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Abstract

Ultracold dipolar systems, featuring strong long-range dipole-dipole interactions,

have been brought under increasing quantum control over recent years. In this thesis, we

study the use of these properties for quantum information processing and simulation of

many-body Bose-Hubbard models with off-site interactions. We first investigate robust

entangling protocols for polar molecules, finding that shaped microwave pulses provide

two-qubit entangling gates based on the dipole-dipole interaction with robustness to

experimentally-relevant errors. We then numerically study the ground state properties

of hard-core dipolar bosons confined in cylindrical optical lattices, where the curved

lattice surface causes the anisotropic dipole-dipole interactions to vary around the ring

of the cylinder. This expands the physics of analogous square lattice models due to

the cooperation and competition of the interactions in different directions. Finally, we

investigate the applicability of the lowest-band dipolar Bose-Hubbard model itself by

comparing lattice and continuum methods for small systems of strongly interacting

dipolar bosons in optical lattice potentials.
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1
Introduction

Dipolar systems offer opportunities to expand on the quantum applications of short-

range interacting atoms. While experimentally more challenging, they interact strongly

with external fields and with each other over long distances due to the dipole-dipole

interaction. This enables significant interactions between particles in separate traps or

separate sites of optical lattices. In this thesis, we focus on the use of these properties

for quantum computation and simulation purposes. We first introduce these two aims

and then discuss the experimental status of the dipolar systems themselves.

1.1 Quantum Computation

Quantum computation has drawn significant interest since it was first proposed that

modestly-sized controlled quantum systems could surpass the information processing

capabilities of the most advanced classical computers [1]. While a classical computer’s

bits are restricted to the values ‘0’ and ‘1’, quantum bits can represent superpositions

of the computational basis states and become entangled. For circuit models of quantum

computation, information processing takes place through a sequence of quantum gates,

1
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which simultaneously perform the desired transformation on all computational states

while preserving the phase relationship between them. Because of the extra states

available to quantum bits, the number of classical bits required to exactly simulate an

arbitrary quantum system grows exponentially with the size of the quantum system,

meaning that a universal quantum computer with 50 qubits would be able to perform

calculations beyond the realistic capabilities of classical computing. Certain quantum

algorithms, such as Grover’s algorithm [2] for unstructured search problems or Shor’s

algorithm [3] for factoring large numbers, are known to perform useful tasks with

improved scaling performance compared to the best known classical algorithms.

While the theoretical power of quantum computation is clear, experimental im-

plementation has proved challenging. A practical device for quantum computation

must satisfy the DiVincenzo criteria [4] which require the ability to initialise, process,

and extract information before it is lost to the environment. This requires extremely

precise control and well-isolated systems because the advantages of quantum computing

rely on delicate phase coherences and large entangled states. The fact that quantum

information cannot be copied or cleanly extracted during a computation also complicates

the correction of errors due to imperfect implementation, meaning that a useful near-

future device would likely require far more than 50 physical qubits.

Current quantum devices fall into the NISQ (noisy intermediate-scale quantum)

regime (reviewed in Ref [5]) where there are enough qubits to surpass classical

computation in principle but not enough to implement error correction as well.

There have been recent demonstrations of quantum computation using ≈ 50 logical

qubits for sampling tasks [6–8]. While these are important milestones, they do not

yet offer universal fault-tolerant computing beyond classical capabilities. Multiple

platforms (reviewed in Ref [9]) have been investigated for this formidable task with

their own advantages and disadvantages, although none has emerged as the single
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dominant candidate.

Although behind in experimental maturity due to their greater complexity, polar

molecules have the advantages of a large controllable electric dipole moment and a large

number of long-lived hyperfine states which can be manipulated by microwaves [10, 11]

and potentially used to store quantum information [12–14]. This allows for resilience to

spontaneous decay and strong interactions despite charge neutrality. These properties

have led to multiple proposals to perform entangling gates using polar molecules [15–20].

A necessary condition to harness the potential of polar molecules for quantum

information applications is that the entangling protocols operate successfully in the

presence of significant experimental imperfections. In chapter 2, we show that the

flexibility of choice of qubit states together with shaped microwave pulses allows

the dipole-dipole interaction to perform a robust entangling gate for two molecules

in separate optical tweezers [21].

1.2 Quantum Simulation of Many-Body Systems

As well as providing a theoretical acceleration for quantum computation compared

to classical computation, the difficulty in classically simulating moderate numbers

of quantum particles hinders our understanding of the physics of even very simple

quantum many-body systems. Strongly correlated quantum materials host a wide

range of potentially useful physics (such as high-temperature superconductivity or

topological states) whose underlying mechanisms are poorly understood.

Condensed matter systems which demonstrate these properties are often difficult

to modify and contain defects, which makes it challenging to explore different physical

parameters and explain their behaviour. An alternative approach is to build a well-

controlled quantum system to mimic the original system in order to benefit from
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controllability and the quantum scaling advantage. The system can be designed to

simulate the physics of a simple model which may be an abstract model or conjectured

to accurately describe the properties of an existing condensed matter system. In both

cases, the motivation is to connect the often simple interactions between particles to

the diverse emergent behaviour of many particles while, in the latter case, successful

quantum simulation may help to verify under which conditions the model describes

the condensed matter system [22].

In this thesis we focus on analogue quantum simulation, where the desired Hamil-

tonian is implemented directly by the system (as opposed to via quantum gates

or using variational circuits) [22–24]. This requires a lower degree of control and

flexibility than a universal quantum computer, which helps to reach system sizes

beyond classical computation, but limits each particular system to simulating a

smaller class of Hamiltonians.

Over the past decades, the most widespread platform for this technique has been

ultracold alkali atoms in optical lattices. These systems offer excellent control over

the Hamiltonian parameters in a pristine and regular optical potential while allowing

single-site manipulation and measurement [25–28]. Despite these advantages, alkali

atoms in their ground electronic state are limited to scattering interactions whose

range is much shorter than the distance between optical lattice sites. This restricts

their use for simulating models with significant interactions between distant sites.

Dipolar systems overcome this constraint using the dipole-dipole interaction (DDI)

which has a much shallower 1/R3 decay with distance.

The addition of dipolar interactions is predicted to expand the available ground-

state phases [29], including density waves, supersolids [30–32], spin liquids [33, 34],

and other topological states [35–41]. While dynamical effects of dipolar interactions

have been observed [42–45], such delicate and exotic ground states have not yet
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been experimentally realised in systems with permanent dipole moments because the

required temperatures and filling fractions have not been realised. For applicability

to near-future experiments, we focus on systems of ≈ 10 − 1000 lattice sites where

finite-size effects can be significant.

The off-site interactions which create these unusual strongly-correlated states

can additionally be made to vary across the surface of the lattice by combining the

anisotropic DDI with curved lattices. In chapter 4 we study the dipolar Bose-Hubbard

model in a real-space cylindrical lattice, showing that this mechanism leads to a

rich phase diagram with enhanced entanglement caused by the competition of these

spatially-modulated long-range interactions [46].

The use of ultracold dipolar systems in optical lattices for quantum simulation

largely rests upon the simplified description of the physical system using a discrete

lattice model. In chapter 5 we quantitatively investigate the validity of this connection

by comparing numerical results for the continuous-space model of dipolar interacting

bosons in optical lattice potentials with the corresponding lowest-band dipolar Bose-

Hubbard model. We find that the nature of the breakdown of the lattice description

for very strong DDI depends on the spatial ordering imposed by the interactions.

While we have focussed on Bose-Hubbard models in this thesis, long-range interac-

tions allow non-trivial spin models to be simulated without (or in addition to) particle

tunnelling [34, 47–53]. This has recently been demonstrated in other platforms such as

≈ 102 trapped ions [54] and Rydberg atoms in 1D [55] and 2D reconfigurable optical

tweezer arrays [56,57]. These examples show that the ground-state physics of long-range

interacting models in moderately-sized systems can now be observed experimentally.
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1.3 Dipolar Systems

In this thesis we focus on ultracold systems with a large long-lived dipole moment,

specifically magnetic atoms and polar molecules. (We note that Rydberg atoms

in highly-excited electronic states have even larger electric dipole transitions and

have a range of applications, including quantum computation and simulation, despite

faster rates of spontaneous decay). Highly magnetic atoms (such as Chromium [58],

Erbium [59], and Dysprosium [60,61]) have large unpaired electron spins which create

a magnetic dipole moment while for heteronuclear polar molecules, an electric dipole

moment can be induced along the axis between the two different nuclei. There has

also been recent research into using electronically excited states to create short-lived

electric dipole moments in magnetic atoms [62] or incorporating magnetic atoms into

polar molecules [63, 64], which could lead to doubly-dipolar systems whose electric and

magnetic dipoles can be polarised independently. For completeness, we briefly comment

on the status of these platforms for quantum information and simulation purposes.

Magnetic atoms (see [65] for a recent review) have been cooled and trapped in optical

lattices, which has been used to observe DDI-affected dynamics in the extended Bose-

Hubbard model [44] and for simulation of spin models with large spins S > 1
2 [50–53]

including additional tunnelling [66, 67]. More recently, there has been great interest in

using gases of magnetic atoms to create supersolid droplets [68–71], where the DDI

is important for creating the density modulation.

Polar molecules have seen swift development over recent years. There are two main

experimental processes to produce and cool them: The first is association, where two

different species of atom are laser-cooled and then a heteronuclear molecule is formed

using a Feshbach resonance and subsequent STIRAP pulses or optical transitions

alone [72–74]. This approach has produced optical lattices with filling fractions of
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around 30% [42,43,75–77], built individual molecules in tweezers [78–80], and achieved

quantum degeneracy for fermionic molecules [81]. The second is to directly cool the

molecule [82–84], which is only feasible for molecules whose vibrational structure allows

a relatively closed laser cooling cycle. This newer method has so far struggled to

achieve the high densities necessary for optical lattice filling but has created molecules

in individual traps [85, 86]. For both categories, rapid progress has been made over

the past decade in reducing temperatures and extending coherence times.

1.4 Structure and Contribution of Thesis

In this thesis, we first focus on the robust entangling gate for polar molecules in

chapter 2. To introduce the quantum simulation section of the thesis, we show the

derivation of the lowest-band dipolar Bose-Hubbard model from interacting dipolar

bosons in continuous space in chapter 3, which underlies the research on the cylindrical

dipolar Bose-Hubbard model in chapter 4 and whose range of validity is investigated

through complementary numerical methods in chapter 5. In chapter 4 we present

our results for the cylindrical dipolar Bose-Hubbard model and in chapter 5 we show

our comparison of continuous-space and discrete-lattice numerical methods for small

systems of interacting dipolar bosons in optical lattice potentials.

The primary contributions of this thesis are the numerical results in chapter 2

concerning an entangling gate for polar molecules, made robust to certain experimen-

tal imperfections including population of low-lying motional states, the numerical

demonstration of the rich ground-state physics of the dipolar Bose-Hubbard model

in cylindrical lattices caused by the anisotropy of the DDI in chapter 4, and the

quantitative investigation of the breakdown of the lowest-band dipolar Bose-Hubbard

model for strong DDI in chapter 5.
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Robust Entangling Gate for Polar Molecules

This chapter contains and expands on results published in Ref [21]. MH contributed

substantially to the manuscript and performed most of the numerical calculations in

this chapter. Exceptions to this are clearly marked. Discussions with Carlos Sánchez-

Muñoz, Ruth Le-Sueur, and Erik Torrontegui are acknowledged.

Multiple schemes have been proposed with ultracold molecules to implement two-

qubit entangling gates [15,16,19] including in the specific case of 2Σ molecules (molecules

with an unpaired electron spin) [17,18,20]. Other proposals also utilise the large number

of long-lived hyperfine states offered by polar molecules to implement Hilbert spaces

larger than two dimensions (qudits) [11]. We set out a scheme which uses the large

choice of levels to reduce the impact of experimental imperfections while using the

dipole-dipole interaction to entangle a pair of molecules in separate optical tweezers.

Section 2.1 covers the derivation of the qubit space and DDI interaction Hamiltonian

from the molecular energy level spectrum and discusses error sources due to the control

and trapping. Section 2.2 illustrates the application of simple entangling protocols

based on adiabatic evolution to polar molecules while section 2.3 extends this to a

8
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robust entangling quantum gate using optimal control techniques.

2.1 Molecular Hamiltonian

2.1.1 Single Molecular Spectrum

The entangling protocols presented rely on avoided energy level crossings to make the

DDI energy significant. In the absence of external fields, diatomic polar molecules

feature four broad energy scales, which we list in descending order: Electronic excitations

due to the orbital wavefunction of the electrons, vibrational excitations due to relative

motion of the two nuclei along their separation vector, rotational energy due to rotation

of the nuclei (modelled as a rigid rotor) around an axis perpendicular to the nuclear

separation, and hyperfine energy, due to the alignment of the molecular rotation,

nuclear spin, and, for molecules with unpaired electrons, electron spin. We consider

ultracold molecules cooled to their electronic and vibrational ground state, leaving the

rotational and hyperfine levels to serve as the register for the quantum information [10].

This regime corresponds to temperatures below 1mK [87].

Because the spatial density distribution of rotational eigenstates is symmetric with

respect to parity, a molecule in a rotational eigenstate has no electric dipole moment

so it is necessary to mix rotational manifolds. One method for doing this is to use a

DC electric field [88, 89]. This requires an electric field which is at least of comparable

magnitude to the rigid rotor rotational splitting divided by the molecular-frame electric

dipole moment in order to bridge the rotational energy gap. This gap varies by around

a factor of 100 depending on the molecule and can require very large electric fields. For

this reason, we use an alternative scheme to bridge the energy gap between rotational

manifolds using resonant microwaves [17, 19, 47].

While such a scheme is generally applicable to polar molecules, we focus on the
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(a) (b)

Figure 2.1: (a) Energy levels in the lowest two rotational manifolds of CaF with example
qubit states |0⟩ = |N = 0, F = 1,mF = 1⟩ and |1⟩ = |N = 1, F = 2,mF = 2⟩ drawn in bold
for emphasis and coupled by microwaves. Energy levels provided by M. R. Tarbutt using
modelling [10] based on Hamiltonian parameters found experimentally in Refs [90,91]. (b)
Dipole moment |d| of the eigenstates of the single-molecule Hamiltonian as a function of
microwave detuning ∆ with microwave coupling Ω = 2π × 500rads−1.

example of CaF, which has recently been trapped and cooled to ultracold temperatures

[83, 92–94]. Figure 2.1(a) displays the energy levels of the lowest two rotational

manifolds of of the X2Σ+(ν = 0) state 1 of CaF as a function of magnetic field taken

from modelling based on experimental results. CaF is produced from 40Ca, which

has two electrons in its outer shell and 19F, which has one hole in its outer shell,

meaning that the molecule has one unpaired electron spin S = 1
2 . This isotope of

Calcium has no nuclear spin meaning that the total nuclear spin is provided by the

Fluorine isotope which has nuclear spin I = 1
2 .

In Figure 2.1(a), the energy levels of the first two rotational manifolds (N = 0

and N = 1) are shown, colour coded by the value of the total angular momentum

F from the combined nuclear spin, electron spin, and rotational angular momenta.
1This is molecular spectroscopic notation where X denotes the electronic ground state, 2Σ+ means

there is one unpaired electron spin, no angular momentum along the internuclear axis, and reflection
symmetry about a plane containing the nuclei, and ν = 0 denotes the vibrational ground state.
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Note that there are two separate branches for N = 1, F = 1 where the upper branch

corresponds to J = N + S = 3
2 and the lower branch has J = 1

2 . Each group of a

given value of F contains 2F + 1 energy levels indexed by mF , the projection of total

angular momentum onto the magnetic field quantisation axis, which takes integer

values −F ≤ mF ≤ F . In a finite magnetic field, these eigenstates contain small

mixtures of different F (and to a lesser extent N). Nevertheless, we label the states

at finite magnetic field by their connection to the zero-field states where these labels

are good quantum numbers. At a magnetic field of 50 Gauss, the angular momentum

projections are sufficiently split to allow microwaves of the correct polarisation to

resonantly couple two chosen levels with negligible probability of exciting others. These

two hyperfine states form the ‘qubit’ space.

As an example, we consider |0⟩ = |N = 0, F = 1,mF = 1⟩ and |1⟩ =

|N = 1, F = 2,mF = 2⟩. At a magnetic field of 50 Gauss, these states have energy

difference ℏωmol = h × 20.55 GHz. These states have a large transition dipole

moment and similar magnetic moments. This latter property means that ωmol is

relatively stable to unintended Zeeman shifts due to magnetic field instability and

has a sensitivity of 0.104(4)kHz/Gauss [95]. Alternative choices of states, such as

|0⟩ = |N = 0, F = 1,mF = 0⟩ and |1⟩ = |N = 1, J = 1
2 , F = 0,mF = 0⟩, also offer

large dipole moments and good coherence properties [96]. Similar criteria apply

to other molecules.

2.1.2 Single Molecule Qubit Space

In this section and section 2.1.3 we show a standard derivation of the Hamiltonian

in the molecular qubit space.

The qubit states are linked by an electric dipole transition. In this qubit space,
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the electric dipole moment operator is given by

d̂ = d10σx, (2.1)

where d10 is the transition dipole moment between states |0⟩ and |1⟩ and σx is the

Pauli operator |0⟩ ⟨1| + |1⟩ ⟨0|. A time-dependent electric field E(t) couples to this

electric dipole with energy −d10.E(t). This means that when the electric field consists

of microwaves of frequency ωmw and the correct polarisation, the Hamiltonian for

a single molecule in the qubit space is

Hmol = ℏ(1
2ωmolσz + Ω cos(ωmwt)σx), (2.2)

where σz = |1⟩ ⟨1| − |0⟩ ⟨0| and Ω (assumed to be real for simplicity at present)

is the maximum microwave coupling strength per cycle. We then transform the

Hamiltonian into the interaction picture with respect to the rotating frame Uframe(t) =

e−iωmwt/2 |0⟩ ⟨0| + eiωmwt/2 |1⟩ ⟨1| as standard for driven two-level systems. In order that

the time evolution of a general pure state respects this transformation, the Hamiltonian

in the rotating frame is related to the Hamiltonian in the original frame by

Hmol,rotating = iℏ
∂Uframe(t)

∂t
U †

frame(t) + Uframe(t)HmolU
†
frame(t)

=
(

−ℏ
2(ωmol − ωmw) ℏΩ

2 (1 + e−iωmwt)
ℏΩ

2 (1 + eiωmwt) ℏ
2(ωmol − ωmw),

)
(2.3)

where the matrix is written in the {|0⟩,|1⟩} basis.

In this rotating frame, the transformation introduces ‘counter-rotating’ off-diagonal

coupling terms which oscillate with angular frequency ωmw. As we are interested

in dynamics on a timescale much longer than 1/ωmol or 1/ωmw, we can perform the

rotating-wave approximation to remove terms which oscillate at this frequency. (This

assumes ωmol, ωmw >> Ω). We arrive at the single-molecule Hamiltonian

Hmol,RW A = ℏ(∆
2 σz + Ω

2 σx), (2.4)
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where ∆ is the detuning ωmol − ωmw which also obeys ωmol, ωmw >> ∆. Due to the

microwave coupling, the eigenstates of this Hamiltonian have a non-zero expectation

value of d̂ which reaches its maximum magnitude of 1.77 Debye when the microwaves are

resonant at ∆ = 0 as shown in Figure 2.1(b). Around this maximum, the dependence

of ⟨d̂⟩ with respect to ∆ is second-order.

As mentioned, uncertainties in ωmol are an important experimental consideration

which translate into errors in ∆. A further possible experimental error is that the

implemented magnitude of the microwave intensity may be systematically scaled from its

nominal value. When discussing the importance of this error for the entangling protocols,

we refer to this scaling factor as fΩ, where fΩ = 1 corresponds to implementing

the desired microwave intensity.

2.1.3 Two Interacting Molecules

The motivation to create the dipole moment is the dipole-dipole interaction, which

becomes important when we have two molecules separated by distances of ≈ 1µm. The

far-field electric dipole-dipole interaction between molecules A and B is given by

HDDI = 1
4πϵ0r3 (d̂A.d̂B − 3(d̂A.r) ⊗ (d̂B.r)), (2.5)

where ϵ0 is the permittivity of free space and r is the separation vector between

molecules A and B whose magnitude is r. We assume that the two dipoles considered

are equally polarised by the microwave field (dA = dB = d) because their separation is

much smaller than the microwave wavelength. Under this condition, the dipole-

dipole interaction simplifies to

HDDI = 1
4πϵ0r3 (1 − 3 cos2(θ))d̂⊗ d̂, (2.6)

where θ is the angle between the dipole moment of both molecules and their separation

and d̂ is the dipole operator in the qubit space corresponding to the direction of
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polarisation. For brevity, we set V (r) = 2 |d|2
4πϵ0r3 , corresponding to the strongest

interaction at θ = 0, which is −V σx ⊗ σx. We use a representative value of V =

h × 1847Hz, the value for two point dipoles with |d10| = 1.77 D at a separation of

0.8µm, although the exact value is dependent on choice of molecule and qubit states.

We note that θ = 0 is not possible geometrically if the dipoles are rotating (for example

due to circularly-polarised microwaves) or multiple dipoles are arranged in a 2D array.

For these cases, the most useful arrangement would orient the dipoles perpendicularly

to each other, leading to an interaction of V
2 σx ⊗ σx.

The rotating frame we use for the case of two molecules is Uframe ⊗ Uframe. In

this frame, the Hamiltonian is

H2mol,rotating =


−ℏ∆ ℏΩ

2 (1 + e−iωmwt) ℏΩ
2 (1 + e−iωmwt) −V e−2iωmwt

ℏΩ
2 (1 + eiωmwt) 0 −V ℏΩ

2 (1 + e−iωmwt)
ℏΩ

2 (1 + eiωmwt) −V 0 ℏΩ
2 (1 + e−iωmwt)

−V e2iωmwt ℏΩ
2 (1 + eiωmwt) ℏΩ

2 (1 + eiωmwt) ℏ∆


(2.7)

in the {|00⟩,|01⟩,|10⟩,|11⟩} basis.

Using the rotating-wave approximation for the physically-relevant case of ωmol,

ωmw >> V removes the ‘double flip’ terms of the dipole-dipole interaction (|00⟩ ⟨11| +

|11⟩ ⟨00|) which are far off-resonant in the static frame and oscillate quickly in the

rotating frame, leaving only the ‘flip-flop’ terms (|01⟩ ⟨10| + |10⟩ ⟨01|) which transfer a

‘rotational excitation’ from one molecule to the other. In the static frame where they

are not time-dependent, the double-flip terms are off-resonant by ωmol >> V , which

means the error in energy eigenvalues associated with neglecting them is approximately
V 2

ωmol
≈ 0.5Hz, which is much smaller than the existing energy scales of the system.



2. Robust Entangling Gate for Polar Molecules 15

Overall, the two molecule Hamiltonian in the {|00⟩,|01⟩,|10⟩,|11⟩} basis is

H2mol =


−ℏ∆ ℏΩ

2 ℏΩ
2 0

ℏΩ
2 0 −V ℏΩ

2
ℏΩ

2 −V 0 ℏΩ
2

0 ℏΩ
2 ℏΩ

2 ℏ∆

 (2.8)

Due to the particle swap symmetry of this Hamiltonian, the Hilbert space is split into

a three-dimensional symmetric subspace and an antisymmetric subspace containing

only the Bell state |Ψ−⟩ = 1√
2(|01⟩ − |10⟩). As long as this symmetry is maintained,

there can be no transitions between the symmetric and antisymmetric subspaces.

2.1.4 Tweezer Trapped Molecules

In order to investigate the effect of experimental imperfections on the two-molecule

Hamiltonian, we consider the case of two molecules trapped in separate optical tweezers.

Optical tweezers are focussed beams of laser light which trap particles by using the

polarisability of the particle to create a potential minimum. This light is chosen to be

off-resonant with the internal transitions of the system to avoid scattering.

In the case of diatomic molecules, the polarisability which allows the potential

minimum to be created is higher along the internuclear axis than perpendicular to

it [97]. This means the polarisability takes the form

α(θ) = α(0) + 1
2α

(2)(3 cos2(θ) − 1), (2.9)

where θ is the angle between the polarisation of the light and the internuclear axis

and α(0) and α(2) give the isotropic and anisotropic components of the polarisability

respectively. The presence of the anisotropic polarisability α(2) means that different

states in excited rotational manifolds have different polarisabilities and therefore

experience a different trap strength due to the tweezer light [98]. The polarisability

of a given state in the excited rotational manifold depends on the magnetic field,
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tweezer intensity, and tweezer light polarisation, which can be tuned to reduce the

differential polarisability between the two qubit states to much smaller values than

their ‘common’ polarisability.

For low temperatures where the molecules are confined close to the trap minima,

we model the two optical tweezers as harmonic traps of frequency ftrap whose minima

are separated by a distance Re. We consider Re = 0.8µm so the traps are sufficiently

separated that they do not overlap and lead to collisions between the molecules while

also being close enough to enable a large dipole-dipole interaction.

