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We use the ideas of matched asymptotic expansions to construct a ‘solution’ of the Lorenz equations in the limit
r~ o-:», Unlike the case r-, ¢ ~ 1 which exhibits limit cycle behaviour, the solutions in the present case can be
‘chaotic’; nevertheless, their stiucture can be analysed. Our vim is to obtain an arelytic approximation. of the ‘Lorenz
map’ which plots successive maxima of the variable Z. Particul. -ly, we are able to expluin the peculiar cusp of this map,

and indeed to predict the existence of many such cusps.
of use in elucidating the nature of other systems which

1. Introduction

The problem of the trs isition to turbulence
of shear flows at high keynolds number has
perplexed many workers since the original
paper of Reynolds [1], although our under-
standing of this phenomenon does slowly in-
crease. Recent work by Orszag and Patera [2],
for example, gives a clue as to how the fluid
dynamics of Poiseuille flow may operate at
transition. Subsequent discovery of other fluid
flows (Bénard convection, Taylor-Couette flow)
which can appear, in some loosely defined
sense, turbulent, has made the problem of fluid
turbulence one of the most interesting and
difficult of modern research.

Part of the difficulty lies in the virtual absence
of (even approximate) constructive, analytical
techniques for ‘solving’ the Navier-Stokes
equations in such situations, and as a result,
much imcrest has recently been shown in
various kinds o: dynamical systems, which can

It is our hupe that the methods and ideas presentedhere may be
exhibit chaotic behaviour.

also exhibit benaviour which is, in some sense,
turbulent (chaotic, aperiodic).

Much of the driving force behind this whole
approach to ‘turbulence’ is the paper by Lorenz
{3i, who, motivated by the possible indeter-
minacy of the state of the atmosphere, was led
to the consideration of a set of three ordinary
differential equations; these equations, derived
by a three term Fourier series truncation of a
model of thermal convection, have solutions
which in certain circumstances are aperiodic.
This observation of ‘chaotic’ (apparently ran-
dom) global hehaviour of the solutions suggests
that the comparatively simple i.orenz model
(three differential equations with only two
quadratic nonhaearities) may be ¢ usefui analo-
gue with which to study the more complicated
equations governing fluid flow. In. particular, the
Lorenz model exhibits ‘int..miitency’ (Man-
neville and Pomeau [4]), which was also obser-
ved by Reynolds in his experiments (a more
recent discussion is that of Wygnanski and
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Champagne [S]). and 1s an important feature of
the process of transition.

There has been a great deal of study of
Lorenz’s system, much of it numerical: see, for
example. Morioka and Shimizu [6]). Analytically.
McLa.ghlin and Martin [7] showed that the
bifurcation of the non-trivial steady states
whick occurs as the “‘Rayleigh number™ r in-
creases through a critical value r. is a sub-
critical Hopf bifurcation: this means that the
bifurcating periodic solutions exist for r < r. and
are unstable (which is why they are not obser-
ved). but offers no clue as to the actual evolu-
tiun of the solution.

The same difficulty cccurs in plane Poiseuille
flow. At Reynolds numbers close to the critical
value Re = 5772, the amplitude of a spatially-
independent modulation of the least stable
travelling wave solution of the corresponding
linearised problem satisfies

—=k]14+k_-].41»14. (l.l)

where A is the (suitably scaled) amplitude. The
Jderivation of (1.1) by Stuart [8] uses the method
of multiple scales: it can be extended to cover
spatially-dependent disturbances (Stewartson
and Stuart [9]). In (1.1), k, i proportional to
(and of the same order as) Re—Re. (1.1) is
asymptotically valid for |A| ~ |[Re — Re.|'"? in the
formal limit Re—Re.—»0, Re . ~! (i.e. fixed).
Thus if Re k, >0 (as is the case for plane chan-
nei flow). sma'l amplitude solutions to (1.1) in
which |A]~|Re—-Re[|'" exist if Rek,<0, i.e.
Re<:Re_, bui these are unstable. If Re > Re,
(Re k;>0), (1.1) predicts a ‘burst’, in which |A|
becomes large in finite time: at this point the
asymptotic theory breaks down, aad bifurcation
theory is inadequate.

McLaughlin and Martin showed that, when
(1.1) applies to bifurcations of the non-trivial
steady states of the Lorenz equations, then also
Re k. >0, .u that the bifurcation is sub-critical
(pertodic solutions exist and are unstable foi

r <r.). and perturbation theory cannot trace the
solutions beyond |A] ~{r — rJ"*. Now since |A|,
(Re k,) are small. and we can write (1.1) 1s

1d|AF

3ol = kAl + karlAlY, (1.2

where R denotes the real part, it is possible (to
the same order of approximation) to replace the
derivative of the slowly varying amplitude by a
discrete Euler approximation. Specifically, since
A is the (complex) amplitude of an oscillatory
perturbation of the exponential form exp[iQt]
we may take the time interval as 27/Q. With
A, = AQQmn/Q), (1.2) is approximately

39“ A - lAnP] = km|An|2 + karl Anl’,
T
ie.

'An‘l

2= [1 +4_";_;“_R]|A"|2+41;;(3R|A,,|“, (1.3)

which is of the form of a difference equation,
valid locally for |A,| near zero.

More generally, one can consider bifurcation
theory (multiple scales) as describing a local
approximation to a difference equation which
describes the relation between successive max-
ima (for example) of at least one of the vari-
ables. (It is clear that we can choose the time
origin for A, to be such that the corresponding
maxima in the perturbation occur at t = 27n/Q).
Denoting successive maxima by M,, this means
that locally near equilibria there is a one-one

.

map My, = f(M,) described asymptoticaliy by
the above procedure. In fact, if M* = f(M™) is
an equilibrium state of the equatiors, then for

M, — M*| <1, we have

M, = f(M*) + (M, — M*)f'(M*)
+ (M, ~ M*Vf"(M*),
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whence

(Mo = M*) = f(M*)(M, — M*)
+ 3" (M*NM, ~ M*)% (1.4)

This is the equivalent of (1.3); bifurcation
occurs as f'(M*) (assumed positive) increases
through 1, and is supercritical if f"(M*)<0
(convex, fig. 1a), and subcritical if f"(M*)>0
(concave, fig. 1b).

Thus, locally, difference equations give one
means of visual’ -ing bifurcations. However, one
cannot expeci ¢ be able to extend such
difference equaw.ons beyond the asymptotic
region of validity (|M, — M*| <1), except per-
haps in special circumstances. For example,
consider the solution of a set of three ordinary
differential equations for the variadles X, Y, Z,
in which we plot successive maxima of one of
the variables, say Z. Equating dZ/dt =0,
d?Z/dt* <0 gives a surface in three-space, each
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Fig. 1. Bifurcation of a non-trivial fixed point (correspond-
ing to a periodic solution) from the origin as the slope there
of the difference equation M,— M, increases through one.
(a) Supercritical bifurcation, to stable fixed point. (b) Sub-
critical bifurcation; unstable limit cycle collapses and dis-
appears as dM,../dM, increases through one.

point of which gives a possible maximum of Z,
say M,. If we take any particular value of M,,
ther the interscction of the surface with Z = M,
gives a line of points (X(a), Y(a)) for all of
which M, is a maximum (a is a parameter).
Integration of the equations uatil the next in-
tersection of the orbit with the surface of max-
ima gives the next maximum of Z, say M,,,.
However, it is clear that M,., is a function of
both M, and «, and it is gererally most unlikely
that the « dependence is negligible. If the sys-
tem is dissipative (as that of Lorenz is) so that
any attracting invariant set has dimension less
than 3 (at worst, two and a fraction, i.e. a
surface crossed with a Cantor set), then on the
attractor M, ., will in general be a function of
M, and a, where now « takes values not in a
continuous interval, but in a Cantor set (which
will depend on M,). Thus the sequznce of max-
ima (M,, M,.,) plotted in Cartcsian space will
look like fpart of) a one-dimensional map with
multiple images —to each M, will correspond a
Tantor set of values M,,,.

Despite this, Lorernz found that successive
maxima of his variable Z did indeed appear to
lie on a curve, and that this curve (for the
parametric values he used) had a prominent
cusp. As a result, the modulus of the slope was
everywher< greater than one, and consequently
no fixed point or periodic orbit of the difference
equation (and hence also the differential system)
was stable. It is as a result of this behaviour that
the system behaves chaotically. Successive
maxima of Z fluctuate erratically in time, and X
and Y oscillate randomly on either side of the
time axis. Chaos in difference equations has
been extensively studied (for cxample Li and
Yorke [i0i, May (11]), and is relatively well
understood. Our point of view is therefore that
the equations are essentially ‘solved’ once a
prescription for such a diff~rence equation can
be given, and this is therefore the task we set
ourselves. In some sense, a global difference
equation of the type described above is an
extension to large amplitudes of the local mul-
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tiple scale analysis. but we shall see that the
method of appreach is different.

