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Abstract

Multiphase flow through porous media can be modelled as a complex
system of partial differential equations. Such models can be used to op-
timize the recovery of oil and gas from subsurface reservoirs. In the case
of highly viscous oils, thermal recovery techniques are typically used to
enhance their extraction. To simulate this, models describing the flow of
fluids (typically oil, water, and gas) are coupled with a model for heat
flow. Thermal reservoir simulation entails solving these highly coupled
systems. Their complexity and the computational effort needed to solve

them motivate the need for highly efficient solvers.

In reservoir simulation, most of the computational time is spent on solv-
ing linearized systems with a preconditioned Krylov subspace iterative
method. Industry-standard preconditioning techniques are based on the
approach introduced by Wallis in 1983, the Constrained Pressure Residual
method (CPR). This preconditioner is a two-stage process involving the

solution of a restricted pressure system.

While initially designed for isothermal reservoir simulation, CPR is also
the standard for thermal cases. However, its treatment of the conservation
of energy equation does not incorporate heat diffusion, which is often dom-
inant in thermal cases. We are interested in preconditioners specifically
designed for thermal reservoir simulation. In this thesis, we present an ex-
tension of CPR: the Constrained Pressure-Temperature Residual (CPTR)
method, where a restricted pressure-temperature system is solved in the
first stage. To study the effects of both pressure and temperature on fluid
and heat flow, we first consider a model of non-isothermal single-phase flow
through porous media. For this model, we develop a block preconditioner
with an efficient Schur complement approximation. Then, we extend this
method for multiphase flow as a solver for the first stage of CPTR. We
present a comparison of the algorithmic performance of the different pre-

conditioning approaches under mesh refinement and parallelization.
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Chapter 1

Introduction

Models of fluid flow in porous media are used in the simulation of applications such
as petroleum reservoirs, carbon storage, hydrogeology, and geothermal energy. In
some cases, fluid flow must be coupled with heat flow to capture thermal effects. For
example, heat from the Earth’s core (geothermal energy) flows upward, heating water
reservoirs in the crust [13]. These reservoirs can be tapped to generate electricity or
heat buildings. This process involves the flow of water, steam, and heat through
porous rock.

Oil and gas recovery from petroleum reservoirs is the main application of interest
for this thesis. A petroleum reservoir is a subsurface pool where hydrocarbons and
water sit deep underground in porous rock trapped under a layer of impermeable rock.
This is illustrated in Figure The drilling of wells creates a pressure gradient that
causes the fluids to flow up to the surface, allowing for the extraction of hydrocarbons.
This is known as the Primary Oil Recovery. Once they stop naturally lifting to the
surface, water can be injected inside the reservoir to displace some of the remaining
hydrocarbons and maintain the pressure difference.

To increase recovery, “Enhanced Oil Recovery” (EOR) techniques are then used.
This is especially important for heavy viscous oils. EOR techniques include CO,
injection, chemical injection, and thermal recovery. The recovery of heavy oils can be
facilitated by reducing their viscosity. A variety of thermal recovery techniques [19]
are used to achieve that goal.

Steam Injection Cyclic Steam Stimulation is a thermal recovery technique consist-
ing of three stages: injection of steam to increase temperature, a resting period to let
the heat diffuse, followed by oil production from that same well. Other techniques —
Steam or Hot Water Flooding — use steam or hot water injection wells in conjunc-

tion with production wells. These methods combine the viscosity-decreasing effects of
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Figure 1.1: A typical oil and gas reservoir (taken from )

heat with the physical displacement of oil being pushed by the water. Steam-Assisted
Gravity Drainage (SAGD) is an example of Steam Flooding where a horizontal in-
jection well is drilled above a production well allowing gravity to help with the oil

displacement. This process is illustrated in Figure [1.2

Steam Injector Steam Out

0Oil Sands Formation

il
Producer

Bitumen In

Figure 1.2: Steam-assisted gravity drainage (SAGD) (taken from )

In-Situ Combustion is a thermal recovery technique in which heat is generated
through the combustion of the hydrocarbons inside a reservoir by injecting air or
oxygen. While less stable, this process is generally cheaper than steam injection.
When In-Situ Combustion is successfully applied, distillation and cracking of hydro-
carbons can result in the production of lighter and more valuable oil.

A less standard thermal recovery technique is Electromagnetic Heating .
An electrical current can be used to increase the temperature of the reservoir, which
can be combined with steam injection techniques. Various frequencies are being

considered; from low frequency electric resistive heating to high-frequency microwave



heating. Such methods could minimize heat losses that occur during steam injection
[63].

Reservoir simulation [7, [74] is the use of mathematical models to predict the
flow of fluids through porous media. Petroleum engineers use reservoir simulation
to optimize oil recovery processes. For example, history matching uses observed
behaviour from the actual reservoir to update the reservoir model [71]. This type of
inverse problem, as well as other predictive techniques, require the rapid solution of
the forward model. This explains the need for fast and robust commercial reservoir
simulators. The simulation of geothermal energy problems is also very similar to
petroleum reservoir simulation [37].

The mathematical models solved in reservoir simulators consist of complex systems
of partial differential equations (PDEs) describing flow in porous media. The spatial
discretization of the PDEs is often done via Finite Volume methods, and the temporal
discretization via implicit methods. A Newton-Raphson type method is applied to
the resulting nonlinear system, which in turn results in large systems of linearized
equations to be solved at each time-step. In commercial reservoir simulators, most
of the computational time is spent on solving the resulting linearized systems with a
preconditioned Krylov subspace iterative method [86].

In isothermal models, a pressure variable couples a number of secondary variables
(saturations/concentrations) which characterize the location of different phases and
hydrocarbons. The resulting PDE system is essentially elliptic with respect to pres-
sure and hyperbolic with respect to the secondary variables. Since pressure drives
the flow, successful solution techniques usually include a specific treatment of the
pressure variable. A classical way to do so is with the Implicit Pressure Explicit Sat-
uration (IMPES) method [91} 95]. The basic idea is to separate the coupled system
into a pressure equation and saturation equations which are solved using implicit and
explicit time-stepping schemes, respectively. While easy to implement and computa-
tionally affordable (only a pressure system is solved implicitly), the stability of the
explicit saturation equations requires small time-steps. Thus, IMPES is not efficient
for problems with stronger nonlinearities and more than two phases [22].

A more robust approach is to solve all coupled equations simultaneously and
implicitly, often referred to as the Fully Implicit Method (FIM). The unconditional
stability of FIM implies that very large time-steps can be used. Solving the coupled
equations involves solving large and complex linearized systems via iterative methods.
Efficient preconditioners are needed to achieve a rapid convergence of those methods.

A preconditioner is a linear operator meant to accelerate the convergence of iterative



methods. However, the difficulty of designing efficient preconditioners increases as
the system’s complexity does. Challenges arise when considering compositional and
thermal flow, poromechanics, and other physics of interest.

To avoid having to solve the fully coupled linearized system, a variety of sequential
methods exist. These still solve all equations implicitly, but in a sequential manner
[60]. Constraints are often applied to the variable set not being solved to improve the
convergence of this fixed-point iteration. Sequential implicit methods have been used
in commercial reservoir simulation [2, 94} [109]. However, fully implicit methods are
often preferred due to their stability. Recent efforts have used Newton’s method on the
fixed-point iteration to gain quadratic convergence over the usual linear convergence
[113]. A careful understanding of the constraints is required for the convergence of
these new methods.

Adaptive implicit methods are also used for reservoir simulation [100]. The idea
is to find an efficient middle ground between a fully implicit method and IMPES or
a sequential implicit method. At a given time-step, different parts of the domain
will be solved fully implicitly, while others will use the less coupled methods. The
challenge with adaptive implicit methods is to design an efficient switching criterion
to determine when the secondary unknowns are solved implicitly or not.

In this thesis, we only consider fully implicit formulations and focus on the required
preconditioning strategies.

The industry-standard preconditioner is the Constrained Pressure Residual method
(CPR) [105,[106]. It is a two-stage process where a restricted pressure system is solved,
followed by an approximate solution of the coupled system. This method was later
improved in [54] with the use of Algebraic Multigrid (AMG) [85] as a solver for the
pressure subsystem. The second stage is usually an incomplete factorization method
such as incomplete LU factorization (ILU) [66].

Multigrid methods [14} 45] combine successively coarser grids and a basic iterative
method (relaxation) to reduce all error components. This strategy is “global” and thus
effective for elliptic differential operators. Instead of needing a coarse grid hierarchy;,
AMG constructs the coarse spaces solely with information from the system matrix.
This construction relies on heuristics that typically require matrix properties that
result from the low-order discretization of an elliptic operator. The elliptic-like nature
of the pressure system solved in the first stage of CPR makes it an ideal candidate
for the use of multigrid methods. AMG typically requires less work from the user
than geometric variants (for example, a mesh hierarchy is not required for AMG).

Therefore, it is often preferred in industrial code [20, 44, 49, 72]. Alternatively, an



incomplete factorization method specifically designed for reservoir simulation, Nested
Factorization [6], is sometimes used in the first stage of CPR.

The pressure system in the first stage of CPR is approximately decoupled from
the other unknowns using a matrix transformation. To date, only minor improve-
ments have been proposed to the decoupling operators used in the original CPR.
The alternate block factorization (ABF') decoupling operator, introduced in the gen-
eral context of systems of PDEs [10], was applied to reservoir simulation in [53]. In
[54, 55], the authors introduced two now widely-used decoupling operators, Quasi-
IMPES (QI) and True-IMPES (TI), and a less popular method involving local QR
decompositions. While QI is purely algebraic in nature, T can be justified using the
PDE structure of the problem. Other approaches include summing the different mass
equations 90|, and reducing the coupling via least-squares [3]. As an alternative to
the algebraic decoupling operators, analytical decoupling techniques have been pro-
posed in [76]. However, it is unclear if this method has any practical application in
commercial reservoir simulators.

The use of decoupling operators has been brought into question as they may
affect the properties of the pressure system that are required for the fast convergence
of AMG within CPR [44, 99]. Even if the original pressure block has fully elliptic
properties, the approximately decoupled pressure block may not be amenable for the
application of AMG.

Instead of using AMG as an inner solver for the pressure system within a two-stage
preconditioner, it has been proposed that it be used for the whole system [27] 44, 99].
Rather than using classical AMG, which is meant for scalar PDEs, this approach uses
a version of AMG meant for systems of PDEs [26]. Some versions of this method have
a similar philosophy to CPR. Indeed, AMG is applied to the whole system, but all
non-pressure variables remain on the fine level. To construct a pressure subsystem
which is amenable to the application of AMG, the Dynamic Row-Sum transformation
[44] is used as an alternative to previous decoupling operators.

In non-isothermal models, an energy conservation equation is added to the system
along with a temperature (or enthalpy) variable. For fully implicit formulations, the
industry-standard preconditioner is CPR where temperature variables are grouped
with the secondary variables. This is often appropriate since heat is being transported
by flow similarly to the saturations. However, heat is also diffused through rock and
fluids. Diffusion can dominate in cases where the fluid flow is slow, for instance before
viscous oils are properly heated, but also numerically due to mesh refinements. In

those cases, the second stage of CPR struggles to capture the heat diffusion, and so



incomplete factorizations with additional fill are needed. Of course, this remedy is not
ideal in terms of scalability and memory requirements. A recent example of AMG
struggling in the first stage of CPR for thermal simulations was reported in [5§].
Accordingly, the authors propose an alternative to AMG for the pressure problem
based on block diagonal scaling and matrix equilibration: the SWIFT preconditioner.
Another alternative to AMG is proposed in [38], where the matrix structure of the
pressure block is used to accelerate the convergence rate of incomplete factorization
methods.

How to precondition linear systems resulting from thermal cases is still an open
question. Efforts to answer this question are limited in the reservoir engineering
community. For sequential implicit methods, the framework developed in [101] has
been generalized in [104] for thermal models. Although most recent work about
sequential implicit methods relates to coupling poromechanics, there is potential for
the thermal problem [113].

For fully implicit methods, one recent contribution is Enhanced CPR (ECPR) [57],
which dynamically constructs the system solved in the first stage of CPR allowing
additional unknowns than pressure to be included. ECPR constructs this “strong”
subsystem by looking at the strength of connections in the system matrix. ECPR
suffers from the non-applicability of AMG for the first stage system because its prop-
erties are unpredictable. The system AMG preconditioner has also been extended to
the thermal case, allowing both pressure and temperature to be considered for the
coarse grid hierarchy [42]. However, the community’s recent focus is again in coupling
fluid flow and poromechanics, rather than thermal flow [43].

For the coupling of single-phase flow with poromechanics, a block preconditioner
with an efficient Schur complement approximation was introduced in [112] for a
pressure-displacement system, and in [21] for a three-field formulation (where ve-
locity is a variable). A CPR-like two-stage preconditioner allows the extension of the
block preconditioner to the multiphase case in |111].

In this thesis, we present an extension of CPR for non-isothermal flow. Instead
of solving a restricted pressure system in the first stage of CPR, we solve a restricted
pressure-temperature system, resulting in a Constrained Pressure-Temperature Resid-
ual method (CPTR). The choice of the solver for the first stage of CPTR is a major
challenge for this approach. To investigate pressure-temperature solvers, we first con-
sider single-phase non-isothermal flow. The single-phase model results in a pressure-
temperature system of similar properties to the one considered in the first stage of

CPTR. On its own, the single-phase case is relevant for simple geothermal energy



and reservoir simulation examples but is also similar to miscible displacement prob-
lems [12] (where a concentration plays a similar role to temperature, and molecular
diffusion is analogous to heat diffusion) .

For the single-phase case, we present a Schur complement approximation for the
pressure-temperature system. Such an approximation leads to an effective block pre-
conditioner. Then, we propose an extension of that method to the multiphase flow
situation and use it for the pressure-temperature subsystem in the first stage of CPTR.
As an alternative, we also consider applying an unknown-based AMG method to the
pressure-temperature subsystem.

In Chapter [2, we describe the mathematical models for non-isothermal flow in
porous media for both the single- and multi-phase cases. In Chapter [3|, we describe
the numerical solution and preconditioning techniques that are standard in reservoir
simulation. This is followed by a discussion on the limitations of decoupling operators.
A weak formulation of the Finite Volume method is presented in Chapter [4] for simple
problems and then applied to the models of Chapter 2l This weak formulation allows
the use of the Finite Element library Firedrake [77] and its interface with the solver
library PETSc [9]. In Chapter , we describe preconditioning approaches for the
single-phase case and compare their algorithmic performance. We then extend these
preconditioners to the multiphase case in Chapter [0}, and present numerical results for
two-phase cases. We conclude in Chapter [7| with a discussion on the future direction

of this research.
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Chapter 2

Governing Equations

In this chapter, we describe systems of coupled partial differential equations for single-
and multi-phase non-isothermal flow in porous media. In each case, the conservation

of mass equations could also be used for isothermal models.

2.1 Single-phase flow

Here we describe the equations for single-phase flow in porous media coupled with

thermal effects.

2.1.1 Conservation of mass

We begin with the continuity equation which states that the rate at which mass
enters the system is equal to the rate of mass which leaves the system plus the
accumulation of mass within the system. Additionally, we include a source/sink term

which accounts for mass which is added or removed from the system. We have
dp .
¢E +V-(pu)=f inR; xQ, (2.1)

where ¢ is the porosity field of the rock, p is the density of the fluid, u is the fluid
velocity, f is a source/sink term, and (2 is the spatial domain in R?, d = 2,3. The
source/sink term f represents injection/production wells and is given in Section .
We consider a fixed rock strata so that the porosity field ¢ is constant in time.

In fluid dynamics models such as the Navier-Stokes equations, the velocity u is
commonly defined using a momentum equation. For flow in porous media, this may
only be necessary on the pore-scale. On the macroscale, flow in porous media can be

modelled by Darcy’s Law [29]. Although it was originally determined experimentally



by Darcy, it has since been derived from the Navier-Stokes equations via homogeniza-
tion [110].

We assume that the velocity follows Darcy’s law, i.e.

u:—%W@—%% (2.2)

where p is the pressure, K is the permeability tensor field, u is the viscosity, and g
is the gravitational acceleration vector. The density and viscosity are functions of
pressure and temperature given in Section [2.5] Explicitly substituting (2.2)) in (2.1)),

we get

0 K
Eﬁ—V”(ﬂ;W@—p@)Zf in Ry x Q. (2:3)

We also assume Neumann and Dirichlet boundary conditions
K
—E(Vp—pg)~n:gN onI'y, and p=gponp, (2.4)

where gy is Neumann boundary data, gp is Dirichlet boundary data, n is the unit

outward normal vector on Q2 =Ty UT'p, and I'p NIy = &.

2.1.2 Conservation of energy

Similarly, we have a conservation of energy equation for heat energy. Note that
formulations where enthalpy is an independent variable are common, but here we
consider temperature as an independent variable as in a reference commercial reservoir
simulator [30]. Heat energy is not only being transported by fluid flow, but also

conducted through rock and fluid . We get the following advection-diffusion equation:

0 0
65, (0U) + (1= o),

where U is the internal energy of the fluid, p, and H, are the density and enthalpy of

(err)+v'(pHu)+v'q:fT in Ry X €, (25)

the rock, respectively, H is the enthalpy of the fluid, q is the heat flux, and f7 is a
source/sink term representing wells or heaters, for which details are given in Section
2.4l In the case of gases, the internal energy can be described by the relation

U=H-1L, (2.6)
i

and in the case of liquids and solids by U = H. We explicitly replace the enthalpies by
simple approximations, the following linear relations with respect to the temperature
T:

H=¢,T, H.=¢T, (2.7)



where ¢, and ¢, are the specific heat of the fluid and rock, respectively, p, is the
density of the rock. Higher-order polynomial correlations for the enthalpy of fluids
are also common (see for example [28]). Here, pc,T represents the energy density of
the fluid. For the numerical tests in this thesis, we only consider liquids, and so ([2.5)
becomes

(pe, T) + (1 — (b)ﬁ(prch) +V-(pc,Tu)+V-q=fr inRy xQ. (2.8)

0
¢ ot

ot
The influence of the pressure on the internal energy (12.6) in the case of gases will not
considered in the methods presented in Chapters[fand[6l Considering this effect may

reduce the quality of some of the approximations presented (see in particular Section
bI33

Furthermore, we assume that the heat flux follows Fourier’s law, i.e.
q=—krVT, (2.9)
where kr is the thermal conductivity field. We choose the following simple relation:
by = hry + (1 O)krs, (2.10)

where kg, and k7 are the conductivities of the rock and the fluid, respectively.
Substituting Fourier’s law into ({2.8]), we get

(pc, T) + (1 — gzﬁ)ﬁ(prch) +V-(pc,Tu) =V - (krVT) = fr inR; xQ. (2.11)

0
¢ ot

ot

Assuming Darcy’s law, we obtain

d)%(pch) + (1 - ¢)%(prch> -V (pch% (Vp - pg)) -V (kTvT) = fT

in Ry x Q. (2.12)
We also assume Neumann and Dirichlet boundary conditions
K
— (pch—(Vp —pg) + kTVT) n=ghonT% and T =ghonl}, (2.13)
0

where g% is Neumann boundary data, g% is Dirichlet boundary data, 92 = T UTE,

and IENTYL = o.

10



2.1.3 Coupled problem

We assume that p and p are empirically determined functions of pressure and tem-
perature. Our choices, which are representative for heavy oil reservoirs, are given in
Section 2.5

We are interested in solving the boundary value problem for p and T' comprising
of the equations , together with boundary conditions and , and
prescribed initial conditions for p and T

We will develop new preconditioning strategies for the resulting system for non-
isothermal single-phase flow. The discretization and solution techniques for this sys-
tem are given in Section and Chapter [5] respectively.

2.2 Multiphase flow

In multiphase flow, the number of phases is typically two or three, for example, oil,
water, and gas.

The pores in a petroleum reservoir can contain both hydrocarbons and water,
which is both connate and injected to improve recovery. If the fluids are immiscible,
they are often referred to as phases. On the microscale, these do not form a solution,
but, on the macroscale, they are assumed to be present at the same location.

The volume fraction occupied by each phase « is called the saturation of that

phase, denoted S,. We have the following saturation constraint:
> S.=1. (2.14)

In the absence of phase change, saturations only vary when one phase displaces the
other through fluid flow. The ability of a phase a to move is represented by the

relative permeability k,., a dimensionless function of S,.

2.2.1 Conservation of mass

For each phase «, we have a conservation of mass equation of the following form:

a(Sapa)

¢8t

+ V- (paty) = fo inRy xQ (2.15)

where, as before, ¢ is the porosity of the rock, p, is the density of the fluid, u, is

the fluid velocity, f, is a source/sink term, and €2 is the spatial domain. We further
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assume that the velocity of each phase a follows Darcy’s law, which generalizes in the

multiphase case [69] to
k?‘a

(67

u, = —K (Vpa - pag)7 (216)

where p, is the pressure, u, is the viscosity, and, as before, K is the permeability
tensor and g is gravitational acceleration. Due to surface tension, the pressures of

the phases differ. The difference between the pressures of the phases o and (3

Pea = Pa — P8, o % ﬂa (217>

is called the capillary pressure and is usually assumed to be a function of S, and Sj.
A result of surface tension between phases, capillary pressure adds a diffusive effect
for the saturations, which may dominate in some applications and models. There
are certainly contexts in which it can be important (for example viscous fingering
[88]), but in the context of this thesis, we ignore the effects of capillary pressures so
that we only have one pressure p = p, for all phases a. When the diffusive effect
of capillary pressures is significant, the equations are parabolic with respect to the
saturations, allowing for different solution strategies including multigrid methods for

the saturations |17].

Then, ({2.1)) becomes

gb% -V <pa&:a(Vp - pag)) =fo InR; xQ. (2.18)

We also assume Neumann and Dirichlet boundary conditions
— Klukm (Vp—pag) n=gno only, foralla, (2.19)
Sa = gpa, foralla, p=gp onlp, (2.20)

where gy, is Neumann boundary data for the flow of phase «, gp and gp, are
Dirichlet boundary data for pressure and saturation «, respectively, n is the unit

outward normal vector on Q2 =Ty UT'p,and I'p NIy = &.

2.2.2 Conservation of energy

Similarly, we have a conservation of energy equation for heat energy. We get the

following advection-diffusion equation:

0

E <¢§paSaUa + (1 - ¢)err> + V. ;,OQHQUQ -V (kTVT) = fT

in R, xQ, (2.21)

12



where U, and H, are the internal energy and enthalpy of phase «, respectively, and,
as before, kr is the thermal conductivity field, H, is the enthalpy of the porous
medium, p, is its density, and fr is a source/sink term. In the multiphase case, the

conductivity field is given by the simple volume-weighted relation
kT = (1 - ¢)kT,r + ¢ Z Sosz,om (222)

where k7, and kr, are thermal conductivities of the rock and the phase «, respec-
tively.

Similarly to the single-phase case, the internal energy can be described in the case
of gases by the relation

U, = H, - (2.23)

Pa
and in the case of liquids and solids by U, = H,. We explicitly replace enthalpies by

this simple linear relation with respect to the temperature T°
H=c,,T, H.=¢cT, (2.24)

where ¢, o, and ¢, are the specific heat of the phase o and the rock, respectively. Here,

Cyo 1 Tepresents the enthalpy of the phase a, and p,c, ., its energy density. In the
case of liquid phases, (2.21]) becomes

0
a <¢§ paSan,aT + (1 - gb)prCrT) +V. ; pacv,aTU—a -V (kTVT) - fT
in Ry x Q. (2.25)
Assuming Darcy’s law, we get

0

kra
a (Qb g paSacv,aT + (1 - ¢>prCrT> -V g pacv,aTKM_<vP - pag>

a

— V- (kyVT) = fr inR, x Q. (2.26)

We also assume Neumann and Dirichlet boundary conditions

«

k/f‘a
— <Z pacwaTKIu—(Vp — pag) + kTVT> n=gnonIl%h T =gl onTh (2.27)

where g% is Neumann boundary data, g5 is Dirichlet boundary data, 02 = T UTE,

and I'’ENTE = 2.
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2.2.3 Coupled problem

We assume that the relative permeability k.., the density p,, and the viscosity i,
of phase o are empirically determined functions of saturations, pressure, and tem-
perature. Our choices, which are representative of heavy oil reservoir simulation, are
given in Section [2.5]

Since the saturations satisfy the constraint , one of the saturation variables

is explicitly replaced
Sp=1-) S (2.28)
o
Thus, if the following system is for the non-isothermal flow of nphases phases, it consists
of Nphases + 1 equations and unknowns.

We are interested in solving the boundary value problem for p, T', S, for all « # (3
satisfying equations , together with boundary conditions , ,
(2.27), where initial conditions for p, T', and S, are prescribed, and we explicitly
eliminate Sz via (12.28)).

