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Abstract

In this thesis we shall be concerned with the study of models which arise as a
consequence of adopting discrete regularisations for various Euclidean space quan-
tum field theories. Specifically, we employ a random triangulation of the continuum
space, and define the fields only over nodes or links of the mesh.

Lattice field theories, together with the Renormalisation Group, are introduced
in the first chapter. Continuum physics is shown to depend on the positions and
stabilities of zeroes of the B-function, which in turn requires a knowledge of the
critical behaviour of the associated statistical model.

In Chapter 2. we examine a theory of Dirac fermions in 2 + 1 dimensions on
a random lattice. We investigate the behaviour of the 2-pt function and fermion
condensate in the absence of any background gauge field. The results indicate
certain doubling problems, generic to regular lattice formulations of fermion field
theories, are evaded, at least at tree graph level. We then go on to examine the
fermion vacuum currents in the presence of background fields with non-zero winding
number. We are able to demonstrate the existence of a Chern-Simon’s topological
term in the gauge field effective action which yields parity violating vacuum currents.
The magnitude of these are in agreement with certain continuum calculations.

‘The final chapter concerns the properties of random surfaces. The particular
class of models chosen originate as discretisations of Polyakov’s string. The partition
function is approximated by a sum over all possible random triangulations and
an integral over vertex positions. The sum over random lattices is intended to
mimick the functional integral over intrinsic metrics encountered in the continuum,
and the model may also be pictured as 2D quantum gravity coupled to a scalar
field. We consider the phase structure of the models when two forms of extrinsic
curvature are added to the standard action. Monte-Carlo simulation indicates that
with one type of curvature term a strong 2°¢ order phase transition exists at finite
coupling, leading to a new continuum limit for the model possessing long-range
correlation properties. With the other type a much weaker higher order transition
is observed. In this case the surface will be crumpled at long distance. We discuss
the implications of these results for continuum surfaces.
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Chapter One

Lattices and the Renormalisation Group

1.1 Introduction

In this thesis we shall be concerned with studies of discrete quantum field theories.
For such models to be physically interesting we will require that their predictions
for continuum physical quantities be independent of the precise form of discreti-
satlon, and specifically the size of the spacetime cut-off. That this is possible is
dependent on two crucial facts. The first of these is rela.ted to existence of points
in the parameter space of the models where cooperative effects couple many of
the degrees of freedom in an essential way. At such points the presence of long
range correlations ensure that the long distance properties of the theory become
insensitive to the details of the lattice regularisation. The second depends on a
non-trivial property of the theories termed renormalisability. This ensures that
one may consistently parametrise the long distance theory in a way independent of
the cut-off. We start with a brief summary of the essential features of continuum
perturbative renormalisation which will motivate subsequent discussions of lattice
renormalisation techniques and the ext:action of continuum physics from discrete

models.



1.2 Renormalisation in continuum field theory

In studying classical field theory we learn that all of the physics describing the
épacetime evolution of, for example, some scalar field ¢ (z) is encoded in the action

functional

S=25[4(z),0u¢(z),+-] | (1.1)

where we might choose S to be
D 1 1 2 2 A 4
§= [ dPz 28,4(2)0"4(2) - 5?6 ()" - 14 (2)

the integral extending over all the D-dimensional spacetlme The expression in-
side the integral is termed the Lagranglan L. One defines the momentum field

canonically conjugate to the ¢-field by a derivative of the Lagrangian

oL
() = 5(%9)

The equations of motion are obtained by finding extrema of S under variation of

the field. In this case we obtain;
m 2 A 3
0H0ud(z) + m°d(z) = —-3—,¢(3:) .

The transmon to a qua.ntum theory 1S trad1t1ona11y done by deriving a Ha.m1lton1an
and imposing commutation relatlons between the ¢-fields, now rega.rded as opera-
tors, and their conjugate momenta. The physical content of the quantised theory
is contained in its Green functions. These are vacuum expectation values of time

ordered products of the fields ¢ (z);

GY (¢ (z1)-+- $(zn)) = (OIT (¢ (21) -~ ¢ (2n)) |0) (12

It proves expedient to calculate these from within the Feynman path integral for-
mulation where the fields are once again c-number quantities and the probability

amplitude for a given transition is obtained by a sum over all paths in field space,
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weighted by e*S. The Green functions may be obtained from a quantity known as

the vacuum generating functional Z [J].
Z[J]) = / D¢ 514:9%,] (1.3)

where a source term J¢ is added to the standard action. If one functionally dif-
ferentiates In Z with respect to sources J (z1) , J(z2), ..., and then sets the J’s to
zero one obtains averages or correlations of the fields with respect to the weight
function e*°. It may be shown that these are precisely the Green functions ob-
tained in the canonical formalism. This path integral formulation requires a proper
definition of the measure D¢ and a subsequent demonstration of the convergence
of the resulting integral.A This proves extremely difficult in Minkbwski spa;ce; In
Euclidean space, obtained by the replacement ¢ — —i¢7, the suppression of paths
far from the classical solution is manifest, the weight function now being e~°. This
substantially improves the convergence properties of the integral. However, as we
shall see, the presence of an infinite number of degrees of freedom (the field at every
spacetime point is to be regarded as an independent variable), leads to difficulties
when calculating with the interacting theory.

| The necessary functional integrals defining Z can only be performed for a free
theory; one quadratic in the fields. Traditional methods of approach concentrate
on a perturbative solution, in which the Green functions are developed as a power
series in the (assumed srhall) coupling constant A. These series are at best oniy
asymptotic, and only useful for the calculation of physical amplitudes at energy
scales where A € 1. Even here important physics may be missed in such an dp-
proach and indeed for many theories of interest (e.g Q.C.D) the relevant coupling
constant is large at the mass scales of interest (these theories are free only at asymp-
totically large mass scales) . This seems to preclude this type of approach. Indeed
Renormalisation Group arguments lead to the conclusion that only theories with
infrared fixed points at zero interaction stength behave at long distance like free

theories, allowing for an identification of the asymptotic physical states with free
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particles. It is only with these theories that an attempted expansion about a theory
defined on the quadratic terms in the Lagrangian is valid at all. At present the best
method of approach for theories.without such properties is via a lattice description.

Eventually we will be interested in sending the spacing in our lattice theories
to zero to recover continuum physics. To achieve this a non-trivial renormalisation
of the bare parameters must be performed. In order to understand this process
we will first summarise briefly the conventional methods of obtaining finite Green
functions in continuum perturbation theory. We shall illustrate the process for the
model we have a.lrea;dy been discussing; scalar ¢* theory.

The perturbative approach is most easily visualised diagrammatically with the
aid of Féynman diagrams. A graph corresponding to some term in the perturbation
series for a Green function in the interacting theory is built from lines (propagators
of the free theory) which are joined at vertices determined by the interaction term
A¢%/4!. One particular method of approach attempts to evaluate the functional inte-
gral by an expansion about the saddle point corresponding to the classical solution.
Successive terms in this expansion are the quantum corrections. Diagrammatically
they correspond to graphs possessing internal loops leading to sums over all possible
momenta of the intermediate state. For certain D the integrals representing their
contributions diverge. Thus a perturbative approach apparently leads to nonsense.
The essence of the technique of renormalisation is to reorganise the perturbation
series in terms of a new set of pa.raméters— th'errenorma,lised parameters in terms
of which the Green functions can be made finite at all orders in the interaction.
The first step in this process requires the identification of that subset of all possible
graphs which are ultimately responsible for the divergences— these are termed the
primitively divergent graphs. On inspection, one soon discovers that (except in
certain massless theories) these divergences stem from the high energy modes of the
kinetic operator.

The first job in the process of extracting something finite from these expressions

consists of regulating the theory by, for instance, imposing a high-momentum cut-off
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A. This truncation only allows the contribution of intermediate states with momenta,
less than A. The precise method of regularisation is unimportant as eventually we
will want to remove the regulator to regain our original theory. It is merely a
procedure which we follow to allow us to subsequently manipulate quantities which
otherwise would be ill-defined. Other common methods include adding an opposite
statistics Pauli-Villars regulator field, or analytically continuing the integrals in the
dimension of spacetime (dimensional regularisation). In the former we subtract off
the bad high energy behaviour of a graph by the contribution of some massive state
of opposite statistics. The removal of the regulator then corresponds to letting
the regulator mass M — oo, so that it deco_uples from the theory at physical
.mass' scales. The essence of dimensidnal regularisation rests on the fact that the
convergence properties of the graphs are improved in lower dimension. The diagrams
can then be evaluated in general dimension by analytic continuation in D, poles
corresponding to 1/e terms (¢ = 4— D) appearing in the resulting expressions in say
D = 4, or at any other dimension where the original integral diverged. Dimensional
regularisation has the advantage that it does not mutilate the structure of a graph,
preserves symmetries of the classical theory, and is equally applicable to the infrared

divergences, which are the major problem in critical phenomena.

Now that everything is finite and well-defined one calculates the amplitudes
tQ some given order in the coupling constant, which now explicitly depend on the
regulator A, or € if we’re employing dimensional regularisatioh. Typically the contri-
bution will have a part, finite as the regulator is removed, plus potentially divergent
pieces. Next one constructs counterterms, to be added to the original Lagrangian,
whose job it is to cancel off these divergences. The finite part of these is arbitrary at
this point. The ambiguity in the choice of the latter is a reflection of the arbitrari-
ness in cancelling off the infinities. That the theory is independent of the choice of
these finite pieces is the fact that is exploited in the Renormalisation Group. Coun-
terterms which differ from each other by finite terms merely correspond to different

parametrisations of the same theory with different renormalised parameters.
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The process is continued order by order in the coupling A, the Lagrangian
containing terms of order A" being used to calculate the new Green functions to
order \"*!, which are made finite by the addition of new counterterms at this
order. The theory is termed renormalisable if the form of the counterterms needed
to render the theory finite to arbitrary order correspond to terms present in the

bare Lagrangian. The resulting Lagrangian may be written;

Lren =L+ Lc.t

where

. . A
(Budo)” + %mﬁqb% + ;l‘!’—qb‘é , (1.4)

N

ALfen =

and 1 1 A
= 2 T2 12 24,

1

2

and A, B, C are constructed so that the Green functions generated by L,., are

(1.5)
L.t =% (A8,4)° + SBm?4* + %ngs‘* |
finite as A — oo or € — 0. .One may then sweep the infinities into redefinitions
of the parameters in the Lagrangian and rescalings of the fields. At this point the
cut-off may be removed. The finite part of the counterterms, within say a Pauli-
Villars scheme of regularisation, are fixed ‘by requiring that at some scale u they
are determined by certain normalisation conditions (also called prescriptions) on
a small number df renormalised amplitudes. A simiiar, arbitrary, renormalisation
scale enters in dimensional regularisation as the couplings of the theory have mass
dimensions dependent on D, which leads to the introduction of an arbitrary mass
parameter p to absorb this dependence in general D. Thus we see that in rewriting
thé perturbation series in such a way as to eliminate the strong dependence on the
cut-off A we are forced to introduce a compensating scale ¢ which is arbitrary but
finite. Since the counterterms are now functions of this renormalisation scale, this
implies that renormalised parameters (those in L) also develop a scale dependence.

The statement of renormalisability implies the following relationship between the
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Green functions of the bare and renormalised theories ( we are using dimensional

regularisation for convenience);
I‘%’ (pi,/\amnua 6) = Zlerév (pia’\(hmoae) (16)

with '} analytic in . We may express the invariance of the Green functions (strictly
proper vertices) of the theory under changes in u by noticing that the bare Green

functions are independent of x4 and hence;

0 g d n N
— — _— - = 1.
where )
m
ﬂ (’\, ,6) - ”57;1
m \ 1 8lnZ
vYd ()‘, ;76) = 5/“ a# ’ (18)

These are analytic as € — 0 and dimensionless—they depend only on A and -'—":— r¥

has a canonical dimension dy equal to
4—N+e(N-2)

and under a uniform scaling of the momenta from p to sp we have;

5 0 ) N
“—6_/1- +s£+m-6—n—%-—(4—N+e(N-—2)) FR (3p1m7’\,/-‘7€)“_‘.'0

The (3,7 functions are in general functions of the mass parameter. However it is
possible to choose a renormalisation prescription where this dependence disappears—
the minimal subtraction scheme. Neglecting also for the moment the mass term in

the equations and eliminating 3‘%, we arrive at a scaling equation for I"f{

0 0
[—Sg-l-ﬂ()\)—a-x-l-dN—N’yd(A) 1-11}\2/' =0 (1.9)

To solve this partial differential equation introduce the scale dependent or running

coupling constant A (s). The solution then becomes;

T¥ (sp, A, 1) = s~V TN (p, A (s) , ) e i 4774 (A(), (1.10)
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Thus under a change of momenta the Green functions scale in a non-trivial way.
The coupling constant flows with scale s according to the S-function and the Green
functions I'V develop, beside the canonical dimension dy, an anomalous dimension
~q4 for each external line. As we shall see, the asymptotic behaviour depends on
the zeroes of the A-function or fixed points of the theory. Generic points in the
parameter space flow into these points under repeated rescalings. At these points
the coupling constants are invariant under further scale changes. Considerations
of the sign of the B-function near these points allow one to infer the domain of
attraction of the points in the limits of high and low momenta. Unfortunately one
can only calculate the S-function in perturbation theory, and hence the only zeroes
of it that may be reiied'oh are those ét zero interaction éoupling corresponding
to a free theory. Non—perturbafive methods must be used if one is to investigate
other non-trivial zeroes of this function. Of course in general the §- function is
expressible as a double Taylor series in € and A, hence the fixed point structure is
also dependent on e. This dependence only disappears in a dimension where the
coupling is dimensionless. However this e-expansion allows one to study theories
away from such critical dimensions within perturbation theory.

-Having summarised this approach, let us consider its failings. Perhaps the
most obvious is that already mentioned- that it is tied to perturbation theory.
Secondly the usual continuum réguIators do not possess any physical motivation—
they are merely mathematical tricks used to render the graphs well-defined and to
isolate the divergences. It would be nice to have a regulator which possessed a more
direct physical interpretation. Such is the lattice (whether a regular or random
discretisation of spacetime). This structure allows for non-perturbative studies to
be carried out, the cut-off corresponding to some inverse average lattice spacing.
Strong-coupling expansions are also rather natural on the lattice, and since we
always deal with finite systems the problem may be translated onto the computer

for numerical simulations to be performed.

It turns out that these discretised Euclidean space quantum field theories can
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be interpreted as classical statistical models in one higher spatial dimension. Let the
field ¢ (z) become the discrete set of variables ¢;, i = 1--- N. Replace derivatives
by some sort of nearest-neighbour coupling giving a matrix M;;. The vacuum gen-
erating functional Z becomes a partition function and is represented by an ordinary,

absolutely convergent, multiple integral

N
7 = /Hdgbi e~ SE (1.11)
i=1

where Sg now reads

Se=a) é:Mijb; +v¢}
ij

The Green functions map to correlation ft‘mcti»ons‘of the cléssical fields. This allows
all the tools used by theorists in statistical mechanics and solid state physics to
be employed in studying these models. It matters not (at least for scalar fields)
whether we choose to regard the lattice spacing as some sort of fundamental scale
(say the Planck length), Poincaré invariance being only an approximate symmetry
valid on scales greater than this spacing, or merely as a cut-off required to define
the ‘qua,ntum theory. One may expect that one can construct renormalised physical
amplitudes which become independent of the cut-off at points where a continuum
limit corresponding to a relativistic quantum field theory is obtained.

