stiffness is not physically realistic, we now consider whether

such incremental growth profiles are possible for a finite foundation stiffness.

In particular, we wish to identify regions of parameter space of (k, µ, n∗)—the

foundation stiffness, the sensitivity to mechanical feedback, and the stress threshold

for feedback, respectively—in which growth transitions from Wnt-driven, and

maximal in the base, to bimodal and maximal away from both the base and the top.

Preliminary simulations (not shown) revealed that changing the value of n∗ does

not affect the resulting spatial profile over time, but only quickens or delays the

onset of mechanical regulation, provided that −1 < n∗ < 0. Therefore, we fix n∗

and perform a parameter sweep over k and µ. For each pair of (k, µ) values, we

simulate Equations (4.7)–(4.9) subject to the growth laws (4.14) and (4.23) up to

t = 5 and examine the resulting spatial profile of incremental growth, γ̇γ−1. Figure
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Figure 4.10: Enhanced threshold-dependent mechanical feedback reduces
growth in the crypt base. The relative growth γ̇γ−1 against S0 has been plotted
for increasing time. Dark red profiles indicate earlier times, while dark blue profiles
indicate later times. Solutions have been solved on an infinitely-rigid foundation. The
Wnt gradient has been defined according to Equation (4.12). The mechanical feedback
parameters are µ = 10 and n∗ = −0.4. Introducing stress threshold dependence results in
a shift in the position of the local maximum of γ̇γ−1 for sufficiently high values of µ.

4.12 summarises the results of the parameter sweep. We characterise the spatial

behaviour of γ̇γ−1, which can be seen to fall into three distinct parameter regimes:

1. Primarily Wnt-driven: Here, γ̇γ−1 is maximal at s = 0, and is similar

in profile to the case γ̇γ−1 = W (s), (see Figure 4.3). This occurs when

mechanical feedback is insufficient (µ is too small) to dampen the effect of

the Wnt gradient. We note that although our classification of behaviours is

based on simulations run up to t = 5, the behaviour observed is independent

of the simulation end time. We can be certain that this behaviour holds for

longer simulation times, because in this framework, stress is bounded below,

n(S0, t) > −1, due to the linear relationship between stress and the elastic

stretch, (4.5). Therefore, the inhibition of growth due to mechanical feedback

is bounded and if µ is too small, then the contribution from mechanical

feedback will be negligible.
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2. Non-monotonic from the base: In this regime, γ̇γ−1 is still maximal at

s = 0, but mechanical feedback has reduced growth non-monotonically. There

are even parameter regions where γ̇γ−1 < 0 for 0 < s < 1. This behaviour

arises for the widest range of parameter values, as neither k nor µ are high

enough to give rise to bimodal behaviour. This is akin to what is observed in

Figure 4.8, when µ = 1 and k →∞.

3. Maximal away from the base: In this case, γ̇γ−1 no longer attains a local

maximum at s = 0. As such, its even extension is bimodal. This occurs when

mechanical stress n(S0, t) exhibits sufficient spatial variation due to growth

(k is sufficiently large) and mechanical feedback is sufficiently strong (µ is

sufficiently large) such that mechanical inhibition occurs in the base first,

before other regions are affected. If k is small, then (4.9) implies that the

rod stress n(S0, t) is effectively constant. Contrastingly, in the k →∞ case,

then the solution (4.13) implies that n(S0, t) is minimal where growth γ is

maximal, and vice versa. Examples where mechanical feedback sufficiently

dampens the Wnt signal can also be seen in Figures 4.9–4.10, for k →∞ and

µ = 10.

Ever-present mechanosensitivity

In Figure 4.11, we plot the phase space of resultant incremental growth profiles

obtained by numerically solving Equations (4.8)–(4.9) subject to the growth law

(4.14). We observe that the resultant profiles are all primarily Wnt-driven and the

monotonicity of γ̇γ−1 does not change for any values of k of µ. These numerical

results support the claim we made in the case of an infinitely-stiff foundation, where

we proved that it was not possible for γ̇γ−1 to be maximal away from s = 0.

Threshold-dependent mechanosensitivity

Figure 4.12 demonstrates the range of the foundation stiffness, k, and mechanical

feedback strength, µ, needed to obtain a bimodal growth profile. Sufficient foun-

dation stiffness is required in order to induce heterogeneity in stress, consequently
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Figure 4.11: Phase space of incremental growth for ever-present mechanical
feedback (4.14). Results are obtained by numerical simulations over the parameter
space, which are plotted on a log-log scale. Shapes and colours are classified according
to the behaviour of the incremental growth profile, γ̇γ−1, up to t = 5. Green circles
correspond to growth that is primarily Wnt-driven and maximal at s = 0. The behaviour
of γ̇γ−1 can be described by the two mechanical parameters, k and µ. We have plotted
the even extension of the inset incremental growth profile, where s = 0 (crypt base) is
indicated by the dotted line, to better illustrate possible growth scenarios in the crypt.
Incremental growth behaviour does not vary significantly for different values of k and µ.

regulating growth heterogeneously. Additionally, µ must be large enough to ensure

that γ̇γ−1 is dampened sufficiently about s = 0, such that γ̇γ−1 is locally maximal

for s > 0. The combination of these provides a plausible mechanical mechanism

for producing the proliferative structure observed in the crypt.

4.4 Modelling homeostasis

We have now obtained a minimal, mechanochemical growth law that captures the

spatial hierarchy of proliferative activity observed in the crypt. However, one caveat

of this mechanosensitive law is that in parameter regions of (k, µ) where bimodal

distributions of incremental growth exist, as t → ∞, γ̇γ−1 → 0 everywhere (see

Figure 4.12). In these parameter regions, growth decays due to the fixed boundary

conditions (4.7). As both ends of the rod are fixed with no flux of material allowed,

material points have nowhere to escape and compression continues to build up and
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Figure 4.12: Phase space of incremental growth for threshold-based mechan-
ical feedback (4.23). Results are obtained by numerical simulations over the parameter
space, which are plotted on a log-log scale. Shapes and colours are classified according
to the behaviour of the incremental growth profile, γ̇γ−1, up to t = 5. Green circles
correspond to growth that is primarily Wnt-driven and maximal at s = 0; orange triangles
indicate profiles that are maximal at s = 0 and non-monotonic; and purple squares
indicate those that are maximal away from s = 0. In the three subplots, red-coloured
profiles indicate earlier times, while blue curves indicate later times. The threshold stress
is fixed to n∗ = −0.4. The behaviour of γ̇γ−1 can be described by the two mechanical
parameters, k and µ. Note that we have plotted the even extensions of the incremental
growth profiles, where s = 0 (crypt base) is indicated by the dotted lines, to better
illustrate possible growth scenarios within the context of the crypt. Incremental growth
behaviour can be characterised completely by the foundation stiffness, k and strength of
mechanical feedback, µ.

inhibit growth until γ̇ = 0. Biologically, this is similar to cells becoming overcrowded

due to the presence of neighbouring cells; the resulting increase in stress eventually

arrests proliferation everywhere. However, this does not occur in the crypt, as

fully-differentiated cells are sloughed into the lumen to undergo apoptosis, which

balances proliferation to maintain tissue homeostasis [1]. Thus, we now turn our

attention to identifying the conditions under which tissue homeostasis in the crypt

occurs and is maintained; that is, that the bimodal shape of γ̇γ−1 stays fixed in

time. Henceforth, we will consider threshold-dependent mechanosensitive growth
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(4.23), with mechanical parameters set to k = 103, µ = 10 and n∗ = −0.5.

Thus far all variables and quantities have been defined with respect to the initial

arc length, S0, which represents the Lagrangian frame of reference. This is a natural

way to define quantities such as the growth stretch, γ(S0, t), which describes the

total amount that the rod has grown up to time t at S0. However, from a biological

perspective, quantities are observed in the current Eulerian configuration, which in

this framework is parametrised by the current arc length, s. In particular, during

tissue homeostasis, proliferation, which is modelled through the incremental growth

γ̇γ−1, should appear to be unchanging over time in the Eulerian frame. In other

words, γ̇γ−1 should be fixed with respect to the current arc length s and independent

of time t. Therefore, we define tissue homeostasis by the following condition:

γ̇

γ
≡ g(s), (4.36)

where g(s) is the homeostatic incremental growth profile.

Given our definition of homeostasis, it is prudent to consider the system in

the Eulerian reference frame. In order to define quantities correctly, we must

take particular care with time derivatives. For a Lagrangian variable f(S0, t),

we denote its equivalent Eulerian variable by f̂(s, t) := f(S0(s, t), t). By the

chain rule and the multiplicative decomposition (1.5), the associated space and

time partial derivatives are:

∂f̂

∂s
= ∂f

∂S0

1
αγ

, (4.37)

∂f̂

∂t
= ∂f

∂t
+ v̂

∂f

∂s
, (4.38)

where v̂(s, t) is the (pull-back) flow velocity and is given by:

v̂(s, t) = α̂γ̂
∂Ŝ0

∂t
. (4.39)

We note that the time derivative (4.38) is reminiscent of the material derivative

that arises throughout continuum mechanics. The flow velocity itself, v̂(s, t), arises

from mapping Lagrangian quantities to the Eulerian reference frame. The current

Lagrangian velocity, v(S0, t) = ∂s(S0, t)/∂t, which measures the velocity along the
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rod at a fixed material point S0, can be interpreted as a continuum ‘migration’

velocity; that is, the velocity of a fixed material point along the crypt. This

quantity is of interest as it is one of the forms of data obtainable from the crypt

and thus provides a link to homeostatic processes [99, 107]. Applying the chain

rule to f(S0, t) = f̂(s, t) shows that

∂f

∂t
= ∂f̂

∂t
+ v

∂f̂

∂s
. (4.40)

Rearranging (4.40) for ∂f̂/∂t and equating this definition with Equation (4.38)

implies that the current and flow velocities are related as follows:

v(S0, t) = −v̂(s(S0, t), t). (4.41)

4.4.1 Homeostasis framework

We now derive the equations governing homeostasis in a 1D geometry to set the stage

for the next section, where we derive the conditions under which homeostasis holds.

We first re-cast the force balance equation with respect to the current arc length

s. Applying the multiplicative decomposition (1.5) and the material derivative

definition (4.38) to Equations (4.8)–(4.9) yields the resulting Eulerian system:

∂Ŝ0

∂s
= 1
α̂γ̂

, (4.42)

∂n̂

∂s
= k(s− p̂), ∂p̂

∂t
= ρ(s− p̂) + v̂

∂p̂

∂s
. (4.43)

By Equations (4.36) and (4.38), growth γ̂(s, t) in the Eulerian frame evolves

according to the following equation:

∂γ̂

∂t
= gγ̂ + v̂

∂γ̂

∂s
. (4.44)

In homeostasis, we replace the fixed boundary conditions (4.7) with new bound-

ary conditions,

Ŝ0(0, t) = 0, Ŝ0(1, t) = Lµ, (4.45)

where, in a similar manner to Chapter 3 (see Equation (3.27)), Lµ represents

the sloughing boundary. The sloughing boundary Lµ can be related to the
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growth and elastic stretches by integrating Equation (4.42) with respect to s

over the unit interval:

Lµ(t) =
∫ 1

0

1
α̂γ̂

ds. (4.46)

Note that Lµ(t) evolves over time, which distinguishes (4.45) from the fixed ‘pre-

homeostasis’ boundary conditions (4.7), for which Lµ(t) ≡ 1. The presence of the

sloughing boundary Lµ implies an evolving Lagrangian domain S0 ∈ [0, Lµ(t)]. The

idea is that in homeostasis, Lµ will evolve such that the incremental growth profile

γ̇γ−1 remains fixed in the observable Eulerian frame.

