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Abstract

Lap simulation in a Formula One context is a subclass of optimal control
problems and describes the computation of optimal trajectories around
racing circuits. The results of lap simulation are primarily used for ve-
hicle setup and strategic racing decisions. The optimal lap problem is
solved using two classes of algorithms. The first algorithm uses direct col-
location to compute optimal trajectories and the second algorithm uses
specially constructed reinforcement learning environments and generalised
function approximation to compute desirable system inputs. Historically
direct collocation methods were considered impractical for minimum lap
time simulations, due to their high computational costs. The exponential
increase in computational performance has enabled the practical applica-

tion of these algorithms.

These lap time simulations require a vehicle model, as well as a track
discretisation. As an example for this, the classical bicycle model along
with a curvilinear track model are introduced. To solve the resulting
direct collocation problems, algorithms for non-linear optimisation prob-
lems are presented and performance critical aspects are discussed. The
optimisation algorithm is accelerated by utilising highly parallel computer
architectures, such as graphics processing units (GPUs). An analytical
gradient approximation is presented to achieve approximations of projec-
tion systems which constitute one most performance critical components
of the solution process. Mesh refinement algorithms are discussed and a
novel mesh refinement heuristic based on optimal polynomial approxima-
tion in an L' sense is discussed. The L! approximation is improved by
detecting singularities and using Clenshaw—Curtis quadrature on inter-

mediary intervals.

In Chapter {4 of this work, the lap time optimisation problem is refor-

mulated as a reinforcement learning environments. For this, the relevant



background literature on reinforcement learning is discussed and a trans-
lation of a training optimisation environment is constructed. Details of
this environment are discussed in the form of reward signals, terminal
conditions, and observation features. A series of learning models is dis-
cussed with increasing feature fidelity leading to an algorithm that can
generalise well across representations of circuits from the 2022 Formula
One calendar. This work expands on the current literature by providing
novel, physically motivated, reinforcement learning environments for lap
time optimisation tasks. The results of both approaches are combined by
using strategy extraction to initialise the collocation optimisation algo-

rithm and optimise the underlying mesh.
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Chapter 1

Introduction

HE industrial revolution and the development of digital computers have expo-
T nentially increased the number of systems we can interact with. Each time we
interact with a system, that one can influence, we seek optimal inputs to achieve a
goal state with the lowest cost, or in the shortest possible time. The rigorous formu-
lation of controllable systems and the development of theory to describe, as well as
algorithms to compute, these optimal inputs is known as Optimal Control Theory. In
this Thesis we are interested optimal control for road vehicles, including the natural
extension to autonomous racing. Figure shows a broad categorisation of prior

work in the domains of vehicle control and autonomous racing.



Classical optimal control methods

Indirect control

methods Direct control methods

Machine learning based control methods

Supervised learning Reinforcement learning

Figure 1.1: Optimal control methods categorisation
1.1 Optimal control for road vehicles

Optimal control for road vehicles dates back as far as the 1950s. In [82] simplified
heuristic arguments were employed to estimate maximum cornering speeds based on
vehicle parameters, such as body shape. From these cornering speeds an optimised
trajectory, including regions for acceleration or breaking were estimated. By the early
1960s, it was common to use multiple shooting and gradient descent methods to solve
trajectory optimisation problems in aerospace problems [17]. In motor-racing the
objective is to complete a given set of manoeuvres, or racing laps, in the minimum
possible time. This is commonly referred to as lap time optimisation. From a calculus
of variations standpoint, it is natural to solve such a lap time optimisation problem
by considering the necessary first order optimality conditions. We then solve these
optimality conditions in the from of a two-point-boundary-value problem (TPBVP).
This is the approach taken in [28]. In [§] an indirect method for solving optimal
control problems using large multi-body systems is used. Later in the line of research
on indirect optimal control methods for lap time simulation [92] uses an indirect
method to compute minimum cornering times for single track vehicles performing a
U-turn manoeuvre. Here a series of non-linear Pacejka-type tyre models [69, [68] are

used for varying road surfaces. In addition to varying the tyre model, the authors



of [92] considered the effects of using different transmission layouts on the minimum
cornering time.

The complexity of vehicle models, and tyre models has increased over the years.
In 1969 the paper [32] introduced a velocity independent, physical based tyre model,
which described the tyre forces using two constants for longitudinal and lateral stiff-
ness. In 1987, Pacejka [68] introduced the semi-empirical magic formula model mo-
tivated by the models ability to fit experimental data. Later in 1995 [20] introduced
the more complex LuGre model, able to capture the non-linear dependence of friction
on sliding speed, known as the Stribeck effect [3]. This increase in model complexity
made the adjoint equations, required for indirect optimal control methods more and
more difficult to obtain. Consequently the use of direct optimal control methods for
lap time optimisation increased.

We find literature using direct optimal control methods for time optimal vehicle
control dating as far back as 1996 [42]. In this paper, the authors considered a lane
change manoeuvre, subject to the Pacejka magic formula tyre model and used a direct
multiple shooting-type optimal control method combined with a gradient descent
optimiser. In the thesis [22] the author also used a direct multiple shooting method
to compute optimal vehicle trajectories. The author uses the direct multiple shooting
method to strike a balance between the instabilities and complexities associated with
indirect methods and the increased non-linear optimisation problem size associated
with direct optimal control methods. As noted in [I5] the work presented in [22] was
the first instance of full lap time optimisation performed using direct optimal control
methods.

A key disadvantage of direct optimal control methods is the required computation
time. Solving a full lap optimal trajectory for a simplified four wheeled vehicle model
on the Barcelona track required up to 60 hours of computation time on a SunSpark

workstation using the method presented in [22]. Later in [54] the authors were able to
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Figure 1.2: Barcelona Grand Prix race circuit 2004-2006 [77].

compute an optimal trajectory for the Jerez circuit using 10m meter control spacing
in 8 hours of computation time on a 2.4GHz processor.

These long computation times required by direct optimal control methods inspired
the development of faster alternatives. One approach to reduce the required compu-
tation time was to supply a racing line. This allowed the optimiser to only solve for
the driver inputs which follow the given racing line in the shortest amount of time.
This method has recently enabled real time control of model racing cars in at-limit
handling situations [66, [80], 511, |67, 94].

In [15], the authors also introduced a quasi-steady-state method for computing
optimal trajectories. The foundational assumption of quasi-steady-state methods is
that transient behaviours of vehicles that accelerate, break, and corner smoothly can
be well approximated by joining together a series of equilibrium, or steady-state,
manoeuvres. The multiple shooting methods presented in [22] computed a 80.714s
trajectory for the Barcelona race track. Compared to these results the quasi-steady-
state method presented in [15] computed a 82.904s long trajectory, resulting in a
significant difference of 2.19s.

In later works, direct collocation methods were successfully used for optimal lap
time computations. The authors of [75] computed a trajectory which finishes the
Barcelona race track in 82.43 seconds. The algorithm required ~ 1588 seconds to

compute this trajectory at 1m node spacingﬂ

!The authors of [75] present the formula txpp ~ 0.005 (4655/As)3/ 2 for the time required to



1.2 Machine learning-based methods

In recent years, we have seen the wide ranging success in the application of neural
networks to challenging problems. This includes vehicle control problems such as
autonomous driving and racing. The most popular machine learning approaches for
vehicle control are imitation learning and reinforcement learning.

Imitation learning methods, instead of computing the optimal trajectory as part
of the solution, aim to follow a given trajectory. This trajectory is often given by
recorded data from an expert human or algorithmic demonstrator. One of the earliest
examples for vehicle control using neural networks is the so called Autonomous Land
Vehicle in a Neural Network (ALVINN) [78]. The network used in [78] is relatively
small at one hidden layer of 29 nodes and 45 road curvature output nodes. The layers
in this network are fully connected. The authors report that ALVINN was able to
predict the correct road curvature in about 90% of the cases. In [I4] the authors
trained a convolutional neural network for road following. Recently we have also seen
successes in the application of imitation learning to off road driving [72]. A natural
upper bound on the quality of imitation learning approaches is given by the expert
trajectories. In addition to this quality bound, the finite amount of training data can
also be a limiting.

An alternative to imitation learning, which does not suffer from the described
limitations is reinforcement learning. In reinforcement learning the expert trajectory
is replaced by an environment and a reward function. These let an agent perform
actions and measure their immediate desirability. Training data for reinforcement
learning algorithms is generated during the training process. Recent advances in
reinforcement learning for vehicle control include an autonomous drifting system [19],

and the creation of a super human driving algorithm for the video game Gran Turismo

optimise non-linear programs using IPOPT. We evaluate this to ~ 1588 seconds of compute time
for As =1m



Sport [36]. What sets reinforcement learning apart from imitation learning methods
is the high performance achieved in extreme driving scenarios, such as [19] or beating
records of expert human drivers [36].

We will expand on this by considering the interaction of reinforcement learning
environments with the underlying optimal control problem. In particular, we will use
the trajectory generated by reinforcement learning agents to increase the performance
of a classical collocation based optimal control solver. In almost all reinforcement
learning applications, only a single environment is considered for each problem. As
we will demonstrate, lap time simulation offers the opportunity to learn from different
state representations. We will introduce a simple base line environment, which only
uses vehicle states present in the corresponding optimal control problem. The training
results on the base line environment are later compared to performance achieved on
state representations similar to the distance measurements from [36] or the image
based observations from [78§].

Our overarching goal will be to develop fast and reliable direct collocation based
algorithms for lap time minimisation problems. For this, we introduce the classical
bicycle model, following the description in [61], in Chapter 2] For a full model we
incorporate the track model from [75]. Following the model construction we discuss
direct collocation procedures in Chapter [3|and present initial numerical results for the
lap time optimisation problem. We also present a mesh refinement heuristic, based
on L' error estimates, in Section . Chapter |2[ and [3| present the first part of this
work. In addition to the classical direct collocation methods of Chapter [2| and |3, we
also present reinforcement learning based methods in Chapter i We conclude with
a discussion of the current results achieved by using reinforcement learning based

initialisations for direct collocation problems in Section |4.5|



1.3 Introduction to optimal control methods

The objective of optimal control is to minimise a given cost functional, for a system,
that accepts inputs, from a controller. Increasing automation, and digitisation of
interactive systems has enabled new opportunities to increase process efficiency using
optimal control methods. In recent history we have seen an acceleration of this trend
by the application of machine leaning methods, and reinforcement learning methods
in particular. In this Section, we introduce the foundational theory necessary to solve
optimal control problems.

A non-trivial part of any control problem is to mathematically model the process
at hand. Many processes can be expressed in the form of controlled ordinary differen-
tial equations. In controlled differential equations, we consider two types of variables,

the states

x(t) = (x1(t), x2(t), ..., x,(t)), (1.3.1)

and the controls

u(t) = (ur(t),uz(t), ..., um(t)). (1.3.2)

The state variables, as the name suggests, describe our model of the current system
state, and the control variables act as inputs the dynamics that can influence the

development of the states. We write these dynamics in the form

2y (t) = fix(t), u(t), 1),

25(t) = fa(x(t), u(t), 1),
(1.3.3)

7, (t) = fu(x(t), u(t), 1)



for which we will use the vectorised notation

xX'(t) = £ (x(t), u(t)). (1.3.4)

In most applications, there are natural bounds on our states and controls. This can
include physical limits, which constrain the range of feasible inputs or constraints on
the states by which we define a set of desirable behaviours for our system. In the
context of optimising vehicle trajectories we find that it is natural to have bounded
controls in the form of an acceleration or breaking force, as well as a steering input. We
know that bounds on the on acceleration and breaking force depend on specific engine,
differential and transmission properties, as well as tyre-road friction coefficient. The
steering setup determines bounds on the steering angle input. We are thus particularly

interested in problem formulations with bounded controls

uz(t) c [ui,lowera ui,upper] Vi = 1, oo, m. (135)

We are now interested in functions that we may integrate against and that satisfy the
bound condition ([1.3.5)) at every point. This leads us to the definition of an admissible

control history.

Definition 1.3.1 (Admissible control). Let u : [to,tf] — R™ be measurable with
respect to the Lebesque sigma algebra [91, p.17, p.51-p.57], such that each component
of u satisfies the bound condition (1.3.5)). We then callu an admissible control history.

We denote the set of admissible control histories by

U = {u|u is measurable and u;(t) € [Wi ower, Wi upper] Vi,1}. (1.3.6)

Similarly to bounded controls, we constrain the set of desirable states, and call a



state x € R"™ with ¢(x) > 0 feasible. The set of all feasible states is thus
X ={X € R"|¢(x) >0} .

The overall task is to find an admissible control u*, which minimises a certain cost

functional

L(u) = /tf r(x(t),u(t), 1) dt + g(x(to), x(t;)) . (1.3.7)

0

Lagrange term Mayer term

From a mathematical perspective in optimal control, the fundamental questions we

seek to answer are:

e Does an optimal control exist?
e How can we characterise an optimal control?

e How can we compute an optimal control?

In the following, we will discuss the general concept of controllability and the emer-

gence of so called bang-bang controls for linear time-optimal controls.

1.3.1 Controllability

When we discuss the controllability of an ODE we try to answer whether we can
find an admissible control u(-) which steers the state trajectory x(-) from an initial
state xo towards a desired final state x¢. The state trajectory follows the controlled

dynamics function f, such that we seek,

x'(t) = £ (x(t),u(t),?), (1.3.8)
x(tg) = x0, x(t5) =xy (1.3.9)
x(t) e X,ueld Ve (to,ty). (1.3.10)



We define the reachable set at time t C(t) to be the set of initial points from which

the origin is reachable at time ¢, i.e.
C(t) := {x0 € X| 3 u € U such that x(t) =0}. (1.3.11)

Consequently, we define the general reachable set C as the union of all reachable sets

at times t > 0,

C=JCo®). (1.3.12)

t>0

To introduce time-optimal control problems we consider a simplified linear example

dynamic
x'(t) = Mx(t) + Nu(t), x(0) = Xjnie, N € R™™ M € R™ ™, (1.3.13)

Given a starting point X;,;; we want to find the control function u(-) which steers the
state trajectory towards the origin in the minimal time. For this, we define the time

of the first arrival at the origin
T(u) :=inf {t > 0|x(t) =0, x(0) = Xinit } -
For the minimal time problem, our objective function is
T(u)
L(u) = / 1 dt. (1.3.14)
0

Our goal is now to establish the existence of an optimal control function for the time
minimisation problem. For this, we follow [49, ch. 2] and discuss the structure of the
reachable set for linear control problems. With this structure we will then establish

the existence of time-optimal controls for the linear problem (|1.3.13)).
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Theorem 1.3.2 (Structure of the controllable set C'). Let C' be the reachable set of
the controlled system (1.3.13|) and let A C R™ be a convex set which contains the

origin in its interior 0 € A°. Further let the set of admissible controls be
U={u:[0,t] - Alu is measurable, t > 0},
then the set of reachable states, C, is convex. We define the controllability matrix
G =[N, MN,M?N,...,M"'N| € R,
It holds that
0 € C° & rank(G) = n. (1.3.15)

Proof. We first establish the convexity of C. Let x(,x® € C and let u®,u® e i

be the corresponding controls. We use the fundamental solution matrix function
X(t) = etM = Z TMl
1!
Using the method of varying parameters we find the explicit solution of Equation (|1.3.13))

xO(t) = X (0x + X (1) | "X (=) Nu®(s) ds. (1.3.16)

As x' € C(t;) for some t; > 0 we find that

0= X(t;)x9 + X(t;) / " x (—s)Nu'(s) ds

0

. ti .
o x¥ = —/ X(—s)Nu'(s) ds.
0
Assume that t, > t;. Should t; > t,, then swap x(!) and x®. To show convexity we
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choose A € [0, 1] and show that
x=XxxW+1-NxPeC
by considering the convex combination of controls

Al (t) + (1 - Nu® () fort <minty,t+2,

u(t) =4 (1 - \u®(@) for ¢ € (t1, 1),

0 for t > ts.

As both u™, u® are measurable and take values in A, we follow that @ € U is

admissible. By Equation (|1.3.16f), we find that

t1
x = —/ X (—s)Nu'V ds, (1.3.17)
0

¢
x® = — / ’ X (—s)Nu® ds. (1.3.18)
0

so that

x4+ (1= 1x® = —)\/Otl X (—s)NuV(s)ds
(1= /;2 X (—s)Nu® (s) ds

_ /Otg X (—s)Ni(s)ds

and we conclude that X € C. As A\, x( x® were arbitrary it follows that C'is convex.
We now use the convexity to establish that rank(G) =n < 0 € C°(0).

Clearly rank(G) < n, assume rank(G) < n, then there exists a b € R™ \ {0} such
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that TG = 0 and thus

VG =b" [N, MN, M2N, ... ,M’HN}
= [bTN, bV'MN, ... ,bTM’HN}

= 0.

In fact, we claim that " M¥N = 0 Vk € INs. To show 6T M"N = 0 we appeal to

the Cayley—Hamilton theorem [35] and find that the characteristic polynomial

n—1
p(A) = det(AI — M) = X"+ > BpAF,
k=0
satisfies
n—1
p(M)=M"+>" M =0.
k=0

From this, we conclude
T = o Tk
b"M"™ =—% [Brpb" M*"N = 0.

We show b" M¥N = 0 for k > n by induction. Assume that b" M'N = 0 for some

k> mn and all [ < k. It follows that

bTMk+l — 77»2—1: B@ bTMk—n-H-‘rlN —=0.
~————
=0 =0

Now let x;,;; € C be an arbitrary reachable point and let u : [0,t] — A be the
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corresponding control function. We find that

t
b Xinie = —/ bTX(—s)Nu(s) ds

Z bTM’fN u(s) ds.
0 \—v—/
k=0 -0

As xp; € C' was arbitrary we find span(b) is a supporting hyperplane to C' and thus
C'Lspan(b) which implies C° = ().

For the contrary argument, we assume that 0 ¢ C°. As C' is convex, we can find
a supporting hyperplane H to C' which goes through 0. Thus 3 b € R\ {0} with
b'z >0 Vx € C. Let x € C be arbitrary and u € U be the corresponding control

function. Let u: [0,¢] — R be arbitrary and let x be an arbitrary point of the
t
0<bw= —/ b" X (—s)Nu(s)ds.
0

Assume that the set Q = {s € [0,t]| bTX(—s)Nu(s)} has non-zero measure. As

0 € A° we can choose € > 0 sufficiently small, such that

—eu(s) ,s€Q
ua= , and uelU.
0 , otherwise
With the control u we find that the point
%= / s)ds € C, (1.3.19)

is reachable. However b?x > 0, which contradicts that |Q| > 0 and hence

b" X(—s)Nu(s) =0 for a.e. s € [0,1].
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With e; > 0 sufficiently small we find that

t
ng/ X(—s)Nege; ds
0

is reachable for all i = 1,...,m and thus by the previous argument b7 X (—s)Ne; =

0 Vi=1,...,m. Hence

0=0"X(—s)N =b"e*MN vs>o0.

By differentiating, we find

k
_ T —sM _ \k1T 7 sk
Ofd8k<be N) s:oi( 1)k 6" M* N,
= b'G =0.

As b # 0 it follows that G does not have full rank.

]

We now use Theorem to show the existence of a time-optimal control func-

tion.

Theorem 1.3.3 (Existence of time-optimal control). Let X, € C' be an initial point

for the controlled system (1.3.13). Further let A C R™ be a compact and convez set

with 0 € A°. If

U={u:[0,t] > Al t >0, u measurable} ,

then there exists a time-optimal control function u* in the sense that

T (u*) =inf{T(u)luelU}.
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Proof. By Theorem [1.3.2] we establish 0 € C°. The optimal achievable time is
7" = inf {t| xjniy € C(1)}.
As Xy € C' ' we can find at > 0 and a u: [0,¢] — A, such that
t
Xinit = —/ X (—s)Nu(s) ds.
0
We first establish that x;.; € C (f) for all £ > t. Given { > t, we extend u by letting

u(s) fors<t
u(s) = 7

0 for s >t
and thus

Xinit = — /;X(—S)Na(s) ds € C(%)

This implies C(t) C C(f) Vt > t. We now choose a sequence t; > t, > ... with
t, \¢ 7*. For each t,, we find a control u, : [0,t¢,] — A and, after extending by 0 to
[0,t1], we use the weak-* compactness of L, established by Alaoglu’s Theorem [60],

to select a subsequence ¢,, ~\, 7" such that
u,, —u*el.
We find that u* is optimal and that further

Ltl u(s) - v(s)ds + /:: w,, (s) - v(s)ds =0,

*

for all v € L'(0,¢;) and n € IN>1 sufficiently large. Thus u*(s) = 0 Vs > 7*.
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Therefore

*

Xinit = — /Ot1 X(—=s)Nu*(s)ds = — /OT X(—=s)Nu*(s) ds,

so that x;,;, € C(7*) is attained using the control u*.
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Chapter 2

Vehicle and Track model

Our overarching goal is to find optimal driver inputs to navigate a vehicle around a
racetrack in the shortest possible time. Two fundamental components in this proce-
dure, regardless of using direct or indirect optimisation methods, are the vehicle and
track model. In this section, we follow [61] and introduce a classical vehicle model,
known as the Bicycle model. In addition to this classical vehicle model, we introduce
a track model from [75]. Historically, the development of vehicle modelled occurred
relatively late, compared to aircraft models. The first full force model for vehicles

was developed by Maurice Olley, who was then an engineer at Rolls Royce.

2.1 Bicycle model

As the name bicycle model suggests, a four wheeled vehicle is approximated by a
two wheeled one. For this approximation, forces occurring at the front and rear axle
wheels are lumped together. Lumping the axes together implies that we are no longer
able to model lateral roll transfers and roll motions. We ignore both of these effects
and make a series of further simplifying assumptions.

The simplifying assumptions, as outlined by [61], are:
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(1)

(6)

No lateral load transfer. By lumping the front and rear axes of four wheeled two
track vehicles together, we can no longer model lateral load transfers. Such a
load transfer occurs naturally during cornering or driving on an angled surface.
For example, in cornering, more of the vehicles weight will rest on the outside
set of wheels as a result of tyre and centripetal forces, thus generating a load

transfer along the lateral axis.

No longitudinal load transfer. Similar to lateral load transfer, the bicycle model
also neglects longitudinal load transfer effects, such as during acceleration or

breaking.

No pitch or roll motions. We normally describe an objects location and rotation
in space with six degrees of freedom, consisting of location and rotation for each
of respective to the three special dimensions. Roll and pitch describe a vehicle’s
rotation relative to the longitudinal and lateral vehicle axis. Similar to how
lateral and longitudinal load transfer effects are neglected, we further neglect

rotation around these axles.

Lateral tyre forces depend linearly on slip angles. Tyres generate lateral, i.e.
cornering forces due to the deformation of their contact patch with the road
surface that occurs during cornering. We introduce the concept of slip angles
later in this section and expand on this assumption to account for larger slip
angles. The slip angle is the angle between the direction a tyre is pointing in

and travelling in. A visualisation can be seen in Figure |2.1]

No aerodynamic effects. Aerodynamic effect, while highly relevant in motor
racing. In fact, a Formula One car can generate up to five times its own gravi-

tational force in aerodynamic down force[53].

Position control. Position control is known as that mode of vehicle operation,
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where the steering input is known as a displacement input rather than an applied
force. In non-electronic steering systems the driver will sense both displacement
and force input in varying proportions. The invention of electronic and power
assisted steering systems make this assumption more realistic. These two modes

are called position control (or fixed) and force control (or free)[61].

(7) No chassis or suspension compliance effects. Lastly, we neglect the influence of

chassis deformation, or compliance effects.

We assume further that the vehicle drives on an even and smooth road surface. Fig-
ure [2.1| shows a bicycle, rotated at an angle i relative to the global reference frame,
additionally the front wheel is rotated at a steering angle ¢ relative to the vehicle
chassis. During cornering, the contact patch between wheel and road is deformed.
This deformation exerts a lateral force proportional to the tyre stiffness [69, 21]. The
magnitude of this deformation depends on the angular difference between the di-
rection in which the tyre is pointing and the direction in which is travelling. This
angular difference is called slip angle. The slip angles ar and ag for the front and

real axis respectively can also be seen in Figure 2.1} The state of the vehicle can thus

Figure 2.1: Planar view of a vehicle as described in the bicycle model

be described using the three state variables
 x(t) the horizontal position of the vehicles centre of gravity C(t).

 y(t) the vertical position of the vehicles centre of gravity.
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 (t) the angular position of the vehicle as it rotates around the z axis.
o v,(t) the longitudinal velocity in a vehicle aligned coordinate system.
 v,(t) the lateral velocity in a vehicle aligned coordinate system.

e w(t) the angular velocity or yaw rate.

In order to create a first order model, we also introduce the first derivatives of the

above state variables into our model, resulting in the state vector

y(t) = (:L'(t), y(t), ¥, va(t), vy(t), w(t))T . (2.1.1)

2.2 Bicycle model equations of motion

In the previous section we have introduced the bicycle vehicle model and discussed the
physical assumptions and simplifications which this model includes. In this section,
we expand on this by deriving the equations of motions for a vehicle within the bicycle
model setting. During this process we put particular consideration onto the rotating
frame of reference. The rotation of the vehicle implies that velocities at the front
wheel, rear wheel, and the centre of gravity will differ from each other. We denote
the distance from the front wheel to centre point to the vehicle centre of gravity by
a, and the distance from the rear wheel to centre of gravity by b. With this, we can

write the front wheel location F'(t) and rear wheel location R(t) as

Pty = c() +a | 00 (2.2.1)
sin(¢(t))

Rty = oty — b | P (2.2.2)
sin(¢)(t))
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where C(t) is the centre of gravity location. We let C'(t) = (v%, vg) be the velocities

at the centre of mass in a global reference frame. Taking first time derivatives in

equations ([2.2.1) and (2.2.2)) gives

Py = +ap | ) (2.2.3)
cos(¥(t))

R = ') — by | )| (2.2.4)
cos((t))

Tyre forces are generated primarily due to a contact patch deformation which occurs
as the wheel orientation differs from a wheels travel direction. The authors of [61]
p.18-19] provide an insightful interpretation of slip angles. The presence of slip angles
does not mean that the wheel is sliding, apart from the trailing edge of a wheels
contact path, where sliding occurs. At high slip angles, the tyre will be deformed
further, resulting in a larger sliding portion of the road-tyre contact patch. The
ability for a tyre to travel outside its plane, without significant slippage, results from
the lateral contact patch deformation and the motion of the contact patch due to the
wheels rotation. In [61], p.18-19], we find the interpretation of walking at an angle to
ones heading direction by successively offsetting one foot after the other in a lateral
direction. Figure shows a visualisation of this process. We may consider a tyres

RN

Figure 2.2: Walking analogy to tyre slip angles from [61], p.19].

behaviour to be the continuous case of this lateral walking as the number of feet
approaches infinity:.