The degrees of freedom on the lattice are only coupled locally so it is a non-
trivial problem to achieve correlations at finite fixed physical distance, as the lattice
spacing tends to zero. It requires the inverse mass-gap of the theory to diverge in
units of the lattice spacing. This is a feature of statistical models at so-called critical
points of their parameter space, where a second or higher order phase transition
occurs. Thus it is of some importance to understand the essential features of the
critical properties of such models in order to understand how to take the continuum

limit of any discrete quantum field theory.



1.3 Introduction to Critical Phenomena

As we have seen, in order to understand how we should approach the problem
of taking the continuum limit of some lattice field theory, we must first acquaint
ourselves with some of the phenomenology of statistical systems near critical points.
Consider, for example, the 2-D Ising model, which is defined by the Hamiltonian (

with N sites)

H=-J Z 0i0;j
(i5)
where the o; are discrete variables, constrained to the values (+1 ,—1), and the
sum runs over all bonds of the lattice. One may add a term coupling linearly to an

external field B s
. N
H—-H+B Z o;

=1
The partition function reads
Z = Z e PH
configs.
with the corresponding free energy
1
F=—--InZ

B

where the sum runs over all 2V possible spin configurations of the system. The
model shows two qualitatively different phases. These are distinguished by a local

order parameter — the average magnetisation per site

LA
m= 5 o)
=1
Alternatively we may write it as a derivative of the free energy with respect to the

field B. The model defined by this Hamiltonian in the absense of the field term is

invariant under the global symmetry
o; = —0;

and the presence at large § of a non-zero value of the order parameter (which is not

invariant) signals the spontaneous breakdown of this symmetry. It occurs because
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the ground state of the theory in zero field is not invariant under the symmetry, even
though the Hamiltonian is. Thus in the ground state spins must all point either
up or down. One of the most difficult tasks, when analysing a general spin model
for phase structure, may be the identification of the appropriate order parameter
which develops a non-zero value in the non-symmetric phase. In some models (e.g
2-D continuous spin models, and theories with a local symmetry) such local order
parameters may be absent, and the study of non-local quantities such as spin-spin
correlation functions may be necessary to distinguish different phases.

The magnetisation vanishes as a power near the critical point
m~ (IB - ﬂc)é‘

The index p is termed a critical exponent. It is instructive to examine the fluctua-

) e

1
5 2 (gioj) —m?
ij

if we choose a point where m ~ 0 then we see that this susceptibility x measures

tions of this magnetisation;

this becomes;

the sum over correlation functions
X= Z(ani) | (1.13)
i

and this may diverge if there are long-range correlations. As before we characterise

this divergence in terms of some new exponent 7y
X~ (B—B)" (1.14)

Another thermodynamic function of interest is the specific heat or variance of the

Hamilton:ian;
C = (H*) — (H)*
oF
032
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this may also diverge, sensitive as it is to large fluctuations in the spins, its singular

part varying like;

Cn~(B—B)"
If (as in the Ising model) the transition is continuous with singularities only occur-
ring in second derivatives of the free énergy, it is said to be of second order. Consider
now the spin-spin correlation function. At a generic point in the parameter space

of the model, it behaves as

(oi0;) ~ e Tii /&) (1.15)

However, close to the critical point, 8., the correlation length ¢ diverges in units of

the lattice spacing. This manifests itself in power law behaviour of the correlation

function.

—(d—2+n)
(gigj) ~ Tii
where n the anomalous dimension is a critical exponent. The divergence of £ as

B — B, is controlled by another critical exponent v
§~(B—B)"

Thus we have seen that the properties of typical statistical models near their critical
points shows a universality manifested in the appearance of critical exponents which
commonly are only sensitive to the dimensionality of the system and the nature of
any symmetries of the Hamiltonian. The transition is pictured to be driven by the
presénce of a diverging correlation length (¢), which becomes fhe only important
length scale in the system, completely suppressing details of the interaction on scales
of the lattice spacing. There is then an approximate scale invariance in the system.

The presence of power law behaviour of the singular part of the thermodynamic
functions can be generalised to the more useful statement that these functions be-
have as generalised homogeneous functions of the variables used to describe the
macroscopic state of the system (eg 8 and B). A generalised function of 2 variables

is one such that
f (NP2, My) = Af (z,y) (1.16)
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In order to see how the p and ¢ relate to critical exponents consider writing the

singular part of the free energy as such a function
fF(APt,MB) = \f (¢, B)
where t is § — B.. Differentiate with respect to B to obtain the magnetis'ation.ﬁ |
Mm (A\Pt,A\1B) = Am (¢, B)
set A = (—t)_l/p and put B =0
m(t,0) = ()7

this leads one to identify the magnetisation exponent § with (l—;i’-)-. Similar argu-
ments lead to all the critical exponents being determined in terms of p and ¢. Thus
the hypothesis leads to so-called scaling laws relating the many critical exponents.
These have experimental support.

Many tools have been developed for the study of such systems, for example
high temperature expansions (strong coupling). These are based on expanding the
Boltzman factor in the partition function and carrying out the configurational sums
on the individual terms. Mean field methods can be employed, effectively evaluating
the partition function‘ by a saddle point approximation, whereby fluctuations are
.ignored and the expectation vaiues of fields determined by minimising the resultiﬁg
approximation for the free energy. At the other end of the coupling constant range
low temperature expansions (weak coupling) also attempt to evaluate Z by a spin-
wave expansion about some ground state of the model. All these methods fail to
describe the critical point adequately, since they neglect the long-range correlations
which are the all-important feature of systems at criticality. However as we shall
see next, the methods of the Renormalisation Group work best near points where

there is an approximate scale invariance.
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1.4 Lattice Renormalisation Group arguments in spin models

As we have discussed, the search for continuum physics in lattice field theories must
take place close to a critical point of the lattice model, where a diverging corre-
lation length allows approximate scale invariance of the theory. We have seen in
the continuum how the inclusion of fluctuations (i.e quantum corrections) induces
a scale dependence in the physical parameters of the theory via renormalisation
effects. This amounts to the statement that we can compensate for changes in the
renormalisation scale (as seen in dimensional regularisation, for example), by an ap-
propriat‘e change of the coupling constants of the theory. An alternative approach,
due to Wilson, exploits the arb1tra,r1ness in the pa,rametensa,tmn of a renormahsable
theory in a more intuitive way. Instead of cons1der1ng the variation of the renor-
malised parameters with renormalisation scale, holding the bare parameters and
cut-off fixed, one chooses to vary the bare parameters and cut-off together in such
away as to leave the renormalised parameters unchanged. This is the procedure
usually effected in studies of critical phenomena and lattice gauge theories. Here
the trick is to successively decrease some high-momentum cut-off, by integrating
out degrees of freedom describing short distances, in such a way as to preserve the
physics on long length scales. One finds a flow of the coupling constants under
repeated applications of this transformation, and if the system is near criticality
these flows may be attracted to a fixed point of the transformatmn Such a point
corresponds to a zero of a B-function which now gives the rate of change of the
coupling with the cut-off. Notice that the central problem in critical phenomena
corresponds to the divergence of correlation functions in the thermodynamic limit.
It is thus the infrared properties that lead to the need for renormalisation here. In
order to see these features in more detail we next summarise lattice renormalisation
techniques, illustrating how they lead to critical exponents. It will be shown how
considerations of stability of such points allow one to infer both the infrared and
ultra-violet behaviours of the theory.

The basic idea of the lattice renormalisation group is that, close to a criti-

14



cal point, the spins fluctuate coherently over distances of the order the correlation
length. The dominance of long-range fluctuations means that details of the inter-
action on the scale of the lattice spacing are irrelevant to the long-distance physics.
One can consider thinning the number of degrees of freedom in the system by con-
structing ”block spins”, which represent some sort of average of the spins within
some block of linear dimensions L, and systematically integrating out the interior
spins. One is left with an eﬁ'e<':tive Hamiltonian for the block spins, with renor-
malised coupling constants, which represents the same long-distance physics. This
non-linear transformation of the coupling constants is termed an R.G transforma-

tion. Formally we perform the constrained sum

e_HL(SL) — Z e—H(SL)Ul') (1.17)

o

where the sum on o; is over "interior” spins, consistent with some fixed configuration
of the renormalised spins Sy . The partition function is an invariant by construction.
In general, of course, such a procedure will induce new interactions not present in the
bare Hamiltonian. If one imagines a space of all couplings, each of which is conjugate
to to a possible interaction term, then the effect of repeated R.G transformations
is to cause a flow in this space. Assembling the coupling constants into a vector K,

the elementary transformation is pictured
Kp=T(K) (1.18)

Fixed points in this parameter space correspond to points invariant under 7. Call
such a generic point the vector K*. In order to examine the flow near such a point

we linearise the transformation around K*. Setting K = K — K* we obtain
0K ~T*"6K

where T* is a matrix of partial derivatives of T with respect to the couplings,

evaluated at K*. By a sequence of transformations, one can bring this to diagonal
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form, with a new set of couplings 6k". Under n applications of the transformation

T, these scale simply as
§klp ~ (AT)" 6k"

where A" are the eigenvalues. Clearly interactions, corresponding to eigenvalues
with A" < 1, run to their fixed pbint values and are termed irrelevant. Their
vectors span a subspace termed the critical surface. Systems starting off on the
critical surface are equivalent to ones at the fixed point. This partly explains the
observation of universality among critical systems, as often the differences in the
details of interactions in two systems correspond to irrelevant operators, which hence
are uniinportant on long-distance scales. The eigenvalues with A > 1 are termed
relevant as they grow under repeated épplication of T'. Systems which start close
to the critical surface initially move towards the fixed point, then out along the
so-called renormalised trajéctory corresponding to these coupling constants. These
interactions alone are important in the infrared. We see that systems precisely at
their critical point are exactly at a fixed point and remain there. The resulting
theory is scale invariant. The relevant eigenvalues are related to the indices p, g, - - -
introduced earlier, and hence to the critical exponents. Under a length reséaling by

L, the free energy transforms (near f.) as

f(ELE ) ~ LT (AR, %R ) (1.19)
Thus we recognise;
_ In M
P=dnL
_In)?
1= dnL

This systematic integration out of degrees of freedom on small scales may be
done either in real space or momentum space. We next illustrate these 2 techniques
for 2 simple spin models.

Consider a 2-d Ising model on a triangular lattice. We may form block spins

16



associated to elementary triangles by the following rule;

Here the sum runs over spins bounding an elementary triangle of the lattice. These
give a blocking factor L = 1/3. The block spin Hamiltonian is determined by the

condition

e—H(KL,51) _ Z e~ H(K,SL,0%)
o

The summation over terms which do not involve coupling between blocks represents
a harmless shift in the zero of energy and is not interesting. If we split the Hamilto-

nian into a piece Hy (K, SL,04) which does not.include interaction between blocks,
and

V=-K) Y > S

I#J i€l jeJ
then one can write the expression for the Boltzman weight on the scaled lattice as

e—H(KL,SL) — [Z e—Ho(K,SL,O';)] <6V>

the brackets indicating an average over ”interior” spins o; with respect to the ”free”

Boltzman factor

Introducing a cumulant expansion

(V) = (V) -

we may obtain an expression for the perturbed Hamiltonian by retaining only the
first few terms. At first order, retaining only the (V'), a 2-spin term coupling adja-
cent block spins is obtained, with a renormalised coupling constant. Linearisation
around the fixed point yields critical exponents close to those obtained by an exact
solution.

To illustrate the momentum space approach, consider our original ¢* model.
Introduce the cut-off A = 1/a and divide the momentum intervals into short-

wavelength 7/La < k < w/a and long-wavelength 0 < k < 7/La components.
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Then separate the fields into their slow and fast components (i.e short-wavelength

and long-wavelength).

1 D w/La "
Y .. L ik.z
¢L (-'17) (277) / Lw/La dhare
D /a
1 .
Y . dk ik.z
Ps (=) (277) / -[r/La e

The quadratic part of the action (or Hamiltonian) is now diagonal, and in the
absence of any self- interaction, the partition function factorises exactly, the inte-
gration over short-wavelength fluctuations being trivial. By appropriate rescaling
of the momentum variable the integration over the long-wavelength components
can be cast into a form identical to the origina‘,l with renormalisations of the mass

parameter.

kr =Lk  a(kr)=2Zta(k)

with the identification Z = LP/2+1, The fixed point corresponds to a massless
field. In the more interesting case of self-interaction the solution can only be found
in perturbation theory. The quartic coupling mixes fast and slow modes. This
is analogous to the term V in the real space approach which couples block (renor-
malised) spins. Using a cumulant expansion and retaining terms to order A?, one can
identify a renormalised action, which under rescaling leads to a set of renormalised
parameters. In order to obtain a renormalised X, independent of momentum, one
must éﬁ'ect an expansion in € = 4— D, The results are théﬁ only of quantitative use
near D = 4 the so-called upper critical dimension for the model. This corresponds
to the situation discussed in the section on continuum renormalisation. One finds
2 fixed points for general D. One corresponds to the Gaussian fixed point already
discussed, and is the stable one for D > 4, whilst the other non-trivial fixed point
depends on € and is stable for D < 4. The stability criteria are reflected in the fact
that one requires at least 1 negative relevant eigenvalue of the linearised R.G trans-
formation at a fixed point for it to be physical (i.e for flows on it’s critical surface

to be attracted). Thus for dimensions greater than the upper critical dimension
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corrections to mean-field theory are small as the theory behaves like a free the-
ory at long distance. Conversely we expect critical exponents differing dramatically
from mean-field predictions below this dimension where the inclusion of fluctuations
generates new LR stable fixed points.

As expected the approach has led to predictions for the scaling behaviour of
bulk physical quantities, and an understanding of universality in statistical models.
The final section of this chapter applies all these ideas to the important question
of how to extract predictions for physical quantities, which are independent of the

lattice spacing, in lattice models for field theories.

1.5 Continuum limits for lattice theories

As we have seen systems of many locally-coupled degrees of freedom may develbp
singularities in various bulk properties at so-called critical points, where a phase
transition occurs. The theories are approximately scale invariant at these points,
whilst deviations away from criticality are controlled by universal exponents, re-
lated to relevant operators in the R.G sense. In critical phenomena the potential
divergences are associated with infrared divergences because of the thermodynamic
limit, whilst as discussed, the generic problems in field theory relate to U.V diver-
gences. However the conclusions remain the same. Physical quantities develop scale
d_epéndencies. One may Change. the cut-off and the couplings in such auv‘vay as to
preserve the physica,l content of the theory. Such is renormaliéability. One is led té
introduce the so-called 3-function, which describes the dependence of the coupling

on the cut-off.

' B(g)= —adcgg)

with a a measure of the average (for say a random system) lattice spacing. The
B-function controls both the I.R and U.V behaviours of the theory. Zeroes of this
function are points of global scale invariance corresponding to fixed points of the

R.G transformation and critical points of the model. All conventional theories start
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off with a Gaussian fixed point

B(g)=0atg=0

Theories where the B-function is always positive are termed infrared stable, the
coupling always increases with increasing mass scale ( this leads to the Landau
singularity at sufficiently large momenta). Theories where the $- function starts
off negative for small g are termed U.V stable, since the coupling is driven to zero
at large mass scale. Asymptotic freedom is a phrase commonly used to label such
theories. It is possible that other non-trivial zeroes of the -function exist near each
of which a continuum limit may be taken, but possessing different relevant operators
éﬁd hence corresponding to diﬁ'erent continuﬁm physics. The stability of the fixed
point is related to the sign of the derivative of the [-function there. Theories
built near zeroes with a positive gradient are infrared stable, whilst a negative
gradient indicates U.V stability. Note that the presence of fixed points provides
another explanation of the universality observed in statistical systems. The values
of coupling constants and mass parameters at long-distance are independent of their
bare values at the scale of the lattice cut-off. They flow to the nearest I.R stable
zero of the S-function. It may be possible to construct many different continuum
limits from a given discrete statistical model, corresponding to a situation where
the B-function possesses many zeroes With a variety of U.V and LR stabilities. The
full structﬁre of this funétion is not aVa.ﬂable to perturbative approachesvin the
continuum, whilst, in principle, it may be studied numerically on a discrete system.
Much of the work presented here is devoted to this aim.