A subtle issue arises in the Eulerian formulation of Ŝ0(s, t). Observe that there

are two partial differential equations for Ŝ0, as specified by Equations (4.39) and

(4.42). As both of these equations are of first order, Ŝ0 is overdetermined. To ensure

that Ŝ0—and consequently the flow velocity v̂(s, t)—are defined consistently, we

must impose the following compatibility condition:

∂2Ŝ0

∂s∂t
= ∂2Ŝ0

∂t∂s
⇐⇒ ∂

∂s

(
v̂

α̂γ̂

)
= ∂

∂t

(
1
α̂γ̂

)
. (4.47)

Note that Equation (4.47) holds in general, regardless of whether the system is in

homeostasis or not, and is independent of any force balance equation. Therefore,

the task is to determine the solutions that arise when Equation (4.47) is coupled

with the force balance equation (4.43) during homeostasis.

4.4.2 When does homeostasis hold?

Having reformulated the growth law and force balance equations in the Eulerian

configuration, we can now deduce the conditions for which homeostasis is maintained.

First, since we have assumed a mechanochemical growth law (4.10), observe that

equating (4.10) with the homeostasis definition (4.36) implies that the stress n is a

function of s only and can be determined by equating G with the homeostatic

growth profile g:

G(W (s), n̂− n∗) ≡ g(s) ⇐⇒ n̂(s, t) = n̂(s). (4.48)
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We can therefore define the homeostatic Eulerian elastic stretch, α̂, analo-

gously to the constitutive relation for the elastic stretch α (4.5), which is also

independent of time:

α̂(s) := 1 + n̂(s), (4.49)

and by the Eulerian force balance (4.43), the foundation curve p̂ is also a func-

tion of s only:

n̂′(s) = k(s− p̂) ⇐⇒ p̂(s) = s− n̂′

k
, (4.50)

where ′ = d/ds. In other words, in homeostasis, the stress, elastic stretch, and

foundation attachments have fixed profiles in the Eulerian configuration. In the case

of the foundation, we must have that ∂p̂/∂t = 0; rearranging Equation (4.43) thus

gives an expression for the flow velocity v̂ in homeostasis, which only depends on s:

v̂(s) = −ρ
k

n̂′

p̂′
. (4.51)

This expression for v̂(s) ensures that the force balance (4.43) is satisfied during

homeostasis. However, v̂ must also be consistent with our compatibility condition

(4.47). As v̂ = v̂(s), evaluating Equation (4.47) yields a first-order ordinary

differential equation for v̂(s):

v̂′ − n̂′

1 + n̂
v̂ = −g(s; n̂), (4.52)

where we have replaced α̂ and its derivative using the constitutive relation (4.49)

and write g = g(s; n̂) to remind ourselves that growth depends on both current

position s and stress n̂.

Substituting Equation (4.43) into Equation (4.51) and rearranging for p̂s, we

arrive at the following coupled system of three first-order ordinary differential

equations that must be satisfied in homeostasis:

n̂′ = k(s− p̂), (4.53)

p̂′ = −ρ(s− p̂)
v̂

, (4.54)

v̂′ = k(s− p̂)v̂
1 + n̂

− g(s; n̂), (4.55)
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where we assume that g(s; n̂) obeys the threshold-dependent mechanical feed-

back law (4.23),

g(s; n̂) = W (s) + µ(n̂− n∗)H(n∗ − n̂). (4.56)

Equations (4.53)–(4.54) ensure that the flow velocity v̂(s) is consistent with the force

balance (4.43), while Equation (4.55) ensures that the two differential equations for

Ŝ0, Equations (4.39) and (4.42), are consistent. All solutions of the system (4.53)–

(4.55) that are physically consistent—that is, for which α̂(s) > 0 and v̂(s) is finite—

correspond to profiles in a homeostatic state. However, we are primarily interested

in solutions to Equations (4.53)–(4.55) that permit the bimodal shape for g(s) that

is representative of the homeostatic proliferative structure observed in the crypt.

We first narrow down the solution space by specifying boundary conditions.

Observe that by the definition of v̂ from Equation (4.39), the boundary condition

Ŝ(0, t) = 0 implies that v̂(0) = 0, as α̂(s, t) 6= 0 and γ̂(s, t) 6= 0. Consequently,

from Equation (4.43), we deduce that p̂(0) = 0. Therefore, we solve the system

(4.53)–(4.55) subject to the left boundary conditions:

p̂(0) = 0, v̂(0) = 0. (4.57)

We therefore explore the effect of the left boundary condition n̂(0) on the

solution space of Equations (4.53)–(4.55), subject to the given boundary conditions

(4.57)2. We restrict to numerical solutions of Equations (4.53)–(4.55), due to the

nonlinearities present. However, we can still deduce certain parameter relationships

that must hold in order for a bimodal growth shape. First, it is clear that as

g(s; n̂) is given by Equation (4.56), for g(s) to satisfy g(0) ≥ 0, n̂(0) must satisfy

the inequality, noting that W (0) = 1:

n∗ − 1
µ
≤ n̂(0) < n∗. (4.58)

2While it appears that the boundary condition v̂(0) = 0 results in a singularity, applying
L’Hôpital’s Rule and re-arranging for p̂′(0) reveals that p̂′(0) = ρ

ρ+g(0) , which is bounded.
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Second, a local minimum at s = 0 is indicative of g(s; n̂) being bimodal in shape.

Equivalently, we require that g′′(s; n̂) > 0. Assuming the inequality (4.58) holds,

evaluating the second derivative of g(s) at s = 0 yields:

g′′(0) = W ′′(0) + µk (W (0) + µ(n̂(0)− n∗))
ρ+W (0) + µ(n̂(0)− n∗) , (4.59)

where we have used Equation (4.54) to replace n̂′′(0) = p̂′(0) = ρ/(ρ+ g(0)), and

used Equation (4.56) to substitute g(0). Thus, in order for g(s) to be locally minimal

at s = 0, the following inequality for the foundation stiffness k must hold:

k > −W
′′(0)
µ

[
ρ

W (0) + µ(n̂(0)− n∗) + 1
]
. (4.60)

The inequality (4.60) reveals the importance of several key parameters in maintaining

homeostasis. First, larger values of µ (the mechanical feedback strength) permit

a wider range of foundation stiffness values that will yield a bimodal incremental

growth profile. Second, a more rapidly-remodelling foundation, characterised by

the parameter ρ, requires a stiffer foundation, indicating the competition between

the foundation stiffness and remodelling of the foundation attachments. Finally,

if we define the Wnt signal W (s) as a Gaussian function, as per Equation (4.12),

then (4.60) yields

k > − 2
σ2
Wµ

[
ρ

1 + µ(n̂(0)− n∗) + 1
]
. (4.61)

Therefore, for smaller values of σW , corresponding to Wnt gradients that are

more concentrated towards the base, the foundation stiffness k must be larger

to maintain homeostasis.

To validate our analysis, we solve the system (4.53)–(4.55) numerically for

various values of the foundation stiffness k and foundation remodelling parameter

ρ, subject to the left boundary condition n̂(0) = −0.55. For each pair of parameter

values (k, ρ), we considered the resulting homeostatic incremental growth profile

g(s), and, in a similar manner to Figure 4.12, classified profiles as either bimodal or

non-monotonic from the base. The results are shown in Figure 4.13. The numerical

solutions indicate excellent agreement with the analytical inequality (4.60), with
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Figure 4.13: Phase space of homeostatic incremental growth profiles. Here,
the homeostatic incremental growth g(s; n̂) has been generated by solving the homeostasis
equations (4.53)–(4.55) for different values of k and ρ. The mechanical feedback parameters
have been set to µ = 10 and n∗ = −0.5. The system has been solved subject to
the left boundary condition n̂(0) = −0.55. The dashed line represents the predicted
separation of bimodal and non-bimodal behaviour, as predicted by the inequality (4.60).
The homeostatic incremental growth profile depends on the competition between the
foundation stiffness k and foundation remodelling parameter ρ.

exceptions arising from cases where g(s) is bimodal but not a local minimum at

s = 0. One example of this case is indicated in Figure 4.13, where the profile

corresponding to k = 600 and ρ = 45 is shown.
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Figure 4.14: Effect of the foundation stiffness k on homeostatic stress and flow
velocity. (a) The homeostatic stress profiles n̂(s). (b) The homeostatic flow velocity
v̂(s). Both n̂ and v̂ have been obtained by solving Equations (4.53)–(4.55), subject to
n̂(0) = −0.55 and ρ = 35. Increasing k results in expanding regions of tension while
increasing the magnitude of the flow velocity.
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Figure 4.15: The effect of the foundation remodelling parameter ρ on
homeostatic stress and flow velocity. (a) The homeostatic stress n̂(s) for fixed
k and increasing ρ and (b) The homeostatic flow velocity v̂(s), which are obtained by
solving Equations (4.53)–(4.55), subject to n̂(0) = −0.55 and k = 200. Increasing ρ
shrinks the region of the rod under tension and decreases the magnitude of the flow
velocity.

4.4.3 Crypt homeostasis requires distinct regions of com-
pression and tension

Figure 4.13 indicates that there are values of the parameters k and ρ for which a

homeostatic incremental growth profile can be obtained. We now aim to characterise
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the homeostatic stress and flow velocity profiles, n̂(s) and v̂(s) respectively, and the

effect of varying the k and ρ. In Figure 4.14, we fix ρ = 35 and solve the system (4.53)–

(4.55) for increasing foundation stiffness k. When k = 0, the homeostatic stress is

constant and n̂(s) = n̂(0) = −0.55. Therefore, the rod is under constant compression.

However, as k begins to increase, particularly for the cases k = 600, 800, and

k = 1000, corresponding to bimodal shapes, stress transitions from compression

to tension. Moreover, not only does the region of the rod that is under tension

expand for increasing k, but stress also increases along the rod at a faster rate.

Correspondingly, the flow velocity v̂ becomes increasingly negative, with quicker

rates of decrease for larger values of k. As the material velocity v is related to the

flow velocity by v = −v̂, the increase in magnitude indicates that material is being

swept out at an increasing rate to maintain the homeostatic incremental growth

profile. Contrastingly, in Figure 4.15, when k is fixed and ρ is varied, we observe

the opposite behaviour; that is, increasing ρ reduces the size of the region under

tension and decreases the magnitude of the flow velocity.

Figures 4.14–4.15 suggest that the spatial profiles of n̂(s) and v̂(s) are monotoni-

cally increasing and decreasing, respectively. Therefore, to characterise the solution

space spanned by the parameters k and ρ, it suffices to monitor the boundary values

n̂(1) and v̂(1). In Figure 4.16, we plot the 2D contours of n̂(1) and v̂(1) as functions

of k and ρ, confirming the trends observed in Figures 4.14–4.15. The magnitude

of stress and flow velocities at s = 1 are much larger in the parameter regions

where a bimodal incremental growth shape arises in regions where non-bimodal

shapes are obtained. As all solutions are calculated with n̂(0) < 0 and v̂(0) = 0,

this indicates that in order to maintain the bimodal incremental growth shape

observed in the crypt, there must be competing regions of compression towards

the base and tension towards the top. Correspondingly, the flow velocity must

decrease from the base to the top, indicating that cells migrate at an increasingly

faster rate as they move from the base to the top.



