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Abstract.

Multiple space and time scales arise in plasma turbulence in magnetic confinement
fusion devices because of the smallness of the square root of the electron-to-ion mass
ratio (m./ mi)l/ % and the consequent disparity of the ion and electron thermal gyroradii
and thermal speeds. Direct simulations of this turbulence that include both ion and
electron space-time scales indicate that there can be significant interactions between
the two scales. The extreme computational expense and complexity of these direct
simulations motivates the desire for reduced treatment. By exploiting the scale
separation between ion and electron scales, and expanding the gyrokinetic equations
for the turbulence in (me /mi)l/ 2
equations that describes cross-scale interactions. The coupled gyrokinetic equations

, we derive such a reduced system of gyrokinetic

contain novel terms which provide candidate mechanisms for the observed cross-scale
interaction. The electron scale turbulence experiences a modified drive due to gradients
in the ion scale distribution function, and is advected by the ion scale E x B drift, which
varies in the direction parallel to the magnetic field line. The largest possible cross-
scale term in the ion scale equations is sub-dominant in our (mc/mi)l/ 2
Hence, in our model the ion scale turbulence evolves independently of the electron
scale turbulence. To complete the scale-separated approach, we provide and justify
a parallel boundary condition for the coupled gyrokinetic equations in axisymmetric
equilibria based on the standard “twist-and-shift” boundary condition. This approach
allows one to simulate multi-scale turbulence using electron scale flux tubes nested
within an ion scale flux tube.

expansion.
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1. Introduction

Anomalous transport of heat and particles is a major limiting factor in the performance
of tokamaks. The dominant transport mechanism is turbulence arising from micro-
instabilities that are driven by macroscopic gradients of the plasma profiles. Whilst the
plasma profiles have length scales of order the size of the device a in all directions, the
characteristic turbulent wavenumbers perpendicular and parallel to the magnetic field
ki and kj typically satisfy ki py, ~ 1 and kja ~ 1 respectively, where py, is the ther-
mal gyroradius of a particular particle species. In many existing experimental devices,
and in projected reactor conditions, pg/a < 1 due to the strong confining magnetic
field. Consequently, one can assume a separation of spatial scales between the plasma
equilibrium and the fluctuations in the plane perpendicular to the magnetic field line.
In addition, the equilibrium profiles typically evolve much more slowly than the turbu-
lence, which fluctuates at a characteristic frequency w ~ wvy,/a, where vy, the thermal
speed. Therefore, one can assume scale-separation in time. Using the assumptions of
scale-separation in space and in time it is possible to derive separate but coupled evo-
lution equations for the plasma profiles and the turbulent fluctuations [1-7].

Whilst the turbulence is often scale-separated from the profiles, the turbulence it-
self contains subsidiary scales due to the presence of multiple species, labelled by v,
which introduces multiple thermal speeds vy, = /27, /m, and multiple thermal gy-
roradii pin, = Vin, /€, where T, is the species temperature, m, is the species mass,
and Q, = Z,eB/m,c is the species cyclotron frequency, where Z, is the species charge
number, e is the proton charge, B is the magnetic field strength and c is the speed
of light. Ions and electrons have vastly different masses, m; > m,. In the core of a
magnetic confinement fusion device ions and electrons typically have temperatures of
the same order T; ~ T, ~ T'. As a consequence, distinct micro-instabilities exist at the
ion scale, where w ~ vy, ;/a and kypm; ~ 1, and at the electron scale, where w ~ vy, o/a
and k) pthe ~ 1, due to the differing dynamics at each scale. The turbulence arising
from the micro-instabilities can thus be scale-separated and have a multi-scale character.

Until recently, the main paradigm for understanding turbulent transport was that
the transport was due to the larger wavelength modes in the turbulence (cf. [8-10]),
kipmi S 1; ie., where ion physics plays an important role. This paradigm and the
computational cost of multi-scale simulations, where one must resolve a wide range of
space-time scales, has meant that investigations into turbulent transport have mostly
studied ion scale turbulence in isolation through single-scale simulation and theory with
the implicit assumption that there are no interactions between fluctuations at the dis-
parate ion and electron scales in the turbulence. Electron scale turbulence has, until
recently, been studied independently of the ion scale turbulence under the same implicit
assumption that there is no significant interaction between the ion and electron scales.
This assumption is likely to be valid when the ion scale turbulence is suppressed but is
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otherwise questionable. Examples may be found in [11-17]. Nonetheless, it is known
that electron scale turbulence can drive experimentally relevant levels of transport in
some cases [13]. Electron scale transport has been observed on NSTX [18], and is a
candidate for anomalous transport on MAST [14, 17].

Without directly simulating or observing the full multi-scale turbulence, it is dif-
ficult to assess to what extent there are cross scale interactions in the turbulence, and
whether or not all scales will contribute significantly to the transport. Unfortunately,
studying multi-scale turbulence through direct simulation is made very challenging by

)% for a realistic deuterium plasma, (me/m;)"/* ~ 1/60, which de-

)1/2

the size of (me/m;
termines the separation of pio/pwmi ~ (Me/mMy and v i /Ughe ~ (me/mi)l/ 2 For
example, if one wanted to extend the resolution of a well-resolved ion scale simulation
to capture both the a/vy,; and a/vy, o time scales then one must increase the resolution

in time by approximately v, e/Vtni ~ (mi/me)l/2

. To resolve length scales perpendic-
ular to the magnetic field line comparable to both py,; and pgne one must increase the
resolution in both the perpendicular directions by peni/ptne ~ (mi/ me)l/ 2 Overall the

)3/ ?. For the deuterium mass a well resolved multi-scale

increased cost scales like (m;/m.
simulation could be expected to cost 60° more than the well resolved ion scale simula-

tion. This cost is currently prohibitive for routine investigation.

The earliest attempts to study multi-scale turbulence via direct simulation were
made in [19-21] using unphysically small ion to electron mass ratio. Recently, with
improvements in computing power, it has been possible to perform small numbers of
direct multi-scale simulations with the deuterium [22-25] and hydrogen [26-28] mass ra-
tio. The multi-scale simulations allow us to observe features of multi-scale turbulence:
there can be a scale-separation; the electron scale heat flux can be comparable to the
ion scale heat flux, and even necessary to match experimental results [24]; and there are
nontrivial interactions between the ion and electron scale. In [19, 20, 24-26, 28] it is
shown that the ion scale fluctuations can affect the electron scale fluctuations. This is
demonstrated in Figure 3 of [24], where we see that varying the ion temperature gradi-
ent drastically changes the electron scale fluctuations. As the ion response at electron
scales is negligible, the only mechanism through which the ion temperature gradient
can affect the electron scale fluctuations is by cross-scale interactions. Further evidence
for this cross-scale interaction appears in Figure 2 of [26], where high-k; modes in the
multi-scale simulation are suppressed compared to the modes in the high-k, single scale
simulation. We also note that the electron scale turbulence can affect the ion scale
turbulence [22, 24-28]. The presence of the electron scale turbulence can increase ion
scale fluctuation amplitudes compared to an ion scale only simulation [22, 25, 26, 28];
see, e.g., Figure 2b of [26] and Figure 3 of [22]. In [27] the electron scale turbulence is
able to effectively suppress the microtearing mode, which exists in the low-k, range.
)

We note that using unphysically large values of (m./m; ? can lead to qualitatively
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unrealistic results in numerical experiments [23, 29]. For example, in Figure 3 of [23]
we see that there are clearly defined, separated, ion and electron scale peaks in the

1/2

electron heat flux for the physical mass ratio (m./m;)’° = 1/60. However, in the case

with (me/m;)"/? = 1/20 we see only a single peak in the electron heat flux spectrum,
indicating that for the unphysical value of (m,/ mi)l/ ?_ for the parameters considered in

[23], the ion and electron scales can no longer be distinguished or separated.

Direct multi-scale simulations demonstrate that there is a rich variety of physics
to investigate. However, the high computational cost and the difficulty of diagnosing
direct multi-scale simulations means that there is a need for analytic theory to help
provide a theoretical understanding of the mechanisms of the cross-scale interactions.
In this paper we will assume scale-separation between the ion and electron scales in the
turbulence. By treating (me/ mi)l/ % as an asymptotically-small parameter we expand
the gyrokinetic equation for the turbulence to find separate but coupled evolution equa-
tions for the ion and electron scale turbulence. These equations may be solved using
a system of coupled flux tubes, visualised in Figure 1. This approach is reminiscent of
the approach taken in [1-7] to study the evolution of the turbulence and the profiles in
a scale-separated way.

The ion scale flux tube _—
An electron scale flux tube —

Figure 1. Diagram illustrating how electron scale flux tubes (blue) may be nested
within a larger ion scale flux tube (red). The coordinates (¢, a, 6) denote the usual
magnetic-field-following radial, binormal, and parallel-to-the-field coordinates.

The remainder of the paper is organised as follows. In Section 2 we review the
concepts used to derive the gyrokinetic equation that will be necessary for our separa-
tion of the ion and electron scales. In Section 3 we state our orderings for length and
time scales and present the formalism which we will use to separate the ion and electron
scales. We also introduce the method of multiple scales as a technique for deriving
the coupled gyrokinetic equations and we define an electron scale average, which, along
with the assumption of statistical periodicity of the electron scale turbulence, allows
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us to uniquely decompose the turbulence into ion and electron scale pieces. In Section
4 we apply the electron scale average to find the coupled ion scale and electron scale
gyrokinetic equations, and retain the largest possible cross-scale interaction terms in our

)1/ . We do this without explicitly assuming the size of the fluc-

expansion in (me/m;
tuations, to allow for the possibility of exotic orderings for the sizes of the fluctuations
in the presence of cross-scale coupling. In Section 5 we use the electron scale average
to find the quasineutrality relations which close the coupled equations. By using domi-
nant balance arguments, we find in Section 6 the only self-consistently-allowed ordering
for the size of the ion and electron scale fluctuations: the usual gyro-Bohm ordering.
We show that it is possible to neglect the non-adiabatic response of the ion species
at electron scales, which is necessary for a local description of the electron scale. In
Section 7 we use our results to obtain the maximally-ordered, scale-separated, coupled
gyrokinetic equations. At the ion scale we retain the usual ion physics. However, the
equation for electrons at ion scales is averaged over the particle orbits in the direction
parallel to the magnetic field. The ion scale fluctuations evolve independently of the
electron scale turbulence, because there are no cross-scale terms appearing in the ion
scale equations. At the electron scale the response of the ion species can be modelled as
Maxwell-Boltzmann. The electron equation at electron scales contains two new terms
which depend on gradients of ion scale fluctuations. The first term is a drive term due
to the gradient of the ion scale, electron distribution function. The gradient of the ion
scale, electron distribution function has the effect of modifying the gradient of the equi-
librium distribution function, the usual drive of instability. The second term represents
an F x B advection due to the ion scale potential, which varies in the direction parallel
to the magnetic field line. The effect of the F x B advection is to shear electron scale
eddies in the parallel-to-the-field direction by differential flows. In Section 8 we provide
and justify a parallel boundary condition for the electron scale gyrokinetic equation,
consistent with the “twist-and-shift” boundary condition [30] for the ion scale turbu-
lence in a local flux tube domain. Finally, in Section 9 we discuss the insights drawn
from our scale-separated approach and the physics of the new cross-scale terms that
explicitly appear in the coupled equations.

Our Appendices are structured as follows. Appendices A-D contain relations
required to derive the scale-separated, coupled gyrokinetic equations. In Appendix
E we find the sizes of the fluctuation amplitudes which satisfy dominant balance in
the coupled system of equations, and we discuss the possible impacts of cross-scale
interaction. Appendix F contains relations which are used to evaluate electron scale
quasineutrality. In Appendix G we find the scalings for the heat fluxes in our model.
Appendices H-J are devoted to the parallel boundary condition. We show in Appendix
K that part of the ion scale E x B advection may be removed from the electron scale
equations by a rotation. Finally, in Appendix L we discuss the form taken by the
collision operator within the assumptions of our model.
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2. The Gyrokinetic Equation

The multi-scale equations that describe the interaction between turbulent fluctuations
at ion scales and turbulent fluctuations at electron scales are obtained from the 0 f
gyrokinetic equation via an asymptotic expansion in the electron-ion mass ratio. This
is a subsidiary expansion within the gyrokinetic ordering [1, 4, 31-36]. As such, we
begin by briefly presenting the steps in the derivation of the §f gyrokinetic equation,
which describes the evolution of turbulent “fluctuations” around a slowly changing
“equilibrium” plasma profile in a plasma which is strongly magnetised. In this paper we
only consider electrostatic fluctuations, where we can express the electric field E purely
in terms of the electrostatic potential ®, i.e.

E=-Vo. (1)
We specialise to a toroidal geometry. The magnetic field B can always be written as
B =Va x Vi, (2)

where the flux label ¢ and field line label o will act as our coordinates perpendicular
to the field line. We will take the poloidal angle # as the coordinate which determines
position along the field line.

The 0 f gyrokinetic equation is derived by assuming a separation of space and time
scales between the equilibrium profile and fluctuating parts of the particle distribution
function. Explicitly, we take

ptnv/a — 0 (3)
and
Q >w>nt, (4)

where v is the species label, a is a characteristic equilibrium scale length, w is a typical
fluctuation frequency and 7p is a characteristic timescale of the equilibrium profiles.
It is conventional to order the collision frequency vc ~ w as a maximal ordering to
allow for the possibility of both collisionless and collisional plasmas. As the electron-
ion mass ratio is treated as an order unity parameter in the gyrokinetic ordering the
gyrokinetic equation for each species has the same form. We thus simplify notation by
suppressing the species index v where it does not introduce ambiguity. We assume that
the distribution function f and the electrostatic potential ® have negligible amplitude
at scales intermediate to py,, and a. Moreover, we assume there is no direct cascade of
energy between the scales. It is then possible to split the distribution function f,

f=F+4f, (5)

with F' and df the equilibrium and fluctuating parts of the distribution function

turb’ which averages over spatial

respectively. We introduce a turbulent average (-)
scales and time scales which are intermediate to the fluctuation and equilibrium scales,

such that
F=(ptub, (6)
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with the assumption of statistical periodicity
6 =0, (7)

Note that (7) can be satisfied by imposing periodicity on the turbulence in the
plane perpendicular the magnetic field.  This is justified by noting that the
turbulent fluctuations should have the same statistics everywhere in a domain that
is asymptotically small compared to a. This can be ensured by deriving local evolution
equations for the turbulence, choosing a simulation domain larger than the correlation
length of the turbulence, and imposing periodicity as the boundary condition in the
perpendicular domain. We are able to make the assumption of statistical periodicity
because of our assumptions of scale separation. This is in contrast to the study of neutral
fluids, where the turbulence is universal and the inertial range spans the outer scale to
the dissipation scale. As there is no scale-separation in neutral fluids, sub-grid models
for neutral fluid turbulence are derived using large eddy simulation (LES) approaches
(see e.g. [37-39]). Let time be t, V be the gradient operator, b be the unit vector in
the direction of the magnetic field, and I be the identity matrix. Then V| =b -V is
the derivative parallel to the magnetic field, and V = (I — bb) - V is the derivative
perpendicular to the magnetic field. With these definitions the gyrokinetic orderings for
F, 0f and the fluctuating electrostatic potential ¢ are

F oFr F
VHFNVLFNga ENE7
) ) 10l
VH(;f ~ —f, VL(Sf ~ —f, —f ~ w5f, (8)
a Pth ot
of L ed  pm

F T a
The ordering (8) indicates that the fluctuations are highly anisotropic with respect to
the magnetic field and evolve rapidly in time compared to the equilibrium.