We now consider the slip angles at the rear wheel, for which we let H,, be the
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heading direction of the rear wheel and P, be the direction it is pointing in. From

Equation (2.2.4)), we obtain

do - [ 5 OS] 025)

o — by (1) cos( (1))

We assume that the rear wheel is aligned with the vehicle orientation, so that

put) = | <O (2.2.6)

sin(1(t))
With Equations (2.2.5) and (2.2.6)) we can compute the rear wheel slip angle as

(Hrw, Prw)

cos(one) = T T

(2.2.7)

We observe that both H,, and P,, are naturally aligned with the vehicle reference
frame, so that we may simplify (2.2.7) by considering both H,,, and P,, in a vehicle

aligned reference frame. For this we use the rotation matrix

cos(¢))  —sin(y)

R(1) = |
sin(¢y))  cos(v)
so that we find
c08(Ctper) = (R(—t) Hyw, R(—0) Pry)
IIi(m—w)Her .

Vo2 + (v, — b2

From Equation ([2.2.8]) we see that we may compute the rear wheel slip angle by using

—
Oy = arctan (Uy id ) . (2.2.9)

Vg

For the rear wheel slip angle we proceed analogous to the rear wheel slip angle. The
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front axis of our vehicle is steered, we thus denote the steering angle by 6. We can

see the front wheel slip angle in Figure [2.3]

Figure 2.3: Front wheel slip angle

We may use the fact that the front wheel slip angle is the angular difference
between a slip angle in the case of no steering ag ¢ and the steering angle ¢. In the
case of no steering, the front and rear wheels are both aligned with the vehicle frame,

and by Equation ([2.2.3)), the direction in which the front wheel travels is

N CRCECON ] a0

05 (t) + ay'(t) cos(i(t))
We conclude that

cos(a = (R() Hiw, R(¢) Br) _ Uy
(crw,0) [R(¢) He | JZ T oyt v (2.2.11)

Similarly to the rear wheel case, we simplify Equation (2.2.11)) to obtain

/
Qpy0 = arctan <vy+a¢> :
Vg
/ (2.2.12)
vy + ay
Qfy = Opyyp — 0 = arctan o 0.

Understanding the interaction between road and tyre is crucial to understanding and
modelling the motion of any road vehicle. In the following section, we expand on this

by introducing tyre models in both low and high slip-angle paradigms.
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2.2.1 Tyre modelling

Forces and moments acting on tyres greatly impact the vehicle dynamics. In this
section, we discuss mathematical models to describe these tyre forces. As the vehicle
tyres as not perfectly rigid, they deform due to vertical load forces. The deformation
results in a footprint of non-zero area, which we call the contact patch. This defor-
mation results in a reduction of the tyres radius. In the following we will denote the
resulting effective tyre radius by r.g. Figure shows, the difference in geometric

and effective tyre radius, as well as the resulting contact patclrﬂ Following [79], we

B c A

(a) Wheel render with tyre and rim (b) Wheel geometry and effective tyre radius

Figure 2.4: Wheel and tyre geometries

assume that tyre forces and moments act at the centre of the tyre. We first consider
the generation of longitudinal tyre forces at small slip angles. For this, we consider
the slip ratio of a tyre, which describes the difference between the longitudinal tyre
velocity and the velocity of a particle located at the effective radius of the tyre. These
two velocities differ during acceleration or breaking, which causes the contact patch to

stretch or compress. We denote the wheels rotation speed by w,, and the longitudinal

!Render created using the Blender software [11].
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velocity component of the wheel by V., such that we can compute the slip ratio o, as

’"efwaLVI, in case of breaking,
xT
o — ) (2.2.13)
M, in case of acceleration
TeffWw

We know, from experimental results [79, [12] that, in the regime of low slip ratios,
longitudinal forces are proportional to the slip ratio o,. Figure 2.5 which we re-
produced from [79, Figure 13-5], shows longitudinal tyre forces during acceleration

(0, > 0) and breaking (¢, < 0). As we can see from Figure the linear tyre force

3,000 |-
2,000 |
1,000 |-
Z-1,000 |

2,000 |-

Lopgitudinal tyre force (N)

—3,000 |

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

Slip ratio o,

Figure 2.5: Longitudinal tyre forces

model

Fx,front - C’o,fronto-m,fronin (2214)
Fx,rear = Ca,rearar,rear (2215)
(2.2.16)

serves as a good approximation for low slip ratios o, < 0.1 We call Cj, gront/rear the
longitudinal tyre-stiffness parameter. A rough explanation of why the longitudinal
force is proportional to the slip ratio originates in so called “brush” tyre models [71].

Brush models describe the tyre tread as a series of independent springs. These springs

26



undergo longitudinal deformation and resist with a constant longitudinal stiffness. Let
the longitudinal velocity of a tyre be V,, and its rotational velocity w,,. The resulting
net velocity of a tyre tread particle is therefore regw,, —V,. We consider the exemplary
case of a driven wheel during acceleration, where regw,, — V, > 0 is small. When a
new tread element enters the contact patch its tip, which is in contact with the road
surface, has zero velocity. Therefore, no sliding motion occurs at the front of the
contact patch. We therefore call this early part of the contact path, the static region.
The upper part of the tread element moves with a velocity regw,, — V. in the direction
opposite to the longitudinal motion V. Hence the tread element bends forward. The
maximal bending deflection is proportional to the relative velocity regw, — V, and
the duration over which a tread element remains bend is inversely proportional to the

rotational speed regw,,, resulting in a force proportional to the slip ratio

TefflWyw — vm
TeffWy

To obtain lateral tyre deflection, forces we present a simple analytical model which

uses the same “brush” tyre model which we used for lateral force generation. Fig-

‘ 2a ‘ deformation due to lateral velocity
Leading edge  Side slip angle / Trailing edge

Force generated by bristle deformation

Figure 2.6: Lateral force generation by tyre deflection

ure [2.6| shows a top view of a tyre with a contact patch length of 2a and a tyre width
of 2b. Let ¢ be the lateral stiffness per unit length of the tyre and let vy(z) = x tan(«)

be the lateral deformation of the contact patch at position z € [0,2a]. The total
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generated force is hence
2a
F, = / cy(z) dr = ca® tan(a) = ca’a + O(a?). (2.2.17)
0

We now have a lateral force generation model for small slip angles o < 1. To model
tyre forces in the case of larger slip angles, we consider that the total lateral force can
not exceed the friction force at the tyre. Let F, be the total downward force at the

tyre, then pF), is the maximal friction force. Hence we know that
2a¢Ymax < pF.

We can see the relationship between tyre deformation and lateral position in Fig-

ure 2.7} so that we can compute

’Ymax

OF

Tyre deformation

T T x
Longitudinal position ~%

Figure 2.7: Tyre tread deformation at the contact patch

2a
Fy:/ cy(x) dx
0
2a
:/ cmin(tan(a)%’)’max) dz
0
2a F
. ma
_ t d
/0 cm1n< an(a)z, 2ac> z

~ /Is ctan(a)z dz + (2a — zy)
0

pF
2a tan()’
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puEy
2actana”

where z, = With this we obtain the quadratic formula

M2F2
8ca? tan(ar)

F, =uG, — (2.2.18)

2.2.2 Magic formula tyre model

While the analytical models we discussed so far are physically intuitive, they fail to
accurately replicate tyre behaviour at large slip angles. We can see an illustration
of the desired behaviour in Figure The most significant factors which lead to

differences between the model predictions and measured tyre performance are
o unequal stiffness in x and y directions
e non-symmetric and non-constant pressure distribution.

» non-constant friction coefficient, including a difference between static and ki-

netic friction coefficients.

One option we have for dealing with these factors is to include them directly in a
more complex physical model. In the following we will chose an alternative approach,
which is to use a carefully chosen approximate function which is able to replicate the
desired measurements well. This choice leads to a so called semi-empirical model.
The magic formula model, developed by Pacejka and Bakker [70] provides such a
model for computing the lateral and longitudinal tyre forces Fy, F,, as well as the
aligning moment M, for a wide range of operating conditions. We first consider the
simpler case where only either a lateral or longitudinal force is generated. The force
generated is denoted by Y and is the output variable of our model, subject to the

input variable X. In this simplified case of the magic formula tyre model, we proceed
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to compute Y by

Y(X) =y(z) + 5, (2.2.19)
y(x) = Dsin (C arctan (Bx — E (Bx — arctan(Bz)))), (2.2.20)
z =X — Sh (2.2.21)

In Equation (2.2.19)), Y represents the model output, such as longitudinal or lateral

tyre force F, F,, or the aligning moment M. In (2.2.19} [2.2.20} [2.2.21]) the parameters

B,C,D,E,S,, S, appear and have impact on the tyre model, we find the definitions

of these parameters in Table [2.1. The various parameters in the Pacejka Magic

Table 2.1: Pacejak magic formula parameters [70]

Parameter ‘ Description

B stiffness factor
C shape factor

D peak value

E curvature factor
S, horizontal shift
Sy vertical shift

Formula ([70]) model are functions of the road friction coefficient y, the normal load
F,, the wheel camber angle, as well as other parameters which need to be determined
for each tyre. From Equation (2.2.20)) we see that D describes the peak tyre force or
alignment moment, while the product BC'D corresponds to the slope at the origin
x =y = 0. For « — oo we see that y, is the asymptotic limit of the model output
and the shape factor C' determines the range of the sine function
2 s
C= — arcsin (%) )

For the derivation of tyre dependent parameters we refer to the original work by

Pacejka and Bakker [70] and only present the resulting formulas. To complete the
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model we have

D = a,F? + ayF, (2.2.22)
az sin (a4 arctan(asF)) , for lateral force
BCD = (2.2.23)
exp(—asF;,) (a3F? + a4F,), for longitudinal force
E = agF? + a7 F, + ag, (2.2.24)
where ay, as, ..., ag are constants that we need to determine on a tyre by tyre basis.

2.2.3 Dugoft’s tyre model

Dugoff’s tyre model (see [32]) is an alternative to the analytical tyre model we dis-
cussed at the beginning of Section We introduce Dugoft’s tyre model for both
its historical importance and the ability to model combined lateral and longitudi-
nal force generation. Compared to the Magic Formula model, we discussed earlier
Dugoft’s model has the advantage that it is derived from force and moment balances.
Additionally, the lateral and longitudinal friction forces are directly related to road
friction coefficients in a more transparent manner.

For this, we let o, be the longitudinal slip ratio and a be the lateral slip angle. We
will only describe the final form of Dugoff’s tyre model and refer the reader to [32]

for the derivation. The lateral and longitudinal tyre forces generated in this models
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are

uF.(1+0,)

A= , (2.2.25)
2\/030925 + C? tan(«)?
A2-N) if A<,
FO = (2.2.26)
1 otherwise,
F,=C—22f(\) (2.2.27)
xr g 1 + O'I ) e
= 0, B9 p (2.2.28)
y — Yo 1 + o . L.

As demonstrated in [40] the Dugoff model can be interpreted as a friction circle model.
In friction circle models, the total generated force, in lateral and longitudinal direction

is bounded by the friction force in the sense that

JE2 + F2 < uF,.

To establish the connection between Dugoff’s models and a friction circle we first
compute the maximal force values, assuming an unlimited friction coefficient pu, such

that

P = Oy
1+ 0,

tan o
e = .
v 1+o0,

With this we extract the theoretical friction coefficient p™** required to achieve

max max
Fpax F
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We see that the case A > 1 in Equation (2.2.25)), is equivalent to the resulting forces
using less than half of the available friction force /F7? + Fj < % 1F,, and the resulting

forces are not reduced
_ max o max
F, = F™ F, = Fy )

The case A < 1 is equivalent to the point (F}, F},) being outside the friction circle.

Following Equations (2.2.27)), (2.2.28)) the tyre forces are

F, = et (1— - )
Nmax 4Mmax

Fy = F?jnax /ubnlfax (1 B 4erf1ax> :

All three tyre models we presented rely on the available friction force uF,. The
downward force F), consists both of a vehicle weight component and an aerodynamic

component. We use a simple model to describe the aerodynamic component of F), as

Faerodynamic — EC AU2 2.2.29
p 9 2,aerof) )

where p is the air density and A is the frontal area.

2.3 Full vehicle model

With the models presented in Section [2.2.1] we can describe the forces acting on the
front and rear wheels. Unless otherwise stated we will use the analytically derived
linear tyre model for our computations. The last assumption which we require
for a full bicycle model is that the front axis is not driven and that we can directly
control the rear wheel driving force F throttie- We will denote the total longitudinal

force by F,.,. F., includes F, ihottie @s well as rolling and aerodynamic resistance
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forces, which we denote by F} ,on and £} aero. We determine F). .on and F pero by

F’r,roll = —CpUyg,
2
Fr,aero - _CapAfrontU;pa (231)

Fr,x = L'r throttle + Fr,roll + Fr,roll>

where ¢,, ¢, are rolling and aerodynamic drag constants, which we explain in Table[2.2]

With these forces we apply Newton’s second law and derive the equations of motion

Table 2.2: Resistance force constants

Variable ‘ Symbol ‘ Value
Rolling resistance constant | c, 0.01
Aerodynamic drag constant | ¢4 1.7

Figure 2.8: Bicycle model with tyre forces

in our vehicle model. A force balance in the vehicle aligned reference frame yields

that

m-ay = Ftotab (232)
cos(d)  sin(d Fy, F .

_ ( ) ( ) f; + , (233)
—sin(d) cos(0) | \ Fy, Fyy
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where ay is the acceleration vector in the vehicle aligned reference frame. We subse-

quently apply the appropriate rotation matrix

R(r) = cos(T)  sin(r) | (23.4)

—sin(7) cos(T)

to derive the acceleration vector in the global frame of reference as

S
809

S
8

— R(s) RO psy [ | (2.3.5)

m
Qy Fyy Fyy

< 09

With the acceleration from Equation ([2.3.5), we can write the equations motion for
the vehicle’s centre of mass position. As before, the global reference frame velocities
are denoted by (v§,v%). This far we derived the time derivatives of position and

velocity components ', y', v;,, v, of our vehicle model as

o[ =] = Revn [ ).

y(t) Ug(t) Uy

vz (t) d v8 ay w(t)vy
O =— | R(—¢ = +

vy (1) at ) vg ay —w(t)v,

To complete the model, we need to add the corresponding equations for rotational
motion. For this, we need to introduce the concept of a moment of inertia. According
to [4], the moment of inertia, or angular mass, of a physical object determines the
torque required to achieve one unit of angular acceleration. Torque or rotational force
is the rotational equivalent to linear force and is, in three dimensions, defined as the

cross product between the force vector and the lever arm vector

T=rxF, (2.3.6)
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and hence the magnitude of torque vector for a level arm and force vector with a

relative angle of 0 is given by
7 = |r||F|sin(0). (2.3.7)
This lets us derive the equation for rotational acceleration
W) = W (t) = ]1 lacos(8)Fyy — bFL,) | (2.3.8)

where [, is the yaw moment of inertia. With this we complete the first order dy-

namical system

jt v w(t) | (2.3.9)
w(t) % lacos(9)Ft () — b 4]
This lets us write a full model for the vehicle position and motion as
(t) cos(1))vg (1) — sin(p)vy ()
y(t) cos(¢)vy (t) + sin(y)v,(t)
Zf v ¢ (2.3.10)
(1) % (Frz —sin(d) Fy,y) + w(t)v,
vy (t) o (cos(0) Fry + Fry) — w(t)v,
w(t) 7o lacos(0)Fy () — bF, )

Dynamics Equation (2.3.10|) lets us see the connection between the steering angle

and velocity states. The rear wheel force F}., depends on the rear wheel driving force
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F} throttie by the relationship given in Equation ([2.3.1)

Fr,z = Fr,throttle + Fr,roll + Fr,aero;

— 2
Fr,a: - Fr,throttlo — G Vg — CapAfrontU;p'

In addition, to the state description in Equation ([2.3.10)) it will be useful to have fur-
ther information about the vehicles position relative to the race track. This position

description will allow us to enforce the track constraint in a linear manner.

2.3.1 Track model

In Section we introduced the bicycle model and derived the equations of motion,
which a vehicle under this model follows. In addition to these equations of motion,
we need to model the vehicle position relative to the racetrack. A natural restriction
in motor sports is to remain within the track boundaries. In the following, we will
denote the tracks length by L and describe the position of the centre line as a two-

dimensional curve

c:[0,L] — R (2.3.11)

The vehicles position along this centre line curve at time ¢ will then be given by
s(t) € [0,T]. The change of s will depend on the vehicles distance to the centre
line v(t) and the vehicles rotation relative to the track centre line {(t) € R. In this
description, v(t) > 0 will then denote that the vehicle is located left of the centre
line, when the observer is aligned with the centre line. Conversely, v < 0 describes a

vehicle left of the centre line. To ensure that the vehicle does not leave the racetrack
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we enforce the constraint

w W
_ . 2.3.12
L aan

v(t) € [

We now derive the differential equations for s(-) and v(-). We let a(z) denote the

track orientation at position x € [0, L], such that
c(s) = ¢ +/ (cos(a(x)),sin(a(z)))", dx (2.3.13)
0

The change in track orientation is called the track curvature K(z) = o/(z), where
x € (0,L). The vehicle position can then be described both in absolute and in
curvilinear coordinates. For this description, we see that the orthogonal vector to the

track is given by

5(z) = - . (2.3.14)

=c(s(t)) + v(t)o(s(t)) (2.3.15)

Taking the first derivatives in Equation ([2.3.15]), while considering the vehicle orien-

tated reference frame, yields that

cos(ip(t)) —sin(p(t)) | (1)
sin(¢(t))  cos(4(t)) | \y'(t)

= 05¢(8)0¢s(t) + O (t)d(s) + v(t)0s6(s)0:s(t)
(2.3.16)

Inserting the description of centre position from Equation (2.3.13)) and the orthogonal
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vector description (2.3.14)) we find that

cos(a)(1 —v(t)K(s)) —sin(a)| [ Oes(t) cos((t)) —sin((t)) | | 2/(t)

sin(a) (1 - v(K(s)  cos(@) | \awt)]  \sim@() cosw®) ) \y(®

(2.3.17)
Solving the System for the track variables s(t), v(t) we find that
-1
Ors(t) _ W 0] [cos(er) —sin(«) cos((t)) —sin((t)) | [ 2/(¢)
Ov(t) 0 1] \sin(a) cos(a) sin(¢(t))  cos(v(t)) y'(t)
(2.3.18)

The vehicles angle relative to the track centre line is £(¢) = ¥(t) — a(s(t)). Taking

first derivatives yields

§'(t) = (t) = o'(s(t))s'(t) = /(1) — K(s(1))s'(t). (2.3.19)

Using Equation (2.3.19)), we simplify Equation (2.3.18) to

dys(t) = x/(t)lco_sf()t)_ Ky(/iz S)in(g), (2.3.20)

B(t) = 2/ (1) sin(€) + /(1) cos(€). (2.3.21)

With this track model, we can track the vehicles motion around the track and ef-
fectively enforce the track constraint within an optimal control problem setting. We

thus extend the vehicle model from Equation (2.3.10]) including the track variables
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and obtain

2(t) cos(t)va (1) — sin (1), (1
y(t) cos(1)vy(t) + sin(¥)v,(t)
(1) w
; ] vx (1) o (Fra —sin(0) Fyy) + w(t)v,
X = oy (t) | = | 5 (co ( VFfy + Fry) —w(t)v, | - (2.3.22)
w(t) 7z lacos(9)Fyy(t) — bF,,]
0 =
v(t) v (t) sin(€) + vy cos(§)
&(t) Y(t) — K(s(1))s'(t)

2.3.2 Track design

To apply the track model from Section [2.3.1] we require a description of the track
centre line via the orientation function « : [0,L] — R or the curvature function
K :[0,L] = R, where K(z) = &/(x). Such a description is not naturally available for
typical race tracks. We therefore need to generate the track description, by tracing
a given race track using appropriate software tool. For this, we developed a soft-
ware, which allows use to trace race-tracks, based of image data, such as satellite
photographs, into descriptions which our track model can use.

In the following, we approximate two dimensional race-tracks using straights and
uniform curves. A straight track-element has single length parameter and a curve-
element has two parameters, one for the angular distance in radians and a curve

radius. To construct a track, we define a starting point by a position
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a starting direction wy and a track width W > 0. A track is then defined as a series of
track elements. Using a specialised software we can create sample tracks by placing
appropriate track elements over a reference image. Figure [2.9 shows the resulting
workflow. The track elements shown in green in Figure [2.9|are already saved and the

red element is currently in edit mode and can be moved using the mouse cursor.

1 o
F1 Sectors: 2
3

Figure 2.9: Track modelling software
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Chapter 3

Collocation methods for optimal

control problems

In Chapter 2| we discussed the necessary assumptions for the bicycle model and
derived the equations of motion. In this chapter, we expand on this by introducing
direct collocation methods and showing how we can use them to solve minimal lap
time problems. In collocation methods we choose a finite dimensional function basis

to represent the state x and control u vectors, as well as a set of collocation nodes

wo, - .. ,wy. The dynamics equation
d .
%x(twi) =f(x(t,,),u(t,,)) VieO,...,N, (3.0.1)
X(twi) = Xjnit (302)

is then imposed at these collocation nodes (see [9]). The concrete implementation
of a collocation problem depends on the selection of a quadrature rule to represent

equation (3.0.1)).
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3.1 Control problems in Lagrange from

We commence the discussion of collocation methods by introducing the Lagrange
form of optimal control problems [I3] 93] [8T]. A control problem is said to be in
Lagrange form, when the cost functional J only includes a running cost term. Costs
contributed by the initial and final states are not included. The cost functional in

Lagrange form can therefore be written as

Tty ) = | N L (x(8), u(t), ) . (3.1.1)

wo

Such a formulation is particularly important for minimal lap time problems as it
is natural to include a cost function for each time unit required to reach a desired
terminal state xp from the initial state xg. Other common optimal control problem
formulations are the Mayer and Bolza forms. Problems in Mayer form only include

a final state dependent cost term

J(u’ tuwo, th) = (I)(X(tN))7

while problems in Bolza form consist of both running cost and final state cost terms,

such as

Tty ) = | N L(x(t), ult), £) dt + B(x(ty)).

“o

For the goal of performing minimal lap time simulations, we focus our attention to
problems in Lagrange form. Similar to before, we assume that the system evolves

subject to the autonomous dynamics equation given by f, such that

Cx(t) = £(x(t),u(t)) vt e (0,T). (3.1.2)
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Furthermore, we assume that the dynamical system develops, subject to the path

constraints
C(x,u) >0, (3.1.3)

where x and u are the state and control vector functions, respectively. The resulting

problem in Lagrange form is then

T
min / L(x(t), u(t)) dt,
Tx,u.Jo
subject to: x € L*=(0,T;R™), u e L>*(0,T;R™),
(1) = F(x(1), u()),
C(x,u) > 0.

In the following section, we introduce a direct method to approximate a solution to

this problem.

3.2 Trapezoidal Collocation

In Section we introduced optimal control problems in Lagrange form (3.1.4)).
Using this description, we now apply trapezoidal quadrature to derive a collocation

method. We consider the dynamics equation

—x(t) = f(x(t), u(t), (3.2.1)

X(O) = Xjnit- (322)

To derive a numerical approximation we divide the time interval (0,7") into the sub-

intervals {7; = (t;_1,t;) C (0,T):i=1,...,N,tg = 0,ty = T}. Then, we apply the
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trapezoidal quadrature rule

t+h

glt+n) =glt)+ [ g(r)dr (3.2.3)

t

h 3

=9(t) +5 (g () + gt +h) = 59"() (3.2.4)

h
=9(t)+ 5 (g() +g'(t+ 1) + O(?) (3.2.5)
to integrate x over each of the sub-intervals T;, ¢ = 1,..., N. We thus derive the

discrete dynamics system

h
X; = X;-1 + 5 (f(Xifl, ui,l) + f(XZ', ul)) s (326)
X0 = Xinit, (3.2.7)
w, <u;<uy Vi=1,...,N. (3.2.8)

For each pair of track nodes, as described in Section we add the discrete dy-
namics equation as a constraint to the non-linear system, resulting in the non-linear

equality constraint

-1 1 0 ... 0 Xo h1 (f(Xo, llo) + f(Xl, 111))
0 -1 I X1 _ 1 hg (f(Xl, 111> -+ f(XQ, LIQ)) . (329>
2 :
i 0 —TI [_ _XN_ _hN (f(xN,l,uN,l) +f(XN,uN))_

Equation provides us with a single constraint for each state and each domain
segment. While many problems benefit from specifying the starting condition xy =
Xy directly, we choose the more flexible approach of enforcing bounds on x. This
option allows us to restrict the vehicles starting position to be any position on the
initial nodes, while not specifying an exact state including location, yaw and velocity.

A benefit of trapezoidal collocation is that the collocation nodes coincide with the
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knot points of the quadrature method. Both sets of points are located at the segment
boundaries {(tg,t1),..., (tN—1,tn)}. For trapezoidal quadrature, we approximate the
state derivative by a piecewise linear function

t—1t; 1

—(f; —1_1).
t; —ti1 ( 1)

x'(t) ~ p(t) = fi1 +

Using this linear approximation for the state derivative, we obtain the continuous
description for the state interpolation

(t —t;_1)?

x(t) =xi-1 + (t —tim)fiy +
t; —ti1

(fi —fi1)
so that the collocation condition
X/(ti> = f(XZ‘, ui) = fz

is naturally satisfied by enforcing the quadrature condition in Equation (3.2.9). We
compare this to the mid-point collocation rule, where we enforce the dynamics con-
straint at the centre point of a domain segment. For this, we consider the time

titti—1
2

segment (t;_1,t;) with the centre point ¢,_;/, = and let x;_1,X;,u;_1/2 be the

decision variables associated with our domain segment. To apply the mid-point rule,

we need to enforce that our state interpolate satisfies

X,(ti_l/g) =f (X(ti—l/Q)u U(ti_1/2>) s (3210)
while simultaneously enforcing the quadrature condition

X; = X;_1+ (tz - ti—l) f(X(ti_l/Q), ui_l/g). (3211)
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We note that Equation (3.2.11)) uses both the discrete decision variables x;, X;_1, U;—1 /2
as well as the interpolated state value x(t;_1/2). By Equation (3.2.10]), we only have

one data point for the state derivative, so that we use the approximation

t—1ti 1

t — - - -
x(t) =x 1+ti_ti—1

f(xi_l/g,ui_l/z). (3212)

To do this, we need to include the decision variable x;_;/» to our problem. Thus, to
apply the mid-point quadrature rule we need to enforce both the derivative condition
from Equation (3.2.10) and the quadrature condition (3.2.11]). Figure shows two
adjacent track segments with nodes ny,...,n5;. The shading in Figure [3.1| indicates
that the nodes np,ny, n3 are associated with the first segment and ns,ny, ns are
associated with the second. With the preceding discussion, we can construct apply
the mid-point rule by introducing state variables at nodes ni,...,n; and control

variables at the central nodes ns, ny.

