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Abstract

The dissertation consists of two parts. The first part (Chapter 1 to 4) is on some
contributions to the development of a non-linear analysis on the quintessential
fractal set Sierpinski gasket and its probabilistic interpretation. The second part
(Chapter 5) is on the asymptotic tail decays for suprema of stochastic processes

satisfying certain conditional increment controls.

Chapters 1, 2 and 3 are devoted to the establishment of a theory of backward
problems for non-linear stochastic differential equations on the gasket, and to
derive a probabilistic representation to some parabolic type partial differential
equations on the gasket. In Chapter 2, using the theory of Markov processes,
we derive the existence and uniqueness of solutions to backward stochastic
differential equations driven by Brownian motion on the Sierpinski gasket, for
which the major technical difficulty is the exponential integrability of quadratic
processes of martingale additive functionals. A Feynman—Kac type representa-
tion is obtained as an application. In Chapter 3, we study the stochastic optimal
control problems for which the system uncertainties come from Brownian mo-
tion on the gasket, and derive a stochastic maximum principle. It turns out that
the necessary condition for optimal control problems on the gasket consists of
two equations, in contrast to the classical result on R?, where the necessary
condition is given by a single equation. The materials in Chapter 2 are based

on a joint work with Zhongmin Qian (referenced in Chapter 2).

Chapter 4 i1s devoted to the analytic study of some parabolic PDEs on the gas-

ket. Using a new type of Sobolev inequality which involves singular measures



developed in Section 4.2, we establish the existence and uniqueness of solu-
tions to these PDEs, and derive the space-time regularity for solutions. As an
interesting application of the results in Chapter 4 and the probabilistic repres-
entation developed in Chapter 2, we further study Burgers equations on the
gasket, to which the space-time regularity for solutions is deduced. The mater-
ials in Chapter 4 are based on a joint work with Zhongmin Qian (referenced in

Chapter 4).

In Chapter 5, we consider a class of continuous stochastic processes which
satisfy the conditional increment control condition. Typical examples include
continuous martingales, fractional Brownian motions, and diffusions governed
by SDEs. For such processes, we establish a Doob type maximal inequality.
Under additional assumptions on the tail decays of their marginal distributions,
we derive an estimate for the tail decay of the suprema (Theorem 5.3.2), which
states that the suprema decays in a manner similar to the margins of the pro-
cesses. In Section 5.4, as an application of Theorem 5.3.2, we derive the ex-
istence of strong solutions to a class of SDEs. The materials in this chapter
is based on the work [44] by the author (Section 5.2 and Section 5.3) and an

ongoing joint project with Guangyu Xi (Section 5.4).
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Chapter 1

Introduction to Analysis on Fractals

1.1 Framework

Fractals are spaces which are very irregular compared to smooth manifolds and do not
possess proper differential structures. Examples of fractals include Sierpinski gaskets,
snow flakes, cantor sets, etc. These spaces appear as scaling limits of sequences of dis-
crete structures, and satisfy certain self-similar properties. Many objects in nature (e.g.
complex biology systems, polymeric materials, and etc.) have fractal features (see e.g.
[50, 51, 24, 60, 69, 49, 11] for details). Analysis on fractals has attracted researchers’ at-
tentions over the last decades, not only for the reason that fractals are archetypal examples
of spaces without suitable smooth structure, but also because fractals arise in interesting
models in statistical physics. For example, lattice models such as the Ising model and their
variants have been extensively studied in order to gain understanding of phase transitions
of large particle systems at criticality, and a fractal model can be regarded as the scaling

limit as the number of particles in the system tends to infinity.

Since B. Mandelbrot’s introduction of the notion of fractals as a new class of mathem-
atical objects modelling nature, a new mathematical area called fractal geometry developed

quickly with the help of geometric measure theory and ergodic theory. Fractal geometry
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concerns static aspects of fractals and measures on them, for example, Hausdorff dimen-

sions and Hausdorff measures.

As evolutions take place on objects (e.g. R?) representing nature, dynamical phenom-
ena can also occur on fractals. For example, one may ask how heat diffuse on media mod-
elled by fractals, or how a medium with fractal structure vibrates when subject to forces.
These problems are addressed by a theory called analysis on fractals, which concerns dy-

namical and analytic aspects of fractals.

On a domain in R?, heat transfer is described by the heat equation
ou = Au,

where © = wu(t,z) with ¢, x being the time and space variables respectively, and A =
Zle 8%1_ is the Laplace operator. To answer the problem of heat transfer on fractals, one
needs an appropriate concept to replace the Laplacian on Euclidean spaces. This is not
possible from a classical viewpoint, since there exist no smooth differential structures on
fractals in general. Therefore, a different approach must be employed to develop ana-
lysis on fractals. S. Goldstein [22], S. Kusuoka [40], and M. Barlow and E. Perkins [4]
took the first step in the mathematical development of analysis on fractals. S. Goldstein,
S. Kusuoka, and M. Barlow and E. Perkins independently constructed a diffusion process,
called Brownian motion in literature, on the planar Sierpinski gasket as the scaling limit
of a sequence of random walks on approximate lattices. Utilizing the theory of Markov
processes and Dirichlet forms, the Laplacian on the Sierpinski gasket can be introduced as
the non-positive self-adjoint operator associated with Brownian motion they constructed.
An Aronson type heat kernel estimate was derived by M. Barlow and E. Perkins in [4].
J. Kigami [33] gave an alternative construction of the Dirichlet form on the gasket using
sequences of finite differences. There have been many works on the study of diffusion pro-

cesses and Laplacians on fractals (see e.g. [4, 21, 36, 3, 34], etc.), and linear analysis on
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fractals has been relatively well established.

The objective of the remaining chapters is to develop a non-linear analysis on the ar-
chetypal fractal, the Sierpinski gasket. The materials are organized as follows.

Preliminaries for analysis on fractals are provided in the remaining part of Chapter 1.
The presentation in Chapter 1 is specifically formulated for the Sierpinski gasket, and we
make no attempt to present the the theory of analysis on fractals at its full generality. A

comprehensive discussion of the general theory can be found in the monograph [35].

In Chapter 2, we establish a theory of non-linear backward stochastic differential equa-
tions (with deterministic or stochastic durations) driven by Brownian motion on the Si-
erpinski gasket. We prove the existence and uniqueness of solutions to these backward
stochastic differential equations (BSDEs), and as an application, a Feynman—Kac repres-
entation formula for weak solutions to semi-linear parabolic PDEs on the gasket is also
established. Compared to the study of BSDEs on RY, the major technical difficulty in
the study of our case is the exponential integrability of quadratic processes for martingale

additive functionals. This chapter is based on the joint work [45] with Z. Qian.

In Chapter 3, we study a class of stochastic optimal control problems when the system
uncertainties arise from the filtration determined by Brownian motion on the Sierpinski
gasket. Utilizing the theory developed in Chapter 2, we derive a stochastic Pontryagin
maximum principle for stochastic control problems on the gasket. The linear regulator

problem is presented in Section 3.3 as an example.

Chapter 4 is devoted to the study of a class of non-linear parabolic partial differential
equations (PDEs for short) on the Sierpinski gasket. Unlike PDEs in domains of R¢, such
parabolic type equations involving non-linear convection terms must take a different form,
due to the fact that convection terms must be singular to the “linear part” determined by the
heat semigroup. In order to study these parabolic type equations, a new kind of Sobolev
inequality for the Dirichlet form on the gasket will be established in Section 4.2, and their

multi-dimensional case in Section 4.3. These Sobolev inequalities, which are interesting
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on their own, involve two LP norms with respect to two mutually singular measures in
contrast to the case of Euclidean spaces. By examining properties of singular convolutions
of the associated heat semigroup, we derive the space-time regularity of solutions to these
parabolic equations under a few technical conditions. The Burgers equation on the Sierp-
inski gasket is also studied, for which a maximum principle for solutions is derived using
techniques from backward stochastic differential equations. Existence, uniqueness, and the
space-time regularity of solutions to Burgers equations are obtained as well. This Chapter

is based on the work [46] joint with Z. Qian.

1.2 Preliminaries

1.2.1 Sierpinski gaskets

Let Vo = {p1,p2,p3} be the set of vertices of the unit equilateral triangle in R?, i.e.
p1 = (0,0), po = (1,0), ps = (1/2,4/3/2), and let F; : R> — R? i = 1,2,3 be

the contractions defined by
Fiz)=2""(z+p;), z€R?* i=1,23. (1.2.1)

The sets V,,,, m € N, are defined recursively by V,,, = Ui:1,2,3 F,(Vio1), m > 1

Definition 1.2.1. The compact Sierpinski gasket S (Figure 1.2.1) is defined to be the clos-
ure S = cl (UX_, Vi), and the infinite Sierpinski gasket S (Figure 1.2.2) to be S =

Ureo 2" [S U (—S)]. For simplicity, we shall call the compact Sierpinski gasket S the Sier-

pinski gasket or the gasket, that is, without the prefix “compact”.

Clearly, S can be written as a countable union S = Uiz 7(S) of sets with disjoint
interiors, where 7; : R? — R2, i € Z are translations on R2, and for our purpose, the

labelling of the translations 7; is immaterial.



LD SR,

P1 P2

Figure 1.2.1: The Sierpinski gasket S Figure 1.2.2: The infinite gasket S

Definition 1.2.2. The shift space W, is defined to be the set of all infinite ordered sequence

of symbols in the set {1, 2, 3}, i.e.

W, = {w = wiwows ... tw; € {1,2,3},i € N+}. (1.2.2)

For any w = wiwowsz ... € W, and m € N, the truncation [w],, and the map Fy,,, :

R? — R? are defined to be the finite sequence [w],, = wiws - - - Wy, and the composition

Fi,, = Forwmwn = Fu, 0Fy, 0 0F,, (1.2.3)

Wm—1
respectively. As a convention, we define F,), = Id forallw € W,.

Remark 1.2.3. It should be noticed that the order of w;, © = 1, ..., m on the right hand side

of (1.2.3) is the reverse of that of [w],),.

For any w € W,, the triangle F, . (S) contracts to a single point as m — oo; in other
words, the set (),_, F ... (S) contains exactly one point. If we define 7 (w) to be the unique
element of ('~ F,,.(S), then the map 7 : W, — S, w +— m(w) is surjective and gives a

systematic labelling for points in S.

Definition 1.2.4. The (normalized) Hausdorff measure (. on the Sierpinski gasket S is the
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unique Borel probability measure on S such that
(1(F,.(S)) =37 forallw € W,, m € N,. (1.2.4)

The (normalized) Hausdorff measure [i on the infinite gasket S is defined to be the unique

Borel measure on S such that (fi o 7;)|s = p for each i € Z.

1.2.2 Standard Dirichlet form and Brownian motion

On smooth manifolds, analysis can be established using the associated differential struc-
tures. However, there in general exist no differentiable structures on fractals, and for these
spaces, analysis must be carried out by different approaches. As mentioned in Section 1.1,
analysis on fractals can be established using the theory of Dirichlet forms, or equivalently,
the theory of Markov processes (cf. [35]). Brownian motion on the Sierpinski gasket was
constructed by S. Goldstein [22], S. Kusuoka [40], and M. Barlow and E. Perkins in [4].
Analytic construction of the Dirichlet form was given by J. Kigami [33]. In this subsection,
we follow the approach proposed by J. Kigami [33] and introduce the standard Dirichlet
form on the gasket S by means of finite differences. The Dirichlet form we are going to
construct is said to be “standard” as it is invariant under (7/3)-rotations. Dirichlet forms
on S which are not rotationally invariant are also possible, and can be defined using the

same procedure but with different renormalization factors (see, e.g. [35]).

Definition 1.2.5. For any functions u, v on U;"_,V,,, define recursively

EO(y,v) =271 Z [u(x) — u(y)} [v(x) — v(y)}, (1.2.5)

-'L’nyV()

E(m“)(u,v) _ (5/3) Z gm) (u oF;,vo Fi)’ m=20,1,2,... (1.2.6)

i=1,2,3

Let us give some comments on Definition 1.2.5. Clearly, £ (u,v) depends only on
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the values of u, v on V,,, and can be regarded as a bilinear form defined for functions on
V. The factor 1/2 in (1.2.5) is merely out of convention, while the renormalization factor
5/3 in (1.2.6) is chosen so that the sequence {£(™},, < is consistent in the sense of the

following lemma (see [35, p. 71] for the proof).

Lemma 1.2.6. Let m € N and u be a function on V,,,. The infimum
inf {5(m+1)(v, v) : v is a function on V11 and vly,, = u}

is uniquely attained by a function h on V1 with h|y,, = u. Moreover, £V (h, h) =

EM (u,u).

As a consequence of Lemma 1.2.6, we see that for any function u on U;,_,V,,, the
sequence {€™ (u,u)} is non-decreasing in m. Therefore the limit lim,, o, &™) (u, u)

exists (and may be infinite).

Definition 1.2.7. For any function u on U°_,V,,,, we define £(u, u) to be the limit

E(u,u) = lim £ (u,u).

m—ro0

Let
F(S)= {u : u is a function on U Vo with |Ju|| 7 < oo},
m=0
where

lullF = E(u,w) + [[ullZ2, we F(S).

1)

Occasionally we also use the notation £(u) = E(u, u) for u € F(S).

For any u, v € F(S), the symmetric form &(u, v) is defined by the polarization
Eu,v) =47 E(u+v,u+v) — E(u—v,u—v)].

By (1.2.6) and the definition of £(-, -), it is easily seen that £ satisfies the self-similar

9



property
E(u,v) = (5/3) Y E(uoF;voF;). (1.2.7)

=123
The following theorem asserts that any function v € F(S) uniquely extends to a con-
tinuous function on S; in other words, F(S) C C(S). We refer the reader to [35, pp. 83-94]

for the proof of Theorem 1.2.8 and Theorem 1.2.9.

Theorem 1.2.8. Let u be a function on US_,V,, and €(u,u) < oo. Then u is continuous

on X _,V,,, and uniquely extends to a continuous function on S. Therefore,
F(S)={uecC(S): &E(u,u) < oc}. (1.2.8)

Moreover,

ogc(u) < C.E(u,u)?, forallu € F(S), (1.2.9)

where oscs(u) = max, yes |u(x) — u(y)| is the oscillation of won S, and C. > 0 is a

universal constant.

Theorem 1.2.9. The symmetric form (€, F(S)) is a local Dirichlet form on L*(S; j1), and
F(S) C C(S).

Definition 1.2.10. The Dirichlet form (£, F(S)) on L?(S; p) is called the standard Dirich-
let form on S. The non-negative self-adjoint operator £ associated with (£, F(S)) is called

the standard Laplacian on S.

Remark 1.2.11. In Definition 1.2.10, the word “standard” refers to the spatial homogeneity

of the Dirichlet form (£, F(S)).

According to the theory of Dirichlet forms and Markov processes (cf. [20, Theorem

A.2.2, p. 389]), we have the following definition.

Definition 1.2.12. The unique diffusion process (€2, {F;}i>0, {X¢}s0, {Ps }aes) associ-

ated with the form (€, F(S)) is called the (reflected) Brownian motion on S, where {F; }1>0
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is the filtration determined by {X;}:>0, and P, is the law of {X;};>o with initial point

Xy = x € S. The expectation with respect to P, will be denoted by E,.

Definition 1.2.13. For any Borel probability measure A on S, the probability measure P

on (2 is defined to be

Py(A) = /S P, (A) A(dz), forall A € B(S),

where B(S) is the Borel o-field on S. The corresponding expectation is denoted by E,.

Remark 1.2.14. (i) Since F(S) C C(S), the space F(S) is an algebra with its ring multi-
plication given by the pointwise multiplication of functions.

(i1) As a corollary of the inequality (1.2.9), we see that the empty set is the only subset
of S having zero capacity. Hence, the concept of “quasi-every” (“quasi-continuous” re-

spectively) is identical to that of “every” (“‘continuous” respectively) for the Dirichlet form

E.
Combing the results of Lemma 1.2.6 and Theorem 1.2.8, we obtain the following.

Corollary 1.2.15. For any m € N and any function v on V,,, there exists a unique function

h € F(S) such that h|y,, = u and
E(h,h) = ™ (u,u) = inf {E(v,v) 1 v € F(S) and vly,, = u}.

Definition 1.2.16. The function h in Corollary 1.2.15 is called the m-harmonic function in
S with boundary value u. For the case when m = 0, the function A is simply called the
harmonic function in S. A function h is called piecewise harmonic if it is m-harmonic for

some m € N.

Remark 1.2.17. (i) If h is an m-harmonic function, then 5 o F,;,, is a harmonic function

for any w € W,.

11



(ii) For any u € F(S), let u,, be the m-harmonic function with boundary value u|,,,. Then
E(Up, — Uyt — u) = E(u,u) — E(Um, uy) — 0 as m — oo. Therefore, the family of

piecewise harmonic functions is || - || =-dense in F(S).

For harmonic functions on the gasket, the following maximal principle is valid (see [35,

Theorem 3.2.5] for the proof).

Lemma 1.2.18. Suppose that h is a harmonic function in S. Then

max h = max h.
S Vo

Moreover, if h(x) = maxg h for some x© € S\V, then h is a constant on S.

The values of harmonic functions, and therefore m-harmonic function in view of Re-

mark 1.2.17(i), can be calculated using the following lemma (cf. [35, p. 77]).

Lemma 1.2.19. Let h be a harmonic function in S. Then
(h o F[w]m) ‘VO = Ay, (h|v0), forall w = wiwaws ... € Wy, meN, (1.2.10)

where

= A, - ALA,,, (1.2.11)

and A; : R3 — R3, i = 1,2, 3 are the linear transformations of R? with matrix represent-

ations
100 2 2 1 2 1 2
1 1 1
Ai=—-12 21|, A=-]010],A3==-|12 2. (1.2.12)
5 5 5
2 1 2 1 2 2 00 1

under the base consisting of indicator functions of the points p; = (0,0), ps = (1,0), p3s =
(1/2.V3/2)

12



Remark 1.2.20. The matrices A;, i = 1,2, 3 have the same eigenvalues {1/5, 3/5, 1} and

do not commute with each others.

The Dirichlet form on the infinite gasket S can be defined in a similar way.

A A

Definition 1.2.21. For any continuous function « on S, we define a symmetric form (€, F(S))

by
E(u,u) = Zs((uonﬂs,(uon)g), (1.2.13)
F(S) = {uecC(S): Eu,u) < oo} (1.2.14)

Similar to the situation on S, the symmetric form (£, F(S)), called the standard Di-

richlet form on S, is a local regular Dirichlet form on LQ(S; ft) satisfying the self-similar
property

E(u,v) = (5/3)E(uoFrvoFy), uve F(S). (1.2.15)
To simplify notation, we also denote & (u) = &(u, w).

Definition 1.2.22. For any ,y € S, define the resistance metric R(x,1) by
R(z,y) "' =inf {E(u) 1 u € F(S), ulz) =0, u(y) =1}, ifz £y,

and R(z,y) =0if x = y.

For every z,y € S, R(z,y) < oo. If z # y, then there exists a unique u € ]-"(S) such
that u(z) = 1, u(y) = 0, E(u) = R(x,y)"" (see [35, Theorem 2.3.4]). Moreover, the

resistance metric R(-, -) is a metric on S satisfying
CoM o —y|™ ™% < R(z,y) < Culo —y|™ %, 2,y €S (1.2.16)

for some universal constant C, > 1, where d,, = log 5/ log 2 is the walk dimension of S,
and

ds = 2log3/logh
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is the spectral dimension of S (cf. [35, Lemma 3.3.5]). By the definition of R(-,-),
lu(z) — u(y)| < R(z,y)?Ew)?, uwe F(S), z,y€S. (1.2.17)

Since uls € F(S), u € F(S) and maxgys R < 0o, (1.2.9) is in fact a corollary of (1.2.17).

1.2.3 Kusuoka measure, martingale representations, and gradients

As suggested by the formula (1.2.10) in Lemma 1.2.19, the matrices A;, ¢+ = 1,2,3 are
closely related to the Dirichlet form £. Indeed, as we shall see from (1.2.21) below, the
relation between these matrices and the Dirichlet form £ can be expressed in terms of the

Kusuoka measure defined below.

Definition 1.2.23. Let P : R? — R? be the linear transformation
Pr = — (21 + 29 +23)/3, forallx = (21,20, 23) € R®. (1.2.18)

The Kusuoka measure v on S is defined to be the unique Borel probability measure on S

such that
V(Fp), (So)) =271 (5/3)™ tr(Af,, PAL),,), forallwe W, meN. (1219

The Kusuoka measure © on S is defined to be the unique Borel measure on S such that

(om)|s =vforeachi € Z.

Remark 1.2.24. (i) The factor 271 in (1.2.19) is a normalization factor so that v(S) = 1, and
the Kusuoka measure 7 on S is the sum of the translations v o 7; of the Kusuoka measure
on S.

(i) The Kusuoka measure v (¥ respectively) is singular to the Hausdorff measure p (i

respectively) (cf. [41]).
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(i) It is easily seen that P*A;,P = PA; = A!P = P'A!P, i = 1,2,3. Therefore, the

trace in (1.2.19) can be written as
tr(Afw]mPA[w]m) = tr (wa]mY[w]m) ,

where Y5, = Y., - Yo, Y, withY; = P'A;P, i =1,2,3.

We are now in a position to state a representation theorem for martingale additive func-
tionals on S, which is a particular case of a representation theorem due to S. Kusuoka.
The reader is referred to [41] for the proof, and to [26] for a generalization to a class of

self-similar sets.

Theorem 1.2.25. There exists a martingale additive functional {W,}>¢ satisfying the fol-
lowing:
(i) The quadratic process (W) has v as its Revuz measure (cf. [20, Theorem 5.1.3, pp.

228-230]), i.e. v is the unique Borel measure on S such that
.1 !
/S v =Tim 1, ( /0 FX) dOW),). forall f € C(S):
(ii) For any u € F(S), there exists a unique ¢ € L*(S;v) such that
t
MM = / C(X,)dW,, forallt >0,
0

where M is the martingale part of the additive functional u(X,;) — u(Xj).

Remark 1.2.26. We should point out that the martingale additive functional {W,};>¢ in
Theorem 1.2.25 is not unique. In fact, for any Borel measurable function g on S with
lg| = 1, the martingale additive functional f(f g(X,) dW, also satisfies the properties (i)
and (i1) in Theorem 1.2.25. Therefore, we have the freedom to choose the sign of the

infinitesimal increment dW;. To be definite, let us make a (canonical) choice of {W;}:>o
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as follows. Let h be the harmonic function in S with boundary value

0, if z = (0,0),
hlv,(2) =

1, otherwise.
For any martingale additive functional IV, satisfying the properties (i) and (ii) in Theorem
1.2.25, denote by Vh € L?(S;v) the integrand in the integral representation Mt[h] =
fot Vh(X,)dW,. The martingale additive functional {W,};>¢ is chosen to be the unique
one satisfying the properties in Theorem 1.2.25 and the additional condition that VA >
0 v-a.e. This can always be done by setting W, = fot sgn(Cw (X)) dW, for any W/

satisfying the properties in Theorem 1.2.25.

Definition 1.2.27. The above described canonical choice of the martingale additive func-

tional {W;}>¢ is called the Brownian martingale on S.

From now on, we shall always denote by {W;};> the Brownian martingale on S. We
are now in a position to introduce the definition of gradients of functions on S with finite

energy.

Definition 1.2.28. For any u € F(S), the gradient Vu of u is defined to be the unique

element of L?(S; v) such that
t
MM = / Vu(X,)dW,, forallt > 0. (1.2.20)
0

Suppose that u € F(S). By the theory of Dirichlet forms, & (u, u) = lim;_,q %E#[(Mt[u])ﬂ

(cf. [20, p. 247]). Using (1.2.20) and Theorem 1.2.25(i), we deduce that
E(u,u) = / (Vul? dv, (1.2.21)
S

through which the Dirichlet form £ and the Kusuoka measure v, and therefore the matrices

A;, i=1,2,3, are related.
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Let® € C*(R™)andu = (uy,...,Un), u; € F(S), i =1,...,m. Then (u) € F(S)
and V®(u) = ", 0;®(u) - Vu; v-ae. In particular, V(uv) = Vu-v +u - Vo v-ae.
for all u,v € F(S).

Definition 1.2.29. For each u € F(S), the energy measure v, of u is defined to be the

unique Borel measure on S such that

/ ¢ dvyy = E(pu,u) — 2E(p,u?), forall ¢ € F(S). (1.2.22)
S

For any u,v € F(S), the mutual energy measure v, ., of u and v is defined to be the

polarization v, vy = 47 (Viutv) — Viu—v))-

Remark 1.2.30. (i) According to [20, Lemma 5.3.3], the energy measure v, of a function

u € F(S) coincides with the Revuz measure v, of (M M, ie.

1 t
[ @v =i 7E,( [ 6Cx)aa,), foralo € 7)

(i1) By (1.2.22) and the self-similar property (1.2.7) together with a standard approximation

argument, we see that for any w € W,, m € N,
V<u>(F[w}m(S)) = (5/3)m5(u o F[w]m,u o F[w]m). (1.2.23)

The following is an immediate consequence of Theorem 1.2.25.

Corollary 1.2.31. The measure v is energy dominant, that is, v,y < v for all u € F(S).
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Chapter 2

Backward Stochastic Differential

Equations on the Gasket

2.1 Introduction

The subject of this chapter is a class of backward stochastic differential equations (BSDEs),
with deterministic or random durations, driven by the Brownian martingale {1V, };>( on the
gasket S. We shall give a Feynman—Kac representation (Theorem 2.4.5) for solutions to
semi-linear parabolic equations on S, of which the meaning will be clarified later. On
one hand, the BSDEs considered in this thesis can be regarded as a specific case of those
studied in [37, 38] associated with quite general (quasi-regular) Dirichlet forms. On the
other hand, solutions to the BSDEs in our case can be formulated in a more specific way
(more precisely, the martingale parts are given as stochastic integrals, and the exponential
integrability assumption on quadratic processes as drifts can be verified), which is due to
the concrete setting of the Dirichlet form on the gasket. The representation in Theorem
2.4.5 is an analogue of the result established in [57, 62, 2], which provides probabilistic

solutions to parabolic equations in terms of BSDEs.

Linear BSDEs were first introduced by J. Bismut to establish a Pontryagin maximum
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principle in stochastic control theory (see [5, 70] etc.), while the theory of non-linear
BSDEs was developed in E. Pardoux and S. Peng [55]. The celebrated Feynman—Kac
formula was also generalized to non-linear cases in [57] using BSDEs. There have been a
large number of works on the theory of BSDEs. For example, BSDEs associated with non-
symmetric second-order elliptic operators of divergence form on Euclidean spaces were
studied in [62, 2] and applied to study semi-linear parabolic PDEs involving divergences of
measurable vector fields, where an [to—Fukushima decomposition for the diffusion process
associated to the elliptic operator was derived in terms of forward-backward martingales,
and a representation formula for solutions to parabolic PDEs was obtained. BSDEs and
semi-linear parabolic equations on Hilbert spaces were investigated in [72] using methods
from functional analysis and generalized Dirichlet forms. A martingale representation with
countably many representing martingales for the infinite dimensional case was also proved
in [72] in order to solve BSDEs on Hilbert spaces. In [37, 38], existence and uniqueness
of solutions to a class of BSDEs associated with non-local regular (or quasi-regular) Di-
richlet forms were established, together with a probabilistic representation of solutions to
semi-linear elliptic equations perturbed by smooth measures. It was also shown in [37]
that the probabilistic solutions yielded by BSDEs coincide with the notion of weak solu-
tions (called solutions in the sense of duality in [37]) under a transience assumption on the

Dirichlet form.

2.2 Several results on the Brownian martingale

In this section, we derive several results on the Kusuoka measure v and the Brownian
martingale {W;};>o which will be needed in later sections. The main technical result in
this section is the exponential integrability of the quadratic process (I¥) (Corollary 2.2.16),
which is a sufficient condition for the Girsanov theorem and is crucial for the existence of

solutions to BSDEs on the gasket.
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2.2.1 Martingale representations for square integrable martingales

Similar to situations on Euclidean spaces, a martingale representation theorem for square
integrable {F;}-martingales is the cornerstone of BSDE theory on the Sierpinski gaskets,
and a partial result in this direction is given by Theorem 1.2.25 for martingale additive func-
tionals. The gap between martingale additive functionals and square integrable martingales
can be filled by the following theorem, which states that, under certain conditions, the
representation theorem for martingale additive functionals is equivalent to that for square

integrable martingales (cf. [59] for the proof).

Theorem 2.2.1. Let (2, {G: }i>0, {Y:}1>0, {Qu }uer) be a continuous Hunt process in state
space E, and \ be a Borel probability measure on E. Then any local martingale on
(2, {G: }1>0, Q) is continuous. Suppose further that there exist a sub-algebra A C L*(E; \)N
By(E) and finitely many continuous martingales W, ... W< such that the following are
satisfied.:

(i) o(A) = B(E) and R,(A) C A foreach a > 0, where o(.A) is the o-algebra generated

by A, and R, is the a-resolvent of {Y;}, i.e. R, is the operator defined by
Rof(o) =B [ e ar);
0

(ii) For any f € A and any o > 0, there exist {G; }-predictable processes f*, ..., f® such
that Mt[R“f] = Z;lzl fot f1dWi, t >0 Qx-a.s., where MB1l is the martingale part of
Rof(Yi) — Raf(Yo);

(iii) The covariance matrix ((W*, W7),), ; is strictly positive definite for all t > 0, Qj-a.s.
Then, for any square integrable martingale M on (2, {G }1>0, Q)), there exist {G; }-predictable

processes f1. ..., f% such that

d t
M, = M, + Z/ F(r)ydW?, t>0 Py-as.
j=10
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The processes f', ..., f® are unique in that if f Lo f 4 also satisfy the above representa-

tion formula, then

i Ex [/OOO (Fi(r) = F1 () (F2(r) = () d(W?, W%] — 0.

,j=1

For any Borel probability A on S, all the assumptions of Theorem 2.2.1 are easily seen
to be satisfied by Brownian motion {X;}:>o with F(S) taken as the algebra .A. There-

fore, we deduce the following representation theorem for square integrable martingales on

(97 {]:t}t207 P)\)'

Theorem 2.2.2. For any square integrable martingale M on (S, {F;}i>0, P\), there exists

an {F; }-predictable process f such that
t
M, = M, —l—/ fr)ydWw,, t>0 Py-a.s.
0

The process f is unique in that if f is another {JF,}-predictable process satisfying the

above, then

s [ 1) - fopamn] o

By Theorem 2.2.2, any {F; }-adapted semi-martingales Y; can be written in the form

t t
Y, =Yy + / g(r)dr + / F) W), + My, t >0, (2.2.1)
0 0

where )M is a martingale on (€2, {F;}i>0, P,). Since both [ g(r)dr and [, f(r)d(W), have
finite variations, one may ask about the uniqueness of the decomposition (2.2.1). We now
show that the decomposition (2.2.1) is indeed unique, which follows immediately from the

lemma below.

Lemma 2.2.3. The Lebesgue-Stielties measure d{W), is singular with respect to the Le-

besgue measure on |0, 0), P,-a.s.
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Proof. Denote by P the o-filed of predictable sets of [0,00) x €. Let () be the unique
measure on ([0, 00) x Q, P) satisfying Q([o, 7)) = E,((W), — (W),), 0,7 € T,, where
7, is the family of all {F;}-predictable times, and [[o, 7)) = {(t w) € [0,00) X Q:o(w) <
t < 7(w)}. By the Lebesgue decomposition, @ = f - (dt x P,) + Q,, where f > 0 is a
predictable process and is o-integrable with respect to dt x IP,,, and (), is a o-finite positive
measure singular to dt x IP,.