4. Growth and homeostasis in the crypt 143

0
0

200

400

600

800

1000

-0.55

100

200

300

400

500

10 20 30 40 50
0

200

400

600

800

1000

0

10

20

30

40
)b()a(

0 10 20 30 40 50

|

Figure 4.16: Behaviour of the stress n̂ and flow velocity v̂ at the sloughing
boundary s = 1 (S0 = Lµ(t)). (a) The homeostatic stress values n̂(1). (b) The
migration velocities v(1) = |v̂(1)|. The dotted lines represent the analytical inequality
that distinguishes bimodal from non-bimodal shapes (4.60).

4.4.4 Analysis of growth and sloughing during homeostasis

Previously, we did not need to solve for the total growth γ̂(s, t), as homeostasis only

depends on the incremental growth profile, g(s). However, in order to determine

the amount of sloughing that is needed to maintain homeostasis, by definition

of Lµ from (4.72), we need to determine the solution to γ̂(s, t). In this section,

we now derive closed-form expressions for the growth γ̂ and sloughing boundary

Lµ, and consequently the net sloughing rate µ̇ in homeostasis. By determining

the solutions to γ̂ and Lµ, we gain insight into the types of growth and sloughing

laws that will lead to homeostasis.

After solving Equations (4.53)–(4.55) and obtaining the resulting homeostatic

incremental growth g(s) and flow velocity v̂(s), we can solve for growth γ̂ in

homeostasis, which evolves according to:

γ̂t = g(s)γ̂ + v̂(s)γ̂s. (4.62)

Although v̂(s) does not, in general, have a closed-form solution, we see from

Equation (4.39) that if v̂ = v̂(s) but Ŝ0 = Ŝ0(s, t) and γ̂ = γ̂(s, t), then we can

decompose ∂Ŝ0/∂t and γ̂ into separable functions of s and t. In particular, we
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can express ∂Ŝ0/∂t and γ̂ using the following forms:

∂Ŝ0

∂t
(s, t) = Σ(s)

T(t) , γ̂(s, t) = Γ(s)T(t). (4.63)

We first solve for γ̂ by substituting the form (4.63) into Equation (4.62). This

yields the following:

Ṫ
T = g(s) + v̂(s)Γ′

Γ = β ∈ R. (4.64)

Solving for T and Γ respectively yields the solutions

T(t) = T0eβt, (4.65)

Γ(s) = Γ0 exp
(∫ s

0

β − g(s′)
v̂(s′) ds′

)
. (4.66)

We note from the boundary condition (4.57), that as v̂(0) = 0, Γs(0) is singular

unless β satisfies the following condition:

β = g(0) = W (0) + µ(n̂(0)− n∗)H(n∗ − n̂(0)). (4.67)

Therefore, in homeostasis, growth evolves as:

γ̂(s, t) = γ̂0 exp
(
g(0)t+

∫ s

0

g(0)− g(s′)
v̂(s′) ds′

)
, (4.68)

where γ̂0 = Γ0T0 is a constant.

Now, the solution (4.68) implies that ∂Ŝ0/∂t takes the form

∂Ŝ0

∂t
= Σ(s)e−g(0)t. (4.69)

Substituting (4.69) and (4.68) into Equation (4.39) implies that

Σ(s) = v̂(s)
α̂γ̂0Γ(s) =

v̂(s)exp
(
−
∫ s

0
g(0)−g(s′)
v̂(s′) ds′

)
γ̂0(1 + n̂(s)) . (4.70)

We substitute the solution (4.70) into the form (4.69) and integrate with respect

to time, obtaining the general solution for Ŝ0:

Ŝ0(s, t) = −Σ(s)
g(0) e−g(0)t

= − v̂(s)
g(0)γ̂0(1 + n̂(s))exp

(
−g(0)t−

∫ s

0

g(0)− g(s′)
v̂(s′) ds′

)
. (4.71)
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With our solutions to γ̂(s, t) and the homeostatic elastic stretch, α̂ = 1 + n̂, we

can now calculate Lµ by evaluating the definite integral defined in (4.72)

Lµ(t) = γ̂−1
0 e−g(0)t

∫ 1

0

exp
(
−
∫ s

0
g(0)−g(s′)
v̂(s′) ds′

)
1 + n̂(s) ds. (4.72)

Therefore, in homeostasis, the sloughing boundary, Lµ(t), decays exponentially in

time to balance the growth rate, which is determined by g(0), so that the spatial

incremental growth profile, g(s), is fixed with respect to the current configuration.

An alternative expression for Lµ can be obtained from the solution (4.71), yielding

Lµ(t) = Ŝ0(1, t)

= −Σ(1)
g(0) e−g(0)t

= − v̂(1)
g(0)α̂(1)γ̂0

exp
(
−g(0)t−

∫ 1

0

g(0)− g(s)
v̂(s) ds

)
. (4.73)

This expression highlights the relation between Lµ and the boundary flow velocity

v̂(1), as v̂(1) measures how quickly material is removed from the rod in homeostasis.

In Chapter 3, we showed how Lµ could be connected to the sloughing rate µ̇,

which modelled cell death. We recall that µ̇ relates to the L̇µ from Equation (3.28),

which we modify to account for crypt half-length in 1D geometry:

µ̇ = −L̇µγ(S0 = Lµ, t) +
∫ S0=1

S0=Lµ
γ̇dS0. (4.74)

By construction, γ̇ = 0 in the region [Lµ, 1]. Furthermore, γ(S0 = Lµ, t) = γ(s =

1, t). Therefore, we can simplify Equation (4.74) to the straightforward relation:

µ̇ = −L̇µγ̂(1, t). (4.75)

Therefore, the total amount of material removed, µ, can be expressed in terms

of the sloughing boundary Lµ. Biologically, one may interpret µ as the total

amount of cells removed from the crypt. Differentiating (4.73) with respect to t

and substituting the resulting expression into Equation (4.75) yields an expression

for the sloughing rate during homeostasis:

µ̇ = v̂(1)
α̂(1) = −

∫ 1

0

g(s)
α̂(s)ds. (4.76)
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Therefore, in homeostasis, while the sloughing boundary, Lµ, decays exponentially

over time, which is determined by the incremental growth at the base, g(0), the

sloughing rate, µ̇, remains constant over time. From the second expression of

(4.76), determined by integrating Equation (4.55), µ̇ can be interpreted as a ‘net

proliferation’, as determined by the homeostatic incremental growth, g(s).

Note that there is another as-yet unspecified constant, γ̂0. However, if we assume

that homeostasis began at t = 0, then Lµ(0) = 1 and the integration constant γ̂0

can thus be found by evaluating the expression (4.68):

γ̂0 =
∫ 1

0

exp
(∫ s

0
g(0)−g(s′)
v̂(s′) ds′

)
1 + n̂(s) ds. (4.77)

4.4.5 Illustration of homeostasis

To demonstrate the homeostasis framework in full, we solve Equations (4.53)–(4.55)

to obtain the homeostatic stress, n̂(s), velocity, v̂(s), and foundation attachments,

p̂(s), and consequently, the homeostatic incremental growth profile, g(s). For

illustrative purposes, we set the foundation stiffness k = 10, the foundation

remodelling parameter ρ = 1, the mechanical feedback strength µ = 10, and

the threshold stress n∗ = −0.5. We note that in this parameter regime, the resulting

homeostatic growth profile g(s) is indeed bimodal. The sloughing boundary, Lµ(t),

is then obtained by directly evaluating the definite integral (4.72).

To demonstrate the differences in behaviours between the Eulerian and La-

grangian reference frames, we also obtain the Lagrangian representation for the

current arc length s(S0, t) by solving the equation S0 = Ŝ0(s, t) numerically for

different values of S0 at each time t. The foundation attachments p(S0, t) are then

found by evaluating p(S0, t) = p̂(s(S0, t)). We plot the profiles of S0, s(S0, t), p(S0, t)

for fixed S0 values and their Eulerian equivalents for fixed s in Figure 4.17 for

increasing time t. To draw analogy with the crypt, we also plot the even extensions

of the obtained profiles. Figure 4.17 demonstrates the clear differences between the

Lagrangian and Eulerian solutions in homeostasis. In the Lagrangian configuration,

we observe a clear migration of the points s(S0, t) and their corresponding foundation
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Lagrangian Eulerian

Figure 4.17: A typical homeostasis simulation. The even extension of the profiles
have also been plotted, to illustrate homeostasis in the crypt. Left column: the Lagrangian
representation of the initial arc length S0, the current arc length s(S0, t) and the foundation
attachments p(S0, t). The marked circles correspond to S0 = 0.2 (green), S0 = 0.4 (orange),
S0 = 0.6 (yellow), and S0 = 0.8 (blue) and their even extensions. Right column: the
Eulerian representations of Ŝ0(s, t), s, and p̂(s) for fixed s = 0.2, 0.4, 0.6, 0.8 (green,
orange, yellow and blue circles respectively) and even extensions. The evolution of the
sloughing boundary S0 = Lµ(t) is been denoted by the dashed lines. In the Lagrangian
configuration, we observe the material points being sloughed out over time, while in the
Eulerian configuration, points appear fixed with respect to s over time.

attachments as the sloughing boundary Lµ(t) shrinks the Lagrangian domain over

time. Contrastingly, in the observable Eulerian configuration, for fixed s, the current

position and foundation attachments are fixed over time. Thus, in homeostasis,

while variables are fixed with respect to the Eulerian configuration, the Lagrangian

configuration is evolving continuously to maintain the homeostatic growth profile

g(s). It is this aspect of our homeostasis framework that distinguishes it from other

homeostasis models, where growth is unchanging and in steady state [59, 168].
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4.5 Discussion

We have simplified the morphoelastic rod framework previously considered in

Chapters 2–3 to investigate how incremental growth—a continuum analogue of

proliferative capacity—may be coupled to mechanical stress, in order to better

understand how the crypt’s unique proliferative hierarchy may arise. In doing

so, we have suggested a mechanical basis for proliferation dynamics within the

crypt. Moreover, we have uncovered the key ingredients for a minimal growth

law that is representative of the crypt.

First, a concentrated chemical signalling gradient localises growth initially

towards the crypt base which, in turn, creates spatial heterogeneity in stress. This

is provided by the Wnt signalling pathway, which decreases from the base to the

top [67]. Second, threshold-dependent mechanical feedback is required for spatially-

heterogeneous mechanical regulation of this Wnt signal. In the crypt, this is akin to

cells only experiencing mechanical regulation when they are sufficiently compressed.

It ensures that growth is inhibited first in the base, where stem cells would reside.

Moreover, we proved that in the special case of an infinitely-stiff substrate, the

stress threshold is necessary to generate the ‘bimodal’ distribution of incremental

growth. Finally, we showed that the qualitative impact of mechanical feedback

depends on two parameters, the stiffness of the underlying foundation and the

sensitivity to mechanical feedback. The former is required to ensure that growth

creates heterogeneity in stress. This has also been confirmed in the biological

literature: it is well known that extracellular matrix stiffness regulates cell fate

[58] and, more recently, it has been shown that intestinal stem cells will either

proliferate more rapidly or differentiate in response to different matrix stiffnesses [71].

Additionally, sufficiently high mechanosensitivity ensures that mechanical feedback

sufficiently dampens growth in the crypt base. This is consistent with the YAP/TAZ

mechanotransduction pathways, which have become increasingly implicated in crypt

homeostasis through their regulation of Wnt signalling [11, 12, 17, 83].

