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Abstract
We develop a nonparametric, semimartingale optimal transport, calibration method-
ology for local volatility models with stochastic interest rates. The method finds a
fully calibrated model which is closest, in a way defined by a general cost func-
tion, to a given reference model. We establish a general duality result which allows
to solve the problem by optimising over solutions to a second-order fully nonlin-
ear Hamilton–Jacobi–Bellman equation. Our methodology is analogous to Guo et al.
(SIAM J. Financ. Math. 13:1–31, 2022; Math. Finance 32:46–77, 2022), but features
a novel element of solving for discounted densities, or sub-probability measures. As
an example, we apply the method to a sequential calibration problem, where a Vašíček
model is already given for the interest rates and we seek to calibrate a stock price’s
local volatility model with a volatility coefficient depending on time, the underly-
ing and the short rate process, and the two processes driven by possibly correlated
Brownian motions. The equity model is calibrated to any number of European option
prices.
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1 Introduction

Modelling involves inevitable trade-offs: “All models are wrong, some models are
useful” as Box [13] put it. Models need to capture the important aspects of the sys-
tem they represent, but also need to be tractable and analytically and/or numerically
solvable. In particular, calibration – picking model parameters which recover known
outputs – is an essential part of any modelling process. It is a key challenge faced by
financial industry practitioners on a daily basis, as their pricing models need to match
market prices of liquid instruments before they can be used to price any bespoke or
illiquid products.

In practice, models for a key underlying, such as the S&P500 index, need to be
calibrated to a large number of options with different maturities and strikes. This may
be nigh impossible for a simple parametric model. Dupire [24] derived a formula to
calibrate a local volatility model to an arbitrary number of options, establishing it as
a benchmark for modelling equities (see also Atlan [4] for its stochastic interest rate
extension). However, it came with its own shortcomings. Its calibration poses seri-
ous numerical challenges, see Bain et al. [7], and requires interpolation of the data
as Dupire’s formula assumes a continuum of prices across strikes and maturities.
Moreover, it has been criticised for wrong dynamic behaviour compared to suitable
stochastic volatility models; see Hagan et al. [39]. This issue can lead to potentially
costly mispricing of exotic products. Naturally, this motivated further research and led
in particular to the introduction of local stochastic volatility (LSV) models or forward
variance stochastic volatility models; see Bergomi [11] for details and historical ref-
erences. While successful in many ways, these models also came with shortcomings,
often related to an inability to calibrate to a new class of products. Prominent among
these was the challenge to calibrate jointly to SPX and VIX options; see Guyon [35]
for a literature review and discussion.

Monte Carlo methods to calibrate with Dupire’s formula have been used in Deel-
stra and Rayée [23], Hok and Tan [44], Ögetbil et al. [61]. Another approach is to
discretise the nonlinear Fokker–Planck equation and directly solve it by finite differ-
ences as in Ren et al. [62] or by finite volume methods as in Engelmann et al. [27]
and Wyns and Du Toit [70]. Dupire [25] derives a nonlinear McKean SDE for the lo-
cal volatility, which in fact recovered the mimicking result of Gyöngy [38] by using
a financial argument. This has been solved via Monte Carlo methods developed in
Henry-Labordère [43] for an approximate calibration, and an exact calibration by the
particle method of Guyon and Henry-Labordère [36, 37]. Cozma et al. [21] used vari-
ance reduction techniques to implement the particle method in a four-factor model.
All these methods require a continuum of strikes and maturities to construct a sur-
face of implied volatilities, which in practice results in interpolation and extrapola-
tion of market data to build these surfaces. We adopt a different approach without
this requirement by formulating the exact calibration of European options as discrete
constraints within a convex optimisation problem.
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Recently, a nonparametric exact calibration method based on optimal transport
has been proposed, which aims to address the above challenges. This method uses
semimartingale optimal transport as introduced by Tan and Touzi [67], which is the
semimartingale version of the celebrated work of Benamou and Brenier [10] (see also
Huesmann and Trevisan [45]). This approach has already been used in several con-
texts: for local volatility calibration in Guo et al. [33], for local stochastic volatility
calibration in Guo et al. [34], for joint VIX/SPX calibration in Guo et al. [31] and for
optimal investment in Guo et al. [29]. The most general formulation of the method,
pointing to the breadth of its applications, is found in Guo and Loeper [30].

An overview of these results is given in Guo et al. [32]. It is worth noting that
whilst the link with optimal transport was not recognised, a variational approach
to calibrating local volatility models was first constructed already in Avellaneda et
al. [5]. The core contribution of the method is to build a fully calibrated model while
trying to preserve desirable features of a given model. In effect, we project a given
reference model onto the set of calibrated models. As the calibration constraints de-
pend on one-dimensional marginals, classical mimicking results, see Gyöngy [38]
and Brunick and Shreve [18], allow us to restrict to Markovian models. This in turn
allows us to use PDE methods to solve the dual problem.

The need for a calibrated interest rate model is common to all financial prod-
ucts involving future payments. While in a very low interest rate environment, which
roughly held in the financial markets between 2009 and 2021, one may be tempted
to ignore this need for short-dated products, it is no longer feasible for the current
market conditions. It is therefore natural to extend the semimartingale optimal trans-
port approach to a setup that includes stochastic rates. Our contribution here is to
fill this gap and understand how to develop and calibrate joint models for rates and
equities. This extension is not trivial, since the computation of the discount factor
involves the whole path of the short rate, which renders the problem path-dependent.
We show how to overcome this difficulty. We develop suitable duality results and
seek to calibrate a stock price local volatility model with a volatility coefficient de-
pending on time, the underlying and the short rate process, and driven by a Brownian
motion which can be correlated with the randomness driving the rates process. In a
sequel paper Joseph et al. [51], we consider a simultaneous joint calibration prob-
lem. A particular difficulty here is in dealing with the path-dependent discount terms
while keeping the number of state variables, and thus the dimension of the problem,
at d = 2. This is important for computational reasons as the numerical methods rely
on solving a nonlinear HJB equation and pricing PDEs, which becomes computation-
ally more difficult by standard techniques in dimension d ≥ 3. However, our duality
result covers any interest rate model, at the expense of higher numerical complexity.

2 Preliminaries and notation

We adopt the setup of Guo et al. [31, 34], who in turn used the formulation of
Tan and Touzi [67]. Let E be a Polish space equipped with its Borel σ -algebra,
let C(E) be the space of continuous functions on E and Cb(E) the space of continu-
ous bounded functions on E. Let ℳ(E) be the space of finite signed Borel measures
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endowed with the weak∗ topology, ℳ+(E) ⊆ ℳ(E) the subset of nonnegative fi-
nite Borel measures, and 𝒫(E) the set of Borel probability measures also under the
weak∗ topology. Note that if E is compact, the topological dual of Cb(E) is given
by Cb(E)∗ = ℳ(E); but if E is non-compact, then Cb(E)∗ is larger than ℳ(E).
Let L1(dμ) be the space of μ-integrable functions. For clarity, we write Cb(E;ℝd),
ℳ(E;ℝd) and L1(dμ;ℝd) for the vector-valued versions of those spaces (with an
analogous notation for the matrix-valued versions). Write 𝕊

d for the set of d × d

symmetric matrices and 𝕊
d+ ⊆ 𝕊

d for the subset of positive semidefinite symmetric
matrices. For a, b ∈ ℝ

d , write a·b for the inner product a⊤b, and for A,B ∈ 𝕊
d , write

A : B for their inner product Tr(A⊤B). As a shorthand, we define Λ := [0, T ] × ℝ
d

and 𝒳 := ℝ × ℝ
d × 𝕊

d , which will be used for the domain and range of the triple
representing the law of a semimartingale, its drift and its volatility. Finally, denote the
duality bracket between Cb(E) and Cb(E)∗ by ⟨ · , · ⟩, and for a Borel curve t ↦→ μt

with μt ∈ ℳ+(E) for t ∈ [0, T ], write dμtdt as a shorthand for μt(dx)dt .
We fix a time horizon T > 0 and dimension d > 1. We mainly work on the

canonical space Ω := C([0, T ];ℝd) of continuous ℝ
d -valued paths on [0, T ], but

sometimes we need to work on C([0, T ];ℝd+1). The canonical process is denoted in
two ways: either as e, with et (ω) = ωt , and the dimension is clear from the context,
or as X, with Xt(ω) = ωt , with the latter restricted to the d-dimensional setting. We
take the canonical filtration 𝔽 = (ℱt )0≤t≤T as the right-continuous version of the
natural filtration generated by e. We consider all probability measures ℙ on (Ω,ℱT )

such that X is an (𝔽,ℙ)-semimartingale with decomposition

Xt = X0 + Aℙ

t + Mℙ

t , t ∈ [0, T ],ℙ-a.s.,

where (Mℙ
t )t≥0 is a local (𝔽,ℙ)-martingale and (Aℙ

t )t∈[0,T ] a finite-variation process.

Definition 2.1 We say that ℙ is characterised by (αℙ, βℙ) if

αℙ

t = dAℙ
t

dt
, βℙ

t = d⟨Mℙ⟩t
dt

(dℙ ⊗ dt)-a.e.,

where (αℙ
t , βℙ

t )t∈[0,T ] is an (ℝd × 𝕊
d)-valued progressively measurable process.

The existence of progressively measurable (αℙ
t , βℙ

t ) is guaranteed when Aℙ and
⟨Mℙ⟩ are assumed to be Lebesgue-absolutely continuous ℙ-a.s.; see Jacod and
Shiryaev [49, Propositions I.3.13 and II.2.9]. Note that (αℙ, βℙ) is only determined
(dℙ ⊗ dt)-almost everywhere. The set of probability measures ℙ satisfying the con-
ditions above is denoted by 𝒫 . We note that regular conditional probabilities exist
on Ω and use these implicitly; e.g. 𝔼ℙ

t,x[αℙ
t ] or 𝔼ℙ[αℙ

t |Xt = x] denote the conditional
expectation seen as a measurable function of (t, Xt ) and evaluated at Xt = x. Fi-
nally, we note that by Doob’s martingale representation theorem (see Karatzas and
Shreve [53, Theorem 3.4.2]) there exists a Brownian motion Wℙ, possibly on an
enlarged probability space, such that

Xt = X0 +
∫︂ t

0
αℙ

s ds +
∫︂ t

0
(βℙ

s )1/2 dWℙ

s , t ≤ T .
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The process X := (S, Xr) is composed of the short rate (Xr
t )t∈[0,T ] and a

(d − 1)-dimensional process (St )t∈[0,T ] corresponding to the underlying asset, such
as the S&P 500, and extra state variables, e.g. extra assets, stochastic factors in the
volatility functions, or multi-factors in the short rate. In specific examples in Sect. 4.1,
the short rate is also denoted by r . The state variable’s x-coordinate corresponding to
Xr is denoted by xr to stress that it represents the short rate. The stochastic discount
factor is derived from the short rate as Yt := exp(− ∫︁ t

0 Xr
s ds), and we refer to (X, Y )

as the augmented process. Note that the augmented process can be expressed as an
updating function in the sense of Brunick and Shreve [18, Definition 3.1]. We further
consider the subset 𝒫1 ⊆ 𝒫 of measures ℙ ∈ 𝒫 which satisfy

𝔼
ℙ

[︃ ∫︂ T

0
(|αℙ

t | + |βℙ

t |) dt

]︃
< ∞ and Xr

t > −1 (dℙ ⊗ dt)-a.e. (2.1)

We are not aware of any relevant model which would require the short rate to be un-
bounded from below; so this part of the assumption poses no problem. It implies in
particular that 0 < Yt < eT , t ∈ [0, T ], under all measures considered in this paper.
The integrability assumption on (αℙ, βℙ) in (2.1) would equally be satisfied under
any reasonable model, and it is imposed so that we can apply [18, Theorem 3.6].
These mimicking results, extending earlier works of Krylov [54] and Gyöngy [38],
allow us to construct a Markov process with the same one-dimensional marginals as
a given semimartingale. As our constraints and cost only depend on these marginals,
this allows us to restrict our attention to Markov processes. Markovian projection
relies on the classical result that the marginal law of a diffusion process is a distribu-
tional solution to the corresponding Fokker–Planck equation, with the converse result
given in Figalli [28] where existence and uniqueness results are obtained for the cor-
responding SDE satisfied by a process with a marginal law that is a weak solution to
a Fokker–Planck equation. In addition, since we consider a calibration problem with
a stochastic interest rate, to avoid path-dependent terms, we augment the process to
include stochastic discount factor terms. For simplicity, our arguments consider a
one-factor short rate, but it is easy to adapt to a multi-factor or multi-curve setting.

Theorem 2.2 Let ℙ ∈ 𝒫1 be a candidate model. There exist jointly measurable ver-
sions of the conditional expectations αt (x, y) = 𝔼

ℙ
t,x,y[αℙ

t ], βt (x, y) = 𝔼
ℙ
t,x,y[βℙ

t ],
and ℙ̃ ∈ 𝒫1 such that αℙ̃

t = αt (Xt , Yt ) and β ℙ̃
t = βt (Xt , Yt ) (dℙ̃ ⊗ dt)-a.e. and

ℙ̃ ◦ (Xt , Yt )
−1 = ℙ ◦ (Xt , Yt )

−1. Moreover, possibly on some other probability space
with ℙ

′, there exists a Markov process (X, Y ) satisfying

{︄
dXt = αt (Xt , Yt ) dt + (︁

βt (Xt , Yt )
)︁ 1

2 dWℙ
′

t , 0 ≤ t ≤ T , X0 = x0,

dYt = −YtX
r
t dt, 0 ≤ t ≤ T , Y0 = 1,

(2.2)

such that ℙ′ ◦ (Xt , Yt )
−1 = ℙ ◦ (Xt , Yt )

−1 for all t ∈ [0, T ] and where Wℙ
′

is a
Brownian motion. Finally, the marginal distributions ρt = ρ(t, · ) = ℙ ◦ (Xt , Yt )

−1
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are a weak solution to the Fokker–Planck equation
⎧⎨
⎩

∂tρt + ∇x · (ρtαt ) − 1

2
∇2

x : (ρtβt ) − ∂y(xryρt ) = 0 on (0, T ) × ℝ
d+1,

ρℙ

0 = δX0,Y0 , (x, y) ∈ ℝ
d+1.

