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Abstract

After giving a description of the basic physical phenomena to be modelled, we
begin by formulating a sharp-interface free-boundary model for the destruction of
superconductivity by an applied magnetic field, under isothermal and anisothermal
conditions, which takes the form of a vectorial Stefan model similar to the classical
scalar Stefan model of solid/liquid phase transitions and identical in certain two-
dimensional situations. This model is found sometimes to have instabilities similar
to those of the classical Stefan model.

We then describe the Ginzburg-Landau theory of superconductivity, in which
the sharp interface is ‘smoothed out’ by the introduction of an order parameter,
representing the number density of superconducting electrons. By performing a
formal asymptotic analysis of this model as various parameters in it tend to zero we
find that the leading order solution does indeed satisfy the vectorial Stefan model.
However, at the next order we find the emergence of terms analogous to those
of ‘surface tension” and ‘kinetic undercooling’ in the scalar Stefan model. More-
over, the ‘surface energy’ of a normal/superconducting interface is found to take
both positive and negative values, defining Type I and Type II superconductors
respectively.

We discuss the response of superconductors to external influences by consid-
ering the nucleation of superconductivity with decreasing magnetic field and with
decreasing temperature respectively, and find there to be a pitchfork bifurcation to
a superconducting state which is subcritical for Type I superconductors and super-
critical for Type II superconductors. We also examine the effects of boundaries on
the nucleation field, and describe in more detail the nature of the superconducting
solution in Type II superconductors - the so-called ‘mixed state’.

Finally, we present some open questions concerning both the modelling and

analysis of superconductors.
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Chapter 1

Introduction

In 1911, H. Kamerlingh-Onnes, while investigating variation of the electrical resis-
tivity of mercury with temperature, discovered that at a temperature of 4.2K the
resistivity dropped sharply to zero [37]. The same phenomenon was later detected
in other metals, and was termed superconductivity, with the materials being known
as superconductors. The temperature at which superconductivity appears is char-
acteristic of the material, and is known as the critical temperature, T,.. Although
it cannot be shown that the resistivity is actually zero, closed currents have been
made to circulate in a ring of superconducting material without observable decay
for over two years, which leads to an estimate of the resistivity of some of these
materials of no greater than 1072° Qm (compared to copper, which has a resistivity
of about 107® Qm).

In addition to the property of perfect conductivity, superconductors are also
characterised by the property of perfect diamagnetism. This phenomenon was
discovered by W. Meissner & R. Ochsenfeld in 1933, and is also known as the
Meissner effect [48]. They observed that not only is a magnetic field excluded from
a superconductor, i.e. if a magnetic field is applied to a superconducting material it
does not penetrate into the material (as can be explained by perfect conductivity,
due to the currents induced when the material is placed in the field), but also that a
magnetic field is expelled from a superconductor, i.e. if an originally normal sample
is placed in a magnetic field and then cooled through the critical temperature the
magnetic field is expelled from the sample as it becomes superconducting (whereas
a perfect conductor would trap the field, i.e when the field is removed the currents

induced would hold the field within the sample). Fig. 1.1 shows the contrasting



responses of perfect conductors and superconductors in the presence of an applied
magnetic field.

In more detailed investigations it has been found that the field is zero only in
the bulk of large samples, with the field decreasing from its given surface value to
zero in a thin surface layer. The thickness of this layer is known as the penetration
depth, and is usually of the order of 10~"m.

The Meissner effect implies that any current in the superconducting material
must flow on the surface of the material, since an internal current density would
produce an internal magnetic field. (Indeed, it is by means of surface currents that
a superconductor excludes a magnetic field.) Moreover, magnetic fields above a
certain magnitude cannot be excluded from the material, so the Meissner effect
also implies the existence of a critical magnetic field, H,., above which the material
ceases to be superconducting, even at temperatures below the critical temperature
(see Fig. 1.2).

Furthermore all processes, e.g. passage through the critical temperature or
critical magnetic field, are found to be reversible. Then simple thermodynamic
arguments (see e.g. [54]) can be used to deduce that the transition from normally
conducting (normal) to superconducting at zero magnetic field and current is not
accompanied by a release of latent heat, i.e. the transition is what is known as
second order. (In the presence of a magnetic field however, the transition is of first
order, and is accompanied by a release of latent heat I(T) = —uTH,dH,/dT per
unit volume, where, y is the permeability, T is the absolute transition temperature,
and we have assumed that the densities of the two phases are equal. Note that when
there is no magnetic field the transition occurs at 7' = T, and that H.(T.) = 0.)

The simplest configuration in which to describe the above phenomena is that
of a cylindrical wire with cross section Q (Fig. 1.3), placed in an axial magnetic
field (0,0, Hy). If Hy is lower than the critical field H, of the superconductor then
the material will be in the superconducting state, with H = E =0 in ). H is
then discontinuous across 0f), which suggests a superconducting current sheet in
02, perpendicular to the z-axis. If the field Hy is now increased through H., the
superconductor will gradually be converted to a normal conductor and the field will

gradually penetrate it. While this conversion is occurring the material may consist



Superconductor Perfect conductor

Sample placed in external magnetic field with 7" > T..

Temperature cooled through 7.:
the magnetic field is excluded from the superconductor.

External field removed: the field is trapped in the perfect conductor.

Figure 1.1: The contrasting responses of superconductors and perfect conductors
in the presence of an applied magnetic field.
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Figure 1.2: The response of a superconductor in the presence of an applied mag-
netic field.

Figure 1.3: Cylindrical superconducting wire in an applied axial magnetic field.



of a diminishing superconducting core surrounded by a normally conducting region

in which a non-zero field exists (Fig. 1.4). Let us try and model this situation.

Figure 1.4: The destruction of superconductivity in a cylindrical wire by an applied
axial magnetic field.

We assume that the latent heat and joule heating effects are negligible, and that
the conversion occurs under isothermal conditions (in Section 2.4 we will relax this
assumption and include thermal effects in the model). Here and throughout we
assume that Maxwell’s equations hold everywhere, with the displacement current
being negligible. Thus the electric and magnetic fields E, H, the current density
7, and the charge density p satisfy

divE = g (1.1)
divH = 0, (1.2)
curl H = j, (1.3)
curlE—Hzaa—Ij = 0, (1.4)

where the permeability e and the permittivity p are assumed constant (but their
values in the superconductor may differ from their values in an external non-

superconducting material or vacuum). When the wire is in the normal state we



assume Ohm’s law

j=c<E, (1.5)

where ¢ is the constant electrical conductivity (which again may take different
values in each material).

We nondimensionalise these equations by setting

H-HH, E-tg =",
H, .
j = l—Jla Tr = l[)w/, t= ,usgl(z)t/a
0

where €4 and p, are respectively the permittivity and permeability of the supercon-
ductor , [y is a typical length of the sample and H, is a typical value of the external
magnetic field. When we consider the Ginzburg-Landau equations in Chapter 3,
H,. will be given specifically in terms of parameters in the equations and will turn
out to be v/2H, where H, is the (dimensional) critical field of the sample. On
dropping the primes, so that Hy and H. are henceforth dimensionless, this yields

in §2 the dimensionless system

divE = o (1.6)
div H = 0, (1.7)
carl H = j, (1.8)
curl E + 678_1;[ = 0, (1.9)
with
j=E, (1.10)

when the wire is in the normal state.

We now seek a solution H = (0,0, Hs(x,y,t)), E = (Ey(z,y,t), Ex(x,y,t),0).
We assume a configuration in which the part of the wire that is normal is separated
from the remaining superconducting region by a smooth cylinder I'.

In the superconducting region we have simply H3 = 0. In the normal region
(1.6)-(1.10) imply

OHj;

& = V2 Hs, (1.11)

with
H3 = H[), on 0f).
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As we approach I from the normal region we expect the magnitude of the magnetic

field to tend to the critical magnetic field, i.e.
H; — H.. (1.12)

Hence we expect a superconducting current sheet in I', perpendicular to the z-axis
and of magnitude H.. Finally, we derive a condition on the normal velocity v,, of

I' towards the normal region by writing (1.9) in the form

OH
8—; + div (Ey, —E;,0) = 0,

and integrating over a small region in space and time containing part of I'. After

applying the divergence theorem we find
[Hs]gvn = [Ein - Emz]g’

where, for definiteness, we take m = (nq,ns,0) to be the outward normal vector to
the superconducting region. Since E = H = 0 in the superconducting region, and

E = j = curl H in the normal region, we therefore assert that
0H;
on

as I' is approached from the normal region.

— —H,v,, (1.13)

The model (1.11)-(1.13) was written down in [38] in the case where € is circular.
It is convenient in that it only involves H and not E, and is in fact nothing more
than a one-phase ‘Stefan’ model [16], which is itself the simplest macroscopic model
that could be written down for an evolving phase boundary in the classical theory of
melting or solidification. In its simplest dimensionless two-phase form, the Stefan
model has
oT

i V3T, (1.14)

in both the solid and liquid phases, where T is the temperature. On the interface

between the phases we have the temperature condition
T="T,, (1.15)

where T, is the melting temperature, together with an energy balance for the
velocity v,, of the phase boundary in the form

L
la—T] = —Lu,, (1.16)
on s



where L is the latent heat. When 7}, is constant, and this model is supplemented
by suitable initial and boundary conditions, it is known to be well-posed just as
long as neither superheating nor supercooling occurs, i.e. Tsoriq < Ty Tliquia > T
[34]. However, when either of these conditions is violated the model appears to
be ill-posed and thus needs to be regularised [17]. The most popular way of doing
this is by writing

YT = —0FK — aovy, (1.17)

where < is the mean curvature of the interface with a suitable sign, v and «
are positive constants (v is the dimensionless entropy difference between the two
phases), and o is the ‘surface energy’ (so that o% is the ‘surface tension’). We can
see heuristically the stabilising effects of (1.17) by noting that it implies that an
order-one interface temperature is incompatible with a large interface curvature or
normal velocity, and some well-posedness results are beginning to appear [21, 46].

A similar condition to (1.17) was proposed for the superconducting problem in

[41], in which the interface condition (1.12) was modified to
H. _
Hy = H, — ~of, (1.18)

as I is approached from the normal region, where o is the (dimensionless) ‘surface
energy’ of a normal/superconducting interface. The physical justification for the
addition of such a term in the superconductivity model is not as clear as that for
the solidification model, since the ‘surface tension’ of a normal/superconducting
interface is difficult to demonstrate.

The layout of this thesis is strongly influenced by the analogy between models
for solidification and models for superconductivity. A particularly useful link is
provided by the so-called ‘phase field’ regularisation of (1.14)-(1.16) [12], whereby
the phase boundary T° = T,, is smoothed by introducing an ‘order parameter’
F € [—1,1] representing the mass fraction of material to have changed phase, say
from liquid (F' = 1) to solid (F' = —1). Equation (1.14) is then modified to take

account of the release of latent heat as F' varies by writing

oTr LOF
o ar = V*T. (1.19)



In addition we need to append a ‘Landau-Ginzburg’ equation for F', obtained by
relating the evolution of F' to the variational derivative of a suitably chosen free

energy functional, in the form
OF 1
2 2y;2 3

together with suitable initial and boundary conditions; «, £ and a are all constants.
In [10] it is conjectured that under rather general conditions there exists a unique
smooth global solution to (1.19), (1.20) in arbitrary dimension. Numerical simula-
tions have been performed [13] which also indicate their well-posedness. However,
the most intriguing feature of (1.19), (1.20) from the viewpoint of superconduc-
tivity modelling is their ability to reduce formally to the classical and regularised
Stefan models (1.14)-(1.17) as a, £ and, in some cases, @« — 0 [11]. When these
parameters are small, the structure comprises liquid and solid regions separated
by a thin transition layer in which F' and T are smoothly varying ‘travelling wave’
solutions of certain approximations to (1.19), (1.20).

We note that in general the configuration of normal and superconducting do-
mains in a sample will be much more complicated that that of the previous exam-
ple, even in the steady state. Consider, for example, a circular superconducting
cylinder of radius a in a transverse rather than axial magnetic field, as shown in
Fig. 1.5.

In this case, for small values of the applied magnetic field there will be a com-
plete Meissner effect as shown. Calculation of the magnetic field in this situation

is a simple magnetostatics potential problem. We have H = V¢, with

Vi = 0, r>a,
9¢
or

¢ — Hyrsinf, asr — oo,

= 0, onr=a,

with solution

a2
¢ = HO <T+—>Sine,

r

a® a® ~
H = HO<1——2>sin9'f"+H0<1+—2>00890,

r r



Figure 1.5: Cylindrical superconducting wire in an applied transverse magnetic
field of small magnitude.

where 7 and 0 are unit vectors in the r and @ directions respectively. The maximum
magnitude of the magnetic field occurs at the points r = a, § = 0, m, labelled A
and B in the diagram, at which | H |= 2H,. Hence, when the applied field is
increased to H./2, the field at the points A and B will actually be equal to H,,
and hence the material there will become normal again. However, if the whole
wire were to become normal there would be no Meissner effect and the magnitude
of the magnetic field would everywhere be equal to H./2 (assuming that p takes
the same value inside and outside the wire), which is less than H., and hence
the material would become superconducting again. Thus for values of the applied
magnetic field H./2 < Hy < H. the material can be in neither a completely normal
state nor a completely superconducting state, and must be in some intermediate
state consisting of both normal and superconducting regions. The intermediate
state in a single crystal may be a simple laminar structure, as seen for example
in [56]. On the other hand, many intricate morphologies have also been observed
(24, 62].

We shall begin our discussion of macroscopic superconductivity modelling with
free boundary models analogous to (1.14)-(1.16) and then proceed to models in

which the phase boundary is smoothed as in (1.19), (1.20). In Chapter 2 we shall
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write down the generalisation of (1.11)-(1.13) to a three-dimensional superconduc-
tor undergoing a phase change. This will take the form of a ‘vectorial’ Stefan
problem. This vectorial Stefan problem will be shown sometimes to have insta-
bilities which are similar to those which cause ill-posedness in the classical Stefan
model (1.14)-(1.16) in superheated or supercooled situations. This means that the
model is only capable of describing certain superconductor configurations. In par-
ticular, for intermediate states when both phases are present, we will only expect
well-posedness when the normal region is expanding and the superconducting re-
gion is contracting. In these circumstances the model predicts the evolution of a
smooth boundary I' separating the two phases. However, the model also relies on
the assumption that the wire forms normal and superconducting regions separated
by thin transition layers. We shall see in Chapter 5 that this assumption is not
valid for what are known as Type II superconductors, and this further constraint
restricts the use of (1.11)-(1.13) to what are known as Type I superconductors.
Indeed, the simple account of the Meissner effect and the critical field given
previously is also only accurate for Type I superconductors. Let us compare the

magnetisation curves of Type I and Type II superconductors.

¥zl H /
/]
/ |
/ / |
/ / |
|

HC H() hcl th HO
Type I Superconductors Type II Superconductors

Figure 1.6: Average magnetic field H in bulk Type I and Type II superconductors
as a function of the applied magnetic field H,.

Fig. 1.6 shows the average magnetic field in bulk Type I and Type II supercon-

ductors as a function of the applied magnetic field. For Type I superconductors

11



we see the phenomena mentioned previously, namely that the magnetic field is
excluded from the sample for low values of the applied magnetic field, but above
a certain critical field H. the sample reverts to the normal state and the field
completely penetrates it.

For Type II superconductors we see that for low values of the applied magnetic
field (Hy < h¢,) the Meissner effect is complete and the field is excluded from
the sample, and for high values of the applied magnetic field (Hy > h.,) the
sample reverts to the normal state and the magnetic field completely penetrates
it. However, for intermediate values of the applied magnetic field (h., < Hy < he,)
the superconductor is neither completely superconducting nor completely normal,
and the field partially penetrates it. In this regime the superconductor is in what
is known as the mized state. (Note that this state is very different from the
intermediate state mentioned previously, which was dependent on the geometry
of the sample, and which could be formed in Type I superconductors. The mixed
state is an intrinsic property of Type II superconductors which occurs even in
geometries where there is no distortion of the applied field.) Thus we see that for
Type II superconductors there is not an abrupt transition from superconducting to
normal as the applied field is increased through H., but rather a gradual transition
as the applied field varies between two critical values h., (the lower critical field)
and h,, (the upper critical field). Fig. 1.2 should therefore be modified for a Type II
superconductor to Fig. 1.7.

We can further highlight the difference between Type I and Type II supercon-
ductors by considering the experimental observation of the response of a supercon-
ductor as the external field is lowered and raised, shown in Fig. 1.8.

We see that the onset of superconductivity near H,, is reversible for a Type II
superconductor. However, for a Type I superconductor there is a hysteresis loop.
If the applied magnetic field is lowered under controlled conditions the normal
state can be made to persist until a lower value of the applied magnetic field than
the critical magnetic field, at which point there is an abrupt transition to the
superconducting state. If the field is now raised the superconducting state will

persisit until the applied field reaches the critical magnetic field.
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H
he,(T)
Normally
conducting
Mixed
he, (T)
Superconducting
T. T

Figure 1.7: The response of a Type II superconductor in the presence of an applied
magnetic field with no applied current.

H H /
/]
/ |
/ |
/ |
|

Hc HO hcl hCQ HO
Type I Superconductors Type II Superconductors

Figure 1.8: Response of Type I and Type II superconductors as the external mag-
netic field is raised and lowered.
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In order to understand this hysteresis loop, the transition from normal to su-
perconducting for Type I superconductors and the behaviour of Type II super-
conductors we must consider the phase boundary more carefully. A step in this
direction was taken by London [45], who proposed that the superconducting region
should not be modelled simply by writing H = 0, but rather that there should be

a distributed superconducting current 7, in that region, such that

d3
5 E 1.21
at ) ( )
curl j, o« H. (1.22)
Hence
Js X A, (1.23)

where A is a suitable chosen magnetic vector potential which, in the supercon-
ducting region, is only appreciable near I". This removes the discontinuity in the
magnetic field at the interface, but the boundary between normal and supercon-
ducting regions in the material is still sharp.

In 1950 a model was written down by Ginzburg & Landau which smooths out
the phase boundary altogether [28]. They considered the conducting electrons as
a ‘fluid’ that could appear in two phases, namely superconducting and normal.
They then applied the general Landau-Ginzburg theory of second order phase
transitions, including terms to take into account how the electron ‘fluid” motion is
affected by a magnetic field. We introduce this model in Chapter 3. For Type I
superconductors this theory will stand in relation to the vectorial Stefan model as
does the phase field theory to the scalar Stefan model for solidification. However,
it will also permit us to analyse Type II superconductors.

In Chapter 4 we shall study the asymptotic limit in which the Ginzburg-Landau
theory reduces to the relatively simple vectorial Stefan model of Chapter 2.

In Chapter 5 we shall study the nucleation of superconductivity in decreasing
fields at h.,, which will help to explain the magnetisation curves of Fig. 1.6 and the
hysteresis in Fig. 1.8. In Chapter 6 we consider the effects of the presence of surfaces
on the nucleation of superconductivity and in Chapter 7 we will examine the form
of the mixed state in a bulk superconductor. In Chapter 8 we study the nucleation

of superconductivity with decreasing temperature rather than decreasing magnetic

14



field. Finally, in Chapter 9, we present the results of the thesis and some interesting
open questions.

To close this introduction we remark that literature on the subject of super-
conductivity is both vast and varied, but the important papers from the point of
view of this thesis are those of Ginzburg & Landau [28], Abrikosov [1], Keller [38],
Millman & Keller [50], and on the phase field theory, Caginalp [12]. Recent reviews

of the macroscopic theory of superconductivity have been given in [20] and [15].
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Chapter 2

Free Boundary Models

In (1.11)-(1.13) we have already seen a simple configuration which permits a Stefan
free boundary model to be formulated. We now generalise this model to three
dimensions. Let the superconducting material occupy a region €2, bounded by a
surface 0€2. We denote the region occupied by the normally conducting phase by
Qn and the region occupied by the superconducting phase by g, with the free
boundary, i.e. that portion of 02y not contained in 02, being denoted by I'. Then
Q=0QyUQsUT. (See Fig. 2.1)

We take the region outside €2 to be a vacuum, in which we have the Maxwell

equations

curtl H = 0, (2.1)
divH = 0. (2.2)

We assume the Meissner effect in the superconducting phase, so that
H =0, in Qg, (2.3)

and that Ohm’s law applies in the normal phase, so that

0H
5 = —(curl)’H (2.4)
= V’H, (2.5)
in Qy, since
div H = 0, (2.6)
there. The generalisation of (1.12) is
H|— 1, 2.7)

16



Figure 2.1: Destruction of superconductivity by an applied magnetic field.

as the phase boundary I' is approached from the normal region.

We write (1.9) in the form
0 —-FE3 E
OH 3 2
E + le E3 0 —E1 = 0
—-Fy B 0
We integrate this equation over a small region in space and time containing part
of the boundary I' and apply the divergence theorem to obtain
[E A n]g = " Un [H]]SV>

where n is the unit normal to the interface I' (taken to point towards the normal re-
gion) and v, is the normal velocity of the interface, positive if the superconducting
region is expanding. However, EE = curl H in the normal region and E = H =0

in the superconducting region. Hence we find that
curl H An = —v,H, on I'y, (2.8)

where I' y denotes the interface I approached from the normal region; this condition

was written down in [3].
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The conditions on the fixed boundary 02 will be the usual conditions on H

and FE at an interface between two media, namely

[H-n] = 0, (2.9)
[EAn] = [curl HAn] =0, (2.10)
tE-n] = [ccul H-n] =g, (2.11)
[(L/wH An] = j, (2.12)

where [] denotes the jump in the enclosed quantity across 0, j, is the surface
current density, and g is the surface charge density. In the superconducting region
w1 and € will be unity. In general g5 will be zero, and 7, will only be non-zero on
0€Qs. The boundary conditions (2.9)-(2.12) are not all independent. In particular,
since the time derivative of equation (1.7) follows from equation (1.9), (2.9) gives
extra information to (2.10) only in the case of static fields.

We must also give the initial condition
H = Hy(x), whent =0, (2.13)

where

div Hy = 0, (2.14)

and the far field condition that
H — H,, as |x|— oc. (2.15)

Before we begin our analysis of (2.1)-(2.15) we note that all of (2.4)-(2.6) hold
throughout Qy. It is a question of interest as to whether the condition (2.6) is a

consequence of (2.1)-(2.4), and (2.7)-(2.15), or whether the extra condition
div H = 0, on 'y,

needs to be appended to ensure that div H = 0 everywhere. If this were the case
then the free boundary would seem to be overdetermined. We now prove that,

when we add the condition that

[div H] = 0, (2.16)
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i.e. that div H is continuous across the fixed boundary 0f, then (2.6) does indeed
follow from (2.1)-(2.4), and (2.7)-(2.16), and also when (2.4) is replaced by (2.5)
in the case when v, > 0, which is the case of interest.
We let the fixed portion of the boundary of 2y be denoted by dy€2 so that
0Oy = T'UONQ. For ease of notation we denote div H by wu.
We first note that
div(uH) = H - Vu + u*.

Hence
/ (H-Vutu?)dv = / div(uH) dV,
QN QN

= / uH -ndS,
00N
= ()7

since H-n=0onT, and u =0 on dy¢). Hence
/ WAV =— [ H-VudV.
Qn QN

Differentiating this equation with respect to t we have

D ozay = — L H vaay
H
_ _/ 8_ Vu+ H - Q(Vu) dV—/(H-Vu)vndS.
ot ot r

Taking the divergence of equation (2.4) yields

ou
E—O.

Hence, using (2.4) and (2.8) we have

d 2
d gy — /
dt QNU v

QN
- / (curl H A Vi) -ndS — /curlH/\Vu) nds,
15:97%

curl °H - Vu dV+/ (curl H Am) - VudS,

v (curl H A Vu) dV+/ (curl H An) - Vuds,

= (curl H A Vu) -ndS,
6NQ

= 0,
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since curl H An = 0 on 0f2. Thus

d 2
— dV = 0.
at Jon u dV =0

Hence

/ w2 dV = (div Ho)?dV =0,
Qn QN (t=0)

by (2.13). Hence
div H =0, in Qy,

as required.
We now prove that div H is also zero when (2.4) is replaced by (2.5) and

v, > 0. As before we have
/ WAV =— [ H-Vuav.
QN QN

Differentiating this equation with respect to ¢t we have

T ozay = — L movaay
OH 9
. [&.VHH-&(W)] AV — [ (H - Vuyu,ds,

- -/ [(VQH-VU)—FH-%(VU)] dv

—/ (curl H Am) - VudS,
r

by (2.5) and (2.8). Now
V2 H = Vu — (curl)’H.

. [Ou ou ou
/QNdw<EH> v = LNUE—}-H-V(E) dv,
= / @H-nds,
ooy Ot

= 0,

Also

in the same way that [, uH -ndS = 0. Hence

;i o w?dV = /QN ((curl)QH - Vu— |Vul? +ug?:> av

- /(Curl H An)-VudsS,
r

1 0u? 9
= Joo2 o |Vulm v,
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since

/ (curl)’H - VudV — /(Curl H An)-VudS =0,
Qn r

as before. We also have that

2
L oy / w?v,, dS.
dt Jaoy on Ot r
Hence )
1/ 0
- idvz—/ |V ? dV—/u%nds.
2 Jay ot Qn r

Hence, for v, > 0, )
0
/ Ty <.
oy Ot

Hence
o ay < 0.
dt Jox
However, [ u?dV >0, and [, u®dV =0 initially. Hence
/ wdV =0,
Qn

and therefore div H = 0, as required.

Remark (Hairy Dog Theorem)

Before we begin our analysis of (2.1)-(2.15) we make one final remark concerning
the boundary condition (2.7). In cases where we have a finite normal region entirely
surrounded by a superconducting region, or vice versa (i.e. a free boundary I'
which does not meet the fixed boundary 0f2), in either the time-dependent or
steady situation, we have a smooth tangent vector field H of constant modulus on
a smooth, closed surface I". A corollary to the Gauss-Bonnet theorem of differential
geometry (sometimes known as the hairy dog theorem) implies that this can only
be true if I' is topologically equivalent to a torus, since a smooth tangent vector
field on any other smooth, closed surface must have at least one stationary point.

This means that although there are many exact solutions (e.g. similarity solu-
tions) in two dimensions, it is very difficult to find exact solutions in three dimen-

sions, since there can be no spherically symmetric solutions.
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2.1 Linear Stability Analysis

For a discussion of the linear stability analysis of the classical Stefan problem we
refer to [42, 64]. We consider here the vector Stefan problem (2.1)-(2.16) in an
infinite region, ignoring for the moment the conditions at infinity and the initial

conditions. We have then

V:H = aa—It{’ in the normal region, (2.17)

H = 0, in the superconducting region, (2.18)

|H| = H. on Iy, (2.19)

curl HAn = —v,H, only. (2.20)

A solution representing a plane wave travelling with constant velocity is given by

—v(z—vt)
- { (0, H.e ,0) =<t (2.21)

0 xr > vt

where the boundary is given by z = vt and the normal region is * < vt. We
perform a linear stability analysis of this solution by considering perturbations to

the boundary, which is given by x = X, of the form
X(y, z,t) = vt + ee” cosmy cosnz, (2.22)

where 0 < € < 1, and m and n are real and positive for definiteness. We expand

the corresponding solution for H in powers of e:
H = (0,He @ 0) +eHY 4 ... (2.23)

Substituting the expansion (2.23) into equation (2.17) and equating coefficients of
€ yields

(1)
VZHY = OH .
ot

We will shortly change to co-ordinates moving with the free boundary, but we first

(2.24)

calculate the boundary conditions for H (1), We have

|H(X,y,2)]> = (HY(X,y,2)+ )+ (Hee "X 4 eHS (X, y,2) + -+ )
+ (eH (X, y,2) + - )
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H2 —2eve’t cosmy cosnz
c€

+ 2eH o cve”" cosmy cos "ZHZ(I) (vt + e’ cosmy cosnz, y, 2)
+ O(€?)
= H2(1 — 2eve” cosmy cosnz) + 2¢H.HSY (vt, y, z) + O(e?)
H;

by (2.19). Equating coefficients of € gives
Hél)(vt, y,2) = vH.e’" cosmy cosnz. (2.25)

The boundary is given by the equation x — X = 0. Hence the unit normal to

the boundary is given by
n = (=1, —eme”" sinmy cos nz, —ene’ cosmy sinnz) + O(e?).
The velocity of the boundary is given by

0X
v = <—,0,0> = (v + eoe’ cosmy cosnz, 0,0).

ot
Hence
v, =v-n=—v—eoe’ cosmycosnz + O(e?). (2.26)
Therefore
v, H(X,y,z) =
el (X,y, 2) '

—(v + eoe” cosmy cosnz) | H,e e’ cosmycosnz 4 eHél)(X, Y, 2)

eHV (X, y, 2)

evH{" (vt y, 2)
= — | vH.+ e(oc —v?)H.e cosmycosnz + eHél)(vt, Y, 2) + O(€%).(2.27)

EUH?ED (’Ut, Y, Z)

23



We have

curl H Am =
T

[aH;w B aH;D]

dy 0z T
(1) (1) —1
OH, OH, ot -
€El—F5— — 52— Al —eme’” sinmy cosnz

0z oz

—ene’t cosmy sinnz

1 1
—UHcefv(vat) 4 [6Hé : _ ‘9H§ )]

ox oy
+ O(€?)
: T
evH, e =" met sin my cos nz
(1) (1)
o —v(z—vt) oH,”  9H; 2

0z ox

{6H{1) on" ]
Hence

(curl H An) (X,y,z) =

_ ot . T
evH e Ve CoSmMYCosnz m o0l gin my cos nz

—eve?t cosmy cosnz 6H(1) 8H(1)
— | —vH.e t Y —|—e[ 83: (X,y,z)— 63,1/ (X,y,z)} +O(62),

o om"
(287 (X, 2) — 20,2
o—t . T
ev H.me’" sin my cosnz
9 omt" ont!
— _ | —vH.+e€ [v Hee' cosmy cosnz + —52—(vt,y, z) — =51 (vt, y, z)]
ont" oms!
|: 8; (Utu Y, Z) - 8; (Ut7y7 Z):|
+0(€),
T
= vH, + (o — v?)H,e" cosmy cosnz + eHél)(vt, Y, 2) + O(€%),
evHS (vt, y, 2)
by (2.20) and (2.27). Equating powers of € gives
Hfl)(vt, y,2) = —mH."" sinmycosnz, (2.28)
oH oH )
a; (Ut7y7 Z) - : (’Ut, Y, Z) - _UHQ( )(Utu Y, Z)

— oH.e” cosmycosnz, (2.29)
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aH(l) aH(l)
vty 2) = =2 (oty,2) = oH (vty, ).

Using (2.28) and (2.25) we see

oHW

82 (vt,y,z) = —(v*+ 0+ m?)H.e"" cosmycosnz,
x

aH(l)

83 (vt,y,z) = —vHél)(vt,y,z)—|—mane"tsinmysinnz.
x

Hence the problem we have to solve is

1)
VZHWY = oH
ot
with the (fixed) boundary conditions
Hfl) (vt,y,z) = —mH.e"" sinmycosnz,
HQ(I) (vt,y,z) = vH.e"" cosmycosnz,
aH(l)
2 vt,Yy,z) = — v+ o +m? Hce”t COS MYy CoS Nz,
0
x
oHW )
3 vt,y,z) = —oHY vt,y, 2) + mnH.e" sin my sinnz.
a 3
x

We look for a solution for H2(1) of the form
HY = F(x — vt)e” cosmy cosnz.
Letting n = x — vt and / = d/dn we have
F'+vF —(n®+m*+0)F = 0,
F(O) = oM,
F'(0) = —(*+0o+m?H,.

Hence

F = AeM" 4 Bet2",

where A1, Ay are the roots of

M4+l —(n®+m?+0) =0,
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namely

—v+4/v? +4(n?>+m? + o)

)\1 = 92 )
—v —/v2+4(n?>+m?+ o)
Ay = 5 :

The boundary conditions (2.39), (2.40) imply
A+B = wvH,, (2.41)
AN +B)y = —(v*+o0+m?)H,. (2.42)

We consider separately the cases v > 0, v < 0.

(1) v > 0.

If we require that H2(1) should be small compared to Héo) = Hoe V@t a5

xr — vt — —oo then we have either R{\y} > —v or B =0. If R{\2} > —v then

R{v2+4(n* +m? +0)} < (3?{\/112 +4(n?>+m?+ a)})2 <7
R{o} < —(n* +m?).

Hence R{o} is negative. If we have B = 0 then (2.41) implies A = vH,, which in
(2.42) implies

v\/vz +4(n2 +m?2 +0) = —v* — 20 — 2m>. (2.43)
Squaring gives
v+ 40 (n? + m? + o) = vt + 407 + 4m? + 40 + 4*m? + 8om?,

1.e.

Hence

o =—m®+nv. (2.44)

However, since we had to square our equation to obtain this answer we need to

substitute (2.44) into (2.43) and check for consistency. We find

vy/(v £ 2n)? = —v(v £ 2n),
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l.e. v 4 2n < 0. Since v > 0 we must have

o= —m>—nv, 2n > 0. (2.45)

Since v is positive we see that o is negative and the solution is linearly stable.

(2) v <O.

If we again require that HQ(I) should be small compared to HQ(O) = He V@t a9
x —vt — —oo then we must have B = 0. As before 0 = —m?+nv, with v+2n < 0.
Thus

—m? —
a:{ m*Etnv 2n < —v, (2.46)

-m?—nv 2n > —v.
Hence, for n/m? > —v there will be a solution with ¢ > 0 indicating an instability
of the boundary.

We note the very different responses to perturbations in the y and z direction.
We see that for a perturbation in the y-direction only (n = 0) the boundary is
always stable. However, for a perturbation in the z direction only (m = 0) the
boundary is stable if and only if v > 0, i.e. the normal region is advancing. Fur-
thermore, when both perturbations are present the perturbation in the y-direction
serves to increase the stability of the perturbation in the z-direction when v > 0,
and decrease the instability of the perturbation in the z-direction when v < 0.

In (1) we found that no mode solutions decaying at infinity were possible when
2n > v (and yet such a perturbation may be applied to the system and it will evolve
in time). A complete linear treatment for a given perturbation can be obtained by
taking the Laplace transform in time, i.e. treating the problem as an initial value
problem. If this approach is carried out we find that the free boundary is of the

form

cosmy cosnz y-+ioco R
$:Ut+—/ aeptdp,
21 Y—1i00

where the integrand ¢ has poles at the roots of the dispersion relation (2.43). There
is also a branch cut in the p plane from —v?/4 —n? — m? to —oo. When 2n > v
the sole contribution to the integrand comes from this branch cut. Since ®{p} < 0
there, this contribution decays with time.

Finally we solve for Hfl), él). If we require that Hfl), él) are bounded as

x — vt — —oo for v > 0 and are small compared with H.e =% as ¢ — vt — —0c0
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for v < 0 then, in order for div H to tend to zero as x — —oo we require that

B = 0. In this case

Hl(l) = CeME ginmy cosnz,

Hél) = DM ginmysinnz,
where A\ = n — v. The boundary conditions (2.34), (2.37) imply

C = —mH,,
D(n—v) = —vD+ mnH,,

Hence D = mH, for n # 0. Note that for n = 0 we have H?El) =0.
We note that

8H(1) aH(l) aH(l)
d- H(l) — 1 2 3
v Ox + oy + 0z’

= _m(n — U)Hce(nfv)(mfvt) _ vace(nfv)(mfvt) + ,’nn]—_[Ce(nfv)(:]c,mg)7

= 0,

as expected.

2.2 Steady State

The scalar Stefan problem has only a trivial steady state. Indeed, the steady state
for the model (1.11)-(1.13) is simply

H = H., in the normal region,

H =0, in the superconducting region.

However, the full vectorial Stefan problem admits non-trivial steady states. The

steady state problem on an infinite domain is

curl H = 0, in the normal region, (2.47)
div H = 0, in the normal region, (2.48)
H = 0, in the superconducting region, (2.49)
H-n = 0, onTy, (2.50)
|H| = H. onTly. (2.51)
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Equation (2.47) implies there exists a potential ¢ such that
H = HN . (2.52)

Equations (2.48)-(2.51) now imply

V%¢ = 0, in the normal region, (2.53)
¢ = 0, in the superconducting region, (2.54)

0
(’Ti — 0, on Dy, (2.55)
|Vp| = 1, onI'y. (2.56)

The problem (2.53)-(2.56) can be identified with the classical problem of a jet or
cavity in fluid dynamics by identifying ¢ with the fluid pressure [9], although for a
bounded or semi-infinite superconducting body, the conditions at a fixed boundary
will differ.

If we restrict ourselves to the two-dimensional case, with the magnetic field
confined to the plane of interest, then we can solve (2.53)-(2.56) by the use of
complex variables. In this case ¢ = p(z,y). We let z = z + iy and

w(z) = @(x,y) +in(z,y),

where 7 is the harmonic conjugate of . Then w is a holomorphic function of z if
and only if ¢ is harmonic.

Let the free boundary I' be given by

where g is analytic on T'. g is known as a Schwarz function [18]. The free boundary

conditions imply that
ow Jp Op

on I') where s is the arclength. We also have that

ow  dw 0z

ds  dz 9s’
on I'. Equation (2.57) implies that

9 _dgo:
Os  dz0s’
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and hence

010> | dg (0z)°
ds s dz\0s)

Thus (2.58) implies

dw  (dg\"”?
—= (d—g> , (2.59)
on I'. By analytic continuation we have that equation (2.59) holds wherever both
sides are analytic. Thus we can generate large numbers of possible free bound-
aries by solving the inverse problem, i.e. by specifying the boundary and solving
equation (2.59) for the potential.

Equation (2.57) places restrictions on the function g, and it is a question of

interest to see which functions are allowable. In particular we have that, on I"

and hence
which is usually written as

The simplest Schwarz function is just g(z) = z. This gives a plane boundary
with w(z) = +z, ¢(z,y) = +x, H = (£1,0,0), and is the trivial case mentioned
at the beginning of this section.

The only other rational g is a circle [18]
|z —al|=b,

which has
b2

2 =yg(z)=a +—

For a unit circle centred at the origin, a = 0, b = 1, and we have w(z) = +ilog z,
o =460, H = £(1/r)ey, where z = re? and ey is the unit vector in the # direction.
We note that in this case the normal state must occupy the region r > 1, since
the solution with the normal state in the region r < 1 gives an unbounded field
at the origin (we will return to this point in the conclusion when we consider a

superconducting wire carrying an applied current). This is a general property of
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Schwarz functions; it has been proved in [18] that if ' is a simple closed curve then
g has a singularity inside I'. We note that even the solution with the normal region
in r > 1 is likely to be physically unrealistic, since the magnetic field is everywhere

less than the critical magnetic field.

2.3 Similarity Solutions

There are a number of similarity solutions to the vectorial Stefan problem (2.4),
(2.7), (2.8). As noted in the introduction, in the two-dimensional case in which the
field is perpendicular to the plane of interest the problem reduces to the classical
Stefan problem in two dimensions, to which a number of similarity solutions are
known to exist. We refer to [33] for a review.

We demonstrate here a new similarity solution for the two-dimensional case in
which the field lies within the plane of interest and is azimuthal, depending on r

only, i.e.

H = H(’I", t)eg.

If the boundary is given by r = R(t), the equations for H, R are

2H 10H H o =R
T T T T r S R(t)
H(R,t) = H., (2.61)
OH IR 1
—(R,t) = —-H.|—+ = 2.62
Py - -m (5 3). 262

together with appropriate initial and fixed boundary conditions. There is a simi-

1/2

larity variable n = r¢="/*. Given suitable initial and fixed boundary conditions we

have H = H(n), R(t) = ct'/?, where

n>c

3 el
nH" + (77 + %) H —-H = 0, or (2.63)
n<c
H() = H, (2.64)
1
H'(c) = —H, (f —> 2.
() 5T 2) (2.65)



where / = d/dn. One solution of (2.63) is the Toronto function 7°(2,1,7/2). This
can be written in terms of hypergeometric functions as n 1Fi(1/2;2; —n%/4), in

terms of the Kummer function as nM(1/2;2; —n?/4), or in series form as

- (=1)™(2m)! 2m+1
Hm =2, 16m(m2(m+ 1)

m=0

An independent solution is given by
H(n) = e "y (—n?/4),
where wg; is the Cunningham function, which can be written in terms of hyper-
geometric functions as H(n) = oFy(1/2,—1/2;;4/n%). As n — oo,
T(2,1,7/2) = const. +O(n~?),

oFo(1/2,—1/2;:4/n*) = const. +O(n1).
Thus if we are solving in n > ¢ both solutions are admissible and the general
solution of (2.63) will be a linear combination of the two. Specifying the field at

infinity will leave only one constant undetermined. The free boundary conditions

will then determine the other constant and c¢. As n — 0,
T(2,1,0) = const.,
oFo(1/2,—1/2;:4/n°) ~ const.ap '

Thus if we are solving in n < ¢ and require the field to be bounded at the origin the
solution 9 F(1/2, —1/2;;4/n%) is inadmissible. In this case the boundary conditions

imply the following relation for c:
T'(2,1,¢/2) = —(2¢ +)T(2,1,¢/2).

A final case to consider is that of an annulus of normal material. In this case

we have
3
n*H" + <n+ %) H—-H = 0, a<n<o, (2.66)
1
H/(Cl) = —Hc <ﬁ + _) y (268)
2 C1
1
H/(CQ) = —Hc <C2 + ) y (270)
2 Co



The general solution is now
aT'(2,1,1/2) + B2Fo(1/2,=1/2;;4/1),

and we have four boundary conditions to determine the four constants «, 3, ¢y, cs.
It is an open question as to whether a solution exists in each of the above cases,

and if so how many solutions exist.