Having identified a minimal growth law that replicates the proliferative structure

in the crypt, we turned our attention towards modelling homeostasis. To our
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knowledge, this is the first treatment of non-static tissue homeostasis, especially

within the morphoelastic framework. By defining homeostasis as the condition when

incremental growth is fixed in the observable, current configuration, we were able to

derive necessary conditions for maintaining homeostasis. In particular, we derived

a set of first-order ordinary differential equations that gave rise to the homeostatic

stress, foundation attachment, and velocity profiles, which yielded a homeostatic

incremental growth profile. Examining the solution space spanned by this set

of ordinary differential equations highlighted the importance of the foundation

properties, namely the stiffness, k, and remodelling parameter, ρ. Importantly, we

showed how the sloughing boundary, Lµ(t), emerges naturally from this definition,

rather than needing to impose it a contrived manner, as we did in Chapter 3.

By computing closed-form solutions to growth and sloughing, we demonstrated

that the sloughing boundary decays exponentially to offset the rate of material

increase due to growth, while the sloughing rate remains constant to balance the net

increase in growth. Moreover, the sloughing rate is completely determined by the

ratio of the flow velocity and elastic stretch at the top of the crypt. Plotting both

the Lagrangian and Eulerian solutions in homeostasis demonstrated that although

points in the Eulerian frame appear fixed, in the Lagrangian frame, material points

migrate along the crypt at a non-uniform velocity due to sloughing.

In this framework, we have assumed all material properties are homogeneous.

In the context of biological tissue, this assumes all cells have equal stiffnesses,

mechanosensitivities, and so on. Here, heterogeneity comes from the Wnt signalling

gradient alone. It would be worthwhile to investigate the effects of heterogeneities in

material properties, such as the mechanical feedback sensitivity, µ, and mechanical

feedback stress threshold, n∗. In particular, it would be valuable in understanding

how heterogeneities in these properties may be applied to understand colorectal

cancer initiation, where mutated cells cease to obey the standard regulatory cues.

The next main challenge is to translate both this growth law and homeostasis

framework, which we considered in a 1D geometry, to a 2D morphology. This presents

several challenges. In this 1D geometry, growth led to decreasing stress. However, in
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a 2D morphology, buckling acts to relieve the axial stress—the 2D analogue of the

1D stress considered in this chapter—induced by growth. Subsequent deformations

continue to relieve axial stress. Therefore, axial stress actually increases as the

rod deforms, rather than decreasing. Moreover, due to the geometric nonlinearities

induced by buckling, the axial stress itself is not completely determined by growth

alone, but rather is determined by growth and a balance of bending and stretching.

Therefore, the key challenge is to find the simplest function of axial stress that

captures the behaviour of stress in this 1D setting. Additionally, we must account

for the large deformations observed in the crypt. For example, in Chapter 3, we

showed that continued rod invagination leads to self-contact, which introduces

spatial discontinuities in stresses.



5
Discussions and conclusions

5.1 Introduction

We close by summarising the results of Chapters 2–4 and discussing ideas for

future work. This thesis sought to understand several fundamental aspects of the

crypt—its morphogenesis, its internal growth structure, and how homeostasis is

maintained—and the role of mechanics in these processes. By using the crypt as our

system of focus, we uncovered rich bifurcation structures; gained insight into the

processes that contributed to the crypt’s deep, invaginated morphology; suggested a

hypothesis for the formation of the crypt’s proliferative structure; and demonstrated

how the stress, foundation attachments, velocity, and sloughing rate due to cell

death may couple to maintain homeostasis in the crypt.

5.2 Summary of work

Here, we summarise the key findings from each chapter and discuss the implications

of these results in the context of the crypt and, more broadly, for biological tissues.

5.2.1 Chapter 2

In Chapter 2, we viewed crypt morphogenesis as a buckling problem. We started with

a simple continuum mechanics model of a buckling crypt, a planar morphoelastic rod

151
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supported by a linearly-elastic foundation, an extension of the classical setup. We

investigated how growth alters its post-buckled bifurcation structure in comparison

to similar models that do not incorporate growth [32, 33, 89]. Motivated by the

evident importance of growth and the heterogeneity of cell types and proliferative

capacities in the crypt, we sought to understand how growth affects the onset

and subsequent evolution of tissue-scale patterning and how this patterning is

affected by spatial heterogeneity in three material parameters: growth, rod stiffness,

and foundation stiffness.

First, assuming homogeneous growth and stiffnesses, we extended the linear

stability analysis of Moulton et al. [120], performing a weakly nonlinear analysis

and supplementing it with numerical continuation of the full nonlinear system.

The analysis revealed a pitchfork bifurcation structure which could be supercritical

or subcritical, depending on the values of the foundation stiffness and the initial

rod length. In the context of morphogenesis, a supercritical pitchfork indicates

a smooth transition from flat to buckled morphology due to growth, while a

subcritical pitchfork indicates a discontinuous jump in the transition, as well as

a hysteresis effect. Exploring the phase space of the pitchfork types revealed

that varying either the foundation stiffness or the initial rod length results in

multiple transitions between supercritical and subcritical pitchforks, separated by

an oscillatory boundary. The non-monotonic nature of the transition boundary

suggests a non-robustness in the instability, but, as this is an idealised system, it

is not entire clear what this implies in the context of tissue morphogenesis. This

behaviour, to the best of our knowledge, has not been previously reported in the

literature, although, since the publication of Almet et al. [2], Jin et al. [95] have

reported similar behaviour for the buckling of growing tubular tissue.

We then began considering the effects of spatial heterogeneity in growth, rod

and foundation stiffness. Numerical solutions revealed that multiplying each of

these model parameters by the same spatially-varying heterogeneity function yielded

markedly different morphologies. We characterised these morphological differences

by extending the weakly nonlinear analysis and considering the resulting changes
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in energetic contributions. Despite the marked morphological differences, the new

weakly nonlinear analysis revealed that these heterogeneities, which multiplied a

‘baseline’ material property, had a relatively minor effect on the bifurcation structure,

merely translating the pitchfork bifurcation and thus accelerating or delaying the

onset of buckling. These results contrasted with previous results on shell buckling,

where minor imperfections in shell structures can result in drastic reductions of the

buckling load [90]. However, when heterogeneity was incorporated in an additive

manner, by modelling underlying foundation shape to be imperfectly-straight, the

resulting nonlinear analysis revealed a broken pitchfork, where the underlying

foundation shape biased the rod to buckle towards one of the two solution paths,

which was more reminiscent of classical imperfection sensitivity studies [90].

Observing these profound effects of heterogeneity, we closed with a brief discus-

sion of the inverse problem, where we asked whether different heterogeneity profiles

could produce the same rod morphology and whether different biological experiments

could distinguish between these heterogeneities. Identifying heterogeneities in

different rod attributes that produced the same (buckled) rod morphology proved to

be a non-trivial task. Nevertheless, the most noticeable observed feature was that

regions of expansive and resorptive growth were distinguished by regions of axial

compression and tension, respectively, which suggested possible biological cutting

experiments. By placing cuts in different regions along a tissue, the resulting length

change would reveal a region of tension if the post-cut length decreased, indicating

a region of minimal growth, while a post-cut increase in length would correspond

to a region of compression and indicate high growth.

By framing crypt morphogenesis as a buckling problem and focussing on key

aspects of the crypt and analysing the underlying bifurcation structures, we increased

our understanding of the impact that spatial heterogeneity has on growth-induced

deformation. While many of our questions were motivated by the crypt, there are

many processes, such as brain cortical folding [29] or seashell spine formation [37],

where growth and heterogeneity are key aspects and thus the results of our analysis

generalise straightforwardly to the morphogenesis of other growing bilayer structures.
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5.2.2 Chapter 3

In Chapter 3, we developed and investigated various model components that

captured a number of biological, chemical, and mechanical features believed to play

a fundamental role in crypt morphogenesis and homeostasis. In particular, we con-

sidered: tissue relaxation, chemical signalling, mechanical properties, distinguishing

cell type, accounting for cell death via the sloughing of material, self-contact, and

spatial competition induced by neighbouring tissue or extracellular material. Many

of the models developed could be adapted straightforwardly to other monolayers

or stratified tissues. By developing and analysing each component in isolation, we

highlighted key features and took important steps towards integrating biological

specificity within the buckling rod framework.

Analysis of simulation results revealed that modelling tissue relaxation, through

either the underlying foundation rod attachments or the rod intrinsic curvature,

could have a significant impact on crypt morphology. The different behaviours were

particularly pronounced when rod growth was paused and the system continued to

relax. For example, while increasing the rate of relaxation for a viscoelastic founda-

tion increased the rod invagination length growth, once growth was paused and the

viscoelastic attachments continued to relax, the invagination length subsequently

decreased (unless the viscous relaxation rate was sufficiently fast). Similarly, for a

remodelling foundation, increasing the remodelling rate increased the invagination

depth during growth. However, for this foundation law, pausing growth and allowing

the attachments to relax always led to an increase in invagination length. In contrast,

a rapidly-evolving intrinsic curvature decreased the invagination depth and, in fact,

resulted in the invagination base fissioning when growth was stopped. Comparing

these relaxation models, we concluded that a remodelling foundation was most

appropriate for generating a realistic crypt morphology.

When modelling material properties such as growth and stiffnesses, for biological

tissue such as the crypt, it is not entirely clear whether the property should

be modelled with respect to the Lagrangian or Eulerian reference frame. For

example, when modelling chemical signals, such as Wnt, in the former case, the
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chemical signal is interpreted as an ‘inherent property’ of the rod (the line of

growing cells) and the signal profile propagates along the rod due to growth. In

the latter case, the signal profile is fixed with respect to the current configuration

and so acts as an environmental cue for growth. Modelling growth for these two

cases resulted in significantly different morphologies, emphasising the importance

of taking care with model assumptions when formulating continuum models for

epithelia. In contrast, modelling rod stiffness with respect to either the Lagrangian

or Eulerian reference frame did not produce noticeable differences in morphology.

Therefore, an Eulerian Wnt signal was more appropriate for generating a crypt

morphology than a Lagrangian representation, while stiffness heterogeneity did

not affect the morphology significantly.

To address the paucity of models of cell death, an important component of

epithelial homeostasis, we formulated a continuum model for cell death, demon-

strating how material sloughing can balance growth to induce a quasi-steady state,

where the morphology was static, despite growth evolving. We also showed how

cell type can be modelled via age and that the correct age structure emerges when

modelling heterogeneous Wnt-based growth, where the youngest points of the rod

lie at the base of the invagination, where stem cells would reside, while the oldest

points were at the rod endpoints, where differentiated cells would reside.

Motivated by the large deformations exhibited by the crypt, we explored the

effect of introducing self-contact in the model to allow growth and deformations for

longer times. It was shown that self-contact alone results in excessive horizontal

bulging of the rod invagination and an unrealistic crypt morphology. However,

including additional spatial constraints, such as a constant self-encapsulated area or

additional horizontal repulsion forces due to neighbouring tissue, produced a more

realistic crypt invagination. These results suggest that the presence of neighbouring

tissue may be a key contributor to the crypt maintaining its narrow shape as it grows.

We closed the chapter by combining several of these models to simulate typical

morphogenetic processes. First, we combined the processes that we believed

contributed most significantly to a realistic crypt morphology. By simulating
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the system with growth due to an Eulerian Wnt signal, a rapidly-remodelling

foundation, and a strong repulsion force due to neighbouring tissue, we were able

to obtain a realistic crypt morphology, where the invagination depth was five times

as long as the initial rod length, with a narrow aspect ratio. Second, we coupled

sloughing to ageing which, in turn, was coupled to heterogeneous growth, to model

sloughing occurring in a more natural manner than by modelling sloughing to

begin after a prescribed time. However, in this case, as the sloughing rate did

not balance the growth rate exactly, the morphology was still evolving and the

invagination depth shrank over time due to sloughing.