(2.3)

Definition 2.3 We let 𝒫1
loc denote the subset of measures in 𝒫1 under which the

semimartingale characteristics of X are given as measurable functions in (t, Xt , Yt ).

Remark 2.4 The first assertion in Theorem 2.2 follows from Brunick and Shreve [18,
Theorem 7.1]. The second then follows via the martingale representation theorem,
and is [18, Theorem 3.6]. The last assertion is obtained using Itô’s formula. Note that
ℙ̃ is in 𝒫1

loc and is simply the distribution of X solving (2.2), i.e., ℙ̃ = ℙ
′ ◦ X−1.

With a slight abuse of language, we refer to 𝒫1
loc as measures under which (X, Y ) is

a Markov process solving (2.2).

Remark 2.5 A Borel curve (νt )t∈[0,T ] ⊆ ℳ(ℝd) is narrowly continuous if for every
f ∈ Cb(ℝ

d), the map t ↦→ ∫︁
ℝd f dνt is continuous. Trevisan [68, Remark 2.3] (see

also Ambrosio et al. [2, Lemma 8.1.2]) shows that any solution (ρt )t∈(0,T ) to (2.3)
has a narrowly continuous representative (ρ̃t )t∈[0,T ] such that ρt = ρ̃t for almost
all t ∈ (0, T ). Defining ℒ as the diffusion operator associated with (2.3), we then
also have
∫︂

ft2 dρ̃t2 −
∫︂

ft1 dρ̃t1 =
∫︂ t2

t1

∫︂ (︁
∂tf + (ℒf )t

)︁
dρ̃t dt for 0 ≤ t1 < t2 ≤ T .

We therefore may assume without loss of generality that the solution to (2.3) is
narrowly continuous.

Our calibration problem below will be written as a minimisation of a cost
functional which represents a “distance” to a given favourite reference model
and also ensures perfect calibration. We consider a strongly convex cost function
F : Λ × ℝ

d × 𝕊
d → [0,+∞] which is proper and lower semicontinuous in (α, β).

It is set to take the value +∞ outside of a set Γ; see for example (4.16). In particular,
we always set F = +∞ if β /∈ 𝕊

d+ to ensure β is a legitimate covariance matrix. We
use these properties implicitly, e.g. whenever we restrict to β ∈ 𝕊

d+. We also define the
function F̂ : Λ ×ℝ×ℝ

d × 𝕊
d → [0,+∞] as F̂ (t, x, y, α, β) = f (y)F (t, x, α, β),

where the function f is specified by the discounting term in the payoffs of the option
constraints.

The strong convexity of F (see Nesterov [60, Definition 2.1.3]) means that for any
subderivative ∇ performed over (α, β) ∈ ℝ

d × 𝕊
d+, there exists C > 0 such that for

all (t, x, α, β, α′, β ′) ∈ Λ × ℝ
d × 𝕊

d+ × ℝ
d × 𝕊

d+ with F(t, x, α, β) < ∞, we have

F(t, x, α′, β ′) ≥ F(t, x, α, β) + ⟨∇F(t, x, α, β), (α′ − α, β ′ − β)⟩
+ C(|α − α′|2 + ∥β − β ′∥2

Fro). (2.4)
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Here ∥ · ∥Fro denotes the Frobenius norm, which for a matrix M is given by

∥M∥Fro =
√︂∑︁

i,j |mi,j |2. We additionally assume that F is p-coercive, i.e., there

exist p > 1 and C > 0 such that for all (t, x, α, β) ∈ Λ × ℝ
d × 𝕊

d+, we have

|α|p + ∥β∥p

Fro ≤ C
(︁
1 + F(t, x, α, β)

)︁
.

The Legendre–Fenchel transform of F (see for example Rockafellar [63, §12]) is
given by

F ∗(t, x, a, b) := sup
α∈ℝd ,β∈𝕊d+

(︁
α · a + β : b − F(t, x, α, β)

)︁
,

where the supremum is a priori over (α, β) ∈ ℝ
d ×𝕊

d , but can be restricted to β ∈ 𝕊
d+

by the comment above, or indeed can later be restricted to the set Γ as F = +∞
elsewhere. While F itself need not be differentiable with respect to (α, β), since F

is strictly convex in (α, β), we have that F ∗(t, x, a, b) is differentiable in (a, b)

(see [63, Theorem 26.3]). For convenience, we set F(α, β) := F(t, x, α, β) and
F ∗(a, b) := F ∗(t, x, a, b).

3 Problem formulation

We want to calibrate our model to market prices of n options. The ith option has
maturity τi ∈ (0, T ), payoff function Gi ∈ Cb(ℝ

d ;ℝ) and price ui . While Euro-
pean call option payoffs do not satisfy boundedness, as calibrating instruments, they
are equivalent to put options via the usual call–put parity, and puts have bounded
and continuous payoffs. We let τ = (τ1, . . . , τn), G(x) = (G1(x), . . . ,Gn(x)) and
u = (u1, . . . , un). We are only interested in modelling up to the horizon covered by
the market instruments; so we assume that T > maxi≤n τi .

Definition 3.1 Given an initial distribution μ0, expiry times τ and market prices u

corresponding to payoffs G, we introduce the set of calibrated measures as

𝒫(μ0, τ, u) = {ℙ ∈ 𝒫1 : ℙ ◦ X−1
0 = μ0,𝔼

ℙ[Yτi
Gi(Xτi

)] = ui for i = 1, . . . , n}.
We denote by 𝒫loc(μ0, τ, u) = 𝒫(μ0, τ, u) ∩ 𝒫1

loc those calibrated models under
which the semimartingale characteristics of X are given as measurable functions
of (t, Xt , Yt ); see Remark 2.4. We denote by ˜︁𝒫loc(μ0, τ, u) ⊆ 𝒫loc(μ0, τ, u) the
subset of those measures under which the semimartingale characteristics of X are
given as measurable functions of (t, Xt ).

We remark that we usually take the initial law μ0, i.e., the distribution of (X0, Y0),
as δ(x0,1), where X0 = x0 are the observed initial values of our state variables and
Y0 = 1 always.

Our primal problem consists of selecting one of the possible calibrated models
in 𝒫(μ0, τ, u) by minimising a cost functional. The following key results assert that
when doing so, we can in fact restrict to Markov processes.
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Proposition 3.2 Given an initial distribution μ0, expiration times τ and market prices
u, we have

V := inf
ℙ∈𝒫(μ0,τ,u)

𝔼
ℙ

[︃ ∫︂ T

0
YtF (αℙ

t , βℙ

t ) dt

]︃

= inf
ℙ∈˜︁𝒫loc(μ0,τ,u)

𝔼
ℙ

[︃ ∫︂ T

0
YtF (αℙ

t , βℙ

t ) dt

]︃
. (3.1)

We prove this in three steps. In Sect. 3.1, we reduce from ℙ ∈ 𝒫(μ0, τ, u) to
ℙ ∈ 𝒫loc(μ0, τ, u), meaning that it is sufficient to consider Markovian models with
drift and diffusion depending on (t, Xt , Yt ). Section 3.2 then introduces a condi-
tioning argument which we refer to as the discounted density transformation. We
then prove the “discounted superposition principle”, which is an adaptation of Tre-
visan [68, Theorem 2.5] and shows a correspondence between the solution of the
transformed Fokker–Planck equation and the solution of the martingale problem with
the discounted coefficients. Section 3.3 then uses the transformation in Sect. 3.2 to re-
duce from ℙ ∈ 𝒫loc(μ0, τ, u) to ℙ ∈ 𝒫̃loc(μ0, τ, u), thus showing that it is sufficient
to consider Markovian models with drift and diffusion depending on (t, Xt ).

3.1 First Markovian reduction

Similarly to Guo et al. [34, Proposition 3.4], since the market constraints only depend
on the marginal distributions and the cost functional is convex, a combination of the
Markovian projection in Theorem 2.2 and Jensen’s inequality readily shows that we
can restrict our attention to Markov process in (t, Xt , Yt ).

Proof of Proposition 3.2 (Step I) Note that ˜︁𝒫loc(μ0, τ, u) ⊆ 𝒫(μ0, τ, u). So the in-
equality “≤” is trivial, and if 𝒫(μ0, τ, u) is empty, then both sides are +∞. We
show now the inequality “≥”, but with 𝒫loc(μ0, τ, u) replacing ˜︁𝒫loc(μ0, τ, u). Take
ℙ ∈ 𝒫(μ0, τ, u) and use Theorem 2.2 and Remark 2.4 to find the corresponding
ℙ̃ ∈ 𝒫loc(μ0, τ, u) such that (X, Y ) has the same marginals under ℙ and ℙ̃. Using
the tower property and Jensen’s inequality as (α, β) ↦→ F(α, β) is convex, we have

𝔼
ℙ

[︃ ∫︂ T

0
YtF (αℙ

t , βℙ

t ) dt

]︃
= 𝔼

ℙ

[︃ ∫︂ T

0
Yt𝔼

ℙ

t,Xt ,Yt
[F(αℙ

t , βℙ

t )] dt

]︃

≥ 𝔼
ℙ

[︃ ∫︂ T

0
YtF (𝔼ℙ

t,Xt ,Yt
[αℙ

t ],𝔼ℙ

t,Xt ,Yt
[βℙ

t ]) dt

]︃

= 𝔼
ℙ̃

[︃ ∫︂ T

0
YtF (αℙ̃

t , β ℙ̃

t ) dt

]︃
.

This gives the desired inequality. □

3.2 A “discounted density” transformation and superposition principle

While we could easily reduce to Markovian models in the state process (X, Y ), this is
not satisfactory. In particular, when we consider in Sect. 5.2 a local volatility model
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with a short rate, we should obtain a three-dimensional fully nonlinear PDE instead
of a two dimensional one, which would entail a substantially increased computa-
tional effort. We thus want to further reduce to the Markov process X, i.e., to ob-
tain (3.1). This requires novel arguments to deal with the stochastic discount term. In-
stead of working with probability measures, we work with discounted densities, i.e.,
sub-probability measures. When ℙ ∈ 𝒫1

loc is fixed, we write ρ, α, β for ρℙ, αℙ, βℙ.

Definition 3.3 Let ℙ ∈ 𝒫1
loc with the semimartingale characteristics of X given by

αℙ
t = αt (Xt , Yt ), βℙ

t = βt (Xt , Yt ). Let ρt (dx, dy) and ρX
t (dx) be the marginal

distribution of (Xt , Yt ) and of Xt , respectively, for t ∈ [0, T ]. We also write
ρt (dx, dy) = ζt,x(dy)ρX

t (dx), i.e., ζt,x is the law of Yt conditionally on Xt = x.
Define the “discounted” density, drift and volatility for (t, x) ∈ [0, T ] × ℝ

d by

ρD
t (dx) = Dt(x)ρX

t (dx), where Dt(x) =
∫︂
ℝ

yζt,x(dy), (3.2)

αD
t (x) = 𝔼[Ytαt (Xt , Yt )|Xt = x]

𝔼[Yt |Xt = x] =
∫︂
ℝ

yαt (x, y)
ζt,x(dy)

Dt(x)
, (3.3)

βD
t (x) = 𝔼[Ytβt (Xt , Yt )|Xt = x]

𝔼[Yt |Xt = x] =
∫︂
ℝ

yβt (x, y)
ζt,x(dy)

Dt (x)
. (3.4)

By construction, ρD
t inherits narrow continuity from ρt . In addition, using (2.1)

and (3.2)–(3.4), we have

∫︂ T

0

∫︂
ℝd

(︁|αD
t (x)| + |βD

t (x)|)︁ρD
t (dx) dt

=
∫︂ T

0

∫︂
ℝd+1

(︁|yαt (x, y)| + |yβt (x, y)|)︁ρt (dx, dy) dt

≤ eT
𝔼
ℙ

[︃ ∫︂ T

0
(|αℙ

t | + |βℙ

t |) dt

]︃
< ∞, (3.5)

so that αD and βD are (dt ⊗ ρD)-integrable.
A key tool in the dimension reduction is a “discounted” version of the super-

position principle of Trevisan [68, Theorem 2.5]. We first define the augmented
martingale problem.

Definition 3.4 For f ∈ C
1,2
b ([0, T ] × ℝ

d+1;ℝ) and given measurable functions
a : [0, T ] × ℝ

d → ℝ
d , b : [0, T ] × ℝ

d → 𝕊
d+ and c : [0, T ] × ℝ

d → ℝ, define the
operator

ℒf = a · ∇xf + 1

2
b : ∇2

xf − yc∂yf.
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Then 𝜼 ∈ 𝒫(C([0, T ];ℝd+1)) is a solution to the augmented martingale problem
aMP(a, b, c) if

∫︂ ∫︂ T

0
(|at | ◦ et + |bt | ◦ et + |ct | ◦ et ) dt d𝜼 < ∞ (3.6)

and for all f ∈ C
1,2
b ([0, T ] × ℝ

d+1;ℝ), the process

[0, T ] ∋ t ↦→ f (t, · ) ◦ et −
∫︂ t

0

(︁
∂tf (s, · ) + (ℒf )(s, · ))︁ ◦ es ds

is a martingale with respect to the natural filtration on C([0, T ];ℝd+1).