Figure 3.1: Track segments for the mid-point quadrature rule

For our application, the fact that the trapezoidal rule does not have collocation nodes
within a domain segment provides a further benefit. This is because we will switch
the quadrature domain from a temporal one to a spatial one. A further benefit of
the trapezoidal rule comes from the fact that no collocation nodes are placed within
a segment. During the track discretisation, we place collocation nodes following the
track-distance variable s, as defined in Section [2.3.1] As a consequence, the time
variables, which we use for quadrature, do not necessarily match the node locations

required by the quadrature method. For this we will again consider the mid-point

47



quadrature rule. On the first segment, we have the three nodes, consisting of state

variables, control variables and a time variable

ng = (tO’X0)7 n; = (t17X17u1)7 n; = (t27x2)'

In accordance with the bicycle vehicle model, the state component at node n; contains

the position, yaw, velocity, and track variables

X; = (xiu Yi,s w,xgu y;7 Qﬁ;» Siy Vi, S’L)

By the construction of the track grid, we have know what s; = % (so + s2). We want

to ensure the quadrature condition

xo = xo+ [ £ (x(),ut)) dt. (3.2.13)

to

where we approximate the analytical integral using the mid-point quadrature rule

and obtain the condition

ty 41
2t 0), (3.2.14)

X2:X0+<t2—t0)f< 9

where we have used the shortened notation

Due to the spatial discretisation, we can generally not expect the time grid to align

with our collocation method in the sense that

1
tlzi(tg—i—tg).
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We have two options to evaluate f (%) The first option is to transform the quadra-
ture domain. For this, we assume that we can construct a function 7": [0, L] — R,
which maps the track-distance variable s onto the domain and satisfies £ = s(T'(€))

for all £ € [0, L]. Using a variable transformation, we obtain

xo+ [ E(x(t),u(t)) dt

to

=X( + f(x(t),u(t)) dt (3.2.15)
T((50752))

o+ [ £ (e(T (). (T () 8 (T ()] .

We are now able use the mid-point quadrature rule to approximate the integral in

Equation (3.2.15]) and obtain
Xo = Xg + (SQ — 50) f<$1>’5/<t1)‘71. (3216)

The second option is to interpolate the derivative function f : [t, t5] using the available
data and an appropriate polynomial order. To perform this we choose a polynomial

basis po, p1,p2 € Pa([—1,1]) and let

f(t) = 22: agpr o ®1(1), (3.2.17)
k=0

where

r+1
D [—]_, ]_] — [to,tg], CI)(ZE) =19+

(tg — to).
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Letting 7; = ®7!(¢;) we can solve the Vandermonde system

po(70) pi(70) p2(70) Ao Xo
Po(ﬁ) p1(7'1) p2(7'1) a1l = | x| (32-18)
p0<72) y4! (7'2) p2(7'2) ag X2
=V
and find
Xo
ta + 1o _
f ( 9 > = (pO(Tl)a pi(m1), Pz(ﬁ)) v Xy |- (3.2.19)
X9
With this, we can evaluate the mid-point quadrature rule
t t t
X1 = X + i f(t) dt =~ X + (tg - to)f ( 2+ 0) . (3220)
to

A consequence of the discussion of the mid-point rule is that collocation methods that
have collocation nodes within elements require either a transformation from a time
domain to a track distance domain, or dynamic interpolation of the dynamics f. In

the next section, we discuss higher order pseudo-spectral collocation methods.

3.3 Pseudo-spectral collocation methods

In the last decade, higher-order pseudo-spectral methods have seen a great popularity
increase in the numerical solution of optimal control problems [37, 38| 29]. We note at
this point that many authors use the term orthogonal collocation instead of pseudo-
spectral collocation. The three most commonly used sets of collocation points are the
Legendre-Gauss (LG), Legendre—Gauss—Radau (LGR), and Legendre—Gauss—Lobatto

(LGL) points. Let P, be the n-th degree Legendre polynomial, which are defined by
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the orthogonality condition

/_11 Pi()P(x) dz = 0 if i # j, (3.3.1)

and the scaling factor P,(1) = 1. The collocation nodes for the three methods (LG),
(LGR), and (LGL) are then

LG: Roots of the N™-degree Legendre polynomial Py
LGR: Roots of the N*™-degree polynomial Py + Py_1

LGL: Roots of the (N — 2)™-degree Legendre polynomial Py, and {—1,+1}

Legendre polynomials satisfy the recurrence relationship

2N +1 N

Pya(e) = {27 Pv@) - 5

Py_i(2). (3.3.2)

The recurrence relationship (3.3.2]), together with the initial conditions Py(z) =
1, Pi(z) = x lets us show that Pyy1(—1) = —Py(—1), so that the LGR method
contains a collocation node at the left interval bound —1. We can see the general

node locations in Figure (3.2

Lo | |
LGR %
LGL ¥ X

Figure 3.2: Collocation nodes for LG, LGR, LGL nodes using N =6
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3.3.1 Legendre—Gauss—Lobatto collocation

We first want to focus on Legendre-Gauss—Lobatto collocation, as this method was
historically first developed and is consequentially well documented. For us, it has
additional relevance as both the start and end-nodes are collocated. We construct
the LGL method following [33]. Let Ly(¢) denote the Legendre polynomial of order
N on the time interval [to,ty] = [—1,+1]. We then choose the collocation nodes
to = —1,ty = +1 and {t,,, : m = 1,2,...,N — 1} as the roots of Ly (t), the first
derivative of Lx(t). Given these nodes, we construct the functions

1 (12 — 1)L\ (¢)
N(N +1)Ly(t;)  t—t;

d;(t) := Vj=0,...,N, (3.3.3)

which satisfy

¢;(ti) = 0i;- (3.3.4)

For a function F : [—1,+1] — R we are then able to write the N-th degree interpo-

lating polynomial as

Fx(t) = Y F(t)),(1). (3.3.5)

Taking the derivative of Fy shows us that

N

O FN(t) =D F(t;)0i0;(t), (3.3.6)

J=0
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and hence, we can write the vector F(t), evaluated at the collocation nodes {tg, t1, . . .
as
F(to) @o(to) .. d(to) | | Fn(to)
= : . : : : (3.3.7)
Fi(tn) Po(tn) - On(n) ) \ Fn(tn)
:ZDN

We can evaluate the pseudo-spectral derivative matrix Dy explicitly with the formula

L (i) e .
LN(t;V)(ti—tl)7 lf 7 7£ ]7

—NHD Vit = 5 =0,

DN = (di,j)i,j:() ,,,,, N dz’,j = ( : (338)
N(N+1)  sp . -
=5, ifi=j=N,

0, otherwise.

We now transcribe the dynamics equation by first approximating x and u using N-th

degree polynomials
Xn(t) = ;)X(tj)cbj(t), uy(t) = Z%U(tj)%(t)- (3.3.9)

Using Equation (3.3.7) we transcribe the dynamics equation (3.0.1)) as

xy (to) f(xn(to), un(to))
Dy : — : ) (3.3.10)

xy(tn) f(xn(tn), un(tn))

3.3.2 Legendre—Gauss collocation

We now compare the Legendre-Gauss—Lobatto collocation method from the previ-

ous section with collocation in Legendre-Gauss nodes. This gives us the freedom to
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enforce continuity of states across interval bounds while not requiring continuous dif-
ferentiability. Consequently, removing the boundary points {—1, 1} from the interval
allows us to model discontinuous controls. Compared to the Legendre-Gauss-Lobatto
collocation in Section [3.3.1] we enforce the collocation condition at the roots of the
N — th degree Legendre polynomial {¢1,...,txy}. We choose the notation ¢, = —1,

tyi1 = +1 although we do not enforce the dynamics equation at tg, ty,q1. With this,

we interpolate the state function from values at tg,%q,...,ty so that
N Ny
o) =St Lo =1, (3:3.11)
§=0 i=0 lj Tl
i#j
which let us obtain the discrete derivative condition
N
j=1
To enforce this condition at every collocation node, we ensure that
L6(t1> Lll (tl) e L?\T(tl) ap f (X(to), U(t()))
Ly(ta) Li(ta) ... Li\(ta) a _ f(x(t1),u(ty)) . (3.3.13)
Ly(tn) Li(ty) ... Li(ty)) \an f (x(ty),u(tn))
=:Dx

The N x (N —1) matrix Dy is called the Gauss pseudo-spectral differentiation matrix.

To compute the vector valued interpolation coefficients ay,...,ay, we need to solve
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the linear system

L()(t()) Ll(to) Ce LN(to) aq X(to)
Lo(tl) L1 (tl) Ce LN<t1) ay X(tl)
Lo(ta) Li(ta) ... Ln(t2) ay | = | x(t2) |- (3.3.14)
LO(tN) Ll(tN) Ce LN@N) an X(tN)

In addition to the linear system (3.3.13)), we need to ensure that the quadrature rule is
satisfied and that the state function is continuous across intervals. In the following, we
will see that enforcing the quadrature rule gives us an easy way to ensure continuity
across intervals as long as we include state values at the ¢, 1 node of our last interval.
We enforce continuity at the intersections of intervals. Let the points t§°), cee tg\%) €

(—1,1) be the collocated time points on the preceding interval, transformed to the

reference interval [—1,1]. We then enforce continuity via

N(0)

;) o ()L (1) = i x(t;)Li(—1). (3.3.15)

1=0

In case the current interval is the first or last collocation interval, we replace the

continuity condition (|3.3.15) with the natural conditions for initial values

N

x(t;) Li(—1) = Xinit, (3.3.16)
=0

7

and for terminal values

g: x(t;)Li(—1) = Xterminal- (3.3.17)

=0
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3.4 Minimal lap time optimisation problem

In Sections and we discussed practical methods of transcribing infinite di-
mensional optimal control problems into finite dimensional non-linear optimisation
problems. We now use these methods, together with the dynamic bicycle model
introduced in Section [2.1] to solve a minimal lap time simulation problem.

For this, we discuss methods for setting up the collocation problem practically
and consider both the use of penalty methods using the SciPy and IPOpt software
packages [95] [98]. When solving non-linear optimisation problems, such as optimal
control problems we need to supply an initial guess to the optimiser package. The
optimiser performance depends heavily on the quality of our initial guess [9]. In our
case, it is difficult to construct a vehicle trajectory, which satisfies the non-linear
system dynamics, while finishing the race track quickly. In addition to the system
dynamics, we need to additionally satisfy the track constraints. To balance dynamics
violation and trajectory duration while satisfying the track constraints, we construct
a solution which follows the track centre line. We follow the track centre-line in both
the position variables (z,y) and the orientation variable ) at a constant speed of
107, Algorithm 1] provides a pseudocode description of this initialisation procedure,
where ¢ : [0, L] — R? and « : [0, L] — [0, 27) are functions describing the track centre
position and orientation respectively. Using the initialisation from Algorithm [1, we

construct an initial guess for all states, controls, and time variables the track nodes

indexed by ¢ =0,..., N. We arrange these variables into the matrices
-xé” | -uOT_ _to_
X = X? e RV, U= u'lT eRV ™ T = t'l e RV
_X%_ _u%_ _tN_
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Algorithm 1 Initialisation Construction

Require: N >1,c:[0,L] - R? «a:[0,L] — [0,27)
1: fori e {0,...,N} do
2 S; < Lﬁ
3 t; < Ll()lN
4: (Ii,yi)T — C(SZ’>
5: QZSZ — OZ(SZ')
6
7
8

(5, 4;)" « (10,0)"

¢, <0
: (l/i,§1'> < (O,O)T
9: X; < (l‘i,yi,...,fi)T.
10: end for
11: return x, (tg, ..., tx)"

One particular property of a solution constructed by the initialisation Algorithm [1]is
that the track constraints are not violated, while all variable bounds are satisfied. To
see this, we first consider an example track with track nodes marked at equidistant

intervals, as shown in Figure At each of these nodes, we have the state and

Figure 3.3: Test track with marked track nodes

control vectors

X = (l‘i, Yi, ¢i7 Vg.is Uy,i) 1/};7 Si, gia Vi)a

u; = (fm', 5i)‘
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Our model describes the lateral vehicle position in two ways simultaneously. Once,
by the centre line distance v; and once with the absolution position (x;,y;). While the
model dynamics ensure that two methods of describing the vehicles position align,
Algorithm (1| does not ensure that the model dynamics are followed exactly. Therefore,
we need to ensure that both position descriptions are compatible with the track

boundary condition. The condition

—W(s;) << W (si)
2 - - 2

(3.4.1)

directly ensures the track condition for ;. Algorithm [I|sets v; = 0 for i =0,..., N,
which directly satisfies condition [3.4.1] Secondly Algorithm [I] initialises the position

description as

X
= c(sy),
Yi

which naturally satisfies the node condition

T

Wis) _ [ [7) o] ot )

i cos(a(si))

(3.4.2)

This not only ensures that the vehicle position (z;,y;) is contained in the track area
associated with the centre line distance s;, but also aligns v; and the position variables
(i, Yi)-

Bounds for the optimisation variables are given either by intuition of the under-

lying physical model, or by the track boundaries. For example, the bounds on z;, y;
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are derived from Equation (3.4.2)

< [ =(5:) HQsin(a(Si)) Calsi) + H2Sin(a(si))‘H ’ (3-4.3)
e o~ [l 0+ e |- 49

We summarise these variable bounds by interpreting the inequalities component-wise
X <X<X, U<SULU, (3.4.5)

which lets us write the optimisation problem as

)I({l(}’nT tn — to,
1 :
5 (t; — tic1) (F(xi, ;) + £(x-1,15-1)) Vi,

subject to: x; —x;_1 =

UZSUSqu

ti1 <t Vi.

With problem (|3.4.6]), we have a formulation of our main collocation problem using
the trapezoidal rule. To apply higher order quadrature methods, we transform the
problem from the time domain onto a track-oriented domain. We can optimise formu-
lation by reducing the number of state variables by removing the redundant

position description

e [elst)
- +0(t) (cos(©sO)sim©) (1)) (B4
w0)  \ets)

In the following, section we discuss this state transformation.
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3.4.1 Track-oriented lap simulation

In Section |3.4], we saw a direct description of the lap time optimisation problem on a
time oriented domain. Using higher order quadrature methods with this description
can be challenging, due to the occurrence of collocation nodes within the quadrature
domain. We have outlined these difficulties in Section [3.2] In this section, we build
upon Problem by transforming it onto a track aligned domain. This transfor-
mation will show that we can reduce the overall problem dimension by removing the
vehicle position variables entirely and relying only on a position description in terms
of the track distance s and orthogonal displacement distance v.

We assume that an admissible control function u : [0, 7] — R™, which corresponds
to the state solution x : [0, 7] — R"™ with x'(t) = f(x(t), u(t)), exists. Recalling the
dynamical system from Equation , we see that the seventh component of x

corresponds to the track distance s. We further assume that our solution x satisfies

K(t) = /() = =tV ioj(f((f));:(y;g)(f“)) S0 Vie(0,T). (348

From Equation (3.4.8]) we find a unique arrival time 7(s(t)) =t Vt € (0,7T), so that

we may define the transformed variable,
%:[0,L] = R®, x(s) =x(7(s)). (3.4.9)

In addition to the transformed states,

we also introduce the control variables

ﬁ(S) = (Fr,throttle(s)a S(S))T
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With these transformed variables we enforce

f(x(s). 5(2) a0

We can now apply an identical procedure to dynamics equation by approximating the

integral

5 X(s),a(s
X(s;) —X(si-1) = - W ds (3.4.11)
using trapezoidal collocation at the nodes 0 = so < s1 < ...sy = L. As we are now
integrating over the s-domain, we can reduce the state dimension from nine to eight.
To further reduce the problem dimension, we notice that we can remove redundant
position information contained in x. The vehicle position occurs in x in an absolute
manner in the form of (Z(s),7(s)) and relative to the track in form of s and (s).
We thus remove the (Z(s), y(s)) variables from our system and obtain the reduced 6

dimensional dynamics

%/(s) = £(x(s), @(s)) = F(x(s), a(s)) (3.4.12)

( oy — SIH(S ny) w(s)0,
( ny+Fry) ~<S)6x
L [a COS(5)ny( 5) — bFny}

1
B 1— 0K(s) -
0, cos(é) — 0y sin(é)

(3.4.13)

0,(8) sin(ﬁ) + vy 005(5)

B(s) — K (s) = hsnl

As discussed in Section [3.3] the switch onto the s-domain allows us to benefit from
higher order collocation methods. We now provide explicit formulations for the opti-

misation problems on the s-domain. The primary difference caused by the change of
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optimisation domain is that we no longer have access to the time variables g, ..., tx.
Alternatively, we compute the difference in arrival times 7 at two consecutive nodes
si—1,S;. The state information at these consecutive node positions is X;_1, X; respec-

tively, so that we may compute

7(8;) — T(8i-1) = Sjil ;ST(Z) dz
S ]_
= o 0 dz (3.4.14)
_ [ 1- v(2)K(2) 0
sim1 0z(2) cos(§(2)) — Uy(2) sin(€(2))

Equation (3.4.14)) lets us evaluate the total lap time by approximating the integral in

terms of the trapezoidal rule and summing over all interval segments, such that

T@%—ﬂWZE;&if1<if@%+iﬂ&40+(NA§) (3.4.15)

With objective function (3.4.15)), we can write the full s-domain problem for the

trapezoidal rule as

. N S; — Si—1 d d
w3 (e + ().

XU = 2

1 - ~
subject to: )N(i _ ii—l — 5 (sl — 31—1) (f(Xz, ui) + f(Xz—la llz—l)) \V/'la (3416)
X, <X <X,
< U< U,

3.5 Interior point methods

In Section (3.4} we discussed how we can construct an non-linear programming problem
to solve a minimal lap time problem. In particular, we have transcribed the problem
using direct trapezoidal collocation leading us to problem We will now expand

on this by solving problem [3.4.6| using the trust-constr algorithm contained in
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the SciPy library [95] and, discussing performance critical aspects of this algorithm.
The trust-constr algorithm can handle a wide range of optimisation problems of
the form

min  f(x)

zeRN
subject to: cé <cw) <y Viedl,...,M}, (3.5.1)
bo<a; <b' Vie{l,...,N}
We can enforce one sided inequality constraints in the formulation by letting
c?/ "= +oo and equality constraints are automatically detected when cé» = cj. We
standardise the inequality constraints in formulation by using ¢;(r) < ¢f <
¢ — ¢j(x) > 0, and including the variable bounds as inequalities, we obtain

iy @)

subject to: ¢;(z) =0 Vje€&, (3.5.2)

ci(zr) >0 Vjel.

We follow the interior point method construction presented in [65] and reformulate
problem (3.5.2)) into a barrier problem by including the logarithm of inequality con-

straints in the objective function. Doing this, we obtain
f(x) = fla) = pd_log(e;(2)), (3.5.3)
iel

and ensure that as ¢;(z) \, 0 for some j € I, the objective becomes unbounded

f " oo. In practice using the constraints directly, as done in Equation (3.5.3) may

prove problematic, as we do not necessarily have a feasible initial point. As an
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alternative, we can introduce the slack variables s and solve

min  f(z) — p Y _log(s;)

z€RN =
subject to: cg(x) =0,

cr(x) —s=0.

Problem (§3.5.4) has the Lagrangian function

L(.s,9,2) = flx) — p Y log(s:) — y"ce(w) — 27 (czl(a) = 5),

i€
which lets us construct the KKT conditions

Vof(z) = Vece(z)'y — Vockz = 0,

—pdiag(s)™'1+ 2 =0,

(3.5.4)

(3.5.5)

(3.5.6)
(3.5.7)
(3.5.8)

(3.5.9)

As the entries of the diagonal matrix diags are all positive, we can avoid the non-

linearities in Equation (3.5.7) by multiplying with diags. This yields the equivalent

condition

—y + diag(s)z = 0.
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To solve this, we apply Newtons method to (3.5.6] [3.5.10 [3.5.8] [3.5.9)), and obtain

the linear system

ViL 0 —Veep(@)t —Vier(@)T| [ pe V.L
0 diag(z 0 diag(s B Sz —ul
g(2) g(s) | |ps| _ mo (35.11)
Vece(x) 0 0 Dy ce(x)
Viez(w) 1 0 0 = cr(x) — s

We bring system ([3.5.11)) into a symmetric form my multiplying the second block-row

by diag(s)~! and swapping the signs of p,, p,. This results in the symmetric system

ViL 0 Veep(x)! Vieer(@)T| | po V.L
0 by 0 1 Ds 2z — pdiag s~11
=— prms ., (3.5.12)
Vce() 0 0 —Dy ce()
Vaer(z) 1 0 0 —p. cz(r) — s
where
Y = diag(s) ™! diag(2). (3.5.13)

Such symmetric systems can be solved using highly efficient sparse symmetric solvers,
such as MUMPS, see [2, [I]. The IPOpt solver used for this work uses MUMPS solver
version 5.4.1.

Practical interior point methods often fall into two general categories. The first
class of algorithms is based on solving the primal dual system directly, while
adding safeguards in the form of line search procedures to prevent variables from
approaching their bounds too quickly and slowing down the following optimisation
steps and methods for dealing with rank deficiencies in the Jacobian V cg(z). Other

methods, in the form of trust-region interior point methods build a local quadratic
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model to the barrier function (3.5.3]) and iteratively minimise this local model.
We will first discuss aspects of solving the primal dual system (3.5.12) directly. In
this system, we may eliminate the variables p, using the second block row, leading to

the reduced symmetric system

ViL  Vcp(@)T Vier(@)T| | pe V.L
Vace(x) 0 0 —py | = — ce(r) . (3.5.14)
V.cz(x) 0 -3 —p. cz(r) — pdiag 2711

We can further reduce system (|3.5.14) by eliminating p, using the third block row.

After the elimination of p, we obtain the reduced system matrix

V2L + Voer(2)TEV er(z)  Vice(z)T
V.ce(x) 0

(3.5.15)

For small p ™\, 0, the scaling will introduce ill-conditioning in system
from Equation (3.5.15), as some of the elements of 3 diverge to co. When using
iterative linear solvers this ill-conditioning may become a grave concern. While
V.cr(2)T3V ez(xz) may introduce significant fill-in in the upper left block of our
system matrix, we will generally be in the special case when all inequality constraints
are a result of variable bounds and thus V,cz(x)" XV cz(x) will be diagonal. We may
now use system to design a line search interior-point algorithm to solve prob-

lem (3.5.2)). To compute the step directions, p,, ps, py, p. we solve system ([3.5.14]). To

satisfy the slack bounds, we need to limit the step

s+ agps > 0, z+a.p, > 0.
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We avoid reducing the slack variables too quickly by ensuring

s+ agps > (1 —1)s, z+ap, > (1—-71)2, (3.5.16)

for some tolerance parameter 7 € (0, 1) close to 1. A popular choice for 7 is 7 = 0.995.
This lets us compute both the step directions, as well as the step lengths. To define a

convergence criterion, we again follow [65, p. 566] by using the KKT conditions from

Equations (3.5.6)), (3.5.6), (3.5.8)), and to define

E(z,s,y, 2 p) = max{||Vf(z) — ce(2)"y — cz(x)" 2|,
|z — pdiag(s)~'1]],
lce ()],
lez(x) — ][}

We present a pseudocode description of the resulting line-search method in Algo-

rithm [2  Algorithm [2] forms the basis of the popular non-linear optimisation li-

Algorithm 2 Line search interior-point

Require: p,eror, €, > 0;7,0 € (0,1); 0, So, Yo, 20
1: Standardise bounds and constraints to obtain problem structure (3.5.4]).
2: while E(zg, Sk, Yk, 2x) > €ror, do
3: while E(xy, sk, Y, 25; 1) > €, do

4: Compute primal-dual step (p, py, p-) by solving system (3.5.14).

5: Compute slack step direction p, < X7 (z — pdiags™'1 + p,).

6: Compute slack step length a2 < max({a € (0,1] : s+ aps, > (1 — 7)s}.
7 Compute z step length a2 <— max({a € (0,1] : z +ap, > (1 — 1)z},
8: Update iterate zjy1 < x + of'p,

9: Sky1 < Sk + g™ s
10: Yk+1 < Yk + a7y
11: 21 & 2+ o p,
12: Set k+— k+1

13: end while

14: n < uo.

15: end while
16: return xy, Sk, Yk, 2k-
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brary IPOpt(See [98]). While the constrained trust-region interior point method trust-
constr also works similarly to Algorithm [2] it includes a trust-region to promote
convergence. We enforce the trust region using a two step process in which natural
equality constraints, as well as slack equality constraints are satisfied up to some
residual values r¢, r7 respectively. The problem we strive to minimise is
min  Vf(2) s + 2p.V2Lp, — p> P LS,
zeRN 2 e Si 2

subject to: Vi ce(x)p, + ce(x) = re,

Veez(x)pe — ps + (cz(x) — 8) = 71, (3.5.17)
(P, diag(s)~'ps)[l2 < A,

diag(s) 'ps > —71.

We select the constraint residual using the auxiliary problem

min ||V, ce(2)v, + Cg(.CE)HZ + || Veez(2)v, — diag(s)vs + (ez(x) — S)HQ,

Vg,Vs

subject to: |[(V4, V)| < 0.8A,

Vsi =2 —g V1.
(3.5.18)
With problem (3.5.18)), we determine near optimal values
re = Vyce()vy + cg, (3.5.19)
rr = Vacs(2)vs — diag(s)vs + (cz(z) — 5) (3.5.20)

via minimisation over the smaller trust-region radius 0.8 A. We then solve the original
equality constrained quadratic program (3.5.17) by using a projected CG method.