Our methods will be constructive, hence ap-
proximate. but it is first worth enguiring how
one ¢an approximate a ‘function” which is not
quite that. and why, even so. numerical solu-
tions give a sequence of points which ‘very
nearly’ li= on a curve. As we have mentioned
above. the solutions of the Lorenz equation
approach in (X, Y. Z) space what we shall call
the ‘Lorenz attractor’. i is the product of a
two-dimensional surface with a Cantor set. It is
the contraction of ‘clouds’ of trajectories
through different initial starting value to such an
attracting surface which makes M,., virtually
independent of a. To be more explicit. we can
evaluate the ‘divergence’ of the flow. For the
Lorenz mode} given in section 2, we find

axX  aY oz
51;+—a?+'(§—'(0+b+1)~ (1.5)

where ¢ and b are parameters, and a dot in-
dicates differentiation with respect to time T.
This indicates that volume: of initial points
wecrease exponentially like exp{—(c+b + DT]:
particulavly, we expect a lin2 of values (X ().
Y(a). M, for which Z is maximal to have
shrunk by a factor exp{-C{(oc+ b+ DT} at
time T later. If the T-interval between maxima
is C(1. then M,., will not numerically depend
on « provided exp[—C{(c+ b+ 1D} is small.
Exomination of Lorenz's solutions suggest that
successive maxima are a time T =0.7 apart.
Further. he takes o =10, b=8/3, so
expl-C{(c + b + D} = 10 * is indeed small. This
suggests why the difference equation of M,,,, as
a function of M, appears well defined.
However, we c¢an go further. It seems
reasonable that if the contraction rate were not
small. then we should not see an apparently
well-dzfined function, but rather more of the
structure of the attractor (as for example in
numerical studies of the Hénon map (Hénon
and Pomeau (12]). (This apparently occurs in

the Lorenz model at higher values of the
parameter r (Lorenz, private communication).)
It thus seems self-consistent that we only seek a
difference equation for M, in the exac: context
in which e.pl—(o +b +1)] is small: thic would
seem to be when either o or b is large.
However, large b is physically less meaningful,
and we therefore choose o examine a limit in
which ¢ is large. As we shall show, it is then of
most interest to choose r large, and of order o,
since in this way, we are ‘close’ to the
parameter regime in which the Hopf bifarcation,
the strange invariant set, and strange attractor
‘appear’. (We give the details in section 3.) With
this assumption, observe that exp[—(o +b + 1)]
is a transcendentally small term in 1/0, and thus
asymptotic expansions in powers of 1/ will not
be able to differentiate between different
‘leaves’ of the attractor: it blurs them all
together. This less of information is in fact
exactly what we want in order to dctermine a
functional form of difference equation. Our
statement will thus be that the asymptotic
expansions we carry out will in principle
determine the ‘gross’ structure of the attractor
(that is, its general shape) without giving the
small-scale topological structure. Clearly, from
a physical point of view, the global structure is
of primary interest.

We have another reason for considering th's
asymptotic limit. In the common fluid mechani-
cal situations wherein turbulent flows occur,
transition often (perhaps normally) occurs at
high values of the relevant dimensionless
parameer (Reynolds number, Rayleigh number,
Taylor number, etc.). Pipe flow has a lowest
transition Reynolds number of =2300, Bénard
convection is initiated at a value (for free
boundaries) of Ra=657 (and is turbulent at
higher values), and so on. This suggests strongly
that the solutions may have a boundary layer
structure, which for finite amplitude rmotions
should not be ignored. As suggested by Rosen-
blat and Davis [13], it is most probable that this
may be a usefu! approach in treating transition
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in shear flows, and this is strongly supported by
numerical experiments (Orszag and Patera [2]),
and also laboratory experiments (well sum-
marized by Schlicnting [14]) which show that
‘the transition Reynolds number for pipe flow
depends on the ‘turbulence level’ of the inlet
disturbances. Thus it seems likely that the con-
structive approach to turbulent transition may
well follow the same direction as that presented
here, namely an explicit asymptotic construc-
tion of the solutions in the limit that the ‘bifur-
cation’ parameter tends to infinity. It is for all
these reasons that we seek to analyse the
Lorenz attractor at high values of the Prandt
number o.

2. The Lorenz model

The Lorenz equations are

X =-0(X-Y),
Y=(r-2)X-Y, Q.1)
Z=XY -bZ,

where a dot denotes differentiation with respect
to time T. They were originally considered by
Lorenz [3] as a crude (Fourier truncation) model
of thermal convection in a rectangular box: their
relevance to the original physical pioblem can-
not be extended very far, rr.ner it is the
mathematical properties of (2.1) which are of
major concern. In the original model, o, r and b
are positive ccnstants which are respecu ely
the Prandt! number of the fluid, a normalised
Rayleigh number, and a measure of the aspect
ratio of the box.

Lorenz analysed (2.1), and found that for
r<1, (0, 0, 9) is a unique stable steady siate.
For r>1, two non-trivial steady states
(=Vb(r-1), £Vb(r-1), r—1) bifurcate from
the origin (which becomes unstable), and these
new solutions are stable until

_a(oc+b+3)

r=r="—pb-1 22)

(if o>b+1), when they too become (oscil-
latorily) unstable. McLaughlin and Martin (7]
and Roshchin [16] showed that a subcritical Hopf
bifurcation cccurs at r=r., and so no stable
small amplitude limit cycles are observed. At
o =10, b =8/3, r =28, Lorenz found numerical
evidence of aperiodic motion. In phase space,
the orbits tend towards a surface called a
strange attractor, on which sucii motions can
occur. Later investigations (e.g. Yorke and
Yorke [20]) showed that attracting aperiodic
motion begins (whon =10, b =8/3) at r=
24.06, whereas the Hrpf bifurcation does not
occur until r =~ 24.74,

Subsequent numerical studies (Shimizu and
Morioka [15], Manneville and Pomeau {17},
Morioka and Shimizu [6]) indicate that for fixed
o and b, this aperiodic behaviour alternctively
undergoes successive transitions to periodic
behaviour. more aperiodic behaviour, and so on,
as r increases. Eventually, for sufficiently high
r, the system remains in a periodic state. This
limit cycle which emerges at high r is due to the
system behaving as a weakly nonlinear oscil-
lator, and its form was successfully analysed by
Robbins [18] and Shimizu [19] using pertur-
bation methauds.

Perhaps the most important and far reaching
insight of Lorenz into the behaviour of the
aperiodic solutions was his plotting of suc-
cessive maxima of one of the variables, Z: thus
if M, is the nth maximun: of Z in any computer
output of the solution, Lorenz plotted suc-
cessive pairs (M,, M,.,) and found that, instead
of a random scatter, M,,, appeared to behave as
a function of M, The reasons for this have
already been mentioned in section 1. Im-
portantly, if the difference equation der:ved
numerically is used as a predictor of the future
state ~f the sysiem, Lorenz showed that the
solution would behave erratically and
aperiodically, since the suciussive maxima of Z
would wander ‘randomly’ along the (M,, M,.))
curve. The (M,, M,,,) curve (or Lorenz map)
ot 1ined by Lorenz has the form shown sche-
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matically in fig. 2. It is possible to identify the
cusp as the source of the aperiodicity, since it is
this which causes the slope to be non-monotone.
A natural question is thus to ask, why does this
difference equation have such a cusp? Already,
Lorenz [3] knew that maxima near the cusp
were obtained after extiemely close approaches
to the origin. Yorke aad Yorke [20] used a
knowledge of the lineansed behaviour near the
origin to give an approximate form of the
difference equation near the cusp (which agrees
with our results below): their analysis also
agreed reasonably well with numerical results.
Our aim in this paper is to give an answer to
this question by constructing an approximate
Lorenz map explicitly, and show that it has the
desired cusp-like feature. In so doing, we eluci-
date the nature of the solutions, and show what
facets of their behaviour are responsible for the
cusp. and hence the ‘turbulent’ behaviour. We
hope that in this way we may shed light on the
Lorenz model, and also by extension on other
systems in which chaotic fluctuations occur.
The rest of the paper is laid out in such a
manner as to reflect the chronological progress
of the work, which may facilitate an under-
standing of the material. In section 3 we re-scale
the equations, and discuss the qualitative form

™M
n
Fig. 2. Schematic form of difference equation M. = f(M,)

obtained by Lorenz. The dashed line here (as elsewhere) is
M...= M.

of the soiutions on this basis. The detailed
asymptotic analysis leading to a difference
equation is carried out in section 4. The struc-
ture of this difference equation is studied in
section 5. A comparison of the predictions from
this theoretical difference equation with actual
numerical results follows in section 6. A dis-
cussion of the work follows in section 7.