In Chapter 3. we investigate random surface models with extrinsic curvature
terms in their actions. Specifically we conduct a series of simulations on these models
to search for possible new zeros of the corresponding (-function. The analysis in this
chapter tells us that to each zero of the lattice S-function there may be a different

continuum limit.
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Chapter Two.

Parity Violating Vacuum Currents on the Random Lattice

2.1 Introduction

In this work we describe both the considerations which lead one to expect parity
anomalous currents in the vacuum of a quantum field theory describing fermions
in interaction with gauge fields in odd dimension spacetime, and our investigations
of this phenomenon for a theory regulated on a random spacetime lattice. In the
first section We'discu'ss some of calculations which may be dbné in the continuum
which illustrate important aspects of the problem. Later we explain our reasons for
defining a discrete version of the theory on a random lattice, discuss questions of
fermion doubling, and address the problems faced in devising suitable algorithms

for a numerical study of these effects.

2.2 Anomalies in even and odd dimension

One speaks of an anomaly in a quantum field theory when a symmetry of the
classical action is not preserved in the full quantum theory. Traditionally attention
has centered on the so-called chiral anomalies which may occur in even dimension
spacetime. We summarise the main conclusions here first; |

The massless free fermion action is left invariant under global chiral rotations

of the fermion fields;

. [3 — -_ .
¢ — ewz'y ¢ ¢ — ¢eza75

where

2n
7 = H’Yi

=1
Note that v° plays the role of ¥2**! in D = 2n + 1. This symmetry of the action

remains when we add a vector coupling to, for example, a U(1) gauge field. Thus,
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by Noether’s theorem we expect a conserved current

0*jus =0, Jus = VYuvsY

but we find instead an anomalous Ward identity for the divergence of this axial

current;

0" .5 = const.e®Pronbnp, o . Fanﬁn (2.1)

— the abelian anomaly [1]. In a topological background field this term contributes
an anomalous part to the divergence. The anomaly manifests itself within the
path integral formalism because of a non-trivial Jacobian factor which arises from
the change in fermionic variables correspondmg to the chiral tra.nsformatlon The
quantum theory is defined by integration over all field conﬁguratmns Th1s requires
the stipulation of a measure, and it is this which is not invariant under the chiral
rotations. The main problems arise when we have a chiral gauge theory, in which V-
A currents are coupled to gauge bosons. Here such anomalous changes in the fermion
measure under gauge transformation lead to a breakdown in gauge invariance and
renormalisability. For theories containing several species of fermion with differing
axial charges one can arrange for a cancellation of the anomaly. The Weinberg-
Salam model of the electroweak interactions is an example of the latter.

Here however I shall concentrate on the anomalies that occur in odd dimen-
sion. In a minimal representé,tion of the Dirac algebra there is no <5 operator-to
generate Aa, chiral symmetry. The important symmetry here is the discrete parity

transformation. Consider 2 + 1 Q.E.D and the transformation
z1 — —2; Ty — Tg T3 — T3
A — —A, Ay — Ay Az — Aj
Y — o1 -¢'- - -IZU 1
where 0,,02,03 are a representation of the Dirac algebra. One may easily show that

6Lkinetic =0
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whilst any mass term my explicitly breaks this symmetry. Similarly in three

dimensions a candidate mass term for the photon
pe*PTAgF, . (2.2)

is also odd under parity. Such a term is called a Chern-Simon’s term [2,3]. In com-
plete analogy to the situation in even dimension for chiral symmetry, this discrete
symmetry will be seen to anomalous under quantisation. Furthermore, intimate
connections may be drawn between these parity anomalies, and the possible chiral
anomalies that may occur in one higher dimension spacetime.

If we integrate out the fermions in a ba;:kground gauge field with Non-zero
winding number then at one loop order terms are generated in the effective gauge
field action which break parity. These are just the Chern-Simon’s terms (sometimes
called Hopf terms) already mentioned. Furthermore the magnitude of such induced
terms is independent of the fermion mass, varying like T:_I This already indicates,
that if we include a fermion mass term, in order to control infrared divergences, we
will generate anomalies in the effective gauge action. Our lattice calculations verify
the existence of the associated vacuum currents. In the next section we shall see

that in order to regulate the U.V. divergences of the theory in a gauge invariant

fashion, we will be forced to add such a counterterm to the Lagrangian [2,3].
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2.3 Gauge invariant regularisation of the fermion determinant

Let us consider the effective action obtained by integrating out the fermion fields

(in 3D Euclidean space).
e T = /DEDQ,& exp (-—/d"'ma D ¢) (2.3)

this a non-local quantity—it may be that it is not invariant under gauge transforma-
tions which have a non-trivial topology, even though the action is invariant under
local gauge transformations. In order to define this theory upon quantisation we
must stipulate a method of regularisation which should attempt to preserve any
symmetries of the theory. This presents us with a problem, since one cannot use
say Pauli-Villars regularisation (which explicitiy introduces a mass .term)", for fear
of generating parity-anomalous terms in the effective action which remain even as
the regulator mass is taken to infinity. Similarly, if we choose dimensional regulari-
sation, one obtains vacuum polarisation graphs at one loop which generate a piece
proportional to €*#7. This tensor possesses no well-defined analytic continuation to
arbitrary D. In an attempt to evade this problem let us write the effective action in
the form [2]

Te(A) = —ilndet(§ + A) (2.4)

which may be written
l .
det (1 Pa)?, Da=+*(8u+4,)
where
=030, p=1,2,3

Now there exists a 4 X 4 matrix that anticommutes with :D4—so the spectrum is
symmetric about zero. Lets us define det( I) ) as the product of the positive eigen-
values of i D 4(A,). Since moreover i I} 4 can be regulated by the introduction of a
parity invariant mass term this procedure will maintain parity as a good symmetry.

Consider now varying the gauge field along some path parametrised by 7
A, (z#,7)=0,7 =—00 to A,(z¥,7)=U;'0,Un,7 =+00
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U, belongs to the n** homotopy class. Now the spectrum at 7 = +o0 is identical to
that at 7 = —oo (since it is gauge invariant). However somewhere along the path
A must pass through configurations not pure gauge ( if n # 0 ). The eigenvalues
may become rearranged, and indeed some may pass through zero. Thus det? i D,
may change sign if an odd number of eigenvalues flow from positive to negative
values. Clearly A, (z#,7) can be thought of as an instanton-like configuration in
the gauge A4 = 0 and 4 dimensions. Since the spectral flow is a topological object
we may compute it in the adiabatic limit. Let us write A(z;) = Z(z,)g(7) where
z; = (z,,7). We may show that the number of zero crossings is equal to the number

of normalisable zero modes of some new d living in this even dimension space, where;
d =7 (0:+4) i=1-4 y*=79"=0Q1I (2.5)

To see this let us write the condition for a zero mode of this new operator

g =0
' '3% =—1" D4y
i.e writing
¥ = f(r)é(*)
- Thus %ﬁé = —)\.(T)f.(’l") é (x*)

f(r) = f(0)exp (— / dr'A(r’))
Therefore only if A > 0 at 7 = 400 and A £ 0 at 7 = —oo is this normalisable.
Therefore, there is a 1 : 1 correspondence between zero modes of d?"*2 and the
spectral flow of the operator D4 and hence det D2"*!. The index theorem allows us
to relate the number of positive to negative chirality zero modes in this 4 dimensional
space, corresponding to this new d, to the winding number of the instanton-like field

we have constructed.

number of zero modes = 2nt — (nT —n"7) (2.6)
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Thus if the winding number is odd an odd number of eigenvalues flow through
zero and the determinant changes sign. The instanton-like field corresponds to a
large gauge transformation in the original space. Thus it appears that our carefully
constructed regularisation scheme which maintains parity as a good symmetry leads
to an effective action which is not invariant under large gauge transformations—a
global anomaly. In order to restore gauge invariance one might add a photon mass
term or Chern-Simons term to the action, since it is well-known that this term also
changes sign under odd-winding number transformations [3] . However such a term
breaks parity. If we naively employ Pauli-Villars regularisation we may show that
‘the eﬁ'eptive action, calculated as M — oo, contains an induced topological term
proportionalAto the Chern-Simons term. This Will give rise to a topological cufrenﬁ
in the ground state [2,3]
(J) =1/8x*F

for an abelian theory. Thus we find that the ground state of the quantum theory
does not respect the classical symmetry and parity is broken.

Indeed it appears to be a general conclusion that upon quantisation one is
unable to maintain both symmetries and in order to keep gauge invariance one must
necessarily give up parity. This in turn allows such theories to possess interesting
vacuum structure. This is quite analogous to the situation in even dimension, where
one finds an a.némaloﬁs Wérd identify for the diverge_née'of the géuge—invaria.nt _axié.l
current after renormalisation. Again one can construct a chirally-symmetric current
which is conserved, but is now no longer gauge-invariant. Note also that there
appear to be strong connections between the parity anomalies in odd dimension
and the chiral anomalies in one higher dimension. We finish this discussion of the

theory in the continuum by a generalisation of this analysis in 3 dimensions to any

odd dimension.

27



2.4 Odd dimensional effective actions

Consider a generic fermion theory in D = 2n + 1. In order to extract physics from
the quantised theory we must include a regulator. For simplicity add a Pauli-Villars

regulator field with Lagrangian
1_ oy e
Lreg=§xﬂx+zMxx D=2n+1

where the imaginary mass term is needed to avoid tachyonic poles in the propagator

after Wick rotation back to Minkowski space. So formally we can write [3];

A
-T _ I I __k
© TN M 2.7)

where we employ a regulator field of opposite statistics. Under P the eigenvalues
are inverted about zero (in even dimension it is the operator s that is responsible

for this symmetry in the spectrum, here the P operation plays an analogous role )
Ak (AP) = =X (4)

sO A\
—T(AP) _ —Ak :
(A = I ————
]-;‘[ —)\k -+ 1M (28)
— o T@"

So the anomaly is associated with the imaginary part of the effective action ( or the

phase of the determinant ).

, Ak
X(T) = & _E In{ ———
S(T) = lim J( k ln(}\k zM))

= lim Zarctan(M//\k)

M=o (2.9)
o (T3

k>0 k<0
=1

n is termed the spectral asymmetry. To relate this to the anomaly in D = 2n + 2,

consider an interpolation between field configurations 4y and A; i.e A, on M2"+1_4
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field on M?"*! @ R. It will correspond to a gauge transformation between the two
configurations. Now the number of normalisable zero modes of ) 2+ gauged to

2n+1

A2nrt2 = ( equals the spectral flow of D (by a simple generalisation of our

previous argument). So the difference in 7 is;

n(Ao) — (A1) =2 (number of zero modes E2"+2)
(2.10)
= /z'ndex density (D2n+2)

where the integral extends over the manifold M?"*! @ R. Adopting for clarity the
notation of differential geometry we have that the index density (T'rF™) is a closed
form ( i.e dTrF™ = 0 by the Bianchi identity ), so there exists ( by Poincaré’s
lemma ) locally on M 2""'? ® R a 2n + 1 form Q such that;

dQ(A) =TrF" since d® =0
Therefore using Stoke’s theorem we may write [1,3];

n(A) = /Q (A) + const (2.11)

where the integral extends over the boundary of the space M2"*?2 i.e M2"*1 and we
can successfully restrict Q to lie on this boundary. Q is clearly the generalisation of
the Hopf term to arbitrary dimension. Indeed the content of the previous equation
is that we may write the spectral asymmetry in the odd dimensiona.ly space as the
integral of a local function over the space. Thus it is possible to eliminate this
a.norriaiy by the addition of a lo¢al counterterm of the form —im [ Q(A) provided Q
(this Chern-Simons term) is gauge invariant globally. For spin 1/2 representations
in D = 2n+1 we get a contribution when the winding number of the field A is odd.

We may extract the parity anomalous part of the gauge current by functionally

differentiating the integrated Chern-Simon’s form;

T, .

This is in agreement with our earlier result. Note that this current is exactly
conserved since the Chern-Simon’s form is locally gauge invariant permitting a con-

served Noether current. It is interesting to see that the existence of a spontaneous
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breaking of parity, or equivalently the nonzero nature of the spectral asymmetry, is
crucially dependent only on the properties of the zero modes of the corresponding
Dirac operator in one higher dimension. It is only the zero modes that are sensitive

to the global topology.

We have seen that the effective gauge field action contains topological terms
in odd dimension as a result of integrating out fermionic fields. These may arise
from explicit mass terms, or from attempts to regulate the theory’s infrared and
ultra-violet behaviour in a gauge invariant fashion. Instead of employing some
standard continuum regulator it would be interesting to investigate such theories
within a lattice approach. As we shall see, this is non-trivial with conventional
a,pproaéheswhich utilise lattices endowed with an exact frénslationél symmetry.
Hence this work employs a random lattice. Such a lattice does not respect parity
even in the massless case (there is no global reflection of coordinates which leaves
the Dirac operator on a single lattice invariant). As such we might guess that even
in the continuum limit one picks up an anomalous term in the action with the
associated non-vanishing vacuum currents in topological gauge field backgrounds.
The following section first describes, in more detail, the problems encountered in

regular lattice formulations.
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2.5 Doubling Problems

In studying a generic interacting quantum field theory one typically encounters
divergences in the values of calculated physical quantities. These occur when a
loop expansion is made about the classical theory and they can be classified into
two types; infrared and ultra-violet. The first, arise in certain massless theories
because of the infinite spatial extent of the system. The latter occur because of the
nécessity of including the contributions of products of fields in intermediate states
whose arguments are arbitrarily close to one another. In momentum space this leads
one to sum over arbitrarily large momenta which may formally give infinite results.
To make sense of such a system one must first. devise a method of regularising the
theory in order to render all quantities finite and well-defined. One may then cafry
out the manipulations necessary to renormalise the theory. Of course eventually
this regularisation must be removed. These steps have been reviewed in Chapter 1.

Clearly the central reason for the difficulties arises from the infinite number
of degrees of freedom involved. A natural way to proceed, which is not tied to a
perturbative approach, entails the replacement of a field defined over a spacetime
continuum to a situation where the field variables are defined relative to a discrete
lattice of points in spacetime. The field variables then live on local geometrical
constructs of the lattice eg a spin-zero field could be defined at the lattice sites, a
spin-one field on the links joining any pair of nearest neighbour points etc.

