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Abstract:

In this paper, we prove that a GL(2n)-eigenvariety is étale over the (pure) weight space
at non-critical Shalika points, and construct multi-variable p-adic L-functions varying over
the resulting Shalika components. Our constructions hold in tame level 1 and Iwahori
level at p, and give p-adic variation of L-values (of regular algebraic cuspidal automorphic
representations of GL(2n) admitting Shalika models) over the whole pure weight space. In
the case of GL(4), these results have been used by Loeffler and Zerbes to prove cases of the
Bloch—Kato conjecture for GSp(4).

Our main innovations are: (a) the introduction and systematic study of ‘Shalika refine-
ments’ of local representations of GL(2n), and evaluation of their attached local twisted
zeta integrals; and (b) the p-adic interpolation of representation-theoretic branching laws for
GL(n) x GL(n) inside GL(2n). Using (b), we give a construction of multi-variable p-adic
functionals on the overconvergent cohomology groups for GL(2n), interpolating the zeta
integrals of (a). We exploit the resulting non-vanishing of these functionals to prove our
main arithmetic applications.
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DANIEL BARRERA SALAZAR, MLADEN DIMITROV, ANDREW GRAHAM, ANDREI JORZA AND CHRIS WILLIAMS

1 Introduction

1.1 Motivation

The Bloch—Kato conjectures are amongst the most important open problems in modern algebraic number
theory, and predict a deep link between arithmetic and analysis. Through decades of research, a fruitful
approach to Bloch—Kato has been to find and prove p-adic reinterpretations; for every special case of the
Bloch—Kato conjecture, there should be an analogous p-adic Iwasawa Main Conjecture relating p-adic
arithmetic data to a p-adic L-function. These p-adic reinterpretations are usually more tractable than the
original conjectures — for example, the Iwasawa Main Conjecture for elliptic curves has been proved in
many cases (for example in [Kat04, SU14], but also in many other works). Moreover, understanding the
p-adic picture can lead to proofs of special cases of Bloch—Kato.

Crucial to proofs of Bloch—Kato/Iwasawa Main Conjectures is a good understanding of p-adic
L-functions, eigenvarieties, and p-adic L-functions over eigenvarieties. In this paper, we prove new
results about these objects for GLy, /Q. In particular, let 7w be a regular algebraic symplectic cuspidal
automorphic representation (RASCAR) of GL,,(A) that is everywhere spherical; here symplectic is
the condition that 7 admits a Shalika model (i.e. is a functorial transfer from GSpin,,_;(A)). This
ensures there is an integer w such that 7 = 7V ®| - |V, i.e. 7 is essentially self-dual. Let 7 be an Iwahoric
p-refinement which is spin and of non-critical slope (see Definitions 6.2 and 10.6). As explained in
§14, by [BDW, Thm. A] there exists a p-adic L-function Lp(ﬁ') attached to 7, that is, a locally analytic
distribution on Z; of controlled growth that interpolates its Deligne-critical L-values. In this paper:

(A) we prove that the Iwahoric GL,,-eigenvariety is étale over the (n+ 1)-dimensional pure weight
space at 7, and that the unique connected component ¢ through 7 contains a very Zariski-dense
set ©5" of classical Shalika points; and

(B) we construct an (n+ 2)-variable p-adic L-function L;’f interpolating L, (7,) for y € €5,

We state these results in full in Theorems A and B respectively in §1.4 of the introduction.

We describe an application. In the special case of GL4, part (B) fulfils the forward compatibility
required by Loeffler and Zerbes in their recent tour-de-force work [LZb] proving new cases of the
Bloch—Kato conjecture for GSp,; in particular, the present paper is the ‘forthcoming work’ mentioned in
§17.5 op. cit., where this special case was first announced.

1.2 Set-up and previous work

Let 7 be as above, and let A = (4, ..., 42,) be its weight, a dominant algebraic character of the diagonal
torus T C G := GLy,. Then w = A4, + A,,1 is the purity weight of A (see §2.2). Let L(, s) be the standard
L-function of 7, normalised so that for j € Z, the value L(7, j + %) is Deligne-critical if and only if

JECHtA) = {jEZ: —App1 ==~} (1.1)

Let K = Iwg [z, G(Zy) C G(Z), where Iwg is the Iwahori subgroup at p. Let Sg be the locally
symmetric space for G of level K. As 7 is regular algebraic, it contributes to the compactly supported
cohomology of Sk with coefficients in ”1//1V in degrees n?,n* +1,...,n> +n— 1. Here V, is the algebraic
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representation of G of highest weight A, and “//AV is the local system on Sk attached to its dual. Let
t =n?+n—1 (the top degree).

Our work builds on ideas of Grobner—Rahuram [GR14], of Dimitrov—Januszewski—-Raghuram
[DJR20], and particularly of Barrera—Dimitrov—Williams [BDW], all of which worked in the Q-parahoric
setting, for Q the (n,n)-parabolic subgroup of G. As op. cit., our methods are built upon the existence of
evaluation maps, functionals on Betti cohomology groups. In particular:

— In [GR14], the authors constructed C-valued evaluation maps
Ev/ 9% HL(Sk, 73/ (C)) = €

and used them to prove algebraicity for the Deligne-critical L-values L(7, j + %)

— In [DJR20], for ¥ finite order of conductor pP, the authors used p-adic analogues

A,DIR | - ~
Evy; tH(Sk, 7' (Q,)) — Q,

to construct p-adic L-functions for ordinary ‘Shalika’ Q-parahoric p-refinements %€ of 7.

— In [BDW], the authors constructed (parahoric) overconvergent evaluations
H.(Sx, 28) — D(Z},0q),

where Q is a (2-dimensional) parahoric p-adic family of weights, Qg is a local system attached to a

space of parahoric distributions, and D(Z;, R) is the space of R-valued locally analytic distributions

ADIR ¢
X:J

varying A, x and j. They were used to construct p-adic L-functions Lp(ﬁ'Q) attached to finite slope
Q-parahoric Shalika p-refinements %2, to construct 2-dimensional (parahoric) p-adic families
through 7€, and to vary L,(72) over these families.

on Z;; s0 D(Z;,0q) is a space of 3-variable distributions. These interpolated the Ev

These papers work with GL,, over totally real fields and do not require 7w everywhere spherical; for a
detailed summary of these works, we refer the reader to [BDW, Intro.]. However, the Q-parahoric setting
considered op. cit. cannot see variation in more than 2 weight variables, meaning our present results are
necessary for the application to Bloch—Kato in [LZb].

1.3 New input

In our generalisation to Iwahoric families, substantial new ideas are required in two particular places: one
automorphic (the computation of local zeta integrals at p), and one p-adic (the p-adic interpolation of
classical representation-theoretic branching laws).

1.3.1 Shalika p-refinements and local zeta integrals

To study local zeta integrals attached to the (unramified) representation 7,, we introduce Shalika p-
refinements of 7,. In this paper, we consider Iwahoric p-refinements, rather than the Q-parahoric
p-refinements of [DJR20, BDW].
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Let H, be the Hecke algebra at p (see Definition 2.3). An (Iwahoric) p-refinement of 7, is a pair
i, = (my, o), where o : H,, — Q is a system of Hecke eigenvalues appearing in nII)WG. If 7, has regular
Satake parameter, there are (2n)! such p-refinements, indexed by elements of the Weyl group Wg = Sy,
all regular in the sense of Definition 2.4. Attached to any regular p-refinement 7, is a certain family of
twisted local zeta integrals at p. We call T, a Shalika p-refinement if one of these local zeta integrals is
non-vanishing.

In [DJR20, BDW], it is implicitly predicted that a p-refinement should be Shalika if and only if it
lies in a certain class of ‘spin’ p-refinements, i.e. those that interact well with the Shalika model. In the
parahoric case, an ad-hoc definition of a spin refinement — there called a ‘Q-regular Q-refinement’ — is
given in [DJR20, §3.3], inspired by [AG94]; and the relevant zeta integrals are shown to be non-vanishing.

In §6, we give a much more conceptual definition of spin p-refinements, generalising and justifying
[DJR20, §3.3]. Since 7, admits a Shalika model, it is the functorial transfer of a representation IT, of
5(Qp), where G = GSpin,, 41~ Via a careful study of the root systems of G and G, we construct a map
7 H, — 9{19, of Hecke algebras at p. We then say « is a spin p-refinement if there exists an eigensystem
o for G such that « factors as

7" ad =
o H, = Hy == Q,

and show the system a9 then appears in Hlpwg, where Iwg C §(Z,,) denotes the Iwahori subgroup for
§(Z,). When m, (hence I1,,) is regular, there are 2"n! such spin p-refinements.

We prove that the family of local zeta integrals attached to a spin p-refinement is non-vanishing, and
hence that spin p-refinements are Shalika p-refinements. We study the converse (that Shalika refinements
are spin refinements) in a sequel paper [BGW25]; there we prove it in many cases, and conjecture that it
always holds.

We actually compute the local zeta integral in two different ways, with different benefits.

* In §5, we compute the local zeta integral at Iwahoric level, with the restriction that our method
works only for ramified characters.

* The unramified case at Iwahoric level appears to be very difficult. We get around this in §9 by
instead computing the unramified integral at parahoric level, via a totally different method.

The latter result strengthens the results of [DJR20, BDW] by proving that the p-adic L-functions they
construct satisfy the expected interpolation property at the trivial character, a fundamental case these
works omitted.

In later sections, we use interpolation at ramified characters to prove that the p-adic L-functions at
Iwahori level and parahoric level agree; and thus we obtain interpolation at the trivial character for the
p-adic L-functions of the present paper.

All of these local results are proved in §5-§9.

1.3.2 p-adic interpolation of branching laws

Over Q, for any n the evaluation maps of [BDW] are valued in a space of distributions in only 3 variables.
In the present paper we construct evaluation maps in the full expected n + 2 variables.
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Our key input is a p-adic interpolation, in (n + 2)-variables, of classical representation-theoretic
branching laws. More precisely: in [GR14, DJR20, BDW] the subgroup H = GL, x GL,, (embedded
diagonally in GL,,) plays a distinguished role. For ji, j,» € Z, let V(Ij.l_m denote the H-representation

det{1 detéz, the algebraic representation of highest weight (j, ..., j1,/2,...,j2). Recall w is the purity
weight of A. Then we have the following reinterpretation of the Deligne-critical L-values (1.1):

(t)  Branching law: j € Crit(1) < VH

(Cjowrti) © V2

‘ y With multiplicity one.

Example. Let G = GL,,H = GL; x GL, and let = be a RACAR of weight (k,0), corresponding to
a classical newform f of weight k+2. Then (in our normalisations) 7 has Deligne-critical L-values
L(m, j+ %) with —k < j < 0. Here w = k and V;, = Sym*(C?), the space of homogeneous polynomials in

two variables X,Y of degree k. We have V) |y = @(j).:_ [C-X~/Y**J/]. The summand at j is the character

(*+) > s/t**J of H, and corresponds to the Deligne-critical L-value L(7, j + 1 ).

Attached to H is a family of automorphic cycles {Xp}g>1, which are modified locally symmetric

spaces for H whose dimension is crucially 7. For j € Crit(A), the evaluation maps EV;’?JR of [DJR20]
were constructed as a composition

HL (S, 73 ) — H. (X,;,WH> S H (X,gnf/(i’jjwﬂ)) — @ Q,— Q,,where:
(2/pP)"

¢ the first map is a twisted pullback under the natural inclusion Xz — Sk,
* the second is projection of the coefficients via the branching law (),

¢ the third is integration of scalar-valued classes (of degree 1) over the connected components of Xg
(which have dimension ?),

* and the last map is ‘evaluation at ¥, where ) has conductor ph.

To interpolate these maps, in [BDW] the authors gave a p-adic interpolation of (7). There were two
aspects to this: the interpolation for a fixed A as j varies, proved in §5.2 op. cit., used to prove existence
of L,(#); and the interpolation as A varies in a (2-dimensional) Q-parabolic weight family #9in §6.2,
used to construct parabolic families of RASCARSs and 3-variable p-adic L-functions for these families.

The full pure weight space V/OG for G has dimension n + 1, whilst the families of [BDW] are only
2-dimensional. The trade-off made op. cit. was that variation in lower dimension allowed weaker
assumptions on 7, giving an ‘optimal’ notion of non-criticality for #. However, if one assumes stronger
conditions on 7, then one expects to be able to vary the p-adic L-function over the full (n+ 1)-dimensional
pure weight space; and it is this, higher-dimensional, variation that is required for the application to the
Bloch—Kato conjecture of [LLZb].

To extend the results of [BDW] to get full variation, one needs to interpolate the branching law () as
A varies over #C. The approach of [BDW] has the parahoric, hence 2-dimensional, setting baked into it,
so to interpolate in higher dimension requires new ideas.

In Proposition 11.13, we give a full interpolation of (1) over #, (in the language of p-adic distribu-
tions). This result occupies the entirety of §11.
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Our approach exploits properties of spherical varieties: in particular, we use crucially the existence
of an ‘open orbit element’ u € G(Z,) such that B(Z,)u 'H(Z,) is Zariski-open in G(Z,) (for B C G the
opposite Borel of lower triangular matrices). The approach should apply to much more general spherical
pairs (G, H); this has now been studied, for example, in [Roc].

In §12, via §4, we use our p-adic branching laws to construct (n 4 2)-variabled evaluation maps

Evj : H(Sk, Za) — D(Z;,0q), (1.2)
A,DIR

X0
A varies in Q, j varies over Crit(A), and j varies over finite order Hecke characters of conductor pP.

for an (n+ 1)-dimensional affinoid Q C V/OG. These maps interpolate (Iwahoric analogues of) Ev as

1.4 Main constructions

We give two main applications of these results. Using the Shalika refinements of Definition 7.1, we
give simple automorphic criteria for the non-vanishing of the evaluation maps (1.2). This non-vanishing
puts tight restrictions on the structure of H.(Skx, Zq ), and thus — via [Han17] — on the structure of the
G-eigenvariety &C. Exploiting ideas developed in [BDW], in Theorem 13.6 we prove the following.
Recall that a RASCAR is a regular algebraic cuspidal automorphic representation that is symplectic (i.e.
it admits a Shalika model).

Theorem A. Let © be a RASCAR of G(A) of weight A = (A1,...,Ay,) that is everywhere spherical.
Suppose that T, is regular and that
ln > A’n-&-] .

Let @ = (7, ) be spin p-refinement having non-critical slope (see Definitions 6.2 and 10.6).
Then the G-eigenvariety &S is étale over W,C at . There exists a neighbourhood of % in &°
containing a very Zariski-dense set of classical points corresponding to RASCARs.

In other words, there exists an (n + 1)-dimensional affinoid Q C “//OG containing A such that:
(a) 7 varies in a unique p-adic family € C &Y over Q,
(b) € contains a very Zariski-dense set €M of classical points corresponding to RASCARs,

(¢) and the weight map w : € = Q is an isomorphism.

To prove this result, we observe that the weight condition A,, > A, 1 implies existence of a non-vanishing
Deligne-critical L-value. Since EV? interpolates these L-values, it is therefore non-vanishing. We use
non-vanishing of Ev$} twice: once to produce existence of an (1 + 1)-dimensional family, and again to
prove existence of a very Zariski-dense set of classical points attached to RASCARs.

Our second main result, under the same hypotheses, is the construction of an (n 4 2)-variable p-adic
L-function over %. We show that Evl%2 = EV% olU ;, where U ; is the full (normalised) Iwahori Hecke
operator at p. We thus use (1.2) to attach a well-defined distribution u®(®) = (Oc[‘,’)_ﬁ Evg(tb) to any
finite-slope eigenclass ® € H.(Sk, Zq) with U,® = a,®. Note this is independent of p. We show
existence of a distinguished eigenclass @4 € H.(Sk, Zq) attached to the family &, and then define
Lf = u?(dy) € D(Z};,0q). Under the Amice transform, we view Lf as a rigid analytic function Lf
on ¢ x Z'(Z,), where Z'(Z}) is the Q,-rigid space of characters on Z . In Theorem 13.8 we show:
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Theorem B. Let 7 satisfy the hypotheses of Theorem A, and let € C &° be the (unique) corresponding
p-adic family through 7. There exists a rigid analytic function

€ . X raY
L, CxX(L,) —Q,

satisfying the following interpolation property: for all y € €5 C €, there exist cjc € 6; such that for
all characters § € 2 (Z,,) with §(—1) = £1, we have

Ly (1n8) =5 Lp(#y. 6). (1.3)
Here L, (#t,,—) is the (I1-variable) p-adic L-function from [BDW].

One could restate this interpolation property in terms of critical L-values as follows: for all y € 5"
of weight A, = w(y), all integers j with —A, 41 > j > —A, ,, and all finite order characters y of Q*\A*
of p-power conductor (including trivial conductor), we have

LP) (my@yx,j+1)
Qr ’
n).

Lf()’?%%({yc) = Cy# : Y(pm) 'ep(ﬁ-yv%7j) 'eW(ﬂw%aj) ’

Here .y is the cyclotomic character, the sign is determined by y(—1)(—1)/ = %1, ¥, is a volume

constant, e, and e., are the Coates—Perrin-Riou factors at p and oo, L) is the L-function with the local
factor at p removed, and Qi are periods. All of this is explained in Theorem 12.13.

1.5 Application: Bloch-Kato for GSp(4)

In [LZb], Loeffler and Zerbes prove new cases of the Bloch—Kato conjecture for Galois representations
attached to Siegel modular forms of genus 2 (i.e. for automorphic representations of GSp,). More
precisely, if Jpew is a Siegel modular form of level 1 and sufficiently high weight, and J is an ordinary p-
stabilisation, they prove the Bloch—Kato conjecture holds for the 4-dimensional spin Galois representation
attached to J in analytic rank 0. This has also led to new understanding of the Bloch—Kato conjecture
for symmetric cube modular forms [LZ23] and of Iwasawa theory for quadratic Hilbert modular forms
[LZa].

In [LZb], the authors built on previous joint works with Skinner and Pilloni [LSZ22, LPSZ21]
constructing Euler systems and p-adic L-functions for GSp,. For applications to Bloch—Kato in analytic
rank 0, one wants to show the Euler system of [LSZ22] is non-trivial. The main new input in [LZb]
was an explicit reciprocity law relating the Euler system of [LSZ22] to a specific value of the p-adic
L-function of [LPSZ21]. If this p-adic L-value does not vanish, then the Euler system is non-trivial and
can be used to bound a Selmer group.

This non-vanishing is delicate, since the p-adic L-value seen by the explicit reciprocity law is outside
the region of interpolation (so it does not directly relate to a Deligne-critical L-value). In [LZb, §17],
Loeffler—Zerbes deform this into the region of interpolation — and thus prove the Bloch—Kato conjecture —
conditional on the existence of a family of p-adic L-functions on GL4, stated as Theorem 17.6.2 op. cit.
This theorem, whose proof was deferred to ‘forthcoming work’ of the present authors, is a special case of
Theorem B.
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1.6 Remarks on assumptions

In the above, and the main body of the paper, we restrict to base field Q and & of tame level 1, a setting
where all of our key new ideas are already present. These assumptions drastically simplify the notation
and reduce technicality, allowing for a shorter, more conceptual article, whilst still including the results
required by [LZb]. We indicate which of our various assumptions could be relaxed.

Firstly, all of these results can be modified in a conceptually straightforward, but notationally intricate,
way to work for GL,, over an arbitrary totally real field F. This was the setting treated in [BDW]; the
reader could consult that paper for the extra details occurring in this case.

A second minor assumption is the weight condition that A, > A,.1. This rules out, for example,
weight 2 modular forms in the case of GL;. This condition is used in exactly one place: to guarantee
existence of a non-central, and hence non-vanishing, Deligne-critical L-values. It could be replaced
by instead assuming the existence of finite order Hecke characters ¥ of p-power conductor, with
22 (—=1)(—=1)* = +£1, such that L (m®@x*,5—An) # 0 (see [BDW, Def. 7.3]). One would expect this
to always be true, and indeed it is known for weight 2 modular forms thanks to Rohrlich [Roh89].

Our most serious assumption is that 7 has tame level 1 (is everywhere spherical). We impose this
for our global applications (Theorems A and B), as there is a subtlety in choosing local test vectors in
Shalika models when 7, is ramified. More precisely:

* One knows there exists a test vector in ; whose Friedberg—Jacquet local zeta integral computes
exactly the local L-factor for m,. This test vector is smooth for some open compact subgroup
Ky C GL,(Qy); but Ky is inexplicit for ramified ;. To relate our evaluation maps to L-values (in
order to show their non-vanishing) requires working at level K = Iwg[]s., Ky-

» Thanks to work of [JPSS81], variation in families, however, works best at new level

Ky (7t) =Iwg [ [ Kie(m(m)),
l#p

where K; /(m) C GLy,(Z,) is the open compact subgroup of all matrices whose bottom row
is congruent to (0,...,0,1) (mod ¢™), and m(my) is the minimal m € Z>( with xf]’f(m) # {0}.
Crucially, [JPSS81] showed that 7z, "™ is a line.

This leads to tensions between working at level K, where we see L-values, and level K; (&), suitable for
proving strong results about families. In tame level 1, we have K = K, (7) and there is no problem. For
simplicity — and since this issue is somewhat perpendicular to the main novelties of the present paper —
we have presented all our proofs for tame level 1.

We briefly indicate how to drop this assumption in proving Theorem A, following the strategy
employed in [BDW, §7], in the parahoric setting. There it was first shown that there exists a p-adic family
of the correct dimension at level K, containing a very Zariski-dense set of classical points corresponding
to RASCARs. Then, by studying conductors and the Local Langlands Correspondence, a delicate level-
switching operation was carried out that transferred this family from level K to level K, (7), where strong
results can be deduced about its geometry. Since nothing about this argument used the parahoric setting,

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 3(2):161-236, 2025 168


https://jamathr.org

ON THE GL(2N) EIGENVARIETY: BRANCHING LAWS, SHALIKA FAMILIES AND p-ADIC L-FUNCTIONS

it applies equally well to our Iwahoric case, and the same methods prove the following generalisation of
Theorem A (the base field still being Q):

Theorem A’. Let T be a RASCAR of G(A) that is spherical and regular at p. Suppose that A, > Ay 1,
where 1 has weight (Ay,...,A,). Let # = (7w, ) be a non-critical slope spin p-refinement of 7. Then the
level K, () eigenvariety &% (K, (%)) for G is étale over #,C at . There exists a neighbourhood of  in
&Y (K1 (F)) containing a very Zariski-dense set of classical points corresponding to RASCARs.

However, to prove Theorem B requires much more control: we need not only that systems of Hecke
eigenvalues vary p-adically, but also that we can vary all the local test vectors over the family. This is
unconditionally possible in tame level 1. This could be relaxed to the assumption that & admits certain
parahoric-fixed vectors at every finite place using the forthcoming work [DJ]. For a discussion on possible
generalisations beyond this, see [BDW, §8].