3. Scaling of the equations and nature of the
solutions

The two topics of this section may be treated
in any order. Though less logical, it is perhaps
clearer if we scale the equations first, before
describing the nature of the solutions. To do so,
we recall that the Lorenz equations are

X =—-gX +aoY,
Y=(r-2)X-Y, 3.1)
Z=XY -bZ,

where a dot signifies differentiation with respect
to the dimensionless time, T. The non-trivial
steady states

X=Y=2Vb(r-1), Z=r-1, 3.2
become unstable at r = r., where

~o(gt+b+3) ,
ey e B 13.3)

In seeking to examine the nature of the bifur-
cating behaviour at large o, we observe that
r.~ o, and hence it is natural to let r ~ o; thus we
define

r=po, p~0(l)asag->m, (349
Itis clear when r and o are both large, that X and

Y undergo repid change in times T of 10(i/¢). To
isolate this time scale, we define the new time
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variable t by
t=oT. 3.9

Finally, to choose X, Y and Z scales we
observe that it l
(3.1);; then the X and
same) so that (3.1); has an O(1) forcing term
when t ~ 1: this leads to

X=Vroex, Y=Vrey, Z=rz (3.6)

Substituting (3.4), (3.5) and (3.6) into (3.1) leads
to the scaled equations

4y _ oxct 3
gt = px(1=2) =y, 3.7
g—7'-=ch—82,

-y

where the parameters y and 8 are defined by

O
i
ale

(3.8)

<
]
Q|

In considering r~o»1, b~1 in (3.1), we
equivalently have

p~1, y~8-0. (3.9)

The analysis to follow requires only that § €1,
and we may allow vy~ 1, although for con-
venience we shall usually assume y~ 8. The
relevance of this is that § can be made small
either by letting o = «, or equivalently b hold-
ing o ~ 1, and letting b -0 (also with r ~ 1): in
Lorenz’ original scheme, this corresponds to
taking a convection cell of small aspect ratio.
We later show that the analysis in both these
cases (b -0 or o - x) is consistent ‘vith the idea
that the volume contraction of ¢.ouds of tra-
jectories between successive me«ima of Z is

tural tow’chopse*Z‘&,r( in
scales are chosen (the (
and’ e 'tune behavnonr of X,y and z resembles

large, that is (recalhng section 1), if T*is a
typmd ume ‘between maxima of Z, then the
contract:on ratio exp[—(c+b +1)T*] is tran-
scendantally small if §<€1 and y=<1. For

that descnbed below “This sugmﬁes that the
smallness of s gets exponenually ‘amplified’ by
the equations, so that the form of the ap-
proximate solutions is valid for values of &
which are not numerically infinitesimal.

Let us now consider the system (3.7). Sup-
pose that x and y are quite small at some point
(e.g. O(8)); then (3.7); implies z = constant on
times ¢ ~1. In this case (3.7), and (3.7), con-
stitute a linear system for x and y:

()=t 9G) 010

(3.10 has solutions preportional to exp(At),
where

=3[-(1+y) £ {1+ y)+ 4lp(1 - 2) - YI'");
3.11)

roughly speaking, then, x and y cither grow
exponentially or decay exporentially (cr oscil-
lat rily) depending on whether z<1—-1y/p or
wa.ther z>1—4/p. (Since vy/p=1/r. we may
a sume 1—y/p > 0 since r > 1 for the non-trivial
s.2ady states to exist.) Now if z > 1— y/p, then x
and y (which were small anyway) decay
exponentially fast in t. Thus xy becomes very
small, and so (3.7), implies that z = —8z. Thus x,
y continue to approach zero while z decays
exponentially like exp(—8t). Eventually, z<
1~ v/p, and x and y begin to grow: but they are
expi—0(1)/8], hence they remain small during a
further time t~ 0(1/8), during which :
decreases further. Finally, x and y (growing
exponentially) become very quickly (in t~1)
©(1), and suddenly x, y, z all change in ¢ ~ €(1).
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S“Pposmg xy >0 (as. follows fmm 3D theng
zis rapldly mcreased 10 & al\re >1- y!p, and
thus x and y- rapldly decrease agam, and the -

cycle is repeated Thns sequence of events. is

reSponds

of two distinct parts, a fast pulse-llke phase and
a slow relaxing phase, during which the con-
trolling variable z slowly ages. This suggests
that singular perturbation theory may be a use-
ful tool, as in the analogous behaviour of relax-
ation oscillations (e.g. Cole [21]). The only point
here is that we do not constrain the solutions to
be periodic (since generally they need not be),

4. A difference equation for the Lorenz system
4.1. Fast pulse

Henceforth, we suppose y ~ 8, let us say

y=98, ¥=1/b=0().

The above descnptlon gwes the clue as to
how to analyse the solution: the ‘motion consists

‘whereas in Cole’s treatment of the relaxing Van
- der Pol oscillator this wes assumed (from the
. theory). Cole’s treatment could equally well be

apphed to give a difference equation relating

"nges only the penodlc solunon, and not the
approach to it.

We note, if the atove description is correct,
that the time between pulses may “e written
t = /8, ™ ~ 0(1), and hence the contraction

ratio between pulses is exp[—-(c+b+
1)7r*/08] = exp[—(o + b + 1)7*/b]. With b=,
o =1, this ratio is small precisely when 8§ <1,
and is in fact exp[—0(1)/8], as stated. We find
T*~ 1, as assumed, in section 4.

4.1)

This assumption corresponds to considering r ~ o = ®, b ~ 0(1). The equations to be studied are thus

X==x+Yy,
y = px(1— z) — &Yy,

z=xy— bz

4.2)

We first seek approximate solutions in the fast pulse, where x, y, t ~ 1 (the time origin will be specifiedina

moment). We sulstitute expressions x ~ X, + 8x, +

Xo=—Xo+ Yo,
Yo = p(1 — Zg)x,
2o = XoYos
Xy==X;+ Yy,

= p(1 — Z)X, — pZiXo = VYo

21 = X1 Yo+ Xo¥1— 205

., etc., in (4.2) to obtain

(4.3)

@8
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and so on. The ‘initial conditions’ for x, y, z are that they should match into the preceding slow phase,
where (by assumption) x, v ~ TST (transcendentally small terms); and hence (4.2), implies z ~ m,e™*
with transcendentally small error. We will suppose m, is independent of & (this is not a serious
restricticn). Then the appropriate matching conditions for x, y, z are

xqg—=0, y—=20, z;->m, ast->-wx,
4.5
=0, »w=0, z;+zt—-»0 ast->-—ox, @.5)
and so on. The aim of the analysis is to relate any given m, to the appropriate value (m,.,) for the
beginning of the next fast pulse.

Solutions of (4.3) are

X=&/Vp,
vo=—~(k{Vp) sin ¢. 4.6)
o= 1+(k/p) cos ¢.
where
k=p(1-m,), 4.7

and ¢ satisfies
é+d+ksing =0. (4.8)

The matching conditions require ¢ - 7 as t - —, and we are at liberty to specify the time origin to be
such that

7 — & ~zexpl{-1+(1+4k)'}t], t——oo; 4.9)

plus and minus signs correspond to x being negative and positive within the pulse: we select the plus
sign without loss of generality (since the equations are unchanged if x and y change sign). Note tnat
the easy first integral y5+ p{1 — z)* = k’/p does not exist when v ~ 1, and it is not immediately obvious
how to relate the minimum of z(=m,) to the subsequent maximum.

We cannot solve (4.8) in closed form, but we only really need the asymptotic form of ¢ for large t.
Clearly & =0 as t >, and in fact we may write

& ~ % sinfw(t — 8)] e " + O(e M) (4.10)
as t »x, where
! N
k=14 4.11)
(410)

is valid for both w” < and > 0. In general, a and 6 are reai w-dependeni coefficients. As w’-0,
¢ clearly behaves as aq(t — 8,) e for large t (but not so large that the term 0(w?) in (4.8) is important:
that is, 1 <t < 1/|w|); here ao(>0) and 6, are constants: on the other hand, (4.10) tells us that, for
I<r<1/iw|, ¢ =a(t—0) e evidently, a(w) = a,+ o(1), 8(w) = 8, + o(1) as w =0, so that we expect
a and @ to be uniformly ©(1) functions of w: in particular, numerical integration shows that

ay=~5.404..., 6,=329... 4.12)
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Therefore, as t = »,

Xo~— [% sin{w(t — 0)} — ® cos{w(t — 0)}] e™*?

%—;‘,ﬂ)ﬁ e’ expl(-z+ iw)t]+(%), . 4.13)

where (*) denotes the complex conjugate function. The error in (4.13) is O(exp(—3t/2)). As t >, we
also find

2 : A
Zo~2—m, - 1-m,) [':‘;z sin{w(t - 0)} e~ + O(e"‘)]. 4.i4)
It is useful to seek the second-order solutions also. From (4.3) and (4.4), we derive
d "
at [yor — pzi(1— 2p), = — ¥y5 + pzo(1 = 20); (4.15)

with the boundary conditions (4.5), this implies

t

Yoy1 — pzi(1 = 20) = pmi (1 — m,,)t + f [ Fy5 + p{zo(1 = 20) — m, (1 — m, ) dt. (4.16)

As t -, we deduce, after a little algebra,

2, ~ Ty, My, p) - (2= m,)t + exp[—-O(1)], 4.17)
where
® 0
D@, my, p) = (1 - (1 - my) j sin ¢ dt +2[ J' sin(¢/2) dt — f cosi(b/2) dt J 4.19)
0 —a0

Examination of (4.14) and (4.17) shows that thc expansions for x, y, z become invalid when ¢t ~ 1/8.
Examination of (4.13) suggests a distinguished limit t ~ 1/w when o is small (we shall find @ ~ 8" is
an appropriate choice in this case); in any case, z has a maximum as ¢ ->« in the fast phase, located
approxim ~tely at t =In(1/8). With exp[— 0(t)] ~ 0(5), we may solve (d/dt)(z, + 8z, + 0(89)) = ¢ to find
that z is & maximum at ¢t = t*, where t* is def wed implicitly by

t*=In [;}2'__"";)‘)';] +In [Si“z{‘”g: ~0)_sin20 (7 9)}] +0(5). .19)