Since fundamental mé,tter felds are believed to be of spin-1/2 character such
an approach requires a prescription for discretising a fermion field on such a lattice.
It turns out to be a highly non-trivial problem to devise a suitable method to do
this which recovers standard continuum properties as we take the naive continuum
limit. The generic problem in such approaches goes under the name of fermion
doubling. When naive discretisations are chosen of the continuum Dirac operator
one finds spurious states in the spectrum which contribute to physical observables
and most importantly do not decouple from physics as the lattice spacing is taken

to zero. These are the doubles [5]. An example illustrates the problem.
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Consider a regular hypercubic lattice in D dimensions consisting of N sites. Let
the spinor degrees of freedom sit on the lattice sites, replace derivatives by nearest

neighbour differences. Then;

1
ay.%b - 5:1- (Q)bmv'f'auv - me” '—6}”')

the lattice action reads

S = Z zb-manzﬁn

where 1
D- D D
an = -2_a ! Z7ﬂ (5m,, —'6,“;,71:; - 5mv+6pv,nv)
K )
+ aDm5,I,3m

In momentum space this is diagonal

My =m+ia™! Z’yﬂ sin (27k/N) (2.12)

p
a is the lattice spacing. The integer k varies in the range +(1 to N/2) . Thus there
is now a maximum momentum in the system corresponding to a wavelength equal
to twice the lattice spacing. The space of all possible distinct wave-vectors becomes
compactified to a region termed the Brillioun zone. The entire momentum space is

obtained by translation through all reciprocal lattice vectors. If we write

27k,
qQu = Na

‘Na = L, the lattice length

then

My =m+ia”! Z Yu Sinagq,

Consider the 2-pt function. This is given by the inverse of the operator M
1

—ima + ), Yusinag,

G ~

(2.13)

ima + ), sinag,
P sin? ag, + (ma)?
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The problem is now evident. As ma — 0, the approach to the continuum limit, G
picks up contributions both from the poles ag, ~ +ima but also from the poles at
7 —ima and —7 + ima. The lattice propagator has no suppression of momentum
values near the zone boundaries. These are modes which oscillate in sign on the scale
of the lattice spacing which preclude a simple continuum limit. In each spacetime
direction we have two independent regions where the theory gives a free fermion
propagator in the continuum limit. In D dimensions we have 2P fermion species
[5].

One might think that this problem is merely an artefact of our simple discreti-
sation scheme and that by cleverly choosing our derivative term we can avoid the
extra zeros of M. In fact the problem is much mofe fundamental than that and
can be seen to be unavoidable in a rather general class of theories. To show this
consider a regular lattice formulation in D = 1. The Dirac operator is a first order
operator and hence changes sign under inversion of the coordinate. Thus its Fourier
transform contains only antisymmetric terms in momentum space. If the discrete
form is to represent a Dirac operator then My ~ k at small k. Now M is periodic in
momentum space with period 27/a, so that if the dispersion relation is continuous,
there must be another zero of M | somewhere in the Brillioun zonei.e —7/a to +/a.

If we allow for a non-local expression for the derivative in real space we can
generate a discontinuous dispersion relation with no species doubling- the so-called
SLAC derivati?re. However it prox}es difficult tolreproduc':e the correct results in
weak-coupling perturbation theory with such a term. Other lattice formulations
add terms to the action which ascribe masses to the doubled sector of the order the

cut-off which hence do not contribute in the continuum limit;
My =m+ia™? Z'y,, sinagy, + ra™? Z(l — cosaqy)
p p

This procedure explicitly breaks the chiral symmetry present in the massless Dirac
action in even dimension and that of parity in odd dimension. The situation is

complicated by the fact that both these symmetries are anomalous in the continuum,
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and it is by no means clear whether the correct Ward identities are obtained in the
continuum limit with this so-called Wilson fermion prescription. An alternative
approach due to Kogut and Susskind diagonalises the Dirac operator in spinor
space by a sequence of unitary transformations on the 4 matrices. One then simply
throws away 3 of the spinor components on each site leaving a single component
fermionic object in the theory. This reduces the number of species from 16 to 4 in
D = 4. However constructing operators for the original degrees of freedom in terms
of the new fields is difficult. Furthermore one is forced to describe the residual
degeneracies as different flavours.

TQ summarise any local, hermitian, chirally symmetric and translationally in-
vé,riant lattice regularised fermion field theory is guaranteed to suffer from doubliﬁg
problems. The doubles come in equal numbers of positive and negative chirality
species ensuring that the axial anomaly identically vanishes in this scheme. This
in turn means that the continuum limit can never reproduce the correct anomalous
Ward identity for the divergence of the axial current [5]. Previous work in 2 [6]
and 4 [7] dimensions on random lattices indicates that the formulation of fermion
theories on such lattices avoids these problems at least at tree level. It is shown that
in even dimension a spontaneous breaking of the chiral symmetry of the doubles
occurs, the doubled sector acquiring masses of the cut-off the inverse of the average
lattice spacing. A goldstone boson is present in the spectrum. In the continuum
limit the cofrect anoma,lous.'Wa.rd identitieé are obtained. However if one considers
radiative corrections then the doubles contribute to primitively divergent graphs,
even in the continuum limit. It is found that the form of these divergences dif-
fer from the continuum case and a careful fine-tuning is required to extract finite
answers as the average lattice spacing goes to zero [8].

The object of this work is partly to test the random lattice as a suitable frame-
work for building fermion theories in odd dimension and secondly to investigate
topological currents in these theories . Conventional schemes preclude such studies

as the doubles always conspire to render the net current zero.
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In order to give a specific example of the presence of doubles in a physical
correlation function, we calculate the transverse propagator on a regular lattice in
3 — D. This will also be of interest when we later obtain the corresponding random
lattice result.

Consider the transverse fermion propagator;

Gaﬂ (z) = /d21 ngdz‘l d:l:zdyl dy25(21 — 29 — Z) (’tp&hyhn)lpfxz’yz,zz)) (2.14)

We diagonalise the Dirac operator by Fourier transformation and obtain the follow-

ing expression for the transversé propagator

eiqzz

G(2) :Z o, sinagq; — ima (2.15)

z

where the sum over g, 1s

27
gz =£(1---N/2) o~

Here Na = L = 1. The evaluation of this sum is detailed in appendix A. The results
for G!! and G?2 when z > 0 are

1
11 _
G (2) = Ppp——~
1
22 _
G*“ (z) = Py

(e—mz + (_1)n+1 e—mLemz)
mz n+l mL_-mz
(e +(=1)"""e™"e )

~ There are tw_o interesting features to these equations.. Let L — oo then G!!

becomes the standard expression (in Euclidean space) for the fermion propagator

However G?2 is not zero (corresponding to no amplitude for antiparticle propagation

foward in time) but

(_1)n+1 e~ ™%

This is the doubled mode. Figure (2.1). illustrates G'!, showing the oscillating

contribution of the doubles.
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Figure 2.1 Regular lattice propagator G (2) at ma = 0.15.

One may also write the expressions for the two components of the propagator

as
—sinhm (z — L/2) 1 even:
: Gll (Z) — smth/2 ’ | ’ (2 16)
o ~ ) coshm(z— L/2) 2 odd R
sinhmL/2 '
sinhm (z — L/2)
n even;
22 _ sinhmL/2 ’ ’ -
G™(2) = coshm (z — L/2) ad (2.17)
simhmL/2 ~° = o0

Having motivated the use of a random lattice to investigate the vacuum structure
of these fermion theories, hopefully with a view to reproducing some of the results
obtained with continuum techniques, the next section discusses the methods used

to construct the lattice and the discrete counterpart to the Dirac operator.
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2.6 Construction of the random lattice Dirac operator

In order to develop a discrete analogue of the Dirac operator over a random distribu-
tion of sites we require an algorithm that provides us with rule for generating a set of
nearest neighbours to every site which is in some sense optimal, permits no crossed
links, and assigns bond-strengths in a way consistent with the local structure. Such
an algorithm was proposed by Christ, Friedberg and Lee [9]. To triangulate a set
of points in D dimensions pick every distinct set of D+1 points and draw the hy-
persphere defined by them. If this sphere contains no other points the set of D+1
points forms a cluster. Each site is then connected to every other site in the cluster
by a link and all are nearest‘neighbou_rs to each other. Repeat this for all othér
sets of points. Such a procedure sets up the nearest neighbour information and
the link lengths I;; . The clusters are termed D-simplices. It is important to note
that every D-1 simplex is bounded by two D-simplices. In D=3 the clusters are
tetrahedra, the 2-simplices are the triangular faces of the tetrahedra and form the
boundary between 2 neighbouring tetrahedra. The algorithm completely fills the
system volume , usually taken to be a unit cube, with non-overlapping D-simplices.

The calculation of the Dirac operator involves a knowledge of the dual lattice.
Every link [;; is dual to (D-1)-dimensional volume ¢;; which lies in the hyperplane
orthogonal to the link. The union of these volumes as one sweeps round all links to
a site enclose a D-volume-the dual cell volume w; , which is conjugate to the site i.

A naive implementation of the search procedure outlined above proves inordi-
nately time-consuming as the work required scales like NP*2, Instead we exploit
the fact that every triangle bounds two and only two tetrahedra. Given some start-
ing tetrahedron one loads its ches into some array which eventually will contain
all the triangles, flagged by a logical bit that tells us that the face is active, in the
sense of being a potential source of another tetrahedron. The links are stored in
a sequence of linked lists, successive members of the list for site ¢ holding the site
indices of any links attached to site ¢, where a link ordering is imposed in order

that any given link appears only once in the lists. As for any linked list a pointer

37



i1s included in the field of the data item giving the address of the next link attached
to site ¢. This allows for the sui)sequent efficient insertion of new links as the only
disruption to a given list involves reconnecting the pointers of data items adjacent
to the insertion. It also proves an efficient way of storing link information given
that with the algorithm we use we are continually comparing a potential new link
with existing ones to check if we have seen it before. Initially all the links of the
first tetrahedron are loaded.

The algorithm proceeds by the continual removal of active triangles from the
triangle array, the search for a new tetrahedron complementary to the the one
which generated the triangle initially, the comparison and possible insertion of the
pdtential new links and triangles With those already found, and fhe "subsequent
removal of the triangle from those flagged active. It proves useful for the later dual
lattice calculation to store all the tetrahedra attached to a given link.

The search for a new tetrahedron from a triangular face is the search for only
one new vertex. It is effected by a bisection method. One constructs the normal
to the triangle passing through the point of intersection of the perpendicular bi-
sectors of any two of the triangle sides n. The circumcentre of a cluster must lie
somewhere along this. If cl represents the circumcentre of the ’old’ tetrahedron,
the circumcentre of the new tetrahedron we are trying to find may be represented

as

c2=cl+ An
where A (the distance along the normal away from the old vertex) is determined by

a simplex bisection. That is, at any stage we write

1
A= ‘2‘ (amin + ama.:c)

We start the search with amin = 0, @amaez = 4@ say. The distances of all points from
this trial circumcentre are computed (we set the distance of the old tetrahedron
vertex to infinity). The radius of this trial circumsphere is determined by the

distance of the circumcentre to a vertex of the triangle. If more than 1 point lies
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within this radius, then we are looking too far along the normal, we set @Gmqz to A
and try again. Conversely if we find less than 1 point within the radius we set amin
to A and try again. If we find just 1 point we have a candidate for a fourth point to
a new tetrahedron. We check this explicitly and if not, go back to the search and
increase the initial a;yqz.

One can refine this so that when distances are being computed in order to check
for points inside the search sphere we consider only those guaranteed to be ’close’ .
This we do by dividing the lattice volume into boxes with say roughly 3 or 4 points
per box. Arrays giving the box numbers of neighbouring boxes to a given box are
set up. Then when we do the distance search we include only neighbouring boxes.
If the simplex methc;d fail's- to .converge after some numbef of iterations, then we
consider the next layer of boxes out from the box containing the triangle. This is
continued indefinitely and ensures we do not do excessive amounts of useless work.

When a new tetrahedron is located its vertices are loaded into an array and the
links examined for new additions. A similar procedure is followed for the triangles
(where again an ordering of the vertices is decided upon, in order to ensure that
any triangle appears only once). The ’old’ triangle is flagged inactive and the next
active triangle is examined. In this way we ’grow’ tetrahedra from some seed until
there are no active triangles left.

We apply periodic boundary cor;ditions on all faces. We implement this in the
code by replacing any vector between say sites in the lattice by a new vector which
takes care of the toroidal boundary conditions, allowing simplices to wrap around

the boundaries. Specifically
X = X — anint (X)

where the intrinsic FORTRAN function anint is defined below.
0, if | X] < 0;
anint (X) =< —1.0, if X < -0.5;
+1.0, if X > 40.5.

All the most frequently used parts of the code were written to facilitate efficient

vectorisation on the CRAY-XMP/48. The CPU time taken to triangulate a 103
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system, together with a calculation of the dual lattice, being of the order 4 seconds,
whilst the program scales only as the system size. The triangulation can be checked
by summing the tetrahedron volumes and the dual cell volumes. These should be
unity. The Euler characteristic is also calculated to check the boundary conditions

have been implemented correctly.

x= Y Np(-D)" (2.18)

all simplices

where Ny, is the number of simplices of order m. x should be zero on a torus.

In D=3 the o;; themselves are constructed as follows: First restrict attention
to a site i and its nearest neighbours. For every link /;; retain the site indices of the
tetrahedra attached to it. Take any 3 non-coplanar links in a cluster. These define a
tetrahedron. Construct the unique point of intersection of the planes perpendicular
to these links. Do the same for the other tetrahedron sharing a common face with the
last and joined along the same link /;;. One can construct a small triangle from these
2 points and the mid-point of the link. This is a contribution to ¢;;. Now continue
sweeping round the link summing all the elemental triangular areas associated with
pairs of neighbouring tetrahedra to obtain the total o;;. An elemental contribution
to the dual cell volume is obtained by multiplying this area by 1/3 the link length.
Summing over all links to site : generates all the ¢’s and w;.

Now we have tfiangulat'ed the latt‘ice it remains to calculate the Diraé operatér.
First though we must examine the question of how to impose topological fields on

the system.
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2.7 Topological background fields

Here we describe different methods for imposing background gauge fields with ar-

bitrary winding number. Consider the field
A1=wa:2 A2=O A3=0

The only non-zero components of the field tensor are Fj; = —F); = —w. However
we need to identify opposite faces of the lattice in order to create the toroidal
boundary conditions. Thus there is a potential discontinuity at say zo = L of wL
in A;. This is allowed provided we can interpret it as a gauge transformation. Now

a gauge transformation transforms the potential as;
A, — A, — B;A .
where we must have
A= —wlz;
and the fermion field transforms as
§ — ey

Such a gauge transformation must be strictly periodic in z;, so
27N
12

We see that the flux must be quantised. The integer n is of course just the winding

(2.19)

wL2 = 27'rn w =

number of the field. In practice we found it convenient to use a singular repre-
sentation of the gauge field with trivial boundary conditions on the fermion field,
as opposed to the trivial gauge field plus non-trivial fermion boundary conditions

described above. Specifically we examined the theory in the background field [6]

_ 2mnyé (z)
L

2nnz

;=0  A;= 4y =

(2.20)

which yields the same constant field stength everywhere, including z = 0. Gauge

field variables, living on the links of the lattice U;; are then calculated in the usual

way

; K
Uij — ezfA,,d:z:
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2.8 The Dirac operator

The fermion action is chosen to be [10]:-
1 —
S=> Y BNl Ui +m > withgth; (2.21)
i,J i

where

{ oij, if i, linked,;
/\,'j =

0, otherwise.