The gyrokinetic ordering (8) is motivated by particle motion in magnetic
confinement fusion devices, which consists of rapid helical motion following magnetic
field lines. Particles stream along the field at thermal speed time scales a/vy, ~ w1,
which are much longer than the gyration time scale Q71 i.e. Q7! < a/vy,. In order to
separate the rapid gyration from the particle streaming it is convenient to use gyrokinetic
variables [31, 36] rather than the particle position r and particle velocity v. We will
use the guiding centre R = r — p,,, where p, = b X v/, is the vector gyroradius; the
particle energy ¢ = m,v?/2, where v = |v|; the sign of the parallel velocity o = vy /|y,
where v = b - v; the pitch angle A = v} /v?B, where v, = |v — v;b|; and the gyrophase
v, which identifies the angular position of a particle in its gyromotion, and which is
defined by

€y v
tany = 2 , (9)
e v

where e; and ey are unit vectors which form an orthonormal basis with b. We define e,
and e, in terms of 1 and o in Appendix A. In these variables, variation on Q! time
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scales occurs only through =, over which one can conveniently average. We define the
gyroaverage ()7 as

()= %/0 "y (10)

Note that the gyroaverage is taken at fixed €, o, and A. In addition, either r or R is
held fixed during the gyroaveraging; we will state explicitly whether r or R is held fixed
in each gyroaverage. The gyroaverage introduces dependence on species by introducing
p. dependence when averaging a function of r at fixed R and when averaging a function
of R at fixed r; when we wish to emphasise this, we denote the gyroaverage by <~)}2’V
and (), respectively.

To find equations which determine df and F' we use the turbulent average (6),
the assumption of statistical periodicity (7), the orderings (8), the gyroaverage (10),
and the Fokker-Planck equation for the plasma. We find that the equilibrium piece of
the distribution function F' = Fj, where Fj is a maxwellian distribution of velocities.
The fluctuating piece of the distribution function ¢ f is determined by the gyrokinetic
equation, which is written in terms of the non-adiabatic response

h(R,2, )\ 0) = 0f(r,v) + Ze?(r)

. (11)

Note that h is independent of v when h is regarded as a function of R, and note that ¢
is a function of r only. The dependence on « in § f arises due to p in the transformation
between r and R. In terms of h,, the gyrokinetic equation for each species is

8h,, 8h,, M E E o ZI/eFOZ/ 88011
o Tl Vg (0 ) Vh o, VR, = =205 + G, (12)
where
eu(R) = ((r))g, = (#(R+ p))g (13)

is the species dependent gyroaverage of the fluctuating potential at fixed R. Physically
¢, is the averaged potential experienced by a particle gyrating about its guiding centre.
We note that ¢, gains species dependence due to the fact that R, rather than r, is
held fixed in the gyroaverage in (13); (), is the gyroaveraged, linearised Fokker-Planck
collision operator for the species; vy = (v} /2Q,)b x VB + (v]/Q,)b x b - Vb is the
magnetic drift velocity; and

vl = %b x Vo, (14)
is the gyroaveraged E x B velocity for the species v. To close the gyrokinetic equations

for each species one requires an equation for the field; this is the quasineutrality relation,

S 7 /d3v| h(Roe o) = 30 20 ) (15)
- v€ r'v €3N 0) = Tzz )

v

where n, = [ d*vFy, is the equilibrium plasma density; and [ d®v|, indicates a velocity
integral taken at fixed r, meaning that we take R = r — p,, when evaluating the velocity
integral in (15). Where it does not introduce ambiguity, we will suppress (R, e, \, o)
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dependences and species indices. We will take the collisionless limit v¢ < w in this paper
for simplicity; we demonstrate how the effects of collisions may be included within the
scale-separated framework in Appendix L. It is important to note that in gyrokinetics we
implicitly assume that the typical velocity scale of the distribution function for a given
species 0v, ~ vi,. In a truly collisionless system df and F' could develop arbitrarily
small velocity space structures through phase mixing [40-47], i.e. dv — 0 as vc — 0.
The presence of the collision operator C', a diffusive operator in velocity space, provides
the necessary, and physical, regularisation of 6 f and F' [48, 49]. In the 0 f gyrokinetic
approach, equations (12) and (15) are solved in a field-following domain, termed a
flux tube. We use the field-aligned coordinate system (1, a, 0), which is theoretically
convenient and allows for an efficient simulation domain which captures the structure of
anisotropic, magnetised plasma turbulence with minimal resolution. The flux tube has a
narrow extent around a central field line but extends for (typically) a 27 poloidal circuit
along the field line. The assumptions of scale separation in the plane perpendicular to
B, and statistical periodicity (7), permit the use of periodic boundary conditions in
the (¢, «) plane. However, we must also specify a boundary condition in the poloidal
angle # that gives the location along the magnetic field. The relevant physical boundary
condition is periodicity in 6, but this must be applied at fixed toroidal angle ( — not at
fixed field line label a. The presence of shear in the pitch of the magnetic field makes
enforcement of this boundary condition non-trivial. The standard flux tube parallel
boundary condition is the so-called “twist-and-shift” boundary condition [30].

The gyrokinetic system (12) and (15) is the starting point for our model. Note
that the gyrokinetic ordering allows for the possibility that the fluctuations have
multiple distinct space and time scales arising from differences in the thermal speed
vgn, and thermal gyroradius pen, of each species. Indeed, equilibrium gradients
in plasma density and temperature drive instabilities with distinct spatial scales of
the ion and electron gyroradii, with corresponding time scales of a/vin; and a/vg,e,
respectively. We suppose the existence of an ion scale (IS) and a separated electron
scale (ES) within the turbulence. The separation between the scales is governed by

)1/2

the mass ratio (me/m; ~ pthe/Pthi ~ Uthi/Vthe, Which we treat as an asymptotic

12 0. We will assume that fluctuations in

expansion parameter; i.e., (me/m;)
the scales intermediate to the IS and ES have vanishing amplitude. Note that our
expansion in (me/m;)"/?
piny/a < (mefmi)'>.

We proceed in analogy to the derivation of the coupled equilibrium-fluctuation

is a subsidiary expansion within gyrokinetics, so it satisfies

equations to derive scale-separated, coupled IS-ES equations. These equations contain
the physics of nonlocal (in wave number) cross-scale interaction. We propose an
extension of the “twist-and-shift” flux tube parallel boundary condition to allow for
efficient simulation of the IS-ES equations in a system of coupled flux tubes. We find the
IS-ES equations are parallelisable in the sense that the ES equations may be integrated
at multiple radial locations within the IS domain without reference to one another.
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3. Separation of Scales within the Turbulence

We assume a separation of scales between IS fluctuations and ES fluctuations in
the turbulence, i.e., (me/m;)"> — 0. We make the assumption that the turbulent
fluctuations have negligible amplitude at scales intermediate to the IS and ES. This

allows us to decompose the fluctuating distribution function ¢ f into
6f =3 +6/, (16)

where 0 f and ;5\]? are the fluctuating IS and ES pieces of the particle distribution function,
respectively. In order to find evolution equations for 6 f and 6 f we introduce an ES

average <~)ES, which averages over spatial scales and time scales which are intermediate
to the IS and ES , such that

(6= =57, (17)

with the assumption of statistical periodicity

<S?>ES — 0. (18)

This assumption allows us to asymptotically expand the gyrokinetic equation and find

unique asymptotic series for f and 8 in the limit (me/m;)"

— 0, and is analogous
to the assumption of statistical periodicity (7).

One could derive the coupled multi-scale equations with an implicit assumption
of statistical periodicity, as e.g., in [4]. However, here we explicitly show how (18) is
satisfied by introducing fast and slow variables for space and time after the method of
multiple scales (cf. [50]) and then homogenising the system. This approach clarifies how
to deal with the nonlocal nature of gyrokinetics introduced by the gyroaverage.

In analogy to d f gyrokinetics, we adopt the following orderings for space and time

scales,
— Of — O0f O0f —
Vo f ~ —f7 Viof ~ / ) 5f ~ of,
a Pthi t a

5Ff ~ 2L 5F ~
Vi a’ Vol Pthe Ot a

Note that we assume that the parallel scale is always set by the machine size, and hence
we do not assume separation of scales in the parallel direction. These assumptions will
be justified a posteriori using a critical balance argument. Our ordering (19) assumes
spatial isotropy in the turbulence in the plane perpendicular to the magnetic field
line; this assumption excludes structures which have scales of size py,; in one direction
perpendicular to the magnetic field, but scales of size py e in another. In particular,
this assumption excludes electron temperature gradient (ETG) streamers [11-13] if their
radial extent scales like pyp,; rather than pg, . Using the orderings (19) we proceed to
find coupled IS-ES equations including all terms which might be relevant to leading
order. We then use dominant balance arguments to find orderings for the size of the
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fluctuations consistent with (19), and neglect the terms in the coupled IS-ES equations
which are small.

We introduce a fast spatial variable r; and a slow spatial variable ry in the 2-D
plane perpendicular to the field line, such that all ES variation in the solution appears
through dependence on ¢, and all IS variation appears through dependence on 7.
Functions of r will become functions of (6, rs, 7¢), where the perpendicular and parallel
spatial dependence is explicitly written out. We will also introduce fast and slow guiding
centre coordinates, Ry = r¢ — p, and R = ry — p,, respectively. We introduce the fast
and slow times t; and t;, respectively. Functions of ¢ will become functions of (i, t¢).
Note that the slow variables do not contain equilibrium variation, as this is ordered
out in deriving the gyrokinetic equation. We will assume periodicity of the fluctuations
in ry to be consistent with the separation of scales between the fluctuations and the
equilibrium assumed in §f gyrokinetics via condition (7). The gyrokinetic equation
must be modified so that,

0f(t,m) = 0f (ts, ts, 0, w5, ), (20)
VJ_ — vs + Vf7 VS ~ pt_hlja Vf ~ pt_hl,e? (21)

0 0 i 0 Uth,i 0 Uth,e

— = — + 3 N, ) =~ .
ot oty Oty Ot a Ot¢ a
We then perform an asymptotic expansion on the resulting equations in the mass

(22)

ratio (me/m;)"? to find the leading order, asymptotically valid equations. With the
introduction of the new variables we may explicitly define the ES average,

W(tsa 07 rs) = <5.f(t57tf7 97TS>Tf)>ES =

1 ts+7—c/2 ws“l’Aw/Q CMS+AQ/2
dtf/ dz/;f/ doy J 6f(ts, tr, 0,7, 7¢),  (23)
TCAe ts_Tc/2 ws_A¢/2 OLS—AQ/Z

where 7, is a time intermediate to the ES and IS correlation times; A, and A, are
intermediate to the ES and IS correlation lengths and angles in the ¢ and « directions,
respectively; ¢¢ and 14 are the fast and slow flux labels, respectively; ay and oy are the
fast and slow field line labels, respectively; J is the Jacobian of the transformation from
r — (Yr, ar), and

¢5+Aw/2 as+Aa/2

Ae = / d¢f/ dOéf j (24)
wé_Aw/Q as—Aa/Q

Note that we regard r¢ = r¢(1)¢, a¢) and 7 = r4(1)s, ) in the integration in (23) and

(24). To satisfy (18) for every (i, 6, rs), we impose that the fluctuations are periodic in
the fast variable r;. In particular we assume that

5f(ts; tf; 07 rsa 'rf) == 6f(t57 tf7 07 /rS7 'r.f + ]A¢e¢ + lAOéeoc)a (25)
where j, [ are any integers, e, = (bxVa)/|Vi-bxVal, and e, = (Vi) xb)/|V-bxVal.
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The ES average (23) is an average over areas perpendicular to the magnetic field
line, and times intermediate to a/v,; and a/ve, e, with the average taken at fixed 0, ¢,
A, and o. To find the scale-separated, leading order equation for electrons at IS it is also
necessary to average the IS electron gyrokinetic equation over electron orbits parallel to
the magnetic field line, cf.[51]. This necessity arises because electron parallel streaming,
which introduces frequencies of order vy, o/a, is faster than any other IS dynamics, which
by assumption have frequencies of order vy, ;/a < vine/a. Naively this would appear to
break our ordering, as it would seem we would need to include ES timescales in the IS
equation. Furthermore, it is known that rapid electron streaming can lead to very long
tails in ballooning modes due to the passing electron response [52]. The long ballooning
tails result in very fine radial structure in the turbulence near low order mode rational
surfaces [53]. This problem is resolved by treating electron parallel streaming at IS as
being asymptotically faster than IS frequencies, consistent with our expansion. To find
the leading order equation for the electron distribution function at IS we introduce the
orbital average (-)°. After [54] we define the orbital average (-)° in the passing and
trapped parts of velocity space separately. In the passing region of velocity space
o fdasde (-)/U”b -V
= [ daedf/vjb - V6

where the integration [ dasdf is taken over the whole flux surface. In the trapped region

(26)

of velocity space
0+
o Jy A0 C)/loylb- VO
2 [ d6 /|vy|b - V0

where the limits in the integration 6§+ and 6~ are the upper and lower bounce points

()"

(27)

of the trapped particle, respectively. Note that the orbital average commutes with fast
and slow spatial derivatives,

Ve ()7 = (Vs()° (28)

and
Vi ()" = (Ve())" (29)
as v)b - V@ contains only equilibrium spatial variation. With the definitions (26) and
(27) we show in Appendix C.1 that the orbital average (-)° has the very useful property

OH\°

b-Vo— ) =0 30
<U|| Vi=s > (30)

for any H(0, Rs, e, \,0). The property (30) will allow us to use the orbital average (-)°
to eliminate parallel streaming from the electron equation at IS.

4. Coupled Gyrokinetic Equations

In this Section we will use the ideas of Section 3 to find the scale-separated IS and ES
gyrokinetic equations, where the largest possible cross-scale terms are retained. We take
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this approach, as it will allow us to consider whether or not the presence of cross-scale
interaction can lead to novel mass ratio orderings for the sizes of the fluctuations.

