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Abstract

This thesis is devoted to the mathematical analysis of models describing the energy
of defects in crystalline solids via variational methods.

The first part of this work studies a discrete model describing the energy of a
point defect in a one-dimensional chain of atoms. We derive an expansion of the
ground state energy using I'-convergence, following previous work on similar models
IBDMG99, BCO07, [SSZ11]. The main novelty here is an explicit characterisation of
the first—order limit as the solution of a variational problem in an infinite lattice.
Analysing this variational problem, we prove a regularity result for the perturbation
caused by the defect, and demonstrate the order of the next term in the expansion.

The second main topic is a discrete model describing screw dislocations in body—
centred cubic crystals. We formulate an anti—plane lattice model which describes the
energy difference between deformations and, using the framework defined in [AOQ5],
provide a kinematic description of the Burgers vector, which is a key geometric quan-
tity used to describe dislocations. Apart from the anti-plane restriction, this model
is invariant under all the natural symmetries of the lattice and in particular allows
for the creation and annihilation of dislocations. The energy difference formulation
enables us to provide a clear definition of what it means to be a stable deformation.

The main results of the analysis of this model are then first, a proof that de-
formations with unit net Burgers vector exist as globally stable states in an infinite
body, and second, that deformations containing multiple screw dislocations exist as
locally stable states in both infinite bodies and finite convex bodies. To prove the
former result, we establish coercivity with respect to the elastic strain, and exploit a
concentration compactness principle. In the latter case, we use a form of the inverse
function theorem, proving careful estimates on the residual and stability of an ansatz

which combines continuum linear elasticity theory with an atomistic core correction.






Acknowledgements

The work contained in this thesis would have been significantly more difficult, less
complete and most probably impossible without the help and support of a great many
people.

Mathematically, the greatest thanks must go to Christoph Ortner without whom
this work would not exist. His intuition and excitement about mathematics, the
depth and breadth of his technical knowledge and his continuing encouragement and
criticism have all been invaluable to me: T do not believe I could have chosen a more
supportive supervisor.

The results of Chapter [2| benefitted from discussions with Marco Cicalese and Anja
Schlomerkemper, and were inspired partly by the excellent book by Andrea Braides
[Bra02].

The main result of Chapter 4 was posed as a challenge to myself by Florian Theil,
and I thank him for his continuing support of my work. Additionally, during my
doctoral study I have had the good fortune to be able to discuss the work contained
in Chapters with Tim Blass, Steve Fitzgerald, Irene Fonseca, Adriana Garroni,
Cameron Hall, Giovanni Leoni, Lucia Scardia, Sylvia Serfaty, and Patrick van Meurs,
all of whom provided me with interesting perspectives on the mathematics and me-
chanics of dislocations.

I have been extremely lucky to have been part of OxPDE, a research group in
which I have been surrounded by wonderful colleagues, and the source of the funding
for my study. I am indebted to Yves Capdeboscq, who has had to put up with me
being a student who ignored him for 3 years; to John Ball, who has taught me a
great deal about Solid Mechanics; and to Ben, Chuei Yee, Filip, Giovanni, Jonathan,
Judith, Kostas, Laura, Michaela, Monica, Mott, Parth and Virginia, all of whom I
count as friends.

Away from the office, I must thank the support I have had from my close friends
and family for listening with interest whenever I have tried to explain what on earth
I get up to on a daily basis.

Last, but for by far the greatest contribution of all, I must thank Gemma. She
has supported me in all my endeavours, and continues to do so unconditionally: I will

be forever in her debt.






Contents

[1__Introduction| 1
(1.1 A taxonomy of defects| . . . . . . . . . .. ... ... ... ... .. 1
(1.1.1 Impurities| . . . . . . ... .. ... 2

[.1.2  Screw dislocationsl . . . .. ... ... . ... ... ...... 3

(1.2 Recent mathematical results| . . . . . . .. ... ... ... ...... 4
(1.2.1 Detect dynamics| . . . . ... .. .. ... ... ... ... )

(L.2.2 Semidiscrete models of static defectsl . . . .. ... ... ... 5

[1.2.3  Atomistic models of static defectsl . . . . ... ... ... ... 6

(I3 Outhne of the main results| . . . . .. .. .. ... ... ... ..... 9
[1.3.1 Energy of a point defect in a 1D chain of atoms| . . . . . . .. 9

[1.3.2  Screw dislocations as globally stable equilibria . . . . . . . .. 10

[1.3.3  Screw dislocations as locally stable equilibria) . . . . . . . . .. 11

(L.3.4  Other sources for these results| . . . . ... .. ... ... ... 11

2 Asymptotics for the ground state energy of a chain of atoms con- |
[  talning a point defect] 12
I _Outlinel. . . . . ..o 12
[2.2 Modelling a point defect in a one—dimensional chain of atoms|. . . . . 12
[2.2.1  Physical model] . . . . . ... ... oo o 12

[2.2.2  Formal analysis| . . . . . ... ... ... L. 15

2.2.3 Confined Lennard-Jones modell . . . ... .. .. ... ... .. 18

[2.2.4  TImmediate consequences| . . . . . . ... ... 20

[2.3  ['-convergence as a tool for asymptotic analysis| . . . . . ... .. .. 20
2.3.1 Preliminaries and maim resultl . . . ... ... ... ... ... 22

2.4 ‘The Oth-order [ -hmtl. . . . . ... ... .. ... ... 24
[2.4.1  The liminf inequality| . . . . . .. .. ... ... ... ..... 24

[2.4.2  The limsup inequality| . . .. ... ... ... .. ... .... 26

[2.5 Propertiesof Fol. . . . . . .o 29

vil



[2.6.1 The liminf inequality| . . . . . .. .. ... ... ... ..... 32
[2.6.2  The limsup inequality| . . .. .. ... ... ... ... .... 38
[2.7  Higher order contributions| . . . . . . . . ... .. .. ... ... ... 45
2.8 Discussionl . . . . . ... 48

[3 An anti—plane lattice model for screw dislocations in a BCC crystall 50

[3.1 A kinematic description of screw dislocations|. . . . . . . . . . .. .. 50
[3.1.1  Anti—plane displacements in a BCC crystall . . . . .. ... .. o0
[3.1.2  Bonds and bond lengths| . . . .. ... ... ... ... ... o1
[3.1.3  The lattice complex|. . . . . . .. ... .. ... ... 52
[3.1.4  Measures of lattice distancel . . . . . . . ... ... ... ... 55
[3.1.5 Lattice symmetries| . . . . . . . .. ... ... ... 5%}
[3.1.6  The Burgers vector| . . . . . . ... ... ... ... ...... 56
[3.1.7  Dislocation configurations| . . . . .. ... .. .. ... .... 59

[3.2  Convex lattice polygons] . . . . . . . .. ... ... ... ... .... 59

[3.3  Energy difference functional| . . . . . ... ... 61
[3.3.1 Extension of the energy difference functional| . . . . . . . . .. 62
[3.3.2  Stable equilibriaj. . . ... o000 oo 64

3.4 Discussionl . . . . ... 64

[4 Globally stable equilibria with unit net Burgers vector| 65

41 Main resultl . . . . ... 65
[4.1.1  Key assumption|. . . . . . . . .. . ... 65
M1.2 Statement of the mainvesultl. . . . . ... .. ... ... ... 66

4.2 Variational formulationl . . . . . . . . .. ... oo o 67
[4.2.1  The reference displacement|. . . . . . . . ... .. ... .... 67
[4.2.2  The variational problem in #/2(A). . . . ... .. ... ... 69

M3 Proofof TheoremM2.11. . . . .. .. .. ... ... ... ... .. 70
[4.3.1 An elementary lower bound| . . . . .. ... ... ... ... 71
[4.3.2  Dipoles & branchcuts|. . . . . .. ... ... 0L 73
[4.3.3  Shitting the Origin| . . . . . . .. .. ... .. ... .. .... 76
14.3.4  Estimating (0E(0),w)| . . . . . .. ..o o 79
“.3.5 Estimating > ,, sz (Gp)| . . . . .o 81
4.3.6  DBxistence of minimisersof & . . . . . . ..o 84

M4 Discussionl . . . . . ..o e 87

viil



[> Locally stable equilibria with arbitrary net Burgers vector| 88

b1 Mamvresultl . . . . ... 88
[5.1.1  Strong stability assumption| . . . . . .. ... ... L. 88

b.1.2 Statement of the mam resultl. . . . . ... ... ... ... .. 90

[>.1.3  Strategy of the prooff . . . . . . ... ... ... L. 91

(5.2 Auxihary results| . . . . ... ... 91
[5.2.1 Stability of the homogeneous lattice] . . . . . . .. .. ... .. 91

[6.2.2  T'he linear elasticity residual| . . . . . ... ... ..o 92

[5.2.3  Regularity of the corrector| . . . . . . . . . ... ... ... .. 93

[5.2.4  Approximation by truncation| . . . . .. ... ... ... ... 93

[0.2.5 Inverse Function [heorem| . . . . . . ... .. ... ... ... 95

5.3 Proof for the infinite latticel . . . . . .. . . ... ... ... ... .. 95
[5.3.1 Analysis of the predictor| . . . . . . . ... ... ... ... .. 95

[5.3.2  Stability of the predictor| . . . . . . . ... 97

[>.3.3  Conclusion of the proof|. . . . . . .. ... .. .. ... ... 100

[>.4  Proot for the convex lattice polygons| . . . . . .. .. ... ... ... 105
[5.4.1 The continuum boundary corrector| . . . . . . .. .. ... .. 105

[5.4.2  Analysis of the predictor| . . . . . .. ... ... ... 108

[>.4.3  Stability of the predictor| . . . . . . ... ... 112

[5.4.4  Conclusion of the proof|. . . . . . . ... ... ... ...... 115

b0 Discussionl . . . . ... Lo 115
6__Conclusions| 117
[6.1 Detects as an equilibrium configurations| . . . . . ... ... ... .. 117
[6.2  Dislocation dynamics from microscopic models| . . . . . . .. ... .. 118
[6.3 Defining the dislocation core radius| . . . . . .. ... ... ... ... 118

[A Analysis of branchcuts: proofs| 120
[A.l Proofof Lemmald3.20. . . . . .. .. .. ... ... . ... 120
[A.2 Proofof Lemmald.3.3[. . . . . .. .. ... ... oL L. 121
[A.3 Proof of Lemmald.3.8. . . . . .. .. .. ... oL 124
[References| 129

X



List of Figures

[Figure 1.1 ‘lTaxonomy of crystalline defects| . . . . . . .. .. .. ... ..

[Figure 1.2 Examples of point defects and dislocations.|. . . . . . . . . .. 3
[Figure 2.1  Pair potentials for 1D chain| . . . . . . .. .. .. ... . 14
[Figure 2.2 Potentials satistying the Confined Lennard-Jones modell. . . . 19
[Figure 3.1 Lattice geometry| . . . . . . . .. ... oL 53
[Figure 3.2  Cell complex in the triangular lattice.|. . . . . .. .. ... .. 54
[Figure 3.3 Examples of bond length 1-forms| . . . . . .. ... ... ... 57
[Figure 3.4 kExample of a convex lattice polygonl . . . . . .. .. .. ... 60
[Figure 4.1 Coordinate system and definitionof y[. . . . . . . .. ... .. 67
[Figure 4.2 Minimal branch cuts| . . . . . .. ... ... 00000 74
[Figure 4.3  Definitionof I'¢| . . . . .. ... ..o o000 00000 81
[Figure A.1 Actionof Hy,| . . . . . .. oo o oo 124




Chapter 1

Introduction

Crystalline solids are found everywhere in nature, and are characterised by the fact
that the atoms which constitute them lie close to the points of a lattice. In mathe-
matical terms, these are structures with an underlying translation symmetry group;
furthermore, most of those observed in nature have further rotational and reflective
symmetries beyond the simple translational ones. This high level of symmetry means
that the study of crystals has been bound up with mathematics since the beginnings
of modern science in the 17th century [Kepl1], [Hoo65].

In 1934, it was hypothesised that microscopic defects which break crystal symme-
tries might play a role in determining the macroscopic properties of such materials
[Oro34], [Pol34l [Tay34]. Since this initial hypothesis, and its subsequent experimental
verification in the 1950s [Bol56, HHW56|, crystalline defects have been the subject of
intense theoretical and experimental study.

This thesis sets out a contribution to the existing body of work on crystalline
defects in the form of rigorous mathematical results for models formulated to study
two particular classes of these objects: point defects and dislocations. In this in-
troductory chapter, we begin in by providing a brief overview of the currently
accepted physical understanding of this subject, and in we give a description
of recent mathematical results on models of crystalline defects. We then outline the
main results of the subsequent chapters in

1.1 A taxonomy of defects

With the developments in electron microscopy which occurred in the 1950s [HHNT65],
it became possible to directly observe and hence classify crystalline defects found in
nature for the first time. Although they violate the translation symmetry of the full

crystal, different types of defect nevertheless have their own structure, and may be



Crystalline defects.
0. Point defects 2. Planar defects
(a) Vacancies (a) Stacking faults
(b) Interstitials (b) Grain boundaries
(c) Impurities (c) Phase boundaries
1. Line defects 3. Bulk defects
(a) Dislocations (a) Precipitates
(b) Cracks and Voids

Figure 1.1: A taxonomy of crystalline defects.

broadly classified according to the ‘dimension’ of the defect within the bulk crystal,
as detailed in Figure|l.1

Since the precise classes of defects which will concern us here are impurities and
dislocations, we provide a physical description of only these two here, but a fuller
introduction to the physical properties of many of the classes of defects outlined
in Figure may be found in [HBII| or [AM76]. For simplicity, the descriptions
provided are in the context of monatomic crystals, as this is the setting for our study

here; such defects are of course also found within more complicated crystal structures.

1.1.1 Impurities

An impurity is an atom of a species which does not form part of the main structure of
the crystal. These are most often elements such as hydrogen which have atoms that
are physically smaller than those making up the rest of the crystal. Their smaller size
allows them to pass between the larger atoms, and so diffuse throughout the structure.
Impurities are further subclassified into subsitutional and interstitial impurities. The
former term describes an impurity which replaces an atom of the pure species within
the structure, while the latter describes the case where the impurity sits at a point
in the structure between atoms of the pure species. Examples of each of these types
of point defect are shown on the left of Figure [1.2]

Impurities are the basis for such phenomena as hydrogen and helium embrittle-

ment, which is a major cause of failure in many metallic components exposed to



(Screw)
Dislocation 0 ' Burgers
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impurity vector

Figure 1.2: Examples of point defects and dislocations.

sources of these elements [WKO00]: in particular, this is a key engineering problem for
components in fusion reactors which has yet to be fully solved [GDNM™13|.

1.1.2 Screw dislocations

In contrast to impurities, which require the introduction of other species of atom
into a crystal, dislocations are geometric defects in the lattice structure itself. The
simplest forms of dislocation are visualised via a ‘Volterra cut’, named for the class
of elastic deformations studied in [Vol07]. In this procedure, the crystal is cut along
a half plane, manipulated, and ‘glued up’ along the half plane once more. In the
case of screw dislocations which are the particular kind of dislocation studied here,
the crystal is sheared parallel to the edge of the half plane, so that lattice planes are
twisted into a structure similar to a vortex; see the right hand side of Figure for a
visualisation in a simple cubic crystal. An edge dislocation, also shown in this figure,
is formed by the addition of a half plane of atoms along the cut surface.

The key properties pertaining to dislocations are their line direction and Burgers
vector. The dislocation line is a curve in the crystal where the distortion is most
concentrated, and the line direction is then tangent to this curve. The Burgers vector
describes the mismatch between lattice planes which occurs near this distortion, and
is defined to be the vector difference between the beginning and end of a loop passing
from atom to atom around the dislocation line which would otherwise be closed in

a perfect crystal. Of necessity, Burgers vectors are therefore always lattice vectors,
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and it is generally most energetically convenient for Burgers vectors to be among the
shortest possible lattice vectors. Examples of such loops and the resulting Burgers
vectors are shown on the right-hand side of Figure [1.2]

The Burgers vector is the key intrinsic property of a dislocation, as it is conserved
along the dislocation line although the line itself may change direction and split.
Dislocations may annihilate when two with opposite Burgers vector meet, so the
Burgers vector may be thought of as being analogous to an electrostatic charge. For
further details regarding Burgers vector conservation and a more explicit description
of the Volterra cut procedure, see [HL82| and [HB11].

Probably the most important feature of dislocations is that when they are dilute
within a crystal, their movement allows the material to plastically deform at much
lower strains than would be expected for pure crystals. However, as strains increase,
the network of dislocations may tangle up and cause the material to become stiffer,
since dislocations moving on different planes may impede the motion of each other.
This process is known as ‘work hardening’ (see §10.3 of [HB11]), and although it has
been observed on the macroscopic scale in metalworking for thousands of years, its mi-
croscopic cause was only attributed to the movement of dislocations through the mate-
rial within the last 80 years. Efforts to find an accurate and computationally—efficient

predictive model which replicates this behaviour are ongoing [RLBF03, BC0G].

1.2 Recent mathematical results

As remarked at the beginning of this chapter, the hypothesis that microscopic defects
in crystals are responsible for macroscopic plastic behaviour was originally posed by
theorists, and so the study of crystalline defects has produced a variety of mathe-
matical models since its inception. Several of these models are now viewed as ‘clas-
sical’, chief among them being the Frenkel-Kontorova [FK38| and Peierls-Nabarro
[Pei40, Nab47| models for dislocations.

In the last 20 years, there has been renewed interest in models of crystalline defects
within the mathematical community: the majority of recent developments in the area
have resulted from studying the energy of static defects via variational methods. A
strand of work on defect dynamics has also developed, although there are significant
further challenges to be met in this area. Below, we summarise some of the most
important recent developments, with our main focus as before on work concerning
dislocations and point defects, since these are the principal subjects of the ensuing

study.



At the outset we note that in all cases, the models described here treat situations
in which the dimensions have been reduced, due to the high technical barrier to
performing analysis in the fully three-dimensional case. When reducing dimensions in
this way, it may be seen that defects are generally best grouped by their codimension:
as an example, a surface is two—dimensional in R?, and after dimension reduction, it

is zero—dimensional in R!; however, the codimension in both cases is one.

1.2.1 Defect dynamics

The rigorous mathematical study of the dynamics of defects is currently only just
beginning. Since obtaining accurate predictive models will allow better design of
nanoscale components, it is an area of significant scientific interest for the future, and
any results in this area should contribute to the ongoing debate over how best to
model plasticity at this scale.

Monneau and collaborators have published a series of works concerning disloca-
tion dynamics at various scales. In [AHLBMO06| and [BCLMO08|, an eikonal equation
describing the motion of dislocation loops in a plane is formulated, and short-time
existence and uniqueness of solutions is proved. [CEHMRI10| studies a transport
equation describing the motion of edge dislocations whose line directions are all per-
pendicular to a given plane. In both cases, the equations studied govern p, a number
density of dislocations in the material, and the dynamics considered are overdamped,
i.e. where inertial effects are small.

In [EHIMO09|, [FIMI12] and [MP12|, it is demonstrated that classical models of
dislocation motion (the Frenkel-Kontorova model, Peierls-Nabarro model and con-
tinuum plasticity) are linked via homogenisation limit processes.

As well as this series of papers on dislocation dynamics, the motion of grain and
twin boundaries are studied in [GNOO], [AV03] and [KNCV04], for example. Work
has also been carried out on models of epitaxial growth (the deposition of atoms on
an exterior surface of a crystal) in [Xia02] and [DMEFLI14|, and a review of several

models of this phenomenon currently under study is given in [Caf06].

1.2.2 Semidiscrete models of static defects

Motivated by the classification of defects according to their dimension, one particular
approach to the modelling of defects is to treat them as singular subsets of an elastic
continuum; such models are sometimes termed ‘semidiscrete’, particularly when the

singular sets are explicitly tracked by the model.



In the case of dislocations, the original semidiscrete models employ the ‘core radius
approach’; in which the strain field induced by a dislocation is regularised by removing
the singularity concentrated on the dislocation line, along with a cylinder of material
of radius € around it. This procedure renders the elastic energy of the dislocation
finite but dependent on the ‘core radius’ e. In each of [CLO05|, [SZ12], [GLP10] and
[DLGP12], the authors prove rigorous asymptotic limits for the energy of collections
of dislocations in the parameter ¢, assuming different forms of the elastic energy in
the bulk, and the latter article additionally treats scalings in which the number of
dislocations tends to infinity as € tends to zero.

In [GMO5], [GMO06] and [CGM11], the authors study the energy asymptotics of
a phase—field model for dislocations proposed in [KCOO02|. Here, dislocations are
described via a number density p, and move in a plane where there are ‘pinning sites’
of some given small radius which obstruct their motion and are intended to simulate
dislocations lying parallel to another set of planes in the crystal. The papers study
different energy scaling regimes, deriving asymptotics for the energy in the limit where
the radius of the pinning sites tends to zero while the number of such sites increases.

[VCO07], [VCOAQT|, [VCMOQ9], [HCO10] and [GPPS13| all study the asymp-
totic behaviour for models of dislocation pile-ups, a term used to describe the situa-
tion where a number of dislocations become trapped behind an impermeable barrier.
The first four articles contain detailed asymptotic analyses of the dislocation density
induced by such pile-ups as the number of dislocations increases. The final paper
deals with walls of dislocations, demonstrating a variety of scaling regimes for the en-
ergy which depend critically on the ‘aspect ratio’ between the spacing of dislocations
vertically in the walls and the horizontal spacing between the walls.

Regarding models accounting for planar defects in solids, we remark that there is
a huge literature on phase transitions in solids, where models have been devised in
which phase boundaries appear naturally as singular sets of minimisers in variational

problems: see [Bha03| and [Miil99] for wide-ranging overviews of results in this area.

1.2.3 Atomistic models of static defects

Since the results of later chapters specifically concern atomistic models of static de-
fects, this section presents a more detailed survey of results concerning this particular

class of models.



1.2.3.1 Energy asymptotics for codimension 1 defects

Beginning with [BDMG99|, a series of works by Braides and collaborators have
been devoted to obtaining energy asymptotics for discrete systems via the use of
['—convergence: in particular, we note surface energies in two—dimensional discrete
systems are treated in this way in [ABC06] and [BP13]. We also note the results
of [Thell], in which an asymptotic expansion for the ground state of a mass—spring
lattice confined to some domain in R? is obtained, and a clear characterisation of the
surface energy contribution is given.

Here, we particularly highlight the I'-convergence results of [BC07]| and [SSZ11]
concerning one-dimensional models, since the results contained in Chapter [2| are
similar in flavour. In the first paper, the authors prove the following statement; in it,
n corresponds to the number of atoms considered, and [ corresponds to the length of

the deformed configuration.

Theorem (|[BCO7|). Consider the set of admissible deformations
Al ={y:[0,1] = R |y(0) = 0,y(1) =1, y affine on (£, 1) i=0,...,n— 1},
and define H. : AL, — R U {+00} to be a second nearest neighbour energy
n—1 i+1 i n—2 i+2 i
1 u(tr) —u(3)) | 1 () —uls)
Hl P n n - n n
a(®) n;JI( 1/n +n;JQ 2/n ’

where Jy and Jo satisfy certain structural hypotheses. Then H' may be asymptotically

expanded in terms of I'—convergence as
H, (u) = Hy(w) + L Hi(u) +o(7),

where Hb(u) is an integral functional representing a continuum elastic energy, and
H!(u) is a boundary layer energy which represents a modification to the energy arising

due to fracture and boundary points.

A similar result is proved in [SSZIT], but with the additional constraint on AL
that u(%) and u("T’l) are also prescribed. We remark that a definition of the notion
of an asymptotic expansion in terms of I'-convergence will be given in §2.3] The in-
terpretation of the two results is that the mean energy per atom at the ground state
is approximately computed via H}, i.e. continuum elasticity, with a smaller pertur-
bation computed through H! which arises due to relaxation close to the boundary of

a bulk piece of crystal.



1.2.3.2 Discrete models of dislocation configurations

In [AOOQ5], the authors describe a mathematically consistent framework for defining
the Burgers vectors of dislocations in atomistic settings using the language of algebraic
topology. This framework forms an important basis for the analysis in [Pon07| and
[ADGP13], as well as the work contained in Chapters of this thesis.

Theorem 3.4 of [Pon07] provides the first discrete-to—continuum limit for an atom-
istic model describing the energy of dislocation configurations. Building upon this
work, Theorems 3.1 and 4.2 in [ADGPI13| provide two terms in an asymptotic ex-
pansion via I'-convergence for the energy of screw dislocations in an atomistic model.
These results may be summarised as saying that F., the energy functional considered,

behaves like

Futw) = B )] (0) 44 )| (©) + W) +o1), (1)

as € — 0. Here, u(u) is a sum of signed Dirac masses which corresponds to the
Burgers vector of the deformation w, |p|(€2) is the total variation of the measure p on
Q, and W(pu) is the renormalised energy of u from the theory of Ginzburg-Landau
vortices.

The first term in (1.1) corresponds to the elastic energy stored in creating the
dislocations represented by p(u) in the perfect crystal. This blows up as e tends
to zero, since the number of atoms between the dislocation and the boundary is

! and so larger and larger numbers of bonds must be broken to

approximately e~
introduce the same dislocations. It should be noted that the discreteness of the
model removes the problem of the core singularity discussed in §1.2.2] so this energy
comes only from the long range strain field due to the dislocations. The second and
third terms respectively represent a core energy arising due to the discreteness of the
lattice, and the energy of interaction between dislocations and the boundary.

In addition to the I'-convergence result described above, [ADGP13| also contains
a detailed study of dislocation dynamics which is based upon a minimising movement
for the energy F.: this may be thought of as analogous to a time-stepped gradient
flow of the energy. As part of Theorem 5.5, the main result of this analysis, the
authors prove that given some choice of dislocation positions relative to €2, and a
small enough lattice spacing, there exist local minimisers of the discrete energy which

contain dislocations close to the chosen positions.



1.2.3.3 Other directions

[EOS13| and [OS13| analyse the Quasicontinuum Method, a numerical method first
proposed in [OPT96] to accurately calculate the properties of crystalline defects. The
particular interest of these articles is that they appear to be the first to develop an
error analysis for the method applied to defects which induce long-range stress fields.
Such situations require special treatment to obtain good convergence and accuracy.

We remark finally that although in what follows we deal exclusively with models
which ignore the electronic structure of solids, recent work concerning charged defects
in crystals, for example [CDLO§| and |[CE11], uses an energy difference viewpoint
similar to that taken in Chapter

1.3 Outline of the main results

We now provide a brief overview of the results contained in the ensuing chapters.

1.3.1 Energy of a point defect in a 1D chain of atoms

In Chapter [2| we consider a model for the energy of a one-dimensional chain of atoms
containing a point defect, similar to those described in §1.2.3.1] We assume that the
atoms are interacting via pair potentials, and that the interactions decay sufficiently
rapidly that we need to consider only interactions of nearest and next-—nearest neigh-
bours. In order to restrict attention to the energetic contribution of the point defect
alone, rather than those arising due to surface relaxation effects, we assume that the
chain is periodic and that the potentials grow sufficiently rapidly to prevent fracture
of the chain. Assuming the chain is undergoing an externally induced dead load, f,
the mean energy per atom is then

N-1
F(y) =e Z <¢1(D1%) + ¢2(Day;) + fz‘%) + eEa(y),
i=—N
Yi+ji—Yi
Je
and ¢, govern the interaction of nearest and next-nearest neighbours respectively,

where D;y; = is the relative displacement between atoms, the potentials ¢,
and adding FE; replaces the potentials governing the interactions between atoms of
the pure species with those governing the interactions between pure and defect species.
Considering € as a small parameter, the main result of this chapter is Theorem [2.3.3]
which states that the asymptotic expansion of the energy in terms of I'-convergence
is

Fe(y) = Foly) + eFi(y) + O(e?),
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where Fy(y) is the continuum energy associated with the pure chain of atoms and
Fi(y) is given in terms of a minimisation problem for an infinite chain of atoms. The
key advance in this result as compared to those of [BCO7| and [SSZ11] is the identifi-
cation of the first—order limit with an explicit variational problem. This enables us to
prove Lemma which states that the perturbation to the elastic field introduced
by the defect decays exponentially away from the defect, and then Lemma [2.7.1
which demonstrates the next term must be at worst O(e?) and, in the particular case

where f = 0 and the defect does not introduce a local volume change, the next term
is O(A¥<) for some A € (0,1).