¥;,%i are independent (in Euclidean space) 2-component spinors, U;; is the gauge

field variable and m is the mass. The lattice analogue of the Dirac operator is:-

AijyHU Uiy

p W= 2, /w;W;

The complex matrix opera.f;or D;; is sparse and we store only the nonzero
entries together with indexing information. We are interested in obtaining elements
of the inverse matrix, since this contains all the information on the system in a fixed
background. The total storage for a matrix of order 8000 is about 2.5 megawords,

so fits easily into the fast memory of the XMP.
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2.9 Inversion algorithm

"To obtain matrix elements of the inverse operator we use a simple conjugate gradient

scheme, which tackles the general problem of the solution of linear systems of the
type
AX =b

where A is a positive definite hermitian matrix of order N, by minimising the
functional;

F(z,2") = (b— 42)T A7 (b - 42)

This is effected by the following. algorithm;

At each iteration a chailge in z, the approximate solution vector, is made which
maximises the change in F. Thus we tralck down the line of greatest slope, hence
the name. At each step a new approximation to z is obtained by simple matrix
operations;

F (z"+1) =min F (2" +agro+ -+ + anra)

where the minimisation takes place in the space of the a’s. The r; are termed
the residuals at step :. They are constructed to be orthogonal (in the absence of

roundoff). The algorithm is implemented as shown below;
initial guess zg
Po =T =b— Az
loop while (rg,rr).ge.ek =0,1,---
ak = (&, 7x) [ (Pk, Apk)
Zk+1 = 2k + Qkpk
Tk+1 = Tk — Ak Apk
Bk = (rk+1,Tk+1) [ (Tks TE)

Pe+1 = BkPrk + Tk+1
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end loop

This has a global minimum at Az = b and local minima are encountered when-
ever the residual vector r = b — Az is an approximate eigenvector of A. This leads
to oscillations in the magnitude of r and a slowing down of the convergence rate of
the algorithm. In principle the procedure, like the Lanzcos algorithm to which it
is closely related, is exact in the sense that in the absence of roundoff errors it is
guaranteed to converge within IV iterations. As such the algorithm has advantages
over other iterative and relaxation methods. The conjugate gradient algorithm ef-
fectively never discards any of the information acquired at previous iterative passes.
It converges well for diagonally domma.nt matrices whilst the rate falls off exponen-
tially as the mass is decreased — the function F' has a local gradient Wh1ch decreases
with the mass, consequently the changes in z are correspondingly smaller. Another
way to see this is to notice that as the mass decreases the correlation length increases
and we experience critical slowing down. This occurs because at each iterative step
only local changes are made in the z vector so that information is only propagated
across the lattice at finite speed measured in units of iteration time. Clearly the
Dirac operator is not positive definite so one works instead with — Ez +m? by
applying our operator twice in succession. Since almost all the work is spent in
doing the matrix-vector multiplication, we optimised this in such a way that row
on vector operations are pipelined on the XMP with the code achieving close on 50
megaflops in spite of the necessary indirect addressing. The ﬁumber of iteratioﬁs
required depends essentially on the so-called condition number of the matrix which

is approximately the ratio of largest to smallest eigenvalue.
K~ Amaz / /\min

Due to the increased coordination number (typically 16 links per site as opposed
to 6 on a regular lattice in D=3), and the much larger condition number of the
operator on a random system, it requires a considerable number of iterations to

obtain a good approximation to a column of the inverse matrix (eg ¢ < 1E — 10).
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Figure 2.2. Propagator on 10 X 10 x 20 lattice at ma = 0.2 .
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Typically we need 150 iterations at ma = 0.1. It proves unnecessary to obtain the
entire inverse, something in the region of 4 timeslices proves sufficient to calculate

the currents.

2.10 Results

Firstly we examined the theory in the absence of any background gauge field. The
results confirm that only the primary fermion contributes to the 2-pt function.
Specifically we calculated the transverse propagator as discussed previously. If we
adopt a representation of the 4 matrices such that v, = o3, then by rotational
symmetry G%? (z) has zero off-diagonal elements. As we have seen we can extract
the continuum propagator in a periodic box of sidélength L as

—-mz

11 _ _¢
G (z)--1

m

Again as L — oo we recover the expected propagator e™™#. On a random lattice

this goes over to [11];

af
N (2.22)
ij

G (2) = 5 Y Vo700 (B +m) |

where

A8, =6(z; —zj — (2 —a/2))— 0(zi ~ z; — (2 + a/2))

a is the é,verage lattice spacing a = N~V 3_. The fa,ndom.lattice prdpagator has the
correct symimetries é,nd the coefficients of v, and v, are small aﬁd look like noise.
Figure (2.2). shows the 2-pt function on a 2 x 1000 site lattice. The only deviations
occur for separations less than 2/3 lattice spacings where the contribution of the

doubles is evident.

We also studied the fermion condensate (_zp_z/)) In the continuum this is;

Tr d’p !
(27{)3 ) ? +m
om 4 d®

T @n)PJo PPAmE
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where A is a cut-off. Therefore we find:-

Thus we expect

or

(2.23)

unless there are extra heavy fermions present. Figure (2.3). shows a plot of this

quantity against ma for several lattices. The results confirm thaﬁ, as expected there

are extra particles in the spectrum with mass~ 1/a contributing. This conclusion

survives the continuum limit, and indicates that we have a breaking of parity.
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46

0.250



It is now of interest to examine the electromagnetic current in the background

of fields with winding number 1 and 2. In the continuum the vacuum charge is
Qu= / Lz (Pyu1)
With the topological field introduced earlier, the continuum charge is
Q. =n/2

On the random lattice we must first determine the form of the gauge invariant

current. This is done by the following trick [11]. In the continuum replace A, as

follows o |
Ay(z) = Ay(z) +ay
then
. 0
Q“ = z—az:hl Z|an=0

On the random lattice
]. - a > v —
S=3 > ol Ui i +m Y with s
i,j R

SO

., 0S
QV‘—:Z(aa )la,,—O,

Z Tij lzJ U’JZZV 17“¢j>’

(2.24)

,vl, U; _
- __Z "ij%’ (Trv* (B +m)™").

We also calculated the naive current

Iz =iZTr’yz(1p +m):n1m

which is expected to give identical results as ma — 0.
We experimented with both periodic and antiperiodic boundary conditions on
the fermion field. The results for periodic boundary conditions show strong finite

size effects, due to the contribution of the (approximate) zero mode, rendering
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prediction In1/2 is also shown.

extrapolation to the limit ma — 0 impossible on the relatively small lattices we
employed. Those for anti-periodic boundary conditions with unit winding number
field show much improved behaviour. In Figure (2.4). we plot InQ; against ma for
4 lattice sizes. | | | |

On the figure the continuum prediction is shown and we see that the data are
consistent with a charge of one half in the continuum limit ma — 0. Note that
at small enough ma the curves turn over to give vaﬁishing charge at ma = 0, so
our extrapolations must be done at points before these finite size effects become
important. We also compared the results of a winding number 2 field on a 1000 site
lattice (Figure (2.5).), the measured charge indeed being close to twice that for the

n = 1 field on the same system.
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2.11 Conclusions

In conclusion it appears that random lattices provide a suitable regulator for fermionic
theories in odd dimension, at least at tree level, the doubled modes do not contribute .
to correlation.func'tions‘beyond a few lattice épa.cings and appear to Aa,cqu.ire masses
of order the cut-off. That this is so signals a breaking of parity in the system. This
is in agreement with other methods of regularisation which are forced to induce
parity ancmalies in order to maintain gauge invariance. In particular, our results

are in agreement with those obtained by Dagotto using Wilson fermions [12].

We are able to demonstrate the existence of a topological term in the effective
action for the gauge fields, which yields parity-violating currents in the vacuum,
whose magnitude depends only on the sign of the bare fermion mass term. This

is in agreement with earlier work using Wilson fermions, and the measured charge
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agrees well with continuum predictions. The fact that a non-zero value is found
1s another indication that in the continuum limit, the doubles decouple from the
theory. Any even number of ft;:rmion species are believed to pair up with eciual
and opposite signs of the mass in odd dimension, their contributions to the current
cancelling [13]. We have not considered the situation with dynamical gauge fields.
The calculations were done on the CRAY-XMP /48 at the Rutherford laboratory
under SERC grant GR/E/3209.0.
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Figure Captions

Figure 2.1 Regular lattice propagator G'! (z) at ma = 0.15.

Figure 2.2. Propagator on 10 x 10 x 20 lattice at ma = 0.2 .

Figure 2.3. a® (%) vs ma for N=1000 (o),

N=2000 (o) sites. |

Figure 2.4. Log vacuum charge vs ma for N=500 (+), N=1000 (x),
N=2000 (o), and N=4000 (o) sites. The continuum

prediction In1/2 is also shown. The dashed line through the

(o) points is to guide the eye.

Figure 2.5. Log vacuum cha;mrge vs ma for N=1000 sites and Winding

number 1 (o), Winding number 2 (o) fields.
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Appendix A.

In order to evaluate this sum consider the following contour integrals in the

complex w plane;

f . eiwzdw
I = ¢ ima
C (eiwl —1) (sin2 aw + (ma)z)

f ' eiwzdw
I, = 0z Sin aw —
c (eiwl —1) (sin2 aw + (ma)z)

where 2z > 0. The contour C can be drawn such that it encloses both a series of poles

along the real axis corresponding to the 'allo‘we.d 'valués'of g: in the first Brillouin
zone (and no others) and the 4 isolated poles arising from the second factor in the
denominator. Furthermore it can be arranged that the value of the integral is zero
corresponding to a careful choice of contour. Thus the sum of the residues of the
poles along the real axis is just the negative of the sum of the other poles in the
complex plane. Thus our transverse propagator becomes the sum of I) and I,. I;

contributes;

3 | o A= (V) e (1 (1)
I contributes;-

1 e—mz m
2

(1 () e (14 ()" )

where z = na with n integral. Adding and subtracting these terms gives the appro-

priate diagonal components of the transverse propagator.
1 - +1 _ —-m z
Gll (Z) = I—__—e—:—n:f (6 mz + (—l)n A Lem )

1 n —-mz
G22 (z) — :,;Z—:T (emz + (_1) +1 emLe )

A similar procedure allows us to calculate the propagator G for z < 0 and shows

analagous structure.
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Chapter Three

Random Surfaces with Extrinsic Curvature

3.1 Introduction

Random surfaces appear to be important in understanding many diverse areas of
theoretical physics. These include solution of the 3-D Ising model, a description
of the confining phase of non-abelian gauge theory, and topics in polymer mem-
bra,nes and interface physics. In addition such models are crucial to the problem of
construCtirig discrete regularisations fdr bosdnic stririg theory.

When constructing an action for these objects it is appealing to incorporate
only those terms which are independent of the way we parametrise the surface and
possess some geometrical significance such as the surface area. In the case of string
theory this area is the invariant area of the world sheet swept out by the string as
it moves through spacetime. The motion of point-like excitations provides a useful
analogy. As a particle propagates through spacetime it sweeps out a line. It is the

invariant length of this world line which is taken as an action. In the continuum we

S =Am'o/dr [(%})2}

This action is invariant under reparametrisation of the world line;

may write;

1/2

z* (1) - o (f (7))

To construct the quantum mechanical amplitude for such a particle to start at z and
go to z' we must sum over all possible intermediate trajectories. This amounts to an
functional integration over the z coordinates, where we must be careful to include
each path only once by dividing out the volume of the gauge (reparametrisation)

orbit. If we attempt to discretise the paths (thus breaking this invariance explicitly),

94



and rotate to Euclidean space, then the quantum mechanics of such excitations
becomes a problem in the statistical mechanics of random curves.

Similarly, we may adopt the surface area as an action for Euclidean string
propagation (the Nambu-Goto formulation). The quantum amplitude for loop-
loop propagation is obtained by performing the necessary functional integrals over
spanning surface configurations. Again the measure for defining the integrals must
be defined carefully in order to sum only over inequivalent surfaces. It is then
interesting to devise discrete regularisations of the theory with the aim of eventually
studying non-perturbative physics. In Euclidean space the models will involve the
statistical mechanics of fluctuating, random surfaces. The work discgssed here is
largely a nﬁmerical study, vié Monte-Carlo simuiation, of the properties of éuch
random surface models.

We shall see that naive discretisations of an area-like action fail to reproduce a
satisfactory continuum limit. We explore the possibility of adding curvature terms
to the action, and investigate the resulting phase diagram. It may be that such
terms, whilst rendering our discrete regularisation well-defined, are irrelevant for
the long-distance properties. Alternatively there may exist new critical points, in

the vicinity of which a continuum limit corresponding to smooth surfaces exists.

3.2 Review and Introduction to the Model

Models of random sﬁrfaces fall into two main categories; those based on a simple
area action plus pbssible rigidity terms which we discuss below, and others related
to Polyakov’s partition function for bosonic strings. These latter types (discussed
in section 3.2.2) treat the internal metric as a new, separate degree of freedom and

prove more tractable in the continuum. All the simulation work presented later

concerns discretisations of this second type.
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3.2.1 Actions with an area term

As we have discussed, the simplest approach is take the action proportional to the
invariant area (the Nambu-Goto form). A microcanonical ensemble of surfaces with
fixed area has partition function

Z= ) 6(A-A)

surfaces

It usually proves expedient to replace the microcanonical ensemble with a canonical
ensemble allowing for fluctuations in the area [1-4]. The partition function now

reads

Z= Y ¥4 (3.1)

surfaces

The parameter u? corresponds to the bare string tension. Such models have been
studied on rigid hypercubic lattices [1,2]. Unfortunately they correspond to a free
scalar field in the continuum limit. At the critical point the partition function
is dominated by tree-like, branched polymer configurations. These prohibit the
long-wavelength collective excitations which are needed to force a vanishing of the
renormalised string tension (in units of the inverse lattice spacing) at the critical
point.

In an effort to avoid this problem the Nambu-Goto form of area action has
also been studied on models arising from a discrete triangulation of the surface.
Here, the continuum surface is approximated by a set of random triangles, glued
pairwisev along their edges [5,6]. A give.n triangulatiori comprises a set of vertices,
links and triangles. Any vertex is connected to a fixed number of neighbours by
links which are the sides of elementary triangles. The vertices are then given an
embedding in some D dimensional space. The sequence of surfaces corresponding
to the canonical ensemble is then generated by an integration over vertex positions,

keeping the triangulation fixed, weighted by the exponential of minus the area. The

partition function for a surface of N sites is;
N !
7 = / [] dxt e 4% (3.2)
=1

96



where the prime indicates that one of the integrations over the embedding coordi-
nates is suppressed to kill off the zero mode due to translational invariance. Typical
surfaces from this ensemble are highly crumpled with the mean square size of the
surface increasing only logarithmically with area. We shall see (section 3.7) that
this result may be obtained Wit'hin a mean-field approach. Furthermore it can be
shown that the models contain certain pathologies related to the growth of spikes

[7]. Consider the p'* moment of the probability distribution for the surface
(X?) = / DX XPe M4,

It may be shown that for some finite p, dependent on the triangulation and the
precise form of A, this moment.diverges, even for a finite system. These divergenbes
stem from the existence of certain zero mode deformations of the area action, which
correspond to the growth of spikes. These are configurations of the discrete surface
where one or more vertices is displaced an arbitrary distance from the bulk of the
surface, in such a way that the area remains constant. Moreover, a simple counting
argument shows that such configurations are entropically favoured over smooth
ones. The existence of such zero modes tends to destabilise any mean field solution
and ensures that there is no characteristic length scale attributable to the surface.
Thus the problem here is not that the surfaces are crumpled in the infra-red, but
that they are crumpled on all scales (fhey are self-similar).