We now apply the ES average (23) to the gyrokinetic equation (12) to find the IS
gyrokinetic equation. The resulting gyrokinetic equation is a function of Rs. We note
that what is done here applies to both ion and electron species. Upon averaging, the
gyrokinetic equation is,

: : : -VFEy, = = 1
8ts + U”b V@ ae + vl/ Vsh/y + <Ul/ Vhl/> _'_ UV v Ov TV ats I (3 )
where h, = (h,,>ES, the ES-averaged and gyroaveraged E x B drift v2 is
) C _
=—b 2
vl/ B X VSSDI/7 <3 )
and
@u(RS> = <5(TS)>Z%S,V = <5(Rs + pV)>’1Y:¢S ) (33)

with ¢(r) = ((b)ES. The drift ¥ and the IS gyroaveraged potential 3, depend on
species because we hold Ry fixed, rather than rg, in the gyroaverage in (33) and so
introduce dependence on the species gyroradius p,. Further, note that whilst the
gyroaveraged potential ¢, is a function of Ry, the potential ¢ is a function of r;. To
obtain (31)-(33), we used the fact that the the ES average can be taken over either the
real space variable r¢ or the guiding centre Ry, and that the ES average commutes with
the gyroaverage,
ol ES

() = (Dhm) (34)
where the notation <-);’2f7 g, indicates a gyroaverage with both Ry and R held fixed.
Both of these properties are proven in Appendix B. The linear terms in (31) are simply
filtered versions of the terms in the d f gyrokinetic equation (12). However, the nonlinear
term yields a new, cross-scale coupling term. As shown in Appendix D.1, the form of
this new term is

_ - ES
(0F - ) =% TR, + V.- (b x (Ve +Vo@,) (35)
where h, = h, — h,; the ES, gyroaveraged potential ¢, is
- ~ gl ~ g
P(R.R) = (0rr)) = (6(Rtp.Ritp)) . (30)

with ¢ = ¢ — ¢; and ©vZ . V,h, is the usual E x B nonlinearity appearing in the IS
gyrokinetic equation in the absence of cross-scale coupling. Note again that ¢, depends
on species because we hold Rg and Ry fixed, rather than ry and ¢, in the gyroaverage

/

in (36). Dropping the V4@, term in (35) since it is a factor (m./m;)"* smaller than the

Vi@, term in (35), we find

_ ES
(0P - Th,)D =% TR, 1V, <th> : (37)
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where
g C .
= —bx V},. 38
After filtering with the ES average, the IS equations for ions and electrons in the presence

of cross-scale coupling are therefore

Oh; Oh; - -
' b-Vi— + oM.V, +77 Vil
ats—f-UH \V4 89+Ul \V4 + v; \V4
-\ ES Z.eFh: 0.
(5P, oF . VR, = 200
+Vi <'vi h1> +v; - VFy T oL (39)
and
Oh, Oh, - -
e b . 9 e M A she —F . she
o +uyb-V 2% +wv, - Vihe +v, -V
- ES )2 )
+V, - <th> 4T VE, = ¢ = 8“;‘%. (40)

The only modifications to the usual IS gyrokinetic equations are the inclusion of
-\ ES - ES -\ ES
v, - <f6iEhi> in (39), and V, - <th> in (40). The terms V, - <ﬁiEhi> and

Vs - <'bf Be> physically represent the divergence of the spatial fluxes of h; and h, due
to ES fluctuations. Note that (40) contains electron parallel streaming v|b - V0Oh /0.
As a consequence, equation (40) is not properly scale-separated, as the equation still
contains a/vy, . time scales and py, o spatial scales. In our asymptotic expansion the
leading order equation for electrons at IS is

Ohe
b-Vo =0. 41
vb- Vo—y (41)
To solve this equation we decompose
he =h(Rue, X 0) + B (0, Re e, A, 0), (42)

where Eio) ~ e¢/T and ES) ~ (me /mi)l/ 2 Eio). Note Eio) has no dependence on 6. We
see that if we explicitly make the decomposition (42) when solving (40) then we can
formally order

. —(1)

Ohe oh Vth,i7(0)
— b el UhizO)

ag ~ eV, Qe

We will neglect the higher-order piece of the electron distribution function ES) in (42),

vb- Vo v Vihe. (43)

and so we will take only he = E(ao). Physically, this will correspond to retaining the non-
adiabatic response due to trapped electrons and only the zonal piece (constant in o and
0) of the non-adiabatic response due to passing electrons. Defining the non-zonal piece
of the distribution function to be the piece which contains variation in ag, we show in
Appendix C.2 that E,‘f) = 0 for the non-zonal passing piece of the electron distribution
function. This is a result of the usual “twist-and-shift” boundary condition [30] which
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connects modes of different radial wavenumber, with the observation that modes which
have very high radial wavenumber should have h — 0. To obtain the equation for
the non-zero piece of Eio), which is due to both zonal and non-zonal trapped electrons
and only zonal passing electrons, we need to eliminate the parallel streaming term
v b - V@@Eil) /00 from (40). We achieve this by averaging over the rapid parallel orbits
of the electrons in (40). We use the orbital average, defined in (26) and (27), and the
properties (30),

(") =7 (14)
and [55, 56]
(oM V) =0, (45)

shown in Appendix C.3. The resulting, scale-separated, equation for the leading order
piece of the electron distribution function at IS, he = h, ', is

aﬁe M . [e) aﬁe —E . - (e} _E . (0]
ot, + <Ue Va> Do + <ve v5h6> + <Ue VF0€>
-\ ES\? eFoe 0 (3,)°
~F __ 540e Pe
Vs <<” he) > =TT o (46)

where it is understood that he = 0 for the non-zonal passing piece of the electron
distribution function. Equation (46) captures the non-adiabatic response of zonal and
non-zonal trapped electrons and zonal passing electrons at IS.

To find the ES equation we subtract the IS equation (31) from the full equation (12).
Again, the linear terms follow easily and the nonlinear term provides new cross-scale
coupling terms:

oh,  Oh oh - ES
vy v b Vo=~ M (v, h, E.vh, — (vF.Vh,
o1 + ot; +ob-V 50 +v," - (Vs + Vi)h, + {UV \% (vy - Vh,) 1
1 . Zely, (09, 09,
_ -VE,, = ) 4
(b x (Ve t Vi) g) - VE = 25 (8ts 5 (47)
We can further simplify (47) by neglecting sub-dominant terms in (m./m;)"?; i.c.,

Ve+ Vi~ Vi, 0/0t, +0/0t; = 0/0ty, and v)b- veaﬁi/ae < vM . V;h; in the equation
for ions. As shown in Appendix D.2, the nonlinear term reduces to

vl Vh, — (v} Vhl,>ES = oF . Vih, + 07 - Vih, + 9F - Vih,, (48)

where vF - V¢h, is the usual E x B nonlinearity appearing in the ES gyrokinetic equation
in the absence of cross-scale coupling. Combining these results, the ES equation (47),
for electrons, becomes

Ohe Ohe

b- M 4 TE) . Vih
ot + V@ae +(’Ue —|—’Ue) Vihe

_ 6F06 8956
T 0Ot

+0F - Vihe + 0F - (VEy. + Vihe) = (49)
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For ions, equation (47) becomes

Ohi ZieFo; O
Ol T Ot
Equations (49) and (50) contain the effect of IS gradients on ES fluctuations through
two terms: ©” - Vih, which represents advection of ES fluctuations by IS eddies; and

+ (M +TF) - Vihy + 0F - Vih + 0F - (VFy + Vihi) = (50)

P . V,h, which represents the modification of the equilibrium gradient drive due to
gradients in the IS fluctuations. Note that the term T - V¢h cannot be eliminated by a
change of reference frame because the advection velocity % is a function of the parallel-
to-the-field coordinate 6, as ¢ varies along the magnetic field line. The ES equations
(49) and (50) are scale-separated in the sense that Ry appears only as a label of the IS
gradients V3 (R;) and Vi (Ry), and as a label on the fields ¢(Rs, Ry) and h(Ry, Ry).

As we will find in Section 6, we need not evolve equation (50) as a part of the
scale-separated system. Physically, this is because the non-adiabatic response of ions
at ES, h;, is small, as the ions respond to the small scale ES potential averaged
over scales of the large ion gyroradius. The source terms which set the size of h;
in equation (50), 9F - (VFy + Vsh;) and (ZieFo; /T)0%;/0t;, both depend on the ion
gyroaveraged potential ¢;. As we will discuss in Section 6, due to the large size of the
ion gyroradius compared to the scale of ES fluctuations the ion gyroaveraged potential
is small e@; /T ~ (me/m:)"* ed/T, and so h; becomes negligible as (m./m;)"/* — 0.

5. Quasineutrality

Using (17) and (34), and noting that the integration variable for the ES average can be
either 7¢, or Ry (see Appendix B), one can directly find the IS quasineutrality relation,

Z2 2 L —
ZZl,e/dSU ve

T o (0,75), (51)
which is supplemented by the relation (33) for ,. We find the quasineutrality relation

v B (0, R,e, M 0) = >

v

for the ES by subtracting (51) from the full quasineutrality relation (15) to obtain,

3 . Z%e*n, ~

ZZl,e/d |y (0, Ry, R €, N, 0) = b(0, 75, 77), (52)
which is supplemented by the relation (36) for ¢,. The system of equations (39),
(46), and (49)-(52) constitutes a formally closed system of equations for the IS and
ES quantities. To calculate the ion contribution to the ES quasineutrality relation (52)
requires that we take a gyroaverage over a scale of the ion gyroradius, as does computing
the ion gyroaveraged potential @; according to equation (36). Naively one might think
that the ion species would thus introduce ion gyroradius scale correlations in the ES
turbulence. However, by considering the possible dominant balances in the IS-ES system
we will find the contributions from ions at ES can always be ignored, and so we will
arrive at a fully scale-separated system.
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6. Sizes of the IS and ES fluctuations and scale-separation

We now proceed to find all possible self-consistent orderings for ki, he, hi, he, ¢, and ¢
that lead to steady-state solutions to the system of equations (39), (46), and (49)-(52).
For a statistically steady-state turbulence to be possible there must be a competition
between the growth of linear instabilities and nonlinear interactions, which can be cross-
scale in nature. We look for dominant balances consistent with this observation.

Note that the presence of the gyroaverages can introduce mass ratio factors.
Recalling that we have periodicity perpendicular to the field line in both the slow and
fast variables, we write a fluctuation ¢(rg, r¢) as,
o(rg, ) = Z Or, (15) exp [iks - 7¢] = Z Okeg ke €XD [1Ks - 7] exp [iks - 73], (53)

k¢ ke ks
where k¢ ~ ,ot_hl’e, k, ~ ,ot_hl’i, and we have used periodicity in rs to write ¢, (rs) =
> ok, Phe ke XD [iKs - 7). If we gyroaverage (53), recalling Ry = rf — p and Ry = 15 — p,
we find

(G(re, ) k. = D Ohook, exD [iks - Ryl exp [iks - Ry] (exp [i(kr + k) - p])”

kf7ks
=) ke, exp [iks - Ryl exp [ik, - Ry]Jo(|kr + k|| p]), (54)
ke ks
where Jy(z) is the Oth Bessel function of the 1st kind, and we used the result
(exp [ik - )" = Jo(IK[|pl), (55)
shown in Appendix A. Note that Jy(z) ~ 1 for z < 1 and Jo(z) ~ 272 for z > 1.

Because |kt|pthe ~ |Ks|ptni ~ 1 and |ks|pme ~ (me/mi)l/2 < 1, the gyroaverage
introduces no additional mass ratio factors for IS quantities or for electrons at electron

)1/2

scales. However, because |k¢|pwh; ~ (mi/me > 1, the gyroaveraging operation does

reduce the ion fluctuation amplitudes at electron scales; i.e.,

1/4
me
Jollke + Rallpil) ~ Jo(lkelpens) ~ (m ) | (56)

With these scalings for the Bessel functions, we show in Appendix E that the only
possibility for achieving a saturated dominant balance in the equations (39), (46), and
(49)-(52) is for the fluctuations to obey the gyro-Bohm ordering

6 pmi €O P
T a’' T a ’

hi [ he €5 P €9 (57)
Foi  Foe T T T’

Y

Fo. T T

he efe €
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Note that (57) excludes orderings in which either the IS or ES fluctuations have
amplitudes which are greater or smaller than gyro-Bohm levels by a factor which
scales with mass ratio. In Appendix E we consider the possible ways in which cross-
scale interaction might have allowed for novel mass ratio orderings which deviate from
the gyro-Bohm scaling (57). We looked for balances where the ES turbulence is
enhanced, with e /T > pwe/a (see Appendix E.1); the IS turbulence is enhanced, with
ed/T > pmi/a (see Appendix E.2); the IS turbulence suppresses the ES turbulence,
ie. e&/T < prne/a and e /T ~ pini/a (see Appendix E.3); and the ES turbulence
suppresses the IS turbulence, i.e. egz; /T ~ pine/a and ep/T < pyi/a (see Appendix
E.4). Of these possible impacts of cross-scale interactions, only the suppression of ES
turbulence by IS turbulence is self consistently allowed by dominant balance. Hence,
the ordering (57) is the only ordering which gives a nonlinearly saturated steady-state
turbulence. We discuss the physical meaning of ordering (57) in Section 7.

We now consider the relative sizes of the cross-scale terms appearing in (39), (46),
(49), and (50) in the ordering (57), and demonstrate that the non-adiabatic response
of ions at ES h; can be neglected. As a corollary, we need not evolve equation (50).
Finally, we consider critical balance arguments to show that the orderings (57) for the
sizes of fluctuations are consistent with our orderings for the parallel length scales (19).
We use these considerations in Section 7, where we give the fully scale-separated IS and
ES equations, with quasineutrality evaluated consistently with scale-separation, and all
small terms neglected.

6.1. Influence of ES fluctuations on ions at IS

Equation (39) contains a term which is a divergence of a turbulent flux driven at the
ES. This cross-scale term is of size

ABS e hoep ¢ ¢ e
Ve <”Eh> ~ B s~ e P, 58
Bpmipine T Bpg; T 0 (58)
and so in the gyro-Bohm ordering (57),
\ES ;. ¢ a 65 m B
Vs <~Ehi> ~ — = ———Fy ~ —o - Vih;. 59
v, m; B pt2h7i T 0 m v, ( )

Therefore, the cross-scale term is small compared to the single scale nonlinear term
vE -V h;, which provides the IS saturation mechanism in the ordering (57). We conclude

- ES
that we can neglect Vi - <f)lE hi> in the equation for ions at IS (39).

6.2. Influence of ES fluctuations on electrons at IS
The cross-scale term in (40) is of size

~ ES ¢ m™m; 1/2 C QE GQZ;
. ~E ~ ! .
Vs <<ve he> > (me) B p2 . T F0€7 (60)

th,i
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and so in the gyro-Bohm ordering (57),

- ES\? me\ V2 ¢ o ep me \ ? —
V. - na ~ © - 7 ~ (=2 By
i <<ve he> > (mi) B p?]mi T ko (mi) Ye she- (61)

Hence in the gyro-Bohm ordering (57), we can neglect the electron cross-scale term

_VES\°
V- <<1~Jf he> > to leading order in the IS electron equation (40).

6.3. Influence of IS gradients on ES fluctuations

The cross-scale terms appearing in the ES gyrokinetic equation for electrons (49) have

sizes
5 oo ced  he
v Vihe ~ ————— 62
! BT Pth,iPth,e ( )
and
~F 7 c 6923 Ee
v, - Vghe ~ —— . 63
BT Pth,iPthe ( )

Hence, in the gyro-Bohm ordering (57), when e¢/T ~ pyi/a and ed/T ~ p.o/a, we
find that

Y Vihe ~ 0F - Vihe ~ 9P - VFy,. (64)

The cross-scale terms modify the ES dynamics at leading order. Therefore, these terms
can provide the mechanism for enhancement or suppression of the ES turbulence in the
presence of IS fluctuations. The IS gradients can linearly stabilise the ES instability,
but the enhancement of the ES fluctuation amplitude cannot scale with any power of
the mass ratio.

6.4. Tons at ES

The contribution of ions to the ES electrostatic potential is small in (m./m;)"/?. This
is seen by comparing the relative sizes of ion and electron contributions to the ES
quasineutrality relation. Observe that

\ ) - 1/2 egf;
Zi | &0y, rhi(0, Rs, Re, e, N, 0) ~ | — —7Zin;

m; T
< /dgv

The factor of (m,/ mi)l/ % in the ion contribution to the ES electrostatic potential appears

rorhel0, Ry Re2 0, 0) ~ S, (65)

due to the combination of two effects. The velocity integration for ions introduces an
ion gyroaverage, and hence a factor of (me/m;)"*. The scaling of b; ~ (me/m;)"* ed /T
introduces a second factor of (me/ mi)l/ *. We conclude that the non-adiabatic response
of ions at ES does not contribute to the ES potential to leading order. Physically
we are able to neglect the ions at ES because the ion gyroradius is much larger than
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the ES domain. The ions rapidly gyrate at the ion cyclotron frequency €2;, which is
much larger than the turbulent frequencies w, i.e. €}; > w, and so they rapidly sample
many uncorrelated instances of ES turbulence because of their larger gyroradius. The
ions effectively respond to a spatial average of ES turbulence at fixed time. In the

2, 0, ions can only weakly respond to ES fluctuations

asymptotic limit (m,/m;)
because, as a consequence of statistical periodicity, spatial averages over ES turbulence
should vanish. Taken with the conclusion of Section 6.1, we see that ions at ES can be

neglected entirely.