1.7 Structure of the paper

This paper falls into three parts.

In Part I (§2—4), we fix notation and recall relevant automorphic results. In §4, we generalise the
abstract construction of evaluation maps from [BDW, §4], showing that these evaluation maps compute
classical L-values of RASCARs.

In Part IT (§5—-§9), we develop the theory of spin and Shalika refinements, and compute local zeta
integrals (in two different ways). In these sections we prove all the results described in §1.3.1. Our
Iwahoric results are summarised in §8.

In Part III (§10-§13), we build our p-adic machine on this automorphic foundation, reinterpreting
the above in the context of overconvergent cohomology. The heart of is §11-12, where we give our
main technical results on p-adic interpolation of branching laws. In §13, we obtain our main arithmetic
applications, following strategies developed in [BDW].

Part I
Automorphic Results

2 Set-up and notation

2.1 Notation

We will use the following notation for almost all of this paper. In Sections 5, 6, 7 and 9, however, we will
use purely local analogues of this notation, as fixed in the introduction to Part II.

Let n > 1 and let G := GL,,. We write B for the Borel subgroup of upper triangular matrices, B for
the opposite Borel of lower triangular matrices and T for the maximal split torus of diagonal matrices.
We have decompositions B = TN and B = NT where N = N, and N = N,, are the unipotent radicals of
B and B. We also let G, = GL,,, with B,,, T,,, N, etc. the analogous subgroups. Let H := GL,, x GL,,, with

an embedding 1 : H < G, 1(hy,hy) = (%‘ }?2)
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Let Wg = Sy, (resp. W,, = S,,) be the Weyl group of G (resp. G,), identified with the permutation
subgroup of G(Z) (resp. G,(Z)). We write wy, and w,, for the longest Weyl elements (i.e. the antidiagonal
matrices with 1s on the antidiagonal).

Let Koo = CoZo, Where Z., is the center and C., is the maximal compact subgroup O,,(R) < G(R). If
A is a reductive real Lie group, then A° denotes the connected component of the identity.

Fix a rational prime p and an embedding i), : Q— 6[,. We fix a (non-canonical) extension of i), to an
isomorphism i, : C = 61,. Let QP be the maximal abelian extension of Q unramified outside peo, and
let Gal, := Gal(QP*/Q) = Z be its Galois group.

If 7 is a regular algebraic cuspidal automorphic representation (RACAR) of G(A), then we write
L(m,s) for its standard L-function.

Throughout, we work in ‘tame level 1°, that is, with the open compact level subgroup

K=1Iwg-[[G(Z:) C G(Ay), .1
l#p

so away from p we take maximal hyperspecial level and at p we take Iwahori level
Iwg:={g€G(Z,):g(modp) € B(F,)} C G(Z,). (2.2)
Let 85 : T(A) — C* be the standard modulus character
1= (t1,rton) = |11 [P e o1 P2 1| (2.3)

We repeatedly use that if 7, is the local component at £ of a RACAR 7, and n[G () #0 (i.e. m is
spherical), then 7, is a generic unramified principal series representation. By this, we mean there exists
an unramified character 6 : T(Q) — C* such that

m; = Ind§ 6 (2.4)

is the normalised parabolic induction' of 8 to G (that is, the true induction of 5,;/ 29).

All our group actions will be on the left. If M is a R-module, with a left action of a group I', then we
write MV = Homg (M, R), with associated left dual action (y-u)(m) = u(y~'-m).

In later sections we work extensively with affinoid rigid spaces. For such a space X, we write Oy for
the ring of rigid functions on X, so X = Sp(Ox).

All Hecke characters in this paper are understood to be idelic, i.e. characters of Q*\A*. Finite order

Hecke characters correspond bijectively with Dirichlet characters.

2.2 Algebraic weights

Let X*(T) be the set of algebraic characters of 7. Each element of X*(T) corresponds to an integral
weight A = (A1,...,Ap,) € Z¥". If Ay > Ao > --- > Aoy, We say A is dominant, and write X (T)CX*(T)

ITo see this, note by the Bernstein—Zelevinsky classification that any generic irreducible 7 is isomorphic to an induction of
a tensor product of unlinked segments (see [Zel80, Thm. 9.7(b)], stated in this form in [GH24, Thm. 8.4.4]). If 7, is unramified,
these segments are all unramified, and hence all are characters by [Mat13, Cor. 1.3]. But this says exactly that , = Indg 0 for
some unramified character 6 of T(Qy).
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for the subset of dominant weights. We say that A4 is pure if there exists w € Z, the purity weight of A,
such that A; 4+ A2,—i+1 = w for all 1 <i < n; we write pure(A) := w. We write X;(7) C X (T) for the
subset of pure B-dominant integral weights, which are exactly those supporting cuspidal cohomology
[Cl090, Lem. 4.9].

For A € X3 (T), let V, be the algebraic irreducible representation of G of highest weight A, and
let V,’ denote its linear dual, with its (left) dual action. We have an isomorphism V,’ =V, where
AY = (=X, ...,—A1). Given a pure dominant algebraic weight 2 € X (T), let

Crit(A) ={j €Z: —2p < j < —Aus1 }- (2.5)

If w is a RACAR for G(A) of weight A (which we take to mean cohomological with respect to V'), then
j € Crit(1) if and only if the L-value L(7, j + %) is Deligne-critical (see [GR14, §6.1]).

2.3 Shalika models

Our main results come in the setting of RACARs that admit Shalika models. We recall relevant definitions
and properties (see e.g. [GR14, §1,§3.1], [BDW, §2.6]).

2.3.1 Definition of Shalika models

Let S ={s= (h h) . (l" fi) :h € GL,,X € M, } be the Shalika subgroup of GL,,. Let y be the standard
non-trivial additive character of Q\A from [DJR20, §4.1], and let 1 be a character of Q*\A*. Let n ® y
be the character of $(A) given by (n ® y)(s) = n(det(h))y(tr(X)).

A cuspidal automorphic representation 7 of G(A) is said to have an (1, ¥)-Shalika model if there
exist ¢ € w and g € G(A) such that, letting Z; denote the center of G, one has

Su(p)(g) = o(sg) (@ w) ™ (s)ds #0. (2.6)

/ZG(A)S(Q)\S(A)
If this non-vanishing holds, then:

* 1" is the central character of 7,

* 1 has the form 1| -|", where 1 has finite order and w = pure(A) is the purity weight of the weight
A of m,
G(A)

« and 8, defines an intertwining 77 — Indg (Newy).

If 7 has an (1, y)-Shalika model, then for each prime ¢ the local component 7; has a local (1, ¥)-
Shalika model [GR 14, §3.2], that is, we have (non-canonical) intertwinings

Sw  m > Ind§i2 Y (@ ). 2.7)

We fix a choice of intertwining S% of 7y (or equivalently, via (2.6), an intertwining S’J,: of 7).

By [AGY94, Prop. 1.3], if @ is spherical then it admits a (71, yy)-Shalika model if and only if
n) = m®mn, ", in which case 1 is unramified.

We recall another characterisation of Shalika models:
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Theorem 2.1 (Jacquet—Shalika, Asgari—Shahidi). Let & be a cuspidal automorphic representation of
G(A). Then mt admits a (N, y)-Shalika model for some character M if and only if 7 is the Langlands
functorial transfer of a globally generic cuspidal automorphic representation I1 of GSpin,, | (A).

Proof. By [JS90], having a global Shalika model is equivalent to a (partial) exterior square L-function
having a pole at s = 1. But in [AS06, AS14] this is shown to be equivalent to being such a functorial
transfer. (For further details see [GR14, Prop. 3.1.4]). O

2.3.2 Friedberg—Jacquet integrals

Let 7 be a cuspidal automorphic representation of G(A), and ¥ a finite order Hecke character for F. For
W € 8y() consider the Friedberg—Jacquet zeta integral

S =

GLn(A)W [(h ])] x(det(h)) |d€t(h)|s_% dh,

converging absolutely in a right-half plane and extending to a meromorphic function in s € C. When

W = Q<o Wy for Wy € S%(ﬂg), this decomposes into a product of local zeta integrals Cy(s, Wy, x¢).

(Zy)

Suppose 7 is a RACAR admitting a (17, y)-Shalika model. If 7y is spherical, then nf is a line; let

Wy e Sg,i(ﬂ/c (@ )) be the spherical test vector normalised so that W/ (1,,) = 1. Then by [FJ93, Props. 3.1,
3.2] Wy is a Friedberg—Jacquet test vector, i.e. for all unramified quasi-characters y : Q; — C* we have

Co(s+ 3. W) =L(m®xe,s+ %) (2.8)

We apply this to choose local test vectors at all finite £ # p.

2.4 The Hecke algebra and p-refinements

Recall we took K = Iwg - [y, G(Zy).

2.4.1 Away from p

If v € X, (T) is a dominant cocharacter, and £ # p a prime, define T, ¢ := [G(Zy) - v(£) - G(Zy)], a double
coset operator.

Definition 2.2. The spherical Hecke algebra is the commutative algebra H' :=Z[Ty ;: v € X (T),{ # p]
generated by all such operators.

If 7w is a RACAR with X £ 0, then 7, is spherical, and nf 1) is a line preserved by each 7, . Let
E be a number field containing the Hecke field of 7y (which exists by [Clo90, Thm. 3.13]). Attached

to 7 there is a homomorphism v : H' ® E — E sending Ty ¢ to its eigenvalue on 71,'(G 29 We define
my = ker(yy), a maximal ideal in H' ® E. If M is a module on which H' ® E acts, we write M, for its
localisation at m.
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2.4.2 The Hecke algebra at p

Fori=1,...,2n— 1 define matrices 7, , € T(Q,) by

tp1 =diag(p,1,...,1), 1,2 =diag(p,p,1,...,1), ..., t, 201 = diag(p,...,p, 1), 2.9)

and let
ty=tp1tpon1 =diag(p™ ', p*"2,..,p,1) €T(Q,). (2.10)

Then define operators Uy, , = [Iwg -, - Iwg| and U, = [Iwg - t,, - Iwg] = Up 1 -+~ Up op—1.
Definition 2.3. The Hecke algebra at p is H,:=Z[U, ,:r=1,...,2n— 1], and the full Hecke algebra is
H=H KH,.

2.4.3 p-refinements
Suppose 7, is spherical. In particular n,? Z) # 0, hence ﬂ},WG #0.

Definition 2.4. A p-refinement of m, is a pair &, = (7,, o), where o : H, — Q is a system of H -
eigenvalues appearing in E[I,WG; i.e. if we set o, » = (U, ), then there is an eigenvector ¢, € n},WG with
Up.r9p = @, for each r. Such a 7, is regular if the attached generalised eigenspace

I m > 1 such that
T [Upy—Oprir=1,....20=1] =8 @ €M  (Up,—0tp,)" @p =0 (2.11)
forallr=1,...,2n—1

is 1-dimensional over C. We will write ¢, € 7, as shorthand for ¢, € T)Y6[U), . — 0ty :r=1,...,2n—1].

Let % be a p-refinement. After possibly extending E, we extend y; to a homomorphism
Vi  HQE —E, U, Qp,. (2.12)

We let mz := ker(y3) be the corresponding maximal ideal of H ® E. If M is a module upon which
H K E acts, we write Mz for the localisation of M at mz. Note that if L is a field containing £ and M is a
finite-dimensional L-vector space, then My is the generalised eigenspace for H ® L corresponding to yz.

Let m, = Indg 0 be a generic unramified principal series representation (see (2.4)). We recall the
standard classification of p-refinements for 7,. Recall Wg = Sy, and g from §2.1.

Proposition 2.5. [Che04, Lem. 4.8.4].

(i) The semisimplification of 717[1,“’0 as a Hp-module is isomorphic to @GeWG(S;/ZOG) oevy,, where
ev, : H, = T(Qp) is the map sending Uy, , — ty, ;. Thus if &, = (7,,a) is a p-refinement, then
there exists c € Wg such that for each r,

Wan ro2n—2j+1

Q= a(U,,) = [61;/20"} ) =]IpP 2 6Oopuri_j(p)
j=1
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(ii) There are equivalences

T, admits a regular p-refinement <= its Satake parameter is regular
<= every p-refinement of T, is regular.

In this case, the choice of G in (i) is unique, and via this correspondence there are exactly (2n)!
p-refinements of T, all of which are regular.

Remark 2.6. (i) This normalisation, where the character 5;/ 209 is conjugated by the Weyl group
element wy,,, matches [DJR20] but might appear strange. Chenevier uses antidominant cocharacters,
and switching to dominant characters is equivalent to conjugating by wy,. This normalisation will
be convenient in §7.

(ii)) When the Satake parameter is regular, there is a bijection
Ag : { p-refinements of ,} — W¢ (2.13)

induced by the above. This is not canonical, depending on the choice of character 6 from which
we induce. For T € W, replacing 8 by 0% conjugates the image of Ay by 7.

When 7, is the local component of a RACAR, the eigenvalues a, , are algebraic but not necessarily
p-integral. To account for this, we make the following definition.

Definition 2.7. Let &, = (7,, &) be a p-refinement. Define integral normalisations

U;J = )L(tp,r)Up,ra a;’r = A,(tp’r)apm — p)tl+-..+/1rap7r.

The a, , are p-integral (see Remark 10.4 or [BW21c, Rem. 3.23]).

3 Automorphic cohomology classes

For K C G(Ay) an open compact subgroup, the locally symmetric space of level K is
Sk = G(Q)\G(A)/KKL.

It is a (2n — 1)(n + 1)-dimensional real orbifold. We will now recall how to realise RACARs in the
compactly supported Betti cohomology of Sk.

3.1 Local systems

We recall standard facts about local systems on Sk (e.g. [Urbl1, §1], [BDW, §2.3]). If M is a left
G(Q)-module such that Z5(Q) N KK acts trivially, let M be the local system on Sk given by locally
constant sections of G(Q)\[G(A) x M|/KKz,, with action y(g,m)kz = (ygkz,y-m). We denote such local
systems with calligraphic letters.

If M is a left K-module, let .# (with a script letter) be the local system on Sk given by locally constant
sections of G(Q)\[G(A) x M]/KKZ, with action y(g,m)kz = (ygkz,k~ ' -m).

If M is a left G(A)-module, then it has actions of the subgroups G(Q) and K, and there is an
isomorphism M = _# of associated local systems given by (g,m) — (g, gf’-1 -m). The key example of
such M for this paper is M = V,’, whence V; = %,".
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3.2 Hecke operators

Let y € G(Ay) and M be a left G(Q)-module (resp. K-module). We suppose 7y acts on M. We have a
natural projection map pg y : Syky-1nx — Sk, and a double coset operator [KYK] on H?(Sk, M) (resp.
H?(Sk,.#)) defined as the composition

[KYK] = tr(pk y) o[Vl Py o1 (3.1)

where tr is the trace and [y] : HE (Sgry-1ky, M) = HE (Syky- 10k, M) is given on local systems by (g,m) —
(gy~",7-m) (and similarly for .#).

3.2.1 Localisation at RACARs

Recall K = Iwg - [y, G(Z¢) and H from §2.4. For appropriate M (e.g. M = V'), this acts on H? (Sg, M)
and H? (Sk,.#) via the process above. If 70 is a RACAR with 7% # 0, it therefore makes sense to localise
H?(Sk,M) at my as in §2.4.1. We denote the localisation by H? (Sk, —)z.

3.2.2 The action at infinity

We have K../KS = {£1}. This group has two characters £* : K../KS — {£1}, where £¢* sends —1 to
+1. If M is a module on which K../K acts and 2 acts invertibly — for example, the cohomology of
Sk over a field of characteristic not 2 — then we have M = M+ & M~, where M~ are the eigenspaces
where K../KZ acts via €*. We obtain a (Hecke-equivariant) decomposition of the cohomology groups
HZ(Sk,—) into =-submodules (as the action of K../K;, commutes with the G(A ¢)-action).

3.2.3 Integral normalisations

The module Vl\/ comes equipped with the natural (algebraic) action of GL,,,, which we have been denoting
with a -. As we have already remarked, the resulting Hecke operators U, , = U, , = [Kyt, K] on the
cohomology of #;" are not integrally normalised.

In §10.3, we will equip V;(Q,) with another natural action of GL,,(Z,) and #,,,, denoted *. Con-
cretely, we will have 1, L = A(tp,)(tp,- - 1). In light of Definition 2.7, if we let U, , be the Hecke
operator defined via (3.1) with the x-action instead of the --action, then U, , = U, , is integrally normalised.
This is all explained in detail in the remark at the end of [BDW, §3.3].

3.3 Cohomology classes attached to RACARs

Let t = n? +n— 1, which is the top degree of cohomology to which RACARs for G(A) contribute. In
particular, let 7 be a RACAR of G(A); then we recall that there exists a Hecke-equivariant isomorphism

rf = HL(Sk, 73 (Q,)5 3.2)

for a unique A € X;(T). The isomorphism (3.2) is non-canonical, depending on our fixed choice of
ip : C = Q, and a choice of basis E of the 1-dimensional C-vector space H' (go, K2 Moo @ V' (C)) 7,
where g, := Lie(G). This is all standard, explained e.g. in [BDW, §2.5].
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Suppose 7 admits an (7, y)-Shalika model, and recall we chose an intertwining STJ,; (T — Sg,f (7r).
Combining with (3.2), we get a (non-canonical) Hecke-equivariant isomorphism

@F : 8y (nF) = HL(Sk, 7,/ (Q,))5. (3.3)

n
L(nf L E) C 8y (nf).
As in [GR14, Prop. 4.2.1] (cf. [BDW, §2.10]), there exist Qf.? € C* (canonical up to E*-multiple) and
finite L/Q, such that @ /i,(Q:) maps 8%(75,’5,E) into H.(Sk, 7,/ (L))z. Moreover, for { # p the
spherical test vector W is E-rational.

Possibly enlarging the number field E, there is a natural E-rational subspace ng

4 Evaluation maps

Evaluation maps were crucial to the methods of [GR14, DJR20, BDW]. We give constructions of abstract
evaluation maps, generalising [BDW] and [DJR20].

4.1 Automorphic cycles and abstract evaluation maps

In this section we generalise the abstract theory in [BDW, §4], where the evaluation maps were defined
with respect to the parabolic Q with Levi H. These ‘parahoric’ evaluation maps can be interpolated
over 2-dimensional parabolic subsets of weight space, but are not suitable for our goal of interpolation
in (n+ 1)-weight variables. We now construct evaluation maps defined with respect to any standard
parabolic P C Q. For the Iwahoric case, we are most interested in P = B. The proofs of [BDW, §4] go
through almost identically with these modifications, so we are terse with details here.

Remark 4.1. Since the notation is heavy, we sketch the differences between our new definitions and those

of [BDW]. Firstly, to better suit the more general theory, we replace the twisting operator § = ( 1(;’ ﬁz) of
[BDW, Def. 4.2] with u~!, where
u= (};V{;) € G(Z,). 4.1)

Unlike &, the element u~! lies in Iwg. We will show that the definitions/results of [BDW] are essentially
unchanged with this switch.

In [DJR20, BDW], the evaluation maps for Q used the matrix 7, , = diag(p,...,p,1,...,1) =t and
operator U;Jl = [Kptpy,,Kp] = Ué, a Q-controlling operator (in the sense of [BW21c, §2.5]). For a general
parabolic P, we instead use a different matrix 7p € GL2,(Q),) (see Definition 4.2), giving a Hecke operator
Up attached to P.

4.1.1 Automorphic cycles

Automorphic cycles are coverings of locally symmetric spaces for H that have real dimension equal to
t, the top degree of cohomology to which RACARs for G contribute. This ‘magical numerology’ was
exploited in [GR 14, DJR20] to define classical evaluation maps and to give a cohomological interpretation
of the Deligne-critical L-values of RASCARs.
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Definition 4.2. Let P C Q C GL,, be a standard parabolic with Levi GL,,, X --- X GL,,,. Define a block
diagonal matrix

tp= diag(prillml 7pr721m2’ e “DIm,,l ) Im,)u

where for an integer m > 1, we let I, denote the (m x m) identity matrix. Note tp € T5"" as in [BW21c,
§2.5]; and since P C Q, the first n diagonal entries are all a positive power of p.

For example, we have tp =1, , (from (2.9)), and
Ip= diag(pzn_l ’p2n—27 - Py 1)

The most significant change in passing from the Q-evaluation maps (from [BDW]) to those here is the
use of the matrix tp rather than 7.
Define Jp C GL,(Z,) to be the parahoric subgroup for P.

Definition 4.3. Fix m € Z> prime to p, and let K = K,K” C G(Ay) be an open compact subgroup. We

assume N(Z,) C K, C Jp. For B € Z>, define an open compact subgroup LE = LI,IE,”ﬁU7 C H(Ay) by
setting:

G) L5P = H(Z,)nK,n (" E)K, (u="¢E) =1, and
(ii) L7 :={hc H(Z")): h=1 (modm)}, the principal congruence subgroup of level m.
The automorphic cycle of level LII; is
X§ =H(Q)\H(A)/LgLZ,
where Lo, = Ho N K. for H.. = H(R). This is a real orbifold of dimension # [DJR20, (23)].

We will always take m to be the smallest positive integer such that L’ C K? NH(A¢) and H(Q) N
thLfoh_l =Zs(Q) ﬂLgLfo for all h € H(A) and for both P = B, Q (compare [BDW, (4.1),(4.2)]). This
means X;; is a real manifold [DJR20, (21)]. The impact of changing m is discussed in [BDW, §4.1].

Lemma 4.4. We have
vol(LPP) = 83(1) - Ap,

where Ap = 3p(tp ") Vol(Lf,)’l) is a constant independent of 3.

Proof. Let N C G be the upper unipotent subgroup, and let N8 := t,[fN(Zp)t;ﬁ CN(Z,). By [Loe2l,
Lem. 4.4.1], for B > 1 we have

(L2 LB = (NP NP ) = (1),

the second equality being by definition of the modulus character 8z. It follows that Vol(L,},)’ﬁ ) =
O (tlf,3 71) VOI(LII;’I ), from which the result follows. O

Lemma 4.5. If ({1,0;) € LP’B, then 0, = wyliw, (mod pﬁ). Hence there is an isomorphism

det(LhP) = (14 pPZ,) x 2, (x,y) = (xy~,y).

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 3(2):161-236, 2025 177


https://jamathr.org

DANIEL BARRERA SALAZAR, MLADEN DIMITROV, ANDREW GRAHAM, ANDREI JORZA AND CHRIS WILLIAMS
Proof. Similar to [DJR20, Lem. 2.1]. First, compute that for <£‘ Zz) € Lg’ﬁ , we need

t;ﬁu (E‘ £2> u71t1€ = t;ﬁ (Zl Wn(ﬁz—évzvnﬁlwn)> t}lj €K,

Since P C Q, each of the first n diagonal entries of tﬁ is congruent to 0 (mod pﬁ). In particular, after

expanding we see p—P (by —wpliwy,) € GL4(Z)), so {r = wyliw, (mod p'B), giving the first statement.
We then have det(¢,) = det(¢;) (mod pP), so to see the isomorphism, it suffices to prove surjectivity. But
given (a,b) € (1+ pPZ,) x Z;, weseel) = (1 )= (* ) works (for any P). O

Corollary 4.6. We have Lf,)’ﬁ C Lg’ﬁ .