2.4 Thermal Effects

We can include thermal effects in the model (2.1)-(2.16) by allowing H. in (2.7) to
depend on the temperature T', and appending equations for 7" on either side of the
free boundary, together with Stefan-type conditions on the free boundary itself.
This has been done in one space dimension in [22]. Heat is generated via Ohmic

heating in the normal region. In dimensional variables T satisfies

oT
kV2T = pc—
pc at Y
in the superconducting region, and
or 1
EVPT = pec— — = |3~ %,
ey~ < 1wl

in the normal region, with the interface conditions

[Ty = 0,

or1V .
[ka—nL = —I(T)v,,

where k is the thermal conductivity, p is the density, ¢ is the specific heat, and
Z(T) is the latent heat per unit volume. k, p, and ¢ are assumed constant. We

non-dimensionalise by setting

T = T.+T.T (2.71)

- H.H, (2.72)
t = uslat, (2.73)
x = Iy, (2.74)

33



as before, where T, is the critical temperature of the bulk superconductor in the
absence of a magnetic field, and [y is a typical length of the sample. Ignoring the
fixed boundary conditions and initial conditions, which remain as before but must

be supplemented by conditions on 7', the problem is then, on dropping the primes,

—(curl)’H = aa—It{, in Qy, (2.75)
H = 0, inQq, (2.76)
) aT 9 .
VT = BE — v |curl H|?, in Qu, (2.77)
VT = ﬁ%—f, in Qg, (2.78)
crl HAn = —v,H, on 'y, (2.79)
|H| = H.(T), on Ty, (2.80)
Tl = o, (2.81)
or|™ .
— = —L(T 2.82
& - o 25
where
pc H?
— — e 2.83
s ok VT g (2.83)

measure the ratios of thermal to electromagnetic timescales and Ohmic heating to
thermal conduction respectively, and

A ur
i) = ng)q’

is a dimensionless latent heat.
In one dimension, with H = (0, H(z,t),0), T = T(z,t), the free boundary
given by x = X (), and the normal region given by x < X(t), the model becomes

0*H OH

G = o T<XO) (2.84)
H = 0, z>X(), (2.85)
227{ _ g%_f_ @%)2, v < X(1), (2.86)
gg — 5%{, x> X(1), (2.87)
88_]; = —HC(T)CZ—);, z=X(t)", (2.88)
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H = H(T), ==X, (2.89)

[ = o, (2.90)
[Z_ﬂx = E(T)Cii—);, (2.91)

In some respects this model resembles the one-phase alloy solidification problem
with H playing the rdle of the impurity concentration [16, p.14], although we have
the addition of a new nonlinear term due to the Joule heating. We also note
that it bears a superficial resemblance to the ‘thermistor’ problem [68] with a step
function conductivity, but a closer examination shows that the interface conditions
for the two problems are quite different.

A similarity solution for the one-dimensional problem is given in [22]. In fact,
all the similarity variables of the isothermal problem carry over to the anisothermal

problem.
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Chapter 3

Ginzburg-Landau Models

In 1950, seven years before the microscopic theory of Bardeen, Cooper and Schri-
effer (BCS) [6] was published, Ginzburg and Landau proposed a macroscopic, phe-
nomenological theory of superconductivity to describe the properties of supercon-
ductors for temperatures near the critical temperature [28]. The theory allows for
a spatial variation in the number density of superconducting electrons by treating
the electrons as a fluid that can exist in two phases - normal and superconducting -
to which the general Landau-Ginzburg theory of second-order phase transitions is
applied (with suitable modifications to take electromagnetic effects into account).
It was later found that the Ginzburg-Landau theory could be derived as a formal
limit of the BCS theory in the vicinity of the critical temperature [29].

In Section 3.3 we use the theory to calculate the surface energy of a nor-
mal/superconducting interface. For a certain range of parameter values (which
describes what are now known as Type II superconductors) this energy turns out
to be negative. This result was dismissed at the time (1950) as being physically
unrealistic. Abrikosov later investigated the nature of possible solutions in this
case [1], and about 10 years after that Type II superconductors were observed
directly experimentally, and shown to exhibit the Abrikosov ‘mixed state’ [23]. It
is one of the great achievements of the Ginzburg-Landau theory that it allowed for
the possibility of Type II superconductors before their existence had been verified.

Before we introduce the theory of Ginzburg and Landau we need to define the
magnetic vector potential, A, and the electric scalar potential, . Equation (1.2)

implies the existence of A such that
pH = curl A. (3.1)
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Now equation (1.4) implies

0A
I(E+— | =
cur < + 8t> 0,

which implies that there exists ® such that

DA

E+ —=-Vo. 2
+8t \% (3.2)

A is unique up to the addition of a gradient. Once A is given ® is unique up to

the addition of a function of ¢.

3.1 Steady State

The Ginzburg-Landau theory considers only the steady state, in which E = 0.
As in the phase field theory, Ginzburg and Landau introduce a superconducting
order parameter ¥ such that | ¥|? represents the number density of superconduct-
ing charge carriers. However, the order parameter must in this case be complexz,
and can be thought of as an ‘averaged macroscopic wavefunction’ for the super-
conducting electrons. The connection made by Gor’kov between the microscopic
theory and the macroscopic Ginzburg-Landau theory justified the need for ¥ to
be complex-valued.

We proceed by expanding the Helmholtz free energy density F as a power
series in | ¥ |2) which is truncated after the second term since | ¥ |? is small near
the critical temperature 7T,.. Thus, in the absence of a magnetic field we have
b(T)

2

stZJTn0+a'(T)|\II|2+ |\Il|47

where Fyy (Fno) is the Helmholtz free energy density of the superconducting (nor-

mal) phase in the absence of a magnetic field. In stable equilibrium we require

0Fw *Fu
a1wE =" aqupeE "

with | U 2= 0for T > T, |V [*> 0 for T < T.. Tt follows that a(T.) = 0,
b(T.) > 0, a(T) < 0 for T < T.. Since the theory supposes the temperature to

be in the vicinity of T, the coefficients a and b are usually expanded in powers of

T"= (T —1T.)/T. and only the first non-zero terms retained. Then
a~al, b~p3, «8>0.
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Thus, in equilibrium, for T' < T,
T/
U=l = -0
| | 0 b ,8

To calculate the Helmholtz free energy density in the presence of a magnetic

field, Fsy, we must add to the free energy density Fy, the magnetic field energy
density % wH?, and the energy associated with the possible appearance of a gradient
in ¥ in the presence of the field. This last energy, at least for small values of
| VW |2, can, as a result of a series expansion with respect to | V¥ |? in which only

the leading term is retained, be expressed in the form
const. | VU |*. (3.3)

The addition of a term of this form penalises variations of the order parameter
¥ and in the Landau-Ginzburg theory of second-order phase transitions such a
term can be thought of as representing the ‘surface energy’. On the other hand,
the free energy should be gauge invariant (in the sense that if A is replaced by
A + Vw then the phase of ¥ can be adjusted to make the resulting free energy
density independent of w), and we have yet to take into account the interaction
between the magnetic field and the electric current associated with the presence
of a gradient in V. Ginzburg and Landau therefore postulated the addition of a
term proportional to iAV to V¥, so that (3.3) becomes

1

[iWVV 4 e, AV|? (3.4)

s
where e, and m, are the charge and mass respectively of the superconducting
charge carriers, and 27h is Plank’s constant. The microscopic pairing theory of
superconductivity implies that e, = 2e, where e is the electron mass. The value of
m, is somewhat more arbitrary, since any change in its definition may be compen-
sated by a change in the magnitude of W. However, it is customary to set m, = m
or mg = 2m. We adopt the latter convention, since in this case | ¥ |? represents the
number density of superconducting charge carriers as stated above (i.e. half the
number density of superconducting electrons). Following [60], we note that (3.4)

may be written
1

2my

(R [V + [hVx = e AP f7),
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where ¥ = fe'X, with f and y real, f > 0. The first term here is the previ-
ously mentioned surface energy term which penalises curvature in the level sets
of f. The second term may be interpreted as a gauge-invariant ‘kinetic energy
density’ associated with the superconducting currents. (We will see later that the
superconducting current is given by 7, = (esf?/ms)(AVx — e, A).)

The Helmholtz free energy density is now

o) 19"

M\H|2
9 2

Forr = Fro+a(T) |V [* + |th\Il +2eAV|* 4+ B 1

and is invariant under transformations of the type
A— A+ Vw, T— Ve

In the presence of a uniform applied magnetic field H, the Gibbs free energy
density G differs from the Helmholtz free energy density F due to the work done by
the electromotive force induced by the applied field. This work (per unit volume)

is given by uH - H, so that the Gibbs free energy density is given by

Gsu = Feu —pH-Hy,

b(T) | W [*
2

1 H |?
+ — [ihV¥ + 2 AV|* + nIHE pnH-H,.
4m 2

= Fuo+a(T) "Ij|2+

The basic thermodynamic postulate of the Ginzburg-Landau theory is that the
total Gibbs free energy [ G,y dV, should be minimised.

In the normal state ¥ = 0, and [ G,y dV is minimised by H = H,, giv-
ing [GsgdV = [ Fno — %,qu dV. In the perfect superconducting state in the
absence of surface effects [Gsy dV is minimised by H =0, ¥ = —a/b, giving
JGsudV = [ Fro — g—i dV. We see that for low values of H, the superconduct-
ing state has a lower free energy, whereas for high values of H, the normal state
has a lower free energy. Thus there is a critical magnetic field at which, in the
absence of surface effects (i.e. for a bulk superconductor), the superconducting

state becomes energetically more favourable. We see that this field is given by
a(T)|
1b(T)

H.= (3.5)
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Varying [ Gz dV with respect to U*, the conjugate of ¥, and A we obtain the

Ginzburg-Landau differential equations:

1
5 (iIhV + 2eA)* U + a(T) + b(T)¥ |¥[>=0, inQ, (3.6)
1 : 2¢?
Low)?4 =~ rvw — ove) £ 2 (U Adowl Hy, i, (37)
L 2m m
1
—(curl)?’A = curl Hy, outside Q, (3.8)
I

with the natural boundary conditions

n- (ihV +2eA)¥ = 0, on 052, (3.9)
[(1/p)curl AAn] = 0, (3.10)
curl A — H,, asr— oo, (3.11)

where [] denotes the jump in the enclosed quantity across 0f2, and r is the distance
from the origin. Note that (3.8) simply states that the current in the external
region is equal to the applied current, (3.10) is the usual boundary condition on
the magnetic field at the interface of two magnetic media, and that (3.11) simply
states that the field is equal to the applied field far from the origin. Since we are
only considering situations in which there is no applied electric field, we have that
curl Hy =¢E, = 0.

The conditions (3.9)-(3.11) are obtained if no supplementary requirements are
imposed on ¥ and A. In [27], using the microscopic theory, (3.9) has been shown
to be modified to

n - (ihV +2eA) ¥ = —iy ¥, on 01, (3.12)

at a boundary with another material; v is very small for insulators and very large
for magnetic materials, with normal metals lying in between. Such a term would

arise from the variational approach if a term

/myw ds,
S

was added to the free energy. Such a term may describe what is known as the
proximity effect, that is, the continuation of superconductivity a small distance

into the material that lies adjacent to the superconductor.
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In addition to (3.9)-(3.11) we also impose the condition
[n A A] = 0. (3.13)

This equation simply states that, although we are free to choose the gauge of A
arbitrarily, we have chosen the same gauge both inside and outside §2.
The Maxwell equation (1.3) and the relation (3.1) imply
Jj= i(curl)zA,
where j is the current. Hence (3.7) is an expression for the superconducting cur-
rent. We note that the natural boundary condition (3.9), or indeed the condition
(3.12), implies
J-n=0,

since (3.7) may be written as

m

We will use two different non-dimensionalisations of equations (3.6)-(3.13), de-
pending on whether we are considering isothermal conditions or not, since under
isothermal conditions temperature may be completely scaled out of the problem,
and the precise form of the coefficients a and b is irrelevant. It is in this nondi-

mensionalised form that the equations are most widely used.

Isothermal conditions

Under isothermal conditions, with 7" < T,, we non-dimensionalise by setting

2 2,
Y LI RV G H, A=|a|ly/2=A,
b bits b

T =l p=pa

where [ is a typical length of the sample and pu, is the permeability of the super-

conducting material, to give, on dropping the primes

. 2
(W - %A) U=0|T-T, inQ, (3.14)
2 2 6)\2 * * 2 .
—A*(curl)’A = Y (U*VU —UVI) + [T A, inQ, (3.15)
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(curl)?>A =0,  outside €, (3.16)

with boundary conditions

n.- (gv - j\A) Vo= —g, on 99, (3.17)
(1/peurl AAn] = o, (3.18)
mAAl = o, (3.19)
el A — H, asr— oo, (3.20)

where

e, [ mb o, 2ymlal
2lo\/m |a|’ elo\ 2 |al ps’ v

(note that g = 1 in the superconducting material €2.) We note that in these
dimensionless variables
H.(T) = %, (3.21)
and that A and ¢ — oo as |T'|7Y/2 as T — 0 (i.e. as the temperature tends to the
critical temperature).
Here (3.14) has the form of a nonlinear Schrédinger equation. We use equations

(3.14)-(3.20) in Chapters 5-7.

Anisothermal conditions

When the temperature is allowed to vary we non-dimensionalise (3.6)-(3.13) by

setting
o 2 20
U=, /-0, H=aqa H', A=al A x = lyx',
5 V B VB ’
a(T) = aa(T), b(T) = pu(T), = puspt’.
Dropping the primes we then have
N
(gv — %A) U = a(T)V +b(T)¥ |T]* inQ, (3.22)
~A2(curl)’A = % (T*VU — VI + | T2 A, inQ,  (3.23)
(curl)?’A =0, outside Q, (3.24)
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with boundary conditions

) 1
n. <§v _ %A) e (3.25)
[(1/p)curl AAn] = 0, (3.26)
mANA] = 0, (3.27)
curl A — H,, asr — oo, (3.28)
where
h 1 |/ mpg 2y/ma
=y A= —y|o, d=Y2
2lgr/Mma ely \ 2avp vy
We note that in these dimensionless variables
a(T)y~T+---, b(T)~14---,
and
T T
() = 194D IT) (3.29)
2(T) V2

Note that A and £ are in this case temperature-independent.

In the steady state we will not consider situations in which the temperature
varies spatially, but in Chapter 8 we will seek bifurcations from the normal state
as the temperature is varied parametrically, using equations (3.22)-(3.28). For
simplicity, in Chapter 8 we will linearise equation (3.22) in T to obtain

C\2
l
(gv - XA) U = TU4U TP, inQ (3.30)
although we note that the analysis of Chapter 8 is also possible retaining a and b

as unknown functions of 7.

We see that A and £ are typical lengthscales for variations in A and W respec-
tively. A and ¢ are typically very small; in dimensional terms they are often of the
order of 1 pm. Also the form of the solution of either (3.14)-(3.20) or (3.22)-(3.28)
will depend only on the applied field Hg, the geometry, and the ratio k = A/¢, a
material constant known as the Ginzburg-Landau parameter. Note that when we
linearise in 7', k is the same in both our non-dimensionalisations.

Because of the gauge invariance of the equations we are able to choose the

gauge of A to be convenient in our calculations. The usual choice is
div A = 0. (3.31)
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However, even this condition does not determine A uniquely, since we may add
the gradient of a harmonic function to A.

As noted above, if we write ¥ = fe?X, with f real, the equations are invariant
under transformations of the type

w
A— A — —
+ Vw, x X+)\€

for any function w. This invariance allows us to eliminate a variable from the
equations by writing, in 2,

Q=A-EAVy,

where @ is now independent of the gauge of A. By defining @ to be a suitable

gauge in the external region the equations then become the following;:

Isothermal conditions

2
evif = f3—f+f &?' , in ©Q, (3.32)
“N(curl)’Q = f2Q, inQ, (3.33)
(cur])’Q = 0, outside €, (3.34)
with the boundary conditions

n-Vf = —g, on 0L, (3.35)
n-fQ = 0, onof, (3.36)
mAQ] = 0, (3.37)
mA(1/p)eurl Q] = 0, (3.38)
curl @ — H, asr — oc. (3.39)

Anisothermal conditions

2

EVif = a(T)f+b(T)f3+f’)\7?|, in Q, (3.40)
“N(curl)’Q = f2Q, inQ, (3.41)
(curl)?’Q = 0, outside €, (3.42)
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Figure 3.1: Schematic diagram of f near the boundary of the material (z = 0)
showing the proximity effect.

with the boundary conditions

n-Vf = —g, on 0L, (3.43)
n-fQ = 0, ondQ, (3.44)
mAQ] = 0, (3.45)
nA(1/p)curl Q] = 0, (3.46)
cwl Q — H,, asr — oo. (3.47)

The equation div(f2Q) = 0 is also a consequence of (3.14)-(3.20) or (3.22)-(3.28),
but is now a trivial deduction from (3.33) or (3.41).

We see now how equations (3.35) and (3.43) describe the proximity effect; d
represents the distance (on the £ lengthscale) that the superconducting electrons

penetrate into the non-superconducting material (see Fig. 3.1).

3.1.1 The Importance of Phase: Fluxoid Quantization

Equation (3.33) gives an expression for the superconducting current,

__vpPe
=

(Note that this equation is similar to the London equation (1.23), but differs in
that | ¥ |2, the number density of superconducting charge carriers, is allowed to

vary spatially.) Let C' be a closed curve lying in the material such that | ¥ | 0
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everywhere on C' (i.e. the curve nowhere intersects a normal region), and let S be

a surface bounded by C. Then

A2
_/c|\If|2‘7.ds = /CQ-ds,
- /A-ds—gA/vx-ds,
C C

- /H-ndS—ngxN,
S

where N is an integer, since the phase xy must change by an integer multiple of 27

around C' if VU is single valued. Hence

)\2
H- / i ds — 21EAN. 4
/S ndS+ [ i ds = 2mE) (3.48)

The left-hand side of this equation is known as the fluxoid through the surface S
(and is often denoted by @), with the first integral being the magnetic flux through
S. We see that the fluxoid is quantized in multiples of 27£A (in these units), which
is known as a quantum of fluxoid. In particular, the fluxoid through any normal
cylinder or cylindrical hole is quantized. Also the fluxoid through any cross-section
of an arbitrarily shaped hole or normal region is quantised (though if the hole is
topologically equivalent to a sphere the fluxoid will be zero). Furthermore, if the
curve C' is taken to be far enough inside the completely superconducting material
that 3 — 0 and the second integral is negligible, we have that the magnetic flux
through S is quantized. Thus the magnetic flux through a hole is quantized if
we include the flux that penetrates the superconductor (see Fig. 3.2). Note that
this result implies that the superconductor cannot form arbitrarily small normal
regions, since such a region must contain at least one quantum of flux, and the
variation of the magnetic field is limited by the penetration depth A.!

We will return to the idea of flux quantization in Chapter 7, when we consider

‘vortex’ solutions of the Ginzburg-Landau equations.

IFluxoid quantization can also be used to explain the persistence of currents in a ring of
superconducting material (even though such a state has a higher energy than that of no current).
Our explanation follows that of [60]. The current in such a ring cannot decrease through fluc-
tuations by arbitrarily small amounts, but only in finite jumps such that the fluxoid decreases
by one or more integer multiples of 2w&\. If only a single or a few electrons were involved, this
could easily be accomplished. However, we are requiring a quantum jump in the phase of ¥, a
macroscopic function. Such a change requires the simultaneous quantum jump of a very large
(> 10%°) number of particles, and is of course extremely improbable, leading to an extremely
long half life for circulating superconducting currents.
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Figure 3.2: Quantization of flux in a hole in a superconductor. The curve C' is
taken to be sufficiently far inside the superconductor that 5 = 0.

3.2 Evolution Model

It is not as easy to make the above model time-dependent as it is, say, with the
phase field model, because of the coupling with Maxwell’s equations. Fortunately
an alternative approach is available, namely that of averaging the microscopic
BCS theory [6]. The procedure requires that the temperature is close to T,. It is
described in [30] and results in the equations:

| 2

o 3 o
h—— + 2ie¥® + % [—H(Tﬁ —T% + | 5 ] U — D(AV —2ieA)*¥ =0, in (,

ot
(3.49)
h
j=<E — 27, [] U?A-— Z— (U*VV¥ — \IIV\II*)] , in Q) (3.50)
e
with the boundary condition on ¥ remaining as before
n-(hV —2ieA)V = —U, on 0 (3.51)

here ® is the electric scalar potential, 7, and D are microscopic parameters (75 is
the free flight time between collisions associated with the electron spin flip and D
is a diffusion coefficient) and ¢ is the conductivity of the normal electrons. These
equations define the coefficients a, b that appear in the steady Ginzburg-Landau

equations in terms of the microscopic parameters.
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Maxwell’s equations imply that

A
(cur)’A = —¢, <88—t + V@) , outside Q, (3.52)
V2 = 0, outside Q, (3.53)

since div A = 0. Here ¢, is the conductivity of the external region and we have
assumed in (3.53) that the charge density in the external region is zero in the
case that the external conductivity is zero. Again, we have the usual boundary

conditions on the magnetic vector potential that

mAAl = 0, (3.54)
n A (1/p)curl Al = 0, (3.55)
curl A — H,, asr — oo. (3.56)

We must now also add the usual boundary conditions on the electric scalar poten-

tial, namely

@] = o, (3.57)
20D /om] = 0. (3.58)

As before, we employ two different non-dimensionalisations.

Isothermal conditions

Under isothermal conditions we non-dimensionalise by setting

x = lpx', U =m/2(T2 — T?)V',

H _ 7_57.(2(Tc2 — T2) S H/ A _ loTSﬂ_Q(TcQ — T2) /J’SCA/
B e 3Dus B e 3D
2 T2 _ TQ) <
t = s l2tl P = TsT ( c /
HsStol, ec 3D,
p= g, € =g

where ¢, is the permittivity of the superconducting material. Dropping the primes

this gives

2%—f+0‘7&\1@+\p|\m2 —\If—(&V—%A) U=0, inQ, (3.59)
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A .
—\(curl)*A = )2 (%t + v<b> +€2M (U*VU — UVI*) + [T|* A, in Q, (3.60)
A
(cur])’A = —¢, <88—t + V@) , outside (2, (3.61)
Vi = 0, outside Q, (3.62)
with boundary conditions
A v
n- (zgv + X) v o= —iE, on 092, (3.63)
[(1/p)curl AAn] = 0, (3.64)
mAAl = 0, (3.65)
curl A — Hy, asr— oo, (3.66)
(@] = 0, (3.67)
[e0®/On] = 0, (3.68)
where
£ = h 3D \ = 1
lom | 74(T2 = T?)’ 27rlo\/§75,us(T3 — TQ)7
PP Y 2 Ul )
hussD v 3D

G is now normalised with the normal conductivity of the superconducting material,
and we have used the Maxwell equation (1.8) and the relations (3.1) and (3.2).
(Note that € = 1 in the superconducting material.) We now have expressions for A
and £ in terms of the microscopic parameters. The new parameter « is taken to

be of order one.

Anisothermal conditions

When the temperature is allowed to vary we non-dimensionalise by setting

x =y, U = 27TV,
- 2127, T? S e A 237,172 /,uSCA,
e 3Dus e 3D
227, T2
t = ,usglgt/, q) - T < !

" ev3Dus
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= pspt', £ =¢e,c.
Dropping the primes gives

52— + O‘—&q@ + (T |V|? +a(T)¥ — (fv — %A>2 =0, inQ, (3.69)

A A
—AQ(curl)QA = \2 (é(;t + V<D> 522 (VU — UVI) + [T A, inQ, (3.70)
A
(curl)’A = — <88—t - V@) outside €, (3.71)
V2® = 0, outside ©, (3.72)
with boundary conditions
A 1\
n- (zgv + X) U = _iE’ on OS2, (3.73)
[(1/p)curl AAn] = 0, (3.74)
mANA] = 0, (3.75)
curl A — H,, asr— oo, (3.76)
(@] = 0, (3.77)
[e0®/on] = 0, (3.78)
where
1 _h 3D B 1 _rl 27
 hussD’  Tulom \ 27, 2wl T/25Topt 4y V3D’
T

o(T) :T(1+5), BT) =1,

and we have again used the Maxwell equation (1.8) and the relations (3.1) and
(3.2). As in the isothermal case we have expressions for A and ¢ in terms of the
microscopic parameters.

In the time-dependent case we will consider situations in which the temperature
varies in time and space as well as parametrically. In this case we must also have
an equation to determine 7" in the form of a heat balance equation as in the phase
field model. As noted in the introduction, thermodynamic arguments imply that

there is a release of latent heat on the transition from normally conducting to
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superconducting in the presence of a magnetic field. Following the phase field
model, we take the rate of release of latent heat to be proportional to the rate of
change of the number density of superconducting electrons. We must also include
a term in the heat balance equation to account for the Ohmic heating due to the

normal current. Thus the equation we require is

oT ow? 1.
EV?T = pe— — (T S — 2 .
v pegr —UD)=5 = = < lin s (3.79)

which, on nondimensionalising, becomes

oT o(|T]?) .
2 o . . 2
oT a(| w2 HA ?

where (§ and v are given by (2.83), and may be functions of all the variables, and

L(T) = 47r2TCl(T).
psk
We note that in deriving (3.49), (3.50), [30] assumed that Joule losses were
small. It is not clear whether the equations would have the same form when we
take Joule losses into account via (3.80), but we assume that this is the case. In
particular we are assuming that the relaxation of the coefficients a and b occurs

on a much shorter timescale than that of the diffusion of temperature or magnetic

field, and can therefore be taken to be instantaneous.

We also note that equations (3.59)-(3.60) are the simplest time-dependent equa-
tions that could be written down. Equation (3.60) simply states that the total
current is equal to the superconducting current plus the normal current. Further-
more, having added a time derivative to equation (3.14), we must also add a term
proportional to W® in order to preserve the gauge invariance of the equations. Just
as V was changed to V — (i/éX) A, so must 0/0t be changed to 0/0t + (i/EN)D.

Because the gauge invariance has been preserved, if we write ¥ = fe?X, with f
real, as before, we see that the equations are invariant under transformations of

the type
w

A— A+ Vuw, @H@—a—w X—>x—|—£—/\,

ot’
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where w is an arbitrary function. Hence, if we write, in €2,

Q = A-—E\Vy, (3.81)
o = <I>+£)\g—>:, (3.82)

then O, Q are gauge invariant, and by defining © and Q to be suitable gauges in
the external region we have the following alternative statements of the evolution

problem:

Isothermal conditions

2
528{+5V2f = f3—f+f|§| , inQ, (3.83)
af?0+div(f’Q) = 0, i, (3.84)
N2(cwl)’Q = N2 (aa—? + V@> +2Q, i, (3.85)
(cur])’Q = — <88_? + V@) outside (2, (3.86)
% + V%0 = 0, outside , (3.87)
with boundary conditions

n-Vf = —i;, on 012, (3.88)
n-fQ = 0, ondN, (3.89)
mAQ] = 0, (3.90)
nA(1/p)curl Q] = 0, (3.91)
curl Q — H,, asr — oo, (3.92)
O] = 0, (3.93)
[e0©/0n] = 0. (3.94)

Anisothermal conditions
—oz{Qg{ + V3 = a(T)f +b(T)f%+ / ’)\Q| , in (3.95)
af?0 + div (f2Q) = 0, in, (3.96)
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“A(cur])’Q = N (aQ + v9> + f2Q, in Q, (3.97)

ot
(cur])’Q = —c (% + V@) , outside €, (3.98)
% +V20 = 0, outside Q, (3.99)
with boundary conditions
n-Vf = —g, on 012, (3.100)
n-fQ = 0, onodf, (3.101)
mAQ] = O, (3.102)
nA(1/p)curl Q] = 0, (3.103)
curl @ — H,, asr— oo, (3.104)
©] = o, (3.105)
[00/0n] = 0, (3.106)
and heat balance equation
oT af?)  oQ ’
T = p——L(T — v |—= 1
\Y ﬂat (T) 9 tlien + Vo (3.107)

In the steady state, © = 0, and these equations reduce to the steady state
equations (3.32)-(3.39) and (3.40)-(3.47) respectively.

We will see that in certain situations (for example in Chapter 4) the formulation
(3.83)-(3.94) is easier to work with, whereas in other situations (for example in
Chapter 5) the formulation (3.59)-(3.68) is easier to work with. The former has
the advantage of real variables, but the disadvantage that @ may be singular where
f is zero. The latter has the freedom of the choice of the gauge of A, but we must
then work with complex variables.

We note that in the unsteady case the charge density need not vanish. It is
given by
_af 20

Az

div E = —div (a—Q + v9> — L (r°Q) = (3.108)

ot A2
This is really a result of the fact that we are allowing superconducting currents

to move (just as a moving charge density is seen as a current density, so can a
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moving current density, i.e. after a Lorentz transformation, be seen as a charge
density). The current, which as mentioned earlier now has both superconducting

and normal components, is given by
. I,

3.3 One-dimensional Problem

When we perform a formal asymptotic analysis of the Ginzburg-Landau equations
in Chapter 4 we will assume that the solution comprises normal and superconduct-
ing domains separated by thin transition layers. We examine here a stationary,
planar transition layer by considering the isothermal Ginzburg-Landau equations
in one dimension. We will find in Chapter 4 that this is a local model for transi-
tion layers in general. In Section 3.3.1 we use the solution to calculate the surface
energy of a planar normal/superconducting interface.

We take the field H to be directed along the z-axis and the magnetic vector
potential A to be directed along the y-axis. We make the assumption that all
functions are dependent on x only. Then H3 = dA,/dx, or simply H = dA/dz.
Equation (3.15) now implies Vy = 0, in which case ¥ may be taken to be real.
We then have

A%
ey’ = \113—\1/+7, (3.109)
NAT = UPA, (3.110)
with the boundary conditions
U= 0, (3.111)
A" = H,, (3.112)

where / = d/dx, and H, is the external magnetic field strength. We work on the
length scale of the penetration depth by rescaling x and A with A to obtain

1
=V = W04 A%, (3.113)
K

A" = VA, (3.114)
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where k = A\/€ is the Ginzburg-Landau parameter. We note that equations (3.113),

(3.114) form a Hamiltonian system, with Hamiltonian given by

— U2 A9 — (A
H=- + & ()
Hence ) A
v’ v
( KQ) +(4)? = o U2 + W?A? + const. (3.115)

In order that we have a local model for the transition region between normal

and superconducting parts of a material we need to apply the boundary conditions

A—0, V-1  aszx— —o0, (3.116)
A — Hy, V-0, asz— oo, (3.117)

where the field on the normal side of the region is equal to Hy. The equations
admit a solution if and only if Hy = H.. To see this we note that the boundary
conditions (3.116) imply that the constant in (3.115) is in this case equal to 1/2.
Therefore

(V)

K2

s (w2 -1y

+ (A + U2 A% (3.118)

Hence, as * — oo, A’ — 1/4/2, providing ¥ decays sufficiently quickly that
WA — 0. Since H, = 1//2 in these units we see that in order for a normal/super-
conducting transition layer to exist the limiting value of the field in the normal
region as the domain boundary is approached must be equal to H.. A rigorous
demonstration of this result is given in [14], where the existence and uniqueness of
the solution when Hy = H. is proved, and it is shown that the solution necessarily
satisfies

0<¥ <1, A>0, ¥ <0, A >0,

i.,e. U and A are monotonic.
We examine the asymptotic behaviour of ¥ and A as x — +00. These results
will be needed in Chapter 4. For the behaviour at —oo we set ¥ = 1 4+ u and

linearise about the solution ©u = 0, A = 0 to obtain

v = 2k%u,

A" = A
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Hence

U ~ 14 ae™v?®,
A ~ be,

as ¥ — —o0. For the behavior as z — oo we substitute A ~ x/v/2 in (3.113) and
retain only leading order terms to obtain

K222
2

\DH ~

, as r — 00.

We seek a WKB approximation to ¥ as z — oco. We let » = ex and let ¢ — 0 with

r order one. We have

v, = KQTZ\I/.
2
Seeking an expansion
S S
\I/:exp{—;—i-—l—i-sz-l—-"},
€ €
we find )
dSo\~ K212
dr 2
Hence )
Kr
So= -2z,
0 2\/5
and )
Kr
U~ d(r)e ———=— 7, as 0.
(r) exp { 2\/562} € —
Therefore

lﬂL’2

2V2

In particular we see that the decay is sufficiently quick that WA — 0, as z — oo.

We see now by (3.114) that A” = O(e %¥*") as  — oo, for some constant K.

\Ilwd(:c)exp{— } as  — 0. (3.119)

Hence we expect

A=z/V2+c+0(e 5, as x — oo, (3.120)

for some constants ¢, K. Having found the form of A we may now find a more

accurate expression for ¥ by substituting (3.119), (3.120) into (3.113) to give
2
U = 20 (% + V2 + & — 1) +O(e7 5%, as T — 00.
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With r = ex as before we have
2
e, = KU <7’2 + eV2er + (¢ — 1)) + 0(6_1/E2>, as € — 0.

Seeking an expansion

we have

as before. Equating higher powers of € we find

25,5] = K’cV2r,
Sy 4 (S + 2555, = KX —1).

Hence

ST = —ker,

1 1

Sy = —=|k——=]logr

Therefore )
\PNTE(H E>exp S , as € — 0.
24/2¢2 €

Therefore

BN 2
\Ilwxﬂ( ‘/5) exp{—ﬂ—ﬁcx}, as r — 00. (3.121)

22
Finally, we note that when x = 1/\/5, S, = 0 for all n > 2, i.e. the correction to

2

(3.121) is a factor of order 1+ e~ 57",

3.3.1 Surface Energy of a Normal/Superconducting Inter-
face

Let us now examine the surface energy associated with a plane boundary between
normal and superconducting phases, which is defined in [28] to be the excess of

the Gibbs free energy of such a transition region over the Gibbs free energy of the
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normal or superconducting phases at the critical field. The surface energy o is

therefore given by
g = [ (gsH - gnH) dl’,

00 H2
_ / (sz—uH( VH, — fn0+“2 )d:c
Writing the free energy densities in terms of ¥ and A, the solution to (3.113)-
(3.117), and non-dimensionalising o with respect to uH?*L/2 we find

o= /\/_Oo ((1 — U2 4 %L;)z +202A% — 24’ (V2 — A’)) dz.

K

By (3.118) we have
(V')

2

w2 —1)?
7( ) +‘112A2,
K 2

rmn (S () o

/X {\IJQAQ A/(l/f_A/)} _ /X A'A — A//f+(A,) }d

[e.9]

= AX){A(X)-1/V2},

+ (A)? =

which gives

[\D

by (3.114). Letting X — oo we have

/°° [v24? — 4 (12— &)} de =0,

since A ~ z/v/24const.+0(e"X%"), as & — oo. Hence we can write

o = 4\ /fO (g—f - \D2A2> dz. (3.122)

Ginzburg & Landau use an approximate solution of (3.113)-(3.117) to approximate
o for small k. They find

4
o~ —\/_§~189§ for /i < 1,

with the main contribution coming from near x = —oo. The corresponding result

for large k is given in [60, p.116] as

2—1
o~ —%)\ ~ —1.104)\, for /k > 1.
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We see that the surface energy is negative for large k. Ginzburg and Landau claim

on the basis of numerical integration that o = 0 when x = 1/4/2. We now prove

Proposition 1 For k < 1/v/2, k = 1/V/2, & > 1/3/2 we have respectively o > 0,
oc=0,0<0.

Proof
We consider the case k < 1/ V/2. Define functions F and G by

F(z) = W2—1++24 (3.123)
G(r) = kU 4+ VA (3.124)

We aim to show that F' < 0, G < 0. Differentiating (3.123), (3.124) we find

F' = 20 4+ 24",
= 20T + V2024,
= V2U (V2w + wA), (3.125)
G = kI LA+ TA,
= KU (V2= 1+ A%) 4 WA+ A,
= wU (U =145 A) 4 RA (50 4+ BA), (3.126)
= KU (V2= 145714 + RAG. (3.127)

Now

k<1/V2=r1>V2= W <20,

since U’ < 0. Hence

F' > V2UG, (3.128)
G > kUF + KAG, (3.129)

since ¥ > 0. Also, (3.118) implies
2k + WA (k™I — WA) = (B2 — 14+ V2 A4) (T2 —1 - V2A4),
le.

20G(k I —WA) = F(U% —1—V24). (3.130)
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We have that ¥/ < 0,0 < ¥ < 1, A’ > 0. Hence

F>0 & G>0,
F=0 < G=0,
F<0 & G<O.

Suppose now, for a contradiction, that there is a point z( such that G(zg) > 0.
Then by (3.128), (3.129), and (3.130) we have F(zo) > 0, F'(x¢) > 0, G'(x) > 0.
Suppose now that there is a first point x; greater than zy such that F'(x;) = 0.
Then (3.128) implies G(z1) < 0, whence (3.130) implies F'(z;) < 0. A con-
tradiction is now easy to obtain. F’(xg) > 0 implies there exists xo such that
F(x9) > F(xo) > 0 and zp < z2 < x1. We now have F(x9) > F(xg), F(z1) <
0 < F(zo). Hence by the Intermediate Value Theorem there is a point x3 such
that F(x3) = F(zo) and 23 < x3 < z1. Now by Rolle’s Theorem there is a point
x4 such that F'(z4) = 0 and zy < x4 < x3 < x; which contradicts the minimality
of x1. Therefore there is no such point z; and we have F'(z) > 0 for all z > xo.
Hence F(x) > F(z() > 0 for all x > xy. This contradicts the fact that F(z) — 0
as ¥ — oo, since ¥ — 0 and A’ — 1/4/2. Hence there does not exist xq such that

G(zg) > 0. Therefore

G(z) < 0, for all z,
F(z) < 0, for all z.

Now
o o= 4) /Z{K—Z(qﬂf — A%} de,

— 4) /_O; [k + WA (' — WA)} do,
— 4 /O:O{G(/f_lkll’— vA)} dr.

Since G < 0, ¥' <0, ¥ >0, A > 0 we therefore have o > 0 as required.
The case £ > 1/+/2 is exactly similar. For k = 1/4/2 a similar proof shows that
F=0,G=0, and so o = 0.

Because of the above result we make the following mathematical definition.
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Definition Materials with k < 1//2 will be known as Type I superconductors.
Materials with k > 1/v/2 will be known as Type II superconductors.

To avoid ambiguity here k refers to the isothermal parameter, although as men-
tioned previously when we linearise the equations in 1" the two parameters are
equivalent.

At this point, having defined Type I and Type II superconductors mathemti-
cally in terms of the Ginzburg-Landau parameter s, it is convenient to introduce
the following diagram of the response of a bulk superconductor (i.e. neglecting

surface effects) in an applied magnetic field Hy (Fig. 3.3).

Hy
he,
Normal
He ! Mixed
|
he,
|
Superconducting
|
1
75 K
f—— Type I ——f——Type [I — - -

Figure 3.3: Response of a bulk superconductor as a function of the applied mag-
netic field Hy and the Ginzburg-Landau parameter k.

As the external magnetic field is raised for a Type I superconductor there is
a transition from superconducting to normal at Hy = H.. For a Type II super-
conductor, however, there is first a transition to a mixed state when H reaches a
lower critical value h.,. The mixed state does not become fully normal until the
field reaches the upper critical value h.,. In the next chapter, and in Chapter 7,
we will attempt to justify this diagram, and to calculate the values of the critical

fields h., and he,.

61



Finally we note that the result /' = G = 0 above allows us to solve (3.113)-
(3.117) explicitly in the case when x = 1/4/2. We then have

V2A = 1-02 (3.131)
V2T = —TA. (3.132)
Hence )
dA W2 -1
A =
dv VN
and

A% = —log¥? + 0% — C,

where C' is constant. Therefore
2(0")? = Ut — CU? — U?log U2,

and

/‘1’ V24V
Tr =
w(0) ¥(V2 — C — log W2)1/2’

or

v —a(v?)
z = / . (3.133)
w(0)2 /2 W2(V2 — C — log U2)1/2

The boundary conditions as x — —oo imply C' = 1. Then
A= (0% -1 —log W22
and )
1—-v
H=A="—»—.
V2
¥ and H are shown in Fig. 3.4
We will return to the solutions corresponding to different values of C' in Chap-
ter 5. In Appendix B we will consider further the case x = 1/4/2, and show that
a reduction of the Ginzburg-Landau equations in this case is also possible in two

dimensions.
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Figure 3.4: Variation of ¥ and H in a normal/superconducting transition region

for k = 1/v/2.
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Chapter 4

Asymptotic Solution of the
Ginzburg-Landau model:

Reduction to a Free-boundary
Model

We consider in this chapter asymptotic solutions of the Ginzburg-Landau equations
as A and & — 0. We assume that the material comprises normal and supercon-
ducting domains separated by thin transition layers. A local analysis of such a
transition layer will reveal that, as claimed in the previous chapter, f and | Q |
satisfy the stationary, planar transition layer equations (3.113)-(3.117) to leading
order. The leading order outer solution will be found to satisfy the vectorial Stefan
problem of Chapter 2.

Consideration of the first order terms in the outer solution will reveal the emer-
gence of ‘surface tension” and ‘kinetic undercooling’ terms, as in the modified Stefan
model (1.17).

The matching conditions we use throughout the chapter between the inner and

outer expansions are based on the principle [65]
(m term inner)(n term outer) = (n term outer)(m term inner),

and they are derived in Appendix A.
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4.1 Asymptotic Solution of the Phase Field Model
as a Paradigm for the Ginzburg-Landau Equa-
tions

We demonstrate here the asymptotic reduction of the phase field equations (1.19),
(1.20) to the modified Stefan model (1.14)-(1.17) as a paradigm for the Ginzburg-
Landau equations. The following analysis follows [11].

For simplicity we consider only the case of circular symmetry in two dimen-
sion, which has the advantage of allowing us to use familiar polar co-ordinates,
while retaining all the essential ingredients of the general case. With F' = F(r,t),
T =T(r,t), equations (1.19), (1.20) become

o LOF 0*’T 10T
‘a+§a‘—k<53+n%» (4.1
oOF O*’F 10F 1
277 g2 2FT _
af 5 £ <8r2 + . 6r> + 2a(F F°)+2T. (4.2)

We let ¢ = £a7 /2, € = €2, and consider the formal asymptotic limit €, £, a — 0,

with a fixed. Writing the equations in terms of € we have

or LOF O*T 10T
‘%*5@‘—K<55;@ﬁ’ 43)
OF 0*F 10F ?
2 = 2= _F3
e € (8r2 + . 8r> + 5 (F'— F7) + 2¢€T. (4.4)

We define I' to be the curve F' = 0, and to be given by r = R(t), i.e. R(t) is
such that F(R(t),t) = 0. At leading order I' will be the ‘interface’ of the outer

solution.