6.5. Critical Balance

Observe that the gyro-Bohm ordering (57) is consistent with the critical balance
argument [57] at the IS and ES separately. At both scales the F x B drift has the
same magnitude

E C - c ~  UthiPth,i Uth,ePth,e
V x Vg X Vg . . (66)

By assumption, the IS perpendicular correlation length [, ~ peh,i and the ES
perpendicular correlation length [, ~ py,e. The IS nonlinear turnover time 7, obeys

ZL a
Tol ~ —= ~ ) 67
™ VE Y (67)
The ES nonlinear turnover time 7, obeys
L_ a
Fol~ —= , 68
VE Y (68)

In critical balance, the parallel extent of the eddies is set by how far a particle can
stream in one nonlinear turnover time. This implies that the IS parallel correlation
length Z” is

l” ~ Vth,iTnl ~ @, (69)

where we have used that the ions are the dominant species for communicating
information in the direction parallel to the field line. Similarly the ES parallel correlation
length )| is

Z|| ~ Uth,ei—nl ~ a, (70)

where we have used that the electrons are the dominant species. This result is consistent
with our ordering (19).

7. Scale-separated, Coupled Equations

Following the discussion in the previous Section, we can now resolve how to take the
gyroaverages in the quasineutrality relation (52) in a scale-separated way. We neglect the
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non-adiabatic response of ions at ES because the ion contribution to ES quasineutrality
(52) is small by (me/m;)"/? (see Section 6.4). At leading order, equation (52) becomes

Z%e’n
—e/d3v L~

T,
When solving the ES gyrokinetic equation (49), the quantity that we need to close

é(@,rs,rf). (71)

rs,rfile(07 Rs; Rf7 g, )‘7 U) = Z

v

the equation is @e(R& Rf) NOtiIlg that |kf||pe| ~ |kf‘pth,e ~ 1 and |ks|’pe‘ ~ ’k5|pth,e ~

)2 in Appendix F we expand the Bessel function Jo(|ks + ks||pe|), due to

(me/m;
electron gyroaverages, in the expression for ¢.(Rs, Ry) to find
Z%en,

BB R) = (30 757) S explike - Ril (el

v

[ vl 0, B2, 0) o) (1 +0 ((%)/» o

where we can hold Ry fixed in the velocity integration because electron gyroradii are

small compared to IS structures. In equation (72) Ry only appears as a label. Therefore,
we have found a scale-separated scheme where ES fluctuations at different Ry can be
determined independently, as long as there is no coupling introduced by the parallel
boundary condition (considered in Section 8).

We now present the full system of scale-separated equations keeping only those
terms that appear at leading order in the gyro-Bohm ordering (57). At IS we have

851 E)hl M - _E - _E - ZieFOZ- 361

o b VOgg ol V87 Vi 97 Vi = = (73)
and

856 o aﬁe _ — \0 _ o eFo. 0 <¢e>0

ats + <’Uéw : VOC> aas + <’UeE : Vshe> + <UeE : VF0€> = - Te Gts ) (74)

where @; = <$>L o Pe= <$>;; , as defined in equation (33), (-)° is the orbital average
defined in (26) and (27), with the properties (28) and (30), and it is understood that
he = 0 for non-zonal passing electrons. These equations are closed by the quasineutrality
relation

> Zue [0 Re A ) = 3 2 0., (75)
- € V|p Ny \U, ,ESN,O0) = TU ,Ts).

v

At ES we have,

Ohe Ohe _ - -
T + b - Vo 25 + (vM +vY) - Vihe + 0F - Vih,
N — Fy 0%
E I _ _6 Oe e
—I—’Ue (V 0e T Vshe) Te 3tf ) (76)

which is closed by the quasineutrality relation,
.

3e(0, Ry, Ry) = _<Z Zf;yny)—l </d3'0|Rs <7ze(9, RS,Rf,g,A,a)>;SM> . (77)

Rs,Ry.e




Scale-Separated Turbulence 22

Our notation in (77) indicates that the gyroaverage does not average over the slow
variable Ry, which is left fixed during the integrations.

Inspecting equations (73)-(77), we can see that the gyro-Bohm ordering (57) is an
ordering in which the IS is dominant: the ES turbulence is modified at leading order by
the cross scale terms T2 - Vih, and 97 - Vihe in (76) (see Section 6.3); the IS turbulence
evolves independently of the ES fluctuations, as the largest possible cross-scale term in

- ES\°
the IS equations, Vi - <<'66Ehe> > , is small in our orderings (see Sections 6.1 and

6.2); and the IS heat flux for ions @; and electrons @, dominates the contribution to
the heat flux from electrons at ES @, i.e.

_ N\ 2 - 2
Q; ~ Q, ~ nT v, ; (p:’l> > Qe ~ N1 vy e <pt;’e> . (78)

We use our model to recover the usual gyro-Bohm estimate for the heat fluxes (78)

in Appendix G. We note that the heat flux contribution from non-zonal passing
electrons at IS, which we self-consistently neglect, is formally comparable to Q.. This
is not an inconsistency, but the result of the dominance of IS transport in the gyro-
Bohm ordering. Our estimates (78) do not capture the behaviour of the larger than
electron gyro-Bohm heat flux observed in [11-13]. In [11-13] Q. was large due to the
presence of spatially anisotropic ETG streamers. Recall that we have assumed spatial
isotropy in the turbulence, and regarded all physical parameters besides py,/a and
(me/m:)"? as of order unity. Deviation from the gyro-Bohm ordering (57), and the
consequent dominance of IS transport (78), may be possible in a model which breaks
these assumptions. We do not consider such a model here.

7.1. Fourier Representation

For equations (73)-(77) to be implemented in a code it is convenient for them to be
expressed spectrally. For clarity we give the full system of equations in Fourier space.
At IS we have

8%1 < 8h1 s — C =
&f b VO 4 [viM -k:s]hiks—Zﬁbxk;-kswikéhikskg
ZieFy; 05,
[1Eb « K, - VFOZ} B, = eTiO gtf , (79)
and
Ohek, | T. o ’
Ff + [1 <vé\/[ . Va> €, S} ke — <; —bx k.- ksgpek,hek k/>
o Fo O (Per,)”
+ < [i%b x kg - VFOG}@,Q = _%%, (80)

where hep, = 0 for the non-zonal (ks - e, # 0) passing piece of phase space, Py, =
Jo(|ks||pil)pr, and Bor, = Jo(|ks||pe|)Pr, = or, as Jo(|ks||pe]) = 1 in our mass ratio
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expansion. Equations (79) and (80) are closed by the quasineutrality relation

EZe/d%Jo oo (6.0, 0) = 37 22245, (6). (s1)

v

At ES we have

Oher, Ohe _ . c . s
th : U”b Vo o6 . |: (véw + ’Uf) : kf] hekf - %: Eb X k?g . kf%pek;hekffkg
+ [iib % ki - (VFy. + Vih )] _ o eFoe Ofek, (82)
B f Oe sfle) | Peky = Te 8tf .

Equation (82) is closed by the quasineutrality relation
. Z%e®n,\ 1
fa () = —e( 3 22 kel [ o

and the relations for Ef and Vsﬁe,

RPek (0, R, e, N, 0) Jo([Ke||pe]),  (83)

—E __—F ¢ . P

v, =0, (Rs) = Eb X [kZexp liks - Ry)iksDey,_ |, (84)

Vehe = Vihe(Ry) = > exp [iks - Roikheg, (85)
ks

Note that the dependence of izekf and @k, on Ry is parametric in equation (82), as
the dependence on R, only appears through the quantities ¥” and V¢h,. The evolution
equations for Bekf(RS) and @k, (Rs) may be solved in a system of flux tubes, with a
single ES flux tube for each of the considered R, locations within the IS flux tube. We
discuss the parallel boundary conditions for the IS-ES system of flux tubes in the next
section.

8. The parallel boundary condition

In the previous Section we found the scale-separated, coupled IS-ES equations (73)-
(77). Due to the assumptions of statistical periodicity, (7) and (18), these equations are
solved with periodic boundary conditions in the plane perpendicular to the magnetic
field line. In this section we briefly review the standard “twist-and-shift” flux tube
parallel boundary condition [30]. We note that a key assumption in deriving the “twist-
and-shift” boundary condition is that the geometrical and equilibrium quantities in the
equation for the turbulence are axisymmetric. As the IS quantities Vih, and o7 in the
electron ES equation (76) are not axisymmetric, we require a generalised “twist-and-
shift” boundary condition for the ES flux tubes embedded in the IS turbulence. Here,
we propose parallel boundary conditions for the IS-ES equations which allow the ES
turbulence to be simulated in a system of connected flux tubes nested within a single
IS flux tube. We express the parallel boundary conditions spectrally, and then discuss
the parallel coupling between ES flux tubes. Finally, we show that the cross-scale terms
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in the ES electron equation (76) are continuous across the parallel boundaries of the
ES flux tubes when the IS turbulence satisfies the “twist-and-shift” boundary condition
and the ES turbulence satisfies the proposed ES flux tube boundary condition.

B) Y > 4 0

o - -

Figure 2. A) shows a view, along the toroidal symmetry axis, of a flux tube, in yellow,
with parallel ends in magenta. The flux surface is indicated in grey. B) shows the same
flux tube as viewed from the right of A) perpendicular to the toroidal symmetry axis.

8.1. The standard “twist-and-shift” parallel boundary condition

We visualise a proto-typical flux tube domain in Figure 2. Note that in general the
parallel ends of the flux tube do not align and have differing orientations of their
perpendicular-to-the-field coordinate axes, due to the presence of magnetic shear. To
derive the usual parallel boundary condition of [30] we note that the assumption of
statistical periodicity of the turbulence in the binormal («) direction perpendicular
to the field line is equivalent to assuming that only large toroidal mode numbers
ko > k™0 > 1, with k, integers, are required to accurately describe the turbulence.
In consequence, in combination with the assumptions that the background geometry
and equilibrium plasma profiles are axisymmetric, and the assumption that the parallel
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length of the flux tube is longer than the parallel-to-the-field correlation length of the
turbulence, in the flux tube model we can map out the turbulence on the whole flux
surface using k™" identical flux tubes. In this picture, the parallel boundary condition
is the requirement that the turbulence mapped out by the k™" copies of the flux tube
is single valued in the poloidal angle 6, at fixed toroidal angle { and flux label ¢. It
is important to impose the single-valued condition in the physical coordinates (1, ¢, 0),
rather than in the flux tube coordinates (¢, «, 0), where a (1,0, () is defined by

a(,0,¢) — ag :C—Q(?/J)@:C—QO@—Q(/)QW—%% (86)

with g0 = q(¥), ¢ = dq/dy|y,, and (Yo, ap) the coordinates of the central field
line in the flux tube. We cannot use the flux tube coordinates (¢, a,0) to apply
the boundary condition because the basis vector defining the radial direction e, =
(b x Va)/|V1 - b x Va| changes direction along the field line due to the presence of
magnetic shear (¢}, # 0), and thus the radial directions are different at the parallel ends
of the flux tube, e, (0) # ey (0 + 2m). Finally, imposing the single-valued condition in
the flux tube gives the parallel boundary condition [30]

h(0,9, a(y,0,¢)) = h(0 + 27, ¢, a(y, 0 4 2, (), (87)

where we have suppressed the velocity space dependences in h.

8.2. The IS and ES “twist-and-shift” parallel boundary conditions

In the case of ES turbulence embedded within IS turbulence, we must be careful
when generalising the single-valued condition to find the ES flux tube boundary
condition. The assumptions of statistical periodicity in the binormal direction for the
ES turbulence, and the presence of the IS quantities Vih, and @7 in the ES equation for
electrons (76), means that the ES turbulence is represented with two groups of toroidal
mode numbers: the ES toroidal mode numbers K, > K™ > k™ with K, integers,
and the IS toroidal mode numbers k.. Equivalently, the turbulence within an ES flux
tube depends on the IS guiding centre Ry at which is it located, through dependence on
Vihe and ©E. Therefore, it is not possible to map out the ES turbulence on the whole
flux surface with copies of a single ES flux tube. Instead, the IS-ES turbulence must be
mapped out by copies of the IS flux tube with the ES flux tubes embedded within it.
The flux tube boundary conditions are found by imposing that the turbulence mapped
out in this way is single valued in 6 at fixed (. For the IS turbulence we find

R0, Ry(s, a1, 0, €))) = h(0 + 27, R(ts, a(ts, 0 + 2, C))), (83)

where Ry(vs, o) = (s — )€y + (as — ap)eq, s is the slow flux label, and «; the slow
field line label. Equation (88) is equation (87) recast in the notation of this paper. For
the ES turbulence we find

(0, Re (v, a(¥r, 0,¢)), Ry(ts, (t)s, 0. €)))

= h(0 + 21, Re(vr, a(ix, 0 + 2, C)), Ry (15, a(ths, 0 + 27, C))), (89)
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where Re(vs, a5) = (Y — o)ey + (af — ap)eq, with ¢ the fast flux label and af the
fast field line label. Note that although we measure the guiding center position Ry
from the center of the IS flux tube (1, ap), each ES flux tube should be visualised
as being centered at a different IS position, labelled by (1, o), consistent with the
ES dependence on Rg(1s, a5). As we will discuss in Section 8.4, the ES boundary
condition (89) connects the ES flux tubes at distinct IS positions Ry(1s, a(vs, 0, ()) and

Rs(w& O[(lbw 8 + 27T7 C))

8.3. The flux tube boundary conditions in Fourier space

To implement the equations (79)-(83) requires a spectral parallel boundary condition for
both the IS and ES pieces of the turbulence. We first focus on the boundary condition
for IS turbulence. To write the IS distribution function in Fourier components we recall
that e, = (V¢ x b)/|V¢ - b x Va|, and note that ks = k' V1) + k,Va. Then we have,

(0, Ry(vs, 00)) = > exp fiks - RuJl, (6) =

> exp [iky (v — tho) + ika (s — a0)] Ry ko) (0)- (90)

Using this, the IS boundary condition (87) in Fourier space is, after [30],
E(k¢,ka)(‘9> = exp [—iQ?T(]OkZa] E(kw_,_%q(/)kmka)(e + 27T). (91)
%/_/

=1
The phase exp [—i27qok,] can be set to 1 because as pg,/a — 0 the integer k™™ — oo
and hence ¢ok, can be made arbitrarily close to a very large integer for all k.. Hence,
we choose qo = M/k™™ with M a large integer: the centre of the flux tube vy is a high
order rational surface [30]. We will refer to the surface 1)y as an “IS rational surface”
due to the particular rational value of ¢g. To aid the understanding of our arguments in
this section, we reproduce the calculation from [30] in Appendix H using our notation.