As a consequence it can be seen that it is necessary to go beyond the simple area
action, if we wish to consider models with satisfactory scaling behaviour. Clearly
terms involving the curvature of the surface are ideal candidates for suppressing

extremely crumpled configurations, or ones possessing large spikes [6].
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3.2.2 Models based on the Polyakov string

This formulation is entirely equivalent to the Nambu-Goto at the classical level. In

the continuum the Nambu-Goto action takes the form;

S = / d2¢ \/ det (%’Z a;;”) (3.3)

The coordinates X# are functions of the world sheet parameters £, a = 1,2. In

order to rid the action of this cumbersome square-root of a determinant, we intro-
duce another set of degrees of freedom-~ the intrinsic metric on the surface gq3, and

write Z as;

Z:/DgabDX".e""zs" (3.4)

where

Sp = / d*€./99%%0, X O X *

= / &6 /X AX"

where A is the covariant Laplacian on the world sheet and ¢ the determinant of

(3.5)

deb. The model possesses two important symmetries; reparametrisation invariance

(general coordinate invariance on the world sheet)

61 = f(£17§2);
€ = g(£1,62)

and Weyl invariance, corresponding to local rescalings of the metric;

gab = A (€1,€2) gab-

Any discrete model will necessarily break these symmetries at the outset, and it
is a highly non-trivial problem to show that they are re;:overed in the continuum
limit (if indeed such a limit exists). Alternatively the model may be pictured as
two dimensional quantum gravity coupled to a D-component scalar field X*#. The

discrete model corresponding to this formulation is represented by the partition

function (N sites) [8-13]

1 _
N = ; _CTT_/ H dPX;e™5 (3.6)



where

S=u) (Xi—X;)?. (3.7)
(i5)

ZpN comprises a series of terms, corresponding to a sum over vertex positions, and
the contribution of all possible triangulations T'. The action S contains a discrete
version of the continuum Laplacian for a given triangulation acting on the coor-
dinates X* of the vertices in some D-dimensional space. The triangulations are
restricted so a given link bounds two and only two triangles, and any two vertices
are connected by at most one link. The surface is said to be self-avoiding. It is im-
portant to realise that this is a restriction purel.y'on the intrinsic géomefry—it. does
not prevent the folding of the surface upon itself in the embedding space. The sum
over triangulations T is intended to mimic the sum over smooth Riemannian metrics
encountered in the continuum. Note that we are summing over only equivalence
classes of triangulation, differing only in a relabelling of some given triangulation
(this freedom is the vestige of reparametrisation invariance left in the model)- this
accounts for the division by C(T') — the order of the symmetry group of T'. If some
universality holds it is expected that this discrete sum over singular metrics will

give results similar to the full sum over smooth metrics in the scaling limit.

As seen by examining the form of the gaussian action, the internal geometry
corresponds to a sét of equilateral triangles. 'Fluctu"atio'ns of intrinsic gedmetiy at‘
the level of the cut-off are reflected only in the variation of the coordination number
of the vertices. We expect that this restriction will not be important near a critical
point, where the long-distance fields will not be so restricted. The topology of the
triangulation (labelled by its Euler number) is fixed throughout, partly for simplifi-
cation, and secondly as there exist arguments that show that the partition function
diverges, if summed over all topologies. Specifically, we have only considered closed

topologies with toroidal or spherical boundary conditions.

One may also add to the action a term depending on the intrinsic curvature
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(not to be confused with the extrinsic curvature to be introduced later).

Riint — 7!'(6 — qi)

————

qi

of the form;

R™ = —q Z In g;

=1

Where gi is the coordination of vertex . On expanding the logarithm we find terms
depending on R,R? ,R"™,--.. The first of these has integral proportional to the
Euler characteristic for the manifold and is hence just a constant, whilst the higher
terms correspond to higher-derivative terms in the continuum and are expected
to be irrele*&ant ‘operators on diinensiona.l grOI.mds.- Thus a naive application of
universality leads to the conclusion that such a term should not change the nature
of any continuum limit. In fact, results already obtained indicate that the critical
exponents do indeed seem to depend continuously on the coefficient o [8-12]. In
section 3.5 we will see this explicitly. As a — oo this term favours a locally flat
intrinsic geometry with the majority of the vertices 6-fold coordinated.

In principle we may extend our model from a fixed number of vertices to a grand

canonical ensemble of surfaces where the number of vertices may change [10,12,13]

N=oo
Z= Y e™Nzy. (3.8)
N=3 ' L
Heré 0% playé the role of a chemical potential. However, in all thé Work I shall describe
we are working in the canonical ensemble. In addition, although most of what is
said will be applicable to all embedding dimensions, the work presented here is in
the fixed bulk space dimension D = 3. This is a physically interesting case and if
adopted reduces the computational effort considerably, especially with the inclusion
of extrinsic curvature terms to the standard action. In all the numerical work the
string tension 2 is set to unity. In section 3.5 we examine this Polyakov formulation

with intrinsic curvature, both to confirm results obtained by other groups, and to

check our codes before extending them to allow for extrinsic curvature terms. First
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we discuss some important properties of surface models near criticality, indicating
the expected scaling behaviour if such models are to have a non-trivial continuum

limit.

3.3 Critical Properties of Random Surfaces

Consider a generic random surface model with a purely area-like action

Z = Z e~ 4

surfaces
It can be shown that the number of surfaces pinned to a given boundary increases

like [4]

eaoA.‘

so that the partition function may be written as

Z=Y e (@704 (3.9)
A

Clearly Z and indeed all loop-loop correlation functions will diverge for a < ap i.e
the entropy associated with surfaces overwhelms the Boltzman factor. The point
ao itself is a candidate for a critical point of the model since it separates two
qualitatively different phases.

One may define general loqp-loop correlation functions in the following manner

G('ﬁ ) = Z e~ A (3.10)

surfaces~y;---ynfixed

It is convenient to let the loops 71 : - -y~ contract to points z; ---zn and we are

left with the following n-pt functions
G(z1- zn)

The mass gap of the model is defined as

m(a)~ —  Tim InG(z1,z2)
|z —z2|—00 |$I31 - (1:2|
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whilst the string tension is

. InG(y)
T(e@)~~ lLm —

where v¢ is some fixed loop of area LM.
If the mass vanishes at the point ap, we may characterise the singular parts of
various observables near o as follows
m(a) = (a— o)’
r(a) = (a - ao)°

x(a) = (o —a0)™".

where the susceptibility y is defined as

x=Y_G(,m)

It is the integral of the 2-pt function over the surface. If we have long range
correlations then the susceptibility may diverge. The mass gap may be extracted

from the asymptotics of the 2-pt function
G(xl’mz) ~ e_m(a)lzl—zZIle — $2l2—d+n

which also defines the anomalous exponent 7. It may also be shown that the inverse
mass-gap exponent v is just the Hausdorff dimension.
For a sensible scaling limit we require that
ma — 0, @ — 0

with

m? /7 ~ const (3.11)
@ is the average bond length determined by the bare string tension . The generic
problem for these naive models is the non-vanishing of the string tension (in units of
the inverse bond length) at ag. We shall see that the addition of extrinsic curvature
may well generate new critical points in the vicinity of which we may hope that

such a scaling behaviour is true.
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3.4 Simulations

Our numerical simulation of the partition function (3.6) involved two independent
Monte-Carlo schemes, in order to generate both the sum over triangulations and
the integral over embedding coordinates. If vertices are labelled by some site index
i, then data structures are needed to hold information on all Ny links (i5) and
N7 triangles (:5k). Since this information is necessarily continually changing, it is
very inefficient to store the data in static arrays. Instead we employ a sequence
of linked lists. As we show in appendix B, this facilitates rapid scanning for local
link or triangle information, and allows rapid insertion and deletion of links or
triangles. The price paid is the inherent difficulty of vectorlsmg the resultant code
Whilst it proves relatlvely easy to pipeline the vertex updating (even with extr1ns1c
curvature in the action), the operations to generate new triangulations are serial in
character. Effectively two vertices which start out at the beginning of some sweep
many bonds apart, may end up as nearest neighbours by the end of the sweep. Thus
the usual locality criteria, which are traditionally required for a successful vector
or parallel algorithm, are missing. It is a highly non-trivial problem to devise a
really efficient algorithm for these random surface models, which maps readily onto
parallel architectures. In consequence of this our simulations utilise a maximum of
144 sites. This was not too limiting for obtaining a merely qualitative picture of
the phase dlagram ( which was our main task ), but would prove to be a nuisance
in studles requ1r1ng more detailed mea.surements The bulk of the work was carried
out on the CRAY-XMP /48 at the Rutherford labs.

The first problem to be addressed is the construction of a triangulation with
a given topology, characterised by its Euler number. Those simulations employing
only intrinsic curvature were carried out on a lattice possessing toroidal topology,
and the lattices in this case are started out in a regular configuration with all vertices
6-fold coordinated and with periodic boundaries. For the simulations with extrinsic
curvature we choose a spherical topology (Euler number 2). Here a lattice of N

sites is constructed from some starting tetrahedron by inserting new vertices at the
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centre of randomly chosen triangular faces. Between successive additions a number
(typically 50) of sweeps of the lattice are made to thermalise the new insertion, the
process continuing until N vertices are attained. A further 10N sweeps are then
made to allow for complete relaxation to equilibrium. |

A Single vertex updating step comprises the addition of a gaussian random

vector to the vertex position vector.
Xi = X+

The shift is accepted or rejected according to the usual Metropolis algorithm. First
the change in the action 65 under such a potential change is made. If this is
negatifre the change is accepted, and the lattice information updated. If, however,
S is positive it is accepted only conditionally. Specifically compute e~%S. Choose
a random number r in the range 0 — 1. If e7%° > r then we accept the change
again, otherwise it is rejected. Such a Markovian process is guaranteed to eventually
generate a sequence of configurations representative of those which dominate the
partition function.

It proved effective to hit a given vertex more than once before moving on to
the next, in order to approach a heat bath-like update. This had to be balanced
against the increased time for the process. A compromise of 6 hits was used in the
pr_oduction runs. For the simulations with extrinsic curvature, characterised by the
éoupling B, the size of the gaussian step is reduced as 3 increases to maintain the
acceptance rate close to -;—

Retriangulations are generated from the basic link flip operation. Every link
(¢j) borders 2 triangles, the other 2 vertices of which define a complementary link
(kl). This is illustrated below in Figure (3.1)

We imagine flipping the link to its complement. The change in the action under
such a flip is then subjected to a Metropolis test. This operation is ergodic in the
sense that it allows all possible triangulations to be accessible to the system with

a priori equal probability. For efficiency we store the complementary link within
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Figure 3.1 Elementary link flip

a given link record. After every successful update, it is necessary to change the
informa.tion stored in the records of neighbouring links and triangles.

A single-sweef> of the lattice commences with the attempted flip of 2N L links
chosen at random. This is followed by the random update of N — 1 sites (we fix one
vertex to eliminate the contribution of the zero mode). For the runs with intrinsic
curvature we utilise at large coupling 810 x N sweeps for each data point, whilst
50 x N sweeps are used for the simulations with extrinsic curvature. Measurements
are made every second sweep.

As we shall show in section 3.5 we may calculate the mean and variance of
the gaussian term analytically, independent of T. Monitoring their values in the
simulation runs provides us with a check that we are sampling the equilibrium
distribution for the vell'ticesvcorrectly. It is much harder to be sure that we are seeing -
the correct distribution of linking structures. It would be frery easy for the links to
fall out of equilibrium with the vertices, if the characteristic relaxation times were
markedly different. The internal geometry would then be akin to a glassy structure.
In ordér to check for this we ran the simulations over a wide range of the relative
frequency f for link to vertex updating, examining the mean gyration radius for
systematic drift. We were able to increase f to 25 at a = 0. For the runs with
rigidity terms in the action we measured the extrinsic curvature and its variance'in
order to look for the singular behaviour characteristic of phase transitions of va:ying

orders. The mean gyration radius (see section 3.5 ) is calculated in order to test for
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a transition from the scaling behaviour associated with crumpled surfaces to that
of smooth surfaces. In addition the mean dot product between normals is stored as

a naive order parameter to characterise possible differing phases of the models.

(n.n) = —Nl—; Z (n®.n#)
(i7)

where the normals n® and nf border the link (ij). It is also of some interest
to measure the distribution of internal curvature, or equivalently the coordination
number. Some of our measured results can later be compared with the results of
various mean-field and continuum predictions (see section 3.7).

~ The results are distributed into' 10 bins. In order to eliminate correlations
between successive measurements we storé the moving é,verage of a quantity @ and

subsequently reaverage the moving averages with weight /% (see [8]) . We measure;

Q: = %‘ZQk
k=1

then
—_ Z::l ‘/ZQt
Ek:l

The error bars are computed by taking the root mean square of the deviations in the

(@) (3.12)

means measured within each bin from their global averages. It sometimes proved
useful to emplloy a jack-knife method when computing the error bars on a quantity
like <X 2 ), which suffers large fluctuations iny the vicinity of a phase transition. Here
a set of 10 new means are obtained from the binned quantities, by averaging them
in sets of 9. The root mean square deviation is then recalculated in order to assess
the errors. The method is useful when there are few measurements within each
bin, or where large systematic fluctuations occur which overlap between bins. For

quantities distributed normally it is equivalent to the usual methods.
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3.5 Results with Intrinsic Curvature

In this section we present results for the discretised Polyakov model with the ad-
dition of intrinsic curvature to the gaussian action. First, consider the result of

explicitly integrating out the X coordinates. The gaussian integral yields;

1 1 \P72
4= XT: C(T) (detM) (3.13)

where M is the connection matrix (essentially the discrete Laplacian);

M(i,j) = { —1, if¢,J linked;
0, otherwise.

qi 1s the coordination number of vertex 1. ‘Now the determinant can also be written
det(M) = number spanning trees in the lattice

where a tree is defined as a connected graph linking all vertices of the lattice such
that there are no closed loops on the tree. Asymptotically as D — oo the partition
function is saturated by configurations with a minimal number of spanning trees.
This occurs for branched tree-like structures. Thus we might expect branched
polymers to dominate in these models for sufficiently large D, in contrast to the
fixed triangulation models, where D — oo corresponds to the mean field limit with
infinite Hausdorff dimension (section 3.7). In the formal limit D — —c0 a maximal
number of spanning trees is preferred, corresp(:)nding. to a regular tria.ngulatioh with
the majority of vertices having coordination number 6.

The scale invariance of the intrinsic curvature term allows us to determine the

mean and variance of the gaussian term. Consider
7 = z:/DXe“‘zXQX“"Rint (3.14)
T
Let us rescale the X variables

DX' = uDX.
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then
7 = #—(N—I)DZ/DXIC—X’QX'—-aR
T

i.e
2(s%) = Z(1)u~M P
Now 5
(XQX) = —EEIHZ(#Z);
1
= §(N ~1)D.
Similarly

(XQX)?) — (XQX)* = Z(N ~1)D

where we have set & to unity in the last two expfessionS ( in order tb compare with
our numerical results ). Note that this trick will also work later when we consider
extrinsic curvature terms, as these will also be globally scale invariant.

We simulated the partition function (3.6) numerically as detailed in section 3.4
on system sizes with N = 49,64 ,81,100,121,144, the coupling a varying in the
range 0 — 15.0

The important observables are the mean gyration radius, and the distribution

of coordination number. The former is defined as;

=1

N .
1
(X?) = 5 <Z (X; — (X))2> (3.15)
where N is the number 40f sites in the surface. Asymptotically we expect; |
<X2> ~ N2/dH

which defines the Hausdorff dimension dg. This quantity is extremely sensitive
to the long-wavelength fluctuations of the surface. The results shown were ob-
tained using toroidal boundary conditions, but the code was checked on systems
with spherical topology, and beyond a slight renormalisation of the coefficient of
the power law the results for the scaling behaviour were unaltered (this is to be

expected as <X 2) is sensitive to the smallest eigenvalue modes of the Laplacian on
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Figure 3.2. InX? vsIn N for a = 0,1.5,3.0,4.5,6.0,9.0,15.0.
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the triangulation, which vary with topology). Figure (3.2). shows a plot of In X?
versus In V for a variety of a. The straight lines are least square fits to the points.

From this we may extract a picture of how the Hausdorff dimension varies with a.

2/dy is plotted as a function of a in Figure (3.3).
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Figure 3.3. Inverse Hausdorff dimension (2/dg) as a function of a.