1.3.2 Screw dislocations as globally stable equilibria

In Chapter [3] we introduce an anti—plane lattice model for screw dislocations which
bears similarities to those analysed in the articles outlined in §1.2.3.2] but rather
than study the asymptotics of the ground state energy, we study equilibria containing

dislocations directly. We define the energy difference functional

E(y;5) = > (Dys) — $(D), (1.2)

beB
where B denotes a set of pairs of interacting columns of atoms in an infinite crystal,
Dy, denotes a finite difference, and ¢ is one—periodic potential governing the inter-
action between columns. Specifically, this functional models the energy of a body—
centered—cubic crystal undergoing anti—plane shear parallel to the [111] direction. We

call a deformation y a globally stable equilibrium in this model if
E(y+u;y) >0 for any deformation v with || Dul|,2s) < +oo.

Here, the ¢?(BB) norm arises since, as we show in Chapter , it is the weakest norm
with respect to which the function v — E(y+u;y) is continuous, and hence the space
of functions for which Du € ¢?(B) is the largest space over which this function may
be continuously extended.

The main result of Chapter [4is then Theorem [4.1.1] which states that there exist
globally stable equilibria with net Burgers vector £1[111]. To prove this result we use
variational techniques, exploiting the symmetries of the model to obtain an a prior:
bound on the elastic strain. This then allows us to use concentration compactness to

demonstrate that minimisers exist, and have the desired net Burgers vector.
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1.3.3 Screw dislocations as locally stable equilibria

Chapter |5 continues the analysis of the energy difference functional defined in ,
but the context is broadened to include finite convex crystals as well as infinite crys-
tals. We call a deformation y a locally stable equilibrium of the energy if there exists
€ > 0 such that

E%y+u;y) >0 for any deformation u with | Dul| 2oy < €.

Here, E% is the energy defined to include only the contributions from bonds in B,
which is the set of bonds in the finite or infinite crystal and, as explained in §1.3.2]
the ¢2(B%) norm arises as the natural energy norm for this problem.

The main result of Chapter [5]is Theorem [5.1.1] which states that, under a stability
assumption on an equilibrium containing a single dislocation in the full lattice, con-
figurations containing multiple dislocations exist as locally stable equilibria, as long
as the dislocations are suitably far apart and, in the case of a finite convex crystal, are
sufficiently far from the boundary. To carry out this proof, we use a quantative form
of the Inverse Function Theorem, and obtain a qualitatively sharp asymptotic descrip-
tion of these equilibria in terms of the linear elasticity predictor and the dislocation
core corrector in the full lattice. Apart from this explicit asymptotic description of the
equilibria, the main achievement of this result is a demonstration that the minimal
separation distances sufficient to guarantee existence are uniform in the geometry of

the boundary.

1.3.4 Other sources for these results

The vast majority of results contained in this thesis are also available in the following

articles.

e T. Hudson. Gamma-expansion for a 1D Confined Lennard-Jones model with
point defect. Networks €& Heterogeneous Media, 8(2), 2013.

e T. Hudson and C. Ortner. Existence and stability of a screw dislocation under
anti—plane deformation. Arch. Ration. Mech. Anal., April 2014. Available

online.

e T. Hudson and C. Ortner. Analysis of stable screw dislocation configurations

in an anti—plane lattice model. ArXww e-prints, March 2014.
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Chapter 2

Asymptotics for the ground state
energy of a chain of atoms containing
a point defect

2.1 Outline

We begin our analysis of crystalline defects by presenting a rigorous asymptotic ex-
pansion describing the ground state of a point defect in a one-dimensional chain of
atoms. In §2.2] we describe the model analysed here in detail, and carry out a formal
asymptotic analysis in order to motivate the assumptions used in the subsequent rig-
orous results. §2.3] then briefly introduces I'-convergence, the analytical tool we use
to prove these results, and defines the topology in which the results are proven. §2.4]is
devoted to proving the I'-convergence result for the first term in the expansion, after
which presents some results deriving properties of this term. These properties
are used in §2.6]to develop a proof of the I'-convergence result for the second term in
the expansion, and §2.7] then studies the order of subsequent terms in the expansion.
The results proved in this chapter form the basis of [Hud13].

2.2 Modelling a point defect in a one—dimensional
chain of atoms

2.2.1 Physical model

For now, fix N € N and consider 2N atoms indexed by

ie{=N,...,N —1},
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which have a spatial density of 2N/L where L is the total length of the deformed
configuration. As remarked in we choose to avoid boundary effects by making
the domain periodic. We therefore identify an atom indexed by ¢« = N with the atom
i = —N, and by defining ¢ = 1/2N, we choose to take reference positions for these
atoms to be

;= 1€ € (), :z{—%,—%%—e,...,%}.

Let  := [—3,3], so that Q. = QN eZ. Tt should be noted at the outset that the
choice to use 2N atoms appears to be a restriction; in fact, the results obtained below
hold when this assumption is lifted, but making this choice avoids certain notational
issues which would otherwise obscure the exposition here. Furthermore, we note here
that throughout this chapter, we will frequently write ¢ — 0 to mean N — oc.
Fixing the coordinate system in the deformed configuration so that atom —N lies

at 0, any configuration can be described by a map
y:Q.—[0,L] suchthat y(—3)=0,y(3)=L.

We will use the shorthand y; := y(z;), and extend y to a map on the whole of €Z by

periodicity in the relative displacement, i.e. by defining
YoNkti+l — YoNkti = Yiq1 — ¥ forany k€ Z and i€ {-N,...,N—1}.

The atoms in the chain are assumed to interact through pair potentials which
decay rapidly so that it suffices to consider only the interactions between atoms and
their 2 immediate neighbours on either side. We assume that all atoms per period
except one are of the same type, the former being regarded as the ‘pure’ species. Asin
IBDMG99], the potential energy of a bond between atoms is assumed to be expressed

as a function of the relative displacement

_Yiti T Y Yitj T Y

iy P— je (2.1)

This scaling corresponds to a situation in which the distance between atoms in the de-
formed configuration is small compared with the macroscopic lengthscale, and where
a reference configuration has been chosen such that the distance between atoms in
the reference and deformed configurations are of the same order; this is a natural
physical setting when the material is behaving elastically.

In the case where all atoms are of the pure species, a bond connecting nearest
neighbours with relative length s has energy ¢;(s), and the energy of a bond connect-

ing second neighbours with relative length s has energy ¢2(s). The internal energy
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Figure 2.1: Pair potentials for 1D chain: here the impurity is shown in red, and the
pure atoms in white.

of the configuration arising from the interatomic forces when all atoms are pure is

therefore
N—1

E(y) == Z $1(D1ys) + ¢2(Days)-

By reindexing, it is always possible to ensure that the impurity has index ¢ = 0,
and we will assume this throughout the chapter. The energy of bonds of relative
length s between the impurity and its neighbours is v (s) for the nearest neighbours
and 1), (s) for second neighbours (see Figure 2.1)). The presence of the defect therefore

causes a modification of the internal energy which is included by adding

Eq(y) = ¥a(Day—2) — ¢2(Day—2) + 1(D1y—1) — ¢1(D1y—1)
+ 1 (D1yo) — ¢1(Dryo) + Pa(Dayo) — ¢2(Dayo)

to E;(y). Finally, we also consider dead loads f; acting on each atom. Assuming that

atoms initially lie at the equilibrium positions for the pure internal energy, L(x; + %),

the work done by these forces is
N-1
B (y) = Z fi(yi — L(x; + %))
i=—N

This energetic contribution may be thought of as the work done by the linearisation
of some external force field near the homogeneous linear state y; = L(x; + %) To keep
notation concise, we will frequently write u; to mean the displacement away from the

homogeneous linear state, i.e.
u; =y — L{zi + 3),
and we extend f by periodicity to a map over €Z by defining
fornyi = fi forany k€ Z.
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Adding together the internal energy and the work done by the imposed external force

field, the total energy for the atomistic system is therefore
E(y) = E;(y) + Ea(y) + E3(y)- (2.2)

2.2.2 Formal analysis

At low temperatures, we expect that atoms in the system should approximately min-
imise the energy E°. We therefore seek to characterise the minimal energy and the
states which attain this minimum. We will consider the situation when N is large and
the material is behaving elastically. In this case, interatomic displacements should
vary slowly over the domain, and so we assume, for the purposes of this formal analy-
sis only, that the Cauchy-Born hypothesis holds (for more information, see [Zan96]).
This states that interatomic displacements follow linear deformations of small volumes

of the solid, and so we assume that
D1y;, Doy; ~ Dy(x;),

where y : Q — [0, L] is some suitably smooth function describing the displacement,

and so approximately,

&1(D1y;) + d2(Dayi) ~ ¢ (Dy(xz)) + 92 (Dy(xz))

This motivates the definition of W, the continuum elastic energy density,

W(s) := ¢1(s) + Pa(s). (2.3)
The total energy is approximately
N-1
E(y) ~ Y W(Dy(x;) + Ea(y) + Ej(y).
i=—N

Since the energy is given in terms of a sum of potentials which grows linearly in
the number of atoms, one would expect that the the ground state energy also grows
linearly in the number of atoms, and so it makes sense to look at the mean energy
per atom, eF, as N becomes large. Since the impurity is of fixed small size relative

to the total number of atoms, one would also expect that eF;(y) vanishes as ¢ — 0,

and hence
N-1
B(y) = ¢ 3 W(Dylen)) + fus = Faly) = [ W(Dy)+ fuds,
i=—N
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where u(z) = y(z) — L(z + 3). Assuming that minimisers of Fy satisfy the Euler-

Lagrange equation for this functional,
& (W'(Dy)) = f.

this equation may be integrated once to give

W'(Dy) = o + 3, where  o(x) = ’ f(t)de. (2.4)
~1/2

The defect should then contribute a further term proportional to its size, O(e), to the
mean energy per atom. Physically, we expect that any perturbation to the minimiser
caused by the impurity would also occur close to the defect, induced by internal
stresses arising due to the mismatch between ¢; and 1; near the defect. Earlier,
the impurity was chosen to be indexed by ¢ = 0, so when N is large, we make the
ansatz that close to the defect Dyy; ~ Fy + r;, where Fy := Dy(0), and r; is a small

perturbation. Defining
ot N = —%ef_N and o; =0;_; +e€fi_1,

then summing by parts, the work done by external forces may be rewritten as

N-1 N-1
Z fiu; = — Z o; Dyu; and /fudx = —/O’DUdZL‘.
i=—N i=—N Q Q

We remark that the definition of o€ ; given here has been chosen for technical reasons
that will become clear during the course of §2.6.1f summing by parts at this point
does not require any particular choice.

The additional energy arising due to the defect is then approximately

E(y) — € ' Fo(y) =~ Ex(r),

where E is defined to be

o

Eoo(r) = Ed(r) + Z <¢1 (Fo + Ti) + ¢2(F0 + H%) - W(Fy) +0(0) Ti)?

Eq(r) == a(Fy + "=2572) — do(Fo + =2772) + 41 (Fo +1-1) — b1 (Fo +7-1)
+ ¢1(Fo + 70) — 1 (Fo + 70) + o (Fy + 2E) — ¢ (Fy + 30,

Applying the Euler-Lagrange equation (2.4) for Fy to evaluate o(0) gives

Euo(r) = Ea(r) + Y 1(Fo+7:) + éa(Fo + ™34 ) = W(Fy) — (W'(Fy) = Z)r,

1=—00
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and the periodic boundary conditions imply that > . r; = 0. Since we expect decaying
solutions, assigning the ‘core’ of the defect an energy C(r), and Taylor expanding the

potentials outside some radius R, gives

Eoo(r) = O(r) + 5 3 ¢ (Fo)r? + oy (Fo) ()™,

lil>R

To minimise this energy, r; should approximately satisfy
305 (Fo)(ricy + 13) + &Y (Fo)ri + 304 (Fo) (ri + 7is1) = 0.

Making the usual ansatz for such equations, r; = a)\’, a solution of this form requires
that
505 (Fo) + W (Fo)A + 3¢5 (Fo)A* = 0.

If 1 and W are convex and ¢, is concave at Fj, as might be expected in the case
of Lennard-Jones pair potentials, then a straightforward analysis of the roots of this
equation implies that there are two positive real roots which multiply to give 1. These
two roots correspond to an exponentially decaying solution and an exponentially
growing solution: the latter may be excluded on physical grounds.

These formal results motivate the assumptions made on the potentials and external
force which are detailed in §2.2.3} the rest of this chapter is then devoted to proving

rigorous versions of these results using ['-convergence.
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2.2.3 Confined Lennard-Jones model

We will assume that all potentials ¢; and 1; are C? on the interval (0, 00). Addition-

ally, we suppose the potentials and external forces satisfy the following conditions,

which we term the ‘Confined Lennard-Jones model’.

1.

The Confined Lennard-Jones model.

The nearest neighbour potentials are infinite for negative bond
lengths, and blow up as bond lengths approach zero, i.e.

1(s),Y1(s) = +oo  for s <0,

Jim ¢(s) = +oo and  lim ¢n(s) = +oo.

. The nearest neighbour potentials are [-convex with [ > 0, i.e. for

any s > 0,
1(s),91(s) 2 1> 0.

. The second neighbour potentials ¢, and 15 are concave.

. The second neighbour potentials ¢o and 1), are ‘dominated’ by the

nearest neighbour potentials ¢; and 1, i.e. there exist constants
a € (0,1) and C' € R such that for any s > 0,

P2(s) = —a¢u(s) + C, P2(s) = —aihi(s) + C,
a(s) > —a¢i(s) + C, Po(s) > —a)y(s) + C.

. The ‘pure’ potentials are such that the resulting continuum elastic

potential is [-convex with [ > 0, i.e. if W is defined as in (2.3)), for
any s > 0,
W"(s) = ¢{(s) + ¢5(s) > 1> 0.

. We assume f; = f(z;) for some f € C%(Q).

These assumptions are designed to prevent fracture of the chain which would need
to be taken into account if we simply used a Lennard-Jones—like potential (see for

example the analysis contained in [BCO7| and [SSZ11]), and hence allows us to isolate

the contribution of the point defect more easily.

Assumption 1 states that the atoms undergo a strongly repulsive interaction when
they approach each other, typical of those used in Molecular Dynamics simulations

for Materials Science applications (see Chapter 10 of [LR04]). The assumption that
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Figure 2.2: Typical potentials satisfying the assumptions of the Confined Lennard-
Jones model which approximate the Lennard-Jones potential, ¢ j(r) :=r~'2 — 295,

the potentials are 400 when relative bond lengths are negative is not restrictive,
since it prevents reordering of the atoms in the deformed configuration relative to the
reference configuration. Such reorderings may always be dealt with by reindexing,
and so to simplify the arguments below, we employ this hypothesis instead.

Assumptions 2 and 3 simulate the behaviour of a typical Lennard-Jones pair in-
teraction, which is convex for short bond lengths, and concave for any bond longer
than some critical length (the original Lennard-Jones potential is shown in Figure
as ¢ry). Under strains of up to 10%, nearest neighbours lie in the convex part of the
potential, and all other atoms lie in the concave part.

Assumption 4, when combined with Assumption 2, enforces the elastic behaviour
of the material and prevents fracture from being favourable: it is this assumption
which ‘confines’ the model.

Assumption 5 prevents any form of microstructure from forming. Since this is not

the focus of this study, this assumption avoids significant analytical complications.
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2.2.4 Immediate consequences

These assumptions lead to two estimates which we will use frequently throughout this

chapter. First, the fact that ¢, is concave implies that

301(a) + 301(0) + 62(*3) > W (a) + 3 (D). (25)

Second, by using the concavity of the second neighbour potentials once more, we have

301(a) +a(%52) + (D) + d2(PE) + ¥a(c) + Yo () + 361 (d)
> 5 (#1(a) +1ha(a)) + (1(D) + 562(D) + 512(b))
+ (151(0) + %%(0) + %¢2(C)) + %(¢1(d) + wz(d))7

and Assumption 4 now implies

161(a) + Ya(52) + 1(8) + 62(%5°) +
> (1- ) (361(a) + v1(b) + 1(0) + 301 (d)) +3C.
> 1 (%aQ +b02 4+ §d2> +3C. (2.6)

2.3 I'-convergence as a tool for asymptotic analysis

['-convergence is a form of convergence specifically tailored to be suited to variational

problems, and may be defined as follows.

Definition 2.3.1 (I'-convergence). Let (X, d) be a metric space, and Fj :
X — R U {+o0} be a sequence of functions. (Fj) is said to I'-converge
to F': X — RU {400}, written I'-lim; , F; = F, if the following two
conditions hold.

1. (liminf inequality) For any sequence (z;) such that z; — =,

liminf Fj(x;) > F(z).

J—00

2. (limsup inequality) There exists a sequence (z;) such that z; — x and

limsup Fj(z;) < F(z).

Jj—0o0

As an illustration of the utility of this form of convergence in the study of varia-
tional problems, the following lemma is a particular case of Theorem 1.21 in [Bra02]:

we state it here without proof.
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Lemma 2.3.1 (|[Bra02]). Suppose (X,d) is a metric space and F; : X — R U {400}
s a sequence of functions for which there exists a compact set K C X such that
ming F; = miny Fj. Then if I'-lim; . F; = F', it follows that

min F(z) = lim min Fj(x),

zeX j—oo xeX

and furthermore if x; € argminy F}, then every convergent subsequence of (x;) con-

verges to a minimum point of F.

This result may be interpreted as saying that the minimum of F' provides an
approximation of the minima of F}, and that the points at which the minimum of
F is attained are also approximately minimum points of Fj. It is possible to further
develop this idea and state the following definition of an asymptotic expansion via

I'—convergence as proposed in [AB93| and discussed extensively in [BT08].

Definition 2.3.2 (Asymptotic expansion via ['-convergence). Let
(X, d) be a metric space, and Fj : X — RU{+400} be a sequence of functions.
We write

Zwk VF* (z +0(wN( ))

to mean that forK:O,...,N,

F K-1 k
thm J(x) k=0 Wk(])m — FK(I),
j=o0 wi ()
where m”* = min F*(z), and lim =9 — 0 for k=0,..., N — 1.
zeX ioo W)

If F; satisfies the assumptions of Lemma [2.3.1] repeated application of the first
conclusion of that result gives
N
min Fi(z) = 3 wi(j)m" +o(wn(i))  asj— o0,
k=0
and hence F* provide a sequence of variational problems, the solutions of which
provide an approximation of the minima of F; as j — oo. The second conclusion
cannot be used to say anything further in general, unless we know something more
about the structure of F; and F*.
Inspired by the notion of ‘completeness’ of such asymptotic expansions defined in
IBTO08], we write

Fy(e) £ 3" wn() FH(x) + O(wn1(5))
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to mean that the expansion is complete up to order wyi1(j), i.e.

Zwk Fk +0(WN( ))

as before, but additionally

Fi(z) — S0 gwi(j)m* 0 z € argminy F'V,
['-lim = .
j—o0 6(j) +oo otherwise,

for any sequence 6(j) such that wy(j) < 0(j) < wn+1(j) as j — oco. This definition

is a natural extension of the previous one, as it entails directly that

gg)]?F Zwk m +O(wN+1( )) as j — oo.

The model described in §2.2.1] provides such a sequence of variational problems
for the energy defined in (2.2)) indexed by N € N, and hence I'-convergence provides
an ideal tool for the rigorous justification of the arguments in §2.2.2|

2.3.1 Preliminaries and main result

Since I'-convergence is defined with respect to a metric space, we make precise the
spaces in which we work here. Throughout this chapter, we use the usual notation
for Lebesgue and Sobolev spaces, with || - ||, and || - |1, being the norms on LP((2)

and WHP(Q). We write y© — y in L? or ¢ — y in WP (or H') to mean
ly —yll, =0 or |[y°—ylli, = 0 respectively.
We write y. — y or ‘y, converges weakly to y in H! if

(fy) = (fy) forany feH(Q),

where (-,-) is the usual duality product on H'(2).

Since we seek the I'-limit of the energy functionals eE€ as defined in (2.2]), we
need to ensure they are defined over the same space. Following the approach taken
in [BDMG99], we associate any discrete deformation y¢ with a piecewise linear inter-

polant defined everywhere on €2,
Y (z) = y; + Dyyi(x —x;) forany z € (24, 411),

where we recall the definition of Dyy; from (2.1). For each choice of €, these linear

interpolants lie in the spaces

PL(Q) := {y € Whe(Q) : y is affine on (3, 2i11), T4, Tip1 € QE}.

€
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The admissible deformations A(L) are defined to be the set of such interpolants with

the correct boundary conditions,
A(L) == {y € Pe(Q) 1 y(—3) = 0,y(3) = L}.

For any e,
AYL) CA(L) == {y e H(Q) : y(—3) = 0,y(3) = L};

in fact, by the properties of linear interpolation, (see Chapter 4 of [BS08]),

A(L) C clos( D AG(L)>,

where clos(A) denotes the closure of a set A in the strong topology on HY(€2). Since

A(L) is convex,

A(L) C clos( U AE(L)> C W—ClOS( U AE(L)> C w-clos(A(L)) = A(L),
N=1 N=1
where w-clos(A) denotes sequential closure of a set A in the weak topology on H!(Q).
In we will see that the weak topology on H! ends up being the ‘natural’
topology for this problem due to the assumptions made in even though the
['-convergence results proven are always phrased in terms of the less restrictive con-
vergence in the L? metric on A(L). It may be checked directly that A(L) endowed
with the metric induced by the L? norm is a metric space, and so ['-convergence is

well-defined for functionals defined on this space.
As H(Q2) embeds in C°(Q2), we define a projection operator 7¢: A(L) — A°(L),

(Tey) () :=y; + Diyi(x — x;) for any =z € (x;,2441),

where y; = y(z;) as before.

We are now in a position to extend the definition of eE¢ to carry out our I'-
convergence analysis. Guided by other work for similar models (amongst others, see
those used in [BC07], [BG02| and [BDMG99]), we define F¢: A(L) — R to be

eB(y) ye A(L)

+00 otherwise. (2.7)

) ={

We may now state the main result of this chapter.
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Theorem 2.3.3. Suppose that F¢ : A(L) — R is as given in (2.7). Then, with
respect to the L? metric on A(L),

F(y) = Foly) + eFi(y) + O(é?)
as N — oo, where

Foly) = /Q W(Dy) + fyd,

inf EOO(T) y € argmin Fy(y),
F (y) = rel2(Z) yeA(L)
+00 otherwise

and E : 1*(Z) — R is defined in [2.18).

The proof of this result is divided into the relevant I'-convergence results, proved

over the course of §§2.4]

2.4 The Oth-order I'-limit

Our first result gives the first term in the I'-expansion of F*.

Theorem 2.4.1. With respect to convergence in L?,

I—lim F<(y) = Fo(y) := /QW(Dy) + f(y — L(x + %)) dx.

e—0

The I'-convergence of the internal energy in this result is already covered by The-
orem 3.2 in [BCO7], but we present a complete proof here in order to demonstrate
the special structure of the Confined Lennard-Jones model described in By
exploiting the convexity and concavity of the potentials, we do not have to resort to
a homogenisation formula to prove the liminf inequality.

2.4.1 The liminf inequality

The following lemma provides both a statement of equicoercivity and the liminf in-

equality.
Lemma 2.4.1. Suppose (y°) is a sequence in A°(L) such thal y¢ — y in L?: then
1. if Fe(y°) is uniformly bounded for all ¢ > 0, y¢ — y in H', and

2. liminf F(y°) > Fo(y).

e—0
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The proof of this result relies upon the growth assumptions and estimates made in
§2.2.3 and is inspired by the argument used in the proof of Theorem 4.5 in [Bra02].

Proof. We construct a lower bound on the energy functional from which statement 1
follows. We begin by estimating the energy due to atoms away from the defect from
below. Let

P.:={-N,...,N -1} \ {-2,-1,0},

i.e. the set of indices which have only pure-type interactions with their two neighbours
on the right. (2.5) and the l-convexity of W imply that for any y € A(L),

Z 501(D1y;i) + d2(Dayi) + 561(D1yira) > Z sW(Dvyi) + 5W(Dryisr),

i€P, 1€ P,
Z Z il (}Dlyz‘z + |D1yi+1‘2> +C. (28)

1€ P,

For the remaining indices, (2.6) implies that

501(D1y—2) + tha(Day_s) + Y1 (D1y—1) + ¢2(Day—1) + Y1 (D1yo)

0

+ Ua(Dayo) + 5¢1(Dryr) > Z il <|D1?/z‘|2 + |D1y¢+1|2> +C, (2.9)

i=—2
and hence
N-1
Byly) + eBaly) = ¢ Y (3 [Diwi]* + C) = S IDyefl3 + C. (2.10)
i=—N

Finally, Lemma 5.3 in [BDMG99] implies that

Ey) — [ o= L+ 1) d
so €L%(y¢) is uniformly bounded, and thus
sup || Dy‘|2 < +o0,
e>0

so statement 1 follows via the standard result that y© — y in H' if and only if ||y||;
is uniformly bounded and y° — y in L?(Q).

To prove the second statement, we note that as W is [-convex, the map

y|—>/QW(Dy)dx (2.11)
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is lower semicontinuous with respect to weak convergence in H'(2) (see for example
Corollary 2.31 in [Bra02|). Fix 6 > 0. The estimates made in (2.8) and (2.9)) imply
that

CES(y°) + cEaly’) > / W(Dy") de + C'6.
Q\(—9,0)

Using the first statement and the weak lower semicontinuity of (2.11]), we have that

liminf (eE5(y°) + eE4(y)) > liminf W(Dy)dx + C'6,
e—0 e—0 Q\(—4,0)

> / W(Dy)dx + C6.
O\(=4,5)
Since 0 was arbitrary, we let § — 0, giving

liminf (eE5(y°) + eEq(y)) > /QW(Dy) dz. (2.12)

e—0

Convergence of the external force term is a consequence of Lemma 5.3 in [BDMG99],
the result of which implies that if 4 — y in L*(Q2) and || Dy¢||» is uniformly bounded,
then

€L (y) — /Qf(y — L(z + %)) dz. (2.13)

Combining (2.12)) and (2.13)) completes the proof. O

2.4.2 The limsup inequality

We now prove the following lemma to complete the proof of Theorem [2.4.1]

Lemma 2.4.2. For any y € A(L), there ezists a sequence of y¢ € A°(L) such that
y¢ — vy in L? and
lim sup F(y°) < Fo(y).
e—0

The construction of the sequence y¢ requires a diagonal argument, which proceeds
in two steps. In the first step, the convexity of W is exploited to show that a naive
approximation of y € A(L) by Ty works for the ‘pure’ part of the energy. By
linearising deformations near the defect, and therefore controlling the behaviour of
the energy there, we can take a diagonal sequence to arrive at the correct inequality.
Note that the inequality is trivial if Fy(y) = +o00, so we only need consider y € A(L)
such that Fo(y) < +o0.
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Proof. Fix y € A(L), and define the integrand

N-1

We(z) = Z (%@(DQ%J) + ¢1(Dryi) + %¢2(D2Z/z')>Xi(95)7

i=—N

where x;(x) is the indicator function for the interval (x;,x;11). Note that by con-

struction,
/ We(z)dr = eE(y).
Q
We will apply Fatou’s lemma to the functions W..

Almost everywhere convergence of We. Define the sequence i, := [Nz € Z for fixed
x € Q, so that x. := ei. — = as € — 0. Lebesgue’s Differentiation Theorem (see for
example Corollary 2 in §1.7 of [EG92]) entails that, as € — 0,

Tetje
D;y,. :][ Dy(t)dt — Dy(x) for almost every x € .

The continuity of the potentials ¢; therefore implies that W.(z) — W (Dy(z)) for

almost every x € Q.

Pointwise upper bound on W.. Fix a point x € ) and the sequence i, as above.

Dropping the subscript, we estimate

We(x) < 5¢02(Dayi—1) + 561(Dayio1) + ¢1(Dryi) + 561(Dayi) + 502(Dayi) + C,
= LW (Dsyi—1) + ¢1(Dryi) + W (Day;) + C,

where —C' € R is a lower bound for ¢,. Next, Assumption 4 in §2.2.3|implies that for
some C' € R,
W () +C = ai(1).

11—«

Hence, letting A := max{3, ==}, and applying Jensen’s inequality,

We(z) < A (W(Dayia) + W(Diy) + W(Dags) ) + C,
Tit1 Tit1 Tit2
<A ( W (Dy)dz + W(Dy)dz + W (Dy) dx) +C.
Since W is bounded below, we can extend the domain of integration for each integral,
to reach the upper bound

T+2€
We(z) < g(x) :=3A W(Dy)dt + C.

r—2€
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Convergence of g.. As Fo(y) is bounded, W (Dy) is integrable and so another appli-

cation of Lebesgue’s Differentiation Theorem implies that
ge(x) = g(z) := 3AW (Dy(z)) + C

almost everywhere as ¢ — 0. Furthermore, g may be expressed as the convolution

Je = g * pe, where p, is an approximation to a Dirac mass given by

() = fp(f) where p(z) = xa(2).