At this value, z has a maximum which we denote by M,,

e [, _wsin2o0@* -0} R
sinf{w(t* — o)} b | } J*‘Ulﬁ) (4.20)

The presence of terms in(1/8) in t* may mean *.iat exp(— t*) ~ 9(8 In(1/8)) (if || <€ 1) so that terms of
0(5?) in (4.20) are understood t. include terms such as 6(5%In(1/8)). We also defi..¢, for matching
purposes, an ‘asymptotic’ maximum

M,=2-m, + 85D+ 0(8). 4.21)

M, =2-m,+8 D-(2~




160 A.C. Fowler and M.J. McGuinness/ The Loren: attractor at high Prandtl number

For large t (> In(1/8)), we may write (4.14) and (4.17) in the form
:~M,e ™ +0(5). 4.22)

as t = x,
4.2. Slow recovery

As t = x, x and vy become exponentially small, but crucially non-zero. To all orders of 8, z then
satisfies

2= —-82+TST. 4.23)
so that
:=M,e™ 4.249)

and M, is given by (4.21). The exact equation for x, with z given by (4.24), to all ordurs of & (but
neglecting TST). is then

£+ (1+ 875+ [p(My e ~ 1)+ 831x =0, (4.23)
whnere
r =8t (4.26)

but still, X =dx/dt. This equation is solvable in an asymptotic manner (Kevorkian and Cole [271),
though some subtlety is involved (Cheng and Wu [23]). However, an exact solution for (4.25) is

available. and we use this in preference to an immediate asymptotic solution, as we thereby save some
work. The solution te (4.25) is

x=[B.Y.(A e ™)+ B_J.(x e ™]exp{—i(1 + 6y)t}, 4.27)

where Y, and J, are Bessel functions,
2 SR 2 ! S22
A=5VeML. v =:lp+i(1- 891" (4.28)

B. must be determined (v/ith relative error €(8)) by matching (4.27) to (4.13). Asymptotic behaviours
of (hese Bessel functions when A ~v> 1 (as here) are given by Abramowitz and Stegun [24);
essentially both functions decay oscillatorily if A*e™™ > v¥(z = 1 + 1/4p), while one grows (Y,) and the
other decays (J,) exponentially if A’e ™™ <z = 1+ 1/4p): for A2e™" =~ 12, there is an Airy-function-
like transition between the two behaviours, with a time scale t ~ 1/8'": it is this which makes w ~ §'°
an interesting limit in (4.12). Note that at the beginning of the slow pulse, z &1+ 1/4p depending on

i=M,=2-m,=l+klp=1+1d4p- 0’pS1+ 1/4p, i.e. @*ED. This ties in with the behaviour as
t » = of the fast phase, as we should expect.

4.3. Matching thc fast and slow phases

It will be evident that there are really three different cases, depending on whether w?<0, »?=~0, ?
@”>0, since {4.27) has different asymptotic behaviours at = =~ 0 for each case. We consider the first 23

";'i'«]
2

i
by

two separately (the extension to the third is straightforward).
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(a) »*<0 |
Here M <1+ 1/4p, and we may define ar7; 8) by
Ate" = pPsech’a, «>0, 4.29)
- My =145 (-89 sect?atr; 5) . - 430)

with this definition, the asymptotic form of (4.27) for fixed a(~ 6(1)) as §-0is
X~ [_ B. exp{v(a - tanh "‘Zf{l +O(8)}+ B_exp{—v{a —tanh a)} {1+ 0(8“1

1 -
~3(1+ 8y)t].
Viny tanh a V27 tanh a "J expl—3( il
‘ 4.31)
To match to x, only, we can ignore terms of relative 0(5) in (4.31). We define
' o 1 2
M= (1 + 4p) sech? aq, 4.32)
and then, with
iw =@ =V—-0>=31+4p}'" tanh o+ O(5), (4.33)
we find that as =8t =0, (4.31) is
x~ - (—Q—)ms ex [1(1 +4p) oo tanh &) + (=} + 3)t — TGS + 06) |
o) CrXPG p)- e VT (1T +4p)™
1(8\" _1 g, _ i o
+§(m3) B- exp[ 5 (1+4p) (a0~ tanh ag) + (=3~ @)t + 77 vm _+0(5)], (4.39)
whereas (4.13) implies (to 0(8))
(231 6)a a i+ o)t +(—-———-————%_“-’)ae""°ex ) 4.35)
205 e " expl(— 3+ @)t} 25y pl(—3:— @)t]. (
Matching is therefore determined by prescribing
5 \'"? 1 n, Yo ] G—@)a __ze
— q=(1+4 o — tanh -— = = e s
(7s) B exi 5 1+ 49" (a0~ tanh o) U+l 2aVp © “36
176\" -1 1, Jag  |_G+d)a s ’
() B_exp|-=(1+4 — tanh ao) + = 2 e,
2 (ma) B exp| = (1 +4p) a0~ tanh ay) a +4p)"=J 25Vp
b) wi<l

If M- (1+ 1/4p)| <1, then J,, Y, behave initially like Airy functions on a slow time ¢t ~ 1/8". To
isolate this behaviour near 7 = 0, we define (for 7 € 1)

Ae =y m & 4.37)

Putting also
= 8”3{, ({= 8"3‘), (4‘38)
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and

o =867, (4.39)
we find

. _ [ 2¢ 1- 5"3(° +2pD) 0

C= 00+ 40 [y 3 T g 2+ 06™)], (4.40)
and that

, 28 \" : .
x~exp(=1) - (754ym) (- B.Bi-0+B_ Ai-0) (4.41)

when £ ~ 1, § > 0: relative errors of 0(5%") have been subsumed into (4.40).

The solution (4.40) represents an intermediate limit, which in an appropriate asymptotic analysis
would joir the fast phase ¢ ~ 1 to the later part of the slow phase t ~ 1/8. To match (4.41) to the t >
limit of the fast phase (4.13). we must theefore consider a matching region in which 1 <t <1/5'", i.e.
t>1,1<1. From (4.13), 't then follows that

x~§;[n+‘o~ls4ow”%)]'“. 4.42)

To match, we consider an intermediate limit, for example f=35"t/4, t =t,/n, and equate terms
(multiplying exp(—1?)) of relative orders 1 and §"*. If we define

l/‘
&= {"?44—;:} [“ 3 D)] (4.43)
the 1 B. are given to relative 0(5”") by
(1+4p)"(1+:0)a
~Bil—7" A-{Y\(B.y_ | 278" Vp
(CBicen aicen)(s) a 1 (4.44)

- 23520 \/5(1 +4p)”°

and since a = a(w), 8 = 6(«). we require a and 6 in (4.44) correct to 0(8'"), i.e. O(w). The Wronskian
of Aiand Biis = ', so

13

(B.)_ ma (Al( %) - Ai(- g*)) 7 (1+4p)"(1 +36)

B/ Vps" \Bi(-¢*) ~ Bi(—{*) N 1
271+ 4p)™
particularly,
) \/Esmzf«?n 3 apyie LA I+ 27811+ 40)"(1 +16) AT(- )], (4.45)
with relative error 0(8°"); equivalently
- ma . v b3
T VpsT R (14 gy T EH OGN “io
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where o
= ¢*-2"88"(1 + 4p)"*(1 + 10). @47
Evidently, we require a to.6(5'), but ¢ only to 6(1). In terms of M;, we have
1 O T PO |
Mi=1+—+=+8D=1+-—+224+5§D,
" 49 p 49 o 4B
whence (4.43) and (4.47) give

01 + 40)2 .. ,
Mi=1 +3‘5+§—%ws-ﬂ)- 7 +%[(1 +4p)(1+10) = 7. (4.48)

(c) w>0
This case is easily studied in a similar manner, but we omit the relevant analysis here.

4.4. Matching to the next pulse

As 7 incveases through the slow phase, « defined by (4.29) increases, and thus so also does
a —tanh a; hence J, in (4.27) continues (for 7 > 0) to decay towar:is zerc. Y,, on the other hand, first
decreases exponertially, but eventually (when v(a —tanh a)—t/2> 0) starts to increase again. Thus
eventually x becomes (rapidly) €(1) and a new pulse begins. To determine when this occurs, we define

T=1"+5t, (4.49)

and will determine conditions on 7* so that t’ = 0 is the ‘location’ of the next fast pulse: specifically so
that as t'— —o, the analogue of (4.6) and (4.9) holds. Identical considerations hold if M,—1+1/4p)| <
1 (or if M;>1--1/4p); x does not grow until the asymprotic regime (4.31) is entered, and a is large
enough.