As is standard in trust-region methods, we use predicted and achieved reductions to
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decide whether to accept or reject a step. With the merit function

O(x,5,v) = f(x) = u%log(&) +vllee(@)| + vier(x) = sll,

we define the achieved reduction

ared(p) = ®(z,s,v) — ®(x + ps, S + ps, V).

The predicted reduction, according to our quadratic model, is

pred(p) = f(z) — (Vf(x)sz + ;pmviﬁpi —H Z ps?i +

ieT i

1
a s2 s |-
2]7 p)

We then accept a step if
ared(p) > 107® pred(p). (3.5.21)

The acceptance parameter 107° is based on [65] and coincides with the equivalent pa-
rameter choice in the trust-constr algorithm. Finally, we can see pseudocode rep-
resentation of trust-constr in Algorithm . We now examine how well the trust-

constr performs on the minimal lap time problem with trapezoidal collocation.

'We note that trust-constr, as implemented in the current release of SciPy (1.8.0) contains
the possibility to accept a step if Equation (3.5.21)) is satisfied after a second order correction step,
following [65], p.433].
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Algorithm 3 Trust-constr

Require: p,eror, €, > 0;7,0 € (0,1); 0, So, Yo, 20
1: Standardise bounds and constraints to obtain problem structure (3.5.4]).
2: while E(zy, Sk, Yk, 2x) > €tor do
3: while E(zy, sk, Yk, 2k; 1) > €, do

4: Compute (v,, v5) by solving problem ((3.5.18)).

5: Compute (pg, ps, Py, P-) by solving using projected CG.

6: Compute the predicted and achieved achieved value reductions
pred(p), ared(p)

7: if ared(p) > 10~®pred(p) then

8: Accept step (Tri1, Sk+1, Yrt1, 2h+1) < (Ths Sk Uk 21) + (Day Dsy Py D)

9: else

10 Reject step (Tri1, Ska1, Ykr1, 2ht1) < (Ths Sk Yi» 2k)

11: end if

12: k< k—+1.

13: end while

14: n < uo.

15: end while
16: return xy, Sk, Yk, 2k-

3.6 Optimisation results

In Section [3.4] we have seen methods for formulating the minimal lap time collocation

problem. In this section, we proceed to solve the resulting problem using
the trust-constr algorithm. As an initial example, we consider the “L”-shaped
test track, which we can see in Figure and Algorithm (1| to generate an initial
trajectory. Figures |3.4a] and show the reduction constraint violation, measured
in terms of the || - ||oo norm, and the required computation time for the first 500
iterations. In addition to this, we can see the reduction in required lap time in
Figure [3.5 Figure shows that for the case of N = 20 nodes the simulation was
stopped early after 252 iterations. This early stopping occurs due to a limit condition
on the trust-region size. By default, the algorithm stops once the trust-region radius
A <1078

As discussed in [65] p. 581], we need to solve the linear system with the projection
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Figure 3.4: Objective value, constraint violation and computation time of trust-

constr applied to the lap time minimisation problem (3.4.16))
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Figure 3.5: Lap time reduction during optimisation with trust-constr
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matrix

L 0 Veg(a)" ch<x)T_
0 I 0 — diag(s)

Vee(x) 0 0 0

Ver(z) —diag(s) 0 0

in each iteration to perform a step of the projected CG method. All the inequality
constraints in our problem result from variable bounds, thus the inequality Jaco-
bian Vez(x) is readily available. Additionally, we may use the special structure of
our optimal control problem to get low cost approximations to the equality
constraint Jacobian Vg (). We proceed to discuss how the projected conjugate gra-
dient algorithm is executed and how we may use gradient approximations to achieve
a performance increase. Recalling the quadratic problem (3.5.17)), we introduce the
notation

V2L 0 Vce(z) 0
H = , e=Vof(@)—psTh, A= )

0o X V.er(x) —diag(s)

where s7! is the, component wise, multiplicative inverse of s. During Algorithm ,
we compute a slack variable update v,, v, by solving problem (3.5.18]). We thus
know that we can find p,, ps within the reduced trust region 0.8 A which reduces the

constraint violations from rg, r7 to

7:5 =ce + Vngyx, (361)

77 =cr + Vycrvs — s — diag(s)vs. (3.6.2)
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We consequently solve the equality constrained quadratic problem

T
1 [Pz Dz Dz

minIR > H +cr
X SE n
pol Ds Ps Dy

Dy Fe (3.6.3)

subject to: A = ,
py fI

1(pes )l < /A2 = || (1)1

Algorithm [4| shows a pseudocode representation of the projected CG algorithm. We

Algorithm 4 Projected conjugated gradient algorithm
Require: A >0,H > 0,e >0

1: procedure PCG(H,c, Z,Y, b, A, glower pupper | ymax)
2: Ty < -Yb

3 r<«Z(Hxo+c)b

4: g 2Zr

S: p < —g

6 10

7 while i < N™* and ||g|| > € do

8 141+ 1

9: o+ gl

p" Hp

10: Ti 4 Ti—1+ap

11: if ||z;]] > A then > Stop criterion: Contacted trust-region boundary
12: 6, < max {00 > 0, ||x;—1 + Oap|| < A}

13: 0y < max {49|0 >0, 2% < g0 + Oap < x“pper}
14: x; =x;—1 +min{0;,60:} ap

15: return z;

16: else

17: Rl

18: r4r+afp

19: g < Zr
20: D Mp -9

B

21: end if
22: end while

23: end procedure

see that to apply the projected CG algorithm, we require linear operators, which

project a vector onto the null-space of A. Additionally, we need a projection operator
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onto the row-space of A. We denote the null-space projection operator by Z and the
row-space projection by Y. In practice, we compute the projections z = Zz,y = Yz
by solving

I AT [z x I A7) [y 0

~ . . (3.6.4)
A 0 v 0 A 0 v T

We now discuss two options to accelerate the trust-constr algorithm in the context
of problem . The first option is to utilise a Graphics Processing Unit (GPU)
to evaluate the dynamics Jacobian V,cge faster. The second method we present relies
on the specific structure of obtained by trapezoidal collocation, which allows

us to quickly compute gradient approximations.

3.6.1 GPU accelerated gradient evaluation

During each iteration of Algorithm [3] we require the dynamics Jacobian V,ce(x),
which we evaluate using automatic differentiation. As we are using the PyTorch [73]
automatic differentiation engine in our computation, we can directly enable GPU
computations. To enable GPU computation, we ensure that the required data is on

the correct device, as shown in Listing [3.1]

Listing 3.1: GPU accelerated gradient approximation

import torch as th
import functorch

from typing import Callable

def eval jac(objective: Callable, problem_ vec: th.Tensor) —> th.Tensor:
dev = str(problem_ vec.device)
pvec_th = problem_ vec.to(’cuda:0’) 1f dev != 'cuda:0’ else pvec

out__jac = functorch.jacrev(objective)(pvec_th)
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out_jac = out__jac.to(dev) # Return data to original device

return out_ jac

As each entry of the Jacobian V,cg(x) can be evaluated separately from the others,
we can take further advantage of FuncTorch [48], the composable function interface
build for PyTorch, to evaluate Jacobian entries in parallel. This benefits the highly
parallel architecture found on GPUs.

Figure [3.6] shows the profiling results obtained by executing 20 iterations or Algo-

rithm |3l We obtained the results shown in Figure by solving a sequence of collo-

]IlTotal time CPU I Jacobian time CPU ! 8 Total time GPU Bl Jacobian time GPU \

120 - 116.07 -

100 |-

80 |-

60

Time in seconds

40

5
0.87 0.3 0.34 . 0.73
0 =S

I T
20 100 200 300 400 500
Number of collocation nodes N

Figure 3.6: Profiling results

cation problems on a system with an i7-10750H CPU and a GTX-1650Ti GPU and
measuring timings using the cProfile module. We see in Figure |3.6| that a large
portion of time in each iteration of Algorithm (3] is spend evaluating the constraint
Jacobian. For CPU computation, an average of 42.3% of the computation time is
spend on evaluating these Jacobian matrices. We compare this to an average of
14.9% of the computation time in the case of GPU accelerated Jacobian evaluations.

This speed-up is represented in the reduction of average total computation time by
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23.3%, for problems with N > 200 collocation nodes nodes. For smaller, systems the
additionally overhead incurred by copying data between CPU and GPU memory may

result in a performance reduction, as we can see in the case of N = 20 nodes.

3.6.2 Gradient approximations

For minimal time optimal control, the objective function coincides with the difference
in value of the first and last time variable. During this section, we have benefited from
a simplified notation, in which we have collected all optimisation variables present
in our non-linear program into a single vector x. This notation hides the complexity
of our collocation problem, as the state variable vectors xg,...,Xy_1 are contained
within x. More precisely, the vector x in many problem formulations, such as Equa-
tions and , contains an unrolled version of all the state, control, and

time variables. In the case of trapezoidal collocation we can write

T
r= <X07u07t07 e ,XN—1,11N—1,75N—1) e RNVX(rtmtl), (3.6.5)

The optimal control objective function is thus

flx)=Ff (X{O,...,N—l}a u{O,..‘,N—l}at{O,...,N—l}) =tn_1 — to. (3.6.6)

Using this, we see that as f is linear in the input variables, such that V2 f(z) = 0. The

equality constraint function, resulting from the quadrature of our system dynamics

in Equation (3.2.6)), are

t; — 11

VmCz‘@) =V, (Xi — Xj—-1 — 9

(Fxi, )+ Fxio1, 1)) (3.6.7)
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To write the Jacobian matrix of these constraints, we introduce further simplifying

notation in the form of the matrices

< e Rbxm, Lheztey = Ins (3.6.8)

" e RM*™ Lt eztay = Ims (3.6.9)
o L k=10

I' ¢ R¥*, Il = : (3.6.10)

0, otherwise

where Z is the function that maps the optimisation variables {xo _ny_1,W0,. n-1,%0. N—1}
to the set indices in the non-linear programming formulation. As an example, we can

see from Equation (3.6.5)) that Z(xo) = {1,...,n}. With this we write

t; —ti_
Iti _ [ti—l
=1 -t — ———— (f(x,w;) + f(x-1,1;-1))
. 2 (3.6.12)
B ZTH (IXZsz<X7,7 uZ) + IXi_1v$f<xi_17 ui_l))
X X4 Iti - It7;71
= JXi — [*i1 2 (£ (3, u) + £(x-1,wi-1)) + O(dy). (3.6.13)

Without this approximation, we need to evaluate these constraint derivatives either
by using a finite difference approximation, or by using automatic differentiation. Au-
tomatic differentiation has benefits from a computational standpoint as derivatives
are not approximated, but evaluated directly by back-tracing on the performed opera-
tions, in particular when evaluating the dynamics function f. Furthermore, automatic
differentiation often scales more favourably with the number of variables if Jacobian
matrices are sparse. In Figures [3.7a] and [3.7b] we can see the experimental approx-

imation quality of the approximation in Equation (3.6.13|) E| In Figure we see
the expected error reduction of O(d;) = (N~!), from Equation (3.6.13)).

2 All experiments were performed on an Intel i7-10750H processor with no explicit parallelisation.
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(a) Equation (3.6.13)) approximation quality. (b) Equation (3.6.13)) computation time.

Figure 3.7: Quality and required computation time of the approximation in Equa-
tion (3.6.13)). The exact Jacobian was computed using the PyTorch automatic differ-
entiation toolkit (See [4§]).

3.7 Mesh refinement strategies

In the previous sections we reviewed the derivation of dynamics equations for the
bicycle model and how we can approach the problem numerically using collocation
methods. We now build upon this work by introducing error estimation methods and
constructing mesh refinement algorithms. The error estimation strategies presented
follow the theory discussed in [9] and [29].

In the following, we discuss the solution of optimal control problems over the entire
time domain. Similar to problem from Section , we denote the state and

control components by using problem matrices

Xo Uo to
X1 u tq

X = . U= CoT=1"]. (3.7.1)
XN uy tn
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In Section [2.3.1], we discussed the formulation of the minimal time optimal control

problem using direct trapezoidal collocation, yielding a problem of the form

fnin, tn — to,
, ti —tia -
subject to X; — X1 — Yy (s, w) +£(x-1,05-1)) Vi,
X< X < X, (3.7.2)
U <u<u,

t; <t Vi=0,...,N—1.

The underlying domain, in the form of a race-track, is discretised with a collection
track segments €2q,...,€),, consisting of two or more track-nodes, depending on the
underlying polynomial approximation. By solving the non-linear program, we obtain
information about the state and control variables at each track node. Using this
information we now aim to build interpolating functions X(-) and u(-) to the true,
but unknown, state and control functions. At each track-node, we impose the state

approximating function

x(t;) = x; Ox(t;) = f(x;, w;). (3.7.3)

Using this, we build a cubic spline representation of the true state variable x(-). For

the control variables, we can impose

to construct a linear interpolating spline. In the following, we assume that the er-
ror in the control solution is dominated by the control solution error, to the degree
that we may use our control solution as a ground truth for computing errors in the

discretisation.

79



3.7.1 Error estimation

Using the solution representations obtained in Section , we now follow [9], to de-
rive local error estimates for our approximation. In the classical theory for numerical
solution of ordinary differential equations, as described in [62] 52], the local or trun-
cation error is the local error committed by the numerical method in one time step,
when applied to the true solution. Given an ordinary differential equation (ODE) of

the form

a linear multi-step method (LMM) will allow us to simulate the development of such

an ODE with

X, = A(AL) (X X1, - - - Xppe) (3.7.5)

The truncation error for such a multi-step method is then given by

xX(ty) — x(tn_1)
tn - tnfl

n= — A(AL) (X, X1, -+ - Xni) (3.7.6)

By the underlying dynamics equation for an optimal control problem it holds that

x(ty) = x(to 1) + [ £(x(s), u(s)) ds. (3.7.7)

tk—1

Instead of computing the integral in (3.7.7)) exactly, we employ a numerical quadrature
rule in our non-linear program. This numerical quadrature method uses, at most, all
the points associated with the track segment €);. Let I; be the index set of all those

track-nodes associated with segment €2;. With this information we have discretized
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the integral in the form

/tk f(x(s),u(s))ds =~ [ty — tx_1|F({x; : i € I}). (3.7.8)

te—1

Equation (3.7.8)) lets us write the truncation error of this method as

n = X(t’;) :z‘(t’“—l) — F({x(t;) i € I}). (3.7.9)
k k—1

We now proceed by modifying equation (3.7.7)), using the interpolated state and

control functions to derive

ty

x(ty) = x(tr—1) + - f(x(s),u(s))ds (3.7.10)
~ x(te1) + tt F(&(s), 1(s)) ds. (3.7.11)

A local error estimate can then be computed by assuming that the starting point

X1 of an interval is accurate. We define the best estimate X; to be

fr—xp 1+ [ F(R(s),a(s)) ds, (3.7.12)

te—1

so that we can derive the local error estimate

b — e = |6 — Xeq — tt £(x(s), (s)) ds (3.7.13)
sy — xq — tt %/(s) — £(%(s), (s)) ds (3.7.14)
< /tt %/(s) — £((s), (s)) ds] (3.7.15)
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3.7.2 Grid refinement

In the preceding Sections[3.7jand [3.7.1] we discussed how one may use the solution of a
non-linear program to derive an interpolating function and determine error estimates.
With the goal of constructing a locally optimal trajectory for a racing car, we want
to use the derived error estimates to inform our mesh refinement. Over the past two
decades, we have seen direct collocation methods, such as those used in this report,
gain popularity. Most mesh refinement methods employ so called h-methods, where
a fixed low-degree polynomial solution is refined by increasing the number of grid

points. Convergence of h-methods is achieved as the local step length

hk = tk - tk—l (3716)

approaches zero. An example for such a method would be to use trapezoidal colloca-
tion on an initial grid and, as long as a predefined error estimate is exceeded in a given
interval, introduce new grid points to reduce the local error. Examples for A-methods
can be found in [10, 50, @9, 99]. In contrast to h-methods, we may also improve
the solution accuracy of methods by increasing the degree of the underlying polyno-
mial, rather than introducing new grid points and maintaining the polynomial degree.
These methods are known as pseudo-spectral or p-methods. In pseudo-spectral meth-
ods, we often represent the functions using Legendre or Chebyshev polynomials. For
problems with smooth state and control solutions pseudo-spectral methods result
in spectral convergence. Treating the entire problem domain as a single segment
generally introduces limitations, resulting in slow convergence, if the solution is not
well-behaved. An additional computational constraint, resulting from p-methods, is
that the Jacobian matrix of the nonlinear program will generally be dense. To make
p-methods more practical, they are often used in conjunction with h-methods, so that

in intervals, where a smooth solution is expected a high degree polynomial is used, and
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singularities are resolved by low order h-methods with a high number of collocation
nodes. Examples for p-methods are given in [33] 34, [7], while [5, 31] present examples
for hp-methods. While hAp-methods are able to combine the benefits of both h- and
p-methods, they are much more difficult to implement and thus used less commonly

than p-methods or hA-methods.

3.7.3 h-refinement

Following the theory of [9], we present a mesh refinement procedure of h-type. The
authors of [9, [10] note that numerical methods, when applied to constraint differential
equations, often experience an order reduction. We say that a method for integrating

an ODE is of order p if the local truncation error 7, behaves like

e = ”";’::;’:“11 — F({z; i e 1}) (3.7.17)
= O((t — tp_1)"™). (3.7.18)

It is common to see an order reduction of the form

M = O((ty — tr—y)PH7). (3.7.19)

In [9], the author presents an a-posteriori method for detecting this order reduction,
based on two grid levels and shows how to construct a new mesh based on these
estimates. We now use the numerical solutions derived on two mesh levels [y and [,
where [; was obtained by subdividing the [y mesh, so that all nodes w? of mesh [, are
also present in the [y mesh. In Figure we see a comparison between the different
mesh levels. Mesh level [y was constructed by adding I = 2 additional nodes, thus

cutting the interval length by a factor of three. We obtain an estimate for the order
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Figure 3.8: Comparison of mesh levels.

reduction r by

| Jog(n™ /)

og (L 1) (3.7.20)

Our goal is then to achieve the optimal error reduction, while adding a finite number
M € IN>q nodes to the mesh. After we have derived an order reduction 74 and error
M, for each segment of the coarse grid, we use a greedy algorithm, that adds nodes
where the error reduction effect is maximal. On each segment (2, we estimate the

change of error by

Or (L) = Op (chf (1 + L) = 1F7) (3.7.21)

= (—p — 1+ 7)ch? (1 4 1) P2 (3.7.22)

3.7.4 hp-refinement

Many grid refinement methods are in practice implemented as h-methods, due to
their relative simplicity. Over the past two decades however, we have seen a rise in
popularity of pseudo-spectral or p-methods [29]. The limitation of p-methods arise,
when they are applied to optimal control problems, which have either non-smooth
solutions, or non-smooth problem formulations. Furthermore, we encounter numerical
difficulties due to density of Jacobian matrices in pseudo-spectral methods. In cases
where they can be applied, p-methods are very attractive due to their exponential

rate of convergence. In order to increase their utility, while attempting to maintain
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as close to exponential convergence as possible, Ap-methods have been developed.
While they are commonly applied in finite element methods for partial differential
equations, they are not yet commonly applied in optimal control type problems.
The main difficulty in hp-type mesh refinement is to build a heuristic algorithm
to decide between increasing the number of track segments in an hA-method type pro-
cedure or increasing the polynomial degree on a track segment, similar to p-methods.
In the following, we present such an algorithm, based on optimal L' polynomial ap-

proximations. We consider again a mesh with track-nodes

wo, - .-, WN, (3723)

and track segments 2, ...,€,. For each node w; we let t; be the linear programming
variable, corresponding to when the vehicle crosses the k-th node. In Figure |3.9 we
can see such a division of a track into three different segments of different polynomial
degree, where (2, is associated with three nodes wy, ws, w3, as such the state variables
on )y are approximated by quadratic polynomials. Similarly, the approximation is
also quadratic on {25 and linear on €23.

Ws

w4 Q3
wo w1 w9 w

9 Qs

Figure 3.9: A track discretisation with segments of different polynomial degrees

For each track segment €2;, we let ¢;,_; denote the time when the vehicle enters €
and t; be the time when it crosses over into the following segment. By the definition

of the ¢ variables, we have that

ti_1 = mln({tk W € Ql}), t = max({tk W € Ql}) (3724)
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Similar to Section |3.7.1], we construct spline interpolations X, u to the true solution
x,u. These interpolating functions are uniquely determined by the interpolation

conditions

)Ni(tk) = Xk Vk = 0, ceey N, (3725)
i,(tk) = f(X]€7 uk) Vk = O, ceey N, (3726)

With this, we compute the same local estimate X as in Section by integrating

(1) = (ti) + [ BR(s),i(s)) ds. (3.7.28)

ti—1

We then proceed by approximating x(-) both with a higher degree polynomial and
with two lower degree polynomials. Let p = ||]] — 1 be the degree of polynomial
interpolation used on §2;. We will divide the time interval (¢;_1, ;) into the subintervals
(ti—1,ti—1/2), (ti—1/2,t;) and interpolate X using polynomials of degree p = [p/2], such

that 2(p+ 1) > p+ 1. We compute the approximation errors

€ = min  [|X — ¢, (3.7.29)

q€Pp1(ti—1,tr)
€9 = min : X — a1 + , min IIx — q2|lz1- (3.7.30)

@ €Ps(ti_1,t;_1/2 2€P5(ti—1/2,t1)

In case that the best estimate X can be approximated better using a higher degree

polynomial, rather than two lower degree polynomials, in other words if
€1 < €, (3.7.31)

it is natural to increase the degree of polynomial approximation on the underlying

track segment €; to p + 1. If, on the other hand the solution shows discontinuities,
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which can no longer be efficiently represented with higher degree polynomials, we find

that

€1 > €9, (3732)

and choose to divide ; into two segments of polynomial degree [p/2] in the next

mesh refinement step. This new mesh refinement heuristic is given as pseudo-code in

Algorithm [p]
Algorithm 5 Mesh refinement
1: d; + |QZ’
2 Pi(t) « piltic1) + L f(p(t), u(t)) dt
3: P4 f%}
46 = mianPerl(tlfl:tz) ||§( - (]HL1
5 € = min!hépﬁ(tlfhtz—uz) [ —aillz + min%EPﬁ(h—umh) 1% — g2/l
6: if ¢; < €5 then
7: QY < chebpoints(t;_1,t;,d; + 2)
8: Qg’ — 0
9: else
10: tic1/2 < %
11: €Y < chebpoints(t;_1,t;i_1/2,0 + 1)
12: Q0 < chebpoints(t;_12,t;,p + 1)
13: end if

—
=~

: return Q, QY

3.8 Efficient L' approximation

In Section we introduced a mesh refinement heuristic, which depends on com-

puting optimal L! approximating polynomials. Solving the L! approximation problem

min || = pll = min [ [(z) = p(a)|do (3.8.1)

requires integration of a non-smooth function, where we have no a-priori knowledge of

the roots of | f(z) —p(x)|. Problem (3.8.1]) is challenging is its own regard as we cannot
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apply higher order quadrature methods due to the unknown singularity locations. One
globally convergent algorithm has previously been discussed in [64]. In this Section,
we present parts of this algorithm and expand on it by discussing the potential to use
exact quadrature methods away from singularities. In comparison to the Algorithm
presented in [64] we can use asymptotically twice as many quadrature nodes near
singularities, leading to a factor 2 error reduction, which we verify experimentally.

One possible approximation is to discretise the interval [0, 7’| using equidistant nodes

({z1,...,zx} and apply the mid-point rule, leading to a linear program of the form

k+1

N 1
min sz(uZ +v;) & /0 |f(:1:) — Z c;Ui_1 ()] dt,
i=1

u,veRYN ,ceRk+1 i1

subject to: u,v > 0, (3.8.2)
k+1
—v; < flai) — Z c;Uj—1(7;) <.
=1

Using O(NN) approximation nodes, we would expect the midpoint quadrature error

T(N) =

[ fds =S wiste)

to decrease like 7(N) = O(N~2). When approximating f using a polynomial func-
tion we find a finite number of absolute value type singularities. On each interval,
containing such a singularity, we expect an error of size O(N~?), thus leading to an

overall quadrature error of
! L al * -2
L1 @) = @) do = 3w (i) — (@) = O )
i=1

We let py(z) be the solution of the linear program (3.8.2)) in the sense that

pn(z) = Z: ciUi_1(x).
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While the overall quadrature error decreases like O(N~2), the roots of f — py only

converge to the roots of f —p’' at a rate of O(N7Y). In later parts of this algorithm,

we employ Newton iterations on the characterisation of an L' approximation

1

[ st -t

())q(x)dx =0 Vg e Pg(0,1).

An error of O(N™') is often not sufficient for such Newton iterations to converge.

To improve the initial guess for our Newton method, we restructure the quadrature

nodes by placing O(N~!) nodes in an O(N~1) region around the estimated roots

{7’1,..

., ri} of f—pn. Specifically, we let § = %. For each root, we construct a ¢ ball

B; = Bs(r;). We join intersecting balls B; to avoid repeated integration over identical

intervals, and distribute quadrature nodes equidistantly over the resulting union of

intervals. The exact construction of intervals follows from Algorithm [0 Following

Algorithm 6 Interval construction

Require: N > 1,{ry,...,7x} C (0,1)

1:
2:
3:

o>

5
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

res < {}.
L+ 0
forie{l,...,K} do
Bz‘ = [’f‘i —5,7}4-(5]
added < False
for B; € res do
if B, N B; # {} then
L+ L —|B;|+|B; U B,
Bj — Bj U Bz
added < True
continue
end if
end for
end for
if not added then
res < res U B;
L+ L+ B
end if
return res, L

> N nodes, r; roots of f — py.

> Check for intersections

> Update length
> Join intersecting intervals

> exit for-loop

> Add new interval
> Update length.

Algorithm @ we have constructed the non-intersecting intervals {B; : i = 1,..., K}



with K < K. We place max(K,[N/2]) quadrature nodes equidistantly on these

intervals. We follow Algorithm[7]to ensure at least one node is placed on each interval.