Outer regions

We denote the outer solution by F,, T,. Away from the interface we expand F,,

and T, in powers of € to obtain the outer expansions as

Fy(ritie) = FO(r )+ eFM(rt) + -, (4.5)
T,(r,t,e) = TO(rt) + T (r,t) + (4.6)

We also expand R in powers of e:
R(t,e) = RO(t) + eRD(t) + - --. (4.7)
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Substituting the expansions (4.5)-(4.7) into equations (4.3), (4.4) and equations

powers of € yields at leading order

or© L oF© 9?70 1970
o = o = K o - o 4.
o 2 at (ar2 7 m)’ (4.8)
FEO (O3 = . (4.9)

Hence F(® = 0, +1. In the solid region we have F*) = —1, in the liquid region
we have F(®) = 1, and in both cases equation (4.8) reduces to the heat equation.

Thus we have accomplished the first of our objectives.

Inner region

We denote the inner solution by F;, T;. We ‘stretch out’ the variable r near the

interface by introducing local co-ordinates defined by
r— R(t) = ep, t=r,

so that
0 10 0 0 1dR 0O

Ezeﬁp’ ot or e dt Op
In terms of the inner variables (p, 7) equations (4.3), (4.4) become

OT, 1dROT, LOF, LdROF,

or cdt 0p 207 2edt 9p

1 0°T, 1 0T
K|l= 4.10
<e2 o2 T dm T a,o)’ (4.10)
OF,  dROF, 0% F; e OF
2700 et : L (F — FP) 42T, (411
Cor @ ap 0P (Riepop 2l H) AL (G4

We expand T; and F; in powers of € as before to obtain the inner expansions as:
F(pre) = F2pm) + e (p7) + -+, (4.12)
Tipre) = T(p.m) + T (pr) + - (4.13)

Substituting the expansions (4.12), (4.13) and (4.7) into equations (4.10), (4.11)

and equating powers of € yields at leading order

aZT'(O)
i 0 (4.14)
dp? ’

P 10

AL w9) = o a1



Hence

T = A(r)p + B(7).

(2

The matching condition (A.15) derived in Appendix A implies

lim Ti(o)(p, T) = T()(O)(Rf), t),

p—too

where R, denotes the interface approached from » > R and r < R respectively.
This can only be satisfied if A = 0; otherwise T°) would be unbounded at in

interface. Hence 7 = B (1), and

)

TORY 1) = TO(RY 1),

o

i.e., the outer temperature is continuous at the interface.

Using the matching condition (A.15) again we have

lim F»(O)(,O,T) = FCSO)(RSS),IS) = +1,

p—too  ?

where we have assumed that the liquid region lies in » > R. By definition of the

interface F;(0,7) = 0 and hence FZ-(O)(O, 7) = 0. Therefore FY is given by
F” = tanh(cp/2). (4.16)

Equating powers of € in equations (4.10), (4.11) yields

o°1" LdR©O dF"

K = — 4.17
Op? 2 dt dp (4.17)
2 (1)
o — OFE 1 gm0y
L = =5 +5 (B = 3(EPEY)
dRO ar® 1 dF”
= — L — L 2T 4.18
@& dp RO dp i (4.18)
Integrating (4.17) over (—oo,00) we have
orM]™  LdR [ o dR
K |Z -~ S 4.1
dp 2 dt [ ! L dt (4.19)
The matching condition (A.17) implies
_orY T )
pll»IinooTp(p’ T) = or (R:t 7t)
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Hence (4.19) implies

07+
KPTO] _ (4.20)

p T Tdt
We now evaluate the temperature at the interface using equation (4.18). We
note that dF,” /dp is a solution of £LdF" /dp = 0 (with dF”) /dp and d>F"” /dp?

vanishing as p — +00). We therefore have a solution for F, S

; )if and only if an

appropriate solvability condition is satisfied, namely that the right-hand side of
(4.18) is orthogonal to dFi(O) /dp. We multiply by dFi(O) /dp and integrate over

(—o00,00) to obtain

o JFO 0) 70 (0)
/_oo C@ 217 - O‘d];t dg; - Rl(O) d?p dp="0.
Hence
2 [Ti@’ﬂ@]i"m —4TO(RO ¢) = — (a%ﬁo) + %) o, (4.21)
where

2
o (dF"
©) / i) dp.
“ —00 ( dp ) p

It is shown in [11] that o is the leading order approximation to the surface energy.

Thus we have retrieved the modified Stefan model as the leading order approx-
imation to the Phase Field model, with this scaling of the parameters. Using other
scalings we can retrieve the classical Stefan model, or a modified Stefan model
with surface tension effects included but with no kinetic undercooling term [11].

(We can even retrieve the so-called Hele-Shaw problem.)
4.2 Asymptotic Solution of the Ginzburg-Landau
Equations under Isothermal Conditions

We now proceed to try to relate the model (3.83)-(3.85) to to the free boundary

models of Chapter 2 in a similar way. We have the following result.

Proposition 2 In the formal asymptotic limit X\, £ — 0, with o and k = \/& fizved
one obtains the vectorial Stefan model (2.3)-(2.8) at leading order.
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As mentioned above, we make the assumption that the material comprises nor-
mal and superconducting regions separated by thin transition layers. A complete
determination of the solution will involve initial and fixed boundary conditions.
However, they will be left unspecified as our primary interest is rather the free
boundary conditions.

The Ginzburg-Landau equations (3.83)-(3.85), together with the relation (3.1),

are
aXNof N 2 3 f |Q|2
A9 A — 3 4.22
g TV e VR (4.22)
af?e +div(f’Q) = 0, (4.23)
—Necurl H = AQ%? +A2VO + f2Q, (4.24)
H = cul Q. (4.25)

We define the I'(t) by
I'(t) = {r such that f(r,t) =n}, (4.26)

where 7 is to be specified later, but certainly 0 < n < 1. At leading order I
will be the ‘interface’ of the outer solution. The choice of 1 will not affect the
interface conditions at leading order, and so any value of 1 will serve to prove the
proposition. However, when we go on to consider the first order correction to the
leading order solution the choice of 17 becomes relevant, and we wish to choose n
to make the calculations as simple as possible. We note that there is no obvious
choice for n as in the phase field, when symmetry suggests choosing n = 0. The
natural choice for 7 is (by definition) the one that leads to the simplest first order

problem. Such a situation also arises when considering shock waves (see e.g. [43]).

Outer Expansions

Away from the transition region we formally expand all functions in powers of A

to obtain the outer expansions, denoted by the subscript o, as

fort,N) = fO@ )+ XMW@ t) + -, (4.27)
O,(r,t,\) = OV t) + 20 (r t) +---, (4.28)
Qo(r> tv )‘) = Q:()O)(r> t) + )‘le)(r7 t) +oey (429)
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Ho(r7 t, )‘) = Hg())(r? t) + )‘Hgl)(r7 t) Tty (430)
T(t,\) = TO@) +ATO@) +---. (4.31)

We note that the expansions (4.27)-(4.30) may be discontinuous across I'¥(t),
but will be smooth otherwise. Substituting (4.27)-(4.30) into (4.22)-(4.25) and

equating powers of A yields at leading order

QY = o, (4.32)
a(fPe + div((f”)PQY) = o, (4.33)
(f72QP = o, (4.34)

HY = curl Q. (4.35)

We see by (4.32) that either f(© =0, or Q”) = 0, corresponding to normal and

superconducting regions respectively. We consider these cases separately.

Normal region

With £ =0, Q((JO) # 0 we equate powers of A at the next order in (4.22)-(4.24)

to give
ey = o (4.36)
a(f0)Pel +div((fi")?QY) = o, (4.37)
(0)
—curl HO = 8?; + VO + (fN2QW.  (4.38)

By (4.36) we have that f{!) = 0. Taking the curl of equation (4.38) and using

equation (4.35) we have
OHY

—(curl)>’HWY 4.39
(curl)"H,, 5 (4.39)
Noting that
div H" = div (curl Q) =0,
we see that o
H
ViHO = 0 T (4.40)
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At the next order in equations (4.22)-(4.25) we find

21QV P = o,
a(fP)eY) +div ((/)°QY) = o,
1)
—curl HY = agt +velb,

HY = curl QY.

As before we take the curl of equation (4.43) to give

1)
vQH(l) _ aHo
© ot
Thus we have
OH,
V’H, = T (A?), in the normal region.
In fact, if we continue in this way, we find
H,
V’H, = 88 (A"), in the normal region,

for any n.
Superconducting region
With £ # 0, we have
QV =0 HY =0, 60V =0

Equating powers of A at the next order in each equation we have

0 = (fO =0+ 101Q%
a(f0)200 + div (£)2Q) = o,

0 = (£")7Q,
HY = curl QWY

Therefore
QY =0 HYV=0 oV =0 f0=

Hence we have
H = O()\?), in the superconducting region.
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In fact, if we continue in this way, we find
H = O(\"), in the superconducting region, (4.55)

for any n.

Inner Expansions

Let I'(¢) be given by the surface

r= (Iayv Z) - R(Sl(xvya Z), SQ(ZL’,y,Z),t) )

i.e. R(s1,$2,t) is such that

f(R(s1,82,t),t) =n.

We parametrise the surface R such that s; and sy are the principal directions. We
use the standard terminology for the first and second fundamental forms:

E:Rl'Rl F:Rl'RQ G:RQ'RQ
LIRH"I’L M:ng-n N:Rgg-n

where

Rl/\RQ Rl/\R2

n = = :
|[RiARy|  (EG — F2)Y?

is the unit normal, which we take to point away from the superconducting region,

and

OR OR
1= 8—81,R2 = a—s2,etc.

Since we chose s; and s, to be the principal directions, we have that F' = 0, and

R

M = 0. We define new variables p and 7 by the equations
r = R(sy,89,t)+ \pn,
t = T.
We then have a new local co-ordinate system (s1, s9, p, 7). We show that sq, sq, p are

orthogonal co-ordinates. Using the above notation with the subscript 3 denoting

0/0p we have

ry = Ri+ M\png,
ro = R2+)\pn2,

rs = An.

72



Now n-n = 1. Hence n;-n = ny-n = 0. Therefore r1-r3 =0, and ro-r3 = 0.

Also, since R; -n =0, i = 1,2, we have
Rij-n:—ri-nj, z,]:1,2
Hence

ri-re = Ri-Ro+ ARy -no+ ARy -ny + )\2,02?”&1 * Mg,
= F—2\pM + /\2p2n1 - Mo,

2 2
= )\pnl-ng,

since ' = M = 0. However, since Ry, Ry, n form an orthogonal triad we may

write
n, =alRy +0Ry + cn,
where
nl'Rl n-R11 L
a g —_— — —_
R, R, E E’
b o— nl'Rg_ ’n'Rzl_ M—O
R, R, G G 7
c = n;-n=0.

Hence ny = —LE'R,;. Similarly n, = —NG~!R,. Therefore

LN LNF
e = pa(Be Ra) = e =

Therefore r1 - ro = 0 also, and we have that s;, s9, p form orthogonal curvilinear

co-ordinates. We calculate the scaling factors hy, hg, hs as given below:

hy = (ry-7r;
[(Ry + Apm) - (Ry + Apma)]?,

(R - Ry) +2)\p(Ry - ny) + N2p*(ny - nl)} 2 ,

B—2pL+Npr2E ]

= E'2[1-\pLE™].

Similarly

hy = (ry-m2)? =G [1-2pNG™],
hy = (r3-ms)/? = ()\Q(n : n))l/2 =\
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Let Ry, ke be the principal curvatures, in the sy, s, directions respectively,
positive if the centre of curvature lies in the superconducting region. Then, with
F'= M =0, we have

fy=—LE™', Rky=-NG.

Hence
hi = EY2(1+ \pky), (4.56)
hy = GY2(1+ \piy), (4.57)
hs = A (4.58)

We can now use the general formulae for curl, div, v - V etc. in curvilinear co-

ordinates given in Appendix C. In keeping with the above notation we set

Q, = Qiier+Qizes +Qisn, (4.59)
H; = H;1e,+ Hises + H;3n, (4.60)

where e; = R;/ | R;|. Noting that 0/0t becomes 0/0T — v - V in the new coordi-
nates, where v is the velocity of the boundary, equations (4.22)-(4.25) become

a v, Of; 1 0%f; MRy + Re) Of; 2 _
K2 dp | K2 Op? K2 Op TON)=
Ji

3
i —fri‘ﬁ

( 1271 + Q122 + Q?s) , (4.61)

20.
AafiO; + (EG)Y2(1 + M\pk1)(1 + A\pia) Os1

1 (a [EY2(1+ Apia) £2Qi 2] )

1 (a [GY2(1+ Apita) £2Qi.1] )

T EG)AL + api) (1 + Apa) D55
1 (0 [(1+ Apki)(1 + )‘p"%Q)fiQQi,ZS]) —0

+ = =
A1+ Api1)(1 + ApRo) op

(4.62)
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A

OHis  NRoHis A2 OH;5
dp + 1+ A\pis B GV2(1 + A\pRy) Osy

0Qi,1 4 )\QaQi,l o Ao, 0Qi,1
dp or  EY2(1+ \pky) Osy
Ny 0Qi1  Nvik1Qis

T GR(+ pia) D52 L+ Api)

— Up A

S w06 wom),

2(EG)2 \ GV2(1 + Mpia) Bsy  EV2(1 + Apiy) sy ) °"7

A2 00, )
0. 4.
T BRI i) Bsy | O (4.63)
_/\8Hi,1 _ )\2/%1]']2‘71 )\2 8Hi73 B
op 1+ Xpiry  EY2(1+ A\pR1) 0sy
0Qi 2 20Qi 2 A2y 0Qi 2

T Nt L BT e :

! op + or EV2(1 4 Apky) 01

B A2vy 0Qi2  Nv9kaQis
G'2(1 + \pka) Osy (1 4+ ApRs)

)\2 V2 8G U1 3E
+ 1/2 1/2 ~\ 9.  11/2 SN Qi,l
2(EG)Y2 \ G'V2(1 + A\pFa) sy EY2(1 4 Apky) Osy
A2 00, 9
20). 4.64
T G 1 apiy) B, Qi (4.64)
)\2 8 {E1/2<1 =+ )\,Ol%l)Hz,l}
(EG)'2(1 4 Apiy) (1 + A\pis) sy a
A2 0 {Gl/Q(l + )\P@)Hm}
(EG)Y2(1 + Mpk1)(1 4+ Apka) D31 B
— )\8@‘,3 4 )\zaQi,?, B )\201 8@@3 . )\2U2 aQi,?,
" op or  EY2(1+ MpR1) 0s1 GY2(1 4 ApRa) 0sy
>\2111/%1 Qi1 )\202712621' 2 00; 2
— = — : A i3, 4.65
10Qi 2 RaQi2 1 0Q;3
Hiy = —v—F=— ’ : 4,
ol A Op 1+ A\pko * GV2(1 + A\pRy) Oso (4.66)
Hip = 1 0Q F1Qi1 ! 0Qus (4.67)

A Op 1+ Mpiy  EV2(1+ Apiy) Osy
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(EG)Y2(1 4 Api1)(1 4 Apka) 0s1
1/2 '%1 2,1
- 1 (0[E (14 Ap )Q,])7(4'68)

Hig _ 1 (8 |:G1/2(1 —+ )\pf{g)Q%Q} )

where v = vie; + vses + v,n. We formally expand all functions in the inner

variables in powers of A\ to obtain the inner expansions as

filsi 82,01 N) = [Os1,80,0,7) + M (51,80, p,7) 4+, (4.69)
O;(s1,82,p, T, A) = @50)(51, S0, P, T) + )\@Z(-O)(sl, So,p,T) + -+, (4.70)
Qi(s1.52.0.7,0) = Q% (s1,50,0.7) +AQ (51,50, p.7) + -, (471)
H(s1,50,p,7,0) = H"(s1,50,0,7) + NH (51, 80,p,7) + . (4.72)

We also expand

R(s1,55,7,)\) = RO (s1,59,7) + ARV (51,89, 7) + - - -,
which gives

E(s1,52,7,0) = EO (51,50, 7) + AEW (51, 80, 7) + - -,

etc. Substituting the expansions (4.69)-(4.72) into equations (4.61)-(4.68) and

equating powers of A we find at leading order
£2 (@) + (@) + (@) = 0. (4.73)

Matching the inner solution with the superconducting region gives f o _, 1, as

p — —oo. Hence fl-(o) # (0. Therefore
Q" =o. (4.74)

Equating coefficients of \° in equations (4.61)-(4.68) we have

1P O = 1O+ £ @72 + @) + (@)}, (4.75)
K2 O0p? = i i i i1 42 43 ’ '
o (1104

_ (@200 L
0 = a(f1200 ¢ T (4.76)
oH')
5, — LUl o
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T - (FOr2QY, (4.78)
0 — (fim))ngngag)_?, (4.79)

HY = _%ﬁg 7 (4.80)
HY = %51) , (4.81)
HY = o (4.82)

The matching condition (A.15) of Appendix A implies
FIORY 1) = lim " (s1,52,p,7),

where F' is any of the functions under consideration. Coupled with the outer

expansions this gives us the following boundary conditions on the inner variables:

fz(O) —1, Qz(l) — 0, HEO) — 0, @EO) — 0, as p — —0Q, (483)
fi(O)(SbSQaO?T) =1 (485)

We see that the choice of 1 simply fixes the translate of the leading order inner
solution by specifying fl-(o)(sl, S2,0,7). Our aim is to determine the values of H,

Q, and ©; as p — co. Using the matching condition (A.15) again we have

HO)(RY,t) = lim HY.

p—00

Hence we see immediately by (4.82) and that we have

HO)(RY . t) = 0. (4.86)
By (4.76) and (4.79) we have
20(0)
0 3(2; = a(f")2e". (4.87)

Equation (4.79) implies 8@50)/8/) — 0, as p — oo. We have @EO) — 0, as p — —00.

Since equation (4.87) implies that @EO) is convex we therefore have



Now by equation (4.79)
Qi3 =0,

We multiply (4.78) by —Hi(g), (4.77) by Hi(g), (4.75) by 8fi(0)/8,0, add and integrate

to give

2

(0) 5 ) Z,(0) 2 _1 X
R R e R R

7, )2} )

where we have used the fact that fi(o) — 1, Qg}l) — 0, QEIQ) — 0, as p — —o0.

Letting p tend to infinity we have
1/2

lim {(H7)* + (H9)?} = lim |H” |=1/V2,

p—00

since £ — 0, (f9)2 {(lel))Q + (Q,Elg))z} — 0, as p — oo0. Using matching condi-

tion (A.15) again we have

(O + =D (RY., 0 =1 HO | (RY, 1) = 1/v2.

(4.88)

We note that the solution to the leading-order equations is not determined

uniquely by the boundary conditions (4.83)-(4.85) since we have for fl-

Qzl>

Ql(lz) , three second-order equations with only five boundary conditions. However,

we see that

Q.Y
dp

o an(',ll) 1 _ 8Q512) Q(l) _ 82@5}1)
ap 3,0 1,2 3,0 7,1 ap2

A

= (2Nl — (b alY,

= 0,
by (4.77) and (4.78). Therefore

Q'Y 0
—Ql’l QEIQ) Ql 2 lel) = const. = 0,

by the boundary conditions as p — —oo. Hence

L oQy 1 005
QY 9 QY Ip

which, on integrating, gives

(4.89)



where C' is an unknown function of sy, s, 7 which will be determined by the outer

solution in the normal region. Now if we let

QY =W = vi+2Qly,

we have
L2 O\ 0 L £(0), (12
oy L e A e (4.90)
82 2(1)
832 (F7QP. (4.91)

Therefore £ and Q" satisfy equations (3.113), (3.114) with boundary conditions
(3.116), (3.117). Hence there is a unique solution for £ and Q!". Moreover we
have that fi(o) decays exponentially as p — co. Since no term can grow exponen-
tially if it is to match with the outer region we conclude that any term involving
fi(o) as a numerator will tend to zero as p — oo. We also have

QM ~ Lopet O(e™57%), as p — oo.

V2
where ¢ and K are constant. Here we make our choice of 7, which we take to be
such that ¢ = 0. Thus we see that it is not f but | Q| which gives the natural
choice for n. We have that le) ~ 0 as p — —oo, le) ~ p/V2+ cas p — oo.
The condition that ¢ = 0 simply states that we choose the origin of our inner co-
ordinate (i.e. the centre of the transition layer) to be at the intersection of these
two straight lines (see Fig. 4.1). The simplicity that this choice of 1 induces will
become apparent when we consider the interface conditions at first order. Since

QE}B, QEIQ) are multiples of le) we therefore have

Qz(}l) ~ pHﬁfQ(RﬁS),t) + O(e*KPQ), as p — 00, (4.92)
QY ~ —pH)(RY. 1)+ 0@ "), as p — oo, (4.93)

where we have made use of the matching condition (A.17), namely that

aF(O) ' aFi(l)
ﬁ(Rg\?)at) ZPILHQO (31732>P77')'
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Q]

Figure 4.1: Variation of |@Q| across a normal/superconducting transition region
showing the choice of 7.

Equating powers of A at the next order in equations (4.61)-(4.68) we find

av® + & ~(0) + K (9f i@in(l)
/$2 ap K2 0p?
3OV = 1+ 1 ()2 + (@QD)?)
+2£7 (QNQH + @1e®), (4.94)
(U177l
(0) 9 1) i 2,3
alf;7) e + o
1 0 [(GOY2(£7)2QY]
OEIE Ds,
1 O [(EO)2(£7)72Q1]

 FOGO s, — 0, (4.95)

oH !} QLY
Oz LROHG = 0T 50 00 1 (1020, (1.9

ap ’ dp ’ ’

oH/Y 0Q'Y

JOL 00 - 0222 50000 (50108 (407)
ap ’ dp ’ ’
B 1 P [(G(O))l/QHi(g)} - o [(E(O))l/QH(O)} -
(E@GO)1/2 D51 sy N
ool

oy + (fz‘(o))zQz(‘,Qg), (4.98)
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;) 5, ~ Q. (4.99)
2Q\)
;3 g—p +RQi (4.100)

o _ 1 {a[m@)m@ﬁ};} 0 [(E) Q1]
% S

(EOG)1/2 s, B sy } - (4100)

Letting p — oo in equations (4.96) and (4.97) we have

o) ]

I sl BOHD | = —ol® lim HY
pggo ap + K1 ,1 Un ergo 2,1
. _6H1(12) ~(0 0 ] . 0
Jim o ROHSD| = —o) Jim, 3,

since the terms involving fi(o) tend to zero. Using the matching conditions (A.15)

and (A.17) we have

aH(O)

B L KO = 0D, on T i

oH"

R 0 = o, on (1109
n y 9

At this stage we have derived all interface conditions to lowest order. If we
were interested in a complete determination of the solution we could now solve
the outer problem (4.40) with the boundary conditions (4.86), (4.88), (4.102),
(4.103) to determine H” and I'®. We show in Lemma 1 that the conditions
(4.86), (4.102) and (4.103) are equivalent to the condition (2.8) when v,, # 0. The

proposition is then proved.

We continue with the inner problem. The matching conditions (A.15), (A.16)
imply

aH(O)
— 23RO, ) + {HY + RY - VHY(RY 1)} +0(1), as p — oo,

gY o
1,3 p an

Equating the order one terms in equation (4.101) as p — oo we have therefore
HY +RY - VHS(RY,t) =0, (4.104)
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by (4.92), (4.93).
Multiplying (4.96) by H(g) = 8@511)/8,0, (4 97) by —H; @ = 0Q"Y) Jap, (4.94)

by 0f(°)/3p, <4 75) by 04 /0p, (177) by HY — 902 jop + %21 i (4.78) by
Z 1 = 8@ /ap + Ry )QZ 5, adding and integrating gives

2
10 05" OO L g0 4 0 v© + /7" + &) /p o5 "
/€2 ap ap 2,1 2,2 11,2 /€2 _ ap

9Q\,)
+R50)/_poo( 22;2) dp+ 7 0)/ (8@1)

(fi(O))3fi(l) - fi(O)fi(l) + (fi(o))Q (QEII)Q?I) + Q§12)Q522))
P
A0 (R + Q)+ R [ (0Q

, . o [ (00N [a0W\?
+& [ (100 dp -0 [ A e S
-0 —0 op dp

Letting p — oo in this equation is equivalent to a solvability condition for the first

order terms.

Now

o (901 Wl 1 #QL
kg, = oWk
\/—oo ( 8[) ) P Qz,k: 8[) ‘/_ sz 8 ) pu

Q%Y
QT — [ e e, k=12

on integration by parts, and using (4.77), (4.78). Hence

2
10 av® + 50 L 7O (50
1 i o +HOHY + g ¢ Dt TR / LS I
K2 dp Op K —0 \ Op

oQY
+ (0)+~(0) (1) ¥l
(/Un %) )Qz,l 8,0

Q'Y
0) 4 =0y ~H1) T =i,2
+ (Un + K1 )QZ,Z 8p

AP = FOF + (F0)? () + @)
+ 10 Q) + (@)%
+ @0+ 70+ 5 [ O + Q) o (4.105)

—0o0
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We have
1
1) 0QLY

W + =R ap (0} + ") p(Hy (B, 0) "+ 0(1), by (4.92)
OH")
= —pHORY DT (R 1)+ o(1), by (4102)
Similarly
a0W i
(o0 + KT ~ SR =L R, 0+ of1)

Hence, letting p — oo in (4.105) we have

p—00 on

oH
HY(RY, ) lim {H}}f —p— (RSS),t)} +
OH")
et g ) - o | -
) —00 ) n

~v{(ad — ) — (R + &) (6 — ),

where

1 o [ i(O)
0 = p/_m ( gp ) dp, 7= / (Q)* + (Q52)*} dp.

Using the matching condition (A.16) we have
Hyl (R ) {HO) (R, 1) + (RO - VHoD) (R ) +
H3(RY 1) {HS%(R V1) + (RY - VH)(RY %)}

O(as — ) — (R + &) (6 — 7). (4.106)

Note that o, the surface energy defined in Chapter 3, is given by o = 4A(§ — 7).
We let

b1 o) Qi] | o](B) L]
(EOGO)1/2 D3, D5y .
Then (4.95) and (4.98) are
02
oo’ OP
e + (7208 + 5, = (4.108)



by (4.80) and (4.81), noting that fl-(o)

is independent of s; and s5. We note that

0?pP 0)
9.9 fz( 2P7
0 (fi")
by (4.77) and (4.78), and so
ey’ 02691
as at leading order. Dividing (4.107) by (f{”))? we have
0 [10g(;")" 9
a0 + | ;p ) }QEQ?} Q” +P=0. (4.110)
Now, by (3.121),
@El) = const.p + const. + O(e K7,
P = const.p+ O(e 57,
Oflog(F”™?] ke 1 ( . L)
op V2 V2p V2)'
as p — 00, since ¢ = (. Therefore
QE? ~ const., as p — 00.

If we assume that fog is bounded on I'® then there can be no terms of order 1/p

in Q1(23) as p — oo. If we then equate the order one terms in (4.110) as p — oo we

find

oM = const.p + O(e”

) (4.111)

as p — 00.

Equating powers of A at the next order in equations (4.63) and (4.64) we have

OH | o 0

~ (1) £7(0 ~(0 0
+ "fg )Hi(,2) - P(’fg ))QHi(,Q) -

1
1 9HY

dp "2 (G2 Js,y
Q8 o 9o
" 0p dp or
_ U§O) 8@5,11) . Uéo) an(',ll)
(EO)1/2 9s, (GOHL/2 Js,
1 G T LC R ) SO
2AEOGO2 | (GO)I/2 gsy, — (EO)/2 §g, @i
1 oo
+
(EO)1/2 9s,

+ (F Q) + 2£0 QR

+ (2177 + (1)) Qi

(4.112)
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oH") ~(0) 77(1) _ =(1) 77(0) 7(0)y2 77(0) L
_a—p—nl Hi,l — Ky Hi,l +p(’<@1 ) Hi,l + (E(O))l/Z @31 -

L0928 100 | 001y

" 0p " Op or

B L0 e B WLl
(EO)1/2 9s, (GO)1/2 s,

1 R T LC R ) SO
+ - Qi
2(E(O)G(O))1/Q (G(o))1/2 09 (E )1/2 Os1 i,

1 9eW
+ K
(G172 P,

+(RPQE + 210 QR
+ (27717 + (1)) Qi (4.113)

We have from the matching conditions that

oH? 02H oH'Y)
a—’pran (RN7> an(RNa)

aH(O)
Hiyl ~ p— 2 (RY. 1)+ HURY.0) + (RY - VH)(RY, 1) +o(1).
Qi ~ pHZ(RY. 1)+ o(1),

Qz(,l2) ~ _pHo,l (RE\(; 7t) + 0<1)a

as p — oo, for k =1,2,3. We let p — oo in equations (4.112), (4.113) and equate
the order one terms, using equations (4.99), (4.100) and (4.116), to obtain

6H(1) ch(’o)
(R 1) + <R<”-v( 5 DR 1) =
— & + o) {ER(RY 1) + (RY - vH)(RY, 1)}
— (&Y + oM HD (R 1), (4.114)
oH'Y) oH")
S4B + (RY V( 520 R 1) =



Notice how many of the terms in (4.112), (4.113) give no O(1) contribution because
of our choice of 7.

We are now in a position to solve equation (4. 45) with the (fixed) boundary
conditions (4.104), (4.106), (4.114), (4.115) for HY and R

Finally we calculate the values of | H, |, H,g3, 0Ho,1/8n and 0H,2/0n on the
boundary I'yy. We have

Hos(Ry,t) = HO(R® +ARY - ) + \HIJ(RO + ARW 4. 1) + -
= H3(RYt >+A{H3+R VH3(RY, D)} + -
= 0(\?), (4.116)

by (4.86) and (4.104).

| Ho(Ry, t)|’= (Ho1 (R, 1))* + (Hoa (R, 1)) + O(N?)
= (HYRO + ARD + - ) HB(R® + ARD + - 1))
+ (HQRO + ARY 4 - ) AHD (RO + ARV + 1))’
= (HQ(RY.0) + (HARY.0)
+20H ) (RY 1) [H{Y (RY ) + (RY - VH))(RY )]
£ 2N (R, ) [l (R )+ (RY - VH)(RY . 0)] +

_ %_m{ @b =) + 7Y + &) - 7))} +002),

by (4.88) and (4.106). Hence

|H,(Ry,t)| = T—ﬂ{w(aa )+ (7 + 70— 1)} +0)
= H,— 2H {v{"(ad — ) + (&” + &7)(0 = 1)} + 0(?)
Hc

= H,—2HX v9(ad — ) — =7 + i) + 0()?),  (4.117)

where H, = 1/4/2, and ¢ is the surface energy.

OH, OH)
8n’1 (Ry,t) = 8711 (RO + ARW + ... 1)
aH( )
+A a:Ll(R(O +ARY . ) 4 -
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= SRV
oHSY OH
+A{ S2H(RY. )+ (R V( 5 RN b +

-G SR, 0+

5

= (F1 +vn)Hy1 (R, t) + O(N\?),

by (4.102) and (4.114). Hence

OH, i
an’I (Ry,t) = (R1 + vn)Ho1 (R, t) + O(N?). (4.118)
Similarly
8H02 ~ 2
o 5 (B t) = (R + va) Hoo(Ryv. 1) + O(A). (4.119)

We see from (4.117) that, as in the phase field model, we have the emergence of
‘surface tension’” and ‘kinetic undercooling’ terms in the magnitude of the magnetic
field at the interface. For Type I superconductors, where ¢ > 0, the ‘surface
tension’ term will have a stabilising effect as in the phase field model. For Type
IT superconductors, where o < 0, this term will be destabilising. The role of the
‘kinetic undercooling’ term depends also on the value of . For ad — v > 0 it will
be stabilising; for ad — v < 0 it will be destabilising.

We should not take the analogy with the phase field model too far, since in the
phase field model a scaling of the parameters can be found in which these terms
appear at leading order, whereas the ‘surface tension’ and ‘kinetic undercooling’
terms above appear only at first order, and so will not appreciably affect the
solution unless the normal velocity or mean curvature of the boundary are of order
1/X. Thus, although the Ginzburg-Landau model seems to be a regularisation
of the vectorial Stefan model, because the surface energy is very small we expect
very intricate morphologies even from solutions to the Ginzburg-Landau equations.
Numerical simulations [26, 44], and experimental observations [24, 62, 63], seem

to agree with this.

87



There does not appear to be a scaling of the parameters in which the stabilising
terms appear at leading order, since there is no variable well depth in the Ginzburg-
Landau equations, so we cannot increase the size of the surface energy.

Finally we note that as well as there being a surface current density, as noted in

Chapter 2, there may also be a surface charge density. We have that, from (3.108),

af?e
Q = - AQ N
Expanding o in the inner region
K3 A2 )\ Y
we find
o) = —a(f"yef =0,

"

|
Q
—~
Sh
(=]
e
SN—
Do
@
~
=
=

Thus the surface charge density is given by

e [ e

—00

However, returning to (4.110) we see that if we assume that both ijg and Q((fg),
are bounded on I'® then there can be no terms or order 1/p or 1/p? in QZ(23) as

p — oo. For k # 1/4/2 this implies
00— 0(™™),  mp—co

(Note that by (3.121), when x = 1//2 it is possible that Ql(23) — const. + O(e 57",
as p — 00.) For a # 1 this implies @Z(-l) = O(e%7"), as p — oo. Since
@El) — 0, as p — —o0, we have by the convexity of equation (4.109) that @El) = 0.
Hence in this case o = 0. Thus under the assumption that Qg‘g and Qg are

bounded on I'® there can be a surface charge density at leading order only if

k=1/V2ora=1.

We complete this section by proving that the boundary conditions (4.86),
(4.102) and (4.103) are indeed equivalent to the condition (2.8), when v,, # 0.
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Lemma 1 (Origin of curvature terms) The boundary conditions

H,5 = 0, on Iy, (4.120)
0H, _
714’/{1]{01 = _UnHola on FN, (4121)
8” ) )
0H,
5 2 4 foH,y = —v,H,5  on Ty, (4.122)
n

can be written as the single boundary condition
(curl Hy) An = —v,H, on I'y. (4.123)
Proof. Near the boundary we transform co-ordinates to (si, so,n), where
r=(x,y,z) = R(s1,82,7) + nn(sy, s2, 7).

As before (s1, $2,n) form a local orthogonal curvilinear co-ordinate system, with

scaling factors

h1 = E1/2[1+7’Ll~{1],
h2 = G1/2[1 + nkg],
hs = 1.

In these co-ordinates curl H is given by

curl H =
1 OH; 0 1) )

- — 1 H

GU2(1 + nivn) [852 5 (G20 +nRa) Ha) | e

1 laHg 0

— — — (EY*( +ni)H
EV2(14nky) [0s1 On ( (1+nk) 1)1 €2
1

a 1/2 ~
_ (EG)1/2(1 +nl~{1)(1 +n/~{2) [8—81 (G / (1 +nl€2)H2)

9 1/2 ~
o~ (E (1+ nﬁl)Hl)] n.
Hence
B 1 OHz 0 [, 1p ~
(curl H)Am = E2 (1 + nin) [831 o (E (1+ n/ﬁ)Hl) e;
1 OHz 0 ( 1 _
G12(1 + nizy) [882 an (G (1+ nl@)Hz) €.
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On the interface n = 0 we have H; = 0, hence 0H3/0s; = 0, 0H3/0sy = 0.
Thus

0H 0
(CUI‘I H) An = (a—nl + IN*{lHl) e + (a—z + HQHQ) €9, 0N FN.

The boundary conditions (4.120)-(4.122) can then be seen to be equivalent to
(4.123), for v, # 0.

4.3 Asymptotic Solution of the Ginzburg-Landau
Equations under Anisothermal Conditions

We now try to relate the Ginzburg-Landau model (3.95)-(3.97) to to the free
boundary model (2.75)-(2.82) of Chapter 2, allowing the temperature to vary in
time and space. As in the previous chapter a complete determination of the solu-
tion will involve initial and fixed boundary conditions. However, they will be left
unspecified as our primary interest is rather the free boundary conditions.

The Ginzburg-Landau equations (3.95)-(3.97), together with the relation (3.1),
and the heat balance equation (3.107) are

A0
- af* VP = a(T)f +b(T)f* + f’AQ’ , (4.124)
af?e +div(f’Q) = 0, (4.125)
—Newl H = XZ%Q + A2VO + £2Q, (4.126)
H = cul@. (4.127)
2 aQ

T = ——L o) _ 199 4.12

vr = 62?0 ool )
where 3 and v may be functions of all the variables.
As before, we define T'(¢) by

['(t) = {r such that f(r,t) = n}, (4.129)

where 0 < n < 1.
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Outer Expansions

Away from the transition region we formally expand all functions in powers of A

to obtain the outer expansions as

fort,N) = O )+ XfO(rt) + -, (4.130)
O,(r,t,\) = 0V t)+ 20V (r t) +---, (4.131)
Q,(rt,)) = QV(r t)+2QM(rt) +---, (4.132)
H,(r,t,\) = HY(rt)+ XHV(r t) +---, (4.133)
T,(r,t,\) = TO(rt) + AT (r,t) + -, (4.134)

U(t,\) = TO@) +ArO) +--- (4.135)

We note that the expansions (4.130)-(4.133) may be discontinuous across I'¥(¢),
but will be smooth otherwise. Substituting (4.130)-(4.133) into (4.124)-(4.127)

and equating powers of A yields at leading order

QY = o, (4.136)
div((f7)°QY) = —a(f?)’ey, (4.137)
(fOrQY = o, (4.138)
HY = curl QV, (4.139)

oT©) O( £(0)2 50© 2
VLY = e = L(TYY) (f;t) —y 652; +VOW| . (4.140)

We see by (4.136) that either f(© =0, or Q¥ = 0, corresponding to normal and

superconducting regions respectively. We consider these cases separately.

Normal region

With £ =0, Q((JO) # 0 we equate powers of A at the next order in (4.124)-(4.126)

to give
V1Y = o, (4.141)
a(fPel + div((f")’QY) = o, (4.142)
(0)
—curl HY = 8?; +VOW + (f)2QW. (4.143)
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By (4.141) we have that f{) = 0. Taking the curl of equation (4.143) and using

equation (4.139) we have

OH©
_ NH© — o
(cur)?HY = o
or o
VZH(O) — a1¥O
? ot
Equation (4.140) becomes
7(0)
VT = ﬂaa;’f — 7 |curl HO 2
Superconducting region
With f(0 £ 0, we have
QY =0
HY = o,
0w = o

o

Equating powers of A at the next order in each equation we have

0 = a(TOfOpTO )2+ £ 1QM %,
(

div ((f0)QY) = —a(f")ye,
O = (f O)>2Qo )
HY = curl QY.

o

Therefore
QV=0 HY=0 06W=0, (f0)2= _d

Equation (4.140) becomes

v - 5 na g (S,

ot o ot \ (T
o0 (a(TOHY\] o1
_ (O) 0 0
B+ L(T )8 ©) (b(TéO)) ot
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(4.144)

(4.145)

(4.146)
(4.147)
(4.148)

4.149
4.150
4.151

~—~~ N
~—_— ~— ~— ~—

4.152

(4.153)

(4.154)

(4.155)



Inner Expansions

We note firstly that since equations (4.125)-(4.127) are identical to equations

4.23)-(4.25) the boundary condition
(
curl Hgo) An® = —vflO)H(O) on F(por),

o )

will hold exactly as in the previous section.

As before we define the inner variables by
r = R(s1,s2)+ Apn,
t = T
where the interface I'(¢) is given by the surface

r=(x,y,2) = R(s1(x,y, 2), s2(,y, 2),t) .