Since g € LY(Q) and p. € L>®(Q) it follows that g. € L'(Q), and by a standard

argument
/ge(x)dx%/g(x)dm
Q Q

as € — 0. We can now apply Fatou’s Lemma to g.— W, which is positive, measurable,

and converges almost everywhere, so

/ gdx — limsup W dz = liminf — Wedz > / g — W (Dy)dz.
Q

e—0 =0

A rearrangement of this inequality allows us to conclude that

lim sup eE (y°) —hmsup/W dw</W Dy)d (2.14)

N—oo N—oo

Controlling the energy near the defect. For any y € A(L) and 6 > 0, let y° be a
linearisation close to 0 of y € A(L) given by

() = y(—=9) + M(:IH—(S) when |z] < 6,
Y o y(x) otherwise.

Let F° := Dy°(0). For e sufficiently small, the defect energy for T<y° is
eE4(TY’) = 2e(¢o(F°) — ¢o(F°) + 11 (F°) — g1 (F°)) < C(d)e (2.15)

with ¢ fixed. To control eE§, we can once again employ the estimate that was proven
in (2.13)), since the argument used was for a more general sequence than that chosen
here. Therefore, combining (2.13)), (2.14) and (2.15]), we deduce that

lim sup F<(Ty°) < Fo(y°).

e—0
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Since y° — y in L? as § — 0, we wish to show that Fy(y°) — Fo(y) as 6 — 0 in order

to use a diagonalisation argument. This follows from the observation that

) )
25-C§/ W(Dyé)dxg/ W (Dy) dz,
) )

since W is bounded below and convex. Both the left- and right-hand sides tend to 0
as 6 — 0, so we deduce that

Foly) = / WD) + £ (s — Lix + 1)) de,

27

)
s/ W(Dy) dx+/ W(Dy’) +/fudx+ 11l —
O\(=6,5) -5 Q

— Fo(y)

as 6 — 0, where u(z) :=y(z) — L(z + 3).

Conclusion. By taking a diagonal sequence from the collection of 7¢y°, there exists

a sequence Ty’ — y in L2, along which

lim sup .Fe(Tey‘SE) < Foly),

e—0

proving the statement, and thus concluding the proof of Theorem [2.4.1] O

Remark 2.4.1. The defect does not introduce a perturbation to the I'-limit at this
order: see Theorem 3.2 in [BCOT7| for the I'-limit of this problem without a defect.
This is to be expected, since the ‘defect set’ is null in the limit as ¢ — 0, and hence

it becomes reasonable to ask whether there is a higher order change in the energy.

2.5 Properties of F

The functional Fj is of a well-studied form, and the analysis of the minimum problem
is classical. The following lemma collects relevant results regarding the functional and

its minimisers which we will invoke in the following sections.

Lemma 2.5.1. The variational problem

argmin Fo(y)
yeA(L)

has a unique solution iy, which has the following properties:

1. y satisfies the Euler—Lagrange equation for this problem,
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2. y € C*(Q).

Proof. The existence part of this result is completely classical, and a proof may be
found in [Dac08| for example. If we suppose for the moment that minimisers are in
Whee(Q) and satisfy the condition

Dy(x) >6 >0
for almost every x € €2, it is also easy to show that they satisfy
/ [(W/(Dy) —o]Dvdz =0  Vve Wye(Q), (2.16)
Q

where o(z) := [ f(t)dt. Since W is l-convex, W’ : RT — R is strictly increasing
and is a C! diffeomorphism. If (W’)~! is the inverse of W', it is possible to ‘explicitly’

define a solution of the Euler-Lagrange equations
y(x) = /I(W’)‘l(a(t) + %) dt,
where ¥ is the solution of the following implicit equation:

/(W’)‘l(a(t) +X)dt = L.
Q

It may be shown that this equation has a unique solution by regarding the left-hand
side as a function of X, showing this function is C!, has a strictly positive derivative,
and tends to 0 as X — —oo so attains all possible values L > 0 only once. It is now
simple to verify that 7 is C? and satisfies the pointwise Euler-Lagrange equation, that
is

LW (Dy(z)) = f(z) = W(Dy(z)) =o(z)+3, (2.17)
so all that remains to do is show that gy is in fact the minimiser. Suppose that

y € A(L) minimises Fy and is not equal to g; then
0= [ WD)~ WD) + G- ).
~ [ WD) - WD) ~ o(Di — Dy) dz.
> /Q (W/(Dg) - o] - (D — Dy) dz + 41| Dj — Dy,

where we have integrated by parts and used the fact that W is [-convex. Since
y has been constructed to solve the pointwise Euler-Lagrange equation (2.17), the
integrand in the first term vanishes, and hence §y = y. This argument clearly also

implies uniqueness of solutions. [
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2.6 The 1st—order I'-limit

The approach taken in §2.4.2] gives an indication of the scaling of the next term in
an asymptotic expansion of the energy: suggests that the extra energy from
the defect is only coming from a set near the defect that is of size O(e) since the
minimiser of F, is C? at 0. §2.5shows that we have a very clear understanding of the
properties of 4, and thus we can reasonably hope to derive a good characterisation of
the next term in the asymptotic expansion as in [SSZ11], BC07|.

For this purpose, we define some additional notation. Recalling from §2.5] that

y = argmin Fy(y),

yEA(L)

the functional from which we obtain the first-order limit is

J,—_-le<y) = fe(y) _FO(g)

€

To make the notation used in this section more concise, we let Fy := Dy(0) as in

§2.2.2 and define

Dy (t) := 1 (Fo +1) — ¢1(Fo) — ¢ (Fo) t,
Wy (t) := 1 (Fo +1) — ¢ (Fo) — 61 (Fo) ¢,
Do(t) 1= 2L +1) — 2(F0) — ¢h(Fo) T,
Wo(t) := ho(Fo +1) — ¢2(Fo) — ¢5(Fo) .

We will show that the first—order I'-limit can be written in terms of the infinite cell

problem

where E,, : (2(Z) — RU {+oc} is defined to be

Tig1tTi n ;
() = > Bi(ri) + Po(HE) + Eg(r), Fo+r;>0foralli €N, (2.18)

1=—00

400 otherwise,

and we replace ¢; by v; in the relevant places by setting F, : £°°(Z) — R to be

Ed(r) = %(FO + %) - ¢2(F0 + %) +¢1(F0 +7”—1) — (Fo +7“—1)
+¢1(F0+7’0) —¢1(F0+7’0) +¢2<F0+%) —¢2(F0+ %)
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We briefly show that E. is well-defined. It is straightforward to check that @, is

concave because ¢, is concave, hence

Ew(r) > Y ®i(ry) + Oa(ry) + Ea(r).

1=—00

Furthermore, the fact that W is [-convex implies
Dy (t) + Po(t) = W(Fy +t) — W(Fy) — W'(Fp)t > 114, (2.19)

and for : = —2,—1,0, 1, as in (2.9), there exists some constant C' € R such that

1 1

> (%‘I’l(ﬁ) +50(riq) + <I>z(”+%)> + Ea(r) > Y L+ C.

1=—2 i=—2

Hence we have that
Ex(r) = 33 + C, (2.20)

and E, is well-defined as a function mapping ¢2(Z) into R U {4c0}.

We now state the I'-convergence result for the second term in the expansion.
Theorem 2.6.1. With respect to convergence in L?,
inf E.(r) y=7g,
[-lim Fi(y) = Fi(y) == reC@) (r)
0 +oo Yy #7.

In contrast to the results of [SSZ11] and [BCOT|, we emphasise that we have an
explicit representation of the 1%%-order limit in terms of a minimisation problem in an

infinite cell.

2.6.1 The liminf inequality

The liminf inequality is the following statement.

Lemma 2.6.1. If y* — y in L2, then

lim inf F7(y) > Fi(y).
e—0

As in the proof of Lemma [2.4.1] we use a coercivity result which says uniform
boundedness of Ff(y¢) implies a form of compactness for the sequence y°. In this
proof, there are two such results, which are employed at crucial steps in the main
argument. The first of these results, Lemma states that if F¢(y©) is uniformly
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bounded then the weak convergence of y¢ in H! proven in Lemma improves
to strong convergence in H'. The second, Lemma [2.6.4] describes coercivity in a
topology which we use to describe perturbations to the minimiser of Fy close to the
defect. Once these results have been obtained, the main argument will follow by
applying Fatou’s Lemma to a suitable reinterpretation of Ff(y°).

We remark here that to simplify the notation, we write u, u° and @ in place of
y—L(z+3), y°— L(z + 3) and § — L(z + 3) respectively.

A key step before proving the coercivity results is to rewrite Fi(y¢) and Fo(y) by

using integration by parts on the external force terms, giving

/fﬂdx:—/aDﬂdx,
Q Q

using the boundary conditions and defining o(z) := [ t)dt as in §2.2.2l Analo-
g y ) ~1/2

gously, we recursively define
. 1 € .__ €
0y i=—3¢f-ny and of =0 | +e€fiq,

which leads to the representation

N-1

N-1 e ot N-1
it1 — Y €
E Jiug = E —e U = — E Ui+1D1Ui-
i=—N i=—N

i=—N

As remarked in §, the definition of o , can be left free to carry out this summa-

tion by parts; however, the particular choice of o€ 5 given here will be exploited to

obtain (2.26), a pointwise estimate on o — o during the proof of Lemma [2.6.2]
Define the step function o€ : Q2 — R

N—-1
Ue(x) = Z 0;—}—1 X($¢,$¢+1)($)?
i=—N

so that if y € A°(L),
eE5(y) = —/QO’E Dudzx.

Using these definitions, we perform careful estimates of F¢(y) by splitting the domain

of integration over the intervals (z;, x;.2). For y¢ € A°(L), let

s§ = do(Days) + 301 (Drys) + 201(Dysyy) — 2o, D — 105, Dl
Tito
—][ W(Dy) — o Du+ % (Dy* — Dy)dz  (2.21)

i
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ifi e {—N,...,N — 1}, and set s{ := 0 otherwise. Then it is easy to check that

Fi) = > si+Es(Diy — Ry), (2.22)

1=—00

where Dy — Fy € (>°(Z) is

€ __ P Dly:_FO7 Z.:_]\[,...7]\/’—1’
(Dly Fo)i o { 0 otherwise.

We are now in a position to state and prove the necessary coercivity results.
Lemma 2.6.2. If y¢ — y in L? and F{(y°) is uniformly bounded for all € > 0, then
y¢ — g in HL.
Proof. Since Ff(y¢) is uniformly bounded, we know that for some C' € R,

[ F<(y°) = Folm)] < Ce,

which immediately implies that F¢(y) — Fo(y) as € — 0. Consequently, Lemma
2.4.1 applies and so || Dy||2 is uniformly bounded. Let i € {—N,...,N —1}. We

estimate s{ below:
Tit2
5§ > W (Dy*) — W(Dy) — 0°Du‘ + o Du — ¥ (Dy° — Dy) dx,
3Cl‘.73i+2
> W'(Dy)(Dy — Dy) + 3l |Dy° — Dy|?
— 0°Du 4+ 0 Dt — X (Dy — D) du,
using the concavity of ¢o on the first line, and the [-convexity of W on the second.

Next, as ¢ satisfies the pointwise Euler-Lagrange equation (2.17]),

Tito
5 2][ (U(sz — Dy) + 31| Dy* — Dy — 0“Du‘ + 0Dﬂ> dz,

Tit2
Z][ ((0 — o) Du’ + 1| Dy — Dg|2> dz. (2.23)

The latter term in the above integral is of the form we seek, so it remains to show
that the other term vanishes in the limit. Once this is done, we must then show that

the defect energy is also suitably bounded below.

Pointwise estimate on o — o¢. Noting that Du is constant on the intervals (z;, x;11)

and using the definitions of ¢ and o€, we rewrite

Tit1 Tit1 x i—1
][_ (0 —0)da =][_ ( fdt—e > 3(fi+ fi) = %efi) dz,

—-1/2 ——N

_ /1/2 (r6) = (TnW) ar Jr][+ (/ F(t)dt — %efl-) dz.
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Since we know that f € C?, standard results about interpolation error (see for example
[SM03]) imply that

'/ / (10 - (TN 0) ] < 57 (2.24)

For the other term, we Taylor expand f(¢) at z;, then evaluate integrals to show that

Ti41 x
/ f(t)dt — Sefida

Combining (2.24)) and ({2.25)), we have

< 1) f e (2.25)

| Dyug| + | Dyug, |
b

< (5N oo + FENF 1) >

2
< E(|Dyus? + [Dyuty, ),
< 2| Ducl|s, (2.26)

Tit2
][ (0 —o°)Dudx

where we have used Jensen’s inequality, and then added further positive terms inside

the brackets on the second line. This estimate can be inserted into (2.23)) to give

T2
> —Ce?|| Dufl|y + %l][ |Dy¢ — Dy|* d. (2.27)

Lower bound on defect energy. Using (12.9)), the fact that W (Dy)— (o +X)Du is finite,

and estimate ([2.26)),

0 i
Zs + Eq(Dy" — Fy) > Zi (|Dryc]” + | Duya|) — ][;Due—i—ZDuedx—i—C,

1=—2 Zi

Tit2
_ Z][ Dy — oDut — (0° — o) Duf — S Du dz + C,

i=—2 %
>Z][wl112|Dy|2 lo + S| Duc| + € dz — Ce¥2|| Dyl
1=—2

Since Dy is bounded above and below,

Ti42
Z s¢+ Eq(Dy* — Fp) > 2][ LU |Dy* — Dgl*dz + C — C¥?|| Dy |lo.  (2:28)

i=—2 i=—2

Conclusion of the argument. Summing over 7 in (2.27)), and applying (2.28)) and the
fact that || Dy¢||2 is uniformly bounded, we have shown that
Ti41

Fi(y) > —Ce'/? + 11 Z][ |Dy* — Dy|*dx + C.

K3
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Multiplying this inequality by € and using the assumption that F;(y¢) is uniformly
bounded, we have
Ce > LDy — Dy, (2.29)

which proves the result. O

To state the second coercivity result, let P. : A°(L) — (*(Z) be the sequence of

operators
(Pey)i T { 0 otherwise.

Clearly P, is well-defined as a map into ¢*(Z), since P.y is always compactly sup-
ported.

Lemma 2.6.3. If Fi(y°) is uniformly bounded, then there exists a subsequence of
P.yc which converges weakly in (*(Z).

Proof. By dividing (2.29) by e and using Jensen’s inequality, we have

I N-1
SEED SE INLYEVITESDS
i=—N" i i=—N

We have shown that the sequence P.y¢ is uniformly bounded in ¢*(Z), so in particular,

Tit1 2

Dy — Dydz| = %zupﬁyﬁugg(z).

Ty

it must have a weakly convergent subsequence. O

To conclude the argument which will prove the liminf inequality, we will use the
following characterisation of weak convergence in £2(Z) which follows easily from the

Riesz Representation Theorem.

Lemma 2.6.4. A sequence (r°) C (*(Z) converges weakly to r € (*(Z) as € — 0 if
and only if the following two conditions hold:

1. ||r¢)|e2 is uniformly bounded,

2. ¢ = r pointwise (almost everywhere in the counting measure) as € — 0.

Proof of Lemma [2.6.1. Asindicated at the beginning of this section, we apply Fatou’s
Lemma to the sum (2.22). Suppose that F(y¢) is uniformly bounded and y* — y in

L2. Take a subsequence y such that

lim F*(y®*) = lim inf F7(y©),
e—0

k—o0
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and then using Lemma [2.6.3] a further subsequence (which we do not relabel) such
that P, y* weakly converges to r in (*(Z). Since y € C*({2), we have that

Tit1

Ty

as € = 0. Fixing an index ¢ € Z, Lemma implies that
(Pekyek)i = Dvy¥ — Dy = Fo + 1 — Fo

as k — 0o, so that we may view r as a perturbation to the deformation gradient in
an ‘infinitesimal’ neighbourhood of the defect. (2.27) implies that s + Ce*/? > 0 for
1=—N,...,N —1, so that

Ni—1 00
lim inf st Cet > > lim inf (s{* + cel?). (2.30)

k—oo | .
i=—Nyg 1=—00

Since the potentials ¢; are continuous and of — ¢(0) as € — 0 with ¢ fixed, we have
that

hgggjlf (Sjk + 62/2) — ¢2 (FO + 'I'z’"l‘;'H—l) + %Cbl(FO + Ti) + %¢1(F0 i TH—l)
— W (Fp) — o(0) (Fy + ") 4+ o(0) Fyy — ¥ st
= Po(r; +1i41) + %Cbl(ri) + %fbl(riﬂ)’ (2.31)

where we have used the fact that since g satisfies (2.17) pointwise, o(0) = W'(Fp) — 2.

Note that
Np—1

lim Y 0 = lim Ce/* = 0, (2.32)
=—N,

k—o0

so then combining (2.30)), (2.31) and (2.32), we have that

o0

lim inf 3 sgk > Z Oy (ML) 4+ 10 (1) + 204 (ri).

Finally, by possibly taking further subsequences, we can assume that (Pekyek)i con-

verges uniformly for i € {—2,—1,0, 1}, and so

. . € € — . . Ek =~ Ek _ > d > . =~
i inf () hggg}f(z_: 4 EDy* — F)) 2 Bxlr) 2 B Bo(),
proving Lemma [2.6.1 [
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Note that by the periodicity assumption, we have

N-1

Z (Peye)i =0

i=—N

for any y© € A°(L). If Py — r in £*(Z), we could conclude that

[e.e]

Z Ti:();

however, since we have convergence only in (?(Z), this is false in general. As a
corollary of the argument contained in the proof of Lemma [2.6.1, we have therefore
demonstrated that the set of compactly supported mean zero sequences is dense in

the weak topology on (*(Z).

2.6.2 The limsup inequality

The limsup inequality is the following statement.

Lemma 2.6.5. For every y € A(L), there exists a sequence y¢ — y in L? such that

lim sup F3(y) < Fi(y).
e—0
This statement is trivial in the case where y # ¥, so we only need to construct
the sequence for y = . In order to construct the limsup sequence, we will show
that there exists a minimiser of E., and then combine a suitable truncation of this

minimiser with 7y to get the result.

Lemma 2.6.6. There exist minimisers r € (*(Z) of E.. which satisfy the infinite

system of nonlinear algebraic Euler—Lagrange equations

SOGB4 @) (ry) + §RG(UH) = 0, i ¢ {-2,-1,0,1}, (2.33a)
L) (412) 4 @ (1) + S0 (B2 =, (2.33b)

B () 4 W () + (55 = 0, (2.33¢)

595 (570) + Wi (o) + 3 W5(75m) =0, (2.85d)

FUL(55) o+ B)(r) + 35(25) =0, (2:33¢)
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Proof. Since E(r) < 400 for the constant sequence r = 0, inf, cp2(z) Eo(r) < 4o0.

Recall from (2.20) that

This bound implies that E, is coercive, and applying Fatou’s lemma as above with
the pointwise lower bound implies that E is weakly lower semicontinuous. A
standard application of the Direct Method of the Calculus of Variations now yields
existence.

To obtain the Euler-Lagrange equations, suppose r is a minimiser of E. Let
e’ € (*(Z) be the sequence which has

ei _ ]- .] - ia
371 0 otherwise.

Let ¢ # —2,—1,0,1; for small enough ¢ > 0, E,(r + te') < 400, and

Eoo(r + te

0<
N t

— E ! L e
) (T) :/O %q)/z(n_l—;n-‘rst) + CD/l(’f’Z + St) + %(I)IQ(TZ+St;TZ+1) ds.

Applying the Dominated Convergence Theorem and repeating the argument for ¢ < 0
now implies that the equations (2.33a]) are satisfied. The same argument implies the
other equations in (2.33), completing the proof. O

In order to complete the proof of the limsup inequality, we will require a better
understanding of minimisers of E.., and so we prove the following sequence of results,
which amount to regularity results for solutions of the Euler-Lagrange equations
([2:33). From now on, we fix r € £2(Z) to be one particular minimiser of E.

Lemma 2.6.7. Suppose that r € (*(N) solves (2.33a)) for all i > 2. Then
> = e
rn>0 = nr I?E%X{Tj},
< = min{r;}.
nmn<0 = n r]%{]l{rj}

Proof. We prove only the first conclusion, the proof of the second being similar.
Suppose for contradiction that r € ¢%(Z) solves (2.33a) and r; # max;en{r;}. Since

r; — 0 as j — oo, it follows that » must have an interior maximum, i.e. there exists
ry with M > 1 such that

[ = it >r; > 0.
T I?GE}\IX{TJ} ry >
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Then because @, is concave, we have that @ is monotone decreasing, and hence

0= %q)/Q(T’AI—12+TIVI) + (I)ll (TM> + %(I)IQ(TM-&-;MH )’
> @ (ry) + P (ru),

=W'(Fy +ry) — W (F),

M
= / W"(Fy + s) ds,
0
> lry, (2.34)
in contradiction to the statement that ry; > 0. ]

Corollary 2.6.1. Suppose that r € (*(N) solves (2.333) for all i > 2. Then

r1>0 = 1r;>ry>0foralliel;

r1 <0 = 71, <ry1<0forallieN.
Proof. Estimate states that if
ri = max{r;_1,7;,ri+1}, then r; <O0.
Similarly, it is possible to show that if
ri =min{r;_q1,7;, 741}, then r; >0.

Suppose that r has a local maximum ry; < 0 with M > 1. Then rp1 < ry < 0.
Since local minima can only occur when r; > 0, r3;,; cannot be a local minimum,
and so 7p710 < 1y < 0. Proceeding by induction, r; < rp; < 0 for all ¢ > M, which
contradicts the fact that r € ¢*(N). A similar argument prevents the existence of
local minima r,; with r3; > 0.

Next suppose that ry; = 0 is a local maximum for M > 1. If rpq < 0, then
the previous argument applies. If ry; 1 = 0, then it too must be a local maximum
or minimum, depending on the sign of ry;9. If 73700 # 0, then we can apply the
previous arguments again to arrive at a contradiction, so by induction we have that
r; =0 for all « > M.

We have therefore shown that there can be no internal maxima, unless they are
degenerate in the sense that r is identically 0 after the maximum, and by a similar
argument, we can show that there can be no internal minima except if they are
degenerate in the same sense. We can now conclude that any solution of

must be decreasing if r; > 0, or increasing if 1 < 0, which concludes the proof. [
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Finally, we prove that minimisers exhibit exponential decay.

Lemma 2.6.8. Suppose that r € (*(N) solves (2.33a)) for alli > 2. If C > 0 is a

constant such that 0 > ®4(t) > —C for allt € [inf 7;, SUp rj], then setting \ := H%’

we have that
|ri] < X1 | (2.35)

for all i > 2.
Proof. We will only prove the result for r; > 0, since the other case is similar. Corol-

lary implies that supr; = r; and infr; = 0. By using the definitions of ®; and
®, and the Fundamental Theorem of Calculus, we may rewrite (2.33a]) as

0= JO5("S) + () + 10 ()

¢ (Fo + “=550) 4+ 61 (Fo + 73) + 305 (Fo + ") — W/(Fy),

<¢/2(F0 + ) — g (Fy + Tz)) + %(ﬁbé (Fp + “55) — ¢h(Fp + Tz))
+ W (Fy+ 1) — W'(Fy),

:/ q>g(v-z-2+t)dt+/ml o5 (1) dt+/0n W (Fy +t) dt.

Using the conclusion of Corollary once more, 7;_1 > 1; > 41, SO we have

oz/H@g(”T“)dt—/i @;’(%”)dtnL/iW”(Fo—l—t)dt,

Ti+1 0

z—/’_ Cdt+/lldt,
T 0

which following from the assumed bound on the second derivative of ®,, and the

1
2
1
2
1
2

[-convexity of W. Evaluating the integrals and rearranging gives
ATio1 > T3,
which holds for any ¢ > 2, and the decay estimate now follows by induction. O

It should immediately be noted that since r; converges to zero exponentially as
i — do0, r € (*(Z): this fact will be crucial in what follows. This characterisation of

the minimisers of E, is now employed to complete the proof of Lemma m

Proof of Lemma [2.6.5. Let the sequence of functions y*° be given by

Yy (x) = Dy (t) dt, (2.36)
~1/2
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where we have set

Dye,5<x) — Dlgz + 7 _lria YIS (xi7xi+1)7 Z € {_K’ s 7K - 1}7
Dlyi YIS (xi>xi+l)> ? §é {_Ka>K_ 1}7

K—-1 1
5

=0 i d 0:=—.
T ZE_KT an 57

We will prove estimates for y°, and then set ¢ as a function of € in order to obtain
the recovery sequence. Since r € (1(Z), we have that

K-1

71 <6 > il < 6lIrlle - (2.37)

i=—K
By construction, y*° € A°(L) as long as § > ¢, i.e. K < N, and it is straightforward
to check that y°9) — 4 in L? as ¢ — 0 for any sequence d(e) such that € < §(¢) < 1

for all e.

Ensuring W(Dy*%) is well-defined. The first step we take is to check that W(Dlyf"s)
is well-defined. Since E.(r) < +oo0, for each i € Z

W(Fy+r;) < 400, and hence Fy+r; > 0.

Recalling from that Fy = Dy(0) > 0, and as r € (*(Z), r; — 0 as i — oo, it
follows that Fy + r; is uniformly bounded away from 0. Next, by using the Mean
Value Theorem and (2.37)), we estimate for i € {—K,..., K — 1} that

Tip1
Dy — Fo—rl = |4 Dyda -7 Dy<0>\,

T

= |Dy() = 7 = Dy(0)],
¢
/ D?j(z) da
0
< DTl + 87l 2y,
€
< —|| D%y ot 0 (7).
< S0 + o
Here, § is some point in (z;, z;11) for which [{| < Ke = 5. For fixed 4, it is now clear
that since W (t) is Lipschitz for ¢ > 0,

IN

+ |7 lle 2y,

W (Dyye®) = W (Fy+ )| < O(5 +6),

therefore W (Dyy°) is finite when € < § < 1. We can additionally estimate

Tit1

D1y — Dy(a)| = Dydz — 7 — Dy(z)|,

Ty

< €| D*lloe + 67 [l 2z (2.38)
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Pointwise upper bounds on 8?5. Next, we define sf’(s in a similar fashion to (2.21)), but

adding and subtracting an extra ¢ (D) term, we have

Tit2

i = (W)~ wiog ac)
+ (%¢1(Dlyf’6) + %¢1(Dlyff1) - ¢1(D2yf’6)) (2.39)
Ti42
+][ (UDI_L — o Du® — % (Dye"S — ng)) dzx,

= T1 +T2 +T3

T, can be treated using Jensen’s inequality and the convexity of W:

Tit2

Ty = W(Day;*) — W (Dy) dz
Ti41
< SW(Diy*) +3W (D) = W(Dy) da,
Tj42
< W(Dy*’) = W(Dy) dz,
z;iJrl
< W' (Dy“®)(Dy“® — Dy) dz. (2.40)

The final integral term, 73, is bounded by

Ti+2
Ty = ][ oDu — o*Du’ — ¥ (Du’ — Du) dz
Ti+42
:][ (o + 3)(Du — Du’) + (o — %) Du’ dz,
xi$i+2
< W'(Dy)(Dy — Dy*°) dz + Ce*?|| Du’ |5, (2.41)

Ty

using the Euler—Lagrange equations and the estimate proved in (2.26]). The remainin
g grange eq p g

part of the expression, T, can then be estimated as follows:

- 2¢1 Dlyz 2¢1(D1yz+1) ¢1 <D2y§76)

/Dlyz+1 /D1y1+1
ds dt,
Dyy; D1y;

S ‘Dlyi+1 - Dlyz'66| 5

where we have used the fact that ¢ is bounded on the domain of integration for

sufficiently small ¢ and 6, and ¢; € C2. If i € {—K,..., K — 1}, then applying the
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Mean Value Theorem with & € (x;, z;41) and € (211, Ti42) gives
301(D1y°) + 301 (Dryiy)) — 61 (Do) S 1D(E) — DF(C) + riva — 7l
_ 2
S (ID?llsce + |ri] + [risal)”,
SID*gl5e® + |ralf® + [ria . (2.42)
In the case where i ¢ {—K,..., K — 1}, we obtain
101(D1ys”) + 301 (Dryity) — d1(Dayf’) S €)1 Do

Adding together (2.40), (2.41)) and (2.42)), fori € {—-K —1,..., K — 1} we have

)

Tit2
570 < ][ (W/(Dy*) — W'(Dy)) (Dy* — Dy) dx + Ce**|| Du’ ||
-+ 062 + C(’T’JQ + |7“i+1|2),
Li+2

5][ [Dy** — Dy*dz + €% + & + 1 + [ria [,

S(e+ 02+ 2+ @+ +ril’,

S+ 44 P+ il
using W’ € C!, estimate (2.38) and Jensen’s inequality. For the other indices, we

obtain

)

Tit2
50 < ][ (W/(Dy%) — W'(Dg)) (Dy — Dg) da + C&2| Dudy < & + 2.