Algorithm 7 Node placement
Require: N > 1,{By,...,Bz},L >0 > N nodes, B;, L from Algorithm[]
1: nodes < {}.
2: weights < {}.
3: foric{l,...,K} do
4: Bz = (lz, TZ‘)
5. N; < max(2, [iThNT)
6
7
8
9

x < linspace(l;, r;, num = N;)
nodes < nodes U 1(x[2 :] 4+ x[1 : —1]) > Add midpoint rule nodes
: weights < weights U (x[2 :] — x[1 : —1]) > Add midpoint rule weights
: end for
10: return nodes, weights

Using Algorithms (@ and , we construct the required quadrature nodes and
weights near roots of f — py. Algorithm [f] is able to handle intersecting intervals
B; N Bj # 0 correctly. Algorithm [7| ensures that we place nodes equidistantly and
that we assign at least one node to each interval. As an example, we consider the
approximation of f(z) = exp(z)sin(10mx) using a polynomial of degree 5. In Fig-
ure we see the nodes created by Algorithms [6] and [7] for N = 100 and K = 11

roots.

3.8.1 Integration away from singularities

Using the previous two node placing algorithms, we place N quadrature nodes at most
0= % away from approximated roots of f — pri. Despite the singularities this will
lead to a quadrature error of O(N~*ff| Away from the roots, we avoid absolute value

type singularities. Let B; = (I;,7;), Bix1 = (li+1,7i+1) be two subsequent intervals, as

3we are integrating a function of value O(N~2) over an interval of length A/ ~€.
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Figure 3.10: Nodes place by Algorithms |§| and EI on f(z) = exp(x)sin(10rz) for
N = 100.

identified by the Algorithm [6] On the interval (r;,l;11), we find that

/li+1
ri

k+1

f(x) - Zl cjUj-1(z)

lit1 k+1
dx = / f(@) =Y Ui (z) do
T j=1

k+1

lit1 lit1
= / f(z)dx — / > Uiy (z) d
T T j=

k+1

lit1 lit1
= / f(z)dx — ch/ Uj—1(x)dx|.
T4 j=1 T

We denote the area between any to adjacent intervals B; = (I;,7;), Biv1 = (liv1,7i41)
by C; = (ri,liy1) fori = 1,..., K—1. Additionally, welet Cy = (0,11),Cx = (rz_,, 1).
One each of the intervals C; we can integrate f efficiently using higher order methods,
like Clenshaw—Curtis quadrature and integrate the Chebyshev polynomials of second

kind U; for j = 0,...,k exactly. We include the error contribution on the segments
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C; in our linear program formulation using

N K+1
min > wiu + ;) + > W+ O
u,VE]R,N,ﬁ,VEIR,K‘FI,CERk"'I i=1 i=1

subject to: u,v,u,v > 0,

k1 (3.8.3)
—v; < fla) — Z CjUJ—l(x%) < u,
j=1
k+1
—17,§/ f(x)d:v—ch/ Uj—1(x) dx < 1,
i—1 j=1 i—1

where z;,w; € R Vi =1,..., N are the nodes and weights obtained from Algorithm 7]

Using this treatment, we obtain a linear program with k + 2(N + K ) + 3 variables.

3.8.2 Numerical experiments

We have discussed how to place quadrature nodes using Algorithms @ and , re-
sulting in the linear program formulation in equation . An alternative method,
which does not require higher order quadrature methods on the intermediate intervals
Co, . ..,Cf isto place N/2 equidistantly on the intervals By, ..., B and a further N/2
nodes equidistantly on Cy, ..., Cz. We place these nodes by applying Algorithm [7| us-
ing N/2 nodes to both sets of intervals { By, ..., Bi}, {Co, e CKH}, obtaining the
node and weight vectors x, w. Using these nodes and midpoint quadrature weights,
we obtain the linear program formulation

N
=1

u,veRN ceRF+1

subject to: u,v > 0, (3.8.4)
k1
—v; < flx) — Z cjUj () < ug.
j=1

We now compare the linear program formulations (3.8.3]) and (3.8.4)) on increasingly

oscillatory test functions
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exp(x) sin(107x),
exp(x) sin(1007x),

= exp(z) sin(10007z).

We see convergence results for the test functions fi, fo, f3 in Figures [3.11] [3.12]

In each of the tests, we fix the polynomial degree to be k = 5 and we computed

reference solutions using the linear program formulation and N = 105 quadrature

nodes. The special choice of increasingly oscillatory test functions allows us to see

the effects of more concentrated sampling. In the cases of f, and f3, we can also see

regions where the presence of too many absolute value singularities broke the constant

sign assumption on the intermediary intervals C;.

In the linear program we placed N nodes on intervals, of size K X +, leading
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Figure 3.13: Convergence and Computation time of the linear program [3.8.3/and |3.8.4|

on f3

to an average node distance of ‘}V—Ig. Hence we place nodes in program , are placed
at twice the average density compared to program From this, we expect a

constant factor 2 error reduction in Figures [3.11], [3.12, [3.13] In Figure [3.11], we see

this expected behaviour. In Figure [3.12] we observe this behaviour for a sufficiently

large number of quadrature nodes N > 2000.

As our test functions are increasingly oscillatory, we expect the number of roots of
f — prr to grow. Consequently to see the benefit of the program formulation
over program (3.8.4]), we need an increasingly large number of quadrature nodes V.
We can observe this behaviour in Figure from the slow convergence when using

the program formulation [3.8.3
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Chapter 4

Reinforcement learning for lap

time minimisation

Reinforcement learning comprises algorithms to maximise the expected cumulative
reward an agent achieves within a reinforcement learning environment. Common ex-
amples for reinforcement learning agents and environments are robots, both physical
and simulated, characters in video games, or stock trading algorithms on simulated
exchanges. In this chapter we will reformulate the optimal control problem from
Chapter |3 in as a reinforcement learning environment. Our focus will be on the con-
struction of feature sets to improve the training process and quality of the resulting
algorithms. The trained agent will then be used to provide a high-quality initial solu-
tion to the collocation problem, with the goal of improving both solver performance

and accuracy.
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4.1 Introduction to reinforcement learning algo-
rithms

A reinforcement learning problem consists of at least two main components (i) an
agent and (ii) an environment. The flow diagram in Figure [£.1] shows the interaction

between agent and environment. In each time-step, the agent A receives an update

A E
X
a;
time ¢
ry
Xt4+1
a
1+1 .
timet+ 1
Tiv1

Figure 4.1: Reinforcement learning environment information flow.

about the state information, called observation z; € X, from the environment E,
to which it responds with a corresponding action a; € A. The environment then
evaluates the action and responds with a reward r;, as well as a termination signal d; €
{True, False}, to indicate whether or not the environment has reached the terminal
state.

In recent years, we saw a variety of reinforcement learning algorithms, which rely
on deep neural networks as general function approximators. Some of the most well
known algorithms of this type are deep Q-learning [63] (DQN), Deep Deterministic
Policy Gradient [88] (DDPG), Proximal Policy Optimisation [85] (PPO), and Soft

actor critic [41] (SAC). The objectives in developing a deep reinforcement learning
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algorithm are to achieve high data efficiency, robustness, and scalability to larger
models as well as training on parallel computing infrastructure. In this context, we
say that an algorithm is robust if it achieves high performance on a variety of environ-
ments, with only minor hyper-parameter tuning. In the following we provide a brief
introduction to reinforcement learning algorithms, with a focus on implementation
specific details.

The goal of reinforcement learning is to select actions which maximise the expected

cumulative reward. For this, we define the trajectory of an agent as

T={(zr,an,m) :t €{1,... . T}},

as a sequence of state-action-reward tuples. For such a trajectory, we define the

cumulative reward as

Rt (T) _ Z ’}/tlitrt’,

t'=t

where 7 € (0,1) is called a discount factor, such that bounded reward functions
on infinite time domains result in finite cumulative rewards. In environments with

deterministic rewards functions, we often write r, = r(zy, a;), such that

Ry(1) = i yt,_tr(xt, a).

t'=t

Additionally, for the purpose of time-optimal control, the discount factor will be

important as is encourages the agent to obtain rewards sooner, rather than later.

4.1.1 Q-learning

Q-learning was introduced in 1989 as a model free reinforcement learning algorithm

[96]. It provides agents with the ability to learn optimal behaviours in Markov do-
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mains, without building a map of the domain. Similar to temporal difference learning
[89, 130], an agent evaluates an action, at a state z;, based on the immediate reward
r, and an estimate of the following state.

In the setting of Q-learning, the environment is a controlled Markov process, with
the agent as the controller. The agent moves in a finite and discrete state space X,
selecting actions from an action space A, which is also finite. In each time step, the
state of the environment changes stochastically according to the transition probability

distribution function
px|e, ar) = Pl = x| a2y, a4 (4.1.1)

The agent faces the task of determining the optimal policy 7 : X — A, as a map
from state-space to the action-space, which maximises the expected discounted sum

of future rewards, known as the value function

V() = r(xe, m(z)) + Z V™ (z)p(x|z, m(xy)). (4.1.2)

reX

According to the dynamic programming theory of Bellman and Dreyfus [6], we are

guaranteed the existence of at least one optimal stationary policy 7*, such that

V™ (2,) = max (T(mt, a)) +v > V™ (x € X)p(z|z, at)) : (4.1.3)

a
t < Te1

During Q-learning, the agent is tasked with determining an optimal policy 7*, with-
out initial knowledge of the reward function r(z;,a;) or the transition probabilities
p(Teg1|Te, ar). In [96], Watkins introduces (Q-learning as incremental dynamic pro-
gramming, due to the step by step manner, in which the optimal policy is approxi-

mated. For a policy 7 the state-action value function, called Q-function, is defined
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as

Q" (e, ar) = (x4, ar) + Z Vi @alp(@ea| e, ar), Tega), (4.1.4)

Tir1E€EX

where it is easy to show that
a; = argmax, Q" (x, az), V] = Q™ (24, ay).

In each time step of the reinforcement learning environment, the Q)-learning agent will

perform a slight adjustment to Q(zy, a;), based on a learning rate a > 0, by letting

(1 —y)Qn1(z,a) +ap (rp +YVoia(yn)), fx=x,,a=a,
Qn(z,a) = (4.1.5)

Qn-1(z,a), otherwise.

Note that this description requires a look-up-table representation for the @, (z,a).
The storage and computational requirements for this approach thus scale exponen-
tially with the state and action space dimension. This makes, in particular, discrete
approximations to high dimensional continuous action- and state-spaces prohibitively
expensive. In [96], a convergence proof for Q-learning, under conditions on the learn-

ing rate, is provided leading to Theorem 4.1.1}

Theorem 4.1.1. Let ni(x,a) be the index of the step in which action a is chosen in
state x for the i™ time. If the exploration process is such that n'(x,a) can be computed
for every i € N>y, the rewards are bounded |r,| < R, and the learning rates cuyi(y.q)

satisfy
Y i =00, D |aniael? < oo Vz e X,a€ A,
i=1 i=1

then Qn(z,a) = Q*(x,a) as n — oo.
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4.1.2 Deep (-learning

As outlined in section [4.1.1] @-learning is inherently computationally expensive to
apply to environments with large, or continuous, state and action spaces. The idea
described in [63] is to utilise the advances made by the use of deep neural networks
in computer vision [86, [57]. At the time of writing, most successful reinforcement
learning applications operated on domains with hand-crafted features, combined with
linear value functions, or policy representations. The performance of such algorithms
depended heavily on the quality of these features. From a machine learning perspec-
tive, reinforcement learning problems require us to solve several challenging problems
simultaneously. The reward function signal deep reinforcement agents have to learn
on is often delayed, sparse, or noisy. In some environments, the feedback between
actions and reward can even be delayed by several hundred time steps. This is often
the case when intermediate rewards are difficult to define, such that we may only pro-
vide a sparse reward signal at a terminal states, once we can determine if the agent
has solved a given problem successfully. In supervised learning, we often assume that
data samples are independent. This is inherently difficult to achieve in a reinforce-
ment learning setting, as consecutive environment observation are naturally highly
correlated. If the learning algorithm assumes the underlying sample distribution to
be stationary, the agent's own learning progress could also prove problematic.

In [63], an agent is trained on an environment E with a finite action space A =
{1,..., K}. The particular environment used in [63] was an Atari-2600 emulator.
The state of this Atari-2600 environment is taken directly from the emulator’s pixel
data. In each step, the agent also receives the change in game score as a reward
signal.

In many game environments, it is not possible to understand the game state fully
from a single frame observation. We consider, as an example, the velocity of a game

character. While velocity information can not be obtained from a single frame, it
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is possible to extract this information from a sequence of frames. Thus the state
data passed to the agent is given by the pixel data from multiple previous frames
Ty = (Ye—kat, - Y) € ka(d“dv), where d;, x d, is the resolution of the game en-
vironment we observe. The goal of the agent is to interact with the emulator in a
manner that maximises expected future reward. As the full internal state of the em-
ulator can not be observed, and state transitions are potentially non-deterministic,
the discounted expected future reward function, up to the time index 7', at which the

terminal state is attained,

is maximised. Similar to classical )-learning, the deep ()-learning algorithm seeks to
compute the optimal state-action value function Q*(z,a). This optimal state-action

value function will satisfy the Bellman equation

Q" (x4, a¢) = E[r + ’yrc{ﬁii Q(Tir1, Qrs1) | Ty ay]. (4.1.6)

We use an iterative update for the state-value function, based on the Bellman property

given in equation (|4.1.6)

Qi+1(24; ap) = Blr +ymax Qi(we1, apir) | 24, adl. (4.1.7)

On its own, the value iteration given in (4.1.7)) is impractical as Q(-, -) requires itera-
tive updates for each state-action value pair. For this reason, a deep neural network

function approximator is used

Q(x1, as; 0;) =~ Q" (4, ).
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This network Q(x, a;; 0;) is referred to as the Q-network an optimised iteratively by

minimising a sequence of loss functions
Li(60;) = E[(v; — Q(1, a; 6:))7],
where
yi = E[r + 7{%%{@(%“’ apy1;0i-1) | Ty ay]. (4.1.8)

Following [63], differentiating the loss function with regard to the policy weights, we

derive

V(%-Li(ei) =E KT + ’YIC%EJE( Q($t+1, A4, ei—l) - Q(mt, Qg 01)) veiQ(ﬁft, Qg 91‘) .

The deep Q-learning algorithm works by updating the state-value network parameters

f in every learning step according to

Note that this algorithm is model free, in the sense that it does not construct a model
for the underlying environment E, and that it is also of action-value type as it learns

the greedy policy

a; = mo(x;) = argmax,, Q(zy, as;0). (4.1.10)

4.1.3 Policy Optimisation methods

The ()-learning methods which we have seen so far fall into the category of action-

value methods. Policy functions in action-value methods does not exist explicitly,
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as such, we need to evaluate of action values and extract the policy according to
Equation (4.1.10)). In policy optimisation methods, we parametrise the policy function
directly. Consequently, we will have a parametrised map 7y from the state space X

to the set of probability measures on our action space A

T - X — Ml(A) (4.1.11)

The natural goal of policy methods is to compute the largest possible policy pa-
rameter improvement, given limited available data, while preventing destructively
large policy changes. A popular strategy for choosing an appropriately sized policy
step is called Proximal Policy Optimisation (PPO). Originally presented in [85] is
an on-policy algorithm, which prevents destructively large policy steps optimising
a purposefully designed policy value proxy function. We commence our discussion
of the PPO algorithm by a comparison of on-policy methods compared to off-policy
methods. On policy methods collect a new sample data-set before computing a policy
update. As a consequence, the training data always matches the current policy. This
match comes however at additional computational cost. Off-policy methods, such
as deep Q-learning, store previous samples in a large replay buffer. During train-
ing off-policy methods, sample random batches from this replay buffer. The random
sampling is used to reduce the correlation of subsequent samples in the replay buffer.
In comparison to action-value methods, policy optimisation has some practical and
theoretical advantages. By parametrising the policy directly using smooth functions,
the resulting policy will react smoothly to changes in the parameter vector. This is
not the case when we select actions in an e-greedy manner from action-value samples.
On-policy methods collect samples into a roll-out buffer data structure and train only
on the recently collected data. The roll-out buffer is usually smaller in size compared

to an off-policy replay buffer. As such off-policy methods have the ability to use sam-
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ples more often compared to on-policy methods, and we often observe higher sample
efficiency with off-policy learning methods. This roll-out buffer is a data structure
consisting of three matrices Mgiate, Mstate’s Maction and two vectors breward, Ofinal-  We
will discuss the generation of roll-out samples in more detail later when we discuss
Algorithm [11] Using the samples collected in a roll-out buffer, on-policy algorithms
will proceed to maximise some scalar performance measure of the networks parameter
vector J(#). In our case, we focus on environments with non-random initial states

Xp, so that we may use
J(0) = V™ (x0) = ZVtr(xta at). (4.1.12)
t=0

From the policy gradient theorem (see [90) p. 325]), we obtain

VJ(0) < > pe(x) > Vmg(alz)Q™(z, a), (4.1.13)

zeX acA

where Q™ (z, a) is the expected value of executing action a in state state x and following
policy 7 thereafter and p, is the on-policy state distribution following 7. We extend

Equation (4.1.13]) by including a baseline value function V : X — R to obtain

VJI(0) x> pe(x) Y Vmglalz)(Q(z,a) — V(z)). (4.1.14)

TEX acA

Equation (4.1.14]) remains valid as the quantity we subtracted is

> Vm(alz)V(z) =V (2)V Y m(alz) = 0.
acA acA

=1 Vo
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We call the function A(x,a) := Q™(z,a) — V(x) the advantage function. With this

we can write the resulting policy gradient as

VI(0) < 3 pxlx) D Vmo(alr) (Q7(x,a) — V(x)),

zeX acA
= > te(2) Y Vmg(alz)A™(w, a),
zeX acA

(4.1.15)

(4.1.16)

where 2’ is the environment state following from executing action a in state x and.

As the advantage function is not known directly, we employ advantage estimation

techniques from [84]. To do this, we introduce the 7-discounted temporal difference

residual, as in [90], as

6t =7+ ’}/V(xt—&-l) — V(,It)

(4.1.17)

Using this we find A(zy,a;) = E[6]. We expand this estimate using a telescoping

sum to find

A™l = O =1+ 4V () — V),

Am? .= Ot + Y041 =1 + yre + 72V($t+2) —V(xy),

N-1 N-1
Aﬂ-’N = Z 7k5t+k = Z ")/kTH_k + ")/NV(.TH_N) — V(.%'t)
k=0 k=0

We use exponential averaging to obtain the general advantage estimate

Aﬂ',GAE('y,/\) — (1 _ )\) (Aﬂ,l + )\AW,Q 4 )\QAF,?) + .. )
k=0
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(4.1.20)
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(4.1.22)



We now have a parameter A € [0, 1] to interpolate smoothly between the two extreme
cases of one step temporal difference error and a Monte-Carlo advantage function

estimate which uses the entire episode

ATGABGO) — g, = 1y AV (y41) — V(1) (4.1.23)

ATGAEOQD) = N by, V(). (4.1.24)
k=0

Following the experimental analysis in [84], we see that the most promising values
for A\ are in the interval (0.9,0.99). To use this, we first re-write our performance

measure gradient in involve the sampled states and actions x;, a;

VJ(O) < Y ZAVWQ(MS)A”(L(L) (4.1.25)
=K ZAA”(xt, a)7r(a|xt)m (4.1.26)
= E, [A™(xt, a:)V log (m(at|z:))] - (4.1.27)

The operator E; is used to signify that actions are generated according to our policy
7. Replacing the exact advantage function with our estimator from Equation (4.1.22)

and using the sample expectation B yields the performance gradient estimate
VJ(0) = By [AmCAEON (3, 0,)V log ((a]1))] (4.1.28)

One option is to perform a gradient ascent step using this gradient estimate from
Equation (4.1.28]). The resulting gradient step forms the foundation for the classical
REINFORCE algorithm [97]

Ori1 = 0, + ol [AWONEON (3, 0,)V log (m(as|22))] - (4.1.29)
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To see the approach taken by PPO we backtrack from Equation (4.1.28)) and observe,
by undoing the gradient operation, that our goal is to maximise the approximate

performance measure
J(0) = By [A7CAEON (2 04) log (m(as11)) | (4.1.30)

One intuitive option to avoid destructively large policy changes is to introduce a trust

region parameter A > 0 and limit the KL-divergence of a policy update

ma}lcvj(é +0"
breR (4.1.31)

subject to: I [KL [mg(-, 20), more (-, 21)]] < A.

The objective (4.1.31]) results in an algorithm known as trust-region policy optimisa-
tion (TRPO) [83]. Proximal policy optimisation reduces the computational complex-
ity of solving (4.1.31) by modifying the objective function in a manner that discour-

ages large policy changes. For this, we let A = A™GABON (7, q,) and

r(0,0) = Teladdz) (4.1.32)

mo(arze)
The PPO objective function cuts of the policy change benefits which are larger than
some constant € > 0, such that we solve

max I, {min {flr(ﬁ’, 0),clip (r(¢',0),1 —¢,1+¢) AH (4.1.33)

0'eRN

The benefits of PPO over TRPO is the reduced computational complexity at similar,
or sometimes even higher, empirical learning performance. This learning performance
is discussed in [85].

Recalling the advantage estimation in equation , we see that to evaluating

AGAE A requires the exact value function V. To deal with this in praxis, we will
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replace the exact value function using a parametrised function approximator V,

X — R, where w € RM is a parameter vector. For a given trajectory

T = {<xt7at7rt) (xTvaTarT)}v

we can then use the generalised advantage estimate

T
AP =S g+ V() = Violan))

k=t

For the optimal policy 7*, the advantage function A*(z;, 7*(x)) satisfies

A (g, 7 (20)) = Q" (4, (1)) — V7™ (24)

= max r(zg, @) + YV (241) — V(1)

:maxr xt, +’y Z ’y xk,ak Z”y xk,ak
k=t+1
- T(‘rtvat + Z ’7 t+1)r(xk7ak) - Z’yk_tr(‘rkaak)
k=t+1 k=t
=0.

We thus improve the value function by updating the value function parameter w

using, similar to [85] 90]

A

min £, {(vw,m) V() — AzM)Z] | (4.1.34)

wl

For practical optimisation, we construct a loss function from 4.1.34|and (4.1.33)) using

a balancing parameter x > 0

L(O,w) =k (1217’)"“)2 — i, {min {1217“(9, Oora), clip (1(0,0014), 1 —€,1 +€) AH :
(4.1.35)
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For the final algorithm we minimise the loss function L(f,w) using a general stochas-
tic minimisation algorithm, such as the Adaptive Moment Estimation Algorithm
(ADAM [55]). In this algorithm, we collect M step samples from the environment in
a phase called “roll-out”. Using the roll-out samples we construct the loss function L
as in Equation (4.1.35)) and perform a gradient step. The total number of environ-
ment steps is limited to V. As training progresses, we generally reduce the learning
a according to a so called learning rate schedule oo = a(k), where ¢t € {1,..., N} is

the current step index. In the following sections [4.2] and we discuss the impact

Algorithm 8 PPO learning algorithm
Require: N> M >1,0,w,a: N — Rx,.

1: t < 0.
2: whilet+ M < N do
3: Initialise a set of trajectories D < ().
4 Initialise an empty trajectory 7 < 0.
5 for:=1,...,M do > Execute M steps in the environment.
6 Sample an action from the policy a; ~ w(zy).
7 Execute the step in the environment x;,1, asy1, 7141 < step(ay).
8 T T U{(211, Grg1,T141) -
9 if x;,,1 is a terminal state then
10: Reset the environment z;,; < reset.
11: Store the sampled trajectory D < D U {7}.
12: Initialise a new trajectory 7 < 0.
13: end if
14: t<+—t+1.
15: end for
16: Add current remaining trajectory to D, D < D U {7}.
17: Compute the advantage function estimates A, ... ,/AXH M_1-
18: Compute loss function L(6,w).
19: Evaluate the loss gradient VL(0,w) using automatic differentiation.
20: Minimise the loss function via some gradient descent algorithm, such as ADAM
using a learning rate «(t) to obtain ¢, w’.
21: Update the parameter vectors 6 < 6, w + w'.

22: end while

of learning rates and reward signals on the PPO learning process.
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4.2 Lap time optimisation environment

In the previous section, we provided an introduction to reinforcement learning and
discussed some of the seminal algorithms. We first need to construct a reinforcement
learning environment to apply these algorithms to a lap time optimisation problem.
In the following, we use the classical bicycle model, as described in Chapter [2] as
the underlying dynamical model and construct a reinforcement learning environment
based on this physical model. While reformulating the lap time problem, we have
some freedom how we present the available state information to the neural network
controller. We commence with a baseline environment, which only provides vehicle
state information, taken directly from the bicycle model, to the optimisation algo-
rithm. During the environment construction, we put particular emphasis on the track
representation within the model. In later sections, we will discuss the impact of an
expanding the observation space on the learning progress.

To commence, we consider only the states present in the dynamic version of the clas-
sical bicycle model. In this model, the vehicle is described by six state variables.

Similar to the bicycle model, the state variables to track the vehicle’s position in

Table 4.1: Dynamic bicycle model vehicle state variables

Variable Symbol
Centre of mass position | (z,y) € R?
Vehicle yaw angle Y
Centre of mass velocity | (z/,v")T € R?
Vehicle yaw rate !

relative to the race track are also included in the observation space. We therefore add
the three variables from Table 4.2 to the observation. As outlined in Section the
dynamics equations for the vehicle states are derived by force and momentum bal-
ance, while ignoring pitch and roll moments. The dynamics for the position relative

to the track follow from computation in curvilinear coordinates.
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Table 4.2: Dynamic bicycle model track state variables

Variable ‘ Symbol
Distance along centre line S
Relative yaw angle ¢
Distance from centre line v

The resulting dynamics for path tracing variables are

) = 20 E0) =Bt () o)
O (t) = Opx(t) sin(&(t)) + Owy(t) cos(&(t)), (4.2.2)
E(t) = 0fp(t) — Bys(t)C(s(t)). (4.2.3)

We assume that the driving force at the rear wheel can be directly controlled by the
driver. This is a simplifying assumption, as it does not include the natural time delay

effects between throttle movement and engine response [25]. In the following, we use

Table 4.3: Dynamic bicycle model control variables

Variable ‘ Symbol ‘ Range
Rear wheel acceleration fr [—2073,207%]
Front axis steering angle o [—%, %]

the shorthand notation x and u, with

x(t) = (px(t),py(t%vx(t),vy(t),w(tW’(t), s(t),v<t),§<t)) ) (4.2.4)
u(t) = ( fr(t),cS(t))T (4.2.5)

for the vectors of all state and control variables respectively. To complete the un-
derlying model for the track environment, a flexible track description is required. In
particular, we want to be able to procedurally generate new racing tracks. The goal of
this is to enable agents that are trained on a selection of randomly generated tracks.