From (4.24),

z2~Me" (4.50)
with transcendentally small error. (4.5) then implies that we define the next value of m,, i.e. m,..,
as

Myy=Mie™, 4.51)
Define a* by

Mma=M,e "= (l + 21-5) sech’ a*; 4.52)
then, with

kK'=p(i—m,, )= "%"' w* (0™ > i!)' (4.53)
we find

©* =3(1+4p)" tanh a*, (4.54)
and our requirement on x as i’ = — is, from {4.9)

-1 %
x~7F (Zitoh) expl(—1 + 0™)t'] (4.55)

L
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to €(8). Here. a plus sign indica‘es a change of sign of x (and y) in‘ the next pulse compared to the
previous pulse. Expanding (4.31) for small 5t', and retaining only the relevant B, term (the other is
TST). we find

- B 1 - 'f*

X ~ et [ + 0(8)]ex [va—lanha)——(1+5)"‘+"]

* s v tanh a* (®exp] v 2 ¥ (8 )
1"

~— _8_ . l W2 % _ ¢, *y _ 1 %
B.(705) exp[5{(1+4p)"a* ~ tanh a*) - 1r%)
*

sl b lJes] (1)}

the sign of B. determines whether there is a reversal of x (and y): if B. <0, there is a reversal
whereas if B. >0, there is not. Matching of (4.55) and (4.56) then d:termines * by

’

1n

“’*—g._ 8 1 V20 %k _ w1 #]_ -{___.____.a* 1 *} ]
o= -|B;1(m*) exp[a {(l+4p) a* — tanh a*) 27} HWizer 2} o®] @sn

4.5. Reduction to a difference equation

We are now in a position to form a difference equation for M,. In terms of M_, the nth maximum

ns ©

is

w1 afes -8R0 . o)

here. t* is the solution of (4.19) where a. 9 are determined from (4.8) and (4.10), and we may take
M, =2~ M. Briefly,

M, = M [1-8x(2- M, . p)+0C(8)). (4.59)
For such an M, M, ., is thea determinad from (4.20) and (4.51) as
M. =[2-M,e "l[1 - 8x(M,e ", )]+ 5D(5. M,e ™™, p) + 0(5); (4.60)

here. D is given by (4.18). Recall that x is €In(1/8)), and then 0(58?) is really 0(8%1n%(1/5)). The
quantity 7* in (4.60) is determined implicitly from (4.57), that is

. * 12 -
T = 2(1+4p)"*(a* - tanh a*) - 55 {(—l-f-i}';;m T*} +28 ln[(ﬂi*) Ve ) IB+I] +0(8), (461)

(0*—

and the additional quantities w*, |B.|, and a* are given by

w* = (1 +4p)" tanh a*, (4.62)

[ A l 2
Mioe ™= (1 +4-5) sech® a*, (4.63)

and 8. is given by (4.32), 4.33) und (4.36) if M, <1+ 1/4p (note B, >0), and by (4.46) and (4.48) if
M, — 1+ 1/4p)| < 1.
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5. Structure of the differeuce equation

We have given quite a complicated description of the difference equation, in order to try and keep
track of the errors which arise. For most purposes, of course, one can simply take the leading order
form of the expressions, and in this case it ‘becomes much snmpler to vnsuahse the graph of M,.,
versus M,. From the equations at the end of section 4, we have

M, =2-M,e™™" +0(5), 5.1)
e 1
M, e = (1 + a—;) sech? a* + 0(3), 5.2)
if M, <1+ 1/4p, then
- 1 2
M, = (1 + 4,,) sech? a + 0(5),
t* = 2(1+4p)"[(a* — tanb a*) — (ay — tanh c)] + 6(8), (5.3)

whereas if |M, —(1+ 1/4p)} <1, then

2/3 2/3
M, 'HZT' (;+:) +0(5),

* = 2(1 + 4p)"*(a* — tanh a™) + 25 InAi(-J)| + 6(8),

and if |M, — (1 + 1/4p)| < 1, then O(8) is really 0(5 In(1/5)). We retain the term 28 In|Ai(— )], since it is
not uniformly small near zeros of Ai. All other ©(5) terms are uniformly relatively small, and may as a
first approximation be ignored. Nevertheless, & is essentially present when M, = 1+ 1/4p, and a similar
conclusion is valid when M, > 1+ 1/4p.

5.4

5.1. Form of the envelope difference equation

We mean to determine the form of the difference equation give 1 by (5.1)(5.4), and in particular we
shall show that Lorenz’ cusp is due to the term 28 InjAi(—)| in (¢ 4}. The cusp (in fact, a number of
them) occur at values of M, where { approaches a zero of Ai(—{,; away from such zeros, however,
this term is small, and may be neglected consistently with other erms of 0(3): we are thus led to
consider the envelope difference equation, which is determined by (:'.1)-(5.3) together with

™ = 2(1+4p)'*(a* — tanh a*), if M,>1+1/4p (5.5)

(strictly, we have only derived this for M, = 1+ 1/4p, but the same fc rm is valid at higher M,). We will
show that the difference equation (5.1)~(5.4) may be viewed as being g ven by the envelope form, with a
number of isolated cusps superimposed on it.

To examine the shape of the envelope curve, it is convenient to write

M,=1+6, M..=1+4¢, (5.6)

and compute the derivative ¢'(6). In (6, ¢) coordinates (beware that 8 here is unrelated to the phase 0
in section 4, which later will play no further part in this analysis), the origin (9, 0) corresponds to
M, = M,., = 1, i.e. (either) non-trivial steady state of the Lorenz system. After some algebra, we find
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rom (5.1)(5.3) and (5.5) that

[ Q- $)1-{1-4p8}'"]

do | 1+ {1l +4po¥--11 0 < 1/4p,
a0 (1-¢}
A+ 0[{1 +4p}" - 11 8 < 1/4p, o

with ¢{0) =0 and ¢ continuous at 8 = 1/4p.
Two applications of L'Hdpital's rule show that

SO =1. "0)= g (o —1): .8

it follows from this that the fixed point M, = 1 becomes unstable as p increases through 1: see fig. 4
for the relevant diagram. This agrees with the linear instability criterion r.=o(c+ b +3)/(c — b - 1),
which implies the critical value of p is p.= 1+ 0(8) as § »0. From (5.7) and (5.8) we can deduce ¢
increases monotonically from 0 when 6 =0 to 1 as § —» . A schematic form of ¢(0) is then shown in
fig. S (aumerical plots bear this out, and indeed the concavity for 6 < 1/4p is suggested by these plots).

We call the curve generated by (5.7), with ¢(0) = 0 and ¢ continuous at 1/4p, the envelope differerence
equation.

>
M
n

Fig. 4. Bifurcation sequence of the fixed pont M, = M,., = 1 in the Lorenz equations as ¢ —, r/ finite. The critical value of r is
given by rife = p = | + &(1/0a).

h‘Y/;\
o — e
2’ /
S
Vv
/
2
/0
| -
(U, 1) I+i/4p M’

n
Fig. 5. Schematic form of the envelop-. difference equation M,.(M,). d*M,.,/dM? is discontinuous at M, = 1+ 1/4p.
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5. 2. Dijference equatton w:th cusps

We now retum to the full dnﬁerence equatlon, (5 1)-(5 4) For M. < l + ll4p, the envelope equauon

(.9

™=2(1+ 4p)"2(a"' -tanh a"‘) + 28 InjAi(-2)|.

The graph of Ai(—{) is shown in fig. 6: it has zeros at the sequence of positive values {,=2.34,
=409, {;=~5.52,...; provided |{-{|>0, then the envelope ‘approximation to the difference
equation given above is valid - this is true also for M, > 1+ 1/4p. Thus the correction is only important
when |¢ — &] <1 for some i. In this case Ai(—{)=—Ai'(~{)({ — &), and (neglecting 6(5)), (5.9), gives

* = 2(1 + 4p)'"*(a* — tanh a*) + 25 In|¢ - &|. (5.10)
(5.9), gives
e =[1+0(6¥)] "' sech? a*,
(5.1
t* =2 In cosh a*,

so that (5.10) is
) ln[ 7 __l_ 7 |] = (1+4p)"(a* — tanh a*) — In cosh a*. (5.12)
i

Now as { = {;, we see that a* -, and hence 7* - = also; for these values of M,, the interval between

A A

AN N DA
VA VAT

Fig. 6. Graph of Ai(—{) versus ;. AltLough schematic, this is fairly accurately copied from the corresponding figure in Abramowitz
and Stegun [24].
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pulses increases indefinitely, and the values of M, exp(—7*) decreases towgrds zero. As noteq Py
Lorenz (3]. this means that these values of M, are followed by very close approaches to the origin.
Now when a* ® 1. (§.12) is approximately

5 1n| _1 - ' = [(1+4p)" — 1Ja* = [(1 + 4p)"* — In 2); .13)
[ S
from (5.1,
*=2a%-21n2. (5.19)
thus
M, ,=2- (1 +$) - 4exp(—2a™)
e 1 _ 2 " _ln2+8 ' 1 l] 5.15
=2 4(l+4p)exp[ m{(l+4p) In2 In =7 } . (5.15)
We define
SO N— (5.16)
Pl a1y :
_ 1 -2{(1+4p)"*~1In 2}],
k 4(l+4p)exp[ ™1 | 5.17)

then the difference equation ‘vhen { = ¢, is given for each i, by
M. =2-klt-g). (5.18)

which has the appearance of a cusp. Away from the zeros gi, the difference equation is approximately

given by the envelope form and thus a composite cchematic form of the difference equation may be
represented as in fig. 7.

M
n+?

ro

i
: v /

envelope
o
,/,

<

Fig. 7. Schematic form of the difference equation with cusps.