We now state the “discounted superposition principle”.

Theorem 3.5 Let (νt )t∈[0,T ] ∈ C([0, T ];ℳ(ℝd)) be a narrowly continuous solution
of the general discounted Fokker–Planck equation

∂tνt +∇x · (︁at (x)νt (x)
)︁− 1

2
∇2

x : (︁
bt (x)νt (x)

)︁+ct (x)νt (x) = 0 on (0, T ) × ℝ
d ,

where a ∈ L1(dνt dt;ℝd), b ∈ L1(dνt dt; 𝕊d+) and c ∈ L1(dνt dt;ℝ). Then there
exists a solution 𝜼 ∈ 𝒫(C([0, T ];ℝd+1)) to the aMP(a, b, c) such that for all
t ∈ [0, T ], the discounted version of its narrowly continuous curve of marginals
ηt = 𝜼 ◦ e−1

t coincides with νt , that is,
∫︁
ℝ

yηt ( · , dy) = νt .

The proof of Theorem 3.5 follows closely the steps in the proof of Trevisan [68,
Theorem 2.5], which itself has a similar structure to Ambrosio et al. [2, Theo-
rem 8.2.1], Ambrosio and Figalli [1, Theorem 4.5], Figalli [28, Theorem 2.6], Ambro-
sio and Trevisan [3, Theorem 7.1]. We defer the proof to the Appendix, but summarise
here the main steps. First, in Sect. A.1, we argue that the result holds for smooth coef-
ficients and construct smooth approximating sequences in an analogous way to [68].
Then Sect. A.2 asserts the compactness of solutions for the augmented martingale
problem as a direct consequence of [68, Sect. A.2], and establishes convergence via
an easy modification of [68, Sect. A.3]. For the generalisation to coefficients which
are C2 in space, the adaptation of the proof is easy with the existence of a solution
to aMP(a, b, c) with a given initial law following directly from [68, Theorem A.6],
and uniqueness following from a simple adaptation of [68, Theorem A.7], with the
approach in obtaining estimates an easy modification. The generalisation to bounded
coefficients relies on the de la Vallée-Poussin criterion and [68, Corollary A.5], with
our modification again being the handling of the c-term — here we rely on the al-
ready established tightness and superposition results for the augmented martingale
problem, as it is just the usual martingale problem for (X, Y ), and on the fact that Y

is strictly positive. The estimates for the x-coordinates are obtained in the same way
as in [68], and the estimates for the y-coordinate use the function log(yχR), where χR

is some cutoff function in order to eliminate the y-term in the augmented diffusion
operator. The case of locally bounded coefficients then follows a similarly modified
approach to the case of bounded coefficients as in [68].
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3.3 Second Markovian reduction

We use now the tools introduced above to finish the proof of Proposition 3.2.

Proposition 3.6 Let ℙ ∈ 𝒫1
loc and ρD , αD , βD be given as in Definition 3.3. Then ρD

t

is a weak solution to the “discounted” version of the Fokker–Planck equation, for
(t, x) ∈ (0, T ) × ℝ

d ,

∂tρ
D
t (x) + ∇x · (︁

αD
t (x)ρD

t (x)
)︁ − 1

2
∇2

x : (︁
βD

t (x)ρD
t (x)

)︁ + xrρ
D
t (x) = 0. (3.7)

Moreover, there exists a local volatility model ℙ̃ ∈ 𝒫1 under which the semimartin-

gale characteristics of X are given by αℙ̃
t = αD

t (Xt ) and β ℙ̃
t = βD

t (Xt ) (dℙ̃⊗dt)-a.e.
and such that for any payoff function G ∈ Cb(ℝ

d ;ℝ) and any t ∈ [0, T ],

𝔼
ℙ[YtG(Xt)] = 𝔼

ℙ̃[YtG(Xt )]. (3.8)

Furthermore, the value of the objective function decreases, i.e.,

𝔼
ℙ

[︃ ∫︂ T

0
YtF

(︁
αt (Xt , Yt ), βt (Xt , Yt )

)︁
dt

]︃
≥ 𝔼

ℙ̃

[︃ ∫︂ T

0
YtF

(︁
αD

t (Xt ), β
D
t (Xt )

)︁
dt

]︃
.

The notion of solution to (3.7) is in the spirit of [68, Definition 2.2], but with an
extra term −xrf in the diffusion operator of [68, Definition 2.1].

Proof of Proposition 3.2 (Step II) Proposition 3.6 directly gives that

inf
ℙ∈𝒫loc(μ0,τ,u)

𝔼
ℙ

[︃ ∫︂ T

0
YtF (αℙ

t , βℙ

t ) dt

]︃
≥ inf

ℙ∈˜︁𝒫loc(μ0,τ,u)

𝔼
ℙ

[︃ ∫︂ T

0
YtF (αℙ

t , βℙ

t ) dt

]︃
,

and hence we have equality since ˜︁𝒫loc(μ0, τ, u) ⊆ 𝒫loc(μ0, τ, u). This completes
the proof. □

Proof of Proposition 3.6 Recall the notation of Definition 3.3. Since ρt solves (2.3),
we have for (t, x) ∈ (0, T ) × ℝ

d that

∫︂
ℝ

y

(︃
∂tρt (x, y) + ∇x · (︁

ρt (x, y)αt (x, y)
)︁ − 1

2
∇2

x : (︁
ρt (x, y)βt (x, y)

)︁

− ∂y

(︁
xryρt (x, y)

)︁)︃
dy = 0.
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By construction, the first term is given by
∫︁
ℝ

y∂tρt (x, y) dy = ∂tρ
D
t (x). For the drift,

we then have

∫︂
ℝ

y∇x · (︁
ρt (x, y)αt (x, y)

)︁
dy = ∇x ·

(︃ ∫︂
ℝ

αt (x, y)
y

Dt(x)
ζt,x(y)ρX

t (x)Dt (x) dy

)︃

= ∇x ·
(︃∫︁

ℝ
αt (x, y)yζt,x(y) dy

Dt(x)
ρX

t (x)Dt (x)

)︃

= ∇x · (︁
ρD

t (x)αD
t (x)

)︁
.

The same calculation gives

∫︂
ℝ

y∇2
x : (︁

ρt (x, y)βt (x, y)
)︁

dy = ∇2
x : (︁

ρD
t (x)βD

t (x)
)︁
.

Finally, integration by parts gives
∫︁
ℝ

y∂y(xry)ρt (x, y) dy = −xrρ
D
t (x), and

so ρD
t solves (3.7). Recall also that the integrability condition (3.5) holds. We

can thus apply Theorem 3.5 with ν = ρD to obtain another probability measure

𝝆̃ ∈ 𝒫(C([0, T ];ℝd+1)) solving aMP(αD, βD, xr) and with the property that

ρ̃D
t ( · ) = ∫︁

ℝ
yρ̃t ( · , dy) = ρD( · ). By Guo and Loeper [30, Lemma 3.4], for the

canonical process (X̃, Ỹ ) under 𝝆̃, the coordinate X̃ is a local volatility process with

the semimartingale characteristics αD
t (X̃t ) and β ℙ̃

t = βD
t (X̃t ), and we further have

Ỹt = Ỹ0 exp(− ∫︁ t

0 X̃r
s ds) (dt ⊗ d𝝆̃)-a.e. We let ℙ̃ be the projection of 𝝆̃ on the

first d coordinates. Note that ℙ̃ ∈ 𝒫1 by (3.6), X has the desired semimartingale

characteristics under ℙ̃ and also ρ̃t is the distribution of (Xt , Yt ) under ℙ̃. Then,

given a payoff function G ∈ Cb(ℝ
d;ℝ), we have for any fixed t ∈ [0, T ] that

𝔼
ℙ[YtG(Xt )] =

∫︂
ℝd+1

yG(x)ρt (x, y) dx dy =
∫︂
ℝd

G(x)ρD
t (x) dx

=
∫︂
ℝd

G(x)ρ̃D
t (x) dx

=
∫︂
ℝd+1

yG(x)ρ̃t (x, y) dx dy

= 𝔼
ℙ̃[YtG(Xt )]
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so that (3.8) holds. Finally, we also have

𝔼
ℙ

[︃ ∫︂ T

0
YtF

(︁
αt (Xt , Yt ), βt (Xt , Yt )

)︁
dt

]︃

=
∫︂ T

0

∫︂
ℝd+1

yF
(︁
αt (x, y), βt (x, y)

)︁
ζt,x(dy)ρX

t (dx) dt

=
∫︂ T

0

∫︂
ℝd+1

F
(︁
αt (x, y), βt (x, y)

)︁ y

Dt(x)
ζt,x(dy)Dt (x)ρX

t (dx) dt

≥
∫︂ T

0

∫︂
ℝd

F

(︃∫︁
ℝ

yαt (x, y)ζt,x(dy)

Dt(x)
,

∫︁
ℝ

yβt (x, y)ζt,x(dy)

Dt (x)

)︃
Dt(x)ρX

t (dx) dt

=
∫︂ T

0

∫︂
ℝd

F
(︁
αD

t (x), βD
t (x)

)︁
ρD

t (dx) dt

=
∫︂ T

0

∫︂
ℝd

F
(︁
αD

t (x), βD
t (x)

)︁
ρ̃D

t (dx) dt (3.9)

= 𝔼
ℙ̃

[︃ ∫︂ T

0
YtF

(︁
αD

t (Xt ), β
D
t (Xt )

)︁
dt

]︃
. (3.10)

□

4 The dual problem

Proposition 3.2 asserted that without any loss of generality, we can restrict our atten-
tion to ℙ ∈ ˜︁𝒫loc(μ0, τ, u). By conditioning on Xt , we can express the value function
as an integral against the discounted density, as shown above in (3.9), (3.10). Accord-
ingly, from now on, we always work with the discounted versions of the density, drift
and volatility. We drop the superscript D for notational ease. The problem we need
to solve on the right-hand side of (3.1) is thus given equivalently as follows:

Problem 4.1 The value function for the primal problem is given by

V := inf
ρ,α,β

∫︂ T

0

∫︂
ℝd

F
(︁
αt (x), βt (x)

)︁
ρt (dx) dt, (4.1)

where the infimum is taken over

(ρ, α, β) ∈ C
(︁[0, T ];ℳ(ℝd)

)︁ × L1(dρt dt;ℝd) × L1(dρt dt; 𝕊d),

subject to the constraints, in the sense of distributions for (t, x) ∈ (0, T ) × ℝ
d ,

0 = ∂tρt (x) + ∇x

(︁
ρt (x)αt (x)] − 1

2
∇2

x : [ρt (x)βt (x)] + xrρt (x),

∫︂
ℝd

Gi(x)ρτi
(dx) = ui for i = 1, . . . , n,

ρ0( · ) = μ0.
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We note that Problem 4.1 is in fact an example of unbalanced optimal transport,
with the source term in the continuity equation being −xrρ; see Chizat et al. [19],
Séjourné et al. [65]. To solve this constrained optimisation problem, we use a du-
ality method inspired by Guo et al. [31, 34], Huesmann and Trevisan [45]. This is
similar in spirit to the duality argument used in Brenier [16, Proposition 2.7], which
considers the dual of a relaxation of the minimal geodesic problem as an alternative
approach to solving the Euler equations of an incompressible fluid. This technique
has previously been applied in the proof of Brenier [15, Theorem 3.2] when looking
for the existence of variational solutions to “homogenised vortex sheet equations”.
The technique is also used to formulate the dual of a variational problem involving
the Euler–Poisson system of equations in Loeper [57]. The proof relies mainly on the
Fenchel–Rockafellar duality theorem and an adjustment to make the problem con-
vex. As our primal problem is quite similar to [34], the approach used there can be
adapted to our setting. The following result uses the notion of viscosity solution from
Definition 4.8 below.

From now on, we denote by BV-C2
b([0, T ] × ℝ

d) the space of functions
[0, T ] × ℝ

d ∋ (t, x) ↦→ f (t, x) ∈ ℝ such that f is of bounded variation in t ∈ [0, T ]
and C2

b in x ∈ ℝ
d .

Theorem 4.2 The dual expression for the value function V is

V = sup
λ∈ℝn

(︃
λ · u −

∫︂
ℝd

φλ(0, x) dμ0

)︃
, (4.2)

where φλ = φ is the viscosity solution to the HJB equation, for (t, x) ∈ (0, T ) ×ℝ
d ,

∂tφ − xrφ +
n∑︂

i=1

λiGi(x)δτi
+ F ∗

(︃
∇xφ,

1

2
∇2

xφ

)︃
= 0 (4.3)

with terminal condition φ(T , · ) = 0. If V is finite, then the infimum in Problem 4.1
is attained. If the supremum is attained for some λ⋆ ∈ ℝ

n, with the corresponding
φλ∗ ∈ BV-C2

b([0, T ] × ℝ
d) solving the corresponding HJB equation with terminal

condition φλ∗
(T , · ) = 0, and with (ρ∗, α∗, β∗) as the solution of Problem 4.1, then

(α∗, β∗) is given in terms of φλ∗
by

(α∗
t , β∗

t ) = ∇F ∗
(︃

∇xφ
∗(t, · ), 1

2
∇2

xφ∗(t, · )
)︃

dρ∗
t dt-almost everywhere.