We now discuss the spectral boundary condition for ES turbulence. Note that we
take gy to be the safety factor in every ES flux tube. Naively, we should take the safety
factor in an ES flux tube on the surface 15 to be ¢s = qo + ¢((¢s — ¥p). However, g
differs from ¢y only by O (pin;/a). To be consistent with the scale-separation between
the equilibrium and the IS turbulence, we must take all equilibrium variables and their
gradients to be the same in all ES flux tubes. By using that

71(9, R (3, ar), Rs(s, ) =

> exp [iKy (v — o) + iKa(or — a0)lhic, i) (0, Re(ts, a5)), (92)

K’LLMKQ

where K, and K, are the ES wave numbers corresponding to ¢y and oy, and k¢ =
KV + K,Va, in Appendix I we show that boundary condition (89) for the ES tur-
bulence leads to the following spectral boundary condition,
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ﬁ(K@Ka)(‘ga Ry (v, (15,0, ())) =

exp [—i27rq0KaliL<Kw+2ﬂq6Ka7Ka)(6’ + 27, Ry (s, at)s, 0 + 27, C))). (93)

-~

=1

The phase-factor exp [-i2mqo /K] in equation (93) is set to 1, because as pe/ptni — 0
we can again make the integer K™ increasingly large and hence gy K, will be arbitrarily
close to a very large integer for all K,; i.e. ¢ = N/K, with N a large integer, and
consequently g is also an “ES rational surface”.

8.4. The parallel coupling between ES flux tubes embedded in IS turbulence

In the presence of IS turbulence, the ES flux tubes are in general coupled in the parallel
direction by the ES boundary condition (89). This is because the IS gradients at the IS
positions Ry(s, (s, 0, ¢)) and Rg(1)s, aths, 0+ 2, ()) appearing in (89) are in general
distinct. Note that the expression for the change in « in a poloidal turn at fixed ¢ is

O[('(ﬁ, 0 + 27T7 C) - a(¢, 67 C) = _27qu - 27796@ - 2/}0) (94)
As the phase factor exp [—i2mqok,] is set to 1 in the IS boundary condition (91), we may
write the real space boundary condition corresponding to (91) as

h<97 RS(¢S7 O‘(w& 97 C))) = h(@ + 27T7 RS(Q/}S? 05(1/}57 97 C) - 27qu)<ws - 2/}0))) (95)
Note that on an IS rational surface, e.g. where s = 1, the IS boundary condition
(95) ensures that the IS fluctuations are periodic in 6 at fixed as. On these surfaces
an ES flux tube couples to a periodic copy of itself after a single 27 poloidal turn. For
radial locations in the IS flux tube which do not lie on an IS rational surface, i.e. where
s # g, IS fluctuations are not periodic in 6 at fixed ag; the IS boundary condition
(95) encapsulates the effect of local magnetic shear by coupling field lines at different
as at the parallel boundaries of the flux tubes in . An ES flux tube at the IS position
(¢s, o), where 1bg # 1), couples in the parallel direction to the ES flux tubes at the IS
positions (1s, as — 2w (s — 1)) and (s, as + 2w} (s — 1p)). By connecting multiple
ES flux tubes in this way we arrive at a chain of ES flux tubes with a parallel boundary
condition that is consistent with the parallel boundary condition of the IS turbulence.
Our chain of ES flux tubes here is reminiscent of the “flux tube train” of [58]. Figure 3
gives a visualisation of the coupling between ES flux tubes introduced by the boundary
condition (89).

8.5. Continuity of cross-scale terms across the connections between ES flux tubes

To demonstrate that it is necessary to satisfy the proposed ES boundary condition
(89), consider one of the new ES terms appearing in (74) in Fourier space, written in
components,

L v [i%b x kt - Vol | G
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A
=
v
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Figure 3. The diagram shows the § = —7 (left) and 6 = 7 (right) ends of the IS
flux tube, represented by solid-lined parallelograms on the inboard mid-plane, which
we parameterise with ({,¢). The § = 47 ends of the flux tube are at { points
different by 2mqp (see Figure 2). We do not show the 27qg shift in (. The dotted-lined
parallelograms are periodic continuations of the IS flux tube. The boundary condition
(88) enforces that the turbulence on the (¢, %) plane mapped out by the parallelograms
at # = &7 must be the same. At 1) = 1)y, the field line labelled by ag begins and ends
at points in the ({, ) plane where the fluctuations have the same phase in (; the field
line ag is coupled to a periodic copy of itself after a poloidal turn. However, at ¢ = 1,
a field line begins and ends at points in the (¢, ) plane where the fluctuations do not
have the same phase in (. Instead of coupling to a periodic copy of itself, the field line
labelled by a1 at 8§ = 7 couples to a different field line, by at 6 = —x. The field line
labelled by b; at 8 = 7 likewise couples to the periodic copy of a; at § = —w. When
the ES turbulence uses the boundary condition (89), the ES flux tubes within the IS
flux tube (see Figure 1) couple in the same manner as the field lines that they follow.

0 — 0 — .
=C Killa_ash(ea Rs(wsa Oés)) - Kaa_wsh<97 Rs(%, as))] SO(Kw,KQ)a (96)
where the 1) derivative is taken at fixed ag, as is our convention unless otherwise stated.
To ensure continuity of the ES coefficient multiplying ¢k, x,) at the flux tube parallel

boundaries (0,6 + 27) we need to have,

0 — o —
Kwa_ash(eaRs(wvas)) - Kaa_lpsh(eaRs(wsaas)) =

0 —
(9ozsh(9 + 27, Ry(1), a5 + 0arg))

(Ky + 2mqo Ky)
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—KQ%E(Q + 27, Ry(Yg, a5 + 0ag)), (97)

where das = —2mq)(1hs — o). K, should be independent of each other, and independent
of the IS, so,

0 — 0
aash(ﬁ, Ry (v, a5)) = 8ocsh<9 + 27, Ry(1)s, s + 0ag) ), (98)

and,

h(0 + 27, Rs(s, s + dais)) — 27rq66a h(6 + 27, Rs(1s, o + 0as))

s

o _
= 50 Ry(v.0), (99)

should be satisfied independently. As shown in Appendix J, these relations are satisfied
independently when the IS turbulence satisfies the boundary condition (88).

9. Discussion

In this paper we have derived a system of coupled gyrokinetic equations, closed by
quasineutrality, (73)-(77). These equations describe turbulent fluctuations driven at the
scales of the ion and electron gyroradii and the leading order cross-scale interactions be-
tween them. The equations (73)-(77) are obtained via an asymptotic expansion in the
smallness of the electron-ion mass ratio (m./m;)"/?, subsidiary to the gyrokinetic expan-
sion in py,/a. The derivation relies on the existence of turbulence with a separated ion
scale (IS), where kjppn; ~ 1 and w ~ vy i/a, and electron scale (ES), where k) phe ~ 1
and w ~ vy, /a. In addition, we assume that the turbulence is spatially isotropic in the
plane perpendicular to the magnetic field. Our assumption of scale separation places
limitations on the applicability of the model, but it allows us to efficiently capture the
dominant cross-scale coupling physics. In this Section we give a physical description of
the cross-scale coupling terms, discuss the implications of these terms for fluctuation

amplitudes, and describe the limitations of the model.

Our model differs from the full gyrokinetic system, the §f gyrokinetic equation
(12) closed with quasineutrality (15), in the following key ways: the non-adiabatic ion
response at ES is neglected; fast electron time scales due to electron parallel streaming
and small radial structures due to passing electrons are ordered out of the IS equations;
cross-scale interaction terms appear in the equation for the ES turbulence; and the IS de-
couples from the ES. Under our assumptions of isotropic turbulence with (m,/ mi)l/ 250
(subsidiary to pin/a — 0), we have shown that the only possible ordering for the fluctu-
ation amplitudes that results in saturated dominant balance is the gyro-Bohm ordering
(57). We find that the presence of cross-scale interaction does not allow for steady-
state, scale-separated IS-ES turbulence where the fluctuation amplitudes differ from the
gyro-Bohm estimate by factors of mass ratio. In contrast to standard flux tube models,
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in our model the ES turbulence is simulated with equations (76)-(77) and boundary
condition (89), using many flux tubes embedded within a single IS flux tube, which is
evolved using equations (73)-(75) and boundary condition (88) [30]. The ES flux tubes
are coupled in the binormal direction « by the parallel boundary condition (89), in a
manner which is consistent with the IS parallel boundary condition (88). Our model
allows for the rigorous use of single-scale simulations, in a way that allows for efficient
parallelisation, while still capturing cross-scale interactions.

We are able to neglect the non-adiabatic response of ions at ES because of the size
of the large ion gyroradius compared to the scale of the correlation length perpendicular
to the field for ES fluctuations [,

I, ~ Pthe <K Pthyi- (100)

The ions rapidly gyrate perpendicular to the field line at the ion cyclotron frequency €,
which is much larger than any turbulent frequency w;, i.e., £; > w. Consequently the ion
orbits rapidly sample many uncorrelated instances of ES turbulence. In the asymptotic
limit, because of our assumption of statistical periodicity (18), the averaged ES turbu-
lence which the ions experience is vanishingly small and so the ions can only respond
weakly to the turbulence at ES. Hence, they do not contribute to the ES potential (see
Section 6.4). Because of the weakness of the ion response at ES, IS fluctuations are not
influenced by the ion response at ES (see Section 6.1). It is thus not necessary to evolve
ions at ES in the scale-separated system.

In order to retain only IS time and space scales in the IS equations, it is necessary to
formally remove the fast time scales introduced by electron parallel streaming. It is also
necessary to formally remove very fine radial structures that are introduced by passing
electrons near rational surfaces in IS simulations, as a consequence of very long tails in
the electron response in ballooning modes [52, 53]. We achieve this separation by taking
parallel streaming for electrons to be asymptotically fast compared to IS frequencies.
This allows us to neglect the (me/m;)"/? small piece of the electron distribution function
due to non-zonal passing electrons and use the orbital average to find the leading order
equation for electrons at IS, cf.[51].

There are two novel cross-scale interaction terms appearing in the coupled system
of equations (73)-(77). These new terms appear in the gyrokinetic equation (76) for
electrons at ES: ©F - Vihe, and T2 - Vihe. The term 9F - Vih, arises due to gradients
in the electron distribution function at IS and is analogous to the typical equilibrium
drive term o - VF., with the caveat that the equilibrium distribution is a Maxwellian
in velocities and has spatial variation only in . It may seem surprising that gradients
in the IS distribution function can drive (or suppress) ES instability on an equal footing
with gradients of the equilibrium distribution function. However, while the equilibrium
distribution function is large, it varies on spatial scales long compared to the size of the
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fluctuations. The net effect is that Vihe ~ V Fpe. The second novel cross-scale coupling
term in (76), o7 - Vihe, represents the advection of ES eddies perpendicular to the field
line by IS drift wave motion ¥Z. The perpendicular correlation length of IS eddies [, is
much larger than the perpendicular correlation length of ES eddies [ 1;

1 1/2
Lo e (m) (101)
' Pth,i my

Furthermore, the nonlinear turnover time of IS eddies 7, is much longer than the

nonlinear turnover time of ES eddies 7y;
T, Vth i me\
VLN ( ) . (102)
Tnl Uth,e my

Therefore, the ES turbulence sees an IS drift ¥ and an IS gradient Vih, which are
constant in the plane perpendicular to the field line, and constant in time. Due to the

parallel orbit averaging in (74), the gradient Vh, is also constant in the parallel-to-
the-field coordinate 6. Like the magnetic drift v}, the IS drift ¥ varies in @ along the
field line, and so B causes nontrivial advection of the ES eddies. Because IS and ES
eddies have the same parallel length scale (see (19) and Section 6.5), the IS drift ¥ has
variation in # on scales comparable to the ES turbulence. The IS drift is dynamically
relevant, and has the effect of shearing ES eddies parallel to the field line. We emphasise
that in our leading order equations the IS drift does not cause a shear perpendicular
to the field line, which is commonly thought of as the relevant cross-scale mechanism
for suppressing turbulence. The shear perpendicular to the field line arising from wZ is
small by (m./ mi)l/ ? compared to the drifts that we keep, and must be dropped from the
scale-separated equations like the ion non-adiabatic response at ES and the other terms
small by (me/m;)*?. In Appendix K we show that the piece of T¥ that is constant in 0

may be removed from the equation for the ES fluctuations (76) by writing equation (76)
and g, = <We>;,

~\7
in terms of the guiding centre distribution functions g, = <5 fe>
Ry, Rs

and changing coordinates to a rotating frame.

There are no cross-scale terms in the leading order IS equations. This means that
the IS turbulence in our model is unaffected by ES eddies, and therefore evolves in-
dependently. This is in contrast to inferred interactions in full multi-scale simulations

- VES\°
[22, 24-28]. The largest cross-scale term at the IS, Vi - <<1~)6Ehe> > , appeared in

2 Our model assumptions

the equation (46), and was small by a factor of (m./m;)
result in gyro-Bohm orderings for the fluxes; the IS heat flux for ions @, and electrons
@, dominate the contribution to the heat flux from electrons at ES Q. by a factor of
(my/ me)l/ . 'We note that the heat flux from ions at ES Q; is small compared to Q. by
a factor of (m./m;)"/? and so Q; can always be neglected. Our orderings and heat flux
estimates do not capture the fact that turbulent transport is stiff; the numerical values
of Q; Q, and Q. are highly sensitive to order unity parameters within our expansion.

In addition, due to our assumptions of spatial isotropy, our estimates do not allow for
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spatially anisotropic electron temperature gradient (ETG) streamers, which can drive
larger than expected ES heat flux [11-13]. Therefore, whilst strictly outside the asymp-
totic orderings used here, it is possible in simulations with non-zero (me/ mi)l/ ? that the
formally small ES contribution to the heat flux may not be negligible. We anticipate
that a careful asymptotic analysis of the gyrokinetic equation might find an ordering
and a set of scale-separated coupled equations where the orderings for the heat fluxes

- ES\°
deviate from the gyro-Bohm estimates, and the IS cross-scale term V - <<f)f he> >

appears at leading order in equation (46). Such a theory could possibly be constructed
by allowing for parameters that we have considered to be of order unity to be of the
same size as some fractional power of the electron-ion mass ratio. Candidate parame-
ters include the degree of spatial anisotropy of the ES turbulence, the distance of the
IS and ES turbulence from marginal stability, and the ratio of the zonal to non-zonal
fluctuation amplitudes. We note that in direct numerical simulations the ES turbulence
can strongly affect IS turbulence when the IS instabilities are near marginal stability,
as in [24, 26].

We stress that the key assumption in deriving the model equations (73)-(77) is the
assumption of scale separation between the ion and the electron space and time scales in
the turbulence. We assumed that the turbulent wave number and frequency spectrum
had vanishingly small amplitude in the intermediate range between the IS and the ES.
We assumed scale separation for both the radial (¢) and binormal («) directions per-
pendicular to the magnetic field line, and we assumed that the turbulence was isotropic
at both scales. Altogether, this means that our model is unable to describe cases where
there are significant fluctuations between the IS and the ES, which for example might
be driven by trapped electron mode instability (TEM) or ion temperature gradient in-
stability (ITG) and ETG when the macroscopic temperature gradients are far above
marginal stability. We note that interactions between the IS and ES turbulence which
are mediated by finite amplitude, intermediate scale modes can be important in direct
numerical simulations [28]. The assumption of spatial isotropy of the turbulence in the
plane perpendicular to the magnetic field means that our model cannot describe individ-
ual modes with both scales of order the electron gyroradius and scales of order the ion
gyroradius. For example, the model cannot describe ETG streamers if their spatial scale
in the radial direction is not of order the electron gyroradius in the mass ratio expansion.

We expect there are cases where our model can give quantitatively accurate pre-
dictions for transport, for example, where the turbulence between the IS and the ES is
suppressed. The true purpose of the model presented in this paper is as a tool to aid
understanding of the cross-scale interactions observed in full multi-scale turbulence. It
is intended that the cross-scale interaction terms derived here can be used in conjunc-
tion with single-scale simulations to help assess whether a full multi-scale simulation is
necessary. For example, an IS simulation may not need to be extended to ES if gradients
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of the IS fluctuations consistently suppress the ES linear instability.