The existence of a finite trapping potential requires the consideration of excited

motional states. Comparing the excitation energy hftrap for a large representative

value of trap frequency ftrap = 200kHz with the thermal energy kBT of CaF molecules

cooled to 5.6µK [99], we see that the thermal energy is roughly 60% of the trap

excitation energy, which means that the probability of a molecule not being in the

ground motional state is significant. For the purpose of this analysis, we assume that

there is at most one motional excitation in total for the two molecules. In other words,

if |g⟩ and |e⟩ refer to the ground and first excited states of the trap respectively, we

limit our consideration to the three two-molecule motional states {|gg⟩, |ge⟩, |eg⟩}.

For now, we also limit our consideration of the extended wavefunction of the positional

states to the spatial dimension which separates the tweezers.

The presence of the harmonic traps poses added complications compared to the

point dipoles assumed so far. Firstly, the spread of the wavefunctions in a given

two-molecule positional eigenstate of the traps increases the expectation value of the

DDI compared to point dipoles separated by Re. Secondly, the DDI creates off-diagonal

coupling between the motional eigenstates, again because the positional eigenstates

of the trap are extended in space while the positional eigenstates of the DDI are

localised in terms of spatial separation.
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r1 r2
Re

|g〉

|e〉

|g〉

|e〉

|0〉 |1〉

h× ftrap h× (ftrap + δftrap)

Figure 2.2: Diagram for two molecules in the |01⟩ internal state confined in harmonic traps
(distances and energies are not to scale). |g⟩ and |e⟩ denote the ground and first-excited
motional states. As defined in the text, r1(2) denotes the position of molecule 1(2) from
the centre of its trap while Re is the distance between traps. ftrap is the trap frequency of
internal state |0⟩, while the trap frequency of internal state |1⟩ is ftrap + δftrap.

Finally, the differential polarisability between the internal states |0⟩ and |1⟩ causes

a difference in trapping frequency i.e. if a molecule in internal state |0⟩ experiences

a trapping frequency of ftrap, a molecule in internal state |1⟩ experiences a trapping

frequency of ftrap + δftrap, where δftrap increases proportionally to the differential

polarisability and the trap frequency. This effectively applies an extra error in detuning

∆ when the molecule is in motional state |e⟩ rather than |g⟩, which is an additional

source of decoherence. For motional states |ge⟩ and |eg⟩, this effect also removes the

particle swap symmetry of the internal state Hamiltonian (i.e. |01⟩ is not degenerate

with |10⟩) which means the antisymmetric Bell state |ψ−⟩ is no longer decoupled

from the symmetric subspace.
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2.1.5 Tweezer Trapped Hamiltonian

In this section, we derive how the excited motional states affect the Hamiltonian

through these three qualitative mechanisms. To visualise the geometry of the problem,

Figure 2.2 shows a schematic of two molecules in the |01⟩ internal state.

We use representative values to calculate the Hamiltonian matrix for the three

motional states considered {|gg⟩,|ge⟩,|eg⟩} and the four two-qubit internal states

{|00⟩,|01⟩,|10⟩,|11⟩}, creating a 12 × 12 matrix. For the effect of the internal state

on trapping frequency, this is done by adding δftrap to the relevant elements. To

calculate the matrix elements involving the dipole-dipole interaction, we used numerical

integration in position space. In appendix A, we discuss an alternative method

using ladder operators which improves the physical intuition under extra assumptions.

The calculation using position space was the one used to generate the Hamiltonians

used for the entangling protocols.

2.1.5.1 Position Basis Derivation

In order to derive how the extended positional wavefunctions affect the dipole-dipole

interaction, we express the dipole-dipole interaction in the position basis

HDDI =
∫ ∞

−∞

∫ ∞

−∞
dr1dr2

−2|d|2

4πϵ0|r2 − r1 +Re|3
|r1, 0⟩ |r2, 1⟩ ⟨r1, 1| ⟨r2, 0| +H.c., (2.10)

where r1(2) is the displacement of molecule 1(2) from the minimum of its trap along

the separation direction and H.c. means Hermitian conjugate. We use the eigenstates

of the quantum harmonic oscillator in the position basis to create wavefunctions for

the 12 basis states of the matrix. For this we use the following wavefunctions for the

displacement of a molecule from the centre of its trap

⟨r|g⟩ = (π)− 1
4

1√
lho

exp(− r2

2(l2ho)
) (2.11)
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⟨r|e⟩ = (π)− 1
4

1√
lho

√
2r
lho

exp(− r2

2(l2ho)
), (2.12)

where the harmonic oscillator length lho =
√

ℏ
2πmftrap

for internal state |0⟩ and

lho =
√

ℏ
2πm(ftrap+δftrap) for internal state |1⟩, where m is the mass of a CaF molecule.

This lengthscale is around 30nm for CaF molecules if ftrap = 200kHz, which is

much smaller than Re to prevent tunnelling between the tweezers. We numerically

evaluate ⟨ϕj|HDDI |ϕj′⟩ where ϕj are the 12 considered states (i.e. all states of the

form {|gg⟩,|ge⟩,|eg⟩}⊗{|00⟩,|01⟩,|10⟩,|11⟩} where an individual ϕj is made by choosing

one positional wavefunction and one internal state from the two lists). Most of these

elements are zero due to the form of the dipole-dipole interaction in the internal Hilbert

space. We numerically integrate over coordinates r1 and r2 between ±3.5lho, which

is sufficient to normalise the wavefunctions to 4 significant figures.

2.1.5.2 Effect of Interaction Elements

To describe the outcome of these calculations of the dipole-dipole interaction elements,

it is useful to think separately about the matrix elements which leave the motional

state unchanged and those which change the motional state of the molecules. In

the first category, there is one ‘internal Hamiltonian’ for each of the three motional

states. As an example, for the |ge⟩ motional state, the internal Hamiltonian in

the {|00⟩,|01⟩,|10⟩,|11⟩} basis is

Hge =


−ℏ∆ ℏΩ

2 ℏΩ
2 0

ℏΩ
2 hδftrap −Vge ℏΩ

2
ℏΩ

2 −Vge 0 ℏΩ
2

0 ℏΩ
2 ℏΩ

2 ℏ∆ + hδftrap

 (2.13)

The different motional states have different effective values of V (i.e. different elements

which couple |01⟩ and |10⟩). For two traps of frequency ftrap = 200kHz separated

by Re = 0.8µm, these values to the nearest h × 1Hz are Vgg = h × 1862Hz and

Vge = h× 1877Hz (compared to V = h× 1847Hz for point dipoles separated by Re).
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This interaction is slightly stronger in the more excited motional states because the

positional wavefunction is more spread out.

While not used explicitly in the calculations of the entangling protocols, it is

important to consider the effect of the second category of dipole-dipole interaction

matrix elements which couple different motional states. Due to the form of the dipole-

dipole interaction, these always involve the internal state operators |01⟩ ⟨10| + H.c..

The term coupling |gg⟩ and the singly-excited motional states |ge⟩ and |eg⟩ has a

magnitude of h × 145Hz. While this is a significant energy, it couples states which

are separated by the trap excitation energy hftrap and so is far off-resonant. The

coupling between the |eg⟩ and |ge⟩ motional states, which effectively swaps a motional

excitation and internal excitation between the particles, is smaller (h × 15Hz) but

acts between states which can in principle be degenerate and therefore could cause

population transfer. A 2% difference between the trap frequencies of the two traps is

enough to render this coupling off-resonant as well, so for the rest of the chapter we

consider ftrap = 204kHz for the second molecule 2. While these ‘motional coupling’

terms were not included in the design of the entangling protocols for simplicity, they

were included in the numerical simulation of the evolution.

2.2 Adiabatic Entangling Protocol

At a more basic level than full quantum logic gates, quantum information applications

rely on the generation of entangled states. An entangling protocol in the symmetric

‘triplet’ subspace in the ground motional state |gg⟩ would evolve a product state (e.g.

|00⟩) to an entangled state such as |ψ+⟩ = 1√
2(|01⟩+|10⟩). Ideally, such a protocol would

be simple and robust to the most likely experimental imperfections. A well-established
2The difference in tweezer intensity may introduce small violations of the particle-swap symmetry

of the internal states. We assume this effect is negligible as it will be smaller than the existing δftrap

terms.
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(a) (b)

C

A

B

Figure 2.3: (a)Energy levels of Htriplet in the ground motional state as a function of detuning
∆ with microwave coupling strength Ω = 2π × 500rads−1. The dashed lines show ⟨Ĥtriplet⟩
for the labelled basis states, while the solid lines show the eigenvalues of the Hamiltonian.
The three avoided crossings are labelled A, B, and C. An entangling protocol is shown with
the dotted black arrow denoting diabatic evolution and the solid grey marking adiabatic
evolution. (b) Energy levels for the motional state |ge⟩ where the antisymmetric state |ψ−⟩
is no longer decoupled from the symmetric subspace, using the additional trap frequency for
the |1⟩ internal state set to δftrap = 500Hz.

such protocol is to drive the system adiabatically through an avoided crossing in the

two-molecule energy spectrum. Adiabatic protocols change the parameters of the

Hamiltonian slowly such that the state of the system remains almost exactly in an

eigenstate of the instantaneous Hamiltonian [100]. The avoidance of relying on resonant

couplings makes such protocols robust as long as the eigenstates of the initial and final

Hamiltonians are not significantly altered by the imperfections in the Hamiltonian.

Within the triplet subspace with the basis states {|00⟩, |ψ+⟩, |11⟩}, the two-

molecule Hamiltonian is

Htriplet =


−ℏ∆ ℏ Ω√

2 0
ℏ Ω√

2 −V ℏ Ω√
2

0 ℏ Ω√
2 ℏ∆

 (2.14)

The energy levels of this Hamiltonian in the ground motional state are shown in

Figure 2.3(a). The dipole-dipole interaction reduces the energy of |ψ+⟩ by V , which

separates a single three-level crossing into three two-level crossings labelled A, B, and
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C at ∆A = 0, ∆B = V/ℏ, and ∆C = −V/ℏ respectively. Crossings B and C, between

|00⟩ and |ψ+⟩ or |11⟩ and |ψ+⟩ respectively, are avoided due to the microwave coupling

Ω between the relevant basis states. Crossing A (between |00⟩ and |11⟩) is avoided due

to weaker second-order coupling through |ψ+⟩ because |00⟩ and |11⟩ are not directly

coupled in the Hamiltonian. In the excited motional state |ge⟩, the detuning is effectively

shifted by δftrap

2×2π
and the antisymmetric state |ψ−⟩ couples to the symmetric subspace,

producing two further second-order avoided crossings with |00⟩ and |11⟩ respectively.

A simple entangling protocol which was previously proposed in Ref [101] is shown

using the arrowed path in Figure 2.3. The two molecules are initially prepared in the

product state |00⟩ at negative detuning ∆. ∆ is increased linearly, passing through the

weakly-coupled crossing A and then the directly-coupled crossing B. To ensure that

crossing B is traversed adiabatically (with state evolution following the instantaneous

eigenstate of the Hamiltonian) the microwave coupling Ω is increased in a Gaussian pulse

as ∆ approaches the crossing following the time dependence Ω(t) = Ω0 exp(−(t−tB)2

T 2 ),

where Ω0 and T are chosen constants and tB is the time at which crossing B is traversed.

By staying in the instantaneous eigenstate of the Hamiltonian, the entangled state

|ψ+⟩ is prepared as the detuning ∆ is increased beyond the crossing region. This

protocol relies on the separate addressability of crossings A and B (C) due to the

dipole-dipole interaction energy V .

An example of this protocol applied to the two-molecule system is shown in Figure

2.4. This figure shows the population transferring from |00⟩ to |ψ+⟩ without coherent

oscillations. For the ground motional state, the entangled state |ψ(t)⟩ is produced

with high probability over a wide range of detuning errors and is largely unaffected

by a systematic scaling of the microwave intensity due to the adiabatic nature of

the protocol. For the excited motional state |ge⟩, the transfer from |00⟩ to |ψ+⟩ is

shifted earlier in the protocol due to δftrap, while the overall transfer probability is
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reduced by around 0.002 compared to the ground motional state due to leakage into

the antisymmetric state |ψ−⟩ at crossing B.

While this protocol benefits from the lack of ‘fine-tuning’ needed, there are

weaknesses: The first is that it is slow due to the requirement of adiabaticity at

crossing B. Ω0 must be small compared to V to keep the crossings A and B separate,

which limits the rate of change of ∆ and therefore increases the minimum entangling

time. The adiabatic protocol entangling time is much longer than the timescale h
V

for

a full phase rotation of |ψ+⟩ due to the DDI energy, which is around 0.54ms in this

example. Secondly the requirement that crossings A and B must be separately addressed

means that errors in ∆ (and therefore the δftrap energy of excited motional states) are

more problematic than for a purely adiabatic protocol because errors in ∆ decrease

the energy gap which resolves the crossings. Thirdly, for excited motional states, the

additional avoided crossings causing population transfer to |ψ−⟩ are difficult to address

separately from the desired adiabatic crossing. Therefore, we investigate more recent

techniques to improve the performance of adiabatic protocols in the next subsection.

2.2.1 Shortcut to Adiabaticity

Since the initial proposal of transitionless quantum driving [102], ‘shortcuts to

adiabaticity’ (STA) have sought to reproduce the intuitive nature and robustness of

adiabatic evolution in a shorter time [103]. While many approaches exist (review [104]),

one particular method for developing shortcuts to adiabaticity which allows significant

flexibility to optimise the Hamiltonian controls for simplicity or robustness is to inverse

engineer the Hamiltonian based on the evolution of a Lewis-Riesenfeld Invariant

(LRI) [105].

The goal is to keep the system in an eigenstate of an ‘invariant’ I(t) at all times

rather than an eigenstate of the Hamiltonian itself and to derive the necessary form of
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Figure 2.4: Adiabatic entangling protocol. (a) Microwave detuning and coupling intensity
during protocol for microwave coupling strength parameter Ω0 = 2π × 1700rad s−1 and
Gaussian pulse width T = 2.4ms. (b) Evolution of population of basis states during protocol,
starting from either |gg⟩ |00⟩ (solid lines) or |ge⟩ |00⟩ (dashed lines). (c) Numerically calculated
probability to create state |gg⟩ |ψ+⟩ from |gg⟩ |00⟩ at end of protocol as a function of constant
error in detuning and systematic microwave power scaling. The red dotted contour and black
solid contour bound the regions of transfer probability > 0.999 and > 0.997 respectively.
The times at which the detuning ∆ traverses the three avoided crossings in the ground |gg⟩
motional state are labelled in subfigures (a) and (b).

H(t) from this. This is done by ensuring that the full operator matrix of the invariant

I(t) does not evolve in the Heisenberg picture. The invariant is designed to commute

with the Hamiltonian at the start and endpoints of the evolution to ensure that the

eigenstates coincide at these times so that initial and final states of the system are

stationary. By choosing the form of I(t), one can create the correct evolution while

exerting a degree of choice regarding the form of the driving fields.

We followed a modified version of the LRI protocol from Ref [106]. The details of this

derivation are included in appendix B. This shortcut is only derived for the adiabatic

part of the evolution (i.e. crossing B) and does not explicitly involve the state |11⟩.

We include the full Hilbert space in our numerical simulation of the evolution however

to investigate the conditions under which it creates an entangled two-qubit state.

Given how the STA was derived, its success requires that |11⟩ is not highly populated.

Whether this assumption is true depends to a large extent on the microwave coupling

Ω(t) remaining sufficiently small for crossings A and B to be separate two-level crossings.
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This limits the speed at which the STA can be performed, as a fast STA will require

larger values of Ω(t). This significantly degrades the transfer probability for protocols

quicker than tf = 0.8ms as |11⟩ becomes populated.

Figure 2.5(b) shows the evolution of the populations in the ground motional state

during the adiabatic crossing for this example protocol in three different bases: the

triplet basis {|00⟩,|ψ+⟩,|11⟩}, the eigenbasis of the instantaneous internal Hamiltonian

H(t) labelled in ascending order (so that |H1⟩ is the lowest energy state), and the

initially-populated eigenstate of the invariant I(t). The population evolution in the

triplet basis is similar to the true adiabatic protocol, with a smooth transfer from |00⟩

to |ψ+⟩ and a small probability to excite |11⟩. Unlike the adiabatic protocol, the STA

protocol evolution does not follow the instantaneous eigenstates of H(t), as shown by

the fact that the lowest two eigenstates of the H(t) are almost equally occupied in the

middle of the protocol. The evolution follows the eigenstates of I(t) closely as expected.

In Figure 2.5(c) we show the transfer probability and Hamiltonian controls for the

LRI protocol with tf = 1ms. This demonstrates the ability for the LRI method to

significantly shorten the ‘adiabatic’ crossing. However, the robustness of this protocol

is significantly reduced, especially with respect to microwave power scaling (as shown

in Figure 2.5(c) for the ground motional state) and it performs poorly for excited

motional states because of poor robustness to δftrap. We note that LRI protocols

which are optimally-robust to systematic errors have been derived for two-level systems

where the full Hilbert space is included in the LRI ansatz [107–109] but we find these

protocols cause significant leakage into |11⟩.

This protocol favours a small constant positive offset in ∆(t), an effect which

increases for shorter protocol times tf . Analysis of the populations of the three basis

states during the protocol suggests this is so that the higher values of Ω(t) are reached

when ∆(t) has a larger value (i.e. is further from the ‘diabatic’ crossing A). The
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Figure 2.5: LRI entangling protocol. (a) Example control field parameters detuning ∆(t)
and microwave coupling strength Ω(t). Values of ∆ corresponding to crossings A and B are
marked with black solid lines. (b) Evolution of population starting from the |00⟩ internal
state in the ground motional state. Basis states |00⟩, |ψ+⟩, and |11⟩ are shown in solid lines,
symmetric eigenstates of the internal Hamiltonian for the ground motional state are shown
in ascending order of eigenvalue in dashed lines, while the initially-populated eigenstate of
the invariant is shown in a dotted line. (c) Final transfer probability |⟨ψ(tf )|ψ+⟩|2 in the
ground motional state for systematic offsets in detuning and microwave power scaling. The
red dotted contour and black solid contour bound the regions of transfer probability > 0.999
and > 0.997 respectively.

observation that the third state |11⟩ limits the speed of the protocol and favours

detunings which are larger than those of the ‘ideal’ two-state STA was also seen

when treating a similar problem with transitionless quantum driving and optimal

control protocols [110].

2.3 Entangling Gate

While these adiabatic protocols offer simple state transfer, they perform less well when

implementing quantum logic gates, where the relative phases as well as the populations

of states are important. For example, rather than demanding only that the protocol

transfers a chosen product state to a chosen maximally-entangled state, a full quantum

logic gate would specify the entire unitary evolution operator up to a global phase,
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for example (in the {|00⟩, |ψ+⟩, |11⟩, |ψ−⟩} basis)

Uaim =


1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 exp(iβ)

 (2.15)

where β is a chosen phase. Importantly when aiming for a gate, errors in ∆ would

lead to an unexpected phase between the |0⟩ and |1⟩ states being accumulated at a

constant rate during the protocol. To solve this problem, we employ optimal control

methods to design pulses which drive a more complicated state evolution, allowing

accumulated errors to cancel out and producing greater robustness. For this purpose,

the duration of the gate must be longer than the minimum time for the DDI to

create a maximally-entangled state.

2.3.1 Quantum Optimal Control Methods

Quantum optimal control refers to the process of optimising driving fields in order

to achieve the desired evolution (e.g. state-to-state transfer or quantum logic gate).

One particular method which has been widely used for its simplicity and versatility

since its introduction in the field of NMR quantum computing is GRadient Ascent

Pulse Engineering (GRAPE) [111]. The idea of this method is to build the pulse from

a large number of short timesteps δt during which the control fields are constant, and

optimise the values of the fields at each timestep iteratively.

Mathematically, the Hamiltonian is expressed as the sum of an uncontrollable

‘drift’ Hamiltonian H0 and a number of control fields. In this example, we have a

fixed dipole-dipole interaction and parametrise the microwave control according to its

intensity along the X and Y quadratures with fixed detuning ∆0 = 0. The Hamiltonian
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at the jth timestep in the symmetric subspace in the {|00⟩,|ψ+⟩,|11⟩} basis is therefore

Hj =

−ℏ∆0 0 0
0 −V 0
0 0 ℏ∆0

+ ΩX,j√
2
ℏ

0 1 0
1 0 1
0 1 0

+ ΩY,j√
2
ℏ

0 −i 0
i 0 −i
0 i 0


= H0 + ΩX,jhΩX

+ ΩY,jhΩY
(2.16)

where ΩX(Y ),j refers to the microwave coupling in the X(Y) quadrature at timestep j and

hΩX(Y ) refers to the matrix which appears multiplied by the relevant microwave coupling

ΩX(Y ),j in the total Hamiltonian. This is also commonly considered using the magnitude

Ωj an phase ϵj of the microwave coupling, where ΩX,j and ΩY,j are the real and imaginary

parts of Ωje
iϵj respectively. Control of the X and Y quadratures (or equivalently the

phase ϵ) is achieved by varying the oscillation phase of the driving microwaves with

respect to the phase which is chosen to represent the X quadrature (ϵ = 0) 3, where Y

is one quarter of a full oscillation out of phase with X. Note that a constant rate of

change of phase is an alternative parametrisation for a constant effective detuning ∆.

Ignoring errors at present, the total unitary operator implemented by the protocol is

UGRAP E =
Nsteps∏

j=1
exp(−iHjδt/ℏ) =

Nsteps∏
j=1

Uj (2.17)

meaning the task is to optimise the fidelity f = 1
D

2| Tr(U †
aimUGRAP E)|2 with respect

to the values of ΩX,j and ΩY,j, where D is the number of dimensions in the Hilbert

space and Nsteps is the number of timesteps. In appendix C, we qualitatively outline

the approach developed in Ref [111] to achieve this efficiently, with the computational

cost of each iteration scaling proportionally to Nsteps and D3 [112].

We utilise an extension to GRAPE which targets pulses that are robust to systematic

errors (in this case in ∆ and fΩ) by performing the same optimisation procedure over
3This choice of phase between the |0⟩ and |1⟩ states must be consistent with that used when

performing an operation to rotate the state of the qubit to map to the computational basis, in order
to measure the σx operator for example.
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(a) (c) (d)(b)

Figure 2.6: Optimised GRAPE microwave pulse displayed using (a) X and (b) Y quadratures
or (c) magnitude and (d) phase of the optimised microwave pulse Ωopt(t).

multiple ‘offset’ versions of the drift and control Hamiltonians and aiming to optimise

the average fidelity amongst these [113]. This produces pulses which have high average

fidelity over the chosen systematic errors, which often (but not always) corresponds to

high fidelity over the corresponding region of systematic error parameter space rather

than at the chosen errors only (this can be checked easily after optimisation). We also

use this functionality to optimise for the considered motional states. The computational

cost of each iteration scales proportionally to the number of offset Hamiltonians used.

Each iteration of the GRAPE algorithm causes the pulse to approach a local

maximum of the fidelity. For pulses with a large number of timesteps and multiple

offset Hamiltonians, the optimisation landscape generally has many different local

fidelity maxima that can be reached depending on the initial pulse. We repeated the

algorithm until an acceptable pulse was found, although more sophisticated approaches

to perturb previously-found local maxima can be used [113].

2.3.2 Results

2.3.3 Motion along Separation Direction

The GRAPE pulse in this subsection was produced by Jonathan A. Jones and Gaurav

Bhole in the symmetric subspace using Hamiltonians chosen with MH.

The GRAPE pulse of 0.5ms was optimised in 100 steps of 5µs. This pulse is shown
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Figure 2.7: (a) Evolution of initial internal state |11⟩ in the ground motional state. Heatmaps
show internal state fidelity of the GRAPE optimised pulse subject to errors in detuning ∆ and
microwave intensity scaling fΩ for (b) the ground motional state |gg⟩ (c) an equal mixture of
all three considered motional states. The red dotted contour bounds the region of fidelity
> 0.9999 while the black solid contour bounds the region of fidelity > 0.999. The parameters
used for these simulations were trap frequency ftrap = 200kHz for one molecule and 204kHz
for the other with the additional trap frequency of the |1⟩ internal state δftrap = 500Hz
for both molecules (the performance of this pulse does not require fine-tuning these trap
parameters, as shown in appendix D).

in Figure 2.6. Compared to the intuitive adiabatic and STA protocols, it uses much

more intense and sharply varying microwave fields, as shown by the peak microwave

coupling of just under 50kHz in subfigure (c). This pulse drives the system along

a complicated path through the internal Hilbert space, which allows the specified

systematic errors to cancel out. This is shown in Figure 2.7(a), where the evolution of

the initial internal state |11⟩ for the ground motional state is plotted, which involves

many more population transfers to the other symmetric internal states than for either

the adiabatic or STA protocols. In the ground motional state, the particle-swap

symmetry of the internal Hamiltonian is preserved so population within the symmetric

subspace cannot be transferred to |ψ−⟩.