In this thesis, we will develop preconditioning strategies for the above system for
non-isothermal multiphase flow. The discretization and solution techniques for this

system are given in Section [4.4] and Chapter [0, respectively.

2.3 Compositional flow

The multiphase flow model described in Section does not allow for mass transfer
between phases. A more general system describes the fluids as different components
that may reside in multiple phases. This is known as a compositional model. A
simple and widely-used example of such a model is the Black-Oil model [101]. In this
model, there are three phases: liquid, vapor, and aqua, and three components: oil,
water, and gas. In the typical model, oil can either be in the liquid or vapor phase,
gas can be in all three phases, and water is in the aqueous phase only.

As part of this thesis, we will not perform numerical experiments for compositional
flow. However, since we sometimes comment about the applicability of different
methods for the compositional case, we describe a general model here.

The fluid velocity still follows Darcy’s Law, but instead of having mass conserva-

tion for each phase, we now have mass conservation for each component. For a model
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with ncomp components and nphases phases, we have mass conservation equations

6 Nphases Nphases k Mphases
10 SEVENELED SR R SR
a=1 a a=1

a=1

1=1,..., Neomp,
(2.29)

where X, ; is the mass fraction of component ¢ within phase o. Additional to the

saturation constraint (2.14)), we have the following constraints for the mass fractions:

Mcomp

Z Xa,i = 17 a = 17 -+« Nphases- (230)
=1

The system comprising of (2.14)), (2.17)), (2.29), and (2.30) still has more unknowns

than equations and thus requires closure equations. In general, equilibrium relations

describing the mass distribution of hydrocarbon components into phases are added

to the system. These are given in the following form:

fa,i(paa Xa,h s 7Xa,ncomp) = fﬂ,z<p67 Xﬁ,la SR 7x,67ncomp>’ (231)

where f, ; is the fugacity function of the i*" component in the a-phase, i = 1, .. .. s Necomp
a,B = 1,..., Nphases, @ # B. Often, a simple approach with tabulated K-values is

used to describe the equilibrium relations, such that
Xa,i = Koe,i(poc)X,B,ia «, ﬁ = ]-7 -+« yNphases; & 7& 6) 1= 17 «««y Ncomp) (232)

where K, ; is typically determined experimentally.
The compositional model described above could be used on its own as an isother-
mal model, or coupled with the conservation of energy equation given by (2.21)). In

the compositional case, the enthalpy of phase « is given by

Ncomp

Ha == Z Xa,iHa,i7 (233)
i=1

where H, ; is the partial enthalpy of component ¢ in phase «.. Simple approximations
of the enthalpies are given by
Ha,i = Cv,a,iTa (234)

where ¢, represents the specific heat of component 7 in phase o. The internal
energy is given by a relation of the form ([2.23)).
The system comprising of (2.14)), (2.17), (2.29)—(2.31) and (2.21)) consists of

(Meomp + 2) X NMphases €quations and unknowns. As is done in Section we can
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eliminate one saturation unknown and all but one pressure unknown. Similarly, we
can eliminate (Ncomp + 1) X Mphases cONcentrations by using and . The
problem then comprises of a system of n.,mp, mass conservation equations with
Nphases — 1 saturation unknowns, ncomp —Nphases cONcentration unknowns, and one pres-
sure Unknown p, SO Nunknowns = Meomp- NOte that the choice of which saturation and

concentrations are eliminated may have an effect on the properties of the linearized

systems. We will comment on this in Sections (3.4.3| and [3.4.4.3]

2.4 Sources and sinks

Efficient recovery techniques for heavy oils include some way of reducing their viscos-
ity, for example by increasing the temperature inside the reservoir. As explained in
Chapter , this is commonly done by injecting hot fluids (usually steam or hot water)
or by electromagnetic heating [89].

We first consider source/sink terms representing injection and production wells for

the single-phase flow case. A simple way to model these is by using point sources/sinks

f(x) = Z Qiinj (p, T)d(x — Xiinj>p(p; Tinj) — Z Qf;rod(p, T)d(x — X{)rod)p(p7 T), (2.35)

fT(X) = Z qiinj (p7 T)(S(X - anj)P(p, ﬂnj)cvﬂnj - Z qgrod(]% T)5(X - X{)rod)p(p7 T)CvTa
i J

(2.36)
where X;,; and Xpr0q represent the locations of injection and production wells, re-
spectively, 6(x) is the Dirac delta function, qfnj and qgmd are the wells” injection and
production rates, respectively.

The production rate gpoq is usually given by a constant target production rate.
Similarly, the injection rate gi,; is given by a target injection rate. These rates can
only be maintained if the pressure at the production well does not drop below a min-
imum pressure, and the pressure at the injection well does not go above a maximum
pressure. In those cases, a well model is required. We consider the commonly used
Peaceman well model |23, 75] for anisotropic media with K = diag(K,, K,, K.) as

the permeability tensor field. In this case, the rates are given by

2wh K,
= "° — 2.
q uln(re /Tw) (pbh p), ( 37)

where h is the height of well opening, K. = /K, K, is the equivalent permeability,

o 18 the bottom-hole pressure, r,, is the well radius, and 7. is the equivalent radius
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which can be calculated using

1/2
0.4 ((K,/K,)"*D3 + (K. /K,)'*D}))

e 0.5 (K, /KA + (K, JK,) 70

(2.38)

where D, and D, are the horizontal lengths of the grid cell. Since we want to allow
mesh refinements, we do not want the model to change as we vary the grid size.
Therefore, we arbitrarily fix D, = D, = 5 meters, and also choose h = 5 meters and
7w = 0.1 meters.

Using a well model usually requires solving additional coupled equations for each
well. Since we are using point source/sink wells, we do not have to solve any well
equations to determine rates in our simplified model.

Oil recovery techniques for heavy oils can include electromagnetic heating. This
can be expressed as a source term for the energy equation. For simplicity, we do not

use an electromagnetic model and choose the simple function
fT - Z Uheater (p’ T)(;(X - Xileater)(Theater - T); (239)

where Xypeater represent the locations of heaters, Upeater is the heat transfer coefficient,
and Theater 18 the target heating temperature. For our simulations, we have a heating
coefficient of 5.44409 x 1076 Js7'K~!. For simplicity, we also choose Theater t0 be the
same as Ti;.

We also consider source/sink terms representing injection and production wells

for the multiphase flow case. Again, we can model these by using point sources/sinks
Fal3) =D (P, T S2)0(x = Xiyg)pa(p: Tin)

- Z qu,prod<p7 Tv Sa)(S(X - X{)rod)pa(pv T)? (2'4())
J

frix) =Y (Z 0,105 (02 T Sa)8(% — X1 (9, Ting) o T
- Z qi,prod (p7 T’ SOJ)(S(X - Xi)rod)pa (p’ T)CU#XT) ’ (241)
j

where qg’inj and qi orod are the wells” injection and production rates, respectively, for

phase a. The rates can be defined as above.
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2.5 Physical quantities

The relative permeabilities k,,, the densities p,, and viscosities u, are empirically
determined functions of saturations, temperature, and pressure. It is standard prac-
tice in reservoir simulation to get such quantities by interpolating values from “input
tables”, but we will instead choose empirically determined correlations. For the nu-
merical examples in this thesis, we will consider the flow of two phases: a heavy oil
and water, denoted o and w, respectively. We use oil in the single-phase case and
drop the o subscript for simplicity.

The oil density p, and viscosity u, are empirically determined functions of temper-
ature and pressure. For the test cases in Chapters [f and [0, we will use the empirical
laws below.

For the viscosity of oil, we choose the following correlation [11]:
,Uo(TF) _ 10A17AP1+A2TF@37AP1+A4’ (2'42)

which takes temperature Tf in °F and returns viscosity in cp (0.001 kg m™ s71). The
viscosity as a function of temperature (in Kelvin) is illustrated in Figure 2.1 We see
that the viscosity of the heavy oil varies hugely with temperature. The dimensionless
parameters A; can be found in Table 2.1} The American Petroleum Institute (API)
gravity yapr is a measure of how heavy or light a petroleum liquid is compared to
water: if its API is greater than 10, then it is lighter and floats on water; if less than
10, it is heavier and sinks. We can calculate the API gravity from the specific gravity
vsc (ratio of the density of the petroleum liquid to the density of water, at 60° F)

using the following formula:

141.5

VsG

YAPL = — 131.5. (2.43)

For our test cases, we choose an API gravity of 10. For the density of oil, we use the
following correlation:
po(p, T) = poeC(zv—po)eﬁ(T—To)7 (2.44)

where pg, Ty are reference pressure and temperature, respectively, and pq is the density
at those values, ¢ is a compressibility coefficient, and 3 is a thermal expansion coef-
ficient. Values representative to those used in reservoir simulation are py = 1.01325
bar, Ty= 288.7056 K (60 °F), ¢ = 5.5 x 107> bar ', and = 2.5 x 10~* K~'. Given a
specific gravity, we have py = Ysa pw, Where p,, = 999 kg m~ is the density of water

at the reference temperature and pressure.
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Table 2.1: Parameters for the Bennison viscosity correlation

Ay As As Ay
-0.8021 23.8765 0.31458 -9.21592

102<

101<

104

Viscosity (cp)
3

—
S
[N

300 320 340 360 380 400 420
Temperature (K)

Figure 2.1: The Bennison viscosity correlation for heavy oil.

For the water viscosity 1, we use the following correlation [41]:

A
—1+ BTy + CT¥

to(Tr) = (2.45)

which takes temperature Tf in °F and returns viscosity in cp (0.001 kg m™ s71). The
parameters A, B, C' can be found in Table 2.2

Table 2.2: Parameters for the water viscosity correlation

A B C
2.1850 0.04012 5.1547x10°°

For the water density, we use Trangenstein’s modification of Kell’s formula [51]

given by

Ey+ E\T + ET? 4 EsT3 + EJT* + E5T°
po(p, T0) = 01+ Ll + Lol ® + L3l ™ + iyl ™ + s ecw(p_Eﬂ’
1+ EgT

(2.46)

which takes temperature T¢ in °C, and pressure p in MPa. The parameters are given

in Table 2.3
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Table 2.3: Parameters for the water density correlation

Eo B, By Es E,
999.83952 16.955176 -7.987x10~° -46.170461x10~° 105.56302x 10"

E5 EG E7 Cw
-280.54353x10712  16.87985x1073 10.2 3.98854x10~*

Relative permeability typically reflects that the flow of each phase is inhibited by
the presence of others. Thus, we simply set it to be equal to the phase saturation. If
we set S, =1—5,, we get k., = S,, and k., =1 —5,.
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Chapter 3

Numerical Solution and Current
Approaches

The governing equations of Chapter [2| are conservation laws and can be written in

the general form

oM
S =V-F+Q (3.1)

where M is a vector field describing the mass (or energy) density, F is a tensor field
describing fluid (or thermal) flow, and Q is a vector field describing source/sink terms
such as wells. These are all functions of the solution vector u which includes pressure
and secondary unknowns (such as saturations, concentrations, and temperature). The
term unknown will refer to a physical quantity (e.g. pressure) or the discrete variables
associated with it. The term variable used alone refers to all discrete variables.

In this chapter, we discuss numerical methods that are standard in commercial
reservoir simulators. While these methods were initially developed for isothermal
models, they are also used for thermal models. The energy conservation equation
and temperature are different from the mass conservation equations and satura-
tions/concentrations. In the preconditioning approach of current reservoir simula-
tors, however, the energy conservation equation and temperature unknown are simply
treated in the same manner as the other equations and non-pressure unknowns. We
will discuss alternatives in Chapters [f and [6]

In Section [3.1], we give a brief overview of the discretization and linearization,
which result in the linearized systems to be solved with Krylov subspace methods, de-
scribed in Section [3.2] In Section [3.3] we describe the industry-standard Constrained
Pressure Residual preconditioner and its different ingredients. We then discuss in Sec-
tion the properties of the different blocks of our system and their consequences
on the applicability of decoupling operators.
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3.1 Discretization and linearization

Modern spatial discretization methods for reservoir models need to account for higher
complexity reservoir geometries, for which unstructured meshes are used (although
Cartesian grids are still commercially relevant). Most commercial reservoir simulators
use Finite Volume methods because of their intuitive nature and simple implementa-
tion, often preferred by reservoir engineers.

Here, we give a brief description of the spatial discretization via the Finite Volume
method for systems of the form . In Chapter |4, we will detail how to implement
a variational formulation of the Finite Volume method for the models used in our
numerical tests.

We assume that the spatial domain can be divided into a set of non-overlapping
polyhedral discrete volumes in which the properties of the rock and fluids are constant.
We apply a Finite Volume discretization to (3.1). By integrating over the grid cell

V;, which is used as a control volume, and using the Divergence Theorem we obtain

oM

M 4y, — /(V-F+Q>dw:j§ F.nds+/Qdm, (3.2)
v, OF v; v v;

where 0V is the boundary of the cell V; and n is the unit outward normal vector to
dV;. Assuming that the solution u is piecewise constant, the equation simplifies to

the quadrature

82;[1 = |‘1/1| av-F.n dS +Q; = | 1 Z aijFij - n;; + Qi (3.3)
‘ JEN (i)

where M is the mass (or energy) in cell ¢, N'(¢) denotes the neighbouring cells to cell
i, |Vi] is the volume of cell 4, a;; is the area of the facet between cells i and j, and n;;
is its unit outward normal vector from cell i to cell j. F;; describes the flux between
cell 7 and j. Generally, this is approximated using the two cells adjacent to the given
face, which is known as a two-point flux approximation (TPFA). We will use TPFA
in Chapter

Applying the implicit Euler’s method to (3.3), we obtain the following nonlinear

system for the solution vector at time ¢,,, u

g, - Mi(ul) — M, Z a;Fy(ul,u})n;—Q;(uf) = 0 for all i, (3.4)
]EN(Z

n—1

where u] is the solution at cell 7 and time ¢,,, and u"~" is the known solution at time

th—1.
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Applying the Newton-Raphson method, we obtain a linear system of the form
Midw; — Y Fow+ »  Fyouy = —W;, (3.5)
FEN (D) JEN(3)

where

Mii:%<%—@( )), and  Fj = - 0 (|“V”|F”(u u?) - nij), (3.6)

)

and J0u; is the difference between the solution of the current and previous Newton
iterations at cell i. The linear system (3.5)) can be written as Az = b, where

Mu Z]EN ﬂa ] = i)
Aij = F, j € N(), (3.7)

0, otherwise,

r = ou is the difference between the solution of the current and previous Newton

iterations, and b = —W, the residual of the Newton iteration.

3.1.1 Description of the linearized system

The coupled system with system matrix can be partitioned in blocks in different
manners. Let k& be the number of non-pressure unknowns such that the system ((3.1)
consists of k + 1 equations. As mentioned in Chapter [2] there is a choice about
which saturation and concentrations can be eliminated via constraints and phase
equilibrium equations. Furthermore, in the construction of the Jacobian in , there
is a choice about how to align the equations with unknowns. A mass conservation
equation is typically aligned in the linearized system with the pressure unknowns.
That equation is commonly referred to as the “pressure equation”. Alternatively, the
pressure equation can be a linear combination of the mass conservation equations.

We consider a linearized system of the following form: given a residual b, we search

_ App Aps| |Tp _ (|
Au = { v ASJ L =7l =v (3.8)

where A,, € RY*M represents the pressure block coefficients, Ay, € RY*Ne rep-

for z such that

resents the secondary, non-pressure unknown blocks, and the rectangular blocks
Ay € RN Ne and A, € RN represent the respective coupling coefficients. N, is
the number of discrete pressure variables, and Ny = kN, is the number of discrete

non-pressure variables. Correspondingly, we denote the pressure solution and residual
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as z, and b,, respectively, and the non-pressure solution and residual as =, and b,,
respectively.
The ordering of the system (3.8)) is done unknown-wise, i.e.

[ 411 1,Np 1,1 1,Np ]
AL A AL A
Np,1 Np, N, s Np1 N,,Ns
e App Apr Aps ApsN (3 9)
- b 17 ) .
ALL A ALl Ay
Np,1 N, N, N1 NN,
ANl AT N AN AT

where Ab) € R, AL € RF* Al € R>F and A% € R¥*! represent the coefficients
of the system between grid cells 7 and j. Denoting each matrix entry as a%, we can

define the following for the grid cells ¢, 7:

Qg _ i g _ [ ig i
App - al,l? Aps - |:a1,2 a17k+1:| )
i,J 4,J 4,
(O 0% B D
25— : J : . .
Asp - : 9 Ass - : .. : . (310)
,J ,J . ,J
Arta1 Apt1,2 A 1,k+1

Note that by using the (cell-centered) Finite Volume method, all unknowns are colo-

cated. Therefore, as an alternative to (3.9)), one could consider a point-wise ordering
of the system as in (3.7)), i.e.

[ 1,1 1,1 1,Np 1L,Np ]
App APS A App Aps
1,N, 1,N,
Al,l . Al,Np A;;bl Aiél As;b p As:s p
Apoint-wise = T = e 5 (311)
Np,1 .. Np,N, Np,1 Np,1 Np,Np Np,Np
AV ANp:Np App Aps App Aps
Np,1 Np,1 Np,N, Np,N,
_Aspp Assp tte Aspp P Assp p_

and the corresponding reordering of x and b. These different orderings may be useful
depending on the considered linear solver.
Notice from ({3.7]) that the blocks in (3.8)) can be partitioned as

A, A 1 |M,, M, F,, F 1
A= pp ps| _ pp ps pp ps| _ — M F 3.12
P R e A

where M and F represent the mass (or energy) accumulation and flux terms, respec-

tively. The blocks of M are diagonal.
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3.2 Krylov subspace methods

The most computationally expensive part of a reservoir simulator tends to be solving
linearized systems of the form (3.8). It is therefore crucial to have robust and efficient
linear solvers. The size of the linearized systems is often very large, but they are very
sparse, which justifies the use of iterative methods over direct methods.

The most popular iterative linear solvers are Krylov subspace methods [86]. To
approximate the solution of Az = b, these methods construct a sequence of Krylov
subspaces, K, = span ({b, Ab, A%b,..., A""'b}). The prototypical Krylov subspace
method is the conjugate gradient (CG) method, which is meant for symmetric positive-
definite (spd) systems. The approximate solution z, is constructed such that the
residual 7, = Ax, — b is orthogonal to IC,,. However, we cannot usually assume spd
properties for , and so we must consider methods for general linear systems.

The generalized minimal residual method (GMRES) [87] is a Krylov subspace
method suitable for general linear systems. The approximate solution z,, is formed by
minimizing the Euclidean norm of the residual r,, over the subspace K,. In GMRES,
as opposed to CG, the subspaces are constructed explicitly. This entails that the
amount of work and storage required per iteration increases linearly with the number
of iterations. A common way to tackle this limitation is by restarting the algorithm
after a number of iterations, say [, using the intermediate result as initial data for
the next [ iterations. This modification is called restarted GMRES and is denoted
GMRES(l). A good choice of the parameter [ can decrease solution time, while a
bad choice can hinder or prevent convergence. Unfortunately, there is no obvious
way to determine good values of [ apart from experience and memory requirements.
GMRES(]) is routinely used in reservoir simulation, where [ is usually set to 20 or
30. When convergence fails, smaller time-steps can be taken to provide linearized
systems which are easier to solve with GMRES.

An alternative to GMRES with less memory requirement is the biconjugate gra-
dient method (Bi-CG). Instead of constructing an orthogonal sequence of residuals,
Bi-CG constructs two mutually orthogonal sequences, which no longer provide min-
imization. Since this method can have an irregular convergence behaviour, a more
robust alternative, the biconjugate gradient stabilized method (Bi-CGSTAB) [103],
was developed. In this version, each Bi-CG step is followed by a GMRES(1) step.
Similarly, for Bi-CGSTAB(I) [93], a GMRES(!) step follows every [ Bi-CG steps. In
this thesis, we will only consider GMRES.
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3.3 Preconditioning

The rate of convergence of Krylov subspace methods depends on the properties of
the linear system. For symmetric matrices, descriptive convergence bounds with
respect to the spectrum of the system matrix are available. In the general case,
however, it is harder to predict the convergence of GMRES. Convergence bounds
based on eigenvalues with the eigenvector condition number, the field of values, and
pseudospectra are often not descriptive [33]. Nevertheless, one would generally always
wish to improve these system properties by preconditioning the linear system [108].

One way to build a preconditioner for the system Az = b is to find a matrix P
which approximates A in some meaningful way, and for which the action of its inverse
is easy to compute. Alternatively, approximate inverse preconditioners construct ap-
proximations of P~! directly. The left-preconditioned system P~'Axz = P~'b should
be easier to solve using an iterative method. Similarly, we can right-precondition the
system by solving AP~y = b, and then computing z = P~'y. Right-preconditioning
has the advantage of leaving the right-hand side intact, which allows for more mean-
ingful convergence stopping criteria when based on the residual, which is the case for
GMRES.

Note that a preconditioner does not have to be defined explicitly as a matrix;
only a linear operation is required (i.e. the action of P~!). For example, an iterative
method could be used as a preconditioner for another iterative method.

For large scale computations such as reservoir simulation, preconditioners which
are parallelizable or inherently parallel are very important. We will consider the
scalability of different preconditioners.

Preconditioning strategies for systems of PDEs often involve the combination
of different treatments for the different equations in the system [32, [108]. Indeed,
the equations may have very distinct properties calling for different precondition-
ing strategies. In the case of reservoir simulation, the equations are elliptic with
respect to the pressure, and hyperbolic with respect to the saturationsﬂ7 and the
energy equation is parabolic with respect to the temperature (can be advection- or
diffusion-dominated). Accordingly, a combination of strategies is needed to tackle
these different properties.

In this section, we begin by a brief description of Incomplete LU factorization
and Algebraic Multigrid methods in Sections and [3.3.2] respectively. These

!The equations can be parabolic with respect to saturations when capillary pressure is not ignored,
but still often advection-dominated.
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methods are used as part of the industry-standard Constrained Pressure Residual
method (CPR), detailed in Section [3.3.3] In Section [3.3.3.1] we describe decoupling

operators standardly used in conjunction with CPR. We then present an alternative

decoupling operator in Section [3.3.3.2

3.3.1 Incomplete LU factorization (ILU)

The obvious way to solve the system Ax = b directly is by first computing the
LU decomposition A = LU using Gaussian elimination, then simply solving the
triangular systems Ly = b and Ux = y through forward and backward substitution.
However, even if A is sparse, L and U may be much less sparse, which makes the
factorization and triangular solves more expensive as well as significantly increasing
the memory requirement. Instead, we can find sparse triangular matrices L and
U such that A ~ LU. Solving LUz = b is cheaper and provides an approximate
solution to the original system. Using LU as a preconditioner is known as Incomplete
LU factorization (ILU) [66, 86].

A popular way to determine the sparsity pattern of L and U is to simply choose
the relevant triangular parts of the sparsity pattern of A. This is known as ILU(0).
More generally, choosing the sparsity pattern of A**! is called ILU(k). Other variants
of ILU drop elements from the Gaussian elimination process using their magnitude
rather than their location using a threshold — such approaches are denoted ILUT.

Both the processes of Gaussian elimination and triangular solves are inherently
serial. Different domain decomposition strategies [31] can be used to parallelize ILU.
Instead of being applied to the full problem, ILU can be applied to subdomains. The
simple domain decomposition case without overlap corresponds to a block Jacobi
preconditioner where ILU is used on the independent subproblems in parallel. Of
course, the quality of the approximation decreases as the number of subdomains
increases.

A recent development is the fine-grained parallel ILU [24], for which the coef-
ficients of L and U are computed approximately, in parallel. This, combined with
parallel approximate triangular solves, promises good parallel scalability for ILU. The
efficiency of this method remains to be seen in the context of reservoir simulation.

Nested Factorization (NF) is a version of ILU developed specifically for reservoir
simulation [6]. It differs from the more commonly used ILU factorizations in that
it does not form the preconditioner from strictly upper and lower triangular factors.
Instead, it constructs lower and upper factors using a procedure that adds one dimen-

sion at a time to the preconditioner. The convergence of GMRES when using NF is
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sensitive to the ordering of the cells. Indeed, ordering the cells first along the direc-
tion of highest transmissibility (defined later in (3.55))) and then successively along
directions of decreasing transmissibility usually provides the best results. Therefore,

NF should nearly always be ordered first in the vertical direction.

3.3.2 Algebraic Multigrid (AMG)

Multigrid methods [14, |16, 102] use hierarchies of coarse grid approximations in or-
der to solve differential equations. Smoothing/relaxation operations (such as Jacobi
or Gauss-Seidel iterations) are combined with coarse grid corrections on increasingly
coarser grids. For positive definite elliptic PDE operators, it is known that multi-
grid methods can provide optimal solvers (in the sense of linear scalability with the
dimension of the discretized problem).