Proof. By the proof of Lemma 4.5 (or [DJR20, Lem. 2.1]), we deduce Lg’ﬁ ={(l1,6) €K, :t, =
wpl1w, (mod pP)}. But by Lemma 4.5, any element of Lg’ﬁ satisfies this. O

By Lemma 4.5 and strong approximation for H, via the map
(hi,ha) — (det(hy)/det(hy),det(hy))
the cycle X Z; decomposes into connected components indexed by
7o (Xf) = CUG(pPm) x Gl (m) = (Z/pPmZ)* x (Z/mZ)* “2)
(cf. [DJR20, (22)]). Here for an ideal I C Z, we let % (I) = {x € Z* : x =1 (mod 1)} € Z* and let
Cl1) = Q\A* % ()R- = (Z/1)" “3)

be the narrow ray class group of conductor /. For 6 € H(Ay), we write [0] for its associated class in
(X l‘; ) and denote the corresponding connected component

X§[8]:=H(Q)\H(Q)SLgHZ /LF L.
As L? C K? NH(Ay), by definition of Lﬁ'ﬁ there is a proper map (see [Ash80, Lemma 2.7])
b XE — Sk, (W) — [t(h)u"1p). (4.4)

4.1.2 Abstract evaluation maps

Define Ap C GL,(Q),) to be the semigroup generated by the parahoric subgroup Jp C GL,,(Z,) and the
matrices

tp,mlv tp,m1+m27 as) tp,m1+--~+mr,1>

where P has Levi GL,,, x --- X GL,,, (and recalling ¢, , from (2.9)). For example:

— Jp =Iwg, and Ap is generated by Iwg and 7, 1,252, ...,1p 2n—1.
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- Jo={g€GLx(Z,): g(modp) € OQ(F,)} and Ap is generated by Jp and 7, ,,.

Let K C G(Ay) be an open compact subgroup such that No(Z,) C K, C Jp. Let M be a left Ap-
module, with action denoted *. Then K acts on M via its projection to K, C Ap, giving a local system .#
on Sk via §3.1. The notation is suggestive: as in §3.2.3, using this *x-action in (3.1) we get ‘integrally
normalised” Hecke operators U, . on the cohomology HL(Sk, A ).

The constructions here are almost identical to those of [BDW, §4.2] where they are motivated and
explained in great detail; thus we give only the briefest description here.

For B € Z>( and 0 € H(Ay), define a congruence subgroup

If 5 =H(Q) maLgng,a—‘. (4.5)
This acts on M via
}/*Fgﬁm:: (5_1}/5)f*m. (4.6)

Let MFE,S =M/{m— Vpp mim e M,ye FE,S} be the coinvariants of M by F§75.

Definition 4.7. The evaluation map for M and P of level pP at § is the composition

M t Tgoo(lg)* t P Cz t (TP * ok
EVP,ﬂ,(S . HC(SK,%) EE— HC(X ,1 %) — HC(F/},S\XFHCSl %) (47)

coinvh —ner
B.é
—% HL(T} 5\Xu, Z) @Myr —2 My

where:
. lg is the map from (4.4), and TII;’O is the map (lg)*//l — 1" of local systems on Xg induced by

(hym) > (hyu=" 5 <m);

. FE 5 acts on Xy := HZ /L, by left translation, and there is an isomorphism
cs T 5\Xu = X5 [8] C Xp, [heo]5 =[S,

where if [he] € Xpy, we write [he]s for its image in FE’ 5\ X
. coinvg 5 1s the quotient map M — MFE 5 which induces a map on cohomology with image in the

cohomology of the trivial local system on F‘E 5 \Xg attached to Mrg 5

« and (— N 6Y) is induced from cap product (—N65) : H’C(FE.B\DCH, Z) = Z, for 6 a fundamental
class in the Borel-Moore homology H?M(FE 5\ Xu,Z) =Z.

We choose the classes Gg compatibly in § and P. Let 95Q be exactly as in [BDW, §4.2.3]. We have a
natural map prg : F;B\DCH — Fgﬁ\DCH; we let 65 = (prg)*eg.

Exactly as in [BDW, §4.3], we can track dependence of these maps as we allow M, 3 and J to vary.
Each of the following results is proved exactly as their given counterpart op. cit.:
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Lemma 4.8. (Variation in M) Let K : M — N be a Ap-module map. There is a commutative diagram

Ev%’ﬁ‘5
HL (S, ) ———— My
K«
\L Evgﬁ“S ‘LK
HY(Sk, ) o

Proposition 4.9. (Variation in §) Let N be a left H(A)-module, with action denoted x, such that H(Q)
and H?, act trivially. Let x : M — N be a map of Lg-modules (with N an LE -module by restriction). Then

Evhjie = 0+ ["OE‘”Xﬁ,a} -Ho(Sk, . #) — N

is well-defined and independent of the representative 8 of [0)].

To vary 3, we have a natural projection prg XE s X[; ; inducing a projection prg : 7o (X[; +1) —
77:0(X[1;). The action of tp on M yields an action of Up on H((Sk,.#), where Uy = U and Uy = U,, .
For compatibility in 3, we need to assume additionally that K, = Jp is the parahoric for P.

Proposition 4.10. (Variation in ) Let N and K be as in Proposition 4.9. If B > 0, then as maps
HL(Sk,.# ) — N we have

M.k o M,k o
Z BV = EVpj 50 Us-
[m]epry ' ((6])

Proof. The proof follows almost exactly as in [BDW]. There is a unique point at which more detail is
required. The left-hand square of diagram (4.14) op. cit. generalises to

Sk = Sky(

P PO

P P
Xﬁ <—XB+1

P

where K9(p) = K NtpKt, ", the map 1;;’0 is induced by the map [h] — |1 (h)u_ltg], and where the
horizontal maps are the natural projections. We need to show that this square is Cartesian in this
generality. For this, since the vertical maps are embeddings, it is enough to show that the horizontal
maps have the same degree; i.e., that [K : Kp(p)] = [Li;’[3 :Lg’ﬁﬂ] for any B > 1. Let Np denote the
unipotent radical of P and set Ng = thp(Zp)l‘; k. By the Iwahori decomposition for K,, we easily find
that [K : Kp(p)] = [Np(Z,) : Ni] = [N : Ng] for any B > 1. On the other hand, the element u ™" is a
representative of the (unique) Zariski dense H-orbit in the flag variety G/P, where P denotes the opposite
of P. Therefore the proof of [Loe21, Lem. 4.4.1] implies that [L‘;’ﬁ : Lg’BH] = [Ng : Ng,1]. Hence we
have
K < KY(p)] = [L0F : LEB+1]

as required. O
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4.2 Classical evaluation maps, Shalika models and L-values

The classical evaluation maps 8{;:’; of [DJR20] were rephrased in the abstract language of Definition 4.7
in [BDW, §5]. We recap the construction, whilst again generalising it to parahoric level for a general
parabolic P. When P = Q this recovers [DJR20, BDW]; in this paper we are primarily interested in
P = B (which is new). We relate the values of these evaluation maps to critical L-values. Throughout, we
assume K, = Jp.

The definition of Eé’:’g fundamentally used the following branching law from [GR14, Prop. 6.3.1] and
[BDW, Lem. 5.2]. Let A € X;;(T) be a pure algebraic weight, with purity weight w. For integers ji, j»,
let V(Ij?'l ) denote the 1-dimensional H(Z,)-representation given by the character

H(Z,) —Z5,  (hi,hy) — det(hy)” det(hy)”.

Lemma 4.11. Let j € Z. Then j € Crit(4) if and only if dim Homy(z, (V/{/,ngwfj)) =1
For each j € Crit(A), fix some choice of non-trivial H(Z,)-map k; ;: V,'(L) — V(’j_ wj) L We
will make more precise choices in §11, but for now they can be arbitrary. l
The p-adic cyclotomic character is
Xeye : QNA —Z7,  ysgn(ye) - [yl yp- (4.8)

It is the p-adic character associated to the adelic norm [BW19, §2.2.2]. It is trivial on R+.
It is simple to see that the H(Z,)-representation V(jHl j») extends to H (A) via the character

H(A) —Z%,  (hi,h2) = Xeye [det(iy)” det(hn)"].

Note the action of Lg C H(A) factors through projection to H(Z,), so the map ;,_; : V;' (L) — L chosen
above is a map of Lg-modules. Moreover, H(Q) and H act trivially on V(Ij?'l j,)» SO We can use the
formalism of Proposition 4.9.

Definition 4.12. Let L/Q,, be an extension. The classical evaluation map for P of level pPatdis

%
Vy K

j7W —_
€ =Evpp 5]

PBIS] : H.(Sk,V)/ (L)) — L.

N ) .
Here Evpﬁ’ 'ng’ was defined in Proposition 4.9, which shows Ef;‘g 5] is independent of the choice of &

representing the class [8]. We introduce the notation €17 - for consistency with [DJR20, BDW]; via
[BDW, Lem. 5.3] this definition is consistent with that in [DJR20].

Recall J'C()(X;;) = (Z/pPm)* x (Z/m)* from (4.2). Write pr,, pr, for the projections of Jro(Xg) onto
the first and second factors respectively, and let prg denote the natural composition

prg < (Z/pPm)* x (Z/m)* s (Z/pPm)* — (Z/pP)*. 4.9)
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Definition 4.13. For 1 be any character of (Z/m)*, and d € (Z/pP)*, define

Eﬁg?d = Z 7761 (Prz([ﬂ)) 8;;1?,[5] tHe(Sk, 73/ (L)) — L.
[8lepry ' (d)

(In our main application, we will take 1 trivial; but the obstructions to taking more general 1 are
automorphic, not p-adic, so we develop the theory in full generality here).

Let x be a finite order Hecke character of conductor pP', let B = max(1,’) and let L()) be the
smallest extension of L containing Im( ). For j € Crit(4), define

gl= Y xd ey, H(Sk. %5 (L) — L(x), (4.10)
[d]e(Z/pB)*

o— X x(ere(8D) 1 (prall8)) - (8% [k ;0 Evy 5(9)] )

(8]€(Z/ pPm)* x (Z/m)*
Remark 4.14. We see 8{,:20 is the composition

Jw
g 15)
vV

A
Evp_ﬁ‘5

) ves 8y (v) ol 63y (d)e,
HL(Sk, 7)) — = D), S PL— - PL—F o L(y), @11

o 5 d
&g,

where the sums are over [8] € (Z/pPm)* x (Z/m)* ord € (Z/pP)*, related by d = prg([8]), and EP
is the np-averaging map

EP:(mg) s — Y, Mo (pra([8])) - myg-
(8lepry (@)

We give two applications of these maps. Let 7 be any RACAR of weight A with attached maximal
ideal m; C H’ asin §2.4.
Firstly, classical evaluation maps can detect existence of Shalika models:

Proposition 4.15. Suppose there exists ¢ € H.(Sk, ;' (Q,))7 and some ¥, j and Mo such that

ELT(9) #0. (4.12)
Then 1 admits a global (No| - |V, W)-Shalika model, where w is the purity weight of A.

Proof. This is proved exactly as in [BDW, §5.3]. Whilst & is replaced by u~!, and some non-zero volume
factors change depending on P, the argument of proof is identical. O

Secondly, we generalise [DJR20, §4], and show that up to a local zeta factor at p, these maps compute
L-values. Let K = Jp[]r, GL2u(Zy), and let W =W, @ .., W/ € Sg,';(?r}(,E), where we choose the
normalised spherical vector at each £ # p, and where W), is an arbitrary E-rational vector in 77:#’. Recall
the map ®F from (3.3), and the Friedberg—Jacquet integral { (s, W, x) from §2.3.2.
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Theorem 4.16. Let ) be a finite order Hecke character of conductor pP', let B = max(1,B’), and let
jE€Crit(A). If (= 1)/ yeoNeo(—1) = %1, then

. +
e (Car ) = dutt, XA L0

LW (r@x,j+1/2 . _
X ( gij / )'Cp(1+%>(” ltg)'Wpaxp)‘
T

If (= 1) YeoNeo(—1) = F1, then 8{,:20 (@F(W)/QE) = 0. Here all the signs are chosen consistently to be
either the top or bottom sign.

Here we recall u from (4.1) and #p from Definition 4.2, and:

* Yp is a non-zero rational volume constant independent of ) and j; we have

2

Yp=y-Ap' - p" -[#GL.(Z/pZ)] ",

where v is the constant from [DJR20, (77)] and Ap is the constant from Lemma 4.4. (Note that
when P = Q has Levi GL,, x GL,,, we have Yo = 7).

* {y.j(Weo) is an archimedean zeta integral that depends linearly on the choice of branching law x;, ;;
this factor is non-zero by [Sun19, Thm. 5.5].

« L(P)(—) is the L-function with the local factor at p removed (that is, the product of all the local
factors for all finite £ #£ p).

Proof. A rephrasing of [DJR20, Prop. 4.6, Thm. 4.7] in this language is described in [BDW, §5.5]. As in
[DJR20, Prop. 4.6], one first writes €4 (—) as an explicit integral over X7, introducing the factor A (tlfg3 ).

One lifts this to an integral over Z;(A)H(Q)\H (A), introducing the volume constant dg(7p P )Yp (as we
divide by Vol(Lg), using Lemma 4.4). By [FJ93, Prop. 2.3] the integral equals a global Friedberg—Jacquet
integral, which breaks into a product of local integrals. Away from p, the computation of these local
zeta integrals is literally identical to that op. cit.; and at p, by definition the zeta integral is the one in the
statement of the theorem (with 7p replacing 7¢). O

We will evaluate the local zeta integral at p for P = B and specific choices of W), in §5-9, and the
integral at infinity for specific choices of branching law in Theorem 12.13.

Part 11
Local Theory: Shalika p-refinements

For the remainder of the paper, unless otherwise specified we specialise to P = B and consider Iwahori
level.
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Let us summarise what we have done so far. We took 7 to be a RASCAR that is everywhere spherical.
A p-refinement of T was a choice of Hecke eigenspace 7, in E;WG. To any choice of W), € 8(7,), before
Theorem 4.16 we associated a (global) cohomology class in H.(Sk, 7//1\/) In that theorem, we computed
its image under a scalar-valued functional, and showed that it took the form

[non—zero scalar] X [critical L-value for 71,'} x &y ( Jj+ %, (u_ltllj3 )Wy, xp>.

Over the next few sections, we compute the third term in this product — the local zeta integral at p — for
‘nice’ choices of W),. This is a significant computation, spanning over several sections, so we briefly
sketch the steps.

* In §5, when g, is ramified, we compute , (s, (u*1t£ )-W,, Xp) as an explicit non-zero multiple of
a specific value of W), (depending on f3).

* We are interested in finding p-refinements containing Hecke eigenvectors W), for which this value
is non-zero. We call such p-refinements Shalika p-refinements.

* In §6, we begin a systematic combinatorial study of p-refinements, and introduce ‘spin p-
refinements’, a class of p-refinements for GLo, that ‘come from GSpin,,, .

* In §7, we write down explicit eigenvectors attached to spin p-refinements. We precisely evaluate
relevant values of these eigenvectors, and thus deduce that spin p-refinements are Shalika p-
refinements. (In fact, we expect that the converse is true as well; we hope to return to this in a
sequel to this paper).

* In §8, we summarise all of the above, and fold the local theory back into the global results of Part I.

¢ Our above computations worked with Iwahori-invariant W), but required ¥, to be ramified. Finally,
in §9, we compute &, (s, (u*1t£ )Wy, x,p) for arbitrary x,, in particular allowing y, unramified.
In this section, we use different methods and instead assume W, is invariant for the parahoric
subgroup of type (n,n).

Notation. Since it will be entirely focused on local theory, in Part II we henceforth drop subscripts p.
In particular, we let 7 be a generic unramified principal series representation of GL,,(Q),) admitting
an (7, y)-Shalika model, for n : Q; — C* a smooth character and y : Q, — C* the usual additive
character (e.g. [DJR20, §4.1]). Note 7 is spherical. We continue to write Iwg for the Iwahori subgroup
of GL,,(Z,). We write {(—) in place of {,(—). We keep the notation of §2.4, with matrices 7, , and
Hecke operators U, , on n'V6. A p-refinement % = (7, o) is a choice of Hecke eigensystem o occurring
in Ve,

5 The local zeta integral at Iwahori level

We now give our first reduction of the local zeta integral

sy ef)- W) = [

wil* -1.B det det “'_%d -
GL.(Q,) gt | 2(det(x)) |det(x)[2 d. 5.1)
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The main aim of this section is Proposition 5.2, which computes this in terms of a specific value of W.
First, we reduce the support of the zeta integral:

Lemma 5.1. Suppose W € STJ,(E) is fixed under the action of Iwg. Then the function
GL,(Qp) — C, x=W(* )
is supported on M,(Z,) NGL,(Q),).

Proof. Fory e M,(Z,), right translation by (1 1 ) € Iwg gives

W) =W ) ()] = wle)w ().
If x ¢ GL,(Q,)\M,(Z,,), then we can choose y such that tr(xy) & Z,, so y(tr(xy)) # 1. O

Let d” c be the Haar measure on Q,; giving Z 7 volume 1. Let x : Q7 — C* be a finite order character

of conductor pP. In practice ¥ will be the local component at p of a Hecke character of p-power conductor,
which forces x(p) = 1; we thus impose this condition throughout. For such a character, denote its Gauss
sum by

X
D

) =P -0 [ 2w Pede. 52)

Recall 7, = diag(p?"~!, p?"~2,..., p, 1). We write this in the form

"z . _ _
t, = (p Z) , z:= diag(p" l,p” 2,...,p, 1) € T,(Qp).

Let Iwg, C G,(Z,,) denote the upper-triangular Iwahori subgroup of G, = GL,.
Proposition 5.2. Let x have conductor pP > 1, and let W 8{,7, (n'IWG). Then

n2

+n 2B
E (s, @iy Wy ) =Y m(detP) - p P2 ~p’3”‘(‘*‘1/2)-‘f(ﬂc)”-%(det(—wn))~W(W”Z 1),

where Y' = vol(Iwg,)- (1 —p~1)™" 'p("Z*")/Z is a scalar independent of W, x and B.

Proof. Recall u= ((1) WI") was defined in (4.1). Then observe that

B — 7 Bxw, P B =Py P
X 18 [z I —z7Pxwyz J A ¥
()=o) ) )

Substituting this into (5.1), and using the Shalika transformation property, we reduce to
E(s, (" e8)- W, z) = n(detP)

nB ,—B B
x/ y/[—tr(z*ﬁanzﬁ)}w <p Lo )x(detx)]detx|S1/2dx.
GL.(Q)) 1
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We make the change of variables y = PPz BxzP. Asdxis aleftand right Haar measure, we have dy = dx.
Recalling that x(p) = 1 and |p| = 1/p, we get

C(s, (u'1B) - W, x) = n(detzP)prPL-1/2 (5.3)

X / W[— tr(p PPy P Wn)]l (y)dy.
GL.(Q,)

Here:

* we define
I(y)=w (y 1> % (dety)|dety"~ /2, (5.4)

« in the trace term, we have conjugated by zP,

e and we note that

PP |
|detx| = |det p"PzPyzP| = det - dety| = p_”2ﬁ|dety].
" |

We now cut down the support of this integral. Firstly, by Lemma 5.1 we can immediately reduce the
support to GL,(Q,) "M,(Z,). To go further, we exploit Iwahori invariance of W.

Notation 5.3. (1) Let A denote the set of all diagonal n X n-matrices of the form

y = diag(ciy,- .-, Cnn), ci €Z,.

(2) Let Bg denote the additive group of all n x n-matrices 6 with

Cij ifi<j
6,"]': 0 ifi=j |, CijEZp.
pﬁC,‘J ifi>j

We will consider matrices of the form a = y+6 € M,(Z,,) for y € A and 6 € Bg. Note that « is in

the depth pP Iwahori subgroup Iwg, ( pP ) C GL,(Z),) (the matrices that are upper-triangular modulo Py
We set

~1
o
£ = < 1 > EIWGCGLG(Zp).
Now we translate the argument of the zeta integral by €. By Iwahori invariance, we get

C(s,(u B - W, x) = C(s, (u"tPe)- W, x) (5.5)

-1

o - a .
W[—tr(p PePyz ﬁwn)]W<y 1> x (dety)|dety|*'/2dy.

“J
GL(Qy)M,(Z,)
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Make the change of variables x = yor™!; then this becomes

= n(det?)pPO1/2) y (dety) /

1//[— tr(p*"ﬁzﬁxazfﬁwn)}I(x)a’x. (5.6)
GLA(Q))" M, (Zy)

Here we used that det(ca) = det(y) (mod p#), that y has conductor pP, and that | det(y)| = 1.
Now we have

v [tr(—p‘”ﬁzﬁxaz_ﬁwn)} =y [tr(—p_”ﬁzﬁx}/z_ﬁwn)} Y {tr(—p_"ﬁzﬁxﬁz_ﬁwn)} . (5.7)
We cut the support down first by averaging over 6 € Bg, then over y € A.
Step 1: Average over Bg. For x € GL,(Q,) "M, (Z,), define
F.: Bﬁ — C*
8 — y|te(—p"PPx5z7Pw,)|.
This is a group homomorphism by additivity of trace and .

Lemma 5.4. (i) There exists a finite index subgroup Bb C Bg such that Fy is trivial on Bb for all
x € GL,(Q,) "M, (Z),).

(ii) For any fixed x, F, is the trivial function if and only if

2B(n—i)+f7, ifi~> i
N p PL, fi>]
Xn+1-ij € { PPz, ifi< (5.8)

Proof. (i) For 0 sufficiently divisible by p, we have Fy.(8) = 1 for all x € M,,(Z,).

(i1) Writing out the trace explicitly, one sees
n
tr[—P7"3z5x5z7ﬁwn} = —Z Pﬁ(lizl)xi,k Z Cnt1—i T Z PBCk,ani .
i=1 k<n+1—i k>n+1—i

and uses the change of variables i — n+ 1 —i. If (5.8) fails for some (i, j), then F, will be non-trivial on
the matrix 6 which is zero apart from a 1 at (i, j), so F is not the trivial function. Conversely, if (5.8)
does hold, then the trace above is always integral and Fy is trivial. O

Let Ml’3 C GL,(Qp) "M, (Z,) be the subset of matrices x satisfying the conditions in (5.8).