Let B € B(S) be such that u(B) = 1 = v(S\B) = 1. By E,( [, 1s\s(X,)dr) =
Tu(S\B) = 0, we see that 15(X;) = 1, a.e. t > 0, P,-a.s. Notice that, for any non-

negative predictable process g,

/[o,mg(”Q(d“ ) =, / Tg<r>d<w>r),

which can be easily shown by the definition of () and a standard monotone class argument.

Therefore, by applying the above equality to g(t) = 15(X;),

/0 IE'w(J"“(Zf))dt=/U Eu(f(t)1B<Xr))dt§/[0T) QlB<Xt(W))Q(dtadw)

T
=B, ( / 15(X)d(W),) = Tv(B) =0,
0
which implies the conclusion of the lemma. 0

Corollary 2.2.4. Let Y be a semi-martingale on (2, {F; }>0,P,,). Then the decomposition

(1.2.12) is unique in that if (1.2.12) also holds with g, f, M replaced by g, f, M, then

(fo |d7”): (fo )‘d< >) 0.

2.2.2 A time-dependent Ito—Fukushima decomposition

In this subsection, we give a time-dependent [td6—Fukushima decomposition (Lemma 2.2.8),
which plays an important part in the derivation of the Feynman—Kac representation (The-

orem 2.4.5). See [48, 18] for similar results in different settings. To formulate the decom-
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position lemma, we first introduce the definition of the space F~!(S), which is the analogue

of H~! spaces (i.e. the L2-dual of the Sobolev space H! = W12) on R

Definition 2.2.5. For any w € L*(S; i), let
Jullz-s = sup {(u, w), : u € F(S), Jullz < 1}

The space F~1(S) is defined to be the || - || 7-1-completion of L*(S; u1).

Definition 2.2.6. Let u € L?(0,T; F(S)); that is, u = u(t) is an F(S)-valued function on

[0, T such that

[ o, u0) + o) i <

We say that u has a weak derivative Oyu in L*(0,T; F~1(S)), if Oyu is an F~1(S)-valued

function on [0, 7] such that

T
sy = | 10Ol dt < oo,
and
T T
/ (u(t), O(t)), dt = —/ (Opu(t),v(t)), dt
0 0
for all v € C*(0,T; F(S)) with v(0) = v(T) = 0.

The following can be easily shown by a standard mollifier argument (cf. [12, Theorem

3, Section 5.9]).

Lemma 2.2.7. Suppose v € L*(0,T; F(S)) has a weak derivative dyu € L*(0,T; F~1(S)).

Then the function t — ||u(t) H%Q(u), t € [0, T is absolutely continuous and

%Hu(t)Hiz(u) = 2(0u(t), u(t)), a.e tel0,T].

We can now state the decomposition lemma, which follows from Theorem 2.2.2 and
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the result in [68, Theorem 4.5] applied to the (non-symmetric) generalized Dirichlet form

(u,v) = Au,v) + /0 E(u(t),v(t)) dt,
where
A(u,v) = /o (u(t), Op(t)), dt,

if w e L2(0,T; F(S)), v € L0, T; F(S)) N CY(0,T; L*(11)), and

A, v) = — /0 (Ouult), o(t)), dt,

if u € L*0,T;F(S)) N CY0,T; L*(u)), v € L*(0,T; F(S)). The reader is referred to

[61, 68] and references therein for the theory of generalized Dirichlet forms.

Lemma 2.2.8. Suppose u € C([0,T)xS)NL*(0,T; F(S)) and that u has a weak derivative
O in L2(0,T; F~Y(S)). Then

¢
u(t, Xy) = u(0, Xo) +/ Vu(r, X,)dW, + N, t€]0,T],
0

where Ny is a continuous processes with zero quadratic variation; that is,

n

lim Eu[Z(Nti ~ N, )2 =0,

n—00 -
=1

wheret; =iT/n, i =0,1,...,n.

2.2.3 Exponential integrability of the quadratic process

We now show the exponential integrability of (V). To this end, we shall need the following

heat kernel estimate. See [35, Theorem 5.3.1] for the proof.

Lemma 2.2.9. Brownian motion {X;}>o admits a jointly continuous transition kernel
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p(t, x,y) such that

C,1max{1,t=%/?} < sup p(t,z,y) < C,omax{1,t %/}
z,YEeS

for some universal constants C,.1,C.o > 0, where d;, = 2log3/log5 is the spectral di-

mension of S.

According to Lemma 2.2.9, the heat kernel p(t, =, y) is jointly continuous, and therefore

the definition below is legitimate.

Definition 2.2.10. For each Radon measure A on S and any ¢ > 0, the function P,A on S is

defined to be

PA(z) £ /Sp(t z,y)\(dy), x €S. (2.2.2)

Remark 2.2.11. If A\ = fu for some f € L'(u), then P\ = P, f. Therefore, Definition
2.2.10 coincides with the ordinary definition of the Markov operator F;.

As a consequence of the joint continuity of the heat kernel p(¢, z,y), it is seen that
PA € C(S) and |P,A| < |A|(S) < oo, where the last inequality follows from A being a

Radon measure.

Lemma 2.2.12. Suppose that A = {A:}i>0 is a positive continuous additive functional
such that v4(S) < oo, where v4 is the Revuz measure of A. For each t > 0 and each

f € By(]0,00) X S), the following is valid

E (/Otf(r, XT)dAT> — /Ot P.(f(r,)va)(z)dr, z €. 2.2.3)

Proof. Suppose first that f(t) = fy, ¢t > 0 for some f, € By(S). By the definition of
PT‘(fVA)’

/er dA Xo / (P.(f VA),h>Mdr:</OtPT(f(r,-)yA)dr,h>u,
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for all h € By(S), and the above equality extends to general f € B,([0,00) x S) by a

monotone class argument. Now (2.2.3) follows immediately in view of the continuity of

both sides of the equality. [
Lemma 2.2.13. Let A, i = 1,..., n be positive continuous additive functionals with
vi(S) < oo, where v; is the Revuz measure of AW i =1,... n Then, foreacht > 0 and

each f; € By([0,00) x S), i =1,...n, and each x € S,
fl(t17Xt1) e fn(thtn)dAg) e dAE:))

0<ty < <tn<t (2.2.4)

= / Pt1 (Vlfl(tl)latz—m(' te ann(tn)Pt—tnf) T )($)dt1 e dtn—ldtn>
O<t1<---<tp<t

where we have used the shorthand notation f;(t) = f;(t,-), and the measures v; are placed
before functions due to notational consideration: the alternative writing (fiv1)P,(v2f2)

places a measure vy between functions f and P,(vyf5).

Proof. By Lemma 2.2.12,

]E Xt/fl (tr, Xy, )dAY /f1 t1, X, )E ((Xt)|ft1)d,4§}>>
- / P (01 fo(t2) Py, ) (@),

which proves (2.2.4) for n = 1. The conclusion for a general n follows easily from induc-

tion. O]

Proposition 2.2.14. Let A be a positive continuous additive functional such that v4(S) <

00, where v 4 is the Revuz measure of A.
(a) For each 3 > 0,

supE, (eﬁAt) < E,, 1(Civa(S)Bmax{t,t*}), t>0. (2.2.5)

€S
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where C, > 0 is a universal constant, v, = 1 — ds,/2 =1 —log 3/ log 5, and

2P
E — E =
a,b(z) F(a b)’ z2€C,a,b>0

p=0

is the Mittag-Leffler function, with I" being the Gamma function.

(b) For each f € L (i), t >0, and 3 > 0,

sup E, (f(Xe)e?) < max {1t~ }||fl| 1By, o, (Cova(8) max{t, }).

€S

Remark 2.2.15. The asymptotics of E,(e#4¢) as t — 0 can be seen from the following fact

regarding the Mittag—Leffler function E

. loglog(supy, <, [Eap(2)]) 1
lim sup = —.
00 log r a

Proof. (a) Suppose first that ¢ € (0, 1]. For each p € N, by Lemma 2.2.13,

E, (A7) —p!Ex(/

0<ty < <tp<t

dA, -+ dA,, )

[ PPty (- VAPyy -ty (va) ) @) - d,.
0<ty <--<tp<t

For each non-negative f € C(S), by Lemma 2.2.9,
| P.(fra)lle < |[fllzePrva(x) < Cullfllpeerva(S)r=%/2, >0, (2.2.6)
so that

1Py (va Pyt (- vaPryt,  (a) - Dz < (Cova(§)[tu(ta = t1) -+ (ty = tp-1)] 7"/,

27



which implies that

1
< (Cova(S)) / ta(ts — t1) - (ty — ty )| dty - dt, 227
0<ty < <tp<t
— (Cova(S)E7)P / 000 — 01) - (0, — 0, 1)]~"/2dB, - - - db),
0<f1<<fp<1

Let

60(’71, c. 77}2) = /O ) . 6’171*1(82 - 61>’Y2*1 e <8p _ Qpil)'Ypfldel L. d9p
<O1<<O,<
Then

/80<717 A ’Vp)
02 )
- / (/ 01" (02 — 91)72*1d91> (05— 05)2 " - (0, — 0,_1) " dby - - - db),
0<B2<-<Op<1 0
1
= / (/ 971—1<1 - 0)72—1d9> ,9;1+72—1(93 — 92)73—1 (0, — gp_l)vp—ldQQ - db,
0<b2<-+-<Op<1 0

= B(/ylu 72)60(,71 + Y2, 73, - - )’Yp)?

where B(+, -) is the Beta function. By induction, we see that

1
Bo(s -+ ) = By, 72)B(yi +72,73) -+ By + -+ - + vp_l,vp)/ gyt
0

_ B(y1,72)B(v1 +92,73) - By + -+ Yp-1,7)
RN

Therefore, by (2.2.7),

l'Ex(Af) < (Ceva(S)H )P B(Vss -+ -5 7s)

9

_ (Cuva( twﬁBw )= _ (Cava(S)te)r
Lo Ty + 1)
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foreach p € N, t € (0, 1], which implies (2.2.5) for t € [0, 1].

Suppose t € (1, 00). We first claim that

supE, (A=) <E_(Cwa(S)B), B>0, keN. (2.2.8)

€S
In fact, for any f € L*(p),

| [ B (e 8749) )| = [, (1 (Xa)e s

= |Eu [f(Xo)Ex, (") ]| < 111210 Ere 1 (Cura(S)B),
which implies that E, (e?As1=40)) < B 1 (C.I(7,)va(S)pB), p-ae. x € S. In particular,

N

1
E:H& (Api1 — AR)?) < E, 1 (Cova(S)B), N €N, prae. x €.
p:

By Lemma 2.2.13, for each N € N, the function z — Zp 0 p, E,((Aps1 — Ag)P) is
continuous. Therefore, the above holds for each NV € N and each x € S. Letting N — o0
proves (2.2.8). Now let n € N, be such thatn <t < n + 1 < 2t, by Holder’s inequality
and (2.2.8), we have

(™) < [T [Ba(etmDPim=a)] ) < B, 1(Cuva(S)BE).
=0

which proves (a).

(b) Suppose ¢ € (0, 1]. By Lemma 2.2.13,

E.(f(X:)AY) :p!/ Py (VaPry—i, (- vaPy o, , APy, ) - ) ()dty - - - dt,.

0<t1< - <tp<t

By successive applications of (2.2.6),

| Pty (vaPry—t, (- VAPtp_tp—l(VAPt—tpf) N e
<N F oy (Cava(S))P[tr (ty — t1) -+ (£ — t,)] %72,
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which gives

%Ez’ (f(Xt)Af) < (C*I/A(S))P/ [ti(ty —t1)--- (t — tp)]_d5/2dt1 ot
' 0<ty <--<tp<t

= f o Cara®0P [ 0202 = 01) <+ (1= 6,)]~/2d8) - d.

0<f <+ <Op<1

The rest of the proof proceeds in a way similar to that in (a). 0

As a consequence of Proposition 2.2.14 and the fact that vy = v is a probability

measure, we deduce the exponential integrability of (W), ¢ > 0.

Corollary 2.2.16. For each f € L% (n) and .t > 0,

sup E, (F(X)e ) < max{1, /2| £33 Ery . (C.B max{t, £}),

€S
for some universal constant C, > (.

According to Corollary 2.2.16, the quadratic process (V) satisfies Novikov’s condition,

and therefore Girsanov’s theorem is valid.

Corollary 2.2.17. (a) For any 8 € R, the process

is a martingale on (2, {F; }t>0, P.) for each x € S.
(b) Let x € S, T > 0. Let { M, }+>0 be a continuous local (square integrable, respectively)
P,-martingale. Then Mt = M, — (M, W), 0 <t < T isa continuous local (square

integrable, respectively) Q,-martingale, where Q, = ZP,.

Next, we show that the quadratic process (V) is also exponentially integrable up to the
hitting time

oy, = inf{t > 0: X; € Vo}. (2.2.9)
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We start with the following lemma.
Lemma 2.2.18. Let h; be the harmonic functions with boundary values h;|y, = Lipy, @ =
1,2,3, where p; = (0,0), py = (1,0), ps = (1/2,v/3/2). Then
v =3"(Vh) + Vi) + Ving))s (2.2.10)
and therefore,
(W) =371 (M) 4 (Mly 4 (phsly) (2.2.11)

where vy, are the energy measures of h;, and M hil are the martingale parts of hi(X;) —

hi(Xo),i=1,2,3.
Proof. Let x; = 1g,3, Y; = P'A;P, i =1,2,3. Forany w € W,, since h; o Fy, is the
harmonic function with boundary value A, x;, by Corollary 1.2.15,

3 3 .
E(hioFy,,) = EQ(hioF,),) = 5 (A X)) P(A, X)) = 506 Y 0, Y X 0= 1,2,3.

Therefore, by (1.2.23), we deduce that

5

m 3 /H5\m )
Viny (F,. (S)) = (g) E(hioFy,) =3 <§) Xi Y Yl Xis 1= 1,2,3.

In particular,

<§)m (Y, Yi.) = 3v(F,, (S)).

3
> vy (Fi, (S) = 53
1=1,2,3

which implies (2.2.10). Moreover, (2.2.11) follows readily from (2.2.10) in view of the

one-to-one correspondence between Revuz measures and positive additive functionals. []

Lemma 2.2.19. Let h € F(S) be a harmonic function in S. Then, for each x € S, M; =

MXinoy,)s t > 0is a BMO martingale on (S, {F; }i>0, Pr) with || M|lpmo < maxy, |

’
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where the BMO norm || M ||pyo is defined to be the smallest constant K > 0 such that

VE,((M)o — (M).|F,) < K, P,-as.

for all stopping times T.

Proof. We first show that { M, },>¢ is a martingale. Since A is a harmonic function, we have

h(z) = E.(MX,y,)), « € S. Therefore

M; = Ex, (h(XUVO))l{KUVO} + h(XUvo)l{tZUVO}
= Eu (h(Xttovyon) Lit<ovy | F1) + 1 (Xoy, ) Lizov, )
= ]Ex (h(XUVU) 1{t<UV0} “F-t) + h(XUVo) 1{tZUV0}'
Note that h(Xcrv0>1{t20v0} € F;. We see that M; = Ew(h(XJVO)‘}}), t > 0. This implies
that { M, };>0 is a martingale on (€2, {F;};0, P.).

By the maximum principle for harmonic functions (Lemma 1.2.18), | M;| < maxy, |h|, t >

0. Noticing that M; = M;,.,, , t > 0, we deduce that for any stopping time 7,
g Vo y g

E,((M)oo — (M) | F7) = E, (Mg, — M, | Fr) < max|hf?,

7'/\0\/0 Vo

which implies | M ||pyo < maxy, |h|. O

Proposition 2.2.20. There exists a 5 > 0 such that

supE, (emW)”Vo ) < 00.
T€S

Proof. Let h;, ©» = 1,2, 3 be the harmonic functions in Lemma 2.2.18. By Lemma 2.2.19

and the John—Nirenberg inequality for BMO martingales (cf. [25, Theorem 10.42, p. 288]),
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there exists a § > 0 such that

(R .
supEx(eth >”Vo) <00, i=1,2,3,
z€eS

which, together with (2.2.11), implies the conclusion of the proposition. [

2.3 Existence and uniqueness of solutions

2.3.1 BSDEs with deterministic durations

In this subsection, we prove the existence and uniqueness of solutions to a class of BSDEs
on S driven by the Brownian martingale 1. Results and proofs in this subsection are also

valid if the constant terminal time 7" is replaced by a bounded {F; }-stopping time 7.

Let A be a Borel probability on S, and 7" € (0, o) be the terminal time. Suppose that
¢ is an Fp-measurable random variable, and that g : [0,7] x R x Q@ — Rand f : [0, 7] x

R? x 2 — R are measurable functions satisfying the following adaptedness condition:
(C) The process (t,w) — (g(t,y,w), f(t,y,z,w)) is {F: }-adapted for all y, z € R.
We consider the backward stochastic differential equation (BSDE) on (€2, {F; }+>0, Pa)

dY, = —g(t,Y,) dt — f(t,Yy, Z,) dW ), + Z dWy, t €1]0,T),
(2.3.1)

YT:§7

where, to simplify notation, we suppress the dependence on w € € for g and f, i.e.

g(t,Y}) = 9(t>Yt(W)>W)» f(tay;fa Zt) = f(t,Yt(OJ), Zt(W),W>.
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The BSDE (2.3.1) should be interpreted as the following (backward) integral equation

T T
Y; :€+/ g(T’,Y;) d?"—{—/ f(T’,Y;,Zr) d<W>r
t t (2.3.2)

T
—/ Z.dW,, t €0, T] Py-as.
t

To give a precise definition of solutions, we first introduce the Banach spaces for solutions.
As we shall consider BSDEs with random durations (cf. Section 2.3.2), it is convenient to
define once and for all here these Banach spaces for the general case when the durations

can be random.

Definition 2.3.1. Let 7 be an {F;}-stopping time, A be a Borel probability measure on S,
and 8 = (5o, f1) € R2. We define Vf [0, 7] to be the Banach space of all pairs (y, z) of
{Fi}-adapted processes such that

1w 23000, :EA[ sup <yt2€2ﬁot+2ﬁ1<W>z n / 222 W) g
t

0<t<r

+/ (yf + zf) 62507’+261<W>’d(W>r>} < 0.
t

We shall simply write V20, 7] when \ = 4, is the Dirac measure concentrated at = € S.

Definition 2.3.2. Let 5 € R%. We say that the pair (Y, Z) is a solution in V210, T] to the
BSDE (2.3.1) if (Y, Z) € V{[0,T] and satisfies (2.3.2). The solution (Y, Z) is said to be
unique in V{[0, T]if ||(Y — Y, Z — 2)

va[o,T] = 0 whenever (Y, Z) is also a solution to

(2.3.1)in V2[0, T).

Notice that the uniqueness of solutions introduced in Definition 2.3.2 is a concept for
processes in the space Vf [0,T]. In fact, uniqueness can be defined for solutions not ne-
cessarily in Vf [0, T]. More precisely, we have the following definition for uniqueness of

solutions.
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Definition 2.3.3. The BSDE (2.3.1) is said to admit at most one solution if

T
Y, = Vi, t € [0,7], and / (Z, — Z,)2d(W), =0, Py-as.
0

whenever (Y, Z) and (Y, Z) are pairs of {F, }-adapted processes satisfying (2.3.2).

For convenience, we list the technical assumptions below which will be referred to for

several times.

Assumption 2.3.4. Let 3; > 0 be a given constant.
)
Ex (2T < oo (A.1)

(ii)) Forallt € [0,T) and all y, 7, 2, Z € R,

K

|g(t7 Y, (,U) - g(tv g7 w)| S 70’y - g| IP))\'a-S-7 (Az)
o K, _ _
|f<t7yvzaw)_f(t7y727w)| S 7|y_y|+Kl |Z_Z| [P,\—a.s., (A3)

where K, K; > 0 are some constants;
(iii)
T
Ex (/ g(r, 0)26261<W>7'd7">
0

T (A4)
—I—E,\(/ f(T,O,O)26251(W>7'd<W>T> < 00,
0

where we have suppressed the explicit dependence of g, f on w € §2 for simplicity.

Let us start with the simple case of (2.3.1) when g, f do not depend on y or z; that is,

dY;, = —g(t)dt — f()d(W), + ZdW,, t€[0,T),
(2.3.3)

Yr =¢,

where g(t) = g(t,w) and f(t) = f(t,w) are {F; }-adapted processes.
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Lemma 2.3.5. Let 3 = (B, B1) € [1,00)% and let £ € Fr satisfying (A.1). Suppose that
g(t), f(t) are { Fi}-adapted processes such that

E,\</0Tg( )220 dr><oo]E,\ / F(r)2e2W d<M1>><oo.

Then the BSDE (2.3.3) admits a unique solution (Y, Z) in V. [0, T]. Moreover,

T
H(Y, Z)”f)f[O,T] < C, |:E>\<£2€250T+2/51<W>T) +E>‘</O g(r)2 2B0r+2B1 (W dT)

T (2.3.4)
+ E)\</ f(r)2€2ﬁor+251<W)rd<W>r>} ’
0

for some universal constant C, > 0.

Proof. Let

]—"t>, t [0, 7).

vi=E (et [ o+ [ s

Then Y = &, and

v [Camars [ s, =ma(e+ [ o+ [ s

is a martingale on (2, {F; }+>0, P»). By Theorem 2.2.2, there exists a unique {F; }-predictable

process Z such that

Y, - Y, + / dr+/ f(r /ZdWT, t €10,T] Py-as.

which, together with Y = &, implies that

T T T
Y, =&+ / o(r)dr + / £, — / Z,dW,, te[0,T] Pras.

Therefore, (Y, Z) is a solution to the BSDE (2.3.3).
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We now turn to the proof of (2.3.4), from which the uniqueness of the solution in

VA’B [0, T'] follows immediately. Let e; = exp (25pt + 251 (W);). By 1td’s formula,

T
Yt2et :fQGT + / (—2&03/;2 + 2Y,g(r))e,dr
t

T T
+/ (—2B,Y2 + 2V, f(r) — Z2)e,d(W), — 2/ Y, Z.e,dW,,
t t

which, together with Young’s inequality, implies that

T T
Yie, + 20 / Yie.dr + / (26,Y,2 + Z2)e,d(W),

t t

<gor+ [ N e S0P Jendr + (ave e SI0R)ed), @359

T
—2/ Y, Z.e.dW,.
t

Taking expectations on both sides of the above inequality and using a localization argument

gives that

. (2.3.6)
2 1 d
< — _
IE,\<§eT+ﬁo/t Ve,dr + / f(r)%e.d >
By (2.3.5) again,
T T
Yie: + ﬁo/ Yie.dr + / (BLY)? + Z2) e d(W),
i Yo . (23.7)
< E%ep + —/ g(r)e,dr + —/ f(r)e,d(W), +2 ‘ / YrZrerdWr’.
Bo b1 Je t

By Doob’s maximal inequality and Young’s inequality,

t
/YZer /OYTZrer 1)

<2, / v2zzaw),) "] < 2100 D) + 4B /OTZferdwgg)é)

E ,\ sup
0<t<T

) < 2E,\< sup

0<t<T
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By the above, (2.3.7) and (2.3.6), we obtain that

1 Tt
0 D0, < 10 Doy + 5B (e + 5 [ gt Perar
1 T
+ —/ f(r)Qerd(W>r>.
B Jo
which, together with a localization argument if necessary, completes the proof. U

The following a priori estimate allows us to construct convergent sequences of pairs of

processes by iterating the BSDE (2.3.3).

Lemma 2.3.6. Let 3 = (B39, 51) € [1,00)% Suppose that £, g, f satisfy (A.1)~(A.4). For

any (y, z) € VZ[0,T), according to Lemma 2.3.5, the BSDE

dy, = —g(t, yt)dt - f(ta Yts Zt)d<W>t + ZidWe, t € [O’ T)?

YTZS,

admits a unique solution (Y, Z) in V2[0,T). Let F : V{[0,T] — V}[0,T)] be the solution
map (y, ) — (Y, 2). If (5, 2) € V2[0,T) and (Y, Z) = F(y, Z), then

'~ [0,T7] < 3\/§KB ||(g7 2>”Vf[0,T] ’

where ) =n —nforn=y,z2,Y,Z, and

K? K?
K2=="041 (2.3.9)
P B T B
Moreover, Fisa || - ||V’3[0 7)-contraction when By, By are sufficiently large (3; > 36 K?, i =
ALY

0, 1 will suffice).

Proof. Let §; = g(t,v:) — 9(t,7:), fr = f(t,ye, %) — f(t, T, ). Then

R Ky .
94| < > e, 1fel < |Zt{
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and

dY; = —gpdt — ftd<W>t + thWt, Yy =0.

Let e; = exp (20pt + 251 (W);). In a way similar to the derivation of (2.3.7), we deduce

that . .
Ytzet + /30/ Yfer dr + / (51}%2 + Zg)er d(Wy),
T t T t T (2.3.10)
< Kﬁ/t Jle, dr + Kﬁ/t 226, d(W), — Q/t Y, Z,e, dW,,

where Kz > 0 1is given by (2.3.9). Proceeding as in the proof of Lemma 2.3.5, we obtain
that

1
<35l

A~ A 2 A~ A
(sz) |V§[0,T] =9 (Y,Z)

which completes the proof. 0

2 201/ n A\ )2
|Vf[O,T] + 9KB ||(y7Z)HVf[0’T} )

We are now in a position to formulate and prove our main result in this subsection.

Theorem 2.3.7. Let 3 = (g, 1) € [1, 00)% Suppose that (A.1)~(A.3)are satisfied. Then
(a) The BSDE (2.3.1) admits at most one solution.
(b) If, in addition, (A.1) and (A.4) hold for sufficiently large By, 51 (B; > 36K?, i = 0,1

will suffice), then (2.3.1) admits a unique solution (Y, Z) € V[0, T). Moreover,

T
||(y7 Z)H } < CE>\< 2,280T+2B81(W)r _|_/ g(n 0)26260T+261<W>’"d7“
0

2
Veo,r

T (2.3.11)
s [ gy agy),)
0

where C' > (0 is a constant depending only on K, K1, [5.

Remark 2.3.8. Results of Theorem 2.3.7 can be extended with no essential difficulties to
the case when 7' is replaced by a bounded stopping time 7 (see Section 2.3.2 below for the

definition of solutions to BSDEs with random durations).

Proof. (a) Suppose that (Y, Z) and (Y, Z) are two pairs of {F;}-adapted processes sat-
isfying (2.3.2). Denote i = n — 7 forn = y,2,Y, Z, and let g, = g(t,Y;) — g(t,Y;),
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ft = f(t,Y,, Z;) — f(t,Ys, Z,). Similar to the derivation of (2.3.10), we have

T T
YtQGt + /30/ Yfer dr + / (61?3 + Zg)er d(Wy),
t

t

T T T
< Kg/ ffferdwf(g/ Zferd(W>T—2/ Y. Ze W,
t t

t

where K > 0 is given by (2.3.9). Setting 3; = 4K?, i = 0, 1 in the above gives that

. 1 [T ro1. .
E, (Yfet + 5/ V2e,dr +/ (éy,? + Zf)erd<W>T> <0, telo0,7],
t t

which completes the proof of (a).
(b) Suppose, in addition, that (A.4) is satisfied. Let (Y, Z©®)) = (0,0). By virtue of
Lemma 2.3.5, the pair (Y™, Z(") € VJ[0,T], n € N, can be defined inductively to be

the unique solution in V7 [0, T of the BSDE

dv,"™ = —g(t,Y," Nt — £, Y,V 20Naw), + ZMaws, ¢ € [0,7),

i =¢.

By Lemma 2.2.13,

(n+1) _ y(n) (n+l) _ 7(n)
H<Y Y.z Z )va[o,T] (2.3.12)

< K6||(Y(n) _ Y("_l), Zn) _ Z(n_l))HVB[O - neN,,
~ [0,

where K > 01is given by (1.2.20). By Lemma 2.3.5,

T

H(Y(U)Z(l))”i[ﬁ[() . <10 |:]E>\(£2€2BOT+251<W>T) —i—E)\(/ g(?”, 0)2€2ﬂor+2ﬂ1<w)rdr>
AT 0

T
+EA( / [(r)2eor 2 gy, .
° (2.3.13)

Choose 3y, 41 > 0 sufficiently large so that K5 < 1 (for example, 3; > 36K?2, i = 0, 1).
By (2.3.12) and (2.3.13), we conclude that (Y™, Z(") n € N, is a Cauchy sequence in
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V2[0, T). Moreover, lim,, ., ||(Y™ —Y, 2" — 2) | = 0 forsome (Y, Z) € V2o, T)

”Vf (0,7
satisfying (2.3.11).

Clearly, (Y, Z) is a solution to (2.3.1), and the proof is completed. O

2.3.2 BSDEs with random durations

The subject of this subsection is BSDEs on the gasket with random durations on the filtered

probability space (€2, {F;}+>0, P»), which take the form

dY, = —g(t,Y,)dt — F(t,Ys, Z,)d(W), + Z,dW,, t € ]0,7),
(2.3.14)

YT:é-a

where 7 is an {F;}-stopping time, and ¢ is an F,-measurable random variable. As in the
previous subsection, the coefficients g, f are assumed to satisfy the cadlag condition (C).
We prove the existence and uniqueness of solutions to (2.3.14), and derive estimates for the
solutions. As in [57] (see also [70, Section 7.3.2]), we shall use the method of continuity
borrowed from the theory of partial differential equations.

We first introduce the definition of solutions to (2.3.14). Our definition is in analogy
to that in [70, Definition 3.5, p. 362] given for BSDEs driven by Brownian motions on

Euclidean spaces.

Definition 2.3.9. Let 5 = (0o, 51) € R3. We say that (Y, Z) is a solution to (2.3.14) in
V7 [0,7] (cf. Definition 2.3.1) if (Y, Z) € VY[0, 7] and satisfies that

TNAT TNAT
}/t/\T :YT/\’T + / 9(7”7 S/T)dr + / f(’/’, Yru Zr>d<W>r
tAT tAT
T A A (2.3.15)
— / Z.dW,, forall 0 <t<T < oo Py-as.,
tAT
and that
lim ]EA<|YTAT _ g|26250<TM>+251<W>w) —0. (2.3.16)
—00

41



The solution (Y, Z) is said to be unique in V[0, 7] if |(Y =Y, Z — Z) | = 0 for any

| | Vf [0,7

solution (Y, Z) to (2.3.14) in V[0, 7].

Clearly, if the stopping time 7 is bounded, then Definition 1.2.5 coincides with Defini-
tion 1.2.1 with 7" replaced by 7 (cf. Corollary 2.2.16). Similar to BSDEs with deterministic
durations, the concept of uniqueness of solutions in Definition 2.3.9 only concerns solu-
tions in the space Vf 0, 7], and uniqueness of solutions may be discussed for more general

solutions.

Definition 2.3.10. The BSDE (2.3.14) is said to admit at most one solution, if

YV, =Y, t€0,7], and / (Z, — Z,)?d(W), =0, Py-as.,
0

for any two pairs (Y, Z) and (Y, Z) of {F;}-adapted processes satisfying (2.3.15) and
(2.3.16).

For convenience, let us gather some technical assumptions to which we shall refer for

several times.