Algebraic Multigrid (AMG) 85, 98] uses information from the entries of the system
matrix rather than that of the geometric grid. This makes AMG an ideal black-box
solver for elliptic problems. Although it can be used to solve simpler problems, AMG
is often used as a preconditioner for Krylov subspace methods in problems which are
essentially elliptic but have additional characteristics.

For classical AMG, the construction of the coarse problems are based on heuristics
usually assuming that the system matrix is an M-matrix (defined in Appendix |A)).
M-matrices typically arise from the discretization of elliptic operators using low-order
methods (Finite Volumes, Finite Elements, Finite Differences). High-order methods
generally do not result in M-matrices, but AMG heuristics can often still be applied
successfully with additional work. In the case of Finite Volume methods for reservoir
simulation, the low order TPFA usually results in M-matrices for the pressure block.
The higher-order multipoint flux approximation (MPFA) [1] results in smaller positive
diagonal entries and positive off-diagonal, both of which can hinder the performance
of AMG.

The key concept of the heuristics described in [85] is the determination of variables
with “strong connections” by comparing the entries of the rows of the system matrix.
Generally, we assume positive diagonal entries and nonpositive off-diagonal entries
(as in an M-Matrix). If the coefficients of the system matrix A are a;;, then the index

1 is considered “strongly connected” to index j if
— aij 2 O maxfag, (3.13)

where 6 is some “strength parameter” typically between 0.2 and 0.25. Then, for

each index ¢, we have the set of indices for which ¢ is strongly connected, S; =
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{j : iis strongly connected to j}, and the set of indices strongly connected to i,
ST ={j:i€S;}. The number of entries in S;', |S;'|, determines the importance of
variable 7, and whether or not it should be included in the coarse space. By cycling
through the indices, the variables are then separated into a coarse space and a fine
space.

In the case of symmetric positive-definite systems, theoretical convergence results
of AMG are well understood, especially for M-matrices [96]. In the case of non-
symmetric M-matrices, some theoretical convergence results also hold [70]. Classical
AMG can (and often does) fail if the system matrix is not an M-matrix. In practice,
convergence of AMG is observed in cases where violations of M-matrix properties are
relatively small.

Relative to preconditioners such as ILU, parallel variants of multigrid methods
(such as BoomerAMG [46]) retain more effectiveness. The commercial reservoir sim-
ulator Intersect [30] has a parallel implementation of AMG [72].

Classical AMG approaches are known to provide efficient solvers for scalar PDEs.
However, these are based on a variable-based approach not distinguishing between
physical unknowns. Extensions of classical AMG to efficiently solve systems of PDEs
use unknown-based or point-based approaches. See [26] for a detailed description and
a general framework for such methods.

The unknown-based strategy [84] is to create coarse grids for the variables cor-
responding to the same unknown separately. For a matrix with an unknown-wise
ordering, classical AMG coarsening and interpolation is used on the diagonal blocks
to determine the coarse grid. Note that this differs from applying AMG to the diag-
onal blocks independently since the coarse problem includes the off-diagonal blocks.
Computationally cheap and easy to implement, the unknown-based approach will per-
form well if the cross-coupling between unknowns is not too strong and the diagonal
blocks are amenable for the application of classical AMG.

With a typical Finite Volume scheme, degrees of freedoms associated with the
different variables are located at the same points. This means that one could con-
sider using a nodal/point-based AMG method (initially designed for linear elasticity
problems [84]). Instead of considering all degrees of freedoms individually, they are
grouped in a vector at each “point”. The construction of the coarse problems uses sim-
ilar heuristics to the scalar equivalent but applied to the “point” vectors and resulting
blocks in the system matrix. However, the performance of coarsening strategies for

the point-based approach is problem-specific. Several strategies are discussed in [26].
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Naively applying a point-based or unknown-based AMG method to the full reser-
voir simulation system does not work in the common case where the equations are
hyperbolic with respect to the saturations. Substantial work is needed to construct
meaningful coarse problems when applying AMG to the full system |27} 44]. The pro-
posed methods include unknown-based AMG approaches, and decoupling operators
focused on maintaining AMG-friendly properties.

However, the equations are elliptic with respect to pressure, and the energy equa-
tion which is parabolic with respect to temperature. We will therefore consider ap-
plying AMG to a pressure-temperature system for single-phase flow in Chapter [5
and a pressure-temperature subsystem from the multiphase case in Chapter [6]

Efficient implementations of AMG methods for systems include BoomerAMG [46]
and multigrid reduction (MGR) from the hypre library [36], and Smoothed Aggre-
gation from the ML package [39]. For example, BoomerAMG was effective in some
diffusion-dominated two-phase flow problems (where capillary pressure was signifi-
cant) |17], and MGR had some success with multiphase flow problems [18| |107].

3.3.3 Constrained Pressure Residual (CPR)

Isothermal models result in a linearized system of a mixed character. It consists
of an elliptic-like problem for the pressure, and a hyperbolic-like problem for the
saturations/concentrations. While these have a mostly local effect, the pressure has a
global influence over the reservoir. The ellipticity of the pressure block requires good
global preconditioning (such as AMG or NF) as opposed to the hyperbolic-like blocks
where local preconditioning is sufficient (e.g. ILU(0)).

The Constrained Pressure Residual (CPR) method [105, |106] is the industry-
standard preconditioner for reservoir simulation. This method was initially devel-
oped for isothermal multiphase models such as the one described in Section but
is also applied to compositional and thermal cases. In the thermal case, tempera-
ture is in practice grouped with the saturation/concentration unknowns as secondary
unknowns. Pressure is considered the primary unknown.

The system is preconditioned in a two-stage process. First, a restricted
pressure system is solved, followed by the application of a preconditioner to the full
system. Given the residual b = [bp bs] T, the CPR two-stage preconditioner provides

a correction as follows:
1. Approximately solve the pressure system (e.g. using one AMG V-cycle):
App0y = by; (3.14)
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2. Compute the new residual:

HE LS 315

3. Precondition and correct (e.g. using ILU(0)):
dp [ 80
=P P P 3.16

T. . .
where 6 = [(5p (55] is the correction obtained after the two-stage process. Then, the

effect of the two-stage preconditioner can be written as

5= P! (1 _(A-P) [Agpl 8D b. (3.17)

The elliptic nature of the pressure block makes it a natural candidate for multigrid
methods. The version of CPR using AMG in the first stage, often denoted CPR-
AMG, was proposed in [54, 55]. It is now widely used in reservoir simulation as a
right preconditioner for GMRES, where a single AMG V-cycle for the pressure system
is standard.

CPR is a multi-stage preconditioner. More generally, given preconditioners Py, ..., Py,

a k-stage preconditioner can be written as
P =P I—-APY)...(I— AP/ + ...
+ PN I — AP YT — APTY + P YT — APTY + P (3.18)
In particular, a two-stage preconditioner can be written as
Pl=P I —-APYH) + P (3.19)

For the CPR preconditioner, P;! is the restricted pressure approximate solver

A—l
Pl = { v 8} : (3.20)

where the inverse of the pressure block is approximated using an AMG V-cycle in
CPR-AMG, and P, is the full system approximate solver. Of course, P, * is not an
invertible matrix.

Let R, be the pressure restriction operator such that RpAR;,r = A,,. It can be

useful (for example when considering an unknown-wise ordering) to rewrite (3.20)) as
Pt =R, (R,AR))'R,. (3.21)

31



This is analogous to the use of restriction and extension operators in domain decom-
position, although here it restricts to variables spaces rather than subdomains.

The CPR preconditioner was originally designed for isothermal models. In the
thermal case, temperature is often considered as a secondary unknown along with
the other non-pressure unknowns and preconditioned in the second stage of CPR.
The temperature is not as local as saturations and concentrations and so, in practice,
ILU(1) is usually required instead of ILU(0) in (3.16). This is a consequence of heat
diffusion being present in the energy conservation equation. In Chapter [6] we will

present an extension of CPR where heat diffusion is treated appropriately.

3.3.3.1 Decoupling operators

The CPR preconditioner is usually used in conjunction with so-called decoupling
operators. These are used to reduce the coupling between the pressure equation and
and secondary unknowns, i.e. A,s, (and sometimes between the secondary equations
and pressure, i.e. Ag,). For a generic approximate decoupling operator G, we obtain
an approximately decoupled system
~ A, Ayl |z b ~
T [ S
Decoupling operators are often applied to the linear system as a preprocessing step.
Alternatively, decoupling operators G are sometimes used within the first stage of
CPR as follows:
P =R, (R,GAR))'R,G. (3.23)

If G is used as a left preconditioner, it also changes the residual b. To prevent this
effect, it is desirable that ||G|| be close to one. In practice, this can be achieved by
normalizing the rows of G.

Some desirable properties for A are listed in [99]. Especially for CPR-AMG, it is
important that A,, remains close to an M-matrix.

The actual pressure equation in (3.8)) is A,,x, + A,szs = b,, which differs from
the one approximately solved in the first-stage of CPR . An approximation is
made in this stage because the coupling with the secondary unknowns is ignored. It
would then be desirable that A, be “small” for this approximation to be good.

We can decouple the pressure equation exactly by performing a Schur complement

decomposition

[App Aps} _ [1 APSAS—;] [App — A AT A, 0 (3.24)

0 I Agp A’
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such that by inverting the upper triangular matrix

I —Ap AT (A Al [Ay — ApATlA, 0O (3.25)
0 I Ay Asl Ag Al .

we obtain the exact decoupling operator

(3.26)

_ 1
Gexact = |:[ APSASS:| .

0 I

Applying Geyact to the system removes the coupling between the pressure equa-
tion and the non-pressure blocks. However, calculating A_! is not easy in general. Ad-
ditionally, since A is generally dense, the Schur complement S, = A, — A, A1 A,
will also be. The following decoupling operators construct flpp with a sparsity pattern

similar to that of A,,.

Alternate-Block Factorization (ABF) This first decoupling approach seeks to
reduce the coupling in both the pressure equation and the secondary equations. The
inverse of the ABF decoupling operator [10] (also known as block-diagonal inverse)

is defined as
a1 _ Dyp Dys| _ [diag(Ay,) diag(Aps)
ABE D, Dy, diag(A,,) diag(As)]|’

where diag() returns the block-diagonal of a block matrix. Applying G to the
unknown-wise ordered A defined in (3.9)) gives us

(3.27)

(3.28)

GagrA = |:A_1 0 :| |:DSSAPP - DpSAsp DssAps - DpsAss:| ’

0 A Y [ DpAs — DAy DppAss — Dy Aps
where A = D,,,Dss — D,s Dy, It can easily be verified that the main diagonal entries
of flpp and flss are equal to one, and those of flps and flsp are equal to zero. The

pressure equation to be solved in the two-stage preconditioning is thus
Ay = AN Dy Aps — DpsAgy)w, = by, (3.29)

We observe that, with respect to the point-wise ordering, we have the following de-

coupling operator:

Al,l
(Grgmevise) =1 - (3:30)
AvaNp
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point-wise

We see that applying G\ pzp to the system is equivalent to doing a block-diagonal
scaling or a block Jacobi iteration. This decoupling operator modifies the coefficients
of both the pressure and saturation equations. This will not be the case for the
remaining decoupling operators in this chapter, which only modify coefficients in the

pressure equation, i.e. the A,, and A,s blocks.

Quasi-IMPES (QI) The quasi-IMPES (QI) decoupling operator [54, 55| is defined

as
s . -1
Gy — [I diag(A,s)diag(Ass) } | (3.31)
0 I
Applying this to the system matrix of (3.9)) gives us
A, — D, DA, A, — D, DA
A= | e pstss Hsp  Aps psllss Ass| 39
S O
This leads to the following pressure equation for CPR (3.14)):
‘lepxp = (App — Dps D3 Ay = l;p- (3.33)

This decoupling has the clear advantage of leaving the coefficients of the secondary
equations untouched. The main block-diagonal of flps is also zeroed out. Indeed, the
diagonal terms of A, are given by Al — A5I(AL)~TAL = 0.

Since the A, and A, blocks consist of partial derivatives from mostly local quanti-
ties (saturations/concentrations), they are highly diagonally dominant, which means

that D,, and Dy, can be meaningful approximations. Diagonal dominance is defined

in Appendix [A]

True-IMPES (TI) The previously presented decoupling operators are justified
algebraically. The true-IMPES decoupling operator [54] 55| is an approach which
can be justified by the structure of the conservation equations. Conveniently, it can
still be defined algebraically.

Since the flux terms have very little dependence on secondary unknowns, the
main contribution to the blocks A, and Ay, come from the mass accumulation part.

Knowing this, a natural approximation would be
Ap AL ~ My M (3.34)

where M,, and M, are the mass accumulation blocks from (3.12f), which are (block-)

diagonal matrices. However, it may not be practical to explicitly define the splitting

34



of mass accumulation and flux terms. Thankfully, looking back at (3.7)), we see that
the mass accumulation blocks can be recovered by summing the columns, cancelling

the flux terms. Thus, the TI decoupling operator is defined as

I —colsum(A,)colsum(Ag) ™!

G —
TI 0 I 3

(3.35)

where colsum() returns a block-diagonal matrix, where each diagonal block is the sum
of the blocks in the corresponding block column of the original matrix. Applying this
to the system matrix of (3.8) gives us

A,y — colsum( Ay )colsum(Ags) 1Ay, Aps — colsum(Aps)colsum(Ag) ~H Agg

GriA =
B Asp Ass
(3.36)
This leads to the following pressure equation:
Ay, = (A, — colsum(A,,)colsum(A,) P Ag,)x, = by (3.37)

Full Row Sum (FRS) The following approach was inspired by IMPES in [90],
where a pressure equation is constructed by summing the mass conservation equations
together. It was first called quasi-IMPES, but when revisited in [42], this method was
renamed Full Row Sum (FRS) to avoid confusion. The FRS decoupling operator,

applied to the point-wise ordering of the system, is in the form

Gl
G}I:;(l):igt—wise — . , (338)
GNr

where each block G is an upper triangular (k + 1) x (k + 1) matrix and defined as

(11 1 -+ 1]
0 .- 0
G' = oo ] (3.39)
1
L 1]

This method mostly focuses on constructing a descriptive pressure equation. In gen-
eral, FRS does not provide a good decoupling. However, under some assumptions
(e.g. the densities of the different phases are similar and the flow is close to incom-

pressible), FRS should also provide a quality decoupling [90]. The obtained flpp block
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is essentially the same as for IMPES, except for the time-step at which the secondary

unknowns are evaluated. The pressure equation for FRS is given by

k
Appy = (App + Z Asm) Tp = by, (3.40)

=1

where the Aj,, blocks represent the pressure coupling for the i*" secondary equation.

Dynamic Row Sum (DRS) Similarly to FRS, the Dynamic Row Sum (DRS) pre-
conditioner [42, 44] seeks a descriptive pressure equation, but does not automatically
sum all equations. Instead, it dynamically chooses which equations to include in the
pressure equation. DRS aims to improve the solvability of flppxp = l;p by AMG. The
DRS decoupling operator, applied to the point-wise ordering of the system, is in the

form (3.38)) where each block G* is an upper triangular matrix defined as

R
1 0 --- 0
1 0
L I
where .
0 if i <
i W =N, g S Gdd
0y = Zj:l,j;éz' |a$’7]1 (3.42)

1 otherwise,

and 0 < ¢gq < 1.

The idea of this method is to only include in /Ipp the parts of A which do not
introduce unwanted matrix properties with respect to the application of AMG. It
constructs an IMPES-like pressure equation like FRS, but only sets §7 = 1 for equa-
tions with desirable properties. Indeed, the parameter €¢,4 controls how much violation
of diagonal dominance in flpp is allowed. For €49 = 1, the DRS method attempts to
build a weakly diagonally dominant flpp. This, however, may slow down the conver-
gence of the CPR-preconditioned GMRES. The authors of [44] suggest €44 = 0.2 as
a good compromise between the good matrix properties for AMG and the pressure
equation being close to the one in IMPES schemes. They also include some safeguard
checks. To prevent the €44 from being too small, the diagonal dominance of flpp is
checked. If it is found to be unsatisfied, the ¢° are recomputed using a larger egq.
Also, if 7 = 0, G' (and thus G) is singular. This is corrected in the following manner:

if 02 # 0 for some z > 1, in the z'® row of G, the diagonal is moved to the first
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column, and if §7 = 0 for all z, set ¢ = 1, where x is the row that least violates
diagonal dominance.

The DRS approach illustrates how there are competing goals for the decoupling
operators used with CPR-AMG. There is a balance for the pressure equation between
having a quality decoupling and desirable properties for AMG convergence. Decou-
pling operators such as QI and TI seek mainly to make flps smaller. In practice,
CPR-AMG performs well with these approaches for simple multiphase problems but
sometimes fails to perform in more advanced compositional cases. In Section we

will discuss why this may be the case.

3.3.3.2 Least-squares decoupling operator

Reducing the norm of A, is what decoupling operators such as quasi-IMPES (QI)
and true-IMPES (TI) seek to do. While these are usually viewed as preprocessing
steps in the reservoir simulation community, they can be understood in a more general
framework.

Instead of using the exact Schur complement, A,;A." is approximated with
(block-) diagonal matrices. We can generalize the previous decoupling approaches in

the following manner:

[T =M (A, Ayl Ay — MA, A, —MAL] b, — Mb,
e | il e E K
(3.43)

where M approximates A, AL

The QI decoupling operator uses M = diag(A,s)diag(Ass)~" while the TT decou-
pling operator uses M = colsum(A,)colsum(Ag)~! = M,,M_'. As mentioned in
[90] for the two-phase case, FRS provides a good decoupling if A,, + A, is a good

approximation of the Schur complement, i.e. M = —1.

Least-squares decoupling operator (LSQ) As an alternative to the above, one
can construct a decoupling operator that focuses on making the norm of flps as small
as possible. An obvious choice to make this block small is by minimizing its norm
over the choice of M in (3.43). We investigated this approach in [31].

We consider the use of sparse approximate inverses (with target matrix) [47] in
choosing the matrix M. The construction of M is given by

min ||Ays — MAg|, (3.44)

MeSy
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where Sy, denotes the set of matrices with a given sparsity pattern, i.e. for a set
of indices Iy C {(4,5) | 1 < ¢ < N,,1 < j < N}, we have that Sy = {M €
RNe*Ne | M; 5 =0 for (i,7) ¢ In}, and ||.|| denotes the Frobenius norm. The row-by-

row nature of the Frobenius norm enables us to write

Np
Jmin |4y, — MA|* = ;mfﬂis‘;j la; — m;Ass|l3, (3.45)

where a; and m; denote the j™ rows of A,s and M, respectively, Sm, is the set of gt
rows of matrices in Sy, and ||.||2 is the Euclidean norm. As all rows are independent,
this procedure is easily parallelizable.

We now consider different choices for the sparsity pattern Sy;. Obviously, taking
X Ng

gives us M = A, A, which results in an

. . N
Sy as the set of all matrices in R™» i

exact pressure decoupling, i.e. flps = 0. This, however, causes much fill (additional
non-zero entries) in flpp = A,, — MA,, Therefore, we seek M that preserves the
sparsity pattern of A,,.

A (block-) diagonal matrix preserves the sparsity pattern of any (block) matrix it
is multiplied to. Thus, we choose Iy = {(3,7) | 1 <i < N, (i—1)k+1 < j <ik} and
get that Sy, is the set of block-diagonal matrices with blocks of size 1 x k. Obviously,
any larger set could cause additional fill in the resulting /Nlpp and flps.

Looking at the j*" least squares problem as formulated in , we are minimizing
over the values of the block M;;, i.e. over k variables, and taking the other values
in m; as null. This can be illustrated as follows, where black squares denote possibly
non-empty blocks and white squares are empty or unused blocks:

Ass
(000000d]
] o

aj m; ] o
[EEEEEEE] - [OOE000) | EEEEEEE || (3.46)

] o
0000000
| 0O00oo0d]

2
Of course, the product of the sparse row vector m; with Ay, is equivalent to the
product of M;; with the j™ row of A, denoted A%*. The j™ minimization problem
becomes

ok

ijjER

The well-known least squares solution is
Mjj = (a AL ) (AL AL D) (3.48)
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We call this particular choice of M the LSQ decoupling operator. Note that the block
sparsity patterns of Ay, and A,, should be similar and thus adding linear combinations
of the rows of A, to A,, should add very little fill.

We can consider a different minimization problem where A,, and A, in (3.44))
are replaced with restrictions of these matrices on an equivalent sparsity pattern to
Sw, i.e. for the diagonal of A, and square block-diagonal of A,,. Denoting ignored
blocks as grey squares, we illustrate this as follows:

Ass
(000000d]
D000000

a; m; 0000000

[Frrme ] - [DoomooO] n : (3.49)
0000000

0000000

| 000000d]

2
We now only need the main diagonal blocks as opposed to whole rows of the matrices.

The j** minimization problem becomes

1A% — M ;AL

2. (3.50)
The solution to this problem is
M;; = (AJAL ) (AAL) ™ = AJI(AL) ™ (3.51)

which is the same as the QI decoupling operator.

Comparison with QI and TI The LSQ decoupling operator is similar to QI and
TT in that their main objective is to reduce the norm of flps. Their behaviour will
be similar in many cases. In fact, looking at , as At goes to zero, it is easy to
see that the three methods become equivalent. Indeed, in this asymptotic case, the
mass accumulation term dominates so that A,; and A, become A%Mps and A%MSS,
respectively.

In terms of computational cost, all three methods are rather similar (the decou-
pling step is cheap relative to the whole CPR preconditioning process). LSQ offers
very few advantages over the classical alternatives. The only observed cases where it
performs slightly better are ones where QI and TT already perform well (see results
in the technical report [81]). However, in cases that are more challenging for QI and
TT, LSQ fails to perform. By focusing on reducing the norm of Aps, it appears that
unwanted properties have been introduced in the system. We will discuss why this

may be the case in Section [3.4]
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Balanced decoupling strategy We later discovered that the LSQ decoupling op-
erator was similar to the approach proposed in [3]. The balanced decoupling strategy

(BDS) is a decoupling operator of the form G = C' C, where

— I 0 = 03 04
A B o
— = A A A, A
A=CA= PP bs = | P 3.53
{ClApp + CoAs, CiAps + CQASJ {Asp Ass] ’ (3:53)
7= [Ont Ot Cot O] _ [ T 350
ASP ASS Asp Ass

The block-diagonal matrices C and Cy are computed using least squares to minimize
| Al /| Ass |- Similarly, Cs and Cy minimize || Aps||/||Appll. In particular, the authors

use C on its own, with C3 = I, which is equivalent to the LSQ decoupling operator.

3.4 Properties of the block matrices

We now investigate the properties of the different blocks of the system (3.8). We are
interested in diagonal dominance and M-matrix properties. A high diagonal domi-
nance can justify the use of ILU or similar preconditioners. The M-matrix properties
are important for the applicability of AMG to the pressure block A,, (or flpp when
using decoupling operators). The properties of other blocks are important since they
are used to construct A,,.

In his thesis [42], Gries performs a study of the properties of the different blocks of
. His analysis focuses on a 1D black-oil model with Finite Differences for spatial
discretization and TPFA for the flux terms. The conclusions are then extended to
more advanced models. We will discuss in Section [3.4.3] that some of these proper-
ties may not extend to the compositional case, and in Section [3.4.4] the resulting

consequences with the use of traditional decoupling operators.

3.4.1 Multiphase flow

As done in [42], we first consider isothermal multiphase flow as described by
in 1D with spatial discretization via Finite Differences. Each cell ¢ has neighbouring
cells i —1 and i+ 1 with identical surface A between each cell, and distance h between
the centers of each cell. Recall that K denotes the permeability, p,, the density of
phase «a, ji,, its viscosity, and k., its relative permeability. The transmissibility of

phase a between two cells is defined as
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T, = 23 A L 3.55
where [ | denotes the discretized quantities at time-step n for cell i. Quantities at
[ Jiz1 can be calculated as the average quantity between cells i and ¢ + 1 or with
upstream weighting, i.e. using the pressure p, of the previous time-step (or Newton

iteration) as follows:

v - (3.56)

jupstream __ {Z s [p ]?:E_ll > [ Oé]?j:ly
i if [palir > [paliss -

Recall that ¢ is the porosity of the porous medium, S, is the saturation of phase «,
and ¢, is the injection/production rate so that p,q, is the mass source/sink term.
Using backward Euler for temporal discretization, the discretized version of ([2.18)

for phase « in cell ¢ and time-step n is

[Aali’ = (Wa o = [0paSali ™)
—-g%-(ﬂznié<manzl—w )+ Ty (el — 2l

— [pagal?, (3.57)

where we have ignored gravity for simplicity. For a model with phases «, 3, and v, we
can construct the system (3.8 - ) by taking partial derivatives of with respect to a
chosen pressure [p,]? and saturations [S,]}, [Ss]7, and [S,]?. Aligning the a equation
to be the pressure equation, and eliminating S, with the saturation constraint ,

we get

oA CTOlAL OIAR
= Lo ) b= oy o)
O[Ag]} O[Agly  O[Ag]}
A, = a[pa]? A, = 8[55]? 8[57]? (3.58)
oo | OJA ) B[A]r
| D[pal? sl IS,y |

Under reasonable assumptions such as At being small enough, and disregarding wells
for now, Gries states some properties of these blocks. He concludes that A,, and the
blocks of Ay, are M-matrices which are almost symmetric. Also, the diagonal blocks
of Ass as well as the blocks of —A,, are strongly diagonally dominant M-matrices.