Conclusion of the argument. The two pointwise estimates just obtained imply

oo

Z €0 < Z 3/2+ Z |T |2_’_52) < 61/2—|— “THEQ(Z

i=—00 i=—N i=—

By choosing K = [V/N|, we have that § < €'/2, and so an application of Fatou’s

Lemma with the pointwise upper bound we have just proven implies that

lim su +FE (D &0 _ lim sup s;” +11mE Dy* i _F :E’Oor.
e—0 P ZZOO d v zzoo e—0 P d( 0) ( )
This now proves Lemma [2.6.5, and concludes the proof of Theorem O

44



2.7 Higher order contributions

To complete our study of the energy F¢, and the proof of Theorem [2.3.3] we prove
the final I'-convergence result concerning the order of the next term in the asymptotic

expansion. In order to do so, we consider the functional

F1€+a(y) — ‘FE(y) — ‘Fe()lg_y()é) - E‘/l—'-l(g)7

where g = argmin, ¢ 41, Fo(y)-

Lemma 2.7.1. Suppose that r € argmin E. (1), and define R := Z r;. Then
rel?(Z)

1=—00

rm A ={ 0 Yt

e—0 400 otherwise,
if R#0 and a € [0,1), and hence
Fey) = Foly) + eFa(y) + O(€).
Furthermore, in the case where R =0 and f = 0, we have the stronger result that
F(y) = Foly) + eFaly) + O(N*F),
where X € (0,1) is the constant in (2.35).

Proof. First, begin by considering a sequence y° such that Fi ,(y°) is uniformly
bounded for some « € (0,1). Writing

Fira(y) = € | Fi(y) — eEx(r)| < C,

it is clear that such sequences satisfy the hypothesis of Lemma [2.6.3] and hence there
exists a subsequence which we do not relabel such that P.y¢ converges weakly to some
r € (*(Z). As a corollary of this result, it follows that along this subsequence P.y¢ is

uniformly bounded in ¢?(Z), and hence in ¢>°(Z); furthermore, as
(Pey®)i = Dry; — D1y

and y € C?(Q), it follows that Dy* is bounded in L>°((2).
We now proceed to prove the liminf inequality. Note that as in the proof of
Lemma [2.6.1, we need only suppose that 4 — ¢ in L2, as in any other case the result

is trivial.
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Fixing N for now, let K € {0,..., N} and § = 1/2K, an additional length-scale
centred at the defect. We may then write

N-1
falr) = (X s Bul)
i=—N
where s¢ was defined in (2.21). Fori € {-N,...,—K — 1} U{K,...,N — 1}, we
may follow an almost identical argument to that given in the proof of Lemma [2.6.2
to bound s below, but noting that ||Du¢||s is uniformly bounded, improves
to give

< | Du|| o, (2.43)

Tit2
][ (0 — o) Dudx

i

and hence _—
s > %l][ |Dy" — Dyf* dz — C€*|| Duc|| . (2.44)

i

Next consider the sum

Defining Psy¢ by

Py = Dlyze_FO iE{—K,...,K—l},
5y = 0 otherwise

and using the definition of ®; and V¥;, we may now write

5= (BalPa) — But)+ Y- (WE) + /(B P~ f W(D3) )

a
€ i=—K T
K-1 Ti+1

- Z <%U§+1D1u§ + 505 Diug _][ oDt — X(Dy" — Dy) dﬂf))a (2.45)

1=—K T
= 6_a (Tl —f- TQ —f- Tg)

Since E(PsyS) > Eo(r), it follows that T; > 0. Taylor expanding under the integral
sign in Ty and using the Euler-Lagrange equation (2.17)),

K-1

Tit1
Ty = Z <W/(FO)(D1?J§ — D) —][ sW"(0;)(Dy — F0)2 d$>

i=—K T
K-1 k) T 2

Z Z W/<F0) (DllL: — Dlﬂz) — 061/ (/ D%jdt) d.fll',
i=—K =4 0
K-1

> > (0(0) + 3) (Dyu§ — Ditig) — C5% || D?g| .
=K
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Adding this estimate to T, the terms involving ¥ cancel, and we obtain
E-1 g
Ty + Ty > Z ][ (0 —0(0))(Du — Du) + (0 — o) Du dz — C6°¢ .
i=—K" T

Taylor expanding o at 0 under the integral sign and employing (2.43]), we have

)
Tyt Ty > ) / (Dt — Du)o'(0)zdz — CE|[Du|loe — O,
—5

> £(0)8%¢ | D — Duf||oo — C||Duf||oo — CO°e L.
Combining the estimates for Ty, Ty and T3 with , we have shown that
Firaltf) = —C=2 Dufloe — C3%= = £(0)5%~|| Dii — Duc||,
and hence setting K = [N”]| where 3 € (%4*,1) implies that
ligiglffﬁﬁf) >0 forany a € [0,1),

completing the proof of the liminf inequality.
To prove the corresponding limsup inequality, let y° be defined as in (2.36)).
Defining s as in (2.39),

N—-1
Fronly) = ( 3 s Eoo<r>).

i=—N

Fori ¢ {—K,..., K — 1}, we obtain that

5 b

(2

by using (2.43). Next, recall the definition of S and Ty, Ty and Tj in (2.45)). Taylor
expanding E. at r to second-order and using the Euler-Lagrange equations (2.33),

Tl = Em<P5ye76) - Eoo(r)>
K-1

S Z Tit1

2

+ Z |7’i|2+z 7l
1

Dgz — FO dz — fd

i=—K W Ti i<—K-— i>K
) K-1
S 61/ ‘Dg— F0|2 dzr + Z ’775’2 +>\2/5’
=0 i——K

<SP 6(R— AV 4 N0,

Since W is convex, it is straightforward to check that Ty < 0, and a similar argument

to that used above implies that
T3 < £(0)0% Y| Du® — Diil|og + C€*||Du? || + CH3e L.
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Setting 0 = €”, with 3 € (O‘T“, 1), these estimates imply that

limsup Fi ., (y°) <0,

e—0

which completes the proof of the first part of the statement.
To prove the second part of the statement, we note that in this case the situation

simplifies considerably, so that for any function 0 < w(e) < A\?/¢ as € — 0,

€ € E%(Pﬁye) B EOO(T>
w(e)(y ) = LLJ(E) > Oa
this provides an immediate proof of the liminf inequality in this case. For the limsup

inequality, taking y° as the recovery sequence as before, but this time with § = e,
and taking Ty, Ty and T3 as before, it can be checked directly that

Ty SO(R— A2 42\ < A\ Ty, <0 and Tg=0.

Thus limsup,_,o Fg ) (y) = 0 for any w(e) < A€, completing the proof of the
result. O

Lemma provides a characterisation of the order of the next term in the I'-
expansion: we do not attempt to explicitly calculate the I'-limit here, but briefly
comment on the likely dependence of such a term if it were to exist.

To obtain the I'-limit at the next order, we would need to fix K = |aN]| for
some « € (0,1) in the proof of Lemma given above. It can then be seen that
the leading order terms depend on the volume change introduced by the defect, R,
and on the discretisation error ¢¢ — 0. The former contribution arises since the
volume is constrained by the periodic boundary conditions along the sequence, but
is unconstrained in the variational problem for F.,, while the latter contribution
depends on the behaviour of f. Both are related to the ‘bending’ of the lattice
through the strain gradient D%y, and so it seems likely that the next term in the

asymptotic expansion will depend upon the strain gradient in some way.

2.8 Discussion

In this chapter, we presented an analysis of a model for a point defect in a 1D chain
of atoms interacting under assumptions which attempt to replicate a Lennard-Jones
type interaction in an elastic regime. In so doing, we proved Lemma [2.6.8] which may

be interpreted as showing that the perturbation to the minimiser from the continuum
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model due to the defect is confined to an exponentially thin boundary layer. This
exponential decay suggests that any interaction between defects of the type described
here is likely to ‘decouple’ if one were to study a situation in which there were multiple
defects which remain well-separated in the limit ¢ — 0.

We note here that this model concerns a codimension 1 defect, and so as remarked
at the beginning of §1.2] the conclusions of this analysis should not be extrapolated
to point defects in three dimensions, where they are codimension 3 defects. Rather,
it would seem to be more analogous to the behaviour observed near crystalline twin
boundaries. These are codimension 1 defects at which the lattice changes orienta-
tion abruptly, but where the strain required to accommodate this change remains
small enough that the interface appears sharp (see for example [BSB03]). Such inter-
faces would seem to be consistent with exponential decay of the perturbation in the

direction normal to the defect, as observed here.
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Chapter 3

An anti—plane lattice model for screw
dislocations in a BCC crystal

This chapter presents the model which is the second main topic of this work: an anti—
plane lattice model describing the energy per unit length of %[111] screw dislocations
in a BCC lattice. This class of dislocations is one of the few found in nature which
is of a ‘pure’ edge or ‘pure’ screw type; most dislocations observed have a Burgers
vector which is neither parallel nor perpendicular to the dislocation line.

We begin in by providing a kinematic description of dislocations in this con-
text, allowing us to define what it means for an anti-plane deformation to contain a
dislocation. §3.2] then discusses the class of finite domains considered in Chapter
and in §3.3] we define the energy difference functional which is analysed in detail in

the two subsequent chapters.

3.1 A kinematic description of screw dislocations

3.1.1 Anti—plane displacements in a BCC crystal

Here, we will consider the body-centred cubic (BCC) lattice, which may be defined
by

8/9 1/2/9 0
= BZ? where B:i=s 0 2/3 0
/3 -1/3 1

and s > 0 is a scaling factor that we leave undefined for now.
To define anti-plane displacements, we fix the lattice vector v := [0, 0, s] and define
the projection

M, =1— %%,

| = v



which ‘flattens’ the Bravais lattice £ onto the lattice plane with normal v; see Fig-
ure [3.1a] It is straightforward to check that the set I, (L) is a two-dimensional trian-
gular lattice embedded in R? with lattice constant s\/8/_9; we will choose s = \/9/_8 SO
that the planar lattice constant is 1. We further shift the origin so that the projected
set may be identified with

A= ( »\/Tg)T + [a1,a0] - Z*,  where a; = (1,0)" and as = (3,

e[S

)

An anti-plane displacement in the direction v (or more simply, a displacement), is

N[

amap y : A — R. The set of all displacements is denoted # (A). A displacement y

gives rise to a lattice deformation Y : £ — R3,
Y(n) = Loy n L
() =n+y((3,5) +Ln)r, neL

Let y, 7 be displacements and Y, Y the associated deformations. We say that v, §
are equivalent if Y/(£) = Y (£) (i.e., they describe the same atomistic configurations).
It is easy to see that y, 7 are equivalent if and only if (y — )(A) C Z.

In addition to displacements defined over the whole lattice A, we also consider
displacements y : 2 — R of crystals with finite cross-section 2 C A, and denote the
set of such maps # ().

3.1.2 Bonds and bond lengths

Each & € A has six nearest neighbours in the full lattice, £ +a;, i = 1,...,6, where
a; = (1,0)T and a; = R, 'a; where Rg denotes a rotation through angle 7/3. At a

point £ € 2 C A, we define the set of outward-pointing nearest neighbour bonds in
) to be

RE = {(&m) [ne Q6 —nl =1},

and furthermore the set of all bonds between nearest neighbours in €2 to be the union

BY = JRE={(&n) e A*| g —nl =1}

£eQ

For any bond b = (£,£ + a;), we denote the reverse bond by —b := (£ + a;, ). In the
particular case where Q = A, we will write B for B*, and R, for Ré\
For y € #(Q) and b = (£,n) € B? we define the difference operator

Dy, = y(n) — y(§).

Moreover, we set Dy := (Dyp)pepe. We also note that Dy_, = —Dy,.
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With this notation, we can now define two important discrete function spaces.
Due to the homogeneity of the lattice, we may assume without loss of generality that
the point & = (0, \/?g)T € €, and thus we define

#o(Q) := {v € #(Q)|v(&) = 0 and supp(Dv) is bounded}, and
WI2(Q) = {vew(Q)|v(&)=0and Dv e *(B")}.

It is shown in Proposition 9 of [OS12] that 7/1’2(/\), equipped with the inner product

(u,v) := Z Duy Dy,

is a Hilbert space and #4(A) C #2(A) is dense. It may easily be seen that the same
is true when A is replaced by 2 C A.

We now introduce a crucial concept required to define the notion of a dislocation.
We denote the set of bond length 1-forms by

[Dy] :={a: B® = [-1/2,1/2] | a_p = —ay and Dy, — o, € Z for all b € B}. (3.1)

We note that, if Dy, € 5 + Z for all b € B, then « € [Dy] is unique, but in general
there is ambiguity in the definition of a. This non-uniqueness is an issue which we
will return to in §3.1.6]

The motivation behind this definition is that «; defines the ‘shortest bond length’

between the two lines of nuclei represented by the 2D lattice sites &, &', where b =

(£.€), in that
min ly(n) —y()| = /1 +af;

My n=¢,Mn'=¢
see also Figure for an illustration.
The importance of the concept of bond length stems from the fact that due to
the invariance of the lattice under the addition of integer ‘shifts’, the energy of the

lattice can only depend on «y, but not on Dy, directly.

3.1.3 The lattice complex

We now review some terminology of discrete algebraic topology which is convenient
for our analysis. We follow the language described in [AOQ5|, where further details
and applications to the study of dislocations can be found. For further details on the

definition of a CW complex and other aspects of algebraic topology, see for example
[Hat02].

92



True

distance C

£

(a) Part of £, showing the BCC unit cell, v and  (b) An illustration of the definition of «y, and its
the plane perpendicular to it. relationship to the shortest distance between
atoms.

Figure 3.1: The lattice geometry.

Repeating the definitions of A, B, we define a lattice complex as in §2.3.3 of [AO05]
to be a CW complex with
A= {¢eR[CeLL+ (3, ),

Bi={(&.Q) eA?||g—¢| =1}, and
C:={(&¢n) e N[ (&), (¢ ), (n.€) € B}

denoting the sets of 0-cells, 1-cells and 2-cells of the lattice complex respectively (see
Figure for an illustration). From now on, we will not explicitly use the terms
p-cell, p-chain and p-cochain as defined in §2.2 of [AOQ5], preferring instead the more
evocative terminology ‘lattice points’ for elements of A, ‘bonds’ for elements of B,
and ‘cells’ for elements of C. We note the additive structure that may be defined on
these objects, and write a € A to mean that a is an elementary p-cell contained in
the p-chain A. We also frequently use the boundary operator 0, which maps p-chains
to their boundaries, assigning orientations in the usual way.

We then follow §3 of [AOQ5] in defining p-forms and integration on the lattice,

/UF =Y Fle),

ecU

writing

where U is a p-chain, e are p-cells, and F' is a p-form (i.e. a real-valued function on
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Figure 3.2: An illustration of 0-, 1- and 2-cells in the triangular lattice. The arrows
show the orientation of the positively-oriented 2-cell. Note that orientation only
makes sense for 1- and 2-cells.

p-cells). We note that this definition is linear in F' and U, in the sense that

/ A+ G =AY Fe)+ A Y Fle) + 3 6le) + 3 Gle)

ecU ecV ecU ecV

:)\/F+/G+/\/F+/G,
U U 1% Vv

for any A € R, p-chains U and V, and p-forms F' and G.
For €2 C A, we define the corresponding sets of cells to be

Ci={(¢(m)eC|E (e}

It is straightforward to check that Q, B and C® together satisfy the definition of a
CW subcomplex of the full lattice complex presented above, and so we may make use
of the same definitions of integration and p-forms restricted to this subcomplex.
We remark here that with the definition of the complexes above, ‘bond length 1—
forms’ « as defined in are true 1-forms in the sense defined in §3.1 of [AO05].
We will also use the notion of lattice paths, which we define in the natural way as

1-chains

L
Z gka gk-l—l
k=1

where (&, &gy1) € B for each k. We denote the length of a path I' by |T'| := L.



3.1.4 Measures of lattice distance

Since we will make use of more than simply the algebraic structure that a lattice
complex entails, we will occasionally abuse the notation given above by identifying

bonds and cells with their closed convex hulls; that is, we write

reb=(&() to mean x € conv{{,(}, and
reC=((mn) tomean =z € conv{,(,n},

where conv(§2) denotes the closed convex hull of a set Q C R?; it will be clear from the
context whether we are referring to spatial points or subchains. Since we frequently
refer to them, we define ¢ to be the barycentre of a cell C, and Cj the cell for which
2% = 0.

One form of distance between elements in the complex that we employ is the usual

notion of Euclidean distance of sets,
dist(A, B) = inf{]x — | ‘3: €A ye€ B}.

In Chapter 4l we will frequently refer to the distance of cells from the origin, and so

to keep notation concise, we set
de := dist(0, &), dy := dist(0, b), and de = dist(0, C).

Furthermore, it will also be convenient to employ a graph theoretic notion of
distance. Since A can be identified with a planar graph with edges b € B, we can
further identify cells with nodes in the dual graph, and bonds as edges in this graph
(see §4.6 of [Diel0]). This allows us to define the hopping distance, hop,(C, C") as the
length of the shortest path in the dual graph between the cells C,C" € C, as in §1.3
of [Diel0]. We note that since the dual graph is connected, this distance is always
finite, and we have the following ‘triangle inequality’ for any dual lattice points A, B
and C"

hop, (A, C) < hopy(A, B) + hop,(B, C). (3.2)

3.1.5 Lattice symmetries

The triangular lattice is a highly symmetric structure, and all of its rotational sym-
metries can be described in terms of multiples of positive rotations by 7/3 about

various points in R2.

35



We define two special classes of affine transformations on R? which are automor-

phisms of A,
GY(z) :=Ri(x —2%) =0 wherei € {0,1} is such that G(A) = A, and
HC(z) = (GC)_l(x) = Ry'w + 2%,

noting that by definition, G°(C) = Cy and H(Cy) = C. We also understand
G, HC as automorphisms on B and C in the following way: if b = (£,() € B and
C" = (£,¢,m) €C, then

Gc(b) = (Gc(f)aGC(C))’ and GC(C/) = (Gc(g)vGC(C)vGC(n))

3.1.6 The Burgers vector

We now define the Burgers vector as used in this model. This is the fundamental

geometric concept describing the nature of a dislocation [HL82].

We call a path I' = Zézl(ﬁk, k1) as defined in § a Burgers loop (or simply
a loop) if T = OA, where A is a sum of positively—oriented cells in C®. If T is a loop,

y € #(Q), and a € [Dy] is an associated bond length 1-form, then
/Q:ZDyb—l—Z(@b—Dyb) :O+NEZ
r ber ber

We call the integer N the Burgers vector of the bond length 1-form « around the
loop T'.

Definition 3.1.1 (Dislocation core). A dislocation core of a bond length
1-form « is a positively oriented 2-cell C' € C* such that fac a # 0.

We will refer to cores as being ‘contained in’ «. For future reference, we remark
g ;
|0C| 3
<22

that
al < .
/ac 2 2

It follows that the Burgers vector around a single 2-cell can only be —1,0 or 1, and

(3.3)

hence we define the sets of dislocation cores
Ctla] == {C cc? ‘ C positively oriented, / o= +1}7
ac

C o] := {C e ‘ C positively oriented, / o= —1},
aC
C*la] :==CT[a]UC[a].
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1 1
3 1

Figure 3.3: Two examples of bond length 1-forms corresponding to the same defor-
mation. The numbers are the value of the 1-form on the relevant bond, and arrows
indicate the bond direction in which it is positive. Note that both the number and the
positions of the dislocation cores present change, but the sum of the Burgers vectors
does not.

Remark 3.1.1. It is interesting to note that if o, &’ € [Dy], then they need not have
the same number of cores; see Figure [3.3] for an illustration of this fact.

The only point at which this ambiguity is an issue is if a has C,C” € C*[a] which
are adjacent. In that case, it may be checked that the b € OC such that —b € 9C’
must have o, € {—1/2,0,1/2}. In the case where oy, = +1/2, redefining oy, = F1/2
removes these cores and « remains a bond length 1-form in [Dy], so we will always
assume that minimising sequences have a;, = 0 for any bond b shared by 2 adjacent

cores.

For a deformation of the infinite lattice, the net Burgers vector is obtained by
summing the signs of the cores, or equivalently, by computing the Burgers vector on
a sufficiently large loop enclosing all cores. Since « € [Dy] is not necessarily unique
for a given y, we ensure that such a concept can be defined unambiguously.

For our purposes it will be enough to consider displacements with some prescribed

far-field behaviour.

Proposition 3.1.1. Let y € #'(A) and o € [Dy| such that o, — 0 as d, — oc.
Then, for any o' € [Dy], C*[/] is finite and

> /aca/: Z]/aca:/ra’ (3.4)

ceC*l] CeCEla

where I' is any loop that encloses all cores in «.
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Proof. 1f a, — 0 as d, — oo then

/a—>0 as dg — 0.
ac

Since [, a € Z it follows that [, « = 0 for do sufficiently large, and hence the
number of dislocation cores present in « is finite.

Moreover, since oy, € (—1/2,1/2) for d,, sufficiently large, it follows that a, = o
for all o/ € [Dy| and d, sufficiently large. In particular, C*[/] is also finite.

To prove , let I' be a loop that encloses all the cores in « for which I' = JA.

Then

[a=YX[a=Y [«
Taking I' such that «, = «j for all b € T' we obtain the first identity in (3.4) as
well. O]

The other case in which we need to ensure we have a well-defined net Burgers
vector is that of a finite set . In this case, we need to further restrict the bond—
length 1-forms in order to ensure the net Burgers vector is unique. Let 2 C A be
finite, and let C% be

CY = Z {C € C® | C positively oriented }.

Ify € #(Q) and a € [Dy], we call o well-oriented if ay, € (—%, %] for all b € CL. Tt is
clear that for any y € #/(A) there always exists a well-oriented bond—length 1-form
a € [Dy]. We now show that the net Burgers vector can be defined unambiguously

for such a.

Proposition 3.1.2. Suppose that Q C A is finite, y € #' (), and o, € [Dy] are

IR R ot

Cect[w] CeCt|a

well-oriented. Then

Proof. By definition, aj, = ay, for all b € dC$, and hence

£ LS L Lo L B 8 L ¢

Ceci[a/ CECE} Ceci& Ceci[a

These two results permit us to define the net Burgers vector.
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Definition 3.1.2 (Net Burgers vector). Suppose @ C A, y € #(Q2) and
either (i) 2 = A and a;, — 0 as d, — oo for some « € [Dy]; or (ii) €2 is finite;
then we define the net Burgers vector of y to be

Byl= Y |
cec*tla) Y 9C

where if (i) holds, a € [Dy] is arbitrary, and if (ii) holds, a € [Dy] is well-
oriented.

The quantity Bly| can be experimentally observed from outside the system, by
determining the strain at ‘infinity’, or at the boundary of the crystal. For example,
if Bly] = 1, then this tells the observer that there must be at least one dislocation in

the system, but nothing about the total number.

3.1.7 Dislocation configurations

In order to prescribe the location of an array of dislocations, we define a dislocation
configuration (or simply, a configuration) to be a set D of ordered pairs (C,s) €
C? x {—1,1}, satisfying the condition that

(C,s) € D implies that (C,—s) ¢ D. (3.5)

Such sets D should be thought of as a set of core positions with accompanying Burgers

vector £1. We define the minimum separation distance of a configuration to be
Lp := inf {dist(C,C") | (C, s),(C",t) € D,C # C'},

and in the case where () is finite, we define the minimum separation between the

dislocations and the boundary to be

Sp = inf {dist(C,b) | b € 9CY}.

3.2 Convex lattice polygons

We now make precise the class of finite 2 C A that we will consider in Chapter [5]
We say that €2 C A is a convez lattice polygon if

CoeC® conv(QNA=0Q, and Qis finite.
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Figure 3.4: The figure on the left shows an example of a convex lattice polygon.
Here, 2 is the set of red points, W is the light grey region and the dark grey region
corresponds to U\ W, The boundaries of U® and W* are denoted by dashed and
plain lines respectively. The figure on the right illustrates the definition of F¢, clearly
showing the periodic structure of OW*.

For a convex lattice polygon, we define corresponding ‘continuum’ domains
U = conv (1) and W = clos(C$).
We note that Q c W C U®. To quantify the size of 2, we define the pq to be

po = sup dist(z,z).

z,2' €U

The positively—oriented boundary OW* may be expressed as the union
oW = 8(72 U {§ €ob|be 8C_§:},

i.e. the set of bonds which follow the positively—oriented boundary of the entire
subcomplex within the full lattice and the set of lattice points connected by such
bonds. Since we will sum over this set of lattice points later, for notational convenience
we write £ € OW to mean & € WP N Q.

It may be readily checked that OU is a convex polygonal domain in R? and 0U* is
made up of finitely-many straight segments. We number the corners of such polygons

according to the positive orientation of OU® as k,,, m = 1,..., M, and kg := K.
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We define Iy, := (K1, km) C R? to be the straight segments of the boundary. It is
clear that s, € Q for all m.
For each m, k,, — k;,—1 is a lattice direction; since any pair a;, a;41 with i € Z

form a basis for the lattice directions, there exists ¢ such that
Km — bm—1 = j a; + Kair1, where j' k' €N, j >0.
Define the lattice tangent vector to I',, to be
Tm = ja; + ka;1, where ged(j, k) =1 and K, — Kpm_1 = n7, for some n € N.

This definition entails that 7, is irreducible in the sense that no lattice direction with
smaller norm is parallel to 7,,, and hence if ¢ € I',,, N OW®, { = Ky, + jTn for some
j ={0,...J,}. In addition to the decomposition of W into lattice points and
bonds, we may also decompose into ‘periods’ P; indexed by ¢ € OW? N AU, so

M Jn
W = | U Pepsjrn where Poi={z € dW®|(z—) 7 € [0,|7ul?]}. (3.6)

m=1 j=0
An illustration of the definition of P, may be found on the right-hand side of Fig-
ure Denoting the 1-dimensional Hausdorff measure by H', we define the index
of T',,, and of W respectively, to be
index(T,,) := H'(P;) for any ¢ € T',,, NOW?,
and index(OW*®) := max index(I';,).

=l,..

3.3 Energy difference functional

We now introduce another key concept in the formulation of the main results of the
two following chapters: the energy difference function. We assume that lattice sites
(corresponding to lines of atoms in the BCC crystal) interact via a nearest-neighbour

pair potential ¢ : R — R, which satisfies the following properties:

Assumptions on the potential v.
(¥0) ¥ € C(R)NCHR\ (Z +1/2));
(1) ¥ is 1-periodic;
(¢2) o is even;
(¥3)
(¥4)

3
Y4) ¢¥"(0) = p > 0.

¥(r) =0 if and only if r € Z;
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These latter assumptions are quite general, and are natural in the physical context:
(1) and (¢2) encode lattice symmetries, and (¢3) and (14) state that the system
has a stable crystalline ground state.

Assumption (¢0) is simply the minimal regularity required for the proofs of sub-
sequent chapters: it may be possible to weaken this regularity assumption further,
but this would add little, at the expense of readability. We note that the results of
Chapter [5| will require the slightly stronger assumption that 1 € C*(R).

We further note that additional technical assumptions on 1 will be required in
Chapters 4] and 5, but these are discussed in the relevant context, and are not required
for the derivation of the model presented here. The prototypical example of a potential
satisfying all of the assumptions here is ¢ (r) = ¢ (r) := $dist(r, Z)*.

Let Q C A. For two displacements y,g € #/ () we define the energy difference

functional, formally for the moment, as

E%(y;9) == > [(Dys) — (D))
beB%
If Q is finite, it is immediate that E*(y;§) is well-defined, since it is simply a finite
sum. Similarly, if @ = A and y — § € #,(A), then E*(y; ) is also well-defined since
the sum is effectively finite.
For arbitrary displacements y, 7 € # (A), E*(y; ) need not be well-defined. How-
ever, we next show that under certain conditions, E* can be extended by continuity

to relative displacements y — 7 € #12(A).