Corollary 5.5. For any y € A, we have

(s, (™ ef) - W) = m(dere?) P P dety) [y [w(=p PPy P, - 1()a
M/
B

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 3(2):161-236, 2025 187


https://jamathr.org

DANIEL BARRERA SALAZAR, MLADEN DIMITROV, ANDREW GRAHAM, ANDREI JORZA AND CHRIS WILLIAMS

Proof. Using (5.5) (in the first equality) and (5.6) and (5.7) (in the second), we have

s, (u 'ty .
Cls,(u1y)-W,x) = By B} 3;3 5@92/ch Dy +8))-W.x)

— n(detz?)pPO12) g (det y) /
GL,(Qp)"M,(Z,)

thB:lB,] y FX(S)}I(x)dx.

ﬁ SGBB/B;i

v [ —te(p PPy P w,,)]

When F; is non-trivial, the square-bracketed term (hence the integrand) vanishes by character orthogonal-
ity; and when F, = 1, it is identically 1. We conclude since by Lemma 5.4(ii), F; is trivial if and only if
xe M;3 O

Step 2: Average over A. Equip A = (Z )" with the measure d*A =[], d*c;;.
Lemma 5.6. We have

x(det ’}/) Y [tr(—p_"ﬁzﬁx}/z_ﬁwn)} = H%(Ci,i) Y (—p_(zﬁ(n_i>+ﬁ>xn+1,i’ici7i) .

Therefore
/ x(det?’)ll/[tr(—P*"ﬁzﬁxyz*ﬁwn)]dXA
yeA
:H%( / X Cll —(2B(n= l)+6)xn+1 zzcu>d Cij
i=1
= R A e R A
0 otherwise

where fo_l_i_j = xn+1,l~7,~/p2ﬁ(”*") and t(¥) is the Gauss sum from (5.2).

Proof. We have
x(dety) = H%(Ci,i)

and
n 2
"4 tr(—an'BZ'BX?’Z*ﬁWn)} = ‘l’(ﬂDﬁ(l* l)xi,n+1—icn+1—i,n+1—i>
i=1
n .
= ‘I/(‘Pf(zﬁ(nﬂ)ﬂs)xw14,:‘61‘,5) )
i=1
giving the first part. The rest follows from a simple change of variables. O
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Let Mg C M 1’3 be the subset where x,1_;; € pzﬁ (”_i)Z; for all i. Note that
Mg = WnZZﬁIWGn (pﬁ).

Corollary 5.7. We have
£l af) W) = (et e 2 KIS / [T(5s1-00 1.

Proof. This is similar to Corollary 5.5. Integrate the expression of that corollary over A, and reduce the
support using Lemma 5.6. O

Now using that fact that Mg = w,,z?*Twg, (pP) we write x = w,,z?Px" and note that detx” =TT x,,,,_;;
modulo pP. Making the change of variables, we see that

“(x)d
/MﬁHX n+1— ll x)x

1=

2B,/
o WwnZ x 2 2B s—1/2
_/Iwc,,<pﬁ)W< )H% 1) 2 (detw, 2P ") detw, 2P 1 2dx”
— x(detwn) ‘p—ﬁn(n—l)(s—]/z)/ W (an B >dx"
1wa, (pP) 1
1)(s—1/2 waz?P
= x(detw,) - p~Prin=Ds=1/ )-Vol(IWGn(pB))-W< " 1). (5.9)

In the penultimate equality, we have used that

n
detx” = Hx;ﬁlfi,i (mod Pﬁ):
i=1

x(p) =1, |detw,| = 1, and |detz| = p~""~1)/2, Finally note that

I’l*l’l

vol(Iwg, (pP)) = p ~(F-T5 vol(Iwg,). (5.10)

Putting (5.10) and (5.9) into Corollary 5.7, using that x(—1)"x(detw,) = x(det(—wjy)), completes the
proof of Proposition 5.2. O

6 Spin p-refinements
As highlighted in the introduction to Part II, we want to answer:

For which p-refinements 7 is there W € 8,(%) with { (s, (u‘ltg) -W,x)#02?
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Given Proposition 5.2, this is equivalent to asking when there exists W € & and 8 > 1 such that
w (anzﬁ 1) # 0. We expect this to be true only for a special class of p-refinements, those that ‘in-
teract well with the Shalika model’.

In this section, we begin to make this assertion rigorous. We define ‘spin’ p-refinements as those
‘that come from GSpin,,,, ;’, made precise in Proposition 6.14. In later sections we will show that for
any spin p-refinement 7, there exists W € Sg,(ﬁ) such that W (anzﬁ 1) # 0. Our key application of spin
p-refinements will ultimately be summarised in Corollary 8.2.

Notation 6.1. Let G := GSpin,, , |, taking the split form. As 7 is a generic unramified principal series
and admits a Shalika model, by [AS06] it is the functorial transfer of an unramified principal series
representation IT of G(Q,). We shall describe IT explicitly in Proposition 6.11.

We first give a concrete definition of spin p-refinement. We justify it in §6.4, and give several
equivalent formulations in Propositions 6.9 and 6.14. Let # = (7, ) be a p-refinement of 7 (as in §2.4.3),
and for 1 <r < 2n—1 write o, == a(Up,,).

Definition 6.2. We say 7 is a spin p-refinement if ¢, ns = N (p)°0Qp s forall 0 <s <n—1.

Recall here 7 is the Shalika character (see page 184). We will show 7% is spin if and only if & factors
through an eigensystem occuring in IT™S, for Iwg the Iwahori subgroup of §(Z,) (see §6.4).

6.1 Conventions for Shalika models

As 7 is spherical, it can be written as a (normalised) induction from the upper-triangular Borel, i.e.
there exists an unramified character 6 : T(F) — C* such that £ = Ind§ 6. This 6 is well-defined up to
conjugation by W¢. Moreover, we have:

Proposition 6.3. [AG94, Prop. 1.3]. The unramified principal series Indg 0 admits an (N, y)-Shalika
model if and only if there is a decomposition {1,...,2n} = X; UX,, where #X; = n, and a bijection
vV : X1 — Xo such that 0,'9\,@ =1 forallie X;.

Given choices of a decomposition X; LI X, and a bijection v, we can find an identification 7 = Indg 0
with Giev(,-) =1.

The natural choice of decomposition is X; = {1,...,n}, Xo = {n+1,...,2n}. For this there will be
two natural choices of v, with their own advantages and disadvantages.

— In [AG94], v is chosen so that v(i) = n+i. When 6,6,.1; = 1, Ash-Ginzburg use this to define an
explicit intertwining Ind§ 6 — 8}(7), which we describe in §7.2.

— In [AS06], v is chosen so that v (i) = 2n+ 1 —i. This is considerably more natural when discussing
spin refinements, as will become clear later in this section.

Since we will later use Ash—Ginzburg’s explicit intertwining, we make the following choice:
In the rest of the paper, assume T = Indg 0, where 0;0,; =1 for 1 <i< n.

Note that the Ash—Ginzburg and Asgari—Shahidi choices are interchanged by conjugation by 7 :=
(',,)- In particular, given the choice of 6 fixed above, we have 6765, ., . = 1. This helps when it is
more convenient to use Asgari—Shahidi’s choice (see e.g. Remark 6.12).
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6.2 Root systems for GL,, and GSpin,,, , |

Recall the space of algebraic characters and cocharacters of the torus 7 C G = GL,, are given by
X=2e10Zer®---Zery, X' =1Z1eiDLesS---Tes,.

Write (—, —)¢ for the natural pairing on X x X". The corresponding root system is Ay, 1, with roots
R={%(e;—ej): 1 <i< j<2n}. The Weyl group Wg = S, acts by permuting the e;, with longest
Weyl element wy,, the permutation that sends e; — ep,+1—; for all i.
Let Xy C X be the space of pure characters Xo = {A € X : 3w € Z such that A; + Ay,_;11 = w}, and
let
WY = {0 € Wg:VA € Xy, A% € Xp} C Wo. 6.1)

Now fix a standard upper Borel subgroup B and maximal split torus T in § = GSpin,,,, ;. This has
rank n+ 1 [Asg02, Thm. 2.7]. We use calligraphic letters to denote objects for GSpin, and otherwise
maintain the same notational conventions as before.

Proposition 6.4. The root system for G is (X, R, XY, RY), where
X=Zfo®ZHi® - ®Lfy, X' =Lff®Lf & BLS,,

with roots R ={xfi£ f;j: 1 <i<j<n}U{fi: 1 <i<n}and positive roots {fi: 1 <i<n}U{fitfj:
1 <i< j< n}. The Weyl group Wg has size 2" - n!, generated by permutations & € S, and sign changes
sgn,, which act on roots and coroots respectively as (for j # i)

ofo=fo, Ofi=fot), senifo=fo+fi, sgn;(fi) =—fi, sgn;(fi) = fi, (6.2)
ofo =Jfo, Ofi =fou, semfo =fo, sem(fi) =fo —f sen;(fi) =1
In particular, Wg is the semidirect product {£1}" x S,,.

Proof. The first part is [Asg02, Prop. 2.4], and the second [HS16, Lem. 13.2.2]. ]

Write (—, —)g for the natural pairing on X x XV.

6.3 The maps j and ;"
There is a natural injective map j: X — X given by
fir—ei—ey iy for1 <i<n, for— enp1 4+ +ean.

We may identify X with cocharacters of GSp,,, and X with cocharacters of GL,,. The map 7 is then the
natural map on cocharacters induced by the inclusion Tgsp, C T of tori.

Proposition 6.5. We have Xy = 5(X).

Proof. Any linear combination of the j(f;) is a pure weight with purity weight 0, and any such weight
arises in this form; and scaling the purity weight to w corresponds to adding j(w fp). O
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Proposition 6.6. There is a map Wq — Wg of Weyl groups, which we also call j, such that:

(i) 7 induces an isomorphism Wgq EN W((); C Weg,
(ii) forall 6 € Wg and p € X, we have j(u°®) = j(u)"(%).

Proof. We know Wg = {£1}" x S, is generated by sign changes and permutations in {fi, ..., f }, and
We = Sz, is permutations in {ey,...,ez, }. If 6 € S, C Wg is a permutation, then define

J)(o)= (6 w,ﬁw,,) (et slnyentts e €n) > (ec(l)a "'760'(n)762n76(n)+17"'562n76(1)+l) )

and if 6 = g is the sign change at i € {1,...,n}, define j(&) to be the permutation switching ¢; and
exn—i+1- A simple check shows this induces a well-defined homomorphism.

Suppose A € X is pure with all the A; distinct. Let c € Wg = S,,; if AC is pure, then ¢ must preserve
the relative positions of each pair {A;, 42,11 }. The only way to do this is to permute i € {1,...,n} or to
switch A;, A2,—i+1. These are exactly the permutations in j(Wg), giving (i).

Part (ii) is a simple explicit check. U

Corollary 6.7. There is a short exact sequence 1 — {£1}" — W% — S, — 1, which is split by 7 : S,, —
WY The image of {£1}" is generated by the transpositions (i,2n+1—i) for 1 <i < n.

Dually, define also amap 3" : X — X" by sending v € X" to
n
7' (V) =) ), v)g 7
i=0

Then for all 4 € X, we have
<‘u’]\/(v)>9 = <](/.L),V>G (63)

by construction. (Again, this map arises from our explicit realisation of Tgsp, C T). Also let 9V W(c); —
Wg denote the inverse to j: Wg = WY..

Proposition 6.8. For all v € X" and 6 € WY, we have 7Y (v®) = 3V (v)?'(9),

Proof. If 6 € W, then 6 = j(p) for some p € Wg, and 7" (o) = p. Then compute that

n n 1

2(vO) =Y (i), vOhafi = i(](ﬁ)“"il)avhﬁ* =Y 0(ff )vief
i=0 i=0

l:() 1=

= Y OGP = 5" (v,

-

where the penultimate equality is a simple check. O
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6.4 Spin refinements via GSpin

Via the Satake isomorphism, we may describe Hecke operators in terms of cocharacters. Note U, , is
attached to the cocharacter
Vy=el+--teeX, (6.4)

since 15, =1, , = V(p). Define 1] . := 3¥(v,)(p) € T(F); by definition, for 0 < s <n— 1
) =fitthie 3 Vnes) =5 (Vas) +5f5- (6.5)
Let Iwg C §(Z,) be the Iwahori subgroup for G, and for 1 < r < n, let U, , := [Iwg tgr Iwg]. Also let
V= [Iwg f5(p) Iwg]. From (6.5), we see Up pys = Vi, - Up ps-
Let Hy == Z,[V,, Uy, : 1 < r < n) be the Hecke algebra for G. Then 7" induces a map
Hp— 3, Upns— Upns, Upnis — V5 Upnes,
for each 0 < s < n— 1. Comparing with Definition 6.2, we obtain:

Proposition 6.9. A p-refinement (7, @) is a spin p-refinement if and only if & factors through
G oS —
H, —— }Cg —Q,
for some character a¥ with a5(V,) = n(p).

Remark 6.10. We could add the operator U, », = [Iwg diag(p, ..., p) Iwg] to I{,; it acts by n(p)" on
7 as its central character is . We would then have 7Y (U, 2,) = V'’ In particular, the requirement that

a’(V,) = n(p) is natural.
Recall 7 on G(Q),) is the transfer of IT on §(Q,), and:

From now on, we assume that the Satake parameter of 7 is regular. (6.6)

We now show in this case that if (7, &) is a spin refinement, then the system of eigenvalues a9 occurs in
HIWS .

Recall in §6.1 we fixed an unramified character 6 of 7T(Q p) such that 7 = Indg 0 and 6,0,.;, =1
(cf. [DJR20, (43)], where 0 is denoted |- |"~D/21). Recall 7= (=, ) € Wg, and that 6 satisfies the
Asgari-Shahidi condition 665, ., ;= n. From [AS06, p.177(i)] and [AS14, Prop. 5.1], we see:

Proposition 6.11. There is an unramified character 6 of T(Q),) such that:

(i) II1= Ind% Og is a (normalised) parabolic induction, and
(ii) (6g) = 6".

Remark 6.12. The 7 is necessary as we are using the convention of Ash—Ginzburg (see §6.1). From this,
we see that 67 is a more natural convention for GSpin computations. If we chose 6 as in Asgari—Shahidi,
we could have removed 7 from (ii) and henceforth in this section.

Note that the Asgari—Shahidi condition 6;6,,,1—; = 1 is preserved by WO, reflecting its natural place
in the spin world. On the other hand the Ash—Ginzburg condition is preserved instead by ’L'_IW%’L'.
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By (2.13) and (6.6), our fixed choice of 6 (hence 67) fixes a bijection
Age : { p-refinements of 7} — W.

Lemma 6.13. A p-refinement ft = (7, @) is spin if and only if Ag= (%) € W2,

Proof. Conjugating Proposition 6.3 by 7, we see for each i, we have 6 - 6, | _; =1 as characters of
Q, . Let 0 = Ag+(). By definition of WY, we see if o € W, then
05 O (2nr1_i) =N 6.7)

whilst as the Satake parameter is regular, if ¢ ¢ WY, then (6.7) fails for some i. Thus (6.7) holds for all i
if and only if 0 € W2,

From the explicit description of o, , = &¢(U, ) from Proposition 2.5, we see that ¢, s = 1 (p)* Qp s
if and only if (6.7) holds for all i. The result follows. ]

A p-refinement of I is a tuple IT = (IT, «9), where a : ﬂ{g — Q is a system of Hecke eigenvalues
appearing in ITI™s. We say IT is regular if this system of eigenvalues appears in IT% without multiplicity,
i.e. the generalised eigenspace is a line. As in Proposition 2.5, after fixing the unramified character 6g,
such p-refinements correspond to elements o € Wg.

The following is our main motivation for the definition of spin p-refinement.

Proposition 6.14. Suppose the Satake parameter of 7 is regular, and let @ = (7, ) be a p-refinement.
Then 1t is a spin p-refinement if and only if there exists a p-refinement (I1, &%) of 1 such that oo = a5 o 3"
as characters H, — Q.

Proof. By Proposition 6.9, 7 is spin if and only if o factors through some a; so suffices to show that in
this case, the system a9 occurs in IV, Let 6 = Ag+(7). By Lemma 6.13, 6 € W2,
Denote half the sum of the positive roots for G and G by

po = (2L, 252 e S SORD) g kil S (68)

Note j(pg) = pg. By rewriting the formulation of Proposition 2.5, the U,, ,-eigenvalue of 7 can be written
as

a[’J = q<p07VP1’>Gp<6T7v;r>G7
where we identify 6(v,(p)) = p'9%Vir)6 under the natural extension of (—, —)g.

Since o € WY, by Proposition 6.6 it is of the form j(w) for some ® € Wg. Let IT1= (I, &) be the

p-refinement corresponding to ®; then by considering the characteristic polynomial of U, . on HLWg (see
[OST23, Cor. 3.16]), we see that the U, ,-eigenvalue attached to Iis

a(U,,) = q<P9 JV(Vp.r)>9p<99 2TV e — q<PG’Vp.r>Gp<99 2" (Vpr)? @)g

Vor 0" vl _
— q<PG f >Gp< VoG — 0p s,

where in the second equality we have used j(pg) = pg with (6.3), and in the third we have used Proposition
6.8 with (6.3). In particular, &(U,,) = a5(U,,,) for all r.
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It remains to show &(V,) = a“(V,). Note a”(V,) = n(p) by Proposition 6.9. Also, f(p) is central
in §(Q,) by [AS06, Prop. 2.3], and the central character of ITis 1 by p.178 op. cit. Hence V,, acts on IT
by n(p). It follows that &(V,) = 1(p), and we conclude that & = a9, as required. O

Remark 6.15. We finally indicate how spin p-refinements relate to the notion of Q-regular Q-refinement
in [DJR20, Def. 3.5]. This was defined to be an element T € W /Wy, equivalent to a choice of n-element
subset S7 C {1,...,2n}, satisfying two conditions. Their condition (i) is our definition of regularity, and
their condition (ii) guarantees that 7 lies in the image of the composition W% — W — Wg/Wp. One
sees that spin p-refinements are in bijection with T € W /Wy satisfying (ii) together with an ordering
of § T

7 Shalika p-refinements

We now define another class of p-refinements. Let 7 = (7, o) be a p-refinement. Recall we write f € &
as shorthand for f € 7™6[U,, — a(U,,) : 1 <r < 2n— 1] (and similarly for W € 8)}(7)). Recall that

7= diag(p"‘l,p”_z, oDy ).

Definition 7.1. We say 7 is a Shalika p-refinement if there exist W € 8y(7) and 8 > 1 such that

2
W (W"Z 1) £0. (7.1)

Note that via Proposition 5.2, this implies that the local zeta integral {(s, (u*1t£ 2) W, x) is non-

vanishing for any smooth character x : Q; — C* of conductor pP. Accordingly this generalises the
condition [BDW, §2.8, condition (C2)] required to construct a p-adic L-function for 7 via the methods of
[BDW].

The following connects this new definition to the previous section.

Expectation 7.2. A refinement % is a Shalika refinement if and only if it is a spin refinement.

Our main results of this section (Proposition 7.14 and Corollary 7.15) show one direction of this when
7 is regular: that all spin p-refinements are Shalika p-refinements. Moreover in this case we precisely
compute the value (7.1).

Remark 7.3. Our expectation is motivated by folklore conjectures on classical families in eigenvarieties.
More precisely, in §13 we will show that through any non-critical slope Shalika refinement 7%, the GL,,-
eigenvariety is étale over the pure weight space, and the component through 7 contains a Zariski-dense set
of symplectic points. The folklore conjecture says this should not be possible unless the family is transfer
from GSpin,, |, whence we expect 7 to have been a spin refinement by the results of the previous
section. We have elaborated on this in the sequel paper [BGW25]; in particular, the above expectation is
generalised to arbitrary parabolics in Conjecture C op. cit., and substantial results towards it are proved in
Theorem D. As a special case, Expectation 7.2 holds for non-critical slope refinements of regular weight.
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7.1 Explicit eigenvectors for principal series

If 7 is regular, then 7 = (7, &) is a line; so one can use any non-zero eigenvector W € Sg,(fr) to test the
condition for % be a Shalika refinement. For this, we must write down explicit o-eigenvectors in Sg,(fr).
First, we consider a-eigenvectors in principal series representations.

Recall that in §6.1 we fixed an identification & = Indge, for O chosen as in Ash—Ginzburg (i.e.
0:6,,+; = 1 for all i). Recall also that our choice of 6 fixes a bijection Ay : { p-refinements of 7} = W¢
(see (2.13)). For 0 € Wg, let g = (7, 0,5) := Agl (0); every p-refinement is of the form 7 for some ©.

For a general 6 € W, it turns out to be non-trivial to write down an explicit ¢(s-eigenvector in
Ind$§ 6. However, it is very easy to write down such an eigenvector in the (different, but isomorphic)
principal series representation Indg 0°. In particular, let

f° € Ind§ 6°
be the unique function that is:
e Iwahori-invariant,
* supported on the big Bruhat cell B(Q,) - w, - Iwg, and
* normalised so that f°(wp,) = 1.

Proposition 7.4. f° € Ind$ 0° is an og-eigenvector; i.e. forr =1,...,2n— 1, we have

Up,rf® = 0(Up,)f°.

Proof. For such r, let P, be the maximal standard parabolic subgroup with Levi GL, x GL,,_,, and let
J; be the associated parahoric subgroup. Parahoric decomposition gives J. = Np,(Z,) - (P (Z,) N J,),
where Np, C P, is the unipotent radical. Intersecting with Iwg shows Iwg = Np (Z,,) - (P (Z,) NIwg).
As 1, (P (Z,) NIwg)ty, C (B (Z,y) N1wg) C Iwg, we deduce

IWGZI,JIWG = Np, (Zp)(Pr_ (Zp) ﬁIWG) Ipre Iwg = Npr(Zp) Ipre Iwg,

and in particular we can decompose the double coset into single cosets via

Wetp, WG = | | (‘(; 12’""4) s IWg. (7.2)
mEMr,Zn—r(Zp)/Mr.Zn—r(pZ]))

We have Bruhat decomposition

GLx(Qp) = | | Ba(Qp) - p-Iwg,, (7.3)

PEW,

so it suffices to compute U, . f°(p) for p € Wg. By (7.2), we have

U f°(p) = ) f° (P (10 1;:7,) ’pm) :

meMyon—r(Zp)/My2n—r(PZLp)
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Claim 7.5. p (10’ 12’:’4) trr € B(Qp) -wa, - Iwg if and only if p = wo, and m € My.p,—(pZy).

Proof of claim: Lett), , = wautp ,wan € T(Qp). Then

B(Qp)wanlwg = B(Qy)t, waulwe = B(Qp)wantp AW = B(Qp)WanIW( 1.1,

where Iw(, =1, Iwgt, I Thus

P (10' 12:1_,) Ipr € B(Qp)WZnIWG —p (10' 1;:4) € B(Q;;)Wznlwgi.