This negative sign results from setting S, =1 — Sz — 5,
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In this case, the off-diagonal blocks of A, have no contribution from the mass ac-
cumulation term since pg only depends on ps and ¢ is usually constant with respect to
S.. The off-diagonal blocks depend on the flux term in how the relative permeability
varies with respect to the other saturations. According to [42], the off-diagonal blocks
are expected to be Z-matrices (defined in Appendix [A]), with no assumption on their
diagonal dominance. In observed cases, however, the off-diagonal blocks are simply

zero or diagonal matrices with negative entries.

Influence of injection wells Wells only contribute to the diagonal terms of the
pressure-related blocks of . The derivative of density with respect to pressure
is positive. Therefore, production wells (¢, < 0) result in a positive contribution to
the diagonal.

In contrast, injection wells (g, > 0) result in a negative contribution to the diag-
onal. Consequently, several rows of A,, (and the blocks of A,,) may violate diagonal
dominance. By losing M-matrix properties and acquiring negative eigenvalues, A,
may no longer be suitable for AMG.

One way to circumvent the effects of injection wells is by taking very small time-
steps during the injection phase of a simulation. An increase in the size of the mass
accumulation term is used to counter the negative contribution of injection wells.
Additionally, the DRS decoupling operator (described in Section is designed

to ignore equations with large violations of diagonal dominance.

3.4.2 Thermal flow

We now consider the energy conservation equation and temperature unknown sep-

arately from the saturation/concentration unknowns. We rewrite the linear system

(3-8) as
Ap  Apr Aps| [ by
Az = |Apy Apr Apg| |zr| = |br| =0, (3.59)
Ay Ag Al Lol b
where Apr € RN *Ne represents the temperature block coefficients, and Az, €
RNexNe - A po€ RN Mo Apo € RNe*Ne - and Ay € RM*Me represent the respec-
tive coupling coefficients. We denote the temperature solution and residual, z7 and
br, respectively.
We reproduce and comment on the analysis done in [42] for thermal simulation.

Recall that U, and H, are the internal energy and enthalpy of phase «, respectively,
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H.. is the enthalpy of the rock, kp is the thermal conductivity, and T is the tempera-
ture. The discretized version of (2.5)) in cell i and time-step n is

n 1
[Aenergy]i :E (

Mphases n—1
- [ Z OpaSala + (1 - Qb)err]

a=1

Z $paSalUa + (1 - (b)err]
a=1

7

i

Mphases
1 P

== > (1T (paliy = [p)?) + [TaHal?, y (Pl — o)
e (b (T — )+ el o ([T~ (7). (360)

where we ignored gravity and well terms for simplicity. We recall that H, and U,
are the phase enthalpies and internal energies of phase «, respectively, and that kp
represents the total thermal conductivity.

According to [42], the derivatives of density and transmissibility with respect to
temperature are negative but are dominated by the positive derivatives of enthalpy
and internal energy. Hence, in typical thermal simulation, Apr is expected to be
an M-matrix. Diagonal dominance depends on how the advection and accumulation
dominate the diffusion. Similarly, because of the negative derivatives, —A,r and the
blocks of —A,r are expected to be M-matrices according to [42].

However, our investigation reveals that temperature derivatives of the transmissi-
bility are actually positive, at least for the models described in Chapter 2] Indeed, the
influence of viscosity dominates density for the wide majority of relevant parameter
regimes for our models. In the case of A, the positive influence of enthalpy implies
that it remains an M-matrix. On the other hand, —A,r and the blocks of —Agp
are no longer expected to be M-matrices since the influence of the transmissibility
dominates over the accumulation term, except for very small time-steps.

The Ar, block will have similar properties to A,, and the Ay, block, i.e. M-matrix
properties.

Discounting the heat diffusion term and heat of rock, the energy conservation
equation is quite similar to an enthalpy-weighted sum of mass conservation
equations of the phases . Since the discounted terms have little dependence
on saturations/concentrations, the Ars blocks should have similar properties to the
diagonal blocks of A, according to [42]. However, this does not account for unknowns
eliminated by constraints. As discussed in Section [3.4.3] the contribution will be
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negative in cells where eliminated saturations/concentrations dominate. Rows in A,

may therefore alternate between positive and negative entries.

3.4.3 Compositional flow

Similarly, we can define the discretized version of the mass conservation equation
(2.29) for component ¢ as follows:

Mphases
1 P

Al =% D ([XactpaSali — [XacpaSali™")

a=1

NMphases
1 P

— = 20 (el ([palis = [pa)?) + X Tal?, s (palis = pal?)

a=1

Nphases

- Z [Xa,cpaqﬂ]zﬂv (3'61)
a=1

where we have ignored gravity for simplicity. Recall X, . is the concentration of
component ¢ within phase a.

The analysis done by Gries for the blocks with pressure derivatives easily extends
in this case. The only difference with the multiphase case is that we need to sum
over the different phases. Since the summands have similar properties with respect
to pressure, the pressure block has similar properties to the multiphase case.

However, it is simply assumed in [42] that the properties remain the same for
the blocks with saturation/concentration derivatives. We will see below that the
properties of the blocks greatly depend on the alignment and choice of unknowns.

To illustrate the properties of compositional flow models, we consider a model and
unknown selection similar to the one in [42]. We consider a model with a water com-
ponent, which resides in an aqueous phase only, and three hydrocarbon components
which can reside in a gas or oil phase. Since the water component resides in a single
phase, its value is one and so its mass conservation equation is the same as in Section
. We set S, = 1 -5, — S, and reduce all concentrations using constraints
and equilibrium relations apart from one, say X, 3. The system consists of four mass
conservation equations of the form (2.29) (water and hydrocarbon components 1, 2,
and 3) and four unknowns (pressure p, saturations S, and S;, and a concentration
X,3). We chose three hydrocarbon components since it is the smallest number of
components for which a concentration is needed explicitly.

It is also unclear how the alignment of equations and unknowns should be done.

We choose the following alignment:
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O[A,)n JlAJT LA O[A
Ao = g | A= B0 A, o8]
[ 04,7 DA DA DA
0[])]? 3[59]? a[Xg,?)]? a[sw]?
A, = Ol A7 | A, = |OlAsl? OlALY - OlAS)} (3.62)
a[p]? 3[59]? a[Xg,?)]zn a[Sw]?
oA, )1 DA O[AJE  O[AL
_a[p]zn_ _a[Sg]? 8[)(9,3];z 8[511,]?_

The properties of the blocks are different from those of because of the multiple
eliminations done with saturation and concentration constraints. The saturation-
related blocks of are either highly diagonally dominant M-matrices or the
negative equivalent. This sign difference comes from using the saturation constraint
to eliminate one saturation unknown. In a similar manner, we want to determine the
signs of the diagonals of the blocks of A,; and A, in (3.62)).

Similarly to the diagonal blocks of Ay, in , A4y has a positive diagonal.
Since S,, only appears in the other equations through —S,, the A4, A4 and Asz4 have
negative diagonals. In a similar way, the As3 block has a positive diagonal. The A3
and Ajz blocks have negative diagonals since X;; =1 — X3 and X 0 = 1 — X 3.
The A43 block should be null since X, 5 does not appear in the water equation.

For the A9, Ag, and Ass blocks, Sy appears explicitly but also through —S,. This
means that the sign of the diagonal terms depends on which phase dominates in a
certain cell. The properties of the A4 block depend on how the relative permeability
depends on S,, which should result in a non-negative diagonal according to [42]. In
practice, they can also be negative. We illustrate the sign of the diagonals in Table
[3.1] where the rows represent the mass conservation equations, and the columns, the
unknowns. The unpredictable sign pattern in compositional cases may prohibit the

use of methods initially developed for the more predictable multiphase problems.

Table 3.1: Signs of the diagonals of the blocks in (3.62)).

Sy | Xg3 | Sw
hydrocarbon 1 | +/- | - -
hydrocarbon 2 | +/- | - -
hydrocarbon 3 | +/- | + | -
water ? 0 +
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3.4.4 Decoupling operators

We investigate the properties of the approximately decoupled pressure block /Nlpp =
Ay, — M Agy,, where M is a block-diagonal matrix. For a problem with & non-pressure

unknowns, elements of flpp are given at the cell level by

Aid = A (ME - M) A, (3.63)
The decoupling coefficients are given by M* = AL(AY)™', M* = M}/ (MZ})~", and
M = (Abx ALxT)(Abx ALxT) =1 for QI, TIT, and LSQ, respectively.

The decoupling coefficients M?, x = 1,...,k, can vary greatly for different values
of 4, which can result in a great loss of symmetry in flpp. Symmetry is a desirable
property for AMG, but not necessary for convergence in most cases. More important
for AMG than symmetry is that A,, is not indefinite [97]. Let us assume that A,
and the blocks of Ay, are M-matrices. Then, if the decoupling coefficients M! are
negative, we easily get from that flpp is also an M-matrix. If some decoupling

coefficients are positive, this is no longer guaranteed.

3.4.4.1 Multiphase flow

The properties of App are somewhat predictable if we consider multiphase flow as in
Section [3.4.1] Some details are proven in Appendix [B]for the case where A% is 2 x 2
(the same as in Section . We will refer to the Appendix when using the results
therein.

The off-diagonals of M2’ represent the derivatives of the mass accumulation term
with respect to the other saturations. Since pg only depends on pg and ¢ is usually
constant with respect to S, these off-diagonals are null. Since the entries of M;; are
expected to be negative, we easily get that the decoupling coefficients M. are negative
for TL.

In the case of QI, the off-diagonals of A%’ come only from the flux terms. As
mentioned in Section [3.4.1] these are expected to be non-negative in [42], but are
often observed in practice to be negative. We also have that the entries of A%l are
expected to be negative. If we suppose that the off-diagonal entries are non-negative,
a high enough diagonal dominance is sufficient for the decoupling coefficients M! to
be negative for QI (see Appendix . If the off-diagonal entries are negative, then
A% being an M-matrix is sufficient for the decoupling coefficients to be negative (see
Appendix . In practice, the coefficients for QI are usually negative, but there is no

guarantee.
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For LSQ, diagonal dominance is sufficient for the decoupling coefficients to be
negative in the case where the off-diagonal entries are non-negative (see Appendix
. In other cases, it is difficult to interpret explicit conditions for the coefficients
to be negative (given in Appendix . In this case, A%l being an M-matrix is not
sufficient for the decoupling coefficients to be negative.

In conclusion, TT is robust for multiphase flow in the sense that App is an M-matrix
if A,, and the blocks of A, are. For QI and even more so for LSQ), flpp is an M-matrix
only under certain conditions. However, these conditions are usually fulfilled, at least
in the observed cases. In the presence of injection wells, A,, and the blocks of A,

may no longer be M-matrices and so these observations no longer hold for all cells in

Ap.

3.4.4.2 Thermal flow

In commercial reservoir simulators, the energy and temperature blocks are included in
the decoupling strategy. As discussed in Section[3.4.2] the properties of the additional
thermal blocks are different.

Consider a thermal version of the pressure block 7 where the energy equation
is part the secondary equations. Assuming that Ap, is also an M-matrix, we require
that the decoupling coefficients be negative. To use the results from Appendix [B] we
can consider a two-phase case so that A%’ (including temperature) is a 2 X 2 matrix.

For TI, we no longer have that M7 is a diagonal block since M’ and My are
not null. M ;73 are expected to be negative due to the positive dependence of density.
The sign of M}; will vary depending on which phase dominates in cell 7. Both M]ﬁ;
and M. should be negative. It is unclear if M} satisfies the properties in Appendix
[B] to result in negative coefficients. For our test cases, however, we have observed
that TI results in negative coefficients.

For QI, as discussed in Section the main difficulty lies in A:;; usually being
positive. Therefore, it is even less clear when QI results in negative coefficients. We
observed thermal cases where QI fails due to positive decoupling coefficients, while
TT performs well. The same difficulty arises for LSQ.

The superiority of TT over QI and LSQ is even clearer here than in Section |3.4.4.1]
It is not as clear, however, if TT is robust in the sense that flpp is an M-matrix if the
blocks of Ay, and Ag, are.
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3.4.4.3 Compositional flow

Properties of flpp are unpredictable in compositional cases such as the one described
in Section [3.4.3

For a model with water and three hydrocarbon components, A% is a 3 x 3 matrix.
A sufficient condition for the decoupling coefficients to be negative for TI (QI) is that
M (A%) be monotone and M;! (A%7) have negative entries. Looking at Table [3.1]
this is hardly guaranteed for any equation/unknown alignment. In the few observed
compositional cases, the decoupling coefficients are often positive (sometimes more
than half of them). This puts into question the use of decoupling operators in com-
positional cases. In contrast, the DRS and FRS decoupling operators always result
in negative coefficients.

In practice, if a diagonal entry in flpp is negative, the corresponding row is mul-
tiplied by —1 before the AMG step of CPR. Although M-matrix properties are not
guaranteed, this often improves the performance of AMG. This multiplication is also
used to counter the negative influence of injection wells.

Overall, the properties of the linearized systems obtained for compositional models
are different from those obtained from multiphase models. This puts into question the
use of traditional decoupling operators concerning the applicability of AMG for the
pressure system. On the other hand, ignoring the couplings in the pressure equation
might ruin the effectiveness of CPR. Therefore, the success of CPR for compositional
cases appears to be dependent on the effectiveness of AMG for problems which stray

from ellipticity.

48



Chapter 4

Spatial Discretization

Finite Volume methods [56] are commonly used in reservoir simulation, as briefly
described at the beginning of Section [3.1] Since the flux entering a given volume
is identical to that leaving an adjacent one, these methods are conservative. Addi-
tionally, upwind schemes introduce substantial numerical diffusion, which helps with
stability.

The standard flux approximation is a first-order approximation called the two-
point flux approximation (TPFA), described later in this Chapter. Multipoint flux
approximations (MPFA) [1] can lead to higher-order approximations and convergence
on more unstructured grids. However, they may violate a maximum principle (and
lead to spurious oscillations).

Discontinuous Galerkin (DG) methods [80] can also be used for Darcy flow prob-
lems. When an accurate solution of the velocity is required, mixed formulations
are often preferred [15]. Similarly, stabilized continuous Finite Element methods for
mixed formulations have been proposed [64]. Since linearized systems resulting from
mixed formulations include velocity, solution techniques will differ from the ones con-
sidered in this thesis.

To have easy access to the different preconditioners and solvers provided by the
PETSc library [9], we want to use the open source Finite Element software Firedrake
[77] to handle spatial discretization. The user must express the weak form of their
PDE system in the Unified Form Language (UFL) [5] from the FEniCS project |4,
59]. Therefore, we require a weak formulation of a Finite Volume method.

In this chapter, we present a piecewise constant discontinuous Galerkin method
(DG(0)) that is equivalent to the Finite Volume method used in reservoir simulation
and is based on the description in [79]. The resulting weak formulation allows us to

implement our problem in Firedrake, and could similarly be used with FEniCS.

49



4.1 DG(0) discretization examples

We present a DG(0) method for simple examples before applying it to our problems
of interest in Sections [4.3] and [4.4l

Let 7 = {E;,i € Z} be a partition of a domain 2 into open element domains E;
such that the union of their closure is €, where 7 is a set of indices. Let the interior
facet e;; = E.NE ; and let 'y, denote the union of all interior facets. Let connection
set N (i) denote the set of indices j such that |e;;| > 0.

4.1.1 Heat equation

We begin by presenting a DG(0) scheme for the heat equation

%—V2U—OIHQ (4.1)
u=fonlp, Vu-n=gonly. (4.2)

The variational problem for (4.1))-(4.2)) on a single cell E; is: find u such that

/ @v dr + / Vu-Vovdr — / vVu-n;ds =0 for all test functions v, (4.3)
g, O B OF;

where n; is the outward normal to F;. Let us first consider E; such that OF; € I'jy.
Let h; denote the center point of cell F;. For the flux on the interior facets, we choose

the following linear approximation:

/8E vVu-n;ds =~ Z /

JEN (i) ¥ €

€ij €ij

Cij ;d 4.4
E )

Here, u |}/ denotes the limit of u in cell E; as it goes to the edge e;;.

We consider a piecewise constant approximation of our solution, i.e. in the approx-
imation space V), = P{,, with basis {¢; = 1, | i € Z}. The DG(0) approximation of
the solution u is uy, = ZieZ u;¢;. For this approximation, on E;, v, € V), is constant

and Vv, = 0. Therefore, ) becomes the following equation for the coefficients:
3 Qu;
U Z/”Zh h ds =0, (4.5)
. 2 T

for all v, € V, such that v, = ). ;v;¢;. Equivalently, we can replace the test
functions by the basis functions. Note that f g g dr = |E;| is the volume of cell E;,

and [ 1, ds = |e;] is the area of facet e;;. The equation for 1p, is thus
ij
aul-

"
B 2 el =0 (4.6)
JEND) h
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which is a Finite Volume approximation of the heat equation. In reservoir simulation,
this way of approximating the interior facet integrals is known as a “two-point flux”
approximation (TPFA). A representation of TPFA is illustrated in Figure [4.1] In
order for such a Finite Volume method to converge, the grid must satisfy a certain
orthogonality property [35]. In brief, in each cell, there exists a point called the center
of the cell such that for any adjacent cell, the straight line between the two centers
is orthogonal to the boundary between the cells. For the examples in this thesis, we

choose Cartesian quadrilateral meshes, which easily satisfy this condition.

. U
U; Fij J

L4 > @
I J I
1 :
I I
I I
i |
r 1

Ah

Figure 4.1: Two-point flux approximation for flux F;; between adjacent cells 7 and j
between distance Ah between cell centers.

If instead F; is a boundary element, then the boundary integral becomes

/ vVu-nds = Z / vVu-n; + / vVu - nds, (4.7)
OF;

j EN(’L OE;NT N

and we enforce the Dirichlet boundary condition geometrically by restricting u = f

on the cells adjacent to I'p. We again use the two-point flux approximation

vVu -n;ds ~ / vy ds+/ v;g ds. (4.8)
/6E Z ||h - h‘ H OE; ' N

JEN(3)

For each i € Z, we have

5 [ oo
vz der — vy vigds = 0. 4.9
D T Kl 49)

JEN(3)

We now want to express the problem over the whole mesh by summing over all 7 € Z.
We make a small abuse of notation by denoting the cell integrals by > ., | g odr =
Jo - dz. Similarly, we denote the facet integrals by >, 7>, N () fe” = fFim -ds,
noting that each interior facet is visited twice. To be consistent with UFL notation,
the upper and lower case dS and ds refer to the integrals over the interior skeleton,

and boundary, respectively.
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For a given ordering of the indices in Z, we denote by u™ and u~ the limit values
of u for two cells sharing an edge (which in our case are just the constant values in
those cells). Summing (4.9) over all i € Z, we obtain

N ut —u”
_U dx + (’U )m - vg ds = 0. (410)

mt

We define the jump of v as [v] = vT —v~. We then get the following problem: find
u € P) such that

du [U]
vda:+/ —_— / vgds = 0, 4.11
for all v € IP’ODG.

4.1.2 Upwinding

We now consider an upwind Godunov method [40] for the advection equation

ou .
a—i-v (uw) =0 1in Q, (4.12)
u=fonlp, wuw-n=gon Iy, (4.13)

where w is a given vector field. For an interior E;, the upwind scheme is given by

0
Iy da + / vu"w - n; ds = 0, (4.14)
g, Ot o,

where u"P is the upwind value of u, which, for a facet e shared by F; and F5 and n,

pointing from FE; to Es, is given by

qw— U %, ifw-n, >0, (4.15)
ulg, ifw-n,<O0.
For the full semi-discretized problem we have: find u € P such that
ou
—uvdr+ [v]u"Pw - n,dS ds — vgds =0, (4.16)
Q at Tint Iy

for all v € P),. Again, the Dirichlet boundary condition is enforced geometrically.
Here, n. denotes the unit outward pointing normal for a currently visited cell (again,

each side of the facet is visited).
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4.1.3 Heterogeneous coefficients

In reservoir simulation, the permeability tensors are often highly heterogeneous and
piecewise constant (on cells). For two-point flux approximation, it is standard to
approximate the permeability on the facets using a harmonic average. This is derived
by considering piecewise constant coefficients [35, |73].

Consider the following diffusion problem:
V-KVu=0in (), KVu-n=0, on 09 (4.17)

where K is a scalar field which is piecewise constant on a given mesh. The harmonic

average of K on a facet is given by

2KtK~
The DG(0) problem for (4.17)) is: find v € P} such that
[u]
KYol— g5 —o, 4.19
MGl (419)

for all v € P9.

In reservoir simulation, the permeability can also be anisotropic. It is then given
by a diagonal tensor field of the form K = diag(K,, K, K,). The harmonic average
of the tensor field K on a facet is given by {K} = diag({ K.}, { K, }. { K. }).

4.1.4 Darcy flow

Consider the following Darcy flow problem:
-V (Kﬁ(Vp - pg)) =0 in{, (4.20)

where p and p are scalar fields (perhaps functions of p). It is standard in commercial
reservoir simulators to use the upwind values for the transported quantities (p/u), and
the average value for the density p which is multiplied to the gravitational acceleration

g. The DG(0) formulation for the equation above is: find p € P, such that

/F 4] ({{K}}Zi (ﬁ —{r}e- n)) ds =0, (4.21)

for all ¢ € P). Here the brackets {} denote the average across the facets such that

{p} = (p* + p~)/2. Since the velocity is given by Darcy’s law, the upwind quantities

are given by o
e e D
|, lfm—{p}gmeza
[p]
[t — |

(u)™ = (4.22)

u g, if —{p}g-n.<0.
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4.2 Numerical tests

Even though the Finite Volume method used here is standard, formulating it as a
variational problem is not. Therefore, we perform some numerical tests to assess the
convergence of our discretization scheme. We will manufacture analytical solutions.

In each case, we set a Dirichlet boundary condition equal to the analytical solution.

4.2.1 Heterogeneous Poisson problem

Consider the following problem for w:
—V-KVu=fin[0,1] x [0,1]. (4.23)

For K = 1+ 2 +y, the analytical solution u = 1 + 2%+ ¢? returns the right-hand side
f=—-8x— 10y — 6.

We consider a N x N grid and the resulting DG(0) discretization similar to (4.19)).
All quantities are evaluated at the cell centers. We evaluate the relative L? error of
the DG(0) solution as we refine the mesh. In Table [4.1} we observe that the method

converges at first order.

Table 4.1: Relative L? error and observed convergence rate for the heterogeneous
Poisson problem on N x N grid.

N ‘ 4 8 16 32 64 128 256 512
L? error | 0.0882 0.0442 0.0221 0.0110 0.00552 0.00276 0.00138 6.91e-4
rate - 0.997  0.999 1 1 1 1 1

4.2.2 Advection problem

Consider the following advection problem for v with velocity field KVp:
— V- (uKVp) = fin [0,1] x [0, 1], (4.24)

For K, =14z, K, = 1+x+vy, p= 14z +y, the analytical solution u = 1+ 2%+ 2y?
returns the right-hand side f = —42? — 8y? — 2z — 4y — 2.

We consider an N x N grid and the resulting DG(0) discretization similar to (4.21]),
i.e. using upwinding for v and TPFA for Vp. Again, all quantities are evaluated at
the cell centers. In Table [£.2] we observe that the method eventually reaches first
order convergence. For this toy problem, upwinding is not necessary and actually

results in larger errors than using averaging for u.
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Table 4.2: Relative L? error and observed convergence rate for the advection problem
on N x N grid.

N \ 4 8 16 32 64 128 256 512
L2 error | 0.107 0.0834 0.0555 0.0323 0.0175 0.00916 0.00469 0.00237
order - 0.361 0.589 0.778 0.882 0.938  0.967  0.983

4.2.3 Advection-diffusion problem

Consider the following advection-diffusion problem for u with velocity field —KVp:
— V- (uKVp) =V -kVu= fin [0,1] x [0, 1], (4.25)
For K, =1+, Ky=14+24+y,p=14+2+y, s =0.5(1 + 2 +y), the analytical
solution u = 1 + 2% + 2y? returns the right-hand side f = —42? — 8y? — 6x — 9y — 5.
Again, we consider an N x N grid and the resulting DG(0) discretization similar

to ({.21)), i.e. using upwinding for v and TPFA for both Vp and Vu. In Table [4.3]

we observe that the method converges at first order in the L? norm.