3.3.1 Extension of the energy difference functional

Fix a displacement § € # (A) and define the functional &(u) := E*(§ + u; ), which
is always well-defined for u € #(A). If Dg, € R\ (Z+ (3 —€,3 +¢)) for all b € B,
and for some € > 0, then the first and second variations (in the sense of directional

derivatives) are also well-defined, and given by

(6€(0),v) => /(D) - Duy,  for v € #(A), and (3.7)
beB

(6°€(0)v,w) = > _¢"(Df) - Dv,Dw,  for v,w € #5(A). (3.8)
beB

The assumptions on ¢ imply that ¢ (D4) is uniformly bounded, so §2£(0) can clearly
be extended by continuity to v,w € #12(A), but this is less obvious for 6€(0) or for
& itself. We first state a general result.
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Lemma 3.3.1. Let g € W (A) satisfy Dy, € R\ (Z + (% — €, % + 6)) for some € >0
and suppose that §E(0) is a bounded linear functional ((6€(0),v) < C||Dvl|2 for all
v € #(N)). Then, € : #o(A) — R is continuous with respect to the norm || D - ||2;

hence, there exists a unique continuous extension of € to 7/1’2(/&).

Proof. The proof of this result is analogous to the proof of Theorem 2.8 (ii) in [OT13].
For convenience we give a brief outline.
For u € #y(A) it is easy to see that

E(w) =Y [¥(Diy + Duy) — ¥(Diy) — ' (Di) Dus) + > /(D) Dus.
beB beBB
Since we assume that 6£(0) is a bounded functional, the second term on the right-
hand side is continuous. Using the fact that ||Dw||o < ||Dw||2, the smoothness of 1,
and the fact that each summand in the first group is effectively quadratic in Duy, it

is easy to show that the first term on the right-hand side is continous as well. O]

For future reference, we now derive a simple condition on § under which 6€(0) is

a bounded functional. Applying summation by parts to (3.7) we obtain
(08(0),0) =D f(€)-v(€), where f(§) =Y V(D) (3.9)
EeN bGRf

is the force acting on atom & under the displacement . The following result states
that, if ¢ is sufficiently close to equilibrium in the far-field, then §€(0) is a bounded

linear functional.

Lemma 3.3.2. Suppose that a displacement § € W (A) has associated forces f(&)
satisfying the bound |f(§)| < Cy(1 4+ [€])7" for some t > 2 and for all § € A, then
(0€(0),v) < Cy||Dv|2 for all v € #H(A).

Proof. Proposition 12 in [OS12] immediately implies that

< C||Dvl|2, (3.10)

| zrerrll o

for some constant C' > 0. (This inequality is essentially a consequence of the embed-
ding ||v|smo < C| V|2 for v € CH(R?).)

We can therefore estimate

[(5E(0), )| < D 1A 10(E)] < || log(Ié] + 2)f |, |l mgreza |

£eA

The assumption | f(§)] < C|&|" with ¢ > 2 implies that || log(|¢| + 2) f]|1 is finite. O
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We now note that more generally, for any y,§ € #(Q) for which E%(y,q) is
defined, where Dy, € R\ (Z + (% — €, % + e)) for all b € B, Gateaux derivatives of
E% (in #,(Q) directions) in its first argument exist up to fourth-order, and do not

depend on the second argument. These derivatives are denoted &/ E®(y), so that for
v,w € # (),

(6E%(y),v) == Z V' (Dyy) - Du, and  (S2E%(y)v, w) := Z " (Dyy) - DvyDwy,.

beBS be B

In particular we note that 6€(0) = §E(y) and §2£(0) = $2E(7).

3.3.2 Stable equilibria

Using the terminology of energy differences, we now define what we mean by a stable
equilibrium displacement. Intuitively, the definition entails that finite energy pertur-

bations cannot lower the energy.

Definition 3.3.1 (Stable equilibrium). (i) A displacement y € #/(Q) is a
locally stable equilibrium if there exists € > 0 such that E*(y + u;y) > 0 for all
u € #y(2) with ||Dul|s <e.

(ii) A locally stable equilibrium y is strongly stable if, in addition, there exists
A > 0 such that

(*E%(y)v,v) > \||Dv||% Yo € #4(Q). (3.11)

(iii) A displacement y € #/(Q) is a globally stable equilibrium if ES(y +wu;y) > 0
for all u € #,(Q).

These notions of equilibrium will be the focus of the results in the following chap-

ters.

3.4 Discussion

As remarked in §1.2] the model analysed here is similar to those in [Pon07] and
[ADGP13|, although the underlying lattice considered is the square lattice rather
than the triangular lattice. The earliest formulation of a similar model to study
[111] screw dislocations in BCC crystals appears to be in [VPBT70]: more recent

results concerning the computation of the core structure of this class of dislocations
using related methods are to be found in [CGDT09|, [GD10] and [IKY12].
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Chapter 4

Globally stable equilibria with unit
net Burgers vector

This chapter is devoted to the proof of Theorem [4.1.T} which states that there exist
globally stable equilibria in the full lattice which have unit net Burgers vector. In
34.1) we describe the additional assumption on 1 to those stated in used here,
before stating Theorem [4.1.1] and providing an outline of its proof. In §4.2] this
result is reformulated in Theorem [4.2.1] as a statement about the existence of a global
minimiser for a variational problem on #2(A), and §4.3|is then devoted to the proof
of Theorem [4.2.1] The results of this chapter may also be found in [HOI4D).

4.1 Main result

4.1.1 Key assumption

In addition to the assumptions on ¢ stated in throughout this chapter we will

also assume that 1) satisfies the following growth assumption.

Growth assumption near Z.

(¥5) w(x) > 3¢"(0)2? for all z € [-1, 1],

The reason for this ‘technical’ assumption will become apparent in §4.3.1 where
we use it to establish an a priori bound on the number of dislocation dipoles in
finite energy configurations. It may be possible to replace (¥5) by a weaker variant,
although a stability assumption in some form will always be necessary to prevent the

lattice itself from becoming unstable.
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4.1.2 Statement of the main result

Recalling Definition and Definition the existence of a screw dislocation

can be formulated as follows.

Theorem 4.1.1. There ezists a globally stable equilibrium displacement y € W (A)
with net Burgers vector Bly] = 1.

The notion of global stability described in Definition is equivalent to the
statement that a displacement is stable if any finite energy perturbation increases the
energy of the system. Describing a dislocation configuration as the minimiser of an
energy difference functional gives us access to the Direct Method of the Calculus of
Variations.

We refer to this result as the existence of a ‘geometrically necessary’ dislocation
since we do not prescribe the absolute number of dislocation cores, only the net

Burgers vector.

Outline of the proof of Theorem |4.1.1,
1

1. We define a reference configuration §(§) = - arctan (%

elasticity solution for a dislocation), with the aim of minimising the energy

) (the continuum linear

difference functional £(u) := E(y + u;y) over a suitable class of functions w.

Using the results of Lemma and Lemma we verify that £ may be

continuously extended to a functional over #12(A).

2. In order to use the Direct Method to establish the existence of a minimiser to
&, the crucial step is to obtain a global lower bound on the energy. This is
the main step in the proof, and requires careful geometric estimates based on
the number of dislocation cores and the distance between them. We prove that
E(u) Z ||8]l3 — 1, where 3 can be thought of as belonging to [Du] (however, see
for the precise definition).

3. In particular, this lower bound guarantees that the number of dislocation cores
is bounded along a minimising sequence as well as weak compactness of a min-

imising sequence u".

4. The final step is to ensure that lim ™ has unit net-Burgers vector. In our
present context it is possible, by introducing a dislocation dipole, to effectively
translate the geometrically necessary core to infinity, and thus obtain a limiting
displacement with zero net Burgers vector. We shift the minimising sequence

and employ a concentration compactness argument to prevent this. O
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Branch cut

Figure 4.1: An illustration of the chosen coordinate system and the definition of
reference displacement, .

4.2 Variational formulation

4.2.1 The reference displacement

We now specify the reference displacement ¢ used in the definition of £ in §3.3.1]
It is best to think of § as prescribing a far-field boundary condition y(§) ~ 9(§) as
|€] — oo. We wish to choose ¢ in such a way that it enforces a geometrically necessary
dislocation, and at the same time satisfies the condition of Lemma [3.3.2

A natural choice is the dislocation displacement field from linear elasticity theory.
Since it is instructive (though not essential to our proofs) we give a brief motivation
of this construction. In the far-field, we expect that continuum linearised elasticity
theory is a good approximation to the atomistic equilibrium condition 6£(0) = 0.
This can be formalised by first deriving the Cauchy-Born approximation and then
linearising it. Due to the hexagonal symmetry of A one finds that the linearised
continuum approximation is simply Laplace’s equation, Ag(z) = 0; see §10 in [LL59).

Hence, following Section 3-2 in Hirth & Lothe [HL82], we define ¢ as follows:

() == 5-arg(r) = 5- arctan (22), (4.1)

~ o

where we identify € R? with the point z; + iz, € C, and the branch cut is taken
along the positive &;-axis, as shown in Figure [4.1

The gradient (away from the branch cut) is given by

N —xy 1 \T
B 4.2
Vi) (27rr2’ 27rr2> ’ (42)
where r := |z|. This function can be extended to a function in C*°(R?\ {0}), which

we take as the definition of Vy from now on. Moreover, we can check that indeed
Ag(x) = div(Vy(z)) = 0, in the pointwise sense, for z # 0.
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Let & = (&p)pes be a bond-length 1-form associated with ¢; we claim that this is

unique, and the following lemma provides a convenient formula for &; in terms of Vy.

Lemma 4.2.1. Let & € [Dy]; then, for any bond b= (£,£ + a;) € B, we have

1
by, = / V(& + ta;) - a; dt. (4.3)
0

Proof. By definition, Vg is independent of the choice of branch cut. Moreover, if the
branch cut is chosen differently, then the displacement at each site is only changed
by an integer, which means & does not change; hence, & is also independent of the
branch cut.

Now fix b = (£,€ + a;) € B. Since the origin lies at the centre of a cell we can
redefine ¢ with a branch cut that does not intersect b. The Fundamental Theorem of

Calculus gives

/0 V(€ +tai) - a;dt = §(§ + a;) — §(§) = 55 (arg(€ + a;) — arg(€)), (4.4)

and since we have assumed that b is a nearest neighbour bond, it has length 1. The
term on the right-hand side is 1/27 times the angle formed by the points £, 0 and
¢ 4 a;, which is maximised by making £ and & 4 a; as close to the origin as possible

— that is, when & and & + a; are on the boundary of Cy. It follows that the angle can

be no larger than 27, and hence Gy, = §(§ + a;) — §(€) € [—31,3]. This implies that &

is unique, since Dy, # i% for all b € B. m
As an immediate corollary of Lemma we obtain the following bound on &:
1
| < —— Vb e B. 4.5
] < 5 (15)
To conclude our analysis of ¢, we show that it satisfies the conditions of Lemma |3.3.2

Lemma 4.2.2. Let § be defined by (4.1)), and let f(§),§ € A, be the associated forces
as in (3.9), then & € [Dy] satisfies &, € [—1/3,1/3] and

FEOISET veeA

In particular y satisfies all conditions of Lemma |3.5.2.

Proof. Recall from (3.9)) that

FEO =Y _v(Dyg) = ().

bER bER
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Taylor expanding v, to third order, using the fact that ¢/(0) = "' (0) = 0 (since ¢ is
even about 0), gives

F©) =2 97 0)a + 20 () ().

beng

for some s, € conv{0, &y }. Applying (4.5) we obtain

F©) =Y ¢"(0)a, +0(d,). (4.6)

bERE
We now inspect the sum on the right-hand side of (4.6) in more detail. Applying
(4.3)) we rewrite this sum as

6

> v = > 00) [ V(6 -+ ta) -acd.

beRe i=1 0

Taylor expanding V(£ + ta;) and using the fact that |[V*§(z)| < 2|, we obtain

1
/O V(€ + ta;) - a;dt = VG(E) - a; + $VG(E)[as, ai] + :V°5()]as, ai, a5] + O(J€]7H).

Summing over ¢ = 1,...,6 the first and third terms cancel since a;;3 = —a;, hence
we obtain ;
. 1 . _
>V 0)a =5y al VE(€)a; + O(l¢] ™). (47)
beER¢ =1

We now observe that
1S
5 2ol Vii(§)a = —§Ag(€) = 0.
i=1

Inserting the last identity into (4.7) and combining the resulting estimate with (4.6)
we obtain the stated estimate on |f(&)]. O

4.2.2 The variational problem in #''2(A)
Combining Lemma with Lemma and Lemma [3.3.2] we deduce that £(u) :=

E(§ + u;9) is a well-defined and continuous functional on #12(A), where § is the
reference configuration defined in (4.1]). Tt will later be convenient to recall from the
proof of Lemma that the explicit definition of the extension is

E(w) =Y [¥(ay + Duy) — () — ¢'(Gp) Dy + (5E(0), u). (4.8)

beB

In the next section, §4.3] we will prove the following result.

69



Theorem 4.2.1. There exists u € W 2(A) such that £(u) < E(v) for allv € #2(A).

As an immediate corollary we can now prove Theorem [£.1.1]

Proof of Theorem [f.1.1, Let y := § + u, where u is a minimiser of £ in #2(A).
Since Du € (*(B) it follows that |Du,| — 0 uniformly as d, — oo. Using also the
fact that |ds| — 0 uniformly (cf. (4.7])), we conclude that o, = &, + Duy, + 2, where
zp 18 a compactly supported, integer-valued 1-form. From the definition of the net
Burgers vector and from (B.4)), it now follows immediately that Bly] = B[j] = 1.
Moreover, minimality of v implies that y is a globally stable equilibrium in the sense
of Definition B.3.1] O

Theorem[4.2.1]is interesting in its own right: it shows that atomistic configurations
containing dislocations can be obtained as global minimisers of a variational problem
formulated over A. This is particularly useful for further study of dislocations in this
model.

We also remark that any local minimiser u of £ in #12(A) would give rise to a
locally stable equilibrium with net Burgers vector B(g + u) = 1. The advantage of

local minimisers is that they can be computed numerically.

4.3 Proof of Theorem [4.2.1]

As currently formulated, it is not obvious that the energy £ is bounded below, and it
is even less clear whether &£ is coercive in a sense which would allow us to invoke the
Direct Method. This is due in large part to the fact that the reference configuration
is nonlinear and ) is periodic, so the integrand has infinitely many energy wells.

The periodicity of 1 allows the creation of dislocation dipoles ‘cheaply’. If dipoles
are well separated, then each dipole gives a positive contribution to the energy which
is proportional to the logarithm of the dipole length (the separation distance between
the two cores of the dipole). However, for generic configurations of dipoles the sign
of the energy contribution is difficult to determine, since it depends strongly upon
the relative orientations of the dipoles. In essence, this is a geometric nonlinearity
of the system, and most of the effort expended in what follows will be to control the
number of dipoles that can form.

From a technical point of view the issue arises as follows: in §3.1.2) we introduced
a € [Dyl, since the energy of the displacement y only depends on a due to the

periodicity of the potential 1. Consequently, if we have a sequence u" with £(u™)
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uniformly bounded, then this will bound only ||5"||2 for ™ € [Du™], and not || Du™||,.
In particular, generic minimising sequences cannot be weakly compact.

By exploiting the vertical shift invariance (§4.3.2)) and the horizontal translation
invariance (§4.3.3) of the energy &£, we will construct a weakly compact minimising
sequence. Having made this special choice of minimising sequence, we use a profile
decomposition in §4.3.60 We show that each profile obtained in this way has net
Burgers vector zero, leading to the conclusion that the net Burgers vector of the limit

remains 1, and proving the existence of a minimiser with the required properties.

4.3.1 An elementary lower bound

Our eventual goal is to establish a coercivity result for £. We begin with an elementary
lower bound that will motivate subsequent constructions.

Let y = § +u,u € #2(A), be a trial displacement, o € [Dy], and recall that
& = [Dg)] is unique. Since u € #12(A), and hence Du, — 0 as d, — oo, it follows
that y has a well-defined net Burgers vector in the sense of Definition [3.1.2] and
Bly] = Blg] = 1.

Let

B i=a—a; (4.9)

this 1-form satisfies the property that

B#0 if and only if / o # Q,
ac ac ac

that is, dislocation cores present in [ are those that are introduced by the addition

of u to 3.

Remark 4.3.1. We note that (5, does not necessarily belong to [—1/2,1/2], and hence
is not a bond length 1-form, so the definitions of do not strictly apply; however,
it remains a I1-form in the sense defined in §3.1 of [AO05]. As [, 5 € {0,1, -1} for
all C' € C, we therefore slightly abuse our notation and refer to dislocation cores in 3
as the cells C' € C for which

B = +1.
oC

We also define C*[3], C~[3] and C*[3] in the obvious way.

Next, we define z : B — Z via

Du =0+ z, (4.10)
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which is compactly supported since 3, Du € ¢*(B). We shall see in that the
support of z can be thought of as a union of branch cuts connecting dislocation
dipoles.

With this notation, we obtain the following result, which relies crucially upon

assumption (¢5).

Lemma 4.3.1. For any u € 7/172(A) with Du = S+ 2z as in (4.10) and for any e > 0,

we have

E(u) = (30"(0) — ) 1BII7 = D' (éw)z + (5E(0),u) — C, (4.11)

beB
where C. > 0 is a constant that is independent of u.

Proof. This estimate arises from the expression (4.8)); using the periodicity of the

potential ¢, we can write

E(u) = ((an + By) — (@) — ¢'(@)B) — D' (w)z + (5E(0),u).

beB beB

Define the function

V(t+s)— ) — (s
gw)::{ A R RL L
Ly(t) s =0.

By assumption (¢5) in §4.1.1] g(s,0) > 2¢"(0) for any |s| < 1/2.
Since ¢ is uniformly continuous on [—1/2,1/2] x [—7, 7] for some 7 > 0, it follows
that for each € > 0 there exists d(¢) > 0 such that

g(s,t) > %w”(O) —e for |s| < %+ d(€) and [t] < d(e).

Next, we note that (4.5) implies

1 1 1
Wl < ——  and —lay — &y < = ,
|G| < o, 18| = o, — u| < 5t ond,

Hence there exists Ry > 0 such that, for d, > R,
9(By, dn) > 297(0) — ¢,
which can equivalently be stated as
V(aw + By) — ¥(aw) — ¥ () B > (30"(0) — €)|B]*  for dy > Ry. (4.12)

It may be checked that
#{b | dy < Ro} < R,
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and since v, ¢ and 8 are uniformly bounded, it therefore follows that

> (la + B) = (@) — ¥'(@)8) > (20"(0) - ) DI - RS,

beB beB

]

We can think of ||3||3 as estimating elastic stored energy. In the following sections
we will establish several results on z = Du — [, which will eventually allow us to
bound the remaining terms (6€(0),u) and Y, ¢'(ap)2 in (4.11)).

4.3.2 Dipoles & branchcuts

Let y = § 4+ u, u € # 2(A), be a trial displacement, o € [Dy], and let £,z be
defined by (4.10). While o and hence 3 are uniquely defined (except in borderline
cases when oy, € {£1/2}), one can exploit the vertical shift invariance of the lattice
(encoded in assumption (1), periodicity of 1) to construct equivalent displacements
ae #W2(N),

i=u+U (4.13)

where U : A — Z and U € #4(A), and hence modify the z component.

If we let § := ¢ + @, then clearly, & € [Dy] and this leads to the same definition
of 5. Crucially, though, Du — f # Du — 5. We can therefore ask how to choose
U in an ‘optimal” way. It turns out that minimising the total length of the branch
cuts is a useful choice, which amounts to minimising ||Du+ DU — ||y = ||z + DU]};.
Since z has compact support, a minimiser clearly exists, but it need not be unique;
see Figure We may therefore assume, without loss of generality, that u satisfies
the following property.

Definition 4.3.1 (DMCP). A function u € #“2(A) satisfies the discrete
minimal connection property (DMCP) if

|Du — 8|1 = ||z]; = min_||[Du+ DZ — 8. (4.14)
VAL C=Y//

This minimality condition is similar to the idea of minimal connections introduced
in [BCLS&6].

We will now establish various properties of the structure of z defined in (4.10)).
In particular, we will show that z can be decomposed into a sum »_ 2™ and that the

support of each 2™ is analogous to a branch cut for a dipole.
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Figure 4.2: A typical example of the support of a minimal z and its decomposition
into 2™ for a given distribution of dipoles. A single arrow means that z, = 1 on the
bond pointing in the direction of the arrow, and a double arrow means z, = 2. The
grey dashed bonds on the left of the diagram show an alternative definition of z with
the same minimal norm, and the black dashed lines show two lines which show that
2% can be decomposed into 2 straight cuts.

Lemma 4.3.2. Let u € #'2(A) satisfy the DMCP ([.14) and suppose Du = 3 + =
as in (4.10). Then we can write

z= i 2™, (4.15)

m=1

where M = #C*[f] is the number of dipoles contained in § and z™ : B — {—1,0,+1},
m=1,..., M, satisfy the following properties:

1. z;' =1 on a sequence of bonds (b;)iy such that

(a) Ob; and Ob;, 1 share a common 0-cell for each i =0,...,n—1,

(b) by € OC,, and —b,, € IC,; where C}t € C*[8] and C,, € C~[f].
2. z;" =0 for bonds outside the set {£b; |i =0,...n}.

Proof. The result is geometrically intuitive; see Figure We therefore postpone a
complete proof to Appendix [A.T] O

We will say that 2™ connects the dislocation cores C} and C,,. Moreover, we

obtain the following corollary.
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Corollary 4.3.1. Each 1-form z™ in the decomposition (4.15)) can be identified with
a shortest path in the dual lattice between C € Ctla] and C,, € C™[a], and further

1" ]I+ = hop,(Ciyr, Crr).

Proof. First, we observe that, due to the DMCP (4.14)) and the decomposition proven

in Lemma 4.3.2
M
[P E (4.16)
m=1

That is, if 2, 2" # 0, then 2", 27" have the same sign.

The construction employed in the proof of Lemma [4.3.2] identifies a sequence
of bonds b; and cells C,; such that b;, —b;1y € 0Cp;, z;' = 1. Using the natural
identification of cells with points in the dual lattice, this implies that C,, ; are adjacent
in the dual lattice, and furthermore that b; can be identified with edges connecting
these cells; this leads to the fact that

12" ][+ = hopy(Cyy, Crpy)-

To prove the converse, we take the path in the dual lattice corresponding to 2™,
adjoin a shortest path between C;' and C, in the dual lattice, and thus obtain a
closed dual lattice path. We construct a polygonal closed path in R? by connecting
the barycentres of the cells along the path and define U to be the characteristic
function of the bounded interior of this loop in R2.

It is now straightforward to check that by defining z™ := 2™ 4+ DU and z :=

z—z2zMm4Zm

M

~ / ~

12l < D 1 M = D21+ 127
=1

Since U is a compactly supported integer shift as in (4.13]), the discrete minimal
connection property (4.14)) implies that ||2™]|; < ||[Z™|l1 = hopy(C.f, C..), completing
the proof. O

Later on it will be convenient to assume that each cut 2™ is made up of at most
two straight cuts: straight cuts are defined to be 1-forms z : B — {—1,0,1} for
which there exists a line L := {2 + ta; |t € R}, where 2 is the barycentre of some
C € C and a; a nearest neighbour direction, such that z, # 0 when the bond satisfies
b L #0,

clos{x€R2|x€b€B,zb7£0}
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is a connected set, and 2, > 0 either exclusively on bonds in the directions a;,; and
a;4o or in the directions a,_; and a;_o. We will say that a straight cut lies in the
direction a; whenever a; = £a; in the definition of the corresponding L. See the cut
depicted in the centre of Figure for a visualisation of the definition.

In the next lemma, we show that we can always choose the decomposition (4.15])
such that each 2™ is composed of at most 2 straight cuts. We will refer to any u as

in the conclusion of Lemma 4.3.3| as satisfying the straight cuts property.

Lemma 4.3.3. Let u € #'2(\), and Du = 8 + z as in ({£.10). Then there exists
@ € WYA(A) satisfying the DMCP ([.14) as well as Di = S + Zﬁgm 2™ where

each z™ is the sum of at most 2 straight cuts.

Proof. The idea is to show that we may always find a shortest path in the dual lattice
between any pair of cells which is made up of 2 straight segments. It is intuitively
clear from Figure that this can always be done.

A complete proof is postponed until Appendix n

4.3.3 Shifting the Origin

Suppose that y = ¢ 4+ u, where u € #?(A) satisfies the DMCP (4.14). Recall the
definition of H® from §3.1.5 as a lattice automorphism which maps Cj onto C. Let

u’ =uoHY + joHY — . (4.17)

It follows that §(&) + u® (&) = g(HYE) + u(HCE) for all lattice points £ € A, so that
there are corresponding bond length 1-forms a® € [Dj + Du®] satisfying

a® = ao HC.
As before, define 3¢ := a“ — &. According to these definitions,
GIHOE) — (&) == 5= (arg(€ + ) — arg(6));

if we make this function single—valued by introducing a compact polygonal branch
cut passing through the barycentres of a shortest dual lattice path between Cy and

C, then it is a straightforward exercise to show that

|D(§o H), — Diy| < dy%
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therefore u® € #2(A), and

(9 +u:9)

(0 HY +uo HE: )
(g)oHC—i—uoHC,yoHc)—I—E(yoHC,y)
(u),

il
Djtijtij

|
(*'3

noting that the first term on the third line is simply a resummation of £(u), and the
second term vanishes.

For each C' € C*[a], we can replace u® with @¢ = u® + U for some U : A — Z,
such that [[Du® + DU — ||, is minimal, i.e. 4 satisfies the DMCP (4.14). We
obtain that

To summarise, we have constructed a corrector displacement 4 € #2(A) with
the same energy as u, but for which C' € C*[a] has been shifted to the origin. Upon
minimising ||Da¢ — $|; amongst all choices C' € C*[a], we obtain the following

result.

Lemma 4.3.4. Let v € #'V2(A), then there exists u € #'V2(A) such that E(u) = E(v)
and such that the discrete optimal connection property (DOCP) holds:

Definition 4.3.2 (DOCP). There exists « € [D(4 + u)] such that

Du — = Du® + D ¢ 4.1
|Du =Bl = min  min [|Du + DU = 51, (4.18)

where 3 = a — @&, u® is defined by ([#.17) and 3¢ = a0 HY — 4.

The crucial property that we obtain from the DOCP (4.18) is a bound on the

distance between the necessary core at () and all negative cores.

Lemma 4.3.5. Suppose u € #'2(A) satisfies the DOCP and let z = SN 2™
according to (4.15). Then,

hop,(Cy, C..) > hop,(CH C), form=1,... M, (4.19)

where we recall that z™ connects the cores Cl € CT[a] and C,, € C™[a].
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Proof. Suppose the converse for contradiction. Then there exists m and a dual lattice
path connecting Cy to C,, which is strictly shorter than hop,(Ct, C-). Letting H :=

HC and v := uc$,
Dv—BoH=z0H+i=Y 2"oH+3,

where Z is the contribution coming from the branch cut in §y o H — 3. Consider
the closed curve passing from HC,> = Cj to HCy along the branch cut, then along
a shortest lattice path between HCy and HC,,, and then back to HC} along the

m?

support of z™ o H. By a similar argument to that in Corollary 4.3.1] we can define
w € #o(A) as w(§) = 1 for £ € A inside the curve, and 0 outside. It can then be

checked that v + w has a corresponding z which satisfies

I2ll = |z 0 H| — [|2™ o H]| + hopy(Co. Cy) = D [12°]1 + hopy(Co, Cr) < l2]h,
i#Em

the required contradiction. O

As a corollary we obtain the following stronger property.

Corollary 4.3.2. Suppose u € #'2(A) satisfies the DOCP (£.18) and let z =
Z%zl 2™ according to (4.15). Then, for any m € {1,..., M} and for any cell C € C
such that z]" # 0 for some b € 0C,

hop, (C. C) > hopy(Cy, C). (4.20)

Proof. Lemma states that, if C~ € C~[a] and Ct € C*[a] are connected by 2™,
then
hop,(Cy, C™) > hop,(C*,C7).

It is clear that any subpath of a shortest path in a graph is also a shortest path. By

the construction of 2™, C' lies on a shortest path between C™ and C~, and therefore
h0p2(0+7 C_) = h0p2(0+7 C) + h0p2(07 C_)
The triangle inequality for paths (3.2)) now directly implies

hop,(Cy, C) > hop,(C*, O). O
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4.3.4 Estimating (6£(0),u)

In § and § we showed that for any u € #12(A), we can find @ € #12(A)
such that £(u) = &£(u), and for which the corresponding branch cuts z satisfy the
DOCP (£.18). We are now in a position to exploit the chosen structure of z to
derive compactness for minimising sequences.

Our first step is to provide a stronger bound on d€(0). We have already shown
that [(0€(0),u)| < ||Dul|s2, but this will not be sufficient since our estimates so far

only provide a bound on [, and not on Du itself. Therefore we need to estimate
[(6€(0), u)| only in terms of ||3]|o.