Conjugating (7.3) by 7, ,, we obtain GL2,(Q,) = Lyew, B(Qp)p'Tw . It follows immediately that

P (1({ { 2':4) is in the cell wy,Iwg: , and the claim follows. [

We return to Proposition 7.4. The claim implies U, ,f°(p) = 0 unless p = wy,, and
UPJfG (Wzn) - fc (W2ntp,r) = fc (t;,rWZn)
= 5520 (1)) 1% (w2) = (8526°)" (1) £ (W2a) = o (Up.) £ (w2a),

where the last equality is the equation for 05 (U, ) in Proposition 2.5. U

7.2 Local Shalika models a la Ash—-Ginzburg

Let 6 € Wg, corresponding to the p-refinement sz = (7,0). We’ve written down explicit o(s-
eigenvectors f° € Ind§ 6°. We know (abstractly) that as GL,,(Q))-representations we have

Ind§ 0% = 1nd§ 6 = 7 = 8} (7); (7.4)

Since these isomorphisms are Hecke equivariant, by Proposition 7.4 the image of f° under any choice of
isomorphisms (7.4) lies in S’J,(ﬁc). This gives an eigenvector with which we can test, via (7.1), if s is a
Shalika refinement. To do this we must make (7.4) explicit.

We first describe the right-hand isomorphism, recalling [AG94]. When 6;6,,; = 1, Ash—Ginzburg
defined and studied an explicit intertwining STJ, of Indg 0 into its Shalika model. This intertwining is the
reason we choose 0 as in Ash—Ginzburg (see §6.1).

For f € Indg 0 and g € GL,,(Q)), as in [AG94, (1.3)] we let

Sy = [ ) / oy (G N (el @™ (detk))dxdk. (75)

Ash-Ginzburg show (before Lemma 1.4) that Sg, converges absolutely for 6 in a space Q.

Proposition 7.6. If Indg 0 is regular, S’J,( f) can be analytically continued to a non-zero intertwining
8y : Ind§ 6 — 87 (Ind§ ) = S,(n).
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Proof. This is proved across Lemmas 1.4-1.6 of [AG94]. For any g € GL,,(Q,), they consider f varying
with 0 in a flat family, and thus make sense of 8?,,( f)(g) as a function of 0. They then define a quantity
P(0) and show that P(8)8y,(f)(g) is polynomial in 8. Moreover P(8) is non-zero when Ind§ 6 is regular.
Thus Sf},( f) can be analytically continued from 6 € Q to arbitrary 6, as claimed.

The map is easily seen to be GL,,(Q,)-equivariant. Finally 8} (f) € S’J,(Indg 0) (justifying the
notation) using [BFG92, p.72-73]. g
7.3 Spin p-refinements under intertwining maps

In Expectation 7.2, we stated that we expect Shalika and spin refinements are equivalent. Let, then, 75 be
a spin p-refinement. Recall from §6.1 that we have identified = = Ind§ 6, but that we could have replaced
0 by any of its conjugates under W¢; we now fix a choice.

Lemma 7.7. There exists an unramified character 0 : T(Q,) — C* such that:
« ©=Ind§0,
* 0,0, =nfor1 <i<n,
candhg(R)=1= (", ).
Proof. First fix any 8 with 6;6,,; = 1. By Lemma 6.13, we know
Ag:(fs) = Ag(fs) - T =0T € W,

so that o € Wt. After replacing 0 with its conjugate by t~!(07) "'t € 77 'W%1, we have Ag (%) = 7;
and this preserves the the Ash—Ginzburg property 6;6,,; = 1 by Remark 6.12. O

Henceforth we fix 0 as in Lemma 7.7. Motivated by (7.4) and the discussion around it, we now
compute an explicit intertwining
M,,, :Ind§ 07 = Ind§ 6, (7.6)

after which we can combine with Proposition 7.6 to obtain an explicit eigenvector S’l], oM,, (f7) in the
spin p-refinement Sy (7).

Since we will study this using an inductive argument, it is convenient to consider a slightly more
general setting. Let p € Wy, and v, := (1 p) € Wg. There is an isomorphism

M, :Ind§ 6% = Ind§ 6 = 7,

which is unique up-to-scalar by Schur’s Lemma, and which we now make precise on the big cell
eigenvector f"». Note T = v,, , hence the notation M,, in (7.6).

Definition 7.8. For each w,c € Wg;:
e Let £ € Ind§ 6° be the unique Iwg-invariant function supported on B(Q,) - w - Iwg such that

fow) =1.
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e Foro € W, (and vg = (1 5) as above), let

Fg = fE’ " = £ vy, € Ind§ 6°.
Swy

e If 0 =1, we drop the superscript and just write Fg = Fal € Indg 6 =m.
Note F? = f7 = f°, the big cell eigenvector from Proposition 7.4.
Lemma 7.9. After possibly rescaling M), : Ind§ 8% — &, we have

My(f?)=F,+ Y c¢sF5,  withcs€C. (1.7)
U8)<t(p)

Here ((0) denotes the Bruhat length of any 6 € W,,.
Proof. For any simple reflection s € W and 6 € Wg, we have an intertwining isomorphism
M : Ind§ 6° — Ind$ 6°°.

By [Cas80, Thm. 3.4] (see [DJ] for more details) this can be normalised so that for any 6 € W, there is
a constant ¢s ; € C (depending also on 6) such that

v (po) _ { B PeoFE ) = 1(8) 1,
ove pUFSS o5 JFO 1 U(s8) = £(8) — 1.
Writing p = s1 - - - 5,-, M) is the composition
Mp =M . p0 oM.
The lemma is then obtained by induction on £(p) via basic properties of Bruhat length. O

We finally map into the Shalika model. For 8 € W,,, recall SI], from (7.5), and let
W5 = Sg,(Fg) S Sg,(ﬂ')
This is well-defined, since F5 € Ind§ 6 = & and we chose 6 as in Ash-Ginzburg.

Proposition 7.10. Let & = (7, o) be a regular spin p-refinement, and write T = Indg 0 as in Lemma 7.7.
The o-eigenspace 8:},(71') is spanned by an eigenvector of the form

Wo=Wu,+ Y csWs € 8y (7). (7.8)
wp#0EW,,

Proof. By Proposition 7.4, we know f* € Indg 07 is an a-eigenvector. By Lemma 7.9, its image in Indg
under the intertwining M,,, has the form
M, (f*) = |F,,+ Y csFs| €Ind§o=m.
wp£OEW,

By definition the image of this under S’J, is Wy (from (7.8)), which hence gives a non-zero eigenvector in
S'J,(ft) By regularity this space is a line, so this eigenvector spans. O
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7.4 Non-vanishing of the local zeta integral at Iwahori level

From Proposition 7.10 we’ve written down an explicit eigenvector Wy € Sg,(ﬂ) in any spin p-refinement.
We now deduce that all spin p-refinements are Shalika p-refinements, by showing Wy (anzﬁ 1) # 0,

recalling z = diag(p"~', p"~2,...,1). We also compute this value exactly, and hence — via Proposition
5.2 — complete the computation of the local zeta integral for Wj,.

We first show that W <an2’3 1) = 0 unless & = w,, (which means, by Proposition 5.2, that the local

zeta integral vanishes for Wy unless 8 = w,). To do so, we examine when the integrand of (7.5) lies in
the support of F5 € Ind§ ().

Proposition 7.11. Let 6 € W,,, X € M,(Q,,) and k € GL,(Z,,), and let B > 1. Then

(1 1)(1 )1(><k k)(wnzm I)GB”(Q”)<5wn wn>IWG (7.9)

if and only if:
* 8 = wy, is the longest Weyl element,
* k€ By(Zp)wulwg, and
o kX € w, 2P M, (Z,).

Proof. Suppose (7.9) holds, and write

GO ) 710
(" 5) (o ™ )(E40),

A,D € B,(Qp), BEM,(Qp), a,d €lwg,, c€ pM,(Z,), b M,(Zp,).

where

Expanding this out, we get the equality of matrices:

k [ Bowya+Awuc BOw,b+Aw,d
kwoz?P Xk ) Déw,a Déw,b ‘

This implies the following:
(1) B= —Aw,ca"'w; 18! (from the top left entry).
(2) —Awy(ca™'b—d) =k ((1) and top right), whence A € B,(Z,,) and

k € By(Z,) - wy-Iwg,.
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(3) Déwpa = kwnzz’3 (bottom left) which implies

k'D=w,z?Pa'w,8 " €w,?P GL,(Z,).

(4) DSw,bk~! = X (bottom right), which by (3) implies

kK'X =k 'D-Sw,bk " € w, 2P M, (Z,).

We treat the cases 8 # w, and § = w,, separately.

Case 1: 6 # w,. Suppose there exist X and k such that (7.9) holds. We will derive a contradiction.
For r € {1,...,2n — 1}, let P, be the parabolic with Levi GL, x GL,_,, with associated (opposite)
parahoric subgroup J, C GLy,(Z),).

Claim 7.12. If 8 # wy, there exists r € {1,...,2n— 1} such that
BA(Qy) 627,01 Bal(Qy) Ty = 2.

Proof of claim: Let r := min(i : 0w, (i) # i), which exists since ow, # 1. Let W,,,_, be the Weyl
group of GL, x GL,,_,; it is the subgroup of W, that preserves both {1,...,r} and {r+1,...,n}. In
particular, Sw, & W,.,,_.

We have the opposite Bruhat decomposition

G(Qy) = |_| B(Qp)oJ:.

Gewn/wnn—r
Since dwy, ¢ W,.,,_,, the cells B(Q,,)dw,J and B(Q,)J, are disjoint, giving the claim.

For r as in the claim, let u be such that 728 = tpr- M, recalling 1, , = diag(p,...,p,1,...,1) with r
lots of p. We see that
tprIWt, L C Ty

Note that the valuation of ( under any positive root is non-negative, so ;Flﬁn(Z,,) U C Ny(Zy), where
N, is the lower triangular unipotent.
We now analyse (3) from the list above. Multiply both sides by 7,, I'to get

D5wnat;l = kwp L.
We know from (2) that we can write k = ¢t - w, - B, with & € B,(Z,,) and B € Iwg,. We have
kwalt = ow,Bwalt € By(Zy) - Iwg, - 1.
But by the Iwahori decomposition, we see that
By(Zp) Iwg, it C Bu(Qp) - Iwg, C By(Qp) - J;-

We also have

kwplt = D5wnat[;i € B,(Q,)- 5wnt;} Jr CBy(Qp) - 6wy - J,
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as the element dw, normalises the torus.
We must therefore have

kwalt € (Bu(Qp) - 8wn-J;) N (Bu(Qp)-Jr) # 2,
a contradiction. In particular, there do not exist X and k such that (7.9) holds if § # w,,.
Case 2: 6 = w,,. We have shown that if (7.9) holds, then
ke B(Z,)widwg, and  k7'X e w,2PM,(Z,). (7.11)

Conversely, suppose (7.11), and write k = Aw,d, with A € B,(Z,) and d € Iwg,. Via the Iwahori
decomposition, we may assume d € N,(Z,) is upper unipotent.

For A and d as above, set B=0and D=Az?F B, (Qp). Alsosetc=0anda = 7Py, dw,7?P € Iwg,
(since B > 1). If we set b = D' Xk € M, (Q,), then (7.10) holds. Clearly (4 5) € B,(Q,), so we are
done if we can show (%) € Iwg. This will hold if b € M,,(Z,,). Observe

b=D"'Xk=zPA" Xk =7"Pw,dk~ ' Xk
€ 2 Pw,d - w, P M, (Z,)k = aM,(Z,)k C M,(Z,),

where in the second step we substitute D, the third we substitute A~! = w,dk, in the third we use (7.11),
and in the fourth we substite a = z~2Pw,dw,z??. Thus (*%) € Iwg, completing the proof. O

From the proof, we also see the following:

Corollary 7.13. Let ® be any unramified character of T (Q),), extended trivially to B(Q),). If we have

(1 1) (1 )1(> <k k> <an26 1)=3<1 W”>3€Bn(Qp) (1 W")IWG, (7.12)

O(B) =0 (1 z2ﬁ> .

Proof. The proposition gave necessary and sufficient conditions for (7.12). When they hold, we wrote
down explicit values of B = (4 ;) and I = (“%). By definition A € B,(Z,,) and D = Az??. The result
follows easily. 0

then

We now put this all together. Recall that (without loss of generality, as at the start of §7.3) we
have chosen 0 so that identification Ag : { p-refinements} =~ W sends our fixed spin p-refinement 7 to
7= (", ). By Proposition 2.5, the Hecke eigenvalue of U, , on 7 is

o, = (867" ().

Note also that since 7 is a spin p-refinement, by Definition 6.2 we have o, .1y = N(p)° 0t s for
0 <s<n—1. We also have the U,-eigenvalue o, = 0ty 1 - 0y 21.
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Proposition 7.14. (i) If 6 # wy, then Wy (anzﬁ 1) =0.

28 2B
Wo (Wﬂz 1):WW" (an 1>

:T//~pﬁn2' SB(tp)ﬁ ( Gp >B £0
n(detzf) \ o, ’

(ii) We have

where X" =vol [B,(Z,) - w, -IWg, | is a constant independent of B.

Proof. In (7.5), we gave an integral representation of

W (wﬂ 1) = 8 (F) (wnz?ﬁ 1)

N /GL,,(zp) /M,,<Q,,)F5 {(1 D) (Fe) (W"Zzﬁ 1)} v (w(X))n ! (det(k))dX dk.

(i) If & # wy,, then Proposition 7.11 shows the domain of Fj in the integral is disjoint from the support
of Fj, hence the integrand (thus the integral) vanishes.

(ii) The first equality in (ii) follows from (7.8) and (i). Now, if 6 = w,,, then Proposition 7.11 means
we can restrict the domain of the integral to k € B,(Z,)w,Iwg, and X € kw22 M, (Z,). Moreover:

o If k € B,(Qp)wylwg, and X € kwnzzﬁMn(Zp), then
Fao [N ) (2 )] = @0 (M) R ()
= 5"0)| (' =) -
using Corollary 7.13, Iwahori-invariance of F,, , and Definition 7.8.
* Since X € M,(Z,), we have y/(tr(X)) = 1.
* n(det(k)) =1 as 1 is unramified.

In particular, the integral collapses to

W, () = 857°0) | (' 20| '/Bn(z»w,,lwc,, /kwnzZﬁMn(Zﬁ e

— (5)%0) { (1 z23> } vol (B,,(Z,,) W Ian) vol (zzﬁMn(Z,,)) , (7.13)
where in the last step we made the change of variables X + w,k~!Xkw, before integrating. We easily

see that s s 5
vol (ZzﬁMn(Zp)) = pﬁ(n ) = pﬁn ’ 63 (p"ﬂ 1) ’ (714)
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Now, note that w»,, T (1 Z) T‘lwz_nl = (1) =tp1-tpu—1 (from (2.9)). In particular,

()] = ) o 22
=6 (") J & 5 |l

=6[ (7 ) |y ab, ) apna)P - 0(p)" o0 1P
B

_ n(detzﬁ)*l&g[(zﬁ Zﬁ)};’;. (7.15)
.

Here in the second equality we use that 3> = 05 !, in the third we use the definition of spin refine-
ments (Definition 6.2), and in the fourth that n(p) - n(p)?---n(p)" ' = n(detz) and 04,1+ App1 -
Op i1+ Opon—1 = O/ 0l . Finally, we obtain (ii) after combining (7.13), (7.14) and (7.15), as

np B
8s(1,)P = 8 (7" )6 (* ). 0
Corollary 7.15. Any regular spin p-refinement is a Shalika p-refinement.

Proof. In Proposition 7.14, we started with an arbitrary regular spin p-refinement 7, and exhibited in (ii)
an eigenvector Wy € Sﬂ(ﬁ') with Wy (Wzﬁ 1) = 0. By definition, 7 is thus a Shalika refinement. O

8 Interlude: an automorphic summary

Everything so far has been classical/automorphic in nature. The rest of the paper is concerned with a
p-adic interpolation of the previous sections. For the benefit of the reader, we now collect our running
automorphic assumptions in one place, and summarise our main classical results.

Throughout the rest of the paper, we work with base field Q, fix K = Iwg [1/., GL24(Z¢), and let 7
be a RACAR of GL,,(A) of weight A such that:

Conditions 8.1. (C1) 7 admits a global (1, w)-Shalika model, for a Hecke character n;
(C2) m, is spherical and admits a regular spin p-refinement &, = (7,, o);
(C3) for each ¢ # p, my is spherical;

(C4) foreachr=1,...,.2n— 1, letting ot , = a(Up ;) and @, , = A(t, ;) & r, We have

vp(as,) = [v,,(a,,,r) ~ Y onsi ,} <A—Apsr+1.

=1

We also write &t = Q1+ Qpon—1 = (Up) and oy = 0) -+ 05 5, 4.

In this case we write T = (7, &) and call it a p-refined RACAR satisfying (C1-4).

(C2) and (C3) imply that 7] is everywhere unramified, so n = |- |, where w is the purity weight of A.
(C4) ensures 7 is a non-critical slope p-refinement, which we will explain in §10.4.
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If 7 satisfies (C1-4), choose
Wy = ®W, € Sy/.(ms,E) (8.1)

as follows: for each ¢ # p, let W, = W, be the spherical test vector, and at p, let W, be the vector
Wy € S’J,’; (7,, E) from Proposition 7.10. Define

=0 (Wy)/Qz € H.(Sk, 73/ (L))z (8.2)
where @ /QF is defined in (3.3), and (—)z is the localisation at mz (see §2.4.3). Now recap:

« In Theorem 4.16, we showed that for y of conductor p# and B = max(B’,1),

(») i
E5M (07) = 5B(IEB)'TB-/1(15)'CJ(W§)'Lp(ﬂ®§)z%]+l/2) p( + 3, (u 1ﬁ)'va7Cl'>'

* In Proposition 5.2, we showed that if ), is ramified,
. - _gnitn , w728
G (7 b ) W) = g PR e ().

* In Proposition 7.14, since 7 is a spin p-refinement, we showed

W WnZzﬁ :T//_pﬁnz_ SB(tP)ﬁ | 9 P
P 1 n(detzf) \opn/)

Note that we showed this by making specific ‘good’ identifications, namely fixing & = Indg 0 for
an appropriate 8 (chosen in Lemma 7.7) and then using the Shalika intertwining of (7.5). However,
by Multiplicity One for Shalika models [Nie09, CS20], we immediately deduce this for all regular
spin p-refinements & independent of any choices.

Let ¥ pm) = Yp-Y"- X" (recall that Yp depends on the constant y appearing in [DJR20, (77)], which in
turn depends on the fixed integer m in Definition 4.3). We deduce:

Corollary 8.2. Let x be a finite order Hecke character of conductor PP, with B € Z,, and let j € Crit(2).
If (—1)) feoNeo(— 1) = F1, then 5™ (97) = 0. If (—1)/ ooToo(— 1) = £1, we have
o\ B L(P) ;
a TRQx,j+1/2
e (07) = tom 2ldetom)) (o) Q) Gy LT L),
V1

p.n

where

. . B (n j+ "22_ ”)
Q'(m.x,j)=rp T(x)".
Proof. We use @, = A(f,) . The rest is book-keeping. O
Finally, we record one more relevant result:
Proposition 8.3. The L-vector space H.,(Sk, 7’ (L))3 is I-dimensional, generated by ¢ .

Proof. The generalised eigenspace in SW (nf ) where J acts by y; is 1-dimensional; locally, at £ # p we

have 7, G(20) i a line as 7y is spherical, and at p, this is (C2). This line is generated by Wy by construction.
The result now follows from Hecke-equivariance of ©. O
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9 The local zeta integral at parahoric level

The local zeta integral we computed in Proposition 5.2 required the twisting character y to be ramified.
This is similar to previous papers [DJR20, BDW] on this topic, where p-adic L-functions were only
shown to have the required interpolation property at ramified characters. However, this excludes the
trivial character, which is typically the most interesting one. We finish Part II by computing the local
zeta integral again in a different way which allows us to also handle unramified characters. Doing this at
Iwahoric level appears to be very difficult. Instead, for this section only, we work at Q-parahoric level,
for Q C GL, the parabolic with Levi GL, x GL,, (the setting treated in [DJR20, BDW]). This allows us
to directly strengthen the results of [DJR20, BDW] (see Proposition 14.3 below). In §12.4 we’ll exploit
the interpolation properties of p-adic L-functions to deduce the result at Iwahoric level, completing the
present paper.

For compatibility with [DJR20, BDW], we work over a general local field rather than just over Q,,.
In particular, for this section only we adopt the following notation.

Notation 9.1. Let F/Q,, be a finite extension, with ring of integers O and maximal ideal p = @0, and let
q:=#0O/p. Let § be such that @%O be the different of F /Q,. We let J C GLy,(0O) denote the parahoric
subgroup associated with Q, i.e., all elements which land in Q modulo p.

Let w = Indg 0 be a generic unramified principal series representation of GL,,(F) admitting an
(N, w)-Shalika model, for n : F* — C* a smooth character and y : F — C* the usual additive character
(e.g. [DIJR20, §4.1]). Note & is spherical. We will assume that (7.5) gives a non-trivial intertwining
83, : Ind§ 6 — STJ,(ﬂ) for an unramified character 6 in the Ash—Ginzburg convention (cf. Proposition
7.6).

9.1 Normalisation of local data

Let 7 = (7, o) be a regular spin p-refinement of 7 (to Iwahori level), normalised without loss of generality
as in the proof of Proposition 7.10. At parahoric level:

e Rather than Iwg-invariant vectors we use J-invariant vectors.

« Attached to 7 is a parahoric refinement 7% = (7, ¢ ), for
1/2 41"
Op = O(Up) = [53/ 9} (tp.n)
2
=826 (" o1, ) = 4"26011(@) - 82(@) ©.1)

(via Proposition 2.5), which we assume to be a Q-regular Q-refinement in the sense of [DJR20,
Def. 3.5]. (In the notation op. cit., it corresponds to the set T = {n+1,...,2n}).

* For a vector W, € ng , the relevant twisted local zeta integral arising in Theorem 4.16 is {,(j +
%7 (u“tf,n) W, Xp)-
Definition 9.2. Let Fy € Ind§ 0 be the unique J-invariant function supported on B(F) - wy, - J such that
s
F()(Wzn) = Otgn -q on .
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Let Wy = 8,(Fy) € 8}(7) be the Shalika vector associated with Fy by (7.5).

This is the same choice of normalisation as [DJR20, §3.3] (hence in [BDW]). By Lemma 3.6 of that
paper, we have Wy (tpf ,;‘5 ) = 1. In particular, Fy € &€ is non-zero, so generates this line.
9.2 The local zeta integral

Let d* ¢ be the Haar measure on F* giving O™ volume 1. Let y : F* — C* be a finite order character of
conductor pﬁ/, and denote its Gauss sum by

) =G w) =" (1=q7) [ alcd ? D)y(ea P Oare.