10. Acknowledgements

The authors would like to thank A. A. Schekochihin, P. Dellar, W. Dorland, S. C.
Cowley, J. Ball, A. Geraldini, N. Christen, A. Mauriya, P. Ivanov, Y. Kawazura and J.
Parisi for useful discussion. M. R. Hardman would like to thank the Wolfgang Pauli
Institute for providing a setting for discussion and funding for travel.

This work has been carried out within the framework of the EUROfusion Consortium
and has received funding from the FEuratom research and training programme 2014-
2018 and 2019-2020 under grant agreement No 633053 and from the RCUK FEnergy
Programme [grant number EP/P012450/1]. The views and opinions expressed herein
do not necessarily reflect those of the European Commission. The authors acknowledge
EUROfusion, the EUROfusion High Performance Computer (Marconi-Fusion), the
use of ARCHER through the Plasma HEC Consortium EPSRC grant numbers
EP/L000237/1 and EP/R029148/1 under the projects e281-gs2, and software support
from Joseph Parker through the Plasma-CCP Network under EPSRC' grant number
EP/M022463/1.

Appendix A. The velocity space and gyroaverages

In this Section we show that in Fourier space taking the gyroaverage leads to the
appearance of Bessel functions. Recalling B = Va x Vi is the representation for
the magnetic field, where 1 is a flux label and « is the field line label, we can define an
orthonormal field aligned coordinate system with basis vectors b, e;, and ey, where

B Vi Vi
b=—, e,=—-, and e;=bx ) Al
B |V ? V| (A1)

Using this coordinate system, and using the energy e, pitch angle A\, sign o, and

gyrophase v as coordinates, we can express the particle velocity v in the following

manner,
v = v b+ v (cosy e +siny ey), (A.2)

where v = o (2¢/m,)""* (1 = AB)"/?, and v, = 2eAB/m,,. The form (A.2) is especially
convenient for magnetised plasmas, where there is rapid gyromotion in the plane
perpendicular to the magnetic field. Taking the dot product of the vector gyroradius
p = b x v/Q with the wave vector k, a wave vector in the plane perpendicular to the
direction of the magnetic field, i.e. b-k = 0, and using (A.2), we find

k-p=—lk|lp[sin(y+ V), (A.3)

where
k- €9
k- €1 ’

tan ¥ = — (A.4)
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Using the definition of the gyroaverage operator (10), we take the gyroaverage over the
phase exp [ik - p] appearing in the gyrokinetic equations when the gyrokinetic equations
are expressed in Fourier components. We find

(explik-pl)” = 5 [ dy explilkllplsin( + )] = k], (4.5)

where in the final equality we have recognised the definition of the Oth Bessel function
of the 1st kind.

Appendix B. Useful properties of the ES average

In this Section we prove the properties of the ES average necessary to derive the coupled
ES and IS gyrokinetic equations. Periodicity perpendicular to the field line in both slow
and fast variables allows us to write a fluctuation A as

h(rs, ) = Z e, (7s) exp [iks - 7]
k¢

= Z Py ke €xD [1ks - 7] exp [iks - 7). (B.1)

kfzks
This form allows us to show that one may take the ES average using real space r¢ or
guiding centre Ry as the integration variable. First using 7¢ as the integration variable,

()25 =57 by () (excp [y - vy

= hig(13)00; = ho(T). (B.2)

Then using Ry = 7 — p as the integration variable, where p = (b x v)/ is the vector
gyroradius, and noting that for fixed ¢, A, and v, p is a constant vector shift which does
not depend on either r; or rg,

(e r))ES = 7 gy () (exp s - RS excp [ik - p)

kg

= b (re) exp [iks - plo s, = ho(s). (B.3)

k¢
Hence the choice of integration variable is unimportant. We are also able to show that
the ES average commutes with the gyroaverage,
Y~ ()
. = { (. B4
() o= (Dhen (B.4)
To show this we apply the operations and find an identical result in the two cases:

(e r)™D) = (ho(r))" = 3 how, (explik. - p])” expliks - R.), (B.5)

R¢,Rs k
s
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and

ES
<<h(rs,rf)>Rng> <thf (exp [i(ks + k) - p])” exp[iks.Rs]exp[iks.Rf]>

k¢ ks
=) Dy, (exp [i(ks + k) - p])7 exp [iks - Ry] (exp [iks - Ry])
kfyks
= Z P k. (exp [1(Ks + ks) - p]) 7 exp [iks - Rs]0o g
= hok, (expiks - p])” exp [iks - Ry]. (B.6)

ks
Hence, the ES average commutes with the gyroaverage.

Appendix C. Electrons at IS and orbital averaging

In this Section we prove the statements that we use to remove the a/vy, . time scales
and pip, e spatial scales from the IS equation for electrons.

Appendiz C.1. Proving the property (30) of the orbital average

To prove the property (30) in the passing region we first note that because the integration
[ dasdf in the definition of the orbital average in the passing region (26) is taken over
the whole flux surface we are free to write the integration in terms of the toroidal angle
¢ in place of the field line label ag. Hence, an equivalent definition of the orbital average
in the passing region is

[d¢do (-) Jogb - V6

N 1

(= fd(d@/v”b Vo (C.1)
Using the definition (C.1), we see that

OH| \° [dCdd OH /00|,
b-Vo— = = C.2

<U” v > Jd¢dojvb-ve €2
where we have used the relation

OH OH oC

90 1o = 20l T 30laac o (C-3)

physical periodicity in the poloidal and toroidal directions, H (6, () = H (6 + 2, (), and
H(6,¢) = H(0,¢ + 2m); and that 9¢/06|, is only a function of (¢,0) in axisymmetric

devices. In the trapped region
o+

aH> S o oo 00 Y, o [HO)S
= = = —= =
a6 2 [y d8/loyb- VO 2 [T db/lv|b- Vo
where we have used that in the trapped region H satisfies the bounce condition
H(0* 0 = 1) = H(0*, 0 = —1), where 7 and 6~ are the poloidal coordinates for
the upper and lower bounce points respectively.

<U||b Vo (C.4)
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Appendiz C.2. Showing that Eio) = 0 for non-zonal passing electrons

The leading order equation for electrons at IS is (41). This equation is solved using the
decomposition (42) so that now (41) reads

--(0)
oh
b-Vo—— =0. C.5
vb-Vo—, (C.5)
Using the Fourier decomposition for IS fluctuations, we find that
7-(0)
Ohy,
b-VO—== =0. C.6
vb- Vo—p (C.6)

Equation (C.6) implies that ES,?S is constant in 6, for both passing and trapped pieces of
the distribution function. As the radial wave number |k,| — oo we expect that hy, — 0
due to the presence of magnetic shear, which leads to dissipation for large |k,|. As such,
it is conventional to take hg, = 0 as the boundary condition for passing particles in the
parallel direction to the magnetic field. In the Fourier representation passing particles
are free to travel between the modes labelled by the radial wave number &, at fixed wave
number in the ag direction k., due to the “twist-and-shift” parallel boundary condition
[30] discussed in Appendix H. Taken with the boundary conditions (91) equation (C.6)
gives the result that the leading piece of the IS electron distribution function Eff,ls =0
for non-zonal (e, - ks # 0) passing particles.

Appendiz C.3. Further properties of the orbital average

— o —
We now show that <hio)> = hio). In the passing region only the zonal component of
the electron distribution function is non-zero. This means that in the passing region we
can write

=0 (e h o), (.7)

ie. Eio) is constant in 6 and «ag. Hence, applying the orbital average in the passing
region (26) we find

<—(0)>0 _ Jdoudd B, Jub - V0

7(0)
h =h .
f danG/UHb -V ¢ (C 8)

e

where the constancy of Eio) in 6 and oy allows us to take Eio) out of the integral in the
numerator. In the trapped region Eio) is constant in #, and obeys the bounce condition
Eio)(ﬁi, o=1)= Eio)(Oi, o = —1). This has the consequence that Eio) is also a constant

in . We can therefore write
B =0 (s, 0y, \). (C.9)
The orbital average in the trapped region (27) only averages over 6 and o; hence,

()
<—<o>>° o Jy A0 R /b Vo 70

o (C.10)
2 [ d6/|vy|b - V6
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where we are again able to extract Eéo) from the integral in the numerator. Using
identical arguments one can show that <8E‘(30) / 6ozs> = 85&0)/ Jdag and <8E£0)/ 81/}S> =

on” |ou.

Finally, we show that <'UM . V@/}>O = 0 in an axisymmetric magnetic field. In an
axisymmetric device the magnetic field B may be expressed in a more restrictive form
than (2) [54-56],

B = I()V( + V( x Vi, (C.11)

where I is a flux function. The magnetic drift in the radial direction v - V4 may be
written as [55, 56|

o (Iv
M — b Vo= [ =
v VQ/J U”b V@ae < 9 ) . (ClZ)
Using the property of the orbital average (30) and (C.12), we see that
(oM V)’ = 0. (C.13)

Appendix D. Obtaining the cross-scale terms

In this Section we derive the form of the cross-scale terms appearing in the coupled IS
and ES gyrokinetic equations. As what is done here applies to both species, we suppress
species indices, but note that ¢ is the species dependent, gyroaveraged potential.

Appendiz D.1. IS cross-scale terms

Applying the ES average to the nonlinear term, and using

=9+,

h=h+h,

V=V, +Vi,
we find that
(v VR = % (b x Vi - Vh)ES

c _ — ¢ N -\ ES D

= Zbx V- Vil + = (b (Vo + V)3 - (Vo + Vi)h) (D.1)

Note that
_\ES _\ES
<b X Vi - vfh> - <vf (b % vf¢h)> _0, (D.2)

where we have used the fact that the equilibrium does not depend on the fast spatial
variable r;. Furthermore note that

<b X Vop - vfiz>ES . <7zvf (b % Vs¢)>ES = <izvs (b x Vf¢)>ES, (D.3)
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where first we integrated by parts, and then performed an anti-cyclic permutation of the
gradients acting on ¢ recalling that the equilibrium does not depend on the slow spatial
variable r,. Finally, note that the slow derivative V, can pass through the average:

<b X Ve - VSE>ES ~ V.- <(b X vsga)i}>ES , (D.4)
and
<7NS - (b x v@}ES + <(b X Vi) - vsﬁ>ES
Thus, we find that

=V, ((bx Vf<ﬁ)/3>ES. (D.5)

_\ES \ES
<b X (Vo + V)@ - (Vs + vf)h> ~V,- <(b x (Vs + Vi) @) h> (D.6)
Equation (D.1) now becomes

>ES

5 c — e A\ ES
(vF - Vh ZbeVSgp-Vsh+Vs-<h§bx(VS+Vf)<,0> . (D7)

- ES
Dropping the term V- <h(c/B)b X Vscﬁ> , which is small by (m./m;)"/?, we find that
— .\ ES
(0 V) =% VR, (57h) (D.8)
where we have used the definitions (32) and (38).

Physically the cross-scale term Vj - <13E B> represents a divergence of a flux of
particle density. One might have expected that the IS cross-scale term would have
contained two fast derivatives, noting that

oF - Vih >V, - <6EB>ES, (D.9)

>ES

and so the cross-scale term would have been of the form <1~)E - Vih However,

.\ ES
because of our assumption of statistical periodicity (18), the term <f)E -th>

vanishes as shown in (D.2), and the leading order term in the IS cross-scale term is
the one given in (D.8).

Appendiz D.2. ES cross-scale terms

The ES nonlinear term is

v” - Vh — (v”- Vh>ES =

%b X VB - (Vo + Vi) + %b % (Vo + V)@ - Vi

C ~ ~ C o~ ES
+2bx (Vo4 V) - (Vo + Vo)h = V., <(Eb x (Vg + Vf)go)h> . (D.10)

Keeping only leading order terms from each group of terms, and using definitions (32)
and (38), we have that

v Vh — (v Vh>ES =" Vih + 97 - Vi + 97 - Vih. (D.11)
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Appendix E. The sizes of the IS and ES turbulent fluctuations

In this Section we determine the allowed scalings for the quantities A;, he, ili, Be, ¢ and gz~5
in the coupled system of equations (39), (46), (49), (50), (51), and (52). For clarity, we
first give estimates for the sizes of all the terms in the gyrokinetic equations (39), (46),
(49), and (50). We then discuss the gyro-Bohm ordering and show that the scalings
(57) allow for a self-consistent, saturated dominant balance. We observe that the only
mechanism through which the fluctuation amplitudes can differ from the gyro-Bohm
estimate (57) is cross-scale interaction. In Appendix E.1 through to Appendix E.4 we
consider, and rule out, all possible deviations of the fluctuation amplitudes from the
estimate (57) by powers of (m./m;)"/?. We conclude that the the gyro-Bohm estimates
for the fluctuation amplitudes (57) are the only scalings which allow for a self-consistent,
saturated dominant balance, within our assumptions of scale-separation.

Writing the coupled gyroklnetlc equations in real space, with the size of each term
in terms of i, he, hi, he, ® and ¢, we find the equation for ions at IS,

S i, Uth,i 7 Uth,i %E.
a a hy A
= —_— a Pth,i
Ohi o N n+0F Nk
Ot 00 R
Uth,e €¢
—Jh Uth,i €¢
pth1f vt;“ej?FOz a TFOZ
v, (553 L 55 VR ¢ 7, 2% E.1
+ s'<’Ui i> + o O’L_T 0 g (E.1)
where J ~ Jo(|ke|puni) ~ (me/m;)"*. We recall that an ion gyroaverage over an ES

quantity introduces the additional mass ratio scaling factor J. See equations (53)-(56)
for a full discussion. The equation for electrons at IS is

Uth,iﬁio) vth,iﬁio) Uthl e(b h(o)
C,L-/_\ ~ DN pini T
ahe o ah E T\ O
- - e o. She
R SR CIR
Uth,e 695 7 oy
odh = —he Uth,i €0
Uth,i %FOe Pth,i T a TFO&
a -~ % N ———
—F o ~E7 ES 0 <¢e>0
+ (08 VE) + Ve ((3Fhe) ) = —mFa o (E.2)

where Eio) is the leading order piece of the electron distribution function at IS, defined
in equation (42). The equation for electrons at ES is

Vth,e l~ze Vth,e iLe Ut s Vth @ﬁ Vthee @B
,./\ ,_/% a ¢ Pth e I ¢ Pine T ‘
Ohe . — f—/\‘

th —|— ’U - Vihe + ’U - Vihe

Oty 80
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Vth.e qu Uth,e 6(5_(0) %F %
= Foe e a T
a T pth71 /_/A
o ~ g GF()e 8(,56
-V Fpe E.Vhe =— : E.3
’Ue \Y 0e T U, \Y% T 8tf ( )
Finally we find the equation for ions at ES,
Ut;j’e ;Li Vth,e 3 Uth,i @Ni Uth,e j%ﬁ
~= a ! Pth,e T Pth,e T
! th + ’U th + v thi
Ot¢
e jeb - tine 507 “j;epm %
T " Pthii .
- ~E T agpl
+ 'U VFOZ + v - Vshi = T FOz 8tf R (E4)

where again the factor J appears due to ion gyroaverages over the ES fluctuations. We
will use equations (E.1)-(E.4) for the remainder of the discussion in this Section.
The gyrokinetic ordering (8) naturally suggests the gyro-Bohm ordering, where

Vidf ~ VM;AJ/C‘ (E.5)

Ordering (E.5) allows for a separation of scales between electron and ion spatial scales,
in analogy to the separation between turbulent and equilibrium scales in ordinary
gyrokinetics. In the usual picture used to motivate the gyrokinetic orderings there are
eddies of size py, stirring up a background equilibrium gradient of scale a and size Fy/a,
where Fj is the typical equilibrium amplitude, which results in turbulent fluctuations of
amplitude (pn/a)Fp. In the gyro-Bohm ordering the picture is the same with pg, — pine,
a — pmi, Fo — 6f, i.e. the ES plays the role of the fluctuation and the IS plays the
role of the equilibrium. With our assumption of length and time scales, ordering (19),
we arrive at the gyro-Bohm ratio for the turbulent amplitudes,

N . 1/2_
§f ~ Pihesy | Uiy (m) 57, (E.6)
Pth,i Uth,e m;

We use the ordering (E.6) and look for a saturated dominant balance for ions at
the IS in equation (E.1), where

Uth1€¢ @
hl ~ _Fi7 E7
T s T a T (E7)

and similarly for electrons at IS in equation (E.2), where

—E Uth,i €¢ Uth,i 65
-V h ~ -VFy, = —he ~ — Fpe. E.8
Ve ve V=BT o T (E:8)

We do the same for electrons at ES in equation (E.3), where

Uth,e %~ Uth,e e

~

vh/N VFe e e
the ~ 0+ VFoe = - 2 a T

F0€7 (Eg)
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and note that the scale of &; in (E.4) is set by the drive terms, rather than the advection
terms,

Uth,e 7 Uth,e
hy ~

oM Vi ~ 0F VR, =
a a

ed
J—Fy;. E.10
4 (E.10)

Then with quasineutrality equations (51) and (52), which indicate

65 Ei Ee GQE iLi iLe
7 d = ~ E.11
T max { B FOe} , an T max { R FOe} , ( )

we arrive at the self-consistent scalings (57).