Lemma 4.3.6. For each u € leQ(A), let B, := B be defined through (4.9). There

exists a constant C' > 0 such that
(6£(0),u) < C||Bull2 Yu e #Y2(A)  satisfying the DOCP ([1.18). (4.21)

We provide the proof of this fundamental estimate throughout the remainder of
this section.
Recall the definition of &, from §3.1.2l For any £ € A, it is always possible to

express the difference £ — &, as
§ — & = na; +ma;1,

for some nearest neighbour lattice direction a; and some n,m € NU {0} with n # 0
unless { = &§. We then define the path I'¢ to be

—_

n—

m—1
Te =) (§o+jas o+ (5 +1)a;) + Z (&0 + na; + jaip1, & +na; + (7 + Dagy);
J 7=0

Il
o

cf. Figure 4.3} Integrating Du; along I'¢, we obtain

uf)‘:’/FEDu :‘/Fgﬁ—i-z

1/2
< |Ff!1/2<z |5b|2> +

bEFg
/ z
Le

using the Cauchy-Schwarz inequality. We now bound the final term in (4.22)).

/z
Te

, (4.22)

SIEM21812 +
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Lemma 4.3.7. Suppose u € #'2(A) satisfies the DOCP (&.18) and the straight
cuts property (cf. Lemma ; then

‘/F z §min{]§\2,#c+[a]}.

Proof. First, we note that for any straight cut 2/,

Te

This follows from the fact that all b € B for which z; = 1 can be written as

<1

(& +na;, & +naj+aj) or (€+naj;,&+na;+ ajyo)

for some £ € A, n € N and some nearest neighbour lattice direction a;, and the

definition of I'c. Using the straight cuts property, we find that

=2l

To prove the second bound, enumerate the bonds b; € I'¢, beginning with the bond
by = (&,& + a;). Bach b; € 9C% for some C% € C. Since u satisfies the DOCP,
Corollary applies, and zj” # 0 implies that if 2™ connects to C* e Ct[a], then

<

< 2#CHal.

hop, (C, C’bf) < hop,(Cy, C’bf) < hop,(Cy, C’bo) + 27,

where we have repeatedly applied the triangle inequality (3.2]). This will entail a
bound on the number of 2™ whose support could intersect I'c. Further application of

the triangle inequality implies that
#{C cC | hOpQ(Cv ij) < h0p2(C’0, Cbo) + 2j} 5 j2-

Since by (3.3)) each cell can contain at most one dislocation core, we must therefore

/z
Te

Next, we show that the number of cores can be bounded in terms of 3. This is

have
S 0ef” S JE)”. O

intuitive, since as discussed in [Pon07]|, each core stores a positive amount of elastic

energy. Let C' € C*[3], then Jensen’s inequality implies

/30‘5‘2%‘/805

#C*[6] < 31| BlI2- (4.24)

2
1
= —. 4.23
; (4.2

Hence, we obtain
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e €o ¢

Figure 4.3: The definition of the paths I';.

Proof of Lemma[{.3.6, We now combine Lemma [4.3.7, Lemma and (4.24)) to

estimate

(GE(0), )| < D 1FE©)lu(€)],

£EA

S D {181l =2 + min (1813, I¢[) €1 }.

£eA

We note that the |£|7>/2 € £1(A), so that the first term is bounded above by C/||3]|.

The second term splits into

S min (1815 EP) €l < S0 et 1812 Y lel

§eA l€I<I18ll2 €1> 115112

Straightforward radial estimates yield the bounds

Z €17 S 1181 and Z €173 < 118115

€1<151l2 1€1>118112

Combining the previous estimates, we obtain the stated result. O

4.3.5 Estimating Y, 5 %t/ (4p)

In this section, we estimate the second group in (4.11)). Here, we must resort to careful

quantitative bounds which use the structure of the lattice and the form of a.
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Lemma 4.3.8. Suppose that u € #'V2(A) satisfies the DOCP ([.18), then for any

cut 2™ connecting to a dipole CT € CT[a] to C~ € C~[a], we have the lower bound:

arcsinh (2/\/5)

™

— Cp hOpZ(Co, C_)_l, (425)

D2 (dn) > —¢"(0)

beB

where ¢y > 0 is independent of u.

Remark 4.3.2. The explicit constant in (4.25)) is strongly related to the structure of
the lattice, and is crucial to the proof of Theorem To generalise this analysis to
models based on other lattices, similar careful estimates would be required to obtain

the correct value.

The complete proof of Lemma is given in Appendix [A] but since this is a

crucial part of the analysis in this chapter, we provide a brief sketch.

Sketch of the proof of Lemma[{.3.8 A crucial consequence of the DOCP is (4.20)),
as this inequality says that the dipoles described by each 2™ satisfy

either:  hop,(Cy, CT) < hopy(Cy, C7);
or:  hopy(Cp, C7) < hopy(Co,CT), but hopy(C*,C7) < hopy(Co, C7).

Since there is a positive dislocation core present in Cj, dipoles in the first category
give a positive contribution to the sum, since the repulsive force between C and C
dominates.

In the second case, the attractive forces between C, and C~ dominate, hence
these dipoles give a negative contribution to the energy. Requiring the straight cuts
property derived in Lemma [4.3.3| allows us to obtain estimates on the terms in the
sums

> ()7

beB
using , and estimating sums in terms of integrals that can be evaluated explicitly.
Thus, we obtain explicit bounds for various different cases in terms of hop,(Cy, C™)
and hop,(CT, C™). These estimates are logarithmic, and hence turn out to essentially

depend upon the ratio
hop2<C+7C_> < 1:
hop,(Co, C~) —

the final result is the bound stated in (4.25)). O
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We have now collected all estimates required to obtain a coercivity result. Al-
though we state the result for general u € 7/1’2(A), we will only require it later for u
satisfying the DOCP.

Theorem 4.3.3. Let u € #'“2(A), then there exists o € [Dfj + Du] and f = o — @,
such that
E(u) > e ||BII3 + e #CF[B) — e, (4.26)

where ¢; > 0 are independent of u.

We note that since we will show [|3||3 = #C*[3], we could write (4.26) more
concisely as

E(u) = c1 [1B]l3 — es.

Proof. The bound is clearly invariant under the vertical shift and horizontal shift and

rotation transformations we applied in §4.3.2] and §4.3.3 Without loss of generality,
we may therefore assume that u satisfies the DOCP . Moreover, according to
Remark we can choose a € [Dy + Du| in such a way that «;, = 0 on any bond
that lies on the intersection between two cores.

Summing over m, we find that

S s (an) = TSIV s oy S hopy(ccr) . (@20

beB cec-[8]

for some ¢y > 0.

The second group in (4.27) can be estimated using the fact that each cell can
contain no more that 1 dislocation core, so that for any o > 0, there is a constant Cjs
such that

D hop,(C,Co) ™ = =3 #CH[B] — Cs.
cec[p]
Bringing together (4.11)), (4.21)) and (4.27), we have that for arbitrary e > 0 and § > 0

arcsinh(2/+/3)
2m

E(u) > (307(0) — )18 — (wm T 5) 4CH[] — Co

Since we assumed that «, = 0 on any bond that is adjacent to two cores (cf.

Remark , we obtain from (4.23]) that
1815 > 5#C[8).

Since
1 inh(2
1 arcsin (2/V/3) ~ 0314,
3 T
the result follows by taking € and 0 small enough. O
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4.3.6 Existence of minimisers of £

With the coercivity result of Theorem in place, we are now in a position to
apply the Direct Method and establish existence of a minimiser of € in #2(A).
Take a sequence u” € #2(A) such that
E(") — inf  E(u).
ueW L2(A)
Referring back to §4.3.3, we may assume that u" satisfies the DOCP. Let a” €
[Dy + Du"| satisfy the condition of Theorem |4.3.3) and " := o™ — & Theorem
then implies that 5" has a weakly convergent subsequence in ¢(53). In the next

lemma, we also obtain convergence of Du".

Lemma 4.3.9. Suppose u" € 7/172(1\) s a minimising sequence for which each u™
satisfies the DOCP (4.18). Then there exists a subsequence which converges weakly
in Wl’Z(A), and the corresponding z" converges weakly in any (P(B) with 1 <p < 2.

Proof. Theorem implies that, selecting a subsequence of u™ (not relabelled), we
may assume that 3" — 3 weakly in ¢*(B) and that M := #C*[3"] is constant along

the sequence.
Let Du"™ = " + 2". Lemma implies that each 2™ can be decomposed into

M
2" = g 2™
m=1

Let B be any finite sum of positively-oriented cells. Since weak convergence in

¢*(B) implies pointwise convergence, it follows that

B":—/ 2" —= N e as n — 00.
oB OB

We enumerate the cores C"™ € C*[a"], n € N,m =1,...,2M + 1. Let Myqq be
the set of indices of cores that remain at a bounded distance from the origin, that is,
Mipaq = {m e{l,....2M + 1} | supdgnm < +oo}.

neN

cm

Since the core centres ¢ with m € Myqq can only take a finite number of positions,

we can extract a further subsequence (not relabelled) so that they are constant.
We therefore observe that

A=>"Cc*pl= >  C™ foralln.

meMpad
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Then, for any finite sum of cells B, B D A, we have

lim mznm/ﬁ"— B=:Ne€Z.
0A

inequality implies

We aim to show that N = 0. For all n sufficiently large, applying Jensen’s
> N

1
/e 941 7| T o4

Let BY D A be a finite sum of cells that form a convex lattice polygon, and let

By =B U{C:9CN B, #0},

for £k € N. By considering all possible corners for a convex lattice polygon it is

straightforward to show that [0By| = |0B)_,| + 6. Since lim, . [, 6" = N € Z,
k

there exist ny such that [, ., 8™ = N for i = 1,... k, and hence,

k k
N2
L3 2> nk2> >N21 k).
=3 [ 182 3 o 2 N st

Since [|5™ || is bounded, we obtain that N = 0. We can therefore conclude that, for

any finite sum of positively oriented cells b, B D A,
/ 2" =0 as n — oo.
OB

Using a concentration compactness argument, we now show that we can ‘group’
those cores which diverge into sums of cells with net Burgers vector zero.

To that end, define the lattice translation operators H := H%" where C7, €
Ct[8"] and B" := " o H". Note that

18wl = 118"l

so A" is a bounded sequence for each m, and we can select a subsequence such that
pn — B, for some 3, in £*(B) and for each m = 1,..., M. As above, it follows
that there exists a finite sum of positively-oriented cells A™ which contains Cy and
all dislocation cores of 3,,, and is such that for any sum of positively-oriented cells B

containing A™ as a subsum,

- / Z"o H = / By, =0 for n sufficiently large. (4.28)
oB oB
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Let A" := (H")"'A™ then we have shown that, for all n sufficiently large, all

dislocation cores in 5" lie within the set

We are now ready to establish that ||2"||; is bounded. Since each 2™ satisfies the
DMCP, ||2"||c < M. We therefore simply need to rule out the possibility that
#supp{z"} — 00 as n — oo (i.e., that the branch cut lengths diverge).

Fix some m € {1,..., M} and suppose that the core C" € CT[5"] is connected to
K7 € C~[p"] by z™™. We claim that K] € A™™.

If this were false and K7 € A} where {1 # m, then there must be L} € CT[3"],
L} € A}, which is connected to another core K3 € C~["] outside of A} and outside
A . Upon iterating this construction, we find a series of cores K7', L}, KJ, LY, ...,
which must eventually repeat.

Let Ly := C},. We know, by construction of the groups A} that hop, (L}, K7, ,) —
oo but hop, (K7, L) is bounded as n — oo for each i. This clearly contradicts the
DMCP and hence the DOCP.

Hence, the claim that K € A™™ follows, and this immediately implies that ||2"||;
is bounded.

Since ||z,|1 is bounded and ¢! compactly embeds into ¢ for any p > 1, it follows
that we may extract a further subsequence which weakly converges in some ¢?(B)
with p € (1, 00). Choosing such a subsequence for p € (1,2), this further implies that
both 2™ and 3" converge weakly in ¢*(B), and in particular that u™ converges weakly
in #2(A), as required. O

We now complete the proof of our main result.

Proof of Theorem [4.2.1 Invoking the result of Lemma suppose that the min-
imising sequence u” — wu in #'2(A), which is a candidate minimiser for &, and
furthermore that the corresponding z" converges weakly in (?(B) with 1 < p < 2. It
remains to show that liminf £(u") > £(u). Recall from that

E(u) = [0(6y + Duy) — vb(éw) — ¥/ (60) Duy| + (5E(0), ).
beB

Since the second term is a bounded linear functional, it is weakly continuous. Using
(4.5)), it may be shown that the linear functional L defined to be

L(z) =) ¢'(&)z

beB
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is in (ﬁp (B))* for all p < 2, and is therefore also weakly continuous along the sequence.
From (4.12) we obtain that there exists Ry, A > 0 such that, for d, > Ry,

Y(dy + Duy) —(dw) — U'(d) By = A|By[* = 0.

We can therefore apply Fatou’s lemma to obtain

lim inf > (én + Duy) — (6n) — (@) =Y (G + Duy) — (ds) — ¥ (6) B,
beB beB

and thus, in combination with the weak continuity of L and §€(0) along the minimis-

ing sequence,

inf  E(v) =liminfE(u") > E(u) > inf  E(v),

ve# L2(A) n—00 ve# L2(A)
completing the proof of Theorem [4.2.1] ]

4.4 Discussion

The main result of this chapter was Theorem which appears to be the first
result showing that a dislocation exists as the ground state of a variational problem.
In the following chapter, we will show that this behaviour is far from generic, but the
present result is an important basis for developing this model to better understand
more general situations.

It should be pointed out here that the analysis carried out in this chapter relies
crucially upon (15), and that a similar (but weaker) assumption is required for some
of the results of [ADGPI3|. It is however unclear that this should be necessary
in general: it would therefore be of significant interest to better understand this

assumption in future.
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Chapter 5

Locally stable equilibria with
arbitrary net Burgers vector

In this chapter, we present the statement and proof of Theorem which is the
second main result concerning the model for screw dislocations in the BCC lattice
presented in Chapter[3] This result states that if 2 is either the full lattice or a convex
lattice polygon, we may find locally stable equilibria which contain dislocations of
arbitrary net Burgers vector, as long as the dislocation cores are suitably far apart
and, in the polygonal case, are suitably distant from the boundary of the crystal.

In we state Theorem and present the key assumption under which this
result is proved. In §5.2] we prove some auxiliary results, and §5.3] and make up
the proof of the theorem in the cases where (2 = A and () is a convex lattice polygon

respectively. The results of this chapter are also to be found in [HOI14al.

5.1 Main result

5.1.1 Strong stability assumption

In this chapter, we make slightly different assumptions on ¥ to those of Chapter
We continue to assume (1) to (¢4) as given in §3.3] but since we need to ensure that
the energy difference functional has directional derivatives at all possible y € #/(Q),
(10) is slightly strengthened to:

Regularity assumption.

(0') ¢ € CHR).
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It is again possible that this regularity assumption could be relaxed with additional
work, but this would provide little gain whilst adding further technicalities to the
proofs below.

Since the focus here is on multiple dislocation cores, we remove the technical
assumption (15) made in Chapter , instead directly assuming the existence of a

single stable core. Our key assumption here is therefore the following statement.

Strong stability assumption.

(STAB) There exists u € #2(A) such that y = §j + u is a strongly stable
equilibrium.

Throughout the rest of the chapter, u is fixed to satisfy STAB, and we denote
Ag := A, the stability constant from (3.11)) with y = y 4+ u. In addition, we fix a finite
collection of cells, A, such that C*[a] C A for any a € [D§ + Dul.

As we will see in STAB in fact implies (1/4). In general, it is difficult to say
anything further about the relationship between (15) and STAB, but to demonstrate
that our assumptions hold for a non-trivial class of potentials, we prove the following

lemma.
Lemma 5.1.1. Let iy, (r) := A dist(r, Z)? and suppose ¢ € C*(R) satisfies

|9 (r) — ('j)(rﬂ el for |r|<1/2—€ and j=1,2, (5.1)

lin

where p > 2, €g > 0 is a fixed constant depending on Yy, and € is sufficiently small.

Then there exists w € 7/1’2(/\) such that y + w s a strongly stable equilibrium.

Proof. Let Ejy, denote the energy difference functional with potential 1y, and F be
the energy difference functional with potential 1.
The potential vy, satisfies the assumptions of Theorem [4.1.1] hence there exists
w e WI2(A) such that y = §+u is a globally stable equilibrium of Ej,. Suppose that
Dy, € 3 + Z for some b= (1,() € B, and let
2O =0 +{ § &

0 otherwise.

A direct calculation similar to that undertaken in Lemma 5.1 in [ADGP13| demon-
strates that there exists ¢y > 0 such that E(z;y) < 0 for all |¢t| < . It follows that
dist(Dys, 3 + Z) > €y, and hence

<5 Elln(y_'_u v, U thn Dyb Dvb )\HDUH%
beB
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Applying the growth conditions assumed in (5.1)),
[(6E(y),v) = (6Bu(y), )| S €| Dulls  for any v € #3(Q),
(5> E(y)v, v) — (8° B (y)v,v)| S el|Dofl5  for any v € #7%(Q),

so when € is small enough, an application of the Inverse Function Theorem as stated
below in Lemma implies there exists w—u € #2(A) such that || Dw—Dulls < e,
and § +w =y + w — u is a strongly stable equilibrium for E. O]

Potentials constructed in this way are by no means the only possibilities —
STAB can in fact be checked for any given potential by way of a numerical cal-

culation, using for example the methods analysed in [EOS13].

5.1.2 Statement of the main result

We state the existence result for stable dislocation configurations in the infinite lattice
and in convex lattice polygons. For this purpose, we recall the definitions of a dislo-
cation core configuration, D, and the separation distances Lp and Sp from §3.1.7 as
well as the definitions of the lattice automorphisms G¢ and H¢ from §3.1.5|

Since we state the result for both types of domain together, we denote Sp := 400
for the case 2 = A. We note here that the main achievement of this analysis is to show
the constants Ly and Sy depend only on the number of dislocations, the potential v

and index(0W*), but otherwise not on the size or shape of the domain.

Theorem 5.1.1. Suppose that STAB holds and either Q2 = A or Q is a convex lattice
polygon.

(1) For each N € N there are constants Ly = Lo(N) and Sy = Sp(index(0W), N)
such that for any core configuration D satisfying |D| = N, Lp > Lo and Sp > So,
there exists a strongly stable equilibrium z € # (), and for any a € [Dz],

C*la] C U HY(A) and / a=s, forall (C,s)eD.
(C,s)eD OHC(A)
In particular, B[z] = 3o gep 8, and the conditions Lp > Lo and Sp > Sy entail that
core regions ¢ + A do not overlap with each other or with the boundary.
(2) The equilibrium z can be written as
z = Z s( +u) o G +w,
(C,s)eD
where w € #'2(Q) and ||Dwl|e < (L5t + 51;1/2)7 where ¢ is a constant depending
only on N and index(OW).
(3) Unless Blz] =1 and Q2 = A, z cannot be a globally stable equilibrium.
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5.1.3 Strategy of the proof

In both cases, the overall strategy of proof is similar:

e For a given dislocation configuration D, we construct an approximate equilib-
rium z using the linear elasticity solution for the dislocation configuration, and
a truncated version of the core corrector u, whose existence we assumed in

STAB.

e We obtain bounds which demonstrate that for these approximate equilibria,

§E(z) decays to zero as Lp — oo or Sp — 00.
e We show that for any € > 0, 2E(2) > Ay — € as Lp, Sp — 00.

e We apply the Inverse Function Theorem to demonstrate the existence of a ‘cor-
rector’ w € #12(Q) such that z 4+ w is a strongly stable equilibrium. Using
the bounds on § E}(z), we show that || Dw|| can be made arbitrarily small by
making more stringent requirements on D, and hence it may be demonstrated
that the condition on the core position holds. This then completes the proof of
parts (1) and (2) of the statement.

e Part (3) of the statement is proved via the construction of explicit counterex-

amples.

5.2 Auxiliary results

Before proceeding to the main proof of Theorem we deduce several auxiliary
results.
5.2.1 Stability of the homogeneous lattice

The following lemma demonstrates that y = 0 is a globally stable as well as strongly
stable equilibrium. In particular, this shows that ¢ + « cannot be a unique stable
equilibrium amongst all y € #(A), and demonstrates that STAB implies (1/4).

Lemma 5.2.1. Suppose that STAB holds, then the deformation y =0 is a strongly
stable equilibrium for any Q2 C A. Precisely,

(°E*(0)v,0) =¢"(0) Y Dv;  and  ¢"(0) > Ay

beBS?
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Proof. Suppose that v € #4(2) and C* € C is a sequence such that dist(C?, 0) — oo
as i — oo. Define v' :=vo G if y = § + u,

Adl|Dvl|3 = Aa|| DV < (32 EM (y)v', o)
=>4/ (Dy,)(Dv;)?

beB
= " ¢"(D(y o H ")) (Dwy)?,
beB
and since dist(Dy,, Z) — 0 as dist(b, 0) — oo, it follows that 0 < Az < ¢”(0).
Since 1 is even about 0 it must be that ¢'(0) = 0, and the statement follows
trivially. O

5.2.2 The linear elasticity residual

We now prove a result estimating the residual of the pure linear elasticity predictor.

Lemma 5.2.2. Let D be a dislocation configuration in A and z := Z(C’S)EDQ o H®
(as a function on R?), then for Lp sufficiently large, there exists g : B — R such that

(0E(2) Zngvb and |g| < ¢ Z dist(b, C)~? (5.2)
beB (C,s)eD

Proof. The canonical form for §E(z) given in is (0E(z),v) = Zw’(ab)Dvb,
where o € [Dz] When Lp is sufficiently large, arguing as in Lemma | it follows

that o, € (—3,3),
Here and throughout this chapter, V72 means the extension of the relevant derivative
of z to a function in C* (RQ\U(C75)ED{$C}), or C=(U\ U(Cﬁ)ep{xc}) in the convex

lattice polygon case.

hence is unique, and furthermore o ¢ q,) = fo Vz( §—i— tal) a; dt.

In particular we note that [t ()| < > dist(b, C')~! only, necessitating the removal
of a ‘divergence—free component’. To this end, let w, := (J{C" € C| £ b € 9C'} and
let V := |wp| for some arbitrary b € B. Further, let C, := Ucsep B.(z%). Then, for
b= (& &+ a;), we define

¥ ( ) lim Vz-a;dx and g := W(Oéb) — hy.

hy =
b V =0 wb\C'e

It is fairly straightforward to show that the limit exists (i.e. hj and g, are well-defined)
and that
w//(o)

Z ly Duy = lim / Vz-Vivdr =0
beB V RQ\CG
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for all v € #4(A), where v denotes the continuous and piecewise affine interpolant
of v. Thus, we obtain that (0E(z),v) = >, ;5 g Duy as desired.

It remains to prove the estimate on g,. Taylor expanding, we obtain

W) — hy = /(0) +4(0) (ab - o lim Ve dx) + 30 O]l + O(|anf?).

The first and third terms vanish by the evenness of v, and in the second term, we
write o = % fwb Vz-a;dx, where a; is the direction of the bond b. We then estimate
this same term by Taylor expanding about m, the midpoint of b: using the symmetry
of b and wj, to eliminate the term involving V?z, we obtain

1 L. 3
v Vz'aidx—vll_r}é e Vz-a;dz = O(|V?z]).

wp
Finally, as |ap| < dist(b,C)~! and |V32| < dist(b, C') 72 for all (C,s) € D, we obtain
the stated estimate. ]
5.2.3 Regularity of the corrector

We now slightly refine the general regularity result of Theorem 3.1 in [EOS13|, ex-
ploiting the evenness of the potential .

Lemma 5.2.3. Let u be the core corrector whose existence was postulated in STAB:

then there exists a constant Cyeg such that
| Dup| < Cheg dist(b, C) 2 for allb e B and (C,s) € D.

Proof. Our setting satisfies all assumptions of the d = 2,m = 1 (anti-plane) case
described in §2.1 of [EOS13| with N = {a;|i = 1,...,6} for all £ € A, and the
complete set of assumptions summarised in (pD) in §2.4.5 of [EOS13|. Using Lemma
5.2.2, we may apply Lemma 3.4 of [EOS13] with p = 3, implying |Du,| < dist(b, C') 2.

[l

5.2.4 Approximation by truncation

Following [EOST3| we define a family of truncation operators I1%, which we will apply
to u € #12(Q). Let n € C1(R?) be a cut off function which satisfies
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Let Tu be the piecewise affine interpolant of u over the triangulation of R? given by
C. For R > 2 let Ap := Bg \ Bpr/a11, an annulus over which n(z/R) is not constant.
Define I1 : #'12 — # by

NSu(é) := n(%) (w(§) — a%), where a5, ::][C+A Tu(z)dz.

In addition, we define Il := H}C{).
The following result concerns the approximation property of the family of trun-

cation operators I1%, and follows from results in [EOST3].

Lemma 5.2.4. Let v € #'“2(A) and C € C, then
IDTRw = Dol o) < 11D\ (5.3)

where 1 is independent of R,v and C'.
In particular, if u € 7/1’2(A) s the core corrector from STAB, then

| DITG (w0 G) — D(u o GC)HZQ(B) < R (5.4)
where v, is independent of R and C.
Proof. Since || - ||2(p) is invariant under the transformation induced by composing

functions with lattice automorphisms, we may assume without loss of generality that
C = Cp, whence the estimate (5.3)) is simply a restatement of Lemma 4.3 in [EOST3];
the second estimate (5.4) then follows immediately from Lemma [5.2.3] O

Next, we show that the assumption STAB implies that 62E* () + I zu) is positive
for sufficiently large R.

Lemma 5.2.5. There exist constants \gr such that

(8°E™(§ + Hgu)v,v) > Agg||Dvl3 for all v e W, (5.5)
and \gr — Ag > 0 as R — oo.
Proof. Noting that || Dv||s < ||Dvl|; for any v € #2(A),

(*E™(§ + Hpu)v,v) = ([S*E(§ + Hpu) — PENG + u)]v,v) + (B + u)v, v),
> (A = [0 lloo| | DTTRu — Dul| )1 Dvll3,
> (Aa — er) [|1Dv]l3,

where e < R7! as R — oo by the result of Lemma m O]
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5.2.5 Inverse Function Theorem

To conclude this collection of auxiliary results, we review a quantitative version of

the Inverse Function Theorem, adapted from Lemma B.1 in [LO13].

Lemma 5.2.6. Let X, Y be Hilbert spaces, w € X, F € C?(Bp (w);Y) with Lipschilz
continuous Hessian, ||0°F(z) — 8*°F(y)||nxy) < M|z — y||x for any z,y € Bp (w).

Furthermore, suppose that there exist constants p,r > 0 such that
(O F(w)v,v) = plollx,  I6F(w)lly <r, and 238 <1,

then there exists a locally unique w € By (w) such that 6F(w) = 0, ||lw — @|x < 277"
and
(0" F(w)v,v) > (1 — 25) o]k

02

5.3 Proof for the infinite lattice

Before considering the case of finite lattice domains, we first set out to prove Theo-
rem in the case when ¢ = A. Here we are able to give a substantially simplified
argument concerning only the interaction between dislocations, avoiding the addi-
tional difficulty of the interaction of dislocations with the boundary present in the

other case.

5.3.1 Analysis of the predictor

Suppose that D is a dislocation configuration in A: we define an approzimate solution

or predictor with truncation radius R to be
zi= Y s(§+Mzu) oG (5.6)
(C,s)eD

The following result provides the first ingredient required for us to apply Lemma|5.2.6

a bound on the residual of such approximate solutions.

Lemma 5.3.1. Suppose z is the approximate solution for a dislocation configuration
D in A, defined in 7 with truncation radius R = Lp/5. Then there exists Ly =
Lo(N) and a constant ¢ = ¢(N), such that, whenever Lp > Ly,

|6E(= <Ly

)Hy/l,z(A)*
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Proof. Enumerate the elements of (C,s') € D, and for conciseness, let G := G,
y' = (§+Tpu) o G' and §' := §o G'. Let r :=2(R+ 1) = 2(Lp/5+ 1) and taking v
to be any test function in #2(A), define

vt =TI and v’ = — E v'.

The statement of Lemma implies that ||Dv|ly < ||Dv||g for i =0,..., N.
Since dE(§ + u) = 0, we decompose the residual as

N

(0E(2),v) = Z(éE(Z),vi>,
= (0E(2),0°) + ) (0E(z) — 6E(y"),v")
i#0
+3 (0E(y") = 6E(§ +uoG),v')
i#£0
=T + Ty + Ts, (5.7)

and analyse T4, Ty and T3 separately.