This pulse is designed to implement Uaim as specified in equation 2.15 in the

symmetric subspace, with the singlet phase β calculated from the relative phase of

the decoupled singlet and triplet manifolds 4 and used to evaluate the fidelity. |ψ−⟩
4In general, the relative phase of the singlet can be important in determining whether a gate is

entangling, although in this case the gate is entangling regardless of the value of β because it transfers
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is only coupled to the rest of the internal Hilbert space through imperfections which

break the particle swap symmetry, so this phase is largely set by the gate time and

dipole-dipole interaction strength rather than the pulse.

We initially assume that the molecules remain in the ground motional state |gg⟩ to

numerically evolve the pulse using the internal Hamiltonian Hgg and calculate the gate

fidelity. These results are shown in Figure 2.7(b). The fidelity is > 0.999 for errors

in ∆ < 1kHz and for up to 10% errors in the microwave intensity, which means this

region is above the threshold for quantum error correction [114]. The three regions of

fidelity > 0.9999 are centred around fΩ = 0.9, 1, 1.1 because these were the values of

fΩ used in the GRAPE optimisation to target robustness to this type of error.

We then numerically evolve the same pulse using the full 12 × 12 Hamiltonian to

account for motional excitations, finding the unitary matrix Ufull. The aim is that

the pulse implements the same gate in the internal Hilbert space regardless of the

motional state. This condition can be met if the unitary operation in the combined

Hilbert space of the internal and motional states obeys

Ufull,aim = Uaim ⊗ Umotion,phase, (2.18)

where Umotion,phase is a unitary gate in the motional Hilbert space which delivers a phase

to the three motional states |gg⟩, |ge⟩, and |eg⟩ without transferring population between

them. In this case, any initial motional state which is an incoherent superposition

of the three motional states would experience the gate Uaim in the internal Hilbert

space. Using the calculated unitary operator Ufull, we extract these motional phases

by taking the phase difference between the elements of Ufull which correspond to the

same internal state transition. We use these to construct Umotion,phase and by extension

the overall target gate Ufull,aim. We then calculate the fidelity using 1
122 |U †

full,aimUfull|2.

the product state |11⟩ to the entangled state |ψ+⟩.
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We use this particular process (which gives equal importance to the three motional

states) in order to justify the claim that the pulse implements the same internal

gate on the three motional states to a good fidelity. However, for sufficiently cooled

molecules, the population in the ground motional state will be higher than in the

singly-excited motional states.

The fidelity when including the three considered motional states is shown in

Figure 2.7(c). The fidelity is reduced compared to that of the ground motional state

(Figure 2.7(b)) but still maintains a comparable region of parameters in which the

fidelity > 0.999. A significant fraction of the reduction in fidelity is due to the

phase acquired by the singlet state due to the dipole-dipole interaction energy which

varies between motional states. This phase is harder to correct during the swap-

symmetric gate protocol because population is only transferred into or from |ψ−⟩

due to δftrap rather than a control field.

2.3.4 Motion in Three Dimensions

The additional GRAPE pulse in this subsection was produced by MH using the optimal

control module of the Spinach library [115,116] by optimising in the two-qubit space 5.

While the largest effects of the finite particle wavefunctions are along the direction

of tweezer separation (x direction), it is important to consider the effects of the

positional wavefunctions in the perpendicular directions (y and z). Although in

practice, thermal population leads to more motional excitations along the weaker

trap direction, we consider one excitation in total between both molecules and
5We found that population transfer between the symmetric and antisymmetric subspaces could

significantly reduce fidelity of pulses which would otherwise implement the desired unitary in the
symmetric subspace to high fidelity and therefore included |ψ−⟩ in our optimisation. This population
transfer is reduced by ensuring Ωj is large enough to reduce the impact of the δftrap terms which
break the particle swap symmetry in excited motional states. It was useful to start the optimisation
with large Ωj to ensure that the singlet was largely decoupled throughout the optimisation, because
otherwise the algorithm would become drawn to extremely large control fields.
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Figure 2.8: (a) Fidelity of GRAPE pulse shown in Figure 2.6 when evolved considering
motional states in three dimensions. (b) Fidelity of pulse optimised for motional states in
three dimensions (X and Y quadratures of this pulse shown in (c) and (d), while magnitude
and phase are shown in (e) and (f)). The evolution of these pulses was simulated using trap
frequency ftrap = 200kHz for the first molecule and 204kHz for the second molecule in the
x and y directions, and ftrap = 100kHz for the first molecule and 102kHz for the second
molecule in the z direction. For both molecules, we used additional trap frequency for the |1⟩
internal state δftrap = 500Hz in the x and y directions and 250Hz in the z direction.

all three directions, which means seven two-molecule motional states denoted by

{|gg⟩ , |gex⟩ , |exg⟩ , |gey⟩ , |eyg⟩ , |gez⟩ , |ezg⟩}.

The finite wavefunction spread and excited motional states in the perpendicular

directions reduce the overall DDI strength because of increased separation and the

anisotropy of the DDI. Numerically, for the first tweezer, we consider equal trap

frequencies of ftrap = 200kHz in the x and y direction with a weaker trap frequency of

ftrap = 100kHz in the z direction which we take as the optical tweezer axis. We again

assume the second tweezer to have larger trap frequencies by 2%. These radial and axial

trap frequencies are demanding, but could be reduced for cooler samples. The ‘internal’

DDI elements (which do not couple different motional states) are Vgg = h× 1840Hz,
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Vgex = h × 1854Hz, Vgey = h × 1832Hz, and Vgez = h × 1825Hz while the elements

transferring motional excitations in the x, y and z directions are 14Hz, 7Hz, and 14Hz

respectively which as before can be rendered sufficiently off-resonant by the difference in

trapping frequencies between the tweezers. The DDI elements which transfer motional

excitations between different directions are extremely weak (< 0.1Hz).

Overall, we find that the pulse optimised for motion in only the x direction maintains

only a small region of fidelity > 0.999 when evolved including the extra four considered

motional states of the perpendicular directions as shown in Figure 2.8(a). This region

can be enlarged by specifically optimising a new pulse for the average fidelity of

the seven considered motional states, as shown in Figure 2.8(b). The weaker trap

frequency in the tweezer axis causes the most significant added reductions in fidelity

from considering three dimensions.

2.3.5 Discussion
2.3.5.1 Error Tolerance

Having established the robustness of the gate protocol to certain systematic errors,

it is necessary to check that the most significant error mechanisms fall within the

high-fidelity region. Robustness to errors in ∆ is important due to fluctuations in ωmol,

which can be driven by magnetic field and tweezer intensity fluctuations. As mentioned

earlier, the susceptibility to magnetic field fluctuations can be reduced by the choice

of qubit states. For example, for CaF, choosing |0⟩ = |N = 0, F = 1,mF = 1⟩ and

|1⟩ = |N = 1, F = 2,mF = 2⟩ reduces the differential magnetic moment, meaning that

fluctuations of 1mG cause errors in ∆ of around 100Hz.

Fluctuations in tweezer intensity cause errors in detuning because of the differential

AC Stark shift between the qubit states. We denote the ‘local’ polarisability of state

|0⟩(|1⟩) by α|0⟩(|1⟩) = ∂Etrap,|0⟩(|1⟩)
∂Itrap

where Etrap is the trap energy and Itrap is the tweezer
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intensity, and accordingly define the differential polarisability δα = α|1⟩ − α|0⟩ and

average polarisability ᾱ = α|0⟩+α|1⟩
2 . By careful choice of magnetic fields and tweezer

light polarisations, the local differential polarisability can be reduced to below 1% of

the average polarisability [10,96]. To estimate the error due to tweezer fluctuations,

we compare the differential AC Stark shift δEtrap due to tweezer intensity fluctuations

δItrap with the intended AC Stark shift trapping potential depth Ētrap ≈ ᾱItrap
6.

The fluctuation in the differential AC Stark shift between the qubit states is given

by δEtrap = δαδItrap. This means that δEtrap ≈ (δα/ᾱ)(δItrap/Itrap)Ētrap. Given

representative values Etrap = h× 1MHz and δItrap/Itrap = 10−3, δEtrap can be reduced

below ≈ 100Hz. This uncertainty corresponds to an error in detuning which is within

the boundaries of the region with fidelity > 0.999.

2.3.5.2 Assumptions

Our theoretical treatment assumes that the internal qubit Hilbert space is closed and

that no transitions to other rotational and hyperfine states are excited by the microwaves.

We estimate the probability for such an off-resonant excitation as (Ωoff/∆off )2, where

∆off is the detuning to the off-resonant level and Ωoff is the microwave coupling

between the two states involved in that transition. For many choices of qubit states

such as our example qubit states at 50G, we see from Figure 2.1(a) that the nearest

level outside the qubit space has ∆off ≈ 10MHz, while Ω < 55kHz during the pulse

if fΩ < 1.1. As the example qubit states, and most good choices of qubit states in

general, have a larger transition dipole moment to each other than to any other states

within the N = 0 and N = 1 rotational manifolds, Ωoff ≤ Ω for a given microwave

intensity. This gives an off-resonant excitation probability below 4 × 10−5 which is

much smaller than the infidelities already present in the gate.
6This order-of-magnitude estimate uses the approximation ᾱ = Ētrap

Itrap
rather than ᾱ = ∂Ētrap

∂Itrap
[97].
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The use of the rotating-wave approximation to remove counter-rotating terms also

neglects the Bloch-Siegert energy shift to the resonant frequency. This energy shift

has a magnitude ≈ Ω2/ωmol [100] which is < 0.2Hz for this protocol and therefore

well within the region of high robustness.

We have also ignored the momentum kick from the photons of the driving field,

which can populate excited motional states in other platforms such as Rydberg atoms

under optical frequency driving [117], because the photon momentum of the microwave

driving is smaller by a factor of around 105.

A further implicit assumption in our calculations is the ability to implement the

shaped pulses made from 100 individual 5µs rectangular pulses (allowing for the

considered errors in ∆ and fΩ). Microwave pulses of this duration are currently used to

manipulate the quantum state of polar molecules [118]. Smoother variations between

time steps can be targeted by penalty terms within GRAPE if required, although this

may come at the expense of pulse performance in other respects.

We considered zero or one motional excitation between the two molecules. While this

could include a large fraction of the population of the coldest near-future experiments,

small populations in higher motional states could lead to significant infidelities. Higher

motional states could be included in the optimisation (which could be weighted by their

estimated thermal population). This would increase the demands on the pulse and

the numerical optimisation cost due to the greater number of iterations and algorithm

repeats needed for this more difficult optimisation problem as well as the increased cost

of each iteration, although the latter aspect of the computational cost may be mitigated

by increasing the number of considered motional states during optimisation [113].
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2.3.5.3 Context

As mentioned earlier, there are multiple examples of quantum gates proposed for polar

molecules. Our scheme differs from that of Refs [16, 19] in that we do not demand

a third molecular level to be resonantly coupled and from the former in that we do

not demand a static electric field. Our two-level proposal requires significantly more

complicated microwave pulse shapes however. A scheme published since ours [20]

considers thermal population of a greater number of motional states, which causes

greater decoherence due to the anisotropic polarisability and therefore places greater

emphasis on choosing tweezer light intensity and polarisation to minimise this effect.

On the other hand, Refs [119] and [120] used optimal control methods to design

shaped pulses for gates in ultracold molecules. Unlike these previous works, we used

these methods additionally to provide robustness to experimental imperfections, which

gives our scheme greater applicability to near-term experiments. Optimised pulses

have been used in a similar way for other platforms [121–124].

2.3.5.4 Computation

A necessary criterion for useful quantum computation is that the coherence time

of the logical states must be significantly longer than the gate time [4]. The time

needed for this gate is on the scale of ≈ 1 − 10 milliseconds depending on the DDI

strength available from the choice of molecule, tweezer separation, and qubit states.

Experimentally-recorded coherence times of polar molecules are currently improving,

with recent results including a coherence time of 6.4ms between different rotational

states of CaF in magnetic traps [95] and 93ms in optical tweezers [96]. Coherence times

of several seconds have been demonstrated between different hyperfine states of the same

rotational level for other molecules, which is useful for information storage although

a significant electric dipole moment cannot be created within these states [13,14]. It
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is therefore realistic that near-future experiments will allow coherence and storage

times multiple times greater than the gate timescale.

A further criterion for useful quantum computation is qubit addressability. While

two-qubit gates are in principle sufficient for universal quantum computation [125],

this relies on being able to perform single-qubit gates on a chosen qubit and two-qubit

gates on chosen nearby pairs of qubits rather than necessarily all of the qubits at

once. This can be done by physically moving the relevant qubits in an array using

optical tweezers [19,126] although this risks causing additional motional excitations. A

similar architecture has recently been realised using Rydberg atoms [127], although

polar molecules would require reduced tweezer separation to implement gates.

A different method used in optical lattices is to apply tightly focussed laser beams

to alter the target transition frequency ωmol of a chosen qubit such that it alone

is in resonance with the microwaves. This has been done using a single beam in

a 2D optical lattice [25] and in a 3D optical lattice by using two perpendicular

beams [128, 129], although the lattice spacings in these cases were ≈ 5µm, much larger

than required for strong interactions between polar molecules. For schemes involving

optical lattices, it is worth noting that ultracold molecules have not yet achieved close

to unit filling, with notable results including the creation of cubic optical lattices with

filling fractions of 25% for fermionic 40K87Rb [76] and 30% for bosonic 87Rb133Cs [77].

This significantly reduces qubit connectivity.

2.4 Conclusions and Outlook

We have simulated protocols to entangle two polar molecules using the dipole-dipole

interaction. We found that a shortcut to adiabaticity offers a significant acceleration for

Bell state preparation compared with an adiabatic protocol, although the STA protocol’s
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robustness, particularly to motional excitation, is relatively poor. While offering simple

and intuitive state control, such protocols struggle to control relative phases when

affected by experimental uncertainties as necessary for a full quantum logic gate.

To target this, we utilised optimal control methods to design a robust two-qubit

entangling gate. We investigated the effects of thermal excitation and positional

wavefunction spread on the interaction Hamiltonian and optimised a gate which may

offer fidelity > 0.999 across the ground and singly-excited trap states and over a wide

range of errors in microwave amplitude and detuning. This suggests ultracold molecules

would be able to perform quantum information processing in the presence of low

levels of motional excitation under optimised microwave pulses, which is relevant

to near-future experiments.

Future work could investigate whether this scheme allows comparable results in

the recently proposed state-dependent tweezers [130,131]. These trap two molecules at

different but much closer positions in a single beam, which in principle can increase the

dipole-dipole interaction by a factor of 100. This increased interaction strength would

allow shorter gate times and therefore reduce the impact of fluctuations and decoherence,

but the reduction of the equilibrium separation may increase the effect of wavefunction

spread due to motional excitation. This could mean that the motional state has a greater

effect on the internal Hamiltonian or that the dipole-dipole interaction itself transfers or

creates motional excitations more easily, which may require the consideration of more

motional states (even ignoring thermal population) and make it more challenging for a

pulse to target the same unitary gate for multiple motional states. A further mechanism

to accelerate entangling gates between polar molecules that may be of interest for

future work is to mediate the interaction using Rydberg atoms [132, 133], which allows

the use of a simpler blockade entangling scheme instead of dipolar exchange.



3
Dipolar Bose-Hubbard Model

This chapter introduces the dipolar Bose-Hubbard model, which underlies the research

on the cylindrical dipolar Bose-Hubbard model in chapter 4 and comparison of lattice

and continuum methods in chapter 5. We summarise the construction of the short-

range interacting Bose-Hubbard model from ultracold atoms in optical lattices and

how the dipole-dipole interaction extends this model.

3.1 Bose-Hubbard Model

While the closely related (Fermi-)Hubbard model was originally motivated by the

concrete problem of electrons in condensed matter systems [134], the Bose-Hubbard

(BH) model has drawn interest due to its simplicity in describing the Mott-insulator

to superfluid transition [135] and ability to be simulated by controlled systems, such

as alkali atoms in optical lattices [136].

Ignoring interactions between bosons at first, the Hamiltonian for bosons without

internal degrees of freedom moving in an external potential A(r⃗) is the sum of kinetic

40
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and potential energy expressed mathematically as

H =
∫
dr⃗ Ψ̂†(r⃗)(− ℏ2

2m∇2 + A(r⃗))Ψ̂(r⃗), (3.1)

where Ψ̂(r⃗) annihilates a boson at position r⃗ while obeying bosonic commutation

relations and m is the mass of a boson. Taking a square optical lattice as a simple

example, the external potential A(x, y, z) due to the AC stark shift from standing

waves of counter-propagating laser beams is of the form

A(x, y, z) = A0(sin2(2πx
λ

) + sin2(2πy
λ

)) + Az(z), (3.2)

where A0 is the scalar magnitude of the potential proportional to the laser intensity,

λ is the laser wavelength, and Az(z) is a confining potential in the z direction with

a minimum at z = 0. Provided Az(z) is strong enough to restrict the physics to the

x − y plane, it is not relevant to the derivation of the BH model itself (although it

can affect the parameter values within the model). To compare the localising energy

of the potential to the kinetic energy, A0 is usually expressed in units of the recoil

energy ER = h2

2mλ2 . This potential has minima at r⃗ix,iy = (ixx⃗ + iyy⃗)λ
2 , where ix and

iy are integer indices for the lattice minima.

According to Bloch’s theorem, the single-particle eigenstates of this Hamiltonian

with a periodic potential in the x− y plane (such as our example A(x, y, z)) are ‘Bloch

functions’ of the form exp(i⃗k.r⃗)f(r⃗), where k⃗ is a wavevector in the x− y plane and

f(r⃗) is a function with the same periodicity as the external potential [137]. However, it

is inconvenient to describe the physics of many bosons using Bloch functions because

these functions extend over all space whereas the interactions between bosons usually

do not. For this reason, the state of the system is usually written in the basis of

Wannier functions wix,iy(r⃗), which are localised at their own potential minimum r⃗ix,iy

and are related to each other through translation by integer multiples of the lattice
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vectors [138]. They are constructed using superpositions of the Bloch functions in the

lowest Bloch band [139]. The use of the lowest Bloch band is justified when the lattice

potential depth A0 is large compared to energy scales which might cause excitations

to higher bands, such as temperature or particle interactions.

There exists a choice of phases when building the Wannier functions from the

Bloch functions which leads to different Wannier functions and lattice models for the

equivalent physical potential. This choice can be resolved by using maximally-localised

Wannier functions, which are expected to reduce (although not necessarily minimise)

the overlaps and interactions between Wannier functions localised at well-separated

sites. Information about the processes to compute such maximally-localised Wannier

functions can be found in Refs [140, 141].

The Wannier functions provide a useful basis to decompose the boson field operator

Ψ̂(r⃗) using the equation

Ψ̂(r⃗) =
∑
ix,iy

wix,iy(r⃗)b̂ix,iy , (3.3)

where b̂ix,iy now annihilates a boson which has a spatial wavefunction given by wix,iy(r⃗)

and obeys bosonic commutation relations. This allows us to express the state of

the system and the Hamiltonian in the discrete basis of the Wannier functions at

each lattice site. When expanded in the basis of Wannier states, the single-particle

continuum Hamiltonian in equation 3.1 creates ‘tunnelling’ terms which cause particles

to hop sites. For deep optical lattices, the non-negligible tunnelling terms are those

between nearest-neighbour sites. For tunnelling in the x⃗ direction for example, this

element J is calculated using the integral

J = −
∫
dr⃗w∗

ix±1,iy
(r⃗)(−ℏ2

2m ∇2 + A(r⃗))wix,iy(r⃗). (3.4)

The tunnelling along both lattice directions produces part of the Bose-Hubbard lattice



3. Dipolar Bose-Hubbard Model 43

Hamiltonian given by

HJ = −J
∑
ix,iy

b̂†
ix+1,iy

b̂ix,iy +H.c.+ b̂†
ix,iy+1b̂ix,iy +H.c., (3.5)

where H.c. means the Hermitian conjugate of the preceding term.

On top of the single-particle tunnelling, one can add interactions between bosons.

The most important interaction between alkali atoms is the short-range density-density

repulsion 1. Because the lengthscale of the interaction is smaller than the lengthscale

over which the Wannier functions vary significantly, this is usually modelled as a

delta function multiplied by the contact interaction magnitude g = 4πℏ2ls/m, where

ls is the range of the interaction. Because this term is also short-ranged compared

to the lattice spacing (ls << λ), by far the most significant corresponding lattice

Hamiltonian element is repulsion between particles on the same site. This element

is calculated using the equation

U = g
∫
dr⃗|wix,iy(r⃗)|4. (3.6)

Adding this to the tunnelling Hamiltonian and expressing the 2D lattice position

using a single index, we arrive at the standard BH Hamiltonian

H = HJ +HU = −J
∑
⟨j,k⟩

b̂†
j b̂k +H.c.+ U

2
∑

j

n̂j(n̂j − 1), (3.7)

where ⟨j, k⟩ are neighbouring lattice minima j and k and n̂j = b̂†
j b̂j is the density

operator for the Wannier function localised at site j. This model now contains two

non-commuting terms and can therefore display non-trivial quantum behaviour which

is difficult to solve through classical methods, which motivates the desire to solve

this model through quantum simulation. Unlike in a condensed matter system, the
1Note that for polar molecules, the short-range interaction behaviour can involve chemical reactions

or sticky collisions, which may complicate the on-site BH interactions if multiple site occupation is
significant [142].
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model parameters can be controlled precisely in ultracold gas experiments using the

laser intensity to set the optical potential and using a magnetic field to modify the

short-range scattering length and therefore U [143, 144].

It is worth mentioning that this Hamiltonian omits tunnelling terms beyond nearest-

neighbouring Wannier functions and contact interactions between any different Wannier

functions on the basis that these elements are negligible. These assumptions can be

questionable for weak lattice potentials, while for high site occupation, the short-range

repulsion between the large number of particles pushes particles further from the

lattice potential minimum and therefore decreases the separation between bosons

which are nominally on different sites [145]. A useful review including the effects

of these terms is Ref [146].

3.1.1 Dipolar Interactions

The physics of the Bose-Hubbard model can be extended significantly by the inclusion

of long-range dipole-dipole interactions. The electric dipole-dipole interaction energy

between two equally-polarised dipoles d⃗ is given by

VDDI = |d⃗|2

4πϵ0R3 (1 − 3 cos2(α)), (3.8)

where ϵ0 is the permittivity of free space, R is the separation between the dipoles,

and α is the angle between the dipoles’ separation and their (identical) polarisation.

For magnetic dipoles µ⃗, the factor |d⃗|2
ϵ0

is replaced by |µ⃗|2µ0, where µ0 is the vacuum

permeability. The lattice Hamiltonian elements corresponding to this interaction can

be calculated by integrals as before, but the long-range nature of the interaction

means that a larger number of off-site terms will be relevant to the physics. A general

lattice Hamiltonian element is calculated using

Vi,j,k,l =
∫
dr⃗1

∫
dr⃗2w

∗
i (r⃗1)w∗

j (r⃗2)VDDI(r⃗1 − r⃗2)wk(r⃗2)wl(r⃗1), (3.9)
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giving the coefficient for the operator b̂†
i b̂

†
j b̂kb̂l. For i = j = k = l, the on-site DDI

operator becomes n̂i(n̂i − 1) due to bosonic commutation relations. If the lattice

potential is deep enough, the overlap between Wannier functions at different sites

will be small and the dominant off-site terms will have i = l ̸= j = k. These

terms correspond to the operator n̂in̂j, which physically means the DDI causes an

energy shift due to the density of bosons at two different sites without changing the

location of any bosons. For weak lattice potentials, the term with i = k ̸= j = l,

which enacts the same lattice operator and physically corresponds to switching the

positions of two bosons between sites, makes a small quantitative difference. Adding

the dominant off-site and on-site dipole-dipole interaction terms to the Bose-Hubbard

model results in the dipolar BH model

H = HJ +HU +HV = −J
∑
⟨j,k⟩

b̂†
j b̂k +H.c.+

∑
j

(U + Vj,j,j,j

2 )n̂j(n̂j − 1) +
∑
i ̸=j

Vi,j,j,i

2 n̂in̂j,

(3.10)

where the on-site DDI has been absorbed into the contact interaction term.

In the literature, the coefficient Vi,j,j,i is often approximated by taking the value

of VDDI between the lattice minima of i and j (i.e. approximating VDDI as constant

across the spatial extent of the two involved Wannier functions), although this is known

to cause inaccuracies in the shorter-range off-site DDI Hamiltonian for weak lattice

potentials due to the non-zero spread of the Wannier functions [147]. We also use this

assumption in chapter 4 to avoid specialising for a particular lattice potential depth

and for comparison with literature, whereas in chapter 5 we integrate over the Wannier

functions explicitly for comparison with continuum methods.