Table 4.3: Relative L? error and observed convergence rate for the advection-diffusion
problem on N x N grid.

N | 4 8 16 32 64 128 256 512
L? error | 0.0883 0.0449 0.0228 0.0115 0.00581 0.00292 0.00146 0.000731
order - 0976 0975 0983 0990 0995 0997  0.999

4.3 Single-phase flow

Without assuming any regularity for the solution space, the weak form of equations

(2.3), (2.12)) on an interior cell E; is given by

/¢ qu+/ (p%(%—pg))-wdx
_/aEiq(p%(vp_pg)) -nidS:/Ei fqdz, (4.26)

0 0 K
[ ogetirars [ = Zanrdes [ (o150 p)) - Trds

—/ r (pchE(Vp— pg))nz- ds—i—/ (krVT)-Vr dx—/ r(krVT)-n; ds :/ frrdz,
OE; H E; OE; E;

for all test functions ¢, r.
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4.3.1 Semidiscrete problem

We now discretize the system (2.3), (2.4), (2.12)), (2.13) from Section in space

using the semidiscrete DG(0) formulation described above. Assuming homogeneous

Neumann boundary conditions, the variational problem is: find the approximation

(p7 T) S PODG X PODG such that
dp pUP (] ))
ad _w ' d
!A¢8ﬂ $+£MM<£K}WPQW+—hH {rtg-nc ) )dS
—/fqu =0, (4.28)
Q

opT oT
el 1— il
/Q(bcv 5 rdx—l—/g( ®)prcr atrd:c

P up ] n
[ e (g — b as
7]

+/F’ [r]{{kT}}mdS—/QfTrdx—O, (4.29)

for all (q,7) € P}y x PYq. Recall that the brackets {-} denote the average across the
facets, and the double brackets {{-} denote the harmonic average across the facets.

The delta functions in the source/sink terms are approximated on coarse grids as

(@) = {1/|Ei| if z € E, (.30

0 otherwise.

For mesh refinement cases, the volume of the approximated delta functions are kept
constant so that they will be defined over several cells. In 2D, these cells will approx-

imate a circle, and in 3D, a cylinder.

4.3.2 Fully discretized problem

For time discretization, we use the backward Euler method. We define the two fol-

lowing mappings, which are linear with respect with their last argument:

F (pn+1 Tn-i—l.q) — ¢pn+1 _pnqu
m b) b Q At
(,0”“)“p< [pm ] 11 >)
+ K —{pr ‘n, ) |ds
/ ld ({ e (e — e

—/f”“qu, (4.31)
Q
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n+1Tn+1 — g
F,(p™t, T ) = / gbcv'o A7 P rda
Q

Tn+1 —Tn
+ /Q(l — gzﬁ)pTchrdx

( n+1)up n+1 up [pn—H] o n+1 ‘n
b T (Gt g~ e as
[Tn+l n+1
+/F Wb thS /T rdr. (4.32)

int
Let F(p,T;q,7) = Fn(p,T;q) + F.(p,T;r), which is linear in both ¢ and r, but
nonlinear in p and 7. At each time-step, given the previous solution (p™,7"), we
search for (p"™!, T™t1) € PY x P such that

F(p"t, T q,r) =0 for all (q,7) € Py x PYg (4.33)

The mass and energy mappings, F), and F,, could also be scaled such that they are

of similar size.

4.4 Multiphase flow

We describe the discretization for two-phase flow with an oil phase and a water phase,
denoted o and w, respectively. Here, we set S, = 1 — S,. Without assuming any
regularity for the solution space, the weak form of equations , on an
interior cell E; is given by

pw B )) ( KkTw . )
/¢ dx+/Ei P (Vp —pug) | - Vagdx

w

Kk,
_/ q (pw (vp - pwg)) -1, ds = / qudl‘, (434)
OE; K E;

w

O(Cywpw(l — S5,)T) / 0(Cy.0poSoT) / 0
: d ———rd 1—¢)= T)rd
/Eiqb 5 rdr + Eigb Y rdr + E( qb)at(prcr Yrdx
kroz kra
+ / > pacsa TR (Vp = pog) - Vrde - / ry pacyaTKZ2 (Vp = pog) -mids
E;, [} OF; o (e

+/ (/{:TVT)-Vrdx—/ r(kTVT)~n,;d3:/ frrdx, (4.35)
B OF; E;

8 S KkTO
/¢ (o50) (g +/ (po (Vp—pog))-vé‘dx
E; ot E; Ho
-/ s(poK’“’""wp—pog))-nids: [ gusda. a30)
aEi Ei

o

for all test functions ¢, r, s.
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4.4.1 Semidiscrete problem

We now discretize the system ([2.18)), (2.26)), (2.19)), (2.20)), (2.27) from Section

in space using the semidiscrete DG(0) formulation described above. Assuming ho-

mogeneous Neumann boundary conditions, the variational problem is: find the ap-
proximation (p, T, S,) € PY x P x PY, satisfying the conservation of water mass

equation:

/ (b&(pw(l — So))qu

/Fm[ ] ({K}pgpfyg (W [f] - {pw}g.ne)) dg_/waqu —0, (437)

the conservation of energy equation:

I(cywpuw(l —8,)T) / (Cv.0p05,T) / aT
/Q¢ gy rde+ [ ¢ oy rdx + Q(1 ®)prcr atrdx

# 3 [ pken 5 (g - Gaen ) as

7]
o [ kb

and the conservation of oil mass equation:

[ o2 sqr s | 1 (022 (g — (e ) ) as

—/fosdx:O, (4.39)
0

= dsS — /fT'rd:L’ , (4.38)

for all (g,r,s) € Pyo x Py x PY,. The unit outward pointing normal of a cell is

denoted by n.. The upwind quantltles for phase a are given by

[p]
At — h=|]
[p]

———— —{pa}g - n. <0.
At — Rl

» ulg, if —{patg -m. >0,
Uy )P =

U \%2 if

(4.40)

The delta functions in the source terms are given by (4.30)).

4.4.2 Fully discretized problem

For time discretization, we use the backward Euler method. We define three map-

pings, which are linear with respect with their last argument. As follows, we define
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the conservation of water mass mapping:

Fw(pn+1,Tn+1, S;l—l—l / qb n+1 Sg+2t_ PZ](l - Sg)

<u:z+1>up
—/fg“qu, (4.41)
Q

qdz

the conservation of energy mapping:

Fe(pn—l-l Tn+1 Sn—l—l ) —
/ (bc Sn+1)pn+1Tn+1 ( Sn)pn "
v w At

Sn—H +1Tn+1 _ SnpnTn Tn+1 _Tn
o o Po olo d 1 — Cp—————— d
+/Q¢c, A7 7“:5+/Q( })prc A Tde
n—l-l)

n+1 up ., (poc
n Z/ Y Pewn o
(=g~ v en ) as
n+1 [TTL+1 nJrlT,
+/F Y 45 - / (4.42)

int

rdx

(Tn-l—l )up

a=o,w

and the conservation of oil mass mapping:

n+1lQn+l _ n n
R T80 = [ o L

e[ 1 ({{K}}(”Tl)up(’“?"+ e (H,lﬂf’nﬂ,j (o een) )as

(pgtt)ue
—/f:*lsdx. (4.43)
Q

Let
F(p,T,Sp;q,1,8) = Fu(p,T,5;q) + Fe(p, T, So;7) + Fo(p, T, Sp; 5), (4.44)

which is linear in ¢, r, and s, but nonlinear in p, T', and 5,.
At each time-step, given the previous solution (p™, 7", S7), we search for
(prtt, Tt Sy € PY L x PY x P such that

F(pn—H Tn+1 Sn-&-l, q,m, S) =0 for all ((],7’ 3) c ]PDG X ]PDG X ]P’ (4.45)

o
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In order to use the Schur complement approximation described later in Section [5.1.3.1},
we instead need solve the equivalent problem: find (p"*, 77!, 57 € PO x Py, X
P9 such that

Fr(p"t, Tt S g r s) =0 for all (¢,r,8) € Phg x Pq x P, (4.46)
where
F*(p, T, So3q,7,8) = Fyp(p, T, So;q) + Fe(p, T, So37) + Fo(p, T', So; 5) (4.47)
is F' where F,, has been replaced by the following “pressure equation” mapping:
Fy(p, T, S019) = cowlFu(p: T, So30) + cuoFo(p, T, So; ). (4.48)

The choice of this weighted sum will be justified in Section [5.1.3.1] Recall that ¢, ,,
and ¢, , are the specific heat coefficients of the water and oil phases, respectively.
Further scaling of the different equations might be needed for the robustness of

the solution algorithms. We discuss this briefly at the end of Section |6.1.5
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Chapter 5

Preconditioning for Single-Phase
Flow

We investigate preconditioning strategies for the single-phase thermal model given

by (2.3)), (2.4), (2.12), (2.13]). For readability, we repeat the problem here: Find p, T

such that

9] K :
0L - (p—(Vp - pg>) —f R, xQ (5.1)
I
K
— ;(Vp —pg) - n=gyonly, and p=gponlp, (5.2)

B, 0 K
95 (pceT) + (1 = )5 (pre,T) =V - (pchE(Vp - pg)) =V (krVT) = fr

in R, x Q, (5.3)

K
— (pch—(Vp —pg) + kTVT) n=gyonly, and T=g,onl}. (54)
o

We will develop a new block preconditioner with an efficient Schur complement ap-

proximation in Sections [5.1.2| and [5.1.3] These results are also found in [82)].

5.1 Preconditioning

The system of nonlinear equations can be written as a system of nonlinear
equations for the real coefficients p; and T; of the DG(0) functions p™*! and T,
respectively. Let x be the vector of these coefficients and F the function such that
F(z) = 0is equivalent to (4.33). By linearizing this equation with Newton’s method,
we must solve at each iteration

oF

% ’x:xk (l’kﬂ - ﬂik) = _-F(xk)- (5-5)

61



The resulting linearized systems can be written as a block system of the form

_ App Apr| [ 0p b
Ah_[AMJ%J{Mi_[% _p, (5.6)

where 0z = 1 — ) is the Newton increment. The different blocks are the discrete

versions of Jacobian terms as follows

Ay~ 9= (0) 4V (o), ~ (£)y (5.7
Ay~ 632 (p)r + V- () — (f)r, 5.9
Ary ~ b (DT + V- (@ T(pu)y) — (Fr)y, (59)
App ~ ¢Cu(ﬁ+(tp)TT) +(1—9) pgcg + V- (eypu)

FY - (@T(pw)r) = V- (V) = (fr)r, (5.10)

where K
(pu), = _—n (o(V = (0)p8) + (0)p(VP — 8)), (5.11)

and

(u)r = K [(5) (Vo rg) ~ Lo (5.12)

All coefficients in (5.7)-(5.12) are evaluated at the previous Newton iterate (pg, Tk),
and (.), and (.)r denote the partial derivatives with respect to p and T, respectively.
The linearized system will be solved using GMRES (described in Section

preconditioned with the methods in this Section.

5.1.1 CPR for the single-phase case

In the case of multiphase flow in porous media, the standard preconditioner is the
Constrained Pressure Residual method (CPR) [105], described in Section[3.3.3] Recall
that CPR is a two-stage preconditioner where a restricted pressure system is solved
in the first stage, followed by an approximate solution of the full system. We apply
CPR to the single-phase case by considering temperature and the energy equation as
secondary unknown and equation, respectively.

As is standard for the multiphase case, A;pl is approximated using an AMG V-
cycle in the first stage of CPR. The second stage preconditioner is chosen such that
Py ' ~ A7! with an incomplete LU factorization method (ILU).
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In addition to the two-stage preconditioner, recall that decoupling operators are
often used to reduce the coupling between the pressure equation and the saturation
variables in multiphase case. In the single-phase case, an approximation of the pres-
sure equation A,,0p + Ap,pdT = by is performed in the first stage of CPR where
the temperature coupling A,r is ignored. The single-phase equivalents of the Quasi-
IMPES (QI) and True-IMPES (TT) decoupling operators have decoupling coefficients
Mg = diag(A,r)diag(Arr) ', My, = colsum(A,r)colsum(Arr) !, respectively.

By performing this decoupling operation on the system (5.6)), the first stage of
CPR now consists in solving a subsystem for the approximate Schur complement
Sy, = A, — M Ap, instead of the original pressure block. However, the properties
of the resulting S, need to be amenable to the application of AMG. As discussed in
Section [3.4] this is not guaranteed, especially for QI. For the test cases detailed in
Section [5.2] we observe little difference in the performance of CPR with decoupling
operators (results not shown here). Therefore, we will only show results for CPR

without a decoupling operator.

5.1.2 Block factorization preconditioner

Consider the following decomposition of the Jacobian

1 0] A 011 AZlA,r
A= bp pp P 5.13
o 1o sl ) 19
where S = Apr — ATpA;plApT is the Schur complement. The inverse of the Jacobian
is given by
I —A71A AL 0 1 0
A = { PP pT} { o } l _ } . (5.14)
0 1 0 STl —ATpApp1 1

Even if A is sparse, the Schur complement St is generally dense. A common precon-
ditioning technique is to use the blocks of the factorization combined with a
sparse approximation of the Schur complement [32]. The notion of Schur complement
approximation for general saddle-point problems is introduced in [68] and extended to
general nonsymmetric matrices in [48]. Schur complement approximations appeared
earlier for specific saddle-point problems, for example Stokes problems of incompress-
ible fluid dynamics in [92]. Preconditioners of the following forms are considered in
[48]:

1 0| A 0 AL 0 1 0
P = o hat Pl = | 7P 1
T, {ATpAppl ]} [ 0 ST:| , so that Py [ 0 551} |:_ATpApp1 ]] (5.15)
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—1 A-1 -1
Py = [App 0} [I Ao APT} , so that P;! = [I A A”T} [A”p ’ } , (5.16)

0 Sr| |0 I 0 I 0 St
A, 0 Al 0
Pp= [P that Pt = |"PP 5.17
D |:O ST‘|’ S0 a D |: 0 ST1‘|7 ( )

where Sy is the exact Schur complement. The preconditioned matrices P; ' A, AP,
P;'A, and AP;' have a single eigenvalue A\ = 1 since they are triangular matrices
with a unit diagonal. These matrices also have a minimal polynomial of degree 2.
Therefore, Krylov subspace iterative methods with an optimality or Galerkin property
(such as GMRES) will terminate in at most 2 iterations [86]. In the case of saddle-
point problems, P,'A and AP,' have a minimal polynomial of degree 4, but this
does not apply in our case. See [8] for a study where the Schur complement is not
exact. In essence, a good Schur complement approximation leads to fewer iterations.

Since we want to focus on the quality of the Schur complement approximation,
we will only show results for the full factorization preconditioner . While Py,
Py, Pp usually result in more GMRES iterations than the full factorization, they
exhibit similar scaling properties. It remains to be seen if one version is generally
more efficient in terms of solution time.

Given an appropriate Schur complement approximation Sy, applying the block
preconditioner ([5.14)) can be done as follows:

1. Solve the pressure subsystem: A,,x, = by;

2. Compute the new energy equation residual: by = by — Appy;
3. Solve the Schur complement subsystem: ST(ST = BT;

4. Compute the new mass equation residual: b, = x, — Aypdr;
5. Solve the pressure subsystem: A,,0, = b,.

In our case, A;pl and 5’; I are both approximated using an AMG V-cycle.

5.1.3 Schur complement approximation

Common sparse approximations for the Schur complement are S Apr = Apr and
S'diag = App — Apydiag (App)_1 Apr. Here we present a Schur complement approxi-

mation which performs significantly better than such simple approximations.
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For the derivation of our Schur complement approximation, we consider the lin-
earized problem before discretization. This approach results in an approximation
which holds as we refine the mesh. See [62] for a theoretical framework in using the
infinite-dimensional setting to find mesh-independent preconditioners for self-adjoint
problems.

We begin with a simple steady-state case and progressively reintroduce terms from
the full problem.

5.1.3.1 Steady-state case

We first consider a steady-state single-phase thermal problem: find p, T such that
V-(pu) =0 in Q, (5.18)

V- (pc,Tu) =V - (krVT)=0 1in Q, (5.19)

where u is given by (2.2, and we have no-flux boundary conditions for the fluid and
heat. Here we will consider the linearized system in a continuous setting. Applying

a Newton method to (5.18)-([5.19)), we obtain a block system of the form (5.6) where
the blocks are
A,, =V - (pu),, Ay =V - (pu)r, (5.20)

Ay =V - (¢ T(pu)p) = ¢, [VT - (pu), + TV - (pu),], (5.21)

Arr = ¢, [V - (pu) + V- (T(pu)r)] = V - (krV)
e [V (p0) £ VT - (pu)r + TV - (pu)r] = V - (krV),  (5.22)

where we have used the product rule for the divergence operator in ((5.21]) and ([5.22)).

Then the second term of the Schur complement (which corresponds in the continuous

setting to the Poincaré-Steklov operator) becomes

ATPA;plAPT = ¢, [VT'- (pu), + TV - (pu),] (V - (pu)p)il V- (pu)r
= ¢, TV - (p)r + &, VT - (pu), (V- (pu),) ' V- (pu)r.  (5.23)

We notice that in App — ATpA;plApT, the terms ¢, TV - (pu)r cancel. We are left with
Sp = ¢,V-(pu)+c,VT-(pu)p—V-(krV)—c,VT-(pu), (V - (pu),) " V-(pu)r. (5.24)

One of the linearization terms has cancelled, and so we consider if it is possible that

the last two terms also cancel. Consider the operator
(pu), (V- (pu),) ™" V-, (5.25)
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which appears in the last term of the Schur complement (5.24)). This operator is close
to the simpler operator
V(V-V) V. =s. (5.26)

This holds if (pu), is close to —V, i.e. if p is close to being constant with respect to
p. Indeed, when (p), = 0, we have

(pu)y = plu)y = =K (Y = (p)g) = — KV (5.27)

While this approximation holds for liquid water and hydrocarbons, it may be less
applicable in the case of gases. Extending this to multiphase flow is straightforward
and discussed in Chapter [0]

Assuming that the operator s is applied to a sufficiently smooth vector field F,
we can use the Helmholtz decomposition to decompose this field into the sum of its

curl-free and divergence-free part
F=-Vd+VxA, (5.28)

where @ is a scalar potential and A a vector potential. Since s removes the divergence-

free part of a field, applying s to F, we obtain
sF=-V(V-V)'V.-Vd=-V9, (5.29)

assuming that ® satisfies the same boundary conditions as the operator (V - V)~1.
Hence s is a projection to the curl-free subspace, and it acts like the identity operator
when applied to curl-free vector fields.

We assume that this also holds for (pu), (V - (pu),)”" V-. In (5.24)), we sce that
this operator is applied to (pu)r. Assuming that (p)7 = 0 or that gravity is absent,
this operator is of the form yVp, where v is a scalar (or block-diagonal tensor) field.

In order for YVp to be a curl-free vector field, we need
V x (7Vp) = Vv x Vp =0, (5.30)

i.,e. we need Vv and Vp to be parallel vectors. In the discretized case, our grid
satisfies an orthogonality property as mentioned in Chapter ], and the gradients of
p and v are approximated using a two-point flux approximation. In this case, the
gradients are always orthogonal to the facets, and thus parallel. Accordingly, we
replace the operator (pu), (V - (pu),)”" V- by the identity and obtain the following

Schur complement approximation:
Sr=¢c,V-(pu) = V- (krV). (5.31)
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This is a linear advection-diffusion operator acting on the temperature space. Note
that it is the operator Aprr in but without the linearization terms.

Similar heuristic arguments for replacing V - (V - V)~V by the identity operator
in the case of the Stokes problem can be found, for example, in [61], and for the

Navier-Stokes equations, in [50].

5.1.3.2 Source terms

Similarly, we consider the steady-state case with the addition of source/sink terms.

In this case, production wells satisfy f;rOd = ¢T foroa, While injection wells satisfy

inj
fT - Cvﬂnjfinj‘ Thusa

Sy =V - (cypu) =V - (krV) — ¢, foroa + ¢, VT - (pu)r
+ ¢,TV - (pu)r — T (foroa)T — CoTinj(finj) T
— (VT - (pa) + TV - (pa)y = T (foroa)p = coTinj(finj)p)
(V- (p)y = (foroa)p = (fin)p) " [V - (001 = (fomoa)r = (fig)r] - (5.32)

Since the injection term is weighted by Ti,;, we cannot directly cancel the ¢, 1" terms
as in ((5.24). However, after a certain amount of injection, 7" tends to Ti,; where the
injection well is located. Furthermore, in the infinite-dimensional setting, this effect
will be instantaneous since the well terms are defined using a delta function in .

Using this argument, we get

St~V - (cypu) = V- (krV) — ¢, foroa + VT - (pu)r
— (VT (pu)y)
(V- (pa)p = (forod)p — (finj)p)il [V - (pu)r — (forod)T — (finy)1] - (5.33)

Further assuming that the mass source/sink terms are almost constant in p and T,
i.e. (p)r and (p), are small and the injection/production rates are independent of
pressure and temperature (which is the case when operating at a target rate), we
ignore the derivatives of the source/sink terms. Then, using the same argument as

for the steady-state case, we obtain the Schur complement approximation

ST =V- (Cvpll> —V- (/{?TV) — Cvfprod (534)

In the case where the source terms are heaters, we have f = 0, and

fr = U(Theater —T') Deaters, Where Dyeaters is the sum of delta functions for the location

67



of heaters. The Schur complement is given by

ST =V. (cvpu) -V (k’TV) + UDheaters + CvVT . (pu)T
=&, VT (pu), (V- (pu)) " [V - (pu)z].

We see that heaters do not affect the right-hand side term. Using the same argument

as above, we get the approximation
Sy =V - (copu) — V- (krV) + U Dheaters. (5.35)

Again, this operator consists of App without its linearization terms.

5.1.3.3 Time-dependent case

We now generalize our analysis to the time-dependent problem. We first consider the

case without source/sink terms. The blocks are given by

Ay = 05 (P)y + V- (o), (5.30)
Ay = 6 (p)r + 7 - (pu)y. (5.37)
Ary = 63 (0T + ¥ - (T (pu),) (5.38)
Arp = ¢W+W +(1—9) p;ctr + V- (cypu)

+ V- (c,T(pa)r) — V- (krV). (5.39)

The second term of the Schur complement is given by

_ 1
Ay b = 4 [0 (DT + VT (pu), + 79 - (o)

(60049 ) o0+ 9 ]
=T [V - (pa)r + ¢é(P)T} + VT - (pu),

1

(o250 9 -00,) [omtoir +9-Gun] . 0

and thus the Schur complement is

Cy rCr
Sp = ¢A§ F (1= LV (eopu) = V- (krV) + VT - (pu)r

At
T (o), (9 a(p)y + V- (o >) [@( )t V- (o >] (5.41)
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To justify further simplification, we need to assume that either p is almost constant in

p and T, or that the time-step is very large. We get the following Schur complement

approximation:
& Cyp PrCr
St = gbAt + (1 —9) A7 + V- (c,pu) = V- (krV) 4+ ¢, VT - (pu)r. (5.42)

In the case where we have source/sink terms, the Schur complement is given by

PN,
+ CUTV : (pll)T + UDheaters - Cvfpmd - CUT(fprOd)T o Cyﬂnj(finj)T

— Gy {fbé(/))pT + VT (pu>p +TV- (Pu>p - T(fprod)P - Tinj(finj)p

(0700 + 7 () = () (i) )
9+ 7 () = (o) — (i) (5.49

Using the same argument for the injection temperature Ti,; as in Section [5.1.3.2 we
get

Sr~ 638 + (1= 0) 5 + V- (copw) = V- (V) +¢,VT - (pu)r

+ UDheaters - Cvfprod — Cy [VT ' (pu)p]
1 1
(600 ¥ (), = iy~ (s

90+ 5 ()7 = ()~ (] (5.49)

Then, again assuming that the mass source/sink terms are independent of p and T,

we obtain the following Schur complement approximation:

~ Cy rCr
ST = ¢—p + (1 - ¢) pAZf + V- (cvpu) -V (k’TV) + UDheaters - cvfprod- (545)

Again, this operator consists of App from ((5.10) without its linearization terms. We
can obtain the discretized version of this operator from (4.32) by removing the terms
depending on the previous time-step, and evaluating the nonlinear terms at the pre-

vious Newton iteration. We get the following bilinear operator:

Se(6T, 1) ::/qbcva—frdx—l—/(1—¢)p7,c¢%rdx
O (B
o [ HREET e (g ke n ) as

(7] . N
+ /F ke e 48 / (=Cv forod + UDheaters)0T dz. (5.46)

int
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In summary, via the simplifying arguments above, we are able to get useful Schur
complement approximations. Since these are done at the infinite-dimensional level, we
expect them to perform well independently of the mesh size. Furthermore, the absence
of linearization terms from the Schur complement approximation makes its matrix
properties more predictable than App with respect to the application of multigrid
methods. Since it is essentially an advection-diffusion operator, AMG should perform

well if the problem is not too advection-dominated [96].