The model investigations performed highlighted the need to develop models

for the different processes that contribute to tissue morphogenesis and the need

to explore each of these processes in detail. While our results were framed in the

context of generating a realistic crypt morphology during development, we note

that other models that were not considered may be more appropriate for other

biological structures, or even in different crypt processes. For instance, we did not

incorporate an evolving intrinsic curvature as it reduced the invagination depth.

However, the observed fissioning of the rod base when growth was paused due to

curvature relaxation may be relevant to the process crypt fission, which is marked by

a similar splitting in the base. Such investigations would be useful for future work.

5.2.3 Chapter 4

Chapter 3 provided a starting point from which we could investigate the concepts of

growth and homeostasis in the crypt in greater detail. In Chapter 4, we abstracted

the model from the 2D geometry, but retained the remodelling foundation law

and Eulerian Wnt signal. Our goals were two-fold. First, we aimed to investigate

how the proliferative structure that is unique to the crypt may arise. Second, we

aimed to identify necessary conditions for homeostasis in the crypt; that is, under

which the crypt can maintain its growth structure.

We demonstrated that mechanochemical growth that couples Wnt signalling

and mechanical stress can generate the crypt’s proliferative structure. Considering
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the special case of an infinitely-stiff foundation, we proved analytically that a

mechanochemical law in which mechanosensitivity is ever-present does not generate

the correct proliferative structure. By contrast, a law that incorporates threshold-

dependent sensitivity, where mechanical feedback is only triggered once the rod is

sufficiently compressed, generate the desired structure. These claims were shown

to extend to the more biologically realistic case of a finite foundation stiffness

by numerically solving the full system for different model parameter values. By

exploring model parameter space, we found realising that the correct proliferative

structure, which is maximal away from both the base (s = 0) and top of the crypt

(s = 1), relied upon two key mechanical properties: the stiffness of the foundation,

which induced spatial variation in stress due to the heterogeneous Wnt signal, and

the strength of mechanical feedback, which ensured that mechanosensitivity altered

the monotonicity of the incremental growth profile, meaning that incremental growth

was no longer maximal in the base, where the Wnt signal was maximal.

Following this, we explored the question of how this crypt maintains its pro-

liferative structure over time, despite the continual turnover of cells, a question

relating to the principle of tissue homeostasis. In order to answer this, we developed

a new continuum framework of tissue homeostasis, which defines homeostasis as

the state when the incremental growth spatial profile is independent of time in the

current (Eulerian) observable configuration. Using the mechanochemical growth

law, we showed that the stress, foundation attachments, and flow velocity must be

independent of time, and derived a coupled system that these quantities must satisfy

to maintain homeostasis. The derived set of equations ensured that the flow velocity

was consistent within the Eulerian formulation of the system and the force balance.

In this framework, the incorporation of sloughing that was imposed in Chapter

3 emerged naturally as a necessary condition for homeostasis. Analysing and

numerically solving the homeostatic system for different parameter values revealed

that the homeostatic growth profile depended on the foundation stiffness and the

remodelling rate of the foundation attachments. Examining solutions corresponding

to homeostatic crypt growth profiles revealed that the velocity must increase along
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the crypt at a non-uniform rate, while the homeostatic stress profile comprises two

distinct regions of compression towards the base and tension towards the top. By

deriving closed-form solutions for growth and the sloughing boundary, we discovered

that the sloughing rate and growth rate must balance exactly. Moreover, the

sloughing and growth rates are determined by the incremental growth value in the

base, corresponding to the proliferative capacity there.

By considering a 1D geometry but retaining the most important processes

from the 2D morphology, we were able to explore different mechanical feedback

processes on growth in the crypt in an analytically tractable manner; this would

not have been possible in a 2D geometry. In doing so, we demonstrated that a

mechanochemical law may give rise to the unique proliferative structure of the crypt.

We were also able to construct a model that describes dynamic tissue homeostasis,

in which dependent variables and growth are fixed in space in the current Eulerian

configuration, but evolve continually in the Lagrangian configuration, in order to

maintain a homeostatic growth structure.

5.3 Future work

There are many interesting avenues for extending the work in this thesis. Here, we

list a few of what we consider to be the most important directions for future work.

5.3.1 A 2D growth law and homeostasis

We have developed a mechanochemical growth law that can explain the proliferative

structure of a straight, unbuckled crypt. In this 1D geometry, stress decreases with

increasing growth, leading us to postulate the existence of a threshold-dependent

mechanosensitive law, where growth is inhibited where the rod stress falls below

a threshold stress. However, as stated in Chapter 4, this law does not necessarily

generalise onto a 2D morphology. In 2D, buckling and subsequent rod deformation

act to alleviate the compressive stress in the system. Therefore, the axial stress

actually increases from the critical buckling stress for increasing growth. However,

we note that as the crypt epithelium is a confluent surface, other stresses not



5. Discussions and conclusions 159

considered in a planar geometry, such as hoop stress, may become important.

Therefore, an important future goal is to develop a mechanosensitive law that

holds for 2D morphologies.

Translating the homeostasis framework to a 2D morphology is more straight-

forward. For a 2D morphology, the homeostasis definition is altered such that

both the rod shape and incremental profile are also fixed with respect to the

Eulerian reference frame. However, as growth occurs only in the axial definition,

it is still only parametrised by initial arc length parameter S0. Therefore, the

compatibility conditions for the flow velocity in the Eulerian frame are the same

as those for a 1D geometry. However, as there are two force balance equations in

2D, the flow velocity must be compatible with both the horizontal and vertical

components of the foundation attachments. While exploring homeostasis for a 2D

morphology is beyond the scope of this thesis, an outline of the 2D homeostasis

framework is provided in Appendix C.

5.3.2 From development to homeostasis

Throughout this thesis, we considered crypt dynamics during two distinct phases: in

development, when the crypt is invaginating and the incremental growth structure

is evolving, or in homeostasis, when the morphology was unchanging and the

proliferative structure is established. While we developed separate mathematical

models to characterise the crypt during these two phases, we did not investigate in

detail the transition from development to homeostasis. That question of interest here

is: under what conditions does the crypt tend to a homeostatic state, as defined by

(4.36)? This question is related to the stability of homeostatic states, a concept which

is especially important in the context of disease, when crypt homeostasis is disrupted.

5.3.3 Comparison with cell-based models

In future work, we aim to compare the continuum models of the crypt developed in

this thesis against pre-existing discrete cell-based models of the crypt. Such model

comparisons are important because of the complementary strengths and weaknesses
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Crypt feature Continuum Discrete (cell-based)
Deformability XX: Can use continuum mechanics theory X: Not well-developed

Mechanical effects XX: Very well-placed
Clonal cell tracking X: Possible for a few models XX: Can easily track cell lineages
Subcellular detail Has not been considered in detail XX: Very well-suited for this

Stochasticity × X
Cell migration Possible for certain models XX

Population control X: Laws to prescribe local growth XX
Interaction with

external environment XX: Can prescribe mechanical forces X: Computationally expensive

Cellular heterogeneity X: Coarse-grained heterogeneity XX: Individual cell heterogeneity
Cell sorting ×: Not possible X: Possible in some models

Experimental parametrisation Possible but has not been implemented X: Possible with enough biological detail

Table 5.1: Desirable features of an ideal crypt model, and the current efficacy
of continuum and cell-based frameworks to capture them. The two classes of
frameworks have complementary strengths and limitations.

of the two frameworks, which are summarised in Table 5.1. It is easier to incorporate

intracellular biological detail into cell-based models, but they are less amenable to

analysis. Equally, with continuum models, while it is more difficult to incorporate

biological detail into continuum models, we can more readily account for tissue

deformation due to mechanical forces and torques, allowing us to analyse the impact

of these effects. By linking cell-based frameworks and continuum frameworks, we

can begin to understand which processes are most important for modelling the crypt,

and which can be neglected through continuum approximations and abstractions. In

doing so, we can understand the relationships between the two modelling approaches,

as well as identify the similarities and differences in their respective behaviours.

5.3.4 Experimental validation

This thesis has focussed on developing and validating mechanical models of crypt

morphogenesis. In general, mechanical models are difficult to validate, as key model

parameters, such as the rod and foundation stiffness, are difficult to estimate in

vivo for biological tissue. However, with the advances in crypt organoids, in vitro

cultures that recapitulate gut tissue structure [151], data for biochemical processes,

such as cell-cell signalling, is becoming more readily available. Therefore, one

of the most pertinent extensions is to link these models to biological processes

that can be validated with experimental data. These processes, such as signalling

pathways, are typically of a biochemical nature and exist primarily at the subcellular
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scale. Biochemical and biomechanical processes have typically been modelled in

isolation and their interactions neglected. In practice, however, these processes are

coupled at various spatial scales. In future work, we will investigate how different

feedback mechanisms can be modelled.

One possible way to incorporate more biological detail is to couple the mechanical

feedback model considered in Chapter 4, which was phenomenological, to a biochem-

ical mechanotransductive pathway. In recent years, the Hippo signalling pathway

has become increasingly implicated in crypt homeostasis through the transcription

factors YAP and TAZ [11, 17, 83, 162]. YAP and TAZ are well known for their

role in mechanotransduction, as they regulate biochemical signals in response to

mechanical cues [7, 55]. In the crypt, YAP and TAZ regulate proliferation by

mediating Wnt signalling; the proteins bind directly to β-catenin, preventing its

translocation to the nucleus and, thereby, inhibiting proliferation [11, 12]. It has

also been shown that they affect differentiation by interacting with Notch signalling

[91, 155, 174]. Interestingly, YAP and TAZ are not active during homeostasis

[11]. Rather, they are most active during pathological conditions, such as crypt

regeneration (for example, due to inflammation) and cancer [83, 135, 169, 186]. It

would be interesting to explore how parameters, such as the mechanical feedback

strength µ or the threshold stress n∗, may be coupled to mathematical models that

describe the YAP/TAZ signalling pathways, where homogenisation techniques used

in works such as those of O’Dea and King [129, 130] may be useful.

5.3.5 Investigating crypt fission

One of the most attractive features of drawing upon a continuum mechanics

framework is the ease of simulating tissue deformability. This is particularly

important when investigating crypt fission, the process by which (healthy) crypts

replicate [31]—see Figure 5.1. In the context of disease, crypt fission is particularly

important as it enables colorectal adenomas to expand [143]; crypt fission is also

the dominant mechanism by which the epithelium regenerates following injury [154].

While we have not investigated crypt fission in this thesis, the framework we have
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Figure 5.1: The crypt fission process. Crypt fission is marked by a split in a single
crypt base, which eventually leads to the formation of two new crypts. The deformations
that take place suggest a role for biomechanical factors in initiating crypt fission.

developed provides a suitable starting point to begin investigating such questions.

An important step to understanding crypt fission, that could be answered with

this framework, is how to classify the initial bifurcation event. That is, do we

classify the initiation of crypt fission as an example of snap buckling [123], localised

folding [138], period doubling [28], or something else altogether? Understanding

crypt fission is arguably the next big challenge facing researchers in understanding

the crypt and its role in gut health and disease.