Our discussion of the density-density DDI terms has neglected, among other even

weaker terms, additional density-induced tunnelling (Vi,i,i,j) and pair-tunnelling (Vi,i,j,j)
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terms introduced by the DDI in soft-core models [148] (also reviewed in Ref [146]). The

most significant of these is the density-induced tunnelling, which creates lattice terms of

the form HT = −T ∑⟨i,j⟩ b̂
†
i (n̂i + n̂j)b̂j. The magnitude and sign of T compared to the

kinetic tunnelling J depend strongly on the lattice potential, including the confinement

in the z direction in a square lattice [149]. The interplay between density-induced,

and kinetic tunnelling has recently been studied for its effect on the superfluid and

supersolid regions of soft-core dipolar BH models [150–153].

3.1.2 Physics

The physics of the BH model has been studied widely using both numerical methods

and experimentally as one of the first demonstrations of quantum simulation of a

many-body system. The model produces a ground state transition between a superfluid

and a Mott insulator as the ratio of U/J is increased [135], which has been observed

using alkali atoms in optical lattices [154–156].

The addition of the dipole-dipole interaction to this model creates density-density

interactions between different sites. Unlike the standard BH model, this allows for

solid states which have a non-integer filling because tunnelling can additionally be

suppressed by off-site interactions. Due to the R−3 interaction decay, the strongest of

these interactions are on neighbouring sites. Models which keep only these terms are

referred to as extended BH models and in square lattices they feature density wave

states (characterised by density ordering in the bulk of the system which is different

from that imposed by the external potential) and soft-core supersolids [157,158]. In

1D, the soft-core version of this model also features Haldane insulator states with

non-local ‘string’ order [159,160]. The effect of further-neighbour couplings is weaker

but is important for stabilising the hardcore checkerboard supersolid [31, 161–163] and

(softcore or hardcore) diagonal (super)solids [164, 165].
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We investigate two separate aspects of the dipolar Bose-Hubbard model in this

thesis: In chapter 4, we develop and study the dipolar BH model in real-space cylindrical

optical lattices, where the anisotropy of the dipole-dipole interaction combines with

the curved lattice surface to produce spatially-varying off-site interactions. In chapter

5, we study the validity of the lowest-band dipolar BH model by comparing exact

results for small lattice systems with continuous-space methods that solve the same

physical problem by directly including the lattice potential.



4
Dipolar Bose-Hubbard Model in Real-Space

Cylindrical Lattices

This chapter contains results published in Ref [46]. MH formulated the project, performed

the calculations, and wrote the manuscript. Discussions with Paolo Molignini and

Joseph Tindall are acknowledged.

The anisotropy of the DDI significantly affects the physics of dipolar Bose-Hubbard

models, as has been studied intensely in 2D square lattices [142, 157, 164, 166, 167].

For curved 1D or 2D optical trap geometries, such as a ring, shell, or torus [168,169],

the anisotropy of the DDI leads to spatially-dependent interactions along the curved

surface of the trap [170–175]. This effect has remained less explored for discrete curved

lattices such as rings [176,177], where the lattice vectors between neighbouring sites are

not translationally-invariant throughout the lattice. This produces frustration in the

simplest scenario of a one-dimensional dipolar zigzag chain [178,179], while previous

work on a single octagonal ring [180] showed that this mechanism can favour the

occupation of lattice sites on a particular sublattice imposed by the lattice curvature.

Motivated by proposals for real-space cylindrical optical lattices [181], we study

48
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the ground state physics of a hard-core dipolar BH model on a finite cylinder using

Matrix Product State (MPS) methods, focussing on the case of a half-filled cylinder

with octagonal rings. The addition of the axial direction (in which the lattice vectors

do not change) means that the spatially-varying interactions in the azimuthal direction

are accompanied by translationally-invariant interactions in the axial direction. For

the octagonal-ring cylinder, we find that attractive axial interactions mean that the

ground state obeys either spontaneous or sublattice ordering depending on the strength

of the interaction variation, which is somewhat similar to the single octagonal ring.

For repulsive axial interactions, the interplay between the translationally-invariant and

spatially-varying interactions becomes richer, leading to greater interaction competition

and entanglement, unusual density-wave states, and sublattice-resolved physics. These

results show how the characteristic physics of long-range interacting models can be

enhanced through the combination of anisotropic dipolar interactions and curved

lattice geometries.

This chapter is arranged in the following manner: We introduce the cylindrical

dipolar BH Hamiltonian in section 4.1 followed by the specific case of an octagonal

ring in section 4.2. The numerical calculations and physical quantities extracted

for cylinders of finite axial length are described in sections 4.3 and 4.4 respectively.

Numerical results for the ground state properties for octagonal-ring cylinders of small

axial length are presented in section 4.5 and compared for varying axial length in

section 4.6. These numerical results are discussed in section 4.7. Different azimuthal

lattice lengths and considerations for physical implementation are discussed in sections

4.8 and 4.9 respectively.



4. Dipolar Bose-Hubbard Model in Real-Space Cylindrical Lattices 50

4.1 Hamiltonian

In this model, the bosons are trapped in a cylindrical optical lattice with its axis along

the z direction. We label the axial coordinate as z, while the potential minima in

the x − y plane are labelled by the index c. We first describe a general hard-core

cylindrical dipolar BH Hamiltonian before focussing on the case of octagonal rings.

The polarised bosons can hop to neighbouring sites both around the ring of the cylinder

and along the axis and interact with each other on different sites using the DDI as

described in chapter 3. We assume that the short-range repulsion is sufficient to

preclude double-occupation of sites. This leads to the following Hamiltonian:

H = −J
∑
⟨j,k⟩

b̂†
j b̂k +H.c.+ V

2
∑
j ̸=k

νj,kn̂jn̂k, (4.1)

where j and k are sites with defined axial and azimuthal coordinates (zj, cj etc.),

H.c. means Hermitian conjugate, ⟨j, k⟩ are neighbouring sites, b̂ is the hard-core

boson annihilation operator such that b̂2 = 0, n̂ = b̂†b̂ is the on-site density, J is the

tunnelling amplitude, V is the overall dipole-dipole interaction strength, and νj,k is

a factor describing the distance decay and orientation dependence of the interaction

between a given pair of sites which is given by νj,k = (1 − 3 cos2(αj,k))/R3
j,k, where

Rj,k is the distance between sites j and k, and αj,k is the angle between the dipole

polarisation direction and the separation vector of these sites. We define the interaction

Hamiltonian ĤV to be the term multiplied by V in equation 4.1. We have assumed

that the tunnelling amplitude J is equal around the cylinder and along the axis, and

we set J = 1 throughout this chapter.

The value of αj,k depends not only on the separation of the sites in terms of the

cylindrical lattice indices (i.e. zk − zj and ck − cj) but also on the value of c itself. This

means for example that the DDI between neighbouring sites around the ring of the

cylinder takes different values depending on the azimuthal coordinates of the sites.
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(a)

(b)
(c)

Figure 4.1: (a) Schematic of cylindrical optical lattice with octagonal rings. A single Boson
is shown in blue, whose polarisation d is denoted by the red arrow, which is confined to
the x − z plane at angle θ to the z axis. The lattice sites are shaded to denote the two
sublattices of inequivalent sites, where filled circles show the equatorial sublattice and hollow
circles show the polar sublattice. (b) Single ring of the cylindrical lattice with value of
azimuthal coordinate c labelled. The nearest-neighbour in-plane lattice vectors are shown. (c)
Nearest-neighbour and next-nearest-neighbour dipolar interactions for octagonal ring cylinder.
Nearest-neighbour interactions are plotted in solid lines with single markers for identification
while next-nearest-neighbour interactions are plotted in dashed lines and have two different
markers. A dotted line at zero interaction strength is also added. The domain of θ is split
into regions I, II, and III according to the ground-state physics at strong interaction.

4.2 Octagonal Ring Cylinder

We now describe the geometry of the octagonal ring lattice on which the majority

of our numerical calculations were based (a brief discussion of other values of Lc is

included in section 4.8). Figure 4.1(a) shows a diagram of the octagonal ring optical

lattice, which has Lc = 8 sites in the azimuthal direction and Lz = 13 sites in the

axial direction. For comparison with square optical lattices, we have assumed that the
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separation between neighbouring sites is the same in the axial and azimuthal directions

and we set this as our length unit (rz = rc = 1). We focussed on a fixed particle

number N , which unless stated was set at half the number of sites N = NH = LzLc

2 .

The orientation of the cylinder in the x− y plane is shown in Figure 4.1(b). Due

to the curved nature of the octagonal ring, there are three different in-plane lattice

vectors. We have focussed on the case where the polarisation direction is in the

x − z plane (similar to Ref [180]), where θ = 0 means the polarisation is in the

z direction and θ = π
2 means the polarisation is in the x direction. This decision

leads to two sublattices of inequivalent sites which we call the ‘polar’ and ‘equatorial’

sublattices. Sites on the polar sublattice have one neighbour in the ±x̂ direction

and one in the ±â direction. Sites on the equatorial sublattice have a neighbour in

the ±ŷ direction instead of the ±x̂ direction.

The spatially-dependent interactions can be seen in Figure 4.1(c), where the values

of νj,k for all different nearest-neighbour and next-nearest-neighbour interactions are

plotted as a function of θ for the octagonal-ring cylinder lattice with polarisation in

the x− z plane. The domain of θ is split into three regions (labelled I, II, and III)

according to the different qualitative mechanisms for stabilisation of the ground state

at strong interaction, which are discussed in section 4.5.

In particular, the in-plane nearest neighbour interactions (in the x̂, ŷ, and â

directions) are equally repulsive at θ = 0 but take maximally-separated values at θ = π
2 .

For θ ̸= 0, the interactions in x̂ are more attractive than the interactions in ŷ, which

means that the polar sublattice generally provides more attractive interactions than

the equatorial sublattice. Meanwhile, the axial interactions in the ẑ direction switch

from attractive to repulsive at θ ≈ 57.4◦. The other important point from Figure

4.1(c) is that the next-nearest-neighbour interactions in the x̂ + ẑ and â + ẑ directions

are always more attractive than their counterparts in the x̂ − ẑ and â − ẑ directions
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respectively because 0 ≤ θ ≤ π
2 , which becomes relevant when the nearest-neighbour

interactions compete against each other.

Other values of the azimuthal polarisation angle ϕ, which we have not studied in

depth, lead to significantly altered interactions and sublattice structure. For example,

if ϕ = π
8 , there are now three sublattices of two, four, and two sites respectively. These

sublattices mean the physics of this system is less easily interpretable than for ϕ = 0

with half of the sites occupied. For less symmetric choices of ϕ and even Lc, each site

on the ring is only equivalent to the opposite site halfway around the ring. For odd

Lc, all sites on the ring can be made to have inequivalent interactions.

4.3 Finite Lattice and Numerical Calculations

We study the ground states of this system using the Density Matrix Renormalisation

Group (DMRG) algorithm to optimise over matrix product states [182–184]. This

method is well-suited to one-dimensional or thin two-dimensional systems. It avoids

the full numerical cost of the exponentially-growing Hilbert space of many-body

quantum systems by truncating the representation of highly entangled states using

the maximum bond dimension χ, where a large χ increases both the Hilbert space

and numerical cost. A brief description of this method and its application to thin

dipolar systems is included in appendix E.

We note that the proposed cylindrical optical lattice [181] exhibits inhomogeneity

in the z direction, which limits the number of rings which can be coupled. For this

reason, to reduce computational cost, and to ensure the ground states we find are

compatible with edge effects, we first investigate the finite-size ground state diagram

as a function of V and θ for octagonal-ring lattices with a small finite axial length

10 ≤ Lz ≤ 16 in section 4.5. Unless otherwise stated, we report results for Lz = 13,
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which has N = 52 Bosons in 104 sites.

In section 4.6, we vary Lz (with Lc = 8 fixed) to study the extrapolation of the finite-

size phase transitions to the thermodynamic limit. For fixed Lc, the thermodynamic

limit for Lz → ∞ is one-dimensional. Further details of the numerical calculations

are in appendix F.

4.4 Observables

We use the one-body-density-matrix (OBDM) ρj,k = ⟨b̂†
j b̂k⟩ to study the tunnelling

coherences of the state, specifically through the bosonic orbital occupations (eigenvalues

of the OBDM) and inter-site correlations. While the population fraction in the largest

bosonic orbital vanishes in the one-dimensional thermodynamic limit for hard-core

bosons, this reduction with cylinder length is slower in a superfluid (SF) state 1 than

in a solid state (∝ 1
Lz

), contrasting these states in finite-size systems. To more easily

contrast the solid state, we denote the difference between the population fractions of

the two largest bosonic orbitals by δe, which is zero for a solid and would take the

value 1 for a perfect condensate. By studying the spatial distribution of the bosonic

orbitals, we can resolve this information according to the sublattices defined by the

Hamiltonian. The decay of intersite correlations with axial separation is expected to

be polynomial in the SF state, and exponential for solid states.

To study density-wave ordering, we use density-density correlation functions. To

mitigate the impact of edge effects on these order parameters, we include pairs of sites

in the ‘bulk’, where the bulk is defined by removing the three rings on each edge of

the cylinder. (For most ground states, trimming two rings or even one ring from the

edges of the cylinder is sufficient to quantitatively capture the bulk behaviour). To
1For hard-core bosons in a strictly one-dimensional lattice, the population fraction in the largest

orbital scales as ∝ L−0.5
z [185]. For our eight-leg cylindrical ladder, this scaling is found to be

approximately ∝ L−0.1
z .
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express this as a normalised order parameter and to avoid the effect of inhomogeneous

average density between the bulk and the edges, we calculate the order parameter

M∆z ,∆c =
∑

{z,c}⟨n̂z,cn̂z+∆z ,c+∆c⟩ − nbn
2
0

nbn2
0

, (4.2)

where {z, c} is a site such that both (z, c) and (z+ ∆z, c+ ∆c) are in the bulk, nb is the

number of such sites in the bulk, and n0 is the average density in the bulk. This means

that M∆z ,∆c is equal to 1(−1) if the presence of a particle on a given site (z1, c1) implies

the presence(absence) of a particle on site (z1 + ∆z, c1 + ∆c), while it is 0 if there is

no correlation beyond the average bulk density. For displacements which only include

density-density correlations between sites on the same sublattice, it is also possible to

define this order parameter separately for the polar and equatorial sublattices.

The Von-Neumann entanglement entropy Sent is a useful quantity to identify finite-

size precursors to phase transitions without needing to know the order parameters of

the phases in advance [163,186,187]. Sent is defined using the Schmidt decomposition

of the MPS approximation of the ground state |ψ⟩ into two subsystems A and B.

We can write any state of the full system as

|ψ⟩ =
W∑
w

λw |µw⟩A |νw⟩B , (4.3)

where |µw⟩A are mutually orthogonal states of subsystem A and |νw⟩B are defined

accordingly for subsystem B. W is the number of terms in the Schmidt decomposition

for which the Schmidt value λ is non-zero (the ‘Schmidt rank’) and is upper-bounded

by the dimension of the smaller subsystem and by the maximum bond dimension χ of

the MPS. For a product state, W = 1. Sent is defined from this decomposition using

Sent = −
W∑
w

|λw|2 ln(|λw|2), (4.4)

meaning that Sent, and the difficulty of acceptably approximating the state by an
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MPS of a given bond dimension χ, increase for highly-entangled states with a large

number of different Schmidt values of comparable magnitude.

For continuous phase transitions, the first derivative of the entanglement entropy

or other entanglement measures has been used to identify phase transitions instead

[188–191]. The second-order Rényi entropy (which provides a lower bound for Sent)

can be measured experimentally in optical lattice systems [192, 193], although the

cylindrical lattice geometry would complicate the implementation of these schemes

relative to 1D chains or square lattices. In this chapter, we use Sent to refer specifically

to the entanglement entropy across the centre-most bipartition of the lattice which

cuts directly across the cylinder axis, while SLA
refers to the entanglement entropy

of a bipartition which again cuts directly across the cylinder axis and for which

subsystem A at lower z has length LA.

4.5 Ground State Diagram for Lz = 13

To describe the behaviour of the model as a function of V and θ, we first present

a finite-size phase diagram in Figure 4.2. At strong interaction there are different

classes of solid ground states in regions I, II, and III, which we label the stripe solid

(SS), polar solid (PS), and repulsive solid (RS) respectively. The RS is a collection

of states, containing the diagonal stripe (DS) and dual checkerboard (DC), whose

boundaries are strongly influenced by the cylinder length. We discuss the three solid

regions separately in sections 4.5.1, 4.5.2, and 4.5.3 respectively as the role of the

spatially-varying interactions is qualitatively distinct. At weak interaction, the ground

state (labelled TU) is dominated by tunnelling but is slightly warped by the interactions.

We discuss this state in more detail in section 4.5.4. These states are compared from

the perspective of off-diagonal correlation decay in section 4.5.5 and using wavefunction
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Figure 4.2: (a) Finite-size phase diagram of model using Lz = 13 as a function of polarisation
angle θ and DDI strength V . Unfilled markers show calculated finite-size transition points,
while black lines join neighbouring markers as a guide to the eye (the boundary between the
polar solid PS and tunnelling state TU regions is marked in a dash-dotted line to indicate
that the transition is not sharp at this cylinder length). The filled triangle shows the value of
θ for transition from stripe solid SS to PS as V → ∞. Physical parameters are plotted for the
dashed lines at θ = {0, π

4 ,
π
2 } in Figure 4.3 and for the dotted lines at V = {2, 4} in Figure

4.4. Black square markers on the θ axis mark the boundaries between regions I, II, and III.
(b-e) Expectation value of on-site density for solid ordered states (stripe solid, polar solid,
diagonal stripe, and dual checkerboard respectively) using the common colour scale shown
next to (e). Arrows point towards the corresponding parameters in (a) marked by asterisks.

overlap in section 4.5.6. The table below summarises the expected values of certain

physical parameters for the states which we quantitatively analyse, with the caveat

that δe would slowly vanish for Lz → ∞ for the TU state.

δe Sent M∆z=0,∆c=2 M∆z=0,∆c=4
TU > 0 > 0 0 0
SS 0 0 +1 +1
PS 0 0 −1 +1
DC 0 0 0 −1

We plot the values of these physical parameters for constant θ in Figure 4.3 and for

constant V in Figure 4.4. We describe the qualitative ground states and transitions

which lead to this behaviour in the rest of this section.
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(b)(a)

Figure 4.3: Physical parameters for polarisation angles θ = 0, π
4 , and π

2 as a function of
DDI strength V corresponding to the black dashed lines in Figure 4.2(a). (a) Von-Neumann
entanglement entropy Sent on the left-hand y-axis and condensation parameter δe on the
right-hand y-axis. (b) Solid order parameters M∆z ,∆c . Any transition lines from Figure 4.2(a)
which are intersected by these graphs are denoted with the corresponding marker.

(a) (b)

Figure 4.4: Physical parameters for DDI strengths V = 2 and V = 4 as a function of
polarisation angle θ corresponding to the dotted lines in Figure 4.2(a). (a) Von-Neumann
entanglement entropy Sent on the left-hand y-axis and condensation parameter δe on the
right-hand y-axis. (b) Solid order parameters M∆z ,∆c . A black dotted line at M∆z ,∆c = 0 is
added as a guide to the eye. Any transition lines from Figure 4.2(a) which are intersected by
these graphs are denoted with the corresponding marker. The boundaries between regions I,
II, and III are denoted by black square markers on the θ axis in (b).
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4.5.1 Stripe Solid

The simplest solid state we find is the stripe solid (shown in Figure 4.2(b)), in which

particles line up along the axis while occupying alternating sites on the ring. This

state forms at strong interaction for low θ, where the spatial variation of interactions

is small and this model is similar to a flat square lattice Bose-Hubbard model in

which the polarisation is along a lattice vector. The SS state spontaneously breaks a

discrete symmetry (because there are two degenerate choices of which four values of

c are occupied). While any superposition of these two degenerate orthogonal states

is also a ground state of the system, DMRG is biased towards the low-entanglement

product states and outputs one of the two configurations during optimisation [194],

which can be selected by choice of the initial MPS.

Because of the discrete symmetry-breaking property of the SS, the TU-SS transition

breaks one discrete symmetry, which means the transition is expected to be second-order.

Our numerical results show abrupt changes in order parameters even in this relatively

small system, with a sharp increase in the solid order parameters, the vanishing of

δe, and the peak in Sent all occurring at V = 1.5 for θ = 0 as shown in Figure 4.3.

We use finite-size scaling to analyse this transition in the thermodynamic limit in

section 4.6.1. The same signatures of the transition are observed for θ = π
8 for V = 2

as shown in Figure 4.4. Increased dipolar interaction strength favours the SS over

the TU while increasing θ has the opposite effect because it weakens the attractive

interactions in ẑ and the repulsive interactions in x̂.

4.5.2 Polar Solid

In the polar solid, the bosons line up along the axis occupying the polar sites on each ring,

as shown in Figure 4.2(c). While the SS is formed by the same mechanisms that exist
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in flat lattices, the PS is formed due to the sublattice structure of the spatially-varying

azimuthal interactions. The bosons fill the polar sublattice in order to benefit from the

interactions in x̂ and x̂ ± ẑ which are more attractive than the equivalent interactions

in ŷ and ŷ ± ẑ, while still experiencing the attractive interactions in ẑ. This means that

there is a unique sublattice with the lowest energy, an effect which also stabilises ordered

states for Bose-Hubbard models in externally imposed alternating potentials [195–197].

As there is no discrete symmetry spontaneously broken by the formation of the PS,

the TU-PS transition is much more gradual. It does not feature a peak in Sent.

The TU-PS boundary for Lz = 13 in Figure 4.2, which we determined by a maximum

in −∂Sent

∂V
for constant θ, should therefore be interpreted more as a contour at the

sharpest changes in physical parameters rather than a sharp phase boundary. For

the markers shown in Figure 4.2, this maximum coincided with a local minimum in

the overlap between the ground state wavefunctions of neighbouring datapoints at

fixed θ and varying V (as shown in Figure 4.5(a)), and also fixed V and varying θ.

This means that there is a local maximum in the ‘fidelity susceptibility’ with respect

to V , which has been used to pinpoint phase transitions [187, 198–200]. Due to the

smoothness of this transition, we find that the much larger system sizes investigated

in section 4.6.2 are necessary to resolve the physics at even a qualitative level, so we

defer a full discussion of this transition and the fidelity susceptibility to that section,

and discuss here only the difficulties of locating it in a small system.

As a consequence of the facts that the TU-PS transition is smooth and affected by

the greater tunnelling at the cylinder edges, the choice of how to locate the transition

affects the reported boundary (compared to the TU-SS transition whose location is

clear). Our use of the entanglement entropy and wavefunction overlap mean this

boundary is quite sensitive to edge tunnelling, particularly at large V . This means

that the state immediately on the TU side of the boundary has a large proportion of
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Figure 4.5: (a): Overlaps of neighbouring wavefunctions for PS-TU transition as a function
of DDI strength V for different polarisation angles θ, plotted logarithmically to show all on
the same scale. δV = 0.1 in this plot, which is the minimum spacing between datapoints.
The points on this graph are halfway between parameters used to calculate ground states.
The chosen transition point is the datapoint which has the lowest and next-lowest overlap on
either side as a function of V . (b) Example on-site density for a ground state immediately on
the TU side of the boundary.

its tunnelling energy localised at the cylinder edges, as shown in Figure 4.5(b).

States close to the TU-PS boundary experience a subtle edge effect due to the

spatially-varying interactions, as shown in Figure 4.5(b). This favours the occupation

of sites c = 3 and c = 6 over c = 2 and c = 7 on the first ring of the lattice while the

opposite is true for the final ring of the lattice, despite all of these sites being in the

polar sublattice. This is because the four preferentially-occupied sites experience a

more attractive x̂ + ẑ interaction with the occupied sites on the neighbouring ring

inside the lattice but do not experience the less attractive x̂ − ẑ interaction because

the corresponding site is outside the edges of the lattice, while the opposite applies

to the other polar sites on the edge rings.

The SS-PS transition meanwhile is sharp. This transition does not cause changes in

orbital occupation or Sent because both states are solid, but the M0,2 order parameter

changes abruptly from +1 for the SS to −1 for the PS, as shown in Figure 4.4(b).

Both of these solid states experience the attractive interactions in ẑ equally, while

the PS has additional interactions in x̂ and x̂ ± ẑ. For V >> J , this transition
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therefore occurs when the sum of the additional interactions in the PS becomes

attractive. For interactions restricted to next-nearest-neighbour, this requires a

polarisation angle given by

1 − 3 sin2(θSS−P S) = 1√
8
Lz − 1
Lz

. (4.5)

For an infinitely-long cylinder, θSS−P S ≈ 0.307π
2 while for Lz = 13 the fact that

only the repulsive x̂ interaction is present for the first ring pushes the transition to

θSS−P S ≈ 0.314π
2 . This agrees with our numerical results for V = 6, where we find an

SS ground state for θ = 0.31π
2 and a PS ground state for θ = 0.32π

2 . For V = 4 the

transition occurs at slightly higher θ because the SS is able to lower its energy more

than the PS by incorporating low levels of particle tunnelling at the cylinder edges.