5.2 Numerical results

In this section, we perform numerical experiments for our block preconditioner and
CPR. These are implemented using the open source Finite Element software Fire-
drake [77]. The linear algebra backend is the PETSc library [9], allowing efficient and
parallel computations. Our custom block preconditioner and CPR are implemented
through Firedrake’s Python interface. Recent work from [52] allows us to easily as-
semble our Schur complement approximation preconditioner by providing the bilinear
operator (5.46]). We modified the custom preconditioner class from [52] to allow the
use of matrix formats other than matfree. For example, the default aij matrix for-
mat allows for faster computations for lower order methods such as the one described
in Chapter 4} Our implementation is available on GitHuH]

For the block preconditioner, we use our Schur complement approximation ,
unless stated otherwise. Both the pressure block A,, and the approximate Schur com-
plement are approximately inverted using a V-cycle of AMG. We use BoomerAMG
[46] from the hypre library [36] with default parameters, i.e. a symmetric-SOR/Jacobi
relaxation scheme (one sweep up, one sweep down), Falgout coarsening, classical
Ruge-Stiiben interpolation, and Gaussian Elimination as the coarse grid solver. This
implementation of AMG is very efficient in parallel.

For the second stage of CPR, we use ILU(0) as provided by PETSc. In parallel, we
use block Jacobi with ILU(0) for each block (the partition is assigned when Firedrake
does the discretization).

The nonlinear solver is Newton’s method with line search, and the linear solver
is right-preconditioned GMRES [87], restarted after 30 iterations. The convergence
tolerance of Newton’s methods is 1078 for the relative function norm and relative step
size norm. The convergence tolerance for GMRES is 10719 for the relative residual
norm for the tests in Section [5.2.1] and 10~° for the tests in Sections [5.2.3] and [5.2.4

'https://github.com/tlroy/thermalporous
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For all cases, we consider a heavy oil with density and viscosity as described in
Section [2.5] The other physical parameters are shown in Table[5.1] These parameters
are representative of those used in commercial reservoir simulators. The pressures are
taken from the SPE10 test case [25].

Table 5.1: Physical parameters for test cases

Initial pressure 4.1369x10" Pa
Conductivity of oil ~ 0.15 Wm 1K=}
Conductivity of rock 1.7295772056 Wm ! K~!
Specific heat of oil ~ 2093.4 JK~1kg™!
Specific heat of rock 920 JK 'kg™?

Density of rock 2650 kgm ™!

For all cases, we evaluate the performance of the methods by comparing the
number of linear iterations per nonlinear iteration. We note that, for our proof-of-
concept implementation, the cost of applying the block preconditioner is around two
times more computationally expensive (in serial) than CPR. The difference may not
be as significant in an optimized implementation. Note that the cost of applying the

block preconditioner is also lower when only using some of the factors as suggested

in Section B.1.2

5.2.1 SPE10 test cases

The domain is a square with dimensions 365.76x365.76 meters, and the mesh is
60x120. For permeability and porosity fields, we use the benchmark problem SPE10
[25]. This problem has a highly heterogeneous permeability field. We consider a
60x120 slice in the x-y plane direction. The permeability, which is isotropic in the x-
y plane, is illustrated in Figure We do not include gravity for the 2D simulations.

For the well case (W), we have one production well and one injection well. These
are located in the upper half of the domain in the regions of high permeability. For
the injection and production rates, we use the Peaceman well model. The bottom-
hole pressure for the injection well is fixed at 6.895 x 107 Pa, and 2.7579 x 107 Pa
for the production well. The maximum rate is set to ¢ = 1.8 x 1073m3s~!, although
this is only achieved for the high permeability cases. The initial temperature in the
reservoir is 288.706 K and the injection temperature is 422.039 K. For the heater
case (H), heater placement is the same as for the well case, and so are the initial and

heating temperatures. For the well and heater case (W+H), we combine both wells
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Figure 5.1: Log scale of the permeability of SPE10 test case (m?).

and heaters. For the high permeability cases (h.p.), we increase the permeability by
a factor of 1,000. A summary of the test case labels is given in Table While
the resulting permeability values are not representative of physical ones, they give a

simple example of advection-dominated heat flow.

Table 5.2: Test case labels

W  Wells case
H Heaters case
h.p. High permeability

For each case, we simulate injection and production for 1000 days where the
time-steps are chosen adaptively such that Newton’s method converges in around 4

iterations. The average linear iterations per nonlinear iteration are shown in Table

b3l

Table 5.3: SPE10 test cases. Average linear iterations per nonlinear iteration.

Method/Case W H W+H hp. W hp. W+H
Block 5.88 542 6.60 14.5 14.0
CPR 6.67 6.27 6.69 11.4 11.0

We observe that for the first three cases in Table the block preconditioner
performs better than CPR in terms of the number of GMRES iterations, but that
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CPR performs best for the high permeability cases. The heat flow for the first three
cases is somewhat diffusion-dominated, especially when the oil is not yet heated. Note
that heat diffusion is very slow relative to how large to grid blocks are. For the high
permeability cases, advection easily dominates. This change in performance appears
later in the simulation when the temperature has increased everywhere between the
two wells. This indicates that CPR can still be a good choice if the temperature is
simply transported by the fluid flow. However, we will see in the next sections that

the block preconditioner is a more scalable method.

5.2.2 Numerical justification of the Schur complement ap-
proximation

We now perform a numerical comparison of the action of the inverses of the different
Schur complement approximations. We use the cases given in Section [5.2.1 In
Table [5.4] we compare the different Schur complement approximations by looking at
the condition number of their inverse applied to the full Schur complement. While
this condition number does not directly inform us about how well the preconditioner
performs, it is a good indication of the quality of the approximations. For the cases, H
and W stand for heaters and wells, respectively, and h.p. stands for high permeability
(increased by a factor 1,000). We observe that Sr is a good Schur complement
approximation even for the high permeability cases where the other approximations

struggle.

Table 5.4: Condition numbers (upper bounds) of the different matrices and Schur
complement approximations for various cases

Matrix/Case H W W+H hp. W h.p. W+H
SlS 1.061 2075 3.323 8.703¢7  2.191e7
SPLS 1063 2808 4.277 4117 2467
S-18 1.023  1.097 11717 5969  5.939

Apr 5.64eb  27.88 5.64ed 2324 2.143e5
S 5.4795 2.862 5.717e5  20.60 4.976ed

In terms of the performance of the solver, Sy always results in fewer GMRES
iterations (results not shown here). For harder cases (for example high permeability),
this difference is significant; the linear solver can even fail to converge before the
prescribed maximum number of iterations. In the next section, we will see that the

other Schur complement approximations struggle in anisotropic media.
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5.2.3 Problem size scaling

We now investigate the performance of CPR and our block preconditioner as we
refine a mesh. For two of the cases, we will also consider the Schur complement
approximations S Ay and S’diag. To this end, we test cases with homogeneous porosity
and permeability fields. The domain is a square with dimensions 20 x 20 meters and
uniform porosity ¢ = 0.2. We test both isotropic and anisotropic permeability fields
(but still homogeneous in each direction). We refine the mesh from a 20 x 20 grid to
320 x 320.

We begin with an isotropic permeability field of 3 x 107! m?2. For all cases,
the injection/heating temperature is 422.039 K. For all cases except Case III, the
initial temperature is 288.706 K. For each case, we take two time-steps and calculate
the average number of linear iterations per nonlinear iteration. For Case I-IV, the
time-step is 10 days, and for Case V, 12 hours.

For Case I, we have 6 heaters in the domain. In Table [5.5] we observe that the
number of iterations increases by 9 times for CPR, while it increases by less than 50%

for the block preconditioner.

Table 5.5: Case I: Heater case in isotropic medium. Average linear iterations per
nonlinear iteration.

Method/N 20 40 80 160 320
Block 257 3.23 286 344 3.71
CPR 3.4 538 9.09 16.3 30.7

For Case II, we have injection wells and 3 production wells. The wells operate at
constant injection and production rates ¢ = 5x 107® m®s~!. In Table[5.6 we observe
that the number of iterations for CPR increases by 10 times while it only increases by
less than 50 % for the block preconditioner with the Schur complement approximation
Sr. We observe a similar increase in iterations for the block preconditioner with the
Schur complement approximations S App and gdiag.

For Case III, we also have 3 injection wells and 3 production wells. To allow higher
rates and faster flow, we increase the initial temperature to 320K. The wells operate
at injection and production rates ¢ = 1075 m®s~!. In Table we observe that the
number of iterations for CPR increases by more than 10 times while it only increases

by around 50 % for the block preconditioner.
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Table 5.6: Case II: Well case in isotropic medium. Average linear iterations per
nonlinear iteration.

Method/N 20 40 80 160 320
Block 243 243 286 3.28 3.71
CPR 3.71 571 9.86 194 37.4

Block (Sa,,) 457 5 557 629 6.57

Block (Sgmg) 4.14 443 529 586 6.43

Table 5.7: Case III: Higher injection well case in isotropic medium. Average linear
iterations per nonlinear iteration.

Method/N 20 40 80 160 320
Block 3.67 438 47 5.10 5.52
CPR 471 731 13.1 247 50.6

For case IV and V, we increase the permeability in the z-direction to 3 x 1071t m?.

For Case IV, we have 6 heaters and observe the same trend as the previous case in
Table 5.8

Table 5.8: Case IV: Heater case in anisotropic medium. Average linear iterations per
nonlinear iteration.

Method/N 20 40 80 160 320
Block 231 2.67 3.25 3.67 3.86
CPR 3.11 456 856 158 304

For Case V, we have 3 injection wells and 3 production wells. The wells operate

3571, In this case, the flow is

at constant injection and production rate ¢ = 1 x 107 m
much faster and thus the time-step size is reduced to half a day for the convergence of
Newton’s method. In Table[5.9] we observe that the number of iterations is doubled
for the block preconditioner with Sz, increased by 4 times for CPR, and slightly less
for the block preconditioner with S Apr- Additionally, the block preconditioner with
Sdiag fails to converge within 200 GMRES iterations.

In summary, as we refine the mesh, the number of iterations has a very small
increase for the block preconditioner, but a large increase for CPR. The heat diffusion
is much more noticeable on fine meshes, which CPR does not treat appropriately.
However, coarser meshes are common in commercial reservoir simulators.

Note that the success of the block preconditioner is also due to the linear scalability
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Table 5.9: Case V: Well case in anisotropic medium. Average linear iterations per
nonlinear iteration.

Method/N 20 40 80 160 320
Block 2.38 327 452 468 536
CPR 286 3.6 476 7.0 12

Block (Sa..) 9 171 241 279 316
Block (Sgiag) >200 >200 >200 >200 > 200

of AMG for elliptic problems. By removing the need for ILU, we get a nearly mesh-

independent preconditioner.

5.2.4 Parallel scaling

We now compare the performance of the two methods in parallel. We look at both

weak and strong scaling.

5.2.4.1 Weak scaling

For weak scaling, we compare the parallel performance of the methods as we increase
the number of processors and problem size. The domain is 50 x 50 x 50 meters with
an N x N x N grid. Since this is a 3D case, we include gravity. The permeability
is 3 x 10713 m? and the porosity is 0.2. We seek to have around 100,000 degrees of
freedom per processor. Thus, for the number of processors 1, 2, 4, 8, and 16, we have
N = 36, 46, 58, 73, 92.

For the heating case, we have two sets of 21 heaters near the top and bottom of
the domain. We take two time-steps of 100 days and illustrate the results in Table
.10l We observe that the number of iterations increases by around 20 % for the
block preconditioner and triples for CPR.

Table 5.10: Weak scaling: 3D Heating case. Average linear iterations per nonlinear
iteration.

Method/Num. proc. 1 2 4 8 16
Block 75 79 825 875 9.29
CPR 15.75 223 299 385 45.6

For the well case, we have 21 injection wells near the top of the domain, and 21 pro-

duction wells near the bottom. All wells operate at a constant injection/production
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rate ¢ = 1077 m®s~!. We take two time-steps of 10 days and illustrate the perfor-
mance of the methods in Table B.11] We observe that the number of iterations for
the block preconditioner increases by around 40% while the number of iterations for

CPR nearly triples.

Table 5.11: Weak scaling: 3D Well case. Average linear iterations per nonlinear
iteration.

Method/Num. proc. 1 2 4 8 16
Block 429 443 471 525 5.89
CPR 6.57 10.0 12.3 16.3 184

5.2.4.2 Strong scaling

We use the same problem as the previous section on the finest mesh. We keep the
problem size fixed while increasing the number of processors. For reservoir simulation,
strong scaling is usually more relevant than weak scaling. Indeed, reservoir models
often come with a (usually rather coarse) fixed grid. As observed in Section m,
CPR does not behave as well on a fine mesh. Thus, keeping the mesh size constant
is a good way of isolating the parallel performance of the methods.

In Tables and [5.13] we illustrate the strong scaling results for the heating and
well cases, respectively. For the block preconditioner, we observe that the number of
iteration is essentially independent of the number of processors used. This is thanks to
the parallel capability of BoomerAMG. On the other hand, the number of iterations
for CPR exhibit a small but progressive increase. This is because the second stage of
CPR uses Block ILU, which becomes a weaker preconditioner as the number of blocks

increases. Therefore, this trend will continue as the number of processors increases.

Table 5.12: Strong scaling: 3D Heating case. Average linear iterations per nonlinear
iteration.

Method/Num. proc. 1 2 4 8 16
Block 8.75 8.57 857 943 9.29
CPR 38.0 43.3 44.0 44.7 45.6

5.2.5 Conclusion

In this chapter, we have implemented a fully implicit parallel non-isothermal porous

media flow simulator including two preconditioning strategies, CPR and a block pre-
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Table 5.13: Strong scaling: 3D Well case. Average linear iterations per nonlinear
iteration.

Method/Num. proc. 1 2 4 8 16
Block 6.22 544 578 6.11 5.89
CPR 140 16.1 16.7 179 184

conditioner with our own Schur complement approximation. We have tested the
performance of these methods as preconditioners for GMRES. Our Schur comple-
ment approximation performs better than the simple ones, especially in cases with
heterogeneous or anisotropic permeability. While the block preconditioner performs
well for diffusion-dominated cases, CPR is still the method of choice for advection-
dominated (manufactured) cases, at least in serial. However, the block preconditioner
scales nearly optimally with the problem size while CPR does not do well under mesh
refinement. Additionally, the block preconditioner remains efficient in parallel, while
the CPR iteration count increases gradually as we increase the number of processors.

The results in this chapter demonstrate that a preconditioning strategy which con-
siders the diffusive effect of temperature is important for diffusion-dominated cases.
In non-isothermal multiphase flow, the energy equation is treated in CPR like a hy-
perbolic equation. In the next chapter, we will present an extension of CPR where

the diffusive effects of temperature are treated adequately.
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Chapter 6

Preconditioning for Multiphase
Flow

We investigate preconditioning strategies for the multiphase thermal model given by
(2.18), (2.26), (2.19), (2.20), (2.27). We restate the problem here for convenience:
find p, T, S, for all phases a # 3 such that

(Sapa)
ot

¢

Kk
-V (pa = (Vp — pag)> = fo InR, xQ, for all a, (6.1)

«

0 kra
=0 T+ (1 T)-v-> TK22(Vp —
T <¢ a PaSaCoaT + (1 — @)pre, ) \% 2 PaCo.a . (Vp — pag)

«

V- (k;VT) = fr inR, xQ, (6.2)

(67

kroz
- (Z PaCoaTK—(Vp — pag) + kTVT> n=gnonTh, T=ghonl% (63)
o H

Kk

«

(Vp—pag) -n=gya only, foralla, (6.4)

Sa = gp.a, foralla, p=gp onlp. (6.5)
We present an extension of CPR where a pressure-temperature subsystem is solved
in the first stage. For this system, we extend the Schur complement approximation
from the previous chapter. These results are also found in [83].

6.1 Preconditioning

The equations (4.46)) can be written as a system of nonlinear equations for the real
coefficients p;, T}, and S, ; of the DG(0) functions p" ™, T and S"!, respectively.
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Let x be the vector of these coefficients and F the function such that F(z) = 0 is
equivalent to (4.46]). By linearizing this equation with Newton’s method, we must

solve at each iteration

oF
or o=y (Tr1 — 1) = —F (). (6.6)

The resulting linearized systems can be written as a block system of the form

Ay Apr Ay [0p b,
Adx = ATp ATT ATS oT| = bT =b. (67)
Asp A Ags] L6s bs

The blocks of the pressure-temperature submatrix are the discrete versions of

1

App ~ ¢E Z Co,aSa(Pa)p + Z CoaV - (paua)p - Z Coa(fo)ps (6.8)
1

ApT ~ (bE Z Cv,aSa(pa)T + Z Cv,av : (paua)T - Z Cv,a(fa)Ta (69)

Ary e 63 3 cuaSalpay T+ 3V (el (pama)y) — (Fr), (6.10)

o PG
Arr ~ 52 3 Cvalpa + (pa)rT) + (1= ) +;v (CvaPalla)

«

+3 V- (coaT(patia)r) =V (krV) = (fr)r, (6.11)

where

(pattady = == % (0a(¥ = (pa)y8) + (0 (V0 — po)) s (612)
and

(patte)r — Ky {(”—) (Y pu) — 2} (6.13)

All coefficients in — (6.13) are evaluated at the previous Newton iterate (pg, Tk, Sak),
and (.), and (.)r denote the partial derivatives with respect to p and T, respectively.
We seek to solve the resulting linearized system ((6.7]) using iterative methods [86]

preconditioned using two-stage preconditioners.
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Two-stage preconditioners. Let P, and P, be two preconditioners for the linear
system Az = b for which we have the action of their (generally approximate) inverses
P!, and Py'. Recall from Section m that applying a multiplicative two-stage

preconditioner can be done as follows:
1. Precondition using P;: x, = Pl_lb;
2. Compute the new residual: b; = b — Axy;
3. Precondition using P, and correct: x = P{lbl + 1.

The action of the two-stage preconditioner can be written as

P =PI —-APTYH + P (6.14)

6.1.1 Constrained pressure residual (CPR)

Recall the industry-standard preconditioner CPR from Section . Let R, be the
pressure restriction operator such that R,AR] = A,,. Then the first stage of CPR
is given by

P['=R)(R,AR])'R,. (6.15)

The second stage preconditioner P, is given by ILU on the full system. Also recall
that decoupling operators can be used in conjunction with CPR, as described in
Section [3.3.3.1 We will consider their use within the first stage of CPR, which for a

decoupling operator GG becomes
Pt =R} (R,GAR,))'R,G. (6.16)

In our case, we also perform a weighted sum of the mass equations in .
Algebraically, this is equivalent to choosing the decoupling coefficients as ¢, , for the
mass conservation equation of phase a and 0 for the energy conservation equation.
Alternatively, it can be viewed like Full Row Sum (FRS) (3.39)) where the 1’s on the
first row are replaced by ¢, o for the column associated with the equation for phase
a and 0 for the energy equation.

For our test cases, using decoupling operators can reduce the number of GMRES
iterations needed. True-IMPES (TI) (3.35)) is observed to be superior to Quasi-IMPES
(QI) (3.31)), which sometimes increases the number of GMRES iterations.
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6.1.2 Constrained pressure-temperature residual (CPTR)

We introduce a CPR-like two-stage preconditioner where a pressure-temperature sub-
system is solved approximately in the first stage using an extension of the block pre-
conditioner from Sections [5.1.2] and [5.1.3] or an unknown-based AMG method. We
call this method Constrained Pressure-Temperature Residual (CPTR).

Let the pressure-temperature submatrix be denoted as

_ App ApT . Aoy Aos
Ao = |:ATp ATT:| , sothat A= [Aso Ass:| : (6.17)

For CPTR, the first stage preconditioner P; is given by

-1
Pl = {Ago 8] , (6.18)
where Ay is an approximation of the action of the inverse of Ag.

In our case, we consider two approaches to approximate Aaolz an approximation
given by a Schur complement factorization detailed in Section[6.1.3] and an unknown-
based AMG method discussed in Section

Similarly to CPR, we use ILU for the second stage preconditioner P.

Let by = [b, br]". Applying CPTR to the right-hand side b = [by bs]" can be

done as follows:

1. Solve the pressure-temperature subsystem: Agyxg = bo;

2. Compute the new residual: b = bo] _ Aoo xo;
bs AOS

3. Precondition and correct: Bﬂ = Py lb+ 50} .

0
Thus —
5—pyt (1 _(A- Py Ago 8}) b, (6.19)

Similarly to CPR, let Ry be the pressure-temperature restriction operator such that
RoAR] = Ago. Then the first stage of CPTR is given by

Pt = Ry (RyAR) ) ' Ry. (6.20)
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6.1.2.1 Decoupling operators

Similarly to CPR, an approximation is made in the first stage of CPTR where the
saturation coupling block Ay, is ignored. To reduce this decoupling error, we extend
the idea of decoupling operators to the pressure-temperature system. In that case,
the first stage of CPTR consists in solving the system with the Schur complement
approximation S, = Ag — M Ay, for M a block diagonal matrix of appropriate

dimensions. Decoupling operators for CPTR also have the form

G = [é _?4] : (6.21)

except that the first row includes both the pressure and energy equations, while
the first column includes the pressure and temperature unknowns. The extensions
of Quasi-IMPES (QI) and True-IMPES (TI) for CPTR have decoupling coefficients
Mqr = diag(Aps)diag(Ass) ™, and My = colsum(Ags)colsum(A,s) !, respectively.
We will consider the use of decoupling operators within the first stage of CPTR,
so that it becomes
Pt = RJ (RyGAR] ) ' RG. (6.22)

Since the Schur complement approximation described in Section relies heavily
on the PDE structure, it cannot be combined with decoupling operators in an obvious
way. Alternatively, AMG methods for systems of PDEs such as the ones discussed in
Section [3.3.2) are purely algebraic, and thus could be applied to the modified pressure-
temperature matrix Sy. It is unclear, however, if the properties of Sy are guaranteed

to be amenable to the application of AMG.

6.1.3 Block preconditioner for the pressure-temperature sub-
system

In this section, we present a choice for the pressure-temperature solver Ay,. The de-
composition for the single-phase case (5.13)) can also be done for the similar pressure-

temperature submatrix:

1 0 [A 0] [I A'Ar
Ago = PP pp P 2
00 {ATPAM} I] { 0 ST] {o I } (6.23)

where Sp = App — ATpA;pIApT is the Schur complement. Recall that the inverse of

Ago is given by
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I —A'A AL 0 1 0
A—lz pp < 1pT pp . .24
d=lo N sl L e

As is done for the single-phase case in Section [5.1.2] we seek an efficient Schur com-

plement approximation which will give us the following preconditioner for Agg:

Ay = Lj) —Ap§1 APT} {Agpl Sql} { AI A 10 } ' (6.25)
T T Tppp
Both A;pl and 5’; ! are approximated using an AMG V-cycle.

Applying the block preconditioner is done the same as in Section[5.1.2, The CPTR
method with this pressure-temperature solver involves strictly more work than the
first stage of the CPR method described in Section |3.3.3] The additional work is
essentially an additional application of the solver A;pl, as well as the construction
and application of the solver Sf 1. One could also use block triangular versions of the
block preconditioner, i.e. ignoring the left or right factor in (6.25) as mentioned in

Section

6.1.3.1 Schur complement approximation

The two simple sparse Schur complement approximations S App = Apr and Sdiag =
App — Appdiag (App)f1 Ay were shown to perform poorly for the single phase case
in Section [5.2l Here, we extend the Schur complement approximation presented in
the previous chapter to the multiphase case. This Schur complement approximation
requires the construction of the pressure equation (4.48]).