Our normalisation means that if ¥ arises from a Dirichlet character of p-power conductor, this recovers
the usual Gauss sum

T(%) _ Z %(C)eZm'c/pﬁ'.
ce(Z/pP")*

In the rest of this section, we prove:

Proposition 9.3. Let f = max(1,’). Then

¢ (s, e Woux) = g2 3D (et - 0, 1.9)

where

g (qznl)” ~T(x)" : X ramified,
Q(ﬂ:)x;S) = x(m)_n(5+1) 12_”1 1— el_x(w)ql—s

(I_Q)n i=n+1 l_eiX(w)q_s

: X unramified.

Proof. We first rewrite the local zeta integrals. For simplicity, we write G, = GL,(F), B, = B,(F), and
M, = M,(F). Since 1 is unramified, we have

C(s,(u_ltﬁn)-W,x):/GWKh 1) <1 1W> (“’B 1)]x(deth)|deth|s-‘/2dh

2L D )T )

x x(deth)|deth|*~"?n =1 (detk) y( —trX) dXdkdh

LAl ) )0 )

x x(deth)|deth|*~"?y(—trX) dXdkdh.
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Changing variables so that kh@P becomes  and @ —F (h~'k~'Xk —w,) becomes X will not change dh
but changes dX to |deth|"dX. The integral becomes

LAl )]

Xy (detw—ﬁk—lh) |det@ Pk 12 deth\”w( —tr Xk + w—ﬁhwnk—l]) dXdkdh

:qﬁn(s—1/2>/n/Kn/MnFo [(1 1) (h k) <1 }1()]

% (deta@ Pu"n) | dethl™ "~ 2y~ XK + @ Phw,k~']) dXdkdh

Since G,, = B, K,, (with B, N K, of volume 1) we may rewrite the above integral using & = b¢ with
b€ B, and £ € K, (so |deth| = |detb|):

s [ Ll

x i (deta@ Ph bt ) | detb| "2y~ e [beXK~" + @ Pblw, k"] ) dXdkdtdb

o el Al ) )0 D)

x  (deta@ Ph bt ) | deth| "2y (— e [beXK~" + @ Pblw, k'] ) dXdkdtdb

Using J-invariance of Fp, we see that

wlG ) D )]=sl6 )0 )]

The proof of [DJR20, Lemma 3.6] implies that this vanishes unless X € M,,(0O), in which case it equals

F [<1 lﬂ =k [Wzn <w,, w )] = Fy(wa,) = aénq_S”Z. The above integral becomes
n

— P12 g 4o / / / 5;/29[(1 ﬂ % (detk™"bea )
’ B, Jk, JK, b

x |detb|" 2y (1 [@ Poow,k']) </

1//( . trbéXk—l)dX> dkd?db
M,(0)

Note that / Y(trAX)dX =0 unless A € @ %M, (O), in which case the integral is vol(M,(0)) = 1. We
M, (0)

conclude that the above inside integral vanishes unless k~'b¢ € @ %M, (0), i.e., if b € B,N@ °M,(0).
The integral becomes

— ﬁn(s—l/Q)a(s —5n2/ // 51/26 |:<1 >:|
1 il g naomo) Jx, Jx, b

x 1 (detk™"bt@ P ) | detb|" 2y~ [@ Pbbw,k"] ) dkdtab,
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Changing variables so that /w,k~! becomes /, and integrating out k, the integral becomes
_ Bnls-1/2) o8 75n2/ / s\/20 [(1 )]
7 pnd B.w-M,(0) JK, © b
% (detbt@ P, ) | detb| 1y (— e [@Pbe] )dedb.
Since G, = | ,ew, BapIw, we see Ky = | ,cw, (B, NK,)pIw,. In fact, since B, N K,, = N,,(0)T,(0)
and p normalises 7,,(0), we may replace B, N K, with the unipotent radical N,(O) of B,(O). Write

¢ =npi withn € N,,(0), p € W, and i € Iw,,. Using the Iwahori decomposition I, = N, (@O)B,(0) we
write i = nb;. The integral becomes

_ Brls—1/2) o8 67 / / / / 51/26K1 )]
! b pgv:v,, B,N@~3M,(0) JN,(0) JN; (@0) JB(0) B b

x (detbpb1 arﬁwn> | detb\"“*”zw( —w[o P bnpﬁbl])db]dﬁdndb.

Changing variables so that b;bn becomes b doesn’t change the Haar measure, as b; € B(O). Integrat-
ing out n and by, the integral becomes

_ Brls—1/2) o8 6 det nwfﬁ/ / 61/29[<1 )}
q p.nd peZW'lX( pw ) B,0@-5M,(0) IN;- (@0) B b

x 1 (detb) | detb|" 2y~ [@ Pbpr) ) drdb.

Write

Xij 1 0 I
where #; € O\ {0}, u;; € O and x;; € ®O. In this case, db =[] |t;| "' [1dt; [1du;; and dn = [Tdx;;.
Fix p € W,. Writing p7 = (m;;) we see that
n
trbnp = 07_6 Zmiiti+2uijmji .
i=1 i<j

If p # 1, there exist indices i < j such that mj; = 1. Indeed, this is equivalent to there existing j = 7(i) > i
where 7 is the permutation of p. In this case, from the inner integral we may factor

/o y(=o 2 Pmju)duy; =0,
as B > 1.
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We conclude that all the terms of the sum vanish, except for the term p = 1. We see that the zeta
integral becomes

Pr6=1/2) pnq—ﬁn detwﬂ/ /HHW\ (@ 58) y (@ P )q,(_w—ﬁ—ati)

X H v |: — (D'_‘S_ﬁxﬁuﬁ] deijdtiduij,

i<
where Xij € wO,uij €0, € O\{O}

The integral / W{w‘sﬁxﬁuﬁ] du;; vanishes unless xj; € @B 0O, in which case the integral is 1.
0

Pulling out the resulting factor [ --- [ [[dx;j = vol(N~ (@PO)) = ¢ P (2), the zeta integral is
= P VDBG) ad g0 x (detw,)
x [ / [[0nsil-! (@ 0)x(@ 6y (- @) [Tan
Now we consider separately the cases where y is ramified or unramified.
x ramified: When ¥ is ramified with conductor 8 then
/en+,| @ @ Py - o o)
—1)];)9n+i’ (@) /ox X(l‘iﬁfk_é_ﬁ> W(fiwk_5_ﬁ)dti
=x(-1)g Vg P 0i(@) ()

since the integral vanishes unless k = 0, whence it is the Gauss sum. Using x(—1)"x(detw,) =
x (det(—wy,)), the zeta integral thus simplifies to

2n
qﬁn(s—l/z)—ﬁ(z).agnq*‘s"z.%(detwn) H [X(—l)@i(W)sqa(SU qiﬁ zl (X)]
i=n+1
= P o8 Oy (det(—wy)) - ¢ [ H 6@ } (7, 2,5)-
i=n+1
—n?/2

Finally note that by (9.1), we have [T, 11 6i(@ )9 =(q Ocpﬁ)*‘s. Simplifying yields
= PGy (det(—wa)) - Q(, 1 8), 9:2)

as required.
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x unramified: If  is unramified, then 8 = 1 and, dropping indices for simplicity,

[ 8l e ey ar
JO\{0}

1 o
= X(—l)ﬁq5(s“)9(&7)‘595(&7)—5—‘ + Y g kWD Dg @)k y ()0
a k=1
~1-(1-8)e- o3 (v (2@ qox(@) !
= Do =096 g(m) S (@) ° ( >+
x(—1)q (@) °x(@) k;) o -
B - - 1 oy (@)
- 1-(1-8)(s-) g ()1~ 5 Ly
=x(=1)q 0(@) 2y (@) (19x(w)+ e
q.\'
_ x(@)
:x(—l)—q‘s(H)e(a;)*%(w)fﬁflliq‘”
l—¢ | 0@’
qS

using that/ w(t@* 0 Nd*ris 0ifk < 0,is 1if k>0, and is 1/(1 —q) if k = 0.
OX

Substituting this in, we find the zeta integral is

—1/2)-B(2) . o 2 s A 5 sl =T
PP g0 g(detwn) TT {2000 2(@) g
i=n+1 -

2n
= qﬁn(S7n/2) ’ aganSnz : X(det(_wn)) : qﬁn(sfl) : |: H el(w)6:| 'Q(TC,X,S).
i=n+1

We conclude that this has the required shape via the same computations as in (9.2). O

Part 111
p-adic Interpolation

10 Overconvergent cohomology

We recap the theory of overconvergent cohomology in p-adic families, as developed for example in
[Urb11, Han17]. All of this material is explained in depth op. cit., so we are terse with details.

10.1 Weight spaces

Recall X*(T), X;(T), X*(H) and X (H) from §2.2. If K C G(Ay) is an open compact subgroup, let Zg
be the p-adic closure of Z(Q) NK.
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Definition 10.1. (i) The weight space for G of level K is #;¢ := Spf(Z,[T(Z,)/Zk])). This is a rigid
analytic space whose L-points, for L C C, any extension of Q,, are given by

W, (L) = Homeon (T (Z,)/Zk,L*).

(ii) Any element of %7 (L) N X} (T) is called an algebraic weight.
(iii) The pure weight space #, is the Zariski-closure of X; (T) N #¢ in #.

We view all of these weights as characters of 7'(Z),) trivial on Zg. If A is pure of weight w and z € Zg,
then A(z) C {#£1}, soif A is trivial on Zg, then this is also true of all weights in a neighbourhood of A in
the pure weight space. Since the level subgroup will always be fixed, we will henceforth always drop it
from notation.

A weight A € #¢ decomposes as A = (i, ..., A2,), where each A, is a character of Z,. We see
A e V/OG if and only if there exists wy € Homcts(Z; ,L™) such that A; - A, 11—; =w; forall 1 <i<n.
The space #;° has dimension n+ 1 (corresponding to changing A1, ..., A,,w;).

IfQC 7/00 is an affinoid in the pure weight space, then Q is equipped with a character yq : T(Z,) —
O such that for any A € Q(L), the composition T(Z),) £, 04 P4, L% is the character attached to A,
where sp; is evaluation at A. Moreover, write Yo = (Xq,1,-.-» XQ.2n), Where each yq ; is a character of
Z; then since € is pure, there exists a character

wo :Z; — Oy such that wo(z) = 0.i(2) - Xant1-i(2) V2€Z,;, 1 <i<n. (10.1)

10.2 Algebraic and analytic induction

For A € X (T), recall V,, is the algebraic representation of G of highest weight A. The L-points of V; can
be described explicitly as the algebraic induction, whose points are algebraic functions f: G(Q,) — L
such that

f(n71g) =A(1)f(g) Yn~ €N(Q,),t €T(Qp),g € G(Qp). (10.2)

The action of y € G(Q),) on f € V) (L) is by (- f)(g) = f(g7)-

As G(Z,) is Zariski-dense in G(Q),), we can identify V) (L) with the set of algebraic f : G(Z,) — L
satisfying (10.2). We have an integral subspace V, (Or) of f such that f(G(Z,)) C Or, and we let
V;E/(OL) = Hom@L(V;L(OL),OL).

If I is a p-adic Lie group and R a Q,-algebra, let A(Z,R) denote the space of locally analytic functions
I — R. LetIwg C G(Z,) be the Iwahori subgroup, and Q C #,°(L) an affinoid, with attached character
xa; we allow Q = {1}, whence o = 4. Recall the analytic induction spaces:

Definition 10.2. Let Agq be the space of f € A(Iwg,Oq) such that
f(n"tg) = xa(t)f(g) foralln~ € N(pZ,), t € T(Z,), and g € Iwg. (10.3)

Via Iwahori decomposition and (10.3), restriction to N(Z),) identifies Aq (L) with A(N(Z,),0q).
As any f € V, (L) is determined by its restriction to the Zariski-dense subgroup Iwg, we see Vy (L) is
the (finite Banach) subspace of f € A, that are algebraic on Iwg (e.g. [Urb11, §3.2.8]).

Definition 10.3. Define Dg := Homon(Aq, Oq), a compact Fréchet Og-module.
If ¥ C Qis a closed affinoid, then Dg ®¢, Oy = Dy.
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10.3 Hecke actions and slope decompositions

Let K C G(Ay) be an open compact subgroup such that K, C Iwg. Let Q C #(C be an affinoid. Recall

tp = diag(p?*!, p?*—2,...,p, 1), and let A, C G(Q,) be the semigroup generated by Iwg and ¢,,. There is

a left-action of A, on Dg as follows:

— k €Iwg acts on f € Ag by (k=*f)(g) == f(gk), inducing a dual left action on u € Dg by (kx*
w)(f(g)) = n(f(gk™).

— t, acts on the left on B(Z,) by 1, xb:= tpbt[jl. Since any f € Ag is uniquely determined by its
restriction to B(Z,), this induces a left action of 7, on i € Dg by (1, % 1) (f (b)) = u(f(1,b1,1)).

As NisothN(Zy)t," =1, we have 1, € T in the notation of [Han17, §2]. Thus we get an Og-linear
controlling operator U, := [K,t,K,] on the cohomology groups HE(Sx, Zq). Up to shrinking Q, the
Oq-module H? (Sk, Zq) admits a slope decomposition with respect to U 1‘,’ (see [Hanl7, Def. 2.3.1]). For
h € Q= we let H2(Sk, Zq)<" denote the subspace of elements of slope at most 4, and note that it is an
Ogq-module of finite type.

Remark 10.4. The operator U, preserves the integral structure Hg (Sk, 7, (01)) C HZ(Sk, Z, (L)). We
also have a *-action of A, on V,’(L), defined identically, giving an operator U, on H¢ (Sk, 7’ (L)) that
preserves its natural integral subspace. If U, denotes the automorphic Hecke operator from §2.4.3, one
may check U, = A(ty) - U,. This is all explained in the remark in [BDW, §3.5].

10.4 Non-critical slope refinements

Let A € X;(T) be a pure dominant integral weight, K as above, and L/Q,, a finite extension. The natural
inclusion of V3 (L) C A (L) induces dually a surjection ry, : D, (L) — V,’(L), which is equivariant for
the *-actions of A,. This induces a map

rp 1 HY(Sk, 75 (L)) — H(Sk, 73/ (L)), (10.4)
equivariant for the *-actions of A, (hence U ; ) on both sides.

Definition 10.5. Let 7 = (7, o) be a p-refined RACAR of G(A) of weight A. We say 7 is non-critical if
ry, restricts to an isomorphism

i s H (Sk, 2. (L))z = HE(Sk, 73’ (L))z

of generalised eigenspaces. We say 7 is strongly non-critical if this is also true for H® (i.e., if % is
non-critical for H* and for H? as in [BW21c, Rem. 4.6]).

Definition 10.6. Let 7 be a p-refinement of 7. For 1 <r<2n—1, let Oc;, =1 (tpm)ap,r’ the corresponding
U ;Vr—eigenvalue. We say 7 has non-critical slope if for each 1 < r < 2n—1, we have

Vp (06;,,) < lr — )vr—}—l + 1.
Theorem 10.7 (Classicality). If & has non-critical slope, then it is strongly non-critical.

Proof. This is [BW21c, Thm. 4.4, Rem. 4.6], explained in Examples 4.5 op. cit. ]
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11 p-adic interpolation of branching laws

A branching law describes how an irreducible representation of G decomposes upon restriction to H.
Of particular interest to us is the branching law given by Lemma 4.11, rephrased below in Lemma 11.1,
which provides a representation-theoretic interpretation of the Deligne-critical range. We now give a
p-adic interpolation of this branching law.

11.1 Classical branching laws, revisited

Let A € X;(T) be a pure algebraic weight, with purity weight w. By dualising, we get the following
equivalent formulation of Lemma 4.11:

Lemma 11.1. For j € Z, we have j € Crit(1) if and only if dim HomH(Zp)(VH

(_j_’WJrJ.),V;L) =1, that is if
with multiplicity 1.

and only if Vy |z, contains V(fij W)

We now give a conceptual description of the generators of V

. Ciwey) SWa |t (z,)- For n > 2, define
weights

o =(1,0,...,0,—1), o =(1,1,0,...,0,—1,—1), ..., ety_y =(1,...,1,0,0,—1,...,—1),
a=(1,..,1,1,...1), a,=(1,..,1,0,...,0). (11.1)

For n =1, we define a9 = (1,1) and oy = (1,0). For any n, if A = (A41,...,A2,) € X;(T) is a dominant
pure algebraic weight, then we easily see that

A= (l] — 12)061 + (12 — 13)062 +---+ (An — 7Ln+1)05n —i—ln_HOto, (11.2)
where each coefficient is a non-negative integer except perhaps A, 1, which can be negative.

Notation 11.2. (i) If I <i<n—1, then Crit(e;) = {0}. Since the purity weight of ¢; is 0, by Lemma
I'1.1 there is a non-zero vector v(;) € V¢, (Q,) upon which the action of H(Z,) is trivial, and v(;) is
unique up to Q-multiple.

(ii) We have Crit(oy,) = {—1,0}, and the purity weight of e, is 1. By Lemma 11.1, there exist non-zero
Vectors Vi, 1,V(n) 2 € Ve, (Qp) such that the action of (h1,h2) € H(Zp) on v, ; is by det(h;). Again,
these vectors are unique up to Q7 -multiple.

(iii) The space Vy, is a line, with basis v()(g) = det(g).

All of the v(; are explicit algebraic functions G(Z,) — Q),, and we can multiply them in the ring
Q,[G]. The following gives an explicit branching law from such a product.

Proposition 11.3. Let A € X;(T') be a dominant pure algebraic weight and j € Crit(A). Then

_ — A1 =M —Any1—Jj At
vag = (V) O ) O M) - v e ) ) - o)

is a generator of the line V!

= jwt)) (Qp) inside the H(Zy)-representation V3 (Qp)|u(z,)-
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Proof. This product is algebraic, as the v(;) and v, ; are algebraic by construction, and:

—forl1<i<n—1,wehave A, —A;;1 >0, so v?l.")fl"“ is algebraic;
Antj
(n),2

— since A, > —j > A,41, we have v(:l/)l”l“ﬁ and v

— and v?g; ' = det™+! is algebraic.

are algebraic;

Thus their product is algebraic. If t € T(Z,,), then by (11.2) we see
A(t) = Otfl' A (t) - afli—lfln (t)- OCn(l‘)_/l"“_j ) 06,%"+j(l‘) . aé'n-%—] (1),

soforn” € N(Z,) and g € G(Z,,), we see v, j(n"tg) = A(t)v,_;(g) by multiplying together the analogous
relations for the v(;). Finally, by Notation 11.2 we see (h1,h2) € H(Z,) acts on v, ; by

det(hy) " 177 det(hy ) - det(hyhy )M+t = det(hy )~/ det(ha )",

as required (using w = A,, + A,, 11 in the final step). O

11.2 Support conditions for branching laws

Let w,, denote the antidiagonal n x n matrix with (wy);; = 0; »+1—, and recall

=) e6(z,). (11.3)

For B € Z~1, let
NB(Z,) =N(pPZ,) - u = {n EN(Z,) :n= (lon TZ) (modpﬁ)}.

Note this is not a subgroup of N(Z,). We also emphasise that NP (Z,) is not the set of Z,-points of an
algebraic group, and hope the notation does not cause confusion.

Let A € X;(T) be a pure dominant algebraic weight, let j € Crit(A), and let v; ; be a generator
of the line V(ﬁ jwej) inside the H (Z,)-representation V) (Q,), viewed as an explicit algebraic function
G(Z,) — Q,. The key examples we consider are A = @; from (11.1), with vy ; = v(; from Notation 11.2.

The aim of this subsection is to prove:
Proposition 11.4. Afier possibly rescaling v ; € V(If jwtj) C V), (Ql,)| H(z,) "¢ have
vi (NP(Z,) 1+ pPZ,  forall B >1.
Recall G, = GL,, and its subgroups By, B,,, N,,, and N,, from §2.1. Let Iwg, be the Iwahori subgroup of

Gn(Z,), and let JP .= {g € G,(Z,) : g (mod pP) € T,(Z/pP)} C Iwg,. By the Iwahori factorisation, any
element 1, + pPY € JP has an Iwahori factorisation 1, + pPY = RS, where R € N,(Z,,) and S € B,(Z,).
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Lemma 11.5. IfX € M,(Z),), there exist B € By,(Z,),h € H(Z,) with B,h = 15, (mod pP) and

1y Wn+pﬁX —R.y.
(0 1n >fB u-h.

Proof. Fix R € B,(Z,,),S € B,(Z,) such that 1 4+ pPw,X = RS. A simple check shows R,S = 1 (mod pP).
We see

(wann Sq) € Bon(Z,), ((wnRWn)" s) €H(Z,),

WnRWn . ln Wn . (Wy,RWy,)il — 1n Wn""[’”X
S*l 0 ln S o 0 1n ’

which has the claimed form. O

and

Now let v ; be as in Proposition 11.4. Since v, ; transforms by A (B) € Z,; under left translation
by B € By,(Z,), and transforms like det(h; )~/ det(hy)" "/ € Z under right translation by h = (hy,hy) €
H(Z,), we see

vLj(Egn(Zp)-u-H(Zp)) - Z; vy j(u).
Suppose vy, ;(u) = 0; then v, ; vanishes on the cell By,(Z,) - u-H(Z,). This cell is open and dense in
G(Z,) (e.g. [Loe2l, §5.1.3]), forcing v, ; = 0, which contradicts our assumptions. Thus v;_;(«) # 0, and

we are free to rescale it by an element of Q,; so that v, ;(u) = 1. Further if B, = 15, (mod pP), then

A(B),det(h;) 7 det(hy)"*/ = 1 (mod pP). Combining all of this with Lemma 11.5, we deduce that for
any X € M,(Z,), we have

Vi ((10 w,lﬁfﬁX)) e1+p°z,. (11.4)

Proof. (Proposition 11.4). A general element of NP (Z,,) looks like n = (8 WWBP’; Y ) where A, B € N,(Z,)
withA=B =1, (mod pP) and Y € M, (Z),). Letting

X = (Y—Wn <L1>)371 EMn(Zp)7

P
we have
B B
(3 wtp Y) - (10 et X) (A,).
Then vy, j(n) = det(A) T det(B)"* vy ; (5 37" ) ) € 1+ pPZ, by (1.4, O

11.3 p-adic interpolation of branching laws

Now we p-adically interpolate. Assume the choices v(g), V(1) -, V(n—1),V(n),1, V(n),2 In Notation 11.2 were
all normalised so v(;)(u) = 1, whence v, (NY(Z,)) C 1 +pZ, C Z, as in Proposition 11.4 (and its
proof).
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If R is a Qp-algebra and ¥ = (X1,...,X2n) : T(Z,) — R* is a character, then define a function

wy : NY(Z,) — R*, (11.5)
g Vo )Cn+1 <Hv Xi+1> ,v(n)J(g)_XnJrl ‘V(n),z(g)x"7

where if x € Z; we write x* as shorthand for x;(x). If B > 1, let
Iwg = N(pZy)-T(Z,)-NP(Z,) C Iwe, (11.6)

which again is not a subgroup. We may extend w, to a function wy : Iwb — R* via (10.3):

wy(i-t-n)=x(t)-wy(n), 7€N(pZ,),tecT(Z,),necN (Z,). (11.7)

For B > 1, let

wh = H(Z,)nu'Twh. (11.8)
If g € Iw; and h € Iwyy, then a simple check shows gh € Iwg,, so we can consider wy (gh). The following
will be important in the sequel: recalling Lg’ﬁ from Definition 4.3, note that for appropriate choices of K,

(e.g. if K, = Iwg) we have Lﬁ’ﬁ - IWEI.