We remark that for θ = 0.32π
2 we found DMRG would occasionally select the SS or PS

when the other solid state was favoured because the optimisation became stuck in a

local minimum. To avoid this, we performed calculations using both the SS and PS

as starting wavefunctions and compared the final density distributions and energies

after DMRG caused them to acquire small amounts of tunnelling.

The PS can be considered as the two-dimensional analogue of the state predicted in

the single octagonal ring for polarisation in the x̂ direction [180]. It is formed gradually

due to the sublattice structure of the azimuthal interactions and is compatible with

the axial interactions for 0.32π
2 ≤ θ ≤ 0.65π

2 because the axial interactions are either

attractive or very weakly repulsive for these polarisation angles. Unlike for the single

octagonal ring, this state becomes disrupted by sufficiently repulsive axial interactions

as we describe in the next subsection, even though the spatial variation of interactions

which creates the PS becomes stronger as the polarisation tilts away from the axis.



4. Dipolar Bose-Hubbard Model in Real-Space Cylindrical Lattices 63

4.5.3 Repulsive Solid

For 0.65π
2 ≤ θ ≤ π

2 , repulsive axial interactions compete with the sublattice structure

of the azimuthal interactions, which leads to greater frustration and entanglement and

more complicated density orderings. At strong interaction, most polarisation angles

do not produce a qualitatively ordered state in small systems but rather interpolate

between domains of states which do have recognisable order as a function of θ. We

therefore begin by describing these recognisable ordered states.

4.5.3.1 Dual Checkerboard

The dual checkerboard (DC) is formed at strong interaction for θ ≈ π
2 where both

the spatial variation of azimuthal interactions and the axial repulsion are strongest.

To minimise the repulsion while benefiting from the attractive interactions in x̂ and

â, the bosons occupy sites c = {1, 2, 3, 4} and c = {5, 6, 7, 8} on alternate rings in

the bulk, as shown in Figure 4.2(e). Residual tunnelling at finite V is stronger for

the equatorial sublattice (c = {1, 4, 5, 8}) because the attraction is weaker than for

the polar sublattice. While there are clear edge effects, the bulk ordering is equally

compatible with all cylinder lengths and is therefore largely unaffected by Lz. This

state has a two-fold degeneracy like the SS but unlike the PS.

The TU-DC transition is significantly affected by the spatially-varying interactions,

as shown in Figure 4.6. The TU state at high θ features axial density modulation

on the polar sublattice (Figure 4.6(b)), which emerges from the cylinder edges due

to the axial repulsion. This partial ordering does not penetrate the bulk before the

transition to the DC for either even or odd Lz. The solid order and suppression of

tunnelling build more quickly on the polar sublattice than the equatorial sublattice

due to the spatial variation of interactions. This is shown in Figure 4.6, where we plot

sublattice-resolved versions of certain physical parameters. M0,4,P (E) is the M0,4 solid
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Figure 4.6: (a) Sublattice-resolved physical parameters for the TU-DC transition at
polarisation direction θ = π

2 as a function of DDI strength V . (b) and (c) On-site densities
corresponding to the DDI strengths denoted by vertical black dotted lines in (a), shown on a
common colour scale.

order parameter including only pairs of sites which are both on the polar(equatorial)

sublattice, while δE,P (E) shows the difference in polar(equatorial) sublattice population

of the two largest bosonic orbitals. For the polar sublattice, δE,P falls sharply to

zero across the transition and the DC solid order builds quickly. On the equatorial

sublattice, both changes are much more gradual. We have checked that the significant

tunnelling on the equatorial sublattice at the cylinder edges for relatively low values of

V in the DC region is not responsible for the larger occupation of the largest bosonic

orbital, because this orbital has its largest occupation close to the cylinder centre.

4.5.3.2 Diagonal Stripe

The diagonal stripe (DS) family of states is formed from the PS by displacing bosons

from two sites of the polar sublattice to the equatorial sublattice per period such

that they attach in a diagonal pattern to the remaining blocks of four or six occupied

sites on the polar sublattice. The diagonal alignment is set by the fact that the

next-nearest-neighbour x̂ + ẑ interaction is more attractive than the x̂ − ẑ interaction,
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Figure 4.7: (a-g) A DS-type state with the lowest interaction energy for various cylinder
lengths at polarisation angle θ = 3π

8 with common colour scale. (h) Interaction energies ⟨ĤV ⟩
of all DS-type states at θ = 3π

8 for different Lz. Degenerate states are displaced along the
x-axis.

showing the importance of the next-nearest-neighbour interactions when the axial

and azimuthal interactions compete.

We note that for very strong interaction, a very small range of θ close to the PS,

and specific large values of Lz (such as V = 10, θ = 0.67π
2 , and Lz = 35), DMRG

converges to a state featuring blocks of ten polar sites due to edge effects, even though

this block size is not favoured for V → ∞ on an infinitely-long cylinder at any value of

θ. For simplicity and due to their reliance on specific values of Lz and extremely strong

DDI, we do not include these block sizes in our discussion of the DS family of states.

For interactions truncated to next-nearest-neighbour, the interaction energy densities

for infinitely-long cylinders with blocks of four or six polar sites respectively are very

similar in region III (crossing from favouring blocks of six to blocks of four at θ = 0.76π
2 ).
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Due to this similarity, for a given Lz, the periodicity of this state can be disrupted by

edge effects and the interactions between the blocks. This is shown by Figure 4.7 which

displays the DS-type state which has the lowest interaction energy for 10 ≤ Lz ≤ 16

and θ = 3π
8

2. For all Lz shown except Lz = 10, the favoured DS-type state contains

blocks of both sizes arranged to minimise their mutual repulsion while ensuring that

there are occupied sites at the edges of the lattice due to axial repulsion. It is clear

that the length of the cylinder impacts the density distribution deep within the bulk,

which means that the cylinder lengths studied here do not produce periodic bulk order.

The combination of different block lengths in DS-type states of finite cylinder length

leads to multiple degenerate states for interactions truncated at next-nearest-neighbour

for V >> J , as shown in Figure 4.7(h).

We investigated the existence of DS states for these values of Lz using very strong

interaction V = 7 and 0.72π
2 ≤ θ ≤ 0.77π

2 by comparing DMRG results when initialised

with a random state with small χ or one of the DS-type states with lowest interaction

energy (Figure 4.7). We found that all values of Lz converged to qualitative DS-

type states for at least one value of θ, but that for other values of θ, the states

for Lz = 12 and 16 in particular could become significantly distorted during energy

minimisation even when initialised with the DS-type state, which is a clear signal

that this state is not a local (let alone global) minimum of the energy. This suggests

that the edge effects have a significant impact on the stability of the DS state, even

at such strong interaction strength.
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Figure 4.8: On-site density for ground states at strong DDI strength V = 7 for varying
polarisation angle θ using common colour scale. (a) PS at θ = 0.63π

2 (b) Local maximum in
Von-Neumann entanglement entropy Sent at θ = 0.67π

2 (c) DS-type state at θ = 0.75π
2 = 3π

8
(d) Domains of DS and DC at θ = 0.9π

2 (e) DC at θ = π
2 .

4.5.3.3 Changes due to Polarisation Direction

We now describe qualitatively how the ground state changes as a function of θ at strong

interaction in Region III. The corresponding on-site densities are plotted in Figure 4.8.

Firstly, the PS is destroyed as the axial interactions become sufficiently repulsive to

push particles to the cylinder edges where they show slightly increased tunnelling. As θ

increases further, the bulk of the PS fractures into smaller blocks on the polar sublattice.

For the values of V we studied, we find that this process coincides with sharp decrease

in dominant orbital occupation and the local maximum in Sent which we use to pinpoint

the boundary of the RS region. If edge effects are satisfied, these blocks then acquire

DS order which remains stable over a finite range of θ. As θ increases further, the state

interpolates between the DS and the DC through a number of states which do not show

any qualitative order in our finite system. The size of the blocks of particles on the

polar sublattice decreases as θ increases, eventually arriving at the DC state when all

particles on the polar sublattice are arranged in blocks of two. Our numerical results are

unable to determine the nature of the transition between the DS and DC states. Similar

difficulties have been reported for solid-solid transitions driven by polarisation direction
2We define a DS-type state on a finite lattice as a product state featuring blocks of four or six

occupied polar sites, with the leftover particles on the equatorial sublattice attached to those blocks
in the energetically-optimal ‘diagonal’ fashion. Blocks of two occupied polar sites are allowed at the
edges because they are favoured by edge effects.
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(a) (b)

Figure 4.9: Fluctuation parameter Fpolar in cylinder bulk for (a) DDI strength V = 4 and
(b) polarisation angle θ = π

2 .

in flat Bose-Hubbard models, even for relatively large system sizes (≈ 40 × 40) [166].

4.5.4 Tunnelling State

The state at weak interaction is dominated by tunnelling and features a large occupation

of a single bosonic orbital in small systems. It has large entanglement between sites

because the local particle number fluctuates due to tunnelling while the global particle

number is conserved [201]. At θ = 0 it is a superfluid state with algebraically-decaying

correlations in the axial direction (see section 4.5.5). At larger θ and moderate V ,

this relationship becomes warped as the density smoothly acquires an imbalance in

favour of the polar sublattice due to the spatial variation of interactions. In region

III, the TU also features a weak axial density modulation, especially at the edges

of the system, because of the repulsive axial interactions.

In region III, the tunnelling state has very large entanglement entropy Sent ≈ 3.5

at moderate V as shown in Figures 4.3(a) and 4.4(a). This is due to the competition

between the sublattice ordering (favouring the polar sublattice) and the axial repulsion

(penalising occupation of the polar sublattice on neighbouring rings). This manifests

itself in bulk density fluctuations which favour simultaneous occupation of neighbouring
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polar sites on the same ring but disfavour simultaneous occupation of neighbouring

polar sites along the axis. These fluctuations decrease the interaction energy by

increasing the attraction in the x̂ direction and reducing the axial repulsion. They

are present for both odd and even Lz and are larger at the centre of the system. We

show these fluctuations in Figure 4.9 using the quantity

Fpolar = 1
Lz − 7

Lz−4∑
z=4

∑
c=2,6

(⟨n̂z,cn̂z,c+1⟩ − ⟨n̂z,c⟩⟨n̂z,c+1⟩) − (⟨n̂z,cn̂z+1,c⟩ − ⟨n̂z,c⟩⟨n̂z+1,c⟩)

(4.6)

which has a maximum value of 1 for hard-core bosons. This quantity grows with

increasing V and θ in the TU state in region III until just past the TU-RS transition.

It is not clear from our results whether the nominal TU state in region III at

moderate V is a distinct phase characterised by large entanglement entropy, or whether

it is an extended transition region between the superfluid-type TU state and the RS

states. For the system lengths which are numerically feasible despite large Sent, there

is no clear transition point between this state and the superfluid-type TU state which

exists at weak V and no corresponding local minimum of the overlap of neighbouring

wavefunctions. In the absence of a clear signature otherwise, we have used the common

TU label for both of these states based on their shared lack of solid order and significant

occupation of the dominant bosonic orbital in small systems.

4.5.5 Correlations

In this section, we investigate the decay of off-diagonal correlations in the OBDM as a

function of distance along the cylinder axis. This decay is expected to be algebraic

for superfluid states, following the relationship

⟨b̂†
z,cb̂z+∆z ,c⟩ ∝ ∆−p

z , (4.7)
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Figure 4.10: Off-diagonal correlations (defined in equation 4.9 as a function of axial
separation ∆z for a polar (P ) and equatorial (E) site at z = 4 for (a) different ground states
in the TU region (b) representative SS, PS, and DC states. Hamiltonian parameters for DDI
strength V and polarisation angle θ are shown in the legend. Note the very different scales of
the y-axes. (a) uses a logarithmic scale for the x axis while (b) uses a linear scale so that the
anticipated decay trends (algebraic and exponential respectively) would form straight lines.

where p is a positive power. For solid states, the decay is expected to be exponential,

following

⟨b̂†
z,cb̂z+∆z ,c⟩ ∝ e− ∆z

ϵz , (4.8)

where ϵz is the correlation length in the axial direction. Specifically, we consider

the quantity

C̄ =
Lc∑
c

⟨b̂†
z,cb̂z+∆z ,c⟩ (4.9)

which averages correlations over all azimuthal positions c, along with C̄P (E) which are

defined analogously for the polar and equatorial sublattices respectively. To reduce

edge effects, we again consider the ‘bulk’ of the system with the three rings at each

edge removed and show the correlations for z = 4 and 1 ≤ ∆z ≤ 6.

We plot these correlations as a function of axial distance separately for the polar

and equatorial sublattices for a range of ground states in Figure 4.10. In subfigure

(a), we have used a logarithmic scale for ∆z so that a polynomial decay of correlations
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forms a straight trend. While the chosen TU states at θ = 0, π
4 broadly follow this

pattern (although separately for the polar and equatorial sublattices in the latter case),

the correlation decay for the TU ground state at V = 2, θ = π
2 deviates from the

superfluid trend by displaying faster short-range correlation decay and oscillations

at long distances in the polar sublattice.

In subfigure (b) we have used a linear scale for ∆z, meaning the expected exponential

decay of correlations in a solid state would form a straight line. We see that the

representative SS and PS states at θ = 0, π
4 follow this trend, where the correlations in

the PS are identical for the polar and equatorial sublattice, unlike for the TU state at

the same polarisation angle. The DC state has a sub-exponential decay of correlations,

including oscillations on the equatorial sublattice which are again most notable close

to the cylinder edge. These effects reduce but are still noticeable up to V = 15.

Overall, we find that the decay of correlations matches well with expectations at

low θ but becomes split by sublattice at higher θ. At θ = π
2 , the ground states of the

small system are difficult to categorise by the decay of correlations.

4.5.6 Overlaps with Representative States

As well as the order parameters, a useful way to quantitatively analyse the similarity

between ground states is to calculate the overlaps between the ground states and

wavefunctions which are clearly representative of one of the ‘idealised’ ground states.

For example, we define representative wavefunctions for the TU, SS, PS, and DC states

by taking the calculated ground states for the following parameters: |ψT U⟩ = |V = 0⟩,

|ψSS⟩ = |V = 7, θ = 0⟩, |ψP S⟩ = |V = 7, θ = π
4 ⟩, |ψDC⟩ = |V = 7, θ = π

2 ⟩. Using

calculated ground states as reference wavefunctions ensures that the wavefunctions

incorporate the cylinder edge effects, which would otherwise significantly affect

wavefunction overlap.
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Figure 4.11: Non-negligible overlaps between ground states and reference states (a) as
function of DDI strength V (b) as a function of polarisation angle θ. Transition lines from
Figure 4.2(a) which are intercepted by these graphs are marked with the corresponding
marker.

In Figure 4.11 we plot the overlaps of the calculated ground states |ψ⟩ with these

reference states as a function of V and θ. We have only shown the non-negligible

overlaps for clarity. To account for the two-fold degeneracy of the SS and DC, we used

the initial DMRG state to target both minimally-entangled ground states in separate

runs. For example, this means we have two separate |ψSS⟩ wavefunctions, where the

value of ⟨ψSS|ψ⟩ is taken to be the largest value from either choice of |ψSS⟩.

While the behaviour of these graphs is mostly as expected, they show that the

overlap with the reference TU state is quite strongly reduced by any significant value

of V , even before solid order develops. As shown in the V = 4 line of subfigure (b),

there is a large drop in the overlap between the ground state and the reference SS state

as the SS-PS transition is approached, which is caused by edge tunnelling.

4.6 Finite-Size Scaling

In this section, we study the ground state physics of the octagonal-ring cylinder for

different Lz and perform finite-size scaling analysis. The purpose of finite-size scaling
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is to use results from finite systems, such as the relatively small systems available

to DMRG for quasi-1D lattices, to quantitatively extract the physical behaviour in

the thermodynamic limit, which in this case is the one-dimensional thermodynamic

limit of Lc = 8 and Lz → ∞.

For numerical feasibility, we focus on three values of θ = 0, π
4 ,

π
2 and analyse the

three qualitatively different transitions to solid states. In this section we allow ourselves

to use larger system sizes for the numerically easier parts of the phase diagram to

improve the reliability of our scaling analysis. We also find that we require smaller

increments of interaction strength δV < 0.1 for this purpose.

4.6.1 TU-SS

To study the TU-SS transition, we fix θ = 0. To identify the transition point VT U−SS,

we use the stripe ‘magnetisation’ operator m̂SS = 2
LzLc

∑
z,c(−1)c(n̂z,c − 1

2) which takes

the values ±1 in the SS state depending on which of the two degenerate ground states is

present. From this we use the Binder cumulant [202] USS = 1
2(3 − ⟨m̂4

SS⟩
⟨m̂2

SS⟩2 ), which is zero

in the ideal TU state and 1 in the ideal SS state. As shown in Figure 4.12(a) and (c), we

find that both USS and ⟨m̂2
SS⟩ switch from ≈ 0 to ≈ 1 more sharply for larger systems

as expected. The crossing points of the Binder cumulants as a function of V converge

quickly with increasing system size to VT U−SS ≈ 1.46 which is close to the corresponding

transition point found in previous calculations of analogous models on two-dimensional

flat square lattice models [166,167], although in that case the transition is first-order.

For a second-order phase transition, it is expected that the Binder cumulants for

varying Lz will collapse onto each other when plotted against the rescaled interaction

strength L( 1
ν

)
z (V − VT U−SS), where ν is the critical exponent for the correlation length.

This is shown in Figure 4.12(b) for ν = 0.76. Similar collapse is observed when

plotting L( 2β
ν

)
z ⟨m2

SS⟩ against the rescaled interaction strength, where β is the critical
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Figure 4.12: Finite-size scaling data for TU-SS transition at polarisation angle θ = 0.
(a) Binder cumulant USS for different axial lengths Lz. As with other panels which do not
show data collapse, we link data points for the smallest system Lz = 10 in dashed lines
and for the largest system Lz = 50 in solid lines for clarity. (b) Binder cumulant plotted
against scaled interaction strength using critical DDI strength VT U−SS = 1.46 and correlation
length critical exponent ν = 0.76. (c) Squared magnetisation ⟨m2

SS⟩ against interaction
strength. (d) Rescaled squared magnetisation against rescaled interaction strength using
magnetisation critical exponent β = 0.08. (e-g) Physical parameters for the Von-Neumann
entanglement entropy Sent, condensation δe and stripe solid order M0.2 against interaction
strength respectively.
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exponent for the magnetisation, as shown in Figure 4.12(d) for β = 0.08, where we

used the measure in Ref [203] to quantitatively determine the values of ν and β which

showed the smallest deviations from data collapse, with changes of ±0.03 and ±0.005

respectively in these critical exponents leading to a 1% increase in the deviation. The

data collapse indicates that the abrupt changes in the behaviour of the small system

correspond to a phase transition in the thermodynamic limit. We were not able to

convincingly identify this transition with a universality class, with the closest match

for the dimensionality (1D quantum), broken symmetry (Z2), and critical exponents

being the (classical) 2D Ising transition, for which the expected critical exponents are

ν = 1 and β = 1
8 [204]. One possibility for future work to clarify the classification of

this transition would be to compare critical exponents with those of the corresponding

transition for different fixed even Lc ̸= 8.

We find that the physical parameters (Sent, δe, and M0,2) used to identify this

transition for the small system show sharper variations in larger systems, which

gradually move closer to the critical point VT U−SS for the infinite system. This

expected behaviour justifies their use as signatures of the finite-size precursor to the

phase transition in the thermodynamic limit.

4.6.2 TU-PS

To study the TU-PS transition in region II, we fix θ = π
4 . Using larger system lengths

allows us to resolve the fact that this transition actually occurs in two distinct parts at a

lower value of V ≈ 3.5 and an upper value of V ≈ 4. This can be seen clearly in Figure

4.13(a), where Sent decreases smoothly at V ≈ 3.5 before plateauing and then decreasing

sharply at V ≈ 4 for the largest system sizes. While the most notable change in Sent is

at the upper transition, the most significant decrease in δe is at the lower transition

(Figure 4.13(b)). Meanwhile, the M0,4 parameter which denotes the PS order increases
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Figure 4.13: Finite-size scaling data for TU-PS transition at polarisation angle θ = π
4 as

a function of DDI strength V for different axial lengths Lz. (a)-(c) Physical parameters
for Von-Neumann entanglement entropy Sent, condensation δe, and polar solid order M0.4
plotted against interaction strength respectively, with dashed and solid lines shown between
datapoints for the smallest and largest system sizes respectively for clarity. (d)-(e) ∂Sent

∂V and
fidelity susceptibility per ring χF against interaction strength respectively, where straight
lines are plotted between datapoints for all system sizes due to the sharp trends. (f) ln(χ∗

F ),
where χ∗

F is the peak fidelity susceptibility per ring, against ln(Lz) for both peaks. The
dashed red line is a linear fit for the largest seven system sizes of the upper peak, from
which ν = 0.97 was extracted. (g) χ∗

F against 1
ln(Lz) for both peaks. The dashed red line is a

linear fit for the largest seven system sizes of the lower peak. (h) Data collapse for rescaled
fidelity susceptibility L(1− 2

ν
)

z χF against rescaled interaction strength L
( 1

ν
)

z (V − VT U−P S) for
the upper peak, using correlation length critical exponent ν = 0.97 and critical DDI strength
VT U−P S = 3.953.
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smoothly and monotonically through both transitions, as shown in Figure 4.13(c).

To gain further insight into these transitions, we consider quantitative measures

of sharp changes in the wavefunction. In section 4.5.4, we identified a single nominal

transition point by a peak in −∂Sent

∂V
and a local minimum in the overlap between

neighbouring wavefunctions at V = 4.1. To quantify the overlap between neighbouring

wavefunctions, we use a finite-difference analogue of the fidelity susceptibility per

ring [205],

χF =
−2 ln(⟨ψ(V − δV

2 , θ)|ψ(V + δV

2 , θ)⟩)
Lzδ2

V

, (4.10)

where δV is the difference in V between the Hamiltonians from which the ground-state

wavefunctions were calculated. As Lz increases, a second peak in −∂Sent

∂V
and χF

emerges at V ≈ 3.5 and both peaks become sharper as Lz increases for both measures,

as shown in Figure 4.13(d) and (e). This supports the conclusion from the behaviour

of Sent that there are two separate transitions.

The behaviour of −∂Sent

∂V
and χF across these transitions resemble each other very

closely. The fact that they both show signatures of these transitions is expected as

both measures are used to identify phase transitions, although the resemblance is not

expected to be exact as slight differences between the peak positions of these two

measures are visible in Figure 4.13(d) and (e) and have been found in literature [206].

The agreement shows that Sent is an important physical parameter for both transitions,

particularly the upper transition where the condensation parameter δe and solid order

measures are largely unchanged.

To investigate the critical parameters of these transitions, we study the scaling of the

peak value of χF , which we label χ∗
F . We find that χ∗

F for the upper peak is proportional

to Lα
z as derived for second-order transitions with correlation length critical exponent

ν = 2
α+1 in one dimension [207,208]. From this fit for Lz = {40, 50, 60, 70, 80, 90, 100},
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(a) (b) (c)

Figure 4.14: TU-PS transition for axial length Lz = 100 using different particle numbers
N = NH (solid lines), N = NH − 1 (dashed lines), and N = NH − 2 (dotted lines), where
NH = LzLc

2 and Lc = 8 is the azimuthal length. (a) on-site density for equatorial sites with
c = 1, where one marker per line is used for identification. (b) Von-Neumann entanglement
entropy SLA

for different subsystem lengths 1 ≤ LA ≤ 99. (c) Von-Neumann entanglement
entropy across the central bipartition Sent and condensation parameter δe as a function of
DDI strength V .

we extract ν = 0.97 as shown in Figure 4.13(f). We then find good data collapse

for L(1− 2
ν

)
z χF against the rescaled interaction strength L

( 1
ν

)
z (V − VT U−P S) as shown in

Figure 4.13(h), where we use VT U−P S = 3.953 to obtain the best fit. The quality of the

scaling collapse is not itself proof that the upper peak corresponds to a bulk second-

order transition, and equivalent data collapse has previously been used to extract ν

for different classes of transition, such as topological phase transitions [209]. For the

peak at lower V , we find χ∗
F is approximately negatively proportional to 1

ln(Lz) for the

largest system sizes as shown in Figure 4.13(g), which is often observed numerically

for Berezinkskii-Kosterlitz-Thouless type transitions [206, 210], although significant

finite-size corrections mean even longer systems would be required to confirm this

relationship and estimate the critical interaction strength.