(4.156)

We have a local orthogonal curvilinear co-ordinate system (si, o, p) with scaling

factors
hy = EY*(1+ \pry),
hy = GY2(1+ \pry),
hy = A

With

Q, = Qiier+ Qi2e0+ Q;3m,
H, = H;e,+ H;2e;+ H;3n,

where e; = R,/ | Ry | as before, equations (4.124)-(4.128) become

adv, 0f; N 1 0%f; ARy + /%2)%

R 2 =
k2 Op K% Op? K2 ap +OW)
a(T)fi 4 BT)FE + 35 (@2 + Q2 + Q).
WS ofor el
i (EG)1/2(1 + /\pl%l)(]_ + )\,0/'%2) 881

1 (a [EY2(1+ Apfa) £2Qi 2]

n 1 (0 (1 + Apky)(1 4+ )‘p"%Q)fiQQi,ZS]) —0
A1+ M) (1 + Apks) dp 7
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(4.157)
(4.158)
(4.159)

(4.160)
(4.161)

(4.162)

(4.163)



A

Oy NFoHys A2 OH;5
dp + 1+ A\pis B GV2(1 + A\pRy) Osy
0Qi,1 4 )\28Qi,1 o Ao, 0Qi,1
dp or  EY2(1+ \pky) Osy
Ny 0Qi1  Nvik1Qis
TG+ Mora) Dsa T (L4 AR

— Up A

o w06 w OB\,
2(EG)2 \ GV2(1 + Mpia) Bsy  EV2(1 + Apiy) sy ) °"7
A2 00; 9
CQi 4.164
T B 4 apiy) 0, @i (4.164)
_/\8Hi71 _ )\2/%1]']2‘71 )\2 8Hi73 B
dp 1+ Xpiry  EY2(1+ A\pR1) 0sy
Qi 20Qi2 Aoy Qi
— UpA—=+ A = — ’
! dp A, EV2(1 4 Apky) 01

B A2vy 0Qi2  Nv9kaQis
G'2(1 + \pka) Osy (1 4+ ApRs)

)\2 V2 8G U1 3E
+ 1/2 1/2 ~\ 9.  1i/2 — o | Qia
2(EG)Y2 \ G'V2(1 + A\pFa) sy EY2(1 4 Apky) Osy
A2 00, 9
20. 4.1
T G 1 apiy) B, Qi (4.165)
)\2 8 {E1/2<1 =+ )\,Ol%l)Hz,l}
(EG)'2(1 4 Apiy) (1 + A\pis) sy a
A2 0 {Gl/Q(l + )\,07?2)[{1,2}
(EG)Y2(1 + Mpk1)(1 4+ Apka) D31 B
— )\8621‘,3 4 )\zaQi,?, B >\201 8@@3 . >\202 aQi,?,
" op or  EY2(1+ MpR1) 0s1 GY2(1 4 ApRa) 0sy
>\2111/%1 Qin )\202712621' 2 00; 2
_ 1 ; A 20i 3, 4.166
10Qi 2 RaQi2 1 0Qi3
H, = —— s ’ d 4.1
ol A Op 1+ A\pko * GV2(1 + A\pRy) Oso (4.167)
His = 109G P ! 0Qus (4.168)

c X Op 1+ Mpiy  EV2(1+ Apiy) Osy
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(EG)Y2(1 4 Apk1)(1 4+ Apka) 0s1

! 0 {El/Q(l + )‘Pfﬁ)Qm}
~ (EG)YV2(1 + Apiiy) (1 + Apia) ( 954 ) , (4.169)

HZ. . = 1 (8 [Gl/Q(l =+ )\ﬂ/%Q)QZ72:| )

10T, | Rt R OT _ 0BT 0T, | o, L(T) ()
A2 0p? A Op A Op A ap
B (_'UnaQi,l n 0Qin  v1 0Qi1  va 9Qin 1 891')2
A Op or E1/2 9s, G1/2 s, E1/2 9s,

_ (_U_naQi,2+aQi,2 U1 an‘,z U2 8Qi,2+ 1 a@i>2

X Op or  EV2 9s; G2 8sy, | G2 ds,
U, 0Qi3  0Qi3 v 0Q;3 vy 0Qis  100;)°
- |-~ 2 3 LN 1
< N op or B as, G os, aop) TOW
(4.170)

where v = vie; + v9es + v,n. We formally expand all functions in the inner

variables in powers of A to obtain the inner expansions as

fi S1, 32;;077'7)\ = fi(O)(Slv 327;077') + )‘fi(l)(slv 52, P, 7—) +oee )

( ) (4.171)
Oi(51,52,p, T, \) = 650)(31,32,,), 7) +)\@§0)(51,527p77) +o )
Qi(s1,52,p,7,A) = QEO)(SMS%P,T)+)\Q§1)(81,82,p, )+, (4.173)
H;(s1,50,0,7,0) = HY(s1,80,0,7)+ XH (51,80, p,7) + -, ( )

( ) (4.175)

ﬂ S1, 32;;077'7)\ = 7}(0)(817 327;077') + )‘T‘i(l)(slv 52, 0, T) +oeee

We also expand

R(s1,55,7,)\) = RO (s1,59,7) + ARV (51,89, 7) + -+ -,
which gives

E(s1,80,7,A) = E(O)(sl, S, T) + )\E(l)(sl, So,T) 4+,

etc. Substituting the expansions (4.171)-(4.175) into equations (4.162)-(4.170) and

equating powers of A we find at leading order

A2 (@) +(@12) + (@1%)?) = 0. (4.176)



Matching the inner solution with the superconducting region gives

7

Hence fi(o) # (0. Therefore

(F)? = —a(T(RY 1)) /b(TV(RY 1)),

Q" =o.

]

as p — —o0.

(4.177)

Equating coefficients of A at the next order in equations (4.162)-(4.169) we have

1 %"
K2 Op?

a(TV O + o) (1)

SO =0, as p— o0,

7

fi(O)(Sh S92, O’ 7—) = 77

(4.187)

(4.188)

(4.189)

Our aim is to determine the values of H;, Q, and ©; as p — oco. Exactly as in the

previous chapter we find @EO) =0, Ql(lg) =0.
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Integrating (4.186) we have
=Ap+ B.

Since Ti(o) must be bounded as p — oo if the temperature on the interface is

bounded and we are to match with the outer region we must have A = 0. Then
79 = B=TORWY t) = TR, 1). (4.190)

We multiply (4.181) by H( ) , (4.180) by Hz-(g), (4.178) by 8fi(0)/(9p, add and

integrate to give
L (o NGO
L (20 () (2 -

dp
@ ((fi(O))z + Z(_B>> + (fi(o))2 {(QE?)Q + (Q’EIQ))Z} )

(B)
where we have used the fact that (f{”)? — —a(B)/b(B), Q Q — 0, as
p — —oo. Letting p tend to infinity we have
B
lim {(H)? + (H;3)*} Y im | HO = [a(B)] ,
pP— 00 ’ ’ pP—00 Qb(B)

since £ — 0, (f19)2 {(lel))Q + (Q,Elg))z} — 0, as p — oo. Using matching condi-
tion (A.1) we have
la(B)|

2b(B)
| a(To(O) (R(O)a t)]
V26T (R 1))
= H(TY(RY 1)), (4.191)

o

{(HO)? + (HY?) (RY.6) =1 HO | (RY, 1) =

by (3.5).
Equating powers of A at the next order in equation (4.170) yields
2(1) (0)\2
T _ L(T;(O’)U;WM. (4.192)
0p? dp

Integrating over (—oo,00) gives

8T~(1) *°
dp

= LB (£,

—00




Matching with the outer solution implies

01N 0)( (0)
[3To( )] _ O L(TO(RO, 1)) a(T} ))(R 1)
S

5 W RO 1)) (4.193)

We can now solve the outer problem (4.144), (4.145), (4.147), (4.155) with the
interface conditions (4.156), (4.190), (4.191), (4.193).

Let us examine the problem for temperatures close to T, which is the situation
in which the Ginzburg-Landau equations are supported by the microscopic theory.
In this case we can expand all functions of temperature in powers of T" and keep
only the leading terms. We have a(T") ~ T, b(T) ~ 1. We take L(T") ~ L =const.,
B(T) ~ [ =const., y(T') ~ v =const. Then

OH®
VIHO = 8250 ., in the normal region, (4.194)
27(0) o7 OIPEEE :
vTyY = el |curl HJ|*,  in the normal region, (4.195)
H© = 0, in the superconducting region, (4.196)
oT0
VZTO(O) = (B+1L) 0(1)5 ,  in the superconducting region, (4.197)
curl HO An® = —yOHO on Q) (4.198)
T
HO = -~ on1¥, 4.199
|H,"| 7 N (4.199)
715 = 0, (4.200)
or]"
l—] = vOLT. (4.201)
on g

We stated in the introduction that the dimensional latent heat [ is given by
~ dH.
(T) = —pTH,—=
(T) = —pTHe— =,

where p is the density, i is the permeability, and T is the absolute temperature.

Hence, on non-dimensionalizing

as in Section 2.4, and linearising in 7" we find

L(T) = —LT,
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where L = a?/20kT.juss. Thus we see that (4.201) is in agreement with (2.82),
for temperatures close to T.. We also note that the model (4.194)-(4.201) contains
an extra term LOT /0t in equation (4.197) which does not appear in the model
(2.75)-(2.82). This term is a source term and is due to the fact that the number
of superconducting electrons, and hence the latent heat, is proportional to T near
T.. Thus a change in temperature in the superconducting region will produce a
release or absorbtion of latent heat. This effect was not taken into consideration

in the model (2.75)-(2.82).
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Chapter 5

Nucleation of Superconductivity
in Decreasing Fields

Up to this point we have been assuming that the transformation of a supercon-
ductor occurs via the propagation of phase boundaries inwards from the surface
of the sample, which separate regions of nearly normal material from regions of
nearly superconducting material. We consider now a completely different scenario,
by looking for solutions of the Ginzburg-Landau equations with | ¥ |< 1. In these
solutions, which are steady state solutions, | U | grows gradually as the applied
field h is decreased, in contrast to the abrupt rise in |¥| to 1 as h crosses H, that
was described in the previous chapter.

Having then described the two possible methods of changing phase, a stability
analysis of the normal state will give us an insight as to which of the two will occur
in different parameter regimes. We will find that for bulk Type I superconductors
the change of phase occurs by the method described earlier, whereas for bulk
Type II superconductors the change of phase occurs by the method of the present
chapter.

5.1 Nucleation of Superconductivity in Decreas-
ing Fields

5.1.1 Superconductivity in a Body of Arbitrary Shape in
an External Magnetic Field

This problem was considered in [50]. We work through their analysis as we will

find it helpful when we go on to consider the stability of the solution.
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Consider a superconducting body occupying a region 2 bounded by a surface
0L, placed in an originally uniform magnetic field of strength h. We work on the
lengthscale of the penetration depth by rescaling length and A with A\. Under
isothermal conditions the steady state Ginzburg-Landau equations, together with

boundary and other conditions, (3.14)-(3.20), are then

((i/R)V+ AP = P(1-|T]?), inQ, (5.1)
—(curl)’A = (i/2r5)(T*'VU —UVI)+ U2 A, inQ, (5.2
(cur)’A = 0, outside Q, (5.3)
n-((i/k)V+ AU = —(i/d)¥, ondQ, (5.4)
mAA] = 0, (5.5)

n A (1/p)curl A] = 0, (5.6)
curl A — hz, as7T — oo. (5.7)

Here z is a unit vector in the z-direction, and r is the distance from the origin.
As in Chapter 3, n is the outward normal on 952, and [] stands for the jump in
the enclosed quantity across 0€). Equation (5.7) states that the field reduces to
the applied field far from the body. In [50] the case d = oo is considered, that
is, when the non-superconducting region is a vacuum, but the extra complication
introduced by finite d is not great. As in Chapter 3 we choose the gauge of A by
imposing the extra condition

div A =0, (5.8)

which proves convenient in later calculations. We note that even though (5.8) does
not fix the solution uniquely (since, as mentioned in Chapter 3, (e""¥, A + Vn)
will also be a solution, where 7 is any harmonic function) this does not affect the
physical quantities since curl A and |V | are invariant under such a transformation.

The solution of (5.1)-(5.8) which corresponds to the normal state is
V=0, A=hAy. (5.9)
Inserting (5.9) into (5.1)-(5.8) yields the following equations for A y:

(curl)QAN = 0, except on 012, (5.10)
mAAy] = O, (5.11)



[nA(1/p)curl Ay] = 0, (5.12)
curl Ay — 2z, asr— oo, (5.13)

div Ay = 0. (5.14)

Equations (5.10)-(5.14) correspond to the problem of determining the vector
potential for a permeable body carrying no current placed in an originally uni-
form unit external magnetic field, and have well known methods of solution in
magnetostatics.

[50] go on to seek a superconducting solution (i.e. one in which ¥ # 0) in
which | V|« 1, which depends continuously on a parameter e (which measures the
magnitude of | ¥ |?), and which reduces to (5.9) for ¢ = 0. They introduce €, 1

and a through the equations

U = €Y%y, (5.15)
A = hAy+ea, 0<e<l. (5.16)

The relative scalings of ¢ and a here are motivated by requiring that ¥ | ¥ |2
balances with A — hAy in equation (5.1) (the problem is similar to that of the
buckling of an Euler strut [39] ).

Insertion of (5.15), (5.16) into (5.1)-(5.8) yields

((i/R)V +hANY = = —€[|¢* ¢ +2mp(Ay - @) +2(i/k)(a - V)]
—lal*y, inQ, (5.17)

—(curl)’a = (1/26)(¢"VY — V")
+ [ ? (hAx +ea), inQ, (5.18)
(curl)’a = 0, outside 0, (5.19)
n-((i/k)V+hAN)Y+ (i/d)Y = —€(n-a)yp, on 0, (5.20)
mAal = 0, (5.21)
[nA(1/p)curl a] = 0, (5.22)
curla — 0, asr — oo, ( )
(5.24)

diva = 0.
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We expand h, a and 1 in powers of e:

ho= hOper® .. (5.25)
= a9 +ea® 4., (5.26)
v o= O e 4. (5.27)

The problem is now to determine the coefficients in these expansions. We sub-
stitute the expansions (5.25)-(5.27) into equations (5.17)-(5.24) and equate powers

of €. At leading order we have

((i/k)V + hO Ay) 2@ — O =

0, ing, (5.28)
—(curl)Qa(O) = (i/2/@)<¢(0)*v¢(0)_¢(0)V¢(0)*)

+ 1O 19O 2 Ay, inQ, (5.29)

(curl)’a® = 0, outside Q, (5.30)
n-((i/x)V+h0A)00 = —(i/d)y®,  on oQ, (5.31)
nAa®] = o0, (5.32)

[nA(1/p)ecurl a®) = 0, (5.33)

curl a® — 0, asr — oo, (5.34)

diva® = 0. (5.35)

Equations (5.28) and (5.31) form an unconventional eigenvalue problem for h(®).
The eigenvalues are independent of the gauge of Ay. In the examples we consider
they will also be real and discrete, as was postulated by [50]. The upper critical field
he, is defined to be the largest positive eigenvalue. Let the normalised eigenfunction

corresponding to h(®) be 6, i.e.  is such that

/ 92 dv = 1.
Q

Then 1 = 36 where 3 is constant, and a©@ =|[2 &, where

—(cur))?a® = (i/26)(0*VO — OVEO*) + D |0 Ay, inQ, (5.36)
(curl)’a® = 0, outside Q, (5.37)
mAa® = o, (5.38)

nA1/peurl &) = o0, (5.39)
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curl @ — 0, asr — oo, (5.40)

diva® = o, (5.41)

which is the problem of determining the vector potential a9 due to a permeable
body carrying a specified real current distribution, since the right-hand side of
(5.36) is known. Again, well known methods of solution are available.

We have now determined the upper critical field h., and leading order approx-
imations to ¢ and a, once we have determined the constant (3.

Equating coefficients of € in (5.17)-(5.24) yields

((i/r)V + h(O)AN)Qi/)(l) _ ¢(1) - _ W(O) |2 10(0) — 92, R0 | Ay |2 ¢(0)
—20(i/k)(Ay - V)
— Qh(0)¢(0)(AN . a(0)>
—2(i/r)(@® - Vo) in Q, (5.42)
— (cur)’a® = (i/2r) (VN 4 IO
= (i/2k) (@ OV 4+ DV
4 BO Ay (O qpM @0y
+h W O Ay

+ 9@ a® inQ, (5.43)
(curl)®’a™ = 0, outside Q, (5.44)
n- ((i/x)V +hOA 000 + (i/dyp) = —n-(@® +hrD AN,
on 012, (5.45)
mAaV] = o0, (5.46)
n A (1/p)curl aV] = 0, (5.47)
curl a¥ — 0, asr — oo, (5.48)
diva® = 0. (5.49)

Assuming ¢ and A" were known these equations would again correspond to
the problem of determining the vector potential due to a permeable body carrying
a known current distribution. Thus a is fixed once (") and A1) are given.

Now (5.42) and (5.45) are inhomogeneous versions of (5.28) and (5.31) and

therefore have a solution if and only if an appropriate solvability condition is
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satisfied. This condition is derived by multiplying both sides of (5.42) by ¥(®* and

integrating over ). After considerable manipulation the result is

h(l) — fQ |w(0) |4 dv B 2 fQ a(O) ' (Curl)Qa(O) dv (5 50)
B 2 [y Ay - (curl)’a(©® dV ’ '

E Jo 10]F dV =2 [5a? - (curl)®al” v

= 17 2 fo Ax - (curl)’a® qv

(5.51)

Thus | 3] is given in terms of AY). Note that in order for a superconducting solution
to exist this equation also determines the sign of h"). When | 3| is given by (5.50),
(5.42) and (5.45) have a solution ¥, which will still contain an undetermined
constant. This constant is determined by a solvability condition for the second
order equations.

We have now determined a solution in the form

h o= hO fep® 4., (5.52)
U = 2O 4 ep® 4. ] (5.53)
A = hAy+€[a® +ea™ + - (5.54)

Equation (5.54) leads to a magnetic field
curl A= H = heurl Ay 4 ecurl a® + - (5.55)

If A < 0 we have a solution for all values of the external field slightly below
a certain critical value (9. If 2 - curl a® < 0 in Q, as is the case in the one-
dimensional example which follows, then the magnetic field within the body would
be less than its value in the normal state. This would be the beginning of the
Meissner effect.

Since 6 is normalised we have that | U] = ([ | ¥ |? alV)l/2 = €/2 | 3| and so

|| increases as |h(®) — h|¥/2 for h close to h(?) as shown in Fig. 5.1.

5.1.2 One-dimensional Example

We demonstrate the techniques of the previous section with a one-dimensional
example. We consider the case of an infinite superconducting body, when explicit

solutions can be found.
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Figure 5.1: Pitchfork bifurcation from ¥ =0 at h = h(®.

As shown in Section 3.3, in one dimension we may choose ¥ to be real and
the vector potential A to be directed along the y-axis, so that A = (0, A4,0).
The Ginzburg-Landau equations (3.113), (3.114), together with the appropriate

boundary conditions are

K207 = 0P — U UA? (5.56)
A" = VA, (5.57)
U — 0, as |z|— oo, (5.58)
A" — h, as |x|— oo, (5.59)

where / = d/dx. The solution corresponding to the normal state is
v =0, A= hzx.

(We note that the equations and boundary conditions are translationally invariant.
Thus, although we could add an arbitrary constant to A such a solution is simply

a translation of this solution.) We introduce € through the equations

U = €Y%y, (5.60)
A = hx+ea, (5.61)

as before. Substituting (5.60), (5.61) into (5.56)-(5.59) we find

k2" = e — o + (hPa? + 2ehaa + €a?), (5.62)
a" = ¢*(hx+ ea), (5.63)

106



P — 0, as |z|— oo, (5.64)

ad — 0, as |z|— oo (5.65)

We expand h, 1) and a in powers of € as before:

O 4 en® .. (5.66)
v = O fep® 4. (5.67)
a = a%4e® ... (5.68)

Substituting expansions (5.66)-(5.68) into (5.62)-(5.65) and equating powers of e,

we find at leading order

K207 = O o (p0)2520) (5.69)
a® = Oy ()2, (5.70)
PO 0, as |z]— oo, (5.71)
a® = 0, as |x|— 0. (5.72)

Equation (5.69) with the boundary condition (5.71) corresponds to Schrédinger’s

equation with an energy well, and has solutions

— K222 m\/§x
expl| o | Hn | ——m—= | ,
2(2n +1) V2n+1
when h(®) = k/(2n + 1), where H,, is the Hermite polynomial, given by

v ; _.
o) =1, Hyu) = (-1 T (=),
The upper critical field is given by the largest of these eigenvalues, namely h(?) = k.

This is where we begin to notice the difference between Type I and Type II super-
conductors. Noting that H. = 1/4/2 in these units we have

he, S He as < 1/V2.

For a Type II superconductor x > 1/v/2, h,, > H,, and, as the external magnetic
field is lowered, the bifurcation point will be reached before the thermodynamic
critical field (see Fig. 3.3). For a Type I superconductor however, k < 1/v/2, he, <
H., and before the external field reaches the bifurcation point there is the possibility
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that the superconductor will undergo a phase change to the superconducting state
by means of an inwardly propagating phase boundary as described in Chapter 4.

The eigensolution corresponding to h(® = & is

PO = g (5.73)

/4

where as before we have normalised the eigenfunction so that
| wrda =P
Substituting (5.73) into (5.70) yields
/i k242
| S

Hence

1 z 242
0) _ 2 —K“E
a® = — |5 = /_Ooe de, (5.74)

where again the arbitrary constant is irrelevant. Notice that ()’ < 0 so that the
magnetic field in the sample is less than the applied field (the Meissner effect.)
Equating coefficients of € in equations (5.62)-(5.65) we find

k27 ) — (h(O))2$2¢(1) — (w(o))3 + 2RO B1) 324,
+ 210 3:q 0O 5.75
aV = (WO Wg 4+ 0@y 4 20O 2OV (576

P 0, as |z|— oo,
aV' = 0, as |x|— oco.
As in the previous section, ¥ is the solution of the homogeneous version of
equation (5.75) with the boundary condition (5.77), namely equation (5.69) and
(5.71). Thus there is a solution for ¢)(!) if and only if the appropriate solvability

condition is satisfied. As before this condition is obtained by multiplying both
sides of (5.75) by 1 and integrating over (—o0,00) to give

| 0010 + 20O h 0z 1 2020y ) da = 0,
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Note that the arbitrary constant in the expression for a(® does not affect this
condition since [ z(1)(?)? dx = 0. Inserting our expressions for h(®) and ¥® into

this we find

Qh(l) 2 roo
—7%/ 22e 7 dp =

7'('1/2 —00

2
_ |ﬁ|2 /Oo [K_eanxQ _ 2i€2n2x2‘| dr,
—oco | T ™

1 1 0
= |8 = {52 — —] / e 2
s 2] J-x

on integration by parts. Thus h!) is given by

w_ 1BEL_
h _\/%[2 m}. (5.79)

Here again we notice a difference between Type I and Type II superconductors.
We have
A < 0 if and only if K > 1/v/2.

Thus for Type II superconductors we have a solution for all values of the applied
magnetic field slightly below the critical value. For Type I superconductors however
we have a solution for all values of the applied magnetic field slightly above the
critical value. As before we have ||¥|| = €'/2 | | and hence for x # 1/v/2, ||¥||
increases as | h — x |'/2 for h close to x. The response diagrams for & less than,
equal to and greater than 1/4/2 are shown in Fig. 5.2.

When x = 1/v/2 we have h(!) = 0, and the question arises as to what the
behaviour of ¥ is in the neighbourhood of h = x in this case. We would expect
that || ¥|| would increase as | h—# |'/2" where n is the least integer such that A" # 0.
However, we find that (™ = 0 Vn. In fact we find that the response diagram is
vertical, i.e. when h = k there exists a family of solutions of arbitrary amplitude
(similar vertical bifurcations have been studied recently in [52], for example). We
demonstrate this fact by recalling that in Chapter 3 we found that in one dimension,
whenk =1/ V2, solutions of the Ginzburg-Landau equations are given by solutions

of the following pair of first order equations:
V2A" = 1-02 (5.80)
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K h K h K h

K< 1/V/2 k=1/V2 K> 1/1/2

Figure 5.2: The response diagrams for x less than, equal to and greater than 1/+/2.

V2O = —UA. (5.81)
When we impose the boundary conditions

A — 1/v2, as & — Foo, (5.82)
U — 0, as ¢ — oo, (5.83)

these equations have solutions

/\W —d(¥?)
xr = 5
v(0)2 /2 U2(W2 — C — log W2)!/2

(5.84)

where, in order for the solution to be bounded, C' must be greater than 1 but is
otherwise arbitrary. A number of these solutions, for different values of C, are
shown in Fig. 5.3 (recall that when C' = 1 we obtain the transition layer solution
of Fig. 1.5). The solutions take the form of a superconducting blip that grows into
a completely superconducting region separated from the remaining normal region
by two phase boundaries. However, we should remember that these are all steady
state solutions, and the diagrams in Fig. 5.3 do not represent the evolution of a
small blip into two travelling waves. It is not clear whether the solutions along the
superconducting branch in Figs. 5.2a,c take the same from as those in Fig. 5.3.

We consider further the question of the behaviour at x = 1/4/2 in Appendix B.
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C = 1.00001 C' = 1.00000001

Figure 5.3: Solutions bifurcating from ¥ = 0 at h = 1//2 for k = 1//2.
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5.2 Linear Stability of the Solution Branches

We now begin our analysis of the linear stability of the solution branches in Fig. 5.1.

We first demonstrate the technique with a one-dimensional example.

5.2.1 One-dimensional Example

As in the previous section we work on the length scale of the penetration depth
by rescaling length and A with A. We work also on the timescale of the relaxation
of the order parameter by rescaling time with A2, In one dimension the time-

dependent isothermal Ginzburg-Landau equations, (3.59)-(3.68), are then

adl 10°0
0?A 0A
—— = —+UV%A :
o o (586)
ov
5 0, as |z |— oo, (5.87)
0A
3 0, as |z |— oo. (5.88)

We examine firstly the linear stability of the solution corresponding to the normal
state, ¥ = 0, A = hx. We make a small perturbation about this solution by setting
U = de”p(x), (5.89)
A = hr+deta(z), 0<d<1. (5.90)

Substituting (5.89), (5.90) into equations (5.85)-(5.88) and linearising in 0 (to give

the leading order behaviour of an asymptotic expansion in powers of 9) yields

—(ao /)Y + (1)) = — + h?2*, (5.91)
" = oa, (5.92)
v — 0, as |x|— oo, (5.93)
d — 0, as |z|— . (5.94)

where / = d/dz. The self-adjoint eigenvalue problem (5.91) with the boundary

condition (5.93) has a discrete spectrum (see, for example, [61]), and has solutions

e H L (V2hE ),
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where

h
When h > k = h,, all the eigenvalues o are negative and the normal state

U:O'n:l%h</€—2n—1>.

solution is linearly stable. When h < k at least one eigenvalue is positive, and the
normal state is linearly unstable.
Let us now examine the linear stability of the one-dimensional superconducting

solution branches. We make a small perturbation of the form
U = Uy(x)+ 5”0y (), (5.95)
A = Ay(z) + 6e” Ay (), (5.96)

where (U, Ap) is the steady state superconducting solution given by (5.66), (5.68).
Substituting (5.95), (5.96) into the equations (5.85)-(5.88) yields:

—(ao /KU + (1/kHV) = 3V, — Uy +2UgAgA; + A2V, (5.97)
Al = oA+ 20 A + U2A,, (5.98)
v — 0, as |x|— oo, (5.99)
Al — 0, as |z|— oo. (5.100)

We examine the stability near the bifurcation point by introducing e as before:

Ty = €'/, (5.101)
Ay = hx + eap, (5.102)
Uy = V%, (5.103)
A = ea. (5.104)

Note that since we are expanding in powers of e after linearising in 6 we are
assuming that 6 < e. In particular we will equate coefficients of €4 in the equations
while neglecting terms of order §2. Hence we require that at least § = o(¢). If we
wish to be definite about the relative sizes of € and § we may take, for example,
§ =€

Substituting (5.101)-(5.104) into (5.97)-(5.100) and linearising in ¢ yields:

—(ao /P + (1)) = 3epiahy — iy
+ 2ethpay (ha + eag)
+ 1y (h22% 4 2ehxag + a2), (5.105)
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al = ocay+ 2oi(hx + eag) + eiar,  (5.106)
v — 0, as |x|— oo, (5.107)
a; — 0, as |z |— oo. (5.108)
In Section 5.1.2 we wrote down h, 1y, and ag in terms of a power series in €.

We also expand 11, a; and o in powers of € (so that the variations in o balance

the variations in h) to give:

ho= hO 4 en® ... (5.109)
do = U e+, (5.110)
@ = a9 +eald 4. (5.111)
o = PO repd 4, (5.112)
o = a®+ea® .. (5.113)
o = 0O 4 eo® . (5.114)

Substituting (5.109)-(5.114) into (5.105)-(5.108) and equating powers of € we
find at leading order

—(ao® /&)t + (/)" = =+ (RO, (5.115)
dV" = 506 1 2pOpyp@y© (5 116)
SO/ as |z|— oo, (5.117)
ago)/ -0, as |z|— . (5.118)

Equation (5.115) with the boundary conditions (5.118) is exactly equation (5.91)

with corresponding boundary conditions (5.94). Hence there are non-zero solutions
(0)

for 17’ when

(0)
o _ R (Ko
oV’ = 5 <h(0) 2n 1> .

For the solution branches bifurcating at eigenvalues h(?) < x we see that there is
at least one positive eigenvalue for o, namely the case n = 0. Thus there is at
least one unstable mode, and the superconducting solution branch will be linearly
unstable. For the solution branch bifurcating at h(®) = x all the eigenvalues o(©)
are negative except for the eigenvalue ¢(® = 0. To determine the stability of this

mode we need to proceed to higher orders in our expansions.
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When 0@ = 0 we have ¥\” oc e=%***/2_ Since all the equations are linear in
Y1, a; and ¢, by construction, the constant of proportionality is irrelevant and we
take it to be Br1/2/71/4, so that ¥\ = " (in effect this defines 4.)

We recall the previously found expansions for h, vy and ay:

h = k+(e6%/V2r)(1)2 = K*) + -, (5.119)
1/2
Yo = Be TR eyl o, (5.120)
e
_ BT e )
ag = e di +eag’ +---. (5.121)

2T s
Substituting the expressions for YAO), w(()o), o© and A" into equations (5.116),
(5.118) gives

V= (2:28%)T)e (5.122)
a”’ =0, as |x|— o0. (5.123)
Hence
o _ Bt e
ay’ = e dZ + const. (5.124)

=l

The arbitrary constant here is due to the translational invariance of the equations
and we may take it to be zero without loss of generality (this simply fixes the
translate.) Note that a§“) = 2a(()0). Equating powers of € in equations (5.105),
(5.108) yields

(1/s2) M 4 — (BO)22290 = (a0M /K2) + 3(§7) 2D
+ 2002980 + 20O R 22"

Oy 129
=0 as |z |— oo. (5.126)
Hence
(1) 3/2 23
1 1 1 acVB a0 33233 4o
(/R = Wit = e e
33/2.4 33 . ]
_ Kg—iﬂe—f;?ﬁm/ o2 s
™ —0o0
2(1 — 262)k32223% 2 2
- 2v/2m3/4 € 2, (5.127)
P S0 as |z]— oo, (5.128)
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—r222/2

Now, e satisfies the homogeneous version of equations (5.127), (5.128).

Hence there is a solution for @/151) if and only if an appropriate solvability con-

—k222/2

dition is satisfied. To derive this condition we multiply (5.127) by e and

integrate over (—oo,00) to give

0 _ /OO [aa(l)ﬂl/Q €7H2x2 + 3H62e,252x2

—00 l€2
T ~ 1—2 2 2,.2
—3%521’67”2332/ e 47 + ( Lk e dy
. /2
/OO Oz()'(l)ﬂ'l/2 6—5212 n 3R526_2H2z2 B 3_ﬁ26_252$2 n (1 — 2/{2)ﬁ2 6_H2$2 d:L’,
K2 2K 2\/5143

—00
on integration by parts. Thus

acM7l/? N 3kp? 332 N (1—2x%)3?
K2 V2 2v2k 22k

acWrlt/2 (1 —2K%)3?

K2 V2K

Thus o
o0 — %7 (5.129)
ay/2m
or 0
2kh
oM = (5.130)
a

Note that ¢! < 0 if and only if x > 1/v/2, i.e. if the superconductor is of Type II.
Thus for Type I superconductors the bifurcation at h = k is subcritical, for Type
IT superconductors it is supercritical. Fig. 5.4 shows the stability of the solution
branches in the response diagrams of Type I and Type II superconductors.

When k = 1/v/2 we find o) = 0. This was expected, since we know that in
this case there exist solutions of arbitrary amplitude at h = k. Infact, we expect
o™ =0 Vn. The stability of vertical bifurcations is an interesting, and as yet
unapproached, problem. We will return to this point in the next section when we

consider the weakly nonlinear stability of the normal state solution.

5.2.2 Linear Stability of the Solution Branches for a Body
of Arbitrary Shape

We now apply the above techniques to check the stability of the solution branches
for a body of arbirtary shape in an applied magnetic field.
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Figure 5.4: Stability of the solution branches in the response diagrams of Type I
and Type II superconductors.

Linear Stability of the Normal State We examine first the stability of the
normal state. Asin the previous section we work on the length scale of the penetra-
tion depth by rescaling length and A with A, and on the timescale of the relaxation
of the order parameter by rescaling time with A\?. The time-dependent Ginzburg-

Landau equations, together with boundary and other conditions, (3.59)-(3.68), are

then
ad¥V ai l 2
———+—Vd+4 (-V+A) ¥ = U(1-|¥[), nQ 131
o+ v (Lv 4 4) (- 19f), e (5131)
0A i
—(cur)’A — == —-V® = —(T'VI - IV
(curl) T \% 2;4;( \% A
+ U2 A, inQ, (5.132)
2 0A :
—(curl)’A = ¢ v +V®|, outside Q, (5.133)
Vi = 0, outside Q, (5.134)
n-((i/k)V+ AT+ (i/d)¥ = 0, on 09Q, (5.135)
nAA] = 0, (5.136)
n A (1/p)curl A] = 0, (5.137)
@] = 0 (5.138)
0P
| = 5.139
| = o (5.139)
curl A — hz, asr— oo, (5.140)
¢ — 0, asr— oo, (5.141)
divA = 0. (5.142)



We make a small perturbation about the normal solution (5.9), by setting

U = 6”0y, (5.143)
= hAy+ 0" Ay, (5.144)
d = Je7'P), 0<i< 1. (5.145)

Substituting (5.143)-(5.145) into (5.131)-(5.142) and linearising in ¢ (to give the

leading order behaviour of an asymptotic expansion in powers of §) yields

. 2
S+ (%v + hAN) U, — U, Q. (5.146)
—(curl)’A; = A, +V®, inQ, (5.147)
—(curl)?A; = ¢ (0 A1+ V®;), outside Q, (5.148)
V2®, = 0, outside (, (5.149)
n-((i/k)V +hAN)U, + (i/d)¥; = 0, on 09, (5.150)
mAA] = 0, (5.151)
n A (1/p)curl Ay] = 0, (5.152)
[@,] = o0, (5.153)
o,
9| _ 154
[ o ] 0, (5.154)
curl Ay — 0asr — oo, (5.155)
&, — 0asr— oo, (5.156)
divA, = 0. (5.157)
Writing
. 2
_ <3v + hAN> _1
K
we have by equation (5.146)
/ VLW, — U, LN AV =
Q
/| {(——v + hAN> ( v hAN> v, — qf{qfl} v
- {( vt hAN) (——v 4 hAN) T — \mf’;} v
Q
4L {\111 (-iv + hAN) VU (—v 4 hAN> qfl} nds,
K JoQ K K

=0,
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on integration by parts. Hence, as in the previous section, L is self-adjoint on the
space of smooth functions on € satisfying the boundary condition (5.150). It then
follows that the eigenvalues of L are real and discrete, and that the eigenfunctions
corresponding to distinct eigenvalues are orthogonal. Thus for each given h, (5.146)
and (5.150) determine a discrete set of eigenvalues for o. For h > h,, all these
eigenvalues will be negative and the normal state is linearly stable. For h < h,,
we expect at least one of these eigenvalues to be positive, and the normal state to
be linearly unstable. To see this we multiply (5.146) by V7 and integrate over (2

to give
ao 2 2 (1 ?
—2/ U, 2 aV = /\\111| dV—/\If1<—V+hAN> W, dv,
K Q Q Q K

_ /Q|‘1’1|2 dv—/ﬂ‘(évmm)\yl
7

_ —/ v (iv + hAN) W, ds,
o0 K

2

av

K
. 2
= [wp v [|(Lv+hax)w| av
1
- — U, |2 ds.
kd 8Q| i dS

(Note that this also shows that o is real.) As h — oo we see that the second
term on the right-hand side dominates the first, and hence all the eigenvalues o
are negative for large h. We expect the eigenvalues o to each depend continuously
on h, and one of the eigenvalues o will pass through zero when and only when
h passes through an eigenvalue of (5.28), (5.31). The largest of these eigenvalues
is he,. Thus for h > h,, all the eigenvalues o are negative. As h passes through
he, the largest eigenvalue o will pass through zero, and hence we expect that for

h < h., there will be at least one positive eigenvalue o.

Linear Stability of the Superconducting Branch We now consider a small

perturbation of the previously found superconducting solution. We set

U = W+ 8¢y, (5.158)
= Ay + 5l Ay, (5.159)
d = 6, 0<0< 1, (5.160)
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where (U, Ap) is the steady superconducting solution given by (5.52)-(5.54). Sub-
stituting (5.158)-(5.160) into (5.131)-(5.142) and linearising in ¢ yields

: 2
%U\Ijl -+ gZ\IJO(I)l —+ (lv —+ A0> \Ill
K K K

—(curl)A; —0cA; — VO

—(curl)® A4
V20,
n - ((Z/K])V + Ao)‘lfl +n- AI\IIO
[n VAN Al]
[n A (1/p)curl A
[©4]
o0,
c on
curl A;
1
div Al

N

_2 AL VU, — 24, AT,
K

S, 2|2,

— W20 in Q, (5.161)
(i/2)(TEVT, + TTV D)

— (1/25) (¥ VU] + ¥, V)

4 (DUt + UED,) A
+ |9y > A;, in Q, (5.162)
G (0A; + V), outside ©,(5.163)
0, outside €, (5.164)
—(i/d)¥y,  on 09, (5.165)
0, (5.166)
0, (5.167)
0, (5.168)
0, (5.169)
0asr — oo, (5.170)
0 as r — o0, (5.171)
0. (5.172)

We examine the stability close to the bifurcation point by introducing e as

before:

/2y, (5.173)
hAN + eay, (5.174)
/2y (5.175)
€a, (5.176)
€y (5.177)
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As in the one-dimensional case we require § < € (e.g. & = €?). Substituting

(5.173)-(5.177) into (5.161)-(5.172) yields

(ao/62)y — U1 + ((i/k) + hAN) b = —(eai/r)Yodr — 2€ | o] Uy
— ey — (2¢i/K)ag - Vih
— 2¢hag - Anp — (2€i/k)aq - Vb
—2¢hAy - a1ty — € |ag|? ¥y
— 26 Ay - ayt)y,  in Q, (5.178)
—(curl)’ay —oay; — Vo = (i/28) (05 Vibr + 7 Vi)
— (1/2r) (Yo VT + 1 Vig)

+ (Yot + 1gin)hAN
e(Yov] + hgihr)ag
+el|vol?ar, inQ, (5.179)
—(curl)’a; = <.(oa; + V), outside Q, (5.180)
V3¢, = 0, outside Q, (5.181)
n-((i/k)V+hAN)Y + (i/d)Yyn = —en-aiyy

—en - apyy, on 0f), (5.182)
mAa| = 0, (5.183)
m A (1/p)curl @] = 0, (5.184)
[p1] = 0, (5.185)
[5%1 = 0, (5.186)
curla; — 0, asr— oo, (5.187)
¢ — 0, asr— oo, (5.188)
diva; = 0. (5.189)

In the previous section we obtained expansions in powers of € for ag, ¥y and h
near h = h(®). As in the one-dimensional case we expand also a4, ¥, ¢ and o in

powers of € to give

h = hO pep@® 4., 7 (5.190)
by = w(()o) + ewél) - (5.191)
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0w = a® +ea 4o (5.192)
A SO (5.193)
o = d4ed ... (5.194)
6 = 6OtV g (5.195)
o = 0O g™ ... (5.196)

Substituting the expansions (5.190)-(5.196) into equations (5.178)-(5.189) and

equating powers of € we find at leading order
(a0 /rf)ei” =i = =((fx) + ROANPRY, i, (5.107)
—(curl)Qago) —o0q, — v¢§“) = (i/2/<o)(¢éo)*v¢§0) + ¢§0)*V¢é°))
= (i/20) (W VUL 4 P V)

+ (@ + e RO Ay, in Q, (5.198)

—(curD)?al” = . (6@al” +Vve”), outside Q, (5.199)
V2¢§O) = 0, outside ©, (5.200)

n-((i/r)V +hOAN” = —(i/d)y\”, on 09, (5.201)
mAra”] = o (5.202)
nA(1/p)eurl al”] = o0, (5.203)
60 = o (5.204)

{aagg)] _— (5.205)

curl al” — 0asr — oo, (5.206)

oV — 0asr— oo, (5.207)

dival® = o. (5.208)

Equations (5.197) and (5.201) are exactly equations (5.146) and (5.150). As
before, if h® < h,, then there exists an unstable mode. Hence the solution
branches bifurcating from eigenvalues h(®) < h,, are linearly unstable. It remains
to determine the stability of the solution branch bifurcating from h(®) = h,,. When
h(® = h,, all the eigenvalues for () are negative except for the eigenvalue o® = 0.
We must proceed to higher orders in our expansions to determine the stability of

this mode. We note that for o(®©) = 0, w%o) satisfies the same equation and boundary
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conditions as 1/)(()0), and hence 1/150) x 1/1(()0). As in the one-dimensional case, the
constant of proportionality is irrelevant and we take it to be unity (in effect this

defines ¢.) Substituting into equations (5.198)-(5.200) and (5.202)-(5.208) we find
—(cwrl)’al” = Vol = (i/r) WV — V) + 2 [ 657  he, Ax
= —2(cur])’a’, in Q, (5.209)
by equation (5.29). Taking the divergence of this equation we find
& §°’ =0, in Q.

This, together with equation (5.200) and boundary conditions (5.204), (5.205) and
(5.207), implies

Now by comparing equations (5.209), (5.199), and (5.208) and boundary conditions
(5.202), (5.203), and (5.206) with equations (5.29), (5.30), and (5.35) and boundary
conditions (5.32)-(5.34) we see that

al” = 2a{. (5.210)
Equating powers of € in equations (5.178) and (5.182) we find
—01" + ((i/8) + he, ALY = —(a0 /)l =2 |u” P o
50’*<wé°>>2 — (2i/x)(ag” - Vo)

— 2he,(ay” - Ay)ul” = (2i/r)(af” - Vi)
— 2h02(a1 -AN)¢O —2h,h D | Ay |? ¢(0)

— (2i/K)hV Ay - V), in Q, (5.211)
n- ((i/k)V + he, Ay + (/A = —n-al¢” —n-alpl”

—hOn - App? | on 09. (5.212)

(0)

Inserting the solutions for wio) and a;’ we have

=01 4 (1/8) + ho AP = (a0 =3 |6 P uf
— (6i/m)al’ - Vi — 6he,al’ - Ayl
— (2i/r)hV Ay - V"
~2he, kD | Ay P 9", in Q, (5.213)
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n-((i/K)V + ho, AN + (i/d)w) = —3n-ad’yl” — hWn- Ayel?,

Now, 1/)((]0) is a solution of the inhomogeneous version of equation (5.213) and bound-
ary condition (5.214), namely (5.28) and (5.31). Hence there is a solution for U if
and only if an appropriate solvability condition is satisfied. To derive this condition

we multiply (5.213) by 1/)(()0)* and integrate over (2. We find that
LHS =

/ Ok DV + (2 m)he, Ay - VO + 12 | AP0 — o] av,
_ / W [~ (R V2 — (200 hey An - VO + B2, | Ay P — 6]V,

+ /m (/)" T — V) 4 (20 bl 0l Ax] - mds,
by Green’s Theorem,

= (/) [ [6/m) Ve + etV A ol - mas

/) [ [0V + hol Ax] o nas,
since the integral over € is zero by (5.28),

~(i/x) /89 v [(i/d)et” + 3n - alvg” + hn - Ayy”] dS
/) | G/ el ds.

by (5.31) and (5.214),
~Gifm) [ 108 (Ga’ + b0 Ay) - ns.