M
n



Ac Fowler and M.J. McGuirness| The Lorenz attractor at high Prandtl nu:nber 169

Predlcﬂons ot the analys:s, and compartson
with numerical experiments

At the end of section 5, we have obtained a

with numencal results, let us denve one further
form of the equatlon

6.1. Uniform approximation

In the cusps, we have shown a*> 1. Let us
see how far we can extend this result: that is, let
us expand (5.9) for a*, and hence also +*, large.
Following the procedure in section 5, we have
(neglecting G(5 In §))

™ =2(1+4p)"*(a* - 1)+ 25 InJAi(-2)|, (6.1

with an error ~exp(—2a*),

M, e =4 (1 + -1—) e 6.2)
n 4p t] .

with relative error exp(—2a*), and thus

™ —In M, = 2a* - 1n[4+1]
P
> 21 +4p)"*(a* - 1) + 25 In|Ai(- )|

M,
=V ¥ —n |
2a +ln[1 1l4p] 2In2,

and so

- ] 2 _
26 = (] [2(1 +4p)?=21n2

+In [—1-;—“—{7;—5] ~ 25 InjAi(- ;)|]. 6.3)

The error in (6.3) is ~exp(—20™), and thus not
asymptotically small (except n-ar.zeros of Ai);
nevertheless, it giv~s a reasonable idea of the
shape of the difference equation, and gives the
basis for a more accurate analytic determination
of the curve. For 1<p <2, exp(—=2a*)=0.1.

~ difference equation ’i‘whnch has‘cUSps as shownin M"*' 2- "'[

: predlcted result

Substituting (6.3) into (6.2), we find that the
difference equation (5.9), is

M. -+ -1} .
i+ 1/4,;)] - AiCF,

6.9

where L k, B are deﬁned in (5.9);, (5.16) and
(5.17), respectively. For |¢|=1. (6.4) is,
parametrically,

M= (1435) [tz

(6.5)
M,., =2~ k|Ai(- DI exp[-A67"L],
and the parameters are
_ 1 —2{(1+4p)"*~1n2}
k=a(1+3,) e[ a1 )
=2 (6.6)
{A+4p)™ -1y -

22[3

N T P+ ) =1

The form of (6.4) or (6.5) is as shown in fig. 7 for
M, =1+ 1/4p. Belo' this a* approaches zero as
M, -1, and the form of (6.4) and (6.5) is un-
tenable.

6.2. Numerical results

The prediction of many cusps was suggested
by a numerical computation which appeared to
show two. This prediction was subsequently
verified by plots of successive maxima using
multiple starting values which indicate the
presence of at least four cusps in the difference
equation. Four such plo:s are shown in fig. 8 for
different values of r at o =50, b = 1, that is,
8 =0.02. Discrepancies b~tween the height of
these cusps and those shown in fig. 7 are dis-
cussed in 6.5 belcw. In each of the first three
cases the system evolved into a limit cycle,
corresponding to a fixed point of the difference
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equation in the first ‘trough’ (between the first
and second cusps). In the fourth, this limit cycle
still exists, but in addition, there is ‘stable’
aperiodic behaviour in tae second trough: we
discuss this in more detail below'.

At this point we may mention the results of
other authors. who have also obtained such
multiple cusps. Marzec and Spiegel [25], Man-
neville and Pomeau [4] and Lorenz [26] all
obtained such results in the same or related
models. Lorenz’ results were for decreasing b;
we comment further on this in section 7.

6.3. Position of cusps

The zeros a, of Ai(z) are given by

a, = —2.33810
a,=—4.08794
6.7)
a, = —5.52055
as = —6.73670

The zeros of Ai(—¢) are jusi given by { =|a,|.
Therefore we predict from (6.5) that the cusps of

th: dit'erence curve will be located ap-
proximately at the values

1 8 (1+4p)"
M, =C, = 1*5“—(—,@{”)—Iasl. (6.8)

n table I we show some predicted cusp values
C, compared with the actual locations deter-
mined from a numerical solution of the original
equations. We hope it is evident from this table
that the predicted and computed values agree
reasonably with each other, becoming more ac-
curate as ¢ increeces.

On the other hand, the agreement is not so
good that the analysis can be said to be
thoroughty quantitatively endorsed. In fact, the
first version of this paper computed predicted
values of C; using (6.8) with |a| (i.e. zeros of
Ai'(-{)) rather than |a,| (this was due to impre-
cise reasoning concerning (4.10) when o is

Table I

Predicted (upper figeres) and actual (lower
figures) cusp locutions at various r and o
values, and b =1. Aucuracy in the com-
puted values are 0.0001 for C, and C,,

0.0002 for C).
r o C| Cz C3
60 50 1.3922
1.2862
100 S0 1.2729
1.1860
115 100 13332
1.2703
320 300 1.2931 1.3371 1.3731
1.2661 1.3136 1.3536
360 300 1.2640 13057  1.3398
1.2382 1.2832 1.3212
550 SO0 12685 1.2993  1.3246
1.2709  1.2835 1.3109
600 500 1.2480,
1.2309

small); however, the resulting predictions were
much better than the values in table I! Our
feeling is that this may be fortuitous, but in any
case one need not be unduly worried about the
values in table I, since their intended accuracy
is only to €0(8 In(1/8)), whereas the cusp spacing
itself is only 0(8%%): these are numerically
comparable for moderately small values of §;
for example, if o = 1000, b = 1, then §** = 0.01,
5 In(1/8) =0.0069. We cannot legitimately
expect the leading order difference equation to
be more than qualitatively accurate.

A more positive aspect is obtained by dividing
the diff.rence between computed and predicted
cusp locations by & In(1/6): we should find that
these ratios tend (for constant p) to an O(1)
constant as o =, The results of this are given
in table II, and are even better tl;an one might
hope for, thus reinforcing our opinion that the

present analysis captures the essential
dynamics.

E
i
4
4

s

i

R
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Table I '

Values of K, are the ratio of the difference
between computed and predicted values of
C; in table I, and 8 In(1/5), where & = b/o,
b =1, for the sth cusp.

P r o Ry R R,

L1 10 100 1.39%
il 330 300 1404
L1 550 500 1416 1.27 1.10
1.2 60 S0 1.355
12 360 300 1.357
12 600 500 1.37

1.18 0.98

6.4. Height and width of cusps

We see from (6.4) that the height of each cusp
should be M,.,=2 (Z = 2r, or inore accurately
2(r — 1)), as shown in fig. 7. None of the plots in
fig. 8 show this feature, despite taking a variety
of different initial values for the variables. To
see why this should be so, consider the ap-
proximate form of each cusp, (5.18):

Mn+l ~2- klg - €s|ﬁo {s = 'ash (6-9)

from (5.16) B ~ 0(8), whereas from (5.17) k ~
0(1) (in fact k = 0.5 by inspection). Thus since
B <1 for 80, | - &|° ~ 1 except when |{ - |
is extremely small, i.e. |{— {|~ exp[— 6(1/8].
Let us define the width A; of a cusp in the
following way. From (6.9), the value of M,.,
outside cusps is about 2—k. We define A; for
0<f<1 by supposing that a fraction *“(1 - f)”
of the cusp lies inside the interval (¢, — A2,
L+ Af2); precisely, when {=¢ =442, (2-
M)k =(1~f), from which it follows if f is
reasonably small, that we can define

A =2exp [— {3—] (6.10)

Roughly, this means that the inverval of M,
values over which M,., gets more than a frac-
tion f of the distance up the cusp (whica is
2-k) is A See fig. 9. For example, the three
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Fig. 9. Definition of the cusp width.

cusps in fig. 8c display points which are up to
=10 units above the ambient value =120, with a
theoretical maximum at the cusp tip of 2(r—
1)==180; thus k=120/180, M,., attains
=130/180, so 1— f = 50/60- f =~ 0.2. This means
that the interval of M, values for which we
could expect maxima greater than those on the
plot is A; =2 exp[—0.2/B8]. Here 8 =~ 0.02, and so
A; = 107, which corresponds io a width Z =~ 10~
in the original units. The interval of values of
M, for which M,.. is further up the cusp
decreases exponentially with M,.,. For values
of M,., for whick (2 - M, . )/(2-k) is not close
to 1 we have |{—{|~exp(—0(1)/B), so that
(6.10) extends up to f ~ €(1). Thus the top half
of the cusp may lie in au interval of M, values
of thickness A= exp[—1/28], which for fig. &
(B =0.02) is about =106 ©°, o =10"% in the ori-
ginal units. It is not surpri: ag that the tops of
these cusps are invisible with a numerical
experiment such as that reported here. Never-
theless we claim they are there.

It is possible to improve the observed cusp
heights by an interval bisection procedure
designed to score a direct hit on the cusp. The
thinness of the cusps becomes apparent as the
top sections are vertical straight lines within
graphical accuracy. The height numerically
attainable in the cusps is directly limited by the
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precision used. (Fig. 8d features a cusp shar-
pened in this way.)

6.5. Prediction of the possible bifurcation
behavior

Prescription of a difference equation for M,
“solves” the original problem in the sense that
this equation may be used to predict successive
values of M,, and thus io establish whether the
orbit ultimately approuches a limit cycle or
aperiodic behaviour (see, for example, May [11]).
Particularly, fixed point:: of the difference equa-
tion (intersections with M,.; = M,) correspond to
imit cvcles of the orbit: these are stable if
|[dM,.,/dM,|<1, but Hecome unstable as
|dM,./JdM,| increases through cne, bifurcating
successively to doubly, quadruply and higher
order periodic solutions before becoming chaotic.
This sequence of transitions is shown in fig. 10,
and occurs for a mapping such as in fig. 7 when
the cusps move tc the right, or alternatively the
troughs between cusps deepen.