Remark 4.3 Solving the dual problem in Theorem 4.2 yields the primal optimisers
(α∗, β∗). These characterise the distribution of the Markov process (X, Y ) solv-
ing (2.2) with these coefficients, i.e., ρ∗ solves (2.3) and for the associated mea-
sure ℙ

∗ on Ω, we have ρ∗
t = ℙ

∗ ◦ (Xt , Yt )
−1. We can then compute the associated

discount factor D∗
t (x) and apply the transformation (3.2) to obtain that D∗

t (x)ρ∗
t (x)

is a solution of (3.7).

Remark 4.4 It is presently not known if the supremum in (4.2) is attained for a
generic cost function F — in general, this is an open problem in (semi)martingale
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optimal transport. In the static case of martingale OT, Beiglböck et al. [9]
show that dual attainment is delicate and depends on convexity and growth
properties of the cost in the second marginal. In the Bass martingale setting of
Backhoff-Veraguas et al. [6, Sect. 7], i.e., under the assumption of irreducibility of
the marginals, the authors establish the attainability of the static dual corresponding
to a specific weak martingale OT problem. This static problem is equivalent to the
dynamic formulation of Huesmann and Trevisan [45], Tan and Touzi [67]; see also
Joseph et al. [52].

We prove Theorem 4.2 in the remainder of this section through a series of lem-
mas. Our first observation is that the objective function (4.1) is not jointly con-
vex in (ρ, α, β). We define the measures 𝒜 := ρα, ℬ := ρβ so that 𝒜 and ℬ
are absolutely continuous with respect to ρ. Then the objective function is con-
vex in (ρ,𝒜,ℬ) with constraints that are affine in (ρ,𝒜,ℬ). The convexity of the
objective with respect to (ρ,𝒜,ℬ) follows from the classical result that the func-
tion f̄ (z1, z2, z3) := z3f (z1

z3
, z2

z3
) is convex in (z1, z2, z3) whenever f is convex

in (z1, z2) on the set {z3 > 0}. Note also that we write dρ for ρt (dx) dt , d𝒜 for
αt (x)ρt (dx) dt and dℬ for βt (x)ρt (dx) dt . Moreover, the constraints in Problem 4.1
can be formulated in the weak sense as∫︂

Λ

(︃
∂tφdρ + ∇φ · d𝒜 + 1

2
∇2φ : dℬ − xrφdρ

)︃
+

∫︂
ℝd

φdμ0 = 0, (4.4)

∫︂
Λ

n∑︂
i=1

λiGi(x)δτi
dρ −

n∑︂
i=1

λiui = 0,

for any smooth compactly supported test function φ ∈ C∞
c (Λ) with φ(T , · ) = 0 and

λ ∈ ℝ
n. The terminal condition on φ in Theorem 4.2 arises when integrating by parts

to derive (4.4), since we need the boundary term ρT ( · ) to vanish as we do not have
a priori knowledge of ρT ( · ). Therefore we can write Problem 4.1 as the following
saddle point problem.

Problem 4.5

V = inf
ρ,𝒜,ℬ

sup
φ,λ

(︃ ∫︂
Λ

(︃
F

(︂d𝒜
dρ

,
dℬ
dρ

)︂
dρ − ∂tφdρ − ∇φ · d𝒜 − 1

2
∇2φ : dℬ + xrφdρ

)︃

−
∫︂
ℝd

φdμ0 −
∫︂

Λ

n∑︂
i=1

λiGi(x)δτi
dρ +

n∑︂
i=1

λiui

)︃
,

where the supremum is taken over (φ, λ) ∈ C∞
c (Λ;ℝ) × ℝ

n and the infimum over
(ρ, α, β) ∈ C([0, T ];ℳ(ℝd))×L1(dρt dt;ℝd)×L1(dρt dt; 𝕊d), 𝒜 = ρα, ℬ = ρβ.

We now want to find a functional equal to the objective function on the right-
hand side of (4.1), and another that is the remainder of the right-hand side of V

inside the infimum in Problem 4.5. To do this, we use the following terminology from
Huesmann and Trevisan [45, Proof of Theorem 4.3]. Define BVT -C2

b([0, T ] × ℝ
d)

as the set of φ ∈ BV-C2
b([0, T ] × ℝ

d) such that φ(T , · ) = 0.
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Definition 4.6 We say that the triple (γ, a, b) ∈ Cb(Λ;𝒳 ) is represented by
(φ, λ) ∈ BVT -C2

b([0, T ] × ℝ
d) × ℝ

n if

γ + ∂tφ − xrφ +
n∑︂

i=1

λiGi(x)δτi
= 0,

a + ∇φ = 0,

b + 1

2
∇2φ = 0.

Since (γ, a, b) ∈ Cb(Λ;𝒳 ), the presence of the Dirac delta functions gives that
t ↦→ φ(t, · ) is of bounded variation on [0, T ] with jump discontinuities at t = τi ,
which we denote as φ ∈ BVT -C2

b([0, T ] × ℝ
d) since we require φ to be at

least C2 in space. Proceeding in an analogous way as in Guo et al. [34], to ob-
tain the dual problem, first define functionals Φ : Cb(Λ;𝒳 ) → ℝ ∪ {+∞} and
Ψ : Cb(Λ;𝒳 ) → ℝ ∪ {+∞} by

Φ(γ, a, b) =
{︄

0, if γ + F ∗(a, b) ≤ 0,

+∞, otherwise.

Ψ(γ, a, b) =
{︄∫︁

ℝd φ(0, x) dμ0 − ∑︁n
i=1 λiu, if (γ, a, b) is represented by (φ, λ),

+∞, otherwise.

Lemma 4.7 The objective value V can be expressed in terms of Φ and Ψ as

V = inf
ρ,𝒜,ℬ

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁
,

where the infimum is taken over (ρ,𝒜,ℬ) ∈ Cb(Λ;𝒳 )∗.

We remark that switching from functions φ ∈ C∞
c (Λ) (with φ(T , · ) = 0) to

functions φ ∈ BVT -C2
b([0, T ] × ℝ

d) does not change the value of the supremum;
this will be formalised by the notion of viscosity solutions later in Definition 4.8.

Proof of Lemma 4.7 We first evaluate Φ∗ on (ρ,𝒜,ℬ) ∈ ℳ(Λ;𝒳 ) such that
ρ ∈ ℳ+(Λ) and 𝒜, ℬ ≪ ρ to obtain, by arguing as in [34, Lemma A.1] to justify
the exchange of integral and supremum, that

Φ∗(ρ,𝒜,ℬ) = sup
γ+F ∗(a,b)≤0

∫︂
Λ

(︃
γ + a · d𝒜

dρ
+ b : dℬ

dρ

)︃
dρ

= sup
a,b

∫︂
Λ

(︃
a · d𝒜

dρ
+ b : dℬ

dρ
− F ∗(a, b)

)︃
dρ

=
∫︂

Λ

sup
a,b

(︃
a · d𝒜

dρ
+ b : dℬ

dρ
− F ∗(a, b)

)︃
dρ

=
∫︂

Λ

F

(︃
d𝒜
dρ

,
dℬ
dρ

)︃
dρ,
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Furthermore, the arguments in [34, Lemma A.1] also show that Φ∗ = ∞ for
(ρ,𝒜,ℬ) ∈ Cb(Λ;𝒳 )∗ which are not of the form above. In summary, we thus have

Φ∗(ρ,𝒜,ℬ) =

⎧⎪⎨
⎪⎩

∫︁
Λ
F( d𝒜

dρ
, dℬ

dρ
) dρ, if (ρ,𝒜,ℬ) ∈ ℳ(Λ,𝒳 ),

ρ ∈ ℳ+(Λ),𝒜,ℬ ≪ ρ,

+∞, otherwise.

(4.5)

We now compute Ψ∗ : Cb(Λ;𝒳 )∗ → ℝ ∪ {+∞} to obtain

Ψ∗(ρ,𝒜,ℬ)

= sup
(γ,a,b)∈Cb(Λ;𝒳 )

(︃
⟨(γ, a, b), (ρ,𝒜,ℬ)⟩ −

∫︂
ℝd

φ(0, x)dμ0 +
n∑︂

i=1

λiui

)︃

= sup
φ,λ

(︃⟨︃(︂
xrφ − ∂tφ −

n∑︂
i=1

λiGi(x)δτi
,−∇φ,−1

2
∇2φ

)︂
, (ρ,𝒜,ℬ)

⟩︃

−
∫︂
ℝd

φ(0, x)dμ0 +
n∑︂

i=1

λiui

)︃

= sup
φ,λ

(︃∫︂
Λ

(︂
xrφdρ − ∂tφdρ −

n∑︂
i=1

λiGi(x)δτi
dρ − ∇xφd𝒜 − 1

2
∇2

xφ : dℬ
)︂

−
∫︂
ℝd

φ(0, x)dμ0 +
n∑︂

i=1

λiui

)︃
, (4.6)

where (γ, a, b) are represented by (φ, λ) in the sense of Definition 4.6. Since Φ∗ is
independent of (φ, λ), we can thus simply add (4.5) and (4.6) to get the argument of
the infimum in Problem 4.5 so that

V = inf
(ρ,𝒜,ℬ)∈ℳ(Λ;𝒳 )

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁
,

where the restrictions ρ ∈ ℳ+(Λ),𝒜,ℬ ≪ ρ are ensured automatically since oth-
erwise Φ∗ = +∞. To finish the proof, we invoke Guo et al. [34, Lemma A.2] to
conclude that

V = inf
(ρ,𝒜,ℬ)∈ℳ(Λ;𝒳 )

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁

= inf
(ρ,𝒜,ℬ)∈Cb(Λ;𝒳 )∗

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁
. □

Now we apply the Fenchel–Rockafellar duality theorem as formulated in Vil-
lani [69, Theorem 1.9]. We first note that as the constraints in the functionals Φ

and Ψ are affine, the functionals are clearly convex in (γ, a, b). We now check
the conditions of the theorem at the point (0,Od×1,Od×d) which is represented by
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(φ, λ) = (etxr , On×1), where O refers to the zero matrix of appropriate dimension.
Since F is nonnegative,

F ∗(Od×1) = − inf
(α,β)∈ℝd×𝕊

d+
F(α, β) ≤ 0.

Therefore we have Φ(0,Od×1,Od×d) = 0, and (0,Od×1,Od×d) is a point of con-
tinuity of Φ since F ∗ is continuous. Moreover, since φ(t, x) = etxr and μ0 is a
probability measure,

Ψ(0,Od×1,Od×d) =
∫︂
ℝd

φ(0, x) dμ0 = 1.

Thus as Ψ is finite and Φ is finite and continuous at (0,Od×1,Od×d) and both take
values in (−∞,+∞] we may apply the Fenchel–Rockafellar duality theorem and
obtain that

inf
(γ,a,b)∈Cb(Λ;𝒳 )

(︁
Φ(−γ,−a,−b) + Ψ(γ, a, b)

)︁

= sup
(ρ,𝒜,ℬ)∈Cb(Λ;𝒳 )∗

(︁ − Φ∗(−ρ,−𝒜,−ℬ) − Ψ∗(−ρ,−𝒜,−ℬ)
)︁

= sup
(ρ,𝒜,ℬ)∈Cb(Λ;𝒳 )∗

(︁ − Φ∗(ρ,𝒜,ℬ) − Ψ∗(ρ,𝒜,ℬ)
)︁

= − inf
(ρ,𝒜,ℬ)∈Cb(Λ;𝒳 )∗

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁
.

Thus we obtain after rearranging that

V = inf
(ρ,𝒜,ℬ)∈Cb(Λ;𝒳 )∗

(︁
Φ∗(ρ,𝒜,ℬ) + Ψ∗(ρ,𝒜,ℬ)

)︁

= sup
(γ,a,b)∈Cb(Λ;𝒳 )

(︁ − Φ(−γ,−a,−b) − Ψ(γ, a, b)
)︁

= sup
(γ,a,b)∈Cb(Λ;𝒳 )

−γ+F ∗(−a,−b)≤0
(γ,a,b) is represented by (φ,λ)

(︃ n∑︂
i=1

λiui −
∫︂
ℝd

φ(0, x) dμ0

)︃

= sup
(λ,φ)∈ℝn×BVT -C2

b ([0,T ]×ℝ
d )

∂t φ−xrφ+∑︁n
i=1 λiGi(x)δτi

+F ∗(∇xφ, 1
2 ∇2

xφ)≤0

(︃ n∑︂
i=1

λiui −
∫︂
ℝd

φ(0, x) dμ0

)︃
. (4.7)

Now, to obtain equality in the HJB equation constraint and thus the HJB equa-
tion (4.3) and the dual formulation in Theorem 4.2, we adapt the classical notion
of viscosity solutions from Lions [55] to include the required jump discontinuities, in
analogy to Guo et al. [34]. First define disjoint intervals Ik := [τk−1, τk) with τ0 = 0,
with

⋃︁n
k=1 Ik = [0, T ).
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Definition 4.8 For any λ ∈ ℝ
n, we say φ ∈ BVT -C2

b([0, T ] × ℝ
d) is a viscosity sub-

solution (supersolution) of (4.3) if φ|Ik×ℝd ∈ Cb(Ik ×ℝ
d) is a classical (continuous)

viscosity subsolution (supersolution) of (4.3) in Ik ×ℝ
d and for all k = 1, . . . , n has

jump discontinuities

φ(t, x) = φ(t−, x) −
n∑︂

i=1

λiGi(x)1{t=τi },

with terminal condition φ(T , · ) = 0. In addition, φ ∈ BVT -C2
b([0, T ]×ℝ

d) is a vis-
cosity solution of (4.3) if it is both a viscosity subsolution and viscosity supersolution
of (4.3).