5.4 Closing remarks

We have explored different aspects of the crypt within the morphoelastic rod

framework. By focussing on different aspects of the crypts, from morphogenesis to

homeostasis, we have developed several new models to understand the mechanisms

governing key processes involved in crypt function. Many of these models can, in

fact, be generalised to other biological systems. While there is still work to be done,

we are confident that this framework can be further developed and the insights

gained will advance not only the field of mathematical modelling of morphogenesis

and epithelial growth, but also our understanding of the biomedical processes that

regulate the crypt in health and disease.
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A
Supplementary information for

post-buckling analysis

A.1 Determining the buckling amplitude

In this section, we introduce the functions that are needed to calculate the buckling

amplitude C1 for different values of k and L0 (and hence γ∗). After unfolding the

bifurcation with the ansatz (2.29) and considering O(δ2) terms, we obtain the system

x(2)′ − γ∗n(2)
x = γ(1)

γ∗
− γ∗

2
(
y(1)′

)2
− y(1)′y(1)′′′ , (A.1)

y(2)′ − θ(2) = 0, (A.2)

n(2)′
x − kx(2) = 0, (A.3)

n(2)′
y − ky(2) = 0, (A.4)

θ(2)′ − γ∗m(2) = 0, (A.5)

m(2)′ + (γ∗ − 1)
γ∗

θ(2) + n(2)
y = 0. (A.6)

We note that we have used Equations (2.16)–(2.18) to express the inhomogeneities

in terms of y(1) only, and have simplified the system further by substituting x(1) =

n(1)
x = 0. As in Section 2.3.1, the system decouples into two ordinary differential
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equations for x(2) and y(2) given by (2.33)–(2.34), with

Lx(2) = Hx(2) = −γ∗y(1)′y(1)′′ −
(
y(1)′y(1)′′′

)′
, (A.7)

My(2) = Hy(2) = 0. (A.8)

We recall the linear operators L and M are defined in Equations (2.33) and

(2.34) respectively by Lx = x′′ − kγ∗x and My = y′′′′ + (γ∗ − 1)y′′ + kγ∗y. As

Hy(2) = 0, (2.34) is homogeneous for n = 2 and provides no information about

the buckling amplitude C1. However, considering Equations (2.33) and (A.7) in

tandem with the solution (2.24) and the boundary conditions x(2)(0) = x(2)(L0) = 0

allows us to define x̂ := C−2
1 x(2).

At next order, we have

x(3)′ − γ∗n(3)
x = −γ∗y(1)′y(2)′ − y(1)′y(2)′′′ − y(1)′′′y(2)′ , (A.9)

y(3)′ − θ(3) = 1
3
(
y(1)′

)3
+ x(2)′y(1)′ , (A.10)

n(3)′
x − kx(3) = 0, (A.11)

n(3)′
y − ky(3) = 0, (A.12)

θ(3)′ − γ∗m(3) = γ(1)

γ∗
y(1)′′ , (A.13)

m(3)′ + (γ∗ − 1)
γ∗

θ(3) + n(3)
y = (γ∗ + 2)

6γ∗
(
y(1)′

)3
+ 1
γ∗

(
y(1)′

)2
y(1)′′′ + 1

γ∗
x(2)′y(1)′

+ 1
γ∗
x(2)′y(1)′′′ − γ(1)

γ∗2 y
(1)′ . (A.14)

Equations (A.9)–(A.14) decouple into the two ordinary differential equations, in

which the forcing terms Hx(n) and Hy(n) are given by:

Lx(3) = Hx(3) = −
(
γ∗y(1)′y(2)′ + y(1)′′′y(2)′ + y(1)′y(2)′′′

)′
, (A.15)

My(3) = Hy(3) = 2
(
y(1)′′

)3
+ 3γ∗

2
(
y(1)′

)2
y(1)′′ + 2

(
y(1)′

)2
y(1)′′′′ + 8y(1)′y(1)′′y(1)′′′

+ γ∗
(
x(2)′y(1)′

)′
+ y(1)′x(2)′′′′ + 2x(2)′y(1)′′′′ + 4x(2)′′y(1)′′′

+ 3x(2)′′′y(1)′′ − γ(1)

γ∗

(
y(1)′′ − y(1)′′′′

)
. (A.16)

Using the Fredholm Alternative Theorem and considering (A.16) in powers of

C1, the constants K1 and K2 in Equation (2.37) are obtained by evaluating the
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following integrals

K1 =
∫ L0

0

2
(
ŷ
′′)3

+ 3γ∗
2
(
ŷ
′)2

ŷ
′′ + 2

(
ŷ
′2
ŷ
′′′)′ + 4ŷ′ ŷ′′ ŷ′′′

+ γ∗
(
x̂
′
ŷ
′)′ + 2

(
x̂
′
ŷ
′′)′′ + (

x̂
′′′
ŷ
′)′ ŷdS0, (A.17)

K2 = − 1
γ∗

∫ L0

0

(
ŷ
′′ − ŷ′′′′

)
ŷdS0, (A.18)

where x̂ := C−2
1 x(2) and ŷ := C−1

1 y(1). Applying integration by parts to (A.18) yields

K2 = 1
γ∗

∫ L0

0

(
ŷ
′)2

+
(
ŷ
′′)2

dS0. (A.19)

Therefore K2 > 0 for all parameter values, provided that ŷ is non-trivial. Hence,

the sign of constant K1 determines the nature of the pitchfork.

A.2 Pitchfork bifurcation on an infinite domain

We show that in the case of an infinitely-long rod, the value of k for which the

system transitions from a supercritical pitchfork bifurcation to a subcritical pitchfork

bifurcation can be calculated exactly. Moreover, we show that the transition

occurs only once.

Recall that the linear stability analysis yields the ordinary differential equations

equations (Equations (2.19)–(2.20))

Lx(1) = x(1)′′ − kγx(1) = 0, My(1) = y(1)′′′′ + (γ − 1)y(1)′′ + kγy(1) = 0,
(A.20)

Seeking oscillatory modes y(1) ∼ eiωS0 yields the oscillation frequencies from

Equation (2.23), ω2
± = γ−1

2 ±
(

(γ−1)2

4 − kγ
) 1

2 . For oscillations to persist over the

whole domain, we require that (γ − 1)2 ≥ 4kγ. Hence the bifurcation occurs when

(γ − 1)2 = 4kγ, which gives rise to γ∗inf , defined by Equation (2.28). Enforcing

boundedness and that the solution is real-valued leads to the solution

y(1) = C1 cos(ωS0), (A.21)
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where

ω =
(
γ∗inf − 1

2

) 1
2

=
(
k +

(
k + k2

) 1
2
) 1

2
. (A.22)

As before, we unfold about the bifurcation point γ∗inf by letting γ = γ∗inf + δ2γ(1),

where δ � 1 is our perturbation expansion parameter, and γ(1) is the control

parameter away from bifurcation.

At O(δ2), we substitute (A.21) into (A.7) and, after solving the equation and

imposing boundedness, obtain

x(2) = C2
1
ω3(γ∗inf − 2ω2)
8ω2 + 2kγ∗inf

sin(2ωS0). (A.23)

At O(δ3), we obtain the amplitude equation for C1 by substituting (A.21) and

(A.23) into (A.16) and impose that secular terms vanish. This leads to Equation

(2.37), K1C
3
1 + K2C1γ

(1) = 0, where the constants K1 and K2 are given by

K1 =
k2
[
7 + 100 (k + k2)

1
2 + 8k

(
16 + 7k + 7 (k + k2)

1
2

)]
− 4k

(
8 + 9 (k + k2)

1
2

)
8 (16 + 7k) ,

(A.24)

K2 =
(
k + k2

) 1
2 . (A.25)

We note that we have substituted Equation (2.28) to expressK1 andK2 in terms of k

only. As K2 > 0 ∀ k > 0, the sign of K1 completely determines the type of pitchfork

bifurcation the system undergoes, as confirmed in Appendix A.1. Therefore, the

value of k > 0 where the transition occurs is found by solving K1 = 0, yielding

k∗ = 21
√

89− 137
160 ≈ 0.38196. (A.26)

It can be verified easily that K1 < 0 when k < k∗ and K1 > 0 when k > k∗,

indicating a transition from a supercritical pitchfork bifurcation to a subcritical

pitchfork bifurcation, which is confirmed by dynamical stability analysis of the

solution branches. Moreover, there is only one transition when the rod is of

infinite length, in contrast to the multiple transitions that can occur when the

rod length is finite.
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A.3 Including parameter heterogeneity

Here, we list the additional inhomogeneities that appear in Equations (2.30)–(2.32)

when we account for spatial heterogeneities. These inhomogeneities result in the

subsequent change from the buckling amplitude equation for the homogeneous

case (2.37) to Equation (2.41).

In the first case of foundation stiffness heterogeneity, the linearised equations

at O(δ) are unchanged from the homogeneous case. At O(δ2) and O(δ3), we have

the following system of equations:

Lx(2) = Hx(2) , (A.27)

My(2) = 0, (A.28)

Lx(3) = Hx(3) , (A.29)

My(3) = Hy(3) − ηk0γ
∗
0ξy

(1). (A.30)

The linear operators L andM have been defined in Equations (2.33)–(2.34) and

Appendix A.1, while the inhomogeneities Hx(2) , Hx(3) , and Hy(3) are given by

Equations (A.7), (A.15) and (A.16). Thus the amplitude equation now satisfies

(2.41), K3 can be deduced by evaluating the solvability condition, (2.36).

When rod stiffness heterogeneity is considered, the equations at O(δ2) are

Lx(2) = Hx(2) + η(γ∗0 − 1)ξ′, (A.31)

My(2) = 0. (A.32)

As Equation (A.31) is a linear ordinary differential equation, the superposition of

particular solutions and the boundary conditions x(2)(0) = x(2)(L0) = 0 imply that

we can define x(2) := C2
1 x̂+ηx̂ξ, where Lx̂ξ = (γ∗0 −1)ξ′. At the next order, we have

Lx(3) = Hx(3) , (A.33)

My(3) = Hy(3) + η

[
ξ
(
(1− γ∗0)y(1)′′ − y(1)′′′′

)
+ ξ′

(
(1− γ∗0)y(1)′ − y(1)′′′

)
− ξ′y(1)′′′ − ξ′′y(1)′′

]
. (A.34)
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Therefore, K3 is obtained by evaluating (2.36), yielding the amplitude equation

(2.41).

For heterogeneous growth modelled by (2.39), considering O(δ2) terms now yields

Lx(2) = Hx(2) + ηξ′, (A.35)

My(2) = 0, (A.36)

Therefore, by the linearity of (A.36), we can again write x(2) := C2
1 x̂+ ηx̂ξ where,

xξ satisfies Lx̂ξ = ξ′. Furthermore,

Lx(3) = Hx(3) , (A.37)

My(3) = Hy(3) − η
[
ξ
(
y(1)′′ + y(1)′′′′

)
+ ξ′

(
y(1)′ + y(1)′′′

)]
. (A.38)

Hence, evaluating (2.36) for growth heterogeneity yields the amplitude equation

(2.41), with K3 obtained by the Fredholm Alternative Theorem.

A.4 Stability analysis of buckled solutions

Despite the insights provided from the linear stability analysis and weakly nonlinear

analysis on the growth-induced evolution of the rod, we have no information

about the dynamic stability of the non-trivial solutions obtained, as we have only

considered the static form of the model. In order to investigate the stability of the

buckled solutions, we must consider the time-dependent behaviour of the system.