The term T;: Employing Lemma and using the fact that z = Zf\il 7' in
supp(v?), we obtain that

IT1| = [(6E(2), )| <> lgwl|Dof|
beB

N
SO0 dist(b, €))7 Dy

beB i=1

N ‘ 1/2
< ( Y dist(h, cz)—6) 1Dl
=1

beB
dist(b,C*)>r/2—1

r2|| Dvl|s. (5.8)

The term Ty: Tor the second set of terms, we have z —y* = >~ 9/ in the support
of v!. We expand

(0E(z) —6E(y"),v") = Z@/J” S ZDbevb

beB j#i
"(0)> > DglDvy + > hyDuj, (5.9)
j#i beB beB
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where |s,| < (1 + dist(b, C?))~1, and

ol = | (" () = 9(0)) 3 D

J#i

< (1 +dist(b,C")) 2Ly,

where we have Taylor expanded and used the evenness of ¢ to arrive at the estimate
on the right. The first group on the right-hand side of (5.9) can be estimated as in
(5-8) to obtain |3,z Dgl Dvi| < Lp2||Dv||; for all j # i. For the second group, we

have

1/2
sL;( 3 <1+dist<b,c“>>—4) 1Dv 2 < L3 | D]l
beB
dist(b,C")<r+1

‘ Z hbD’Ug

beB

The term T3: The final term is straightforward to estimate using the truncation result
of Lemma [5.2.4;

(OB (y") = 6E(§' +uo G'),v")| < [0l DIIgu — Dull2| Dv'[l2 S R7Y|Dolo.
Conclusion: Inserting the estimates for Ty, Ty and T3 into (5.7]), we obtain

(BB, 0)| $ (72 + L3 + B )| Della S L3]I Dell.. =

5.3.2 Stability of the predictor

We next prove that §2F(z) is positive, where z is the predictor constructed in (5.6)).
This result employs ideas similar to those in the proof of Theorem 4.8 in [EOSI3],

modified in this context to an aperiodic setting and to cover multiple defect cores.

Lemma 5.3.2. Let z be given by . There ezist positive constants Ry = Ro(N)
and Ly = Lo(N) such that if R > Ry and Lp > Ly, then there exists Ap g > A\a/2 so
that

(8*E(2)v,v) > Mgl Dvl|3 Yo e #12(A).

Proof. Lemma implies the existence of Ry such that Agr > 3\z/4 > 0 for all
R > Ry, thus we fix a truncation radius R > Ry, and hence assume Lp > 2R. We now
argue by contradiction. Suppose that there exists no Ly which satisfies the statement.

It follows that there exists a sequence of dislocation configurations, denoted D", such
that

1. N :=|D"|, |{(C,+1) € D"}| and |{(C, —1) € D"}| are constant,
2. L" := Lpn — 00 as n — oo, and
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3. 0?E(2") < \g/2 for all n, where 2" are the approximate solutions corresponding

to D™ with truncation radius R.

The second and third conditions comprise the negation of the statement, and the
first condition may be assumed without loss of generality by taking subsequences.
Enumerate the elements (C™, s™) € D", and write G™ := G and H™ := HC"".
By the invariance of the energy difference under lattice automorphisms and the fact
that 1) is even, we may assume without further loss of generality that (C™?! s™1) =
(Co, +1). For each n,
Api= inf  (FPE(2")v,v) < Ag/2

ve# 12(A)

[ Dvll2=1
exists since 62F(z) is a bounded bilinear form on #12(A) for any z € # (A). Let
v"™ € #4(A) be a sequence of test functions such that || Dv™||s = 1 and

Ap < APEE)V" 0" < A\ 07t

Since v" is bounded in 7/'172(/\), it has a weakly convergent subsequence. By the
translation invariance of the norm and taking further subsequences without rela-
belling, we further assume that 0™ := v" o H™* weakly converges for each i. We now
employ the result of Lemma 4.9 in [EOSI3| which states that there exists a sequence
of radii, " — oo, for which we may also assume ™ < L"/3, such that for each i,

; n,t .
wm = TG v satisfies

wh o H™ — @' and (0" —w™)o H™ — 0 in #12(A). (5.10)

. —_ > - . N .
We write 0™ := w™ o H™, and define w™° := v — domw™t S0

<52E(Zn)1)n, Un> _ Z:<52E(Zn>wn,i7 wn,j>
i,
=Y (CPEE"w™ w™) +2) (PE(")w", w™),

i i#0
where r" < L"/3 implies that supp{w™'} for i # 0 only overlaps with supp{w™°}.
Wheni=1,..., N,

(52E(z”)w"’i, w™') = ([52E(z" o H™") — 8*E(y) + I pu)|w™, w™")
+ (82 E(g + Mpu)a™, @"™),

(Mo = M=) D3 (5.11)

20" /3

Vv
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For the ¢ = 0 term, we can write:
(2E(2")w™, w™?) = ([0 E(2") — §?E(0)]w™", w™®) + (§*E(0)w™°, w™°),
> (v(0) - M=) | Duroy3. (5.12)
Next, we consider the cross terms. Since we assumed that ™ < L" /3, we deduce that
(PECw™, w™) = (P E(z") (0" — w™"), w™").

Using the translation invariance of F, and adding and subtracting terms, we can
therefore write
(B w") = ([ E(" 0 H™) = 6*B( + gu)] (0™ — w""), 0™
+ (0°E(§ + Hgu) (0™ — @™, 0™ — 0")
+ (0°E(§ + Mpu) (0™ — @™, 0"),
=: T+ Ty + Ts.

Estimating the first two terms on the right hand side, we obtain that

Ty < 2= (1Dl + [ Dl ) [ Dwr [l < M= and
To < [0/l (106" l2 + | D™ ) [ D& = D

both of which converge to 0 as n — oo due to (5.10). Since (5.10)) also implies that

o™t — "™t — 0 as n — 00, Ty — 0 as well, and hence
(S2B(z")w™, w™") — 0 (5.13)

as n — oo for each i. Putting (5.13)) and the result of Lemma together with the
estimates (5.11)) and (5.12)), we obtain

N
(C°E(z""v") > (Aar — €)Y | Dw™ |3 + €, (5.14)

=1
where €® — 0 as n — 0.

To complete the proof of the statement, we now check that
N
fn ) na||2 n||2 > (. )
it (32 10w~ 10v7]5) = 0 (515)

By definition, S | Dw;™|? # | Dvp|? only when b € supp{ Dw™} Nsupp{ Dw™°} for

some ¢ # 0. In this case
|Dw° | + | Dw;”')? — | Dvp|? = —2 Dw;”’ Dwy’.
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Therefore, consider

A 0 A
oMt = g Dwy” Dw,"*

beB
=Y " (Dw™ o H™), (Dwy" — Dwy) + > (Dw™ o H™), Dy,
beB beB

Since w™? o H™ — () and @™ — @', it follows that 6™* — 0, and thus (5.15]) holds.
Further,

N
A+ 0L > (B2B(Z"W0", 0" > (g — €) (1 = 5“) +en,
=0

and so for n sufficiently large, it is clear that A, > 2A\;r/3 > A\q/2 > 0, which is a
contradiction to the assumption that A\, < A\;/2 for all n. ]

5.3.3 Conclusion of the proof

We now conclude the proof of Theorem by proving each of the three statements

in turn.

Proof of (2). Lemma and Lemma enable us to state that there exists Ly
and Ry such that whenever D satisfies Lp > Ly, R > Ry, and z is an approximate

solution corresponding to D with truncation radius R,

)\d . C/\d A?I
ALr > pi=— >0 d OF <= :
azp= g o0 ad B < mn {2

We note that
162E(z + u) — 6°E(z 4+ v)|| < [¢" ||oo|| Du — Do,

so setting M := ||¢'//||003 we may apply Lemma since 2;”# < 1 < 1. This implies
that there exists w € #2(A\) with || Dw|, < ¢ Ly such that

A
OE(z +w) =0, (*E(z + w)v,v) > ZdHDng,

and it follows that z + w is a local equilibrium. The constant ¢’ depends only on the
number of dislocations, establishing item (2) of Theorem [5.1.1]

Proof of (1). First, we increase Ry if necessary, so that % < 411- Let z be the

predictor corresponding to a dislocation configuration D satisfying all the hypotheses
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required to prove statement (2) above, as well as this additional condition. If o € [Dz],
any b C R?\ Bg(z%) for all (C,s) € D must satisfy a;, € [~1, 1], and furthermore

T4
ap = Z s(& o GY),.

(C,s)eD

Taking Lp > 4¢ in the proof of statement (2) above, there exists w € #2(A) such
that z + w is a strongly stable local equilibrium, and ||[Dw||s < |[Dw|s < 3. This
choice entails that o) = oy, + Dwy, for any o/ € [Dz + Dw] and any b C R?\ Bp(z®)
for all (C,s) € D.

Taking A to be a collection of positively-oriented cells such that Bg(0) C clos(A) C
Bi,,2(0) and setting A := HE(A),

/ o = / Z s(6oGY) + Dw=35s" forany (C',s') € D, and
HAC! HAC’ (C.9)eD

/ o =0 forany C ¢ U A% implying C*[o/] C U HY(A).
e (C.9)eD (C.5)eD
Proof of (3). We divide the proof of (3) into two cases: B[z] =0, and |B[z]| > 1. We
note that we may exclude B[z] = %1, since Theorem implies the existence of a

globally stable equilibrium in this case.

Suppose z is a strongly stable equilibrium such that B[z] = 0, arising from (2) in
Theorem . We note that Dz will in general not be in #2(A), since it contains a
superposition of translated copies of g, each of which has an infinitely long branchcut
on which |Dgy| — 1 as b — oo. Nevertheless, we show it is possible to find a non-zero
deformation v € #2(A) such that Dz, — Dv, € Z for all b € B, and hence, by using
the periodicity of the potential, E(z —v; z) = E(0;v) < 0.

B[z] = 0 implies that #{(C,1) € D} = #{(C,—1) € D}, so enumerating
(C",1),(C",-1) e Dfori=1,...,#D/2, we define

vi(z) = % [arg (x — xci) — arg (x — azci—)],
#D/2
. 5.16
and V= Zvl—l—(z— Z s(gjch)), (5-16)
i=1 (C,s)eD

“% and 2°-. By similar

where v* is defined with a branch cut of finite length between z
arguments to those used in Lemma [5.2.2 we may extend Vo' to a function which is
C(R2\ {24, 2¢°};R?), and it may be directly verified that |Voi(z)| < |z|~2 for |z|

suitably large. When v’ is restricted to A, it clear that v* € #2(A). Furthermore,
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the characterisation of z given in statement (2) of Theorem and the fact that
vt e #12(A) imply that v € #1L2(A).

Using the definition of v and fact that % arg(x) is defined up to an integer de-
pending upon the choice of branch cut, z(§) — v(§) € Z for all £ € A, and hence
Dz, — Dv, € Z for all b € B. Using the periodicity and evenness of ¢, we therefore
obtain

E(z—wv;z) = Z¢(Dzb — Duy) — (Dz, — Dvy + Duy)
beB

= Zw(O) —(Dvy) = —E(v;0) <0,

beB

as Lemma implies that 0 = argmin{E(u;0)|u € #*(Q)}. It follows that z

cannot be a globally stable equilibrium in this case.

If |B[z]| > 1, then by applying the evenness of the potential, we may suppose
without loss of generality that B[z] > 1. Here, we consider only the case where
Blz] = 2; the general case follows along the same lines, but with the estimates
constructed in the latter part of the proof simply requiring B[z] — 1 cores to be kept
close to the origin while varying the position of the final core.

Suppose that #D = 2 + 2m, where m € NU {0}. If m > 0, then by properties
of the Burgers vector, there exist cores (C*,—1) € D for i = 1,...,m. We choose
to enumerate m distinct positive cores of the form (Ci, +1) € D, and define v' as in
(5.16]) with branch cuts of finite length. Let

v ::Zvi—k (Z—Z(goGCi —gchi))
=1 =1
Since v € #12(A), it is clear that v takes the form

v=70G’ +50G 4w where wer’Q(A),

with (C,+1),(C",+1) € D distinct and satisfying C,C" # C% for all ¢ = 1,...,m.
Once more, Dv, — Dz, € Z for all b € B.

Consider a deformation w?, taking the form

w’(€) = 5 (arg(é) + arg(§ — kar)), (5.17)

recalling from §3.1.5that ka, is the barycentre of a cell, and where arg(x) and arg(z—

xco) have been defined via branch cuts coinciding respectively with those of § o G¢
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and § o G except on a set of finite 1-dimensional Hausdorff measure. With this
choice, w® — § o GE — o G € #12(A), and hence w® — v € #'12(A).

We now construct a deformation which has an arbitrarily negative energy differ-
ence when compared with y, and hence also when compared with z. This demon-
strates that z cannot be a globally stable equilibrium.

Define

u'(€) = g (arg(§ — (k + Dar) — arg(§ — kay)), and  w'(€) := w’(€) +u'(€),

where u! is defined with a branch cut which lies on the z;-axis between [ and k + .
Note that u! € #12(A), and hence w' — y, w' — v € #L2(A).

We suppose that k is sufficiently large such that o € [Dy] is unique, which also
implies that o! € [Dw'] are unique. Let 8 := al — af, and set Z} := Dul — Bi. Z!
is supported only on bonds b which intersect the branch cut between k£ and k£ + [ on
the z;—axis.

Consider the energy difference
E(w’ ') = E(w —u';uwl) =) (a} — (ag) + ¥/ () Dy, — (OB (w'), '),
beB

where we have used the periodicity of the potential ). Taylor expanding as in

Lemma [4.3.1] we have the lower bound
E(y;w') > 3(0"(0) = €)|B* + ¢ (a4) Z, — (SE(uw'),u') — C, (5.18)
beB

where € > 0 is arbitrary, and C. is a positive constant which blows up as € — 0.

By possibly increasing k so that Lemma [5.2.2| applies, we find that we may write

—(0E(w'),u') + Z@/Jl( Z —gyDuy, + ' (o)) 24 = Z — 9553 + Wy Zy,

beB beB beB

Here, gi := v/(al) — hi, where as in the proof of Lemma m

"
hi = me) hH(l) Vuw' - a;dz.
€E— Wb\ée

By using the explicit expression for Vu! and the decay properties of ¢!, we have

1 1 1 1
PIUERS Z (dist(b, 07 dist(h, ka1)3) (dist(b, kay)  dist(h, (k + l)a1)>’ (5.19)

beB

which is uniformly bounded independently of the choice of [: this may be seen by
repeated use of Young’s inequality with p = 4/3.
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It can be shown that Zé = 1 for bonds of the form
b= (§+ (k+i)ai+az, &+ (k+i)a) or b= ({+(k+i—1)ay+az, &+ (k+i)ar)

for i = 0,...,1 — 1. Using the definition of hl, and letting C* and C**! be the cells

with barycentres ka; and (k + [)a; respectively, we can write

// "
0
Zhle Ll )/ le'<(l1—a2)d$+¢( >lim Vuw' - aydz
bet ok Vo 0 o g (etan)

// V3/3 k+l+ % — k=1
w / / 5 5 T x 5 5 dz dy,

= Tl —|—T2—|—T3

It is straightforward to show that T, and Ty are uniformly bounded independent of &
and [. Evaluating the inner integral in T directly, noting V = 2/4/3, and performing

some straightforward algebraic manipulation, we obtain

¥"(0) /ﬁ/?’ o (((k + Ly V3137 + %) ((y/ V3 —1/3)" + y2)> 1
2r Jovaie - \((B+1/3+y/vV3)2+y*) (1 —y/V3 —1/3)2 +¢?)

V31" (0) o ( (k+1-1/2)%/12 >
ar B\ ((k+2/32+1/3) (11— 1/2)2 +1/3) )’

where on the second line, we have minimised the numerator and maximised the de-

nominator of the fraction inside the logarithm for y € [~v/3/6,1/3/3] and then inte-

grated. We note that for fixed k, this function is uniformly bounded for [ € N.
Combining , and , we have now established the lower bound

15 =

> (5.20)

E(y;uw') > Co”ﬁlHZ — 1, (5.21)

where ¢y and ¢; are positive constants independent of [.
To estimate ||3'||% below, we define a series of volumes K;. Let K; = C**!, and

inductively define
K; = (U{C’ € C | C positively—oriented, clos(C') N clos(K;—1) # 0} U Ki_l)

for i = 2,...,1. By construction, f&K: B! = 1, and it may be verified that #0K; =
67 — 3. Applying Jensen’s inequality, we have

92 > z/ 8 > 6@_3\ [
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Combining (5.21)) and (5.22)), we have shown that E(w';y) < —c)log(l) + ¢; for I
sufficiently large, where ¢ and ¢| are positive constants independent of /.

Recalling the construction of v, y and w', we have
E(w' —v+z2) = BE(uw' 2) = E(w'yy) + E(y;v) < —cylog(l) + ¢) + E(y; )

and hence letting | — oo, we see that z cannot be a globally stable equilibrium. [

5.4 Proof for the convex lattice polygons

As in §5.3] we construct approximate solutions and then prove estimates on the
derivative and Hessian of the energy difference so that we may apply Lemma [5.2.6
The two main differences between this and the preceding analysis are (i) y does
not satisfy the natural boundary conditions of Laplace’s equation, and (ii) we must
estimate residual force contributions at the boundary, which cannot be achieved by a
simple truncation argument as in §5.2.4k at this stage the fact that 2 has a boundary
plays a crucial role.

To obtain a predictor satisfying the natural boundary conditions we introduce a
boundary corrector, ij € CH(U®) N C?(int(U?)), chosen to satisfy

~Aj=0 inUY, Vy-v=— Z sV(§oGY) v on oUY, (5.23)
(C,s)eD
where v is the outward unit normal on OU®. We shall demonstrate in §5.4.1| that ¢
exists and satisfies the stated regularity.
We shall then define an approximate solution or predictor corresponding to D in

) with truncation radius R as

z = Z s (9 +pu) o GY + 4. (5.24)

(C,s)eD

5.4.1 The continuum boundary corrector

Here, we give proofs of several important facts about the boundary corrector. Since
we are considering a boundary value problem in a polygonal domain, we use the
theory developed in [Grill] to obtain regularity of solutions to ((5.23]).

Noting that the boundary corrector problem is linear, it suffices to analyse the
problem when only one positive dislocation is present at a point 2/ € U®®. We therefore

consider the problem
—Ay=0 in U?, Vi -v=gn onl,, (5.25)
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where as in §, I',, are the straight segments of U between corners (K,,_1, Km), V

is the outward unit normal, and
gm(8) :=—=Vy(s—2")-v  for s eT,,.

Since v is constant along I'y,, it follows that g,, € C>(I',,), and so applying Corol-
lary 4.4.3.8 in [Grill], it may be seen that this problem has a solution in H2(U**) which
is unique up to an additive constant, as long as faUQ g = 0. This condition may be
verified by standard contour integration techniques for example. Furthermore, 7 is
harmonic in the interior of U®, and hence analytic on the same set.

We now obtain several bounds for solutions of the problem in terms of
dist(z', 0U*), taking note of the domain dependence of any constants. The key fact
used to construct these estimates is that ¢ 4 ¢ is a harmonic conjugate of the Green’s

function for the Laplacian with Dirichlet boundary conditions on U®.

Lemma 5.4.1. Suppose the U is a convex lattice polygon, and § solves (5.25)). Then

there exist constants c; and co which are independent of the domain such that

\Vy(x)| < e dist(z, ') for any x € UL, ||Vl < ¢ dist(a’,0U%)7!, (5.26)
log(dist (', 0U%))

dist(2’, 0U*®) (5:27)

and | V?§llLzwe) < e

Proof. We begin by noting that g(z — 2’) = % arg(x — ') is a harmonic conjugate
of 5= log(|z — 2'[), and we will further demonstrate that g is a harmonic conjugate of

W, the solution of the Dirichlet boundary value problem
~AVU(z) =0 inU?, U(s) = —£ log(|lx — 2|) on OU™.

By virtue of Corollary 4.4.3.8 in [Grill], there exists a unique ¥ € H%(U*) solving
this problem, and since ¥ is harmonic in U*, a simply connected region, a harmonic

conjugate U* exists. By definition, U* satisfies the Cauchy-Riemann equations
VU*(z) = RIVU(z) forall v € UY, (5.28)

where Ry is the matrix corresponding a positive rotation through 7 about the origin.
In particular,

ovr v (x—a)

v or  2mlz—a'?

Ry =-Vi(z—2)v ondU% and —AV*=0inU%,
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where 7 is the unit tangent vector to OU** with the positive orientation. By uniqueness
of solutions for (5.25)), it follows that ¥* = § up to an additive constant, and hence
g is a harmonic conjugate of W. Furthermore, by differentiating (5.28)),

V20 2we) = V27 L20)- (5.29)

The identities (5.28) and (5.29)) will allow us to use estimates on the derivatives of W
to directly deduce (5.26]) and (5.27).
To prove (5.26)), we rely upon Proposition 1 in [Fro93], which states that there

exists a constant ¢; depending only on diam(U*?) such that
IVU(2)| < ¢ dist(2, )"

However, as U C R?, it is straightforward to see by a change of variables and a
scaling argument that the constant ¢; cannot depend on diam(U®) and is therefore
independent of the domain (as long as it remains convex). Taking the Euclidean
norm of both sides in (5.28) now implies the pointwise bound in , and the L
bound follows immediately as the partial derivatives of y satisfy the strong maximum
principle.

To prove , we use the classical a prior: bounds for the Poisson problem. In
order to do so, we must introduce an auxiliary problem with homogeneous boundary

conditions. We therefore seek a solution to
AU - ®)=Ad in U®, U —® c HA(UY) NnHY(UY),

where the function @ : R?2 — R is defined to be

D(z) := —£p(|z — 2| /dist(2/, 0U")) log(|z — 2]),
where ¢ € C*([0,+00)) and ¢(r) = { (1) : i[lo’ il

By construction ® € C>®(U?), and V2® € L?(R?). Thus A® € L*(U®), and the
existence of a unique solution ¥ — & € H2(U®) N H}(U®) follows from Theorem
3.2.1.2 in |Grild]). Furthermore, inspecting the proof of Theorem 4.3.1.4 in |Grill],
we see that

V(¥ — @) |2y = [|AP[|L2@we) < [[VEPl2(me),

and thus a straightforward integral estimate yields

log (dist (', 0U*))

2 2 2
[V L20) < [[VHP — @)ooy + [|[VER[|L2@2) < co dist (@, o0

where ¢, is independent of the domain. O
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5.4.2 Analysis of the predictor

We now prove that the predictor defined in (5.24]) is indeed an approximate equilib-
rium. Our first step is to formulate the analogue of Lemma in the polygonal

case.

Lemma 5.4.2. Let ) be a convex lattice polygon, D a dislocation configuration in
Q and z == Z(C,S)EDQ o G + 1, where y solves (5.23). Then there exist Ly and S
which depend only on N = |D|, such that whenever Lp > Lo and Sp > Sy, there ezist
g:BY =R and X : {b € oW} — R such that

(6B (2),v) = Z gy Duy, + Z YpDuy,.

beB? beoWw
Furthermore,
gl < i DY (1+dist(d, )"+ 1| V2|2 for all b & OW?, (5.30)
(C,s)eD
and if b € P C OW*, then
g+ < e Y (1+dist(P, C)) 7 + e[ V3Gl (5.31)

(C,s)eD
The constant ¢, is independent of the domain, and cy depends linearly on index(OW®).

Proof. We begin by choosing Ly and Sy to ensure that o € [Dz] is unique: since the
constant in ([5.26)) is independent of the domain, and Dy has a fixed rate of decay,
this choice depends only on NV as stated. Furthermore, we have the representation
Qe fta;) = fol Vz(€+ta;) - a; dt, where Vz is to be understood as the extension of the
gradient of z to a function in C*°(U\ U(c,s)ep{xc}>-

Let wy := J{C € C*| £ b € OC, C positively oriented}, the union of any cells in
the boundary of which b lies. For b ¢ OW*, w, is always a pair of cells, and we set
V = |wp| for any b ¢ OW*.

Let C, := Ucsyep B(z9). Tf b= (£, + a;), define

"
0
hy = ¢—() lim Vz-a;dx and gp =V () — hy.
v e—0 wb\ée
As in the proof of Lemma an application of the divergence theorem demon-
strates that the former (and hence the latter) definition makes sense. Let v € #/(Q),
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and denote its piecewise linear interpolant /v; applying the divergence theorem once

more,

_ ")

"
beB® =0V WG

Recalling the definition of P, from (3.6), we find that

ZhbDvb: Z ¢T(())/ IvVz-vds.
P

beBS CeowNoUL

/ IvVz-vds.
awﬂ

By considering the integral over a single period, we may integrate by parts

/IUVZ-Uds:[v((+7') Vz-yds—/ IU'(/ Vz-l/dt>ds,

where 77 is the arc-length parametrisation of the Lipschitz curve following F; between
¢ and s, 7 is the relevant lattice tangent vector, and v’ is the derivative along the
curve following F;. Applying the divergence theorem to the region bounded by P, and
OU® (as seen on the right of Figure and using the boundary conditions Vz-v = 0
on OU®, it follows that ch Vz-v = 0. Splitting the domain of integration P into

individual bonds and noting that Vv is constant along each bond,

/]sz-yds:—Z/ Viv- az(/ Vz- l/dt>d3
Pg ££+CL»L

be PC

= Z YpDuvy, where X, := —/ Vz-vdtds.
b 'yz

bEPC

This concludes the proof of the first part of the statement.
To obtain (5.30)), we Taylor expand the potential to obtain

(/Vz a; dx—hm ! Vz-a dx) + O(|Dz|*).
oV wp\Ce

Since Vz = Z(C,s)eD Vi o GY 4 V7, the only change to the analysis carried out in
the proof of Lemma is to estimate the terms involving Vy. As [, V§ - a;dz =
|w—1b‘ fwb V1y - a;dx, applying Jensen’s inequality and standard interpolation error es-

timates (see for example §4.4 of [BS08|) gives

1 1
/ng-aidx—V/%Vg-aidm:V/wb (V[g—Vg).aidx

1 _ _
< WHVIQ - vyHm(wb)

< of| V5.

(wp)
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where ¢ > 0 is a fixed constant. Applying Young’s inequality and (5.26) to estimate
| D2|® now leads immediately to ([5.30)).
Estimate (5.31) follows in a similar way: Taylor expanding g,, but noting that

lwp| = V/2 and wy is no longer symmetric, the same argument used above gives

|gb+2b!§/ %Vz-ai—/
b 72

T Z V250 GCHLOO(wb) +0(|Dxf).

(C,s)eD

Vz. udt‘ ds + ¢|| V27|12 ()

Applying (5.26) to the first and last terms and and using the decay of Vg now yields
g+ 5] S c(L+HU(P)) D (1+dist(P, C) " + el V27l
(C,s)eD
Upon recalling the definition of index(0W*) from the proof is complete. O

We can now deduce a residual estimate for the predictor in the finite domain case.

Lemma 5.4.3. Suppose Q is a convex lattice polygon, and z is the approximate
solution corresponding to a dislocation configuration D in ) defined in (5.24) with
truncation radius R = min {LD/5,S;/2}. Then there exist constants Lo, So and
¢ depending only on N = |D| and index(OW®) such that whenever Lp > Lo and
Sp > So,

H(SEQ(Z)“(W‘L?(Q))* S C<L51 + 51;1/2)-

Proof. We begin by enumerating the elements (C,s') € D, and set G :== G For
i=1,...,N,welet §' = goG" let y* = (§ + [Tzu) o G*, and let  be the corrector

solving (5.25) with 2’/ = 2"
Define r := 2(R + 1) = 2(min{LD/5,S;)/2} + 1). Taking a test function v €
W12(Q), let

V() =1 and  0°(€) =0(§) = D _vi(€).

Lemma implies there is a universal constant which is independent of €2 such that

| Dv'||s < C||Dv||y for any @ = 0,..., N. Adding and subtracting terms, we write

(0E(2),v) = (6E2(2),0°) + Z ([DE%(2) — 6EMy')],v")
+ Z ([BEMy') — SEM (i +uo G)], 0",
= T1 + TQ + T3. (532)

110



We estimate each of these terms in turn.

The term Ty: Applying Lemma, and the fact that z = 31| '+ in supp(v°),
we make a similar estimate to that in Lemma [(.3.1}

Z g Dvy + Z Yy Doy

beB? beoOw?

1/2
sa (( > (1 dist(h, C))_6> + ||V217HL2(W9)> 1 D0

(C,s)eD, be B
dist(b,C)>r/2—1

1/2
—1—62( Z (1 —l—dist(PC,C’i))_Q) | Dv |2,

CEOW2NIUR

ITu| =

< c(r_2 + S5t log(Sp) + index(aWQ)l/2551/2> | Dv|. (5.33)

To arrive at the final line we have used (5.27)), and the constant ¢ here is independent
of the domain and the index.