We first consider the steady-state problem for pressure and temperature: find p,
T such that

D aV - (palla) =0 in Q. (6.26)
DV (patoaTus) = V- (ke VT) =0 in©Q, (6.27)

where u,, is given by Darcy’s law ([2.16)), and we have homogeneous Neumann bound-
ary conditions. Note that is the pressure equation obtained from the weighting
. Here, we consider the linearized pressure-temperature sub-system in a infinite-
dimensional setting. Applying a Newton method to -, we obtain a block

matrix of the form (6.17)) where the blocks are

App = Z Cv,av . (paua)p7 (628)
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Ay = co.aV - (Palla)r, (6.29)

o

= Z V- (patveTua), = Z coaVT - (palia), + Z CoaTV - (palla),, (6.30)

Arr =YV (patoaTta)p — V- (krV)
= ch oV (paly) + Z Coa VT - (pala)

+ Z CoaTV - (patte)y — V - (kg V), (6.31)

where the product rule was used for the divergence operator in (6.30) and (6.31]).
Then, the second term of the Schur complement (which corresponds to the Poincaré-

Steklov operator in the infinite-dimensional setting) becomes

ATpA;plApT = <Z Cv,avT : (,Oaua>p + Z Cv,aTv : (paua)p)

-1
< Cv,av : (/Oaua)p) Cv,av : (paua)T

=T Z CoaV - (paua)T + Z CUvO‘VT ’ (pauo‘>P

<Z Cva paua ) cha paua T

_Tzcva paua +VT. cha paua)

(V cha Paly) > V- cha Palla) (6.32)

Taking the difference between and (6.32)), we obtain the Schur complement,
Apr — ATpAljplApT. We notice that the term 7Y ¢, oV - (paUa)p appears in both
and and thus cancels. This is due to the construction of the pressure
equation . We are left with

Sp = Z cr.aV - (pala) — V- (krV) + Z Co.a VT - (palia) g

_VT-ZC,U’Q (paua (V cha Paly) ) V- cha Pally)p . (6.33)
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Since one of the terms coming from the linearization has canceled, we investigate if it
is possible that the last two terms in (6.33)) can cancel under reasonable assumptions.
Consider the following operator taken from the last term of (6.33]):

Z Coa (,oaua)p <V . Z Coa (paua)p> V.. (6.34)

We now make the same approximations as in Section [5.1.3.1] which includes that p,
is constant with respect to p, and that we use a two-point flux approximation for the
facet integrals. This allows us to replace the operator (6.34) by the identity, giving

us the following simplified and more practical Schur complement approximation:
Sp = cha (patte)y — V - (kr V). (6.35)

While the assumption that p, is close to being a constant with respect to p is appro-
priate for liquid oil and water, it may be less applicable in the case of gases. However,
early investigations in Section |6.2.3.5| will indicate that increasing the compressibility
of the fluid does not reduce the effectiveness of the preconditioner.

The extension to the time-dependent case and the addition of source/sink terms
does not differ from the single-phase case in Sections [5.1.3.2]and [5.1.3.3] In this case,

the source/sink terms related to production wells satisfy frproa = Y, Co.aT faprods

while those for injection wells satisfy fring = Y., Cv.alinjfainj- Also, the source term
for heaters is given by fr = U(Theater — T') Dheaters; Where Dyeaters i the sum of delta

functions for the locations of heaters. The Schur complement approximation is given

by

Cy,aPa rCr
ST - (b Z p p + Z Cy a paua)T V : (kTV)

+ UDheaters - Z Cv,ozfa,prod- (636)

The discretized version of this operator can be obtained from (4.42) by removing the
terms that only depend on the previous time-step, and by evaluating the coefficients

with the values of the previous Newton iterate. We get the following bilinear operator:

SO0 =3 [ e et [0 o gras
w02 o (D] )
*Z/ UK )0 5 07) (H[ ARGEAS e)dS

/ [r]{kr} H[[ ]]H ds + / (—ch,afa,pmd+UDheaterS> 5T dz. (6.37)
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6.1.4 AMG for the pressure-temperature subsystem

Recall from Section that there exist versions of AMG for systems of PDEs.
While applying such methods to the full system is problematic since the equations
are hyperbolic with respect to the saturations, we can instead apply an AMG method
for systems to the restricted pressure-temperature subsystem. Indeed, the equations
are elliptic with respect to pressure, and the energy equation is parabolic with respect
to temperature. This makes the pressure-temperature subsystem a good candidate for
AMG. We will consider an unknown-based AMG method for the pressure-temperature
subsystem of the first stage of CPTR. In Section [6.2.3.5 we will also compare this to
applying AMG to the pressure and temperature blocks independently.

6.1.5 Discussion on multi-stage preconditioners

The first stage of CPR is given by the approximate solution of Appg}) = bp, which is

an approximation of the pressure equation
Appop + AprdT 4 A,s0s = by, (6.38)

If the coupling blocks A,r and A, are significant, the approximate pressure 5]3 might
not be representative. This could be countered by reducing the coupling between the
pressure equation and the non-pressure variables. Similarly, the first stage of CPTR
is also currently vulnerable to a strong coupling between both the pressure and energy
equations and saturation variables since it ignores both A, and Ap,. We will consider
the use of decoupling operators for both CPR and CPTR. However, for CPTR, this
cannot be done when using our block preconditioner as the first-stage solver.

A simple way to reduce this coupling without the use of algebraic decoupling
operators could be to change the order of the two-stage preconditioner. Then, the
approximate solution of the fully coupled system (through ILU) acts as a decoupling
operator. This idea has been used for example in [17] for the isothermal situation.

For our test cases, we do not observe a significant difference when using this
variant of CPR. On the other hand, with the variant CPTR, we originally observed
a significant decrease in the number of GMRES iterations in general, and an increase
in the number of Newton iterations in some cases. Further investigation revealed
that during GMRES, the residual of the energy equation was being reduced faster
than those of the pressure equation and oil mass conservation equation. Then, since
the energy equation has larger values when using SI units, the convergence threshold

for the total residual was reached too early for the residual of the other equations to
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have been reduced sufficiently. Even if Newton itself is scale-invariant, the Jacobian
system is only being solved to a relative tolerance. This inadequate solution of the
linearized system caused Newton to converge slower. An obvious remedy is to scale
the equations such that they are of similar magnitude.

In our case, we multiply the pressure equation by a reference temperature, and
the oil mass conservation equation by the product of the reference temperature and
a reference specific heat coefficient. Thus, we modify F* from to

F*(p,T,50;q,1,8) = Tret Fp(p, T, So3 Q)+ Fe(p, T, So; 1) + Cret Tret Fo(p, T', So; s). (6.39)

This scaling has little effect on the number of iterations for the original CPR and
CPTR. However, it makes variant CPTR perform essentially the same as the original
CPTR. Thus, in the next section, we will only consider versions of CPR and CPTR
with the original ordering of the stages. Nonetheless, we will use the scaling
by default.

As mentioned above, for variant CPTR, the residual for the energy equation is
being reduced faster than the residuals of the mass equations. This indicates that
decoupling the energy equation (in this case using ILU) improves the solution of
the restricted pressure-temperature subsystem. However, the residual of the other
equations is not reduced as fast for this method. We will investigate numerically in
the next section if the use of decoupling operators can reduce the number of iterations
for CPTR.

Finally, extending CPR and CPTR to more stages does not appear to have a
significant effect on the number of iterations. For example, one could consider a
three-stage preconditioner where ILU is used before and after a pressure (or pressure-
temperature) restricted solution. Even in the cases where this results in fewer iter-
ations, the additional step does not appear to be worth the additional cost. This is
also true of the case where a pressure (-temperature) restricted solve is done before
and after ILU.

6.2 Numerical results

We perform numerical experiments to evaluate the algorithmic performance of CPR
and CPTR. The code used for these experiments can be found on GitHuH! This

code is implemented using the open-source Finite Element software Firedrake [52,

'https://github.com/tlroy/thermalporous
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77]. For solvers, Firedrake interfaces with the PETSc library [9], allowing for ef-
ficient and parallel computations. Our Schur complement approximation and the
two-stage preconditioners are implemented through Firedrake’s Python interface, in-
cluding proof-of-concept implementations for the decoupling operators. Simple but
less efficient versions of the two-stage preconditioners can also be implemented by
simply providing PETSc options.

The first stage of CPTR is given by our Schur complement approximation ([5.46|)
or by an unknown-based AMG. Unless stated otherwise, for both CPR and CPTR,
an AMG V-cycle is used to approximate the inverse for the pressure block A,,, the
approximate Schur complement, and the temperature block App. For both scalar
and unknown-based AMG, BoomerAMG [46] from the hypre library [36] is used
with default parameters, i.e. a symmetric-SOR/Jacobi relaxation scheme (one sweep
up, one sweep down), Falgout coarsening, classical Ruge-Stiiben interpolation, and
Gaussian Elimination as the coarse grid solver. BoomerAMG is very efficient in
parallel. For the second stage of CPR and CPTR, ILU(k) is used as provided in
PETSc. Unless stated that we use ILU(1), ILU(0) is our default. The parallel version
of ILU is block Jacobi where ILU(k) is used for each block (the blocks are determined
when Firedrake assigns different parts of the domain to different processors).

The nonlinear solver is Newton’s method with line search, and the linear solver is
right-preconditioned GMRES [87]. For Newton’s method, the convergence tolerance
for both the relative function norm and relative step size norm is set to 1078. For
GMRES, the convergence tolerance for the relative residual norm is set to 1075.

For all cases, we consider oil and water with densities and viscosities as described in
Section [2.5] The other physical parameters are shown in Table[6.1] These parameters
are representative of those used in commercial reservoir simulators. We also only

consider homogeneous Neumann boundary conditions.

Table 6.1: Physical parameters for test cases

Initial pressure 4.1369x 107 Pa
Conductivity of oil 0.15 WmtK!
Conductivity of water 0.6005638 Wm~! K1
Conductivity of rock  1.7295772056 Wm~t K~!
Specific heat of oil 2093.4 JK tkg™!
Specific heat of water 4181.3 JK 'kg™!
Specific heat of rock 920 JK~1kg™!

Density of rock 2650 kgm ™!
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For the scaling parameters in , we choose Tref = Throd and Crep = SoCpo +
(1—25,)¢pw, where S, is the initial oil saturation in the reservoir, which is uniform in
all the test cases here. For the preconditioners we consider, the number of iterations
is not very sensitive to the choice of scaling parameters.

For all cases, the algorithmic performance of the methods is evaluated by com-

paring the number of linear iterations per nonlinear iteration.

Computational cost We note for the first stage of CPTR, applying the full block
preconditioner from Section [6.1.3] should be slightly more than three times the cost
of applying the first stage of CPR, while the unknown-based AMG should be around
two times the cost. The relative cost of the second stage will depend on things such as
the size and dimension of the problem, and the number of processors used. To provide
one example, we look at the CPU timings for the serial case given in Table (a
problem with 52,728 degrees of freedom). Applying the first stage of CPR takes an
average of 0.0088s, while the first stage of CPTR with the block preconditioner takes
an average of 0.033s, and 0.017s for unknown-based AMG. Applying the second stage
of CPR/CPTR with ILU(0) takes an average of 0.02s, and 0.034s with ILU(1). These
timings were performed on a Lenovo ThinkCentre M920q with Intel(R) Core(TM)
i5-8500T CPU @ 2.10GHz. Note that the implementation of the block preconditioner
is not as optimized as the other first stage solvers. Additionally, the full factorization
(5.45)) used here may not be needed in all cases. Dropping one of the factors would
make the cost of applying the block preconditioner slightly more than two times the
cost of the first stage of CPR, or slightly more than unknown-based AMG.

6.2.1 SPE10 test case

We consider the benchmark problem SPE10 [25] and use its permeability and porosity
fields. For the following tests, we consider the top 20 layers of SPE10, such that the
domain has dimensions 365.76x670.56x12.192 meters, and the mesh is 60x220x20.
This problem has a highly heterogeneous permeability field. The permeability is
isotropic in the z-y plane, and anisotropic otherwise. The permeability fields are
illustrated in Figure [6.1}

For our first test case, we position an injection well in the middle of the reservoir,
and production wells in each corner. The wells are completed throughout the 20
layers. For the injection and production rates, we use the Peaceman well model.
The production wells produce with a bottom-hole pressure of 2.7579 x 10" Pa. The

injection well injects hot water with a maximum rate of ¢ = 1.8 x 1073 m3s~!. The
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(a) Permeability in x and y directions. (b) Permeability in z direction

Figure 6.1: Log of permeability of the SPE10 test case (mm?).

initial temperature in the reservoir is 288.706 K and the injection temperature is
373.15 K. For the heater case (H), heater placement is the same as for the well case,
and so are the initial and heating temperatures. For the well and heater case (W+H),
we combine both wells and heaters.

For each case, we simulate injection and production for 100 days where the time-
steps are chosen adaptively such that Newton’s method usually converges in less than
10 iterations. For each case, we look at the performance of different methods as we
increase the number of processors from 1 to 16. We consider CPR and CPTR where
A;pl and S’;l are approximated by either AMG V-cyle or direct LU factorization,
denoted CPR(AMG) and CPTR(AMG), or CPR(LU) and CPTR(LU), respectively.
We include the latter since we believe that there are cases where the AMG V-cycles
in the first stage of CPR/CPTR are not as effective as usual. Since CPTR relies on
three AMG V-cycles, it is likely more susceptible to any such weaknesses.

For the case with both wells and heaters, we take a total of 104 time-steps. The
average linear iterations per nonlinear iteration are shown in Table We observe
that all methods have a small increase in iterations. At the beginning of the simu-
lation, heating is the most significant effect. For the first time-steps, CPTR(AMG)
takes fewer iterations than CPR(AMG), but the total number of iterations becomes
the same at the 30th time-step (around 12 days). In contrast, CPTR(LU) has fewer
iterations than CPR(LU). This indicates that single AMG V-cycles are not enough
in this case to provide good pressure and temperature solutions in the first stage of
CPTR(AMG).

For the case with only wells, we take a total of 101 time-steps. The average linear
iterations per nonlinear iteration are shown in Table We again observe that
both CPR and CPTR have a small increase in iterations. For the few first time-
steps, CPTR(AMG) takes fewer iterations than CPR(AMG), but the total number
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Table 6.2: Strong scaling SPE10 3D wells and heaters case, S, = 0.9. Average linear
iterations per nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR(AMG) 11.5 11.6 11.6 11.6 11.8
CPTR(AMG) 11.8 122 122 122 12.3
CPR(LU) 10.2 10.3 10.2 10.2 104
CPTR(LU) 10 991 991 10 10.1

of iterations becomes the same at the 10th time-step (around 4 minutes). Again,
CPTR(LU) has fewer iterations than CPR(LU), which indicates that the additional
AMG V-cycles of CPTR(AMG) are not helping in this case.

Table 6.3: Strong scaling SPE10 3D wells case, S, = 0.9. Average linear iterations
per nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR(AMG) 11.7 119 11.8 11.8 12
CPTR(AMG) 12.1 124 124 124 12.6
CPR(LU) 104 105 104 10.3 10.4
CPTR(LU) 10.2 10 10 10.1 10.1

For the case with only heaters, we take a total of 45 time-steps, except for
CPR(AMG) with 8 processors, where 46 time-steps are used. In that case, GM-
RES fails to converge within 200 iterations so we take a smaller time-step. A large
jump in GMRES iterations for that same Newton step also appears for CPR(AMG)
with 2 processors (177 iterations), CPR(AMG) with 16 processors (94 iterations), and
CPTR(AMG) with 16 processors (168 iterations). Further investigation revealed that
some values of the saturation variable S, were greater than one during that Newton
step. Since a negative water saturation (1-S,) causes the A,, block to become indef-
inite, the AMG coarse grid will not be representative and will ruin the performance
of CPR(AMG) and CPTR(AMG). Using smaller time-steps or damping factors for
Newton are standard strategies for avoiding negative saturations. As for the previous
cases, we see that CPTR(LU) takes slightly fewer iterations than CPR(LU).

The SPEI10 test case was not originally designed for thermal cases, but rather
for testing upscaling techniques. Heat diffusion is not very significant due to the
coarseness of the grid. The difficulty of the SPE10 test case rather lies in its highly
heterogeneous permeability field. Instead of considering cases with such a coarse grid,
in Section [6.2.3] we will consider finer grids and thus diffusion-dominated flows.
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Table 6.4: Strong scaling SPE10 3D heaters case, S, = 0.9. Average linear iterations
per nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR(AMG) 855 979 88 88 9.28
CPTR(AMG) 8.5 866 8.75 875 9.66
CPR(LU) 831 837 837 839 8.36
CPTR(LU) 82 83 83 834 8.32

6.2.2 Numerical justification of the Schur complement ap-
proximation

We now compare the action of the inverses of the different Schur complement ap-
proximations. This is done for cases similar to the single-phase cases described in
Section [5.2.1} The only difference is that we start with S, = 0.9, and inject water
with a temperature of 373.15 K. Recall that the domain is a 2D slice of SPE10 with
a 60 x 120 grid. For the well case (W), there is one production well and one injection
well. These are located in regions of high permeability. For the heater case (H),
heater placement is the same as for the well case, and for the well and heater case
(W+H), we combine both wells and heaters. For the high permeability cases (h.p.),
permeability is increased by a factor of 1,000 to emulate advection-dominated heat
flow. The test case labels are recalled in Table [6.5]

Table 6.5: Test case labels

W Wells case
H Heaters case
h.p. High permeability

For different Schur complement approximations, we look at the condition number
of their inverse applied to the full Schur complement. While the condition number is
not fully indicative of the performance of preconditioned GMRES,; it informs us about
the quality of the approximations. In Table [6.6] we observe that our custom approx-
imation Sy approximates the Schur complement well, even for the high permeability
cases where the simpler approximations struggle.

In terms of the actual number of GMRES iterations, Sy always performs the best
for CPTR (results for the single-phase case shown in Section [5.2.3)). This difference
is even more significant for harder cases (for example high permeability). In some

cases, GMRES does not converge before the prescribed maximum number of iterations
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Table 6.6: Condition numbers (upper bounds) of the different matrices and Schur
complement approximations for various cases (S, = 0.9)

Matrix/Case H W W+H hp. W hp. W+H
SingS 1.069  6.31E+02 7.34E+04 3.04E4+08 1.50E+09
SamS 1.046  2.07E+01 244E+01 1.10E+01 1.44E+405
Spts 1.021 1.078 1.155 2.496  1.19E402
Apr 5.43E4+05 2.18E+01 5.03E+03 1.99E4+03 1.46E405
S 5.28E4+05 2.49E+00 5.30E403 5.04E+02 1.59E+05

when using other approximations. As for the single-phase case, the other Schur
complements exhibit worse performance for heterogeneous or anisotropic permeability

fields.

6.2.3 Homogeneous test cases

We now compare the performance of several methods for problems with homogeneous
permeability. We begin by a brief mesh refinement study for 2D cases. Then, we look
at both weak and strong scaling for 3D cases. For weak scaling, the problem size
is increased proportionally with the number of processors, while for strong scaling,
the problem size remains fixed. For weak scaling, the problem size is increased via
uniform mesh refinement.

For traditional reservoir simulation, strong scaling is often more relevant than
weak scaling. Indeed, reservoir models are typically given with geological properties
on a (usually rather coarse) fixed grid, for example, the SPE10 test case. Another
good reason to study strong scaling is to isolate the effects of parallelization from
the effects of mesh refinement observed for weak scaling. Nonetheless, the effects of
mesh refinement are very relevant in the context of reservoir simulation, for example

around wells or other features of interest.

6.2.3.1 Mesh refinement study

We perform a mesh refinement study for 2D test cases. The domain is 50 x 50 meters
with an N x N grid. Starting at N = 20, we double N until we reach N = 320. Since
this is a 2D case, we do not include gravity. For the isotropic cases, the permeability
is 3 x 10713 m? and the porosity is 0.2. For the anisotropic case, the permeability in

the z-direction is 3 x 1071° m? and in the y-direction, 3 x 107! m?.
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We consider three cases: one with heaters, and two with wells (isotropic and
anisotropic). For each case, we have 6 source/sink terms with 3 located on either
side of the square domain. In the heating case, these terms are all heaters, while for
the well cases, one side has injection wells and the other, production wells. For the
well cases, the production/injection rates are constant at ¢ = 3 x 107" m®s™!, and
water is injected at a temperature of 373.15 K. For the heater case, we have a heating
temperature of 373.15 K. The initial oil saturation for both cases is set to S, = 0.9.
We then take two time-steps of 10 days.

For CPTR, we will compare the use of the following first stage solvers: block pre-
conditioner (CPTR(Block)), unknown-wise AMG (CPTR(uAMG)), unknown-wise
AMG with the True-IMPES decoupling operator (CPTR(uAMG-TT)). ILU(0) is used
in the second stage. For CPR, we will compare the use of non-decoupled CPR with
ILU(0) (CPR) and with ILU(1) (CPR-ILU(1)), as well as CPR with True-IMPES
and ILU(0) (CPR(TT)).

For each case, we calculate the average number of linear iterations per nonlinear
iteration and these are shown for the isotropic well case, the heater case, and the
anisotropic well case in Tables 6.8 and [6.9] respectively. In all cases, we observe
that for smaller values of N, CPR and CPTR perform similarly. However, as we refine
the mesh, the number of iterations for CPR increases significantly, while it does not
increase much for CPTR, or even decreases in the heater case. In the well cases, this
increase is least significant for CPTR(Block). In the heater case, CPTR(uAMG-TTI)
has the smallest number of iterations.

CPR treats temperature like a saturation, essentially assuming that heat is simply
being transported by the fluid flow. When this is the case, ILU is sufficient. Since
heat diffusion becomes more noticeable as the mesh is refined, the CPR strategy
does not hold for finer meshes, and ILU is not enough. In contrast, the treatment
of temperature for CPTR does not depend on ILU, but rather AMG. Hence, CPTR

tackles heat diffusion appropriately on fine meshes.

6.2.3.2 Weak scaling

For weak scaling, the performance of the methods is evaluated as we increase the
number of processors and problem size simultaneously. The domain is a 50 x 50 x 50
meters box, discretized with an N x N x N grid. The permeability is constant at
3 x 107¥m? and the porosity is 0.2. For the number of processors 1, 2, 4, 8, and 16,
we have N = 26, 33, 41, 52, 65, respectively. This results in around 50,000 degrees

of freedom per processor.
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Table 6.7: 2D Isotropic Well case. Average linear iterations per nonlinear iteration.

Method/N 20 40 80 160 320
CPR 529 629 9.14 155 315
CPR(TTI) 486 543 829 14.7 30.7

CPR-ILU(1) 529 543 643 10 20
CPTR(Block) 529 529 543 564 6.53
CPTR(UAMG) 529 529 629 6.82 824
CPTR(UAMG-TI) 429 514 529 582 7.35

Table 6.8: 2D Heater case. Average linear iterations per nonlinear iteration.

Method/N 20 40 80 160 320
CPR 533 55 85 14 258
CPR(TI) 4.5 517 7.83 13.6 25.2

CPR-ILU(1) 671 686 7.67 12.2 21.6
CPTR(Block)  4.83 517 517 46 5
CPTR(uAMG) 467 5 5 5 5
CPTR(UAMG-TI) 4.33 4.33 433 42 44

For the cases here, the different versions of CPR and CPTR tested in Section
perform similarly. We therefore only show results for non-decoupled CPR and
CPTR (with the block preconditioner).

We consider three cases: one with heaters, and two with wells. For each case,
we have 21 source/sink terms both near the top and bottom of the domain. In the
heating case, these terms are all heaters, while for the well cases, the top terms
are injection wells and the bottom terms, production wells. For the well cases, the
production/injection rates are constant at ¢ = 1077 m3s~!. Water is injected at a
temperature of 373.15 K.

The initial saturation for the heating case is set to S, = 0.5, and for the well

Table 6.9: 2D Anisotropic Well case. Average linear iterations per nonlinear iteration.

Method/N 20 40 8 160 320
CPR 5 6 9 17 32.3
CPR(TI) 429 571 825 16.1 31.8

CPR-ILU(1) 471 543 65 11.1 204
CPTR(Block)  4.43 5.14 575 6.92 7.17
CPTR(UAMG) 486 5.43 6.25 8.08 10.1
CPTR(uAMG-TI) 4.14 5 55 7.33 9.44
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cases to S, = 0.99 and S, = 1. For each case, we take 5 time-steps and look at the
average number of linear iterations per nonlinear iteration. The size of the time-steps
is At = 10 days for the heating case and the well case with S, = 0.99, and At =4
days for the well case with S, = 1.

Table 6.10: Weak scaling: 3D Heating case, S, = 0.5. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 6.06 7.47 888 10.1 11.8

CPTR 5.47 547 583 588 6
CPR-ILU(1) 5.3 741 871 9.65 10.9

Table 6.11: Weak scaling: 3D Well case, S, = 0.99. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 6 778 831 954 124

CPTR 2.58 5.67 585 6.08 6.55
CPR-ILU(1) 558 733 8 9.08 11.8

The results for the heating case are shown in Table [6.10] We observe that as we
increase the number of processors from 1 to 16, the number of iterations for both
versions of CPR nearly doubles, while the number of iterations for CPTR increases
by less than 10%. The results are similar for the well case with S, = 0.99, shown in
Table The number of iterations for both versions of CPR more than doubles,
and the number of iterations for CPTR increases by less than 20%. Note that for
both heating and well cases, different starting constant saturations provide similar

scaling results, except when S, is greater than 0.999 for the well case.