Lemma 11.6. Ifh = (hy,hy) € Iw},, then wy(gh) = det(hy )%+ %1 .y, (g).

Proof. By definition, wy(gh) is a product of terms involving v(;)(gh), v(,)i(gh). By construction
V(i) (gh) = V(i) (g) forl<i<n—1,and V(0) (gh) = det(hl)det(hz) 70 )( ), and v(n)7,~(gh) det(h;)v V(n),i (g)
for i =1,2. We get factors of det(h )% det(hy)*+! from v ), det(h;) %! from vy ;, and det(hy)%"
from v(,) 5, s0

wy (gh) = det(hy) % det(hy)%+" - det(hy) %" - det(ha)% - wy (g) = det(hp) ¥ 21 - wy (g). O

Remark 11.7. The definition of w, is heavily motivated by Proposition 11.3. Indeed we see that if
A € X} (T) is a pure dominant algebraic weight and j € Crit(1), then for any g € N'(Z,) we have

_ (va(8))’
v2,/(8) =wa(g) (V<n>,1(g)> : (11.9)

To p-adically vary branching laws, we take R = Oq, for Q C WOG an affinoid in the pure weight space,
equipped with a character yo : T(Z,) — O as in §10.1.

Definition 11.8. Let f € A(Z,,0q) be alocally analytic function. Define a function va(f) : N(Z,) — Oq

by
V(n Z(g) .
va(f)(g) = { Wza8) ‘];(vini.l(g)) 18 €NY(Z,),

: otherwise.

This is well-defined by the normalisations fixed at the start of §11.3, by Proposition 11.4, and the definition
(11.5). Under the transformation law (10.3) and Iwahori decomposition, this extends to a unique element
[va(f) : Twg — Ogq] € Aq, with support on Iw; from (11.6).
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We allow Q = {1} to be a point, in which case the above defines, for any f € A(Z,L), a function
vi(f):Iwg — Lin Ay.

Lemma 11.9. If A € X;(T) and g € Iw,, then for all j € Crit(1) we have
[va(z—2)](8) = vai(9)-

Proof. For g € N'(Z,), this follows by combining the definition of v, with (11.9). Both sides satisfy the
same transformation law (11.7) to extend to IW};, so we have equality on the larger group too. O

Recall wg : Z) — O from (10.1). Let h = (h1,hy) € H(Z,) acton f € A(Z;,00) by

(h* f)(z) = det(ha)"® - f (ﬁZIEZ?ﬁ -z) : (11.10)

It follows that Iw}, C H(Z,), as defined in (11.8), acts on A(Z};,0q). Italso acts on Ag via its embedding
into Iwg.

Lemma 11.10. The map vq : A(Z,,00) — Agq is Iw},-equivariant.

Proof. Let h= (hy,hy) € Iw}; and g € N'(Z,,). First note that by (10.1) we know wo = Yo » + Xont1;
so det(h)"2wy, (8) = wy, (gh) by Lemma 11.6.
Now let f € A(Z;,0q), and compute

ol (o) (he ) [(Y02(8)
ol )(6) = winle)- (e ) (22280 ) (1.1
B war (o, ¢ (96U V(&) _ L (Viwa(gh)
=i wats) 1 (G sty ) o) (52 )
Since gh € Tw;, we may write gh = b'g/, with b’ € N(pZ,,)-B(Z,,) and g’ € N'(Z,). Then
[hxva(f))(8) = va(f)(gh) = va(f)(F'e) = 2a(b) -va(f)(&) (11.12)

_ N / v(ﬂ)l(g/) —w I V(n)72((b/>71gh) —w v(n),l(gh)
—Xﬂ<b) %Q(g )f<V(n),l(g/)> - Xg(bg)f (V(n),l((bl)lgh)> o m(gh)f(V(,,)J(gh))’

where in the last equality we use that v, ;((?’ )" lgh) = a, (b’ )~ 'v(u),i(gh) for both i = 1,2. Combining
(11.11) and (11.12) yields vo(h* f)(g) = [h*va(f)](g), as required. O
11.4 Branching laws for distributions

The overconvergent cohomology groups we consider have coefficients in D, not Aq, so we now dualise
the above. Finally, we collate everything we have proved in the main result of this section (Proposition
11.13).
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By Lemma 4.11, for 4 € X (T) we have j € Crit(A) if and only if Homyz ) (V)’, V(Ij,w,j)) is a line;
and moreover, the choices made in §11.1 fix a generator
Ky Vi (Qp) 2 Vi uj(Qp) = Qpy = vz ). (11.13)
This is H(Z,,)-equivariant, as if h = (hy,h) € H(Z,), then
(h# ) (va ;) = m(h™ vy ;) = det(hy)/ det(ha) ™ (vy ;). (11.14)
We can base-extend this to any extension L/Q,, and consider & ; as a map V,’(L) — L.
Similarly, we can dualise the map vq : A(Z;,0q) — Agq from Definition 11.8 to get
ko: Do — D(Z,,00), wuw[f— uvalf))]forfecA(Z,,00). (11.15)

Definition 11.11. Let 8 > 1.

(1) We say that f € Ag has support on Twb if f(g) = 0 for all g ¢ IwP.. By the definition of Ag, this
is equivalent to asking f(n) =0 for all n € N(Z,)\NP (Z,,).

Similarly, we say f has support away from Iwg if f(g)=0forall g€ Iwg, or equivalently if
f(n)=0foralln e NP (Z,).

(2) Let .Ag C Ag be the subspace of functions supported on Iwg.
(3) If f € Agq, define a function f \Iwﬁ € Ag C Agq by multiplying f by the indicator function of (the
G

closed and open subset) Iwg; explicitly,

_ ) o) rgewd
f|IWg(g)' { 0 : otherwise.

This is well-defined: it is locally analytic on N(Z,) as NP(Z,) is closed and open in N(Z,), it

defines an element of Ag by Iwahori decomposition and the definition of Iwg, and by definition it

B
has support on Iw,.

(4) We say that y € Dg has support on Iwg it pu(f) = pu(fl,p) forall f € Ag. Let Dg C Dq be the
Y6

o B
subspace of distributions supported on Iwy;.

We similarly write Aﬁ, Dg, etc. when Q = {1} is a point.
The following is a useful alternative criterion for support.
Lemma 11.12. Let u € Dg. We have

[,U. € Dg] — {/.L (f) =0 forall f € Ag with support away from Iwg .
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Proof. Any f € Ag can be written as f = f |Iwg +f ‘IWG\Iwg , where f |IWG\IW2 has support away from Iwg.

Then u(f)=u )+ U s ). The two conditions are now easily seen to be equivalent. O
Iwg Iwg\Iwg
There is a natural map s, : Vy (L) — Ag (L) given by
fle) gelwy
sa(f)(g) = { ¢

0 . else.

Abusing notation, for any 8 we continue to write ), : Df — V/{/ for its dual.

Proposition 11.13. For each classical A € Q and each j € Crit(A), the following diagram commutes:

D D} (L) ———=V}/(L)
l Ko \L K) l Kl«,j
D(Z5,00) — P D(zx L) —

Proof. The first square commutes directly from the definitions and the fact that sp; o yo = A.
To see the second square commutes, let it € D} (L); then

W)= [ Fedg) = [ @) du= | va@)du= [ vgede

Zy Iwg Jiwg;

[ vagdu= [ vidn(w) = o).
IWG IWG

where for clarity we write [y f-du for u(f|x), interpreted suitably for each term. Then the second
equality is by definition of k;, the third and fifth equalities follow as u is supported on Iw};, the fourth
equality is Lemma 11.9, the sixth equality is by definition of r as v, ; € V,, and the seventh equality is
the definition of K ;. O

Recall the H(Z,)-action on A(Z;,0q) from (11.10). We equip D(Z;,0q) with the left dual
action. In the diagram of Proposition 11.13, recall the action of H(Z,) on the bottom-right term is by
det(h)’ det(hy) ™" ~/. Finally we note:

Lemma 11.14. Every map in the diagram of Proposition 11.13 is Tw};-equivariant,

Proof. For sp, and r; this follows straight from the definition; for xq and x;, this is Lemma 11.10; for
Ky, ; this is (11.14); and for evaluation at z/, this follows since for 1 € D(Z,,L) and h € H(Z),), we have
(h#p)(2') = p(h™" x2/) = p(det(hr)’ det(hy) ™~/ - 2/). O
12 Distribution-valued evaluation maps

We now define distribution-valued evaluation maps on the overconvergent cohomology by combining the
p-adic branching laws of §11 with the abstract evaluation maps of §4.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 3(2):161-236, 2025 220


https://jamathr.org

ON THE GL(2N) EIGENVARIETY: BRANCHING LAWS, SHALIKA FAMILIES AND p-ADIC L-FUNCTIONS

12.1 Combining evaluations and branching laws

Recall H(Z,) acts on A(Z;,0q) by (11.10). We have an isomorphism

Z, =6l4(p”) = Q\A* /T[] Z; Roo, (12.1)
t#p
and we extend the H(Z)-action on f € A(Z,,0q) to an action of h = (h1,hy) € H(A) by
(5 )(2) = Heye (det(h2)) "™ £ (5552 -2) (122)

where translation of z € Z under det(h;)det(h;)~' € A* is defined by lifting z to A* under (12.1),
translating, and projecting back to Z 7. Note H;, and H (Q) again act trivially, and that any subgroup of

~

H(Z) acts through projection to H(Z,).
Lemma 12.1. If B > 1, then the map Kq from (11.15) is Lg-equivariant.

Proof. Recall that kg, is the dual of vq : A(Z; ,0q) — Ag, so it suffices to prove vq is Lg-equivariant.
Recall IW}{ from (11.8), and that vg is Iw}q—equivariant by Lemma 11.10. A simple check shows that

Lﬁ CIwl, sovqis Lg -equivariant. But the Lg-action on both terms factors through projection to J9 ,
since Lg C H(A) (for A(Z,,0q)) and by definition (for Ag). O

To define our distribution-valued evaluations, we take strong motivation from Definition 4.12, adapting
it with the Borel B in place of the parabolic Q. Let Q C V/OG be an affinoid in the pure weight space; we
allow Q = {1} a single weight. Lemma 12.1 allows us to make the following definition:

Definition 12.2. Let € Z( and 6 € H(Ay), representing [§] € 7o (Xg). The overconvergent evaluation
map of level pP at [8] is the map

Da, D, .
Evgp 5= Evp3 e = 5 [Kg oEva[;a} L HL(Sk, Do) — D(Z),00).

This is well-defined and independent of the choice of § representing [0] by Proposition 4.9. Here we
also use that H(Q) and H_, act trivially on D(Z, Oq).

Proposition 12.3. Suppose B > 1. Then for every A € Q, and j € Crit(1), we have a commutative

diagram
HL(Sk, Za) ———— HL(Sk, 73, (L) ——— HL(Sk, 7, (L))
lEVﬁﬁ,wl lEV?ﬁw lefé’fs,[a]
D(Z;,00) — Dz, L) — L L

Proof. First note that applying Lemma 4.8 first to Dg —25 D, (L) and then D, (L) 2 V)Y(L), we have a
commutative diagram

HL (Sk, Za) —— = HL(Sk, 73 (L) —— HL(Sk, 7;/(L)) (12.3)
lEV?I? s lEv;E s J{EVZ’{; s
Sp r
(QQ)Fﬁﬁ 2 Dl (L)Fﬁ‘é - V/'Lv(L)rﬁﬁ
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Recall D}l C Dg from Definition 11.11. Since B > 1, we have 5_11“,3’56 - Iw}, from (11.8), so the
action of I'g 5 on Dg preserves DL, and we can consider (@}Z)Fﬁ_ s- Moreover, H (Q) (hence I'g 5) acts
trivially on D(Z;,Og) and L, and Ko and K ; are Iw},-equivariant; combining, each of these maps
factors through the coinvariants, giving maps (Db)rﬁﬁ — D(Z},0q) and V)/(L)ry ; — L. Then by
Proposition 11.13 (for the top squares) and Lemma 11.14 (for the bottom squares) we have a commutative
diagram

(Dh)ry s = D} (L)ry; — =V} (L)ry, (12.4)
R
D(Z},0q) — D(z; L) — M L
Jo- Jo- L
D(Z;,0g) T Dz, L) — ) L.

. N
Since Evgma] = 0 * [Kq oEV?’%’S] and 823[5] = 0x [k ; OEVZ/}[B,S]’ we can complete the proof by
combining (12.3) with (12.4). This is possible by Lemma 12.4 below, noting if § > 1, then Dg C D}z. U

Lemma 12.4. Let B > 1 and ® € H,(Sk, Z). We have EVI?%(;(CI)) € (@g)rﬁ,a-

ry,; Dy construction of evaluation maps. Thus it suffices

Proof. Note that Evy} 5(®) € [(u~'1}) = Do
to show that if u € Dg, then Lfltf,3 * € Dg. By Lemma 11.12, this is equivalent to showing that
(u‘ltg « 1)(f) =0 for all f € Agq with support away from Iwg (that is, such that f(n) = 0 for all
neNP(Z,)).

Suppose f € Ag has support away from Iwg. By definition (see §10.3), we have
(™"t * ) () = p(utf) * f),

where (ut[lf x f)(n) = f( ,ént,?ﬁu) for any n € N(Z,). It is easily seen that tﬁnt;B = 1, (mod pP) (e.g.
from [BW21c, §2.5, Rem. 4.19]). By definition of Nf(Z,) we deduce tbnt,Pu € NP(Z,). Since f
vanishes on N (Z,), we deduce that ut,l,3 * f vanishes on N(Z,), so is the zero function in Ag. It follows
that (u‘ltg « 1) (f) = p(0) =0 for all f with support away from Iwg, hence u_ltg kU € Dg by Lemma
11.12. This proves the lemma (and thus Proposition 12.3). O

12.2 Further support conditions

Our ultimate goal is to interpolate the classical evaluation maps 8;;36" from §4.2. In Remark 4.14, we
described this map as a composition of four maps; and in Proposition 12.3, we have used the branching
laws of §11 to interpolate the first two maps of this composition. We will combine over 8 and § to
interpolate the final two maps in Remark 4.14. First, we give a more precise description of the image of
Ev .

B.[8]
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Note that for f > 1, we have decompositions

A(Z5,00)= P Ad+pPZ,00), DZ;,00)= P D@d+pPL,,00). (125
de(Z/pP)* de(Z/ph)*

As in Definition 11.11, a distribution u € D(Z;,Oq) lies in the summand D(d + pPZ,,0q) if and only
i 1(f) = (g oz, ) forall £ € A(Z, O).
Lemma 12.5. Ifu € DP then ko(u) € D(1+pPZ,,0q).
Proof. Let f € A(Z,,00). If g € NP(Z,), then by Proposition 11.4, we know Vin).i(8) € 1+ pPZ,.
Thus by the definition of vo(f), we see va(f)(g) = va(fli1»z,)(8). that s,

VQ(f)’NB(ZP) = vQ(f‘]+pﬁZ[,)|NB(Zp)'

By the transformation law (10.3), the function vo(f)l, s € Aq depends only on vo(f)|ys (z,) SO We
G

deduce vQ(f)\Iwg = vQ(f|1+pr)\IWg. Thus if u has support on Iwg, forany f € A(Z;,0q) we have

ko (1) (f) = 1lva(F] = kla(f)l ]
= M[VQ(f‘l+pﬁZp)‘IWB] = .U[VQ(f‘HpﬁZ,,)] = KQ(.U)(f‘HpﬁZ,,)v

G
50 Ko(u) is supported on 1+ pPZ,, as required. O
Recall prg : mo(Xp) — (Z/pP)* from (4.9).

Corollary 12.6. If ® € H.(Sk, Zq), we have Evgﬁ,[b‘] (@) € D(d+ pPZ,,0q), where d = prg([6]).

Proof. Recall Evgﬁ’[a} = 0 x [Kg OEV£%76]. By Lemma 12.4, we have Im(EV?’%’[a}) C (Dg) Since

Tp5°
Kq factors through the coinvariants, Lemma 12.5 implies that K‘Q[(@é)rﬁ ;D +pPZ, 0q).

Finally the action of § on D(Z,0q) is by § ' on A(Z,0q), which includes translation on z € Z
by det(5;8, ). As this is a representative of d = prg([8]) € (Z/pP)*, translation by det(8;3, ') sends
1+ pPZ, to d+ pPZ,. This induces amap &+ —: D(1+ pPZ,,0q) — D(d+ pPZ,,0q). Combining
all of the above gives the corollary. O

12.3 Interpolation of classical evaluations

Let 1o be any character of (Z/m)*. For B > 1 and d € (Z/pPZ)*, motivated by Definition 4.13, we
define a map

Evi g - H(Sk. Z0) — D(d +pPZ,.00)
d— Z 1o (pr,([8])) Evlgiz,ﬁ,[rﬂ (®)-

8lepry' (d)
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Combining under (12.5), we finally obtain an evaluation map

EVQ/?O'— @D Evy:HL(Sk, Za) — D(Z;,00) (12.6)
de(Z/pP)~
®— ) mo(pra((0])) EV?,;;,[&](CI’)
[6]em(Xp)

Remark 12.7. We have an analogue of Remark 4.14; EV [3 % is the composition

BEVgg 5
GBEVDQ 6* Z ETIO
HL(Sk, Za) —22 P (DE)r, s ——2= P D(prg([8)) + pPZp, 00) ———~D(Z,0q), (12.7)
(4] [6]
ZdEVIS;gSI

where again )’ sends a tuple (m ms))(s] to Y Slepry'(d )no(prz([S])) X mys).

Combining all of the results of this section, we finally deduce:

Proposition 12.8. Suppose B > 1 and x is a finite order Hecke character of conductor pP. Then for
every A € Q, and j € Crit(A4), we have a commutative diagram

H.(Sk, Za) ———— H.(Sk, 73 (L))

Qn A,y i,
iEvB ﬁo lEvBﬁO . l&g;’{o
uen[2(2)7]

D(Z),00) —— D(Z),L) L.

H(Sk, 73/ (L))

Proof. By combining Proposition 12.3 with Corollary 12.6, and taking a direct sum over [8] € 7(Xp),
there is a commutative diagram

H (Sk, Z0) o H (S, 25, (L)) @ H.(Sk, %,Y(L))  (12.8)
lEVﬁﬁ,[ﬁ] iEVQ,Bm ls”l; .
sp pp ()
@[S}D(d%—pﬁZP,OQ) A @[S]D(d—l-pﬁZP,L) ‘ @[S]Lv
where d = prg([6]) € (Z/ pP)*. Also, there is a commutative diagram
pp(2)
@[B]TD(d—i—pﬁZp,Og) P2 @[5]D(d+pﬁZp,L) : @[5114 (129)

l =0 l =0 \L =70
=d =a 4
SPa,

u—p ()

@, D(d+pPZ,,00) @, D(d+pPZ,,1) DL
lZd lxd i(fd)HZdX(d)fd
: | x(2)
D(Z},00) i D(Z} L) — AL )
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where the direct sums are over [8] € 7(Xg) and d € (Z/pP)*. Indeed the top squares and bottom-left
square all commute directly from the definitions; and the bottom right square commutes since for any
p € D(Z,;,L), we have

/x z’du— Z xd/

Now, in line with Remarks 4.14 and 12.7, the proposition follows by combining (12.8) and (12.9). [

12.4 p-adic L-functions attached to RASCARSs
Proposition 12.9. If > 1, then Evggil = EVQ;70 oU, :H{(Sk,%a) — D(Z,,0q).

Proof. This follows from Proposition 4.10 (cf. [BDW, Prop. 6.16]). g

Definition 12.10. Let ® € H{(Sk, Za) be a U -eigenclass with invertible eigenvalue o, € O, fix f > 1,
and define

(@) = (a5) P BV ().

By Proposition 12.9, this is independent of the choice of 3.

Now let # = (7, o) be a p-refined RACAR of weight A satisfying Conditions 8.1; so it admits
an (|- |",y)-Shalika model, with w the purity weight of A. In particular, we have 1y = 1 trivial.
For K as in (2.1), let (}57r € H.(Sk, 7,/ (L ))7~r as (8.2). By (C4) and Theorem 10.7, 7 is non-critical
(Definition 10.5), hence ¢ lifts uniquely to an eigenclass @3 € H.(Sk, 2, )3 with U, -eigenvalue a,),
recalling o, = A (1) .

Forh ¢ Q>0, recall the notion of u € QD(ZPX ,Oq) having growth of order h [BDJ22, Def. 3.10].

Definition 12.11. Let [det(—w,)] € D(Z;,L) be the (bounded) Dirac measure defined by [z f
d[det(—w,)] = f(det(—wy)).
Let £ (7) == prl (@) e D(Zy,L). Let &z = ®F + @, and define the p-adic L-function attached
to 7 to be
Lp(7) = [det(=wy)] - ph ! (@z) = [det(—wa)] - (£ (7) + L, (7).

(The presence of [det(—w,)] will become clear). Let 2" := (Spf Z, [[Z;]])“g. The Amice transform
allows us to consider £,(%,—) : 2" — Q, as an element of O(2").

Definition 12.12 (Modified Euler factors). Let x be a finite order character of conductor p# with B > 0,
and j € Crit(A). At p, let

2
nj+n —L B 21— o
. (P2 2,1,7) = [] P %
ep(Fo ) = (Ow) T(x)" for y #1, and ep(n,ld):iznﬂl_i%,

where o; ; = 6;(p)/p’*!/2, recalling 7, = Ind§ 0. At oo, let
€T, 2, ) = i7" L(Ma @ Yooy j+1/2).
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Theorem 12.13. Let 7 be a p-refined RACAR of weight Ay satisfying Conditions 8.1. The distribution
L, (%) has growth of order hy, = v, (). For every finite order character x of Q*\A™ of conductor PP
with B € Z>o, and all j € Crit(A), we have

LW (z@yx,j+1)
QF ’

Lp(#,x(2)2) = /Z X(2)2 - dLp(F) = Ypm) - €p(7, 2, J) - €T X, ) -
D
where £1 = yo(—1)(—1)/. Here Y(pm) is defined before Corollary 8.2, and all further notation is as in
Definition 12.12 and Theorem 4.16.