The expression for V in (4.7) involves supersolutions to (4.3), and the first step is
to show that we can restrict to viscosity solutions, as stated in the first part of Theo-
rem 4.2. For this, we follow the proof of [34, Proposition 3.5]. [34, Remark 3.9] pro-
vides a comparison principle, which is the classical comparison principle of viscosity
solutions applied to φ on Ik ×ℝ

d for each k. Using this, one can deduce existence and
uniqueness of solutions to (4.3) via Crandall et al. [22, Theorem 4.1]. The comparison
principle also implies that V in (4.2) is smaller than the supremum over viscosity so-
lutions. We then use the smoothing argument from Bouchard et al. [12], which shows
that any viscosity solution of (4.3) can be approached by smooth supersolutions. This
together with (4.7) shows that V is larger than the supremum over viscosity solutions.
This allows us to conclude the proof of the first point of Theorem 4.2, namely that the
dual of Problem 4.1 can be expressed as (4.2), where φ solves the HJB equation (4.3)
with terminal condition φ(T , ·) = 0.

We now seek to obtain the form of the optimal (α, β) for the second part of
Theorem 4.2.

Lemma 4.9 If the supremum is attained for some λ⋆ ∈ ℝ
n, with the correspond-

ing φλ∗ ∈ BVT -C2
b([0, T ] × ℝ

d) solving the corresponding HJB equation, and with
(ρ∗, α∗, β∗) the solution of Problem 4.1, then (α∗, β∗) is given in terms of φλ∗

by

(α∗
t , β∗

t ) = ∇F ∗
(︃

∇xφ
∗(t, · ), 1

2
∇2

xφ∗(t, · )
)︃

dρ∗
t dt-almost everywhere

Proof If (α∗, β∗) is the solution of Problem 4.1, then (ρ∗, ρ∗α∗, ρ∗β∗) also achieves
the infimum in Problem 4.5. Assume that λ∗ is the optimiser of (4.2) with φλ∗

solv-
ing (4.3). Then λ∗ achieves the supremum in Problem 4.5 and using the optimisers of
Problem 4.1 and (4.2), we may rewrite Problem 4.5 as

V =
∫︂

Λ

(︃
F(α∗, β∗) − ∂tφ

∗ − ∇xφ
∗ · α∗ − 1

2
∇2

xφ∗ : β∗ + xrφ
∗

−
n∑︂

i=1

λ∗Gi(x)δτi

)︃
dρ∗ −

∫︂
ℝd

φ∗ dμ0 +
n∑︂

i=1

λ∗
i ui . (4.8)
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Since φ∗, λ∗ are optimal, we have from Theorem 4.2 that

V =
n∑︂

i=1

λ∗
i ui −

∫︂
ℝd

φ∗ dμ0.

Therefore (4.8) is equivalent to

0 =
∫︂

Λ

(︃
F(α∗, β∗) − ∂tφ

∗ − ∇xφ
∗ · α∗ − 1

2
∇2

xφ∗ : β∗ + xrφ
∗

−
n∑︂

i=1

λ∗Gi(x)δτi

)︃
dρ∗

=
∫︂

Λ

(︃
F(α∗, β∗) + F ∗(︂∇xφ

∗, 1

2
∇2

xφ∗)︂

− ∇xφ
∗ · α∗ − 1

2
∇2

xφ∗ : β∗
)︃

dρ∗. (4.9)

Now define (ᾱ, β̄) as

(ᾱ, β̄) = ∇F ∗
(︃

∇xφ
∗, 1

2
∇2

xφ∗
)︃

.

Note that

(ᾱ, β̄) = ∇F ∗
(︃

∇xφ
∗, 1

2
∇2

xφ∗
)︃

= arg max
(a,b)∈ℝd×𝕊

d+

(︃
a · ∇xφ

∗ + b : 1

2
∇2

xφ∗ − F(a, b)

)︃
. (4.10)

Thus

F ∗
(︃

∇xφ
∗, 1

2
∇2

xφ∗
)︃

= ∇xφ
∗ · ᾱ + 1

2
∇2

xφ∗ : β̄ − F(ᾱ, β̄).

Since F is convex, its Legendre transform is an involution (see Rockafellar [63,
Corollary 12.2.1]); so taking the double Legendre transform, we have

(A,B) := ∇F(ᾱ, β̄) = ∇F ∗∗(ᾱ, β̄) = arg max
(a,b)∈ℝd×𝕊

d+

(︁
a · ᾱ + b : β̄ − F ∗(a, b)

)︁
.

Therefore we get

F ∗∗(ᾱ, β̄) = A · ᾱ + B : β̄ − F ∗(A,B)

= A · ᾱ + B : β̄ − max
(x,y)∈ℝd×𝕊

d+

(︁
A · x + B : y − F(x, y)

)︁
.



Local volatility calibration with stochastic interest rates 417

Since F(ᾱ, β̄) = F ∗∗(ᾱ, β̄), we have from (4.10) that for the affine terms to cancel,
we need (A,B) = (∇xφ

∗, 1
2∇2

xφ∗). So substituting into (4.9) gives

0 =
∫︂

Λ

(︃
F(α∗, β∗)−F(ᾱ, β̄)−∇xφ

∗ ·(α∗ − ᾱ)− 1

2
∇2

xφ∗ : (β∗ − β̄)

)︃
dρ∗. (4.11)

Since F(α, β) is assumed to be strongly convex in (α, β), we have from (2.4) that for
some constant C > 0,

F(α∗, β∗)−F(ᾱ, β̄) ≥ ⟨∇F(ᾱ, β̄), (α∗ − ᾱ, β∗ − β̄)⟩+C(|α∗ − ᾱ|2 +∥β∗ − β̄∥2
Fro).

Applying this inequality to (4.11) and noting that ∇F(ᾱ, β̄) = (∇xφ
∗, 1

2∇2
xφ∗) gives

0 ≥
∫︂

Λ

C(|α∗ − ᾱ|2 + ∥β∗ − β̄∥2
Fro) dρ∗ ≥ 0.

Therefore we have (α∗, β∗) = (ᾱ, β̄) dρ∗-almost everywhere. □

4.1 Sequential calibration setup

We now specify the setting in which we seek to apply Theorem 4.2. We first specify
the state variables of our model: we consider d = 2, Xt = (rt , Zt ), where rt is the
short rate and Zt is the log-stock price. We start with a setting in which a model for the
short rate is fixed and has already been calibrated. We refer to this as a “sequential
calibration” problem. Our aim is then to calibrate a local volatility model for the
stock price, where the local volatility function can depend on the short rate. For this,
we employ the OT methodology developed above. The joint calibration problem in
which both the short rate and the stock price are calibrated simultaneously using the
OT methodology, and in particular the short-rate model parameters can depend on the
stock price, is considered in our sequel paper Joseph et al. [51].

Specifically, we now take a given pre-calibrated Hull–White model for the interest
rate, see Hull and White [46], and local volatility dynamics for the log-price; so

dZt = rt − 1

2
σ 2(t, Zt , rt ) + σ(t, Zt , rt ) dW 1

t , (4.12)

drt = (︁
b(t) − art

)︁
dt + σr dW 2

t , (4.13)

d⟨W 1,W 2⟩t = ξ(t, Zt , rt ) dt, (4.14)

where a > 0, σr > 0 are constants and b( · ) is a function of time, calibrated so that
the dynamics of (rt )0≤t≤T match the market data (e.g. suitable interest rate caps and
floors). Both a and σr being positive constants is not a particularly restrictive con-
straint as remarked in Brigo and Mercurio [17, Sect. 3.3] and Hull and White [47].
Our aim is to calibrate σ(t, Zt , rt ) and ξ(t, Zt , rt ) using our OT methodology. In
order to do this, we want to find a cost function that forces αℙ

t and βℙ
t to take the

form (4.12)–(4.14) above. As discussed before, we achieve this by using a functional
form for F as long as (α, β) ∈ Γ for some convex set Γ, with F = +∞ otherwise.
The set Γ will enforce in particular that β is positive semidefinite and symmetric and
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β22 = σ 2
r , which defines a set that is convex in β. With no further constraints on β12,

we obtain a non-explicit form of the Legendre transform F ∗ of the cost function,
which in general requires a numerical solver at each (t, x). To reduce the computa-
tional difficulty of the numerical solution, as in Guo et al. [34], we first restrict the
correlation to a form which still keeps the set Γ convex, namely

ξ(t, Zt , rt ) = σr

σ (t, Zt , rt )
ξref(t, Zt , rt ) for t ∈ [0, T ], (4.15)

where ξref(t, Zt , rt ) valued in ℝ is a fixed reference function. We then set

Γ(t, Zt , rt ) =
{︃
(α, β) ∈ ℝ

2 × 𝕊
2 : α1 = rt − 1

2
β11, α2 = b(t) − art ,

β12 = β21 = ξrefσ
2
r , β22 = σ 2

r

}︃
, (4.16)

where one could change the set Γ suitably if one wishes to use a different short-
rate model. We also require the inequality ξ2

ref(t, Zt , rt )σ
2
r ≤ σ 2(t, Zt , rt ) to keep

ξ(t, Zt , rt ) ∈ [−1, 1] as a correlation should be. Since rt is on a much lower scale
than Zt , we have σ 2

r ≪ σ 2; so the above condition on ξref is not financially restrictive.
To enforce it, we define a convex function H : ℝ × ℝ+ × ℝ → ℝ ∪ {+∞} with a
parameter p > 2 by

H(x, x̄, s) :=
{︄

(p − 1)( x−s
x̄−s

)1+p + (p + 1)( x−s
x̄−s

)1−p − 2p, if x, x̄ > s,

+∞, otherwise.

The coefficients of each term ensure that H(x, x̄, s) is minimised over x at x = x̄

with minx H(x, x̄, s) = 0. We fix a reference local volatility function σ̄ 2(t, Zt , rt )

that represents the desired model. Our aim is to find a calibrated model which does
not deviate too much from the reference one. To achieve this, we set

F(t, z, r, α, β) =
{︄

H(β11, σ̄
2, ξ2

refσ
2
r ), if (α, β) ∈ Γ(t, z, r),

+∞, otherwise.
(4.17)

Remark 4.10 It is easy to check that the function F defined in (4.17) satisfies the
assumptions for the duality result of Theorem 4.2.

The cost function F ensures that we retain the Hull–White model in the interest
rate, while also matching the market prices for call options by calibrating the volatility
of the stock. Additionally, we wish to enforce that the matrix β from our model
characteristics is positive definite and that ξref remains a correlation function, and
we achieve this by setting s = ξ2

refσ
2
r as an argument of H in the definition of F .

Applying Theorem 4.2, we have the following dual formulation with the given cost
function F(t, z, r, α, β).
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Problem 4.11 In the Hull–White setting, the dual formulation of Theorem 4.2 be-
comes

V = sup
λ

(︁
λ · u − φλ(0, Z0, r0)

)︁
,

where φλ = φ(t, z, r) solves the HJB equation, for (t, z, r) ∈ (0, T ) × ℝ
2,

n∑︂
i=1

λi

(︁
exp(z) − Ki

)︁+
δτi

+ ∂tφ + sup
β11

(︃(︂
r − 1

2
β11

)︂
∂zφ + (b(t) − ar)∂rφ + 1

2
β11∂

2
zzφ

+ ξrefσ
2
r ∂2

zrφ + 1

2
σ 2

r ∂2
rrφ − rφ − H(β11, σ̄

2, ξ2
refσ

2
r )

)︃
= 0. (4.18)

Lemma 4.12 The optimal characteristic β∗
11 in the HJB equation (4.18) is given by

β∗
11(t, z, r)

= ξ2
refσ

2
r +

(︃
(σ̄ 2 − ξ2

refσ
2
r )p(φzz − φz)

4(p2 − 1)

+ 1

2

√︄(︂ (σ̄ 2 − ξ2
refσ

2
r )p(φzz − φz)

2(p2 − 1)

)︂2 + 4(σ̄ 2 − ξ2
refσ

2
r )2p

)︃ 1
p

. (4.19)

Proof By differentiating the argument of the supremum in (4.18) with respect to β11,
we notice that solving for β11 in (4.18) is equivalent to solving for x the equation

1

2
(∂2

zzφ − ∂zφ) = ∂xH(x, σ̄ 2, ξ2
refσ

2
r ).

Computing the right-hand term and rearranging, we have

∂

∂x
H(x, σ̄ 2, ξ2

refσ
2
r ) = (p2 − 1)

(︃(︂ x − ξ2
refσ

2
r

σ̄ 2 − ξ2
refσ

2
r

)︂p −
(︂ x − ξ2

refσ
2
r

σ̄ 2 − ξ2
refσ

2
r

)︂−p
)︃

.

We again rearrange and arrive at the equation, quadratic in (x − ξ2
refσ

2
r )p,

(x − ξ2
refσ

2
r )2p − (x − ξ2

refσ
2
r )p(σ̄ 2 − ξ2

refσ
2
r )p

φzz − φz

2(p2 − 1)
− (σ̄ 2 − ξ2

refσ
2
r )2p = 0.

Solving this and taking the positive root since x > ξ2
refσ

2
r gives the desired answer.

□

Once the optimal β∗
11 is obtained, the full model dynamics are specified and we

can compute the model price ψ(0, z, r) of an instrument with payoff G̃ and maturity
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τ̃ ≤ T by solving the standard pricing PDE, for (t, z, r) ∈ [0, τ̃ ) × ℝ
2,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 = ∂tψ +
(︃

r − 1

2
β∗

11

)︃
∂zψ + (︁

b(t) − ar
)︁
∂rψ + 1

2
β∗

11∂
2
zzψ

+ ξσ 2
r ∂2

zrψ + σ 2
r ∂2

rrψ − rψ,

ψ(τ̃ , z, r) = G̃(z, r).