Having established the presence of these two transitions for N = NH , we discuss

the physics of the states below both transitions, between the transitions, and above

the transitions. We find it is useful to compare the ground states for three different

particle numbers N = NH , NH − 1, and NH − 2 at fixed Lz = 100 for this purpose.
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We first consider the on-site density on the equatorial sites, showing data for c = 1

in Figure 4.14(a) (due to previously-mentioned edge effects for the PS state when

affected by finite tunnelling, there is a general trend for higher occupation sites with

c = 1, 8 at z = Lz than z = 1). The equatorial density is uniform in the bulk below

both transitions, features oscillations as a function of z between the transitions, and

becomes confined to the cylinder edges above the transitions. The exact particle

number has little effect on this density below both transitions, while between them

extra particles added onto N = NH − 2 add extra peaks in the density distribution,

while above both transitions these extra particles become localised almost exclusively

at the cylinder edges. (For N = NH − 1, there are two degenerate states with the

extra particle swapped between the two cylinder edges.)

Comparison of the entanglement entropy for different bipartitions of the lattice

(Figure 4.14(b)) helps to further classify the states. Below both transitions, SLA
grows

continuously as the bipartition moves towards the centre of the system, as expected for

a superfluid state. More precisely, it fits well to the relation SLA
= cC

6 ln(2Lz

π
sin(πLA

Lz
))

up to constants, which has been previously found for superfluid states of Bose-Hubbard

models in one-dimensional chains and ladders with open boundary conditions with the

value cC = 1 [191, 211]. (We numerically find comparable values of cC between 0.97

and 1.07, although a quantitative extraction of cC is strongly affected by finite-χ effects

(see appendix G)). Between the transitions, SLA
oscillates (except for N = NH − 2),

mirroring the equatorial density distribution. Above both transitions (or above the

lower transition for N = NH − 2), SLA
saturates in the centre of the system, which

is expected for insulating states [212].

The distribution of equatorial density and entanglement entropy along the cylinder

therefore suggests that the presence of the upper transition (and by extension the

anomalous region between the two transitions) is linked to the cylinder edges. This
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behaviour is also displayed by the physical parameters Sent and δe in Figure 4.14(c),

which show that Sent in particular features two distinct reductions for particle numbers

N = NH and NH − 1 (for which the equatorial density becomes localised at the

upper transition) but not for N = NH − 2. Based on this analysis, and the lack

of a clear symmetry-breaking order parameter or diverging correlation length, the

upper transition is not well-described by a bulk second-order transition despite the

characteristic scaling of the fidelity susceptibility and is better understood by the

interaction of the equatorial sublattice and the cylinder edges. A full characterisation

of the nature of this transition would require further research.

Overall, we find that the TU-PS transition splits into two distinct peaks in both

−∂Sent

∂V
and χF at large Lz with a narrow intermediate region. The upper peak appears

to be strongly influenced by the cylinder edges, so it is unclear whether the upper

peak or the intermediate region would exist for periodic boundary conditions in the

axial direction. We note that while the low entanglement in this region enables the

DMRG calculations to reach larger system lengths Lz ≤ 100, such system lengths may

be more experimentally challenging due to inhomogeneity of the lattice potential

in the axial direction [181].

4.6.3 TU-DC

To study the TU-DC transition in region III, we fix θ = π
2 . As expected, the peak

in Sent, decrease in δe and increase in the magnitude of M0,4 all become sharper

as the system length increases, as shown in Figure 4.15(a-c). Unusually, we find

that δe increases with system length for these small systems despite vanishing in

the one-dimensional thermodynamic limit, which appears to be due to the fact

the largest bosonic orbital is predominantly supported by the bulk of the system

(which forms a larger proportion of larger systems) on both sides of the transition.
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(a) (b)
(c)

(d) (e) (f)

Figure 4.15: Data for different cylinder lengths for TU-DC transition at polarisation
angle θ = π

2 . (a) - (c) Physical parameters for the Von-Neumann entanglement entropy
Sent, condensation δe, and dual checkerboard solid order M0,4. (d) Binder cumulant UDC

against interaction strength V . (e)-(f) Sublattice-resolved Binder cumulants. In all panels,
neighbouring datapoints for the smallest and largest systems are joined by dashed and solid
lines respectively.

As the DC state spontaneously breaks a two-fold symmetry, we define the dual-

checkerboard magnetisation analogously to the stripe-solid magnetisation, using the

formula m̂DC = 2
LzLc

∑
z,c(−1)z+⌊ c−1

4 ⌋(n̂z,c − 1
2). We also define polar and equatorial

sublattice versions of the dual-checkerboard magnetisation by including only the

terms on the relevant sublattice. We then define the Binder cumulant UDC (and its

sublattice-resolved versions UDC,P and UDC,E) from these magnetisation operators

analogously to the TU-SS transition.

We find that UDC also increases across the transition more sharply for larger Lz

as expected, as is shown in Figure 4.15(d), as do its polar and equatorial sublattice

counterparts shown in Figure 4.15(e) and (f). This suggests that this transition would

become sharp in the thermodynamic limit, however the large entanglement in this region
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greatly reduces the available system size compared to Regions I and II and means

that confirming this would require larger-scale numerical calculations. Additionally,

for the available system sizes, large edge effects, particularly on the TU side of the

transition, distort the magnetisation. In particular, the values of V for which the

UDC curves for successive system lengths cross increase significantly with Lz for even

the largest systems we studied, which prevents the identification of a critical point

or critical exponents through data collapse.

4.7 Discussion

The octagonal-ring cylindrical lattice leads to more varied ground states than either the

flat square lattice or the single octagonal ring because it combines the sublattice

structure introduced by the curved lattice surface with translationally-invariant

interactions in the axial direction. In region I, the ground state is relatively similar to

the flat square lattice model because the spatial variation of interactions is weak. In

region II, the attractive axial interactions cooperate with the sublattice ordering which

favours the polar sublattice, producing the PS ground state which is a two-dimensional

analogue of the equivalent density wave predicted for the single octagonal ring [180].

In region III, the competition of the (repulsive) ‘flat’ translationally-invariant axial

interactions and the ‘curved’ spatially-varying axial interactions produces qualitatively

different physics than either mechanism alone, leading to greater entanglement and

importance of next-nearest-neighbour interactions.

The transitions between ground states are also influenced by the combination of

these two mechanisms. The TU-SS transition in region I is sharp, even in a small

system, due to the discrete symmetry-breaking property of the SS while the TU-PS

transition in region II is gradual due to the spatially-varying interactions which favour
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the polar sublattice alone. It requires relatively large system lengths Lz ≈ 40 to resolve

the two qualitatively separate parts of the transition. In region III, the TU-DC

transition is sharper on the polar sublattice than the equatorial sublattice in finite-size

systems due to the spatial variation of interactions and the fact that the repulsive

axial interactions cause both sublattices to be occupied, although we were not able to

verify whether this behaviour persists into the thermodynamic limit. Spatially-resolved

transitions in extended Bose-Hubbard models have been predicted due to externally-

imposed lattice inhomogeneities, such as additional finite trapping potentials [213] or

variation in the number of neighbouring sites for quasicrystal lattices [214], but in this

case the inhomogeneity is due to the inter-particle interactions.

Our finite-size scaling analysis suggests that small axial lengths Lz are able in most

cases to demonstrate the unusual many-body physics in the bulk of the system and

identify finite-size precursors to the phase transitions, which may be important for

experimental implementation. The most significant edge effects are in region III as

particles preferentially occupy the cylinder edges, although they are also important

for part of the TU-PS transition. The DS state in particular depends on Lz due

to competition of different block lengths

4.8 Variations of Lc

4.8.1 Lc ̸= 8

While we have focussed mainly on an octagonal ring cylinder for concreteness, similar

models exist for different Lc. We have performed brief calculations for 4 ≤ Lc ≤ 10.

For even Lc, the SS at low θ is largely unaffected by changing Lc while for odd Lc the

density wave periodicity is disrupted by the cylindrical boundary conditions 3. The
3The experimental proposal in Ref [181] only includes even Lc.
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existence of analogues of the PS and DC states depends on the interplay between

the sublattice structure and the particle filling fraction.

4.8.2 Lc → ∞

For low values of Lc (which are the only values for which DMRG is feasible), the exact

integer value of Lc greatly influences the physics. The opposite limit of large Lc instead

features only small variations in interactions between neighbouring sites around the

ring, meaning that it provides a closer connection with square lattice Bose-Hubbard

models. To discuss this two-dimensional limit, we consider the case where rc remains

equal to rz but Lc → ∞ (which means that the radius of the cylinder also → ∞).

In this case, the discrete site index c can be replaced by the continuous azimuthal

angle 0 ≤ ϕc < 2π (where the azimuthal angle is defined as in Figure 4.1(b)). The

polarisation angle ϕ now merely translates the Hamiltonian around the cylinder ring

and we set ϕ = 0. Because the curvature of the lattice is very gradual, the interactions

between nearby sites are very similar to those of a flat square lattice with lattice

vectors ẑ and ϕ̂ (we denote the perpendicular vector, which is in the radial direction,

by R̂). The fixed-space polarisation direction (defined by θ) can be converted into

these local lattice vectors using the following formula:dẑ

dϕ̂

dR̂

 = |d|

 cos(θ)
− sin(θ) sin(ϕc)
sin(θ) cos(ϕc)

 (4.11)

The effective local polarisation, which maps the nearby Hamiltonian to a flat square

lattice Bose-Hubbard model, therefore depends on ϕc if the physical polarisation d̂ is

not along the cylinder axis. In this case, the cylindrical lattice effectively connects a

continuous series of flat square lattice Bose-Hubbard models with slowly-varying

effective local polarisation.

For example, if the physical polarisation angle θ = π
2 , then at the azimuthal positions
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ϕc = 0, π the polarisation is in the ±R̂ direction (i.e. perpendicular to the lattice plane).

This means the DDI is isotropically repulsive, which has been predicted to realise

checkerboard and star solids and checkerboard supersolids [31, 162, 163]. The same

physical polarisation maps to the ±ϕ̂ direction (i.e. along a lattice vector) at ϕc = π
2 ,

3π
2 .

The corresponding square lattice model has been predicted to support stripe density

waves [166,167] and, in soft-core models, supersolids with the same density ordering [142,

153,157]. Intermediate values of ϕc correspond to flat lattice models with intermediate

tilting of the polarisation. For intermediate values of both θ and ϕc, the effective local

polarisation can point between the lattice vectors ẑ and ϕ̂ with a component in R̂

providing isotropic repulsion, which has been recently predicted to stabilise diagonal

solids and supersolids which rely on next-nearest-neighbour interactions [164]. In

general, the spatial variation of effective polarisation may allow the study of interfaces

between these different density wave and supersolid states.

Certain features of the octagonal-ring cylinder at strong interaction would survive for

Lc → ∞ while others would be lost. The stripe solid at θ = 0 would remain unchanged

but the sublattice structure would be too complicated to allow a single ‘polar solid’.

Instead, for 0.31π
2 < θ < 0.61π

2 , the sites closest to the ‘poles’ (ϕc = π
2 ,

3π
2 ) would be

favoured due to the spatial variation of interactions, leading to multiple different solid

states interpolating between the SS and the Lc → ∞ equivalent of the PS, where all sites

for π
4 < ϕc <

3π
4 and 5π

4 < ϕc <
7π
4 would be occupied (further discussion in appendix H).

4.9 Physical Considerations

In this section, we discuss the main considerations regarding the possible physical

implementation of this model. The cylindrical optical lattice itself is discussed in

Ref [181], so we will focus on the aspects which are specific to this model.
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4.9.1 Hard-Core Constraint

We have assumed that the short-range repulsion between bosons is sufficient to prevent

more than one particle occupying a single site. In a non-dipolar Bose-Hubbard model,

this requires that the on-site repulsion, usually labelled U (see chapter 3), is much

larger than the tunnelling. For a dipolar Bose-Hubbard model which includes attractive

dipolar interactions, the short-range repulsion must also be strong enough to prevent

these attractive dipolar interactions from favouring double occupation.

To estimate how far the attractive interactions could favour double occupation, we

consider the stripe solid, which experiences the most attractive dipolar interactions

of all states present. Ignoring edge effects and including interactions up to next-

nearest-neighbour, the DDI energy per particle is −2V . A doubly-occupied stripe solid

would instead have DDI energy of −4V per particle but experience on-site repulsion

of U
2 per particle. This creates the additional requirement that U ≫ 4V to prevent

double occupation driven by the DDI.

Alternatively for sufficiently weak tunnelling, the possibility of reactive losses for

polar molecules on the same site has been observed to suppress coherent tunnelling

to occupied sites [42].

4.9.2 Finite Temperature

Our calculations have assumed that there is no thermal excitation and that the system

is in a pure quantum state, which will not be exactly satisfied in an optical lattice

experiment. As a rough estimate of the robustness of the ground states to temperature,

we expect that the superfluid state will be destroyed if the thermal energy kBT exceeds

the tunnelling energy J . In order to observe the SS, PS, and DC as well, we require

V > 2J , 4J , and 4J respectively which implies V > 2kBT , 4kBT , and 4kBT respectively.
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The estimate for the temperature requirement for the stripe solid (V > 2kBT ) is close

to that produced by explicit finite-temperature Quantum Monte Carlo calculations

for the analogous state on a flat square lattice [166].

Using typical DDI energies for ultracold dipolar platforms, we can estimate the

threshold temperature below which V > 4kBT is satisfied. As has been experimentally

implemented, magnetic 168Er atoms in an optical lattice with 272nm site spacing have

V ≈ h×34Hz, which suggests the need for temperatures below 0.4nK while temperatures

down to ≈ 70nK have been implemented for magnetic atoms [44]. The DDI energy

(and therefore temperature threshold) could be increased by a factor of up to 4 using

Feshbach molecules made from two magnetic atoms [215]. Polar molecules, interacting

using electric dipole moments, can offer much larger interaction energies V > h× 1kHz

for lattice spacings of 532nm, which corresponds to a temperature threshold of ≈ 10nK.

For comparison, temperatures of 60nK have been recorded in bulk gases of fermionic

polar molecules [81] and bosonic Feshbach molecules [216]. Overall, the temperature

requirements needed to observe density wave states imposed by the DDI are challenging,

but rapid progress has recently been made in this regard. The realisation of DS-type

states, which rely on the weaker next-nearest-neighbour interactions and therefore need

larger DDI strengths to overcome tunnelling, would be more difficult.

4.9.3 Lattice Filling

An additional experimental consideration, which is especially relevant for polar

molecules, is that our calculations have assumed one boson per two lattice sites.

Recent experiments have recorded filling up to 30% of sites [76, 77], which means

moderate improvements to the filling would need to be made.
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(a) (b)

(c)

Figure 4.16: (a) DDI energy per cylinder ring for selected periodic DS-type states with
periodicity w as a function of polarisation angle θ for interactions truncated at distance
rcut = 1.5. (b) Equivalent of (a) with rcut = 25. (c) Periodicity wG which has the lowest
energy out of DS-type states with 2 ≤ w ≤ 20 or the PS. A horizontal dashed line is added
to separate DS-type states with a finite w from the PS state with w = ∞.

4.9.4 Interaction Truncation

While we truncated the DDI at next-nearest-neighbour for numerical reasons, the

physical system would feature dipolar interactions between all pairs of sites. Due

to the r−3 decay of the DDI, the shorter-range interactions we have kept are the

dominant contribution but longer-range interactions could have a small quantitative

effect. For example, including interactions up to a distance of 2 lattice units increases

the magnitude of the DDI energy of the SS and PS when the axial interactions are

attractive while it decreases the magnitude of the DDI energy of the DC, due to the

largest additional term being the axial interactions between sites separated by ±2ẑ.
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The most obvious effect of the smaller long-range interactions is on the DS-type

states because there are multiple competing states close to the ground state energy in

that parameter region. One qualitative difference which would be caused by increasing

the truncation range is that periodic DS-type states with larger block sizes could become

favoured. As discussed in Section 4.5.3.2, for interactions truncated at next-nearest-

neighbour, the periodic states in the DS family which have the lowest interaction

energy feature axial periodicities of 2 (DC), 3, 4, and ∞ (PS). Increasing the range of

interactions allows states with a finite periodicity greater than 4 to become the state with

the lowest interaction energy of the DS family 4 (although there is no guarantee that a

state from this family will be globally optimal when the interaction range is increased).

This is shown in Figure 4.16, where we numerically compare the DDI energy

per cylinder ring ⟨HV ⟩
Lz

of DS-type states of different periodicities 2 ≤ w ≤ 20 with

interactions included up to a distance rcut. In subfigures (a) and (b) we show the DDI

energy density of certain periodicities for the nearest-neighbour cutoff we used in our

DMRG calculations rcut = 1.5 5 and an extremely long truncation range rcut = 25. From

these subfigures, it can be seen that a lower value of θ and larger truncation range favours

DS-type states with larger periodicities. Subfigure (c) shows the value of w, labelled wG,

for which the energy density is lowest out of all DS-type states with 2 ≤ w ≤ 20 or the

PS (w = ∞) at that value of θ. For interactions truncated to next-nearest-neighbour,

wG can only take the values 2, 3, 4, and ∞. For interactions truncated at extremely

long range, each integer value of w offers the lowest energy density for some value of θ.

This effect is somewhat reminiscent of the ‘devil’s staircase’ predicted in models with

interactions kept to very long range [31,217–219], except in this case the filling fraction
4As mentioned in Section 4.5.3.2, blocks of more than six occupied polar sites can already reduce

the energy in finite lattices for interactions truncated at next-nearest-neighbour provided carefully
chosen θ and Lz and extremely strong DDI.

5note that any value of
√

2 < rcut ≤
√

(2 +
√

2) also restricts the DDI to next-nearest-neighbour.
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remains constant and only the density periodicity would change with θ. However, these

states have a very small energy separation, require a very small window of θ, rely on

extremely long-range interactions, and are highly susceptible to edge effects, which

would reduce their chances of experimental observation. We also emphasise again that

we have only checked that these states have the lowest interaction energy of periodic

DS-type states, so they are not necessarily the globally optimal ground state.

4.10 Conclusions

Overall, we have shown that the spatially-dependent interactions caused by the

combination of the curved surface of a cylindrical optical lattice with octagonal

rings and the anisotropy of the DDI lead to varied ground-state behaviour, showing

significant entanglement and importance of next-nearest-neighbour interactions. We

have investigated the nature of the ordering phase transitions through finite-size

analysis.

The most straightforward future extension of this work would be to study this

model using parameters other than the ones we chose to focus on, such as Lc ̸= 8,

ϕ ̸= 0, or relaxing the hard-core constraint. A further direct generalisation would be

the investigation of dipolar spin models without particle tunnelling in cylindrical or

other curved optical lattices, extending existing work on the dipolar zigzag chain [220].

Another avenue for future work is to consider the interplay of the spatially-varying

dipolar interactions with an artificial magnetic field, the implementation of which

for a cylindrical lattice was discussed in Ref [181]. The combination of complex

tunnelling phases and strong interactions between bosons has generated interest in

relation to bosonic lattice analogues and extensions of continuum quantum Hall states

[221], and has been shown to extend the parameter regimes of interaction-dominated
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phases in extended Bose-Hubbard models with repulsive off-site interactions [222].

The cylindrical geometry may be advantageous in this context as it contains both

the bulk and edge physics [223].

At a broader level, there has been recent interest in simulating lattice Hamiltonians

with spatially-varying model parameters [224] motivated by the unusual properties of

twisted bilayer graphene. This type of physics would be difficult to capture using a

cylindrical lattice dipolar model because the interactions only vary along one dimension

(the azimuthal dimension) and the variation lengthscale is exactly commensurate with

Lc, which prevents the formation of large Moiré supercells. However, the general

concept of embedding an anisotropically-interacting lower-dimensional system into

higher-dimensional space to implement spatially-varying Hamiltonians may be flexibly

applied to many-body systems built using a ‘bottom-up’ approach from reconfigurable

arrays of individual tweezers [56, 57, 225, 226].



5
Comparison of Lattice and

Continuous-Space Methods for Dipolar
Bose-Hubbard Models

This chapter contains results from a collaboration between MH, Paolo Molignini, and

Axel U. J. Lode, which has been submitted for publication [227]. MH performed the

lattice-model calculations. Paolo Molignini performed the continuum calculations. Both

contributed to the project direction and comparison between methods. Discussions with

Hongmin Gao are acknowledged. We would like to acknowledge the use of the University

of Oxford Advanced Research Computing (ARC) facility in carrying out this work [228].

Computation time on the ETH Zurich Euler cluster and at the High-Performance

Computing Center Stuttgart (HLRS) is acknowledged

The single-band BH model and its extension including the DDI, for example the

cylindrical lattice model studied in chapter 4, rely on the assumption that the lowest

band is sufficient to describe the physics. This assumption has been shown to be

questionable for BH models with moderate short-range interactions [229,230]. In this

92
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chapter, we quantitatively compare ground state calculations of bosons interacting

via the DDI in lattice potentials using the BH model and direct continuous space

methods, thereby testing the validity of the BH model for ground state calculations

with strong off-site interactions. We find that strong but feasible DDI can warp the

on-site wavefunction, leading to population of higher bands and reduced energy.

In section 5.1 we briefly discuss the two methods before introducing the numerical

calculations in section 5.2 and comparing results in section 5.3.

5.1 Methods

5.1.1 Lattice Methods

To find the ground state of the dipolar interacting bosons using lattice methods we

derive the corresponding dipolar BH model as described in Chapter 3. While the

dipolar BH model is usually derived using Wannier functions which assume an infinitely-

large periodic lattice, our physical scenario of small lattices with very large potential

walls requires Wannier functions 1 which account for finite-size effects. The process

we used to construct these is described in the supplemental material of Ref [231]

with a minor extension required for the second band which we describe in appendix

I for reproducibility. This results in site-dependent Wannier functions, leading to

site-dependent tunnelling, interactions, and chemical potentials which we incorporate

into our lattice model. This effect is larger closer to the edges and for weaker lattice

potentials. For the examples studied in this chapter, we found that the Hamiltonian

parameters were within 5% of those calculated from infinite-lattice Wannier functions

using the methods in Ref [141].

We solve the lattice model using exact diagonalisation (ED) [232] implemented
1We use the term ‘Wannier functions’ for the localised single-particle basis in the finite lattice

because their role in our calculations is the same as genuine Wannier functions for infinite lattices.
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in the QuSpin library [233]. The resulting wavefunction is denoted by |ψED1⟩ for

calculations using the lowest band and |ψED2⟩ for calculations using the lowest two

bands. Unlike MPS, this method suffers from the exponential growth of Hilbert space

but this is not numerically prohibitive for the system sizes that can be accessed with

the continuum methods. Quantitatively, the number of states DH in the Hilbert space

for N bosons in Nw Wannier functions 2 is
(

N+Nw−1
Nw−1

)
, although this can be reduced

if the number of bosons in a Wannier function is limited to nmax < N . In that case,

the number of states in the Hilbert space is given by

DH =
⌊ N

nmax+1 ⌋∑
q=0

−1q

(
Nw

q

)(
Nw +N − q(nmax + 1) − 1

Nw − q(nmax + 1)

)
, (5.1)

as implemented by the QuSpin library. Diagonalising the Hamiltonian to find all of

its eigenvalues and eigenvectors has a computational cost scaling as O(D3
H), but in

practice the extremal eigenvalues and eigenvectors (such as the ground and lowest

few excited states) of relatively sparse Hamiltonian matrices converge more quickly

using the Lanczos algorithm [232].

5.1.2 Continuous-Space Methods

To solve the same physical problem in continuous space, we use the Multi-

Configurational Time-Dependent Hartree method for Bosons (MCTDHB) [234,235],

which we will only briefly introduce here, implemented in the MCTDH-X software

package [236]. MCTDHB expresses the wavefunction using M optimisable orthonormal

single-particle orbitals. These orbitals are the continuum analogue of the natural

orbitals of the one-body-density-matrix discussed in Chapter 4. The orbitals are

numerically represented on a fine discrete spatial grid.

The wavefunction is built using a superposition of all normalised particle-exchange-
2Nw = L for the lowest band and 2L for the lowest two bands
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symmetric combinations |n⃗⟩ of different numbers of bosons in each orbital. These

combinations are called permanents and for N bosons in M orbitals, there are DC =
(N+M−1)!
N !(M−1)! permanents, which is equal to the dimension of the lattice Hilbert space

if there is no restriction on the particle number per site and M = Nw. The value

of M is chosen to control the size of the considered Hilbert space. For example,

M = 1 restricts the state to a pure condensate, while larger M is required to represent

strongly-correlated states such as Mott insulators or density waves. The orbitals and

the coefficients c|n⃗⟩ for each permanent are optimised via imaginary time evolution.

The total wavefunction is

|ψC⟩ =
∑
|n⃗⟩
c|n⃗⟩ |n⃗⟩ , (5.2)

where |ψC⟩ stands for ‘continuum’. If the chosen number of single-particle orbitals M

is equal to the number of Wannier functions in the BH model, this equation has a

similar form to the wavefunction of the BH model, where the single-particle orbitals

correspond to the Wannier functions and the permanents correspond to states with

an integer occupation of each Wannier function 3.