Assumption 2.3.11. Let (5, 51) € R2 be given.
(1)
(62 2B07+2B1 (W) ) < 00; (A’l)

(ii) Forall t € [0,7(w)) y,7, 2z, Z € R, and Py-a.e. w € Q,

l9(t, y,w) — g(t, 7, w)| < %!y — 7| Pyas., (A'2)
F(t,2,0) = F(65,70)| < Dy =g+ Kl — 2] Bras,  (K3)
(v —9)(9(t,y,w) — g(t, g,w)) < —roly — I, (A’ .4)

(v =) (f(t,y,2,0) = f(t,9,2,w) < —rily — gl (A.5)
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(111)

/ (t, 0)2e2Pot 2B (W dt)

(A’.6)
(/ f(t,0,0) 2 ,2Bot+2p1 (W >d<W>t) < 00,
for some constants xg, k1 € R satisfying
KQ
/Bo—li0>0, ﬁl—li1+—1>0. (A7)

2

As in the previous subsection, we start with the simple case when g and f do not depend

on y or z; that is,

dY, = —g(t)dt — f(t)d(W), + Z, dW,, t € [0,7),
(2.3.17)

YT:€7

where g(t) = g(t,w) and f(t) = f(t,w) are {F;}-adapted processes.

Lemma 2.3.12. Let 3 = (B, 51) € [1,00)% and let & € F, satisfy (A’.1). Suppose that

g(t), f(t) are { Fi}-adapted processes such that

Ex ( / g(t)2e2ﬁ°t+2ﬁl<w>fdt> + Ey ( / f(t)262ﬁ0t+2ﬁl<w>td<w>t> <o0o. (2.3.18)
0 0
Then the BSDE (2.3.17) admits a unique solution (Y, Z) in V[0, 7]. Moreover,

H(Y, Z)Hif[o,ﬂ <C [E)\(€232507+2ﬁ1<W)r> +E}‘(/0 g(t)Q 2B0t+261 (W)t g4

. (2.3.19)
+E, ( / f(t)26250t+251(w>td<w>t>:| :
0
where C' > ( is a constant depending only on f.

Proof. Let

Me=Es(s+ [ giar+ [ swaw). | 7). =0



Then, by (A’.1) and (2.3.18), { M, };>0 is an { F; }-adapted square integrable martingale with
Ey(M?) < oo. By Theorem 2.2.2, there exists a unique {J; }-predictable process Z such
that M, — My =[5 Z.dW,, t > 0. Let

tAT tAT
Y; = Mipn, — / g(r)dr — / f(r)ydw,, t>0.
0 0
Then (2.3.15) is satisfied. Let
e; = exp(26ot + 2B81(W)), t > 0.

By the definitions of Y; and M;, we have

T 2

SN

Yo = €Perne = [Ba(6+ [ gar+ [ soyaom),

TAT TAT

ﬁ%/\‘r) _5
which implies that

Ex(|Yrar — €%ernr) < 3Ex[|Ea (€] F2n,) — €[ erns]

T

+ S]EA(/TATQ(T)QerT) + 3E>\( ' f(r)2erd(W>r>.

TAT

By the Lebesgue dominated convergence theorem, the last two expectations on the right
hand side of the above converge to zero as 7' — oo. For the first expectation on the right
hand side of the above, notice that limy_,o Ey(¢|Fra;) = ¢ Pi-as. by the martingale
convergence theorem, which, together with (A’.1) and the dominated convergence theorem,
implies that

lim B\ [[EA(¢1Frar) — &[%ernr] = 0.

This completes the proof of (2.3.16).

The proof of (2.3.19) is similar to that of its deterministic counterpart (2.3.4). As a

corollary of the estimate (2.3.19), we see that (Y, Z) is the unique solution to (2.3.17) in
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V2o, 7. O

Next, we consider the following BSDE parametrized by « € [0, 1]:

dY, = —(go(t) + ag(t,Yy))dt
— (folt) + af (t, Ys, Z,))d(W ) + ZdW,, t € [0,7), (2.3.20)

Yr=¢,

\

where go(t) and fo(t) are {F;}-adapted processes, and f, g are functions satisfying the
cadlag condition (C) (cf. Section 2.3.1). The following a priori estimate will be crucial to
our use of method of continuation for the proof of existence and uniqueness of solutions to

BSDEs with random durations.

Lemma 2.3.13. Let £, € F. satisfy (A1), and let gy, fo and Gy, fo be {F;}-adapted
processes satisfying (2.3.18). Suppose that g, f satisfy (A’.2)—(A’.7) with kg = 0, kK1 =
K?2/2. Let (Y, Z) be a solution in V{0, 7] to (2.3.20), and (Y, Z) be a solution in V|0, 7]
to the BSDE given by replacing (€, go, fo) by (€, Go, fo) in (2.3.20). Then

07 2) gy < CB( [ il o [ futrpersssaq,),
(2.3.21)

for some constant C' > 0 depending only on (3, where 1) = n — 1 for n = qgo, fo,Y, Z.

PVOOf: Let S eXp(250t+251<W>t)’ andg(t) = g(tu Y;f) _g(t7YIf>’ f(t) = f(t,}/tv Zt) -

f(t,Y;, Z;). By It&’s formula, (A’.2)—(A’.5), and Young’s inequality, we have

TAT
Y;%\Tet/\'r S Y’Jg/\TeT/\'r +/ (ZY;”gO(T) - QSOK»Z)erdT
tAT
TNAT A R R R R
+/ 2, fo(r) + 2aK1|Y, || Z,| — (2ak: +261)Y, — Z2]e, A(W),
tAT
Tnr
— 2/ Y, Ze.dW,
tAT
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. TAT 1 TAT
S ]g/\TeT/\‘r - 50/ YQGTdT + = / QO(T)ZerdT
t

AT 50
TNt R 1 R 1 .
+ / [(a — 2ak1 4+ ba” K7 — 261)Y,” + (E — 1) 77+ afo(r)z e d(W),
t/\TT/\T B
—9 / Y, Z.e,dW,,
tAT

where a and b are positive constants to be determined.

Since k1 = K?/2, we may choose b > 1 sufficiently close to 1, and choose accordingly
a > 0 sufficiently small such that @ — 2x; + bK? — 23, < 0. Since the function o
a — 2ak; + ba?K? — 2f3; is convex and is negative at « = 0 and a = 1, we see that
a — 2ak; + ba?K? — 28 < 0 for each a € [0, 1]. With such a and b, the estimate (2.3.21)

follows easily from an argument similar to the proof of (2.3.4). [

Corollary 2.3.14. Let g and f satisfy (A’.2)—(A’.7). Then there exists an ey > 0, depending
only on Ky, Ky and 3, such that the following holds: If, for some « € [0, 1], (2.3.20) admits

a unique solution (Y, Z) in V{[0, 7] such that

I 2) g, < (2625200 i [ (g gle, )220y
+ / (fo(t)? + f(t,0,0)) P2 Weq (), )

’ (2.3.22)
for any & satisfying (A’.1) and any gy, fo satisfying (2.3.18), where C > 0 is a constant
depending only on K, K| and [3, then the same is valid when replacing o by o + € with
e € [0, €] and a+e€ < 1. Moreover, the estimate (2.3.22) holds for some (possibly different)

constant C' > 0 depending only on Ky, K| and [3.

Proof. Suppose that (2.3.20) admits a unique solution in Vf [0, 7] satisfying (2.3.22) for
some o € [0,1]. Let € > 0 and (Yp, Zy) = (0,0). By (A’.6), (Y™, Z™) n € N, can be

defined inductively using Lemma 2.3.12 as the unique solution in V}'[0, 7] to the BSDE
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(v, ™ = —[go(t) + eg(t, Y, + ag(t, ;)] dt
— [fot) +eft, YV, 20+ af (8, Y7, 2] d(W),

+ ZMaw,, teo,7),

(n) —
\ }/T _5

According to (2.3.22) and Lemma 2.3.13, we have

H<Y(1)’Z(1))Hw2/§[oﬂ < CEA(£2€2ﬁOT+251<W>T +/ (g0(t)? +g(t’0)2)€250t+251<w>tdt
’ 0

) /T (fo(t)Z + (0, 0)2)6250t+2ﬁ1(w>td<w>t)’
‘ (2.3.23)

and

”(Y(HH) —_y® zh+l) Z(n))

Y

HVf[O,T]

< eC H(y(n) —_ym=1) zn) _ Z(n—l))

Y

va[oﬂ-p n € N,

where C' > 0 is a constant depending only on K, K; and 3; in particular, C'is independent
of aore. Let €y = (4C)~Y/2. Then for each € € [0, ¢g] with a + € < 1,

Iy D —y ),z — Z) <27 (YW, ZW) | s, € N

| | Vf [0,7]

This implies that lim,, ., [|(Y™ —Y, 2™ — 7) = 0 for some (Y, Z) € V[0, 7].

va [0,7]
Clearly, (Y, Z) is the unique solution in Vf [0, 7] to the BSDE given by replacing « by
a + € in (2.3.20). Moreover, ||(Y, Z)

< 2(Y®, zW) This, together with

va [0,7] va [0,7]*

(2.3.23), completes the proof. 0
We can now state and give the proof of the main result in this subsection.

Theorem 2.3.15. Let 3 = (B, 1) € [1,00)% Suppose that (A’ .1)—(A’.3) are satisfied.

Then

(a) The BSDE (2.3.14) admits at most one solution.

(b) If, in addition, the conditions (A’.4)—(A’.7) are satisfied, then the BSDE (2.3.14) admits
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a unique solution (Y, Z) € V|0, 7], and

1Y, Z)

”?/f[o,ﬂ < CE)\ (52625OT+2ﬂ1<W)T +/ g(t,0)2€2ﬁ0t+251<w>tdt
0

. (2.3.24)
+ / f(¢,0, 0)2e2ﬂot+251<w>fd<w>t) :
0

for some constant C' > 0 depending only on [y, 31, ko, k1, Ko, K;.

Proof. (a) This can be proved similarly to Theorem 2.3.7(a).

(b) Suppose first that kg = 0, x; = K3/2. By Lemma 2.3.12, when a = 0, the BSDE

d}/;g = —Oég<t, Xt, K)dt — Oéf(t, Xt, K, Zt)d<W>t + thWt, t e [0, 7'),

Y:,-Zf,

admits a unique solution (Y, Z) € V[0, 7] satisfying

1Y, Z)|| < CE,y (£262507+281(W)r)

2
Vio.r] '

where and thereafter, C' > 0 denotes a generic constant depending only on kg, k1, Ko, K1, 3
which may be different at various occasions.

By Corollary 2.3.14, there exists an ¢y > 0 depending only on K, K7, 5 and satisfying
the property stated therein. Successive applications of Corollary 2.3.14 shows that (2.3.14)
admits a unique solution (Y, Z) € V[0, 7] satisfying (2.3.24).

For the general case, let

¢ = exp [— Kot + (K?/2 — /4,1)<W>t], t>0,

é: fé-,—, .a(tuy) = g(tvyét)é;lv f(t,y,Z) = f(tvyétazét>é;1'

Then g, f satisfy the assumptions of the above case. Let
_ _ K2
Bo = Bo — ko > 0, 51251—/€1+71>0-
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Then the BSDE

—§(t,Y)dt — f(t,Ys, Z)dA(W )y + Z,dW,, t € 0,7),

e
=
I

admits a unique solution (Y, Z) € Vf [0, 7] satisfying that
(Y, Z)”?/B[o | < CEA<~262BOT+231<W>T +/ g(t’0)262ﬂ~0t+25~1(w)tdt
AT 0
+ / F(1,0,0)23 042 Mgy, )
0

= CE)\( 22607 +261 (W) /T g(t, 0)26250t+251<W)tdt
0

4+ / f(t, 0, 0)26250t+251<w>td<w>t) _
0

LetY; = V&Y, Z, = Z,&;, t > 0. Itis easily seen that (Y, Z) € V[0, 7] is a solution to

(2.3.14), and (Y, Z) satisfies (2.3.24). Thus we have completed the proof. O

2.3.3 An example: linear equations

Let A be a Borel probability measure on S, and 7 be an {F;}-stopping time such that
7 < T Py-as. for some constant 7' > (0. We present in this subsection worked-out

solutions to linear BSDEs on (2, { F; }+>0, P») below

dY; = —aY;dt — (bY; + cZ)d(W), + ZdW,, t € [0,7),
(2.3.25)

erfv

where a, b, ¢ € R are constants, and £ € LP(F,,P,) for some p > 2.

To solve (2.3.25), let

2

®, = exp [at + <b — %><W>t + CWt}, t>0.

Then, by Corollary 2.2.16 and Corollary 2.2.17(a), Ey(®) < oo for any ¢ > 0 and any
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q > 0. By Itd’s formula,

d®t = a/q)tdt + b@td<W>t + C@tth, t Z O (2326)

Furthermore, if (Y, Z) is the solution to (2.3.25) then, by (2.3.26),

d(cbtm) = }/;dq)t —|— (ptd}/;g + d<(p, Y)t - @t(c}/t + Zt)th

Therefore,

CI)t/\T}/t/\T - (I)T§ - / CI)T(CK’ + ZT)dWT7 t Z 0.
tAT

Taking conditional expectations on both sides of the above gives that
B,Y; = Byp,Yinr = Ex(®,£|F),) = Ex(®,£]F), t> 0.

Equivalently,
Y, = &, By (9£FD), t>0. (2.3.27)

Since ¢ € LP(F,,Py) for some p > 2, &£ € L*(F,,Py). Therefore, by Theorem 2.2.2,

there exists a unique {F; }-predictable process ((¢) such that
t
BA(®.€]73) = Ea(@€) + [ ()W), 20, (23.28)
0
By a similar argument for (2.3.26), we have
dd;t = —a®; 'dt — (b— AP ' d(W), — cddW,, t>0.
By (2.3.27), (2.3.28) and the above equation,

dY, = O C(H)dW, + Ex(D,€|F7)dDy " — @) ' ((t)d(W),
(2.3.29)

= —aYydt — [bY; + c(B71C() — V)|d(W ), + (D7 1C(E) — ¢Y;)dW,.
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Let

Zy =, (1) = Yy = &, 1[C(t) — EA(®-E|F)], t>0. (2.3.30)

Then, by (2.3.29), (Y, Z) given by (2.3.27), (2.3.28), and (2.3.30) is the unique solution to
(2.3.25).

2.4 A Feynman-Kac representation

In this section, we establish a Feynman—Kac representation for solutions to semi-linear
parabolic equations on the gasket S which will be formulated below. Recall that, under the
framework of weak solutions, PDEs on R? can be regarded as equations of measures; for

example, the (backward) parabolic equation Jyu + Au = — f (¢, x, u, Vu) can be written as
(Opu + Au) de = —f(t,x,u, Vu) dz, (2.4.1)

where dx is the Lebesgue measure. As we have seen in Section 1.2.3 (cf. Definition 1.2.28),
the situation on S is different since gradients of functions on the gasket are only a.e. defined
with respect to the Kusuoka measure p, which is singular to the symmetric measure v of
the Dirichlet form (£, F(S)). Therefore, the analogue of (2.4.1) on S must be an equation

involving singular measures, and take the form
(Opu + Lu)dp = —g(t,z,u)dp — f(t,x,u, Vu) dv. (2.4.2)

Before giving a precise interpretation of the above equation, we would like to point out that
there are several formulations of non-linear PDEs on fractals which are different in essence
to ours (see e.g. [67, 32, 29, 28, 30]). We shall return to this and discuss with more details

in Chapter 4.

Definition 2.4.1. The space F(S\V)) is defined to be 7 (S\V,) = {u € F(S) : uly, = 0}.
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The restricted form (€, F(S\Vy)) is a Dirichlet form associated with the diffusion process

{X?}i>0, called the killed Brownian motion, given by

Xto _ Xt, lft < O-VO7

Aso, ift > oy,

where o, = inf{t > 0 : X; € V}, and A is the cemetery of {X;};~o. The Markov

semigroup associated with { X?};>¢ is denoted by { P }>¢; that is,
Ptof(x) = E:v(f(Xt)l{t<UV0})a S S\\/YO

As the following lemma states, the killed diffusion process { X! };~o admits continuous
transition kernels which satisfy heat kernel estimate similar to that for { X;};>¢ in Lemma

2.2.9 (cf. [35, Theorem 5.3.1]).

Lemma 2.4.2. The killed Brownian motion { X} }>o admits (jointly) continuous transition

kernels p°(t, z,y), t > 0 with respect to ji, and

Comax{L ) < sup pPft,2.) < O ymax{1, /%)
I,yES\VQ

for some universal constants C 3, C 4 > 0.

Definition 2.4.3. Let ¢ € C'°([0,T] x V) and ¢ € L?(11). A function u on [0, 7] x S is

said to be a weak solution to the (Dirichlet) terminal-boundary value problem

(Opu + Lu)dp = —g(t,z,u)dp — f(t,z,u, Vu)dy, in [0,T) x S\Vy,
(2.4.3)

u(t,z) = p(t,z) on [0,T) x Vo, u(T) =1,

if the following are satisfied:

(WS.1)u € C([0, T)xS)NL*(0,T; F(S)), and u has weak derivative d;u in L*(0, T'; F~(S));
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(WS.2) For any v € F(S\Vy),

g u(t), V) = Eu(t), v) = —(g(t u(t), v)u = (f(t u(t), Vu(t),v), ae.t €[0,T];
(2.4.4)
where and throughout this section, we denote u(t) = u(t, -) for short;

(WS.3) u(t) = p(t) on Vg for ae. t € [0,T), and lim; 7 u(t) = ¢ in L*(p).

Remark 2.4.4. (i) We point out that the term (f(¢,u(t), Vu(t)),v), in (2.4.4) is well-
defined. In fact, Vu is v-a.e. defined and wu is pointwise defined due to the fact that
F(S) C C(S).

(i1) The equation (2.4.4) is well-posed by virtue of Lemma 2.2.7.

(iii) In view of (WS.2) and the singularity of 1 and v, we see that if f ## 0 then the PDE
(2.4.3) does not admit a solution u such that w € C*°([0,7) x S) and u(t) € Dom(L),

t € [0,T). This suggests that the theory of PDEs on S is quite different from that on R<.

To construct weak solutions to the PDE (2.4.3), a natural idea is to show that the solu-
tion mapping of a related linear equation is a contraction in some suitable Banach space,
then iterate solutions to this linear equation. However, difficulties arise immediately due to
the singularity of p and v. To address this difficulty, our idea is that, though calculus on
fractals might be considerably different from that on R?, stochastic calculus however re-
mains similar to its classical counterpart. Specifically, we have the following Feynman—Kac

representation, which gives a BSDE approach for semi-linear parabolic PDEs on S.

Theorem 2.4.5. Let o € C10([0,T] x Vo), ¥ € L*(1), and let g € C([0,T] x S x R) and
f € C([0,T] xS x R?). If the PDE (2.4.3) admits a solution u, then, for each s € [0,T)

and each x € S, the pair
(Yt(s)7 Zt(s)) = (u(t + s, X;), Vu(t + s, Xy))
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is the unique solution (in the sense of Theorem 2.3.7(a)) of the BSDE

(

AV = —g(t+ 5, X, ;) dt

- f(t + s, Xt7 }/t(S)? Zt(S))d<W>t + Zt(S)th7 le [07 O-(S))J

\ YU((SS)) = \IJ(U(S)7XU(S))>

on (Q,{F:},P,) for each z € S, where ') = (T — s) A ov,, s € [0,T), and

@(t>$)a if(t,:lf) S [0>T) X v07
U(t,x) =

U(x), if (tx) € {T} x S\Vy.

Moreover, the solution to (2.4.3) is unique and has the representation

u(t,x) = E,(Y\"), forall (t,z) €[0,T) xS.

Proof. We prove the theorem by several steps.
Step 1. Let
g (r,x) = g(r+ s, z,u(r + s,z)),

f(s)(r, x) = f(r+s,z,u(r+s,x), Vu(t + s, )).

Then, for any n € F(S\Vy),

d
EEH [u(t A U(S) + S, Xt/\o(s))n<X0)}

= (Bpu(t +s), P'n) — E(u(t +5), P'n) a.e.t€[0,T],

o
and

%E#[(/OW(S) g (r, X,) dr)n(Xo)} = (g¥(1), P'n),, a.e.t €0,T],

and

54

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)



d

S ([ 50 w0, Ja0w)] = (00, ae e 0T, 49

where we denote u(t) = u(t, -) and similar notation is used on f*), g*,

Proof of Step 1. Without loss of generality, we may assume s = 0. Let H(¢(t)) be the
harmonic function with boundary value ¢(t), and u°(t,z) = u(t,z) — H(p(t))(x). Let
0 <9 < T —t. Since u’(t Aovy, Xiney,) = u’(t, Xi)lji<oy,y and u°(t) = 0 on Vo, by the

p-symmetry of { X}, we obtain that

E.[(u((t 4 0) Aoy, X(t+6)/\<7v0)7](X0):|
(2.4.10)
E

u[00(t+ 6, X )n(XEy5)] = (u(t+ ), Plgm),.

Similarly, E,,[u’(t A 0vy, Xinoy, )1(Xo)] = (u°(t), PPn),.. Therefore,

EM [(u((t + 5) A OVo, X(t+5)/\0v0) - u(t A OV, Xt/\UVO))n(XO)}
= (u(t +8) — u’(t), Plsm), + (u"(t), Plysn — Pn), 2.4.11)

+ (Hlp(t + 6) — ()], P'n) -

Notice that u°(t) € F(S\Vy). We have

1
lim <(u’(t), Plgn — Pim), = —€(u’(t), P/n) = =€ (u(t), F'n), (2.4.12)

where we have used in the second equality the fact that £E(H (¢(t)),v) = 0 for any v €
F(S\Vy). By Lemma 2.2.7 and that lims_,o || P, sn — P71 12¢,) = 0, we deduce that

I Lt +8) - (0), Phsn),

= lim — <u t+0) —u(t), Prygn), — (H(up(t), P'n)u (2.4.13)

50 0

= (Qpu(t), PYm) — (H(Owp(t)), PP

The equality (2.4.7) now follows readily from (2.4.11), (2.4.12) and (2.4.13).
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Similar to (2.4.10), we have

(t+6) Aoy, 5
E“[(/ g(o)(r, Xr)dr)n(Xo)} :/ <g(0)(t+r),Pt(lrr77> dr.
¢ 0 K

/\CJ’\/0

Using the Lebesgue dominated convergence theorem and fact that lim, o P2, n(z) =

PPn(zx), x € S\Vy, we obtain (2.4.8).

We now prove (2.4.12). Similar to the above, using the p-symmetry of { X!} again, we

have

E, [(/t(tJré)/\avO fO%r X,) d(W)r)n(Xo)] _ EMK/& FOt, 4, Xf)d(W>r> PtOU(Xg)]-

/\O'VO 0
Now we apply Lemma 2.2.13 and conclude that

aE( ] SO XA Ja%o)] = lim b [0 41), o) e = (10 0), P,

§—0 0

This completes the proof of Step 1.

Step 2. Let

tAa(s)
Mt(S) — 'U,(t A 0—(5) —+ S, Xt/\O'(S)) — U(S, X(]) + / g(S)<7ﬂ7 XT)dr
0
tAc(®)
w0 X, ez
0

Then {Mt(s)} is a P,-martingale for each x € S\ V.

Proof of Step 2. By Step 1, 4E,[Mn(X?2)] = 0 forall n € F(S\Vo) ae.t > t,

which, together with the continuity of ¢ — Ex(]\/[t(s)), implies that
E, (M) =0, forallt >0 p-ae. z € S\Vy. (2.4.14)

We claim that x +— ]Ex(Mt(S)), x € S\Vy is continuous, and therefore, (2.4.14) holds for
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all £ > 0 and all x € S\ V. Notice that

t t
M) = u(t+s,Xf)—u(3,X8)+/ g (r, X0 dr—l—/ fEr, X0 d(W),, 0<t<T—s.
0 0

Hence, we deduce that

E, (Mt(s)) =P (uo(t + S)) (z) —u’(s, ) + /0 [P,f] (g(s) (r)) (z) + P° (f(s) (T)V) (ac)} dr.

Therefore, it suffices to prove the continuity of

t
T / PY(f@(r)v)(z)dr, =€ S\Vy.
0
By Lemma 2.4.2 and (A.3), we have

1P (SO r)v) I < C min{1, 7= %2} fO (r)]| 1)
< C min{1, r_ds/2} [||f(7" +5,0,0)|| L1y + [lu(r + )| L1
+[IVulr + )l w)

< C min{1,r%/?} [1+ [(I)VI}?XS ul + E(u(r + 3))1/2}
’ (2.4.15)

forall r > 0, where C' > 0 is a constant depending only on K, K and max 71xs | f (¢, z,0,0)]|.

Notice that fOT E(u(t)) dt < oo, and that, for each r > 0,

P (fO(r)v)(z) = /S FO )P (r, 2, y)v(dy)

is continuous in # € S\V,. Now the continuity of = — [ P*(f®)(r)v)(z)dr follows

readily from (2.4.15) and the Lebesgue dominated convergence theorem. Therefore

E, (M) =0, forallt>0, z € S\V,,
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which, together with the Markov property of { X}, completes the proof of Step 2.

Step 3. Foreach s € [0,T) and each = € S\V,,
(Y, 28) = (u(t A o™ + 5, X o), Vault A o™ 45, X,40))

is the solution to the BSDE (2.4.5). Moreover, the representation (2.4.6) holds, and the

solution to (2.4.3) is unique.

Proof of Step 3. By Lemma 2.2.8,
t
u(t + s, X¢) = u(s, Xo) + / Vu(r + s, X,)dW, + NP t>0,
0
where N(®) is a continuous process with zero quadratic variation. Let

tho(®) tAo(®)
QY =N .+ / 99 (r, X, )dr + / Fr, X)W, t>0.
0 0
Then
tAc(®)
O = M® _ / Vu(r + s, X,)dW,, >0, (2.4.16)
0

and therefore {Q!”} is a P,-martingale for all z € S\Vy. Let t; = it/n, 0 < i < n. Then
lim Z Qtz 1 - <Q(S)>t7 in L1<ng) for all z - S\VQ
n—0o0

Since lim,, o E,, | Z?:l(Nt(f) — Nt(i‘?l)ﬂ = 0, there exists a subsequence {n} such that

s

lim > (N = N9 )2 =0 Pas,
k—o0 P ¢ -

which implies that (Q®)), =0 P,-as., as

tA(®)
t— / g9 (r, X, )dr
0
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and
tAc(s)
e [ XA,
0

are of bounded variations. Therefore, Ex(<Q)ES)) =0 p-a.e. x € S\Vy. By an argument

similar to the proof of Step 2, it can be shown that x — E, ((Q)ES) ) is continuous. Thus,

E, ((Q){*) = 0 for all # € S\V,. In particular, by (2.4.16),

tAc(S) tAc ()
u(t Ao + 5, X, 0) = u(s, Xo) — / g9 (r, X, )dr — / & (r, X,)d(W),
0 0

tAc(s)
+/ Vu(r + s, X,.)dW,, P,-as. forall z € S\ V.
0

This implies that
(Yt(s)7 Zt(s)) = (u(t A o) ¢ S, Xipo()), Vu(t A o) + Sy Xipo®))

is the unique solution to the BSDE (2.4.5) on (Q, {Fi}, IP)I) for z € S\Vy, which is clearly
also valid for x € V. As a result, we obtain the representation (2.4.6).
The uniqueness of the solution to (2.4.3) follows immediately from the representation

(2.3.1) and the uniqueness of solutions to (2.4.5). [

Remark 2.4.6. Itis well known that, solutions to BSDEs on R? correspond to viscosity solu-
tions to the corresponding PDEs, which is a very weak formulation of solutions. Moreover,
Theorem 2.4.5 shows that solutions to BSDEs on S correspond to the solution to the PDE
(2.4.3) whenever a solution exists. These justify to name the functions given by (2.4.6) the
viscosity solutions to (2.4.3). The existence of such very weak solutions is guaranteed by
Theorem 2.3.7. On the other hand, we also note that the existence of solutions to BSDEs
does not imply the existence of weak solutions to the corresponding semi-linear parabolic

equations. The existence of weak solutions to (2.4.3) will be investigated in Chapter 4.
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Chapter 3

A Pontryagin Maximum Principle for

Stochastic Controls on the Gasket

3.1 Introduction

Several interesting mathematical finance problems and production management problems
are formulated as stochastic control problems, which are based upon the assumption that
uncertainties in the models have their source from the Brownian filtration on R¢. How-
ever, there exist objects which are better characterised by fractal models, e.g. transporta-
tion problem in complex biological systems, traffic lines in cities. For controlled dynamic
systems on these models, the driving noise comes from diffusions on the corresponding
fractals. In this chapter, as an application of the results in Chapter 2, we discuss stochastic

optimal control problems on the gasket.

To present the motivation of stochastic optimal control problems, let us start with their
deterministic counterparts. Consider the production plan of a manufacturing company. Let
x(t) be the amount of the company’s inventory of its products, and u(¢) be the planned
production rate of the company at time instant ¢. Suppose that the market demand for the

product is a known deterministic function z(¢). Then z(¢) is governed by the differential
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equation

dx(t) = (u(t) — 2(t)) dt, x(0) = xo. (3.1.1)

Let ¢ be the production cost for per item, and a™, a~ the costs for production surplus and

backlog respectively. The total cost J(u) for the production plan u(t) is given by
J(w)=a*z(T)" +a x(T)” + cu(T),

where 7' is the terminal time. Minimizing the company’s cost leads to the following (de-

terministic) optimal control problem

minimize J(u),
u

subject to: x(t) satisfies (3.1.1).

In practice, the market demand z(¢) will not be a deterministic function and is subject
to certain uncertainty/noise. Therefore, the controlling dynamic (3.1.1) is a stochastic dif-
ferential equation driven by noise which generates the corresponding uncertainty, and the
above deterministic control problem should be replaced by a stochastic control problem.
In this chapter, we shall consider stochastic control problems where the uncertainty of the
system comes from the filtration determined by Brownian motion on the Sierpinski gasket

(see Section 3.2).

3.2 A stochastic maximum principle

In this section, we formulate a stochastic optimal control problem on the gasket S, and
derive a Pontryagin maximum principle (Theorem 3.2.13) for the problem. A crucial in-
gredient of our argument is an order comparison lemma (Lemma 3.2.5), which will be
needed when performing stochastic Taylor expansions. It turns out that, in contrast to its

counterpart on Euclidean spaces, the stochastic maximum principle on the Sierpinski gas-
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ket consists of two equations of necessity rather than a single one (cf. [56] and [70, Section
3.2]), which is due to the singularity between measures.

Suppose that )\ is a Borel probability measure on S satisfying A < p, and that (U, p) is
a given separable metric space, called the decision space. Let h : R — R, f; : [0,7] x R x
U — R, and f5 : [0,7] x R x U — R be Borel measurable functions. For any U-valued

{Fi}-adapted process u(t), we introduce the cost functional

J(u) éEA(h(m(T))Jr/O fl(t,m(t),u(t))dt+/0 fg(t,x(t),u(t))d<W>t),

where the controlled process x(t) is given by the following SDE' on (2, F, {F;},P)):

;

dx(t) = bu(t, 2(t), u(t)) dt + bo(t, 2(t), u(t)) d(W),

+o(t,z(t),u(t)) dWy, te(0,T], Pyas., (3.2.1)

z(0) = xo,

where ¢ : [0, 7] x R x U — R, ¢ = by, by, o are Borel measurable functions, and xy € Fy.