(4.20)

If we denote by ℙ
∗ the measure corresponding to the dynamics of the selected model,

then the Feynman–Kac formula gives

𝔼
ℙ

∗ [e− ∫︁ τ̃
0 rs dsG̃(Zτ̃ , rτ̃ )|Z0 = z, r0 = r] = ψ(0, z, r).

5 Numerical method

In this section, we outline the numerical method used to solve the dual formulation
in Theorem 4.2. We use and adapt the methods presented in Guo et al. [34] and Guo
et al. [31] for ease of implementation. Analogously to those two works, in order to
compute the supremum in Theorem 4.2, we must solve an HJB equation for a given λ

and then update λ by using an optimisation algorithm. To speed up the convergence,
we compute the gradient with respect to λ of the dual objective function.

Lemma 5.1 Suppose Problem 4.1 is admissible and define the dual objective func-
tion as

L(λ) = λ · u − φλ(0, Z0, r0). (5.1)

Then for each i = 1, . . . , n, the derivatives of the dual objective function are given by

∂λi
L(λ) = ui − 𝔼

ℙ[e− ∫︁ τi
0 rs dsGi(Zτi

)]. (5.2)

The gradient is obtained via the same method in [34, Lemma 4.5], but with the
stochastic discount factor appearing inside the expectation in (5.2) as a result of the
term −rφ in the HJB equation, and from an application of the Feynman–Kac for-
mula. The interpretation is the same here that the gradient represents the difference
between the model and market prices. We briefly outline the numerical method from
[34] and [31] which can be directly applied here. We are first given an initial guess λ,
which is usually taken to be a zero vector, and then solve (4.18) to obtain φ(0, Z0, r0).
Since the HJB equation (4.18) has Dirac deltas at the times τi , i = 1, . . . , n, the solu-
tion also has jump discontinuities in time. However, between these jump discontinu-
ities, the solution is continuous and hence can be found by using standard techniques
backward in time, and then the jump discontinuities can be incorporated into a termi-
nal condition at the expiration time. In other words, with all of the expiries ordered
0 < τ̄1 < · · · < τ̄N , we take the jump discontinuity at the last option expiry τ̄N

as a terminal condition and solve the HJB equation up to the next calibrating op-
tion expiry τ̄N−1. We then add the jump discontinuity corresponding to the payoffs
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of the options expiring at τ̄N−1 to the solution of the HJB equation at τ̄N−1+ and
treat it as a new terminal condition at τ̄N−1, and proceed in the same way between
each of the τ̄i . Then given φ(0, Z0, r0), we calculate the objective value (5.1) and
apply an optimisation algorithm to update λ to a new guess. As in [34] and [31], the
L-BFGS algorithm of Liu and Nocedal [56] displayed good convergence, and with
the gradient calculated in Lemma 5.1, the convergence can be made faster. We re-

mark that to compute (5.2), the term 𝔼
ℙ[e− ∫︁ τi

0 rs dsGi(Zτi
)] is simply the model price

of the ith option. This expectation can be computed either via Monte Carlo meth-
ods or via standard pricing PDE techniques by solving (4.20) with β∗

11 obtained from
the solution of the HJB equation. This process is then repeated until the sup norm is
sufficiently small, i.e., ∥∇λL(λ)∥∞ < ε for some specified tolerance ε > 0, which
corresponds to the model prices matching all the market prices.

We perform a constant rescaling rt ↦→ Rrt in the short-rate variable, where we
choose R = 100 for stability reasons in the finite-difference approximations to make
it of the same order as the other coordinate. In addition, we rescale the calibrating
option prices and their payoffs by their vegas computed from their Black–Scholes
implied volatility. This not only helps the stability of the numerical method by reduc-
ing the magnitude of the jump discontinuities, but also converts pricing errors into
implied volatility errors since the vega represents how much the option price changes
as the volatility changes by 1%.

5.1 Numerically solving the HJB equation

We now outline how to solve the HJB equation (4.18). In Barles and Sougani-
dis [8], it has been shown that monotonicity, stability and consistency of a numerical
scheme guarantees convergence locally uniformly as long as there exists a compar-
ison principle for the analytic solution. We use a policy iteration method (see Ma
and Forsyth [58]) similar to that in [34] and [31], where we solve the HJB equation
by using an implicit finite-difference method, with central-difference approximations
for the spatial derivatives from In’t Hout and Foulon [48]. We choose a boundary
far away enough such that the boundary conditions do not have a significant effect
on the HJB equation solution, and our boundary conditions are such that the second
derivative of φ does not change with time between each maturity. That is, for a subse-
quence τik , k = 1, . . . , m, of the calibrating option maturity times such that all the τik

are distinct, with τi0 = 0, we set for t ∈ (τik−1, τik ] and each k = 1, . . . , m

∂2
zzφ(t, z, r) = ∂2

zzφ(τi, z, r) for z ∈ {zmin, zmax}, r ∈ [rmin, rmax], (5.3)

∂2
rrφ(t, z, r) = ∂2

rrφ(τi, z, r) for z ∈ [zmin, zmax], r ∈ {rmin, rmax}. (5.4)

We started with this boundary condition and compared it with constant Dirichlet
boundary conditions φ(t, x) = Cik for some constant Cik ∈ ℝ, all t ∈ (τik−1, τik ]
and x on the boundary of our rectangular domain, and observed no significant change.
In addition, we use the boundary conditions (5.3), (5.4) in the linearised pricing
PDE (4.20). At each time step, we start with the value of φ at the previous time
step, approximate the PDE coefficients α and β by using Lemmas 4.9 and 4.12, and
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Algorithm 1: Policy iteration algorithm
Data: Input an initial λ and market prices ui

Result: Calibrated model prices, optimal characteristics
1 while ∥∇λL(λ)∥∞ > ε1 do

/* Solve the HJB equation backward in time */
2 for k = N − 1, . . . , 0 do

/* Terminal Conditions - adding λ multiplied
by the payoff */

3 if tk+1 = τi for some i = 1, . . . , n then
4 φtk+1 ← φtk+1 + ∑︁n

i=1 λiGi1{tk+1=τi }
5 end

/* Policy iteration to approximate the optimal
characteristics */

6 φnew
tk

← φtk+1 // Approximate using previous time

step

7 while |φnew
tk

− φold
tk

| > ε2 do
8 φold

tk
← φnew

tk
// Store the old value of φ

9 Approximate β∗
11 using Lemmas 4.9 and 4.12 with φold

tk
// Use

old values to approximate optimal
characteristics

10 Use β∗
11 to compute α∗

1 and β∗
12, then plug into (4.18) to remove

the supremum and solve using one step of an implicit
finite-difference method, and set the solution to φnew

tk

11 end
12 φtk ← φnew

tk
// Save the result once φ has

converged to the solution
13 end

/* Computing the model prices and gradient */
14 Compute the model prices by solving the pricing PDE (4.20) using the

ADI method
15 Compute the gradient in (5.2)
16 Use the L-BFGS algorithm to update λ

17 end

then solve the HJB equation at that time step using one step of a fully implicit spa-
tially second-order finite-difference scheme. We then use Lemmas 4.9 and 4.12 again
at the same time step to approximate the PDE coefficients again with the new value
of φ. This process is repeated until convergence within some specified tolerance,
after which we proceed to the next time step. Once we have solved the HJB equa-
tion at all time steps, we then use the value of β11 computed from solving the HJB
equation, compute β12 from the convexity adjustment, and use them to solve the lin-
earised model pricing PDE via the ADI method to generate the model prices. In the
simulated data example, we use a discretisation on a uniform 100 × 100 spatial grid
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of [4, 5] × [0, 5] for the log-stock and rescaled interest rates, and partition the time
interval into year fractions at the resolution of one day so that dt = 1

365 . We use the
minimisation package minfunc of Schmidt [64] for the implementation of L-BFGS.

The above numerical method is summarised in Algorithm 1. We choose a discreti-
sation 0 = t0 < t1 < · · · < tN = T of the time interval [0, T ] such that the expiration
times τi , i = 1, . . . , n, of the calibrating instruments are a subset of the discretisation
times. We let ε1 be the tolerance of the model prices to the calibrating prices so that
∥∇λL(λ)∥∞ < ε1, where the gradient is given in Lemma 5.1, and we let ε2 be the
tolerance of the policy iteration for approximating the optimal characteristics.

5.2 Numerical results

We present numerical results showcasing the performance of our proposed calibra-
tion method. We use simulated data to investigate the advantages and drawbacks of
our method, and in particular its dependence on the reference model σ̄ in (4.17).
We use the CEV (constant elasticity of variance) model of Cox [20], with different
sets of parameters for the model used to generate the option prices and for our ref-
erence model. The underlying St = exp(Zt ), 0 ≤ t ≤ T , thus solves the stochastic
differential equation

dSt = rtSt dt + σ(t, St )St dW 1
t

with σ(t, St ) = σS
γ−1
t , where σ > 0 and γ ≥ 0 are both constants. We remark that

this is a special case of the SABR (“stochastic α, β, ρ”) model derived in Hagan et
al. [39] as a stochastic volatility extension of the CEV model.

We solve a pricing PDE to compute the generating model prices and consider the
following instruments:

1) calls on the underlying with an expiration of 60 days;
2) calls on the underlying with an expiration of 120 days.

We note that the payoffs of these options are not smooth and cause instabilities when
computing the derivatives in the terminal conditions of the HJB equation. Thus we
use a smoothed version of the call option payoffs, which for ε ≪ K is given by

(ST − K)+ ≈ ST − K

2

(︃
tanh

(︂ST − K

ε

)︂
+ 1

)︃
.

We keep the interest-rate model parameters the same throughout since they are
assumed to be given.

We present two numerical examples — the “good” reference model where the
initial reference model is parametrically close to the generating model, and the “bad”
reference model where the initial reference model is not parametrically close to the
generating model and in particular has a correlation with a different sign. Note that in
the extreme case when the generating model and the reference model are the same,
the calibration procedure will stop instantly and recover the generating model. The
parameters for all models are summarised in Table 1.
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Table 1 Parameter values for the simulated data example

Parameter Value Interpretation

Z0 log 92 Initial log-underlying price

r0 0.025 × 100 Initial short rate scaled by R = 100

ε1 10−4 Tolerance for the difference in model and market implied
volatility

ε2 10−8 Tolerance for the policy iteration approximation of the optimal
characteristics

p 4 Exponent in the cost function

σ 0.78 Volatility scaling of generating CEV model

γ 0.9 Power law in generating CEV model

θ(t) ar0 + σ2
r

2a
(1 − e−2at ) Initial term structure of Hull–White generating model

a 0.4 Speed of mean reversion of Hull–White generating model

σr 0.05 Volatility of Hull–White generating model

ξ −0.6 Instantaneous correlation between short rate and log-stock in
generating model

σ good 0.9 Volatility scaling of “good” reference CEV model

γ good 0.9 Power law in “good” reference CEV model

ξgood −0.4 Instantaneous correlation between short rate and log-stock in
“good” reference model

σ bad 1.2 Volatility scaling of “bad” reference CEV model

γ bad 0.78 Power law in “bad” reference CEV model

ξbad 0.4 Instantaneous correlation between short rate and log-stock in
“bad” reference model

Our numerical methods converged for both the “good” and “bad” reference model
case, calibrating all the call options to a tolerance of 10−4, with the implied volatility
in the calibrated model replicating the prices of the generating model. The implied
volatility skews in the generating and calibrated models are indistinguishable for both
maturities within the range K ∈ [85, 120] in which our option strikes were taken,
indicating that our optimal transport model replicates the observed simulated data
both at and between the calibrating option strikes. A dependence on the reference
model is only observed outside of this range, which is to be expected. The plots are
given in Fig. 1, with the exact results summarised in Table 2.

A feature of our method is that it is designed to find a calibrated model closest to
the reference model, in the sense of minimising (4.1). This results in a spiky volatil-
ity surface – the method tries to stick to the reference model while making sharp
deviations needed to calibrate to the given option prices. This is not necessarily a
desired feature, and we propose to smooth the surface to obtain a reasonable volatil-
ity surface while matching the market data. We used an iterative procedure: once we
obtained convergence of the model prices to the generating model prices within the
tolerance of ε1, we stored those characteristics as the new reference model, applied an
interpolation method using cubic splines to smooth the surface and then restarted the
process with the smoothed surface as our reference model. We remark that the final
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Fig. 1 Implied volatility skews under generating model, reference model and OT-calibrated models with
both reference models and across two maturities

Table 2 Table of generating and calibrated model prices and implied volatilities

Option type Strike Generating model Calibrated model:
good reference

Calibrated model:
bad reference

Price IV Price IV Price IV

SPX call options
at t = 60 days

85 11.3666 0.4941 11.3666 0.4941 11.3668 0.4941

92 7.5389 0.4921 7.5398 0.4922 7.5396 0.4922

99 4.7538 0.4906 4.7549 0.4906 4.7537 0.4905

106 2.8616 0.4893 2.8625 0.4894 2.8613 0.4893

113 1.6523 0.4884 1.6532 0.4885 1.6526 0.4884

120 0.9189 0.4875 0.9192 0.4876 0.9192 0.4876

SPX call options
at t = 120 days

85 14.2787 0.4923 14.2787 0.4923 14.2780 0.4923

92 10.7017 0.4905 10.7007 0.4904 10.7009 0.4904

99 7.8563 0.4886 7.8580 0.4887 7.8575 0.4886

106 5.6560 0.4866 5.6575 0.4866 5.6568 0.4866

113 3.9917 0.4840 3.9918 0.4840 3.9910 0.4840

120 2.7493 0.4802 2.7495 0.4802 2.7483 0.4802

epoch of the calibration algorithm involved no interpolation as this spoils calibration;
so the overall algorithm provided the OT-calibrated surface after iterating through
smoothed reference models. In addition to providing more reasonable model dynam-
ics, the smoothed reference model iteration also improved the numerical stability of
the algorithm, and thus allowed us to achieve a better calibration. This came at a sig-
nificant computational cost due to the iterations of the calibration routine; however,
both ran on a standard notebook laptop in a matter of hours. Both reference models
were smoothed around 10 times before changes in the volatility surface plots were no
longer noticeable.