RHS =

— [ [31987 1 o /) w1

+ (6i/k) 0 as” - Vg + (2i/ k)WDY Ay - Vi
+6he, |18 2 Ax - @l + 2he, KD |7 2| Ax[?] av,
= —(ao™ B /K?)

= [ [3 11 2/l Il - (3af) + nD Ax)

+2(3ay’ + hW A) - (—ewlag” — (i/26) (06" V" — 6" Voi™)] dv,
by (5.29),
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= (a0 B[ /6% = | [3145" "
+ 36 + WAy - (( [5) (6" VU + V) — 20uag’)] dv,

= —(adW |8} /K?)
— [ [3 1”1 +(3af” + K0 Ay) - ((i/%)V |zp( 2 —2cul’al’)] av,
= —(acW |B]? /x?) +/ =3 10 +2(cur)’al - (3al” + hV Ay)] dv
- (z//i)/m 16012 3a + B Ay) - nds,
by the divergence theorem, since div Ay and div a(()o) are both zero. Equating the

left-hand side to the right-hand side we have

(a0 B[ /r?) = [ [=3 16 +2(cwl)’af’ - (3ai” + hV Ay)] av.

Hence
(aoM/k2) |82 = —2 / 4O 24 - (curl)’al®] av
S h“)/ Ay - (cur)?a? av, (5.215)
Q

since we have

Jo [0 dV — [2a® - (curl)*a'® dV

B —
2 o Ay - (curl)’a(® dV
Thus
1) 4,220 2 ) 2 _(0)
oV = —(4rhY/a|BF) | AN - curlfay’ dV, (5.216)
Q
= —(4/<;2h(1)/a)/ Ay - curl?al) av (5.217)
Q
We see that the sign of o(® depends on both the sign of A and the sign of
Ay - curle(()O).

A quick calculation of (5.216) for the one-dimensional solution shows

_(452h(1)/0452)/QAN~(curl)2a(()0) v = (4m2h(1)/0¢\/7_r)/ K222e " dy
= 2khWY/q,

in agreement with equation (5.130).
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Let us now try and relate the above result about classical stability to the
problem of free energy minimisation. If D represents the region outside €2 then the
total dimensionless Gibbs free energy of the superconducting state is given by
|4

1 2 W
Geyy = / ‘—V\If —iAV| — | U +|T+ |curl A|* —2hcurl A -curl AydV
Qlk

v ?
Kkd

1
+—/ |curl A|?> —2hcurl A - curl ANdV+/ ds,
fe JD o9

where g, is the permeability of the external region normalised with that of the
superconducting region, and we have added the final term to account for the mod-
ified boundary condition (5.4) (as noted in Chapter 3). In the normal state ¥ = 0,
A = hAy and the total dimensionless Gibbs free energy is then

2

Gy = —h2/ﬂ|curl Ax|? dV—Z—/D|curl Ay ? dv.

Hence
|4

1 2 v
QSH—gnH = / ’—V\II—iA\If — |\I’|2 +|T+ |Cu1“1<A—hAN)|2 dV
QIR

[P ?
Kkd

1
+ —/ lcurl(A — hAy) | dV+/ ds
e /D 0

4

1 2 \
- [ (EV - z‘A) v |w +% + (A= hAy) - (cur)2(A — hAx) dV
Q

L /D(A — hAy) - (cur)*(A — hAy) dV

Lhe
2
—1/ w*(lv—¢A>m-nds+ (e
K Joa K 00 kd

+ [ (A—hApy)Acurl(A—hAy) - -ndS
)

1
e /6 (A= hAy) Acurl(A — hAy) - ndS,

by the divergence theorem, since

div (FAG) =G -curl F — F - curl G,

and curl (A —hAy) — 0, as r — 0o. Hence

A

Gsg — Gnn = /Q— +(A—hAy) - (curl)*(A — hAy)dV,
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by (5.1), (5.3)-(5.6) and (5.10)-(5.12). Substituting the equations (5.15), (5.16)

into this expression yields
2 [ [* 2
Gsiw — Gn = € / — - Ta (curl) a dV.
Q

Now inserting the expansions (5.26), (5.27) yields the leading order approximation
to Gsg — Gnm as
[ ]

e /Q ey +a? . (curl)*a® av.

Thus we see that ¢® < 0 if and only if Goy < Gnpm, i.e. the superconducting
solution is stable if and only if it has a lower Gibbs free energy than that of the

normal state.

5.3 Results

We have found that as the magnitude of the external magnetic field is varied there is
a series of bifurcations from the normal state solution to superconducting solution
branches. The largest positive eigenvalue is known as the upper critical magnetic
field, h.,. The normal state solution is linearly stable for fields of magnitude
greater than h.,, and linearly unstable for fields of magnitude less than h.,. All
the superconducting solution branches other than the one bifurcating at h., are
linearly unstable near the bifurcation points. The stability of this solution branch
depends on the value of k and the geometry of the sample.

When the sample dimensions are large in comparison to the penetration depth
it may be considered infinite when we are working on the length scale of the
penetration depth. In this case the upper critical field is equal to s, the Ginzburg-
Landau parameter. For Type I superconductors we find that h., < H,., and the
bifurcation at h = h,, is subcritical, that is, the superconducting solution exists
for values of the field slightly greater than h., and is linearly unstable near the
bifurcation point. For Type II superconductors we find that h., > H., and the
bifurcation at h = h,, is supercritical, that is, the superconducting solution exists
for values of the field slightly less than h., and is linearly stable near the bifurcation
point. (We note that even for a large superconducting body things may be different
near the surface. We will examine the effects of the presence of a surface on the

nucleation of superconductivity in the following chapter.)
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We have thus far only examined the linear stability of solutions. We have
not yet determined how, or indeed whether, a small perturbation to the unstable
normal solution will grow into the stable superconducting solution for a Type II
superconductor. To answer such questions as this we need to consider the nonlinear

stability of the normal state solution.

5.4 Weakly-nonlinear Stability of the Normal State
Solution

As previously, before we consider the general case, we introduce the techniques by

means of a simpler one-dimensional example.

5.4.1 One-dimensional Example

We examine the evolution of a small perturbation of the normal state when the su-
perconducting body is infinite via the one-dimensional time-dependent Ginzburg-

Landau equations. We have

2
_%%_‘f %‘27‘12’ — US04 A2, (5.218)
92 A A
g_i — 07 as |x|—> 0, (5.220)
Z_A — h, as |x’—> 0. (5.221)
T

We consider the solution near the bifurcation point h = k. To this end we set
h =k +ehD, (5.222)
where € > 0. As usual we introduce a and 1) via the relations
A = hx+eaq, (5.223)
T = V%, (5.224)

Substituting (5.222)-(5.224) into (5.218)-(5.221) yields
ady 10%

o T o = v+ ehW)Pa’ 4 2e(s + ehM)ra + o],

(5.225)
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d%a da )
~ = = 22
52 5 + Y*[(k + eh')x + €al, (5.226)
g—w — 0, as |z|— oo, (5.227)
x
% — 0, as |z|— oo. (5.228)
T

When we examined the linear stability of the normal state and supercon-
ducting state solutions near the bifurcation point we found that one mode had
growth/decay timescale of O(e~!) while all other modes had a decay timescale of
O(1). Thus we expect when we examine the nonlinear behaviour of the solution
that there will be two timescales: an O(1) timescale and an O(e™!) timescale.
(Note that in the case of nonlinear hydrodynamic stability [19] the problem often
requires a multiple scales analysis, since the linearised, short-time solution is often
a wave, and the long-time solution a modulated wave. In the present situation the
short-time solution tends to a single real exponential as time increases, and we may

proceed via matched asymptotic expansions, treating each timescale separately.)

A. Short timescale : t = O(1).

We denote the short-time solution by ,, as. We again expand v, and a, in powers
of e
v, = PO 4 e 4. (5.229)
a;, = a9 +eaV 4. (5.230)
Substituting the expansions (5.229), (5.230) into equations (5.225)-(5.228) and

equating powers of € yields at leading order
a v 1 0Py

S t 3 g = W R, (5.231)
K K T
9240 0a®
s — s (0)y2 9239
- o ko(E0)?, (5.232)
o0
% 0, as |z]— oo, (5.233)
Xz
9al0)
gs — 0, as |z]— 0. (5.234)
T

The solution to (5.231) with boundary condition (5.234) is

GO ) = 3 e b,(a).
n=0
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where
_ 2
on = —2nkK"/a,
with corresponding eigenfunctions

k1/20—K%a?/2

and 3, are constants. The (3, must be chosen such that
0 (@,0) = D" Buba(),
n=0

Since the eigenfunctions are orthogonal we multiply by 6,, and integrate over
(—00,00) to obtain

B = / VO (x,0)0,,(z) dz. (5.235)
Hence

WOt = [~ 00 (i_oj en@)en(x)ef’"t) d. (5.236)

However, in one dimension we can write the Greens function in (5.236) in closed

form. We find

WOt = [~ (606 .0 de, (5.287)
where
G(&,t) = ——exp {t — K—Q[(J:Q + &%) coth(2t) — 2x£cosech(2t)]} :
27 sinh(2t) 2

(5.238)
When 99 is given by (5.237) we can then solve (5.232), (5.234) for a?). However
this lowest order solution does not take into account the possible growth of the
unstable mode, since the growth rate is O(e). We expect that if we continue to
higher orders in our expansion that we will find secular terms appearing, and that
the expansion will cease to be valid when ¢ = O(e™!). Thus we need to consider

the long-time behaviour of the solution.

B. Long timescale : ¢t = O(e™!)

We define a new timescale by
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Denoting the long-time solution by ¢;(x, 7), a;(x, 7) we have

aedP; 1 0%

5o tage = il +en®)? + 2 (5 + ehV) war + a]],

(5.239)
0? 0
G = g+ Ul eh)a +eal (5.240)
0
(;i‘l — O, as |:L‘|—> oQ, (5'241)
0
a—il — h, as [z]— oo (5.242)
We expand ; and a; in powers of € as before:
o= 0 e+ (5.243)
a = al(o) + eal(l) + e (5.244)

Substituting the expansions (5.243), (5.244) into equations (5.239)-(5.242) and

equating powers of € yields at leading order

%82@0) —" + w22, (5.245)
ag_io) —0 ,as |z|— oo, (5.247)
agi:) ks || oo (5.248)

Equations (5.245)-(5.248) are exactly equations (5.69)-(5.72) with A(®) = k, and

have solution

0 _ Y2 e 5.249

’l/}l - /B(T),n.l/4€ ) ( . )
1 e

o = By [ e (5.250)

where 3(7) is an unknown function of 7. The factor £'/2/7/* has been inserted
so that the eigenfunction is normalised to be consistent with the previous section.

To determine the function [(7) we need to proceed to higher powers in our
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expansions in €. Equating powers of € in (5.239), (5.241) yields

1 82w(1) 1 1
LEUL L g0 gty
(0)
ad
= = g;_ + (z/; ) +pl 2/%2%( —|—2m:1pl al
o dﬁe—ﬁ z2/2 L2 ﬂ K 3/ —3&2:52/2
3/271/4 7 73/4

3/2 3,.3/2 T
L 2T gy TR e ( / s dg) ,(5.251)
—00

T1/4 73/4

o
7’80; — 0, as |z|— oo. (5.252)

. 2.2
Since e F*°/2

is a solution of the homogeneous version of this equation, there is
a solution for %(1) if and only if a solvability condition is satisfied. Multiplying

(5.251) by e***/2 and integrating over (—oo, 00) gives the condition:

o0 Ozﬂ'l/zdﬁ 2.2
0 = / —Hx 3,2 _—2k°x
—oo | K dT ﬁﬁ,e

+ h(1)2/£2x267r1/26_“2$2 — xﬁ?’/ﬁQe_“%Q (/ e m e d{)] dx

—00

00 1/2 d
_ / Oé’ﬂ' dﬁ — k22 ﬂSK,Zefn%cZ + h(l)ﬁﬂ_l/2€fn2m2 . (ﬁ3/2)62ﬁ2m2] dl’,
—00 K T

on integration by parts. Hence

adld Bk
/iQdT_\/%{

Equation (5.253) is often known as the Landau equation. The boundary condition

A
L } — (5.253)

2K2

for it comes from matching with the short-time solution. We have

0 K’l/2 —w222/2  __ li (0)
ﬁ( )me - tiglo ws )
/i1/2 2
_ —I'{ x%/2
— ﬁo 1/4 )
. 2,2 _R2¢2
= e [ a0 0)e e e
Hence
_R2¢2
500 = = S0 [ w0 000 e (5.254)
To simplify the analysis, and since a similar equation arises in the general case,
we set
K 1 R
- |—— 1 -
P="ar [2/{2 ] 4 K
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Then

d
,j;df = pB +qb,
5(0) = [fo.

Solving for 3 we have

K2 dr dj <1 3 ) dj

a  pP+eb \B B+alp) ¢

Integrating we find

2
wr + const. = log <w> )
«

|52+ q/p|'/?
Hence
o = Gl (5.255)
|32+ q/p] ’
where
C = 5—3
|32 +q/p|
Hence
e(2x2a/a)r .
: (1_Cc<7/>) if q/p >0,
K/2 )T .
A (%) if 43 > —a/p (5.256)
) if ¢/p < 0.
e(26%q/a)T .
e ARl EE

Substituting in the values of p and ¢ we find

20v/or | [ _ce=@rVn/arr i 2v2TR)
1—-2k2 1_067(2}1(1)1@/&)7 1—2kK2
o (2| () g [
1-2K2 Ce—(Qh(l)Fu/a)T,I 0 1-2x2 . (1) ’
if 2v2rh "~

1-2K2

227 Ce=rMr/a)r if 92 < |22
1—2k2 Cef(2h<1)n/a)r+1 0 1—2k2
where
52
_ 0
2 1) 2v2m |
|6O — ht )1,2,€2 |

There are four cases to consider.
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A. Type I superconductors : x < 1/y/2

(1) h<r: hY <0. In this case

g 2Vom ( CeCnn/rr )

1 —2k2 1 = Ce(hDVk/a)r

The solution blows up in finite time 7 = 7,, = —(a/2khM)log(1/C), as shown in
Fig. 5.5

(2) h >k : Y > 0. In this case

0war [ ce—rMr/a)r if 32 > 22
1-2K2 067(2]—”(1)“/0‘)7—71 0 1-2k2

2
P2 a2

1-2k2 Cef(2h(1)n/a)r+1 1-2x2°

Note that 3% = % is the (in this case unstable) steady state solution found
previously. We see that if 3y is small enough the solution will decay exponentially
to zero. However, if 3y is greater than a critical value the solution will blow up in
finite time 7 = 7. = (a/2kh(V)log C. The dividing line between these two types
of behaviour is the unstable steady state solution (see Fig. 5.6). Thus although
the normal state solution is linearly stable in this parameter regime we see that it

is unstable to sufficiently large initial perturbations.

B. Type II superconductors : s > 1/\/§

(1) h <k : BV < 0. In this case

0war [ ce—hVr/a)r if 32 > 22
2k2—1 067(2]—”(1)“/0‘)7—71 0

2 _
s 0war [ ce—hVr/a)r if 32 < 22
2k2—1 Cef(2h<1)n/a)r+1 0 .

In either case we see that

24/ 21
2k2 — 1’

5=

as 7T — 00,

(see Fig. 5.7). Thus given any initial data the solution tends to the stable super-

conducting state solution as 7 — oo.
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52

Figure 5.5: Response of a Type I superconductor with h < k.

52

2421
2k2—1

Figure 5.6: Response of a Type I superconductor with h > k.
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52

2421
2k2—1

52
Figure 5.7: Response of a Type II superconductor with h < k.

Figure 5.8: Response of a Type II superconductor with h > k.

(2) h>r: Y > 0. In this case

g 2 ( Ce=(2hVr/er )

©2k2 — 1\ 1 — Ce—(@hVr/a)r

The solution decays exponentially to zero (see Fig. 5.8). Thus the normal state

solution is both linearly and nonlinearly stable in this parameter regime.

The finite-time blow up of the solution under certain conditions is worth further
comment. This does not mean that the solution of equations (5.218)-(5.221) is

unbounded, rather that the expansion (5.243)-(5.244) in powers of € ceases to be
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valid, since ¥ is no longer < 1. A complete determination of the solution would

involve a new asymptotic expansion after choosing a new time variable
et = (T — Too),

and treating W as order one. The blow-up of the above solution would then provide
a condition at ' = —oo for this solution. However, once ¥ becomes O(1) we are
faced with solving (5.218)-(5.221) in their entirety. We would conjecture that the
solution would evolve into a superconducting region with ¥ ~ 1, separated from
the surrounding normal region by two propagating phase boundaries, as described
in Chapter 4.

Finally, we comment on the case x = 1/4/2. In this case p = 0, and so

dp
ar qp.
For RV < 0, ¢ > 0 there is exponential growth, and for A(Y) > 0, ¢ < 0 there is

exponential decay.

5.4.2 Weakly-nonlinear Stability of the Normal State in a
Body of Arbitrary Shape

We now use the above techniques to investigate the weakly-nonlinear stability of
the normal state for a body of arbitrary shape in an external magnetic field.

We have the time-dependent Ginzburg-Landau equations (5.131)-(5.142):

ad¥V ai ? 2 o\
e+ ve (;V+A> T o= W |[TP), in O (5.257)
2 0A o, .
—(ewl)PA = Z2 Ve = L (UVE - UV
+|¥[* A, inQ, (5.258)
2 0A :
—(curl)’A = ¢ ¥ + V|, outside €, (5.259)
V20 = 0, outside , (5.260)
n-((i/k)V+ AU+ (i/d)T = 0, on 99, (5.261)
mAA = o0, (5.262)
[nA(1/p)curl A] = 0, (5.263)
[®] = 0, (5.264)



8 87@
on
curl A

)
div A

—

—

0, (5.265)
hz, as r — oo, (5.266)
0, as r — 00, (5.267)
0. (5.268)

We seek a solution near the bifurcation point h = h,. To this end we set

h = he, +ehY, (5.269)

as in the one-dimensional case.

We introduce v, a, and ¢ as before by setting

T = V%, (5.270)
= hAy + ea, (5.271)
d = ep. (5.272)

Substituting (5.269)-(5.272) into (5.257)-(5.268) yields

ady (i 1) )2 _
o (LY (et eh Ay ) § =

—(curl)’a — T V¢

—(curl)’a

V3¢

n - ((i/k)V + (hey + ehYAN)Y + (i/d)2
[n A a

[n A (1/p)curl af

4]

5
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—e o+ ep |y
+ 2¢(he, + ehV)y(Ay - a)
+ %(a - V)
—lal’y, inQ,  (5.273)
(VY — V)
+ [P ((he, + eh™) Ay + ca),
in Q, (5.274)

< (%C; + ng) , outside (2, (5.275)

0, outside €, (5.276)
—e(n - a)y, on 05, (5.277)
0, (5.278)
0, (5.279)
0, (5.280)
0, (5.281)



curla — 0, as r — oo, (5.282)
¢ — 0, asr — o0, (5.283)
diva = 0. (5.284)

As in the one-dimensional example, when we examined the linear stability of
the normal state and superconducting state solutions near the bifurcation point we
found that one mode had growth/decay timescale of O(¢~!) while all other modes
had a decay timescale of O(1). Thus we expect when we examine the nonlinear
behaviour of the solution that there will be two timescales: an O(1) timescale and

an O(e!) timescale.

A. Short timescale :

t=0(1).

We denote the short-time solution by 14(r,t), as(r,t), ¢s(r,t) , and expand all

quantities in powers of € as before:

b = O+ et (5.285)
a, = a®+ea® ..., (5.286)
b = 6O 4 epV 4. .. (5.287)

Substituting the expansions (5.285)-(5.287) into equations (5.273)-(5.284) and

equating powers of € yields at leading order

o oy

. 2

o T (év + hCQAN) PO = 90 inQ, (5.288)
—(cwlf’al’ — =2 =V = (VY — Ve
+hey [0 Ay, in Q, (5.289)
(0)

—(curl)’al”? = ¢ (ag; + Vqﬁgo)) , outside 2, (5.290)
V2l 0, outside ©, (5.291)
- ((i/K)V + he, Ay)” —(i/d)¢”, on 99, (5.292)
n A a?] 0, (5.293)
[n A (1/p)curl al%) 0, (5.294)
"] = o, (5.205)



leag)g) = 0, (5.296)
curl @l — 0, asr — oo, (5.297)

oY — 0, asr — oo, (5.298)
diva® = 0. (5.299)

Equation (5.288) with the boundary condition (5.292) has solution

> B0, (r), (5.300)
where o, are the eigenvalues of
7 2 «
(—V + hC2AN) 0—0 = ——oaf, inQ, (5.301)
K K
n-((i/k)V + h,AN)0 = —(i/d)f, on 09, (5.302)

with corresponding eigenfunctions #,,, and 3, are constants. Note that equations
(5.301), (5.302) are exactly equations (5.146), (5.150) with h = h,,, and hence the
eigenvalues are real and the eigenfunctions corresponding to distinct eigenvalues
are orthogonal. We know the largest eigenvalue is zero, so we specify o0y = 0. The

(3, must be chosen such that

Z B0 (r) = O (r,0). (5.303)

n=—oo

Multiplying (5.303) by 6;,(r) and integrating over €2 yields
- / DO (7, 0)07% (r) dV. (5.304)
Q

Thus
DO (r / ( S0 (7)em 0, ( )) DO (F,0)dV. (5.305)

n=—oo
We can then solve for a(¥) and ¢(*)

As in the one-dimensional case, this leading-order solution ignores the growth of
the unstable mode since the growth happens on a timescale of O(e™!). We expect
that if we proceed to determine the first order terms that we will find secular terms

appearing, and that the solution will cease to be valid when t = O(e™1).
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B. Long timescale : t = O(e!).
We now consider the long-time behaviour of the solution. We define
T =¢€t

and consider 7 to be O(1). We denote the long-time solution by ¢;(r, 1), a;(r, 1),
¢i(r, 7). Equations (5.273)-(5.284) become

6%% + (%V + (he, + Eh(l))AN)Qi/Jl - = —6%%@ + ety | |?

+ 2¢(he, + b V)i (Ay - @)

+ %(al - V)
— & |ay]* ¢y, in Q, (5.306)

(e — O Ve = (V- )
+ [l (he, + €h®D) Ay

+e|Y P a;, inQ,  (5.307)

—(curl)’a; = < (e% + Vcbz) :
outside 2,  (5.308)
V24, = 0, outside €, (5.309)
n - ((i/k)V + (he, + eh VAN + (i/d)yy = —e(n- @)y, on 09,  (5.310)
mAa)] = 0, (5.311)
nA(1/p)curl @] = 0, (5.312)
(] = 0, (5.313)
[g%l = 0, (5.314)
curla; — 0, asr — oo, (5.315)
o — 0, asr — o0, (5.316)
diva; = 0. (5.317)

We expand all quantities in powers of € as before:

b= OO e - (5.318)
a = a,l(o) + eal(l) +ee (5.319)
o = & +egV+oo (5.320)
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Substituting the expansions (5.318)-(5.320) into equations (5.306)-(5.317) and

equating powers of € yields at leading order

<£v+h02AN)2¢§°>—¢§°> — 0, inQ, (5.321)
—(Curl)zal(o)—ngl(o) = %(%Oﬂv%(o)_%(mvwz(m*)

+ he, |0V Ay, in Q, (5.322)

—(curl)zal(o) = gqubl(O), outside 2, (5.323)

V2 = 0, outside £, (5.324)

n-((i/k)V + he AU = —(i/d)y”, on 0, (5.325)

mAaa” = o, (5.326)

nA(1/peurl al”] = o0, (5.327)

6" = o, (5.328)

lagg)] — 0, (5.329)

curl al(o) — 0, as r — o0, (5.330)

0 = 0, a5 — o, (5.331)

dival” = o. (5.332)

Equations (5.321) and (5.325) are exactly equations (5.28) and (5.31) with

h(® = h,,, and as such have solution

U = B(r)0o, (5.333)

where ((7) is an unknown function of 7 and 6, is as before. Substituting this

solution into (5.322) yields for al(o) and gzﬁl(o) the equations

—(curl)’a” = Vo = [B(r)[* [(1/26) (05900 — 00V 05) + hes |00 An]
in €, (5.334)
(cur)?a” = V¢!”, outside €, (5.335)
Vngl(o) = 0, outside 2, (5.336)
mAra”] = o, (5.337)
[n A (1/p)curl al(o)] = 0, (5.338)
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6" = o, (5.339)

{eag;?] = 0, (5.340)
curl al(o) — 0, asr — oo, (5.341)

gf)l(o) — 0, as r — 00, (5.342)
dival” = 0 (5.343)

By comparing (5.334) with (5.36) we see
—(curl)zal(o) - ngﬁl(o) =—|B(1)]? (curl)QdéO), in €, (5.344)

where a is the previously found steady-state superconducting solution, which is

independent of 7. Taking the divergence of (5.344) we see
\Ya l(o) =0, in Q,
which, with (5.336), (5.339), (5.340), and (5.342) implies
o0 = 0. (5.345)

We now see that the solution for al(o) is

a” = 8(m)|* al. (5.346)

To determine 3(7) we must proceed to higher orders in our expansions in €. Equat-

ing powers of € in (5.306), (5.310) yields

. 2 (0)
i o __ ady (0)12 ,,(0)
(£V +hady) o o) = — S5 g0y
2:hM)
—oh, D | Ay 2 %(0) _ Zfli (Ax - v¢1(0)>
0
+ 2h02 (AN ' a’l(O)) l(O) + El(al(()) : V¢§O))7
in Q, (5.347)
n (,i - hQAN> o = 2oV = —ne (@ + RO AN, on 00, (5.348)
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Substituting in our expressions for 1/11(0) and al(o) we find

i 2 ad
(EVJF/%QAN) P — M = __—Beo—lﬁl B16o | 6o

2i5h")

— 26he, kY | AN |2 0y —
+2 (B Bhe,(An - a§”)bo

2

ZW' 2T 69 g, in 0, (5.349)

(An - V)

n'(%—%m%AN) (-l = —ﬂn~<uﬂ2a£>+hﬂlANM%,on894535m

As before, 6 is a solution of the homogeneous versions of equations (5.349), (5.350)
and therefore there is a solution for wl(l) if and only if an appropriate solvability
condition is satisfied. This condition is derived by multiplying by 65 and integrating
over Q. A calculation very similar to that preceding (5.216) yields

o df
= ———- 0o |* d
0 =~ 188 [ 160" av
28] 5/0,0 (curl)’al”) dv + bV 26/AN (curl)?a” av.
Thus

d

@db _ |ﬁ|2ﬁ{2/ al” - (curl)?al” dV—/ |6, |* dV]

K2 dr 0 Q

+2rV3 /Q Ay - (cur)?al av. (5.351)

The boundary condition for this equation is given by matching with the short-time

solution. We find
B(0)do = lim ¢ = 56,
since all the other eigenvalues o,, in the expression (5.300) are negative. Hence

== [ W r,0)65(r) V. (5.352)

The coefficients in equation (5.351), although given by integrals of the steady state
solution, are simply real numbers. As in the one-dimensional case, we simplify our

expressions by writing

p = 2/ - (curl)? dV—/ 16o]* aV, (5.353)
Q

q = h(l)ﬁ/A (curl)?ay av. (5.354)
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Note that these are also the quantities that determine the sign of h") and the

linear stability of the superconducting solution branch. We have

Let

Then

Hence

Therefore

gﬁ:plﬁfﬂﬂzﬁ-

K2 dT
B=re”, fo=roe".

adr air dv , ,
— i _em? — pr3em§ 4 qrezﬁ.

K2 dr k2 dr
a dr 3,
—— = pr r
K2 dTt b ar
dy 0
dr

T(O) =Tp s 19(0) = 190.

We see also that equation (5.355) is exactly equation (5.255) of the one dimensional

case, and therefore has solution

where

d

e(2n2 Ja)T .
1_cc@<2~q?q/a>f> if ¢/p > 0,
(2r2q/a)T .
> (C(ej(ij?q/qa>f1) if 1§ > —q/p (5.355)
if g/p < 0.

2
¢ [ Ccer2ajorr e 9
_Z_j (CE(ZNQq/a)TJ’_l 1f TO < _q/p

2
o

c=_ "0
|73+ q/p]

The behaviour of these solutions is identical to that of the one-dimensional

situation. In the first case ¢/p > 0, which will be the case when either h > h,,

and the superconducting solution exists for values of h slightly less than h,, (i.e.

R in (5.50) is negative), or h < h., and the superconducting solution exists for

values of h slightly greater than h,, (i.e. AV in (5.50) is positive), we have

a. if p < 0,q < 0, the solution decays exponentially to zero.
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b. if p > 0,q > 0, the solution blows up in finite time 7 = (a/2x2q) log(1/C).

In the second case, ¢/p < 0, which will be the case when either h > h,, and the
superconducting solution exists for values of h slightly greater than h., (i.e. h()
in (5.50) is positive), or h < h,, and the superconducting solution exists for values

of h slightly less than h,, (i.e. h!) in (5.50) is negative), we have

the solution decays exponentially to zero if 73 < —q/p.
2. p>0,4<0,0 the solution blows up in finite time e o
9 if rg > —q/p.
7 = (o/2r%q) log(1/C)
b. p < 0,q > 0, the solution tends to the steady state 7> = —¢q/p which is the

previously found steady state superconducting solution.
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Chapter 6

Surface Superconductivity

6.1 Nucleation at Surfaces

We have seen that as an external magnetic field is lowered a superconducting
solution first appears in an infinite superconductor when h = k. Any real super-
conducting body is of course finite, and it is of interest to consider the effects of
the surface on the nucleation of superconductivity. If the superconducting body is
large (compared to the penetration depth) we may rescale lengths with the pen-
etration depth, measured from the surface, and consider surface boundary layers.
The body then appears as a half space.

We consider here the problem of a superconducting half-space z > 0, in an
external magnetic field which is parallel to the boundary. The problem was first
considered in [55] for the case d = oo, although they did not proceed further
than finding the bifurcation point h(®). When the field is perpendicular to the
boundary, or at any other angle, the problem is much more difficult, since there is
no longer a one-dimensional solution. It is claimed in [55] that the nucleation field
for a perpendicular magnetic field is exactly that of bulk nucleation, and that the
parallel magnetic field is the one of greatest interest.

We take the field to be in the z-direction, so that we may still take the vector
potential to be in the y-direction, A = (0, A, 0). We then look for a one-dimensional
solution A = A(x), ¥ = F(z), where F is real. Here we are fixing the phase of ¥
by requiring that F' is real, but allowing the gauge of A to be arbitrary. Because

the equations are invariant under transformations of the form
U — F Y, A— A+e,
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this is equivalent to fixing the gauge of A by requiring that A(0) = 0, and seeking
a solution ¥ = e~ *¥F(x). In fact we prefer the latter viewpoint, since it is an
extension of this idea that forms the basis of the following chapter. We note that
since the superconducting body is unbounded the present problem is not covered
by the preceding chapter.

We have the Ginzburg-Landau equations and boundary conditions:

K2F" = F* —F+(A+¢)’F, (6.1)

A" = F*(A+c), (6.2)

F'(0) = (k/d)F(0), F'— 0, as . — o0, (6.3)
A'(0) = h, A" — h, as ¥ — o0, (6.4)

where 7 = d/dz. The normal state solution is given by F' =0, A = hx. As usual,

we introduce € through the quantities

F = €Y2f, (6.5)
A = hx+ea, (6.6)

Substituting (6.5), (6.6) into (6.1)-(6.4) yields

K2f" = ef — f+ ((he +¢)* + 2 (ha +c)a+ 2a®) f, (6.7)

d" = (hx+c+ea)f?, (6.8)

f1(0) = (x/d) f(0), f'—0, as z — oo, (6.9)
d0)=0, d —0,asz— oo. (6.10)

We expand f, a, h, and ¢ in powers of €

f = f(0)+€f(1)_|_...’
a = a9 +ea™ 4.,
h = hO 4 epM e
c = O pee ...

Substituting the expansions (6.11)-(6.14) into equations (6.7)-(6.10) yields at lead-

ing order
R2FO ) (h(o)x + C(O))Zf(o), (6.15)
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a(())// _ (h(o)l‘ + C(O))(f(o))27 (6.16)
FO0) = (5/d)fO0), SO =0, asw — oo, (6.17)
a©’(0) = 0, a9 =0, as z — 0. (6.18)

We now have a double eigenvalue problem for h(® and ¢®). For each fixed ¢,
equations (6.15) and (6.17) determine a set of eigenvalues for 2(?). Equations (6.16)
and (6.18) then determine ¢, Integrating (6.16) we find

a0 — /0 Y(hOg 4 ) (FO)2 ge. (6.19)

Hence, by the boundary condition (6.18), ¢(®) must satisfy

/O T (hO¢ 4 d0) (02 ge = 0. (6.20)

We note that (6.15) and f© — 0 asz — oo = fO” — 0 as ¥ — oo and
22f© — 0 as z — oo. We multiply (6.15) by f© and integrate over [0, 00) to

give
0 — /OOOHQf(O)//f(O)/dQ?+ (1 _ (h( )z + 0 ) )fo)f
B [(f(O)/)Z] . [(1_(h(0)x+c(0)) 7] +/ g 4 cO)(FON? da
0

2K2

on integration by parts. Hence

0 = w20+ (1= () (1)
— [diQ + (1 _ (C(O))Qﬂ (f(0)<0))2’

by (6.20) and (6.17). Therefore, for d # 0,

(O =1+d7". (6.21)

The substitution w = (2k/h®)/2(h Oz 4 ) converts the self-adjoint eigenvalue
problem (6.15), (6.17) into

22 (O 2 w?
preall (el A (6.22)
df© L
(V2 pc® — 0) 6.23
—(V2uc?) ! (V2 ), (6.23)
dr©
g—w — 0, as w — 09, (6.24)



where 12 = k/h®). Equation (6.22) is Weber’s equation of index v, where
v = u?/2 —1/2. The solution which decays at infinity is

fO(w) = pD,(w), (6.25)
where D, is the parabolic cylinder function. pu is given by the relation

Dy, (V2 ) = —=D, (V2 pc'?). (6.26)

\fd

We write sinhy = 1/d so that ¢(®) = + cosh+~. Using the integral representation
D, = ¢ W/ /OO vt/ 2wt dt, v <0,
0

we obtain an implicit equation for u:

/0 T e (rtucoshn)? /211207 4 1e¥Y) g = ), (6.27)
The alternative integral representation

V:w/4/ tYe /2 cos(wt — v /2)dt, v > —1,
yields for p the equation

o0
/ H212=1/2 =122 (g [j:(\/ﬁucosh’y)t — (,UQ - 1)7/4} X
0

{,uerF“’coshw + 2 — 22 — 1/2} dr = 0.

Figure 6.1 shows a plot of D’ (v/2 /LC(O)) D, (V2 pc®) against p? for v = 0,
when the lower sign is taken and so ¢(® = —1 When the upper sign is taken
there are no eigenvalues which are less than 1. Figure 6.2 is a plot of the lowest
eigenvalue against v. The eigenvalue h(®) corresponding to this lowest eigenvalue
of p is usually denoted by h.,. Not suprisingly the lowest value of u? ( and so
the highest value of h.,) occurs when v = 0, d = oo, and the superconductor is
adjacent to a vacuum. In this case the smallest eigenvalue is u? ~ 0.59 so that
he, = 1.7 k. Decreasing the value of d decreases the value of the nucleation field
hes. As d — 0, the smallest eigenvalue — 1. Thus we see that except when the

superconductor is coated with a strong pairbreaker such as a normal metal, the

value of the surface nucleation field is higher than the value of the bulk nucleation
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7 2 3 g 5 6 7 g 9
1

Figure 6.1: I = D' (v/2 uc®) — \/%‘KdD,,(\/ﬁuc(O)) against p? for v = 0.

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Figure 6.2: Lowest eigenvalue pu? as a function of ~.
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field. This means that as the external field is lowered a superconducting sheath
will first form on the surface of the sample.

Integrating (6.19) we now find
© — [T [T ¢ & 0y FO (V)2 e di
= [7 [ 0O+ ) (O de
= [ @= e+ (O de. (6.29)

We have now determined the leading order solution for f, a, h and c. Fig-

ures 6.3, 6.4 and 6.5 show the form of f(©) for different values of +.

Figure 6.3: f© as a function of x for v = 0. f© is concentrated in a region
x = O(1) from the boundary, hence the term ‘surface superconductivity’.

We proceed with the first order terms. Equating coefficients of € in (6.7)-(6.10)
we find
k2O @) (h(o)x + c(0))2f(1) — (f(O))3 + 2(h(0)x + c(0))a(0)f(0)
+2(h Oz + YA Wy 4 M) O (6.29)
a7 = (B 4 D) 4 g0 (2
+2(h Oz + £O) fO FO - (6.30)
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1.21634]|

1.21632]
f(O)

1.21630]|

1.21628]

1.21626|

Figure 6.4: An enlargement of Fig. 6.3 near the boundary showing that f(©/(0) = 0
and that in fact f©”(0) > 0.
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1.2]
1.0
0.8
O
0.6
0.4
0.2
1 2 3 4 5 6
x
Figure 6.5: f( as a function of z for v = 0.5.
F(0) = (k/d) fY(0), f =0, as x — oo, (6.31)

aV'(0) =0, aV =0, as x — oo. (6.32)

As before, f© is a solution of the inhomogeneous version of equations (6.29),
(6.31) and hence there is a solution for f1) if and only if an appropriate solvability

condition is satisfied. We multiply by f© and integrate over [0,00) to obtain

0

— /oo(f(o))4 + Qh(l)x(h(o)aj + C(O))(f(o))2 + Q(h(o)x + C(o))a(o)<f(o))2 dr
0

by (6.20). Hence

) = S (O 4 2(RO g 4 cO)qO) ()2 gy 6.33
o J52 22 (hOx + c©)(f()2 dx : (6.33)

As in the previous chapter, when we substitute in the solution (6.25) this equation

gives (3 in terms of (Y, and also determines the sign of A", When k() is given by
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(6.33), equations (6.29) and (6.31) will have a solution for f() (which, as with the
leading order, will contain an unknown constant that is determined by a solvability
condition for the second order terms). Note that f) is linear in c(!) since the right-
hand side of (6.29) is.

Proceeding as in the case of the zero order terms we integrate (6.30) over [0, 00)

to obtain
/ T (W 4 M 4 g (O 4 o(RO g 4 O O FO) gy — (6.34)
0

Equations (6.30) and (6.32) will have a solution for a!) if and only if (") satisfies

this linear equation.

For a finite superconducting body, we can now modify Fig. 3.3 to include surface
superconductivity (Fig. 6.6). We emphasize again, however, that surface super-
conductivity will only occur at h., when the field is parallel to the surface of the

sample.

H, he,
Normal he,
He | Mixed
|
| he,
Superconducting
|
3 p
k—— Type I ——+——Type I — - -

Figure 6.6: Response of a finite or semi-infinite superconductor as a function of
the applied magnetic field Hy and the Ginzburg-Landau parameter .
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6.2 Linear Stability of the Solution Branches

We consider now the linear stability of the solution branches in the case when the

external field is parallel to the surface of the sample. We have

a OF 1 0*°F

oy Vo = F? — F +(A+c)F, (6.35)
227? - aa_’j+p2(A+c), (6.36)

g_i(o) = %«)), g—i — 0, as ¥ — o0, (6.37)
g_’;l(()) =0, g—i — 0, as x — oo0. (6.38)

We examine firstly the linear stability of the solution corresponding to the normal
state, ' = 0, A = hx. We make a small perturbation about this solution by setting
F = 6e” f(x), (6.39)
A = hx+deta(z), 0 << 1. (6.40)

Substituting (6.39), (6.40) into equations (6.35)-(6.38) and linearising in § (to give

the leading-order behaviour of an asymptotic expansion in powers of §) yields

—(ac /KA f+ (/2 f" = —f+ (ho +c)*f, (6.41)
d' = oa, (6.42)

1'(0) = lif(;())’ f =0, as x — oo, (6.43)
d(0)=0, d —0,asz— oo (6.44)

where / = d/dz. The operator of equation (6.41) with the boundary conditions
(6.43) is again self-adjoint. For each fixed ¢, (6.41) and (6.43) determine a discrete
set of real eigenvalues for o. We see the solution to (6.42) satisfying (6.44) is a = 0.
Hence the leading-order behaviour of a is O(9). Replacing (6.40) by

A = hx + 6% a(x),
and equating powers of 4% in (6.36), (6.38) we find

a" = oa+ (hx+c)’f? (6.45)
a'(0) =0, a — 0, as x — oo. (6.46)
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These equations now determine ¢, and we again have a double eigenvalue problem,
this time for ¢ and c.

When h > h., all the eigenvalues for o can be shown to be negative and the
normal-state solution is linearly stable. When h < h., at least one eigenvalue is
positive, and the normal state is linearly unstable. To see this we multiply (6.41)

by f and integrate over [0, 00) to give

/Ooo(hx+ 202 4y + 22 /fdx /fdx _ ;/Ooof”fdx,
L [T
0

/€2 /§;2 0
0?1
T kd &2 Jo (f')" da.
Hence
h > * 02 1 0o
%/o fPde = /0 f2dx—/0 (h$+c)2f2dx—%_? O () de.

Letting h — oo we see that the second term on the right-hand side of this equation
dominates the first, and hence all the eigenvalues are negative for large h. We
expect the eigenvalues o, ¢ to depend continuously on h, and one of the eigenvalues
o will pass through zero when and only when h and ¢ pass through eigenvalues of
(6.15)-(6.18). The largest of these eigenvalues for h is h.,. Thus for h > h,, all
the eigenvalues o are negative. However, as h passes through h., we expect the
largest eigenvalue o to pass through zero, and hence for h < h., there will be at
least one positive eigenvalue, and the normal state will be linearly unstable.