We use this similarity to project the wavefunction produced by MCTDH-X into

the Hilbert space of the lowest band (for M = L) or lowest two bands (for M = 2L)

of the BH model, producing the unnormalised wavefunction |ψC→ED1⟩ or |ψC→ED2⟩

respectively. This projection is calculated by integrating the overlaps of the lattice

model’s Wannier functions and the continuum model’s natural orbitals in real space.

The projection magnitude into the lowest band is calculated as P1 = ⟨ψC→ED1 |ψC→ED1⟩

while the projection to the lowest two bands is calculated as P2 = ⟨ψC→ED2 |ψC→ED2⟩ ≥

P1 . The fidelity between the single-band lattice and continuum methods is f1 =
3This correspondence is only with respect to the form of the equation. Even in cases where the

lattice and MCTDH-X wavefunctions are physically almost identical, the single particle orbitals
produced by MCTDH-X do not generally resemble the Wannier functions.
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|⟨ψC→ED1 |ψED1⟩|2 ≤ P1 while the fidelity between the two-band lattice and continuum

methods is f2 = |⟨ψC→ED2 |ψED2⟩|2 ≤ P2.

The computational cost of each imaginary timestep using MCTDHB scales

proportionally to M4(n2
grid + DC), where ngrid is the number of spatial gridpoints

and DC is the number of many-body permanents, because of the spatial integration

needed to calculate the two-body interaction Hamiltonian matrix elements in the

basis of the natural orbitals [237]. Note that DC itself depends on M , such that for

large M when the DC term dominates the computational cost, the cost would scale

as M4 (N+M−1)!
N !(M−1)! . The expensive computational scaling with respect to the number of

orbitals M means that MCTDH-X is limited to small systems like ED if a large number

of orbitals is required to represent the physics accurately, although the method would

be well-suited for systems where the number of orbitals required is much smaller than

the number of bosons 4. The cost of calculating ψC→ED1 and ψC→ED2 to compare the

continuum and lattice methods scales proportionally to D2
C for M = Nw.

5.2 Numerical Calculations

We study the validity of the lowest-band dipolar BH model in a small one-dimensional

lattice of L = 9 sites with repulsive dipolar interactions. Previous 1D continuum

studies of strongly-repulsive dipolar bosons at filling fractions above one particle per

site have shown ‘splitting’ of density within sites to form ‘crystals’ with smaller particle

separation than the lattice spacing [238,239]. We use filling fractions below one particle

per site to focus on the warping of the on-site wavefunction through off-site interactions
4If the relationship between the number of particles N and the required number of orbitals M

is known for a given type of physical system, a simplified form for the scaling M4 (N+M−1)!
N !(M−1)! can be

estimated using the approximation ln(n!) ≈ n ln(n) − n for large n ∈ Z. For example, in the case of
M = N , as is needed to represent a Mott insulator with unit filling, the scaling becomes M4 22M

√
M

,
which involves an exponential scaling with system size.
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and quantitatively compare this with the corresponding BH model.

We set our unit of length to the distance between neighbouring sites. The continuum

calculations use a finite spatial grid of 2048 segments. The lattice potential is defined

between −4.5 ≤ x ≤ 4.5 and is bordered by an extremely large potential wall. The

spatial domain of the MCTDH-X calculations extends to −16 ≤ x ≤ 16 to make the

effect of periodic boundary conditions on the DDI negligible. This means there are

64 spatial segments between neighbouring lattice sites.

We assume a strong transverse harmonic confinement, which regularises the short-

range divergence of the DDI [238, 240]. To include this regularisation, we use the

DDI potential

HV = V

R3 + α
, (5.3)

where α = 0.05 in units of the lattice separation cubed.

To reduce the population of multiply-occupied sites within the lowest band to < 1%,

we consider a very strong contact interaction represented as a narrow Gaussian in

the continuum calculations, although this term becomes irrelevant as the repulsive

DDI performs this role more strongly for V ≥ 0.5ER. This interaction has the

spatial dependence

HG = VG√
2πσ2

e− R2
2σ2 , (5.4)

where VG = 2.5ER, R is the particle separation in lattice units and σ = 0.05 in the

same units. The corresponding lattice model parameters are quantitatively similar to

those of a true delta function of the same magnitude due to the narrow width.

We consider a 1D optical lattice potential defined by A(x) = A0(sin2(πx)) with

weak to moderate optical lattices of potential depth A0 from 5ER to 10ER. Examples

of the corresponding Wannier functions and the most important resulting parameters

of the dipolar BH model are shown in Figure 5.1.



5. Comparison of Lattice and Continuous-Space Methods for Dipolar Bose-Hubbard
Models 98

(a) (b)

Figure 5.1: (a) Lowest-band Wannier functions for three different optical lattice sites wi

(indexed according to position) at three different potential depths. A schematic of an optical
lattice is superimposed for visualisation, although note that the potential depth corresponding
to the three shown Wannier functions is different. (b) Bose-Hubbard parameters for centremost
sites of the 1D lattice potentials. Vj,j+1 denotes the nearest-neighbour DDI for DDI strength
V = 1ER, while Jj,j+1 is the nearest-neighbour tunnelling, and Uj is the on-site repulsion
due to the contact interaction. The band gap, shown for comparison, is the energy between
the lowest and first-excited bands of the corresponding infinite lattice, calculated using the
methods in Ref [141].

5.3 Results

We first focus on the simple case of N = 5 bosons. The filling fraction here is chosen

such that the ground state is a superfluid (SF) at weak DDI and a density wave

(DW) 5 |101010101⟩ with a large energy gap at strong DDI. We compare this to the

case of N = 4, which has a lower filling fraction that is not commensurate with the

density wave order. This leads to a much smaller gap between the lowest energy

states of the lowest-band dipolar BH model at strong DDI. In both cases M = 9

allowed convergence in the MCTDH-X calculations.

While it was sufficient for quantitative agreement for A0 = 10ER to include

tunnelling to nearest-neighbours and off-site density-density interactions due to the

DDI between all pairs of sites while assuming a hard-core constraint, for A0 = 5ER,
5We use the term density wave to reference the periodic density modulation, although it does not

spontaneously break a symmetry.
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the greater spatial overlap between Wannier functions causes more lattice terms to

become important, while the reduced on-site repulsion meant it was important to

allow up to two bosons per site. In the numerical results for N = 4 and N = 5,

we included tunnelling up to next-nearest-neighbour and density-density DDI terms

between all pairs of sites. We also included all DDI and contact interaction terms terms

b̂†
i b̂

†
j b̂kb̂l where i, j, k, and l are contained within three consecutive sites. The largest

of these extra terms were the finite on-site repulsion due to the contact interaction

and DDI, interaction-induced soft-core tunnelling terms of the form b̂†
jn̂j b̂k, where j

and k are neighbouring sites, and DDI-induced tunnelling terms of the form n̂j b̂
†
kb̂l,

where j, k, and l are neighbouring but different sites.

Figure 5.2(a) compares the energies of the ground states in the two methods. For

small DDI, there is good quantitative agreement for A0 = 10ER, which becomes

slightly reduced for weak lattice potentials where the lattice model description is less

appropriate. There are larger discrepancies between methods for strong DDI, where the

continuum calculations are able to reduce the energy below that of the lattice model,

an effect which increases with weaker lattice potential and increased particle density as

expected. For N = 5, A = 5ER, V = 10.1ER, the difference in energy between methods

is ≈ 0.2ER, which is ≈ 1% of the total interaction, kinetic, and potential energy.

Figure 5.2(b) shows the projection magnitude of the MCTDH-X ground state

onto the lowest band and onto the corresponding ED ground state itself. This shows

quantitatively that the reduced energy of the continuum method compared to the

lattice method at strong DDI coincides with a small population of higher bands. For

the weakest lattice potential A0 = 5ER and N = 5, there is a small reduction in P1

and an increase in the energy gap between methods for V ≈ 0.2ER where the larger

tunnelling at the weak lattice potential means there is still a small occupation in

the nominally-empty sites of the DW. This effect reduces as the DW becomes fully
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(a) (b)

(c) (d)

Figure 5.2: Results for particle numbers N = 4 and N = 5 at varying lattice potential
depths A0 and DDI strengths V . (a) Comparison of ground state energies for ED (EED) and
MCTDH-X (EC). (b) Projection magnitude P1 of the MCTDH-X wavefunction |ψC⟩ onto
lowest band and overlap f1 with corresponding single-band ED ground state. (c) Comparison
of densities between methods for N = 4, A0 = 5ER, V = 10.1ER. (d) Comparison of densities
between methods for N = 5, A0 = 5ER, V = 10.1ER.

established and the particles are separated further.

Figures 5.2(c) and (d) show the continuum densities for A = 5ER, V = 10.1ER

for N = 4 and N = 5 respectively. We extract the continuum densities ⟨Ψ̂†(x)Ψ̂(x)⟩

(on the fine spatial grid) from the lattice wavefunctions using equation 3.3 to express

the bosonic annihilation operator Ψ̂(x) in terms of the finite-size Wannier functions.

The densities of the two methods are visually similar except for small warping of the

MCTDH-X on-site density to minimise dipolar repulsion. For N = 4, this slightly
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displaces the density on the edge sites further towards the edge and slightly displaces the

density on sites 3 and 7 towards the centre of the lattice. For N = 5, due to the fact that

the filling is commensurate with the density wave, there is less benefit in displacing the

on-site density except pushing the edge sites further outwards and narrowing the peaks.

For N = 6, increased DDI effects cause greater difficulty for the lowest-band dipolar

BH model and the continuum numerical methods. Like N = 4 the energy gaps to

low-lying excited states of the lattice model are small due to incommensurate filling

and the lattice ground state is significantly entangled for the range of V we cover.

We found that the continuum results for N = 6 were not converged with respect to

the number of single-particle orbitals for M = 9 for V ≥ 0.5ER and instead required

M = 18. We therefore compared these results with both the lowest-band dipolar BH

model and the corresponding two-band model, which features the same number of

single-particle orbitals as the continuum calculations.

For the ED calculations for N = 6, we also allowed two bosons to occupy each

Wannier function and used the same spatial truncation of tunnelling, DDI, and contact

interaction terms as for the single-band calculations for N = 4, 5, although we note

that the second-band Wannier functions have a greater spatial extent. The addition of

the second band introduces strong DDI-induced ‘tunnelling’ between the two bands on

the same site, meaning that as well as the density-density interactions n̂j,σ1n̂k,σ2 , we

included terms of the form n̂j,σ1 b̂
†
k,1b̂k,2 and b̂†

j,1b̂j,2b̂
†
k,1b̂k,2 between all pairs of different

sites j and k, where n̂j,σ is the density operator for site j and band σ ∈ {1, 2}. We

also included all DDI terms b̂†
i,σ1 b̂

†
j,σ2 b̂k,σ3 b̂l,σ4 where i, j, k, and l are contained within

three consecutive sites, which introduces DDI tunnelling processes between sites and

bands. For comparison, we included the same terms in the single-band model for

N = 6 in the cases where they exist.

Figure 5.3 shows the results for N = 6. The energies of the continuum calculations,
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Results for particle number N = 6 at varying lattice potential depths A0 and
DDI strengths V . (a) Total kinetic, potential, and interaction energies of MCTDH-X (labelled
C), ED with one band (ED1), and ED with two bands (ED2). (b) Projection magnitude of
MCTDH-X wavefunction |ψC⟩ onto the lowest band (labelled P1) and lowest two bands (P2)
and overlaps with the corresponding ground state for ED using 1 band (f1) and ED using
two bands (f2). (c-f) Comparison of densities between methods shown with lattice potential
A according to the common legend in (c) for physical paramters (c) A0 = 5ER, V = 1.01ER

(d) A0 = 5ER, V = 10.1ER, (e) A0 = 10ER, V = 1.01ER (f) A0 = 10ER, V = 10.1ER.
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single-band ED, and two-band ED agree well at weak DDI as expected. For strong

DDI, the continuum calculations are able to achieve a significantly lower energy

than the single-band model and slightly lower than the two-band model, with the

energy differences increasing with reduced lattice potential depth A0 as expected. The

projection magnitude of the MCTDH-X wavefunction onto the lowest band is reduced

to around 0.5 for the strongest DDI strengths studied, showing a much larger population

of excited bands than for N = 4, 5. The projection magnitudes onto either the lowest

band or lowest two bands decrease monotonically with decreasing lattice potential

depth as expected, but this is not always true for the overlap with the ground state

found using ED with two bands, where the fidelity between 2-band ED and MCTDH-X

is slightly higher at strong DDI for A0 = 5ER than A0 = 10ER. One explanation

for this is that the energy gap between the lowest-energy states in the lattice model

is small for N = 6 because the density wave order is incommensurate, which means

small effects from higher bands, which are captured in the continuum model, could

cause changes in the ground state within the lowest two bands.

For this filling fraction, where there is greater average density and there must be

at least one pair of neighbouring sites with particles, the repositioning of particle

density within sites to reduce the DDI repulsion is clearer, as shown in Figure

5.3 (c-f). The two-band model is able to qualitatively capture this effect because

superpositions of occupation of the lowest two bands are offset from the lattice

minimum, although this model does not minimise the energy as effectively as the

continuum calculations with M = 18.

5.3.1 Finite-Size Scaling

While the computationally-feasible system sizes are limited and commensurability

effects are significant, it is possible to compare the results of three systems which are
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(a) (b) (c)

Figure 5.4: Data at fixed lattice potential depth A0 = 5ER for three systems with filling
fraction commensurate with the density wave order: particle number N = 4 and length
L = 7, N = 5 and L = 9, and N = 6 and L = 11. (a) Comparison of energies per particle
for continuum and single-band lattice models EED−EC

N as a function of DDI strength V . (b)
Comparison of projection magnitude of the continuum wavefunction onto the lowest band
P1 and overlap with corresponding single-band ED ground state f1. (c) Rescaled version of
data in (b) showing ln(P1)

L and ln(f1)
L . (inset) Zoomed-in version of (c) focussing on weak DDI

region.

compatible with the density wave order: particle number N = 4 and length L = 7,

N = 5 and L = 9, and N = 6 and L = 11. The larger length of the latter system

is possible because only one MCTDH-X orbital per site (i.e. M = 11) is necessary

unlike the smaller but more strongly-interacting system with N = 6 and L = 9. The

MCTDH-X calculations use the same fine spatial grid as those for L = 9.

Comparisons of the energy per particle and many-body wavefunctions are shown

in Figure 5.4. From Figure 5.4 (a), it can be seen that the energy difference between

methods per particle is very similar between the two largest systems at relatively weak

DDI V < 1ER but that this difference is larger for smaller systems (which have larger

edge effects) at very strong DDI. This suggests that part of the reduction in energy

available to the continuum calculations by populating higher bands at very strong DDI

is linked to the edges of the system rather than the bulk, as the DDI repulsion can be

reduced by displacing the particles in the edge sites slightly outwards.

A similar conclusion can be seen from the comparison of the fidelities in Figure
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5.4 (b) and (c). From Figure 5.4 (b), it is clear that the projection magnitude of the

continuum wavefunction to the lowest band P1 and the overlap with the single-band

ED wavefunction f1 vary in a very similar manner with respect to DDI strength, with

the larger systems reporting lower values of P1 and f1 as expected. Figure 5.4 (c) shows

these projection magnitudes and fidelities rescaled according to the ansatz that ln(P1)
L

and ln(f1)
L

should not scale with respect to system size for sufficiently-large equivalent

systems. This ansatz is based on a multiplicative reduction in fidelity upon increasing

the size of a system, and is equivalent to the ansatz used in Chapter 4 to compare the

fidelity susceptibility per cylinder lattice ring χF for different system sizes (equation

4.10) 6. At relatively weak DDI strength V < 1ER, P1 and f1 for the three system

sizes collapse approximately onto a single curve respectively when rescaled according

to this relation (inset of Figure 5.4 (c)). For very strong DDI, the rescaled P1 and f1

are lower for smaller systems, suggesting again that the population of higher bands

in this parameter regime involves significant edge effects.

5.4 Discussion

The much greater deviations between the lattice and continuum methods for N = 6

compared to N = 4 and N = 5 for L = 9 suggest that the quantitative validity of the

lowest-band dipolar BH model at strong DDI is strongly dependent on the filling pattern

of the ground state. The occupations of nearby sites significantly affect the warping

of the on-site density. This would complicate the application of on-site occupation-

dependent Wannier functions and BH parameters, which have been used for strong

short-range interactions [241, 241, 242]. While in this example, the small 1D lattice

leaves little freedom for particle rearrangement to reduce the energy, this effect may be
6Note that here, the fidelity is between ground state for the same physical Hamiltonian produced

by two methods rather than between ground states for different Hamiltonians.
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more important for more complicated particle arrangements in higher dimensions or

for attractive interactions where the particles preferentially occupy nearby sites.

While this brief study could not determine general conditions for parameter regimes

which cause large populations of higher bands, it is intuitively clear that greater density

increases the higher-band population for repulsive DDI because of the reduced particle

separation. Quantitatively, the expectation value of the DDI energy per particle ⟨ĤV ⟩
N

increases for greater particle density 7 which can be compared to the single-particle band

gap (Figure 5.1(b)) for an estimate of whether the interactions can cause significant

population of higher bands. Note that this does not completely explain the population

of higher bands and in general the many-body physics of the ground state must be

taken into account, as shown by the non-monotonic behaviour of the population of the

lowest band P1 as a function of DDI strength in the case where the particle number

is compatible with the density wave (e.g. Figure 5.4 (b) and (c)).

In our few examples , incommensurability of the particle numbers and lattice length

with the density wave order (for L = 9 and N = 4, 6) was important for causing

displacement of particles within lattice sites in the continuum calculations, which is a

clear signal of higher-band population. The incommensurability also causes a reduced

many-body energy gap to the lowest-energy excited states of the lowest-band lattice

model, although our numerical data suggests that a comparison of the DDI strength

and the many-body gap alone is not sufficient to explain the population of higher

bands. This can be seen in the example of lowest-band lattice calculations for L = 9,

lattice potential depth A0 = 5ER, and strong DDI strength V = 10.1ER, where the

gap between the ground state and first excited state of the lowest-band lattice model
7For length L = 9, lattice potential depth A0 = 10ER, and DDI strength V = 10.1ER, ⟨ĤV ⟩

N =
0.57ER for N = 4 in the single-band lattice calculations, ⟨ĤV ⟩

N = 1.19ER for N = 5 in the single-band
lattice calculations, and ⟨ĤV ⟩

N = 3.34ER for N = 6 in the two-band lattice calculations.
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is 0.097ER, 11.9ER, and 0.97ER for N = 4, 5, and 6 respectively 8. The extremely

small many-body gap for N = 4 in this example does not lead to greater population of

excited bands than the larger gap for N = 6. Despite the conclusion that a comparison

of the DDI strength with the many-body gap does not directly explain the population

of higher bands, it is plausible that some systems with a small many-body gap may

undergo more dramatic ground-state wavefunction changes due to population of higher

bands if favoured by the physics of the inter-particle interactions.

5.5 Experimental Relevance

Bose-Hubbard models showing dynamical effects of the DDI have been implemented

using magnetic atoms [44]. In that example, the DDI between the two atoms at a

distance of one lattice site was around 1% of the recoil energy, deep within the regime of

quantitative agreement between the lowest-band dipolar BH model and the continuum

methods for moderate lattice potentials. For the most strongly dipolar polar molecules,

this is not necessarily the case. Taking the example of NaCs, which has a large

electric dipole moment of up to 4.7D (2.6D of which has been implemented in recent

experiments [243]), the repulsive DDI between two molecules polarised perpendicularly

to the lattice at a distance of 532nm could be up to ≈ 20kHz. This is over 15× the

recoil energy ER in a lattice of wavelength λ = 1064nm, suggesting that the DDI

strengths required to compete with moderate lattice potentials may be realisable in

near-future experiments. We considered filling fractions of around one boson per two

sites, which is somewhat larger than previously observed filling fractions of 30% for
8For very strong interaction (V >> J) in the lowest band of the lattice of length L = 9, N = 4

has two low-energy site-occupation basis states, |101001001⟩ and |100100101⟩, which have equal
energy, causing the very small many-body gap between the lowest eigenstates of the lattice model
(which approach the reflection-symmetric and anti-symmetric superpositions of these basis states).
N = 6 would have a non-degenerate lowest-energy basis state |110101011⟩, whose energy is split from
|101101011⟩ (and the latter state’s reflection about the centre of the lattice) by a relatively weak
long-range DDI term, causing the slightly larger energy gap.
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bosonic polar molecules in optical lattices [77].

5.6 Conclusions

In this short chapter, we have compared lattice and continuum methods for dipolar

interacting bosons in finite optical lattice potentials, verifying the validity of the

lowest-band dipolar BH model through agreement of energy and wavefunction overlap

for moderate lattice potentials and comparatively weak DDI. We extended this to

quantitatively study the breakdown of the lowest Hubbard band description in 1D

repulsively-interacting systems, finding that the on-site wavefunctions are warped by

the presence of particles on other sites. While a general quantification of the validity

of the lowest-band dipolar BH model would require significant additional calculations

including periodic boundary conditions, our results show that experimentally-feasible

parameters can access both the regime in which the lowest-band dipolar BH model

is clearly valid and the regime in which the DDI significantly populates higher bands

for finite-size lattices.

Future work could extend this brief study to focus on time evolution where significant

discrepancies between lowest-band lattice and continuum methods were found for

relatively weak contact interactions [229]. The breakdown of the lowest-band BH model

may have more significant consequences for the physics at weaker lattice potential or

anisotropic DDI, where interactions may encourage particles to occupy neighbouring

sites, or in cases where the DDI introduces more intricate competition of interactions

within the BH model itself.



6
Conclusions and Outlook

In this thesis, we have considered the application of quantum control over ultracold

dipolar systems to the tasks of quantum computation and quantum simulation. In

chapter 2, we studied schemes to robustly entangle polar molecules using the DDI,

finding that shaped microwave pulses offer useful levels of robustness to experimentally-

relevant systematic errors. It is hoped these results will be of relevance to near-

future experiments either directly or through incorporation in modified form into

later schemes to enhance the DDI.

In chapters 4 and 5, we investigated the role of the DDI between lattice sites in

dipolar Bose-Hubbard models. Specifically, in chapter 4, we numerically studied the

recently-proposed cylindrical lattice geometry, finding that the combination of the

anisotropic DDI and the curved lattice surface expanded the physics of previously-

studied square lattice and ring lattice dipolar Bose-Hubbard models by creating

competition between spontaneous and sublattice ordering mechanisms. Our numerical

results suggest that moderate system sizes of ≈ 100 sites are able to qualitatively

identify much of the resultant physics. These results may provide guidance to future

109
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experiments and exploration of the role of the DDI in emerging many-body systems

of flexible geometry.

In chapter 5 we quantified the discrepancy between the lowest-band dipolar Bose-

Hubbard model and direct continuum methods for small systems of strongly-interacting

dipolar bosons in optical lattice potentials, finding that the spatial ordering introduced

by the DDI influences the qualitative physics of the failure of the lowest-band dipolar

Bose-Hubbard model. These results may provide a platform for similar investigation

of a wider range of systems, especially those where the DDI causes more delicate

competition of ordered states.
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A
Ladder Operator Derivation

While the positional-basis numerical process was used to calculate the Hamiltonian

elements of the dipole-dipole interaction that were used for numerical evolution, an

alternative process to derive these matrix elements when δftrap << ftrap offers more

physical insight for one dimension. The idea is to express the position operator in

the dipole-dipole interaction using the raising and lowering operators of the two traps.

The operator for the distance between the two molecules is

R̂ = Re(1̂ + r̂2 − r̂1

Re

), (A.1)

where 1̂ is the unit operator. As the harmonic oscillator length is much smaller than

the equilibrium separation of the tweezers, the dimensionless operator ŝ = r̂2−r̂1
Re

has

eigenvalues much smaller than 1. This means that R̂−3 can be found using the standard

binomial expansion for negative integer powers

R̂−3 = 1
R3

e

∞∑
k=0

(−1)k(2 + k)!
k!2 ŝk, (A.2)
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where due to the small eigenvalues of ŝ, the terms with higher values of the index k

can be neglected. This operator can then be evaluated explicitly using the formula

ŝ = 1√
2
lho,2(â2 + â†

2) − lho,1(â1 + â†
1)

Re

(A.3)

As only small powers of ŝ are necessary for convergence, the action of the operator

R̂−3 on the three considered motional states can be calculated using a finite number of

motional states. Note that this derivation has treated the harmonic oscillator length lho

as separate from the internal state which is not quite accurate due to the difference in

trap frequency for |0⟩ and |1⟩, although comparison with the position space derivation

confirms that the effect is very small for our parameters.

Having evaluated the ‘motional’ part of the dipole-dipole interaction in this manner,

there is improved physical intuition behind the matrix elements of the full Hamiltonian

calculated using the positional wavefunctions. The k = 0 term, which is independent

of lho, gives the dipole-dipole interaction between point particles at Re for all motional

states (h×1847Hz). The k = 1 term gives elements which create or destroy one motional

excitation (i.e. transfer |gg⟩ ↔ |ge⟩ , |eg⟩) and has magnitude of roughly h × 145Hz.