Using the scalings (57) we see that the gyro-Bohm ordering captures ES turbulence
where h/Fp. is modified at leading order by IS gradients, where ions at ES can be
ignored, and where the largest possible cross-scale terms can be neglected in the IS

equations. The ion cross-scale term Vi - <1~)1E l~zl> in (E.1) is neglected because it is
- ES\"*
small by O (m./m;). The electron cross-scale term Vi - <<fzf he> > in (E.2) is small

by O <(me / mi)l/ 2), and is neglected along with the small correction ES) to the electron
distribution function at IS. We now consider if it is possible to modify the scalings with
mass ratio, by considering the possible impacts of cross-scale interaction. Cross-scale
interactions are the only mechanisms which might alter the gyro-Bohm scaling (57).
However, we conclude that (57) is the only self-consistent scaling for the fluctuation
amplitudes, and that (73)-(77) is the most general set of leading order, scale-separated
equations.

Appendiz E.1. ES turbulence enhanced by cross-scale interaction: egz;/T > pihe/a

First let us consider the possibility that the presence of cross-scale interactions causes
the ES turbulent amplitude to be enhanced by a factor of mass ratio compared to the
gyro-Bohm estimate, i.e. €d/T > pune/a.

The dominant terms in the ES equation for electrons (E.3) would be 97 - Vih,
F - VF., and 9F - V,h,. The dominant terms in the ES equation for ions (E.4) would
be f}lE . Vfﬁi, f)lE -V Fy;, and fJiE -Vh;. If the equilibrium drive terms are dominant then

we would have a balance between #F - VFy, and the nonlinear term 97 - V¢h, in (E.3)
and a balance between 0¥ - VFy; and the nonlinear term oF - Vih; in (E.4). This results

in
he ~ Pibe Foe, hi~ Pihe Fo;, (E.12)
a a
and so with quasineutrality (E.11) we would find
GQE Pth,e
—~ E.13
T a ’ ( )

inconsistent with our assumption.
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This tells us that for eé /T > pine/a to be possible we would need to have dominant
cross-scale interaction terms. For electrons, this implies that

Uth,e @Be  Uthee @Em (E.14)

) 7 ) T
- Vihe ~ - Vshe =
U, flle U, slte Dine T Pin T

and for ions that

ﬁlE : Vfili ~ ’1~)1E ' Vsﬁi = Uth,e j%ili ~ Uthye jﬁﬁi‘ (E-15)
Pth,e T pni I
Therefore we need,
Be - pth’eﬁe, iLi - Pth,eﬁi‘ (E.16)
Pth,i Pthii

In addition, we must have that the cross-scale interaction is much stronger than the
equilibrium drive, and so we must have that

he P, hi P
’ d . BE.17
Fo. > p an 5 > . ( )
With (E.11) this requires
€0 5, Pihi. (E.18)

T a
We now determine if (E.18) is possible.

Appendiz E.2. IS turbulence enhanced by cross-scale interaction: e¢ /T > Pni/a

Let us consider if it is possible for the IS turbulent amplitude to be enhanced by a
mass ratio factor compared to the gyro-Bohm estimate, i.e. e¢/T > pyi/a. We

- ES\°
consider the possibility that the IS cross-scale term Vj - <<ﬁf he> > is larger than

the equilibrium drive term <65 : VF06>0, and is sufficiently large to balance the IS
nonlinear term (oY - Vsﬁe>o in the electron equation (E.2). This is the only possible
way to obtain e¢/T > pni/a, as all other balances lead to gyro-Bohm scaling.

— _VES\°
The dominant terms in (E.2) would now be <66E . Vshe> and <VS . <6Ehe> > ,

e

which would imply

— SAES\? upied—  vmeed -
2 VL) ~ Y, - <<th> > o Ui COq | Uihe €O .19
< ¢ > ¢ Pth,i T Pth,i T ( )

With (E.16) this leads to

5T
ol (E.20)
T e¢
which is inconsistent with
9T Pe (E.21)

T ep  peni

which is implied by (E.16) and therefore neither eg/T > pu.o/a nor e¢ /T > py;/a are
possible.
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We could repeat this argument by attempting to balance the IS nonlinear term for

_ ES
ions, ¥ - Vihe, with the IS cross-scale term for ions, V- ( 9F hi> , and we would find

that for the cross-scale term to compete we would need
T ~
__5 ~J >, (E.22)

which is again inconsistent with (E.21) and therefore not an allowed balance.

Appendiz E.8. IS turbulence suppresses ES fluctuations: e¢ )T ~ pni/a and
ep/T < pine/a

Now let us consider the possibility that, as a result of cross-scale interaction, the ES
fluctuation amplitude is suppressed by a mass ratio factor compared to the gyro-Bohm
estimate, i.e. e¢/T ~ pui/a and e¢/T < puo/a. In this case, at the ES the usual
nonlinearity v% - Vih is negligible. The ES equations are still modified at leading order
by the IS gradients, and so linear and cross-scale physics is now dominant in the ES
equation (E.3), which gives us

v)b - ve%};e ~ 0 VFy ~ 0L Vhe
- ’Uth,eﬁ -~ Uth,e @F (E 23)
a °© a T % '

Ions at ES are still ignorable. Since linear and cross-scale physics are dominant, we still

find

- ed
o~ J—Fp, E.24
hi ~ J o Foi, (E.24)

as in the gyro-Bohm regime (E.6). Since we retain scaling (E.24), the cross-scale term in
the IS ion equation (E.1) may be ignored. We can ignore the IS cross-scale term in the
IS electron equation (E.2) which now appears at an order smaller than O ((me Jmi)Y 2)
in our expansion,

~ ~\ 2
-\ ES . v2 V2
Vs - <65he> ~ _vth’e@h ~ e <%> Foe < <me) %he‘ (E.25)

€
Pini T’ Pth,i@ i a

Hence, the ordering 65/ T ~ pni/a and e(ﬁ /T < pine/a captures the modification of ES
linear physics by IS profiles, where the IS is unaffected by the ES, even at sub-dominant
order. To realise this ordering the ES fluctuations must be linearly stable, and have
vanishing amplitude. Note that the IS gradients V3, and Vih, do not depend on t,
the ES time coordinate. Hence, in this ordering the ES turbulence cannot be saturated.
Either the presence of IS gradients suppresses the ES instability, in which case the ES
turbulence vanishes, or the IS gradients enhance the ES instability, in which case the ES
fluctuation amplitudes grow until they saturate at gyro-Bohm levels through the usual

nonlinear term 0% - Vih,.
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Appendiz E.4. ES turbulence suppresses IS fluctuations: e¢ /T < pni/a and
e/ T ~ pine/a

Finally let us consider the possibility that, as a result of cross-scale interaction, the
IS fluctuation amplitude is suppressed by a mass ratio factor compared to the gyro-
Bohm estimate, i.e. ed/T < pni/a and qu/T ~ pine/a. Here, the ES turbulence
is nonlinearly saturated by the single scale nonlinearity v% - Vihe in (E.3). The ES
turbulence is unmodified by the IS fluctuations as the ion gradient terms are small. The
single scale nonlinear terms of the IS are negligible; both @ - V¢h; in equation (E.1) and
(vF - Vsﬁe>o in equation (E.2) are small because e¢/T < py.i/a. The only way for the

- ES\*
IS to be saturated is through the cross-scale term V- <<f)£he> > in (E.2), which is

a time varying source. This would require

n _\ES\° _ 5
(- va) e Ly, <<th> > = Dhip ”th’e%he, (E.26)

Oag a Pth,i

which here implies

he Pth,e
~/ .
FOe a

If we assume that the electrons set the scale of e¢ /T then the ion IS equation (E.1) has

(E.27)

a dominant balance between only linear terms,

’Uiju . Vsﬁi ~ EIE : VF(),L = Uth’iﬁi ~ Uthd %Fol', (E28)
a Pth,i

and so

Ei Pth,e

~ e E.29

7~ a (E.29)
Using (E.11), (E.27) and (E.29) we see that,

6& Pth,e

v Pt E.30

T a ’ ( )

is a consistent scaling. Therefore, naively /T ~ pue/a < pni/a and ed/T ~ pue/a
appears to be a consistent ordering for the IS-ES system. However, note that in this
regime the ES cross-scale terms, ©7 - Vihe and 97 - Vih, in (E.3) and @7 - V¢h; and
oF - Vsh; in (E.4), are small. The ES turbulence only has dependence on the IS spatial
coordinate R through the IS gradients appearing in the ES cross-scale terms, and the
parallel boundary condition (89). If we assume that the parallel boundary condition does
not introduce significant spatial inhomogeneity, then in the regime that e¢ /T < pni/a

N _\ES _\ES
and e /T ~ py,o/a the fluxes <6f he> and <'61E he> are not functions of R,. Hence,

V.. <@F51>ES — V.. <<0Eh>ES> —0 (E.31)

identically. Therefore, the regime where e¢/T < pwi/a and eg/T ~ pu.e/a can only
exist when the IS fluctuations are linearly stable, and therefore have no amplitude.
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In this ordering there is no saturation mechanism for the IS turbulence. If the IS
fluctuations are linearly unstable they will therefore grow linearly until the gyro-Bohm
saturation level is reached. We conclude that only the gyro-Bohm scaling (57) gives
saturated dominant balance in the equations (E.1)-(E.4).

Appendix F. Obtaining the scale-separated ES quasineutrality relation

In this Section we show how to evaluate ES quasineutrality in a local, scale-separated
way for the electron species. Recalling that for electrons Ry = ¢ — p. and Ry = s — p.,
where p, = (b x v)/€Q, is the vector gyroradius, and using the Fourier representation
(53), then

Bo( R, By) = ((re,mr) )

~
R57Rf

2

Zsen,\ 1 ) '
- _<Z VT ) Zexp [iks - R] exp [iks - Ry]Jo(| ke + k|| pe]) x
v Y kfyks

[ ol 0,200 Ik + ), (F.1)

where we have used (55). By noting that |k¢||pe| ~ |kt|ptne ~ 1 and |kg||pe| ~ |Es|pthe ~
(me/m;)"?, we can expand the Bessel function in its argument,

ke dJo(2)

Jo(lke + kollp) = Jo(lEel|p]) + O | o . Kyl p,
o(|ks + Esl|pe]) = Jo([k:||pel) + e !p\\ s

~(me/m;) /2 ~

= Jlkdlloc) + O ((ZY) , (F.2)

and so we are able to rewrite (F.1) in the form

z=|kgl[pe|

J/

Pl ) = (0 2

14

> exp ik, - R] exp [ik; - Rl Jo(|kr|lpe]) x
ke ks

/ Bher, 1. (0,2, ), o) Jo(| K] |pe]) (1 +0 ((%) 1/2)) . (F.3)

This allows us to resum the slow Fourier series, and thus return to a parametric

representation where R only appears as a label,

5 ZZen,\ 1 .

BelRe, Be) = — (305 > exp ke Bl (o) >
f

v
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/d% R, (0, Re, 2.\, 0) Jo(| ke pe)) (1 +0 ((:;) 1/2)> , (F.4)

Therefore, we have found a scale-separated scheme for evaluating quasineutrality; at the
ES we can parallelise over the label R;. Consequently, ES flux tubes which are labelled

by different Rs may be integrated in isolation, up to coupling introduced by the parallel
boundary condition.

Appendix G. IS and ES heat fluxes

In this Section we discuss the scaling of the heat flux predicted by the coupled system
of equations in the ordering (57). The heat flux @ is defined as

c FT c FT
Q= </ d*v], 5 b x v¢> — </d3v|reh§b x v¢> . (G.Y)

where (>FT is a spatial average over the entire flux tube domain. The average (>FT is
the flux surface average with an additional average in the v direction, as appropriate to
a calculation of turbulent fluxes within the scale-separated framework of  f gyrokinetics.
In equation (G.1) we used the fact that in electrostatic turbulence J f is related to h by
(11), and integration by parts with the periodic flux tube boundary conditions, to show
that the heat flux is purely due to the non-adiabatic response h. In our formalism we
can write,

Q= < / dol,e(h+ ) (b x (V. + vf>¢>)>FT

1 _c _
— Vi/dr” /dzrs/d3v|rshﬁb x Vs

1 - e .
A% ;/dr”/dQTf/d3v|Tsh(rS)§b x Vid(ry), (G.2)

where the cross terms vanished because of the assumption of statistical periodicity (18),
Vi = [dr [ d®rs is the volume of the IS flux tube, Vi = [ dr [ d*r¢ is the volume of
each ES flux tube, and N,, = > 1 is the number of ES flux tubes. The sum ) is
over all the ES flux tubes within the IS flux tube. We can identify the IS heat flux

— 1 — _
0= Vi/dr“/dzrs/di”vbehéb X Vb

1 — c J—
= Vi/drlAi;/dsmrdL—ksEb X iksdy,_, (G.3)
and the ES heat flux
~ 1 9 3 ~ cC ~
Q= NV ;/dr” /d rf/d U\Tgh(rs)gb X Vio(rs)
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1 . o
= / drjAc / 0], eh i, (1) 5b X iksr, (7). (G.4)
rsVe e g

where A; = [ d*rg and A, = [ d*r¢ are the areas of the cross sections of the ion and ES

flux tubes respectively. With these observations, we are able to write down the scaling
of the fluxes of each species with the potentials e¢ /T and e¢ /T,
2

Q; ~ Q. ~ nTv; (%) ; (G.5)

e 6¢~) i Me 12 A qu i
Qi ~ nTvg e T <mi> ;o Qe ~nTvge T | (G.6)

Here the extra factor of (me/ mi)l/ % in Q; appears due to the smallness of the ion response

at ES and the Bessel functions in the ion gyroaverage at ES.
In the gyro-Bohm scaling (57),

= A Pth,i\ 2

Qi Qe nT'Uth,1< a > 3 (G?)