Remark 3.2.1. We should give some possible interpretation of terms included in the cost
functional J(u). Consider the following transportation problem. A delivery agent needs to
deliver cargo to clients in a region. Once the agent arrives at some location in that region,
he inform clients of his location for clients to collect their items. The agent may also collect
more orders during the transportation. Then the terminal state z(7") is the agent’s location
where he will inform his clients. The term h(z(7")) measures the cost of how well the agent
balances the distances of all clients. The integrals in the cost functions relate to the cost of
carry and the loss coming from not being able to collect more orders due to a sub-optimal

choice of rout.

Definition 3.2.2. Denote by .A[0, T'] the family of all U-valued progressively measurable

'Existence and uniqueness of solutions to (3.2.1) with Lipschitz coefficients can be easily shown by an
iteration argument similar to the proof of Theorem 2.3.7.
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processes u(t) such that

EA(rh<x<T>>r+ / |t a(t), ut)) |t + / |f2<t,x<t>,u<t>>|d<w>t)<oo,

where z(t) is the controlled process given by (3.2.1). Any process u € A[0,T] will be

called an admissible control, and the pair (z(-), u(-)) an admissible pair.

Assumption 3.2.3. (i) For ¢ = by, by, 0, f1, f2, h,

lp(t,0,u)]| <M, t€[0,T], z,z € R, u,u € U;
(ii)ForQOZb17b2707f17f27h’

< M|z — 2|+ p(u,a), forallt € [0,T], x,z € R, u,u € U,

for some constant M > 0.
We consider the following optimization problem
minimize J(u),

u€Al0,1] (P)
subject to: x(t) solves (3.2.1),

and establish a stochastic Pontryagin maximum principle under the assumptions in As-
sumption 3.2.3. Our argument is essentially a modification of those in [56, 70] while
overcoming some difficulties concerning the the Brownian martingales on the Sierpinski
gaskets. A crucial ingredient of our argument is an order comparison lemma (Lemma

3.2.5), which is needed when performing a stochastic Taylor expansion.
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Definition 3.2.4. Let A € P(S), k > 1 and E € B(]0,00) x Q) be a progressively meas-

urable set. For each I € B([0, 00)), we denote

mia (I ) = B ( /I 1E(t,w)d(W>t)k].

Clearly, the map I +— |I| + mi ,(I;€2) is a Borel measure on B([0, c0)), where | - | is the
one-dimensional Lebesgue measure. We denote by B8, ([0, 00)) the completion of B([0, 00))

with respect to the measure | - | + mq 5(-; Q).

Lemma 3.2.5. Let A € P(S), and E € B(]0,00) x Q) be a progressively measurable set.
Let {1}~ be a family of B,\(]0, 00))-measurable subsets of [0, 00) such that lim._,q || =

0. Then, for some universal constant C, > 0,
mpsin(I E) < Co(k + 1) |I|* % *myp\(I;; E), forallk € N,. (3.2.2)

In particular,

mia(lg E) = o(mpa(I; E)), ase— 0, (3.2.3)

forallk € Ny andl > k.

Proof. Let ¢(t) = ¢c(t,w) = 1;.(t)1g(t,w). Then, for each ¢ > 0, ¢, is a bounded pro-

gressively measurable process. Clear, we have the following iterated integral representation

Ex|( /0 ) s(0aw),) |

(3.24)
—Ei[1 | Belt2) ) AW )y, - (W), .
0<t1 <<t <oco

Since ¢, is progressively measurable, we have ¢.(t) € F;'. Therefore, by (3.2.4) and the
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tower property,

E/\ / e(t) kﬂ}

— B, [(k + 1) / Ge(t2) -+ Bty )W)y, -~ (W,
0<ty <+ <tp41<00 (3 2 5)

:E/\ :(kj—l—l)'/o ¢E(t1)"'¢e(tk)

X EA< ¢e<tk+1)d<W>tk+1

ty

FR )W)y, - d(W),, ]

Recall that ¢.(¢,w) < 1;_(t). By the Markov property and Lemma 2.2.12, we have

E( [ oultuin)dh,

Ei‘g) < E,\</ L, (1) AW )y

tg

7)
~Ex, ( /t T (i)W ey ) (3.2.6)

2/ Ly (tregn) (P~ ) (X )b,

tg

where, P,v is as defined in Definition 1.2.13. By Lemma 2.2.9, || P,pu| ~ < O, max{1,t~%/2} | ¢ >

0. Therefore, for I, with |I.| < 1, by (3.2.6),

]E,\ / Ge(trs1)dAW )e,

S/ L7, (tegr) (b — 1) /2 dtypy
ti

)

tk'HIe‘ o0
< / (thar — i) ™"/ 2 dtyry + ’[e\_ds/z/ Ly, (tr41) dtpa
t 0

— C*|]€|1_ds/2.
Hence, by (3.2.5),

E( /0 odamy) "]

< G| L' %2R,y [(k‘ + 1)!/ Pe(t1) =+ Pe(tr)d{W )ty -+ - d(W )y, |-

0<t1 <<t <oco
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By (3.2.4) again, we conclude that

E( /0 b ¢€(t)d(W>t>k+l] < Culk+ 1)L B[ /0 h ¢€(t)d<w>t)k},

which is (3.2.2).
When [ is an integer, the asymptotic (3.2.3) is a direct corollary of (3.2.2). For real-

valued [ > k, the conclusion follows easily from interpolation

miror(le; B) < my (L E) " 'mpap (I E)?, 0 € (0,1).

]

We shall also need the following estimate for solutions to linear SDEs driven by the

Brownian martingale V.

Lemma 3.2.6. Let {Y;} be the solution to the SDE

(

dY, = (a1(t)Y; + ar (£))dt + (as(t)Y; + an(t))d(W),

+ (b@)Y: + 5(t)dWs, ¢ € 10,71,

Yo =¢.

\

Suppose that

|¢(t)| S M7 forcp = a17a27b7

where M > 0 is a constant. Then, for each A € P(S) and each k > 1/2,

T(Y) < CE, {|g|2k + (/OT |a1(t)|dt>2k

T - (3.2.7)
2k ) k
([ tatonam) ™ ([ swpany)].
0 0
for some constant C' > 0 depending only on k, M, where
T
Tule) =Ea( swp o0+ [ o tany),  G28)
0<t<T 0
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for any k > 1 and any progressively measurable process o(t), and

e = efttheWie "k — OB M, Ky = SK2(M + 1) (3.2.9)

Therefore,
wal?) £ € {6 + ol on B ([ tente) % 0)ar) "]
ool 110) % 03, 3210)
11 o[ [ 10000 7 0patin) ],

Proof. To simplify notation, denote Y = |Y|" sgn(Y’) for any m > 0. By Itd’s formula,

t
il = Jg [ RV an(r)Ys + an(r) = e
0
t
+ [ R aaln)Y + aslr) + b2k - DY 200,
0
A — el Ve P AW,
t
+ / 2kY, 2L (b(r)Y, + B(r))e, tdW,
0
t
<l o+ [ 2V ol dr
0
t
+/ (KM + 4R M — ko) [V, ™ + 2%V, oo (r)|
0
T AR]Y, 22|80 e d (W),

n ( /0 t 2kY, > (b(r)Y, + B(r))e;,

Denote Z = supg<;<r |Y;|et (%) Then by the above inequality,

7% < |€|2k+2k:22’“‘1< /0 T|a1<t>ydt+ / T|Ozz(t)\d<W>t>

T
+ 4k 7%~ 2/ |B(t)|2Pd(W ) + (2kM + 4k*M? — )/0 Y, [*e td(W),

+ sup (3.2.11)

0<t<T

/ Y ((r)Y, + B(r)e;

0
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By the Burkholder-Davis—Gundy inequality and Young’s inequality,
Ex ( sup

0<t<T )

< C.E, (/T (M2|K|4k i |Y;~|4k2|5(7’)|2)er2d(W>T>1/2]
-\ Jo

< C.E, _MZ’“</T !YT|2’“e;1d(W>r> 2 4 szl(/T |ﬁ(7")\2d<W)T)1/2]
I 0 i

(61+62)Z%+% /0 ' Ve (WY, 4 — ( /0 T\ﬁ(r)|2d<W>T)k]

Qhce2k 1

/0 YL (b)Y, + B(r) e dW,

S C* E)\

where C, > 0 is a universal constant. Choosing ¢; = 1/4 and e, > 0 sufficiently small

gives

a( s | [ V2000, + ) v,

0<t<T

)

Ex(2%) + Ex[4M /0 LRy, + € ( /0 ) \ﬁ(r)]2d<W>r)k] ,

1
< Z
-2

where C' > ( denotes a constant depending only on k, M. Since ko > (4+2k)M +4k*M?,

(3.2.10) follows easily from the above and (3.2.11) and Young’s inequality. [

We now turn to the derivation of the stochastic maximum principle. Suppose that
u € A[0,T] is a minimizer of (1.2.7), and Z(-) is the corresponding controlled process.
Let {I.}c.~o be an arbitrary family of B,([0, c0))-measurable subsets of [0, 7] such that
lim,_yo |Z.| = 0.

To formulate our result, we shall need the following definition.

Definition 3.2.7. We define the measure 9t on [0, 00) X 2 to be
93?1 =dt x ]P))\,

and the measure 9, to be the unique measure on the optional o-field”> on [0, 00) x

That is, the o-field on [0, c0) x €2 generated by the family of all right continuous left limit processes.
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satisfying

mZ([[O_laO—QD) = ]E)\(<W>02 - <W>01)7

for any stochastic interval [o1,09) = {(t,w) € [0,00) X Q2 : 01(w) < t < 09(w)} with

01,09, 01 < 09 being {F; }-stopping times.

Remark 3.2.8. Since A\ < p, by Lemma 2.2.3, the measures 91; and 91, are mutually

singular.

Let S1, S5 C [0,00) x € be disjoint optional sets such that 9t; is supported on S} and

9M, on Sy. For arbitrary uy, uy € AJ0,T], let

;

at,w), if (t,w) € ([0, TI\L) x Q,

u(t,w) = q ui(t,w), if (t,w) € (I. x Q) NSy,

us(t,w), if (t,w) € (I x 2) N Ss.

\

Let

E={(t,w) € Sy :u(t,w) #ui(t,w)} U{(t,w) € Sy : u(t,w) # us(t,w)}. (3.2.12)

Then E is progressively measurable. Notice that if 9t (E) = 0, then my, ([0, 00); E) =0
forall £ € N,.

In the remaining of this section, we denote by x¢ the controlled process corresponding

touS, and let £&¢ = z¢ — 7.

Definition 3.2.9. The first-order approximation 1 is defined to be the solution to the SDE

(

dy(t) = Ox01(L)y“ (1)dt + Opba(t)y“(H)d (W),

+ (00 (t) + Dpo(t)y“(t))dWs, (3.2.13)
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and the second-order approximation z¢ to be the solution to the SDE

(

424(1) = Dby (0)24(0) + 8 (1) + %a};bl (0 (0]t

+ [Gmbz(t)ze(t) + 8by(t) + %agzb(t)yeu)?} d(W),
(3.2.14)

+ [ama(t)zﬁ(t) + §(0,0) () y (L) + %Qfa(t)yé(t)ﬂ dWy,

for any function ¢ : [0,00) x R x U — R.

Lemma 3.2.10. Let E be the progressively measurable set defined by (3.2.12). For each

ke Ny, ase— 0,

Tok(€) = MU(E)O(I L") + O (mp(Ie; E)), (3.2.15)
Tor(y) = M(E)O(| L") + O (mun(le; E)), (3.2.16)
Tor(2) = M(E)O (| L) + O (mara(Ie; E)), (3.2.17)
Tor(E°(t) — ¥ (1)) = M (E)O(|L[**) + O (ma(I; E)), (3.2.18)
Tor(E°() — y(t) — (1)) = MM(E) o(|1]™) + 0 (mar(Ic; E)). (3.2.19)

Proof. We only present the proof of (3.2.15) and (3.2.18), since the proof of (3.2.16) is
similar to that of (3.2.15), while the proof of (3.2.17) and (3.2.19) are similar to that of
(3.2.18). The difference between the proof of (3.2.15) and (3.2.18) is that the SDE for
&° — y© involves &€ as bias terms «aq, s, § in Lemma 3.2.6 (see (3.2.21)), which requires
further estimate. This is also the case for z¢ and £ — y© — 2¢, and hence their estimates are

similar to that of £&¢ — y°.
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For any function ¢ : [0,00) x R x U — R, let

o(t) = /0 o[t, (1 — 0)Z(t) + 0x<(t), u(t)] df, t > 0.

By (3.2.1),

[ de<(t) = [Ooba (DE (1) + Oy (D)t + [Drba()E* (1) + Bba()]d (W),

—

T B (D€ (1) + do(B]dWs, ¢ >0,

£(0) = 0.

Let E. = EN (1. x Q). Then supp(dp) C E., ¢ = by, by, 0. Since by, by, o are bounded,

we see that

E( ] o) ] = ()00,

Hence, by Lemma 3.2.6,

Bx( sup [¢°(0)] e )

0<t<T

< CEA{(/OT\(Sbl(t)]dtrkJr (/OTrabQ(t)\d<W>t)4k+ (/()T\aa<t)!2d<w>t)2k1

= 9, (E)O(|L|*) + O (mpn(I; E)),

where C' > 0 denotes a constant depending only on k, M, but might be different at various

appearances. This completes the proof of (3.2.15). The proof of (3.2.16) is similar.

We now turn to the proof of (3.2.18). By the definition of H(t), we have
B(t) — p(t) = dep(t) + O(I¢]) = Le ()O(1) + O(I£).- (3.2.20)
Let n® =& — yf, and

xi(t) = 1. (H)O(E(®)]) + OE()).
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Then, by (3.2.20) and the fact that 6 = 1p_for ¢ = by, by, 0, we have

dn® = [0,b1(t)n° + 15, (£)O(1) + x4 (2)] dt
+ [0uba (1) + 15, (H)O(1) 4 X1 (£)] d(W ), (3.2.21)

+ [0z0(t)n + x1(t)] dW,.

In order to apply Lemma 3.2.6, since the desired estimates involving 1z_(¢)O(1) follow dir-
ectly from the definition, we need to estimate [, [ ( fOT x1(t) dt) %] JEA[( fOT X1 (t) d(W),) %]

and B [( [ x1(8)2 d(W))"].

We first estimate E, [ ( fOT x1(t) dt) %] . For any p > 1, by the exponential integrability
of (W)r and (3.2.15),

Ex|( /0 ' 1E<t)156(t)|dt)2k} < B [0 ()L Per (sup Je(t)Pe; )]

t€[0,T]

1/
< Cpfml(E)UJ%E,\( sup |£€(t)\2pket‘1> ? (3.2.22)

t€[0,T]

< My(E)o(| L[*),

where, to simplify notation, we allow the exponent parameters (i.e. ki, ko in (3.2.9)) for
e; to be different from line to line, as long as this does not affect the asymptotic order.
Moreover, for any p > 1,
T 2k
B[( [ le@rar) ] <Bafer sup feo)e;?]
0 t€[0,T)

1/p
< Gy (sup g°(t)|"he; )
t€[0,T]

S O (m2pk:,)\(le; E)l/p) )

which implies that

EAK/OTKe(t)pdt)%} < O(ma(Is; E)).
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Therefore,

E, [( /0 ' i (1) dt) zk} < My (E)O(| 1) + O (magr(I; E)). (3.2.23)

Next, we estimate E, [ ( fOT x1(t) d(W)t)%} . For any p, ¢ > 1, by (3.2.15),

m[( [ talewam.)"]

<Ep[ef( /OT L, (B)[€°(1) ey d<W>t>2k]
<om( [ 1moieoirtam) ™"

<o ([ 1mmamy)™ (s e ™"

t€[0,T]

([ ream) ™) e )

t€[0,T]

< Comapgrn(I; EYY®POZ, (€)1 D)
which, in view of the fact that Ty, (£€) = o(1), implies that

B ([ 1@l @l am) ] < olmauatr ). (3224)

Moreover, by the exponential integrability of (W), again,

A / e OF ao) 2’“}

<mfe# ([ e o))" (s el
<C ]E)\ / |£ ~ d > ) Pk(tz[%%] ‘gg(t”et_l)m)k} 1/p

S Csz’4pk (56>1/p7
which, by (3.2.15), implies that
g 2 2k 2k
IEAK/ WP W) | < MUEYO(ILI) + O(mapa(Le: B)).
0
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Therefore,

E, [( /0 ' i (t) d(W)t)%] < M (E)O(L12) + O (mag (I E)). (3.2.25)

We now estimate E, [ ( fOT x1(t)? d(W>t)k] . Similarly to the above, for any p,q > 1,

m[( [ tsoeram))’

SEA[e?(/OT Ol @Pert a).) |

< G| ( / sl aomy )"
<om[( [ 1mmamy)” (s ewre)”]"

t€[0,T]

< Golfa ( /OT g (1) d<W>t> 2pk} 1/(2p)E,\ [( sup |§€(t)]2et_1)2pk] 1/(2p)

te[0,7

(3.2.26)

< Cplmapr(Ie; E)Tapi (€]

which implies that

IEAK/OT (D€ dw >t)k] < M (E)O(|I*) + O (maa(I; E)).

Moreover, for any p > 1, by Young’s inequality,

1[-«:,A /T|g€t|4dwtk}
<E>\ /\5 (t)]"e; >]

<om([ |fe<t>|e;1d<w>t)‘”’( sup [e() e )]

te[0,7

< GE | / ) el amwy)" + (s empe)” "

te[0,T)
S Cpgllpk (56)1/p7

which, together with (3.2.15), implies that
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5 ([ et aom.)'] < EOULH) + O(masa(is 1)

Hence,

E( /0 ) d(W>t>k] < MUE)O(ILI*) + O(man(I: E)).  (3227)

With the estimates (3.2.23), (3.2.25), and (3.2.27), we are now in a position to apply
Lemma 3.2.6 and deduce (3.2.18). The proof of (3.2.17) is similar to that of (3.2.18),

except that in the derivation, we need to use both (3.2.15), (3.2.16), and (3.2.18).

The proof of (3.2.19) is also similar in essence to that of (3.2.18). By a second order
Taylor expansion, it is not difficult to see that, for ¢ = by, by, 7,
ol (1) (1)) — (1)
= .p(1)E + SO%0(EV +86(t) + 5(0up) (1)E° + S(E2p) ()€ + O
= p(1)E + 0%D(EV + S6(t) + 8(0up)()E + 15(HOE ) + O(ET
= .o+ SRR +9plt) + 8(0u) (' + 1. (HO(IEP) + O
15,00 —y']) + O~ lly]) + O(le" — o).
Therefore,
ol (0), (1)) — (1)
= up(1)E+ 020y + (1) + 15 (O(ED) + OET)  (3228)
+ 15 (HO(E — ) +O(I€" — ylly) + O(l€ —y),
for ¢ = by, by, and
(b2, u (1)) = o (1)
= .0 (1)€ + 5000y )? + b0 (t) +5(0.0) 1)y + 1. (HO(E'P) + O(& T

+ 1. (1)O(I€" = y°]) + O(I€" — y¥llyD) + O(|€" =y ).
(3.2.29)

Let (¢ =& —y° — 24, and

75



X2(t) = 1e ()OI ) + O(I€P) + 1e ()OI — y*|) + O(I€° = y|ly*|) + O(I€* = y[*).
Then, by substituting (3.2.28) and (3.2.29) into the SDE of £¢, we have

d¢® = [0:b1(1)¢° + Lp. (£)O([S°]) + xa(t)]dt
+[020a(1)C + 1 (O(IE]) + x2(8)]d (W),

+ [0eba ()¢ + x2(t)]|dW.

In view of (3.2.22) and (3.2.24), in order to apply Lemma 3.2.6, it suffices to estimate

Ex[( S xa(t) dt) ], BA[( [T xa(t) d(W),)*] and By [( [T xa(t)2 d(W),)"], which can
be done similarly to those of x1(¢) in the above using the established estimates (3.2.15),

(3.2.16), and (3.2.18). ]

Definition 3.2.11. Let (Z, u) be a solution to the problem (P), and denote ¢(t) = ¢(t, Z(t), u(t))

for ¢ = by, by, f1, fo. The adjoint equations are defined to be the BSDEs

[(dp(t) = —[0b1 (D)p(t) — O f1 (1) dt

= [02b2()p(t) + Oxo(t)q(t) — Du fo(D)]d (W),

(3.2.30)
+q(t)dW;, te€[0,T], Py-as.,
| p(T) = =0.h(2(T)),
and )
AP (t) = —[20,b1(£) P(t) + 0261 (t)p(t) — O>f1 (1)) dt
— [(20,ba(t) + 0,0(1)?) P(t) + 8,0(1)Q(2)
+ 02by(t)p(t) + B0 (t)q(t) — 02 fo ()] d(W), (3.2.31)

+ Q(t)dW;, te€]0,T], Py-as.,

| P(T) = —02h(z(T)).

Remark 3.2.12. The adjoint equations (3.2.30) and (3.2.31) are introduced in order to ex-

actly cancel the residuals 4, 2°. This can be seen more clearly from the proof of Theorem

76



3.2.13.

Theorem 3.2.13. Suppose that the assumptions in Assumption 3.2.3 are satisfied, and that
(Z,u) is a solution to (P). Let (p, q) and (P, Q)) be solutions to the adjoint equations (3.2.30)

and (3.2.31) respectively, and let H,(t,z,w), Ho(t, x,u) be the Hamiltonians defined by

Hl(t7$7u) = bl(tax>u)p(t> - fl(twqjau)a

and
Hy(t, x,u) = ba(t, z,u)p(t) + o(t, z,u)q(t) — folt, x,u)

+ %[a(t, z,u) — o(t, z,u(t)*P(t).

Then
Hi(t,z(t),u(t)) = max Hy(t, z(t),u), M-a.e.,

uelU

Hy(t, z(t),u(t)) = max Hy(t, z(t),u), Ma-a.e.

uelU

Proof. Let E be the progressively measurable set defined by (3.2.12). By definition of J(+),
J(u) = J(u)
1
_ EA{(’)xh(x(T))S(T) + ( / 002 (2(T) + 95€(T))d9) £(T)?
0

+/0 [5f1(t)+81f1(t,f(t),u€(t))56(t)

o 0024 (1, 5(0) + 66°(2), (1)) db ) ¢°(0F e
. / C[5R0 + st 20, w )€ )
n (/01 002 f»(t, 2(1) +9§6(t),u€(t))d9)£f(t)2} d<W>t}-

Notice that we have the following approximations

=y + 2+ M(E)o(|I]) + o(mu(lg; E)), (3.2.32)
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(€)? = (¥)? + M (E) o(|L]) + o(mix(I; E)), (3233
and 1
(/0 O (t, Z(t) + 0°(1), uﬁ(t))d9> (€°)?

1 (3.2.34)
= Se(O) + M(E) o(|1]) + o(mia(L: E)),

for ¢ = 02h, 92 f1, 0% fo. The approximation (3.2.32) is straight forward. The approxim-
ation (3.2.33) follows from [(£9)? — (y°)?| < (|€]° + |y°]) €€ — y¢| and (3.2.15), (3.2.16),
(3.2.18) in Lemma 3.2.10. For (3.2.34), in view of supp(d¢) C E. = EN (I. x ),

[ oeteato) + o500 0) 8)
[ oot de) (€2 + 0 ?)

[e=]

I
l\)l»—/‘\ /N T N

/0 0p(1)d0) (€2 + 50(6) + O
S1)(E) + O(Lg |E) + O(E ).

By [i 1p.(8)[€°(t)|2dt < |I.|er sup;c(o.7) £(t)e; ' and Lemma 3.2.10, it is easily seen that
T
Bl [ 1€ OF -+ sup |6 0F) = (B oL +o(mia (T B),
0

te[0,7]

which yields the approximation (3.2.34). Therefore,

+ /0 [5f1 (t) + O f1 () (Y (t) + 2(1)) + %aﬁ fl(t)?f(t)?} dt (3.2.35)

S

+ [ [50) + 0.0 0) + =0) + gonto 0] ).

0

+ 94 (E) o(|I]) + o(mia(ls; E)),
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Next, we transform E,[0,.h(Z(T))(y*(T) + z¢(7T"))] into a cumulative cost. By (3.2.30),

&=

N + 2(T))]

=E, [p(T) :| +m1( )O(‘I€|> +O(m1,)\(Ie;E))

SN / (301 (B9p(1) + 0w a(0) (5 (1) + =(6) + 5O20n (e )y (1))
0 (3.2.36)

+/0 (5b2 t) + 60(t)q(t) + O, f2(t) (y°(£) + 2°(¢))
(200 (1) (1) + 2o ()a(H)] v ()7 + (0.) ()ae)y () W)

+ M (E) o L) + o(man (L B)).

+

Notice that the last integral term

B[ s oatt i)

in (3.2.36) is also of order M (E) o(|I|) + o(mix(L; E)). To see this, by Theorem 2.3.7,
Ex( f, q(t)*e:d(W);) is bounded. Therefore, for any k > 2, by supp(6(d,)) C E., and

the exponential integrability of (W), and Young’s inequality,

s [ 5.0 0ato i)

< O,C]EA</0T 1E€(t)y5(t)ket—1d<W>t>1/k

G | ( /OT L, (AW, <t§}3%y (1)¥e: 1)}%
EA[(/OT 1Ee(t)d<W>t)2] 1/2EA[<t2B%]y (1)%*e t1>]1/(2’f)

< Cyma (I B) P00 (E) o([I[V?) + o(my a(I; B)/*9))

IN

IN

<My (E) o(|Ie]) + o(ma(Ie; E)I/Q) + o(mu (I E)l/k)

=M (E)o(|L|) + o(mip(I; E)).
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Hence, the equality (3.2.36) can be further written as

EA[ = 0:h(2(T))(y(T) + 2/(T))]
= [ [m0(0) + 000+ 4(0) + G020 (0

+ /0 [§bz(t)p(t) + 00 (t)q(t) + 0. f2(t) (y° () + (1)) (3.2.37)

+ 9 (E) o(|Ie]) + o(mix(Ie; E)).

Also, we transform E, [02h(z(T'))y“(T')?] into a cumulative cost. By (3.2.31),

Similar to before, it can be shown that the term
T
B( [ R0.0(P() + QWIS () d(IV).)
0

is of order 9 (E) o(|I]) + o(mix(I; E)). Therefore,

(3.2.38)
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Combining (3.2.35), (3.2.37), and (3.2.38), we arrive at

Ju) — J(u
T
~E,| / <5f1 — by (0)p(1) ) ]

jon . (3.2.39)
B[ [ (800~ Sha(ohp(t) = So(t)a(t) ~ S0(0°P(®) A1) ]

0
+ M (B) o L) + o(mix(L: B)).

We now show that (3.2.39) and the optimality of « implies that
df1(t) —obi(t)p(t) >0 My-a.e.
fl() 1( )p()— ) 1-a.c., (3240)

S fa(t) — Sby(t)p(t) — do(t)q(t) — 50 (t)2P(t) > 0, IMy-ace.

2

Let @, and w5 be progressively measurable processes such that

Hi(t,z(t),uy(t)) = max Hy(t, z(t),u), M-ae.,

uelU

Hy(t,z(t), us(t)) = max Ho(t, z(t),u), Msy-a.e.

uelU

We first set uy = 4y, uy = 4. Then My (E) = 0, and therefore my ) (I; E') = 0. Moreover,

(2.3.5) reduces to

1) = 1@ =B | (5510 = sty (0p(0))de] + M () o1,

which clearly implies the first inequality in (3.2.40).

We now turn to the proof of the second inequality in (3.2.40). For any a > 0, let

By = {(t,w) : Ha(t, 3(t), as(t)) — Ha(t, 2(t), a(t)) > al.

Set u; = U, up = Uslg, + ulge. Then E = E, and M, (£) = 0. Therefore, (3.2.39)
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reduces to
J(u) = J(@) = Bx | / (872t) — Sbal0)p(t) — b0 (1)alt) — 50 ()*P(1) {0,
+ O(mL)\(IE; a)).
By the definition of £, and us, we have
£2(8) — Bha(t)p(t) — So(1)a(t) — 5001 P(t) < —a, on E,.
Therefore,
0<Ju)—J@) <—ami(I; E,) + o(mm([e; Ea)),

which clearly implies

]EA</ 1Ea(t,w)d<W>t) — 0, forall .
Ie

Therefore, My(E,) = B, ( fOT 1g, (t,w)d(W);) = 0 in view of the arbitrariness of {I }c~o.

This completes the proof. [

3.3 An example: the linear regulator problems

In this section, we present a worked-out example of the control problem (P). Let A be a
Borel probability measure on S and A < pu. Let a > 0 be a constant, and take U = R
as the decision space. We consider the following linear regulator problem, which has
wide applications in mathematical finance and engineering (see [17, p. 23] and references
therein).

ueAl0,1]

1
minimize [Ey (g/ u(t)2dt+x(1)2>, (3.3.1)
0
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subject to
dx(t) = u(t)dt + u(t)d(W); + u(t)dWy, t e (0,1],

z(0) = 1.

Suppose that (Z, ) is an optimal pair for the problem (3.3.1). The adjoint equations are

dp(t) = q(t)dWs, t e [0,1),
(3.3.2)

and

(3.3.3)
Clearly, P(t) = —2, Q(t) = 0 is the solution to (3.3.3). The Hamiltonians are
a
Hi(t,w,u) = up(t) = u’, Hy(t,x,u) = ulp(t) + q(t)] = (v —u(t))”

Let 01, M, be the measures on [0, 00) x €2 given in Definition 3.2.7, and 0t = 9t + M.

By Theorem 3.2.13,
Ay . p(t) dm,
“m T e

and

which implies that

p(t) = p(0) exp ( W —<W)t>, teo,1]. (3.3.4)
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Therefore, (Z(-), u(-), p(0)) is given by the system

a (3.3.9)

where p(-) is given by (3.3.4). Note that, compared to BSDEs, the system (3.3.5) takes the
random variable p(0) as a part of its solution so that the additional condition Z(0) = 1 is
satisfied. Therefore, (3.3.5) is not a simple SDE or BSDE but a forward—backward type
SDE. We now look for a solution to the form z(t) = 6(t)p(t), where 6(t) is the solution to

the BSDE of the form

db(t) = & ()dt + E(O)A(W ), +n()dWs, ¢ € [0, 1),

By Itd’s formula,

dz(t) = & (t)p(t)dt + [&(t) — n()]p(E)dW)e + [n(t) — 0()]p(t)dWe, ¢ € (0,1].

Comparing the above with (3.3.5) gives that

& (t)p(t) 0 == g
62(t) = n(0ln(0) 5 = () g = e) = (0)t) G-
Therefore,
fj(t)— ) ml—a.e.
and
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Furthermore, 6(t) is given by the BSDE

d0(t) = 2t + [20(t) — OO A(WY, + n(B)dW,, ¢ € [0, 1),
a (3.3.6)

of which the solution (,7) exists and is unique by virtue of Theorem 2.3.7. For the
moment, let us assume that #(0) < 0. Then by z(0) = #(0)p(0) = 1, we have that

p(0) = 1/6(0) and

1
The optimal pair (Z, ) is given by
_ . p(t) dﬁﬁl _ dmg
a(t) = BN ) — ool Sz (338

where (6, 7) and p are given by (3.3.6) and (3.3.7).

It remains to show that #(0) < 0. Let ®(¢) = exp(—2W; — (W),), t € [0,1]. By It0’s
formula,

A (t) = B(H)A(W), — 20(t)dW,.

Therefore,

A (1)6(1)] = ~B(t)dt + D(1)n(t) — 20TV,

which implies that ®(¢)6(t) — < fot ®(r)dr is a martingale. Therefore,



which gives that

1 1

o(t) = —@(t)‘lEA<§<I>(1) +- /tl O(r)dr ‘ ]—"t>.