The k = 2 term causes two distinct physical effects: The first is to increase the dipole-

dipole interaction within a given motional state due to the variance of the position

wavefunction. The second is processes which transfer a motional excitation between

the traps (|ge⟩ ↔ |eg⟩). Both of these contributions from k = 2 have magnitude of

around h× 15Hz. Higher order terms make small adjustments to these elements, with

energy decreasing by around a factor of 10 for each successive value of the index k.

This gives an approximate guide to how the dipole-dipole interaction elements would

be altered by changing the relative values of the harmonic oscillator lengths and the

equilibrium tweezer separation, as the magnitude of ŝ is determined by the ratio lho

Re
.



B
Shortcut to Adiabaticity Derivation

The LRI inverse-engineering method is used to accelerate the adiabatic crossing

(crossing B), which involves the basis states |00⟩ and |ψ+⟩. Within this subspace,

the Hamiltonian is

HB(t) = −ℏ∆(t) |00⟩ ⟨00| + ℏ
Ω(t)√

2
(|00⟩ ⟨ψ+| + |ψ+⟩ ⟨00|) − V |ψ+⟩ ⟨ψ+| . (B.1)

The effect of V is to shift crossing B from ∆ = 0 to ∆ = V/ℏ. We can therefore

take this energy shift into account by defining ∆̄ = ∆ − V/ℏ. The form of the

Hamiltonian in this subspace guarantees that we can write a traceless and Hermitian

2 × 2 invariant, which has the following form [107]:
I(t) ∝ sin(γ(t)) cos(β(t))(|00⟩ ⟨ψ+| + |ψ+⟩ ⟨00|) − sin(γ(t)) sin(β(t))(−i |00⟩ ⟨ψ+| + i |ψ+⟩ ⟨00|)

+ cos(γ(t))(|00⟩ ⟨00| − |ψ+⟩ ⟨ψ+|),
(B.2)

where β and γ are real angles and the constant of proportionality does not change in

time. To keep the state of the system in an eigenstate of the invariant, we require

that the invariant does not evolve in the Heisenberg picture, i.e.

dI(t)
dt

= ∂I(t)
∂t

− i[I(t), HB(t)] = 0. (B.3)
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This ensures that the expectation value of I(t) will be conserved for any initial state.

As I(t) has two constant, non-degenerate eigenvalues, this means that if the initial state

is an eigenstate of I(t), the final state must be the eigenstate of I(t) corresponding to

the same eigenvalue. Substituting the definitions of I(t) and HB(t) into this equation

gives the following differential equations that link the invariant parameters β(t) and

γ(t) with the Hamiltonian controls ∆̄(t) and Ω(t):
γ̇(t) =

√
2Ω(t) sin(β(t))

∆̄(t) + β̇(t) =
√

2Ω(t) cot(γ(t)) cos(β(t))
(B.4)

Having guaranteed that the populations of the eigenstates of I(t) will remain constant

during the evolution, we now need to ensure that |00⟩ is one of the eigenstates of the

invariant at the start of the protocol I(t0) and that this same eigenstate becomes |ψ+⟩

by the end of the protocol (tf). This creates the following boundary conditions:
γ(ti) = 0

γ(tf ) = π

γ̇(ti) = 0

γ̇(tf ) = 0

(B.5)

(To avoid singularities in equation B.4, we slightly displaced γ(ti) and γ(tf) in our

numerics). The form of β(t) is not defined by these conditions but it is desirable to

reduce the maximum value of Ω(t) to avoid populating the third state |11⟩ that we

ignored in HB. For this reason, we used the following boundary conditions for β(t) 1

β(ti) = π

2
β(tf ) = π

2
β̇(ti) = −3π

2tf

β̇(tf ) = 3π
2tf

(B.6)

1We multiplied the values of β̇(ti) and β̇(tf ) by a factor of 3
2 compared to Ref [106] to ensure that

the protocol also traversed the ‘diabatic’ crossing A.
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Using the ansatz that γ(t) and β(t) are fourth-order and fifth-order polynomials in

time respectively [106], the constraints in equations B.5 and B.6 can be solved using

linear algebra, leaving one free parameter for γ(t) and two free parameters for β(t).

We set these parameters by numerically minimising the quantity

qL =
∫ tf

ti

| Ω(t)2

∆̄(t) + V
ℏ

|dt, (B.7)

which is a figure of merit for the population leakage into |11⟩ at the diabatic crossing.

This optimisation delivers a small improvement in fidelity compared to the protocol

in Ref. [106] which was derived without considering leakage into |11⟩ and pushes the

maximum value of Ω(t) to coincide with larger values of ∆(t). H(t) is then found

numerically from γ(t) and β(t) using equation B.4.



C
GRAPE Method

The GRAPE algorithm [111] starts with a chosen or, as we used for the entangling

gate, random set of control parameters. These are iteratively optimised using gradient

methods to find a local maximum of the fidelity. To do this, one must calculate the

gradient of the overall gate fidelity with respect to the control parameters at each

timestep. The algorithm does this efficiently by storing at each timestep j the unitary

matrices corresponding to both forward propagation of the time evolution operator

up to timestep j and reverse propagation of the target operator Uaim back through

the subsequent timesteps to timestep j, which reduces the number of computationally-

costly calculations of time evolution operators . Mathematically, this means storing

the following two matrices for each timestep j:

Fj = Uj...U2U1 (C.1)

Rj = U †
j+1...U

†
Nsteps

Uaim (C.2)

where Uj is the evolution operator for timestep j alone.

Using a first order approximation for the evolution during timestep j (which requires
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that the eigenvalues of Hjδt << 1), the gradient of the overall fidelity with respect

to the control field at timestep j is calculated

∂F

∂Ωx(y),j
= −2
D2 Re(Tr(R†

j(iδthΩX(Y ))Fj)Tr(F †
j Rj)) (C.3)

These gradients are then used to update the control parameters at each iteration

using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) numerical method, which addi-

tionally uses the gradient history to aid the optimisation (known as BFGS-GRAPE),

which is particularly beneficial when approaching a local maximum of the fidelity,

where the gradient of the fidelity becomes very small [116, 244]. By iterating this

procedure, a local maximum of the fidelity is found.



D
Effect of Trap Frequencies in One Dimension

While we optimised and simulated the entangling gate using specific estimated values

for the trap frequency ftrap and the additional trap frequency δftrap for internal state

|1⟩, fine-tuning these values is not required for the success of the gate as long as the

exchange of motional excitations between the traps is made off-resonant. Qualitatively,

this is because the DDI is not strongly-dependent on the trap frequency and the effects

of δftrap (increased effective detuning and small leakage into the |ψ−⟩ internal state

due to the off-diagonal coupling element δftrap

2 between |ψ+⟩ and |ψ−⟩) are specifically

corrected by the optimisation and suppressed by the microwave driving respectively.

Quantitatively, Figure D.1 shows the fidelity for the pulse shown in Figure 2.7

considering motional states |gg⟩, |ge⟩, and |eg⟩ in the x direction for varying parameters

of the second trap. The fidelity is largely unaffected by these parameters provided

that the frequency of the second trap is not either much smaller than assumed or

extremely close to that of the first. When considering motion in three dimensions,

changes in the trap frequency in the tweezer axis direction have the largest effect on

the fidelity because this trap frequency is smaller.
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Figure D.1: Fidelity of pulse shown in Figure 2.7 for detuning ∆ = 0, systematic microwave
power scaling factor fΩ = 1, trap frequency for internal state |0⟩ of the first molecule
ftrap,1 = 200kHz, and extra trap frequency for the internal state |1⟩ of the first molecule
δftrap,1 = 500Hz considering up to one motional excitation in the x direction.



E
DMRG for Dipolar Systems

This appendix introduces the important considerations of using the DMRG numerical

methods used in chapter 4 to study the cylindrical dipolar Bose-Hubbard model rather

than the numerical implementation, which is presented in Refs [245,246] for all cases

which we cover. We firstly introduce matrix product states, matrix product operators,

and DMRG themselves before discussing their use in two dimensions.

E.1 Matrix Product States

One of the main reasons for the interest in controlled quantum many-body systems

(which applies for both quantum computation and quantum simulation) is the

exponential growth of the Hilbert space with system size. This growth creates

difficulty for exact simulations of quantum many-body systems because even moderately-

sized systems of ≈ 50 particles or lattice sites would require impossible numerical

resources to specify the state of the system classically. There are many quantum

many-body methods to reduce the computational cost by describing the physics

approximately instead, of which matrix product states (MPS) have been one of the
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most successful, especially in 1D.

E.1.1 Ansatz

To define the MPS form and describe its approximations, we use the example of a

system of L sites (indexed by x) which have a local Hilbert space of dimension d

(indexed by j), where we assume d is the same for all sites (as is satisfied for all results

in this thesis). The MPS form places a tensor A at each site which has one ‘physical’

index j corresponding to the local Hilbert space and two ‘virtual’ indices (the tensors

A1 and AL corresponding to the sites at the ends of the system have one virtual index

instead). For a given choice of the L different local physical indices jx, the tensors Ax

are reduced to matrices (or row and column vectors at the ends of the system) Ajx
x

which have only the virtual indices. The wavefunction amplitude corresponding to the

physical state chosen is then calculated by contracting the product of a row vector,

L− 2 matrices, and a column vector as shown mathematically in the following formula:

⟨j1, j2, ...jL|ψ⟩ = Aj1
1 A

j2
2 ...A

jL
L . (E.1)

The number of degrees of freedom within the MPS ansatz depends on the size of the

virtual matrices and vectors (i.e. maximum value χx of the virtual indices) associated

with a given state in the local Hilbert space. The virtual indices allow entanglement

to be represented and therefore encode non-classical correlations. This ansatz can be

made exact by using large enough χx, although the computational cost would still scale

exponentially with the system size and offers no scaling benefit compared to the exact

representation. Instead, the ansatz is usually used by choosing a lower maximum value

of χ for all sites as a computationally-cheaper controlled approximation. This means

the wavefunction is represented by ≤ Ldχ2 complex numbers, which scales linearly

with L, compared with dL complex coefficients for the exact wavefunction.
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Turning to the question of how useful MPS with a chosen value of χ are, physical

states often have a more local entanglement structure than an arbitrary state in

the exponentially-scaling Hilbert space because physical interactions are generally

local. This implies that the physics of a local Hamiltonian only uses a small fraction

of the Hilbert space. MPS target a physically-relevant corner of the Hilbert space,

which satisfies area laws of the Von Neumann entanglement entropy Sent (defined

in equation 4.4).

Specifically, the maximum Sent across a bipartition of an MPS for a given value

of χ is ln(χ) 1. This follows the one-dimensional version of the area law, where the

entanglement entropy of a contiguous bipartition of a quantum state is proportional

to the area of the boundary of the subsystems rather than the volume of the smaller

subsystem. This law is proven for the low-lying eigenstates of gapped, local, 1D

Hamiltonians [247], rigourously justifying the description of such systems with MPS

where χ does not scale with the system length. For many other systems, the area law

applies with small violations [190,248]. When applied to two dimensions, the area law

suggests that the MPS ansatz requires higher χ as the system size increases, limiting

its use to small or thin systems. Nevertheless, the ability to neglect a vast unphysical

section of the Hilbert space by construction is an important strength of MPS.

E.2 Matrix Product Operators

Matrix product operators (MPO) allow the calculation of expectation values directly

from the MPS form. Like MPS, they feature a tensor Ox at each site which has

two virtual indices (or one virtual index at the ends of the system). We label the

bond dimension of these virtual indices χMP O. As an operator tensor rather than
1It is rare for an MPS which acceptably approximates a physical state to approach the maximum

Sent for a given large χ because the singular values tend to decay gradually (rather than having χ
large sigular values while all others are negligible).
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a state tensor, Ox has two physical indices jx and kx to produce transformations

between states. Similarly to MPS, for a given choice of the two sets of physical indices

jx and kx, the operator matrix element is calculated by contracting the product of

one row vector, L− 2 matrices, and one column vector corresponding to the virtual

indices of the tensors Ox using the formula

⟨k1, k2, ...kL|Ô|j1, j2, ...jL⟩ = Oj1,k1
1 Oj2,k2

2 ...OjL,kL
L (E.2)

While we again do not detail the numerical implementation, the process of producing

a new MPS wavefunction by operating on an existing MPS wavefunction (|ψ′⟩ = Ô |ψ⟩)

is performed by contracting the physical indices of |ψ⟩ with the ‘dual vector’ physical

indices of Ô, leaving |ψ′⟩ with one set of physical indices as necessary for MPS.

The new MPS wavefunction |ψ′⟩ has a bond dimension equal to the product of

the bond dimensions of Ô and |ψ⟩, so it is often necessary to compress |ψ′⟩ to

reduce its bond dimension.

In order to perform these operations, it is necessary to express relevant physical

operators as MPO. While this is straightforward for product operators (where χMP O =

1), creating MPO for operators (such as Hamiltonians) which contain sums of multiple

two-site terms is not trivial. Finite state machines can be used to build the MPO for

the Hamiltonian [249], which allow such operators to be expressed with a relatively

low bond dimension. More detail about the use of finite state machines to encode

Hamiltonians can be found in Refs [223, 250].

E.3 DMRG

The most important MPS algorithm that we use in this thesis is DMRG (Density

Matrix Renormalisation Group) [182,183]. DMRG is an iterative algorithm which can

be viewed as approximating the ground state with an MPS wavefunction [184]. The
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MPS often has too many variational parameters to optimise them simultaneously, so the

algorithm keeps the tensors on all but one site (for single-site DMRG) or two sites (for

two-site DMRG) constant at one time. This fixes an effective environment ‘Hamiltonian’

for the sites being optimised, of which the lowest eigenvector is found iteratively. Over

the course of a DMRG ‘sweep’, all sites are optimised in sequence. This sweeping

procedure is not globally optimal but produces acceptable results at acceptable cost.

Each sweep reduces the expectation value of energy and moves the state towards a

local minimum of the energy. The algorithm terminates upon reaching a convergence

criterion, such as the number of sweeps, the truncation error when compressing the MPS

to the chosen bond dimension χ, or the energy difference between subsequent sweeps.

In this thesis, we have used two-site DMRG because it helps to avoid spurious

local minima by allowing the bond dimension between two sites to vary during the

local optimisation procedure (with subsequent truncation possible to compress the

bond dimension). We note that other extensions to single-site DMRG can also be

used for this purpose [251, 252].

While our descriptions of the algorithms focus on a chosen value of χ, we used

the standard practice of running DMRG using relatively small values of χ initially to

find a very approximate ground state wavefunction while benefiting from fewer energy

minima and faster iterations. This wavefunction can be used as a starting point for

future uses of the algorithm at higher χ, which often allows an acceptably converged

ground state to be found more quickly than using the higher value of χ directly. The

added information from using multiple different χ allows one to check whether the

energy and other observables have converged with respect to increasing χ, which can

indicate whether the chosen value of χ is sufficient to capture the ground state physics.
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E.4 Two Dimensions

While MPS are not as well-suited to 2D systems as to 1D due to the necessary

entanglement scaling with system size, they can still be used for small or thin 2D systems

[194]. This requires the ‘physical’ 2D problem to be mapped to a ‘numerical’ 1D problem

using a 2D-to-1D mapping. The 2D-to-1D mapping means that interactions between

neighbouring sites on the physical lattice correspond to interactions over a large distance

in the 1D chain (for common mappings, this distance scales with the smallest system

length). Different choices of mapping can be particularly suited to certain entangled

states, but it is usually helpful for the mapping to preserve the locality of interactions.

The ability to maintain a local interaction structure is dependent on the boundary

conditions of the physical system. For open boundary conditions or cylindrical boundary

conditions (open in one dimension and periodic in the other), the interaction range can

be made to scale with the system width while the required χ scales exponentially with

width [253]. However, if the boundary conditions are periodic in both directions, the

locality structure breaks down and the computational difficulty scales exponentially

with the number of sites, the same scaling behaviour as exact diagonalisation. For

this reason, many MPS calculations of bulk 2D systems use cylindrical rather than

fully-periodic boundary conditions even though this introduces edge effects.

The 2D-to-1D mapping means that the ‘physical’ 2D Hamiltonian becomes more

complicated when expressed in 1D, due to both the increased range of interactions

and the fact that this mapping usually destroys any translational invariance in

the Hamiltonian. This makes building the MPO by hand a time-consuming and

error-prone task [223]. In this thesis, we have used parsers which perform this task

automatically from a 1D Hamiltonian written in a human-readable ‘equation form’ [250].

The necessary MPO bond dimension depends not only on the physical interactions
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considered, but on the system size (because the interactions become longer-ranged

in 2D) and the 2D-to-1D mapping.

One problem with the introduction of long-range terms from the physical Hamilto-

nian or the 2D-to-1D mapping is that the energy depends explicitly on correlations

between sites which are far separated in the MPS. This contrasts with two-site DMRG,

which optimises two neighbouring sites at once, and can therefore struggle to recognise

the energy minimisation that might arise from the long-range correlations. A useful

technique to encourage long-range correlations, which we use in this thesis, is the

‘noise term’, originally developed for single-site DMRG [251]. This term adds a small

perturbation based on the terms in the Hamiltonian to the state during optimisation,

which can provide a ‘jump start’ to correlations, which then grow throughout subsequent

sweeps if energetically favourable. This noise obviously introduces some deviation from

the ground state, so it is important to reduce or remove it in the later sweeps of

the DMRG algorithm.



F
Cylindrical Dipolar Bose-Hubbard Model

Calculation Details

To map the 2D cylindrical lattice to a 1D matrix product state, we used a ‘coil’ mapping

in which the MPS loops around each ring successively from c = 1 to c = 8. This

means that neighbouring sites along the axis of the cylinder are separated by Lc

sites in the 1D chain.

We use ≈ 80 DMRG sweeps, of which most are performed with χ ≤ 400. We

increase χ until the maximum truncation errors in the DMRG sweep reduce to ≈ 10−6

and the energy reduction from increasing χ by over 10% is ≈ 1 part in 105. This

required χ = 6400 for the most entangled calculations, but χ ≤ 2000 was sufficient

for regions I and II. Our calculations use the U(1) particle number conservation

symmetry. We use a noise term, which is reduced approximately exponentially with

the number of sweeps and then removed in later sweeps, to encourage correlations

between sites which are far apart in the 1D chain [251].

We would like to acknowledge the use of the University of Oxford Advanced Research

Computing (ARC) facility in carrying out this work [228].
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Entanglement Entropy in TU State at θ = π

2

This section contains details of the estimate of the central charge cC in the TU state

below the TU-PS transition. Compared to the other extracted quantities, this value

is quite susceptible to finite-χ effects which we mitigate using a 1
χ

extrapolation,

as shown in Figure G.1(a) and (b). In Figure G.1(c), the results of the χ → ∞

extrapolation for susbsystem lengths LA ≤ Lz

2 are shown (LA > Lz

2 produces the

same results due to symmetry). With the exception of the cylinder edges, it can

be seen that SLA
is well-described by a linear fit with respect to ln(2Lz

π
sin(πLA

Lz
))

as expected for the relation SLA
= cC

6 ln(2Lz

π
sin(πLA

Lz
)) up to constants, which was

described in the main text. For 2.5 ≤ V ≤ 3.4, we find values of cC ranging from

0.97 to 1.07. For V ≤ 3.0, far from the lower TU-PS transition, the values of cC are

almost independent of system size for Lz ≥ 40, which suggests that these estimates

are not significantly affected by finite-size effects.
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(a) (b) (c)

Figure G.1: Entanglement entropy as a function of subsystem length for TU state at
polarisation angle θ = π

4 . (a) Entanglement entropy for different χ identified by markers
for DDI strength V = 3.4 and axial length Lz = 100. (b) 1

χ extrapolation (where χ is the
MPS bond dimension) of entanglement entropy across central bipartition Sent for V = 3.4
and Lz = 100 using χ = {400, 500, 600, 700, 800, 900, 1000, 1200, 1400}, where the dashed
red line denotes a linear fit used to extrapolate to χ → ∞. (c) Extrapolated values of
SLA

(entanglement entropy for a subsystem of axial length LA) to χ → ∞ plotted against
ln(2Lz

π sin(πLA
Lz

)) for 1 ≤ LA ≤ Lz
2 , where error bars denote uncertainty in the χ → ∞ linear

fit. Markers on the centremost partition identify the different values of V according to the
legend. Data for Lz = 40, 60, 80, 100 are shown together. For each value of V , a linear fit for
4 ≤ LA ≤ Lz

2 is plotted in a dashed red line.



H
Lc → ∞ Stripe Solid - Polar Solid

In this section, we consider the ground state for strong interaction V >> J . For

θ ≤ 0.63π
2 , interactions in the ẑ direction are attractive, which encourages stripe

ground states where particles line up along the cylinder axis. For interactions truncated

at next-nearest-neighbour, the energy of these states is dependent only on how many

of these stripes are ‘stuck together’ and their azimuthal angle ϕc. When the number of

bosons is half the number of sites and Lc is even, it is possible to avoid interactions

between stripes, which means stripes will only stick together if the overall interaction

between them is attractive.

Two neighbouring stripes at azimuthal angle ϕc feature Lz interactions in the ϕ̂

direction and Lz − 1 interactions in the ϕ̂ ± ẑ directions. Using equation 4.11, the

DDI interaction energy between these stripes is

Lz(1 − 3 sin2(θ) sin2(ϕc)) + Lz − 1√
8

(3 sin2(θ)(1 − sin2(ϕc)) − 1), (H.1)

and the stripes will be encouraged to stick together if this quantity is negative. For

infinite Lz, this means that stripes at ϕc = π
2 ,

3π
2 begin to stick together at θ ≥ 0.307π

2 ,

which is the same condition as favouring the PS over the SS for Lc = 8 because the
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separation direction between the sites concerned is the same in both cases. As θ

increases from that value, a larger range of ϕc feature attractive interactions between

the stripes until all stripes in the range π
4 < ϕc <

3π
4 and 5π

4 < ϕc <
7π
4 would attract

their neighbours at θ = 0.61π
2 , forming the Lc → ∞ analogue of the PS.



I
Wannier Functions for Finite Lattices

This appendix shows the derivation of the Wannier functions for finite lattices. It is

based on that in the supplemental material of Ref [231] and is functionally equivalent

except for a small extension for the second band.

We consider a lattice potential A = A0 cos2(πx) defined between x = 0 and x = L

with hard potential walls (after calculating the Wannier functions, we translate this

to be symmetric about x = 0). The Wannier functions must vanish at the potential

walls, so we build them using the basis functions fm(x) =
√

2 sin(mπ x
L

) where m is a

positive integer. For the lowest bands of L = 9, m ≤ 800 causes negligible truncation.

The kinetic Hamiltonian ĤK is diagonal in these basis functions, where each basis

function has kinetic energy (m
L

)2ER. The Hamiltonian for the lattice potential HP

also couples basis states and is given by

ĤP = A0
∑
m

1
2 |m⟩ ⟨m| + 1

4(|m⟩ ⟨m+ 2L| + |m+ 2L⟩ ⟨m| − |m⟩ ⟨−m+ 2L|), (I.1)

where elements outside the chosen maximum value of m are excluded. The single-

particle Hamiltonian is the sum of the kinetic and potential terms. Due to its structure,

this Hamiltonian only couples the basis functions in groups defined by (m±q)mod(2L) =
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0 labelled by q, where q takes integer values from 0 to L. Excluding small truncation

effects, there are half the number of basis functions for q = 0 and q = L each as for all

other values of q. As in Ref [231], the lowest band is spanned by the lowest eigenstate

for each value of 1 ≤ q ≤ L. Meanwhile it is clear that the second-lowest eigenvalues for

1 ≤ q ≤ L−1 are similar to the lowest eigenvalue for q = 0 and are far below the second-

lowest eigenvalue for q = L. This motivates our identification of the lowest eigenstate

for q = 0 and the second-lowest eigenstates for 1 ≤ q ≤ L− 1 as the second band.

As in Ref [231], the Wannier functions within the space of a band are found by

taking the eigenstates of the position operator

X̂ =
∑

m1,m2

((−1)(m1+m2) − 1) 4Lm1m2

π2(m2
1 −m2

2)2 |m1⟩ ⟨m2| (I.2)

These can be converted into functions in real space using the definition of the basis

functions. The BH model parameters can be found by calculating the matrix elements

of the kinetic Hamiltonian and any additional interaction Hamiltonians in the basis

defined by the Wannier functions. For the DDI and contact interaction, we numerically

integrated over real space for this purpose. The tunnelling elements and on-site

energies for both the lowest and second bands away from the edges of the lattice

are in good quantitative agreement with the equivalent elements for infinite lattices

calculated using the methods in Ref [141].

Note that this process only defines the Wannier functions up to a separate sign

for each Wannier function. It is helpful for interpretation of results to fix this

freedom, for example using the conventions that the lowest-band Wannier functions are

positive at their potential minimum and that the second-band Wannier functions are

negative(positive) for values of x immediately below(above) their potential minimum.
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