The results indicate that this critical exponent appa.rently\ depends continuously
on a- there is no sign of a discontinuity in the curve (which might indicate a possible
phase transition). At a = 0 the Hausdorff dimension is large ~ 10, the small power
being consistent with logarithmic scaling, which is the mean-field result expected
for fixed triangulations. As a increases the Hausdorff dimension tends to decrease
steadily towards the value of 4, indicating, it seems, an increasing dominance of
branched polymer configurations. As the system sizes barely vary over one order

of magnitude, and we consider only 6 different sizes of lattice, one should not take
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the exponents in the scaling laws too literally as those of a continuum surface.
As we mentioned in the previous section, we may test for the equilibration of the
triangulations by increasing f, the link to vertex updating frequency. For the small
lattices employed it is hard to draw definite conclusions from this study. It appears
that there is a systematic drift upv;rards in the values of the mean gyration radius,
this effect increasing with larger N. The data at a = 0 are consistent with a
Hausdorff dimension significantly less than the value O(10), obtained before. It
is tempting to speculate that perhaps the true scaling behaviour corresponds to
dgy = 4, independent of «, and that the region where this critical exponent is
continually varying between this limits disappears as f — oo. Presumably this

would mean that the continuum limit is described by a free scalar field again.
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Figure 3.4. (X?) vs N for random (x) and biased
(o) update.

Whilst trying various methods of link updating it was noticed that a systematic
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Figure 3.5. Histogram showing distribution of coordination number at o = 0.
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Figure 3.6 Distribution of coordination number for a = 15.0.
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disagreement occurred between the purely random link update, and one which,
having selected a site at ra,ndofn, attempted to update all links attached to that
site before moving on. Figure (3.4) shows a plot of (X?) against N at a = 0.0
for the two forms of update. It appears that this biased form of update induces
far larger fluctuations in the mean gyration radius. Fits to scaling laws lead to
a Hausdorff dimension much closer to 4, which is at variance with the results for
random updating. It appears to promote a degeneration into branched polymers.
Such anomalous effects in two dimensional systems have been observed before [14].
The biased update does not respect detailed balance, which although not absolutely
required, is certainly a sufficient condition for the sampling to follqw the equilibrium
distribution. The effect is thought to disappear.for extremely large nﬁmbers of
sweeps and much bigger system sizes. Throughout the rest of this chapter we
shall adopt the random link update, which has the virtue of being (computer)time
reversal invariant.

As o — oo only configurations with ¢; = 6 are allowed. This is shown in figure
(3.5) and figure (3.6), where the distribution of coordination number for a = 0.0
and o = 15.0 is plotted.

In conclusion, it appears that the models based on the Polyakov formulation
with actions containing intrinsic curvature terms in addition to the gaussian term
are unacceptable as discretisations of smooth continuum surfaces. In small D and
negleéting intrinsic curvature, they have large Hausdorff dimensions and in é,ddition

‘a small fraction of the vertices have high coordinations. The latter problem may be
improved by the addition of intrinsic curvature, which forces locally flat configura-
tions (internally) as the associated coupling @ — oo. The scaling behaviour then
seems consistent with a dominant contribution to Z of branched polymer-like sur-
faces. This situation is also expected at large D. At intermediate o the Hausdorff
dimension varies continuously with a which seems at variance with conventional

wisdom- universality in these models seems to be poorly understood.

As Migdal has argued, it is perhaps not so surprising that problems appear in
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trying to formulate sensible regularised statistical models for bosonic string theo-
ries. The free bosonic string has a tachyon in its spectrum. Any random surface
model will have difficulties in producing a tachyon in the scaling limit i.e as the
mass goes to zero through positive real values and it is tempting to speculate that
the degeneration into branched polymers is a manifestation of the instability of the
corresponding continuum surface to tachyon emission. It appears that we must
consider the addition of other curvature terms (depending explicitly on the X co-
ordinates) in order to try to retrieve the situation— these are, of course, just the

extrinsic curvature forms already mentioned. This we do in section 3.6 and onwards.

3.6 Extrinsic Curvature Térrhs

First, let us summarise the situation with intrinsic curvature terms. We have seen
that the Einstein term R does not contribute for two dimensional manifolds of fixed
topology, whilst higher powers of R are naively expected to be irrelevant in the
continuum limit as they correspond to couplings of negative mass dimension. In
fact such terms do seem to influence the critical behaviour, but in a rather poorly
understood manner. Furthermore we do not seem to be able to generate models
with the correct scaling behaviour even with these terms (indeed it appears that
the old problem associated with branched polymer behaviour reasserts itself).

The other possibility, to Wﬁich most of the present work is devoted, relates to
thé inclusion of extrinsic curvature terms in the action. These encode an explicit
dependence on the embedding dimension. Our studies concentrate on two possible
types of extrinsic curvature which can be shown to be equivalent up to total diver-
gences in the continuum [15]. It will turn out that their discrete counterparts have
quite different properties determining quite contrasting phase structures. The two
terms will, from now on, be referred to as type 1. and type 2. In the continuum
type 1. has the form

1
V3
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The square of the covariant Laplacian acting on X. The second form is

R; =4 / dodr\/3g°*V 4n' Vin' (3.17)

where V, is the covariant derivative and n are the ¢ = 1--- D — 2 normal vectors
to the surface. Polyakov [15] has shown that the inverse coupling ( which is dimen-
sionless ) is asymptotically free so the term is important in smoothing the short
scale structure but should become unimportant in the infrared (in the absence of
any critical points between weak and strong coupling). For type 1. we adopt the

discrete form [16]

n.n

Ri=8 Z 521_ > (Xi— X;) (3.18)

J
where (; is the union of the areas of triangles around vertex ¢ and the inner sum
runs over all nearest neighbours of 7. The form for the type 2. rigidity term is taken

to be [17,18,19)]
Ry=8Y (1 - ngnf) (3.19)

(¢7)
where the unit normals n&,n? correspond to the normals to the two triangles bor-
dered by each link (i5). Note that both of these terms are globally scale-invariant,
so that the mean bond length a is determined only by the gaussian term.
In an attempt to try to attain some preliminary understanding of these discrete
models we next discuss their mean-field solution. It will be seen that even at the
level of mean-field theory, one can start to understand our Monte-Carlo results in

terms of a difference in the effective action for the two models. This leads to the

possibility of a zero mass-gap theory at some finite value of the curvature coupling

for the type 2. form.
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3.7 Mean Field Solutions

Here we examine some mean-field approaches to the discrete surface models de-
scribed above. It is hoped that this will allow a qualitative picture of the phase
diagram to be inferred. This may be then compared with the results from the sim-
ulations, both providing a check on these, and serving to test the validity of the
mean-field approximation. It would be expected that at least some of the features of
the mean-field solution survive. It will turn out that the suppression of fluctuations
will become exact only in the limit D — oo. As all the work here is carried out in
D = 3, we may well expect significant quantitative deviations. The treatment will
truncate the full sum over all triangulations to only those which are approximately
regular. In the continuum this nﬁght‘ be viewed as a gauge-fixing of the metrical
degrees of freedom. The consequence of summing over triangulations will be essen-
tially unknown, but hopefully will not dramatically alter the conclusions. Certainly
as f — oo only locally flat (in the sense of their internal geometry) configurations
contribute to the partition function, so in this limit the summation should become
unimportant.

Firstly we consider the models with type 1. curvature. We argue that the
partition function may be evaluated approximately by a saddle-point method, the
resulting free energy may then be used to calculate mean values for the extrinsic
curvature va.nd spedﬁc heat as a function of . We may also examine the propagator
for the X fields within mean-field theory, and deduce the behé,viour of the mean
gyration radius for the surface in the limits # = 0 and 8 — oo. It will be seen that
mean-field theory predicts no finite order phase transition between these limits. The
same methods may then be applied to type 2. curvature actions, although crucial
differences in the form of the effective action allow for the possibility of a phase

transition at finite f.
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3.7.1 Type 1.

Consider first models possessing type 1. extrinsic curvature. The action reads;
S =u’XQX + R,

where @ is the connection matrix (essentially the Laplacian operator) , and R; the

extrinsic curvature 9
1 n.n(7)
Ri=) | > Xi-X))| .
i j

Add the Lagrange multiplier term, which fixes the length of the bond (ij) at I;;

Sp=3 ik [(Xi = X, — 1]
and integrate over the A;; and l;; in order to recover the original partition function.
At the mean field level all bond lengths become equal to some constant I/, and all

triangles are equilateral. If ¢ is the coordination then;

V3

Q=g
Setting
Aij=A =1
we have |
Z= / DADIDX'e™S
where S'—S+Ss
= XMX + p*3(N —x) I = 3(N —x) i’
with

M= [z‘,\Q + \/g » Q2] (3.20)

On integrating out the embedding coordinates, and setting (N — x) ~ N we arrive

at an effective action Seg of the form;

Seg = D/2Trln M + 3NPu® — 3NN (3.21)

(6]



Since every term depends linearly on D, the validity of a subsequent saddle point
expansion depends on D — oo (note that we may compute {2 straightforwardly
from the mean of the gaussian term [? = D/642). The interesting Tr term may be

evaluated by first bringing the operator M to diagonal form. It. then reads;

S —D/Qil Nei + —ao—e?
eff = 1| 2A€E; \/glzqei .

t=2
In order to evaluate this sum, assume that the eigenvalues are distributed linearly

from O (1/N) to 2q, where q ~ 6, the mean coordination.

2q.
ei ~ =2

N

As the number of vertices becomes large, with some fixed triangulation, replace
the sum by an integral over the equivalent range. Carrying out the integrals, and

dropping some constant terms we arrive at an expression for the effective action of

the form; '
Sef =3NI2pu? — 3NiA2+
2
D (VBEN ) (5 i in(6+iA) — (6412) —
2 80
(v +iA) In(y +1A) + (v + iA)].
where

86
Va3’

Setting a—gjﬁ = 0 at the saddle-point allows us to solve for A

v=§6/N

1
=)

I\ = (e®y —6)

)
. 0

Using these values for A and [? we may obtain an expression for the free energy in

this approximation.

F= ]—Vz—q [1 +In (yzn(T:%—_T)-)} (3.22)
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Here we have also dropped v terms as they are of order 1/N relative to §. To find

the expectation value of the extrinsic curvature differentiate F' with respect to .

This leads to .

As k — 0 the extrinsic curvature approaches a constant (which we shall calculate
next), whilst as kK — oo it appears to approach zero. However this latter result
is clearly wrong and comes from dropping the ye* term. For any finite NV there
will always be a point, as we increase k, where the exponential wins out over the v
coeflicient and it is incorrect to drop the term relative to 6. If this retained a piece,
linear in £ and independent of N is found in the free energy, giving a contribution
to R as B — oo. Howevér, in this limit it .proves more converﬁent to calculate
the extrinsic curvature in the continuum, by using its defining formula, assuming
a regular sphere. This gives a value of 167 for R;. To calculate the extrinsic
curvature at 8 = 0 we may expand (3.23) in powers of k. However it is also possible
to determine this result by adding a source term coupling to QX in the partition

function for the gaussian action.
— / DX’C_XQX+JQX

Thus
1 02

z0 aﬂz[‘”“ =0

(R) =
Completing the square and doing the gaussian integrals allows us to write;

D
2QTrQ7

= 53(N - X
= 4V/3N.

In this result we have set 42 = 1, and D = 3. The variance of the extrinsic curvature

(R1) =

is related to the specific heat [17]. Specifically we have

C=D/2+ /N ((B?) - (R)?). (3:24))
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Taking a second differential of F' with respect to 3 gives a contribution as 8 — oo
of ND /2. Thus the total specific heat per site, including the contribution from the
gaussian term (already calculated), as § — oo is D.

Before we turn to type 2 terms, let us consider the propagator in the mean-field
approximation

(XPX}) = 60 M5

In order to evaluate this expression, consider the corresponding expression in the

continuum, obtained by replacing the connection matrix by the Laplacian.

Q~a
This may be diagonalised in k-space with the result;

Mg =6k | —iNE2 + ——— k4)
k,k k,k ( ? NGTE

Using the mean-field values for I? and 7\ we obtain;

244 u? ( k?
My g = -
k,k 73D —

Thus the expectation value of the mean gyration radius (the trace of the propagator)

+ k4) Ok, k!

takes the form;

2 2y,
(X?) = wp’ /d kz/(l—e")
Putting M? = 1/ (e* — 1) then this may be written;
| . | S
2 2. (L | |
(X?%) = /d k (k2 = +M2) (3.25)
Thus the effective mass M — oo as kK — 0 — this corresponds to a crumpled surface

with a vanishing correlation length for the normals to the surface. In this limit
£~ VR

In the continuum the propagator is dominated by the infrared singularity of a

massless 2D field. On the lattice the lowest eigenvalue of the connection matrix is

the important one;

(X2)~/ d’k/k* ~In N
1/N
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Thus we expect logarithmic scaling or infinite Hausdorff dimension. In the opposite
limit as k — oo the propagator behaves like 1/k%, the effective mass M2 — 0 so

that;

{ ~ eI':./2

Here |
(X?) ~ / kK~ N
1/N
This the behaviour expected of smooth surfaces with Hausdorff dimension dg = 2.

We may calculate the mean gyration radius in the limits B — 0 and f§ — oo, in

order to compare to our measured values. For § = 0 then, using the results of Gross
[5], we find; - |

(x) V3
2InN2 4n’

This leads to

V3
2 —
(X?) 7

At the other limit f — oo, then, assuming a rigid sphere geometry, we have;

2(N - x) —\{l—glz = 4 (X?)

So
V3

(X =N =) 5 (3.26)

Note that mean-field predicts no finite order phase transition between the limits
k — 0 and K — oco. The first corresponds to a scale invariant I.R stable fixed point
with vanishing correlation length. The second to a U.V stable fixed point with
infinite correlation length. Physically one there appears to be a smooth evolution
between crumpled and smooth surfaces as we move from large to short distance

scales.
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3.7.2 Type 2.

Now let us turn our attention to the type 2. extrinsic curvature term. Consider
the expression for the dot product between normals to triangles in the mean-field
approximation. Using elementary vector algebra this can be cast into the alternative
form;

nin; = (w.v)(v.u) — v?(w.u)

uwv? sin® 7/3
where the neighbouring normals n;,n; are formed from triangles whose sides are
given by the vectors u,v,w. Calling the angle between the non-adjacent vectors
u,w by a we obtain in this limit;

Ry = Z -3— (1+2cosa) - (3.27)

links (ij)

The angle o varies in the range 0 — 27 /3. The limit @« = 27 /3 corresponds to
neighbouring triangles being coplanar and minimises the extrinsic curvature term.

If k,1 label the vertices of the complementary link to (i7), then this becomes;

n.n(1)

1
55 DY (XP-2Xi X+ X X)) (3.28)
i

Thus the curvature part of the action contains the term X PX and the total

quadratic operator becomes now

. B
M’=ZAQ+—2—IEP :

The expression (3.28) is to be compared with the analogous expression for type 1.;

4 2
\/§qu 21;91' Z (Xz' -2X;.X; +1/q ZX{.XJ') (3.29)

J

where the sum on [ runs over all nearest neighbours to ¢, and the corresponding
operator to P is simply Q2. The difference at the level of mean-field theory between
the two operators lies in the last term. When the X coordinates are integrated out,

we are left with an effective action which involves the term

D/2Tr InM'
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Contrast this with M for type 1. The operator M contains two terms— M interpo-
lates between the Laplacian term at # = 0 and its square as 8 — oo. The resultant
operator is always positive definite at all B and the eigenvalue spectrum evolves
smoothly between the two limits. For type 2. however the picture is different.
Here M' contains the Laplacian term at 8 = 0 and a new operator, say P, which
dominates as f# — oo. This is not positive definite. It may thus possess negative
eigenvalues. At intermediate 3 there will, in general, be at least one point where an
eigenvalue goes through zero — leading to the possibility of a phase transition. As
we shall show, such a phase transition is indeed seen in the Monte-Carlo results.