The term TQI' For the second set of terms, we have 2 —y* = > .9/ + > . ¢’ in
the support of v*. We expand as in Lemma to obtain

(6E%(2) — 6By = > (s) <Z Dyl + Z Dyb)Dvb,

be B2 J#i

="(0) ) (Z Dy + Dgﬁ) Duy +4¢"(0) Y DyDvj+ Y hyDuj, (5.34)

beBL N jFi beBS? beBS?

where |sp| < 3. (1 + dist(b, C7)) ™" + S5' and a Taylor expansion yields

S lsf?r !

|| = ’ (¢ (sp) = 2"(0)) <Z Dy + i D?i) S
i =0

Applying Lemma to the first term in (5.34]), a similar argument to that used to

arrive at (.33)) gives
Z <Z D, + Dgi) Duy < C<T_2 + 55 10g(SD)) 1 Dv]Jo.

beB2 N j#i

Applying the global form of (5.26) to the second term in ((5.34)),

Z Dy, D}, < ¢ 7St Dv' s,

beBS?
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and finally,

1/2
> hDuy <1 (( > (1+dist(d, C))_4> + r5D2> | Dv' |5

beB beB2, (C,s)ED
dist(b,0%)<r+1

< c(r_l + 5732) 1DV 5.
Combining these estimates gives
(0E®(2) — 6E(y"),v") < c(r™" + Sp' log(Sp) + rSp" ) || Dv| 2. (5.35)

The term T3: The final group may be once more estimated using the truncation
result of Lemma [5.2.4] giving

[(6E(y") — 6E(§' + uo G"),v")| S R7|Dv'||,. (5.36)

Conclusion: Inserting the estimates (5.33)), (5.35) and (5.36) into (5.32)), and

using the fact that || Dv'||s < ||Dvll2, we obtain the bound

(6E%(=),0)] (L3 + 552 1 Dol =

5.4.3 Stability of the predictor
Next we prove the stability of the predictor configuration defined in ([5.24]).

Lemma 5.4.4. Given Iy and N € N, there exist Ry = Ro(N), Ly = Lo(N) and
So = So(N, Iy) such that whenever z is the approzimate solution corresponding to a

dislocation configuration D in a convex lattice polygon 2 with truncation radius R

given in , and furthermore:
1. index(OW*) < I,
2. Sp >S5y, Lp > Lo and R > Ry,
then there exists A\ > A\q/2 such that
(*E(2)v,v) > \||Dv3 for all ve#'2(Q).

Proof. Fixing Iy and N, we choose Ry and Lq such that the conclusion of Lemma|5.3.2
holds for any dislocation configuration D in A with |[D| = N. Throughout the proof,
we fix R to be any number with R > Ry, and we will consider only configurations
such that Lp > L.

Suppose for contradiction that there exists a sequence of domains 2" with accom-

panying dislocation configurations D™ which together satisfy
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1. index(OWS") = I,

2. N:=|D"|, {(C,+1) € D"}| and |{(C,—1) € D"}| are constant,
3. (Cy,+1) € D,

4. S := Spn — 00 as n — oo and

5. 2B (2™) < A\g/2 for all n, where

2" = Z () + Ilgu) o GC + ",
(C,s)eDn

and ¢" solves (5.23) with Q = Q™.

We note that condition (3) may be assumed without loss of generality by applying
lattice symmetries. Condition (5) implies that there exists v™ € #2(Q") such that
|Dv™||2 = 1 and

A= inf (B2EY (2", v) = (S2EY ()0, 0" < Aa/2,

veH 12 (M)
[ Doll2=1

since this is a minimisation problem for a continuous function over a compact set.
For each n, enumerate (C™, s™) € D", and let G™ := G and H™ := H"".
Considering Dv™ as an element of ¢2(B) by extending
Duvp be BY
Duy = b ’
Ub { 0 beB\BY,
there exists a subsequence such that Dv"™ o H™ is weakly convergent for each i. For
given 7 and j, dist(C™?, C™7) either remains bounded or tends to infinity, and so define
an equivalence relation ¢ ~ j if and only if dist(C™*, C™7) is uniformly bounded as
n — oo.

By possibly taking further subsequences, we may assume that if i ~ j then Q7% :=

G™J o H™' is constant along the sequence, and hence if Dv"™ o H™* — D" for each 1,
Dv’ o 7' = D' when 7~ 7.
For each equivalence class, [i], define

ol = Z s7 (9 + Tlgu) o G™.

JEli]
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Using the result of Lemma 4.9 in [EOS13], there exists a sequence ™ — oo which we

may also assume satisfies

™ < min {dist(C™",C™)}/5 and r" < S"/5,

@]
so that, defining w™ := Hrcnn’ivﬂ
w0 fg s ol in 7/172(/\) and (Dv"™ — Dwn,m) o H™ 0 in 62(8)’

where i is a fixed representative of [i]. Further defining Dw™° := Dy™ — > D™l

we have

<52EQ"(Zn)Un’ Un) _ Z <2<52EQ" (Zn)wn,[z}’ wn,O) + <52EQ”(2n)wn,[z]’ wn,[z]))
[i]
+ <62EQ” (Zn>wn,07 wn,0>'

The definition of ™ and (5.26) imply that ||[V§"|| =@er) < ¢1/r", where ¢ is inde-

pendent of n, so in a similar fashion to the proof of Lemma we obtain:

<52EQ" (Zn>wn,0’ wn,0>

<[52Em(z") — 62E%"(0)]w™?, w"’0> + <(52Em(0)w"’0, w"’0>
> (00— /") | Du|
<52EQ"(zn)wm[il’ wn,[i]> — <[62EQ"(2”) _ 52EA(yn7[i])]wm[i]’ wn,[i]>
(BN iy,
> (ALr—c/r") HDw"’[i]”;, and

(2B (z")uw™, w”’[i]> —0 as m — 00,

where c¢ represents a constant independent of n. Furthermore, the arguments of the
proof of Lemma imply that

s n,[i] 12 _ n|2) >
timinf (3 10w~ D0 3) > 0,
and so we deduce that
An = (SPEY (20", 0") > Ag/2 >0

for n sufficiently large, providing the required contradiction. O
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5.4.4 Conclusion of the proof

To conclude the proof of conclusions (1) and (2) of Theorem [5.1.1] we may apply
small modifications of the arguments used in and hence we omit these.

To prove conclusion (3), recall the result of Lemma which states that y = 0
is a globally stable equilibrium in any lattice domain. When () is a convex lattice
polygon, # () € #12(Q), so if z + w is the local equilibrium for E? constructed in
(1), then —z —w € #"2(Q), and furthermore

E(z+w—z—w;z+w) = E(0; z4w) = —E(z4+w;0) <0, as 0= argmin E(u;0).
ueW 1:2()

5.5 Discussion

In this chapter, we have demonstrated that configurations containing arbitrary num-
bers of screw dislocations exist as locally stable states in the model described in
Chapter [3] and along the way we obtained a relatively precise characterisation of
these states in terms of the continuum linear elasticity problem. This lends credence
to the commonly held intuition that linear elasticity provides a good approximate
description for the positions of all atoms in a crystal containing dislocations except
those very close to the dislocation cores.

We briefly mention some extensions of this result which may be possible with some
additional technical work.

A first possible extension would be to drop the requirement that ) should be even,
as would be the case if the body was under a mild macroscopic shear. This extension
would require us to separately assume the existence of strongly stable positive and
negative dislocation cores in the full lattice, as they would no longer necessarily
be symmetric. Apart from the introduction of logarithmic factors into some of the
bounds we obtain below, it appears that the analysis would be very similar to that
contained here.

Secondly, it is straightforward to generalise the analysis carried out in §5.4]to ‘half—
plane’ lattices, since the linear elastic corrector ¥ may be constructed by a reflection
principle. This suggests that in fact the analysis could be extended to hold in any
convex domain with a finite number of corners x,, € 2 and tangent vectors 7, which
are lattice directions — in effect, an ‘infinite’ polygon. The key technical ingredient
required here would be to prove decay results for the corrector problem analysed in
§5.4.1] in such domains.

115



Finally, it remains unclear whether the bounds obtained in Lemma [5.4.3| on the
residual of approximate solutions represent a sharp decay rate in terms of Sp — it
would be of interest to further understand this issue, which appears to be closely
related to finding an improved linear elasticity predictor which takes into account

surface stresses.
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Chapter 6

Conclusions

This thesis has presented results concerning static models of point defects and screw
dislocations in crystalline solids. As we saw in Chapter [I} this is far from being a
complete catalogue of the possible defects, and it is of great relevance to go beyond the
results here in order to better understand defect behaviour at non-zero temperature.
In this concluding chapter, we therefore present and comment upon some questions

which would seem to suggest themselves for additional study.

6.1 Defects as an equilibrium configurations

Chapter [4] proved that a screw dislocation exists as a globally stable equilibrium using
an energy difference formulation, and as part of Chapter we studied E.,, which may
also be seen as an energy difference. A natural extension of this work would therefore

be to better understand which other defects are globally stable in this manner.

Open problem. Classify which crystalline defects exist as globally stable states using

an enerqy difference formulation.

The analysis undertaken here is not the first example of this approach to studying
defect problems (see for example [CELI] and [BBH94]), but taken together, these
results suggest that the technique may be widely applicable. This should allow further
study of similar variational problems in infinite domains with prescribed boundary
conditions ‘at infinity’ arising from some macroscopic problem.

As part of the study of the problem posed above, potentially the most difficult but
arguably also the most interesting analysis would be that of a faceted crystal surface.
It is well understood that the surfaces of crystals undergo a process known as surface
reconstruction, where the atoms on the edge of the solid may experience perturbations

of several interatomic spacings in order to accommodate the forces coming from the
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bulk of the crystal. These perturbations are observed to be periodic along the surface
of the solid, and decay into the bulk [OZL703|. Solving the following problem would

likely lead to an interesting insight into the nature of this process.

Open problem. Prove that there exist equilibria corresponding to a stable crystal

surface which are periodic tangent to the surface, and decay to the perfect crystal into

the bulk.

Qualitative properties of minimisers of such variational problems do not yet seem
to have been studied in the mathematical literature, although some relevant work on

surface energy is contained in [Thell].

6.2 Dislocation dynamics from microscopic models

There are currently a large number of phenomenological dislocation dynamics models
available, but there is still significant work to be done to rigorously derive these
models from dynamics at the microscopic level. Given the current interest amongst
the Materials Engineering community in accurate simulation of dislocation dynamics

(see for example [BCO6]), we pose the following problem.

Open problem. Derive equations governing dislocation dynamics proceeding from
a thermodynamical treatment of the Hamiltonian dynamics at the microscopic level,

and furthermore describe the physical regime in which such equations are valid.

As was remarked in §1.2] some work aiming at a better understanding of defect
dynamics has already begun, notably in [ADGP13]|, [FIM12] and [EHIMQ9]. In each
of these cases, the starting point is a quasistatic evolution at the microscopic level,
rather than the Hamiltonian dynamics. In view of the description of equilibria of the
potential energy presented here in Chapter and in [ADGP13|, it seems that a theory
of dislocation dynamics based on approximating transition probabilities between these

equilibrium states of the system might be possible in the near future.

6.3 Defining the dislocation core radius

As explained in §1.2.2] in the most common mesoscale approach to modelling dislo-
cations, the elastic strain field due to a dislocation is truncated at a short distance
away from the dislocation line. This distance is the core radius of the dislocation in

such models. This procedure ensures that the field is non-singular at the dislocation,
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and furthermore that the elastic energy of the body is finite. The truncation of the
field is compensated by a core energy, which is generally left as a constant that is
assumed to depend upon the Burgers vector.

An unsatisfactory feature of this approach is that it provides no means by which to
assign the value of the core radius or core energy, and hence there can be no definitive
elastic energy in the continuum model without further input from a microscopic the-
ory. urthermore, as mentioned in the dislocation core radius is often stated to
be a cut—off beyond which continuum linear elasticity accounts for the elastic strain,
elastic forces, and elastic energy with a similar level of error.

In the analysis carried out in [EOSI3| and Lemma however, it can be seen
that the additional strain beyond that predicted by linear elasticity due to the ‘dis-
creteness’ of the lattice decays like dist(b,C')™2, and is not compactly supported.
Although this decay is faster than the principal contribution for the field predicted
by linear elasticity, it will nevertheless have an important effect as dislocations come
close to one another. Additionally, differences in the core symmetry of different forms
of dislocation induce different rates of decay, and hence the interactions between dis-
locations of different types at short range may be quite different to those obtained
using simply the field derived from linear elasticity.

A further important observation is that the perturbation to the energy density
induced by the corrector field described above should behave approximately like
dist(b, C')~, since the strain energy should be approximately quadratic near the per-
fect lattice. This suggests that a good definition for the dislocation core radius is likely
to vary depending upon the particular physical observables under consideration. With

all of these considerations in mind, we therefore pose the following problem.

Open problem. Find clear criteria for assigning the core radius and core energy
based on microscopic considerations of dislocations, and produce a good quantification

of the error caused by taking such an approximation.

Many attempts have been made to assign core radii based upon computational
models for various materials, for example [Cha67] and [BS02|. With recent mathe-
matical results obtained here and elsewhere on simple discrete models of dislocations,
it may be hoped that a careful error analysis could balance the modelling and compu-
tational errors that arise when attempting to find a good definition of the core radius
and core energy of a dislocation. This should help to clarify the definition of these
concepts in a way which might be made more generally useful for computation in the

future.
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Appendix A

Analysis of branchcuts: proofs

In this appendix, we detail the proofs of the various geometrical lemmas from §4.3]

A.1 Proof of Lemma

We will prove this lemma algorithmically. First, if 2, = 0 everywhere, then the result
is trivial. Next, we note that [ contains an even number of dislocation cores, and
H#CH[B] = #C[B] < +00 since u € #'12. We therefore enumerate C;" € C*[].

Put Cyo = C;. Since C} is a positive dislocation core and z, is integer-valued,
it follows that at least one bond b, € OC; satisfies z;, > 0. Let C1,1 be the cell such
that —b; € Cy ;. There are now 2 possibilities: either C}; € C~[f], in which case we
stop, or we can find another bond b, € dC ; such that z;, > 0. Iterating, we obtain a
(possibly infinite) sequence of cells C; ; and bonds b;.

We now claim that no two bonds b; = b, with j # £ in this sequence, and
consequently the sequence terminates; suppose the converse for contradiction. Let j
and k be indices such that 7 < k and k — j is minimal over all pairs of indices such
that b; = by. Define a polygonal curve P passing through the barycentres of the cells
2%, .. 2%k, P is a simple continuous closed curve, since the cells Cij,...,Cira
are distinct by definition, and C; ; = C' ;. Hence, P partitions R? into a bounded set
Q (the interior of P) and an unbounded set, R* \ 2. Define & = u F 1gq, taking the
sign according to whether P traverses 0f) in an anticlockwise or clockwise direction
respectively.

It is now straightforward to check that Du = Du except on the bonds b;. For each
of the bonds b;,

Duy,, = Duy, — 1 = By, + =, — 1,
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but since z;,, > 1, this contradicts the DMCP, . It follows that the sequence b;
contains no two identical bonds, and as z, has compact support, the sequence must
terminate at a negative dislocation core.

Define 2{ = 41 if +b € {by,...,b,}, and 2} = 0 otherwise, and then consider
iterating the procedure described above starting at C;", but using the criterion at

each step that each bond in the sequence must satisfy

i—1

zb—Zzg”>O.

m=1
This leads to a sequence 1-forms, z%; the resulting 1-form

N
2y — Z 2
i=1

must be identically zero. If not, then the same technique as used above shows that
either the DMICP is violated, or else supp{z} is infinite, and hence u ¢ w2,

To complete the proof of Lemma we simply need to show that for 2 adjacent
bonds in the support of any 2™, db; N 0b;1 1 is a single 0-cell. This is clear, since by
definition b;, —b; 11 € OC,y, 4, b; # bi11 and |0C,, ;| = 3. O

A.2 Proof of Lemma 4.3.3

We now show that we can always choose 2™ to be made up of 2 straight cuts. Recall
that Corollary states that ||2™]]; = hopy(C}, C}).

Next, define the 2-cell hop operators H; for : = 1,...6 which act on 2-cells by
taking a cell C' to the first cell ‘in the direction a;’, that is, the positively-oriented cell
which satisfies C" # C,

¢ + %gai cC.
It is straightforward to check this is well-defined; see Figure [A.T1l We can represent
paths in the dual lattice by words taken from the alphabet of operators {Hy, ..., Hg}.

In general however, the representation is non-unique — to see this, it is clear that for
C5 in Figure H,Cy = H,Cy. As with the vectors a;, we define

Hiiom = H,

for any m € Z.
We note the following properties of the operators H;, which may be easily checked:
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1. The orbit of the group of operators generated by {H?, ..., H2} acting on any

cell C' is a lattice.
2. The operators H? and H; commute for any ¢ and j.

3. For any cell C' and any i, one of the following is true: H;C' = H;,1C or H;,C' =
H, ,C.

4. If HZC = HjC, then HZHng = HJH%mC7 and if HZC 7é HjO, then HZlemC 7é
H;H™C.
5. H; 3H; = H;,3H,; is the identity map for any .

6. H;C # H;15C for any cell C' and for any 1.

Setting N := ||2™||;, we claim that for any pair of cells C%, it is possible to write
shortest paths in the dual lattice as a word of the form

HY (A1)

for some i and some k € {1,..., N}. By the definition of the hopping operators, it
is clear that such words represent a sequence of cells lying on the lines 2" + ta; and

ch

X — tCLH_l.

We now prove the claim: first, we show that any shortest path must be able to
be written as a word made up of only 2 of the operators H; and H;.,. Suppose this
is false, for contradiction. (6) implies that we may assume that it contains a segment

which may be written as
Hi+2HZnHz‘f2 or H172HZnHz'+2

for some i and some m € N. Since both cases are similar, we consider only the
first. If C is the first cell in this subsequence, H; »C # H; 3C, or else H;H; ,C =
H;H;, 3C = C by (5), and there exists a shorter path. (3) therefore implies

H, ,C=H, ,C. (A.2)
Invoking property (3) again, either
H;H; ,C = H;H; ,C = H? ,C or H;H; ,C=H;,H; ,C=C. (A.3)
Once more, the second case results in a contradiction; hence repeatedly using (2),
Hi oH*M H; »C = H*H; ,H;H; ,C = H*H,; ,H? ,C = H*H; ,C,
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implying a contradiction in the case where m is odd. In the case that m is even,
repeatedly using (2), (A.2) and (5), we have

HioH*H; »C = H*H;,»H; »,C = H*H; ,H; ,C = H*C,

obtaining another contradiction; it follows that it is possible that every shortest path
can be written as a word containing no more than 2 of the operators H;.

We next show that if the two operators are H; and H; 5 for some ¢, we may rewrite
the word in terms of H; and H; 1, or H;;; and H;. In , we showed that for any
cell C' contained in a shortest path H;H; ,C' = H? ,C. Suppose that a shortest path
is represented as a product of H; 5 and H;. Then each pair H;H; » may be replaced
by H? ,, and using (2) to permute each of these pairs to the right, we eventually
obtain one of

H™H?™, or H™,H;H™.

In the first case, the proof is complete. In the second case, it must be that H; H?", =

H?M or else m = 0, since otherwise (3) implies
Hm HHQn _ Hm H H2n _ Hm—lHQn
i—oddidliy = My ollip1 ;70 = M9 11,

which is a contradiction. Hence we have proved the claim, and in fact since we have
obtained a shortest path in the form , the lemma is proven for this particular
case.

Finally, we consider a general word made up of only the operators H; and H;,;.
Now consider a word of the form H; .1 H/"H; ;1. If m is even, then we can generate a
new word corresponding to a shortest path H?,, H™. If m is odd, then we can write
a new shortest path as

Hi+1HiHi+1H;n71-

But then using (3), this must be able to be written either as
H§+1Hzm_17 or Hi+2Hi—1HZ‘+2HZn_1,

where the second case results in a contradiction. It is now possible to check that
this implies the full conclusion, since by these arguments we can always transform a
general word composed of H; and H,; into one of the form (A.1)). O
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Figure A.1: This illustration shows the action of the operator H,, on two represen-
tative cells, C7 and Cj.

A.3 Proof of Lemma 4.3.§

To prove this lemma, we use Lemma to assert that z should be made up of
straight cuts. This will allow us to make estimates for each straight segment which
depend upon on the orientation of each segment. We divide the lattice into ‘sextants’

by defining
Shi= {m € R2|E|)\ > 0, > 0 such that z = )\ai+,ua,~+1}
and rings R by defining R~! = 0, R® := Cj, and then
R' = clos U {CeC\ (RTTUR™?) |clos(C) Nclos(R™) # 0}.
We will say a straight cut z is:

1. tangential if supp{z} C &' and the cut direction is a;;2, or equivalently
supp{z} C 8 N'R" for some r, and

2. radial if supp{z} C &' and it has direction a; or a;;.

It may be checked that for any straight cut, there exist C*,C~ € C such that

/ z = =+1.
ac*
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We separate the full result into 2 further lemmas, which give precise estimates for
each of these classes of straight cuts, before combining them to complete the proof

for the general case. By Taylor expanding ¢'(&;) around 0 we write
Z ”lb Oéb 2y = Z w Oéb Zp + %w(4)(5b) (db)gzb. (A4)
beB beB

We proceed to estimate the first terms in the summand, by estimating on the radial

and tangential straight segments of 2" separately.

Lemma A.3.1. For a tangential cut z*™ with ||z*"||; = hopy(CT,C~) =1 on ring

R", we have the following estimate:

tan 5, 2|min(l,2r —1)/2] + 1 1
;z p > —— arctan ( 233 ) —O(r ).

Proof. First, we appeal to symmetry. If b = (£, + a;) € S;, then applying the
reflection .
R = g(az‘ + @it1) ® (a; + aiy1) — Aiva ® Qiga,

it is straightforward to check that if ¥’ = (R, R(), then

db = —d/b/.

This means that if a tangential cut crosses the line of symmetry {¢t(a; +a;11) |t € R},
then some of the bond contributions cancel. It follows that we need only consider the
case where all bonds in the support on 2'*" lie on one side of this line of symmetry,
since this is the worst case. For such cuts, it may be checked that [ < r.

an

Identifying 2*" with a dual lattice path, we may enumerate b, € supp{z*"}
‘along the path’, and elementary geometry now shows that &, has alternating sign
as k increases. Letting & := 3(r — 2)(a; + a;41) if ¢ is odd, & := 5(r — 3)(a; + ai41) if

1 is even, it is straightforward to show that each bond b, can be represented as one of
(§" + saiy2, & + saipa +a;) or (£ + saiy2,&" + saive + i)

where s € {0 %} Elementary trigonometry now allows us to calculate that

’27...7

1/2
2may, 2" = + [arctan (S’;—H/|> — arctan (’;‘)}

or &+ [arctan (Slﬁ_“}l/ﬁ) — arctan <’;T|)1
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respectively for the cases above. We therefore have that

[1/2]
2 Z 2y, Z arctan (tﬁ?jﬂ‘/?) —2arctan (Tgff ) +arctan (tﬁz[ﬁlﬂﬂ) +0(r 1),
=1

L/2]

or = Z arctan (Hs"?'lﬂ) —2arctan (—éff?‘) +arctan (—Hs&alﬂ) +0(r 1),

where s € {0, 2 =11, and the O(r~!) term arises from the contribution of at

s
most 2 bonds we have neglected, whose contribution we estimate using (4.5). In the

second case, the fact that — arctan is convex for positive arguments implies that the

sum is bounded below by 0. In the first case, for all ¢ in the range of summation,

t 1/2 t t t
i SO; / > + S0 and trivially +j0 < + S0
(S €] IS IS

Since arctan is increasing, we obtain the lower bound

11/2)
QWZ,ZW“ > Z {arctan (t i S‘zq 1/2> — arctan (t ETT())} +O0(r™)

— arctan —U/2J+1/2 rt
= et ( & >+O< )

using the fact that arctan is positive and increasing for positive arguments. Finally,

note that in the case where [ > r, i.e. the tangential cut crosses the line of symmetry,
and we obtain the same estimate but with 2r — [ in place of [ in the formula above,

so using the definition of ¢ gives the result. O]

Lemma A.3.2. For a radial cut 2™ such that ||z"4]]; = hop,(C*T,C~) = I, either

12¢7 | < |2 | and
Z radA >0,
beBB

or else |z¢7| > |2°7|, and if C— € R", then

Z Zda, > —iarcsinh(%)) — O ).
beB

Proof. First, we enumerate the bonds in b, € {b € B| 2z > 0}, beginning with the
bond for which d, is smallest, and proceeding outwards along the cut. Elementary
geometry shows that the terms zgadabk are all positive in the case where by is in one
of the directions a;y1, aiys Or a;3, which corresponds to having [#°"| < |z |; this

immediately provides the first bound.
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In the second case (4.5 implies

1
27Tdbk )

apy, > —

Without loss of generality, we assume the cut direction is a;, the case with direction
a;+1 being similar. There are now two cases: b; is either in the direction a;_1, or a;_s.
Further elementary geometry allows us to conclude that in the first case, d;, = |z| for
some z € S, and in the second, dy, > |x| with z = 2 € clos(S?). In either case, d,

satisfies the same lower bound as d;,, and further, we have that
db2n717 dbgn > |l‘ + nai|.

Noting that as x € clos(8?), it follows that a; - z > 0 and
1 1 1
|z +ta;l (P4 2ta; w2 T \/|z2 2

which is a decreasing function of ¢, so we estimate

l [1/2] /2
1 1 171 1
Gy, > —— —z——<—+ —ds).
Z T Z R N i B R

Evaluating the integral, and noting further that |z| > \/75(7“ — 2/3), we obtain the

conclusion. O

We now combine the estimates of Lemma and Lemma to obtain an
estimate for a general cut 2z made up of two straight segments. As we showed in
Lemma [4.3.3] each 2™ is made up of at most 2 straight segments. It may be checked
that each of these segments is either purely radial, purely tangential, or changes from
tangential to radial part way along its length, with one bond which crosses 0S?. All
possible cuts satisfying the DMCP and made up of 2 straight segments can therefore

be decomposed as either
1. a tangential cut and 2 radial cuts or
2. a tangential cut, a radial cut and tangential cut,

where any of these segments could possibly have length 0, and neglecting the extra
bonds mentioned above for now. Recall the result of Corollary which states that
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Consider the first case, letting the two radial segments be of length [; and I, respec-
tively, and the tangential segment of length [ —[; — 5. If |:1:C;5| < |2%"| and the radial
cuts are of non-zero length, then the radial segments have the trivial lower bound, by
Lemma In the worst case, where [ — [; — [, = r, we have the bound

1 r+1 1
2" &y > —— arctan (—) —0(r'H=——=—-0@").
; ’ 2m (r—2/3)V3 12

Otherwise, |$C$‘ > |2%m|, so applying Corollary 4.3.2) we have that for C’ € R",

2r > hop,(Cy, C") > hopy(CF, C") =1y + Is. (A.5)
Therefore, applying Lemma and Lemma

2p Qv —i arctan 2W_l1_l2)/2J+1 arcsin —2H1/21
Z by = 27T< t ( =233 )+2 h(ﬁ(r—2/3)>

beB
- 2[1y/2] 1
+2 arcsmh(\/g(r T2 = 2/3)> + O(r )) .

By ignoring the floor functions, it is possible to check that under the bound (A.5)), the

function in parentheses is increasing in both [; and ls if r is suitably large; we therefore

have that the maximum must occur when [ = l; 4+ [5. Hence putting lo = [ — [;, we

have

8 —l arcsin M arcsin 2[ = 1)/2] rt
;Z*’a”z 71'( h<\/§(r—2/3)>+ h(\/ﬁ(r+Ll1/2J—2/3))+O( )>'

Dropping the floor and ceiling functions, this estimate is convex in [;. The worst

cases are therefore [; = 0 or Iy = [ and 2[l/2] = 2r + 1, giving the value

inh(2/4/3
Zzb ap > —larcsinh(&) + O(r‘l) _ _arcsin ( /\/_) N
beB T V3(r—2/3)

In the case where we have tangential, radial and tangential segments, similar argu-

o(r ™).

™

ments show that, once more, the worst possible bound arises in the case where the
cut is purely radial, giving the same lower bound.

We now return to the lower order terms in (A.4). Then by crudely estimating

Zﬁ¢(4)sb ab?)m Zd3<_

bEB db>r

and noting that the worst bounds occur when hop,(Cy, C;) ~ r, we have

Z (e (0 )arcsinh(Z/\/g)

™
beB

— ¢ hop, (Co, C;L)il'
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