This randomised track generation is then used to aid in the generalisation of agents
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to new race tracks.

4.2.1 Track description

We seek a model for two dimensional tracks of constant width, which allows for

automatic track generation. In Figure [4.2] we can see two exemplary racing circuits

(a) Bahrain International Circuit [76] (b) Silverstone Circuit [27]

Figure 4.2: Example racing tracks in the 2021 formula one calendar

from the 2022 Formula One calendar. Our environment will represent racing tracks
using two different track elements, straight pieces and curves. Straight pieces have
only their length [ as a parameter, while curves contain an angular distance «, as
well as a radius r. In addition to an enumeration of track elements, a race track
description also contains a starting position xg, starting angle wg, and a track width
W > 0. This formulation enables procedural generation of new tracks. We have seen
in Section [2.1] that we require the track curvature to evaluate the bicycle models

dynamics equation. Using the outlined track description, the curvature is given by

0, for straight elements

sign(a)
r

for curve elements

During each reinforcement learning step, the environment receives an action u(t)

from the neural network controller. Using this action, the environments updates its
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internal state using explicit Euler time stepping scheme
Xpps, = X + 0 f (x(t),u(t), t).

Following the standard truncation error analysis (see [18]), we obtain the truncation

error formulation as

(6) =2 fx(t). u(t). 1) + O(5)

07 d
= ( fox(t) + @fatu(t) +8tf> + O(8}).

(4.2.6)

In Equation (4.2.6)), we dropped the explicit dependence of f on x(t),u(t),t. Consid-
ering the truncation error for the vehicle's position, along the track centre line s, we

find that

v, (t) cos(&(t)) — vy (t) sin(é(t))
Oys(t) = 0O, ( =0 (s) ) (4.2.7)

= ua(t) cos(€(1)) — uy(0)sin(€ (D) _”(Z%z))?. (4.2.8)

To perform the error analysis in equation , we require that all the derivatives
of f are well defined. From Equation (4.2.8)) we can observe that this can only be the
case if the curvature C'is at least continuously differentiable with respect to the cen-
tre line distance s. To ensure compatibility with our track description, we smoothly
interpolate the curvature C' near the boundary of track elements.

We note that both the straight track piece and the curved piece have constant cur-
vature. Let sy be a point of intersection between two track pieces of differing, but

constant, curvature, such that for e > 0 sufficiently small

C(so — €) = Cleft C(s0 + €) = Cright- (4.2.9)
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We choose the 5-th degree Hermite-spline ¢ : [—1,+1] — [0, 1] interpolation function

with

¢(-1) =q(£1) = ¢"(£1) =0, ¢(1) =1, (4.2.10)

_ 3 5 5,5, 15 1 4211
q(x) T + 16x+ 5 ( )

and interpolate

C(s), if |s — 59 €,
C(s) = (s) | > (4.2.12)

Cloft + (1 — q(%ﬂ“)) Cright,  otherwise.

The symmetry of ¢ about (0, 3) ensures that for all € > 0 sufficiently small

/E C(so+x)dx = /E C(so + z) d, (4.2.13)

—€ —€

so that the track orientation remains aligned with the underlying track description,
despite the described curvature interpolation.

With this track description, we now have a clearly defined procedure for simulating
the reinforcement learning environment in time using the explicit Euler procedure.
The final component required for completing this environment is the reward function.
In many cases reward functions have to be specifically designed to work with a given
algorithm and on a specific environment. The difficulty in designing such a reward
function is in balancing learning progress with ensuring that the correct objective is
maximised.

In our particular case, it is natural that we want to minimise the total lap time ,

while following a valid trajectory around the track. A trajectory would become invalid

w

if the vehicle violates either the track constraint |v(t)| > =%, or the bicycle model

dynamics. Additionally, we prevent undesirable behaviour, such as driving backwards
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or stopping, by including a large negative penalty term in our reward function. As a

result, the reward function we use is given in Algorithm [9}

Algorithm 9 Reward function

Require: x(t)
1 if [v(t)| > % then > Contacted the track boundary.
2 Return 0.
3: end if
4: if §'(t) < 0 then > Driving backwards
5: Return 0.
6: end if
7. if 2/(t)* + ¥/ (t)* < 1.0 then > Vehicle is driving too slowly
8 Return 0.
9: end if > Penalise duration but reward progress
10: Return (s'(t) — 1)d;.

Similar to the reward function, we need a methods of determining whether we
have reached a terminal state in our model. We will do this analogous to how we
determined rewards in Algorithm [0 by terminating the environment if we have reached
an undesirable state or if we have finished the track. We give a pseudocode description

of this terminal state function in Algorithm [10]

Algorithm 10 Check terminal state
Require: x(t)

1: if [v(¢)] > ¥ then > Contacted the track boundary.
2 Return true.

3: end if

4: if §'(t) < 0 then > Driving backwards.
5: Return true.
6
7
8
9

. end if
cif /()2 + ¢/ (t)* < 1.0 then > Vehicle is driving too slowly.
: Return true.
: end if
10: if |w(t)| > 27 then > Lost vehicle control.
11: Return true.
12: end if
13: if s(t) > L then > Finished the track.
14: Return true.
15: end if > Terminal state is not reached
16: Return false.
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4.2.2 Learning process and reward signals

At this point, we determined the main components of our learning environment. In
particular, we are able to compute the change of system state variables and return
a reward signal to the agent. With this, we are able to commence the learning
process. For training our neural network controllers, we make use of the project
Stable-Baselines3 (SB3). The SB3 project contains an implementation of many sem-
inal reinforcement learning algorithms in using the PyTorch [74] toolkit as well as
supportive data structures, such as replay buffers, which aid in the learning process.
In particular, we use the implementation of proximal policy optimisation (PPO) from
SB3. The PPO agent processes a vehicle state, in the form given in Equation (4.2.5),
using a neural network structure consisting of four hidden layers with 128 nodes in
each layer. This observation vector x is mapped to output vector u = (uy,us)”, cor-

responding to the vehicle actions. We can see the network structure in Figure 4.11af'|

input layer  1* hidden layer

1%t hidden layer

(e
(a) Actor network layout (b) Critic network layout

Figure 4.3: PPO agent network layouts for training on the baseline environment

(k=1)

Here, we will call the input to the k" layer y . We use the hyperbolic tangent

function tanh as our non-linear activation function. With this, we can write the

!The default behaviour of SB3 shares layers between the actor and the critic network. We avoid
this behaviour by specifying the network architecture parameters explicitly.
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output of the k" layer as

O (x) := tanh(Wyrx + by), D =P 0P;0Dy0P. (4.2.14)

Where W}, is a matrix of network weights and by, a vector of biases in layer k. Using the

dimensions shown in Figure [4.11a] we can see that these matrices have the dimension

RIZ%9 if = 1
R? if k = 9,
Wi € R2x128 if | = 5, , b, € . (4.2.15)

R!?® otherwise
R128x128

otherwise

We find that the total number of network parameters for our actor network is

Lo=4(128-128) + (2+ 9+ 4) - 128 4+ 2 = 67458.

While we can use the deterministic outputs of our neural network directly as actions,
this often leads to poor training performance. For improved training performance,

we sample actions from a diagonal Gaussian distribution

u ~ N(®(z),diag(oy, 02)), (4.2.16)

where 01,09 are additional training parameters with we obtain during the training

process. With this, we find

Ui o1 0 (751
u~N : : = d(x). (4.2.17)
U2 0 09 U9

The learning process is split into two phases called roll-out and training. During roll-

out state, action, reward samples are collected and stored into a roll-out buffer. The
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roll-out buffer is a data structure consisting of three matrices Mgiate, Mstate’, Metr1 and
two vectors breward, banal- 1IN Algorithm [11{ we see the roll-out process in detail. We see
that to execute the roll-out algorithm we we require the two functions step, reset,
which, as the name suggests, step the environment in time or reset the environment

to an initial state. During the training process of a PPO agent we collect samples

Algorithm 11 Rollout sample collection

Require: N > 1,reset,step
Mstate —0€e RNXTL
Mstate’ —0¢€ RNX“
M 0 € RNV>m
breward < 0 € RN
binal < false™ € {true, false}"V
x, final + reset
forte1,...,N do
if final is true then
x, final < reset
end if
Sample action u from policy my(x)
x',r, final’ < step(u)
Mstate[i’ :] — X
Mgiater 2, 2] X/
Mctrl[ia Z] <—u
breward [2] T
bﬁnal [Z] + final
18: X+ x'
19: end for
20: return Mstatea Mstate/a Mctrla breward7 bﬁnal

T e T e S e S

using the current policy and use these samples to update the weights of our neural
network controller. As discussed in Section [4.1.3] we update the policy and value
function weights according to Algorithm [§] To solve this optimisation problem, we
sample batches from our replay buffer to obtain stochastic advantage function esti-
mates. Using these estimates, we perform an optimisation step using the popular
stochastic Adaptive Moment Estimation Algorithm (ADAM, see [55]), to minimise
the loss objective described in Equation (£.1.35]). At the current point in time, we

only use each sample once to inform our policy function. This may lead to low sample
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efficiency. To counteract this, we may train multiple times on the collected replay
buffer, while re-ordering the also reduce the sample correlation.

We now use the described roll-out and training algorithms to examine training success
and discuss how we can adjust training parameters and environment components to
improve the training process. With the current configuration, we first analyse the

impact of our learning rate. We use harmonically decaying learning rates

a(n) = (4.2.18)

where n is the current learning step and 3 = 107° is used as a decay factor. For our
analysis, we saved snapshots of the model parameters every 10* environment steps.
We run the training process in parallel on a 24 thread Ryzen R9-3900X processor at
a roll-out length of N = 512 steps. This roll-out length corresponds to the number
of environment steps executed in line seven of Algorithm [11} As we are collecting
training samples in parallel the total roll-out buffer size is Nyopout = 24 X512 = 12280.
By saving these snapshots, we can gain further insight into stored model than we can
glean from training logs. To evaluate the quality of a current stored model we simulate
different trajectories while sampling actions according to the currently saved action
distribution. In Figure we see the mean performance of models with different
initial learning rates ag, over the course of the training process. The learning rate
decay follows Equation (4.2.18)), resulting in the learning rate schedule shown in
Figure [4.4b]

We see in Figure that, while the training process generally has a positive
impact, the training performance however is volatile and dependent on the learning
rate. Initially, we see that the training process fails to achieve positive results for
higher learning rates, such as o = 27% ~ 0.02. In contrast to this, we see more

training success at lower learning rates o € {271,2713 2715} In the current learning
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ed track distance

Achieve

Number of training steps (millions) Number of training steps (millions)

(a) Model performance on the example track (b) Learning rate schedule following Equa-

in Figure @ tion (4.2.18)) for different o

Figure 4.4: Base environment progress and learning rate schedule

environment, the agent has only access to immediate model variables. While obser-
vations, such as the distance to the track boundary, can inform our agent about the
immediate surrounding area, most track features need to be learned from the location
variables x,y, s. The variables x, y, s represent the global vehicle position, thus mod-
els trained only on variables shown in Figure [4.3| will likely not be able to generalise
well to different tracks, and learning on complex tracks may prove difficult. For a
comparison across different test-tracks we introduce two further test tracks, called
“Z”-track and “Double S”-track. We see plots of both these tracks in Figure 4.5, as

well as some of the most important track features in Table [4.4, ~ We perform the

Table 4.4: Test tracks

Track Name ‘ Length ‘ Straights ‘ Curves ‘ Total curve angle ‘ Plot
“L” track 714.159 |1 2 90.0° 3.3

“Z7 track 1260.119 | 3 2 270.0° 4.5a
“Double-S” track | 2142.478 | 7 6 1080.0° 4.5b

same learning process on the Double S-shape track (see Figure , and we can see

the evaluated performance, measured by achieved track distance, in Figure [4.6]
Similar to the training results we saw in Figure [{.4a] we see that high learning

rates, such as ap ~ 279, lead to unsatisfactory results. While training performance

on the 714.16m long “L” track, depicted in Figure [4.4a} is not optimal, the agents are
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(a) “Z”-shape test track with 2 curve el- (b) “Double S”-shape test-track with 6
ements. curve elements.

Figure 4.5: Visualisation of test tracks from Table with nodes at 10m intervals

1,200 -
1,000 |-
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£
e
=4
g
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£
< 400 |
—ap =277
—_—ap=211R
200 |- ap =213
—ap=2"1
Il Il Il Il Il
0.5 1 1.5 2 2.5 3 3.5 4

Number of training steps (millions)

Figure 4.6: Model performance on the example track in Figure @
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generally able to finish the race, given sufficient training time and an appropriately
chosen initial learning rate . In contrast to this we see the training performance on
the 2142.48m long test track “Double S”-shape. In this case none of the agents were
able to finish the track. There are multiple likely reasons for this reduction in learning
performance, not least of which is the higher track complexity. An increase in track
length increases the complexity of our reward signal. As the vehicle progresses further
into the track rewards accumulate, such that the variance in our reward signal in-
creases in cases where agents make mistakes earlier in the race process. As we observe
that vehicles are not able to finish the track, we want to encourage further exploration
of the track. In this regard we can often benefit from having some controlled variance
in our reward signal. In the following we provide a small positive reward, each time
the vehicle enters a new track segment. We construct these track segments from the
area between two subsequent track nodes. Let {s; : i = 0,..., N} be a set of track
distances, at which nodes are placed. To remember the track nodes we have already
crossed we let L(t) € N> Vt denote the index of the track segment, on which the

vehicle is currently located, such that

Using this, we can write the pseudocode description of this check-point based reward

function as Algorithm [12]

Algorithm 12 Check-point reward function

Require: s, 8¢, V.05 L > Track distance during current time step.
1 if |y > % then
2 return 0
3: end if
4: if sy, ., > sp41 then
5 L+ L+1
6: return 1
7: end if
8: return 0
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Another notable modification Algorithm [12) makes over Algorithm [9] is that time
costs are no longer included. We omit the time cost in Algorithm [12] to encourage
exploration where slow driving is required. Later in Section |4.3.2| we will recover some
time optimal aspects by considering multi-lap environments. In Figure [4.7b[ we see
the achieved track distances when applying our PPO learning algorithm to a racing

environment using the check-point reward function .

700 | ==
ol 1,000 - [\\jl\/ e~ \/j\
500 - A g 800 /\\Il \/
= /
[

400 - 600

400 | /

200 |

300 -

Achieved track distance
Achieved track dist

200

0.5 1 1.5 2 2.5 3 3.5 4

Number of training steps (millions) Number of training steps (millions)

(a) Model performance on the example track (b) Model performance on the example
in Figure using the check-point reward track in Figure using the check-point
function . reward function ((12]).

Figure 4.7: Model performance using the check-point reward function .

The results in Figure show the benefit of using the checkpoint reward func-
tion. Especially for the learning rates o = 27, o = 2713, we observe improvements
to the training success during the first one million training steps. We can also see the
impact of using the checkpoint based reward function, when applying our learning

algorithm to the shorter “L”-shape test track in Figure[4.7a] Comparing Figures

and we see the benefit of check-point based rewards more clearly. Previously the
training run with a = 272 was not able to finish the race track successfully, however
using checkpoint rewards all learning rate lead to successfully training algorithms
and, perhaps more importantly, satisfactory runs are obtained using fewer environ-
ment steps and with less variance in achieved distance.

To obtain algorithms which are able to finish more complex tracks, such as Double-S
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successfully, we will consider extensions to the learning environment in the following

Sections.

4.3 Extended lap time optimisation environments

Up to this point, we have limited our discussion to reinforcement learning on a base-
line environment, where the observation space is given by vehicle and track state
variables. We discuss potential limitations of this approach, and introduce extensions
to the observation space formulation. We know, from the optimal control formulation
of the lap time optimisation problem, that it is possible to construct an open-loop
formulation of the solution. In open-loop solutions, the optimal policy is given in a
form, that only depends on the centre line distance s.

In the following, we evaluate how much information a neural network control
can get from these state variables. If the neural network would approximate such
an open-loop solution, two tracks of the same length would produce identical state-
value estimates. Let Vj be the value network of our PPO agent. We proceed to
estimate the position values on a sample track. We have pre-trained a PPO agent
on a sample track. This sample track consists of only a single left curve. The agent
then predicts position values on the known track and a flipped version of the track,
consisting of a single right curve. We describe each position using the coordinates
(s,v)T € [0,L] x [ %, %], where L is the track length and W is the track width. For

each, coordinate we sample the remaining vehicle states from the distributions

v, ~ Unif ([1.0,30.0]) v, ~ Unif ([~3.0,3.0]),
. ™ T ;L
wNUnlf([_676:|>7 w =0.

Similar to before, we denote the vector of all vehicle states by x. We can then

estimate the value function by evaluating both the actor and the critic networks con-
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tained in a PPO model. Given a state sample x, the actor model 7y generates and
action sample u ~ my(x). Using both x and u, we can estimate the value using the

critic network v = Vp (x,u). For each position (s,r) we average the values predicted

by Vp(-,-), using 512 state samples. Figures [4.8a] and [4.8b| show the experimental

evaluations of state values. The line in Figures and indicates the trajectory
of highest state values along the track distance variable s. While the lines in Fig-
ures do not generally contain valid trajectories, they show how a trained

agent views the track values.

values
7902 5 10 15 20 25 30 35 3.9e+01
[ -

79e-02 5 10 15 20 25 30 35 3.9e+01
[ -

(a) Left curve track position values (b) Right curve track position values

Figure 4.8: Track position values predicted by a PPO agent trained on the left curve
track in a baseline environment.

In Figure we see that the highest state value trajectory largely follows a
feasible racing line. Towards the end of the race track, the trajectory in Figure
starts to oscillate, indicating that learning state values for later track positions is
more difficult. We compare this to the trajectory on the right curve track, as shown
in Figure |4.8bl Figure [4.9 shows a direct comparison of the trajectories on the two
curves.

The differences in position values between Figures and suggest poor
generalisability of our agent. While the lateral track position variable v and the

relative orientation variable £ would allow our agent to follow the tracks curvature,
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values
79602 5 10 15 20 25 30 35 3.9e+01
-

Figure 4.9: Combined track position values on both left and right curve tracks

the position values displayed in Figure indicate that this trajectory following
manoeuvre is not what the agent has learned. To encourage better generalisability,

we will expand the agent observation by including additional features.

4.3.1 Ray casting environment

When we consider the variables in our baseline environment, as described in Ta-
bles and we see that, apart from the track position variable, we have now
information about the upcoming track geometry. The agent needs to learn the track
geometry using the variables x,y, s, which describe the vehicles absolute position.
The assumption that the distances to the track boundary will provide useful infor-
mation to the agent. While the state variable v represents the vehicles distance from
the centre line, we do not measure the vehicles distance in any direction, other than
orthogonal to the centre line. To include this information, we measure the vehicles
distance to the track boundary at Ny.y equidistant angles

' 27 2]
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This distance measurement is performed by casting rays

D cos(VY + w;
ri = +t ( ) >0 (4.3.1)

Py sin(v) + w;)
and checking collisions with the track boundary. We denote the boundary intersection
point that is closest to the vehicle by (b,,b,)” € R°, where (by, b,)” = (00,007 if no
intersection exists. Using the boundary (b.,b,)" point, the distance along ray r; is
given by d; = min{100, || (bz, b,)" — (pz,py)” ||l2}. The ray length is limited to 100, in
order to avoid problems caused by large differences in the magnitude of observation

variables. We can see a visual representation of such an observation in Figure4.10. by

Figure 4.10: Representation of the ray casting observation

including these measured distances {d; : i = 1,..., N4} we have modified the shape
of our observation space, and thus also changed the shape of our neural network. To
keep the changes of our model minimal, we only change the first network layer to
accommodate the additional N, inputs. We can thus see the resulting actor and
critic network layouts can be seen in Figure [1.11] To commence our discussion of the
rays based network we first compare the training performance of a rays-environment

agent, which we see in Figure 4.12a) to a base-environment agent on the L-shape test

track from Figure Comparing Figures and [4.7a] we see that the agent
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input layer
1% hidden layer

4" hidden layer

(a) Actor network layout

input layer
1** hidden layer

4% hidden layer
Py

(b) Critic network layout

Figure 4.11: PPO agent network layouts for training on the ray casting environment
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(a) PPO model performance, on the exam-
ple track in Figure [3.3] using the check-point
reward function and ray observations envi-
ronment.
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(b) PPO model performance using ray dis-

tance observations, trained on the example

track in figure [£.5b| using the check- point re-

ward function .

Figure 4.12: PPO model performance using ray distance observations using the check-

point reward function (|12))
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was able to learn quicker and more reliably with the inclusion of ray observations.
The question arises whether agents in the ray observation environment are able to
complete longer and more challenging tracks, such as the “Double-S” track, displayed
in Figure [4.5]

In our baseline environment, the agent only sees information about the current
track via the global position variables x, y, s and the local variables v, £ as described in
Tables and [4.2] For successful vehicle control the agents needs to learn properties
of the upcoming track using the global position variables x,y,s. Consequently, we
cannot expect our trained agents to generalise across different race tracks. In contrast
to this, the distance measurements d; of the ray-casting environment provide agent
with information about the upcoming track, independent of global position variables.
Based on this, we can hope to train models which are able to generalise across different
race tracks.

To address the question of performance on more complex race tracks we can
see the model performance on the longer “Double-S” track in Figure From
Figure we see that, while the model performance is unstable, the model is able
to finish more challenging race tracks, given sufficient training time. Figures
and also show increased performance with increasing number of rays.

To examine how well an agent, trained on ray-casting distance observations, is
able to generalise we now evaluate the model performance. Similar to before, we
evaluate how a PPO agent, now trained on the rays environment, values track posi-

tions. We note again the significant difference in state evaluations between the two

track depicted in the Figures [4.13a] and [4.13bl However, in contrast to the previous

environment the trajectory of highest valued states follows the track curvature on

both tracks.
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(a) Track position values on left curve (b) Track position values on right curve
track track

Figure 4.13: Track position values predicted by an agent trained with N, = 32.

4.3.2 Environment considerations

In the previous section, we successfully expanded the observation space of a racing
environment by including ray projection observations. This resulted in longer running
trajectories. For long trajectories, we observe an accumulation of errors in the lateral
track position variable v(-). Let x; be the current state and uy be the action chosen
by our neural network agent and learning algorithm. We evaluate the quadrature

error error of our explicit method by

tht1
X<tk+1) — Xg+1 = f (X(t), uk) dt — f (Xk, uk) . (432)

ty

For the lateral track position, we obtain

V(tk4r) = Ve = /t :Hl () sin(£(t)) + 3/ (t) cos(§(2)) di — v/ (k).

To examine the accumulation of quadrature errors, we let x(-) be the state function

obtained under exact quadrature and x; be our approximates at time t; such that

X(tk) = X + €xk,
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with the error term ey ;. We thus have

v(ty) — v = v(th_1) + V() dt — (g1 + At 1V (Xp—1,Ug_1))

= € k-1 T V/(If) — l//(tkfl) dt.
At each t € (tg_1,tx) we can select a 7(t), such that
V() =V (tr-1) = (¢ = 1)V (7(2).

With this, we can bound the truncation error

tg
V(t) = ] = lewpos + Aty [ (8= tio)(r(0) d]
bt (4.3.3)

1
< €Evk—1 T §At2—1||V”<t)||L°°(tk—1ﬂ')‘

For bounded curvature tracks, dynamic model ([2.3.22)) satisfies a local Lipshitz con-
dition with the Lipshitz constant L. By appealing to the discrete Gronwall inequal-
ity [39,26], we find the error accumulation for the explicit Euler time-stepping scheme

applied to ordinary differential equations

L(tx—to

1
levkl <e ) llex.o —|—§(tk—t0) m’?XAtk max ||x"(t)]|] . (4.3.4)

te(to,tn)

One option to reduce this error is to subdivide the time step, however this will re-
duce the speed at which we may generate observations for our learning environment.
What is also important is a difference in the error accumulation for different state
components. From the model description in Equation ([2.3.22) we can see that the
differential equations for components, such as z,y, v, v, &, satisfy a global Lipshitz
condition as long as the track curvature is bounded. In contrast to this the Lip-

shitz condition for the v,,v,,w, s requires additional bounds on the state variables.
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This difference in error accumulation may lead to a situation where a simulated ve-
hicle position (z(t),y(t)) is located within the race circuits geometry, while the track
condition |v(t)] < % is not satisfied.

In the following we present an alternative track-geometry based method for bound
checking. Instead of using the track description presented in Section [2.3.1] we discre-
tised the track using quadrilateral elements as we can see in Figure f.14a] Using the
quadrilateral track approximation, we can check the track condition by testing if the
vehicle position (x(t),y(t)) is located within one of the quadrilateral pieces shown,
in Figure Once we have found the quadrilateral our vehicle is contained in,
we can reconstruct approximations to v, ¢ using an orthogonal projection onto the
centre-line. To simplify the centre-line projection we project onto the centre-line of a
given quadrilateral.

During experiments from the previous sections, we find that vehicles sometimes
show undesired behaviour, such as spinning or driving backwards. To prevent this un-
desired behaviour without introducing penalty terms, we stop the environment early.
Stopping the environment simulation early in the case of undesired behaviour pre-
vents the agent from collection future rewards according to the Check-Point rewards
Algorithm [12] We detect a spinning vehicle if |w(¢)| > TOL,,. Using the quadrilateral
track approximation we can also allow the vehicle to complete multiple laps. Driving
multiple laps increases the impact of reward signal gained later into the race and
thus favours more consistent driving behaviour. Instead of using the start and finish
line of a track to detect if an environment simulation has terminated, we limit the
total runtime of our experiments to Tiax. Let @1, ..., QN be the quadrilaterals in

our track approximation, such that we can write an improved version of the terminal

state check in the form of Algorithm [13]
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Algorithm 13 Check terminal state II

Require: x(t)
14 —1
p  (2(t),y(t))"
for j=1,...,ndo
if p € Q; then
147
break > Leave the surrounding while loop
end if
end for
if i < 0 then > Vehicle is not on track.
Return true.
end if
. if |w(t)] > 27 then > Lost control
Return true.
. end if
if 2/(1)? + ¢/ (¢)? < 1.0 then > Vehicle is driving too slowly.
Return true.
end if
cif ¢ > T« then > Maximal time exceeded
Return true.
. end if > Terminal state is not reached
: Return false.