Let us now examine the linear stability of the superconducting solution

branches. We make a small perturbation of the form

F = Fy(z)+ §e” Fy (), (6.47)
A = Ap(z) + e Ay (), (6.48)

where Fjy, Ay is the steady-state superconducting solution given by (6.5), (6.6).
Substituting (6.47), (6.48) into the equations (6.35)-(6.38) and linearising in §
yields

—(ao/K*)Fy + (1/k*)F] = 3F;F, — Fy +2Fy(Ag + ¢) Ay + (Ao + ¢)*F1, (6.49)
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Al = gA+2FFi(Ag+c) + Fi A, (6.50)
F,
Flo)=" ;(0)7 F! 0, as ¢ — oo, (6.51)

A1(0) =0, A} — 0, as x — oo. (6.52)

We examine the stability near the bifurcation point by introducing e as before:

Fy = €”f, (6.53)
Ay = hzx+ eay, (6.54)
B o= €V2f, (6.55)
Ay = ea. (6.56)
Substituting (6.53)-(6.56) into (6.49)-(6.52) yields
—(ao /) fr+ (/)] = 3efefi— h
+ 2¢efoar (hx + €ap)
+ fi {(hx +¢)? + 2e(hx + ¢)ag + ag} , (6.57)
af = oay+2fofi(hx 4 ¢+ eag) + efiay, (6.58)
1(0) = “f;(o), F1 0, as o — oo, (6.59)
ay(0) =0, a; — 0, as r — o0. (6.60)

In Section 6.1 we wrote down h, ¢, fy, and ag in terms of a power series in €.

We again expand all quantities in powers of e:

ho—= hOfep®y... (6.61)
e = O e (6.62)
fo = FO ey (6.63)
@ = a® +eal® 4., (6.64)
fo= fO Ly (6.65)
o = a®tea® .. (6.66)
v = o® e ... (6.67)

Substituting (6.61)-(6.67) into (6.57)-(6.60) and equating powers of ¢ we find

at leading order
—(ad /A0 + (/DAY = A0+ (WOz + )2, (6.68)
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ag())// _ U(O)ago)+2(h(0)x+c(0))f0(0)f1(0), (669)

(0)
0
A =0 0 s oo, (6.70)
ago),(O) =0, al” =0, as z — oc. (6.71)

Equation (6.68) with the boundary conditions (6.70) is exactly equation (6.41)
with corresponding boundary conditions (6.43). Hence, for the solution branches
bifurcating at eigenvalues h(®) < he, we see that there is at least one positive
eigenvalue o. Thus there is at least one unstable mode, and the superconducting
solution branch will be linearly unstable. For the solution branch bifurcating at

0) are negative except for the eigenvalue o = 0.

h(® = h,, all the eigenvalues o
To determine the stability of this mode we need to proceed to higher orders in our
expansions. When ¢(® = 0 we have fl(o) x féo). As before, the constant of pro-
portionality is unimportant since the equations are linear in f;, a; by construction.
We follow the previous chapter by setting fl(o) = féo). Substituting this into (6.69)

gives
a”" = 20Oz + ) (£ (6.72)

Hence
a\” =24\, (6.73)

Equating powers of € in equations (6.57), (6.60) yields

(/A" + F = (B2 + 2D = (aoM/e?) A + 3(f7)2 F
+2(h%z + ) £ al”
+ 20Oz + ) (AW g 4 D) 0
+2(h Oz + O 00 (6.74)

1)
0
A (0) = RfTU SV =0, as @ — oo (6.75)

Hence

(/) A+ 1Y = (heyr + VD = (a0 /e2) [+ 3(f7)°
+6(h Oz + ) 040 (6.76)

(1)
L R N
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Now, f\” satisfies the homogeneous version of equations (6.76), (6.77). Hence
there is a solution for fl(l) if and only if an appropriate solvability condition is
satisfied. To derive this condition we multiply (6.76) by fo(o) and integrate over
[0,00) to give

00 (1)
o=/ [a; ()2 + 307

+ 6(hey + ENF2al + 2(heyr + NV (£ de,

by (6.20). Hence

a0 by [ 0)\2
/ (fo ) dv = 4h' )/ (hc3:c+c(0))x(f0 ) dz,
0 0

/€2
4hM)

= 5 | e+ <) dr,
c3

by (6.33) and (6.20). Hence o™ < 0 if and only if A1) < 0.

Figure 6.7 shows a plot of the value of x at which the solution becomes stable
for different values of 7 (= sinh™*(1/d)). We also show the value of x at which the
critical field h., becomes greater than the critical field H., which is usually taken
to be the criterion for the observation of surface superconductivity. As we can
see the two values differ. Figure 6.8 shows the value of h., at which the solution
becomes stable with the critical field H,. as a reference. We see that in fact the

solution is stable for values of h., less than H..

We note here that it is also possible to perform a weakly-nonlinear stability
analysis of the normal-state solution when the external field is parallel to the
surface of the sample. The analysis mirrors that of the previous chapter, and the

results are as expected.
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Figure 6.7: (1) The value of x at which the superconducting solution becomes
stable as a function of . (2) The value of x at which the critical field h., is equal
to the thermodynamic critical field H..

161



-0.01]

-0.02]

-0.03]
hes, — H,

-0.04]

-0.05]

-0.06|

Figure 6.8: The value of h., at which the superconducting solution becomes stable
minus the thermodynamic critical field H,., as a function of ~.
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Chapter 7

The Mixed State

We have seen that as the external field is decreased there is a bifurcation from
the normal solution to a superconducting solution. For a semi-infinite sample we
have seen that superconductivity will nucleate first at the surface of the sample
in the form of a surface superconducting layer. However, we have only considered
the bifurcation for a bulk superconductor in one space dimension. Our aim now is
to determine the nature of the superconducting solution in a bulk superconductor
when we allow it to vary in two space dimensions.

Consider first a situation similar to that of the previous chapter, but where
the superconductor is of a size comparable to the penetration depth (i.e. we
have a superconducting film'), so that we are solving the equations in the region
—I <z <. As mentioned at the beginning of the previous chapter, we look for a

solution of the form A = (0, A(z),0), ¥ = e " F(x). We then have

K 2F" = F?*—F+(A+¢)?’F, (7.1)
A" = F*(A+e), (7.2)
F'(=l) = (s/d)F(=1),  F'(I) = =(s/d)F(]), (7.3)
A'(=1) = h, A'(l) = h, (7.4)
where / = d/dx. Writing
F = €Y2f, (7.5)
A = hx+ea, (7.6)

'We will not discuss superconducting films in any detail in this thesis, but we note that there
is a vast literature on the subject, and that they are especially important in relation to modern
high-T,. superconducting devices.
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Figure 7.1: Schematic diagram of the solution ¥ = e~ F(z) + ¢**% F'(—z), show-
ing the line of zeros of ¥ and the circulation of the current about each zero.

and expanding f, a, h and c in powers of € as before yields the following equations
for f©):
2O — 0 4 (h(o)x + C(O))Qf(0)7
=0 = (/) fO=D,  fO0) = = (/D) fOQ).
We see that if (f(z),c®) is a solution, then so is (f@(—x), —c@). Since the
leading-order equations are linear, any linear combination of these solutions is also
a solution of the leading-order equations (now in two dimensions, and subject to the

usual solvability conditions when the first-order terms are considered). Consider

the solution
U(z,y) = e "VF(x)+ e YF(—z),
= {F(z)+ F(—x)}cos(key) + i {F(x) — F(—x)} sin(kcy).
(see Fig. 7.1.) Note that ¥ = 0 at each of the points x = 0, y = (2n+1)7/2kc, and
around each of these points the phase of U varies by 27. Thus by superimposing
two essentially one-dimensional solutions we have constructed a two-dimensional

solution with the order parameter having a sequence of zeros about which the cur-

rent is circulating (since j = — |¥|? (A — (1/k)Vx) ~ (1/k) |¥|? VX near each
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zero). The superposition of one-dimensional solutions of this type to give a two-
dimensional solution is the basic idea behind the Mixed State of Abrikosov, which

is the subject of this chapter.

7.1 Bifurcation to the Mixed State

We consider a bulk superconductor occupying all of space and examine the two-
dimensional situation, with the applied field perpendicular to the plane of interest.
This problem was first studied by Abrikosov [1]. We begin by reviewing his analysis
in the framework of the systematic perturbation theory of the previous chapters.
The steady state, isothermal Ginzburg-Landau equations, with length and A scaled

with the penetration depth as usual, are

((i/r)V + AT = Y(1- |V|?), (7.7)
—(curl)’A = |V A+ (i/26)(TVV — TVT*). (7.8)

We require that H and ((i/x)V + A)V are periodic in x and y, with period L,
and L, respectively. We choose the field H to be directed along the z-axis and
choose the gauge A to be directed along the y-axis, so that H = (0,0, H(z,y)),
A = (0,A(x,y),0) and H = 0A/0x. (Note that with this gauge div A # 0. It is
more convenient in the present situation to have a single scalar variable A than to
have div A = 0.)

The solution corresponding to the normal state is
U =0, A= hx. (7.9)

As before, we seek a solution in which | ¥ |< 1 which depends continuously on a
parameter ¢ (measuring | ¥|?) and which reduces to (7.9) for ¢ = 0. We introduce

€ through the relations

U = /2%y, (7.10)
A = hx+ea. (7.11)

Substituting (7.10), (7.11) into (7.7), (7.8) yields

1 (0% %Y\ 2i(hz+ea)d e da _ )
K2 <3$2 8y2>+ K 8—y+78—y+(hx+€a) Y =vY—ep [Y], (7.12)
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Pa W) o+
T - (w——w ) (7.13)

&a (hx + ea) [ |* + ( <0¢ 81/’), (7.14)

0x?

with da/0z, 0y /0x and (i/k)0¢ /0y + (hx + €a)y periodic. We expand all quan-

tities in powers of € as before

b = O fep® 4. (7.15)
a = a9 e 4., (7.16)
ho = hO4en® ... (7.17)

Inserting the expansions (7.15)-(7.17) into equations (7.12)-(7.14) and equating

powers of € yields at leading order

1 (0%© 92 2ih©z 51

——(aﬁ-+af)+ gy =V OO, (g

92a©) w(O) OO
_ — (0) 1

Oxdy 2%k <¢ or —¥ Ox ) ’ (7.19)
9240 i op© (0=
7 R0, AN AU L SN (U Btk
53 WO+ (w 5 %, ) . (120)

with 9al® /z, 990 0z and (i/k)OV® /0y + KD 2)©® periodic. Note that these
boundary conditions imply that

VO @+ Lyyy) = L0z y), (7.21)
VO z,y+L,) = vO(z,y). (7.22)

We found previously that equation (7.18) had the one dimensional solutions

0 — K222 V2 kx
00 = (g ) 1 () (7:29)

when h(¥ = k/(2n+1). In addition to (7.23), (7.18) is also satisfied by the function

k3 (x — (2n + 1)]{//@2)2) 1 (ﬂm(m — (2n+ 1)]{://12))
2(2n+1) " V2n+1 ’

P = exp (zky -
(7.24)
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for any k. The largest eigenvalue is h(®) = k, with the set of corresponding eigen-

2
P = exp {zky — %2 <x — %) } : (7.25)

Since we are looking for a solution which is periodic in y the general solution to

(7.18) with (¥ = k is

functions

PO = i Ce™vap, (z), (7.26)

sl 6L

L, = 2n/k, and C,, and k are as yet arbitrary. The condition (7.21) implies

where

L, = kN/k* where N is an integer, and gives the following simple recursion
relation for the C),:

Chin = C,, for all n. (7.28)

The resulting solution satisfies

PO,y +2n/k) = Oz,y), (7.29)
POz +EN/K?) = e*NupO (g ). (7.30)

Note that this implies that the phase of 1(*) varies by 2rxN around the boundary of
the unit cell, which corresponds to the cell containing N zeros of 1(?) (or vortices),
and N quanta of fluxoid.

Substituting (7.26) into (7.19), (7.20) we find

— aa(o) . L i c*C k’( o ) ik(m—n)y¢ ( )w ( ) (7 31)
oxdy 2 NP =Tt s m—n)e () (), ,
9a” 1 = ) .

- = — * _ tk(m—n)y
02 o Y CiCy [25 x —k(m+ n)} e V()0 (2).  (7.32)

m,n=—00

Integrating (7.31), (7.32) we see

aa(O) 1 > * ik(m—n
or  2x Z Cncmek( )yt/)m(f)%(l’),
1
— = 02
o WO
Hence
1 T
o =g [ 10O da. (73



Notice that the field in the sample is reduced (this is the Meissner effect).
Equating powers of € in equation (7.12) yields

1 (0% 92y 31/1
K2 ( 02 T Oy? + 21z oy + k22 — M)
— _w(O) ’w([)) ‘2 _22h 1)1' aw(o) B 220/(0) 8w(0)
R K ay K ay
i) (0)
_ M/}H 5 )50 _ 95,1 24)(©)
- Z CpC;Creik(p*m+r)ywp¢m¢r
p,m,r
2h M
X ZPO ezkpyl/}
Z pC,C CrefP=mtmy, / Uiy dz
pm?"
22 CC*Celkpmry@b/ Yty dx
2/1 p,m,r

2 YO0y, / Doty dz

p,m,r

— 2hW g Z C’peikpy@bp
p

2h M) |
= 3=+ kp)e
p

+ Zcpc;cr{lx—ﬁ<

p7m7r

. m)] eik(p—m+r)ywp /gC Uy dx — ¢p¢m¢r} )

Multiplying by e~™* and integrating from y = 0 to y = 27 /k we find
1 82’17/)(1 k2n2¢7(11)
K2 022 K2

2hM
> C, v (—K%x + kn)iy,

n

+ > CorymCiCy [x - % ( n ’”)] Durbm / "ty da

— 2xkny{M + K222 — ) =

n,m,r 2
- Z Cn—r+mC;Crwn—r+m¢m¢ra (734)
where
1/)(1) _ Z eiknyl/)T(Ll)'
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Now 1, is a solution of the homogeneous version of this equation (with v, and
di),, /dx vanishing as & — 400). Therefore there is a solution for ¥)(!) if and only
if the right-hand side is orthogonal to 1, for all n. Performing the necessary
integration we find

2 h(l)c«n 0

K

% (% B 1) S CorrimConCy exp { [(r —n)?+(r— m)ﬂ} _

k2
(7.35)
This equation determines both A" and the allowed coefficients C,. To determine

R we multiply by C* and sum over n to give

1 - pm__
<@ _ 1> O - Z—TgO = 0. (7.36)
Hence NN
0) |4
hO = 4 (i - 1) WO (7.37)
2K2 |10 |2

As in the one-dimensional case we see that h(!) < 0 if and only if K > 1/v/2, i.e.
for Type II superconductors. The average magnetic field in the specimen is given

by

S

hO L ep €| PO |2 /2K + - - -,
= RO L ep® eh(l)/(2/£2 — 1)+,

where

O
= vore

is independent of the amplitude of (). Thus H is linear in h near h = &, with a

gradient that tends to infinity as x — 1/4/2, in agreement with the magnetization
curves of Fig. 1.6.
Abrikosov calculates the free energy per unit volume and finds it to be propor-

tional to L
2 (k— H)

H — :
* 1+ (262 —-1)p8
Thus, for k > 1/v/2 and fixed H the free energy is minimised by minimising 3.

1
2

This is the traditional way of deciding which of the mixed state solutions will be



stable. In the following sections we will compare this to the classical stability of
the solutions. We note that the solvability condition (7.35) can be written as

a3

5cx ="

We now approach the problem of choosing the C,.

The simplest case N = 1 was analysed by Abrikosov [1]. In this case C,, = C,
for all n, and (7.35) simply gives C in terms of h"). The resulting solution (%)
has one zero in the unit cell, at its centre x = k/2x%,y = 7 /k, and |4 |2 has the

symmetry of a rectangular lattice. 3 is given by

k
=—5%
g V2T K 1,0

where
0 K2 [pn+q)?
_ — 5z pPnTq
Spq = Z e 2x )

n=—oo

Figure 7.2 shows [ as a function of R = k/k+/m. The minimum value of 3 occurs

Figure 7.2: 3 as a function of R = k/k+/m, when C,, = C' Vn.
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0.5 1.0 1.5 2.0
x

Figure 7.3: Mixed state solution N = 1, C,, = C, Vn, when k = /27w k. The
diagram shows |¥|? as a function of z and y, which are labelled in multiples of the
dimensions of the unit cell.

when k = k27, giving
g= Y ™ ~118.

In this case the W(O) |* has the symmetry of a square lattice, as shown in Figs. 7.3
and 7.4.

The next simplest case N = 2 was considered in [40]. In this case (7.35)

becomes
% |[Col* CoS3q + CoCYS3, +2 | CLI* CoS205n,1, (7.38)
W = |Ci? 1830+ C1C385, +2[Col* C1820820. (T7.39)
Let 7 = nCjy. Then
‘Cj|\2/?1ﬁf(12),€2) - Sg,o + 77253,1 +2[n]? 820521, (7.40)
‘Ciﬁfih;l;g) = n|nl* S5 +n"S5, + 20520521 (7.41)
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Figure 7.4: Mixed state solution N = 1, C,, = C, Vn, when k = 27 k. The
diagram shows |¥|? as a function of  and y, which are labelled in multiples of the
dimensions of the unit cell.
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We multiply (7.40) by n and subtract (7.41)
n(1=[n*)S50 4+ (n* = 0)Sa1 + 2n(|n|* —1)S20521 = 0. (7.42)
We see that this equation has solutions
n= =41, +i.

The case n = 1 corresponds to the case N = 1. The case n = —1 also corresponds
to the N = 1 solution, but translated by 7/k in y. Similarly the case n = —i
corresponds to a translation of the case n = i. Thus there is only one new case
to consider, namely n =1, C, = iCy, C,10 = C), Vn. In this case the unit cell has
dimensions L, = 2k/k?, L, = 2r/k, and ¥(*) vanishes at the points = = k/2x2,
y =7/2k, and v = 3k/2k%y = 3w/2k. We see that | ¥(®) |? has the symmetry
of a rhombic lattice. When k = 4/, ¢© has the symmetry of a square lattice,
and [40] show that the solution is identical to the square lattice of the N = 1 case
rotated by 45° and translated (Figs. 7.5 and 7.6).
[ is given by
_ 2k {(|Co "+ 1Ci1")S30 + 4 [Col?[Ci* S208,1 + 2%((03)2012)53,1}
Nz (1Col? + [C12)? ’

k

Figure 7.7 shows [ as a function of R = k/k+/T.
The minimum of 3 is obtained when k = x\/7v/3, giving § ~ 1.16. In this case

W(O) |> has the symmetry of a triangular lattice, as shown in Figs. 7.8 and 7.9.

Thus the square lattice of Abrikosov is continuously connected to a triangular
lattice of lower energy by a pure shear deformation of the normal filament structure.

Let us now consider the cases N =3 and N =4. When N = 3, (7.35) becomes

2v/2 khW i} .
(1_—%2)0 |Col? CoS3 + C5C10585 ) + CC1CsS3
+Cy |C1? S50S52 + Co | C1|* S31S50 + C;C2S85555,
+ Co |Cy|* S30531 + CFC3 831539 + Co | Ca|?* S5.2530, (7.43)
22 khWC
% = |C1? 153, + CCaCo S5, + C1CyCoS3,

+C | Cy \2 S50532 + C1 |Cy |2 S3.1930 + 050353,253,1
+Cy | Co|? S308351 + C5C3S315839 4+ C1 | Co|? S32530, (7.44)
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—0.70— . '

AY

Figure 7.5: Mixed state solution N = 2, Cy = iCy, when k = /7 k. The diagram
shows |¥|? as a function of x and y, which are labelled in multiples of the dimensions
of the unit cell.
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Figure 7.6: Mixed state solution N = 2, Cy = iCy, when k = /7 k. The diagram
shows |¥|? as a function of x and y, which are labelled in multiples of the dimensions
of the unit cell.
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.24

.22

.20

.18]

.16

iCO, Cn+2 = On Vn.

k/k+/m, when C4

Figure 7.7: 3 as a function of R

V7v3 k. The

diagram shows |¥|? as a function of  and y, which are labelled in multiples of the

dimensions of the unit cell.

iCy, when k =

Figure 7.8: Mixed state solution N = 2, (4
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Figure 7.9: Mixed state solution N = 2, (', = iCy, when k = \/7mv3k. The
diagram shows |¥|? as a function of z and y, which are labelled in multiples of the
dimensions of the unit cell.
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2\/§ K;h(l)OQ

(1 — 2K2) |Cy |2 025:)?,0 + 050001533,1 + C';COC’lS;Q

+Cy |y ‘2 S50932 + Cy | Cy ‘2 S3.153,0 + 0501253,253,1

+ 02 |Cl ‘2 53,05371 + CSOTS&ng,Q + 02 ‘Cl |2 537253’0, (745)

We let Cl = éC(], CQ = 7700 Then

2v/2 khW)
|Co |2 (1 _ 2/@2) - S§,0 + 5775??,1 + 5775;2 + (’5|2 + |77 |2)S3,053,2
+ (J€1 + [n]%)S3,1550 + (0> 4+ n*€%) 552551,
2v/2 k€AW i} .
|Co |2 (1 _ 2/@2) = ¢ ‘f|2 S:'?,o +¢& 775:3,1 +¢& 775:'3,2 + f(H‘ |77|2)53,053,2
+&(14 |17[*)S31550 + (0 4+ 1*) 932551,
2v/2 knh MW i} .
1Col2 (1— 2+2) = 7 nl? S??,o +&n 53%,1 +&n 5??,2 +n(1+ |£]%)S5055,2

+ 11+ |€]?)S31950 + (£ + £)S3255 1,

(7.46)

(7.47)

(7.48)

We multiply (7.46) by £ and subtract (7.47), and multiply (7.46) by 1 and subtract

(7.48) to give

since S3; = S32. We see that a solution is given by

&l = 1,
Inl = 1,
m(E -+ -1) = 0,
2 =)+ -1) = 0,
which in turn has solution

&n=1,u 1
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where p is a complex root of unity. There are nine cases to consider, which we

now tabulate.

n
1 7 7
1 N =1 case New soln. 1 New soln. 2
& | po| 1 translated in y 2 translated in y N =1 translated in y

1% | 2 translated in y | N = 1 translated in y 1 translated in y

2

Furthermore, solution 2 can be obtained from solution 1 by reflection in the z- axis
and conjugation. Thus there is only one new solution to consider. When C = Cj,
Cy = uCy, the unit cell has dimensions L, = 3k/x2, L, = 27 /k and ¥©) has zeros

at

r=k/2k?* y=m/k,
r = 3k/2r?, y = m/3k,
x = 5k/2k?, y = 57/3k.

The solution again has a rhombic lattice structure. ( is given by

g = 3k 1 "
V2rk (|Co |2 + |CL |2+ | C]?)?
{(Col* + 1CuI" + | Ca]")S3,
+4(|CoCy |2 + | CoC1 |2 + | €104 1*) S3.053.1
+ 2(0301‘0; + 01205‘03‘ + C§C§C{‘)S§,1

+2((C5)*CoCh + (C5)°C1Ca + (C)*CaCo) S3, § -

When C; = Cy, Cy = uCy, 3 is given by
k

= N {3830 = 2(S50 — Ss51)*} -

Figure 7.10 shows (3 as a function of R = k/k/T.

The minimum of 3 is obtained when k ~ 1.355\/7 x, and is § = 1.166. Fig-
ures 7.11 and 7.12 show a plot of | ¥(? |2 in this case.

We see that the free energy of this solution lies between those of the square

and triangular lattice solutions.
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0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Figure 7.10: [ as a function of R = k/k+\/m, when Cy = Cy, Cy = uCy, Cpyz =
C, Vn.

Finally we examine the case N = 4. In this case equations (7.35) become

2\/§ /‘ih(l)co

g = |Gl Cusla+ GiCiust, + CACst,

+ 03030152,3 + Co | C1|* 840843 + Co | C1|? Sa0S41
+ CoCF 3849841 + C3C5C5843512 + Co | Oy |* Su0S40
+ C3C3541843 + Co | Ca|? S40Ss0 + C3C5843541

+ Cy | C3|? 840841 + C1C5C2841S42 + CoC5C1 542543
+Cy |Cs |2 S4,354,0,

180



085 —07p %

0.75 1.0

Figure 7.11: Mixed state solution N = 3, ¢y = Cy, Cy = uCy, when k =

1.355\/7 k. The diagram shows |¥|? as a function of x and y, which are labelled
in multiples of the dimensions of the unit cell.

2v2khVC
\(/1—_25;2)1 = |Cl |2 Clsio + CZCTC()SEJ + C;CTSiQ

+ CoCiC,S3 5+ C1 | Ca|? S4pSi3+ C1 |Cal? Si0S4a
+ C3C5C0S42541 + CoC3C35,3542 + C1 | C3|* Si0S40
+ C3C5841543 + Cy | O3] S40S42 + C3C5543541
+C1 |Co|? Su0S41 + CoCiC354 1542 + C3C;C284254 3
+C | Cy|? S4.3540,

181



Figure 7.12: Mixed state solution N = 3, ¢} = (Cp, Cy = uCy, when
k =1.355\/7 k. The diagram shows |¥|? as a function of x and y, which are
labelled in multiples of the dimensions of the unit cell.
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22 khM
2V2RNOC 0 o2, + Gy CiSE, + CRCHSE,

(1—2x2)
+ 010;‘0352,3 + Cy |C3]? S40S43 + Co | O3> S40541
+ CoC5C1842511 + C1C5C5 813542 + Co | Co|* S10S42
+ C3C5541843 + Co | Co|? S40S40 + C7C;843541
+Cy |Cy ’2 Sy0911 + C3C7CSy1842 + CoC7C3542543
+Csy |Cy |2 S4,354,0,
B = (P St + OISt + OIS,

+ CyC5CoS2 5 + Cs | Co 2 Su0Sus + Cs | Col? SaoSun
+ 01CE 845501 + CoCiCySa3Sua + Cs |Cy | S10Sis
+ C2C58,1S05 + Cs |Cy | S1oSia + C2C71Sy551,
+ Oy | Cy|? SpoSit + CoCiChSiaSea + C1C5C0S12S0s
+Cy |Cs)? S13S40.

We let Ol = 500, 02 = 7700, 03 = ,OC() Then

2v2 shV 2 2 o2
CoE (-2 et
+ (26p + 5277* + PQU*)SZJ + 2(’§|2 + ‘P‘2)54,054,1
+2[n]* S40S12 + 2n(£p" + £ p)Sa,1 54,2,
2v/2 k€A .
|CO‘2 (1_2,{/2) = §’§|2 SZ,O+SP2SE,2
+ 28+ 07 p" + p")SE L 4+ 26(In 17 +1)S40S4a
+2¢ | p|?* Sa,0S42 + 2p(n +n*)S41542,
2v/2 knhM) .
P (-2 "I St S
+ (2 p+ &+ 02)52,1 +2n(1€1* + | p[*)S1,0541
+ 21540542 + 2(Ep" + £ p)Su1542,
2v/2 kphM) .
|CO‘2 (1_2,{/2) - 10|p|2 SZ,O+£2P 82,2

+ (20" +0°E + €55+ 20(In|* +1)S4054
+2p | €] S40S42 + 26(n + 1*)S41540.
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Solutions are given by
€ P=In*=[p= 1,
o _ & _ g
n = _= =

3 7 p
2* 2 % * 2 * 2 2 2 * 2 % *
2%p = 4" + P = 5577+77§p +p€: fzp+£n+/;7: 77pp +np§ +€p)
. . 2n*p  2np  28p*  28p  28mt  28ny
2npt 2 = = F e = e e s

These equations have solutions

n==x1,{=xp==1, =+,

and
n==+L&=Fp l¢l=1,
Solutions in the first set are simply translations of the cases N =1 and N =2. 3
is given by
4k 1

- X
P = N UGETIGEFIGE+|CR?

{UCoI* +1C11* + 1ot + [ Cs M) SE
+AR{CoCL(CF + CF) + C1C5(Cy? + C3) }
+4(Co|* + 1C2I) (| C1|* + 1 C51%) 54,0541
+ 4(CoCs + CLC)(CLCE + CFC3) 511542
+2R(CF2C3 + O3S,
+4(]CoCa|* + | C1C5*)Su0Si2} -

When C) = £Cy, Cy = £Cy, C5 = F£Co, |€|= 1, then
k

b= A {(S10+ Si2)* +4841(Ss0 — S12)} (7.49)
k
- N {Sg,o + 4541 (Sa0 — 5472)} : (7.50)

Figure 7.13 shows [ as a function of R = k/k/m. [ is a minimum when k =~

1.380/7k, giving 8 ~ 1.172. Figures 7.14 and 7.15 show a plot of | U(? |2 in this
case, with £ = 1.
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Figure 7.13: 8 as a function of R = k/k+/7, when C; = Cy, Cy = Cy, C3 = —C,
Cn+4 = Cn Vn.

Figure 7.14: Mixed state solution N = 4, Cy = Cy, Cy = Cy, C3 = —Cp, when
k = 1.380y/7 k. The diagram shows |¥|? as a function of x and y, which are
labelled in multiples of the dimensions of the unit cell.
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Figure 7.15: Mixed state solution N = 4, Cy = Cy, Cy = Cy, C3 = —Cp, when
k = 1.380y/7 k. The diagram shows |¥|?> as a function of x and y, which are
labelled in multiples of the dimensions of the unit cell.
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7.2 Linear Stability of the Mixed State

The analysis of the linear stability of the normal state with respect to two-dimen-
sional disturbances is very similar to that of the infinite one-dimensional case, and
the results are the same. We find that the normal state is linearly stable for A > &
and linearly unstable for h < k.

The more interesting question is that of the linear stability of the superconduct-
ing branches. Before we begin our analysis, we note that each solution contained
an arbitrary parameter k, such that the period in the y direction was 27 /k. In the
previous section we varied k so as to minimize the free energy. However, the steady
state solution existed for all k, and hence a classical linear stability analysis of the
effects of perturbations of k would simply reveal neutral stability. Nonetheless, a
linear stability analysis is useful to determine the stability of the various solutions
to perturbations of the C,,, for fixed k and N. The problem can be thought of as an
initial value problem, in which we perturb the C), slightly from their equilibrium
values and observe the evolution of the solution, requiring that the period in both

the x and y-direction be fixed. We have the time-dependent Ginzburg-Landau

equations:
O ’ 2
%E*f‘”’* (2V+A> - w(- |\1;|2), (7.51)
~(cur])?A — % SVe = WP A (UTY - UV, (752)

with periodic boundary conditions
((i/8)V + A)U(y 421 /k) = ((i/r)V + A)¥(y), (7.53)
curl A(y +2n/k) = curl A(y), (7.54)
Oy +27/k) = O(y), (7.55)
((i/k)V + AV (2 + Nk/k*) = ((i/k)V + A)¥(z), (7.56)
curl A(x 4+ Nk/k?) = curl A(x), (7.57)
O(z + Nk/k*) = &(2). (7.58)
We perturb about the previously found mixed state solution given by (7.15)-
(7.17), (7.26) and (7.33), which we denote by ¥, Ay, by setting

U = Wy+6e”, (7.59)
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A = A() + (SBUtAl, (760)
O = fe”'P, 0< iK1, (7.61)
Inserting (7.59)-(7.61) into (7.51)-(7.58) and linearising in 0 (to give the leading
order behaviour of an asymptotic expansion in powers of ¢§) yields
(i /K)Wo®1 + (o /k*)U1 + ((i/K)V + Ag)* Ty
+ (2i/K) (A1 - VW) + (i/K)To(V - A) +2To(Ag - Ay) =
Uy — 2| W |> Uy — W03, (7.62)

—(Curl)2A1 — UAl — V(Dl = (Z/Q,‘-{,)(\Ifqufl + \IJTV\IJO — \Ilovqf{ — \Ijlv\DS)
+ | Uo)? Ay + (WU + Up0,) A, (7.63)
with ((i/k)V + Ag)¥; + A1V, curl Ay, and @, periodic.

We choose A to be directed along the y-axis as before and introduce € as before

by the equations

Uy = /%y, (7.64)
Ay = (0,hx + €ap,0), (7.65)
U, = €Y%y, (7.66)
A = (0,ea,0), (7.67)
D, = eg. (7.68)
Inserting (7.64)—(7.68) into (7.62)-(7.63) yields
| et 88121 aZin + %%—(Z] + 2ehzagiy
n 27;:“ aawyo n “;”0 %‘“ + 2e2agayy + 2ehzary =
U1 — 2€ | o] 1 — ey, (7.69)
_ g;gly - % _ <¢O LT %wo ‘%’1 ‘%’0> . (7.70)
et —om =5~ L (w5l B, 0

+ € ‘woy aq —+ (h$ + 6610)(%% + ¢0¢1)7 (771)
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with 0y /0x, (i/k)0Y1 /0y + (hx + €ag)r + €ariho, Day/Ox, and ¢, periodic. We

expand all quantities in powers of € as before:

o = U e oo
ap = aéo) + eaél) + -,

b= 0+ ey’

ap = ago) + eagl) + -,
ho= RO+ en® 4.
o = 0O L™ 4o,

Inserting the expansions (7.72)-(7.77) into equations (7.69)-(7.71) and equating

powers of € yields at leading order

+ (RO = o, (7.78)

ac® b0 _ 1 (a%o) aw@) | 2ihOx oyl”

_l’_
K2 ! 0x? 0y? K dy

o*ay” 99y
_8x8y - Ox

) Lo )0 00
(2 o 2 oW o2 (o

0" (0)_%50)_

a2 0 4 dy

( Ol W*agé é@)awl _ o2 )
Ay Y dy

+ WOz (" + P ), (7.80)

with 8%0)/(%, (i/ﬁ)8¢§0)/0y + h(0)$¢§0)7 8@50)/8.%, and ¢§O) periodic. As in one

dimension, equation (7.78) has solutions when

0)
O A S P
oV = - <h(0) 2n 1).

For 9 < k there is always an unstable mode. Hence the superconducting branches
bifurcating from eigenvalues h(?) < x are unstable. For h(®) = k all modes are stable
except the n = 0 mode which has ¢(® = 0. To check the stability of this mode we

must proceed to higher powers of € in our expansions.
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When h(®) = k the solution of (7.78) with periodic boundary conditions is
Y. Bae™y(a), (7.81)

where 1), is as before, and
B,.n = B,, Vn. (7.82)

Substituting our expressions for @Dém and %0) into equations (7.79), (7.80) yields

9249 9p® ; . * *
_8x81y - ggle + oo 2 (CaBun+ CuB)k(m = n)e' ™My, (7.83)

m,n=—00

82a50)
0x?
3(;550) 1 > * * 2 i(m—n)k
50 o Z (Cr¥Bp + CB2)[k(m +n) — 2k°x]e Yihmhn, (7.84)
Y K m,n=—00

Taking the derivative with respect to = of (7.83), the derivative with respect to y
of (7.84) and adding, we find
o | 0o
0x? 0y?

The solution on (7.85) with periodic boundary conditions is

—0. (7.85)

¢§°) = const.

Without loss of generality we may choose ¢§°) = 0. Now integrating equations

(7.83), (7.84) gives

1 o0
@) = 5= 3 (CiBu+ BiCn)e™ "ﬂw/ Drthn dit. (7.86)

Equating coefficients of € in (7.69) yields

L (20D 2
L () -

ac™ 27,a0 0 oyl

0 0 0 )32, (0)+

- =2 P - e - =

i” Oa 9@ 2ial” ovg” iy 0al”

200 oz - -
Kk Oy k 0y k Oy
2ih Mz 0y
— 2kzaVp{? — wgl — 2kh W2l (7.87)
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with 1/151) periodic in y and | 1/)51) | periodic in z as before. Substituting in our

expressions for wéo), 1/150), aél) and ago) we find

Ly = L¢P,

- 2 Z CmO;Brei(m_p+r)ky¢m¢p¢r

p,r,;m

— Y CuC B PRy b,

pmr

ZC (C2 By + Co B )reltm=rnkug, / Yty d

mpr

S Co(C3 By, + CouBE)(m — p)eltm=rnkug, / Yty d

m,p,T

Z B, CCyrelmr by, / Yty d

mpr

2,{2 Z B C* m p) i(m—p+r kyw / ¢m¢p d,I

m,p,T

/43

2/@2

t 2 Y BCiCpeltm-rikug, / Dby d

m,p,r

F 2 Y CUC B + By Gy, [,

m,p,r

k;xh 1)

Z B pezpkyw

— 2rxh1 x2 > Be?y,,
p

where

1 (0% 0? .0 5 o
L=— <W+82>+2way+/{x—l.

Hence

L@Z)(l) —op( "‘WZ B, (x — p_iﬂ) eipkywp

K
ipk
- ,{2 Z Bye™ i,
P

+ 3 (2C;C B, + CCLBy) [x - 52 (r = p;”‘)] elrptmbyy, / iy di

T7p7m

+ Y (2C5Cw B, + CoCo B PR g,

r,p,m
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As before, we multiply be e=™* and integrate from y = 0 to y = 27 /k to give
1)
N v

K2 02 K2

(1)
—2hWkaB, (a: ) Y, — ag 5 Bnthn,

2uknpl) + k22t — i) =

/C x
+ 2 Z O;CmBn_m+p [ZE 2 (n + 1%)1 wn—m—i-p/ wmwp dx
p,m

p—m

* k v
+ Z Can—m—I—po [CL’ ) (n + T)] ¢n—m+p/ ¢m¢p dx
p,m K

+ Z(2O;CmBn—m+p + Cmcn—m-i-pB;)qu)n—m'i'PqVZ)mqVZ)p‘
p,m

where

%1): Z Glnky’ll)g%

n=—oo

Now 1), is a solution of the homogeneous version of this equation (with v, and
di),, /dx vanishing as © — +00), and hence there is a solution for wﬁ{ if and only if
an appropriate solvability condition is satisfied. Multiplying by 1,, and integrating

we find this condition to be
acVB, VB,
K2 K

1 1 N k? 2 2

k?

j;(£§—1>§;%0mwMB;@m{—§§Rp—nf+(p—ﬂwﬂ}-

Equation (7.35) is

K 1 k>
hC, = N5 (@ - 1) > CoCrCnpim exp {—@ [(p —n)*+(p - m)ﬂ } :
p,m
Hence
2v/2 a0V B . k? 9 9
G-z g; 2C,Cr Brpim €xp {—ﬁ [(p—n)*+ (p—m)?] }

+ Z CoCh—pimB,, €xp {——

2+@—mﬂ}

|
_ZCO mCrn—ptm B Xp{—;;[(p—”P*(p—m)z}}-

n

(7.88)

192



The problem now is to examine the growth rates of the various modes. Let us
consider first the mode where B,, = C,,. Then

V2acMC, . 2 , )
‘ﬁfﬁ;’ZE;M%%wmmp—%ﬂ@—m+@—m”.

If we multiply by C? and sum over n we find

0
Oza(l)W(() ) 2 _ 5 <1 B 1) P

K2 2K2
Hence -
o (1 - 2“2) [ | 26n® (7.89)
« |¢(()0) 2 «
We see that

oM < 0if and only if £ > 1/V/2.

Hence for a Type I superconductor, where x < 1/4/2, the mixed state is always
unstable to this mode, whatever the value of N and the coefficients C,,. For a
Type II superconductor the mode B,, = C, is always stable.

Let us now examine the stability of the other modes. For the case N = 1
the only possible mode is that examined above. We consider the case N = 2,

Chio = C,, Byio = B, ¥n. Then (7.88) becomes

2v2 acM B .
=z = G B+ CiB)SE,
CyCiB
+ (2050131 + O%BS — Océo> 52271
+ 2(C7CyBy + CyC1B7) 52,0521, (7.90)
2v2 a0V B .
(1 —2k2) - - (1C]° B+ 01231)522,0

C*C2B
+@%@%+%m—4§¢%%
1

+ Q(C’SC’lBO + 010038)52705271. (791)
We consider first the rectangular lattice of Abrikosov, so that C,, = C' Vn. Then
(7.90), (7.91) become

2v2 acM By

(-2 — (OF v OB

+(2|C|? By + C*Bi— |C? By)S3,
+2(|C'|* By + C?B;)S,052.1, (7.92)
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2vV2acM B
2v2a0B (|C? B, + C*B;)S2,

(1—2k2%)
+(2[C* By+C*Bi—|C|* By)S;,
+2(]C > By + C?B)S2,052.1. (7.93)
We let By = By + D. Then
2v/2 acM B, .
m (|C|2 B0+02B0)822,0

+ 2 CP? By +C?*Bi— |C|? By+2|C? D)S;1

+2(|C1? By + C?Bi+ |C|?> D + C*D*)S50S21, (7.94)
2v/2 acW(By + D)
(1 —2x2)

(IC* By + C*B5+ | C|* D + C*D") 83,
+ (|CP By+C*B; + C*D*— |C|* D)S34
+2(]|C'|* By + C?Bg)S,052.1 (7.95)

Subtracting (7.94) from (7.95) gives

2v/2 acV D

1-2x2) (IC* D+C*D")S;,

+(C*D* =3 |C* D)S3,
—2(|C > D+ C?D*)S50Ss.1,

or

2v/2 ac®
|C? (1 —2x?)

= (1+E)S3,+ (E—3)S5, —2(1+ E)S5052,1,
= (14 E)(S30 — S2,1)* — 453,

where E = CD*/C*D, | E|= 1. We are interested in the case x > 1/4/2. Then,
when FF = —1, we see

252 |C* (1 - 2k?
0(1):_\/_ 21 1O ( K)>O.
(6%

Thus the mode given by £ = —1, D/D* = —C/C* is unstable. Hence, when
N = 2 the solution C,, = C' Vn is linearly unstable.
Let us consider now the solution Cy = iCy, Cy12 = C,, ¥n. Then (7.90), (7.91)

become
22 acM B,

(1 —2k?) = (‘CO|2 BO+C§BS)S§,0

+ (20 |Co|* By — C§ B+ | Co|? By)S3 4
+ 2i(— | Co|* By + C5B;)S2,052.1,
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22 acM B,

(1—2x2) = (IGo|* B1 - C§B}) S5,

+ (=2i |Co|?* Bo + CgBi— | Co | B1)S3,
+2i(|Co|* By + 0338)52,052,1'

Let Bl = ZBO +14D. Then

2v/2 acM B, .
o2 (ICol* By + C3B;) S5,
+(=1Co?By—2|Co|? D - C3B;) 53,

+2(|Co|? Bo + C¢Bi+ | Co|* D + C{D*)S5,0521, (7.96)
2v/2 aocM(By + D)
(1 —2K2)

= (|Co? By + CiBy+ | Co | D 4 C3D*) 53,
+ (= |Co P By — C3 By — CiD*+ |Gy | D) S3 4
+2(]Co |> By + C3Bg)S,05,1- (7.97)

Subtracting (7.96) from (7.97) yields

2v2 acM D .
(1 —2k2) = (|Cy |2 D+ CSD )Sg,o
+(31Co|* D - C3D") 83,
—2(|Co|* D+ C5D*)S2052.1.
or
2v/2 ac®
1Col2 (1— 2#2) = (I+ E)Szz,o +(3 - E>S§,1 —2(1 + E)S30S2,1,

= (14 E)(Sy0 — S2.1)* +2(1 — E)Sg,h

where E = CyD*/C¢D. Since | E |= 1 we see that for k > 1/v/2, R{c(} < 0.
Hence, when N = 2 the solution C = iCy, C,,;o = C,, Vn, is linearly stable, for all
k. Thus we are in agreement with the free energy argument of Abrikosov, namely
that the solution C; = iCy, C,, 1o = C, Vn is preferred to the solution C,, = C' Vn.
However, we do not know whether this solution is stable for other values of N, e.g.