We assume that there is no dynamic rotation in the system, and therefore only

introduce time-dependence to the force balance. We scale time by the standard

Kirchoff time scaling T = (ρI/EA)1/2T̂ [40, 76, 77]. In the initial configuration,

the planar force balance equations (2.10) are

n′x = k(x− S0) + γẍ, (A.39)

n′y = ky + γÿ, (A.40)

where ′ = ∂/∂S0 ˙ = ∂/∂T̂ . Suppose that a known equilibrium solution to the full

nonlinear system (2.9)–(2.13) is given by the solution vector

xeq = (xeq(S0), yeq(S0), θeq(S0), nx,eq(S0), ny,eq(S0),meq(S0))T ,
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with fixed parameters k, L0, and γ, and T denotes the matrix transpose. We perform

a linear time-dependent perturbation in the arbitrarily small parameter δ as such

x = xeq(S0) + δxdyn(S0)eiσT ,

y = yeq(S0) + δydyn(S0)eiσT ,

θ = θeq(S0) + δθdyn(S0)eiσT ,

nx = nx,eq(S0) + δnx,dyn(S0)eiσT ,

ny = ny,eq(S0) + δny,dyn(S0)eiσT ,

m = meq(S0) + δmdyn(S0)eiσT . (A.41)

Substituting this perturbation into (2.9), (2.11), (A.39), and (A.40) yields the

system, at O(δ):

x′dyn = γ

2
(
1 + cos(2θeq)

)
nx,dyn + γ

2 sin(2θeq)ny,dyn

− γ
[

sin θeq + sin(2θeq)nx,eq − cos(2θeq)ny,eq
]
θdyn, (A.42)

y′dyn = γ

2 sin(2θeq)nx,dyn + γ

2
(
1− cos(2θeq)

)
ny,dyn

− γ
[

cos θeq + cos(2θeq)nx,eq − sin(2θeq)ny,eq
]
θdyn, (A.43)

n′x,dyn = (k − γσ2)xdyn, (A.44)

n′y,dyn = (k − γσ2)ydyn, (A.45)

θ′dyn = γmdyn, (A.46)

m′dyn = γ
[

sin θeq + nx,eq sin(2θeq)− ny,eq cos(2θeq)
]
nx,dyn

− γ
[

cos θeq + nx,eq cos(2θeq)− ny,eq sin(2θeq)
]
ny,dyn

+ γ
[
nx,eq cos θeq + ny,eq sin θeq + 2nx,eqny,eq sin(2θeq)

+ (n2
x,eq − n2

y,eq) cos(2θeq)
]
θdyn, (A.47)

We note that we have made use of the trigonometric double angle formulae to

simplify the ordinary differential equations. The system (A.42)–(A.47) can be

written in the form

x′dyn = Axdyn, (A.48)
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where the vector xdyn = (xdyn, ydyn, θdyn, nx,dyn, ny,dyn,mdyn)T and A is a matrix

that is expressed solely in terms of xeq. As xeq is known, for a given σ2, A is

constant for each S0 ∈ [0, L0] and hence the system (A.42)–(A.47) is a system of

first-order, linear ordinary differential equations with constant coefficients for a

fixed value of S0. Therefore, we can integrate the system over the interval [0, L0].

However, observe that only the boundary conditions for xdyn, ydyn and θdyn are

known; that is, they must vanish at the endpoints S0 = 0 and S0 = L0. To overcome

this, we use a method that has been used in previous buckling analyses [18, 119].

We seek a solution of the form xdyn = b1x(1)
dyn + b2x(2)

dyn + b3x(3)
dyn, where, at

S0 = 0, x(1)
dyn, x(2)

dyn and x(3)
dyn satisfy

x(1)
dyn(0) = (0, 0, 0, 1, 0, 0)T , x(2)

dyn(0) = (0, 0, 0, 0, 1, 0)T , x(3)
dyn(0) = (0, 0, 0, 0, 0, 1)T .

(A.49)

Therefore, the solution components x(1)
dyn, x(2)

dyn and x(3)
dyn are linearly independent and

thus each solution may be solved for independently as functions of σ2. To determine

b1, b2 and b3 and consequently our final solvability condition, we impose the boundary

condition that xdyn, ydyn and θdyn vanish at S0 = L0, leading to the matrix equation
x

(1)
dyn x

(2)
dyn x

(3)
dyn

y
(1)
dyn y

(2)
dyn y

(3)
dyn

θ
(1)
dyn θ

(2)
dyn θ

(3)
dyn


 b1
b2
b3

 =

 0
0
0

 at S0 = L0. (A.50)

A solution to Equation (A.50) exists if and only if the determinant of the left hand

side matrix is equal to zero for a given σ2. Therefore, if there is a value of σ2 < 0

such that the determinant vanishes, then the buckled solution xeq is unstable, as

the time perturbation grows exponentially as T → ∞.

A.5 Energies

Here, we give the forms of the energy functionals that are considered in Sections 2.4.3.

We then show how these defined energies change for heterogeneity in rod stiffness

and growth, helping to elucidate the observed changes to rod shape in Figure 2.4.

The total energy of the system, E , comprises contributions from bending,

stretching, and the underlying foundation.
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In the reference configuration, these dimensional individual energy densities

may be written respectively as:

UB = EI

2

(
∂θ

∂S

)2

, US = EA

2 (α− 1)2, UF = Ekf
2γ

(x− S

γ

)2

+ y2

 . (A.51)

After nondimensionalisation, we write the energy densities as

UB = Eb
2

(
∂θ

∂S

)2

, US = Es
2 (α− 1)2, UF = k

2γ

(x− S

γ

)2

+ y2

 , (A.52)

where Eb, Es, and k represent the dimensionless rod bending stiffness, rod stretching

stiffnes, and foundation stiffness repectively (note that in the homogeneous case,

Es = Eb = 1). Therefore, the total energy density is given by

Utotal = UB + US + UF + nx

(
∂x

∂S
− α cos θ

)
+ ny

(
∂y

∂S
− α sin θ

)
. (A.53)

The latter two terms correspond to the geometric constraints placed on the rod,

with the horizontal and vertical forces nx and ny acting as Lagrange multipliers.

However, these contributions will vanish after energy minimisation. Hence, the

total energy E total is given by

E total = Ebend + E stretch + E foundation, (A.54)

where

Ebend =
∫ L0

0
UBγdS0, (A.55)

E stretch =
∫ L0

0
USγdS0, (A.56)

E foundation =
∫ L0

0
UFγdS0. (A.57)

A.6 The inverse problem

In this section, we describe our approach to the inverse problem discussed briefly

in Section 3.5, and the method of producing Figure 2.10. We chose a candidate

shape with embedded heterogeneity, in this case, foundation heterogeneity following

Figure 2.4(b), and we tried to match that shape by varying the heterogeneity in
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the rod stiffness and growth, in the form of (2.39), as well as the net growth γ0,

based on the results of Section 2.4.3. The baseline foundation stiffness k0 and rod

length L0 were set to k0 = 0.04 and L0 = 20, respectively.

Figure 2.4(c) showed that when net growth is unchanged, growth heterogeneity

redistributes the material of the rod away from regions of low growth to those

with high growth. This suggests that in order to match the candidate shape,

growth must be high in the middle region and low in the outer regions. For rod

stiffness heterogeneity, we wanted to localise the buckling to regions of softened

rod stiffness, but to counteract the enhanced compressed seen in Figure 2.4(b),

we increased the net growth.

Here we have only explored this problem in a preliminary manner. An extensive

search of the heterogeneity parameter space is intrinsically challenging and time-

consuming, as the heterogeneity can in principle take any form, and the morphology

produced for a given form can only be obtained as the result of numerical path

continuation from a known solution. While a more detailed investigation would be

a worthwhile focus for another paper, here we have chosen heterogeneities in the ad

hoc, but intuitively guided, manner outlined above. Our prescribed heterogeneity

choices were: for foundation stiffness heterogeneity, we set γ = 1.9, ε̂ = 0.75 and

ξ(S0) = cos(2πS0/L0)); for rod stiffness heterogeneity, γ was increased to γ = 2.45,

ε̂ = 0.9, and ξ(S0) = 1− exp (−16(S0 − 0.5L0)2/L2
0); and for growth heterogeneity,

we prescribed γ0 = 1.9, ε̂ = 0.9, and ξ(S0) = − cos(2πS0/L0)).

Once we had matched the shapes to a sufficient degree, we examined all other

features, such as the bending moment m, force components nx, ny, etc, seeking

distinguishing characteristics. From this, we identified two salient features: the

axial stress n3 in the outer region, where there was minimal growth (Fig. 2.10(b));

and the foundation energy density UF in the middle section, where the foundation

had been softened locally (Fig. 2.10(c)).



B
Self-contact derivations

The phenomenon of self-contact is a complex but possibly significant step towards

a full crypt morphology. To understand how to best account for self-contact within

the crypt, we consider the problem using a variational approach, minimising the

variation of the total energy described in Appendix A, now with the addition

of enforced contact conditions.

We assume symmetric, frictionless self-contact; therefore, we can reduce the

problem of self-contact to the half-interval, [0, 1/2]. We first consider the case of

self-contact at a point, before extending our analysis to the case of self-contact

along a region. In each case, we derive the resulting equations for the case when

the rod is tethered to a linear elastic foundation. The foundation can be replaced

by other types, using subsequent force balance arguments.

B.1 Self-contact at a point

The contact point is assumed to occur an isolated point, x(Sc) = x0, where x0

describes the self-contact width. Following notation from Appendix A, we consider

the total energy with respect to the reference configuration, now parametrised

by the initial arc length, S0, so that the domain is fixed. The total energy
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functional to be minimised is

E =
∫ 1

2

0
UtotalγdS0 + λc(x(Sc)− x0), (B.1)

where Utotal is the total energy of the rod in the absence of self-contact and the

second term on the right-hand side of Equation (B.1) enforces the self-contact

condition at S0 = Sc, where the parameter λp acts as a Lagrange multiplier. Recall

that Utotal is defined by Equation (B.2) as:

Utotal = Eb
2

(
θ′

γ

)2

+ Es
2 (α− 1)2 + k

2γ
[
(x− S0)2 + y2

]
+ nx

γ
(x′ − αγ cos θ) + ny

γ
(y′ − αγ sin θ), (B.2)

where the force components nx and ny are point-wise Lagrange multipliers to

enforce the geometric planar constraints. Note that we may also express the

total energy (B.1) as

E =
∫ 1

2

0
Utotalγ + λc(x(S0)− x0)δ(S0 − Sc)dS0, (B.3)

where δ(S0) is the Dirac delta function. The modified force balance equations are

obtained by minimising the first variation of E , defined as:

δE = d

dε
E [x+ εx̄, y + εȳ, θ + εθ̄, α + εᾱ, Sc + εS̄c]

∣∣∣∣∣
ε=0

, (B.4)

where ε is an arbitrarily small parameter, and x̄, ȳ, θ̄, ᾱ, and S̄c are the increments

in their respective variables. Evaluating (B.13) yields

δE =
[
Eb
θ′θ̄

γ
+ nxx̄+ nyȳ

] 1
2

0

+
∫ 1

2

0

− (Eb θ′
γ

)′
θ̄ + γEs(α− 1)ᾱ + k ((x− S0)x̄+ yȳ)

− n′xx̄+ nx(αγ sin θθ̄ − γ cos θᾱ)− n′yȳ − ny(αγ cos θθ̄ + γ sin θᾱ)

+ λc(x̄+ x′S̄c)δ(S0 − Sc)
dS0, (B.5)

where we have applied integration by parts to eliminate terms that involve derivatives

of the increments x̄, ȳ, and θ̄. The first term on the right hand side of Equation
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(B.5) vanishes after consideration of the boundary conditions. Recall that our

left clamped boundary condition is:

x(0) = 0, y(0) = 0, θ(0) = 0. (B.6)