[ N R O T e T e T e T e T e SO et
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4.3.3 Visual environment

In Section [4.3.1, we extended the observation space of environments by including
distance measurements to the track boundary. From Figure we see that, while
these measurements let us determine the radius of the current curve, we can not
anticipate upcoming curves. We can see this more clearly in Figure which

shows the track boundary visible to the agent. In Figure [£.14D] we can see that no

(a) Quadrilateral track approximation (b) Example ray projection view

Figure 4.14: Quadrilateral track discretisation and ray projection

rays intersect with the inner 11 boundary elements and similarly no rays intersect
with the external 6 elements. Each boundary elements appears in Figure as
either a red or light-gray box at the track boundary. We may increase the number
of ray measurements in this environment to increase the information we capture. As
the ray measurements are taken in straight lines, we can not capture measurements
in the highlighted area in Figure [1.14D]

To increase the information available to agents we introduce a new environment,
called the wvisual environment. An agent training on this environment observes the
environment as grey scale pixel data. For this, we implement a top-down view for our
environments using the 2D-graphics library PyGame [87]. The visualisation of a ray

distance measurements we saw in Figure from the previous Section was generated
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using this visual environment. The visual environment takes a resolution p, as a
parameter and creates a virtual screen of resolution (%py, py). We generate images
by observing an area of 200m width around the vehicle. The vehicle position remains
fixed on-screen at the pixel position (%py, %py) It is the standard in computer
imaging applications to label the top-left corner of an image with position (0,0).
Towards the right of an image the x coordinate grows, and similarly the y coordinate
grows towards the bottom of the image. With this convention, the vehicle is located
close to the middle of the lower edge of our virtual display.

This far we have discussed agents that work on vector based input data. It is
natural to use the spacial structure present in 2D image data to aid in the extraction
of useful information from image data. A common approach for this is to use convo-
lutional neural network layers. A 2D convolutional layer acts on an input image of
dimension H x W using the convolution operator. In convolutional kernels, we define
both a kernel and a bias term. Let the dimension of the kernel be h; x wy. Usually,
the kernel size is much smaller than the input image size. In our environment, typical
image sizes range from 107 x 60 pixels to 213 x 120 pixels. The kernel applied to
such an images is relatively small at around 5 x 5 pixels. A padding parameter p > 0
controls how we perform convolution operations at the edge of an image by adding p
virtual 0 around the edges of our input image. Especially for larger kernels, we often
want to omit convolution operations, with high spatial correlation, to increase com-
putational efficiency and reduce the output image dimension. The stride parameter
s € IN>; controls how many pixels we move a kernel after each application. With
this, we obtain the formula

Hou 1 Hin_h +2p+1
=t : (4.3.5)

Wout 5 mn_wk+2p+1

for the output dimension of a convolution operation. We thus apply kernel K to an
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image /™ and obtain the output pixel values
Y =bij+ " [is —pis—p+hy,js —p:js —p+w] x K, (4.3.6)

where b; ; is a bias term which, similar to the kernel values, will be determined during
training and x is the 2D convolution operator. Figure shows a visualisation for
the convolution procedure. In many computer imaging applications, we have more

input image output feature map 4 8
el G
90 x 160 *>” 43x78 —|ll 20x37

Flatten
15920 x% 1
Ly
256 x1

(a) 2D convolution visualisation (b) 2D Convolutional feature extraction

Figure 4.15: 2D Convolution and feature extraction

than than one information channel per image. For example, we often have three
separate colour channels in an image. Thus, we let C'™ be the number of channels in
an image, resulting in the input dimension C™ x H™ x W™, Multiple information
channels are important in our application as well, even though we only process grey
scale images. This is because we often wish to apply multiple kernels to the same
input image. Doing this, we obtain n output channels by applying the n kernels

Ky, ..., K, according to
Y =bij+ Y I"[is—p:iis—p+hy,js—p:js —p+w] * Ki. (4.3.7)
i=1

We use the convolution operation from Equation to extract features from
visual information. For feature extraction, we use a two convolutional layers, C, Cs,
both with kernels of size 5 x 5 and a stride and padding parameters s = 2,p = 0.
We can see precise parameter description in Table Layer C5 outputs a total of

8 feature layers. Due to the stride parameter s = 2, the size of these feature layers
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Table 4.5: Convolutional neural network parameters
Layer ‘ Kernel size ‘ Input channels ‘ Output channels ‘ Stride s ‘ Padding p
Ch 5x5 1 4 2 0
Cy 5x5H 4 8 2 0

is significantly reduced compared to the input layer. We further process the output
of Cy by flattening the resulting values and applying a single linear output map.
Figure shows this feature extraction process. Table lists the number of
parameters for each network layer, as well as the and computational cost for applying
each convolution layer. From Equation (4.3.7)), we see that the computational cost
for applying a convolutional layer depends on the number of input channels Ny,, the
number of output channels Ny, the size of the output image Doy = (Houts Wout),
as well as the kernel size. Applying a kernel K of size hy X wy requires hy - wy
multiplications and hj - w, — 1 additions. This lets us obtain that the number of

required floating point operations to apply is

#FLOPS(Ka Nina Nouta Dout) = <2hk cWg — 1) : (NinNoutHoutWout) .

We now evaluate our model on the visual learning environment. Figure shows

Table 4.6: Network sizes

Layer | # Parameters | # Operations
C 104 7.0 x 10°
Cs 808 1.1 x 108
Ly 557,312 3.0 x 108
Total | 561,550 4.8 x 10°

the mean achieved distances on the Bahrain track [4.2al at different visual resolutions
and initial learning rates. We saved the parameters of each network every 20,000
training steps and evaluated the performance by averaging 8 runs at each network

state. The learning rates follow the schedule from Equation (4.2.18]) with 8 = 1075.

From Figures 4.16a} [4.16b] 4.16c| we see see that the visual model, shown in Fig-
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Figure 4.16: Achieved distances on the Bahrain track 4.2a] using the visual model

ure [4.15D] was able to learn better on lower resolutions. This result is surprising, as
we may expect that higher resolutions are able to represent track features better than
lower resolutions. In the following we will call the observation that increased visual
fidelity, measured in terms of image resolution, decreases the training performance
the resolution effect. Independent of the environment resolution we find that learning
rates o € [5 x 107°,1 x 107%] were able to achieve the best learning performance.

One potential explanation is that the increased feature complexity of higher res-
olution images causes us to take destructively large policy steps. Another potential
explanation is that, as image resolution increases, the physical area, corresponding to
a convolution kernel of constant size k x k, decreases. As the physical area covered
by a convolution kernel decreases, so does the ability of our neural network to detect
track features.

We examine the impact of increased resolutions on policy steps by comparing
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differences between two consecutive agent policies 7y, 71, where we assume that 7 is
the current policy. As such, samples in our roll-out buffer are generated according to
mo. A common distance measure for probability distributions is the Kullback—Leibler
divergence (KL). The policies m, m; are not probability distributions themselves, but

they map the state space to probability distributions on the actions space
Tt X = Miy(A) fori=1,2

To compute the KL divergence between 7y, 7y, we consider the total action distribu-
tion while following policy m. For this, we let £, € M1,(X) be the state probability
distribution while following policy my. With this we can define the total action prob-

ability distribution

Fola) = /XEX7T0(3|X) ding(x), 71(a) = /XEXm(a|X) diiry ().

Both 7y and 7, assume that states are sampled following the state distribution .

The KL divergence is defined as

KL[7o, 71] := /a _ mola)log (Z?EZ;) = Boor, [log CEEZM . (4.3.8)

For computational efficiency we cannot compute the integral over the action space

directly. The most common approach to compute the KL divergence is to replace the
expected value with Monte-Carlo (MC) samples from our roll-out buffer B. The state
and action samples will naturally follow the previous policy my. A direct approach

for estimating KL[mg, 7] is

KL, [Fo, 1] := Ea.cp (log(o(a;)) — log(71(x)),) (4.3.9)
_ ’1| ‘ZBlog(fro(ai)) ~ log(71 (), (4.3.10)
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where | B| corresponds to the number of samples in our roll-out buffer. We first show

that KL, is unbiased by computing

]E{KALl[fro,frl]]:‘;’]E > log(7o(ai)) — log (7 (ai)) | ,

" iEB
= (5] 22 Blfola) Gog(mu(an) ~ log(m(a))).
1 B

KL 7T077T1] KL [ﬁ'o,ﬁ'l].
=181 &
While KL is unbiased, its variance is often high and log (7o(a)) — log (71(a)) can be
negative, while KL[7g, 71| is always non-negative. We denote the relative total action

probability by r(a) = 71 (a)7m(a)”", and find that

a)

Eas, @] = [ 202

7o(a) da = /aeA 7 (a)da

AT
KZ

/ m(alx) da dx

=1 Vx
fnd /{]71_ — 1
/XGX ’

As log is concave we find that (x — 1) > log(z) Vz € R, and by the previous

computation we have

Ea-r, [r(2) — 1 — log (r(a))] = Ear, [— log (Zl )] + Eans, [r(a) — 1].

=0

We therefore use the KL estimate

KLo[mo, m1] i= Ba,ep [r(a;) — 1 — log (r(ay))] . (4.3.11)

If, during training, the KL divergence is to large, the risk for destructively large
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policy steps increases. On the other hand, a small KL. divergence can indicate that
we can choose a higher learning rates to speed up the training process. Figure
shows KL divergence estimator KL, over the course of the training process at the

initial learning rate o = 5 x 107°. We observe from Figure that larger visual

resolution=(107 x 60)
resolution=(160 x 90)
resolution=(213 x 120)

=
=
=

!
\‘ | YA " n! “ '
(W, ' WA ‘f“’ w;’\}"k ‘
i

1 1.5 2 2.5 3 3.5 4

Training step (millions) Training step (millions)

(a) Estimated KL divergence during training (b) Clip fraction during training of the visual
on the visual environment environments

Figure 4.17: KL divergence and clip fraction on visual environment

resolutions tend to lead to higher KL divergences, thus requiring smaller policy steps.
During PPO learning large policy steps are discouraged by artificially reducing the
potential advantage gained from changes in action probability that exceed a given
threshold. From the description of PPO in Section [£.1.3] we know that advantage

function contributions are reduced if the relative action probability

r(0',0) = o (as]x;)

T’ (ai |Xz>

is larger than 1.2 or smaller than 0.8. Figure shows the clip fraction during
training of our visual model on the Bahrain track under the initial learning rate
a = 5x107° and varying environment resolutions. The results shown in Figures
and show successive increases in the estimated KL divergence, each time we

increase the observation resolution.
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4.3.4 Comparison to Off-Policy algorithms

We have limited our considerations to the proximal policy algorithm (PPO). PPO op-
erates in an on-policy manner, as such only observations and reward signals collected
on the current policy are used during training. On-policy algorithms often exhibit
more stable training behaviour, as no samples from previous policies are considered.
In contrast to this, off-policy algorithms, such as the Deep Deterministic Policy Gra-
dient Algorithm (DDPG) [58], often show higher sample efficiency at the cost of less
stable learning. Figure shows a comparison of PPO and DDPG learning on the
visual environment. In Figure both the PPO and DDPG agent were trained on
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(a) Track distance comparison of PPO and (b) Training performance comparison of

DDPG PPO and DDPG

Figure 4.18: Comparison of PPO and DDPG on the visual environment

a visual environment with 107 x 60 pixel resolution with an initial learning rate of
ap = 107? for a total of 4 x 10°% observations. Overall we see a positive learning effect
for both algorithms, however PPO is able to achieve higher track distances and faster
training at approximately 300 observations per second, compared to approximately

87 in the case of DDPG.

4.3.5 Visual environment with frame stacking

The environments presented in Section do not include all the information of

the previous baseline or ray-casting environments. Information about vehicle motion
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is included in the environment and it can not be reconstructed from a single frame.
A common method of including temporal information, such as velocities, is to include
previous frames in the observation space. The network observation will thus not only
depend on the current state, but also a short-term history of previous states. We pass
multiple frames to the neural network agents by treating them as different channels.
Therefore, the input of C; has multiple channels, corresponding to the number of
frames in our observation. We first compare the impact of learning rates on the vi-
sual environment with frame stacking. Figure[4.19|shows the achieved track distances
for an agent trained on the Bahrain track, shown in Figure [4.2a], with four consecutive

frames in the observation. From Figure4d.19, we see that we can achieve positive train-
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Il Il
0 0.5 1 15 2 2.5 3 3.5 4

Number of training steps (millions)

Figure 4.19: Achieved distances using four stacked frames on the Bahrain track

ing results for with all learning rates a € {5 x 1074, 1 x 107%,5 x 1075, 1 x 1075},
however a@ = 5 x 107° is able to cover the largest track mean distance in the given
simulation time.

We now consider how well the trained agents are able to generalise and evaluate
how agents perform on unseen test tracks. Similar to the single frame visual envi-
ronment, observations only depend on the vehicle position and velocity relative to
the local track geometry. Track dependent variables, such as the global track dis-

tance s, or the global vehicle position x,y do not impact the observation. We expect

143



that the local nature of our observation has a positive impact on the ability of our

agents to generalise to unseen tracks. In Figures [4.204] and [4.20d, we see

the achieved track distances of agents, which were trained on the Bahrain, evaluated

on the “L”-shape, “Z”-shape and “Double-S”-shape test tracks respectively. We see
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Figure 4.20: Achieved distances on unseen track using four stacked frames.

from Figure that all agents were able to consistently solve the simple L-shape
test track. When we analyse the achieved distances on the Z-shape and Double-S-
shape tracks, we see that lower learning rates are able to generalise better to unseen
race tracks. To see the impact of frame-stacking, we now compare the achieved track
distances on multiple tracks using different numbers of stacked frames for our obser-
vation. While Figures and show little impact of the frame stack on the
achieved distance, Figure shows a negative impact on the ability to generalise

as the number of stacked frames increases.
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Figure 4.21: Achieved distances on unseen track using varying number of stacked
frames and an initial learning rate oy = 1 x 107°.

4.3.6 Combined environment

In Sections 4.3.1] and |4.3.3| we discussed two extensions of the baseline environment
from Section Comparing Figures [£.7D] and shows that both ex-
tended environments are able to outperform the baseline environment. While we can
capture information beyond the drivers field of view in the visual environment, we
need to recover boundary distances and velocities using one or multiple frames.

In this Section we combine all the information contained the three environments,
resulting on the so called combined environment. To make use of both vector-form
and pixel-form data, we separate the observation and apply the corresponding neural

network models from Section [£.3.1] and [4.3.3] respectively. The latent feature outputs

from both models is in vector form. We then concatenate the feature vectors from
both models, and apply a final fully connected layer. We see a visualisation of this

combined model in Figure [4.22] where we used the visual layers defined in Table
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Figure 4.22: Combined environment feature extraction

Table 4.7: Convolutional neural network parameters

Layer ‘ Kernel size ‘ Input channels ‘ Output channels ‘ Stride s ‘ Padding p

4 d XD 1 4 2 0
Cy DX D 4 8 2 0
Cs DX D 8 16 2 0

We trained this combined model on a selection of eight Formula One tracks by
selecting a new track at random each time we reset the environments. The eight train-
ing tracks we used are (i) Bahrain, (ii) Baku, (iii) Imolah, (iv) Jeddah, (v) Melbourne,
(vi) Miami, (vii) Montreal, and (viii) Silverstone. To make full use of our largest and
final model we train it for 25 x 10 steps at an initial learning rate oy = 3x 10~* with a
decay factor 5 = 5x 1077. We see the achieved track distances after 1 x 10¢, 10 x 106,
and 25 x 10% environment steps in Figure m Figure includes the maximal
achieved distance throughout the training process in cyan. We observe that, while
the training process is not monotone, we were able to finish most tracks successfully at
some point during the optimisation process. As evaluating such a trajectory requires
significantly less computational effort, compared to training, we assume that one can
select the optimal model for each track. The model we select is thus not necessarily
the same for different tracks. Of the 20 circuits in our test set we were able to find
valid trajectories for 18, while only training on eight, showing the generalisability

of our model. The most challenging circuits in our test set were the Monaco and
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4.4 Strategy extraction

In the previous section we presented a series of learning environments and explored
useful hyper-parameter choices. For the base-line environment we experimented with
reward signal sparsity and with the learning rate. On the extended environments,
such as the ray-casting environment and the visual as well as combined environment
we explored the choices for number of rays and resolutions of visual environment
representations. In our final model we were able to train a model that is able to
perform well complex race circuits, such as the tracks from the 2022 Formula One
calendar and even generalise to previously unseen circuits.

Due to this ability to generalise to unseen circuits we are able to train the neural
network agent independent of other optimisation methods. Using these agents we
can then simulate trajectories around a circuit at low cost. In this section we discuss
the extraction of trajectories and how we may use them to inform other methods,
such as our collocation solver from Chapter [3| Extracting vehicle trajectories from
pre-trained probabilistic policies is not a straightforward task. Complexities arise due
to non-linearities in the dynamics function f. Our agents learn a probabilistic policy

function policy function
T X = MY(A).

In the stable baselines (SB) project [43] actor critic algorithms, such as PPO, model
this distribution 7(x;) using a state dependent diagonal Gaussian distribution. Sim-
ilar to previous sections we let x;, € X C R" be the state vector and u, € A C R™
be the control vector at time ¢, > 0. The action distribution is thus

7(xg) =y, + N(0,diag(oq,...,0m)),
(4.4.1)

ug ~~ W(Xk).
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The action distribution m(x) puts non-zeros weight onto actions outside the feasible
region A, so that instead of executing uy, directly, we project onto A first. The feasible

region A takes the from

A = [t jowers Ut upper] X X [Unm towers U upper] - (4.4.2)
We thus compute the state trajectory using
X1 = Xp + (L1 — te) f(Xk, Paug), (4.4.3)
such that the orthogonal projection operator P, takes the form
Pju = clip(u;, Wi jower, Yi,upper )i=1,...,m- (4.4.4)

To extract the mean trajectory we need to consider the effects introduced by following
the non-linear dynamics function f : X x A — R". As f is non linear the expected
value of f(xg,-) under u ~ 7(xy) will in general not be realised at f (xj, P4IE [7(xx)])-

We are thus interested in the expected state

I [Xk+1] =Xi + (tk+1 - tk>Euk~7r(Xk) [f(Xka P.Auk)] . (445)

We can recover an action a; that approximates our expected step by solving the least

squares problem

min (% 0) ~ Bunag) [ (x, Paw)]] (4.4.6)

subject to: u, € A
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To solve problem (4.4.6]) we first need to evaluate the expected value

]EUNTI'(Xk) [f(xk7 P_ALI)] . (447>

One effective way for this evaluation is to sample realisations for 7(x;) and construct
a Monte-Carlo approximation. For this let u,(cl), ey u,(cn) be independent samples from
7(u), and we let 3, be the covariance matrix of y() = f(x, u,gl)), then, by the central

limit theorem
> flx, u)) 5 N (B[f(xe, Pau)], N7V25 ). (4.4.8)

In order to limit the variance of our Monte-Carlo estimate we require the covariance

matrix Yy. For this let us proceed by noting that
E[f(x,u)] = B[f(x, @+ )], (4.4.9)

with ¥ = diag(oy,...,0,) and v ~ N(0,1) an m-dimension diagonal Gaussian ran-
dom variable. Using FE [Xv] = 0 we proceed by making a second order Taylor expan-
sion of f in u around . As f(xg,:) : R™ — R" is a vector valued function we use

the identification theorem for vector valued functions from [59, p.123]. We make the

definitions y
df(Xkaﬁ; Z) = %f(xk’vﬁ)z
2 — T d? —
d® f(xx,W;2) =2 ] (Xp, 0)z )
_ Ty 2 v =
- (In ®z )du vec [duf(xk7u)] z

d d
_ T o T —
=([,®z Rz )duvec [duf(xk,u)],

where ® is the Kronecker product of two matrices and vec denotes the vectorisation

operator. The vectorisation operator vec transform a matrix A € R™*"2 into a vector
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a € R™" by stacking the ny columns of A on top of each other. Using the Kronecker
and vec operations we can write higher order derivatives of f as

D" f(xy, @) = dci vee [D*Y f(xi, W) (4.4.11)

d* f(x, @ 2) = (I, @ (2)%F) D¥ f (x, 1),

Equality (4.4.11)) follows originally from a reasoning in [23], Section 5.9], here we use
it in the notation closely related to [24]. The only difference to in our notation is
that we employ the vec operator to avoid applying Kronecker products to derivative

operators. Utilizing this notation we can write the expansion

f(xp, T+ Xv) = f(xp, 0) + df (xx, T; 2v) + ;dzf(xk,u; Yv) 4 r(Xv), (4.4.12)

where the remainder term r : R™ — R"™ satisfies lim,_.q % = 0. Furthermore we

have an explicit representation of the remainder term in the form of

f(xp, 0+ Xv) = f(xp,0) + df (x5, T; 2v) + ;dzf(xk,u; Yv)
(4.4.13)

1
+ gde(xk,ﬁ + 03Xv; Xv),

for a # € (0,1). In the following we will construct estimates of E [f(xy, @+ Xv)| in

terms of ¥ = diag(oy,...,0,,). Applying this expansion to E [f(x, W + Xv)] we find

B [ (%0, + S0)] = B[ (x4, )] + B [d f (3, T 5v)] + ;IE [ £, 3v)]

+ é]E [d?’ f(xp, T+ 6%V, EV)]
= f(xg,0) +d f(xg, T)XE [v] + ;E lVTETCZFf(Xk,u)EV]

+ é]E (1@ (VIST)®)D? f(xp, @+ 65v; V)]
(4.4.14)

From Equation (4.4.14) we will now derive an expansion in terms of powers of
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(01,...,0m). To show that we can extract powers of 3 from the Kronecker prod-
ucts and from the expectation operators we use the fact that ¥ = diag(oy,...,0,,) is

a diagonal matrix and thus

(VST = [(5v)®]

3,3 2 2 3,3
(O-lvlu 0201 V20V7, . - . 7O-mvm)

= (01,...,0m)% © (vF)®3,

where ® denotes the Hadamard Product [59, Section 3.6]. As finite dimensional norms

are equivalently we may choose constants cy, . . ., ¢, such that o; < ¢;||(o1,...,0m)|2 =:
@. In this sense the variance components (o7, ..., 0,,) decay at comparable rates, such
that we may write |o;0;0%| < Ca® for all indices 4,7,k € {1,...,m}. As such we con-

tinue Equation (4.4.14) with

—— du?
=0

B [f (xe, T + 50)] = f(xz,0) +d f(xz, DEE[v] +;E [VTZTde(xk, u)EV]

B[00 (1)) D (1 05w

E [VTETdf(Xk,u)Evl + O(3).

_ 1
= f0x @ + 2 du?

(4.4.15)
We now also apply expansion (4.4.13]) to the variance Var [f(xg, @+ Xv)]. As f is a

vector valued function its variance will be the covariance matrix

Var [f(xy, v)] = (COV [fi(xk,v),fj(xk,v)]) : (4.4.16)

ij=1,...m

In the following equation we use a shortened notation in the sense that we understand

squares of vectors or vector-valued functions as the outer product. As an example we
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can write the variance above as

Var [ f(xg, v)] = (Cov [fi(xk, V), (%, V)])
= B {(f(xk,v) = B[ (31 9] (£ (55, v) = B [f (1, v)])'
=E (V) = B[f(xe,v)])’] -

We take advantage of this notation and apply expansion (4.4.13)) to Var [f(xz, W+ Xv)]
to find

Var [f (x4, T + 3v)] = B [(f (x5, T + 5v) — B[f (x5, T + 5v)])°]

= B [f(x, 0+ 3v)?] = E[f(x, @+ Zv)]?

=K _(f(xk,,u) +d f(xg,T; Xv) +;d2 f(xg,@; 2v)

—l—é d® f(xp, T+ O%v; Zv))zl — E[f(x, u+2v)]
(4.4.17)

Using the diagonal structure of ¥ we can extract powers of @ from the expectation
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operators in Equation (4.4.18]). This leads to
1
Var [f(xkaﬁ + EV)] =K |:(f(Xk,LI) +d f(xk>ﬁ; EV) + 5 d2 f(xk>ﬁ; EV)
1 2
+6 d?® f(xp, @+ 05v; ZV)) ] — E[Vuof(xp, T+ 2v)]?

= f(xp,0)* + ;E f(xx, ) <VTECZ12f(Xk;u)EV>

+ E f(Xk,ﬁ) (Czlf(xk,u)ZV>

+E :(;flf(xmu)zjv) (;flf(xk,u)Ev)T

—E[f(xx,u+2v)]) + 0(@)

) T
= f(xp,0)? + ;]E f(xg, ) <VTEdClll2f(Xk,u)Ev>

+E | o) oo winv )

+E (dcflf(xk,u)Zv> <C;if(xk,u)Zv>

0 T
— f(xg,0)* — f(xp, 0)E [;VTEC&]C(X;C,U)EV] + O(7)

=E (;flf(xk,u)Ev> (dcflf(xk,U)EV>T + O(7).

(4.4.18)

Using this approximation of Var [f(xx, U + %v)] we proceed to compute the approxi-
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mate bound

Var [f(xg, 0+ 2v)], ; = Cov [fi(xg, W+ Xv), fj(xp, W+ Tv)]
d d
= [mlfi(xk,U)TEVV E du f]<Xk, )] +O( )
= o @R [2S7] W) + O)
= ddfi(xk,u)T diag(of, ... ,U,zn)dcifi(xkau) +0(@) (4.4.19)

i 020, fi(%5 WD f; (5, 0) + O

:<2 fx T ) (zcg‘flfxxk,u))ww?’)

d d
<=3 %fi(xkaﬁ) %fj(xkaﬁ) + 0@@).
2

2

We can thus estimate the entries of the covariance matrix ¥, = Var [f(x;, T + Xv)]
using the constraint Jacobian - f(xy, ).
To verify this approximation numerically we let select an initial state for our

vehicle model
Xo = (an Yo, ¢07 Vg0, Uy,0, WO)T = (07 07 Oa 107 07 Ol)T

Starting from x, we simulate state steps by sampling actions according to the action

distribution

T
un~m(xg) =N ((5.0, 5.0&)) ,diag (01,02)> :

where we use identical variance values in both control dimensions oy = g9 = 6. From

this action distribution we can now estimate the covariance matrix of state variables

Zy = COVUNW(XO) [f(XO, u)] (4.4.20)
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from Monte-Carlo samples. Given a variance level & we compute 107 samples of

f(XOv u)7 u ~ F(XO),

which we denote by fM, f® . f00) ¢ R™  This lets us write a matrix of all

sampled variables

R SR
A= = l: a(l) a(2) a(n) :| R
R O
where the column vectors a™, ... a(™ of A, are the sample vectors for each state.