N =4.

We note that the one-dimensional solution found previously can be represented

by (7.26), but with Cy = C, C,, = 0, n # 0, so that in this case N = co. We now
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check the stability of this solution with respect to a two-dimensional perturbation.

Equation (7.88) becomes

2v/2 a0V B,
(1 —2k2)

k2n2

—|C|> Bp(2e” 57 — 1)+ C2B* ¢ '+ . (7.98)

When n = 0 and By # 0 we have

1
W= —1-2>)1+E
ao 2\/5( il ]y

where E = CB}/C*By. Thus, since | E |= 1 we have ¢V < 0 when x > 1/v/2.
Thus the one-dimensional solution is stable to any perturbation in which By # 0.

Consider the case By = 0. Substituting —n for n in (7.98) gives

2v/2a0MB_,
(1—2k2)

k2n2 k202

=|C|* B_,(2¢" 2% — 1)+ C*Ble” . (7.99)

Setting B_,, = B,, + D and subtracting (7.98) from (7.99) yields

2v2ac) = Qe_i—n; —1- Ee_ki—gQ
[CF (1-2r7) |

where E = CD*/C*D, | E|= 1. If we choose the B, such that £ = 1 we see

o) = —‘C|2 (1 - 2+%) (1-— eik;:; )2.
22«

Thus ¢ > 0 when x > 1 / V/2 for this mode. Hence the one-dimensional solution

is linearly unstable with respect to a two-dimensional perturbation.

7.3 Weakly-nonlinear Stability of the Normal State
with Periodic Boundary Conditions

Let us consider now how a small perturbation of the normal state will grow, taking

into account the nonlinear terms. We have the time-dependent Ginzburg-Landau

equations
a ¥V ot 1 2
——— 4+ — U4 [ — A) U = U(l— |V 7.100
St w o (v (- v P), (7.100
A j
—(owl)’A = T2 - Ve = U2 A+ i (U*V — UV, (7.101)
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with periodic boundary conditions

((i/K)V + A)U(y +27/k) = ((i/x)V + A)T(y), (7.102)
curl A(y +27n/k) = curl A(y), (7.103)

Oy +21/k) = D(y), (7.104)
((i/K)V + A)V(z + Nk/K2) = ((i/x)V + A)U(z), (7.105)
curl A(z + Nk/k?*) = curl A(x), (7.106)

®(z+ Nk/k?) = ®(x). (7.107)

as before. We seek a solution near the bifurcation point h = k. To this end we set
h =k + hWe, (7.108)

where € > 0. We choose A to be directed along the y-axis as before and introduce

¥, a and ¢ as before by the equations

U = /%y, (7.109)
A = (0,hx + €a,0), (7.110)
D = ep. (7.111)

Substituting (7.108)-(7.111) into (7.100)-(7.101) yields

aaw evi 1 (0% 0% 2i((k + ehM)x + ea) O

2 ot 7¢¢——<ax2+ayz>+ . oy
IO (e hD)r )y = e 9P, (7.112)

Kk Oy
Pa 96 Yo o

o e (w__w ) (7.113)

%a  da 0 (.0 )
a—;_a_?_a_j = ((k+ehMz+ea) |0 + ( v ‘b), (7.114)

with da/0z, 0y /0x and (i/k)0¢ /0y + (hz + €a)i, and ¢ periodic.

A. Short timescale : ¢t = O(1).

We denote the short-time solution by (7, t), as(r,t), ¢s(r,t). We expand all

quantities in powers of € as before:
Yo = UV e+, (7.115)
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a, = ago) + Eagl) 4o (7.116)
by = (bgo) + E¢gl) - (7.117)

Inserting the expansions (7.115)-(7.117) into equations (7.112)-(7.114) and equat-

ing powers of € yields at leading order

aop® 1 (% 0PN | 2ikz 00 ) 5 50
2 o 2\ oa2 + P + v oy vy — Kk*xpy’, (7.118)
0%l 3¢ LY oL
T O0zdy  Ox <¢(0) ¢£O)W) ’ (7.119)
9?4 9al") 9 2, i 1 0P OO
s s s _ 0)Y¥s 12
= Co = o = kw0 o (v T - g2 (raz

with 0a(?)/0z, 0y /0w, (i/k)OY® /Oy + k¥, and ¢ periodic.
The solution of (7.118) with periodic boundary conditions is

OO =37 D Coume™ ey, (), (7.121)
m=0n=—oo
where
2mek
Om = — 5
Q

with corresponding set of eigenfunctions

1 2 kn\’ k

where H,, is the Hermite polynomial, and the eigenfunctions have been scaled so

that
o0 ] 0 if m # p,
[oo YnmWnp AT = { Vr/k  ifm=p.
The C,, must be chosen so that

77[] LC ya Z _Z nmemkyd)nm( )

m=0n=—

Multiplying by e*mky@/zn,m and integrating we see

27 [k
Com = 5473 / | e @) @, 0) dy da (7.122)

Note that C,,ny = C, for all n, as required. We may now solve for a§0> and

o
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B. Long timescale : t = O(e!).

We now consider the long-time behaviour of the solution. We define
T = €t,

and consider 7 to be O(1). We denote the long-time solution by ¥;(r, 7), a;(r, 1),
¢i(r, 7). Equations (7.112)-(7.114) become

ad ai 1 (0?2 0? 2i((k + eh M)z + eqy) O
S v G—@Dzﬁbl—— 1/;1+ zél 1 2l eh o + eay) O
K2 OT ox oy K oy
0
+ %a—zl + ((li + Gh(l))l’ + Eal)Ql/Jl = 77/)5 — 61/}l |77Z)l |2, (7123)
Pa  Op i O 3%

COxdy  Or e Ox ’ (7.124)
Pap  dap Oy (1) g 0 5% 3%
w—EE — a—y = ((li‘i‘Gh )x—l—eal) |¢l‘ +_ wl ,(7].25)

with da;/0x, O, /0x and (i/k)0Y, /Oy + (hx + ea;)y;, and ¢, periodic.
We expand all quantities in powers of ¢ as before:
b= PO e -, (7.126)
o = a”+e+ -, (7.127)
o = o0 +egV 4. (7.128)

Inserting the expansions (7.126)-(7.128) into equations (7.123)-(7.125) and equat-

ing powers of € yields at leading order

R . §2p” | Zinw op”
0x? Oy? k Oy

= 40—y, (1.129)

(7.130)

P 0g” i w(ow&/}fo) O o
dxdy ox : Loox 7

9%a)” ¢ Oe i 000 oo
— = — — 131
amg 8?} KX | 77/JI | +2 l ay ¢l ay ) (7 3 )

with 8@1(0)/6x, 81/1{0)/8% (i/k)0" Joy + mxwl(o), and ¢\” periodic.
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Equation (7.129) with periodic boundary conditions is exactly the steady-state

problem and has solution

V=3 Culr)e™ e, (2), (7.132)
where ,
K2 nk
n(x) = exp {—? (x - ?) } , (7.133)
as before, and C,,; n(7) = C,,(7). Then, exactly as in the steady state, we find
6" =0,
1 - * ik(m—n *
) = —5- X GG [ @) da
1 T
= —5. ) 1WF e

Equating coefficients of € in equation (7.123) yields

1 {62 (1) o2 (1) ) (1)
_?( Yy + Uy 4 90 Yy +H25€2¢1(1)—"¢1(1)

0x? 0y? dy

(67 87,/)Z . 1/}(0) ‘w(o) |2 _2ih .Ia@/)(o) ial(o) alﬁl(o)
K2 87 ! : K dy k Oy
0
wai g; — 2K :m(o)@/z hM2ka? wl

— Z p zpky

- Z CPC;CTGka m+r)y,¢)pwmwr

p,m,r
(1)
2kh xz PPy,
_ﬁ Z pC C*Celk(p m+r) yw / wmwrdx
K2 pm'r
Z Cf O*Cezkp m— Tywp/ ¢m¢rdx
pmr
+2 Z CC*Celkp m—+r ywp/ wmwrdx
p,m,r

A2k Z Cpeikpywp
p
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Z p lpky

2h 1)91:

Z Co(—K2x + kp)e™Pp,

k - | :
N Z C.cnC, { [a: - (p N r 2m>] ezk(pferr)yQ/,p/ Yty dT — wpwmwr} )

p,m,r
Multiplying by e~*™ and integrating from y = 0 to y = 27 /k we find

1 827,01(2 62@/15(7173 %1 wln 2 2
K2\ 02 + 0y? + dy wl" ”_

a dC, 2hM g 9
- == “n + Ch - (—Kr*x + kn),
+3 CrrimCi Gy [x - % ( m; T)] Bt / " ot daz
- Z Cn—r-*-mo:norqvbn—r—i-ml/}ml/}m (7.134)

where

1 = ikn 1
D= S e,

n=—oo

Now 1, is a solution of the homogeneous version of this equation (with v,
and di, /dz vanishing as © — +00). Therefore there is a solution for wl(ln) if and
only if the right-hand side is orthogonal to v, for all n. Performing the necessary
integration we find

C,hW

K

3%_L(L
K2 dr /2 \2K2

The boundary conditions for these equations come from matching with the

- 1) $ Cn_r+menOre{_2%[(T_H)QHT_m)Q]}— . (7.135)

short-time solution. We have

Owy.0) = Y Cal0)e™ i (x) = Jim 9O (x,y,1),

n=—oo

n=—oo

Hence

Cp(0) = Crp,  Vn. (7.136)

We multiply equation (7.135) by C* and sum over n. The resulting equation is

a dyf2_ (1 o M
=(-——1 4= 2 1
il O IR Rl (7.137)
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or

(0) 2 2 (1) ——
2L 5 (5 —1) (WPR) - P
K

2k2  dr 2k2

where = |1Dl(0) |4/ <|¢l(0) |2)2 as before. If [ were constant this equation would
have the same form as equation (5.253) of the one-dimensional case. Even for
varying (8 we have that 3 is independent of the amplitude of ¢l(0) and depends only
on the relative sizes of the coefficients C,,. We see that § > 1 and so (7.138) will
have the same qualitive features as (5.253).

We note that equation (7.135) can be written as

a dC, Nk 1 ap
l — — 1 1
kK2 dr  2rT (2&2 )(WJ i ) oCH (7.139)
Hence
s Nzl op dC* dp dC,
dT_no *odr @C’ndr7
B 8aky/T N=lae, !
(10OF)° Nk(1L - 2x2) =0 | 7
Hence
dp <0, for & > 1/V/2.
dr

To proceed further we need to specify our choice of N. For N = 1 we have

C, =C V¥n, and

Ch

1 /1
a d¢ ( —1)O|O|QS§O—K. (7.140)

2dr 2 \2x?
This equation differs from (5.253) simply by the constant S7, , which can be
removed by a suitable scaling of C', and so behaves in exactly the same way.

Let us now examine the case N = 2. In this case there are two possible steady-
state solutions. Since the response is qualitively the same as in one dimension, the
question of interest is which of the two steady-state solutions will be approached
in the case when x > 1/4/2 and the applied magnetic field is slightly less than .
We rescale Cy, C, 7 for simplicity by setting

K 1 1/2
/ — _— —
CO = [h(l)ﬂ (]_ 2/4;2 )‘| CO)
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K 1 1/2
ClZ[ﬁﬁé@‘ﬂﬁlch
)

1
, rh(
T = T.
a

Then, dropping the primes, (7.135) becomes

dC

S0 = (|G CuSEo+ CiCESE +2|Ci [ CoSaoSan] + o, (T.141)
dCl _ 2 2 * 2 Q2 2

dr “Ol‘ C1550 + C1CyS5, +2 1 Co| 0152,052,1} + . (7.142)

The two steady states are given by

(a) C1=0Co |Cyl= ﬁoa
(b) Gy =iCo, |Col= 5

1
2 2 .
1,0_252,1)1/2

Let C; = nCy. Then

dC
T: = — |Gy’ Cy [522,0 + 77253,1 +2 |n]? 52,05271} + Co, (7.143)

dC d
"d_TO + 00£ = —[Col? Co [n|nl* S50+ "S5, + 20S205a:1| +1Co. (7.144)

We multiply (7.143) by n and subtract from (7.144)

d «
L =[Col? [n(1= [n[")S30 + (" = 7)S3, + 20(|n|* ~1)Sp08ha] . (7.145)

The steady-state solutions are n = £1, +i. We let n = re®. Then
dr sy . dV gy

dTe + m“%e =

|Co? [7“6“9(1 —17)S5 o +r(r’e* — e )53 + 2re (r* — 1)52705271} :

Hence
dﬁ 2 Q2 2\ :
dr 9 ) )
% = |00’ 7’(1 -Tr ) [SQ,O(SQ,O — 25271) — 5271 COS 219} . (7147)

Firstly we note that Ss¢ > S5, and so

—dT<0'f >1
if r
dr ’ ’
dr>0'f <1
— if r )
dr ’
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Hence we expect that
r— 1, as 7 — oo.
We also note that

dy

— > 0Ofor0<v<m/2, m<v<3m/2,
dr

?9 < Ofor7m/2<d <7 3n/2 <9 <27/,
-

@ = 0forv =0, 7.

dr

Thus we expect

v — w2, as T — 00, if 0 < Jy <,
¥ — 31m/2, as T — o0, if T <Yy < 2,

9

0, m, if 99 =0, 7.

Thus we see that only if the initial data has C; = £+Cjy will this solution be
approached. Any other initial data will result in the solutions C; = +iCjy being
approached as 7 — oo.

As a final note, if we assume that r has already reached the value 1 in (7.146),

and that |Cy|? is constant, then we are solving (after a suitable rescaling)

dv
i sin 24,

which has solution

¥ = tan" ' (A4e?), A = tan .

We see that

9 = 0,m if A=0,
v — w/2, as T — 00, if A >0,

¥ — 3m/2, as T — o0, if A<O.

7.4 Summary

Let us now summarize the above results.
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We examined the bifurcation of the normal state solution to a periodic super-
conducting solution as the external field passes through the upper critical field h.,,
which was found to be equal to k, the Ginzburg-Landau parameter. Hence for
Type I superconductors (k < 1/4/2) he, < H., the thermodynamic critical field,
while for Type II superconductors (x > 1/v/2) h., > H,. The superconducting
solution was shown to exist for all values of the external field slightly less than x
for Type II superconductors, and all values of the external field slightly greater
then x for Type I superconductors.

For each of the values N = 1,2,3,4, where N is the number of zeros of ¥
in the unit cell, we demonstrated the possible superconducting solutions, each of
which depended on a parameter k, such that the period in the y-direction was
27 /k, and the period in the z-direction was kN/k?. The traditional way of deter-
mining which solution is stable is to seek the solution with the lowest free energy,
which was shown by Abrikosov to be equivalent, for Type II superconductors, to

seeking the solution with the lowest value of 8= [ [4/(|4(© ]2)2. Of the so-

lutions considered the lowest value of 3 was obtained by the solution N = 2,
Ci =1iCy, Cpio =C, Vn, when k = m k. This solution corresponds to a tri-
angular lattice of vortices (Fig. 7.8). Furthermore, for arbitrary k, the solution
N =2, C; =iCy, C,yo = C,, Vn, has a lower free energy that the solution N =1,
Cn,=0C Vn.

We then examined the classical linear stability of the solutions with fixed k
and N, using the time-dependent Ginzburg-Landau equations. We found that the
normal state is linearly stable for A~ > k and linearly unstable for h < k. Moreover,
the superconducting mixed states were all found to be unstable, for all &, for Type
I superconductors. For Type II superconductors we examined the cases N = 1
and N = 2 only. For N = 1 there is only one possible superconducting solution.
C, = C Vn, which was found to be linearly stable. For N = 2 there were two
possible solutions. The solution C = iCy, C,, 1o = C,, Vn was found to be linearly
stable, while the solution C),, = C' Vn was found to be linearly unstable. (Hence
although the solution €, = C' Vn is found to be linearly stable when the period in
the x direction is fixed at k/k?, i.e. when N = 1, it is found to be linearly unstable

when the period in the x direction is fixed at 2k/k?, i.e. when N = 2.) This is in
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agreement with the free energy arguments of Abrikosov.

An examination of the weakly-nonlinear stability of the normal state near h =
k, subject to periodic boundary conditions, revealed the same qualitative features
as in one dimension. For Type I superconductors a small perturbation of the
normal state blows up for h < k. For h > k sufficiently small perturbations will
decay to zero, while large perturbations will again blow up.

For Type II superconductors a perturbation of the normal state will decay to
zero for h > k. For h < k a perturbation will tend to one of the mixed state
superconducting solutions. In the case N = 2, where there were two possible
steady state solutions to approach, a perturbation was found to approach the

solution Cy = iCy, C), 10 = C, Vn.

7.5 Transformation of the Mixed State to the
Superconducting State: Structure of an Iso-
lated Vortex

In Section 7.1 we found mixed state solutions corresponding to a regular array of
vortices of superconducting current around nodal lines of ¥ (flux lines). Around
each node the phase of ¥ varied by 27, corresponding to each flux line containing
one quantum of fluxoid.

It is natural to assume that for fields much lower than h.,, ¥ also has a lattice
structure, but with a much larger period, and that the phase of ¥ also varies by
27 around each node. We suppose the flux lines to be sufficiently well-separated
that the overlap is negligible and they can be treated in isolation (i.e. a separation
> \). We consider the problem of a single axially-symmetric filament by looking

for a solution of the form

U = f(r)e?, (7.148)

A = A1), (7.149)
where r, 6 are polar co-ordinates and 6 is the unit vector in the azimuthal direction.
Substituting (7.148), (7.149) into equations (7.7), (7.8) yields

L (%)w% - - F (7.150)

K2r dr
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Ci<1‘10{n) _ g, (7.151)

dr \rdr
f—1 Q—0 as r — oo, (7.152)
1
Q~—, f—0 asr — 0, (7.153)
KT

where ) = A — 1/kr. The magnetic field Hz is given by

and the superconducting current is given by
. 2 p
The axial flux through the vortex is given by

2
Hds =",
R? K

i.e. the vortex contains one quantum of flux. Abrikosov determines the lower
critical field h.,, at which the superconductor passes from the mixed state into the
purely superconducting state, on the assumption that the transition is of second
order (which seems to be the case at least for large k), by equating the free energy
of a superconductor with a single vortex to that of one with no vortices. He finds
that, for kK > 1,

he, =~ ;ﬁ(log/{ +0.08).

This completes the description of the diagram Fig. 3.3.
There is an immediate generalisation of equations (7.150)-(7.153) to a vortex

containing n quanta of flux. Then

U= e, Q=A- -
RT

and the boundary condition (7.153) is modified to @ ~ —n/kr as r — 0. In this
case [7] have shown the existence of a C? solution on R?  which is C* on R*\{0}.
They also prove that as Kk — oo, kH — G, in a suitable function space, where GG

is the Green’s function satisfing the linear equation

VG -G = —2mnd(r), (7.154)
G —0, as r — oo. (7.155)
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Hence as k — oo the vortices play the role of singularities in the equation for the
magnetic field. Since the equation is now linear we may add the contribution from

several vortices to obtain
9 2m
V’H - H=-="> n;6(x —x;),
K -
J

where the x; is the position of the jth vortex, with vortex number n;. This

equation has solution
1
H=—3 n;Ko(|z - ),
J

where K is the Hankel function of imaginary argument. In this limit the ‘force’

on a single quantum flux line can be calculated [60], and is given by
F=—-j3/A®, (7.156)

where 7 is the total current density excluding the current due to the vortex in
question, but including any applied current, and ®’ is a vector in the direction
of the flux line and one quantum of flux in magnitude (this is simply the Lorentz
force). Thus, unless the total superconducting current density of the other vortices
is zero the vortex will move. Such a situation can be achieved by regular arrays of
vortices as discussed above. It is also in agreement with the fact that a triangular
array of vortices is preferred to a square array, since under a repulsive force the
vortices will try to maximise their nearest neighbour distance.

Moreover, even the triangular array will feel a force transverse to any applied
current, so that the vortices will move unless ‘pinned’ in place by inhomogeneities
in the medium. Flux motion is accompanied by a longitudinal electric field which
leads to energy dissipation and an effective resistance of the wire. This situation
has been modelled in [35] for fields near to the critical field h.,, using the time-
dependent Ginzburg-Landau equations (3.59)-(3.60). In practice resistance will not
return to the wire until the Lorentz force exceeds the pinning force on the vortices.
Since in practical applications superconductors are required to carry high currents
with very little resistance, this pinning force needs to be made as large as possible
by introducing great numbers of imperfections into the material. The modelling of
the movement of vortices through such ‘dirty’ materials is a difficult open question,

for which good experimental data is as yet rather sparse.
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The ‘force’ in equation (7.156) implies that in the limit kK — oo two supercon-
ducting vortices will repel each other. This is in agreement with [36] who show
numerically that the free energy of two fixed vortices increases with their separa-
tion for k < 1/ V2 and decreases with their separation for £ > 1 / V2, implying that
vortices will repel each other for k > 1/ \/ﬁ, while for K < 1/ V2 they will attract
each other. When x = 1/4/2 vortices neither attract nor repel each other, and in
this case multivortex solutions to the equations have been shown to exist [58, 67].
However, numerical simulations [51] indicate that moving vortices which collide
do interact non-trivially, even when x = 1/4/2 (the vortices seem to separate at
rightangles to their original path of approach).

Finally, we note that when x = 1/4/2, solutions to equations (7.150), (7.151)

are given by solutions of the following pair of first order equations:

\/5% ) (7.157)
g%(rQ) = 1-f2 (7.158)

As in the one-dimensional case such a reduction relies on the application of com-
patible boundary conditions. We see that in the present situation, (7.152), (7.153)
are compatible with (7.157), (7.158). Using these reduced equations Abrikosov has
shown that when x = 1/v/2, h., = 1/v/2 = h,, = H. [2]. We consider further this
reduction of the equations when x = 1/4/2 in Appendix B.
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Chapter 8

Nucleation of superconductivity
with decreasing temperature

We consider here the effects of placing a superconducting body in the normal
state in an applied magnetic field, and then lowering its temperature. We consider
only the isothermal case and treat the temperature as a parameter. In the time-
dependent case this simplification requires that the effects of the latent heat and
joule heating are negligible. Furthermore, we take the temperature to be close to
the critical temperature, so that we may linearise the equations in 7" (this simplifies

the analysis, although the same methods work in the more general case).

8.1 Superconductivity in a body of arbitrary shape
in an external magnetic field

This problem was considered in [49] using bifurcation theory. Here we use the
systematic perturbation theory of the previous chapters to examine the nucleation
of superconductivity with decreasing temperature.

Consider a superconducting body occupying a region €2 bounded by a surface
01, placed in an originally uniform magnetic field h. We work on the lengthscale
of the penetration depth by rescaling length and A with A\. The steady-state
Ginzburg-Landau equations, together with boundary and other conditions, (3.23)-
(3.28), (3.30), are then

((i/k)V+ AP = —U(T+ |V}, inQ, (8.1)
—(curl)’A = (i/2r)(T*VEU —UVI)+ T2 A, inQ, (8.2
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(cur)>’A = 0, outside , (8.3)
n-((i/k)V+ AW = —(i/d)¥, on 09, (8.4)
nAAl = 0, (8.5)

n A (1/p)curlA] = 0, (8.6)
curlA — hZ,  asr — occ. (8.7)

Here, as before, z is a unit vector in the z-direction, r is the distance from the
origin, n is the outward normal on 9, and [] stands for the jump in the enclosed

quantity across 0€). As in Chapter 5 we impose the gauge condition
div A =0, (8.8)

which proves convenient in later calculations. The solution of (8.1)-(8.8) which

corresponds to the normal state is

U =0, A=hAy, (8.9)
where Ay, as before, satisfies
(curl)QAN = 0, except on 01, 8.10
mAAy] = 0, 8.11
A (1/p)curl Ay] = 0

curl Ay — 2, asr — o0,

div AN = 0.

We now seek a superconducting solution (i.e. one in which ¥ # 0) which
depends continuously on a parameter €, and which reduces to (8.9) for e = 0. As

before we introduce €, ¥ and a through the equations

T = /%y, (8.15)
A = hAx+ea, e>0. (8.16)

Insertion of (8.15), (8.16) into (8.1)-(8.8) yields

((i/k)V + hAN)?U +TY = —¢€[|]* v+ 2h(Ay - a) +2(i/k)(a - V)]
— e lal* ¢, in Q, (8.17)
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—(curl)’a

(CUI‘I)QCL

n - ((i/k)V +hAN)Y + (i/d)y
[n A al

[n A (1/p)curl al

curl a

div a

(1/26) 0"V — V)

We expand T, a and v in powers of €

T

+ ¢ (hAx + €a), in €, (8.18)
0, outside 2, (8.19)
—€é(n-a)y, on 09, (8.20)
0, (8.21)
0, (8.22)
0, as r — o0, (8.23)
0. (8.24)
7O 4 7™ 4.0 (8.25)
a® 4 ea® ... (8.26)
OO+ ep® 4 (8.27)

The problem is now to determine the coefficients in these expansions. We sub-

stitute the expansions (8.25)-(8.27) into equations (8.17)-(8.24) and equate powers

of €. At leading order we have

((i/K)V + hAN)* YO + TOp© = 0 in Q, (8.28)
—(curl)Qa(O) = (i/2/§)(¢(0)*v¢(0) _ ¢(O)V¢(O)*)

+h |9 Ay, in Q, (8.29)

(curl)’a® = 0, outside Q, (8.30)

n-((i/r)V +hAN)YO = —(i/d)y?, on 09, (8.31)
mAa® = o, (8.32)

n A (1/p)curl ] = o0, (8.33)
curl a® — 0, as 7 — oo, (8.34)

diva® = 0. (8.35)

The self-adjoint eigenvalue problem (8.28) and (8.31) determines a discrete set

of eigenvalues for T(®) which are independent of the gauge of Ay. The critical
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temperature T, is defined to be the largest of these eigenvalues. Let the normalised

eigenfunction corresponding to T be 6, i.e. 6 is such that

/ 92 dV = 1.
Q
Then 1 = 36 where 3 is constant, and a©@ =|[2 &, where

—(curl)’a® = (i/26)(0°VO—OVO) +h |0 Ay, in Q, (8.36)
(curl)’a” = 0, outside €, (8.37)
mAa® = o, (8.38)

n A1 /p)eurl &) = o0, (8.39)
curl @ — 0, asr — o0, (8.40)
diva® = o. (8.41)

which is the problem of determining the vector potential a” due to a permeable
body carrying a specified real current distribution, since the right-hand side of
(8.36) is known. Again, well known methods of solution are available.
We have now determined the critical temperature 7., and leading order ap-
proximations to ¢ and a, once we have determined the constant [3.
Equating coefficients of € in (8.17)-(8.24) yields
((i/K)V + hAN)21/1(1) + 7Oy = 7MWy _ ‘w(o) 2 »©
— 2h¢(0)(AN . a(O))
—2(i/k)(a® - Vy©@), in Q, (8.42)
— (curl)’a = (i/25) (VO 4 DTy ©)
= (i/20)(@OVYO" 4 pO Ty
+ h AN (@ pM* 4 40D

+|9@12a® inQ, (8.43)

(curl)’a®™ = 0, outside Q, (8.44)

n-((i/r)V +hAN)YY + (i/d)pyD = —(n-a)®, on 99, (8.45)
nAaV] = o0, (8.46)

[n A (1/p)curl aV] = 0, (8.47)

curl aV — 0, as r — oo, (8.48)

diva® = 0. (8.49)



Assuming M and T™ were known these equations would again correspond to
the problem of determining the vector potential due to a permeable body carrying
a known current distribution. Thus a is fixed once ) and T are given.

Now (8.42) and (8.45) are inhomogeneous versions of (8.28) and (8.31) and
therefore have a solution if and only if an appropriate solvability condition is
satisfied. This condition is derived by multiplying both sides of (8.42) by (* and
integrating over 2. We find

LHS = / PO [~(1/s) VW + (2i/k)h Ay - VY] aV

+ / w)* B Ay 2 9@ + TO0) av,
Q

/ W [—(1/x%) V2O — (2i/m)hAy - VO] av
+ / W [02 | Ay PP 9O + TOwO"] av,

+/ — (1K) (@D — D70y 4 (gi/ﬁ)w(oww(l)AN} nds,
by Greens Theorem,

= ) [ [0V +hp Ay] 6O nas

+(i/R) [ [0V +hp 0" Ay] ¢ s,
since the integral over €2 is zero by (8.28),

(if) [0 [=(i/d)p = (n-af")u ] s

(/) [ (/v ds,
by (8.31) and (8.45),

~(i/r) [ [0 (@f -m)dS.

RHS = — [ 9@ +T0 [y +(2i/x)y"af) - 7y
_2/ h|oO] Ay -al av,
Q
— 1B T = [ 0O +2i/ 0V - af) av

+ 2/ CllI'12 (0) + (Z/QK)(w(O)*vw(O) _ w(O)Vw(O)*» dV.
by (8.29),
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= —|pP T

- / 10O +al” - ((i/8) (VYO + pOVHO*) — 2cur?al’) dV,

Q
= —1BETO = [ O vl - (/)Y [0 ~2ewaf) dV,
Q

= 1P T [ < O s2(cur)’af” - aff aV.

—ifw) [ 10O (@ -m)ds,

(0)

by the divergence theorem, since div Ay and div a;” are both zero. Equating the

left-hand side to the right-hand side we have
BETO = [~ w0 1200 - curdal’ av
Q

or

T =5 [ ~ 10 +2a" - (cw)’af’ av. (8.50)
Thus | 8 |? is proportional to 7. Note that in order for a superconducting
solution to exist this equation also determines the sign of 7. When | 3 |? is
given by (8.50), (8.42) and (8.45) have a solution ¥"), which will still contain an
undertermined constant. This constant is determined by a solvability condition
for the second-order terms.

We have now determined a solution in the form

T = TO L@ o0 (8.51)
U= 2O 4™ 4 (8.52)
A = hAy +¢[a? +ea 4 - (8.53)

As before, equation (8.53) leads to a magnetic field
curl A= H = heurl Ay + ecurl a® + - (8.54)

If T < 0 we have a solution for all values of the external field slightly below a
certain critical value T,,. Notice that when [, Ay - (curl)Qa(O) dV < 0, which is the
case in one dimension and which we expect to be true in all cases, then 70 < 0 if
and only if A" given by (5.50) is < 0. Thus if the solution at given temperature
exists for all fields less than a certain critical value, then the solution at for given
field will exist for all temperatures less than a given value.

Since 6 is normalised we have that | U] = (fy |¥[? dV)"? =| 3| €2 and so

|| increases as | T — T© |*/2 for T close to T, as shown in Fig. 8.1.

215



Il

T(0)

T

Figure 8.1: Pitchfork bifurcation from ¥ =0 at T = T,

8.2 Linear Stability of the Solution Branches

Let us now determine the linear stability of the solution branches in Fig. 8.1.

8.2.1 Linear Stability of the Normal State

We examine first the stability of the normal state. As in Chapter 5 we work on

the lengthscale of the penetration depth by rescaling length and A with A\, and on

the timescale of the relaxation of the order parameter by rescaling time with \2.

The time-dependent Ginzburg-Landau equations, linearised in 7', together with

boundary and other conditions, (3.69)-(3.78) are then

a oV  «l 7 2
?E—F;\P@—f— (EV—FA) \
—(curl)®A — % -Vo
—(curl)QA
AVAL()
n-((i/k)V+ AWV + (i/d)¥
n A A

[ A (1/p)curl A
(]

] _

|

- 0D
on

~U(T TP, i,

1
—(U*VV¥ — VP~
2/{( \Y V)
+|U* A, inQ,
A
Se <88t +V<I>>, outside €2,

0, outside €2,
0, on 0f),

(8.55)



curl A
P
div A

hz, asr — oo,

0, as r — o0,

(8.64)
(8.65)
(8.66)

We make a small perturbation about the normal solution (8.9), by setting

v = 560t\1/1,

= hAy + el A,,

d = 67y, 0<6< 1.

Substituting (8.67)-(8.69) into (8.55)-(8.66) and linearising in ¢ yields

o' 1 2
—20'\1’1 + (—V + hAN) \Ill
K K
—(curl)’*A,
—(curl)*A,
V20,
[TI, VAN Al]
[n A (1/p)curl Aq]
[©4]
0%,
c on
curl A;
1
div Al

—TW,, in Q,

cA; + VP, in Q

G(0 A + V®y), outside 2,
0, outside €2,

0, on 0f),

0.

(8.67)
(8.68)
(8.69)

For each given T' (8.70) and (8.74) determine a discrete set of eigenvalues for o.

For T' > T,, all these eigenvalues will be negative. For T" < T,, at least one of

these eigenvalues will be positive, indicating instability. Thus the normal state is

linearly stable for 7" > T, and linearly unstable for 7" < T,.
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8.2.2 Stability of the superconducting branch

We now consider a small perturbation of the previously found superconducting

solution. We set

S

)

‘;[/0 + 560t1111, (882)
Ay + 5e”tA1, (8.83)
P17 0<d <1, (8.84)

where (U, Ap) is the steady superconducting solution given by (8.51)-(8.53). Sub-
stituting (8.82)-(8.84) into (8.55)-(8.66) and linearising in ¢ yields

o Q. l 2 21
—20'\1]1 —+ —Z\Ij(]@l -+ <—V + A(]) \Ijl + —Al . V\DO + 2A0 . Al\I]O =
K K K K

—(curl)A; —0A; — VO,

—(curl)® A,
V2,
['I’I, A Al]
[n A (1/p)curl Aq]
(@]
o0,
c on
curl A,
O8]
div A1

~TU; —2 | Wy |> Uy — WU, in Q, (8.85)
(i /26) (WEVT, + TIV D)

— (1/2r) (Yo VU] + ¥, V)

+ (WoWs + Ui, ) Ag+ | ¥y |* Ay, in €, (8.86)
Se(0 Ay + V), outside (2, (8.87)
0, outside €2, (8.88)
—(1/d)¥y —m - A1V, on 09, (8.89)
0, (8.90)
0, (8.91)
0, (8.92)
0, (8.93)
0 as r — oo, (8.94)
0asr — oo, (8.95)
0. (8.96)

We examine the stability close to the bifurcation point by introducing e as

before

61/2%,

hAN + €ay,
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T, = /%y, (8.99)
Al = €ag, (8100)
CI)l = 6@51. (8101)

Substituting (8.97)-(8.101) into (8.85)-(8.96) yields

(a0 /&)y + Tn + ((i/K) + hAN)* b1 = —(eai/r)thodr — 2¢ |3 [* ¥
— ey — (2¢i/w)ag - Vi
— 2¢hay - Aty — (2¢i/K)ar - Vb
—2ehAy - ayho — € |ag|* 1y
— 22 Ag - ayt, in Q, (8.102)
—(cwl)’a; —oa, = Vo1 = (i/26) Y5V + ¢] Vi)
— (i/2K) (Yo VYT + 1 Vi)
+ (ot} + Yg¥1)hAN

e(Yovt + votn)ao
+ € [Yo]? a1, in Q, (8.103)
—(curl)’a; = <.(oa; + Vy), outside Q, (8.104)
V2, = 0, outside €, (8.105)

n- ((i/K)V +hAN)YL+ (i/d)r = —en-aity

—en - agy, on O, (8.106)
nAa] = 0, (8.107)
[n A (1/p)curl @] = 0, (8.108)
(0] = 0, (8.109)
la%] = 0, (8.110)
curl @, — 0 asr — oo, (8.111)
» — 0Oasr— oo, (8.112)
diva; = 0. (8.113)

In the previous section we obtained expansions in powers of € for ag, 1y and T’

near T = T(©. We expand also a, 11, ¢1 and o in powers of € to give
T = TO 4e1® ... (8.114)
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do = 0O 44 (8.115)
w0 = a® +ea® ... (8.116)
o = O e (8.117)
S N (8.118)
b = 94 ep® 4o (8.119)
v o= o© pee® (8.120)

Substituting the expansions (8.114)-(8.120) into equations (8.102)-(8.113) and

equating powers of € we find at leading order
(a0 /sl + TOYY = —((i/w) + hAN)*1”, in O, (8.121)
~(cur))?a® — 6®a; — vo® = (i/26) WP Ve® 1 O vy®)
— (i/2r) (" VO + 1" V")

+ (WO P " h Ay, in Q, (8.122)

—(curl)?al” = . (6@a; + V), outside €, (8.123)
V26" = 0, outside €, (8.124)
n-((i/r)V+hANY = —(i/d)\”, on 09, (8.125)
maal”] = o, (8.126)

[n A (1/p)curl ago)] = 0, (8.127)
@"] = o, (8.128)

[Eagio)] = 0, (8.129)

curl al” — 0asr — oo, (8.130)

oV — 0asr— oo, (8.131)

dival” = o0. (8.132)

Equations (8.121) and (8.125) are exactly equations (8.70) and (8.74). As
before, if T® < T,, then there exists and unstable mode. Hence the solution
branches bifurcating from eigenvalues 7 < T}, are linearly unstable. It remains
to determine the stability of the solution branch bifurcating from 7 = T,,,. When
T = T,, all the eigenvalues for ¢(*) are negative except for the eigenvalue o = 0.

We must proceed to higher order in our expansions to determine the stability of
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this mode. We note that for o(® = 0, ¢§°) satisfies the same equation and boundary
conditions as 1/1(()0), and hence 1/150) X 1/1(()0). Since all the equations are linear in ¥, a;
and ¢, by construction, the constant of proportionality is irrelevant and we take
it to be unity (in effect this defines 0). Substituting into equations (8.122)-(8.124)
and (8.126)-(8.132) we find

—(curl)?al” = Vel = (i/k) (W V) — V) + 2 [0 )? hAy
= —2(cur])’ay’, in Q, (8.133)

by equation (8.29). Taking the divergence of this equation we find
v26¥ = 0, in Q.

This, together with equation (8.124) and boundary conditions (8.128), (8.129) and
(8.131), implies

Now by comparing equations (8.133), (8.123), and (8.132) and boundary conditions
(8.126), (8.127), and (8.130) with equations (8.29), (8.30), and (8.35) and boundary
conditions (8.32)-(8.34) we see that

al” =24 (8.134)

Y

is a solution.

Equating powers of € in equations (8.102) and (8.106) we find

TOY + ((i/k) + hAy)*U = —TOYO — (ac® /x2)i” — 2 |7 ] "
— W) = (2i/r)(af” - Vi)
—2h(a” - Ax)” — (2i/r)(al” - Vi)
—2n(al” - Ap)Y”, in Q, (8.135)

n-((i/s)V +hAN)OY + (i/d)) = —n-a¢ —n-a e,
on 0.  (8.136)
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Inserting the solutions for wgo) and a§°> we have

TOWD 1 ((i/k) + hAN)?WY = —TOY — (acW /K2y
= 31" Pl — (6i/w)ay” - Vi
—Ghao ANw , in ©, (8.137)
n-((i/r)V +hANY + (/Y = —3n-al’¢, on 09. (8.138)

Now, ¢(()0) is a solution of the inhomogeneous version of equation (8.137) and bound-
ary condition (8.138), namely (8.28) and (8.31). Hence there is a solution for Y if
and only if an appropriate solvability condition is satisfied. To derive this condition

we multiply (8.137) by " and integrate over Q. We find that

LHS =
| [V + @ifohAy - VUi + 2 Ay o - TOu]av,

= [0l [~/ V" - @i/pnAy - Tu"
+h? | Ay o = 1O v,
[ @ e — V) + @i/ome vl Ay - nds,
by Greens Theorem,
= Gi/w) [ [@/0ve? + bt An] o nds

Hi/m) [ =60V + b Ax] i s,
since the integral over € is zero by (8.28),
= (ifm) [ 0" [~(i/d)ui” —3n- afu{"] ds
(i) /m(z/d)wo uiV ds,
by (8.31) and (8.138),
_ —(z‘/n)/ WO (30 - m)ds.

RHS =

= LB 1 T 10 P (a0 /) ) P
+ (6i/k) 6 al” - Vg + 6h |0 | Ay - af’] dV,
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= —(a|pP oW/~ P TV

= [, 31071 @i/ myu (V) - 3af)

+6ay” - (—emlag” — (i/26) (06" V" — i V)] dv.
by (8.29),
= —(a|pP “’/KP)—W
— [ [31u"1* 30" - (G /m)( Vv g V) - 2eutag”)| dv,

= —(a|BP oV /w’ >—W

— [ [3 10”1 +3af - (i /@vw”)\? —2cwl’a’)] v,
= —(a|BP oM /r)— |8 TO + /Q =3 467 |" +6(curl)’ag” - af’] av,

— (i/~) /693 1002 (@l - mds,

(0)

by the divergence theorem, since div Ay and div a;’ are both zero. Equating the

left-hand side to the right-hand side we have

(a |87 0@+ 82T = [ [=3]0(7 ) +6(cur))’al” - af'] av.
Q

Hence
(aoW /%) =217 (8.139)

since we have
132 TV = / — [9O P 1249 . (curl)’a® aV
Q

Thus
oW = (22T /a). (8.140)

We see that o) < 0 if and only if 7" < 0.