Table 6.12: Weak scaling: 3D Well case, S, = 1. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 141 16 173 20.6 23.5
CPTR 141 159 173 205 234
CPR-ILU(1) 11.7 14 153 17.7 19.3

As shown in Table [6.12] the results are significantly different for the well case

with S, = 1. Indeed, the number of iterations for all methods increases by the same
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factor of 2/3. We observe that CPTR performs essentially the same as CPR (but at
an additional cost). This could indicate that the temperature solution given by the
first stage of CPTR is either wrong or trivial. Additionally, CPTR scales better in
Tables and which suggests again that there is a large decoupling error in
the first stage of CPTR. As discussed in Section we suspect this is due to a
strong coupling between the temperature and saturation. Indeed, the energy equation
solved in the first stage of CPTR uses .S, from the previous iteration, which may be
a poor approximation when injecting hot water in a reservoir saturated with cold oil.

Furthermore, the well case with S, = 1 is very similar to some single-phase test
cases in Section except that oil was injected instead of water. In Chapter
[, the block preconditioner scales significantly better than CPR in both weak and
strong scaling. This is a clear indication that the issue with CPTR is related to the
multiphase situation, possibly due the coupling of the saturation variable. However,

using True-IMPES with CPTR does not change its poor scaling behaviour.

6.2.3.3 Strong scaling

We use the same problem as the previous section on the finest mesh (N = 65). We

keep the problem size fixed while increasing the number of processors.

Table 6.13: Strong scaling: 3D Heating case, S, = 0.5. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 9.23 108 11.2 114 11.9

CPTR 5.77 5.85 592 6.08 6.38
CPR-ILU(1) 6.85 9.69 10.2 10.8 10.9

Table 6.14: Strong scaling: 3D Well case, S, = 0.99. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 945 114 12 122 124

CPTR 6.15 6.3 6.35 6.3 6.5
CPR-ILU(1) 6.8 104 11 11.2 11.8

In Table |6.13], we observe for the heating case that as we increase the number of
processors from 1 to 16, the number of iterations increases by around 30% for CPR,
60% for CPR-ILU(1) and 10% for CPTR. The bulk of the increase for CPR-ILU(1)
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occurs when going from 1 to 2 processors, around 40%. This showcases how CPR-
ILU(1) is much more effective in serial. We observe similar results for the well case
with S, = 0.99 in Table [6.14] Increasing the number of processors from 1 to 16, the
number of iterations increases by around 31% for CPR, 73% for CPR-ILU(1) and 7%
for CPTR. Again, there is a large increase in the number of iterations for CPR-ILU(1)

when going from 1 to 2 processors.

Table 6.15: Strong scaling: 3D Well case, S, = 1. Average linear iterations per
nonlinear iteration.

Method/Num. proc. 1 2 4 8 16
CPR 22 228 224 226 235
CPTR 22.1 228 223 225 234
CPR-ILU(1) 16.6 18 181 18.8 19.3

In Table [6.15] we show the results for the well case for S, = 1. We observe
a similar increase in the number of iterations for CPR and CPTR of 7% and 6%,
respectively. For CPR-ILU(1), the increase in iterations is of 17%, and half of this
increase happens when going from 1 to 2 processors.

Both CPR and CPTR use Block ILU, which becomes weaker as the number of
processors increases. In contrast, AMG should scale much better. In cases other than
S, = 1, CPTR scales much better than CPR. For those cases, the first stage of CPTR
gives an accurate temperature update, while CPR relies on ILU for its temperature
update. In the case with S, = 1, the challenge for solver is phase displacement rather

than thermal effects.

6.2.3.4 Computational time

We compare the computational time of the different methods for cases similar to those
studied above, but on finer meshes. These computations were performed on arcus-b,
the largest compute cluster of Oxford’s Advanced Research Computing services. Our
computations are done with up to 16 cores per node. Our computations with 32 and
64 cores are done on 2 and 4 nodes, respectively. We will compare CPR with CPTR
using both the block preconditioner and unknown-based AMG (uAMG) in its first
stage. ILU(0) is used in the second stage of each method.

Consider the weak scaling cases in Section for which the iteration counts
are shown in Tables [6.10| and [6.11l We now consider N x N x N meshes which

result in around 100,000 degrees of freedom per processor so that we have N = 32,
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41, 52, 65, 82, 103, and 129, for numbers of processors 1, 2, 4, 8, 16, 32, and 64,
respectively. The largest case has 6,440,067 degrees of freedom. We compare the
total computational time taken for the five time-steps, the total number of linear

iterations, and the average time per linear iteration. These are shown in Tables
to for the heating case, and in Tables to [6.21ffor the well case.

Table 6.16: Weak scaling: 3D Heating case, S, = 0.5. Total computational time (s).

Method/Num. proc. 1 2 4 8 16 32 o4
CPR 59.5 61.7 67.6 98.6 133 225 377
CPTR(Block) 81.4 844 92.6 127 182 300 463
CPTR(uAMG) 41.6 45.7 53.5 952 202 382 659

Table 6.17: Weak scaling: 3D Heating case, S, = 0.5. Total linear iterations.

Method/Num. proc. 1 2 4 8 16 32 064
CPR 103 140 172 197 231 288 324
CPTR(Block) 92 95 95 103 111 114 112
CPTR(uAMG) 98 99 102 116 123 125 126

Table 6.18: Weak scaling: 3D Heating case, S, = 0.5. Average computational time
per linear iteration (s).

| Method/Num. proc. 1 2 4 8 16 32 64
CPR 0578 0.441 0.393 0.501 0.576 0.781 1.16
CPTR(Block) ~ 0.885 0.888 0975 124 164 263 4.13
CPTR(uAMG) 0424 0462 0525 0.821 1.64 3.05 523

Table 6.19: Weak scaling: 3D Well case, S, = 0.99. Total computational time (s).

Method/Num. proc. 1 2 4 8 16 32 64
CPR 56.5 62.2 68.5 140 361 840 1710
CPTR(Block) 80.3 87.5 96.3 183 484 1060 2050
CPTR(uAMG) 40.2 459 52.8 148 464 1290 2760

We observe that, in both cases, CPR still takes less time than both versions of
CPTR on the largest problem. For the block preconditioner, the first stage of CPTR
is expected to be around 3 times more expensive than CPR to apply. The cost
of applying the first stage of CPTR using uAMG should be around 2 times more
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Table 6.20: Weak scaling: 3D Well case, S, = 0.99. Total linear iterations.

Method/Num. proc. 1 2 4 8 16 32 64
CPR 73 101 121 246 565 1050 1550
CPTR(Block) 67 72 73 130 257 442 617
CPTR(uAMG) 67 72 75 140 260 446 626

Table 6.21: Weak scaling: 3D Well case, S, = 0.99. Average computational time per
linear iteration (s).

Method/Num. proc. 1 2 4 8 16 32 64
CPR 0.774 0.616 0.566 0.570 0.638 0.8 1.11
CPTR(Block) 1.20 122 132 145 1.88 241 3.32
CPTR(uAMG) 0.6 0.638 0.704 1.06 1.78 2.89 4.41

expensive than for the first of CPR. Since we build a hierarchy for both pressure and
temperature, setting up the first stage of CPTR should take twice as much time as for
CPR. For each method, applying and setting up the second stage should be the same
cost. At 64 cores, CPTR(Block) has a time per linear iteration 3 times greater than
CPR, and is around 3.5 times more expensive for the heater case. CPTR(uAMG) is
4 and 4.5 times more expensive per iteration than CPR in the well and heater cases,
respectively. The cost per iteration of CPTR(uAMG) seems to increase faster than
for CPR and CPTR(Block). It is unclear why this is the case. Moreover, the reason
for the observed increase in the cost per iteration in all 3D cases is unclear. GMRES is
more expensive for later iterations, but there is only a mild increase in iteration count
for CPTR in the heater case. Additionally, the cost of applying the preconditioners is
more significant than the other costs associated with GMRES. Another explanation
might be due to the methods being memory bandwidth-intensive. However, the cost
increase appears even once the nodes are saturated (so results for 16, 32, and 64 cores).
In [67], a study of the scalability of BoomerAMG compared to geometric multigrid is
performed using Firedrake. They observe good scalability of both methods once the
nodes are saturated.

We now consider a 2D well case similar to those in Section [6.2.3.1 We change
the size of the domain to 20 meters x 20 meters. The N x N mesh is determined
such that we have around 10,000 degrees of freedom per processor. We get N = 58,
82, 115, 163, 231, 327, and 462 for numbers of processors 1, 2, 4, 8, 16, 32, and 64,

3

respectively. The production/injection rate is set to ¢ = 5 x 1078 m3s™!, and we

simulate for 5 time-steps of size 5 days. The total computational time, total number
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of linear iterations, and average computational time per linear iteration are shown in
Tables to[6.24] Since the iteration counts are larger here, both CPTR methods
easily beat CPR. Most significantly, the cost per iteration does not vary as much here
as it did for the 3D cases. Nonetheless, there is a larger increase for CPTR(uAMG).

Table 6.22: Weak scaling: 2D Small Well case, S, = 0.90. Total computational time

(s)-

Method/Num. proc. 1 2 4 8 16 32 64
CPR 213 255 286 392 7.8 11.8 36.3
CPTR(Block)  3.73 4.33 453 534 638 879 14.1
CPTR(uAMG) 2.18 252 265 3.64 411 5.12 11.5

Table 6.23: Weak scaling: 2D Small Well case, S, = 0.90. Total number of linear
iterations.

Method/Num. proc. 1 2 4 8 16 32 64
CPR 172 266 347 481 635 1010 3548
CPTR(Block) 8 96 92 107 110 131 319
CPTR(uAMG) 92 99 95 107 110 136 324

Table 6.24: Weak scaling: 2D Small Well case, S, = 0.90. Average computational
time per linear iteration (s).

Method/Num. proc. 1 2 4 8 16 32 64

CPR 0.0124 0.00959 0.00824 0.00815 0.0124 0.0117 0.0102
CPTR(Block) 0.0434 0.0451 0.0492 0.0499 0.058 0.0671 0.0442
CPTR(uAMG) 0.0237 0.0255 0.0279 0.0340 0.0374 0.0376 0.0355

Further study of the computational cost of these methods is desirable. With the
current implementation, however, the limited profiling capabilities of the hypre library

prevents an exhaustive study of how computational time is spent.

6.2.3.5 High pressure-temperature cross-coupling

In Section we considered the use of unknown-based AMG (uAMG) and our
block preconditioner for the first stage of CPTR. While uAMG usually results in
more iterations, it exhibits similar scalability. However, uAMG is not expected to
perform well under a strong cross-coupling. Here, we artificially increase the cross-

coupling of the pressure-temperature system to compare the robustness of different
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two-stage preconditioners. Along with uAMG and the block preconditioner, we also
show results for CPTR where the first stage is a block diagonal preconditioner using
either LU or AMG on the A,, and App blocks. To avoid confusion, we call these
methods block-diagonal LU (bdLU), and block-diagonal AMG (bdAMG). We also
consider CPR with AMG in the first stage.

Recall from Section that we have only considered the flow of two fluids: water,
and a heavy oil. The viscosity of the oil varies greatly with temperature, and the
water viscosity much less so. As for their densities, liquid water and oil are much less
compressible and thermally expansive than other fluids such as gases. To create a
higher pressure-temperature cross-coupling, we increase the compressibility coefficient
¢ and the thermal expansion coefficient 5 of the oil density as defined in ([2.44)).

We consider the 2D isotropic well case from Section with N = 160. Both
coefficients ¢ and  are multiplied by the same increasing factor. Since larger coef-
ficients result in a stiffer problem, smaller time-steps are needed for the convergence
of Newton’s method. Results for a time-step of 2 days and 0.1 days are shown in
Tables and [6.26] respectively. For CPTR, we observe that the block precondi-
tioner exhibits a very small increase in iterations, while the other methods have a
steady increase in iterations. It is clear that the block preconditioner is much better
at dealing with a strong cross-coupling than the other versions of CPTR. For CPR,
it shows similar robustness with respect to a strong cross-coupling. Note that by
taking smaller time-steps, we are in a regime where CPR is competitive. Since CPR
performs appropriately but CPTR (other than CPTR(Block)) does not, this may in-
dicate that the coupling Ap, is more important than A,,. The temperature solution
provided in the first stage of CPTR by solvers other than the block preconditioner is

not accurate. It remains to be seen if A,r is more important in other cases.

Table 6.25: Increased cross-coupling with At = 2 days. 2D Isotropic Well case.
N = 160. Average linear iterations per nonlinear iteration.

Method/Factor 1 5 10 15 20

CPR 8.29 829 842 863 8.8
CPTR(Block) 529 529 557 6 6.27
CPTR(uAMG) 557 614 7 85 106
CPTR(bdLU) 829 9.14 10.1 11.1 128
CPTR(bdAMG) 829 9.14 10.3 11.1 128

In Table[6.26] the number of iterations eventually blows up for uAMG, bdLU, and
bdAMG. However, in the case of uAMG, this may not necessarily be because of a

103



Table 6.26: Increased cross-coupling with At = 0.1 days. 2D Isotropic Well case.
N = 160. Average linear iterations per nonlinear iteration.

Method/Factor 1 15 30 35 40
CPR 5.33 6.17 5 517 6.33
CPTR(Block) 5 583 4 433 5.17
CPTR(uAMG) 4.83 8.33 21.7 928 >200
CPTR(bdLU) 5.83 7.83 12.3 19.7 >200
CPTR(bAAMG) 6 7.5 123 1907 >200

strong cross-coupling but perhaps that the properties of Apr are no longer amenable
to the application of AMG. Recall from Section that the derivative of density

with respect to temperature is negative. Consider the derivative of the oil enthalpy

(Cv,opoT)T = Cy,0Po + Cv,o(po)TT; (64())

which is positive for the default parameters of the earlier sections. However, for the
larger factors in Table the negative influence of (p,)r begins to dominate. For the
largest factors, this results in Apr losing diagonal dominance, becoming indefinite,
and eventually having a negative diagonal. This is, of course, far from the ideal
properties for the convergence of AMG. For uAMG, the coarse pressure problem is
coupled through temperature using the prolongation operator for the temperature
coarse grid. Since that operator is not descriptive, this may indicate why uAMG is
doing worse than bd AMG.

On the other hand, the block preconditioner does not apply AMG to Arr, but
rather to the approximate Schur complement Sy. Since this approximation does not

include (p,)7, it will not suffer from a larger thermal expansivity coefficient.

6.3 Conclusion

For this chapter, we have implemented a fully implicit parallel non-isothermal multi-
phase flow in porous media simulator including two preconditioning strategies, CPR
and CPTR. The first stage of CPTR can be a block preconditioner with our own
Schur complement approximation, or an unknown-based AMG method. Standard
decoupling operators are available for CPR, as well as their extension for CPTR.
On coarse grids, both CPR and CPTR exhibit a similar number of iterations,
which means that CPR outperforms CPTR in terms of computational cost. In these

cases, heat diffusion is not very significant, so CPTR is not necessary. In other cases,
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however, CPTR displays much better scalability in terms of mesh refinement, as well
as parallelization. Additionally, the first stage of CPTR is vulnerable to decoupling
errors with saturation variables which can negate the scalability advantages of the
method. Algebraic decoupling operators do not solve this issue. To deal with a strong
pressure-temperature cross-coupling, our block preconditioner is better than the less
coupled alternatives in the first stage of CPTR.

We believe that more work is needed to understand the decoupling error from the
first stage of CPTR. To regain the scalability that CPTR displays in other cases, an
accurate energy equation is key. It is still unclear if this can be done with another

CPR-like multi-stage preconditioner.
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Chapter 7

Conclusions

7.1 Summary

In this thesis, we have considered preconditioning strategies for the solution of non-
isothermal flow in porous media. Our main focus has been to develop a two-stage
preconditioner, the Constrained Pressure-Temperature Residual method (CPTR). To
do so, we first needed an efficient pressure-temperature solver. By first considering
single-phase flow, we designed a block preconditioner for the pressure-temperature
system.

In Chapter [3, we discussed the use of decoupling operators with the Constrained
Pressure Residual method (CPR). These perform an algebraic modification of the
pressure system solved in the first stage of CPR. The main difficulty with decoupling
operators is that the approximately decoupled pressure matrix has to be amenable
to the application of Algebraic Multigrid (AMG). Even if the original pressure ma-
trix is fully elliptic, the new matrix may not be. We determined that this was very
sensitive to the alignment and choice of primary unknowns (those not eliminated
via constraints). In the case of simple isothermal multiphase flow, this is easy to
achieve. Without well terms, the Quasi-IMPES (QI) decoupling operator is robust
under reasonable assumptions, while True-IMPES (TI) is automatically robust. For
compositional flow, however, we easily show that certain choices can result in un-
predictable properties of the pressure block. For a simple non-isothermal case, it is
hard to confirm if decoupling operators lead to a good pressure block, although TT is
observed to do so in practice.

In Chapter [4] we presented a weak formulation for the Finite Volume method
typically used in reservoir simulation. This allows the use of the open source Finite

Element software Firedrake |77], with which we implemented single-phase and two-
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phase models. In turn, our preconditioning approaches can be implemented using
Firedrake’s interface with the solver library PETSc [9].

In Chapter [5] we considered different preconditioners for the single-phase case.
We sought to design a good Schur complement approximation for an effective block
preconditioner. By considering the differential operators associated with the differ-
ent blocks of the system matrix, we constructed an approximation using heuristical
arguments. Our Schur complement approximation performs significantly better than
simple ones obtained algebraically. In terms of scalability with the problem size and
parallelization, the block preconditioner performs much better than CPR. As opposed
to CPR, the block preconditioner uses AMG to treat the heat diffusing and thus cap-
tures it appropriately. For advection-dominated cases, notably on very coarse grids,
CPR is still very competitive.

In Chapter [0, we investigated preconditioning approaches for the multiphase case,
and performed numerical tests for a two-phase model. The CPTR method is a CPR-
like method where a restricted pressure-temperature system is approximately solved
in the first stage. The Schur complement approximation presented in Chapter [9 is
easily extended to the multiphase case. This leads to an effective block preconditioner
for the first stage of CPTR. In most cases, CPTR exhibits good scaling properties like
the block preconditioner for the single-phase case. However, in a highly heterogeneous
test case on a coarse grid, as well as in a test case with a fully saturated reservoir,
CPTR does not provide any advantage over CPR. In those cases, the displacement
of the phases seems to be the main challenge for the solver rather than thermal
effects. We then performed an investigation where a strong pressure-temperature
cross-coupling is created artificially. CPR performed well under a strong coupling,
which indicates that the coupling of the pressure equation with the temperature is
not as important. For CPTR, our block preconditioner gave an appropriate solution
of the pressure-temperature system, as opposed to less coupled methods which fail
to do so. Decoupling operators were shown to perform decently when extended to

CPTR. However, they are not compatible with the use of the block preconditioner.

A major issue with CPR in thermal reservoir simulation is its lack of treatment of
heat diffusion. CPTR offers an alternative where heat diffusion is treated using AMG.
Diffusion-dominated flows notably appear on fine meshes. Furthermore, since CPTR
does not rely on ILU for the energy equation, it is often observed that CPTR has par-
allel scalability independent of ILU. However, when heat diffusion is not problematic
for CPR, CPTR appears to offer little advantage.
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We have briefly investigated strong pressure-temperature cross-couplings. For our
limited test cases, we do not have systems where the coupling of the pressure equation
with temperature is problematic. Such a scenario could be advantageous for CPTR
with our block preconditioner since CPR ignores or only approximately decouples

that coupling.

7.2 Future directions

While the models considered in this thesis are complex enough that they require
advanced preconditioners, they do not include many of the features of the models in
commercial reservoir simulators. Some of these features could be added to our models
for further testing of CPTR with few modifications. More advanced models that
include features such as poromechanics, electromagnetics (for heaters), or multiscale
behaviour would require substantial effort and a different preconditioning approach.

For instance, even though we presented CPTR for an arbitrary number of phases,
we have only tested two-phase flow. The addition of phases is an obvious next step
in evaluating the performance of CPTR. Steam and hydrocarbon gases have very
different properties than the fluids tested in this document. However, our experi-
ment with artificially increased compressibility and thermal expansivity coefficients
indicates that our Schur complement approximation could hold for gases. Mobil-
ity between phases is another challenging aspect of multiphase flow. CPTR could
be useful in cases where phase changes are caused by temperature. In the case of
compositional flow, the extension of our Schur complement approximation should be
very similar to the multiphase case, i.e. with an appropriately constructed pressure
equation.

Our numerical results show that our preconditioners perform well under uniform
mesh refinements. It is more common in reservoir simulation to have mesh refinements
solely around important features such as wells. Scalability in such cases would be
industrially very relevant.

Additionally, the capillary pressure between fluids is an important feature of mul-
tiphase flow, which adds a diffusive effect to transport problems. In cases where the
saturation problem is diffusion-dominated, applying AMG to the saturation block
may be effective. This could also lead to interesting block preconditioners that do
not rely on ILU.

Other applications than oil and gas recovery may benefit from our preconditioning

approaches. For example, they could readily be applied to geothermal energy cases.
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Alternatively, our block preconditioner could be modified for an isothermal transport
problem where the molecular diffusion of a species is analogous to heat diffusion.
Our Firedrake implementation does not have ready access to all the test cases
and client cases that a commercial reservoir simulator would. The wide range of
parameters and possible configurations of thermal cases would give a better idea of the
when CPTR is needed over CPR. Our tests only looked at algorithmic performance
on a small scale. Further testing of larger problems on larger architectures with a

comparison of computational time would also be very useful.
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Appendix A

Definitions

Definition 1. A matrix is diagonally dominant if the coefficients on its diagonal are
greater than the sums of the absolute values of the off-diagonal coefficients of their

respective rows, i.e. for a matrix A,
lai| > lagl,  for all i, (A1)
J#i
Similarly, a matrix is said to be strictly diagonally dominant if the inequality in (A.1))

1s strict.

Definition 2. A matrix is a Z-matriz if its off-diagonal entries are non-positive. A
Z-matrix A is an M-matriz if its eigenvalues have positive real parts.

Equivalently a Z-matrix A is an M-matrix if all its diagonal entries are positive
and there exists a positive diagonal matrix D such that AD is strictly diagonally

dominant.

Definition 3. A real square matrix A is monotone if for all real vectors x, all elements

of Az being non-negative implies that all elements of x are non-negative.
Definition 4. A non-negative matrix is such that all of its elements are non-negative.

A matrix is monotone if and only if its inverse is non-negative.
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Appendix B

Decoupling Coeflicients

Let u' = (z y) with z,y > 0, and

be nonsingular with a > 0, d > 0.

Proposition 1. The following conditions are sufficient for ©' A~' to have non-

negative entries.
(i) ¢ <0, ad —bc > 0, and bz < ay;
(ii) ¢ >0, cy < dzx, and bz < ay;
(iii) cy > dx, and bz > ay.

Proof. The inverse of A is given by

1 d —b
-1 _
AT = ad — be <—c a ) ‘ (B-2)

Then u'A™' = —L— (dz — cy ay — bz). The results easily follow. O

" ad—bc

In particular, if z = y, we only require A to have diagonal dominance. The

condition dxr > cy, ay > bx essentially means that A requires a type of diagonal

o= (9 )

is diagonally dominant. Also, if A is an M-matrix, it has b,c < 0 and a positive

dominance in the sense that

determinant so it easily satisfies condition (i).
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Proposition 2. The following conditions are sufficient for the vector given by

(u" AT)(AAT)7! to have non-negative entries:
(i) A is diagonally dominant, and b, ¢ > 0;
(ii) A is monotone, azx + by > 0, and cx + dy > 0;
(iii) A is an M-matrix, d*(ax+by)—bc(cx+dy) > 0, and a?(cx+dy)—bc(ax+by) > 0.

Proof. We have that

_ 1 ad* —bc®> ac(a —b)
AT(AAY = ————— . B.4
(44) a?d? — b2c? (bd(d —¢) a*d— bzc) (B4)

If condition (i) holds, the result easily follows since a > b and d > c. Also, u' AT =

(ax +by cx+ dy).

A being monotone implies that (AAT)~! is a non-negative matrix and so condition
(ii) implies the result.

We have that

1
a2d? — b2c2

u'AT(AATY T = (d*(ax + by) — be(cx + dy)  a®(cx + dy) — be(azx + by)) -
(B.5)
If condition (iii) holds, A has a positive determinant and so ad > be, and thus the

result follows. O
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