Another Kind of transition is shown in fig. i1.
Here the cusps move to the left (or the troughs
become shallower) and a stable lirait cycle and
ai! unstable limit cycle i one trough coalesce
and disappear, the motion being replaced by an
intermittent chacs (Manneville and Pomeau [4])
or by a hard transition to chaotic or periodic
behaviour, perhaps localised in another trough.

Fig. 10. Schematic bifurcation as the cusps move to the
right (or deepen). A stable (s) periodic solution of (3.1) (fixed
point of the mapping) loses stability (u) by period doubling.

A

S

Fig. 11. Schematic bifurcation as the cusps move to the left.
A stable (s) and unstable (u) periodic solution coalesce to a
marginally stable (ms) periodic solution which then
vanishes, and a hard bifurcation occurs; in the case shown
this is to a stable (s’) peri.dic solution in a neighboring
trough.

At high o, the latter appears more likely, as seen
in -he figure.

6.6. Lffect of r and o on difference equation

First consider the effect of increasing r, and
thus p at - fixed high value of o. The relevant
formulae u:e those for the position of the cusps,

23

2/3
M,.=C,=1+;‘l-+6 (]2,+:) la,l,

6.11
" (6.11)
and the envelope equation determined by (5.7).
In terms of 6 given by (5.6), the sth cusp is at

203 213
6= i+£—%$§£’—]a,|. 6.12)

4p i
As p increases through 1, the fixed point ¢ =0
(corresponding to Z =r~ 1) becomes unstable,
and may bifurcate either to aperiodic or periodic
motion. At high o, it usually moves to a limit
cycle corresponding to a fixed point of ¢ in the
first trough (as in fig. 8). As p increases, two
things happen. From (6.11), the cusps all move
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to the left; also, (5.7) suggests (snnce apparently
¢ > 0 for 6 < 1/4p) that the envelope equation is
slightly flattened out as p mcreases, so that the

that at lngher values of 8 the decay of the
envelope curve for 6 > 14p will be ‘more rapid,
so that the troughs will be shallower, oand th
higher order cusps will be less relevant to u.e

dynamics. Also, in this case the shift of the
cusps with p is more pronounced, so we might
expect the shift to be the dominant effect, in
which case we might expect intermittent tran-
sition between periodic solutions in one trough
to periodic or aperiodic solutions in an adjoining
trough. This fcr example occurs in fig. 12, where
plots for o = 100 at various values of r are
given. At r = 110, a stable limit cycle (Z = 147)
exists in the first trough, whereas at higher
values, th:s bifurcates to a stable limit cycle in
the second trough (e.g., Z = 179 when r = 130).
This set of results is commented on further in
6.8 below.

i75.20
1
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MAX (N+1)
165.30

| .

1

55-20
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[ ]

145.020

135.00
1
S

325-20
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As we increare o at fixed p (not r), the only
sensible difference is in the spacing and the
width of the cusps. The spacmg is 0(8”’)

.,’,,;whereasethe fwrdth; is ,A = eX

k*umts) I‘herefore as 8-»0 the cuSp s.pacmg

decreases algebralcally, whereas the ‘cusp width
decreases exponentrally, and the form of the
dlﬁerence equation will be as in fig. 13a, where a -
multitude of spikes are superimposed on the
underlying envelope equation (5.7). If ¢” > 0 for
0 < 1)4p (as is indicated by the numerical results),
then ¢ is convex f~r ¢ <1/4p, concave for
¢ > 1/4p, and the envelope equation has a unique
stable fixed point. Therefore, as o - », the motion
will become periodic, except for particular values
of p for which this fixed point “‘coincides” with (is
within exp[—9(1)/8] of) one of the cusps. The
solutions would then be chaotic, being composed
of “slow” sequence of maxima of Z which
approach the fixed points of the envelope equa-
tion, followed by a rapid ejection as the sequence
encounters the cusps. This is visualised in fig. 13b.

The sequence of transitions as p increases at

T T T T T T T T
M2s. 00 135.30 145.00 18§5.00 165.00

il T T T T T T T 1
175.00 185.00 195.00 205.00 215.00

MAX (N)
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Fig. 12. Numerical plots of the difference equation at b = 1, & = 100, and (a) r=110; (b) r = 130; (c) r = 160.

such high values of ¢ would be between limit
cycles L, corresponding to fixed points of ¢(8)
in the sth trough, where L, occurs for p, <p <
... and p, s = 1, is the value of p for which the
fixed point of ¢ coincides with the sth cusp.
These transitions would be “‘fuzzy”, in the
sense that the period doubling path to chaos
would occur in an interval |p — p,| = o(1) (actually
C(8)). whereas |p, — p,_|| = 5(8™).

The period of such limit cycles is ap-

r oximately given by s*, and thus, from (6.1)
and (6.3),

[2(1 “In2)+ m(—;"—{m)].

(6.13)

As p increases through p,, the period and am-

[ -

(1 +~4£l3)"2
T(1+4p)™- 1)
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Fig. 13. (a) Schematic form of difference equation at very
high 7: the envelope equation is overlain by a sequence of
spikes. (b) Illustration of chaotic motion when a spike
overlies the fixed point of the envelope difference equation.

plitude of the oscillation is continuous, and
transition is only grossly apparent in the
different number of zeros of x and y between
maxima of z (see also (6.8)), which increases by
one at each transition.

The results at lower o are typified by the re-
sults of Lorenz [3]. In his paper, Lorenz had b =
8/3,r=28and o = 10,50 8 = 1/4 and p = 2.8. He
found one cusp at Z = 38.5 with a height of 48.3.
In our notation, the cusp was at M, == 38.5/28 =~
1.38, with a maximum of M,.,=48.3/28~=1.73.
The maximum is 0(8) below 2, as might be
expected from section 4. (6.11) predicts that the
first cusp C, should be at

203
——%,,—3@— |ail. 6.14)

With p =2.8, 6§ =4/15, |a)|=2.338..., we .ind
that C,=1.82, which is an over-estimate by
about €@(8) (in fact by 1.24 5 In(1/8)). More im-

portantly, we note that a second cusp is not
apparent, and ‘the first. trough does not “turn
around”. To understand this, conslder again the
difference equation (5.9). We find a differential
equatmn fean, as-in (5.7); the resultis .

dMMl L = R
M, - . 2-Mun) ’
M, [‘““"" {r- -t -1]
2132
M, =‘1+Z;+' 1*; ’pas s 6.15)

Although formally, minima ¢ M,,, occur close
to the preceding cusp (when |Ai(— £ ~ 8'P), it is
apparent that this is hardly accurate for Lorenz’
parameters, where for example 2"p5"’/(1+
4p)™® =~ 1.6: then the minimur in the first trough
is a distance ¢ ~ 1 from the first cusp, and hence
a distance M, ~ (1+4p)**5*°/2**p, numerically
of 0(1). At slightly larger values of ¢, say § =
1/10 to 1/20, we expect the same to be qualita-
tively true: that is, the increased spacing of the
cusps causes the troughs to be deeper than their
counterparts at very high o. Thus, reducing o
moves the cusps to the right, and causes the
troughs to deepen. This induces the xind of
transition to <haos through period doubling
envisaged in fig. 10.

6.7. The limit r>

We discuss this here because of the other
analytic work in ‘he case r—>=, o ~ 1 (Robbins
[18], Shimizu [19]). At fixed o, there is a stable
limit cycle as r - . Our analysis is only valid
for p~1; if we consider larger and larger p
(with o > 1), we still obtain the spiky diiference
map aiscussed in section 6, so although this
gives a limit cycle for “most” p, it is rot
equivalent to the limit cycle for r—«, o~1,
which is not a relaxation typc oscillation, as
those discussed here are. Further, numerical
results (Morioka and Shimizu [6]) suggest that
the cusp features of the difference map dis-
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appear at higher r (between 200 and 300 for
a = 16. b = 4). Therefore there is a question as
to how the two parameter regimes r ~ o > | and
r»1, ¢~1 join together, and whether there
might be some distinguished intermediate limit
which is necessary to join them. In fact, recent
work of Sparrow [28] indicates that these two
different sclution types may simply be different
aspects of the system behaviour. When r> 1
(o ~ 1), anomalous (but unstable) orbits can
exist in addition to the stable periodic orbit
provided b (and hence 8) is small enough. These
anomalous orbits are the analogues of the
relaxational orbits considered here; as o in-
creases. the stable periodic orbit becomes a
constituent of some of these anomalous orbits,
and consequently they attain stability. Con-
versely. as p increases in (4.2), then the solution
of (4.8) alters in form: v becomes large, and the

A.C. Fowler and M.J. McGuinness| The Lorenz attractor at high Prandtl number

fast solution oscillates on a time scale t =~ 1/Vp:
because of this, the damping term in (4.8) is
relatively small, and becomes comparable to the
others neglected in deriving (4.8); thus the scal-
ing of the present paper becomes irrelevant, and
the disappearance of the cusp at high r is a
manifestation of this (the anomalous orbits
exist, but are no longer stable at high p).