8.3 Weakly nonlinear stability of the normal state
solution

We have the time-dependent Ginzburg-Landau equations:

. . 2
QO Vg <3v+A) U o= —U(T4 [UP), in O, (8.141)
KR KR
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2 0A

—(curl)”A — i Vo
—(curl)’A
VA
n-((i/k)V+ AV + (i/d)¥
n A A
[ A (1/p)curl A
(@]

od
o
curl A
P
div A

We seek a solution near the bifurcation point T =

i
— (VT — IV
2/€( v V)

+|T|? A, in Q, (8.142)

<aa‘;1 + V(I)) , outside (2, (8.143)

0, outside €2, (8.144)
0, on 99, (8.145)
0, (8.146)
0, (8.147)
0, (8.148)
0, (8.149)
hz, as r — oo (8.150)
0, asr — o0 (8.151)
0. (8.152)

T.,. To this end we set

T =T, +eI'Y, (8.153)
as before.
We introduce v, a, and ¢ as before by setting
U = /%y, (8.154)
A = hAy +ea, (8.155)
d = €. (8.156)
Substituting (8.153)-(8.156) into (8.141)-(8.152) yields
o - 2 .
%—w + <3V + hAN> Ut (T + e TOW = —eZipp+ etp | 0]
k2 Ot K K
—+ 2€h’¢(AN . (1)
262
——(a-Vy)
- 62 lal? v, in Q, (8.157)
(emlfa- 22 s = Lwve -y
ot 2k
+ |¢]? (hAy + ea),
in €, (8.158)
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—(curl)’a = (aa‘t" + v¢> , outside Q,  (8.159)

V¢ = 0, outside , (8.160)

n - ((i/k)V +hAN)) + (i/d)y) = —e(n-a)p, on HQ, (8.161)
nAal = 0, (8.162)

nA(1/p)curl @] = 0, (8.163)

[¢] = 0, (8.164)

lsg—ﬂ = 0, (8.165)

curla — 0, as r — oo, (8.166)

¢ — 0, asr — oo, (8.167)

diva = 0. (8.168)

When we examined the linear stability of the normal-state solution near the
bifurcation point we found that one mode had growth/decay rate of O(e) while
all other modes had a decay rate of O(1). Thus we expect when we examine the
nonlinear behaviour of the solution that there will be two timescales: and O(1)

timescale and an O(e) timescale.

A. Short timescale : ¢t = O(1).

We denote the short-time solution by 14(r,t), as(r,t), ¢s(r,t) , and expand all

quantities in powers of € as before:

Vs = wgo) + €¢§1) 4o (8.169)
a, = ago) + eagl) +e (8.170)
bs = ¢g0) 4 EQSS) R (8.171)

Substituting the expansions (8.169)-(8.171) into equations (8.157)-(8.168) and

equating powers of € yields at leading order

(0) ; 2
%agi + (%v“'hAN) O = T, inQ, (8.172)
0al® i . .
—(eml)’al!) — =5 = Vo = (Ve — Ve
+h YO Ay, in Q, (8.173)
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(0)
—(cur))’al? = ¢ <8a + V0 >, outside €2, (8.174)

ot
V2 = 0, outside Q, (8.175)
n-((i/k)V +hAN)YD = —(i/d)y), on 09, (8.176)
nAa®] = o, (8.177)
[nA(1/p)ecurl a”)] = 0, (8.178)
] = o, (8.179)
00
= = 0 8.180
o , (5.150)
curl @l — 0, asr — oo, (8.181)
¢ — 0, asr— o, (8.182)
diva® = 0 (8.183)
Equation (8.172) with the boundary condition (8.176) has solution
> B0, (r), (8.184)
where o, are the eigenvalues of
i 2
2%+ <v + hAN> 0 = —T.0,inQ, (8.185)
K K
n-((i/k)V+hAN)0 = —(i/d)d, on 09, (8.186)

with corresponding eigenfunctions 6,,, and 3, are constants. Note that equations
(8.185), (8.186) are exactly equations (8.70), (8.74) with T® = T,,. We know the

largest eigenvalue is zero, so we specify og = 0. The 3, must be chosen such that

n=—oo

As in Chapter 5 the eigenfunctions corresponding to distinct eigenvalues are or-

thogonal. Then multiplying (8.187) by 6% (7) and integrating over €2 yields

- /Q O (r,0)07, () dV. (8.188)
Thus

O (r /(Z 0 (#)e” 0, ( )>¢ (#,0)dV. (8.189)

n=—oo
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We can then solve for a(”) and ¢{)

This leading-order solution ignores the growth of the unstable mode since the

growth happens on a timescale of O(e

~1). We expect that if we proceed to deter-

mine the first-order terms that we will find secular terms appearing, and that the

solution will cease to be valid when t = O(e™!).

B. Long timescale :

We now consider the long-time behaviour of the solution. We define

t=0(e1).

T =c¢€t

and consider 7 to be O(1). We denote the long-time solution by ¥;(r, 1), a;(r, 1),
¢ (r, 7). Equations (8.157)-(8.168) become

;(al : v¢l)

(8.190)

(8.191)

(8.192)
8.193
8.194
8.195
8.196

8.198

8.199
8.200

: 2
63% + (lv + hAN> wl + (Tc2 + ET(I))Q/JI —
k% Ot K
al 21
—€ [zlﬁzﬁbl + U [0 +2hh(Ay - ar) +
—62 |CL1|2 ’(/)l, in Q,
aal [ * * 2
—(curl)’a; — €~ Vu %(wl Vi — OV + [0 |7 (hAx + eaqy),
in €2,
2 day .
—(curl)”ay Se ( € + V¢l> , outside €2,
\VArY 0, outside €2,
n - ((i/K)V + hAN)Y + (i/d) —e(n - a;)y, on 0L,
n A a 0,
[n A (1/p)curl ay 0,
[le] 07
P
) o
curl a; 0, asr — oo
) 0, as r — o0
div a; 0.

(8.193)
(8.194)
(8.195)
(8.196)
(8.197)
(8.198)
(8.199)
(8.200)
(8.201)
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We expand all quantities in powers of € as before:

o= P eV g (8.202)
a = a”+eal+ - (8.203)
o = o0 repl) 4+ (8.204)

Substituting the expansions (8.202)-(8.204) into equations (8.190)-(8.201) and

equating powers of € yields at leading order

(%vaN)Q@u{OMTcZ © _ 0 inQ, (8.205)
—(cur)?a? — Vg? = i( v — vy

+h |0 Ay, in Q, (8.206)

—(curl)?a” = .V, outside Q, (8.207)

V2 = 0, outside £, (8.208)

n-((i/r)V +hAY = —(i/d)y”, on 0, (8.209)

mAra”] = o, (8.210)

A (1/p)curl al”] = o, (8.211)

6" = o, (8.212)

[gag;fj)] = 0, (8.213)

curl al(o) — 0, asr — oo, (8.214)

l(o) — 0, as r — o0, (8.215)

dival® = o. (8.216)

Equations (8.205) and (8.209) are exactly equations (8.28) and (8.31) with

T©® =T,,, and as such have solution

U = B(r)o, (8.217)

where ((7) is an unknown function of 7 and 6, is as before. Substituting this

solution into (8.206) yields for al(o) and gbl(o) the equations

—(curl)’af” = V" = |B(r) | [(i/26)(05V 00 — 0V 0;) + h | 6o * An],
in 2, (8.218)
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—(curl)Qal(O) gengl(O), outside €2, (8.219)
V20 0, outside 0, (8.220)
mAal] = o (8.221)
mA(1/p)eurl al”] = o0, (8.222)
[ l(O)] = 0, (8.223)

00"
—| = 224
[5 o 0, (8.224)
curl a,l(o) — 0, as r — o0, (8.225)
¢l(0) — 0, as r — o0, (8.226)
dival” = o. (8.227)

By comparing (8.218) with (8.29) we see

—(curl)?a!” — V¥ = — |B(7) ] (cur])?a”, in €, (8.228)

where a is the previously found steady-state superconducting solution, which is

independent of 7. Taking the divergence of (8.228) we see
\Y% l(o) =0, in ©,

which, with (8.220), (8.223), (8.224), and (8.226) implies

3" =0 (8.229)
We now see that the solution for al(o) is
a” =|B(7)* af. (8.230)

To determine [(7) we must proceed to higher orders in our expansions in €. Equat-

ing powers of € in (8.190), (8.194) yields

{ S (1) o 31/11(0) (1),,,(0) (0) 2 ,/,(0)
<—V+hAN> D I T = ——2——T (O KT 1)
K k2 Ot
0
+2h(Ay - 0l + Z(af” - Vui”),
in Q, (8.231)
ne (L) o+ LoD = o), on on (8232)
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Substituting in our expressions for 1/11(0) and al(o) we find

<1v+hA )2¢(”+T L AU VL IPNLY
K N l ¥ 2 dr 0— 0 0 0
2182 Bh(Ay - )y
+ W(a&” . V6p), inQ,  (8.233)
ne (S hAy) oD+ 200 = s B al), om0, (3:234)

As before, 6 is a solution of the homogeneous versions of equations (8.233), (8.234)
and therefore there is a solution for wl(l) if and only if an appropriate solvability
condition is satisfied. This condition is derived by multiplying by §; and integrating
over 2. A calculation very similar to that preceding (5.216) yields

K2 dt

S = Japsfe [ e (cmial?av - [ ot av] - T8 (323

The boundary condition for this equation is given by matching with the short-time

solution. We find
B(0)8o = lim ¢ = 56,

since all the other eigenvalues o,, in the expression (8.184) are negative. Hence
— o= [ ¥ (r,0)05(r) dV. (8.236)
Q
We see that equation (8.235) is very similar to equation (5.351). If we write

p = 2/ - (curl) ao Jav — /]90]4 v, (8.237)
q = (8.238)

then the analysis following (5.351) holds and gives the solution to (8.235) as
e(2n%a/a)T .
s (10062(%%/@7) : if ¢/p >0,

r? = 1 (u) it 72> —g/p, (8.239)

Ce(2:2q/a)T _q ‘
(2r2q/a) 1fQ/p<0.
_ g _Cer /T 2
P <m> if 15 < —q/p,

Let us examine the behaviour of these solutions. In the first case ¢/p > 0,which

will be the case when either 7" > T, and the superconducting solution exists for
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values of T slightly less than 7., (i.e. T in (8.50) is negative), or T < T,, and
the superconducting solution exists for values of T slightly greater than T, (i.e.

TM in (8.50) is positive), we have
a. if p < 0,q < 0, the solution decays exponentially to zero.
b. if p > 0,q > 0, the solution blows up in finite time 7 = (a/2x2q) log(1/C).

In the second case, ¢/p < 0, which will be the case when either T' > T,, and the
superconducting solution exists for values of T slightly greater than T,, (i.e. T
in (8.50) is positive), or T' < T, and the superconducting solution exists for values

of T slightly less than T,, (i.e. T in (8.50) is negative), we have

the solution decays exponentially to zero if 72 < —q/p.
2. p>0,4<0,0 the solution blows up in finite time e 9
9 if rg > —q/p.
7 = (o/2r°q) log(1/C)
b. p < 0,q > 0, the solution tends to the steady state 7> = —¢q/p which is the

previously found steady-state superconducting solution.
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Chapter 9

Conclusion

9.1 Results

We opened this thesis by formulating the simplest possible sharp-interface model
for the change of phase of a superconducting material under isothermal and
anisothermal conditions, which took the form of a vectorial Stefan model. The as-
sumption of a sharp interface (or rather of normal and superconducting regions of
extent much greater than the interface width) limits the applicability of this model
to Type I superconductors. Examination of the model under isothermal conditions
revealed instabilities similar to those of the classical Stefan model, which lead us to
conjecture that the model is only well-posed when the normal region is expanding.

In Chapter 3 we introduced the Ginzburg-Landau model of superconductivity,
which smooths out the boundary between normal and superconducting parts of a
material by introducting a complex order parameter as a macroscopic wavefunction
for the superconducting electrons, whose magnitude represents the number density
of superconducting charge carriers. In Chapter 4 we showed that the vectorial Ste-
fan model can be retrieved as a formal asymptotic limit of the Ginzburg-Landau
model as the width of the interface tends to zero. Thus the Ginzburg-Landau
model can be considered as a regularisation of the vectorial Stefan model. An
examination of the magnitude of the magnetic field on the interface at first order
in the aforementioned asymptotic limit revealed the emergence of ‘surface ten-
sion’ and ‘kinetic undercooling’ terms. For Type I superconductors these terms
are expected to have a stabilising effect on the normal/superconducting interface.

However, because of the very small size of the surface energy (linearly proportional
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to the interface width) these terms will not appreciably affect the interface until
its curvature is of the order of its thickness. Thus we expect the Ginzburg-Landau
equations to give intricate morphologies (in the ‘switch-on’ case), even for Type
I superconductors. Experimental evidence [24, 62, 63] and numerical simulations
[26, 44] support this conjecture.

In Section 3.3.1 we saw that for Type II superconductors the surface energy is
in fact negative, and hence the ‘surface tension” and ‘kinetic undercooling’ terms
will have a destabilising effect on the interface. This negative surface energy leads
to the formation of superconducting and normal domains that are of size com-
parable to the interface thickness, i.e. the material tends to have as many nor-
mal/superconducting transitions as possible. Such a state is known as a mixed
state.

In Chapters 5 and 7 we examined the nucleation of superconductivity in de-
creasing magnetic fields and found that there is a bifurcation to a partially super-
conducting state when the applied magnetic field A is equal to the upper critical
field h.,. We found that for Type II superconductors h., > H. and the partially
superconducting solution exists for values of the external magnetic field slightly
less than h., and is stable, i.e. the bifurcation is supercritical. For Type I super-
conductors h., < H. and the partially superconducting solution exists for values
of the external magnetic field slightly greater than h., and is unstable, i.e. the
bifurcation is subcritical. In Chapter 7 we demonstrated a variety of mixed state
solutions for a bulk superconductor, and found the stable solution to be that of a
triangular lattice of normal filaments in a superconducting matrix, both in terms
of the minimum free energy and in terms of classical linear and nonlinear stability.
The average magnetic field in the specimen H was found to depend linearly on the
applied magnetic field h near h.,, in agreement with the magnetisation curve in
Fig. 1.6b, and the gradient dH /dh was found to tend to infinity as x — 1/4/2 as
expected. The nucleation field h., also forms the limit of the ‘supercooling’ of a
bulk Type I superconductor, and explains the hysteresis shown in Fig. 1.6a.

In Chapter 6 we examined the effects of the presence of a surface on the nucle-
ation of superconductivity in decreasing magnetic fields. We found that for fields

parallel to the surface of a sample the nucleation field, A.,, is higher than that
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for bulk nucleation, h.,, whereas for fields perpendicular to the surface it is the
same. Thus, in decreasing magnetic fields, superconductivity will first nucleate
on the surface of a sample, where the field is parallel to it, in the form of a su-
perconducting sheath (which may not cover the whole surface). This also implies
that for finite samples it is h.,, and not h.,, which limits the supercooling of a
Type I superconductor, and hence for a slowly quenched superconductor we ex-
pect superconducting regions to grow inwards from the surface of the sample. For
a rapid quench below h., the situation would be quite different, since then seeds
of superconducting material may form in the bulk of the sample. Such a situation
corresponds to what is known as spinodal decomposition in the Cahn-Hilliard the-
ory of solid-solid phase transitions [25]. Numerical simulations seem to agree with
these predictions [26, 44].

Thus we have seen the very different method of phase change for Type I and
Type II superconductors. We have found that for Type II superconductors there
is a continuous rise in the magnitude of the order parameter as h is decreased
through h., (or h.,). For Type I superconductors on the other hand there is an
rapid increase in the order parameter as h is lowered through h., (or h.,) and the
change of phase takes place by means of propagating phase boundaries. If A is
then raised again the superconducting state will persist until h = H., when again
there will be an rapid decrease in the order parameter, as shown by the hysteresis
loop in Fig. 9.1.

Finally we demonstrated the nucleation of superconductivity with decreasing
temperature in the presence of an applied magnetic field, which corresponds simply
to crossing the line h.,(T") in Fig. 1.7 in a vertical rather than horizontal direction.
The results are very similar, and both surface superconducting and mixed state
solutions can be reached by decreasing the temperature rather than the magnetic

field.
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Figure 9.1: Onset of superconductivity for Type I and Type II superconductors.
For Type I superconductors there is a hysteresis loop. For Type II superconductors
there is no hysteresis.

9.2 Open Questions

9.2.1 Current-induced intermediate state in Type I super-
conductors

Very little mathematics has been done from the Ginzburg-Landau point of view
on the application of an electric current to a superconductor, mainly because the
interesting situations are nearly always unsteady. We give an example here of an
interesting problem on which no general consensus has been reached. (We note
that mathematical analyses have been performed on the carrying of a current by a
superconducting multifilamentary composite, but that is a quite different problem
[66].)

Consider a superconducting wire of Type I material carrying an applied current
I, as in Fig. 9.2. While the wire is in the superconducting state the current density
will be confined to a thin region around the surface of the wire of the order of the
penetration depth. As the applied current [ is increased the magnetic field at the
surface of the wire due to the applied current will increase. When this field reaches
the critical magnetic field the surface of the wire will begin to turn normal.

If the wire were to form a normal sheath around a superconducting core, as in
Fig. 9.3, then the current would run down the edge of the core, having a smaller cir-

cumference than the wire, and thus the current density would be increased. Hence
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Figure 9.2: Superconducting cylinder carrying an applied current.

Figure 9.3: Normal sheath surrounding a superconducting core carrying an applied
current.
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the magnetic field on the surface of the core would also be greater than the critical
magnetic field and the core would continue to shrink. However, if the wire were to
turn completely normal then the current would no longer be confined to the surface
of the wire but would distribute itself evenly over the cross-section. This would
lead to a reduced current density and therefore a magnetic field everywhere less
than the critical magnetic field! Thus the wire can be neither wholly superconduct-
ing nor wholly normal, and must be again in some intermediate state consisting
of normal and superconducting regions. (Note that the steady state solution for
a circle given in Section 2.2 implies that the wire cannot form a superconducting
sheath around a normal core.) It is generally agreed that the wire forms a normal
sheath around a core in an intermediate state, and resistance returns to the wire,
but at a lower value than that of the completely normal state. As the current is
increased further the intermediate state shrinks until at some higher value of the
current the wire becomes completely normal again.

The intermediate state is taken to be such that the magnetic field strength in the
normal region is equal to the critical field and the resistance is equal to the fraction
of normal material present. Various forms have been suggested. London [45]
suggested a steady intermediate state of alternating normal and superconducting
domains, which has approximately the desired properties. This state is shown
schematically in Fig. 9.4a.

[5] have performed more detailed numerical studies of static models similar
to London’s. Gorter [31] suggested that the intermediate state may be unsteady
(which experimental evidence seems to support) and consist of annular normal
cylinders that form at the surface of the core and shrink inwards, as shown in
Fig. 9.4b. The similarity solution given by (2.66)-(2.70) may represent such a
cylinder. The cylinders may be unstable in the axial direction and break up into
tori, as shown in Fig. 9.4c.

[4] has shown that in fact there is a family of possibilities, all possessing the
same averaged properties, of which the above models of London and Gorter are

the extremes.
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(a) (b) ()

Figure 9.4: Current induced intermediate state in a cylindrical superconducting
wire. (a) The static structure proposed by London. (b) The moving structure
proposed by Gorter. (c) Variation of the structure proposed by Gorter in which
the shrinking normal regions are tori.

9.2.2 Melting of the Mixed State

Some of the most interesting open questions concern the behaviour of the mixed
state of Abrikosov away from the nucleation field h., (especially since it is in this
form that superconductors are used in most practical applications). We first note
that the theoretical discussion given previously is obviously an oversimplification.
In a real material the vortex lines are not all straight and parallel, but are free to
vary in the z-direction and even become entangled; the vortex lines in a real Type
IT superconductor in the mixed state will resemble cooked rather than uncooked
spaghetti. Furthermore, as the applied magnetic field is reduced the vortices sep-
arate and exert less of an influence on each other. It is conjectured that at some
lower value of the applied magnetic field the solid-like flux lattice of Abrikosov may
‘melt’ into a more liquid-like structure in which the vortex lines wander around.
(There are even conjectures for glass-like vortex states in the presence of material
defects such as pinning sites.) Thus the response diagram of a Type II supercon-
ductor in an applied magnetic field is modified from Fig. 1.7 to Fig. 9.5.

The modelling of this ‘melting’” of the vortex lattice and of the new ‘vortex
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Figure 9.5: The conjectured response of a Type II superconductor in the presence
of an applied magnetic field.

liquid’ present challenging open problems, and some preliminary work has been
started [47]. The homogenization of the vortex lines may be similar to that of

dislocations, as given say in [32].

9.2.3 Application of the Ginzburg-Landau Equations to
High-temperature Superconductors

Another debate focusses on the question of the applicability of the Ginzburg-
Landau model, or some variant of it, to high-temperature superconducting mate-
rials, for which there is at present no established microscopic theory.

The Ginzburg-Landau model presented in Chapter 3 is valid only for low tem-
perature superconductors. In principle there is no difficulty in extending the
model to high-temperature superconductors, which are generally inhomogeneous,
anisotropic and highly disordered. For example, as noted in [20], the constants
a and b whose values depend on temperature are replaced by spatially varying
scalar valued functions, and the constant m is replaced by a matrix, with possibly

spatially varying entries (with 1/m, replaced by m;!). This would result in & and
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A being matrices, also with possibly spatially varying entries. However, in practice
the functional form and values of a, b and m, are not known.

Anisotropy is in general easier to model than inhomogeneity. Many of the high-
temperature superconducting ceramics are made up of stacks of planes of atoms
in which the superconducting electrons are confined. For these superconductors a
simple anisotropic model is given by & and A being diagonal matrices with constant

entries. In this case, for example

EVif
is modified to , , ,
o°f  0°f i
2 (O] O] 207
& (03:2 8y2> & 022"

However, because of the problems associated with inhomogeneity, and in the ab-
sence of the support of a microscopic theory, no consensus has been reached on
whether or not high-temperature superconductors can be modelled by anisotropic

and inhomogeneous versions of the Ginzburg-Landau equations.

9.2.4 Further Open Questions

In addition to those problems mentioned above, a number of interesting questions
have arisen in the course of the thesis, and we mention a few here.

The question of the existence of the similarity solution in Section 2.3 is similar
to that of the corresponding Stefan problem. In the Stefan model there exists a
solution to the transcendental equation for the interface velocity only if the degree
of supercooling or superheating is not too large. It will be of interest to see whether
there is a corresponding result for the problem of Section 2.3.

The anisothermal vectorial Stefan model (2.75)-(2.82) has yet to be studied in
any detail, and many questions arise. One such is the question of whether the
model can exhibit ‘constitutional supercooling’, as in the corresponding model of
the alloy problem. Also in this model we have the appearance of a heating term
LOT/0t. 1t will be of interest to examine the effect that this release of latent heat
throughout the superconducting region has on the solution.

Finally, there is the question of the vertical bifurcation which appeared in
Chapter 5 when x = 1/v/2. Normally nonlinearity guarantees the selection of at

least a finite number of solutions. The examples of vertical bifurcations cited in the

240



literature have not had an obvious physical interpretation, and it is to be hoped

that some terms as yet unaccounted for will come to the rescue here.
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Appendix A

Matching conditions

Here we derive the matching conditions used in Chapter 4. Let f be the function

under consideration. We use the matching principle
(m term inner)(n term outer) = (n term outer)(m term inner)

For a justification of this principle, which needs to be modified, for example, when
applied to terms involving logarithms, we refer to [65]. In order to use this principle

we need first to define outer variables (sy, s2,m) by
r=(x,y,z) = R(s1, s2,t) + nn(sy, s, t).
The outer expansion in terms of these variables is
Fo = fO(sy, 89,m,8) + AfD (51, 50, n, 1) + N2 (s1, 59, m,8) 4+ - .
The inner variables are defined by
r = R(s1, 82,1, \) + Apn(sy, $2,t,\), ie. by Ap=n.

We write the outer expansion in terms of the inner variables and expand in powers

of \:

~ ~

fo = f(EO)(ShS%/\IOut)+Af(§1)(517527/\p7t)+>\2f(§2)(517827/\p7t)+”'7

R o A(EO) 202 92 A(go)
= féo)(51,52>0>t)+)\,0 gﬂ (31,32,O,t)+ 2,0 %(51,82,0,73
. ofm
+)‘fo(1)(817$2707t) +)\2P go (517$2>0>t)
n

=+ >\2f(§2)(5178270at) T
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Hence

(1t2)(1t0) = chO)(SleQaOJt)?

. 7 0 af(o)
(2ti)(1to) = [ (sy,5,0,t) + Ap 8; (s1,52,0,1),
. A afo
(3ti)(1to) = f9(sy,5,0,t) + Ap g; (s1,52,0,t)
)\zpz 82]6(50)
+ 2 on2 (51782707t)7
(1t2)(2t0) = fA(SO)(Sl;SQaOat)?
‘ 20) 6f(0) .
(2ti)(2to) = fO(s1,59,0,t) + Ap 0;)7, (51,52,0,t) + AfV (51, 89,0,1),
. o
(3ti)(2to) = fO(sq1,5,0,t) + Ap af; (51,82,0,1)
R A2)2 952 £(0)
+ /\fél)(sl, $2,0,1) + 2p 8{102 (51,52,0,1)
oFfm
+ /\2p af; (817 52, 07 t)u
(1tl)(3t0> - chO)(Sb 52, 07 t>7
. 7 0 8f(0) A1
(2ti)(3to) = f9(sq1,89,0,t) 4+ Ap 8; (51,52,0,1) + Af (s, 59,0,1),
. A o0
(3ti)(3to) = f9(sy,5,0,t) + Ap g; (s1,52,0,1)
R 202 52 A(g())
+ )‘ffgl)(slv $2,0,1) + 210 8{12 (51,52,0,1)

2 af;(,l) 2A(2)
+ A P on (8173270at)+)\ fo (Sl,SQ,O,t).

The inner expansion is
fi= fi(o)(sl, So, pyt) + )\fi(l)(sl, S, p,t) + )\Zfl-@)(sl, So, pyt) 4 -
We write the inner expansion in terms of the outer variable n = Ap:
fi = fl-(o)(sl, S9,MA1 1) + )\fi(l)(sl, So,MA” L) + )\in(z)(sl, S, MALE) 4o
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We expand each of these functions in powers of A to obtain

fi(0)<817 S92, n)\717 t) = Fé0)<817 S9, 1, t)
+ AFél)(Sla So, M, t)
+ /\2F0(2)<817 527n7t) + - )

A (s1,80,mA7 1) = F(sq,59,m,1)
—+ AFl(l)(Sla S2, 1, t)
+ A2F11(2)<817527n7t) +o )

NP (s1,80,mA 7)) = FO(s1,52,m,1)
+ A‘F12(1)(81a So, N, t)
+ N2 F (51, 50,m,8) 4 -

We calculate the values of F( later. We now apply the matching principle.

(1t0)(14i) = (1t)(1to0)
= Féo) = f(o)(Sl, Sa, 0, t)

o

(2t0)(1ti) = (1ti)(2to)
= FY 42 = fOs 55,0,¢)
= FY=o.

(1t0)(2ti) = (2ti)(1to)

R o0
= F(SO)+F1(0) :fo(O)(81752707t)+)\p go (sl?SQ’O’t)
n
o0
= FI(O) = )\p fo (51782707t)'
on

(2t0)(2ti) = (2ti)(2to)

= R+ F” + R =

F(0)

fLSO)(Sla S92, 07 t) + Ap g‘:’L (817 S92, O7t) + )\fo(l)(Sh 52, O’t)

= Fl(l) :ftgl)(sla‘s?)o)t)'

(3t0)(1£) = (1ti)(3t0)
= FO(O) + )\ZFO(Q) = f(O) (Sla S2, 07 t)

o
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=

(3t0)(2ti) = (2ti)(3to)

FO + FO 4+ Y + 2R =

. Ry .
féO)(Sla S2, Ovt) + )‘p fO (817 SQ,O,t) + )‘f(gl)(sla S92, Oa t)

on

F® =o.
(1to)(3ti) = (3ti)(1to)
FO+F2+ R =

R B A(go) 202 92 A(go)

fo(O)(Sla $2,0,1) + Ap (gn (51,82,0,t) + 2p 8{12 (81,82,0,1)

2202 §2 £(0)

FQ(O) = 2p a{‘loz (517 S92, 07 t)

(2t0)(3ti) = (3ti)(2to)

RO+ FO + B + arY + X EY =

) of© ;
FO s1050.0.1) + 2002 (51,50,0,0) 4 AFO(51,52.0.1)

on
A2p2 §2 A(go) o Aél)
+ Qp aiQ (81752707t) + )\Qp gn (817827O7t)
afm
F2(1) = )‘p an (sla S2, Oat)

(3t0)(3ti) = (3ti)(3to)

RO+ FO 4 B 4 AR 1 AR 4 2R =
20) Ofs" A1)
fo (817 S92, 07 t) + )‘)0 an (817 S92, 07 t) + >‘f0 (Sb S92, 07 t)
A2p2 92 f(O) Ofm
2  On?
FQ(Q) = f(§2)(81a S92, 07 t)

+

on

(A.5)

(A7)

(A.8)

(817 52, 07 t) + A2p 2 (Sb S92, 07 t) + )\2.}6(52)(817 S92, 07t)

(A.9)

We now need to calculate the £ in terms of f;. We have n = \p. Thus taking

the limit as A — 0 with n fixed is equivalent to taking the limit as p — oco. We

have

FO(O) = }\ir%fi(o)(sl,s%n)\_l,t),

= lim fi(O)(ShSQJpa t>~

p—00
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Hence (A.1) implies

f(§0)<31752a07t> = ph—>rgo fi(0)<31752apa t) (AlO)
Also
Fl(o) /l\ing) )\fi(l)(sl, 9, MA" 1),
. n 1)
lim (— | f t
pggo (P) fz (SlaSvaa )’
o5
n lim = (51,52, p, 1)
Hence (A.3) implies
of© (1)
A ° 0,t) = li : t
P an (517827 ) ) npl_{go (51,82,[), )
i.e.
910 (1)
o 0,t) = li o t). A1l
8n (S , 82, U, ) p1~>r£lo (31;52apa ) ( )
Also
FQ(O) ;in%) /\Zfl-@)(sl, S9,nA1 1),
0\ 2
I n )
ergo (p) fz (317527p7 t)a
n? 82f(2)
5 jm = (51,52, P, 1)
Hence (A.7) implies
82f(0) 92 Z,(2)
/\2p2 anog (81782707t) = Tl2 pll)ngo p2 <517527p7t)7
i.e.
82f(0) 2 £(2)
TTZJQ(SDSQ’OJS) :plggo 12 (517327p7t)' (A12)
We have
Y = dim { /(150,270 0) = ARV
= pll»ngo (1)(517827p7t)_§F1(0)}7
(1) ©
= pango (517527/)7t) —pP 8;1 (817827O7t) .
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Hence (A.4) implies

(0)
f(l)(81,82,0 t) = lim {fi(l)(SI,SQ,p, t)—p g;l (31,32,0,15)} . (A.13)

p—00

Also

FQ(I) - }\{I(l) {)\fz(Q) (Sla 82, n)\717 t) - )\71F2(0)} ’

p—00

= lim {nfi(2)<31, 52, P, t) - pFZ(O)} )
p

pn P
2 on?

= ] _ ) t) — ———= 5 i
= m { fz (51,82,[), ) 5 3 2 17527 ) ‘|}

@) 2 £(0)
= n lim (9lp (31,32,p,t)—pa—nOQ(sl,SQ,O,t) :

pP—00

= lim {ﬁfi(Q)(ShSva? t) (81782707t)
1%

p—00

Hence (A.8) implies

o) ‘ i(2) 52
)‘p fo (817327O7t):nhm{ 8p (31752apat) P an (8175270 t)

on p—00
ie.
ofn) . o Z‘(2) o2
g‘; (s1,52,0,t) = pll{glo { fp (s1,82,p,8) = p an (51, 52,0,1) (A.14)
Thus far we have derived the matching conditions
fo(O)(ShSQaOat) = ph—>rgo fi(O)(SDSQapa t)’ (AlO)
o £ ! i(l)
g;)’b (81782707t) = ph_glo gp (517827p7t)7 (All)
aQJ?O(O) ' ani@)
on2 (Sl,SQ,O,t) = plggo 9,2 (Sl,SQ,p, t), (A12)
) o i(O)
fD(s1,52,0,1) = Jim, {f( [(s1,52,p,1) = p afn (s1,82,0,) 0, (A13)
0"

on p—00

_ @fi@) (0)
(s1,82,0,t) = lim Tp(sl,s%p, t) — p—=2— o 7—(s1,52,0,1) p.  (A.14)
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However, in Chapter

4 the outer variables we use are not (si, S,m) but (z,y, 2).

We need to rewrite (A.10)-(A.14) in terms of (z,y, z). We have that

~

fo(sla S92, 07 t) =

Hence

fo(R, 1),

FORO 4 AR 4 ... 1)
FASORO L ARV 4+ ) 4 -

JOR, ) + ARV VDR, 1) + fO(RO, ) + .

o )

o0,
U

on

(R(O)+)\R(1)+---,t)

(1)
+/\6£0 (R(O)—i—)\R(l)—I—---,t)-i—---,
n

01
on

(RO, ¢)

(0) (1)
+ A {R“) : Viﬁ—"(R(O),t) + %(R(O),t)} S

n n

f(SO)(R(O)7 t) = fA(SO)(Slv 52, Oa t)a

= pll{glo fi(O)(Sla $2,p, 1), (A.15)

R VRO, 4) + (RO, 1)

= fo(1)<51782707t)7

(0)
= lim {fi(l)(817527/07t)_p . (31752,0775)}7 (A.16)

p—00 on

5
= gn (31752a07t)7
af

Zp (817527pat)7 (A17)

= lim

pP—00
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o f0) o Ff)
RrW . Vg—;(R(O)’t) + g—;(R(O)’t>
oFf
- g:L (81782707t>7

We note that if

7"
1

as p — 00, then

fo(R,1)
dfo
on
P fo
on?

(R, 1)

(R, 1)

etc.

(2) 52 £(0)

gp (s1,82,p,t) — pa—n‘;(sl, 82,0,75)} . (A.18)

~ a® +o(1),
~ pb(l) + a(l) + 0(1)’

a(o) +/\a(1) + cee

b 4+ AP 4.

26(2)+"',
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Appendix B
Behaviour at x = 1/1/2

We have seen how the behaviour of the Ginzburg-Landau equations depends on
k, and how the value Kk = 1/ V/2 is of particular interest. This value of k sepa-
rates so called Type I superconductors (x < 1/v/2) from Type II superconduc-
tors (k > 1/4/2). In Section 3.3.1 we found that the surface energy of a nor-
mal/superconducting interface was positive for Type I superconductors, negative
for Type II superconductors, and zero at £ = 1/4/2. In Section 5.2.1 we found that
in one dimension the superconducting solution branch bifurcating from h = h,, is
stable for Type II superconductors, unstable for Type I superconductors, and that
at k = 1/4/2 there is a singular bifurcation to a superconducting state.

In both of these situations we made use of the fact that solutions of the
Ginzburg-Landau equations are given by solutions of the following pair of first-

order ordinary differential equations:

V2§ = —fQ, (B.1)
\/iQI = 1_f27 <B2)

in one dimension and with the application of compatible boundary conditions, to
write the solution as a quadrature. To see why this reduction occurs we note that
in one dimension the free energy density

P

5 4 f?QZ

may be written as

(f’+fQ> (Q,+f2—1>2+(f2—1)2 (1_L>+[Q(1—f2)]"




__00¢

—00¢—00¢—00%

Figure B.1: Phase plane for equations (B.1), (B.2).

Hence, when x = 1/4/2, the equations exhibit ‘self-duality symmetry’ [8], in that
the free energy density can be written as a sum of squares of first-order operators
together with an exact differential. Thus solutions of the second-order equations
are given by solutions of the first-order equations obtained by setting the first two
terms equal to zero, namely equations (B.1), (B.2). The phase plane for equations
(B.1), (B.2) is shown in Fig. B.1 for f, @ > 0 (the complete phase plane is obtained
by reflection in the f and @) axes). The labels on the contours refer to the value of
C'in the solution given by (3.133). The normal/superconducting transition region
solution of Section 3.3 is the separatrix joining the point (1,0) to (0,00). The
solutions with C' < 1 passing through (0, 00) represent the solutions bifurcating
from the normal state demonstrated in Section 5.1.2.
Similar solutions may be found in two dimensions with the magnetic field per-

pendicular to the plane of interest. In this case, with Q = (Q1(x,y), Q2(x,y),0),
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H = (0,0,00Q3/0x — 0Q1/0y), [ = f(z,y), the free energy density

TR ==

2 )
may be written as

10f * o (10f P(0Q, 0Q, . fP-1)
(mﬁf@?) +<nay‘f¢91> *(am T oy s )

0Q, 001\
+<8—a:2_8—yl> +f2(Q%+Q§)+

L (1) {8[(1 - f)Qz] _dn- f)@l]}.

Again, when & = 1/4/2, this is a sum of squares of first-order operators plus a

divergence, and solutions are given by setting the first three terms equal to zero:

of B
\/ia—x‘i‘fQQ = 0, (B.3)
vigl o = o (B.4)
00, 00, Sl _ (B.5)

Ox oy V2

Hence w = log f? satisfies the inhomogeneous Liouville equation

Vw+1—e"=4n)_ §(z — ), (B.6)

i=1
in the sense of distributions, where the @x; are the points at which f vanishes,
and ¢ is the Dirac d-function. This again requires the application of compatible
boundary conditions.

We note that for a solution of (B.3)-(B.5) in an infinite region, when we impose

the boundary conditions that f — 1, Q@ — 0, as r — oo, the free energy is given

by

%/curl (1- f2Q]-2dS = %/curlQ'édS,
1
1 2N

since

/curl (f°Q) - zdS = /(curl)QH -z2dS =0,
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by Stokes’ theorem, and Q = A — Vx/k where A is nonsingular (note that Stokes’
theorem does not apply to [curl Q-2 dS since Q is singular where f is zero.)
Thus the free energy is quantised, and is proportional to the number of supercon-
ducting vortices in the solution, or equivalently the number of flux quanta. [58]
has shown that each finite energy solution of the Ginzburg-Landau equations in
two dimensions is a solution of the reduced equations (B.3)-(B.5), and using these
equations [57] has shown that the solutions containing N quanta of flux may be
parametrised by the points of the plane where f vanishes together with their vor-
tex numbers. Thus such a solution may be thought of as a superposition of N
vortices. Since when s # 1/+/2 vortices attract or repel each other [36], we do not
expect such multivortex solutions to exist for other values of x other than when
the number of vortices is infinite.

We note that the reduction relies on the fact that

‘Curl (Qla Q27 0) ’2: (le (Q27 _Qh 0))2 )

in two dimensions, since with P = (Q3, —Q1,0) we then have for the free energy

density

21V +p2pt+ L

V2

Since this is only possible in two dimensions there is no immediate generalisation

(VA + fP) + (aw Pl 1) ~ Vadiv (12— 1)P].

of the reduction to three dimensions.
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Appendix C

Operators in Curvilinear
Coordinates

We list here for ease of reference expressions for the laplacian, curl, divergence,
and gradient of functions in orthogonal curvilinear coordinates (zy,xs,x3) with
scaling factors hy, ho, hsz. Let e; be the unit vector in the x; direction and let

F:F161+F262+F3€3. Then
1 OF 1 OF 1 OF

poo ot Lol b, 1ol 1
v hl 81’1 €l + hg 81’262 + h3 81’3637 (C )
) 1 O(hohsFy)  O(hihsFy)  O(hihoF3)
div FF = C.2
o h1h2h3 [ 8x1 + 8.7?2 + 8373 ’ ( )
1 h1€1 h262 h363
0 2] o)
curl F = il hﬁ h% ha—g}% : (C.3)
141 21472 3473
Vi _ 1 0 [ hohs OF; . 0 [ hihs OF, . 0 [ hihs OF;
h1h2h3 3:151 hl 8:101 8.252 h2 81'2 8.1'3 hg 3:153 .
(C.4)

We also calculate an expression for v - V in our local coordinate system. We

have
e [(v-V)F]=(v-F)(F-e)—F-[(v-V)e].
Now
e = E_1/2R1, €y = G_1/2R2, €3 = MN.

Hence

aei

=0 =1,2,3
ap b /l/ b )



We have

Hence
de; 0. de; . _% .
aSk 8sk 6sk
We also have
861 1 oF 1
= = L 2R
881 2E3/2 881 + o
— = — R5.
D52 2E D5y 12
Hence
881 - L /25
n- 8—51 = Bz —E" 7Ry,
861 M 0
n-— = —— =
882 E1/2 ’
86’1 862 1 1 oG
—=—-e-— = —Ry Ro=——7—7"——.
2 b5, ' Bs, (EG)212 T = 9(ECI2 9s,
Similarly
862 N 1/2~
"o G- C PR,
n 662 i M —0
881 N G1/2 ’
661 862 1 1 8E
—=—e— = — Ry  Ri=————.
2 9s, ' os (EG)2-2 T = T (EG)I2 9s,
Hence
861 1 oFE
- - . E1/2~
B, 2(EG)2 95, i,
861 . 1 8_Ge
s 2(EG)'20s, >
862 1 8E
= —e
881 2(EG>1/2 832 b
862 1 8G
=2 - e _GYV2%kon.
882 2<EG)1/2 882 €l Fatt
We found in Chapter 4 that
on L /2~ on N /2~
8751 _—mele/ Ki1€1, 8752 :_WEQZG/ Ro€9.

255



Hence
vy O vy O v, O
Jw-V)F] = (L1242 4 22 )
€l [('U V) ] <h1831+h2832+h38n> !
B ((w0E %0G)  FunEk
2(EG)1/2 hl 882 hg 881 hl

e [(v-V)F] = (”1 0 4 b2 0 4 Un a)FQ

., (C.5)

hys1 | hydsy | hydn
F1 U1 8E Vo 8G F301G1/2/~€2
- |- = | 4+ ==
hl 882

2<EG)1/2 hg 881 hl ’ (CG)

(%1 0 +1)2 0 +Un 8>F3

" [('U V) ] (hl 851 h2 852 h3 on
v (%)

— P~ EY?Rk) — F,2GY?k,. (C.7)
h ho
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