Therefore, at S0 = 0, the increments x̄(0) = 0, ȳ(0) = 0 and θ̄(0) = 0. As we

are primarily interested in the growth and deformation of an intestinal crypt, we

restrict ourselves to even solutions about S0 = 1/2. Therefore, at S0 = 1/2, we

have that x = 1/2 and θ = 0, leading to x̄ = 0 and θ̄ = 0 at S0 = 1/2. Hence, in

order to ensure that the first term vanishes, we must impose that ny = 0. Thus,

the boundary conditions along the half-interval are:

x(0) = 0, y(0) = 0, θ(0), x
(1

2

)
= 1

2 , θ
(1

2

)
= 0, ny

(1
2

)
= 0. (B.7)

Now, to ensure that δE = 0, we impose that each the integral terms vanishes. As

the increments are arbitrary functions, by the continuity lemma, we recover the

familiar vertical force balance and angular momentum balance equations, Equations

(2.10) and (2.11) respectively. However, we now obtain an modified horizontal

force balance equation,

n′x = k(x− S0) + λcδ(S0 − Sc). (B.8)

Integrating Equation (B.8) about S0 = Sc yields an expression for λc:

λc = nx(Sc+)− nx(Sc−). (B.9)

That is, self-contact leads to a jump in resultant horizontal force about the self-

contact point, Sc. Finally, an additional condition at the self-contact point is ob-

tained:

x′(Sc) = 0. (B.10)

Substituting (B.10) into the geometric balance (2.9) implies that θ = ±π/2. As we

primarily consider downward invaginations, we obtain the condition

θ(Sc) = π

2 . (B.11)
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B.2 Self-contact along a region

Once the rod has undergone self-contact at a point, we expect that after further

growth, the rod will transition from self-contact an isolated point to self-contact

along a region of non-zero length. We denote the self-contact region endpoints by

S(1)
c and S(2)

c , which are defined such that x(S0) = x0 ∀S0 ∈ [S(1)
c , S(2)

c ]. Imposing

this point-wise condition leads to a extension of the original energy defined in

Equation (B.1). The total energy E is now defined as:

E =
∫ 1

2

0
Utotalγ + λc(S0)

2 (x− x0)
[
H(S0 − S(1)

c ) + H(S(2)
c − S0)

]
dS0. (B.12)

The third term on the right-hand side of (B.12) imposes that self-contact holds along

the region [S(1)
c , S(2)

c ], where λc(S0) is now a point-wise Lagrange multiplier and H(S0)

is the Heaviside step function. Minimising the first variation of E , defined now by

δE = d

dε
E [x+ εx̄, y + εȳ, θ + εθ̄, α + εᾱ, S(1)

c + εS̄(1)
c , S(2)

c + εS̄(2)
c ]
∣∣∣∣∣
ε=0

, (B.13)

yields the familiar vertical force and moment balance equations, (2.10)–(2.11).

However, the horizontal geometric and force balances are now given by:

x′ = cos θ = 0, (B.14)

n′x = k(x− S0) + λc
2
[
H(S0 − S(1)

c ) + H(S(2)
c − S0)

]
. (B.15)

Now λc acts as a force distribution that imposes pointwise self-contact over the

region [S(1)
c , S(2)

c ], which is determined by the following conditions. First, integrating

Equation (B.15) about S0 = S(1)
c yields the first boundary condition:

λc(S(1)
c ) = 2

[
nx(S(1)

c +)− nx(S(1)
c −)

]
. (B.16)

Next, integrating Equation (B.15) about S0 = S(2)
c yields:

λc(S(2)
c ) = 2

[
nx(S(2)

c +)− nx(S(2)
c −)

]
, (B.17)

where nx(S(2)
c −) is determined by integration over the self-contact region:

nx(S(2)
c −) = nx(S(1)

c +) +
∫ S

(2)
c −

S
(1)
c +

k(x− S0) + λ(S0)dS0. (B.18)
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Additionally, note that Equation (B.14) implies the following conditions:

θ(S0) = π

2 =⇒ θ′(S0) = 0, ∀ S0 ∈ [S(1)
c , S(2)

c ]. (B.19)

Finally, we also obtain the two self-contact conditions for x(S0):

x(S(1)
c ) = x0, x(S(2)

c ) = x0. (B.20)

B.3 Enforcing constant self-encapsulated area

We now discuss how the system (3.4)–(3.8) are altered if we impose that area

enclosed by self-contact is fixed. By Green’s theorem, this constraint is given by:

A =
∫ 1

2

Sc
xy′dS0 =

∫ 1
2

0
xy′H(S0 − Sc)dS0 = A0, (B.21)

where A0 > 0 is constant. Note that for self-contact along a region, we would

replace Sc by S(2)
c . For self-contact at a single point, we modify (B.1) to include

the constraint (B.21) as such:

E =
∫ 1

2

0
UtotalγdS0 + λc(x(Sc)− x0) + λA

∫ 1
2

Sc
xy′dS0. (B.22)

For self-contact along the region [S(1)
c , S(2)

c ], we have:

E =
∫ 1

2

0
UtotalγdS0 +

∫ S
(2)
c

S
(1)
c

λc(S0)(x− x0)dS0 + λA

∫ 1
2

S
(2)
c

xy′dS0. (B.23)

In both cases, λA is a Lagrange multiplier. Minimising the total variation of the

functionals (B.22) and (B.23) yields the altered force balance equations:

n′x = k(x− S0) + λAy
′H(S0 − Sc), (B.24)

n′y = ky − λAx′H(S0 − Sc), (B.25)

while for self-contact along a region, Sc is simply replaced with S(2)
c . These equations

show the constant self-contact area is maintained by a normal force, modulated by

the Lagrange multiplier λA, which is analogous to a hydrostatic pressure.
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C
Homeostasis for a 2D morphology

We derive the resulting equations that describe homeostasis along a 2D morphology.

In principle, this is the same as case for a 1D morphology, but we now must

specify the homeostatic shape through the tangent angle, θ. Following notation in

Chapter 4, we denote Lagrangian variables by f(S0, t) and Eulerian variables by

f̂(s, t) := f(S0(s, t), t). The 1D homeostasis is extended accordingly:

γ̇

γ
= G := g(s), θ̂ = θ̂(s). (C.1)

That is, homeostasis in 2D is defined as the incremental growth γ̇γ−1 and the

tangent angle θ (which defines the rod shape) being fixed with respect to the

current arc length s and independent of time, where g(s) is the homeostatic

incremental growth profile.

In the Eulerian frame, the full set of 2D linear and angular momentum balance
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equations is given by:

∂Ŝ0

∂s
= 1
α̂γ̂

, (C.2)

∂x̂

∂s
= cos θ̂, (C.3)

∂ŷ

∂s
= sin θ̂, (C.4)

∂n̂x
∂s

= k(x̂− p̂x),
∂p̂x
∂t

= ρ(x̂− p̂x) + v̂
∂p̂x
∂s

, (C.5)
∂n̂y
∂s

= k(ŷ − p̂y),
∂p̂y
∂t

= ρ(ŷ − p̂y) + v̂
∂p̂y
∂s

, (C.6)

∂θ̂

∂s
= E−1

b m̂, (C.7)
∂m̂

∂s
= n̂x sin θ̂ − n̂y cos θ̂, (C.8)

where v̂(s, t) is the flow velocity that arises from mapping Lagrangian variables

to the Eulerian configuration,

v̂ = α̂γ̂
∂Ŝ0

∂t
, (C.9)

and α̂(s, t) is the Eulerian elastic stretch, defined by the (nondimensional) con-

stitutive relation,

α̂ = 1 + n̂3, where n̂3 = n̂x cos θ̂ + n̂y sin θ̂, (C.10)

and γ̂(s, t) is the Eulerian growth stretch which evolves according to Equation (4.44):

γ̂t = g(s)γ + v̂γ̂s. (C.11)

The Equations (C.2)–(C.8) are solved subject to the clamped boundary condi-

tions:

Ŝ0(0) = 0, Ŝ0(l) = Lµ, x̂(0) = 0, x̂(l) = 1, ŷ(0) = ŷ(l) = 0, (C.12)

where l =
∫ Lµ

0 αγdS0 is the total rod length.

We recall from Equation (4.47) that in the Eulerian configuration, the initial

arc length Ŝ0(s, t) must satisfy the following compatibility condition:

∂2Ŝ0

∂s∂t
= ∂2Ŝ0

∂t∂s
⇐⇒ ∂

∂s

(
v̂

α̂γ̂

)
= ∂

∂t

(
1
α̂γ̂

)
. (C.13)
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We now proceed in the same manner as Chapter 4, where we make a number of

simplifying assumptions based on the homeostasis definition (C.1). First, observe

that if θ = θ(s), then we can define the equivalent Eulerian tangent angle by

θ̂ = θ̂(s). Therefore, the homeostatic morphology, (x̂(s), ŷ(s)), can be obtained

straightforwardly:

θ̂ = θ̂(s) ⇐⇒ x̂(s) =
∫ s

0
cos θ̂(s′)ds′, ŷ(s) =

∫ s

0
sin θ̂(s′)ds′. (C.14)

Furthermore, by Equation (C.7), the bending moment m̂ = m̂(s).

Now, if G = G(W (s), n̂3), then n̂3 is independent of time:

G(W (s), n̂3) = g(s) ⇐⇒ n̂3 = n̂3(s). (C.15)

As θ̂ = θ̂(s), then by definition of the axial stress, n̂3, the individual force components,

n̂x and n̂y, are also independent of time:

n̂3 = n̂3(s), θ̂ = θ̂(s), =⇒ n̂x = n̂x(s), n̂y = n̂y(s). (C.16)

By the constitutive relation (C.10), the Eulerian elastic stretch α̂ is also inde-

pendent of time:

α̂(s) = 1 + n̂3(s). (C.17)

If n̂x = n̂x(s) and n̂y = n̂y(s), then by Equations (C.5)–(C.6), in turn, implies

that p̂x = p̂x(s) and p̂y = p̂y(s). Accordingly, the time derivatives, ∂p̂x/∂t and

∂p̂y/∂t, vanish. This leads to two equivalent expressions for the flow velocity v̂,

which is also a function of s only:

v̂(s) = −ρ(x̂− p̂x)
∂p̂x
∂s

= −ρ(ŷ − p̂y)
∂p̂y
∂s

. (C.18)
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Hence, the homeostatic system of equations in 2D is given by:

dn̂x
ds

= k(x̂− p̂x), (C.19)
dn̂y
ds

= k(ŷ − p̂y), (C.20)

dp̂x
ds

= −ρ(x̂− p̂x)
v̂

, (C.21)

dp̂y
ds

= −ρ(ŷ − p̂y)
v̂

, (C.22)

dv̂

ds
=

(
k(x̂− p̂x) cos θ̂ + k(ŷ − p̂y) sin θ̂ + θ̂s(−n̂x sin θ̂ + n̂y cos θ̂

)
v̂

Es + n̂x cos θ̂ + n̂y sin θ̂
− g(s; n̂3), (C.23)

subject to the boundary conditions

p̂x(0) = 0, p̂y(0) = ŷ(0), v̂(0) = 0. (C.24)

The sloughing boundary Lµ(t) is finally determined by integrating Equation (C.2)

over s ∈ [0, 1]:

Lµ(t) =
∫ 1

0

1
α̂(s)γ̂(s, t)ds, (C.25)

where γ̂(s, t) evolves in homeostasis according to Equation (4.62):

γ̂t = g(s; n̂3)γ̂ + v̂(s)γ̂s. (C.26)
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