Q. T <pth,e>2 % 12 Q T (pth,e>2 (G 8)

i n Uth,e a m; s e n Uth,e a . .

Hence

. m A\ Y2 m A\ Y2

o~ () o~ (2) @ (G9)
m; m;

This means that the heat flux from the ES should be small, but for finite mass ratio there
can still be a finite contribution due to the stiffness of turbulent transport. We expect
that the heat flux from non-zonal passing electrons at IS, which we neglect, to always
be negligible. The heat flux from non-zonal passing electrons at IS is a small correction
to Q,. In scenarios where the IS heat flux dominates the ES heat flux neglecting a small
piece of the IS heat flux is justified, providing we neglect Q.. In cases where the ES
heat flux Q, is comparable to or dominates the heat flux from IS, then again, neglecting
a small piece of Q, is justified. The ion ES contribution to the heat flux can always be
neglected as Q; ~ (me/m;)"? Q..

Appendix H. The “twist-and-shift” parallel boundary condition

In this Section we reproduce the calculation of the IS spectral parallel boundary
condition, first proposed in [30], in our notation to aid the discussion in Section 8.
The real space statement of the IS boundary condition is equation (88). Expanding the
guiding centre variable R in equation (88) in Fourier modes after (90), we find that
equation (88) implies

Z Ty e (0) €xp [k (105 — tho) + ka1, 0, ¢) — )]

kw:ka
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= e k) (0 4 27) exp [ik), (s — o) + ika(a (s, 6 + 27,¢) — ag)]. (H.1)
K, ko

Using the definition of a(¢,0,() — ap = ¢ — qof — q;(¥ — o), equation (H.1) can be

written as

> g ) (0) exp [ikey (s — th0) + ika((ths, 6, ) — ag)]

kkaa

Z h(k’ ) (0 + 27) exp [lkw(w Vo) + ika(a(ts, 0, ) — g — 2mqo — 2mq) (s — o))

k:’ ko

Z h(k:’ ) (0 +2m) exp [i(ky, — 2mqka) (s — o) + ika(a(ts, 0, ) — ap)] exp [i27mqoka]
K, e
(H.2)

Equating Fourier coefficients with the same exponent, we find that the IS Fourier space
boundary condition is equation (91).

Appendix I. The ES “twist-and-shift” parallel boundary condition

In this Section we calculate the spectral boundary condition corresponding to the real
space ES parallel boundary condition (89). Expanding the fast guiding centre variable
R; in equation (89) in Fourier modes as in (92), we find that equation (89) implies

Z B(vaKa)(ea RS(¢S) a(wsv 0, C))) eXp [1K¢<¢f - %) + iKa(O‘(wf: 0, C) - ao)]

Ky, Ka

= > iy k) (0 + 27, Ra(ths, (s, 0 + 2,))) %
K/, Ko
exp [iK, (Vr — o) + 1Ko (a(ty, 0 + 2, () — o), (L.1)

where K, and K, are the ES wave numbers corresponding to ¢y and a¢. Equation (I.1)
can be written as

Z iL(Kw7Ka)(97 RS(¢S) Oés)) exp [le(wf - %) + iKa(a(¢fa 07 C) - Oéo)]

K’d)vKoc

= 37 B (0 + 27, Ru(th, ot 0 + 21, C))) exp [iK (v — 1ho)]
K{b,Ka
exp [iK, (¥, 0,¢) — ag — 2mqo — 2mqy(ws — 1o))]. (I.2)

Equating Fourier coefficients with the same exponent, we find that the ES Fourier space
boundary condition is equation (93).
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Appendix J. Satisfaction of relations (98) and (99)

In this Section we show that the relations (98) and (99) are satisfied when the IS
turbulence satisfies the boundary condition (88), and hence demonstrate that equation
(89) is a sensible parallel boundary condition for the ES turbulence. First, write the 1
derivatives at fixed ( instead of fixed ag,

0 0 0

0 0

oo = Fuclo t a0 Clueo” Baglyss — OClus (1)
Then,
| 2 R a0+ 27.0)

o ai | o B0+ 27 Bt a0+ 27.C)))

~ | a?z}s i TS e O+ 2, Rt a0, 0 42 ))

_ [ais Lt qgea% o) 6. Rl 024 6.))

= 0. R, au,6,0). (7.2

where we have used the relations (J.1) to rewrite the derivatives in a way that we can
use relation (89), and used that
0 0 0 0
=—| , and — = — :
Oslcovom  Oslco I lyso42r O Ly
We can therefore see that relations (98) and (99) are satisfied.

(1.3)

Appendix K. Boosting away the piece of ©” that is constant in ¢

In this Section we show that if we write the equation for the ES fluctuations (76) in

terms of the guiding centre distribution functions g, = <3?e> = iLe + ePeFoe /T and

y
JR— — RfyRs
J. = <5fe>; = he + €9, Fo./T then we can remove the component of the IS advection

vY due to the component ¢, of the potential ¢ which is constant in #. By writing
equation (76) in terms of g, and g, we find that

8.&6 8§e M _E ~ ~E ~
b-Vio - ViGe - V¢ Ge
atf + Y| o0 + (ve tv, ) t0e 1+ U, tg
. ZeF 0P Zeky .
E (VFE G)= 20, b e _ £E80e M K1
+v, - (VFye + Vig,) T vy b- Vo 20 T Y Vige, (K.1)
where we have used that ¥7 - Vi3, = —9F - V@, and 9F - Vi@, = 0. Note that if ¢, is

constant in @ this means that d¢./d6|, = 0. For irrational values of the safety factor g,
this implies that ¢, is also a constant in a. We will henceforth make this assumption.
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We explicitly separate out the £ x B advection arising from ¢, in (K.1) by writing (K.1)

as
g .
a—tf—i—’u,-Vg—S, (KQ)
where
_ c — 0 0 0 0
u_bengﬁc, V_V'(ﬁ(aws—'—a—wf)—i-va(aasﬁ—a—af), (KS)

and S contains the terms in (K.1) which do not explicitly appear in (K.2). Expanding
the vector expression w - Vg in (K.2), we find that
o c I, 07 99, 07
-Vg=—-=b-V \V4 < = — < ) K4
w V=g e X VY S G~ Bar (K-4)
B

Here d¢, /0 has no dependence on 6. This means that at a given IS location (¢, as)
the drift velocities are constant within the ES flux tube. The equation (K.2) is now

99 9. 99
—_—— C— —

=S. K.5
8tf 8ws 804 ( )
——
constant
Let
¢,
tf/ = fo, Qﬂg = lﬂf, Ctg = Of — Cawstf. (KG)
Changing to the coordinates (t¢, 1f, af), we find
dg
=9 K.7
oty (K.7)

i.e. we have boosted to a frame rotating with the constant drift .

Appendix L. IS and ES collision operators

In this Section we discuss how to include the effect of collisions in the scale-separated
model of coupled IS-ES turbulence (73)-(77). We first discuss the orderings for collision
frequencies. Then in Appendix L.1 we find the forms of the IS and ES collision
operators. Using the same techniques as used in Appendix F to find the scale-separated
quasineutrality relation (77) for the ES gyrokinetic equation (76), we find in Appendix
L.2 the scale-separated ES collision operator which should appear in (76). Finally in
Appendix L.3 we give the Fourier representation of the collision operators.

We have noted that collisions are required to regularise velocity space. In order to
retain the regularising effect of collisions without obtaining a purely adiabatic electron

response at IS, we order

Vee ™ Vei 7~ vtCl;iu (Ll)

where v, is the electron-electron collision frequency and v is the electron-ion collision
frequency. To be consistent, the ion-ion collision frequency

me\ ""? ven
Vii'\’( e) Lt (L.2)

my; a
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because ions collide with other ions at a rate (me/mi)l/ ? times slower than the rate
at which electrons collide with other electrons. The ion-electron collision frequency is
negligible,
m o\ M2
Vie ~ — Vi ~ <—e) Vij. (L.3)
i my

Due to the diffusive nature of the collision operator [56], we have that, for ions, at both
spatial scales,

O]i ~ Viivgh7i<5vi)_2hia (L4)
and for electrons, at both spatial scales,
Cle ~ VeeUih o (00e) 2 he. (L.5)

In the orderings (L.1) and (L.2) the bulk of the ion distribution functions, where
0v; ~ Ui, and the bulk of the electron distribution function at ES, where dve ~ vihe,
are unaffected by collisions at leading order. This can be observed by inspecting (L.4)
and (L.5) and comparing the size of the collision terms with the linear timescale at each

scale, i.e.
me\"? Ve Vth.i
O ~ <_> g« Zhip (L.6)
m; a a
and
me\ v Vthi v
Cle -~ (_e) th,e he -~ th,i he < th,e he- (L?)
m; a a a

For electrons at IS in the bulk of the distribution, where dve ~ wvihe, the frequency
of collisions is fast enough to modify the trapped piece of velocity space at leading
order, but not fast enough to detrap the electrons entirely, which would require
Cle > (vtni/a)he. This allows us to keep a fully kinetic description for the electrons.
Nonetheless, pieces of the distribution functions inevitably develop small velocity space
structures due to the parallel streaming terms, which introduce phase mixing. In the
presence of collisions these small velocity space structures are damped, because the
collision terms, which introduce dissipation, become as large as the parallel streaming
terms for each species. If dv; < (me /mi)l/ 4 v, for a piece of the ion distribution
function then by (L.4) the effect of collisions will be significant: for this piece of
(Venifa)hi ~ vyb - VOOh; /0. Similarly if dv, <
(me/m;)"* Uthe for a piece of the electron distribution function, then by (L.5) the

the ion distribution function, C} 2

~Y

effect of collisions will be significant: for this piece of the electron distribution function,
Cre 2 (Vthe/@)he ~ vyb-VOOh./00. Altogether, this allows us to assume that dve ~ vy e
and dv; ~ vy, ;i at both spatial scales.

Appendiz L.1. The forms of the collision operators
To order O ((me/mi)l/2 (Uth’i/a)hi>, the ion collision operator has the form [56]
Ci = (Ci [hi]) g » (L.8)
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where C}; is the linearised ion-ion self collision operator, and the velocity space
derivatives acting on h; are taken at fixed # and r. Note that because of ordering (L.3),
the contribution of ion-electron collisions, of order (me/m;)(vin;/a)hi, can be neglected
because it is O (m./m;) small compared to the linear terms. To find the IS collision
operator which should appear in (73), we apply the ES average to (1..8). We find that

ﬁli - <Oii [E1<07 Ts — pPis & >‘7 0-)} >Ls ) (L9)

where our notation indicates velocity derivatives are held at fixed # and r,. To derive
(L.9) we have used the properties proved in Appendix B: the ES average commutes
with the gyroaverage (10); and either Ry or 7 can be used as the ES average integration
variable. The ions at ES are adiabatic and so we will not require 6’; Keeping terms in
the electron collision operator relevant in our ordering, O ((me / mi)l/ 2 (Ven,i/ a)he>, we

have [56]

.. v
Clo = (Cee [he) 1 + <Lei [he - —me;‘j "’FOE} > , (L.10)
e R

where Cy is the electron-electron self collision operator, L.; is the Lorentz pitch angle
scattering operator, which appears due to electron-ion collisions, and

1
u; = —/d3v|r vh, (L.11)
n

is the the mean ion velocity. Again using the ES average (23) and the properties proved
in Appendix B, we find

_~ . ’Y
G = (Cur ] + (Lo B "2 2R (L.12)
S e RS
where
1 _
a— o [ dl, b (1.13)
n

and the velocity derivatives in Ce and Le; are held at fixed 6 and 7. In (L.12) we regard
he = he(0, 75 — pe, &, \,0). The collision operator which should appear in (74) is

()" = <<C 7| >;> + <<Lei 7| >;> (L.14)

where Eio) is the leading order piece of the IS electron distribution function, and we
have neglected
_ 1/2
M Vg ~ (m) * o Foe < 2. (L.15)
T m; a
By taking the difference between (L.10) and (L.12), we find the ES electron collision
operator

~

gl ~ Mol -V
o L |he — ——F, , L.16
]>RS,Rf - < [ Te 0 } > ( )

R, Ry

=

Cie = (Cec |
where

1 -
;= —/d3v|7, vh;. (L.17)
n
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In (L.16) the velocity derivatives in Cg and Le; are held at fixed 0, r5 and 7¢, and we
regard ho = ﬁe(Q, Ts — Pe, Tt — Pe, €, A\, 0). Note that in the electron collision operator
at ES, we only need to retain terms of O (Veeﬁe> ~ O ((vth’i/a)ﬁe) As discussed in
Section 3, in our ordering for the electron collision frequency (L.1), we imposed that
collisions at ES appear as a sub-dominant term designed to regularise sharp gradients
in velocity space. Note that @; /vy, ; is small,

_ 12 7
i By (ﬂ> o (L.18)

)
Uth,i m; T

where in (L.18) one factor of (me/m;)"/* is due to the velocity integration in the definition
of w; (L.17), which introduces an ion gyroaverage, and the second appears because
hi ~ (me/m;)"* e /T by the scaling (57). Hence, we can neglect the contribution to
the electron-ion collision operator from the ion response at ES A,

meﬁi v ’111
FOe ~
Te Uth,e

F(Je < iLe- <L19)
The ES electron collision operator neglecting ions at ES is therefore
~ ~ g
Cle = <C’ee [he(ﬁ, Ts — Pes Tt — Pe, €, A, a)]>
R57Rf

Y

+ <Lei [56(97 Ts — Pe, Tt — Pe, €, N, 0)} > (L.20)

where the we note that (I..20) does not yet represent a scale-separated collision operator

)
Rs,R¢
due to the gyroaverages and velocity derivatives held at fixed rg.

Appendix L.2. Scale-separation in the presence of collisions

To obtain a scale-separated ES gyrokinetic equation the slow spatial coordinate Ry must
appear only as a label. Gyroaverages and velocity derivatives held at fixed r¢ introduce
coupling between perpendicular locations in the IS flux tube which naively appear to
break scale separation.

To deal with the gyroaverages and velocity derivatives held at fixed r4 in (L.16),
we perform the same operation of approximating the Bessel functions as in the ES
quasineutrality relation (72) to write the gyroaverage and velocity derivatives in év’le at

fixed 0, r; and R, with only O ((me / mi)l/ 2) error (as with quasineutrality)

51; = <C’ee [iLe(H, R, 7 — pe,c, /\,O‘)] >;s n (1 +0 <(7;:Le>1/2>>
a0 o= o] (100 ((2)7)).

and so obtain a scale-separated collision operator for (76).
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Appendiz L.3. Fourier representation for collisions

We now give the Fourier representation of the collision operators which appear in
gyrokinetic equations (79), (80) and (82) when the effect of collisions is included. In the
equation for ions at IS (79) the collision operator is

Cli, = <exp liks - pi]Ci [exp [—iks - pi]ﬁiks} >7. (L.22)

In the equation for electrons at IS (80) the collision operator is

Cleks = <<eXP [lkb : pe]Cee [eXP [_lkb ' pe]ﬁeks] >,Y>O

o

+ <<exp [lks . pe]Lei [eXp [_iks : pe]ﬁeks] >’Y> ) (L23)

where hep, = ESC)S and we note the presence of the orbital average (-)°. At ES in (82)
we also only need the electron collision operator

@kf = <€Xp [lkf : pe]Cee [exp [_ikf : pe]ﬁekf] >F;{b

(exp [iks - pe]Lei [exp [—iks - pe)hek, ] >;;s , (L.24)

where the velocity derivatives appearing in Ce, and L; are held at fixed R,.
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