We remark that the above reference model iteration could in principle be circum-
vented via a regularisation technique by encoding a smoothing penalty into the cost
function, e.g. via a second-order Tikhonov regularisation method. Clearly this would
change the optimal characteristics given in (4.19), but the optimal surface would then
have this smoothing penalty encoded into it. However, this would require at all grid-
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Fig. 2 Plots of β11 at t = 30, 60, 90 and 120 days for calibrated model

points to estimate the first and second derivatives of β11 via a central-difference
method, which would substantially increase the computational load beyond that of
the reference model iteration method, and additionally potentially require extra state
variables to account for the spatial derivatives of β.

To better illustrate the features of the OT-calibrated model, we present plots of the
surfaces of the model characteristics, both on their own – see Figs. 2 and 3 – and su-
perimposed with the characteristics of the generating and reference models for com-
parison; see Figs. 4 and 5. Broadly speaking, as discussed above, the OT-calibrated
model is close to the generating one in the region specified by the data and close to
the reference one otherwise. In addition, the surfaces we obtain for the correlation ξ

are highly dependent on the reference model, as one may expect from the convexity
adjustment in (4.15). The choice of reference value therefore means that ξ is always
close to the reference model with some fluctuations obtained through the change in
the value β11. Consequently, the modeller’s (or trader’s) insight in specifying a correct
correlation (not least its sign) is relatively more important than specifying a correct
initial volatility.
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Fig. 3 Plots of ξ at t = 30, 60, 90 and 120 days for calibrated model

Fig. 4 Plots of β11 at t = 30, 60, 90 and 120 days for calibrated model compared with generating model
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Fig. 5 Plots of ξ at t = 30, 60, 90 and 120 days for calibrated model compared with generating model

6 Conclusions

This paper has developed a nonparametric optimal-transport-driven method to cali-
brate a stock price model in a stochastic interest-rate environment. By switching to
sub-probability measures representing discounted densities, the method manages not
to increase the dimension of the state variables. The method is flexible and can ac-
commodate different calibrating instruments. We developed a generic duality result
and applied it in the context of a Hull–White short rate model and a local volatility
stock price model with short-rate dependence. We illustrated the numerical perfor-
mance of the method by considering a sequential calibration problem: the short-rate
model is calibrated first in a parametric setting and then feeds into our nonparamet-
ric local volatility calibration. We highlighted how some model features are pinned
down well via the market prices of options. However others, notably the correla-
tion between the Brownian motions driving the rates and the stock price, are much
more sensitive to the modeller’s choice of their reference model. In a follow-up paper
Joseph et al. [51], we apply the duality result developed here to consider simultane-
ous OT-driven calibration for a joint model for stochastic interest rates and the stock
price process and demonstrate its performance on real market data. We note that here
and in [51], we restrict ourselves to short-rate models to keep the dimension of the
HJB equation to two state variables. It would be natural and interesting to extend this
setup to include more stochastic factors, e.g. stochastic volatility for the stock prices.
Each extra factor would raise the dimension of the HJB and imply a significant nu-
merical challenge. It would also be of interest to consider more realistic fixed-income
models, such as market models as in Brace et al. [14], Miltersen et al. [59], Jamshid-
ian [50] or more recent multi-curve framework models, see Henrard [41, 42], where
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the post-2008 financial crisis effects of the LIBOR–OIS spreads are taken into ac-
count. This, however, would drastically increase the dimension of our state process.
It would likely necessitate novel tools to solve the resulting PDEs, such as recent
machine learning methods, see E et al. [26], Han et al. [40]. We believe that these are
very interesting avenues for future research.

Appendix: Proof of the discounted superposition principle
(Theorem 3.5)

We first define two operators associated with the discounted Fokker–Planck
equation (3.7) and the augmented Fokker–Planck equation (2.3). Given functions
a : [0, T ] × ℝ

d → ℝ
d , b : [0, T ] × ℝ

d → 𝕊
d+, c : [0, T ] × ℝ

d → ℝ, set

C([0, T ];ℝd) ∋ f ↦→ ℒDf := a · ∇xf + 1

2
b : ∇2

xf − cf,

C([0, T ];ℝd+1) ∋ f ↦→ ℒAf := a · ∇xf + 1

2
b : ∇2

xf + yc∂yf.

Note that if (νt )t∈[0,T ] ⊆ 𝒫(ℝd+1) solves the augmented Fokker–Planck equa-
tion (2.3) associated with ℒA, denoted aFP(a, b, c), then (νD

t )t∈[0,T ] ⊆ ℳ(ℝd) with
νD
t = ∫︁

ℝ
yνt ( · , dy) solves the discounted Fokker–Planck equation in Theorem 3.5

associated with ℒD , denoted dFP(a, b, c). This is easily seen since the coefficients
a, b, c have no y-dependence.

We construct a sequence (νn
t )t∈[0,T ] ⊆ ℳ(ℝd) of smooth solutions to (3.7) with

coefficients an, bn, cn all in ∈ C∞ for which we can easily show Theorem 3.5.
We therefore can construct a sequence of diffusion operators ℒA,n corresponding
to aMP(an, bn, cn) which has a solution 𝜼n such that

∫︁
ℝ

yηn
t ( · , dy) = νn

t . The
tightness and convergence of (𝜼n) is then shown, and then we use the arguments
of Trevisan [68, Sect. A.4] to generalise the coefficients a, b, c.

A.1 Smooth approximation of the augmented martingale problem

Lemma A.1 Let (νt )t∈[0,T ] ⊆ ℳ(ℝd) be a smooth solution of dFP(a, b, c) with co-
efficients a, b, c in ∈ C∞. Then there exists a solution 𝜼 ∈ 𝒫(C([0, T ];ℝd+1)) to
aMP(a, b, c) such that

∫︁
ℝ

yηt ( · , dy) = νt ( · ).
Proof Let ℙ ∈ 𝒫1 and define the process

dX̃t = at (X̃t ) dt + (︁
bt (X̃t )

)︁ 1
2 dW ℙ̃

t , 0 ≤ t ≤ T , X̃0 = x0. (A.1)

Since a and b are smooth, we automatically have existence and uniqueness of
a solution to (A.1) (see Stroock and Varadhan [66, Corollary 6.3.3]). Define
Ỹt = exp(− ∫︁ t

0 cs(X̃s) ds). Then by the same reasoning as in Theorem 2.2, the curve
of marginal laws of the augmented process (X̃, Ỹ ) at t , given by ηt = (et )#𝜼, solves
the Fokker–Planck equation, for (t, x, y) ∈ (0, T ) × ℝ

d+1,

∂tηt (x, y)+∇x · (︁ηt (x, y)at (x)
)︁− 1

2
∇2

x : (︁
ηt (x, y)bt (x)

)︁− ∂y

(︁
yct (x)ηt (x, y)

)︁ = 0.
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We now define the discounted version of ηt by ηD
t (x) := ∫︁

ℝ
yηt (x, y) dy. Then

by a similar calculation as in the proof of Lemma 3.6, (ηD
t )t∈[0,T ] solves the dis-

counted Fokker–Planck equation (3.7). By an argument similar to Figalli [28, Propo-
sition 4.1], we have uniqueness of the solution to (3.7); so ηD

t = νt . By Itô’s formula,
it is immediate that 𝜼 ∈ 𝒫(C([0, T ];ℝd+1)) solves aMP(a, b, c), and so the result
follows. □

We now let (νt )t∈[0,T ] ⊆ ℳ(ℝd) be a narrowly continuous solution of
dFP(a, b, c) for a ∈ L1(dνt dt;ℝd), b ∈ L1(dνt dt; 𝕊d) and c ∈ L1(dνt dt;ℝ). We
first build a smooth sequence (νn

t ) approximating νt for all t ∈ [0, T ], associated
with diffusion operators ℒD,n. Then by Lemma A.1, there exists a sequence (𝜼n)

of solutions to the augmented martingale problem associated with ℒA,n such that∫︁
ℝ

yηn
t ( · , dy) = νn

t . As in Trevisan [68, Sect. A.1], we construct the approximations
in two different ways which we later use in Sect. A.3 when generalising the
regularity of the coefficients. In both variants, we emphasise the specific form of the
discounted superposition principle with the type of smoothing applied.

Variant 1: Pushforward via smooth maps. Take functions π = (π1, . . . , πd) in
C2(ℝd ;ℝd) with uniformly bounded first and second derivatives. Define the standard
diffusion operator ℒS by C([0, T ];ℝd) ∋ f ↦→ ℒS = a · ∇xf + 1

2b : ∇2
xf . Then we

can define approximations of (a, b, c) by

πai
t := dπ#(ℒS(πi)νt )

dπ#νt

,

πb
i,j
t := dπ#(bt : (∇πi ⊗ ∇πj )νt )

dπ#νt

,

πci
t := dπ#(ct νt )

dπ#νt

.

Note that uniform bounds on a, b and c are preserved with πa, πb, πc. Additionally,
by an application of the chain rule to compute ℒD(f ◦ π), it is easy to see that
(π#νt )t∈[0,T ] ⊆ ℳ(ℝd) solves dFP(πa, πb, πc), and therefore by Lemma A.1, there
exists a solution 𝜼 to aMP(πa, πb, πc) such that π#νt = ∫︁

ℝ
yηt ( · , dy).

Variant 2: Mollification by convolution. Let κ ≥ 0 be a smooth probability
density on ℝ

d . Define

aκ
t := d((atνt ) ∗ κ)

d(νt ∗ κ)
, bκ

t := d((btνt ) ∗ κ)

d(νt ∗ κ)
, cκ

t := d((ct νt ) ∗ κ)

d(νt ∗ κ)
.

By Trevisan [68, Lemma A.1], aκ , bκ and cκ preserve integrability and have uni-
formly bounded first and second spatial derivatives on compact sets. Therefore
(νt ∗ κ)t∈[0,T ] ⊆ ℳ(ℝd) solves dFP(aκ, bκ , cκ). Additionally, by Lemma A.1, there
exists a solution 𝜼 to aMP(aκ , bκ , cκ) such that νt ∗ κ = ∫︁

ℝ
yηt ( · , dy).

A.2 Compactness and convergence of the augmented martingale problem

We now assume that (𝜼n) is a sequence of solutions of augmented martingale prob-
lems obtained via the discounted superposition principle (superposition solutions)



Local volatility calibration with stochastic interest rates 431

corresponding to an approximation νn
t = πn

# νt in the pushforward case or νn
t = νt∗κn

in the mollification case. In the mollification case, we assume that κn → δ0 nar-
rowly as n → ∞. In the pushforward case, we assume that πn → Id locally
uniformly, and ∇πn → Id and ∇2πn → 0 pointwise. Assume also that the se-
quences of these derivatives are uniformly bounded; so there exists C ≥ 0 such that
|∇πn|, |∇2πn| ≤ C. Compactness for solutions of the augmented martingale prob-
lem then follows directly from [68, Sect. A.2] since we can recast the superposition
principle in the setting of [68, Theorem 2.5] by considering superposition solutions
to aFP(a, b, c), and then the tightness arguments are directly applicable.

We are looking for solutions of aMP(a, b, c) whose discounted density is equal
to a given solution of dFP(a, b, c). We therefore consider the class of test functions
C

1,2
b ([0, T ] × ℝ

d+1;ℝ) ∋ f̃ (x, y) = yf (x), where f ∈ C
1,2
b ([0, T ] × ℝ

d;ℝ). For

f ∈ C
1,2
b ([0, T ] × ℝ

d ;ℝ), define the norm ∥f ∥
C

1,2
b

by

∥f ∥
C

1,2
b ([0,T ]×ℝd )

= sup
(t,x)∈[0,T ]×ℝd

(︁|f (t, x)| + |∂tf (t, x)| + |∇f (t, x)| + |∇2f (t, x)|)︁.

We note that we always have

∫︂ ∫︂ t

s

(ℒA
r f̃ ) ◦ er dr d𝜼 =

∫︂ t

s

∫︂
ℝd

(ℒD
r fr)

∫︂
ℝ

yηr(dx, dy) dr.

From now on, we use the shorthand dν = dνt dt for notational ease. Now let ℒD

be a discounted diffusion operator with coefficients a, b, c which are continuous and
compactly supported. In view of the arguments of [68, Sect. A.3] and due to the
narrow convergence of (𝜼n) to some limit 𝜼, in order to show that ν := limn→∞ νn

is a discounted superposition solution of 𝜼 (in both variants of smooth approximating
sequences), we only need to provide bounds on

lim sup
n→∞

∫︂
|ℒD,nf − ℒDf | dνn +

∫︂
|ℒDf − ℒDf | dν. (A.2)

Variant 1: Pushforward via smooth maps. Write πℒD for the discounted diffu-
sion operator associated with the coefficients (πa, πb, πc). Then for fixed n, we have

∫︂
|πnℒD,nf − ℒDf | dπn

# ν ≤
∫︂

|ℒD,n(f ◦ πn) − (ℒDf ) ◦ πn| dν,

≤
∫︂

1

2

d∑︂
i,j=1

|a : (∇πi ⊗ ∇πj ) − ai,j ◦ π | dν

+
∫︂ d∑︂

i=1

|ℒS(πi) − ai ◦ π | dν +
∫︂

|c − c ◦ π | dν.
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Since (πn) converges to the identity, (A.2) is bounded above by

∫︂ d∑︂
i,j=1

|a : (∇πi ⊗ ∇πj ) − ai,j ◦ π | dν + 2
∫︂ d∑︂

i=1

|ℒS(πi) − ai ◦ π | dν

+ 2
∫︂

|c − c ◦ π | dν.