This, together with the fact that ®(¢) > 0, shows that (0) < 0.
To summarise, we first solve the BSDE (3.3.6) to obtain #(t¢). Then the optimal solution

(Z,u) is given by (3.3.8) and the BSDE (3.3.9) with p(t) given by (3.3.7).
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Chapter 4

Semi-linear Parabolic Equations on the

Gasket

4.1 Introduction

Recently, there has been interest in the study of non-linear partial differential equations on
fractals with non-linearities involving first-order derivatives (see e.g. [67, 6, 32, 29, 28, 30,
27, 46] and references therein). In this chapter, we establish the existence and uniqueness
of solutions to the semi-linear parabolic PDEs on S proposed in Section 2.4, and derive
the space-time regularity of solutions. The non-linear PDEs studied in the aforementioned
literature are different from those to be studied in this chapter (see Remark 4.4.1). A crucial
ingredient of our argument is a new type of Sobolev inequality on the gasket (and the
infinite gasket) involving different measures (which can be mutually singular). Moreover,
we formulate and study Burgers equations on the gasket, which is an archetype of non-
linear PDEs with non-Lipschitz coefficients, and also as a simplified model of flows in
porous medium. The difficulty in our case is that there exists no suitable analogue of
the Cole—Hopf transformation on the gasket. Instead we tackle the problem by using a

Feynman—Kac representation and an iteration argument. We would like to draw the reader’s
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attention to a related work [27] on Burgers equations, where the Cole—Hopf transformation
remains valid. The main difference between our setting and that of [27] lies in the difference
in definitions of Laplacians: The Laplacian used to formulate Burgers equations in [27] is
called the Kirchhoff Laplacian, and is defined as —VV*, while our Laplacian is given by
L = —V*V, where V* : Dom(V*) N L%(S;v) — L*(S; p) is the adjoint of V : F(S) —
L3(S;v).

4.2 Sobolev inequality on the gasket

The objective of this section is to establish a Sobolev inequality involving different (prob-
ably mutually singular) measures on S and S (Theorem 4.2.6 and Theorem 4.2.11 respect-
ively), which is crucial to our study of the PDE (2.4.2). A necessary and sufficient condition
for the validity of this Sobolev inequality (Theorem 4.2.8 and Theorem 4.2.13) will be es-
tablished as well.

To shed light on the motivation of these inequalities, consider the following simple
parabolic PDE on S

Oudp = Ludp + Vudy.

Let us assume that a weak solution u exists, and test the equation against the solution u to

obtain

5 7 w2y = =€ (ult), ut)) + (u(t), Vu(t)),,
From the above equality, and (1.2.21), and Young’s inequality, it follows that

%IIU(UH%z(#) < —&(u(t), u(t)) + u®)llZ2).

For PDEs on Euclidean spaces, the measures x4 and v are equal to the Lebesgue measures,
and therefore, the above differential inequality together with Gronwall’s inequality yields

the energy estimates and the existence and uniqueness of solutions. However, on S, the
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measures £ and v are mutually singular, and hence the L?-norms || - || ;2(,) and || - || 12(,) are
in general incomparable. Thus, Gronwall’s inequality does not apply in this case. For PDEs
involving gradients on S, an appropriate comparison of || - || z2(,) and || - || 12(, is necessary
to obtaining energy estimates. In fact, for functions v € F(S), the L?-norms ||u||2(, and
||| £2(,) must be compared with the participation of (an arbitrarily small portion of) the
Dirichlet energy £(u, u) (cf. Corollary 4.2.18). This type of comparison is possible due to
the Sobolev inequality to be established in this section.

For convenience, the Dirichlet energy &£ (u, u) of u € F(S) will be simply denoted by
E(u), and C, will always denote a generic universal constant which may be different on

various occasions.

Definition 4.2.1. Let S;,,, = 2"7;(S), m,i € Z. The energy of u € F(S) on S, ,, is
defined to be g\gm(u) = (3/5)"E[(uoToF™)ls].

Clearly, S can be written as the union S = Uiz Sim for each m € Z with {S; . };
having disjoint interiors. Therefore, &(u) = 3, £| S (u) for any v € F (S) in view of

(1.2.13) and (1.2.15).
Definition 4.2.2. The constant J; > 0 is defined by 1/0; = 2/d; — 1 = log5/log3 — 1.

The constant &, is introduced so that 5/3 = 3'/%. Therefore, for every i and m, by

(1.2.9),

osc (wor o Fy™) < C.&[(uor 0 Fy™)s]'/?

—C, (5/3)m/2 ‘§|Si,m (u)l/Z —C, ﬂ(527m) 1/(255)é Sim (u)l/Z’

which implies that

osc(u) < C a(Sim) V) g Sim (u)'/2, (4.2.1)

Si,'m

Definition 4.2.3. A subset S C Sis called a dyadic triangle if S = S, ,,, for some m, ¢ € Z.
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We are now in a position to formulate the main results of this section. Let ¢ be a
Borel measure on S satisfying the following condition: there exist constants C; > 1 and
0<d<d<o0,d>1such that

6(S) < Cy u(S)2, if 0 < diam(S) < 1,

(M.1)
5(9) < Cy i(S)Y2, if diam(S) > 1,

for any dyadic triangle S C S, where diam(A) denotes the diameter of A C S with respect

to the Euclidean metric.

Remark 4.2.4. (i) The restriction 6 > 1 in the condition (M.1) is necessary in view of the
countable additivity of measures.

(i1) We should point out that we only require (M.1) to be valid for dyadic triangles but not
for general Borel sets. In fact, & will be absolutely continuous with respect to i if (M.1)

does hold for all Borel sets.

We would like to point out that the condition (M.1) is general enough to include many

cases of interests, some important examples are listed below.

Example 4.2.5. (i) Dirac measures with § = § = oo.

(ii) The Kusuoka measure /i with § = 1, § = §, (cf. Corollary 4.2.9(b)).

(iii) Analogues on § of |z|~% do on R? with 0 < @ < d. For any cube QQ C RY, we have
Jola|7Pdz < C |Q|'~%/? for some constant C' > 0 depending only on d. Therefore, the
analogue on S of || =% dz on R? would be a Borel measure & < /i satisfying the condition
(M.1) with 8,9 given by 1/6 = 1/§ = 1 — §/d,. Here we have used d, as the “Sobolev

dimension” of S (cf. Remark 4.2.7).

Theorem 4.2.6. Let 1 < p < q < o0, q > 2. Suppose ¢ is a Borel measure on S satisfying

the condition (M..1). Then

Lp(p)’

[ullzaey < C Y E)|lull L, we F(S), (4.2.2)
i=1,2
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where
1/p—1/(¢0)1+  [1/p—1/(¢d) 7+
VeV R b v @23

and C' > 0 is a constant depending only on the constant Cs in (M.1). Moreover, if there
exists a sequence {Sy, }mez of dyadic triangles such that lim,, , ., diam(S,,) = 0 and

lim,, o, diam(S,,) = oo, and

- 1 Sm log (S,
/5= lim 10800m) s gy, 1080(5m) (M.2)
m——co log [i(Sy)’ m—o0 log i(Sy)
then the pair of exponents given by (4.2.3) is optimal in the following sense: If
N
]| ooy Z )|l gy, w € F(S), (4.2.4)

for some constants b; € [0,1], 1 <i < N, N € N, and C > 0 independent of u, then

minb; < ay < a; < maxb;.
(] (]

Proof. Suppose first that p < ¢ < oo. Let fi,,, = (2™S) = 3™, S;m = 2" 74(S) for any
m, i € 7. Then S = \U; Sim. When m > 0, by (4.2.1), we have that

1 q 1 q
/|u|qd&§2q—1z [/ ‘ . wdfi| do+ —/ wdji
S 7 7 S’L,m

Sim Hm Js; ,, M,

R 1 a/p
< qu [u%(” € 50 (W25 (i) + r [/S |ul? du] a(Si,m)}

i m i,Mm

< qu [ GBS G| ()0l 4 pLS=aly (/ ul? dﬂ>Q/p]
Si,m

< C«q{ﬂ%(%s)ﬂ/é [Zé Si,m(“):|q el A1/6 q/p Z/ ’u‘p dﬂ} q/p}
7 1 Si,m

— (1 [ q/(265)+1/¢ g( )Q/2 + ﬂ1/6 q/p

5(Sim)]

ull )

where and hereafter C' > 0 denotes a generic constant depending only on the constant Cj
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in (M.1). Therefore,
HuHLq ) <C [ 1/(205)+1/(qd) g( )1/2 + ﬂ}r{(qé —1/p HU”LP u)} (4.2.5)
Similarly, when m < 0, we have that

]| Loy < C [l @O+ E(q)1/2 - fL @)= |1y|| 1] (4.2.6)

Suppose € (u)"/? > ||u| £»(z). Consider the following two cases:

Case 1: p < ¢ < p/d. Note that p < p/ forces § = 1 and therefore 1/(qd) = 1/p, a; = 0.

Setting m — —oo in (4.2.6) gives that

[ullzae) < CE(w)™?|lull 1.

Case 2: ¢ > p/d. Setting
m = sup {m < 0: il G < E(u)jul| gy < 1} < oo,
in (4.2.6), we obtain that

; 1/p—1/(49) 1+
g < ar/2 1- a1 _ | A\EY)
lulznioy < € &)l where ar = |77 0 05

Suppose that £(u)"/? < ||ul|z»(z). We consider the two cases:

Case 1: p < ¢ < p/d. In this case, as = 0. Setting m = 0 in (4.2.5) gives that

Jullzoey < € E)|lull e,

92



Case 2: ¢ > p/d. Setting
m = inf {m >0 : i}/ 20+ > E(w) ™2 ul| o (ay > 1} < oo,

in (4.2.5), we obtain that

1/p—1/(q9) ]f

5y < CE(w)™?||ul|},2, wh =
[ullaz) < C E(w)™ *|lull o), where a 1/p+ 1/(24,)

This proves (4.2.2) for ¢ < oo. Setting ¢ — oo proves the case when ¢ = oo as the constant
C is independent of q.

Suppose in addition that the condition (M.2) is satisfied, we prove that (ay, as) is the
optimal pair of exponents. We first show that, for any dyadic triangle S C S, there exists

A

an hg € F(S) such that
C' < hg < C,onS, supp(hg) C S, and &(hs) < C, i(S) ™%, 4.2.7)

where S = {z € S : dist(z, S) < diam(S)}.
To see this, suppose first that S = 271S for some m € Z. Let h be the 1-harmonic

function in S with boundary value

1, if x = (0,0),
h‘vl(x) =
0, otherwise.

Let h(z) = h(—z) for z € —S, and h(z) = 0 for z € S\[SU (=S)]. Then h € F(S)
and satisfies (4.2.7). For a general dyadic triangle S = 2"7,(S), i,m € Z, let hg =
hot 'oFP Then hg € ]—"(S) and the property (4.2.7) follows from (1.2.13) and the
self-similar property (1.2.15).

Suppose that (4.2.4) holds. Let {S,, }..cz be the sequence of dyadic triangles in (M.2).

For each m € Z, by the above, there exists an h,, € F (S) such that h,, ~ 1 on S,,,
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supp(hpm) C S and & (hy,) < ju(S,,) /%, where the notation A < B means that A < ¢B
for some constant ¢ > 0 independent of m, and A ~ B means that A < Band B < A. In

view of (M.2), it is easily seen that
| 2oy = A(Sm) X, Bl 2oy = f(S) P, = o0,

and

eIl zas) = i(Sm) @, [ mllioay = if(Sm) P, m = —oc0.

It follows from the above and (4.2.4) that

N
fi(Sp) (@) < Zﬂ(s )b/ @)Dy 0,
i=1
and
N
1/ (¢d) Z —bi/(285)+(1— bi)/p’ m — —oo,
=1
These inequalities imply that min; b; < as < a1 < max; b;. O

Remark4.2.77. (i) Some comments are desired on the interpretation of the exponents appear-
ing in the inequality (4.2.2). Recall that, on Euclidean space R¢, the celebrated Gagliardo—Nirenberg
inequality takes the form || Diul|pqrey < C||D™ul|$, (R4) Hu||Lp(Rd), where a € [0,1] is
given by 1 7= % + (; — E)a + 1;%. The case corresponding to the setting of Dirichlet forms

is the one when j = 0, m = 1 and r = 2, for which the exponent a is given by

__1/p—1/q
C1/p—1/2+1/d

(4.2.8)

Some insights are gained by comparing (4.2.3) and (4.2.8):
(i.a) The exponents a;, © = 1,2 in (4.2.2) are determined by the harmonic structure on S
(or equivalently the Dirichlet form &), the configuration parameters § and & of the measure

0, and the embedding parameters p and q.
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(i.b) The “Sobolev dimension” d of S, if it exists, should depend only on the harmonic
structure. This dependence is expressed in (4.2.3) as the denominator 1/p+1/(24,). Com-
paring this to the denominator of (4.2.8), we see that the Sobolev dimension d should be
givenby 1/p—1/2+1/d =1/p+1/(20;), i.e. d = ds. This suggests the identification of
the spectral dimension d, as the effective Sobolev dimension of S.

(i) The inequality (4.2.2) includes the analogue on Sofa specific case of the weighted
Sobolev inequality on R? in [8]. The weighted Sobolev inequality established in [8] takes
the form || |2 Vul| fo(ra)y < CH!l’\aDUH“Lr(Rd)H|£E!6UH1L;?R¢), where o, 3,y < 0 satisfy 1/r +
a/d>0, 1/p+p/d>1/g+~/d>0,and 2 + 3 =a(t + 24) + (1 —a)( +5). The
case corresponding to setting of Dirichlet forms is the one when o« = 8 = 0, r = 2 and

1/p>1/q+ ~/ds > 0, for which the weighted inequality reads
[l za(zpradey < C 1Dull G2 10l 17 amy- (4.2.9)

As remarked in Example 4.2.5(iii), the analogues on S of |z|74 dz on R? are Borel measures
& on S satisfying the condition (M.1) with §, § given by 1/8 = 1/6 = 1+~¢/d,. Therefore,
the analogue of (4.2.9) on S should be ullpasy < C&(u)¥?||u|},e, with a given by

LP(f)

% + d% = a(% — di) + I_Ta' This coincides with the result of (4.2.2) since the exponents for

1/p—1/q—v/ds

the measure ¢ are given by a; = a, = Up1/di—1/3

= Q.

According to Theorem 4.2.6, the condition (M.1) is sufficient for the derivation of the
Sobolev inequality. The following theorem states that this condition is also necessary for

the validity of the Sobolev inequality of the form (4.2.4) with ¢ < oo.

Theorem 4.2.8. Let 6 be a Borel measure on S. Suppose that there exist some constants
p,q € (0,00), b; € [0,1], 1 <i < N and C > 0 such that (4.2.4) holds for all u € }—(S)

Then there exist constants 0 < § < § < oo such that the condition (M.1) is satisfied.

Proof. Suppose that (4.2.4) holds. For any dyadic triangle S' C S, as shown in the proof of
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Theorem 4.2.6, there exists a piecewise harmonic function hg € F (S) such that
hg~1on S, supp(hs) C S, and &(hs) < fi(S) ™%,

where the notation S and the relations < and ~~ are the same as those in the proof of

Theorem 4.2.6. Applying (4.2.4) to hg gives that
&(9)V1 < Zﬂ(s)fbi/(%s)ﬂlfbi)/p, (4.2.10)
Since g < 00, it follows from the above that
sup {6(9) : S is a dyadic triangle with diam(S) = 1} < oo.

Therefore, the first part of (M.1) is satisfied with § = oo.
Furthermore, for any dyadic triangle S with diam(S) > 1, by (4.2.10), 6(S)"/7 <

f1(S)/P as fi(S) > 1. Setting § = p/q completes the proof. O

Applying Theorem 4.2.6 to the cases when ¢ = [i and when ¢ = 7/, we obtain the

following.

Corollary 4.2.9. Let 1 < p < q <00, ¢ > 2. Then

(a) The inequality (4.2.2) holds with ¢ = 1 and a1 = as = _Ap=lle o 0,1). In

1/p+1/(265)
particular,
maxu < CE(w)*?ull e, u e F(S), (4.2.11)
§
with a = m. Conversely, the inequality (4.2.2) holds for all w € F (S) if and only

e ey
if ar = a2 = 17, 755y

(b) The inequality (4.2.2) holds with 6 = . The pair (a1, as) given by (4.2.3) is optimal,
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where § = 1 and § = §,.

Proof. The only thing needs a proof is that § = d, in (b). Clearly,

R T e ———
We show that
sup lim [tr(AL; PAw,)]Y" = (3/5)% (4.2.12)

WEW, M0
from which the conclusion follows immediately.
Let Y; = P'A;P,i = 1,2,3. Then Y;,i = 1,2,3 have the same eigenvalues

{0,1/5,3/5}. It is easily seen that Af, PA(,,, = Y[, Y, for every m € N,

[W] m

and every w € W,,, where Y, = Y., - Y., Y, . Therefore, tr(Yt Y[w]m) <

[w]m

C. (3/5)*™, which implies that

sup lim [tr(Y] }mY[w]m)}l/m < (3/5)°.

w
wEW, M—00

1/m
Y, )] " = (3/5)
This proves (4.2.12). ]

For the reverse, let w = 111... € W,. Then lim,,_,o [tr (Yf

wW]lm

Remark 4.2.10. Setting p = 1, ¢ = 2 1in (4.2.11) gives the Nash inequality on S (see [15,
Theorem 4.1])

244/ds 5 4/dg Q
lull 755" < CE@)ull i), ue F(S).

Conclusions similar to that of Theorem 4.2.6 hold when the roles of ¢ and /i are ex-
changed. More specifically, let o be a Borel measure on S satisfying the following condi-
tion: there exist constants C; > 1 and 0 < § < § < oo such that

C:L (S8 < 6(S), if 0 < diam(S) < 1,

) (M’.1)
O p(9)Y° < 6(8), if diam(S) > 1,
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for any dyadic triangle S C S. For measures & satisfying (M’.1), we have Theorem 4.2.11
and Theorem 4.2.13 below, of which the proofs will be omitted as they are are similar to

those of Theorem 4.2.6 and Theorem 4.2.8.

Theorem 4.2.11. Let 1 < p < q < o0, q > 2. Suppose that ¢ is a Borel measure on S

satisfying the condition (M’.1). Then

[ullzagpy < C Z E(u) P ||ull ), we F(S), (4.2.13)
where
0 Yo —1/qg 1+ 1 1/(pd)—1/q 1*
“ [1/(pé) n 1/(259] T [1/<p5> n 1/(258>] ’ “4.2.19

and C' > 0 is a constant depending only on the constant Cs in (M’.1). Moreover, if there
exists a sequence {Sy, }mez of dyadic triangles such that lim,, , ., diam(S,,) = 0 and

lim,, o, diam(.S,,) = oo, and

1 m 1 m
1/6 = lim Og"—(s) 1/6 = lim Og“—(s) (M’.2)
m——o0 log fi(Sy,)’ m—o0 log fi(Spn)’
then the pair of exponents given by (4.2.14) is optimal in the following sense: if
N
]| Lo ay Z ) ull ey, w e F(S), (4.2.15)

for some constants b; € [0,1], 1 <i < N, N € N, and C > 0 independent of u, then
minb; < as < a; < maxb;.

Remark 4.2.12. Theorem 4.2.6 and Theorem 4.2.11 can be easily combined to yield the

following

[ull g,y < C Y E@)™||ulljk ), uwe F(S), (4.2.16)

LrP(61)’
1=1,2
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Theorem 4.2.13. Let 6 be a Borel measure on S. Suppose that there exist some constants

A

p,q € (0,00), b; € [0,1], 1 <i < Nand C > 0 such that (4.2.15) holds for all u € F(S).

Then there exist constants 0 < § < 6 < oo such that the condition (M’.1) is satisfied.

Corollary 4.2.14. The inequality (4.2.13) holds with 6 = v. The pair (a1, ay) of exponents

given by (4.2.14) is optimal, where the constants 6 = 1 and § is given by 1/5 = 1/6, + 2.

Remark 4.2.15. The value of ¢ in Corollary 4.2.14 follows from the fact that

inf lim [tr(Al, PAy,)]"" =3/25,

weW, m—o00

which will be postponed to Section 4.3 (cf. Corollary 4.3.26) in order to avoid digression

from the main task of the current section.

We end this section with the corresponding Sobolev inequality on the compact gasket
S, whose proof shall be omitted. Let o be a finite Borel measure on S. For the compact

gasket, only the first part of the condition (M.1) is relevant, i.e.
o(Se) < Copt(Siy,,)"”’, forallw € W, and all m € N, (4.2.17)

where C, > 0 and § € [1,00] are constants depending only on the Borel measure o.

Similarly, we only need the first part of the condition (M’.1), i.e.
C; i (Si )"t < 0(Sp,), forallw € W, and all m € N, (4.2.18)
where § € (0, oo is a constant depending only on the Borel measure o.
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Theorem 4.2.16. Let 1 < p < q < 00, q > 2, and let o be a finite Borel measure on S.

(a) Suppose that o satisfies (4.2.17). Then for any u € F(S),
lu = cll o) < CEW)?lu— el (4.2.19)

where c is any constant satisfying ming u < ¢ < maxs u, and

1/p—1/(g9) 1+
U1/ a2

and C' > 0 is a constant depending only on the constant C,, in (4.2.17). Therefore, for any
u e F(S),
ull Loy < C [E@)Jull 58, + lullrgn]- (4.2.21)

Moreover, the exponent a given by (4.2.20) is optimal in the sense that if (4.2.19) holds for
011 then a > | Mp=1/@) "

some a € [0,1], then a > T/ (26

(b) Suppose that o satisfies (4.2.18). Then the conclusions of (a) hold when o and v are

exchanged and the exponent (4.2.20) is replaced by

1/(pd) —1/q 1+
1/(p) +1/(26)1

Remark 4.2.17. Settingo = 1, = 6 = land p = 1, ¢ = 2 in (4.2.21) gives the Nash
inequality on S (cf. [15, Theorem 4.4] or [35, Theorem 5.3.3])

ds ds ds
lull 7505 < CTE@) + ullFagy] lull G, < CLEMW) + lullfagy] lull2iG, € F(S),

from which an upper bound of the heat kernel follows automatically (cf. [10, Section 2.4]

for more details).
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Corollary 4.2.18. For any u € F(S),

ull 120y < C [g(u)(ds—l)/2”u”ig$) + Nlull 2] - (4.2.22)

Therefore, for any € > 0,
Hu||L2(V) < €€(U)1/2 + Ce”“”[?(u)a

where C. > 0 is a constant depending only on e.

4.3 Sobolev inequality on product gaskets

In this section, we consider products of Sierpinski gaskets and study Sobolev inequality
involving singular measures on these spaces. The main difficulty in establishing these
inequalities is that so far there is no appropriate analogue of the following Newton—Leibniz

formula

f(2) — fly) = / (4(s). Vf(4(s))) ds, z.y € R”,

where 7 : [0, 1] — R" is the geodesic (parametrised by arc length) connecting = and y. To
overcome this, our main idea is to exploit the self-similar property of Sierpinski spaces and

derive the Sobolev inequality by an iteration argument.

Definition 4.3.1. For n € N,, the n-fold (compact) Sierpinski gasket S™ is defined to be

the Cartesian product

S"=Sx--- xS
————

n folds
with the product topology, and the n-fold infinite Sierpinski gasket S is defined similarly.

Generic points in S™ will be denoted as = = (T1,... X)), T; € S,1<i<n.
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For any n-tuple ¢ = (i1, ...,4,) € Z", define the translation 7; : R” — R" by
Ti = Tiy X oo X Tips

and define the contraction F; : 8" — S" by F; = F(;, ;) = F;; x --- x F; ; that is,

-----

Fi(z) = (Fi,(z1),...,Fi,(x,)), foralle = (zq,...,2,) € S".

Remark 4.3.2. (i) Clearly, S" can be written as a countable union S* = ;.. 7:(S") of
sets with disjoint interiors.
(ii) Notice that the F;,_;, and F;, ;) are different notations: The former is a composition

of contractions on S, while the latter is the tensor product of these contractions.

Definition 4.3.3. Forn € N, let
W, = {w = wiwows ... tw; € {1,2,3}", i € N+}

be the family of infinite sequences w = wjwows ... of n-tuples w; = (wi1, ..., W) €

{1,2,3}". Foreach w = wjws, ... € W, and m € N, we denote by
(W] = w1 W = (W11, W1n) - (Windy - -+ W)
the truncation of w of length m, and define the map F|,, : S — S" by
Fi), =Fu, . w, =Fu 0---0F,, .
Definition 4.3.4. The (n-fold) Hausdorff measure i1, on S™ is defined to be the product

/,Ln:,U/X"'XIU.
———
n folds
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The Hausdorff measure /i,, on S is defined similarly.

We start with two lemmas regarding elementary properties of gradients and harmonic

functions in S respectively.

Lemma 4.3.5. Let u € F(S). For any w € W, and any m € N,

(a)
3\ m/2 d(voFp, )71/2
V(woFu,) = (3) (VuoFu,)- [M] . (4.3.1)
5 dv
(b) For w € W, and m € N,
1\m d Fw 3\ m
(-) < Mo Fu,) (—) . v-ae 4.3.2)
15 dv D
Consequently, for any v > 2,
e\ m/T d F 1/r
> [VuoFyy,|- [ L od MW)]
o v (43.3)
< V(o) < ()" [Vuopy, |- [Tk
= lm )1 = \5 [wlm dy :
Proof. (a) For any w,w’ € W, and any m, [ € N,
2 o\ !
V(woFu,)|[ dv = (3) E(uoFy, 0 Fu)
F[w/]l(S)
3\m
= (—> / |Vul? dv
5 F l)m OF 01, (S)
3\™ 2
= (g) / [Vuo P, [ d(voFy,).
Fin, (8
Since the above equality holds for all sets of the form F,, (S), we deduce that
2 3\ m 2 d(VOF[w]m)
V(woFu,)| = (5)" [VuoFyy, [ ==, (4.3.4)
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In particular,
|V (hioFy)| = \/g}VhloFJ'W’ i=1,2,3, (4.3.5)

where h; is the harmonic function with boundary value h;|y,, = 1y,,}. Notice that, by

(1.2.10), hy o Fy = 2 4+ 2 hy and hy o Fy = hy o F3 = £ hy. Therefore,

2
V(hl o Fl) = thl, V(hl o) Fg) == V(hl o Fg) = thl

which implies that V(h; o F;) < 0 v-ae., i = 1,2,3, since Vh; < 0 v-a.e. (cf. Remark
1.2.26"). It follows from (4.3.5) that

d(V @) Fz)

V(hlon):\/EV}hOFz y

L i=1,23.

By the above and induction, it is easily seen that (4.3.1) holds for h;. Moreover, (4.3.1) for
general u € F(S) follows from (4.3.1) for hy and polarisation of (4.3.4).
(b) We only need to prove (4.3.2). The inequality (4.3.3) follows from (4.3.2) immediately.

For any w’ € W, and any [ € N, since Y; has eigenvalues {0, 1/5, 3/5}, we have

5\ m+l
/F o A(voFyy,) = v(Fu, o Fun(®) = (3) (Yl Y, Y, Yin)
[w']

()" )" wvbyYe) = ()" (Fu©).

and similarly,

/ d(l/OF ) > <§>m+l<1>2m ‘[race(Yt Y ) — (i)m ,/(F (S))
Fi, () Wlm) = \3 5 W] * W 15 [W']; .

Now (4.3.2) follows readily from the above and the Lebesgue differentiation theorem. [

Lemma 4.3.6. Let h;, i = 1,2,3 be the harmonic functions in S with boundary values

"Notice that the harmonic function A in Remark 1.2.26 is equal to 1 — h; here.
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hi|V0 =1¢py, 0 = 1,2,3. Then

(a)h1+h2+h3:1,

Vhi|?> + |Vho|* + |Vhs|* = 3 v-ae., and

IVhi| < V2 v-ace.,i=1,2,3. (4.3.6)

(b) |Vhi| has no strictly positive lower bound in any dyadic triangle S = Fy,, (S) C S;
that is,

esssinf |Vh;| =0, i=1,2,3,

where the essential infimum is taken with respect to the Kusuoka measure v.

Proof. (a) The two equalities in the statement are corollaries of the uniqueness of harmonic
functions and the fact v = (Vi) + Viny) + Vinyy)- Since hy + hy 4+ hy = 1, we have

> iz123 Vhi = 0, which together with 3., , 4 [Vh,|* = 3 gives

3= |Vhil|> =2(VIu|* + Vi Vhy + [Vho|*) >

i=1,2,3

Vhi 2.

DO W

Therefore, |Vh;| < V2 v-ae.,i=1,23.

(b) It suffices to prove essinfg |Vhi| = 0. We first show that essinfs |[Vh,| = 0. Let
w=2333... € W,. Then

B =@ 50" —m @ HE)"
m+1 m m m m

Yoo = Y5 Yo = | =)™ 5"+ 50" —%(3)" - 66)

0 5 (3)" 5 (3)"
Therefore,
1 3 GEYF s Y [@lms1€1
- Vh 2 dy = = Wim+1 < 9—m+1'
V(F[w]m+1 (S)) /F[W]m+1 | 1| v 2 tr(wa]m+1Y[¢u]m+1) N
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The above implies that

v{|Vhy| <371 > 0.

Therefore, essinfs |Vhi| = 0.
Next, we show that ess infg, ) |IVhi| =0, i =1,2,3. As seen in the proof of Lemma

4.3.5(a), we have

2
V(hl o Fl) = thl, V(hl o Fg) = V(hl o Fz) = thl

This implies ess infg |V (h;oF;)| = 0. Since voF; and v are equivalent measures by virtue

of (4.3.2), it follows from (4.3.1) that

essinf |Vhy| = essinf |[Vhy o F;| = 0.
Fi(S) S

By induction, we see that essinfg |V h;| = 0 holds for all dyadic triangles. This completes

the proof of (b). [

We now give the definition of Sobolev spaces W on S™ and S™. For a generic point

x=(x1,...,24...,2,) €S", we denote
/_
€T, = (.Tl, e Li 1, Lj 1y - - ,$n>.

To simplify notations, we abuse notation to write = (z;, ;) and

(flicy X 0 X fin—i1)(dx) = (0 X fin1)(dz;, dz}).

Definition 4.3.7. Let r > 2, and let C(S™) be the space of functions u € C'(S") such that
u(-, ) € F(S") forall 1 <i < nandx, € S"'. Forany u € C(S"), define
1/r

[idwseon = (3 [ Foutan@l” (o) da)
i—1 /8!
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with V; being V applied to the ¢-th component ;. Let
, ., 1/r
”uHW“(S”) = <||u||LT(S";;Ln) + [[U]]Wlw(gn)> :
The Sobolev space W (S™) is defined to be the completion of
{uec(s"): [lullwrreny < oo}
with respect to the norm || - |[yy1,(gn). Let

T 1/r
[[U]]Wlm(Sn) = [ § [(uo Ti)|S"]]W1m(Sn)] ’
1EL™

1/r
ety = (1l @y + [dipiny)

Then Sobolev space W (Sn) is defined to be the completion of
{ueC(s"): [l gny < 0o}

with respect to the norm || - [[y1.gny-
The proposition below states that the space W' (S") is sufficiently large.

Proposition 4.3.8. Let n > 1,7 > 2. Then W' (S) contains all piecewise harmonic
functions in'S. Moreover, C(S™)NW 17 (S") is dense in C(S™) with respect to the supremum

normi.