It is difficult to develop the mean-field solution further in the absence of explicit
'khowledge of the eigénvalue spectrum .at gehéral B of M'. Note that we can no
longer simultaneously diagonalise the two operators composing M'. However we
can calculate R, in the two limits 3 — 0 and § — oo. In the absence of extrinsic
curvature the angle o can be expected to vary uniformly in the range 0 — 2x/3.

Thus we may calculate R; as
2
<R2> = ?J g (1 + (COS a))

This leads to Ry = 3.6V at # = 0. In the opposite limit, we may calculate R by sim-
ple geometrical considerations from the defining formula. We expect asymptotically
(B — o0);
Ry =7(w+2)

The asymptotic form of the specific heat can be estimated by the following argu-
ment. In D = 3, the dominance of the curvature term as f — oo allows only
coherent fluctuations of the 2D surface. It effectively restricts the geometry to the
remaining one dimension. Thus by simple equipartition this term gives an asymp-
totic contribution to the specific heat per site of 1/2.

This concludes that portion of the work concerned with the analytic solution
of the models. In order to test which features of the mean-field solutions survive at

small D, we have employed simulation techniques.
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600.

Figure 8.7. (R2) on lattices with N=48(+),N=72(x),
N=96(c), and N=144(c) sites. Mean-field predictions

are also shown at f =0 and f — .
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3.8 Results and Discussion -

In this section we examine the results of the Monte-Carlo simulations for both forms

of extrinsic curvature.

3.8.1 Type 2.

In fig.(3.7) we show the mean extrinsic curvature (R;), measured on lattices with
N = 48(+), N = 72(x), N = 96(¢), N = 144(o) sites. The curves show no sign
of a discontinuity out to large 3, where they approach the continuum rigid sphere
result. As B8 — 0 they agree fairly closely with the mean-field prediction, which
is feassuring. Clearly then, there are no first order transitions in the model, but

notice that the gradient is changing rapidly in the vicinity of 8 ~ 1.5.
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Figure 3.8. (%%1) for N=144 sites.

Indeed fig.(3.8) shows that the variance of the extrinsic curvature (Qg%l) for
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Figure 3.9. C — D/2 for type 2. models with N=72.
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Figure 3.10. C — d/2 for type 2. models with N=96.
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N = 144(0), possesses a strong peak at this point, indicating a possible second
order transition there. This result is in agreement with the findings of Kantor and
Nelson [19]. They considered models of tethered surfaces of fixed connectivity with
a square well potential between lattice sites and a type 2. rigidity term. They found
a second order phase transition in the model; This crumpling transition, as it has
come to be called, would constitute a new zero of the - function and a point of at

least global scale invariance.
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Figure 3.11. C — D/2 for type 2. models with N=1//.

We examined the specific heat (3.24) in figs.(3.9-3.11) on N = 72(x), N =
96(0), and N = 144(o) site lattices. A strong peak is seen, with height increasing
with system size, at 8 ~ 1.5, .conﬁrming the presence of a second order‘phase
transition. Note that as 8 — oo the specific heat falls again to approach the mean-

field result. The effect of summing over triangulations of the surface and employing
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a gaussian action, apparently has not changed the critical behaviour of the type
2 term. We checked that increasing f (the link to vertex updating frequency) by
an order of magnitude does not wash out the transition. The peak height remains
constant, whilst the width increases only marginally. This latter observation is
merely a consequehce of the fact that the critical coupling will, in general, depend
on triangulation. Hence one expects a smearing effect when one sums over all

possible triangula.tiohs.
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Figure 3.12. (X?) vs B for type 2. with N=72.

In figs.(3.12-3.14) the mean square gyration radius is shown as a function of 8
for the three lattice sizes N = 72(x), N = 96(¢), N = 144(0). Two distinct regimes
are seen. From § ~ 2.0 onwards, the curves are essentially flat and correspond to
a dominant contribution of smooth surfaces, whilst for 8 < 1.0 (X?) falls smoothly

to its value at zero coupling. The transition between these two regimes is increas-
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Figure 3.13. (X?) vs B for type 2. with N=96.
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ingly abrupt as .V increases, which is presumably due to the presence of the phase
transition. Asymptotically (X?) scales like NV, buﬁ its absblute value is significantly
different from the rigid sphere prediction. It is possible that much larger § are
needed in order for this to approach its asymptotic value. Alternatively it may be
evidence for a significant renormalisation of the bare string tension in the smooth
phase. Finally in fig. (3.15) we present a scatter plot of the inverse Hausdorff di-
mension vs 8 which summarises these conclﬁsions. Notice that there appears to a
fairly rapid transition from scaling behaviour characterised by dj ~ O(10), to one

which possesses a dy close to 2.
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Figure 3.15. Scatter plot of 2/dy vs B for type 2. models.
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Figure 3.16. (Ry) vs B for lattices N=48(+), N=72(x),
N=96(c), and N=144(o) with mean-field limts.
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3.8.2 Type 1.

The situation for the type 1. case is markedly different. In fig.(3.16) we show the
mean extrinsic curvature (R;) vs § for the same four system sizes N = 48(4),
N =T72(x), N = 96(0), N = 144 (o). A smooth decrease to approach the contin-
uum result as # — oo is seen, indicating as before the absence of any first order
transitions. At # = 0 we see that there is substantial renormalisation of the mean-

field predictions, which is not altogether surprising in such small dimension.
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Figure 3.17. (%,%L) for N=144.

When the variance (95%1-) is examined (fig.(3.17),N = 144(o))there is now no
peak in the curve at finite 8. However we notice a slight plateauing around § ~
0.5 — 0.8 which may indicate the presence of some interestihg physics (a higher

order transition).

In order to clarify the situation we examined the specific heat, C — D/2. The
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Figure 3.18. Specific Heat C — D/2 with mean-field limit B — co for N="72.
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Figure 3.19. C — D/2 for N=96.
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data for lattices N = 72(x), N = 96(¢), and N = 144(0) is shown in figs.(3.18-3.20).
A prominent bump or cusp is vis;ible around 3 ~ 0.7, whose height is constant as we
vary the number of sites. This is strongly reminiscent of a third order phase transi-
tion. Agaiﬁ this result is éompatible Qith other Monte-Carlo results by J.F.Wheater
et al. [17], who considered a fixed triangulation model with this form of extrinsic
curvature. They discovered a probable third order transition in the vicinity of which
there was a rapid, but finite, increase of the correlation length. Thus, although we
have discovered a possible phase transition of a high order (a rarity in itself), it
appears there is no new zero of the B-function here, and hence the long-distance

physics of such a model is governed by the gaussian term.

Finally the mean gyration radius (X?) is shown for all the lattices (N = 72,
N = 96, N = 144) in figs. (3.21-3.23). It shows a much smoother (relative to
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Figure 3.21. (X?) vs B for type 1. with N="72.

type 1.) evolution to asymptotic values close to those predicted on the rigid sphere
model. It is not clear whether the oscillations, evident near 8 ~ 0.7 on the smaller
lattices, are merely finite size effects, or signals for a rapidly decr‘ea,sing mass gap at
the third order transition. The scatter plot fig.(3.24). shows the 'ihverse HausdorfF
dimension 2/dy increasing smoothly from ~ 0.2 to values close to unity.
Fig.(3.25). shows a plot of the naive order parameter (n.n) vs B for the largest
system N = 144. The data indicate a continuous evolution to the asymptotic,
smooth sphere result. The slight increase in the size of the error bars at intermediate

B may again be signalling the presence of the larger fluctuations associated with a

higher order crumpling transition.
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Figure 3.22. (X?) vs B for type 1. with N=96.
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Figure 8.23. (X?) vs B for type 1. with N=144.

4.50 N SR R S N R N i
400+ | | 2 —

101
o]
ro4

350
300 3250 | _
250
200 5 -
150 |- | —~
00 ° .

0.500 p2° -

0.00 | l l I | I | I | | |
0.00 0.250 0.500 0.750 100 125 130 175 200 225 230 275 3.00




1.00 r I T
0.900 ) —
0.800 |~ _
0.700 — | ) ]
0.600 © | —
0.500 |- L0 _
0.400 |- o o _
0.300 — ) —

02000 ©0 © | —

0.100 —

0.00 I I I | ] | | 1 | | I
0.00 0.250 0.500 0.750 100 125 150 175 200 225 250 275 3.00

Figure 3.24. Scatter plot of 2/dyg vs 8 for type 1. models.

3.9 Conclusions and Discussion

The results reported here have concerned themselves with the task of trying to
examine the phase structure of models based on a discretisation of the partition -
function for Polyakov’s string W1th the addition of various curvature terms. Princi-
pally we examined two types of extrinsic curvature term, both possessing a global
minimum corresponding to a smooth surface (in the continuum they are equivalent
modulo total divergences). For one (type 1.) we find no evidence for first or second
order phase transitions, but there seems to be a evidence of a higher order transition
for finite coupling. The beta-function for such a model possesses only two zeros at
B = 0 and B = oo, which are infra-red and ultra-violet stable respectively. The
surface is smooth at short distance and crumpled at long distance with a contin-

uous evolution between these regimes. In terms of the inverse curvature coupling
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Figure 3.25. Order Parameter (n.n) vs B type 1.
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Figure 3.26. Beta function for type I.

a = 1/« the f-function

28 ()
Bla) = A5

appears as shown in figure (3.26)
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In contrast, the other form (type 2.) possesses a very strong second order
transition separating weak and strong coupling, giving rise to a new zero of the
beta-function. This is in agreement with more recent work by J.Ambjorn et al.
[21] who found that the transition observed by Kantor and Nelson continues in
fixed triangulation models with gaussian actioné‘. Their simulations were done
with precisely the R, rigidity term. The behaviour of the model at low and high
energy scales now depends on where in the phase diagram the bare theory sits. It
a,ppea,rs possible to define a continuum model, which possesses a finite renormalised
curvature coupling, and presumably corresponds to a smooth string. Of course,
it remains to be shown that one finds the correct. scaling behaviour for the string
tension near the critical pbint. The corresponding ﬂ-functionvis sketched in fig.

(3.27)

‘Fig'u.re 3.27. Beta function for type 2.

In our simulations we have only been able to consider lattices possessing a,
maximum of 144 sites. This is forced upon us by the very heavy computational
requirements of models encorporating such dynamical retriangulation. Neverthe-
less we believe that our conclusions capture the qualitative features of the models
correctly. It is interesting to speculate on the reasons for the differing phase struc-
ture in the two models. Both terms possess equivalent minima which correspond

to smooth surfaces, and up to level of quadratic terms, the same fluctuation terms.
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Hence their behaviour for small fluctuations will be the same. However the presence
of higher order terms for the type 2. form may well yield different behaviours when
the s_urfa.ées are very crumpled. This is analogous to the situation with compact
and non-compact Q.E.D [22]. |

We have little to say about the restoration of the local symmetries in the
models near the critical points. Clearly a proof of the restoration of full Weyl and
Reparametrisation invariance will be very hard. Anticipating continuum results
it may only be possible in certain critical dimensions. Clearly there is still much
useful work to be done in determining critical exponents in the vicinity of the second
order transition, and in developing an R.G approach to investigate the long range

properties of the models near their critical points.
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Figure Captions

Figure 3.1 Elémentary link flip

Figure 3.2. InX% vsInN for « =0,1.5,3.0,4.5,6.0,9.0,15.0.
Figure 3.3. Inverse Hausdorff dimension (2/dg) as a function of .
Figure 3.4. (X?) vs N for random (x) and biased

(o) update.

Figure 3.5. Histogram showing distribution of coordination number at o = 0.
Figure 3.6. Distribution of coordination numbér for o = 15.0.
Figure 3.7 (R,) on lattices with N=48(+),N=T72(x),

N=96(o), and N=144(o) sites. Mean-field predictions
arealsoshowha.tﬂ=0andﬂ—->oo. |

Figure 3.8. (&%) for N=144 sites.

Figure 3.9. C — D/2 for type 2. models with N=72.

Figure 3.10. C — d/2 for type 2. models with N=96.

Figure 3.11. C — D/2 for type 2. models wi=th N=144.

Figure 3.12. (X?2) vs § for type 2. with N=72.

Figure 3.13. (X?2) vs B for type 2. with N=96.

Figure 3.14. (X?) vs f for type 2. with N=144.

Figure 3.15. Scatter plot of 2/dy vs B for type 2. models.

Figure 3.16. (Rl’) vs B for lattices N.=48(+), N=72(><),

N=96(¢), and N=144(0) with mean-field Iimits; |

Figure 3.17. (a—a%l-) for N=144.

Figure 3.18. Specific Heat C — D/2 with mean-field limit 8 — oo for N=T72.
Figure 3.19. C — D/2 for N=96.

Figure 3.20. C — D/2 for N=144.

Figure 3.21. (X?) vs B for type 1. with N=T72.

Figure 3.22. (X?) vs B for type 1. with N=096.

Figure 3.23. (X?2) vs B for type 1. with N=144.

Figure 3.24. Scatter plot of 2/dy vs § for type 1. models.
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Figure 3.25. Order Parameter (n.n) vs 3 type 1.
Figure 3.26. Beta function for type 1.

Figure 3.27. Beta function for type 2.
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Appendix B

Here we detail the important data structures used in the Pascal code, and give some

example procedures.

(* data structures used in holding lattice information *)
(* consider the creation of the records for link and triangle *)
(* information *)

Program surface(input,output,..... )

const

numofpts=144; (* define constants *)

dim=3; | (* equivalent to FORTRAN parameter statement *)
type

lpoint="links;

links=record (* set up the data structures by defining *)

endpt:integer; (* the content of the link records *)

trione:integer; (* here endpt contains the integer labelling *)
tritwo:integer; (* the end of a link attached to some site i *)
nextlink:lpoint (* trione,tritwo the endpoints of the complement *)
end; (* nextlink is a pointer to next link attached to i*)

var
linkhead:array[1..numofpts] of lpoint; (* linkhead is an array *)
(* of pointers *)
..... ; (* to the first member of eachx)
(* linked list labelled by thex*)
(* site i *)

(* now consider procedure to insert a link *)

procedure linkinsert(il,i2,i3,i4:integer);

(* allows us to insert a new link at beginning of linked list *)
(* attached to site il *)

var
dum:1lpoint; (* local variable *)
begin (* start of routine *)

dum:=1linkhead[i1];

new(linkhead([il]); (* access a portion of memory for new link *)
with linkhead[il1]"~ do

begin

endpt:=i2; (* write data i2-i4 into record of this new *)

trione:=i3; (* data item *)

tritwo:=i4; (* connect pointers *)

nextlink:=dum

end

end;



(* now routine to delete item from linked list *)

procedure linkdelete(il,i2:integer);

(* routine searches down linked list attached to site il and deletes it *)

var
ref ,refprevious:1lpoint;
located:boolean;

begin
(* locate entry *)

ref:=linkhead[i1];
located:=false;

while (ref<>nil) and (not located) do

with ref” do
if endpt=1i2 then
located:=true
else
begin
refprevious:=ref;
ref:=nextlink
end;

if not located then

(* scan to end of list i.e nil *)
(* until located *)

writeln(’ couldn’t find link to delete --error’);

if located then
begin
if ref=linkhead[i1] then

(* deleting first element of linked list--redirect linkhead *)

linkhead[il1] :=ref” .nextlink
else

(* redirect previous entry *)
refprevious”.nextlink:=ref”.nextlink;
dispose(ref) (* release data item *)

end
end;