Proof. The growth property follows as in [BDW, Prop. 6.20]. The Dirac measure is bounded so does not
affect the growth.
For ramified yx, the interpolation is analogous to [BDW, Thm. 6.23]. In particular, we have

| 2@ du @2) = (o) P [ (@) (1212

P
(0‘;)713 [Eéf,’f o ”)L} (®z)  (by Prop. 12.8)

(a;)_ﬁ 8{;’71;7(0 (9z) (by definition of ®z).

We computed EQ’}O(%) in Corollary 8.2; the term (Ot;)*[3 here combines with the (o, / ®,.q)P there to
give o, B This is the difference between Q'(m,x,Jj) there and e, (&, x, j) here, so we get the claimed
factors at p.

We now have a term x (det(—w,))y, j(W..). We recall that {, ;(W..) depends linearly on the choice
of branching law k; ; and the choice = from (3.2). We may make the same choice of ZZ as in [BDW],
and then the analogous integral was computed in [BDW, §5.4] — using the period relations proved by
Jiang—Sun-Tian and Geng [JST, Gen] — and shown to equal e« (7, Y, j). To obtain the relation here,

we need only compare the branching laws KEBW of [BDW, §5.2] with the ones K, ; of §11 here. By

definition, Kf?w (resp. Kk ;) is dual to an element VE‘B.W (resp. vy ;) of V,. Since both lie in a line we

know there exists C; such that Vi7" = Cjv; ;. Both are algebraic functions on G(Z,), and we evaluate
them at u = (161 vf:)

By Lemmas 3.6 and 5.11 of [BDW], VEBW (1) = (=1)/"det(w,)’ = det(—w,)/. We have chosen
(in Proposition 11.4) that v _;(u) = 1 always. Thus C; = det(—w,)/, and we deduce

Gy (Weo) = det(—wa) - eco(, 1., ).

Combining all of the above, for any ramified character we get exactly the claimed formula, but with an
additional factor of y (det(—w,))(det(—w,))/. This is removed when we multiply by the Dirac measure

[det(—wy)].
This leaves interpolation at the unramified character y = 1. We will complete the proof in this case in
Proposition 14.3. O

Remark 12.14. The factors e, (7, x, j) and e« (7, , j) are exactly as predicted by the Coates—Perrin-Riou
conjecture from [Coa89]; for p, this is mostly explained in [AG94, §3].
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13 Shalika families and p-adic L-functions

We fix a sufficiently large coefficient field L/Q, and drop it from most of the notation. Let 7 be a
p-refined RACAR of weight A, satisfying (C1-4) of Conditions 8.1. Recall K = Iwg [, GL24(Zy¢).

13.1 Existence and étaleness of Shalika families

This entire subsection is dedicated to the proof of Theorem 13.6 below, in which we will use our evaluation
maps to construct Shalika families. The proof closely follows the proofs of [BDW, Thms. 7.6, 8.11].

Definition 13.1. Modify Definition 2.3 by defining normalised Hecke algebras 3() := Z[U, , : r =
I,....2n—1],and H° =H'® H,. Atsingle weights the H and J{° eigenspaces in cohomology agree,
but (unlike J{) the normalised algebra J{° acts on the cohomology in families.

Define Tq < to be the image of H{° ® Og in Endg,, (HQ(SK, @Q)gh). Define &g <i = Sp(Tq <x), a
rigid analytic space.

Let w: &g <; — € be the weight map induced by the structure map Oq — Tq <j,. Also write Ta h
and é"g , for the analogues using +-parts of the cohomology. By [JN19, Thm. 3.2.1], @@&h embeds as a
closed subvariety of &g 5, and &g ), = 55 PRENCT

By definition, &g <, is a rigid space whose L-points y biject with non-trivial homomorphisms
Tq <n — L, i.e. with systems of eigenvalues of yy : H{° — L appearing in H.(Sk, Zq)<".

Definition 13.2. A pointy € &g, is classical if there exists a cohomological automorphic representation
7y of G(A) of weight A, := w(y) such that yy appears in E)K , whence 7y = (7, @) is a p-refined RACAR
(where o) = Y'[5¢; ). A classical point y is cuspidal if 7y is. A (1, y)-Shalika point is a classical cuspidal
point y such that 7, admits an (|- |", y)-Shalika model, for wy, the purity weight of 4,.

A classical family in &g j, is an irreducible component .# in &g, containing a Zariski-dense set
of classical points. A (1,y)-Shalika family is a classical family containing a Zariski-dense set of
(1, w)-Shalika points.

Since 7 satisfies Conditions 8.1, it is strongly non-critical by (C4) and Theorem 10.7. Let A = Ogmw
be the algebraic localisation of Oq at A.

Lemma 13.3. We have (Hecke-equivariant) isomorphisms
H(Sk, Za); @ A/my, = H(Sk, Z1,)7 = He(Sk, 13)5 -

Proof. The first isomorphism is proved identically to [BDJ22, Lem. 2.9] (cf. [BDW, Prop. 7.8]). The
second follows from non-criticality of 7. O

Let €+ = Sp(T¥) be the connected components of 5’5 , through X3
Corollary 13.4. (i) There exist ideals I= C A such that H..(Sx, Z0)% = A/I;.

(ii) Possibly shrinking Q, there exist ideals L; C Ogq such that H.(Sk, Zq )<+ R, T+ >~ 0q /I}E
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Proof. (i) By Proposition 8.3, the right-hand side in Lemma 13.3 is a line. Since Hé(SK,.@Q)%: =
HL (Sk, Qg)frh’i is finite over A, we may use Nakayama’s lemma, whence H.(Sk, Zq)3 is generated by
one element over A; but every cyclic A-module has the form A/ I;rc for some I;rt.

(ii) This follows from rigid delocalisation of (i) (as in [BW21a, Cor. 4.7] and [BW21b, §2.7]). O

Proposition 13.5. Suppose Az, > Az pi1. Then, up to shrinking Q.
(i) TT is free of rank one over Og,.
(ii) H.(Sk, Do)+ ®1s, T+ is free of rank one over T*.

Proof. By the weight condition, as in [BDW, Lem. 7.4], there exist § > 1, j € Crit(A,) and finite order
Hecke characters x of conductor p# with y=(—1)(—1)/ = £1 such that L") (m @ y*, j+ 1) #0.

As the €'+ are connected components, there exist idempotents e* such that 7% = ¢*Tg ,, and

HL(Sk, Z) S @ps T = e*HL(Sk, Zo) <"+ C HL(Sk, Zo)<"*. Restricting Evy'g from (12.6), we
get '

B
Using Corollary 13.4, let CD?,QE be a generator of H, (Sx, ) S+ ®rz, T* over Oq. Note that Anng,, (d)?) =

EviXt : H.(Sk, Do)t ©pz T* = D(Z},00).

I;. Then via the interpolation of Theorem 12.13, we have
| 2@ d (spa, oBVi(@7)) = () x LY (e x* . j+3) £0.
P

where (x) is non-zero. As sp;_ (EV?E(CDEE)) # 0, we deduce Evg’g (P7) # 0, that is, it is not the zero

distribution. Since D(Z,0q) is a torsion-free Og-module, it follows that Anng,, (®Z) =0 (cf. [BDW,
§7.31). Thus Iz =0, and H{(Sk, Zo) " @qz T2 Oq.

We deduce T is the image of {° in Endp(Q). Since this image is non-zero we deduce (i). Fi-
nally since the actions of Og and 7+ are compatible on H.(Sk, Zq )<+ Sz T+, and both 7% and

H.(Sk, Do)S"* ®rx, T+ are free rank one Og-modules, we deduce (ii). O
We finally arrive at the main result of this section.

Theorem 13.6. Let 7 be a p-refined RACAR of weight Ay, satisfying Conditions 8.1. Suppose Az > Az p1.
Then for any h > vp(a;), we have:

(i) There exists a point xz € Eq j, attached to &, and w : Eq j, — Q is étale at xz.

(ii) The connected component ¢ = Sp(T) in Eq j, through x5 contains a very Zariski-dense set € of
classical points corresponding to p-refined RACARs T,.

(iii) There exist Hecke eigenclasses @% € H.(Sk, Zq)* such that for every y € €., the specialisation
spay(q)(fﬁ) generates H.(Sk, 9&,,)%’ where Ay :=w(y).

(iv) Up to shrinking Q, for each'y € G the p-refined RACAR T, satisfies Conditions 8.1.
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Proof. (i) Lemma 13.3 and Proposition 8.3 show mz appears in H. (Sx, Zq )<+, giving points x% € €5 b
Moreover Proposition 13.5 shows é‘g » — Qs étale at x? Let €+ C é"gh be the unique connected

component through x; Using strong non-criticality of 7, we deduce that €+ contain very” Zariski-dense
sets %nf of cuspidal non-critical slope classical points by [BW21c, Prop. 5.15]. Now, as in [BDW, §8.3.4],
we can exhibit a bijection between ¢,,f and % and a canonical isomorphism ¢+ = %~, whence
¢ = ¢ =% isindependent of sign. Part (i) follows immediately.

(i) We let 6 = 6,5 = €. be the set used in (i).

(iii) Let (ID?@,E be Og-module generators of

H((Sk, Z0) " @qi T* CHi(Sk, Zo)~"* C H{(Sk, Z0)",

which are Hecke eigenclasses by Proposition 13.5. For each y € @, let m, C T+ be the attached maximal
ideal. Reduction modulo m;, induces a map

Sply : HtC (SK’ @Q)gh‘i ®T§i2,h Ti - Hé (SKv ‘@Ay)%a

which is surjective by combining étaleness of w at y with Lemma 13.3. By Proposition 13.5, we deduce
HL (Sk, .@,1}‘)% is a line, generated by spﬂy(cbff).

(iv) Every y € %, has non-critical slope, hence satisfies (C4). Recall 7ryK >~ H! (Sk, %Lv)i by (3.2).
As in (iii), the right-hand side is a line (using non-criticality), so 7ryK # 0. For each ¢ # p, this ensures
nf () # 0, so 7, is spherical, giving (C3).

Now, let 8, j, x= be as in the proof of Proposition 13.5, and define a map

Evgl,j :H.(Sx, D)™ — Oq

®— | ()2 -dEvy(®).
z; ’
As in the proof of Proposition 13.5, we have Evﬁxjj(éé)(kﬂ) = (x)x LWV (mox*, j+ 1) # 0. Possibly
shrinking €, we may thus suppose Evgx’ j(d%) is everywhere non-vanishing on Q. Let

05 =12, 05py, (%) € HL(Sk, 73 )3 -

Then by Proposition 12.8, we have
i1 j Q1
e/(03) = | 2@d[Bvgg o | = Bv, ;(@F)(3,) £ 0.
P

We deduce 7, satisfies (C1) by Proposition 4.15, i.e. m, admits a (| - |", y)-Shalika model.

It remains to show (C2). By [BGW25, Prop. 5.5], up to replacing %, with a smaller (but still
very Zariski-dense) subset, we may assume 7, , is spherical for all y € €. For suchy, let oy, . =
ay (U, ,) be the U, ,-eigenvalue of q);r:. As HL(Sk,7,)z is a line, by (3.2) again we deduce that

Y 7y

ZIn [BW21c, Prop. 5.15], only Zariski-density of classical points is treated; but the same proof shows very Zariski-density,
using that the classical weights are very Zariski-dense in Q.
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SH ( I}}V,G)[UO — oy, r=1,.,2n—1] is a line, so 7, is a regular p-refinement. Let W, , be a
generator; then we can relate W,,, (" |) to a non-zero multiple of Ev§ . J((])i) exactly as in [BDW,

§8.3.5]. In particular, W, , ("" | ) # 0, so &, is Shalika. It then follows that 7, is spin, by the non-critical
slope special case of Expectation 7.2 proved in [BGW25]: particularly, combining [BGW25, Thm. 8.9,
Prop. 8.7, Lem. 5.1]. g

13.2 p-adic L-functions in Shalika families

We finally give our main construction, of the variation of p-adic L-functions of RASCARSs in pure weight
families. Let 7 of weight A, satisfy (C1-4) of Conditions 8.1, and suppose Az, > Az n41. By Theorem
13.6(1), the eigenvariety for G is étale over weight space at &, and by Theorem 13.6(iv) its connected
component ¢ through 7 contains a very Zariski-dense set ;. of classical points satisfying Conditions
8.1. Let @ € H.(Sk, @Q) be the classes of Theorem 13.6(iii). Possibly rescaling by 05, we may
always assume sp; _ (D7) = @3

Definition 13.7. Let L%d * = [det(—wy)] p1(®Z), now considering the Dirac measure as being in
D(Z;,0q). Also let <1><g = ®L + P € H.(Sk(z), Za), a Hecke eigenclass, and define the p-adic
L-function over € to be

L7 = [det(—w,)|u (@) = LT + L7~ € D(Galy, 0q).
Via the Amice transform (cf. Definition 12.11), we consider L;"f as a rigid function € x 2" — 61,.

Theorem 13.8. Let y € €yc be a classical cuspidal point attached p-refined RACAR 7, satisfying
Conditions 8.1. There exist p-adic periods cyi € L™ such that

Lf’i(y’ _) = Cyi L[f(ﬁyv _)

as functions &~ — Gp. In particular, L;";ﬂ satisfies the following interpolation: for any j € Crit(w(y)),
and for any finite order Hecke character ¥ of conductor pP > 1, we have

L7 2@)2) =5 Vpmy - (R, 2, J) - €eal( Ty, 2,0) - L7 (70, x 2, j+5)/ Qi (13.1)
where Yoo(—1)(—1)/ = £1 and with notation as in Theorem 12.13. Finally we have ¢i-. = 1.

The ‘p-adic periods’ ¢j p-adically align the natural algebraic structures in {7y 1y € e}

Proof. Lety be as in the theorem. Using that y satisfies Conditions 8.1, let W, ; € Sn’ ! ( ) be as defined
as in (8.1), and pick complex periods Qi as in §8. Since y € € is defined over L, as in §8 there exists a
class

9y =05 (Wy) /ip(Qr,) € He(Sk, 75 (L)), -
As y is non-critical, we can lift ¢; to a non-zero class ®} € HL(Sk, 7y, (L))% By Theorem 13.6(ii), this
space is L -sp; (CIDj;) so there exists cf € L* such that

spzy(cbii) :c;E -CIDjE.
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By definition, Llj,[(fry) = [det(—wn)]EvB*’ly’l(CIJ}%). As evaluation maps commute with weight speciali-
sation (Proposition 12.8), we deduce sp %(Lf’i) = ¢ - L3 (), which when combined with Theorem
12.13 gives (13.1). Finally, our normalisation of CID%E ensures cxiﬁ =1. 0

14 Comparison to existing constructions

We finally show that the p-adic L-functions we’ve constructed at Iwahori level agree with previous
constructions, and deduce their interpolation property at unramified characters.

Let 7 be a non-critical slope regular (Iwahoric) spin p-refinement. Then 7 := (m,ap,) is a
non-Q-critical slope Shalika Q-refinement as in [BDW, §2.7,8§3.5], where being Shalika follows by
combining (the proof of) [Roc23, Thm. 4] with [DJR20, Lem. 3.6]. Now [BDW, Thm. A] attaches a
p-adic L-function £ ,(%2) € D(Z;,L) to 79,

Proposition 14.1. There exists a constant Y € Q*, independent of 7, such that
£(7) = - £,(72).
Proof. Since %€ is non-Q-critical slope, we have
vp(a,,) <#Crit(Az), (14.1)

where Ay is the weight of 7. In this case, both distributions have sufficiently small growth that they
are uniquely determined by their interpolation properties at ramified characters (see e.g. [Ngu22, Lem.
1.2.5]). Their respective interpolation properties agree exactly except at the volume terms at p (denoted
v in [DJR20, BDW] and ¥, in the present paper). In particular at every character, the interpolation
formulas differ by a rational number Y independent of 7. The result follows. 0

Remark 14.2. That the p-adic L-function depends only on the Q-refinement, not the full Iwahori
refinement, should be expected; it is predicted by the Panchiskin condition from [Pan94].

Now let € be any non-Q-critical Q-refinement of 7, and let £ ,(%2) be the p-adic L-function attached
by [BDW, Thm. A]. The following strengthens the results of [DJR20, BDW].

Proposition 14.3. The p-adic L-function £ ,(72) satisfies the interpolation

L) (m,j+ 1)

Lp(ﬁ.vzj):Y_l'}/(pm)'ep(ﬁ717j)'e°°<7t717j)' oF )
T

for all j € Crit(Ay). Here (—1)/ = %1 and all other notation is as in Theorem 12.13.
In particular, £, (%) satisfies the interpolation of Theorem 12.13 at y = 1.

Proof. Let ¢75L_'EQ be the class defined in [BDW, §6.6]. Then, taking B = 1, we have

Lp(7,2) = (ap,) 7" - €57 (930)
n? L(I’) T '—|—l
:YQ'p -em(ﬂ,l,j)'M
Oy n Qn

-G (j+ L) w, 1)‘
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Here the first equality is shown in [BDW, Thm. A]. The second is Theorem 4.16, noting that 5 (z,, h= P
and A(tg)/ o, , = 1/0ap . This local zeta integral was computed in Proposition 9.3. We find that this
exactly agrees with the claimed formula (as by definition, Y tracks the difference between the volume
factor Y(pm) at Iwahori level and 7, from [DJR20], at parahoric level).

The final statement follows immediately from the first part and Proposition 14.1. O

Remark 14.4. Exactly the same proof shows more generally that the p-adic L-functions of [DJR20,
BDW], for GL,, over a general totally real field and at arbitrary tame level, satisfy the interpolation
formula at unramified characters predicted by Coates—Perrin-Riou and Panchishkin.

Glossary of key notation/terminology

[ dual §2.1
(= =) G (=) G e §6.2
A e Defn. 10.2
O e system of eigenvalues §2.4.3
Oy woeee Uy -eigenvalue
A system of e’values for §
(07 0 ) T o /P basis of weights (11.1)
o a(Up,)
BCG .........oooiiii upper-triangular Borel
B o integer > 1
BCG .o opposite Borel
G Shalika family, Thm. 13.6
Crit(A) voe e §2.2
CUI) oo 4.3)
Dt Defn. 10.3
DO local system for D,
D Defn. 1111
AP o semigroup, §4.1.2
AG function, (2.13)
OB ettt §2.1
Evf,’[_ .......................... evaluation maps §4.1.2
Evg ......... distribution-valued evaluation maps §12.1
8{,:20 ...................... classical evaluation map §4.2
(oﬁg,gh,@(dg{ <hoe local pieces of eigenvariety, Defn. 13.1
ej,e; ... e root data §6.2
ep(Ro),J) connnnn. Coates—Perrin-Riou factor, Thm. 12.13
M1 o eoeeee e Shalika characters §2.3
I Defn. 7.8
S root data §6.2
FOemd§O% §7.1
£9emd§O% o Defn. 7.8
G o GL,,
G GSpiny,,
Galp .o §2.1
V(prm) «evvvmnnnnnieeeeeei constant §8
H oo GL, x GL,

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 3(2):161-236, 2025

S bl R e §3.2.1
H o spherical Hecke algebra §2.4
Ho Hecke algebra §2.4
FOHY e Defn. 13.1
.’Hg ................................ Hecke algebra §6.4
1V:H—>G ... (hl,hz)r—>diag(h1,h2)
S P P (4.4)
Iwg CGLou(Qp) «vvvveeeeiii. . Iwahori subgroup
W (11.8)
Iwg, CGL(Qp) «vvovvviiiiinn, Iwahori subgroup
[P e fixed isomorphism C = Q,,
JP parahoric §4.1.2
F % §6.3
KCGAf) v level group
KL j weeeeee e (11.13)
KD« ettt (11.15)
L . L-function without factor at p
LELPP e Defn. 4.3
Lp(R),LE(T) oo p-adic L-functions, Defn. 12.11
L;ff .............. p-adic L-function in family, Defn. 13.7
A= (Al Aan) e weight
My, Mp .o intertwinings (7.6)
Moo auxiliary integer, Defn. 4.3
L0012 A maximal ideals §2.4
NB(Zy) oo §11.2
non-critical slope ............. .. .. ..ol Defn. 10.6
O affinoid in weight space
QEcC* complex period
PCG ... standard parabolic
PIB cooitiiiiiitiii 4.9)
Tt RASCAR of G(A), Conditions 8.1
¢§ ............................. cohomology class (8.2)
L §2.4.3
Y e e e e §2.4.3
CEWG ti Weyl element
Tl e p-refinement §2.4.3
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QCG ..o parabolic with Levi H
QT 0, J) oo factor at p, Cor. 8.2
PGPG e half sum positive roots (6.8)
RASCAR ... p-162
T e e e (10.4)
8:,7, ........................... Shalika intertwining §2.3
SK o locally symm. space §3
Shalika refinement .................. .. .. ..., Defn. 7.1
spinrefinement .............. ... oo Defn. 6.2
TCG oo diagonal torus
To<nTogh «ooveeviieaain. Hecke algebras, Defn. 13.1
L e e e e (2.10)
B e Defn. 4.2
T e (') €GL2%(Qp)
T e Gauss sum 5.2
OF §3.3
0 T, =Ind§0
Upr oo Hecke operator §2.4.2
U §2.4.3
o ( ) W1> (eqn. (4.1))
X constant, Thm. 4.16
X Prop. 7.14
Vo algebraic representation §2.2
v(‘;{ jw) teeereeeree s §4.2
VT e e e e cocharacter §6.4
vo=("p)EWG oo pEW,
NV local systems §3.1
V(i)sV(r),j v vvverreren e Notation 11.2
Acknowledgments

VAL woeee e Prop. 11.3
1L Y Definition 11.8
W We,Wr oo Shalika vectors §2.3, (8.1)
Wo,Ws € S(Tp) oovveeniiiiii Prop. 7.10
Wy o spherical vector §2.3
WO, WOG ..................... weight spaces, Defn. 10.1
WG o Weyl group of G (Sy,)
We o Weyl group of G
W §6.2
W e Weyl group of GL, (S;)
W ettt e purity weight §2.2
WO et purity weight in family (10.1)
Wi €EWG o longest Weyl element
Wn €Wy longest Weyl element
W e character (11.5)
XE oo Defn. 4.3
Xg[é} .......................................... §4.1.1
X, XY Prop. 6.4
X et point of eigenvariety, Thm. 13.6
PP averaging map (4.14)
x (in §2-4, §8, §12-14) ....... finite order Hecke character
x(n§5-7) oo local character Q; —C*
x(Gn§9) ... local character F* — C*
xAn§10) ..o character T(Z,) — R*
2 cyclotomic character
2P point of eigenvariety
2 e diag(p™ ', p"2,...,p,1)
C(s,Wo ) vt Friedberg—Jacquet integral §2.3.2
GWE) o zeta integral at infinity, Thm. 4.16
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