Proof. We first show that W' (S) contains all harmonic functions in S. Let h;, i = 1,2, 3

be the harmonic functions with boundary values
hi|V0 =1y, 1=1,2,3.

By Lemma 4.3.6, Vh; € L>=(S;v) and therefore h; € W' (S), i = 1,2, 3. Furthermore,
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WL (S) contains all harmonic functions in S as any harmonic function is a linear combin-
ation of h;, i = 1,2,3. By (4.3.3), we see that W' (S) contains all piecewise harmonic
functions in S.

Since the linear space generated by functions of the form
w(@) =uy(zy) - up(xn), Ur,...,u, € C(S)

is dense in C'(S™), so is the linear space generated by functions of the above form with each
u; being piecewise harmonic. Clearly, u;(x1) - - - u,(z,) € W (S") whenu;, i =1,...,n

are piecewise harmonic. This completes the proof. [

The following Poincaré inequality on S™ is the cornerstone of our arguments.

Lemma 4.3.9 (Poincaré inequality). There exists a universal constant C, > 0 (independent

of n as well) such that
/ lu— [u]gnfd#n < O [ulfyroggny, uw € WHA(S), (4.3.7)

where [u]sn = [g, u dji,.
Proof. Let uy, be the function on S* defined by

uk(xl,...,xk):/ w(xy, ..., xy) ok (drpsq, ... dxy), k=0,1,... . n.
Sn—k

In particular, ug = [u|s» and u,, = u. Clearly,

uk1(x1,...,$k1):/uk(x1,...,xk),u(dxk), k:L...,n.
S

Moreover,

|u — [u]§n|2 dp, = / [ — wo|? dpy, = Z /k g — wp—1|? dpy (4.3.8)
sn sn /s
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Now the Poincaré inequality (1.2.9) on S gives that

/|Uk(371,---,9€k:) — w1 (21, . wpm) |P plday) < C /|Vk:uk($17---,9€k)|2 v(dzy)
S S

=0*/ Ve @) (v X o) (Ao daa), B =1
Sn—k+1

Therefore,

) lup, — up_1|* dug < O, (Vi u(zy, ) |? (v X fin_1)(dy, dx}), k=1,...,n.
s sn

This, together with (4.3.8), completes the proof. [

We can now prove the first inequality for Sobolev functions, which is the key technical

ingredient for the derivation of the Sobolev inequality on product Sierpinski spaces.

Lemma 4.3.10. Letu € C(S*) N W' (S"), n > 1. Ifr > 1+ (n— 1)d; and r > 2, then

ossnc(u) < Gy [u]wrr(smy (4.3.9)

for some constant C,, > 0 depending only on n.

Remark 4.3.11. The assumption » > 2 is only to guarantee that the gradient Vu has a
proper definition. This is also the reason for having » > 2 in most of the results in this

chapter.

Proof. For any w = wijwows--- € W, with w; = (wyj,...,wy;) € {1,2,3}", j € Ny,
denote

W; = W;1WioWis . .. € W*, 1 S 1 S n, (4310)
and

w; = (wll, Ce 7w17i_1,w17i+1 e ,wln)(w21, Ce ,w277;_17w27i+1 e ,(,UQn) Ce (4311)
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By the Poincaré inequality (4.3.7) and (4.3.3),

. uo Fr, — [uo Fy,Jse|” din

n

<C.y | [Vi(we P, ) (@ @)| (v X o) (da, da))
Sn

=1

3 " . / /
=a(35) X [ 190 P 01,20 070 Pi) % o, )
3\ m - 2

( o > ; /1‘“[me(8") | ulee )

C, (%)m [ > V(F ) (S) i1 (Flug,, <S"_1))]

(v X pp1)(da;, dezy)

1-2/

IN

[u] 12/VLT(S")'

=1

Since v(F,,,.(S)) < (3/5)™, we deduce that
1

pin(Fle, (S™)) /FMm (s7) ju- [U]F[w]m (s7) i

, 71/
< [/ |u o F,, — [uoFi, o] d,uni|
N

Im

S Cn 37m[1/657(n71+1/65)/r] HUHWLT(STL).

For any € S", choose w € W, such that Fy,; (S") — x as m — oo. Let [u],, =
[ulg,,,, s for m € N. Then, by the above inequality, we have

&),
U — (Ulm d n
MH(FMmH(Sn) Flolmi1 (Sn)| . ’ g
3
o ,Un(F[w]m (Sn)) Floim (S")

< C, 37/ 8=0=D/ [y oy,

[l = [Wlimsa] <

|u— [u]m | dpn

Since 1/(r'ds) — (n — 1)/r > 0, we may conclude that

k—1
Hu]k - [u]0| < Z Hu]m - [u]m+1‘
m=0
<0 3 S [y
m=0

= On [[u]]wl,r(gn) .
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Using the Lebesgue differentiation theorem and setting & — oo gives

u(e)~ [ wd,

which implies (4.3.9). [

< Cn [[U]] whr(sn),

Remark 4.3.12. Whenn = 1, p = 2, the inequality (4.3.9) reduces to the inequality (1.2.9)

on S.

Proposition 4.3.13. Suppose that v € W' (S"), r > 1+ (n—1)d,. Thenu € C(S™), and

forany w € W,,
OSSnC(u o) F[w]m) S Cn 3-mer [[Uﬂwl,r(F[w]m (S™))> (4312)

where

a, =1/(r'és) — (n—1)/r. (4.3.13)

Proof. For any w € W, and any m € N, by (4.3.9),

osc (woF,,) < CpuoF, Jwirsn).

By (4.3.3) and using the notation (4.3.10), we deduce that

[uo Frup, [ sny

=3 [ Vo B, ) ) ) (s, )
i=1 /S"
< g/ Z/S Viuo Fi,, (zi, )| [(v 0 Flu,,) X pn1](dz;, da))
i=1 V"

< 3omlob ) § / IViu(ws, )| (v X pins)(das, daz))
i=1 7 Flo)m (5)

= 3D e e (@)
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which completes the proof. O

To proceed further, we shall need the following result for the Kusuoka measure.

Lemma 4.3.14. There exists an w € W, such that

i 2O FT Fen®) e 2o P (FuS) (i)m (4.3.14)
k—oo V<F[W}k (S)) UJEW*, kEN+ V(F[W]k (S)) 15
Proof. By definition,
voFY (Fuy(8) _ (VD) Vi Yea YY) -
v(Fu,(S)) tr(Yi,, Yi,)

Since the eigenvalues of Y are {0,1/5,3/5}, we deduce that
tr((Y7) Y, Y, YT) = 572" tr (Y1, Yia,),

which implies that

in voF7 (F[w]k(S)) > (i)m
weW. ,keENL V(F[w]k<S>) —\15 '
To show the reverse inequality, let
2 1
N
_ 1 1 1
Q=|-% ¥
-t _1 1
V6 V2 V3
Then
M; 0
QEY’LQ = ) 1= ]-7 27 37
0 O
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where

3 3 _\B 3 VB
5 10 10 10 10
Ml = ) M2 = ) M3 -
0 L Vi1 V3ol
5 10 2 10 2
Denote
M(k)1n M(k)i2
M[w]k , keN,.
M(k)or M(K)2
Then
b ((Y7)" Vi, Y Y1) (M) M), My, MY)
tr(Yi,, Y, tr (M, M, )
o (3)2m > M(k)7 n <1>2m > M (k)5
) s w5 S M
Letw = 2333..

. € W.,. By simple computation,

M, = M5 M, =

k—1 k-1 k-1
-5 (3) B () 5 (6)
Clearly,
k—o0 E” M(’“)?; " koo le M(k)?g 7

and therefore

(M) M) M M)

1\ 2m
R tr (Mfw]kM[w]k) N <5> ’

This implies

Vo R (F(S)  r1ym
o v(Fr, (S)) _<B> ’

which completes the proof.

As an immediate corollary of Lemma 4.3.14, we obtain the following.
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Corollary 4.3.15. Let m € N. Then

R I Pl
dv re@o)  1d(D o F7) lle @)

= 15", (4.3.16)
The following proposition shows that a function u € W' (S") with r > 1 + (n —

1)ds, r > 2 has at most polynomial growth.

Proposition 4.3.16. Suppose u € W'(S"), r > 14 (n — 1)d,,r > 2. Let S,, =

F(_1m1)(Sn) =2"S", m € N. Then

gsc (u) < 3™ [ulwir(s,), (4.3.17)
where
B = (1/0s+1)/r" —n/r. (4.3.18)
Proof. By (4.3.1),
Viu=V;(uoFy" ,oF{i )