Since continuous and compactly supported functions are dense in L1(ν), the above
can be made arbitrarily small by optimising over a, b, c.

Variant 2: Mollification by convolution. Let ω be a common bounded and con-
tinuous modulus of continuity for a, b, c. Let ℒD,n be the discounted diffusion
operator associated with the coefficients

an := d((aν) ∗ κn)

d(ν ∗ κn)
, b

n := d((bν) ∗ κn)

d(ν ∗ κn)
, cn := d((cν) ∗ κn)

d(ν ∗ κn)
.

We first show limn→∞
∫︁ |ℒD,nf − ℒDf | dνn = 0. Since ∥f ∥C1,2 ≤ 1, we have

∫︂
|ℒD,nf − ℒDf | dνn ≤

∫︂
|an − a| dνn +

∫︂
|bn − b| dνn +

∫︂
|cn − c| dνn

≤ 3
∫︂

ω(z)κn(z) dz −→ 0.

Therefore we have

lim sup
n→∞

∫︂
|ℒD,nf − ℒDf | dνn = lim sup

n→∞

∫︂
|ℒD,nf − ℒD,nf | dνn

≤
∫︂

(|a − a| + |b − b| + |c − c|) dν.

By the same argument as before, we can make the right-hand side arbitrarily small
which concludes the proof of Lemma A.1. □

A.3 Generalisation of drift and diffusion coefficients

We now use the approximation and convergence described in Sects. A.1 and A.2 to
generalise the coefficients a, b and c and prove Theorem 3.5.

A.3.1 Smooth and bounded coefficients

Let a : [0, T ] × ℝ
d → ℝ

d , b : [0, T ] × ℝ
d → 𝕊

d+, c : [0, T ] × ℝ
d → ℝ be Borel

maps such that

∫︂ T

0
(∥at∥C2

b (ℝd ) + ∥bt∥C2
b (ℝd ) + ∥ct∥C2

b (ℝd )) dt < ∞, (A.3)
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where for f ∈ C2
b(ℝd), the norm ∥f ∥C2

b (ℝd ) is given by

∥f ∥C2
b (ℝd ) = sup

x∈ℝd

(︁|f (x)| + |∇f (x)| + |∇2f (x)|)︁. (A.4)

Lemma A.2 Let a, b, c be Borel maps satisfying (A.3). Then for every ν ∈ 𝒫(ℝd),
there exists 𝜼 ∈ 𝒫(C([0, T ];ℝd+1)) solving aMP(a, b, c) and with the property that∫︁
ℝ

yη0( · , dy) = ν( · ).

The proof is the same as for [68, Theorem A.6], but by considering the augmented
process (X, Y ), where the regular martingale problem (see [68, Definition 2.4]) is
given by aMP(a, b, c).

Lemma A.3 Let a, b, c be Borel maps such that for every bounded open set B ⊆ ℝ
d ,

∫︂ T

0
(∥at∥C2(B) + ∥bt∥C2(B) + ∥ct∥C2(B)) dt < ∞,

where for f ∈ C2(ℝd), the norm ∥f ∥C2(B) is as in (A.4), but with the supremum
taken over x ∈ B. Let (νt )t∈[0,T ] ⊆ ℳ(ℝd) be a narrowly continuous solution of
dFP(a, b, c). If ν0 ≤ 0, then νt ≤ 0 for all t ∈ [0, T ]. Therefore for ν ∈ ℳ(ℝd),
there exists a unique narrowly continuous solution ν such that ν0 = ν.

The proof is similar to that of [68, Theorem A.7]; so we only provide a sketch.

Proof of Lemma A.3 Let g ∈ C∞
c ([0, T ] ×ℝ

d) be nonnegative. Let χR : ℝd → [0, 1]
be a cutoff function and aε

R , bε
R , cε

R mollifications with respect to time and space of

aχR , bχR , cχR , so that aε
R , bε

R , cε
R satisfy (A.3). Let ℒD,ε

R be the diffusion operator
associated with dFP(aε

R, bε
R, cε

R). Let f ε solve

∂tf
ε = −ℒD,ε

R f ε + g, f ε
T = 0.

Recall the definition of ℒS in Sect. A.1 in Variant 1. Since ν solves dFP(a, b, c) and
f ε ∈ C

1,2
b (ℝd) and f ε, ν0 ≤ 0, we have

0 ≥ −
∫︂

f εχR dν0,

=
∫︂ (︁

χR∂tf
ε + ℒD(f εχR)

)︁
dν,

=
∫︂ (︁

χR(g − ℒD,ε
R f ε + ℒSf ε) + f εℒSχR + cf εχR + b : ∇f ε ⊗ ∇χR

)︁
dν,

≥
∫︂

g dν − sup
t∈[0,T ]

∥f ε
t ∥C2

b (ℝd )

∫︂ (︁
χR(|aε

R − a| + |bε
R − b| + |cε

R − c|)

+ |ℒSχR| + |b| |∇χR|)︁ dν.
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The sup is uniformly bounded in ε > 0, and (aε
R, bε

R, cε
R) → (a, b, c) for |x| ≤ R as

ε → 0. Then letting R → ∞, the right-hand side converges to
∫︁

g dν since ∇χR → 0
and ℒSχR → 0. □

A.3.2 Bounded coefficients

This case follows in the same manner as the bounded case in Trevisan [68]. We now
assume that a, b, c satisfy

∫︂ T

0

(︂
sup
x∈ℝd

|at (x)| + sup
x∈ℝd

|bt (x)| + sup
x∈ℝd

|ct (x)|
)︂

dt < ∞. (A.5)

Using the regularisation kernel κ = exp(−√︁
1 + |x|2) and κε = ε−nκ(x/ε), we have

with νε
t = νt ∗ κε that (νε

t )t∈[0,T ] solves dFP(aε, bε, cε) with coefficients satisfy-
ing (A.3). Thus existence of 𝜼ε ∈ 𝒫(C([0, T ];ℝd+1)) solving aMP(aε, bε, cε) as
a discounted superposition solution to νε follows. Since (νε

0) is a narrowly conver-
gent family, there exists θ : ℝ → ℝ increasing with limx→∞ θ(x) = ∞ such that
supε>0

∫︁
θ(|x|) dνε

0 ≤ 1. The proof of tightness of (𝜼ε) is then an easy modification
of that in [68], where the de la Vallée-Poussin criterion modifies (A.5) to

∫︂ T

0

(︃
Θ

(︂
sup
x∈ℝd

|at (x)|
)︂

+ Θ
(︂

sup
x∈ℝd

|bt (x)|
)︂

+ Θ
(︂

sup
x∈ℝd

|ct (x)|
)︂)︃

dt < ∞

for Θ : [0,∞) → [0,∞) convex increasing with limx→∞ Θ(x)/x = ∞. Thus we
proceed in analogy to [68, Corollary 2.5], with f i = (xiχR) ◦ et for i = 1, . . . , d

and f d+1 = (log(yχR)) ◦ et . Note that the function f d+1 is always well defined
and real-valued since Y is assumed to be supported on (0, exp(T )). By [68, Corol-
lary A.5], there exists some coercive functional Ψ : C([0, T ];ℝ) → [0,∞] such that
for i = 1, . . . , d , with xi

R = xiχR , we have

∫︂
Ψ(xi

R ◦ γ ) d𝜼ε(γ ) ≤
∫︂

θ(|xi
R|) dηε

0

+
∫︂ T

0

∫︂ (︁
Θ(|ℒS,ε

t xi
R|) + Θ(bε

t : ∇xi
R ⊗ ∇xi

R)
)︁

dηε
t dt,

∫︂
Ψ(f d+1 ◦ γ ) d𝜼ε(γ ) ≤

∫︂
θ(|f d+1|) dηε

0 +
∫︂ T

0

∫︂
Θ(|cε

t |) dηε
t dt.

We now note that ηε
t = ν

A,ε
t , where (ν

A,ε
t )t∈[0,T ] solves aFP(aε, bε, cε), and further

that ν
A,ε
0 = νε

0 by construction. Thus letting R → ∞ and noting that the y-marginal
of ηε

0 is δ1, the regular superposition principle ([68, Theorem 2.5]) gives the uniform
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bounds
∫︂

Ψ(xi
R ◦ γ ) d𝜼ε(γ ) ≤

∫︂
θ(|xi

R|) dνε
0

+
∫︂ T

0

∫︂ (︁
Θ(|ℒS,ε

t xi
R|) + Θ(bε

t : ∇xi
R ⊗ ∇xi

R)
)︁

dν
A,ε
t dt,

∫︂
Ψ(f d+1 ◦ γ ) d𝜼ε(γ ) ≤ θ(0) +

∫︂ T

0

∫︂
Θ(|cε

t |) dν
A,ε
t dt.

Thus by [68, Lemma A.1], we have the uniform bounds

∫︂
Ψ(γ i) d𝜼ε(γ ) ≤ 1 +

∫︂ T

0

(︃
Θ

(︂
sup
x∈ℝd

|at (x)|
)︂

+ Θ
(︂

sup
x∈ℝd

|bt (x)|
)︂)︃

dt,

∫︂
Ψ(log γ d+1) d𝜼ε(γ ) ≤ θ(0) +

∫︂ T

0
Θ

(︂
sup
x∈ℝd

|ct (x)|
)︂

dt.

Since γ ↦→ Ψ(log γ d+1) + ∑︁d
i=1 Ψ(γ i) is coercive in C([0, T ];ℝd+1), we have

tightness of 𝜼ε. That the result also holds for the limit of this sequence follows directly
from [68, Sects. A.2 and A.3] and Sect. A.2. Therefore we have shown Theorem 3.5
for bounded coefficients a, b and c.

A.3.3 Locally bounded coefficients

We now assume that a, b, c satisfy for every bounded Borel set B ⊆ ℝ
d that

∫︂ T

0
sup
x∈B

(︁|at (x)| + |bt (x)| + |ct (x)|)︁ dt < ∞. (A.6)

Let M ≥ 1, χM be a cutoff function and define πM : ℝd → ℝ
d by πM(x) = xχM(x).

Thus by (A.6), we have

|ℒD(πi
M)| ≤ ∥πi

M∥C2
b

sup
|x|≤2M

(︁|a(x)| + |b(x)| + |xrc(x)|)︁,

|b : ∇πi
M ⊗ ∇π

j
M | ≤ ∥πi

M∥C1 sup
|x|≤MR

|b(x)|,

where for f ∈ C1
b(ℝd), the norm ∥f ∥C1

b
is given by

∥f ∥C1
b

= sup
x∈ℝd

(︁|f (x)| + |∇f (x)|)︁. (A.7)

Thus with νM
t := πM

# νt , the family (νM
t )t∈[0,T ] solves dFP(πM a, πM b, πM c) with

coefficients satisfying (A.5), and so we have 𝜼M ∈ 𝒫(C([0, T ];ℝd+1)) solving
aMP(πM a, πM b, πM c) as a discounted superposition solution to νM . The argument
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of tightness is similar to that of Sect. A.3.2 with the modified bound

∫︂ T

0

∫︂ (︁
Θ1(|at |) + Θ2(|bt |) + Θ3(|ct |)

)︁
dνt dt < ∞

instead of (A.4). As before, we obtain the inequalities
∫︂

Ψ(xi
R ◦ γ ) d𝜼M(γ ) ≤

∫︂
θ(|xi

R|) dηM
0

+
∫︂ T

0

∫︂ (︁
Θ(|ℒS,M

t xi
R|)

+ Θ(bM
t : ∇xi

R ⊗ ∇xi
R)

)︁
dηM

t dt,

∫︂
Ψ(f d+1 ◦ γ ) d𝜼M(γ ) ≤

∫︂
θ(|f d+1|) dηM

0 +
∫︂ T

0

∫︂
Θ(|cM

t |) dηM
t dt.

By a reasoning similar to Sect. A.3.1, we obtain via Jensen’s inequality the uniform
bounds

∫︂
Ψ(γ i) d𝜼M(γ ) ≤ 1 +

∫︂ T

0

∫︂ (︁
Θ1(|ai

t |) + Θ2(|bi,i
t |))︁ dνA

t dt,

∫︂
Ψ(log γ d+1) d𝜼M(γ ) ≤ θ(0) +

∫︂ T

0

∫︂
Θ3(|ct |) dνA

t dt.

That the result also holds for the limit of this sequence follows directly from [68,
Sects. A.2 and A.3] and Sect. A.2. Therefore we have shown Theorem 3.5 for locally
bounded coefficients a, b and c.

A.3.4 General case

The approximation is achieved via convolution, with the approximating νε having su-
perposition solutions since the approximating coefficients satisfy (A.6). The tightness
follows an identical argument, with bounds similar to those obtained in Sect. A.3.2
for Ψ with respect to Θ. That the result also holds for the limit of this sequence fol-
lows directly from [68, Sects. A.2 and A.3] and Sect. A.2. Therefore we have shown
Theorem 3.5 for integrable coefficients a, b and c. This concludes the proof. □
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