6.8. Nature of the solutions

Lastly, we consider the pature of the solu-
tions, and the precise nature of the cusps. In fig.
14, we show the solutions versus time at r =
110, o = 100 (the corresponding difference map
is shown in fig. 12) with initial vidues X = Y =
12, Z = 125. The solution grows until it appears
to settle into a periodic oscillation (this is not
quite evident in fig. 14) with successive maxima

o ARANAAANAAAAA AR ARARAAN

~e T R B T T T T T LAMRE B T T T T T T T T T T T 1
a0 4 8y Q Q.6 J0 i4.40 €.980 19.20 21 .60 24.00 26.40 29 .90
a3 } ]\ ﬂ A
~ lv T T T T T 1
2400 4.40 6 i B4 21.60

1

] 5;; ‘ ;
Y \uw' uuwuw'\ ]
< . Q. 50

>
a0 4. N .)0

Fig. 14. Numerical solution of the Lorenz equations; r=110, ¢ =

100, b = 1, initi | values X = Y =12, Z = 125.
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of Z = 147. In the initial phase, 0<T <11.0, X
and Y are one-signed and maxima of Z lie on
the left of the first cusp; for T = 11.0, the max-
ima lie in the first trough, and X and Y have
exactly. one zero. between maxima. i

, €\ ¢ , ,rcwlth that shown in
fig. i5. These are’ tnmeplotsof X, Y and Z at the
same parameter values, but mth mmal con-
ditions X =1, Y =Z =0. Sucha co_ndntnon, very
near the origin, gives a very high first maximum,
and is thus able to direct the solution off the
rising branch of the first cusp. In fact we see
(particularly from the X and Y plots) that the
solution behaves erratically; closer examination
of the numerical solutions shows that X and Y
have exactly two zeros between maxima, and
that these maxima lie on the second trough of
fig. 12a. Actually, the last two groups of eight
pulses in fig. 15 are similar; this may represent

179.

" an approach to anfrefi’ght,’-fcycle of the difference

: feharacteusedby_dx

map, or it may be transitory behaviour.
This shows that multiple dynamic states are
realisable at one set of parameter values (note
| ~éifuris§ziiﬁ‘ﬁg.

| Vntnumber's of zeros of x
and y between: maxnma of z: in the ﬁrst trough

‘there is one zer( m ‘the second there are two,

and so on. The reason for this lies in the match-
ing procedure between the fast and slow phases.
In fact, consideration of the slow solution (4.56),
with B. given by (4.46) and (4.48), shows that
for ¢ <|a,|, the first zero of Ai(—{), x (and so
also y) docs not cross the axis between maxima
of z: this corresponds to T <11 in fig. 14. For
la)| < ¢ <lay {the first trough), there is exactly
one zero of x and y (T =11); in the second
trough, |a)]< ¢ <|ay, there are exactly two
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Fig. 15. Numerical solution of the Lorenz equations; r= 110, ¢ =100, b =1, initial values X =1, Y =Z =0.
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zeros between pulses, so the successive peaks
of x and ¥ are of the same sign. For solutions in
higher troughs (which may be obtained at higher
values of p and o). the number of zeros in-
creases accordingly.

We note that this behaviour requires that we
do not take a variable mesh in the numerical
integration. even in the slow phase. since
otherwise we might lose the delicate oscillatory
nature of x and v in these phases. If h is the
time step in T used, then sufficient accuracy is
probably obtained. from (3.5), provided
h<® 6.16)

(02
with a suitable difference approximation. An
upper limit for accuracy purposes may be
=0.3/o. The step size used in computing fig. 15
(o =100) was h = 0.ifc =10 .

7. Discussion

We have analysed the behaviour of the
Lorenz equations in the limit in which the
Prandtl number, o, is large, and in which the
Rayvleigh number r = €(o). In this situation, th2
solutions behave in a relaxational manner. and
an approximate description of both fast and
sow phases is possible. We obtain an explicit
description of the difference equation relating
successive maxima of z, and find that as o -,
this curve will have a multitude of cusps, spaced
at intervals =8 (8§ =b/o) and of “‘width”
exp[=-C(1)/8]. The curve thus essentially con-
sists of a smooth (monotone increasing)
envelope. with superimposed narrow bands, in
which the cusps are situated (see fig. 7). As r
increases at a fixed value of & <1, the bifur-
cation sequence is most likely to consist of
successive  “hard”, possibly ‘“intermittent’
bifurcation of stable »eiiodic limit cycles (in one
trough) to motions in neighboring troughs -
periodic or chaoiic solutiors. As r increases
further, chaotic (or long pericd) solutions may
simplify by decreasing period (period doubling

as r decreases), until eventually the “fur-
damental” periodic solution in the trough
becomes stable, and further intermittent or hard
bifurcation may occur. This agrees with the
results of Manneville and Pomeau [4] and
Morioka and Shimizu [6]), and shows how
pariod doubling and intermittency (soft and hard
bifurcation) may be understood in terms of an
appropriate pictorial diagram.

Although we can associate much oi we rich
behaviour of the Lorenz equation with a single
difference equcion. it is not so easy to classify
a'l the types of behaviour, 0. possible regimes
which may occur. One view of the behaviour is
that for any particular set of parameters, there
are many “‘fundamental’” periodic solutions (by
which we mean intersections of the difference
equation with the line M,., =M, i.., fixed
points of the map M,—M,,)); as r increases the
stability of these changes, and consequently the
orbits flit from one periodic orbit to the next.

The nature of the approximate analysis is the
following; the slow phase is (in principle) ac-
:urate to exp[—0(1)/8] but the fast phase is
accurate only *o 0(8%In%(1/8)), consequently this
is the error in determining tue difference equa-
tion. For mcst purpuses, we have considered
only the leading order approximation, valid to
terms of O(8 In(1/8)): the higher approximation
may be more trouble than it is worth.

Multiple cusp behaviour has also been
observed by Lorenz [26] at lower values of b,
down to b = 1/8. His choice of parameters may
be written, for small b, as

. 2,6
r—~r~.m-9[l+3b 7 ],
. a.n
a=om*3[l+i"-"-—? ],
L v &
and thus
=af1b 7,0
p-3[1 2+ b ]
7.2)
Nl _3, 103,
8~3b[l 2brib ]



A.C. Fowler and M.J. McGuinness/ The Lorenz attractor at high Prandtl number 181

At b = 1/8, for ﬂmmple. =~ 0.04, and the pre-
vious ideas shuuld be valid. However, in this
case, y in (3.7) is given by y=1l/o=
111-5b/6 - - - 1~ 6(1), and no simple first integra!
of (3.7) such as (4.6) exists; nevertheless the
ideas of the analysis should g0 through the
study of the slow phase is similar, and thus the
or.y obstacle to an explicit formula in this case
‘s the attainment of u formula relating a mini-
mum of z (20 as t- —x) to the subsequent
maximum (z -0 as t -+ x) through solution of
the fast phase equations

x. = a T y,
=px(1-2)— vy, (.3
2 = Xxy.

It has now become established (Robbins [29],
Kaplan and Yorke [30]) that the onset of
observable chaotic behaviour takes place away
from the sub-critical Hopf bifurcation of the
acn-trivial steady states, and is due to the est-
ablishment of a strange invariant set of periodic
and aperiodic orbits at a parameter value at
which there exists a homoclinic orbit. In terms
of the presaut context, it is clear that a homo-
clinic orbit is the !imit of a slow pulse-fast
pulse-slow pulse solution in which m,—0; on
the difference map this corresponds to the exis-
tence of a cusp, and we can thus identify with
each cusp a homoclinic orbit: in fact, we find
that there can be a large number of such homo-
clinic orbits, each having a different ‘crossing
number’ (number of zeros of x between maxima
of z), which may also be thought of as the
number of twists round the z-axis: each new
homoclinic orbit adds in another twist.

From our anaiysis, we can predici ihai the
Hopf bifurcation occurs for r ~ o as o =« (this
is obvious); moreover, the first homoclinic
‘explosion’ (to use Sparrow’s [28] terminology)
takes place when the first cusp first intersects
the line M,.+|= M,. At leading order, this is
when p=3i, ie. r~025¢0 as o->o: this is

roughly in line with Robbirs’ [29] result. Since
the homoclinic bifurcation takes place for r less
than the Hopf bifurcation, one could in principle
have a situation where chaotic behaviour is
observed, but no Hopf bifurcation at all takes
place as the bifurcation parameter is varied. The
point is, that the road to turbulence (at least in
the Lorenz system) occurs via a homoclinic
bifurcation, and the réle of the Hopf bifurcation
is a secondary one of merely soaking up two of
the orbits produced by the explosion. In view of
the current vogue for thinking of turbulence
(particularly, for example, Taylor vortex flow)
in terms of ‘Hopf-like’ bifurcation to higher
dimensional tori, it is worth bearing the above
points in mind. Particularly, we may recall our
introductory remarks on turbulent plane
Pois: uille flow, where transition is observed at
Re (Reynoids number) = 1000, but the steady
state undergoes sub-critical Hopf bifurcation at
Re = 5772. It may not in principle be worthwhile
trying to ‘join’ the two phenomena together.
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