Therefore,

d(vo Flm)} 1/2

) =3 VuoF " - [ d
1%

(1,...,1) 1,...,

It follows from the above and Corollary 4.3.15 that

d(v o By ™)71/r
ol [

Vi(uo B )| < 370 g o | [T
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Therefore,

~~~~~

Sn
< 3m[(1/5s+2)(7”71)*1”} : |VZ U o F(I?l,l) (mi’ .’D;) |7" [(y o FIm) > anle'xia dw;)
Sm
which yields that
|:|:’U/ e} F(lfn,l)]] WLr(sn) S BmBr [[u]]wl,r(sm).
Now (4.3.17) follows immediately from (4.3.9) and the above inequality. []

To formulate our first main result, let us first introduce the setting that we shall work
on. Let 6 be a positive Radon measure on Sn satisfying the following condition: there exist
constants 0 < § < § < oo with & > 1 and C; > 0 such that

5(S) < Csfin(S)°, if 0 < diam(S) < 1,

(N)
5(S) < Csfin(S)Y8,  if diam(S) > 1

for all dyadic triangles S C Sn.

Remark 4.3.17. Note that the restriction 6 > 1 in (N) is necessary in view of the countable

additivity of ¢ and /i,, and that ¢ is finite on compact subsets.

We list some examples of the Radon measure &.

Example 4.3.18. (i) The Hausdorff measure y,,, for which § = 0 =1.

(i1) The product Kusuoka measure 0, = o X --- x v, for which the sharp constants  and
& will be given later (see Corollary 2.2.4(a)).

(iii) Dirac measures, for which § = 6 = co.

(iv) Examples in (ii) and (iii) can be generalized to linear combinations of measures of the

form 6 = &, X 09, where 61, &5 are Radon measures on S* and S”~* satisfying conditions
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(N) on the corresponding spaces. Another particular case of such measures is
n
o= g E ﬂifl X 5pj X /]/nfia
i=1 j=1,2,3

where 0, is the Dirac measure concentrated at p; € V. Applying Theorem 4.3.19 below

to the above measure ¢ gives the trace theorem for functions in W”(Sn).

We are now in a position to formulate the Sobolev inequality on the infinite product

space S".

Theorem 4.3.19. Suppose ¢ is a positive Radon measure on Sn satisfying the condition

(N). Letr > 14 (n—1)ds, 7 > 2, p > 1, min{p,r} < q < co. Then

fellzoe) < © ZMWU N [ (43.19)
where
a :[ 1/p —1/(g9) ]+
V= 1+ 070, + 1l
ay = [ 1/p —1/(¢é) ]+ (4.3.20)
* = =1/ 1/e) + 1rljm)

and C > (0 is a constant depending only on the constant Cj in (N).

Proof. Forany i € Z", m € Z,let S; ;,, = 7,0 F (| |/(S"). Then S; 5, are dyadic triangles

.....

with diam(S; ,,,) = 2™, and S" can be written as the union S" = U Sim of sets with

I<yAl

disjoint interiors. Denote

1

3mn

,anm = ,&n(sz,m) = R [U]Si,m = = / ud/ln, = Zn, m € 7.

’Ltnm Si,m
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For m > 0, by Proposition 4.3.16 and (N),

lu|dé < 2971 Z [/ lu— [uls,,.|" d6 + 6(Sim) |[uls,...

!

Sn iczn Y Sim
R n B \4/p
<23 [ Su it b, + 6 S itl? ([ fudia) "]
TEL™ S’i,'m
B n s \4/p
<Ot Y [ Rl ([ )]
iczn Si,m
< Co 2 |l (3 [ulives, )" e Z/ updis, )"
iezn = iczn
<201 _A1/6+,37q/n< ZHUHW” > A1/5 q/:D Z/ P djin P}
iezn iczn
< o2t Sl Bl

where «,., 3, be the exponents given by (4.3.13) and (4.3.18) respectively. Therefore,
o) < C | [y + o™ Pl i | (4.3.21)

where C' > 0 is a constant depending only on Cj (the constant C' can chosen to be inde-

pendent of ¢ as ¢ > 1). Similarly, for m < 0, we have

[ull Loy < C | et [l yr v gy + AP ]| oy | (4.3.22)

Without loss of generality, we may assume that [uyy1.-gay > 0. For the case [u]y1.- g0y <

Jul»(s, - setting
m = inf {m >0: AﬁT/"H/p > HUHLP(ﬂn)/[[U]]WM(Sn)}

in (4.3.21) gives that

l1—aq

HuHLq(G < C [[u w1l T(Sn HUHLP /»‘Ln)
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For the case [u] 1. g0y > [[ul[Lr(a,), setting

m = sup {m <0: Mﬁr/n+l/p < HuHLp(ﬂn)/[[u]]Wl,r(gn)}

in (4.3.22) gives that

1—as

[ullLazy < C'Tulyy L9 (in)”

w1, ’I‘(S’I’L ||u”

This completes the proof. ]

Remark 4.3.20. (i) Recall that the Sobolev inequality on R" takes the form
[l pageny < IV ullTr @ [l 1 ny: (4.3.23)

where a € [0, 1] is given by
o= Yr—la (4.3.24)
1/p—1/r+1/n

Let us compare (4.3.19) and (4.3.23). That the exponent ¢ in (4.3.24) is changed to the two
exponents ¢d and ¢d. This is due to the different scaling rates of the measures 7, and &,
and the inhomogeneity of the scaling rate of ¢ under shrinkage and expansion. The factor
before 1/n in (4.3.24) is changed from 1 to the pair 1/(r'ds) + 1/r" and 1/(r6;) + 1/r".
When r = 2, these numbers are both equal to 1/(2J) + 1/2, which is the natural factor for
S as 0s = 1 if the spectral dimension were d;, = 1. When r > 2, these numbers depend on
the exponent r. This suggests that » — 2, the extra part of r, has a distorting effect on the
dimension n. Such a distorting effect can also be seen from (4.3.1) and (4.3.3).

(i1) Only the term corresponding to a; is needed on the right hand side of (4.3.19) when Sn
is replaced by S™, since only the first part of (N) is involved. The proof of this is similar to

that of Theorem 4.3.19 and hence omitted.

We now show that the condition (N) is also necessary for the Sobolev inequality (4.3.19)

to hold.
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Theorem 4.3.21. Suppose that ¢ is a positive Radon measure on S". and there exist con-
stantsp > 1, 1 <g<oo, r>1+(n—1)0s,7r>2, a;€[0,1],1 <i<kandC >0

such that

k
[ullzoe) < C Y u el forallu € WHT(S). (4.3.25)
=1

Then o satisfies the condition (N) for some 0 < 6 < § < oo withd > 1 and Cs > 0.

Proof. For the first part of (N), it suffices to show that sup;.;. 6 o 7(S™) < oo and take
& = oo. (Note that § = oo is the only valid value when o is a Dirac measure.) Let ¢ be
the 1-harmonic function in S with boundary value ¢g|v, = lp,@,). Clearly, ¢olv, = 0.

Therefore, setting ¢, = 0 on S\S gives a function ¢, € F(S). It is easily seen that

< ¢o < 1lonFyoFy(S), supp(¢dy) CS.

ol Do

Note that (¢9oF)|s is the harmonic function in S with boundary value (¢ooF) ‘Vo = 1{ps}-
By (4.3.6), (4.3.1) and (4.3.16),

1/2

< 5V2.

) dp
d(ﬁ O Fl)

5)
HV%HLw(S;u) = HV%OFIHLM(S;V) < \/; ||V(¢OOF1)HL00(S;V)

Lo (Siw)

Therefore,

[[V%]]Wu(g) < 5V2.

Forany j € Z,let¢; € F(S) be the translation ¢; = ¢oot;. Foreach i = (iy,...,1,) € Z",

let

ui(x) = @i (x1) - i, (x), ©=(21,...,2,) €S".

Then u; € W (S"), supp(u;) C 75(S"). Let



Then

2\ "
<g) S Usq S 1 on Sia [[ui]]WI,T(Sn) S 5\/§ Tll/r.

Setting u = wu; in (4.3.25) gives sup;cz. 6(5;)/9 < oo. Since ¢ < oo, we see that
SUp;ezn 0(5;) < oo. Clearly, this implies sup;cz. 6 o 7;(S") < oo, as we may change the
boundary value of ¢y to ¢olv, = Li,(ps) OF Polv, = 1w, (p,) accordingly, for which similar

results still hold.

We now prove the second part of (N). Let u; and S; be the functions and triangles
Z™. The desired conclusion follows readily by changing the boundary value of functions.
By (4.3.3),

[ui o B ylwirgey < 3% [ualyprrgn < 37 -5v20'/? forallk e Ny, (4.3.26)

.....

where (3, > 0 is the constant given by (4.3.18).

Let S C S™ be a triangle of the form S = F(’llfm’l)(S,-), k € Ny, ¢ € Z". By (4.3.26),

.....

(}<S)1/q < ¢, 3km/ptB) — lan<s)1/p+/3r/n7

where ¢,, > 0 is a constant depending only on n and the constant C' in (4.3.25). Therefore,

the second part of (N) holds with § = ¢(1/p + B,/n) > 0. This completes the proof. [

We may exchange the positions of ¢ and /i, in (4.3.19). Let 6 be a Radon measure
satisfying the following condition: there exist constants 0 < § < ¢ < oo with § < 1 and
C', > 0 such that

C i (S)Y2 < 6(S), if 0 < diam(S) < 1,

_ (N)
O (S)Y° < 6(S),  if diam(S) > 1,
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for all dyadic triangles S C S™. Note that, as in (N), the restriction § < 1 is necessary in

view of the countable additivity of measures.

Remark 4.3.22. The sharp constants for (N”) when ¢ is the product Kusuoka measure 7,, =

v x --- x v will be given later (see Corollary 4.3.26(b)).

For such Radon measures, we have the following two theorems, of which the proofs are

similar to those of Theorem 4.3.19 and Theorem 4.3.21, and hence will be omitted.

Theorem 4.3.23. Suppose o is a positive Radon measure on Sn satisfying the condition

(N°). Letr > 14+ (n—1)ds, 7 > 2, p> 1, min{p,r} < ¢ < oo. Then

i 1—a;
lullzogy < C D Tulfy g lull 12
i=1,2

where

o — [ 1/(pd) — 1/q ]+ 0y — [ 1/(pd) —1/q ]+
1/(pd) — 1/r + [1/(r'8,) + 1/r] /nd 1/(pd) = 1/r +[1/(r'ds) + 1/7]/nd

and C > (0 is a constant depending only on the constant Cyz in (N”).

Theorem 4.3.24. Suppose ¢ is a positive Radon measure on S, and there exist constants

p>1,1<qg<oo, r>14+(n—1), r>2 a; €[0,1], 1 <i < kandC > 0 such that
k
| Lagan) < C Z[[u ;i/l,r(gn)H“”lL;Z;)? forallu € W' (S™).
i=1

Then & satisfies the condition (N’) for some 0 < § < § < oo with § < 1 and C > 0.

We now give the sharp values of the exponents 6 and ¢ in (N) and (N”) for the product

Kusuoka measure v,,.

Proposition 4.3.25. The following holds

inf liminf [tr(YS, -+ YL Yo, - Yo )] " == (4.3.27)

weEW, m—o0
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Moreover, the infimum (4.3.27) can be achieved by some w € W,.

Proof. Let M;, v+ = 1,2, 3 be the 2 x 2 matrices given by (4.3.15). As seen in the proof of

Lemma 4.3.14, it suffices to prove the lemma for M;, : = 1, 2, 3. Notice that

3
det(Ml) = det(Mg) = det(Mg) = %
We see that
det (MY, -+ M!, M, ---M,,) :ﬁdet (M.,)* = (3)2’"
w1 Wm, Wm, w1 P wj 25 .

Since M{, ---M;, M,,, ---M,, is non-negative definite, by the arithmetic-geometric mean

Wm

inequality,

M,,, ---M,,) > [det (Mful"'thMwm""Mwl)]l/Q — (i)m

1
—tr(ML oM v
2 ! 25

Wm

This implies that

1/m> 3

inf liminf [tr(M, ---M{ M, ---M,)] """ > %

weEW, m—o0

To show the reverse, we construct a finite sequence (w; ...w,) € {1,2,3}" such that
M., ---M,, has no real eigenvalues. Once such a finite sequence can be found, since
M;, ¢ = 1,2, 3 are 2 x 2 matrices, the spectrum of M, - -- M,, must consist of a pair of

conjugate eigenvalues A\, A € C. Therefore, M, - - - M,, is similar to the diagonal matrix

A0
0 A
Moreover, we have
3 \7/2
3= (3)
25
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in view of
,

det (M., ---M.,) = [J det (M.,) = <3>

i=1

Now set w to be the repetition

Then, withm = rk, k € N,

_ 3\7k 3\m
(MY, - MY M, - M,,,) = A% + A2 =2 (—) —2. (—)  keN,
! " 25 25
This implies that

: t t L/m 3

lim [tr(ML, - ML, M, My,) | = o
M—00 ! m 25

By a direct search, it can be seen that the least possible value of r is » = 3, and

accordingly, (312) is a finite sequence satisfying the desired property. In particular, the

product

6 V3
125 125
IVIQPV11IV13 -
_V3 4
125 125

is a such product having eigenvalues o= (14 %1) We may now take w = (312)(312) ... €

W, and complete the proof. O

Corollary 4.3.26. (a) The measure 6 = U, satisfies the condition (N) with 6 = 1 and
0 = 6,. Conversely, if i, satisfies (N) for some § and 6, then § < 1, § > 6,.
(b) The measure 6 = D, satisfies the condition (N’) with § = (1 +1/5,)"" and § = 1.

Conversely, if 1, satisfies (N’) for some & and 9, then § < (1+1/5,)7", § > 1.

Proof. (a) We only need to prove the statements on ¢ for v, as ,(S) = f1,,(S) = 3* for
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dyadic triangles S C S* with diam(S) = 2%, k € N. Recall that the spectrum of Y; are

spec(Y;) = {0, £, 2}, i =1,2,3. We deduce that
1 /5\m™ 3\ 2m m 1/6s
v(Fu.®) <5 (3) [2(5) ] =3"" = u(Fu.©)
for all w € W,, m € N. Therefore,

Vi (Fiug,,(S)) < (Flay, ()™,

which shows that the first part of (N) with O = 0.

Conversely, suppose v, satisfies the first part of (N) for some 0. Let S, = F?ll ..... 1 (S™), m €
N. Since
1 /5\m [/3\2m 1\ 2m 3m/8s
e =5G) 16 +6) =
vFE) =5(3) 1) ) 12
we see that

Therefore, § > 6.

(b) As in the proof of (a), we only need to prove the statements on  for v,,. By Proposition

4.3.25,

1 /5\m s 3\m 1., . 1 /65
V(F[w]m<8>) > 5 <§> <%> = 53 (1+1/8) = §N(F[w]m(8))1+l

for all w € W,, m € N. Therefore,

U (Fop (S™)) = = jin (Flu, (S) % forall w € W,

1
Z o
This shows the first part of (N*) holds with § = (1 + 1/§,)~".

Conversely, suppose v, satisfies the first part of (N”) for some J. By Proposition 4.3.25,

124



there exists an w € W, such that

. 1/m 3
Jim [er(Yiy, Yi)] ™ = 52

Therefore,

lim v(Fp, ()" = 2 tim [ir(YY,, Yi,)]"™ = &

Jim v(Fl,(8) 7" =3 lim (Y, Yi,)] ™ =5,
Let S, = F,, X -+ X F,, (S™). The above and (N’) give

log v, (Si, log 5
16> lim 28valSm) o855

This completes the proof. ]

4.4 Semi-linear parabolic PDEs

In this section, we study a type of semi-linear parabolic equations on S, for which en-
ergy estimates and existence and uniqueness of solutions are established (Theorem 4.4.14).

Moreover, the regularity of solutions to these PDEs is derived under additional conditions.

We consider the following initial-boundary value problem for semi-linear parabolic

PDEs (see Definition 4.4.11 for a precise interpretation)

Owudp = Ludp + f(t, z,u, Vu)dr, in(0,T] x (S\Vy),
4.4.1)

u=20 on (0,7] x Vg, u(0) =1,

where V) is the boundary of S (cf. Section 1.2.1), v» € L?(u), and the coefficient f :
[0, 7] x S x R? — R satisfies the following:

(i) There exists a constant K > 0 such that
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[f(t2,y,2) = f(t, 2,9, 2)] < K (Jy — gl + |2 = 2]), (A.1)

forall (t,2) € [0,7] x S, (y,2), (7, 7) € R

(i) f(-,0,0) € L2(0,T; L2(v)), that is,

T
||f(7 0, O)H%Q(O,T;LQ(V)) = /0 /Sf(taxa 0, 0)2V(d1’)dt < 0. (A.2)

Remark 4.4.1. There exist different formulations of non-linear PDEs on fractals. For ex-
ample, a type of non-linear equations on fractals was considered in [28], where the non-
linearity f(Vu) is a bounded mapping f : L?(v) — L*(u). The equations studied there are
essentially defined via a single measure (the Hausdorff measure 1). Therefore, the PDEs
studied in this paper are different in essence from those considered in [28] in the way the

gradients interact with the equations.

From now on, we shall use the notation (f, g), = fs fgd\ for any Borel measure A
on S and any \-a.e. defined functions f, g on S, whenever the integral is well-defined. As
in the previous section, we denote by C', a generic universal constant which may vary on
different occasions.

Let pY(t,z,y) be the transition kernel associated with the killed Brownian motion
{X?}i>0- The following result on resolvent kernel estimate was first proved in [4, The-

orem 1.5 and Theorem 1.8].

Lemma 4.4.2. Let p°, o > 0 be the a-resolvent kernel of { X }i>0, that is,

pg(x,y) :/ e_o‘tpo(t,x,y) dt, x,y €S.
0

Then p°(-,-) is Lipschitz continuous with respect to the resistance metric (cf. Definition
1.2.22), i.e.

10°(z,2) — P2 (y, 2)| < CoR(x,y), x,y,2 €S, (4.4.2)
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for some constant C,, > 0 depending only on .

Remark 4.4.3. The formulation of Lemma 4.4.2 is different from the original form of [4,

Theorem 1.5 and Theorem 1.8]. Here we have used (1.2.16) to arrive at (4.4.2).

In view of the joint continuity of p°(¢, z,y), the definition below is legitimate.

Definition 4.4.4. For any Radon measure A on S, we define PPA\(z) = [, p°(t, z,y) AM(dy), = €
S, t € (0,00).

Remark 4.4.5. (i) Let \ be a Radon measure on S. By the symmetry of p°(¢, -, -), it is easy
to see that (P2(g\), f), = (g, PP f)x forall f € L*(u), g € L'(N).

(ii) For any Radon measure A on S, we have P’A € Dom(L) for ¢ > 0. In fact, since
P(t,,y) € C((0,00) x S x S), we have P),A € C(S), which implies that P)\ =
Py,(Pj,\) € Dom(L). Moreover, PA € C(0, 00; L*(u1)) and (d/dt) PPX = LPY).

(iii) Notice that, due to the singularity between £ and v, the contractivity || PY(gv)||r2(,) <

19l 22y, ¢ > 01is in general no longer valid. In fact, for g € L*(v), g # 0, we have
- 0
lin (| B (g)]| 12(n) = o0

To see this, suppose, for a contradiction, that limy_q || P (g 12() = SuPyso || P (92) [ 2¢0) <
0. Then there exists a unique go € L*(p) such that lim, o P2(gv) = go weakly in L?(u).

On the other hand, for any v € F(S\V)), we have

(g0, 0} = limn( PP (g0), v} = linn(g, PYv)y = (9, 0)s,

where the last equality follows from the uniform convergence lim; ,o P’v = v as a con-
sequence of the convergence in F(S\Vy). By the density of F(S\Vy) in C(S), it is seen

that gv = gou, which contradicts the fact that ¢ and v are mutually singular.
To study the semi-linear parabolic PDEs (4.4.1), let us first investigate the formal in-
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tegral

t
/ PP (g(s)v)ds, (4.4.3)

0

which is the formal solution to the equation d;udu = Ludp + g(t) dv. Since P, is not
bounded from L*(v) to L?(u) (cf. Remark 4.4.5(iii)), there is a singularity in the integrand
of (4.4.3) at s = t. In the following lemmas, we shall show that (4.4.3) is a well-defined
function in the space L>(0,T’; L*(u)) N L?(0,T; F(S\Vy)), and is jointly Holder continu-

ous if g(¢) is uniformly bounded in L?(v).
Lemma 4.4.6. Let g € L*(0,T; L*(v)). For each § € (0,T), let

(t-0)*
us(t) = / P (g(s)v)ds, t€[0,T]. (4.4.4)
0

Then us € L>(0,T; L*(1)) N L*(0,T; F(S\Vy)), and

T T
Hu5H%°°(0,T;L2(u)) +/ P T9E (ug(s)) ds < e / GCE(T_S)HQ(S)H%Z(V) ds,
0 0

for any ¢ > 0, where C, > 0 is a constant depending only on €. Moreover,

|0vus|| 20,71y < Cx ||l 220,130200)-

Proof. Tt is convenient to set g(¢t) = 0 for t < 0. Clearly, us(t) € Dom(L), t € [0,T]. For

each s € (0,7), since the function
t= P (g(s)v) = L 5[P5(g(s))], t € (s +6,T)

is a continuously differentiable L?(u)-valued function, we see that us € C1(6,T; L*(1))
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and
Owus(t) = PY(g(t — 6)v) + /Ot_ LP (g(s)v)ds = Lus(t) + PP (g(t —d)v). (4.4.5)

For any ¢ > 0 and each ¢t € (0, T), testing (4.4.5) against us, and applying Corollary 4.2.18

and Young’s inequality gives that

s D)2 = (PRl — 5)0), us(1)) — Elus(1)
= (gt = 8), P (us(t))y — E(us(t))
< CEPY (us()) M PP (us ()15, — Eus(t)) + ellg(t = 6)II32(,)
< C & us(8) ™ lus ()75 — € us()) + ellg(t = )72,

1
< Cellus (B2 — 5€ (us(t)) + ellg(t = )llz2,)

where C, > 0 denotes a generic constant depending only on ¢ which may vary on different

occasions. By Gronwall’s inequality and the fact that us(t) = 0, ¢ € [0, §], we deduce

t (t—6)*
s (8) |72,y + / eC=IE (us(s)) ds < e / Y g(s)|F2yds.  (44.6)
0 0

By (4.4.5) and Young’s inequality, for any v € F(S\Vy),

[(Drus (1), v)ul < (gt = 8), Fv)o | + € (us(1))/2E (v)/2
< Cullg(t = Ol 2y E(F0)'? + E(us (1)) /€ (v) /2

< G [llg(t = O)llz2w) + E(us(®) 2] [v]] £

The above inequality also holds for v € F(S). This can be seen by considering the F-

orthogonal projection of v on F(S\Vj). Therefore,

10vus ()]l 71 < Cu [lg(t = )22y + Eus()?], t € (8,T],
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which, together with (4.4.6), implies the desired estimate for || 05| z2(0,7,7-1)- O

Lemma 4.4.7. The limit

(1—8)+
u(t) = lim P (g9(s)v)ds, (4.4.7)
=0 Jo
exists with respect to the norm || - || Lo, r:2(u)) + || - || 22(0,1,7), and satisfies
e e
2 (T —s (T —s 2
By + [ €T ds < ¢ [T Ig(s) B d.
0 0

Moreover; u(t) has a weak derivative Oyu in L*(0,T; F 1), and
10vull 20,771y < CillgllL2 075220

Proof. As before, we set g(t) = 0 fort < 0. Let §,¢" € (0,7) and w = us — us, where us

are the functions defined by (4.4.4). By (4.4.5), we have
Oyw = Lw + P3[(g(t — ) — g(t — &")v] + (P5 — Py)(g(t — &),

from which it follows that

5 7 10Ol = —E((®) + (Fl(g(t = 8) = g(t = 3)¥], w(t))n 448)

+ (P = Py)(g(t = 0")v), w(t)),.

The first term on the right hand side of (4.4.8) can be estimated in the same way as in the

proof of Lemma 4.4.6, which yields that

(Fl(g(t —0) — gt — &"))v], w(t)),

! 1 - —Gs
< Sllg(t = 8) = glt = &)l + 5EB) " w®) 75"

N | —
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For the second term on the right hand side of (4.4.8), we have

(PY=P)(g(t=0")w), w(t)), < CLE((P=Pp)w(t) D2 [[(P)—Pyyw(t) 720

g(t—é/) HLQ(V)'
Let —L = fooo A dFE) be the spectral decomposition. We have

u&?—%mmm@m—é<e”—ewﬂwawm@m
fgé (1 — e M2 By(t) |22,
<|5- / A Exeo ()|
0

=10 = &"[E(w(?)),
which, together with the fact that £((P§ — P)w(t)) < E(w(t)), implies that
(P = Pp)(g(t = ")), w(t), < Cu6 = & 42E (w(t) 2]l g(t — &)l 120
Therefore, we deduce from (4.4.8) that

w1z < =€) + Cullw(®) L2 + Cullg(t = 0) — gt — )Lz,

+ C,|6 — & |F%

g(t — 5/)Hi2(y)-

It follows from the above inequality and Gronwall’s inequality that

lwllzsorzzg + lwllzors < Co |16 = 82 gllo 20

T
+ [ ot = 5) = gt = )]

Therefore, {us} is a Cauchy sequence with respect to the norm || - |0 722¢0)) + || -
I r2(0,7,7)» Which proves the convergence of (4.4.7). Moreover, the desired estimates for u

follows readily from the similar estimates for . [
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Definition 4.4.8. By virtue of Lemma 4.4.7, the convolution f(f P? (g(s)v)ds can be

defined to be the limit in (4.4.7).

Lemma 4.4.9. [f g € L>(0,T; L*(v)), then the convolution u defined by (4.4.7) is jointly

continuous in [0, T] X S. Moreover, for any 0 < 0 < 3(1 —d,/2),
lu(t, ) — u(s,y)| < [|gllz~.r:r20) [Colt — s|° + O R(z, y)'/?], (4.4.9)

where Cy > 0 is a constant depending only on 0, and Cr > 0 one depending only on T

Remark 4.4.10. The author believes that % is the correct Holder exponent in z € S for
(4.4.7) in general, which is suggested by the fact that a generic u € F(S) has only %—
Holder continuity (cf. (A’.3)). As a matter of fact, the convolution (4.4.7) only has mild

regularity in general due to the singularity between ;1 and v (cf. Remark 4.4.12(i1)).

Proof. Let g(t) = 0 for t < 0. We first show that
[ut,z) — u(t,y)] < CrR(z,y)'?, 2.y €S, (4.4.10)

where Cp > 0 is a constant depending only on T'. Denote p{ . (y) = p°(s,z,y). By the

definition of u(t), we have

lu(t, z) —uty|—‘/ psx pg,y)'/ds‘

“4.4.11)
< Nglimozz2o) / 1%, — 22, |2 ds.
0

By the Sobolev inequality (4.2.22),

1080 = peyllrew) < CLEWS, = 08,) V2100, — w0, T2y + 1980 — 08, ll2(m] -
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Let —L = fooo A dE) be the spectral representation. Then

Epe, —p3y) = E(PYa(Ddsae — Pojay))

_ /O e A Ex(2 50 — P ) 2 4.4.12)

< 8_1 ”pg/Q,:c - pg/Z,yH%Q(u)
Therefore,

(ds—1)/2

Hpgx ps,yHL2 <s ||ps/2$ ps/2,de9 ; Hpsx ps,yH2 s + Hpg,x _p(s),yHLQ(u)

By the inequality above and Holder’s inequality,

! 0 0 ! 1—-d 1/2 ! 0 0 2 (ds—1)/2

88 = st lads < ([ s as) (Amwm—mmﬂpuw)
t ds/ 1/2
/ 190 — P2l dS) tl/Q / 192, — Pyl 720 d8>

1/2
Cr( [ 188 = B lts)

where we have used that p{ , — pQ, = Py (15, — PY)5,,) and the L?(p)-contractivity of

PSO/2 for the last inequality.

Let p2 (-, -) be the a-resolvent kernel. By the Chapman-Kolmogorov equation,

t [e’e)
An@m—ﬁm%w@swl e — P[22 s
_ ot OO —as[,,0 -9 0 0 d

e e “p°(s,x,x) = 2p°(s,2,y) +p°(s,y,y)] ds

0
= e"[p(z,z) — 2p0(x, y) + p2(y,y)],

which, together with Lemma 4.4.2, implies that

t
An@m—@m@@ws&me
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Therefore, we deduce that

t
/ Hpi’,x - pngLQ(V)dS < CrR(z, y)l/Q. (4.4.13)
0

Now the Holder continuity (4.4.10) follows readily from (4.4.11) and (4.4.13).
Next, we turn to the Holder continuity of u(¢,z) in ¢. Lett > 0, > 0. By the

definition of u,
u(t + 0,x) — u(t, x)
t+06 t
- [ Palam@ s+ [ [P o)) - P (o)) ds

For I,(6), in the same way as (4.4.11), we have
5
1) = | [ PRott =5+ 80w ]
0

)
< lgllimoraze) / 1% 22 ds

By the Sobolev inequality (4.2.22),

(dsfl)/2|| ||2 ds)
S{L‘ M

P2 el 22y < E(p2 )
It follows from an argument similar to (4.4.12) that £(pJ ) < s~ '(|p? /2, 17 12(,) herefore,

(ds—1)/2 ds—1

L2(p) Hps xH2 ds

S,IHLQ(V) <s Hps/2x
[P

Using the Chapman-Kolmogorov equation and the estimate p°(¢, z,y) < C,t~%/2, we

deduce from the above inequality that
4 5
/ ||p2’x”L2(l,) ds < / 3_(d5_1)/2p0(8, z, I)(ds—l)/2 p0<28, z, x)l—ds/2 ds
0 0

)
< C'*/ g 3ds/A41/2 o C. 5%(1—515/2)‘
0
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Thus

3(1_
11,(0)] < C*H!JHLOO(O,T;L?(V))(S?(l 4/2), (4.4.14)

For I5(0), by the same argument as in the estimate of |/;(J)|, we have

t
1L(6)] < lgllimtorizon) / 185 — 2l ds

t
ds
< C*||9||L°°(0,T;L2(u))/0 ||P2/2+5,$ —Pg/m ||Ps+5z ps:c||L2 (1) g(ds—1)/2
ds
< C*||9HL°°(0,T;L2(V))/ \|P2/2+5,z - pg/2,:p||L2(u) wds1)/2
0 S
(4.4.15)

For any 6 € [0, 1], by the spectral representation,

Hpg/2+6,x _pg/Q,mH%? H( s/44+8 s/4)ps/4azHL2(u

= [T e A Bt g
0
< [N Bl

< (i (5/8)29”]?2/4,95”%2(;;) = C, (5/8)29 pO(S/Q, Z, ZL’) < 0*6298_20_d3/27

which, together with (4.4.15), implies that
B0 < Cllgllmamasnd® [ 1000 L.
Therefore, for any 6 < 2(1 — d,/2), the estimate
[15(9)] < 09||9||L°°(0,T;L2(y))59, (4.4.16)
is valid. Combining (4.4.14) and (4.4.16), we deduce that
lu(t, z) — u(s, z)| < Cyllgll Lo o2y |t — s|?, (4.4.17)
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forall 0 < § < 3(1 —d,/2).

Now the joint Holder continuity (4.4.9) follows readily from (4.4.10) and (4.4.17). [l

Let us introduce the following definition of weak solutions, which seems weaker than
the one used in Section 2.4 (cf. Definition 2.4.3). However, as we shall see, these definitions

are in fact equivalent.

Definition 4.4.11. A function w is called a weak solution to the PDE (4.4.1) if:
(WS>.1) uw e L?(0,T; F(S\Vy)) and u has a weak derivative 9;u in L*(0, T; F~1(S));

(WS’.2) For any v € F(S\Vy),

(Opu(t), v), = —E(u(t),v) + (f(t,u(t), Vu(t)),v),, ae. te0,T];

(WS’.3) limy_,qu(t) = in L*(p).

Remark 4.4.12. (i) The term (f(t,u(t), Vu(t)),v), in (WS’.2) is legitimate since Vu is
v-a.e. defined and u € F(S) C C(S).

(i1) Notice that, in general, the equation (4.4.1) does not admit a solution u such that
u(t) € Dom(L) and dyu(t) € L*(p) for a.e. t € [0,T)]. Otherwise, the functional v
(f(t,u, Vu),v), will be L*(;1)-bounded, which contradicts the singularity between 1 and
v. Therefore, solutions to non-linear parabolic PDEs on S can only have mild regularity in
general. This is a remarkable feature of non-linear PDEs on S, which suggests a significant
distinction between the PDE theory on Euclidean spaces and that on fractals.

(iii) We shall show that if u is a weak solution to (4.4.1) then u € C((0,7] x S) (see
Theorem 4.4.14). Therefore, Definition 4.4.11 coincides with Definition 2.4.3. The joint
continuity of solutions is needed for the validity of the Feynman—Kac representation given
by Theorem 2.4.5, which will be crucial in the study of the Burgers equations on S (see

Section 4.5).
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Proposition 4.4.13. Suppose that g € L*(0,T;L*(v)). Then the initial and boundary

problem to the PDE

Oudp = Ludp + g(t,x)dv, in (0,T] x (S\Vy),

(4.4.18)
u=0 on(0,T] x Vo, u(0) =1
admits a unique weak solution u given by
t
ut) = FPo+ [ P (g(o)ds, te 0.7
0
Moreover
1wl Lo 0,72y 1wl L2 0,7:7) + [10sul L2 0,771
(4.4.19)

< Co (10172 + l9ll20,1:L20))) -

Proof. Clearly, we only need to prove for the case when ¢) = 0. Let u;s be the truncated
convolution defined by (4.4.4), and let v be the convolution given by (4.4.7). For any

v € F(S\Vy), by (4.4.5),
(Opus (), v) = —E (us(t), v)+(F5 (g(t—=0)n), v} = —E(us(t), v)+{g(t=0), Pyv),, ae. t € (0,T].

Since lims_,o Pfv = v uniformly, by considering a subsequence if necessary and setting

0 — 0, we deduce that
(Bru(t), v), = —E(ult),v) + (g(t), v),, ace.t € (0,T).

Therefore, u is a weak solution to (4.4.18).
The estimate (4.4.19) follows readily from Lemma 4.4.7, and the uniqueness of solu-

tions is an immediate consequence of (4.4.19). [

We are now in a position to state and give the proof of the main result of this section.
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Theorem 4.4.14. Suppose that (A.1) and (A.2) hold. Then (4.4.1) admits a unique weak

solution u satisfying the following estimate

llwll oo 0,7:200)) + |2l 200,7:7) + 1|Os]| 20,771
(4.4.20)

< Crr (012 + 1£ (- 0,0) [ 201:22()))

where C'x. > 0 is a constant depending only on I" and the Lipschitz constant K in (A.1).

Moreover, if @ is the weak solution to (4.4.1) with initial value V) € L?(u), then

lu = @l oo 0,722 + Nl = Gl 220077)

] 4.4.21)
+ [|0su — Ortt|| 20,771y < Crr | — 200
Suppose, in addition, that 1) € F(S\Vy) and f(-,0,0) = 0. Then
lull 0.7y < Crer E(W). (4.4.22)

Moreover, u(t, x) is jointly continuous in (0,T] x S, with 0-Hélder continuity int € (0,7
for any § < 3(1 — dy/2) and 3-Holder continuity in x € S with respect to the resistance

metric.

Proof. We first prove the existence. Let u’(t) = P2, t € [0,T]. By Proposition 4.4.13,

we may define a sequence {u"},en, in L?(0,T; F(S\Vy)) inductively by

o™ dp = Lu™ dp + f(t) dv,
(4.4.23)

Un|vo = O, Un(()) = @ZJ,

where f"1(t,x) = f(t,z,u""1(t,z), Vu"" (¢, x)). By Proposition 4.4.13, u™ € L?(0, T}
F(S\Vy)), O™ € L*(0,T; F(S)). Denote w™ = u” —u"1 n € N,. By (4.4.23),
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w™ n € N, is the solution to

Ow™ tdp = L™ dp + [ () — 7N )] dv,
(4.4.24)

w™ My, =0, w"(0) = 0.
By Lemma 2.2.7(b), testing (4.4.24) against w™ () gives that

51" Ol < —E@THD) + € () + Cucllw™ (1) 22,

where, and in the rest of the proof, C'x > 0 denotes a generic constant depending only on

K which may vary on different occasions. For any € € (0, 1), by Corollary 4.2.18,

d

1
TN Olz2g) < =(1 = Cre )E@™ (1)) + gE€(w"(#)) + Cre CEllw™ ™ (D)l 22y,

where C, > 0 is a constant depending only on €. By choosing € > 0 sufficiently small, we

have that
d n+1 2 n+1 ]' n n+1 2
Sl O3 < —E@D) + SE@ D) + O™ OlFay,  @425)

By the above and Gronwall’s inequality,

t t
uw“w@m+Ae%w%w“%»ws‘ﬂfwﬂ&w@Ma (4.4.26)

1
8
which implies that

. 1/2
lu™ — w7 Lo 0,7 2200)) + ( / OITIE W (5) =™ (s)) ds)
0
. 1/2
<27 ™ — ™| poo 0.z () + (/ cRIIE (U (s) — u!(s)) ds ’
0
(4.4.27)
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for all m > n, and that

T 1/2
[[u™ || oo (0,152 () + ( / eck(T_s)g(U"(S))dS)
0

T 1/2
< Nl e osz2gy + ( / 6CK(T_S)5(U1(S))CZS> .
0

Moreover, by Proposition 4.4.13, we have

1/2

T
1 |z 0,7; 220 + ( / €CK(TS)5(u1(s))dS>
0
< ext (H@b”LQ(u) + ||f<'7U0; VUO)HLQ(O,T;H(V)))

< C,efxT (||¢||L2(u) + ||U0HL2(O,T;]-') + 1 £(-,0, O)HLZ(O,T;L2(1/)))-

Let —L = fooo A dE) be the spectral decomposition. Then

T
12205y < Tl + / £(Pup) dt
T (')
:TW|%2(“)+/0/0 )xe’wdHEAwHizm)dt
1 [ B
=Wl +5 [ (=) dIEW sy,
< (T + )62

Therefore, we obtain that

T
[0 || oe 0,722y + (/ ecK(Ts)S(u”(S))dS)
0

1/2

(4.4.28)
< C, e (Il 22y + 1 (- 0,0)l L20.1:22009)) s 1 € Ny

Furthermore, by (4.4.23), u™ — u™ is the solution to

Au(u™ — "y dp = L{u™ — ") dpp+ [ () — 7N (0)] do

(u™ —u")|v, =0, (u™—u")(0)=0.
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For any v € F(S\Vy), by the above equation,
|<at(um . Un),’l)>u’ < [8<um . un)l/? + C«Kg<um—l . un—l)l/Z]g(U)l/Q’
which implies that
10 (u™ — u™) || 71 < E™ — u™)V? 4 C€ (™" — w112, (4.4.29)
By (4.4.27) and (4.4.28), we see that

10 (u™ — u™) || 2,771y < Co 5T 27 (1] 2y + £ (-, 0,0)[| 20750200 ) -

Therefore, {u"} is a || - ||«-Cauchy sequence satisfying

[l < Cu e (9]l L2 + 1 £ (-, 0,0) | 20,7522000)), ™ € N,

where

[ull« = llull Lo o.riz2uy + [l 2017 + (100l 20,20

Therefore, there exists a u € L?(0,T; F(S\Vy)) such that lim,, o [|u™ — ul|. = 0. Itis
clear that u is a weak solution to (4.4.1), and the estimate (4.4.20) holds as £'/2(-) and ||-||

are equivalent on F(S\ V). This proves the existence.

Suppose that @ is a weak solution to (4.4.1) with initial value . By an argument similar

to (4.4.25) and (4.4.29), it can be shown that

S u(t) — (1) < —5Eult) — (1) + Clu(t) — a(0) g,

and that
H@t(u — a)H}‘fl S CK E(U — INL)I/Q.

The estimate (4.4.21) follows readily from the above two inequalities. The uniqueness of
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solutions is now an immediate consequence of (4.4.21).

Suppose, in addition, that v € F(S\Vy) and f(-,0,0) = 0. Then (4.4.26) also holds

for n = 0 with u~! = 0. Therefore,

T
/ E(u™(t))dt < e“xT / E(P(t)) dt = exT / E(Pup) dt < Te“sTE(),
0

which implies that

T
/ E(u(t)) dt < TePxTE(Y). (4.4.30)
0

Now for any ¢ € (0,7"), u is the solution to

Owudp = Ludp+ f(t,x,u, Vu)dy, t € (ty,to+ 4],

ulv, =0, uli=y, = ulto).

Applying (4.4.30) to the above PDE and using ||u||7. o < Ci&(u) gives that

t0+5
5/ ) dt < e E(ulty)), ae.to€ [0,T —5landanyd>0.  (4.4.31)

We claim that (4.4.31) implies (4.4.22). We first show the following lemma.

Lemma. Let h(t) be a locally integrable function on [0, 00) satisfying

3 / s)ds < Lo + h(t), a.e.t € [0,00)andanyd >0, (4.4.32)

for some constant L > 0. Then h(t) — h(s) < 6L(t — s), a.e. 0 < s <t < 0.

Proof of the lemma. Suppose first that h is differentiable on (0, c0). Suppose the contrary
that h(t) — h(s) > 3L(t — s) for some 0 < s < t < oco. Then there exists a ty € (s,1)
such that h/(¢y) > 3L. Moreover, h(r) — h(ty) > 3L(r —to), r € [to,to + 6] ford > 0
sufficiently small. This implies that 3 ftzﬁé h(r)dr > 3Ld/2 + h(ty), which contradicts

(4.4.32). This proves the lemma for differentiable functions h.
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For general h, let h(t) = 1 ftHE h(s)ds, € > 0. Then h,. is differentiable and satisfies

(4.4.32) with L replaced by 2L. The above case gives that h(t) — he(s) < 6L(t — s). It

remains to apply the Lebesgue differentiation theorem to complete the proof of the lemma.

Now by (4.4.31) and Jensen’s inequality, the function h(t) = log[€(u(t))] satisfies

(4.4.32) with L = C'g. It follows from the previous lemma that

E(u(t)) < 519 £(u(s)), ae. 0 < s <t <T.

Using the above inequality and (4.4.30) again, we deduce that
t
E(u(t)) < —/ eOx=9) g(y(s)) ds < e“K E(1)), ae.t € (0,T),
0
which implies (4.4.22).

We now prove the joint Holder continuity. Let g(¢, x) = f(¢, z,u(t, z), Vu(t, x)). Then

u 1s the solution to the PDE
Oudp = Ludp + g(t) dv.

By Proposition 4.4.13,
t
ult) = R+ [ P (g(s)v) ds.
0

By (4.4.22) and the Sobolev inequality (4.2.22), it is easily seen that

19l Lo (0,122 () < 00

We can now apply Lemma 4.4.9 and Proposition 4.4.13 and to deduce the desired joint

Holder continuity. [
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4.5 Burgers equations

As an application of Theorem 4.4.14 and the Feynman—Kac representation for (backward)
parabolic PDEs on S (Theorem 2.4.5), we study the initial-boundary value problem for the

following analogue on S of the Burgers equations on R

Owudp = Ludp +uVudy, in (0,T] x (S\\Vy),
4.5.1)

u=20 on (0,7] x Vo, u(0) =1,

where 1» € F(S\Vy). We shall prove the existence and uniqueness of solutions to the

equation (4.5.1), and derive the regularity of the solutions.

Remark 4.5.1. We would like to point out a difference between the Burgers equations on
S and those on R. The Burgers equations on R can be exactly solved with an explicit
formula for the solutions via the Cole—Hopf transformation, and properties of solutions
can be derived using the explicit formula. However, this Cole—-Hopf type of transforma-
tion is not available on S. The Cole—Hopf transformation reduces the Burgers equation
on R for u to a heat equation for —V(logw). In contrast, on S, the formal expression