From these samples, we can construct the covariance estimate matrix

S 7 I3 7 i —
Ny = (Z;ﬁol o (al) —a®) (af) - am))ijz1 R (4.4.21)

From Equation (4.4.19)), we obtain the alternative estimate of ¥y in the form of
5= (5L fime ) (5L ) (1.4.22)
y ‘= du I\ Xk, U Ju § Xk, u . .

We now compare the estimate f]y to the reference estimate fly for difference variance
levels o. Figure shows the difference between the two estimates f]y and iy.

We observe that for higher variance levels, such as ¢ € (1072, 1), the estimate
|5, — By ||» converges at least as fast as O(6%). Symmetry effects and E [v&3] = 0
for v.~ N(0,I,) may cause this faster convergence. The slower convergence at
lower variance levels, & < 1072, is likely due to an overall approximation error in the
reference estimate f]y.

We now have a method to obtain estimates of ¥, without requiring action sam-

ples or higher than first order derivatives of the dynamics function f. While Equa-
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Figure 4.24: Covariance approximation errors at difference  levels

tion (4.4.14) provides us with the direct estimate of the mean action in the form

of

E[f(x, T+ Xv)] = f(xz,0) + ;IE VTETdcilf(x,u)Ev +0(@?), (4.4.23)

we seek to obtain an estimate that does not depend on the variance level @. To this
end, we use fly as a variance estimate and, based on an accuracy level, compute the re-
quired number of Monte-Carlo samples to estimate the mean action Eyrx,) [f (x5, u)].

Given a current state xg, tolerance A > 0, and an accuracy parameter p € (0, 1),
we construct the covariance matrix estimate ‘Zy and compute the number of required
samples IV, such that with probability p > p the step sample mean ]AEuw(xk) [f (xg, 1]
is contained in Ba o (E[f(xk,u)]). This procedure gives rise to the following strategy
extraction algorithm. Using Algorithm [I4] we can use agents to compute trajectories,
which we may either use directly or use as a starting point for a collocation solver.
We will discuss the application of Algorithm as a starting point for collocation
solvers in detail in Section [4.5

We now examine the trajectory reconstructed by Algorithm [14l As an example,
we apply the model trained in Section to the “Double S”-track (see Figure .

In Figures [4.25, and [£.26], we see the controls and trajectory we computed following
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Algorithm 14 Strategy extraction
Require: xg € X, 7: X — M'(A),A > 0,p € (0,1), Nyax > 1.
1: ¢+ 0.
2: X « (.
3: k<« 0.
4: while x;, € X and t < T}« do
5: u « E[r(xx)].
. T
6 Sy (BLfitxe W) (S fi(xe ).
7: Select N > 1 such that p'/™ < 20 (ﬁﬁ) -1
8: Let N < min(Npax, V)
: Sample u®, ... u®™ iid with u® ~ 7(x;).
10: Compute Jf(l), o fWY) using fO = f(xg,u®).
11: Estimate E [f(x;, u)] « + XN, fO.

12: Solve uy, +— argmin, 4 || f(xx, u) — E[f (x5, u)] ||
13: X(—XU{(xk,uk)}.
14: Xp41 < X + (Stf(Xk, uk).

15: t+t+ 0
16: k< Fk+1
17: end while
18: return X.

Algorithm [14] with parameters Ny = 10%,p = 0.9,A = 0.01,5, = 0.01.  From
the control variables in Figure [4.25 we observe high frequency oscillations in the
steering input. We further see that the rear wheel acceleration input closely matches

2

the maximal value of 20ms™*, except for short periods. Near the points t = 8.5,t =

25.2,t = 26.8 we find steep decreases in the acceleration input.
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Figure 4.25: Extracted control strategy using Algorithm

Figure 4.26: Extracted trajectory using Algorithm
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4.5 Initialisation improvements

Algorithm [14] allows us the evaluate the expected trajectory an agent takes around
a given racetrack. We will now apply this extraction algorithm to the pre-trained
agents from Section , to warm start a collocation algorithm with a high quality
initialisation. In this context, we interpret an initialisation to be of high quality if it
achieves low constraint violations and near optimal objective values simultaneously.

We recall the optimisation behaviour, when applying the trust-const algorithm
to the minimal lap time problem shown in Figure . Figure shows
a significant reduction in objective value during the initial part of the simulation.
We expect to accelerate this initial part of the optimisation process by utilising a
trajectory generated using Algorithm [14 We interpolate the trajectory generated
by Algorithm [14] using linear splines onto the node positions used by our optimiser.

Figure [4.27) shows a comparison of the achieved objective reduction by using Algo-

rithm [14, Comparing Figures and [4.27b], we see that, while the initial lap

441 — N=20 — N=20
— N=50 441 — N=50
42 N=100 191 N=100
— N=200 — N=200
40 N=400

40 1 N=400
38 |-
36| : =
S L
— I

32+

Objective (Lap time)
&
Objective (Lap time)

32 30|

| | | | | | | | | | | | | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Optimiser iteration Optimiser iteration

(a) Objective reduction on track without(b) Objective reduction on track with ini-
initialisation tialisation

Figure 4.27: Comparison of the objective reduction achieved by trust-constr on
the “S Double” test track

times are lower, the problems converge to similar values. The transient behaviour in
Figure shows a rise in lap times during the initial stages of the optimisation.
Let us again consider the control variables shown in Figure [4.26| where we see steep

dips in the acceleration control, and oscillatory behaviour of the steering control. A
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linear projection of these variables onto an equidistant grid will not be able to capture
this behaviour accurately, unless a large number of collocation nodes is used. As an
alternative, we propose to use the agent-generated trajectory shown in Figure [£.20]
to construct a problem specific grid. The grid construction starts by describing the
entire domain using three equidistant nodes and two resulting trapezoidal segments.
We then refine the mesh until a desired number of nodes is achieved. To refine the
mesh, we approximate the constraint violation incurred on each segment using the

midpoint quadrature rule

- - Si — Si— -~
C; .= (Si — Si—l) X; — X1 — Tl (f(Xi, llz))H . (451)

We use the notation from Equation (3.4.13), to indicate that we are operating on
the track distance domain. We then select the segment corresponding to the highest
constraint violation ¢; and refine it by splitting the segment in half. Figure [4.28shows

a sequence of meshes build using this refinement process.

(a) Mesh with N = 20 nodes (b) Mesh with N = 50 nodes (¢) Mesh with N = 100 nodes

Figure 4.28: Iterative mesh refinement on “Double-S”-Track

Table 4.8: Lap time values using trust-constr

Iteration 50| 100 200| 300| 400| 500
Mesh
Equidistant (N = 100) | 36.650 | 35.734 | 34.420 | 34.241 | 34.209 | 34.184
Refined (N = 100) 37.217 | 36.221 | 34.898 | 34.653 | 34.095 | 33.985
Equidistant (N = 200) | 38.232 | 36.712 | 34.815 | 34.231 | 34.164 | 34.141
Refined (N = 200) 37.399 | 36.109 | 34.811 | 34.259 | 34.028 | 33.987

We see in Figure[4.29 and Table[4.8] that by constructing the collocation segments
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Figure 4.29: Optimisation results using trust-constr on the “Double-S” track

iteratively we are able to achieve lower overall lap times, given a sufficient number
of optimisation iterations. We see from Table that solutions constructed with
N = 100 nodes on the refined mesh achieve lower overall lap times than solutions at

a finer equidistant mesh with N = 200 nodes.

4.6 Software aspects

Throughout this project, we encountered a series of computationally challenging prob-
lems. Solving these problems required specialised software, as a consequence we devel-
oped a series of software projects. We have seen one example of such a software project
in Section [2.3.2] where we presented a piece of specialised software which allowed us
to trace a racetrack from image data and transform it into a format we can use for
further simulation and analysis. The results in Section |3| were achieved by developing
a Python3 software package for collocation optimisation called colloptpy. To per-

form reinforcement learning we needed an implementation of the racing environment
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described in Section 4] The reinforcement learning environment we developed uses
the track model from Section and provides access to the described observations
in a manner that is compatible with the gym framework developed by OpenAl [16].
In this section, we present an overview of individual packages by discussing their

features and aspects of their software infrastructure.

4.6.1 Colloptpy

The colloptpy package we developed enables the user to solve collocation problems,
such as the problems we discussed in Chapter The colloptpy package provides

users with a flexible infrastructure to define problem dynamics function

n m n d J—
LR xR - R, x(t) = £(x(t),u().

Users define the vectorised application of the dynamics function f using pytorch ex-
pressions. As sequential operations in python can reduce the overall computationally

throughput significantly, we define

f(Xl, ul)

f' : kan > kam N kan’ f

f(Xk, uk)

where k is an arbitrary vectorisation length. By relying pytorch and vectorised op-
erations, we benefit from the automatic differentiation capabilities of pytorch and
its associated functional derivative library functorch. The use of pytorch also en-
abled us to support graphics processing unit (GPU) accelerated derivative evaluation,
resulting in the performance gains we discussed in Section [3.6.1 The colloptpy
package is available on the python package index site [44]. Figure shows a class

model diagram for colloptpy. In Figure [4.30] we see that a collocation problem
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<<abstract>>
CollocationProblem

model: AbstractDynamics
domain: ProblemDomain
savePath: String

tions)

solve(maxl
cti c: np.ndarray)

objectiveGrad(

: np.ndarray)
(xvec: npndarray)
objective(xvec: np.ndarray)

<<abstract>> SavedSolution <<abstract>>
AbstractDynamics VariableNames: List(String) Domain
variables: List(DynamicsVariable) NumberOfNodes: int layout: DomainLayout

setValues(var: String, values: np.ndarray) model: AbstractDynamics
getValues(var: String): np.ndarray segments: List(Segment)
save(self, fname: String) getStateBounds(time: Float)
interpolate(self, xVariable: String, xGrid: getControlBounds(time: Float)
np.ndarray): SavedSolution getInitValues(time: Float)
evalConstraintJacobian (xvec)
evalConstraints(xvec)
evalConstraintJacobian (xvec)

\

\

DynamicsVariable <<abstract>> DomainLayout
variableNames: List(String) Segment layoutConfig: JSON

numberOfNodes: int Node method: String e |
setValues(var: String, values: np.ndarray) index: Integer e order: Integer
Stri hasControls: Boolean - nodes: List(Node)

addState(name: String)

addControl(name: String, IBound: Float, uBound: Float)
getStates(): Li
getControls(): List(Dynamic
forward(xVec: th.Tensor, uVec: th.Tensor): th. Tensor

evalConstraint(wvec)

st frame: S
np.ndarray): SavedSolution T \

TrapzSegment HermiteSi ClenshawCurti

evalConstraint(xvec) evalConstraint(xvec) evalConstraint(xvec)

Figure 4.30: Class Diagram of the colloptpy optimisation package

consists of three main components, the dynamics, the domain, and a method for
saving and loading solutions. Further we see that dynamics and domains are ab-
stract classes in colloptpy and, as such, require subclasses to be instantiated. This
structure ensures that the problem specific methods, such as the dynamics application
method forward and the domain specific functions getState Bounds, getControlBounds,
and getInitValues for setting variable bounds and initial guesses, are implemented.
Each domain object contains a series of segments. Each segment may differ in the
quadrature method used and the corresponding number of collocation nodes required
for each segment. The domain layout defines which segments and quadrature orders

should be used.

4.6.2 Track model software

We require a software package that allows us to represent our track model from

Sections and enable the track designer from Section Our track model
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package is called PyRacetrack2D [45] and supports creation, as well as modification
of tracks. Tracks can be saved to and loaded from disk using a Javascript object
notation (JSON) representation of a race track. Once a track is instantiated we can
access the track geometry in the form of so called track-point objects. A track-point
represents a location on the track’s centre line and contains the global position in
(x,y) coordinates, the track orientation y, and the local curvature K. We follow

Algorithm [15] to extract a track-point using a track-distance s € [0, L].

Algorithm 15 Track point extraction

Require: s € [0, L], {l1,...,In}, (%0, Y0),wo- > Element lengths Iy, ..., [y.
14— 1.
W < Wy
(13, y) — <$07 yO)
while s > [; do
s+ s—1;
11+ 1
assign the end point and orientation of element i to (z,y),w
end while
assign point and orientation at distance s of element i to (z,y),w
if Element ¢ is curve piece then
assign the curvature to K
. else
K<+ 0 > Straight pieces have zero curvature
. end if
: return (z,y),w

[ O T T
A o S

In Section [4.3.1] we required the ability to compute ray intersections with the track
boundary in an efficient manner. To compute these ray intersections, PyRacetrack2D
discretises the track boundary with straight line segments and computes the intersec-
tions using the numba just in time (JIT) compilation engine [56], for improved com-
putational performance. In Section we discussed the benefits of enforcing the
track constraints geometrically. The track model supports this geometric boundary
check using vectorised numpy operations. We can see a class model for PyRacetrack2D

in Figure [4.31]

In Figure [4.31] we see that a track consists of sequence of track elements. Each of
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Track
startPosition: TrackPoint2D
elements: List(TrackElement)

addElement(newElement: TrackElement)

TrackDesigner getFirstPosition(): TrackPoint2D FiniteLineCollection
gui: PyGame2Window et sition (B ackoint2T) ————— startPoints: np.ndarray
:I"](:k' “Track s getPosition(sdist: Float): TrackPoint2D endPoints: np.ndarray
-(I N F‘l( o [ onTrack(x: Float, y: Float): Boolean - — —
;?2(;30 SlorE;n getSDist(x: Float, y: Float): Float rayDistance(rayOrigin, rayDirection): Float
2 B getNuDist(x: Float, y: Float): Float
handleClick(px: int, py: int) getXiAngle(x: Float, y: Float, psi: Float): Float
handleKeyPress(key: int)
saveTrack()
FiniteLine
abetrac lineIntersection(lineA, lineB)
;\;ik;é;:;:\z;t getRayIntersection(ray0, rayl, line0, linel)

startPoint: TrackPoint2D

nextElement: Option(TrackElement)
getFirstPosition(): TrackPoint2D
getLastPosition(): TrackPoint2D
getPosition(sdist: Float): TrackPoint2D

StraightElement CurveElement

length: Float angleDistance: Float
curveRadius: Float
getPosition(sdist: Float): TrackPoint2D

getPosition(sdist: Float): TrackPoint2D

Figure 4.31: Class model of the PyRacetrack2D package

these track elements is either a straight line or a curve. We also see in Figure[4.31], that
instances of the track class can evaluate track positions by following Algorithm[15 We
find the classes FiniteLine and FiniteLineCollection, which handle the ray intersection
computation with the approximated track boundary. On the left of the track and track
element classes, we find the track designer, which enables the graphical interface that

we have previously seen in section [2.3.2]

4.6.3 RaceGame2D

The reinforcement learning algorithms we discussed in Section relied on pixel
data, that shows the vehicle in relation to the race track. To handle this render-
ing we develop the RaceGame2D [46] package. Figure m shows the components
of RaceGame2D and we can see that the display handling is split amongst three dis-
play instances, the VirtualDisplay, the PyGameDisplay, and the RacecarDisplay. The
virtual display handles positioning elements on screen by transforming real world
coordinate data into screen coordinate data, while the PyGameDisplay handles the

rendering of graphical elements on the computer screen. Lastly, the RacecarDisplay
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handles communication between the VirtualDisplay and the PyGameDisplay. For the

RaceGame

track: Track

display: RacecarDisplay
model: AbstractDynamics
vehicleState: np.ndarray

handleInputs(inputs: List(Integer))

|

RacecarDisplay

realWidth: Float

carlmage: Image
trackPieces: List(TrackPiece)
vdisp: VirtualDisplayRotated
videoDriver: String

render(display: PyGameDisplay, carPos: np.ndarray, carAngle: Float)
renderCar(display: PyGameDisplay, carPos: np.ndarray, carAngle: Float)
updateDisplay (display: PyGameDisplay)

getImageData(useRGB: Boolean)

1.%
TrackPiece PyGameDisplay VirtualDisplayRotated
cornerPositions: np.ndarray sizeX: Integer rotation: Float
ro.adColour: C.oluur S%ZSY1 1“F9?,9T getVirtualCoordinates(realX: Float, realY: Float)
triangleColour: Colour title: String getRealCoordinates(scrX: Float, serY: Float)
render(display: Display, vdisp: VirtualDisplay) drawLine(coordinates: np.ndarray, colour: Colour) isOnScreen(realX: Float, realY: Float)

drawSquare(coordinates: np.ndarray, colour: Colour)
drawTriangle(coordinates: np.ndarray, colour: Colour)
drawPolygon(coordinates: np.ndarray, colour: Colour)
flipBuffers()

VirtualDisplay

scaleFactor: Float
cameraX: Float
cameraY: Float
realWidth: Float
realHeight: Float
screenWidth: Float
screenHeight: Float

getVirtualCoordinates(realX: Float, realY: Float)
getRealCoordinates(scrX: Float, scrY: Float)
isOnScreen(realX: Float, realY: Float)

Figure 4.32: Class model of the RaceGame2D package

application in reinforcement learning environments, we want to highlight the variable
“displayDriver” within the RacecarDisplay class. This variable is set as an environ-
ment variable in the main process and allows us to avoid outputting to the screen.
This reduces the resource requirements of running multiple RacecarDisplay instances
simultaneously and even enables us to use the display classes without an active display

server.

4.6.4 RaceGym2D

We now build upon the RaceGame2D package and construct the different learning
environments described in Sections [1.2] and [4.3] in the form of gym environments.
The gym framework, developed by OpenAl [16], provides a standardised method of
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implementing reinforcement learning environments. Each gym environment need to

have the four components: (i) a method called step, which handles actions and return

rewards and observations, (ii) a method called reset to return the environment to an

initial state, (iii) an observation space, and (iv) an action space. The RaceGym2D

package implements four different gym environments, each corresponding to one of

the four environments we developed in Sections [£.2] and

<<abstract>>
Env

actionSpace: Gym.Space

observationSpace: Gym.Space

step(action)
reset()

T

BaseEnv

display: Rac

cecarDisplay
model: Bicyc

eModel
ardFunction
vehicleState: np.ndarray

initSpaces()

render()

checkBounds()

observe()

step(action: np.ndarray)
reset()

<<abstract>>
RewardFunction
totalReward: Float
getReward(oldState: np.ndarray, newState: np.ndarray)
reset()
DistanceReward |

getReward(oldState: np.ndarray, newState: np.ndarray) ‘

RaysEnv

VisualEnv

numRays: Integer

visualResolution: Integer

renderRays()
observeRays()

initFrameStack()

[ CombinedEnv |

‘viaualR«‘sUluLiuu Tnteger

CheckPointReward |

getReward(oldState: np.ndarray, newState: np.ndarray) ‘

Figure 4.33: Class model of the RaceGym2D package
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Chapter 5

Conclusion

5.1 Summary

In the first two chapters (Chapter [I| and Chapter , of this work we introduced
the relevant optimal control theory and derived the classical bicycle model including
tyre and track dynamics. At the end of Chapter [, we were able to formulate the
dynamics for our optimal control problem and we had also developed a specialised
software, which lets trace and design racing circuits.

In Chapter [3] we discussed the theory of direct collocation methods and algorithms
such as trust-constr we use to solve them. We discovered that in our lap time op-
timisation problem, a large amount of computational effort is spend on evaluating
gradients. To reduce the computational costs we used the automatic differentiation
capabilities of functorch to accelerate our collocation solver. By exploiting the struc-
ture of our collocation problem, we were also able to derive approximate gradients
to further accelerate the simulation. Lastly, in Chapter [3] we proposed a mesh re-
finement algorithm based on L! polynomial approximation. Based on work from [64]

we showed how one can used exact Clenshaw—Curtis quadrature away from singular-

169



ities, combined with iterative mesh refinement to efficiently compute L' polynomial
approximation.

In Chapter {4} we first introduced the theory of reinforcement learning algorithms.
Based on this, we developed a series of environments to train reinforcement learning
agent on our lap time minimisation problem. The three primary feature sets we used
to solve our problem were: 1. state variable information, 2. distance measurements
to the track boundary, and 3. pixel data information. We discussed how each feature
set is able to improve upon the previous one. By combining all three feature sets, we
were able to train agents that perform effectively on representations of Formula One
tracks. Using variance estimates we were able to extract the strategies of pre-trained

agents and accelerate collocation based methods.

5.2 Future work

In this work, we have seen the application of reinforcement learning methods to
classical two dimensional vehicle models. Learning on visual data was also based on
a two dimensional top down view of the environment. Extensions to higher fidelity,
three dimensional, vehicle models would be extremely interesting from a practical
perspective. The networks we trained in this work are relatively low dimensional
and have not been trained extensively past the point where they achieve a general
level of competence on a given track. While we showed that PPO is able to perform
reasonably well the current environments, we would like to explore the performance
of different algorithms, with increased training resources on more accurate physical
models.

Reinforcement learning, compared to supervised learning, lets us interact freely
with a given environment. The answers provided by reinforcement learning could

prove invaluable to self driving vehicle tasks as they could allow us to perform well in
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edge case scenarios. Lap time optimisation is valuable in this regard as it is designed
to push a vehicle towards the physical limit.

Future research opportunities also arise from the direct combination of reinforce-
ment learning agents within optimal control problems. We could use an agents strat-
egy to inform the mesh construction for collocation problems or back tracing in case

the optimiser is not progressing.
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Appendix A

Training configurations

Table A.1: Baseline training configurations

Value
Parameter Figure Im' Figure IRI Figure |4_7|
Initial learning rate o | {27°,...,27 P} {279,...,27 15} {279 ..., 27}
Training steps 4000000 4000000 4000000
Save frequency 20000 20000 20000
Network architecture 4 x 128 4 x 128 4 x 128
Rollout length 512 512 512
Training batch size 256 256 256
Training epochs 1 1 1
Discount factor v 0.99 0.99 0.99
GAE factor A 0.95 0.95 0.95
Environment type “base” “base” “base”
(1% B
Track “L-Shape” “S-Double” “Double—];)” ’
Algorithm “PPO” “PPO” “PPO”
Nenvironments 24 24 24
Time step 0, 0.1 0.1 0.1
Maximal time Ty, 300.0 300.0 300.0
Checkpoint rewards false false true
Show absolute states true true true
Use discrete actions false false false
Model name “Bicycle” "Bicycle” “Bicycle”
Allow multiple laps false false false
Time penalty 0.0 0.0 0.0
Learning rate schedule “Harmonic” “Harmonic” “Harmonic”
Learning rate decay /3 1076 1076 1076
Show track variables true true true
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Table A.2: Ray casting environment configuration for Figures , 4.12b

Parameter Value
Initial learning rate oy 213
Training steps 4000000
Save frequency 20000
Network architecture (128,128,128,128)
Rollout length 512
Training batch size 256
Training epochs 1
Discount factor ~ 0.99
Environment type “rays”

Training track

Algortihm

N, environments

Nrays

Time step d;

Maximal time T«
Checkpoint distance
Checkpoint rewards
Show absolute states
Use discrete actions
Physical model

Allow multiple laps
Time penalty
Learning rate schedule
Learning rate decay (3
Show track variables

“L” track (Figure ,
“Double-S” Track (Figure 4.12h
“PPO”

24

{16, 32,64, 128}

0.1

300.0

10.0

true

true

false

Bicycle

false

0.0

“Harmonic”

1076

true
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Table A.3:

Parameter

Visual environment training configurations

Figure m Figures m and |4_20|

Values for

Figure 4.21

Initial learning rate ay
Training steps

Save frequency
Rollout length
Training batch size
Training epochs
Discount factor
Environment type
Training track
Algortihm

N, environments

Nframes

Image height

Visual layers

Kernel size k;

Kernel size ko

Time step d;

Maximal time T}«
Checkpoint distance
Checkpoint rewards
Show absolute states
Use discrete actions
Physical model

Allow multiple laps
Time penalty
Learning rate schedule
Learning rate decay /3
Show track variables

{be —4,...,1e — 5}
4000000

20000

512

256

1

0.99

“visual”

Bahrain

“PPO”

24

1

{60, 90,1 20}
2

5 X b

59X b

0.1

300.0

10.0

true

true

false
Bicycle

true

0.0
“Harmonic”
10—

true

183

{be —4,...,1e — b}
4000000

20000

512

256

1

0.99

“visual”

Bahrain

“PPO”
24

4

60

2

9 XD
5 X b
0.1
300.0
10.0
true
true
false
Bicycle
true
0.0
“Harmonic”
106
true

10~
4000000
20000
512

256

1

0.99
“visual”
Bahrain
“PPO”
24
{1,...,8}
60

2

59X Db

59X b

0.1

300.0
10.0

true

true

false
Bicycle
true

0.0
“Harmonic”
106

true



Table A.4: Combined environment training configuration

Parameter

Values used to create Figure |4.23

Initial learning rate oy
Training steps

Save frequency
Rollout length
Training batch size
Training epochs
Discount factor ~
Environment type

Training track

Algortihm

N environments

N, rays

Nframes
Image height

Visual layers

Kernel size k;

Kernel size ko

Kernel size ks

Time step d;
Maximal time T«
Checkpoint distance
Checkpoint rewards
Show absolute states
Use discrete actions
Physical model

Allow multiple laps
Time penalty
Learning rate schedule
Learning rate decay /3
Show track variables

3x 1077

25 x 10°

50000

512

256

1

0.99

“combined”

Bahrain, Baku, Imolah, Jedda,
Melbourne, Miami, Montreal, Silverstone
“PPO”

24

16

1

60

3

59X b

5 X b
95X b
0.1
300.0
10.0
true
true
false
Bicycle
true
0.0
“Harmonic”
106
true
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