L[V (log u)] is not well-defined, since the gradient V(logu) is only v-a.e. defined and
therefore V(logu) & F(S) due to the singularity between p and v. Hence, different ap-
proaches must be employed for the study of (4.5.1). However, the reader should be advised
of a related work [27] on Burgers equations, where the Cole—Hopf transformation remains
valid. As pointed out in Section 4.1, the main difference between our setting and that of

[27] lies in the difference in definitions of Laplacians.
Recall that the representation in Theorem 2.4.5 is given for backward parabolic equa-

tions. For the convenience of later use, we reformulate the result for forward equations.

Theorem 4.5.2. If the PDE (4.4.1) admits a weak solution u jointly continuous in (0, T] xS,
then

(Ye, Zy) = (u(T — t, Xy), Vu(T — t, X;))
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is the unique solution to the BSDE

dY, = — f(T — 6, Xy, Yy, Zt>d<W>t + ZidWy, t e [07 U(T))v

Y, = UM X, 1),

[

on (Q,IP’:B) for each x € S, where o™ =T A inf{t >0: X, € Vo}, and

07 lf(t,l’) S [07T) X Vo,
U(t,z) =

@Z)([E), if(t,:L‘) S {T} X S\VO

Moreover, the solution to (4.4.1) has the representation u(T,z) = Yy = E,(Yy) for all

T €S

Proposition 4.5.3. The Burgers equation (4.5.1) admits a unique weak solution u satisfying

the maximal principle below

[ull Lo o,z < ([l poe-

Moreover,

[l oo o.m:220)) + [l 205) + 1100l 220,71 < €, 4.5.2)

for some constant C' > 0 depending only on |||~ and T. The solution u is jointly
continuous in (0,T] x S, with §-Holder continuity in t € (0,T)] for any 0 < 2(1 — d,/2)

and %—Hb'lder continuity in x € S with respect to the resistance metric.

Proof. Existence. We define the sequence {u"},,cny € L?(0, T; F) by induction as follows.
Letu®(t) = Pyp. Then |[u®|| poo 0,00y < ||¥0]|£o. Suppose that u~* with [|u" ! || oo (0,77, 1.00) <

||| L~ has been defined. The function u™ is defined to be the unique weak solution to the
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PDE (cf. Theorem 4.4.14)

o dp = Lu™ dp + u" ' Vu™ dv, in (0,T] x (S\Vy),

u" =0 on (0,7] x Vo, u"(0) =1.

To verify the definition of {u"}, we must show that ||u" || pec(r;z) < |[¢0]| L. Without
loss of generality, we only need to show that ||u"(T')||p~ < ||¢||f~. By Theorem 4.5.2,

(Y, Zy) = (uw™(T — t, Xy), Vu™(T — t, X)) is the unique solution to the BSDE

dY, = —u"" YT —t, X)) Ze d(W), + Z, dW,, t € [0,0D),
(4.5.3)
Ya(T> = \I/(O'(T),XU(T)),

where 0") = T Ainf{t > 0: X, € V}, and

0, if(t,x)€[0,T) x Vy,
U(t,z) =

(), if (t,x) € {T} x S\ V.

For each x € S\V, we define a measure I@’x by

dP,
dP,

a(T) 1 o(T)
— exp [/ u" T —r, X,) dW, — 5/ u" T —r, X,)2d(W),|.
0 0

The measure P, is a probability measure. In fact, by Corollary 2.2.16,

sup I, [exp(5(W)r)] < oo,

€S

for all 5,7 > 0. Hence, in view of the uniform boundedness ||u™ || s (0,7 1.50) < [|9)]| oo,

we see that the Novikov condition is satisfied and therefore P, is a probability measure. By
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(4.5.3),

t
Yt:Yb—i—/ ZrdWT—</ZrdWr,/u”‘l(T—r,XT)dWT>.
0

t

Notice that

T T
B[ 22dW).) = [ 1IN0 T = ) dr < 0 < 0,
0 0

which implies that E, ( fOT Z2d(W),) < oo for p-ae. x € S and therefore, for all z € S
in view of the quasi-continuity of the function z + Ex( fOT Z? d<W>T) and the fact that
the empty set is the only subset of S having zero capacity since F(S) C C(S). Hence,

f Z,.dW, is a P,-martingale for all x € S. Moreover, it follows from the Girsanov theorem

that {Y; };>0 is a I@’:C—martingale, and therefore,
u"(T, :l?) = YQ = Ex(%) = fEx (YO.(T)) = Ex<\D(U(T), XO.(T))),

which, together with the fact that || < |||| .=, implies that ||u™(T")|| L~ < |||/ L=. Hence,
we conclude that ||u"” || Lo (0.7;100) < ||1| L, and that the sequence {u"} is well-defined.

Now, by Theorem 4.4.14,
u"(| 20,m,7) + [0 || L201,7-1) < CT, n €N,

where C' > 0 is a generic constant depending only on |[¢|| L~ which may vary on different
occasions. Therefore, there exists a subsequence {u"*} and au € L*(0,T; F(S\Vy)) such

that d,u € L*(0,T; F(S)), and

Jim ™ =, weakly in L*(0,T; F(S\Vy)), (4.5.4)
—00

Jlim O™ = Oyu, weakly in L*(0,T; F1(S)). (4.5.5)
— 00
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Since ||u"]| oo 0,;150) < ||¥]| £o<, the sequence {u"Vu" },en, is bounded in L*(0, T'; L*(v)).
By considering a subsequence of {u"*} if necessary, we may assume that {u"*Vu"*} is

weakly convergent in L?(0, T'; L?(v)). By the uniqueness of weak limits,

lim u"*Vu™ = uVu, weaklyin L*(0,T; L*(v)). (4.5.6)

k—o0

Thus, it follows readily from (4.5.4)—(4.5.6) that u is a weak solution to (4.5.1). Moreover,
the estimate ||u|| oo 0,7,y < ||¥0]| L follows as a corollary of the inequalities ||u” || oo (07,100 <

[]] o
Testing (4.5.1) against u(t) and using the Sobolev inequality (4.2.22) gives that for any

e€(0,1)and ae. t € [0,T],

d

Iz < —E@®) + [l [€w®)'? + Cellu®)ll 2] (u(t)) /2.

Choosing € > 0 sufficiently small gives that

d 1
@Iz < =5E@®) + Cllu®)lz2, ae.t€0,T],

from which the estimate (4.5.2) follows readily.

Uniqueness. Suppose that @ is also a weak solution to (4.5.1). Then ||u|zoo(o,7;0) +
||| oo 0,50y < 2||9||p. For any € > 0, testing the equation for u(t) — u(t) against

u(t) — u(t) itself gives that

() =) |72, < =€ (u(t)=a(t))+Cllu(t) =a(t) | 2 [€ () > +E (ult) ~a (1)) 7],

where, as before, C' > 0 is a generic constant depending only on |[¢)||z~. For any ¢ €
(0, 1), using the Sobolev inequality (4.2.22), we deduce that

%IIU(t) — ()12 < gIIU(t) — ()12 + C(L+ ) [E(ult) + E(a(t))].

Therefore,
lu(t) — a(0)|an < C(1+e) /0 /e [g u(s)) + E(a(s))] ds.
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By the dominated convergence theorem, setting ¢ — 0 in the above gives that ||u(t) —
u(t)| 2 = 0, t € [0, 7], which proves the uniqueness.

We now turn to the proof of the joint Holder continuity. Let g(¢) = u(t)Vu(t). Then
lg()| < ||¢]| L~ |Vu(t)|. By an argument similar to the proof of (4.4.22) in Theorem 4.4.14,

we may show that ||g|| Lo (0,r;12(,)) < 00. Since u is the unique solution to

Opudp = Ludp+ g(t)dv, in (0,T] x (S\ Vo),

u=0 on (0,7] x Vo, u(0) =1,

we may now apply Lemma 4.4.9 and Proposition 4.4.13 to obtain the desired joint Holder

continuity. [
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Chapter 5

Stochastic Processes with Controlled

Conditional Increments

5.1 Introduction

In this chapter, we shall study tail asymptotics of suprema of a class of stochastic processes.
The materials in Section 5.2 and Section 5.3 are based on the work [44] by the current
author, and those in Section 5.4 are based on an ongoing joint project with G. Xi.

Let {€2, {F:}+>0, F,P} be a filtered probability space satisfying the usual conditions,
i.e. Fois P-complete and {F;};>¢ is right continuous. Let { X, },c0r) be an {F;}-adapted
stochastic process. It is of great mathematical and practical significance to investigate the

following problem:

Given knowledge of the marginal distributions of { X }vcjo,r), what can be as-

serted about the distribution of the supremum sup,c(o 1 | X¢|?

Distributions of suprema B* = sup,¢(y 1) B: of Brownian motions { B, }+>( can be derived
analytically by utilizing the reflection principle. One of the important applications of the
distribution of B* is the derivation of a closed form pricing formula for European up-and-

out options and their counterparts. However, it has been suggested by empirical data that
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financial time series possess properties such as being autocorrelated and non-Markov (cf.
[1, 52, 11] and references therein). Hence these time series may not be well modelled
by Brownian motions. Non-Markovian processes such as fractional Brownian motions
have been proposed for financial modelling as alternatives. However, once we go beyond
Markovian settings, exact formula for distributions of suprema become intractable. It is
then desirable to obtain good estimates for the asymptotic behavior of suprema, which will
provide useful bounds for up-and-out option prices. Besides option pricing theory, know-
ledge of tail decays for suprema can also be applied to the study of extreme/rare events and
related industries (e.g. insurance industries). There has been abundant research on prop-
erties of supremum of stochastic processes. In particular, for Gaussian processes, many
profound results have been established in terms of entropy condition, majorizing measures,
and generic chaining. See, for example, [42, 63, 7, 43, 64, 65, 66]. A crucial property
of Gaussian processes is that they are completely determined by their covariance func-
tions, which turn out to provide a suitable topology on the parameter space for Gaussian
processes.

In this chapter, we consider a different setting. We shall give an investigation into su-
premum tail decay for stochastic processes satisfying conditional increment controls (see
Definition 5.1.1), of which marginal tail decays are available. The assumption of con-
ditional increment control is mild enough to include all continuous martingales and many
non-Markov processes as examples to which other estimates may apply (see Remark 5.1.2).
The virtue of our results is that only conditional increment controls and knowledge of mar-
gins (snapshots) are needed, which can be extracted from empirical snapshot data using
statistical analysis. In particular, no specific dynamic/structural assumptions (such as dif-
ferential equations, autoregressive moving average dynamics, jointly Gaussian, etc.) are

required. Therefore, our results are robust to bias in model preferences.

Definition 5.1.1. Let { X },c(o.7] be a continuous {7 }-adapted stochastic process, and let

p > 1,h € (0,1], ph > 1. {Xi}ieo,r) is said to satisfy the conditional increment control

151



with parameter (p, h) if there exists a constant A, , > 0 independent of ¢ such that
E[|E(Xi|Fs) — X,|"] < Applt — |, forall0 < s<t<T. (5.1.1)

Remark 5.1.2. We provide below several frequently encountered examples of processes
which satisfy conditional increment controls.

(1) Any continuous martingale. Then the conditional increment control is satisfied for any
(p,h), ph > 1 with A, = 0.

(ii) Fractional Brownian motions with Hurst parameters h € (0, 1).

(i1i) Let {Xt}te[oﬂ be a continuous stochastic process satisfying

E(|X; — XsP) < Applt — s, forall 0 <s<t<T. (5.1.2)

In fact, by Jensen’s inequality, it is easily seen that the conditional increment control is
satisfied with the same parameter (p, h) and the same constant A, ;. Many Gaussian pro-
cesses arising from practice satisfy this condition. Condition (5.1.2) is also satisfied by
many diffusions governed by SDEs with minor regularity assumptions on the coefficients
(e.g. the stochastic DiPerna—Lions flow considered in Section 5.4). Processes satisfying
(5.1.2) are archetypal examples considered and well studied in rough path theory as their

associated geometric rough paths can be constructed canonically (see [47, 19] etc.).

Definition 5.1.3. Let & > (0. A continuous stochastic process {Xt}te[O,T] is said to have
uniform a-exponential marginal decays if there exist constants C',Cy > 0, M > 0 such

that
P(|X¢| > ) < Coexp (— C1AY), forall A > M andall ¢ € [0,T]. (5.1.3)

Let {X;}ic0,m) be a process having uniform a-exponential marginal decay for some

a > 0. We are interested in the decay of its supremum sup,¢(o 1) | X¢|, i.e. the asymptotic
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behavior of

P( sup [X,| =) (5.1.4)

te[0,7)
for large A > 0. Our main result states that if a continuous process { X }+c[o,r] has uni-
form a-exponential marginal decays and satisfies a conditional increment control with
(p, h), ph > 1, then its supremum sup,¢( 7y | X¢| decays similarly to its margins X, t €

[0, 7] in distribution.

5.2 A Doob type maximal inequality

In this section, we shall prove a Doob type inequality (see Theorem 5.2.3) for processes
satisfying the conditional increment control (5.1.1). Throughout Section 5.2 to Section 5.4,
{Xi}eepo,m will be a continuous stochastic process satisfying the conditional increment

control (5.1.1).

Lemma 5.2.1. Forany 0 < sy <ty < T, there holds that

E( sup  |E(X|F.) — Xs\p> < Cyndyplto — sol™,

s0<s<t<tg

where

4 0(p—1)+1
) T -1+,

Cpn = 20 (2 )p<ph ~1

p—1
with 0 > 1 being an arbitrary constant, ((0) = _~_, m~? is the Riemann zeta function,

and T'(2) is the Gamma function.

Proof. Let s,t € [sg, to], s < t be fixed temporarily. Denote

[—1 l]'

om 7 om

7 = 70,47 = s0 + (to — s0) x |

Then there exists a sequence {J }r C {I;" : 1 <1< 2™ m > 0} such that:

(1) Ji, £ =1,2,... are mutually disjoint;
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m.
2

(ii) For any m > 1, there are at most two elements of {.J; } with length (o — s0)2~
(iii) [s, t] = U, Jg.

Let J; = [ug_1, ug]. Then

B(X|F) - X| = | D E(AX,,
k=1

[e.9]

< ;E[\E(AXJk|}'uk_l)| )f}

Y Y e[RRI ]

m=1{Jy:[Jx|=(to—s0)27"}

where AX; =X, — X

Uk—1"

Let & = E(AXpn|Fpn ), 1 <1< 2", m=1,2,... For

an arbitrary 6 > 1, by Jensen’s inequality,

ElE) -2 < (Lgcom’ 3 elleexa)l|E] )

kel Jk|=(to—s0)27™}

< i ((0§m9 (g(e)m" 3 E[]]E(AXJk\}'uk_l)\ ‘stp

{Jk:|Jk|=(to—s0)27™}

G (D VI LT o)

m=0 {Jx:| Tk |=(to—s0)2—™}
o p
< [2<<9)]p—1 Zme(pfl) Z ( |:|]E<AXJk| [ | ‘fs]>
m=0 {Jk | Ji|=(to—s0)2—™}
< plZmpl)Z sup [E(I&" |F)]",
—1 rée(so, to]

where the inequality in the fourth line is due to the property (ii). Hence,

sup \E(Xt’}" — X,|P < [2¢(0)) 1Zm p= UZ sup \fl Hf)]
m=0

so<s<t<tg =1 r€(so, tO]
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By Doob’s maximal inequality applied to the martingales {E (|| | F,)}:

IE( sup ]E(XJ]—Q—XJ”)
s0<s<t<to

o) 2m

o Son o e s (B(67117))

me1 rée(so, to]

N (AR

[e.e]

[2<<>p1( )Z pUZmE(mmp)

A2 (25 )Zmew o (Mo sly

= p,hAp,h|t0 - So‘pha

p 1

|M8

where
Con = 6O (S27) Zm“pl e,
Notice that
Z m@(p—l) . 2—m(ph—1) S Z 20(p_1) /m Tg(p—l)e—r(ph—l) log 2dT
m=1 m=1 m—1
S ( 4 >9(p1)+1 /OO ,rﬂ(p—l)e—rdr
ph —1 0
4 O(p—1)+1
= I'8(p—1 1].
=) 0(p— 1) + 1]
The proof is therefore completed. ]

As an application of Lemma 5.2.1, we show that a Doob type inequality for processes

satisfying the condition (5.1.1). To this end, we shall need the following elementary result.

Lemma 5.2.2. Let {Y,}:cjo1] be a continuous stochastic process such that E(|Y;|) < oo

forallt € [0,T]. Let 0 < 5o < ty < T.
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(a) For any stopping time Twith so < 7 < tg, we have

(Vi F) = V| <E| swp [E(Y,,|F) -l

”LLG[SO to]

ﬁ] (5.2.1)
(b) For any A > 0,

sup [E (Vi Fu) = Yol 43, | dP. (52.2)

u€[so,to] )‘ /{'SUPuE [s0.t0] Yu>)\} |:u€[so to]

Proof. (a) By the continuity of Y;, we may assume that 7 takes only countably many values

{’U,k k= 1,2,} g [So,to]. Then

E (Yio|Fr) = Yo =) [E(Yi|Fr) = Yo Lirmuy

mg

E[(Yi = Y) Lrmuy |0 (F- 0 {7 = i)

— i E[E[(Yio = Yo |Fu] Lmuny |7 (Fr 0 {7 = i) |
< iE[(ues[iptO] |E (Y| Fu) — YuDl{T:uk} o(Fn{r= Uk})}

SB[ s [E(|R) - v |7

k—1 ’LLG[S() to]
J—"T] .

} 1{7 =uy}

l
&=

oup [E(Y;|F) Vi

’U,G[So,to]

This proves (a).

(b) Let 7 = inf {u € [so, o] : Vi > A} Ato. Then {supye(, 1) Yu = A} = {Y; > A} € F..
Therefore, by (5.2.1),

/ voe—- [ BV | F) - Ve
{suPue(sg i) Yu=A} {suPye(sy,tg) Yu2 A}

+ / Y;, dP
{SuPuE [s0-tol Y’MZ)‘}
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</ [ s [E(V|7) - Vi] + Vi, ]
{suPuefsg, i) Yu=A}

UG[So,to]
The inequality (5.2.2) follows readily from the above inequality. [
We are now in a position to state and prove a Doob type maximal inequality.

Proposition 5.2.3. Let 0 < sg < tg < T, and X* = Sup,¢(s, 1) | Xul- Then for any

I<qg<p

I Ner < L G Ao = sl + X ) 5:23)

where C,, , is a constant depending only on p, h (more precisely, a constant which differs

from the C,,}, in Lemma 5.2.1 by a multiplicative constant depending only on p).

Proof. Denote Y = SUp,c(s, +,] ‘E(Xt0|]: )= Xu|+| X, |- Then {X* > A} C {SUDyefsg 0] Xu >

A}. By Lemma 5.2.2(b) and Lemma 5.2.1

X" 70 = q/ AP (X > ) dA
0

<q / N2 / Y dP d\
{sup,¢q [s0-to] Xu>A}

/ \I~2 / YdPd\
{X*>\}

q N72d\ )Y dP

L )

7 /\X*\qlmp
_]_ Q

| A

q *(19—1
< XY N,

Therefore

* q
X[ e < qTHYHLq

< (1 sup (B |F) = Xl 0+ 150 1)

q— w€[so,to
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q
< T [GRARI = sol" + X 1],

This completes the proof. [

5.3 Tail estimate for the suprema

This section is devoted to the statement and the proof of the main result (Theorem 5.3.2) of
this chapter, which in plain words states that the supremum sup; o 7 | X| has a-exponential

tail decay, if and only if the margins of X; have uniform a-exponential decay.

Let us start with an easy estimate below, which follows simple calculations.

Lemma 5.3.1. Let Xy, t € [0, T, be a continuous stochastic process satisfying (5.1.1), and
q > 0. Then
E(1X[7) < G0y ?eT (£41).
o

Theorem 5.3.2. Let X, t € [0,T] be a continuous stochastic process satisfying (5.1.1).

Suppose that there exist constants o > 0, Cy > 0, and M > 0 such that
P(|X:| > \) < Coexp (— C1AY), forall A\ > 0andallt € [0,T).
Then
IP( sup | Xy > 2)\> < KX Yhexp [— (1 — i)CM“}, forall X > 6y,
t€[0,T ph

where

J

P )p} 1-1/(ph)

K = 4Ty Ay ] [1 4 C (p -

with C, 1, being the same as in Lemma 5.2.1.
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Proof. For N € Ny, let I,, = [t,—1,t,) = [(n — 1)T/N,nT/N]. Then

N N-1
{ sw X, =22} < | {sup]E (X0, |F)-X = A U {sup|E(X,,|F)] > A}
t€[0,T] ne1 tely
Therefore

N
IP’( X22)\> ]P( E(X,,|F XzA)
a1 2 P(sup (X |7) - X

" (5.3.1)

N-1

+ ]P’(sup |]E th|]:t)| > )\)

— tel,

By Lemma 5.2.1, we deduce that

T \rh
P(tsgg [E(X0,|F) = Xi| 2 A) < Crudpid* (1) - (5.3.2)

We need to estimate P(sup,.; |E(X,,|7:)| > A). If a > p, by Doob’s inequality applied
to {E(X,,|F:)}: and Lemma 5.3.1,

E(su [5(x, 7)) < (;57) E(x.1) <o (1)

If o < p, by Holder’s inequality and the above inequality applied to o = p,

E(sup [B(X,|7)[") < [E( s E(X.|7))]"" < oo ()"

Moreover, for any ¢ > 2, by a similar argument, we can deduce that

(tsélijE(Xt |.7:t)’aq) < E<SUP‘E(|th| "Ft)‘ >
< <q_L1> E (] X0, [*7)

§02< )qF(q+1)

7
Ci(qg—1)
< Co(2C7H)(g + 1).
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Therefore

]E[exp (% sup ‘E(th|]-"t) |a>] = i (01/4)qE(sup }E(th|}"t) |aq>

tel,

p P .
§1+—<—) +Cy 271
4 \p—1 ;

By Chebyshev’s inequality,

P(tsglg [E(X|F)| 2 2) <21+ G (pf ) ex (- %X"). (5.3.3)

Therefore, by (5.3.1), (5.3.2) and (5.3.3),

N /T \rh
P( sup X, 2 20) < Condpiy (1) +2N[1+ o
te[0,7] AP\ N

m3) Jew (- 5
X — — .
p—1 PA™75
Setting N to optimize the right hand side of the above inequality gives that

]P( sup | X > 2/\>

te[0,T

< 4T[Cp7hAp’h]1/(ph) [1 + Yy (p ? 1)10] 1_1/(ph)/\_1/h exp [ — (1 — pih> /\a} )

Example 5.3.3. We consider the tail decay of the supremum of a standard fractional Brownian
motion B, ¢ € [0,7T] with Hurst parameter h € (0, 1), that is, a Gaussian process with
Bl = 0 and covariance function

R(t,s) == (JtP" + s — |t — s|™"), t,s € [0,7].

N —

For the fractional Brownian motion B", we have B! — B ~ N (0, |t — s[*"), and there-
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fore,

E (|B — BLP) = Aplt — s, t,s €[0,T7,
where
1 p+1
A= —I'——|.
ey

Forany ¢ € [0, 1] and any A > 1,

1
P (|B} > \) exp | — §u2)du

\/%/fk/th
h 22 )
g—zﬁAeXp<—t2—h)_2\/_exp( )\).

Let ¢(\) = (2y/7) ' exp (—A?). For any p > 1/h, by Lemma 5.3.2(2),

IP( sup |Bl| > 2/\> < 2C,p A PN RGO forall A > 1, (5.3.4)

te(0,1]

where

o= () ()™ o

with an arbitrary constant # > 1. Setting p = 2/h, 0 = p/(p — 1) in (5.3.4) gives

2

A
]P’( sup |BP| > 2)\) < Chexp<— ?>, forall A > 1,

t€(0,1]
where C}, is a constant depending only on h. By self-similarity, we deduce that, for 7" > 0,

2

IP’( sup |BlY| > 2)\) < CyT" exp ( - ) for all A > T".

te[0,7] 277k
Let a = (ay,as9,...) be a sequence of real numbers, let fi(t), k = 1,2,... be a
sequence of real functions on [0, 7], and let &, k = 1,2, ... be i.i.d. Rademacher random

variables'. R. Paley and A. Zygmund showed in [54, Theorem I, p. 339] that if Y ;- a7 <

'A random variable ¢ is said to have Rademacher distribution if P(¢ = 1) = P(¢ = —1) = 1/2.
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oo and

T
/ fr®)?dt < A, k=1,2,...
0

for some constant A < oo, then for almost all w € €, the series Y -, ar&p(w) fi (%)
converges in the sense of a.e. t € [0,7] and in L*([0,T]). As an application of Theorem
5.3.2, we investigate the uniform convergence of the function series > -, ax&i(w) fx()

under an additional assumption on the Holder continuity for f, k =1,2,...

Proposition 5.3.4. Let (ay, as, . .. ) be a sequence of real numbers, fi(t), k =1,2,... bea
sequence of real functions on [0, T, and let &, k = 1,2, ... be i.i.d. Rademacher random

variables. Denote by H C () the set of w for which

Z axdk(w) fi(t)

converges for some t € [0,T). Then, by [54, Theorem I, p. 339], P(H) = 1. Suppose that

h € (0,1) and
‘fk(t) - fk(s)‘ < Lk|t - S‘ha forall s, t € [OaTL all k = 1727 SRR

and that

Zai [f(0)* + Lj] < oc.
k=1

Then, for a.e. w € ), the series Y | axéy(w) fi(t) converges uniformly int € [0, T).

Proof. Let X(t,w) = > 77, ap&p(w) fr(t)1g(w). To simplify notation, we shall refer to

Y ey arlr(w) fr (1)1 g (w) by simply writing >~ | agéy(w) fx(t). For any p > 0, by Kh-

intchine’s inequality (cf. [23, p. 586]),

|| ijakskfkm)\p} < cp[iaifkm)?]’”,
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where

ER
Similarly,
Hzak&c Ji(t) H Cp[z kLQ} P,
k=1
By the above, we see that
E(1X.]") < 272G, [ Y a? (fu0)2 + 13) | (5.3.5)
k=1
and
00 /2
E(1X, — X.JF) < 2p/20p[zam]p It — 5P, forall p > 0. (5.3.6)
k=1
Let
% 1N [ p/2
App = ( )[ 2L2] . (5.3.7)
= )

Then condition (5.1.2) is satisfied for any p > 1/h.

Next, we give an estimate for tail decays of the margins X,. For any v > 0, by (5.3.5)

and Stirling’s formula,

where K is a universal constant which may be different at various occurrences. Since

r(]—’+1)22r(p+2)r(p“> 2 /a(p+1) = Y

2 2 2 2P
163



we obtain that

By Chebyshev’s inequality,

P(IX,| > \) < K exp [_ a2yl (fu(0)? + L3) }

k=1
Setting
b -1
u = )\[2261,3 (f1(0)? +L%)]
k=1
gives that
)\2
P(|X] >\ <K — — , forall A > 0. 5.3.8
(%12 8) < Kow| - g5e rrp s ) 38
Now by Theorem 5.3.2 (with M = 0), we have
]P’(s i £f(t)’>2)\><C’eXp[ DX ] (5.3.9)
up LGk Jk =z > 0Op - > , 3.
tefo,r) | £ > e A (fu(0)? + L)

where C),, D), are constants depending only on i € (0,1). Leto? = Y72 ai (f(0)? + L3),

and, for any u € [0, 1], let

[(u) = inf {l eR,: / Zak (fu(0)* + L}) Lp—1 g (s)ds > UUQ}, (5.3.10)
0

Then [(u) — oo as u — 1.

To show the a.s. uniform convergence of >~ | a& fi(t), we need to show that

IP’( ﬂ {sup sup ‘Zak&cfk ’>2>\}> =0, forall A > 0.
0<u<l1

n>1(u) t€[0,T]
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Clearly, it suffices to show that

limP( sup sup ’Zakgkfk ‘ > 2)\) — 0, forall A> 0. (5.3.11)

u—r1 <n>l ) te[0,T]

Define
= sup ’/ Zakfkfk l(k 1k]( )dS‘ u e [O 1]

te[0,T]

Then, in order to prove (5.3.11), it suffices to show that

limIF’( sup Y, > 2)\> — 0. (5.3.12)

u—+1 vE(u,1]

We show that forany 0 < u < v <1,

Yy = Y,| < sup ’/ Zakékfk JLe-1m(s )dS‘

t€[0,T)]

. Then

In fact, let t* € arg maxyc[o 7] ‘j}?;)) Y req ki fr(t) 1 g—1,5(5)ds

Y, =Y, < ‘/ > arbe folt) 1 m1u (s)ds
I(v) k=1

l(v)
< ‘/ Zakfkfk(t*)l(k—l,k](s)ds

— ‘/ Zakfkfk@*)l(k—lvk](‘s)d‘s

< sup ’/l(” 3 kakfk ) (k—1,4)(5 )dS‘-

t€(0,7]
(5.3.13)
Similarly,
I(v) 00
Y, -Y, < sup ‘/ akfkfk( ) k—1,1)(5)ds|.
t€(0,7]

For any u < v, by the definition of /(u),

- 2 2 2 ) 2

> ap (fe(0)* + L) /( | Lpo14(s)ds = (v — u)o®. (5.3.14)

l(u

i

1
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Applying (5.3.9) to the sequence (a}, a, ... ) with

we obtain that

D 2
) ] (5.3.15)

where C}, and D, are constants depending only on & and may be different at various occur-

rences. In particular, since Y; = 0,

Dp)\?

W s for all v € [U, H (5316)
— U)o

IP’(|YU| > 2)\) < Chexp [—
Since (5.3.15) implies that

E(|Y, — Yu[?) < Cylv — ul?’?

for any p > 2. We are now in a position to apply Theorem 5.3.2 again, and deduce that

Dp\?
]P( sup Y, > 2)\> < Chexp [—h—2 )
vE[u,1] (1 - U>U
Therefore, (5.3.12) follows readily, which completes the proof. 0

5.4 An application to divergence-free stochastic DiPerna-Lions
flows

In this section, we apply the tail estimate in Theorem 5.3.2 to the study of existence of

strong solutions to stochastic DiPerna—Lions flows with divergence-free drifts

dX, = b(t, X,)dt + dB,, Xo = z, (5.4.1)
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where {B,;}; is a standard n-dimensional Brownian motion (n > 3). Materials in this

section is based on an ongoing work with G. Xi.
Throughout this section, we assume the following conditions on the coefficient b(t, x):

(1.40)b e L0, T; LYR™)) N LY (0, T; Wh#(R™)) for some [ > 1, ¢ > %, p > 1 such that
2
y = 7+g e 1,2); (5.4.2)

(1.4.ii) b is divergence-free, i.e. div(b) = """ 9;b; = 0.
The SDE (5.4.1) attracts researchers’ attention because of its close relationship to the

Navier—Stokes equation
Owu(t,z) = Au(t,z) + (b- V)u(t, x), (5.4.3)

which arises from the study of fluid dynamics of incompressible flows. There have been
many research works on existence and uniqueness of solutions to the SDE (5.4.1) (e.g.
[39,9, 71, 13, 16]). These works can be divided into three cases according to the value of
v = % + %, i.e. the subcritical case 0 < v < 1, the critical case v = 1, and the supercritical
case v > 1. The constant 7 is involved as a renormalization parameter under the scaling

(t,z) — (p*t, px) for p > 0. To see this, notice that

16711 0,7 any) = £ Bl a0, zacn

where b°(t,x) = b(p*t, px). The quantity [|b||r:o7.ra®n)) appears as the multiplicative
constant of the parabolic Harnack inequality (cf. [53, Section 3] or [31, Lemma 2.1]).
Therefore, v determines whether or not the parabolic Harnack inequality is locally uniform.
For the subcritical case (i.e. v < 1), the existence of unique strong solutions to (5.4.1) was
proved in [39]. Results on the critical and the supercritical cases (i.e. 7 > 1), however,

remain quite limited. SDEs with time-inhomogeneous coefficients were studied in [14]
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under boundedness condition on b and certain integrability condition on coefficients and
their weak derivatives. In [71], existence and uniqueness of strong solutions was obtained
for the time-homogeneous case (i.e. b = b(x)) under linear growth condition on b and
that Vb € (Llog L)j,.(R™). In an ongoing work by the current author and G. Xi, we shall
investigate, under different conditions on the coefficients, the existence and uniqueness of

strong solutions to SDEs when v > 1 and the coefficients are time-inhomogeneous.

The objective of this section is to present an application of Theorem 5.3.2 to the exist-
ence of strong solutions to the SDE (5.4.1) for almost every initial data x € R". Since the
argument mainly follows that in [71] with necessary adaptations to the assumptions (1.4.1)
and (1.4.11), we shall only give a sketch of the proof, and indicate necessary modifications
and places where Theorem 5.3.2 is applied. The reader is referred to [71, Section 6] for

details.

Let {bs }1. be a sequence of smooth functions on [0, 7] x R™ such that

Jim {lbg = bl Lo 720y = 0, sup Vbl L1 0.7520®ny) < CIVO|| L1010 @ey). (5.4.4)

For each by, let X (z) = {X(x)}, be the unique strong solution to the SDE (5.4.1) with
coefficient by and initial data . The objective is to show that, for any N > 0 and any
rell,?2),

lim E{/ sup |X;(x) —Xkyt(:n)]’ﬂdzl = 0. (5.4.5)
|

Jik—ro0 2| <N te[0,T]
Using an argument similar to that of [71, Lemma 6.1], it can be easily shown that, for any

6 >0,

X - X 2
E[/ log <1+ sup [Xa(2) - kit ()] )dx]
|z|<N t€[0,7] 0 (5.4.6)

< COn IVl ozr@ny) + 07 1b; = Okl Lo szany)
where Cy is a constant depending only on N, T, n. As demonstrated in [71, Theorem

6.3], the inequality (5.4.6) (with 6 = ||b; — bk||£t(0,4;La(mn))) implies the convergence in
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probability

lim IP’{/ sup |X;(z) — Xgi(2)|?de > n| =0, foralln > 0. (5.4.7)
|

Jk—o0 x|<N t€[0.T]

With the convergence in probability (5.4.7) in hand, the proof of (5.4.5) reduces to showing

the following uniform integrability

sup sup E( sup |Xj.(2)]?) < oo. (5.4.8)
ko|o|<N  te[o,T]

In our argument, the main modification made to [71] is the derivation of (5.4.8). For the
cases considered in [71], linear growth condition on by, is exploited to establish (5.4.8) by
a standard argument. For our case where linear growth is not assumed, we instead derive
(5.4.8) using Theorem 5.3.2 and an upper estimate for the transition kernel, which in fact
give a tail estimate for sup,c(o 7y [ X ¢/-

The following transition kernel estimate was proved in [58, Corollary 9].

Theorem 5.4.1. Suppose that b is a smooth function with bounded derivatives, and b satis-

fies (1.4.i) and (1.4.ii). Let T'(t, x; s,y) be the fundamental solution to (5.4.3), and let

2 2—7
= V= 549
YTr e T 2y 649
where -y is the constant defined by (5.4.2).
(a) If n > 1, then
K K - 2 m—
g [ s
L(t, x;s,y) < K Kife = gl"/070) s 1 (5.4.10)
(t — s)/2 o [ CJt— s/ D ]’ ¥ peer 2 1,

where K\ = K\(l,q,n), Ky = Ks(l,q,n, ||b|| 11(0,r;arn))) are constants depending only

on the parameters in the corresponding parentheses.
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(b) If 1 = 1 (which forces ¢ = >0), then

D(t,x;s,y) < (5.4.11)

K Ko((t = 5)" — |z — y))?
(t — s)n/? exp[ t—s ’

where the constant Ky depends on the same parameters as in (a).

Before we derive the uniform moment estimate (5.4.8) by Theorem 5.3.2 and Theorem
5.4.1, let us point out a special case for which a tail estimate for sup;c( 7y | Xx.¢| can be ob-
tained without using Theorem 5.3.2. This is the case when the transition kernel I'(¢, z; s, y)

has both lower and upper Gaussian estimate:
Cy Cslz — y|?

- I < (tais) <

exp B Cl’fﬂ_y’Z]
(t — s)n/? t—s '

2
(t — s)n/? P t—s
(5.4.12)

These Gaussian upper and lower bounds are valid when | = oo, ¢ = n (see [58, p. 4] for

more details). The crucial point in this case is the exact space—time scaling. To be precise,

let 7 = inf{t € [0,7] : | X¢| > A}. By definition,

IP’( sup |X;| > )\) =P(r <7T).

t€[0,T]

Hence, by Bayes’ rule,

P(|Xr| > A)
IP’( sup | X,| > )\) - . (5.4.13)
t€[0,7] ]P’(]XT\ > A ‘ T < T)
By the Gaussian lower bound in (5.4.12),
T
P(|Xr| > A|7<T) :/ P(|X7| > A7 =1)P(r € dt)
0
T
> 0/ P(Xr — X; > 0) P(r € dt)
0 (5.4.14)

v

T 2
04 Cg’l"
C/O /1 (T—t)"/ZeXp[_ T_t}da:P(Tedt)

> C,
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where C' > 0 is a constant depending only on n, C5,C,. By (5.4.14), (5.4.13), and the

upper Gaussian bound in (5.4.12), we deduce that

IF’( sup | Xy > A) < Orexp(=Cr)?),

t€[0,T]

which clearly implies (5.4.8). However, this approach is quite limited, since it requires both
Gaussian lower and upper bounds.
Let us return to the derivation of (5.4.8). The conditions in Theorem 5.3.2 are justified

by the following estimates.

Corollary 5.4.2. Suppose that b is a smooth function with bounded derivatives, and satisfies

(1.4.i) and (1.4.ii). Then the solution to (5.4.1) satisfies the estimate

E(|X: — X,[") < K[t —s|™, forall0<s<t<T, r>1, (5.4.15)

where 0, = (1 — ~v/2)r — (v — 1)n/2, and K is a constant depending only on [, q,n and

HbHLl(O,T;Lq(Rn)). Moreover,
P(IX; = Xo[ 2 A) < Crexp (=C1X7) (5.4.16)

where o« = min{2, /(1 — 1)} (o = 2 when p = 1), C} is a constant depending only on
L, q,n,||b|| io,7;La(rny), and Csy is a constant depending only on 1, q, ||bl| 1o 7;9rnY), 7> T

Here 1 is the constant defined by (5.4.9).

Proof. Without loss of generality, we may assume s = 0 and ¢ < 1. When p > 1, by

(5.4.10) (with b(t, x) replaced by b(t, z + xp)),

Mx—%m:/mwmmmmx
Rn

K K,|z|?
< |x|r_2€Xp<_ﬂ> de
T /
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. tn/2

— K(t% + ¢@=5-0-D)

3

SN—
AN
=
~

S

The proof of (5.4.15) for the case when ;1 = 1 is similar to the above.

We now turn to the proof of (5.4.16). When i > 1, by (5.4.10),

P(|X,—X| > A) S/ K, D (‘Kllz‘2>d$+/ ﬁexp [_Kl<‘$’”)ull] dz,

— €
a2 £/

where v is the constant defined by (5.4.9). Clearly,

Kz ( K1|£L‘|2
[z|>A W

) dr < Cyexp(—C1A\?), t € 0,7],

and

1

K. HN =1 B
[ oo [ (5 ar < caop (i), selo
z|>\

This proves (5.4.16) for the case ;¢ > 1. When po = 1, by (5.4.11),

v 2
P(|X;—Xo| > N) < / —M> dr < Cyexp(—C1\?), t€[0,T).

2
—— X
jaf2 T/ ! ( ¢

This completes the proof. [

Now we are ready to apply Theorem 5.3.2 to derive the tail estimate and moment es-

timate for the supremum.

Proposition 5.4.3. Suppose that b is a smooth function with bounded derivatives, and sat-

isfies (1.4.i) and (1.4.ii). Then the solution to (5.4.1) satisfies

IP( sup | X, — Xo| > /\> < Oy exp(—ChA%), (5.4.17)

te[0,7]
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with o = min{2, u/(pn — 1)} (a = 2 when u = 1), where p is the constant defined by
(5.4.9); C\ is a constant depending only on 1, q,n, ||bl| 110 7;1e(rn), and Cy is a constant

depending only on 1, q, ||b|| (0, r;La(rn)), 7, T Therefore,

E| sup [X; — X0|T] <C < oo, forallr>1, (5.4.18)
te[0,7

where C'is a constant depending only on 1, q, ||b|| i 7;erny), 7, T

Proof. By Corollary 5.4.2, applying Theorem 5.3.2 to the process { X; — X }; immediately
yields (5.4.17). The estimate (5.4.18) is a direct corollary of (5.4.17). O

Now by (5.4.4) and Proposition 5.4.3 applied to each by, the desired uniform moment
estimate (5.4.8) follows immediately. As demonstrated earlier, following an argument sim-
ilar to that in [71, Section 6], the estimate (5.4.8) implies the following almost every-
where existence and uniqueness of strong solutions to stochastic DiPerna—Lions flows with

divergence-free drifts.

Theorem 5.4.4. Under assumptions (1.4.i) and (1.4.ii), the SDE (5.4.1) admits a unique
strong solution { X, }, for almost every initial data Xo = x € R™. More precisely, let { B, }
be a standard Brownian motion on a filtered probability space, and {F;}, be the filtration
determined by { B, },. There exists a measurable R"-valued stochastic field X = X (t,w; x)
on [0,00) x Q x R" such that, for almost all x € R", the process { X;(x)}, is the unique

strong solution to (5.4.1), that is, { X;(x)}; is an {F;}-adapted process such that
t
/ b(r, X, (2))|dr < oo P-a.s.,
0

and

t
Xi(z) =2z +/ b(r, X, (x))dr + B;, t >0 P-a.s.
0

Remark 5.4.5. We should point out that the estimate (5.4.18) is crucial to the argument

used to prove Theorem 5.4.4. The tail estimate (5.4.17) is a technical intermediate step.
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